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Preface 

Present-day technologies rely on the cooperation of many different 
machines, reactors, robots or transportation systems. All their parts are 
linked by common resources, by material flows or through information 
networks. If such systems are to be controlled, their analysis and control 
problems become very complex. That is, these tasks cannot be solved 
simply by using faster computers with larger memories . They necessitate 
new ideas for decomposing and dividing the analysis and control prob
lems of the overall system into rather independent subproblems and for 
dealing with the uncertainties of the model and the lack of information 
about the system to be controlled. 

For a typical large-scale system, there is no complete model 
available for the overall system, but each model describes only a part of 
the whole system. The system has to be controlled not by a single unit 
but by several separate feedback loops, each of which deals with only 
a subset of the measured signals and· operates on a subset of the actu
ators. All together, these feedback loops represent a decentralized con
troller. Moreover, the analysis and design tasks have to be solved by 
different decision makers which can only communicate in a restricted 
way. Owing to this requirement, decentralized structures of decision 
making have to be used in the analysis of interconnected systems and the 
design of decentralized controllers. 

The theory of large-scale systems is devoted to the problems that 
arise from the large size of the system to be controlled, the uncertainties 
of the models, and the information structure constraints. It is based on 
several new ideas which utilize the internal structure of interconnected 
systems, yield to decentralized controllers and reduce the requirements 
on the scope and accuracy of the model of the plant. The theory answers 
the fundamental question of how to break down a given control problem 
into manageable subproblems which are only weakly related to each 
other and can, therefore, be solved by separate but cooperating decision 
units . The resulting control strategies and feedback laws can be applied 
using multicomputer configurations whose separate computing units 
work independently without coordination or with weak coordination 
and information exchange. 
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x Preface 

This book presents the basic methods showing how multivariable 
feedback theory has to be extended to solve analytical and design tasks 
for interconnected systems. Emphasis is placed on the derivation of 
methods which have a decentralized information structure, that is which 
involve several weakly coupled decision units for analysing the given 
system or designing the controller. Preference is given to the clear 
presentation of simple and effective techniques which provide the basis 
for a large number of specific and sophisticated methods that have been 
derived only recently. Many of these refinements are outlined or at least 
mentioned in the bibliographical notes at the ends of the chapters. 

The book is aimed at students, researchers and practising engineers. 
The theoretical background of interconnected feedback systems is pre
sented together with a detailed engineering interpretation of the relevant 
methods and results. The different approaches, which have led to the 
large number of available analytical and design methods and many 
recent results, are presented together with their interrelationships, 
advantages and drawbacks. 

Two different kinds of examples are used. Simple numerical 
examples give an intuitive understanding of the methodology, illustrate 
the significance of the results or algorithms, provide counterexamples to 
conjectures or make trends obvious . Practical application studies 
demonstrate how control problems for large-scale systems can be solved 
by means of the various methods. They show that some of the concepts 
presented here have already been applied to industrial systems such as 
multiarea power systems, glass furnaces, lines of moving vehicles, or to 
the water quality control of rivers. Some of the examples are used 
several times to illustrate different phenomena encountered in intercon
nected systems. 

The presentation follows lectures which I have given regularly since 
1976 to undergraduate and graduate students at the Universities of 
Technology in Dresden and Ilmenau. Readers should be acquainted with 
the theory of linear multivariable control systems. The basic results of 
matrix algebra and graph theory are given in the appendices. 

Many co-researchers have influenced my thinking on the topic of 
this book. I am indebted to Professor K. Reinisch who introduced me 
as a student at the Technische Hochschule Ilmenau to the theory of 
large-scale systems as early as 1973. It was fascinating to be involved 
with the development of this theory since those early days . Most of the 
material of this book has been collected during my research at the 
Zentralinstitut fUr Kybernetik und Informationsprozesse in Dresden. 
My first supervisor, Dr J. Uhlig, channelled my interests towards decen
tralized control for application to the national electric power system. I 
have benefited greatly from stimulating discussions, correspondence or 
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Preface xi 

common research work with Professors U. Korn and U. Jumar 
(Magdeburg), D. D. Siljak (Santa Clara), K. Reinschke (Cottbus), L. 
Bakule (Prague), V. Vesely (Bratislava) and many others. 

Thanks are due to Mrs B. Mante for her excellent preparation of the 
figures. Last, but not least, cooperation with Prentice Hall London, 
particularly with Allison King, is gratefully acknowledged. 

Dresden, March 1990 J. Lunze 

co
nt

ro
len

gin
ee

rs
.ir



co
nt

ro
len

gin
ee

rs
.ir



Sym bols 

MATHEMATICAL SYMBOLS 

In general, matrices and operators are denoted by bold Roman capital 
letters, vectors by bold lower-case letters, and scalars by italics. In order 
to follow this notation, the style of a symbol is changed, for example, 
if vector-valued signals (x, U, Xi) are reduced to scalars (x, U, Xi) 

A = (au) 

A = (AU) 

Al2 

diag Ai, diag A 

a*, A* 

A',A-
t
,A+ 

1,0 
[A], [[A]] 

Ai [A] 
alA] = (AdA], ... , An [A)) 

I lx\ l ,I I A \I 
Ixl ,I A I 

Re [A] , 1m [A] 

fll, fllmxT 

(n, m) matrix A, whose entries are 
denoted by au (i= 1 ,  ... , n; j= 1 ,  . . .  , m) 

matrix partitioned into submatrices Aij 
(i= 1 ,  ... , q; j= 1 ,  . .. , p) 

diagonal matrix with elements at , a2, . . . 
on the main diagonal 
block-diagonal matrix with the matrices 
At,A2, ... or At=A2=···=A on the 
diagonal 
complex conjugate of scalar a or matrix 
A 
transpose, inverse, pseudoinverse of A 
unit matrix, zero matrix 
structure matrices (cf. Section 2.5 and 
eqn (3.2.3» 
eigenvalue of matrix A 
spectrum of matrix A 
norm of vector x or matrix A 
vector or matrix comprising the moduli 
of the entries of vector x or matrix A, 
respectively 
real or imaginary part of a complex 
number or vector 
field of real numbers, field of (m, r) 
matrices 
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xiv 

a � b,A � B 

SYSTEM DESCRIPTION 

g(/), G(/) 

g(p) ,  G(p), G(p) 

l,G 

A,G 
Ks 
0(/), a(/) 
1 E [0, 11 ,I E (0, T) 

Symbols 

means aj � bj (i = 1 ,  . . . , n)  for 
a = (at .. , an) I , b = (bt ...  bn) I or aij � bij 
(i=I, ... , n; j=I, . . .  ,m) for A=(aij) ,  
B = (bij) 
set with elements St, S2, '" 
empty set 

impulse response, impulse response 
matrix 
transfer furiction, transfer function 
matrix 
the tilde signifies the approximate 
models 
overbar signifies the closed-loop system 
matrix of the static reinforcement 
impulse function, step function 
abbreviation of 0 � 1 � T, 0 < 1 < T 
(closed or open intervals, respectively; 
also used for other parameters) 

! 

I I 
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I ntrod uction 

At first sight, feedback control of  large-scale systems poses the 'classical' 
control problem: for a given process with control input u(t) and control 
output y(t) find a controller that ensures closed-loop stability and 
asymptotic regulation and assigns the loop a suitable input-output 
(I/O) behaviour. This problem is usually solved in two steps 
(Figure 1 (a» : 

1 .  The design phase: for a given model of the plant and expected 
classes of disturbances d(t) and command signals v (t) a control 
law 

u = K(y - v) ( 1 )  

i s  chosen which satisfies the specifications given for the closed
loop system. 

2. The execution phase: a controller with the control law (1)  is 
applied to the process, that is at every instant of time t the 
measurement signal y(t) and the command v(t) are combined 
according to the control law in order to determine the control 
input u(t). 

The entities which carry out the calculations necessary for both steps are 
called decision-making units or control agents. 

However, this well-known control problem has been treated by clas
sical and modern control theory under the crucial assumptions that there 
is a unique plant with a unique controller and that all calculations can 
be based on the whole information about the plant. That is, the design 
problem is solved for a model that describes the process as a whole. The 
controller receives all sensor data available and determines all input 
signals of the plant. In other words, all information is assumed to be 
available for a single unit that designs and applies the controller to the 
plant. This unit can be thought of as a centralized decision maker. 
Hence, multivariable control theory deals with the centralized design of 
centralized controllers (Figure 1 (a» . 

This assumption can hardly be satisfied if modern technological or 
societal systems have to be controlled. Present-day technologies rely 
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Introduction 3 

on the cooperation of many different machines , reactors, robots or 
transportation systems. All their parts are linked by common resources , 
by material flows or through information networks . The number N of  
subsystems may exceed ten or twenty (although Figure 1 is drawn for 
two subsystems only). Consequently, neither a complete model (a priori 
information) nor a complete set of measurement data (a posteriori 
information) can be made available for a centralized decision maker. 
Instead, the overall design problem has to be broken down into dif
ferent, albeit coupled, subproblems. As a result, the overall plant is no 
longer controlled by a single controller but by several independent con
trollers, which are called control stations and which all together 
represent a decentralized controller. Moreover, these control stations 
are no longer designed simultaneously on the basis of a complete know
ledge of the plant, but in different design steps by means of models that 
describe only the relevant parts of the plant. That is, decentralized 
design schemes are used (Figure l (b)) . 

This fundamental difference between feedback control of 'small' 
and 'large' systems is usually described by the idea of information struc
ture. The information structure describes the way in which a priori and 
a posteriori information is transferred among decision-making units . 
The decision-making units in Figure 1 are the design units (doubly 
framed blocks), which carry out the design step for a given plant model, 
and the controllers, which determine u(t) for given y (t) and v(t). In 
centralized control, the whole a priori information is transferred to the 
controller. In contrast to this, in decentralized control the design units 
and the controllers only have parts of the overall a priori or a posteriori 
information at their disposal. This difference is described by the terms 
classical information structure of centralized control or non-classical 
information structure in the case of decentralized control, respectively. 

Besides the decentralization of the controller design and the control 
law, a further kind of decentralization is usually imposed on the 
implementation of the control law. Different portions of the computa
tional work, which is necessary to apply a given control law , are carried 
out by different microprocessor units or different software components.  
Such implementation principles have been elaborated in the field of 
distributed data processing, which is  developing rapidly at the moment. 
Its results are applied to control engineering problems, for example in 
large hierarchically structured process control systems. There, the com
putation necessary to control the whole system is performed within a 
network of computers of various types and sizes rather than by a single 
mainframe computer. By choosing an appropriate computer network 
architecture, a faster response and more flexibility can be obtained with 
sufficient reliability. 
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4 Introduction 

Control theory does not tackle the problem of implementing control 
algorithms on distributed microprocessor systems or transputers but 
it does promote the application of such modern hardware facilities. 
It helps to find the parallelisms inherent in control problems and to 
decompose the overall control task into subproblems which can be 
implemented on separate computing entities. The resulting control 
algorithm is fault tolerant if the subproblems, which are allocated to 
the individual processors, are sufficiently autonomous. Communication 
delays, noise, synchronization difficulties or other failures occurring in 
the processors or processor links merely degrade the overall system 
performance but operation can continue. 

Large-scale systems present control theory with new challenges, as 
follows: 

• The large size of the plant and, thus, the high dimension of the 
plant model have to be confronted. As a result of restrictions on 
computer time and memory space the system cannot be analysed 
and controlled as a whole. 

• Every model of a large-scale system has severe uncertainties 
which have to be considered explicitly in all analysis and design 
steps. The possible effects of modelling errors cannot be evalu
ated heuristically but necessitate a systematic treatment. 

• The decentralization of the design and of the controller imposes 
restrictions on the model and on the on-line information links 
introduced by the controller. This decentralization is necessary 
because the subsystems are under the control of different 
authorities, which make their own models and design their own 
control stations, or because the design problem has to be split 
into independent subproblems to become manageable. 

• The design aims include not only stability or optimality, but also 
a variety of properties such as reliability, flexibility, robustness 
against structural perturbations of the plant, or restrictions on 
the interactions between the subsystems. Such aims have not 
been dealt with primarily in multivariable control theory. 

The ultimate aim is to get a reasonable solution with reasonable effort 
in modelling, designing and implementing the controller. To achieve this 
aim, methods for dealing with large-scale systems have to be based 
on a new methodological background. The structural properties 
of the plant have to be exploited in order to derive suitable design and 
control structures. A fundamental question concerns the conditions on 
the interconnection structure, under which the subsystems are 'weakly 
coupled' and, thus, can be analysed separately while ignoring their 
interactions. Decomposition and decentralization methods help to 
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Introduction 5 

answer this question and lead to new means for testing the stability 
of interconnected systems, for analysing the I/O behaviour of a certain 
subsystem under the influence of other subsystems without using a 
complete model of the overall plant, and for designing decentralized 
controllers. 

Two remarks concerning the interdependencies of the theories of 
large-scale systems and of 'small' multivariable systems should emphas
ize this point. First, many problems that can be solved by the methods 
of multivariable control theory turn out to be subproblems encountered 
in large-scale systems theory . This is not surprising, for here it is a prin
cipal aim to break down complex problems into a combination of easier 
ones. Simply, it is the way to reduce the complexity that needs novel 
ideas, which then have to be elaborated. 

Second, large-scale systems give rise to problems that are known in 
multivariable systems theory but have not yet been solved satisfactorily . 
Rigorous methods are missing for some multivariable control problems, 
because solutions to these ' small' problems could have been found by 
engineering common sense rather than by universal algorithms. For 
example, the Nyquist array method reduces the problem of designing 
multivariable controllers to several single-loop design tasks. Although 
there are guidelines for the construction of the decoupling compensator 
as well as the design of the individual loops, both design steps have to 
be used in a trial-and-error manner . This is satisfactory for multivariable 
systems but not for large-scale systems, where several such multivariable 
design problems occur and have to be solved repeatedly within some 
iteration loop. 

AIMS AND STRUCTURE OF THE BOOK 

The purpose of this book is to give a thorough introduction to the feed
back control of large-scale systems. Emphasis is placed on the explana
tion of new phenomena that are encountered in interconnected systems 
and the new ideas that enable the control engineer to cope with the 
various problems raised by the need and the aims of decentralization, 
whereas straightforward extensions of multivariable control strategies to 
large-scale systems are reflected only insofar as they have proved to be 
of practical importance for interconnected systems. 

Most of the theory of large-scale systems has been developed for 
linear, stationary, continuous-time deterministic systems. An exception 
is the field of stability analysis of interconnected systems, where linear 
and non-linear systems can be dealt with relatively simply within a 
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6 Introduction 

common framework. Therefore, this text is restricted to linear systems, 
but extensions to non-linear systems are outlined or mentioned in the 
bibliographical notes . 

The text is essentially divided into four parts . The first part presents 
the problems encountered in feedback control of large-scale systems and 
surveys the fundamentals for their solution. Chapter 1 gives a detailed 
characterization of large-scale control systems and outlines the ideas of 
decomposition, decentralization, approximation, and robustness ana
lysis, which provide the basis of the analysis and control of large-scale 
systems in general. The main problems of feedback control are then 
characterized and a survey of relevant results is given. 

Chapter 2 summarizes some results on multivariable feedback 
systems. Whereas the properties of controllability, observability and 
stability, and the design of feedback controllers are assumed to be 
known to readers and are only briefly described here for later reference, 
structural considerations and robustness analysis are explained in more 
detail. These methods turn out to be particularly important for the ana
lysis and control of large-scale systems. In Chapter 3, descriptions of the 
different kinds of composite systems are given. Specific models are 
presented for systems with hierarchical structure, disjoint subsystems, 
overlapping subsystems and for temporarily separated subsystems. 

The second part of the book describes the extension of the funda
mental ideas and methods of centralized to decentralized control. 
Chapter 4 on decentralized stabilizability is organized in an analogous 
way to the corresponding part of Chapter 2. This direct comparison 
highlights the new problems which arise from the structural restrictions 
inherent in decentralized control. The decentralized servomechanism problem 
examined in Chapter 5 yields additional requirements for the controller 
dynamics, which have to be met in order to ensure asymptotic regulation 
in the closed-loop system. 

Chapters 6 and 7 are devoted to two alternative design methods both 
of which presuppose knowledge of a complete model of the plant. Pole 
assignment and optimal control procedures are known from multi
variable theory. They are extended here in order to satisfy the structural 
constraints imposed on the feedback law. 

The third part presents methods that aim to reduce the knowledge 
about the plant that is required to solve the analytical and control tasks. 
The stability tests for interconnected systems given in Chapter 8 use only 
approximate descriptions of the subsystems and the interaction relations 
and, thus, can also be applied to incompletely known systems or systems 
with time-varying properties. They prove the connective stability of 
composite systems and, thus, ensure that the overall system remains 
stable even if some subsystems are disconnected. On this basis, design 
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Introduction 7 

methods are developed in Chapter 9 which likewise do not presuppose 
complete knowledge of the process and yield controllers that are robust 
enough to withstand structural perturbations of the plant. 

Chapter 10 deals with decentralized design methods, by means of 
which the control stations can be selected completely independently 
from each other. These methods are based on specific properties of the 
interconnected plant. 

The final part concerns the decentralized control of specific systems. 
Chapter 1 1  describes specific design and on-plant tuning methods for 
decentralized proportional-integral (PI) controllers .  In Chapter 12, 
large-scale systems are analysed on the basis of symmetry properties. 
These properties make it possible to derive an explicit relationship 
between the complexity of overall tasks and the robustness that the 
subsystem controllers have to possess. Moreover, the system properties 
can be presented depending upon the number of subsystems coupled 
together. The final chapter summarizes the results and discusses future 
advances of the theory of feedback control of large-scale systems. 

All results are explained by means of examples, some of which are 
used repeatedly in different chapters . The relevant literature is summar
ized at the end of each chapter. These bibliographical notes cannot give 
a complete review of the literature but indicate the most influential 
papers in which the results presented here have been described and 
provide interested readers with adequate entry points to the still-growing 
literature in this field. 

The symbols and conventions used throughout the book are 
summarized in the List of Symbols. The appendices give concise 
summaries of the basic results of matrix algebra and graph theory, 
which are used in the text. 
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La rge-scale Control Syste m s  

1 .1 MAIN PROBLEMS AND BASIC IDEAS 

The notion of large-scale systems came into use when it became obvious 
that there are practical control problems that cannot be solved efficiently 
by the principles and methods of multivariable systems and control 
theory. The reason for this is that the systems to be controlled are too 
'large' and the problems to be solved too 'complex' , in one sense or 
another, so that the amount of computation is too large to be manage
able and even the basic assumptions of multivariable control are far 
from being satisfied. 

Think, for example, of a multiarea power system with several 
power-generating units. It distributes electrical power over a wide geo
graphical area and supplies many smaller and larger enterprises or 
private homes with energy. Voltages and power flows at many different 
points have to be controlled. Obviously, no precise uniform model can 
be set up and no unique controller can be implemented for such a 
system. 

As a second example, imagine a system of coupled water reservoirs 
whose levels have to be controlled so as to ensure sufficient reserves of 
water and, simultaneously, prevent the reservoirs from overflowing after 
a period of rain. Here, the difficulties of the control problems result 
from the complexity of the dynamical interactions between the reservoirs 
and the uncertainties concerning the amount of outflow to the consumer 
and inflow from the environment. 

Other examples of large-scale systems are traffic systems with 
complex dynamical behaviour but relatively few measurement data and 
control inputs, large space structures with many different components, 
ecological systems with a large number of entities in close interaction, 
or coupled distillation columns and reactors in the chemical industry, 
steel-rolling mills, flexible manufacturing systems, or gas distribution 
networks. These examples illustrate that large-scale systems differ 
substantially from conventional systems. Their salient features are, 
independently of their nature, the high dimensionality of the system 
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Main Problems and Basic Ideas 9 

equations, uncertainties in the information about the system, and 
constraints on the information flow for modelling, analysing, and con
trolling the system. 

High dimensionality 

A system has a large number of inputs and outputs; its components have 
manifold dynamical interactions; and it is exposed to various kinds of 
external disturbances . Consequently, the mathematical model of the 
system itself and of the system environment has a large dynamical order 
and includes many system parameters .  If, for example, a power system 
consists of twenty power stations of dynamical order 6, then the overall 
system is of 120th order. The real-time constraints, which are imposed 
on the implementation of on-line control, make the dimensionality 
problem more severe . A solution to the control problem has to be found 
in time. Thus, the number of computational steps must not exceed a 
certain bound. Therefore, it is uneconomical or even impossible to solve 
analytical, design or control problems as a whole; these problems have 
to be simplified or decomposed into smaller ones. 

Uncertainties 

The properties and behaviour of the system under investigation cannot 
be completely described by some mathematical model. The reasons for 
this are manifold. On the one hand, a system with many different sub
systems or a wide geographical distribution is not accessible to thorough 
identification. Even if an exact model is available, it has to be deliber
ately simplified in order to make analysis and control problems manage
able. On the other hand, different phenomena within the system make 
it impossible to set up a model that is valid over the whole period of 
operation. Systems with many components cannot be expected to func
tion together for the whole of this period. For example, power stations 
may be disconnected from the distribution network owing to decreasing 
energy demands. Every single model can be valid only under certain pre
conditions or, conversely, a single model can describe the system but 
only with considerable modelling errors. 

These severe uncertainties necessitate an explicit characterization 
of the model errors and a consideration of these errors when solving 
analytical and design tasks. 
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10 Large-Scale Control Systems 

Information structure constraints 

There are restrictions on the type and transmission of information about 
the system. This refers to both a priori and a posteriori information. 
It is a typical situation in that the system is controlled not by one but 
by several control agents , each of which has a complete model and 
measurement data of its own subsystem but possesses only limited 
knowledge about the behaviour of the other subsystems. Moreover, the 
control agents may have contradictory goals . That is, no decision maker 
knows the system properties and the current system state completely. 

Information structure constraints are imposed by the operating con
ditions of the system or by the control engineer to achieve simplicity of 
applications or flexibility of on-line control strategies . These constraints 
produce severe problems that require novel modelling, analysis and 
design methodologies . 

Further peculiarities of large-scale systems result from new analyt
ical and control aims as follows: 

• The notion of optimality is less important than the aim of satis
fying different, partly contradictory, requirements. Flexibility, 
reliability and robustness of control in the face of changing 
operating conditions are more important than a temporarily re
stricted optimality of the system performance. For example, a 
strategy for controlling interconnected water reservoirs is evalu
ated not only in terms of the average amount of available water 
but also with respect to its flexibility under non-typical weather 
conditions. Generally speaking, for large-scale systems the 
solution has to be 'reasonable' or 'advantageous' according to 
different criteria rather than optimal with respect to a single 
objective, such as the maximum deviation of the system output 
from a prescribed trajectory or the minimum time or control 
effort necessary to reach a goal state. 

• The solution has to be applicable under structural perturbations 
of the process to be controlled. As a typical example, a power 
system with a varying number of power-generating units will be 
considered later to illustrate this situation. 

These peculiarities of the system to be controlled and the scope of the 
required aims are different signs of conceptual difficulties that are 
encountered in large-scale systems and usually summarized under the 
term 'complexity'. Analytical and design problems for large-scale 
systems are not simply larger in size but more complex. That is, they 
cannot be solved by using faster computers with larger memories, but 
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Main Problems and Basic Ideas 11 

they raise new questions which cannot be answered by means of the 
methods that have been developed for 'small' systems. The complexity 
of large-scale systems makes the direct application of multivariable 
control methods unreasonable or even impossible and necessitates new 
analysis and design philosophies. 

In the following, the basic ideas for analysing and controlling large
scale systems are outlined. These ideas are not restricted to feedback 
control but are also applicable to open-loop control, static optimization 
or planning and scheduling problems. Their ultimate goal is the 
reduction of a complex overall problem to conceptually or computa
tionally simplified problems. Their specific form for feedback control 
will be considered in Section 1 .2 .  

Decomposition 

As the amount of computation required to analyse and control a system 
grows faster than the size of the system, it is beneficial to break down 
the whole problem into smaller subproblems, to solve these subproblems 
separately, and then to combine their solutions in order to get a global 
result for the original task. The subproblems are not independent. Some 
coordination or modification of the solutiorts of the subproblems is 
necessary in order to consider the interrelationships between the sub
problems. The effort required to deal with the subproblems and their 
coordination can be allocated to various processors, which constitute a 
distributed computing system. Therefore, the concep(s and techniques 
for reformulating a control problem as a set of interdependent sub
problems and for solving these subproblems are often referred to as 
distributed control. 

The basis for the decomposition of the analytical or control prob
lems is often provided by the internal structure of the process to be con
trolled. Accordingly, the process is not considered as a single object but 
as a compound of different interacting subsystems. Decomposition 
methods utilize the system structure, which can be obtained from the 
building blocks of the process, or have to impose a structure for math
ematical reasons. 

A typical result of this decomposition is the hierarchical structure 
depicted in Figure 1 . 1 .  The doubly framed blocks indicate decision
making units whereas the single-frame blocks represent the subsystems 
of the process. In the general discussion here, the term 'decision maker' 
is used for the elements that do not belong to the process to be 
controlled but contribute to solving the given analytical or control 
problems. Later on, when feedback control of large-scale systems is con-
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12 Large-Scale Control Systems 

Figure 1 . 1  Multilevel system 

sidered, these blocks will represent off-line design algorithms or feed
back controllers. 

Multilevel systems 

Systems with the multilevel structure as shown in Figure 1 . 1 have been 
investigated mainly in connection with optimization problems. A given 
objective function Q(y, u), which depends on the process input u and 
output y, has to be minimized by choosing an appropriate control input 
u* satisfying the relation 

min Q(y, u) = Q(y *, u*) = Q* ( 1 . 1 . 1 ) 
u 

for the system 

y = g(u).  (1 . 1 .2) 

y* and Q* are the optimal output or the optimal value of the objective 
function, which occur if u* is used. Owing to the high dimensionality of 
the process ( 1 . 1 .2) the optimal solution u* lies within a large search 
space. Therefore, the objective function (1 . 1 . 1 ) as well as the process 
( 1 . 1 .2) should be decomposed. The overall goal Q(y ,  u) is represented as 
a sum of local goals Qi (Yi, Ui ) 

N 
Q(y, u) = � Qi (Yi, Ui ) ( 1 . 1 .3) 

i= l 
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Main Problems and Basic Ideas 

and the process is divided into subsystems 

which interact according to the relation 

s=Lz 

13 

(1 . 1 .4) 

(1 . 1 .5) 

where the global signals s, z, y and u consist of the local signals 
s = (si, . . .  , sJ..r ) ', z = (zi, . . .  , zJ..r )', y = (y { ,  . . . , YJ..r ) ', u = (ui, . .. , uJ..r )' .  I 
Then the global problem (1 . 1 . 1) and (1 . 1 .2) can be replaced by the 
subproblems 

min Qi (Yi, ud (1 . 1 .6) 
Ui 

subject to 

Yi = gi (Ui, Si). (1 . 1 . 7) 

Obviously, the sub goals Qi depend through the interconnections (1 . 1 .5) 
on the behaviour of all other subsystems. However, if a supremal unit 
tentatively prescribes optimal values Si and Zi for the interaction signals , 
the subproblems (1 . 1 .6) and (1 . 1 .7) become independent local problems 

min Qi (Yi, Ui ) = Qi (Y 1', uf ) = Qf (si, Zi ) (1 . 1 .8) 
Ui 

subject to 

(1 . 1 .9) 

with fixed Si and Zi. uf is the solution of the local problem (1 . 1 .8) and 
(1 . 1 .9), and yf and Qf are the locally optimal values that result after 
applying the control UO = (uf', uf', ... , u�')' to the overall system 
(1 . 1 .2). These problems can be solved in separate local units Oi .  The aim 
of the supremal unit is to determine values Si for which the global goal 
is satisfied 

N 
min I: Qf (Si, Zi )  = Q* subject to S = Li. 

S i=1 
(1 . 1 . 10) 

As the interconnection signals serve here as coordination variables, this 
method is also called 'direct coordination' .  

Instead of solving the high-dimensional overall problem (1 . 1 . 1 ) ,  
solutions to the lower-dimensional local problems (1 . 1 .8) and (1 . 1 .9) 
have to be determined. The price for this simplification is the necessity 
to solve all these problems more than once. As the solution of the 
supremal problem (1 . 1 . 10) cannot be found in one step, the process of 
solving the global problem ( 1 . 1 . 1) and (l . l .2) consists of several repeti
tions of coordination and local optimization steps. 
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14 Large-Scale Control Systems 

This outline of hierarchical optimization clearly illustrates the main 
ideas . First, the decomposition of the overall problem (1 . 1 . 1) and (1 . 1 .2) 
yields a set of local problems (1 . 1 .8) and (1 . 1 .9) and a coordination 
problem (1 . 1 . 10) .  The dependencies of all these subproblems are 
temporarily neutralized by the prescription of an order in which they 
have to be solved. First, the supremal unit prescribes interconnection 
signals Si and ;h Second, the local units solve their problems ( 1 . 1 .8) and 
(1.1 .9) for these interactions. Third, the supremal unit makes the next 
search step for solving the problem (1 . 1 . 10) and prescribes new values 
Si, Zi, etc. The information structure of this multilevel optimization 
procedure is depicted in Figure 1 . 1 .  

The coordination is necessary because the locally optimal solutions 
uf do not, in general, coincide with the solution of the given global 
problem (1 . 1 . 1) and (1 . 1 .2). The local problems (1 . 1 .8) and (1 . 1 .9) have 
to be modified by changing the values Si, Zi until they lead to globally 
optimal solutions u f = u r . 

The crucial problem is that decomposition will achieve its aim only 
if the resulting subproblems are 'weakly coupled' so that the 
coordination problem (1 . 1 . 10) can be solved in a few steps. As the 
strength of the dependencies of the subproblems is closely related to 
the strength of the interactions (1 . 1 .5) between the subsystems, the 
decomposition of the system (1 . 1 .2) is usually carried out with the aim 
of finding weakly coupled subsystems (1 . 1 .7). The question of what 
'weakly coupled' means can be answered in different ways. As will be 
discussed in Chapter 3 in detail, weak couplings occur, for example, in 
systems with hierarchical interconnection structure, among subsystems 
with small-magnitude interactions or with quite different time constants. 

In a multilevel system, the overall solution is found only after the 
subproblems have been solved and information is exchanged several 
times between the supremal and the local units. Therefore, this scheme 
is applicable to off-line decision problems such as the design problem of 
decentralized controllers, but not to on-line feedback control . 

Multilayer systems 

A second kind of decomposition concerns the division of the functions 
to be carried. It leads to multilayer systems (Figure 1 .2). Unlike multi
level systems where all units contribute to satisfying the same goal, 
multilayer systems consist of units with different objectives. 

In the three-layer system of Figure 1 .2(a) the unit on the strategic 
layer at the top has to attenuate long-term disturbances of possibly high 
magnitude by prescribing reasonable control aims for the second layer. 
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16 Large-Scale Control Systems 

Its task includes planning, scheduling or resource allocation problems. 
The system serves as a computerized decision support system that 
proposes solutions, the best of which has to be selected by the human 
operator. The task on the top layer has to be accomplished usually once 
in a long time period. 

The unit on the tactical layer has to find reasonable set points or to 
adapt the lower-layer tasks to changing disturbances from the environ
ment. Its tasks have to be repeated often, particularly after unusually 
strong disturbances have occurred. 

The unit on the lowest layer deals with feedback control. It has to 
ensure set point tracking, to stabilize the process in all operating points, 
and to attenuate unmeasurable high-frequency disturbances . It works 
continuously. 

The tasks of the units on the different layers can be illustrated for 
a water management problem (Figure 1 .2(b)). The unit on the strategic 
layer is provided with predictions of the water supply from the environ
ment and the consumer demands for the next year. It has to determine 
preferable long-term trajectories for the water levels in all the reservoirs .  
The task of the tactical layer unit is  to prescribe actual set points for the 
feedback controller so as to reach the long-term trajectories during the 
next month despite current or recent deviations of supply or demand 
from their long-term predictions. The feedback controller on the lowest 
layer has to ensure set point tracking from day to day. 

Results 

Both kinds of decomposition replace the overall problem by a set of sub
problems that can be solved by units with limited capability and under 
time restrictions . Instead of using a unique decision maker for the whole 
problem, decomposition yields a structure of several decision-making 
units. Moreover, the relative autonomy of the units improves flexibility 
and system reliability. After the decomposition of a given problem, 
information about the control aims and the process is not available in 
one central unit but distributed over several local and supremal units. 
For example, the local 1,lnit 01 in the multilevel system of Figure 1 . 1  
needs access only to the model (1 . 1 .9) of the pertinent subsystem and the 
subgoal Ql. No decision-making unit receives all the available data. 

Large-scale systems are often controlled by a net of decision-making 
units whose tasks result from mixed multilevel-multilayer decomposi
tion of the overall system. This should be kept in mind when the aims 
and practical circumstances of the feedback control layer are investig
ated later. Feedback control represents the lowest of several layers. Fur-
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Main Problems and Basic Ideas 17 

thermore, multilayer and multilevel structures are used in several ways 
as design or implementation schemes for decentralized controllers. 

Decentralization 

The units of a hierarchical structure are not completely independent but 
have to respond to data delivered by other units. Although this com
munication ensures that the global goals will eventually be satisfied, it 
prescribes the decision makers certain working regimes. 

Decentralization concerns the information structure of the decision
making process. In decentralized decision making the decision units are 
completely independent or at least almost independent. That is, the net
work, which describes the information flow among the decision makers, 
can be divided into completely independent parts. The decision makers 
belonging to different subnetworks are completely separate from each 
other . Since such a complete division is possible only for specific prob
lems, the term 'decentralized' will also be used if the decision makers do 
communicate but this communication is restricted to certain time inter
vals or to a small part of the available information. 

The outline of multilevel systems has shown that some coordination 
and, thus, communication among the decision-making units is necessary 
if the overall goal is to be reached. In decentralized structures, such a 
coordination is impossible or restricted in accordance with the informa
tion exchange that is permitted. However, because of the simplifications 
in the practical implementation of coupled decision makers, which are 
gained from the absence of information links, decentralized structures 
are often used but reduce the quality of the solution. 

If, for example, one gives up the aim of reaching the best possible 
solution of the optimization problem (1 . 1 . 1) and removes the supremal 
unit of the multilevel system in Figure 1 . 1 ,  the local units become com
pletely independent (Figure 1 .3). Then the interaction signals Si may be 
fixed at some value Si once or have to be determined when solving the 
local problems. In the former case the local problems (1 . 1 .8) and (1 . 1 .9) 
only have to be solved once. The application of the locally optimal con
trols uf yields a suboptimal solution to the global problem (1 . 1 . 1) and 
(1 . 1 .2) .  In the latter case the local optimization problems are 

min Qi(Yi, Ui) = Ql 
u;,s; 

subject to eqn (1 . 1 .4) and yield the locally optimal value Q.'. The solu
tions (uf, sf) will, in general, violate the interaction relation ZO = Lso 
with zf = hi(uf, sf). They are called non-feasible solutions. The process 
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18 Large-Scale Control Systems 

Figure 1 . 3 Decentralized control structure 

under control uf will lead to interconnection signals Si ;c sf and goal 
values Qi(Yi, un ;c Q}. 

This example clearly shows the merits and difficulties of decentral
ized decision making. On the one hand, the solution is obtained by 
means of completely independent decision makers. Each decision maker 
needs only a limited amount of information rather than the whole 
process model and objective function. No synchronization of the 
activities of the autonomous units has to be implemented. This is 
advantageous with respect not only to the time and effort required to 
solve the problems, but also to the flexibility of the control units when 
perturbations within the plant occur. If the properties of a subsystem 
change, only the model of the decision maker of this subsystem has to 
be adapted. If a subsystem is disconnected from the others, its decision
making unit is simultaneously disconnected from the overall system but 
remains in operation at the subsystem level (cf. Figure 1 .3). As far as the 
implementation of the control algorithm is concerned, decentralization 
supports the application of parallel computer architectures and fault
tolerant systems. 

On the other hand, since the independently received decisions may 
not be compatible, decentralization turns out to be more involved than 
decomposition. The subproblems have not only to be temporarily 
exempted from their interdependencies by a prescription of the order in 
which they have to work, but also to be made completely independent 
of each other. This is possible if the interrelations of the subproblems 
are weak or can be made weak by appropriate modifications. 

In feedback control, which can be considered as a two-step decision 
problem as explained in the Introduction, constraints on the information 
structure can be imposed on the design phase, the execution phase, or 
both: 

• A decentralized controller is a feedback controller which con
sists of independent control stations, each of which receives the 
measurement data Yi and influences the control input Ui only of 
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Main Problems and Basic Ideas 19 

the attached subsystem (cf. Figure 1 .3 where the local units 
represent control stations Uj = KjYj, or the figure in the Introduc
tion). The control laws, which describe how Uj has to be chosen 
for given Yj, are independent of each other. The information 
flow from the plant through the controller back to the plant is 
divided into separate flows through the control stations. 

• Decentralized design schemes result from a division of the 
overall design problem into subproblems that can be solved 
independently (see the figure in the Introduction). 

Both kinds of decentralization can only be applied if the overall process 
can be decomposed into subsystems which are, in one sense or another, 
weakly coupled. 

With this division of the whole control problem into several sub
problems, which have to be solved from different information about the 
same process, new problems occur. The aims followed by the decision 
makers may be in harmony or contradictory. The amount and kind of 
information shared by the decision makers influence the solvability of 
the overall problem. Therefore, the information structure, under which 
the control problem is to be solved, has to be considered in detail. This 
is a new aspect of large-scale systems in comparison with 'small' 
systems, and will become evident in many problems tackled later on. 

Approximation and robustness analysis 

Owing to the high dimensionality and uncertainties of the models, 
approximation and robustness analysis are important means of dealing 
with large-scale systems. Approximation aims at the substitution of the 
given model or goals by similar but simpler models or goals, respect
ively. In addition to the uncertainties that appear in the model at hand, 
approximation brings about further uncertainties. Robustness analysis 
concerns the evaluation of the dependencies of the solution upon struc
tural or parametric uncertainties in the model used (Figure 1 .4). Every 
solution obtained by means of the approximate model must be robust 
enough to represent a reasonable solution to the original problem. 
Robustness analysis is, therefore, one of the main tools in large-scale 
systems theory. 

Approximation and robustness analysis are known from multi
variable control theory but have to be extended for large-scale systems. 
For example, model aggregation has to be applied to the subsystems 
rather than to the overall process as a whole. Robustness analysis has 
to exploit the character of uncertainties that are brought about by 
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Figure 1 . 4  Approximation and robustness analysis 

structural perturbations within an interconnected system. Such specific 
methods are the bases of stability analysis of composite systems 
(Chapter 8) and decentralized design methods (Chapters 9-12). 

Summary 

These facts clearly show that there is no formal definition of the term 
'large-scale system' .  Instead, a more pragmatic view has to be adopted: 
a system is considered large whenever it is necessary to partition the 
given analysis or design problem in order to come up with manageable 
subproblems. For feedback control, the use of decentralized controllers 
is a remarkable feature of large-scale systems. 

1 .2 DECENTRALIZED CONTROL 

Our attention will be focused on the lowest layer of control systems 
(Figure 1 .2(a» . There, the control task can be solved under the 
following general assumptions, which are known from multivariable 
feedback: 

• The process to be controlled can be described by some linear 
model 

x = Ax + Bu + Md Y =  Cx + Du + Nd. (1 .2. 1 )  

• The control problem can be solved by some linear feedback 
which may have its own dynamics or, in the simplest case, a 
static control law 

u = K(y - v) .  ( 1 .2.2) 

co
nt

ro
len

gin
ee

rs
.ir



Decentralized Control 2 1  

• The disturbances d (t) are, in general, unmeasurable but known 
to belong to a given class of signals which may be described by 
some disturbance model 

Xd(O) = Xdo (1 .2.3) 

The same assumption can be made for the command signal v(t) 
generated on the tactical layer (Figure 1 .2(a)) 

Xv = Avxv Xv(O) = XvO v = Cvxv. (1 .2.4) 

Typical examples of command or disturbance signals are step 
functions with unknown step height, sinusoidal functions of 
given frequencies or ramp functions. 

The reasons for using feedback controllers are given by the requirements 
that the closed-loop system is stable, ensures asymptotic regulation and 
satisfies restrictions on the dynamical properties as given, for example, 
by bounds on the system response to given test signals. 

Restrictions on the feedback control of large-scale systems 

The assumptions and control aims mentioned above are well known 
from classical and multivariable control theory. Large-scale systems 
give rise to additional assumptions, requirements or restrictions. For 
the feedback control layer (Figure 1 .2(a)), the typical characteristics 
of large-scale systems described in Section i .  i can be given more 
specifically as follows. 

Concerning the feedback law, large-scale systems are characterized 
by restrictions on the controller structure as follows: 

• Sensors and actuators are geographically separate. Owing to 
unreasonable costs or delays in data transmission, centralized 
on-line control is impossible and a decentralized control struc
ture is therefore required (Figure 1 .3). 

• A decentralized control structure has to be chosen for reliability 
reasons. If one decentralized controller fails to operate, only one 
part rather than the whole feedback layer fails to do its task. 

• The process has to be controlled by several feedback loops, but 
these loops are not loosely coupled. Therefore, the interactions 
of the controllers through the common plant have to be taken 
into account in the design phase. 

For these reasons, no centralized feedback law can be used. Instead, the 
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22 Large-Scale Control Systems 

controller has to consist of several independent control stations 

xr;{t) = Fixri(t) + GiYi(t) + HiVi (t) 
Ui(t) = - KxiXri(t) - KyiYi(t) + KviVi(t) 

(i = 1 ,  . . .  , N). Then, the overall controller has the form 

Xr = diag Fix + diag Giy + diag Hiv 
U = - diag KxiX - diag KyiY + diag KviV 

(1 .2.5) 

(1 .2.6) 

where diag Fi etc. is a block-diagonal matrix with the diagonal blocks 
Fl , F2, • • •  , FN. 

Specific control laws are those for the decentralized state feedback 

Ui = - KiXi (1 .2.7) 

for the decentralized output feedback 

Ui = - KyiYi (1 .2.8) 

or for the decentralized PI controller 

Xri = Yi - Vi 
Ui = -K1iXri - Kpi (Yi - Vi) 

(1 .2.9) 

with proportional or integral gain matrices Kpi or KIi, respectively. The 
subsystem state Xi or subsystem output Yi have only to be locally 
available. Eqn (1 .2.6) shows that the decentralization of the controller 
imposes constraints on the feedback matrices, which are visible by 
certain matrix elements fixed at zero. All matrices are block diagonal 
where the ith diagonal blocks are identical to the corresponding matrices 
of the ith control station. The set of input and output variables that can 
be linked by the controller are also referred to as channel (Ui' Yi). Since 
the restrictions on the control law prescribe vanishing elements but do 
not restrict the range of the non-vanishing controller parameters they are 
said to be structural restrictions on the control law. 

All admissible controller matrices can be described by structure 
matrices S, whose elements are either zero (0) or indeterminate (*) (for 
an explanation see Section 2.5). The asterisk .*, denotes elements of the 
feedback matrix that may be chosen freely. The structure matrix Sk has 
an indeterminate element in the position (i, j) if an information link may 
be realized from the jth output to the ith input of the overall system. 
If [AJ denotes a matrix that is derived from a given numeric matrix A 
by replacing all non-vanishing elements by *, the admissible matrices K 
of a given structural constraint Sk belong to the set .Y{ 

K E .Y{= (K: [KJ = Sk) . (1 .2. 10) 
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Decentralized Control 23 

For example, the matrix of a decentralized state feedback (1 .2.7) of a 
system with two second-order subsystems and two inputs each has the 
form 

where eight elements are fixed to zero. With the symbol defined above 
the set of all possible decentralized feedback matrices is 

Although, in general, the structural constraints need not be restricted to 
decentralized control but may be given by any structure matrix Sr, the 
term 'feedback control of large-scale systems' will often be used synony
mously with 'decentralized control' as done here. 

The following restrictions on the model of the overall system are 
characteristic for large-scale systems: 

• The overall system consists of different subsystems controlled 
by different decision makers, none of which has access to a 
complete model of the overall plant. Hence, the decentralized 
control loops have to be designed independently on the basis of 
partial, uncertain plant models. 

• As the subsystems have different aims from a technological 
point of view, their requirements on the feedback layer are 
contradictory. 

• Structural changes of the plant put requirements on the flexib-
ility and robustness of the feedback controller. 

Consequently, no complete model of the overall system is available. 
Instead, the different control stations have to be designed independently 
of each other on the basis of partial models of the system. This way of 
designing systems will be referred to as decentralized design. 

Obviously, these circumstances of the practical application of feed
back control restrict the flow of a priori and a posteriori information 
among the control agents which design the controller or the different 
parts of the controller. Decomposition, decentralization, approxima
tion, and robustness analysis have to be applied to the feedback layer in 
order to find appropriate analytical and control methods. 
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24 Large-Scale Control Systems 

Moreover, the requirements on the performance of the closed-loop 
system have to be extended in comparison with multivariable systems 
where the following specifications are dealt with: 

h 

1 
0.9 

1 .  The closed-loop system has to be stable. 
2. Asymptotic regulation Yi - Vi -+ 0 for t -+ 00 has to occur for a 

given class of command signals Vi and disturbances entering the 
plant at arbitrary points. 

3. The dynamical I/O behaviour has to be well suited to give 
specifications on, for example, the step response (Figure 1 .5). 

4. The requirements 1 -3 above have to be satisfied independently 
of a given class of model uncertainties. 

O�ershoot 

E . :::;;-=".0+:--4 steud':l state �--c:c::;..... error e (00) 

Rise time Tr f h 5citi iog i'lnc T E. t 

a) Peak time 

h 

b) 
t 

Figure 1 . 5  Design requirements ( 3 ) :  (a) characteristic values of 
the step response that have to satisfy given specifications; 

(b) prescribed band for the command step response 
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Decentralized Control 25 

The extensions of these specifications concern the following items: 

• The closed-loop system has to remain stable even if some 
control stations or some subsystems go out of operation. These 
properties are called integrity (as known from multivariable 
systems) and connective stability (cf. Section 8 .5). 

• The autonomy of the subsystems should be preserved or 
improved by the feedback controller. 

• The decentralized controller should be tuned and brought into 
operation in a sequential way while always satisfying the least 
requirements such as sequential stability (cf. Section 5 .2). 

The Main Problems of Feedback Control of Large-scale 
Systems 

The restrictions and requirements posed by large-scale systems include 
all the basic problems of systems and control theory, that is iden
tification, modelling, model reduction, analysis of the plant concerning 
controllability, observability, stabilizability, optimization, etc. This 
book deals mainly with those problems that are related to the design and 
application of feedback controllers. The following questions outline the 
scope of this part of control theory. 

The fundamental question raised by the feedback control of large
scale systems is the following: 

Under what conditions is a decentralization of the design process 
and control law possible? 

This question should be answered not only by developing separation 
theorems of design problems or existence theorems of decentralized 
controllers, which describe the possibility of decentralization, but also 
by restrictions that have to be satisfied if decentralized control should be 
made practically applicable. The question concerns the kind and amount 
of locally available a priori or a posteriori information that has 
necessarily to be transferred to the control agents if a given control aim 
should be reached. Since the character and strength of the couplings 
among the subsystems and the possibility of exchanging information 
among the control agents are important for answering this fundamental 
question, several important problems have to be solved: 

• In what way does the performance of the overall system depend 
on the subsystem properties and on the interactions between the 
subsystems? 
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26 Large-Scale Control Systems 

This question requires knowledge of the phenomena that occur within 
interconnected systems. It has to be investigated by considering the 
interactions between the subsystems which improve or degrade overall 
system performance according to global aims. Since this question cannot 
be answered in general but only for specific control structures or systems 
(Chapters 1 1  and 12), answers are given to the more restricted questions 
of what subsystems can be considered weakly coupled and how the 
overall system can be decomposed into such subsystems. Methods for 
detecting a hierarchical order of the subsystems, low-magnitude inter
actions or subsystems with quite different time constants are described 
in Chapter 3. The couplings between such subsystems can be neglected 
during the analysis because the solution obtained for the isolated sub
system is close to the overall system result. 

An opposite method is used in the stability analysis of composite 
systems (Chapter 8). Starting from a given decomposition, upper 
bounds for the interactions are found so that the stability of the isolated 
subsystems implies the stability of the overall system . 

• How does a system behave under the control of different 
independent control stations? 

Since all the individual control stations act on the same plant, they have 
to be 'compatible' in the sense that together they produce a reasonable 
system behaviour. The question of which control stations are 'compat
ible' is rather involved. For example, although the control stations 
produce nicely stable subsystems, their simultaneous application may 
lead to an overall system which is unstable. 

The existence of stabilizing decentralized controllers can be 
answered completely in terms of the existence of fixed modes (Chapter 4) 
which turn out to be generalizations of the unobservable or uncontrol
lable modes of centralized control. If fixed modes do exist, the stabiliza
tion of an unstable system by decentralized controllers is possible only 
if non-linear or time-varying control laws are used or if the control 
stations exchange measurement data and, thus, are not completely 
decentralized. 

• In what way can decentralized feedback controllers be 
designed? 

New methods for choosing appropriate control laws are necessary. On 
the one hand, the modern methods of pole assignment or optimal con
trol, which are known from multivariable systems design, can be 
extended to controllers that satisfy structural constraints. This way leads 
to centralized design methods which presuppose the availability of a 
model of the whole plant but lead to decentralized feedback laws 
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Decentralized Control 2 7  

(Chapters 6 and 7). Hierarchical design schemes take advantage of the 
structure of the plant but belong to centralized design methodologies 
too. 

On the other hand, new methodologies have to be found that take 
account of information structure constraints on the design process. Such 
methodologies aim at a reasonable reformulation of the design problem 
so that the individual control stations of a decentralized controller can 
be determined independently of each other but are known to satisfy the 
overall system specifications after all of them have been applied to the 
plant (Chapters 9 and 10) .  The main question posed by the decen
tralization of the design process concerns the distribution of a priori 
information among the design units. 

The decentralization of the design process leads to design tasks 
which refer to some uncertain plant. This is illustrated in Figure 1 .6(a). 
When the ith control station is designed, subsystem i is considered as the 
system to be controlled. This system has an unknown input Sit which 
obviously depends upon the interconnection output Zi of the ith sub
system. Therefore, the system to be controlled has severe uncertainties 
which are brought about by the neglected subsystems and the possibly 
unknown control stations. The unknown signal Si cannot be considered 
as a 'disturbance' input which is produced by some unknown but fixed 
signal generator independently of u(t) (Figure 1 .6(b» . 

Obviously, these questions pose many new problems for feedback 
control. Decentralization presupposes methods for selecting appropriate 
design and on-line control structures. That is, the information structure 

0) 

� . . .  � I I 

Control stations 
of the other 
subs�stems 

other subsjstems Signa l 
generlltor �(£.::�� 

d 

b) 

In.omp letelj 
known 
port 

Complete I":! 
known pIlrt 

Figure 1 . 6  Uncertainties of the behaviour of the plant: (a) system 

with uncertain subsystems and control stations; (b) system 
subjected to disturbances 
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28 Large-Scale Control Systems 

in which the control task should be solved is itself an object of investiga
tion. Pertinent questions can be answered only if, in one way or another, 
the value of information concerning the design or control tasks can be 
evaluated. This point has never been investigated in the simpler pro
blems of multivariable control, since there complete model and measure
ment information has been presupposed. It is solved for decentralized 
control only indirectly by elaborating criteria under which a decentra
lized solution can be really applied. 

BIBLIOGRAPHICAL NOTES 

The origin of large-scale systems theory was laid as early as in 1960 by 
Dantzig and Wolfe who decomposed linear programming problems due 
to the sparsity of the system matrix. The multilevel approach was pro
posed by Mesarovic and co-workers (Mesarovic et al. 1970a,b; Cohen 
1978). Its application and extension to different kinds of control prob
lems and information structure constraints of practical relevance, in 
particular to hierarchical closed-loop control and hierarchical structures 
under disturbances, is reported in the monographs by Singh and Titli 
( 1978, 1979), Findeisen et al. ( 1980), Singh (1980), and Bernussou and 
Titli (1982). Nearly all publications have been devoted to multilevel 
structures . Multilayer structures, although often used empirically in 
practice, are iacking a formal analytical treatment. Restorick (1984) is 
one of the few authors who tried to elaborate systematic ways for 
decomposing a problem into a multilayer hierarchy. A readable account 
of the main ideas of hierarchical control under the consistency or dis
agreement of the interests of decision makers has been given by 
Findeisen (1982). The role of model aggregation with particular 
emphasis on large-scale systems has been described by Aoki 
(1968, 197 1b) and in the monographs by Mahmoud and Singh (198 1a) 
and Jamshidi (1983). 

Reinisch (1986) emphasized the problems encountered in non
industrial applications, for example hierarchical schemes for water 
management problems (Reinisch et al. 1987; Reinisch and Hopfgarten 
1989), which have been outlined in Section 1 . 1 .  

Aoki (1971a) was one of the first who considered decentralized 
control as a field where intensive research is needed. The field developed 
rapidly since the late 1 970s. Javdan and Richards (1977), Tenney and 
Sandell (1981a,b), Schmidt (1982), or Siljak (1983) expressed interesting 
views on the origin and nature of large-scale control systems. Papers and 
monographs by Sandell et al. (1978), Siljak (1978), Lunze (1980a), Singh 
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( 1981) ,  Litz ( 1983), Jamshidi ( 1983), Voronov (1985), Bakule and Lunze 
(1988) and Trave et al. (1989) surveyed the state of the art. Particular 
emphasis on stability analysis was made by Michel and Miller (1977) and 
Grujic et al. (1987). Mahmoud and Singh (198 1a) summarized methods 
for modelling large-scale systems. 

Applications of decentralized control to river quality control and 
production management have been described by Tamura (1979) and 
Hauri and Hung (1979). Electric power systems have been the subject of 
many application studies. A survey of power systems as large-scale 
control systems in general was given by Quazza (1976), whereas an over
view of decentralized control problems was published by Jamshidi and 
Etezadi (1982). Joshi (1989) described the feedback control of large flex
ible space structures. If tar and Davison (1990) used robust decentralized 
controllers for dynamic routeing in communication networks. 
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2 

Resu lts on M u ltivariab le  

Feed back Systems 

2.1 MODELS OF MULTIVARIABLE SYSTEMS 

Models of feedback systems have to describe the performance of the 
plant or the closed-loop system in the vicinity of a given operating point. 
This section surveys standard forms of the system description in the time 
domain. 

State space description 

Non-linear dynamical systems are described by a set of n first-order 
differential equations 

x(t) = f(x(t), u(t), d(t), t) 
y(t) = g(x(t), u (t), d (t), t) 

x(O) = Xo 
(2. 1 . 1 ) 

where x, u, y and d are the vectors of the system states, inputs, outputs, 
or disturbances of dimensions n, m, r or q, respectively (Figure 2. 1); f 
and g are non-linear vector functions which, for every instant of time t, 
unambiguously determine vectors x(t) and y(t) in terms of x(t), u (t) and 
d(t). The model (2. 1 . 1 ) is used for t >  0 under the assumption 

u(t) = 0 d(t) = 0 for t < 0 (2. 1 .2) 

because the effect of the inputs for t < 0 are described by the initial state 
Xo. 

Figure 2 . 1  System described by eqn ( 2. 1 . 1 )  
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Models of Multivariable Systems 

For linear systems, eqn (2. 1 . 1) has the form 

x (t) = A (t)x(t) + B(t)u (t) + M(t)d(t) 
y (t) = C(t)x(t) + D(t)u (t) + N (t)d (t) 

x(O) = Xo 

3 1  

(2. 1 . 3) 

where A, B, C, D, M and N are matrices of appropriate dimensions. If 
the system parameters do not depend on time, a linear time-invariant 
model 

x(t) = Ax(t) + Bu(t) + Md(t) 
y (t) = Cx(t) + Du(t) + Nd(t)  

with constant matrices can be used. 

I/O description 

x (O) = Xo 
(2. 1 . 4) 

In the time domain, the I/O description involves the convolution 
integrals 

y (t) = Go (t)Xo + Gyu (t) * u(t) + Gyd(t) * d(t) (2. 1 . 5) 

where GyU and Gyd are the impulse response matrices of the system with 
respect to input u or disturbance d, respectively. The asterisk symbolises 
the convolution operation 

G (t) * u (t) = � � G(t - 7)u(r) dr. 

If the model (2. 1 . 5) is used for the linear time-invariant system (2. 1 .4), 
then 

Go(t)  = [C exp(At) for t � 0 
o for t < 0 

Gyu (t) = [D
O 

o(t) + C exp(At)B for t � 0 
for t < 0 

Gyd(t) = [N
O 

o(t) + C exp(At)M for t � 0 
for t < 0 

hold where o(t) denotes the Dirac impulse. 

(2. 1 .6) 

The time domain I/O model of feedback systems (Figure 2.2) is 

y et) = G(t) * u(t) 

with 

(2. 1 .  7) 
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32 Results on Multivariable Feedback Systems 

Figure 2 . 2  Feedback system 

Since the inverse convolution operation has no customarily used symbol, 
G(t) is described by eqn (2. 1 . 7) implicitly. Eqn (2. 1 .7) can be solved 
recursively and yields G (kT) for k = 1 , 2, . . . for a given time step T. 

If an initially quiescent system (eqn (2. 1 .4) or (2. 1 .5) for Xo = 0) is 
excited by a step input u = U<1(t) and d = 0, where <1(t) denotes the unit 
step function, the output is given by 

y(t) = L Gyll(r) dTii. 

The matrix 

H(t) = L Gyll (r) dr (2. 1 .8) 

denotes the step response matrix of the system (2. 1 .5). For stable 
systems (2. 1 .5) the matrix 

Ks = lim H(t) = H(oo )  = D - C.o\- lB (2. 1 .9) 
1 -+  ao 

represents the static transmission matrix (matrix of static reinforcement) 
of the system (2 . 1 .4) or (2. 1 .5), respectively. The static I/O behaviour of 
the system (2. 1 .4) or (2. 1 .5) is described by 

y =  Ksu. (2. 1 . 1 0) 

Model of the controller 

The same kind of models as described so far for the system to be con
trolled can be used for the controller. In a rather general form the linear 
control law is written as 

ir(t) = Fxr(t) + Gy(t) + Hv (t) xr(O) = XrO 
u (t) = - Kxxr(t) - Kyy(t) + Kvv(t) 

(2. 1 . 1 1) 

where x, and v represent the nr-dimensional vector of controller states 
or the r-dimensional vector of command signals, respectively. The 
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Controllability and Observability 33 

controller (2. 1 . 1 1) with a dynamical part is often referred to as a 
compensator. Particular forms of (2. 1 . 1 1) are used for PI controllers 

xr(t) = y (t) - v (t) xr(O) = XrO 
u (t) = - Kp(y(t) - v (t» - KIXr(t) 

proportional output feedback controllers 

u(t) = - Kyy(t) 

and proportional state feedback controllers 

u(t) = - Kx(t). 

Eigenvalues and zeros 

(2. 1 . 12) 

(2. 1 . 13) 

(2. 1 . 14) 

The eigenvalues A of the system matrix A occurring in eqn (2. 1 .4) are 
defined by 

det(AI - A) = o. (2. 1 . 1 5) 

They are also called system eigenvalues or system poles (if no cancella
tions occur in the corresponding transfer function matrix). The invariant 
zeros Ao of the system (2. 1 .4) are defined by 

(AOI - A  B) . 
rank 

C D < n + mm(r, m). 

2.2 CONTROLLABILITY AND OBSERVABILITY 

(2. 1 . 1 6) 

The following definitions describe the stability, controllability and 
observability of a linear time-invariant system 

x = Ax + Bu 
y = Cx. 

X(O) = Xo 

Definition 2.1 (Lyapunov stability) 

The equilibrium Xe = 0 of the autonomous system 

x(t) = Ax(t) X(O) = Xo 

(2.2. 1 )  

is said to be asymptotically stable if for all e > 0 there exists some 0 such 
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34 Results on Multivariable Feedback Systems 

that II Xo II < e implies \ I x(t) \ I < 0 for all t � 0 and if 

lim \ I x(t) - Xe \ I = 0 

holds. 

Definition 2.2 

A system (2.2. 1) is said to be completely controllable if for every initial 
state Xo there exists a finite time T and a control u(t), t E [0, 1] ,  such that 
x(T) = 0 holds . The system (2.2. 1) is said to be completely observable 
if for u(t) = 0 every initial state x(O) can be reconstructed from the 
measurements of y(t), t E [0, 1] for some T. 

Both properties are dual, that is the following considerations on control
lability hold for observability if A and B are replaced by A I and C I • 

Theorem 2.1 

The system (2.2. 1) is completely controllable if and only if one of the 
following conditions is satisfied: 

(i) The test matrix Sc has full rank 

rank Sc = rank(B AB . . .  A n- 1B) = n. (2.2.2) 

(ii) The condition 

rank(A - Ail B) = n (i = 1 , 2, . . . , n )  (2.2.3) 

is satisfied where Ai denotes the ith eigenvalue of A. 

It is also said that the pair (A, B) is controllable. Controllability and 
observability are often considered in connection with the system modes . 
The transformation 

(2.2.4) 

is applied to the model (2.2 . 1 )  with V being the modal matrix of the 
matrix A, that is 

(2.2.5) 

where Vi denotes the right eigenvector of the ith eigenvalue of A 

AVi = Ai [A] Vi 
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Controllability and Observability 

(cf. Appendix 1 ) .  Then, eqn (2.2. 1 )  has the form 
i = Ax + Bu 
y = Ci 

with 
A = V - 1AV = diag Ai [A] 

The solution of the differential equation (2.2.6) is 
n n 

y(t) = C � Vi exp(Ait)ioi + C � Vi exp(Ait)h l * u i= l  i= l  
where B has been decomposed according to 

35 

(2.2.6) 

(2.2.7) 

(2.2.8) 

Definition 2.2 can be extended to the controllability or observability of 
the system modes Vi exp(Ait). Complete controllability of the system 
(2.2. 1 )  means that all modes may be influenced by the input u (t). Hence, 
no hI may be equal to the zero row. If some zero rows occur, the cor
responding modes are said to be not controllable. In practice the term 
controllability is also used with the eigenvalues Ai [A] occurring in the 
corresponding modes . 

Theorem 2.2 

The mode Vi exp(Ait) and the eigenvalue Ai [A] are controllable if and 
only if one of the following equivalent conditions is satisfied: 

(i) rank(A - M B) = n 
(ii) hi ¢ O. 

Fixed eigenvalues 

If the linear output feedback 

(2.2 .9) 
(2.2. 1 0) 

u = - Kyy (2.2. 1 1 ) 

is applied to the system (2.2 . 1 )  the closed-loop system is described by 
i = Ai 
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36 Results on Multivariable Feedback Systems 

with 
A

= A - BKyC. 
A comparison of the open-loop spectrum 

<1 [A] = {Ai [A] , i = 1 ,  . . .  , n} 

with the closed-loop spectrum 
<1 [

A
] = {Ai [A - BKyC] , i = 1 ,  . . .  , n} 

(2.2. 12) 

for arbitrary Ky yields those eigenvalues of A that appear unchanged as 
eigenvalues of 

A 
for all feedbacks (2.2. 1 1) .  

Definition 2.3 

The elements of the set 

Af = n <1 [A - BKyC] 
Ky E fRmxr 

(2.2. 1 3) 

are called centralized fixed modes (or centralized fixed eigenvalues). 

The symbol n denotes intersection of sets. Here again the terms 'mode' 
and 'eigenvalue' came into use as synonyms although the elements of the 
set Af are eigenvalues rather than modes . For centralized control (2.2. 1 1) 
the fixed eigenvalues can be easily determined. 

Theorem 2.3 

The set of centralized fixed eigenvalues is identical to the set of 
uncontrollable or unobservable eigenvalues of the plant (2.2. 1) 

Af = (Ai [A] : rank(A - Ail B) < n or rank(A ' - Ail C ') < n} . 
(2.2. 14) 

The importance of the notion of centralized fixed modes lies in the fact 
that these modes cannot be changed even by any dynamic output feed
back (2. 1 . 1 1) . 

Theorem 2.4 

The spectrum <10 of the closed-loop system (2.2. 1) and (2. 1 . 1 1) includes 
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Controllability and Observability 37 

the centralized fixed eigenvalues 

(2.2. 15)  

for arbitrary controller order dim Xr and controller matrices F, G, H, Kt", 
Ky and Kv. 

Stabilizability and pole assignability 

The question of under what conditions there exists a dynamic output 
feedback (2. 1 . 1 1) that stabilizes a given unstable system (2.2. 1 )  can be 
answered in terms of the fixed modes. 

Theorem 2.5 

The following assertions hold for every system (2.2. 1 )  with the set Af of 
centralized fixed eigenvalues. 

(i) There exists a centralized feedback controller (2. 1 . 1 1) such that 
the closed-loop system (2.2. 1 )  and (2. 1 . 1 1) is stable if and only 
if all centralized fixed eigenvalues have negative real parts 

Re [A] < 0 for all A E Af. (2.2. 1 6) 

(ii) There exists a centralized feedback controller (2. 1 . 1 1) such that 
the closed-loop system (2.2. 1) and (2. 1 . 1 1) has an arbitrarily 
prescribed set 0"0 of eigenvalues if and only if the system (2.2. 1 )  
has no centralized fixed eigenvalues 

Af = 0. (2.2. 1 7) 

Here and in what follows it is taken for granted that each prescribed set 
0"0 of eigenvalues is symmetric in the sense that if A E 0"0 is complex then 
the complex conjugate value A * also belongs to 0"0. Theorem 2.5 says 
that the changeability of the non-fixed eigenvalues by a static output 
feedback (2.2. 1 1) implies the possibility of assigning these eigenvalues 
arbitrary values by means of a dynamic output feedback (2. 1 . 1 1). If all 
the state variables of the plant are measurable (y = x in eqn (2.2. 1» then 
stabilization and pole assignment can be performed by means of a static 
feedback 

U = - Kx. (2.2. 1 8) 
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38 Results on Multivariable Feedback Systems 

Theorem 2.6 

Under conditions (2.2. 16) or (2.2. 17) of Theorem 2.5 there exists a static 
state feedback (2.2. 1 8) such that the closed-loop system (2.2 . 1)  and 
(2.2. 1 8) is stable or has an arbitrarily prescribed set of eigenvalues, 
respectively. 

Observers 

Many design procedures for centralized controllers aim at constructing 
a state feedback (2.2. 1 8). Since under practical circumstances the state 
vector x cannot be expected to be completely measurable, the problem 
of reconstructing the state from the known input u and output y has to 
be tackled. The idea is to create a model with the available data u and 
y as inputs 

x(o) = xo 
which yields an asymptotically correct state estimate x 

x(t) - x(t) � o. 

Theorem 2.7 

(2.2. 19) 

(2.2.20) 

If the system (2.2. 1)  is completely observable then eqn (2.2.20) holds for 
the system (2.2 . 19) if the conditions 

(2.2.21) 
are satisfied and the matrix Eb is chosen so that all eigenvalues of Ab 
have negative real parts. 

