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♦ ♦ 

This book is about the use of digital computers in the real-time control of dynamic 
systems such as servomechanisms, chemical processes, and vehicles that move 
over water, land, air, or space. The material requires some understanding of 
the Laplace transform and assumes that the reader has studied linear feedback 
controls. The special topics of discrete and sampled-data system analysis are 
introduced, and considerable emphasis is given to the z-transform and the close 
connections between the z-transform and the Laplace transform. 

The book's emphasis is on designing digital controls to achieve good dy
namic response and small errors while using signals that are sampled in time 
and quantized in amplitude. Both transform (classical control) and state-space 
(modem control) methods are described and applied to illustrative examples. The 
transform methods emphasized are the root-locus method of Evans and frequency 
response. The root-locus method can be used virtually unchanged for the discrete 
case; however, Bode's frequency response methods require modification for use 
with discrete systems. The state-space methods developed are the technique of 
pole assignment augmented by an estimator (observer) and optimal quadratic
loss control. The optimal control problems use the steady-state constant-gain 
solution; the results of the separation theorem in the presence of noise are stated 
but not proved. 

Each of these design methods-classical and modern alike-has advantages 
and disadvantages, strengths and limitations. It is our philosophy that a designer 
must understand all of them to develop a satisfactory design with the least effort. 

Closely related to the mainstream of ideas for designing linear systems that 
result in satisfactory dynamic response are the issues of sample-rate selection, 
model identification, and consideration of nonlinear phenomena. Sample-rate 
selection is discussed in the context of evaluating the increase in a least-squares 
performance measure as the sample rate is reduced. The topic of model making is 
treated as measurement of frequency response, as well as least-squares parameter 
estimation. Finally, every designer should be aware that all models are nonlinear 
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xx Preface 

and be familiar with the concepts of the describing functions of nonlinear systems, 
methods of studying stability of nonlinear systems, and the basic concepts of 
nonlinear design. 

Material that may be new to the student is the treatment of signals which are 
discrete in time and amplitude and which must coexist with those that are con
tinuous in both dimensions. The philosophy of presentation is that new material 
should be closely related to material already familiar, and yet, by the end, indicate 
a direction toward wider horizons. This approach leads us, for example, to relate 
the z-transform to the Laplace transform and to describe the implications of poles 
and zeros in the z-plane to the known meanings attached to poles and zeros in 
the s-plane. Also, in developing the design methods, we relate the digital control 
design methods to those of continuous systems. For more sophisticated methods, 
we present the elementary parts of quadratic-loss Gaussian design with minimal 
proofs to give some idea of how this powerful method is used and to motivate 
further study of its theory. 

The use of computer-aided design (CAD) is universal for practicing engineers 
in this field, as in most other fields. We have recognized this fact and provided 
guidance to the reader so that learning the controls analysis material can be 
integrated with learning how to compute the answers with. MA1LAB, the most 
widely used CAD software package in universities. In many cases, especially in 
the earlier chapters, actual MATLAB scripts are included in the text to explain how 
to carry out a calculation. In other cases, the MATLAB routine is simply named for 
reference. All the routines given are tabulated in Appendix E for easy reference; 
therefore, this book can be used as a reference for learning how to use MATLAB 
in control calculations as well as for control systems analysis. In short, we have 
tried to describe the entire process, from learning the concepts to computing the 
desired results. But we hasten to add that it is mandatory that the student retain the 
ability to compute simple answers by hand so that the computer's reasonableness 
can be judged. The First Law of Computers for engineers remains "Garbage In, 
Garbage Out." 

Most of the graphical figures in this third edition were generated using 
MATLAB® supplied by The Mathworks, Inc. The files that created the figures are 
avai.lable from Ellis-Kagle Press at www.digitalcontroldynsys.com or from 

1 http://www.mathworks.com/support/bookslbookl464.html The reader is 
'. encouraged to use these MATLAB figure files as an additional guide in 

learning how to perform the various calculations. 
To review the chapters briefly: Chapter 1 contains introductory comments. 

Chapters 2 and 3 are new to the third edition. Chapter 2 is a review of the pre
requisite continuous control; Chapter 3 introduces the key effects of sampling in 
order to elucidate many of the topics that follow. Methods of linear analysis are 
presented in Chapters 4 through 6. Chapter 4 presents the z-transform. Chapter 5 
introduces combined discrete and continuous systems, the sampling theorem, 
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Preface xxi 

and the phenomenon of aliasing. Chapter 6 shows methods by which to gen
erate discrete equations that will approximate continuous dynamics. The basic 
deterministic design methods are presented in Chapters 7 and 8-the root-locus 
and frequency response methods in Chapter 7 and pole placement and estimators 
in Chapter 8. The state-space material assumes no previous acquaintance with 
the phase plane or state space, and the necessary analysis is developed from the 
ground up. Some familiarity with simultaneous linear equations and matrix nota
tion is expected, and a few unusual or more advanced topics such as eigenvalues, 
eigenvectors, and the Cayley-Hamilton theorem are presented in Appendix C. 
Chapter 9 introduces optimal quadratic-loss control: First the control by state 
feedback is presented and then the estimation of the state in the presence of 
system and measurement noise is developed, based on a recursive least-squares 
estimation derivation. 

In Chapter 10 the nonlinear phenomenon of amplitude quantization and 
its effects on system error and system dynamic response are studied. Chap----
ter 11 presents methods of analysis and design guidelines for the selection oL 
the sampling period in a digital control system. It utilizes the design methods 
discussed in Chapters 7, 8, and 9, in examples illustrating the effects of sample 
rate. Chapter 12 introduces both nonparametric and parametric identification. 
Nonparametric methods are based on spectral estimation. Parametric methods 
are introduced by starting with deterministic least squares, introducing random 
errors, and completing the solution with an algorithm for maximum likelihood. 
Sub-space methods are also introduced for estimating the state matrices directly. 
Nonlinear control is the subject of Chapter 13, including examples of plant non
linearities and methods for the analysis and design of controllers for nonlinear 
models. Simulation, stability analysis, and performance enhancement by non
linear controllers and by adaptive designs are also included in Chapter 13. The 
chapter ends with a nonlinear design optirnlzation alternative to the techniques 
presented in Chapter 9. The final chapter, 14, is a detailed design example of a 
digital servo for a disk drive head. Table P.1 shows the differences between the 
second and third editions of the book. 

For purposes of organizing a course, Fig. P.1 shows the dependence of 
material in each chapter on previous chapters. By following the solid lines, the 
reader will have all the background required to understand the material in a 
particular chapter, even if the path omits some chapters. Furthermore, sections 
with a star(*) are optional and may be skipped with no loss of continuity. Chapters 
may also be skipped, as suggested by the dashed lines, if the reader is willing to 
take some details on faith; however, the basic ideas of the later chapters will be 
understood along these paths. 

The first seven chapters (skipping or quickly reviewing Chapter 2) constitute 
a comfortable one-quarter course that would follow a course in continuous linear 
control using a text such as Franklin, Powell, and Emami-Naeini (1994). For a 
one-semester course, the first eight chapters represent a comfortable load. The 
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xxii Preface 

Table P.1 Comparison of the Table of Contents 

Figure P.1 

Chapter Title 

Introduction 
Review of Continuous Control 
Introductory Digital Control 
Discrete Analysis and the z-Transform 
Sampled Data Systems 
Discrete Equivalents 
Design Using Transform Methods 
Design Using State-Space Methods 
Multivariable and Optimal Control 
Quantization Effects 
Sample-Rate Selection 
System Identification 
Nonlinear Control 
Application of Digital Control 

3rd Edition 

Chapter 
Number 

1 

2 

3 

4 

5 

6 

7 
8 

9 

10 

11 

12 

13 

14 

2nd Edition 

Chapter 

Number 

2 

3 

4 

5 

6 

9 

7 
10 

8 

11 

12 

�-------r------.---------1 

I 

I 

I 
_...,..... ________ __,__,_ - - - - - - I 

I I 

content of a second course has many possibilities. One possibility is to combine 
Chapters 8 and 9 with Chapter 10, 11, or 12. As can be seen from the figure, 
many options exist for including the material in the last five chapters. For a full
year course, all fourteen chapters can be covered. One of the changes made in 
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this third edition is that the optimal control material no longer depends on the 
least-squares development in the system identification chapter, thus allowing for 
more flexibility in the sequence of teaching. 

It has been found at Stanford that it is very useful to supplement the lectures 
with laboratory work to enhance learning. A very satisfactory complement of 
laboratory equipment is a digital computer having an ND and a D/ A converter, 
an analog computer ( or equivalent) with ten operational amplifiers, a digital 
storage scope, and a CAD package capable of performing the basic computations 
and plotting graphs. A description of the laboratory equipment and experiments 
at Stanford is described in Franklin and Powell, Control System Magazine (1989). 

There are many important topics in control that we have not been able to 
include in this book. There is, for example, no discussion of mu analysis or 
design, linear matrix inequalities, or convex optimization. It is our expectation, 
however, that careful study of this book will provide the student engineer with a 
sound basis for design of sampled-data controls and a foundation for the study 
of these and many other advanced topics in this most exciting field. 

As do all authors of technical works, we wish to acknowledge the vast array of 
contributors on whose work our own presentation is based. The list of references 
gives some indication of those to whom we are in debt. On a more personal level, 
we wish to express our appreciation to Profs. S. Boyd, A. Bryson, R. Cannon, 
S. Citron, J. How, and S. Rock for their valuable suggestions for the book and 
especially to our long-time colleague, Prof. Dan DeBra, for his careful reading 
and many spirited suggestions. We also wish to express our appreciation for many 
valuable suggestions to the cllrrent and former students of E207 and E208, for 
whom this book was written. 

In addition, we want to thank the following people for their helpful reviews 
of the manuscript: Fred Bailey, University of Minnesota; John Fleming, Texas 
A&M University; J.B. Pearson, Rice University; William Perkins, University 
of Illinois; James Carroll, Clarkson University; Walter Higgins, Jr., Arizona 
State University; Stanley Johnson, Lehigh University; Thomas Kurfess, Georgia 
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♦ ♦ 

A Perspective on Digital Control 

The control of physical systems with a digital computer or microcontroller is 
becoming more and more common. Examples of electromechanical servomech
anisms exist in aircraft, automobiles, mass-transit vehicles, oil refineries, and 
paper-making machines. Furthermore, many new digital control applications are 
being stimulated by microprocessor technology including control of various as

pects of automobiles and household appliances. Among the advantages of digital 
approaches for control are the increased flexibility of the control programs and the 
decision-making or logic capability of digital systems, which can be combined 
with the dynamic control function to meet other system requirements. In addition, 
one hardware design can be used with many different software variations on a 
broad range of products, thus simplifying and reducing the design time. 

Chapter Overview 

In Section 1.1, you will learn about what a digital control system is, what the 
typical structure is, and what the basic elements are. The key issues are discussed 
and an overview of where those issues are discussed in the book is given. Section 
1.2 discusses the design approaches used for digital control systems and provides 
an overview of where the different design approaches appear in the book. Com
puter Aided Control System Design (CACSD) issues and how the book's authors 
have chosen to handle those issues are discussed in Section 1.3. 

1. 1 Problem Definition 

The digital controls studied in this book are for closed-loop (feedback) systems 
in which the dynamic response of the process being controlled is a major con
sideration in the design. A· typical structure of the elementary type of system 
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2 Chapter 1 Introduction 

Figure 1.1 

Block diagram of a basic 
digital control system 

that will occupy most of our attention is sketched schematically in Fig. 1.1. This 
figure will help to define our basic notation and to introduce several features that 
distinguish digital controls from those implemented with analog devices. The 
process to be controlled (sometimes referred to as the plant) may be any of the 
physical processes mentioned above whose satisfactory response requires control 
action. 

By "satisfactory response" we mean that the plant output, y(t), is to be forced 
to follow or track the reference input, r(t), despite the presence of disturbance 
inputs to the plant [w(t) in Fig. 1.1] and despite errors in the sensor [v(t) in 
Fig. 1.1]. It is also essential that the tracking succeed even if the dynamics of 
the plant should change somewhat during the operation. The process of holding 
y(t) close to r(t), including the case where r = 0, is referred to generally as 
the process of regulation. A system that has good regulation in the presence of 
disturbance signals is said to have good disturbance rejection. A system that 
has good regulation in the face of changes in the plant parameters is said to have 
low sensitivity to these parameters. A system that has both good disturbance 
rejection and low sensitivity we call robust. 

r(kT) + e(kT) 
---+ l': 1--------t!PI 

y(kT) 

Notation: 

u(kT) 

Sensor 

v(t) 

r = reference or command inputs 
u = control or actuator input signal 
y = controlled or output signal 

w(t) 

Plant or 
vehicle 

y = instrument or sensor output, usually an approximation to or estimate 
of y. (For any variable, say {}, the notation § is now commonly taken 
from statistics to mean an estimate of {} .) 

e = r-y = indicated error 
e = r-y = system error 
w = disturbance input to the plant 
v = disturbance or noise in the sensor 
A/D = analog-to-digital converter 
D/ A= digital-to-analog converter 

y(t) 
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sample period 

quantization 

1.1 Problem Definition 3 

The means by which robust regulation is to be accomplished is through the 
control inputs to the plant [u(t) in Fig. 1.1]. It was discovered long ago1 that 
a scheme of feedback wherein the plant output is measured ( or sensed) and 
compared directly with the reference input has many advantages in the effort to 
design robust controls over systems that do not use such feedback. Much of our 
effort in later parts of this book will be devoted to illustrating this discovery and 
demonstrating how to exploit the advantages of feedback. However, the problem 
of control as discussed thus far is in no way restricted to digital control. For that 
we must consider the unique features of Fig. 1.1 introduced by the use of a digital 
device to generate the control action. 

We consider first the action of the analog-to-digital (AID) converter on a 
signal. This device acts on a physical variable, most commonly an electrical 
voltage, and converts it into a stream of numbers. In Fig. 1.1, the AID converter 
acts on the sensor output and supplies numbers to the digital computer. It is 
common for the sensor output, y, to be sampled and to have the error formed in 
the computer. We need to know the times at which these numbers arrive if we are 
to analyze the dynamics of this system. 

In this book we will make the assumption that all the numbers arrive with the 
same fixed period T, called the sample period. In practice, digital control sys
tems sometimes have varying sample periods and/or different periods in different 
feedback paths. Usually there is a clock as part of the computer logic which sup
plies a pulse or interrupt every T seconds, and the AID converter sends a number 
to the computer each time the interrupt arrives. An alternative implementation is 
simply to access the AID upon completion of each cycle of the code execution, 
a scheme often referred to as free running. A further alternative is to use some 
other device to determine a sample, such as an encoder on an engine crankshaft 
that supplies a pulse to trigger a computer cycle. This scheme is referred to as 
event-based sampling. In the first case the sample period is precisely fixed; in 
the second case the sample period is essentially fixed by the length of the code, 
providing no logic branches are present that could vary the amount of code ex
ecuted; in the third case, the sample period varies with the engine speed. Thus 
in Fig. 1.1 we identify the sequence of numbers into the computer as e(kT). We 
conclude from the periodic sampling action of the AID converter that some of 
the signals in the digital control system, like e(kT), are variable only at discrete 
times. We call these variables discrete signals to distinguish them from variables 
like w and y, which change continuously in time. A system having both discrete 
and continuous signals is called a sampled-data system. 

In addition to generating a discrete signal, however, the AID converter also 
provides a quantized signal. By this we mean that the output of the AID 
converter must be stored in digital logic composed of a finite number of digits. 
Most commonly, of course, the logic is based on binary digits (i.e., bits) composed 

1 See especially the book by Bode (1945). 
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4 Chapter 1 Introduction 

emulation 

Figure 1.2 
Plot of output versus 
input characteristics of 
the AID converter 

of O's and 1 's, but the essential feature is that the representation has a finite number 
of digits. A common situation is that the conversion of y to y is done so that y 
can be thought of as a number with a fixed number of places of accuracy. If we 
plot the values of y versus the resulting values of y we can obtain a plot like that 
shown in Fig. 1.2. We would say that y has been truncated to one decimal place, 
or that y is quantized with a q of 0.1, since y changes only in fixed quanta of, 
in tr.tis case, 0.1 units. (We will use q for quantum size, in general.) Note that 
quantization is a nonlinear function. A signal that is both discrete and quantized 
is called a digital signal Not surprisingly, digital computers in this book process 
digital signals. 

In a real sense the problems of analysis and design of digital controls are 
concerned with taking account of the effects of the sampling period T and the 
quantization size q. If both T and q are extremely small (sampling frequency 
30 or more times the system bandwidth with a 16-bit word size), digital signals 
are nearly continuous, and continuous methods of analysis and design can be 
used. The resulting design could then be converted to the digital format for 
implementation in a computer by using the simple methods described in Chapter 3 
or the emulation method described in Chapter 7. We will be interested in this text 
in gaining an understanding of the effects of all sample rates, fast and slow, and the 
effects of quantization for large and small word sizes. Many systems are originally 
conceived with fast sample rates, and the computer is specified and frozen early 
in the design cycle; however, as the designs evolve, more demands are placed on 
the system, and the only way to accommodate the increased computer load is to 
slow down the sample rate. Furthermore, for cost-sensitive digital systems, the 
best design is the one with the lowest cost computer that will do the required job. 
That translates into being the computer with the slowest speed and the smallest 
word size. We will, however, treat the problems of varying T and q separately. 
We first consider q to be zero and study discrete and sampled-data (combined 
discrete and continuous) systems 'that are linear. In Chapter 10 we will analyze 

y 
0.5 

0.4 

0.3 
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1.2 Overview of Design Approach 5 

in more detail the source and the effects of quantization, and we will discuss in 
Chapters 7 and 11 specific effects of sample-rate selection. 

Our approach to the design of digital controls is to assume a background 
in continuous systems and to relate the comparable digital problem to its con
tinuous counterpart. We will develop the essential results, from the beginning, 
in the domain of discrete systems, but we will call upon previous experience 
in continuous-system analysis and in design to give alternative viewpoints and 
deeper understanding of the results. In order to make meaningful these references 
to a background in continuous-system design, we will review the concepts and 
define our notation in Chapter 2. 

1.2 Overview of Design Approach 

An overview of the path we plan to take toward the design of digital controls 
will be useful before we begin the specific details. As mentioned above, we 
place systems of interest in three categories according to the nature of the signals 
present. These are discrete systems, sampled-data systems, and digital systems. 

In discrete systems all signals vary at discrete times only. We will analyze 
these in Chapter 4 and develop the z-transform of discrete signals and "pulse"
transfer functions for linear constant discrete systems. We also develop discrete 
transfer functions of continuous systems that are sampled, systems that are called 
sampled-data systems. We develop the equations and give examples using both 
transform methods and state-space descriptions. Having the discrete transfer 
functions, we consider the issue of the dynamic response of discrete systems. 

A sampled-data system has both discrete and continuous signals, and often 
it is important to be able to compute the continuous time response. For example, 
with a slow sampling rate, there 'can be significant ripple between sample instants. 
Such situations are studied in Chapter 5. Here we are concerned with the question 
of data extrapolation to convert discrete signals as they might emerge from a 
digital computer into the continuous signals necessary for providing the input to 
one of the plants described above. This action typically occurs in conjunction 
with the D/ A conversion. In addition to data extrapolation, we consider the 
analysis of sampled signals from the viewpoint of continuous analysis. For this 
purpose we introduce impulse modulation as a model of sampling, and we use 
Fourier analysis to give a clear picture for the ambiguity that can arise between 

aliasing continuous and discrete signals, also known as aliasing. The plain fact is that 
more than one continuous signal can result in exactly the same sample values. If 
a sinusoidal signal, y 

1
, at frequency f

1 
has the same samples as a sinusoid y 

2 
of a 

different frequency f
2

, y
1 

is said to be an alias of y
2

. A corollary of aliasing is the 
sampling theorem, which specifies the conditions necessary if this ambiguity is 
to be removed and only one continuous signal allowed to correspond to a given 
set of samples. 
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6 Chapter 1 Introduction 

digital filters 

modern control 

identification 

As a special case of discrete systems and as the basis for the emulation 
design method, we consider discrete equivalents to continuous systems, which 
is one aspect of the field of digital filters. Digital filters are discrete systems 
designed to process discrete signals in such a fashion that the digital device ( a 
digital computer, for example) can be used. to replace a continuous filter. Our 
treatment in Chapter 6 will concentrate on the use of discrete filtering techniques 
to find discrete equivalents of continuous-control compensator transfer functions. 
Again, both transform methods and state-space methods are developed to help 
understanding and computation of particular cases of interest. 

Once we have developed the tools of analysis for discrete and sampled 
systems we can begin the design of feedback controls. Here we divide our tech
niques into two categories: transform2 andstate-space3 methods. In Chapter 7 
we study the transform methods of the root locus and the frequency response 
as they can be used to design digital control systems. The use of state-space 
techniques for design is introduced in Chapter 8. For purposes of understanding 
the design method, we rely mainly on pole placement, a scheme for forcing the 
closed-loop poles to be in desirable locations. We discuss the selection of the 
desired pole locations and point out the advantages of using the optimal control 
methods covered in Chapter 9. Chapter 8 includes control design using feedback 
of all the "state variables" as well as methods for estimating the state variables 
that do not have sensors directly on them. In Chapter 9 the topic of optimal con
trol is introduced, with emphasis on the steady-state solution for linear constant 
discrete systems with quadratic loss functions. The results are a valuable part 
of the designer's repertoire and are the only techniques presented here suitable 
for handling multivariable designs. A study of quantization effects in Chapter 10 
introduces the idea of random signals in order to describe a method for treating 
the "average" effects of this important nonlinearity. 

The last four chapters cover more advanced topics that are essential for most 
complete designs. The first of tliese topics is sample rate selection, contained 
in Chapter 11. In our earlier analysis we develop methods for examining the 
effects of different sample rates, but in this chapter we consider for the first time 
the question of sample rate as a design parameter. In Chapter 12, we introduce 
system identification. Here the matter of model making is extended to the use 
of experimental data to verify and correct a theoretical model or to supply a 
dynamic description based only on input-output data. Only the most elementary 
of the concepts in this enormous field can be covered, of course. We present the 
method of least squares and some of the concepts of maximum likelihood. 

In Chapter 13, an introduction to the most important issues and techniques 
for the analysis and design of nonlinear sampled-data systems is given. The 

2 Named because they use the Laplace or Fourier transform to represent systems. 

3 The state space is an extension of the space of displacement and velocity used in physics. Much that 

is called modern control theory uses differential equations in state-space form. We introduce this 

representation in Chapter 4 and use it extensively afterwards, especially in Chapters 8 and 9. 
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1.4 Suggestions for Further Reading 7 

analysis methods treated are the describing function, equivalent linearization, and 
Lyapunov's second method of stability analysis. Design techniques described are 
the use of inverse nonlinearity, optimal control (especially time-optimal control), 
and adaptive control. Chapter 14 includes a case study of a disk-drive design, and 
treatment of both implementation and manufacturing issues is discussed. 

1.3 Computer-Aided Design 

As with any engineering design method, design of control systems requires many 
computations that are greatly facilitated by a good library of well-documented 
computer programs. In designing practical digital control systems, and especially 
in iterating through the methods many times to meet essential specifications, an 
interactive computer-aided control system design (CACSD) package with simple 
access to plotting graphics is crucial. Many commercial control system CACSD 
packages are available which satisfy that need, MATLAB® and Matrixx being 

MATLAB two very popular ones. Much of the discussion in the book assumes that a de
signer has access to one of the CACSD products. Specific MATLAB routines that 
can be used for performing calculations are indicated throughout the text and 
in some cases the full MATLAB command sequence is shown. All the graphi
cal figures were developed using MATLAB and the files that created them are 
contained in the Digital Control Toolbox which is available on the Web at no 

Digital Control Toolbox charge. Files based on MATLAB v4 with Control System Toolbox v3, as well 
as files based on MATLAB v5 with Control System Toolbox v4 are available at 
ftp.mathworks.com/pub/books/franklin/digital. These figure files should be 
helpful in understanding the specifics on how to do a calculation and are an 
important augmentation to the book's examples. The MATLAB statements in the 
text are valid for MATLAB v5 and the Control System Toolbox v4. For those with 
older versions of MATLAB, Appendix F describes the adjustments that need to be 
made. 

CACSD support for a designer is universal; however, it is essential that the 
designer is able to work out very simple problems by hand in order to have some 
idea about the reasonableness of the computer's answers. Having the knowledge 
of doing the calculations by hand is also critical for identifying trends that guide 
the designer; the computer can identify problems but the designer must make 
intelligent choices in guiding the refinement of the computer design. 

1.4 Suggestions for Further Reading 

Several histories of feedback control are readily available, including a Scientific 

American Book (1955), and the study of Mayr (1970). A good discussion of 
the historical developments of control is given by Dorf (1980) and by Fortmann 
and Hitz (1977), and many other references are cited by these authors for the 
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8 Chapter 1 Introduction 

interested reader. One of the earliest published studies of control systems operat
ing on discrete time data (sampled-data systems in our terminology) is given by 
Hurewicz in Chapter 5 of the book by James, Nichols, and Phillips (1947). 

The ideas of tracking and robustness embody many elements of the objectives 
of control system design. The concept of tracking contains the requirements of 
system stability, good transient response, and good steady-state accuracy, all 
concepts fundamental to every control system. Robustness is a property essential 
to good performance in practical designs because real parameters are subject to 
change and because external, unwanted signals invade every system. Discussion 
of performance specifications of control systems is given in most books on 
introductory control, including Franklin, Powell, and Emami-Naeini (1994). We 
will study these matters in later chapters with particular reference to digital 
control design. 

To obtain a firm understanding of dynamics, we suggest a comprehensive 
text by Cannon (1967). It is concerned with writing the equations of motion of 
physical systems in a form suitable for control studies. 

1.5 Summary 

• In a digital control system, the analog electronics used for compensation in a 
continuous system is replaced with a digital computer or microcontroller, an 
analog-to-digital (AID) converter, and a digital-to-analog (D/ A) converter. 

• Design of a digital control system can be accomplished by transforming a 
continuous design, called emulation, or designing the digital system directly. 
Either method can be carried out using transform or state-space system 
description. 

• The design of a digital control system includes determining the effect of the 
sample rate and selecting a rate that is sufficiently fast to meet all specifica
tions. 

• Most designs today are carried out using computer-based methods; however 
the designer needs to know the hand-based methods in order to intelligently 
guide the computer design as well as to have a sanity check on its results. 

1.6 Problems 

1.1 Suppose a radar search antenna at the San Francisco airport rotates at 6 rev/min, and data 
points corresponding to the position of flight 1081 are plotted on the controller's screen 

once per antenna revolution. Flight 1081 is traveling directly toward the airport at 540 

mi/hr. A feedback control system is established through the controller who gives course 
corrections to the pilot. He wishes to do so each 9. mi of travel of the aircraft, and his 

instructions consist of course headings in integral degree values. 
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1.6 Problems 9 

(a) What is the sampling rate, in seconds, of the range signal plotted on the radar 
screen? 

(b) What is the sampling rate, in seconds, of the controller's instructions? 

(c) Identify the following signals as continuous, discrete, or digital: 

i. the aircraft's range from the airport, 

ii. the range data as plotted on the radar screen, 

iii. the controller's instructions to the pilot, 

iv. the pilot's actions on the aircraft control surfaces. 

(d) Is this a continuous, sampled-data, or digital control system? 

(e) Show that it is possible for the pilot of flight 1081 to fly a zigzag course which 
would show up as a straight line on the controller's screen. What is the (lowest) 
frequency of a sinusoidal zigzag course which will be hidden from the controller's 
radar? 

1.2 If a signal varies between 0 and 10 volts ( called the dynamic range) and it is required 
that the signal must be represented in the digital computer to the nearest 5 millivolts, 
that is, if the resolution must be 5 mv, determine how many bits the analog-to-digital 
converter must have. 

1.3 Describe five digital control systems that you are familiar with. State what you think the 
advantages of the digital implementation are over an analog implementation. 

1.4 Historically, house heating system thermostats were a bimetallic strip that would make 
or break the contact depending on temperature. Today, most thermostats are digital. 
Describe how you think they work and list some of their benefits. 

1.5 Use MATLAB (obtain a copy of the Student Edition or use what's available to you) and 
plot y vs x for x l to 10 where y = x2

. Label each axis and put a title on it. 

1.6 Use MATLAB (obtain a copy of the Student Edition or use what's available to you) and 
make two plots (use MATLAB's subplot) of y vs x for x = l to 10. Put a plot of y = x2 

on the top of the page and y = .Jx on the bottom. 
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♦ ♦ 

• 

eVIew 

A Perspective on the Review of Continuous Control 

The purpose of this chapter is to provide a ready reference source of the material 
that you have already taken in a prerequisite course. The presentation is not 
sufficient to learn the material for the first time; rather, it is designed to state 
concisely the key relationships for your reference as you move to the new material 
in the ensuing chapters. For a more in-depth treatment of any of the topics, see 
an introductory control text such as Feedback Control of Dynamic Systems, by 
Franklin, Powell, and Emanri-Naeini (1994). 

Chapter Overview 

The chapter reviews the topics normally covered in an introductory controls 
course: dynamic response, feedback properties, root-locus design, frequency re
sponse design, and state-space design. 

2.1 Dynamic Response 

In control system design, it is important to be able to predict how well a trial 
design matches the desired performance. We do this by analyzing the equations 
of the system model. The equations can be solved using linear analysis approxi
mations or simulated via numerical methods. Linear analysis allows the designer 
to examine quickly many candidate solutions in the course of design iterations 
and is, therefore, a valuable tool. Numerical simulation allows the designer to 
check the final design more precisely including all known characteristics and is 
discussed in Section 13.2. The discussion below focuses on linear analysis. 

11 
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12 Chapter 2 Review of Continuous Control 

2.1. l Differential Equations 

Linear dynamic systems can be described by their differential equations. Many 
systems involve coupling between one part of a system and another. Any set of 
differential equations of any order can be transformed into a coupled set of first-

state-variable form order equations called the state-variable form. So a general way of expressing 
the dynamics of a linear system is 

state 

x=Fx+Gu 

y = Hx+Ju. 

(2.1) 
(2.2) 

where the column vector x is called the state of the system and contains n 
elements for an nth-order system, u is them x 1 input vector to the system, y is 
the p x 1 output vector, F is an n x n system matrix, G is an n x m input matrix, 
His a p x n output matrix, and J is p x m. 1 Until Chapter 9, all systems will 
have a scalar input, u, and a scalar output y; in this case, G is n x 1, His 1 x n, 
and J is a scalar. 

Using this system description, we see that the second-order differential 
equation 

y + 2tw
0
y + w�y = K

0
u, 

can be written in the state-variable form as 

where the state 

(2.3) 

(2.4) 

is the vector of variables necessary to describe the future behavior of the system, 
given the initial conditions of those variables. 

2.1.2 Laplace Transforms and Transfer Functions 

The analysis of linear systems is facilitated by use of the Laplace transform. The 
most important property of the Laplace transform (with zero initial conditions) 
is the transform of the derivative of a signal. 

£{j (t)} = s F(s). (2.5) 

1 It is also common to use A, B, C, Din place of F, G, H, J as MATLAB does throughout. We prefer to 

use F, G ... for a continuous plant description, A, B ... for compensation, and <I>, r ... for the discrete 

plant description in order to delineate the various system equation usages. 
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2 .1 Dynamic Response 13 

This relation enables us to find easily the transfer function, G(s), of a linear 
continuous system, given the differential equation of that system. So we see that 
Eq. (2.3) has the transform 

(s2 + 2tw
0
s + w;)Y(s) = K

0
U(s), 

and, therefore, the transfer function, G(s), is 

G(s) = 
Y(s) 

= Ko . 
U(s) s2 + 2tw

0
s + w; 

CACSD software typically accepts the specification of a system in either the 
state-variable form or the transfer function form. The quantities specifying the 
state-variable form (Eqs. 2.1 and 2.2) are F, G, H, and J. This is referred to 
as the "ss" form in MATLAB. The transfer function is specified in a polynomial 
form ("tf") or a factored zero-pole-gain form ("zpk"). The transfer function in 
polynomial form is 

b
1
sm + b2sm-1 + ... + b +1 G(s) = 

n n-1 

m ' 

a
1 
S + a

2
S + · · · + an+l 

(2.6) 

where the MATLAB quantity specifying the numerator is a 1 x (m + 1) matrix of 
the coefficients, for example 

num = [b
l 

b
2 

b
m
+l] 

and the quantity specifying the denominator is a 1 x (n + 1) matrix, for example 

den = [a l a2 an+l]. 

In MATLAB v5 with Control System Toolbox v42 the numerator and denominator 
are combined into one system specification with the statement 

sys = tf(num,den). 

In the zero-pole-gain form, the transfer function is written as the ratio of two 
factored polynomials, 

G(s) = K 
nr= l

(s - z)
, 

n7= l 
(s P) 

(2.7) 

and the quantities specifying the transfer function are an m x 1 matrix of the 
zeros, an n x 1 matrix of the poles, and a scalar gain, for example 

2 All MATLAB statements in the text assume the use of MATLAB version 5 with Control System Toolbox 

version 4. See Appendix F if you have prior versions. 
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14 Chapter 2 Review of Continuous Control 

and can be combined into a system description by 

sys= zpk(z,p,k). 

For the equations of motion of a system with second-order or higher equa
tions, the easiest way to find the transfer function is to use Eq. (2.5) and do the 
math by hand. If the equations of motion are in the state-variable form and the 
transfer function is desired, the Laplace transform of Eqs. (2.1) and (2.2) yields 

G(s) = y
(s) 

= H(sl - F)- 1 G + J. u(s) 
In MATLAB, given F, G, H, and J, one can find the polynomial transfer function 
form by the MATLAB script 

sys = tf (ss(F, G, H ,J)) 

or the zero-pole-gain form by 

sys= zpk(ss(F,G,H,J)). 

Likewise, one can find a state-space realization of a transfer function by 

sys = ss(tf(num,den)). 

2.1.3 Output Time Histories 

Given the transfer function and the input, u(t), with the transform U(s), the 
output is the product, 

Y(s) = G(s)U(s). (2.8) 

The transform of a time function can be found by use of a table (See Ap
pendix B.2); however, typical inputs considered in control system design are 
steps 

R 
u(t) = R)(t), ⇒ U(s) = -.£., 

s 
ramps 

u(t) = V/l(t), ⇒ U(s) = -f, 
s 

parabolas 
A t

2 
A 

u(t) = Tl(t), ⇒ U(s) = -f, 
s 

and sinusoids 

u(t) = B sin(wt)l(t), 
Bw 

U(s) = 

s2 + w2 . 
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figure 2.1 

2 .1 Dynamic Response 15 

Using Laplace transforms, the output Y(s) from Eq. (2.8) is expanded into its 
elementary terms using partial fraction expansion, then the time function associ
ated with each term is found by looking it up in the table. The total time function, 
y(t), is the sum of these terms. In order to do the partial fraction expansion, 
it is necessary to factor the denominator. Typically, only the simplest cases are 
analyzed this way. Usually, system output time histories are solved numerically 
using computer based methods such as MATLAB's step.m for a step input or 
lsim.m for an arbitrary input time history. However, useful information about 
system behavior can be obtained by finding the individual factors without ever 
solving for the time history, a topic to be discussed later. These will be important 
because specifications for a control system are frequently given in terms of these 
time responses. 

2.1.4 The Final Value Theorem 

A key theorem involving the Laplace transform that is often used in control 
system analysis is the final value theorem. It states that, if the system is stable 
and has a final, constant value 

lim x(t) = x limsX(s). 
t➔oo 

ss 
s➔O 

(2.9) 

The theorem allows us to solve for that final value without solving for the system's 
entire response. This will be very useful when examining steady-state errors of 
control systems. 

2.1.5 Block Diagrams 

Manipulating block diagrams is useful in the study of feedback control systems. 
The most common and useful result is that the transfer function of the feedback 
system shown in Fig. 2.1 reduces to 

Y(s) G(s) 
=-----

R(s) 1 + H(s)G(s) 
(2.10) 

An elementary feedback R(s) G(s) 1--...... --. Y(s) 

system 

H(s) 
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16 Chapter 2 Review of Continuous Control 

poles 

zeros 

impulse response 

stability 

time constant 

2.1.6 Response versus Pole Locations 

Given the transfer function of a linear system, 

H(s) = 

b(s)
' 

a(s) 

the values of s such that a(s) = 0 will be places where H(s) is infinity, and these 
values of s are called poles of H (s). On the other hand, values of s such that 
b(s) = 0 are places where H (s) is zero,and the corresponding s locations are 
called zeros. Since the Laplace transform of an impulse is unity, the impulse 
response is given by the time function corresponding to the transfer function. 
Each pole location in the s-plane can be identified with a particular type of 
response. In other words, the poles identify the classes of signals contained in the 
impulse response, as may be seen by a partial fraction expansion of H (s). For a 
first order pole 

H(s) 
1 

Table B.2, Entry 8, indicates that the impulse response will be an exponential 
function; that is 

When (j > 0, the pole is located at s < 0, the exponential decays, and the system 
is said to be stable. Likewise, if (j < 0, the pole is to the right of the origin, the 
exponential grows with time and is referred to as unstable. Figure 2. 2 shows a 
typical response and the time constant 

1 
r = -

(j 

as the time when the response is � times the initial value. 

(2.11) 

Complex poles can be described in terms of their real and imaginary parts, 
traditionally referred to as 

S = -(]" ± jw
d

. 

This means that a pole has a negative real part if (j is positive. Since complex poles 
always come in complex conjugate pairs for real polynomials, the denominator 
corresponding to a complex pair will be 

(2.12) 

When finding the transfer function from differential equations, we typically write 
the result in the polynomial form 

(j)2 

H(s) = 

n 

. 
s2 

+ 2>-w s + w2 

':, n n 

(2.13) 
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Figure 2.2 
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2 .1 Dynamic Response l 7 

By expanding the form given by Eq. (2.12) and comparing with the coefficients 
of the denominator of H(s) in Eq. (2.13), we find the correspondence between 
the parameters to be 

(J' = c;wn and (J)d = (J)n�' (2.14) 

damping ratio where the parameter c; is called the damping ratio, and wn is called the un
damped natural frequency. The poles of this transfer function are located at 
a radius wn in the s-plane and at an angle 0 = sin- 1 c;, as shown in Fig. 2.3. 
Therefore, the damping ratio reflects the level of damping as a fraction of the 
critical damping value where the poles become real. In rectangular coordinates, 
the poles are at s = -0' ± j w d· When c; = 0 we have no damping, 0 = 0, and 
wd, the damped natural frequency, equals wn, the undamped natural frequency. 

figure 2.3 Im(s) 
s-plane plot for a pair of 
complex poles 

Re(s) 
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18 Chapter 2 Review of Continuous Control 

step response 

For the purpose of finding the time response corresponding to a complex transfer function from Table B .2, it is easiest to manipulate the H (s) so that the complex poles fit the form of Eq. (2.12), because then the time response can be found directly from the table. The H(s) from Eq. (2.13) can be written as 
u.

i 

H(s) -
n - (s + t;w

n
)2 

+ w�(l - t; 2)' 

therefore, from Entry 21 in Table B.2 and the definitions in Eq. (2.14), we see that the impulse response is 
h(t) = w

n
e-at sin(wi)l(t). 

For w
n 

= 3 rad/sec and t; = 0.2, the impulse response time history could be obtained and plotted by the MATLAB statements: 
Wn=3 
Ze = 0.2 
num = Wn"2 
den= [1 2*Ze*Wn Wn"2] 
sys= tf(num,den) 
impulse(sys) 
It is also interesting to examine the step response of H (s), that is, the response of the system H(s) to a unit step input u = l(t) where U(s) =;·The step response transform given by Y (s) = H (s) U (s), contained in the tables in Entry 22, is 

y(t) = 1 - e-d, (cosw
d
t + ;d sinw,i), (2.15) 

where w
d 

= wn� and O' = t;w
n
. This could also be obtained by modifying the last line in the MATLAB description above for the impulse response to 

step(sys) 
Figure 2.4 is a plot of y (t) for several values of s plotted with time normalized to the undamped natural frequency w11• Note that the actual frequency, w d' decreases slightly as the damping ratio increases. Also note that for very - low damping the response is oscillatory, while for large damping (s near 1 )  the response shows no oscillation. A few step responses are sketched in Fig. 2.5 to show the effect of pole locations in the s-plane on the step responses. It is very useful for control designers to have the mental image of Fig. 2.5 committed to memory so that there is an instant understanding of how changes in pole locations influence the time response. The negative real part of the pole, O', determines the decay rate of an exponential envelope that multiplies the sinusoid. Note that if O' 
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figure 2.4 
Step responses of 
second-order systems 
versus s 

figure 2.5 
Time functions 
associated with points in 
the s-plane 
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is negative, the pole is in the right-half plane, the response will grow with time, 
and the system is said to be unstable. If a = 0, the response neither grows nor 
decays, so stability is a matter of definition. If a is positive, the natural response 
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20 Chapter 2 Review of Continuous Control 

decays and the system is said to be stable. Note that, as long as the damping is 
strictly positive, the system will eventually converge to the commanded value. 

All these notions about the correspondence between pole locations and the 
time response pertained to the case of the step response of the system of Eq. (2.13 ), 
that is, a second-order system with no zeros. If there had been a zero, the effect 
would generally be an increased overshoot; the presence of an additional pole 
would generally cause the response to be slower. If there had been a zero in the 
right-half plane, the overshoot would be repressed and the response would likely 
go initially in the opposite direction to its final value. Nevertheless, the second
order system response is useful in guiding the designer during the iterations 
toward the final design, no matter how complex the system is. 

2.1. 7 Time-Domain Specifications 

Figure 2.6 
Definition of rise time t

r
, 

settling time t
5

, and 
overshoot M

P 

Specifications for a control system design often involve certain requirements 
associated with the time response of the system. The requirements for a step 
response are expressed in terms of the standard quantities illustrated in Fig. 2.6: 

The rise time tr is the time it takes the system to reach the vicinity of its new 
set point. 

The settling time ts is the time it takes the system transients to decay. 

The overshoot M is the maximum amount that the system overshoots its 
p 

final value divided by its final value (and often expressed as a percentage). 
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Figure 2.7 
Plot of the peak 
overshoot M

P 
versus the 

damping ratio s for the 
second-order system 
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For a second-order system, the time responses of Fig. 2.4 yield information 
about the specifications that is too complex to be remembered unless approxi
mated. The commonly used approximations for the second-order case with no 
zeros are 

t :=::::::: 

1.8 

4.6 4.6 t:=:::::::-=-
s S (J)n Cf 

M :=:::::::e-rct/� 
p 

(2.16) 

(2.17) 

(2.18) 

The overshoot M is plotted in Fig. 2.7. Two frequently used values from this p 
curve are M = 16% for s 0.5 and M = 5% for s = 0.7. 

p p 

Equations (2.16)-(2.18) characterize the transient response of a system hav-
ing no finite zeros and two complex poles with undamped natural frequency wn, 
damping ratio s, and negative real part u. In analysis and design, they are used 
to obtain a rough estimate of rise time, overshoot, and settling time for just about 
any system. It is important to keep in mind, however, that they are qualitative 
guides and not precise design formulas. They are meant to provide a starting 
point for the design iteration and the time response should always be checked 
after the control design is complete by an exact calculation, usually by numerical 
simulation, to verify whether the time specifications are actually met. If they have 
not been met, another iteration of the design is required. For example, if the rise 
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22 Chapter 2 Review of Continuous Control 

time of the system turns out to be longer than the specification, the target natural 
frequency would be increased and the design repeated. 

2.2 Basic Properties of Feedback 

An open-loop system described by the transfer function G(s) can be improved 
by the addition of feedback including the dynamic compensation D (s) as shown 
in Fig. 2.8. The feedback can be used to improve the stability, speed up the tran
sient response, improve the steady-state error characteristics, provide disturbance 
rejection, and decrease the sensitivity to parameter variations. 

2.2.1 Stability 
The dynamic characteristics of the open-loop system are determined by the poles 
of G(s) and D(s), that is, the roots of the denominators of G(s) and D(s). Using 
Eq. (2.10), we can see that the transfer function of the closed-loop system in 
Fig. 2.8 is 

Y(s) 
= 

D(s)G(s) _ T s 
R(s) 1 + D(s)G(s) -

( )
, 

(2.19) 

sometimes referred to as the complementary sensitivity. In this case, the dy
namic characteristics and stability are determined by the poles of the closed-loop 
transfer function, that is, the roots of 

1 + D(s)G(s) = 0. (2.20) 

characteristic equation 

This equation is called the characteristic equation and is very important in 
feedback control analysis and de�ign. The roots of the characteristic equation 
represent the types of motion that will be exhibited by the feedback system. It 
is clear from Eq. (2.20) that they can be altered at will by the designer via the 
selection of D(s). 

figure 2.8 
A unity feedback system 
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Table 2.1 
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2.2.2 Steady-State Errors 

The difference between the command input r (see Fig. 2.8) and the output y is 
called the system error, e. Using Eq. (2.10) for the case where the desired output 
is e, we find that 

E(s) 
= 

1 
S(s), 

R(s) 1 + D(s)G(s) 
(2.21) 

sometimes referred to as the sensitivity. For the case where r(t) is a step input 
and the system is stable, the Final Value Theorem tells us that 

where 

1 
e =---

ss 1 + K 
p 

K = lim D(s)G(s) 
P s-+0 

and is called the position-error constant. If D(s)G(s) has a denominator that 
does not have s as a factor, K and e are finite. This kind of system is referred 

p ss 

to as type 0. 
These results can also be seen qualitatively by examining Fig. 2.8. In order 

for y to be at some desired value ( = r ), the higher the forward loop gain of 
DG (defined to be K ), the lower the value of the error, e. An integrator has the 
property that a zero tt:eady input can produce a finite output, thus producing an 
infinite gain. Therefore, if there is an integrator in Dor G, the steady-state gain 
will be oo and the error will be zero. 

Continuing, we define the velocity constant as 

K = Iims D(s)G(s) 
V 

S-+0 
I 

and the acceleration constant as 

lims2 D(s)G(s). 
s-+0 

When Kv is finite, we call the system type l; likewise, when Ka is finite, we 
call the system type 2. For the unity feedback case, it is convenient to categorize 
the error characteristics for command inputs consisting of steps, ramps, and 
parabolas. Table 2.1 summarizes the results. 

Errors versus system type for unity feedback 

Step Ramp Parabola 

Type 0 1 
CX) CX) 

(1+K
P

) 

Type 1 0 1 
CX) � 

Type 2 0 0 1 
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24 Chapter 2 Review of Continuous Control 

System type can also be defined with respect to the disturbance inputs w. 
The same ideas hold, but in this case the type is determined by the number of 
integrators in D(s) only. Thus, if a system had a disturbance as shown in Fig. 2.8 
which was constant, the steady-state error ess of the system would only be zero 
if D(s) contained an integrator. 

2.2.3 PIO Control 

Proportional, integral, and derivative (PID) control contains three terms. They 
are proportional control 

u(t) Ke(t) =} D(s) = K, (2.22) 

integral control 

K1 1 

u(t) = - e(rJ)drJ 
T

I 0 

=} 
K 

D(s) = -, 

T
1
s 

(2.23) 

and derivative control 

u(t) = KT
D

e(t) =} D(s) = KT
D

s. (2.24) 

T
1 

is called the integral (or reset) time, T
D 

the derivative time, and K the position 
feedback gain. Thus, the combined transfer function is 

u(s) 1 
D(s) = - = K(l + - + T

D
s). (2.25) 

e(s) T
1
s 

Proportional feedback control can lead to reduced errors to disturbances but 
still has a small steady-state error. It can also increase the speed of response 
but typically at the cost of a larger transient overshoot. If the controller also 
includes a term proportional to tl)e integral of the error, the error to a step can be 
eliminated as we saw in the previous section. However, there tends to be a further 
deterioration of the dynamic response. Finally, addition of a term proportional 
to the error derivative can add damping to the dynamic response. These three 
terms combined form the classical PID controller. It is widely used in the process 
industries and commercial controller hardware can be purchased where the user 
only need "tune" the gains on the three terms. 

2.3 Root Locus 

The root locus is a technique which shows how changes in the system's open-loop 
characteristics influence the closed-loop dynamic characteristics. This technique 
allows us to plot the locus of the closed-loop roots in the s-plane as an open-loop 
parameter varies, thus producing a root locus. The root locus method is most 
commonly used to study the effect of the loop gain (K in Eq. (2.25)); however, 
the method is general and can be used to study the effect of any parameter in D(s) 

co
nt

ro
len

gin
ee

rs
.ir



2.3 Root Locus 25 

or G(s). In fact, the method can be used to study the roots of any polynomial 
versus parameters in that polynomial. 

A key attribute of the technique is that it allows you to study the closed-loop 
roots while only knowing the factors (poles and zeros) of the open-loop system. 

2.3.1 Problem Definition 

root locus definition 

The first step in creating a root locus is to put the polynomials in the root locus 

form 

l+K
b(s) 

=0. 
a(s) 

(2.26) 

Typically, Kb(s)/a(s) is the open loop transfer function D(s)G(s) of a feedback 
system; however, this need not be the case. The root locus is the set of values 
of s for which Eq. (2.26) holds for some real value of K. For the typical case, 
Eq. (2.26) represents the characteristic equation of the closed-loop system. 

The purpose of the root locus is to show in a graphical form the general trend 
of the roots of a closed-loop system as we vary some parameter. Being able to do 
this by hand (1) gives the designer the ability to design simple systems without a 
computer, (2) helps the designer verify and understand computer-generated root 
loci, and (3) gives insight to the design process. 

Equation (2.26) shows that, if K is real and positive, b(s)/a(s) must be real 
and negative. In other words, if we arrange b(s)/a(s) in polar form as magnitude 
and phase, then the phase of b(s)/a(s) must be 180°. We thus define the root 
locus in terms of the phase condition as follows. 

180° locus definition: The root locus of b(s)/a(s) is the set of points in the 
s-plane where the phase of b(s)/a(s) is 180°. 

Since the phase is unchanged if an integral multiple of 360° is added, we can 
express the definition as3 

L 
b(s) 

= 180° 

+ l360
°
, 

a(s) 

where l is any integer. The significance of the definition is that, while it is very 
difficult to solve a high-order polynomial, computation of phase is relatively 
easy. When K is positive, we call this the positive or 180° locus. When K is 
real and negative, b(s)/a(s) must be real and positive for s to be on the locus. 
Therefore, the phase of b (s) / a (s) must be 0°. This case is called the 0° or negative 
locus. 

3 L refers to the phase of ( ). 
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26 Chapter 2 Review of Continuous Control 

2.3.2 Root Locus Drawing Rules 

The steps in drawing a 180° root locus follow from the basic phase definition. 
They are 

STEP 1 On the s-plane, mark poles (roots of a(s)) by an x and zeros (roots of 
a(s)) by a o. There will be a branch of the locus departing from every pole and a 
branch arriving at every zero. 
STEP 2 Draw the locus on the real axis to the left of an odd number of real 
poles plus zeros. 
STEP 3 Draw the asymptotes, centered at a and leaving at angles ¢z, where 

n - m = number of asymptotes 
n = order of a(s) 
m = order of b(s) 

LPi - LZi -a1 +b1 a=-----=---""; 
n-m n-m 

180° 
+ (l - 1)360° 

<l>z = ------, 
l = l, 2 .. · n - m. 

n-m 

For n - m > 0, there will be a branch of the locus approaching each asymptote 
and departing to infinity. For n - m < 0, there will be a branch of the locus 
arriving from infinity along each asymptote. 
STEP 4 Compute locus departure angles from the poles and arrival angles at 
the zeros where 

q<pdep 
= L Vii 

- L c/Ji 
- 1800 - /3600 

q1/Jarr = L c/ - L Vii 
+ 180° 

+ /360° 

where q is the order of the pole or zero and l takes on q integer values so that the 
angles are between ± 180° . 1/Ji 

is the angle of the line going from the i th pole to 
the pole or zero whose angle of departure or arrival is being computed. Similarly, 
c/J

i 
is the angle of the line from the ith zero. 

STEP 5 If further refinement is required at the stability boundary, assume s
0 
= 

j % and compute the point(s) where the locus crosses the imaginary axis for 
positive K. 

STEP 6 For the case of multiple roots, two loci come together at 180° and break 
away at ±90°. Three loci segments approach each other at angles of 120° and 
depart at angles rotated by 60° . 
STEP 7 Complete the locus, using the facts developed in the previous steps and 
making reference to the illustrative loci for guidance. The loci branches start at 
poles and end at zeros or infinity. 
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2.3 Root Locus 27 

STEP 8 Select the desired point on the locus that meets the specifications (s ), 
then use the magnitude condition from Eq. (2.26) to find that the value of K 
associated with that point is 

1 
K=----. 

lb(s)/a(s)I 

When K is negative, the definition of the root locus in terms of the phase 
relationship is 

0° locus definition: The root locus of b(s) / a (s) is the set of points in the s-plane 
where the phase of b(s)/a(s) is 0°. 

For this case, the Steps above are modified as follows 

STEP 2 Draw the locus on the real axis to the left of an even number of real 
poles plus zeros. 

STEP 3 The asymptotes depart at 

(l - 1)360° 

</>1 
= ----, l = 1, 2 ·•• n -m. 

n-m 

STEP 4 The locus departure and arrival angles are modified to 

q<pdep = L 1/fi - L <pi - l360o 

qljf arr = L <pi - L 1/fi + l360o . 

Note that the 180° term has been removed. 

Example 2.1 Root Locus Sketch 

Sketch the root locus versus K (positive and negative) for the case where the open-loop system 
is given by 

s 

G(s) = K-
2
-. 

s + 1 

Solution. First let's do the 180° locus. 

STEP 1: There is a zero at s = 0 and poles at s = ±jw. 

STEP 2: There is a locus on the entire negative real axis. 

STEP 3: n - m = 1, therefore, there is one asymptote and it departs at 180° ; that is, along 
the negative real axis. 

STEP 4: The departure angle at the upper pole is calculated as 

¢, = 90° - 90° - 180° 

= -180°, 
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figure 2.9 
Example root locus 
sketch 
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thus, the locus departs from the upper pole horizontally to the left. The departure angle from 
the lower pole also turns out to be -180° and that branch of the locus also departs horizontally 

to the left. 

We know that there is a locus segment along the entire negative real axis; however, we 

also know that there is a locus branch moving to the right and arriving at the zero, and that 

there is a branch departing to infinity at the far left. Therefore, the two branches from the poles 

must join the real axis at some point and split in opposite directions. It turns out that the two 

complex branches form a semi-circle as they approach the real axis. The solid lines in Fig. 2.9 

show the sketch of this 180° locus. 

For the 0° locus, there is a segment along the positive real axis and the angles of departure 

are both 0°. The result is shown in the figure by the dotted lines. 

2.3.3 Computer-Aided Loci 

The most common approach to machine computation of the root locus is to cast 
the problem as a polynomial in the form a(s) + Kb(s) = 0, and, for a sequence 
of values of K varying from near zero to a large value, solve the polynomial for 

co
nt

ro
len

gin
ee

rs
.ir



2.3 Root Locus 29 

its n roots by any of many available numerical methods. A disadvantage of this 
method is that the resulting root locations are very unevenly distributed in the 
s-plane. For example, near a point of multiple roots, the sensitivity of the root 
locations to the parameter value is very great, and the roots just fly through such 
points, the plots appear to be irregular, and sometimes important features are 
missed. As a result, it is useful to have the root locus plotting rules in mind when 
interpreting computer plots. The polynomial is generally solved by transforming 
the problem to state-variable form and using the QR algorithm which solves for 
the eigenvalues of the closed-loop system matrix. 

Example 2.2 CACSD Root Locus 

1. Plot the root locus using MATLAB for the open-loop system shown in Fig. 2.8 with 

10 s+3 
G(s) = 

s(s 
+ 

2)
, and D(s) = K

s+ 10. 

2. Find the gain K associated with the point of maximum damping and plot the step response 
with that value of K. 

3. Reconcile the root locus plot with the hand plotting rules and compare the computer-based 
step response with the rules of thumb in Eqs. (2.16)-(2.18). 

Solution. 

1. The MATLAB script following will generate the desired locus plot which is shown in 
Fig. 2.lO(a). 

numD = [1 3], denD = [1 1 0] 

numG = 10, denG :::1 [1 2 0 ]  

sys= tf(numD,denD)*tf(numG,denG) 

k = 0:0.1 :4 

rlocus(sys,k). 

2. The statement 

[K,p] = rlodind(sys) 

will place a cross-hair on the plot which can be moved with the mouse to the desired point 
on the locus in order to find the associated gain K and pole locations p. Given this value 
of K, (� 3. 7) the script 

K = 3.7 

sysCL = feedback(K*sys, 1) 

step(sysC L) 

produces the desired step response shown in Fig. 2.1 O(b ). 
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Figure 2.10 
Example of CACSD for 
(a) root locus and (b) 
step response 
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3. The root locus in Fig. 2. l0(a) has locus segments to the left of odd numbers of poles and 
zeros (Step 2); has two asymptotes departing at ±90° and centered at 

-2 + 3 10 
a= 

2 
= -4.5, 

(Step 3); and has branches departing the real axis at the multiple roots between the two 
poles at ±90° (Step 6). The gain asisociated with the desired root at s = -3.5 ± j3.1 can 
be determined from Step 8 by 

K 
(4.7)(3.5)(7.2) 

= 3.7 
(3.2)(10) 

where 4.7 is the distance from the root to the pole at s = 0; 3.5 is the distance to the pole 
at s = -2; 7 .2 is the distance to the pole at s = -10; 3 .2 is the distance to the zero at 
s = -3; and 10 is from the gain of G(s). 

The step response shown in Fig. 2. lO(b) has t
r 

� 0.4 sec, t
s 

� 1.4 sec, and M
P

� 
10%. The closed-loop roots with K = 3.7 are at s = -5.1, -3.5 ± j3.1; thus, for the 
complex roots, t = 0.74, wn = 4.7 rad/sec, and u = 3.5. The rules of thumb given in 
Section 2.1.7 suggest that 

1.8 
t
r 

� - = 0.38 sec 
Wn 

4.6 
t � - 1.3 sec 

s 
(Y 

M
P 

� e-rrl;/� = 4% (Fig. 2.7). 
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2.4 Frequency Response Design 31 

The rule-of-thumb values based on the second order system with no zeros predict a tr 
and ts that are a little slow due to the presence of the extra pole. The predicted MP is 
substantially too small due to the presence of the zero at s = 3. 

2.4 Frequency Response Design 

The response of a linear system to a sinusoidal input is referred to as the system's 
frequency response. A system described by 

Y(s) 
- G(s) 

U(s) -

where the input u (t) is a sine wave with an amplitude of U
0 

and frequency w 

u(t) = U
0 

sinw
1
t, 

which has a Laplace transform 

has a response with the transform, 

Uo
wI Y(s) = G(s) 

2 2. 
s +w

1 

(2.27) 

A partial fraction expansion of Eq. (2.27) will result in terms that represent the 
natural behavior of G(s) and terms representing the sinusoidal input. Providing 
that all the natural behavior is stable, those terms will die out and the only terms 
left in the steady state are those due to the sinusoidal excitation, that is 

a a* 
Y(s) = ... + o_ + o. 

S 
+ 

JW
1 S - JW1 

(2.28) 

where a 
O 

and a; would be found by performing the partial fraction expansion. 
After the natural transients have died out, the time response is 

where 

(2.29) 

(2.30) 
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So, a stable linear system G(s) excited by a sinusoid will eventually exhibit a 
sinusoidal output y with the same frequency as the input u. The magnitude, A ( cv

1
) 

of y with respect to the input, = I G(j cv1 ) I and the phase,¢ (cv
1
),  is LG(jcv

1
); that 

is, the magnitude and phase of G(s) is evaluated by letting s take on values along 
the imaginary (j cv) axis. In addition to the response to a sinusoid, the analysis of 
the frequency response of a system is very useful in the determination of stability 
of a closed-loop system given its open-loop transfer function. 

A key reason that the frequency response is so valuable is that the designer 
can determine the frequency response experimentally with no prior knowledge of 
the system's model or transfer function. The system is excited by a sinusoid with 
varying frequency and the magnitude A ( cv) is obtained by a measurement of the 
ratio of the output sinusoid to input sinusoid in the steady-state.at each frequency. 
The phase ¢ ( cv) is the measured difference in phase between input and output 
signals. As an example, frequency responses of the second-order system 

1 
G(s) = -------

(s/u\)2 
+ 2t;(s/cv

n
) + 1 

are plotted for various values of s in Fig. 2.11 which is done by MATLAB with 
bode(sys). 

2.4 .1 Specifications 

A natural specification for system performance in terms of frequency response 
bandwidth is the bandwidth, defined to be the maximum frequency at which the output of 

a system will track an input sinusoid in a satisfactory manner. By convention, 
for the system shown in Fig. 2.12 with a sinusoidal input r, the bandwidth is the 
frequency of rat which the output y is attenuated to a factor of 0.707 times the 
input (or down 3 dB). Figure 2.13' depicts the idea graphically for the frequency 
response of the closed-loop transfer function (defined to be T(s) in Eq. (2.19)) 

Y(s) _ T(s _ KG(s) 
R(s) -

) 
- 1 + KG(s) 

The plot is typical of most closed-loop systems in that 1) the output follows the 
input, !Tl � 1, at the lower excitation frequencies, and 2) the output ceases to 
follow the input, ITI < 1, at the higher excitation frequencies. 

The bandwidth cv 
8 
w is a measure of the speed of response and is therefore 

similar to the time-domain measure of rise time t, or the s-plane measure of 
natural frequency cvn. In fact, it can be seen from Fig. 2.11 that the bandwidth 
will be equal to the natural frequency whens = 0. 7. For other damping ratios, the 
bandwidth is approximately equal to the natural frequency with an error typically 
less than a factor of 2. 

The resonant peak M, is a measure of the damping, as evidenced by Fig. 2.11 
where the peak is approximately the value at cv = cv11, which is ½ for s < 0.5. 
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figure 2.11 

(a) Magnitude and (b) 
phase of a second-order 
system 
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Figure 2.12 
Simplified system 
definition 

figure 2.13 
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2.4.2 Bode Plot Techniques 

It is useful to be able to plot the frequency response of a system by hand in order 
to (a) design simple systems without the aid of a computer, (b) check computer
based results, and ( c) understand the effect of compensation changes in design 
iterations. H. W. Bode developed plotting techniques in the 193Os that enabled 
quick hand plotting of the frequency response. His rules are: 

STEP 1 Manipulate the transfer function into the Bode form 
1 

(1·cvr + l)(1'cvr + 1) · · • 
KG(jcv) = K (jcv)'1 1 2 

0 (jcvra+l)(jcvrb+l)··· 

STEP 2 Determine the value of n for the K
0 
(j cv )'1 term. Plot the low-frequency 

magnitude asymptote through the point K
0 

at cv = 1 rad/sec with a slope of n (or 
n x 20 dB per decade). 

STEP 3 Determine the break points where cv = 1 / r
i
. Complete the composite 

magnitude asymptotes by extending the low frequency asymptote until the first 
frequency break point, then stepping the slope by ± 1 or ±2, depending on 
whether the break point is from a first or second order term in the numerator or 
denominator, and continuing through all break points in ascending order. 

STEP 4 Sketch in the approximate magnitude curve by increasing from the 
asymptote by a factor of 1.4 ( + 3 dB) at first order numerator breaks and decreasing 
it by a factor of 0.707 (-3 dB) at first order denominator breaks. At second order 
break points, sketch in the resonant peak (or valley) according to Fig. 2.ll(a) 
using the relation that I G (j cv) I = 1 / (2s) at the break. 
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2.4 Frequency Response Design 35 

STEP 5 Plot the low frequency asymptote of the phase curve, cf> = n x 90° . 

STEP 6 As a guide, sketch in the approximate phase curve by changing the 
phase gradually over two decades by ±90° or ± 180° at each break point in 
ascending order. For first order terms in the numerator, the gradual change of 
phase is +90° ; in the denominator, the change is -90°. For second order terms, 
the change is ± 180°. 

STEP 7 Locate the asymptotes for each individual phase curve so that their 
phase change corresponds to the steps in the phase from the approximate curve 
indicated by Step 6. Sketch in each individual phase curve as indicated by Fig. 2.14 
or Fig. 2.ll(b). 

STEP 8 Graphically add each phase curve. Use dividers if an accuracy of about 
±5° is desired. If lessor accuracy is acceptable, the composite curve can be done 
by eye, keeping in mind that the curve will start at the lowest frequency asymptote 
and end on the highest frequency asymptote, and will approach the intermediate 
asymptotes to an extent that is determined by the proximity of the break points 
to each other. 

2.4.3 Steady-State Errors 

Figure 2.14 

Phase plot for jwr + 1; 
r = 0.1 

Section 2.2.2 showed that the steady-state error of a feedback system decreases 
as the gain of the open loop transfer function increases. In plotting a composite 
magnitude curve, the low frequency asymptote is given by 

KG(jw) = K/jwt. (2.31) 

Therefore, we see that the larger the value of the magnitude on the low-frequency 
asymptote, the lower the steady-state errors will be for the closed loop system. 
This idea is very useful in designing compensation. 
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36 Chapter 2 Review of Continuous Control 

For a system with n = 0, (a type 0 system) the low frequency asymptote is 
a constant and the gain KO of the open loop system is equal to the position error 
constant, K . For a system where n = -1, (a type 1 system) the low frequency 

p asymptote has a slope of -1 and K v = KO • 
The easiest way of determining the value of Kv in a type 1 system is to read 

the magnitude of the low frequency asymptote at a frequency low enough to be 
well below the any of the break points because : equals the magnitude at these 
frequencies. In some cases, the lowest frequency break point will be below w = 1 
rad/sec, therefore the asymptote can be extended tow = 1 rad/sec in order to read 
Kv directly. 

2.4.4 Stability Margins 

If the closed-loop transfer function of a system is known, the stability of the 
system can be determined by simply inspecting the denominator in factored 
form to observe whether the real parts are positive or negative. However, the 
closed-loop transfer function is not usually known; therefore, we would like 
to determine closed-loop stability by evaluating the frequency response of the 
open-loop transfer function K G(j w) and then performing a simple test on that 
response. This can be done without a math model of the system by experimentally 
determining the open-loop frequency response. 

We saw in Section 2.3.1 that all points on the root locus have the property 
that 

IKG(s)I = 1 and L(KG(s)) = 180° . 

At the point of neutral stability we see that these root-locus conditions hold for 
s = jw, so 

IKG(jw)I = 1 and L(KG(jw)) = 180° . (2.32) 

Thus a Bode plot of a system that is neutrally stable (that is, with the value of 
K such that the closed-loop roots fall on the imaginary axis) will satisfy the 
conditions of Eq. (2.32). That means that the magnitude plot must equal 1 at the 
same frequency that the phase plot equals 180°. Typically, a system becomes less 
stable as the gain increases; therefore, we have the condition for stability 

IKG(jw)I < 1 at L(KG(jw)) = -180°. (2.33) 

This stability criterion holds for all systems where increasing gain leads to insta
bility and I K G(j w) I crosses the magnitude= 1 once, the most common situation. 
However, there are systems where an increasing gain can lead from instability to 
stability and in this case, the stability condition is 

IKG(jw)I > 1 at L(KG(jw)) = -180°. 
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One way that will frequently resolve the ambiguity is to perform a rough sketch of 
the root locus to resolve the question of whether increasing gain leads to stability 
or instability. The rigorous way to resolve the ambiguity is to use the Nyquist 
stability criterion, which is reviewed in Section 7.5.1 for continuous systems. 

Two quantities that measure the stability margin of a system are directly 
related to the stability criterion of Eq. (2.33): gain margin and phase margin. 
The gain margin (GM) is the factor by which the gain is less than the neutral 
stability value when the phase = 180° . The phase margin (PM) is the amount by 
which the phase of G(s) exceeds 180° when IKG(jcv)I = 1. The two margins 
are alternate ways of measuring the degree to which the stability conditions of 
Eq. (2.33) are met. 

The phase margin is generally related to the damping of a system. For a 
second-order system, the approximation that 

,..__, PM 

c; = 100 

is commonly used. Therefore, if it were known that a system was to be designed 
using frequency response methods, it would make sense to specify the speed of 
response of the system in terms of a required bandwidth and the stability of the 
system in terms of a required phase margin. 

2.4.5 Bode's Gain-Phase Relationship 

crossover frequency 

One of Bode's important contributions is his theorem that states 

For any minimum phase system (that is, one with no time delays, RHP zeros or 

poles), the phase of G(jcv) is uniquely related to the integral of the magnitude 
of G(jcv). 

When the slope of I G(j cv) I versus cv on a log-log scale persists at a constant 
value for nearly a decade of frequency, the relationship is particularly simple 

LG(jcv) � n x 90° , (2.34) 

where n is the slope of I G (j cv) I in units of decade of amplitude per decade of 
frequency. 

Equation (2.34) is used as a guide to infer stability from I G (j cv) I alone. 
When I KG (j cv) I 

= 
1, the crossover frequency, the phase 

LG(jcv) � -90° 

LG(jcv) � -180° 

if n = -l, 
if n = -2. 

For stability we want LG (j cv) > -180° for a PM > 0. Therefore we adjust the 
I KG (j cv) I curve so that it has a slope of -1 at the crossover frequency. If the 
slope is 1 for a decade above and below the crossover frequency, the PM would 
be approximately 90° ; however, to ensure a reasonable PM, it is usually only 
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38 Chapter 2 Review of Continuous Control 

necessary to insist on a -1 slope ( -20 dB per decade) persisting for a decade in 
frequency that is centered at the crossover frequency. 

2.4.6 Design 

One of the very useful aspects of frequency-response design is the ease with 
which we can evaluate the effects of gain changes. In fact, we can determine the 
PM for any value of K without redrawing the magnitude or phase information. 
We need only indicate on the figure where I K G(j w) I = 1 for selected trial values 
of K since varying K has the effect of sliding the magnitude plot up or down. 

Example 2.3 Frequency-Response Design 

For a plant given by 

1 
G(s) = K 2, s(s + 1) 

determine the PM and GM for the system with unity feedback and (a) K = 1, (b) determine if 

the system is stable if K = 5, and (c) find what value of K is required to achieve a PM of (i) 

45° , and (ii) 70°. 

Solution. 

Using the hand plotting rules, we see that the low frequency asymptote has a slope of -1 

and goes thru magnitude = 1 at w = 1 rad/sec. The slope changes to -3 at the break point 
(cv = 1). We can then sketch in the actual magnitude curve, noting (STEP 4 in Section 2.4.2) 

that it will go below the asymptote intersection by -6 dB because there is a slope change of 

-2 at that break point. The curve is sketched in Fig. 2.15. The phase curve starts out at -90° 

and drops to -270° along the asymptote as sketched in the figure according to STEP 7. 
Using MATLAB4

, the statements 

num = 1, den= [1 2 O] 

sys = tf(num,den) 

bode(sys). 

will also create the plots of magnitude and phase for this example. The curves are drawn in 
Fig. 2.15 showing the PM and GM for K = 1 and the same curves are drawn in Fig. 2.16 

showing the PM's for K = 5, 0.5, & 0.2. 

(a) We can read the PM from Fig. 2.15 to be 22°. 

(b) Fig. 2.16 shows that the system is unstable for K=5. 

(c) (i) PM= 45° when K = 0.5, and (ii) PM= 70° when K = 0.2 

4 All MATLAB statements in the text assume the use of MATLAB version 5 with Control System Toolbox 

version 4. See Appendix F if you have prior versions. 
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Figure 2.15 
Magnitude and phase 
plots with PM and GM 
for 1 /5(5 + 1 )2 
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c:l.l 

Tl 

Q 

2.5 Compensation 

lead compensation 
lag compensation 

If the plant dynamics are of such a nature that a satisfactory design cannot be 
achieved by adjustment of the feedback gain alone, then some modification or 
compensation must be made in the feedback to achieve the desired specifications. 
Typically, it takes the form 

D(s) =K
s+ z 

s+ p 

where it is called lead compensation if z < p and lag compensation if z > p. 

Lead compensation approximates the addition of a derivative control term and 
tends to increase the bandwidth and the speed of response while decreasing the 
overshoot. Lag compensation approximates integral control and tends to improve 
the steady-state error. 
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Figure 2.16 
PM versus K for 
1/(s + 1)2 
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The design of lead compensation typically entails placing the zero z at a 
frequency that is lower than the magnitude = 1 crossover frequency and the pole 

higher than the crossover frequency. Lead compensation provides an increased 
magnitude slope and an increased phase in the interval between these two break 

points; the maximum being halfway between the two break points on a logarithmic 
scale. The maximum phase increase is 

l-a 
8¢ = sin-1 --

1 +a 

and is plotted versus a in Fig. 2.17. 

where 
z 

a=-
p 

The design of lag compensation typically entails placing both break points 
well below the crossover frequency. Lag compensation decreases the phase in the 
vicinity of the two break points; therefore, z should be well below the crossover 

co
nt

ro
len

gin
ee

rs
.ir



Figure 2.17 
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frequency in order to prevent the compensation from degrading the PM and the 
system stability. The primary role of lag compensation is to increase the gain 
(magnitude of the frequency response) at the low frequencies. As we saw in 
Section 2.4.3, this will decrease the steady-state error. 

2.6 State-Space Design 

We saw in Section 2.1.1 that equations of motion could be written in the state
variable form of Eqs. (2.1) and (2.2). The state-space design approach utilizes 
this way of describing the plant and arrives directly with feedback controllers 
(compensation) without the need to determine transforms. Advantages of state
space design are especially apparent when the system to be controlled has more 
than one control input or more than one sensed output, called multivariable 
or multi input-multi output (MIMO). However, we will review only the single 
input-single output (SISO) case here. For readers not familiar with state-space 
design, the material in this section is not required for comprehension of the 
remainder of the book. The basic ideas of state-space design are covered in detail 
in Chapter 8 for the discrete case and that chapter does not require that the reader 
be knowledgeable about continuous state-space design. Chapter 9 extends state
space design for discrete systems to optimal control design for the multivariable 
case. 

One of the attractive features of the state-space design method is that it 
consists of a sequence of independent steps. The first step, discussed in Section 
2.6.1, is to determine the control. The purpose of the control law is to allow us to 
design a set of pole locations for the closed-loop system that will correspond to 
satisfactory dynamic response in terms of rise-time, overshoot, or other measures 
of transient response. 

The second step-necessary if the full state is not available-is to design an 
estimator (sometimes called an observer), which computes an estimate of the 
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42 Chapter 2 Review of Continuous Control 

entire state vector when provided with the measurements of the system indicated 
by Eq. (2.2). We review estimator design in Section 2.6.2. 

The third step consists of combining the control law and the estimator. 
Figure 2.18 shows how the control law and the estimator fit together and how 
the combination takes the place of what we have been previously referring to as 
compensation. 

The fourth and final step is to introduce the reference input in such a way 
that the plant output will track external commands with acceptable rise-time, 
overshoot and settling time values. Figure 2.18 shows the command input r 
introduced in the same relative position as was done with the transform design 
methods; however, in Section 2.6.4 we will show how to introduce the reference 
input in a different way that results in a better system response. 

2.6.1 Control Law 

pole placement 

Figure 2.18 

Schematic diagram of 
state-space design 
elements 

The first step is to find the control law as feedback of a linear combination of all 
the state variables-that is, 

u = -Kx = -[K K • • • K ] [ :: l · 
1 2 n . 

xn 

(2.35) 

We assume for design purposes that all the elements of the state vector are at our 
disposal, an infrequent situation for an actual system, but an expedient assumption 
for the time being. 

For an nth-order system there will be n feedback gains K
1
, ... , Kn, and 

since there are n roots ( or poles) of the system, it is possible that there are enough 
degrees of freedom to select arbitrarily any desired root location by choosing the 
proper values of K

i
. 

Plant 

u x = Fx + Gu --------Y 

------------------------7 

I 

I 

Control law 
.----�-__, : I 

I 

-K 

Matrix of State vector 
estimate 

Compensation 

r 
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Substituting the feedback law, Eq. (2.35) into the system described by 
Eq. (2.1) yields 

x = Fx- GKx. 

The characteristic equation of this closed-loop system is 

det[sl (F - GK)] = 0. 

(2.36) 

(2.37) 

When evaluated, this yields an nth-order polynomial in s containing the gains 
K

1
, ... , Kn. The control-law design then consists of picking the gains K so that 

the roots of Eq. (2.37) are in desirable locations. Selection of desirable locations 
for the roots is an inexact science and may require some iteration by the designer. 
For now, we will assume that the desired locations are known, say 

Then the corresponding desired ( control) characteristic equation is 

a
c
(s) = (s - s

1
)(s s

2
) • • • (s sJ = 0. (2.38) 

Hence the required elements of K are obtained by matching coefficients in 
Eq. (2.37) and Eq. (2.38). This forces the system characteristic equation to be 
identical with the desired characteristic equation and the closed-loop poles to be 
placed at the desired locations. 

The calculation of K can be done providing the system is controllable. 

Systems that are not controllable have certain modes or subsystems that are unaf
fected by the control. This usually means that parts of the system are physically 
disconnected from the input. Although there is a mathematical test for controlla
bility, it is good practice to insist on the stronger condition that the control input 
be as strongly coupled to the modes of interest as possible. 

It is theoretically possible to solve for K by hand with Eq. (2.37) and 
Eq. (2.38). In practice, this is 'almost never done. Ackermann's formula for this 
calculation has been implemented in MATLAB as the function acker. m and can 
be used for the design of SISO systems with a small (:::: 10) number of state vari
ables. For more complex cases a more reliable formula is available, implemented 
in MATLAB as the function place. A modest limitation on place.m is that none 
of the desired closed-loop poles are repeated; i.e., that the poles are distinct, a 
requirement that does not apply to acker. Both acker and place require inputs 
consisting of the system description matrices, F and G, and a vector, p, of n 

desired pole locations. Their output is the feedback gain K. Thus the MATLAB 
statements 

K = acker(F, G, p) or K = place(F, G, P) 

will provide the desired value of K. When selecting the desired root locations, it 
is always useful to keep in mind that the control effort required is related to how 
far the open-loop poles are moved by the feedback. Furthermore, when a zero is 
near a pole, the system may be nearly uncontrollable and moving such a pole may 
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LQR 

require large control effort. Therefore, a pole placement philosophy that aims to 
fix only the undesirable aspects of the open-loop response and avoids either large 
increases in bandwidth or efforts to move poles that are near zeros will typically 
allow smaller gains and thus smaller control actuators. 

optimal control 

A method called the linear quadratic regulator (LQR) specifically ad
dresses the issue of achieving a balance between good system response and 
the control effort required. The method consists of calculating the gain K that 
minimizes a cost function 

J = 100 

[xr Qx + uTRu] dt (2.39) 

where Q is an n x n state weighting matrix, R is an m x m control weighting 
matrix, and m is the number of control inputs in a multi-input system. For the 
SISO systems that we are primarily concerned with here, m = 1 and R is a scalar 
R. The weights Q and Rare picked by the designer by trial-and-error in order to 
arrive at the desired balance between state errors x r x and control usage u 2, thus 
avoiding the necessity of picking desired pole locations that do not use excessive 
control. Generally, Q is a diagonal matrix with a weighting factor on one or 
more of the state-vector elements while R = 1. It is perfectly acceptable to only 
weight one element, in fact, the element representing the system output is often 
the only element weighted. Rules of thumb that help in picking the weights are 
that ( 1) the bandwidth of the system increases as overall values in Q increase, 
(2) the damping increases as the term in Q that weights the velocity type state 
elements increase, and (3) a portion of a system can be made faster by increasing 
the weights on the state elements representing that portion of the system. The 
MATLAB statement 

K = lqr(F,G,Q,R) 

solves for the K that minimizes the cost, .:J. 

Example 2.4 State-Space Control Design 

For a plant given by 
1 

G(s) = 2, 
s 

(a) Find the feedback gain matrix K that yields closed-loop roots with cvn = 3 rad/sec ands 
=0.8. 

(b) Investigate the roots obtained by using LQR with 

and R = 1. 

Q 
= [ � �], [ 1 �o �] , 

and [ 
1 �o �] 
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2.6 State-Space Design 45 

Solution. The state-variable description of G(s) is (Eq. (2.4) with w
0 

= 0, t = 0, and 
K

0 
= 1) 

(a) The desired characteristic equation is 

a/s) = s2 
+ 2tw

n
s + w� = 0. 

Therefore, the MATLAB script 

F = [0 1 ;0 0] 

G [0;1] 

Wn=3 

Ze = 0.8 

p = roots([1 2*Wn*Ze Wn�2]) 

K = acker(F,G,p) 

provides the answer 

K = [9 4.8]. 

(b) The scripts 

Q = [1 0;0 0], 

R = 1 

[100 0;0 0], and [100 0;0 5] 

K = lqr(F,G,Q,R) 

p = eig(F - G*K) 

[Wn,Ze] = damp(p) 

compute feedback gains of 

K = [1 1.4], [10 4.5], and [10 5]. 

which produces natural frequencies of 

w
n 

= 1, 3.2, and 3.2 rad/sec 

and damping of 

t = 0.71, 0.71, and 0.79. 

For this simple example, use of acker is the easier way to find K; however, in more 
complex systems with higher order roots, it is easier to use lqr rather than iterate on the 
best value for all the roots. 
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46 Chapter 2 Review of Continuous Control 

2.6.2 Estimator Design 

For a system described by Eqs. (2.1) and (2.2), an estimate, x, of the full state 
vector, x, can be obtained based on measurements of the output, y, from 

i = Fx + Gu + L(y - Hx). (2.40) 

Here L is a proportional gain defined as 

L = [[ 1 , l2 , . . .  , lnf, (2.41) 

and is chosen to achieve satisfactory error characteristics. The dynamics of the er
ror can be obtained by subtracting the estimate (Eq. 2.40) from the state (Eq. 2.1), 
to get the error equation 

i = (F LH)i. 

The characteristic equation of the error is now given by 

det[sl - (F - LH)] = 0. 

(2.42) 

(2.43) 

We choose L so that F-LH has stable and reasonably fast eigenvalues, so i decays 
to zero, independent of the control u (t) and the initial conditions. This means 
that x(t) will converge to x(t). 

Errors in the model of the plant (F, G, H) cause additional errors to the state 
estimate from those predicted by Eq. (2.42). However, L can typically be chosen 
so that the error is kept acceptably small. It is important to emphasize that the 
nature of the plant and the estimator are quite different. The plant is a physical 
system such as a chemical process or servomechanism whereas the estimator is 
usually an electronic unit computing the estimated state according to Eq. (2.40). 

The selection of L is approached in exactly the same fashion as K is selected 
in the control-law design. If we specify the desired location of the estimator error 
poles as 

Si 
=f31

, f32
, ••• , {3n

, 

then the desired estimator characteristic equation is 

(2.44) 

We can solve for L by comparing coefficients in Eq. (2.43) and Eq. (2.44). 
As in the control case, this is almost never done by hand. Rather, the func

tions acker.m and place.m are used, but with a slight twist. The transpose of 
Eq. (2.43) is 

(2.45) 

and we now see that this is identical in form to Eq. (2.37) where Kand LT play 
the same role. Therefore, we compute L to achieve estimator poles at the desired 
location, p, by typing in MATLAB 

L = acker(F', H', p )' or L = place(F', H', p )' 
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observability 

optimal estimation 

2.6 State-Space Design 4 7 

where FT is indicated in MATLAB as F', etc. 
There will be a unique solution for L for a SISO system provided that the 

system is observable. Roughly speaking, observability refers to our ability to 
deduce information about all the modes of the system by monitoring only the 
sensed outputs. Unobservability results when some mode or subsystem has no 
effect on the output. 

The selection of the estimator poles that determine L are generally chosen 
to be a factor of 2 to 6 faster than the controller poles. This ensures a faster 
decay of the estimator errors compared with the desired dynamics, thus causing 
the controller poles to dominate the total system response. If sensor noise is 
particularly large, it sometimes makes sense for the estimator poles to be slower 
than two times the controller poles, which would yield a system with lower 
bandwidth and more noise smoothing. On the other hand, the penalty in making 
the estimator poles too fast is that the system becomes more noise sensitive. 

The tradeoff between fast and slow estimator roots can also be made using 
results from optimal estimation theory. First, let's consider that there is a random 
input affecting the plant, called process noise, w, that enters Eq. (2.1) as 

x=Fx+Gu+G
1
w, 

and a random sensor noise, v entering Eq. (2.1) as 

y=Hx+v. 

The estimator error equation with these additional inputs is 

(2.46) 

(2.47) 

(2.48) 

In Eq. (2.48) the sensor noise' is multiplied by L and the process noise is not. 
If L is very small, then the effect of sensor noise is removed but the estimator's 
dynamic response will be "slow", so the error will not reject effects of w very 
well. The state of a low-gain estimator will not track uncertain plant inputs very 
well or plants with modeling errors. On the other hand, if L is "large", then 
the estimator response will be fast and the disturbance or process noise will be 
rejected, but the sensor noise, multiplied by L, results in large errors. Clearly, a 
balance between these two effects is required. 

It turns out that the optimal solution to this balance can be found as a 
function of the process noise intensity, R

w' and the sensor noise intensity, Rv, 
both of which are scalars for the SISO case under consideration. Since the only 
quantity affecting the result is the ratio R

w
l Rv' it makes sense to let R

v 
= 1 

and vary R
w 

only. An important advantage of using the optimal solution is that 
only one parameter, R

w
, needs to be varied by the designer rather than picking n 

estimator poles for an nth -order system. The solution is calculated by MATLAB as 

L = kalman(sys,Rw,Rv). 
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Figure 2.19 

2.6.3 Compensation: Combined Control 
and Estimation 

We now put all this together, ignoring for the time being the effect of a command 
input, r. If we take the control law (Eq. 2.35), combine it with the estimator 
(Eq. 2.40), and implement the control law using the estimated state elements, the 
design is complete and the equations describing the result are 

i = (F - GK - LH)x +Ly, 
u = -Kx. (2.49) 

These equations describe what we previously called compensation; that is, the 
control, u, is calculated given the measured output, y. Figure 2.19 shows schemat
ically how the pieces fit together. The roots of this new closed-loop system can 
be shown to consist of the chosen roots of the controller plus the chosen roots 
of the estimator that have been designed in separate procedures in Sections 2.6.1 
and 2.6.2. The poles and zeros of the compensator alone could be obtained by 
examining the system described by Eq. (2.49); however, that step need not be car
ried out unless the designer is curious how the compensation from this approach 
compares with compensation obtained using a transform based design method. 

2.6.4 Reference Input 

One obvious way to introduce a command input is to subtract y from r in exactly 
the same way it has been done for the transform design methods discussed previ
ously. This scheme is shown schematically in Fig. 2.20(b). Using this approach, 
a step command in r enters directly into the estimator, thus causing an estimation 
error that decays with the estimator dynamic characteristics in addition to the 
response corresponding to the conµ-ol poles. 

An alternative approach consists of entering the command r directly into the 
plant and estimator in an identical fashion as shown in Fig. 2.20(a). Since the 

w V 

Estimator and controller 

mechanization Plant Sensor 

u(t) i Fx + Gu 
x(t) 

H ----y(t) 

,- -------------------------, 
I I I �-------. u(t) .----_..._-----. : 
: Control law Estimator 1 

: x(t) x = Fx + Gu : 
I -K 

+ L(y - Hx) 1 
: 

L-----� �---___. I 
1 Compensator I 
L---------------------------1 
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Figure 2.20 
Possible locations for 
introducing the 
reference input: 
(a) compensation in the 
feedback path, 
(b) compensation in the 
feedforward path 
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r 

Plant 

u 

1
-- --- -----------

1 
1 Estimator 

\ x 
I 

I 

I 
I I 

1 Compensator I 
[ ____________________ , 

(a) 

y 

Plant 

r y 
I 
I 

.._ _____ ____. I 
I 

Compensator I 
L - - - -- -- - - - - - - - - - - - - -- - _I 

(b) 

command creates a step in u that affects the plant and estimator in an identical 
fashion, both respond identically, and no estimator error is induced. Therefore, 
there are no estimator error characteristics in the response and the total response 
consists of controller characteristics only. This approach is usually superior. 

The feedforward gain, N, can be computed so that no steady-state error 
exists. Its value is based on computing the steady-state value of the control, uss' 
and the steady-state values of the state, xss' that result in no steady-state error, e. 

The result is 

(2.50) 

where 

2.6.5 Integral Control 

In many cases, it is difficult to obtain an accurate value for the plant gain, in 
part because plants are typically nonlinear and the plant model is a linearization 
at a particular point. Therefore, the value of N will not be accurate and steady
state errors will result even though the model is sufficiently accurate for good 
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50 Chapter 2 Review of Continuous Control 

feedback control design. The solution is to incorporate an integral control term 
in the feedback similar to the integral control discussed in Section 2.2.3. 

Integral control is accomplished using state-space design by augmenting the 
state vector with the desired integral x 

1
. It obeys the differential equation 

(= e). 

Thus 

x, = f' edt. 

This equation is augmented to the state equations (Eq. 2.1) and they become 

(2.51) 

The feedback law is 

or simply 

With this revised definition of the system, the design techniques from Section 
2.6.1 can be applied in a similar fashion. The elements of K obtained are imple
mented as shown in Fig. 2.21. 

2.7 Summary 

Figure 2.21 
Integral control structure 

r 

• System dynamics can be represented by a state-space description, Eq. (2.1), 
or by a transfer function, Eqs. (2.6) or (2.7). 

K1 u y 
Plant 

Ko 

Nx Estimator 
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2.7 Summary 51 

e The key property of the Laplace transform that allows solution of differential 
equations is Eq. (2.5) 

£{/(t)} = s F(s). 

• A system's output can be determined by the inverse Laplace transform for 
very simple cases or, more often the case, by numerical methods such as 
impulse.m, step.m, or lsim.m in MATLAB. 

• If a system's output is described by X (s) and is stable, the Final Value 
Theorem states that 

lim x(t) = x = limsX(s). 
t-HX! 

SS 
s-+0 

• One can associate certain time response behavior with pole locations in the 
s-plane as summarized in Fig. 2.5. 

• Control system specifications are usually defined in terms of the rise time tr, 
settling time ts, and overshoot MP which are defined by Eqs. (2.16)-(2.18). 

• For an open loop system given by D(s)G(s), the closed loop system as 
. defined by Fig. 2.8 is given by Eq. (2.19) 

Y(s) 

R(s) 
= D(s)G(s) _ 

T s 
1 + D(s)G(s) -

( ) . 

• The basic types of feedback are proportional, integral, and derivative, and 
are defined by Eqs. (2.22)-(2.24). 

e The root locus is a method to sketch the location of the closed-loop roots 
of a system vs. some parameter of interest, usually the feedback gain. It is 
based on phase considerations which can easily be determined graphically 
by hand, and are therefore very useful in checking computer based results. 

• The frequency response of the open-loop transfer function of a system can 
be easily analyzed to determine the stability of the related closed-loop sys
tem. The open-loop transfer function can be determined experimentally or 
analytically. 

• Design of control systems using the state space approach is carried out by 
specifying the desired closed-loop root location, called pole-placement, or 
by selecting weighting matrices in a cost function, called optimal or LQR 
control. Either method tends to reduce the design iterations required over 
root locus or frequency response design, especially for higher order systems 
and those with multiple inputs and/or outputs. 

• State space design requires that all elements of the state vector are available 
for the control; therefore, they must be measured directly or estimated using 
measurements of a portion of the state vector. Pole placement or optimal 
methods can also be used to arrive at the best estimator for this purpose. 
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52 Chapter 2 Review of Continuous Control 

2.8 Problems 

2.1 Design feedback with lead compensation for the open-loop system 

10 
G(s) = 

The rise time should be 1 sec or less and the overshoot should be less than 10%. 

2.2 Design feedback with lead compensation for the open-loop system 

5 
G(s) = T s 

The bandwidth should be faster than 1 rad/sec and the phase margin should be better than 
50°. 

2.3 For the open-loop system 

2 
G(s) = 2, 

s 

(a) design feedback assuming you have access to all the state elements. Ensure that 
there are closed-loop system poles at s = -3 ± 3j. 

(b) Design an estimator for the system so that it has poles at s = -6 ± 6j. 

(c) Find the transfer function of the complete controller consisting of the control from 
part (a) and the estimator from part (b). 