Note that the observer consists of the extended plant model 
i = Ax + Bu + EbUb 
y = Cx 

x(o) = xo 

which is excited by the plant input U and the observation error 
Ub = Y - Y 

(cf. Figure 2.3). 
If instead of the actual state x the reconstructed state x is available, 

the state feedback (2.2. 18) can be applied as 
u =  - Ki . (2 .2.22) 
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r - - - - - - :-l  U : I � 
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Figure 2 .3  Feedback system with observer 
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Then the controller consists of the dynamical part (2.2. 19) and the static 
part (2.2.22). Both parts together form a compensator (2. 1 . 1 1) which 
stabilizes the plant (2.2. 1) and has the form 

Xr = (Ab - BbK )Xr + EbY 
u = - Kxr• 

(2.2.23) 

For the closed-loop system the following separation theorem is 
important. 

Theorem 2.8 (Separation theorem) 

The spectrum ao of the closed-loop system (2.2. 1), (2.2 . 19) and (2.2.22) 
consists of the spectrum of the observer (2.2. 19) and the spectrum of the 
state feedback system (2.2 . 1)  and (2.2. 18) 

ao = a [Ab ] U a [A - B K] . (2.2.24) 

The symbol 'U' denotes the union of the two sets. Hence, for given 
closed-loop system eigenvalues the feedback matrix K can be designed 
independently of the observer under the assumption that the state vector 
is measurable. 

2.3 STABILITY ANALYSIS OF FEEDBACK SYSTEMS 

Stability of multivariable systems 

The stability of linear systems is defined either for the autonomous 
system as in Definition 2 . 1  or, alternatively, for I/O considerations as 
follows. 
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40 Results on Multivariable Feedback Systems 

Definition 2.4 (Input-output (I/O) stability) 

The system 
y(t) = G(t) * u (t) (2. 3 . 1 )  

is said to be  .!l'2-stable (bounded-input bounded-output stable) if 

i: I I G(t) I I dt < 00 
holds. 

1 1 . 1\ denotes a matrix norm (cf. Appendix 1) which is applied here to the 
matrix G(t) at a fixed time t. For linear systems the relation between 
Lyapunov stability and I/O stability is very simple. 

Theorem 2.9 

If the linear system 
x = Ax + Bu x (O) = xo (2.3 .2) 

is completely controllable and observable then it is asymptotically stable 
if and only if it is .!l'-stable. 

The following theorems summarize the tests for proving asymptotic 
stability. 

Theorem 2.10 

A linear system (2.3 . 1 )  is asymptotically stable if and only if all the 
uncontrollable and unobservable modes are stable and there exists a 
finite matrix P such that 

I: I I G(t) II dt < P 

holds. 

Theorem 2.11 

(2.3 .3) 

A linear system (2.3 .2) is asymptotically stable if and only if all the 
eigenvalues of the matrix A have negative real parts. 

co
nt

ro
len

gin
ee

rs
.ir



Stability Analysis of Feedback Systems 4 1  

Lyapunoy's Direct Method for Stability Analysis 

Lyapunov's direct method is a method of stability analysis which i s  
general enough to  be  simultaneously applicable to  autonomous linear or 
non-linear systems. It  will be summarized here for systems 

x(t) = f (x (t), t) x(O) = Xo (2.3 .4) 
with the equilibrium state Xe = O. The Lyapunov stability according to 
Definition 2. 1 is considered with (2.3 .4) instead of (2. 1 . 1). Lyapunov's 
direct method is based on a scalar function v (x, t) whose value may be  
interpreted as the internal energy of  the system (2.3 .4) because v(x, t )  is 
non-negative and vanishes only if the system has reached its equilibrium 
state Xe: 

v(x, t) ;;;>- 0 for all x 
v(x, t) = 0 if and only if x = O. 

(2.3 .5) 

If this function is monotonically decreasing along the trajectory of the 
system (2. 3 .4), that is if 

. ( ) dv dv' . 0 f 0 v x, t = dt + dx x < or x ;c (2.3 .6) 

holds, then the energy decreases and, consequently, the system (2.3 .4) 
eventually reaches its equilibrium state. 

Theorem 2.12 

If for the system (2. 3.4) there is a function v(x, t) with the property 
(2.3 .5), for which eqn (2.3.6) holds for all initial states Xo, then the 
equilibrium Xe = 0 of the system (2.3 .4) is asymptotically stable. 

A function v (x, t) with the properties (2.3 .5) and (2.3.6) is called a 
Lyapunov function. This stability test poses the problem of finding func
tions with the property (2.3.5) (tentative Lyapunov functions) and 
checking the condition (2.3 .6). For linear time-invariant systems 

x = Ax x (O) = Xo 

tentative Lyapunov functions are given by 
v(x) = x 'Px 

or 
v(x) = �x'Px 

(2.3 .7) 

(2.3 .8) 

(2.3 .9) 
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42 Results on Multivariable Feedback Systems 

where P is some symmetric positive definite matrix. The derivative of 
v(x) in (2.3 .8) along the trajectory of (2.3 .7) is given by 

v(x) = x '(A 'P + PA)x. 
It is negative definite if and only if the sum A'P + PA is negative 
definite, that is if 

A 'P + PA = - Q  (2.3 . 10) 
holds for some symmetric positive definite matrix Q. 

Theorem 2.13 

A linear time-invariant autonomous system (2.3 .7) is stable if and only 
if there exists a symmetric positive definite matrix Q such that the 
Lyapunov equation (2. 3 . 1 0) has a positive definite solution P .  

Note that for the stability of linear systems the existence of  some 
Lyapunov function is not only sufficient but also necessary. Moreover, 
if for some matrix Q there exists a positive definite solution to eqn 
(2.3. 10) then its solution is positive definite for an arbitrary positive 
definite matrix Q. Hence, for linear systems Lyapunov functions (2.3 .8) 
or (2.3 .9) can be found if and only if the system is stable. Algorithm 
A1 .2 in Appendix 1 can be used to solve eqn (2.3 . 1 0) .  

2.4 SOME DESIGN METHODS FOR CENTRALIZED 
CONTROLLERS 

This section summarizes some centralized feedback design methods for 
later use in the design of decentralized controllers. The methods have 
been selected according to their convenience for the development of 
decentralized control but may be replaced by more sophisticated or 
efficient ones . 

Dyadic State Feedback 

For the completely controllable plant 
x = Ax + Bu 
y = Cx 

x(O) = Xo (2.4 . 1 )  
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Design Methods for Centralized Controllers 

a state feedback controller 
u =  - Kx  

43 

(2.4.2) 
is to be designed such that the closed-loop system (2.4.1) and (2.4.2) has 
a prescribed set <10 of eigenvalues 

<1 [A - B K] = <10. (2.4.3) 
The controller matrix K is decomposed into the dyadic product 

K = fm' (2.4.4) 
where f and m are m- or n-dimensional vectors , respectively. The vector 
f is chosen so as to make the auxiliary single-input plant 

x = Ax +  Bfa 

completely controllable via u. This is possible whenever the original 
plant (2.4. 1) is controllable and the matrix A is cyclic (Le. its charac
teristic polynomial equals its minimal polynomial) . The vector m is 
determined from the eigenvalues Ai, the corresponding reciprocal eigen
vectors w f ,  which satisfy the equation 

wfA = Ai [A]w! (2.4. 5) 
and the prescribed closed-loop eigenvalues �i E <10 according to 

n 
m =  � kiWi (2.4.6) 

i = 1  

with 

ki = g (Ai - �i )/WfBf Jl (Ai - Aj).  

j 'l' ;  
If the system state is not completely measurable, the feedback (2.4.2) 
can be applied by using an observer (2.2 . 19). Then the set of the closed
loop system eigenvalues comprises the set <10 prescribed for the design of 
the state feedback (2.4.2) as well as the set of observer eigenvalues (cf. 
Theorem 2.8). 

LQ Regulation 

For the controllable plant (2.4. 1 )  a state feedback (2.4.2) should be 
chosen so as to minimize the quadratic performance index 

1 � "" 1 = - (x 'Qx + u 'Ru) dt --+ min 2 0 K 
(2.4.7) 
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44 Results on Multivariable Feedback Systems 

where Q and R are symmetric non-negative definite or positive definite 
matrices, respectively. The pair (A, L) is assumed to be observable 
where L satisfies the relation L 'L = Q. 

The solution to this design problem is given by 
(2.4.8) 

where P denotes the symmetric positive definite solution of the algebraic 
matrix Riccati equation 

A'P + PA - PBR- IB 'P + Q = O. (2.4.9) 
Under the assumptions made above a unique solution exists. The closed
loop system (2.4. 1), (2.4.2) and (2.4.8) 

i = (A - BR- IB 'P)x 
y = Cx (2 .4 . 10) 

is stable. The functions (2.3 .8) and (2.3 .9) with P from eqn (2.4.9) are 
Lyapunov functions of the closed-loop system (2.4 . 10) .  

If the performance index (2.4.7) includes a third term 
1 
I ""  1 = - (x 'Qx + 2u 'Sx + u 'Ru) dt -+ min 2 0 K 

then the transformation u = u + R - ISX reduces the new design problem 
to the standard form (2.4.7) 

I=

.!. 

r ""  [x ' (Q - S 'R- IS)x + u 'Ru] dt -+ min 2 J o K 
subject to 

i = (A - BR- IS)x + Bu. 
The solution of this reformulated problem is given by 

u =  - R- IB 'Px 
and leads to 

U = - R - 1 (B 'P + S)x (2.4. 1 1) 
as the solution of the original LQ problem. P is the symmetric positive 
definite solution of the algebraic Riccati equation 

(A ' - BR- IS) ,P  + P(A - BR- IS) 
- PBR- IB 'P + Q - S 'R- IS = O. (2.4. 12) 

If the performance index (2.4.7) is extended to 
1 
I ""  1= - exp(2dt)(x 'Qx + u 'Ru) dt -+ min 2 0 K 

(2.4. 1 3) 
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with some scalar d >  0, then the optimal state feedback (2.4.2) is given 
by 

K = R- 1B /
P (2.4. 14) 

with 
P 

as the symmetric positive definite solution of 
(A ' - dI)

P 
+ 

P
(A - dI)  - P

BR- 1B /
P 

+ Q = O. (2.4. 15) 
This feedback ensures a stability degree of the closed-loop system 
(2.4. 1), (2.4.2) and (2.4 . 14) of at least d, that is 

max Re{A; [A - B K] } < - d (2.4 . 16) ; 
holds. 

Design of PI Controllers 

If the plant is exposed to stepwise disturbances or command signals, PI 
controllers 

ir(t) = y(t) - v (t) xr(O) = XrO 
u (t) = - Kp(y(t) - v(t)) - K1xr(t) (2.4. 1 7) 

ensure asymptotic regulation whenever the closed-loop system (2.4. 1 )  
and (2.4. 17) is stable. A necessary condition for the closed-loop stability 
and a class of controller parameters can be given in terms of the static 
reinforcement Ks (cf. eqn (2. 1 .9)) of the plant (2.4 . 1) . 

Theorem 2.14 

For a stable plant (2.4 . 1 )  under PI control (2.4 . 1 7) the following asser
tions hold. 

(i) A necessary condition for the stability of the closed-loop 
system (2.4 . 1)  and (2.4 . 17) is given by 

det(KsKI ) > O. (2.4. 1 8) 
(ii) Consider a PI controller where the controller matrices have 

been decomposed as follows 
(2.4. 1 9) 

There exist positive scalars a and b such that the closed-loop 
system (2.4. 1), (2 .4. 17) and (2.4. 1 9) is stable for all a E  (0, a)  
and b E  [0, b) i f  and only if  KI satisfies the condition 

Re {A; [Ks
K

d }  > O. (2.4.20) 
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46 Results on Multivariable Feedback Systems 

Eqn (2.4. 1 8) can be referred to as the negative feedback condition for 
multi variable PI control systems. It claims that the controller (2.4. 17) 
should counteract the control error. For single-input single-output 
systems it has the form kskI > 0. As a consequence, the plant (2.4. 1) 
must satisfy the condition 

rank Ks = rnin(m, r) (2.4.21)  

if  a PI controller (2.4. 17) should exist such that the closed-loop system 
is stable. 

The second part of the theorem concerns the following low-gain 
feedback strategy. Consider the closed-loop system (2.4. 1) and (2.4. 1 7), 
where the loop has been opened at the plant input u (t). Since the plant 
is assumed to be stable, the only unstable eigenvalues of the resulting 
open-loop system are brought about by the integrators within the con
troller. Closed-loop stability can be ensured by choosing small controller 
parameters in such a way that the unstable eigenvalues are moved into 
the left-half complex plane while not destabilizing the plant eigenvalues 
(Figure 2.4). The matrix KI is chosen so that the root loci of the integ
rator eigenvalues run into the open left-half complex plane at least for 
small positive values of the scalars a and b. If a and b are small enough, 
the root loci beginning in the plant eigenvalues cannot cross the 
imaginary axis for a E (0, a) and b E  [0, b).  

Since Theorem 2. 14 refers only to the static reinforcement Ks of the 
plant (2.4. 1), its results can be used even if only step response measure
ment data rather than a dynamic model (2.4. 1) are available. The con
troller can be tuned on-plant by means of experiments with the plant to 
receive Ks and with the closed-loop system to choose reasonable tuning 
factors a and b. 

1m 

Re 

L----.J 
. Plant e;gen�alues Controller eigen�alues 

Figure 2.4 Root loci for low-gain feedback (small scalar a )  
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2.5 STRUCTURAL PROPERTIES OF CONTROL SYSTEMS 

In many practical applications the plant cannot be described by some 
precise linear model. Uncertainties may result from incomplete know
ledge of the plant, from non-linear or time-varying properties which 
cannot be reflected by some linear model, or from approximations made 
to reduce the model size. The possible effects of the model errors on the 
analytical or design results have to be estimated. The following discus
sion points to the fact that certain system properties exist as a result of 
the system structure and, thus, can be found without knowing the 
precise system parameters. Section 2.6 summarizes the results concer
ning the quantitative assessment of the robustness of linear controllers. 

The Structure of Dynamical Systems 

In general, structural properties are properties that are not strongly 
dependent upon certain parameter values but hold for a large variety of 
parameter values . In the following, the system structure is defined on the 
basis of a classification of the entries of the matrices A, B and C of the 
model 

x = Ax + Bu 
y = Cx (2.5 . 1) 

into vanishing or non-vanishing elements . The matrices A, B and C are 
transformed into structure matrices [A] , [B] , and [C] by replacing all 
non-vanishing elements by asterisks, which indicate indeterminate 
entries . That is, the structure of the system (2.5 . 1 )  is described by the 
places of the entries of A, B, and C that are known to be zero under all 
operating conditions. 

On the other hand, given structure matrices Sa, Sb and Sc define a 
class of structurally equivalent systems. To explain this it has to be 
stressed first that a structure matrix is a matrix whose elements are either 
o or * . A given structure matrix Sa defines the set of all admissible 
numerical matrices A, which comprises all A for which [A] = Sa holds . 
This relation between a numerical matrix A and a structure matrix Sa is 
sometimes abbreviated as A E Sa, although this relation has to be read as 

A E 9'(Sa) = [A: [A] = Sal . 

Two systems that are described by the model (2. 5 . 1) with A = A t , 
B = B I , C = C I or A = A 2, B = B2, C = C2, respectively, are structurally 
equivalent if they have identical structure matrices [A I] = [A 2] = Sa, 
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48 Results on Multivariable Feedback Systems 

[B 1] = [B 2] = Sb, [C 1] = [C 2] = Sc. That is, their matrices have 
vanishing entries at least in the positions described by Sa, Sb and Sc. The 
class of structurally equivalent systems is described by 

(2.5 .2) 

where (A, B, C) is the abbreviation of a system (2. 5. 1). The results 
obtained by means of Sa, Sb and Sc are structural in the sense that they 
hold for all systems of the set 9'(Sa, Sb, Sc). 

Example 2.1 

The structure matrices of the system (- 1  x =  � 2 3) (1 0) 
- 2  4 x + 0 0 u o - 3  0 1 

* *) * * o * 

(2.5 .3) 

[C] = (* 0 0) . 0 0 * (2.5 .4) 

If the structure of the given system (2.5 .3) should be investigated, the 
structure matrices (2.5 .4) are used instead of the model (2.5 . 3) .  This 
move from the numeric matrices to the structure matrices is accom
panied by the extension of the system with matrices A, B, C to the class 
of systems 9'( [A] , [B] , [C]). 0 

A square structure matrix [Q] of order n can be interpreted by means 
of a directed graph G( [Q]) (cf. Appendix 2) with n vertices in which 
there exists an edge from Vi E rtowards Vj E rif and only if the element 
qji of the matrix Q does not vanish. This definition can be used for non
square (n, m)  matrices if the matrix is extended by n - m zero columns 
(for n > m)  or m - n zero rows (for m > n)  to a square matrix of order 
max(n, m) .  

The graph G(Qo) is  associated with the dynamical system (2. 5 . 1) 
where the (n + r + m, n + r + m) structure matrix Qo is given by 

(2.5 .5) 
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Figure 2.5  Structure o f  the system (2 .5 .3) 
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The vertices can be labelled by Xi, Ui and Yi in such a way that the edges 
between vertices Xi and xj, Ui and Xj, or Xi and Yj exist if and only if an 
asterisk is positioned in the jth row and ith column of the matrix Sa, Sb 
or Sc, respectively. To make this relation obvious, the rows and columns 
of Qo in eqn (2.5 .5) have been labelled accordingly. In correspondence 
with this decomposition, the vertices are called 'state vertices' , 'input 
vertices' or 'output vertices' , respectively. For the example (2.5 .3) the 
graph G(Qo) with Sa = [A] , Sb = [B] , Sc = [C] is shown in Figure 2.5.  
It illustrates the direct influence of the signals upon each other for all 
systems of the class 9', that is for all systems that have the same structure 
as the system (2.5 .3). 

Properties of structure matrices 

Structural investigations of the class 9' of systems are based on the 
properties of the structural matrices. Those which will be used later are 
summarized below. 

Definition 2.5 

For a structure matrix Sa a set of independent entries is defined as a set 
of indeterminate entries '. ' , no two of which lie on the same row or 
column. The structural rank (s rank) of Sa is defined to be the maximum 
number of elements contained in a set of independent entries. 

The s-rank of a structure matrix Sa is equal to the maximum rank of all 
admissible matrices A E Sa: 

s-rank Sa = max rank A. (2. 5 .6) 
A e S. 
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50 Results on Multivariable Feedback Systems 

Eqn (2.5 .6) points to a typical relation between structural and numerical 
investigations. Almost all matrices A E Sa have a numerical rank that is 
equal to the structural rank of Sa. In other words, rank A < s-rank Sa 
is valid only for exceptional matrices A. It can be shown that for (m, n) 
matrices these exceptional values of the entries of A lie on a hyper
surface in the (m x n )-dimensional parameter space and, thus, are 
relatively 'infrequent' .  

Structural Controllability and Structural Observability 

The structural counterparts of complete controllability and observability 
are defined as follows. 

Definition 2.6 

A class fll of systems is said to be structurally controllable (s
controllable) or structurally observable (s-observable) if there exists 
at least one admissible realization (A, B, C) E fll which is completely 
controllable or completely observable, respectively. A class of systems is 
called structurally complete (s-complete) if it is both s-controllable and 
s-observable. 

Although this definition is based on the existence of only one admissible 
system, which is controllable and observable, s-controllability and 
s-observability are really structural properties. If one admissible system 
(A, B, C) E fllis controllable and observable then almost all systems of fll 
turn out to have these properties. 

Corollary 2.1 

Structural controllability and structural observability of the class 
9'( [A] , [B] , [CD are necessary for the complete controllability and 
observability of a system (A, B, C) E 9'. 

Prerequisites for s-completeness are the following properties. 

Definition 2.7 

A class of systems is said to be input-connectable (or input-reachable) 
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Structural Properties of Control Systems 5 1  

if in the graph O(Qo) there is for every state vertex v a  path from at least 
one of the input vertices to v. It is said to be output-connectable (or 
output-reachable) if there exists for every state vertex v a path from v 
to at least one output vertex. 

As seen in Figure 2.5, the example is input-connectable and output
connectable. These properties ensure that the rank of the matrices 

(A - AI B) and (A � AI) 
equals n for all scalars A � 0 and almost all admissible systems. Con
sequently, the structural counterpart of part (ii) of Theorem 2 . 1  has to 
be checked only for A = 0 (cf. part (ii) below). 

Theorem 2.15 

A class 9' of systems is s-controllable if and only if 
(i) it is input-connectable and 
(ii) the relation 

s-rank(Sa Sb) = n 

holds. 
It is s-observable if and only if 

(iii) it is output-connectable and 
(iv) the relation 

s-rank (::) = n 

holds. 

Structurally Fixed Modes 

(2.5 .7) 

(2. 5 . 8) 

Theorem 2. 1 5  can be used to distinguish between centralized fixed 
modes that occur for structural reasons and fixed modes that are caused 
by an exceptional combination of parameters . 

Defmition 2.8 

A class 9' of systems has structurally fixed modes if all admissible 
systems have centralized fixed modes according to Definition 2.3. 
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Corollary 2.2 

An actual system (A, B, C) is known to possess centralized fixed modes 
if there exist structurally fixed modes in a class 9'([A] , [B] , [CD. 

Note that the implications which relate the structural and the numerical 
properties have different directions in Corollaries 2. 1 and 2.2. 

According to Definition 2.8, a class of systems has no structurally 
fixed modes if there is at least one S E f1' that is completely controllable 
and completely observable. Hence, the existence of structurally fixed 
modes can be tested by means of the conditions of Theorem 2. 15 .  

Lemma 2.1 

A class f1' of systems has structurally fixed modes if and only if at least 
one of the conditions (i)-(iv) of Theorem 2. 1 5  is not satisfied. 

Although these conditions refer to the plant (2. 5 . 1), a good graphical 
interpretation of this result can be made if the structure of the system 
(2.5 . 1 )  under output feedback 

u = KyY 

is investigated. The graph G(QE) of the structure matrix 

QE = (�Q � :) 
Sc 0 0 

with the (r, m) matrix 

- (: :  :) E - . . . . . . 
* * * 

(2.5 .9) 

(2.5 . 10) 

differs from G(Qo) in the edges from all output vertices Yi to all input 
vertices Ui, which visualize the information flow through the feedback 
(2.5 .9) (compare Figure 2.5 with Figure 2.6). Since the modes of the 
plant can be changed only if they lie within the closed loop of the plant 
and the controller, fixed modes can occur for structural reasons if there 
are state vertices in the graph G(QE) that do not lie within such loops. 
Since all output and input vertices are connected to each other by the 
controller, the only reason for this is that some state vertex is not con
nected to some input vertex (in the opposite direction of the edges) and 
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Figure 2 . 6  Structure of the system ( 2 . 5 . 2) under centralized 

output feedback 
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some output vertex and, thus, cannot be included in a loop that consists 
of plant and controller edges. Structurally fixed modes that occur 
because of the violation of the reachability conditions (i) and (iii) in 
Theorem 2. 1 5  are called structur,ally fixed modes oj type I. 

The reachability test is a powerful means of investigating the con
trollability and observability since reachability alone ensures that the 
condition (2.2 .3) is satisfied for all A -;C 0 and almost all (A, B, C) E ,<JJ. 
A second condition has only to check whether eqn (2.2.3) is valid for 
A = O. In graph-theoretic terms this condition can be formulated in terms 
of the cycle families. A cycle family is a set of cycles that have no 
common vertex (for details see Appendix 2). For example, the cycles 
U1 -+ Xl --+ Y1 -+ U1 and X3 --+ X3 represent a cycle family of the graph in 
Figure 2.6. 

The width of the cycle family is defined as the number of state ver
tices included in the cycle family. Systems which are input- and output
connectable are structurally complete only if there exists a cycle family 
of width n. Otherwise structurally fixed modes oj type II occur. 

Theorem 2.16 

For a class !7 of nth-order systems there exist structurally fixed modes 
if and only if at least one of the following conditions is satisfied for the 
graph G (QE). 

(i) !7 is neither input-connectable nor output-connectable. 
(ii) There does not exist a cycle family of width n. 

Instead of a proof of the equivalence of part (ii) of Theorem 2. 16  and 
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parts (ii) and (iv) of Theorem 2 . 1 5  only a short explanation of the cor
respondence between them will be given here. The cycle family of width 
n contains n edges whose final vertices are the n state vertices of G(QE). 
These edges correspond to indeterminate entries of Sa in n different 
rows. Consequently, the s-rank of Sa is n (cf. Definition 2.5) and, thus, 
parts (ii) and (iv) of Theorem 2. 1 5  are satisfied. 

Example 2.1 (cont.) 

The class of systems depicted in Figure 2.6 has no structurally fixed 
modes because all state vertices are input-connectable and output
connectable and there is a cycle family of width 3 ,  for example the loop 
Xl --+ Yl --+ U2 --+ X3 --+ X2 --+ Xl . However, if the system input U2 was 
deleted the state X3 would not be input-connectable and the system 
would have a structurally fixed mode of type I .  0 

Example 2.2 

It is well known that two integrators in parallel are not completely 
controllable. That this fact is based on structural properties can be 
shown by means of Theorem 2 . 16. Consider the system 

(2.5 . 1 1) 
y =  (c l)x 

for a = O. The graph G(QE) with 

[A] = 0  [B] = (:) [C] = (* *) 

is shown in Figure 2.7. Although the reachability condition is satisfied 
the system is not structurally controllable because there is no cycle 
family of width 2 within the graph. This means that there is no sufficient 
freedom in the choice of controller parameters so as to influence both 
system modes independently of each other. The structurally fixed modes 
are of type II. The observation that these fixed modes are located at zero 
is not specific for this example but generally true. If fixed modes of 
type II occur then all systems of the given class have centralized fixed 
eigenvalues of value O. 

Structurally fixed modes of type II can only be avoided if the struc
ture of the system is changed. If the parameter in (2.5 . 1 1) is changed 
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Robustness of Feedback Systems 

Figure 2.7  Structure o f  a closed-loop system with two integrators 

in parallel 

55 

(a -.c 0) then a new edge occurs in Figure 2.6 and a cycle family of width 
2 can be found, which consists of the cycles UI -+ X2 -+ YI -+ Ul and 
Xl -+ Xl . The class of systems no longer has structurally fixed modes . 0 

2.6 ROBUSTNESS OF FEEDBACK SYSTEMS 

Robustness expresses the ability of a dynamical system to retain a 
certain property (stability, I/O behaviour) in spite of a set of paramet
rical or structural perturbations within the plant. The following review 
summarizes those results which will be used later. 

An uncertain system can be described by a model with the structure 
shown in Figure 2.8. The completely known part is represented by a 
state space model of the form 

x = Ax + Bu + Ef 
y = Cx + Du + Ef 
d = CdX + DdU + Fdf. 

Error mode l Subs,::!skm 2 

f 

u 
a) b) 

Figure 2 .8  Structure of the model of uncertain systems: 
(a) parallel connection; (b) general model structure 

(2.6. 1 )  
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56 Results on Multivariable Feedback Systems 

The incompletely known part can, in principle, be considered as a 
system with input d and output f 

(2.6 .2) 
where the asterisk denotes the convolution operation. However, since 
eqn (2.6.2) represents the uncertainties of the process under considera
tion, the impulse response matrix G2(t) is not known and an evaluation 

(2.6.3) 
is used. The lines I . I signify that in the vector or matrix all elements are 
replaced by their ab�olute values. V2 represents a known impulse 
response matrix. It can be shown that eqn (2.6.3) holds for f(1) from eqn 
(2.6 .2) if and only if V2 (t) � I G2(t) I holds for all time t. Eqns (2.6 . 1 )  
and (2. 6.2) together represent a set 9'of systems with input u and output 
y, whose dynamics can be represented by eqn (2.6 . 1 )  and a system 
(2.6.2) that satisfies the inequality (2 .6.3). 

The stability of any system S E 9' can be checked as follows. The 
model (2.6. 1) leads to 

I y(t) I � Vyu * I u I + VYf* I f I 
I d(t) I � V du * I u I + V df* I f I 

with 
Vyu (t) = I D I o(t) + I C exp(At)B 1 
VyAI) = \ F \ o (t) + \ C exp(At)E 1 
V du (t) = I Dd I o(t) + I Cd exp(At)B I 
V df(t) = I Fd 1 0 (1) + 1 Cd exp(At)E I .  

The stability can be proved by using V 2 and V df. 

Theorem 2.17 

(2.6.4) 

The system (2.6. 1) and (2.6.3) is I/O-stable if the system (2.6 . 1) is stable 
and if 

Ap [M2 �f] < 1 
holds with 

M<if= J: VdAt) dt and M2 = I: V2 (t) dt. 

(2.6.5) 

Note that condition (2.6.5) can be checked if V2 is known as the upper 
bound of the incompletely known part (2.6.2) of the original system. 
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The I/O performance of the system (2.6. 1) and (2.6.2) is  approxim
ately described by eqn (2.6 . 1) for f = 0 

x = Ax + Bu 
y = Cx + Du. (2.6.6) 

The model error y - y can be evaluated by means of all the impulse 
response matrices introduced in eqns (2.6.3) and (2.6.4) by 

\ y (t) - y(t) \ � Vy/* V * VdU * \ u \ 
with 

V
(t) = V2 + V2 * V. 

Theorem 2.18 

(2.6.7) 

(2.6 .8) 

If the stability of the system (2.6 .1) and (2.6.3) can be guaranteed by 
Theorem 2.17 then the I/O behaviour of the system is approximately 
described by eqn (2.6.6) where the model errors are bound by (2.6.7) .  

Condition (2.6.7) describes the maximum deviation between the original 
system output y and the approximate model output y. Within this 
interval, which can be determined for all time instances, lie the output 
of all systems that belong to the set :7. 

BIBLIOGRAPHICAL NOTES 

The results summarized here are thoroughly described in standard text
books on multivariable control, for example those by Reinisch (1979), 
Patel and Munro (1982), Korn and Wilfert ( 1982), or Tolle (1983) . 
Structural investigations of dynamical systems have been summarized by 
Reinschke (1988). Algorithms for searching directed graphs, as they are 
necessary for the application of structural investigations, can be found 
in the books by Even (1979) or Walther and Nagler (1987). A survey of 
the large number of methods for the robustness analysis of feedback 
systems has been given by Lunze (1988) and Morari and Zaflriou (1989). 
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3 

Mod els a n d  Stru ctu re of 

I ntercon nected System s  

3.1 SUBSYSTEM AND OVERALL SYSTEM MODELS 

In this section, the models of interconnected systems are summarized 
for later use. They are distinguished by the degree to which they reflect 
the internal structure of the overall system. 

Unstructured model 

From a global point of view, the plant is a dynamical system with 
m-dimensional input vector u and r-dimensional output vector y 
(Figure 3 . 1 (a» . Its state space representation has the form 

i(t) = Ax(t) + Bu (t) 

y (t) = Cx (t) + Du (t) 
x(O) = Xo (3. 1 . 1) 

where x denotes the n-dimensional state vector of the overall system. 
Since time-invariant systems will be considered, the matrices A, B, C 
and D have constant elements and are of appropriate dimensions. The 
model (3 . 1 . 1) is well known from multivariable system theory, but is of 
minor importance for large-scale systems because it says nothing about 
the subsystems of the overall system. 

IIO-oriented model 

For decentralized control, the sensors and actuators are grouped to mi
or ri-dimensional vectors Ui and Yi (i = 1 ,  . . .  , N), where the ith control 
station has access to Yi and determines Ui (Figure 3 . 1 (b» . That is, the 
overall system input and output is decomposed into subvectors 
u = (u [  ui . . .  uN) '  and y = (y [ Y 2  ' "  yN) ' .  Instead of eqn (3. 1 . 1) the 
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Subsystems and Overall System Models 

Interconnections 

U, � 1  c) 
Figure 3. 1 Structure of the models of interconnected systems: (a) 
unstructured model; (b) 1/0 oriented model; (c) interaction-oriented 

model 

model 
N 

X(t) = Ax(t) + � BsiUi(t) x(O) = Xo 
i = 1  

59 

N 
(3 . 1 .2) 

Yi (t) = CsiX(t) + � DijUj(t) j= 1  
(i = 1 ,  . . .  , N) 

is used which makes the structural constraints of the decentralized 
control perceptible. The matrices of eqn (3 . 1 . 2) can be obtained from 
(3 . 1 . 1) by decomposing B, C and D into submatrices, the dimensions of 
which are compatible with the dimensions of the vectors Ui and Yi: 

B = (BSI Bs2 . .  , BsN) 

C) C' D12 D'N) 
C =  Ct D = Dtl D22 D2N (3 . 1 .3) 

CsN DNI DN2 DNN 

The model (3. 1 . 2) exhibits the structure of the inputs and outputs but 
does not show how the overall system dynamics depends on the sub
systems as the next form of the model will do. 
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60 Models and Structure of Interconnected Systems 

Interaction-oriented model 

Many large-scale systems emerge as a result of interactions between 
different subsystems. These couplings can have the nature of energy, 
material, or information flows. They are represented by signals Si and Zi 
through which the ith subsystem interacts with other subsystems 
(Figure 3 . 1 (c)). These additional input and output signals of the sub
systems are internal signals of the overall system. 

Since every subsystem represents a dynamical system of its own, it 
can be described by a state space model 

Xi(t) = AiXi(t) + BiUi(t) + EiSi (t) 
Yi (t) = CiXi(t) + DiUi(t) + FiSi (t) 
Zi(t) = CziXi(t) + DziUi(t) + FziSi(t) 

Xi(O) = XiO 
(3. 1 .4) 

where Xi is the ni-dimensional state vector of the ith subsystem. Eqn 
(3 . 1 .4) will be referred to as the ith subsystem. If the interactions 
between the subsystems are neglected (Si(t) = 0), eqn (3 . 1 .4) yields the 
model of the isolated subsystem 

Xi(t) = AiXi(t) + BiUi(t) 
Yi(t) = CiXi(t) + DiUi (t). 

Xi (O) = XiO 

The interconnections of the subsystems (3 . 1 .4) are described by 

s = Lz 

(3 . 1 .5) 

(3 . 1 .6) 

where the vectors s and Z of dimension ms or rz, respectively, consist of 
the interconnection inputs Si and outputs Zi of the subsystems with 
dimensions msi and rzi: S = (s f S2  . • •  slv) ' ,  Z = (z i . . .  zlv) ' . The inter
connection relation can be represented by the algebraic equation (3 . 1 .6) 
if all the dynamical elements of the system are considered as · part of 
some subsystem. The model (3 . 1 .4) and (3 . 1 .6) makes clear which sub
systems comprise the whole system and which interactions exist among 
these subsystems. 

Relation between the Unstructured Model and the 
Interaction-oriented Model 

A representation of the overall system matrices A, B ,  C and D in terms 
of the subsystem matrices Ai, Bi, • . .  and the interconnection matrix L 
can be formulated as follows. Writing the subsystem equations (3 . 1 .4) 
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Subsystems and Overall System Models 

(i = 1 ,  . . .  , N) one below the other leads to 

i(t) = diag Aix(t) + diag BiU(t) + diag EiS(t) 
y (t) = diag CiX(t) + diag DiU(t) + diag FiS(t) 
z (t) = diag CziX(t) + diag DZiU(t) + diag FziS (t) 

and x(O) = Xo where 

x = (x i xi . . .  xJ..r) '  

6 1  

(3 . 1 .7) 

(3 . 1 .8) 

and u = (u i . . .  uk) '  hold; diag Ai stands for a block-diagonal matrix 
with the diagonal blocks At. A2, • • •  , AN. Eqns (3 . 1 .6) and (3 . 1 .7) yield (I 0 -diag EiL ) (i) (diag Ai) ( diag Bi ) 

o 1 - diag FiL y = diag Ci x + diag Di u. 
o 0 1 - diag F ziL z diag Czi diag Dzi 

(3 . l .9) 

The matrix on the left-hand side of eqn (3 . 1 .9) is invertible if and only if 

det(1 - diag F ziL) -.c 0 (3 . 1 . 1 0) 

holds . If so, a model of the form (3 . 1 . 1) can be derived from eqn (3 . 1 .9) 
where 

A = diag Ai + diag EiL (I - diag F ziL) - 1 diag CZi 
B = diag Bi + diag EiL(1 - diag FZiL)- 1 diag DZi 
C = diag Ci + diag FiL(I - diag FziL)- 1 diag CZi 
D = diag Di + diag FiL(1 - diag FziL)- 1 diag Dzi 

(3. 1 . 1 1) 

hold. Eqn (3 . l . 1 1) shows how the subsystem and interconnection para
meters combine with the overall system parameters. These relations are 
easier to understand under the reasonable assumption that the subsystem 
models (3 . 1 .4) have no direct throughput of Ui and Si towards Zi and Yi, 
that is 

Di = O  Fi = O  Dzi = O  FZi = O  (3. 1 . 1 2) 

(i = 1 ,  . . .  , N) hold. Then, after partitioning the interconnection matrix L 
in (3 . 1 .5) according to the structure of s and Z 

LIN) . . . L�N 

. . .  LNN 
(3 . 1 . 1 3) 
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62 Models and Structure of Interconnected Systems 

eqn (3. 1 . 1 1) has the simpler form 

A = (Au) with Aii = Ai + EiLiiCzi 
Aij = EiLiJCti for i -;C j 

B = diag Bi (3 . 1 . 14) 
C =  diag Ci 
D = O. 

Obviously, the subsystem matrices Ai occur as diagonal blocks of A 
whereas the interactions as described by Ei, Czi and L are parts of the 
non-diagonal blocks Au (i -;C j). In particular, if, as often happens, the 
diagonal blocks of L vanish (Lii = 0 in eqn (3. 1 .  l 3» because the inter
connection input Si does not directly depend on the interconnection 
output Zi of the same subsystem, the diagonal blocks of A equal the 
subsystem matrices Ai (Aii = Ai). B and C are block diagonal. If the 
subsystems have no direct throughput the same holds for the overall 
system (D = 0). 

Equation (3 . 1 . 14) says that under the assumption (3 . 1 . 12) the 
matrices Bsi and Csi of the I/O-oriented model (3 . 1 .2) can be written as 

0 

0 
Bsi =  Bi Csi = (0 . . .  0 Ci 0 . . .  0) (3. 1 . 15) 

0 

0 

where only the ith block is non-vanishing. By using eqns (3 . 1 . 14) and 
(3 . 1 . 15) a further form of the overall system model is obtained 

N 
Xi(t) = Aiixi (t) + � AijXj(t) + BiUi(t) j= ! 

i 'l" i  
(i = 1 ,  . . .  , N). 

(3. 1 . 16) 

This model is said to have an input-output decentralized form (cL 
Section 3 .3). It will be used if the dependencies between the subsystem 
states Xi are investigated. In eqn (3 . 1 . 1 6) these dependencies are 
described by the matrices Au. 

In this context, the overall system matrix A is sometimes decom
posed into 

Ao = diag Aii (3 . 1 . 17) 
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and ( 0 
A21 Ac = A - Ao =  : 
ANI 

A12 
o 

AN2 

' " AIN) 
' "  A2N 

' "  0 
which represents the interaction relation. 

63 

(3 . 1 . 1 8) 

Two further remarks have to be made concerning the relation of the 
models (3 . 1 . 1) and (3. 1 .4) and (3 . 1 .6) .  First, (3. 1 . 10) represents not 
merely a condition under which the overall system model (3 . 1 . 1 )  and 
(3 . 1 . 1 1) can be derived from (3 . 1 .4) and (3 . 1 .6) ,  but it also ensures the 
existence of some model of the form (3 . 1 . 1) due to the uniqueness of the 
solution of (3 . 1 .4) and (3 . 1 .6) . 

Theorem 3.1 

The equations (3 . 1 .4) and (3 . 1 .6) have a unique solution and can be 
represented in the form (3 . 1 . 1 )  if and only if the condition (3 . 1 . 10) is 
satisfied. 

Proof 

The sufficiency has been proved by constructing the model (3 . 1 . 1 )  and 
(3 . 1 . 1 1) from (3 . 1 .4) and (3 . 1 .6) .  In order to prove the necessity consider 
the last row 

(I - diag F ziL)z = diag CziX + diag DziU (3 . 1 . 19) 
of eqn (3 . 1 .9) . If the matrix (I - diag F ziL) is singular, a zero row can 
be made to appear in this matrix by elementary row operations. Then, 
eqn (3 . 1 . 19) has the form 

(:) Z (t) = (:,)X(t) + (:,) U (t) 
where the asterisks denote arbitrary blocks and a I and b I row vectors. 
For a I ;c 0 and b I ;c 0 the last line 

a IX(t) + b 'U(t) = 0 
states a linear dependence between x(t) and u (t). Otherwise, a '  = 0 or 
b I = 0 implies a restriction on x or u, respectively. Both implications 
contradict the assumptions that the input u (t) can be chosen arbitrarily. 
If both a ' = 0 and b ' = 0 hold, z(t) and, thus, x(t) cannot be uniquely 

co
nt

ro
len

gin
ee

rs
.ir



64 Models and Structure of Interconnected Systems 

determined from eqn (3 . 1 .9). Hence, no overall system model (3 . 1 . 1 )  
a�. 0 

The second remark concerns the order of the overall system. The model 
(3 . 1 . 1) and (3 . 1 . 1 1) has been derived under the assumption (3 . 1 .8). That 
is, the subsystem state spaces Xi are assumed to be disjoint so that the 
overall system state x is simply the collection (3 . 1 .8) of all subsystem 
states. Equivalently, 

(3 . 1 .20) 
holds, where ffi denotes the direct sum of the vector spaces Xi. 

Although a model with this system state x exists under condition 
(3 . 1 .9), this model need not be a minimal realization. Several state vari
ables may coincide or some linear combination of them may be replaced 
by a single state variable. Problems with such overlapping subsystem 
states will be considered in connection with symmetric systems 
(Chapter 12), where the overlapping occurs due to the system structure, 
and in a generalized decomposition method (Section 3 .4), where the 
overlapping is deliberately introduced by an expansion of the overall 
system state space. 

3.2 HIERARCHICALLY STRUCTURED SYSTE MS 

Most of the difficulties of analytical and control problems are raised by 
the complete interdependence of the subsystems. That is, there are links 
between arbitrary pairs of subsystems. Such a link from the ith to the 
jth subsystem need not be direct but may be mediated by one or more 
other subsystems. 

Indirect couplings are typical of systems with sparse interconnec
tions. They render more difficult the question of which subsystems are 
really coupled. The sparsity of interconnection means that the number 
of direct couplings among the subsystems is small in relation to the 
maximum number N2• Sparsity must not be confused with the weakness 
of interconnections, which refers to the fact that the existing links do not 
severely influence the overall system performance, so that the sub
systems behave similarly when coupled together or when isolated from 
each other. 

Conceptual simplifications of analytical and control problems can 
be obtained if some subsystems have only a one-way effect on some 
others. The way in which this situation can be recognized will be 
investigated now. 
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The Interconnection Structure 

The interactions among the subsystems (3 . 1 .4) are described by the 
relation (3 . 1 .  6) 

s = Lz (3 .2.1) 
where s = (s { si ' "  sJ.r) ' and z = (z { zi . . .  zJ.r) ' .  The matrix L can be 
decomposed in correspondence with the vectors s and z (LlI L12 

L = Ltl Lt2 
LNl LN2 

(3 .2.2) 

The block Lij describes the couplings from the jth subsystem to the ith 
one. If Lij = 0 holds, no direct coupling exists. However, the jth sub
system may influence the ith one indirectly via other subsystems. 

Under what condition this roundabout way exists can be found by 
a qualitative analysis of the interaction relation (3 .2 . 1) , in which only the 
existence of couplings rather than their strength is considered. Instead 
of the numeric matrix L, the structure matrix [L] is used (cf. Section 
2.5). [L] is obtained from L after all non-vanishing elements have been 
replaced by the indeterminate element ' * ' .  If the interconnection signals 
Si and Zi are vectors rather than scalars, Lij in eqn (3 .2.2) are matrices. 
The same holds for [Lij] . However, since only the existence of some 
interconnection should be investigated, the matrices [Lij] will be reduced 
to the scalar [ [Lij] ] .  That is, the scalar [ [A] ] is defined for an (n, m )  
matrix A = (aij) by 

[ [A] ] = . . . .  . .  [0 if A = 0 
* If aij .,t. ° for at least one paIr of mdlces I, J.  

(3 .2.3) 

For the compound matrix L in eqn (3 .2.2), [ [L] ] is defined as the (N, N) 
matrix ( [ [Ll I] ]  

[ [L] ] = : 
[ [LNl l l  

[ [L12l ] 

[ [LN2l l 
This matrix is used to describe the interconnection structure of the 
overall system. 

An overall system with N subsystems (3 . 1 .4) whose interconnections 
(3 . 1 .6) are described by a given matrix L is represented by S(N, L). 
Then, for a given structure matrix Sl the class of systems (3 . 1 .4) and 
(3 . 1 .6) with structurally equivalent interactions is described by 

9 HSt}  = {S (N, L): [ [L] ] = Sd . (3 .2.4) 
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66 Models and Structure of Interconnected Systems 

The interconnection structure of all systems of this class can be repres
ented by the directed graph G(S1 ) whose N vertices visualize the sub
systems and whose edges mark the direct interconnection links among 
the subsystems. 

Example 3.1 

Consider an overall system with six subsystems, dim Sj = dim Zj = 1 and 
interconnection matrix 

0 0 0 114 0 0 
0 0 0 0 125 0 

L =  13 1 0 0 134 0 0 (3 .2.5) 41 0 0 0 0 46 
0 152 153 0 0 0 
161 0 0 0 0 0 

The interconnections have the structure described by 
0 0 * 0 0 
0 0 0 * 0 

* 0 0 * 0 0 (3 .2.6) [ [L] ] = * 0 0 0 0 * 
* 0 0 0 

* 0 0 0 0 0 
where [ [L] ] = [L] holds since the interconnection signals are scalar. 
Although this matrix is sparse, it cannot be immediately recognized 
which subsystems are coupled in both directions. The graph G( [ [L] ] ) 
with the adjacency matrix [ [L] ] from eqn (3.2.6) is shown in Figure 3.2. 
Obviously, the overall system consists of three groups of subsystems two 
of which are encircled by dashed lines. Within these groups the sub
systems are strongly coupled in the sense that there are direct or indirect 
links between each pair of subsystems. In what follows it will be 
explained how these groups can be found systematically. 0 

DefmitioD 3.1 

Consider the class 9'1 of interconnected systems. The subsystems i and 
j of a system S(N, L) E 9'1 are called strongly coupled if in the graph 
G(St} there exist a path from vertex i to vertex j and a path from vertex 
j to vertex i. 
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Unidirectional 

in'ftlrmation 

flow 

6 7  

Figure 3 . 2  Hierarchical structure of the system in Example 3 . 1  

That is, strongly coupled subsystems are represented by strongly 
connected vertices of G(St} (cf. Definition A2. 1 in Appendix 2). 

Decomposition of the Overall System into Groups of Strongly 
Coupled Subsystems 

The subset of subsystems which are strongly coupled with a given sub
system i forms an equivalence class within the set of all the N subsystems 
of a given system S(N, L). That is, the index set 

d= { 1 , 2, . . . , N}  (3 .2.7) 

which represents the numbers of the subsystems, can be uniquely decom
posed into disjoint sets 

(3 .2.8) 

so that all pairs of subsystems of the same set d; are strongly coupled 
whereas the subsystems of different sets dk, dl (k � /) do not possess 
this property. 

Theorem 3.2 

The decomposition of the overall system into strongly coupled sub
systems is given by the equivalence relation on the index set d of the sub-
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68 Models and Structure of Interconnected Systems 

systems according to which 17 is decomposed into N disjoint subsets §i 
N §= U §i i= 1  (3 .2.9) 

where all subsystems with indices of the same set §i are strongly coupled 
with each other. 

The sets §i can be found by graph search algorithms. For each vertex 
i the set fYli of reachable vertices has to be determined. If i E fYlj and j E fYli 
hold, then the ith and the jth subsystems belong to the same set 17k. 

The set of equivalence classes §i can be renumbered in such a way 
that there are no interactions from subsystems of equivalence classes of 
lower indices towards subsystems belonging to equivalence classes of 
higher indices. This reordering can be represented by a permutation 
matrix P. A permutation matrix is a matrix whose only non-vanishing 
elements are exactly one ' 1 '  in each row and each column. The new 
interconnection matrix i, which describes the interactions after the 
reordering of the subsystems, is obtained from L according to 

i = P 'LP. (3.2. 10) 

The matrix i is block triangular if it is decomposed according to the 
decomposition (3.2.9) of the index set 17: 

c' 0 0 o ) 
i = �21 i22 0 0 (3 .2. 1 1 ) 

LNI iN2 iN3 i�N 
The diagonal blocks iii describe the couplings among those subsystems 
that belong to the same set §i and, thus, form the ith hyper subsystem 
(or ith cluster of subsystems). The blocks iij describe the interconnec
tions from subsystems of /7.i to subsystems of §i. 

The overall system is said to have a hierarchical structure since the 
cluster of subsystems can be grouped in different levels where the 
information flow is unidirectional from clusters at higher levels towards 
clusters at lower levels (Figure 3 .2). 

As a consequence, the matrix A of the overall system (3 . 1 . 1) is block 
triangular too (cf. (3 . 1 . 14) with i instead of L) if it is decomposed 
according to the clusters of subsystems 

(3 .2. 12) 
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Therefore, the stability analysis of the overall system can be simplified 
as follows. 

Corollary 3.1 

A hierarchically structured overall system is stable if and only if all the 
N hypersubsystems, each of which comprises a cluster of strongly 
coupled subsystems, are stable. 

Example 3.1 (cont.) 

The example system can be decomposed into three groups of subsystems 

#1 = { 1 , 4, 6J #2 = {3 J  #3 = (2, 5J . 

The permutation matrix P is given by 
0 0 0 0 
0 0 0 0 

P =  0 0 1 0 
0 1 0 0 
0 0 0 1 
1 0 0 0 

Hence, the new interconnection matrix i is obtained from eqn (3 .2. 1 0) 
as 

ro 0 114 0 0 0'" 

161 0 0 0 0 0 
141 146 0 0 0 0 hI 0 134 0 0 0 
0 0 154 0 0 152 
0 0 0 .... 0 152 o�  

which i s  a lower triangular matrix. i shows that no interactions exist 
from subsystems 3 , 5 , 2 towards 1 , 6, 4  or from 2, 5 toward 3 . According 
to Corollary 3 . 1 ,  the overall system is stable if and only if subsystem 3 
and the clusters consisting of subsystems 1 ,  4, 6 or 2, 5, respectively, are 
stable. 0 
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70 Models and Structure of Interconnected Systems 

Chain-connected Systems 

Systems whose subsystems are coupled as a chain are hierarchically 
structured (Figure 3 .3) . The interaction relation is 

Sl = 0 Si+ l  = Li+ l ,iZi (i = 1 , 2, . . .  , N - 1 ) 
which leads to 

e' 

L =  0 

0 

0 
0 

L32 
: 
0 

0 

!) 

0 
0 

LN,N- l 
The overall system matrix is given by 

A = (Ai) with Aii = Ai 

(cf. eqn (3 . 1 . 14» . 

Ai,i+ l  = Ei+ lLi+ l ,iCzj 
Ai) = 0 for all other i, j 

� TI Tr � Tr 
Figure 3.3 Chain-connected subsystems 

Example 3.2 (River quality control) 

(3 .2. 1 3) 

(3 .2. 14) 

The water quality of a river is mainly described by the concentrations of 
oxygen and pollutants . Although sewage is treated it can be carried to 
a natural waterway for disposal only to an amount which does not make 
the concentrations of the pollutants exceed prescribed bounds. In a 
simplified way, this problem can be stated as the task to control the 
sewage discharge at different places along the river in such a way that 
the river state remains within a given band of tolerance (Figure 3 .4). A 
decentralized control scheme is appropriate because the variables to be 
controlled (concentrations of substances in different regions of the river) 
and the control inputs (upper bounds of the sewage discharge) are many 
kilometres away from each other. 
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Region 1 

Ri'ler --

SeV<loge
works 

1 

u, � , 

Region 2 Region 3 

Sewoge
works 

2 

Figure 3.4 River with two sewage works 
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The following considerations are made under the assumption that 
the river is modelled with large time constants rather than delay elements 
since otherwise subsystem models with delays rather than eqn (3 . 1 .4) 
have to be used. Owing to the unidirectional flow of the water, the 
different parts of the river and, thus, the different parts of the model are 
coupled in only one direction. Moreover, since only neighbouring 
regions are coupled, the interactions have the form (3 .2. 1 3) . A river with 
three regions, only two of which have sewage stations, is described by 
a model of the form 

Xl = Alxl + Bllli 
X2 = A2X2 + EZS2 
X3 = A3X3 + B3ll2 + E3S3 (0 0 0) 
L =  I 0 0 . 

0 1 0  

Zl = CzlXl 
Zz = Cz2X2 (3 .2. 1 5) 

The interaction matrix has block-triangular form. The overall system 
description is (AI 0 

X = Al2 A2 
o A32 

(3 .2. 1 6) 

Yl = (Cl 0 O)x 
In the matrix A in the model (3. 1 . 1) only the diagonal blocks and the 
blocks below the diagonal do not vanish. This model reflects the fact 
that the measurements are made 'near' the place where the sewage flows 
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72 Models and Structure of Interconnected Systems 

into the river (Figure 3 .4). They are influenced only by those state vari
ables which describe the water state in this region. 0 

Hierarchically Structured Systems with Input- and 
Output-reachable Subsystems 

The division of the river system into three subsystems according to the 
partition of the matrices in eqn (3 .2. 16) highlights a problem that may 
arise in the decomposition of a system into hierarchically structured sub
systems. For control purposes, not only the stability but also the control
lability of the system is important. Obviously, the isolated subsystem 2 
in Example 3 .2 

"2 = A2x2 
is not controllable. The question arises of how to decompose the overall 
system into hierarchically ordered subsystems while simultaneously 
ensuring the controllability and observability of all subsystems. That is, 
the overall system (3 . 1 . 1) should be decomposed into a model of the 
form 

i ; 
Xi = b Aijxj + b Bijuj j= l  j= 1 

i 
Yi =  b CijXj j= l  

(i = 1 , 2, . . . , N)  
(3 .2. 17) 

where (Aii, Bii) is controllable and (Aii, Cii) observable for all 
i = 1 ,  . . .  , N. Note that the summation is carried out only over the 
'higher-level' subsystems. 

Such a decomposition can be found by investigating the system 
structure, which is represented by the graph G(Qo) with ( [A] 

Qo = 0 
[C] 

(cf. Section 2.5). A hierarchical decomposition should be generated by 
permutating the state variables until [A] , [B] and [C] are block 
triagonal. Such a permutation does not change the physical meaning 
of the state variables and, thus, leads to subsystems that are physically 
interpretable. 

In this structural decomposition the additional requirement of 
(numerical) controllability and observability of the resulting subsystems 
is replaced by the claim to obtain subsystems that are input- and output-
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Hierarchically Structured Systems 73 

connectable. Note that these structural requirements are only necessary 
conditions for structural controllability and observability (Theorem 
2. 1 5) .  They are used because they can be checked easily in the graph 
G(Qo). 

A graph-theoretic characterization of the required result can be 
given in terms of partitions of the graph G(Qo). A partition of a given 
graph G into a set of N subgraphs is produced by decomposing the set 
"1/ of vertices of G into disjoint sets "IIi 

'"fi n 11 = " for all i ;c j 
Fi 

"1/= U '"fi. i= 1 
(3 .2. 1 8) 

The partition of G(Qo) is said to be an acyclic I/O-connectable partition 
if the submatrices [A] , [B] ,  [C] of the adjacency matrix Qo are block 
triangular and if each sub graph is input- and output-connectable. 

The conditions under which an I/O-connectable partition exists 
should be explained first for an overall system with two scalar inputs 
UI ,  U2 and two scalar outputs yl, Y2. A hierarchical decomposition is 
possible if, after renumbering the state variables and the input and 
output signals , two conditions on the reachability matrix of the graph 
G(Qo) are satisfied. The reachability matrix Ro describes which vertices 
are connected by a path. It can be directly determined from the 
adjacency matrix Qo (cf. eqn (A2. 1 ) in Appendix 2) . For the graph 
G(Qo) it has the structure 

Pr I5{t (Rxx Rxu 
R =  0 0 

Ryx Ryu 
(3 .2. 19) 

where Rxx described which state vertices can be reached from other state 
vertices, and Rxu which state vertices can be reached from some input 
vertices etc. (cf. the labels of the rows and columns of R in eqn (3 .2. 19) .  

The first condition on R to be introduced for the two-input two
output system claims that the output vertex YI must not be reachable 
from the input vertex U2, that is the output YI does not depend, via the 
state variables of the whole system, on U2 .  Hence, the (2, 2) matrix Ryu 
must have the form 

Ryu = (! �) (3 .2.20) 

where ' 1 '  denotes reachable and '0' non-reachable connections; ' * '  
symbolizes an arbitrary element. Eqn (3 .2.20) says that there must exist 
paths from UI to YI and U2 to Y2. Furthermore, there may exist a path 
from UI to Y2 but not from U2 to YI . As is clear from the way in which 
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74 Models and Structure of Interconnected Systems 

the reachability matrix Ro can be determined from the adjacency matrix 
Qo, this structure of Ryu ensures that the set of state vertices Rl"may be 
partitioned into Bn and Bti so that the adjacency matrices [A] , [B] and 
[C] and the reachability matrix Rxx, Rxu, Ryx are block triangular, that is 

Rxxl l 0 Rxul l  0 0 0 Bn 
Rxx21 Rxx22 Rxu21 Rxu22 0 0 Bti 

Ro = 
0 0 0 0 0 0 
0 0 0 0 0 0 

Ul (3 .2.21) 
U2 

Ryxl l  0 Ryul l  0 0 0 Yl 
R �x21 R 22 R u2 � 1 R �u22 0 0 Y2 

Note that for the two-input two-output system Rxul l , Rxu21 , Rxu22 are 
column vectors, Ryxll , Ryx21 ,  Ryx22 row vectors, and RYUl l ,  Ryu21 , Ryu22 
scalars . The labels of the (hyper) rows and (hyper) columns of Ro in eqn 
(3 .2.21) refer to the sets of vertices Bn and Bti or the single vertices Ul , 
U2, Yl and Y2, respectively. 

The second condition has to ensure that the partition of the set Rl" 
of state vertices into two sets Bn and Bti is made in such a way that both 
subsystems are I/O-connectable to the pertinent inputs and outputs. 
That is, the columns Rxull  and R";'22 and the rows Ryxll  and Ryx22 
include no zero element. This condition can be formulated by means of 
the Boolean AND operation '/\ ' , which is defined as follows. The (i, j)th 
element of the matrix A 1\ B is a ' 1 '  if and only if the (i, j)th elements 
of A and B are both ' 1 ' .  The condition is stated as 

�XU l l  
Rxu21 

o 

) 
1\ 

(
RYXl l ,  

Rxu22 0 
RYX21 ') = 

(
e1 

Ryx22 , 0 :J . 
where el = (1 1 . . .  1 ) '  and e2 = (1 1 . . .  1 ) '  hold. 

Example 3.3 

Consider the system 

i
�
(� 

0 2 0 

i), + (! �) (�:
) 

- 1  0 3 
0 0 1 
0 0 - 3  

- 1  4 0 

Y =  (� 1 0 o O)x 0 0 o 0 

(3 .2.22) 

(3 .2.23) 
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r - - - - - - -, 
I I 

I 
I 
I 
I 

Figure 3.5  Structure o f  the system (3 .2 .23) 
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whose graph is shown in Figure 3 .5 .  The reachability matrix Ryu satisfies 
the condition (3 .2.20) since there are paths from Ul to Yl and Y2 and 
from U2 to Y2 but not from U2 to Yl . If the state vertices are renumbered 
(1 -> 4, 4 -> 1 ) the reach ability matrix is 

1 0 0 0 0 1 0 0 0 ""  X4 
1 1 0 0 0 1 0 0 0 X2 
1 0 1 0 0 1 0 0 0 X3 
1 1 1 1 1 1 1 0 0 Xl 

Ro =  1 1 1 1 1 1 1 0 0 Xs · (3 .2.24) 
0 0 0 0 0 0 0 0 0 Ul 
0 0 0 0 0 0 0 0 0 U2 
1 1 0 0 0 1 0 0 0 Yl 
1 1 1 1 1 1 1 0 0 ... Y2 

For the partition {X2, X3 , X4 } ,  {Xl , Xs } of the set of state vertices the sub
graphs are input- and ouiput-connectable (Figure 3 .5) and eqn (3 .2.22) 
holds. The system can be decomposed into the form (3 .2. 17) with (- 3  0 �) D. , = m Al l  = i - 1  

e
l l  = (0 1 0) 

0 

A2l = (� 0 
�) A22 = (� �) - 1  

B2l = (�) B22 = (�) 
e2l = (0 0 0) e22 = (1 0). 
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76 Models and Structure of Interconnected Systems 

Another partition {X2 , X4 J ,  (Xl .  X3, xsJ would lead to block-triangular 
matrices A, B, C too but the state X3, which then belongs to subsystem 
2, would not be controllable by U2. Hence, eqn (3 .2.22) would be 
violated. 0 

If the system has more than two inputs and two outputs, the sets If(,t and 
Whave to be partitioned into If(,tl. 1f(,t2 and WI, � so that the reachability 
matrix Ryu is block triangular. If the columns of Ro corresponding to If(,tl 
or 1f(,t2 and the rows corresponding to WI or � are combined by the 
Boolean OR operation, a smaller matrix Ro results whose blocks RXUij 
are single columns, RYXij are single rows, and RYUij are scalars. Then the 
decomposition exists if and only if the conditions (3.2.20) and (3.2.22) 
are satisfied. 

The result is a system (3 .2. 17) with hierarchical structure. The 
isolated subsystems can be assumed to be structurally controllable and 
observable since the reachability is ensured (cf. Section 2.5) . If decen
tralized controllers are applied, the closed-loop overall system (3 .2. 17) 
and (1 .2.5) is hierarchically structured too. 

3.3 DECOM POSITION INTO DISJOINT SUBSYSTEMS 

In Section 3 . 1 the overall system description (3 . 1 . 1) was formed from 
the subsystem models (3 . 1 .4) and the interaction relation (3 . 1 .6) .  This 
'bottom-up' way can be used if the subsystem models are given in isola
tion from each other and the overall system model has to be found. In 
the following, the 'top-down' way from the overall system 

x(t) = Ax(t) + Bu(t) 
y(t) = Cx(t) 

x (0) = Xo 

to the subsystem models is considered. 
The partition of the state vector x into subvectors Xi yields 

N N 
Xi(t) = AjiXi (t) + � AijxJ<t) + � BijUi (t) j= 1  )= 1 

h " d  
N 

Yi (t) = � CijXi(t) j= 1 
(i = I , . . .  , N) 

Xi (0) = XiO 

(3 . 3 . 1) 

(3 .3 .2) 

where the matrices B and C have been partitioned into blocks Bi) and Cij 
(i = 1 ,  . . .  , N; j = 1 ,  . . .  , N) according to the partition of x, U and y. Obvi
ously, the subsystem state Xi depends on all inputs Ui, and the subsystem 
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Decomposition into Disjoint Subsystems 77 

output Yi on all states Xi. Since the aim is to get 'weakly coupled' 
subsystems the partition of X should be done in such a way that the 
dependencies of Yi on Uj (i � j) are zero or weak. Systems of the form 

N 
Xi(t) = AiiXi(t) + L: Ai}xj{t) + BiUi(t) 

j= 1 
j " i 

N 
Yi(t) = L: Ci}xj{t) (i = 1, . . .  , N) 

j= 1 

Xi (0) = XiO 

are said to be input decentralized and systems 
N N 

Xi(t) = AiiXi(t) + L: Ai}xj{t) + L: BijUj{t) 

Yi(t) = CiXi(t) 

j= 1  j= 1 
j " i 

(i = 1 ,  . . .  , N) 

Xi (0) = XiO 

(3 .3 .3) 

(3 .3.4) 

are called output decentralized. Similarly, the model (3 . 1 . 16) is called 
input-output decentralized. They are special forms of eqn (3.3 .2) where 
Bi} = 0 (i � j) or C;j = 0 (i � j) holds, respectively, and Bi = Bii or 
Ci = Cii is used. It is often assumed in the input-decentralized or the 
output-decentralized form that Ui or Yi, respectively, are scalars. Then, 
the matrices Bi or Ci are replaced by the vectors bi or c! ,  respectively. 
Both systems can be expected to be weakly coupled since the influence 
of the input Ui on Yj has a 'long way' to go from Yi via the subsystem 
state Xi towards the subsystem state Xj and then towards Yi. In particular, 
the system (3 .3 .3) or (3 .3 .4) is said to be weakly coupled if the matrices 
Ai} (i � j) have small elements . 

A reasonable way to decompose a given overall system (3 .3 . 1 )  into 
input-decentralized subsystems starts with a transformation of the state 
vector 

x = Q- IX 
with 

Q = (bl Abl . . .  AR, - Ibl b2 Ab2 ' "  ARm- Ibm) 

where the vectors bi denote the m columns of the matrix B: 

B = (bl b2 ' "  bm). 

(3 .3 .5) 

(3 .3 .6) 

Since the overall system is assumed to be controllable, the matrix Q can 
be made invertible by choosing appropriate scalars nt, . . .  , nm• The 
transformed system (3 . 3 . 1) is described by 

i = Ax + Bu 

y = Ci 
(3 .3 .7) 
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78 Models and Structure of Interconnected Systems 

with 

B = diag hi (3 .3 .8) 

where B has the ni-dimensional rows 

hi = (1 0 . . .  0) ' 

in its main diagonal. Then, the system (3.3 .7) can be decomposed into 
N 

Xi = AiiXi + 2:: AijXj + hiUi 

N 

j= l 
j ;e i 

Y i = 2:: CijXj 
j=l  

(i = 1 ,  . . .  , m) 

(3 . 3 .9) 

where the blocks of A = (Ai}) and C = (Ci}) may not be zero but B has 
the structure as given above. Obviously, the overall system has been 
decomposed into m subsystems (3 .3 .9) which are input decentralized. 
The price for this is that the new state vector X need not be physically 
interpretable. This contrasts with the method for decomposing the 
system into hierarchical systems in the way described in Section 3.2 
where the state variables have only been permutated. However, for the 
decomposition procedure above, in principle, no assumptions concer
ning the internal structure of the system have to be made. 

A similar procedure can be described for the output decentralization 
of the subsystems, where the transformation matrix is built similarly to 
eqn (3 . 3 .6) with A and the rows c! of C. 

The subsystems resulting from this decomposition have disjoint 
state vectors Xi since 

x = (x { xi . . .  xN) '  (3 . 3 . 10) 

holds. That is, the whole state space is divided into the state spaces of 
the subsystems (cf. (3 . 1 .20» . 

3.4 DECOMPOSITION INTO OVERLAPPING SU BSYSTEMS 

The decomposition of the overall system into disjoint subsystems is not 
reasonable if the resulting subsystems are strongly coupled. This is 
particularly true if the interactions between the subsystems are mediated 
by a certain subsystem, as subsystem 1 in the structure of Figure 3 .6.  
Then, overlapping decomposition can be used as an alternative way in 
which the resulting subsystems have some part in common. The over-

co
nt

ro
len

gin
ee

rs
.ir



Decomposition into Overlapping Subsystems 

u, 11 ,  

Figure 3 . 6  ' Symmetrically' coupled system 
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lapping subsystems may be weakly coupled although disjoint subsystems 
are not. 

A systematic way of overlapping decomposition starts with the 
expansion of the original system 

x(t) = Ax(t) + Bu(t) 
y (t) = Cx(t) 

which results in the system 

x(O) = xo 

i = Ax
+ Du 

y = Cx. 
x(O) = xo 

(3 .4. 1 )  

(3 .4.2) 

Formally, the systems (3 .4. 1) and (3 .4.2) are related by some contraction 
transformation 

(3 .4.3) 

where 

(3 .4.4) 

holds with the superscript ' + ' denoting the pseudoinverse of a rect
angular matrix. 