2.4 For the open-loop system 

1 
G(s) = 

s(s + 4)' 

(a) design feedback assuming you have access to all the state elements. Ensure that 
there are closed-loop system poles that provide a natural frequency of 

evil = 3 
rad/sec withs = 0.5. 

(b) Design an estimator for the system so that it has poles that provide a natural 
frequency of evil = 6 rad/sec wiith s = 0.5. 

(c) Find the transfer function of the complete controller consisting of the control from 
part (a) and the estimator from part (b). 

2.5 Can you stabilize the system 

1 
G(s)=--

s2(s2 
+ 25) 

with a single lead compensation? If you can, do it. If you can't, show why not. 

2.6 For the open-loop system 

1 
G(s) = 

s2(s2 
+ 25)' 

(a) design feedback assuming you have access to all the state elements. Place the 
closed-loop system poles at s = -1 ± lj, -0.5 ± 5j. 

(b) Design an estimator for the system so that it has poles at s = -2 ± 2j, -2 ± 8j. 

(c) Find the transfer function of the complete controller consisting of the control from 
part (a) and the estimator from part (b). 

I 
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2.7 Consider a pendulum with control torque T
c 

and disturbance torque T
d 

whose differential 
equation is 

0 + 40 = :z:. + T
d
. 

Assume there is a potentiometer at the pin that measures the output angle 0, that is, 
y =0. 
(a) Design a lead compensation using a root locus that provides for an M < 10% and 

a rise time, tr < I sec. P 

(b) Add an integral term to your controller so that there is no steady-state error in the 
presence of a constant disturbance, T

d
, and modify the compensation so that the 

specifications are still met. 
2.8 Consider a pendulum with control torque T

c 
and disturbance torque T

d 
whose differential 

equation is 

0+40 T
c
+T

d
. 

Assume there is a potentiometer at the pin that measures the output angle 0, that is, 
y =0. 
(a) Design a lead compensation using frequency response that provides for a PM > 50° 

and a bandwidth, w
nw 

> 1 rad/sec. 
(b) Add an integral term to your controller so that there is no steady-state error in the 

presence of a constant disturbance, T
d
, and modify the compensation so that the 

specifications are still met. 
2.9 Consider a pendulum with control torque T

c 
and disturbance torque T

d 
whose differential 

equation is 

0 + 40 =T
c
+ T

d
. 

Assume there is a potentiometer at the pin that measures the output angle 0, that is, 
y =0. 
(a) Taking the state vector to be 

write the system equations in state form. Give values for the matrices F, G, H. 
(b) Show, using state-variable methods, that the characteristic equation of the model is 

s2 +4 = 0. 
(c) Write the estimator equations for 

Pick estimator gains [L
1
, L

2
f to place both roots of the estimator-error 

characteristic equation at s = -10. 
(d) Using state feedback of the estimated state variables 0 and 0, derive a control law 

to place the closed-loop control poles at s = -2 ± 2j. 
(e) Draw a block diagram of the system, that is, estimator, plant, and control law. 
(f) Demonstrate the performance of the system by plotting the step response to a 

reference command on (i) 0, and (ii) T
d
. 
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54 Chapter 2 Review of Continuous Control 

(g) Design a controller with an integral term and demonstrate its performance to the 

step inputs as in (f). 

2.10 For the open-loop system 

3 
G(s) = 

2 
, 

s + 2s - 3 

determine 

(a) the final value to a unit step input. 

(b) Answer (a) for the case where 

3 
G(s) = 

2 
s +2s+3 

2.11 For the open-loop system 

3 
G(s) = 

2 
, 

s +2s-3 

assume there is a feedback with a proportional gain, K, and sketch a locus of the closed

loop roots vs. K. What is the minimum value of K to achieve a stable system? 

2.12 For the open-loop system 

1 
G(s) = -----, 

s2(s2 + 2s + 100) 

use a single lead compensation in the feedback to achieve as fast a response as possible, 
keeping the damping of the resonant mode better than s = 0.05. 

2.13 Sketch the locus of roots vs. the parameter b for 

s2 + bs + b + 1 = 0. 

2.14 Sketch the root locus with respect to K for the open-loop system 

G(s,) = 
K (s + 3) 

. 
s(s + 2)(s + 1)2 

After completing the hand sketch, verify your result using MATLAB. 

2.15 Sketch the root locus with respect to K for the open-loop system 

G(s) = 

K(s; 2) 

s 

After completing the hand sketch, verify your result using MATLAB. 

2.16 Sketch the root locus with respect to K for the open-loop system 

G(s) = 
K(s; 2) 

s 

After completing the hand sketch, verify your result using MATLAB. 

2.17 Sketch the root locus with respect to K for the open-loop system 

G(s)= 
K(s+l) 

. 
s(s + 2)(s2 + 25) 

After completing the hand sketch, verify your result using MATLAB. 
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2.18 Sketch a Bode plot for the open-loop system 

(s+0.l) 
G(s) 

s(s + l)(s2 + 2s + 100) • 

2.8 Problems 55 

After completing the hand sketch, verify your result using MATLAB. With unity feedback, 
would the system be stable? 

2.19 Sketch a Bode plot for the open-loop system 

G(s) = 
lOO(s + 1)

. 
s

2
(s + 10) 

After completing the hand sketch, verify your result using MATLAB. With unity feedback, 
would the system be stable? What is the PM? 

2.20 Sketch a Bode plot for the open-loop system 

G(s) = 
5000(s + 1) 

. 
s2 (s + lO)(s + 50) 

After completing the hand sketch, verify your result using MATLAB. With unity feedback, 
would the system be stable? If not, how would you stabilize it? 
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♦ ♦ 

A Perspective on Introductory Digital Control 

The continuous controllers you have studied so far are built using analog elec
tronics such as resistors, capacitors, and operational amplifiers. However, most 
control systems today use digital computers (usually microprocessors or 
microcontrollers) with the necessary input/output hardware to implement the 
controllers. The intent of this chapter is to show the very basic ideas of design
ing control laws that will be implemented in a digital computer. Unlike analog 
electronics, digital computers cannot integrate. Therefore, in order to solve a dif
ferential equation in a computer, the equation must be approximated by reducing 
it to an algebraic equation involving sums and products only. These approxi
mation techniques are often referred to as numerical integration. This chapter 
shows a simple way to make these approximations as an introduction to digital 
control. Later chapters expand on various improvements to these approximations, 
show how to analyze them, and show that digital compensation may also be car
ried out directly without resorting to these approximations. In the final analysis, 
we will see that direct digital design provides the designer with the most accurate 
method and the most flexibility in selection of the sample rate. 

From the material in this chapter, you should be able to design and imple
ment a digital control system. The system would be expected to give adequate 
performance if the sample rate is at least 30 times faster than the bandwidth of 
the system. 

Chapter Overview 

In Section 3.1, you will learn �ow to approximate a continuous D(s) with a set 
of difference equations, a desi� method sometimes referred to as emulation. 
Section 3.1 is sufficient to enable you to approximate a continuous feedback 
controller in a digital control system. Section 3.2 shows the basic effect of 
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58 Chapter 3 Introductory Digital Control 

sampling on the performance of the system and a simple way to analyze that 
effect. Section 3.3 shows how to convert a continuous PID control law to the 
digital form. 

3.1 Digitization 

Figure 3.1 

Basic control-system 
block diagrams: 
(a) continuous system, 
(b) with a digital 
computer 

Figure 3.l(a) shows the topology of the typical continuous system. The com
putation of the error signal, e, and the dynamic compensation, D(s), can all be 
accomplished in a digital computer as shown in Fig. 3.l(b). The fundamental 
differences between the two implementations are that the digital system operates 
on samples of the sensed plant output rather than on the continuous signal and 
that the dynamics represented by D(s) are implemented by algebraic recursive 
equations called difference equations. 

We consider first the action of the analog-to-digital (AID) converter on a 
signal. This device acts on a physical variable, most commonly an electrical 
voltage, and converts it into a binary number that usually consists of 10 or 12 
bits. A binary number with 10 bits can take on 210 = 1024 values; therefore, 
an AID converter with 10 bits has a resolution of 0.1 %. The conversion from 
the analog signal y(t) occurs repetitively at instants of time that are T seconds 

r- ------------� 

I . I 
1 Contmuous controller 1 
I I 

r(t) I 
u(t) : 

I 
I 

I 
I 
I 
I 
I 

y(t) 

L--------------.J 

(a) 

I 
.,.. 

I 

1 Digital controller 1 
I 

,----, 
I 

Tl,, + 
r (t) -----'I 

I r(kT) 
I 
I 
I 
I 
I 
I 
I 

I y(kT) 
I 

T I 
I .___ _ _._ _____ _j I 
! ________________________ ] 

(b) 

Plant 

G(s) y(t) 

Sensor 

Plant 

G(s) y(t) 

Sensor 

y(t) 
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sample period 
sample rate 

ZOH 

Euler's method 

difference equations 

3 .1 Digitization 59 

apart. T is called the sample period and 1 / T is the sample rate in cycles per 
second or Hz (also sometimes given in radians/second or 2n / T). The sampled 
signal is y(kT) where k can take on any integer value. It is often written simply 
as y(k). We call this type of variable a discrete signal to distinguish it from a 
continuous variable like y(t), which changes continuously in time. We make the 
assumption here that the sample period is fixed; however, it may vary depending 
on the implementation as discussed in Section 1.1. 

There also may be a sampler and AID converter for the input command, r(t), 

producing the discrete r(kT) from which the sensed y(kT) would be subtracted 
to arrive at the discrete error signal, e(kT). The differential equation of the 
continuous compensation is approximated by a difference equation which is the 
discrete approximation to the differential equation and can be made to duplicate 
the dynamic behavior of a D(s) if the sample period is short enough. The result 
of the difference equation is a discrete u(kT) at each sample instant. This signal 
is converted to a continuous u(t) by the DIA and hold. The DIA converts the 
binary number to an analog voltage, and a zero-order hold (ZOH) maintains that 
same voltage throughout the sample period. The resulting u(t) is then applied to 
the actuator in precisely the same manner as the continuous implementation. 

One particularly simple way to make a digital computer approximate the real 
time solution of differential equations is to use Euler's method. It follows from 
the definition of a derivative that 

ox 
i = lim - (3.1) 

ot---+0 Of 

where ox is the change in x over a time interval ot. Even if ot is not quite equal 
to zero, this relationship will be approximately true, and 

where 

i(k) � 
x(k + 1) - x(k) 

(3_2) 
T 

T = t
k+1 

- t
k 

(the sample interval in seconds), 

t
k 

= kT (for a constant sample interval), 

k is an integer, 

x(k) is the value of x at t
k
, and 

x(k + 1) is the value of x at t
k+1

. 

This approximation 1 can be used in place of all derivatives that appear in the 
controller differential equations to arrive at a set of equations that can be solved 
by a digital computer. These equations are called difference equations and are 
solved repetitively with time steps of length T. For systems having bandwidths 

1 This particular version is called the forward rectangular rule. See Problem 3.2 for the backward 

rectangular version. 
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60 Chapter 3 Introductory Digital Control 

of a few Hertz, sample rates are often on the order of 100 Hz, so that sample 
periods are on the order of 10 msec and errors from the approximation can be 
quite small. 

Example 3.1 Difference Equations Using Euler� Method 

Using Euler's method, find the difference equations to be programmed into the control computer 
in Fig. 3.l(b) for the case where the D(s) in Fig. 3.l(a) is 

D(s) = U(s) = 
K 

s +a
. (3.3) 

E(s) 0 s+b 

Solution. First find the differential equation that corresponds to D(s). After cross multiplying 
Eq. (3.3) to obtain 

(s + b)U(s) = 
K

0
(s + a)E(s), 

we can see by inspection that the corresponding differential equation is 

it+ bu= K/e + ae). (3.4) 

Using Euler's method to approximate Eq. (3.4) according to Eq. (3.2), we get the approximating 
difference equation 

u(k + 1) - u(k) 
+ bu(k) = K [e(k + 1) - e(k) 

+ ae(k)]. (3_5) T O T 
Rearranging Eq. (3.5) puts the difference equation in the desired form 

u(k + 1) = u(k) + T [-bu(k) + K
0 

( e(k + l;- e(k) 
+ ae(k))] . (3.6) 

Equation (3.6) shows how to compute the new value of the control, u(k + 1), given the past 
value of the control, u(k), and the new ,and past values of the error signal, e(k + 1) and e(k). 
For computational efficiency, it is convenient to re-arrange Eq. (3.6) to 

u(k + 1) = (1 - bT)u(k) + K/aT - l)e(k) + K
0
e(k + 1). (3.7) 

In principle, the difference equation is evaluated initially with k = 0, then 
k = l, 2, 3, .... However, there is usually no requirement that values for all 
times be saved in memory. Therefore, the computer need only have variables 
defined for the current and past values for this first-order difference equation. 
The instructions to the computer to implement the feedback loop in Fig. 3 .1 (b) 
with the difference equation from Eq. (3.7) would call for a continual looping 
through the code in Table 3.1. Note in the table that the calculations have been 
arranged so as to minimize the computations required between the reading of 
the ND and the writing to the D/ A, thus keeping the computation delay to a 
minimum. 
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Table 3.1 Real Time Controller Implementation 

x = 0 (initialization of past values for first loop through) 
Define constants: 
a

1 
= 1 -bT 

a
2 

= K
0
(aT 1) 

READ AID to obtain y and r 
e=r-y 
u x+K

0
e 

OUTPUT u to DIA and ZOH 
now compute x for the next loop through 
x =a, u+a

2
e 

go back to READ when T seconds have elapsed since last READ 

3.1 Digitization 61 

The sample rate required depends on the closed-loop bandwidth of the sys

tem. Generally, sample rates should be faster than 30 times the bandwidth in order 

to assure that the digital controller can be made to closely match the performance 
of the continuous controller. Discrete design methods described in later chapters 
will show how to achieve this performance and the consequences of sampling 
even slower if that is required for the computer being used. However, when using 
the techniques presented in this chapter, a good match to the continuous con
troller is obtained when the sample rate is greater than approximately 30 times 
the bandwidth. 

Example 3.2 Lead Compensation Using a Digital Computer 

Find digital controllers to implement the lead compensation 

s+2 
D(s) =70--

for the plant 

s + 10 

1 
G(s) -

s(s + 1) 

(3.8) 

using sample rates of 20 Hz and 40 Hz. Implement the control equations on an experimental 

laboratory facility like that depicted in Fig. 3.1, that is, one that includes a microprocessor for 
the control equations, a ZOH, and analog electronics for the plant. Compute the theoretical 

step response of the continuous system and compare that with the experimentally determined 
step response of the digitally controlled system. 

Solution. Comparing the compensation transfer function in Eq. (3.8) with Eq. (3.3) shows 

that the values of the parameters in Eq. (3.6) are a 2, b = 10, and K
0 

= 70. For a sample 

rate of 20 Hz, T = 0.05 sec and Eq. (3.6) can be simplified to 

u(k + I) = 0.5u(k) + 70[e(k + 1) - 0.9e(k)]. 
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62 Chapter 3 Introductory Digital Control 

Figure 3.2 

For a sample rate of 40 Hz, T 0.025 sec and Eq. (3.6) simplifies to 

u(k + 1) = 0.75u(k) + 70[e(k + 1) - 0.95e(k)]. 

The statements in MATLAB2 to compute the continuous step response is 

numD = 70*[1 2], denD = [1 1 0] 

numG = 1, denG = [1 0] 

sys1 = tf(numD,denD)*tf(numG,denG) 

sysC L = feedback(sys 1, 1) 

step(sysC L). 

Figure 3.2 shows the step response of the two digital controllers compared to the continuous 
step response. Note that the 40 Hz sample rate (about 30 x bandwidth) behaves essentially like 
the continuous case, whereas the 20 Hz sample rate (about 15 x bandwidth) has a detectable 
increased overshoot signifying some degradation in the damping. The damping would degrade 
further if the sample rate were made any slower. 

The MATLAB file that created Fig. 3.2 (fig32.m) computed the digital responses as well 
as the continuous response. You will learn how to compute the response of a digital system in 
Chapter 4. 

Continuous and digital step response using Euler's method for discretization: (a) 20 Hz 
sample rate, (b) 40 Hz sample rate 

1.5 

1.0 0 

15:: 

0.5 

0 
0 0.2 0.4 

-- Analog control 

� Digital control 

0.6 0.8 

Time (sec) 

(a) 

1.5 t--------r----,----......-----,r------, 

I i.o i---+----...�-1---+-������ 
:::, 
0 

15:: 0.5 l-----,l'-l----1-------"-.-+---------,f------l 

-- Analog control 

� Digital control 

0 w=,.. __ __,__ ___ � __ _,__ __ ____. ______ _,___ 

0 0.2 0.4 0.6 0.8 

Time (sec) 

(b) 

2 Assumes the use of MATLAB v5 and Control System Toolbox v4. For prior versions, see Appendix F. 
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3.2 Effect of Sampling 63 

In Chapter 6, you will see that there are several ways to approximate a 
continuous transfer function, each with different merits, and most with better 
qualities than the Euler method presented here. In fact, MATLAB provides a 
function (c2d.m) that computes these approximations. However, before those 
methods can be examined, it will be necessary to understand discrete transfer 
functions, a topic covered in Chapter 4. 

3.2 Effect of Sampling 

It is worthy to note that the single most important impact of implementing a 
control system digitally is the delay associated with the hold. A delay in any 
feedback system degrades the stability and damping of the system. Because each 
value of u(kT) in Fig. 3.l(b) is held constant until the next value is available 
from the computer, the continuous value of u(t) consists of steps (see Fig. 3.3) 
that, on the average, lag u(kT) by T /2, as shown by the dashed line in the figure. 
By incorporating a continuous approximation of this T /2 delay in a continuous 
analysis of the system, an assessment can be made of the effect of the delay in 
the digitally controlled system. The delay can be approximated by the method of 
Pade. The simplest first-order approximation is 

G (s) - 2/ T 
(3.9) 

h - s+2/T 

Figure 3.4 compares the responses from Fig. 3.2 with a continuous analysis 
that includes a delay approximation according to Eq. (3.9). 

This linear approximation of the sampling delay (Eq. (3.9)) could also be 
used to determine the effect of a particular sample rate on the roots of a system 
via linear analysis, perhaps a locus of roots vs. T. Alternatively, the effect of a 
delay can be analyzed using fre'quency response techniques because a time delay 
of T /2 translates into a phase decrease of 

wT 

8¢ = -2. 
(3.10) 

Figure 3.3 u 
The delay due to the 
hold operation 

2 3 4 5 6 7 8 kT 
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64 Chapter 3 Introductory Digital Control 

Figure 3.4 
Continuous and digital 
step response at 20 Hz 
sample rate showing 
results with a T /2 delay 
approximation 

1.5 r------,------,-----r-----r---.......---..-----,----,------,-------, 

?-, 

0 0.5 

0.1 0.2 0.3 

:--: contin�ous co(ltrol 
. . . . . .. . . . . . .  · · 4 · • · . . . . .. . . . • . . . . . . . .  . 

:�: digitafoontrol :using Eulers method 
:••••••••: contintious co1;1trol wi�h delay :approx 

0.4 0.5 

Time (sec) 
0.6 0.7 0.8 0.9 

Thus, we see that the loss of phase margin due to sampling can be estimated 
by invoking Eq. (3.10) with cv equal to the frequency where the magnitude equals 
one, that is, the "gain crossover frequency." 

Example 3.3 Approximate Analysis of the Effect of Sampling 

For the system in Example 3.2, determine the decrease in damping that would result from 
sampling at 10 Hz. Use both linear analysis and the frequency response method. Compare 
the time response of the continuous system with the discrete implementation to validate the 
analysis. 

Solution. The damping of the system in Example 3.2 can be obtained from the MATLAB 
statement 

damp(sysCL) 

where sysCL is that computed in Examp
1
le 3.2. The result isl; = .56. 

The damping of the system with the simple delay approximation added (Eq. (3.9)) is 
obtained from 

T = 1/10 

numDL = 2ff, denDL = [1 2ff] 

sys2 = tf(numDL,denDL)*sys1 

sysCL = feedback(sys2, 1) 

damp(sysCL) 

where sys 1 is that computed in Example 3 .2. The result of this calculation is l; = .33. 
The frequency response of the continuous system is shown by the solid line in Fig. 3.5 and 

shows that the crossover frequency is about 6 rad/sec and the PM is about 50
°

. The line of small 
circles shows the phase corrected by Eq. (3.10) and, therefore, that the PM decreases to about 
30

°

. For more precision, the use of margin.m in MATLAB shows that the continuous system 
has a PM of 49 .5° at a crossover frequency of 6.17 rad/sec. Equation (3 .10) then indicates that 
the correction due to sampling should be 17. 7°, thus the PM of the digital system would be 
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Figure 3.5 
Frequency response for 
Example 3.3 

Figure 3.6 
Continuous and digital 
responses for Example 
3.3 (at 10 Hz sample 
rate) 

3.2 Effect of Sampling 65 

31.8° . Since the PM is approximately 100 x s, this analysis shows that the s decreases from 

approximately 0.5 for the continuous system to 0.32 for the digital system. 

Both analysis methods indicate a similar reduction in the damping of the system. One 

should, therefore, expect that the overshoot of the step response should increase. For the case 

with no zeros, Fig. 2. 7 indicates that this decrease in s should result in the step response 

overshoot, M
P, going from 16% to 35% for a 2nd-order system with no zeros. The actual step 

responses in Fig. 3.6 have about 20% overshoot for the continuous system and about 30% for 

the digital case. So, we see that the approximate analysis was somewhat conservative in the 

prediction of the decreased damping and increased overshoot in the digital case. The trend 

that decreasing sample rate causes decreasing damping and stability will be analyzed more 

completely throughout the book. 
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66 Chapter 3 Introductory Digital Control 

3.3 PID Control 

The notion of proportional, integral, and derivative (PID) control is reviewed in 
Section 2.2.3. Reviewing again briefly, the three terms are proportional control 

u(t) = Ke(t), (3.11) 

integral control 

K
l

t 

u(t) = - e(ry)dry, 
Tl 0 

(3.12) 

and derivative control 

(3.13) 

where K is called the proportional gain, T
1 

the integral time, and T
D 

the derivative 
time. These three constants define the control. 

The approximations of these individual control terms to an algebraic equation 
that can be implemented in a digital computer are proportional control 

u(k) = Ke(k), (3.14) 

integral control 

K 
u(k) = u(k - 1) + -Te(k), 

T
l 

(3.15) 

and derivative control 

KT 
u(k) = _D [e(k) - e(k - 1)]. 

T 
(3.16) 

Equation (3.11) is already algebraic, therefore Eq. (3.14) follows directly while 
Eqs. (3.15) and (3.16) result from an application of Euler's method (Eq. (3.2)) to 
Eqs. (3.12) and (3.13). However, normally these terms are used together and, in 
this case, the combination needs to be done carefully. The combined continuous 
transfer function (Eq. 2.24) is 

u(s) 1 
D(s) = - = K(l + - + T

D
s). 

e(s) T
1
s 

Therefore, the differential equation relating u (t) and e (t) is 

1 
it = K (e + -e + T

D
e) 

T
l 

and the use of Euler's method (twice fore) results in 

u(k) = u(k - I) + K [ ( I + ;, + ; ) e(k) - (I+ 2;) e(k I)+; e(k- 2i]. 
(3.17) 
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3.3 PID Control 67 

Example 3.4 Transforming a Continuous PID to a Digital Computer 

A micro-servo motor has a transfer function from the input applied voltage to the output speed 
(rad/sec), 

360000 
G(s) = 

-
(s_ +_6_0_)

-
(s_+ _6_0_0_) 

(3.18) 

It has been determined that PID control with K = 5, T
D 

= 0.0008 sec, and T
I 

= 0.003 sec gives 
satisfactory performance for the continuous case. Pick an appropriate sample rate, determine 
the corresponding digital control law, and implement on a digital system. Compare the digital 
step response with the calculated response of a continuous system. Also, separately investigate 
the effect of a higher sample rate and re-tuning the PID parameters on the ability of the digital 
system to match the continuous response. 

Solution. The sample rate needs to be selected first. But before we can do that, we need to 
know how fast the system is or what its bandwidth is. The solid line in Fig. 3.7 shows the step 
response of the continuous system and indicates that the rise time is about 1 msec. Based on 
Eq. (2.16), this suggests that wn � 1800 rad/sec, and so the bandwidth would be on the order 
of 2000 rad/sec or 320 Hz. Therefore, the sample rate would be about 3.2 kHz if 10 times 
bandwidth. So let's pick T = 0.3 msec. Use ofEq. (3.17) results in the difference equation 

u(k) = u(k - 1) + 5[3.7667e(k) - 6.3333e(k - 1) + 2.6667e(k 2)] 

which, when implemented in the digital computer results in the line with stars in Fig. 3.7. 
This implementation shows a considerably increased overshoot over the continuous case. The 
line with circles in the figure shows the improved performance obtained by increasing the 
sample rate to 10 kHz; i.e., a sample rate about 30 times bandwidth, while using the same PID 
parameters as before. It shows that the digital performance has improved to be essentially the 
same as the continuous case. 

Increasing the sample rate, ho,wever, will increase the cost of the computer and the 
ND converter; therefore, there will be a cost benefit by improving the performance while 
maintaining the 3.2 kHz sample rate. A look at Fig. 3.7 shows that the digital response 
(T = 0.3 msec) has a faster rise time and less damping than the continuous case. This suggests 
that the proportional gain, K, should be reduced to slow the system down and the deriva
tive time, T

D
, should be increased to increase the damping. Some trial and error, keeping 

these ideas in mind, produces the results in Fig. 3.8. The revised PID parameters that pro
duced these results are K = 3.2 and T

0 
= 0.0011 sec. The integral reset time, T

I
, was left 

unchanged. 

This example once again showed the characteristics of a digital control 
system. The damping was degraded an increasing amount , as the sample rate 
was reduced. Furthermore, it was possible to restore the damping with suitable 
adjustments to the control. 
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68 Chapter 3 Introductory Digital Control 

Figure 3.7 
Step response of a 
micro-motor, Example 
3.4, same PID 
parameters 

Figure 3.8 
Effect of PID tuning on 
the digital response, 
Example 3.4 

1.5 ..-----r------.-----,---r----,-------,----,---,----,-----. 

:--: continuous . . . � ......... -. . . . . .... . 
:�: digital,: T = 0.3: msec 
:-e-e-e-1 digital) T = 0. Ii msec 

2 3 4 5 6 7 8 9 10 
Time (msec) 

1.5 ..----.------,-----,---,----.-----,-------.------.-----. 

-e-e-e-_ digital,_ T = 0.3_ msec 

2 3 4 5 6 7 8 9 10 
Time (msec) 

3.4 Summary 

• Digitization methods allow the designer to convert a continuous compensa
tion, D(s), into a set of differ�nce equations that can be programmed directly 
into a control computer. 

• Euler's method can be used for the digitization 

x(k) � 
x(k + 1) x(k) 

T (3.2) 

• As long as the sample rate is on the order of 30 x bandwidth or faster, the 
digitally controlled system will behave close to its continuous counterpart 
and the continuous analysis that has been the subject of your continuous 
control systems study will suffice. 

• For sample rates on the order of 10 to 30 times the bandwidth, a first order 
analysis can be carried out by introducing a delay of T /2 in the continuous 
analysis to see how well the digital implementation matches the continuous 
analysis. A zero-pole approximation for this delay is 

G s)-
2/T 

/ - s+2/T (3.9) 
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3.5 Problems 69 

The delay can be analyzed more accurately using frequency response where 
the phase from the continuous analysis should be decreased by 

cvT 

8¢ = 2· 
(3.10) 

• A continuous PID control law whose transfer function is 
u(s) 1 

D(s) = - = K(l + -+ T
D

s) e(s) T
1
s 

can be implemented digitally using Eq. (3.17) 

u(k) = u(k - I)+ K [ (I+ ; + 7;) e(k) - (I+ 21;) e(k - I)+ 7; e(k - 2)]. 

The digital control system will behave reasonably close to the continuous 
system providing the sample rate is faster than 30 times the bandwidth. 

• In order to analyze the system accurately for any sample rate, but especially 
for sample rates below about 30 times bandwidth, you will have to proceed 
on to the next chapters to learn about z-transforms and how to apply them to 
the study of discrete systems. 

• For digital control systems with sample rates less than 30 times bandwidth, 
design is often carried out directly in the discrete domain, eliminating ap
proximation errors. 

3.5 Problems 
3.1 Do the following: 

(a) Design a continuous lead ,compensation for the satellite attitude control example 
(G(s) = 1/s2) described in Appendix A.I so that the complex roots are at 
approximately s = -4.4 ± j4.4 rad/sec. 

(b) Assuming the compensation is to be implemented digitally, approximate the effect 
of the digital implementation to be a delay of T /2 as given by 

2/T 

s +2/T 

and determine the revised root locations for sample rates of cvs = 5 Hz, 10 Hz, and 
20 Hz where T I/cvs sec. 

3.2 Repeat Example 3.1, but use the approximation that 

x(k) � 
x(k) - x(k I) 

T 

the backward rectangular version of Euler's method. Compare the resulting difference 
equations with the forward rectangular Euler method. Also compute the numerical value 
of the coefficients for both cases vs. sample rate for cv s I - 100 Hz. Assume the 
continuous values from Eq. (3.8). Note that the coefficients of interest are given in 
Eq. (3.7) for the forward rectangular case as (1 bT) and (aT 1). 
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70 Chapter 3 Introductory Digital Control 

3.3 For the compensation 
s+l 

D(s) =25--, 
s + 15 

use Euler's forward retangular method to determine the difference equations for a digital 
implementation with a sample rate of 80 Hz. Repeat the calculations using the backward 
retangular method (see Problem 3.2) and compare the difference equation coefficients. 

3.4 For the compensation 
s+2 

D(s) = 5 
s + 20 ' 

use Euler's forward retangular method to determine the difference equations for a digital 
implementation with a sample rate of 80 Hz. Repeat the calculations using the backward 
retangular method (see Problem 3.2) and compare the difference equation coefficients. 

3.5 The read arm on a computer disk drive has the transfer function 
1000 

G(s) = -
2
-. 

s 

Design a digital PID controller that has a bandwidth of 100 Hz, a phase margin of 50° , 
and has no output error for a constant bias torque from the drive motor. Use a sample 
rate of 6 kHz. 

3.6 The read arm on a computer disk drive has the transfer function 

G(s) 
1000 
;:-· 

Design a digital controller that has a bandwidth of 100 Hz and a phase margin of 50° . 
Use a sample rate of 6 kHz. 

3.7 For 
1 

G(s) = 2, 
s 

(a) design a continuous compen�ation so that the closed-loop system has a rise time 
tr < 1 sec and overshoot MP < 15% to a step input command, 

(b) revise the compensation so the specifications would still be met if the feedback was 
implemented digitally with a sample rate of 5 Hz, and 

(c) find difference equations that will implement the compensation in the digital 
computer. 

3.8 The read arm on a computer disk drive has the transfer function 
500 

G(s) = -

2
. 

s 

Design a continuous lead compensation so that the closed-loop system has a bandwidth 
of 100 Hz and a phase margin of 50° . Modify the MATLAB file fig32.m so that you can 
evaluate the digital version of your lead compensation using Euler's forward retangular 
method. Try different sample rates, and find the slowest one where the overshoot does 
not exceed 30%. 

3.9 The antenna tracker has the transfer function 
10 

G(s)--
- s(s + 2) • 
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Design a continuous lead compensation so that the closed-loop system has a rise time 
t < 0.3 sec and overshoot M < 10%. Modify the MATLAB file fig32.m so that you can 
r p 

evaluate the digital version of your lead compensation using Euler's forward retangular 
method. Try different sample rates, and find the slowest one where the overshoot does 
not exceed 20%. 

3.10 The antenna tracker has the transfer function 
10 

G(s) = 
s(s + 2) 

Design a continuous lead compensation so that the closed-loop system has a rise time 
tr < 0.3 sec and overshoot MP < 10%. Approximate the effect of a digital implementa
tion to be 

2/T 
Gh (s) = 

s +2/T' 
and estimate MP for a digital implementation with a sample rate of 10 Hz. 
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♦ ♦ 

A Perspective on Discrete Systems Analysis 

The unique element in the structure of Fig. 3 .1 is the digital computer. The 
fundamental character of the digital computer is that it takes a finite time to 
compute answers, and it does so at discrete steps in time. The purpose of this 
chapter is to develop tools of analysis necessary to understand and to guide the 
design of programs for a computer sampling at discrete times and acting as a 
linear, dynamic control component. Needless to say, digital computers can do 
many things other than control linear dynamic systems; it is our purpose in this 
chapter to examine their characteristics when doing this elementary control task 
and to develop the basic analysis tools needed to write programs for real-time 
computer control. 

Chapter Overview 
I 

Section 4.1 restates the difference equations used by a computer to represent a 
dynamic system, a topic covered very briefly in Section 3.1. The tool for analyzing 
this sort of system, the z-transform, is introduced and developed in Section 4.2. 
Use of the z-transform is developed further in Section 4.3 to show how it applies 
to the combined system in Fig. 3.1. Furthermore, state-space models of discrete 
systems are developed in this section. Section 4.4 shows the correspondence 
between roots in the z-plane and time response characteristics while Section 4.5 
discusses characteristics of the discrete frequency response. The last section, 4.6, 
derives properties of the z-transform. 

4 .1 Linear Difference Equations 

We assume that the analog-to-digital converter (AID) in Fig. 1.1 takes samples 
of the signal y at discrete times and passes them to the computer so that y(kT) = 

73 
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7 4 Chapter 4 Discrete Systems Analysis 

constant coefficients 

y(kT). The job of the computer is to take these sample values and compute in 
some fashion the signals to be put out through the digital-to-analog converter 
(DI A). The characteristics of the AID and D/ A converters will be discussed later. 
Here we consider the treatment of the data inside the computer. Suppose we call 
the input signals up to the kth sample e

0
, e

1
, e

2
, ... , e

k ' and the output signals 
prior to that time u

0
, u

1
, u

2
, ... , u

k-l
. Then, to get the next output, we have the 

machine compute some function, which we can express in symbolic form as 

(4.1) 

Because we plan to emphasize the elementary and the dynamic possibilities, 
we assume that the function fin Eq. (4.1) is linear and depends on only a.finite 
number of past e's and u's. Thus we write 

Uk = -al Uk-1 - a2Uk-2 - • • • an
u

k-n 

+bo
e

k + b l
e

k-1 + ... + bm
e

k-m· 
(4.2) 

Equation ( 4.2) is called a linear recurrence equation or difference equation 
and, as we shall see, has many similarities with a linear differential equation. The 
name "difference equation " derives from the fact that we could write Eq. (4.2) 
using u

k 
plus the differences in u

k
, which are defined as 

Vu
k = uk - u

k-1 
V2

u
k 

= Vu
k - Vu

k-1 
vn

u
k = 

vn-l

Uk 
vn-lU

n-1' (4.3) 

If we solve Eq. (4.3) for the values of u
k
, u

k-l' and u
k
_

2 
in terms of differ

ences, we find 

Uk
= Uk ' 

u
k-1 = Uk - 'Vu

k 

u
k-2 = Uk - 2Vu

k + V2
u

k
. 

Thus, for a second-order equation with coefficients a1
, a2

, and b0 
(we let 

b1 = 
b

2 = 
0 for simplicity), we find the equivalent difference equation to be 

a2 'V
2

u
k - (a1 + 2a2

)Vu
k + (a2 + a1 + l)u

k = b0
e

k . 

Although the two forms are equivalent, the recurrence form of Eq. (4.2) 
is more convenient for computer implementation; we will drop the form using 
differences. We will continue, however, to refer to our equations as "difference 
equations." If the a's and h's in Eq. (4.2) are constant, then the computer is solving 
a constant-coefficient difference equation (CCDE). We plan to demonstrate 
later that with such equations the computer can control linear constant dynamic 
systems and approximate most of the other tasks of linear, constant, dynamic 
systems, including performing the functions of electronic filters. To do so, it is 
necessary first to examine methods of obtaining solutions to Eq. (4.2) and to 
study the general properties of these solutions. 
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figure 4.1 
The Fibonacci numbers 

4 .1 Linear Difference Equations 7 5 

To solve a specific CCDE is an elementary matter. We need a starting time 
(k-value) and some initial conditions to characterize the contents of the computer 
memory at this time. For example, suppose we take the case 

(4.4) 

and start at k = 2. Here there are no input values, and to compute u
2 

we need 
to know the (initial) values for u

0 
and u

1
. Let us take them to be u

0 
= u

1 
= 1. 

The first nine values are 1, 1, 2, 3, 5, 8, 13, 2 1, 3 4  .... A plot of the values of u
k 

versus k is shown in Fig. 4.1. 
The results, the Fibonacci numbers, are named after the thirteenth-century 

mathematician1 who studied them. For example, Eq. (4.4) has been used to 
model the growth of rabbits in a protected environment2

. However that may be, 
the output of the system represented by Eq. (4.4) would seem to be growing, to 
say the least. If the response of a dynamic system to any finite initial conditions 
can grow without bound, we call the system unstable. We would like to be able 
to examine equations like Eq. (4.2) and, without having to solve them explicitly, 
see if they are stable or unstable and even understand the general shape of the 
solution. 

u(k) 

35 

30 

25 

20 

15 

10 

5 

0 
0 2 

I 

3 4 

k 

5 6 7 8 

1 Leonardo Fibonacci of Pisa, who introduced Arabic notation to the Latin world about 1200 A.D. 

2 Wilde ( 1964 ). Assume that u k represents pairs of rabbits and that babies are born in pairs. Assume that 
no rabbits die and that a new pair begin reproduction after one period. Thus at time k, we have all the 
old rabbits, u k-l' plus the newborn pairs born to the mature rabbits, which are u k-2. 
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7 6 Chapter 4 Discrete Systems Analysis 

characteristic equation 

One approach to solving this problem is to assume a form for the solution 
with unknown constants and to solve for the constants to match the given initial 
conditions. For continuous, ordinary, differential equations that are constant and 
linear, exponential solutions of the form est are used. In the case of linear, constant, 
difference equations, it turns out that solutions of the form l will do where z has 
the role of s and k is the discrete independent variable replacing time, t. Consider 
Eq. (4.4). If we assume that u(k) = Al, we get the equation 

Al = Al- 1 + Al-2
. 

Now if we assume z =I- 0 and A =I- 0, we can divide by A and multiply by z-k, 
with the result 

or 

z2 = z + 1. 

This polynomial of second degree has two solutions, z
1,2 

= 1 /2 ± ,J's /2. Let's 
call these z

1 
and z

2
. Since our equation is linear, a sum of the individual solutions 

will also be a solution. Thus, we have found that a solution to Eq. (4.4) is of the 
form 

u(k) = A
1
z/ + A

2
z/_ 

We can solve for the unknown constants by requiring that this general solution 
satisfy the specific initial conditions given. If we substitute k = 0 and k = 1, we 
obtain the simultaneous equations 

1 = A
1 
+ A

2
, 

1 = A
1
z

1 
+ Az

2
• 

These equations are easily solved to give 

A = -J"s+l 
1 2,J"s' 

,J's - 1 
Az = 

2,J"s. 

And now we have the complete solution of Eq. (4.4) in a closed form. 
Furthermore, we can see that since z

1 
= (1 + ,J's) /2 is greater than 1, the term 

in z
1 
k will grow without bound as k grows, which confirms our suspicion that 

the equation represents an unstable system. We can generalize this result. The 
equation in z that we obtain after we substitute u = l is a polynomial in z 
known as the characteristic equation of the difference equation. If any solution 
of this equation is outside the unit circle (has a magnitude greater than one), 
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4.1 Linear Difference Equations 77 

the corresponding difference equation is unstable in the specific sense that for 
some finite initial conditions the solution will grow without bound as time goes 
to infinity. If all the roots of the characteristic equation are inside the unit circle, 
the corresponding difference equation is stable. 

Example 4 .1 Discrete Stability 

Is the equation 

Figure 4.2 
Plot of a function and 
alternative 
approximations to the 
area under the curve 
over a single time 
interval 

stable? 

u(k) = 0.9u(k 1) 0.2u(k - 2) 

Solution. The characteristic equation is 

z2 - 0.9z + 0.2 0, 

and the characteristic roots are z = 0.5 and z 0.4. Since both these roots are inside the unit 
circle, the equation is stable. 

As an example of the origins of a difference equation with an external 
input, we consider the discrete approximation to integration. Suppose we have a 
continuous signal, e(t), of which a segment is sketched in Fig. 4.2, and we wish 
to compute an approximation to the integral 

.J = [ e(t) dt, (4.5) 

using only the discrete values e(O), ... , e(t
k
_1), e(t

k
). We assume that we have 

an approximation for the integral from zero to the time t
k
-l and we call it uk_1. 

The problem is to obtain u k from this information. Taking the view of the integral 
as the area under the curve e(t), we see that this problem reduces to finding an 
approximation to the area under the curve between t

k
-l and t

k
. Three alternatives 

are sketched in Fig. 4.2. We can use the rectangle of height e
k
-l' or the rectangle 

e e e 

k-1 k k-1 k k- 1 k 
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78 Chapter 4 Discrete Systems Analysis 

Trapezoid rule 

of height e
k
, or the trapezoid formed by connecting e

k-I to e
k 

by a straight line. 
If we take the third choice, the area of the trapezoid is 

A 
t
k - t

k-1 
2 

(e
k + ek-1). (4.6) 

Finally, if we assume that the sampling period, t
k - t

k-1' is a constant, T, we are 
led to a simple formula for discrete integration called the trapezoid rule 

T 

Uk = Uk-I + 2(e
k + ek-1). (4.7) 

If e(t) = t, then e
k 

= kT and substitution of u
k 

= (T2 /2)k2 satisfies Eq. (4.7) 
and is exactly the integral of e. (It should be, because if e(t) is a straight line, 
the trapezoid is the exact area.) If we approximate the area under the curve by 
the rectangle of height e k-

I
, the result is called the forward rectangular rule 

( sometimes called Euler's method, as discussed in Chapter 3 for an approximation 
to differentiation) and is described by 

The other possibility is the backward rectangular rule, given by 

Each of these integration rules is a special case of our general difference equation 
Eq. (4.2). We will examine the properties of these rules later, in Chapter 6, while 
discussing means to obtain a difference equation that will be equivalent to a given 
differential equation. 

Thus we see that difference eqpations can be evaluated directly by a digital 
computer and that they can represent models of physical processes and approxi
mations to integration. It turns out that if the difference equations are linear with 
coefficients that are constant, we can describe the relation between u and e by a 
transfer function, and thereby gain a great aid to analysis and also to the design 
of linear, constant, discrete controls. 

4.2 The Discrete Transfer Function 

We will obtain the transfer function of linear, constant, discrete systems by the 
method of z-transform analysis. A logical alternative viewpoint that requires a 
bit more mathematics but has some appeal is given in Section 4.6.2. The results 
are the same. We also show how these same results can be expressed in the state 
space form in Section 4.2.3. 
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4.2.1 The z-Transform 

4.2 The Discrete Transfer Function 79 

If a signal has discrete values e0 , e 1, ... , e k, . . .  we define the z -transform of the 
signal as the function 3

•
4 

E(z) � Z{e(k)} 

(4.8) 

and we assume we can find values of r 
O 

and R0 as bounds on the magnitude of 
the complex variable z for which the series Eq. (4.8) converges. A discussion of 
convergence is deferred until Section 4.6. 

Example 4.2 The z-Transform 

The data e 
k 

are taken as samples from the time signal e-ar 1 (t) at sampling period T where 1 (t) 
is the unit step function, zero fort< 0, and one fort:::: 0. Then e

k 
= e-akTl(kT). Find the 

z-transform of this signal. 

Solution. Applying Eq. (4.8), we find that 
00 00 

"' -k "' -akT -k 
L e

k
z =Le z 

k=-oo 0 

We will return to the analysis of signals and development of a table of useful 
z-transforms in Section 4.4; we first examine the use of the transform to reduce 

3 We use the notation ,;, to mean "is defined as." 

4 In Eq. (4.8) the lower limit is -oo so that values of e
k 

on both sides of k O are included. The 

transform so defined is sometimes called the two-sided z-transform to distinguish it from the one-sided 

definition, which would be I:r e
k
z-k . For signals that are zero fork < 0, the transforms obviously 

give identical results. To take the one-sided transform of u
k-I' however, we must handle the value of 

u _ 1, and thus are initial conditions introduced by the one-sided transform. Examination of this property 

and other features of the one-sided transform are invited by the problems. We select the two-sided 

transform because we need to consider signals that extend into negative time when we study random 

signals in Chapter 12. 
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80 Chapter 4 Discrete Systems Analysis 

difference equations to algebraic equations and techniques for representing these as block diagrams. 
4.2.2 The Transfer Function 

The z-transform has the same role in discrete systems that the Laplace transform has in analysis of continuous systems. For example, the z-transforms for e
k 

and uk 
in the difference equation (4.2) or in the trapezoid integration (4.7) are related in a simple way that permits the rapid solution of linear, constant, difference equations of this kind. To find the relation, we proceed by direct substitution. We take the definition given by Eq. (4.8) and, in the same way, we define the z-transform of the sequence {uk

} as 
00 U(z) = L ukz-k. (4.9) 

k=-oo 
Now we multiply Eq. (4.7) by z-k and sum over k. We get oo oo y(oo oo ) 

k

� ukz-k = 

k
�oo uk-lz-k 

+ 2 
k

� ekz-k 
+ 

k

� ek_lz-k (4.10) 
From Eq. (4.9), we recognize the left-hand side as U(z). In the first term on the right, we let k - 1 = j to obtain 

00 00 

L uk-1z-k 
= L u

j
z-u+i) = z-1 U(z). 

k=-oo j=-oo (4.11) 
By similar operations on the third and fourth terms we can reduce Eq. (4.10) to T U(z) = z-1 U(z,) + 2 [E(z) + z-1 E(z)]. (4.12) 
Equation (4.12) is now simply an algebraic equation in z and the functions U and 
E. Solving it we obtain 

(4.13) 
We define the ratio of the transform of the output to the transform of the input as the transfer function, H(z). Thus, in this case, the transfer function for trapezoid-rule integration is 

U(z) � H(z) = !_ z + 1 . (4.14) E(z) 2 z - 1 For the more general relation given by Eq. ( 4.2), it is readily verified by the same techniques that 
b + b z-1 

+ · · · + b z-m H(z) = 

o 1 m 1 + a z-1 
+ a z-2 

+ ... + a z-n ' 
I 2 n 
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poles 

4.2 The Discrete Transfer Function 81 

and if n � m, we can write this as a ratio of polynomials in z as 

b zll 
+ b Zn-I+ ... + b zn-m 

H(z) = 

0 I m (4.15) 

or 
Zn 

+ a zn- l + a zn-2 
+ . . .  a 

1 2 n 

H(z) = 

b(z)
. 

a(z) 

This transfer function is represented in MATLAB in the tf form similarly to the 
continuous case as discussed after Eq. (2.6). The numerator of Eq. (4.15) would 
be specified in MATLAB as a 1 x (n + 1) matrix of the coefficients, for example, 
whenm =n 

num = [ho b
l 

b
2 

b
m ] 

and when n > m, there would be n - m zeros after b 
m

. The quantity specifying 
the denominator would be specified as a 1 x (n + 1) matrix, for example 

den = [1 a1 a
2 

a11]. 

Note that H (z) was assumed to be in the form given by Eq. ( 4.15), that is, with 

positive powers of z. The discrete system is specified as5 

sys= tf(num, den, T) 

where T is the sample period. 
The general input-output relation between transforms with linear, constant, 

difference equations is 

U(z) = H(z)E(z). (4.16) 
I 

Although we have developed the transfer function with the z-transform, it is also 
true that the transfer function is the ratio of the output to the input when both 
vary as l. 

Because H (z) is a rational function of a complex variable, we use the ter
minology of that subject. Suppose we call the numerator polynomial b(z) and 
the denominator a(z). The places in z where b(z) = 0 are zeros of the transfer 
function, and the places in z where a(z) = 0 are the poles of H(z). If z

0 
is a pole 

and (z - z
0
)P H (z) has neither pole nor zero at z

0
, we say that H (z) has a pole of 

order p at z
0

. If p = 1, the pole is simple. The transfer function Eq. (4.14) has 
a simple pole at z = 1 and a simple zero at z = -1. When completely factored, 
the transfer function would be 

H(z) = K 
Il;= 1 (z - z), (4.17) 
Ili=1(z - P) 

5 Assumes the use of MATLAB v5 and Control Toolbox v4. For prior versions, see Appendix F. 
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82 Chapter 4 Discrete Systems Analysis 

and the quantities specifying the transfer function in the MATLAB zpk form are 
an m x 1 matrix of the zeros, an n x 1 matrix of the poles, and a scalar gain, for 
example 

The system is then 

sys = zpk(z, p, k, T). 

We can now give a physical meaning to the variable z. Suppose we let 
all coefficients in Eq. (4.15) be zero except b

1 
and we take b

1 
to be 1. Then 

H (z) = z- 1
. But H (z) represents the transform of Eq. ( 4.2), and with these 

coefficient values the difference equation reduces to 

(4.18) 

z- 1 and cycle delay The present value of the output, u
k

, equals the input delayed by one period. Thus 
we see that a transfer function of z- 1 is a delay of one time unit. We can picture 
the situation as in Fig. 4.3, where both time and transform relations are shown. 

Figure 4.3 
The unit delay 

Since the relations of Eqs. (4.7), (4.14), (4.15) are all composed of delays, 
they can be expressed in terms of z- 1

. Consider Eq. (4.7). In Fig. 4.4 we illustrate 
the difference equation (4.7) using the transfer function z- 1 as the symbol for a 
unit delay. 

We can follow the operations of the discrete integrator by tracing the signals 
through Fig. 4.4. For example, the present value of e k is passed to the first summer, 
where it is added to the previous value e k- l, and the sum is multiplied by T /2 to 
compute the area of the trapezoid between e k- l and e k. This is the signal marked 

a
k 

in Fig. 4.4. After this, there is another sum, where the previous output, u
k-1' 

is added to the new area to form the next value of the integral estimate, u
k

. The 
discrete integration occurs in the loop with one delay, z- 1

, and unity gain. 

4.2.3 Block Diagrams and State-Variable Descriptions 

Because Eq. (4.16) is a linear algebraic relationship, a system of such relations 
is described by a system of linear equations. These can be solved by the methods 
of linear algebra or by the graphical methods of block diagrams in the same 

E{z) U(z) = z-1 E{z) 
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figure 4.4 
A block diagram of 
trapezoid integration as 
represented by Eq. (4.7) 

figure 4.5 
Block diagram of parallel 
blocks 

figure 4.6 

Block diagram of 
cascade blocks 

4. 2 The Discrete Transfer Function 83 

way as for continuous system transfer functions. To use block-diagram analysis 
to manipulate these discrete-transfer-function relationships, there are only four 
primitive cases: 

1. The transfer function of paths in parallel is the sum of the single-path transfer 
functions (Fig. 4.5). 

2. The transfer function of paths in series is the product of the path transfer 
functions (Fig. 4.6). 

3. The transfer function of a single loop of paths is the transfer function of the 
forward path divided by one minus the loop transfer function (Fig. 4.7). 

4. The transfer function of an arbitrary multipath diagram is given by combi
nations of these cases. Mason's rule6 can also be used. 

For the general difference equation of (4.2), we already have the transfer 
function in Eq. (4.15). It is interesting to connect this case with a block diagram 

�� 
H(z) = H1 (z)H2(z) 

6 Mason (1956). See Franklin, Powell, and Emami-Naeini (1986) for a discussion. 
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84 Chapter 4 Discrete Systems Analysis 

Figure 4.7 
Feedback transfer 

function 

control canonical form 

u 

using only simple delay forms for z in order to see several "canonical" block 
diagrams and to introduce the description of discrete systems using equations of 
state. 

*Canonical Forms 

There are many ways to reduce the difference equation (4.2) to a block diagram 
involving z only as the delay operator, z-1

. The first one we will consider leads 
to the "control" canonical form. We begin with the transfer function as a ratio 
of polynomials 

b(z) 
U(z) = H(z)E(z) = 

a(z) 
E(z) = b(z);, 

where 

and thus 

a(z); = E(z). 

At this point we need to get specific; and rather than carry through with a 
system of arbitrary order, we will work out the details for the third-order case. 
In the development that follows, we will consider the variables u, e, and � 
as time variables and z as an advance operator such that zu(k) = u(k + 1) or 

z- 1u(k) = u(k - 1). With this convention (which is simply using the property of 
z derived earlier), consider the equations 

(z3 
+ a1 z

2 
+ a2z + a3); = e, (4.19) 

(b
0
z3 

+ b
1
z2 

+ b
2
z + b

3
); = u. (4.20) 

We can write Eq. (4.19) as 

z3� = e - a1 z
2
; a2z� - a3;, 

;(k + 3) = e(k) a1 ;(k + 2) - al(k + 1) - a/(k). (4.21) 
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4.2 The Discrete Transfer Function 85 

Now assume we have z3�, which is to say that we have �(k + 3) because z3 

is an advance operator of three steps. If we operate on this with z- 1 three times 
in a row, we will get back to �(k), as shown in Fig. 4.8(a). From Eq. (4.21), we 
can now compute z3 

� from e and the lower powers of z and � given in the block 
diagram; the picture is now as given in Fig. 4.8(b ). To complete the representation 
of Eqs. (4.19) and (4.20), we need only add the formation of the output u as a 
weighted sum of the variables z3�, z2t zt and� according to Eq. (4.20). The 
completed picture is shown in Fig. 4.8(c). 

In Fig. 4.8(c), the internal variables have been named x
1
, x

2
, and x3. These 

variables comprise the state of this dynamic system in this form. Having the 
block diagram shown in Fig. 4.8( c ), we can write down, almost by inspection, the 
difference equations that describe the evolution of the state, again using the fact 
that the transfer function z- 1 corresponds to a one-unit delay. For example, we 
see that x3 (k + 1) x

2 
(k) and x

2 
(k + 1) = x

1 
(k). Finally, expressing the sum at 

the far left of the figure, we have 

x
1 
(k + 1) = -a

1
x

1 
(k) - a

2
xz(k) - a3x/k) + e(k). 

We collect these three equations together in proper order, and we have 

x
1 
(k + 1) = -a

1
x

1 
(k) a

2
xz(k) a

3
x/k) + e(k), (4.22) 

xz(k + l) = x
1 
(k), 

x/k + 1) = xz(k). 

Using vector-matrix notation, 7 we can write this in the compact form 

where 

(4.23) 

and 

(4.24) 

The output equation is also immediate except that we must watch to catch all 
paths by which the state variables combine in the output. The problem is caused 

7 We assume the reader has some knowledge of matrices. The results we require and references to study 

material are given in Appendix C. 
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86 Chapter 4 Discrete Systems Analysis 

figure 4.8 
Block diagram 
development of control 
canonical form: 
(a) Solving for �(k); 
(b) solving for �(k + 3) 
from e(k) and past fs; 
(c) solving for U(k) from 

fs 

(a) 

(b) 

(c) co
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by the b0 term. If b0 = 0, then u = b 1x1 + b2x2 + b3x3, and the corresponding 
matrix form is immediate. However, if b

0 
is not 0, x1 for example not only reaches 

the output through b1 but also by the parallel path with gain -b
0
a

1
. The complete 

equation is 

u = (b 1 - a
1
b0)x 1 

+ (b2 -

ai0)x2 + (b3 -

a3b0
)x3) + b0e. 

In vector/matrix notation, we have 

where 

(4.25) 

(4.26) 

We can combine the equations for the state evolution and the output to give the 
very useful and most compact equations for the dynamic system, 

where Ac and Bc for this control canonical form are given by Eq. (4.23), and Cc 
and Dc are given by Eq. (4.25). 

The other canonical form we want to illustrate is called the "observer" 

observer canonical form canonical form and is found by starting with the difference equations in opera
tor/transform form as 

z3u + a
1
z2u + a2zu + a3u = b

0
z3e + b

1
z2e + b2ze + b3e. 

In this equation, the external input is e(k), and the response is u(k), which is 
the solution of this equation. The terms with factors of z are time-shifted toward 
the future with respect to k and must be eliminated in some way. To do this, we 
assume at the start that we have the u(k), and of course the e(k), and we rewrite 
the equation as 

Here, every term on the right is multiplied by at least one power of z, and thus 
we can operate on the lot by z- 1 as shown in the partial block diagram drawn in 
Fig. 4.9(a). 

Now in this internal result there appear a2u and -b2e, which can be canceled 
by adding proper multiples of u and e, as shown in Fig. 4.9(b), and once they 
have been removed, the remainder can again be operated on by z- 1

. 

If we continue this process of subtracting out the terms at k and operating on 
the rest by z- 1, we finally arrive at the place where all that is left is u alone! But 
that is just what we assumed we had in the first place, so connecting this term 
back to the start finishes the block diagram, which is drawn in Fig. 4.9(c). 
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88 Chapter 4 Discrete Systems Analysis 

Figure 4.9 
Block diagram 
development of observer 
canonical form: (a) the 
first partial sum and 
delay; (b) the second 
partial sum and delay; 
(c) the completion with 
the solution for u(k) 

e(k) 

e(k) 

e 

(a) 

(b) 

u 

(c) 
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cascade canonical form 

Figure 4.10 

Block diagram of a 
cascade realization 

4.2 The Discrete Transfer Function 89 

A preferred choice of numbering for the state components is also shown in 
the figure. Following the technique used for the control form, we find that the 
matrix equations are given by 

x(k + 1) = A
0
x(k) + B

0
e(k) 

u(k) = C
0
x(k) + D

0
e(k). (4.27) 

where 

[
-a

1 
1 0

] 0 
-a

2 
0 1 

-a
3 

0 0 

[ 
b 1 

- b0
a

1 ] 
B = b2 

- bo
a

2 0 

b3 
- bo

a
3 

C = [ 1 0 0 ] 
0 

0 
[ho]. 

The block diagrams of Figs. 4.8 and 4.9 are called direct canonical form 
realizations of the transfer function H (z) because the gains of the realizations 
are coefficients in the transfer-function polynomials. 

Another useful form is obtained if we realize a transfer function by placing 
several first- or second-order direct forms in series with each other, a cascade 
canonical form. In this case, the H(z) is represented as a product of factors, 
and the poles and zeros of the transfer function are clearly represented in the 
coefficients. 

For example, suppose we have a transfer function 

z
3 
+ 0.5z2 

- 0.25z + 0.25 
H (z) 

= z4 - 2.6z3 
+ 2.4z2 

- 0.8z 
(z + l)(z2 

0.5z + 0.25) 
= (z2 z)(z2 

- l.6z + 0.8) • 

The zero factor z + 1 can be associated with the pole factor z2 - z to form 
one second-order system, and the zero factor z2 

0.5z + 0.25 can be associated 
with the second-order pole factor z2 - l .6z + 0.8 to form another. The cascade 
factors, which could be realized in a direct form such as control or observer form, 
make a cascade form as shown in Fig. 4.10. 

z
2

- 0.Sz+ 0.25 

z
2

- l.6z + 0.81 

co
nt

ro
len

gin
ee

rs
.ir



90 Chapter 4 Discrete Systems Analysis 

Table 4.1 

4 .2.4 Relation of Transfer Function to 
Pulse Response 

We have shown that a transfer function of z- 1 is a unit delay in the time domain. 
We can also give a time-domain meaning to an arbitrary transfer function. Recall 
that the z-transform is defined by Eq. (4.8) to be E(z) = :Ee

k
z-k, and the transfer 

function is defined from Eq. ( 4.16) as H (z) when the input and output are related 
by U(z) = H(z)E(z). Now suppose we deliberately select e(k) to be the unit 
discrete pulse defined by 

(k = 0), 

(k =I 0), 

Then it follows that E (z) = 1 and therefore that 

U(z) = H(z). 

(4.28) 

(4.29) 

Thus the transfer function H (z) is seen to be the transform of the response to 
a unit-pulse input. For example, let us look at the system of Fig. 4.4 and put a 
unit pulse in at the e

k
-node (with no signals in the system beforehand). 8 We can 

readily follow the pulse through the block and build Table 4.1. 
Thus the unit-pulse response is zero for negative k, is T /2 at k = 0, and 

equals T thereafter. The z-transform of this sequence is 

00 00 

H(z) = :I:>
k
z-k � Lh

k
z-k . 

-oo -00 

Step-by-step construction of the unit pulse response for Fig. 4.4 

k ek-1 ek ak Uk-1 Uk = hk 

0 0 1 T/2 0 T/2 

1 1 0 T/2 T/2 T 

2 0 0 0 T T 

3 0 0 0 T T 

8 In this development we assume that Eq. (4.7) is intended to be used as a formula for computing values 

of u
k 

as k increases. There is no reason why we could not also solve for u
k 

as k takes on negative 

values. The direction of time comes from the application and not from the recurrence equation. 
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If we add T /2 to the z0 -term and subtract T /2 from the whole series, we have a 
• simpler sum, as follows 

00 

H(z) = L rz-k 
T 

2 
k=O 

T T 
=---

1 z- 1 2 

2T - T(l - z- 1) 

2(1 - z- 1) 

T + Tz- 1 

2(1 - z- 1) 

0 < lzl) 

T z+l 

2 z l 0 < lzl). (4.30) 

Of course, this is the transfer function we obtained in Eq. ( 4.13) from direct 
analysis of the difference equation. 

A final point of view useful in the interpretation of the discrete transfer 
function is obtained by multiplying the infinite polynomials of E(z) and H(z) 
as suggested in Eq. (4.16). For purposes of illustration, we will assume that the 
unit-pulse response, h

k
, is zero for k < 0. Likewise, we will take k = 0 to be 

the starting time for ek. Then the product that produces U(z) is the polynomial 
product given in Fig. 4.11. 

Representation of the product f(z)H(z) as a product of polynomials 

eo +e1z-
1 

ho +h1z-1 

eoho+e1hoz-
1 

+eoh1z-
1 

+e2hoz-2 

+e1h1z-2 

+eoh2z-2 

+eshoz-3 

+e2h1z-3 

+e1h2z-3 

+eohsz-3 
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92 Chapter 4 Discrete Systems Analysis 

convolution 

Since this product has been shown to be U(z) = bukz-k, it must therefore 
follow that the coefficient of z-k in the product is uk. Listing these coefficients, 
we have the relations 

uo = eoho 

u1 = eoh
1 + e iho 

u2 = eoh2 + e1 h 1 + e2ho 

U3 = eoh3 + e1h 2 + e2h 1 + e3ho. 
The extrapolation of this simple pattern gives the result 

k 

uk = Lej
hk-F 

j=O 

By extension, we let the lower limit of the sum be -oo and the upper limit be 
+oo: 

(4.31) 
j=-oo 

Negative values of j in the sum correspond to inputs applied before time equals 
zero. Values for j greater thank occur if the unit-pulse response is nonzero for 
negative arguments. By definition, such a system, which responds before the 
input that causes it occurs, is called noncausal. This is the discrete convolution 

sum and is the analog of the convolution integral that relates input and impulse 
response to output in linear, constant, continuous systems. 

To verify Eq. (4.31) we can talce the z-transform of both sides 
00 00 00 

L ukz-k 
= L z-k L ej

hk-j ' 
k=-00 I k=-00 j =-00 

Interchanging the sum on j with the sum on k leads to 
00 00 

U(z) = L ej 
L z-k

hk-F 
j=-oo k=-oo 

Now let k - j = l in the second sum 
00 00 

U(z) = L ej 
L h1z-<z+n, 

j=-oo l=-oo 

00 00 

U(z) = L ej
z-j L h 1z-1

, 
j=-oo l=-oo 

and we recognize these two separate sums as 
U(z) = E(z)H(z). 
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4.2 The Discrete Transfer Function 93 

We can also derive the convolution sum from the properties of linearity and 
stationarity. First we need more formal definitions of "linear" and "stationary." 

1. Linearity: A system with input e and output u is linear if superposition 
applies, which is to say, if u

1 
(k) is the response to e

1 
(k) and uz(k) is the 

response to ez(k), then the system is linear if and only if, for every scalar a 
and fJ, the response to ae

1 + {Je
2 

is au
1 + f3u

2
. 

2. Stationarity: A system is stationary, or time invariant, if a time shift in the 
input results in only a time shift in the output. For example, if we take the 
system at rest (no internal energy in the system) and apply a certain signal 
e(k), suppose we observe a response u(k). If we repeat this experiment at 
any later time when the system is again at rest and we apply the shifted input, 
e(k - N), if we see u(k - N), then the system is stationary. A constant 
coefficient difference equation is stationary and typically referred to as a 
constant system. 

These properties can be used to derive the convolution in Eq. (4.31) as 
follows. If response to a unit pulse at k = 0 is h(k), then response to a pulse 
of intensity e

0 
is e

0
h (k) if the system is linear. Furthermore, if the system is 

stationary then a delay of the input will delay the response. Thus, if 

k = l 

k==/l. 

Finally, by linearity again, the total response at time k to a sequence of these 
pulses is the sum of the responses, namely, 

u
k 
= eoh

k 
+ elh

k-1 + • • • + ethk-t + • • • + ekho , 

k 

u
k 

= L ethk-r 
l=O 

Now note that if the input sequence began in the distant past, we must include 
terms for l < 0, perhaps back to l = -oo. Similarly, if the system should be 
noncausal, future values of e where l > k may also come in. The general case is 
thus (again) 

00 

u
k = L ezhk-1· (4.32) 

l=-oo 

4.2.5 External Stability 

A very important qualitative property of a dynamic system is stability, and we 
can consider internal or external stability. Internal stability is concerned with 
the responses at all the internal variables such as those that appear at the delay 
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94 Chapter 4 Discrete Systems Analysis 

elements in a canonical block diagram as in Fig. 4.8 or Fig. 4.9 (the state). 
Otherwise we can be satisfied to consider only the external stability as given by 
the study of the input-output relation described for the linear stationary case by 
the convolution Eq. (4.32). These differ in that some internal modes might not be 
connected to both the input and the output of a given system. 

For external stability, the most common definition of appropriate response 
is that for every Bounded Input, we should have a Bounded Output. If this is true 
we say the system is BIBO stable. A test for BIBO stability can be given directly 
in terms of the unit-pulse response, hk. First we consider a sufficient condition. 
Suppose the input ek is bounded, that is, there is an M such that 

le1
1 ::SM< oo for alll. (4.33) 

If we consider the magnitude of the response given by Eq. (4.32), it is easyto see 
that 

iukl ::S l:L>zhk -z l, 
which is surely less than the sum of the magnitudes as given by 

-00 

But, because we assume Eq. (4.33), this result is in turn bounded by 

(4.34) 
-oo 

Thus the output will be bounded for every bounded input if 
00 

� lhk -l I < oo. 
l=-oo 

(4.35) 

This condition is also necessary, for if we consider the bounded (by 1 !) input 
h_z 

e 1 (h_
1 

=J 0) lh_zl 
= 0 (h_

1 
= 0) 

and apply it to Eq. (4.32), the output at k = 0 is 
00 

uo = L ezh_z 
l=-oo 

oo (h )2 
=L--l 

l=-oo lh_zl 
= L lh_1 I. 

l=-oo 

(4.36) 
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4.2 The Discrete Transfer Function 95 

Thus, unless the condition given by Eq. (4.35) is true, the system is not BIBO 

stable. 

Example 4.3 Integration Stability 

Is the discrete approximation to integration (Eq. 4.7) BIBO stable? 

Solution. The test given by Eq. (4.35) can be applied to the unit pulse response used to 
compute the u k -column in Table 4.1. The result is 

h
0 

= T/2 
hk = T, k > 0 

CX) 

L lhk I = T /2 +LT= unbounded. 
k=I 

Therefore, this discrete approximation to integration is not BIBO stable! 

Example 4.4 General Difference Equation Stability 

(4.37) 

Consider the difference equation (4.2) with all coefficients except a1 and h0 equal to zero 

Is this equation stable? 

Solution. The unit-pulse response is easily developed from the first few terms to be 

uo = ho , u l = a1 ho , u2 afho , 

uk = hk = h0ak , k 2: 0. 

Applying the test, we have 
CX) CX) 1 

Llh1I = Lhola1I = ho -
l 

-
a -oo 1=0 - I I 

= unbounded 

(lal < 1) 

(lal 2: 1). 

(4.38) 

(4.39) 

Thus we conclude that the system described by this equation is BIBO stable if lal < 1, and 
unstable otherwise. 

For a more general rational transfer function with many simple poles, we can 
expand the function in partial fractions about its poles, and the corresponding 
pulse response will be a sum of respective terms. As we saw earlier, if a pole 
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96 Chapter 4 Discrete Systems Analysis 

Figure 4.12 

is inside the unit circle, the corresponding pulse response decays with time 
geometrically and is stable. Thus, if all poles are inside the unit circle, the system 
with rational transfer function is stable; if at least one pole is on or outside the 
unit circle, the corresponding system is not BIBO stable. With modem computer 
programs available, finding the poles of a particular transfer function is no big 
deal. Sometimes, however, we wish to test for stability of an entire class of 
systems; or, as in an adaptive control system, the potential poles are constantly 
changing and we wish to have a quick test for stability in terms of the literal 
polynomial coefficients. In the continuous case, such a test was provided by 
Routh; in the discrete case, the most convenient such test was worked out by Jury 
and Blanchard(1961).9 

4.3 Discrete Models of Sampled-Data Systems 

The systems and signals we have studied thus far have been defined in discrete 
time only. Most of the dynamic systems to be controlled, however, are continuous 
systems and, if linear, are described by continuous transfer functions in the 
Laplace variable s. The interface between the continuous and discrete domains 
are the AID and the DI A converters as shown in Fig. 1.1. In this section we 
develop the analysis needed to compute the discrete transfer function between 
the samples that come from the digital computer to the DI A converter and the 
samples that are picked up by the AID converter. 10 The situation is drawn in 
Fig. 4.12. 

4.3.1 Using the z-Transform 
We wish to find the discrete transfer function from the input samples u(kT) 

(which probably come from a computer of some kind) to the output samples 
y(kT) picked up by the AID converter. Although it is possibly confusing at 
first, we follow convention and call the discrete transfer function G(z) when 
the continuous transfer function is G(s). Although G(z) and G(s) are entirely 
different functions, they do describe the same plant, and the use of s for the 
continuous transform and z for the discrete transform is always maintained. To 

The prototype 
sampled-data system 

9 See Franklin, Powell, and Workman, 2nd edition, 1990, for a discussion of the Jury test. 

10 In Chapter 5, a comprehensive frequency analysis of sampled data systems is presented. Here we 

undertake only the special problem of finding the sample-to-sample discrete transfer function of a 

continuous system between a D/A and an AID. 
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Figure 4.13 

D/A output for 
unit-pulse input 

4.3 Discrete Models of Sampled-Data Systems 97 

find G(z) we need only observe that the y(kT) are samples of the plant output 
when the input is from the DI A converter. As for the DI A converter, we assume 
that this device, commonly called a zero-order hold or ZOH, accepts a sample 
u (k T) at t = k T and holds its output constant at this value until the next sample 
is sent at t = k T + T. The piecewise constant output of the DI A is the signal, 
u(t), that is applied to the plant. 

Our problem is now really quite simple because we have just seen that the 
discrete transfer function is the z-transform of the samples of the output when the 
input samples are the unit pulse at k = 0. If u(kT) = l fork= 0 and u(kT) = 0 
fork =/. 0, the output of the DJ A converter is a pulse of width T seconds and height 
1, as sketched in Fig. 4.13. Mathematically, this pulse is given by l(t) - l(t T). 

Let us call the particular output in response to the pulse shown in Fig. 4.13 y
1 
(t). 

This response is the difference between the step response [to 1 (t) ] and the 
delayed step response [to 1 (t - T)]. The Laplace transform of the step response 
is G (s) / s. Thus in the transform domain the unit pulse response of the plant is 

Y1 (s) = (1 e-Ts) G(s) 
(4.40) 

s 

and the required transfer function is the z-transform of the samples of the inverse 
of Y1 (s), which can be expressed as 

G(z) = Z{Y
1 
(kT)} 

= Z {.c- 1 { Y
I 
(s)} };;z{ yl (s)} 

= Z{(l - e-Ts) G(s)
}. 

This is the sum of two parts. The first part is Z { G;s)}, and the second is 

Z{e-Ts G(s)
} = z- 1 Z{ G

(s)
} 

I S S 

because e-Ts is exactly a delay of one period. Thus the transfer function is 

2 

-T T 2T 3T 4T 

(4.41) 
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98 Chapter 4 Discrete Systems Analysis 

Example 4.5 Discrete Transfer Function of 1st-Order System 

What is the discrete transfer function of 

G(s) = a/(s + a) 

preceded by a ZOH? 

Solution. We will apply the formula (4.41) 
G(s) a 1 
-s- = s(s + a) =; - s +a' 

and the corresponding time function is 

c,-1 { 
G;s) 

l = l(t) -e-atl(t) . 

The samples of this signal are 1 (k T) -e-akT 1 (k T), and the z-transform of these samples is 

Z { 
G(s) l = _z _ z 

s Z -1 Z -e-aT 
z(l -e-aT) 

(z l)(z -e-aT) • 
We could have gone to the tables in Appendix Band found this result directly as Entry 12. 

Now we can compute the desired transform as 

Z -1 z(l -e-aT) G(z) = -- -----
z (z -l)(z -e-aT) 

1 e-aT 

z -e-aT. 

Example 4.6 Discrete Transfer Function of a 11s2 Plant 

What is the discrete transfer function of 

preceded by a ZOH? 

Solution. We have 

1 
G(s) = -

s
2 

G(z) = (l -z-1)Z {?"}. 

(4.42) 

This time we refer to the tables in Appendix B and find that the z-transform associated with 
1 / s3 is 

T2 z(z + 1) 
2 (z -1)3 ' 
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4.3 Discrete Models of Sampled-Data Systems 99 

and therefore Eq. (4.41) shows that 

G(z) = 

T2(z + 1)
. 

2(z -1)2 
( 4.43) 

The MATLAB function, c2d.m computes Eq. (4.41) (the ZOH method is the 
default) as well as other discrete equivalents discussed in Chapter 6. It is able to 
accept the system in any of the forms. 

Example 4. 7 Discrete Transfer Function of a 1/s2 Plant Using MATLAB 

Use MATLAB to find the discrete transfer function of 
1 

G(s) = 2 
s 

preceded by a ZOH, assuming the sample period is T = l sec. 

Solution. The MATLAB script 

T = 1 

numC = 1, denC = [1 0 0] 

sysC = tf(numC,denC) 

sysD = c2d(sysC,T) 

[numD,denD,T] = tfdata(sysD) 

produces the result that 

numD = [0 0.5 0.5] 

which means that 

and denD=[1 -2 1] 

G(z) 
oz2 

+ O.Sz + 0.5 z + l ----- - 0 5---
z2 

2z + 1 - • (z 1)2 

which is the same as Eq. ( 4.43) with T = 1. 

4.3.2 *Continuous Time Delay 

We now consider computing the discrete transfer function of a continuous system 
preceded by a ZOH with pure time delay. The responses of many chemical 
process-control plants exhibit pure time delay because there is a finite time of 
transport of fluids or materials between the process and the controls and/or the 
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100 Chapter 4 Discrete Systems Analysis 

sensors. Also, we must often consider finite computation time in the digital 
controller, and this is exactly the same as if the process had a pure time delay. 
With the techniques we have developed here, it is possible to obtain the discrete 
transfer function of such processes exactly, as Example 4.8 illustrates. 

Example 4.8 Discrete Transfer Function of 1st-Order System with Delay 

Find the discrete transfer function of the mixer in Appendix A.3 with a = 1, T = 1, and 
')._ = 1.5. 

Solution. The fluid mixer problem in Appendix A.3 is described by 

G(s) = e->-s H(s) . 

The term e->-s represents the delay of').. seconds, which includes both the process delay and the 
computation delay, if any. We assume that H (s) is a rational transfer function. To prepare this 
function for computation of the z-transform, we first define an integer£ and a positive number 
m less than 1.0 such that')..= £T - mT. With these definitions we can write 

G(s) 
-£Ts e

mTs H(s) 
--=e ----. 

s s 
Because£ is an integer, this term reduces to z-e when we take the z-transform. Because m < 1, 
the transform of the other term is quite direct. We select H (s) = a/ (s + a) and, after the partial 
fraction expansion of H(s) /s, we have 

Z 1 { emTs emTs 
} G(z)=--Z ----

i+l S S +a 

To complete the transfer function, we need the z-transforms of the inverses of the terms in 
the braces. The first term is a unit step shifted left by m T seconds, and the second term is an 
exponential shifted left by the same amount. Because m < 1, these shifts are less than one full 
period, and no sample is picked up in negative time. The signals are sketched in Fig. 4.14. 

The samples are given by 1 (kT) and e-aT(k+m) 1 (kT). The corresponding z-transforms 
are z/(z 1) and ze-amT /(z - e-ar). Consequently the final transfer function is 

Z 1 1 { Z ze-amT 
} G(z)=-- ----

z l Z - 1 z - e-aT 

= 
z - 1 { z[z - e-aT - (z - l

) e-amT] 
} 

l (z - l)(z - e-aT
) 

= (1 - e-amT

) 

Z + a 
l(z - e-aT

) 

where the zero position is at -a = -(e-amT - e-aT

) /(1 - e-amr ). Notice that this zero is 
near the origin of the z-plane when m is near 1 and moves outside the unit circle to near -oo 
when m approaches 0. For specific values of the mixer, we take a = 1, T 1, and A = 1.5. 
Then we can compute that£= 2 and m = 0.5. For these values, we get 

G z) = 
z + 0.6025 

( 
z2(z 0.3679) 

(4.44) 
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Figure 4.14 

Sketch of the shifted 
signals showing sample 
points 

2 
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-2T -T O T 2T 3T 4T ST 6T 

2 

-2T -T O T 2T 3T 4T ST 6T 

In MATLAB, the transfer function for this system would be computed by 

Td = 1.5, a= 1, T = 1 

sysC = tf(a,[1 a],'td',Td) 

sysD = c2d(sysC,T) 

4.3.3 State-Space Form 

Computing the z-transform using the Laplace transform as in Eq. (4.41) is a 
very tedious business that is unnecessary with the availability of computers. We 
will next develop a formula using state descriptions that moves the tedium to 
the computer. A continuous, linear, constant-coefficient system of differential 
equations was expressed in Eq. (2.1) as a set of first-order matrix differential 
equations. For a scalar input, it becomes 

(4.45) 

where u is the scalar control input to the system and w is a scalar disturbance 
input. The output was expressed in Eq. (2.2) as a linear combination of the state, 
x, and the input, u, which becomes for scalar output 

y=Hx+Ju. (4.46) 
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102 Chapter 4 Discrete Systems Analysis 

Often the sampled-data system being described is the plant of a control problem, 
and the parameter Jin Eq. (4.46) is zero and will frequently be omitted. 

Example 4.9 State Representation of a 11s
2 Plant 

figure 4.15 

Satellite attitude control 

in classical 

representation 

Apply Eqs. (4.45) and (4.46) to the double integrator plant of the satellite control problem in 
Appendix A.1 

1 
G(s) = 2. 

s 

Solution. The satellite attitude-control example is shown in block diagram form in Fig. 4.15 
and the attitude (0) and attitude rate (0) are defined to be x

1 
and x

2
, respectively. Therefore, 

the equations of motion can be written as 

[ t ] = [ � � ] [ :: ] + [ � ] u, 

0 = y = '-,-'�J :T
G 

which, in this case, turns out to be a rather involved way of writing 

e = u. 

(4.47) 

The representations given by Eqs. (4.45) and (4.46) are not unique. Given 
one state representation, any nonsingular linear transformation of that state such 
as Bx = T x is also an allowable alternative realization of the same system. 

If we let§= Tx in Eqs. (4.45) and (4.46), we find 

t = Tx = T(Fx+ Gu+ G
l
w) 

=TFx+TGu+TG
1
w, 

t = TFT- 1§ + TGu + TG
1 
w, 

y = T- 1§+ Ju. 

If we designate the system matrices for the new state � as A, B, C, and D, then 

y = C§+Du, 

u e 
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Example 4 .10 State Transformation for 11s2 Plant 

Find the state representation for the case with the state definitions of the previous example 
interchanged. 

Solution. Let �
1 

= x
2 

and �
2 

= x
1 

in Eq. (4.47); or, in matrix notation, the transformation to 
interchange the states is 

T=[� �l 
In this case T- 1 

= T, and application of the transformation equations to the system 
matrices of Eq. (4.47) gives 

A=[��] B [�] C [O 1]. 

Most often, a change of state is made to bring the description matrices into a 
useful canonical form. We saw earlier how a single high-order difference equation 
could be represented by a state description in control or in observer canonical 
form. Also, there is a very useful state description corresponding to the partial
fraction expansion of a transfer ,function. State transformations can take a general 
description for either a continuous or a discrete system and, subject to some 
technical restrictions, convert it into a description in one or the other of these 
forms, as needed. 

We wish to use the state description to establish a general method for obtain
ing the difference equations that represent the behavior of the continuous plant. 
Fig. 4.16 again depicts the portion of our system under consideration. Ultimately, 
the digital controller will take the samples y (k), operate on that sequence by 
means of a difference equation, and put out a sequence of numbers, u(k), which 
are the inputs to the plant. The loop will, therefore, be closed. To analyze the 
result, we must be able to relate the samples of the output y (k) to the samples of 
the control u(k). To do this, we must solve Eq. (4.45). 

We will solve the general equation in two steps. We begin by solving the equa
tion with only initial conditions and no external input. This is the homogeneous 
equation 

(4.48) 
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Figure 4.16 

System definition with 
sampling operations 
shown 

To solve this, we assume the solution is sufficiently smooth that a series expansion 
of the solution is possible 

(4.49) 

If we let t = t
0

, we find immediately that A
0 

= x
0

. If we differentiate Eq. ( 4.49) 
and substitute into Eq. (4.48), we have 

A
1 
+ 2A2

(t t
0

) + 3A3
(t - t

0
)2 + · · · = 

Fxh 

and, at t = t
0

, A
1 

= Fx
0

. Now we continue to differentiate the series and the 
differential equation and equate them at t 

O 
to arrive at the series 

[ 
F2 (t t )2 F3 ( t t ) 3 

] 
x/t) = I+ F(t - t0) + ; 0 + 6 ° 

+ · · · x0• 

This series is defined as the matrix exponential and written 

x/t) = eF<t-to)
x (t0) , 

where, by definition, the matrix exponential is 

eFU-to) 
= I + F(t - to) + F2 _

(t __ to)_ 2 + F3 _
(t _-_t_o)_ 3 + ... 2! 3! 

= 
f Fk (t - to/ 
k=O 

k! I 

(4.50) 

( 4.51) 

It can be shown that the solution given by Eq. ( 4.50) is unique, which leads 
to very interesting properties of the matrix exponential. For example, consider 
two values oft : t

1 
and t

2
. We have 

and 

x(t1) = eF<t1 -to) x(t0) 

x(t2) = e
F<t2-to) x(to) . 

Because t
0 

is arbitrary also, we can express x(t
2) as if the equation solution began 

at t1, for which 

Substituting for x(t1 ) gives 
x(t2) = eFU2-t1 )eF<t1-to)x(to) . 
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We now have two separate expressions for x(t
2
), and, if the solution is unique, 

these must be the same. Hence we conclude that 

(4.52) 

for all t
2

, t
1

, t
0

. Note especially that if t
2 

= t
0

, then 

I = e-F(tl -lo) eF<11 -lo). 

Thus we can obtain the inverse of eFr by merely changing the sign of t ! We will 
use this result in computing the particular solution to Eq. ( 4.45). 

The particular solution when u is not zero is obtained by using the method 
of variation of parameters.11 We guess the solution to be in the form 

xP(t) = eF<t-tol v(t), (4.53) 

where v(t) is a vector of variable parameters to be determined [as contrasted to the 
constant parameters x(t

0
) in Eq. (4.50)]. Substituting Eq. (4.53) into Eq. (4.45), 

we obtain 

and, using the fact that the inverse is found by changing the sign of the exponent, 
we can solve for v as 

v(t) = e-F(t-lo)Gu(t). 

Assuming that the control u (t) is zero for t < t
0

, we can integrate v from t
0 

to t 
to obtain 

v(t) = f' e-F(,-,,> Gu(r)dr. 
lo 

Hence, from Eq. (4.53), we get 

xP(t) = eF<t-to) f I 

e-F(r-tolGu(r)dr, 

lo 

and simplifying, using the results of Eq. (4.52), we obtain the particular solution 
(convolution) 

xP(t) = f' e•«-,> Gu(r)dr. (4.54) 
to 

The total solution for w = 0 and u =I- 0 is the sum of Eqs. (4.50) and (4.54): 

x(t) = e•«-,, 1x(t
0
) + f' e•<<-< >Gu(r)dr. 

to 

(4.55) 

11 Due to Joseph Louis Lagrange, French mathematician (1736-1813). We assume w = 0, but because 

the equations are linear, the effect of w can be added later. 
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106 Chapter 4 Discrete Systems Analysis 

We wish to use this solution over one sample period to obtain a difference 
equation: hence we juggle the notation a bit (let t = k T + T and t 

O 
= k T) and 

arrive at a particular version of Eq. (4.55): 

1
kT+T 

x(kT + T) = eFT x(kT) + 
eF<kT+T-r)Gu(r)dr. 

kT 

(4.56) 

This result is not dependent on the type of hold because u is specified in 
terms of its continuous time history, u (t), over the sample interval. A common 
and typically valid assumption is that of a zero-order hold (ZOH) with no delay, 
that is, 

u(r) = u(kT), kT _:::; r < kT + T. 

If some other hold is implemented or if there is a delay between the application 
of the control from the ZOH and the sample point, this fact can be accounted for 
in the evaluation of the integral in Eq. ( 4.56). The equations for a delayed ZOH 
will be given in the next subsection. To facilitate the solution of Eq. (4.56) for a 
ZOH with no delay, we change variables in the integral from r to rJ such that 

rJ = kT + T- r. 

Then we have 

x(kT + T) = eFT x(kT) + 1r 

e'"d71Gu(kT). 

If we define 

(!>= eFT 

r = 1
T 

e'"d71G, 

Eqs. ( 4.57) and ( 4.46) reduce to difference equations in standard form 

x(k + 1) = (!>x(k) + ru(k) + rl w(k), 

y(k) = Hx(k), 

(4.57) 

(4.58) 

(4.59) 

where we include the effect of an impulsive or piecewise constant disturbance, 
w, and assume that J = 0 in this case. If w is a constant, then r 1 is given by 
Eq. (4.58) with G replaced by G1. If w is an impulse, then r 1 = G/2 The <I> 
series expansion 

12 If w(t) varies significantly between its sample values, then an integral like that of Eq. ( 4.56) is required 
to describe its influence on x(k + 1). Random disturbances are treated in Chapter 9. 
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Figure 4.17 
Program logic to 
compute <I> and r from 
F, G, and T for simple 
cases. (The left arrow +
is read as "is replaced 
by.") 
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can also be written 

where 

<I>= I+ 
FT'\Jf, 

FT F
2

T
2 

'11=1+ +-+···. 
2! 3! 

The r integral in Eq. (4.58) can be evaluated term by term to give 
00 Fk Tk+l 

f=L--G 
k=O (k + 1) ! 

00 
F

k
T

k 
=L--TG 

k=O 
(k + 1)! 

(4.60) 

= WTG. (4.61) 

We evaluate '11 by a series in the form 

-q,;::::; I+ FT (1 + FT (· .. � (1 + FT)) .. ·) 
(4.62) 

2 3 N-1 N 
which has better numerical properties than the direct series of powers. We then 
find r from Eq. (4.61) and <I> from Eq. (4.60). A discussion of the selection of N 
and a technique to compute W for comparatively large T is given by Kallstrom 
(1973), and a review of various methods is found in a classic paper by Moler 
and Van Loan (1978). The program logic for computation of <I> and r for simple 
cases is given in Fig. 4.17. MATLAB' s c2 d. m and all control design packages that 
we know of compute <I> and r from the continuous matrices F, G, and the sample 
period T. 

To compare this method of representing the plant with the discrete transfer 
functions, we can take the z-transform of Eq. (4.59) with w = 0 and obtain 

[zl - <l>]X = fU(z), 
Y(z) = HX(z) 

1. Select sampling period T and description matrices F and G. 
2. Matrix I +- Identity 
3. Matrix \JI +- I 
4. k +- 11 [We are using N = 11 in Eq. (4.62).] 
5. If k = l, go to step 9. 
6. Matrix '11 +- I + Ft-q, 
7. k +- k + 1 
8. Go to step 5. 
9. Matrix f +- TWG 

10. Matrix <I> +- I + FTW 

(4.63) 
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therefore 

Example 4.11 4> and r Calculation 

Y(z) = H[zI - 4>r 1
r. 

U(z) 
(4.64) 

By hand, calculate the cl> and r matrices for the satellite attitude-control system of Example 
4.9. 

Solution. Use Eqs. (4.60) and (4.61) and the values for F and G defined in Eq. (4.47). Since 
F2 

= 0 in this case, we have 
F2 T2 cl> = I+ FT + 

2! + .. · 

=[� �H� �JT=u n 
r 

hence, using Eq. (4.64), we obtain 

�::; =(I 
0+U n-u nrr�

2

] 
T2 (z + 1) 

2 (z-1)2 ' 
which is the same result that would be obtained using Eq. (4.41) and the z-transform tables. 
Note that the values for cl> and r could 1 have been obtained for a specific value of T by the 
MATLAB statements 

sysC = ss(F,G,H,J) 

sysD = c2d(sysC,T) 

[phi,gam,h,J] = ssdata(sysD) 

Note that to compute Y / U we find that the denominator is the determi
nant det(zl - 4>), which comes from the matrix inverse in Eq. (4.64). This 
determinant is the characteristic polynomial of the transfer function, and the 
zeros of the determinant are the poles of the plant. We have two poles at z = l 
in this case, corresponding to the two integrations in this plant's equations of 
motion. 
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We can explore further the question of poles and zeros and the state-space 
description by considering again the transform equations (4.63). An interpretation 
of transfer-function poles from the perspective of the corresponding difference 
equation is that a pole is a value of z such that the equation has a nontrivial 
solution when the forcing input is zero. From Eq. ( 4.63a), this implies that the 
linear eigenvalue equations 

[zI -<l>]X(z) = [0] 

have a nontrivial solution. From matrix algebra the well-known requirement 
for this is that det(zl <I>) = 0. Using the <I> from the previous example, we 
have 

det[zl - <I>] = det [[ � � ] [ 6 f ]] 
[ z - I 

= det O 
-T ] z - I 

= (z 1)2 
= 0, 

which is the characteristic equation, as we have seen. To compute the poles 
numerically when the matrices are given, one would use an eigenvalue routine. 
In MATLAB, the statement 

lam=eig(phi) 

will produce a vector, lam, of the poles of <I>. 
Along the same line of reasoning, a system zero is a value of z such that the 

system output is zero even with a nonzero state-and-input combination. Thus if 
we are able to find a nontrivial solution for X (z

0
) and U (z

0
) such that Y (z

0
) is 

zero, then z
0 

is a zero of the system. Combining the two parts of Eq. (4.59), we 
must satisfy the requirement 

[ zI -<I> -r ] [ x (z) ] _ [O] 
H O U(z) - • 

(4.65) 

Once more the condition for the existence of nontrivial solutions is that the 
determinant of the square coefficient system matrix be zero. 13 For the satellite 
example, we have 

[z-1 
det � 

-T 

z - I 
0 

13 We do not consider here the case of different numbers of inputs and outputs. 
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110 Chapter 4 Discrete Systems Analysis 

y2 y2 =+2 z+ 2 
y2 

= + 
2 

(z + 1). 

Thus we have a single zero at z = -1, as we have seen from the transfer func
tion. These zeros are called transmission zeros and are easily computed using 
MATLAB's tzero.m. 14 Using the discrete model sysD found in Example 4.11 the 
statement 

zer=tzero(sysD) 

produces the transmission zeros in the quantity zer. 

4.3.4 *State-Space Models for Systems with Delay 
Thus far we have discussed the calculation of discrete state models from con
tinuous, ordinary differential equations of motion. Now we present the formulas 
for including a time delay in the model and also a time prediction up to one 
period which corresponds to the modified z-transform as defined by Jury. We 
begin with a state-variable model that includes a delay in control action. The state 
equations are 

x(t) = Fx(t) + Gu(t A), 
y =Hx. 

The general solution to Eq. (4.66) is given by Eq. (4.55); it is 

x(t) = e•u-,,lx(/0) + f' e•ci-,)Gu(r - A) dr. 
I t0 

If we let t 
O 

= k T and t = k T + T, then 
lkT+T 

x(kT + T) = eFT x(kT) + eF(kT+T-r)Gu(r 

kT 

(4.66) 

A) dr. 

If we substitute rJ = k T + T - r for r in the integral, we find a modification of 
Eq. (4.57) 

x(kT + T) = e'' x(kT) + [" e''Gu(kT + T - A - ry)(-dry) 

eFT x(kT) + 1' e''Gu(kT + T - A - ry) dry. 

14 In using this function, one must be careful to account properly for the zeros that are at infinity; the 

function might return them as very large numbers that the user must remove to "uncover" the finite 

zeros; that is, to scale the finite numbers so they don't appear to be zero by the computer. 
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figure 4.18 

Sketch of a piecewise 
input and time axis for a 
system with time delay 
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If we now separate the system delay ).., into an integral number of sampling periods 
plus a fraction, we can define an integer e and a positive number m less than one 
such that 

and 

A=eT-mr, 

e > 0, 
0 ::::m <l. 

(4.67) 

With this substitution, we find that the discrete system is described by 

x(kT + T) = eFT x(kT) + J.
T 

e•"Gu(kT + T -fT + mT -ry) dry. (4.68) 

If we sketch a segment of the time axis near t = k r -er (Fig. 4.18), the nature 
of the integral in Eq. (4.68) with respect to the variable 'Y/ will become clear. The 
integral runs for rJ from O to r, which corresponds to t from k r -er + r + m r 
backward to kr -er+ mr. Over this period, the control, which we assume is 
piecewise constant, takes on first the value u (k r er + r) and then the value 
u(kr -er). Therefore, we can break the integral in (2.66) into two parts as 
follows 

x(kT + T) = eFT x(kT) + J.
mT 

e•"Gdry u(kT fT + T) 

. + 1
T 

eFriG dry u(kr -er) 
mT 

= <Px(kr) + r
1
u(kr -er)+ r2u(kr er+ r). (4.69) 

In Eq. (4.69) we defined 

u(t) 

<I>= eFT , r
l 
= 1: e'"Gdry, and r, = !.

mT 

e'"Gdry, 

T 

kT - QT kT - QT+ T kT - QT+ 2T 

(4.70) 
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112 Chapter 4 Discrete Systems Analysis 

To complete our analysis it is necessary to express Eq. (4.69) in standard state
space form. To do this we must consider separately the cases of ,e = 0, ,e = 1, 
and£> 1. For£= 0, A= -mT according to Eq. (4.67), which implies not delay but 
prediction. Because m T is restricted to be less than T, however, the output will 
not show a sample before k = 0, and the discrete system will be causal. The result 
is that the discrete system computed with£ = 0, m =IO will show the response at t = 0, which the same system with£= 0, m = 0 would show at t = mT. In 
other words, by taking £ = 0 and m =I 0 we pick up the response values between 
the normal sampling instants. In z-transform theory, the transform of the system 
with ,e = 0, m =IO is called the modified z-transform.15 The state-variable form 
requires that we evaluate the integrals in Eq. (4.70). To do so we first convert f 1 to a form similar to the integral for r 

2
. From Eq. ( 4. 70) we factor out the constant 

matrix G to obtain 

If we set a = r, - m T in this integral, we have 
r -1

T-mT eF(mT+a)daG 1-
0 

rT-mT 
= eFm 

Jo eFa daG. (4.71) 
For notational purposes we will define, for any positive nonzero scalar number, 
a, the two matrices 

In terms of these matrices, we have 
rl = (T mT)cf>(mT)W, 
f

2 
=mTW. 

(4.72) 

(4.73) 
The definitions in Eqs. (4.72) are also useful from a computational point of view. 
If we recall the series definition of the matrix exponential 

oo Fkak cf>(a) = eFa = L -,-, 

k=O k. then we get 
W(a) = 

15 See Jury (1964) or Ogata (1987). 
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--� Fkak 

. L (4.74) 
k=O (k + l)! 

But now we note that the series for <l>(a) can be written as 

If we let k = j + 1 in the sum, then, as in Eq. ( 4.60), we have 
oo FHi

a
HI 

<I> (a) = I + � (j + l) ! 

00 Fjaj 
=I+ L--aF 

j=O (j + 1) ! 
=I+ a'\Jf(a)F. (4.75) 

The point of Eq. (4.75) is that only the series for '\Jf(a) needs to be computed and 
from this single sum we can compute <I> and r. 

If we return to the case ,e = 0, m =I- 0, the discrete state equations are 

where r1 and r2 are given by Eq. (4.73). In order to put these equations in 
state-variable form, we must eliminate the term in u(k + 1). To do this, we define 
a new state, t(k) = x(k) - r

2
u(k). Then the equations are 

t(k + 1) = x(k + 1) r2u(k + 1) 
= <l>x(k) + r

l
u(k) + r

2
u(k + 1) - r

2
u(k + 1), 

t(k + 1) = <l>[t(k) + r2
u(k)] + r

l
u(k) 

= <I>t(k) + (<l>r
2 + r

l
)u(k) 

= <I>t(k) + ru(k). (4.76) 

The output equation is 

y(k) = Hx(k) 
= H[t(k) + r

2
u(k)] 

= Ht(k) + Hr
2
u(k) 

= H
d
t(k) + J

d
u(k). (4.77) 

Thus for ,e = 0, the state equations are given by Eqs. (4.73), (4.76), and (4.77). 
Note especially that if m = 0, then r2 = 0, and these equations reduce to the 
previous model with no delay. 

Our next case is ,e = 1. From Eq. (4.69), the equations are given by 

x(k + 1) = <l>x(k) + u(k - 1) + r
2
u(k). 
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In this case, we must eliminate u(k 1) from the right-hand side, which we do 
by defining a new statex11+

1
(k) = u(k - 1). We have thus an increased dimension 

of the state, and the equations are 

[ 
x(k + 1) ] [ ct> Xn+I 

(k + 1) = 0 

y(k) = [ H 

For our final case, we consider .e > 1. In this case, the equations are 

x(k + 1) = cl>x(k) + I\ u(k - l) + r
2
u(k .e + 1) 

(4.78) 

and we must eliminate the past controls up to u (k). To do this we introduce l 
new variables such that 

x11+
1 
(k) = u(k - ,f,), x

11+/k) = u(k - l + 1), • • ·, x
11+e

(k) = u(k - 1). 

The structure of the equations is 

<P fl r
2 

0 0 x(k) 0 

[ 

x(k + 1) 

l 

0 0 1 0 0 Xn+
I (k) 0 

Xn+
l (k + 1) 0 0 0 1 0 x

11+2
(k) 0 

Xn+/� + 1) = Xn+3(k) + 0 u(k) 

x
11+

/k + 1) 0 0 0 0 0 1 
0 0 0 0 0 0 x

11+
/k) 1 

[ 

x(k) 

l y(k) = [ H 
] Xn+I 

(k) 
(4.79) 0 · ,/, 0 . . 

x
11+

/k) 

This final solution is easily visualized in terms of a block diagram, as shown 
in Fig. 4.19. 

4.3.5 *Numerical Considerations in Computing <I> 
andr 

The numerical considerations of these computations are centered in the approxi
mation to the infinite sum for '\Jf given by Eq. (4.74) or, for a = T, by Eq. (4.62). 
The problem is that if FT is large, then (FT)N / N! becomes extremely large be
fore it becomes small, and before acceptable accuracy is realized most computer 
number representations will overflow, destroying the value of the computation. 
Kallstrom (1973) has analyzed a technique used by Kalman and Englar (1966), 
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Figure 4.19 
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Block diagram of system with delay of more than one period. Double line indicates 
vector valued variables 

which has been found effective by Moler and Van Loan (1978). The basic idea 
comes from Eq. (4.52) with t

2 
- t

0 
= 2T and t

1 
- t

0 
= T, namely 

(eFT)2 eFT eFT = eF2T . (4.80) 

Thus, if T is too large, we can compute the series for T /2 and square the result. 
If T /2 is too large, we compute the series for T / 4, and so on, until we find a k 

such that T /2k is not too large. We need a test for deciding on the value of k. We 
propose to approximate the series for 'If, which can be written 

'If(!_) - N-1 [F(T /2k)f 00 (FT /2k)j 

2k 
- L ( · 1)' + L ( · l)' j=O ] + . j=N ] + . 

'\Jf+R. 

We will select k, the factor that decides how much the sample period is divided 
down, to yield a small remainder term R. Kallstrom suggests that we estimate 
the size of R by the size of the first term ignored in '\JI, namely, 

R � (FT)N /(N 
+ 1)!2Nk _ 

A simpler method is to select k such that the size of FT divided by 2k is less 
than 1. In this case, the series for FT /2k will surely converge. The rule is to select 
k such that 

ll 

2k > I I FT 11 = m�x L I �j I T. 
J i=I 

Taking the log of both sides, we find 

k > log
2 I I FT 11 , 

from which we select 

k = max(f log2 II FT II, 0), (4.81) 
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Figure 4.20 
Logic for a program to 
compute w using 
automatic time scaling 

where the symbol Ix means the smallest integer greater than x. The maximum 
of this integer and zero is taken because it is possible that 11 FT 11 is already so 
small that its log is negative, in which case we want to select k = 0. 

Having selected k, we now have the problem of computing '\Jf(T) from 
'\Jl'(T /2k). Our original concept was based on the series for <ll, which satisfied 
Eq. (4.80). To obtain the suitable formula for '\Jf, we use the relation between <I> 
and '\Jf given by Eq. (4.60) as follows to obtain the "doubling" formula for '\Jf 

<1>(2T) = <l>(T)<l>(T), 
I+ 2TF'\Jf(2T) [I+ TF'\Jf(T)][l + TF'\Jf(T)] 

=I+ 2TF'\Jf(T) + T2F2'\Jf2(T); 

therefore 

This is equivalent to 

'1T(2T) = (1+ T
2F \JT(T)) W(T), 

which is the form to be used. The program logic for computing '\Jf is shown in 
Fig. 4.20.16 This algorithm does not include the delay discussed in Section 4.3.4. 

1. Select F and T. 

2. Comment: Compute II FT II. 
3. V +- maxlE

i 
I Fij 

I} x T 

4. k +- smallest nonnegative integer greater than log
2 

V. 

5. Comment: compute '\Jf(T1/2k). 
6. T

l
+- T/2k 

7. I +- Identity 
8. '\Jf +- I 
9. j +- 11 

10. If j = 1, go to step 14. 
1 1. ,qr +- I + F�I ,qr 

J 

12. j +- j - 1 
13. Go to step 10. 
14. Comment: Now double '\Jf k times. 
15. If k 0, stop. 
16. ,qr +- (I+ 2�I1 '\Jf) ,qr 
17. k+-k-1 

18. Go to step 15. 

16 Similar logic is used by MATLAB in C2D.M. 
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For that, we must implement the logic shown in Fig. 4.19. In the Control Toolbox, 
the function c2d.m executes the logic with a delay if one is specified. 

4.3.6 *Nonlinear Models 

Contrary to the predominant developments in this book, models of dynamic sys
tems are generally nonlinear. However, it is more difficult to apply analysis to 
nonlinear models and, thus, less insight is gained if models are left in their nonlin
ear form throughout the entire design process. Controls engineers commonly use 
numerical simulation of nonlinear models to evaluate the performance of control 
systems, a technique that should always be a part of any control system design. 
To aid in the design synthesis of controllers and to gain insight into approximate 
behavior, it is often advantageous to linearize the system so the methods in this 
text can be utilized. 

We begin with the assumption that our plant dynamics are adequately de
scribed by a set of ordinary differential equations in state-variable form as 

Xl f1(Xl, ···,Xn,Ul, ···,Um,t), 
X2 = f2(X1, ••• 'xn, ul, ••• ' um, t), 

ill= f,/x1, ···,xii, ul, ···,um, t), 
Y1 = hl (xl, ••• 'xii, ul, ••• ' um, t), 

(4.82) 

or, more compactly in matrix notation, we assume that our plant dynamics are 
described by 

x = f(x, u, t), 
x(to) = Xa, 

y = h(x, u, t). (4.83) 

One proceeds as follows with the process of linearization and small-signal 
approximations. We assume stationarity by the approximation that f and h do not 
change significantly from their initial values at t

0
. Thus we can set 

or, simply 

x = f(x, u), y = h(x, u). (4.84) 
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The assumption of small signals can be reflected by taking x and u to be always 
close to their reference values x

0
, u

0
, and these values, furthermore, to be an 

equilibrium point of Eq. (4.82), where 

f(x
0

, u
0

) = 0. (4.85) 

Now, if x and u are "close" to x
0 

and u
0

, they can be written as x = x
0 
+ 8x; u = 

u
0 
+ 8u, and these can be substituted into Eq. (4.84). The fact that 8x and 8u are 

small is now used to motivate an expansion of Eq. (4.84) about x
0 

and u
0 

and to 
suggest that the only terms in the first power of the small quantities 8x and 8u 
need to be retained. We thus have a vector equation and need the expansion of a 
vector-valued function of a vector variable, 

d 
dt 

(x
0 
+ 8x) = f(x

0 
+ 8x, u

0 
+ 8u). (4.86) 

If we go back to Eq. (4.82) and do the expansion of the components� one at a 
time, it is tedious but simple to verify that Eq. (4.86) can be written as 17 

(4.87) 

where we define the partial derivative of a scalar � with respect to the vector x 
by a subscript notation: 

1 
� ( a f1 . . . af1 ) . l,x ax ax 

l n 

(4.88) 

The row vector in Eq. (4.88) is called the gradient of the scalar f1 
with respect 

to the vector x. If f is a vector, we define its partial derivatives with respect to the 
vector x as the matrix (called the Jacobean) composed of rows of gradients. In 
the subscript notation, if we mean to take the partial of all components, we omit 
the specific subscript such as 1 or 2

1 
but hold its place by the use of a comma 

af1 

ax 
af2 

f = 
'x 

ax (4.89) 

at,I 

ax 

Now, to return to Eq. (4.87), we note that by Eq. (4.85) we chose x
0

, u
0 

to be an 
equilibrium point, so the first term on the right of Eq. (4.87) is zero, and because 
the terms beyond those shown depend on higher powers of the small signals 8x 
and 8u, we are led to the approximation 

ox � f,
x 

(x
0 , u0

)8x + f,
u 

(x
0

, u
0
)8u, 

8y = h,
x 

8x + h,
u 

OU. 

17 Note that dx0/ dt = 0 because our "reference trajectory" x0 is a constant here. 

(4.90) 
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But now the notation is overly clumsy, so we drop the ox, ou and oy notation and 
simply call them x, u and y and define the constant matrices 

F = f,
x 

(x
0

, u
0

), 

H = h,
x 

(x
0

, u
0

), 

G = f,
u 

(x
0

, u
0

), 

J = h,
u 

(xo, uo)· 

This results in the form we used earlier in Section 2.1.1 

x =Fx+Gu, y = Hx+Ju. (4.91) 

We go even further and restrict ourselves to the case of single input and single 
output and discrete time. We then write the model as 

x(k + 1) = <l>x(k) + ru(k), 

y(k) = Hx(k) + Ju(k), 

from which the transfer function is 

G(z) = Y(z)/ U(z) = H(zl <l>)- 1r + J. 

(4.92) 

(4.93) 

Thus we see that nonlinear models can be approximated as linear state-space 
models or as transfer function models. The accuracy of the approximation varies 
with the problem, but is generally useful in designing the control system. The final 
design of the control system should always be checked via numerical simulation 
of the nonlinear equations. 

4.4 Signal Analysis and Dynamic Response 

In Section 4.2 we demonstrated that if two variables are related by a linear constant 
difference equation, then the r:;i.tio of the z-transform of the output signal to that 
of the input is a function of the system equation alone, and the ratio is called 
the transfer function. A method for study of linear constant discrete systems is 
thereby indicated, consisting of the following steps: 

1. Compute the transfer function of the system H (z). 

2. Compute the transform of the input signal, E(z). 

3. Form the product, E(z)H(z), which is the transform of the output signal, U. 

4. Invert the transform to obtain u(kT). 

If the system description is available in difference-equation form, and if the 
input signal is elementary, then the first three steps of this process require very 
little effort or computation. The final step, however, is tedious if done by hand, 
and, because we will later be preoccupied with design of transfer functions to 
give desirable responses, we attach great benefit to gaining intuition for the kind 
of response to be expected from a transform without actually inverting it or nu
merically evaluating the response. Our approach to this problem is to present a 
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120 Chapter 4 Discrete Systems Analysis 

repertoire of elementary signals with known features and to learn their represen
tation in the transform or z-domain. Thus, when given an unknown transform, 
we will be able, by reference to these known solutions, to infer the major fea
tures of the time-domain signal and thus to determine whether the unknown is 
of sufficient interest to warrant the effort of detailed time-response computation. 
To begin this process of attaching a connection between the time domain and the 
z-transform domain, we compute the transforms of a few elementary signals. 

4.4.1 The Unit Pulse 

We have already seen that the unit pulse is defined by 18 

therefore we have 

e
1 
(k) = 1 

=0 

= 8k ; 

00 

(k 0) 

(k =I- 0) 

E/z) = L)k z-k 
= zo 

= 1. 
-00 

(4.94) 

This result is much like the continuous case, wherein the Laplace transform of 
the unit impulse is the constant 1.0. 

The quantity E
1 
(z) gives us an instantaneous method to relate signals to 

systems: To characterize the system H(z), consider the signal u(k), which is the 
unit pulse response; then U(z) = H(z). 

4.4.2 The Unit Step 

Consider the unit step function denned by 

e/k) = 
1 (k :::: 0) 

In this case, the z-transform is 

= 0 (k < 0) 

� l(k). 

00 00 

E/z) = L e/k) z-k 
= L z-k 

k=-oo k=O 

1 
=---

1 - z- 1 

z 

z 1 
(lzl > 1). (4.95) 

18 We have shifted notation here to use e(k) rather than ek for the kth sample. We use subscripts to 

identify different signals. 
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Figure 4.21 
(a) Pole and zero of f iz) 
in the z-plane. The unit 
circle is shown for 
reference. (b) Plot of 
e

2
(k) 
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Here the transform is characterized by a zero at z = 0 and a pole at z = 1. The 
significance of the convergence being restricted to lz I > 1 will be explored later 
when we consider the inverse transform operation. The Laplace transform of the 
unit step is 1 / s; we may thus keep in mind that a pole at s = 0 for a continuous 
signal corresponds in some way to a pole at z = 1 for discrete signals. We will 
explore this further later. In any event, we record that a pole at z = 1 with 
convergence outside the unit circle, I z I = 1, will correspond to a constant for 
positive time and zero for negative time. 

To emphasize the connection between the time domain and the z-plane, we 
sketch in Fig. 4.21 the z-plane with the unit circle shown and the pole of E

2 
(z) 

marked x and the zero marked o. Beside the z-plane, we sketch the time plot of 
e

2
(k). 

(a) (b) 

4.4.3 Exponential 
I 

The one-sided exponential in time is 

e/k) = rk 

=0 
(k:::: 0) 

(k < 0) (4.96) 

which is the same as rk I (k), using the symbol 1 (k) for the unit step function. 
Now we get 

00 

E
3
(Z) = 2=>kz-k 

k=O 

1 

Clzl > Ir!). (4.97) 
z-r 
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Figure 4.22 
(a) Pole and zero of f

3
(z) 

in the z-plane. (b) Plot of 
eik) 

The pole of E3
(z) is at z = r. From Eq. (4.96) we know that e

3
(k) grows 

without bound if Ir! > 1. From Eq. (4.97) we conclude that a z-transform that 
converges for large z and has a real pole outside the circle I z I = 1 corresponds 
to a growing signal. If such a signal were the unit-pulse response of our system, 
such as our digital control program, we would say the program was unstable as 
we saw in Eq. (4.39). We plot in Fig. 4.22 the z-plane and the corresponding time 
history of E

3 
(z) as e

3 
(k) for the stable value, r = 0.6. 

(a) (b) 

4.4.4 General Sinusoid 

Our next example considers the modulated sinusoid e
4
(k) = [rk cos(k0)]l(k), 

where we assume r > 0. Actually, we can decompose e
4 
(k) into the sum of two 

complex exponentials as 
, 

(
ejk0 + e-jk0

) e/k) = rk 

2 
l(k), 

and because the z-transform is linear, 19 we need only compute the transform of 
each single complex exponential and add the results later. We thus take first 

and compute 

e/k) rk ejk0l(k) (4.98) 

00 

E/z) = L rkejek
z
-k 

k=O 
00 

= L(rej0z- 1 l 
k=O 

19 We have not shown this formally. The demonstration, using the definition of linearity given above, is 
simple and is given in Section 4.6. 
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Figure 4.23 
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1 
=----

1 - rej0
z- 1 

z 
=---

z - rej0 
(lzl > r). (4.99) 

The signal e
s
(k) grows without bound ask gets large if and only if r > l, and 

a system with this pulse response is BIBO stable if and only if Ir I < 1. The 
boundary of stability is the unit circle. To complete the argument given before 
for e/k) = rk cos k0 l (k), we see immediately that the other half is found by 
replacing 0 by -0 in Eq. (4.99) 

and thus that 

Z{rke-j0kl(k)} = 

z . 
z - re-10 

(lzl > r), 

1 
{ z z } E/z) = - . + . 

2 z - r e10 
z - re-10 

z(z - r cos 0) 
z2 - 2r(cos 0)z + r2 

(lzl > r). 

(4.100) 

(4.101) 

The z-plane pole-zero pattern of Ei z) and the time plot of eik) are shown in 
Fig. 4.23 for r = 0. 7 and 0 = 45°. 

We note in passing that if 0 = 0, then e 
4 

reduces to e3 and, with r = l, to e
2, so 

that three of our signals are special cases of e
4

. By exploiting the features of £
4 
(z), 

we can draw a number of conclusions about the relation between pole locations 
in the z-plane and the time-domain signals to which the poles correspond. We 
collect these for later reference. 

(a) Poles and zeros of Eiz) for 0 = 45° , r = 0.7 in the z-plane. (b) Plot of eik) 

(a) 

e
4

(k) 

1.0 

• 

k➔ 

(b) 
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124 Chapter 4 Discrete Systems Analysis 

1. The settling time of a transient, defined as the time required for the signal to 
decay to one percent of its maximum value, is set mainly by the value of the 
radius, r, of the poles. 

(a) r > 1 corresponds to a growing signal that will not decay at all. 

(b) r 
= 

1 corresponds to a signal with constant amplitude ( which is not 
BIBO stable as a pulse response). 

( c) For r < 1, the closer r is to O the shorter the settling time. The corre
sponding system is BIBO stable. We can compute the settling time in 
samples, N, in terms of the pole radius, r. 

Pole Radius Response Duration 
r N 

0.9 43 
0.8 21 
0.6 9 
0.4 5 

(d) A pole at r = 0 corresponds to a transient of finite duration. 

2. The number of samples per oscillation of a sinusoidal signal is determined 
by 0. If we require cos(0k) _= cos(0(k + N)), we find that a period of 2rc 
rad contains N samples, whe�e 

2rc 360 
N 

= -0 lrad = e 
samples/cycle. 

deg 

For 0 = 45°, we have N = 8, and the plot of e/k) given in Fig. 4.23(b) 
shows the eight samples in the first cycle very clearly. A sketch of the unit 
circle with several points corresponding to various numbers of samples per 
cycle marked is drawn in Fig. 4.24 along with other contours that will be 
explained in the next section. The sampling frequency in Hertz is 1 / T, and 
the signal frequency is f = 1 /NT so that N = fs / f and 1 / N is a normalized 
signal frequency. Since 0 (2rc) / N, 0 is the normalized signal frequency 
in radians/sample. 0 / T is the frequency in radians/second. 

A compilation of signal responses versus their pole location in the z-plane is 
shown in Fig. 4.25. It demonstrates visually the features just summarized for the 
general sinusoid, which encompasses all possible signals. 
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Sketch of the unit circle with angle e marked in numbers of samples per cycle 

Im axis 

z = plane loci of roots of constant t and wn 

s = -!'wn ± iWn.J[=°f2 
z =eTs 

T = sampling period 

4.4.5 Correspondence with Continuous Signals 

From the calculation of these few z-transforms, we have established that the 
duration of a time signal is related to the radius of the pole locations and the 
number of samples per cycle is related to the angle, 0. Another set of very useful 
relationships can be established by considering the signals to be samples from a 
continuous signal, e(t), with Laplace transform E(s). With this device we can 
exploit our knowledge of s-plane features by transferring them to equivalent z
plane properties. For the specific numbers represented in the illustration of e

4
, we 

take the continuous signal 

with 

y(t) = e-ar cosbt l(t) 

aT = 0.3567, 

bT = n/4. 

(4.102) 
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Figure 4.25 
Time sequences associated with pole locations in the z-plane 

/-1 

And, taking samples one second apart (T = 1), we have 

n:k 
y(kT) = (e-0•3567/ cos -1 (k) 

4 
n:k 

= (0.7/ cos -l(k) 
4 

= e
4
(k). 

The poles of the Laplace transform of y(t) (in the s-plane) are at 

s
1
,2 =-a+ jb, -a - jb. 

Re(z) 
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Figure 4.26 
Corresponding lines in 
the s-plane and the 
z-plane according to 
z = e5

r 
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From Eq. (4.101), the z-transform of E/z) has poles at 

but because y(kT) equals e/k), it follows that 

0 =bT 

If E(z) is a ratio of polynomials in z, which will be the case if e(k) is generated 
by a linear difference equation with constant coefficients, then by partial fraction 
expansion, E(z) can be expressed as a sum of elementary terms like E

4 
and E/0 

In all such cases, the discrete signal can be generated by samples from continuous 
signals where the relation between the s-plane poles and the corresponding z

plane poles is given by 

(4.103) 

If we know what it means to have a pole in a certain place in the s-plane, then 
Eq. (4.103) shows us where to look in the z-plane to find a representation of 
discrete samples having the same time features. It is useful to sketch several 
major features from the s-plane to the z-plane according to Eq. (4.103) to help 
fix these ideas. Such a sketch is shown in Fig. 4.26. 

Each feature should be traced in the mind to obtain a good grasp of the 
relation. These features are given in Table 4.2. We note in passing that the map 

jw 

(a) 

(J 

z-plane 

(b) 

20 Unless a pole of E(z) is repeated. We have yet to compute the discrete version of a signal corresponding 
to a higher-order pole. The result is readily shown to be a polynomial in k multiplying rk ejke . 
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Table 4.2 Description of corresponding lines ins-plane and z-plane 

s-plane 

{ s =jw 
Real frequency axis 
5=0"?:: 0 

s =a::: 0 

I 
5 
= -t;wn + jwnR· 
= -a +jb 

Constant damping ratio 
if t; is fixed and wn 
varies 
s = ±j(n/T) + a, 

Symbol 

X X X { izi = 1 
Unit circle 

z r?:: 1 

z-p/ane 

z = r, 0::: r::: 1 

I 
z = rei0 where r 

0=wn rR 
Logarithmic spiral 

Z= -r 

= exp(-sw
n 
T) 

= e-aT1 

z = e
sT of Eq. (4.103) is many-to-one. There are many values of s for each value 

of z. In fact, if 
2n 

s
2

=s1 +J T N, 

then es
1 

T = e
s
2

T
_ The (great) significance of this fact will be explored in Chapter 5. 

Lines of constant damping in the s-plane are mapped into the z-plane ac
cording to Eq. (4.103) for several values of� in Fig. 4.24. We often refer to the 
damping of a pole in the z-plane in terms of this equivalents-plane damping, or 
sometimes we simply refer to the damping of a z-plane pole. Likewise, lines of 
constant natural frequency, wn, in the s-plane (semi-circles centered at the origin) 
are also mapped into the z-plane according to Eq. (4.103) for several values of cvn 
in Fig. 4.24. It's interesting to note that in the immediate vicinity of z = + 1, the 
map of� and wn looks exactly like the s-plane in the vicinity of s = 0. Because 
of the usefulness of this mapping, the Control System Toolbox has the function 
zgrid.m that allows one to superimpose this mapping on various plots to help in 
the interpretation of the results. You will see its use in the figure files of discrete 
root loci in Chapter 7. 

4.4.6 Step Response 

Our eventual purpose, of course, is to design digital controls, and our interest in the 
relation between z-plane poles and zeros and time-domain response comes from 
our need to know how a proposed design will respond in a given dynamic situation. 
The generic dynamic test for controls is the step response, and we will conclude 
this discussion of discrete system dynamic response with an examination of 
the relationships between the pole-zero patterns of elementary systems and the 
corresponding step responses for a discrete transfer function from u to y of a 
hypothetical plant. Our attention will be restricted to the step responses of the 
discrete system shown in Fig. 4.27 for a selected set of values of the parameters. 
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Figure 4.27 
Definition of the 
parameters of the 
system whose step 
responses are to be 
catalogued 

Figure 4.28 
Pole-zero pattern of Y(z) 

for the system of Fig. 
4.27, with z

1 
= 

p
1
, U(z) = z/(z - 1 ), a 1 

and a
2 

selected for 
0 = 18°, and t = 0.5 
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Y(z) U(z) (z-z1)(z-z
2
) 

---�� K-------i---� 

(z-p1)(z2 -a1 z+a2) 

Note that if z
1 
= p l

' the members of the one pole-zero pair cancel out; 
and if at the same time z

2 
= r cos ( 0), a

1 
= -2r cos ( 0), and a

2 
r2

, the system 
response, Y(z), to the input with transform U(z) = 1 (a unit pulse) is 

z - rcos0 
Y(z) = -----. 

z2 
- 2rcos0z + r2 

(4,104) 

This transform, when compared with the transform E/z) given in Eq. 
(4.101), is seen to be 

Y(z) = z- 1 E/z), 

and we conclude that under these circumstances the system pulse response is a 
delayed version of e 

4 
(k), a typical second-order system pulse response. 

For our first study we consider the effect of zero location. We let z
1 
= p 1 

and explore the effect of the (remaining) zero location, z
2
' on the step-response 

overshoot for three sets of values of a
1 

and a
2

. We select a
1 

and a
2 

so that the 
poles of the system correspond to a response with an equivalents-plane damping 
ratios = 0.5 and consider values of 0 of 18, 45, and 72 degrees. In every case, 
we will take the gain K to be such that the steady-state output value equals the 
step size. The situation in the z-plane is sketched in Fig. 4.28 for 0 = 18°. The 
curve for s = 0.5 is also shown for reference. In addition to the two poles and 
one zero of H(z), we show the pole at z = 1 and the zero at z = 0, which come 
from the transform of the input step, U(z), given by z/(z 1). 
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Figure 4.29 
Plot of step responses 
for a discrete plant 
described by the 
pole-zero pattern of 
Fig. 4.28 for various 
values of z

2 

The major effect of the zero z
2 

on the step response y (k) is to change the 
percent overshoot, as can be seen from the four step responses for this case plotted 
in Fig. 4.29. To summarize all these data, we plot the percent overshoot versus 
zero location in Fig. 4.30 for s = 0.5 and in Fig. 4.31. for s = 0.707. The major 
feature of these plots is that the zero has very little influence when on the negative 
axis, but its influence is dramatic as it comes near+ 1. Also included on the plots 
of Fig. 4.30 are overshoot figures for a zero in the unstable region on the positive 
real axis. These responses go in the negative direction at first, and for the zero 
very near+ 1, the negative peak is larger than 1 !21 

Our second class of step responses corresponds to a study of the influence of 
a third pole on a basically second-order response. For this case we again consider 
the system of Fig. 4.27, but this time we fix z

1 
= z

2 
= -1 and let p

1 
vary from 

near -1 to near + 1. In this case, the major influence of the moving singularity 
is on the rise time of the step response. We plot this effect for 0 = 18, 45, and 
72 degrees ands = 0.5 on Fig. 4.32. In the figure we defined the rise time as the 
time required for the response to rise to 0.95, which is to 5% of its final value. 
We see here that the extra pole causes the rise time to get very much longer as 
the location of p 

1 
moves toward z = + 1 and comes to dominate the response. 

Our conclusions from these plots are that the addition of a pole or zero to a 
given system has only a small effect if the added singularities are in the range from 
O to -1. However, a zero moving toward z = + 1 greatly increases the system 
overshoot. A pole placed toward z = + 1 causes the response to slow down and 
thus primarily affects the rise time, which is progressively increased. 

The understanding of how poles and zeros affect the time response is very 
useful for the control system designer. The knowledge helps guide the iterative 

y(k) a 

oz�= 0.9 

0 a 0 z2 = 0.8 
a 

X Z2 = 0.7 
a 

a e Z2 = 0.6 

0 0 0 

0 X 0 
0 

X Cl 
X X 0 

0 X 9 •
• •• 

II 

1.0 
C @ e e 

)( 

� . 

k➔ 

21 Such systems are called nonminimum phase by Bode because the phase shift they impart to a 

sinusoidal input is greater than the phase of a system whose magnitude response is the same but that 

has a zero in the stable rather than the unstable region. 
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Figure 4.30 
Effects of an extra zero 
on a discrete 
second-order system, 
t = o.s; e 18°, 45°, 

and 72 ° 
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1000 r= o.s 

500 

300 

- 200 

rn 100 
g 720 

0 50 18° � 
30 

� .... 20 

10 

5 

3 

2 

-1.0 -0.S 0 0.5 1.0 LS 

Zero location z
2 

design process and helps the designer understand why a response is the way it 
is. Ultimately, however, the test of a design is typically the actual time response, 
either by numerical simulation or an experimental evaluation. Today, transform 
inversion would never be carried out. In MATLAB, the numerical simulation of 
the impulse response for a disc�ete system, sysD is accomplished by 

y = impulse(sysD) 
and the discrete step response by 

y = step(sysD) 
Invoked without a left-hand argument (y =), both functions result in a plot of the 
response on the screen. 

4 .5 Frequency Response 

A very important concept in linear systems analysis is the frequency response. 
If a sinusoid at frequency w 

O 
is applied to a stable, linear, constant, continuous 

system, the response is a transient plus a sinusoidal steady state at the same 
frequency, w 

0
, as the input. If the transfer function is written in gain-phase 

form as H(jw) = A(w)eNCwl , then the steady-state response to a unit-amplitude 
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Figure 4.31 
Effects of an extra zero 
on a discrete 
second-order system, 
t = 0.707; 0 = 18°, 45°, 
and 72°; percent 
overshoot versus zero 
location 

Figure 4.32 
Effects of an extra pole 
on rise time for a 
discrete third-order 
system, two zeros at -1, 
one zero at oo; s = 

0.5; 0 = 18°, 45°, 72° 

1000 r = 0.101 

500 

300 

cil 200 
ti.I 

g 100 

0 

50 

t 30 0 

20 Cl) 

10 

5 
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2 

-1.0 0.0 1.0 

Zero location 

100 

:;;' so 
-;-� 30 
]i 20 
Oil -a. 
�; 
·!� 
i '"' 

s ;.8 
; 3 � 

2 

l 

-1.0 0.0 1.0 

Pole location 

sinusoidal signal has amplitude A ( cv) and phase yr ( cv) relative to the input 
signal. 

We can say almost exactly the same respecting the frequency response of a 
stable, linear, constant, discrete system. If the system has a transfer function H (z), 
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4.5 Frequency Response 133 

we define its magnitude and phase for z taking on values around the unit circle 
by H(e

JwT
) = A(wT)e

NCwT). If a unit-amplitude sinusoid is applied, then in the 
steady state, the response samples will be on a sinusoid of the same frequency 
with amplitude A(w

0
T) and phase t(w

0
T) . It is worthwhile going through the 

calculations to fix ideas on this point. 
From Eq. (4.16), the discrete response transform is 

U(z) = H(z) E(z). (4.105) 

If e(k) = cos(w
0
Tk) l(k), then, from Eq. (4.101) with r = 1 and 0 = wJ, we 

have 

E(z) = _2
1 

{ 
z 

Jwo + 
z

-Jwo}. 
z - e I z - e 1 

If we substitute Eq. (4.106) into Eq. (4.105), we obtain 

U(z) ! { zH(�) 
+ 

zH(z_) 
} . 2 z - e1w10 

z - e
-1w10 

(4.106) 

(4.107) 

The steady state ofu(kT) corresponds to the terms in the expansion ofEq. (4.107) 
associated with the two poles on the unit circle. If we expand U (z) / z into partial 
fractions and multiply back by z, the steady state part can be found as 

1 H(ejwo T
)z 1 H(e-jwo T

)z 

USS (z) = -2 jw r + -2 -jw r • 
z e O z e 0 

If H(e
JwJ) A(w

0
T)e

Jif;(wJ) , then we have 

A e
N 

z A e
-Hz 

USS (z) 
= 2 z - ejwto + 2 z e

-jwto, 

and the inverse transform of Uss (z) is 

u (kT) =I !!_ ejif; e}wJk + 
A 

e-N 
e
-jwo Tk 

" 2 2 
= A cos(wJk + t), 

(4.108) 

(4.109) 

which, of course, are samples at kT instants on a sinusoid of amplitude A, phase 
1/f, and frequency w 

O
• 

We will defer the plotting of particular frequency responses until later chap
ters (see, for example, Figs. 6.3, 6.8, 7.16, and 7.2 8). However, it should be 
noticed here that although a sinusoid of frequency w 

O 
could be passed through 

the samples of Eq. (4.109), there are other continuous sinusoids of frequency 
w 

O 
+ fln / T for integer J!, which also pass through these points. This is the phe

nomenon of aliasing, to which we will return in Chapter 5. Here, we define the 
discrete frequency response of a transfer function H (z) to sinusoids of frequency 
w

0 
as H(e

JwJ) so that the amplitude A and phase 1/f are 

A= IH(e
1w

0

T
) I and 1/f = L(H(e1w

0
T

)) (4.110) 
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134 Chapter 4 Discrete Systems Analysis 

which can be evaluated and plotted by MATLAB's bode.m with the scripts 

sysD = tf(num,den,T) 

bode(sysD) 

where amplitude is plotted in decibels (dB), or 

[mag,phase,w] = bode(sysD) 

subplot(2, 1, 1 ), loglog(w,mag) 

subplot(2, 1,2), semilogx(w,phase) 

where amplitude is plotted as a ratio as in the figures in this text. If the system is 
described by the state-space matrices, the scripts above can be invoked with 

sysD = ss(F,G,H,J,T). 

4.5.l *The Discrete Fourier Transform (DFT) 

The analysis developed above based on the z-transform is adequate for con
sidering the theoretical frequency response of a linear, constant system or the 
corresponding difference equation, but it is not the best for the analysis of real
time signals as they occur in the laboratory or in other experimental situations. 
For the analysis of real data, we need a transform defined over a finite data record, 
which can be computed quickly and accurately. The required formula is that of 
the Discrete Fourier Transform, the DFT, and its numerical cousin, the Fast 

Fast Fourier Transform Fourier Transform, the FFT. Implementation of a version of the FFT algo
rithm is contained in all signal-processing software and in most computer-aided 
control-design software. 

To understand the DFT, it is useful to consider two properties of a signal and 
its Fourier transform that are complements of each other: the property of being 
periodic and the property of being discrete. In ordinary Fourier analysis, we have 
a signal that is neither periodic nor discrete and its Fourier transform is also 
neither discrete nor periodic. If, however, the time function f (t) is periodic with 
period T

0
, then the appropriate form of the transform is the Fourier series, and 

the transform is defined only for the discrete frequencies w = 2n:n/ T0 . In other 
words, if the function in time is periodic, the function in frequency is discrete. 
The case where the properties are reversed is the z-transform we have just been 
studying. In this case, the time functions are discrete, being sampled, and the 
z-transform is periodic in w; for if z = 

ejwT , corresponding to real frequencies, 
then replacing w = w + 2n: k / T leaves z unchanged. We can summarize these 
results with the following table: 
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4.5 Frequency Response 135 

Time Frequency 

Fourier Series periodic 
z-transform discrete 

discrete 
periodic 

Suppose we now have a time function that is both periodic and discrete. 
Based on what we have seen, we would expect the transform of this function also 
to be both periodic and discrete. And this is the case, which leads us to the finite 
discrete Fourier transform and its finite inverse. Let the time function in question 
be f (kT) = f (kT + NT). Because the function is periodic, the transform can 
be defined as the finite sum 

F (2nn) = I: f (kT)e-j2n:(nkT)/(NT). 
NT k=O 

This is the same as the z-transform over one period evaluated at the discrete 
frequencies of a Fourier series w = 2n n /NT. It is standard practice to suppress 
all the arguments except the indices of time and frequency and write 

N-I 

Fn = L fk
e-j2n:(nk)/N_ (4.111) 

k=O 

To complete the DFT, we need the inverse transform, which, by analogy with the 
standard Fourier transform, we guess to be the sum 

N-I 

L Fn
ej2n:(

nk)/N. 
n=O 

If we substitute Eq. (4.111) wi� summing index .e into this, we find 
N-1 { N-1 } L L fee-j2n:(

n£)/N ej2n:(nk)/N_ ll=O £=0 
Interchanging the order of the summations gives 

N-1 { N-1 } � fe � 
ej2n:[n(k-£)]/N 

The sum in the braces is a finite geometric series, which we can evaluate as 
follows N-1 1 j2rr(k-£) 

""ej2n:[n(k-£)]/N 
= 

__ -_e __ _ 
� 1 _ ej2n:(k-£)/N 
n=O 

k-.€=0 

k - .e = I, 2, ... , N - l. 
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136 Chapter 4 Discrete Systems Analysis 

The sum is periodic with period N. With this evaluation, we see that the sum we 
have been considering is N fk , and thus we have the inverse sum 

1 N-1 

-F = _ '\' p ej2rr(nk)/N. 
Jk NL n 

n=O 

Equations (4.111) and (4.112) comprise the DFT 

(4.112) 

Because there are N terms in the sum in Eq. (4.111), it would appear that to 
compute the DFT for one frequency it will take on the order of N multiply and 
add operations; and to compute the DFT for all N frequencies, it would take on 
the order of N2 multiply and add operations. However, several authors, especially 
Cooley and Tukey (1965), have showed how to take advantage of the circular 
nature of the exponential so that all N values of Fn can be computed with the 
order of N log( N) operations if N is a power of 2. For N = 1024, this is a saving 
of a factor of 100, a very large value. Their algorithm and related schemes are 
called the Fast Fourier Transform or FFT. 

To use the DFT/FFT in evaluating frequency response, consider a system 
described by Eq. (4.105) and where the input is a sinusoid at frequency ev

e
= 2n: £/ NT so that e(kT) = A sin(2n: lkT / NT). We apply this input to the system 

and wait until all transients have died away. At this time, the output is given by 
u(kT) = B sin(2n:£k/ N + 'ljf ). The DFT of e(k) is 

I 

N-l 
(2n: lk

) 
' 

En =LA sin -- e-J(2rrnk)/N 

k=O 
N 

N-l A 

L-;- [ej(2rrek)/N _ e-j(2rrek)/N] e-j(2rrnk)/N 

k=O 2J 

= { �A 
,f, =/. n 

2j , f, n. 

The DFT of the output is co
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Dividing these results, we see that with sinusoidal input and output, the frequency 
response at the frequency w = (2n f) /NT is given by 

H 
(ej(2:rre)/N) 

= 
�e, 

e 

where U
e 
= F FT(u

k
) and E

e 
= F FT(e

k
), each evaluated at n = f. We will 

discuss in Chapter 12 the general problem of estimation of the total frequency 

response from experimental data using the DFT/FFT as well as other tools. 

4 .6 Properties of the z-Transform 

We have used the z-transform to show that linear, constant, discrete systems 
can be described by a transfer function that is the z-transform of the system's 
unit-pulse response, and we have studied the relationship between the pole-zero 
patterns of transfer functions in the z-plane and the corresponding time responses. 
We began a table of z-transforms, and a more extensive table is given in Appendix 
B. In Section 4.6.1 we tum to consideration of some of the properties of the z
transform that are essential to the effective and correct use of this important tool. 
In Section 4.6.2 convergence issues concerning the z-transform are discussed and 
in Section 4.6.3 an alternate derivation of the transfer function is given. 

4.6.1 Essential Properties 

In order to make maximum use of a table of z-transforms, one must be able to 
use a few simple properties of the z-transform which follow directly from the 
definition. Some of these, such as linearity, we have already used without making 
a formal statement of it, and others, such as the transform of the convolution, 

we have previously derived. For reference, we will demonstrate a few properties 
here and collect them into Appendix B for future reference. In all the properties 
listed below, we assume that F/z) = Z{f/kT)}. 

1. Linearity: A function f (x) is linear if f ( ax
1 
+ f3x

2
) = af(x

1
) + {Jf (x

2
). 

Applying this result to the definition of the z-transform, we find immediately 
that 

00 

Z{af
1 
(kT) + fJf/kT)} = L {a/1 

(k) + fJf/k)}z-k 
k=-oo 

aZ{f/k)} + {JZ{f/k)} 
= a F

1 
( z) + fJ F/ z). 
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138 Chapter 4 Discrete Systems Analysis 
Thus the z-transform is a linear function. It is the linearity of the transform that makes the partial-fraction technique work. 

2. Convolution of Time Sequences: 

Z {,t fiCl)f,(k -1)} = F1 
(z)F

2
(z). 

We have already developed this result in connection with Eq. (4.32). It is this result with linearity that makes the transform so useful in linear-constantsystem analysis because the analysis of a combination of such dynamic • systems can be done by linear algebra on the transfer functions. 
3. Time Shift: 

We demonstrate this result also by direct calculation: 
00 Z{f(k + n)} = L f(k + n)z-k. 

k=-oo 

If we let k + n = j, then 
00 Z{f(k + n)} = L f(j)z-(j-n) 

j=-00 

= zn F(z). QED 

(4.113) 

This property is the essential tool in solving linear constant-coefficient difference equations by transforms. We should note here that the transform of the time shift is not the same for the one-sided transform because a shift can introduce terms with negative argument which are not included in the one-sided transform and must be treated separately. This effect causes initial conditions for the difference equation to be introduced when solution is done with the one-sided transform. See Problem 4.13. 4. Scaling in the z-Plane: 

Z{r-k f (k)} = F(rz). 
By direct substitution, we obtain 

00 Z{r-kf(k)} = L r-k f(k)z-k 
k=-oo 

00 

= L f (k)(rz)-k 
k=-oo 

= F(rz). QED 
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4.6 Properties of the z-Transform 139 

As an illustration of this property, we consider the z-transform of the unit 
step, 1 (k), which we have computed before 

Z{l(k)} = I>-k = _z __ 
k=O 

z 1 

By property 4 we have immediately that 

Z{r-kl(k)} = _!!:_ = __ 
z 
__ 

rz-1 z (1/r) 

As a more general example, if we have a polynomial a(z) = z
2 
+ a

1
z + a

2 

with roots re±je , then the scaled polynomial o?z2 
+ a

1
az + a

2 
has roots 

(r / a )e±je . This is an example of radial projection whereby the roots of a 
polynomial can be projected radially simply by changing the coefficients 
of the polynomial. The technique is sometimes used in pole-placement de
signs as described in Chapter 8, and sometimes used in adaptive control as 
described in Chapter 13. 

5. Final-Value Theorem: If F(z) converges for lzl > 1 and all poles of (z -
l)F(z) are inside the unit circle, then 

Iim f (k) = lim(z 1) F(z). 
k➔oo z➔l 

(4.115) 

The conditions on F(z) assure that the only possible pole of F(z) not strictly 
inside the unit circle is a simple pole at z = 1, which is removed in (z -
l)F(z). Furthermore, the fact that F(z) converges as the magnitude of z 
gets arbitrarily large ensures that f (k) is zero for negative k. Therefore, all 
components off (k) tend to zero ask gets large, with the possible exception 
of the constant term due to the pole at z = 1. The size of this constant is 
given by the coefficient of 1 / ( z - 1) in the partial-fraction expansion of 
F(z), namely 

C lim(z - l)F(z). 
z➔l 

However, because all other terms inf (k) tend to zero, the constant C is the 
final value off (k), and Eq. (4.115) results. QED 

As an illustration of this property, we consider the signal whose transform 
is given by 

U(z)= 
z Tz+l 

z - 0.5 2 z - 1 
lzl > I. 

Because U(z) satisfies the conditions of Eq. (4.115), we have 

z T z + 1 
lim u(k) lim(z - 1)-- --
k➔oo z➔ l Z - 0.5 2 Z - 1 

z T 
= lim -- (z + 1) 

z➔ l Z - 0.5 2 
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140 Chapter 4 Discrete Systems Analysis 

1 T 

1 - 0.5 2 
(1 + l) 

=2T. 

This result can be checked against the closed form for u(k) given by 
Eq. (4.121) below. 

6. Inversion: As with the Laplace transform, the z-transform is actually one of a 
pair of transforms that connect functions of time to functions of the complex 
variable z. The z-transform computes a function of z from a sequence in k. 
(We identify the sequence number k with time in our analysis of dynamic 
systems, but there is nothing in the transform per se that requires this.) The 
inverse z-transform is a means to compute a sequence in k from a given 
function of z. We first examine two elementary schemes for inversion of a 
given F(z) which can be used if we know beforehand that F(z) is rational in z 
and converges as z approaches infinity. For a sequence f (k) , the z-transform 
has been defined as 

00 

F(z) = L f (k)z-k, 
k=-oo 

(4.116) 

If any value of f (k) for negative k is nonzero, then there will be a term in 
Eq. (4.116) with a positive power of z. This term will be unbounded if the 
magnitude of z is unbounded; and thus if F(z) converges as lzl approaches 
infinity, we know that f (k) is zero fork < 0. In this case, Eq. (4.116) is 
one-sided, and we can write 

00 

F(z) = L f(k)z-k, (4.117) 
k=O 

The right-hand side of Eq. (4.117) is a series expansion of F(z) about 
infinity or about z- 1 

= 0. Such an expansion is especially easy if F(z) is the 
ratio of two polynomials in z- 1

. We need only divide the numerator by the 
denominator in the correct way, and when the division is done, the coefficient 
of z-k is automatically the sequence value f (k) . An example we have worked 
out before will illustrate the process. 

Example 4 .12 z-Transf arm Inversion by Long Division 

The system for trapezoid-rule integration has the transfer function given by Eq. (4.14) 

Tz+I 
H(z) - -- lzl > 1. 

2 z - I' 

Determine the output for an input which is the geometric series represented by e3 (k) with 
r 0.5. That is 

z 
E3(z) = 

z -0.5 
lzl > o.s. 
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4.6 Properties of the z-Transform 141 

Solution. The z-transform of the output is 

U(z) = E/z)H(z) 
z T z + 1 

= 
z - 0.5 2 z - 1' lzl > 1. (4.118) 

Equation (4.118) represents the transform of the system output, u(k). Keeping out the factor 
of T /2, we write U(z) as a ratio of polynomials in z-1 

T 1 + z- 1 

U(z) = 
2 1 - l.5z-1 

+ 0.5z-2' 
and divide as follows 

f [1 + 2.5z-1 
+ 3.25z-2 

+ 3.625z-3 
+ • • • 

1 - 1.5z-l + 0.5z-2 ) 1 + Z-l 
1 1.5z-l + 0.5z-2 

2.5z-] - 0.5z-2 

2.5z-1 3.75z-2 
+ 1.25z-3 

3.25z-2 - 1.25z-3 

3.25z-2 4.875z-3 
+ l .625z-4 

3.625z-3 - 1.625z-4 

3.625z-3 - • • • 

By direct comparison with U(z) = L� u(k)z-k, we conclude that 

u
0 

= T/2, 

u
1 

= (T /2)2.5, 

u
2 

= (T /2)3.25, 

(4.119) 

(4.120) 

Clearly, the use of a computer will greatly aid the speed of this process in all but the simplest 
of cases. Some may prefer to use synthetic division and omit copying over all the extraneous 
z's in the division. The process is identical to converting F(z) to the equivalent difference 
equation and solving for the unit-pulse response. 

The second special method for the inversion of z-transforms is to decompose 
F(z) by partial-fraction expansion and look up the components of the sequence 
f (k) in a previously prepared table. 

Example 4.13 z-Transform Inversion by Partial Fraction Expansion 

Repeat Example 4.12 using the partial fraction expansion method. 
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14 2 Chapter 4 Discrete Systems Analysis 

Solution. Consider again Eq. (4.118) and expand U(z) as a function of z-1 as follows 
Tl+ z- 1 1 A B 

U(z)-------- +---- 2 1 -z-1 1 -o.sz-1 - 1 - 1 -o.sz-1• 
We multiply both sides by 1 -z-1, let z-1 

= 1, and compute 

Similarly, at z-1 
= 2, we evaluate 

T 2 
A=--=2T. 

2 0.5 

B = !_ l + 2 = _ 3T 

2 1-2 2 
Looking back now at e2 and e3, which constitute our "table" for the moment, we can copy 
down that 

uk = Ae
2 

(k) + Be/k) 
3T = 2Te/k) 
2

e/k) 

= (2r -3{ G)') !(kl 

= f [4 -;k ] l(k). (4,121) 

Evaluation of Eq. (4.121) fork = 0, l, 2, ... will, naturally, give the same values for u(k) as 
we found in Eq. (4.120). 

4.6.2 *Convergence of z-Transform 

We now examine more closely the role of the region of convergence of the 
z-transform and present the inverse-transform integral. We begin with another 
example. The sequence 

f(k) = { 
has the transform 

l k < 0 

0 k?:. 0 

lzl < 1. 

This transform is exactly the same as the transform of the unit step 1 (k), Eq. (4.95), 
except that this transform converges inside the unit circle and the transform of the 
l(k) converges outside the unit circle. Knowledge of the region of convergence 
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is obviously essential to the proper inversion of the transform to obtain the time 
sequence. The inverse z-transform is the closed, complex integral22 

l f dz 
f(k) = -. F(z)l-, 

2n:1 z 

(4.122) 

where the contour is a circle in the region of convergence of F(z). To demonstrate 
the correctness of the integral and to use it to compute inverses, it is useful to 
apply Cauchy's residue calculus [see Churchill and Brown (1984)]. Cauchy's 
result is that a closed integral of a function of z which is analytic on and inside a 
closed contour C except at a finite number of isolated singularities z

i 
is given by 

-
1
-. J F(z) dz= L Res(z). 

2n:1 k i 

(4.123) 

In Eq. (4.123), Res(z) means the residue of F(z) at the singularity at z
i
. We will 

be considering only rational functions, and these have only poles as singularities. 
If F(z) has a pole of order n at z,, then (z - z

1
)'2 F(z) is regular at z, and can be 

expanded in a Taylor series near z
1 

as 

(z Z1Y
2 F(z) = A_n + A_n+l (z - Z1

) + · · · + A_, (z Z 1Y- 1 

+A/z z
1
)'2 + · · · . (4.124) 

The residue of F(z) at z
1 

is A_ 1
. 

First we will use Cauchy's formula to verify Eq. (4.123). If F(z) is the 
z-transform off (k), then we write 

I= . L f(l)z-1l-3... 
1 f 00 d 

2�] l=-oo z 

We assume that the series for F(z) converges uniformly on the contour of inte
gration, so the series can be integrated term by term. Thus we have 

I=-. L f(l) l-z-3... 
1 00 f d 

27ij l=-oo z 

The argument of the integral has no pole inside the contour if k - l � l, and it 
has zero residue at the pole at z = 0 if k - l < 0. Only if k = l does the integral 
have a residue, and that is 1. By Eq. ( 4.123 ), the integral is zero if k =f. l and is 
2n:j if k = l. Thus I= f (k), which demonstrates Eq. (4.122). 

22 If it is known that f (k) is causal, that is, f (k) = 0 fork < 0, then the region of convergence is outside 

the smallest circle that contains all the poles of F(z) for rational transforms. It is this property that 

permits inversion by partial-fraction expansion and long division. 
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To illustrate the use of Eq. (4.123) to compute the inverse of a z-transform, 
we will use the function z/ (z - 1) and consider first the case of convergence for 
lzl > 1 and second the case of convergence for lzl < 1. For the first case 

1 i z 
k
dz 

/1
(k) = 

-. 
--z -, 

2Jrj lzl=R>l Z - 1 Z 
(4.125) 

where the contour is a circle of radius greater than 1. Suppose k < 0. In this case, 
the argument of the integral has two poles inside the contour: one at z = 1 with 
residue 

l 
}im(z - 1)-- = 1, z-t-rl Z - 1 

and one pole at z = 0 with residue found as in (2.109)(if k < 0, then z-k removes 
the pole) 

l -1 
z-k __ = --

z- 1 z- 1 
= -(1 + z-'-1 + z-2 + ... + z-k + .. ·). 

The residue is thus -1 for all k, and the sum of the residues is zero, and 

k < 0. (4.126) 

For k 2:: 0, the argument of the integral in Eq. (4.125) has only the pole at 
z = 1 with residue 1. Thus 

(4.127) 

Equations ( 4.123) and ( 4.124) correspond to the unit-step function, as they should. 
We would write the inverse transform symbolically z-1{.} as, in this case 

z-1 '{-z-} = l(k) (4.128) 
z - 1 

when z/(z - 1) converges for lzl > 1. 
If, on the other hand, convergence is inside the unit circle, then for k 2:: 0, 

there are no poles of the integrand contained in the contour, and 

At k < 0, there is a pole at the origin of z, and as before, the residue is equal to 
-1 there, so 

In symbols, corresponding to Eq. (4.128), we have 

z- 1 {-z-} = l(k) - 1 
z - 1 

when z/ (z - 1) converges for lz I < 1. 
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Although, as we have just seen, the inverse integral can be used to compute an 
expression for a sequence to which a transform corresponds, a more effective use 
of the integral is in more general manipulations. We consider one such case that 
will be of some interest later. First, we consider an expression for the transform 
of a product of two sequences. Suppose we have 

and f
1 

and f
2 

are such that the transform of the product exists. An expression for 
F

3 
(z) in terms of F

1 
(z) and F/z) can be developed as follows. By definition 

00 

F/z) 
= L f

1 
(k)f/k)z-k. 

k=-oo 

From the inversion integral, Eq. (4.122), we can replace f/k) by an integral 

We assume that we can find a region where we can exchange the summation with 
the integration. The contour will be called C

3 
in this case 

The sum can now be recognized as F
1 
(z/t) and, when we substitute this, 

(4.129) 

the contour C
3 

must be in the overlap of the convergence regions of F/c;) and 
F

1 
(z/c;). Then F/z) will converge for the range of values of z for which C

3 
can 

be found. 
If we let f

1 
= f

2 
and z = 1 in Eq. ( 4.129), we have the discrete version of 

Parseval's theorem, where convergence is on the unit circle 

F/1) = L f1 = -. F/c;)F
l -

00 

2 
1 i ( 1

) 
de; 

k=-oo 2TC] C S S 
(4.130) 

This particular theorem shows how we can compute the sum of squares of 
a time sequence by evaluating a complex integral in the z-domain. The result is 
useful in the design of systems by least squares. 
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146 Chapter 4 Discrete Systems Analysis 

4.6.3 * Another Derivation of the Transfer Function 

Let D be a discrete system which maps an input sequence, {e(k)}, into an output 
sequence {u(k)}.23 Then, expressing this as an operator on e(k), we have 

u(k) = D{e(k)}. 

If D is linear, then 

(4.131) 

If the system is time invariant, a shift in e(k) to e(k + j) must result in no other 
effects but a shift in the response, u. We write 

D{e(k + j)} = u(k + j) for all j (4.132) 

if 

D{e(k)} = u(k). 

Theorem 

If D is linear and time invariant and is given an input l for a value of z for which 
the output is finite at time k, then the output will be of the form H (z )i. 

In general, if e(k) = l, then an arbitrary finite response can be written 

u(k) = H(z, k)l. 

Consider e/k) = zk+j 
= zj l for some fixed j. From Eq. (4.131), if we let 

a = zj, it must follow that 

u
2 

= zj u(k) 

From Eq. (4.132), we must have 

� zj H(z, k)l 
= H(z, k)l+j . 

u/k) = u(k + j) 

= H(z, j + k)l+j for allj. 

From a comparison of Eqs. ( 4.133) and ( 4.134 ), it follows that 

H(z,k) = H(z,k+j) for all j 

(4.133) 

(4.134) 

that is, H does not depend on the second argument and can be written H(z). 
Thus for the elemental signal e(k) = l, we have a solution u(k) of the same 
(exponential) shape but modulated by a ratio H(z), u(k) = H(z)l. 

23 This derivation was suggested by L. A. Zadeh in 1952 at Columbia University. 

co
nt

ro
len

gin
ee

rs
.ir



4 .6 Properties of the z-Transform 14 7 

Can we represent a general signal as a linear sum (integral) of such elements? 
We can, by the inverse integral derived above, as follows 

where 

e(k) = . E(z)l-, 
1 f 

dz 
2nJ z 

co 

E(z) L e(k)z-k, r < lzl < R, 
-co 

(4,135) 

(4,136) 

for signals with r < R for which Eq. (4.136) converges. We call E(z) the 
z-transform of e(k), and the (closed) path of integration is in the annular re
gion of convergence of Eq. (4.136). If e(k) = 0, k < 0, then R ➔ oo, and this 
region is the whole z-plane outside a circle of finite radius. 

The consequences of linearity are that the response to a sum of signals is the 
sum of the responses as given in Eq. (4.131). Although Eq. (4.135) is the limit of 
a sum, the result still holds, and we can write 

u(k) = -. E(z)[response tol]-, 
1 f 

dz 
2nJ z 

but, by the theorem, the response to l is H (z)l. Therefore we can write 

u(k) = -. E(z)[H(z)l]-. 
1 f 

dz 
2nJ z 

1 f 
dz 

= 

2 
. H(z)E(z)l-. 

Jr} z 
(4,137) 

We can define U(z) = H(z)E(z) by comparison with Eq. (4.135) and note that 

I CO 

U(z) = L u(k)z-k = H(z)E(z). (4.138) 
k=-co 

Thus H(z) is the transfer function, which is the ratio of the transforms of e(k) 
and u(k) as well as the amplitude response to inputs of the form l. 

This derivation begins with linearity and stationarity and derives the z
transform as the natural tool of analysis from the fact that input signals in the form 
l produce an output that has the same shape. 24 It is somewhat more satisfying 
to derive the necessary transform than to start with the transform and see what 
systems it is good for. Better to start with the problem and find a tool than start 
with a tool and look for a problem. Unfortunately, the direct approach requires 
extensive use of the inversion integral and more sophisticated analysis to develop 
the main result, which is Eq. (4.138). Chacun a son gout. 

24 Because l is unchanged in shape by passage through the linear constant system, we say that l is an 

eigenfunction of such systems. 
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148 Chapter 4 Discrete Systems Analysis 

4.7 Summary 

• The z-transform can be used to solve discrete difference equations in the 
same way that the Laplace transform is used to solve continuous differential 
equations. 

• The key property of the z-transform that allows solution of difference equa
tions is 

(4.113) 

• A system will be stable in the sense that a Bounded Input will yield a Bounded 
Output (BIBO stability) if 

(4.35) 
l=-oo 

• A discrete system can be defined by its transfer function (in z) or its state
space difference equation. 

• The z-transform of the samples of a continuous system G(s) preceded by a 
zero-order-hold (ZOH) is 

G(z) = (1 - z- 1)Z { G;s)} (4.41) 
which is typically evaluated using MATLAB's c2d.m. 

• For the continuous state-space model 

x=Fx+Gu, 
y=Hx+Ju, 

(4.45) 
(4.46) 

preceded by a zero-order-hold1 the discrete state-space difference equations 
are 

where 

x(k + 1) = <I>x(k) + ru(k), 
y(k) = Hx(k) + Ju(k), 

<f> = eFT 

r = 1
T 

e'"dryG, 

which can be evaluated by MATLAB' s c2 d. m. 
• The discrete transfer function in terms of the state-space matrices is 

Y
(z) 

= H[ I - <I>J-1r 
U(z) 

z 

which can be evaluated in MATLAB by the tf function. 

(4.59) 

(4.58) 

(4.64) 
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• The characteristic behavior associated with poles in the z-plane is shown in 
Figs. 4.21 through 4.23 and summarized in Fig. 4.25. Responses are typically 
determined via MATLAB's impulse.m or step.m. 

• A system represented by H (z) has a discrete frequency response to sinusoids 
at w

0
, given by an amplitude, A, and phase, 1/f, as 

A= IH(ejwoT)I and 1/f = L(H(ejwoT)) (4.110) 

which can be evaluated by MATLAB's bode.m. 

• The discrete Final Value Theorem, for an F(z) that converges and has a final 
value, is given by 

4.8 Problems 

Iim f (k) = lim(z - l)F(z). 
k-+oo z-+l 

4.1 Check the following for stability: 

(a) u(k) = O.Su(k - 1) - 0.3u(k - 2) 

(b) u(k) = 1.6u(k - 1) u(k - 2) 

(c) u(k) = 0.8u(k - 1) + 0.4u(k - 2) 

(4.115) 

4.2 (a) Derive the difference equation corresponding to the approximation of integration 
found by fitting a parabola to the points e

k
_

2
, e

k
-I' ek 

and taking the area under this 

parabola between t = kT - T and t = kT as the approximation to the integral of 
e(t) over this range. 

(b) Find the transfer function of the resulting discrete system and plot the poles and 
zeros in the z-plane. 

4.3 Verify that the transfer function of the system of Fig. 4.8(c) is given by the same H(z) 
as the system of Fig. 4.9(c). 

4.4 (a) Compute and plot the unit-pulse response of the system derived in Problem 4.2. 

(b) Is this system BIBO stable? 

4.5 Consider the difference equation 

u(k + 2) = 0.25u(k). 

(a) Assume a solution u(k) = A
i
l and find the characteristic equation in z. 

(b) Find the characteristic roots z
1 

and z
2 

and decide if the equation solutions are stable 

or unstable. 

(c) Assume a general solution of the form 

u(k) = A
1
z/ + A

2
z/ 

and find A
1 

and A
2 

to match the initial conditions u(O) = 0, u(l )  = 1. 

(d) Repeat parts (a), (b), and (c) for the equation 

u(k + 2) = -0.25u(k). 
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150 Chapter 4 Discrete Systems Analysis 

(e) Repeat parts (a), (b), and (c) for the equation 

u(k + 2) = u(k + 1) 0.5u(k). 

4.6 Show that the characteristic equation 

z
2 
- 2r cos(0)z + r2 

has the roots 

4.7 (a) Use the method of block-diagram reduction, applying Figs. 4.5, 4.6, and 4.7 to 
compute the transfer function of Fig. 4.8(c). 

(b) Repeat part (a) for the diagram of Fig. 4.9(c). 

4.8 Use MATLAB to determine how many roots of the following are outside the unit circle. 

(a) z
2 
+ 0.25 = 0 

(b) z3 - l.lz2 
+ 0.0lz + 0.405 = 0 

(c) z3 3.6z2 
+ 4z - 1.6 0 

4.9 Compute by hand and table look-up the discrete transfer function if the G(s) in Fig. 4.12 is 

(a) f 
(b) 3 

s(s+3) 

(c) (s+l)�s+3) 

(d) T 
e

sT/2 
(e) 

(f) (1-s) 
T 

3e
-l.5Ts 

(g) (s+l)(s+3) 

(h) Repeat the calculation of these discrete transfer functions using MATLAB. Compute 
for the sampling period T = 0.05 and T = 0.5 and plot the location of the poles 
and zeros in the z-plane. 

4.10 Use MATLAB to compute the discrete transfer function if the G(s) in Fig. 4.12 is 

(a) the two-mass system with the non-colocated actuator and sensor of Eq. (A.21) with 
sampling periods T = 0.02 and T = 0. l. Plot the zeros and poles of the results in 
the z-plane. Let w

P 
= 5, l;

P 
= 0.01. 

(b) the two-mass system with the colocated actuator and sensor given by Eq. (A.23). 
Use T = 0.02 and T = O. l. Plot the zeros and poles of the results in the z-plane. 
Let (J)

p 
= 5, (J)

z 
= 3, l;

p 
= Sz = 0. 

(c) the two-input-two-output paper machine described in Eq. (A.24). Let T = O. l and 
T = 0.5. 

4.11 Consider the system described by the transfer function 

f (s ) 

U(s) 

3 
G (s) = 

-(s_+_l_) _(s_+_3_) 

(a) Draw the block diagram corresponding to this system in control canonical form, 
define the state vector, and give the corresponding description matrices F, G, H, J. 
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(b) Write G(s) in partial fractions and draw the corresponding parallel block diagram 
with each component part in control canonical form. Define the state � and give the 
corresponding state description matrices A, B, C, D. 

(c) By finding the transfer functions X
1
/ U and X

2
/ U of part (a) in partial fraction 

form, express x
1 

and x
2 

in terms of �
1 

and �
2 

. Write these relations as the 
two-by-two transformation T such that x = T�. 

(d) Verify that the matrices you have found are related by the formulas 

A= T- 1 FT, 

B = T-1G, 

C=HT, 

D=J. 

4.12 The first-order system (z - a)/(1 - a)z has a zero at z = a. 
(a) Plot the step response for this system for a= 0.8, 0.9, 1.1, 1.2, 2. 

(b) Plot the overshoot of this system on the same coordinates as those appearing in 
Fig. 4.30 for -1 < a < I. 

(c) In what way is the step response of this system unusual for a > l? 

4.13 The one-sided z-transform is defined as 

F(z) = L f(k)z-k. 

(a) Show that the one-sided transform off (k + 1) is 

Z{f(k + 1)} = zF(z) - zf(0). 

(b) Use the one-sided transform to solve for the transforms of the Fibonacci numbers 
by writing Eq. (4.4) as u

k
+2 = u

k
+

1 
+ u

k
. Let u

0 
= u

1 
= I. [You will need to 

compute the transform off (k + 2).] 

(c) Compute the location of the poles of the transform of the Fibonacci numbers. 

(d) Compute the inverse transform of the numbers. 

(e) Show that if u
k 

is the kth Fibonacci number, then the ratio u
k+if uk 

will go to 
(1 + -v'S) /2, the golden ratio of the Greeks. 

(f) Show that if we add a forcing term, e(k), to Eq. (4.4) we can generate the Fibonacci 
numbers by a system that can be analyzed by the two-sided transform; i.e., let 
u

k 
= u

k-I + u
k
_

2 
+ e

k 
and let e

k 
= 8

0
(k) (8

0
(k) = l at k = 0 and zero elsewhere). 

Take the two-sided transform and show the same U(z) results as in part (b). 

4.14 Substitute u Ai and e = Bl into Eqs. (4.2) and (4.7) and show that the transfer 
functions, Eqs. (4.15) and (4.14), can be found in this way. 

4.15 Consider the transfer function 

(z + l)(z2 l.3z + 0.81) 
H(z) = ----------

(z2 
- I.2z + 0.5)(z2 l.4z + 0.81) 

Draw a cascade realization, using observer canonical forms for second-order blocks and 
in such a way that the coefficients as shown in H (z) above are the parameters of the 
block diagram. 
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152 Chapter 4 Discrete Systems Analysis 

4.16 (a) Write the H(z) of Problem 4.15 in partial fractions in two terms of second order 
each, and draw a parallel realization, using the observer canonical form for 
each block and showing the coefficients of the partial-fraction expansion as the 
parameters of the realization. 

(b) Suppose the two factors in the denominator of H(z) were identical (say we change 
the 1.4 to 1.2 and the 0.81 to 0.5). What would the parallel realization be in this 
case? 

4.17 Show that the observer canonical form of the system equations shown in Fig. 4.9 can be 
written in the state-space form as given by Eq. (4.27). 

4.18 Draw out each block of Fig. 4.10 in (a) control and (b) observer canonical form. Write 
out the state-description matrices in each case. 

4.19 For a second-order system with damping ratio 0.5 and poles at an angle in the z-plane of 
0 30° , what percent overshoot to a step would you expect if the system had a zero at 
z2 

= 0.6? 

4.20 Consider a signal with the transform (which converges for lzl > 2) 

(a) What value is given by the formula (Final Value Theorem) of (2.100) applied to 
this U(z)? 

(b) Find the final value of u(k) by taking the inverse transform of U(z), using 
partial-fraction expansion and the tables. 

(c) Explain why the two results of (a) and (b) differ. 
4.21 (a) Find the z-transform and be sure to give the region of convergence for the signal 

r < l. 

[Hint: Write u as the sum of two functions, one fork '?_ 0 and one for k < 0, 
find the individual transforms, and determine values of z for which both terms 
converge.] 

(b) If a rational function U(z) is known to converge on the unit circle Jzl = 1, show 
how partial-fraction expansion can be used to compute the inverse transform. Apply 
your result to the transform you found in part (a). 

4.22 Compute the inverse transform, f (k), for each of the following transforms: 
(a) F(z) = 1+:-2, lzl > 1; 

(b) F( ) z(z-ll Jzl > 1· z = z2-l.25z+0.25' ' 
(c) F(z) = z2-�z+l' lzl > 1; 
(d) F(z) = Cz-½;cz-2l, 1/2 < lzl < 2. 

4.23 Use MATLAB to plot the time sequence associated with each of the transforms in Prob
lem 4.22. 

4.24 Use the z-transform to solve the difference equation 

y(k) - 3y(k - 1) + 2y(k - 2) = 2u(k - 1) - 2u(k - 2), 
! k k '?_ 0 u(k) = 0 k < 0 

y(k) = 0, k < 0. 
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4.25 For the difference equation in Problem 4.24, solve using MATLAB. 

4.26 Compute by hand and table look-up the discrete transfer function if the G (s) in Fig. 4.12 is 

lO(s + 1) 
G(s) = -=----

s
2
(s + 10) 

and the sample period is T = 10 msec. Verify the calculation using MATLAB. 

4.27 Find the discrete state-space model for the system in Problem 4.26. 

4.28 Compute by hand and table look-up the discrete transfer function if the G(s) in Fig. 4.12 is 

G(s) = 

lO(s + 1) 

s2 
+ s + 10 

and the sample period is T = 10 msec. Verify the calculation using MATLAB and find the 
DC gain of both the G(s) and the G(z). 

4.29 Find the discrete state-space model for the system in Problem 4.28. Then compute the 
eigenvalues of <I> and the transmission zeros of the state-space model. 

4.30 Find the state-space model for Fig. 4.12 with 

G(s) ;-

where there is a one cycle delay after the AID converter. 
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A Perspective on Sampled-Data Systems 

The use of digital logic or digital computers to calculate a control action for 
a continuous, dynamic system introduces the fundamental operation of sam
pling. , Samples are taken from the continuous physical signals such as po
sition, velocity, or temperature and these samples are used in the computer 
to calculate the controls to be applied. Systems where discrete signals ap
pear in some places and continuous signals occur in other parts are called 
sampled-data systems because continuous data are sampled before being used. 
In many ways the analysis of a purely continuous system or of a purely dis
crete system is simpler than is that of sampled-data systems. The analysis of 
linear, time-invariant continuous systems can be done with the Laplace trans
form and the analysis of linear time-invariant discrete systems can be done 
with the z - transform alon'.e. If one is willing to restrict attention to only 
the samples of all the signals in a digital control one can do much useful 
analysis and design on the system as a purely discrete system using the z

transform. However the physical reality is that the computer operations are 
on discrete signals while the plant signals are in the continuous world and in 
order to consider the behavior of the plant between sampling instants, it is 
necessary to consider both the discrete actions of the computer and the con
tinuous response of the plant. Thus the role of sampling and the conversion 
from continuous to discrete and back from discrete to continuous are very 
important to the understanding of the complete response of digital control, 
and we must study the process of sampling and how to make mathematical 
models of analog-to-digital conversion and digital-to-analog conversion. This 
analysis requires careful treatment using the Fourier transform but the effort is 
well rewarded with the understanding it provides of sampled-data systems. 

155 
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Chapter Overview 

In this chapter, we introduce the analysis of the sampling process and describe 
both a time-domain and a frequency-domain representation. We also describe the 
companion process of data extrapolation or data holding to construct a continuous 
time signal from samples. As part of this analysis we show that a sampled-data 
system is made time varying by the introduction of sampling, and thus it is 
not possible to describe such systems exactly by a continuous-time transfer 
function. However, a continuous signal is recovered by the hold process and 
we can approximate the sinusoidal response of a sampler and hold by fitting 
another sinusoid of the same frequency to the complete response. We show how 
to compute this best-fit sinusoidal response analytically and use it to obtain a 
good approximation to a transfer function. For those familiar with the idea, this 
approach is equivalent to the use of the "describing function" that is used to 
approximate a transfer function for simple nonlinear systems. In Section 5.1 the 
analysis of the sample and hold operation is considered and in Section 5 .2 the 
frequency analysis of a sampled signal is given. Here the important phenomenon 
of signal aliasing caused by sampling is introduced. In Section 5.3 the zero-order 
hold and some of its generalizations are considered. Analysis of sampled-data 
systems in the frequency domain is introduced in Section 5.4 including block 
diagram analysis of these combined systems. Finally in Section 5.5 computation 
of intersample ripple is discussed. 

5 .. 1 Analysis of the Sample and Hold 

To get samples of a physical signal such as a position or a velocity into digital 
form, we typically have a sensor, that produces a voltage proportional to the 
physical variable and an analog-to-digital converter, commonly called an AID 

converter or ADC, that transforms the voltage into a digital number. The physical 
conversion always takes a non-zero time, and in many instances this time is 
significant with respect to the sample period of the control or with respect to 
the rate of change of the signal being sampled. In order to give the computer 
an accurate representation of the signal exactly at the sampling instants kT, the 
AID converter is typically preceded by a sample-and-hold circuit (SHC). A 
simple electronic schematic is sketched in Fig. 5.1, where the switch, S, is an 
electronic device driven by simple logic from a clock. Its operation is described 
in the following paragraph. 

With the switch, S, in position 1, the amplifier output vout(t) tracks the input 
voltage v

i
n(t) through the transfer function 1/(RCs + 1). The circuit bandwidth 

of the SHC, 1 /RC, is selected to be high compared to the input signal bandwidth. 
Typical values are R = 1000 ohms, C = 30 x 10- 12 farads for a bandwidth of 
f = I/2n RC= 5.3 MHz. During this "tracking time," the ADC is turned off 
and ignores vout· When a sample is to be taken at t = kT the switch S is set 
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figure 5.1 
Analog-to-digital 
converter with sample 
and hold 
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H = Hold; Sin position 2. 

T = Track; Sin position 1. 

� 
� 

to position 2 and the capacitor C holds the output of the operational amplifier 
frozen from that time at v

0
uJkT) = v

i
/kT). The ADC is now signaled to begin 

conversion of the constant input from the SHC into a digital number which 
will be a true representation of the input voltage at the sample instant. When 
the conversion is completed, the digital number is presented to the computer 
at which time the calculations based on this sample value can begin. The SHC 
switch is now moved to positio,n 1, and the circuit is again tracking, waiting for 
the next command to freeze a sample. The SHC needs only to hold the voltage 
for a short time on the order of microseconds in order for the conversion to be 
completed before it starts tracking again. The value converted is held inside the 
computer for the entire sampling period of the system, so the combination of 
the electronic SHC plus the ADC operate as a sample-and-hold for the sampling 
period, T, which may be many milliseconds long. The number obtained by the 
ADC is a quantized version of the signal represented in a finite number of bits, 12 
being a typical number. As a result, the device is nonlinear. However, the signals 
are typically large with respect to the smallest quantum and the effect of this 
nonlinearity can be ignored in a first analysis. A detailed study of quantization is 
included in Chapter 10. 

For the purpose of the analysis, we separate the sample and hold into two 
mathematical operations: a sampling operation represented by impulse modula
tion and a hold operation represented as a linear filter. The symbol or schematic of 
the ideal sampler is shown in Fig. 5.2; its role is to give a mathematical represen
tation of the process of taking periodic samples from r(t) to produce r(kT) and 
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158 Chapter 5 Sampled-Data Systems 

Figure 5.2 

The sampler � r"'(t) = Ir(t)�(t - kt) 
T --- k=-oo 

to do this in such a way that we can include the sampled signals in the analysis of 
continuous signals using the Laplace transform. 1 The technique is to use impulse 
modulation as the mathematical representation of sampling. Thus, from Fig. 5.2, 
we picture the output of the sampler as a string of impulses 

00 

r*(t) = L r(t)8(t - kT). (5.1) 
k=-oo 

The impulse can be visualized as the limit of a pulse of unit area that has growing 
amplitude and shrinking duration. The essential property of the impulse is the 
sifting property that 

1: f (t)8(t - a)dt = f (a) (5.2) 

for all functions f that are continuous at a. The integral of the impulse is the unit 
step 

l� 8(r)dr = l(t), (5.3) 

and the Laplace transform of the unit impulse is 1, because 

i.'.{8(t)) = 1: 8(rV"dr = 1. (5.4) 

Using these properties we can see 'that r*(t), defined in Eq. (5.1 ), depends only 
on the discrete sample values r(kT). The Laplace transform of r*(t) can be 
computed as follows 

i.'.{r'(t)) = 1: r'(r)e-"dr. 

If we substitute Eq. (5.1) for r*(t), we obtain 

= 1: ,"'t;,, r(r)8(r - kT)e-"dr, 

and now, exchanging integration and summation and using Eq. (5.2), we have 
00 

R*(s) = L r(kT)e-skT_ (5.5) 
k=-oo 

1 We assume that the reader has some familiarity with Fourier and Laplace transform analysis. A general 

reference is Bracewell (1978). 
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figure 5.3 
The sample and hold, 
showing typical signals. 
(a) Input signal r; 
(b) sampled signal r*; 

(c) output signal rh; 

(d) sample and hold 

5.1 Analysis of the Sample and Hold 159 

The notation R*(s) is used to symbolize the (Laplace) transform of r*(t), the 
sampled or impulse-modulated r(t).2 Notice that if the signal r(t) in Eq. (5.1) is 
shifted a small amount then different samples will be selected by the sampling 
process for the output proving. that sampling is not a time-invariant process. 
Consequently one must be very careful in using transform analysis in this context. 

Having a model of the sampling operation as impulse modulation, we need 
to model the hold operation to complete the description of the physical sample
and-hold which will take the impulses that are produced by the mathematical 

sampler and produce the piecewise constant output of the device. Typical signals 
are sketched in Fig. 5.3. Once the samples are taken, as represented by r*(t) in 
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(b) 

(d) 

2 It will be necessary, from time to time, to consider sampling a signal that is not continuous. The only 
case we will consider will be equivalent to applying a step function, 1 (t), to a sampler. For the purposes 
of this book we will define the unit step to be continuous from the right and assume that the impulse, 
8(t), picks up the full value of unity. By this convention and Eq. (5.1) we compute 

00 

1*(t) = I)u - kT), (a) 
k=O 

and, using Eq. (5.2), we obtain 

(b) 

The reader should be warned that the Fourier integral converges to the average value of a function 
at a discontinuity and not the value approached from the right as we assume. Because our use of 
the transform theory is elementary and the convenience of equation (b) above is substantial, we have 
selected the continuous-from-the0right convention. In case of doubt, the discontinuous term should be 

separated and treated by special analysis, perhaps in the time domain. 
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160 Chapter 5 Sampled-Data Systems 

Eq. ( 5 .1 ), the hold is defined as the means whereby these impulses are extrapolated 
to the piecewise constant signal r

h 
(t), defined as 

r
h 

(t) = r(kT) kT::: t < kT + T. (5.6) 

A general technique of data extrapolation from samples is to use a polynomial 
fit to the past samples. If the extrapolation is done by a constant, which is a 
zero-order polynomial, then the extrapolator is called a zero-order hold, and its 
transfer function is designated as Z OH (s). We can compute Z OH (s) as the 
transform of its impulse response.3 If r*(t) = 8(t), then r

h 
(t), which is now the 

impulse response of the Z OH, is a pulse of height 1 and duration T seconds. 
The mathematical representation of the impulse response is simply 

p(t) = l(t) - l(t - T). 

The required transfer function is the Laplace transform of p (t) as 

ZOH(s) = .C{p(t)} 

= L,, 

[l(t) - 1(1 - T)]e-"dt 

= (1 - e-sT)/s. (5.7) 

Thus the linear behavior of an AID converter with sample and hold can be modeled 
by Fig. 5.3. We must emphasize that the impulsive signal r*(t) in Fig. 5.3 is not 
expected to represent a physical signal in the AID converter circuit; rather it is 
a hypothetical signal introduced to allow us to obtain a transfer-function model 
of the hold operation and to give an input-output model of the sample-and-hold 
suitable for transform and other linear systems analysis. 

5.2 Spectrum of a Sampled Signal 

We can get further insight into the process of sampling by an alternative repre
sentation of the transform of r* (t) using Fourier analysis. From Eq. ( 5 .1) we see 
that r*(t) is a product of r(t) and the train of impulses, :E8(t - kT). The latter 
series, being periodic, can be represented by a Fourier series 

00 00 

L 8(t - kT) = L enej(2rrn/T)t
' 

k=-oo n=-oo 

where the Fourier coefficients, en, are given by the integral over one period as 

l 

f 
T/2 oo 

en= T L 8(t - kT)e-j
n(2rrt/T)dt. 

-T/2 k=-oo 

3 The hold filter in Fig. 5.3(d) will receive one unit-size impulse if the input signal is zero at every sample 

time except t = 0 and is equal to 1 there. That is, if r(kT) = 0, k =j. 0 and r(O) = 1. 
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5.2 Spectrum of a Sampled Signal 161 

The only term in the sum of impulses that is in the range of the integral is the 8 ( t) at the origin, so the integral reduces to 
en = l 1T/2 8(t)e-jn(2rrt/T)dt; T -T/2 but the sifting property from Eq. (5.2) makes this easy to integrate, with the result 

1 
C --

n - y· 

Thus we have derived the representation for the sum of impulses as a Fourier series 
00 1 00 

L 8(t - kT) = 

T 
L ej(2rrn/T)r_ k=-oo n=-oo (5.8) 

We define cvs = 2n / T as the sampling frequency (in radians per second) and now substitute Eq. (5.8) into Eq. (5.1) using cvs. We take the Laplace transform of the output of the mathematical sampler, 
L{r'(t)} = 1: r(t) { ½ J;,

00 

ej,w;} e-"dt 
and integrate the sum, term by term to obtain 

1 00 1
00 R*(s) = 

T n�oo -00 r(t)ejnw,te-stdt. 
If we combine the exponentials in the integral, we get 

1 00 100 R*(s) = 

T n� -oo r(t)e-cs-jnws)rdt. 
The integral here is the Laplace transform of r(t) with only a change of variable where the frequency goes. The result can therefore be written as 

R*(s) 1 00 
T L R(s - jncv), 

ll=-00 

(5.9) 
where R(s) is the transform of r(t). In communication or radio engineering terms, Eq. (5.8) expresses the fact that the impulse train corresponds to an infinite sequence of carrier frequencies at integral values of 2n / T, and Eq. (5.9) shows that when r(t) modulates all these carriers, it produces a never-ending train of sidebands. A sketch of the elements in the sum given in Eq. (5.9) is shown in Fig. 5.4. An important feature of sampling, shown in Fig. 5.4, is illustrated at the frequency marked cv

1
. Two curves are drawn representing two of the elements that enter into the sum given in Eq. (5.9). The value of the larger amplitude component located at the frequency cv

1 
is the value of R(jw

1
). The smaller 
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Figure 5.4 
(a) Sketch of a spectrum 
amplitude and (b) the 
components of the 
spectrum after sampling, 
showing aliasing 
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component shown at cv
1 

comes from the spectrum centered at 2rr / T and is 
R(jCVa), where % is such that%= cv1 - 2rr / T. This signal at frequency % 
which produces a component at frequency cv

1 
after sampling is called in the trade 

an "alias" of cv
1
; the phenomenon is called aliasing. 

The phenomenon of aliasing has a clear meaning in time. Two continuous 
sinusoids of different frequencies appear at the same frequency when sampled. 
We cannot, therefore, distinguish between them based on their samples alone. 
Figure 5 .5 shows a plot of a sinu�oid at ½ Hz and of a sinusoid at i Hz. If we 
sample these waves at 1 Hz, as indicated by the dots, then we get the same sample 
values from both signals and would continue to get the same sample values for 
all time. Note that the sampling frequency is 1, and, if f

1 
= ½, then 

1 7 
fo = 8 - 1 = -8. 

The significance of the negative frequency is that the i-Hz sinusoid in Fig. 5.5 is 
a negative sine function. 

Thus, as a direct result of the sampling operation, when data are sampled at 
frequency 2rr / T, the total harmonic content at a given frequency cv

1 
is to be found 

not only from the original signal at cv1 
but also from all those frequencies that are 

aliases of cv
1
, namely, components from all frequencies cv

1 
+ n2n / T = cv1 + ncv

s 

as shown in the formula ofEq. (5.9) and sketched in Fig. 5.4. The errors caused by 
aliasing can be very severe if a substantial quantity of high-frequency components 
is contained in the signal to be sampled. To minimize the error caused by this 
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Figure 5.5 
Plot of two sinusoids 
that have identical 
values at unit sampling 
intervals-an example of 
aliasing 

sampling theorem 

hidden oscillations 

Time 

5.2 Spectrum of a Sampled Signal 163 

effect, it is standard practice to precede the sampling operation (such as the 
sample-and-hold circuit discussed earlier) by a low-pass antialias filter that will 
remove substantially all spectral content above the half-sampling frequency, i.e. , 
above n / T. A sketch suggesting the result of an anti-aliasing filter is drawn in 
Fig. 5.6. 

If all spectral content abov� the frequency n / T is removed, then no aliasing 
is introduced by sampling and the signal spectrum is not distorted, even though it 
is repeated endlessly, centered at n2n / T. The critical frequency, n / T, was first 
reported by H. Nyquist and is called the Nyquist frequency. Band-limited signals 
that have no components above the Nyquist frequency are represented unambigu
ously by their samples. A corollary to the aliasing issue is the sampling theorem. 
We have seen that if R (j w) has components above the Nyquist frequency w s /2 or 
n / T, then overlap and aliasing will occur. Conversely, we noticed that if R (j w) is 
zero for lwl ::: n / T, then sampling at intervals of T sec. will produce no aliasing 
and the original spectrum can be recovered exactly from R*, the spectrum of the 
samples. Once the spectrum is recovered by inverse transform, we can calculate 
the original signal itself. This is the sampling theorem: One can recover a signal 
from its samples if the sampling frequency (ws 2n / T) is at least twice the 
highest frequency (n / T) in the signal. Notice that the sampling theorem requires 
that R (j w) is exactly zero for all frequencies above n / T. 

A phenomenon somewhat related to aliasing is that of hidden oscillations. 
There is the possibility that a signal could contain some frequencies that the 
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Figure 5.6 
(a) Sketch of a spectrum 
amplitude and (b) the 
components of the 
spectrum after sampling, 
showing removal of 
aliasing with an 
antialiasing filter 

2 

IRI 
1.5 

0.5 

-10 -8 -6 -4 -2 0 2 4 6 8 10 

(a) ror 

2 

ITR*I 

1.5 

001 

0.5 

-10 -8 -6 --4 -2 0 2 4 6 8 10 

(b) ror 

samples do not show at all. Such signals, when they occur in a digital control 
system, are called "hidden oscillations," an example of which is shown in a 
design problem in Fig. 7 .29. Hidden oscillations can only occur at multiples of 
the Nyquist frequency (n / T). 

5 .3 Data Extrapolation 

The sampling theorem states that under the right conditions it is possible to 
recover a signal from its samples; we now consider a formula for doing so. 
From Fig. 5.6 we can see that the spectrum of R(jw) is contained in the low
frequency part of R* (j w). Therefore, to recover R (j w) we need only process 

R* (j w) through a low-pass filter and multiply by T. As a matter of fact, if R (j (JJ) 
has zero energy for frequencies in the bands above n / T (such an R is said to be 
band-limited), then an ideal low-pass filter with gain T for -n / T :::; w :::; n / T 
and zero elsewhere would recover R(jw) from R*(j(JJ) exactly. Suppose we 
define this ideal low-pass filter characteristic as L (j w). Then we have the result 

R(jw) = L(jw)R*(jw). (5.10) 

The signal r(t) is the inverse transform of R(j(JJ), and because by Eq. (5.10) 
R(jw) is the product of two transforms, its inverse transform r(t) must be the 
convolution of the time functions f(t) and r*(t). The form of the filter impulse 
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5.3 Data Extrapolation 165 

response can be computed by using the definition of L (j cv) from which the 
inverse transform gives 

1 
1

TC/T 
f(t) = Tejwtdcv 

2T[ -TC/T 
T ejwt TC/T 

= 2T[ jt 1-TC/T 

= � (ej (TCt/T) -e
-j (TCt/T)) 2T[Jf 

sin(T[t/ T) 

nt/T 

/:; . T[f 
= smc-. 