Definition 3.2 

A system (3 .4.2) is said to include a system (3 .4. 1) if there exists an 
ordered pair of matrices (T, T+) such that eqns (3 .4.3) and (3 .4.4) hold. 
The systems (3 .4. 1) or (3 .4.2) are called contraction or expansion, 
respectively. 
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80 Models and Structure of Interconnected Systems 

As the examples below will show, the expansion of (3 .4. 1 )  results in a 
new system (3 .4.2) in which some parts of the original system (3.4. 1 )  
appear more than once. If  (3.4.2) is  decomposed into disjoint sub
systems then these parts of (3.4. 1) belong simultaneously to two or more 
subsystems. That is, the subsystems 'overlap' . 

An expansion (3 .4.2) can be found by using the matrices 

A = TAT+ + M B = TB + N C = CT+ + L (3 .4.5) 

and by choosing appropriate matrices M, N and L. 

Theorem 3.3 

The system (3 .4.2) and (3 .4.5) is an expansion of (3 .4 . 1 )  if and only if 
the following conditions are satisfied: 

T+MiT = O  
LMi- IT = 0 

T+Mi- IN = 0 

LMi- IN = 0 (i = 1 , 2, . . .  , dim x). 

This theorem can be proved by considering the equality 

T+ exp(At)T = exp(At) 

with the time series expansion of exp(At) and exp(At). 

(3.4.6) 

The method of investigating a given system (3 .4. 1 )  by considering 
the expansion (3 .4.2) and inferring the results to the contraction (3 .4. 1) 
is called the inclusion principle. An important fact for the application 
of the inclusion principle is that the stability property of the system 
(3 .4 .1)  is preserved in the expansion. 

Theorem 3.4 

If the systems (3.4. 1) and (3.4.2) are a contraction or an expansion, 
respectively, then the asymptotic stability of the system (3.4.2) implies 
the asymptotic stability of (3 .4. 1) .  

Example 3.4 

Consider the system (3.4. 1) with partitioned state vector x = (x l X2 X3) ' 
and structured matrices A = (Aij),  B = (Bij). An overlapping decomposi
tion is given by Xl = (x i x2) ' ,  X2 = (X2 xD' which satisfies eqn (3 .4.3) 
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Decomposition into Overlapping Subsystems 81  

with 

0 0 
T � (� o 0) 

T+
� 
(i 0 I 0 0.51 0.51 I 0 (3.4.7) 

o I 0 0 

The matrices A and B are given by 

C Al2 0 An) 
M � (� 0.5A12 - 0.5A12 A = AZI Azz 0 AZ3 0.5Az2 - 0.5Az2 

A21 0 A22 An - 0.5A22 
A3l 0 An A33 - 0.5A32 

C DB) B = BZI BZ2 N = O. B21 Bzz 
B31 B32 

Then, the isolated subsystems of the expansion (3.4.2) are 

il = (A 1 1 A
A

I2) Xl + (BB11) U 1 A21 ZZ Zl 

0.5An 
0.5An D 

(3.4.8) 
AZ3) _ (B22) 
A Xz + B Uz 33 3Z 

A comparison with the overall system matrix 

shows that the original system (3 .4. 1) has been expanded in such a way 
that the state Xz belongs to both new subsystems (3.4.8). Consequently, 
the matrix A22 is used twice. This explains the term 'overlapping 
decomposition' . The overall system state space is not the direct sum of 

---c.=.-==--=-. _ . _ .  
�1  U2 �2 

Figure 3 . 7  Overlapping decomposition 
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the subsystem state spaces. This decomposition is particularly useful for 
systems with A31 = 0, Al3 = 0, B12 = ° and B21 = 0, since these matrices 
are neglected when considering the decomposition (3 .4.8) (Figure 3 .7) . 0  

Example 3.5 (Multiarea power system) 

The control of multiarea power systems has been a major challenge for 
the development of the theory of large-scale systems. Power systems 
have nearly all the characteristics of complex systems mentioned in 
Section 1 . 1 .  They consist of many strongly coupled areas and have a 
wide geographical distribution. Their model has a large number of 
inputs and outputs and a long state vector. Several control layers are 
necessary to meet diverse operational specifications. 

Power systems will be used several times in this book for illustra
tion. First, the real power behaviour is considered by means of the 
model whose structure is shown in Figure 3 .8 .  This model is valid for 
long time horizon investigations where all the rotating masses can be 
assumed to have equal velocity. Each power station together with the 
corresponding load is considered as an area. The control inputs Ui = Psi 
are the set points of the power which is generated by the ith unit at 
nominal frequency (f = 0) . 

The frequency j, which is common to all areas, is determined from 
the difference [Jb between the generated power Pg, the frequency
dependent consumed power pp and the load PI according to 

1 r t 
f = To J 0 Pb (r) dr. (3.4.9) 

--0-----------, Pow�r accelerating Pbl all rotating masses 

I 
pr 

f 

Net ftequen� 

P'I 
set paint of power generation 
for nominal frequ.nc� 

Figure 3.8 Structure of  a multiarea power system 
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That is, 

. 1 Xl = To Sl Zl = Xl 

and 
N N N N 

Sl = Po = b Pbi = b Pgi - b PPi - b PIi i= l i= l i= l  i = l  

83 

(3.4. 10) 

(3 .4. 1 1) 

hold, where To = T1 + . . .  + TN holds with Ti denoting the acceleration 
time constant of the rotating masses of area i. The system is now con
sidered for constant load (Pli = 0). Each area constitutes a system with 
interconnection input Si = Zl and interconnection output Zi = Pbi. It can 
be described by a model of the form (3 . 1 .4) 

Xi(t) = AiXi(t) + biUi(t) + eiSi (t) 
Yi(t) = CiXi(t) 

(i = 2, . . .  , N). 

(3 .4. 12) 

The primary control inherent in such a power system is represented by 
the frequency dependence of the load and the power generation (see 
signal paths with ksi, kli in Figure 3 .8) . The interconnection relation 
(3 . 1 .6) has the form 

N 
Sl = b Zj j=2 Si = Zl (i = 2, 3, . . .  , N). (3.4. l 3) 

Note that the subsystems are 'symmetrically' coupled with the first sub
system (cf. Figure 3 .6). Owing to the specific interconnection structure, 
the matrix A in (3.4. 1) has the form 

where 

1 ali = To Czi 

(3.4. 14) 

(i = 2, . . .  , N) 

holds. Notice that the non-vanishing elements in A form an arrow. This 
is typical for a system with the structure of Figure 3 .6. 

The given disjoint subsystems (3 .4. 10) and (3.4. 12) have strong 
interactions since the couplings within the overall system are completely 
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84 Models and Structure of Interconnected Systems 

destroyed if the interconnection inputs Si are set to zero (Figures 3 .6  and 
3 .8) .  Therefore, the results obtained by analysing the isolated sub
systems (eqns (3.4. 10) and (3 .4. 12) with Si = 0) are quite different from 
the result that can be received for the overall system (3 .4. 10),  (3 .4. 12) 
and (3 .4. 1 3) .  

Therefore, it is reasonable to decompose the overall system model 
in such a way that subsystem 1 (eqn (3 .4. 10» on the right-hand side of 
Figure 3 .6 is included simultaneously in all expanded subsystems. This 
corresponds to using the expanded subsystem states Xi = (j xl) '  
(i = 2 ,  . . .  , N) .  Then the behaviour of the new subsystems does represent 
an approximation of the performance of the areas under the influence 
of the whole system. Note that the expanded state vector 

x = (f xi j xj . . .  j xlv) '  

and the state vector 

x = (f xi xj . . .  xlv) '  

of  the original system (3 .4. 10), (3 .4. 12) and (3 .4. 13) are related by eqn 
(3 .4.3) to 

1 0 
0 1 
1 0 T = 0 0 

1 0 
0 0 

0 0 
0 0 
0 0 

0 

0 0 
0 

c;' 

T+ = 0 

0 

Then N - 1 overlapping subsystems 
N 

Xi = AiiXi + � AijXj + biUi 

y; = c;X; 

are built with 

j= I j ;e i 

0 N- I 
1 0 
0 0 

0 0 

- (0 CZi ') Aii = 
e; Ai 

C; = (O Ci) 

0 
0 
1 

0 

/V I 
o 
o 

o 

and some matrix Aij (cf. Example 3 .4) . Readers should find A, 11 and 
C from eqn (3 .4.5) with appropriate matrices M, N and L and decom
pose the expansion into (3 .4 . 1 5) as an exercise . Each expanded sub
system (3 .4. 1 5) represents a subsystem (3 .4. 12) that is directly coupled 
with subsystem (3 .4. 1) via SI = z; and Si = ZI . Hence, the isolated systems 
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Multi-timescale Systems 

(3.4. 1 5) 

ii = Aiiii + biUi 

Yi = Ciii 

85 

include the loop from Si via subsystem 1 towards Zi (cf. Figure 3 .6) and, 
thus, really represent approximate descriptions of the subsystem i under 
the influence of the subsystem surroundings. 0 

3.5 MULTI-TIMESCALE SYSTEMS 

The decomposition methods described so far aim to divide the system 
into parts whose interactions have a small magnitude. These methods 
are sometimes called ' spatial' decomposition methods. In contrast, the 
following method is motivated by temporal considerations . If the overall 
system consists of subsystems whose main time constants are far from 
each other, then the fast subsystem will arrive at its final state before the 
slow subsystem has begun the main part of its motion. From the point 
of view of the slow subsystem, the fast subsystems reach their new state 
very quickly and behave like static systems, whereas within the time 
horizon of the fast part the slow subsystems seem to be quiescent. 

Many practical systems have parts with quite different modes. For 
example, actuators or measurement devices are usually constructed so as 
to be much quicker than the main part of the process to be controlled. 
'Parasitic elements' such as quick transmitters or short time lags appear 
in nearly every complex system. 

Two-timescale Systems 

A useful formalization of such processes is given by singularly perturbed 
systems.  Such systems consist of two different parts 

io = Aooxo + AOlXl + Bou 
eXl = AIOXO + AllXl + Blu (3 . 5 . 1 )  

Y = Coxo + ClXl 
where the first line represents the slow subsystem with subsystem state 
Xo and the second line describes the fast subsystem with subsystem state 
Xl . Both state vectors and the input can be decomposed into a fast and 
a slow part 

Xo = XsO + XfO Xl = Xsl + Xfl u = Uf + Us. 
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86 Models and Structure of Interconnected Systems 

If the long-time system behaviour is to be investigated, the quick trans
ition as described by Xro, Xfl and Ur can be neglected. Hence, eqn (3.5 . 1) 
is used with ur = 0, Xro = 0 and Xfl = O. Furthermore, since the fast 
subsystem is considered as static, e = 0 holds. If the matrix All is 
non-singular, the second line of eqn (3 . 5 . 1) leads to the static model of 
the fast part: 

(3 .5 .2) 

With this static description of the fast subsystem, the first and third lines 
of eqn (3 .5 . 1) yield a reduced-order model of the slow system 
performance 

iso = Asxso + Bsus 
Ys = Csxso + Dsus 

with 

As = Aoo - AOIAi/AlO 
and 

Bs = Bo - AlOAiilBl 
Ds = -CIAiiBl . 

This model can be  used to design a controller 

Us = -Ksxso 
for the long-term system behaviour. 

(3. 5 . 3) 

(3 .5.4) 

(3 .5 .5) 

(3.5 .6) 

On the other hand, the fast transition is described by eqn (3 .5 . 1) for 
iSl (I) = 0 and Us = O. Since Xo is the state of the slow subsystem, Xro = 0 
is assumed further. For e = 1 ,  eqns (3 .5 . 1) and (3 .5 .2) yield the 
approximate model 

or 

. d 
( )

. Xfl = - Xl - Xsl = Xl 
dl 

= AlOXsO + AllXl + Bl (Us + ur ) 
= All (Xl - Xsl ) + BlUr 

in = Al lXn + BlUr 
Yf = CIXn . 

This model can be used to control the fast system response by 

Uf =  -KfXn . 

(3.5 .7) 

(3.5 . 8) 
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Multi-timescale Systems 87 

The overall feedback is received from eqns (3 .5 .2), (3 .5 .6) and (3 .5 .8) 
for Xo = Xso: 

U = Uf + Us 
= -Kf(xsi + Xfl ) - KsXso 
= -KfXI - [(I + KfAIIIBdKs + KfAIII AlO)Xo. (3 .5 .9) 

The question of how the original system behaviour Xo(t), x(t), y(t) can 
be approximated by the slow and fast parts is answered in the following 
theorem. 

Theorem 3.5 

If the matrix As - BsKs is stable, then the following relations hold: 

Xo(t) = xso(t) + O(e) 

Xl (t) = -AlII (AIO - BIKs)xso (t) + Xfl + O(e) 

u(t) = us (t) + Uf(t) + O(e) 

y(t) = Ys(t) + Yf(t) + O(e). 

(3 . 5 . 10) 

O(e) signifies the existence of a function f(e) where for each element 
Ji(e) there is a constant ki such that /;(e)/ e � ki holds . That is, eqn 
(3 . 5 . 10) says that the deviations of Xo from XsO or XI , U and Y from the 
given right-hand sides vanish for e -+ 0 and that this convergence is at 
least linear. 

Theorem 3 .5  is sometimes called a separation theorem because it 
states that the system performance can be decomposed into separate 
slow and fast parts, which are described by different models. The 
separation is complete for e = 0 since then xo(t) = xso(t) holds. But XsO, 
Xsi and Xn can be determined independently of one another by eqns 
(3. 5 .2), (3 . 5 . 3) and (3 .5 .7) to a reasonable approximation if e is small. 
This implies the following assertion. 

Corollary 3.2 

If both the models (3 .5 .3) and (3.5 .7) are stable then there exists some 
f >  0 such that the system (3 .5 . 1) is asymptotically stable for all 
e E  (0, f). 
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88 Models and Structure of Interconnected Systems 

Multi-timescale Systems 

The method of decomposition described so far is known from mul
tivariable control theory. It can be directly extended for large-scale 
systems in which a single slow subsystem is coupled with several fast 
subsystems. Formally, this extension leads from eqn (3 . 5 . 1 )  to 

N N 
Xo = Aooxo + � AOjxj + � BOjuj j= 1 j= 1  
eiXi = AiOXo + AiiXi + Biiui 
Yi = CiOXo + CiiXi 

(i = 1 , . . .  , N)  
(3 . 5 . 1 1) 

where the first line describes the slow subsystem and the second line the 
ith fast subsystem. The fast subsystems are assumed to have their own 
subsystem inputs Ui, which all together act on the slow subsystem too. 
The parameters ei are independent of each other. No assumptions are 
made concerning the relation between the speeds of the fast subsystems. 
The state, output and control input are decomposed as above: 

Xi = Xsi + Xfi 
Ui = Usi + Ufi 

Yi = Ysi + Yfi 
(i = 0, 1 ,  . . .  , N). 

The slow part of the overall system can be approximately described by 
an analogy of eqn (3 . 5 .3) as follows. For ei = 0 

Xsi = -Ail 1 AiOXsO - Ail 1 Biiusi (i = 1 ,  • • •  , N) 
Y sj = (CiO - CiiAii 1 AiO )XsO - CiiAii 1 Biiusi 

(3 .5 . 12) 

is obtained. With this static approximation, eqn (3 . 5 . 1 1 )  yields 
N 

xso = Asxso + � B.iusi i = 1  
with 

N 
As = Aoo - � AiAil 1 AiO i= 1 

(i = I , . . .  , N). 

The slow part of the controller 

Usi = -KsiXsO (i = I , . . .  , N)  

can be chosen for this model. 

(3 . 5 . 1 3) 

(3.5 . 14) 

(3. 5 . 15)  

The fast part of the overall system performance is  different if the 
system is investigated from the point of view of different subsystems. 
From the point of view of the ith subsystem it is reasonable to ignore 

co
nt

ro
len

gin
ee

rs
.ir



Bibliographical Notes 89 

all the other fast subsystems and to assume the slow subsystem to be 
static: 

Xo = Xso Ds = O. 
Then, similarly to eqn (3 .5 .7), the model 

ifi = AiiXfi + BuDfi 
Yfi = CUXfi 

results . A controller 

Dfi = - KfiXfi 

(3 .5 . 16) 

(3 .5 . 17) 

can be designed using this model. Note that for the fast response, N dif
ferent approximate models (3.5 . 16) of the same overall system (3 .5 . 1 1 ) 
are used. This is referred to as multimodelling. 

The overall system performance is approximately described by the 
separate models (3 .5 . 1 3) and (3 . 5 . 16), the solution of which compose the 
system outputs as 

Yi = Ysi + Yfi 
= (CiO - CiiAii 1AiO)XsO + CUXfi - CuAii 1Buusi. 

The overall controller consists of the two parts described by eqns 
(3 . 5 . 1 5) and (3 . 5 . 17), which amount to 

Di = Usi + Dfi 
= -KfjXi - [(I + KfiAii 1 Bii )Ksi + KfiAii 1 AiO )xo. (3 . 5 . 1 8) 

This controller feeds back the overall system state 

x = (xII x { . . . XN) I • 

BIBLIOGRAPHICAL NOTES 

The relations between the unstructured overall model and the 
interaction-oriented model have been investigated in detail by Ikeda and 
Kodama (1973). They gave the original proof of Theorem 3 . 1 .  Singh and 
Liu (1973) answered the question of under what conditions the state 
vector of the overall system must contain all subsystem states. The 
German names for the different models summarized in Section 3 . 1  have 
been introduced by Litz (1983). Although they are not yet commonly 
used in the literature, they are mentioned here to shorten references to 
specific forms of the model . 
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90 Models and Structure of Interconnected Systems 

Hierarchical decomposition has been introduced by Ozgiiner and 
Perkins (1975) in connection with the stability analysis of large-scale 
systems. Since the strongly connected components may be unrelated 
to the control inputs and outputs, Sezer and Siljak (1981c) and Pichai 
et af. (1983) elaborated graph-theoretic algorithms for hierarchical 
decomposition into I/O-reachable subsystems. These methods are 
powerful since they give the possibility of utilizing well-established 
graph-theoretic means for investigating large-scale systems. On the other 
hand, graph representations are useful means of representing complex 
systems before setting up their differential equations. This has been 
discussed by, for example, Waller (1979). 

The disjoint decomposition into input-decentralized or output
decentralized subsystems has been proposed by Siljak and Vukcevic 
(1976). Sezer and Siljak ( 1984) gave a decomposition method where the 
interactions of the resulting subsystems are lower than a prescribed 
threshold. 

Overlapping decomposition has been described for a traffic control 
example by Isaksen and Payne (1973) and generalized to the relation of 
expansion and contraction by Ikeda and Siljak (1980). An extension of 
the inclusion principle to non-linear systems was given by Ohta and 
Siljak (1984). Iftar (1990) generalized this approach for overlapping 
inputs and outputs. The model structure used in Example 3 . 5  for the 
power-frequency behaviour of multiarea power systems was proposed 
by KiiJ3ner and Uhlig (1984) . 

The timescale separation was investigated extensively in the 1970s. 
A survey has been given by Kokotovic et af. (1976) and Saksena et af. 
(1984). Two-timescale systems have two different clusters of eigenvalues. 
This has already been investigated for linear dynamical systems by Milne 
(1965) who gave quantitative bounds on the separation of the eigenvalue 
clusters so that the spectrum can be approximated with reasonable 
accuracy by the union of the clusters of All and As (cf. eqns (3 . 5 . 1) and 
(3 .5 .4» . Ozgiiner (1975b) used the Gershgorin theorem to establish 
similar bounds on the interconnection matrices Al2 and A21 so that the 
couplings between two subsystems in eqn (3 . 5 . 1) for e =  1 are weak 
enough to be ignored during the analysis of the overall system. All these 
conditions are satisfied by singularly perturbed systems if e is small 
enough. Theorem 3 .5  is due to Chow and Kokotovic (1976), whereas 
Corollary 3 .2  was proved earlier by Klimushev and Krasovskii (1961). 

Multimodelling as a means of describing large-scale systems with 
slow and fast modes from the point of view of the different decision 
makers was introduced by Khalil and Kokotovic (1978, 1979). 

The decomposition of the overall system into composite systems 
with a specific interconnection structure is an important means of 
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deriving special analytical and design methods, which are tailored to 
particular classes of systems and are more efficient than general-purpose 
methods . Apart from systems with hierarchically structured, weakly 
coupled or temporarily separated subsystems, systems with symmetric 
interactions are of particular importance. Voicu ( 1980) investigated 
systems which have the so-called Kirchhoff interconnections. Another 
generalization will be investigated in detail in Chapter 12. 
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4 

Decentra l ized Sta b i l iza b i l ity 

4.1 DECENTRALIZED FIXED MODES 

The results on stabilizability and pole assignability by means of a linear 
feedback have been summarized in Section 2.2 for centralized control. 
Both problems will now be tackled under the structural constraints on 
the control law, which are imposed in decentralized control. The defini
tion of fixed modes under decentralized control and the algebraic 
characterization of such modes will be formulated in the best possible 
analogy of Definition 2.3 and Theorem 2.3 .  

Consider the overall system in I/O-oriented description (3 . 1 .2) 

N 
i(t) = Ax(t) + � Bsiu;(t) x(O) = xo 

; = 1  
y;(t) = Cs;x(t) (i = 1 , 2, . . .  , N) 

under static decentralized feedback 

o 
- Ky2 

o 

which will be considered as output feedback 

(4. 1 . 1) 

(4. 1 .2) 

(4. 1 .3) 

where the structural constraints are prescribed by the structure matrix K 
(cf. Section 2.5). The matrices B and C are composed of Bs; and Cs; as 
in eqn (3 . 1 .3). 

The fixed modes under decentralized control can be defined ana
logously to their centralized counterparts as those eigenvalues of the 
matrix A which appear unchanged in every closed-loop system (4. 1 . 1) 
and (4. 1 .2). 

co
nt

ro
len

gin
ee

rs
.ir



Decentralized Fixed Modes 

Defmition 4.1 

The elements of the set 

A.lf = n (1 [A - BKyC] 
Ky e;J{  

93 

(4. 1 .4) 

are called decentralized fixed modes (or decentralized fixed eigenvalues) 
under the structural constraint ::f{. 

Note that the definition is related to the structural constraints given by 
::f{ although this relation will not always be explicitly stated. Because of 
::f{ �  fYlmxr all centralized fixed modes are decentralized fixed modes of 
the plant (4. 1 . 1) 

Af � A.lf. (4. 1 .5) 

Decentralized fixed modes may occur even if the overall system (4. 1 . 1) 
is completely controllable through the whole input vector u and 
completely observable via the output y. 

Existence of Decentralized Fixed Modes 

In the following a necessary and sufficient condition for the existence of 
decentralized fixed modes will be derived step by step while simul
taneously revealing the reasons for the existence of such modes . First , 
the system (4. 1 . 1) has obviously no decentralized fixed modes if it is 
controllable and observable by one channel (Ui, Yi) only. Then all eigen
values of A can be changed by the single control station 

(4. 1 .6) 

The number i of the control station (4. 1 .6) belongs to the index set 

§ = { 1 ,  2, . . .  , N} . (4. 1 .7) 

Lemma 4.1 

The system (4 . 1 . 1) has no decentralized fixed modes if it is completely 
controllable and completely observable by a single channel (uj, Yi), that 
is if there exists some index i E § such that the pairs (A, Bsi) and (A, Csi) 
are controllable or observable, respectively. 

If this fact is transmitted to a single system mode or eigenvalue, it 
becomes evident that only that eigenvalue A may be decentralized fixed 
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94 Decentralized Stabilizability 

which is not both controllable and observable from the same channel or, 
conversely, which is either uncontrollable by Ui 

rank(A - AI Bsi) < n 

or unobservable from Yi 

(4. 1 .8) 

rank (A �SiAI) < n (4. 1 . 9) 

(cf. Theorem 2. 3). Inequality (4. 1 . 8) or (4. 1 .9) has to hold for all ; E  d. 

Lemma 4.2 

A necessary condition for the eigenvalue A [A] to be decentralized fixed 
is that there exists a disjoint partition of the index set d 

� = (i! , ;2, . . .  , ;k) 
with 

(4. 1 . 10) 

(4. 1 . 1 1) 

such that condition (4. 1 .8) holds for all ; E � and (4. 1 .9) for all ; E X  

The motivation for the introduction of the disjoint partition of d is pro
vided by the fact that it does not matter whether the eigenvalue A is not 
controllable nor observable from the ith channel, although at least one 
of these properties has to occur. Consequently, the channels can be 
grouped so that A is not controllable from Uj with ; E � and not observ
able from Yi with ; E X The corresponding matrices Bsi and Csi enter 
into the conditions (4. 1 .8) or (4. 1 .9), respectively. 

This assertion can be reformulated if the matrices 

(4. 1 . 12) 

are formed. The conditions (4. 1 .8) for all ; E � together are equivalent 
to the single condition 

rank(A - AI Bn) < n. (4. 1 . 1 3) 

Analogously, the conditions (4. 1 .9) for all indices ; E .1t' can be lumped 
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Decentralized Fixed Modes 

together to form the equivalent condition 

rank (A �
H
AI) < n.  

95 

(4. 1 . 14) 

That this is really true should be explained for the case when the scalar 
A is a unique eigenvalue of the matrix A. Then (4. 1 .8) reads as 

rank(A - AI Bsi) = n - 1 

and says that the columns of the matrix Bsi are linearly dependent upon 
the columns of A - AI. According to Lemma 4.2 this is true for all 
matrices Bsi with i E �. Therefore, all columns of BD are linearly 
dependent on the columns of A - AI, and conditions (4. 1 . 8) for i E � can 
really be written as 

rank(A - AI BD) = n - 1 .  

With the same argument, the equivalence of conditions (4. 1 .8) for i E � 
or (4. 1 . 9) for i E � and (4. 1 . 1 3) or (4. 1 . 14) ,  respectively, can be shown 
for mUltiple eigenvalues. 

The conditions of Lemma 4.2 have to be made more restrictive to . 
ensure that A may not be made controllable through Uj (i E �) by 
choosing appropriate decentralized control stations (4. 1 .6) for i E � 
These control stations are described by 

(4. 1 . 1 5) 

The controller matrix in eqn (4. 1 . 1 5) is denoted by KH. The eigenvalue 
A cannot be made controllable through some input Uj (i E �)  by using 
an appropriate feedback (4. 1 . 1 5) if and only if 

(4. 1 . 1 6) 

is valid for an arbitrary matrix KH with the structure given in eqn 
(4. 1 . 1 5). The matrix occurring in (4. 1 . 16) can be represented as the 
product 

(A - BHKHCH - AI BD) = (I O) (! 
The matrix (I 0) includes an (n, n) identity matrix and, thus, has rank 
n. The rank of the matrix in the middle of the product is greater than 
or equal to n. Therefore, the condition (4. 1 . 16) is satisfied if 

k (A - AI BD) ran CH 0 < n (4. 1 . 17) 
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96 Decentralized Stabilizability 

is valid. This inequality is independent of KH and represents a property 
that the system (4. 1 . 1) should possess. 

In the same way it can be shown that for systems satisfying (4. 1 . 17) 
it is impossible to make the eigenvalue A observable from Yi (i E :;{)  by 
means of decentralized control stations (4. 1 .6) with i E �. Consequently, 
(4. 1 . 17) is a sufficient condition for the existence of the decentralized 
fixed eigenvalue A. It can be proved that this condition is necessary as 
well. 

Theorem 4.1 

A necessary and sufficient condition for a complex number A to be a 
decentralized fixed mode of the system (4. 1 . 1) is that there exists a scalar 
k and a disjoint partition �, ;If of the index set d according to eqns 
(4. 1 . 10) and (4. 1 . 1 1) such that the inequality (4. 1 . 17) holds, where Bo 
and CH are defined in eqns (4. 1 . 12). 

Consequently, the set of decentralized fixed modes is given by 

Adf = [Ai [A] : rank (A �
H 
AI B:) < n for some partition �, ;If} . 

(4. 1 . 18) 

Theorem 4 . 1  and eqn (4. 1 . 1 8) are very similar to Theorem 2.3 and eqn 
(2.2. 14). In the course of deriving Theorem 4. 1 it becomes clear in which 
way the structural constraints inherent in decentralized control make the 
test more complicated than that of Theorem 2.3 .  

Discussion 

Condition (4. 1 . 17) refers to the auxiliary plant 

i = Ax + BoDo 
YH = CHX. (4. 1 . 19) 

Note that this plant has inputs and outputs from different subsystems 
(cf. sets �, ;If). It is, therefore, called a complementary system. Eqn 
(4. 1 . 18) states that a decentralized fixed mode is equivalent to a mode 
of the complementary system (4. 1 . 19) which is neither controllable nor 
observable (in the centralized sense) or, equivalently, represents an 
invariant zero of (4. 1 . 19) (cf. eqn (2. 1 . 16» . The relation between this 
auxiliary plant and the original system (4. 1 . 1 ) can be easily seen if the 
channels are renumbered so that those with the original indices i E � 
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Decentralized Fixed Modes 97 

get the new indices 1 ,  . . . , k .  After the matrices Bsi and Csi have been 
reordered accordingly, the model (4. 1 . 1 )  has the form 

. (UD) 
X = Ax + (BD BH ) 

UH 
(4. 1 .20) 

where UD, UH or YD, YH result from the decomposition of the whole 
reordered input or output, respectively, into their first k and the 
remaining N - k elements. The auxiliary plant (4. 1 . 19) is obtained from 
(4. 1 .20) if UH and YH are removed and 

remain. For further investigations the systems (4. 1 . 19) and (4. 1 .20) are 
transformed according to (2.2.4) into 

i = Ax + BDUD 

and 

i = Ax + (BD BH) (::) 
respectively, with 

A = diag A.i 
- - 1  Bsi = V Bsi 

(4. 1 .21 )  

(4. 1 .22) 

The application of Theorem 4 . 1  to the transformed systems reveals that 
the decentralized fixed modes are exactly those modes which are not 
controllable through BD nor observable through CH. That is, the eigen
value A.i of A is decentralized fixed if and only if the ith row of BD and 
the ith column of CH have only zero elements .  

If  these zero rows or columns are brought to the bottom of BD 
or to the right of CH by reordering the state variables Xi, the reordered 
state vector can be decomposed into the two parts Xc and Xf so that 
zero blocks appear in the matrices B and C after corresponding 
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98 Decentralized Stabilizability 

decompositions . Hence, the model (4. 1 .21) has the form 

� (�c) = (Ac _0 ) (�c) + (BDl �HI) (un) 
dt Xf 0 Adf Xf 0 BH2 UH 

(Yn) = (�Dl CO2) (�c) . YH CHI 0 Xf 

(4. 1 .23) 

The structure of this model is shown in Figure 4. 1 .  Due to the 
transformation (2.2.4) every state variable Xi is associated with one 
system mode. The overall system is completely controllable and com
pletely observable if the input matrix B and output matrix C as a whole 
have no zero rows or columns, respectively. Although the system 
(4. 1 .23) usually satisfies these conditions, fixed modes may occur under 
decentralized control because the second part of the state denoted by Xf 
cannot be controlled by Un nor observed from YH (cf. Theorem 4. 1). In 
fact the fixed eigenvalues are exactly those that belong to the state vector 
Xf. This fact reveals the effects of the structural constraints, which are 
imposed by the decentralization of the control law. 

r - - - - - - - - - - - - - - - -
I 

':In 
"\ 

I 
I 
I 
I 

I 
I 
I 
I 
I 

I - I 
I �M  I 
L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  � 

KH ..... -----------' 
Figure 4. 1 Structure of the transformed model (4. 1 . 23)  and the 

decomposed decentralized controller 
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Example 4.1 

A simple e

(

X��Ple i� give�

)

bY (
1 

x =  a - 2  4 x +  0 
o 0 - 3  0 

(Yl) = (1 0 0) 
Y2 0 0 1 

x. 

99 

(4. 1 .24) 

The system is completely controllable and completely observable 
independently of the parameter a. However, for a = 0 the eigenvalue 
- 2  is decentralized fixed, because with � =  { I } , �= (2l and A =  - 2  
the condition (4. 1 . 17) is satisfied 

rank(_� __ � ___ �-+-�) = 2 < 3 

For a ¢ 0 condition (4. 1 . 17) is violated for all partitions �, � and the 
system has no decentralized fixed modes. 0 

Example 4.2 

Consider the system 

Yl = (1 2 O)x 
Y2 = (0 0 l)x. 

It is completely controllable and completely observable for a ¢ - 2b. 
The condition (4. 1 . 17) 

rank(O �

A 
b � A ! �) = 2 < 3 ' o 0 3 - A  0 

o 0 1 0 

is satisfied for A = 0 if a = b holds . That is, there exist fixed eigenvalues 
A = 0 although the system is controllable and observable. The existence 
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100 Decentralized Stabilizability 

of the decentralized fixed mode at A = 0 is restricted to exceptional para
meter values where the 'exceptions' are described by the equation a = b. 
For a = -2b, A = b is another fixed eigenvalue. It is also a centralized 
fixed mode because this eigenvalue is not observed through the overall 
system output y = (YI Y2 ) ' .  0 

Example 4.3 (River quality control) 

If the water quality in the control problem described in Example 3 .2  
is to be controlled along the whole river all modes must be open to 
influence by decentralized control. However, the system (3 .2. 16) (AI 0 

i = A12 A2 
o An 

YI = (CI 0 O)x 
Y2 = (0 0 C3 )x 

0 ) (BI 
o x +  0 
A3 0 (4. 1 .25) 

has fixed modes . The spectrum of the closed-loop system (4 . 1 .2) and 
(4. 1 .25) 

consists of the eigenvalues of the diagonal blocks . Since A2 does not 
depend on the controller parameters its eigenvalues are decentralized 
fixed. That is, all the modes of region 2 (Figure 4.2) cannot be changed 
by any decentralized feedback (4. 1 .2). 

The determination of these decentralized fixed modes by means of 
Theorem 4. 1  is straightforward if the structure of the matrix A is 
exploited. With � = (21 and �= ( 1  I condition (4. 1 . 17) is 

rank(
A
��,X1 A��

,
X1 

A, � XI �,) < n 
CI 0 0 0 

with n = dim Al + dim A2 + dim A3. If (At. Cd is completely observ
able and (A3, B3 ) completely controllable then the rank of the test matrix 
equals 

dim Al + dim A3 + rank(A2 - AI ) 
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Decentralized Fixed Modes 

Figure 4.2 Decentralized river control 

10 1 

(cf. Theorem 2.2(i)) which is less than n for all A that are eigenvalues 
of A2. Hence, all eigenvalues of A2 are decentralized fixed. 

The modes of region 2 can only be influenced if a centralized con
troller is used. Then the controllability and observability of the plant 
ensure that it possesses no centralized fixed mode. The decentralized 
fixed modes appear as a result of structural constraints imposed on the 
control law in order to avoid long-distance data transmissions for the 
implementation of the feedback. 0 

Decentralized Fixed Modes in Interconnected Systems 

The results presented thus far describe conditions under which decen
tralized fixed modes exist in direct analogy to well-known results from 
multivariable system theory. The exploitation of these conditions for the 
determination of fixed modes necessitates arithmetic operations with the 
whole model (4. 1 . 1). The following investigations show the way in which 
the fixed modes depend on the properties of the subsystems 

Xi = AiXi + Biui + EiSi 
Yi = CiXi 

(i = 1 ,  . . .  , N) 

and the interactions 
s = Lz 

(4. 1 .26) 

(4. 1 .27) 
in which the overall system may be decomposed as explained in 
Chapter 3. They provide ways for testing the existence of fixed modes by 
considering the subsystems independently of each other. 

If all the subsystems (4. 1 .26) are completely controllable and 
observable via Ui and Yi then all modes of the isolated subsystems 
(4. 1 .26) can be changed by means of a decentralized output feedback 
(4. 1 .6) .  Therefore, it is reasonable to conjecture that the overall system 
(4. 1".26) and (4. 1 .27) has no decentralized fixed modes if all the sub
systems (4. 1 .26) and the overall system are completely controllable and 
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102 Decentralized Stabilizability 

observable. However, the following counterexample shows that this 
conjecture is not true. 

Example 4.4 

Consider a system (4. 1 . 26) and (4. 1 .27) with 

N= 2 A1 = ( 2 
- 30 - !) Bl = (�) El = (�) 

C1 = I  Cz1 = (1 1) A2 = (- 4 
- 6 D B2 = (�) 

E2 = (�) C2 = (1 0) Cz2 = (0 1) L =  (� �) . 
All subsystems are completely controllable and observable from both Uj 
and Sj or Yj and Zj, respectively. However, the overall system 

i � (- 3! 1 0 t)x +  G) < + (Du, - 9  0 
1 - 4  
0 - 6  

Yl = (� 0 0 0) 1 0 o X 

Y2 = ( 0  0 0) x 

has a decentralized fixed eigenvalue at + 1 because the condition (4. 1 . 17) 
is satisfied for @ = [ I } ,  .Yt= [2J 

1 1 0 1 0 
- 30 - 10 0 0 1 

rank 1 1 - 5 1 0 = 3 < 4. 
o 0 - 6  0 0 
o o o 0 

Obviously, the first and second columns of the test matrix are both 
linearly dependent upon the last two columns. Incidentally, the 
couplings between the subsystems are so 'strong' that the overall system 
is unstable with eigenvalues at + 1 ,  - 2.37 ± 3 .27i and - 6.25, none of 
which coincides with some subsystem eigenvalue. 0 

None the less, some criteria for the existence of fixed modes in the 
overall system can be formulated in terms of the subsystems and their 
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Decentralized Fixed Modes 103 

interactions. The first is based on the observation that a subsystem 
eigenvalue A [Ad cannot be influenced by the attached controller as well 
as by all the other subsystems, including their control stations, if A [Ai] 
is not controllable or is not observable through both the inputs Ui and 
Si or both the outputs Yi and Zi, respectively. 

Lemma 4.3 

A subsystem eigenvalue A [Ai] is a decentralized fixed eigenvalue of the 
overall system (4. 1 .26) and (4. 1 .27) if either 

or 
rank(Ai - AI Bi) < ni and rank(Ai - AI Ei) < ni 

(Ai - AI) rank Ci < ni (Ao - AI) and rank '
CZi < ni 

(4. 1 . 28) 

(4. 1 .29) 

holds . 

A refinement of this condition can be obtained if the ith subsystem is 
interpreted as a plant with two decentralized controllers. The first con
troller is the ith control station and the second 'controller' is represented 
by all other subsystems including their controllers (Figure 4.3(a)) . Then 

a) 

Control 
station i 

Ui 

� i  

Contro l 
&tatian I 

b) 

Zj 

Subs"jstem i 5i Interconnections 

Subs":j stem i 

� i  Interconnections 

I Control  station ' 2 
including N-l  subs�stems 

(N-l  subs� stems) 

Figure 4.3 Decomposition of the plant: (a) decomposition used in 
Theorem 4.2; (b) decomposition used in Theorem 4.3 
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104 Decentralized Stabilizability 

a subsystem eigenvalue h [A;] is decentralized fixed if the inequality 
(4. 1 . 17) is valid. 

Theorem 4.2 

A subsystem eigenvalue h [A;] is a decentralized fixed eigenvalue of the 
overall system (4. 1 .26) and (4. 1 .27) if at least one of the following 
conditions is satisfied: 

k(A; - hI Ei) < ran C; 0 n; (A; - hI B;) rank 
Cz; 0 < n;. (4. 1 .30) 

Both conditions are sufficient but not necessary because they prove a 
subsystem eigenvalue h [Ad to be fixed. As Example 4.4 has shown, all 
overall system eigenvalues may differ from the subsystem eigenvalues 
but some of them may be decentralized fixed. 

Theorem 4.2 is not influenced by the interaction relation (4. 1 .27). 
A subsystem eigenvalue which is proved to be decentralized fixed has 
this property for arbitrary interactions between the subsystems. The 
peculiarity of such eigenvalues is that they remain fixed even if some 
subsystems are disconnected from the overall system. 

The conditions of Theorem 4.2 can be related to the interaction 
description (4. 1 .27) if the ith subsystem and the interaction relations are 
used as a common block within the overall system (Figure 4.3(b» 

N 
X; = (A; + E;LuCz;)x; + B;u; + � E;L;jzj 

j= l j ¢ i 

y; = CiX; 
Sj = Lj;CziX; (j = 1 , 2, . . .  , N; j ;r.  i). 

(4. 1 .3 1 )  

Then, all other subsystems can be interpreted as 'decentralized feed
backs' from Sj to Zj. If eqn (4. 1 .3 1) is expressed as 

N 
X = Ax + � BSjoj 

j= l  
(j = 1 ,  2 ,  . . .  , N) 

with 

OJ = Zj for j ;r. i and 0; = Ui 
Yj = Sj for j ;r. i and Yi = y; 

(4. 1 . 32) 
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Decentralized Fixed Modes 

where 
1 = Ai + EiLuCzi 

Bsj = EiLij 
BSi = Bi 

Csj = LjiCzi for j #- i 
CSi = Ci 

hold, the applicability of Theorem 4. 1 becomes evident. 

Theorem 4.3 

105 

(4. 1 .33) 

A sufficient condition for a subsystem eigenvalue A [Ad to be a decen
tralized fixed mode of the overall system (4. 1 .26) and (4. 1 .27) is that 
there exists a scalar k and a disjoint partition !1J, � of the index set .!F 
according to eqns (4 . 1 . 10) and (4. 1 . 1 1) such that the inequality (4. 1 . 17) 
holds where Bo and CH are formed according to eqn (4. 1 . 12) with Bsi 
and Csi from eqn (4. 1 .33) instead of Bsi and Csi. That is, the sufficient 
condition is given by 

(1 - AI Bo) rank CH 0 < ni. 

Example 4.3 (cont.) 

For the river model (4. 1 .25) the matrices in eqn (4. 1 . 32) for i = 2 are 
1 = A2 BSl = E2 BS2 = 0 BS3 = 0  

CSl = 0 Cs2 = 0 CS3 = Cz2 

(do not confuse the different indices for 02, Y2 and subsystem 3; cf. eqn 
(3 .2. 1 5» . The condition of Theorem 4.3 is satisfied with !1J = {2, 3} , 
�= { I }  for A = Aj [A2 1  (j = 1 ,  . . .  , dim A2), 

(A2 - AI 0) . rank 
0 0 < dlm A2. 

That is, all eigenvalues of A2 are decentralized fixed and remain fixed if 
subsystems 1 or 3 are disconnected from the overall system (while 
leaving two subsystems with centralized control). 0 

If, for the system (4. 1 .26), the relations 
(4. 1 .34) 

hold, the system (4. 1 .26) and (4. 1 . 27) is called a system with 
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106 Decentralized Stabilizability 

input-output interconnections, since the coupling signals act on the sub
systems in the same way as the control inputs. For this special class of 
systems, 

Adf = An U An U . . .  U AfN (4 . 1 .35) 

holds, that is the set of decentralized fixed modes consists of the sets of 
the centralized fixed modes of the isolated subsystems. Hence, for this 
particular class of systems the conjecture stated prior to Example 4.4 is 
true. The same holds true for systems with hierarchical structure. 

4.2 . STRUCTURALLY FIXED MODES 

In centralized control, complete controllability and observability of the 
system turned out to be structural properties. That is, these properties 
are based on the interactions between the external and internal signals 
Ui, Yi or Xi, respectively. If this structure is s-complete according to 
Definition 2.6 only specific parameter combinations can make the system 
uncontrollable or unobservable. These results will now be extended 
to decentralized control where the decentralized fixed modes represent 
the analogue of the non-observable or non-controllable modes under 
centralized control. 

The class 9'd of the systems under consideration is defined in terms 
of the I/O-oriented model 

N 
i = Ax(t) + L; BsiUi(t) X (O) = Xo i= 1 (4.2.1)  

Yi(t) = CsiX(t) (i = 1 , 2, . . . , N)  
where the decompositions of U into Ui and Y into Yi correspond to the 
structural constraints on the feedback, which are given by the restriction 
K E .1t. 9'd is described in terms of structure matrices Sa, Sbi and Sci by 

� [(A, B, C): [A [  � S., B � (B" BsN) with [Bs;] = Sbi, 

C � (:c) �th [C,,[ � �l (4.2.2) 
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Structurally Fixed Modes 107 

Definition 4.2 

A class 9'd of systems is said to have structurally fixed modes with 
respect to the feedback structure constraints .Y{ if every system 
(A, B, C) E 9'd has decentralized fixed modes with respect to .Y{. 

Corollary 4.1 

A given system (4.2. 1) is known to have decentralized fixed modes if the 
class 

9'd ( [A] , [Bsd ,  . . . , [BsN] , [Csd , . . .  , [CsN]) 

has structurally fixed modes . 

As with centralized fixed modes, structurally fixed modes can be detected 
by investigating the graph of the closed-loop system. Because of the 
structural feedback constraints the graph has to be drawn for the 
adjacency matrix 

QK = (� � :k) 
Sc 0 0 

where Sk describes the structure of the decentralized feedback 
K E .Y{  = (K: [K] = SkI 

and 

(4.2.3) 

(4.2.4) 

hold. For example of the graph G(QK) see Example 4 . 1 below and 
Figure 4.4. 

The development of Theorem 4. 1 has shown that fixed modes are 
those eigenvalues which are not simultaneously controllable and observ
able from a single channel or which can be made to possess this property 
by selecting the appropriate control stations at other channels. There
fore, the reachability of the states as defined by Definition 2.7 has to be 
referred to the channels (Ui, Yi). A vertex is said to belong to Ui or Yi if 
it represents a signal Uij or Yo included in the vector 

Ui = (Uil Ui2 • • •  Uim,) ' or Yi = (Yil Yi2 • • •  YirJ' 
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108 Decentralized Stabilizabl7ity 

Figure 4.4 Structure of the system (4. 1 .24) 

respectively. For dim Uj = dim Yi = 1 only one vertex belongs to Ui or Yi, 
but if the channel has vector-valued signals, then Ui and Yi correspond 
to more than one vertex. 

Definition 4.3 

A state vertex v of the graph G(QK) is said to be connectable to a 
channel (uj, yd if there exist paths from at least one of the vertices 
belonging to Ui to v and from v to at least one of the vertices belonging 
to Yi. 

Since a state can be directly influenced by the decentralized control 
station i described by (4. 1 .6) only if it is connectable to channel i, the 
existence of a state vertex which is not connectable to any channel is 
sufficient for a decentralized fixed mode to exist in all systems with 
a given structure. A second sufficient condition is similar to Theorem 
2 . 16(ii). 

Theorem 4.4 

For the class 9a of systems there exist structurally fixed modes if and 
only if at least one of the following conditions is satisfied for the graph 
G(QK) . 

(i) There exists a state vertex which is not connectable to a 
channel. 

(ii) There does not exist a cycle family of width n.  
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Structurally Fixed Modes 109 

Structurally fixed modes that occur due to condition (i) or due to con
dition (ii) are called structurally fixed modes oj type I or structurally 
fixed modes oj type II, respectively. As in centralized control, fixed 
modes of type II that occur for structural reasons are known to be fixed 
at zero. 

Example 4.1 (cont.) 

The structure of the system (4. 1 .24) under decentralized control is shown 
in Figure 4.4.  For a = 0 the vertex X2 is connectable neither to channel 
1 nor to channel 2. Therefore, the decentralized fixed eigenvalue at - 2 
revealed in Section 4. 1 occurs for structural reasons. It can only be 
avoided if the reachability of X2 is improved. This can be done if a con
nection between the internal signals Xl and X2 of the system is created 
(a � 0, cf. Figure 4.4), if a new input is created that belongs to channel 
1 and reaches X2, or if a new measurement is introduced in channel 2 so 
that X2 is connectable to the expanded channel 2. 

The application of the first measure is questionable because it con
cerns a modification of the internal structure of the plant. The other 
changes refer to the location of measurement devices or actuators, to the 
introduction of new inputs and outputs, or to their grouping into chan
nels. They avoid the structurally fixed mode by extending the influence 
that the controller can have on the plant. 

Since it is known from Example 2 . 1  that the system (4. 1 .24) for 
a = 0 is structurally complete for centralized control, all vertices can be 
included in some centralized feedback loop and none of them is structur
ally fixed. The appearance of structurally fixed modes under decentral
ized control is based on the absence of the edges Y2 -+ Ul and Yl -+ U2 (cf. 
Figures 2.4 and 4.4) and, consequently, the restriction of the reachability 
property to the channels (Ui, Yi) (cf. Definitions 2.7 and 4.3). Therefore, 
the structurally fixed mode detected above can also be avoided by 
relaxing the structural constraints on the feedback law, that is by intro
ducing new information links into the controller. 0 

Example 4.2 (cont.) 

The graph G(QK) of this example system is depicted in Figure 4.5.  If a 
and b are known to be zero the corresponding edges do not exist (dashed 
lines). Then, although all state vertices are connectable to a channel, no 
cycle family of width 3 can be found. A structurally fixed mode of type 
II occurs. It has value zero for all actual systems that have the same 
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1 10 Decentralized Stabilizability 

Figure 4. 5 Example 4.2 

structure as the example. However, if a .,t. b and b .,t. 0 hold, no structur
ally fixed modes exist. The decentralized fixed mode at A = 0 found in 
Section 4 . 1  for a = b can only occur for this specific combination of the 
parameters a and b but not for the whole class 

with A, Bs1 , • • • as above. o 

Structurally Fixed Modes in Interconnected Systems 

The question is now considered of which structurally fixed modes are 
based on the interconnection structure of the overall system. This can be 
done at two different levels of abstraction. First, the global structure of 
the overall system is considered. Second, analogous results to those of 
Section 4 . 1  are obtained by investigating subsystem i in its surroundings . 

Investigation of the global system structure 

On the first level of abstraction the overall system is considered 
according to its global structure, that is the interactions between the sub
systems. A graph that represents this global structure is constructed 
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according to the model (3 . 1 . 1 6) 

N 
Xi = AiiXi + L; AijXj + BiUi j= 1 

j ot i  

Yi = CiXi (i = 1 ,  . . .  , N) 

1 1 1  

(4.2.5) 

in the following steps. Each subsystem is associated with a (hyper)vertex 
of the system graph (as in Section 3 .2). Edges from the vertex of sub
system i to the vertex of subsystem j exist if the matrix Aji is not the zero 
matrix. The matrices Aii ¢ 0 create self-circles. Each channel (Ui, Yi) is 
represented by one input and one output vertex. Edges to the subsystem 
vertex exist whenever Bi ¢ 0 and Ci ¢ O. For the decentralized controller 
edges are drawn from all the Yi vertices towards the corresponding Ui 
vertices. Since all edges represent connections between the hypervertices 
of the overall system graph G(Qo) defined in Section 2.5 the edges are 
drawn with double lines . The resulting graph is called G(QL) with 

[ [Al l ]  ] [ [AIN] ] [ [Bd ]  0 .... 

0 
[ [ANi ] ] [ [ANN] ] 0 [ [BN] ] 

* 0 
QL = 0 0 

0 * 

[ [Cd ]  0 
0 0 

0 [ [CN] ] ... 

(for the definition of [ [.] ]  see Section 3 .2). The class of all systems that 
have a given graph G(QL) is called 91. 

Example 4.5 

Figure 4.6 shows the graph G(QL) for a system (4.2.5) with N = 4 and 
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1 12 Decentralized Stabilizability 

Figure 4.6 Global graph of an interconnected system 

vanishing matrices Al3, A14, A23 , A24, A34, �l' �2, B3 and C3. Hence, 

0 0 * 0 0 0 ..., * * 
* * 0 0 0 * 0 0 
* * * 0 0 0 0 

0 
0 

0 0 * * 0 0 0 * 
* 0 0 0 
0 * 0 0 QL = 0 0 
0 0 * 0 
0 0 0 * 

* 0 0 0 
0 * 0 0 

0 0 
0 0 * 0 
0 0 0 * � 

holds. Since B3 and C3 are zero, Y3 and U3 do not exist and are, thus, 
omitted in Figure 4.6. 0 

For the graph G{QL) a reachability property similar to that of Defini
tion 4.3 can be defined for the whole subsystem state Xi, which is repres
ented by the subsystem vertex. A subsystem state Xj is said to be 
connectable to a channel (Ui, Yi) if there exist paths from Ui towards Xj 
and Xj towards Yi. According to Theorem 4.4, if some subsystem vertex 
is not connectable to a channel structurally fixed modes exist in the class 
9i. The second condition of Theorem 4.4 has its analogy too. 
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Theorem 4.5 

For the class 9i of interconnected systems (4.2.5) there exist structur
ally fixed modes if at least one of the following conditions is satisfied for 
the graph G(QL). 

(i) There exists a subsystem vertex which is not connectable to a 
channel. 

(ii) There does not exist a cycle family of width N. 

Example 4.3 (cont.) 

The global graph G(QL) of the river control system is shown in 
Figure 4.7. Obviously, subsystem 2 is not connectable to a channel. 
Therefore, the decentralized fixed modes that have been detected in 
Section 4 . 1  exist due to structural properties of the system. Since 
Theorem 4.5 regards the subsystems as a whole, all subsystem eigen
values coincide with the eigenvalues of the overall system and are 
structurally fixed. The same holds true for subsystem 3 in Figure 4.6. 0 

The correspondences between the graph G(QK) used in Theorem 4.4 
and the global structure represented by the graph G(QL) reveal another 
result which concerns the conjecture that an interconnected system has 
no decentralized fixed modes if all subsystems are completely control
lable and observable (cf. Section 4. 1) .  If each subsystem is structurally 
controllable and observable then all state variables included in the vector 
Xi are connectable to the ith channel. Moreover, the subgraph of G(QK), 
which belongs to the ith subsystem, includes a cycle family of width n.i 
(cf. Section 2.5). This holds true for all subsystems (i = 1 ,  . . .  , N). Con
sequently, both conditions of Theorem 4.5 are violated and the overall 
system does not possess structurally fixed modes. 

Figure 4.7 Global structure of  the river control system 
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1 14 Decentralized Stabilizability 

Corollary 4.2 

If all subsystems of the overall system (4. 1 .26) and (4. 1 .27) are com
pletely controllable and completely observable then the class of structur
ally equivalent systems has no structurally fixed modes . 

Hence, an overall system that consists of controllable and observable 
subsystems has decentralized fixed modes only for exceptional parameter 
combinations. The conjecture stated prior to Example 4.4 is true for 
'almost all' systems. 

Investigation of a single subsystem 

In analogy to the considerations at the end of Section 4 . 1  the couplings 
to and from a single subsystem i will now be investigated. As in 
Figure 4.3(a) the subsystem i (eqn (4. 1 . 26) for fixed i) can be considered 
as a system with two channels (Ui, Yi) and (Si, Zi). Theorem 4.4 can be 
applied to the 'local subsystem graph' G(QIi) with 

� [Ai] [B;] [Ej] 0 0 
0 0 0 * 0 

QIi = 0 0 0 0 * (4.2.6) 

[C;] 0 0 0 0 
'- [Czi] 0 0 0 0 

in order to investigate whether a subsystem eigenvalue is a structurally 
fixed eigenvalue of the overall system. In this graph, all other subsystems 
are considered as one control station between Zi and Si. 

Theorem 4.6 

Consider the class of systems whose ith subsystem has the structure 
described by <hi (i = 1 ,  . . .  , N). This class has structurally fixed modes 
if there exists some index i E § such that at least one of the following 
conditions is satisfied in the graph G(QIi). 

(i) There exists a state vertex which is not connectable to a 
channel. 

(ii) There does not exist a cycle family of width nj. 

On the other hand, if the ith subsystem (4. 1 .26) is considered as an 
N-channel system as in Figure 4.3(b) it can be described by a model of 
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Stabilizability and Pole Assignability 1 15 

the form (4. 1 . 32) and (4. 1 .33). The subsystem and the interactions with 
its surroundings are described by the 'global subsystem graph' G(Qgi) 
with 

[A] o 

o * o 

o 

Qgi = o o * 

[Cst ] 
o o 

Theorem 4.5 leads to the following sufficient condition. 

Theorem 4.7 

Consider the class of systems (4. 1 .26) and (4. 1 .27) whose ith subsystem 
(4. 1 .26) and interaction relation (4. 1 .27) together have the structure 
described by Qgi (i = 1 ,  . . .  , N). This class has structurally fixed modes 
if there exists some index i E .!I such that at least one of the following 
conditions is satisfied in the graph G(Qgi) . 

(i) There exists a state vertex which is not connectable to a 
channel. 

(ii) There does not exist a cycle family of width ni. 

In systems satisfying Theorem 4.6 or 4.7 the decentralized fixed modes 
are centralized fixed modes of the isolated ith subsystem. 

4.3 STABILIZABILITY AND POLE ASSIGNABILITY BY 
DECENTRALIZED FEEDBACK 

From Definition 4. 1 all modes of the plant 
N 

i = Ax(t) + � BsiUi(t) x(O) = Xo i= t  
Yi(t) = CsiX(t) (i = 1 ,  2, . . .  , N) 

can be changed by some static decentralized feedback 
U = - KyY with Ky E .Y{ 

(4.3 . 1) 

(4.3 .2) 
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1 16 Decentralized Stabilizability 

if and only if the system (4. 3 . 1) has no decentralized fixed modes. So far 
this assertion says merely that all eigenvalues of A are 'movable' .  How
ever, stabilizability and pole assignability presuppose more because the 
eigenvalues have to be moved simultaneously into the left-half complex 
plane or to prescribed positions . Therefore the importance of the fixed 
modes became clear only after it could be proved that all non-fixed 
modes can be assigned simultaneously arbitrarily prescribed values by 
some dynamic decentralized controller 

iri = Fixri + GiYi + HiVi 
Ui = - KxiXri - KyiYi + KviVi. 

(4.3 .3) 

Theorem 4.8 

The following assertions hold for a system (4.3 . 1 )  whose set of decen
tralized fixed modes is denoted by Adf. 

(i) There exists a decentralized controller (4.3 .3) such that the 
closed-loop system (4.3 . 1) and (4.3 .3) is stable if and only if all 
decentralized fixed eigenvalues have negative real parts: 

Re [AJ < 0 for all A e Adf. (4.3 .4) 
(ii) There exists a decentralized controller (4.3 .3) such that the 

closed-loop system (4.3 . 1) and (4.3 . 3) has an arbitrarily 
prescribed set 0"0 of eigenValues if and only if the system (4.3 . 1) 
has no decentralized fixed modes: 

(4.3 .5) 

This result is the direct analogy of Theorem 2.5 . 
One answer to the question of how to find a stabilizing decentralized 

controller (4.3 .3) can be found from the considerations of Section 4. 1 .  
Accordingly, all non-fixed eigenvalues are controllable and observable 
through a single channel (Ui, Yi) or can be made so by choosing appro
priate static control stations 

(4.3 .6) 
for j ¢ i. If this is done, a centralized dynamical controller (eqn (4.3 .3) 
for fixed i) can be designed for the remaining channel i by methods 
known from multivariable control. This design method will be explained 
in detail in Section 6. 1 .  

For centralized control, pole assignment is possible without any 
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controller dynamics if the system state x can be measured. Then, the 
controller represents a state feedback 

U =  - Kx. 

An analogy to this is given by decentralized state feedback 

Uj = - Kjxj. (4.3 .7) 

However, an analogy to Theorem 2.6 does not hold. That is, decentral
ized state feedback (4.3 .7) may not be sufficient to place the closed-loop 
system eigenvalues at arbitrarily prescribed positions in the complex 
plane, and a dynamical controller (4.3 .3) may be necessary. This 
becomes clear from the following example. 

Example 4.6 

The subsystems (4. 1 .26) with 

Al = A2 = (� �) BI = B2 = (�) 
EI = Ez = (�) Cd = Ca = (0 1) 

are coupled according to eqn (4. 1 .27) with 

L =  (� �) . 
Obviously, both isolated subsystems are controllable. The overall system 
is described by eqn (3 . 1 . 1 )  with 

It does not possess decentralized fixed modes, which can be checked by 
means of Theorem 4. 1 .  However, the system under decentralized state 
feedback 
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1 18 Decentralized Stabilizabl7ity 

has the characteristic equation det(A - AI ) = 0 with 

- (-�l l  
A =  o 

o 

- k12 
1 
o 

which is equivalent to 

o 
o 
o 

- k21 

A 4 + A 3 (k12 + k22) + A 2 (k12k22 + k21kll ) + A(kllk22 + k12k2d = O. 

This system has a closed-loop eigenvalue fixed at zero. It is unstable 
irrespective of the controller parameters. 

BIBLIOGRAPHICAL NOTES 

The importance of decentralized fixed modes for decentralized stabiliz
ability was recognized by Wang and Davison as early as 1973, although 
the stabilizability problem for a specific class of systems had been 
investigated earlier by Aoki (1972) and Corfmat and Morse (1973). They 
introduced Definition 4. 1 and proved the main result formulated in 
Theorem 4.8. The algebraic characterization of fixed modes given in 
Theorem 4. 1 is due to Anderson and Clements (1981) . The com
plementary system (4. 1 . 19) used there had been introduced earlier by 
Corfmat and Morse (1976a). The way in which Theorem 4. 1 was derived 
in Section 4 . 1 was suggested by the idea of Corfmat and Morse (1976a) 
to make all modes controllable and observable from a single channel; a 
thorough explanation of this idea appears in the monograph by Litz 
(1983). Anderson (1982) gave a necessary and sufficient condition for the 
existence of fixed modes in terms of the matrix fraction description of 
the plant. 

Investigations of the dependencies of fixed modes upon the sub
system and interaction properties of interconnected systems are rare. 
Since the controllability and the observability of the overall system are 
prerequisites for the absence of fixed modes, Davison (1977b) considered 
these properties and showed that connectability as defined in his paper 
describes under what conditions on the interconnections the overall 
system is controllable and observable through the whole vectors u and 
y. Contrary to the investigations of Corfmat and Morse, connectability 
refers to the internal structure of the interconnected system rather than 
to its I/O behaviour. 

Fessas (1979) published the conjecture that observable and control-
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lable subsystems never yield an overall system with fixed modes, but 
Ikeda and Siljak ( 1979) gave counterexamples . The counterexample 
represented in Example 4.4 is taken from Litz (1983). Several authors 
have tried to find specific kinds of interconnected systems for which this 
conjecture is true, among them Siljak and Vukcevic (1977), Sezer and 
Hiisein (1978), Saeks (1979), Davison (1979) and Lunze (1986). In 
particular, it has been shown that for systems with input-output inter
connections the set of decentralized fixed modes comprises exactly those 
modes which are not controllable within an isolated subsystem (eqn 
(4. 1 .34» . Linnemann (1984) extended this result to dynamically inter
connected systems. 

Conditions on the subsystems and interconnection properties under 
which the overall system can be stabilized by decentralized feedback 
have been elaborated, for example, by Davison and Ozgiiner (1983) or 
Wu and Mansour (1989). Theorems 4.2 and 4.3 are due to Litz (1983). 
Hassan et al. (1989) gave an example of the fact that fixed modes may 
be caused by overlapping decomposition if the original system has no 
such modes. 

Structural investigations of decentralized fixed modes began with 
the work of Sezer and Siljak (198 1b) and Pichai et al. (1984). Their main 
result is equivalent to Theorem 4.4, the second part of which has been 
formulated in terms of the cycle families as used by Reinschke 
(1984, 1988). Theorems 4.5-4.7 have been derived here as structural 
analogies of Theorems 4.2 and 4.3 . 

If the plant has unstable decentralized fixed modes then the 
restriction of the control law to be linear and decentralized has to be 
removed. One way is to allow information exchange among the control 
stations. Wang and Davison (1978) showed how communication links 
could be chosen so as to minimize the transmission cost, which is linear 
with respect to the number of signals transmitted. A similar procedure, 
which concerns structurally fixed modes of type I, was proposed by 
Trave et al. (1984). Another way is to retain the decentralization of the 
control law but allow non-linear or time-varying controller gains as pro
posed by Anderson and Moore (1981) . This method of stabilization, in 
spite of decentralized fixed modes, is possible only if the fixed modes are 
not structurally fixed. The river control example was suggested by a 
similar example described by Singh (1981) . 
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5 

The Decentra l ized 

Servomechan i s m  Problem 

This chapter presents conditions under which decentralized controllers 
exist that ensure asymptotic regulation within the closed-loop system. It 
continues the investigations concerning the existence of suitable decen
tralized control laws but, in addition to the claim of closed-loop stability 
discussed in Chapter 4, it extends the control aim to that of asymptotic 
tracking of a given command signal v(t) despite unmeasurable disturb
ances d(t). 

For the sake of comparison, the solution to the servomechanism 
problem of centralized control will be briefly reviewed in Section 5 . 1 .  Its 
extension to decentralized control is given in Section 5 .2. Specific results 
for asymptotic regulation under step disturbances and step commands 
are summarized in Section 5 .3 . 

5.1  THE CENTRALIZED SERVOMECHANISM PROBLEM 

Consider the plant 
x = Ax + Bu + Md 
Y =  Cx + Du + Nd 

x(O) = Xo (5 . 1 . 1) 

with m = rank B = dim u and r = rank C = dim y. The disturbances are 
unmeasurable but are assumed to belong to the class of signals that are 
described by the disturbance model 

itJ = AdXd Xd(O) = Xdo 
d = CdXd (5 . 1 .2) 

with unknown initial state Xdo. Since Xdo is unknown the actual disturb
ance d(t) is not known (Figure 5 . 1) .  

The same assumption can be made concerning the command signal 
v(t) which belongs to the class of signals described by 

XIJ = AuXlJ 
v = CuXlJ 

xu(O) = XuO (5 . 1 .3) 

co
nt

ro
len

gin
ee

rs
.ir



The Centralized Servomechanism Problem 

Command 
signal 
g"nerotor 

(:�) 

5ervoCQntro I ler r - - - - - - - - - - - - - - - - - --, 
v i  � �J...('}.-..I Servocomp"nsator (9) 

Figure 5 . 1  Centralized servocontroller configuration 

Problem 5.1 (Robust centralized servomechanism problem) 

12 1 

For a given plant (5 . 1 . 1) and given signal generators (5 . 1 .2) and (5 . 1 .3) 
find a centralized controller 

Xr = FXr + Gy + Hv xr(O) = XrO 
U = - Kxxr - Kyy + Kuv 

such that the following requirements are satisfied: 
(i) The closed-loop system (5 . 1 . 1) and (5 . 1 .4) is stable. 

(5 . 1 .4) 

(ii) The closed loop system (5 . 1 . 1) and (5 . 1 .4) ensures asymptotic 
regulation 

y (t) - v(t) t-+ «J ' 0 (5 . 1 . 5) 

for all initial states Xo, XrO, Xdo and XvO and for all parameter 
variations of the plant (5 . 1 . 1) which do not destabilize the 
closed-loop system (5 . 1 . 1) and (5 . 1 .4). 

In order to avoid trivial solutions it is assumed that all eigenvalues 
of the matrices Ad and Au have positive real parts and that 
rank (M '  N ') = rank Cd holds . Furthermore, the systems (5 . 1 .2) and 
(5 . 1 .3) are assumed to be observable. 

The requirement (ii) of Problem 5 . 1  excludes the possibility of utili
zing specific properties of the plant which are due to particular para
meter values . This is the reason why the matrices M and N from eqn 
(5 . 1 . 1) do not influence the solution to this problem as will be seen 
below. The controller has to be robust in the sense that eqn (5 . 1 . 5) holds 
even for large variations of the parameters of the plant model (5 . 1 . 1) 
which do not destabilize the closed loop. Problem 5. 1 is, therefore, 
called the robust centralized servomechanism problem. 