T 
(5.11) 

Using Eq. (5.1) for r*(t) and Eq. (5.11) for f(t), we find that their convolution is 
100 

� T[(t -r) 
r(t) = r(r) 

L 
o(r -kT)sinc---dr. 

-oo k=-00 
T 

Using the sifting property of the impulse, we have 

� T[(t-kT) 
r(t) = L r(kT)sinc 

T 
. 

k=-oo 

(5.12) 

Equation (5.12) is a constructive statement of the sampling theorem. It shows 
explicitly how to construct a band-limited function r(t) from its samples. The 
sine functions are the interpolators that fill in the time gaps between samples with 
a signal that has no frequencies above T[ / T. A plot of the impulse response of 
this "ideal" hold filter is drawn in Fig. 5.7 from the formula of Eq. (5.11). 

There is one serious drawback to the extrapolating signal given by Eq. ( 5 .11). 
Because f(t) is the impulse response of the ideal low-pass filter L(jcv), it follows 
that this filter is noncausal because f (t) is nonzero for t < 0. f,(t) starts at 
t = -oo while the impulse that triggers it does not occur until t = O! In many 
communications problems the interpolated signal is not needed until well after the 
samples are acquired, and the noncausality can be overcome by adding a phase 
lag, e-jw\ to L(jcv), which adds a delay to the filter and to the signals processed 
through it. In feedback control systems, a large delay is usually disastrous for 
stability, so we avoid such approximations to this function and use something 
else, like the polynomial holds, of which the zero-order hold already mentioned 
in connection with the ADC is the most elementary and the most common. 

In Section 5 .2 we introduced the zero-order hold as a model for the storage 
register in an AID converter that maintains a constant signal value between 
samples. We showed in Eq. (5.7) that it has the transfer function 

1 -e-jwT 
ZOH(jw) = --

jcv 
(5.13) 
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Figure 5.7 
Plot of the impulse 
response of the ideal 
low-pass filter 

•
0
·�4...._ ___ ..... 3--�-2----l---o�-�--�2--�3---4 

t/T 

We can discover the frequency properties of Z O H(jcv) by expressing Eq. 
(5.13) in magnitude and phase form. To do this, we factor out e-jwT/2 and multiply 
and divide by 2j to write the transfer function in the form 

ZOH(1cv) = e-JwT/2 . -.-. . . 
{ 

ejwT(J/_ e-jwT/2
} 

2j 
2J JW 

The term in brackets is recognized as the sine, so this can be written 

z O H(jcv) = Te-jwT/2 sin(cvT /2) 
cvT/2 

and, using the definition of the sine function, 

Z O H(jcv) = e-jwT/2Tsinc(cvT /2). (5.14) 

Thus the effect of the zero-order hold is to introduce a phase shift of cv T /2, which 
corresponds to a time delay of T /2 seconds, and to multiply the gain by a function 
with the magnitude of sinc(cvT /2). A plot of the magnitude is shown in Fig. 5.8, 
which illustrates the fact that although the zero-order hold is a low-pass filter, 
it has a cut-off frequency well beyond the Nyquist frequency. The magnitude 
function is 

. I . 
cvT 
I IZOH(1cv)I = T smc 

2 
(5.15) 
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Figure 5.8 
(a) Magnitude and (b) 
phase of polynomial 
hold filters 
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which slowly gets smaller as w gets larger until it is zero for the first time at 
w = cvs = 2n / T. The phase is 

-wT 
LZOH(jcv) = --, 

2 

plus the 180° shifts where the sine function changes sign. 

(5.16) 

We can now give a complete analysis of the sample-and-hold circuit pf 
Fig. 5.3(d) for a sinusoidal input r(t) in both the time and the frequency domains. 
We consider first the time domain, which is simpler, being just an exercise in 
construction. For purposes of illustration, we will use r(t) = 3 sin(50t + n /6) 
as plotted in Fig. 5.9. If we sample r(t) at the instants kT where the sampling 
frequency is cvs = 2ir / T = 200n and T = 0.01, then the plot of the resulting 
r

h 
(kT) is as shown in Fig. 5.9. Notice that although the input is a single sinusoid, 

the output is clearly not sinusoidal. Thus it is not possible to describe this system 
by a transfer function, because the fundamental property of linear, time-invariant 
systems is that a sinusoid input produces an output that is a sinusoid of the 
same frequency and the relative amplitudes and phases determine the transfer 
function. The sample-and-hold system is linear but time varying. In the frequency 
domain, it is clear that the output r

h 
(t) contains more than one frequency, and a 

complete analysis requires that we compute the amplitudes and phases of them 
all. However, in the application to control systems, the output of the hold will 
typically be applied to a dynamical system that is of low-pass character; thus 
the most important component in r/t) is the fundamental harmonic, at cv0 = 50 
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Figure 5.9 3 ,----,,,..�-�-----.----�=-------.-------. 

Plot of 3 sin(50t + n: /6) 
and the output of a 
sample-and-hold with 2 
sample period T = 0.01 

0 

-1 

-2 

15 20 25 

t/T 

rad/sec in this case. The other harmonics are impostors, appearing as part of the 
output signal when they are really unwanted consequences of the sample-and
hold process. In any event, we can proceed to analyze r11 (t) for all its harmonics 
and select out the fundamental component, either by analysis or by a low-pass 
smoothing filter. 

First, we need the spectrum of r (t). Because a sinusoid can be decomposed 
into two exponentials, the spectrum of r(t) = A cos(cv} + ¢) is given by two 
impulse functions at cv 

O 
and -cv 

O 
of intensity n A and phase ¢ and -¢ as4 

R(1·cv) = nA[eN>o(cv - cv ) + e-j<Po(w + cv )]. 
0 0 

A sketch of this spectrum is shown in Fig 5.lO(a) fo\ A= l/n. We represent 
the impulses by arrows whose heights are proportional to the intensities of the 
impulses. 

After sampling, as we saw in Eq. (5.9), the spectrum of R* is directly derived 
from that of R as the sum of multiple copies of that of R shifted by n 2n / T for all 
integers n and multiplied by 1 / T. A plot of the result normalized by T is shown 
in Fig. 5.lO(b). Finally, to find the spectrum of R

1z
, we need only multiply the 

spectrum of R* by the transfer function Z OH (j cv), which is 

ZOH(jcv) = Te-jwT/2sinc(cvT/2). 

4 See the appendix to this chapter for details. 
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Figure 5.10 

Plot of the spectra of 

(a) R; (b) R*; and (c) R
h 
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Thus the spectrum of R
h 

is also a sum of an infinite number of terms, but now 
with intensities modified by the sine function and phases shifted by the delay 
function wT /2. These intensities are plotted in Fig. 5.lO(c). Naturally, when all 
the harmonics included in R

h 
are converted to their time functions and added, 

they sum to the piecewise-constant staircase function plotted earlier in Fig. 5.9. 
If we want a best approximation to r

h 
using only one sinusoid, we need 

only take out the first or fundamental harmonic from the components of R*. This 
component has phase shift¢ and amplitude A sinc(wT /2). In the time domain, 
the corresponding sinusoid is given by 

v
1 
(t) = A[sinc(wT /2)]sin[w/t - f )]. (5.17) 

A plot of this approximation for the signal from Fig 5.9 is given in Fig. 5.11 
along with both the original input and the sampled-and-held output to show 
the nature of the approximation. In control design, we can frequently achieve a 
satisfactory design for a sampled-data system by approximating the sample and 
hold with a continuous transfer function corresponding to the delay of T /2. The 
controller design is then done in the continuous domain but is implemented by 
computing a discrete equivalent. More discussion of this technique, sometimes 
called emulation, will be given in Chapter 6, where some examples illustrate the 
results. 
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Figure 5.11 
Plot of the output of the 
sample and hold and the 
first harmonic 
approximation 
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5.4 Block-Diagram Analysis of Sampled-Data 
Systems 

figure 5.12 
A cascade of samplers 
and filters 

We have thus far talked mainly about discrete, continuous, and sampled signals. 
To analyze a feedback system that contains a digital computer, we need to be able 
to compute the transforms of output signals of systems that contain sampling 
operations in various places, incl1;1ding feedback loops, in the block diagram. 
The technique for doing this is a simple extension of the ideas of block-diagram 
analysis of systems that are all continuous or all discrete, but one or two rules 
need to be carefully observed to assure success. First, we should review the facts 
of sampled-signal analysis. 

We represent the process of sampling a continuous signal and holding it by 
impulse modulation followed by low-pass filtering. For example, the system of 
Fig. 5.12 leads to 

E(s) = R*(s)H(s), 

U(s) = E*(s)G(s). 

'--/ H(s) G(s) --o 
r /�• e 

�
• u u* 

T T 

R(s) R* (s) E(s) E*(s) U(s) U*(s) 

(5.18) co
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5.4 Block-Diagram Analysis of Sampled-Data Systems 171 

Impulse modulation of continuous-time signals like e(t) and u(t) produces a 
series of sidebands as given in Eq. (5.9) and plotted in Fig. 5.4, which result in 
periodic functions of frequency. If the transform of the signal to be sampled is a 
product of a transform that is already periodic of period 2n / T, and one that is 
not, as in U(s) = E*(s)G(s), where E*(s) is periodic and G(s) is not, we can 
show that E* (s) comes out as a factor of the result. This is the most important 
relation for the block-diagram analysis of sampled-data systems, namely5 

U*(s) = (E*(s)G(s))* = E*(s)G*(s). (5.19) 

We can prove Eq. (5.19) either in the frequency domain, using Eq. (5.9), or 
in the time domain, using Eq. (5.1) and convolution. We will use Eq. (5.9) here. 
If U(s) = E*(s)G(s), then by definition we have 

1 00 
U*(s) = 

T 
L E*(s - jnw)G(s - jnw); 

n=-oo 

but E*(s) is 

1 00 
E*(s) = 

T 
L E(s - jkw

s
), 

k=-oo 

so that 

E*(s 
1 00 

jnw) = 
T 

L E(s - j kw
s 

- jnw
s
). 

k=-oo 

Now in Eq. (5.21) we can let k = ,e - n to get 

1 00 
E*(s - jnw) = 

T 
L E(s - jlw

s
) 

£=-
00 

= E*(s). 

(5.20) 

(5.21) 

(5.22) 

In other words, because E* is already periodic, shifting it an integral number of 
periods leaves it unchanged. Substituting Eq. (5.22) into Eq. (5.20) yields 

1 00 
U*(s) = E*(s) 

T 
L G(s - jnw) 
-

00 
= E*(s)G*(s). QED (5.23) 

Note especially what is not true. If U(s) = E(s)G(s), then U*(s) ;::/ E*(s)G*(s) 
but rather U*(s) = (EG)*(s). The periodic character of E* inEq. (5.19) is crucial. 

5 We of course assume the existence of U* (s), which is assured if G(s) tends to zero as s tends to infinity 

at least as fast as 1/s. We must be careful to avoid impulse modulation of impulses, for 8(t)8(t) is 

undefined. 
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Figure 5.13 
Block diagram of digital control as a sampled-data system 

I Model of I 
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1-e-Ts I u y 

s 

The final result we require is that, given a sampled-signal transform such as 
U*(s), we can find the corresponding z-transform simply by letting esr 

= z or 

(5.24) 

There is an important time-domain reflection of Eq. (5.24). The inverse Laplace 
transform of U*(s) is the sequence of impulses with intensities given by u(kT); 
the inverse z-transform of U(z) is the sequence of values u(kT). Conceptually, 
sequences of values and the corresponding z-transforms are easy to think about 
as being processed by a computer program, whereas the model of sampling as a 
sequence of impulses is what allows us to analyze a discrete system embedded 
in a continuous world (see Fig. 5.13). Of course, the impulse modulator must 
always be eventually followed by a low-pass circuit (hold circuit) in the physical 
world. Note that Eq. (5.24) can also be used in the other direction to obtain U*(s), 
the Laplace transform of the train of impulses, from a given U (z). 

Example 5.1 Block Diagram Analysis 

Compute the transforms of Y* and Y for the system block diagram of Fig. 5 .13. 

Solution. In Fig. 5.13 we have modeled the ND converter plus computer program plus DIA 

converter as an impulse modulator [which takes the samples from e(t)], a computer program 
that processes these samples described by D*(s), and a zero-order hold that constructs the 
piecewise-constant output of the DI A converter from the impulses of m *. In the actual computer 
we assume that the samples of e(t) are manipulated by a difference equation whose input
output effect is described by the z -transform D(z). These operations are represented in Fig. 5 .13 
as if they were performed on impulses, and hence the transfer function is D*(s) according to 
Eq. (5.24). Finally, the manipulated impulses, m*(t), are applied to the zero-order hold from 
which the piecewise-constant-control signal u(t) comes. In reality, of course, the computer 
operates on the sample values of e(t) and the piecewise-constant output is generated via a 
storage register and a DI A converter. The impulses provide us with a convenient, consistent, 
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5.4 Block-Diagram Analysis of Sampled-Data Systems 173 

and effective model of the processes to which Laplace-transform methods can be applied. 

From the results given thus far, we can write relations among Laplace transforms as 

E(s) = R Y, (a) M*(s) = E* D*, (b) 
U = M* [ 1 _/Ts ]' (c) 

Y= GU. (d) 
(5.25) 

The usual idea is to relate the discrete output, Y*, to the discrete input, R*. Suppose we 

sample each of these equations by using the results of Eq. (5.19) to "star" each transform. The 

equations are 6 

E* = R* - Y*, (a) M*=E*D*, (b) 
(5.26) U*=M*, (c) 

Y* = [GU]*. (d) 
Now Eq. (5.26(d)) indicates that we need U, not U*, to compute Y*, so we must back up to 

substitute Eq. (5.25(c)) into Eq. (5.26(d)): 

Y' = [ GM' c-:T,) r (5.27) 

Taking out the periodic parts, which are those in which s appears only as esT [ which 

include M*(s)], we have 

Y* = (1 e-Ts)M* ( �) * 

Substituting from Eq. (5.26(b)) for M* gives 

Y* = (1 e-Ts)E* D*(G/s)*. 
And substituting Eq. (5.26(a)) for E* yields 

Y* (1 - e-Ts)D*(G/s)*[R* - Y*]. 
If we call 

then we can solve Eq. (5.30) for Y*, obtaining 

H* Y* = ---R*. 
1 + H* 

(5.28) 

(5.29) 

(5.30) 

(5.31) 

(5.32) 

6 In sampling Eq. (5.25(c)) we obtain Eq. (5.26(c)) by use of the continuous-from-the-right convention 

for Eq. (5.5) for impulse modulation of discontinuous functions. From the time-domain operation of 

the zero-order hold, it is clear that the samples of u and mare the same, and then from this Eq. (5.26(c)) 

follows. 
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Example 5 .2 Analysis of a Specific Block Diagram 

Apply the results of Example 1 to compute Y* and Y for the case where 
a 

G(s) = -- , 
s+a 

(5.33) 

and the sampling period Tis such that e-aT = ½- The computer program corresponds to a 
discrete integrator 

u(kT) = u(kT -T) + K
0
e(kT), (5.34) 

and the computer DI A holds the output constant so that the zero-order hold is the correct 
model. 

Solution. We wish to compute the components of H* given in Eq. ( 5.31). For the computer 
program we have the transfer function of Eq. (5.34), which in terms of z is 

U(z) K
0 K

0z 
D(z) = 

E(z) 
= 

1 -z-1 = 
z -l • 

Using Eq. (5.24), we get the Laplace-transform form 

K esT 

D*(s) = -:--. 
es -l 

For the plant and zero-order-hold we require 

(1 -e-Ts)(G(s)/s)* = (1 -e-Ts) (--a-)
* 

s(s + a) 

Using Eq. (5.5), we have 

-Ts ( 
1 1 )* 

=(1-e ) ----
s s +a 

(1 -e-Ts)(G(s)/s)* = (l , e-Ts) ( l _ �-Ts 

Because e-aT = ½, this reduces to 

(l/2)e-Ts 

(1 -e-Ts)(G(s)/s)* = -·---
l -(l/2)e-Ts 

1/2 
= 

eTs -1/2 • 
Combining Eq. (5.36) and Eq. (5.35) then, in this case, we obtain 

K esT 
H* (s) - __Q_ -=-----=--- 2 (esT - l)(esT 1/2) 

(5.35) 

• (5.36) 

(5.37) 

Equation (5.37) can now be used in Eq. (5.32) to find the closed-loop transfer function from 
which the dynamic and static responses can be studied, as a function of K

0
, the program gain. 

We note also that beginning with Eq. (5.25), we can readily calculate that 

D* (1 -e-Ts) 
Y(s) = R*-

1 
--

* 
--- G(s). (5.38) 

+H s 
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5.4 Block-Diagram Analysis of Sampled-Data Systems 175 

Equation (5 .38) shows how to compute the response of this system in between 
sampling instants. For a given r(t), the starred terms in Eq. (5.38) and the 
(1 - e-Ts)-term correspond to a train of impulses whose individual values can be 
computed by expanding in powers of e-Ts. These impulses are applied to G (s) / s, 

which is the step response of the plant. Thus, between sampling instants, we will 
see segments of the plant step response. 

With the exception of the odd-looking forward transfer function, Eq. (5.32) 
looks like the familiar feedback formula: forward-over-one-plus-feedback. Un
fortunately, the sequence of equations by which Eq. (5.32) was computed was 
a bit haphazard, and such an effort might not always succeed. Another example 
will further illustrate the problem. 

Example 5 .3 Another Block Diagram Analysis 

Figure 5.14 

A simple system that 
does not have a transfer 
function 

Compute Y* and Y for the block diagram of Fig. 5.14. 

Solution. The equations describing the system are (all symbols are Laplace transforms) 

and after sampling, the equations are 

E=R- Y, (a) 

U=HE, (b) 

Y = U*G; (c) 

E* R* - Y*, (a) 

U* =(HE)*, (b) 

Y* = U*G*. (c) 

(5.39) 

(5.40) 

How do we solve these? In Eq. (5.40(b)) we need E, not E*. So we must go back to Eq. 

(5.39(a)) 

U* = (H(R - Y))* 

=(HR)* - (HY)*. 

Using Eq. (5.39(c)) for Y, we have 

U* = (HR)* - (HU*G)*. 

Taking out the periodic U* in the second term on the right gives 

U* =(HR)* - U*(HG)*. 

y 
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176 Chapter 5 Sampled-Data Systems 

Solving, we get 

U* = 

_(_H_R_)_* 
_ 

1 + (HG)* 

From Eq. (5.40(c)), we can solve for Y* 

Y* = (HR)* 
G* 

1 + (HG)* 

(5.41) 

(5.42) 

Equation (5.42) displays a curious fact. The transform of the input is bound 
up with H (s) and cannot be divided out to give a transfer function! This system 
displays an important fact that with the manipulations of stars for sampling might 
be overlooked: A sampled-data system is time varying. The response depends 
on the time relative to the sampling instants at which the signal is applied. Only 
when the input samples alone are required to generate the output samples can 
we obtain a discrete transfer function. The time variation occurs on the taking 
of samples. In general, as in Fig. 5.14, the entire input signal r(t) is involved in 
the system response, and the transfer-function concept fails. Even in the absence 
of a transfer function, however, the techniques developed here permit study of 
stability and response to specific inputs such as step, ramp, or sinusoidal signals. 

We need to know the general rules of block-diagram analysis. In solving 
Fig. 5.14 we found ourselves working with U, the signal that was sampled. This 
is in fact the key to the problem. Given a block diagram with several samplers, 
always select the variables at the inputs to the samplers as the unknowns. Being 
sampled, these variables have periodic transforms that will always factor out 
after the sampling process and result in a set of equations in the sampled (starred) 
variables that can be solved. 

Example 5.4 Another Block Diagram Analysis 

Figure 5.15 
A final example for 
transfer-function analysis 

of sampled-data systems 

Compute the transforms of Y* and Y for the block diagram drawn in Fig. 5.15. 

Solution. We select E and M as independent variables and write 

E(s) = R - M*G
2

, 

M(s) = E*HG
1

. 

y 

(5.43) co
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5.4 Block-Diagram Analysis of Sampled-Data Systems 177 

Next we sample these signals, and use the "if periodic, then out" rule from Eq. (5.19): 

E* = R* - M*G; 

M* = E*(HG
1
)*. (5.44) 

We solve these equations by substituting for M* in Eq. (5.44) from Eq. (5.43) 

To obtain Y we use the equation 

and 

E* = R* E*(HG
1
)*G; 

R* 
=-----

1 + (HG
1
)*G;-

Y= E*H 
R*H 

R*H* 
Y*=-----

l + (HG
1
)*G; 

(5.45) 

(5.46) 

(5.47) 

In this case we have a transfer function. Why? Because only the samples of the external input 
are used to cause the output. To obtain the z-transform of the samples of the output, we would 
let esT 

= z in Eq. (5.47). From Eq. (5.46) we can solve for the continuous output, which 
consists of impulses applied to H (s) in this case. 

As a final example of analysis of sampled-data systems we consider a problem 
of experimental transfer function measurement in a sampled-data system. 

Example 5.5 Measuring the Transfer Function oJ a Sampled-Data System 

Figure 5.16 

It has been proposed to use an experiment to measure the loop gain of a trial sampled-data 
design on the actual physical system using the setup of Figure 5.16. The proposal is to have 
zero reference input but to inject a sinusoid into the system at W and to measure the responses 

A block diagram for experimental measurement of a sampled-data transfer function 

w 

Controller Hold Plant 

u* 

D(z) H G(s) y 
T 
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178 Chapter 5 Sampled-Data Systems 

Figure 5.17 
A block diagram for 
experimental 
measurement of a 
sampled-data transfer 
function with sampled 
input 

at that frequency at locations E
1 

and E
2
. It is thought that the ( complex) ratio of these signals 

will give the loop gain from which the gain and phase margins can be determined and with 
which a frequency response design can be worked out. 

1. Compute the transforms of E
1 

and E
2 

for a general signal input at w. 

2. Suppose that the signal w is a sinusoid of frequency % less than n / T (no aliasing). Plot 
the spectra of G W and ( G W)* and show that ( G W) * = f G W at the frequency % · 

3. Use the results of 2) to get an expression for the complex ratio of the signals E
1 

and E
2 

when%< n/T. 

4. Repeat these calculations for the setup of Fig. 5.17 where the input signal is first sampled 
and held before being applied to the system. 

Solution. 

1. Following the procedure just given, we express the signals of interest in terms of sampled 
signals as follows 

Solving Eq. (5.52) for U* 

Controller 

u 
D* 

T 

E
l

= w + U*H 

E
2 

= U*H 

Y = WG+ U*HG 

Y* = (WG)* + U*(HG)* 

U* = -D*Y* 

D*(WG)* 
U*(s)- ------ 1 + D*(HG)* 

w 

Hold 

H 

Hold 

u* 
H 

Plant 

G 
y 

(5.48) 

(5.49) 

(5.50) 

(5.51) 

(5.52) 

(5.53) 
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If we now substitute this result into Eq. (5.48) and Eq. (5.49) we have the solution of this 
part as 

D*(WG)* 
1 + D*(HG)* 

H 

D*(WG)* 
1 + D*(HG)* 

H (5.54) 

Clearly we do not have a transfer function since the transform of the signal is imbedded 
in the signal transforms. 

2. For the second part, we can consider the sinusoid one exponential at a time and consider 
w 2rr8(cv %)· Then 

1 k=oo 2rr 2rr k 
(GW)* = 

T k�oo 
G(jcv - jk

T 
)2rr8(cv % -

T 
). 

The spectra involved are easily sketched. Since % < rr / T there is no overlap and at % 
the signal is 

1 
(GW)* = 

T
G(j%)2rr8(cv %) 

1 
= 

T 
GWlwo. (5.55) 

3. If we substitute Eq. (5.55) into Eq. (5.54) and take the ratio, we find the describing 
function 

2_D*GH 
T 

1 + D*(GH)* 
1 
-D*GH 
T 

(5.56) 

Notice that if I GI = 0 for I cv I > rr / T so that G* = G for frequencies less than rr / T , 
then Eq. (5.56) reduces to 

E -1. = -D*(GH)*, 
El 

which is the transfer function. Thus the proposed method works well if there is a good 
antialias filter in the loop. 

4. With the input applied through a sample and hold as drawn in Fig. 5 .17 the key expressions 
are given by 

El = U*H + W*H 
E

2 
U*H 

U* = -D*Y* 
Y = U*HG+ W*HG. 

These equations can be readily solved, after taking the "star" of Y to give 
W*H 

E1 1 + D*(HG)* 
D*(HG)* 

E = ------W*H. 2 1 + D*(HG)* 

(5.57) 
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180 Chapter 5 Sampled-Data Systems 

From these, the ratio gives the true discrete transfer function 

E 
-1 = -D*(HG)*. 
E l 

5.5 Calculating the System Output Between 
Samples: The Ripple 

In response to a particular input, the output of a sampled-data system at sam
pling instants can be computed by the z-transform, even in those cases where 
there is no transfer function. However, in many problems it is important to 
examine the response between sampling instants, a response that is called the 
"ripple" in the response. Often, for example, the maximum overshoot will not 
occur at a sampling instant but at some intermediate point. In other cases, hid
den oscillations are present, oscillations that may or may not decay with time. 
The ripple is generated by the continuous-time part of the system at the out
put. For example, in the case drawn in Fig. 5.13, the ripple is given by the 
response of G(s) / s between sampling instants. Three techniques have been sug
gested to compute ripple. The first, suggested by J. Sklansky, is based on the 
partial-fraction expansion of G(s)/s. The second, suggested by E. Jury, is based 
on introducing a time shift in the sampler at the output of the system. If this 
shift is less than a sample period, the new samples are taken between the sys
tem samples. The modified transform from input samples to shifted samples is 
called the modified z - transf onm of G(s)/s. The third technique, introduced 
by G. Krane, is based on sampling the output at a faster rate than the feedback 
loop is updated. Block diagrams representing the three methods are given in 
Fig. 5.18. 

In the partial-fraction method, shown in Fig. 5.18(a), the outputs of the sev
eral fractions are sampled and the values of y

1 
(kT), y

2
(kT), ... are computed in 

the regular way with z - transforms or MATLAB statements. These values at the 
instant k T represent initial conditions for the several partial fraction continuous 
dynamics at time KT and from them the transient over the period from k T to 
(k + 1) T can be computed. The total system output is the sum of these compo
nents. The method is somewhat tedious but gives an exact expression for the ripple 
during any given sample period from which, for example, the peak overshoot can 
be exactly computed. 

The modified z - transform of the plant with zero-order hold is defined as 
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Three methods used to evaluate ripple. (a) Partial fraction expansion; (b) Modified 
z-transform; (c) Multirate sampling 

(a) 

(b) 

(c) 

D*(s) 

K1 
s 

-----i---.y 
Y2 

R4t:-B-81 G(s) 

T 
emTs � --o y(kT + mT) 

+ 
R I 

T � 
ZOH G(s) --oy(kTln) 

Tin Tin 

and represents samples taken at the times k T + m T. The modified transform of 
the output of the system shown, in Fig. 5. l 8(b) is given by 

y m) _ D(z)G(z, m) 
R ) (z, - 1 + D(z)G(z) (z ' (5.58) 

and its inverse will give samples at kT + m T. The modified operation is noncausal 
but is only being used as a computational device to obtain inter-sample ripple. 
For example, if m = 0.5 then use of Eq. (5.58) will find sample values halfway 
between sample updates of the control. MATLAB only permits delays ( causal 
models) and can be used to find the output of the modified plant delayed by one 
sample shown in the figure as z- 1 Y(z, m). If the plant is given in state form with 
description matrices [F, G, H, J], then the representation of the delayed modified 
transform can be computed in MATLAB using 

SYS = ss(F, G, H, J). 

The delay for sample period T and shift m is set by the command 

set(SYS,'td', (1 m)T), 
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182 Chapter 5 Sampled-Data Systems 

and finally, the discrete representation of the system which has a delayed modified 
z - trans/ orm is given by the standard conversion 

SYSD = c2d(SYS, T). 

The method of multi-rate sampling is shown in Fig. 5.18(c). The output of 
the controller is held for the full T seconds but this signal is again sampled at 
the rate T / n for some small n, such as 5. The plant output is also sampled at the 
rate T / n. The feedback loop is unchanged by these additional samplers but the 
output ripple is now available at n points in between the regular sample times. 
This technique is readily programmed in MATLAB and is regularly used in this 
book to compute the ripple. An interesting case is given in Fig. 7 .14 where it can 
be seen that the maximum overshoot occurs in the ripple. 

5.6 Summary 

In this chapter we have considered the analysis of mixed systems that are partly 
discrete and partly continuous, taking the continuous point of view. These systems 
arise from digital control systems that include AID and DIA converters. The 
important points of the chapter are 

• The large-signal behavior of an AID converter can be modeled as a linear 
impulse modulator followed by a zero-order-hold. 

• DI A converter can be modeled as a zero-order-hold. 

• The transform of a sampled signal is periodic with period 2n / T for sample 
period T. 

• Sampling introduces aliasing, which may be interpreted in both the frequency 
and the time domains. 

• The sampling theorem shows how a band-limited signal can be reconstructed 
from its samples. 

111 Interconnections of systems that include sampling can be analyzed by block
diagram analysis. 

• If the input signal to a sampled-data system is not sampled, it is impossible 
to define a transfer function. 

• The output of a sampled-data system between sampling instants can be com
puted using partial fraction expansion, using the modified z - trans/ orm, 

or by multi-rate sampling. With a computer, multi-rate sampling is the most 
practical method. 

5. 7 Problems 

5.1 Sketch a signal that represents bounded hidden oscillations. 
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Figure 5.19 
Impulse response of a 
first-order hold filter 

Figure 5.20 

Block diagram of a 
sample and first-order 
hold 

Figure 5.21 

A sampled-data system 

5.7 Problems 183 

5.2 Show how to construct a signal of hidden oscillations that grows in an unstable fashion. 
Where in the s-plane are the poles of the transforms of your signal(s)? 

5.3 A first-order hold is a device that extrapolates a line over the interval from kT to (k + 1) T 

with slope given by the samples r(kT - T) and r(kT) starting from r(kT) as shown in 
Fig. 5 .19. Compute the frequency response of the first-order hold. 

5.4 Consider the circuit of Fig. 5.20. By plotting the response to a signal that is zero for all 
sample instants except t = 0 and that is 1.0 at t = 0, show that this circuit implements a 
first-order hold. 

5.5 Sketch the step response y(t) of the system shown in Fig. 5.21 for K = ½, 1, and 2. 
5.6 Sketch the response of a second-order hold circuit to a step unit. What mightT:>e the major 

disadvantage of this data extrapolator? 

5.7 A triangle hold is a device that has an output, as sketched in Fig. 5.22 that connects the 
samples of an input with straight lines. 
(a) Sketch the impulse response of the triangle hold. Notice that it is noncausal. 
(b) Compute the transfer function of the hold. 
(c) Use MATLAB to plot the frequency response of the triangle hold. 

3------------------

2 

0 

-1 

-2
._ __ _,_ ____________ ___. 

2 

1-e-T8 

s 

3 4 

y(t) 

l 
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figure 5.22 
Response of a sample 
and triangle hold· 

(d) How would the frequency response be changed if the triangle hold is made to be 
causal by adding a delay of one sample period? 

5.8 Sketch the output of a sample and zero-order hold to 

(a) A step input. 

(b) A ramp input. 

(c) A sinusoid of frequency cv
s
f 10. 

5.9 Sketch the output of a sample and first-order hold to 

(a) A step input. 

(b) A ramp input. 

(c) A sinusoid of frequency cv
s
/10. 

5.10 Sketch the output of a sample and triangle hold to 

(a) A step input. 

(b) A ramp input. 

(c) A sinusoid of frequency cv
s
f 10. 

5.11 Sketch the output of a sample and causal triangle hold to 

(a) A step input. 

(b) A ramp input. 

(c) A sinusoid of frequency cv
s
/10. 

5.12 A sinusoid of frequency 11 rad/sec. is sampled at the frequency cv
s 

= 5 rad/ sec. 

(a) Indicate the component frequencies up to cv = 20 rad/ sec. 

(b) Indicate the relative amplitudes of the components up to 20 rad/ sec . if the sampler 
is followed by a zero-hold. 

5.13 A signal r(t) = sin(2t) + sin(15t) is sampled at the frequency cv
s 

= 16. 

(a) Indicate the frequency of the components in the sampled signal up to cv = 32. 

(b) Indicate the relative amplitudes of the signals in the output if the signal is passed 
through the anti-aliasing filter with transfer function � before sampling. You 

<s+O 
can use MATLAB to compute the filter gain. 

5.14 Derive Eq. (5.38). 

5.15 Find the transform of the output Y (s) and its samples Y* (s) for the block diagrams shown 
in Fig. 5.23. Indicate whether a transfer function exists in each case. 

5.16 Assume the following transfer functions are preceded by a sampler and zero-order hold 
and followed by a sampler. Compute the resulting discrete transfer functions. 
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Figure 5.23 
Block diagrams of 
sampled data systems. 
(a) Single loop; 
(b) multiple loop 

Figure 5.24 

Block diagrams showing 
the modified z-transform 

(a) G1 (s) = 1/s2 

(b) G/s) = e-1.Ss /(s + 1) 
(c) G/s) = 1/s(s + 1) 
(d) G

4
(s) = e-l.Ss /s(s + 1) 

(e) G/s) 1/(s2 1) 

(a) 

(b) 

T 
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Y* 
--0 

y Y* 
--0 

5.17 One technique for examining the response of a sampled data system between sampling 
instants is to shift the response a fraction of a period to the left and to sample the result. 
The effect is as shown in the block diagram of Fig. 5.24 and described by the equation 

Y*(s, m) = R*(s){G(s)emTs }*. 

As a function of z, the equivalent equation is 

Y(z) R(z)G(z, m). 

The function G(z, m) is called the modified z transform of G(s). In the figure, let 
1 1 

G(s)- -
- (s + 1)' 

R(s) = - , and T = 1. 
s 

(a) Compute y(t) by calculating y(kT) from the ordinary z - trans! orm and 
observing that between samples, the output y(t) is an exponential decay with 

R / 
�

• Y T. Y* (s,m) 
::___/ G(s) em 3 

---<) 

T T 

y(t) y(t + mT) 
osm< 1 
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unit time constant. Sketch the response for five sample intervals. Notice that this 
technique is the essence of the partial-fraction method of obtaining the ripple. 

(b) Compute the modified z - transf arm for m = ½ and compute the samples 
according to the equation for Y(z, m). Plot these on the same plot as that of y(t) 

and verify that you have found the values at the mid-points of the sampling pattern. 

5.8 Appendix 

To compute the transform of a sinusoid, we consider first the Fourier transform 
of v(t) = ejw

0
t+j<P. For this we have 

V(jw) = 1_: eUwi+Nle-;widt. (5.59) 

This integral does not converge in any obvious way, but we can approach it from 
the back door, as it were. Consider again the impulse, 8 (t). The direct transform 
of this object is easy, considering the sifting property, as follows 

1_: 8(t)e-;wt dt = l. 

Now the general form of the inverse Fourier transform is given by 
1 100 

f (t) = 

2 
F(jw)e1wrdw. 

TC -oo 

If we apply the inverse transform integral to the impulse and its transform, we 
take f (t) = 8(t) and F(jw) = 1 with the result 

8(t) = - ejwtdw. 
1 100 

1
2n _00 

However, except for notation and a simple change of variables, this is exactly 
the integral we needed to evaluate the spectrum of the single exponential. If we 
exchange t with w the integral reads 

Eq. (5.59) is of this form 

8(w) = - ejwtdt. 
1 1

00 

2n _00 

V(jw) = 1_: eUw/+j,P)e-;w,dt 

= eN> l
oo 

ejr <wo-w)dt 
-oo 

= 2neN>8(w - w ). 
0 

At the last step in this development, the sign of the argument in the delta 
function was changed, which is legal because 8(t) is an even function and 8(t) = 

8(-t). The argument is more natural as (w - w) rather than the opposite. 

co
nt

ro
len

gin
ee

rs
.ir



Figure 6.1 

Magnitude of a 
low-frequency bandpass 
filter with a narrow 
rejection band 

♦ ♦ 

iscrete 

A Perspective on Computing Discrete Equivalents 

One of the exciting fields of application of digital systems 1 is in signal process
ing and digital filtering. A filter is a device designed to pass desirable signal 
components and to reject undesirable ones; in signal processing it is common to 
represent signals as a sum of sinusoids and to define the "desirable components" 
as those signals whose frequencies are in a specified band. Thus a radio receiver 
is designed to pass the band of frequencies transmitted by the station we want 
to hear and reject all others. We would call a filter which does this a bandpass 
filter. In electrocardiography it often happens that power-line frequency signals 
are strong and unwanted, so a filter is designed to pass signals between 1 and 500 
Hz but to eliminate those at 60 Hz. The magnitude of the transfer function for 
this purpose may look like Fig. 6.1 on a log-frequency scale, where the amplitude 
response between 59.5 and 60.5 Hz might reach 10-3

. Here we have a band-reject 
filter with a 60-dB rejection ratio in a 1-Hz band centered at 60 Hz. 

In long-distance telephony so�e filters play a conceptually different role. 
There the issue is that ideal transmission requires that all desired frequencies be 

20 log IHI t 

0-

-3-

60 500 
w 

21T 

1 Including microprocessors and special-purpose devices for digital signal processing, called DSP chips. 
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188 Chapter 6 Discrete Equivalents 

emulation 

treated equally but transmission media-wires or microwaves-introduce distor
tion in the amplitude and phase of the sinusoids that comprise the desired signal 
and this distortion must be removed. Filters to correct the distortion are called 
equalizers. Finally, the dynamic response of control systems requires modifica
tion in order for the complete system to have satisfactory dynamic response. We 
call the devices that make these changes compensators. 

Whatever the name-filter, equalizer, or compensator-many fields have use 
for linear dynamic systems having a transfer function with specified character
istics of amplitude and phase. Increasingly the power and flexibility of digital 
processors makes it attractive to perform these functions by digital means. The 
design of continuous electronic filters is a well-established subject that includes 
not only very sophisticated techniques but also well-tested computer programs 
to carry out the designs [Van Valkenburg (1982)]. Consequently, an important 
approach to digital filter design is to start with a good analog design and con
struct a filter having a discrete frequency response that approximates that of the 
satisfactory design. For digital control systems we have much the same motiva
tion: Continuous-control designs are well established and one can take advantage 
of a good continuous design by finding a discrete equivalent to the continuous 
compensator. This method of design is called emulation. Although much of our 
presentation in this book is oriented toward direct digital design and away from 
emulation of continuous designs with digital equivalents, it is important to un
derstand the techniques of discrete equivalents both for purposes of comparison 
and because it is widely used by practicing engineers. 

Chapter Overview 

The specific problem of this chapter is to find a discrete transfer function that 
will have approximately the same characteristics over the frequency range of 
importance as a given transfer function, H (s). Three approaches to this task are 
presented. The first method is based on numerical integration of the differential 
equations that describe the given design. While there are many techniques for 
numerical integration, only simple formulas based on rectangular and trapezoid 
rules are presented. The second approach is based on comparisons of the s and 
z domains. Note that the natural response of a continuous filter with a pole at 
some point s = s 

O 
will, when sampled with period T, represent the response of a 

discrete filter with a pole at z = es
0

T

. This formula can be used to map the poles 
and zeros of the given design into poles and zeros of an approximating discrete 
filter. This is called pole and zero mapping. The third and final approach is based 
on taking the samples of the input signal, extrapolating between samples to form 
an approximation to the signal, and passing this approximation through the given 
filter transfer function. This technique is called hold equivalence. The methods 
are compared with respect to the quality of the approximation in the frequency 
domain as well as the ease of computation of the designs. 
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6.1 Design of Discrete Equivalents via Numerical Integration 189 

6 .1 Design of Discrete Equivalents via Numerical 
Integration 

The topic of numerical integration of differential equations is quite complex, 
and only the most elementary techniques are presented here. For example, we 
only consider formulas of low complexity and fixed step-size. The fundamental 
concept is to represent the given filter transfer function H (s) as a differential 
equation and to derive a difference equation whose solution is an approximation 
of the differential equation. For example, the system 

U(s) a -=H(s)=-
E(s) s+a 

is equivalent to the differential equation 

it+ au= ae. 

(6.1) 

(6.2) 

Now, if we write Eq. (6.2) in integral form, we have a development much like 
that described in Chapter 4, except that the integral is more complex here 

u(t) l [-au(r) + ae(r)]dr, 

u(kT) = t
T

-T[-au + ae]dr + lkT 

[-au +ae]dr 
Jo kT-T 

= u(kT _ T) + { area of -au + ae 
(6.3) 

over k T - T :::S r < k T. 
Many rules have been developed based on how the incremental area term is 
approximated. Three possibilities are sketched in Fig. 6.2. The first approximation 
leads to the forward rectangular rule2 wherein we approximate the area by the 
rectangle looking forward from' k T - T and take the amplitude of the rectangle 
to be the value of the integrand at k T - T. The width of the rectangle is T. The 
result is an equation in the first approximation, u 

1 

u
1 
(kT) = u

1 
(kT - T) + T[-au

1 
(kT - T) + ae(kT - T)] 

= (1 - aT)u
1
(kT - T) + aTe(kT - T). (6.4) 

The transfer function corresponding to the forward rectangular rule in this case 
is 

(z-1)/T+a (forward rectangular rule). (6.5) 

2 Also known as Euler's rule. 
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190 Chapter 6 Discrete Equivalents 

Figure 6.2 
Sketches of three ways 
the area under the curve 
from kT to kT + T can 
be approximated: 
(a) forward rectangular 
rule, (b) backward 
rectangular rule, 
(c) trapezoid rule 

(a) Forward Rectangular Rule 

(b) Backward Rectangular Rule 

( c) Trapezoid Rule 

A second rule follows from taking the amplitude of the approximating 
rectangle to be the value looking backward from kT toward kT - T, namely, 
-au(kT) + ae(kT). The equation for u

2
, the second approximation,3 is 

u
i
(kT) = u

i
(kT - T) + T[-au

2
(kT) + ae(kT)] 

= u
i
(kT - T) + aT 

e(kT). 
l+aT l+aT 

(6.6) 

3 It is worth noting that in order to solve for Eq. (6.6) we had to eliminate u(kT) from the right-hand 

side where it entered from the integrand. Had Eq. (6.2) been nonlinear, the result would have been an 

implicit equation requiring an iterative solution. This topic is the subject of predictor-corrector rules, 

which are beyond our scope of interest. A discussion is found in most books on numerical analysis. See 

Golub and Van Loan (1983). 

co
nt

ro
len

gin
ee

rs
.ir



6.1 Design of Discrete Equivalents via Numerical Integration 191 

Again we take the z-transform and compute the transfer function of the backward 
rectangular rule 

aT l aTz H
B (z) = 1 +aT l -z- 1 /(l +aT) = z(l +aT) - l 

a 

=------

(z -l)/Tz + a 
(backward rectangular rule). (6.7) 

Our final version of integration rules is the trapezoid rule found by taking the 
area approximated in Eq. (6.3) to be that of the trapezoid formed by the average 
of the previously selected rectangles. The approximating difference equation is 

T 
u

3 (kT) 
= 

u
3 (kT T) + 

2
[-au/kT -T) 

+ae (kT -T) au/kT) + ae (kT)] (6.8) 
1 - (aT/2) aT/2 

= l + (aT /2t/kT -T) + 
l + (aT /2) 

[e3 (kT T) + e/kT)]. 

The corresponding transfer function from the trapezoid rule is 

H (z)= 
aT(z+l) 

T (2 + a T)z + a T -2 
a 

= ----------
(2/ T) [ (z -1)/(z + 1)] + a 

( trapezoid rule). 

Suppose we tabulate our results obtained thus far. 

H(s) Method 

a 
Forward rule 

s+a 
a 

Backward rule 
s+a 

a 
s+a 

Trapezoid rule 

Transfer function 

a 
H 

= F (z - l)/T+a 
a 

H 
= 8 

(z -1)/ Tz + a 
a 

H= 
(2/T){(z -1)/(z + l )} +a 

(6.9) 

(6.10) 

From direct comparison of H (s) with the three approximations in this tabu
lation, we can see that the effect of each of our methods is to present a discrete 
transfer function that can be obtained from the given Laplace transfer function 
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192 Chapter 6 Discrete Equivalents 

H (s) by substitution of an approximation for the frequency variable as shown 
below 

Method 

Forward rule 

Backward Rule 

Trapezoid Rule 

Approximation 
z-1 

s +---

z -1 
s +--

Tz 
2z-1 

s +- --
T z+ l 

(6.11) 

The trapezoid-rule substitution is also known, especially in digital and 
sampled-data control circles, as Tustin's method [Tustin ( 194 7)] after the British 
engineer whose work on nonlinear circuits stimulated a great deal of interest in 
this approach. The transformation is also called the bilinear transformation 

from consideration of its mathematical form. The design method can be summa
rized by stating the rule: Given a continuous transfer function (filter), H(s), a 
discrete equivalent can be found by the substitution 

(6.12) 

Each of the approximations given in Eq. (6.11) can be viewed as a map from 
the s-plane to the z-plane. A further understanding of the maps can be obtained 
by considering them graphically. For example, because the (s = j w )-axis is the 
boundary between poles of stable systems and poles of unstable systems, it would 
be interesting to know how the j w-axis is mapped by the three rules and where 
the left (stable) half of the s-plane appears in the z-plane. For this purpose we 
must solve the relations in Eq. (6.11) for z in terms of s. We find 

i) z = 1 + Ts, (forward rectangular rule). 
1 

(backward rectangular rule). ii) z = 
1-Ts' (6.13) 

iii) 
1 + Ts/2 

(bilinear rule). z = 
1 -Ts/2 

If we let s = j w in these equations, we obtain the boundaries of the regions 
in the z-plane which originate from the stable portion of the s-plane. The shaded 
areas sketched in the z-plane in Fig. 6.3 are these stable regions for each case. 
To show that rule (ii) results in a circle, ½ is added to and subtracted from the 
right-hand side to yield 

z= ! +{-1 __ !} 2 1 -Ts 2 
1 1 1 + Ts 

=------

2 2 1 -Ts 
(6.14) 
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Figure 6.3 
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Maps of the left-half of the s-plane by the integration rules of Eq. (6.1 O) into the 
z-plane. Stables-plane poles map into the shaded regions in the z-plane. The unit circle 
is shown for reference. (a) Forward rectangular rule. (b) Backward rectangular rule. 
(c) Trapezoid or bilinear rule 

(a) (b) (c) 

Now it is easy to see that with s = j cv, the magnitude of z - ½ is constant 

lz 

and the curve is thus a circle as drawn in Fig. 6.3(b ). Because the unit circle 
is the stability boundary in the z-plane, it is apparent from Fig. 6.3 that the 
forward rectangular rule could cause a stable continuous filter to be mapped into 
an unstable digital filter. 

It is especially interesting to notice that the bilinear rule maps the stable 
region of the s-plane exactly into the stable region of the z-plane although the 
entire jcv-axis of the s-plane is compressed into the 2n-length of the unit circle! 
Obviously a great deal of distortion takes place in the mapping in spite of the 
congruence of the stability regions. As our final rule deriving from numerical 
integration ideas, we discuss a formula that extends Tustin's rule one step in an 
attempt to correct for the inevitable distortion of real frequencies mapped by the 
rule. We begin with our elementary transfer function Eq. (6.1) and consider the 
bilinear rule approximation 

a 
HT (z) 

= (2/T)[(z - 1)/(z + l)] + a 
The original H (s) had a pole at s -a, and for real frequencies, s 

= 
j cv, the 

magnitude of H (j cv) is given by 

a
2 

JH(jcv)l2 
= 2 2 

CV + a 

1 
= cv2 ja2 

+ 1 • 
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194 Chapter 6 Discrete Equivalents 

Thus our reference filter has a half-power point, IHl2 = ½, at w =a.It will be 
interesting to know where H

T
(z) has a half-power point. 

As we saw in Chapter 4, signals with poles on the imaginary axis in the s

plane (sinusoids) map into signals on the unit circle of the z-plane. A sinusoid of 
frequency w

1 
corresponds to z

1 
= e1w

1
T , and the response of H

T
(z) to a sinusoid 

of frequency w
1 

is H
T

(z
1

). We consider now Eq. (6.8) for H
T

(z
1
) and manipulate 

it into a more convenient form for our present purposes 

or 
w

1 
T aT 

tan--= 
2 2 

(6.15) 

(6.16) 

Equation (6.16) is a measure of the frequency distortion or warping caused by 
Tustin' s rule. Whereas we wanted to have a half-power point at w = a, we realized 
a half-power point at w

1 
= (2/ T) tan- 1 (aT /2). w

1 
will be approximately correct 

only ifaT /2 « 1 so that tan- 1 
(aT /2) � aT /2, that is, if w/= 2rr / T) » a and 

the sample rate is much faster than the half-power frequency. We can tum our 
intentions around and suppose that we really want the half-power point to be at 
w

1
. Equation (6.16) can be made into an equation of prewarping: If we select 

a according to Eq. (6.16), then, using Tustin's bilinear rule for the design, the 
half-power point will be at w

1
. A statement of a complete set of rules for filter 

design via bilinear transformation with prewarping is 

1. Write the desired filter characteristic with transform variable s and critical 
frequency w

1 
in the form H (s / w

1
) .

4 

2. Replace w
1 

by a such that 

2 w T 
a= -tan-1 -

T 2 ' 

4 The critical frequency need not be the band edge. We can use the band center of a bandpass filter or the 

crossover frequency of a Bode plot compensator. However, we must have w 1 < re/ T if a stable filter is 

to remain stable after warping. 
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6.1 Design of Discrete Equivalents via Numerical Integration 195 

and in place of H (s / cv1), consider the prewarped function H (s /a). For more 
complicated shapes, such as bandpass filters, the specification frequencies, 
such as band edges and center frequency, should be prewarped before the 
continuous design is done; and then the bilinear transformation will bring all 
these points to their correct frequencies in the digital filter. 

3. Substitute 
2z-1 

S=---
Tz+l 

in H(s/a) to obtain the prewarped equivalent H/z). 

As a frequency substitution the result can be expressed as 

H(�J,_=_1_ 
w1 tan(w1 T /2) 

(6.17) 

It is clear from Eq. (6.17) that when cv = cv1 , H (z 1 ) = H(jl) and the discrete 
filter has exactly the same transmission at cv1 

Pas the continuous filter has at 
this frequency. This is the consequence of prewarping. We also note that as the 
sampling period gets small, H

P 
(z) approaches H (j cv / cv1). 

Example 6.1 Computing a Discrete Equivalent 

The transfer function of a third order low-pass Butterworth filter5 designed to have unity pass 
bandwidth (w

P 
= 1) is 

1 
H(s) = -----. 

s3 
+ 2s2 

+ 2s + 1 
I 

A simple frequency scaling would of course translate the design to have any desired passband 
frequency. Compute the discrete equivalents and plot the frequency responses using the forward 
rectangular rule, the backward rectangular rule, the Tustin bilinear rule and the bilinear rule 
with prewarping at w = 1. Use sampling periods T 0.1, T = 1, and T = 2. 

Solution. Computation of the discrete equivalents is numerically tedious and the state-space 
algorithms described below were used in MATLAB to generate the transfer functions and the 
response curves plotted in Fig. 6.4. Fig 6.4(a) shows that at a high sample rate (T = 0.1), 
where the ratio of sampling frequency to passband frequency is w)wp � 63, all the rules do 
reasonably well but the rectangular rules are already showing some deviation. From Fig. 6.4(b) 
we see that at ws/w

P 
= 2n the rectangular rules are useless (the forward rule is unstable). 

Finally, in Fig. 6.4(c) at very slow sampling frequency with wJw
P 

= n corresponding to a 
sampling period of T = 2 sec, only with prewarping do we have a design that comes even close 
to the continuous response. In each case at the Nyquist frequency, w = n: / T , the magnitude 

5 A description of the properties of Butterworth filters is given in most books on filter design and briefly 
in Franklin, Powell and Emami-Naeini (1986). 
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Figure 6.4 
(a) Response of 

0.8 
third-order lowpass filter 
and digital equivalents 0.6 

for w
s
fw

P 
= 20n. 

IHI 
0.4 

(b) Response of 
third-order lowpass filter 0.2 

and digital equivalents 0 

for w
s
fw

P 
= 2n. 0 0.5 

(c) Response of 
third-order lowpass filter 

0 
and digital equivalents 
for w

5
/ w

p 
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responses of the discrete filters start to repeat according to the periodic nature of discrete
transfer-function frequency responses. It can be seen that the magnitude and phase of the 
prewarped designs match those of the continuous filter exactly at the band edge, w = 1, for all 
these cases. This is no surprise, because such matching was the whole idea of prewarping. 

The formulas for discrete equivalents are particularly simple and convenient 
when expressed in state-variable form and used with a computer-aided design 
package. For example, suppose we have a vector-matrix description of a contin
uous design in the form of the equations 

x=Ax+Be, 

u = Cx+De. 

The Laplace transform of this equation is 

sX=AX+BE, 

U = CX+DE. 

(6.18) 

(6.19) 

We can now substitute for s in Eq. ( 6.19) any of the forms in z corresponding to 
an integration rule. For example, the forward rectangular rule is to replace s with 
(z - 1)/ T from Eq. (6.11) 

z 1 
�X=AX+BE, 

U=CX+DE. (6.20) 
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In the time domain, the operator z corresponds to forward shift; that is, zx (k) = 
x(k + 1). Thus the corresponding discrete equations in the time domain are 

x(k + 1) -x(k) = T Ax(k) + TBe(k), 

x(k + 1) = (I+ TA)x(k) + TBe(k), 

u = Cx+De. (6.21) 

Equation (6.21) is a state-space formula for the forward rule equivalent. 
Fqr the backward rule, substitutes � (z -l)/zT with the result 

z-1 
--X=AX+BE, 

Tz 

which corresponds to the time domain equations 

x(k + 1) -x(k) T Ax(k + 1) + TBe(k + 1). (6.22) 

In this equation, there are terms in k+ l on both the right- and left-hand sides. 
In order to get an equation with such terms only on the left, transpose all k + 1 
terms to the left and define them as a new state vector 

x(k + 1) -TAx(k + 1) -TBe(k + 1) = x(k) 

From this equation, solving for x in terms of w and e 

(I -AT)x = w + TBe 

b. 

= w(k + 1). (6.23) 

x = (I-AT)- 1w + (I -AT)-
1 BTe. (6.24) 

With this expression for x, Eq. (6.23) can be put in standard form as 

w(k + 1) = (I -AT)- 1 w(k) + (I -AT)- 1BTe(k), (6.25) 

and the output equation is now 

u(k) = C(I -AT)- 1 w + {D + C(I -AT)- 1 BT}e. (6.26) 

Equation (6.25) plus Eq. (6.26) are a state-space description of the backward rule 
equivalent to Eq. (6.18). 

Finally, for the trapezoid or bilinear rule, the z-transform equivalent is ob
tained from 

2(z -l) 
X = AX +BE 

T(z + 1) 
AT BT 

(z -l)X = 
2

(z + l)X+ 
2

(z + l)E 

u =ex+ DE, (6.27) 

and the time domain equation for the state is 

AT BT 
x(k + 1) -x(k) = 

2
(x(k + 1) + x(k)) + 

2
(e(k + 1) + e(k)). (6.28) 
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Once more, collect all the k + 1 terms onto the left and define these as w(k + 1) 
as follows6 

AT 
x(k + 1) - -x(k + 1) 

2 
BT AT BT 
-e(k + 1) = x(k) + -x(k) + -e(k) 
2 2 2 

� ✓
T

w(k + 1). (6.29) 

Writing the definition of w at time k, solve for x as before 

(1- A:) x = v'fw+ B: e 

( 
AT

)
-1 

( x= I-
2 

✓
T

w+ I 

Substituting Eq. (6.30) into Eq. (6.29), we obtain 

AT
)

-i BT 
e. 

2 2 
(6.30) 

flw(k + 1) (1 + A:) (1 - A:)-' { v'fw(k) + B: e} + B: e(k) 

( 
AT

) ( 
AT

)
-1 

w(k+l)= I+
2 

I-
2 

w(k) 

{ ( 
AT

) ( 
AT

)
-1 

} 
BJ"f 

+ I+ 
2 

I-
2 

+I -
2

-e(k) 

( 
AT

) ( 
AT

)
-1 

( 
AT

)
-1 

1+
2 

I-
2 

w(k)+ 1-
2 

B✓
T

e(k). 

(6.31) 

In following this algebra, it is useful to know that in deriving the last part of 
Eq. (6.31), we expressed the identity I as (I Anc1 - An-l and factored out 
(I - At)-1 on the right. 

To obtain the output equation for the bilinear equivalent, we substitute Eq. 
(6.30) into the second part of Eq. (6.27): 

( 
AT

)
_, 

{ ( 
AT

)
-' BT

} u(k) = ✓
T

C I -
2 

w(k) + D + C I -
2 2 

e(k). 

These results can be tabulated for convenient reference. Suppose we have a 
continuous system described by 

x(t) = Ax(t) + Be(t), 
u(t) = Cx(t) + De(t). 

6 The scale factor of .Jr is introduced so that the gain of the discrete equivalent will be balanced between 
input and output, a rather technical condition. See Al Saggaf and Franklin ( 1986) for many more details. 
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Then a discrete equivalent at sampling period T will be described by the equations 

w(k + 1) = <l>w(k) + re(k), 

u(k) = Hw(k) + Je(k), 

where <I>, r, H, and J are given respectively as follows: 

Forward 

<I> I+AT 

r BT 

H 

J D 

Backward 

(I-AT)- 1BT 

(I-AT)- 1 

C(I-AT)- 1 

D + C(I -AT)- 1BT 

Bilinear 

(I+ A2T)(I At)-! 

(I - \T)-IB-Jf 

-JfC(I - \T)-1 

o + cc1 - An- 1BT 12 

The MATLAB Control Toolbox provides for the computation of Tustin bi
linear equivalents with the function c2d. The syntax of computing the bilinear 
equivalent SYSD of a continuous system SYS at sampling period Ts is 

SYSD c2d( SYS,Ts, 'tustin') (6.32) 

If 'tustin' is replaced with 'prewarp', the bilinear equivalent with prewarping is 
computed. 

6.2 Zero-Pole Matching Equivalents 

A very simple but effective method of obtaining a discrete equivalent to a contin
uous transfer function is to be found by extrapolation of the relation derived in 
Chapter 4 between the s- and z-planes. If we take the z-transform of samples of 
a continuous signal e(t), then the poles of the discrete transform E(z) are related 
to the poles of E(s) according to z = esr _ We must go through the z-transform 
process to locate the zeros of E(z), however. The idea of the zero-pole matching 
technique is that the map z = esr could reasonably be applied to the zeros also. 
The technique consists of a set of heuristic rules for locating the zeros and poles 
and setting the gain of a z-transform that will describe a discrete, equivalent 
transfer function that approximates the given H (s). The rules are as follows: 

1. All poles of H (s) are mapped according to z = esT . If H (s) has a pole at 
s = -a, then Hzp(z) has a pole at z = e-ar _ If H(s) has a pole at -a+ jb, 

then H (z) has a pole at rej0 , where r = e-ar and 0 = bT. zp 
2. All finite zeros are also mapped by z = esr. If H (s) has a zero at s = -a, 

then H (z) has a zero at z = e-aT , and so on. zp 
3. The zeros of H (s) at s = oo are mapped in Hzp (z) to the point z = -1. The 

rationale behind this rule is that the map of real frequencies from j w = 0 to 
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6.2 Zero-Pole Matching Equivalents 201 

increasing w is onto the unit circle at z = e10 = 1 until z = e1rc = -1. Thus 
the point z = -1 represents, in a real way, the highest frequency possible 
in the discrete transfer function, so it is appropriate that if H (s) is zero at 
the highest (continuous) frequency, IH (z)I should be zero at z = -1, the 

zp 

highest frequency that can be processed by the digital filter. 

(a) If no delay in the discrete response is desired, all zeros at s = oo are 
mapped to z = 1. 

(b) If one sample period delay is desired to give the computer time to com
plete the output calculation, then one of the zeros at s = oo is mapped 
to z oo and the others mapped to z -1. With this choice, H

z
p (z) 

is left with a number of finite zeros one fewer than the number of finite 
poles. 

4. The gain of the digital filter is selected to match the gain of H (s) at the band 
center or a similar critical point. In most control applications, the critical 
frequency is s = 0, and hence we typically select the gain so that 

Example 6.2 A Zero-pole Matching Equivalent 

Compute the discrete equivalent to 

by zero-pole matching. 

H(s)ls=O = H
zp

(z)l
z=I

. 

a 
H(s) = 

s+a 

Solution. The pole of H(s) at s = -a will map to a pole of H(z) at e-aT. The zero at s = oo 
will map to a zero at z = -1. The gain of H (s) at s = 0 is 1. To match this gain in H (z) at 

1 - e-aT 
z = 1 requires gain of ---. The final function is given by 2 

or, using rule 3(b ), the result is 

(6.33) 

(6.34) 

As with the rules based on numerical analysis, an algorithm to generate the 
matched zero-pole equivalent is also readily constructed. In MATLAB, a matched 
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202 Chapter 6 Discrete Equivalents 

Figure 6.5 

zero-pole equivalent, SYSD, at sample period Ts to the continuous system, SYS, 

is given by 

SYSD = c2d(SYS, Ts,'matched'). 

The frequency response of the matched zero-pole equivalent for the third-order 
Butterworth filter of Example 6.1 is plotted in Fig. 6.9 along with that of other 
equivalents for purposes of comparison. 

6.3 Hold Equivalents 

For this technique, we construct the situation sketched in Fig. 6.5. The samplers in 
Fig. 6.5(b) provide the samples at the input of H

h0 
(z) and take samples at its output 

insuring that H
1z0 

(z) can be realized as a discrete transfer function. The philosophy 
of the design is the following. We are asked to design a discrete system that, with 
an input consisting of samples of e (t), has an output that approximates the output 
of the continuous filter H(s) whose input is the continuous e(t). The discrete hold 
equivalent is constructed by first approximating e(t) from the samples e(k) with 
a hold filter and then putting this e

1z
(t) through the given H(s). There are many 

techniques for taking a sequence of samples and extrapolating or holding them to 
produce a continuous signal.7 Suppose we have the e(t) as sketched in Fig. 6.6. 
This figure also shows a sketch of a piecewise constant approximation to e(t) 

System construction for hold equivalents. (a) A continuous transfer function. (b) Block 
diagram of an equivalent system. 

e(t) 
Sampler 

e(k) 

e(t} 

·I H(s} 
u(t} 

0 

{a} 

e u(t) u(k) 
Hold H(s) Sampler 

Hho(z) 

(b) 

7 Some books on digital-signal processing suggest using no hold at all, using the equivalent 

H(z) = Z{H(s)}. This choice is called the z-transform equivalent. 
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Figure 6.6 
A signal, its samples, and 
its approximation by a 
zero-order hold 

6.3 Hold Equivalents 203 

obtained by the operation of holding e
h 
(t) constant at e (k) over the interval from 

kT to (k + l)T. This operation is the zero-order hold (or ZOH) we've discussed 

before. If we use a first-order polynomial for extrapolation, we have a first-order 

hold ( or FOH), and so on for higher-order holds. 

6.3.1 Zero-Order Hold Equivalent 

If the approximating hold is the zero-order hold, then we have for our approxima

tion exactly the same situation that in Chapter 5 was analyzed as a sampled-data 
system. 8 Therefore, the zero-order-hold equivalent to H (s) is given by 

Example 6.3 A Hold Equivalent 

H,/z) = (I z- 1) Z { H;s)} . 

Find the zero-order-hold equivalent to the first-order transfer function 

H(s) 
a 

s+a 

Solution. The partial fraction expansion of the s-plane terms of Eq. (6.35) is 

and the z-transform is 

H(s) a 

s s(s+a) s s+a 

(6.35) 

(6.36) 

8 Recall that we noticed in Chapter 5 that the signal e is, on the average, delayed from e by T /2 sec. The 
size of this delay is one measure of the quality of the approximation and can be used as a guide to the 
selection of T. 
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204 Chapter 6 Discrete Equivalents 

and, by definition of the operation given in Eq. (6.36) 

Z { H(s)} f-, -k f-, -k -akT -- = L..tz - L..tz e 
S 

O 0 1 1 
----------

1 - z-1 1 - e-a T z-1 
(1 - e-aT z-1) - (1 - z-1) 

(1 - z-1 )(1 - e-aT z-1) 
(6.37) 

Substituting Eq. (6.37) in Eq. (6.35), the zero-order-hold equivalent of H(;) is found as 

(1 _ e-aT ) 
Hh0(z) = _ T 

. (6.38) 
z e a 

We note that for the trivial example given, the zero-order-hold equivalent of 
Eq. (6.38) is identical to the matched zero-pole equivalent given by Eq. (6.34). 
However, this is not generally true as is evident in the comparison with frequency 
responses of other equivalents for the third-order Butterworth filter example 
plotted in Fig. 6.9. Because a sample and zero-order hold is an exact model for 
the sample and hold with AID converter used in the majority of discrete systems, 
we have already seen the computation of this equivalent in MATLAB as 

SYSD = c2d(SYS, Ts,'zoh') 

where the continuous system is described by SYS and the sample period is Ts. 

6.3.2 A Non-Causal First-Order-Hold Equivalent: The 
Triangle-Hold Equivalent 

Figure 6.7 
Impulse response of the 
extrapolation filter for 
the triangle hold 

An interesting hold equivalent can be constructed by imagining that we have a 
noncausal first-order-hold impulse response, as sketched in Fig. 6.7. The result 
is called the triangle-hold equivalent to distinguish it from the causal first-order 

1.0 

-2T -T T 2T 
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6.3 Hold Equivalents 205 

hold. The effect of the triangle hold is to extrapolate the samples so as to connect 
sample to sample in a straight line. Although the continuous system that does 
this is noncausal, the resulting discrete equivalent is causal. 

The Laplace transform of the extrapolation filter that follows the impulse 
sampling is 

eTs _ 2 + e-Ts 

Ts2 

Therefore the discrete equivalent that corresponds to Eq. (6.35) is 
H .( ) = 

(z 1)2 

Z { 
H(s)}. 

m z 
Tz 

(6.39) 

Example 6.4 A Triangle-Hold Equivalent 

Figure 6.8 
Block diagram of the 
triangle-hold equivalent 

Compute the triangle-hold equivalent for H (s) = 1 / s2 . 
Solution. In this case, from the tables of z-transforms 

Z I H(s)} = Z I�} 
T3 (z2 +4z + l)z 
6 (z - 1)4 

and direct substitution into Eq. (6.39) results in 
(z - 1)2 T3 (z2 

+ 4z + l)z Htri (z) = -y;- 6 (z - 1)4 
T2 z2 +4z + 1 
6 (z - 1)2 • 

(6.40) 

(6.41) 

An alternative, convenient way to compute the triangle-hold equivalent is 
again to consider the state-space formulation. The block diagram is shown in 
Fig. 6.8. The continuous equations are 

x=Fx+Gv, 

iJ = w/T, 
w = u(t + T)8(t + T) 2u(t)8(t) + u(t T)8(t - T), (6.42) 
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206 Chapter 6 Discrete Equivalents 

and, in matrix form, 

where u represents the input impulse functions. We define the large matrix in Eq. 
(6.43) as F7, and the one-step solution to this equation is 

t(kT + 1) = e
F

T
7t(kT) 

because u consists only of impulses at the sampling instants. If we define 

exp(FyT) = [ ! �1 �2
] 

then the equation in x becomes 

x(k + 1) = <l>x(k) - rl v(k) + r2 w(k). 

(6.44) 

With care, the last two equations of Eq. (6.42) can be integrated to show that 
v(k) = u(k) and that w(k) = u(k + 1) - u(k). If a new state is defined as t(k) = 

x(k) r 
2 
u (k), then the state equation for the triangle equivalent is 

t(k + 1) = <l>(t(k) + r2u(k)) + crl - r2)u(k) 

The output equation is 

= <I>t(k) + (r 
1 

+ <I>r 
2 

- r Ju(k). (6.45) 

y(k) = Hx(k) + Ju(k) 
= H(�(k) + r

2
u(k)) + Ju(k) 

= Ht(k) + (J + Hr2)u(k). (6.46) 

Thus the triangle equivalent of a continuous system described by [F, G, H, J] 
with sample period T is given by 

A= <I>, 
B=r

1
+4>r2 r2, 

C=H, 
D = J + Hr

2
, (6.47) 

where 4>, r 1 , and r
2 

are defined by Eq. (6.44). In the MATLAB Control Toolbox, 
the function c2 d will compute the triangle-hold equivalent (referenced there as a 
first-order-hold equivalent) of continuous system SYS by 

SYSD = c2d(SYS, Ts,'foh'). 
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Figure 6.9 
Comparison of digital 
equivalents for sampling 
period (a) T = 1 and 

wsf w
P 

= 2rr and 
(b) T = 2 and ws

/ (J)
n 

= rr 
where ZOH = o, 
zero-pole=+, and 
triangle= x 
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2.5 

2 2.5 

2 2.5 

2 2.5 

In Fig. 6.9 the frequency responses of the zero-pole, the zero-order hold, 
and the triangle-hold equivalents are compared again for the third-order Butter
worth lowpass filter. Notice in particular that the triangle hold has excellent phase 
responses, even with the relatively long sampling period of T = 2, which corre
sponds to a sampling frequency to passband frequency ratio of only Ct\/ w 

P 
= JT. 
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208 Chapter 6 Discrete Equivalents 

6.4 Summary 

In this chapter we have presented several techniques for the construction of dis
crete equivalents to continuous transfer functions so that known design methods 
for continuous systems can be used as a basis for the design of discrete systems. 
The methods presented were 

1. Numerical integration 

(a) Forward rectangular rule 

(b) Backward rectangular rule 

(c) Trapezoid, bilinear, or Tustin's rule 

(d) Bilinear transformation with prewarping 

2. Zero-pole matching 

3. Hold equivalents 

(a) Zero-order-hold equivalent 

(b) Noncausal first-order- or triangle-hold equivalent 

All methods except the forward rectangular rule guarantee a stable discrete 
system from a stable continuous prototype with the provision that the warping 
frequency of the bilinear transformation with prewarping must be less than the 
Nyquist frequency of t rad/ sec. Zero-pole matching is the simplest method 
to apply computationally if the zeros and poles of the desired filter are known 
and takes advantage of the known relations between response and poles and 
zeros. This is one of the most effective methods in the context of an overall 
design problem and in later chapters the zero-pole matching method is frequently 
selected. With a reasonable computer-aided-design tool, the designer can select 
the method that best meets the requirements of the design. The MATLAB function 
c2d computes the discrete description for most of these discrete equivalents from 
a continuous system described by SYS with sample period Ts as follows. 

SYSD = c2d(SYS, Ts, method) where 

method = 'zoh' zero-order hold 

method = 'foh' first-order hold (triangle hold) 

method = 'tustin' Tustin's bilinear method 

method = 'prewarp' bilinear with prewarping 

method = 'matched' zero-pole matching 
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6.5 Problems 209 

6.5 Problems 

6.1 Sketch the zone in the z-plane where poles corresponding to the left half of the s-plane 
will be mapped by the zero-pole mapping technique and the zero-order-hold technique. 

6.2 Show that Eq. (6.15) is true. 
6.3 The following transfer function is a lead network designed to add about 60° phase lead 

at w
1 
= 3 rad 

s+l 
H

(s)=
O.ls+l· 

(a) For each of the following desigri methods compute and plot in the z-plane the pole 
and zero locations and compute the amount of phase lead given by the equivalent 
network at z

1 
= ejw i T if T = 0.25 sec and the design is via 

i. Forward rectangular rule 
ii. Backward rectangular rule 
iii. Bilinear rule 
iv. Bilinear with prewarping (use w

1 
as the warping frequency) 

v. Zero-pole mapping 
vi. Zero-order-hold equivalent 
vii. Triangular-hold equivalent 

(b) Plot over the frequency range w
1 
= 0.1 ➔ w

h 
= 100 the amplitude and phase Bode 

plots for each of the above equivalents. 
6.4 The following transfer function is a lag network designed to increase Kv by a factor of 

10 and have negligible phase lag at w
1 
= 3 rad. 

10s + 1 
H(s) = 10---. 

100s + 1 
(a) For each of the following design methods, compute and plot on the z-plane the 

zero-pole patterns of the resulting discrete equivalents and give the phase lag at 
z

1 
= ejw i T corresponding to w

1 
= 3. Let T = 0.25 sec. 

i. Forward rectangular rule 
ii. Backward rectangular rule 
iii. Bilinear rule 
iv. Bilinear with prewarping (Use w

1 
= 3 radians as the warping frequency) 

v. Zero-pole matching 
vi. Zero-order-hold equivalent 
vii. Triangle-hold equivalent 

(b) For each case computed, plot the Bode amplitude and phase curves over the range 
w

1 
= 0.01 ➔ w

11 
= IO rad. 
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A Perspective on Design Using Transform Techniques 

The idea of controlling processes that evolve in time is ubiquitous. Systems 
from airplanes to the national rate of unemployment, from unmanned space ve
hicles to human blood pressure, are considered fair targets for control. Over a 
period of three decades from about 1930 until 1960, a body of control theory was 
developed based on electronic feedback amplifier design modified for servomech
anism problems. This theory was coupled with electronic technology suitable for 
implementing the required dynamic compensators to give a set of approaches 
to solve control problems now often called classical techniques to distinguish 
these methods from designs based on a state-space formulation which came to be 
called modern techniques. Th� landmark contributors to this "classical" theory 
are Evans (1950) [root locus] and Nyquist (1932) and Bode (1945) [frequency 
response]. For random inputs, the work of Wiener (1948) should be added. The 
unifying theme of these methods is the use of Fourier and Laplace transforms to 
represent signals and system dynamics and to describe the control specifications. 
Controller design is then carried out in the selected transform domain. From the 
perspective of the 90's the terms "classical" and "modern" seem a bit pejorative 
and we prefer to classify the methods as transform techniques and state-space 
techniques. 

The methods based on transforms were developed before computers were 
available and the engineer had to depend on hand calculations and careful hand 
plotting to achieve the design. The availability of computers and software such as 
MATLAB have made calculations and plotting simple, fast and accurate; and now 
the hand-plotting guidelines are used as verification of the automatic calculations 
and as a guide to design decisions. In this role, the understanding of the design 
process gained by the experience of doing a simple design by hand is well 
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212 Chapter 7 Design Using Transform Techniques 

worth the effort spent in developing the required skills. The introduction of 
digital control and sampled data adds new constraints and new possibilities to 
the transform design methods. The z-transform is added to the Laplace and the 
Fourier transforms and poles and zeros have meaning relative to the unit circle 
rather than to the imaginary axis. The meaningful part of the frequency response 
is restricted to half the sampling frequency. Each of these developments must be 
understood in order to apply transform methods to digital control. 

Chapter Overview 

Building on previous understanding of the design of continuous systems, the first 
design by emulation method for digital design is based on emulation of a continuous design. The 

continuous controller is simply replaced with a digital equivalent computed by 
using one of the techniques described in Chapter 6. The result may be evaluated 
in terms of poles and zeros in the z-plane, magnitude and phase in the frequency 
response, or transient response to step, impulse or other input. 

design by root locus The second method introduced is the root locus where it is demonstrated 
that the rules of the root locus are unchanged from the continuous case but the 
relations between pole location and time response must refer to the z-plane rather 
than the s-plane. 

Finally, the Nyquist stability criterion for discrete systems is developed and 
Bode's design methods for gain and phase margins are extended to discrete 
systems. In addition to the usual results, the concept of system sensitivity is 

design by frequency developed to show how frequency response can be used to cause the system to 
response be robust with respect to both stability and performance when the plant transfer 

function is subjected to bounded but unknown perturbations. 

7 .1 System Specifications 

We first consider the design specifications that the controller is expected to 
achieve. As reviewed in Chapter 2, the central concerns of controller design 
are for good transient and steady-state response and for sufficient robustness. 
Requirements on time response and robustness need to be expressed as constraints 
on s-plane pole and zero locations or on the shape of the frequency response in 
order to permit design in the transform domains. Dynamic performance in the 
time domain is defined in terms of parameters of system response to a step in 
command input. The most frequently used parameters are the rise time, tr; the 
settling time, ts; the percent overshoot, MP; and the steady-state error, ess· These 
parameters, which apply equally well to discrete control as to continuous control, 
are discussed in Section 4.1.7. The s-plane expressions of these requirements are 
summarized by the following guidelines: 
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velocity constant 

figure 7.1 

A unity feedback system 

7.1 System Specifications 213 

11 The requirement on natural frequency is 

CVn :=::: 1.8/ tr. (7.1) 

• The requirement on the magnitude of the real part of the pole is 

IRe{si}I =a= scvn::::: 4.6/ts. (7.2) 

• The fractional overshoot, MP, is given in terms of the damping ratio, s, by 
the plot of Fig. 4.7 which can be very crudely approximated by 

(7.3) 

The specifications on steady-state error to polynomial inputs is determined 
by the error constant appropriate for the case at hand as described in Section 4.2.2. 
The most common case is for systems of Type 1, which is to say, systems that 
have zero steady-state error to a step input and finite error to a ramp input of slope 
r

0 
of size ess = r

0
/ Kv where Kv is the velocity constant. For a single-loop system 

with unity feedback gain and forward transfer function D(s)G(s) as shown in 
Fig. 7 .1, the system is Type 1 if DG has a simple pole at s = 0. 

• The velocity constant is then given by 
r 

K = _Q_ = lims D(s)G(s). 
V 

e S-+0 ss 

The fact that in discrete systems the control is applied as a piecewise constant 
signal causes a roughness in the response that is directly related to the sample 
frequency. A specification on roughness leads to a specification on sample pe
riod, T. This parameter is so i1p.portant to the design of discrete controls that 
Chapter 11 is devoted to the decision. At this point, let it suffice to point out 
that the smaller the T, the better the approximation to continuous control and the 
smaller the roughness. 

11 A reasonable choice of T is one that results in at least 6 samples in the 
closed-loop rise time and better, smoother control results if there are more 
than 10 samples in the rise time. 

+ + e u Y 

'-�,· 
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214 Chapter 7 Design Using Transform Techniques 

Example 7 .1 Selection of Sample Period 

What is the relation between sampling frequency and system natural frequency if there are 10 
samples in a rise time? 

Solution. The sampling frequency in radians/sec is given by ws = 2rc / T and we assume that 
rise time and natural frequency are related by Eq. (7 .1) so that 

Wn = 1.8/tr 
1.8 

= 

lOT 

Substituting for T, we find that 

w 
= 

0.18w
s 

2rc 
or 

Wn � wJ35. 

In other words, the sample rate, w 
s, should be 35 times faster than the natural frequency, w

11• 

From this example, we conclude that typically the sample frequency should 
be chosen to be 20 to 35 times the closed loop natural frequency. Slower sampling 
can be used but one would expect the resulting transients to be excessively rough. 

Robustness is the property that the dynamic response (including stability 
of course) is satisfactory not only for the nominal plant transfer function used 
for the design but also for the entire class of transfer functions that express 
the uncertainty of the designer about the dynamic environment in which the real 
controller is expected to operate. A more comprehensive discussion of robustness 
will be given when design using frequency response is considered. For root locus 
design, the natural measure of robustness is, in effect, gain margin. One can 
readily compare the system gain at the desired operating point and at the point(s) 
of onset of instability to determine how much gain change is acceptable. 

• A typical robustness requirement is that one should have gain margin of two 
so that the loop gain must double from the design value before reaching the 
stability boundary. 

7 .2 Design by Emulation 

The elements of design by emulation have been covered already. Continuous 
control design is reviewed in Chapter 2, and in Chapter 6 the techniques of 
computing discrete equivalents are described. Control design by emulation is 
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7.2 Design by Emulation 215 

mainly a combination of these two ideas. A controller design is done as if the 

system is to be continuous and, after a sample period is selected, a discrete 
equivalent is computed and used in place of the continuous design. This discrete 
controller may then be simulated and tested in the discrete control loop and 

modifications made, if necessary. 

7 .2.1 Discrete Equivalent Controllers 

Techniques to compute discrete equivalents are described in general terms in 
Chapter 6, and their performance is illustrated on the basis of filter frequency 

responses. In this chapter, we are interested in controllers for feedback control 
and in performance comparisons on the basis of time responses. Any of the 
techniques from Chapter 6 can be used for the purpose; here we illustrate the 
use of the pole-zero mapping equivalent and explore the choice of sample period 
by example. An alternative approach that considers directly the performance for 
the discrete controller in the feedback context has been described by Anderson 
(1992). The method described in that reference leads to a multirate sampling 
problem of the sort which will be considered in Chapter 11. 

Example 7 .2 Design of Antenna Servo Controller 

Figure 7.2 

Block diagram of the 
plant transfer function 

A block diagram of the plant for an antenna angle-tracker is drawn in Fig. 7 .2. The transfer 
function is given by 

1 
G(s) = 

-s (_lO_s_+-1)' 

The specifications for this system are 

1. Overshoot to a step input less than 16% 
2. Settling time to 1 % to be less than 10 sec 
3. Tracking error to a ramp input of slope 0.01 rad/sec to be less than 0.01 rad 
4. Sampling time to give at least 10 samples in a rise-time 

Design a controller for this system using the method of emulation. 

Solution. From the specifications one can estimate the acceptable region in the s-plane for 
the closed loop poles. From the overshoot requirement, we conclude that the damping ratio 

�+ I= I I u Tl 
I 

!Os l �' 
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216 Chapter 7 Design Using Transform Techniques 

Figure 7.3 

Acceptable pole 
locations for the 
antenna control 

must bet :::: 0.5. From the settling time requirement, we conclude that the roots must have a 
real part of a :::: 4.6/10 = 0.46. Finally, from the steady-state error requirement, we conclude 
that the velocity constant is constrained to be Kv :::: �:�: = 1.0. Based on the limits on the 
damping ratio and the real-part of the poles, we can sketch the acceptable region for closed
loop poles in the s-plane as done in Fig. 7.3. Using lead compensation to cancel a plant pole, 
a first choice for controller might be 

10s + 1 
D(s)=--. 

s+l 
(7.4) 

The root locus for this choice is drawn in Fig. 7.4 using MATLAB commands to enter the plant 
as a system, ant, the compensation as lead1, and the product as the open loop system, sysol. 

np = 1; 

dp = [10 1 O]; 

ant= tf(np,dp); 

nc = [10 1]; 

de= [1 1 ]; 

lead1 = tf(nc,dc); 

sysol = lead 1 * ant; 

rlocus(sysol) 
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Figure 7.4 
Root locus for 

compensated antenna 
model 
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Real Axis 

The locations of the roots with K = 1 corresponding to a velocity constant of Kv l are 
marked by the dots computed by 

p = rlocus(sysol, 1 .0). 

The natural frequency for the given pole locations is essentially w11 = 1, which corresponds to 
a rise time of tr 1.8 sec . The indicated sampling period is thus T = VIO 0.18. A value 
of T = 0.2 will be used for this example and a value of T = 1.0 illustrated later to dramatize 
the effects of the choice ofT. The c6mpensation, D(s), given by Eq. (7.4), has two first-order 
factors; the zero is at s = -0.1, and the pole is at s = -1. The pole-zero mapping technique 
requires that each singularity is mapped according to z = esr ; therefore, we take D(z) of the 
form 

and place a zero at 

and a pole at 

z-z 
D(z) = K--1 , 

z P1 

z
1 

e(-O.I)(0.2) = 0.9802, 

Pi e<-1)(0.2) 0.8187. 

To make the de gain of D(z) and D(s) be identical, we require that 

de gain= lim D(z) = lim D(s) = 1 
z➔I s➔O 

1 - 0.9802 
=K----

1 - 0.8187 
(7.5) 
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Solving for K we have 

K = 9.15, 

and the design of the discrete equivalent compensation has the transfer function 

z - 0.9802 
D(z) = 9.15 --- . 

z - 0.8187 

To compute this result in MATLAB, the command is 

lead1 d = c2d(lead1 ,0.2, 1 matched'). 

Example 7.3 Implementing the Controller 

Give the difference equation that corresponds to the D(z) given by Eq. (7.6). 

(7.6) 

Solution. The transfer function is converted into a difference equation for implementation 
using the ideas developed in Chapter 4. Specifically, we first multiply top and bottom by z-1 

to obtain 

which can be restated as 

D(z) = U(z) 
= 9_15 

1 - 0.9802z-1 

E(z) 1 - 0.8187z-1 ' 

(1 - 0.8187 z-1)U(z) = 9.15 (1 0.9802 z-1)E(z). 

The z-transform expression above is converted to the difference equation form by noting that 
z-1 represents a 1-cycle delay. Thus 

u(k) = 0.8187 u(k - 1) + 9.15 ( e(k) 0.9802 e(k - 1) ). 

This equation can be directly evaluated by a computer. 

7 .2.2 Evaluation of the Design 

A description of a digital controller that is expected to satisfy the specifications for the antenna controller is now complete. A block diagram of the sampled-data system with discrete controller is given in Fig. 7 .5. To analyze the behavior of this compensation, we first determine the z-transform of the continuous plant (Fig. 7 .2) preceded by a zero-order hold (ZOH). 
G(z) = 

z - 1 Z { a } (7.7) z s2(s + a) ' 
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Figure 7.5 
Block diagram of sampled-data system 

ZOH D(z) 

which is 

G(z) 

,--------------------

I 
I 

I T 
I 
I 

ZOH 
u Y(s) Y(z) 

T 

G(z) = Z - - - + - --
z 1 {1 1 1 1 } 

z s2 as a s + a • 

Using the tables in Appendix B, we find 

where 

G(z) = -- --- - -- + ---
z 1 { Tz z 1 z } 

z (z - 1)2 a(z - 1) a z - e-aT 
Az+B 

A= e-aT + aT - l, B = l e-aT - aTe-aT_ 

For this example, with T = 0.2 and a= 0.l, this evaluates to 
G(z) = 0.00199 z + 0•9934 

(z - l)(z - 0.9802) (7.8) 
Of course, this can be computed in MATLAB as the discrete model of the antenna by 

antd = c2d(ant,0.2). 
With the transfer function of the plant-plus-hold and the discrete controller, we can obtain the system difference equation and compute the step response, obviously most easily using a computer aided design package. The steps are 

sysold = lead 1 d * antd 
syscld = connect(sysold, [1 - l]) 
step(syscld). 

In this case, the step response of the system with the discrete controller is shown in Fig. 7.6. The figure confirms that the discrete controller will perform satisfactorily, albeit with somewhat increased overshoot. This simulation was carried out using the linear, discrete model of the system. As mentioned earlier, simulations can be embellished with the important nonlinearities such as friction and with 
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figure 7.6 
Step response of the 5 
Hz controller 
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6 8 

ntrol: 

10 
Time (sec) 
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computation delays in order to assess their effects in addition to the effect of the 
discretization approximations. 

Example 7.4 Antenna Servo with Slow Sampling 

Repeat the antenna design with a sample rate of 1 Hz (T = 1 sec); in this case the sample rate 
is approximately two samples per rise time. 

Solution. Repeating the calculations as in Eq. (7. 7) with T = l sec results in 

G(z) = 0.0484 
z + O.%n 

(7.9) 
(z - l)(z - 0.9048) 

Furthermore, repeating the calculations that led to Eq. (7.6) but with T l sec, we obtain 

D(z) = 6.64 
z - 0.9048

. (7.10) 
z - 0.3679 

A plot of the step response of the resulting system is shown in Fig. 7.7 and shows substantial 
degradation of the response as a result of the slow sampling. A partial explanation of the extra 
overshoot can be obtained by looking at the Bode plot of the continuous design, computed with 
bode(sysol) and plotted in Fig. 7.8. The designed phase margin in the continuous system is seen 
to be 51.8°. As was indicated in Chapter 4, the sample and hold can be roughly approximated 
by a delay of T /2 sec. At the crossover frequency of wcp = 0.8 rad, and with sampling at 
T = 0.2, this corresponds only to </J = wcpT = 4.5°. However, at T = 1.0, the sample-hold 
delay corresponds to </J = 23°. Thus the effective phase margin with a sample and hold is 
reduced to Pm= 51.8° 23° 

= 28.8°. With this small phase margin, the effective damping 
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figure 7.7 
Step response of the 
1-Hz controller 

figure 7.8 

Bode plot of the 
continuous design for 
the antenna control 
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ratio is about 0.29 and the overshoot is expected to be about 0.4 rather than 0.16 as designed. 
The step response shows the actual MP = 0.5, so most of the extra overshoot is explained by 
the sample-hold delay. 
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The examples presented here illustrate only a small selection of the alterna
tives for design by emulation. An immediate improvement would be expected if 
the continuous design were to include at the outset the characteristic T /2 delay of 
the sample and zero-order hold. Other than this modification, the other algorithms 
for discrete equivalent design can be tried. These include the very simple Euler 
rectangular rules, the bilinear transformations, and the several hold-equivalent 
methods. The triangle hold equivalent appears to be especially promising.1 There 
does not seem to be a dominant technique that is best for every case. The designer 
needs to explore alternatives based on the particular system, the required perfor
mance specifications and the practical constraints introduced by the technology 
to be used for implementation to guide the final choice. Here we now turn to 
consider the direct discrete design methods, beginning with design by use of the 
root locus in the z-plane. 

7 .3 Direct Design by Root Locus in the z-Plane 

The root locus introduced by W. Evans is based on graphical rules for plotting 
the roots of a polynomial as a parameter is varied. The most common root locus 
is a plot of the roots of a closed-loop characteristic polynomial in the s-plane as 
the loop gain is varied from Oto oo. In linear discrete systems also the dynamic 
performance is largely determined by the roots of the closed-loop characteristic 
polynomial, in this case a polynomial in z with stability represented by having 
all roots inside the unit circle. The consequences for direct digital design are 
that one can use Evans' root locus rules unchanged, but that the performance 
specifications must first be translated into the z-plane. 

7.3.1 z-Plane Specifications 
Figure 4.26 is a map of the unit disk in the z-plane on which is superimposed 
discrete system time responses that correspond to several typical z-plane pole 
locations. These can be used to make the translation of dynamic response per
formance specifications to a region of acceptable pole locations. For example, 
we have seen that rise time of a continuous second-order system is found to be 
inversely proportional to natural frequency as given by Eq. (7.1). Since poles in 
the s-plane are mapped to z = esT , the natural frequency ins maps to the angle of 
the pole in polar coordinates in the z-plane as 0 = w

d
T where w

d 
= �wn. 

Settling time is found to be inversely proportional to the magnitude of the real 
part of a pole in the s-plane (er) which maps to the radius of the pole in the z

plane as r = e-a
T . The step response overshoot varies inversely with the damping 

1 In the MATLAB Control Toolbox function c2d, the triangle hold is called a first-order hold in recognition 

of the fact that it is a first-order hold although it is noncausal. 
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getting acceptable pole 
location in the z-plane 

Figure 7.9 
Lines of constant 
damping and natural 
frequency in the z-plane 
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ratio. Under the s-to-z mapping, lines of constant damping map into logarith
mic spirals in the z-plane. With these guidelines, one can readily estimate the 
dynamic response parameters based on the pole-zero pattern for simple transfer 
functions and can derive useful guidelines for design of more complex systems. 
In summary, to get the specifications on acceptable pole locations in the z-plane 

• Estimate the desired cv , s, and M from the continuous-time response spec-
11 p 

ifications. Compute u = s cv
11

• 

• Compute the radius r = e-aT. 

• Obtain a plot of the z-plane showing lines of fixed damping and cv
11

• The 
MATLAB command zgrid will do this, plottings in steps of 0.1 from 0.1 to 
0.9 and cv

11 
= Nn /l0T for integer N from 1 to 10. An example is shown in 

Fig. 7 .9. The command axis equal will cause the unit circle to be plotted as 
a circle and the command axis([-1 1 0 1 ]) will cause only the upper half of 
the circle to be plotted. 

• Mark the region of acceptable closed-loop pole locations on the plane. 
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0.6 
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Example 7.5 Z-Plane Specifications 

Figure 7.10 
Plot of acceptable pole 

Indicate on a z-plane map the region of acceptable closed-loop poles for the antenna design of 
Example 7 .2. 

Solution. The given specifications are that the system is to have a damping ratio of� ::::: 0.5, 
natural frequency of cvn ::::: 1, and the real-parts of the roots are to be greater than 0.5. The 
standard grid of the z-plane shows the curve corresponding to£"= 0.5. With the requirement 
that the roots correspond to a natural frequency greater than cvn = 1, we need a plot on the 
standard grid corresponding to N = lOTcvn/n = 2/n '.::::'. 0.64. The last requirement means 
that the roots in the z-plane must be inside a circle of radius r .::: e-o.sr = 0.9048. The curves 
corresponding to these criteria are marked in Fig. 7 .10. 

The specification of steady-state error also follows the continuous case but 
transferred to the z-plane when the controller is implemented in a computer and 
represented by its discrete transfer function D(z). The discrete transfer function 
of the plant is given by 

G(z) = (1 - z� 1

)Z {Gt)}. (7.11) 

The closed-loop system can now be represented in a purely discrete manner. 
The discrete transfer functions of the controller, D(z), and the plant, G(z), are 

locations in the z-plane 0.8 

0.6 

0.4 

-0.4 
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combined as before according to Fig. 7.5, where it is now understood that the 
reference r and the disturbance w are sampled versions of their continuous 
counterparts. Proceeding as we did for the continuous system, suppose the input 
r is a step, r(k) = 1 (k), and the disturbance w is zero. The transform of the 
error is computed using the same block-diagram reduction tools that apply for 
continuous systems represented by their Laplace transforms, except that now we 
use D(z) and G(z). Doing this yields the transform of the error 

E( ) 
_ R(z) 

z - l + D(z)G(z) 

z 1 
z - 1 1  + D(z)G(z) 

The final value of e(k), if the closed loop system is stable with all roots of 
1 + DG O inside the unit circle, is, by Eq. (4.115) 

e(oo) = lim(z 1)-2-
1 

z➔ I z - 1 1 + D(z)G(z) 

1 =-----
1 + D(l)G(l) 

1 
=---

1 +K 
p 

(7.12) 

Thus, D(l)G(l) is the position error constant, K , of the Type O system in 
discrete time if the limit in Eq. (7 .12) is finite. If DG h�s a pole at z = 1, then the 
error given by Eq. (7.12) is zero. Suppose there is a single pole at z = l. Then 
we have a Type 1 system and we can compute the error to a unit ramp input, 
r(kT) = kTl (kT) as 

, Tz l E(z) = 

(z - 1)2 1 + D(z)G(z) • 
Now the steady-state error is 

Tz l 
e(oo) = ��(z 1) 

(z - 1)2 1 + DG 

= lim Tz 

z➔ I (z - 1)(1 + DG) 

b, 1 

KV 

(7.13) 

Thus the velocity constant of a Type 1 discrete system with unity feedback (as 
shown in Fig. 7 .5) is 

K = lim (z - 1)(1 + D(z)G(z))
, 

V z➔ I Tz 
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which simplifies to 

K = lim 
(z -l)D(z)G(z)

. 
V z➔ l Tz 

(7.14) 

Although it appears from Eq. (7.14) that Kv is inversely proportional to 
the sample period, this is not the case if comparing for the same G(s). The 
reason is that the transfer function of G(z) computed from Eq. (7.11) is typically 
proportional to the sample period. This proportionality is exact for the very 
simple case where G(s) = 1/ s, as can be seen by using Eq. (7.11) and inspecting 
Entry 4 in Appendix B.2. For systems with a finite Kv and fast sample rates, this 
proportionality will be approximately correct. The result of this proportionality 
is that the de gain of a continuous plant alone preceded by a ZOH is essentially 
the same as that of the continuous plant. 

*Truxal's Rule, Discrete Case 

Because systems of Type 1 occur frequently, it is useful to observe that the value 
of Kv is fixed by the closed-loop poles and zeros by a relation given, for the 
continuous case, by Truxal (1955). Suppose the overall transfer function Y / R is 
H(z), and that H(z) has poles p i and zeros zi . Then we can write 

H (z) = K 
(z -z

1 
)(z -zJ • • • (z z,) 

(z -p 1
)(z p2

) • • • (z -P) 
(7.15) 

Now suppose that H (z) is the closed-loop transfer function that results from a 
Type 1 system, which implies that the steady-state error of this system to a step 
is zero and requires that 

I 

H(l) = 1. 

Furthermore, by definition we can express the error to a ramp as 

E(z) R(z)(l -H(z)) 
Tz = 

(z -1)2 
(1 H(z)), 

and the final value of this error is given by 

Tz t, 1 
e(oo) = lim(z -1) 

2 
(1 -H(z)) = -; z➔ l (z-1) KV 

(7.16) 

therefore ( omitting a factor of z in the numerator, which makes no difference in 
the result) 

_1_ = lim 
1 -H (z) 

. 
T Kv z➔ l z -1 

(7.17) 
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Because ofEq. (7.16), the limit in Eq. (7.17) is indeterminate, and so we can use 
L' Hopital' s rule 

_1_ = lim (d/dz)(l - H(z)) 
TKv z-+1 (d/dz)(z -1) 

= lim {-
dH(z)}. 

z-+1 dz 
However, note that by using Eq. (7 .16) again, at z = 1, we have 

so that 

d 1 d d 
- ln H(z) = --H(z) = -H(z), 
dz H dz dz 

1 . d = hm-- ln H(z) 
T KV z-+l dz 

= lim-� {1n K IT
(z z) 

} 
z-+l dz IT(z-p) 

= lim-� {" ln(z - z.) -"ln(z - p.) + ln K} 
z-+l dz � I � 

I 

= !� { I: z � P, L z � z, } 
n 

1 
n 

1 =I:- I: 
i=l l pi i=l l - zi 

We note especially that the farther the poles of the closed-loop system are from 
z = 1, the larger the velocity constant and the smaller the errors. Similarly, Kv 
can be increased and the errors decreased by zeros close to z = 1. From the results 
of Chapter 4 on dynamic response, we recall that a zero close to z = 1 usually 
yields large overshoot and poor dynamic response. Thus is expressed one of the 
classic trade-off situations: We must balance small steady-state errors against 
good transient response. 

7 .3 .2 The Discrete Root Locus 

The root locus is the locus of points where roots of a characteristic equation can be 
found as some real parameter varies from zero to large values. From Fig. 7.5 and 
block-diagram analysis, the characteristic equation of the single-loop system is 

1 + D(z)G(z) = 0. (7 .18) 

The significant thing about Eq. (7 .18) is that this is exactly the same equation 
as that found for the s-plane root locus. The implication is that the mechanics 

of drawing the root loci are exactly the same in the z-plane as in the s-plane; 
the rules for the locus to be on the real axis, for asymptote construction, and 
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for arrival/departure angles are all unchanged from those developed for the S

plane and reviewed in Chapter 2. As mentioned earlier, the difference lies in 
the interpretation of the results because the pole locations in the z-plane mean 
different things than pole locations in the s-plane when we come to interpret 

system stability and dynamic response. 

Example 7 .6 Discrete Root Locus Design 

figure 7.11 
Root loci for antenna 
design: (a) 
Uncompensated system; 
(b) Locus with D(z) 
having the poles and 
zeros of Eq. (7 .1 O) 

Design the antenna system for the slow sampling case with T = 1 sec. using the discrete root 
locus. 

Solution. The exact discrete model of the plant plus hold is given by the G(z) in Eq. (7.9). 
If the controller consisted simply of a proportional gain [ D(z) = K], the locus of roots versus 
K can be found by solving the characteristic equation 

1 + 0.0484K 
z + 0.%72 

= 0 
(z - l )(z - 0.9048) 

for many values of K. The result computed by rlocus(antd) is shown in Fig. 7 .11 as the dashed 
arc marked (a). From study of the root locus we should remember that this locus, with two 
poles and one zero, is a circle centered at the zero (z = -0.9672) and breaking away from the 
real axis between the two real poles. 

From the root locus of the uncompensated system (Fig. 7.l l(a)) it is clear that some 
dynamic compensation is required if we are to get satisfactory response from this system. The 

z = plane loci of roots of constant I and w
n 

s=-l"w
n 

± jw
n

-JJ-12 
Z = eTr 
T = sampling period 
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radius of the roots never gets less than 0.95, preventing the ts specification from being met. The 
system goes unstable at K � 2.25 [where Kv =K, as can be verified by using Eq. ( 7.14)], 
which means that there is no stable value of gain that meets the steady-state error specification 
with this compensation. 

If we cancel the plant pole at 0.9048 with a zero and add a pole at 0.3679, we are using 
the lead compensation of Eq. (7 .10). The root locus for this control versus the gain K [K was 
equal to 6.64 in Eq. (7.10)] computed with rlocus(sysold) is also sketched in Fig. 7.11 as the 
solid curve (b). The points, p, where K = 6.64 are computed with p = rlocus(sysold,6.64) 
and marked by dots. We can see that a damping ratio of about 0.2 is to be expected, as we 
have previously seen from the step response of Fig. 7. 7. This gain, however, does result in the 
specified value of Kv = 1 because this criterion was used in arriving at Eq. (7 .10). The locus 
shows that increasing the gain, K, would lower the damping ratio still further. Better damping 
could be achieved by decreasing the gain, but then the criterion of steady-state error would be 
violated. It is therefore clear that this choice of compensation pole and zero cannot meet the 
specifications. 

A better choice of compensation can be expected if we transform the specifications into 
the z-plane and select the compensation so that the closed loop roots meet those values. The 
original specifications were Kv ::::: 1, ts ::: 10 sec, and t ::::: 0.5. If we transform the specifications 
to the z-plane we compute that the ts specification requires that the roots be inside the radius 
r = e-o.s = 0.61, and the overshoot requires that the roots are inside the t = 0.5 spiral. The 
requirement that Kv ::::: 1 applies in either plane but is computed by Eq. (7.14) for the z-plane. 

It is typically advantageous to use the design obtained using emulation and to modify it 
using discrete design methods so that it is acceptable. The problem with the emulation-based 
design is that the damping is too low at the mandated gain, a situation that is typically remedied 
by adding more lead in the compensation. More lead is obtained in the s-plane by increasing the 
separation between the compensation's pole and zero; and the same holds true in the z-plane. 
Therefore, for a first try, let's keep the zero where it is (canceling the plant pole) and move the 
compensation pole to the left until the roots and Kv are acceptable. After a few trials, we find 
that there is no pole location that satisfies all the requirements! Although moving the pole to 
the left of z � 0 will produce acceptable z-plane pole locations, the gain Kv is not sufficiently 
high to meet the criterion for steady-state error. The only way to raise Kv and to meet the 
requirements for damping and settling time is to move the zero to the left also. 

After some trial and error, we see that 

D(z) = 6
z -0.80 
z -0.05 

(7.19) 

meets the required z-plane constraints for the complex roots and has a Kv = 1.26. The root 
locus for Eq. (7 .19) is shown in Fig. 7 .12(a), and the roots corresponding to K = 6 are marked 
by squares. The fact that all requirements seem to be met is encouraging, but there is an 
additional real root at z = 0.74 and a zero at z = 0.8, which may degrade the actual response 
from that expected if it were a second-order system. The actual time history is shown in 
Fig. 7.12(b). It shows that the overshoot is 29% and the settling time is 15 sec. Therefore, 
further iteration is required to improve the damping and to prevent the real root from slowing 
down the response. 

A compensation that achieves the desired result is 

D(z) 13
z -0.88 
z +0.5 

(7.20) 
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Figure 7.12 

Antenna design with 
D(z) given by Eq. (7 .19): 
(a) root locus, (b) step 
response 

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 

Realz 

(a) 

0 

� 0.5 

-e 0 

>. 

-0.5 

-1 

0 

(b) 

·········· ···r• .. •n••· .. ····r···············r······ ....... � ............. ( ..... . 
y I : • I 

1 : '. ' . : ········1 ············r r r r •· · ············ 

2 4 6 

••••••••••••••••••••••• 

8 10 

Time (sec) 

12 14 16 18 20 

co
nt

ro
len

gin
ee

rs
.ir



ripple 

7.3 Direct Design by Root Locus in the z-Plane 231 

The damping and radius of the complex roots substantially exceed the specified limits, and 
Kv = 1.04. Although the real root is slower than the previous design, it is very close to a 
zero that attenuates its contribution to the response. The root locus for all K's is shown in 
Fig. 7.13(a) and the time response for K = 13 in Fig. 7.13(b). 

Note that the pole of Eq. (7.20) is on the negative real z-plane axis. In general, placement 
of poles on the negative real axis should be done with some caution. In this case, however, no 
adverse effects resulted because all roots were in well-damped locations. As an example of 
what could happen, consider the compensation 

D(z) = 9 
(z - 0.8) 

. 
(z + 0.8) 

(7.21) 

The root locus versus K and the step response are shown in Fig. 7.14. All roots are 
real with one root at z = -0.59. But this negative real axis root has � = 0.2 and represents 
a damped sinusoid with frequency of wJ2. The output has very low overshoot, comes very 
close to meeting the settling time specification, and has Kv = 1; however, the control, u, has 
large oscillations with a damping and frequency consistent with the negative real root. This 
indicates that there are "hidden oscillations" or "intersample ripple" in the output that are 
only apparent by computing the continuous plant output between sample points as is done in 
Fig. 7 .14. The computation of the intersample behavior was carried out by computing it at 
a much higher sample rate than the digital controller, taking care that the control value was 
constant throughout the controller sample period. The MATLAB function ripple, included in 
the Digital Control Toolbox, has been written to do these calculations. Note that if only the 
output at the sample points had been determined, the system would appear to have very good 
response. This design uses much more control effort than that shown in Fig. 7.13, a fact that is 
usually very undesirable. So we see that a compensation pole in a lightly damped location on 
the negative real axis could lead to a poorly damped system pole and undesirable performance. 

In the design examples to this point, the computed output time histories 
have assumed that the control, u(k), was available from the computer at the 
sample instant. However, in a real system this is not always true. In the control 
implementation example in Table 3 .1, we see that some time must pass between 
the sample of y(k) and the output of u(k) for the computer to calculate the value 
of u (k). This time delay is called latency and usually can be kept to a small 
fraction of the sample period with good programming and computer design. Its 
effect on performance can be evaluated precisely using the transform analysis of 
Section 4.4.2, the state-space analysis of Section 4.3.4, or the frequency response. 
The designer can usually determine the expected delay and account for it in the 
design. However, if not taken into account, the results can be serious as can be 
seen by an analysis using the root locus. 

Because a one-cycle delay has a z-transform of z- 1
, the effect of a full

cycle delay can be analyzed by adding z- 1 to the numerator of the controller 
representation. This will result in an additional pole at the origin of the z-plane. 
If there is a delay of two cycles, two poles will be added to the z-plane origin, 
and so on. 
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Figure 7.13 

Antenna design with 
O(z) given by Eq. (7.20): 
(a) root locus, (b) step 
response 
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Figure 7.14 
Antenna design with 

D(z) given by Eq. (7.21): 
(a) root locus, (b) step 
response 
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Example 7. 7 Effect of Unexpected Delay 

Add one cycle delay to the compensation of Eq. (7.21) and plot the resulting root locus and 

step response. 

Solution. The new controller representation is 

D(z) = 13 
z - 0.88 

z(z + 0.5) 
(7.22) 

The root locus and time response are shown in Fig. 7 .15, which are both substantially changed 

from the same controller without the delay as shown in Fig. 7.13. The only difference is the 

new pole at z = 0. The severity of the one-cycle delay is due to the fact that this controller is 

operating at a very slow sample rate (six times the closed loop bandwidth). This sensitivity to 

delays is one of many reasons why one would prefer to avoid sampling at this slow a rate. 

7 .4 Frequency Response Methods 

The frequency response methods for continuous control system design were de
veloped from the original work of Bode (1945) on feedback-amplifier techniques. 
Their attractiveness for design of continuous linear feedback systems depends on 
several ideas. 

1. The gain and phase curves for a rational transfer function can be easily plotted 
by hand. 

2. If a physical realization of the system is available, the frequency response can 
be measured experimentally w;ithout the necessity of having a mathematical 
model at all. 

3. Nyquist's stability criterion can be applied, and dynamic response specifica
tions can be readily interpreted in terms of gain and phase margins, which 
are easily seen on the plot of log gain and phase-versus-log frequency. 

4. The system error constants, mainly KP or Kv, can be read directly from the 
low-frequency asymptote of the gain plot. 

5. The corrections to the gain and phase curves (and thus the corrections in the 
gain and phase margins) introduced by a trial pole or zero of a compensator 
can be quickly and easily computed, using the gain curve alone. 

6. The effect of pole, zero, or gain changes of a compensator on the speed of 
response (which is proportional to the crossover frequency) can be quickly 
and easily determined using the gain curve alone. 

Use of the frequency response in the design of continuous systems has 
been reviewed in Chapter 2 and the idea of discrete frequency responses has 
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figure 7.15 

One-cycle-delay antenna 
design with D(z) given 
by Eq. (7.22): (a) root 
locus, (b) step response 
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236 Chapter 7 Design Using Transform Techniques 

been introduced in Chapter 4. In order to apply these concepts to the design of 
digital controls, the basic results on stability and performance must be translated 
to the discrete domain. The concepts are the same as for continuous systems, 
but plots of the magnitude and phase of a discrete transfer function, H (z), are 
accomplished by letting z take on values around the unit circle, z = e

jwT 
, that is, 

Example 7.8 Discrete Bode Plot 

magnitude = I H (z) I ejwT ' 

phase = LH(z)l
e
jwT• 

Plot the discrete frequency response corresponding to the plant transfer function 

1 
G(s) - -- (7.23) 

s(s + 1) 

sampling with a zero order hold at T = 0.2, 1, and 2 seconds and compare with the continuous 
response. 

Solution. The discrete transfer functions for the specified sampling periods are computed 
with c2d.m as 

sysc = tf([1 ],[1 1 O]) 

sysd1 =c2d(sysc,0.2) 

sysd2 = c2 d(sysc, 1 ) 

sysd3=c2d(sysc,2) 

with transfer functions 

G = 0.0187 
z + 0.9355 

1 (z) 
(z-;- l)(z - 0.8187) 

G ( = 0.368 
z + 0.718 

2 z) 
(z - l)(z - 0.368) 

G = 1. 135 
z + 0.523 

/z) 
(z - l)(z - 0.135) 

for T = 0.2 sec 

for T = 1 sec 

for T = 2 sec . (7.24) 

The frequency responses of Eq. (7.23) and Eq. (7.24) are plotted in Fig. 7.16 using the 
statement 

bode(sysc,' -', sysd 1,' -.' ,sysd2,' :' ,sysd3,'-'). 

It is clear that the curves for the discrete systems are nearly coincident with 
the continuous plot for low frequencies but deviate substantially as the frequency 
approaches n / T in each case. In particular, the amplitude plots do not approach 
the simple asymptotes used in the hand-plotting procedures developed by Bode, 
and his theorem relating the phase to the derivative of the magnitude curve on 
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Figure 7.16 

Frequency responses of 
continuous and discrete 
transfer functions 
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a log-log plot does not apply. The primary effect of sampling is to cause an 
additional phase lag. Fig. 7 .17 shows this additional phase lag by plotting the 
phase difference, b.<p, between the continuous case and the discrete cases. The 
approximation to the discrete phase lag given by 

wT 
b.<p = - (7 .25) 

2 

is also shown and demonstrates the accuracy of this approximation for sample 
rates up to w T = n /2, which corresponds to frequencies up to 1/4 the sample 
rate. Crossover frequencies ( where magnitude = 1) for designs will almost always 
be lower than 1/4 the sample rate; therefore, one can obtain a good estimate of 
the phase margin if a sample and hold is introduced into a continuous design by 
simply subtracting the factor wT /2 from the phase of the continuous design's 
phase margin. 

The inability to use the standard plotting guidelines detracts from the ease 
with which a designer can predict the effect of pole and zero changes on the 
frequency response. Therefore, points 1, 5, and 6 above are less true for discrete 
frequency-response design using the z-transform than they are for continuous 
systems and we are more dependent on computer aids in the discrete case. 
With some care in the interpretations however, points 2, 3, and 4 are essentially 
unchanged. All these points will be discussed further in this chapter as they pertain 
to design using the discrete frequency response. We begin with the discrete form 

Nyquist stability criterion of the Nyquist stability criterion and follow with a discussion of specifications 
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Figure 7.17 
Phase lag due to 
sampling 
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of performance and stability robustness as expressed in the frequency domain 
before we introduce the design techniques directly. 

7.4.1 Nyquist Stability Criterion 

For continuous systems, the Nyquist stability criterion seeks to determine whether 
there are any zeros of the closed-l�)Op characteristic equation 

1 + K D(s)G(s) = 0 (7.26) 

in the right half-plane. The method establishes stability by determining the excess 
of zeros over poles of the characteristic equation in the right-half plane by plotting 
K D(s)G(s) for s along the 1J contour that encloses the entire right-hand side 
(unstable region) of the s-plane as sketched in Fig. 7.18(a). 

It is assumed that the designer knows the number of (unstable) poles that 
are inside the contour and from the plot can then determine the number of 
zeros of Eq. (7 .26) in the unstable region that is the same as the number of 
closed-loop system unstable poles. The entire contour evaluation is fixed by 
examining K D(s)G(s) over s= jw for O:::: w < oo, which is the frequency
response evaluation of the open-loop system. For experimental data, the plot is 
to be made for w

10
w :::: w :::: w

high
, where w

10
w is small enough to allow the low

frequency behavior to be decided (usually the gain is very high at w
10

w and the 
phase is approaching a fixed multiple of 90°), and where w

hi II is taken to be high 
enough that it is known that the magnitude is much less tban 1 for all higher 
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Figure 7.18 

Contours used for 
Nyquist stability criterion: 
(a) In the s-plane; (b) In 
the z-plane 
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open loop frequency 
response evaluation) 

Reals 

0 0.5 

frequencies. Fig. 7.18(a) shows the full D contour and the portion of the contour 
for cv10w =:: cv =:: cvhigh. The indentation near cv = 0 excludes the (known) poles of 
K DG at s = 0 from the unstable region; the map of this small semicircle is done 
analytically by lettings = rjr/J for r « I, -f ::: </> ::: f. 
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The specific statement of the Nyquist stability criterion for continuous sys
tems is 

Z = P+N, (7.27) 

where 

• Z = the number ofunstable zeros ofEq. (7.26) (that are unstable closed-loop 
poles). For stability, Z = 0. 

• P = the number of unstable (open-loop) poles of K D(s)G(s). 

• N = the net number of encirclements of the -1 point for the contour eval
uation of K D(s)G(s) in the same direction as that taken by s along 1) as 
shown in Fig 7.18(a). Usually s is taken clockwise around 1) and therefore 
clockwise encirclements are taken as positive. 

For the common case of a stable open-loop system (P = 0) the closed-loop 
system is stable if and only if the contour evaluation of K D(s)G(s) does not 
encircle the -1 point. For unstable open-loop systems, the closed-loop system 
is stable if and only if the contour evaluation encircles the -1 point counter to 
the s direction as many times as there are unstable open-loop poles (N = -P 

in Eq. (7 .27)). The proof of this criterion relies on Cauchy's principle of the 
argument and is given in most introductory textbooks on continuous control 
systems. The elementary interpretation is based on the following points: 

• If we take values of s on a contour in the s-plane that encloses the unstable 
region, we can plot the corresponding values of the function 1 + K D(s)G(s) 
in an image plane. 

• If the s-plane contour encircles a zero of 1 + K DG in a certain direction, the 
image contour will encircle the origin in the same direction. In the s-plane, 
the angle of the vector from the zero to s on the contour goes through 360° . 

• If the s-plane contour encircles a pole of 1 + K DG, the image contour will 
encircle the origin in the opposite direction. In this case, the s-plane vector 
angle also goes through 360° but the contribution to the image angle is a 
negative 360°. 

• Thus the net number of same-direction encirclements, N, equals the differ
ence N = Z - P .2 

• The origin of the 1 + K DG plane is the same as the point K DG = -1 so 
we can plot K DG and count N as the encirclements of the -1 point just as 
well.3 

2 It is much easier to remember same-direction and opposite-direction encirclements than to keep 

clockwise and counter-clockwise distinguished. 

3 When the characteristic equation is written as 1 + K DG, we can plot only DG and count encirclements 

of DG = -½ and thus easily consider the effects of Kon stability and stability margins. 
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° From all of this, Eq. (7.27) follows immediately. 

For the discrete case, the ideas are identical; the only difference is that the 
unstable region of the z-plane is the outside of the unit circle and it is awkward to 
visualize a contour that encloses this region. The problem can be avoided by the 
simple device of considering the encirclement of the stable region and calculating 
the stability result from that. The characteristic equation of the discrete system is 
written as 

1 + K D(z)G(z) = 0, (7.28) 

and, as in the continuous case, it is assumed that the number, P, of unstable poles 
of K D(z)G(z), which are also unstable poles of 1 + K D(z)G(z), is known and 
we wish to determine the number, Z, of unstable zeros of Eq. (7.28), which 
are the unstable closed-loop poles. Examination of Eq. (7.28) reveals that the 
(possibly unknown) total number of stable plus unstable poles, n, is the same 
as the total number of zeros of Eq. (7.28). Thus the number of stable zeros is 
n - Z and the number of stable poles is n - P. Following the mapping result 
used by Nyquist, the map of 1 + K D(z)G(z) for the z contour of Fig. 7.18(b) 
will encircle the origin N times where 

N = { number of stable zeros} - { number of stable poles} 

= {n - Z} - {n - P} 

= P-Z. 

Therefore, the Nyquist stability criterion for discrete systems is 

Z = P-N. 

In summary, the discrete Nyquist stability criterion is. 

111 Determine the number, P, of unstable poles of K DG. 

(7.29) 

111 Plot K D(z)G(z) for the unit circle, z = e
jwT and 0 � cvT � 2n. This is 

a counter-clockwise path around the unit circle. Points for the plot can be 
conveniently taken from a discrete Bode plot of K DG. 

111 Set N equal to the net number of counter-clockwise (same direction) encir
clements of the point -1 on the plot. 

111 Compute Z = P - N. The system is stable if and only if Z = 0. 

Example 7.9 Nyquist Stability 

Evaluate the stability of the unity feedback discrete system with the plant transfer function 

(7.30) 
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Figure 7.19 
Nyquist plot of 
Example 7.9 

with sampling at the rate of 1 /2 Hz or T = 2 and zero-order hold. The controller is proportional 
discrete feedback [K D(z) = K]. 

Solution. The discrete transfer function at the specified sampling rate and ZOH is given by 
sysd3 of Example 7 .8 with transfer function 

l .135(z + 0.523) 
G(z) = 

(z - l)(z - 0.135)' 
(?.3 l) 

and the plot of magnitude and phase of G(z) for z = ejwT is included in Fig. 7.16 for O::: 
wT ::: 1r. Using the data from Fig. 7.16 for T = 2, the plot of K D(z)G(z) can be drawn as 
shown in Fig. 7 .19. The plot is marked with corresponding points from Fig. 7. l 8(b) to facilitate 
understanding the results. Note that the portion from a ➔ b ➔ c is directly from Fig. 7.16, 
and the section from c ➔ d ➔ e is the same information reflected about the real axis. The 
large semicircle from e ➔ a is the analytically drawn map of the small semicircle about z = l 
drawn by letting(z - 1) = reN'inEq.(7.31) forr « 1 and ::: ¢::: f.Because this system 
is open-loop stable and there are no -1 point encirclements, we conclude that the closed-loop 
system will be stable as plotted for K = 1. Note that all the necessary information to determine 
stability is contained in the Bode plot information from Fig. 7 .16, which determines the portion 
from a ➔ c in Fig. 7.19. Using MATLAB, the plot can be made by the statements 

nyquist(sysd3) 

axis equal 

grid 

The axis statement sets the x and y axes to have equal increments. 
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7.4.2 Design Specifications in the Frequency Domain 

Gain and Phase Margins 

The Nyquist plot shows the number of encirclements and thus the stability of 
the closed-loop system. Gain and phase margins are defined so as to provide a 
two-point measure of how close the Nyquist plot is to encircling the 1 point, 

gain margin and they are identical to the definitions developed for continuous systems. Gain 
margin (GM) is the factor by which the gain can be increased before causing the 
system to go unstable, and is usually the inverse of the magnitude of D(z)G(z) 

phase margin when its phase is 180° . The phase margin (PM) is the difference between 180° 

and the phase of D(z)G(z) when its amplitude is 1. The PM is a measure of 
how much additional phase lag or time delay can be tolerated in the loop before 
instability results. 

Example 7.10 Stability Margins 

phase margin and 
damping ratio 

Consider the open-loop transfer function 

G(s) 
s (s+1)2' 

with ZOH and sample rate of 5 Hz. The discrete transfer function is given by 

G(z) = 0_0012 
(z + 3.38)(z + 0 .242)

. 
(z l)(z - 0 .8187)2 

What are the gain and phase margins when in a loop with proportional discrete feedback 
(D(z) = K = l)? 

Solution. The discrete Bode plot is given in Fig. 7 .20 and the portion of the Nyquist plot 
representing the frequency response in the vicinity of -1 is plotted in Fig. 7 .21. Unlike Example 
13.5 which had a very slow sample rate, the higher sample rate here causes the magnitude 
to be essentially zero at cvT = n:, and hence the Nyquist plot goes almost to the origin. The 
plot is very similar to what would result for a continuous controller. Furthermore, just as in 
the continuous case, there are no -1 point encirclements if K = l as plotted ( N = 0), and 
since there are no unstable poles (P = 0), the system will be stable at this gain (Z = 0). If 
the Nyquist plot is multiplied by 1.8, then the plot will go through the -1 point. Thus the gain 
margin is GM = 1.8. For values of K > 1.8, the -1 point lies within the contour thus creating 
two encirclements (N = 2) and two unstable closed-loop poles (Z = 2). As indicated on the 
plot, the angle of the plot when the gain is 1 is 18° from the negative axis, so the phase margin 
is l 8°. 

For continuous systems, it has been observed that the phase margin, PM, 

is related to the damping ratio, s, for a second-order system by the approximate 
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Figure 7 .20 10 1 =-:-:-:-:-:-:-:"'.'":"'."'.,.,..,..,..,.:"'.'":"'."'.��:-:-:--:-,-:-:-:-;-:-,-:,:-:-;:-:,:,--:-:-:-:-:-:-:-:"'.'":"'."'.:-:-:-:r:--:-:--:-:'.:-:-:-:r:--:-:--:-:'.�==-:-,:,-:-:-,:-:-:r:-,, 

Gain and phase margins 
on a Bode plot for 
Example 7 .10 

Figure 7.21 
Gain and phase margins 
on a Nyquist plot for 
Example 7. 1 O 
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relation, � � PM/ 100. This relationship is examined in Fig. 7 .22 for the con
tinuous case and for discrete systems with two values of the sample rate. Figure 
7 .22 was generated by evaluating the damping ratio of the closed-loop system 
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figure 7.22 

Damping ratio of a 
second-order system 
versus phase margin 
(PM) 
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that resulted when discrete proportional feedback was used with the open-loop 
system 

1 
G(s) = 

s(s + 1) • 

A z-transform analysis of this system resulted in z-plane roots that were then 
transformed back to the s-plane via the inverse of z = e

sT
. The s of the resulting s

plane roots are plotted in the figure. As the feedback gain was varied, the damping 
ratio and phase margin were related as shown in Fig. 7 .22. The actual sample rates 
used in the figure are 1 Hz and 5 Hz, which represent 6 and 30 times the open-loop 
system pole at 1 rad/sec. The conclusion to be drawn from Fig. 7 .22 is that the 
PM from a discrete z-plane frequency response analysis carries essentially the 
same implications about the damping ratio of the closed-loop system as it does 
for continuous systems. For second-order systems without zeros, the relationship 
between s and PM in the figure shows that the approximation of s � PM/ 100 is 
equally valid for continuous and discrete systems with reasonably fast sampling. 
For higher-order systems, the damping of the individual modes needs to be 
determined using other methods. 

Tracking Error in Terms of the Sensitivity Function 

The gain and phase margins give useful information about the relative stability of 
nominal systems but can be very misleading as guides to the design of realistic 
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sensitivity function 

vector gain margin 

control problems. A more accurate margin can be given in terms of the sensitivity 
function. For the unity feedback system drawn in Fig. 7 .1, the error is given by 

1 b, . E(jw) = l R = S(1w)R, 
+DG 

(7.32) 

where we have defined the sensitivity function S. In addition to being a factor of 
the system error, the sensitivity function is also the reciprocal of the distance of 
the Nyquist curve, D G, from the critical point -1. A large value for S indicates 
a Nyquist plot that comes close to the point of instability. The maximum value 
of ISi is often a more accurate measure of stability margin than either gain or 
phase margin alone. For example, in Fig. 7 .23 a Nyquist plot is sketched that is 
much closer to instability than either gain or phase margin would indicate. The 
vector gain margin (VGM) is defined as the gain margin in the direction of the 
worst possible phase. For example, if the Nyquist plot comes closest to -1 on 
the negative real axis, then the vector margin is the same as the standard gain 
margin. From the geometry of the Nyquist plot, the distance from the curve to 
-1 is 1 + DG = ½ and with the definition that 

S
00 

= m;x ISi, 

it follows that the distance of the closest point on the Nyquist curve from -1 is -f-. 
If the Nyquist curve came this close to the -1 point on the real axis, it would pass 
through 1 - -f- and by definition, the product VG M x ( 1 - f-) = 1. Therefore 
we have that 

00 00 

VGM = 
S

00 

S -1 
00 

(7.33) 

The VGM and related geometry ar,e marked on the Nyquist plot in Fig. 7 .23. 
We can express more complete frequency domain design specifications than 

any of these margins if we first give frequency descriptions for the external 
reference and disturbance signals. For example, we have described so far dynamic 
performance by the transient response to simple steps and ramps. A more realistic 
description of the actual complex input signals is to represent them as random 
processes with corresponding frequency spectra. A less sophisticated description 
which is adequate for our purposes is to assume that the signals can be represented 
as a sum of sinusoids with frequencies in a specified range. For example, we can 
usually describe the frequency content of the reference input as a sum of sinusoids 
with relative amplitudes given by a magnitude function IR I such as that plotted 
in Fig. 7.24, which represents a signal with sinusoidal components each having 
about the same amplitude of 150 up to some value w

1 
and very small amplitudes 

for frequencies above that. With this assumption the response specification can 
be expressed by a statement such as "the magnitude of the system error is to be 
less than the bound eb (a value such as 0.01 that defines the required tracking 
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Figure 7.23 
A Nyquist plot showing 
the vector gain margin 

Figure 7.24 

Sketch of typical 
specification of 
frequency content for 
reference input tracking 
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accuracy) for any sinusoid of frequency cv 
O 

and of amplitude given by IR (j cv) I-" 
We can now define the size of the error in terms of the sensitivity function and the 
amplitude of the input. Using Eq. (7.32 ), the frequency-based error specification 
can be expressed as I EI = IS I IR I :S e b. In order to normalize the problem without 
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248 Chapter 7 Design Using Transform Techniques 

defining both the spectrum R and the error bound each time, we define the real 
function of frequency W1 ( cv) = IR I / e b and the requirement can be written as 

(7.34) 

Example 7.11 Performance Bound Function 

Figure 7.25 

Plot of performance 
frequency function for 
Example 7 .11 

A unity feedback system is to have an error less than 0.005 for all unity amplitude sinusoids 

having frequency below 100 Hz. Draw the performance frequency function W1 (w) for this 

design. 

Solution. The spectrum, from the problem description, is unity for 0 ::: w :::: 200n. Since 

eb = 0.005, the required function is given by a rectangle of amplitude 1 /0.005 = 200 over the 

given range. The function is plotted in Fig. 7.25. 

The expression in Eq. (7.34) can be translated to the more familiar Bode plot 
coordinates and given as a requirement on the open-loop gain, DG, by observing 
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that over the frequency range when errors are small the loop gain is large. In that 
1 

case ISi � and the requirement is approximately 
IDGI 

::S 1 
IDGI 
IDGI::::: w1 • 

Stability Robustness in Terms of the 
Sensitivity Function 

(7.35) 

In addition to the requirements on dynamic performance, the designer is usually 
required to design for stability robustness. The models used for design are almost 
always only approximations to the real system. Many small effects are omitted, 
such as slight flexibility in structural members or parasitic electrical elements 
in an electronic circuit. Usually these effects influence the transfer function at 
frequencies above the control bandwidth and a nominal transfer function, G 0, 
is used for the design. However, while the design is done for the nominal plant 
transfer function, the actual system is expected to be stable for an entire class 
of transfer functions that represent the range of changes that are expected to be 
faced as all elements are included and as changes due to temperature, age, and 
other environmental factors vary the plant dynamics from the nominal case. A 
realistic way to express plant uncertainty is to describe the plant transfer function 
as having a multiplicative uncertainty as 

(7.36) 

In Eq. (7 .36), G
O 
(j cv) is the nominal plant transfer function, and the real function, 

w/cv), is a magnitude function that expresses the size of changes as a function 
of frequency that the transfer function is expected to experience and is known 
to be less than some upper bound W/cv). The value of the bound W

2 
is almost 

always very small for low frequencies (we know the model very well there) and 
increases substantially as we go to high frequencies where parasitic parameters 
come into play and unmodeled structural flexibility is common. 

Example 7 .12 Model Uncertainty 

A magnetic memory read/write head assembly can be well modelled at low frequencies as 

K 
G (s) = -

2
. 

0 

s 
(7.37) 
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250 Chapter 7 Design Using Transform Techniques 

However, the arm supporting the read/write head has some lightly damped flexibility with 

uncertain resonant frequency. With scaling to place the resonant frequency at w
0

, and damping 

B, the more accurate model is represented as 

Compute the model uncertainty function for this case. 

Solution. The model transfer function given by Eq. (7.38) can be written as 

G(s) =�[I+ ,(�)' l · 
s (;J + B ;o + 1 

Comparing Eq. (7.39) with Eq. (7.36), the model uncertainty function is given by 

A plot of this function is given in Fig. 7.26 for w
0 

= 1 and B = .03. 

(7.38) 

(7.39) 

(7.40) 

In general, a model uncertainty bound is small for low frequencies and large 
for higher frequencies. A typical shape is sketched in Fig. 7 .27. The complex 
function, !:::. (j w), represents the uncertainty in phase and is restricted only by the 
constraint 

lt::.(jw)I ::: 1. (7.41) 

Stability robustness requires that we construct a control design for G
O 
(s) which 

will result in a stable system for any transfer function described by Eq. (7 .36). 
To derive the requirement, we begin with the assumption that the nominal design 
has been done and is stable so that the Nyquist plot of DG O satisfies the Nyquist 
stability criterion. In this case, the equation 1 + D (j w) GO (j w) = 0 is never 
satisfied for any real frequency. If the system is to have stability robustness, 
the characteristic equation using the uncertain plant as described by Eq. (7.36) 
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Figure 7.26 
Plot of model 
uncertainty function for 
disk drive read/write 
head assembly 
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A plot of a typical plant 
uncertainty frequency 
function 
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complementary 
sensitivity function 

must not go to zero for any real frequency for any value of either W
2 

or 6.. The 
requirement can be written as a function of j w in the form 

1 + DG =i 0, 
1 + DGJl + w

2
f:.] =i 0, 

(1 + DG ) (1 + 
DG 

O w
2
f:.) =, 0, 

O l + DGO 

(1 + DG)(l + Tw
2
6.) =i 0, 

(7.42) 
(7.43) 

(7.44) 

where the complementary sensitivity function is defined as T(jw) � DGof 
(1 + DG) = 1 - S. Because the nominal system is stable, the first term in 

Eq. (7.42), (1 + D(jw)G
0
(jw)), is not zero for any w. Thus, ifEq. (7.42) is not 

to be zero for any frequency, any w
2 

:S W
2

, or for any phase function f:., then it 
is necessary and sufficient that 

jTw
2
f:.j < 1, 

!Tl jw2
j lf:.I < 1, 

which reduces to 

(7.45) 

making use of Eq. (7.41) and the fact that w
2 

is bounded by W
2

. As with the 
performance specification, for single-input-single-output unity feedback systems 
this requirement can be approximated by a more convenient form. Over the 
range of high frequencies where there is significant model uncertainty and W

2 
is 

non-negligible, DG 
O 

is small. Therefore we can approximate T � DG 
O 

and the 
constraint becomes 

(7.46) 

Example 7 .13 Stability Robustness Function 

The uncertainty in the model of a disk read/write head assembly is given in Example 7 .12. 

Suppose it is known that the parameter B is restricted to the range .03 _:s B _:s .3 and that the 
resonant frequency cv 

O 
is known to be no less than 1.0. Plot the stability robustness bound, 

1 / W
2 

for this problem. 

Solution. The function 1 / w
2 
( cv) is plotted for B = . 03 and cv = 1 and cv = 6 in Fig. 7 .28 

using bode. It is clear that if the resonant frequency can take on any value greater than 1.0, 

then the bound 1 / W
2 

needs to be extended at the value .03 for all frequencies greater than 1.0. 
The boundary line is marked with hatching in Fig. 7 .28. 
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Figure 7.28 104 �--�---,-,�������---�-������ 

Plot of the stability 
robustness frequency 
function for disk 103 
read/write head 
assembly 
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In practice, the magnitude of the loop gain is plotted on log-log coordinates, 
and the constraints of Eq. (7.35) and Eq. (7.46) are included on the same plot. A 
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Typical design limitations 
as displayed on a Bode 
magnitude plot 
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Bode's gain-phase 
formula 

Bode's gain-phase 
integral 

typical sketch is drawn in Fig. 7 .29. The designer is expected to construct a loop 
gain that will stay above W

1 
for frequencies below w

1
, cross over the magnitude

of-1 line (log(IDGI) = 0) in the range w
1 

:S w :S w
2 

and stay below 1/ W
2 

for 
frequencies above w

2
. We have developed the design constraints Eq. (7.35) and 

Eq. (7.46) in terms of j w as for continuous systems. The algebra and the equations 
are the same for the discrete case; one need only substitute the discrete transfer 
functions for the continuous ones and use the variable ejwT

. 

Limitations on Design: Continuous Case 

One of the major contributions of Bode was to derive important limitations on 
transfer functions that set limits on achievable design specifications. For example, 
we would like to have the system error kept small for the widest possible range of 
frequencies and yet to have a system that is stable in the presence of uncertainty 
in the plant transfer function. In terms of the plot in Fig. 7 .29, we want W

1 
and W

2 

to be large in their respective frequency ranges and for w
1 
to be close to w

2
. Thus 

the loop gain is expected to plunge with a large negative slope from being greater 
than W

1 
to being less than 1 / W

2 
in a short span, while maintaining stability 

which can be expressed as having a good phase margin. Bode showed that this is 
impossible with a linear controller by showing that the minimum possible phase 
is determined by an integral depending on the slope of the magnitude curve. A 
common form of the formula for phase is 

1 1
+00 

(
dM

) 
u 

cp(w
0
) = - - ln(coth I l)du , 

TC _

00 
du 2 

(7.47) 

where M = ln(IDGI) and u = ln(1!j-), and thus �7i is the magnitude slope on the 
log-log (Bode) plot. The weighting function in Eq. (7.47) is concentrated near 
w 

O
, and if the slope is constant for a substantial range around w 

O
, then the formula 

can be approximated by 

cp(w) � :!___ 
dM

.
I 2 du 
u=O 

If, for example, the phase is to be kept above -150° to maintain a 30° phase 
margin, then the magnitude slope is estimated to be 

dM 2 TC 

du 

�
TC

(-
lS

0
180

) 

� -1.667 

in the neighborhood of crossover. If we try to make the average slope steeper 
(more negative) than this near crossover, we will lose the phase margin. From 
this condition there developed the design rule: 

• The asymptotes of the Bode plot magnitude, which are restricted to be integral 
values for rational functions, should be made to crossover the magnitude 1 
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line at a slope of -1 over a frequency range of about one decade around the 
cross-over frequency. 

Modifications to this rule need of course to be made in particular cases, but 
the limitation expressed by Eq. (7.47) is a hard limit that cannot be avoided. 

In Freudenberg and Looze ( 1985) an extension to another of Bode' s relations 
was derived. This is a constraint on the integral of the sensitivity function depen
dent on the presence of open-loop right-half plane poles. Suppose the loop gain 
D G

O 
has n 

P 
poles, p

i 
, in the right-half plane and "rolls off" at high frequencies 

at a slope faster than -1. For rational functions, this means that there is an excess 
of at least two more total poles than zeros. Then it can be shown that 

00 /l 

1 ln(ISl)dw = rr t Re{p, }. (7.48) 

If there are no right-half plane poles, then the integral is zero. This means that if we 
make the log of the sensitivity function very negative over some frequency band 
to reduce errors in that band, then of necessity In JSI will be positive over another 
part of the band and errors will be amplified there. If there are unstable poles, the 
situation is worse because the positive area where sensitivity magnifies the error 
must exceed the negative area where the error is reduced by the feedback. There 
are also consequences if DG 

O 
has any zeros in the right-half plane. If the open

loop system has no zeros in the right-half plane, then it is in principle possible to 
keep the magnitude of the sensitivity small by spreading the sensitivity increase 
over all positive frequencies to infinity but such a design requires an excessive 
bandwidth and is rarely practical. If a specific bandwidth is imposed, then the 
sensitivity function is constrained to take on a finite, possibly large, positive value 
at some point below the bandwidth and a large value of ISl

00 
leads to a small 

VGM and generally an unsatisfactory design. 
An alternative to Eq. (7.48) is also true if there is a (non-minimum-phase) 

zero of DG 
O 

in the right-half plane. Suppose the zero is located at z
0 
= a

0 
+ jw0, 

where a
0 

> 0. Again we assume there are n right-half plane poles at locations 
p

i 
with conjugate values p

i
. Now the condition can be expressed as a two-sided 

weighted integral 

1

00 a 
ln(ISI) 

2 

° 
-00 (J

o + (w 
(7.49) 

In this case, we do not have the "roll-off" restriction and there is no possibility 
of spreading the positive area over all high frequencies because the weighting 
function goes to zero with frequency. The important point about this integral is 
that if the non-minimum phase zero is close to a right-half plane pole, the right 
side of the integral can be very large and the excess of positive area is required 
to be correspondingly large. Based on this result, one expects especially great 

co
nt

ro
len

gin
ee

rs
.ir



256 Chapter 7 Design Using Transform Techniques 

discrete sensitivity 
integral 

Figure 7.30 

Discrete Bode plot of 
1 /s2 plant with 
zero-order hold 

difficulty meeting specifications on sensitivity with a system having right-half 
plane poles and zeros close together. 

Limitations on Design: Discrete Case 

In the discrete case, the relation between gain slope and phase does not hold al
though it is approximately true for frequencies well below the Nyquist frequency. 
The situation is illustrated by the Bode plot in Fig. 7 .30 for the plant G = 1 / s2 . 
Notice that the phase is always slightly more negative than the -180° one would 
get for this plant in the continuous case and deviates more as we approach the 
Nyquist limit at n / T. The effect is approximated by the delay of T /2 due to the 
sample and ZOH. From this example, one suspects that the restriction on phase 
due to gain slope is more severe in the discrete case than in the continuous case. 

In Sung and Hara (1988) the discrete versions of these design limitations 
are derived. We consider the single-loop unity feedback structure and define the 
sensitivity function as S = l+�G as before. We also assume that the open-loop 
transfer function D(z)G(z) has n poles outside the unit circle at z. = r.eN;, 

p l I 

r. > l. It can be shown that 
I 

{Jr: 
np 

Jo 
ln(!S(ej<fi) !)d</> = n � ln(r). (7.50) 

The implications of Eq. (7.50) are the same as in the continuous case except for 
the fact that the integral in Eq. (7 .50) is over a finite limit. If we require that 
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sensitivity is small (negative log) over a given range of frequencies, there is only 
a finite frequency range over which we can spread the required sensitivity gain 
or "positive log" area. Again, unstable poles make the situation worse and the 
effect increases if the poles are located far from the unit circle. We can illustrate 
the implications of Eq. (7.50) by two simple examples. Consider a stable generic 
model of a chemical process and an unstable model of a magnetic levitation 
system. The two transfer functions are 

1 
G (s) - --- chemical process, i 

- (s + 1)2 
1 

G (s) - -- magnetic levitation. 2 - s2 - 1 

In each case we will include a zero-order hold and sample with T = 0.2 and 
in each case the controller transfer function is D = 15 ���:�, selected to give 
approximately the same rise time and bandwidth. The step responses are shown 
in Fig. 7.31(a) and the sensitivity plots are shown in Fig. 7.3l(b). Notice the 
substantially larger value of the sensitivity for the unstable plant compared to that 
of the stable one. The vector gain margin for G 

1 
is 5.4 while that for G

2 
is 2.25, 

less than half as much. To plot the sensitivity magnitude, it is necessary to obtain 
a system having the transfer function of S. This can be done using the feedback 
function if a representation of the open loop system DG is given as, for example, 
the open loop discrete system sysold. The expression syscl = feedback(sys 1,sys2) 
generates the loop with forward system sys 1 and feedback system sys2. For 
sensitivity, D G is the feedback system, and we need to construct the dummy 
gain of 1 for the forward system. This can be done with the statement sysf = 
ss(0,0,0, 1,Ts). Finally, the sensitivity is given by sens = feedback(sysf,sysold). 
The plot is given by the statements 

[mag,ph,w]=bode(sens);' 

semilogy(w,mag) 

grid. 

The weighted integral of the discrete sensitivity function is similar to that of 
the continuous case. We assume again that the system has n poles outside the 

' 
p 

unit circle at a. = r.e1<P;, r. > 1, and conJ·ugate a., and also has a zero outside 
I I J I 

the unit circle at /30 
= r0ej 0

, r
0 

> l.  Then 

1
:rr 

ln(!S(ej<f>) I) 2 
r; - 1 

d</J = 2n t ln I l aif3o I· (7.51) 
-:rr r0 

- 2r
0 

cos(</) - </J) + 1 
i=l /30 ai 

The main consequence of this constraint is that it expresses a limitation imposed 
by the non-minimum phase zero on the sensitivity function. The constraint is 
especially severe if there is a non-minimum phase zero near an unstable pole 
(f3o � a). 
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Figure 7.31 
Comparisons of a stable 
process control with an 
unstable magnetic 
levitation: (a) step 
responses (b) sensitivity 
plots 
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7.4.3 Low Frequency Gains and Error Coefficients 

The steady-state error constants for polynomial inputs for discrete systems were 
established in Section 7 .2 and are given by 

for a Type O system, and by 

K = lim D(z)G(z) 
p z-+1 

K = lim 
(z - l)D(z)G(z)

' 
V z➔l Tz 

(7.52) 

for a Type 1 system. In the frequency domain, for a Type O system, the procedure 
is identical to the continuous case. Since z = ejwT , z ➔ 1 implies that wT ➔ 0, 
and the magnitude frequency-response plot will show a constant value on the low
frequency asymptote which is equal to K . For a Type 1 system, the procedure 
is again identical to the continuous case fn that the magnitude of D(z)G(z) at 
w = l on the low-frequency asymptote �s equal to Kv. This can be seen from 
Eq. (7.52) if we note that for wT ➔ 0, e1wT � l + jwT. Therefore 

Ii (z - 1) 1. m--- = Im W, 
z➔l Tz jw➔O 

thus establishing the fact that evaluation of the low-frequency asymptote of 
D(z)G(z) at w = l yields Kv. This fact is most easily used if the frequency
response magnitude is plotted versus win units of rad/sec so that w = l rad/sec 
is readily found. If the magnitude is plotted versus w in units of Hz or versus 
w T, one would need to perform a calculation to find the w = l rad/sec point. 
However, the error constants could be calculated directly with good software 
tools; therefore the issues in their calculation are of passing interest only. But no 
matter how the constants are found, the fact remains for discrete and continuous 
frequency response alike, the higher the magnitude curve at low frequency, the 
lower the steady-state errors. 

Example 7 .14 Finding Velocity Constant on a Bode Plot 

Use the discrete Bode plot to determine the Kv for the antenna system of Example 7.6 with 
the compensation given by Eq. (7.19). 

Solution. The open-loop discrete transfer function is 

G( )D( ) _ (0 0484) 
z + 0.9672 

(6) 
z 0.80 

z z - • 
(z - l)(z - 0.9048) z - 0.05' 

which yields the magnitude versus frequency in Fig. 7.32. Evaluation of the magnitude of the 
low-frequency asymptote at w = l indicates that Kv = 1.26. Also note in the figure that the 
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Figure 7.32 
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extension of the low-frequency asymptote reaches crossover at cv 1.26, thus indicating also 
that Kv = 1.26 since this Type 1 system has a low-frequency slope of -1. 

7.4.4 Compensator Design 

The amplitude and phase curves can be used to determine the stability margins 
based on the Nyquist stability criterion for either continuous or discrete systems. 
In the continuous case with minimum-phase transfer functions, Bode showed that 
the phase is uniquely determined by an integral of the slope of the magnitude 
curve on a log-log plot as expressed by Eq. ( 7.4 7). If the function is rational, these 
slopes are readily and adequately approximated by constants! As a consequence 
the amplitude curve must cross unity gain (zero on a log scale) at a slope of -1 
for a reasonable phase margin. The ability to predict stability from the amplitude 
curve alone in minimum phase systems is an important contributor to the ease 
with which designers can evaluate changes in compensator parameters in those 
cases. 

Bode's relationship between the amplitude and phase curve is lost for discrete 
systems because the variable z takes on values around the unit circle in contrast to s 
traversing the imaginary axis as in continuous systems. Figure 7.16 illustrates the 
degree to which the relationship is lost and indicates that the error would be small 
for frequencies lower than 1120th of the sample frequency. However, it is typically 
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7. 4 Frequency Response Methods 261 

necessary to determine both magnitude and phase for discrete z-plane systems 

and not depend on magnitude alone for an accurate assessment of the stability. In 
carrying out direct digital designs, some intuition from continuous design can be 
used if the z-plane poles and zeros on the real axis are measured by their distance 

from + 1. For example, the equivalent idea in the z-plane for the "breakpoint" in 
Bode's hand-plotting rules is that the magnitude will change slope at a frequency 
when cv T, the angular position on the unit circle in radians, has the same value as 
the fractional distance of the singularity on the real axis to z = + 1. For example, 
a pole at z = 0.9 will produce a slope change at wT = 0. l rad. This equivalence 

is very accurate for low angular values (wT:::; 0.1 rad, i.e., sampling at more 
than 60 times the frequency) and is a reasonable approximation for angular 
values less than 0.8 rad (i.e., sampling at more than 8 times the frequency). 
In order to arrive at trial compensations with potential for better PM, GM, 

steady-state errors, or crossover frequency, it is useful to understand how a pole 

or zero placement will affect the magnitude and phase curves. Because of the 
equivalence of the break-point concept between the continuous and discrete cases, 
this is accomplished for discrete systems using the ideas from the continuous 
Bode hand-plotting techniques, keeping in mind that their fidelity degrades as 
frequency approaches the Nyquist frequency. It is easiest to select compensator 
break points if the frequency-response magnitude and phase is plotted versus 
w T so that the correspondence between those curves and the location of the 

compensation parameters is retained. 

Example 7 .15 Design of the Antenna Servo Control 

Design a discrete controller for the antenna system with T l using the frequency response. 
The specifications are as before: overshoot less than 16%, settling time less than 10 sec and 
K

V
� 1. 

Solution. The system transfer function is 

z + 0.9672 
G(z) = 0.0484-----

(z l)(z - 0.9048) 
(7.53) 

The magnitude and phase of the uncompensated system [ G(z)] shown in Fig. 7 .35 indicate that 
with a compensator gain of K = 1 the system has a PM of 8° and a gain crossover frequency 
(wcg) of 0.3 rad/sec. The 16% overshoot requirement translates into t � 0.5, which translates 
in turn into the requirement that the PM be� 50° from Fig. 7.24. The specification for settling 
time translates into the requirement that wn � 0.92. 

Because the gain of (z l)G(z) at z = l is 1, and T = l, the compensated system will 
also have Kv = 1 provided the DC gain of D(z) = 1. In terms of the frequency response, 
this means that the extension of the low-frequency-magnitude asymptote should pass through 
the value 1 at cu= 1 for the uncompensated case (in Fig. 7.33), and the gain of this low
frequency asymptote should not be decreased with any candidate compensation. To maintain 
an acceptable Kv, we will evaluate only D(z)'s with a DC gain of 1. The uncompensated 
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Figure 7.33 
Frequency responses 
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system's PM of 8° indicates poor damping, and the wcg of 0.3 rad/sec indicates that it will be 
too slow. Just as for continuous systems, w cg occurs approximately at the system bandwidth 
and dominant natural frequency; therefore, we should try to change the design so that it has 
a wcg of about 0.9 rad/ sec in order to meet the ts :::: 10 sec. Once we find a compensation 
that meets the guidelines of PM= 50° and wcg = 0.9 rad/sec, we will need to check whether 
the settling time and overshoot specifications are actually met, because the design guidelines 
followed are only approximate. 

Figure 7. 33 shows several attempts' to produce a design. The breakpoint of the first attempt 
(D

1 
(z) in Fig. 7.33) was at 0.15 rad/sec 4 and did not increase the slope of the magnitude curve 

at a low enough frequency to bring about the desired wcg· This was remedied in D
i
(z), where 

the breakpoint was lowered to 0.1 rad/sec (zero at z = 0.9) causing a wcg of 0.9 rad/sec, but 
the resulting PM of 40° was still lower than desired. By moving the compensator pole out to 
z = -0.5 in D/z), we had very little effect on the wcg but achieved an increase in the PM 
to 50°. Because both goals are met, D

3 
(z) has a reasonable chance to meet the specifications; 

in fact, the calculation of a time history of the system response to a step input shows that the 
ts is 7 sec, but, alas, the overshoot is 27%. The guidelines were not successful in meeting the 
specifications because the system is third order with a zero, whereas the rules were derived 
assuming a second-order system without a zero. 

The necessary revisions to our design guidelines are clear; we want more than a 50° PM 
and do not require a 0.9 rad/sec wcg· Figure 7.34 shows the system frequency response using 
D

3 (z) along with two revisions of D(z) that satisfy our revised goals. D 
4 
(z) has a 60° PM and 

a 0.6rad/sec wcg' and D
5
(z) has a 58° PM and a 0.8 rad/sec wcg· The time history of the system 

4 The zero at z = 0.85 translates into a 0.15 rad/sec breakpoint only because the sample period, T, is l 

sec. For T = 0.1 sec, a zero at z = 0.85 would translate into a 1.5 rad/sec breakpoint, etc. 
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response to a step using Ds(z) in Fig. 7.35 shows that it exactly meets the requirements for 
16% overshoot and ts = 10 sec. Furthermore, the design of the system imposed the constraint 
that K v = 1 and the design is complete. 
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Figure 7.36 101 ------.........----------.........------� 
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It is interesting to look at the sensitivity functions for these designs, plotted in Fig. 7.36 as 

log of the sensitivity versus a linear frequency scale to illustrate the balance between positive 

and negative areas for such plots for stable systems. On this plot, one can see that controller 

D
3 

results in the highest bandwidth and also the highest maximum of the sensitivity or lowest 

vector gain margin. Controller D 4 has improved robustness (lower maximum of the sensitivity) 

but also lower bandwidth. Finally, the design given by D
5 

splits the difference and meets each 

specification. 

7 .5 Direct Design Method of Ragazzini 

Much of the style of the transform design techniques we have been discussing 
in this chapter grew out of the limitations of technology that was available 
for realization of continuous-time compensators with pneumatic components or 
electric networks and amplifiers. In particular, many constraints were imposed in 
order to assure the realization of electric compensator networks D(s) consisting 
only of resistors and capacitors.5 With controllers realized by digital computer, 
such limitations on realization are, of course, not relevant and one can ignore these 
particular constraints. An alternative design method that ignores constraints of 

5 In the book by Truxal ( 1955), where much of this theory is collected at about the height of its first stage 
of development, a chapter is devoted to RC network synthesis. 
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7. 5 Direct Design Method of Ragazzini 265 

technology has been found to be useful in adaptive controls. Suppose we are given 
a discrete transfer function G(z) of the plant (plus hold) and a desired transfer 
function H(z) between reference Rand output Y. The structure is assumed to be 
a unity feedback system and the design is to select the computer transfer function 
D(z) to realize H(z). The overall transfer function is given by the formula 

DG 
H(z) = 1 + DG' 

from which we get the direct design formula 

D _ l H(z) 
(z) 

- G(z) 1 - H(z) 
(7.54) 

From Eq. (7.54) we can see that this design calls for a D(z) that will cancel 
the plant effects and add whatever is necessary to give the desired result. The 
problem is to discover and implement constraints on H (z) so that we do not ask 
for the impossible. 

First, the design must be causal. From z-transform theory we know that if 
D(z) is to be causal, then as z ➔ oo its transfer function is bounded and does not 
have a pole at infinity. Looking at Eq. (7.54 ), we see that if G(z) were to have 
a zero at infinity, then D(z) would have a pole there unless we require an H(z) 
that cancels it. Thus we have the constraint that for D(z) to be causal 

H (z) must have a zero at infinity of the same order 
as the zero of G(z) at infinity. (7.55) 

This requirement has an elementary interpretation in the time domain: A zero 
of order k at infinity in G(z) corresponds to a delay of k samples in the pulse 
response of the plant. The causality requirement on H(z) is that the closed-loop 
system must have at least as long a delay as the plant. 

Considerations of stability add a second constraint. The roots of the charac
teristic equation of the closed-loop system are the roots of the equation 

1 + D(z)G(z) = 0. (7.56) 

We can express Eq. (7 .56) as a polynomial if D and Gare rational and we identify 
D c(z)/d(z) and G = b(z)/a(z) where a, b, c, and dare polynomials. Then 

• the characteristic polynomial is 

ad+ be= 0. (7.57) 

Now suppose there is a common factor in DG, as would result if D(z) were 
called upon to cancel a pole or zero of G(z). Let this factor be z - a and suppose 
it is a pole of G(z), so we can write a(z) = (z - a)a(z), and to cancel it we have 
c(z) (z - a)c(z). Then Eq. (7.57) becomes 

(z - a)a(z)d(z) + b(z)(z a)c(z) 
(z - a)[ad + be] 

0, 
0. 

(7.58) 
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In other words-perhaps it was obvious from the start-a common factor remains 
a factor of the characteristic polynomial. If this factor is outside the unit circle, the system is unstable! How do we avoid such cancellation? Considering again Eq. (7.54), we see that if D(z) is not to cancel a pole of G(z), then that factor of 
a(z) must also be a factor of 1 - H(z). Likewise, if D(z) is not to cancel a zero of G(z), such zeros must be factors of H(z). Thus we write the constraints6 

1 - H (z) must contain as zeros all the poles of G(z) that are outside the unit circle, 
H (z) must contain as zeros all the zeros of G(z) that are outside the unit circle. 

(7.59) 

(7.60) 
Consider finally the constraint of steady-state accuracy. Because H (z) is the overall transfer function, the error transform is given by 

E(z) = R(z)(l H(z)). (7.61) 
Thus if the system is to be Type 1 with velocity constant Kv, we must have zero steady-state error to a step and 1/ Kv error to a unit ramp. The first requirement is 

1. 1 e(oo) = 1m(z - 1)--[1 - H(z)] = 0, (7.62) z➔ l Z - 1 
which implies 

H(l) = 1. 
The velocity constant requirement is that 

) 1. Tz e(oo = 1m(z - 1) 2 [1 z➔ I (z - 1) 

1 
H(z)] = 

Kv. 

(7.63) 

(7.64) 
From Eq. (7.63) we know that 1 -' H(z) is zero at z = 1, so that to evaluate the limit in Eq. (7.64), it is necessary to use L'Hopital's rule with the result 

Example 7 .16 Design by the Direct Method 

T dH I -- 1 
dz z=I KV 

(7.65) 

Consider again the plant described by the transfer function of Eq. (7 .5 3) and suppose we ask 

for a digital design that has the characteristic equation that is the discrete equivalent of the 

continuous characteristic equation 

s2 
+ s + 1 = 0, 

with a sampling period T = I sec. 

6 Roots on the unit circle are also unstable by some definitions, and good practice indicates that we 

should not cancel singularities outside the radius of desired settling time. 
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Solution. The discrete characteristic equation according to the specifications is 

z2 - 0.7859z + 0.36788 = 0. (7.66) 

Let us therefore ask for a design that is stable, has Kv = 1, and has poles at the roots of 
Eq. (7.66) plus, if necessary, additional poles at z = 0, where the transient is as short as 
possible. The form of H(z) is thus 

ho + b1 z-1 
+ b2z-2 

+ b3 z-3 
+ ... 

H(z) = 
1 0.7859z-1 + 0.3679z-2 (7-67) 

The causality design constraint, using Eq. (7 .55) requires that 

H(z)lz=oo = 0 

or 

(7.68) 

Equations (7.59) and (7.60) add no constraints because G(z) has all poles and zeros inside the 
unit circle except for the single zero at oo, which is taken care of by Eq. (7.68). The steady-state 
error requirement leads to 

H(l) = 1 

b +b +b +··· = 1 2 3 =l. 
1 - 0.7859 + 0.3679 

(7.69) 

Therefore 

and 

-T
dH

I = 

1 

dz z=I Kv 

Because in this case both T and Kv are 1, we use Eq. (7.69) and the derivative with respect to 
z-1 to obtain 

= 

or 

J_ = d
H

I I Kv dz- z=I 
(0.5820)[b l + 2b2 + 3b3 + · · ·] [0.5820][-0.7859 + 0.3679(2)] 

(0.5820) (0.5820) 

bl + 2b2 + 3b3 + · · · - [-0.05014] 
0.5820 

= 
l. (7.70) 

Because we have only two equations to satisfy, we need only two unknowns and we can 
truncate H(z) at b

2
. The resulting equations are 

which have the solution 

bl + b2 0.5820, 
b 1 + 2b2 = 0.5318, 

bl = 0.6321, 
b

2 
= -0.05014. 

(7.71) 
(7.72) 
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Figure 7.37 
Step response of 
antenna system from 
direct design 

Thus the final design gives an overall transfer function 

We shall also need 

0.6321z - 0.05014 
H(z) = --:--------. 

z2 - 0.7859z + 0.3679 

(z 0.4180) 
1-H(z) = _2 ______ _ 

z 

(7.73) 

(7.74) 

We know that H (1) = 1 so that 1 -H (z) must have a zero at z 1. Now, turning to the basic 
design formula, Eq. (7.54), we compute 

(z l)(z - 0.9048)(0.6321) (z - 0.07932) 
D(z) = 

(0.04837)(z + 0.9672) (z l)(z - 0.4180) 

(z - 0.9048) (z - 0.07932) 
= 13.07---------. 

(z + 0.9672) (z - 0.4180) 

A plot of the step response of the resulting design for this example is provided 

in Fig. 7.37 and verifies that the response samples behave as specified by H(z). 

However, as can be seen also from the figure, large oscillations occur in the 
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control that cause a large ripple in the system response between samples. How 
can this be for a system response transfer function, 

Y (z) 
= H( ) = 

DG 

R(z) 
z 

1 + DG' 

that is designed to have only two well-damped roots? The answer lies in the fact 
that the control response is determined from 

which for this example is 

U(z) D 
=---

R(z) l+DG 

H(z) 

G(z)' 

U(z) 
= 13_06 

z 0.0793 (z - l)(z - 0.9048) 

R(z) z2 - 0.7859z + 0.3679 z 
+ 0.9672 

The pole at z = -0.9672, very near to the unit circle, is the source of the oscil
lation in the control response. The poor transient due to the pole did not show 
up in the output response because it was exactly canceled by a zero in the plant 
transfer function. The large control oscillation in tum causes the ripple in the 
output response. This pole was brought about because we allowed the controller 
to have a pole to cancel a plant zero at this position. The poor response that 
resulted could have been avoided if this nearly unstable zero had been included 
in the stability constraint list. In that case we would introduce another term in 
H(z), b3z-3, and require that H(z) be zero at z = -0.9672, so this zero of G(z) 
is not canceled by D(z). The result will be a simpler D(z) with a slightly more 
complicated H(z). 

7 .. 6 Summary 

In this chapter we have reviewed the philosophy and specifications of the design 
of control systems by transform techniques and discussed three such methods. 

• Discrete controllers can be designed by emulation, root locus, or frequency 
response methods. 

• Successful design by emulation typically requires a sampling frequency at 
least 30 times the expected closed-loop bandwidth. 

• Expressions for steady-state error constants for discrete systems have been 
given in Eq. (7.12) and Eq. (7.14) in terms of open-loop transfer functions 
and in Eq. (7.18) in terms of closed-loop poles and zeros. 

• Root locus rules for discrete system characteristic equations are shown to be 
the same as the rules for continuous system characteristic equations. 

• Step response characteristics such as rise time and overshoot can be corre
lated with regions of acceptable pole locations in the z-plane as sketched in 
Fig. 7.10. 
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• Asymptotes as used in continuous system frequency response plots do not 
apply for discrete frequency response. 

• Nyquist's stability criterion and gain and phase margins were developed for 
discrete systems. 

• The sensitivity function was shown to be useful to develop specifications on 
performance robustness as expressed in Eq. (7.34). 

• Stability robustness in terms of the overall transfer function, the complemen
tary sensitivity function, is expressed in Eq. (7.4 7). 

• Limitations on the frequency response of closed-loop discrete designs are 
made more severe by poles and zeros outside the unit circle as expressed by 
Eq. (7.50) and Eq. (7.51). 

• Lead and lag compensation can be used to improve the steady-state and 
transient response of discrete systems. 

• The direct design method of Ragazzini can be used to realize a closed-loop 
transfer function limited only by causality and stability constraints. 

7. 7 Problems 

7.1 Use the z = e
sT mapping function and prove that the curve of constant s in s is a 

logarithmic spiral in z. 

7.2 A servomechanism system is expected to have a rise-time of no more than 10 milliseconds 
and an overshoot of no more than 5%. 

(a) Plot in the s-plane the corresponding region of acceptable closed-loop pole 
locations. 

(b) What is the estimated Bode gain crossover frequency (rad/sec)? 

(c) What is the estimated phase margin in degrees? 

(d) What is the sample period, T, if the estimated phase shift due to the sample and 
hold is to be no more than 10° at the gain crossover? 

(e) What is the sample period T if there are to be 8 samples per rise time? 

7 .3 Root locus review. The following root loci illustrate important features of the root locus 
technique. All are capable of being sketched by hand, and it is recommended that they be 
done that way in order to develop skills in verifying a computer's output. Once sketched 
roughly by hand, it is useful to fill in the details with a computer. 

(a) The locus for 

l+K 
s+l 

=0 
s2 (s + P 1 ) 

is typical of the behavior near s O of a double integrator with lead compensation 
or a single integration with a lag network and one additional real pole. Sketch the 
locus versus K for values of p

1 
of 5, 9, and 20. Pay close attention to the real axis 

break-in and break-away points. 
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(b) The locus for 

1 + K------- 0 
s(s + l)((s + a)2 + 4) 

is a typical locus that includes complex poles and shows the value of departure 

angles. Plot the locus for a = 0, I, and 2. Be sure to note the departure angles from 
the complex poles in each case. 

(c) The locus for 

(s + 1)
2 

+ w2 

l+K 0=0 
s(s2 

+ 4) 

illustrates the use of complex zeros to compensate for the presence of complex 
poles due to structural flexibility. Be sure to estimate the angles of departure and 
arrival. Sketch the loci for cv O = 1 and w O = 3 . Which case is unconditionally 
stable (stable for all positive Kless than the design value)? 

(d) For 

s 
l+K-----=0 

(s - P 1 )(s - P2) 

show that the locus is a circle of radius ,JPJf;_ centered at the origin (location of 
the zero). Can this result be translated to the case of two poles and a zero on the 
negative real axis? 

7.4 The basic transfer function of a satellite attitude control is G(s) = 

(a) Design a continuous lead network compensation so as to give closed-loop poles 
corresponding to � = 0.5 and natural frequency w

11 
1.0. The ratio of pole to zero 

of the lead is to be no more than 10. 

i. Plot the step response of the design and note the rise time and the percent 
overshoot. 

ii. What is the system type and corresponding error constant? 

(b) Select a sampling period to give 10 samples in a rise time and compute the discrete 
equivalent to the lead using the Tustin bilinear transformation. Plot the step response 
of the discrete system and compare the rise time and overshoot to those of the 
continuous design. 

(c) Select a sampling period that will give 5 samples per rise time, compute the discrete 
equivalent using Tustin' s method, and compare rise time and overshoot of this 
design with the continuous case. 

7.5 Repeat the design for the satellite attitude control of Problem 4, including method of 
choosing sampling periods but using the matched pole-zero method to obtain the discrete 
compensations. 

7 .6 Repeat the design of the satellite attitude control of Problem 4 including method of choice 
of sampling period but using the triangle hold equivalent (noncausal first-order hold) to 
design the discrete compensations. 

co
nt

ro
len

gin
ee

rs
.ir



2 72 Chapter 7 Design Using Transform Techniques 

7.7 Repeat the design for the satellite attitude control of Problem 4 but augment the plant 
with a Pade approximation to the delay of T /2 which is to say, multiply the plant transfer 
function by 

1- g: 
P(s) = --

4-
1 + f 

before doing the continuous design. Once the design of the lead compensation is com
pleted, continue with the discrete equivalents as in Problem 4, including the method of 
choosing sampling periods. Use the matched pole-zero method to obtain the discrete 
compensations. Compare the design with the continuous case. 

7.8 Design a discrete compensation for the antenna control system as specified in Example 
7 .2 with a sample period of T = 0. l using a matched pole-zero equivalent for the discrete 
compensation. Plot the step response and compare rise time and overshoot with those of 
the continuous design. 

7.9 Design the antenna control system as specified in Example 7.2 with a sample period of 
T = 0.5 sec. 

(a) Use the zero-pole mapping equivalent emulation method. 
(b) Augment the plant model with an approximation of the sample-hold delay consisting 

of 
2/T 

P(s)=
s+2/T' 

then redesign D(s) and find the discrete equivalent with the matched pole-zero 
equivalent emulation method. Plot the step response and compare with the 
continuous design done on the unaugmented plant. 

(c) Compare the degradation of the equivalent damping ratios due to sampling for 
both design methods. 

7.10 For the satellite with transfer function 1 / s2 , design a lead compensation to give closed
loop poles with damping � = 0.5 and natural frequency cv

n 
= 1.0. The pole-to-zero ratio 

of the compensation should not be more than 10. Plot the step response of the closed 
loop and note the rise time and overshoot. 

(a) Let sampling period be Ts = 0.5 sec and compute the discrete model of the 
plant with a sample and zero-order hold. Using this model, design a discrete lead 
compensation with pole at z = -0.5 and a zero so as to give closed loop poles at 
the mapped place from the continuous poles, � = 0.5 and cvn = l .0. What is the 
ratio of cv)w11 for this problem? How many samples do you expect to find per rise 
time? Plot the step response and compare result with expectation. Compare the 
discrete design with the continuous design. 

(b) Repeat the discrete design with sampling period Ts = l .2 sec, plot the step 
response, and compare rise time and overshoot with the continuous case. 

7.11 Sketch the region in the z-plane of discrete pole locations corresponding to� :::: 0.5 and 

(a) w
n 

::: cvJ30. 

(b) (J)n :'.:: w)lO. 

(c) wn :::; cvs /5. 
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Figure 7.38 

A steel ball balanced by 
an electromagnet 

7.12 The plant transfer function 

1 
G(s)=----

(s + 0.l)(s + 3) 

7.7 Problems 273 

is to be controlled with a digital controller using a sample period of T = 0. l sec. 

(a) Design compensation using the z-plane root locus that will respond to a step with a 
rise time of :S: 1 sec and an overshoot :S: 5%. Plot the step response and verify that 
the response meets the specifications. 

(b) What is the system type and corresponding error constant? What can be done to 
reduce the steady-state error to a step input? 

(c) Design a discrete lag compensation that will cut the steady-state error in half. 
Plot the step response and compare the complete response to the transient and 
steady-state error specifications. 

7 .13 It is possible to suspend a steel ball bearing by means of an electromagnet whose current 
is controlled by the position of the mass [Woodson and Melcher ( 1968)]. A schematic of 
a possible setup is shown in Fig. 7.38. The equations of motion are 

m X= -mg+ f (X, I), 

where the force on the ball due to the electromagnet is given by f (X, I). It is found that 
the magnet force balances the gravity force when the magnet current is I

0 
and the ball at 

X
0

• If we write I= I
0 
+ i and X = X

0 
+ x and expandf about X = X

0 
and I= I

0
, and 

then neglect higher-order terms, we obtain a linear approximation 

mx = k
l
x + k

2
i. 

Values measured for a particular device in the Stanford Controls Laboratory are m = 0.02 
kg, k

1 
= 20 Nim, k

2 
= 0.4 NIA. 

(a) Compute the transfer function from i to x and draw the (continuous) root locus for 
proportional feedback i = -K x. 

(b) Let the sample period be T = 0.02 sec and compute the plant discrete transfer 
function when used with � sample and zero-order hold. 

(c) Design a digital control for the magnetic levitation to meet the specifications 
tr ::S: 0.1 sec, ts :S: 0.4 sec, and overshoot :S: 20%. 
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2 7 4 Chapter 7 Design Using Transform Techniques 

Figure 7.39 
An automotive 
cruise-control system 

(d) Plot a root locus of your design versus m and discuss the possibility of balancing 
balls of various masses. 

( e) Plot a step response of your design to an initial disturbance displacement on the ball 
and show both x and the control current i. If the sensor can measure x over a range 
of only±½ cm, and if the amplifier can provide a maximum current of IA, what is 
the maximum initial displacement, x (0) max that will keep the variables within these 
limits, using m = 0.02 kg? 

7.14 A discrete transfer function for approximate derivative control is 

z -1 
D(z) = K

p
TD �' 

where the pole at z = 0 adds some destabilizing phase lag. It therefore seems that it 
would be advantageous to remove it and to use derivative control of the form 

D( ) = K T 
(z - l )  

z 
p D T 

Can this be done? Support your answer with the difference equation that would be 
required and discuss the requirements to implement it. 

7.15 For the automotive cruise-control system shown in Fig. 7.39, the sample period is T = 

0.5 sec. 

(a) Design a PD controller to achieve a tr of 5 sec with no overshoot. 

(b) Determine the speed error on a 3% grade (i.e., Gr= 3 in Fig. 7.39). 

(c) Design a PID controller to meet the same specifications as in part (a) and that has 
zero steady-state error on constant grades. What is the velocity constant of your 
design? 

7.16 For the disk drive read/write head assembly described in Fig. 7.40, you are to design 
a compensation that will result in a closed-loop settling time ts = 20 msec and with 
overshoot to a step input M

P 
::: 20%. 

(a) Assume no sampling and us� a continuous compensation. Plot the step response 
and verify that your design meets the specifications. 

(b) Assume a sampling period T = I msec and use matched pole-zero emulation. If 
you wish, you can include a Pade approximation to the delay and do a redesign 
of the continuous compensation before computing the discrete equivalent. Plot the 
step response and compare it with the continuous design's response. 

T 

Throttle 

10 
�+ 10 

Fuel 

Sensor 

Grade, G, Vehicle 
dynamics 

0.2 
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Figure 7.40 

A disk drive read/write 
head assembly 

Figure 7.41 

A tethered satellite 
system 

7.7 Problems 275 

Electronic Head 
lag dynamics 

1 1 y 

s + 1000 � 

Sensor 

T 

(c) Do a z-plane design for the same specifications and plot its step response. Compare 
these three designs with respect to meeting the transient performance. 

7.17 The tethered satellite system shown in Fig. 7.41 has a moveable tether attachment point 
so that torques can be produced for attitude control. The block diagram of the system is 
shown in Fig. 7.42. Note that the integrator in the actuator block indicates that a constant
voltage command to the servomotor will produce a constant velocity of the attachment 
point. 

(a) Is it possible to stabilize this system with 0 feedback to a PID controller? Support 
your answer with a root locus argument. 

(b) Suppose it is possble to measure 8, and 0 as well as 0. Select the variable(s) on 
which you would like to place a sensor(s) to augment the 0 feedback. 

(c) Design compensation for the system using the sensor(s) that you selected in part 
(b) so that it has a 2-sec rise time and equivalent closed loop damping of� 0.5. 

Spacecraft 
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2 7 6 Chapter 7 Design Using Transform Techniques 

figure 7.42 
Block diagram for the 
tethered satellite system D(z) 

Servo To 
Ve 0 

ZOH 

' Sensor(s) �---
0 = displacement of tether attachment point 

T
0 

= tether tension 

M = moment on satellite 
6 = satellite attitude 

M 0 

? 

figure 7 .43 stick 
An excavator with an 
automatic control system 

7.18 The excavator shown in Fig. 7.43 has a sensor measuring the angle of the stick as part of 
a control system to control automatically the motion ofthe bucket through the earth. The 
sensed stick angle is to be used to determine the control signal to the hydraulic actuator 
moving the stick. The schematic diagram for this control system is shown in Fig 7 .44, 
where G(s) is the system transfer function given by 

G(s) = 
1000 

. 
s(s + 10)(s2 

+ 1.2s + 144) 
The compensation is implemented in a control computer sampling at fs = 50 Hz and is 
of the form D(z) = K(l + K1 (1 - z- 1

) + K2(1 - 2z-1 
+ z-2

)). The oscillatory roots 
in G(s) arise from the compressibility of the hydraulic fluid (with some entrained air) 
and is often referred to as the oil-mass resonance. 
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Figure 7.44 
Schematic diagram for 
the control system of the 
excavator 

-
e,_��I 

T = 0.02 sec 

(a) Show that the steady-state error, E (= 0r - 0), is 
1.44 

E(oo) = 

K
' 

when 0r is a unit ramp. 

7. 7 Problems 277 

(b) Determine the highest K possible (i.e., at the stability boundary) for proportional 
control (K

1 
= K2 

= 0). 
(c) Determine the highest K possible (i.e., at the stability boundary) for PD (K

2 
= 0) 

control. 
(d) Determine the highest K possible (i.e., at the stability boundary) for PD plus 

acceleration (K2 
=I 0) control.7 

7.19 For the excavator described in Problem 7.18 with transfer function 

G�) = 
1000 

' s(s + 10)(s2 
+ 1.2s + 144) 

plot the Bode plot and measure the gain and phase margins with just unity feedback. 
(a) Design a compensation that will give a phase margin of 50° , a gain margin as 

measured at the resonance peak of at least 2 and a crossover of at least wcg :::: 1.0. 
Plot the step response of the resulting design and note the rise time and the 
overshoot. 

(b) With sample frequency fs = 50Hz, design a discrete controller to meet the same 
specifications given for t)le continuous case. Plot the Bode plot of the design and 
verify that the specifications are met. 

7 .20 A simple model of a satellite attitude control has the transfer function 1 / s2
. 

(a) Plot the Bode plot for this system and design a lead compensation to have a phase 
margin of 50° and a crossover wc of 1.0 rad/sec. Plot the step response and note 
the rise time and overshoot. 

g 

(b) With sample period of T = 0.2 sec, design a discrete compensation to give 50° 

phase margin and crossover wc = 1.0. Plot the step response and compare rise 
time and overshoot with the coJtinuous design. 

(c) With sample period T = 0.5 sec, design a discrete compensation to give 50° phase 
margin and crossover wc = 1.0. Plot the step response and compare rise time and 
overshoot with the conti�uous design. 

7.21 For a system given by 

G(s) 

7 For further reading on damping the oil-mass resonance of hydraulic systems, see Viersma (1980). 
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2 78 Chapter 7 Design Using Transform Techniques 

determine the conditions under which the Kv of the continuous system is approximately 
equal to the Kv of the system preceded by a ZOH and represented by its discrete transfer 
function. 

7 .22 Design a digital controller for 

1 
G(s)=---

s(s + 0.4) 

preceded by a ZOH so that the response has a rise time of approximately 0.5 sec, overshoot 
< 25%, and zero steady-state error to a step command. [Hint: Cancel the plant pole at 
s = 0.4 with a compensator zero; a second-order closed-loop system will result, making 
the transient response comparison between experiment and theory much easier.] 

(a) Determine a D(z) using emulation with the matched pole-zero mapping technique. 
Do two designs, one for T = l 00 msec and one for T = 250 msec. 

(b) Repeat part (a) using the z-plane root locus method for the two sample periods. 

(c) Simulate the closed-loop system response to a unit step with the D(z)'s obtained 
in parts (a) and (b). Use the discrete equivalent of the plant in your calculations. 
Compare the four digitally controlled responses with the original specifications. 
Explain any differences that you find. 

7 .23 A generic mechanical control problem is that of two masses coupled by a lightly damped 
flexible structure. With amplitude and time scaling, the model can be reduced to 

G(s) = K 
Bs + l 

s2 (s2 
+ Bs + 1) 

For the parameters K = 0.05 and B = 0. l, plot the Bode plot and indicate the gain 

and phase margins. For performance tracking, the open loop gain for frequencies below 
w = 0.005 must be above 50 and the gain for frequencies above w = l must be below 
0.5. The phase margin must be at least 35°. 

(a) Design a continuous compensation to meet the specifications. If possible, keep the 
phase above -180° so the system will not be conditionally stable. 

(b) Design a discrete compensation for the system with the lowest sampling frequency 
possible. A prize will be given to the student who obtains the lowest sampling 
frequency with a design that meets the specifications. 

(c) Plot the sensitivity of the digital design and compute the vector gain margin. 
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es1 

♦ ♦ 

A Perspective on State-Space Design Methods 

In Chapter 7, we discussed how to design digital controllers using transform 
techniques, methods now commonly designated as "classical design." The goal 
of this chapter is to solve the identical problem using the state-space formulation. 
The difference in the two approaches is entirely in the design method; the end 
result, a set of difference equations providing control, is identical. 

Advantages of the state-space formulation are especially apparent when de
signing controllers for multi-input, multi-output (MIMO) systems, that is, those 
with more than one control input and/or sensed output. However, state-space 
methods are also an aid in the design of controllers for single-input, single-output 
(SISO) systems because of the widespread use of computer-aided control system 
design (CACSD) tools, which often rely heavily on this system representation. 
Chapters 4 and 5 have already demonstrated the advantages of the state-space for
mulation in using CACSD packages for the computation of discrete equivalents. 
State-space methods also offer advantages in the structure for command inputs 
and disturbance estimation. In this chapter, we will limit our state-space design 
efforts to SISO controllers, similar to those found in Chapter 7 with classical 
methods. Techniques for MIMO design are discussed in Chapter 9. 

In Chapter 7, two basic methods were described: emulation and direct digital 

design. The same two methods apply to the state-space formulation as well. Using 
emulation, one would design a continuous controller using state-space methods, 
then transform the controller to a discrete form by using one of the discrete 
equivalents from Chapter 6. The discussion of the method and its accuracy in 
Chapter 7 applies equally well here. Furthermore, the development in Chapter 6 
used both classical and state-space system descriptions in the computation of the 
equivalents. Therefore, no further discussion of emulation is required, and we 
will concentrate solely on the direct digital design method. 

279 

co
nt

ro
len

gin
ee

rs
.ir



280 Chapter 8 Design Using State-Space Methods 

Chapter Overview 

As for the continuous case reviewed in Section 2.6, design using state-space 
involves separate design of the control assuming all state elements are available, 
then design of an estimator to reconstruct the state given a partial measurement 
of it. Section 8.1 covers the discrete control design while Section 8.2 covers 
the discrete estimator design. Section 8.3 puts it together into what is called the 
regulator and Section 8.4 discusses the relative merits of the various ways of 
introducing the reference input command. Section 8.5 presents how a designer 
builds an integral control feature or disturbance estimation, and how they accom
plish similar goals. Section 8.6 discusses the limitations imposed by delays in the 
system and how to minimize their effect. The chapter concludes in Section 8.7 
with a discussion of observability and controllability, the required conditions for 
the design to be possible. 

8.1 Control Law Design 

In Chapter 2, we saw that the state-space description of a continuous system is 
given by Eq. (2.1) 

x=Fx+Gu, (8.1) 

and Eq. (2.2) 

y=Hx+Ju. (8.2) 

We assume the control is applied from the computer through a ZOH as shown in 
Fig. 1.1. Therefore, Eqs. (8.1, and �8.2) have an exact discrete representation as 
given by Eq. (4.59) 

(8.3) x(k + 1) = <l>x(k) + ru(k), 
y(k) Hx(k) + Ju(k), 

where 

<I> = eFT 1 

r = foT eFrJdrJG. 
(8.4) 

We can easily transform between the classical transfer function of a continuous 
system, G(s) (represented by sysTF in MATLAB), to the state-space continuous 
description by the MATLAB script 1 

sysC = ss(sys TF) 

1 In MATLAB 4, G(s) would be represented by [num,den] and the tf2ss function would be invoked. See 
Appendix F. 
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estimator 

8.1 Control Law Design 281 

where sysC contains F, G, H, J. Provided the continuous system is preceded by 
a ZOH, we can transform to the discrete model, <I>, r, H, J, (or sysD) with a 
sample period T, using the MATLAB script 

sysD = c2d(sysC,T). 

One of the attractive features of state-space design methods is that the pro
cedure consists of two independent steps. The first step assumes that we have all 
the state elements at our disposal for feedback purposes. In general, of course, 
this would not be a good assumption; a practical engineer would not, as a rule, 
find it necessary to purchase such a large number of sensors, especially because 
he or she knows that they would not be needed using classical design methods. 
The assumption that all states are available merely allows us to proceed with 
the first design step, namely, the control law. The remaining step is to design 
an "estimator" (or "observer"2), which estimates the entire state vector, given 
measurements of the portion of the state provided by Eq. (8.2). The final control 
algorithm will consist of a combination of the control law and the estimator with 
the control-law calculations based on the estimated states rather than on the actual 
states. In Section 8.3 we show that this substitution is reasonable and that the 
combined control law and estimator can give closed-loop dynamic characteristics 
that are unchanged from those assumed in designing the control law and estimator 
separately. The dynamic system we obtain from the combined control law and 
estimator is the same that has been previously referred to as compensation. 

As for the continuous case, the control law is simply the feedback of a linear 
combination of all the state elements, that is 

(8.5) 

Note that this structure does not allow for a reference input to the system. The 
topology that we used all through Chapter 7 (Fig. 7 .5) always included a reference 
input, r. The control law, Eq. (8.5), assumes that r = 0 and is, therefore, usually 
referred to as a regulator. Section 8.4 will discuss how one introduces reference 
inputs. 

Substituting Eq. (8.5) in Eq. (8.3), we have 

x(k + 1) = <l>x(k) - rKx(k). (8.6) 

Therefore the z-transform of Eq. (8.6) is 

(z I - <I>+ rK)X(z) = o, 

2 The literature [Luenberger (1960)] commonly refers to these devices as "observers"; however, we 

feel that the term "estimator" is much more descriptive of their function because "observe" implies 

a direct measurement. In this book the term "estimator" is used but the reader can think of the terms 

interchangeably. 

co
nt

ro
len

gin
ee

rs
.ir



282 Chapter 8 Design Using State-Space Methods 

and the characteristic equation of the system with the hypothetical control law is 

lzl - ¢ + r Kl = 0. (8.7) 

8.1.1 Pole Placement 

The approach we wish to take at this point is pole placement; that is, having picked 
a control law with enough parameters to influence all the closed-loop poles, we 
will arbitrarily select the desired pole locations of the closed-loop system and see 
if the approach will work. Although this approach can often lead to trouble in the 
design of complex systems (see the discussion in Sections 2.6 and 8.3), we use it 
here to illustrate the power of full state feedback. In Chapter 9, we will build on 
this idea to arrive at a more practical design methodology. 

The control-law design, then, consists of finding the elements of K so that 
the roots of Eq. (8.7), that is, the poles of the closed-loop system, are in the 
desired locations. Unlike classical design, where we iterated on parameters in 
the compensator (hoping) to find acceptable closed-loop root locations, the full 
state feedback, pole-placement approach guarantees success and allows us to 
arbitrarily pick any pole location, providing that n poles are specified for an 
nth-order system. 