The existence of a solution to Problem 5 . 1 depends on two proper
ties of the plant (5 . 1 . 1). The first is the set Af of centralized fixed modes 
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122 The Decentralized Servomechanism Problem 

(Definition 2.3). The second is the set of transmission zeros of the plant 
which are defined to be values of A and for which the inequality 

(A - AI B) rank 
C D 

< n + r (5 . 1 .6) 

with n = dim x and r = dim y � dim u holds. Furthermore, the solution 
depends on the minimal polynomial md(p) and mv(p) of � or Av, 
respectively. The monic least common multiple of md and mv is called 
me and written as 

q 
me(P) = II (p - Ai) = pq + k1pq- 1 + . . .  + kq. i= 1 

(5 . 1 .7) 

The set A is defined by A = {A J , . . .  , >-.q] with Ai as in eqn (5 . 1 .7). Roughly 
speaking, it includes all eigenvalues of � and Av. 

Lemma S.l 

There exists a solution to the robust centralized servomechanism 
problem if and only if the following conditions are satisfied: 

(i) The plant (5. 1 . 1) has no unstable centralized fixed mode. 
(ii) m � r holds. 
(iii) The elements of A are not transmission zeros of the plant, that 

is 

Lemma S.2 

(A - }..;I B) rank 
C D = n + r for all Ai E A. (5 . 1 .8) 

The solution to the robust centralized servomechanism problem consists 
of the servocompensator 

Xs = T diag AsT - 1xs + T diag Bs (Y - v) (5 . 1 .9) 

and the stabilizing compensator 
xe = Fexe + Gey + Hexs 
u = - KIXe - K2y - K3Xs. (5 . 1 . 10) 

The parameters of the servocompensator can be determined from the 
parameters of the signal generators (5 . 1 .2) and (5 . 1 .3) as follows. T is 
an arbitrary non-singular real matrix, and diag As and diag bs consist 
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The Decentralized Servomechanism Problem 123 

of r matrices As and vectors bs, respectively, with 

As = ( r : : r ) bs = (r) · (5. 1 . 1 1 ) 
- kq - kq- l  -kq-2 -kl 1 

The parameters of the stabilizing compensator have to be chosen so that 
the closed-loop system (5 . 1 . 1), (5 . 1 .9) and (5 . 1 . 10) is stable. 
The feedback controller (5 . 1 .4), which consists of the servocompensator 
and the stabilizing compensator, is also called the servocontroller 
(Figure 5 . 1) .  

The servocompensator consists of r identical parts each of which 
includes the q unstable eigenvalues of the set A. It can be considered as 
a model of the external signals d and v. The necessity of including the 
signal generators in the feedback controller (5 . 1 .4) is referred to as the 
internal model principle. 

Since the stability of the closed-loop system (5 . 1 . 1), (5 . 1 .9) and 
(5 . 1 . 1 0) is independent of the matrices N,  M, A.t, Cd, Av, Cv, these 
matrices need not be known and may even be arbitrary with the 
restriction that A.t and Av produce a fixed set A. Asymptotic regulation 
occurs for all plant parameter variations which do not violate the con
ditions (i)-(iii) of Lemma 5 . 1  and do not destabilize the closed-loop 
system. Moreover, asymptotic regulation occurs despite parameter vari
ations in the stabilizing compensator and in the matrix T, which do not 
destabilize the closed-loop system. 

In an extension of Problem 5 . 1  the closed-loop system is required to 
have a prescribed set of eigenvalues. Then, condition (i) in Lemma 5. 1 
has to be replaced by the statement that the plant (5 . 1 . 1) has no central
ized fixed modes . 

5.2 THE DECENTRALIZED SERVOMECHANISM PROBLEM 

In order to extend Problem 5 . 1  to decentralized control, the input and 
output vectors of the plant 

x = Ax + Bu + Md 
y = Cx + Du +  Nd 

x(O) = xo (5 .2. 1 )  
have to be partitioned as u = (u i , . . .  , UN) ' , y = (y i , . . .  , yN) ' .  For a 
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124 The Decentralized Servomechanism Problem 

compatible partition of B and C 

C = (�Sl) 
CsN 

B = (Bsl . . .  BsN) 

the scalars mi = rank Bsi = dim Ui and ri = rank Csi = dim Yi are defined. 
Likewise it is assumed that the vectors d and v as generated by 

and 
Xv = AvXv 
V = CvXv 

Xd(O) = Xdo 

Xv(O) = Xvo 

consist of the subsystem vectors di or Vi, respectively. 

Problem S.2 (Robust decentralized servomechanism problem) 

(5.2.2) 

(5 .2.3) 

For a given plant (5 .2. 1) with partitioned input and output vectors and 
given signal generators (5.2.2) and (5 .2.3) find a decentralized controller 

Xri = FiXri + GiYi + HiVi Xri(O) = XriO 
Ui = - KxiXri - KyiYi + KviVi (i = 1 ,  . . .  , N) 

such that the following requirements are satisfied: 
(i) The closed-loop system (5 .2. 1) and (5 .2.4) is stable. 

(5.2.4) 

(ii) The closed-loop system (5 .2 .1)  and (5 .2.4) ensures asymptotic 
regulation 

Yi(t) - Vi (t) t -+ 00 ) 0 {i = I , . . .  , N}  

for all initial states Xo, XriO, Xdo and XVo and for all parameter 
variations of the plant (5.2. 1) which do not destabilize the 
closed-loop system (5 .2. 1) and (5 .2.4). 

Existence of a Decentralized Servocontroller 

The solution to Problem 5 .2 is similar to the centralized case but has to 
satisfy the structural restrictions on the control law. Therefore, con-
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The Decentralized Servomechanism Problem 126 

dition (iii) of Lemma 5 . 1  becomes more involved. An auxiliary system 

x =  (� �I)x +  (�)u 
C.l 0 0 0 

(D
� 

0 Irl 0 0 

C.2 0 0 0 (5.2.5) 
0 0 Ir2 0 X 

C.N 0 0 0 
0 0 0 IrN 

is defined for every 'IV E A, where Iri denotes an 'I-dimensional identity 
matrix. The output vectors Yi have twice the dimension of the plant 
outputs Yi. The output u is partitioned as in eqn (5 .2. 1) . 
Theorem 5.1 

There exists a solution to the robust decentralized servomechanism 
problem if and only if the following conditions are satisfied: 

(i) The plant (5 .2. 1 ) has no unstable decentralized fixed modes. 
(ii) mi � 'i (i = 1 ,  . . .  , N) hold. 
(iii) The elements of A are not decentralized fixed modes of the q 

systems described by (5 .2.5) for j = 1 ,  " "  q. 

For mi = 'i, condition (iii) has a similar form as in Lemma 5 . 1  since then 
it claims Ai not to be a transmission zero of the plant, that is 

rank (A � Ail �) = n + , for all Ai E A. 

Example 5.1 

(5 .2.6) 

To illustrate the use of Theorem 5 . 1  consider the simple system given in 
Example 4. 1 X � n 

(�:) = (� � 

- ; !)x +  (� 
o - 3  0 (5.2.7) 
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126 The Decentralized Servomechanism Problem 

As shown in Section 4. 1 this system has no decentralized fixed modes. 
If it is assumed that the set A consists merely of a single element A, then 
the auxiliary system (5 .2.5) has the form 

C 

2 3 0 

�} + (i �) (::) i � ! - 2 4 0 
0 - 3  0 
0 0 A 
0 1 0 

G:) � (� 
0 0 0 

} 

0 0 1 
0 1 0 
0 0 0 

According to Theorem 4. 1 ,  A is a decentralized fixed mode if and only if 

- 1 - A 2 3 0 0 0 
1 - 2 - A 4 0 0 0 
0 0 - 3 - A 0 0 1 

rank 1 0 0 0 0 0 < 5  
0 0 1 0 0 0 
1 0 0 0 0 0 
0 0 0 0 0 

or 
- 1 - A 2 3 0 0 1 

1 - 2 - A 4 0 0 0 
0 0 - 3 - A 0 0 0 

rank 1 0 0 0 0 0 < 5  
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 

holds where the lines indicate the partition of the matrices which corres
ponds to that in eqn (4. 1 . 17). Since both matrices have one pair of ident
ical rows, one of these rows can be deleted without changing the rank. 
Then the matrix is quadratic and simple determinant manipulations 
show that no A with a positive real part is a decentralized fixed mode of 
the auxiliary system. Hence, the decentralized servomechanism problem 
has a solution. D 
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As the example shows, the application of Theorem 5 . 1  to high
dimensional systems leads to extensive manipulations with high
dimensional matrices. These matrices are even larger than those of the 
plant (5 .2. 1 ) .  Therefore, it is helpful that for specific structures of the 
plant Theorem 5 . 1  can be replaced by simpler tests, although not all of 
them are necessary and sufficient for the existence of the solution. 

The servomechanism problem for interconnected systems 

If the plant (5 .2. 1) consists of different subsystems it can be described 
by a model of the form (3 . 1 . 1 6) 

N 
Xj = Ajjxj + � AUxj + Bjuj + Mjd j= l 

j .. i 
Yj = CjXj + Njd 

(5 .2.8) 

where Au = EjLjJC� holds (cf. eqn (3 . 1 . 14» . For Au = 0 (i � j) eqn 
(5 .2.8) describes the isolated subsystems (i = 1 ,  . . .  , N) for which the 
centralized servomechanism problem can be solved. 

Theorem S.2 

If for each isolated subsystem (eqn (5 .2.8) for Au = 0 for i � j) there 
exists a solution to the centralized servomechanism problem with respect 
to the signal models (5 .2.2) and (5 .2.3) then there exists a solution to the 
decentralized servomechanism problem for almost all sufficiently small 
interaction matrices Lu. 
This theorem does not give bounds for the elements of Lu nor does it 
describe the exceptional matrices which do not belong to 'almost all' 
matrices. However, it shows that for a system whose isolated subsystems 
can locally attenuate its disturbances and ensure command tracking the 
overall servomechanism problem can, in general, be solved in a decen
tralized way if the interactions of the subsystems are not too strong. 

Subsystems with input-output interconnections 

For plants with specific properties (Ei = Bi, Czi = Ci) the stabilizability 
conditions have been shown to be reducible to the corresponding con
ditions of centralized control of the isolated subsystems (cf. Section 4. 1). 
The same thing happens with the solvability of Problem 5 .2. 
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128 The Decentralized Servomechanism Problem 

Theorem 5.3 

If the plant (5 .2.8) has the properties Ej = Bi and Czj = Cj then the decen
tralized servomechanism problem has a solution if and only if there exist 
solutions for the centralized servomechanism problems for all isolated 
subsystems. That is, 

(i) if all subsystems are completely controllable and observable, 
(ii) if mi � rj holds for all subsystems, and 
(iii) if 

(Aii - >VI Bi) rank 
Cj 0 = nj + rj 

holds for all )\j E A  U =  1 ,  . . .  , q) .  

Structure of the Servocontroller 

(5 .2.9) 

The solution to Problem 5.2 is similar to that of Problem 5 . 1 .  Owing to 
the structural constraints on the control law the servocompensator and 
the stabilizing compensator consist of independent parts for each control 
station (Figure 5 .2). 

Command 
signal 
generator 

(3) 

Decentrali� servocontroller 1 - - - - - - - - - - - - - - - - - - , 
I x ., I " 

Servocompensator (10) Stabilising compensa- u, 
of subs�stem 1 tor (11) of subS'jstem 1 I 

I I �, 
L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ J 1 - - - - - - - - -- - - - - - - - - - ,  

• I '52 I Z Servocompensotor (10) Stab; lislng CIlmpensa- Uz 
of subs�stem 2 tor (11) of subs�tem 2 I I I �2 

L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ J 

Figure 5 . 2  Decentralized servocontroller configuration 

Theorem 5.4 

The solution to the robust decentralized servomechanism problem con
sists of N control stations each of which includes a servocompensator 

(5.2 . 10) 
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and a stabilizing compensator 
Xci = F ciXci + GciY i + HciXsi 
Ui = - KxiXci - KyiYi + KuiXsi. (5 .2. 1 1) 

The parameters of the servocompensators can be determined from the 
parameters of the signal generators (5 .2.2) and (5 .2.3) as follows. Ti is 
an arbitrary non-singular real matrix, and diag As and diag bs consist 
of ri matrices As or vectors b .. respectively 

� � ( !  

1 
0 

0 
- kq -kq- l  

0 
1 

0 
-kq-2 

r ) bs = (f) · (5 .2. 1 2) 

-kl 1 
The parameters of the stabilizing compensators have to be chosen so 
that the closed-loop system (5 .2. 1) , (5 .2. 10), (5.2. 1 1) and (5 .2. 12) is 
stable. 
The decentralized controller (5.2.4), which consists of the servocompen
sators (5 .2. 10) and the stabilizing compensators (5 .2. 1 1) , is called the 
decentralized servocontroller. 

Like the solution to the centralized tracking problem, the controller 
(5 .2. 10) and (5 .2. 1 1) ensures asymptotic regulation in spite of all vari
ations of the plant parameters and the parameters of the stabilizing 
compensator that do not destabilize the closed-loop system (5 .2. 1), 
(5 .2. 10) and (5.2. 1 1) and that do not violate the conditions stated in 
Theorem 5. 1 .  

Theorems 5 . 1  and 5.2 have two important consequences. First, each 
control station of the decentralized servocontroller is known to consist 
of two parts, the first being the servocompensator and the second the 
stabilizing compensator. The first part can be determined as soon as the 
set A is known. If all servocompensators are connected to the plant, an 
unstable extended plant results (Figure 5 .3) . Whenever this extended 
plant is stabilized by some stabilizing compensators the overall closed
loop system is known to ensure asymptotic regulation. Hence, the 
tracking problem is induced in the stabilization problem for this 
extended plant. If there are even prescriptions on the dynamical I{O 
performance, the stabilization can be followed by a step for shaping the 
I/O behaviour. Hence, the design process has the following structure. 

Algorithm 5.1 (Basic design steps) 

Given: Plant model (5 .2. 1); design requirements (1)-(3) including the 
signal models (5 .2.2) and (5.2.3) (cf. Section 1 .2). 
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, - - - - - - - - - - - - - - - -, . u\ I 

5el"'locompensa-ror 1 t---o�"""""'-I 
Plant 

Senocompensator 2 t---o��-I 

I 
I 
I 
I 
I 
I 
I 
I I I L _ _ _ _ _ _ _ _ _ _ _ _ _ _  � 

Figure 5 . 3  The extended plant 

1 .  Extend the plant (5 .2. 1 ) by the decentralized servocompensators 
(5 .2. 10) and (5 .2. 12) . 

2 . Stabilize the extended plant (5 .2. 1), (5 .2. 10) and (5 .2. 12) by 
means of decentralized stabilizing compensators (5 .2. 1 1) in 
order to satisfy the design requirements (1) and (2). 

3 .  Improve the I/O behaviour of  the closed-loop system according 
to the design requirements (3) by means of additional decen
tralized compensators (5 .2. 1 1) in parallel with the stabilizing 
compensator or by changing the parameters of the stabilizing 
compensator (5 .2. 1 1). 

Result: Decentralized servocontroller (5 .2. 10)-(5 .2. 12), for which the 
closed-loop system (5.2. 1), (5 .2. 10)-(5 .2. 12) satisfies the design 
requirements (1)-(3). 

This design scheme has two consequences. First, for step 1 the solution 
is completely described by Theorem 5.4. The decentralized servo
compensators can be determined as soon as the disturbance and 
command signal models (5 .2.2) and (5 .2.3) are known. The main 
problem consists of the determination of stabilizing compensators. 
Therefore, the following chapters of the book can be restricted to the 
problems of stabilizing and shaping the I/O behaviour of the plant or 
the extended plant. 

Second, the extended plant is unstable due to the unstable parts of 
the servocompensators and, additionally, due to the possibly unstable 
parts of the plant. Therefore, the stabilization problem is not trivial. The 
conditions of Theorem 5 . 1  ensure that the extended plant has no decen
tralized fixed modes where condition (i) claims the absence of fixed 
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Servacantrallers far Palynamial Signals 131  

modes for the plant and condition (ii) for the series connection of the 
plant and the servocompensator. The problem remains how to find 
parameters for the N stabilizing compensators such that the overall 
closed-loop system is stable. The methods described in Chapters 6-9 are 
generally applicable, but for PI controllers simpler methods will be 
developed in Chapter 1 1 .  

Sequential stability 

A practically important extension of the assertions of Theorems 5 . 1  and 
5 .2 can be made if the plant (5.2. 1) is stable. Then the control stations 
of the decentralized servocontroller (5.2. 10)-(5 .2. 12) can be designed 
and applied one after the other in such a way that the stability of the 
closed-loop system remains unstable after all steps . 

Theorem 5.5 

If the plant (5 .2. 1) is stable and there exists a solution to the decentral
ized servomechanism problem then there is a sequence in which appro
priately chosen control stations (5.2. 10) and (5.2. 1 1) can be applied one 
after the other while ensuring the stability of the resulting closed-loop 
system. 

That is, the unstable parts of the servocompensator of the ith decen
tralized control station can be locally stabilized by the ith stabilizing 
compensator (5.2. 1 1). This is a practically important result which will be 
further exploited in the tuning rules for decentralized PI controllers in 
Chapter 1 1 .  

5.3 SERVOCONTROLLERS FOR POLYNOMIAL COMMAND 
AND DISTURBANCE SIGNALS 

The results of Section 5 .2 can be specified for polynomial command 

(5.3 . 1 )  

and similar disturbance signals which are produced by signal generators 
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132 The Decentralized Servomechanism Problem 

(5.2.3) of the form 
(0 1 

o 0 

x. � H 

( XlO ) 
X20 

• .(0) 

� 
Xq�.' (5.3.2) 

v = (1 0 . .  , O)xv 
where kj in eqn (5.3 . 1 )  depends upon the initial values XiO in eqn (5 .3 .2). 
In particular, the practically important step signal v(t) = ko is generated 
by 

Xv = 0 xv(O) = ko 
v =  Xv 

(5.3 .3) 
where A = {OJ and q = 1 hold (cf. eqn (5 . 1 .7» . According to The
orem 5 . 1 ,  A = 0 must not be a decentralized fixed mode of the auxiliary 
system (5 .2.5). For mj = r; the corresponding condition (5 .2.6) reads as 

rank (� :) = n + r  
which for stable systems can be reformulated as 

det (� :) = det A det(D - CA - 1B) = det Ks ¢ 0 

where 
Ks = D - CA- 1B 

(5.3 .4) 

(5 .3 .5) 

(5 .3 .6) 
denotes the static transmission matrix of the plant (5 .2 . 1 ). Theorems 5 . 1  
and 5 .4 yield the following result. 

Corollary 5.1 

For the plant (5 .2. 1 )  with mj = rj there exists a decentralized controller 
(5.2.4) that ensures asymptotic regulation for step disturbances and step 
commands (5 .3 .3) if and only if the following conditions are satisfied: 

(i) The plant has no unstable decentralized fixed modes . 
(ii) The condition (5 .3 .4) is satisfied. 

Asymptotic regulation is ensured if all control stations consist of the 
servocompensator 

Xsi = Yi - Vi (5.3 .7) 

co
nt

ro
len

gin
ee

rs
.ir



Bibliographical Notes 133 

and a stabilizing compensator (5 .2. 1 1), whose parameters are chosen so 
as to ensure closed-loop stability. 

The controller (5 .2. 1 1) and (5 .3 .7) has PI characteristics. This becomes 
clear if the stabilizing compensator (5 .2. 1 1) represents merely a static 
feedback 

Ui = - KyiYi - KxiXsi 

so that each control station has the form 
isi = Yi - Vi 
Ui = - KyiYi - KxiXsi. (5 .3.8) 

If polynomial signals with q > 1 are used the servocompensator has q 
integrators for each of the ri = dim Yi output signals of subsystem i. 

Methods for determining the parameters of the PI controller (5 .3.8) 
will be presented in Chapter 1 1 .  It will also be shown there under what 
conditions a static stabilizing feedback suffices to make the extended 
plant stable. For the purpose of improving the dynamical properties of 
the closed-loop system, the control stations (5 .3 .8) are often extended by 
an additional feedforward part so that instead of (5 .3 .8) the controller 

iri = Yi - Vi 
Ui = - KPi(Yi - Vi) - KIixri (5 .3.9) 

is used. 

BIBLIOGRAPHICAL NOTES 

The solution of the centralized servomechanism problem was investig
ated by Davison (1976b). It has been included in modern textbooks such 
as, for example, that by Patel and Munro (1982). 

Davison also investigated thoroughly the robust decentralized servo
mechanism problem. He presented (Davison 1976a) the solution 
(Theorems 5 . 1  and 5 .2) to Problem 5.2 in a slightly more general form, 
where the measurable outputs Y l" were distinguished from the outputs 
Yi to be controlled. The equivalence of condition (iii) in Theorem 5 . 1  
with eqn (5 .2.6) for systems with like numbers o f  inputs and outputs was 
published in 1978. Theorems 5.3 and 5.5 are due to Davison (1979) and 
Davison and Gesing (1979), respectively. Davison and Ozgiiner (1982) 
showed that for the sequential design in each design step only a local 
model is necessary. This is a model which describes that part of the plant 
and the preceding control stations which are controllable and observable 
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134 The Decentralized Servomechanism Problem 

from the channel (Ui, Yi) under consideration. The closed-loop system 
eigenvalues are elements of a given region re of the complex plane, if 
each control station is chosen so as to move all controllable and observ
able eigenvalues into reo 

Several further extensions have been made. For example, Davison 
( 1977a) considered the servomechanism problem in which some outputs 
need not be asymptotically regulated. The corresponding control 
stations can be used for the stabilization problem but they do not 
include a servocompensator. Therefore, conditions (ii) and (iii) can be 
weakened. Vaz and Davison ( 1989) considered the servomechanism 
problem under the circumstances that different signal generators can be 
assigned to the subsystems and that certain elements of the interconnec
tion matrix L are fixed to zero and, thus, cannot be altered by parameter 
variations within the plant. They developed specific existence conditions 
and simplifications of the controller structure. 
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6 

Decentral ized Sta b i l ization and 

Pole Assignment 

The principle of designing feedback controllers by assigning the eigen
values of the closed-loop system certain values is known from mul
tivariable control theory. If the task is to stabilize a given unstable 
system then the eigenvalues should be simply moved to some position 
within the left-half complex plane. If additional requirements exist on 
the I/O behaviour then these requirements have to be formulated as 
prescriptions of the values of the closed-loop system eigenvalues, and 
the task is to find a feedback controller which changes the eigenvalues 
accordingly. 

This design principle is now extended for decentralized control. 
Section 6 . 1  presents a control scheme in which N - 1 static control sta
tions are used to make the overall system controllable and observable via 
the remaining channel (Uk, Yk) .  The remaining control station is chosen 
so as to place all closed-loop system eigenvalues in prescribed positions. 
Section 6.2 briefly describes the extension of dynamic compensation to 
decentralized control. In Section 6.3, a method is presented in which a 
centralized controller is replaced by an appropriate decentralized 
feedback. 

6.1 STABI LIZATION AND POLE ASSIGNMENT THROUGH A 
SPECIFIC CHANNEL 

The plant is described by the I/O-oriented model 
N 

i = Ax + � BsiUi i= l 
Yi = CsiX (i = 1 ,  . . .  , N). 

(6. 1 . 1) 

The aim is to stabilize this system and to give the closed-loop system a 
prescribed set 0"0 of eigenvalues. In the method to be presented here, the 
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136 Decentralized Stabilization and Pole Assignment 

overall decentralized controller should consist of N - 1 static output 
feedbacks 

Ui = - KyiYi (i = 1 ,  . . .  , N; i ¢ k) 
and a dynamic control station 

irk = FkXrk + GkYk 
Uk = - KxkXrk - KykYk. 

(6. 1 .2) 

(6. 1 .3) 

The static control stations have to be chosen so as to make the closed
loop system (6. 1 . 1) and (6. 1 .2) 

i = (A - .f BSiKYiCSi) x + BskUk .= 1  ; ", k  (6. 1 .4) 

completely controllable via Uk and completely observable via Yk. Then 
the remaining control station (6. 1 .3) is used in order to stabilize the 
system (6. 1 .4) or move the eigenvalues to prescribed positions within the 
complex plane, respectively. This second step is a problem in the central
ized control of the system (6. 1 .4) . 

The motivation for this design method becomes clear from the way 
in which the existence condition of decentralized fixed modes (Theorem 
4. 1) was derived in Section 4. 1 .  It was explained there that a fixed 
eigenvalue A is controllable but not observable from the channels (Ui, Yi) , 
i E ;K  and cannot be made so by appropriately choosing a static 
decentralized feedback 

Uo = - Koyo. 
In addition it is observable but not controllable via the channels i E � 
and cannot be made so by decentralized controllers at the channels i E :Yt'. 

If the system has no decentralized fixed modes then the converse is 
true. That is, for every eigenvalue A there exists a partition �, �of the 
index set so that A can be made controllable and observable from a 
channel i E ;K or i E � by appropriately choosing decentralized con
trollers at the channels i E � or i E .1t,  respectively. The development of 
Theorem 4. 1 ,  in particular the relation between eqns (4. 1 . 1 6) and 
(4. 1 . 17), shows that the partition .1t, � depends on the eigenvalue A 
under consideration. Therefore, conditions have to be derived under 
which the partition is independent of A and, moreover, all eigenvalues 
can be made controllable and observable by a single channel. Conditions 
(6. 1 .5) and (6. 1 .6) below, which are more restrictive than the converse 
of (4. 1 . 17), ensure that there are no uncontrollable and unobservable 
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Stabilization Through a Specific Channel 1 3 7  

modes in any complementary system (4. 1 . 19) and, thus, the aim of the 
first design step can be. reached for an arbitrary channel k. 

Theorem 6.1 

For an arbitrary index k there exist feedback matrices Ky; (i ;t. k) for the 
control stations (6. 1 .2) such that the system (6. 1 .4) is completely 
controllable and completely observable if and only if at least one of the 
following conditions is satisfied for all disjoint partitions .1(, � of the 
index set .!F= [ 1 , 2, . . .  , N} : 

rank(A - AI Bo) = n for all A E (1 [A] 
rank (A �HH) = n for all A E (1 [A] 

(6. 1 .5)  
(6. 1 .6) 

(For the definition of .1(, � see Lemma 4.2.) This theorem leads to the 
following design procedure. 

Algorithm 6.1 

Given: Plant (6. 1 . 1 )  which satisfies the conditions stated in Theorem 6. 1 ;  
set (10. 

1 .  Choose a channel number k. Determine a decentralized feed
back controller (6. 1 .2) such that the system (6. 1 . 1) and (6. 1 .2) 
is completely controllable and completely observable via 
(Uk, Yk). 

2. Design a centralized controller (6. 1 .3) such that the closed-loop 
system (6. 1 . 1)-(6. 1 .3) has the prescribed set (10 of eigenvalues. 

Result: Decentralized controller for which the closed-loop system has a 
prescribed set (10 of eigenvalues. 

The second step can be carried out by means of well-known methods 
from multivariable feedback control. 

The design method discussed above leads to a decentralized con
troller of dynamical order n if the second design step is accomplished by 
designing a state feedback controller and an observer. That is, the con
troller has the same dynamical order as the plant. In practical situations 
the order may be lower if, for example, a reduced-order observer is 
used. None the less, the dynamical order is very high if the plant is a 
large-scale system. 
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I 
1 38 

Example 6.1 

Consider the system 

2 
-2 

1 
!)x + (! 

- 3  0 

y = (� � �)x 
�) (::) f t [ (6. 1 .7) 

which is controllable and observable via the whole vectors u and y but 
not via a single channel (u;, y;). Condition (6. 1 .5) is satisfied for both 
complementary systems 

i � G 2 
-2 

1 

Y2 = (1 0 O)x 
and 

i � (� 2 
-2 

1 

Yl = (0 1 O)x. 

Jx+ G)u. 
, -1)x + G) u, 

Hence, the design method can be applied. This will be illustrated for 
k = 1 .  The eigenvalue ).. = 0 is not observable through Yl but can be 
made observable by means of an appropriate control station 

U2 = -ky2Y2 

(step 1 of Algorithm 6.1) .  The system (6. 1 .7) and (6. 1 . 8) 

x = ( � 
-kY2 

Yl = (0 1 O)x 

2 
-2 

1 

(6. 1 .8) 

is completely controllable if ky2 ¢ 0.3 and ky2 ¢ - 30.3 hold and com
pletely observable for ky2 ¢ O. After such a controller parameter ky2 has 
been chosen, the stabilization or pole assignment problem for the system 
(6. 1 .7) and (6. 1 . 8) can be solved in step 2 of Algorithm 6. 1 ,  for example 
by using the dyadic state feedback in connection with an observer (cf. 
Section 2.4) which together form a dynamic control station for channel 
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Stabilization Through a Specific Channel 139 

k = 1 .  For this example with kY2 = 1 ,  a static output feedback Ul = - Yl 
at channel (Ul ,  Yl ) suffices to assign the values - 4.91 and - 0.54 ± 1 .53i 
to the closed-loop eigenvalue. 0 

Example 6.2 

In order to show that the conditions of Theorem 6. 1 determine more 
than the absence of decentralized fixed modes consider the plant from 
Example 4.2 with a = 2 and b = - 2 

i �  (� - � :)x +  (i �) (:;) 
y = (� � �)x. 

This system has no decentralized fixed modes. None the less, since the 
complementary system 

2 
- 2  

o 
Y2 = (0 0 1)x 

is neither completely controllable nor completely observable, the system 
cannot be made completely controllable and observable via a single 
channel. For example, there is no scalar control station 2 such that all 
eigenvalues of the system 

Yl = (1 2 O)x 

are controllable and observable. Therefore, Algorithm 6 . 1  cannot be 
applied. However, due to the absence of decentralized fixed modes the 
plant can be stabilized by decentralized feedback. For this simple 
example, which has a hierarchical structure (cf. Section 3 .2), control 
station 2 can be used in order to move the plant eigenvalue }.. = 3,  and 
the remaining two eigenvalues can be changed arbitrarily by control 
station 1 .  0 

An advantage of this design method in relation to those which will be 
presented in Sections 6.2 and 6.3 is the straightforward way in which all 
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140 Decentralized Stabilization and Pole Assignment 

decentralized control stations can be found. In particular, the second 
design step can be solved by means of methods for pole assignment by 
multivariable feedback controllers. 

The main practical difficulties of this design method result from the 
concentration of the control efforts and design freedom at a single 
control station. If some modes are weakly observable or controllable 
from the kth channel, impractically large controller gains are required. 
Moreover, because of the 'unsymmetry' of the control law , disturbances 
have to propagate through the overall system until they affect the kth 
channel and are compensated there. Therefore, this way of designing 
decentralized controllers provides a first impression of sequential design 
and gives an interesting insight into the possibility of assigning the eigen
values by decentralized controllers. However, for practical applications 
this method will usually not be preferred to other design methods .  

6.2 DECENTRALIZED DYNAMIC COMPENSATION 

In centralized control, dynamic compensation was developed as an 
alternative way of realizing state feedback controllers by means of 
observers. It follows the philosophy of extending the freedom inherent 
in output feedback control by introducing nr integrators in the given 
plant. That is, instead of the plant 

x = Ax + Bu 
y = Cx 

the extended plant 

X = (A 0) _ (B 0) _ 
o 0 x +  0 I 

u 

y = (C 0) _ 
o I 

x 

is used to design an output feedback controller 

ii = -
K

y 

(6.2 . 1 )  

(6.2.2) 

(6.2.3) 

such that the closed-loop system (6.2.2) and (6.2.3) has n + nr prescribed 
eigenvalues. Whereas, in general, no output feedback u = - Ky can be 
found for the plant (6.2. 1) to move definitely all closed-loop eigenvalues, 
an extended output feedback (6.2.3) can be found if the number nr of 
integrators is large enough. 

An upper bound for nr can be found from the controllability index 
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Decentralized Dynamic Compensation 1 4 1  

nc and observability index no, which are defined as the smallest integers 
for which 

rank(B AB . . .  A",- IB) = n 
or 

rank(C '  A'C'  . . .  A "o- IC ' )  = n 
holds, respectively. 

Lemma 6.1 

Consider a linear system (6.2. 1) which is completely controllable and 
completely observable. For 

(6.2.4) 

there exists an output feedback (6.2.3) for the extended plant (6.2.2) 
such that the closed-loop system (6.2.2) and (6.2.3) has n + nr arbitrarily 
prescribed eigenvalues. 

Note that the closed-loop system (6.2.2) and (6.2.3) with 

- (�Ky K =  G (6.2.5) 

is equivalent to the closed loop consisting of the original plant (6.2.1) 
and the controller 

ir = Fxr + Gy 
u = - Kxxr - Kyy. (6.2.6) 

In the following, this result will be extended to decentralized control. As 
a result of the structural constraints the control law (6.2.6) is split into 
independent controllers 

iri = FiXri + GiYi 
Ui = - Kxixri - KyiYi. (6.2.7) 

That is, all four parts of K in eqn (6.2.5) are restricted to be block
diagonal matrices 

K = (diag -Kyi diag - KXi) 
diag Gi diag F i (6.2.8) 

where the matrices Kyi, KXi, Gi and Fi have dimensions mi X ri, ml X nri, 
nri X ri, and nri X nri. The following theorem states that Lemma 6. 1 can 
be straightforwardly extended to decentralized control. 
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142 Decentralized Stabilization and Pole Assignment 

Theorem 6.2 

Consider a linear controllable and observable system (6.2. 1) under 
decentralized feedback (6.2.7) with nri � 0: 

N 
� nri = nr = min(nc, no). i: 1  

(6.2.9) 

There exist feedback gain matrices Kyi, KXi, Fi and Gi such that the 
closed-loop system (6.2.1)  and (6.2.7) has n + nr arbitrarily prescribed 
eigenvalues. 

Algorithm 6.2 

Given: Plant (6.2. 1); set (Jo. 
1 .  Determine nr from eqn (6.2.4). 
2. Extend the plant (6.2 . 1)  as described in eqn (6.2.2). 
3. Determine the controller matrix K, which satisfies the structural 

constraints given in eqn (6.2.8), such that the closed-loop 
system eigenvalues belong to (Jo. 

Result: Decentralized controller for which the closed-loop system has the 
prescribed set (Jo of eigenvalues. 

Theorem 6.2 states only an existence condition for a set of N decentral
ized dynamic compensators which all together solve the pole placement 
problem. Constructive procedures for step 3 in Algorithm 6.2 are rare. 
Most of them use a sequential method in which one control station is 
designed after another in order to move a subset of the closed-loop 
system spectrum. Since all of them are based on lengthy manipulations 
with the overall model, and sequential design procedures will be con
sidered later in Chapters 10 and 1 1 ,  the design of dynamic compensators 
should be adequately illustrated here by a simple example. 

Example 6.3 

Consider the system 

x =  (� �)x + (� �)u 

Y = (� 1) o x 
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Replacement of a Centralized State Feedback 143 

for which nr = 1 holds. If a decentralized controller with nrl = 1 and 
nr2 = 0 is used then the matrix K has the structure 

_ (- kYI 
K =  0 

gl 

o kXl) 
- kY2 0 . 

o 11 
The system matrix of the closed-loop system (6.2 . 1 ) ,  (6.2.7) and (6.2.8) 
for the given parameters is ( 0 2 - kYI kXI) 

1 - ky2 0 O .  
o gl /J 

With a static decentralized controller (kxI = gl = /J = 0 and, hence. 
nrl = 0) the closed-loop system cannot be stabilized since the closed-loop 
system characteristic polynomial 

>. 2 - (1  - ky2 ) (2 - ky d = 0 

yields at least one unstable eigenvalue for arbitrary controller para
meters. For the dynamical controller (nrl = 1 )  the characteristic 
polynomial of the closed-loop system is 

>.3 _ II>' 2 - (1 - ky2) (2 - kyJ )>. - (1 - ky2)kxgl 
+ (1 - ky2) (2 - kyJ )/1 = O.  

The eigenvalues can be placed arbitrarily. The closed-loop spectrum 
ao = ( - 1 ,  - 2, - 3 J is received for the controller parameters II = - 6, 
gl = 1 ,  kx = - 10, kYI = 0 . 167, ky2 = 7. 0 

6.3 REPLACEMENT OF A CENTRALIZED STATE FEEDBACK 
BY A DECENTRALIZED OUTPUT FEEDBACK 

In the third method of decentralized stabilization and pole placement, 
which will be explained now, it is assumed that for the plant 

N 
i = Ax + � Bs;u; 

; = 1  
y; = Cs;x (i = 1 ,  . . .  , N) 

a centralized state feedback 

U =  - Kx 

(6. 3 . 1 )  

(6.3.2) 
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144 Decentralized StabHization and Pole Assignment 

has already been designed. This could be done by methods for central
ized state feedback which uses the system (6.3 . 1) as the centralized plant 

x = Ax + Bu 
y = Cx 

with 

B = (B.l B.2 . . .  B.N) 
C = (C;1 C;2 . . .  C;N) , 

and assigns the eigenvalues of the closed-loop system matrix 
A

C = A - BK (6.3 .3) 

values of a prescribed set 0"0. The aim is to replace the centralized con
troller (6.3 .2) by a decentralized controller 

u = - diag KyiY 
which locates the eigenvalues of the system matrix 

N - d " A = A - £..J B.iKy;C.i i= 1  

(6.3.4) 

(6.3 .5) 

of the decentralized system (6.3 . 1) and (6.3 .4) as near as possible to the 
eigenvalues of 

A c. 
In order to compare the eigenvalues of the centralized and the 

decentralized system, the eigenvector of 
A C belonging to the eigenvalue 

}..j [
A

,,] is denoted by Uj, that is 

(6.3 .6) 

holds. The centralized feedback matrix K is partitioned according to the 
input vector U 

(6.3 .7) 

so that eqn (6.3.2) is equivalent to 

Ui = - K/x. 

Lemma 6.2 

Consider the eigenvalue }..j [
A 

C] and denote the corresponding eigen-
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Replacement of a Centralized State Feedback 145 

vector by Uj. If the decentralized controller satisfies the relation 

0 = 1 ,  . . .  , N) (6.3 .8) 

then Aj is an eigenvalue of the matrix Ad as well. 

Proof 

Because of eqns (6.3 .6) and (6.3 .8) the equation 

A dUj = (A - .f.: BSiKYiCSi) Uj = (A - .f.: BSiKi) Uj 
1 = 1  1 = 1  

= ACUj =  AjUj 

holds which proves that Aj [A C] is an eigenvalue of Ad. o 

Note that each eigenvalue to be retained imposes a restriction (6.3.8) on 
the choice of the matrices Kyi of all control stations. If q eigenvalues Aj 
(j = 1 ,  . . .  , q) should be retained in the decentralized system, eqn (6.3 .8) 
must be satisfied for all of them. By using the matrix 

(6.3 .9) 

the conditions (6.3 .8) for j = 1 ,  . . .  , q can be represented as the single 
condition 

(i = 1 , . . .  , N). (6. 3 . 10) 

Corollary 6.1 

Let ( At ,  . . .  , Aq) be a subset of the spectrum u [A C] . It is a subset of u [A d] 
as well if eqn (6.3 . 10) is satisfied for i =  1 ,  . . .  , N. 

Since, in general, the centralized controller yields 

rank(KiUq) = min(mi, q) 

for the right-hand side of eqn (6.3. 10), whereas 

rank(KyiCsiUq) � min(mi, ri, q) 

holds for the left-hand side, the sufficient condition (6.3 . 10) can be 
satisfied by appropriately choosing the gain matrix Kyi only if 

holds. Under this condition, the controller matrices Kyi which satisfy eqn 
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146 Decentralized Stabilization and Pole Assignment 

(6.3 . 10) can be explicitly represented by 

Kyi = KiUq(C.iUq)+  (6.3 . 1 1) 

where (.)+ denotes the (right) pseudoinverse. The right pseudoinverse of 
some matrix T is defined by T+T = I. For (ri, q) matrices T with 

rank T = q � ri, 

T+ can be determined according to 

T+ = (T 'T )+lT '  

(cf. Theorem A1 .8). That is, eqn (6.3 . 1 1) is identical to 

Kyi = KiUq(U�C;iC.iUq)- lU�C;i. 

Since ij may be very small there is a need to generalize condition (6. 3 . 10) 
for a large number q of eigenvalues to be retained. Since for large q 
there is no solution to eqn (6.3. 10), the differences KyiC.iUj - KiUj are 
weighted by factors Wij, and the controller parameters are to be chosen 
so as to make the sum of these differences minimal 

min II (KyiC.iUq - KiUq)W II . (6.3 . 12) 
Ky; 

In eqn (6.3. 12), 1 1 . 1 1 denotes a matrix norm and W is a matrix with the 
weighting factors wij: W = (Wij). The solution to the optimization 
problem (6.3 . 12) is given by 

(6. 3 . 1 3) 

The decentralized closed-loop system (6.3 . 1), (6.3 .4) and (6.3 . 12) 
has a spectrum which approximates the prescribed set 0"0 of the eigen
values. How large the differences between Aj [A C] E 0"0 and Aj [A 

d
] are 

depends on the relations between the plant properties, the structural 
constraints of the control law and the design requirements 0"0. If, on the 
one hand, all those entries of the centralized controller matrix K that are 
fixed to zero in the decentralized controller are negligible, then the dif
ferences between corresponding eigenvalues will be very small. On the 
other hand, if the structural constraints on the control law refer to large 
entries of K, then the differences will be large. However, the formulation 
of the design task as an optimization problem (6.3 . 12) enables the 
control engineer to influence the way in which all the eigenvalues of A C 
are approximated by those of A

d
. It can be proved that for W = diag Wjj 

an increase of the weighting factor Wkk, while leaving all other factors 
Wjj (i ¢ k) constant, yields a better approximation of Ak [A C] by Ak [A 

d
] • 

This possibility of influencing the accuracy of the approximation in 
a systematic way can be used in a trial-and-error procedure for deter
mining a decentralized controller (6.3 .4) which suitably replaces the 
centralized feedback (6.3 .2). 
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Replacement of a Centralized State Feedback 147 

Algorithm 6.3 

Given: Plant (6.3 . 1); set (10 . 

1 .  Determine a centralized state feedback (6.3.2) for which the 
closed loop (6. 3 . 1) and (6.3 .2) has the prescribed eigenvalue set 
(10 . 

2. Choose a weighting matrix W and determine the controller 
matrices (6.3 . 1 3). 

3 .  Determine the spectrum (1d = {Ai [A d] ,  i = 1, . . .  , n J .  If (1d is a 
reasonable approximation of (10, stop; otherwise continue with 
step 2. 

Result: Decentralized controller (6.3.4) which assigns the closed-loop 
system eigenvalues approximately the values of (10 . 

Clearly, the algorithm can be modified in step 1 ,  where an arbitrary 
method for centralized control can be applied, which is not necessarily 
based on the pole assignment principle. Then the set (10 is not prescribed 
but obtained after step 1 as the set of the eigenvalues of the closed-loop 
centralized system (6.3 . 1) and (6.3 .2). In the following example, the LQ 
design will be used in step 1 in order to get a reasonable centralized 
solution. Then the algorithm proceeds as above. 

Example 6.4 (Load-frequency control of a multiarea power 
system) 

The design algorithm explained above will be illustrated by designing a 
controller for the power system whose model was discussed in Example 
3 .5 .  The feedback controller has to ensure constant net frequency (f= 0) 
and constant tie line power (Pli = 0) in spite of changing power demands 
Plio Control inputs are the set points Psi of the internal controllers of the 
power stations (Figure 3 .8). 

The controller must be decentralized since the measurement signals 
f and Pli and the input signals Psi are distributed over a large geo
graphical area and since the plant is subjected to structural perturba
tions, which include the connection and disconnection of power stations 
or areas during normal operation. 

The structure of the overall plant is shown in Figure 6 . 1 (a). It can 
be described by an unstructured model of the form (2. 1 .4) 

x = Ax + Bu + Md 
y = Cx + Du + Nd (6.3 . 14) 

with u = (uJ U2 U3 ) ' ,  y = (y { y:J. y3)' . Ui = Psi (i = 1 , 2, 3) are the scalar 
control inputs of the ith area and Yi = (f Pli) ' the output vectors . The 

co
nt

ro
len

gin
ee

rs
.ir



148 Decentralized Stabilization and Pole Assignment 
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Figure 6 . 1  A three-area power system: (a) global structure o f  the 
system; (b) structure of the model 
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Replacement of a Centralized State Feedback 149 

disturbance d = Pel represents load changes in area 1 .  As explained in 
Example 3 .5 ,  the overall system consists of overlapping subsystems. 
Therefore, the model (6.3 . 14) has the structure depicted in Figures 3 .6 
and 3.8 (cf. Figure 6. 1(b» and the following parameters: 

- 0. 109 0.0001 0 0.000 05 0.0001 
- 84.3 - 0. 167 0 0 0 
- 66.25 0 0 - 0. 125 - 0.25 

- 332 0 1 .25 - 1 .875 - 1 .25 

A =  0 0 0 0.063 - 0. 125 
- 2. 1  0 0 0 0 
- 1 .47 0 0 0 0 
- 0.034 0 0 0 0 

- 225 0 0 0 0 
- 152 0 0 0 0 

0.0001 0.0001 0.0001 0.0001 0.0001 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 

- 0. 1 0 0 0 
0 0 1 0 
0 - 0.002 - 0.059 0 
0 0 0 - 0.2 
0 0 0 0 

B ' � (� 0 0.243 0.243 0 0.0067 0.0048 0.0001 
0 0 0 
0 0 0 

M'  = ( - 0.0001 0 

1 0 
35 0.658 

c =  1 0 
- 3  - 0.410 

1 0 
- 32 - 0.248 

0 
0.658 
0 

- 0.410 
0 

- 0.248 

0 0 0 0 
0 0 0 0 

0 0 0 0 0 0 0 0) 

0 0 0 
0 0.329 0.658 
0 0 0 
0 - 0.205 - 0.410 
0 0 0 
0 - 0. 124 - 0.248 

0 0 0 0 
0.658 0 - 0. 342 - 0.342 
0 0 0 0 

- 0.410 0 0.590 - 0.410 
0 0 0 0 

- 0.248 0 - 0.248 0.752 

0 
0 
0 
0 
0 
0 
0 
0 

- 0.2 

0 U 0.2 
0 

(6.3 . 15) 
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150 Decentralized Stabilization and Pole Assignment 

D = O  

N ' = (0 - 0.658 0 0.410 0 0.248). 

The frequency is measured in hertz, the power in megawatts and the 
time in seconds. This model was obtained in the same way as the model 
of Example 3 .5  with the following extensions: 

• The overall system has six power stations. The first four are con
sidered as area 1 ,  the fifth as area 2, and the sixth as area 3 .  
Each area includes a load o f  appropriate value (Figure 6 . 1 (b» . 

• The control inputs UI, Uz, U3 are the set points of the power sta
tions where in area 1 the signal UI is distributed among the four 
power stations in proportion to the nominal power generation 
(cf. weights kpi in Figure 6. 1 (b» . 

• The net frequency f, which represents the first state variable of 
the model, and the tie line power can be measured locally 
(although in the model they depend on the whole state vector). 
The power flow Pti from area i into all the other areas depends 
on the distribution of the synchronously rotating masses along 
the areas. It can be determined from 

Pti = Pbi - Til T Pb (6.3 . 16) 

where Ph, Phi and T are explained in Figures 3 .8  and 6 . 1 (b) and 
in eqn (3 .4. 1 1).  For example, for area 1 eqn (6.3 . 1 6) yields 

Ptl = PtZI + Pt31 = PbI - Til T  Pb = 0.658pbl - 0.342Pb· 

• Disturbances of the system occur as load changes Pri of area i. 
The model reflects the system subject to load changes in area 1 
only (d = PU ). 

• The frequency-dependent part of the load is assumed to have a 
proportional part so that the third line in the subsystem model 
(3.4. 12) has direct throughput from Si to Zi as described by 

Zi = C�iXi + fziSi. 

This is the reason why the upper left element al l of the matrix A is not zero, in contrast to eqn (3 .4. 14). 

The control aims comprise f = ° and Pti = 0. Owing to the structural 
properties of power systems, these aims can be lumped together and 
replaced by the single area control error kJ + pti = 0, where ki is a 
known scalar describing the 'stiffness' of area i in case of load changes. 
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Replacement of a Centralized State Feedback 1 5 1  

The term kJ describes the power which will be consumed by the rotating 
masses of area i in case of frequency deviation f. Therefore, decentral
ized PI controllers 

Xri = kJ + Pli 
Ui = - kPiYi - kIiXri. 

(6.3 . 17) 

are used with kl = 1 162, k2 = 1 555 and k3 = 1052 for the example 
system. In the design procedure, the first line of eqn (6.3 . 1 7) is used to 
extend the plant model with the integral parts of all three control sta
tions. The extended plant has the model 

i = Ax +  Bii + Md 
y = Ci + Nd 

(6.3 . 1 8) 

with i = (x ' x}) ' ,  y = (y l Y2 y D '  and Yi = (f Pli Xri) ' .  The second line 
in eqn (6.3 . 17) is equivalent to 

u = - diag KyiY. (6.3 . 1 9) 

Algorithm 6.3  can be applied as follows. 

Step 1 

The centralized state feedback 

u = - K*i (6.3 .20) 

is determined as the solution of the minimization problem 

(6.3 .21)  

where k = kl  + k2 + k3 = 3769 is the 'stiffness' of the overall plant. In 
this performance criterion only a scalar q can be used to shape the I/O 
behaviour of the resulting centralized closed-loop system. 

The problem (6.3 .21) is obviously an LQ problem and can be solved 
as described in Section 2.4. The response of the closed-loop system 
(6.3 . 1 8) and (6.3 .20) to a load step of 40 MW ( d =  40a(t» is shown in 
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O +---��������----� 105 50s t 11) 
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b) 

Figure 6.2 Performance of the centralized closed-loop system 
after load step of 40 MW in area 1 :  ---, q = 0.0 1 ; - - - -

q = 0.02; _ .  - . - , q = 0 . 1  
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Figure 6.2 for different values of the scalar q. The controller 

K* = 

0.569 
0.667 
0. 372 
0.025 
0.218  
0.891  
1 .5 16  
8.65 1 
0.032 
0.029 
0. 141 
0.001 
0.001 

- 0.3 

0.679 
0.039 
0.016 
0.003 
0.026 
0.041 
0.034 

- 0. 157 
0.597 
0.035 

- 0.001 
0.141 
0.001 

0.437 
0.037 
0.015 
0.003 
0.025 
0.040 
0.032 

- 0. 153 
0.035 
0.593 

- 0.001 
0.001 
0. 141 

"6 � 
"It � 
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- 0.20 - 0.1 "" .  

}.1.....-" 
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- 0. 1  
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153 

Figure 6.3 Eigenvalues of the centralized (e) and the decentralized 
(0) closed-loop system (without the eigenvalue at - 1 . 7) 
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obtained for q = 0.02 leads to a reasonable loop behaviour. In 
particular, UI (t) has nearly no overshoot. Its static value of 40 MW is 
identical to the disturbance. Thus, the disturbance is attenuated by area 
1 alone (U2 (co ) = U3 (co ) = 0). The resulting set 0"0 of eigenvalues is shown 
in Figure 6 .3 .  

Step 2 

Several weighting matrices have been used in order to get a reasonable 
approximation of 0"0 by the spectrum of the decentralized closed-loop 
system. Finally, 

W = diag Wjj with WI = Wl2 = W13 = 0 

has been used. 

Step 3 

W2 = W3 = Ws = W9 = 0.9 
W4 = Ws = 1 
W6 = W7 = 0.6 
WIO = Wu = 0.5 

Equation (6.3. 1 3) yields 

KYi = (0.363 0. 156 0.097) 
KY2 = (0.290 0. 190 0.081)  
KY3 = (0.239 0.298 0.096) . 

As shown in Figure 6.3,  the spectrum of the decentralized closed-loop 
system approximates 0"0 reasonably. The same is true for the I/O 
behaviour of the closed-loop system (Figure 6.4). The decentralized con
troller (6.3 . 19) yields nearly the same step responses as the centralized 
controller (6.3 .20). 0 

In comparison with the design methods presented in Sections 6. 1 and 
6.2, this design procedure has the advantage that it aims at determining 
a static decentralized output feedback (6.3 .4). No dynamical parts are 
used. The price for this is that the closed-loop system will not exactly 
satisfy the design aim, which is given as the set 0"0 of closed-loop eigen
values. This, however, is no disadvantage since the set 0"0 itself is merely 
an approximate representation of the primary control aims which, for 
example, are formulated in terms of the step response as in Figure 1 .5 .  
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Replacement of a Centralized State Feedback 1 55 

The main difficulty with this design procedure is that there is no 
systematic way of choosing the weighting matrix W in order to come up 
with a reasonable closed-loop spectrum ad . There is even no condition 
which makes it possible to test whether controller parameters do exist 
such that the closed-loop system (6. 3 . 1) and (6.3 .4) is stable. Therefore, 
it is reasonable to begin the design with the static controller (6.3.4) but 

- f  

12mHz 
10mHz 

5mHz 

o 4----+--�����----�5±O-s--�t 

.. 0 M'H .I------,�::;;;;::-:::::==-;:;;;;;===----

10 M'H 

o T----l+0S----r----r--�----5+0-s------�t� 

Figure 6.4 Performance of the closed-loop system after load step 
of 40 MW in area 1 :  --, decentralized control; 

centralized control as in Figure 6 . 2  
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156 Decentralized Stabilization and Pole Assignment 

to extend the plant with 1 , 2, . . .  , nr integrators as in eqn (6.2.2) if no suit
able design result is received. Then the state feedback has to be deter
mined for the extended plant (6.2.2) and steps 2 and 3 of Algorithm 6.3 
have to be carried out with suitably partitioned vectors ii and y. This 
method is guaranteed to have a solution since Theorem 6.2 shows that 
for a decentralized control with dynamical order nr (cf. eqn (6.2.4}) the 
design aim 0"0 = O"d can be reached. 

BIBLIOGRAPHICAL NOTES 

Stabilization and pole assignment through a specific channel were pro
posed by Corfmat and Morse (1976a,b) as a result of their investigations 
concerning decentralized stabilizability. Although it allows an 
interesting insight into the mechanisms of stabilization by decentralized 
control it also has the disadvantage of concentrating the controller com
plexity at a single channel. A contrasting method, which aims at 
reducing the maximum dynamical order of the control stations by 
distributing the dynamical parts over all channels, was given by 
Anderson and Linnemann (1984). An extension of the method explained 
in Section 6. 1 to dynamic control stations was made by Ozgiiler (1990). 
He used a fractional representation of a two-channel system in order to 
derive weaker conditions under which the overall system can be made 
stabilizable through the second channel by applying a dynamic compen
sator to the first channel. 

Dynamic compensation was proposed for centralized systems by 
Brasch and Pearson (1970). Its extension to decentralized control was 
first tackled by Wang and Davison (1973) in their work on stabilizability 
by decentralized control.  However, these authors used the idea of com
pensation only to prove the existence of some stabilizing decentralized 
controller with restricted dynamical order and gave no constructive 
design method. Although in the centralized case several powerful design 
algorithms have been derived from the principle of dynamic compensa
tion, procedures for decentralized compensators have to overcome 
severe difficulties concerning the distribution of the dynamical parts 
among the control stations in order to get constructive and straight
forward design steps. Therefore, the results of Section 6.2 are mainly 
used for bounding the order of the dynamical part of the controller 
rather than for developing computationally effective algorithms. 

There are many design methods that aim at replacing a given 
centralized controller by some decentralized feedback (see Kosut 1 970). 
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They differ with respect to the criterion used to describe the accuracy 
of the approximation. Algorithm 6.3 is due to Bengtsson and Lindahl 
(1974). The power system example is a summary of the detailed 
investigations of decentralized load-frequency controllers carried out 
for the East German electric power system by Billerbeck et al. (1979). 
The structure of the controller is based on the area control error 
kJ + Pti, which has been used in electrical engineering practice for a 
long time, although Elgerd and Fosha (1970) gave a critical account of 
its use in large decentralized control systems. 
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7 

O ptimal  Decentra l ized Control 

7.1 THE OPTIMIZATION PROBLEM 

The use of optimization methods as a means of designing linear feed
back controllers is well known from multivariable systems. For a given 
model of the plant, controller parameters have to be found for which the 
closed-loop system minimizes a given objective function. 

There are several reasons for reformulating and solving the design 
task as an optimization problem. First, in several applications the design 
specifications can be formulated as an objective function, which is to be 
minimized. Second, there are powerful methods for solving the optimi
zation problem. Necessary or sufficient conditions for the optimality 
of the solution can be derived, which lead to efficient optimization 
algorithms and which yield characteristic properties that all optimal con
trollers are known to possess . Therefore, optimal control is used even if 
the minimization of an objective function is not the ultimate design aim. 

This chapter is devoted to an extension of optimal control to design 
problems where the control law is subjected to structural constraints. In 
order to explain the severe difficulties that arise from the structural con
straints, the optimization problem encountered in centralized control 
has to be briefly revisited (cf. Section 2.4). 

In LQ regulation a control u(t) (0 � t < 00) is to be found for a 
linear plant 

i(t) = Ax(t) + Bu(t) x (O) = Xo 

such that the performance index (2.4.7) 

1 � ao 1= - (x 'Qx + u 'Ru) dt 
2 0 

is minimized, 

min I subject to eqn (7 . 1 . 1). 
u(l) 

(7. 1 . 1) 

(7. 1 .2) 

(7 . 1 .3) 

The matrices Q and R are symmetric non-negative definite or symmetric 
positive definite, respectively. The problem (7 . 1 .3) is a functional 
optimization problem. 
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The Optimization Problem 159 

It is important that the solution of problem (7 . 1 .3) can be repres
ented as a linear feedback 

U (t) = - Kx(t). (7 . 1 .4) 

That is, the functional optimization problem (7 . 1 .3) is equivalent to the 
parameter optimization problem 

min I subject to eqns (7 . 1 . 1) and (7. 1 .4). (7. 1 .5) 
K 

A second important property of the optimization problem is that the 
solution K is independent of the initial state Xo of the system (7 . 1 . 1). 
This becomes clear from the representation of the optimal feedback gain 
matrix by 

K = R- 1B 'P (7 . 1 .6) 

where P denotes the symmetric positive definite solution of the algebraic 
matrix Riccati equation 

A'P + PA - PBR- 1B 'P + Q = O. (7. 1 .  7) 

The same optimization problems will now be considered with struc
tural constraints imposed on the control u(/). The plant model has the 
I/O-oriented form (3 . 1 .2) 

N 
i(t) = Ax(t) + � BsiUi(/) x(O) = xo (7 . 1 . 8) 

i= l 
(i = 1 , . . .  , N). 

According to the structural constraints, the accessible subsystem con
trols Ui(t) are restricted to those functions which can be determined 
from knowledge of the subsystem output Yi(/) only. The dependence of 
the input ui(/) at the time instant 1 upon the output Yi(/) (0 � 1 � I) 
measured until time 1 is expressed as Ui = Ui (y i) .  

Problem 7.1 

Solve the optimization problem 

min I subject to eqn (7. 1 .8). 
Ui = Ui(Yi) 

(7. 1 .9) 

Contrary to the optimization problem (7 . 1 .3), the solution of Problem 
7 . 1  may be a non-linear function Ui(Yi) . This fact became evident in 1968 
from an example given by Witsenhausen for a similar stochastic 
optimization problem. 
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160 Optimal Decentralized Control 

The fact that non-linear control laws may be superior to linear con
trollers has already been mentioned in connection with the stabilization 
problem (cf. Bibliographical Notes of Chapter 4). There are systems 
which can be stabilized by some non-linear decentralized controller, 
although stabilization is impossible if the control laws Ui(Yi) are 
restricted to be linear if unstable fixed modes exist. 

In a more general setting, Problem 7 . 1  involves N decision makers 
which have to choose Ui(t) independently of each other in order to 
satisfy a common goal. This setting of the problem has already been 
mentioned in Chapter 1 (Figure 1 .3), where these decision makers were 
characterized as local units, which act independently of each other. The 
desire to minimize the performance criterion (7 . 1 .2) may motivate the 
decision makers to use the plant as a communication channel in order 
to inform each other about their measurement data Yi(t) or their 
decisions Ui(t). Then, the decisions can be made on the basis of more 
information and may be better than any decisions which refer only to 
locally available information Yi. This phenomenon is called signalling. 
It leads to non-linear decision rules Ui(Yi). 

In order to make the control applicable as linear feedback it is neces
sary to restrict the accessible inputs explicitly to functions of the form 

or 

U (t) = - Kyy(t) with Ky = diag Kyi 

U (t) =  - Kx(t) with K = diag Ki. 

Then, all signalling phenomena are excluded. 

Problem 7.2 

Solve the optimization problem 

min I subject to eqn (7 . 1 .8). 
U = - diag KyiY 

(7. 1 . 10) 

(7 . 1 . 1 1) 

(7 . 1 . 12) 

This is a parameter optimization problem in which controller parameters 
Kyi have to be found such that the closed-loop system (7 . 1 .8) and 
(7 . 1 . 10) minimizes the objective function (7 . 1 .2). 

A further problem occurs in optimal decentralized control because 
the controller matrices Kyi turn out to depend on the initial state Xo. 
Therefore, the parameter optimization problem (7 . 1 . 12) has to be solved 
for every initial state Xo separately. This is the reason for a further refor
mulation of the optimization problem. As the basis for this the closed
loop system (7 . 1 . 8) and (7. 1 . 10) is represented as 

i = Ax x(O) = Xo (7 . 1 . 13) 
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with 

A = A - BKyC 

1 6 1  

(7 . 1 . 14) 

where B and C are composed of Bsi or Csi, respectively, as in eqn (3 . 1 .3). 
By using the transition matrix 

.+(t) = exp(At) (7 . 1 . 1 5) 

the state trajectory of the closed-loop system (7 . 1 . 1 3) can be represented 
by 

x(t) = + (t)xo. 

Therefore, the performance index (7 . 1 .2) can be rewritten as 

1 = !X6 � :  + '(t)(Q + C'K;RKyC)+(t) dtxo. 

It is known that for every symmetric matrix Q the identity 

x 'Qx = trace(Qxx') 

holds. Hence, eqn (7 . 1 . 17) leads to 

I = !  trace(Pxoxo)  

with 

P = � :  + '(t) (Q + C 'K;RKyC)+(t) dt. 

(7. 1 . 1 6) 

(7 . 1 . 1 7) 

(7 . 1 . 1 8) 

(7. 1 . 19) 

It can be shown that P is the solution of the Lyapunov equation 

(A - BKyC) ' P  + P (A - BKyC) + C 'K;RKyC + Q = O. (7. 1 .20) 

In order to make the optimization problem independent of the 
initial state Xo, the design aim is altered to the new aim of finding a con
troller (7 . 1 . 12) for which the average cost l is minimal. The initial state 
is considered as a random variable and the average value of I is chosen 
as the new objective function 

i = E[l] = E[trace(Pxoxo)] . (7 . 1 .21) 

E [.] denotes the expected value with respect to Xo. If Xo is assumed to 
be uniformly distributed over the n-dimensional unit sphere with 

1 E[Xo x6]  = - I 
n 

the expression 

- 1 
1 = - trace P 

n 
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follows. Obviously, f has the same optimum as 

i= trace P. 

i does not depend on Xo. 

Problem 7.3 

Solve the optimization problem 

min i subject to eqn (7 . 1 .8). 
U = - diag KyiY 

(7 . 1 .22) 

(7. 1 .23) 

Contrary to Problems 7 . 1  and 7.2, this problem yields a linear decen
tralized feedback which is independent of Xo. Therefore, the remainder 
of this chapter will be devoted to Problem 7.3 .  Section 7.2 describes an 
algorithm for solving this problem. 

7.2 AN ALGORITHM FOR SOLVING THE OPTIMIZATION 
PROBLEM 

A Necessary Optimality Condition 

The solution to Problem 7.3 is characterized by an optimality condition 
which can be derived from the gradient of the objective function f with 
respect to the non-vanishing controller parameters entering the matrix 
Ky in eqn (7. 1 . 10). Starting with 

di = lim i{Ky + eoKy) - i(Ky) 
dKy e--+O  e 

with i(Ky) from eqn (7 . 1 .22) and P from (7. 1 .20), a rather lengthy 
manipulation yields 

d
� = 2(RKyC - B 'P)LC' 

where L is the positive symmetric solution of the equation 

(A - BKyC)L + L(A - BKyC) , + I = O. 

(7 .2. 1 )  

(7.2.2) 

Such a matrix L exists if and only if the closed-loop system matrix 
A - BKyC is stable. From 

. 

di = 0  
dKy 

co
nt

ro
len

gin
ee

rs
.ir



An Algorithm for the Optimization Problem 

the necessary optimality condition 

Ky = R- 1B 'PLC '(CLC,)- 1 

follows. 

Theorem 7.1 

163 

(7.2. 3) 

The decentralized feedback controller (7 . 1 . 10) that solves Problem 7.3  
satisfies the following optimality conditions 

Ky = R- 1B 'PLC'(CLC,)- 1 

(A - BKyC) 'P  + P (A - BKyC) + C 'K}RKyC + Q = 0 
(A - BKyC)L + L(A - BKyC) ' + 1 =  o. 

Note that eqn (7.2.3) coincides with (7. 1 .6) if the number of subsystems 
is restricted to N = 1 and if C.1 = C = I holds. That is, the performance 
indices j and I yield the same controller matrix K if they are both applied 
to the centralized control problem (7. 1 . 3). 

Solution of the Optimization Problem 

Optimal controller gains can be obtained as solutions of the three matrix 
equations given in Theorem 7 . 1 .  Different iterative procedures have been 
proposed, but only a few of them are proved to converge to the optimal 
solution. The algorithm, which will now be explained, is known to 
improve the solution in every iteration step if it is initialized by a stabil
izing feedback K�. 

The algorithm has been elaborated under the assumption that in the 
overall system (7. 1 .8), which can be written in the unstructured form 

x = Ax + Bu 
y = Cx (7.2.4) 

the matrix B is block diagonal, B = diag Bjj. Furthermore, a decentral
ized state feedback 

Uj = - Kjxj. 

is used (i.e. Yj = Xj). Then, eqns (7 . 1 .20) and (7.2.2) read as 

(A - BK) ' P  + P(A - BK ) + K'RK + Q = 0 
(A - BK )L + L(A - BK ) '  + I = 0 

(7.2 . 5) 

(7.2 .6) 

(7.2.7) 

co
nt

ro
len

gin
ee

rs
.ir



164 Optimal Decentralized Control 

with K = diag Kj. A search procedure with the structure of the 
Davidon-Fletcher-Powell variable metric method can be used to find 
the optimal feedback matrix K = diag Kj. 

Algorithm 7.1 (Optimal decentralized control) 

Given: Plant model (7.2.4), controller structure constraints, initial feed
back matrix KO = diag KP for which the closed-loop system matrix 
AO = A - BKo is stable; k =  1 .  

1 .  Determine p k  and L k as solutions of eqns (7 .2.6) and (7 .2.7) 
with K = Kk- 1 • 

2. Determine dildK from eqn (7.2 . 1) with Kk- 1 ,  p k  and Lk. Let 
nk  = diag nf where n jk denotes the diagonal blocks of dildK. 