Given desired pole locations,3 say 

the desired control-characteristic equation is 

(8.8) 

Equations (8.7) and (8.8) t:1.re both the characteristic equation of the controlled 
system; therefore, they ry{ust be identical, term by term. Thus we see that the 
required elements of K ,are obtained by matching the coefficients of each power 
of z in Eq. (8.7) and Eq. (8.8), and there will be n equations for an nth-order 
system. 

Example 8.1 Pole Placement for Satellite Attitude Control 

Design a control law for the satellite attitude-control system described by Eq. (4.47). Pick the 
z-plane roots of the closed-loop characteristic equation so that the equivalent s-plane roots 

have a damping ratio oft= 0.5 and real part of s = -1.8 rad/sec (i.e., s -1.8 ± j3.12 

rad/sec). Use a sample period of T = O.l sec. 

3 Discussion of how one selects pole locations was reviewed in Section 2.6 for the continuous case and 

will occur through the following examples and in Section 8.3 for the discrete case. The results of the 

specification discussion in Chapter 7 can also be used to specify poles. 
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Figure 8.1 

8.1 Control Law Design 283 

Solution. Example 4.11 showed that the discrete model for this system is 

and 

Using z = esT with a sample period of T = 0.1 sec, we find thats -1.8 ± j3.12 rad/sec 

translates to z = 0.8 ± j0.25, as shown in Fig. 8.1. The desired characteristic equation is then 

z
2 l.6z + 0.70 = 0, 

and the evaluation of Eq. (8.7) for any control law K leads to 

(8.9) 

or 

z2 
+ (T K

2 
+ (T 

2 /2)K
1 

- 2)z + (T 
2 /2)K

1 
T K

2 
+ 1 0. (8.10) 

Desired root locations for satellite attitude-control system of Examples 8.1 and 8.4 

-1.0 

1T 
w,, =r 

-0.8 -0.6 -0.4 

z = plane loci of roots of constant t and w11 

s = -twn ± iw11.JI -t2 

z = eTs 

T = sampling period 

-0.2 

Im axis 

0.0 0.2 

72
0 

0.4 0.6 

A control roots 
t::., estimator roots 

1.0 
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284 Chapter 8 Design Using State-Space Methods 

control canonical form 

Equating coefficients in Eqs. (8.9) and (8.10) with like powers of z, we obtain two simultaneous 
equations in the two unknown elements of K 

T K
2 
+ (T 2 /2)K

1 
- 2 = -1.6, 

(T 2/2)K
1 

- TK
2 
+ 1 = 0.70, 

which are easily solved for the coefficients and evaluated for T = 0.1 sec 

0.10 
K =-=10 

1 T 2 , 

0.35 K
2 
= T =3.5. 

The calculation of the gains using the method illustrated in the previous 
example becomes rather tedious when the order of the system ( and therefore 
the order of the determinant to be evaluated) is greater than 2. A computer does 
not solve the tedium unless it is used to perform the algebraic manipulations 
necessary in expanding the determinant in Eq. (8.7) to obtain the characteristic 
equation. Therefore, other approaches have been developed to provide convenient 
computer-based solutions to this problem. 

The algebra for finding the specific value of K is especially simple if the 
system matrices happen to be in the form associated with the block diagram of 
Fig. 4.8(c). This structure is called "control canonical form" because it is so 
useful in control law design. Referring to that figure and taking the state elements 
as the outputs of the delays (z- 1 blocks), numbered from the left, we get (assuming 
b

0 
= 0 for this case) 

1 2 3 
<l>

c 
= 1 0 0 , 

0 1 0 

[-a -a -a ] 
(8.11) 

Note that from Eq. (4.15), the characteristic polynomial of this system is a(z) = 

z
3 
+ a1 z

2 
+ a

2
z + a

3
. The key idea here is that the elements of the first row of 

<I> c are exactly the coefficients of the characteristic polynomial of the system. If 
we now form the closed-loop system matrix <I>c -rcK, we find 

1 1 2 2 3 3 
<I>-rK= 1 0 0 . 

[ -a - K -a - K -a - K ] 
C C 

0 1 0 

By inspection, we find that the characteristic equation of Eq. (8.12) is 

z
3 
+ (a1 + K1 )z2 

+ (a
2 
+ K

2
)z + (a

3 
+ K3) = 0. 

Thus, if the desired pole locations result in the characteristic equation 

z3 
+ a 1z

2 
+ a

2
z + a

3 
= 0, 

(8.12) co
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8.1 Control Law Design 285 

then the necessary values for control gains are 

(8.13) 

Conceptually, then, we have the canonical-form design method: Given an ar
bitrary (<I>, r) and a desired characteristic equation a(z) = 0, we convert (by 
redefinition of the state) (<I>, r) to control form (<I> , r ) and solve for the gain 

C C 

by Eq. (8.13). Because this gain is for the state in the control form, we must, 
finally, express the result back in terms of the original state elements. This method 
is sometimes used by CACSD packages because of the numerical advantages; 
however, the transformation is transparent to the designer, who generally prefers 
to use a state definition that is related to the physical system's characteristics. 

8.1.2 Controllability 

The first question this process raises is existence: Is it always possible to find an 
equivalent (<l>c, rJ for arbitrary (<I>, r)? The answer is almost always "yes." The 
exception occurs in certain pathological systems, dubbed "uncontrollable," for 
which no control will give arbitrary pole locations. These systems have certain 
modes or subsystems that are unaffected by the control. Uncontrollability is 
best exhibited by a realization (selection of state elements) where each state 
element represents a natural mode of the system. If all the roots of the open-loop 
characteristic equation 

I zI - <I> I= o 

are distinct, then Eq. (8.3) written in this way (normal mode or "Jordan canonical 
form") becomes 

[ 

A 1 o • • • o l [ r 1 l 
0 A • • • 0 r 

x(k + 1) = 
2 

. x(k) + .
2 

u(k), 
0 0 •. 0 
0 0 • • • A r 

n n 

(8.14) 

and explicitly exhibits the criterion for controllability: No element in r can be 
zero. If any r element was zero, the control would not influence that normal 
mode, and the associated state would remain uncontrolled. A good physical 
understanding of the system being controlled usually prevents any attempt to 
design a controller for an uncontrollable system; however, there is a mathematical 
test for controllability applicable to any system description, which may be an 
additional aid in discovering this condition; a discussion of this test is contained 
in Section 8.7. 
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286 Chapter 8 Design Using State-Space Methods 

8.1.3 Pole Placement Using CACSD 

MATLAB has two functions that perform the calculation of K: place.m and 
Ackermann's formula acker.m. Acker is based on Ackermann's formula [Ackermann (1972 )] and is 

satisfactory for SISO systems of order less than 10 and can handle systems with 
repeated roots. The relation is 

controllability matrix 

(8.15) 

where C = [f <l>f ... ] is called the controllability matrix, n is the order of the 
system or number of state elements, and we substitute <I> for z in ac (z) to form 

(8.16) 

where the ai 's are the coefficients of the desired characteristic equation, that is, 

Cl, (z) = I zl - <J> + fK I = Zn + a
l
z

n

-
l + · · · + Cl, 

C n 
(8.17) 

The controllability matrix, C, must be full rank for the matrix to be invertible and 
for the system to be controllable. 

place [Kautsky, Nichols, and Van Dooren (198 5)] is best for higher order 
systems and can handle MIMO systems, but will not handle systems where the 
desired roots are repeated. 

Note that these functions are used for both the continuous and discrete cases 
because they solve the same mathematical problems given by Eqs. (2.37) and 
(8.7). The only difference is that the desired root locations are in substantially 
different locations for the s-plane and z-plane and that F, G have been replaced 
by <I> and f. 

Example 8.2 Control Law Pole Placement with MATLAB 

Design a control law for the satellite attitude-control system as in Example 8.1. Place the 
z-plane closed-loop poles at z = 0.8 ± j0.25. 

Solution. The MATLAB statements 

T = .1 

Phi= [1 T;O 1] 

Garn= [T2/2;T] 

p = [.8+i* .25;.8-i* .25] 

K = acker(Phi,Gam,p) 

co
nt

ro
len

gin
ee

rs
.ir



8.1 Control Law Design 287 

result in K = [10.25 3.4875]. The difference between these values and those shown in 
Example 8.1 are due to round-off error in the hand calculation. place would have given the 
same answer. 

A more complex system demonstrates the kind of difficulty you might en
counter in using the pole placement approach. The specific difficulty is brought 
about by the necessity to pick n desired pole locations. Where should the higher 
frequency poles be picked? The system specifications typically help the designer 
pick only two of the desired poles. As discussed in Section 2.6, it is helpful 
to move poles as little as possible in order to minimize the required amount of 
control effort and to avoid exciting the system any more than necessary. The 
following example specifically illustrates how a poor choice of desired poles 
can cause an undesirable response, and how a wise choice of desired poles can 
drastically improve the situation. 

Example 8.3 Pole Placement for a 4th-Order System with MATLAB 

Design a control law for the double mass-spring system in Appendix A.4 using d as the 
measurement. This system is representative of many systems where there is some flexibility 
between the measured output and control input. Assume the resonant mode has a frequency 
cvn = l rad/sec and damping s = 0.02 and select a 10: 1 ratio of the two masses. The parameters 
that provide these characteristics are: M = l kg, m = 0.l kg, b 0.0036 N-sec/m, and k = 

0.091 Nim. Pick the sample rate to be 15 times faster than the resonance and show the free 
response to an initial condition of d 1 m for two cases: 

(a) Pick all the poles at z 0.9. ' 
(b) Pick the poles at z 0.9 ± j0.05, 0.8 ± j0.4. 

Discuss why the response is better for case (b). 

Solution. From Eq. (A.17) we can write the state-space description as 

X [ d J y yf H [ 1 0 0 0 ] 

[ 

0 1 0 0 

l [H F 
-0.91 -0.036 0.91 0.036 

G J 0. = 

o.g91 
0 0 

-0.�036 0.0036 -0.091 

The sample rate should be 15 rad/sec which translates to approximately T = 0.4 secs. 

(a) All poles at z = 0.9, the MATLAB script 

sysC = ss(F,G,H,J) 
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288 Chapter 8 Design Using State-Space Methods 

Figure 8.2 
Initial condition response 
for Example 8.3; 
(a) desired poles all at 
z = 0.9, and (b) desired 
poles at z = 

0.9 ±j0.05, 0.8 ±j0.4 

sysD = c2d(sysC,T, 'zoh') 

p = [.9;.9;.9;.9] 

[phi,gam,H,J] = ssdata(sysD) 

K=acker(phi,gam,p) 

results in the feedback gain 

K = [0.650 0.651 0.645 0.718]. (8.18) 

place cannot be used for case (a) because of the repeated roots. For the response to an 
initial condition, the script 

sysCL = feedback(K*sysD, 1) 

Xo = [1 ;0;0;0] 

d = initial(sysCL,Xo) 

produces the closed-loop response for d(O) = 1 m, shown in Fig. 8.2(a). It exhibits a 
response that is much larger than that of the initial condition, but the time characteristics 
are consistent with the selected poles. 

(b) For the desired poles at z = 0.9 ± j0.05, 0.8 ± j0.4, we modify the script above with 

p = [.9+i* .05;.9-i* .05;.8+i* .4;.8-i* .4] 
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and this results in the feedback gain 

K = [-0.458 - 0.249 0.568 0.968], (8.19) 

which produces the response to an initial condition, d = l m, shown in Fig. 8.2(b ). It 
exhibits much less response of d with no increase in control effort, although the resonant 
mode oscillations did influence the response with damping consistent with the poles 
selected. The primary reason for the superior response is that the oscillatory mode was 
not changed substantially by the control. Two of the selected poles (z = 0.8 ± j0.4) have 
a natural frequency wn = l rad/sec with a damping s � 0.2. Therefore, the control is not 
attempting to change the natural frequency of the resonant mode at all; rather, the only 
task for the control in modifying this pole is to increase its damping from s = 0.02 to 
s � 0.2. Since the mode remains lightly damped, its oscillations are still visible on the 
output. The selected poles at z = 0.9 ± j0.05 affect the overall motion of the system and 
their placement is less critical. Generally, pole selections with a damping s � 0.7 give a 
better balance between system response and control usage. The control is clearly much 
more effective with these desired pole locations. 

So we see that the mechanics of computing the control law are easy, once 
the desired pole locations are known. The trick is to pick a good set of poles! The 
designer should iterate between pole selections and some other system evaluation 
to determine when the design is complete. System evaluation might consist of an 
initial-condition time response as shown in the example, a step response, steady
state errors, gain and phase margins, or the entire frequency-response shape. Pole 
placement by itself leaves something to be desired. But it is useful as a design tool 
to be used in conjunction with the other design methods discussed in Chapter 7 
or as a part of an optimal design process that will be discussed in Chapter 9. 

Estimator Design 

The control law designed in the last section assumed that all state elements were 
available for feedback. Typically, not all elements are measured; therefore, the 
missing portion of the state needs to be reconstructed for use in the control law. 
We will first discuss methods to obtain an estimate of the entire state given a 
measurement of one of the state elements. This will provide the missing elements 
as well as provide a smoothed value of the measurement, which is often contam
inated with random errors or "noise." There are two basic kinds of estimates of 
the state, x(k): We call it the current estimate, x(k), if based on measurements 
y (k) up to and including the kth instant; and we call it the predictor estimate, 
x(k), if based on measurements up to y(k - 1). The idea eventually will be to let 
u = -Ki or u = -Ki, replacing the true state used in Eq. (8.5) by its estimate. 
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8.2.l Prediction Estimators 

Figure 8.3 
Open-loop estimator 

One method of estimating the state vector which might come to mind is to 
construct a model of the plant dynamics, 

x(k + 1) = <l>x(k) + ru(k). (8.20) 

We know <I>, r, and u(k), and hence this estimator should work if we can obtain 
the correct x(0) and set x(0) equal to it. Figure 8.3 depicts this "open-loop" 
estimator. ff we define the error in the estimate as 

~ -

X = X-X, (8.21) 

and substitute Eqs. (8.3) and (8.20) into Eq. (8.21), we find that the dynamics of 
the resulting system are described by the estimator-error equation 

x(k + 1) = <I>x(k). (8.22) 

Thus, if the initial value of x is off, the dynamics of the estimate error are those 
of the uncompensated plant, <I>. For a marginally stable or unstable plant, the 
error will never decrease from the initial value. For an asymptotically stable 
plant, an initial error will decrease only because the plant and estimate will both 
approach zero. Basically, the estimator is running open loop and not utilizing 
any continuing measurements of the system's behavior, and we would expect 
that it would diverge from the truth. However, if we feed back the difference 
between the measured output and the estimated output and constantly correct the 
model with this error signal, the divergence should be minimized. The idea is to 
construct a feedback system around the open-loop estimator with the estimated 
output error as the feedback. This scheme is shown in Fig. 8.4; the equation for 
it is 

x(k + 1) = <l>x(k)
° 

+ ru(k) + L [y(k) - Hx(k)], 
p 

(8.23) 

x(O) 

Plant 
x(k) y(k) u(k) 

•. r 

Model 
x(k) ji(k) 

•. r 

i 
x(O) 
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Closed-loop estimator 

estimator error equation 
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where LP is the feedback gain matrix. We call this a prediction estimator because 
a measurement at time k results in an estimate of the state vector that is valid at 
time k + l; that is, the estimate has been predicted one cycle in the future. 

A difference equation describing the behavior of the estimation errors is 
obtained by subtracting Eq. (8.23) from Eq. (8.3). The result is 

x(k + 1) = [<I> L H]x(k). 
p 

(8.24) 

This is a homogeneous equation, but the dynamics are given by [<I> LPH]; and 
if this system matrix represents an asymptotically stable system, x will converge 
to zero for any value of x(O). In other words, x(k) will converge toward x(k) 
regardless of the value of x(O) and could do so faster than the normal (open-loop) 
motion of x(k) if the estimator gain, L , were large enough so that the roots of 

p 

<I> L H are sufficiently fast. In an actual implementation, x(k) will not equal 
x(k) b6cause the model is not perfect, there are unmodelled disturbances, and the 
sensor has some errors and added noise. However, typically the sensed quantity 
and L can be chosen so that the system is stable and the error is acceptably small. 

T6 find the value of L , we take the same approach that we did when designing 
p 

the control law. First, specify the desired estimator pole locations in the z-plane 
to obtain the desired estimator characteristic equation, 

(8.25) 

where the {J's are the desired estimator pole locations4 and represent how fast 
the estimator state vector converges toward the plant state vector. Then form the 
characteristic equation from the estimator-error equation (8.24), 

(8.26) 

4 The following sections discuss how one should select these poles in relation to the control poles and 

how both sets of poles appear in the combined system. The issue was also discussed for the continuous 
case in Section 2.6.2. 
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Equations (8.25) and (8.26) must be identical. Therefore, the coefficient of each 
power of z must be the same, and, just as in the control case, we obtain n equations 
inn unknown elements of LP for an nth-order system. 

Example 8.4 Estimator Design for Satellite Attitude 

Construct an estimator for the same case as in Example 8.1, where the measurement is the 
position state element, x

1
, so that H = [1 O] as given by Eq. ( 4.47). Pick the desired poles of 

the estimator to be at z = 0.4 ± j0.4 so that the s-plane poles haves � 0.6 and wn is about 
three times faster than the selected control poles (see Fig. 8.1). 

Solution. The desired characteristic equation is then (approximately) 

z2 - 0.8z + 0.32 = 0, 

and the evaluation of Eq. (8.26) for any estimator gain LP leads to 

or 

(8.27) 

(8.28) 

Equating coefficients in Eqs. (8.27) and (8.28) with like powers of z, we obtain two simulta
neous equations in the two unknown elements of LP 

L
pl 

2 -0.8 

T L
p2 

+ 1 L
pl 

= 0.32, 

which are easily solved for the coefficients and evaluated for T = 0.1 sec 

0.52 
L

p
l = 1.2, L

p2 
= 

T 
= 5.2. (8.29) 

Thus the estimator algorithm would be Eq. (8.23) with LP given by Eq. (8.29), and the 
equations to be coded in the computer are 

i\ (k + 1) = i
1 
(k) + 0.li

2
(k) + 0.005u(k) + l.2[y(k) .i\ (k)] 

i/k + 1) = i/k) + O.lu(k) + 5.2[y(k) - i
1 
(k)]. 

Figure 8.5 shows the time history of the estimator error from Eq. (8.24) for the gains in 
Eq. (8.29) and with an initial error of O for the position estimate and 1 rad/sec for the velocity 
estimate. 

The transient settling in .x
2 

could be hastened by higher values of the gains, LP, that would 
result by selecting faster estimator poles, but this would occur at the expense of more response 
of both i I and .x

2 
to measurement noise. 
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It is important to note that an initial estimator transient or, equivalently, the 
occurrence of an unmodelled input to the plant, can be a rare event. If the problem 
is one of regulation, the initial transient might be unimportant compared to the 
long-term performance of the estimator in the presence of noisy measurements. 
In the regulator case with very small plant disturbances, very slow poles (maybe 
even slower than the control poles) and their associated low estimator gains would 
give smaller estimate errors. Optimal selection of estimator gains based on the 
system's noise characteristics will be discussed in Chapter 9. 

8.2.2 Observability 

Given a desired set of estimator poles, is L uniquely determined? It is, provided 
p 

y is a scalar and the system is "observable." We might have an unobservable 
system if some of its modes do not appear at the given measurement. For example, 
if only derivatives of certain states are measured and these states do not affect 

the dynamics, a constant of integration is obscured. This situation occurs with 
a 1 / s2 plant if only velocity is measured, for then it is impossible to deduce 
the initial condition of the position. For an oscillator, a velocity measurement 
is sufficient to estimate position because the acceleration, and consequently the 
velocity, observed are affected by position. A system with cycle delays can 
also be unobservable because the state elements representing the delays have 
no influence on the measurement and can therefore not be reconstructed by the 
measurements. A mathematical test for observability is stated in the next section 
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294 Chapter 8 Design Using State-Space Methods 

as a necessary condition for the solution of Ackermann's formula; its proof is 
given in Section 8.7. 

8.2.3 Pole Placement Using CACSD 

observability matrix 

If we take the transpose of the error-equation system matrix from Eq. (8.24) 

[<I> - L H]T 
= <l>T - HTLT 

p P' 

we see that the result is the same form as the system matrix <I> - fK of the 
control problem from Eq. (8.6), and the mathematics of the solution is the same. 
Therefore, to solve the problem, we substitute <l>r for <I>, Hr for rand L� for K, 
and use the control-design results. Making the substitutions in Eq. (8.15) results 
in Ackermann's estimator formula 

H -1 
0 

H<P 0 

L
P

= a/<I>) H<P2 

(8.30) 
0 

H<Pn-1 1 

where 

(8.31) 

and the ai 's are the coefficients of the desired characteristic equation, that is 

a/z) = (z - /31 )(z - /32) • • • (z - /3n
) =Zn + a

1 z
n-l +···+a

n
. (8.32) 

The coefficient matrix with rows H <l>j is called the observability matrix and 
must be full rank for the matrix to be invertible and for the system to be observable. 

For calculation of L
P 

with MATLAB, either acker or place can be used by 
invoking the substitutions above. The same restrictions apply that existed for the 
control problem. 

Example 8.5 Predictor Estimator Pole Placement with MATLAB 

Design an estimator for the satellite attitude-control system as in Example 8.4. Place the z-plane 
poles at z = 0.4 ± j0.4. 

Solution. The MATLAB statements 

T = .1 

Phi= [1 T;O 1] 

Garn= [T 2/2;T] 

p = [.4+i*.4;.4-i*.4] 
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Lp = acker(Phi',H',p)' 

result in 

L = [ 1.2 ] 
P 5.2 • 

place would have given the same answer. 

8.2.4 Current Estimators 

As was already noted, the previous form of the estimator equation (8.23) arrives 
at the state vector estimate i after receiving measurements up through y (k - 1). 
This means that the current value of control5 does not depend on the most current 
value of the observation and thus might not be as accurate as it could be. For high
order systems controlled with a slow computer or any time the sample periods are 
comparable to the computation time, this delay between the observation instant 
and the validity time of the control output can be a blessing because it allows 
time for the computer to complete the calculations. In many systems, however, the 
computation time required to evaluate Eq. (8.23) is quite short compared to the 
sample period, and the delay of almost a cycle between the measurement and the 
proper time to apply the resulting control calculation represents an unnecessary 
waste. Therefore, it is useful to construct an alternative estimator formulation that 
provides a current estimate x based on the current measurement y (k). 

6 Modifying 
Eq. (8.23) to yield this feature, we obtain 

x(k) = x(k) + LJy(k) - Hx(k)], (8.33) 

where .x (k) is the predicted estimate based on a model prediction from the 
previous time estimate, that is 

x(k) = <l>x(k - 1) + ru(k - 1). (8.34) 

Control from this estimator cannot be implemented exactly because it is impossi
ble to sample, perform calculations, and output with absolutely no time elapsed. 
However, the calculation of u(k) based on Eq. (8.33) can be arranged to minimize 
computational delays by performing all calculations before the sample instant that 
do not directly depend on the y(k) measurement. In Chapter 3, we also had a 
u(k) that was dependent on y(k) (see Table 3.1); and here, too, we organized the 
calculations to minimize the delay. If this latency in the implementation causes 
significant errors in the performance of the system compared to the analysis, 

5 We plan to use u(k) -Kx in place of u(k) = -Kx. 

6 This form of the equations is used in the Kalman filter, which is discussed in Chapter 9. 
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it could be modeled and accounted for in the estimator equations by using the 
results of Section 4.3.4. 

To help understand the difference between the prediction and current form 
of estimation-that is, Equations (8.23) and (8.33)-it is useful to substitute 
Eq. (8.33) into Eq. (8.34). This results in 

x(k + 1) = <l>x(k) + ru(k) + <l>LJy(k) -H x(k)]. (8.35) 

Furthermore, the estimation-error equation for x(k), obtained by subtracting 
Eq. (8.3) from Eq. (8.35), is 

x(k + 1) = [ti> -<I>LCHx(k)J. (8.36) 

By comparing Eqs. (8.35) with (8.23) and (8.36) with (8.24), we can conclude 
that x in the current estimator equation, (8.33), is the same quantity as x in the 
predictor estimator equation, (8.23), and that the estimator gain matrices are 
related by 

(8.37) 

The relationship between the two estimates is further illuminated by writing 
Eqs. (8.33) and (8.34) as a block diagram, as in Fig. 8.6. It shows that x and x 
represent different outputs of the same estimator system. 

We can also determine the estimator-error equation for x by subtracting 
Eq. (8.33) from (8.3). The result is 7 

(8.38) 

The two error equations, (8.36) and (8.38), can be shown to have the same 
roots, as should be the case because they simply represent the dynamics of 
different outputs of the same system. Therefore, we could use either form as the 
basis for computing the estimator gain, L

c
. Using Eq. (8.38), we note that it is 

similar to Eq. (8.24) except that Hcl> appears instead of H. To use Ackermann's 
formula for Lc, we use Eq. (8.30) with H replaced by Hcl> and find 

Htl> 
-1 

0 
Hcl>2 0 

L
c 
= a/ti>) Hcl>3 0 (8.39) 

H<l>
n 1 

where a/<P) is based on the desired root locations and is given by Eqs. (8.31) 
and (8.32). To use the control form of Ackermann's formula to perform the 
calculations, we take the transpose of tl> - LcH<l>and getcI>T -<l>THT L�, which 
is the same form as the system matrix ti> -rK of the control problem. Therefore 

7 Equation (8.21) defines x to be x - x; however, we use x here to be x - x. In both cases, x refers to the 

estimator error. 
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Figure 8.6 Estimator block diagram 
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substitutions <l>T for <I> and <l>THT for r yield Lc instead of K. Alternatively, we 
could compute LP using Eq. (8.30) and then compute Lc using Eq.(8.37); that is 

L = <l>- 1 L . (8.40) 
C p 

Example 8.6 Current Estimator Pole Placement with MATLAB 

Design a current estimator for the satellite attitude-control system as in Examples 8.4 and 8.5. Place the z-plane poles at z = 0.4 ± j0.4 and compare the error response to an initial error in 
the velocity with that obtained in Example 8.4. 
Solution. The MATLAB statements 

T = .1 
Phi= [1 T;0 1] 
Garn= [T2/2;T] 
p = [.4+i*.4;.4-i*.4] 
Le= acker(Phi',Phi'*H',p)' 

result in 
LC = [ 05�8 l 

Therefore, the estimator implementation using Eq. (8.33) in a way that reduces the computation 
delay as much as possible is, before sampling 

XI (k) = XI (k 1) + 0.005 u(k - 1) + 0.1 xi(k 1), 
xi(k) xi(k - 1) + 0.1 u(k - 1), 

x� = (1 - 0.68) x 1 (k), 

x� (1 - 5.2) xI (k) + .x
2
, 

and after sampling y(k) 

xI (k) x� + 0.68 y(k), 

x
2
(k) = x� + 5.2 y(k), 
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Figure 8.7 

Time history of current 
estimator error 

at which time the state vector estimate is available for the calculation of the control u (k). 

Figure 8.7 shows the time history of the estimator error equation from Eq. (8.38), again 

with an initial error of O for the position estimate and 1 rad/sec for the velocity estimate. The 

figure shows very similar results compared to the prediction estimator in Fig. 8.5; however, 

the current estimator implementation exhibits a response which is about a cycle faster. 

If cl> is singular, as can happen with systems having time delays, neither 
Eqs. (8.39) nor (8.40) can be used. However, estimators can be designed for these 
systems as discussed in Section 8.6. 

Note that we now have two estimates that could be used for control purposes, 
the predicted estimate [i(k) fromEq. (8.23)] and the current estimate [x(k) from 
Eq. (8.33)]. The current estimate is the obvious choice because it is based on 
the most current value of the measurement, y. Its disadvantage is that it is out 
of date before the computer can complete the computation of Eqs. (8.33) and 
(8.5), thus creating a delay that is not accounted for in the design process, which 
will cause less damping in the implemented system than specified by the desired 
poles. The use of the predicted estimate for control eliminates the modeling error 
from the latency because it can be calculated using the measurement, y(k - 1), 
thus providing an entire sample period to complete the necessary calculations 
of u (k) before its value is required. Generally, however, one should use the 
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8. 2 Estimator Design 299 

current estimate because it provides the fastest response to unknown disturbances 
or measurement errors and thus better regulation of the desired output. Any 
deficiencies in the system response due to the latency from the computation lag 
that is found by simulation or experiment can be patched up with additional 
iterations on the desired pole locations or accounted for exactly by including 
computation delay in the plant model. 

8.2.5 Reduced-Order Estimators 

The estimators discussed so far are designed to reconstruct the entire state vector, 
given measurements of some of the state elements.8 One might therefore ask: 
Why bother to reconstruct the state elements that are measured directly? The 
answer is: You don't have to, although, when there is significant noise on the 
measurements, the estimator for the full state vector provides smoothing of the 
measured elements as well as reconstruction of the unmeasured state elements. 

To pursue an estimator for only the unmeasured part of the state vector, let 
us partition the state vector into two parts: xa is the portion directly measured, 
which is y, and x

b 
is the remaining portion to be estimated. The complete system 

description, like Eq. (8.3), becomes 

[ x /k + l) ] _ [ <Paa <I> ab ] [ X a (k) ] + [ r a ] u (k) x/k + 1) - <l>ba <l>bb x/k) rb 
' 

y(k) 
= [/ 0] [ xa (k) ] x/k) 

(8.41) 

(8.42) 

and the portion describing the dynamics of the unmeasured state elements is 

(8.43) 

known "input" 

where the right-hand two terms are known and can be considered as an input into 
the x

b 
dynamics. If we reorder the xa portion of Eq. (8.41), we obtain 

(8.44) 

known "measurements" 

Note that this is a relationship between a measured quantity on the left and the 
unknown state vector on the right. Therefore, Eqs. (8.43) and (8.44) have the 
same relationship to the state vector x

b 
that the original equation, (8.3), had to the 

8 Reduced-order estimators (or observers) were originally proposed by Luenberger (1964). This 

development follows Gopinath (1971). 
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entire state vector x. Following this reasoning, we arrive at the desired estimator 
by making the following substitutions 

X 

ru(k) 
y(k) 

� 

� 

� 

� 

� 

Xb, 
<l>bb' 
<l>bax/k) + rbu(k), 
x/k + 1) - <I>aax/k) - rau(k), 
<I> ab' 

into the prediction estimator equations (8.23). Thus the reduced-order estimator 
equations are 

x/k + 1) 
= <l>wx/k) + <l>baxa(k) + rbu(k) 

+Lr[x/k + 1) - <I>aaxa(k) - rau(k) - <l>aib(k)]. 

Subtracting Eq. (8.45) from (8.43) yields the error equation 

xb(k + 1) = [<l>bb - Lr<l>ab]xb(k), 

(8.45) 

(8.46) 

and therefore L
r 

is selected exactly as before, that is, (a) by picking roots of 

I zl - <l>bb + L
r <l>ab I = ae

(z) = 0 (8.47) 

to be in desirable locations, or (b) using Ackermann's formula 

<l>ab 
-1 

0 

<I> ab <l>bb 0 

L
r 

= a/<l>bb) <I> ab <t>;b (8.48) 
0 

<I> <l>n-2 
ab bb 1 

We note here that Gopinath (1971) proved that if a full-order estimator as given 
by Eq. (8.23) exists, then the reduced-order estimator given by Eq. (8.45) also 
exists; that is, we can place the roots ofEq. (8.47) anywhere we choose by choice 
of L

r
. 

Example 8. 7 Reduced-Order Estimator for Satellite Attitude 

Determine a reduced-order estimator for the same case as in Examples 8.4 and 8.5. 

Solution. We start out by partitioning the plant equations to fit the mold of Eqs. (8.41) and 
(8.42). This results in 

[ <Paa <P ab ] _ [ 
1 T 

] 
<P ba <P bb - O l ' 

[ x 1 ] 
= [ the measured position state y, 

] x2 
the velocity to be estimated ' 

[ 0.005 
] 0.1 

(8.49) 
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Time history of 
reduced-order estimator 
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where <I> aa' and so on, are all scalars. Therefore Lr is a scalar also, and there is only one 
estimator pole to pick, the pole corresponding to the speed at which the estimate of scalar 
velocity converges. From Eq. (8.47) we pick Lr from 

z - 1 + L
r
T = 0. 

For this estimator to be about the same speed as the two previous estimator examples, which 
had two poles at z = 0.4 ± j0.4, we will pick the pole at z = 0.5; therefore Lr T - l = -0.5 
and Lr = 5. The estimator equation, (8.45), is 

x
b
(k) = x/k - 1) + 0.1 u(k - 1) 

+5.0 [y(k) y(k 1) - 0.005 u(k - 1) (0.1).x/k - 1)]. (8.50) 

The implementation in a control computer would, before sampling, look something like 

x' = 0.5.x
b
(k - 1) + 0.Q75 u(k 1) - 5 y(k 1), 

and after sampling 

x/k) = x' + 5 y(k). 

Figure 8 .8 shows the time history of the estimator-error equation (8 .46) with an initial ( velocity) 
estimate error of 1 rad/sec. The figure shows very similar results compared to the velocity 
element estimates in Figs. 8.5 and 8.7. Of course, there is no position estimate because this 
formulation assumes that the measurement is used directly without smoothing. 
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8.3 Regulator Design: Combined Control Law 
and Estimator 

If we take the control law (Section 8.1) and implement it, using an estimated 
state vector (Section 8.2), the control system can be completed. A schematic of 
such a system is shown in Fig. 8.9. However, because we designed the control 
law assuming that the true state, x, was fed back instead of x or x, it is of interest 
to examine what effect this has on the system dynamics. We will see that it has 
no effect! The poles of the complete system consisting of the estimator feeding 
the control law will have the same poles as the two cases analyzed separately. 

8.3.1 The Separation Principle 

The control is now 

u(k) = -K:x(k) 

and the controlled plant equation (8.6) becomes 

x(k + 1) = <l>x(k) - rKx(k), 

which can also be written in terms of the estimator error using Eq. (8.21) 

x(k + 1) = <l>x(k) rK(x(k) - x(k)). 

(8.51) 

(8.52) 

Combining this with the estimator-error equation (8.24)9 we obtain two coupled 
equations that describe the behavior of the complete system 10 

[ 
x(k + 1) 

] 
= [ <I> - LPH O 

] [ 
i(k) 

] x(k + 1) rK <I> - rK x(k) • 

The characteristic equation is 

I 
zI - <I>+ L

P
H O 

I rK zI - <I> + rK = O 

which, because of the zero matrix in the upper right, can be written as 

lzI - <I>+ L
PHI lzI - <I>+ rKI = a/z)a/z) = 0. 

(8.53) 

(8.54) 

(8.55) 

In other words, the characteristic poles of the complete system consist of the 
combination of the estimator poles and the control poles that are unchanged 
from those obtained assuming actual state feedback. The fact that the combined 
control-estimator system has the same poles as those of the control alone and the 

9 We show only the prediction estimator case. The other estimators lead to identical conclusions. 

10 This description of the entire system does not apply if the estimator model is imperfect; see Section 

11.5 for an analysis of that case. 
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Estimator and controller mechanization 

Plant I Sensor 
y(k)_ u(k) 

-
x(k) � 

� 
x(k+l) =«l>x(k) + ru(k) H 

r-

1 

------------------------------

-7 
u(k) .. 

Estimator I I 
Control law 

x(k) I 
- � x(k+l) =<l>x(k) +ru(k) , .. 

I 
-K 

� +LP [y(k) - Hx(k)] " 
I 

or Eq. (8._33) or (8.45) 

I 

I 
I 
I 

I I 

L _________________________ Compensator __ _j 

compensator 

estimator alone is a special case of the separation principle by which control and 
estimation can be designed separately yet used together. 

To compare this method of design to the methods discussed in Chapter 7, we 
note from Fig. 8.9 that the portion within the dashed line corresponds to classical 
compensation. The difference equation for this system or "state-space designed 
compensator" is obtained by including the control feedback (because it is part 
of the compensation) in the estimator equations. Using Eq. (8.23) yields for the 
prediction estimator 

x(k) = [<I> - rK - LPH]x(k - 1) + Lpy(k 1), 

u(k) = -Kx(k), 

and using Eq. (8.33) yields for the current estimator 

x(k) = [<I> - rK L
C
H<I> + L

C
HrK]x(k - 1) + Lcy(k), 

u(k) = -Kx(k). 

(8.56) 

(8.57) 

The poles of the compensators above are obtained from, for Eq. (8.56), 

(8.58) 

and, for Eq. (8.57), 

I zI <I>+ rK + L
C
H<I> - L

C
HrK I= 0, (8.59) 

and are neither the control law poles, Eq. (8.8), nor the estimator poles, Eq. (8.25). 
These poles need not be determined during a state-space design effort, but can 
be of interest for comparison with compensators designed using the transform 
methods of Chapter 7. 

If desired, Eq. (8.56) can be converted to transfer function-form using the 
same steps that were used in arriving at Eq. (4.64). This results in what was called 
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compensation in Chapter 7 and usually referred to as D(z). For the prediction estimator, we find 
U(z) = D (z) = -K[zl - <I>+ rK + L Hr 1L . 
Y(z) P P P 

(8.60) 
The D(z) could also be found from Eq. (8.56) by using tf.m in MATLAB or, for the current estimator, from Eq. (8.57). Likewise, the transfer function for the reduced-order compensator is found by using the measured part of the state, xa, directly in the control law and the estimated part, x

b
(k), for the remainder. Thus, the control gain K needs to be partitioned, so that 

u(k) = [Ka Kb] [ :: ] (8.61) 
In the previous sections, we developed techniques to compute K and L 

p (which define the compensation), given the desired locations of the roots of the characteristic equations of the control and the estimator. We now know that these desired root locations will be the closed-loop system poles. The same meter sticks that applied to the classical design and were discussed in Section 7 .2 also apply to picking these poles. In practice, when measurement noise is not an issue, it is convenient to pick the control poles to satisfy the performance specifications and actuator limitations, and then to pick the estimator poles somewhat faster (by a factor of 2 to 4) so that the total response is dominated by the response due to the 
estimator pole selection slower control poles. It does not cost anything in terms of actuator hardware to increase the estimator gains ( and hence speed of response) because they appear only in the computer. The upper limit to estimator speed of response is based on the behavior of sensor-noise rejection, which is the subject of Chapter 9. In order to evaluate the full system response with the estimator in the loop, it is necessary to simulate both the real system and the estimator system as was formulated in Eq. (8.53). However, it is easier to see what is going on by using i or x in place of i. The result for the predictor case using Eq. (8.56) is 

[ x(k + 1) ] [ <I> -rK ] [ x(k) ] x(k + 1) = LPH <I> - rK LPH x(k) , 
the result for the current estimator using Eq. (8.57) is 

and the result for the reduced-order estimator using Eq. (8.45) is 

where 

(8.62) 

(8.63) 

(8.64) 
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8.3 Regulator Design: Combined Control Law and Estimator 305 

and 

B = <(>bb -I\K
b -Lr<l>a

b 

and where Ka and K
b 

are partitions ofK according to the dimensions of xa andx
b
. 

Example 8.8 Compensation Based on the Predictor Estimator 

Put together the full feedback control system based on the calculations already done in Exam
ples 8.1 and 8.4, that is, using the prediction estimator. Use the control gain, K = [10 3.5], 
and the estimator gain, L� = [1 .2 5.2]. Determine the D( z) for comparison with a classical 
lead compensation. Plot the response of the system variables for an initial plant velocity of 
-1 rad/sec and zero for all other initial conditions. Comment on whether the responses are 
consistent with your expectations. 

Solution. The compensation equations consist of Eq. (8.5 6 )  with the values of K and LP 
plugged in and, being in difference-equation form, can be coded directly in a control computer. 
To find the transfer function form, we use zp.m (or Eq. (8.60)), to find that11 

0 z 
0.8 25 

D
P 

(z) = -3 .4 
-z ---0-.2-±-j0-. -5 5-7 (8.6 5) 

There is a compensator zero near the two plant poles at z = + 1 and there are two compensator 
poles considerably to the left. This is very similar to a classical lead compensator except that 
it has two poles instead of one. State-space design using a full-order estimator will always 
produce compensation that is the same order as the plant. Note that the difference equation 
that results from this D(z) will have a one cycle delay between the input and output. 

Figure 8.10 shows the response of the system and controller to the initial conditions. This 
could be thought of as a condition that would result from a sudden disturbance on the system. 
Note the estimator error at the beginning which decays in about 0.7 sec, consistent with the 
estimator poles. The overall system :response is slower and has a settling time of about 2.5 sec, 
consistent with the control poles. 

Example 8.9 Compensation Based on the Current Estimator 

Put together the full feedback control system based on the calculations already done in Ex
amples 8.1 and 8.5, that is, using the current estimator. Use the control gain, K = [ 10 3.5], 
and the estimator gain, L,; [0.68 5.2]. Determine the D(z) for comparison with a classical 
lead compensation. Plot the response of the system variables for an initial plant velocity of 
-1 rad/sec and zero for all other initial conditions. Comment on whether the responses are 
consistent with your expectations. 

11 Equation (8.60) includes a minus sign because it is the transfer function from Y(s) to U(s) rather than 
from E(s), as is the normal convention used in Chapter 7. 
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figure 8.10 
Time histories of 
controlled system with 
prediction estimator, 
Example 8.8 

1.5 

0.5 

i 0 

6 

-0.5 

-1 

-1.5 

0.5 1.5 

Time (sec) 

2 2.5 3 

Solution. The compensation equations consist of Eq. (8.57) and, with the values of Kand 
Le plugged in, we find that 

D (z) = -25.1 
z(z - 0•792) 

. (8.66) 
C Z 0.265 ± j0.394 

This compensation is very much like that from the prediction estimator; however, because of 
the extra z in the numerator, there is no 1 cycle delay between input and output. This faster 
cycle response required less lead from the compensation, as exhibited by the zero being further 
from z = I. 

Figure 8.11 shows the response of the controlled system to the initial conditions. Note 
the somewhat faster response as compared to Fig. 8.10 due to the more immediate use of the 
measured signal. 

Example 8.10 Compensation Based on the Reduced-Order Estimator 

Put together the full feedback control system based on the calculations already done in Exam
ples 8.1 and 8.6, that is, using the reduced-order estimator. Use the control gain, K = [10 3.5], 
and the estimator gain, L;. = 5. Determine the D(z) for comparison with a classical lead com
pensation. Plot the response of the system variables for an initial plant velocity of -1 rad/sec 
and zero for all other initial conditions. Comment on whether the responses are consistent with 
your expectations. 

Also, use the D(z) to construct a root locus for this system and show where the desired 
root locations for the control and estimation lie on the locus. 
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Time histories of 
controlled system with 
current estimator, 
Example 8.9 
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1.5 

Time (sec) 

2 2.5 3 

Solution. The compensation equations consist of Eqs. (8.50) and (8.61). With the values of 
K and Lr plugged in, we find after much algebra that 

(8.67) 

Figure 8.12 shows the response of the system to the initial conditions. It is very similar 
to that of Example 8.9; the only notable difference is the first-order response of the estimator 
error, which slightly reduced the control usage. 

This compensation now looks exactly like the classic lead compensation that was used 
often in Chapter 7 and would typically be used for a 1 / s2 plant. A sketch of a root locus vs. K 

is given in Fig. 8.13. For this design a gain of 27.7 is now the variable K. 

The closed-loop root locations corresponding to K = 27.7 are indicated by the triangles 
and lie on the two control roots at z = 0.8 ± j0.25 and on the one estimator root at z = 0.5, 
as they should. 

The higher order compensators that resulted in Examples 8.8 and 8.9 have the 
benefit of more attenuation at high frequencies, thus reducing the sensitivity to 
measurement noise. This also follows from the fact that they provided a smoothed 
value of the measured output as well as reconstructing the velocity state variable. 
Full order estimators are also easier to implement because of the simpler matrix 
equations that result using u = -Kx rather than the partitioned Eq. (8.61). As a 
result, reduced-order estimation is not often used in practice. 
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Figure 8.12 2 .------r----.--------r------r-------r----

Time histories of system 
with reduced-order 1.5 
estimator, Example 8.10 

Figure 8.13 
Sketch of the root locus 
for Example 8.10 
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8.3.2 Guidelines for Pole Placement 

2.5 3 

The selection criteria of the closed-loop control and estimator poles (or roots) 
have been encountered throughout the examples in Chapter 8 to this point. Also 
see the review of state-space design for continuous systems in Section 2.6 as well 
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as Franklin, Powell, and Emami-Naeini (1994), Sections 7.4 and 7.5.3. The key 
idea for control-pole selection is that one needs to pick the poles so that the design 
specifications are met while the use of control is kept to a level that is no more 
than needed to meet the specifications. This pole-selection criterion will keep 
the actuator sizes to a minimum, which helps to minimize the cost and weight 
of the control system. The relationships between various system specifications 
developed in Section 7 .1 can be used as an aid in the pole-selection process. For 
high-order systems, it is sometimes helpful to use the ITAE or Bessel prototype 
design root locations as discussed in Section 7.4 in Franklin, Powell, and Emami
Naeini (1994). For the case where there is a lightly damped open-loop mode, a 
technique that minimizes control usage is simply to add damping with little or no 
change in frequency, a technique called radial projection that was demonstrated 
in Example 8.3. 

The optimal design methods discussed in Chapter 9 can also be used to select 
pole locations. They are based on minimizing a cost function that consists of the 
weighted sum of squares of the state errors and control. The relative weightings 
between the state errors and control are varied by the designer in order to meet 
all the system specifications with the minimum control. Optimal methods can be 
applied to the SISO systems, which are the subject of this chapter, or to MIMO 
systems. 

Estimator-error pole selection is a similar kind of design process to the 
control-pole selection process; however, the design trade-off is somewhat differ
ent. Fast poles in an estimator do not carry the penalty of a large actuator like 
they do in the control case because the large signals exist only in the computer. 
The penalty associated with fast estimator poles is that they create an increased 
sensitivity between sensor errors and estimation errors. 

The key idea for estimator-error pole selection is that the estimation errors 
should be minimized with respect to the prevailing system disturbances and 
sensor noise. It is also convenient to keep the estimator poles faster than the 
control poles in order that the total system response is dominated by the control 
poles. Typically, we select well-damped estimator poles that are two to six times 
faster than the control poles in order to provide a response dominated by the 
control poles. For cases where this criterion produces estimation errors due to 
sensor noise that are unacceptably large, the poles can be slowed down to be less 
than two times the control poles; however, in this case the total response could 
be strongly influenced by the location of the estimator poles, thus coupling the 
estimator design with the control design and complicating the process. 

In the optimal estimation discussion in Chapter 9 we will see that the optimal 
estimator error poles are proportional to the ratio between the plant model errors 
and the sensor errors. For an accurate plant model with small disturbances but 
large sensor errors, the optimal estimation is achieved with very low estimator 
gains (slow response) because the estimator is best served by relying primarily 
on the plant model. On the other hand, a system with a plant model that includes 
the possibility of large disturbances but with an accurate sensor achieves the best 
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Figure 8.14 

estimation by using a large estimator gain (fast response) in order to use the 
sensed information to correct the model errors as quickly as possible. 

8.4 Introduction of the Reference Input 

The compensation obtained by combining the control law studied in Section 
8.1 with any of the estimators of Section 8.2 is a regulator design in that the 
goal was to drive all states to zero. We designed the characteristic equations 
of the control and the estimator to give satisfactory natural mode transients to 
initial conditions or disturbances, but no mention was made of how to structure 
a reference input or of the considerations necessary to obtain good transient 
response to reference inputs. To study these matters we will consider first how 
one introduces a reference input to the full-state feedback case, and then we will 
proceed to the case with estimators. We then tum to a discussion of output error 
command, a structure that occurs when the sensor is capable of providing only 
an error signal, for example, an attitude error from a gyro or the pointing error 
from a radar signal. The output error structure is also the one that results if one 
is designing the compensation using transfer-function methods and the reference 
input is structured according to Fig. 7.5, the typical case. It is, therefore, of 
interest to study this structure in order to understand the impact of its use on the 
dynamic response of the system. In conclusion, we will discuss the implications 
of this section's results and compare the relative advantages of the structure 
made possible by the state-space control/estimation approach with the classical 
approach. 

8.4.1 Reference Inputs for Full-State Feedback 

Let us first consider a reference input for a full-state feedback system as in 
Eq. (8.5). The structure is shown in Fig. 8.14 and consists of a state command 
matrix Nx that defines the desired value of the state, xr. We wish to find Nx so 
that some system output, yr = Hrx, is at a desired reference value. This desired 
output, yr, might not be the same quantity that we sense and feed to an estimator 
that has been called y and determined by H in the previous two sections. 

Although so far in this book we have only considered systems with a single 
control input and single output (SISO), Chapter 9 considers the case of more 

Block diagram for 
full-state feedback with 
reference input 

Plant 
X 
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8.4 Introduction of the Reference Input 311 

than one input and output (MIMO), and, therefore, we will allow for that in the 
development here and in the following subsection. We will, however, require 
that the number of inputs in u and desired outputs in y, be the same. 12 The 
basic idea in determining N

x 
is that it should transform the reference input, r, 

to a reference state that is an equilibrium one for that r. For example, for a step 
command to Example 8 .1, N; = [ 1 0]; that is, we wish to command the position 
state element, but the velocity state element will be zero in steady state. For the 
double mass-spring system of Example 8.3, if we desire that d = r-that is, 
that H, = [1 0 0 OJ-then we should set N; = [1 0 1 0] because that 
provides a state reference, x,, that, if matched by the actual state, is at equilibrium 
for the desired output. 

More specifically, we have defined N x so that 

N
x
r = x, and u = -K(x - x). (8.68) 

If the system is Type 1 or higher and r is a step, there will be no steady-state 
error, and the final state 

x(oo) = x
ss 

X .  

For Type O systems, there will be an error because some control is required to 
maintain the system at the desired x,. 

Often the designer has sufficient knowledge of the plant to know what the 
equilibrium state is for the desired output, in which case the determination of N

x 

is complete. For complex plants, however, this can be difficult. In these cases, it 
is useful to solve for the equilibrium condition that satisfies Y, = r.

13 

In order for the solution to be valid for all system types, whether they require 
a steady-state control input or not, we will include the possibility of a steady-state 
control term that is proportional to the reference input step, that is, 

(8.69) 

as shown in Fig. 8.15(a). The proportionality constant, N11, will be solved for in 
the formulation. 

If the resulting u
ss 

is actually computed and implemented in the reference 
input structure, we refer to it as "feedforward," but the feedforward component 
of the input is often not used. Instead, the preferred method of providing for zero 
steady-state error is through integral control or bias estimation, which essentially 
replaces the u

ss 
in Fig. 8.15(a) with an integral that is an estimate of the steady

state control, a topic that is the subject of Section 8.5. In some cases, it is difficult 
to achieve a high enough bandwidth when replacing feedforward with integral 
control; therefore, feedforward is sometimes used to reduce the demands on the 
integral so that it need only provide the error in the feedforward control, thus 

12 This is the only case that has a unique and exact answer, although other situations have been studied. 

13 See Trankle and Bryson (1978) for a more complete discussion and extensions of the ideas to inputs 

other than steps, often called "model following." 
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Figure 8.15 
(a) Block diagram and 
(b) modified block 
diagram for full-state 
feedback with reference 
input and feedforward 

X 

Plant 

(a) 

Plant 

(b) 

speeding up the system response. On the other hand, if the system is Type 1 or 
higher, the steady-state value of control for a step will be zero, and the solution 
will simply give us Nu = 0 and N x, which defines the desired value of the 
state, x,. 

Continuing on then, the steady state requirements for the system are that 

which reduce to 

N
x

r 
= xr = xss ' 

H x = 
y 

= 
r, 

r , ss r 

HNr=r and HN =l r x r x 

Furthermore, we are assuming the system is at steady state; therefore, 

or 

(<I> - I)xss + russ 
= O; 

and, from Eqs. (8.69) and (8.70) 

(<I> - l)Nxr + rN11r = 0, 

which reduces to 

(8.70) 

(8.71) 

(8.72) 
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8.4 Introduction of the Reference Input 313 

Collecting Eqs. (8.71) and (8.72) into one matrix equation 

[ :, - I � ][ �: ] = [ n 

yields the desired result 14 

(8.73) 

It is also possible to enter the reference input after the gain multiplication 
according to Fig. 8.15(b) by combining Nx and N11 according to 

(8.74) 

Calculation of Nx and N11 can be carried out by the MATLAB function refi.m 

contained in the Digital Control Toolbox. 

Example 8 .11 Reference Input for the Mass-Spring System 

Compute the reference input quantities for the system of Example 8.3 where it is desired to 
command d to a new value. Compare the two structures (a) and (b) in Fig. 8.15. 

Solution. The state was defined to be x = [ d d y y J T. Therefore, to command a desired 
value of d, Hr = [I O O OJ, and the evaluation of Eq. (8.73) leads to N; = [1 0 1 OJ 
and N11 0, as expected by inspecting the physical system shown in Fig. A.8. The fact that 
N11 = 0 makes sense because this system is in equilibrium without the need of any control as 
long as d = y, which is ensured by the resulting value of Nx. In fact, N11 will be zero for any 
system of Type 1 or higher, as already discussed. The elements of N x do not depend on specific 
values of any parameters in the plant and are therefore not sensitive to modeling errors of the 
plant. 

Use of Eq. (8.74) leads to N = 0.005 using the K from Eq. (8.18) and N = 0.011 using 
the K from Eq. (8.19). However, note that this input structure can be very sensitive to errors in 
K. In this particular example, N is the result of a difference of two numbers (K

1 
and K

3
) that 

are close to each other in absolute value, extremely close for the first case ( which also exhibited 
poor response), thus producing an extreme sensitivity. Specifically, if one of the elements of K 
in Eq. (8.18) were in error by 1 %, the resulting error in N would be 120%! To avoid the high 
sensitivity for cases like this, it is advisable to structure the reference input as in Fig. 8.15(a). 

This example shows that there are some systems where it is better to use the 
structure of Fig. 8.15(a). However, most cases do not exhibit this sensitivity and 
Fig. 8.15(b) is prefen-ed due to its simplicity. 

14 This cannot be solved if the plant has a zero at z = I. 
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314 Chapter 8 Design Using State-Space Methods 

If the system in the example had been Type 0, we would have found that 
Nu was nonzero and that its value was inversely proportional to the plant gain. 
However, the plant gain can vary considerably in practice; therefore, designers 
usually choose not to use any feedforward for Type O systems, relying instead on 
the feedback to keep errors acceptably small or by implementing integral control 
as discussed in Section 8.5. If this is the desired action for a control design using 
state space, the designer can simply ignore the computed value of Nu and solely 
rely on Nx for guidance on how to command the state vector to the desired values. 

8.4.2 Reference Inputs with Estimators: The 
State-Command Structure 

Figure 8.16 

Block diagrams for the 
best reference input 
structure with 
estimators: the state 
command structure. 
(a) as derived, 
(b) simplified 

The same ideas can be applied to the case where the estimator is used to supply 
a state estimate for control in place of the actual state feedback. However, it is 
important to structure the system so that the control u that is applied to the plant 
is also applied to the estimator as shown in Fig. 8.16. This means that Eqs. (8.56) 
and (8.57) should not be used in the estimator box in Fig. 8.16 because they were 
based on control feedback that did not include the reference input. The basic 
idea of the estimator that resulted in the structure of Fig. 8.4 is to drive the plant 
model in the estimator with the same inputs that are applied to the actual plant, 

r 

--+ N 

u 

K 

Plant 

i 

(a) 

Plant 
y 

Estimator ------

(b) 
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8.4 Introduction of the Reference Input 315 

thus minimizing estimation errors. Therefore, the form of the estimator given by Eq. (8.23) should be used with u(k) as shown by Fig. 8.16, that is 
u(k) = -K( x(k) - x) + N r = -Kx(k) + Nr, 

r u 

or, with the current estimator, Eq. (8.33) is used with 

or, for the reduced-order estimator, Eq. (8.45) should be used with 

(8.75) 

(8.76) 

u(k) = -[K, K,] [ [ �: ] -x, ] + N.r = -[K. K,] [ t ] + Nr. 
(8.77) Under ideal conditions where the model in the estimator is perfect and the input u applied to plant and estimator is identical, no estimator error will be excited. We use the feedback to the estimator through y only to correct for imperfections in the estimator model, input scale factor errors, and unknown plant disturbances. To analyze the response of a system, we must combine the estimator equations with the model of the system to be controlled. It is often useful to analyze the effect of disturbances, so the system equations (8.3) are augmented to include the disturbance, w, as 

x(k + 1) = <l>x(k) + ru(k) + r
l 
w(k), 

y(k) = Hx(k) + Ju(k). (8.78) 
For the predictor estimator, Eq. (8.62) is augmented with the input command and disturbance as follows: 

[ x] [ <I> -rK x = L H <I> - rK -
k+I P 

] [ � l + [ �: ] r(k) + [ �1 ] w(k). 

(8.79) Note that the term on the right with r introduces the command input in an identical way to both the plant and estimator equations. The term on the right with w introduces the disturbance into the plant only; the estimator is unaware of it. It may be useful to inspect the performance of the system in terms of the desired output Yr, the control u, and the estimator error i. This can be accomplished with the output equation 

(8.80) 
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316 Chapter 8 Design Using State-Space Methods 

For the ,current estimator, the system eauations are found by combining 

Eqs. (8.57, (8.76), and (8.78), which yields 

[ : L = [ L
0
:4> 4> - rt'-\ou<J> ] [ ·� l 

+ [ �:.] r(k) + [ Lfa\ ] w(k). (8.81) 

Example 8.12 Reference Input Command to Satellite Attitude 

Figure 8.17 
Step"response time 
histories for Example 
8.12 

Determine the state-command structure for the system whose regulator was found in Example 
8.8 and verify that its step response does not excite an estimator error. 

Solution. Evaluation of Eq. (8.73) yields N
x 

= [1 0)7' and Nu 0. Therefore, N = K
1
. 

The desired response of the system is obtained from Eqs. (8.79) and (8.80). Using step in 
MA1LAB yields the unit step responses shown in Fig. 8.17. Note that the estimator error 
remains zero; thus the response is exactly the same as if no estimator were present. Note also 
that the structure shown in Fig. 8.16(b) does not allow us to represent the system in a simple, 
classical manner with the D

P 
(z) from Example 8.8 placed in the upper path as in Fig. 7 .5, nor 

does it allow us to place D
P 
(z) in the lower feedback path. Rather, it is best to stay with the 

state-space description and enter the equations in the control computer based on Fig. 8.16. The 
response in Fig. 8.17 would also have resulted if using no estimator, a current estimator, or a 
reduced-order estimator. 
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8.4 Introduction of the Reference Input 317 

It is worthwhile to reflect on the fact that the combined system has poles that 
consist of the control and the estimator poles, as given by Eq. (8.55). The fact 
that the system response to an input structured as in Fig. 8.16(b) did not excite 
the estimator response means that the transfer function of this system had zeros 
that canceled the estimator poles. The determination of the structure in which 
the reference command is entered into a system can be viewed as one of "zero 
placement" and, in fact, it has been shown that it is possible to place the zeros of 
the closed loop transfer function at any arbitrary location [(Emami-Naeini and 
Franklin (1982)]. 

8.4.3 Output Error Command 

Figure 8.18 

Reference input as an 
output-error command 

Another approach to the reference-input structure is to introduce the command 
only at the measured estimator input, as shown in Fig. 8.18. This solution is 
sometimes forced on the control designer because the sensor measures only the 
error. For example, many thermostats have an output that is the difference between 
the temperature to be controlled and the reference, or set-point, temperature. No 
absolute indication of the reference temperature is available to the controller. 
Likewise, some radar tracking systems have a reading that is proportional to the 
pointing error, and this signal alone must be used for control. In this case, the 
estimator equation (8.56) becomes 

x(k + 1) = (<I> - rK - LPH)x + L/y r), 

and the system response can be determined by solving 

Plant 
y 
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318 Chapter 8 Design Using State-Space Methods 

Note that the command input r only enters the estimator; therefore, the plant and 
estimator do not see the same command and an estimator error will be excited. 

Example 8.13 Output Command Structure with a Predictor Estimator 

Analyze the performance of Example 8.12 when using the output-command structure, specif
ically looking at the step response of the estimator error. 

Solution. The system is analyzed using Eq. (8.82) and the output Eq. (8.80). The result is 
shown in Fig. 8.19. Note the estimator error response and that it causes a substantial increase 
in overshoot as compared to that of Fig. 8.17 (about 70% rather than 20%) and an increased 
use of control. Although this degradation could be reduced with faster estimator-error roots, 
there are limits due to the adverse effect on the estimator's sensitivity to measurement noise. 
Some of the degradation can be reduced by using a current or reduced order estimator because 
of their quicker response from the immediate use of the measured signal. 

Example 8.14 Output Command Structure with a Reduced-Order Estimator 

Figure 8.19 

Output time histories for 
prediction estimator 
with output command, 
Example 8. 13 

Analyze the performance of Example 8.13 when using the output-command structure and a 
reduced-order estimator. 
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Figure 8.20 
Output time histories for 
reduced-order estimator 
with output command, 
Example 8.14 
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1.5 
Time (sec) 

2 2.5 3 

Solution. The easiest way to analyze this system is by transform methods. The plant transfer 
function was analyzed in Section 4.3.1 and found to be 

T
2 

(z + 1) 
G(z)= 2�, 

and the transfer function that arose from the reduced-order estimator is given by Eq. (8.67). 
The output time histories using these transfer functions are shown in Fig. 8.20. Note again that 
there is more overshoot (about 50%) than shown in Fig. 8.17 but not as much as the prediction 
estimator. The control usage for this case is also less than in Fig. 8.19, and it starts at the 
first cycle rather than being delayed by one cycle, as was the case in Fig. 8 .19. This result 
produced a settling time for the reduced-order case that is about one sample period faster than 
the prediction estimator. A current estimator would produce results similar to this case because 
it, too, shares the feature of an immediate response to the measured output. 

8.4.4 A Comparison of the Estimator Structure and 
Classical Methods 

This section has demonstrated a key result: The controller structure based on 
state-space design of the control and estimator exposes a methodology for the 
introduction of the reference input in a way that produces a better response 
than that typically used with transfer-function design. The state-command input 
shown in Fig. 8.16 provides a faster response with less control usage than the 

co
nt

ro
len

gin
ee

rs
.ir



320 Chapter 8 Design Using State-Space Methods 

output-error-command scheme shown in Fig. 8.18, which is the typical transfer 
function structure. The reason for the advantage is that the state-command struc
ture provides an immediate input to the plant and does not excite any modes of the 
compensator that degrade the response. Although this result has been specifically 
shown only for a simple second-order system, it applies to more complicated 
systems as well. In fact, for higher-order plants, higher-order compensators are 
often required with more modes for potential excitation. 

It is not mandatory that the state-space representation and the state-estimator 
design approach be used in order to determine a structure that does not excite 
compensator modes. However, the determination is difficult using the transfer
function approach, especially in the MIMO case. 

The advantages of using the transfer-function representation are that high
order systems are easier to trouble shoot, the designs are made robust with less 
effort, and experimental frequency-response data can be used to close a loop 
quickly without a time-consuming modeling effort. These advantages might not 
always warrant transforming to the state-space form in order to achieve easily 
the better reference input structure. 

Although not discussed in this section using linear systems, the state
command structure allows for superior response of systems with nonlinear control 
characteristics, for example, saturation or on- off actuators. Whatever nonlinear
ity is present in the plant can usually be modeled to some degree in the estimator 
as well, thus reducing errors that would otherwise be excited by the nonlinearity. 

Example 8.15 Compensation Design for a System with a Resonance 

A computer disk drive has a control system that commands the read head to move to specific 
tracks on the disk. One such system. is described in Chapter 14. Although the dynamics 
between the torquer and the head motion are primarily G(s) = 1/s2 , there are typically several 
resonances due to the arm's flexibility that limit the performance of the servo system. Here we 
wish to limit the flexibility to one resonance mode for simplicity. The transfer function is the 
same as the mass-spring system shown in Appendix A.4, although the derivation of it would 
involve rotational dynamics rather than the linear dynamics in Appendix A.4. (See Franklin, 
Powell, and Emami-Naeini (1994), Chapter 2, for more details.) 

The system transfer function is 

1 X 10
8 

G(s) = -------
s2(s2 

+ 2srcvrs + cv;) 

where the resonance frequency cvr = 1 kHz and the damping Sr= 0.05. Use a sample rate of 6 
kHz and design control systems that have a rise time of 10 msec with an overshoot less than 
15%. 

(a) Do the design using a state estimator and the state command structure, 
(b) evaluate the Kand L from (a) using the output error structure whether or not they meet 

the specifications, and 
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Figure 8.21 

Disk read head response, 
Example 8.15 

8.4 Introduction of the Reference Input 321 

(c) do a classical design with a lead compensator. 

Iterate on whatever design parameters are appropriate for (a) and (c) to meet the design 
specifications. 

Solution. Equation (2.16) indicates that a tr < 10 msec would be met if wn > 180 rad/sec 
and the MP < 15% would be met ifs > 0.5. 

(a) For the state space design, a good starting point would be with two of the desired poles at 
w = 200 rad/sec and s = 0.6. Two more poles also need to be selected for this 4th order 
system; so let's pick them at w = 1 kHz ands = 0.06. As discussed in Section 2.6, it is 
not wise to move poles any more than you have to. In this case, we have retained the same 
natural frequency and increased the damping slightly. For the estimator, a good starting 
point is to pick the natural frequencies twice those of the controller, that is, at 400 rad/sec 
and 2 kHz. The damping was selected to be 0.7 for both sets of poles in the estimator. 
The selected poles were converted to their discrete equivalents and used with acker to 
find K and L. Evaluation of the response for the state command structure is found using 
Eq. (8.79) in step and is shown in Fig. 8.21. We see that the rise time and overshoot 
specifications were met for this case and that the system settles to its final value at about 
35 msec. 

(b) Using Eq. (8.82) shows the response of the system with the same Kand L for the output 
error command case and it is shown in the figure also. Note that the estimator excitation 
for this case caused an overshoot of 130% rather than the desired 15% and the system 
appears to be lightly damped even though its poles are in precisely the same place as 
case (a). It is interesting that the large overshoot was, in part, caused by using desired 
poles that increased the resonant mode damping from s = 0.05 to 0.06. Had the damping 
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322 Chapter 8 Design Using State-Space Methods 

been kept at 0.05, the overshoot would have been about 50% which is still excessive but 
significantly less. This illustrates the sensitivity of the system to the pole placement when 
using the output error command structure. 

(c) For the classical design, we note that the sample rate of 6 kHz is over 100 times faster 
than the desired closed loop natural frequency (200 rad/sec � 30 Hz). Therefore, the most 
expedient design method is to use the s-plane and convert the result to the discrete case 
when through. Furthermore, since the resonance frequency is significantly faster than 
the desired bandwidth (� 200 rad/sec), we can ignore the resonance for the first cut at 
the design and simply find a compensation for a 1/s2 system. Using frequency response 
ideas, we know that a lead compensation with a ratio of 25 between the zero and pole 
will yield a maximum increase in phase of about 60° (Fig. 2.17). We also know that a 
60° 

PM (Section 2.4.4) will translate to a damping ratio of about 0.6 which will meet 
the overshoot specification. For a 1/s2 plant, the phase is 180° everywhere; therefore, the 
desired PM will be obtained if we place the lead compensation so that the maximum 
phase lead is at the desired crossover point (� 200 rad/sec). This is accomplished by 
placing the zero a factor of 5 below 200 (at 40 rad/sec) and the pole a factor of 5 above 
200 (at 1000 rad/sec), thus producing 

s +40 
D(s) = K---. 

s + 1000 

Using this with the G(s) above in a Bode plot shows that the resonant mode does not 
affect the design significantly, the PM is met, and the desired crossover is achieved when 
K = 8000. To convert to the digital form, we invoke c2d using the matched pole-zero 
approach and find that 

D(z) = 7394 
z + 0.9934

. 
z + 0.8465 

The closed loop step response with D(z) in the forward path is found using step and 
shown in Fig. 8.21. It also meets the specifications, but a slow compensator mode was 
excited and the settling time of this system is considerably longer than the state command 
structure. The advantage of this approach is that the compensator is first order while the 
estimator approach (a) required a 4th order compensation. 

8.5 Integral Control and Disturbance Estimation 

Integral control is useful in eliminating the steady-state errors due to constant 
disturbances or reference input commands. Furthermore, most actual control 
systems are nonlinear and the input gain r and the state matrix <I> vary with 
time and/or the set point. The linear analysis which is the subject of this book 
pertains to perturbations about a set point of the nonlinear plant and the control u 

is a perturbation from a nominal value. The use of integral control eliminates the 
need to catalog nominal values or to reset the control. Rather, the integral term 
can be thought of as constantly calculating the value of the control required at the 
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8.5 Integral Control and Disturbance Estimation 323 

set point to cause the error to go to zero. For these reasons, some form of integral 
control is typically included in most control systems. More generally, the external 
signals frequently include persistent deterministic components and the control 
engineer is required to design a controller which will force the steady-state error 
to be zero in the presence of such signals. A particular case is that of the disk drive 
servo required to follow a data track that is slightly off center so the reference 
signal is sinusoidal. 

In the state-space design methods discussed so far, no mention has been made 
of integral control; nor have any of the design examples produced a compensation 
with an integral kind of behavior. In fact, state-space designs will not produce an 
integral action unless special steps are taken. There are two basic methods to force 
zero steady-state error in the presence of persistent signals: state augmentation 
also called internal signal model control and disturbance estimation. The idea 
of state augmentation for constant commands or disturbances was discussed for 
continuous systems in Section 2.6.5 and is essentially the same as the addition 
of an integral term that was discussed for transform design in Section 2.2.3. The 
generalization augments the state in a way that achieves zero steady-state error 
for a general class of reference and disturbance signals. Disturbance estimation 
provides the same effect based on estimation of the state of a model which could 
generate the external signals. We begin with the heuristic introduction of integral 
control. 

8.5.1 Integral Control by State Augmentation 

figure 8.22 
Block diagram for 
integral control with 
full-state feedback 

The idea is to add an integrator so as to obtain an integral of the error signal. This 
integrator will be physically implemented as part of the controller equations. We 
then feed back that integral along with the estimated or measured state as shown 
in Figs. 8.22 and 8.23 in a similar manner as before. To accomplish the design of 
the feedback gains for both the integral and the original state vector, we augment 
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324 Chapter 8 Design Using State-Space Methods 

figure 8.23 
Block diagram for 
integral control with 
state estimation 

Integrator 
w 

Plant 

cI>,r y 

the model of the plant with an integrator, thus adding an error integral output to 
the existing plant state output. This augmented model is then used as before to 
calculate the feedback control gains for the augmented state. More specifically, 
to the standard system 

x(k + 1) = <l>x(k) + ru(k) + r
l 
w(k), 

y(k) = Hx(k), 

we augment the state with x 1, the integral of the error, e = y r. The discrete 
integral is simply a summation of all past values of e(k) (Eq. 3.15), which results 
in the difference equation 

x1(k + 1) = x
1
(k) + e(k) = x1(k) + Hx(k) - r(k), 

therefore arriving at the augmented plant model 

[ �(t: i1} ] = [ � : ] [ �(t; ] + [ � ] u(k)- [ � ] r(k). 

The control law, following Eq. (8.75), is 

u(k) = -[K
1 

K] [ �
(
�; ] + KNxr(k). 

(8.83) 

(8.84) 

With this revised definition of the system, the design techniques already developed 
can be used directly for the control law design. Following Figs. 8.15(a) and 
8.16(a), it would be implemented as shown in Fig. 8.22 for the full-state feedback 
case and as shown in Fig. 8.23 for the case where an estimator is used to provide 
x. The integral is replacing the feedforward term, Nu, and has the additional role 
of eliminating errors due to w. 

The estimator is based on the unaugmented model and is used to reconstruct 
the unaugmented state. It will be nth-order, where n is the order of the original 
system and requires the placement of n poles. On the other hand, the design of 
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8.5 Integral Control and Disturbance Estimation 325 

[K
1 

K] requires the augmented system matrices (Eq. 8.84); therefore, there will 
be n + l poles to be selected for this portion of the design. 

If implemented as i� Fig. 8.23, the addition of the extra pole for the integrator 
state element will typically lead to a deteriorated command input response com
pared to that obtained without integral control. While it is possible to iterate on 
the n + l selected control poles until a satisfactory response is obtained, it is also 
possible to retain the reference response obtained from a non-integral-control 

integrator pole design by placing a zero in the controller as shown in Fig. 8.24 so that it cancels 
cancellation the extra pole from the integrator. Note that the feedforward Nx term in Fig. 8.22 

has been replaced by N which introduces a zero at z
1 

= l - 1:i 15. Using the zero 
. N 

to cancel the closed-loop pole that was added for the mtegral state element cancels 
the excitation of that pole by command inputs. Note that this does not cancel the 
integral action, it merely eliminates the excitation of the extra root by command 
inputs. A change in the disturbance, w, will also excite the integral dynamics and 
the steady-state errors due to either constant disturbances or constant command 
inputs are eliminated. As always, the integrator output changes until its input, 
which is constructed to be the system error, is zero. The configuration of Fig. 
8.24 can be changed to replace the feedforward of r to additional feedforward of 
e and modified feedback of y. 

Example 8.16 Integral Control for the Satellite Attitude Case 

Figure 8.24 

Determine the integral control structure and gains for the satellite attitude control problem 

using full state feedback. Place the control poles at z 0.8 ± j0.25, 0.9 and use a sample 

Block diagram for integral control with full-state feedback and an added zero 

y 

15 In fact, the system of Fig. 8.22 has a zero at 1 - /;, . so the selection of the zero location comesponds 
to a particular selection of Nx. x 
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326 Chapter 8 Design Using State-Space Methods 

period of T = 0.1 sec. Compute the time responses for a unit step in r at t = 0 sec and a 
step disturbance of 5 deg/sec2 at t = 2 sec for (a) no integral control, (b) integral control as in 
Fig. 8.22, and (c) integral control as in Fig. 8.24 with the added zero at z = +0.9. 

Solution. 

(a) This case is the same controller as used in Example 8.12. The only difference is that there 
is a step in the disturbance at 2 sec. Therefore, lsim must be used in order to allow the 
multiple inputs, the step in r at t = 0 and the disturbance step in w starting at 2 sec. The 
result is shown in Fig. 8.25. We see that the system responds identically to Fig. 8.17 for 
the first 2 sec, then there is a steady-state error in the output, x

1
, after the transients from 

the disturbance die out. The output error can be shown via the final value theorem to be 
w/ K

1 
= 0.5, thus the final value of x

1 
is 1.5 instead of the commanded value of 1. 

(b) A steady-state error resulting from a disturbance is a classic motivation for the addition 
of integral control. The system model from Example 8.1 is augmented according to 
Eq. (8.84) and used with acker to obtain the augmented feedback gain matrix, [K

1 
K] = 

[1.025 13.74 4.313] by asking for control roots at z = 0.8 ± j0.25, 0.9. We saw from 
Example 8.12 that Nx = [1 O]T; therefore, the system design is complete and can be 
implemented according to Fig. 8.22. Use of lsim produces the response in Fig. 8.26(a). 
Note that the desired result has been obtained in that there is no longer a steady-state error 
in the output, x 1. However, also note that it has come with a price; the behavior before the 
disturbance step has been degraded. More control was used, and the initial overshoot has 
increased from the original 20% to about 40% because of the additional root at z = 0.9. 

(c) The implementation is structured as shown in Fig. 8.24 which produces a zero at z = 0.9. 
All other parameters are the same as (b). Note that the resulting response in Fig. 8.26(b) 

Figure 8.25 3 �-----.-----.....----.------r-----.------, 
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figure 8.26 
Response of satellite 
attitude to a unit step 
input at t = 0 and a step 
disturbance at t = 2 sec 
with integral control, 
Example 8.16. (a) As in 
Fig. 8.22, (b) with an 
added zero as in 
Fig. 8.24 
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before 2 sec is now identical to the case in Example 8.12 with no integral control; yet, the 
integral action successfully eliminates the steady-state error. 
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328 Chapter 8 Design Using State-Space Methods 

It should be clear from the discussion and the example that the preferred 

implementation of integral control is given by Fig. 8.24 where the zero cancels 
the integrator closed-loop root. 

8.5.2 Disturbance Estimation 

An alternate approach to state augmentation is to estimate the disturbance signal 
in the estimator and then to use that estimate in the control law so as to force 
the error to zero as shown in Fig. 8.27. This is called disturbance rejection. 

disturbance rejection This approach yields results that are equivalent to integral control when the 
disturbance is a constant. After the estimate, w, converges, the feedback of its 
value as shown in Fig. 8.27 will cancel the actual disturbance, w, and the system 
will behave in the steady state as if no disturbance were present. Therefore, the 
system will have no steady-state error, assuming, of course, that the steady-state 
error was due to a disturbance described by the assumed equation used in the 
estimator. It is important to notice that while a disturbance may, in general, appear 
at any point in the plant equations, the control can apply a signal to cancel it only 
at the control input. To reconcile these facts, we introduce the "input equivalent" 
disturbance. This is a virtual signal applied at the control input which would 
produce the same steady state output at y as the actual disturbance does. Then, 
when the control applies the negative of the virtual disturbance, the effect of the 
real disturbance at the output is cancelled and the error is driven to zero. To obtain 
an estimate of the virtual disturbance, we build the estimator with the equations 
of the virtual disturbance included. 

disturbance modeling Disturbances other than constant biases can be modeled, included in the 

Figure 8.27 

Block diagram for input 
disturbance rejection 

estimator equations, estimated along with the plant state, and their effect on 
errors eliminated in steady-state. If we assume the disturbance is a constant, the 
continuous model is quite simple: • 

w =0. 

w 

Plant 

<I>, r, H 
y co

nt
ro

len
gin

ee
rs

.ir



8.5 Integral Control and Disturbance Estimation 329 

A sinusoidal disturbance would have the model 

or, in general, we could say that the disturbance obeys 

xd = Fdxd 

w = Hdxd . 

and the discrete model is given by 

xik + 1) � <l>dxik) 
w(k) = Hdxik) 

(8.85) 
(8.86) 

where <I> d = eF 
d T. For purposes of disturbance estimation, we augment the system 

model with the disturbance model, so Eqs. (8.85) and (8.86) become 

[ 
x(k + 1) 

] = [ <I> rlHd ] [ 
x(k) 

] [ r ] u(k) xik + 1) 0 <l>d xik) + 0 • 

y = [ H O] [ �J 
which can be written as 

[ 
x(k + 1) 

] = <I> [ 
x(k) ] + r u(k) xik + 1) w xik) w 

y(k) = Hw [ :,��) ] 

(8.87) 

(8.88) 

In the particular case where the disturbance is a constant, these equations 
reduce to 

[ 
x(k + 1) 

] = '[ <I> 
w(k+l) 0 

y(k) = [ H 

(8.89) 

(8.90) 

All the ideas of state estimation in Section 8.2 still apply, and any of the 
estimation methods can be used to reconstruct the state consisting of x and xd , 
provided the system is observable. 16 The computation of the required estimator 
gains is exactly as given in Section 8.2, the only change being that the system 
model is the augmented one given above by <I> w and Hw. Note from Fig. 8.27, 
however, that the control gain matrix, K, is not obtained using the augmented 
model. Rather, it is obtained using the <I> and r associated with the unaugmented 
F and G. In fact, the augmented system described by [<I> w' Hw] will always be 
uncontrollable! We have no influence over the value of w by means of the control 

16 Observability requires that the virtual disturbance is "seen" at the plant ouput. Thus, if the disturbance 

is a constant, then the plant cannot have a zero from u to y at z 1. 
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330 Chapter 8 Design Using State-Space Methods 

input, u, and must live with whatever value nature deals us; hence, the augmented 
system is uncontrollable. Our plan is not to control w, but to use the estimated 
value of win a feedforward control scheme to eliminate its effect on steady-state 
errors. This basic idea works if w is a constant, a sinusoid, or any combination of 
functions that can be generated by a linear model. It works regardless of where 

the actual disturbance acts since the design is based on the virtual disturbance. 

The only constraint is that the disturbance state, x
d
, be observable. 

Example 8.17 Bias Estimation and Rejection for the Satellite Attitude Case 

Figure 8.28 

Response of satellite 
example to a unit 
reference input at t = O 
and a step disturbance 
at t = 2 sec with bias 
estimation as in 
Fig. 8.27, Example 8.17 

Determine the bias rejection control structure and gains for the satellite attitude control problem. 
Place the control poles at z = 0.8 ± j0.25 and use a sample period of T = 0.1 sec. Use a 
predictor estimator and place the estimator poles at z = 0.4 ± j0.4, 0.9. Compute the time 
responses for a unit step in r at t = 0 sec and a step disturbance of 5 Deg/sec2 at t = 2 sec and 
compare the results with the integral control in Example 8.16. 

Solution. For purposes of finding the control gain, we use the unaugmented model as in 
Example 8.1 and, therefore, find the same value of K = [10.25 3.49]. For purposes of 
designing the estimator, we augment the plant model according to Eqs. (8.89) and (8.90) and 
find that the desired poles yield L; = [ 1.3 6.14 5 .2]. Structuring the control as in Fig. 8.27 
and applying the inputs as specified above, lsim yields the response as shown in Fig. 8.28. 
Note the similarity to Example 8.16 shown in Figs. 8.26(a) and (b). The disturbance rejection 
approach also eliminates the steady-state error. But also note the early response to the reference 
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8.5 Integral Control and Disturbance Estimation 331 

input: There is no increased overshoot as in Fig. 8.26(a); in fact, the response is identical to 
Fig. 8.26(b) up until the disturbance enters at t = 2 sec. Note further that the disturbance 
estimate, w, approaches the actual disturbance value asymptotically. Notice that in this case 
the steady state error due to the reference input is made to be zero by the calculation of N and 
is not robust to small parameter changes in the way provided by integral control. 

Example 8.17 shows that disturbance estimation can be used to estimate a 
constant disturbance input and then to use that estimate so as to reject the effect 
of the disturbance on steady-state errors. When the disturbance is a constant, this 
approach essentially duplicates the function of integral control. The following 

example shows how disturbance estimation can be used to estimate the value of 
the disturbance when it is a sinusoid. The estimate is used to cancel the effect of 
the disturbance, thus creating disturbance rejection. 

Example 8.18 Disturbance Torque Rejection for a Spinning Satellite 

For a spinning satellite, a disturbance torque from solar pressure acts on the system as a 
sinusoid at the spin frequency. The attitude dynamics become 4th order as the two axes are 
now coupled; however, for slow spin rates, the dynamics may be approximated to be 1/s2 as 
in Example 8.17. 

Determine the disturbance rejection control structure and gains for the attitude control 
with a disturbance torque from solar pressure of 2 deg/sec2 where the satellite is spinning at 
15 rpm. Place the control poles at z = 0.8 ± j0.25 and use a sample period of T = 0.1 sec, as 
before. Use a predictor estimator and place the estimator poles at z = 0.4 ± j0.4, 0.9 ± jO. l. 
The location of the estimator poles corresponding to the disturbance can be selected at a 
relatively slow frequency as above if the sinusoidal disturbance is known to be relatively stable 
in magnitude and phase. By picking those estimator poles at a slow frequency, the disturbance 
estimate will not respond much to other higher frequency disturbances. 

Plot the time history of the disturbance, the estimate of the disturbance, and the system 
output to verify that, in steady-state, there is no error remaining from the disturbance. Put in a 
step command of 1 ° at t = 5 sec to verify that the input will not excite any unwanted estimator 
errors. Examine the roots of the 8th order system and explain what each of them represent. 

Solution. The feedback for the unaugmented system is computed as in Example 8.17 to be 

K = [10.25 3.49]. 

The disturbance acts at the control input so there is no need for the concept of the virtual 
disturbance. It is modeled by choosing 

Fd [ _:; �], 

co
nt

ro
len

gin
ee

rs
.ir



332 Chapter 8 Design Using State-Space Methods 

in Eqs. (8.87) and (8.88). Use of acker with <I> w and Hw and the desired poles results in 

L; = [1.375 6.807 8.391 - 6.374]. 

The time response of the system described by Fig. 8.27 is found by use of lsim where the 
state of the complete system consists of the augmented state as well as the estimate of the 
augmented state, an 8th order system. The feedback of w can be accomplished by using an 
augmented feedback gain K' = [K 1 0]. Figure 8.29 shows the results. Note in the figure 
that the estimate takes about 4 sec to converge to the correct value and that there is a noticeable 
error in the output due to the disturbance until that time. The step at 5 sec has no effect on the 
estimate quality and therefore the response to the step is precisely as it was originally designed. 
Without the disturbance rejection, there would have been a steady sinusoidal error of about 
0.2° superimposed on the output. 

The roots of the closed loop 8th order system are: 

z = 0.8 ± 0.25}, 0.4 ± 0.4}, 0.9 ± 0.lj, 0.988 ± 0.156}. 

The first 6 roots represent those selected in the control and estimation design. The last two 
represent the discrete equivalent of the pure oscillation at 15 rpm, which are unchanged by the 
feedback. 

The previous example had a sinusoidal disturbance torque acting on the input 
to the system. It is also possible to have a measurement or sensor error that is 
sinusoidal in nature that one would like to eliminate as a source of error to the 

figure 8.29 3 .---.....----,----.---.------.----r-----.---,-----.----, 
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8.5 Integral Control and Disturbance Estimation 333 

control system. The role of the estimator in this case is to use the contaminated 
measurement to reconstruct the error-free state for use in the control. The estimate 
of the sensor error is ignored by the controller. 

Example 8.19 Satellite Attitude Control with Sinusoidal Sensor Disturbance Rejection 

Figure 8.30 

Block diagram for sensor 
disturbance rejection 

When an attitude sensor on a spinning satellite is misaligned from a principal axis of inertia, 
the sensed attitude will have a sinusoidal component as the satellite naturally spins about its 
principal axis. Typically, it is desirable to spin about the principal axis; therefore, it is useful 
to estimate the magnitude and phase of the misalignment and to reject that conwonent of the 
measurement. 

Repeat the design from Example 8.18, but replace the sinusoidal disturbance torque 
with a sinusoidal measurement error of 0.3° at 15 rpm. Again include a step command of 
1° at t = 5 sec. Place the control poles at z = 0.8 ± j0.25, as in Example 8.18, and use a 
sample period of T = 0.1 sec. Use a predictor estimator and place the estimator poles at 
z = 0.8 ± j0.2, 0.95 ± j0.05. 

Solution. As inExample 8.18, thefeedbackfor the unaugmented system isK = [10.25 3.49]. 
The output disturbance is modeled by augmenting the continuous plant with the matrices 

and 

and the augmented continuous system is 

x = Fx+ Gu 

x.d Fdxd (8.91) 
y = [H H

d
]. 

From these matrices, use of c2 d will compute the discrete matrices <I> w and Hw from which, 
with the desired poles the estimator gain is computed as 

L; = [0.3899 0.1624 0.0855 0.7378]. 

The time response of the system described by Fig. 8.30 is found by use of lsim where the 
state of the complete system consists of the augmented state as well as the estimate of the 
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334 Chapter 8 Design Using State-Space Methods 

augmented state, an 8th order system. The estimate of vis ignored. Figure 8.31 shows the 

results. Note in the figure that the estimate takes about 3 sec to converge to the correct value 

and that there is a noticeable error in the output due to the measurement error until that time. 

The step at 5 sec has no effect on the estimate quality and therefore the response to the step 

is precisely as it was originally designed. Without the disturbance rejection, there would have 

been a steady sinusoidal error of about 0.2° as the controller attempted to follow the sinusoidal 

measurement. 

A final example of the use of the estimator to achieve zero steady state 
error arises when it is desirable to track a reference signal with as little error as 
possible and it is known that the signal follows some persistent pattern. Since it 
would usually take some control effort to follow such a signal, the system would 
normally exhibit a following error of sufficient magnitude to produce the required 
control effort. This following error can be eliminated if the systematic pattern 
can be modeled and estimated, then used in a feedforward manner to produce the 

reference following desired control effort. This is called reference following. The idea is the same as 

with disturbance rejection except that the error is now not the output only but the 
difference between the reference and the output. The idea again is to construct a 
virtual reference, p, at the control input which would produce the system error 
at the plant output, as shown in Figure 8.32(a). The feedback gain K is designed 

Figure 8.31 3 �-�--.----,---,------.--�-�--,-----,----, 

Response of satellite to a 
sinusoidal sensor 
disturbance with 2 
disturbance rejection as 
in Fig. 8.30, Example ....... . 

8.19 

0 

-1 

-2 

-3 0 2 3 4 

+ v; measured output, 
................ 

x1, outputy 
v, sen$or disttirbance 
v, sen$or disttirbance �stimate 

5 
Time (sec) 

6 7 8 9 

co
nt

ro
len

gin
ee

rs
.ir



Figure 8.32 

Block diagram for sensor 
disturbance following. 
(a) The pretend model, 
and (b) the 
implementation model 

8.5 Integral Control and Disturbance Estimation 335 

using the unaugmented plant described by <I> and r, but the feedback signal is 
the system error e. 

By estimating p and feeding that estimate into the plant with the control as 
shown in Fig. 8.32(a), the effect of pis eliminated in this virtual model and e = 0 
in steady state. The actual situation that is implemented is shown in Fig. 8.32(b) 
where the reference is subtracted from the output to form the error, e, and the 

(a) 

(b) 

p 

Virtual 

reference model 

Plant 

<I>, r 

Estimator 

....__ ______ -; <I>w, r IV' Hw, LP l+--------1 

u 

p 

Actual 

reference model 

Plant 

<I>, r 

Estimator 

r 

e 

co
nt

ro
len

gin
ee

rs
.ir



336 Chapter 8 Design Using State-Space Methods 

estimate of the virtual reference, 75, is subtracted from the control. Therefore, e 

will behave as if p was canceled, so that in steady state, e = 0, implying that y is 
following r. 

Example 8.20 Sinusoidal Sensor Disturbance Following of a Disk Drive 

A computer disk drive read head must follow tracks on the disk. Typically, there is a small 
offset between the center of the tracks and the rotational center of the disk, thus producing a 
wobble in the tracks that the read head must follow. Assume the transfer function between the 
input command and the read head response is 

G( 
1000 

s) = 

and the disk spins at 5000 rpm. Design a control system that follows tracks on the disk with 
no error even though they may be off center by some small amount. Pick the gains so that the 
system has a rise time better than 3 msec and no more than a 15% overshoot. Use a sample 
rate of 2 kHz. 

Solution. The disk head system is described by 

F=[� �], G=[10°ooJ, and H=[l 0]. 

We pretend that the disturbance is the same as in Example 8.18, that is 

Fd = [ -�� � ], and Hd = [ 1 0 ] 

where w
0 

= 5000 rpm or 523.6 rad/sec. The difference here compared to Example 8.18 is that 
the actual reference is being subtracted from the output and we wish to eliminate its effect on 
e. In other words, we want y to follow r in Fig. 8.32(b). 

Using F and G with c2d yields <I> and r for the disk head dynamics. To meet the rise 
time and overshoot specifications, a few iterations show that poles with a natural frequency 
of 1000 rad/sec and a 0.6 damping ratio, converted to the digital domain, produce the desired 
response. The resulting feedback gain is 

K = [736.54 1.0865]. 

But we wish to include the virtual reference in the control as 

u = Kx p. 

The estimator is constructed using the augmented system. A satisfactory design was found 
with equivalents-plane poles that had natural frequencies of 1000 and 1200 rad/sec, both sets 
withs = 0.9. Use of acker with <I> w and Hw results in L; = [3.9 1012.9 - 2.4 553.0]. 

The time response of the system described by Fig. 8.32(b) is found by use of lsim where 
the state consists of the augmented state as well as the estimate of the augmented state, an 8th 

order system. 
The purpose of the feedforward is to provide a control that will produce y = r and thus 

e = 0. Since we have an estimate of an input, 75, that will produce the track wobble which is 
th� tracking refe�ence, r, feedforward of -75 causes y = -r. This produces the time response 
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Figure 8.33 
Response of disk drive to 
sinusoidal reference 
following as in Fig. 8.32, 
Example 8.20 
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marked by small circles in Fig. 8.33. Note that, once 75 has converged, there is no noticeable 

following error. 

8 .. 6 Effect of Delays 

Many feedback control systems have a pure time delay, A, imbedded in some 
part of the loop. A one cycle delay was analyzed in Section 7.3.2 by adding a z- 1 

to the system model and using the root locus method to show that the stability 
of the system was decreased when no change to the compensation was made. 
We can also analyze the effect of delays with frequency response methods as in 
Section 7.4 by reducing the phase by WA. This analysis easily shows that, if no 
changes are made to the compensation, the phase margin and hence stability will 
be reduced. Either design method can be used to modify the compensation so the 
response is improved. 

For state-space design, we saw in Section 4.3.4 that, for an actuator delay, 
one state element must be added to the model for each cycle of delay or fraction 
thereof. In other words, a delay of O < A ::; T will require an increase in the order 
of the system model by 1, a delay of T < ). :::; 2 T will increase the order by 2, 
and so on. Using the pole placement approach, we can assign any desired pole 
locations to the system. Therefore, we are able to achieve the same closed-loop 
poles in a system with delays as one without delays; however, there are extra 
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338 Chapter 8 Design Using State-Space Methods 

poles in the system with delays. Those extra poles can slow down the response 
even if they are selected as fast as possible, that is, at z = 0. The response of the 
system to command inputs and disturbances is also affected by the location of the 
delays, that is, whether they are part of the control actuator or the sensor. Figure 
8.34 shows systems with the delays in the two locations. 

8.6.1 Sensor Delays 

For the sensor delay, Fig. 8.34(a), an estimator can be used to reconstruct the 
entire state; therefore, the undelayed state is available for control. The system can 
be made to respond to command inputs, r, in exactly the same way that a system 
would respond without a sensor delay because the estimator sees the command 
through the feedforward of u and does not depend on the delayed output to detect 
it. Therefore, no estimator error is excited and the undelayed state estimate is 
accurate. On the other hand, a disturbance input, w, will not usually be seen by 
the estimator until the output, y

d
, responds; therefore, the estimator error will be 

delay model increased by the delay. 

Figure 8.34 

System with delays, 
(a) sensor delay, 
(b) actuator delay 
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8.6 Effect of Delays 339 

The model of a one cycle delay of a quantity y is 

(8.92) 

where y1d is the delayed version of y and is an additional state element that is 
added to the system model. The model for more than one cycle can be obtained 
by adding more similar equations and state elements. So, for two cycles of delay, 
we would add 

(8.93) 

to Eq. (8.92), where y
2d 

is one more state element and is the value of y that is 
delayed by two cycles. Therefore, for a system given by 

x(k + 1) = <l>x(k) + ru(k) 

y(k) = Hx(k), 

the system model including a two-cycle sensor delay is 

[ : � � ] [ y:��k) ] + [ � ] u(k), 
0 1 0 y

2d
(k) 0 

[ o o 1 J [ y:��l) ] , 
y

2d
(k) 

(8.94) 

(8.95) 

where y
d 

is the output y delayed by two cycles. Any number of cycles of delay 
can be achieved easily by using this scheme. 

If a sensor had delay that was not an integer number of cycles, it would not 
influence the sampled value until the next sample instance. Therefore, sensor 
delays must be an integer number of samples. 

Note that, due to the column of zeros, the augmented system matrix, <I> a 

in Eq. (8.94) will always be singular, a fact that will cause difficulties when 
calculating gains for a current estimator using acker in MATLAB. 17 

Example 8.21 Effect of a Sensor Delay on the Satellite Attitude Response 

Examine the step response to a command input r of the satellite attitude control with one cycle 
of delay at the sensor. Place two of the control poles at z 0. 8 ± 0 .25 j, as was the case for 
Examples 8.2 and 8.12, and the additional pole for the delay state at z = 0. Place the poles for 
a prediction estimator at z = 0.4 ± 0.4 j, as was the case for Examples 8.5 and 8.12, and the 
additional pole for the delay state at z = 0. Compare the results with Example 8.12, the same 
system step response without a delay. 

17 We will see in Chapter 9 that a singular cl> matrix will also cause difficulty with dlqr. 
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Solution. The state-space equations for this system are (from Eqs. 8.94 and 8.95) 

[ ::�1 ! g ] = [ � � � ] [ ::�1� ] + [ Tf
2 

] u(k), 
y

1/k + 1) 1 0 0 y
1/k) 0 

y/k) = [ 0 0 1 ] [ ::�1� ] . 
y

1/k) 

Use of acker in MATLAB with the augmented <I> and r matrices as defined above with the 
desired control pole locations yields 

K = [10.25 3.4875 0]. 

The first two elements are the exact same values that were obtained in Examples 8.2 and 8.12, 
and the zero third element means that the delayed state element is ignored. Thus the sensor 
delay has no effect on the controller. 

Use of acker in MATLAB with the augmented <I> and H matrices as defined above with 
the desired estimator pole locations yields 

[ 
1.72 

] L
P

= 5.2 . 
1.2 

In evaluating the step response according to Eq. (8.79), N needs to be evaluated with the 
new values of Nx and N11• In this case, Eq. (8.73) shows that 

and N = 10.25. 

The use of step with the system defined by Eq. (8.79) produces the step response shown in 
Fig. 8.35. It includes the output y and the delayed output y

d
. Note that the response of y is 

precisely the same as the response for E,xample 8.12 in Fig. 8.17 even though the only quantity 
fed back was the delayed output. This result follows because the current value of the state was 
estimated correctly due to the feedforward from the command input and the current value of 
the state was used by the controller. 

It is remarkable that a system with a sensor delay can respond to a command 
input in precisely the same way that the undelayed system would respond. This 
implies that the system closed-loop transfer function was such that the pole at 
z = 0 was not excited. The ability to design such a control system is enhanced 
by the state-space controller/estimator approach. It is important to note, however, 
that if the system had a disturbance, w, that was not fed into the estimator in the 
feedforward path, the delayed output measurement would cause a delayed esti
mator response and, thus, a degraded response of the system to that disturbance. 
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Figure 8.35 
Step response for input 
command for Example 
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2.5 3 

An example of a system in common use with a sensor delay is the fuel 
application to engine injection control for an automobile engine. Here, the sensed value of the fuel-air 
control ratio in the exhaust is delayed by the piston motion and the time for the exhaust 

stream to reach the sensor. The primary disturbance is the motion of the throttle 
by the driver's foot; however, this motion can be sensed and used as feedforward 
to the estimator. Thus the estimator structure is capable of instantaneous rejection 
of the throttle disturbance in spite of the significant delay of the exhaust sensor. 
(See Fekete, 1995.) 

8.6.2 Actuator Delays 

The model for an actuator delay is derived in Section 4.3.4. The result is Eq. 
( 4. 79), which allows for any length delay, fractional or whole cycles. The poles 
of a system with actuator delays can be placed arbitrarily, just like the sensor delay 
case, and it makes sense to add a pole at z = 0 for each added delay state element. 
However, for input commands or disturbance inputs, the extra poles at z = 0 will 
be excited and the system response will be delayed by the actuator delay. This 
fact can be understood by examining Fig. 8.34(b). There is no way that the input 
r can influence the plant without passing through the delay. A disturbance w will 
influence the plant without delay; however, the feedback through the estimator 
will be delayed before it can counteract the disturbance, thus causing an increased 
sensitivity to disturbances. 
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34 2 Chapter 8 Design Using State-Space Methods 

Example 8.22 Effect of an Actuator Delay on an Engine Speed Governor 

An engine speed governor consists of an rpm sensor, usually a device that counts the time 
between the passage of teeth on a gear, and logic to determine the input to the fuel injector 
(diesel engines) or to the throttle actuator or spark advance (gasoline engines). Figure 8.36 
shows the block diagram including the engine model, which is a simple first order lag with 
a time constant of around 3 sec so that a= 0.3. Fig. 8.36(a) shows the system without any 
delay, the ideal case. The actuator delay shown in Fig. 8.36(b) varies from engine to engine. 
For a gasoline engine with a throttle actuator, it is typically around a half engine cycle due to 
the piston motion (100 msec at 600 rpm). For diesel engines the actuator can be made to act 
more quickly; however, some manufacturers use injectors that have a full engine cycle delay 
(200 msec at 600 rpm). For this example, we will use a sample time of T = 200 msec and a 
one cycle actuator delay. 

Investigate the response of the system for step input commands, r, and impulsive distur
bances, w. Compare the results for control systems structured as in the three cases in Fig. 8.36. 
Pick the control gain so that the poles are at z = 0.4 for the ideal case and the estimator gain 
(if there is one) so that its pole is at z = 0.2. Select N so that there is no steady-state error. 

Solution. The step responses are shown in Fig. 8.37. For the ideal case (Fig. 8.36(a)), the 
gains were found to be 

K = 9.303 and N = 10.303. 

The step response for r = 1 is shown in Fig. 8.37(a) and was obtained using step. 
The model of the system with the delay in Fig. 8.36(b) can be accomplished with the aid 

of Eq. (4.79). For this system it reduces to 

where cf> and r can be found using MATLAB's c2d, but can also be computed easily for this 
first order case to be 

and 

Figure 8.37(b) shows the response of this system with the classical feedback as shown 
in Fig. 8.36(b) using the same gains as in (a). Not only is the response delayed by a cycle, 
but it has become oscillatory. A z-plane analysis of this system explains why: the roots are at 
z = 0.47 ± 0.57 j, which yield an equivalents-plane damping of s = 0.33. 

Figure 8.37(c) shows the response of the system with the estimator structure as shown in 
Fig. 8.36(c) using the desired control pole locations of z = 0.4, 0. This yielded gains of 

K [8.76 0.54] and N = 10.303. 

The estimator poles were placed at z 0.2, 0, which yielded an estimator gain of 

L = [ 0.742
] 

p O 
• 
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Figure 8.36 
Engine speed control 
block diagrams, (a) the 
ideal feedback system 
without a delay and 
without an estimator, 
(b) the classical feedback 
with an actuator delay, 
(c) the estimator 
structure with an 
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The response was. obtained using Eq. (8.79) and is identical to the ideal case; however, it is 

delayed by one cycle. As previously discussed, this delay cannot be reduced if its source is 

due to the actuator. 

The oscillatory response shown in Fig. 8.37(b) also can be eliminated by reducing the gain 

in the classical structure of Fig. 8.36(b), an easier solution than adding an estimator. Reducing 

the gain, K, from 9.3 to 4.0 produced the response in Fig. 8.37(d). While the oscillations have 

been removed, the response has slowed down. There is no value of gain in this simple structure 

that will duplicate the quality of the response obtained from the estimator system, although the 

difference is not large for this example. 

Three of the cases were analyzed for an impulsive disturbance, wand shown in Fig. 8.38(a, 

b, and c). Qualitatively, the same kind of responses were obtained; however, the predictor 

estimator had an extra cycle of delay compared to the classical feedback system; therefore, 

there is little difference between the responses in Figs. 8.38(b) and 8.38(c). A current estimator 
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Figure 8.37 4 4 
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8.7 *Controllability and Observability 345 

formulation eliminates the extra delay and improves the response, which was obtained by 

evaluating Eq. (8.81) and is shown in Fig. 8.38(d). 

Example 8.22 shows that an actuator delay will effect the response to a 
command input or a disturbance regardless of the control implementation. This 
is an inherent characteristic of an actuator delay for any system. However, use of 
an estimator including the delay minimizes its effect. Use of a current estimator 
provides the best response to a disturbance. 

8. 7 *Controllability and Observability 

Controllability and observability are properties that describe structural features 
of a dynamic system. 18 These concepts were explicitly identified and studied by 
Kalman (1960) and Kalman, Ho, and Narendra (1961). We will discuss only a 
few of the known results for linear, constant systems that have one input and_ one 
output. 

We have encountered these concepts already in connection with design of 
control laws and estimator gains. We suggested in Section 8.1.3 that if the matrix 
C given by 

is nonsingular, then by a transformation of the state we can convert the given 
description into the control canonical form and construct a control law such that 
the closed-loop characteristic equation can be given arbitrary (real) coefficients. 
We begin our discussion of controllability by making the definition (the first of 

controllability definitions three): 

I. The system (<I>, r) is controllable if for every nth-order polynomial a/z), 
there exists a control law u = -Kx such that the characteristic polynomial of 
<I> - rK is a/z). 

And, from the results of Section 8.1.3, we have the test: 

The pair(<I>, r) is controllable ifand only iftherankofC = [r:<I>r:. • • :<l>n-tr] 
is n. 

The idea of pole placement that is used above to define controllability is essentially 
a z-transform concept. A time-domain definition is the following: 

18 This section contains material that may be omitted without loss of continuity. 
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346 Chapter 8 Design Using State-Space Methods 

II. The system (<I>' n is controllable if for every Xo and xl there is a finite N and 
a sequence of controls u(O), u(l), • • ·, u(N) such that if the system has state x

0 

at k = 0, it is forced to state x
1 

at k = N. 

In this definition we are considering the direct action of the control u on the state 
x and are not concerned explicitly with modes or characteristic equations. Let us 
develop a test for controllability for definition II. The system equations are 

x(k + 1) <l>x(k) + ru(k), 

and, solving for a few steps, we find that if x(O) = x0
, then 

x(l) = <l>x
0 
+ ru(O), 

x(2) = <l>x(l) + ru(l) 
= cf>2x

0 
+ ct>ru(O) + ru(l), 

N-1 

x(N) = ct,Nxo + L ct,N-1-jru(j) 
j=O 

= <I>N Xo + [r: <I>r: ••• : <I>N-lri 
[ 

u(

:
i
: 

1) l · 
If x(N) is to equal x

1
, then we must be able to solve the equations 

[ 

u(N - 1) 

l 
u(N - 2) 

• • • N-1 N (r: cf>r: • · • : cf> r) 
: = X 1 - cf> X0 . 

• u(O) 

We have assumed that the dimension pf the state, and hence the number of rows 
of the coefficient matrix of these equations, is n; the number of columns is N. 
If N is less than n, we cannot possibly find a solution for every x

1
. If, on the 

other hand, N is greater than n, we will add a column cf>'T, and so on. But, by 
the Cayley-Hamilton theorem, (see Appendix C), ct>n is a linear combination of -
lower powers of cf>, and the new columns add no new rank. Therefore we have a 
solution, and our system is controllable by definition II if and only if the rank of 
C is n, exactly the same condition as we found for pole assignment! 

Our final definition is closest to the structural character of controllability. 

III. The system (<I>, r) is controllable if every mode in <I> is connected to the 
control input. 

Because of the generality of modes, we will treat only the case of systems for 
which cf> can be transformed to diagonal form. (The double-integrator model 
for the satellite does not qualify.) Suppose we have a diagonal cf>A matrix and 
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Figure 8.39 
Block diagram for a 
system with a diagonal 
<l>-matrix 

u 
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corresponding input matrix r A with elements Y;. Then the structure is as shown 
in Fig. 8.39. By the definition, the input must be connected to each mode so that 
no Y; is zero. However, this is not enough if the roots A; are not distinct. Suppose, 
for instance, A 

1 
= A

2
. Then the equations in the first two states are 

WI (k + 1) = Al WI (k) + Yi u, 
w/k + 1) = A

1 
w/k) + y2u. 

If we now define� = y2 w 1 
y

1 
w 2, the equation in� is 

Y2 W 1 (k + 1) - ri
w/k + 1) = A

1 Y2 W 1 (k) - A
1 Yi

w
2 (k) + Y1Y2U - Y1Y2U, 

which is the same as 

The point is that if two characteristic roots are equal in a diagonal <I> A system with 
only one input, we effectively have a hidden mode that is not connected to the 
control, and the system is not controllable. Therefore, even in this simple case, 
we have two conditions for controllability: 

1. All characteristic values of <I> A are distinct, and 

2. No element of r A is zero. 

Now let us consider the controllability matrix of this diagonal system. By 
direct computation, we obtain 

C = [ �

1 

Yn 
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[ 

Y1 0 0 l [ 1 Al Ai • .. A7- 1 l 
0 y2 

1 A
2 

A; 
. 

. . . . 
. 

. . . . 

. . . 

0 y 1 A A 2 A n-i 

ll /l n II 

The controllability matrix is a product of two terms, and C is nonsingular if and 
only if each factor is nonsingular. The first term has a determinant that is the 
product of the Vi, and the second term is nonsingular if and only if the \ are 
distinct! So once again we find that our definition of controllability leads to the 
same test: The matrix C must be nonsingular. If C is nonsingular, then we can 
assign the system poles by state feedback, we can drive the state to any part of 
the space in finite time, and we know that every mode is connected to the input.19 

As our final remark on the topic of controllability we present a test that is 
an alternative to testing the rank (or determinant) of C. This is the Rosenbrock
Hautus-Popov (RHP) test [see Rosenbrock (1970), Kailath (1979)]. The system 
(cl>, r) is controllable if the system of equations 

v'[zl ct>: r] = 0' 

has only the trivial solution v' = 0', or, equivalently 

rank[zl - ct>: r] = n, 

or there is no nonzero v' such that 

(i) v'cI> = zv', (ii) v'I' = 0. 

This test is equivalent to the rank-of-C test. It is easy to show that if such av 
exists, then C is singular. For if a nonzero v exists such that v'I' = 0 by (i), then, 
multiplying (i) by r on the right, we find 

v'cI>I' = zvT = 0. 

Then, multiplying by cI>I', we find 

v'<1>2
r = zv'<l>I' = 0, 

and so on. Thus we derive v' C = 0' has a nontrivial solution, C is singular, and 
the system is not controllable. To show that a nontrivial v' exists if C is singular 
requires a bit more work and is omitted. See Kailath (1979). 

We have given two pictures of an uncontrollable system. Either the input 
is not connected to a dynamic part physically or else two parallel parts have 
identical characteristic roots. The engineer should be aware of the existence of a 
third simple situation, illustrated in Fig. 8.40. Here the problem is that the mode 
at z = ½ appears to be connected to the input but is masked by the zero in the 
preceding member; the result is an uncontrollable system. First we will confirm 

19 Of course, we showed this only for <I> that can be made diagonal. The result is true for general <I>. 
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Figure 8.40 

Block diagram of a 
simple uncontrollable 
system 

observability 

u 
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this allegation by computing the determinant of the controllability matrix. The 
system matrices are 

and 

c = [r <I>rJ = U ½ ], 

which is clearly singular. If we compute the transfer function from u to x1, we 
find 

z - .!. 1 
H(z) = __ 2 --1 

z 1 z - 2 

z-1 

(8.96) 

(8.97) 

Because the natural mode at z = ½ disappears, it is not connected to the input. 
Finally, if we consider the RHP test, 

[ZI _ (J) r] _ [ z - ½ -1 1 ] -
O z-1 ½ ' 

and let z = ½, then we must test the rank of 

[� -½ a 
which is clearly less than two, which means, again, uncontrollable. In conclusion, 
we have three definitions of controllability: pole assignment, state reachability, 
and mode coupling to the input. The definitions are equivalent, and the tests for 
any of these properties are found in the rank of the controllability matrix or in 
the rank of the input system matrix [zl -(J) r]. 

We have thus far discussed only controllability. The concept of observability 
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350 Chapter 8 Design Using State-Space Methods 

is parallel to that of controllability, and most of the results thus far discussed 
can be transferred to statements about observability by the simple expedient of 
substituting the transposes <l>T for <I> and HT for r. The result of these substi
tutions is a "dual" system. We have already seen an application of duality when 
we noticed that the conditions for the ability to select an observer gain L to give 
the state-error dynamics an arbitrary characteristic equation were that (<l>T , HT) 
must be controllable-and we were able to use the same Ackermann formula for 
estimator gain that we used for control gain. The other properties that are dual to 

observability definitions controllability are 

01. The system (<I>, H) is observable if for any n th-order polynomial a/z), 
there exists an estimator gain L such that the characteristic equation of the 
state error of the estimator is a/z). 

OIi. The system (<I>, H) is observable if for any x(0), there is a finite N such 
that x(0) can be computed from observation of y(0), y(l), ... , y(N 1). 

Olli. The system (<I>, H) is observable if every dynamic mode in <I> is connected 
to the output y via H. 

We will consider the development of a test for observability according to 
definition OIi. The system is described by20 

x(k + 1) = <l>x(k), 
y(k) = Hx(k); 

and successive outputs from k = 0 are 

y(0) = Hx
0

, 

y(l) = Hx(l) = H<l>x
0

, 

y(2) = Hx(2) H<l>x(l) = H<l>2x
0

, 

y(N - 1) = H<l>N-txo

In matrix form, these equations are 

20 Clearly the input is irrelevant here if we assume that all values of u(k) are available in the computation 

of x0 . If some inputs, such as a disturbance w, are not available, we have a very different problem. 
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8.8 Summary 351 

As we saw in the discussion of state controllability, new rows in these 
equations cannot be independent of previous rows if N > n because of the 
Cayley-Hamilton theorem. Thus the test for observability is that the matrix 

must be nonsingular. If we take the transpose of O and let H T =r and <l>r 
= <I>, 

then we find the controllability matrix of (<I>, r), another manifestation of duality. 

8.8 Summary 

• For any controllable system ( <I> S) of order n, there exists a discrete full state 
feedback control law (K) that will place then closed-loop poles at arbitrary 
locations. acker.m or place.musing <1>,r perform this function. 

• C = [r <I> r ... ] , the controllability matrix, must be of rank n, the order of 
the system, for the system to be controllable. ctrb. m performs this calculation. 

• The general rule in selecting the desired pole locations is to move existing 
open-loop poles as little as possible in order to meet the system specifications. 

• For any observable system (<l>,H) of order n, there exists a discrete estimator 
with gain L that will place the n estimator error equation poles at arbitrary 
locations. acker.m or place.musing <l>r ,H r calculates L. 

• 0 = [H H <I> ... ] , the observability matrix, must be of rank n, the order of 
the system, for the system to be observable. obsf.m performs this calculation. 

• Feedback via K using the estimated state elements results in system poles 
that consist of the n control poles plus the n estimator poles. 

• Estimator poles are usually selected to be approximately twice as fast as the 
controller poles in order for the response to be dominated by the control 
design. However, in order to smooth the effects of measurement noise, it is 
sometimes useful to select estimator poles as slow or slower than the control 
poles. 

• Calculation of N and N via refi. m and their usage with the structure in 
X U 

Figs. 8.15 or 8.16, the state command structure, provides the best response 
to command inputs. 

• Integral control is achieved by implementing the desired error integral and 
including this as part of an augmented plant model in calculating K. The 
estimator is based on the non-augmented model. Integral control eliminates 
steady state errors due to command inputs and input disturbances. 
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352 Chapter 8 Design Using State-Space Methods 

• Disturbance estimation is accomplished by augmenting the model used in 
the estimator to include the unknown disturbance as a state element. The 
disturbance could be an unknown constant or a sinusoid with unknown 
magnitude and phase. The disturbance estimate can then be used in the 
control law to reject its effect, called disturbance rejection or to cause the 
system to track the disturbance with no error, called disturbance following. 

• Delays in the actuator or sensor can be modeled in the estimator so that no 
estimation errors occur. Sensor delays will cause a delay in the response 
to a disturbance but there need not be any delay in the response to com
mand inputs. However, actuator delays will cause a delayed response from 
command inputs and disturbances. 

8.9 Problems 

8.1 For the open-loop system 

G(s) = y
(s) 

u(s) s2+0.2s+l' 
(a) Find the discrete state-space representation assuming there is a ZOH and the sample 

period T = 0.5 sec. 
(b) Find the full state digital feedback that provides equivalents-plane poles at wn = 2 

rad/sec with t = 0.5. 
(c) Examine the response of the closed-loop system to an initial value of 

y 
and verify 

that the response is consistent with the desired poles. 
8.2 For the open-loop system 

compute K by hand so that the poles of the closed-loop system with full state feedback 
are at z = 0.9 ± JO.l. 

8.3 For the open-loop system 

G(s) = y
(s) 

= 
1 

' u(s) s 2(s + 2) 
(a) Find the discrete state-space model, assuming there is a ZOH and the sample rate 

is T = 100 msec. 
(b) Pick poles so that the settling time ts < l sec and find the K that will produce those 

poles with full state feedback. 
(c) Verify that ts is satisfied by plotting the response to an initial value of y. 

8.4 For the system in Problem 8.2 , find the estimator equations and the value of the gain L 
by hand so that z

des 
= 0.6 ± J0.3 for 

(a) a predictor estimator, 
(b) a current estimator, and 
(c) a reduced-order estimator (z

des 
0.6). 
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8.5 For the system in Problem 8.3, 

8. 9 Problems 353 

(a) Find the predictor estimator equations and the value of the gain L so that the 
estimator t < 0.5 sec. 

P 

(b) Verify that ts is satisfied by plotting the response of j7
i 

( = y) to an initial value. 

8.6 For the open-loop system 

G(s) y(s) 

u(s) 

preceded by a ZOH and a sample rate of 20 Hz, 

(a) Find the feedback gain K so that the control poles have an equivalents-plane wn = 
10 rad/sec and t; = 0.7. 

(b) Find the estimator gain LP so that the estimator poles have an equivalents-plane 
c.v11 = 20 rad/sec ands 0.7. 

(c) Determine the discrete transfer function of the compensation. 

(d) Design a lead compensation using transform techniques so that the equivalent 
s-plane natural frequency c.v

11 
� 10 rad/sec ands � 0.7. Use either root locus or 

frequency response. 

(e) Compare the compensation transfer functions from (c) and (d) and discuss the 
differences. 

8.7 For the system in Problem 8.6, design the controller and estimator so that the closed-loop 
unit step response to a command input has a rise time tr < 200 msec and an overshoot 
MP <15% when using: 

(a) the state command structure, 

(b) the output error command structure. 

For both cases, check that the specifications are met by plotting the step response. 

8.8 For the open-loop system 

G(s) = 
y(s) 

= 

1 
' 

u(s) s2(s2 
+ 400) 

design the controller and estimator so that the closed-loop unit step response to a com
mand input has a rise time tr < 200 msec and an overshoot M <15% when using 
the state command structure. Check that the specifications are mit by plotting the step 
response. T = 30 ms. 

8.9 Compute G(z) from Eq. (4.64) for 

Why is this form for <I> and r called control canonical form? 

8.10 (a) For 

find a transform matrix T so that if x = Tw, then the equations in w will be in 
control canonical form. 
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354 Chapter 8 Design Using State-Space Methods 

(b) Compute Kw, the gain, such that if u = -K
w 

w, the characteristic equation will be 
a/z) = z2 - l.6z + 0.7. 

(c) Use T from part (a) to compute Kx, the gain in the x-states. 

8.11 (a) Show that the equations for the current estimator can be written in standard state 
form 

where ;k 
= x

k 

D = -KL
C
. 

; k+ I A; k + By k, u = C; k + Dy k, 

L
c
y

k
, A= (I - L

C
H)(<I> rK), B AL

C
, C -K, and 

(b) Use the results of Eq. (4.65) to show that the controller based on a current estimator 
always has a zero at z O for any choice of control law K or estimator law Le. 

8.12 For the open-loop system 

check the observability for: 

(a) H [O 1]. 

(b) H = [1 0]. 

(c) Rationalize your results to (a) and (b), stating why the observability or lack of it 
occurred. 

8.13 Design the antenna in Appendix A.2 by state-variable pole assignment. 

(a) Write the equations in state form with x
1 

y and x
2 

= y. Give the matrices F, G, 
and H. Let a= 0.1. 

(b) Let T I and design K for equivalent poles at s -1 /2 ± j ( J3 /2). Plot the step 
response of the resulting design. 

(c) Design a prediction estimator with L selected so that a/z) z2
; that is, both . . p 

poles are at the ongm. 

(d) Use the estimated states for computing the control and introduce the reference input 
so as to leave the state estimate undisturbed. Plot the unit step response from this 
reference input and from a wind gust (step) disturbance that acts on the antenna just 
like the control force (but not on the estimator). 

(e) Plot the root locus of the closed-loop system with respect to the plant gain and 
mark the locations of the closed-loop poles. 

8.14 In Problem 7.8 we described an experiment in magnetic levitation described by the 
equations 

x = I000x + 20u. 

Let the sampling time, T, be IO msec. 

(a) Use pole placement to design this system to meet the specifications that settling 
time is less than 0.25 sec and overshoot to an initial offset in xis less than 20%. 

(b) Design a reduced-order estimator for .x for this system such that the error-settling 
time will be less than 0.08 sec. 

( c) Plot step responses of x, .x, and u for an initial x displacement. 

(d) Plot the root locus for changes in the plant gain and mark the design pole locations. 
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(e) Introduce a command reference with feedforward so that the estimate of .x is not 
forced by r. Measure or compute the frequency response from r to system error 
r x and give the highest frequency for which the error amplitude is less than 2 0% 
of the command amplitude. 

8.15 Derive Eq. (8.63) from Eq. (8.57). 
8.16 For the open-loop system 

G(z) = y(z) = y(z) = 0.1185(z + 0.9669) 
u(z) w(z) z2 - 1.6718 z + 0.9048' 

(a) Find the control feedback Kand estimator gain L that will place control poles at 
z = 0.8 ± j0.2 and estimator poles at z = 0.6 ± Jo.3. 

(b) Plot the response ofy(k) for a unit step input (r); command using the state command 
structure. Would there be a steady-state error if Nu = 0? 

(c) Determine what the steady state value of y(k) would be if there was an input 
disturbance, w. 

(d) Determine an integral control gain and show the system block diagram with the 
integral control term included. Set the extra control pole at z = 0.9. 

(e) Demonstrate that the system will have no steady state error for a disturbance, w, or 
an input command, u, even when Nu'= 0. 

8.17 For the open-loop system 

<I>
_ 

[ 
o.8815 0.4562 

] r 
= 

r
, = [ 0

0
_
.
4
1
5
1
6
8

2
5 

] , H = [l 01 - -0.4562 0.7903 ' 
(a) Find the control feedback Kand estimator gain LP that will place control poles at 

z = 0.6 ± j0.3 and estimator poles at z = 0.3 ± j0.3. 
(b) Plot the response of y(k) for a unit step of the disturbance (w). 
(c) Determine an integral control gain and show the system block diagram with the 

integral control term included. Set the extra control pole at z = 0.9. 
(d) Demonstrate that the system will have no steady-state error for a disturbance, w. 

8.18 For the open-loop system from Problem 8.17 
(a) Assuming w takes on some unknown but constant value, construct an estimator that 

includes an estimate of that disturbance. Place poles of the system as in Problem 
8.17, except place the extra estimator pole at z = 0.9. Determine values of Kand 
L and sketch the block diagram showing how the various quantities are used in 
the control. Include the command input r in the diagram using the state command 
structure. 

(b) Plot the response of y and w to a unit step in w with r 0. State whether the 
responses meet your expectations. 

(c) Plot the response of y and w to a unit step in r with w = 0. State whether the 
responses meet your expectations. 

8.19 A disk drive read head21 has the open-loop transfer function 

y(s) y(s) lOOOw; 
G(s) = - = - = ------

u(s) w(s) s2(s2 
+ 2i;rwr s + w;) 

21 See Franklin, Powell, and Emami (1994), Example 2.4. 
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356 Chapter 8 Design Using State-Space Methods 

where wr = 6000 rad/sec and l;r = 0.02. 
(a) Design a digital compensation so that there is no steady state error to an input 

command nor to a constant disturbance w. The plant gain of 1000 is not known 
precisely, so it is not acceptable to assume the steady state error due to input 
commands can be eliminated via feedforward with an Nu term. The specifications 
are that the rise time t must be less than 2 msec and the overshoot M < 10%. Use 

r p 

a sample rate of 3 kHz. 
(b) The disk spins at 3000 rpm. There is typically a small offset between the center of 

the circular tracks on the disk and the center of rotation, thus producing a wobble 
in the location of the tracks that should be followed by the read head. Determine 
the track following error due to this wobble. Express the answer as a percentage of 
the wobble magnitude. 

(c) Embellish your design from (a) so that the error due to the wobble is eliminated as 
best you can. Plot the frequency response of the tracking error (e in Fig. 8.32) where 
the input to the system is the track wobble. Mark the frequency that represents the 
spin rpm. 

8.20 A pendulum with a torquer at its hinge is described by 

[ t ] [ -� � ] [ :: ] + [ � ] u + [ � ] w, 

y = [1 O] [ :: ] + b 

where xT 
= [0 0], 0 angle of the pendulum from vertical, u = torque, w = torque 

bias, and b = measurement bias. Answer the questions below assuming the output is 
sampled with T = 100 msec and the control (u + w) is applied through a ZOH. 
(a) With no torque bias (w = 0), augment the system model so that the measurement 

bias is a state element. Is this system observable? 
(b) With no measurement bias (b 0), augment the system model so that the torque 

bias is a state element. Is this system observable? 
(c) Augment the system model so that both biases are state elements. Is this system 

observable? 
8.21 Design a controller (control plus estimator) for the same system as in Example 8.12, 

except add a delay of two sample periods between the system output and when the 
measurement is available to the computer. 
(a) Compute K for z

des 
= 0.8 ± j0.25, 0, 0. 

(b) Is the system observable? Check for predictor and current estimators. 
(c) Compute L

P 
with z

des 
= 0.4 ± j0.4, 0, 0. 

(d) Compute Le with Z
ctes 

as in part (c) and with z
de

s 0.4 ± j0.4, 0.1, 0. 
(e) Plot the unit step response to an input command using the predictor estimator 

showing the plant output as well as the delayed sensor output. 
8.22 Determine the state-command input structure for a feedback system with the Type O plant 

10 
G(s)=----. 

s2+0.18s+9 
(a) Convert the system to discrete state-space form with T = O. l sec. 
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(b) Find K to obtain equivalent s-plane control poles at s 0.5 and w 
ll 

4 rad/sec. 
(c) Find LP to obtain equivalent s-plane estimator poles at s = 0.5 and w

11 
8 rad/sec. 

(d) Determine N
11 

and Nx, then sketch a block diagram specifying the controller 
equations including the reference input. 

(e) Do you expect there will be a steady-state error for this system for a step input? 
(f) Plot the step response and confirm your answer to (e). 

8.23 Repeat the design of the controller (control and estimator) for Examples 8.4 and 8.8, but 
place all four desired poles at z = 0. (This is often referred to as_afinite settling time or 
deadbeat design because the system will settle in a finite number of sample periods.) 
(a) Using your Kand L , determine the time response of the system to a unit-step 

input using the state-�ommand input structure. 
(b) Determine the compensation in transfer function form, D (z), and construct a root 

locus vs. the de gain of D (z). Mark the roots where th/gain corresponds to the 
p values computed for Kand LP. 

8.24 The double mass-spring device described in Appendix A.4 is representative of many 
devices that have some structural resonances. Placing the sensor so that it measures 
y is called the colocated case, whereas placing it so that it measures d is called the 
noncolocated case. Often, the designer is not aware initially that a resonance exists in 
the system, a situation that is addressed by this problem. 

For M = 20 kg, m = 1 kg, k = 25 Nim, and b = 0.2 N-sec/m, we obtain a resonance 
frequency of 5 rad/sec with a damping ratio, s = 0.02. 
(a) To represent the case where the designer did not know about the resonance, assume 

the coupling is rigid, that is, k is infinite. The transfer function is then 
d(s) y(s) 

G (s) = - = - = ---. 1 u(s) u(s) (m + M)s2 

Design a digital controller (K and LP) with T = 200 msec, control poles at 
z = 0.75 ± j0.2, and estimator poles at z = 0.3 ± j0.3. Verify by simulation that 
it provides a response to a unit-step command using the state-command input 
structure that is consistent with the selected poles. 

(b) Use the controller (Kand LP) obtained in part (a) in a simulation of the system 
where the infinite spring is replaced with the flexible one and the output is d, that 
is, a fourth-order plant with second-order controller. Examine the response and 
compare it qualitatively with an analysis of the closed-loop roots of this combined 
system. 

(c) Repeat part (b), but replace the plant output, d, with y. 

( d) Analyze where the roots of the system would be if you measured y and y directly 
(no estimator) and fed them back using your K from part (a). 

(e) Design a fourth-order controller with control poles at z = 0.75 ± j0.2, 0.4 ± j0.6, 
and estimator poles at z = 0.3 ± j0.3, 0 ± j0.4 with d as the measurement. Again, 
verify by simulation that it provides the correct response to a unit-step command 
using the state-command input structure. 

(f) Plot the frequency response of the compensation (control plus estimator) from part 
(e). State why you think this kind of compensation is usually referred to as a notch 
filter. 
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358 Chapter 8 Design Using State-Space Methods 

(g) Plot the z-plane root locus of the system (plant plus controller) and comment on 
the sensitivity of this design to changes in the overall loop gain. 

8.25 A heat exchanger22 has the transfer function 

G(s) = 
(10s + 1)(60s + 1) • 

where the delay is due to the sensor. 

(a) Write state equations for this system. 

(b) Compute the zero-order-hold model with a sample period of 5 sec. 

(c) Design the compensation including the command input with the control poles at 
0.8 ± j0.25 and the estimator poles at 0.4 ± j0.4, 0. 

(d) Compute the step response to a reference input step and to a disturbance input at 
the control. Verify that there is no delay for the command input. 

22 See Franklin, Powell, and Emami (1994), Example 2.16. 
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♦ ♦ 

A Perspective on Multivariable and Optimal Control 

The control-design procedures described in Chapters 7 and 8 were applied to 
systems with a single input and single output (SISO). The transfer-function 
approach in Chapter 7 is best suited to SISO systems; the state-space methods 
of Chapter 8 were limited to SISO in order to simplify the procedures. In fact, 
if we try to apply the pole-placement approach of Chapter 8 to a multivariable 
(multi-input, multi-output, or MIMO) system, we find that the gains, Kor L, are 
not uniquely determined by the resulting equations. Therefore, a design approach 
is required which intelligently uses this extra freedom for MIMO systems. In 
addition, we saw in Example 8.3 that the selection of desired pole locations for 
SISO systems can be tricky business. Some sort of systematic guidance for the 
selection of control and estimator pole locations seems highly desirable. The 
material in this chapter provides a tool that meets both these needs. 

The subject of this chapter is the use of optimal control techniques as a tool 
in the design of control systems. It is important that the designer have no illusions 
that some true "optimal" design is being achieved; rather, the idea is to transfer 
the designer's iteration on pole locations as used in Chapter 8, or compensation 
parameters as used in Chapter 7, to iterations on elements in a cost function, 
:J. The method will determine the control law that minimizes :J, but because 
the parameters in :J are arbitrarily selected, the design is at best only partially 
optimal. However, these designs will achieve some compromise between the use 
of control effort and the speed of response and will guarantee a stable system, no 
small feat. Therefore, each iteration on the parameters in :J produces a candidate 
design that should be evaluated in the light of the design specifications. 

Chapter Overview 

The chapter starts out in Section 9 .1 by discussing some of the steps that might be 
taken in order to convert a MIMO system into a SISO one. Although this cannot 
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360 Chapter 9 Multivariable and Optimal Control 

Figure 9.1 

always be done, it can help to clarify the key control issues in a complex system so 
that the later optimization of the whole system will be better understood. Section 
9.2 derives the time-varying optimal control solution that results directly from 
the optimal control problem statement. Section 9.3 shows how to find the steady
state value of the optimal feedback gain that is significantly easier to implement 
and is the one typically used in control implementations. Section 9 .4 derives the 
companion optimal estimation problem. As for the control case, the time-varying 
gain solution is found first, then we fi.nd the steady-state gain case that is typically 
the one implemented. The final section, 9.5, shows how to use these results in the 
design of MIMO control systems. 

9.1 Decoupling 

The first step in any multivariable design should be an attempt either to find an 
approximate model consisting of two or more single input-output models or else 
to decouple the control gain matrix K and the estimator gain matrix L. This step 
will give better physical insight into the important feedback variables and can 
lead to a plant description that is substantially simpler for design purposes and yet 
yields no significant degradation from an analysis based on the full multivariable 
system. 

For example, the linearized equations of motion of an aircraft (Fig. 9.1) are 
of eighth order but are almost always separated into two fourth-order sets re1t 
resenting longitudinal motion (w, u, q) and lateral motion (p, r, v). The elevator 

Schematic of an aircraft showing variable definitions 

Elevator l>
e 

Rudder o, 

Velocity components: 
u = forward rate 
v = side-slip rate 

(lateral speed) 
w = altitude rate 

Angular velocity components: 
p = roll rate 
q = pitch rate 
r = yaw rate 
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9.1 Decoupling 361 

control surfaces affect longitudinal motion; the aileron and rudder primarily af
fect lateral motion. Although there is a small amount of coupling of lateral motion 
into longitudinal motion, this is ignored with no serious consequences when the 
control, or "stability-augmentation," systems are designed independently for the 
two fourth-order systems. 

Further decoupling of the equations is also possible. 

Example 9 .1 Control Decoupling 

Decouple the lateral aircraft fourth-order equations into two second-order equations and show 
how to design the control. 

Solution. The aircraft lateral equations are multivariable and of the form 

x(k + 1) = <l>x(k) + ru(k), 

where 

A control law of the standard form 

1::] [; l 

(9.1) 

(9.2) 

shows that there are eight elements in the gain matrix to be selected, and the specification of 
four closed-loop roots clearly causes the problem to be underdetermined and will leave many 

possible values of K that will meet the specifications. This shows that the pole-placement 
approach to multivariable system design poses difficulties and additional criteria need to be 

introduced. 
A decoupling that removes the ambiguity is to restrict the control law to 

(9.3) 

This makes good physical sense because the rudder primarily yaws the aircraft about a vertical 
axis (r-motion), thus directly causing sideslip ( v ), and the ailerons primarily roll the aircraft 

about an axis through the nose, thus causing changes in the roll angle, </JP, and the roll rate, p. 

Given an achievable set of desired pole locations, there are unique values of the four nonzero 
components of K; however, the governing equations cannot be cast in the same form as in 
Eq. (8.5) and therefore can be difficult to solve. 

co
nt

ro
len

gin
ee

rs
.ir



362 Chapter 9 Multivariable and Optimal Control 

A further decoupling that would permit an easy gain calculation is to assume that Eq. (9.1) 
is of the form 

(9.4) 

and that the control law is given by Eq. (9.3). 
This makes some physical sense but ignores important coupling between the two aircraft 

modes. It does, however, decouple the system into second-order systems for which the methods 
of Chapter 8 can be applied directly to obtain the gains. The resulting closed-loop characteristic 
roots of the full lateral equations can be checked by calculating the eigenvalues of the closed 
loop matrix: (see eig.m in MATLAB) 

<I> closed loop = 

¢21 - r21
K

1, ¢22 - r21
K

12 ¢23 - r22
K

23 ¢24 - r22
K

24 , c9•5) 
[ 

</Ju rllKJl ¢,2 - r1,K12 ¢13 - r,2�3 ¢14 - rl2
K

24 

l 
¢31 - r31

K
11 ¢32 - r31

K
12 ¢33 - r32�3 </J34 - r32

K
24 

</J4, - r41
K1, </J42 r4,K12 ¢43 - r42

K
23 </J44 r42

K
24 

which results from combining Eq. (9.3) and (9.4). 
If the plant coupling that was ignored in the gain computation is important, the roots 

obtained from Eq. (9.5) will differ from those used to compute the gains using Eqs. (9.3) and 
(9.4). In many cases, the method will be accurate enough and one need look no further. In 
other cases, one could revise the "desired" root locations and iterate until the correct roots 
from Eq. (9 .5) are satisfactory or else tum to the methods of optimal control to be described in 
the following sections. 

The same ideas apply equally well to the decoupling of the estimator into 
SISO parts. 

Example 9 .2 Estimator Decoupling 

Decouple the estimator for the inverted pendulum on a motorized cart (Fig. 9.2). 

Solution. The equations of motion can be written as 

where 

Xe 
[ t: ] cart position and velocity, 

xs 
[ : ] stick angle and angular rate, 

(9.6) 
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Figure 9.2 
Hinged stick and 
motorized cart 

9 .1 Decoupling 363 

and the available measurements are 

y 1 0 0 0 y [ 
Ye l 

[0]=[0010] f. (9.7) 

The stick pictured in Fig. 9 .2 is substantially lighter than the cart. This means that stick 
motion has a small dynamic effect on cart motion, which in turn implies that ¢ 

c
s � 0. This 

does not imply that <Psc = O; in fact, cart motion is the mechanism for influencing stick motion 
and hence stabilizing it. 

An estimator for the system described by Eq. (9.6) and Eq. (9.7) requires the determination 
of eight elements of an estimator gain matrix, L. Hence, specifying the four estimator roots 
and using the methods of Chapter 8 would not determine this L uniquely-another example 
of an underdetermined system caused by the multivariable nature of the problem. 

But because we can assume that <P
c
s = 0, the cart equation in Eq. (9.6) uncouples from 

the stick equation, and we simply design an estimator for 

x/k + 1) = <P
cc

x/k) + r
c
u, 

Ye = [1 0] 
[ t: l 

(9.8) 

which can be done with the methods described in Chapter 8. There is one-way coupling into 
the stick equation, but this just acts like an additional control input and can be ignored in 
the calculation of the stick estimator gain matrix, Ls, using the pole-placement methods of 
Chapter 8. However, the <Ps

c 
coupling should not be ignored in the estimator equations, and 

there is no reason to ignore the weak coupling, <P
c
s· The final (predictor) estimator would be 

of the form 

x (k + 1) = ¢ x (k) + ¢ x (k) + r u(k) + L (y (k) - y (k)), 
X

e 

(k + 1) = ¢
cc 

X
e 

(k) + l
s 

X

S 

(k) + r
e 

u(k) + L
C 

(0(k) - 0(k)), 
S SC C SS S S S 

where L and L are both 2 x 1 matrices. 
C S 

Even without the very weak one-way coupling in ¢
c
s that was obvious for this example, 

one could assume this to be the case, then check the resulting full-system characteristic roots 
using a method similar to the previous airplane example. Note that ignoring the coupling only 
causes approximations in the gain-matrix calculation and thus the root locations. There is no 
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364 Chapter 9 Multivariable and Optimal Control 

cost function 

approximation in the system model used in the estimator; therefore, the estimation errors will 

still approach zero for stable estimator roots. 

In short, it is often useful to apply your knowledge of the physical aspects of 
the system at hand to break the design into simpler and more tractable subsets. 
With luck, the whole job can be finished this way. At worst, insight will be gained 
that will aid in the design procedures to follow and in the implementation and 
checkout of the control system. 

9.2 Time-Varying Optimal Control 

Optimal control methods are attractive because they handle MIMO systems easily 
and aid in the selection of the desired pole locations for SISO systems. They also 
allow the designer to determine many good candidate values of the feedback 
gain, K, using very efficient computation tools. We will develop the time-varying 
optimal control solution first and then reduce it to a steady-state solution in the 
following section. The result amounts to another method of computing K in the 
control law Eq. (8.5) 

U=-Kx 

that was used in Chapter 8 and illustrated by Eq. (9.2) in Example 9.1. 
Given a discrete plant 

x(k + 1) = <l>x(k) + ru(k), 

we wish to pick u(k) so that a cost function 

J 
1 N 

- I)xr (k)Q
1 x(k) + ur (k)Q

2
u(k)] 2 

k=O 

(9.9) 

(9.10) 

(9.11) 

is minimized. Q
1 

and Q
2 

are symmetric weighting matrices to be selected by the 
designer, who bases the choice on the relative importance of the various states and 
controls. Some weight will almost always be selected for the control (IQ

2
1 =I- O); 

otherwise the solution will include large components in the control gains, and 
the states would be driven to zero at a very fast rate, which could saturate the 
actuator device.1 The Q's must also be nonnegative definite,2 which is most 

1 If the sampling rate, T, is long, however, a control that moves the state along as rapidly as possible 

might be feasible. Such controls are called "dead-beat" because they beat the state to a dead stop in at 

most n steps. They correspond to placement of all poles at z = 0. See Problem 8.23. 

2 Matrix equivalent of a nonnegative number; it ensures that xT Q
1 
x and ur Q

2 
u are nonnegative for all 

possible x and u. 
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Lagrange multipliers 

adjoint equations 

9.2 Time-Varying Optimal Control 365 

easily accomplished by picking the Q's to be diagonal with all diagonal elements 
positive or zero. 

Another way of stating the problem given by Eqs. (9.10) and (9.11) is that 
we wish to minimize 

l N 

:J = - I)xT (k)Q
1
x(k) + u

T (k)Q
2
u(k)] 

2 
k=O 

[9 .11] 

subject to the constraint that 

-x(k + 1) + <l>x(k) + ru(k) = 0, k = 0, 1, . . .  , N. [9.10] 

This is a standard constrained-minima problem which can be solved using 
the method of Lagrange multipliers. There will be one Lagrange multiplier 
vector, which we will call A(k + 1), for each value of k. The procedure is to 
rewrite Eqs. (9.10) and (9.11) as 

N [ 1 1 
:J' = L -x

T (k)Q
1
x(k) + -u

T (k)Q
2
u(k) 

k=O 2 2 

+ A
T 
(k + 1)(-x(k + 1) + <l>x(k) + ru(k))], (9.12) 

and find the minimum of :J' with respect to x(k), u(k), and A(k). Note that for an 
optimal u(k) that obeys Eq. (9.10), the two cost functions, :J' and :J, are identical 
in magnitude. The index on A is arbitrary conceptually, but we let it be k + 1 
because this choice will yield a particularly easy form of the equations later on. 

Proceeding with the minimization leads to 

3:J' T T 
-- = u (k)Q

2 
+ A (k + l)r = 0, control equations, (9.13) 

au(k) 

a:1' 
--- = -x(k + 1) + <l>x(k) + ru(k) 0, state equations, and [9.10] 
3A(k + 1) 

a
:J' 

= x
T (k)Q

1 
- A

T 
(k) + A

T 
(k + l)<I> = 0, adjoint equations. (9.14) 

ax(k) 

The last set of the equations, the adjoint equations, can be written as the back
ward difference equation 

Restating the results in more convenient forms, we have from Eq. (9.10) 

x(k + 1) = <l>x(k) + ru(k), 

where, using Eq. (9.13) 

(9.15) 

(9.16) 

(9.17) 
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sweep method 

and from Eq. (9.15) we can describe A(k + 1) in the forward difference equation 
form 

(9.18) 

Equations (9 .16), (9 .17), and either (9 .15) or (9 .18) are a set of coupled difference 
equations defining the optimal solution of x(k), A(k), and u(k), provided the 
initial ( or final) conditions are known. The initial conditions on x(k) must be 
given; however, usually "A.(0) would not be known, and we are led to the endpoint 
to establish a boundary condition for A. From Eq. (9.11) we see that u(N) 
should be zero in order to minimize J because u(N) has no effect on x(N) [see 
Eq. (9.10)]. Thus Eq. (9.13) suggests that A(N + 1) = 0, and Eq. (9.14) thus 
shows that a suitable boundary condition is 

(9.19) 

A set of equations describing the solution to the optimal control problem is 
now completely specified. It consists of the two difference equations (9 .16) and 
(9.15) with u given by Eq. (9.17), the final condition on A given by Eq. (9.19), and 
the initial condition on x would be given in the problem statement. The solution 
to this two-point boundary-value problem is not easy. 

One method, called the sweep method by Bryson and Ho (1975), is to 
assume 

"A.(k) = S(k)x(k). (9.20) 

This definition allows the transformation of the two-point boundary-value prob
lem in x and A to one in S with a single-point boundary condition. With the 
definition Eq. (9.20), the control Eq. (9.13) becomes 

Q
2
u(k) = -rTS(k + l)x(k + 1) 

= -rTS(k + l)(<l>x(k) + ru(k)). 

Solving for u(k), we obtain 

u(k) = -(Q2 + r
T

S(k + l)r)-
1
r

T

S(k + l)<l>x(k) 

= -R-
1rTS(k + l)<l>x(k). (9.21) 

In Eq. (9.21) we have defined 

R = Q
2 
+ rTsck + l)r 

for convenience. If we now substitute Eq. (9.20) into Eq. (9.15) for A(k) and 
"A.(k + 1), we eliminate A. Then we substitute Eq. (9.21) into Eq. (9.16) to elimi
nate x(k + 1) as follows. From Eq. (9.15), we have 

A(k) = <l>T"A.(k + 1) + Q
1
x(k), 

and substituting Eq. (9.20), we have 

S(k)x(k) = <l>TS(k + l)x(k + 1) + Q
1
x(k). 
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Now we use Eq. (9.16) for x(k + 1) 

S(k)x(k) = «l>TS(k + l)( «l>x(k) + ru(k)) + Q
1
x(k). 

Next we use Eq. (9.21) for u(k) in the above 

S(k)x(k) = «l>T S(k + l)[«l>x(k) rR-JrT S(k + l)«l>x(k)] + Q
l
x(k), 

and collect all terms on one side 

[S(k) - «l>TS(k + 1)«1> + «l>TS(k + l)rR-JrTS(k + l)«I> - Q
l
]x(k) = 0. 

(9.22) 
Because Eq. (9.22) must hold for any x(k), the coefficient matrix must be iden
tically zero, from which follows a backward difference equation describing the 
solution of S(k) 

S(k) = «I>T[S(k + 1) S(k + nrR- 1 rT S(k + l)J<I> + Q
1 , (9.23) 

which is often rewritten as 

(9.24) 

where 

M(k + 1) = S(k + 1) - S(k + l)r[Q
2 
+ rTS(k + l)r]- 1 rTS(k + 1). (9.25) 

Equation (9.23) is called the discrete Riccati equation. It is not easy to solve 
because it is nonlinear in S. But note that the matrix to be inverted in Eq. (9.25) 
R, has the same dimension as the number of controls, which is usually less than 
the number of states. 

The boundary condition on the recursion relationship for S ( k + 1) is obtained 
from Eq. (9.19) and Eq. (9.20); thus 

(9.26) 

and we see now that the problem has been transformed so that the solution is 
described by the recursion relations Eq. (9.24) and Eq. (9.25) with the single 
boundary condition given by Eq. (9.26). The recursion equations must be solved 
backwards because the boundary condition is given at the endpoint. To solve for 
u(k), we use Eq. (9.21) to obtain 

u(k) = -K(k)x(k), 

where 

K(k) = [Q
2 
+ rT S(k + l)rJ- 1 rT S(k + 1)«1> 

and is the desired "optimal" time-varying feedback gain. 
Let us now summarize the entire procedure: 

1. Let S(N) = Q
1 

and K(N) = 0. 
2. Letk = N. 

(9.27) 

(9.28) 
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368 Chapter 9 Multivariable and Optimal Control 

3. Let M(k) = S(k) S(k)r[Q
2 
+ rrS(k)rr 1rrS(k). 

4. Let K(k -1) = [Q
2 
+ rTS(k)rr 1rTS(k)<I>. 

5. Store K(k - 1). 

6. Let S(k -1) = <l>
T
M(k)<I> + Q

1
. 

7. Let k = k 1. 

8. Go to step 3. 

For any given initial condition for x, to apply the control, we use the stored gains 
K(k) and 

x(k + 1) = <l>x(k) + ru(k), [9.16] 

where 

u(k) = -K(k)x(k). [9.27] 

Note that the optimal gain, K(k), changes at each time step but can be pre
computed and stored for later use as long as the length, N, of the problem is 
known. This is so because no knowledge of the initial state x(O) is required for 
computation of the control gain K(k). 

Example 9 .3 Time-Varying Nature of Control Gains 

Solve for the time history of K for the satellite attitude-control example described in Appendix 
A.1. Choose the state weighting matrix to be 

QI
= 

[ � � l (9.29) 

which means that the angle state is weighted but not the angular velocity. Choose the control 
weighting matrix, a scalar in this case because there is a single control input, to have three 
values 

Q2 
= 0.01, 0.1, and 1.0, 

and plot the resulting time histories of K. 

(9.30) 

Solution. Equations (9.24) through (9.28) need to be solved for the system transfer function 
G(s) = 1 / s2

. The problem length for purposes of defining :J was chosen to be 51 steps, which, 
with the sample period of T = 0.1 sec, means that the total time was 5.1 sec. This time was 
chosen long enough so that it was apparent that the gains were essentially constant over the 
initial time period. 

Figure 9 .3 contains the resulting gain time histories plotted by the computer. We see from 
the figure that the problem length affects only the values of K near the end, and in fact, the 
first portions of all cases show constant values of the gains. If the problem length had been 
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chosen to be longer, the end characteristics would have been identical, and the early constant 

gain portion would have existed for a longer time. 

The fact that the gain over the first portion of the example was constant is 
typical of the optimal gains for all constant coefficient systems, provided that 
the problem time is long enough. This means that the optimal controller over 
the early, constant-gain portion is identical to the constant-gain cases discussed 
in Chapter 8 and Section 9 .1 except that the values of the constant gain, K, are 
based on the minimization of a cost function rather than a computation based 
on specified root locations. We could also view this result as a method to find 
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370 Chapter 9 Multivariable and Optimal Control 

a "good" set of pole locations because the constant, optimal K during the early 
portion of the solution determines a set of closed-loop roots. 

For MIMO problems, the time-varying gains act exactly as in the preceding 
example. The next section develops a method to compute the constant value of 
the optimal gains so that they can be used in place of the time-varying values, 
thus yielding a much simpler implementation. The only region where the gains 
are not optimal is during the transient region near the end. In fact, many control 
systems are turned on and left to run for very long times; for example, a satellite
attitude control system might run for years. This kind of problem is treated 
mathematically as if it runs for an infinite time, and therefore the constant-gain 
portion of the time-varying optimal solution is the true optimal. 

Before we leave the time-varying case it is informative to evaluate the optimal 
cost function :Jin terms of A and S. If we substitute Eqs. (9.13) and (9.14) for 
AT (k + l)r and AT (k + l)<I> in Eq. (9.12), we find 

I N 

:J' = - I)xT (k)Q1x(k) + uT (k)Q2u(k) AT (k + l)x(k + 1) 2 
k=O 

+(AT (k) - xT (k)Q1 )x(k) + (-uT (k)Q2)u(k)] 
1 N 

= - I)AT (k)x(k) - AT (k + l)x(k + 1)] 
2 

k=O 

1 1 
= AT (0)x(0) - - AT (N + l)x(N + 1). 

2 2 

However, from Eq. (9.19), A(N + 1) 0, and thus, using Eq. (9.20), we find 

:J' = :J = � AT (0)x(0) 

= �xT (0)S(0)x(0). (9.31) 

Thus we see that having computed S, we can immediately evaluate the cost 
associated with the control. Although the cost could be used in evaluating dif
ferent candidate designs, in fact, it is not very useful because the weighting 
matrices, Q 1 and Q2 , are arbitrary quantities that change with the different de
signs. Furthermore, the value of the discrete cost as defined by Eq. (9.11) is 
roughly proportional to the sample rate, thus eliminating any usefulness in eval
uating the performance for different sample rates. Typically a designer would 
evaluate different designs by looking at the traditional measures that have been 
discussed in Chapter 7 or possibly by evaluating quadratic performance mea
sures that are independent of the Q's and the sample rate. We will show in 
Section 9.3.4 how to remove the effect of sample rate on the value of the 
cost. 
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LQR Steady-State Optimal Control 

The previous section developed the optimal control gain that minimized the cost 
in Eq. (9.11). We saw that the result was a time-varying gain, K(k), but that 
there would usually be a portion of the solution that produced a ·constant gain, 
K00, which would be much easier to implement in a control system. In fact, for 
the infinite time problem, called the regulator case, the constant-gain solution 
is the optimum. We call this solution the linear quadratic regulator, or LQR, 
because it applies to linear systems, the cost is quadratic, and it applies to the 
regulator case. This section will discuss how one finds the LQR solution and 
various properties of the solution. 

One obvious method to compute the value of K during the early, constant 
portion of a problem is to compute S backward in time until it reaches a steady 
value, S00, then use Eq. (9.28) to compute K00• This has been done in some 
software packages and gives reliable answers. Its drawback is that it requires 
substantially more computation than the alternate methods. 

Another method is to look for steady-state solutions of the Riccati equation. 
In steady state, S(k) becomes equal to S(k + 1) (we'll call them both S00) and 
the Riccati Eq. (9.23) reduces to 

(9.32) 

algebraic Riccati equation which is usually referred to as the algebraic Riccati equation. Because of the 
quadratic appearance of S 00, there is more than one solution, and one needs to 
know that S must be positive definite to select the correct one. The fact that S is 
positive definite follows by inspection of Eq. (9 .31) and that .J must be positive. 
For extremely simple problems, one is sometimes able to use Eq. (9.32) to find an 
analytical solution for S00, but in most cases this is impossible, and a numerical 
solution is required. 

Most software packages use variations on a method called eigenvector de
composition due to its superior computational efficiency compared to the meth
ods above. It is based on the linear description of the combined state and adjoint 
equations given by Eqs. (9 .16), (9 .17), and (9 .18), which describe the time-varying 
solution. We can combine these equations into a set of difference equations in 
standard form in x and A if we assume that Q

2 
and <I> are nonsingular. 3 These 

Euler-Lagrange equations equations are called Hamilton's equations or the Euler-Lagrange equations 

(9.33) 

3 For systems with a pure time delay that is greater than the sampling period, T, <I> is singular and the 

following development would fail. Software packages usually have features in their formulations that 

circumvent this difficulty. 

co
nt

ro
len

gin
ee

rs
.ir



3 72 Chapter 9 Multivariable and Optimal Control 

and their system matrix is called the control Hamiltonian matrix 

'1..1 _ 2 l 2 [ (I> + rQ- 1 rT (f>-T Q -rQ-1 rT (f>-T 

] I Le - -(1>-T Ql (1)-T • 

(9.34) 

Because the system described by Eq. (9.33) is linear and the Hamiltonian matrix 
is constant, we can solve for the eigenvalues of Eq. (9.34) [or roots of Eq. (9.33)] 
using standard techniques (see eig.m in MATLAB). For an nth order system, there 
will be 2n eigenvalues. We will show in the next section that n of the roots are 
stable and the other n are unstable. In fact, the n unstable roots are the reciprocals 
of the n stable roots. Furthermore, the n stable roots are the roots of the optimal, 
constant-gain, closed-loop system! If we were trying to find the optimal K for a 
SISO system, the problem would now be complete, because knowing the optimal 
roots allows us to use Ackermann's formula to find K. But we want the optimal K 
for MIMO systems, too, so it's not that simple. We will return to the eigenvector 
decomposition solution after establishing the characteristics of the roots just 
stated. 

9.3.1 Reciprocal Root Properties 

Let us tum to the question of the reciprocal nature of the roots of Eq. (9.33). If 
we take the z-transforms ofEqs. (9.16), (9.17), and (9.15), we obtain 

zX(z) = (l>X(z) + rU(z), 
U(z) = -z:Q2

1 rr A(z), 
A(z) = Q

1
X(z) + z(f>T A(z). 

(9.35) 
(9.36) 
(9.37) 

If we substitute Eq. (9.36) into Eq. (9.35) and write the remaining two equations 
in terms of the variables X(z) and zA(z), we find, in matrix form 

[ zl - (I> rQ;-- 1 rT 

] [ X(z) ] = [O]. -Q
1 

z-1 I - (f>T zA(z) 

Thus the roots of the Hamiltonian system are those values of z for which 

[ zI - (I> rQ-1 rr 

] det -Q
1 

z_1 1 � (l>T = 0. 

If we now reduce the term -Q
1 

to zero by adding Q
1 
(zl - (1))- 1 times the first 

rows to the second rows, we have 

[ zI - (I> rQ-1rT 

] det 
O z-1 I - (f>T 

+ Ql (�I - (1))-1 rQ;--1 rT = 0. 

Because this matrix is blockwise triangular, we have 

det(zl - (l>)det{z-11 - (!>T 
+ Q

l 
(zl (l>)-1rQ;- 1rT } = 0. 

co
nt

ro
len

gin
ee

rs
.ir
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Now we factor the term z- 1 I <l>r from the second term to find 

det(zl - <l>)det{ (z- 1 I - <l>T){I + (z- 1 I - <l>
T
)- 1 Q

l 
(zl - <l>)-1 rQ� 1 rT

}} = 0. 

To simplify the notation, we note that det(zl - <I>) a(z), the plant characteristic 
polynomial, and det(z- 1 I - <l>r) a(z- 1 ). Thus, using the fact that det AB = 

det A det B, we find that the Hamiltonian characteristic equation is 

a(z)a(z- 1 )det{I + p(z- 11 - <l>T)- 1HTH(zl - <l>)- 1 rr
T

} = 0. (9.38) 

T 1 T -T 

where Q
1 
= pH H and rQ� r = rr . Now we use the result (Eq. C.3) from 

Appendix C for the determinant of a sum of I and a matrix product AB, choosing 
A= (z- 1 1 - <l>

T)- 1Hr to write 

a(z)a(z- 1)det[l + pH(zI - <l>)- 1 rr
T 

(z- 11 - <l>
T
)- 1HT] = 0. (9.39) 

If we replace z by z-1 in Eq. (9.39), the result is unchanged because detAT 
= 

detA. Therefore, if z
i 

is a characteristic root of the optimal system, so is the 
reciprocal z

i
- 1

, and the desired relationship has been established. 
These 2n roots are those of the coupled x, A system described by Eq. (9.33), 

which describes the solution of the time-varying gain case. But the time-varying 
gain solution includes the portion where the gains are constant. Furthermore, 
during the constant-gain portion, the system can be described by Eq. (9.16) with 

u(k) = -K
00 

x(k), 

and the roots of this simplified nth order description must be n of the 2n roots 
of Eq. (9.33). But which ones are they? The answer must be then stable ones, 
because if any unstable roots were included, the value of .7 would be approaching 
infinity and would be far from optimal. 

Therefore we see that once the roots of Eq. (9.33) are found, then stable 
ones are the roots of the optimal constant-gain case. 

9.3.2 Symmetric Root Locus 

An interesting special case of Eq. (9.39) occurs for SISO systems. In this case, the 
cost function .7 can be written as .7 = py

2 
+ u2 where y = Hx and Q

2 
was set 

equal to 1. Therefore, r = rand we see that H(zl <l>)- 1 r is the plant transfer 
function G(z). Eq. (9.39) reduces to 

1 + pG(z- 1)G(z) = 0, (9.40) 

and is the characteristic equation for SISO optimal control. It is an equation in 
root-locus form with respect top, the parameter that reflects the relative weighting 
on output error y and control u. If p is small, the optimal roots are near the poles 
of the plant (or the stable reflections of the poles if G(z) is unstable), and asp 
gets large, the roots go toward the zeros of G(z- 1 )G(z), which are inside the unit 
circle. 
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Example 9.4 Symmetric Root Locus for Satellite Attitude Control 

Draw the symmetric root locus for the satellite attitude-control problem in Example 4.11 for 
T= 1.4 sec. Comment on the damping of the optimal controller vs. p. 

Solution. The discrete transfer function from Example 4.11 is 

G(z) = 
(z + 1) 

. 
(z 1)2 

Replacing all the z's with z-1 and multiplying top and bottom by z2 results in 

G(z-1) = 
z(z + 1). 
(z - 1)2 

Therefore, the locus of optimal root locations versus the parameter p is determined by substi
tuting the two G 's into Eq. (9.40) to arrive at 

1 + 
z(z + 1)2 = 0. 

P (z - 1)4 
The locus is drawn in Fig. 9.4. Note how the stable locus segments start from the open-loop 
poles and terminate at the zeros. Also note that, for each stable root, there is an unstable one 
that is its reciprocal. 

The optimal damping ratio for any p is. s � 0. 7. Designers have always known that 
pickings � 0.7 produced a good compromise between speed of response, overshoot, and use 
of control; it also turns out, for this example, to be the optimal solution. This result makes 
sense because the optimal formulation is attempting to do the same thing that designers have 
always tried to do, that is, find the roots that achieve a good balance between the output error 
and the use of control. 

9.3.3 Eigenvector Decomposition 

Now let us return to the optimal constant-gain solution for the general case. We 
can solve Eq. (9.33) by transforming to a new state that has a diagonal system 
matrix, and from this solution we can obtain the steady-state optimal control. 
Just as before, the eigenvalues of this matrix are such that the reciprocal of every 
eigenvalue is also an eigenvalue. Therefore, half the roots of the characteristic 
equation must be inside the unit circle and half must be outside. In this case, 
therefore, 1( can be diagonalized to the form4 

4 In rare cases, He will have repeated roots and cannot be made diagonal by a change of variables. In 
those cases, a small change in Q

1 
or Q

2 
will remove the problem, or else we must compute the Jordan 

form for H; [see Strang (1976)]. 
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Symmetric root locus of Example 9.4 
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Realz 

where Eis a diagonal matrix of the unstable roots (lzl > 1) and E- 1 is a diagonal 
matrix of the stable roots ( I z I < 1). H; is obtained by the similarity transformation 

H* w-
1
H W 

C C 
' 

where W is the matrix of eigenvectors of He and can be written in block form as 

where 
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is the matrix of eigenvectors associated with the eigenvalues (roots) outside the 
unit circle and 

is the matrix of eigenvectors associated with the eigenvalues of 'H)hat are inside 
the unit circle. 

This same transformation matrix, W, can be used to transform x and A to the 
normal modes of the system, that is, 

[ �: ] = w- 1 [ � ] , 
where x* and A* are the normal modes. Conversely, we also have 

(9.41) 

The solution to the coupled set of difference equations Eq. (9.33) can be 
simply stated in terms of the initial and final conditions and the normal modes, 
because the solution for the normal modes is given by 

[ x* ] [ E-
N O ] [ x* ] A* 

N 

= 0 E
N A* 0. 

(9.42) 

To obtain the steady state, we let N go to infinity; therefore x*(N) goes to 
zero and, in general, A*(N) would go to infinity because each element of Eis 
greater than one. So we see that the only sensible solution for the steady-state 
(N ➔oo) case is for A*(O) = 0 and therefore A*(k) = 0 for all k.5 

From Eqs. (9.41) and (9.42) with A*(k) = 0, we have 

x(k) = X
1
x*(k) X

1
E-kx*(O), 

A(k) A
1
x*(k) = A

1
E-kx*(O). 

Therefore Eq. (9.43) leads to 

x*(O) = Ekx7 1 x(k). 

Thus, from Eqs. (9.44) and (9.45) 

A(k) = A
1
X7 1x(k) = S

00
x(k), 

(9.43) 
(9.44) 

(9.45) 

which is the same form as our assumption Eq. (9.20) for the sweep method, so 
we conclude that 

S = A x- 1 
oo I I 

(9.46) 

5 From Eq. (9.41) we see that if A.* is not zero then the state x will grow in time and the system will 

be unstable. However, if the system is controllable we know that a control exists which will make the 

system stable and give a finite value to .7. Because we have the optimal control in Eq. (9.33), it must 

follow that the optimal system is stable and A.* = 0 if Q
I 

is such that all the states affect J. 
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is the steady-state solution to (9.23), and that the control law for this system 
corresponding to :T with N ➔ oo is 

u(k) = -K
00

x(k), 

where, from Eqs. (9.46) and (9.28), 

K = (Q + rTs r)-1rrs <I>. 
00 2 00 00 

(9.47) 

(9.48) 

Furthermore, from Eq. (9.31), the cost associated with using this control law is 

1 
J

00 
= 

2
x

T (O)S
00

x(O). 

In summary, the complete computational procedure is: 

1. Compute eigenvalues of the system matrix He defined by Eq. (9.34). 
2. Compute eigenvectors associated with the stable (lzl < 1) eigenvalues of He 

and call them 

3. Compute control gain K
00 

from Eq. (9.48) with S
00 

given by Eq. (9.46). 

We have already seen that the stable eigenvalues from Step 1 above are the 
resulting system closed-loop roots with constant gain K

00 
from Step 3. We can 

also show that the matrix X
I 

of Eq. (9 .41) is the matrix of eigenvectors of the 
optimal steady-state closed-loop system. 

Most software packages ( see MATLAB' s d I qr. m for the discrete case as devel
oped here or lqr.m for the continuous case) use algorithms for these calculations 
that are closely related to the procedure above. In some cases the software gives 
the user a choice of the particular method to be used in the solution. Although it 
is possible to find the LQR gain K

00 
for a SISO system by picking optimal roots 

from a symmetric root locus and then using Ackermann's formula, it is easier to 
use the general lqr routines in MATLAB for either SISO or MIMO systems. If a 
locus of the optimal roots is desired, dlqr.m can be used repetitively for varying 
values of elements in Q

1 
or Q

2
. 

Example 9.5 Optimal Root Locus for the Double Mass-Spring System 

Examine the optimal locus for the double mass-spring system of Appendix A.4 and comment 
on the relative merits of this approach vs. the pole-placement approach used in Example 8.3 
for this system. 

Solution. Using the same model and sample period as in Example 8.3, we find values for 
<I>, r which are then used with dlqr.m to solve for the closed-loop roots for various values of 
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Figure 9.5 

Locus of optimal roots of 

the weighting matrix Q1
. Because the output dis the only quantity of interest, it makes sense 

to use weighting on that state element only, that is 

0 0 0 0 
[ 

qll O O O l 
Ql = Q O Q Q ' 

0 0 0 0 

and Q
2 

is arbitrarily selected to be 1. The locus is determined by varying the value of q
11

. The 
MATLAB script 

q = logspace(-3,9,300), Q2=1 

for i=1 :100, 

Q1 =diag([q(i);0;0;0]); 

[k,s,e]=dlqr(phi,gam,Q1 ,Q2); 

end 

produced a series of values of the closed-loop system roots (e above) which were plotted on 
the z-plane in Fig. 9.5. Note that the roots selected in Example 8.3 that gave the best results 
lie at the points marked by stars on the stable portion of the locus. So we see that the optimal 
solution provides guidance on where to pick the oscillatory poles. In fact, the results from this 
design led to the selection of the pole locations for the second case in Example 8.3 that yielded 
the superior response. 
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It is sometimes useful to be able to find the discrete cost function defined by 
Eq. (9 .11 ), which is the equivalent to an analog cost function of the form 

(9.49) 

Having this equivalence relationship will allow us to compute the � of two 
discrete designs implemented with different sample periods and, therefore, will 
provide a fair basis for comparison. It will also provide a method for finding a 
discrete implementation of an optimal, continuous design-an "optimal" version 
of the emulation design method discussed in Section 7 .2. In this section, we will 
develop the cost equivalence, and the use of it for an emulation design will be 
discussed in Section 9.3.5. 

The integration of the cost in Eq. (9.49) can be broken into sample periods 
according to 

(9.50) 

and because 

x(kT + r) = <ll(r)x(kT) + I'(r)u(kT), (9.51) 

where 

r(r) 1• e""dryG 

as indicated by Eq. (4.58), substitution of Eq. (9.51) into (9.50) yields 

(9.52) 

where 

[ QI! Ql2 ] = 1T 

[ <I>; (r) 0 ] [ Qcl O ] [ <ll(r) I'(r) 
] dr. 

Q21 Q22 0 I' ( r) I O Qc2 
0 I 

(9.53) 
Equation (9.53) is a relationship for the desired equivalent, discrete weighting 
matrices; however, we see that a complication has arisen in that there are now 
cross terms that weight the product of x and u. This can be circumvented by 
transforming the control to include a linear combination of the state, as we will 
show below; however, it is also possible to formulate the LQR solution so that it 
can account for the cross terms. 
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380 Chapter 9 Multivariable and Optimal Control 

A method for computing the equivalent gains in Eq. (9.53), due to Van Loan 
(1978), is to form the matrix exponential6 

exp [-f ! 
It will turn out that 

Qcl o 

l 0 Qc2 T :::::: 

F G 

0 0 

(9.54) 

however, one needs to calculate the matrix exponential Eq. (9 .54) in order to find 
<I> 

12
. Because 

we have the desired result 

(9.55) 

Routines to calculate the discrete equivalent of a continuous cost are available in 
some of the CAD control design packages (see jdequiv.m in the Digital Control 
Toolbox). Furthermore, MATLAB has an LQR routine (called lqrd.m) that finds 
the discrete controller for a continuous cost and computes the necessary discrete 
cost in the process. 

In summary, the continuous cost function� in Eq. (9.49) can be computed 
from discrete samples of the state and control by transforming the continuous 
weighting matrices, Q/s, according to Eq. (9.55). The resulting discrete weight
ing matrices include cross terms that weight the product of x and u. The ability 
to compute the continuous cost from discrete samples of the state and control is 
useful for comparing digital controllers of a system with different sample rates 
and will also be useful in the emulation design method in the next section. 

9.3.5 Emulation by Equivalent Cost 

The emulation design method discussed in Section 7 .2 took the approach that the 
design of the compensation be done in the continuous domain and the resulting 
D(s) then be approximated using the digital filtering ideas of Chapter 6. This same 
approach can be applied when using optimal design methods [ see Parsons ( 1982) ]. 
First, an optimal design iteration is carried out in the continuous domain until the 

6 Note that superscript ( ) T denotes transpose, whereas the entire matrix is multiplied by the sample 
period, T. 
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9.3 LQR Steady-State Optimal Control 381 

desired specifications are met. The discrete approximation is then obtained by 
calculating the discrete equivalent of the continuous cost function via Eq. (9.55), 
and then using that cost in the discrete LQR computation of Table 9 .1, with 
modifications to account for the cross terms in the weighting matrices. These 
steps are all accomplished by MATLAB's lqrd.m. 

Example 9.6 Design by Equivalent Cost 

figure 9.6 
Degradations of s-plane 
root l ocation for the 
optimal emulation 
method, Example 9.6 

Examine the accuracy of the equivalent cost emulation method for the satellite attitude control 
example. 

Solution. The continuous representation of the system is specified by F and G from 
Eq. (4.47). Use of a continuous LQR calculation (lqr.m in MATLAB) with 

Qcl = [ � � ] 
and 

Qc2 = [10000, 1, 0.5, 0.2, 0.1, 0.05, 0.02, 0.01] 

results in s-plane roots exactly at t = 0.7 as shown by the line in Fig. 9.6. Use of the 
lqrd .m function computes the discrete controller that minimizes the same continuous cost, 
thus arriving at an emulation of the continuous design. The equivalent s-plane roots of these 
digital controllers are also plotted in Fig. 9.6. The figure shows that very little change in root 
locations occur by this emulation method. In fact the change in root locations is about 1 % when 

3,-----,-----,-----,-----,,-----,-----, 

:Ht-ti< Continuous design 

o o o Emulation design 

-2,...··············•···········-········ 

-3 �---�---'-------''-------''-------'-----' -3 -2.5 -2 -1.5 -1 -0.5 0 
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382 Chapter 9 Multivariable and Optimal Control 

sampling at six times the closed-loop natural frequency (wJwn 6) and increases to about 
10% for w s / w n = 3. The accuracy of the zero-pole mapping emulation method was evaluated 
in Example 7.3; its calculations for a similar example showed that wJwn 30 resulted in a 
10% change in root location, and ws/wn = 6 resulted in a 60% reduction in damping. 

In general, use of the optimal emulation method will result in a digital 
controller whose performance will match the continuous design much closer than 
any of the emulation design methods discussed in Section 7.2 and Chapter 6. A 
requirement to use the method, however, is that the original continuous design be 
done using optimal methods so that the continuous weighting matrices Qc1 and 
Qc2 

are available for the conversion because they are the parameters that define 
the design. 

emulation advantages As discussed in Chapter 7, emulation design is attractive because it allows for 
the design process to be carried out before specifying the sample rate. Sampling 
degrades the performance of any system to varying degrees, and it is satisfying 
to be able to answer how good the control system can be in terms of disturbance 
rejection, steady-state errors, and so on, before the sampling degradation is in
troduced. Once the characteristics of a reasonable continuous design are known, 
the designer is better equipped to select a sample rate with full knowledge of how 
that selection will affect performance. 

We acknowledge that the scenario just presented is not the reality of the 
typical digital design process. Usually, due to the pressure of schedules, the 
computer and sample rate are specified long before the controls engineers have 
a firm grasp on the controller algorithm. Given that reality, the most expedient 
path is to perform the design directly in the discrete domain and obtain the best 
possible with that constraint. Furthermore, many design exercises are relatively 
minor modifications to previous designs. In these cases, too, the most expedient 
path is to work directly in the discrete domain. 

But we maintain that the most desirable design scenario is to gain knowledge 
of the effects of sampling by first performing the design in the continuous domain, 
then performing discrete designs. In this case, the emulation method described 
here is a useful tool to obtain quickly a controller to be implemented digitally or 
to use as a basis for further refinement in the discrete domain. 

9.4 Optimal Estimation 

Optimal estimation methods are attractive because they handle multi-output sys
tems easily and allow a designer quickly to determine many good candidate 
designs of the estimator gain matrix, L. We will first develop the least squares 
estimation solution for the static case as it is the basis for optimal estimation, then 
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9. 4 Optimal Estimation 383 

we will extend that to the time-varying optimal estimation solution (commonly 
known as the "Kalman filter"), and finally show the correspondence between the 
Kalman filter and the time-varying optimal control solution. Following the same 
route that we did for the optimal control solution, we will then develop the op
timal estimation solution with a steady-state L-matrix. In the end, this amounts 
to another method of computing the L-matrix in the equations for the current 
estimator, Eqs. (8.33) and (8.34), which are 

where 

x(k) = x(k) + L(y(k) y(k)), 

x(k + I) = <l>x(k) + ru(k); 

(9.56) 

however, now L will be based on minimizing estimation errors rather than picking 
dynamic characteristics of the estimator error equation. 

9.4.l Least-Squares Estimation 

least squares estimate 

Suppose we have a linear static process given by 

y= Hx+v, (9.57) 

where y is a p x I measurement vector, x is an n x I unknown vector, v is a p x I 
measurement error vector, and H is the matrix relating the measurements to the 
unknowns. We want to determine the best estimate of x given the measurements 
y. Often, the system is overdetermined; that is, there are more measurements in 
y than the unknown vector, x. A good way to find the best estimate of x is to 
minimize the sum of the squares of v, the fit error. This is called the least squares 
solution. This is both sensible and very convenient analytically. Proceeding, the 
sum of squares can be written as 

I 
T 

I 
T .7 = -v v = -(y Hx) (y Hx) 

2 2 
(9.58) 

and, in order to minimize this expression, we take the derivative with respect to 
the unknown, that is 

which results in 

so that 

BJ 
T -=(y - Hx) (-H)=O 

ax 
(9.59) 

(9.60) 

where x designates the "best estimate" of x. Note that the matrix to be inverted is 
n x n and that p must be :::: n for it to be full rank and the inverse to exist. If there 
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384 Chapter 9 Multivariable and Optimal Control 

estimate accuracy 

are fewer measurements than unknowns (p < n ), there are too few measurements 
to determine a unique value of x. 

The difference between the estimate and the actual value of x is 

X - X = [HTHr 1 HT (Hx + v) X 

= [HTHrlHTv. (9.61) 

Equation (9.61) shows that, if v has zero mean, the error in the estimate, x - x, 

will also be zero mean, sometimes referred to as an unbiased estimate. 
The covariance of the estimate error, P, is defined to be 

P = E{(:x - x)(x - xf} 

= E{(HrH)-1Hr vvrH(HrH)-1} 

= (HrH)- 1Hr E{vvr}H(HrH)-1. (9.62) 

If the elements in the noise vector, v, are uncorrelated with one another, E { vvr }7 

is a diagonal matrix, which we shall call R. Furthermore, if all the elements of v 

have the same uncertainty, then all the diagonal elements of R are identical, and 

(9.63) 

where a is the rms value of each element in v. In this case, Eq. (9.62) can be 
written as 

(9.64) 

and is a measure of how well we can estimate the unknown x. The square root of 
the diagonal elements of P represent the rms values of the errors in each element 
in X. 

Example 9. 7 Least-Squares Fit 

The monthly sales (in thousands $) for the first year of the Mewisham Co. are given by 

YT 
= [0.2 0.5 1.1 1.2 1.1 1.3 1.1 1.2 2.0 1.2 2.2 4.0]. 

Find the least-squares fit parabola to this data and use that to predict what the monthly sales will 

be during the second year. Also state what the predicted accuracy of the parabolic coefficients 
are, assuming that the rms accuracy of the data is $700. 

Solution. The solution is obtained using Eq. (9.60), where H contains the parabolic function 

to be fit. Each month's sales obeys 

7 £ is called the expectation and effectively means the average of the quantity in { } . 
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Figure 9.7 

Least-squares fit of 
parabola to data in 
Example 9.7 
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so that, in vector form 

and we see that 

H = [ : t
i 

t
f 

l 

t
2 

t2 

2 

t
3 

t2 ti= i, i = 1, 12 
3 

and 

Evaluation of Eq. (9.60) produces an estimate of x 

[ 
0.7432 

] x = -0.0943 
0.0239 

which is used to plot the "best fit" parabola along with the raw data in Fig. 9.7. The data used 
to determine the parabola only occurred during the first 12 months, after that the parabola is 
an extrapolation. 
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386 Chapter 9 Multivariable and Optimal Control 
Equation (9.64), with Has above and (J2 

= 0.49 ((J was given to be 0.7), shows that 
[ 0.5234 -0.1670 0.0111 ] P -0.1670 0.0655 -0.0048 , 0.0111 -0.0048 0.0004 which means that the rms accuracy of the coefficients are 

(J
ao 

= ✓o.5234 = 0.7235 
(J = ✓0.0655 = 0.2559 

al 

(J = ✓0.0004 = 0.0192. 
a2 

Weighted Least Squares 

In many cases, we know a priori that some measurements are more accurate than 
others so that all the diagonal elements in R are not the same. In this case, it 
makes sense to weight the measurement errors higher for those measurements 
known to be more accurate because that will cause those measurements to have 
a bigger influence on the cost minimization. In other words, the cost function in 
Eq. (9.58) needs to be modified to 

J (9.65) 

where W is a diagonal weighting matrix whose elements are in some way 
inversely related to the uncertainty of the corresponding element of v. Performing 
the same algebra as for the unweighted case above, we find that the best weighted 
least squares solution is given by 

(9.66) 

The covariance of this estimate also directly follows the development ofEq. (9.62) 
and results in 

(9.67) 

A logical choice for W is to let it be inversely proportional to R, thus weighting 
the square of the measurement errors exactly in proportion to the inverse of their 
a priori mean square error, that is, let 

(9.68) 

This choice of weighting matrix is proven in Section 12. 7 to minimize the trace 
of P and is called the best linear unbiased estimate. With this choice, Eq. (9.66) 
becomes 

(9.69) 
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and Eq. (9.67) reduces to 

Recursive Least Squares 

9. 4 Optimal Estimation 38 7 

(9.70) 

The two least-squares algorithms above, Eqs. (9.60) and (9.69), are both batch 

algorithms in that all the data is obtained and then processed in one calculation. 
For an estimation problem that runs for a long time, the measurement vector 
would become very large, and one would have to wait until the problem was 
complete in order to calculate the estimate. The recursive formulation solves 
both these difficulties by performing the calculation in small time steps. The 
ideas are precisely the same, that is, a weighted least squares calculation is being 
performed. But now we break the problem into old data, for which we already 
found x, and new data, for which we want a correction to x, so that the overall 
new x, is adjusted for the newly acquired data. 

The problem is stated as 

(9.71) 

where the subscript o represents old data and n represents new data. The best 
estimate ofx given all the data follows directly from Eq. (9.69) and can be written 
as 

(9.72) 

where x is the best estimate of x given all the data, old and new. Let's define x as 

(9.73) 

where x
0 

is the best estimate given only the old data, y 
O

. We want to find an 
expression for the correction to this estimate, ox, given the new data. Since x

0 

was the best estimate given the old data, it satisfies 

(9.74) 

Expanding out the terms in Eq. (9.72) and using Eqs. (9.73) and (9.74) yields 

H,�R; 1Hllx0 + [H;R; 1H0 + H�R; 1 H,)ox = H�R; 1 yll , 

which can be solved for the desired result 

(9.75) 

(9.76) 

Equation (9.70) defined the covariance of the estimate, and in terms of the old 
data would be written as 

(9.77) 
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recursive least-square 

procedure 

so that Eq. (9.76) reduces to 

ox= [P-1 + HTR-1H ]-1HTR-1( - H X) (9.78) o n n n n n Yn n o ' 

and we see that the correction to the old estimate can be determined if we 
simply know the old estimate and its covariance. Note that the correction to x is 
proportional to the difference between the new data y n and the estimate of the 
new data H x based on the old x. 

11 O 

By analogy with the weighted least squares, the covariance of the new esti-
mate is 

(9.79) 

Note here that it is no longer necessary for there to be more new measurements 
than the elements in x . The only requirement is that P n be full rank, which could 
be satisfied by virtue of P

0 
being full rank. In other words, in Example 9.7 it 

would have been possible to start the process with the first three months of sales, 
then recursively update the parabolic coefficients using one month's additional 
sales at a time. In fact, we will see in the Kalman filter that it is typical for the 
new y to have fewer elements than x. 

To summarize the procedure, we start by assuming that x
0 

and P
O 

are available 
from previous calculations. 

• Compute the new covariance from Eq. (9.79) 

p = [P-1 + HTR-lH ]-1 11 0 ll ll 11 ' 

• Compute the new value of x using Eqs. (9.73), (9.78), and (9.79) 

A A + p HTR-1 ( ff " ) 
X = XO II I! II Y11 - II X

O • 

• Take new data and repeat the process. 

(9.80) 

This algorithm assigns relative weighting to the old x vs. new data based on their 
relative accuracies, similarly to the weighted least squares. For example, if the 
old data produced an extremely accurate estimate so that P

O 
was almost zero, 

then Eq. (9.79) shows that Pn is� 0 and Eq. (9.80) shows that the new estimate 
will essentially ignore the new data. On the other hand, if the old estimates are 
very poor, that is, P

O 
is very large, Eq. (9.79) shows that 

p � [HTR-lH ]-1 
I! ll ll 11 ' 

and Eq. (9.80) shows that 

which ignores the old data. Most cases are somewhere between these two ex
tremes, but the fact remains that this recursive-weighted-least-squares algorithm 
weights the old and new data according to the associated covariance. 
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9.4.2 The Kalman Filter 

Now consider a discrete dynamic plant 

x(k + 1) = <I>x(k) + I'u(k) + rl w(k) 

with measurements 

y(k) = Hx(k) + v(k), 

(9.81) 

(9.82) 

where the process noise w(k) and measurement noise v(k) are random se
quences with zero mean, that is 

E{w(k)} = E{v(k)} = 0, 

have no time correlation or are "white" noise, that is 

ifi =/ j, 

and have covariances or mean square "noise levels" defined by 

We allow L in Eq. (9.56) to vary with the time step, and we wish to pick L(k) so 
that the estimate ofx(k), given all the data up to and including time k, is optimal. 

Let us pretend temporarily that without using the current measurement y(k), 
we already have a prior estimate of the state at the time of a measurement, which 
we will call i.(k). The problem at this point is to update this old estimate based 
on the current new measurement. 

Comparing this problem to the recursive least squares, we see that the esti
mation measurement equation Eq. (9.82) relates the new measurements to xjust 
as the lower row in Eq. (9.71) does; hence the optimal state estimation solution 
is given by Eq. (9.80), where x

0 
takes the role of i.(k), Pn = P(k), Hn = and 

Rn Rv. The solution equations are 

x(k) = x(k) + L(k)(y(k) - Hx(k)), (9.83) 

where, 

(9.84) 

Equation (9.79) is used to find P(k), where we now call the old covariance M(k) 
instead of P

O
, thus 

(9.85) 

The size of the matrix to be inverted in Eq. (9.85) is n x n, where n is the 
dimension of x . For the Kalman filter, y usually has fewer elements than x , and 
it is more efficient to use the matrix inversion lemma (See Eq. (C.6) in Appendix 
C) to convert Eq. (9.85) to 

P(k) = M(k) M(k)HT (HM(k)HT 
+ R)- 1 HM(k). (9.86) 
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390 Chapter 9 Multivariable and Optimal Control 

M(k) is the covariance (or expected mean square error) of the state estimate, 
i(k), before the measurement. The state estimate after the measurement, i(k), 
has an error covariance P(k). 

The idea of combining the previous estimate with the current measurement 
based on the relative accuracy of the two quantities-the recursive least-squares 
concept-was the genesis for the relationships in Eq. (9.83) and Eq. (9.85) and 
is one of the basic ideas of the Kalman filter. The other key idea has to do with 
using the known dynamics of x to predict its behavior between samples, an idea 
that was discussed in the development of the estimator in Chapter 8. 