3 .  Determine a step size Sk  for which J(Kk- l - sknk) < J(Kk) 
holds. Let Kk = Kk- 1 - sknk. 

4. If Sk I I nk I I < e holds for a given threshold e, stop; otherwise let 
k = k + 1 and proceed with step 1 .  

Result: Near-optimal gain matrix K k  = diag Kf of the decentralized 
controller (7.2.5). 

Step 3 includes a one-dimensional search concerning the step size Sk. 
Well-known methods from static optimization can be used for it. The 
properties of the algorithm are described by the following Lemma. 

Lemma 7.1 

Assume that the pair (A, Q) with Q IQ = Q is observable and that the 
decentralized controller Kk leads to a stable closed-loop system. Then 

(i) there exists a step size Sk such that 

J(Kk- l _ sknk) < J(Kk) 

holds and 
(ii) Kk = Kk- 1 - sknk is a stabilizing feedback, that is the closed

loop system matrix A k = A - BKk is stable. 

That is, the algorithm does not produce instability within the closed
loop system if it is initialised by a stabilising feedback. In each iteration 
step the feedback gain is improved. 
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An Algorithm for the Optimization Problem 165 

Initialization oj the algorithm 

Since a stabilizing decentralized controller has to be given, a major 
problem of decentralized control has to be solved before Algorithm 7 . 1  
can be started. The following algorithm for finding such controller gains 
is based on sensitivity considerations of the dominant eigenvalues of the 
closed-loop system. The sensitivity of an eigenvalue A of the matrix 
A(p) with respect to the parameter p is described by eqn (A1 .6). It will 
be used here with respect to the dominant eigenvalue 

A: = max AdAk- I] (7.2.8) 
j 

of the matrix 

Ak- I  = A _ BKk- 1 (7 .2.9) 

and the non-zero elements kt of the controller matrix Kk: Gk = (gt) 
with 

k dA� vk 'bju} k gij = 
dk 

= kt k for kij ;c 0 
ij v U 

k dA� k gij = -- = O  for kij = O. 
dkij 

(7.2. 10) 

bi is the ith column of the matrix B in eqn (7.2.4); Uk = (uf . , .  u!) ' and 
Vk l are the right and left eigenvectors, respectively, or Ak-I , which 
belong to A�. 

Algorithm 7.2 

Given: Plant model (7.2.4), controller structure constraints, an arbitrary 
initial controller matrix KO; k = 1 .  

1 .  Determine A �  from eqns (7.2.8) and (7.2.9). 
2. If Re [A� ]  < 0 holds, stop; otherwise proceed with step 3. 
3 .  Determine U jk, vt' from eqns (AL l) and (A1 .2), and the 

gradient Gk according to eqn (7 .2. 10) .  
4.  Search for a step size Sk such that the dominant eigenvalue 

of A k = A k- I - skBGk is minimal. Let Kk = Kk- I - skGk• 
Proceed with step 2 .  

Result: Decentralized control for which the closed-loop system is stable. 

This algorithm can be used only as long as the dominant eigenvalue is 
single. However, a multiple eigenvalue A� can be made single by 
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166 Optimal Decentralized Control 

changing the controller gain Kk slightly. If A� converges to some value 
with positive real part, restart the algorithm with new initial controller 
gains. Although encouraging results have been reported with this algo
rithm, for particular controllers such as decentralized PI controllers 
better methods are available and should be used for initializing Algo
rithm 7 . 1  (cf. Chapter 1 1). 

7.3 GLOBAL OPTIMALITY OF THE OPTIMAL CONTROLLERS 
OF ISOLATED SUBSYSTEMS 

In this section an answer is given to the question of under what con
ditions the control stations of the optimal decentralized controller can 
be designed as optimal controllers of isolated subsystems. A condition 
will be derived under which the optimal centralized controller of the 
overall system represents a decentralized controller. This condition 
depends on the system properties as well as the performance index. In 
Chapters 9-12 the method of designing the control stations independ
ently of each other will be extended to design problems in which the 
condition derived below is not satisfied. 

The overall system is described by the model (3 . 1 . 16) 
N 

Xi(t) = Aiixi(t) + � Aijxj(t) + BiUi(t) 
j= l 
j ¢ i 

or, equivalently, by 

x = Ax + Bu 
y = Cx 

(i = I , . . .  , N)  

(7 .3 . 1 )  

with B = diag Bi and C = diag Ci. Each subsystem is  associated with a 
performance index 

1 r oo  l; = 2: J 0 (X!QiXi + U!RiUj) dt (7.3 .2) 

where the weighting matrices Qj and Rj are symmetric non-negative 
definite or positive definite, respectively. Each isolated subsystem 

Xj(t) = Ajxj(t) + Bjuj(t) 
Yj(t) = C;Xj(t) 

(7.3 .3) 

with Ai = Aii is assumed to be controllable. Furthermore, the goals of 
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the subsystems are assumed to be in harmony. That is, the overall 
system performance index equals the sum of the subsystem indices so 
that 

N 1 r DO 
1 =  

i
� h = "2 J o 

(x 'Qx + u 'Ru) dt (7.3 .4) 

holds with Q = diag Qi and R = diag Ri. 

Three Alternative Design Problems 

Optimal control of isolated subsystems 

If the control stations 

Ui = - KiXi (7 .3 .5) 

are designed as optimal controllers of the isolated subsystems (7 .3 .3), 
the controller matrices Ki are obtained as the solution of the optimiza
tion problems 

min Ii subject to eqns (7 .3 .3) and (7 .3 .5). (7 .3 .6) 
Ki 

These optimization problems can be solved independently of each other. 
Their solutions are labelled with a superscript '0' : 

(7 .3 .7) 

holds where P r satisfies the algebraic Riccati equation of the ith 
subsystem 

A/Pr + prAi - PfBiRi1B/Pf + Qi = O. (7.3 .8) 

The minima of the performance indices of the isolated subsystems are 
given by 

u = x/oP fXiO. (7 .3. 9) 

If no interactions between the subsystems are effective and, thus, eqn 
(7.3 . 1) holds with Aij = 0 (i � j), the decentralized controller (7 .3 .5) and 
(7.3 .7) is globally optimal, that is it is the solution of the problem 

min I subject to eqns (7 .3 .3) and (7.3 .5). 
K = diag Ki 

The overall system performance index is given by 
N N 

1° = � U = � xci diag P fxo. 
i= 1  i= 1  

(7 . 3 . 10) 

Under the influence of the interactions the value of the global index I 
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168 Optimal Decentralized Control 

can be represented as 

p = x6P'xo. (7. 3 . 1 1) 

pg is the positive definite solution of the Lyapunov equation 

(A - BKO) ' pg + pg(A - BKO) + KO ,  diag R;Ko + diag Qi = 0 
(7 . 3 . 12) 

where KO = diag KjO holds (cf. eqns (7. 1 . 17) and (7. 1 .20» . Depending 
upon the matrices Aij the value Ig can be less than, equal to or greater 
than r 

(7.3 . 1 3) 

Optimal decentralized control 

If the decentralized controller (7 . 3 .5) is determined as a solution of the 
optimization problem 

min I subject to eqn (7. 3 . 1 )  (7.3 . 14) 
U =  -diag KiX 

the performance index I assumes its minimum Id with respect to the 
structural constraints given by the decentralization of the control law. 
The solution is denoted by Kd = diag Kf. Similarly to I in (7 . 3 . 1 1) and 
(7 . 3 . 12), 

(7. 3 . 1 5) 

holds with pd a positive definite solution of the Lyapunov equation 

(A - BKd ) ' pd + pd(A - BKd ) + Kd diag RiKd + diag Qi = O. 
(7. 3 . 16) 

Obviously, 

Id � Ig (7 . 3 . 17) 

holds since the problem (7.3 . 14), which yields Id, concerns the sub
system interactions. As known from Section 7 . 1 ,  the optimal solution 
K d depends upon Xo and so does the matrix pd. 

Optimal control of the overall system 

The third alternative controller can be obtained as the solution of the 
optimization problem 

min I subject to eqn (7 .3 . 1 )  (7 .3 . 18) 
U =  - Xx  
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which yields the optimal centralized controller 

u(t) = - K*x(t) 
K* = R- 1B 'P* 

169 

(7.3 . 19) 

(7 .3 .20) 

with p* the positive definite solution of the algebraic Riccati equation 
of the overall system 

A'P* + p* A - P*BR- 1B 'P* + Q = O. 

The performance index has the value 

1* = x6P*XQ. 

A comparison of all three controllers yields the relations 

1* � Id � Ig and 1* � r. 

Systems With Neutral Interactions 

(7.3 .21) 

(7.3 .22) 

(7 .3 .23) 

Now, the question will be answered under what conditions eqn (7 .3 .23) 
holds with the equality signs. The system matrix A of the overall system 
(7 .3 . 1 )  can be decomposed into 

A = Ao + Ac with Ao = diag Aii (7.3 .24) 

(cf. eqn (3. 1 . 18» . The matrix Ac describes the interactions between the 
subsystems. If the subsystems are not interconnected (Ac = 0) all design 
problems yield the same solution, that is 

K* = diag Kf 

I* = Id = Ig = Io 

(7 .3 .25) 

(7 .3 .26) 

hold. The question arises for which non-trivial interactions (Ac ¢ 0) 
these relations are also true. 

A classification of the subsystem interactions can be defined 
according to the relation between IS and 1° since these values describe 
the performance of the decentralized controller (7 .3 .5) and (7.3 .7) in 
connection with the interaction-free overall system and the subsystems 
under the influence of the interactions, respectively. 

Definition 7.1 

For given performance indices (7 .3 .2) the subsystem interactions are 
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1 70 Optimal Decentralized Control 

called 

(a) neutral if 

Ig = 1° 
holds, 

(b) beneficial (or cooperative) if Ig < r holds, 
(c) non-beneficial (or competitive) if Ig > r holds. 

(7 .3.27) 

That is, neutral interactions do not change the value of the performance 
index of the decentralized controller (7 .3.5) and (7 .3 .7) whereas 
beneficial interactions make the performance of the overall system better 
than the performances of the isolated subsystems. Note that this defini
tion refers to the closed-loop system for a given performance index. 
Hence, the three characterizations describe properties of the interactions 
within the closed-loop system rather than plant properties. 

Although Definition 7 . 1  does not refer to the optimal centralized 
controller, the following theorems show that both the equations (7 .3.25) 
and (7 .3.26) are valid if the interactions are neutral. 

Theorem 7.2 

The subsystem interactions are neutral with respect to the performance 
index (7 .3 .2) if and only if the interaction matrix Ac can be factorized as 

Ac = S diag P1' (7 .3 .28) 

where the matrices P l' (i = 1 ,  . . .  , N) are the solutions of eqn (7 .3 .8) and 
S is some skew-symmetric matrix (i.e. S = - S '  holds). 

Proof 

To prove the necessity of eqn (7 .3 .28) assume that Ig = 1° and, thus, 
pg = diag P1' hold. Then eqns (7 .3 .7), (7.3 . 12) and (7 .3.24) yield 

Ab diag P l' + diag P l' AD - diag P 1'B diag R;- lB '  diag p;o 
+ diag Q; + Al: diag P l' + diag P l' Ac = O. (7.3 .29) 

Since the first four terms coincide with the left-hand side of eqn (7.3 .8) 
for i =  1 ,  . . .  , N, eqn (7.3 .29) reduces to 

diag P1'Ac + At diag P1' = O. 

Therefore, 

Ac diag P1' = - diag P1'Al: = S  
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Global Optimality 1 7 1 

represents some matrix S, which is skew-symmetric. If S is chosen to be 
S = diag P fS diag P f, then eqn (7 .3 .28) results. 

To show the sufficiency of eqn (7 .3 .28), eqn (7 .3 . 12) is transformed 
into 

AbPg + pgAn - pgB diag Ri 1B 'pg + diag Qi 
+ (pg - diag Pf)B diag Ri- 1B '(pg - diag P f) 
- diag PfsPg + pgs diag pf = 0 (7 .3 .30) 

where eqns (7 .3 .7), (7 .3 .8) and (7 .3 .28) have been used. It follows from 
eqn (7 .3 .8) that the matrix diag P? is positive definite and satisfies 

Ab diag P?  + diag P fAn - diag P fB diag Ri- 1B '  diag P iO 
+ diag Qi = O. 

Therefore, pg = diag Pio is positive definite and satisfies eqn (7.3 .30) .  
Hence, [g = [0 holds. 0 

Similarly, it can be proved that the solution of the optimization problem 
(7 .3 . 18) is a decentralized controller if the interactions are neutral. 

Theorem 7.3 

The solution of the optimization problem (7 .3 . 18) is a decentralized con
troller (7 .3 .5) and (7 .3 .7) if and only if the subsystem interactions are 
neutral. 

As a result of eqn (7.3 .23), Theorems 7.2 and 7.3  lead to the following 
corollary. 

Corollary 7.1 

Eqns (7 .3 .25) and (7 .3 .26) hold if and only if the subsystem interactions 
are neutral with respect to the given performance index (7 .3 .2). 

This result has several interesting consequences. First, eqn (7 .3 .28) 
represents a necessary and sufficient condition under which the locally 
optimal controllers optimize and, hence, stabilize the overall system. 
The stabilization and optimization problems can be exactly represented 
as N independent design problems (7 . 3 .6) .  All calculations that are 
necessary for the solution of these design problems refer merely to the 
isolated subsystems and involve manipulations with matrices of low 
order. 
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1 72 Optimal Decentralized Control 

Second, eqn (7.3 .28) clearly shows that these results hold true only 
for a restricted class of overall systems. The matrix Ac has to possess 
a specific property which for N = 2 is represented by 

A = ( 0  S12PT\ 
c - S/2PY 0 ) 

where the matrices P jO (i = 1 , 2) are the solutions of eqn (7.3 .8) and S12 
is an arbitrary matrix. This property depends not only on the plant but 
also on the given performance index. In Section 9.2 methods will be pre
sented that likewise use the optimal controllers of the isolated sub
systems but do not restrict the systems to those with neutral interactions . 

7.4 DECENTRALIZED OBSERVERS 

A short note is now in order concerning the application of controllers 
that represent decentralized feedbacks of the overall system state x 

(7 .4. 1) 

or the subsystem state Xj 

Uj = - Kjxj (7.4.2) 

(compare, for example, eqns (6.3 .2), (6.3 .7) or (7 .3 .5» . In practical situ
ations the complete state is not accessible and only some outputs Yj can 
be measured. For the controllers (7.4.1)  or (7.4.2) the state x or Xi, 
respectively, has to be reconstructed. It will now be seen that the state 
reconstruction gives rise to considerable difficulties since the decentral
ized structure of the feedback must not be destroyed by the observer. 

Reconstruction of the Overall System State x 

The first observation problem occurs if the controller (7 .4. 1) is to be 
applied. For each control station an estimate x of the whole state vector 
x must be available. If the classical observer theory was applied (Section 
2.2), the observer would consist of the plant model with a feedback of 
the estimation error Y - Y (Figure 2.3). Even if the feedback matrix Eb 
is block diagonal, the controller, which consists of the observer and the 
decentralized feedback (7 .4. 1), is not decentralized but centralized, 
because Uj is related to Yj (i ;c j) via the plant model within the observer. 

An alternative way is to build separate observers OJ at each channel 
(Uj, Yj) (Figure 7. 1). Here, severe difficulties arise owing to the fact that 
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Plant w ith state x 

Figure 7 . 1  Decentralized observation of the overall system state 
x(t) 

1 73 

any observer can be designed only if the dynamics of the whole system 
to be observed is known. For each observer in the structure of Figure 7 . 1  
the system under consideration consists of  the plant as well as the 
observer at all the other channels. In principle, each observer has to 
reconstruct not only the plant state x, but the states of all other 
observers OJ U ¢ i) too. This phenomenon is called second guessing. As 
a consequence, the dynamical order of OJ has to be made sufficiently 
large. If the point of view is moved now from OJ to another observer 
Ok it becomes clear that the observation problem for Ok is related to the 
large state vector of the observer OJ. The order of the observer Ok has 
to be extended accordingly. It this process proceeds, no upper bound on 
the dynamical order of the observers can be found. Furthermore, the 
separation theorem (Theorem 2.8) no longer holds. 

A way out of this situation is the sequential design of the observers. 
Then, the system to be observed consists of the plant in connection 
with the control stations that have already been applied. In each step 
a classical observation problem has to be solved. The separation 
theorem holds for each step. However, this design method is, for really 
large systems, only of theoretical importance since the dynamical order 
of the system to be observed and, thus, the observer to be built increases 
rapidly from one step to the next. It can be used practically only if the 
observation problem can be reasonably solved for low-order approx
imate models of the system to be observed. This is possible if the 
interactions within the system are weak. 

Reconstruction of the Subsystem State Xi 

The second observation problem has to be solved if the controller (7.4.2) 
were to be applied. At each channel (Ui, Yi) only an estimate Xi of the 
state Xi of the subsystem has to be made available by the observer OJ 
(Figure 7.2). 
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Subs�sterri 2 
with state Xz 

Figure 7 .2  Decentralized observation of  the subsystem state Xi(t) 

A solution to the problem of reconstructing the subsystem state Xi 
from knowledge of the subsystem input Ui and output Yi exists only 
under restrictive conditions. Note that the subsystem to be observed has 
the interconnection input Si which is unknown for the observer Oi. 
Therefore, the reconstruction of Xi includes the reconstruction of Si. 
Roughly speaking, this is possible only if the available information Ui, Yi 
is 'large enough' .  

The problem becomes simple if  in addition to Yi the interconnection 
input Si can be measured as well (dashed line in Figure 7.2). This is poss
ible, for example, in power systems (Example 3 .5) where the intercon
nection input Si = f is measurable in all parts of the net. Then, the 
observation problem for each channel is the classical one. It can be 
solved by means of Theorem 2.7. Moreover, it can be shown that the 
separation Theorem 2.8 does hold for the overall decentralized control 
system. That is, the eigenvalues of the closed-loop system consist of 
those of the system with state feedback (7 .4.2) and of the observers . 

A second method of solving this observation problem will be 
outlined in Chapter 9, where the controller design and, in extension to 
this, the observer design are carried out for isolated subsystems. Then 
the separate problems of observing the subsystem states are classical 
even if Si is not measurable. 

BIBLIOGRAPHICAL NOTES 

The severe difference between Problem 7 . 1  and the similar problem for 
centralized control was highlighted by Witsenhausen (1968) who gave a 
simple example showing that the solution to a problem similar to 
Problem 7. 1 is represented by a non-linear function Ui(Yi). Methods for 
solving Problem 7 .2 have been given by Hassan and Singh (1978) and 
surveyed by Singh and Titli (1978) .  They derived the two-point-
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boundary-value problem and developed a three-level algorithm for 
determining the solution to this problem. 

Problem 7.3 was derived and solved for optimal output feedback by 
Levine and Athans (1970) and extended to decentralized control by 
Kosut (1970) . Levine and Athans also derived eqn (7 .2.1), which has 
been given here without proof. A more general consideration of derivat
ives of the form (7.2. 1) can be found in the work by Berger (1976). 

Several search procedures have been developed for the determina
tion of the optimal control law from the optimality conditions presented 
in Theorem 7 . 1 ,  for example by Levine and Athans (1970) or Naeije et 
al. (1973). Algorithm 7 . 1  is due to Geromel and Bernussou (1979a) who 
also gave the initialization procedure summarized in Algorithm 7.2. An 
optimal decentralized frequency-power controller for a power system of 
order 1 19 has been designed by Davison and Tripathi (1978). 

Davison and Gesing (1979) proposed a sequential optimization pro
cedure to solve Problem 7.3 .  One control station at a time is designed 
by means of the LQ principle as known from centralized control (Sec
tion 2.4) while the other control stations remain unchanged. In the first 
N steps the control stations are designed and applied sequentially, 
whereas all further steps serve to improve the ith control station for the 
plant with all other N - 1 controllers attached. The procedure stops if 
the difference between the old and the new controller is small. 

The relation between the optimality of the decentralized controller 
of the overall system and the optimality of the control stations for the 
isolated subsystems has been intensively investigated. For example, 
Ozgiiner (1975a) proved that for each stabilizing decentralized controller 
there exist weighting matrices Q and R such that the decentralized con
troller is the optimal controller of the overall system. Unlike the results 
presented in Section 7.3 Ozgiiner used different performance criteria for 
the subsystems and the overall system. Theorems 7 .2 and 7 .3 have been 
derived from results presented by Sundareshan ( 1977a). 

All these investigations concern the evaluation of the system behav
iour in terms of a scalar performance index I. The more general problem 
of deriving conditions on the subsystem behaviour which ensure the 
practically relevant requirements of disturbance rejection, command 
following and stability within the overall closed-loop system is lacking 
a solution. Looze et al. (1982) and Medanic et al. (1989), however, have 
carried out some preliminary steps . 

All these results are based on considerations and manipulations with 
the overall system model. They provide restrictions on the numerical 
values of the overall system and, thus, are difficult to check because of 
the dimensionality and uncertainties of large-scale systems. To circum
vent these difficulties, two alternative approaches have been developed .  
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1 76 Optimal Decentralized Control 

The aim of the first is to characterize larger classes of systems, for which 
stabilizing decentralized controllers are known to be globally optimal. 
Yasuda and Hirai (1980) and Ikeda et al. (1983) derived restrictions that 
concern the positions of non-zero entries of the interconnection matrix 
Ac. Results of this kind lead to structural constraints on the plant for 
which completely decentralized design schemes as discussed in 
Chapters 9-12 can be used. The second approach utilizes robustness 
properties of the closed-loop system for proving the applicability of 
control stations which have been designed independently for the isolated 
subsystems. This approach will be presented in Chapter 9. 

The decentralized observation problem was considered very early 
on. Aoki and Li (1973) described a manifold X(t) in which the overall 
system state x lies at time t. This manifold can be determined from the 
locally available information Yi(l), Oi(l) (0 < 1 <  t) at time t. Fujita 
(1974) and Yoshikawa and Kobayashi (1975) derived necessary and suffi
cient conditions on the subsystems under which observers can be 
designed, which reconstruct Xi (and Si) from Yi and Oi for unknown inter
connection input Si(t). Sanders et al. (1976) proved that the separation 
theorem holds for the scheme of Figure 7.2 if the interconnection inputs 
are measurable. They point to the fact that if no complete measurement 
of Si is possible the observers have to exchange information (Sanders et 
al. 1977). So-called 'decentralized estimation schemes' were proposed by 
Siljak (1978) and Mahmoud and Singh (198 1b), but these are classical 
observers for which only the error feedback matrix Eb is block diagonal 
(Figure 2.3) or where the plant model has been decomposed into the sub
systems and the interaction relation (estimator with 'multilevel struc
ture'). The use of decentralized controllers which include observers in 
each control station have been investigated, for example, by Bachmann 
and Konik (1984) and Kuhn (1985). A detailed discussion of decen
tralized observation and some approximate solutions, which lead to 
completely decentralized controllers, can be found in the monograph by 
Litz (1983). co
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8 

Sta b i l ity Ana lysis of 

I ntercon n ected System s  

8.1 THE COMPOSITE-SYSTEM METHOD FOR STABILITY 
ANALYSIS 

This and the succeeding chapters are devoted to the decentralization of 
the analytical and design tasks. Unlike the methods presented so far, the 
methods that will now be derived do not use a description of the overall 
system. They do not even assume that such a model is available. 
Although the development of these methods may start with manipula
tions including the overall system and the whole decentralized controller, 
all the analytical and design steps refer merely to precise or approximate 
models of the subsystems or to considerably simplified overall system 
descriptions. 

In the field of stability analysis, the 'composite-system method' has 
been developed as a general framework for deriving stability criteria 
(Figure 8 . 1). The method utilizes the natural or heuristically introduced 
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Figure 8 . 1  'Composite-system method' for stability analysis 
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decomposition of the given system S into different subsystems Sj (3 . 1 .4) 
and an interconnection relation (3 . 1 .6) denoted by K. 

Two ideas provide the motivation for this method. The first is given 
by the fact that if all subsystems Sj are stable then the overall system S 
is stable for vanishing interactions (L = 0). Owing to the continuity of 
the relation between the overall system eigenvalues and the entries of the 
interconnection matrix L, the system S can be expected to be stable also 
for 'small' interactions. That is; the composite-system method has been 
elaborated to tackle the following problem. 

Problem 8.1 

Suppose that the isolated subsystems Sj are stable. Under what con
ditions on the interaction relation K does the stability of the subsystems 
guarantee the stability of the overall system S1 

The second idea refers to information about the system, which is neces
sary for answering this question. Since the dimensionality of the system 
equations and the uncertainties of the model make the use of a complete 
model questionable, the stability analysis should be carried out by means 
of aggregate models SI of Sj and K' of K (Figure 8 . 1) .  

Both ideas together bring about conceptual simplifications because 
the stability analysis of the large-scale system S is replaced by the ana
lysis of the low-order linear model S' ,  which is very simple indeed. 
Moreover, the subsystems and interactions have to be known only to the 
extent that aggreg!!.te models SI and K' can be set up. 

The following algorithm provides the framework for the stability 
tests which will be derived in the next sections . 

Algorithm 8.1 (Stability analysis of interconnected systems) 

Given: System composed of subsystems Sj (i = 1 , 2, . . .  , N) and an inter
action relation K. 

1 .  Check the stability of the subsystems Sj and determine 
approximate models SI of all subsystems Sj. If not all sub
systems are stable, stop (the method is not applicable). 

2. Determine an aggregate interconnection relation K' . 
3 .  Combine the subsystems S' via the interconnection relation K' 

to get the aggregate model S' .  
4 .  Prove the stability of  S ' .  
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Stability Analysis with Scalar Lyapunov Functions 1 79 

Result: If 8' is stable then the original system 8 is known to be stable. 

In order to refine this algorithm the following questions arise: 
• Which subsystem properties are important for testing the overall 

system stability and by what approximate models 8/ are they 
represented? 

• In what way can the interaction relation be aggregated so that 
81 can be coupled via K' to an aggregate overall system 8'? 

• Under what conditions is the aggregate system 8 '  stable? 
• Under what conditions does the stability of 8' imply the stability 

of 8? 
The following sections provide different answers to these questions. 

8.2 STABILITY ANALYSIS WITH SCALAR LYAPUNOV 
FUNCTIONS 

The first method for analysing the stability of interconnected systems 
uses Lyapunov functions Vi(Xi) of the subsystems as a means to deter
mine the simplified subsystem models 81 (Figure 8 . 1) .  Consider the 
autonomous system (u = 0) which is described by the interconnection
oriented model (3 . 1 .4), (3 . 1 .5): 

Xi = Aixi + EiSi 
Zi = CziXi 

and 
s = Lz. 

Xi(O) = XiO (8 .2. 1) 

(8 .2.2) 
The system has a unique equilibrium point x = 0 whose stability should 
be investigated. The isolated subsystems 

xi = Aixi Xi(O) = XiO (8.2.3) 
are assumed to be stable, that is all eigenvalues of the matrices Ai 
(i = 1 , 2, . . .  , N) have negative real parts. Then there exist Lyapunov 
functions 

Vi(Xj) = X/PiXi (8 .2.4) 
for all subsystems with Pi a symmetric positive definite matrix. Such a 
matrix can be found by solving the Lyapunov equation 

A/Pi + PiAi = - Qi 

for some symmetric positive definite matrix Qi. The functions Vi(Xi) are 
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180 Stability Analysis of Interconnected Systems 

positive definite 
Vi > 0 for Xi ¢ 0 (8 .2.5) 

and have a non-positive definite derivative along the trajectory of the 
isolated subsystem (8.2 .3) 

. 
I 

dVi (dVi\' . 0 Vi SS =(it= dxi) Xi � • (8 .2.6) 

The Lyapunov functions Vi (Xi) describe the stability property of the sub
systems and should be used to derive the global model SI.  To this end, 
four constants Cij (i = 1 ,  2, . . .  , N; j = 1 ,  . . .  , 4) are determined for each 
subsystem such that the following inequalities hold 

Cil I I  x; \1 2 � Vi (Xi) � Ci2 1 1 Xi 11 2 
v; \ss � - ci3 11 Xi 1l 2 

(8 .2.7) 
(8 .2.8) 

(8.2.9) 

Appropriate values for cij can be derived from eqns (8.2.4)-(8.2.6) as 
follows. From 

Amin [P;] I I Xi 11 2 � Vi � Amax [P;] II Xi 11 2 
and 

dv· -' = 2PiXi dxi 
the constants Cil . Ci2 and Ci4 follow: 

(8 .2. 10) 
(cf. conditions (Al .28) and (Al .29» . The derivative (8 .2.6) of Vi can be 
written as 

vi l ss = (d
Vi)' Xi = X/(PiAi + A/Pi)Xi = -X!QiXi dXi 

� - Amin [Q;] I I  Xi 11 2 . 
Hence, eqn (8.2.8) holds with 

Ci3 = Amin [Q;] . (8.2. 1 1) 
Two further constants bi! and bi2 have to be determined for all sub

systems (8.2. 1) so that 
II EiSi II � bil ll Si I I 

I I  Zi I I � bi2 11 Xi I I 
(8.2. 12) 

co
nt

ro
len

gin
ee

rs
.ir



Stability Analysis with Scalar Lyapunov Functions 

hold. Possible values are 
bil = II Ei II 

The interconnection relation (8 .2.2) is aggregated as 
N 

I I si ll � � lij I I Zj II j= l 
with 

lij = I I Lij I I . 

181  

(8.2. 1 3) 

(8.2. 14) 

(8 .2. 15) 
The stability of the interconnected system can be analysed with Cij, bil 
and bi2 as information about the subsystems and lij about the inter
actions. This will be done by investigating the question of under what 
conditions there are positive constants ai > 0 such that the sum 

N 
v(x) = � aivi(xi) (8 .2. 16) i= 1 

is a Lyapunov function of the overall system (8.2. 1 )  and (8.2.2). Obvi
ously, the function v(x) is positive for x ;t. 0 and, thus, can be used 
as a tentative Lyapunov function, that is as a function for which the 
property 

' 1 (dV)" 0 V os = dx x � 
remains to be proved. If this proof is successful, v(x) defined in eqn 
(8.2. 1 6) is a Lyapunov function of the overall system (8.2. 1) and (8.2.2) 
and thus the overall system is stable. 

The time derivative of v(x) along the trajectory of the overall system 
(8 .2. 1) and (8.2.2) can be written as 

N (dVo)' N [(dVo)' (dVo), ] v(x) los = o� ai -d : Xi = o� ai dx: A/Xi + -d : EiSi . , = 1 X, , = 1 , X, 
The first term within the parentheses represent Vi I ss. Because of the 
inequalities (A1 .28) and (A 1 .  29) the expression above yields 

N 
v(x) los � � ai( - Ci3 1 1 Xi 11 2 + Ci4 1 1 Xi 1I IIEiSi II ) i= 1 

(8.2. 17) 
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182 Stability Analysis of Interconnected Systems 

where 

and 
S = (sij) 

Sii = Ci3 - ci4bil/iibi2 
Sij = - Ci4bjdijbj2 for i � j 

hold; v is negative for x � 0 if the symmetric matrix 
S = (diag OjS + S' diag Oi) 

is positive definite. 

Lemma 8.1 

(8.2. 18) 

Consider a composite system (8.2. 1) and (8.2.2) with stable subsystems 
(8.2.3). Assume that bounds Cij, bij and lij of the Lyapunov functions of 
the isolated subsystems and the interaction relation, respectively, are 
known (cf. eqns (8.2.7)-(8.2.9), (8.2. 12), (8.2. 14». If there exist con
stants OJ such that the matrix (diag OJ S + S' diag OJ) with S from eqn 
(8.2. 18) is positive definite then the overall system (8 .2.1) and (8 .2.2) is 
stable. 

This result can be reformulated as follows. Since S is a matrix with non
positive non-diagonal elements (Sij � 0), and because of the property of 
M-matrices stated in Theorem A1 .4(iii) in Appendix 1 ,  the condition 
stated in Lemma 8 . 1  can be replaced by an equivalent condition claiming 
S to be an M-matrix. 

Theorem 8.1 

Consider a composite system (8.2. 1) and (8 .2.2) with stable subsystems 
(8 .2.3). Assume that bounds cij, bij and lij of the Lyapunov functions of 
the isolated subsystems and the interaction relation, respectively, are 
known (cf. eqns (8.2.7)-(8 .2.9), (8 .2 .12), (8 .2. 14». If the matrix S in 
eqn (8 .2. 18) is an M-matrix the overall system (8 .2.1) and (8.2.2) is 
stable. 

This theorem leads to the following stability test, the main steps of 
which correspond to those of Algorithm 8 . 1 .  
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Stability Analysis with Vector Lyapunov Functions 183 

Algorithm 8.2 (Stability test with scalar Lyapunov junctions) 

Given: Interconnected system (8.2. 1) and (8.2.2). 
1 .  Check the stability of the isolated subsystems (8.2.3) and deter

mine Lyapunov functions (8.2.4). If one or more subsystems are 
unstable, stop (the method is not applicable). Determine the 
constants CIj, bij according to eqns (8.2 . 10), (8.2. 1 1), (8 .2. 13) for 
a pair Pi, Qi which satisfies the subsystem Lyapunov equation .  

2. Determine lij in eqn (8.2. 15). 
3. Determine the matrix S from eqn (8.2. 1 8). 
4. Check whether S is an M-matrix. 

Result: If S is an M-matrix then the system (8.2. 1 )  and (8 .2.2) is stable. 

If instead of eqns (8.2. 1) and (8.2.2) the model (3 . 1 . 16) is used the 
matrix S can be determined with I I Aij II replacing the term bil/ijbj2. 

In this stability test, the function v (x) defined in eqn (8.2. 16) is used 
to characterize the stability properties of the original system S. Since v 
has to satisfy merely an inequality, the description (8 .2. 17), which 
represents an autonomous aggregate system S I on the right-hand side of 
Figure 8 . 1 ,  is by no means a complete model of the original system. The 
advantage of applying the composite-system method is the simplicity of 
the stability test. Merely an (N, N) matrix S has to be checked for the 
n-dimensional system (8.2. 1) and (8.2.2). Moreover, the test can be used 
if the system is not completely known. Only that information about the 
system S has to be available which makes the determination of the con
stants Cij, bij and lij used in eqns (8.2.7)-(8.2.9), (8 .2 .12) and (8 .2. 14) 
possible. 

8.3 STABILITY ANALYSIS WITH VECTOR LYAPUNOV 
FUNCTIONS 

In this section, an alternative stability test is derived for the same kind 
of autonomous interconnected systems 

Xi = Aixi + E,'Si 
Zi = CziXi 

and 
s = Lz. 

(8 .3 . 1 )  

(8 .3 .2) 
The main difference with the method derived in the preceding section is 
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184 Stability Analysis of Interconnected Systems 

the fact that the Lyapunov functions Vi(Xi) of the subsystems will not be 
combined to a scalar Lyapunov function (8 .2. 1 6) but to a vector v(x) 
that can be interpreted as the state vector of the aggregate model S'  (cf. 
eqn (8.3 . 1 3) below). 

For the isolated subsystems, which are assumed to be stable, 'first
order' Lyapunov functions 

(8.3 .3) 
have to be constructed. Appropriate matrices Pi can be obtained as the 
solution of the Lyapunov equation 

A/Pi + PiAi = -Qi. 
The functions Vi(Xi) are positive definite and have a non-positive definite 
derivative along the trajectory of the isolated subsystem 

I dVi (dVi) , . Vi SS = dt = dxi Xi � O. (8.3 .4) 

Similarly to eqns (8 .2.7)-(8.2.9) four constants Cij (i = 1 , 2, . . .  , N; 
j = 1 ,  . . .  , 4) are determined for every subsystem such that the following 
inequalities hold 

Cil I I Xi I I � Vi(Xi) � Ci2 11 Xi II (8.3.5) 

1 1::11 � Ci4. 

(8.3.6) 

(8 .3 .7) 

Appropriate values for cij can be determined analogously to eqns 
(8.2. 10), (8.2. 1 1) 

Cil = Amin [P;l 

Ci3 = Amin [Q;] 
2jAmax [P;] 

Ci2 = Amax [P;] 

Ci4 = Amax [P;] 
jAmin [P;] 

The constants bil , bi2 and lij are used as in Section 8.2: 
I !  EiSi I I  � bil I I Si I !  

I I Zi I I � bi2 1 ! Xi I I 
holds with 

bil = I !  Ei II 
and the interconnection relation (2) is aggregated as 

N 
I I sdl � � lij I I Zj II j=l 

(8 .3 .8) 

(8 .3 .9) 

(8 . 3 . 10) 

(8 . 3 . 1 1 )  
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Stability Analysis with Vector Lyapunov Functions 185 

with 
lij = I I Lij I I · (8.3 . 1 2) 

With Cij and bij as information about the subsystems and lij about 
the interactions, the stability of the system (8 . 3 . 1) and (8.3.2) can be 
analysed as follows. The time derivative of Vi along the trajectory of 
the overall system is 

. ( ) I 
dv! A dv! E Vi X os = dxi iXi + dxi iSi 

� - Ci3 11 Xi II + ci4 11 EiSi I I 
Ci3 ( )  b lijb j2 ( )  � - - Vi Xi + Ci4 il -- Vj X • Ci2 Cjl 

Hence, Vi depends on Vj U = 1 ,  . . .  , N). These relations can be summar
ized in a single inequality if the vector 
V = (Vl V2 • • • VN) ' 

is used 
v � - Sv (8 .3 . 1 3) 

where S = (Sij) and 

(8 . 3 . 14) 
(i ¢ j) 

hold. The N vector v is called the vector Lyapunov function. Although 
Vi has been defined in eqn (8 .3 .3) in terms of Xi, it is considered in eqn 
(8 .3 . 13) along the trajectory of the overall system (8 .3. 1) and (8.3 .2) and 
can thus be interpreted as a function of time t: v = v et). 

Equation (8.3 . 1 3) represents the aggregate model of the original 
overall system (8.3 . 1) and (8.3.2). As a result of the ' � '  sign, eqn 
(8.3 . 1 3) has for a given initial value y eO) a set of solutions vet) rather 
than a unique solution. That is, eqn (8 .3 . 13) describes not only the given 
overall system but the set of all systems (8.3 . 1) and (8 .3 .2) for which the 
functions Vi defined in eqn (8.3 .3) satisfy this inequality. This set is 
called /.1': 

9l= {systems (8.3 . 1) and (8. 3.2) for which v satisfies eqn 
(8 .3 . 1 3)) . (8 .3 . 1 5) 

In order to prove the stability of the original system (8 .3 . 1) and (8 .3 .2) ,  
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186 Stability Analysis of Interconnected Systems 

the stability of all systems within the set .I}J has to be proved. This can 
be done by considering eqn (8 .3 . 13) with the equality sign 

� =  - Sv (8 . 3 . 16) 
which represents a single aggregate model S ' ,  for which the stability ana
lysis is evident (Figure 8. 1). The justification for doing this is provided 
by the following definition and lemma. 

Definition 8.1 

An n-dimensional function 
f(z) = (fl (z) . . .  fn(z)) ' 

of the n vector z is called quasimonotonous increasing if the inequalities 
J;(ZI • . • Zi- l Zi Zi+ 1 ' "  Zn) ::;;; J;(ZI . . . Zi- l Zi Zi+ 1 . , . Zn) 

(8. 3 . 17) 
(i = 1 , 2, . . .  , n) hold for all Zj ::;;; Zj (j = 1 , 2, . . .  , n). 

Lemma 8.2 

Consider the solutions z(t) and z(t) of 
z(t) ::;;; f(z) z (O) = Zo (8. 3 . 1 8) 

or 
i(t) = f(z) z (O) = Zo (8 . 3 . 19) 

respectively, where f(z) is a quasimonotonous increasing function. Then 
the relation Zo ::;;; Zo implies 

z(t) ::;;; z(t) t >  O. (8 .3 .20) 
The result described in this lemma is often referred to as the comparison 
principle. It provides the basis for analysing a set of functions z(t) which 
is known to satisfy the inequality (8 .3 . 1 8) by means of another function 
z(t). The function z (t) is called the comparison function, the system 
(8 . 3 . 19) the comparison system. 

For linear functions f(z) = - Sz the condition (8.3 . 17) is satisfied if 
(8 .3 .21) 

hold. This requirement is met by the matrix S in eqn (8 .3 . 14). According 
to Lemma 8.2 the model S' represented by eqn (8 .3 . 16) describes the set 
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9' defined in eqn (8 . 3 . 1 5) as 
9'= (systems (8. 3 . 1) and (8 .3 .2) for which v � v holds] (8 .3 .22) 

where v(t) is the trajectory of the comparison system (8.3 . 16). As seen 
from eqn (8 .3 .5), Vi(t) vanishes for t -+ 00 if and only if Xi(t) vanishes . 
Therefore, all systems of the set 9' are stable if the comparison system 
(8.3 . 16) is stable. 

Theorem 8.2 

Consider a composite system (8. 3 . 1) and (8 .3 .2) with stable subsystems. 
Assume that bounds cij, bij and lij of the Lyapunov functions (8.3 .3) of 
the isolated subsystems and the interaction relation (8.3 .2), respectively, 
are known (cf. eqns (8.3 .8), (8.3 . 10), (8 .3 . 1 2» . If all eigenvalues of the 
matrix S described in eqns (8.3 . 14) have positive real parts then the 
overall system (8.3 . 1 )  and (8.3 .2) is stable. 

Since the matrix S satisfies the relation (8 .3.21), the condition on S 
formulated in Theorem 8.2 is equivalent to the claim of S being an M
matrix (cf. Theorem Al .3). Therefore, the simple tests summarized in 
Appendix 1 can be used to check the matrix S. For example, the (N, N) 
matrix S has only eigenvalues with positive real parts if and only if the 
so-called Sevyastyanov-Kotelyanskii conditions (Sl 1 ( _ I)k det : 

Ski 

. . . Slk) 
: > 0  

• • • Skk 
(k = 1 ,  2, . . .  , N) (8 .3 .23) 

are satisfied. These conditions are similar to those known from the 
Hurwitz stability test. 

Algorithm 8.3 (Stability test with vector Lyapunov functions) 

Given: Interconnected system (8.3 . 1 )  and (8 .3 .2). 
1 .  Check the stability of the isolated subsystems and determine 

Lyapunov functions (8 .3 .3). If one or more subsystems are 
unstable, stop (the method is not applicable). Determine the 
constants Cij, bij according to eqns (8.3 .8) and (8. 3 . 10). 

2. Determine lij in eqn (8.3 . 12) .  
3 .  Determine the matrix S from eqn (8.3 . 14) .  
4 .  Check whether S is  an M-matrix. 

Result: If S is an M-matrix then the system (8.3 . 1) and (8.3.2) is stable. 
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If instead of eqns (8 .3 . 1) and (8.3 .2) the model (3 . 1 . 16) is used the 
matrix S can be determined with II Aij II replacing the term birlijbj2. 

This and the preceding sections have shown that the Lyapunov 
functions of the subsystems can be used as a means to aggregate the 
information about the overall system which is relevant for stability 
analysis. As a result, the entire set of n first-order differential equations 
describing the overall system (8. 3 . 1) and (8 .3.2) is reduced to smaller sets 
of differential inequalities (8 .3 . 1 3) or differential equations (8 .3 . 1 6), 
both of which comprise only Nlines. For the Mh-order system (8.3 . 1 6), 
the stability test is very simple indeed. 

This reduction of the dimensionality is achieved at the expense of 
detailed information about the overall system. If the subsystem has a 
high order, the constants Cij can provide only a very rough description. 
Hence, the stability test may fail although the overall system is stable. 
This fact will be investigated in more detail in Section 8 .5 .  

8.4 STABILITY ANALYSIS WITH MULTIDIMENSIONAL 
COMPARISON SYSTEMS 

In this section, a third method will be developed within the framework 
of the composite-system method. In contrast to those explained in 
the preceding sections, this method makes it possible to prove the 1/0 
stability of the initial quiescent system rather than the internal stability. 
The system is given by the interconnection-oriented description 

Xi = Aixi + Biui + EiSi 
Yi = CiXi 
Zj = CzjXj 

and 
s = Lz. 

(8.4. 1 )  

(8.4.2) 
As in Section 8 .3 ,  comparison functions are used as boundaries of 
signals within the system (8 .4. 1)  and (8.4.2). However, since the 1/0 
behaviour of the system (8 .4. 1)  and (8.4.2) has to be described, the 
comparison functions are generated as outputs of multi-input multi
output systems 

r(t) = V (t) * w(t) (8 .4.3) 
rather than as the free motion of autonomous systems (8 .3 . 16) .  In eqn 
(8 .4.3), the asterisk denotes the convolution operation (cf. Section 2. 1) .  
Since r(t) should be larger than the original system output, the notion 
of the comparison system came into use also for the systems (8 .4.3). 
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Deftnition 8.2 

Consider a linear system 
x = Ax + Bu x(O) = O 
y = Cx + Du. 

1 89 

(8.4.4) 

An auxiliary system (8 .4.3) with dim w = dim u and dim r = dim y is 
called the comparison system of the original system (8 .4.4) if 

r(t) = V(t) * l u(t) 1 � I y(t) I (8.4.5) 
holds for arbitrary but bounded functions u(t). 
Note that the I .  I and � signs apply to every element of vectors or 
matrices. That is, eqn (8.4.5) is identical to 

dim u 
ri (t) = � Vij * I Uj l  � I yi l (i = 1 , 2, . . .  , dim y). 

j= l 

Equation (8.4.5) implies r(t) � O. Hence, the impulse response matrix of 
the comparison system possesses the property 

V(t) � 0 for all t. (8.4.6) 
The question of how to determine a comparison system has the 
following answer, which is a direct consequence of eqn (8.4.5). 

Lemma 8.3 

The system (8.4.3) is a comparison system of the linear system (8.3 .4) 
if and only if the impulse response matrix V(t) satisfies the relation 

V(t) � I G(t) I for all t 
where 

G(t) = Do(t) - C exp(At)B 
is the impulse response matrix of the original system (8 .4.4). 

(8.4.7) 

(8.4.8) 

In order to investigate the stability of the composite system (8 .4. 1) and 
(8.4.2), comparison systems have to be determined which provide upper 
bounds of the I/O behaviour of all subsystems 

ryi(t) = Vyui * I Ui I + Vysi * I Si I � I Yi I 
rzi (t) = Vzui * I ui l + Vzsi * I si l � I zi l 

(8.4.9) 
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(i = 1 ,  . . .  , N). Lemma 8.3 says that eqn (8 .4.9) holds with 

Vyui(t) � I Ci exp(Ait)Bi I 
VySI(t) � I Ci exp(Ait)Ei I 
VzUI(t) � I Czi exp(Ait)Bi I 
Vzsi(t) � I Czi exp(A;t)Ei I .  

(8 .4. 10) 

Equation (8.4. 10) is used with the equality sign if the comparison 
systems (8.4.9) have to be determined for a given subsystem (8.4. 1) .  The 
interconnection relation (8.4.2) can be estimated by a static comparison 
system 

rs(t) = t I z (t) I � I s (t) I (8.4. 1 1) 
where the constant matrix t satisfies the relation 

t � IL l .  (8.4. 12) 
A comparison system for the overall system can be derived by combining 
the comparison systems described by eqns (8.4.9) and (8.4. 1 1). Since for 
the vectors y, n, s and z the relations I Y I = (I Yl l . • .  I YN I) '  etc. hold, 
eqns (8.4.9) and (8.4. 1 1) yield 

I y(t) I � diag Vyui * I n I + diag Vysi * t I z I 
I z(t) I � diag Vzui * I n 1 +  diag Vzsi * t I z I ·  

(8 .4. 1 3) 

The second equation represents I z I in terms of I n I and I z I itself. An 
explicit statement of I z I in terms of I n I can be obtained by means of 
the following lemma. 

Lemma 8.4 

Consider functions r(t) and r(t) that satisfy the relations 

r(t) � VI * r + V 2 * I n I 
or 

(8.4. 14) 

(8.4. 1 5) 

respectively, where Vi = Kio(/) + Vi(t) � 0 has the distributive part 
KiO(t) and the piecewise continuous part Vi (I). Then the relation 

r(/) � r(/) (8.4 . 16) 

holds for arbitrary bounded functions u(t) if and only if the matrix 
P = I - KIK2 is an M-matrix. 
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This lemma can be called the comparison principle for I/O systems. 
Similar to Lem.ma 8.2 it says that r(t), which is obtained from eqn 
(8.4. 15), is not less than any solution of the inequality (8.4. 14). How
ever, whereas Lemma 8.2 referred to the free motion of autonomous 
systems, Lemma 8.4 deals with I/O descriptions. 

Since the subsystems (8.4. 1) are assumed to have no direct 
throughput, the impulse response matrices of the comparison systems 
(8 .4.9) have no distributive parts. Then, according to Lemma 8.3, the 
signal 

rz (t) = Vzu * l u l  (8.4. 17) 
with 

Vzu (t) = diag Vzui + diag Vzsi L * Vzu 

is known to be larger than 1 z I : 

rz (t) � 1 z (t) I ·  
Therefore, 

ry (t) = V(t) * l u(t) 1 � l y (t) 1 

with 

V (t) = diag Vyui + diag Vy.i L * V zu 

(8.4. 1 8) 

(8.4. 1 9) 

(8.4.20) 

(8.4.21) 
is obtained from (8 .3 . 13) and (8.3 . 17) as a comparison system of the 
overall system (8 .4. 1) and (8 .4.2). That is, the original system is 
embedded in the set 

9'= (system (8.4 . 1 )  and (8.4.2) with 1 y 1 � V * 1 u I J .  (8.4.22) 
The I/O stability of the comparison system (8.4.20), which implies the 
I/O stability of the original system (8.4. 1) and (8.4.2), can be investig
ated by means of matrices M that denote the integral of the non-negative 
impulse response matrices V(t) (with identical indices), for example 

Mz.i = �: Vz.i(t) dt. (8.4.23) 

According to Theorem 2. 10, the system (8.4.20) is stable if and only if 

M = f oo V(t) dt . J o  
is finite. Equations (8 .4. 18) and (8.4.21) yield 

M � diag Myui + diag My.i LMzu 

Mzu � diag Mzui + diag Mz.i LMzu 
(8.4.24) 
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192 Stability Analysis of Interconnected Systems 

and 

(I - diag Mz.i L)Mzu � diag Mzui. (8.4.25) 
Assume that all comparison systems are stable, that is Myui, MY'i, Mzui 
and Mz.i are finite. If the matrix 

S = (I - diag Mz.1 L) (8 .4.26) 
is an M-matrix, then S- 1 exists and is non-negative, and eqn (8.4.25) 
yields 

Mzu � (I - diag Mz.i L) - 1 diag MZUi 

(cf. Theorem A1 .3). Hence, M is finite, which proves the stability of the 
system (8 .4.20). 

Theorem 8.3 

Consider a composite system (8.4. 1 )  and (8.4.2) with stable subsystems. 
Assume that stable comparison systems (8.4.9) or (8.4. 1 1) of the sub
systems (8.4. 1)  or the interactions (8.4.2), respectively, are known. If the 
matrix S defined in eqns (8 .4.23) and (8.4.26) is an M-matrix then the 
overall system (8.4. 1 )  and (8 .4.2) is stable. 

This stability criterion leads to the following test procedure. 

Algorithm 8.4 (Stability test with multidimensional comparison 
systems) 

Given: Interconnected system (8.4. 1)  and (8.4.2). 
1 .  Check the I/O stability of the isolated subsystems and determine 

comparison systems (8.4.9). If one or more subsystems are 
unstable, stop (the method is not applicable). 

2 .  Determine the matrix L in eqn (8 .4. 12). 
3. Determine the matrix S from eqns (8.4.23) and (8.4.26). 
4. Check whether S is an M-matrix. 

Result: If S is an M-matrix, the system (8.4. 1) and (8.4.2) is I/O-stable. 

Compared with the composite-system method illustrated in Figure 8 . 1 ,  
the comparison systems (8.4.9) and (8 .4. 1 1 ) of the subsystems and the 
interactions, respectively, represent the aggregate models Sf and K' .  
They have been combined in the comparison system (8.4.20), which 
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corresponds to the simplified model S ' .  The stability analysis of the 
aggregate model (8 .4.20) is very simple since only the matrix of order 
dim z has to be proved to be an M-matrix (for such tests see Theorem 
A1 . 3). 

8.5 GENERALIZATIONS AND EXTENSIONS 

In the preceding sections, three different methods for analysing the 
stability of interconnected systems have been developed. These methods 
differ from one another regarding the information about the original 
system they use. Therefore, they are effective for different kinds of ori
ginal systems. That is, if the stability of a given system can be proved 
by one method then another stability test may fail. This is the reason for 
the large number of stability tests that have been elaborated and 
published in the literature. The aim of this section is to discuss the 
composite-system method in more detail and to outline extensions of the 
criteria explained so far. 

The majorization principle 

The main problem of the composite-system method is how to find an 
aggregate model S' (steps 1 ,  2 and 3 of algorithm 8 . 1 ,  cf. Figure 8 . 1) 
whose stability implies the stability of the original system S (step 4). The 
methods explained above give different answers to this question, because 
they use different characteristics of the subsystems (Cij, cij, Vij(t» and of 
the interactions (lij, L). However, under a formal examination of these 
methods, the tests are similar in that they embed the original system S 
in the set [Il of systems, which is described by the aggregate model S ' .  
It will now be shown that these formal similarities have a deeper origin. 
All methods use models S' whose signals 'majorize' the signals of the 
original system S, that is these signals generated by the model are known 
to be larger than the original signals. 

The majorization principle states that a given original system S 
should be replaced by some system S' whose signals provide upper 
bounds of the signals of S. Its use became clear in Section 8.4 in the 
definition of the comparison system, whose output r(t) is an upper 
bound of I y (t) I 

I Yi(t) I � ri(t). (8. 5 . 1) 

But similar inequalities have also been used in the first and the second 
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194 Stability Analysis of Interconnected Systems 

method although this was not explicitly explained. From eqns (8.2.7) 
and (8 .3 .5) the relations 

II Xi II 
� Vi(Xi) 

Cil 

(8.5 .2) 

(8 .5 .3) 

can be derived. In all three inequalities, the signals of the original system 
(Yi or Xi) are bounded from above by the signals of the aggregate models 
(ri or Vi). 

The majorization principle is used in steps 1 and 2 and in the 
interpretation of the result of step 4 of Algorithm 8. 1 .  In the former, the 
majorization principle gives guidelines on how to find Sf and K' from 
information about the original system S. In the latter, the majorization 
property is the reason why the stability of S'  implies the stability of all 
systems of the set 9' and, thus, of the original system S. 

The comparison principle (Lemmas 8.2 and 8.4) provide conditions 
under which the model S'  can be obtained by applying the majorization 
principle to the isolated subsystems Si and to the interconnection rela
tion K separately and by combining the resulting models Sf and K' to 
form S' .  

The three methods for analysing the stability of interconnected 
systems which have been explained in the preceding sections are based 
on three different ways in which the majorization principle can be 
applied. In Section 8.4, multi-input multi-output systems (8.4.9) have 
been used as aggregate models Sf,  so that S' is the comparison system 
(8.4.20) with the same number of inputs and outputs as the original 
system (8 .4. 1) and (8 .4.2). Since the impulse response matrices Vij (/) 
may have arbitrary stepwise continuous elements, their representation 
in the state space would lead to dynamical systems of large order. 
However, their property of being non-negative (cf. eqn (8.4.6» makes 
the stability test of S'  very simple. 

In contrast, the stability test with vector Lyapunov functions uses 
merely first-order models S I 

� Ci3 - b Vi = - - Vi + Ci4 il Wi 
Ci2 

bi2 -
II II rZi = - Vi � Zi . 

Cil 

(8.5 .4) 

Equation (8 .5 .4) represents a comparison system of the system (8.3 . 1 )  
according to Definition 8.2. Although the aggregate model S'  in  eqn 
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(8 .3 . 16) had been derived in a different way, this model can easily be 
shown to consist of the subsystem models (8.5 .4). If these subsystem 
models (8 .5 .4) are coupled via the relation 

w = irz with i = (lij) 

(cf. eqns (8 .3 . 1 1) and (8.3 . 12» , the model S' described in eqn (8.3 . 16) 
is obtained. S' is only of Mh order; it provides the upper bound (8.5 .3) 
for the state of the original system (8 . 3 . 1) and (8.3 .2). 

A similar interpretation in the sense of the majorization principle 
can be made for the stability analysis with scalar Lyapunov functions, 
although the argument in Section 8.2 was to show that v(x) is a 
Lyapunov function of the original system rather than an upper bound 
of x(t). This shows that the Lyapunov functions were used in Sections 
8.2 and 8.3 as a means of determining majorizing aggregate models. 

The majorization principle clearly shows that the aggregate models 
S'  are not simply some approximate models of S but approximate 
models which have been determined so as to provide upper bounds on 
the motion of S. They describe sets 9'to which the original system S is 
known to belong. Therefore, the stability of S'  implies the stability of 
S with certainty. 

Example 8.1 

The following example should illustrate the composite-system method 
and indicate the different fields of application of the methods described 
in Sections 8.2-8.4. Consider a system which consists of two subsystems 
(8.4. 1) and (8 .4.2) 

. (- 0.5 Xl = 
- 2  

Yl = C1Xl 
(8.5 .5) 

Zl = (1 l)Xl 
and 

. (- 0.5  X2 =  o 
Y2 = C2X2 (8 .5 .6) 

Z2 = ( - c  0.2)X2 

which are related to one another by 

s = (� �) z. (8 .5 .7) 
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196 Stability Analysis of Interconnected Systems 

First, set c = 0.3. Algorithm 8.2 is used for the autonomous system 
(8 .5 .5) and (8 .5 .6) with Vi(Xi) = II Xi 1 1 2 . Equations (8 .2. 10), (8.2. 1 1) and 
(8.2 . 13) lead to 

Cl l = C12 = 1 Cl3 = - Amin [A{ + Ad = 1 
Cl4 = 2 bl l  = b12 = 2 
C21 = C22 = 1 C23 = - Amin [ Ai + A2] = 0.4 
C24 = 2 b21 = 2 b22 = 0.36. 

The interactions are described by eqn (8.2. 14) with 

11 1 = h2 = 0 112 = 1 

Hence, the test matrix S in Theorem 8 . 1  is 

- ( 1 s =  
- 4 1 k l 

- 1 .02) = I _ ( 0 1 .02) 
1 · 4 1 k l  0 . (8 .5 .8) 

The test for the M-matrix property can be done according to Theorem 
Al.5  by determining the maximum eigenvalue Ap of the second matrix. 
The characteristic polynomial of this matrix leads to the eigenvalue 

AP [(4 1
0
k I �.02)] = 4.08 I k l .  

That is, the stability of the overall system is identified by the scalar 
Lyapunov function approach for 

I k l < 0.245. (8.5 .9) 

Algorithm 8.3 is applied to the autonomous system (8.5 .5) and 
(8.5 .6) with the Lyapunov functions Vi (Xi) = I I  Xi I I , which lead to the 
constants 

Cl l = Cl2 = 1 
C21 = C22 = 1 

Cl3 = t 
C23 = 0.2 

Cl4 = 1 
C24 = 1 .  

All other constants are the same as above. The test matrix S is 

S ( 0.5 = - 2 1 k l 
- 0.51) = (0.5 0 ) ( 0 0.51) 

0.2 0 0.2 - - 2 1  k I 0 . 

It is an M-matrix if and only if 

AP [(� · 5 �.2r l (_ 2� k l �. 5 1)] < 1 

holds. This is true for 

I k 1 < 0.098. 

(8 . 5 . 10) 

(8.5. 1 1) 
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Algorithm 8.4 necessitates the determination of comparison systems 
for the isolated subsystems. For the test matrix S, only the impulse 
responses Vz;si(t) (i = 1 , 2) have to be determined. Subsystem 1 yields 

Vz;sl (t) = 1 2  exp( - 0.5t)cos 2t 1 

and 

Vz;s2 (t) = 1 - 0.3 exp( - 0.5t) + 0.2 exp( - 0.2t) 1 

(8 .5. 12) 

(8 .5 . 13) 

(cf. eqn (8.4. 10) with the equality sign and Figure 8.2(a), (b)) . The test 
matrix 

S = I - (� . 56 �. 534) (I � 1 �) 
is an M-matrix if 

I k l  < 0.732 

holds. 

(8 .5. 14) 

(8 .5. 1 5) 

This example illustrates the method of stability analysis by means of 
the composite-system method. The algorithms lead to different stability 
conditions, which indicate the different power of these tests. The largest 
range of stability is indicated by the comparison system approach while 
the vector Lyapunov method yields the most conservative result. This 
comparison is, however, incomplete since the freedom in choosing the 
Lyapunov functions has not been exploited. Nevertheless, it shows that 
the different algorithms, although elaborated from the same composite
system method, yield different results. 

The superiority of Algorithm 8.4 is based on the possibility of 
finding comparison systems that majorize the subsystems better than a 
first-order system (8 .5 .4). This can clearly be seen in Figure 8.2(a). The 
impulse response Vz;sl of the comparison system (8.4.9), which is given 
in eqn (8.5. 12), provides a smaller upper bound on the subsystem 
impulse response gz;sl than the comparison system (8.5 .4), which has the 
impulse response 

Vz;sl (t) = exp - - t = 4 exp( - 0.5t) - cl lb12cl4 ( C13 ) 
Cl2 Cl l  . . 

whose constants have been derived from the Lyapunov function VI (Xl ) .  
The application of the stability tests for uncertain original systems 

can be illustrated if the parameter C of subsystem 2 is assumed to be 
incompletely known. For C E [0. 3, 0.4] the graph of the impulse response 
gz;s2 lies in the region depicted in Figure 8.2(c). According to Lemma 8.3 
the impulse response Vz;s2 of the comparison system (8.4.9) has to 
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- 1  

Q) 

0.1 

o �--��--�--�--5�s--�--+-�---+--1�O-S--+-�--�--�t� 

- 0.1 

b) 

Figure 8 .2  Graphical determination of comparison systems: 
(a) impulse response of subsystem 1 and of comparison systems; 

(b) impulse response of subsystem 2 for c = 0.3 and of the 
comparison system; (c) impulse responses for uncertain 

parameter c 

co
nt

ro
len

gin
ee

rs
.ir



Generalizations and Extensions 1 99 

0.2 

0.1 

105 t 

-0. 1  

- 0.2 

c) 
Figure 8.2 (Continued) 

majorize g/:s2 for all admissible c. Such a function can be found analytic
ally as 

(t) _ [ 0.4 exp( - 0.5t) - 0.2 exp( - 0.2t) for t � 1 .86 Vzs2 - . - 0.3 exp( - 0.5t) + 0.2 exp( - 0.2t) for t >  1 .86. 
Since only the integral Msz2 must be determined, the function Vzs2 can 
also be graphically determined and integrated. With this new function 
Vzs2 (t) the matrix S is given by 

S = 1 - (2.56 0 ) ( 0 1) 
o 0.62 I k l  O · 

The overall system is stable for all c E [0.3  0.4] if 

I k l  < 0.63 

holds . o 

Further consequences of the majorization principle are outlined below. 

Conservatism of the stability test 

The conditions stated in Theorems 8 . 1-8.3 are sufficient but, in general, 
not necessary for the stability of the original system S. The conservatism 
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of the stability criteria means that the test may fail although the system 
under consideration is stable. 

With the notions introduced above the conservatism is based on the 
fact that the original system S is embedded in a set [P. The test has to 
prove the stability of all elements of 9'. The larger is the set, the weaker 
the stability test. 

Multidimensional comparison systems provide more freedom for 
tailoring the model S' to the given system S than the Lyapunov methods. 
Therefore, Algorithm 8.4 is, in general, less conservative than Algo
rithms 8.2 and 8.3 .  That is, Algorithm 8.4 may prove the stability of S 
although the other algorithms do not. The reason why the Lyapunov 
methods are, none the less, widely used in the design of decentralized 
controllers is given by the fact that design procedures which are based 
on optimization methods provide, as a byproduct, the Lyapunov 
functions. 

The conservatism of the stability tests may be significant in practical 
situations. The reason for this is given by the fact that the signals of Sf 
and K' are upper bounds of the norm or the absolute values of the 
signals of Sj and K. In particular, K' ignores the sign of the interactions. 
All couplings between the subsystems are considered as dangerous 
for system stability. The stability criteria may easily be violated by 
increasing the magnitude of the interconnections (cf. Example 8 .5 ,  eqns 
(8 .5.9), (8.5 . 1 1) and (8 .5 . 1 5» or by adding further subsystems to the 
overall system. 

The criteria claim, in principle, that all loops which occur among the 
subsystems have a sufficiently low gain. They are thus called small-gain 
theorems. This is clearly seen if Theorem 8.3 is used for two subsystems 
with dim Zj = dim Sj = 1 .  Then S is an M-matrix if and only if 
mZslmzs2it2hi < 1 holds, where mzsj is the static reinforcement of the 
comparison system of the ith subsystem between Sj and Zj. This 
inequality states that the loop, which is formed by the two subsystems, 
must have a gain that is less than one. 

For these theorems the field of application of the stability criteria 
can be outlined by means of the following classification of subsystem 
interactions: 

• The subsystems are in competition if the interconnections 
endanger the stability of the overall system. Hence the stability 
of the whole system is ensured by the stability of the isolated 
subsystems and a properly limited magnitude of interactions. 

• The subsystems are in cooperation if the interactions are 
beneficial for overall system stability. Hence, the stability of the 
whole system is produced by the interconnections of the possibly 
unstable subsystems. 
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Although many kinds of interactions cannot be strictly classified as 
purely competitive or cooperative, the discussion above shows that the 
stability tests consider the subsystems as competitive. They are less con
servative for this class of systems. Conversely, if a given system should 
be decomposed prior to the application of the stability test, the whole 
system should be divided into competitive subsystems but with 
cooperative couplings left within the subsystems. 

The disadvantage of the composite-system method for interpreting 
interactions as dangerous for stability can be overcome by tailoring the 
stability analysis to specific structural properties such as the symmetry 
of the overall system (Chapter 12). 

Analysis of uncertain systems 

If the majorizing auxiliary system S' is to be determined, no precise 
model of the original system S has to be available. The constants Cij, cu, 
bij or the matrices Vij and t have to be chosen so as to satisfy the ine
qualities (8 .2.7)-(8 .2.9), (8.2.12), (8.2. 14), (8.3 .5)-(8.3 .7) or (8.4.9) and 
(8.4. 1 1). They can be found even for incompletely known systems if 
eqns (8.2. 10), (8 .2. 1 1), (8 .2. 1 3), (8.2. 15), (8 .3 .8), (8 .4. 10) and (8.4. 1 2) 
are used with ' � '  instead of ' = ' . These equations show which proper
ties of S have to be assessed and how to choose the parameters of S ' .  

As a specific application of stability criteria to uncertain systems, 
the tests may be used to prove stability in spite of structural perturba
tions that occur in the normal operation regime of S. The set 9' has 
simply to be chosen so as to include all systems that result from S after 
such structural changes . 

This extension of the stability analysis should be discussed for 
systems in which the disconnection of subsystems must not endanger 
overall system stability. The disconnection of the ith subsystem is 
reflected in the model by Zi = O. If corresponds to setting Iji = 0 
(j = 1 ,  2, . . .  , N) in the interconnection matrix L. More generally, it can 
be described by multiplying the elements Iji by some function 
ei(t) E (0, I } ,  where ei(t) = 1 means that the subsystem is connected and 
ei(t) = 0 that the subsystem is disconnected from the overall system. 
With 

eNltN) 
eNhN 

eNINN 

(8 .5 . 16) 

in the interconnection relation (8.2.2) the models (8.2. 1), (8 .3 . 1) or 
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(8.4 . 1)  describe the overall system with structural perturbations. The 
matrix L(l,  . . .  , 1) is called the fundamental interconnection matrix since 
it describes all couplings between the subsystems that may be effective 
within the system at some time. The problem is to analyse the stability 
of the system (8.2.1) ,  (8.2.2) and (8.5 . 16) for different combinations of 
ei E  to, 1 ) .  

Definition 8.3 

Consider the system (8.2 . 1)  and (8.2.2) with L from eqn (8 .5 . 1 6). The 
system is called connectively stable if it is stable for all combinations of 
ei E to, 1 ) .  

The extension of stability criteria derived in this chapter to tests for con
nective stability is very simple. If the relation (8.2. 14) holds for ei = 1 
(i = 1 , 2, . . .  , N) then it holds for all ei. Hence, the system S'  (i.e. eqns 
(8.2. 17), (8 .3 . 16) and (8.4.20» does majorize the system S for all ei. All 
stability criteria prove the connective stability. 

Corollary 8.1 

If the stability of the systems (8.2. 1)  and (8.2.2) or (8. 3 . 1) and (8 .3.2) 
or (8 .4. 1) and (8.4.2) can be proved by means of Theorems 8 . 1  or 8.2 
or 8.3, respectively, then these systems with L from eqn (8 .5 . 16) are 
connectively stable. 

Stability analysis of non-linear composite systems 

Since the majorization principle represents the basis of the composite
system method, most of the stability criteria can be simply extended to 
non-linear systems. This will be outlined for a system S that consists of 
the subsystems 

Xi = fiI (Xi) + fi2(Si) 
Zi = gi(Xi) 

and interconnections 

Z = b(s). 

Xi(O) = XiO (8.5. 17) 

(8 .5 . 1 8) 

If Lyapunov functions Vi(Xi) can be constructed for the isolated sub
systems (eqn (8.5. 17) for Si = 0) such that constants Cij or cij exist for the 
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relations (8.2.7)-(8 .2.9) or (8.3 .5)-(8 .3 .7), respectively, and if constants 
bij and /ij can be found so as to satisfy eqns (8 .2. 12) and (8 .2. 14), then 
the stability tests formulated in Theorems 8 . 1  and 8.2 are also valid for 
the non-linear system (8 .5 . 17) and (8 .5 . 1 8) .  Similarly, the I/O stability 
test given in Theorem 8.3 can be used if linear comparison systems 
(8.4.9) are found such that the non-linear subsystems (8 .5 . 17) or inter
actions (8.5 . 1 8) are majorized. 

Summary 

The most important features of the stability tests for composite systems 
can be summarized as follows: 

• The stability tests exploit the property of the overall system to 
consist of several subsystems. This brings about a considerable 
reduction in the dimensionality of the equation to be handled.  
This can be seen by the fact that the test matrix has only the 
order N or dim z, respectively, independently of the system 
order. 

• The stability test can be used for incompletely known systems or 
systems with structural perturbations . This is exemplified by the 
possibility of proving the connective stability of a system under 
structural perturbations. 

• The tests are effective if the subsystems have a certain auto
nomy, that is if the behaviour of each subsystem depends mainly 
on the properties of the free subsystem and is affected by the 
other subsystems merely to a lower extent. The conservatism is 
low if the interactions are competitive. 

• In the test procedures the analysis of the isolated subsystems 
must consider a detailed subsystem description, whereas the 
analysis of the whole system takes into consideration essentially 
an aggregate description K' of the interconnections and only the 
main properties of all the subsystems, which are described by 
S! .  Hence, the system is analysed by means of adequate models 
at both levels of abstraction (Figure 8.3). The information struc
ture of all tests that are based on Algorithm 8. 1 is a multilayer 
structure. On the lower layer the stability of the isolated sub
systems is considered and the simplified subsystem models are 
set up. The higher layer has the quite different job of checking 
overall system stability by means of the aggregate subsystem and 
interaction models. 
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Figure 8 . 3  Information structure o f  the composite-system method 

BIBLIOGRAPHICAL NOTES 

There is a huge literature on the stability analysis of interconnected 
systems but only part of it has been exploited in the design of feedback 
controllers. During the last decade, methods for intrinsically non-linear 
systems, systems described by differential and integral equalities ('hybrid 
systems'), distributed parameter systems, or systems with unstable sub
systems have been elaborated. Review papers and monographs have 
been written, for example, by Michel and Miller (1977), Bernussou and 
Titli (1982), and Grujic et af. (1987). 

The composite-system method has several origins but a rapid 
development of stability tests for different kinds of systems began with 
the advent of large-scale systems in systems and control theory in the 
mid 1970s. Thompson (1970) and Michel and Porter (1972) were some 
of the first who constructed scalar Lyapunov functions for inter
connected systems. Theorem 8 . 1  was proved for non-linear systems by 
Araki and Kondo (1972). Araki (1975) has produced a review of the 
scalar Lyapunov function approach. 

Vector Lyapunov functions were introduced by Matrosov (1972) 
and Bellman (1962) and applied to interconnected systems by Bailey 
(1966). As a basis for this, the fundamentals of the theory of differential 
and integral inequalities were summarized by Lakshmikantham and 
Leela (1969) and comparison functions were investigated by Hahn 
(1967). Hahn's results are cited in detail in the recent monograph by 
Grujic et af. (1987), who also reviewed the current literature on the 
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vector Lyapunov function approach. The type of aggregation intro
duced by using vector Lyapunov functions instead of the subsystem 
model for stability analysis was investigated by Grujic et af. (1976). A 
generalization of the vector Lyapunov function approach, which is 
based on the overlapping decomposition of the given system, was 
reported by Ikeda and Siljak (1981) .  

Michel (1977) made a comparative study of the scalar and the vector 
Lyapunov function criteria. An extension of these methods to the I/O 
stability has been published by Willems (1976) and Araki (1978). 

An alternative approach, which is mainly based on functional 
analytical means, interprets the subsystems and interactions as mappings 
of their input and output between function spaces. Upper bounds for the 
norm of the subsystem and interconnection operators are used as 
aggregate model S' .  The development of such methods began with a 
publication by Zames (1966), which initiated different approaches by 
Cook (1974), Araki (1976), Lasley and Michel (1976), Moylan and Hill 
( 1978) and Saeki et af. (1980). Since all these stability criteria are 'small
gain theorems' ,  another group of researchers used the properties of dis
sipativeness and passivity (see Desoer and Vidyasagar 1975; Vidyasagar 
1979; hill and Moylan 1980) in order to come up with less conservative 
tests for ·systems with cooperative interactions. For a common 
representation of small-gain and passivity criteria see the publication by 
Moylan and Hill (1979). 

Comparison systems in the sense of Definition 8.2 were introduced 
by Tokumaru et af. (1975) as first-order systems and extended by Lunze 
(1980b, 1983c) to multidimensional high-order systems. Bitsoris (1984) 
investigated the possibility of using non-linear comparison systems for 
non-linear overall systems, but owing to the difficulties in determining 
such comparison systems and in analysing the stability of the non-linear 
aggregate model S' this method has not been pursued further. 

The majorization principle as the common basis of Lyapunov 
methods and I/O methods was investigated by Lunze (1983c, 1984). The 
term 'connective stability' was introduced by Siljak (1972) and has been 
used by many authors. Example 8 . 1  is due to Lunze (1979, 1980d). 

Applications of the stability tests to large power systems are 
described, for example, by Pai (1981), Ribbens-Pavella and Evans (1985) 
and Grujic et af. (1987). These papers are also theoretically interesting, 
because they present extensions of the results explained in Sections 8 .2  
and 8.3 to systems with special classes of non-linearities. 
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9 

Decentra l ized Control of 

Strong ly Cou p led System s  

9.1 MOTIVATION AND INFORMATION STRUCTURE OF 
DECENTRALIZED DESIGN 

This and the next chapters are devoted to the decentralization of the 
design process . The control stations should be obtained as results of 
independent design problems, which are given by different models Si and 
design aims Ai. Whereas the decentralization of the control law con
cerns on-line information about the state x and the command v and 
makes a completely independent implementation of the control stations 
possible, the decentralization of the process refers to a priori informa
tion (model S, design aim A )  and supports a way in which the control 
stations are found independently as solutions of separate design tasks. 

The motivation for the decentralization of the design process is 
manifold: 

• If the subsystems are weakly coupled, it is reasonable to design 
the control stations independently using the methods for decen
tralized feedback control. The interactions can be ignored 
during the design process. 

• If the subsystems are assigned to independent authorities, each 
control station has to be designed by the responsible authority 
alone on the basis of the information which is available to the 
local decision maker. 

• If the subsystems have contradictory design aims, these aims 
cannot be summarized within a single global aim. 

• If the plant is structurally perturbed during normal operation, 
the control station of a given subsystem should be designed so 
as to satisfy the requirements of subsystem performance and to 
tolerate the structural perturbations that affect this subsystem. 

• If the original system is incompletely known, the uncertainties 
should be investigated for all subsystems independently. 

• The high dimensionality of the overall system is a further reason 
for the decentralization of the design process. 
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All these items contribute to the attempt to divide the overall design task 
into subtasks that are independent or at least almost independent. Each 
practical application will usually refer not to all but to some of these 
motivations. 

Decentralized Design as a Problem of Decision Making
. 

In the following, the possibilities of imposing structural constraints on 
the information structure of the design process and the problems that 
arise from these constraints will be reviewed. As in Chapter 1 ,  the 
control task is considered as a problem of decision making, which is 
posed by the plant model S and by the decision aim A.  The aim A 
includes general properties to be reached such as the closed-loop stability 
as well as time-dependent aims, which are described in terms of the 
current values of the command signal v and the system state x. S and 
A together comprise the a priori information, v and x the a posteriori 
information. The problem (S, A )  has to be solved by the common effort 
of several relatively independent decision makers (control agents). 

As illustrated by Figure 1 .6(a) every kind of decentralization of the 
design process yields uncertainties in the separate design problems and 
conflicts among the solutions received by the different decision makers . 
For example, for the decision maker which is in charge of subsystem i 
and has to select the control station Ui = - KyiYi, the other subsystems 
and their control stations are incompletely known. Note that these parts 
of the overall system belong to the system to be controlled by control 
station i. Therefore, coordination of the design activities of the decision 
makers or at least a test concerning the compatibility of the resulting 
control stations is necessary. 

The question arises of which way multiperson decision theory may 
provide starting points for the solution of decentralized design prob
lems. This requires the replacement of the control aim A,  which is a col
lection of several specifications on the closed-loop system, by a scalar 
performance index l. 

Two basic situations are known from decision theory, as follows . 

Decentralized control as a dynamic team problem 

If the control problem can be formulated in terms of a single global 
performance index [(YI, . . .  , YN, U1 , . . .  , UN) or if the subsystem aims Ii 
are in harmony and can be summarized within such a single global aim, 
decentralized control can be considered as a dynamic team problem. N 
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208 Decentralized Control of Strongly Coupled Systems 

independent control agents have to decide which control law they want 
to use for their subsystems in order to minimize I. Stated in this way, 
the decentralized design of decentralized controllers is relevant to the 
theory of teams, which investigates how the team members might best 
achieve their common goal. 

Since the effect of the control input Ui (t) on the performance of the 
overall plant depends on the input signals Uj U � i) imposed at the same 
moment by the other control stations, the best possible solution of the 
team problem can be received only after some information has been 
exchanged among the different control agents. Team decision theory 
states that this information exchange has to bring about a partially 
nested information structure. That is, the agents have to act in such a 
way, one after the other, that each agent knows completely the inputs 
of all agents acting before him or her as well as the resulting system 
behaviour. In terms of discrete-time systems, the decisions are made 
sequentially by means of the observation at time t, which includes the 
decisions made at time t - 1 .  The availability of the action made at t - 1 
for decision at time t is referred to as a one-step-delay-sharing informa
tion pattern. 

This result from team theory has two consequences for the design 
of the decentralized controller, where the decision to be made concerns 
the selection of the control laws. First, a nested information structure 
can be produced by prescribing a certain sequence in which the control 
stations have to be designed. Then, each decision maker acts alone 
on a system whose properties are fixed. The one-step-delay-sharing 
information pattern refers to the fact that the model 8;, which describes 
the relevant part of the plant with input Ui and output Yi, includes all 
control stations that have already been implemented. This model can be 
obtained by communicating the control laws and with them all the 
information about the actions of the corresponding decision maker from 
the preceding to the succeeding control agent or by identifying the model 
of the resulting plant through the ith channel (Ui, Yi). The sequential 
design of decentralized controllers will be explained for the on-line 
tuning of PI controllers in Chapter 1 1 .  Another sequential design algo
rithm has already been presented in Section 6. 1 .  

Second, the overall design problem can be decomposed into separate 
design problems which refer to different problems Si and different 
performance indices I(Yi, Ui), which are to be minimized with respect to 
Si. The decomposition must be done in such a way that the solutions 
to the separate problems (Ii, Si) comprise the solution to the global 
problem (I, S). This coincidence of the local with the global solution 
cannot be ensured by simply dividing the overall model S and the global 
aim I. Team decision theory has shown that it is relatively easy to find 
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Motivation and Information Structure 209 

the person-by-person optimal decision rule Ui(Yi), but that there is no 
simple criterion for deciding whether these rules are team optimal as 
well. Team problems are, in general, hard combinational problems. 

To be more specific for decentralized control, a decentralization of 
the design is possible if the plant has a hierarchical structure and the 
aim is closed-loop stability. Then the control stations can be designed 
independently for the isolated subsystems (Section 10. 1). If the overall 
system is symmetric, the auxiliary plant models can be set up simply by 
means of the subsystem models and some information about the inter
action relations (Section 12.3). However, for the majority of design 
problems the derivation of auxiliary models Si and aims l; from S and 
I necessitates some information about the global solution. It has been 
shown in Section 7.3 that the global solution can be obtained by com
bining subsystem solutions only if the subsystem interactions are neu
tral. It has been shown further that the neutrality of interactions is a 
property which is related to the global solution and, thus, cannot be 
checked prior to the overall design problem. Hence, unless specific pro
perties can be exploited, decentralized design necessitates some 
coordination of the separate design processes or leads to non-optimal 
solutions, which may be satisfactory but result in unstable closed-loop 
systems. 

Decentralized control as a game problem 

The alternative situation occurs if the subsystems are in competition 
with each other. The control agents have to choose the parameters of the 
control stations in terms of contradictory aims I;(yi, Ui), which cannot 
be replaced by a common aim I. Game theory has shown that an 'equi
librium solution' may exist, which represents a set of control strategies 
U;(Yi) that give the best possible solution if they are used by all the 
decision makers. 

However, for decentralized control two conceptual difficulties arise 
for the utilization of game-theoretic results . First, if no deterministic 
equilibrium exists, game theory proposes to use mixed strategies, that is 
different decision rules have to be used with a given probability density 
in order to get the best average performance index. Mixed strategies 
cannot be implemented as decentralized controllers since this would 
mean using a control law with statistically changing parameters. Second, 
the solution of the game problem requires knowledge of all objective 
functions Ii and the overall system model S. That is, the design process 
has a centralized rather than a decentralized information structure. 

Decentralized control cannot be considered a typical game problem, 
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2 10 Decentralized Control of Strongly Coupled Systems 

but the game-theoretic approach to decentralized control shows what 
may happen in the 'worst case' where the control agents have no goal 
in common and try to counteract each other as strongly as possible. 

These decision-theoretic considerations show that a complete decen
tralization of the design process is not possible unless the plant or the 
aims have specific characteristics. The design problem has to be refor
mulated as a problem with nested information structure or can otherwise 
be solved only approximately. Both ways have no completely decentral
ized information structure but include a certain type of coordination 
among the separate design problems. 

Decentralization of the Design Problem 

Since no complete decentralization of the design process is possible, the 
furthest possible decentralization is aimed at by combining the altern
ative ways discussed above. It leads to design procedures which are 
carried out at different levels of abstraction (Figure 9. 1). On the sub
system level, separate design problems are solved in order to find the 
corresponding control stations. On the overall system level, the compat
ibility of the results is checked. The decentralized nature of this design 
scheme becomes obvious from the fact that: 

• in no step a complete model of the overall system is used; 
• no complete coordination of the separate design problems is 

made, that is no 'optimal' solution is received; 
• most of the effort is made on the subsystem level using informa-

tion about the corresponding subsystem. 

These characteristics imply that iterative techniques, which involve com
munications between the control agents at every step, are avoided as far 
as possible. Uncertainties within the control agents' information, which 
are not resolved by communication, are assumed to have the worst 
values. 

The main problem of decentralized design refers to the questions of 
what information about the plant has to be available for the ith control 
agent, and what design requirements or restrictions on the choice of the 
control stations have to be imposed on the design problem of the ith sub
system in order to ensure that the separately designed control stations 
satisfy the overall system specifications. As a general rule, the control 
stations obtained independently can be combined with a decentralized 
controller only if sufficient information about the other subsystems and 
the design aims of all the other control agents is included in the model 
Si and aim Ai of the ith control agent. 
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Figure 9 . 2  Description o f  the behaviour of subsystem 1 :  (a) weak 
interactions; (b) strong interactions 

The principal ways of decentralizing the design tasks are depicted in 
Figure 9.2 for a system which consists of two subsystems. 

Decentralized design for weakly coupled systems 

Figure 9.2(a) shows that the task of designing control station 1 is 
independent of that of designing control station 2 if, during the design 

co
nt

ro
len

gin
ee

rs
.ir



2 12 Decentralized Control of Strongly Coupled Systems 

process, the subsystems are assumed to be decoupled (Si = 0) .  Then, sub
system 1 serves as the auxiliary plant of control station 1 ,  although after 
the application of control station 1 to the real process, the plant of this 
controller includes all the subsystems as well as all the other control 
stations. 

This rather primitive division of the overall design problem is poss
ible whenever the overall system consists of weakly coupled subsystems. 
The control stations can be designed and their effect analysed in connec
tion with the subsystem model only. That is, the design problems for all 
control stations are completely independent. If the interactions are suffi
ciently weak, the control stations will behave similarly within the inter
connected system. 

The main problem, which remains to be solved for this method of 
decentralization, is to find ways of testing the compatibility of the resul
ting control stations. The main part of this chapter deals with pro
cedures in which the control stations are designed for the isolated 
subsystems and the stability criteria of Chapter 8 are used to analyse the 
closed-loop overall system. In Chapter to, systems will be investigated 
whose particular kinds of coupling enable the design engineer to solve 
the design problems without the need for testing the compatibility of the 
results. 

Decentralized design for strongly coupled systems 

If the system cannot be decomposed into weakly coupled SUbsystems, 
the interaction of the ith subsystem with all other subsystems has to be 
considered while designing the ith control station. That is , the model 
used in the design has to include at least a coarse model of the perform
ance of the other subsystems. As illustrated in Figure 9.2(b), the line 
dividing the overall model goes through subsystem 2. The coarse model 
simulates the 'surroundings' of subsystem 1 .  However, the plant descrip
tion used in the design of control station 1 is by no means complete. The 
error model symbolizes the dependency of the signal f1 on S2, but this 
model is not known exactly (unless the overall system is completely 
known). It represents the uncertainties within subsystem 2 and the 
uncertain influence of control station 2 on the whole system. 

The question of how to find reasonable coarse models will be 
answered in different ways. In Section 9.5, the overlapping decomposi
tion is used to get weakly coupled subsystems. Here, the coarse model 
is obtained from the expansion and decomposition of the overall system. 
For PI controllers a simple modification of the subsystem model leads 
to a reasonable description of the subsystem under the influence of its 
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Motivation and Information Structure 213  

couplings with the other subsystems (Section 1 1 .3). For symmetric 
systems the coarse model is proved to be static (Section 12. 1).  

The Basic Algorithm of Decentralized Design 

It is obvious that some kind of coordination of the independent design 
problems is necessary in order to ensure compatibility of the resulting 
control stations. Since no complete coordination in the sense of multi
level schemes (Section 1 . 1) is desired, this coordination should be carried 
out by prescribing a part of the design aims or modifying the design 
problems solved at the subsystem level or by testing the compatibility 
after the control stations have been chosen independently. 

In what follows, methods for decentralized design are investigated 
which take into account the following practical circumstances: 

• No decision maker uses a complete model of the overall system. 
Analytical and design tasks may exploit either precise models of 
a single subsystem, possibly in connection with coarse models of 
the adjacent subsystems, or estimations of all the subsystems 
and interaction relations. 

• The plant is subjected to structural or parametrical uncertain
ties, which are caused, for example, by the disconnection of sub
systems, parameter variations or changing operating conditions. 

All design algorithms to be presented have the following structure. 

Algorithm 9.1 (Decentralized design oj decentralized controllers) 

Given: System composed of weakly coupled subsystems; local and 
global design aims. 

1 .  Design the control stations for the isolated subsystems 
according to local design specifications independently of one 
another. 

2. Determine the characteristic properties of the closed-loop isol
ated subsystems. 

3 .  Check whether the overall closed-loop system satisfies the global 
design aims. 

Result: Decentralized controller. 

Algorithms of this type can be developed by combining methods for 
designing centralized controllers (step 1) with methods for analysing 
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2 14 Decentralized Control of Strongly Coupled Systems 

interconnected systems (step 3). In the next two sections, a pole place
ment procedure and the LQ design will be used in combination with the 
scalar and the vector Lyapunov function approaches to stability ana
lysis. It will be shown in what ways the stability, the stability degree and 
and suboptimality of the overall closed-loop system can be assessed in 
step 3, what local aims have to be followed in step 1 to meet these global 
aims, and how the design method can be extended to the design of 
robust decentralized controllers. 

In the following the model (3 . 1 . 16) is used, but all results may be 
reformulated for the interconnection-oriented model (3 . 1 .4), (3 . 1 .6) and 
(3 . 1 . 12) simply by writing EiLiJC� instead of Aij. 

9.2 THE AGGREGATION-DECOMPOSITION METHOD 

The first method is based on the input-decentralized form (3 .3 .3) of the 
plant model 

N 
Xi = AUXi + 2: Aijxj + biUi 

j= l j .. l 
Yi = Xi 

(9.2 . 1 )  

where the single-input isolated subsystems are completely controllable. 
The subsystem states Xi are assumed to be locally measurable. A multi
level controller 

is used, which consists of decentralized controllers 

U } = -k {Xi 

and global feedback links 
N 

uf = 2: - kijxj. 
j= l j .. l 

(9.2.2) 

(9.2.3) 

(9.2.4) 

Although the controller (9.2.2)-(9.2.4) is, in principle, a centralized con
troller, it will be referred to as a multilevel controller, because its local 
and global feedback links are clearly distinguished and will be deter
mined in different design steps (Figure 9.3). The following investigations 
hold for decentralized controllers if k/.; = 0 for all i ;o! j is used. 

The closed-loop system (9.2. 1)-(9.2.4) has the model 
N 

Xi = (Au - bik!)Xi + 2: (Ai) - bikij)Xj. 
j= l j .. l 

(9.2.5) 
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Figure 9 .3  Multilevel controller 
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The stability of this system should be investigated by means of Algo
rithm 8.3. The test matrix S depends on the constants Cij, which have to 
be determined by means of Lyapunov functions of the isolated sub
systems (eqn (9.2.5) with Ai) = 0). These Lyapunov functions in turn are 
dependent upon the controller parameters. In order to get more insight 
into these dependencies the subsystem state vectors are transformed 
according to Xi = T i IXi where TI is the modal matrix of (Au - bik!). 
Equation (9.2.5) yields 

N 
ii = Ti 1 (Aii - bikl)Tixi + � Ti l (Ai} - bikij)T,;ij 

j= l 
j ¢ l 

N 
= Aiix; + � (Ai) - b;icij)xj 

where 

j= l j ¢ 1 

- I Ai} = Ti AijT j 

(9.2.6) 

(9.2.7) 

hold. Aii is a diagonal matrix with the eigenvalues - Ai} U = 1 , 2, . . .  , TIl) 
of the closed-loop subsystem on its main diagonal 

Aii = diag - Ai}. 

Since the isolated subsystems are assumed to be completely controllable, 
the parameter vector k; of the ith control station can be chosen so that 
all closed-loop eigenvalues - Aij are real and distinct. 

In order to apply the stability criterion derived in Section 8.3, the 
Lyapunov function (8.3 .3) is reformulated for Xi instead of Xi 

Vi(X;) = ..jx{P1x; 

and used with PI = I, that is 

(9.2 .8) 
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2 16 Decentralized Control of Strongly Coupled Systems 

Since the corresponding Lyapunov equation reads as 

Ali + Aii = 2 diag Aij = - Qi 

the constants cij in eqn (8 .3.8) are given by 

Cil = Ci2 = 1 Ci3 = min Aij 
j 

Ci4 = 1 .  

Now, the matrix S = (Sij) from eqn (8 .3. 14) can be set up: 

Sjj = min Aij 
j 

sij = - II Aij - bijkij II (i ¢ j) 

(9.2.9) 

(9.2. 10) 

where instead of billijb j2 the norm of the interaction matrix has been 
used (cf. remark after Algorithm 8.3). Theorem 8.2 and Corollary 8 . 1  
lead to the following stability criterion. 

Theorem 9.1 

Assume that the local control stations (9.2.3) have been designed such 
that the closed-loop isolated subsystems are stable. Then the overall 
closed-loop system (9.2. 1 )-(9.2.4) is connectively stable if the matrix S 
from eqn (9.2. 10) is an M-matrix. 

Obviously, the test matrix S depends upon the stability degree of the 
isolated subsystems as well as the norm of the transformed interaction 
matrices. Both parts are interrelated since the transformation matrix Ti 
is dependent upon the local controller ki. 

The stability condition does not claim a certain weakness of the 
interactions among the subsystems but does require this property within 
the closed-loop system. The matrix S is an M-matrix if the modulus of 
the non-diagonal elements Sij is sufficiently small. Therefore, it is reason
able to choose the global feedback links so as to make I I Aij - bikij I I as 
small as possible 

lI!in I I Aij - bsikij I I . (9.2. 1 1) 
ki) 

The problem (9.2. 1 1 ) has the solution 
- - - 1- - - + -kij = (b/bi)- bl  Aij = bi  Aij 

where (.)+ denotes the pseudoinverse (cf. Appendix 1 ). 
(9.2. 12) 

If, on the other hand, the subsystems have sufficient autonomy 
within the plant, the global feedback links (9.2.4) are not necessary, and 
thus a completely decentralized controller can be used (kij = 0). 

The design steps are summarized in the following algorithms. 
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The Aggregation-Decomposition Method 2 1 7 

Algorithm 9.2 (Aggregation-decomposition method) 

Given: Model of the plant in input-decentralized form (9.2. 1); sets of 
eigenvalues { - Aij; j = 1 ,  . . . , nil (i = 1 ,  . . .  , N) of the closed-loop 
subsystems. 

1 .  Design decentralized control stations (9.2.3) such that the 
closed-loop isolated subsystems have the prescribed set of eigen
values. 

2 .  Determine A.ij and bi from eqn (9.2.7). 
3. Determine the global feedback links according to eqn (9.2. 12). 
4. Check the stability of the overall closed-loop system by means 

of Theorem 9. 1 .  

Result: Multilevel controller (9.2.2)-(9.2.4). 

If in step 4 the stability test fails, the algorithm can be restarted with 
other eigenvalue prescriptions. The stability test shows that the 
dominant eigenvalues, which are nearest to the imaginary axis in the 
complex plane, have to be shifted to the left if the test is to be satisfied. 
Although this advice often leads to stable overall systems there is no 
guarantee that the overall system can be stabilized by means of this algo
rithm. This problem can be overcome at least for the specific class of 
systems described below. 

Application of the Aggregation-Decomposition Method to a 
Specific Class of Interconnected Systems 

The results presented in Theorem 9 . 1  will be specified for the class of 
systems (9.2 .1)  with restricted subsystem interactions. The restrictions 
become clear if the subsystem models are transformed into Luenberger 
form, that is if 

Aii = ( � 
- Cinj - Ci,n;- l 

� ) bi = (�) 
- Ci! 1 

(9.2. 1 3) 

hold. The entries of the matrices Aij are denoted by ajjq, where i and j 
are fixed and p = 1, . . .  , ni and q = 1, . . .  , nj hold. They have to satisfy the 
condition 

aj/q = 0 for p < q. (9.2. 14) 
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2 18 Decentralized Control of Strongly Coupled Systems 

That is, the structure of the matrices Aij is described by 

or 

[Aij] = 

* 0 
* * 

* * * 

* * * 

[Au] � (i o . . . 0 . . .  0) 
* ' " 0 . . .  0 
· . .  · . .  · . .  
* ' "  * . . .  0 

(cf. Section 2.5 for the definition of the structure matrices). That is, 
couplings are forbidden between the entries Xjk and Xi,k-l (/ > 0) of the 
subsystem states 

Since with Au in companion form (9.2. 13) the state variable Xik is the 
derivative of the variable Xi,k+ 1 

Xik = Xi,k+ l (k = 1 ,  . . .  , ni - 1)  

the restrictions on Aij mean, roughly speaking, that the kth derivative of 
the last state variable Xjnj of subsystem j must not directly influence 
higher derivatives of the last state variable Xini of subsystem i. 

A pure decentralized controller 

Ui = - k/Xi (9.2. 15) 

is used. It is designed so that the closed-loop isolated subsystem has a 
prescribed set { - (XAij; j = 1 ,  . . .  , n;J of eigenvalues. The scalar (X > 0 is 
used later on to prescribe the stability degree for all subsystems. Since 
the elements Cij occurring in the matrix Au in eqn (9.2. 1 3) are the coeffi
cients of the subsystem characteristic polynomial and the characteristic 
polynomial of the closed-loop subsystem matrix Au - bik/ has to coin
cide with 

ni 
"" ( '\ ) n· - n·- l -£..J P + (Xl\ij = P • + CilP '  + . . .  + Cini j= l 

the controller coefficients can be easily determined from 

(9.2 . 16) 

With the given set of subsystem eigenvalues and kij = 0 (i � j), eqn 
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(9.2 . 10) leads to 

Sjj = ex min Aij and Sij = - II Au I I  (i � j). 
j 

2 1 9  

(9.2. 17) 

It will now be shown that the stability condition stated in Theorem 9. 1 
can be made valid by prescribing a sufficiently large stability degree for 
all subsystems. According to Appendix 1 ,  the matrix S is an M-matrix 
if and only if there are scalars di > 0 such that the inequalities 

N 
di I Sjj I > � dj I Su I 

j= I 
j 'l" i 

(i =  1 , 2, . . .  , N) (9.2. 18) 

hold. The diagonal elements sjj(a) can be made arbitrarily large by 
choosing some large a, whereas the non-diagonal elements siAa) remain 
bounded. The latter will become obvious from an investigation of the 
matrix Aij = Ti- IAijTj in dependence upon a. Since Aii - bik! has com
panion form, the modal matrix Ti, which is used for the transformation 
of eqn (9.2. 15) into eqn (9.2.6), is given by Ti = RiTi with 

Ri = diag(1 a a2 • • • ani - I ). 

T i is the Vandermonde matrix 

Hence 
- � 1 � � 
Au = T i AuTj 

holds with 
� - 1 Aij = Ri AijRj. 

1 ) 
- Ain/ 

( - Ai�i) ni- I 

The matrix Au = (a}fq) satisfies the same restrictions as Aij: 

a}fq = o  for p < q. 

For all other elements, 
Aij _ p-q.Jj apq - a Upq 

(9.2. 19) 

holds . All of these elements except those with p = q vanish for a � 00 ,  
that is 

ajjp � �jp 
a}fq � �k = 0 p � q 
Au � T; - 1 AUTj 
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hold with 

Au = (ajiq). 

Hence, the stability test (9.2. 1 8) with Sij from eqn (9.2. 17) can be made 
valid by choosing a sufficiently large parameter a. 

Corollary 9.1 

A composite system (9.2. 1 )  and (9.2. 1 3) that satisfies the structural 
constraints (9.2 . 14) on the interconnection relation is capable of being 
stabilized by decentralized control (9.2 . 1 5) .  The control stations of a 
stabilizing decentralized controller can be found independently of one 
another by means of eqn (9.2. 1 6) provided that the scalar a has been 
chosen sufficiently large. 

In addition to the stabilizability conditions given in Section 4. 1 ,  this 
corollary describes a further class of systems that can be stabilized by 
decentralized controllers. The stabilization is carried out by assigning 
each isolated subsystem a sufficiently large stability degree. The con
troller parameters can be found even in a decentralized way where the 
prescription of the parameter a is the only step which has to be done 
from the viewpoint of an overall system. This choice can be made 
without any model of the system. If the stability test fails, simply a 
higher value of a has to be prescribed. 

Algorithm 9.3 

Given: Model of the plant in input-decentralized form (9.2. 1 )  and 
(9.2 . 13) which satisfies the restriction (9.2. 14); sets of eigenvalues 
( - AU; j = 1 ,  . . . , nil (i = 1 ,  . . .  , N) of the closed-loop subsystems; 
initial value of the parameter a. 

1 .  Determine the parameters of the control stations (9.2. 15) from 
eqn (9.2. 1 6) .  

2. Determine II Ti l Au Tj I I . 
3 .  Check the stability of  the overall closed-loop system by proving 

that the matrix S = (Sij) from eqn (9.2. 17) is an M-matrix. If the 
stability condition fails, increase the value of a and continue 
with step 1 ;  otherwise stop. 

Result: Decentralized controller (9.2. 15) for which the closed-loop 
system (9.2. 1), (9.2. 13) and (9.2. 15) is stable. 
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Example 9.1 

To illustrate this algorithm consider the system (9.2. 1)  and (9.2. 13) with 

Al l  = ( � 
- 2  

1 
° 

- 1  !) 
bi from eqn (9.2. 1 3) and 

(0.2 ° ) Al2 = 0.3 0.4 
0.2 0. 1 

A (0.4 ° 21 = 
0.5 0.6 

Note that subsystem 1 is unstable. The closed-loop isolated subsystems 
should be assigned the eigenvalues { - a, - 2a, - 3a} or { - a, - 2a} , 
respectively. For a = 1 the algorithm leads to k {  = (4 10 7), 
ki = ( - 1 1) and 

s - ( 1 -
1
1 .7) 

- 1 .23 

which is not an M-matrix. If a is increased to two, the controller para
meters are k{  = (160 98 19), ki = (15 7). Then the test matrix 

( 2 - 2
2

.77) s = 
- 1 .62 

turns out to be an M-matrix. Hence, a stabilizing decentralized con
troller has been found which even ensures connective stability of the 
closed-loop overall system. 0 

The algorithm exhibits the typical characteristics of a decentralized 
design procedure. Nearly all design effort has to be made on the sub
system level with the subsystem model. All these steps have only the 
dimensionality of the subsystem. The local design aim is to reach a 
prescribed set of eigenvalues. It can be freely chosen and is modified 
merely by the global prescription of the scalar a. This modification does 
not affect the freedom to give the subsystem eigenvalues a relationship 
to each other that seems to be reasonable for the local decision maker. 

This algorithm is an example for design methods in which the com
patibility of the control stations is ensured by changing the subsystem 
design aims thriftily. 
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222 Decentralized Control of Strongly Coupled Systems 

9.3 SUBOPTIMAL DECENTRALIZED CONTROLLERS 

In this section, a design procedure with the structure of Algorithm 9 . 1  
will be developed, which uses the LQ design at the subsystem level and 
checks the compatibility of the control stations with respect to the 
overall system stability by means of the scalar Lyapunov functions as 
explained in Section 8.2. Moreover, the performance of the closed-loop 
system will be assessed by means of a quadratic performance index. 

The plant is described by the model 
N 

Xi = AiiXi + � AijXj + BiOi 
j= 1 j ... i 

(i = 1 ,  . . .  , N). The design problem is to find control stations 

(i = 1 ,  . . .  , N) 

that minimize a given objective function 
N 1= � h 

i= 1 
with 

Ii = � C (XfQiXi + O/RiOi) dt. 

That is, the optimization problem 

min I subject to eqns (9.3. 1) and (9.3 .2) 
K, 

has to be solved. 

(9.3 . 1) 

(9.3 .2) 

(9.3 .3) 

(9.3 .4) 

(9.3 .5) 

Contrary to Chapter 7, problem (9.3 .5) will not be solved for the 
overall system but by means of a decentralized design procedure with the 
structure of Algorithm 9. 1 .  In the first step the control stations (9.3 .2) 
are designed for the isolated subsystems 

Xi = AiiXi + BiOi Xi(O) = XiO. 

The solution is given by 

Ki = K? = Ri- 1B/P?  

where P? is the positive definite solution of 

AlP? + P?Ai - P?BiRi 1B/P?  + Qi = 0 

(the symbols used here are the same as in eqns (7 .3 .5)-(7.3 .8» . 

(9.3 .6) 

(9.3 .7) 

(9.3 .8) 

In the second step, it is investigated whether this decentralized con
troller leads to a stable overall system and which deterioration of the 
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quality of the closed-loop system as described by the performance index 
(9.3.3) has to be expected. The overall system (9.3. 1) and (9.3.2) is 
described by 

N 
Xi = AiiXi + � AijXj j= l 

j o' i 
(i = 1 ,  . . .  , N) with 

or 

x = Ax 

with 

A = 
(A

:
l l  

ANI 

X(O) = Xo 

For the stability analysis the Lyapunov functions 

(9.3.9) 

(9.3 . 10) 

(9.3 . 1 1) 

(9.3 . 1 2) 

(9. 3 . 1 3) 

of the isolated closed-loop subsystems are used. Since P iO is the solution 
of eqn (9.3 .S), the Lyapunov equation 

with 

Wi = Qi + P?BiRi 1B/P?  

holds . Therefore, eqns (S.2 . 10) and (S .2. 1 1) yield 

The interaction relation is evaluated with 

billijb j2 = II Aij I I 

(9. 3 . 14) 

(9.3 . 1 5) 

(9.3 . 1 6) 

(9.3 . 1 7) 

(cf. remark following Theorem S. l). Theorem S. l leads to the following 
stability criterion. 

Lemma 9.1 

The closed-loop system (9.3. 1), (9.3.2) and (9.3 .7) is stable if the matrix 

S = (Sij) with Sii = Amin [Wi] 
Stj =  - 2Amax [ Pf] II Aij ll 

(9.3. 1 S) 

is an M-matrix. 

co
nt

ro
len

gin
ee

rs
.ir



224 Decentralized Control of Strongly Coupled Systems 

This result will now be extended to an evaluation of the overall system 
by means of the performance index (9.3 .3) .  For the overall closed-loop 
system (9.3 . 1) ,  (9.3 .2) and (9.3.7) the objective function has the value 

p = x6P!xo 
where p8 is the solution of the Lyapunov equation 

A 'P8 + p8A = - Ko 'RKo - Q = - W  

(9. 3 . 1 9) 

(9.3 .20) 

with KO = diag Kjo, R = diag Rj, Q = diag Qj and W = diag Wj (cf. eqn 
(7.3 . 12» . The determination of [8 necessitates the solution of eqn 
(9.3.20), which has the order of the overall system, but this would 
disturb the decentralized structure of the design process. Therefore, [8 
should be evaluated in terms of 

(9.3 .21) 

with po = diag P jO (cf. eqn (7. 3 . 10» . As discussed in Section 7 .3 ,  
without interactions (Aij = 0) the decentralized controller (9.3 .2) and 
(9.3 .7) is optimal with respect to the criterion (9.3 .3) .  In order to 
describe how much the interactions may deteriorate the performance, a 
suboptimality index p. is introduced; p. is a positive scalar for which the 
relation 

[8 :S:;; ! r 
p. 

(9.3 .22) 

holds. The following theorem shows that p. can be evaluated by means 
of an algorithm which has a decentralized information structure. 

Theorem 9.2 

Assume that the local control stations (9.3 .3) have been designed such 
that the closed-loop isolated subsystems are optimal with respect to the 
subsystem performance indices h Determine the matrix 8(p.) = (Sij) 
with 

Sii(P.) = (1 - P.)Amin [Wi] 
Sjj = - 2Amax [P f] II Aij I I . 

(9.3 .23) 

Then the following statements hold: 

(i) The overall closed-loop system (9.3 . 1), (9.3 .2) and (9.3 .7) is 
connectively stable if the matrix 8(0) is an M-matrix. 

(ii) The overall closed-loop system (9.3 . 1), (9. 3 .2) and (9.3 .7) is 
suboptimal with index p. if the matrix 8(p.) is an M-matrix. 
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This theorem shows how the sub optimality index can be found. More
over, it shows that a certain sub optimality of the system claims a 
stronger test to be passed than stability. 

Proof 

Part (i) states the same as Lemma 9. 1 .  To prove part (ii) introduce 

The relation (9.3 .22) is equivalent to 

x6P�o ;;:: O. 

From eqns (9.3 . 14) and (9.3 .20) 

A 'pd + pdA = W  + .!. A 'po + .!. pOA 
p. p. 

(9.3.24) 

(9.3 .25) 

can be derived. Since the overall system is stable all eigenvalues of A 
have negative parts. Therefore, eqn (9.3 .25) is a Lyapunov equation 
which leads to a positive definite solution p d  if the right-hand side 
represents a negative definite matrix. That is, the relation (9.3.24) can be 
proved by showing that the matrix A 'po + pOA + p.W is negative 
definite. From eqns (9. 3.7) and (9.3 . 14) the equality 

A 'po + p OA + p.W = diag Ali pO + po diag Aii + Atp° + pOAc + W 
= Atp° + pOAc + (p. - 1)W 

holds, where the decomposition A = diag Aii + Ac as introduced in eqn 
(7 .3 .24) has been used. In order to prove the inequality 

the following estimation is derived, where x = (x { . .  , xJ..r) '  and 

N N 
x 'Wx = � � X/AijXj 

i= 1 j= l 
j .. i 

(9.3. 26) 

co
nt

ro
len

gin
ee

rs
.ir
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is used: 

x '  [AcPO + pOAc + (I-' - 1)W] x 
N N N 

= � - (1 - P.)X{WiXi + � � X{(AJiPl + PfAij)xj i= 1 i= 1 j= 1 j #- i 
N N N 

� � - (1 - I-')Amin [W;] I I Xi 11 2 + � � (Amax [Pl] II Aj; II i= 1 i= 1 j= 1 j #- i 
+ Amax [P i� I I Aij I I ) II Xi 11 1 1 Xj I I  

With the same argument as in Section 8.2 it is clear that if 8(1-') is an 
M-matrix then the last line of the expression above is less than zero, 
which proves part (ii) of the theorem. 0 

Since 8(1-') is constructed by means of norm bounds, part (ii) of 
Theorem 9.2 is sufficient but not necessary for I-' to be the sub optimality 
index. The conservatism of this test can be shown if a system with 
neutral interconnections is considered. According to Theorem 7.2, for 
such systems Ac = S diag P f with S being skew-symmetric holds. There
fore, the second term in the second line of eqn (9.3 .27) is zero, which 
proves the validity of eqn (9.3 .26) for arbitrary 1-'. In contrast, 8(1-') from 
eqn (9.3.23) is an M-matrix only for some interval I-' E (0, ji.). This con
servatism is the price to be paid for the decentralization of the analytical 
process. 

The application of Theorem 9.2 mainly involves steps which can be 
made on the subsystem level without the complete model of the overall 
system. Moreover, as the proof shows, the suboptimality index remains 
unchanged if some interaction links fail in operation. That is, the system 
is connectively suboptimal with index 1-'. 

Sometimes another definition of the suboptimality index is used. 
Instead of I-' in eqn (9.3 .22) e in 

Ig � (1 + e)JO 
is claimed. Then Theorem 9.2 is valid with (1 + e) replacing 1/1-'. 

A constructive way of determining the suboptimality index I-' can be 
derived from the M-matrix conditions summarized in Appendix 1 .  The 
matrix 

8(1-') = ( 1  - p.)diag(Amin [W;]) + 8c 
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with 

8c = (�' 
SNI 

512 
o 

. . .  �IN) . . .  S2N 

. . .  0 

is an M-matrix if and only if the Perron root of the matrix 

( 1 - 1')- 1 diag(Amin [Wil)- 18c 

227 

is smaller than one. Hence, part (ii) of Theorem 9.2 is satisfied for all 
I' with 

I' < 1 - Ap [diag(Amin [Wi]) - 18c ] .  (9. 3 .28) 

Algorithm 9.4 

Given: Interconnected plant (9. 3 . 1) with performance indices (9.3.4). 

1 .  Solve the subsystem Riccati equations (9.3 .8) and determine the 
controller parameters separately for all subsystems. 

2. Determine the test matrix 8(0) according to eqn (9.3 .23). Check 
whether 8(0) is an M-matrix. If the test fails, change the 
weighting matrices of the performance indices and continue 
with step 1 .  

3 .  Determine the suboptimality index I' according to inequality 
(9.3 .28). 

Result: Decentralized controller for which the overall closed-loop system 
has suboptimality index 1'. 

9.4 ROBUST DECENTRALIZED CONTROLLERS 

In this section, the decentralized design is extended to overall systems 
with some kind of non-linear interactions. Non-linear memoryless ele
ments fi(Ui) are inserted into the input channels of the subsystems so 
that the overall system is described by 

Xi = AjjXi + Bifi (Ui) + fki(X) (9.4 . 1 )  

where, as usual, x = (xi . . .  xlv) '  holds. Note that the overall system has 
the structure of eqn (3. 1 .4). 

It is assumed that, as in the preceding section, the decentralized 
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228 Decentralized Control of Strongly Coupled Systems 

control stations 

Ui = - KiXi (9.4.2) 

have been designed as optimal controllers for the linear isolated sub
systems. That is, 

(9.4.3) 

holds with P? as solution of 

A/Pio + P?Ai - P;"BiRi- lB/P? + Qi = O .  (9.4.4) 

In order to apply the stability condition of Theorem 8 . 1  to the closed
loop overall system (9.4 . 1 )  and (9.4.2) the constants Cij have to be deter
mined from Lyapunov functions of the isolated closed-loop subsystems, 
which are obtained from eqns (9.4. 1 )  and (9.4.3) for fk(X) = 0 

Xi = Aux; + Bifi(Ui). (9.4.5) 

For the Lyapunov function 

Vi(Xi) = X/PiXi (9.4.6) 

the scalars 

Cil = Amin [Pi] Ci2 = Amax [Pi] 

are the same as in eqn (8 .2. 10) .  For the time derivative of Vi(Xi) along 
the trajectory of the non-linear subsystem (9.4.5) the following relation 
is obtained 

Vi I ss = xl (A/Pi + PiAi)xi + 2x/PiBifi (Ui) 

with 

= x/( - Qi + PiBiRi 1B/Pi)Xi + 2x/PiBifi(Ui) 
= xl [ - Qi + (Wi - 1)PiBiRi 1B/P;jXi 

+ x/(2 - Wi)PiBiRi IB/PiXi + 2x/PiBifi(Ui) 
� - Amin [ Q; + (1 - wi)P;BiRi 1BIP;j I I xdl 2 + Zi 
� - Ci3 1 1  Xi 1 1 2 

C;3 = Amin [Q; + (1 - wi)P;BiRi 1B/P;j 

provided that 

Zi = xl (2 - Wi)PiBiRi- lB/PiXi + 2x/PiBifi (Ui) � 0 

(9.4.7) 

holds . By using eqn (9.4.3), the first term on the right-hand side of the 
last equation above can be expressed as (2 - wi)uIRiu;. Consequently, 
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Zi � 0 is equivalent to 

(1 - �)U/aUi � uiRifi (ui). (9.4.8) 

That is, if the non-linearity of the ith subsystem satisfies the inequality 
(9.4.8) for some constant Wi then the Lyapunov function (9.4.6) satisfies 
the inequalities (8 .2.7)-(8.2.9) with the constants given above. The 
inequality (9.4.8) will be discussed later. 

For the application of the stability criterion of Theorem 8 . 1  the 
interconnection relation has to be described in a similar way to eqn 
(8 .2. 14). That is, scalars iij have to be found so that 

N 
II fki(X) I I � � iij I I Xj I I  i=l  

(9.4.9) 

is valid. Then the test matrix S = (Sij) can be set up as in eqn (8.2 . 18) 
with hj replacing the term bil/ijbj2 

Sii = Amin [ Qi + (1 - Wi)PiBiRi- 1B/Pd - 2Amax [Pd hi 
Sij = - 2Amax [Pd hj. (9.4. 10) 

Theorem 8. 1 and Corollary 8. 1 lead to the following stability condition. 

Theorem 9.3 

Assume that the local control stations (9.4.2) have been designed for the 
isolated subsystems by means of an LQ procedure for the quadratic 
performance index with weighting matrices Qi and Ri. If the non
linearities fi(Ui) (i = 1 ,  . . .  , N) satisfy the inequalities (9.4.8) for some 
constants Wi > 0 and the matrix S is an M-matrix, then the overall 
closed-loop system is connectively stable. 

This result leads to the following design algorithm. 

Algorithm 9.5 

Given: Non-linear plant (9.4. 1), for which the non-linearities fi(Ui ) 
satisfy the condition (9.4.8) for some scalars Wi > 0; weighting 
matrices Qi and Ri. 

1 .  Solve the local LQ problems according to eqns (9.4.3) and 
(9.4.4). 

2. Determine hj so that eqn (9.4.9) holds. 
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3 .  Check whether the matrix S from eqn (9.4. 10) is  an M-matrix, 
which ensures the stability of the overall closed-loop system. If 
the stability condition fails, change the weighting matrices Qi 
and R; and continue with step 1 ;  otherwise stop. 

Result: Decentralized controller (9.4.2) which ensures the closed-loop 
stability. 

Theorem 9.3 describes under what conditions the solutions of the inde
pendent LQ problems for the isolated subsystems are compatible in the 
sense that the implementation of the control stations results in a stable 
overall closed-loop system. The rather abstract mathematical condition 
on S to be an M-matrix will now be interpreted in control engineering 
terms. 

First, for linear subsystems with non-linear interactions 

Xi = Auxi + Biui + fki (x) (9.4. 1 1) 

Theorem 9.3 holds with Wi = 0 (cf. eqn (9.4.8» . 

Corollary 9.2 

Consider a non-linear composite system (9.4. 1 1) with linear subsystems 
and assume that the control stations (9.4.3) have been chosen for the 
isolated subsystems so as to minimize the quadratic performance indices 
Ii (i = 1 ,  . . .  , N)  from eqn (9.3 .4). If the matrix S =  (Sij) with 

SU = Amin [Qi + PiBiRi 1B/P;l - 2Amax [P;l li 
Sij = - 2Amax [P;] !;j. (9.4. 12) 

is an M-matrix, then the overall closed-loop system (9.4.2), (9.4.3) and 
(9.4. 1 1) is connectively stable. 

The matrices Qi and Ri can be freely chosen, but as eqn (9.4.4) shows, 
Pi is closely related to this choice and the subsystem properties. It is, 
therefore, impossible to use the M-matrix condition of the test matrix S 
to determine explicitly such weighting matrices for which the stability 
of the overall closed-loop system is ensured. But the trend is known: 
increasing the elements of Qi, which corresponds to a larger penalization 
of Xi(t), leads to larger elements in Pi and, hence, to large diagonal ele
ments su. However, simultaneously the non-diagonal elements Sij 
become smaller. 

Second, if the non-linear element fi(Ui) in eqn (9.4. 1)  is replaced by 
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a linear element 

fi(Ui) = kiUi 

231 

(9.4. 13) 

the robustness of the decentralized controller against loop gain vari
ations can be assessed. The use of fi as in eqn (9.4. 1 3) is equivalent to 
the use of the control station (9.4.2) with controller matrix 

(9.4. 14) 

in connection with the linear subsystem (9.4. 1 1) .  Hence, ki can be 
interpreted as loop gain variation. The element (9.4. 13) satisfies the 
inequality (9.4.8) if 

(1 - �i) � ki (9.4. 1 5) 

holds. If the test matrix S is an M-matrix, the system remains stable for 
all such ki• That is, all loop gains can be infinitely increased or reduced 
by the factor (1 - }  Wi) without endangering the closed-loop stability. 
This corresponds to an infinite gain margin and a wi/2 x 100070 gain 
reduction tolerance in every decentralized control loop. 

Corollary 9.3 

If the matrix S in eqn (9.4. 13) is an M-matrix, the closed-loop system 
(9.4. 1 1) and (9.4.3) is connectively stable and has an infinite gain margin 
and a wi/2 x 100070 gain reduction tolerance in every input channel. 

The third remark concerns the interpretation of eqn (9.4.8) for non
linear elements fi(Ui) ,  which are restricted to the form 

fi(Ui) = (fil (Uil ) !;z(Ui2) • . .  Jimi(Uim,» '  

with 

Ui = (Uil Ui2 • • . Uim,) ' .  

Then, eqn (9.4.8) yields 

Jij(Uij) � 1 _ Wi . uij 2 
(9.4. 16) 

That is, the non-linearity has to lie inside the sector which is drawn in 
Figure 9.4. The boundary of the section depends on the scalar Wi, which 
in turn influences the constant Ci3 of the corresponding subsystem. The 
smaller Wi is, the smaller is Ci3 .  A lower bound for Wi is given by that 
value for which Ci3 in eqn (9.4.7) becomes negative. 
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Figure 9.4 Sector describing the non-linear element 

9.5 DECENTRALIZED OUTPUT FEEDBACK 

The methods developed so far are applicable only if the subsystem states 
are available for measurement since the controllers have the form 

Ui = - KiXi. (9.5. 1 )  

If only the subsystem outputs Yi  can be accessed, decentralized observers 
have to be used for state reconstruction. Owing to the decentralized 
nature of the design methods, this observation problem can be solved 
without encountering the difficulties discussed in Section 7.4. The reason 
for this is given by the fact that in the decentralized design algorithm the 
local control stations are chosen for the isolated subsystems and so are 
the observers (step 1 in Algorithm 9. 1) .  

To outline this in more detail, note that the control stations (9.5 . 1 )  
are designed in all the methods presented in the Sections 9.2-9.4 for the 
isolated subsystems 

Xi = AiXi + Biui 
Yi = CiXi (9.5.2) 

which are provided here with an equation for the output Yi. The aim was 
to make the closed-loop system (9.5 . 1 )  and (9.5 .2) stable, to move the 
eigenvalues to prescribed positions in the complex plane, or to minimize 
an objective function. If the resulting controller (9.5 . 1 )  has to be applied 
by means of an observer 

(9.5 .3) 

the observer matrices Abi, Bbi and Ebi can be found for the isolated sub
system (9.5 .2) as described in Section 2.2. The observation problem is 
a classical one. The decentralized control stations consist of the observer 
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(9.5 .3) and the feedback 

(9.5.4) 
Since the design and observation problems are centralized rather than 
decentralized, the design aims posed on the subsystems are at least 
approximately satisfied for the loop (9.5.2), (9.5 . 3) and (9.5 .4) which 
includes dynamic output feedback if they are satisfied for the state feed
back system (9.5 . 1) and (9.5 .2) .  The reason for this is given by the 
separation theorem (Theorem 2.8). Accordingly, the system (9.5 .2), 
(9.5 .3) and (9.5 .4) is stable if and only if the system (9. 5 . 1) and (9.5 .2) 
and the observer (9.5 .3) are stable. The eigenvalues of (9.5.2)-(9.5.4) 
consist of those of (9.5 . 1) and (9.5.2) and the observer (9.5 .3) .  Similar 
results are known from multivariable control theory for the optimality 
of the controllers (9.5 .3) and (9.5 .4). 

The only modifications to the methods presented in the preceding 
sections concern the fact that the overall system has to be assessed with 
the dynamic controller (9.5 .3) and (9.5.4) rather than the static feedback 
(9. 5 . 1) attached. That is, the Lyapunov functions (9.2.8), (9.3 . 1 3) or 
(9.4.6) have to be constructed for the expanded subsystem state 
(x l xl) ' .  It is obvious that all further design steps proceed as above and 
lead to similar test matrices. 

9.6 EXTENSION TO OVERLAPPING SUBSYSTEMS 

It has been explained in Section 3.4 that an overlapping decomposition 
may lead to weakly coupled subsystems even if disjoint subsystems are 
strongly coupled. The overlapping part of the subsystems can be con
sidered as an approximate description of the influence that the other 
subsystems impose on the given subsystem. Hence, the model describes 
the subsystem performance better than the model of the isolated 
subsystem. 

The main problem when using the overlapping decomposition for 
design purposes is the contractability of the resulting control law. It has 
to be ensured that the controller can be applied to the original system 

x = Ax + Bu 
y = Cx 

x (O) = Xo 

although it has been designed for an expansion of (9.6. 1 )  
i = Ax + Bu i(O) = io 
y = Ci 

(9.6. 1)  

(9.6.2) 

(cf. Section 3 .4). This possibility is described by the following property. 
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Definition 9.1 

The control law 

u =  - Kx  
for the expansion (9.6.2) is contractable to the control law 

u =  - Kx  

for the original system (9.6. 1 )  if io = TXo implies 

Kx = Kx for all t � 0 

where T is the transformation matrix used in Definition 3 .2. 

(9. 6.3) 

(9.6.4) 

(9.6 .5) 

The contractability of the control law implies that the closed-loop 
system (9.6. 1) and (9.6.4) 

i = (A - BK)x x (O) = Xo (9.6.6) 

is a contraction of the closed-loop system (9.6.2) and (9.6.3) 

i = (A - iiK )i i (O) = io• (9.6.7) 

A necessary and sufficient condition for contractability can be proved if 
the controller matrix is represented as 

(9.6.8) 

where L is a constant complementary matrix. 

Theorem 9.4 

The control law (9.6.3) is contractable to the control law (9.6.2) if and 
only if the following conditions are satisfied: 

LMi- lT = 0 LMi- lN = 0 (9.6.9) 

(i = 1 . . . . . dim i). 

Equation (9.6.9) has the same requirements as Theorem 3.3. The proof 
that �qn (9.6.5) follows from eqns (3.4.6) and (9.6.9) can be established 
by a comparison of the time series expansions of K exp At and 
K exp At. 

Theorem 3.4 together with Theorem 9.4 leads to the following corol
lary. which shows that stabilizing decentralized controllers of the ori
ginal system (9.6. 1) can be designed for the expanded system (9.6.2). 
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Corollary 9.4 

If the system (9.6.2) is an expansion of (9.6. 1 )  and if the control law 
(9.6.3) can be contracted to (9.6.4), then the closed-loop system (9.6. 1) 
and (9.6.4) is stable if and only if the system (9.6.2) and (9.6.3) is stable . 

Example 9.2 

Consider the system (9.6. 1) under the state partition made in Example 
3 .4. A decentralized controller 

U1 = ( -ill -i12)X1 
U2 = ( -i23 -i24 )X2 

can be designed for the expanded plant (3 .4.8). It represents the 
controller 

U = - (i�l i�2 1 �
3 

�J 
(!:) 

for the expanded system (9.6.2). The controller satisfies eqn (9.6.8) with T used in Example 3 .4 since 

K = iT = _ (ill �12 _
0 ) 

o K23 K24 
holds. Although this controller has been designed as independent control 
stations for the isolated subsystems of the expansion (9.6.2), it does not 
represent a decentralized controller for the original system. The state X2 
has to be available for measurement for both control stations as the 
frequency fin the power system (Example 3 .5, Figure 9.5). However, if 

Figure 9 . 5  Closed-loop system of Example 9.2 
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an incomplete state feedback was used during the design, that is if Kl2 
or K23 was zero, then a completely decentralized control law would 
result. 0 

BIBLIOGRAPHICAL NOTES 

Several authors have tackled the problem of decentralized control in a 
decision-theoretic setting. Probably the best survey was given by 
Findeisen (1982). The notion of a non-classical information pattern has 
been introduced in decision theory (see, for example, Ho and Chu 1972, 
1974 or Ho et al. 1978) and discussed in connection with decentralized 
design by Bailey (1978), Li and Singh (1983), Tenney and Sandell 
(1981a,b), Tsitsiklis and Athans (1985) or Fiorio and Villa (1986). In 
these references the reasons for the non-classical information pattern 
and ways to solve decision problems under such an information struc
ture are described in more detail than in Section 9. 1 .  

Special investigations of decentralized control as a dynamic team 
problem were carried out by Ho and Chu (1974) and Sandell and Athans 
(1974) who solved the LQG problem. Extensions were made to systems 
with a k-step-delay sharing information pattern, in which the control 
agents receive the controls made by the other agents after k time steps. 
All these investigations refer to systems subject to stochastic disturb
ances and lead to control agents, which are linked by a communication 
network. Although all links are allowed to have some time delay, the 
controller is, in principle, a centralized one. 

Basic game-theoretic notions of the control of dynamic processes by 
more than one control agent were mentioned in the monograph by 
Bryson and Ho (1969). Starr and Ho (1969) and Varaiya (1970) gave so
lutions to decentralized control as non-zero-sum differential games with 
linear dynamics . Other authors considered the decentralized design as 
Nash or Stackelberg problems, for example Mageirou and Ho (1977). 
The fundamental results along these lines were reviewed by Bernussou 
and Titli (1982). Relevant game-theoretic results can be found in the 
book by Bazar and Bernhard (1989). 

The idea of reducing the design complexity by designing the control 
stations independently of one another for the isolated subsystems is old. 
Bailey and Wang proposed a strategy to find weighting matrices Qi and 
Hi for the isolated LQ problems in order to ensure a reasonable overall 
system performance index for the interconnected system as early as 
1972. Bailey and Ramapriya (1973) derived bounds on the sub optimality 
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of the decentralized controller in terms of the overall performance cri
terion. Darwish et al. (1979) published a method in which a reasonable 
prescription of the degrees of subsystem stability ensures overall system 
stability. Although the design steps used in these methods are the same 
as those explained in this chapter, a major difference is given by the fact 
that the analysis step necessitates a complete model of the overall closed
loop system. Therefore, the information structure inherent in these 
methods is not decentralized. 

The main step towards decentralized design methods was made when 
the upper bounds of the subsystem dynamics were used in the analysis 
of the overall system. The aggregation-decomposition method (Section 
9.2) was proposed by Siljak (1972, 1976, 1978) and served as a paradigm, 
which has been used and extended by many other researchers with or 
without reference to Siljak's work. A modification of the design prin
ciple to decentralized feedback of the subsystem state and the intercon
nection input was made by Xiao (1985). This author used a criterion 
based on comparison systems (Section 8.4) in order to prove the stability 
of the closed-loop system. Examples of applications can be found in 
Siljak (1978) or Calovic et al. (1978). A similar technique for decentral
ized design has been developed by Vesely (1981) who started with the 
Bellman-Lyapunov equation for optimal control. The design scheme has 
an information structure similar to Figure 9. 1 .  Applications to the 
decentralized control of multiarea power systems are reported by Vesely 
et al. (198 1 , 1984). Chmurny (1989) is one of several authors who 
applied the aggregation-decomposition method to plants with specific 
structure. He considered chemical reactors for which the multilevel 
controller has proportional-derivative (PD) character. 

The method of ensuring the compatibility of the control stations by 
prescribing a degree of stability for the closed-loop subsystems was 
investigated, for example, by Sundareshan (1977b) and Mahalanabis 
and Singh (1980). The results of Section 9.2 and the main idea of 
Example 9 . 1  were developed by Vukcevic (1975). 

The extension of the stability analysis to non-linearly coupled 
systems began with the work of Weissenberger (1974). Sezer and Siljak 
(1981a),  and Ikeda and Siljak (1982), whose results are reviewed in 
Section 9.3,  investigated the robustness of the decentralized controller 
against parametrical uncertainties or non-linearities within the sub
systems. The connective stability and performance degradation under 
perturbations of the global information links within multilevel con
trollers were studied by Geromel and Bernussou (1979b) and Hassan and 
Singh (1979). Petkovski (1984) derived upper bounds on the perturba
tions dAij, dBjj of the matrices Aij and Bj for which the closed-loop sta-
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bility is ensured. Bahnasawi et al. (1990) elaborated an alternative 
method in which the overall system stability is tested by means of the 
scalar Lyapunov function approach described in Section 8.2. This stabi
lity test has been extended to non-linear interconnections and uncertain
ties of the subsystem model. 

Whereas most of these results are based on sufficient stability con
ditions and, thus, give conservative results on the interaction relation, 
Bhattacharyya (1987) derived restrictions on structural perturbations, 
which have necessarily to be satisfied if the perturbed system should be 
stable. Lunze (1988) and Siljak (1989) considered decentralized design 
problems explicitly as problems of robust control. 

An analogous frequency-domain design method was derived from 
the Nyquist array method (Rosenbrock 1974) by Nwokah (1980). 
Accordingly, the decentralized control stations have to be chosen so as 
to ensure the diagonal dominance of the open-loop frequency response 
matrix. An extension of this method from scalar to multidimensional 
interconnection signals among the subsystems was given by Bennett and 
Baras (1980) and Hung and Limebeer (1984) who defined the property 
of block-diagonal dominance as an appropriate generalization of the 
dominance property mentioned above. All these results were presented 
in the general framework of robust decentralized control by Lunze 
(1988). 

The idea of using coarse models of the subsystems j U ;c i) in order 
to approximate the surrounding subsystem i (as in Figure 9.2) has been 
proposed by Lunze (198Oc) and Litz (1983) . A particular type of the 
coarse model is received by overlapping decomposition. The design of 
decentralized controllers for overlapping subsystems was investigated 
by Ikeda et al. (1981) and Ikeda and Siljak (1984). The estimation 
and control of discrete-time systems subject to Gaussian noise were 
considered by Hodzic and Siljak (1986). 

Siljak (1980a,b) and Ladde and Siljak (1981) considered multi
controller configurations within the framework of overlapping decom
position, where one control station and the whole plant appear in each 
overlapping subsystem. They derived conditions under which the con
troller is reliable in the sense that some controllers may fail and can be 
disconnected from the plant for repair without losing the stability of the 
remaining system. The integrity is extended to reliability studies, where 
the structural changes of the control configuration are described by 
Markov processes. 

The idea of proving closed-loop stability by means of the composite
system method and of deriving requirements on the decentralized 
control laws from these stability criteria can also be used for adaptive 
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control. Results along these lines were obtained, for example, by Gavel 
and Siljak (1985) who used a scalar Lyapunov function (Section 8.2) to 
derive an adaptation law for the decentralized controller, for which the 
closed-loop system with initially unknown parameters is known to be 
globally stable. 
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1 0  

Decentra l ized Control of Weakly 

Cou pled System s  

1 0.1  DECENTRALIZED CONTROL OF HIERARCHICALLY 
STRUCTURED SYSTEMS 

The simplifications of the design problem which can be gained from the 
weakness of subsystem interactions will be investigated in this chapter. 
The first section is devoted to systems which are not strongly coupled in 
the sense of Definition 3 . 1  but have a hierarchical structure. It was 
explained in Section 3.2 that due to the absence of certain couplings the 
subsystems can be ordered in such a way that if there is an interaction 
from subsystem i to subsystem j then no interaction exists in the 
opposite direction. 

It will now be shown that the stability analysis is simplified as a 
result of the hierarchical structure, but that in the controller design 
concerning the system dynamics such a simplification is, in general, not 
possible. 

Algebraically, the hierarchical structure of the overall system 

x = Ax + diag Bi U 
Y = diag Ci x 

( 10. 1 . 1 )  

is reflected by the property of A to be block triangular (cf. eqns (3 . 1 . 14) 
and (3.2. 12» 

o 
A22 

Am l} 
This property is preserved under decentralized control 

Ui = - Ki(Yi - Vi) (10. 1 .2) 

independently of whether the control stations have dynamical parts or 

co
nt

ro
len

gin
ee

rs
.ir



Control of Hierarchically Structured Systems 24 1 

not. In the model of the closed-loop system (10. 1 . 1 )  and (10. 1 .2) 
x = Ax + Bv 
y = Cx  

the matrix A = A - B(diag Kj)C has the block-triangular form (Al l  - B!K!C! 0 . .  . 

A = At! A22 - �2K2C2 . .  . 
ANI AM 

(10. 1 .3) 

where the diagonal blocks represent the system matrices of the isolated 
subsystems 

Xj = (Aii - BjKjCj)xj + BjKjvj 
Yj = CjXj. 

Therefore, Corollary 3 . 1  yields the following result. 

Theorem 10.1 

(10. 1 .4) 

If the system has a hierarchical structure then the overall closed-loop 
system (10. 1 .3) is stable if and only if the isolated closed-loop sub
systems (10. 1 .4) are stable. 

If only the stability of the closed-loop system is involved, the control sta
tions of a decentralized controller can be designed independently of each 
other for the isolated subsystems. The interactions of the subsystems 
must be known only to the extent that the hierarchical structure of the 
overall system can be proved. For the design, no information has to be 
available about the subsystem interconnections. 

If the isolated subsystems are controllable and observable, they can 
be stabilized by the attached control station. 

Corollary 10.1 

If the overall system has a hierarchical structure then it can be stabilized 
by decentralized control if and only if the isolated subsystems are com
pletely controllable and completely observable through their input Uj and 
output Yj. 

This corollary shows that systems with hierarchical structure represent 
a class of systems that can be stabilized by decentralized state feedback 
Uj = - Kjxj. 
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242 Decentralized Control of Weakly Coupled Systems 

If the design aims include requirements on the dynamical I/O behav
iour of the closed-loop system, simplifications of the design problem 
cannot be obtained so easily. Since the decentralized controller does not 
alter the interconnections between the subsystems, the command input 
Vi or disturbances, which affect subsystem i, do influence the output Yj 
if interconnections from subsystem i to subsystem j exists . Typically, as 
the design specifications refer not only to the direct couplings of Vi to Yi 
but also to the cross couplings from Vi to Yj, specific properties of the 
plant or specific design requirements have to be exploited in order to 
make a completely decentralized design possible. 

It is interesting to note that the hierarchical structure of the plant 
does not even ensure that the control problem can be solved by means 
of a sequential design procedure, which follows the direction of the 
interactions. In such a design procedure the ith control station is chosen 
before the jth controller if the interactions are directed from subsystem 
i to subsystem j. However, as a result of these interactions the question 
of whether a control station j can be found so as to satisfy requirements 
on the couplings from Vi to Yj depends upon the ith controller, which is 
already fixed. In other words, although the plant has one-directional 
dynamical interconnections the controller parameters are dependent 
in both directions. Therefore, a completely decentralized design is, in 
general, not possible. 

Example 10.1 (Decentralized control oj a string oj vehicles) 

The following example should illustrate that the design specifications 
concerning the dynamical I/O properties of the closed-loop system 
cannot be simply divided into disjoint sets for the isolated subsystems, 
but that due to the structure of the example system such a decomposi
tion may be possible. Consider a string of vehicles one behind the other 
moving in a straight line (Figure 10 . 1 ) .  Each vehicle represents a sub
system of the overall plant. If the velocity of the vehicles is used as state 
variable XiI and the distance between a vehicle and its predecessor as 

Figure 1 0. 1  String of vehicles 
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state variable Xj2 then a simple model of the form 

. - 1 1 Xl l  = - Xl l  + - Ul ml ml 
Yl = Zl = Xl l 

and 

Yi = Xi Zi = (1 O)Xi 

Xl (0) = XIO 

(i = 2, 3, . . . , N) 

243 

(10. 1 .5) 

(10. 1 .6) 

with Xi = (Xii xd ' can be set up where mi denotes the mass of the ith 
vehicle. The input Uj represents the accelerating force in terms of the 
position of the accelerator. The subsystems are serially interconnected 

Si = Zi- l (i = 2, 3 , . . . , N). 

The following control aims have to be obtained: 

1 .  The closed-loop system has to be stable. 

( 10. 1 .  7) 

2. Disturbances, which can be modelled as initial deviations Xi(O) 
of the vehicle velocity or the vehicle distance, have to be 
asympotically attenuated. 

3 .  A distance deviation X/2 (0) between succeeding vehicles has to 
be decreased monotonically (without overshoot), that is 

x/2 CO)x/2 Ct) � 0 

should hold. 

(10. 1 .8) 

This problem of replacing the driver of a vehicle by a feedback con
troller is practically relevant to transportation systems with many 
different vehicles on a common rail network. The controller must be 
decentralized since no coordination between the vehicles is possible and 
because the vehicles are chained randomly. A static controller 

(10. 1 .9) 

suffices to solve the problem since no external disturbance signals are 
involved. If the closed-loop system is stable, then the design requirement 
(point 2 above) is satisfied. 

The plant is unstable, but, due to Corollary 10. 1 ,  it can be stabilized 
by a decentralized controller because each isolated subsystem is control
lable. Moreover, the closed-loop stability is ensured if and only if all 
closed-loop subsystems are stable. 
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The design requirement (3) refers to the overall system behaviour 
since the distance between succeeding vehicles cannot be evaluated if the 
vehicles are considered separately from one another. In the model 
(10. 1 .6) this fact can be seen by the influence of Si upon Xi2. Therefore, 
the question arises of how to reformulate the design requirement (3) for 
the isolated subsystem. For this purpose consider the ith closed-loop 
subsystem for the initial state Xi(O) = (0 Xi2 (0» , used in (3). Equations 
(10. 1 .6) and (10. 1 .9) yield 

- (1 + kil ) - ki2 0 
[ (- 1  1 ) ]  

xdt) = (1 0) exp mi 
1 

mi
o 

t C)XdO). 

Hence, inequality (10. 1 .8) is satisfied whenever the impulse response 
of the isolated closed-loop system (10. 1 .6) and (10. 1 .9) concerning 
the interconnection input Si and the interconnection output Zi is 
non-negative 

- (1 + kil - ki2 0 
[ (- 1  1 ) ] 

gzsi(t) = (1 0) exp mi 
1 

mi
o 

t C) � o. (10. 1 . 10) 

That is, the closed-loop overall system satisfies the design requirements 
(1)-(3) if and only if all isolated closed-loop subsystems are stable and 
have non-negative impulse responses gzsi. 

This shows that it is possible to divide the overall design problem 
into completely independent design problems. The control stations can 
be found as solutions of these completely independent design problems. 
Note that the subsystem design tasks do not refer to the original spe
cification (3) but to quite another design requirement (10. 1 . 10). 

In the resulting decentralized design scheme, even more involved 
control problems can be solved with reasonable effort. If, for example, 
the design requirements (1)-(3) have to be satisfied despite mass vari
ations, the decentralized design problem has simply to be extended by 
a robustness requirement. Instead of the model (10 . 1 .6), the extended 
model 

(Xil) (
-

1 0) (Xil) (- 1) (0) ( 0) 
Xi2 = - 1 0 Xi2 

+ 
0 Ui + 1 Si + _ 1 f; 

Yi = X; + (�)f; 
Zi = (1 O)Xi + Ji (i = 2, 3 ,  . . .  , N) 

(10. 1 . 1 1) 
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UncertQint� model 

ofj �pproximate model 

I 
I 

- - - - -, 

Sj I I 
L _ _ _ _ _ _ _ _ _ _ _ _  -1 

0.) 

9 

0.5 

�:� o 1 
b) 

t 

.. t 

Figure 1 0. 2  Modelling the vehicle behaviour for uncertain mass: 
(a) model of vehicle i; (b) determination of V2i(t) as the upper 
bound of the difference between the impulse responses of the 

approximate model ( 1 0. 1  . 1 1 )  and the original system for 
0 . 8  � mi � 1 . 2 
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0.1 

0.05 

Figure 1 0. 3  Tolerance band o f  the impulse response 
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Figure 1 0.4 Velocity X21 (t) and distance X22(t) between vehicles 1 
and 2 
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with 

1 fi(t) 1 � V2i(t) * 
1 Ui 1 

and 

V2i(t) = 1 1 .25 exp( - I .25t) - exp( - t) 1 

(cf. Figure 10.2) has to be used. This model holds for 

0.8 � mi � 1 .2. 

247 

(10. 1 . 12) 

It has the structure of Figure 2.8(b) with Ui and fi instead of d and f .  
The controller has to stabilize the system (10. 1 . 1 1) and to ensure the 
non-negative definiteness of gz.i(t) for all model errors fi described by 
eqn (10. 1 . 12). 

The solution of this extended problem can be obtained by means of 
methods for centralized robust control (Section 2.6) .  With the para
meters kil = - ki2 = 0.22 the isolated closed-loop system is stable and 
the impulse response gz.i lies within the tolerance band depicted in 
Figure 10.3. Hence, the requirements on the subsystems are (nearly) 
satisfied. Figure 1 0.4 shows that an initial distance deviation X22(O) is 
removed monotonically within the overall system. D 

1 0.2 DECENTRALIZED CONTROL OF MULTI-TIMESCALE 
SYSTEMS 

This section highlights another possibility of the decentralization of the 
design process where again structural properties of the plant will be 
exploited. The multi-time-scale system (3 .5 . 1 1) 

N N 
Xo = AooXo + � Aojxj + � Bojuj 

j= 1 j= 1 
(i = 1 ,  . . .  , N) 

(10.2. 1 )  

consists of  a slow subsystem with state Xo and N fast subsystems, which 
do not interact directly with each other but are coupled together only via 
the slow subsystem. A controller is to be found which minimizes the cost 
function 

N 1 joe 1 = � 1; + -2 x6QoXo dt i=O 0 

with 

I; = 4 [ (X/QiXi + u/Kiui) dt. 

(10.2.2) 

(10.2.3) 
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Owing to the temporal separation of the dynamics of the fast and the 
slow subsystems it is reasonable to decompose the state and each control 
Ui into a slow and a fast part: 

Xi = Xsi + Xfi Ui = Usi + Ufi (i = O, l , . . .  , N). ( 10.2.4) 

First, the slow part of the system performance is considered. The 
assumptions Xfi = 0, Ufi = 0 and ei = ° lead to eqn (3 .5 . 12),  which is 
written here as 

Xsi = CiOXsO + DiOUsi (i = 1 ,  . . . , N) 

with 

CiO = - Au I AiO 
and to 

XsO = Asxso + Bsus 
with 

N 
As = Aoo - � AOiAu I Aio i= 1  
Bs = (DSI Bs2 . . .  BsN) 
Bsi = BOi - AoiAit IBu 

(10.2.5) 

(10.2.6) 

( 10.2.7) 

( 10.2.8) 

and Us = (U;I U;2 . . , u�) ' (cf. eqns (3 .5 . 1 3) and (3 . 5 . 14)). For the 
performance index (10.2.2) the relations 

N 1 r oo  Is = i
� lsi + 2 J 0 (X;oQoXso) dt 

with 

1 roo 
= 2 J 0 [X;OC/OQiCiOXsO + 2U;iD/oQiCiOXsO 

+ u;i(R; + D/OQiDiO)Us;] dt 

= � [ (X;OQsiXso + 2U;iSiXsO + u;iRsiUsi) dt 

(i = 1 ,  2, . . . , N) and 

Qsi = C/oQiCiO Si = D/oQiCiO Rsi = Ri + D/OQiDio ( 10.2.9) 
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and, finally, 

Is = � [ (x;oQsxso + 2u;Sxso + u;Rsus) dt 

with 

N 
Qs = Qo + � Qsi i= l 

Rs = diag Rsi 

249 

(10.2. 10) 

is obtained. That is, for the slow part the optimization problem 

min Is subject to eqn (10.2.7) 
U5 = - KsxsO 

has to be solved. 
According to Section 2.4, the solution is 

Us = - R; l (BtP + S ')xso (10.2. 1 1) 

with P being the solution of the Riccati equation 

(As - BsR; lS ) 'p  + P(As - BsR; lS)  
- PBsR; lBsP + Qs  - S 'R; lS = O. (10.2. 12) 

Owing to the structure of the matrices involved, the controller (10.2. 1 1) 
can be decomposed into N state feedbacks 

Usi = - KsiXsO (10.2 . 1 3) 

with 

Ksi = R� l (B;iP + Si). (10.2. 14) 

Second, the fast part of the overall system is investigated by means of 
the model (3 .5 . 16) 

Xfi = Ajjxfj + BUUfi. (10.2. 1 5) 

For Usi = 0, Xi = Xfi (i = 1 ,  . . .  , N) and Xo = XfO = 0 the performance index 
(10.2.2) is 

N 
Ir = � Iri 

i = l  
with 

Ifi = � � :  (X/tQiXfi + ubRufj) dt. 

The optimization problem 

min If 
Dr 
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250 Decentralized Control of Weakly Coupled Systems 

breaks down into the N independent problems 

min Ifj subject to eqn (10.2 . 15) 
Ufi = - KflXfi 

which can be solved as described in Section 2.4. The solutions are 

Ufi = - KfiXfi 

Kfi = R;lBliPii 

(10.2. 16) 

(10.2. 17) 

(i = 1 , 2, . . .  , N) where all P ii satisfy the corresponding Riccati equation 

A/iPii + PiiAii - PiiBiiRi- 1B/iPii + Qi = o. (10.2. 18) 

These equations can be solved independently of each other. They merely 
require the subsystem models to be available. 

A suboptimal solution for the overall system can be obtained by 
combining eqns (10.2. 1 3), (10.2. 14), (10.2.16) and (10.2 . 17) with Xi = 
Xsi + Xfj, XfO = 0 and Xsi from eqn (10.2. 15). The control stations are 

Ui = Ufi + Usi = - KfiXi - KiOXO (10.2 . 19) 

with 

KiO = [(I + KfiAii1Bii)Ksi + KfiA;i1AiO ] . (10.2.20) 

The second part constitutes a reaction concerning the performance of 
the slow subsystem, and the first part represents the local feedback 
of the fast subsystem state (Figure 10.5). The control stations are 
overlapping. 

The solutions to the separate design problems for the approximate 
models (10.2.7) and (10.2. 1 5) exist if (As, Bs) or (Au, Bu), respectively, 
are controllable. 

Plant 
, - - - - - - - - - - - - - - - - - - - - - , 
I I 
I Slow SUbs�5tem I 
I I 
I I 
I I 
I I 
I I 

_ .J  

Figure 1 0. 5  Decentralized control of a multi-timescale system 
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Algorithm 10.1 

Given: Multi-time-scale system (10.2. 1) and performance index ( 10.2.2). 

1 .  Determine the matrices As, Bs, Qs, S, Rs of the design problem 
for the slow performance by means of eqns (10.2.8)-(10.2. 10). 

2. Solve eqn ( 10.2. 12) and determine the controller matrices Ksi 
from eqn (10.2 . 14). 

3 .  For each subsystem ( i  = 1 , 2, . . .  , N) solve the corresponding eqn 
(10.2. 1 8) separately and determine the controller matrix Kfi 
from eqn ( 10.2. 17). 

4. Determine the decentralized controller ( 10.2. 19) .  

Result: Suboptimal decentralized controller (10.2 . 19) .  

Steps 1 and 2 concern the overall system under the assumption that the 
fast subsystems have reached their steady state, but do not involve 
manipulations with the complete model. Eqn ( 10.2. 12) has the order of 
the slow subsystem. The result of these steps represents the overlapping 
part of the controller. Steps 3 and 4 have a completely decentralized 
information structure. All manipulations concern the isolated fast 
subsystems. 

This method of solution leads to a suboptimal controller, but it is 
much simpler than the direct solution of the overall optimization 
problem (10.2. 1 )  and (10.2.2), which has been explained in Chapter 7 .  

BIBLIOGRAPHICAL NOTES 

The simplifications that can be gained from the hierarchical structure of 
large-scale systems were recognised early on. Ozgiiner and Perkins (1978) 
decomposed the optimal control problem on this basis and developed a 
sequential design procedure, where in the last step the complete overall 
model has to be used. The complete decentralization of the design 
process, which has been explained in Example 10. 1 ,  was proposed by 
Bakule and Lunze (1985, 1 986). They used the same vehicle control 
example as Levine and Athans (1966) for centralized control and as the 
aforementioned authors for decentralized control. The practical import
ance of the design requirement (3) used in Example 10. 1 was emphasized 
for example, by the detailed study of dynamical phenomena within 
vehicle strings made by Ullmann (1974) . 

If the string of vehicles is closed to become a circle, the plant loses 
its hierarchical structure and becomes strongly coupled. The design 
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252 Decentralized Control of Weakly Coupled Systems 

problems which occur in this case were described by Yoshikawa et al. 
(1983). A reasonable way towards the decentralization of the design 
process is the use of overlapping subsystems as described by Ikeda and 
Siljak (1984) . There, the ith subsystem together with its predecessor is 
used as a model for the design of the ith control station. 

Decentralized multicontroller configurations for serially intercon
nected systems were considered by Bakule and Lunze (1988) . 

Multi-timescale systems under decentralized control were investig
ated by Khalil and Kokotovic (1979), Ozgiiner (1979), whose results are 
based on the work of Chow and Kokotovic (1976) concerning central
ized control and have been reviewed in Section 10.2, Kokotovic (1981)  
and Ladde and Siljak (1983). Since then, timescale decomposition of 
large-scale systems has developed into a powerful method which also 
covers non-linear systems. It is a field of its own with several review 
papers that may be consulted for a thorough introduction, for example 
in the book edited by Kokotovic et al. (1986). Those methods which are 
relevant to the decentralized control of linear and non-linear systems 
have also been reviewed by Mahmoud and Singh (198 1b), Bernussou 
and Titli (1982) and Jamshidi (1983) . 

Although most of the results concern the existence of some bounds 
for the parameter e such that a given property is preserved, there are also 
methods for estimating such bounds. For example, Grujic (1979) used 
the vector Lyapunov function approach to stability analysis in order to 
determine quantitative bounds on the fast subsystem behaviour in terms 
of constants, which are similarly introduced as cij and bij in Section 8 .3 .  
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1 1  

Decentra l ized PI Contro l lers 

A considerable reduction of the design problem can also be gained from 
specific structures of the controller to be designed. Whereas in Chap
ters 10 and 12 the structural properties of the plant are exploited, it will 
be shown in the following that simplifications of the design problem can 
be derived if the control law is restricted to be of PI character. This 
holds true even if the subsystems are strongly coupled. 

The application of a decentralized PI controller is a direct con
sequence of the requirement of asymptotic regulation for stepwise 
disturbance and command signals. According to the internal model 
principle (Chapter 5), each control station has to have mi integrators . 
The control law is given by 

Xri = Yi - Vi 
Ui = - KPi(Yi - Vi) - KJjXri. 

The problem of designing decentralized PI controllers will be considered 
for the additional requirements that the controller should ensure closed
loop stability even if some control stations are disconnected from the 
plant (Section 1 1 . 1), that the control laws should be obtained without 
setting up a complete model of the plant by sequential on-line tuning 
(Section 1 1 .2), or that the design of the control stations should be 
carried out completely independently (Section 1 1 .3). 

1 1 .1  EXISTENCE OF ROBUST DECENTRALIZED PI 
CONTROLLERS 

For a stable linear plant 

x = Ax + Bu 
y = Cx + Du (1 1 . 1 . 1) 

a decentralized PI controller should be designed in such a way that the 
closed-loop stability is maintained if some control stations are discon
nected from the plant. This task concerns the stability in case of sensor 
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254 Decentralized PI Controllers 

or actuator failures. It also refers to the assurance of closed-loop 
stability during the implementation of the control stations, which under 
practical circumstances can never be applied strictly simultaneously. The 
same type of operational conditions occur if control stations are 
deliberately shut off. In all cases, the structural perturbations of the 
closed-loop system can be described by scalars ei in the control law 

iri = Yi - Vi 
Ui = - eiKpi(Yi - Vi) - eiKIiXri. (1 1 . 1 .2) 

ei indicates whether the control station i is (ei = I) or is not (ei = 0) in 
operation. All the different operational modes of the closed-loop system 
(1 1 . 1 . 1) and (1 1 . 1 .2) can be described by the vector e 

e E �= {(eJ e2 . . .  eN) ' :  ei E {O, I ] } .  (1 1 . 1 .3) 

A further extension of the design requirements can be made for con
troller matrices of the type 

(1 1 . 1 .4) 

It is a practically desirable property that the closed-loop system ( 1 1 . 1 . 1) 
and (1 1 . 1 .2) remains stable for all e E � even if the loop gains are 
reduced, that is for all scalars a and b of given intervals 0 < a < a and 
o :;;; b < b. Hence, the control law has to be robust enough so as to 
tolerate the uncertainties described by the set � and the intervals (0, a) 
and [0, b). 

Problem 11.1 

For the stable plant ( 1 1 . 1 . 1) and given structural constraints on the 
control law find controller matrices Kii and 

K
Pi and bounds a and b such 

that the closed-loop system ( 1 1 . 1 . 1), (1 1 . 1 .2) and ( 1 1 . 1 .4) is stable for 
all e E � and all 0 < a < a, 0 :;;; b < b. 

In this section, the existence of such decentralized controllers is investig
ated. A decentralized design algorithm will be developed in Section 1 1 .2. 
In both sections it is assumed that dim Ui = dim Yi = mi holds but all 
results can be extended to systems with dim Ui � dim Yi. 

In the following investigations concerning the existence of a solution 
to Problem 1 1 . 1 ,  it can be assumed without loss of generality that the 
controller is a pure I controller (Kpi = 0) 

iri = Yi - Vi 
Ui = -KIiXri (1 1 . 1 .5) 
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Robust Decentralized PI Controllers 255 

If an I controller (1 1 . 1 .5) exists then a PI controller (1 1 . 1 .2) with suffi
ciently small parameter b also yields a stable loop. The existence 
of such a controller is described by the decentralized integral 
controllability. 

Definition 11.1 

A linear system (1 1 . 1 . 1) is called decentralized integral controllable with 
respect to a given structural restriction on the control law if there exist 
a set of controller matrices KIi (i = 1 ,  . . .  , N) and a bound ii such that the 
closed-loop system (l 1 . 1 . 1), (1 1 . 1 .4) and (1 1 . 1 .5) is stable for all e E & 
and all 0 < a < ii. 

Criteria for decentralized integral controllability can be derived by 
means of the assertions concerning centralized PI control stated in 
Theorem 2. 14. Equations (2.4. 1 8) 

det{KsKI )  > 0 
and (2.4.20) 

Re [Aj [KsKd ] > 0 (i = 1 , 2, . . . , n)  

{l 1 .  1 .6) 

(l 1 . 1 .7) 
where Ks = D - CA - lB is the static transmission matrix of the plant 
(I L L  1 ), have to be used for I controllers that are subjected to the struc
tural constraints 

Kr = - diag ejKIi. 
A compatible partitioning of the static transmission matrix Ks yields 

. . .  K�lN)
. 

. . .  KsNN 
(1 1 . 1 . 8) 

A necessary condition for decentralized integral controllability 

The condition (1 1 . 1 .6) has to be satisfied with respect to the inputs Uj 
and outputs Yj of those subsystems whose control stations are in opera
tion (ej = 1). If only the ith control station is attached to the plant 
(1 1 . 1 . 1), that is if ej = 1 and ej = 0 for j = 1 ,  . . . , N, j '¢  i hold, eqn 
(1 1 . 1 .6) becomes 

det{KsiiKIii) > O. (1 1 . 1 -9) 
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Equation (1 1 . 1 .9) implies det(Ksii) -:;z!:. O. Without loss of generality it can 
be assumed that 

det(Ksii) > 0 (i = I , . . .  , N) (1 1 . 1 . 10) 
\ hold. This assumption can be satisfied by appropriately defining the 

signs of the input and output signals . Eqns (1 1 . 1 .9) and (1 1 . 1 . 10) yield 
det(Kli) > 0 (i = I , . . .  , N).  (1 1 . 1 . 1 1) 

If more than one control station is in operation, the static model of the 
plant and the controller matrix has to be extended correspondingly. For 
example, if el = 0 and ei = 1 (i = 2, . . .  , N) hold, eqn (1 1 . 1 .6) has to be 
applied to the reduced plant ( 1 1 . 1 . 1) with input vector (uz . . .  uN)'  and 
output vector (yz . . .  ylv) ' .  The static behaviour of this system is 
described by 

(Y2) (KS22 
�3 = K�32 
. . . . 

YN KsN2 

Ks23 
Ks33 

KsN3 

KS2N) (U2) 
Ks3N U3 

· . .  · . · . 
KsNN UN 

(1 1 . 1 . 12) 

The static transmission matrix is obtained from Ks by deleting the first 
hyper row and column. Then the necessary condition (1 1 . 1 .6) is 

[ (K�22 
det : 

KsN2 

which together with eqn (1 1 . 1 . 1 1) is equivalent to 

(KS22 
det : 

KsN2 

KS?N) 
: > 0. 

KsNN 
This inequality is identical to 

det [Ks(e)] > 0 
for e = (0 1 1 . . .  1 ) '  with 

. . .  e1KSlN) 
• • • e2Ks2N 

. . .  KsNN 

(1 1 . 1 . 1 3) 

(1 1 . 1 . 14) 

(1 1 . 1 . 15) 

By considering other operational conditions e E tE the inequality 
(1 1 . 1 . 14) can be proved to be necessary for decentralized integral 
controllability. 
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Robust Decentralized PI Controllers 257 

Theorem 11.1 

Consider a stable plant (1 1 . 1 . 1) with static transmission matrix K .. 
whose partitioning (1 1 . 1 . 16) corresponds to that of the controller 
(1 1 . 1 .2) . Assume that condition (1 1 . 1 . 10) holds. A necessary condition 
for the decentralized integral controllability is given by ( 1 1 . 1 . 14) which 
has to be satisfied for all e E �. 

Condition ( 1 1 . 1 . 14) coincides with the requirement that the deter
minants of Ks and of all matrices which result from Ks by deleting 
corresponding hyper rows and hyper columns have to be positive. For 
systems with dim Ui = dim Yi = 1 condition (1 1 . 1 . 14) claims that all 
principal minors of Ks have to be positive. 

It is of interest to note that the decentralized integral controllability 
depends only on the static transmission matrix of the plant. Therefore, 
only a static model of the overall system is necessary if this property is 
to be checked. 

A sufficient condition for decentralized integral controllability 

If these investigations are repeated with (1 1 . 1 .7) instead of (1 1 . 1 .  6), 
condition (1 1 . 1 .  7) has to be replaced by the claim 

Re [AdKsiiKIi] ]  > 0 (i = 1, . . .  , mi) 
which is obviously satisfied for 

A - 1 Kii = Ksii . 

(1 1 . 1 . 1 6) 

(1 1 . 1 . 17) 

If such controller matrices are used, condition (1 1 . 1 .7) for decentralized 
control with e = (0 1 . . .  I) '  yields [ [(KS22 

Re Ai 
K
� (1 1 . 1 . 1 8) 

(i = I , . . .  , m2 + m3 +  . . · + mN).  Equations (1 1 . 1 . 16)-(1 1 . 1 . 18) together 
are equivalent to 

Re [A; [Ks (e)diag K;i/] ]  > 0 (1 1 . 1 . 19) 

for e = (0 0 . . .  0) ' or e = (0 1 1 . .  , 1) ' ,  respectively. All other opera
tional modes lead to the same requirement (1 1 . 1 . 19) for the respective 
vectors e E 8. 
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258 Decentralized PI Controllers 

Theorem 11.2 

Consider the stable plant (1 1 . 1 . 1 )  with static transmission matrix Ks, 
whose partitioning (1 1 . 1 . 1 1) corresponds to that of the controller 
( 1 1 . 1 .2). A sufficient condition for decentralized integral controllability 
of the plant ( 1 1 . 1 . 1 )  is given by the requirement (1 1 . 1 . 1 9) which has to 
be satisfied for all e E 8. 

If condition (1 1 . 1 . 19) holds, a solution to Problem 1 1 . 1  is given by eqns 
( 1 1 . 1 .2), ( 1 1 . 1 .4) and (1 1 . 1 . 17) for sufficiently small scalars a and b. 

For systems with dim Ui = dim Yi = 1 whose static transmission 
matrix satisfies the assumption (1 1 . 1 . 10), the conditions (1 1 . 1 . 14) and 
(1 1 . 1 . 19) are equivalent and identical to the requirement that all prin
cipal minors of the matrix Ks have to be positive. 

Corollary 11.1 

Consider a stable linear system (1 1 . 1 . 1) with dim Ui = dim Yi = 1 .  
Assume that ksii > 0 (i = 1 ,  . . .  , N) hold. This plant is decentralized 
integral controllable if and only if all principal minors of Ks are positive. 
A solution to Problem 1 1 . 1  is given by eqns (1 1 . 1 .2) and (1 1 . 1 .4) with 
positive kli and sufficiently small parameters a and b. 

Example 11.1 (Decentralized voltage control of a multiarea 
power system) 

From the viewpoint of controlling the voltages of the feeding nodes, a 
multiarea power system consists of several synchronous machines 
feeding the load through transformers, and a distribution net 
(Figure 1 1 . 1 (a». The machines, including their generator voltage con
trollers, are considered as subsystems, the generator voltages Vgi and the 
node voltages Vei being the interconnection outputs and inputs, respect
ively. The subsystem inputs are the command inputs Ui = Vci of the 
generator voltage controllers. The outputs of the measuring devices for 
the node voltages act as subsystem outputs Yi = Vei (Figure 1 1 . 1 (b». 

The node voltages are to be maintained at prescribed values . This 
control task should be carried out by a decentralized PI controller 
(1 1 . 1 .2). Since power plants have to be shut off during normal operation 
of the system because of changing power demands during the day, the 
voltage controllers have to be chosen so as to ensure closed-loop stability 
for all operation modes e E 8. 
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Robust Decentralized PI Controllers 259 

It is empirically known that the voltage/reactive power behaviour of 
a plant can be considered independently of the frequency/real power 
behaviour. Therefore, the static model of the plant, which is necessary 
to check the decentralized integral controllability, involves the voltages 
and the 'reactive part' of the currents and admittances. The mesh 
theorem yields 

0) 

�, 
- I  

'IN " 

- f 
b) 

Subs:::lstern 1 1 - - - - - -:- - - - - - - - ,  
I I j - I 

I � -
I I 
I Terminol I 

'/oltoge I I control l er I 
I I 
L _ _ _ _ _ _ _ _ _ _ _ _ _  ...l 

I Control s.tation l I Ul - 'IC1 Z l - '1g1 J Subs:::lstern 1 t 
:::I , .  Vel 51 - '1e1 

. 

I . �l u - '1  Z - 'I K  Control stotlon N N eN N 9 I 
:::I - V  N "N 

I Subs:::Istem N t 
5N - 'leN 

Transmission 
nciwork 

Lood 

Interconnee-
tions 

Figure 1 1 . 1 Decentralized voltage control of an electric power 
system: (a) electric power system as the plant of the decentralized 
voltage control problem; (b) structure of the decentralized control 

system 
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260 Decentralized PI Controllers 

where h is the reactive current through the transformer, which has 
the admittance Xi (Figure 1 1 . 1 (a» . In control engineering terms this 
equation can be expressed as Ui = IiXi + Yi. 

The transmission network including the load is described by (�l) 
= 
y(�e l) IN VeN 

(1 1 . 1 .20) 

(1 1 . 1 .21) 

with Y denoting the net admittance matrix. Eqns (1 1 . 1 . 19) and (1 1 . 1 .21) 
yield 

u = (I + diag Xi Y )y. 

Hence, the static transmission matrix satisfies the equation K;- l = 1 +  diag Xi Y. (1 1 . 1 .22) 

It is well known that an (N, N) admittance matrix Y = (yij) has the 
properties N 

Yu > � I Yij I � 0 and Yij � 0 for i ;c  j. j= l j "' i (1 1 . 1 .23) 

From the properties of M-matrices summarized in Appendix 1 ,  the 
matrix Y is an M -matrix and so is the matrix K;- 1 . Due to Theorem 
Al .6, Ks satisfies the requirements stated in Corollary 1 1 . 1 .  Hence, the 
power plant is decentralized integral controllable. 

Note that this result does not depend upon the number N of sub
systems and the parameters of the transformers or the transmission net. 
It holds true because of the structural properties of the plant, which are 
represented by (1 1 . 1 .23). Therefore, the decentralized integral controll
ability is not affected by switching transmission lines on or off or by 
changing generator parameters. D 

Example 11.2 

This simple example should show that the conditions stated in Theorems 
1 1 . 1  and 1 1 .2 can only be satisfied if the subsystems have a certain 
autonomy, that is if the subsystem interactions are restricted. This 
restriction, which is described implicitly by the requirement that all prin
cipal minors of Ks have to be positive, can be made explicit for systems 
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that consist of two subsystems. Consider a system with 
dim Ui = dim Y i = dim Si = dim Zi = 1 

whose subsystems (3 . 1 .4) have the static model 
Yi = kyuiUi + kysiSi 
Zi = kzuiUi + kzsiSi 

261 

(i = 1 , 2) .  In order to simplify the investigations, the input signals are 
scaled according to 

Ui = kyuiUi. 

Then, the static model is 
Yi = Ui + kysiSi 
Zi = kzuiUi + Si 

(i = 1 , 2). The interconnection relation (3 . 1 .6) 

s = Lz 

between two subsystems with Ijj = 0 is given by Si = lijzj with lij = kzsilij 
for i � j; i, j = 1 , 2. These equations yield the overall model 

y = Ksu 

with 

K _ 1 (1 + 112/21 (kys1 kzu1 - 1 )  112kysr lzU2 ) 
s - 1 - il2h1 h1kYS2kzU1 1 + h2h1 (kys2kzu2 - 1 )  

From the condition stated in Corollary 1 1 . 1  the inequalities 
[ 1  + l(k1 - 1 )] / (1 - I) > 0 
[ 1  + l(k2 - 1 )] / (1 - T) > 0 
[ 1  + /(k1 - 1 )] [ 1  + l(k2 - 1)] - Ik1k2 > 0 

are obtained with the coupling parameter 1= 112h1 and the subsystem 
parameters k1 = kYS1kzU1 and k2 = kys2kzu2. 

These inequalities should be discussed here for ki < 1 and 1< 1 .  They 
yield three equivalent inequalities 

1< 1/ ( 1 - kd 
1< 1/ (1 - k2) 
1< 1/ (I - k1 ) (I - k2) 

which show that the condition of Corollary 1 1 . 1  gives an upper bound 
on r. If I is negative, it may be arbitrarily small. Both conditions are 
necessary and sufficient for the two subsystems to have the autonomy 
which is necessary for decentralized integral controllability. 0 
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262 Decentralized PI Controllers 

1 1 .2 SEQUENTIAL TUNING OF DECENTRALIZED PI 
CONTROLLERS 

In this section a solution is given to Problem 1 1 . 1 .  An algorithm will be 
developed which does not suppose the availability of a plant model 
(1 1 . 1 . 1) but can be used by tuning one regulator at a time on the basis 
of simple experiments with the plant. The basis for this is the assertion 
that the static reinforcement of the plant or the plant with some control 
stations attached provides sufficient information for the determination 
of the controller parameters. 

Tuning Rule for the kth Control Station 

A basic step in this tuning algorithm concerns the following problem. 
Consider the plant (1 1 . 1 . 1), which for notational convenience only, has 
no direct throughput (D = 0). Decompose the model into the form 

N 
X = Ax + � BsiUi 

i= 1 (1 1 .2 . 1)  
(i = 1 , . . . , N). 

Assume that the control stations 1 , 2, . . . , k - 1 are already implemented 
so that the resulting closed-loop system is stable. For Vi = 0 
(i = 1 ,  . . .  , k - 1) this partially controlled system is described by 

N 
ik = AXk + � Bs/ui 

i=k 

(i = k, . . .  , N) 

with Xk = (x' X;1 • •  , X;,k_ t ) / ,  

- Bs1Kn 
o 

o 

CSi = (Csi 0 . . . 0). 

(1 1 .2.2) 

o 

(1 1 .2.3) 
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Sequential Tuning of PI Controllers 263 

The problem is to determine the kth control station 
irk = Yk - Vk 
Uk = - KPk(Yk - Vk) - KlkXrk (1 1 .2.4) 

so that the system (1 1 .2 .3) and ( 1 1 .2.4) is stable. 
As shown in Figure 1 1 .2, the system (1 1 .2.3) forms the resulting 

plant for the kth control station. Hence, the problem of choosing the 
parameters of the control station (1 1 .2.4) is a problem of centralized 
control. It will now be solved by means of Theorem 2.14. Accordingly, 
the static transmission matrix Kskk between Uk and Yk of the system 
(1 1 .2.3) has to be known. This matrix is also called the steady-state 
tracking gain matrix. If the model (1 1 .2.3) were available it could be 
determined analytically according to 

( 1 1 .2.5) 

An alternative way is to make experiments with the resulting plant 
(1 1 .2.4) in order to measure the entries of KSkk. This experiment can be 
made by the authority of the kth subsystem alone. If the system (1 1 .2.4) 
is subjected to mk different step signals Uk = iiiU(t) with linearly inde
pendent vectors iii (i = 1 ,  . . .  , mk), the steady-state values Yi of the output 
can be measured. Then, Kskk follows from 

K
skk = (Yl . . .  Ymk) (ii1 • • •  iik_d- 1 • (1 1 .2.6) 

According to Theorem 2 . 14 the controller (1 1 .2.4) with 
(1 1 .2 .7) 

ensures the stability of the system (1 1 .2.3) and (1 1 .2.4) for sufficiently 
small values of ak and bk. Equation (1 1 .2.7) provides a description of 

, - - - - - - - - - - - - - - - - - - - - - 1 
I Plant I 
I I 
I I 
I I 
I I 
I �1 � k- l I 
L _ _ _ _ _ _ _ _ _ __ _ _ _ _  _ _ _ _  � 

Resulting plant 
of control IItotion k 

Figure 1 1 . 2 Plant with k - 1 control stations 
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264 Decentralized PI Controllers 

Klk in terms of iSkk while 
K

Pk can be chosen arbitrarily. Then, the con
troller matrices are fixed up to the two unknown scalars ak and bk. What 
'sufficiently small' means for the choice of the tuning parameters has to 
be decided depending upon the main time constants and static reinforce
ment of the system (1 1 .2.3). Hence, the design problem can be solved 
only if the static model of the plant (1 1 .2.3) and a rough estimate of the 
dynamical behaviour are known. 

Since it is known that closed-loop stability is assured not only for 
specific values but also for intervals, it is desirable to find values of ak 
and bk for which the I/O performance of the system (1 1 .2.3) and 
(1 1 .2.4) is reasonable. To this end, the intervals (0, Ilk) and [0, bk) can 
be estimated by means of experiments. Beginning with small values the 
tuning parameters are increased until the system output indicates that 
the system (1 1 .2.3) and (1 1 .2.4) approaches the stability border. Then 
parameter values can be selected for which the system has a reasonable 
I/O performance. 

The Tuning Algorithm 

Equation (1 1 .2.7) explains how to choose the parameters of the kth 
control station provided that the already-existing control stations 
produce a stable closed-loop system (1 1 .2.4). It remains to investigate 
under what conditions these tuning rules can be used sequentially. It has 
to be shown that the tuning of the kth controller leads to a closed-loop 
system for which the (k + l)th control station can be designed in the 
same manner. 

The basis for this is provided by eqn (2.4.20) which, in the context of 
the sequential design, has the form 

Re [A; [
iskkKIk] ]  > 0. 

Since Klk is chosen as prescribed by eqn (1 1 .2.7), this condition is 
satisfied if and only if the matrix iskk is non-singular. Hence, it has to 
be investigated under what conditions isii (i = 1 ,  . . .  , N) is non-singular. 
To this end, it will be shown that the static model 

(1 1 .2.8) 
of the system (1 1 .2.4) does not depend on the parameters of the control 
stations that have already been attached to the plant. 

Equation (1 1 .2.8) describes the plant in connection with the first 
(k - l) control stations for v; = O  (i = I , . . .  , k - l) and 0; = 0  
(i = k - 1 ,  . . .  , N). For this set of external signals, the existing control 
stations ensure that y;(t) -> 0 holds for t -> 00 (i = 1 ,  . . . , k - 1). The static 
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Sequential Tuning of PI Controllers 

plant model 
(Yl) (KSl l  

:: = :: 
yields 

KS
:
IN) (�l) 

KskN Uk 
· . · . · . .  

KsNN UN 

265 

0 =
( K�l l KS,�- l ) ( �l ) 

+ 
( K�lk )

Uk 
Ksk- l , l  Ksk- l ,k- l  Uk- l  Ksk- l ,k ( �l ) 

= 
( K�l l  KS,�- l ) - l ( K�lk )

Uk 

(1 1 .2.9) 

Uk- l  Ksk- l , l  Ksk- 1,k- l  Ksk- l ,k 
and 

Yk = KskkUk + (Kskl . . .  Ksk,k- d ( �l )
. 

Uk- l 
(1 1 .2.10) 

From eqns (1 1 .2.9) and (1 1 .2. 10) the relation 
K

skk = Kskk + (Kskl . . .  KSk,k-d 

is obtained. 

Lemma 11.1 

( Ksl l  
X : 

Ksk- l , l  

Ks,k- l  ) - l ( KSlk ) 
. . (1 1 .2. 1 1) 

KSk-
'
l ,k- l  KSk

�
l,k 

The static transmission matrix Kskk of the system (1 1 .2.4), which con
sists of the plant (1 1 .2 . 1 )  and k - 1 decentralized control stations, is 
given by eqn (1 1 .2. 1 1) provided that the system (1 1 .2.4) is stable. 

It is of interest to note that the matrix Kskk does not depend on the con
troller parameters. This independence results from the fact that I con
trollers ensure asymptotic regulation independently of the controller 
parameters provided that the closed-loop system is stable. It can be used 
here to show that for decentralized integral controllable plants it is suffi
cient to make the closed-loop system stable in the (k - 1)th tuning step 
in order to ensure the non-singularity of Kskk and, thus, the applicability 
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266 Decentralized PI Controllers 

of the next tuning step. According to Theorem 1 1 . 1 ,  decentralized 
integral controllability of the plant (1 1 .2. 1) implies 

det(Ksl l ) > 0 
and 

Ks21 det 

( Ksl l 

KSk
:
- l ,l 

Ks12 KslN ) 
Ks2N 

KSk-
'
l ,k- l  Ksk- l ,2 

Ks22 

Using the determinant relation 

> O. 

det (� �) = det R det(U - TR- 1S) for det R ;:  0 

with respect to the indicated decomposition of Ks, these inequalities are 
seen to be equivalent to 

det(
K

skk) > O. 
This proves the following theorem. 

Theorem 11.3 

If the plant (1 1 .2. 1) is stable and satisfies the necessary condition for 
decentralized integral controllability stated in Theorem 1 1 . 1 ,  a decen
tralized controller, which ensures the closed-loop stability in every 
design step, can be found sequentially by using the controller matrices 
as described in eqn ( 1 1 .2.7) with sufficiently smaller tuning parameters 
ak and bk. 

This result leads to the following tuning algorithm. 

Algorithm 11.1 (Decentralized tuning) 

Given: Stable plant that is decentralized integral controllable; k = 1 .  
1 .  Make experiments with the plant including the control stations 

1 ' "  k - 1 in order to determine the static transition matrix 
K

skk 
(cf. eqn (1 1 .2.6» . 

2. Determine the controller matrices according to eqn (1 1 .2.7) with 
arbitrary 

t
Pk and sufficiently small tuning parameters ak and 

bk. 
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Sequential Tuning of PI Controllers 267 

3. Implement the kth control station and make experiments with 
the closed-loop system with different tuning parameters until a 
reasonable I/O behaviour of the system is reached. 

4. If k = N holds, stop; otherwise, let k = k + 1 and continue with 
step 1 .  

Result: Decentralized PI controller which ensures the sequential stability 
of the closed-loop system. 

Although the controller is sequentially stable, it is not sure that the 
closed-loop system remains stable if arbitrary control stations are dis
connected from the plant. This stronger design specification, which is 
included in Problem 1 1 . 1 ,  can be satisfied if, in addition to the require
ment of Theorem 1 1 .3 ,  the decentralized integral controllability of the 
plant (1 1 .2. 1) is ensured due to the sufficient condition stated in 
Theorem 1 1 .2. Then, a solution to Problem 1 1 . 1  is received as a result 
of Algorithm 1 1 . 1  if all the tuning parameters are chosen sufficiently 
small. 

Example 11.3 (Decentralized control of a glass furnace) 

Consider an electrically heated glass furnace with the structure of 
Figure 1 1 .3 .  A mixture of sand, limestone and soda is brought into the 
furnace. In the left-hand part, layers of heated mixture and glass 
develop, whereas after passing the partition wall a homogeneous molten 
glass mass is produced. The chemical and physical processes which 
accompany the melting are complex. It is, therefore, impossible to set 
up a precise model of the plant. The decentralized controllers should be 
tuned sequentially. 

Row material -

Electrodes 

Figure 1 1 . 3 Electrically heated glass furnace 
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268 Decentralized PI Controllers 

In order to check the decentralized integral controllability of the 
plant, the static transition matrix (2 . 12  4. 18  1 .67) 

Ks = 1 .82 4.54 1 .82 
1 .67 4. 18  2 . 12  

is measured. All minors of  this matrix are positive. The control stations 

liz. 

0 

'Jl 

0 

:;j2 for \/1 - (f (t) 
/--/ ' 

2. 
-

/ -4ht;'''' 
I 

I I 
I 
I 
I 
I 
I 
I 
I 
I 

3 Tz. 

...... 

I .... -... III for '12 - c:r(t) 
// 

" 
.... 

Z 3 

:t 5% 

It t 

-- I :  5 %  

.. t 
Figure 1 1 .4 Command step responses of the glass furnace under 

decentralized control: ---, after implementation of control 
station 2 only; - - - ,  complete decentralized closed-loop system 
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Decentralized Design of PI Controllers 269 

(1 1 .2.4) with dim Yi = dim Ui = 1 and, hence, scalar parameters kpk and 
kIk are tuned in the sequence 2-1-3. With kp2 = 2.67 and kI2 = 6.79 the 
command step response of the second subsystem has an overshoot of 
19070 and a settling time of 3 . 1  hours (Figure 1 1 .4). Then control station 
1 is applied with kp1 = 8 . 14 and kll = 10.37 leading to a 15% overshoot 
in this loop. The third controller is connected to the plant with 
kp3 = 8 . 14  and kI3 = 10.37. Simultaneously, the overshoot of the other 
control loops reduces (Figure 1 1 .4). In the closed-loop system the cross 
couplings are small as shown by Y2(t) in the case of the command step 
in the first loop. 0 

1 1 .3 DECENTRALIZED DESIGN OF DECENTRALIZED 
PI CONTROLLERS 

In this section, a design method will be presented which is particularly 
suitable for decentralized PI control of plants with dim Yi = dim Ui = 1 
and which proceeds in a completely decentralized manner. It is motiv
ated by the results presented in Theorem 1 1 . 1  and Lemma 1 1 . 1 .  Accord
ingly, the decentralized controller (1 1 . 1 .2) can be chosen so as to ensure 
closed-loop stability for all the operation conditions e E � only if the 
subsystems possess a certain autonomy. This suggests that the ith 
control station should be designed by means of a model which describes 
the ith subsystem with a reasonable accuracy, and that the influences of 
the other control stations should be considered as model uncertainties. 
If all control stations are robust enough to tolerate the uncertainties of 
the models for which they are designed, then the closed-loop system will 
be stable for all e E �. 

The question of how to evaluate the influence of the control stations 
with index i (i � k) on the resulting plant of the kth regulator 
(Figure 1 1 .2) can be answered in the following way. The plant (1 1 .2 . 1)  
can be described from the point of view of the ith subsystem as 

x = Ax +  b.iUi 
Yi = C;iX. (1 1 .3 . 1) 

If control stations are attached to the plant, this model is no longer true. 
The deviation between the model (1 1 .3 . 1) and the behaviour of the plant 
under the influence of the other regulators depends on the controller 
parameters and cannot be determined in advance. However, as pointed 
out by Lemma 1 1 . 1 ,  the static deviation is independent of the controller 
parameters and merely dependent on which control stations are in 
operation. The static reinforcement les;; can be represented in terms of 
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2 70 Decentralized PI Controllers 

the matrix Ks and the vector e in a form which is a slight generalization 
of eqn ( 1 1 .2. 1 1). For ksl1  this relation is 

kSI 1  (e) = ksl l  + oks 1 1  (e) 

with 
oksu (e) = (ks12 . . .  ks1N) 

X 
( k�22 e2�S23 

eNksN2 eNksN3 

( 1 1 .3 .2) 

That is, the static reinforcement between Ui and Yi is known in advance 
for all e E tf, no matter what controller parameters will be chosen by the 
authorities of the other subsystems. ksii can be evaluated by 

I oksii (e) I � ki (1 1 .3 .4) 

with some reasonably chosen scalar ki. This suggests the use of the 
model 

x = Ax + bsi(1 + ki)Ui (1 1 .3 .5) 

for the resulting plant of control station i where ki represents the model 
uncertainties that are brought about by the connection or disconnection 
of the other control stations to the plant. Since the static reinforcement 
of the model (1 1 .3 .2) 

(1 + ki)cjiA - lbsi = (1 + ki)ksii 

has to be equal to ksii, ki = oksii(e) and, thus, 
I kd � ki (1 1 .3.6) 

hold. This gives an answer to the question of how to model the ith sub
system under the influence of all other subsystems and all other control 
stations (cf. Section 9 . 1 ) .  

With the model (1 1 .3 .5) and (1 1 . 3 .6) the problem of designing the 
ith control station 

Xri = Yi - Vi 
Ui = - kpi(Yi - Vi) - kIiXri 

(1 1 .3.7) 

is a problem of robust centralized control. The model ( 1 1 .  3. 5) and 
(1 1 .3 .6), whose structure is depicted in Figure 1 1 .5, describes the set of 
all linear systems with the multiplicative uncertainty ki. The control 
station has to be chosen so that the closed-loop system (1 1 .3 .5) and 
(1 1 .3 .7) satisfies the design specifications for all ki from eqn (1 1 .3 .6). A 
method of solving this problem was described in Section 2.6. 
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� U j � SUbS':jstem mOdel� 
Figure 1 1 . 5  Structure of the model ( 1 1 . 3 . 5) and ( 1 1 .3 .6) 

Algorithm 11.2 (Decentralized design oj PI controllers) 

2 7 1  

Given: Stable, decentralized integral controllable plant (1 1 . 1 . 1) with 
dim Uj = dim Yj = 1 ;  specifications on the dynamical I/O behaviour of 
the closed-loop system. 

1 .  Derive the model (1 1 .3 .5) and (1 1 .3 .6) for all subsystems from 
the model (1 1 . 1 . 1). 

2. For i = 1 , 2, . . .  , N design the ith control station (1 1 .3.7) as the 
robust controller for the plant (1 1 .3 .5) and ( 1 1 .3 .6). 

Result: Decentralized PI controller. 

Note that in step 2 the control stations are designed completely 
independently of one another with different models of the overall plant. 
Owing to the robustness of all these control stations for all operation 
modes e E �, not only the closed-loop stability but also the satisfaction 
of the dynamical requirements is ensured. 

The weak point of this algorithm is the assumption that the uncer
tainties of the model (1 1 .3 .5) can be completely described by a static 
error model whose transmission factor kj is bounded by eqn (1 1 .3 .6) 
(Figure 1 1 .5). This assumption implies that the variety of the dynamical 
properties, which is observed via the ith channel (uj, Yj) for different 
e E �, can be described by a single unknown factor. Decentralized 
integral controllable plants tend to satisfy this assumption because of the 
autonomy of its subsystems, which is claimed in Corollary 1 1 . 1 .  

Example 11.1 (cont.) 

The design algorithm can be demonstrated by considering a voltage 
control problem for a multiarea power system with twenty feeding 
nodes. The matrix Ks of the system has been determined by load flow 
calculations. For subsystem 1 ,  eqns (1 1 .3 .2) and (1 1 .3 .3) yield 

0.338 � ksl l  (e) � 0.375 
and 

kSl l (e) = 0.356(1 + kd I kl l  � 0.06. 
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0.5 

O ��------�----------�----�� 5s 10 S t 

Figure 1 1 .6 Tolerance band of the command step response of the 
closed-loop system 

A twenty-fifth-order model and this uncertainty bound has been used to 
design control station 1 .  With the parameters kll = kP1 = 0.834 the band 
shown in Figure 1 1 .6 covers all command step responses of the system 
(1 1 .3 .5)-( 1 1 .3 .7) (for i =  1) .  That is, the step response of the ith sub
system within the overall closed-loop system can be expected to remain 
in this band for all operational modes e E �. 

0.5 

O +-�-+----�--4----+----�--�----�t· 
55 

Figure 1 1  .7 Step response of the resulting plant of control station 
for different operational conditions (normed for final value equal 

to one): --. e;= O  Ii = 1 • . . . •  N); - - - .  e2 = e4 = e5 =  1 ;  

- • - • - .  e2 = e5 = 1 
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The last assertion is only true as long as the model (1 1 .3 .5) provides 
a reasonable approximation of the ith subsystem under the influence of 
the other subsystems and control stations within the overall system. To 
show that this approximation is acceptable, Figure 1 1 .7 shows the 
response Yl to step input Ul of the resulting plant of control station 1 
for a selected set of operating conditions e E �. The step responses have 
been multiplied by l/k'l1  (e) for the purpose of comparison. The small 
differences between the curves show clearly that the dynamics of the 
closed-loop system can be really described by a model (1 1 .3 .5) with 
multiplicative uncertainty k1 • 0 

BIBLIOGRAPHICAL NOTES 

Problem 1 1 . 1  was investigated independently by Lunze (1983a,b) , 
Locatelli et al. (1983, 1986) and Grosdidier et al. ( 1984), who introduced 
the notion of decentralized integral controllability. Locatelli et al. 
(1983, 1986) also investigated an alternative design strategy in which the 
closed-loop stability is ensured by PI controllers with sufficiently high 
gains rather than sufficiently low gains as explained in Section 1 1 . 1 .  
Grosdidier and Morari (1986, 1987) investigated the integral controll
ability in terms of interaction measures of the plant and presented a 
methodology for computer-aided controller structure selection and 
sequential tuning. The voltage control problem was investigated inten
sively by Gamaleja et al. (1984). A thorough explanation of Example 
1 1 . 1  and its extension to a real power system with twenty feeding nodes 
can also be found in the monograph by Lunze (1988). 

Specific centralized design methods for decentralized PI controllers 
were proposed, for example, by Locatelli et al. (1986) and Yanchevsky 
(1987), who used the optimal control principle explained in Chapter 7 .  
A solution o f  the initialization problem, which takes advantage of the 
PI structure of the controller and thus, is more efficient than Algorithm 
7.2, was proposed by Guardabassi et al. (1982). Petkovski (1981) 
applied Kosut's method (1970) for replacing a centralized controller by 
a decentralized one to PI control and demonstrated it by studying the 
control of a plate-type absorption column. 

Decentralized tuning regulators were investigated by Davison (1978) 
who considered the larger class of polynomial disturbance and command 
signals. This generalization yields similar results where the steady-state 
tracking matrices represent the transfer function matrix for polynomial 
inputs under consideration. If the controllers have to ensure only the 
sequential stability of the closed-loop system, the requirement given in 
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Theorem 1 1 . 1  can be relaxed by the claim that only a certain sequence 
of principal minors of Ks have to be positive. An extensive study of 
applications was described by Davison and Tripathi (1980). Example 
1 1 .3  is an extract of the work by Hunger (1989) and Hunger and Jumar 
(1989). 

Algorithm 1 1 .3 was elaborated by Lunze (1985). Its application to 
a large power system is described in detail by Lauckner and Lunze 
(1984). Figure 1 1 .6 was obtained by means of a method for determining 
the smallest possible tolerance bands proposed by Lunze and Zscheile 
(1985). 
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1 2  

Stron g ly Coup led Sym metric 

Com posite Systems 

This chapter is devoted to symmetric composite systems, whose struc
tural properties are the identity of the subsystem dynamics and the 
symmetry of the interconnections. The motivation for studying such 
systems is threefold. First, it will be shown that symmetry within the 
whole system gives rise to substantial simplifications of the modelling, 
analytical and design problems. Since these results are based on the 
structural properties of the overall system, they hold for arbitrary albeit 
identical dynamical properties of the subsystems, arbitrarily strong 
interactions and an unrestrained number of subsystems. 

Second, symmetric composite systems make it possible to refor
mulate the problem of decentralized control of the overall system as a 
problem of robust centralized control of an auxiliary plant. In this way, 
an explicit relation between the complexity of the overall system and the 
necessary robustness that has to be ensured by the subsystem authorities 
can be developed. 

Third, as shown in Section 12.4 for the stability analysis, the results 
on symmetric systems can be extended to systems that consist of similar 
rather than identical subsystems. 

The investigations of symmetric composite systems are relevant to 
technological processes whose subsystems behave similarly as, from a 
technological point of view, they participate in doing the same task. 
Multiarea power systems will be considered here for illustration. 

1 2.1  MODELS OF SYMMETRIC COMPOSITE SYSTEMS 

The plant consists of N subsystems each of which is described by the 
state space model (3 . 1 .4) 

Xi = Axi + BUi + ESi Xi(O) = XiO 
Yi = CXi 
Zi = C:�Xi (i = 1 , 2, . . .  , N)  

(12. 1 . 1 ) 
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2 76 Strongly Coupled Symmetric Composite Systems 

with identical matrices for all subsystems. The matrices have no index 
but should not be confused with the overall system matrices in eqn 
(3 . 1 . 1) .  The interconnections are described by eqn (3 . 1 .6) 

s = Lz ( 12. 1 .2) 
where the interconnection matrix L is block symmetric (k Lq . . .  Lq) 

L =  7 �d • • •  �q 
• 

Lq Lq . . .  Ld 

(12. 1 .3) 

Equations (12. 1 . 1)-(12. 1 .3) reflect the assumptions that the subsystems 
are identical and coupled in a symmetric way. However, no restrictions 
are imposed on the dynamical properties of the subsystems and the sign 
and strength of the interconnections. The following investigations hold 
for an arbitrarily large number N of subsystems. 

Definition 12.1 

A system that can be represented by a model of the form 
(12. 1 . 1)-(12. 1 .3) is called a symmetric composite system. 

It is only for notational convenience that external disturbances are 
ignored and that direct throughput from Uj and Sj to Yj and Zj is not con
sidered here. All parameters occurring in eqns (12. 1 . 1 )-(12 . 1 .3) are 
assumed to be independent of the number N of subsystems although 
Section 12.5 presents a counterexample. Then, the interconnection 
matrix of a system with Nt < N subsystems can be obtained from the 
matrix L for the larger system by deleting the last (N - Nt ) rows and 
columns. 

Performance of the Subsystems 

Equations (12. 1 . 1)-( 12. 1 .  3) yield the overall system description (A + ELtICz ELqCz ELqCz ) 
ET C A + ELdCz ET C X = � z � z X + diag Bu 

ELqCz ELqCz A + ELdCz 

(12. 1 .4) 
Y = diag Cx 
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Models of Symmetric Composite Systems 277 

where x = (x [ ,  . . .  , xlv) '  and dim x = Nn hold; diag C is the abbreviation 
for a block-diagonal matrix with Ntimes the matrix C on the main diag
onal. To obtain more insight into this model the transformation 

x = Tx (12. 1 .5) 
with 

(N - 1)1 - I  - I  - I  
- I  (N - 1)1 - I  - I  

T = � 
N 

- I  - I  (N - 1)1 - I  
1 1 1 1 

1 0 0 1 
(12. 1 .6) 

0 1 0 1 
T - 1 = 

0 0 1 1 
- I  - I - I  1 

is applied where the left upper hyper block of T consists of 
(N - I)(N - 1) identity matrices 1 of dimension n. The model (12. 1 .4) 
can be written as 

0 0 0 
0 As 0 0 

x =  x 
0 0 As 0 
0 0 0 

(N- l)B - B  - B  - B  
- B  (N- l)B - B  - B  1 + - u 

N 
- B  - B  (N- l)B - B  (12. 1 .  7) 

B B B B 

X(O) = Txo 

C 0 0 C 
0 C 0 C 

y =  x 
0 0 C C 

- C  - C  - C  C 
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2 78 Strongly Coupled Symmetric Composite Systems 

with 
As = A + E(Ld - Lq)Cz 
Ao = A + E [Ld + (N - I)Lq] Cz• (12. 1 .8) 

Because of the structure of eqn (12. 1 .7), the subsystem output Yi 
depends merely on the subvectors Xi and iN of x. The free motion and 
the I/O behaviour of the system concerning all inputs Uj U = 1 ,  . . .  , N) 
and some output Yi can be described by the model 

.:. As O - N N N 
(N - 1 B) (_ 1. B) 

Xi = ( )Xi + Vi + � Uj 
o Ao 1. B 1. B �= 1. 

N N j '¢ '  

(N- l  1 N ) -- X·o + - E ·- l · � · xjO 
_ N I N j - ,j ... , 
ii(O) = 

E'i= I  XjO 

Yi = (C C)ii (i = 1 ,  . . .  , N). 

(12. 1 .9) 

Hence, in a symmetric composite system the response of a single sub
system to all initial conditions and inputs can be exactly described by a 
model of order twice the subsystem order. The dynamical order is inde
pendent of the number N of subsystems although the overall system has 
the dynamical order Nn. 

Equation (12. 1 .9) indicates the way in which the couplings within 
the whole system influence the subsystem behaviour. The model (12. 1 .9) 
consists of two parts in parallel, each of which represents a subsystem 
model with feedback from the interconnection output Zi to the intercon
nection input Si (Figure 12. 1) . That is, the interactions between the sub
systems act as static feedback and have only the limited potential of a 
static output feedback for stabilizing or destabilizing the isolated sub
systems. The question of which unstable subsystems may be stabilized 
or which stable subsystems may be destabilized by symmetric inter
connections can be answered by using the corresponding results on 
centralized static output feedback. 

Equation (12. 1 .5) yields 
_ 1 N 
XN = N � Xi. i = I 

(12. 1 . 10) 

That is, iN represents the average of the subsystem states Xi. In the 
model (12. 1 .9) the subsystem-specific component of Yi (t) (upper part in 
Figure 12 . 1 )  is separated from the effects of the 'average' behaviour of 
the overall system (lower part) . 
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L:u· j+i I 

I I 
I " I 
L _ _ _ _ _ _ _ _ _  � �  

279 

�i 

Figure 1 2. 1  Structure of the subsystem model: the dashed lines 
indicate isolated subsystems 

Approximate Models 

If the number N of subsystems is large and the matrix Ao is stable then 
the equation 

i
i = A.xi + BUi 

Yi = CX 
Xi (0) = XiO (12. 1 . 1 1) 

represents a reasonable approximation of the ith subsystem under the 
influence of the interactions and all control inputs Uj U = 1 ,  . . .  , N). In 
this model, only the 'subsystem state' XI = Xi and subsystem input Ui 
occurs (Figure 12.2). The feedback 

Si = (Ld - Lq)zi (12. 1 . 12) 

can be interpreted as a coarse model of the influence that the other sub
systems exercise upon the ith subsystem (cf. Figure 9.2(b)). If Ld = Lq 
holds, the model (12. 1 . 1 1) coincides with the isolated subsystem (eqn 
(12. 1 . 1) for Si = 0). 
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I 
I I 
L _ _ _ _ _ _ _ _ _ _ _  .J 

Coarse model of 
0.11 su bs�stems j U '  

Model of subs,:!stem i 

• 
\I i  

Figure 1 2. 2  Approximate model of the behaviour of the 
subsystem i operating within a symmetric composite system 

1 2.2 ANALYSIS OF SYMMETRIC COMPOSITE SYSTEMS 

Stability Analysis 

According to eqn (12. 1 .7), the stability of the nNth-order overall system 
can be tested by considering the two nth-order matrices As and Ao 
defined in eqn (12. 1 . 8). 

Theorem 12.1 

The symmetric composite system (12. 1 . 1)-(12. 1 .3) is stable if and only 
if all the eigenvalues of the matrices As and Ao from eqn (12. 1 .8) have 
negative real parts. 

Although in general the stability of the isolated subsystems is neither 
necessary nor sufficient for overall system stability, for symmetric 
composite systems Theorem 12. 1 leads to the following corollary. 

Corollary 12.1 

If the interconnection matrix L in eqn (12. 1 . 3) has the property L<I = Lq, 
then the stability of the subsystem matrix A is a necessary condition for 
the stability of the symmetric composite system (12. 1 . 1)-(12. 1 .3). 

The simplicity of the stability analysis is based on the structure of 
symmetric composite systems and does not depend on some weakness of 
interactions. A necessary and sufficient condition for the connective 
stability can be derived as a corollary of Theorem 12. 1 .  

co
nt

ro
len

gin
ee

rs
.ir



Analysis of Symmetric Composite Systems 28 1 

Corollary 12.2 

The symmetric composite system (12. 1 . 1)-(12. 1 .3) is connectively stable 
if and only if all eigenvalues of the matrices A and 

Ac(i) = A + EL.tCz + lELqCz (12.2.1) 

(i = - 1 , + 1 , 2, . . .  , N - 1) have negative real parts . 

Because of the symmetry of the system it does not matter which sub
systems are disconnected. Only N rather than 2N modes of operation 
have to be investigated. Moreover, the matrices Ac(i) to be tested are 
only of nth order. 

As explained in Section 8.5, a system can be characterized as 
cooperative (concerning its stability properties) if the interactions 
between the subsystems are beneficial for stability. While a general 
characterization of cooperative interactions has not yet been found, 
cooperation between the subsystems of a symmetric composite system 
can be thoroughly examined. 

Definition 12.2 

A symmetric composite system (12. 1 . 1)-(12. 1 .3) is said to have an 
asymptotically cooperative structure (or eventually cooperative 
structure) if there is an integer N such that the system is stable whenever 
the number N of subsystems exceeds N (N > N). 

A preliminary characterization of an asymptotically cooperative struc
ture can be derived from Theorem 12. 1 .  

Lemma 12.1 

A symmetric composite system (12. 1 . 1)-(12. 1 .3) has an asymptotically 
cooperative structure if and only if 

(i) all eigenvalues of the matrix As in eqn (12. 1 .8) have negative 
real parts; 

(ii) there exists an integer N such that the matrix Ac(N) has only 
eigenvalues with negative real parts for all N >  N. 

Note that the matrix Ac(N) is the system matrix of the lower part in the 
model of Figure 12. 1  for a system with N + 1 subsystems. Part (ii) shows 
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that cooperation can only be expected under very restrictive conditions. 
All eigenvalues of Ac(N) have to remain in the left-hand side of the 
complex plane if the integer N becomes arbitrarily large. For systems 
with dim Si = dim Zi = 1 the following explicit characterization of 
cooperation confirms this assertion. Obviously, Ac(N) is the system 
matrix of the closed loop consisting of the plant 

i = (A + ei(]Cz)x + es 
Z = CzX 

and the feedback 
s = Niqz 

(12.2.2) 

(12.2.3) 

(cf. lower part of Figure 12. 1). Let the poles and zeros of the system 
(12.2.2) be denoted by Ai (i = 1 ,  . . .  , n )  or hoi (i = 1 ,  . . .  , no) ,  respectively. 
Then root locus theory leads to the following result. 

Theorem 12.2 

Consider a symmetric composite system (12. 1 . 1)-(12.1 .3) whose inter
connection matrix L does not depend on N and for which the pairs 
(A + ei(]Cz, e) and (A + eiqcz, cz) are controllable or observable, respect
ively. The system has an asymptotically cooperative structure if and only 
if the following conditions are satisfied: 

(i) All eigenvalues of the matrix As in eqn (12 . 1 .8) have negative 
real parts. 

(ii) All zeros hoi of the system (12.2.2) have negative real parts. 
(iii) Either the condition n - no = 1 or the relations n - no = 2 and 

no n b hoi - b Ai < O i= l  i= l  
are satisfied. 

(iv) The inequality 
iqeze < 0 

holds. 

(12.2.4) 

(12.2.5) 

This theorem shows that cooperation among the subsystems in the sense 
of Definition 12.2 not only necessitates a certain sign of Iq as prescribed 
by eqn (12.2.5) but imposes severe restrictions on the I/O behaviour of 
the subsystems with regard to their interconnection signals $i and Zi as 
stated in parts (ii) and (iii). However, as can be seen from the matrices 
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Analysis of Symmetric Composite Systems 28.3 

As and Ac(N) used in Lemma 12. 1 ,  the isolated subsystems need not be 
stable. 

Existence of Fixed Modes 

The controllability and observability of the symmetric composite system 
and the existence of fixed modes can be easily investigated by applying 
Theorem 2. 1 to the overall system description (12. 1 .9). The existence of 
fixed modes can be analysed by means of the test described in Theorem 
4. 1 .  As a result of the structure of the matrices occurring in eqn (12. 1 .9) 
the following results can be obtained. 

Theorem 12.3 

For the symmetric composite system (12. 1 . 1)-(12. 1 .3) the following 
statements are equivalent: 

(i) The system (12. 1 . 1)-(12. 1 .3) is completely controllable 
through u = (u { ,  . . .  , uN) ' and completely observable through 
y = (y { ,  . .  · , yN) ' .  

(ii) The pairs (As, B) and (Ao, B) are controllable and the pairs 
(As> C) and (Ao, C) are observable with As and Ao from eqn 
(12. 1 .8). 

(iii) The system (12. 1 . 1)-(12. 1 .3) has no decentralized fixed 
modes. 

That is, for symmetric composite systems, controllability and observ
ability of the overall system is not merely necessary but even sufficient 
for the absence of fixed modes under decentralized control. Moreover, 
these properties can be tested by considering only the low-order pairs 
given in part (ii) of the theorem. 

Example 12.1 (Decentralized voltage control of a multiarea 
power system) 

The results presented so far are relevant to systems whose subsystems 
behave similarly as, from a technological point of view, they participate 
in doing the same task. An obvious example of such systems is a mul
tiarea power system as described in Example 1 1 . 1 ,  which consists of 
several similar power generators which feed the same power distribution 
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":Ii 

0.5 

O +----04.2�S--�----4---�----�,�S ----�--�----�--�,�6-s -t-

Figure 1 2 .3 Step response of the synchronous machine i subject 
to set point change of Uj (ui =  0 for j ;>f:  11 : --, approximate 

model; _ .  _ .  - , N = 2; - - - ,  N = 40 

net in order to satisfy the power demands. Since the power generators 
are of only a few different designs, power systems consist at least in part 
of identical subsystems or can be approximately dealt with as symmetric 
composite systems (for such an extension see Section 1 2.4). 

The model used for the voltage control problem has been described 
in Example 1 1 . 1 .  It is considered here for a symmetric net and identical 
generators which are described by eqns (12. 1 . 1)-(12. 1 .3) with ni = 3,  
mi = 'i = m.i = '"i = 1 

A � n:� 
- 0. 1 6  

o 
o 

0) ( 0.9) _� B = - � 
C = (0 0 1) 

Ld = 0.655 
C" = (2.55 0 0) 

Lq = 0.053. 
Hence, 

As = 
(-;:�� -�. 1 6  �) 

3 .07 0 - 2  (- 2.49 - (N - 1)0.0446 
Ao = 2.55 - (N - 1)0.002 

3 .34 + (N - 1)0.27 

- 0. 16 · 0) 
g -� 

(- 0.33 ) 
E = - �.015 

hold. The plant is stable for a large range of the subsystem number N, 
but it is not asymptotically cooperative, because for large subsystem 
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numbers (N ) 1275) it becomes unstable. This result coincides with the 
experience of electrical engineers who know about the difficulties of 
voltage control in large systems. Figure 12.3 shows the step response of 
the plant with N = 5 subsystems. Clearly, the approximation obtained 
by the model (12. 1 . 1 1) is quite good. 0 

1 2.3 DECENTRALIZED CONTROL OF SYMMETRIC 
COMPOSITE SYSTEMS 

The aim is to design a decentralized controller 
Xri = FXri + GYi + HVi 
Ui = - KxXri - KyYi + KvVi (i = I , . . .  , N) (12. 3 . 1 )  

so  that the closed-loop system (12. 1 . 1), (12. 1 .2) and (12.3 . 1) satisfies the 
design specifications (1)-(3) given in Section 1 .2. It is assumed that the 
set of admissible command signals Vi and the dynamical requirements (3) 
are the same for all subsystems because the plant is symmetric. The use 
of identical control stations and, thus, the preservation of the symmetry 
of the system after the implementation of the control stations is 
desirable for two reasons. First, disturbances should be rejected 'loc
ally' , that is within the subsystem they enter. Command following 
should be attained with the least possible excitation of the other sub
systems. Second, the conformity of the subsystem performance leads to 
severe conceptual simplifications of the design task. 

Equations (12. 1 . 1), (12. 1 .2) and (12. 3 . 1) yield 
(�i) = (A - BKyC 
Xri GC 

Yi = (C 0) (Xi
,
) 

X" 

(Xi) Zi = (Cz 0) , X" 
or, in short, 

Xi = 
Ax

i +
B
Vi + 

ESi 
Yi =  

e
Xi 

Zi = 
e

ZXi 

-BKx) (Xi) (BKv) , (E) , + H V, + 0 s, F Xri (12.3 .2) 

(12.3 .2) 

(12.3 .3) 

with Xi = (xl ,  Xii ) '  and dim Xi = Ii = n + nr. Like the plant the closed
loop system consists of identical subsystems (12.3 .3) that are symmetric-
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286 Strongly Coupled Symmetric Composite Systems 

ally interconnected via the relations (12. 1 .2) and (12. 1 .3). Therefore, 
models analogous to eqns (12. 1 .4), (12. 1 .8) and (12. 1 .9) can be found 
as follows. By combining eqns (12. 1 .2), (12. 1 .3) and (12.3 .3) the model 
of the closed-loop overall system (A + EL.tCz 

.:. ELqCz X =  • 

ELqCz 

Y =  diag ex 

ELqCz 
A + EL�z 

is obtained where x = (x { ,  . . .  , xN) ' and dim x = Nn hold. By means of 
the transformation 

(12.3 .5) 

with T from eqn (12. 1 .6) the analogue of eqn (12. 1 .7) can be obtained 

_ . . .  _ 1 . X =  _ x + - _ 
o . . .  As 0 N - B  

- B 

(N- l)B _ v 
- B  

.:. (��s . . . � � ) _ ( N� I)B 

--��--------��---= 
o . . .  0 Ao B -'J 

x(O) = Tio 

with 

y =  ( ! : :)x 

- C  - C  C 

As = A + E(Ld - Lq)Cz 
Ao = A + E[� + (N- l)Lq] Cz. 

B B 

(12.3 .6) 

(12.3 .7) 

Each subsystem output Yi of the closed-loop overall system is determined 
by 

Yi = (C C)x . 

(12.3.8) 

All phenomena encountered in the whole system can be studied by 
means of the model (12.3.8). Therefore, the index of x will be dropped. 
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Reduction of the Design Complexity 

The model (12.3 .8) can be thought of as the closed-loop system that 
consists of the plant 

.:. (As 0 ) _ (B 0) x =  0 Ao x + 0 B u 

_ _  (C 0) _ y - 0 C X 

Yi = (C C)i 

and the decentralized controller with two control stations 
.:. (F O

)x (G 0) _ (H 0) _ Xr = 0 F r + 0 G Y + 0 H v 

_ = (-Kx 0 ) _ (-Ky 0 ) _ + (Kv u 0 _ Kx Xr + 0 -Ky Y 0 
0 ) _  
Kv v 

with x = (x; x6) ' ,  o = (u;  u6) ' ,  y = (y ;  y6) '  and v = (v;  v6)' 

N- l 1 N Vs = -- Vi - - � Vj N N j = l  

1 N vO = N � Vj 
J= l 

(cf. Figure 12.4). 

Lemma 12.2 

j ¢ ;  

(12.3.9) 

(12.3. 10) 

(12.3 . 1 1) 

The decentralized controller (12.3 . 1)  satisfies the design specification 
(1)-(3) for the plant (12. 1 . 1 )-(12. 1 . 3) if and only if the decentralized 
controller (12.3. 10) and (12.3 . 1 1) meets these requirements in connec
tion with the plant (12.3 .9). 

Hence, the symmetry of the system brings about a considerable 
reduction of the design complexity. Only a low-order auxiliary plant 
(12.3 .9) and a decentralized controller with merely two control stations 
have to be considered. This holds true for an arbitrary number of sub
systems and arbitrarily strong interactions between the subsystems. The 
number N merely influences the parameters of the plant (12.3 .9) (cf. Ao 
in eqn (12. 1 . 8» and the feedforward action of the controller (cf. eqn 
(12.3 . 1 1» . 
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Stabilizability of the Plant and Stability of the Closed-loop 
System 

Since the closed-loop system (12.3 .9) and (12.3. 10) consists of two inde
pendent loops, the overall closed-loop system is stable if and only if both 
loops are stable. As is clear from Figure 12.4 these two loops consist of 
different plants but have identical feedback. 

Theorem 12.4 

The decentralized controller (12.3 . 1 )  ensures the stability of the closed
loop system (12.3 . 1) and (12. 1 . 1)-(12. 1 .3) if and only if the control 
station 

ir = FXr + Gy + Hv 
u = Kxxr - Kyy + Kvv (12.3 . 12) 

(cf. eqn (12. 3 . 1) with subscripts dropped) ensures closed-loop stability 
simultaneously for the plant 

x = Asx + Bu 
y = Cx 

and the plant 
i = Aox + Bu 
y = Cx. 

(12. 3 . 1 3) 

(12.3 . 14) 

This theorem states that in view of the stability requirement (1) the 
problem of designing the decentralized controller (12.3 . 1 )  for the overall 
system (12. 1 . 1 )-(12. 1 .3) can be replaced by the task of designing a 
centralized controller (12.3 . 12) that simultaneously stabilizes the two 
auxiliary plants (12. 3 . 1 3) and (12.3 . 14). This is a problem of robust 
centralized control. 

A well-known result concerning robust feedback control states that 
two plants can be simultaneously stabilized by a common controller if 
and only if a single auxiliary plant, which is derived from the two ori
ginal plants, can be stabilized by a stable controller. This, in turn, can 
be checked for systems with dim y = dim u = 1 by proving the 'parity 
interlacing property' (for details see Lunze ( 1988)). 

Theorem 12.5 

Consider a symmetric composite system (12. 1 . 1)-(12. 1 .3) with 
dim Uj = dim Yj = 1 .  Assume that the matrix As or Ao defined in eqn 

co
nt

ro
len

gin
ee

rs
.ir



r- - - - - - - - - - - - - - - - - - - - i , - - - - - - - - -, 

� I N- 1 I �S .  I I . I 

I 
vs - r;r- vi - N � Vj X r , - Fxrl+ GlIs + HvS Us xS- ASxs + BUS lis 

J+' _ -

I 
L-. ___ --"'------' u , - - Kltltrl - K:/lIs+ K vvs liS - e xs 

I 
�------� 

I 
� I , . . �O - N r: Vj XrZ - Fxrz + GlIo + H v O  X o - Ao lt o + BUO 

I 
I 

J _ 
Uz -- K", X rz- K:/'::Io+ l<. y VO '::Io - CXo 

1....-_____ -' 

L _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ 

Decentra l i sed contro ller Auxi l iar':j plant 

Figure 1 2.4 The auxiliary closed-loop system ( 1 2.3.9)-( 1 2.3. 1 2) 

lI; 

b 

� 
� 
� II) Q. 

g 
q!2.. 
o ..... 
(I) '3 
� 
� o· 
(I) 
� 
� 

I\) 
� 

co
nt

ro
len

gin
ee

rs
.ir



290 Strongly Coupled Symmetric Composite Systems 

(12.1 .8) is stable. Then there exists a stabilizing decentralized controller 
(12.3 . 1) if and only if the system 

. (As 0 ) (B) X =  
0 Ao X + B U 

(12.3 . 15) 

Y =  (C C)x 

has the 'parity interlacing property' , that is the total number of the real 
poles that lie to the right of each of the real right-half plane zeros in the 
complex plane are all odd or all even. 

A comparison of the statements of Theorems 12.5 and 12.3 is now in 
order. Theorem 12.3 implies that a symmetric composite system can 
be stabilized by a decentralized controller if the systems (12.3 . 1 3) and 
(12. 3 . 14) are completely controllable and completely observable. 
Theorem 12.5 says that the plant (12.3. 1)-(12.3 .3) can be stabilized by 
a decentralized controller (12.3 . 1) if and only if the auxiliary plants 
(12.3 . 1 3) and (12.3. 14) can be stabilized by the same controller. There
fore, one may conjecture that the systems (12.3 . 1 3) and (12.3 . 14) can be 
simultaneously stabilized if they are controllable and observable. 

This conjecture is not true. As will be shown by the counterexample 
below, a stabilizing decentralized controller (12.3 .1) with identical 
control stations may not exist although the plant has no decentralized 
fixed modes. That is, the use of identical control stations for all sub
systems represents a restriction which, however reasonable it is for 
symmetric composite systems, may be too restrictive to solve the stabi
lization problem. 

Example 12.2 

This example provides a symmetric system which has no decentralized 
fixed modes but which cannot be stabilized by a decentralized controller 
(12.3 . 1 )  with identical control stations. Consider the model 
(12. 1 . 1)-(12. 1 . 3) with N= 2, 

A = ( 0 1 ) 
- 1 .25 0.5 B = (�) E =  (�) 

C = ( - 1 . 5  1)  Cz; = ( - 0.75 2.5) 

L = (0 1) 
1 0 ' 
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The subsystem (12. 1 . 1 ) and the overall system (12. 1 . 1)-(12. 1 .3) are 
unstable. Eqn (12. 1 . 8) yields 

As =  (- �.5 -D Ao = (- � D ·  
As As is stable, the existence of a stabilizing decentralized controller 
(12.3 . 1 ) can be tested by Theorem 12.5 . As the system (12. 3 . 1 5) has real 
right-half plane poles at 1 .0 and 2.0 and zeros at 0.21 and 1 .35, it does 
not satisfy the conditions stated in Theorem 12 .5 . Hence, there does not 
exist any decentralized controller (12. 3 . 1) with identical control stations 
that stabilizes the overall system. 

On the other hand, the pairs (As, B) and (Ao, B) are controllable and 
the pairs (As. C) and (Ao, C) are observable. By Theorem 12.3, there 
exists a decentralized controller that stabilizes the overall system. That 
is, the example system can be stabilized by some decentralized controller 
but not by a decentralized controller with identical control stations. 

Incidentally, a solution to the stabilization problem can be easily 
found for this example. As the example system ( 12. 1 .4) is completely 
controllable and observable through a single channel (Ui, Yi) it can even 
be stabilized by a single control station. This controller, however, des
troys the symmetry within the system and is, from a practical point of 
view, undesirable (cf. the discussion of the principally 'non-symmetric ' 
stabilization method presented in Section 6.1) .  0 

Simplification of the model ( 1 2.3.9)-(1 2.3.1 1 )  

Whereas the conceptual simplifications of the design problem elaborated 
so far are true for arbitrary symmetric composite systems, further 
simplifications can be made under the assumptions that the closed-loop 
system will certainly be stable (i.e. As and Ao are known to be stable) 
and that the plant consists of a large number of subsystems. Since for 
N -+ 00 eqn (12.3 .9) yields Vs(t) -+ Vi(t) and Vo(t) -+ 0 the loop at the 
bottom of Figure 12.4 is not excited by Vj U � i) for large N. The 
performance of the model (12.3.9)-(12.3 . 1 1)  can be described by the 
closed-loop system that consists of the plant (12. 1 . 1 1) and the controller 
(12.3. 12) (with Y = y, U = Ui, V = Vi). That is, for plants with a finite but 
large number of subsystems the model (12. 1 . 1 1) and (12.3 . 12) or, 
equivalently, (12.3 . 12) and (12.3 . 1 3) represents an approximate descrip
tion of the closed-loop system. The control of this plant is no longer 
decentralized but centralized. This observation suggests the design of the 
decentralized controller (12.3 . 1) in relation to the design requirement (3) 
in three design steps as follows: 
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Algorithm 12.1 

Given: Symmetric composite system (12. 1 . 1)-(12. 1 .3); design require
ments (1)-(3) (Section 1 .2). 

1 .  Derive the approximate model (12. 1 . 1 1). 
2. Design a centralized controller (12.3. 12) for the approximate 

model (12. 1 . 1 1) to satisfy the dynamical requirements (3). 
3 .  Check the dynamical behaviour of  the closed-loop system by 

means of the exact model (12.3 .9)-(12.3. 1 1). 
Result: Decentralized controller (12.3 . 1 )  with the same parameters as 

(12.3 . 12). 

This design method is especially useful if the plant has many subsystems 
and the stability requirement (1) presents no real difficulty during the 
design process. Since the approximate model (12. 1 . 1 1) is not identical to 
the isolated subsystem (eqn (12. 1 . 1) with Si = 0) but includes the 'coarse 
model' (12. 1 . 12) of the interactions with the other subsystems, the inter
actions between the subsystems are not ignored during the design as is 
done, for example, in the aggregation-decomposition method (Section 
9.2). 

Decentralized PI Controllers 

The results obtained so far can be made more specific for decentralized 
PI control 

Xri = Yi - Vi 
Ui = - Kp(Yi - Vi) - KrXri (i = 1 , 2, . . .  , N)  (12.3 . 16) 

of a stable symmetric composite system (12. 1 . 1 )-(12. 1 .3) subject to step 
commands. According to Theorem 12.4, every control station (12. 3 . 16) 
has simultaneously to stabilize the plants (12.3 . 1 3) and (12.3 . 14). 
Theorem 2. 14 leads to the following result. 

Theorem 12.6 

Consider a stable symmetric composite system (12. 1 . 1)-(12. 1 .3) with 
dim Yi = dim Ui = m. 

(i) A necessary condition for the stability of the closed-loop 
system (12. 1 . 1)-(12. 1 .3) and (12.3 . 16) is given by 

det(KssKso) > 0 (12.3 . 17) 
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with 
Kss = - CA;-lB (12.3 . 18) 

(ii) The closed-loop system (12. 1 . 1)-(12. 1 .3) and (12.3 . 16) is stable 
for controller matrices 

(12.3 . 19) 

with 0 < a � a and 0 � b � b for sufficiently small a and b if 
and only if 

Re [Ai [KsoKd ] > 0 

(i = 1 , 2, . . .  , m) hold. 
Re [Ai [KssKd ] > 0 (12.3 .20) 

Relation (12. 3 . 1 7) states a condition that must be necessarily satisfied for 
a decentralized PI controller to exist. The second part of the theorem 
gives a constructive method of ensuring closed-loop stability. If 
dim Yi = dim Ui = 1 holds, condition (12.3 . 1 7) reads as 

ksskso > o. (12.3.21) 

It is necessary and sufficient for the stabilizability. A reasonable choice 
of kI and kp is given by 

(12.3 .22) 

Example 12.1 (cont.) 

As the set points for the node voltages can be assumed to change step
wise, decentralized PI controllers (12. 3 . 16) are used. There exist such 
controllers which ensure closed-loop stability because ksokss = 0.45 > 0 
holds (cf. (12.3 . 17) and (12. 3 . 18» . 

Algorithm 12. 1 is used to find suitable parameters for the decentral
ized voltage controllers: 

Step 1 

The model (12. 1 . 1 1) is found by using eqn (12. 1 .8). 

Step 2 

The parameters of a centralized PI controller (eqn (12.3 . 1 6) without 
index i and for a single-input single-output system) are determined as 
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optimal output feedback u = - kIXr - kpy of the model (12. 1 . 1 1) that 
has been expanded by the dynamical part of the controller (12.3 . 16) with 
v = 0 and xr(O) = XrO. For the performance index 

r oo (qux; + q22X2 + u2) dt .... min J 0 k.,kp 

different controllers can be obtained depending upon the choice of 
Q = diag qii. The solution for Q = 1OI (kI = 3 . 16, kp = 2. 17) is used 
because it leads to a command step response of the closed-loop 
approximate model (12. 1 . 1 1) and (12.3 . 1 6) with reasonable overshoot 
and settling time (Figure 12.5). 

Step 3 

With these controller parameters the decentralized controller ( 12. 3 . 1 6) 
ensures closed-loop stability (Theorem 12.4). To investigate the 
command response exactly, the model (12.3.9)-(12.3 . 1 1) is used. As 
shown in Figure 12.6(a), for a wide range of the subsystem number N 
the command step response of the overall system is very close to the 
approximation obtained in step 2. The cross-couplings (YI for step input 
at V2) are small and decrease with increasing number of subsystems 
(Figure 12.6(b». One of these curves has been drawn in Figure 12.6(a) 
to illustrate the magnitude of the cross couplings in relation to the 
influence of VI on YI . 0 
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/ ........ . '\ / . . \ 10. - 1001 . 
. � . 

,. - -- -- -
- -

,. 
,,-

/
/ 

I //;" 1 
/ ////

/ 
! // 

0 4M�-�--+-----�----�------�-----+------r---0.5 2. 3s . t 

Figure 1 2. 5  Command step response o f  the closed-loop 
approximate model 
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Figure 1 2. 6  Step response Y1 (t) o f  the closed-loop overall system: 
(a) for V1 ( t) = u(t): --, approximate model; - - - ,  N= 2; 

- ' - '  - ,  N =  1 1 ;  (b) for V2(t) = U(t): --, N = 2; - - - ,  N = 5; 

- . _ o - , N = 1 1  
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296 Strongly Coupled Symmetric Composite Systems 

Summary and Discussion of the Design Method 

The results of this section clearly show that symmetry within a complex 
system provides the basis for major conceptual simplifications of the 
design of decentralized controllers: 

• The problem of designing a decentralized controller (12.3 . 1) 
with N control stations that stabilizes the overall system is 
equivalent to the problem of designing a robust centralized 
controller (12.3. 12) that simultaneously stabilizes the auxiliary 
plants (12.3. 12) and (12. 3 . 14) (Theorem 12.4). 

• The I/O behaviour of the closed-loop overall system 
(12. 1 . 1)-(12. 1 .3) and (12.3 . 1) is exactly described by the model 
(12.3.9)-(12.3 . 1 1), which includes just two auxiliary subsystems 
and two control stations. 

• The I/O behaviour of the closed-loop overall system 
(12. 1 . 1)-(12. 1 .3) and (12. 3 . 1) is approximately described by the 
centralized closed-loop system (12. 1 . 1 1) and (12. 3 . 12) with 
y = y. 

These results should be compared with the methods described in 
Chapter 9, which likewise aim at replacing the overall design task by 
problems that can be solved at the subsystem level. Since in the latter 
methods the subsystem interactions are ignored, the control stations 
obtained independently will control the overall plant only if the sub
systems are 'weakly' coupled. In contrast to this, the results derived in 
this chapter suggest an alternative way of reducing the design com
plexity. They show that the overall design problem can be reduced by 
exploiting the structural properties of the interactions rather than 
ignoring them. Therefore, the reductions are possible for arbitrarily 
strongly coupled subsystems and are particularly useful for plants with 
many subsystems. 

1 2.4 STABILITY ANALYSIS OF SYSTEMS THAT ARE 
COMPOSED OF SIMILAR SUBSYSTEMS 

In this section, an extension of the investigations of symmetric 
composite systems to systems is given, which consist of similar rather 
than identical subsystems. It will be shown that the structural property 
of the overall system to be nearly symmetric can be used to develop a 
method for analysing the stability of composite systems that is quite 
different from that described in Chapter 8. The main idea is outlined in 
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Stability Analysis 297 

Figure 12.7. Whereas the composite-system method is elaborated to 
solve Problem 8. 1 ,  the following problem will be considered here. 

Problem 12.1 

Suppose that the subsystems can be described by identical approximate 
models and individual upper bounds of the modelling errors. Check the 
stability of the symmetric core S which is composed of the approximate 
models. Under what conditions on the model error bounds S does the 
stability of S guarantee the stability of the overall system? 

Systems that are Symmetrically Composed of Similar 
Subsystems 

The assumptions outlined in Problem 12 . 1  are reflected by the sub
system model that consists of the two parts 

Xj = Axj + BUj + ESj + Gfj 
Yj = Cxj + Hfj 

Xj(O) = XiO 

Zj = c,/:Xj + H:tfj 
dj = CdXj + DdUj + F d5j 

Originnl r.�stem S 

K 

I 
I (Direct QnQI�sis 
I of S) 
+ 

5tabi lit� of S 

Decomposed model s' 

�;to�e:m:h:-

J
S 

o�eroll s�stem 
------i�� d f 

u " 
� s 

• stobl lit:/ of s' 

(12.4.1) 

Figure 1 2 . 7  Stability analysis o f  systems that are composed of 
similar subsystems 
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298 Strongly Coupled Symmetric Composite Systems 

and 

fi = G2i * di (i = 1 , 2, . . .  , N) (12.4.2) 

where fi and di are mj and rd-dimensional signals between part 1 and 
part 2 of the model (Figure 12.8). Eqn (12.4. 1) is referred to as the 
approximate model of the subsystems. Although it has identical proper
ties for all subscripts i, the subsystems are not assumed to behave exactly 
in the same way as in Sections 12. 1-12.3 .  Eqn (12.4.2) represents an 
individual error model, which describes the deviation of the subsystem 
behaviour from that of the approximate model (12.4. 1). The error is 
described by some upper bound V2i(l) 

(12.4.3) 

Hence, 

1 fi(l) 1 :s:; V2i * 1 di I · (12.4.4) 

holds (cf. Section 2.6). 
Equations (12.4 . 1)  and (12.4.4) reflect the assumption of similarity 

of the subsystem behaviour and make the consideration of incompletely 
known large-scale systems possible. The error bound (12.4.4) may 
include both uncertainties of the subsystem dynamics and deviations of 
the I/O behaviour of the individual subsystem from that of the 
approximate model (12.4. 1). 

As in Section 12. 1 the interconnections are assumed to be symmetric 
and described by eqns (12. 1 .2) and (12. 1 .3) 

s =
L

z 

r L
= Z 

Lq 
Ld 

Lq �) Lq 

Ld 

Uj 

�j 

Figure 1 2.8 Subsystem model ( 1 2.4. 1 )-( 1 2.4.3) 
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Deftnition 12.3 

A system that can be described by some model (12.4. 1), (12.4.4), 
(12.4.5) and (12.4.6) is said to be symmetrically composed of similar 
subsystems. 

The Symmetric Core of the Overall System 

If the approximate models (12.4. 1) are combined via the symmetric 
interactions (12.4.5) and (12.4.6) 

x =  [diag A + (diag E)L(diag C,;)] x + (diag B)u 
+ [diag G + (diag E)L(diag H,;)] f 

y = diag C x + diag H f (12.4.7) 
z = [diag Cd + (diag Fd )L(diag C,;)] x + diag Dd u 

+ (diag F d )L (diag H,;)f 

are obtained. 

Deftnition 12.4 

The system described by eqns (12.4. 1), (12.4.5) and (12.4.6) or, equiva
lently, eqn (12.4.7) is called the symmetric core of the system (12.4. 1), 
(12.4.4), (12.4.5) and (12.4.6) .  

The symmetric core can be treated in the same way as the system 
(12. 1 .4). The transformation x = Tx with T from eqn (12. 1 .6) yields the 
model S: 

. 
(�) C

� l)B 
_ . . .  _ 1 . 
X =  x + -

o . . . As 0 N -B 
o . . . 0 Ao B 

. . .  

1 
(N-

; 
l)G, 

+ -
N - Gs 

Go 

C 0 

Y =  ( � C 
- C  - C  

- G. 

(N- 1)Gs 
Go 

I)i + dmg HI 

-�) 

. 
f 

- Gs 
Go 

-B  -;} 
(N- 1)B - B  

B B 

(12.4.8) 
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d 

= 
(_r_

s 

___ :_: s
--+-
:
,---

'
O

) i + diag DdD 

- Cs - Cs Co 

FdLqHZ) 
. .  , Fd�qHz f 

. . .  FdLdHz 

where 
As = A + E� - Lq)Cz 
Ao = A + EL�z + (N - l)ELqCz 
Gs = G + E(Ld - Lq)Hz 
Go = G + ELdHz + (N - l)ELqHz 
Cs = Cd + Fd(Ld - Lq)Cz 
Co = Cd + FdLdCz + (N - l)FdLqCz. 

(12.4.9) 

For the symmetric core all simplifications of the stability analysis hold 
which have been derived for symmetric composite systems in the sections 
above. 

Lemma 12.3 

Assume that the symmetric core (12.4. 1), (12.4.5) and (12.4.6) or, 
equivalently, (12.4.8) is completely controllable through D and com
pletely observable through y. Then the symmetric core is I/O-stable if 
and only if the matrices Ao and As in eqn (12.4.9) are stable. 

After the transformation above, the overall system (12.4. 1), (12.4.2), 
(12.4.5) and (12.4.6) has the structure depicted in Figure 12.9 and is 
represented by eqn (12.4.8) and 

I f I � diag V2i * l d l . (12.4. 10) 

u 

Figure 1 2. 9  Structure of the model ( 1 2.4. 1 2) and ( 1 2.4. 1 3) 

co
nt

ro
len

gin
ee

rs
.ir
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The Stability Criterion 

In the following, the matrix M denotes So I G(t) I dt where M and G 
may have identical indices. As a preliminary result the following lemma 
can be derived from Theorem 2. 17 .  

Lemma 12.4 

Consider the system composed of 
y = GyU • U + GYf* f 
d = Gdu * u  + Gdf* f  

and 
f = G2 * d  

where the matrix G2(t) is known to satisfy the inequality 
I G2(t) I � V2(t) for all t 

(12.4. 1 1) 

(12.4. 12) 

(12.4. 13) 
for a given matrix V2(t). Suppose that the systems (12.4. 1 1) and 
(12.4. 12) for G2 = V2 are I/O-stable, that is the matrices Myu, Myf, �u, 
Mdf and 

M2 = J: V2(t) dt 

have finite elements. Then the overall system (12.4. 1 1)-(12.4. 13) is 
I/O-stable if 

(12.4. 14) 
As the model (12.4.8) and (12.4. 10) of the overall system has the same 
structure as the system (12.4. 1 1) and (12.4. 12), the I/O stability of the 
system (12.4. 1) ,  (12.4.4), (12.4.5) and (12.4.6) can be investigated as 
follows. 

Algorithm 12.2 (Stability analysis of systems that are composed 
of similar subsystems) 

Given: System (12.4. 1), (12.4.4), (12.4.5) and (12.4.6). 
1 .  Determine the symmetric core (12.4.8). 
2. Check the I/O stability of the symmetric core (12.4.8) as 

described in Lemma 12.3. 
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302 Strongly Coupled Symmetric Composite Systems 

3 .  Check the I/O stability of (12.4.2) by proving that 

Mu = ): Vu(t) dt (i = 1 , 2, . . .  , N) (12.4. 1 5) 

is finite. 
4. Check the stability condition (12.4. 14). The matrix Gtif= (Gdjij) 

represents the impulse responses of the symmetric core (12.4.8) 
between f) and di or, equivalently, of the system 

. (As X =  
o 

(N- l  ) ( 1 ) 
o 

--;:;- Gs - N Gs N 

Ao)X +  1 fi + 1 )�1 f) 
- Go - Go . � . N N ,-- , 

(12.4 . 16) 
N 

di = (Cs Co)x + FdLdHzfi + FdLqHz � f) )= 1 
j ;<! ;  

(cf. eqn (12.4.8) for u = 0). Hence, 
N 

di = � Gdji) * f) )= 1 
with 

Gdjii(t) = FdLdHzo(t) 

(12.4 . 17) 

N- l  1 + --;:;- Cs exp(Ast)Gs + N Co exp(Aot)Go 
(12.4. 1 8) 

1 1 GdjiAt) = FdLqHzo(t) - N Cs exp(Ast)Gs + N Co exp(Aot)Go 

for all i � j. 
Result: If the conditions tested in steps 2-4 are satisfied, the system 

(12.4. 1), (12.4.4), (12.4.5) and (12.4.6) is stable. 

The main idea of this stability test is summarized in the following 
theorem. 

Theorem 12.7 

The system (12.4. 1), (12.4.4), (12.4.5) and (12.4.6) which is symmetric
ally composed of similar subsystems is stable if the following conditions 
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are satisfied: 
(i) The matrices Ao and As of eqn (12.4.9) are stable. 

(ii) Mu (i = 1 ,  . . .  , N) from eqn (12.4. 1 5) are finite. 
(iii) The condition 

Ap [( diag M2i )MttJ] < 1 

303 

(12.4. 19) 
is satisfied where MdJ = (Mttjij) consists of the matrices 

Mdjij = [ I Gdjij(t) I dt with Gdjij from eqn (12.4. 18). 

In this stability criterion, conceptual and numerical simplifications of 
the stability analysis of the composite system ( 12.4. 1), (12.4.4), (12.4. 5) 
and (12.4.6) are not gained from breaking down the subsystem intercon
nections as in the composite-system method. Instead, the simplifications 
result from the extraction of an approximate model (12.4.8), which pre
serves the structural properties of the overall system and whose stability 
analysis can be reduced to the analysis of the nth order matrices As and 
Ao. Note that the subsystems remain coupled throughout the analysis. 
As a result of this alternative basis, the stability conditions of Theorem 
12.7 have important characteristics as follows: 

• Although the stability condition (12.4. 19) has been derived from 
the small·gain-type stability criterion given in Lemma 12.4, 
Theorem 12.7 by no means represents a small-gain theorem for 
the overall system (12.4. 1), (12.4.4), (12.4.5) and (12.4.6) .  
Strong interactions remain effective within the symmetric core 
(12.4.8) of the system. The requirements of a 'weak' coupling 
concerns the connection between the symmetric core (12.4.8) 
and the error model (12.4.2). Theorem 12.7 may be used suc
cessfully for strongly coupled systems and systems with a very 
large number of subsystems (for examples see below). 

• The stability analysis takes into account the cooperative effects 
of the interactions . Therefore, no assumptions concerning the 
stability of the isolated subsystems have to be made. 

• The simplicity of the stability test is comparable with that 0 f 
composite-system method tests. Besides the stability test for the 
nth order matrices As and Ao, only the Perron root of the test 
matrix (diag Mu)M<if of order NmJ has to be determined. 

Several extensions of Theorem 12.5 are straightforward and will be 
briefly outlined here. At first, the model (12.4. 1)-(12.4.6) can be formu
lated with direct throughput between Uj and Yi etc. Then, in principle, 
the same results will be obtained. Second, an extension to non-linear 
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304 Strongly Coupled Symmetric Composite Systems 

systems is possible if eqn (12.4.2) is replaced by a non-linear error model 
(cf. Section 8.5). The extension to non-symmetric couplings can be 
developed if the interconnection relation is decomposed into 

s = Lz + w 

with L from eqn (12.4.6) and 
I w l � L l z l · 

(12.4 .20) 

(12.4.21) 

Then the overall system (12.4. 1), (12.4.4), (12.4.6), (12.4.20) and 
(12.4.21) can be brought into the form (12.4. 1 1)-(12.4. 1 3) and an 
extended stability criterion elaborated. 

Example 12.3 (Load-frequency behaviour of a multiarea power 
system) 

The stability criterion is used to prove the stability of a multiarea power 
system (Example 3 .5). The symmetry assumption (12.4.6) concerning the 
interconnection relation is satisfied as a result of the structure of the 
system. In order to show this, the interconnection output Zi of the ith 
area is defined by 

Zi = C Pbi(T) dT. 

This makes some modifications of the model (3 .4.9)-(3 .4. 1 3) necessary. 
The subsystems models (3 .4. 12) have to be expanded by the integrator 
in order to determine the newly defined output Zi. Subsystem 1 as 
described by eqns (3 .4.9) and (3.4 . 10) reduces to the static relation 

1 N 
$i =- L; Zj To j=2 (i = 2, . . .  , N) 

where eqn (3.4. 1 3) has been used. Hence, the subsystem (3.4.9) and 
(3 .4. 10) is no longer used and the other N - 1 subsystems are 
renumbered. The new model is given by eqn (3 .4. 12) for i = 1 , 2, . . .  , N 
and the interaction relation 

s = Lz 

L = _l ( 
1 
1 

NT : 
1 1 1) 

which obviously satisfies eqn (12. 1 .3). 
For the simplicity of demonstration, the areas are assumed to 
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Stability Analysis 305 

include the same amount of rotating masses, that is Ti = T, To = NT. 
Then 

As = A  1 Ao = A + r ECz 

result, and the stability of the symmetric part (12.4.8) is independent of 
the number of subsystems. 

The model of a 200 MW block shown in Figure 12.10 is used as the 
approximate model (12.4. 1) of the power generators. For the parameters 
given in the figure and ksi = - 15, kli =  - 2.5, eqn (12.4. 1) holds with 
n = 5, m = l , ms = 1 ,  r = l ,  rz = 1  and 

0 0 0 0 - 1  
0.83 - 3 .33 0 0 - 3.33 

A =  0 5 - 5  0 0 
0 2.5 - 2. 12 - 0. 12 0 
0 0 0 3.33 - 3 .33 
0 0 0 1 0 

1 - 15 
3 .33 - 50 

B =  0 E =  0 
0 0 
0 0 
0 - 2.5 

C = (0 0 0 1 0 0) 
Cz = (0 0 0 0 0 1). 

Equation (12.4.9) with T= 16.25 yields the stable matrix 

Ao =  

0 
- 3 .33 

5 
2.5 
0 
0 

0 0 - 1  
0 0 - 3 .33 

- 5  0 0 
- 2. 12 - 0. 12 0 

0 
0 

3 .33 - 3.33  
1 

Transmitter , �al.e , 
(1 + O.2P)( 1+ O.3p) 

Measurement deviet 

0 

- 0.98 
- 3 .2 

0 
0 
0 

- 0. 1 6  

�------------4 , �--------� I + O.3p 
Figure 1 2. 1 0  Model of the power station 

(12.4.22) 
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306 Strongly Coupled Symmetric Composite Systems 

Power stations with different nominal power 

First, consider different nominal values of the generated power as the 
reason for deviations between the approximate model (12.4 . 1)  and the 
actual model of the areas. As the primary control factor ksi is adjusted 
to the maximum area power, different values of the nominal power are 
reflected by different parameters ksi in the model. Hence, the model 
(12.4.1), (12.4.4), (12 .4.5) and (12.4.6) is used with the structure of 
Figure 12. 1 1 ,  where k2i is the difference between the primary control 
factor and the value - 15 used in the approximate model. For this struc
ture H = 0, Hz = 0, Cd = 0, Dd = 0, Fd = 1 and G = E hold. Equation 
(12.4. 10) yields Go = Gs = G, Cs = 0, Cd = (0 0 0 0 0 0.065). As the 
state corresponding to the last row of As is observable through neither Yi nor di it may be deleted for I/O considerations and 

(� .83 
As = 0 

o 
o 

0 
- 3.33 

5 
2.5 
0 

0 0 - 1  ) 
0 0 - �.33 

- 5  0 
- 2. 12  - 0. 12 

0 3 .33 - 3 .33 

is stable. Hence, the symmetric core is stable for an arbitrary number N 
of areas. Eqn (12.4. 1 8) yields Mdfij = 1 .35 for all i, j. The overall system 
is stable if eqn (12.4. 19) holds: 

1 .35 . - . [ (1 

N Ap dlag k2i � 
By using the inclusion theorem (eqn (Al . IO» for the Perron root, 

1 N 
N i� k2i < 0.735 (12.4.23) 

is obtained as a sufficient condition for the stability of the overall 
system. 

1-4---{�'--- &j 
L-��-t------� Z j  

Figure 1 2. 1 1  Subsystem model for areas with different nominal 
values of the generated power 
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Stability Analysis 307 

Equation (12.4.23) can be considered as a quantitative expression of 
the assumption that the subsystems are similar. It demands that the 
average model uncertainty bound is less than 0.735. Some approxima
tion errors k2i may be very large, particularly if the whole system 
consists of many subsystems. For example, a system with N = 1 1  areas, 
where only six behave like the approximate model (200 MW blocks, 
k2i = 0) but four have 400 MW blocks (ksi doubled, thus k2i = 1) and one 
has a 1000 MW block (k2i = 4), is proved to be stable by Theorem 12.7 
since 8/ 1 1  < 0.735 . 

Power stations with different dynamics 

Second, consider power generators with different dynamics. In this case 
the error model V2i(t) describes the difference between the impulse 
response of the real generator and that of the model of Figure 12. 10 
(Figure 12. 12). The approximate model (12.4. 1)  has the parameters of 
eqn (12.4.22) and Cd = 0, Dd = 1 ,  Hz = 0, G = (0 0 0 0 0 1) ' ,  H = 1 ,  
Fd = - 15 .  Equation (12.4.9) yields Cs = 0, Co = (0 0 0 0 0 0.975), 
Gs = Go = G. Again, the last row and column of As can be deleted. The 
stability condition of Theorem 12.7 leads to 

1 N r 
N i� J V2i(t) dt < 0.6. (12.4.24) 

That is, the stability can be proved even if the overall system has a large 
variety of subsystems. The deviation of the power generator dynamics 
from the approximate model has only to satisfy the global restriction 
given in condition (12.4.24). 0 

Figure 1 2. 1 2  Subsystem model for areas with different power 
generated dynamics 
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308 Strongly Coupled Symmetric Composite Systems 

This example shows that the stability can be proved for an arbitrary 
number N of subsystems provided that the subsystems are sufficiently 
similar, where 'sufficiently similar' is described by conditions (12.4.23) 
and (12.4.24). 

BIBLIOGRAPHICAL NOTES 

Symmetric relations between the components of natural phenomena or 
technical artifacts have long attracted the interest of engineers and 
artists (Wille 1988). Engineers have used the simplifications which are 
brought about by unification of the elements empirically. In particular, 
to the author's knowledge there are no systems-theoretic investigations 
of symmetric dynamical systems. Papers on symmetrically intercon
nected systems are rare even in the field of modelling. Aoki (1979), 
Baliga and Rao (1980) and Bergen (1979) considered systems composed 
of first-order subsystems and demonstrated that symmetry in the inter
connection relations may lead to considerable simplifications of the 
stability analysis. The more general class of symmetric composite 
systems as considered here were investigated by Lunze (1986). The exten
sion to systems with similar subsystems and non-symmetric interactions 
was described by Lunze (1989b). 

The decentralized control of symmetric composite systems was 
investigated by Lunze (1989a). The results on the simultaneous stabiliza
tion of two plants by the same controller, which have been used in 
Section 12.3,  were due to Vidyasagar and Viswanadham (1982). Under 
the circumstances given in Section 12.3 their criterion can be applied by 
means of the parity interlacing property investigated by Youla et al. 
(1974). 

The exploitation of symmetry properties in model aggregation was 
considered by Lunze (1989c). 

A further class of systems that consist of identical subsystems was 
investigated by Abraham and Lunze (1991). With the application to a 
multizone crystal growth furnace they developed a method for designing 
the control stations of a decentralized controller as robust controllers of 
an auxiliary system which includes three subsystems. 
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1 3  

A Survey of the Resu lts and 

O pen Problems i n  Feed back 

Control of Large-scale Systems 

Decentralized information processing has the following substantial 
conceptual advantages over centralized processing: 

• The computations are much easier because less information is 
needed and manipulated. 

• Parallel computation is possible without the need for complete 
synchronization. 

• The computation is reliable as far as failures in the computing 
elements are concerned. 

Hence, decentralized schemes can be applied by means of low-cost 
computing facilities. 

However, distributed information processing leads to the funda
mental problem of decomposing the overall analytical and design 
problems adequately. The resulting subproblems have to be relatively 
autonomous if strong coordination is to be avoided. The advance made 
in large-scale systems theory has to be assessed in regard to its contri
bution to the solution of this fundamental problem. The following 
critical evaluation of what has been achieved and what remains to be 
done refers to the basic ideas, which have been described in detail in 
this book, and takes into account the recent results mentioned in the 
bibliographical notes. 

Modelling and Analysis of Interconnected Systems 

The outstanding characteristic of large-scale systems is the fact that such 
systems consist of different interacting subsystems. This is reflected by 
the models explained in Chapter 3 .  The first question stated in Section 
1 .2 asks in which way the overall system performance depends on the 
properties of the subsystems and the interaction relations. In particular, 
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310 . Survey of Results and Open Problems 

it has to be investigated whether the subsystems are weakly or strongly 
coupled and whether the couplings turn out to be cooperative or com
petitive in nature. Theory has shown that interconnected systems can be 
classified into three main groups as follows. 

Systems that are not strongly coupled in the sense oj Definition 
3.1 

Owing to the absence of coupling links, the subsystems can be grouped 
so that they interact only in one direction. Analytical and design prob
lems can be simplified considerably by splitting them up into separate 
problems which concern only the subsystems. 

Systems with weakly coupled subsystems 

Although the subsystems interact completely and are thus called 
'strongly coupled' in the sense of Definition 3 . 1 ,  the interactions influ
ence the subsystem behaviour weakly. Interactions are weak if the links 
have low reinforcements or if the timescales of the subsystems are quite 
different. Analytical and design problems can be decomposed according 
to the subsystem structure of the overall system, but the resulting sub
problems are still dependent upon each other. However, the subsystem 
interactions are weak enough to be ignored during the solution of the 
resulting subproblems. 

Systems with strongly coupled subsystems 

Analytical and design problems cannot be divided along the boundaries 
of the subsystems. Each subsystem has to be considered within its own 
environment or some approximation of it. Overlapping decomposition 
(Section 3 .4) or specific methods, which utilize the symmetric structure 
of the system (Chapter 12) or the static non-interaction of PI controllers 
(Chapter 1 1), can be used to derive subproblems with weak inter
dependence. 

Three aspects must be mentioned for the assessment of existing 
decomposition methods: 

1 .  The methods used for decomposing the overall system utilize 
structural properties. This is particularly obvious for the graph
theoretic methods described in Section 3 .2. However, the results 
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of Chapters 1 1  and 12 also utilize particular phenomena which 
are encountered in the class of systems under consideration and 
appear quite independently of the parameter values of the 
system. Hence, the results can be easily applied to systems with 
high dimension and uncertainties. 

2. Whereas the methods for splitting up a given system at given 
boundaries are known, the question of where to place the 
boundaries of the subsystems in a practical example has not 
been satisfactorily answered. It is still a matter of engineering 
intuition to select those parts of the overall system that 
represent subsystems with weak interactions, that belong to the 
slow or fast part of the system, or that have to be used as the 
overlapping parts. The ultimate success of a given decomposi
tion cannot be seen until the control stations have been designed 
and it is clear whether the couplings between the subsystems 
turn out to be weak under decentralized feedback. Therefore, 
future investigations of reasonable decompositions have to start 
from the closed-loop system, as has been done in Chapter 1 1  for 
PI control systems. 

3 .  It is an open question of  how to set up models of  the form 
described in Chapter 3 .  First, implicit models of the form 

Ex = Ax + Bu 

with singular matrix E are typical intermediate results of 
theoretical process analysis. They have to be transformed into 
the model (3 . 1 . 1) only because the analytical and design 
methods start from this explicit representation. It has to be 
investigated how this transformation can be carried out while 
utilizing the sparsity of the matrices occurring in the models or 
how to start the analysis directly with the implicit model above. 
Second, almost nothing has been done to establish modelling 
and identification strategies which avoid setting up a model of 
the overall system but end up directly with separate models of 
the subsystems including their specific surroundings . Instead of 
deriving the models of the subsystems from the overall system 
description, such new methods should select that part or those 
properties of the overall system that have to be referred to in the 
analysis of a certain subsystem or the design of a certain control 
station. Models that describe these properties can be set up at 
the subsystem level by the corresponding control authorities . As 
an example, the model (12. 1 . 1 1 ) of the subsystem behaviour of 
a symmetric composite system under the influence of all sub
systems can be set up without prior identification of the overall 
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3 12 Survey of Results and Open Problems 

system (12. 1 .4). In order to be certain that the model (12. 1 . 1 1) 
really does describe the subsystem i under the influence of all 
other subsystems it has to be proved that the overall system is 
symmetric. This test can be done without knowing the overall 
system description (12. 1 .4). 

• Centralized Design Methods 

Analytical and design methods, whose main ideas are known from 
multivariable theory, have been satisfactorily extended to decentralized 
control: 

• The effects of the on-line information structure constraints of 
decentralized control became clear with the existence of decen
tralized fixed modes . Structural investigations showed why more 
fixed modes occur for decentralized control than for centralized 
control (Section 4.2). No separation theorem holds for decentra
lized observers . The signalling phenomenon must be avoided by 
explicitly prescribing the linearity of the control laws. 

• The design principles of pole assignment and optimal control 
have been extended to decentralized controllers (Chapters 6 and 
7). 

These results give satisfactory answers to the second question posed in 
Section 1 .2 on how the overall system behaves under the control of 
several independent control agents . However, the applicability of the 
centralized design principles to large systems poses major difficulties 
because a complete model of the overall system has to be known, most 
of the manipulations have to be carried out with this high-dimensional 
model, and the design follows control aims which have to be formulated 
for the overall system. These design methods are, therefore, applicable 
only for 'small' systems, where decentralized controllers are to be used 
and where the dimensionality and uncertainty of the plant does not pose 
serious difficulties in the analytical and design problems. 

Decentralized Design 

New problems occur if the information structure used in the off-line 
procedures of analysis and design is restricted. Several independent 
control agents are involved although the subproblems, which result from 
a decomposition of the overall problem, are interdependent . The basic 
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question asks how the conflicts between the solutions of the subproblems 
can be resolved. 

Depending on the aims of the subsystem and the kind of subsystem 
interactions the subproblems can be competitive or cooperative. In the 
former case, major conflicts occur and pose the main difficulties for the 
solution. In the latter case, conflict resolution represents a minor 
problem, so that no or only a simple coordination is necessary. 

Conflict resolution within a decentralized information structure has 
to be made possible by appropriately organizing the analytical or design 
process . There are three main ways of constructing analytical and design 
schemes with decentralized information structure as follows. 

Decentralization by direct organizational measures 

If the control agents agree to design and implement the control stations 
one after the other, each design step has a centralized information struc
ture. Since only one control station is considered at a time, the sub
system authority can design the subsystem controller as a centralized 
feedback. The methods explained in Sections 10. 1 and 1 1 .2 illustrate this 
fact. However, these methods use the hierarchical structure of the plant 
or consider only the stability requirement. For general problems and 
structural requirements on the I/O performance of the overall closed
loop system it is still uncertain in the kth design step whether the sequen
tially designed decentralized controller will eventually satisfy the design 
specifications stated for the overall system. It is an open question of how 
to derive design specifications for the kth design step from the given 
overall system specifications . 

Decentralization by ignoring weak interactions 

After the plant has been split into weakly coupled subsystems, the design 
problem is decomposed accordingly and solved while ignoring the sub
system interactions. The control stations obtained from independent 
design problems are used together as a decentralized controller, and it 
has to be analysed how the uncertainties that occur due to the neglect 
of the 'weak' couplings can affect the overall system behaviour. As a 
basis for this, new criteria for the stability of interconnected systems 
(Chapter 8), the evaluation of the I/O performance in terms of quadratic 
performance indices (Section 9.3) or methods for dealing with multi
time-scale systems have been elaborated (Section 10.2). The criteria 

co
nt

ro
len

gin
ee

rs
.ir



314 Survey of  Results and Open Problems 

yield, explicitly or implicitly, quantitative upper bounds on the strength 
of the couplings for which interactions can be considered weak. 

Decentralization by exploitation of structural properties 

These methods are based on the structural properties of the system 
rather than the decomposition into weakly coupled subsystems. 'Struc
tural' properties are considered here in the broadest sense where they 
refer to all phenomena of the system that do not strongly depend on the 
system parameters . Results along this line were presented in Chapters 1 1  
and 12, where the effects of integral control or the symmetry of the plant 
were exploited. The methods are applicable to strongly coupled systems. 
This approach to decentralized design seems to have great potential, 
which has not been fully exploited. 

These methods have the following characteristics: 
• The complexity of the overall analytical and design problems is 

reduced, where the resulting subproblems are often problems 
that can be solved by multivariable feedback theory. It is the 
way of decomposing and dividing the overall problem into these 
subproblems which is new. 

• Although the investigations start from the overall system model, 
most of the results can be applied without using this complete 
model but by exploiting structural properties of the whole 
system, the existence of which can be checked or empirically 
assumed to be satisfied. 

Application Aspects 

High dimensionality, large model uncertainties, and information struc
ture constraints concerning a priori and measurement data characterize 
the complexity of large-scale systems, where in dependence upon the 
practical application at hand one aspect or another dominates. All 
the methods described in this book take account of these aspects to a 
different extent and thus have their specific fields of application. 

The survey of the large body of analytical and design methods 
shows that the practically important question of which method should 
be applied to the practical problem at hand is quite open. Engineering 
intuition is needed in order to assess modelling and measurement 
information concerning its importance for the solution of a given 
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problem and to structure the plant and the analytical and design pro
cesses accordingly. 

In summary, the theory of feedback control of large-scale systems 
contributes to the application of two distinct but related areas: the 
control of large, physically distributed dynamical processes, and distrib
uted computing for implementing control algorithms. It provides the 
control engineer with the methodological background and the analytical 
and design algorithms that facilitate a rapid solution of complex control 
problems by using modern computing facilities. 
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Append ices 

APPENDIX 1 :  MATRICES 

This appendix contains the properties of matrices, non-negative 
matrices, and M-matrices which are used in this book. For detailed 
information see Gantmacher (1958), Zurmiihl ( 1964), Ortega and Rhein
boldt (1970) and Berman and Plemmons (1973). 

Eigenvalues 

The eigenvalues Aj [A] (i = 1 ,  . . .  , n) of an (n, n) matrix A are defined to 
be real or complex numbers for which vectors Uj exist such that 

AUj = AjUj (i = 1 ,  . . .  , n) (A1 . l) 

holds; Uj are also called (right) eigenvectors. There exist other vectors , 
called left eigenvectors (or reciprocal eigenvectors), Vj such that 

viA = Ajvl (i = 1 ,  . . .  , n ) (Al .2) 

holds. The eigenvalues are the solution of the characteristic equation 

det(A - AI )  = o. 
The eigenvectors can be scaled so that the modal matrices 

U = (Ul U2 . • •  Un) and V = (VI V2 • • •  vn) 

satisfy the relation 
V'U = I. 

Minimum and maximum eigenvalues are abbreviated as 
Amin [A] = min Aj [A] j Amax [A] = max Aj [A] j 

(A1 .3) 

(Al .4) 

(Al .5) 

respectively, where the eigenvalues are assumed to be real. The sens
itivity of the eigenvalue Aj [A(p)] with respect to some parameter p is 

co
nt

ro
len

gin
ee

rs
.ir



318 Appendices 

described by 
dAi l = v/(dA!dp)Ui 
dp p =fi Vi Ui 

where Ui and v / satisfy eqns (Al . I) and (Al .2) for A = A(p). 
The similarity transformation with U, V from eqn (AI .4) 

V '  AU = diag Ai [A] 

(A 1 .  6) 

(AI .7) 

yields a diagonal matrix if all eigenvalues are distinct. If A has complex 
eigenvalues, the matrices U, V and diag Ai have complex entries. Then 
the transformation 

(AI .S) 

is used where for distinct real eigenvalues Ai the ith column of T is Ui 
and aii = Ai holds, whereas for a distinct complex conjugate pair 
Ai/H 1 = - Oi ± iWi the matrix T has the columns Re [Ui] and 1m [u;] and A the main diagonal block 

(��: -�:) . 

Then both T and A are real-valued matrices. 

Non-negative Matrices 

A matrix A = (au) is called non-negative (A � 0) or positive (A > 0) if 
all elements of A are real and non-negative (au � 0) or positive (au > 0), 
respectively. An (n, n) matrix A is called reducible if there exists a 
permutation matrix P that transforms A into the form 

PAP ' = (Al l �12) 
o A22 

where Al l and A22 are square. Otherwise, A is called irreducible. 

Theorem A1.1 (Frobenius-Perron theorem) 

Every irreducible non-negative (n, n) matrix A has a positive eigenvalue 
Ap [A] that is a simple root of the characteristic equation (A1 . I) and is 
not exceeded by the moduli of all the other eigenvalues of A 

(AI .9) 
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The eigenvector corresponding to Ap [A] is strictly positive and unique 
up to a multiplicative constant. 

Ap [A] is called the Perron root of A. Theorem A1 . 1  can be extended 
to reducible matrices. Then there exist eigenvalues Ai [A] with 
I Ai [A] I = Ap [A] . All these eigenvalues are simple roots of the 
characteristic equation. 

If A is irreducible then Ap [A] can be determined by means of the 
following inclusion. For x = (Xl • • •  Xn ) '  > 0 and Y = (Yl . . .  Yn) '  = Ax 

min Yi :s;; Ap [A] :s;; max Yi 

i Xi Xi 
(AL l  0) 

holds. Used in an iterative way eqn (A1 . 10) represents the basis of a 
simple algorithm for determining Ap [A] as follows. 

Algorithm At.t 

Given: Irreducible non-negative matrix A. 

1. Let x = (1 . . .  1 ) ' .  
2. Determine y = Ax and II = mini Y;/ Xi and lu = maxi Yi/ Xi. 
3. If lu - II < e for given threshold e, stop; otherwise, let x = y and 

continue with step 2. 
Result: Perron root Ap [A] = h. 

Theorem At.2 

For two (n, n) matrices A and B with A � I B I � 0 the relation 
max I Ai [B] I :s;; Ap [A] 

i 
holds. 

(ALl 1) 

Therefore, for an arbitrary (n, n)  matrix C, which may not be non
negative or positive, 

max I Ai [C] I :s;; Ap [ I C 1 1 i 
holds. For 0 :s;; B :s;; A, Theorem AI .2 yields 

Ap [B] :s;; Ap [A] . 

(A1 . 1 2) 

(A 1 .  1 3) 
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M-matrice. 

DefInition AI.I 

An (n, n)  matrix P = (pij) is said to be an M-matrix if Pij � 0 holds for 
all i ¢ j and all eigenvalues of P have positive real parts. 

Theorem AI.3 

An (n, n) matrix P = (pij) with Pij � 0 for all i ¢ j is an M-matrix if and 
only if one of the following equivalent conditions hold: 

(i) All eigenvalues of P have positive real parts. 
(ii) P is non-singular and p- I is non-negative. 
(iii) All the leading principal minors of P are strictly positive tll . . .  PIk) 

det : : > 0 
kI • • •  Pkk 

(k = l , . . .  , n) . 

(iv) AIl the principal minors of P are strictly positive. 

(A 1 . 1  4) 

(v) There exists some vector x such that all elements of the vector 
Px are strictly positive. 

(vi) There exists some vector y I such that all elements of the vector 
y 'P are strictly positive. 

Note that any of the conditions (i)-(vi) is necessary and sufficient for the 
matrix P to be an M-matrix. 

Theorem AI.4 

Assume that P is an M-matrix. Then the following assertions hold: 

(i) If PI � P holds and PI satisfies the sign condition of Defini
tion A1 . 1  then PI is an M-matrix. 

(ii) diag di P and P diag di with di > 0 are M-matrices. 
(iii) There exists a diagonal matrix diag di with di > 0 such that 

(P ' diag di + diag diP) is positive definite. 

Hence, if P is symmetric with Pij < 0 for all i ¢ j then it is an M-matrix 
if and only if it is positive definite. 

co
nt

ro
len

gin
ee

rs
.ir



Appendix 1: Matrices 32 1 

Theorem AI.S 

If A is a non-negative (n, n) matrix then P = pl - A is an M-matrix if 
and only if 

(AI . IS) 

Theorem AI.6 

Assume that P is an M-matrix. Then all the principal minors of K = p- 1 
are positive. 

(For a proof see Lunze (1988).) A result which is closely related to non
negative and M-matrices but does not refer only to these classes of 
matrices is stated in the following theorem. 

Theorem AI.7 

For the class of (n, n) matrices A the following equivalent conditions 
hold: 

(i) All principal minors of A are positive. 
(ii) Every real eigenvalue of A as well as of each principal minor 

of A is positive. 
(iii) For every vector x ¢ 0 there exists a diagonal matrix 

D = diag di with positive diagonal elements di such that 
x 'ADx > 0 holds. 

Matrix Equations 

The solution x of the linear equation 
Ax = b  

with (m, n)  matrix A is described in the following theorem. 

Theorem At.8 (Penrose theorem) 

A solution to the equation Ax = b exists if and only if the relation 
(AA + - I)b = O  

holds. The solution is given by 
x = A +b + (A + A - I )k (A 1 .  16) 
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for an arbitrary n vector k. A + is the Moore-Penrose pseudoinverse of 
A, which is given by 

A+ = A'(AA ,)- 1 for rank A = m  
A+ = (AA ,)- IA '  for rank A = n. (A1 . 17) 

If rank A = n � m holds and the solvability condition is not satisfied 
it is reasonable to determine such a vector x for which II Ax - b II is 
minimal. This x is given by 

x = A+b. 

The Lyapunov equation 
A'P + PA =  - Q  (AI . 1 8) 

with symmetric negative definite (n, n )  matrix Q has a unique positive 
definite solution P if and only if all the eigenvalues of the (n, n )  matrix 
A have negative real parts. Then the solution can be found analytically 
or by means of the following algorithm (Jamshidi 1983). For other 
algorithms see Muller (1977). 

Algorithm Al.2 

Given: (n, n) matrices A, Q, where Q is symmetric positive definite. 
1 .  Determine the step size s = 10-4/ (2 11 A I I) and the matrices 

po = sQ  and 

E = (I - � A + S2 A 2)- 1  (I + � A + S2 A 2)- 1 
2 12 2 12 

. 

Let k =  1 .  
2. Determinine 1 =  2 k and 

pHI = pk + (E ,)/pkE/. 
3 .  If I I  pk+ 1 - pk I I  < e holds for a prescribed threshold e, stop; 

otherwise, let k = k + 1 and proceed with step 2. 

Result: Solution pk of the Lyapunov equation (A1 . 18). 

Vector and Matrix Norms 

Definition Al.2 

A function I I  x I I : fYln -+ fYl is called vector norm if it has the following 
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properties: 

(i) II x II � 0 for all x 
II x II = 0 if and only if x = 0 

323 

(A1 . l 9) 
(ii) 
(iii) 

I I x + y II � I I xii + I I y II for all n vectors x, y (Al .20) 
I I a x II = I a I II x II for arbitrary real scalar a and n vector 
x. (Al .2 l )  

In particular, 

I l x ll = Jitl xr (Al .22) 

is the Euclidean vector norm of the n vector x = (Xl Xn) ' .  Although 
nearly all considerations, including norms, hold for arbitrary vector 
norms, only the Euclidean norm is used throughout this book. 

For two n vectors x and y the relation 
I x 'y l � I l x ll l l y ll (Al .23) 

holds. The equality sign is valid if and only if x and y are linearly 
dependent. 

The norm of an (n, n) matrix A can be defined similarly to Defini
tion Al .2. Here, the spectral norm 

II A II = jAmax [A'A] (Al .24) 
is considered. For the spectral norm, the relation 

I I A II = sup I I Ax II 
II x ll ;o! O  I I x II (Al .25) 

holds where on the right-hand side I I . II denotes the Euclidean vector 
norm (Al .22) for the n vector x or the m vector Ax, respectively. The 
matrix norm I I A II is related to the largest eigenvalue by 

max I Ai [A] I � I I A II · (Al .26) i 
In particular, eqns (Al .24) and (Al .26) yield for symmetric matrices 

I I A II = Amax [A] . 
For rectangular matrices the identity 

I I A II = II A ' II 
holds. 

A corollary of eqn (Al .25) is that for y = Ax the relation 
II y II = II Ax II � II A II II x II 

(Al .27) 

(Al .28) 
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holds. A symmetric form x 'Qx with symmetric matrix Q can be estim
ated by 

Amin [Q] II X 11 2 � x 'Qx � Amax [Q] I I X 11 2. (A 1 .  29) 

APPENDIX 2: DIRECTED GRAPHS 

A graph OCr, &') is described by a set r= ( VI , V2, • • •  ) of vertices and a 
set @' =  l eI ,  e2, . . .  ) of edges. The edges can be represented by their end 
points as ei = (Vk, vd, which means that the edge ei connects the vertices 
Vk and VI and is directed from Vk to VI. The following considerations 
concern graphs in which for any pair Vk, VI their is at most one edge 
(Vk VI) and one edge (VI Vk). 

The (n, n)  adjacency matrix A = (aij) with n being the number of 
vertices of the graph signifies which vertices of the graph are connected 
by an edge 

ai " = [* if there exists an edge (Vj Vi) 
'.J 0 otherwise 

0 ( 1';  &') is completely described by the matrix A (Figure A2.1). 
A path is a sequence of edges {(Vi! Vi2) (Vi2 Vi3 ) • • •  Vk VI») such 

that the final vertex and the initial vertex of succeeding edges are the 
same. For example, {(V3 vJ) (VI V2) (V2 V4» )  is a path from V3 to V4 in 
the graph of Figure A2. 1 ,  but there is no path from Vs to VI . 

Definition A2.1 

Two vertices Vk, VI are said to be strongly connected if there is a path 
from Vk to VI as well as a path from VI to Vk. The graph is called strongly 
connected if every pair of vertices Vk, VI is strongly connected. 

In the graph 0 ( 1';  &') the subset of vertices that are strongly connected 
to a given vertex Vi forms an equivalence class .1( Vi) within the set 1'; 
for example .1( vJ )  = ( VI , V2, V3, V4 ) c rin Figure A2. 1 .  

The reachability matrix R = (rij) describes which pairs o f  vertices are 
connected by a path 

rj " = [* if there" exists a path from V j to Vi 
'.J 0 otherwise. 

The reachability matrix R and the adjacency matrix A are related by 
n - i  

R= L; Ai (A2. 1) 
i= i 
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(* 0 * 0 0 ) * 0 0 * 0 "' - 0 * * 0 0  
o * * 0 0 
o * 0 * 0 

Figure A2. 1 Directed graph 
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where the multiplication and addition of the elements of A are carried 
out according to the rules 

if aij = ·  and ajk = .  
otherwise 

[0 if aij = 0 and akl = 0 
aij + akl = • otherwise 

A cycle is a path with identical initial and final vertices; 
( V3 vd (VI V2) (V2 V3») in Figure A2.1  is an example of a cycle. A set 
of vertex-disjoint cycles is said to be a cycle family. The cycle mentioned 
above represents a cycle family with only a single cycle, but the graph 
in Figure A2. 1 also has the cycle family consisting of the cycles 
( V3 V4) (V4 V2) (V2 V3») and the self-cycle ( VI vd) . 

Graph search algorithms for determining paths, cycles, reachability 
matrices, etc. can be found in the books by Evan (1979) or Walther and 
Nagler (1987). 
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