Use of dynamics in the propagation of the estimate of x between k - 1 and k 
did not come up in the static least-squares estimation, but here this issue needs to 
be addressed. The state estimate at k - 1, given data up through k 1, is called 
i(k - 1), whereas we defined i(k) to be the estimate at k given the same data up 
through k - 1. In the static least squares, these two quantities were identical and 
both called x0 because it was presumed to be a constant; but here the estimates 
differ due to the fact that the state will change according to the system dynamics 
as time passes. Specifically, the estimate i(k) is found from i(k - 1) by using 
Eq. (9.81) with w(k - 1) = 0, because we know that this is the expected value 
of x(k) since the expected value of the plant noise, £ { w(k 1)} is zero. Thus 

i(k) = cl>i(k - 1) + ru(k - 1). (9.87) 

The change in estimate from i(k - 1) to x(k) is called a "time update," whereas 
the change in the estimate from i(k) to x(k) as given by Eq. (9.83) is a "measure
ment update," which occurs at the fixed time k but expresses the improvement 
in the estimate due to the measurement y(k). The same kind of time and mea
surement updates apply to the estimate covariances, P and M: P represents the 
estimate accuracy immediately ,1fter a measurement, whereas M is the propagated 
value of P and is valid just before measurements. From Eq. (9.81) and Eq. (9.87) 
we see that 

x(k + 1) - x(k + 1) = <I>(x(k) - x(k)) + r
1 
w(k), (9.88) 

which we will use to find the covariance of the state at time k + 1 before taking 
y(k + 1) into account 

M(k + 1) = £[(x(k + 1) - x(k + l))(x(k + 1) - i(k + l)f]. 

If the measurement noise, v, and the process noise, w, are uncorrelated so that 
x(k) and w(k) are also uncorrelated, the cross product terms vanish and we find 
that 

But because 

P(k) = £{(x(k) - x(k))(x(k) - x(k)f} and Rw = £{w(k)wT(k)}, 
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Eq. (9.89) reduces to 

(9.90) 

This completes the required relations for the optimal, time-varying gain, state 
estimation, commonly referred to as the Kalman filter. A summary of the required 
relations is: 

• At the measurement time (measurement update) 

x(k) i(k) + P(k)HrR;1 (y(k) - Hi(k)), 

where 

P(k) = M(k) - M(k)HT (HM(k)HT 
+ RJ- 1HM(k). 

• Between measurements (time update) 

i(k + 1) = <l>x(k) + ru(k) 

and 

(9.91) 

(9.92) 

(9.93) 

(9.94) 

where the initial conditions for i(0) and M(0) = £ {i(0):x? (0)} must be 
assumed to be some value for initialization. 

Because M is time-varying, so will be the estimator gain, L, given by 
Eq. (9.84). Furthermore, we see that the structure of the estimation process 
is exactly the same as the current estimator given by Eq. (9.56), the difference 
being that L is time varying and determined so as to provide the minimum esti
mation errors, given a priori knowledge of the process noise magnitude, Rw, the 
measurement noise magnitude, Rv, and the covariance initial condition, M(0). 

Example 9 .8 Time-Varying Kalman Filter Gains 

Solve for L(k) for the satellite attitude control problem in Example 9.3 assuming the angle, 0, 
is sensed with a measurement noise covariance 

R
v 
= 0.1 deg2. 

Assume the process noise is due to disturbance torques acting on the spacecraft with the 
disturbance-input distribution matrix 

and assume several values for the mean square magnitude of this disturbance: 

Rw = 0.001, 0.01, 0.1 (deg2 /sec4
). 
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Figure 9.8 

Example of estimator 
gains versus time 

Solution. Because only 0 is directly sensed, we have from Eq. (4.47) 

H = [1 O]. 

The time varying estimator gain, L(k), is found by evaluating Eqs. (9.84), (9.92), and (9.94). In 
order to start these recursive equations, some value for M(O) is required. Although somewhat 
arbitrary, a value of 

M(O) [ t �] 
was selected in order to indicate that the initial rms uncertainty in 0 was 1 ° and 0 was 1 °/sec. 
The gain time histories are sensitive to this initial condition estimate during the initial transient, 
but the steady final values are not affected. 

Figure 9.8 shows the time history of the L's for the values given above. We see from the 
figure that after an initial settling time, the estimator gains essentially reach a steady state. Just 
as for the control problem, where the feedback gain reached a steady value early in the problem 
time, the eventual steady value for L occurs for all linear constant coefficient systems. The 
subject of the next section is a method to compute the value of this steady-state gain matrix so 
that it can be used in place of the time-varying one, thus eliminating the need to go through 
the rather lengthy recursive computation of Eq. (9.92) and Eq. (9.94). 

Given an actual design problem, one can often assign a meaningful value to 
Rv, which is based on the sensor accuracy. The same cannot be said for Rw. The 
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assumption of white process noise is often a mathematical artifice that is used 
because of the ease of solving the resulting optimization problem. Physically, Rw 
is crudely accounting for unknown disturbances, whether they be steps, white 
noise, or somewhere in between, and for imperfections in the plant model. 

If there is a random disturbance that is time correlated-that is, colored 

noise-it can be accurately modeled by augmenting <I> with a coloring filter that 
converts a white-noise input into time-correlated noise, thus Eq. (9.81) can also 
be made to describe nonwhite disturbances. In practice, however, this is often not 
done due to the complexity. Instead, the disturbances are assumed white, and the 
noise intensity is adjusted to give acceptable results in the presence of expected 
disturbances, whether time-correlated or not. 

If Rw was chosen to be zero due to a lack of knowledge of a precise noise 
model, the estimator gain would eventually go to zero. This is so because the 
optimal thing to do in the idealistic situation of no disturbances and a peifect plant 
model is to estimate open loop after the initial condition errors have completely 

died out; after all, the very best filter for the noisy measurements is to totally ignore 
them. In practice, this will not work because there are always some disturbances 
and the plant model is never perfect; thus, the filter with zero gain will drift away 
from reality and is referred to as a divergent filter. 8 If an estimator mode with 
zero gain was also naturally unstable, the estimator error would diverge from 
reality very quickly and likely result in saturation of the computer. We therefore 
are often forced to pick values of Rw and sometimes r 

1 
"out of a hat" in the 

design process in order to assure that no modes of the estimator are without 
feedback and that the estimator will track all modes of the actual system. The 
disturbance noise model should be selected to approximate that of the actual 
known disturbances when practical, but the designer often settles on acceptable 
values based on the quality of the estimation that results in subsequent simulations 
including all known disturbances, white and otherwise. 

It is possible to include a nonzero process noise input in the plant model 
and yet still end up with a divergent filter [Bryson (1978)]. This can arise when 
the process noise is modeled so that it does not affect some of the modes of the 
system. Bryson showed that the filter will not be divergent if you select r 

1 
so that 

the system, (<I>, r
1
), is controllable and all diagonal elements of Rw are nonzero. 

For an implementation of a time-varying filter, initial conditions for Mand x 
are also required. Physically, they represent the a priori estimate of the accuracy 
of x(0), which in tum represents the a priori estimate of the state. In some cases, 
there might be test data of some kind to support their intelligent choice; however, 
that is not typical. In lieu of any better information, one could logically assume 
that the components of x(0) contained in y are equal to the first measurement, and 
the remaining components are equal to zero. Similarly, the components in M that 

8 A filter with one or more modes that is running open loop is sometimes dubbed "oblivious" or "fat, 
dumb, and happy" because it ignores the measurements. It is somewhat analogous to the person whose 
mind is made up and not interested in facts. 
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394 Chapter 9 Multivariable and Optimal Control 

duality 

represent a measured component could be logically set to Rv and the remaining 
components set to a high value. 

In obtaining the values of L in Fig. 9.8, it was necessary to solve for the 
time history of P. Because P is the covariance of the estimation errors, we can 
sometimes use P as an indicator of estimation accuracy, provided that the values 
of Rv and R

w 
are based on some knowledge of the actual noise characteristics 

and that w and v are approximately white. 
The intent of this section and example is to give some insight into the nature 

of the solution so as to motivate and provide a basis for the following section. 
Readers interested in the application of Kalman filters are encouraged to review 
works devoted to that subject, such as Bryson and Ho (1975), Anderson and 
Moore (1979), and Stengel (1986). 

9.4.3 Steady-State Optimal Estimation 

As shown by Example 9.8, the estimator gains will eventually reach a steady
state value if enough time passes. This is so because the values of M and P 
reach a steady value. Because of the substantial simplification in the controller 
afforded by a constant estimator gain matrix, it is often desirable to determine 
the constant gain during the design process and to implement that constant value 
in the controller. As discussed in Section 9 .2, many control systems run for very 
long times and can be treated mathematically as if they run for an infinite time. 
In this case the constant gain is the optimal because the early transient period has 
no significant effect. Whatever the motivation, a constant-gain Kalman filter is 
identical in structure to the estimator discussed in Chapter 8, the only difference 
being that the gain, L, is determined so that the estimate errors are minimized for 
the assumed level of process and measurement noise. This approach replaces the 
pole-placement method of finding the estimator gain and has the highly desirable 
feature that it can be applied to MIMO systems. 

The equations to be solved that determine M and P are Eq. (9.92) and 
Eq. (9.94). Repeated, they are 

P(k) = M(k) - M(k)Hr (HM(k)Hr 
+ Rv)- 1HM(k), 

M(k + 1) = <l>P(k)<l>T 
+ r

l
R

w
ri 

(9.92) 
(9.94) 

Comparing Eqs. (9.92) and (9.94) to the optimal control recursion relationships, 
Eq. (9.24) and Eq. (9.25) 

M(k) = S(k) - S(k)r[Q
2 
+ rrs(k)rr 1rrs(k), (9.25) 

S(k) = <l>TM(k + l )<I> + Q
l
, (9.24) 

we see that they are precisely of the same form! The only exception is that 
Eq. (9.94) goes forward instead of backward as Eq. (9.24) does. Therefore, we 
can simply change variables and directly use the steady-state solution of the 
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Table 9.1 
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control problem as the desired steady-state solution to the estimation problem, 
even though the equations are solved in opposite directions in time. 

Table 9. I lists the correspondences that result by direct comparison of the con
trol and estimation recursion relations: Eq. (9.25) with Eq. (9.92) and Eq. (9.24) 
with Eq. (9.94). 

By analogy with the control problem, Eqs. (9.92) and (9.94) must have 
arisen from two coupled equations with the same form as Eq. (9.33). Using the 
correspondences in Table 9.1, the control Hamiltonian in Eq. (9.34) becomes the 
estimation Hamiltonian 

[ <I>T + HTR-1H<1>-1r R rT -HTR-1H<1>-1 ] '1.J_ v lwl v 
I (..e - -<l>-1 r R rT <l>-1 • I w 1 (9.95) 

Therefore, the steady-state value of M is deduced by comparison with 
Eq. (9.46) and is 

(9.96) 

where 

are the eigenvectors of He associated with its stable eigenvalues. Hence, from 
Eqs. (9.92) and (9.84) after some manipulation we find the steady state Kalman
filter gain to be9 

L = M HT (HM HT + R )- 1
. 

00 00 00 V 
(9.97) 

This is a standard calculation in MATLAB's kalman.m. Sometimes this solution is 
referred to as the linear quadratic Gaussian (LQG) problem because it is often 
assumed in the derivation that the noise has a Gaussian distribution. As can be 
seen from the development here, this assumption is not necessary. However, with 
this assumption, one can show that the estimate is not only the one that minimizes 

Control and Estimation Duality 

Control Estimation 

<I> <l>T 

M p 

S M 

Q 1 
r,R

w
rf 

r Hr 

02 RV 

9 In the steady state, the filter has constant coefficients and, for the assumed model, is the same as the 

Wiener filter. 
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396 Chapter 9 Multivariable and Optimal Control 

the error squared, but also the one that is the statistically "most likely." In this 
derivation, the result is referred to as the maximum likelihood estimate. 

Because Eq. (9.34) and Eq. (9.95) are the same form, the eigenvalues have 
the same reciprocal properties in both cases. Furthermore, for systems with a 
single output and a single process noise input, the symmetric root locus follows 
by analogy with Eq. (9 .40) and the use of Table 9 .1. Specifically, the characteristic 
equation becomes 

(9.98) 

where q = R
w 

/ R
v 

and 

Therefore, for systems where the process noise is additive with the control input
that is, f' = f' 

1
-the control and estimation optimal root loci are identical, and the 

control and estimation roots could be selected from the same loci. For example, 
the loci in Figs. 9 .4 and 9 .5 could be used to select estimator roots as well as the 
control roots. 

9.4.4 Noise Matrices and Discrete Equivalents 

The quantities defining the noise magnitude, the covariance matrices Rw and Rv, 
were defined in Section 9 .4.2 as 

Typically, if there is more than one process or measurement noise component, one 
has no information on the cross-correlation of the noise elements and therefore 
Rw and Rv are selected as diagonal matrices. The magnitudes of the diagonal 
elements are the variances of the noise components. 

Process Noise,� 

The process noise acts on the continuous portion of the system and, assuming 
that it is a white continuous process, varies widely throughout one sample period. 
Its effect over the sample period, therefore, cannot be determined as it was for 
Eq. (9.90); instead, it needs to be integrated. From Eqs. (4.55) and (4.56), we see 
that the effect of continuous noise input over one sample period is 
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9.4 Optimal Estimation 397 

where G1 is defined by Eq. (4.45). Repeating the derivation10 of Eq. (9.90) with 
the integral above replacing r 

1 
w(k) in Eq. (9.88), we find that Eq. (9.90) becomes 

M(k + 1) = <f.> P(k)<f.>r 
+ 1

r 

1
r 

<f.>(ry)Gl£[w(ry)wr (r)JG[ <f.>r (r)drdry . 
(9.99) 

But the white noise model for w means that 

l'[w(r,)w
T 

(r)] = Rwpsd o(r, - r), 

where Rw sd is called the power spectral density, or mean-square spectral density, 
of the coritinuous white noise. Therefore, Eq. (9.99) reduces to 

M(k + 1) = <l>P(k)<l>T 
+ Cd , 

where 

(9.100) 

Calculation of this integral (see disrw.m in the Digital Control Toolbox) can 
be carried out using a similar exponential form due to Van Loan (1978), as in 
Eq. (9.54). If T is very short compared to the system time constants, that is 

<l>�I and r l �Gl T, 

then the integral is approximately 

Cd� T GlRwpsdGi, 

which can also be written 11 

R 
C '.::::'. r 

wpsd
rT 

d - 1 
T 

1' 

Therefore, one can apply the discrete covariance update Eq. (9.94) to the case 
where w is continuous noise by using the approximation that 

R R '.::::'. wpsd 
(9.101) 

w - T ' 
as long as T is much shorter than the system time constants. If this assumption 
is not valid, one must revert to the integral in Eq. (9.100). 

In reality, however, there is no such thing as white continuous noise. A pure 
white-noise disturbance would have equal magnitude content at all frequencies 
from 0 to oo. Translated, that means that the correlation time of the random 
signal is precisely zero. The only requirement for our use of the white-noise 

10 See Stengel (1986), p. 327. 
11 By computing r I exactly according to Eq. (4.58), the approximation that follows for C

d 
is substantially 

more accurate than the approximation using G 1 . 

co
nt

ro
len

gin
ee

rs
.ir



398 Chapter 9 Multivariable and Optimal Control 

model in discrete systems is that the disturbance have a correlation time that is 
short compared to the sample period. If the correlation time is on the same order 
or longer than the sample period, the correct methodology entails adding the 
colored-noise model to the plant model and estimating the random disturbance 
along with the original state. In fact, if the correlation time is extremely long, the 
disturbance acts much like a bias, and we have already discussed its estimation in 
Section 8.5.2. In practice, disturbances are often assumed to be either white or a 
bias, because the improved accuracy possible by modeling a random disturbance 
with a time constant on the same order as the sample period is not deemed worth 
the extra complexity. 

The determination of the appropriate value of Rwpsd that represents a physical 
process is aided by the realization that pure white noise does not exist in nature. 
Disturbances all have a nonzero correlation time, the only question being: How 
short? Assuming that the time correlation is exponential with a correlation time 
re, and that re « system time constants, the relation between the power spectral 
density and the mean square of the signal is 12 

(9.102) 

Typically, one can measure the mean square value, £ { w2 (t)}, and can either 
measure or estimate its correlation time, re, thus allowing the computation of 
each diagonal element of Rwpsd. However, the desired result for our purposes 
is the discrete equivalent noise, Rw. It can be computed from Eq. (9.101) and 
Eq. (9.102), where each diagonal element, [Rw]i, is related to the mean square 
and correlation time of the ith disturbance according to 

2 
[R ]. = - [ r £ { w2 (t)}].. 

w I T e I 
(9.103) 

Note from Eq. (9.103) that Rw and£ { w2 (t)} are not the same quantities. Specifi
cally, the diagonal elements of Rw are the mean square values of the discrete noise, 
w(k), that produces a response from the discrete model given by Eq. (9.90) that 
matches the response of the continuous system acted on by a w(t) with £{w2 (t)} 
and re. Note also that it has been assumed that the noise is white compared to 
the sample period, that is, re « T and that T « any system time constants. 
Under these conditions the discrete equivalent mean square value is less than the 
continuous signal mean square because the continuous random signal acting on 
the continuous system is averaged over the sample period. If re is not« T, then 
the noise is not white and Eq. (9.100) is not valid; thus calculation of Rw is not 
relevant. 

12 Bryson and Ho (1975), p. 331. 
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Sensor Noise, � 

The pertinent information given by the manufacturer of a sensor product would 
be the rms "jitter" error level (or some other similar name), which can usually be 
interpreted as the random component and assumed to be white, that is, uncorre
lated from one sample to the next. The rms value is simply squared to arrive at 
the diagonal elements of £{v2 (t)}. Unlike the process noise case these values are 
used directly, that is 

[R]. = [£{v2 (t)}].. 
V I l 

(9.104) 

The assumption of no time correlation is consistent with the development of the 
optimal estimator that was discussed in Section 9 .4.2. If the correlation time of 
a sensor is longer than the sample period, the assumption is not correct, and an 
accurate treatment of the noise requires that its "coloring" model be included 
with the plant model and the measurement noise error estimated along with the 
rest of the state.13 One could also ignore this complication and proceed as if the 
noise were white, with the knowledge that the effect of the measurement noise 
is in error and that skepticism is required in the interpretation of estimate error 
predictions based on P. Furthermore, one could no longer claim that the filter 
was optimal. 

Sensor manufacturers typically list bias errors also. This component should 
at least be evaluated to determine the sensitivity of the system to the bias, and if 
the effect is not negligible, the bias should be modeled, augmented to the state, 
and estimated using the ideas of Section 8.5.2. 

Note that neither the sample period nor the correlation time of the sensor 
error has an impact on Rv if v is white. Although the rms value of v is not affected 
by the sampling, sampling at a higher rate will cause more measurements to be 
averaged in arriving at the state estimate, and the estimator accuracy will improve 
with sample rate. 

In some cases, the designer wishes to know how the sensor noise will affect 
an estimator that is implemented with analog electronics. Although this can 
be done in principle, in practice it is rarely done because of the low cost of 
digital implementations. The value of analyzing the continuous case is that the 
know ledge can be useful in selecting a sample rate. Furthermore, the designer is 
sometimes interested in creating a digital implementation whose roots match that 
of a continuous design, and finding the discrete equivalent noise is a method to 
approximate that design goal. Whatever the reason, the continuous filter can be 
evaluated digitally, with the appropriate value of Rv being the one that provides 
the discrete equivalent to the continuous process, the same situation that was 

13 See Stengel (1986) or Bryson and Ho (1975). 
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400 Chapter 9 Multivariable and Optimal Control 

Bryson's rules 

examined for the process noise. Therefore, the proper relation in this special case 
is from Eq. (9.101) or (9.103) 

2 
or [R]. = -[r E{v2 (t)}]., 

VI 
T 

C l 
(9.105) 

where E { v2 (t)} is the mean square value of the sensor noise and re is its correlation 
time. Alternatively, if one desires only the continuous filter performance for a 
baseline, one can use a pure continuous analysis of the filter, 14 which requires 
only Rvpsct· 

9 .5 Multivariable Control Design 

The elements of the design process of a MIMO system have been discussed in 
the preceding sections. This section discusses some of the issues in design and 
provides two examples of the process. 

9.5.1 Selection of Weighting Matrices Q
1 

and Q
2 

As can be seen from the discussion in Sections 9.2 and 9.3, the selection of Q1 
and Q2 is only weakly connected to the performance specifications, and a certain 
amount of trial and error is usually required with an interactive computer program 
before a satisfactory design results. There are, however, a few guidelines that can 
be employed. For example, Bryson and Ho (197 5) and K wakemaak and Sivan 
(1972) suggest essentially the same approach. This is to take Q1 = HTQ1H so 
that the states enter the cost via the important outputs (which may lead to H = I 
if all states are to be kept under close regulation) and to select Q 

1 
and Q2 to be 

diagonal with entries so selected that a fixed percentage change of each variable 
makes an equal contribution to the cost. 15 For example, suppose we have three 
outputs with maximum deviations m1, m

2
, and m

3
. The cost for diagonal Q1 is 

- 2 - 2 - 2 
q11Y1 + q22Y2 + q33Y3· 

The rule is that if y1 = am 1 , y2 = am2 , and y3 = am3 , then 

thus 

14 See Bryson and Ho (1975). 

15 Kwakemaak and Sivan (1972) suggest using a percentage change from nominal values; Bryson and 

Ho use percentage change from the maximum values. 
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9.5 Multivariable Control Design 401 

A satisfactory solution for elements of Q
1 

is then 16 

- 2 - 2 - 2 Q1,11 = l/mi, Q1,22 = l/m2, QI,33 = l/m3, 
Similarly, for Q

2 
we select a matrix with diagonal elements 

Q2,11 = l/ui max' Q2,22 = l/u�max • 

(9.106) 

(9.107) 
There remains a scalar ratio between the state and the control terms, which we 
will call p. Thus the total cost is 

:J = pxTHTQ
1
Hx + uTQ

2
u, (9.108) 

where Q
1 
and Q

2 
are given by Eq. (9.106), and Eq. (9.107), and pis to be selected 

by trial and error. A computer-interactive procedure that allows examination of 
root locations and transient response for selected values of Q

1 
and Q

2 
expedites 

this process considerably. 

9.5.2 Pincer Procedure 

The designer can introduce another degree of freedom into this problem by 
requiring that all the closed-loop poles be inside a circle of radius 1/a, where 
a 2:: 1. If we do this, then the magnitude of every transient in the closed loop 
will decay at least as fast as 1 / ak, which forms pincers around the transients and 
allows a degree of direct control over the settling time. We can introduce this 
effect in the following way. 

Suppose that as a modification to the performance criterion of Eq. (9.11), we 
consider 

00 

:la= I)xTQ
1
x + uTQ

2
u]a2k _ (9.109) 

k=O 

We can distribute the scalar term a2k in Eq. (9.109) as akak and write it as 

where 

:la= I)cak xfQ
l
(ak x) + (akufQ

2
(aku)] 

k=O 

00 

= I)?Q
1
z + vTQ

2v], 
k=O 

The equations in z and v are readily found. Consider 
z(k + 1) = ak+ 1 x(k + 1). 

16 Sometimes called Bryson's rules. 

(9.110) 

(9.111) 
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402 Chapter 9 Multivariable and Optimal Control 

From Eq. (9.10) we have the state equations for x(k + 1), so that 

z(k + 1) = ak+l [<l>x(k) + ru(k)]. 

If we multiply through by the ak+1 -term, we can write this as 

z(k + 1) = a<l>(akx(k)) + ar(aku(k)), 

but from the definitions in Eq. (9 .111), this is the same as 

z(k + 1) = a<l>z(k) + arv(k). (9.112) 

The performance function Eq. (9.110) and the equations of motion Eq. (9.112) 
define a new problem in optimal control for which the solution is a control law 

v= -Kz, 

which, if we work backward, is 

aku(k) = -K(akx(k)) 

or 

u(k) = -Kx(k). (9.113) 

We conclude from all this that if we use the control law Eq. (9.113) in the state 
equations (9 .10), then a trajectory results that is optimal for the performance .Ja 
given by Eq. (9.109). Furthermore, the state trajectory satisfies Eq. (9.111), where 
z(k) is a stable vector so that x(k) must decay at least as fast as 1 / ak, or else z(k) 
could not be guaranteed to be stable. 

To apply the pincers we need to relate the settling time to the value of a. 
Suppose we define settling time of x

j 
as that time ts such that if x

j 
(0) = 1 and all 

other states are zero at k = 0, then the transients in x. are less than 0.01 (1 % of 
J 

the maximum) for all times greater than ts. If we approximate the transient in x
j 

as 

x/k) � x/0)(1/a/, 

then when k T = ts, we must have 

x/kT) ::S 0.0lx/0), 

which will be satisfied if a is such that 

or 

(1/a/ < 0.01 = -
1

- ,  
100 

a > 100 1/k 
= IO0T/ts. (9.114) 

In summary, application of the pincer procedure requires that the designer 
select the settling time, ts' within which all states should settle to less than 1 %. 
Equation (9.114) is then used to compute a and, according to Eq. (9.112), the 
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9 .5 Multivariable Control Design 403 

revised system a<I> and ar for use in an LQR computation for the feedback gain 
matrix K. Use of K with the original system, <I>, will produce a response of all 
states that settle within the prescribed ts. 

9.5.3 Paper-Machine Design Example 

As an illustration of a multivariable control using optimal control techniques, we 
will consider control of the paper-machine head box described in Appendix A.5. 
The continuous equations of motion are given by 

x = [-��(); O() 
l 

i ] x + [ � o\ ] u. 
0 0 -1 1 0 

(9.115) 

We assume the designer has the following specifications on the responses of this 
system: 

1. The maximum sampling frequency is 5 Hz (T = 0.2 sec). 
2. The 1 % settling time to demands on x

1 
(= total head) should be less than 2.4 

sec (12 periods). 
3. The settling time to demands on x

2 
(=liquid level) should be less than 8 sec 

(40 periods). 
4. The units on the states have been selected so that the maximum permissible 

deviation on total head, x
l
' is 2.0 units and the liquid level, x

2
, is 1.0. 

5. The units on control have been selected so that the maximum permissible 
deviation on u

1 
(air control) is 5 units and that of u

2 
(stock control) is 10 

units. 

First let us apply the pincer procedure to ensure tliat the settling times are 
met. We have asked that the settling times be 2.4 sec for x

1 
and 8 sec for x

2
. If, for 

purposes of illustration, we select the more stringent of these and in Eq. (9 .114) 
set ts = 2.4 for which t) T = 12, then 

a > 1001112 = 1.47. 

Now let us select the cost matrices. Based on the specifications and the 
discussion in Section 9.5.1, we can conclude that m

1 
= 2 and m

2 
= 1, and thus 

Q = [ 
0.25 0

] 1 0 1 • 

Because we are interested only in x
1 

and x
2

, the output matrix Hin Eq. (9.108) is 

[ 
1 0 0

] H= 0 1 0 
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404 Chapter 9 Multivariable and Optimal Control 

and 

_ [ 
0.25 0 0

] Q
I 

- 0 1 0 . 
0 0 0 

Furthermore, because u I max = 5 and u2
rnax = 10 

[ 
0.04 0 

] Q2 
= 0 0.01 • 

Conversion of the continuous system in Eq. (9.115) to a discrete one (T = 0.2 
sec) yields 

[ 
0.9607 0.0196 0.1776 

] <I> = -0.0098 0.9999 -0.0009 
0 0 0.8187 

[ 
0.0185 0.1974

] and r = -0.0001 0.1390 . 
0.1813 0 

These two matrices are then multiplied by the scalar 1.47 (= a) and used in 
MATLAB's dlqr.m with the preceding QI and Q2. 

The LQR calculation gives a control gain 

K _ 
[ 

6.81 -9.79 3.79 
] - 0.95 4.94 0.10 ' 

and closed-loop poles at 

z = 0.108, 0.491 ± j0.068, 

which are well within 1/1.47 = 0.68. Fig. 9.9(a) shows the transient response 
to unit-state initial conditions on xI, and Fig. 9.9(b) shows the same for initial 
conditions on x

2
. Examination of these results shows that the requirement on 

settling time has been substantially exceeded because xI settles to within 1 % by 
. 1.8 sec, and x

2 
settles within 1 % by 1.6 sec for both cases. However, the control 

effort on u I is larger than its specification for both initial condition cases, and 
further iteration on the design is required. To correct this situation, the designer 
should be led by the fast response to relax the demands on response time in order 
to lower the overall need for control. Figure 9 .10 shows the response with ts in 
Eq. (9.114) selected to be 5 sec for the case with x(0) = [0lOf. The control uI 

is just within the specification, and the response time of xI is 2.3 sec and that of 
x

2 
is 2.0 sec. All specifications are now met. 

It is possible to improve the design still further by noting that the response of 
x

2 
beats its specified maximum value and settling time by a substantial margin. 

To capitalize on this observation, let us try relaxing the cost on x
2
. After some 

iteration (see Problem 9.7), we find that no cost on x
2

, that is 

QI = [ o ·5
5 

� � ] , 
0 0 0 
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Figure 9.9 

Response of 
paper-machine 
closed-loop control to: 
(a) initial state 
xr(o) = (1 0 O]; 
(b) initial state 
xr(o) = (O 1 O] 
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results in a design that still meets all specifications and substantially reduces 
the use of both controls. Its response to x(O) 

= 
[OIOt is shown in Figure 

9.11. 
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Figure 9.10 2.------.-------.--------.-------r----r-------,-------.----� 
Response of 
paper-machine 
closed-loop control to 
initial state 
xr(O) = [O 1 O] with 
t
s 

lengthened to 5 sec 

Figure 9.11 

Response of 
paper-machine 
closed-loop control to 
initial state 
xr(o) = [O 1 O] with 
t
s 

lengthened to 5 sec 
and no weight on x2 
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9.5.4 Magnetic-Tape-Drive Design Example 

Figure 9.12 

Magnetic-tape-drive 
design example 

As a further illustration of MIMO design, we will now apply the ideas to an 
example that includes integral control and estimation. The system is shown in 
Fig. 9.12. There is an independently controllable drive motor on each end of 
the tape; therefore, it is possible to control the tape position over the read head, 
x

3
, as well as the tension in the tape. We have modeled the tape to be a linear 

spring with a small amount of viscous damping. Although the figure shows the 
tape head to the left of the spring, in fact, the springiness is distributed along 
the full length of the tape as shown by the equations below. The goal of the 
control system is to enable commanding the tape to specific positions over the 
read head while maintaining a specified tension in the tape at all times. We will 
carry out the design using MIMO techniques applied to the full system equations 
and conclude the discussion by illustrating how one could perform the design 
using a decoupled model and SISO techniques. 

The specifications are that we wish to provide a step change in position of 
the tape head, x

3
, of 1 mm with a 1 % settling time of 250 msec with overshoot 

less than 20%. Initial and final velocity of x
3 

is to be zero. The tape tension, T
e
, 

should be controlled to 2 N with the constraint that O < T < 4 N. The current is 
limited to 1 A at each drive motor. 

The equations of motion of the system are 

10
1 

-T
e
r + K

m
i
l
, 

10
2 

= -7:r + K
m

i
2
, 

T
e

=k(x
2 

x
1
)+b(i2

-.x 1 ), 

x
3 

= (x
1 
+ x)/2, 

e 

(9.116) 
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where 
current into drive motors 1 and 2, respectively (A), 
tension in tape (N), 

il, i2 
Te 

01, 02 
XI, X2 

X3 

J 
r 

= angular position of motor/capstan assembly (radians), 
= position of tape at capstan (mm), 

Km 
k 
b 

position of tape over read head (mm), 
= 0.006375 kg m2

, motor and capstan inertia, 
0.1 m, capstan radius, 

= 0.544 N - m/ A, motor torque constant, 
= 2113 N/m, tape spring constant, and 
= 3.75 N sec/m, tape damping constant. 

In order to be able to simulate a control system design on inexpensive equipment 
where the system has time constants much faster than 1 sec, it is often useful 
to time-scale the equations so that the simulation runs slower in the laboratory 
than it would on the actual system.17 We have chosen to time-scale the equations 
above so they run a factor of 10 slower than the actual system. Therefore, the 
settling time specifications become 2.5 sec instead of 250 msec for the actual 
system. The numerical equations below and all the following discussion pertain 
to the time-scaled system. Incorporating the parameter values and writing the 
time-scaled equations in state form results in [ ii l [ o o 

x2 _ 

0 0 
�I - 3.315 -3.315 
w2 

3.315 -3.315 

-10 
0 

-0.5882 
-0.5882 

[ 
o O l 
0 0 i1 

+ 8.533 0 [ i, 
] ' 

0 8.533 

0 l [ xi l 
10 x? 

-0.5882 W1 
-0.5882 w2 

where the desired outputs are 

[ X3 
] 

[ 0.5 0.5 0 0 
] [ :� l Te - -2.113 2.113 0.375 0.375 :� 

' 

where 

w 1
, w2 

= angular rates of motor/capstan assembly,0/rad/sec). 

The eigenvalues of the system matrix in Eq. (9 .117) are 

s � 0, 0, ±j8 rad/sec, 

17 See Franklin, Powell, and Emami-Naeini (1986) for a discussion of time-scaling. 

(9.117) 

(9.118) 

co
nt

ro
len

gin
ee

rs
.ir



9.5 Multivariable Control Design 409 

where the oscillatory roots are from the spring-mass system consisting of the tape 
and the motor/capstan inertias. This open-loop resonance has a higher frequency 
than the required closed-loop roots to meet the settling time specifications; there
fore, it would be wise to sample at 15 x the open-loop resonance at 8 rad/sec. A 
sample rate of T = 0.05 sec results. 

Full State Feedback 

As a first step in the design, let's try state feedback of all four states in Eq. (9 .117). 
We will address the state estimation in a few pages. 

The output quantities to be controlled are x
3 

and 7: so that it is logical to 
weight those quantities in the cost Q

1
. According to the guidelines in Eq. (9.106), 

we should pick 

Q
I

= [ 
� n 

and because we expect each control to be used equally 

Although these weightings gave an acceptable result, a somewhat more desirable 
result was found by modifying t�ese weightings to 

[ 
1 0 0

] Q
1 

= 0 1 0 

0 0 1 

where a third output has been added to that of Eq. (9.118), which represents Te 
in order to obtain better damping of the tension. Thus we obtain the weighting 
matrix from 

(9.119) 

where 

(9.120) 

Use of the Q
1 

and Q
2 

with the discrete equivalent of Eq. (9.117) in MATLAB's 
dlqr.m results in the feedback gain matrix 

K _ 
[ 

-0.823 0.286 1.441 0.311 
] - -0.286 0.823 0.311 1.441 ' 
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figure 9.13 
Reference input 
structure used for 
Fig.9.14 

which can be used to form the closed-loop system for evaluation. Calculation of 
the eigenvalues of the discrete system and transformation of them to their discrete 
equivalent by z = esT results in closed-loop roots at 

s = -5.5 ± j5.5, -10.4 ± j 12.4 sec-1
. 

To bring the system to the desired values of T
e 

and x
3
, we use the state com

mand structure described in Section 8.4.2. Let us first try without the feedforward 
value of steady-state control, u

ss
· Calculation of the reference state, xr, can be 

carried out from the physical relationships that must exist at the desired values 
of X

3 
= 1 mm and T

e 
= 2 N 

x
1 
+ x

2 
= 2x

3 
= 2, 

T 2 
x

2 -
x

1 
= 

_!.. 
-- = 0.000947 m 0.947 mm. 

k 2113 
Solving these two equations and adding the zero velocities results in 

Evaluation of the time response using the structure in Fig. 9.13 (from 
Fig. 8.14) shows that the input current limits are violated and results in a settling 
time of 1 sec, which is significantly faster than required. In order to slow down 
the response and thus reduce the control usage, we should lower Q 

1
. Revising 

the weightings to 

results in 

x, 

[ 
0.1 0 0 

] Q
1 
= 0 0.1 0 

K 

0 0 0.1 

[ 
-0.210 0.018 0.744 0.074 

] -0.018 0.210 0.074 0.744 

Plant 
X 

(9.121) 
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Figure 9.14 

Time response using 
Eq. (9.121) 
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which produces a closed-loop system whose roots transform to 

s = -3.1 ± j3.l, -4.5 ± j9.2 sec-1
, 

and produces the response shown in Fig. 9.14. The figure shows that x
3 

has a 
settling time of about 2 sec with an overshoot less than 20% while the control 
currents are within their limits; however, the tension did not go to the desired 
2 N. The steady-state tension error of the system is substantial, and so we shall 
proceed to correct it. 

As discussed in Section 8.4.2, we can provide a feedforward of the required 
steady-state value of the control input that eliminates steady-state errors. Eval
uation of Eq. (8.73) (see refi.m in the Digital Control Toolbox) using H from 
Eq. (9 .118) and <I>, r from Eq. (9 .117) leads to 

Nx = [ �! �
�
:�;��� l [ o 0.1839 

] and Nu= 0 0.1839 ' 

which can be used to command the system as in Fig. 8.15(a) with 
r = [ 1 mm 2Nf. Note that N r = x = [0.527 1.473 0 Of as al-x r 
ready computed above, and we now have the steady state control, uss = Nu r = 

[ 0.368 0.368 f, that should eliminate the tension error. The response of the 
system with this modification is shown in Fig. 9.15. It verifies the elimination of 
the tension error and that all other specifications are met. 
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Figure 9.15 
Time response using 
Eq.(9.121)and 
feedforward of uss 
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Normally, designers prefer to avoid the use of feedforward of u
ss 

alone 
because its value depends on accurate knowledge of the plant gain. The preferred 
method of reducing steady-state errors is to use integral control or possibly 
to combine integral control with feedforward. In the latter case, the integral's 
function is simply to provide a correction for a possible error in the feedforward 
and thus can be designed to have less of an impact on the system bandwidth. So 
let's design an integral control to replace the u

ss 
feedforward. 

Because the tension was the only quantity with the error, the integral control 
need only correct that. Therefore, we will integrate a measurement of the tension 
and use it to augment the feedback. We start out by augmenting the state with the 
integral of 7: according to Eq. (8.83) so that 

[ :: L = [ ! 1!: ] [ :: l + [ � ] u(k), 

where, from Eq. (9.118) 

H
I

= [ -2.113 2.113 0.375 0.375 ]. 

(9.122) 

We will use the augmented system matrices (<l>a, ra) from Eq. (9.122) in an LQR 
computation with a revised Q

1 
that also weights the integral state variable. This is 

most easily accomplished by forming a revised Hw from Eq. (9.120) that includes 
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a fourth output consisting of the tension integral, x 1, and that is used with the 
augmented state defined by Eq. (9.122). The result is 

H [ 
o 0.5 0.5 0 0 l 
0 -2.113 2.113 0.375 0.375 
0 0 0 0.5 0.5 • 
1 0 0 0 0 

(9.123) 

The revised weighting matrices are then obtained by the use of Eq. (9 .119) with 
an additional diagonal term in Q 

1 
corresponding to an equal weight on x 

1
, that is 

[ 

0.1 o O O l 
Q _ 0 0.1 0 0 

1 - 0 0 0.1 0 
0 0 0 0.1 

(9.124) 

Performing the calculations results in an augmented feedback gain matrix 

Ka = [ 0.137 -0.926 0.734 1.26 0.585 ] , 0.137 -0.734 0.926 0.585 1.26 (9.125) 

which can be partitioned into two gains, one for the integral and one for the 
original state 

[ 0.137 ] Kl = 0.137 d K _ [ -0.926 0.734 1.26 0.585 
] an - -0.734 0.926 0.585 1.26 • (9.126) 

These feedback gain matrices are then used to control the system as shown 
in Fig. 9.16, which is based on the ideas from Fig. 8.23. Essentially, the only 
difference between this implementation and the previous one is that we have 
replaced the uss feedforward with an integral of the tension error. 

The roots of the closed-loop system transformed to the s-plane are 

s = -9.3, -3.1 ± }3.1, -5.8 ± jll.8 sec-1, 

and the time response of the system is shown in Fig. 9 .17. Again, the tension 
goes to the desired 2 N, as it should, and all other specifications are met. 

Add the Estimator 

The only unfinished business now is to replace the full state feedback with an 
estimated state. We will assume there are two measurements, the tension, Te, and 
tape position, x

3
. Although measurements of 0

1 
and 0

2 
would possibly be easier 

to make, it is typically best to measure directly the quantities that one is interested 
in controlling. Therefore, for purposes of estimation, our measurement matrix is 

H [ 0.5 0.5 0 0 ] 
e - -2.113 2.113 0.375 0.375 • 

(9.127) 
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Figure 9.16 
Integral control 
implementation with 
reference input and full 
state feedback 

[ZJ =>xi(k+ l)=x
r
(k)+ T

.,
(k)-T,(k) 

Figure 9.17 
Time response using Eq. (9.126) and integral control as in Fig. 9.16 
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Let us suppose that the rms accuracy of the tape position measurement is 
0.02 mm. According to Eq. (9.104), the first diagonal element of the Rv matrix 
is therefore 0.022 

= 0.0004. Let us also suppose that the rms accuracy of the 
tension measurement is 0.01 N. This results in 

R _ [ 0 .0004 0 ] 
V - 0 0.0001 • 

(9.128) 

Determining values for the process-noise matrix, Rw, is typically not based 
on the same degree of certainty as that possible for Rv. We will assume that 
the process noise enters the system identically to i 

I 
and i

2
; therefore, r 

1 
= r in 

Eq. (9.81). We could make measurements of the magnitude and spectrum of the 
input-current noise to determine Rw via Eqs. (9.101) and (9.102). However, other 
disturbances and modeling errors typically also affect the system and would need 
to be quantified in order to arrive at a truly optimal estimator. Instead, we will 
somewhat arbitrarily pick 

R _ [ 0.0001 0 ] w - 0 0.0001 ' (9.129) 

compute the estimator gains and resulting roots, then modify Rw based on the 
estimator performance in simulations including measurement noise and plausible 
disturbances. Proceeding, we use the unaugmented <I> and r 

1 
based on Eq. (9 .117) 

in MATLAB's kalman.m with He from Eq. (9.127) and the noise matrices from 
Eqs. (9.128) and (9.129) to find that 

[ �:;;� -�: g� l L -0.124 0.142 ' 
0.124 0.142 

which results in estimator error roots that transform to 

s -3.0 ± j4.5, -4.1 ± j15.4 sec- 1
. 

(9.130) 

(9.131) 

If implemented using the state command structure as in Fig. 9.18, which has the 
same reference input structure as in Fig. 9 .16, the response will be identical to 
Fig. 9 .17. This follows because the estimator model receives the same control 
input that the plant does and thus no estimator error is excited. In order to evaluate 
the estimator, we need to add measurement noise and/or some plant disturbance 
that is not seen by the estimator. Figure 9 .19 shows the system response to the 
same reference input as Fig. 9 .17; but zero mean random noise with an rms of 
0.02 mm has been added to the x

3 
measurement, noise with an rms of 0.01 N has 

been added to the Te measurement, and a step disturbance of 0.01 A has been 
added to the i

1 
entering the plant18 at 1.5 sec. Note in the figure that there is 

18 Only the plant, not the estimator. 

co
nt

ro
len

gin
ee

rs
.ir



416 Chapter 9 Multivariable and Optimal Control 

Figure 9.18 
Integral control implementation with reference input and estimated state feedback 

Figure 9.19 

Time response with 
integral control and an 
estimator with L from 
Eq. (9.130) including 
measurement noise and 
a disturbance at 1.5 sec 
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some noise on Te and the input currents, and that the disturbance on i 
1 

caused a 
steady-state error in x

3
. 

This result can be modified by changing the estimator. Let us suppose that 
we wish to reduce the steady-state error on x

3 
and we can tolerate increased noise 

effects. 19 So let us increase the assumption for the process noise Eq. (9 .129) to 

R _ [ 0.001 0 ] 
w - 0 0.001 • 

By increasing the process noise, we are essentially saying that the knowledge 
of the plant model is less precise; therefore, the optimal filter will pay more 
attention to the measurements by increasing the estimator gains and speeding up 
the estimator. Higher estimator gains should reduce the steady-state estimation 
errors and their effect on x

3
, but at the cost of increased sensitivity to measurement 

noise. Carrying out the calculations yields 

[ 

0.497 -0.143 l 
L _ 0.497 0.143 

- -0.338 0.329 ' 
0.338 0.329 

(9.132) 

which is larger in every term than the previous gain in Eq. (9.130). Using the 
gain to form the estimator error equation and transforming its roots to the s-plane 
results in 

s = -4.0 ± j8.2, -2.1 ± j20.6 sec- 1
, 

which are faster than the previous roots in Eq. (9.131). Evaluation of the same 
case as in Fig. 9 .19 with everything identical except for the estimator gains 
results in Fig. 9.20. Note that the actual magnitude of the measurement noise 
and disturbance was not changed in generating the figure. The value of Rw was 
changed in order to produce higher values in the gain matrix. The figure shows the 
expected result: larger sensitivity to the measurement noise but reduced sensitivity 
to the disturbance. 

Decoupled Design 

As a final comment, we note that the plant can be uncoupled and designed as 
two independent second-order systems, one for x

3 
and one for 7:. The key idea 

to accomplish the uncoupling is to note that equal commands on the two current 
inputs will cause an increase in tension with no change in x

3
, whereas equal and 

19 We could also add a second integral control loop on x
3 

to kill the error, but it is preferable to reduce 

errors with high control and estimator gains in order to have a robust system for all kinds of errors, if 

the gains can be tolerated. 
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Figure 9.20 
Time response with integral control and an estimator with L from Eq. (9.132) including 
measurement noise and a disturbance at 1 .5 sec 
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opposite current commands will cause a change in x
3 

with no effect on tension. 
We therefore transform the control accordingly 

U d = [ �: ] = [ - ! ! ] [ :� ] ⇒ T., = [ -! ! ] . (9.133) 

We also define a new state 

(9.134) 

where H
3 

and H
1 
are the partitions of He in Eq. (9.127) and Fis the system matrix 

from Eq. (9.117). Following the state transformation ideas in Section 4.3.3, we 
can write that 

(9.135) 
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where Fd = TdFTd 1 and G
d

= T
d
GT; 1

• Performing these calculations yields 
Fd = [ 

H � � l 0 0 -66.3 -1.18 and G
d = [ 42

0
:-7 3�2 ] • 176.5 

(9.136) 

(9.137) Therefore, we see that there is a decoupling that results in two separate systems, 
and 1 ] [ Te ] [ 3.2 ] 1.18 Te + 176.5 ut. 

(9.138) 
(9.139) 

The two system equations, (9.138) and (9.139), can then be used to design two control systems using SISO methods. The resulting controls, u
3 

and u
1

, can then be "unscrambled" via Tu to arrive at the desired i
1 

and i
2

, that is, 
The perfect uncoupling was due to the perfect symmetry of the problem: motors and capstan inertias identical, motor constants identical, and tape read head exactly in the middle of the capstans. In an actual system, there would be differences and some coupling would be present. Due to the simplicity of the uncoupled design and its implementation, however, it can be worthwhile to evaluate the performance of a decoupled design to see if its errors warranted the full MIMO design. 

9.6 Summary • An optimal controller is one that minimizes a quadratic cost function where weighting matrices are selected by the designer to achieve a "good" design. Criteria for evaluation of the design are based on all the same factors that have been discussed throughout the book. • Optimal control methods are useful in designing SISO systems because they help the designer place the pole locations. • Optimal control methods are essential in designing MIMO systems as they reduce the degrees of freedom in the design iteration down to a manageable few. 
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4 20 Chapter 9 Multivariable and Optimal Control 

• Generally, for linear, stationary systems, the steady-state optimal control 

solution is satisfactory and far more practical than the true optimal time
varying gain solution. 

• The most accurate discrete emulation method is based on finding the discrete 
equivalent of a continuous cost function and solving for the discrete optimal 

control system with that cost. 

• An optimal estimator is based on achieving the minimum mean square esti

mation error for a given level of process and measurement noise acting on 
the system. 

• Generally, for linear, stationary systems, the steady-state optimal estimator 

is satisfactory and far more practical than the true optimal time.c varying gain 
solution (Kalman filter). 

• Optimal estimators are useful for SISO system design and essential for 
MIMO system design. 

• The optimization procedures provide a technique for which many good de
sign candidates can be generated which can then be evaluated to ascertain 

whether they meet all the design goals. The procedures do not eliminate 
trial-and-error methods; rather, they transfer iteration on classical compensa

tion parameters to iteration on optimal cost-function parameters or assumed 
system noise characteristics. 

9. 7 Problems 

9.1 Optimal control derivation: 

(a) Derive Eq. (9.33) and hence verify the control Hamiltonian as given by Eq. (9.34). 

(b) Demonstrate that if W is a transformation that brings H c to diagonal form, then the 
first n columns of W are eigenvectors of He associated with stable eigenvalues. 

(c) Demonstrate that if the optimal steady-state control, K
00

, given by Eq. (9.47) is 
used in the plant equation Eq. (9.10), then the matrix in the upper left corner of W, 
which is X

1
, has columns that are eigenvectors of the closed-loop system. 

9.2 Symmetric root locus: 

(a) Compute the closed-loop pole locations of the satellite design problem, using the 
steady-state gains given by Fig. 9.3. 

(b) Take the discrete transfer function from u to 0 for the satellite design problem 
(Appendix A) and form the symmetric root locus. Plot the locus and locate the 
values of p corresponding to the selections of Q

2 
given in Eq. (9.30). 

( c) Show that for a system with one control it is always possible to construct a symmetric 
root locus corresponding to the optimal steady-state control. [Hint: Show that if 
Q

1 
= HHT and G(z) is a column-matrix transfer function given by H(zl - <l>)- 1 f, 

then the roots of the optimal control are given by 1 + pGT (z- 1 )G(z) = 0, which 
is a scalar symmetric root-locus problem and which can be put in the form 
1 + pG

1 
(z- 1 )G

1 
(z) = 0. Use Eq. (9.38).] 
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9.7 Problems 421 

(d) Give the equivalent scalar plant transfer function G
1 
(z), if we have the satellite 

control problem and use Q 1 = I, the 2 x 2 identity. Draw the symmetric root locus 
for this case. 

9.3 Compute the location of the closed-loop poles of the optimal filter for the satellite problem 
for each of the values of Rw given by the steady final values of the curves of Fig. 9.8. 

9.4 For the antenna example in Appendix A.2, 
(a) Design an optimal controller corresponding to the cost function J (y, u) u2 + py2 

for p = 0.01, 0.1, and 1. Use T 0.2 sec. Plot the step response of the closed 
loop system for initial errors in y and y in each case. Which value of p most nearly 
meets the step-response specification given in Chapter 7? 

(b) Draw the symmetric loot locus corresponding to the design of part (a). 
(c) Design an optimal steady-state filter for the antenna. Assume that the receiver noise 

has a variance Rv = 10-6rad2 and that the wind gust noise, w
d
, is white, and we 

want three cases corresponding to R d = 10-2 , 10-4, and 10-6. wps 

(d) Plot the step response of the complete system with control law corresponding to 
p = 0.1 and filter corresponding to R

wpsd = 10-4_ 
9.5 The lateral equations of motion for the B-767 in cruise are approximately 

[ 
� 
l [

-0.0868 
r 2.14 

<Pp 0 

p -4.41 

[ 

0.0222 

+ -1.165 
0 

0.549 

-1 

-0.228 
0 

0.334 

-0.0391 
0 
0 
0 

-0.�204 l [ ;, l -1.181 p 

(a) Design two second-order controllers by ignoring the cross-coupling terms. Pick 
roots at s = -1 ± j 1.5 rad/sec for the yaw mode ( v and r) and s = -2, -0.1 for 
the roll mode (</JP and p). Use a sample period of T = 0.05 sec. 

(b) Determine the root locations that result when the cross-coupling terms are included. 
(Use eig.m in MATLAB.) 

(c) Assuming one can measure r and </J , design two second-order estimators by 
ignoring the cross-coupling terms. Pl�ce all poles at s = -2 rad/sec. 

( d) Determine the root locations that result from ( c) when the cross-coupling terms are 
included. 

9.6 The equations of motion for a stick balancer (Fig. 9.2) are given by 

[ n = 
[ t � � i ][ I l + 

[ �

2 l "· 
[ �: ] u � � � ] [ n-
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4 22 Chapter 9 Multivariable and Optimal Control 

Figure 9.21 

Disk drive closed-loop 
system for Problems 
9.11and 9.12 

Design two second-order estimators, one for the stick ( 0, cv) and one for the cart (x, v). 
Verify that the one-way coupling (cart to stick only) causes the full fourth-order estimator 
to have the same roots as the separate second-order designs. 

9.7 Starting with the paper-machine design in Section 9.5.3 whose output is shown in 
Fig. 9 .11, perform design iterations on Q 

1
, Q

2
, and t

5 
to find the lowest possible value 

of u
1 

that still meets the state specifications on maximum value and settling time. [Hint: 

The routines FIG99.M, FIG91 O.M and FIG911.M from the Digital Control Toolbox will 
be useful to you.] 

9.8 For the double mass-spring system in Example 9.5, investigate the effect of different Q's 
on the closed-loop poles of the system. In particular, determine a Q that will yield an 
equivalent damping of the oscillatory poles that is greater than s = 0.5. [Hint: FIG95.M 
from the Digital Control Toolbox will be useful to you.] 

9.9 For the double mass-spring system in Example 9.5, design a controller and estimator that 
uses a measurement of d. It should respond to a command input for d with a rise time of 
2 sec with an overshoot less than 20%. 

9.10 For the double mass-spring system in Example 9.5, design a controller and estimator that 
uses a measurement of d. It should respond to a command input for d with a rise time of 
3 sec with an overshoot less than 15%. Plot the frequency response of your compensation 
(control plus estimator) and qualitatively describe the features of the compensation. 

9.11 A simplified model of a disk drive is 

G ) 
106cv; 

(s - -:,---,-------- s2 (s2 
+ 2l;cvrs + cv;)' 

wherecvr = 19,000 rad/sec (� 3 KHz) ands = 0.05. This is the transfer function between 
the torque applied to the disk head arm and the motion of the read head on the end of 
the arm. Note this is also the same generic model as the double mass-spring system in 
Eq. (A.20). The system has the capability to measure where the heads are with respect 
to the data tracks on the disk. The two biggest disturbances are due to an actuator bias 
(w

d
) and track wobble (y) from an off center disk mounting. A schematic diagram of 

the system to be controlled is shown in Fig. 9.21. 
Since the disk is rotating at 3822 rpm (400 rad/sec), an offset causes a sinusoidal 

y
d 

to be added to the output of the transfer function above. The purpose of the servo is 
to follow the data tracks as closely as possible, whether the disk is slightly off center or 
not because that allows higher data densities on the disk. It is also desirable for the servo 
to settle on a new track as quickly as possible because the disk access time is directly 
related to this settling time and is a major selling point for disk drives. 

Design a discrete compensator with a sample rate no faster than 8 kHz that has an 
overshoot to a step command no greater than 20%, does not allow steady state tracking 

ZOH F,G 

_e_(_k) __ / ______ � 
T 
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9. 7 Problems 423 

errors due to the actuator bias, and has a settling time (to within 5% of the final value) 
to a step input less than 5 msec. The system should be robust with respect to variations 
in the resonance frequency as this can change by ±2% due to temperature changes. Plot 
the closed-loop frequency response of the error, e, in order to evaluate how well your 
system attenuates the disturbance response in the vicinity of 400 rad/sec (3822 rpm). 

9.12 Design a compensator for the disk drive servo specified in Problem 9.11 so that it provides 
the minimum possible error due to the disturbance at 3822 rpm. Since the spin rate drifts 
some, define the error to be the average of that from: the nominal spin rate of 3822 rpm, 
+ 1 % of the nominal, and -1 % of the nominal. (Hint: Review Section 8.5.) 

9.13 For 
1 

G(s) = 2, 
s 

use optimal control and estimation to design compensation that provides a 10 msec rise 
time with less than a 10% overshoot to a command. Determine the closed-loop system 
bandwidth and the system phase margin. 

9.14 The MATLAB code below will generate some noisy data from an oscillator driven by a 
square wave 

F =[O 1;-1 O];G=[0;1];H=[1 O];J=O;T=0.5; 

sysC = ss(F,G,H,J) 

sysD=c2 d(sysC, T) 

Un=[ones(1, 1 O) zeros(1, 1 O) ones(1, 1 O) zeros(1, 11 )]; 

U=Un+0.1 *randn(size(Un)); 

Yn=lsim(sysD, U); 

Ym=Yn+0.2*randn(size(Yn)). 

The measurement noise is zero mean and normally distributed with Rv = 0.22 while the 
process noise is zero mean and normally distributed with Rw 0.12. Assume the initial 
value of the state has a covariance matrix 

M [ � �], 

and use a time-varying Kalman filter to reconstruct the state. Compare the resulting time 
history of the optimal state estimate with that from a constant gain Kalman filter. [Hint: 
FIG98.M from the Digital Control Toolbox will be useful to you.] 

9.15 Repeat Example 9.7, but fit the best straight line to the data. [Hint: FIG97.M from the 
Digital Control Toolbox will be useful to you.] co
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♦ ♦ 

A Perspective on Quantization 

In Chapter 13 we will consider the analysis of systems having general nonlinear
ities; but first, in this chapter, we will consider the special nonlinearity of digital 
control: Numbers in the computer must be forced to fit in digital words that are 
defined by a finite number of bits, usually 8, 16, 32, or 64 bits. Thus far we 
have considered the use of the digital computer as a linear, discrete-time device 
for implementing control designs. Now we tum to consideration of the fact that 
numbers in the computer are taken in, stored, calculated, and put out with finite 
accuracy. The technique of representing a real number by a digital value of finite 
accuracy affects digital control in two principal ways. First, the variable values 
such as e, u, and the internal state variables, x, used in the difference equations are 
not exact, and thus errors are introduced into the output of the computer. As we 
shall see, these errors can often be analyzed as if there were noise sources in the 
computer. Second, the coefficients such as a

i 
and b

i 
of the difference equations, 

which must be stored in the computer, cannot be arbitrary real numbers but must 
be realizable by a finite number of bits. This can cause the machine to solve a 
slightly different equation than it was designed to do and has the potential to result 
in instability. Our purpose in this chapter is to explore methods that can be used 
for the analysis of these two effects: quantization of variables and quantization 
of coefficient parameters. The effect of quantization when the microprocessor 
has 32 bits is typically not noticeable. However, some products are very cost 
sensitive and it is desirable to use an 8 bit computer, if possible. The material in 
this chapter is primarily directed toward the design of such systems. 

Chapter Overview 

The random error model for the round-off process is first developed in Sec
tion 10.1. This section also develops several analysis methods for such random 
processes that are useful for quantization and then applies the random process 

425 
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4 26 Chapter 10 Quantization Effects 

analysis methods from Chapter 9 to the quantization case. Section 10.2 examines 
the deterministic problem of parameter storage quantization errors· and demon
strates the sensitivity of the errors to the structure of the difference equation 
mechanization. The last section, 10.3, describes some of the consequences of 
round-off errors and what steps can be taken to alleviate them. 

IO .1 Analysis of Round-Off Error 

In our first analysis of finite accuracy we will assume that the computer repre
sents each number with a fixed location for the equivalent of the decimal point, 

fixed point or fixed point representation. Although for any given number the point is fixed, 
considerations of amplitude scaling and dynamic range often require that differ
ent numbers in the same program have their decimal points in different locations. 
The consequence is that different magnitudes of errors are introduced at differ
ent locations as the results of calculations being fitted into the proper computer 
number format. Fixed point representation is typical in real-time control com
puters; however, in scientific calculations done in higher-level languages such as 

floating point BASIC, MATLAB, or C, floating point representations are mainly used, wherein 
the number representation has both a mantissa (magnitude and sign information) 
and an exponent that causes the location of the decimal point to float. With fixed
point arithmetic, addition and subtraction are done without error except that the 
sum can overflow the limits of the representation. Overflow must be avoided by 
proper amplitude scaling or analyzed as a major nonlinearity. For control- or 
signal-processing applications, the logic is arranged so that the result of overflow 
is a saturation effect, a nonlinearity that will be treated in Chapter 13. In the case 
of multiplication, however, a double-length product is produced and the machine 
must reduce the number of bits in the product to fit it into the standard word size, 

quantization a process we generally call quantization. One way to perform quantization is by 
ignoring the least significant half of the product, a process called truncation. If 
we assume that the numbers are represented with base 2 and that f, binary digits 
(bits) are to the right of the point (for the fractional part), the least significant 
bit kept represents the magnitude 2-e. The result of truncation will be accurate 
to this value (the part thrown away could be almost as large as 2-e). Thus a plot 
of the "true" value of a variable x versus the quantized value, x q

, would look 
like Fig. 10.l(a), where the error (shown in (b)) is decided by the quantum size, 
q (which is 2-e under the conditions mentioned above). It is common practice 

round-off in control computers to use round-off rather than truncation. With round-off, 
the result is the same as truncation if the first bit lost is a 0, but the result is 
increased by 2-e if the first bit lost is a 1. The process is the same as is common 
with ordinary base 10 numbers where, for example, 5.125 is rounded to 5.13, but 
5.124 becomes 5.12 to two (decimal) places of accuracy. An input-output plot 
of rounding is shown in Fig. 10.l(c), and the corresponding error is shown in 
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Figure 10.1 

10.1 Analysis of Round-Off Error 42 7 

Plot of effects of number truncation. (a) Plot of variable versus truncated values. (b) Plot 

of error due to truncation. (c) Plot of variable versus rounded values. (d) Round-off error 

(a) 

(c) 

/ e 

X X 

(b) 

/ e 

X X 

(d) 

10.l(d). 1 Notice that the maximum error with roundoff is half that resulting from 
truncation. The value of ,e in a particular case depends on the word size of the 
particular computer in use. For control implementations the choice is based on 
the required accuracy and dynamic range and is limited by the expense. At this 
time (1997), microprocessors are readily available with word sizes of 8, 16, and 
32 bits, with a cost premium on the larger sizes. One of the goals of this chapter 
is to analyze the effect of ,e and thus of word size on the stability and on the 
errors due to quantization's effects so the designer can select the smallest word 
size consistent with the required performance. 

We can represent either truncation or round-off by the equation 

(10.1) 

1 The plots in Fig. 10.1 assume that the numbers are represented in two's complement code. 
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4 28 Chapter 10 Quantization Effects 

quantization models 

Bertram bound 

Figure 10.2 
A linear system and the 
introduction of one 
source of round-off 
errors 

where E is the error caused by the truncation or round-off of x into the digital 
representation x q. Because the error due to truncation equals a constant plus 
round-off error, we will assume round-off in our analysis unless otherwise stated 
and assume that analysis of the effects of the additional constant bias when 
truncation is used (which is rare) can be treated separately. Clearly the process of 
analog-to-digital conversion also introduces a similar effect, although often with 
still another value for q than those resulting from round-off during arithmetic in 
the microprocessor. 

The analysis of the effects of round-off depends on the model we take for 
E. We will analyze three such models, which we can classify as (a) worst case, 
for which we will bound the error due to round-off; (b) steady-state worst case, 
for which we will compute the largest output possible if the system reaches a 
constant steady state; and ( c) stochastic, for which we will present a model of the 
round-off error as a random process and compute the root-mean-square of the 
output error due to round-off. 

The Worst-Case Error Bound 

The worst-case analysis is due to Bertram (1958). His analysis takes the pes
simistic view that the round-off occurs in such a way as to cause the maximum 
harm, and his analysis bounds the maximum error that can possibly result from 
round-off. First we consider the case shown in Fig. 10.2, in which a single case 
of quantization is assumed to occur somewhere in an otherwise linear constant 
system. 

There is a transfer function from the point of round-off to the output, which 
we will call H

1 
(z), and we can describe the situation by the equations 

Y(z) = H(z)U(z), 
Y(z) = H(z)U(z) - H

1 
(z)E

1 
(z; x), 

Y- Y = Y = H
1
(z)E

1
(z; x). (10.2) 

� 

u(k) 
H 

U(z) Y(z) 

u(k) 

� 
y(k) 

U(z) 
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10.1 Analysis of Round-Off Error 429 

We write E
1 

as a function of the state variable x to emphasize that Eq. (10.2) is 
not linear because we do not know how to compute E

I 
until we have the values 

of x. However, we are not looking for the exact value of Y but an upper bound 
on the time error, y(k). 

Because we wish to find a bound on the time signal y(k), we need the time 
domain equivalent of Eq. (10.2), which is the convolution sum given by 

n 

y(n) = I>
1 
(k)E

1 
(n - k; x). (10.3) 

k=O 

If we examine Fig. 10.l(d), we can see that whatever the exact values of E
1 

may be, its magnitude is bounded by q 
1 
/2, where q 

I 
is the quantum value for 

the operation which introduces the quantization being analyzed. We can use this 
information to determine in short steps the bound on y as we did in Chapter 4 
in the discussion of BIBO (bounded input, bounded output) stability. Taking the 
magnitudes of both sides on Eq. (10.3), we get 

Because the sum is bounded by the sum of the magnitudes of each term, we have 
the inequality 

which is the same as 
n 

:s L 1h11 IE1I; 
0 

but by Fig. 10.1 ( d), the error magnitude is always less than q 
1 
/2, so the output 

error is bounded by 

:stlh1l�:-
o 

Finally, the sum can only get larger if we increase the number of terms 
CX) 

q 
ly(n)I :SL 1h 11 d. 

0 

(10.4) 

Equation (10.4) is Bertram's worst-case bound. The function qwc.m2 computes 
it. By comparison with the condition for BIBO stability, we can conclude that if 
the linear system is BIBO stable in response to inputs applied at the point of the 
quantization, then introduction of the quantization will not cause the system to be 

2 In the Digital Control Toolbox. 
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4 30 Chapter 10 Quantization Effects 

unstable in the BIBO sense. 3 As we will see later, the system with quantization 
can have an output error that is nonzero either as a constant or as an oscillation; 
so the system may not be asymptotically stable but the output error will not grow 
beyond the bound given by Eq. (10.4). 

Example 10.1 Bertram Bound Application 

For the first-order system 

y(k + 1) = ay(k) + u(k), (10.5) 

compute Bertram's bound, assuming that the round-off occurs in the computation of the 
productay. 

Solution. Using Eq. (10.4), we have 

y(k + 1) = ay(k) + E(k) + u(k), 

and thus 

y(k + 1) = ay(k) - E(k). 

(10.6) 

(10.7) 

For the error system, the unit pulse response is h
1 
(k) = ak , and Eq. (10.4) is easily computed 

as follows for la I < 1 

- q� k q I IYI � 2 � lal � 2 1 - lal. 
(10.8) 

For this example, if a > 0, the error due to quantization at any particular 
time is bounded by the DC gain from the quantizer to the output times q /2. This 
bound is only likely to be approached when a system has a constant input and 
has settled to its steady-state value. 

The Steady-State Worst Case 

The steady-state worst case was analyzed by Slaughter (1964) in the context 
of digital control, and by Blackman (1965) in the context of digital filters. For 
this analysis, we view the round-off to cause some stable, transient errors of no 
special concern, and we assume that all variables eventually, in the steady state, 
become constants. We wish to know how large this steady-state error can be as a 
result of round-off. We consider again the situation shown in Fig. 10.2 and thus 
Eq. (10.3). In this case, however, we assume that Eq. (10.3) reaches a steady state, 

3 We assume that there is no saturation of the quantizer during the transient. 
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10.1 Analysis of Round-Off Error 431 

at which time Eis constant and in the range -q /2 � Ess � q /2. Then Eq. (10.3) 
reduces to 

(X) 

Y~ (oo) = � h
1
(n)E . 

ss L-J ss 

0 

The worst steady-state error is the magnitude of this signal with E 
ss = q /2, 

which is 
(X) 

I.Yss
(oo)I � Lh

1
(n) � 

0 

(10.9) 

There is one nice thing about Eq. (10.9): The sum is the value of the transfer 
function H

1 
(z) at z = 1, and we can write4 

Example 10.2 Worst Case Steady-State Bound 

(10.10) 

Use the worst case analysis to compute the error bound for the first-order system given by 
Eq. (10.5). 

Solution. In this case, the transfer function is 

H
1 
(z) 1/(z - a). 

From Eq. (10.10), we find that the bound is 

- q 1 
IYssl _:::; 21 _ a 

This is the same as the Bertram worst-case bound if a > 0. 

(10.11) 

So we see that this steady-state worst case yields the general result that the 
error is bounded by q /2 x de gain from the quantization source to the output. 

Equations (10.4) and (10.9) or (10.10) express the consequences of round
off from one source. For multiple sources, these equations can be extended in an 

4 A function to compute the quantization steady-state error is given by qss.m in the Digital Control 

Toolbox. 
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4 32 Chapter 10 Quantization Effects 

obvious way. For example, if we have K sources of round-off, each with possibly 
different quantization levels q

j
, then Eq. (10.4) becomes 

{ CX) q CX) q 
} 15'1 :s � lh 1

(n)l 2
1 + � lh/n)I { + · · · 

K oo q 
=S LL lh/n)I d. 

j=l n=O 

If all the quanta should be equal, the error bound is 

I.YI :c { t. lh, (n)I + t. lh2 (n)I + • • ·} ; 

And likewise for multiple sources, Eq. (10.10) is extended to 

IYs/oo)I :S [IH1
(l)li + IH2

(l)li + · · · + IHK (l)l q
{J-

(10.12) 

(10.13) 

It is easily possible to express Eq. (10.10) in terms of a state-variable formu
lation of the equations of motion. Suppose the equations from the point of the 
quantization to the output are given by 

x(k + 1) = <l>x(k) + rlE l (k), 
y(k) = Hx(k) + 1E

1 
(k). (10.14) 

The assumptions of the steady-state worst-case error are that x(k + 1) = x(k) = 

xss and E l (k) El ,ss· Then 
X =<l>X +rE ss ss I l,ss' 

Solving for y, we find 

which is bounded by 

(10.15) 

(10.16) 

The major advantage of the steady-state result is the vastly simpler forms of 
Eqs. (10.13) and (10.16) as compared to (10.12). Unfortunately, Eq. (10.13) does 
not always hold because of the assumption of a constant quantization error of 
q /2 in the steady state,5 and yet the worst-case upper bound given by Eq. (10.12) 
is often excessively pessimistic. However, in some cases there is great expense 

5 Note that Eqs. (10.13) and (10.16) are not bounds on the error. They do, however, give a valuable 

estimate on error size, which is easy to compute for complex systems. 
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10.1 Analysis of Round-Off Error 433 

due to distortion of the data should a signal overflow, and the absolute bound 
can be used to select q so that no overflow is possible. An example of the use of 
Bertram's bound in the design of a spectrum analyzer is given in Schmidt (1978). 

Stochastic Analysis of Round-Off Error 

The third model for round-off error is that of a stochastic variable. The analysis 
will follow Widrow (1956) and has two parts: development of a stochastic model 
for E (k) and analysis of the response of a linear system to a stochastic process 
that has the given characteristics. Because the development of the model requires 
use of somewhat sophisticated concepts of stochastic processes, and because 
the model can be given a very reasonable heuristic justification without this 
mathematical apparatus, we develop the model heuristically and proceed with 
an analysis of the response. A review of the necessary facts from the theory of 
probability and stochastic processes is to be found in Appendix D. 

First, then, we give a heuristic argument for a stochastic model of round
off error. We begin with examination of Fig. 10.1, where we have a plot of the 
output versus the input of the round-off operation and a sketch of error versus 
amplitude of the input signal x. If we imagine that x (n) is a random variable 
that takes values at successive sampling instants in a scattered way across the 
scale of values, then it seems reasonable to suppose that the sequence of errors 
E (n) would be scattered over the entire range of possible values, which is to say, 
over the range from -q /2 to q /2. Furthermore, because the "teeth" in the saw 
like plot of E versus x are linear and contain no flat places that would signal a 
preference for one value of E over another, it seems reasonable that the values of 
E (n) are equally likely to be anywhere in the range q /2 ::: E ::: q /2. Furthermore, 
if the signal into the quantizer typically moves several quanta during one sample 
period, it seems reasonable to assume that the values of error at one sample time 
will not be correlated with errors at other times; that is, its spectrum would be 
expected to be flat, which we characterize as "white."6 The reflection of this 
argument in terms of stochastic processes is to assert that we can model E (k) as 
a white random process having a uniform probability density from -q /2 to q /2. 
A plot of the uniform density is shown in Fig. 10.3. 

From this density we can immediately compute the mean and variance of E 

as follows 

100 
l

q/2 1 1 e 
l
q/2 

£{E} = �f/�)d� = � -d� = - = 0, 
-00 -q/2 q q 2 -q/2 

(10.17) 

6 If the input to the quantizer is a deterministic signal such as a square wave, a constant, or a sine wave, 
this argument is clearly wrong. It is also approximate if the input is a random signal with strong 
correlation over a time equal to a sampling period. A careful analysis is given in Clavier, et al. (1947). 
If the input is a sine wave, the error spectrum typically has a number of large spikes, far from flat or 
white. 
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Figure 10.3 fem Plot of the uniform 
density function ---�...,_---, 1 

q 

covariance propagation 

and 

q 

2 

a}= £{(E - µ)2} = 1
00 

(t - 0)2 l,(t) dt l
q

/
2 

(t)2 _!. dt 
-00 -q/2 q 

1 (t)3 

l
q/2 1 

[ 
1 

3 
1 

3

] 
= - = - - (q/2) - (-q/2) 

q 3 -q/2 q 3 3 

= 3� [ � + �] i: (10.18) 
Thus we assume the following white-noise model for E (n) for the case of 

round-off error as sketched in Fig. 10.l(d) 

E(n) = w(n), (10.19) 

where w (n) has the autocorrelation function ( defined in Appendix D) 

Rw(n) = E{w(k)w(k + n)} q2 /12 (n = 0) 
= 0 (n =I- 0), (10.20) 

and the mean value µ
E 

is zero. 
With the model given by Eqs. (10.19) and(l0.20) we can compute the mean 

and variance of the system error due to round-off using state-space methods. 
Again, we observe that analysis of the response to any constant nonzero mean 
µ 

E 
can be computed separately from the response to the white-noise component 

w(n). 
In order to analyze the effect of the random part of the quantization noise, 

let's review (see also Section 9.5) the general problem of finding the effect of 
zero-mean noise, w, on a linear system 

x(k + 1) = <l>
l
x(k) + r

l 
w(k) 

y(k) = H
1
x(k) + 1

1 
w(k). 

We define the covariance of the state as 

(10.21) 

(10.22) 

and, at k + l, 

R/ k + l) = £ { x ( k + l )xT ( k + l) } 
= £ { (<l>

l
x(k) + r

l 
w(k))(<l>

l
x(k) + r

l 
w(k)f} 

= <l>
l
R

x
(k)<l>i + r

l 
Rw(k)ri. (10.23) 
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Equation (10.23) can be used with an initial value (typically zero) of Rx to 
compute the transient development of state covariance toward the steady state. 
Typically, we are only interested in the steady state, which is obtained by letting 
R/k + 1) = R/k) = R/oo). In this case, Eq. (10.23) reduces to the equation 
(called the discrete Lyapunov equation for its occurrence in Lyapunov's stability 
studies) 

(10.24) 

Several numerical methods for the solution of Eq. (10.24) have been developed, 
some based on solving Eq. (10.23) until Rx no longer changes, and others based 
on converting Eq. (10.24) into a set of linear equations in the coefficients of Rx 
and solving these equations by numerical linear algebra as done by dlyap.m in 
MATLAB. 

Example 10.3 Random Quantization Error for a First-Order System 

Determine the output of the first-order system ofEq. (10.5) for the case where the multiplication, 
ax(k), is rounded with a quantum level q. 

Solution. The first-order system of Eq. (10.5), with the rounding error represented by E is 

x(k + 1) = ax(k) + E(k), 

and thus 

and from Eq. (10.18), we see that 

so that Eq. (10.24) is 

R = 

q2 

X 12 1 
Taking the square root, we find that 

and 

a, F, = � J 3(1 � a2 ) 

(10.25) 

(10.26) 

A plot of Eq. (10.26) along with the value of the worst-case bound from Eqs. (10.8) and 
(10.11) is shown in Fig. 10.4. 
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Figure 10.4 
Error estimates and error 

bounds IO 
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In some cases, the output of a system is not one of the state elements. In 
other words, 

and, therefore, 

which is to say 

R
Y 
= H1 

R
xHi + 11 Rw It. (10.27) 

Note that we can use Eq. (10.23) and (10.24) to compute the covariance of the 
state due to round-off error at several locations simply by taking w to be a column 
matrix and Rw to be a square diagonal matrix of covariances of the components 
of w. In the multiple-source case, r1 is a matrix of dimension n x p, where there 
are n states and p sources. 

Example 10.4 Random Quantization Error for a Second-Order System 

Determine the quantization error of the second-order system 
1 +a +a 

1 2 
(u(k) + u(k - 1)), 

2 

in terms of the random root-mean-square response and compare it with the worst-case bounds. 
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Figure 10.5 

Error estimates and error 
bound with quantization 
input to a second-order 
system, where r = 0.9 
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Solution. The gain of the system has been set to be unity at frequency 0, and the parameters 

are related to the pole locations according to a
1 

= -2r cos(0) and a
2 

r
2

. In order to study the 

role of the frequency of the pole, given in normalized terms by the angle 0, we have computed 

the estimated errors according to Eqs. (10.4), (10.16), and (10.27) for several values of 0 and 

plotted them in Fig 10.5. For the random-noise case, the square root of the result of Eq. (10.27) 

is plotted. From the plot, it is clear that the worst-case bound is quite large compared to the 

other two computations for most of the range of angles. Experiments in the laboratory with 

random inputs to the system give results that compare very favorably with the numbers given 

by the random model. 

10 .2 Effects of Parameter Round-Off 

We have thus far analyzed the effects of round-off on the variables such as y and u 
in Eq. (10.5). However, to do the calculations for a controller, the computer must 
also store the equation coefficients, and if the machine uses fixed point arithmetic, 
the parameter values must also be truncated or rounded off to the accuracy of the 
machine. This means that although we might design the program to solve 

y(k + 1) = ay(k) + u(k), 

it will actually solve 

y(k + 1) = (a+ 8a)y(k) + u(k) + E(k). (10.28) 
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438 Chapter 10 Quantization Effects 

In this section, we give methods for the analysis of the effects of the parameter 
error oa. 

The principal concern with parameter variations is that the dynamic response 
and especially the stability of the system will be altered when the parameters are 
altered. One way to study this problem is to look at the characteristic equation and 
ask what effect a parameter change has on the characteristic roots. For example, 
for the first-order system described by Eq. (10.28), the perturbed characteristic 
equation is 

z (a+ oa) = O; 

and it is immediately obvious that if we want a pole at z = 0.995, it will be 
necessary to store a to three decimal places and that the limit on oa for stability 
is 0.005 because a variation of this magnitude results in a pole on the unit circle. 
Note, however, that if we structure the a term as a = 1 - fJ and add the 1-term 
separately then fJ = 1 - a = 0.005, and the relative accuracy requirements on fJ 
are much less than those on a. Thus we see that the details of the architecture of a 
realization can have a major impact on the robustness of the design to parameter 
value quantization. It is also the case that different canonical forms realized with 
a given parameter accuracy (word size) will be able to realize a different set of 
pole locations. It is often possible to select the realization structure in such a way 
that the desired dynamics are almost exactly realized with the available word 
length. 

To study these matters, we consider the characteristic equation and ask how 
a particular root changes when a particular parameter changes. The general study 
of root variation with parameter change is the root locus; however, we can obtain 
results of some value by a linearized sensitivity analysis. We can compare the 
direct and the cascade realizations of Chapter 4, for example, to see which is 
to be preferred from a sensitivity point of view. In the direct realization, the 
characteristic equation is 

(10.29) 

This equation has roots at A
1

, A
2

, . . .  , An' where\ = riej0
;. We assume that one 

of the a's, say a
k
, is subject to error oa

k
, and we wish to compute the effect this 

has on A. and especially the effect on r. so that stability can be checked. For 
J J 

this purpose, we can conveniently write Eq. (10.29) as a polynomial P(z, a) that 
depends on z and a

k
. At z = Aj, the polynomial is zero, so we have 

(10.30) 

If a
k 

is changed to a
k 
+ oa

k
, then A

j 
also changes, and the new polynomial is 

P(\ + OA
j
, a

k 
+oa

k
)= P(\, a

k
) + ap I OA. + 

a
a: oa

k
+ ••• 

az Z=A. J ._.,k 
J 

=0, (10.31) 
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where the dots represent terms of higher order in 8J.. and 8a. By Eq. (10.30) we 
see that the first term on the right-hand side of Eq. (10.31) is zero. If 8J..

j 
and oa

k 

are both small, then the higher-order terms are also negligible. Thus the change 
in J..

j 
is given to first order by 

OA. � - ap ;a
a

k I oak. (10.32) 
1 

a p /3z z=>-. 
J 

We can evaluate the partial derivatives in Eq. (10.32) from Eq. (10.29) and the 
equivalent form 

P(z, ak
) = (z - J..

1
)(z J..

2) • • • (z J..n
). 

First, using Eq. (10.29), we compute 

ap I - An-k 
a - j ' a

k z=A. 
J 

and next, using Eq. (10.33), we compute7 

Thus Eq. (10.32) reduces to 

ap I - = fl(J... 
az Z=Aj e::jj J 

A�-k 

oJ... = - IT 1 oa
k
. 

J l::/j
(J..

j 
- J..

e
) 

(10.33) 

(10.34) 

(10.35) 

(10.36) 

We can say things about root sensitivity by examining Eq. (10.36). The 
numerator term varies with the index number of the parameter whose variation 
we are considering. Because we are dealing with a stable system, the magnitude 
of\ is less than one, so the larger the power of J..1-k the smaller the variation. We 
conclude that the most sensitive parameter is a11, the constant term in Eq. (10.29). 
However, for values of J..

j 
near the unit circle, the relative sensitivity decreases 

slowly ask gets smaller. The denominator ofEq. (10.36) is the product of vectors 
from the characteristic roots to A .. This means that if all the roots are in a cluster, 

1 then the sensitivity is high, and if possible, the roots should be kept far apart. For 
example, if we wish to construct a digital low-pass filter with a narrow-pass band 
and sharp cutoff, then the system will have many poles in a cluster near z = 1. 
If we implement such a filter in the control canonical form (Fig. 4.8c ), then the 
sensitivity given by Eq. (10.36) will have many factors in the denominator, all 
small. However, if we implement the same filter in the cascade or parallel forms, 
then the sensitivity factor will have only one term. Mantey ( 1968) studies these 
issues and quotes an example of a narrow-bandpass filter of six poles for which 

7 This is true if P(z) has only one root at\. At a multiple root, this derivative is zero and the coefficient 
of &x.

k 
in Eq. (10.36) is not bounded. 
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440 Chapter 10 Quantization Effects 

the parallel realization was less sensitive by a factor of 10-5
. In other words, it 

would take 17 bits of additional accuracy to implement this example in direct 
form over that required for the parallel or cascade form! The papers collected by 
Rabiner and Rader (1972) contain many other interesting results in this area. 

Example 10.5 Illustration of Parameter Storage Errors 

Compare the sensitivity of a fourth-order controller in cascade form 

D(z) 
= 

(z + 1) 3 

(z - 0.9)(z - 0.85)(z - 0.8)(z - 0.75) 

versus the same controller in direct form 

z3 
+ 3z2 

+ 3z + 1 
D(z) 

= z4 - 3.3000z3 
+ 4.0775z2 

- 2.2358z + 0.4590 • 

Solution. If the transfer function is realized as a cascade of the first-order terms, then it is 
clear that the pole nearest to the unit circle is at z = 0.9, and a change in the coefficient by 
0.1 will move this pole to the unit circle and lead to instability. This is a percent change of 
(0.1/0.9) 100 = 11.1 %. On the other hand, if the controller is realized in one of the direct 
forms-either control or observer canonical form-then the coefficients used are those in 
the polynomial form. In this case, by numerical experimentation it is found that a change 
of a

4 
from 0.4590 to 0.4580, a root is moved to the unit circle. This is a change of only 

(0.001 /0.4590) 100 0.22%. Thus we see that the cascade form is more robust to parameter 
changes by a factor of almost 50 over the direct forms! 

10.3 Limit Cycles and Dither 

As a final study of the effects of finite word length in the realization of digital 
filters and compensators we present a view of the quantizer as a signal-dependent 
gain and analyze more closely the motions permitted by this nonlinearity. One 
type of motion is an output that persists in spite of there being no input and that 
eventually becomes periodic: Such a motion is called a limit cycle. 

To analyze a nonlinear system we must develop new tools because superpo
sition and transforms do not apply. One such tool is to use graphic methods to 
solve the equations. For example, suppose we have the first-order equation 

y(k + 1) Q{ay(k)}. (10.37) 

If we plot y versus ay as in Fig. 10.6, we can also plot the function Q(ay) and 
trace the trajectory of the solution beginning at the point a on the y-axis. Across 
from a at point b, we plot the value ay from the line with slope 1/a. Below b 
at c is the quantization of ay, and hence the next value of y, shown as d. We 
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Figure 10.6 
Trajectory of a first-order 
system with truncation 
quantization 

Figure 10.7 

Trajectory of a first-order 
system with truncation 
quantization and 
negative initial condition 
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thus conclude that the trajectory can be found by starting with a point on the 
(1/a)-line, dropping to the Q{·} staircase, projecting left to the (1/a)-line again, 
dropping again, and so on, as shown by the dashed lines and arrowheads. Note 
that the path will always end on the segment of zero amplitude where ay ::s q. 

Now, however, suppose the initial value of y is negative. The trajectory is plotted 
in Fig. 10.7, where projection is up to Q and to the right to the (1/a)-line. Note 
that this time the trajectory gets stuck at the points, and the response does not 

go to zero. The point s is an equilibrium or stationary point of the equation. If 
the initial value of y had a magnitude smaller than s, then the motion would have 

Q 
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moved down to the next equilibrium where the (1/a)-line and Q{·} intersect. It 
is clear that s represents the largest value of y that is at equilibrium and that this 
value depends on a. We should be able to find a relation between kq, the largest 
value of y at equilibrium, and a, the time constant of the filter. In fact, from 
inspection of Fig. 10.7 we see that the largest value of y at a stationary point is a 
value y = -kq such that 

-kqa < -kq + q, 

1 
k<--

1-a' 

or 

or 

ka > k - 1, or 
1 

IYl<q--. 
1 a 

(10.38) 

The last result is the same as the worst-case bound that would be found from 
Eq. (10.8) with the maximum value of error q for truncation rather than q /2 as is 
the case for round-off. Thus we find in the first-order system that the worst case 
is rather likely to be realized. 

In order to extrapolate these results to a higher-order system we must find a 
more subtle way to look at them. Such a viewpoint is provided by the observation 
that at the equilibrium points of Fig. 10.7 the gain of the quantizer is exactly 
1 /a. If we consider the quantizer as a variable gain, then the equilibrium occurs 
at those points where the combined gain of quantizer and parameter a are unity, 
which, for a linear system, would correspond to a pole at z = 1. The extrapolation 
of this idea to higher-order systems is to examine the range of possible equivalent 
gains of the quantizers and to conjecture that the limiting motion will be no larger 
than the largest signal for which the linear system with the resulting equivalent 
gain(s) has a pole on the unit circle. 

We will illustrate the conjecture by means of the second-order control canon
ical form shown in Fig. 10.8(a) with the quantizer characteristic shown in Fig. 
10.8(b) corresponding to round-off rather than truncation. Note from Fig. 10.8(b) 
that the staircase of this quantizer is centered about the line of slope 1.0 passing 
through the origin. The characteristic equation for this system, if quantization is 
ignored, is 

z2 + a
1
z + a

2 
= 0, 

z2 - 2r cos 0z + r2 
= 0, 

where we assume that 0 < a
2 

< 1 and a
1 
corresponds to a real angle. Thus we see 

that the system will have complex roots on the unit circle only if the action of the 
quantizer is to make the effective value of a

2 
= r2 

= 1.0. Thus the condition for 
an oscillation is that Q(a

2
y) � y. Following an analysis similar to Eq. (10.38), the 

property of the quantizer is that Q(x - q /2) :sq /2. If we let a
2
y = kq - q /2, 

then the oscillation condition becomes 

k 
kq - q/2 

q� ----, 
a2 
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A second-order system in control canonical form and the quantizer characteristic 
corresponding to round-off 

i---..--oY 

(a) (b) 

from which the amplitude is predicted to be less than 
1 q 

kq < 2 1 I a
2 

I 
(10.39) 

The effect of quantization on the a
1 
-term influences only the frequency of the 

oscillations in this model. For this purpose, because the equivalent radius is 1, 
the equation for the digital frequency is 0 = cos- 1 (arf2). 

Another benefit of the view of quantization as a variable gain is the idea that 
a second signal of high frequency and constant amplitude added to the input of 

dither the quantizer can destroy the limit cycle. Such a signal is called a dither, and its 
purpose is to make the effective gain of the quantizer 1.0 rather than something 
greater than 1. Consider again the situation sketched in Fig. 10.7 with the signal 
stuck at s. If an outside high-frequency signal of amplitude 3q is added to y, then 
one can expect that although the output would contain a fluctuating component, 
the average value would drift toward zero rather than remain stuck at s. If the 
frequency of the dither is outside the desired pass band of the device, then the 
result is improved response; that is, a large constant bias or else a high-amplitude, 
low-frequency, self-sustained, limit-cycle oscillation can sometimes be removed 
this way at the cost of a low-amplitude, high-frequency noise that causes very 
low amplitude errors at the system output. 

Example 10.6 Quantization-Caused Limit Cycles and Effect of Dither 
For the system in Fig. 10.8 with a

1 
= -1.78 and a

2 
0.9, 
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Figure 10.9 
(a) Second-order 
response with and 
without quantization 
showing limit cycle. 
(b) Second-order 
response with 
quantization q = 0.1 
and dither = 4q 

(a) determine the response to the initial condition of x
1 
= 2 and x

2 
0 with q 0 and 

q 0.1. Compare the results to that predicted by Eq. (10.39). 
(b) Determine a dither signal that improves the response. 

Solution. A simulation of the system of Fig. 10.8 with and without quantization is shown in Fig. 10.9(a). The limit cycle is clearly visible for the q 0.l case. The system parameters correspond to roots at a radius of 0.95 at an angle of 20° . The quantization level was set at 0.1. The response with quantization clearly shows the limit cycle with an amplitude of 0.5, which is exactly the value given by Eq. (10.39) with a
2 

= 0.9. The period of the limit cycle can be seen from the figure to be approximately 14 samples. If we compute the frequency corresponding to the value of a
1 

-1.78 with the radius taken as 1 in order to reflect the fact that the system is oscillating, we find 0 cos-1 (a
i
f 2) = 27° . This angle corresponds to an oscillation with a period of 13.2 samples, an estimate that is quite good, considering that the true period must be an integral number of sample periods. In Fig. 10.9(b) are plotted the response with q = 0 and the response with q = 0. l with dither added. In this case, after some experimentation, it was found that a square-wave dither at the Nyquist frequency worked quite well at an amplitude of 4q. In that case the steady-state response has been reduced in amplitude from 0.5 to 0.1 and the frequency has been increased from that having a period of 14 to that having a period of 2, namely the Nyquist frequency. The experiments found that dither of less amplitude did not remove the natural limit cycle and dither of higher amplitude gave a larger steady-state error response. A random dither was 
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also tried, which was found to be much less effective than the Nyquist frequency square wave. 
Unfortunately, the selection of the amplitude and signal shape of an effective dither remains 
more a matter for experimentation than theory. 

10.4 Summary 

• Multiplication round-off errors are bounded, in steady-state, according to 

(10.10) 

where H
1 

is the transfer function between the quantization error and the 
output; and I H

1 
( 1) I is the de gain of H

1
. 

• Multiplication round-off errors can be analyzed under most conditions by 
considering them to be an additional random input at each multiplication. 
The distribution of the random input is flat, its mean is 0, its variance is 
Rx = q2 /12, and it can be considered to be white (no time correlation). 

• The effect of the random multiplication round-off error is analyzed by using 
the discrete Lyapunov equation 

R/oo) = <l>l Rx(oo)<l>i + rl Rwrf, (7.30) 

which is evaluated via MATLAB using dlyap.m or qrms.m. For 16 and 32 
bit computers, these errors are usually negligible. They could be significant 
using a computer with 8 bits or less, as will be shown in Fig. 11.6. 

• The effect of parameter round-off (or parameter storage error) is systematic 
and has the capability to render an otherwise stable system unstable. It was 
shown that a parallel or cascade implementation of the difference equations 
significantly reduces the sensitivity to this type of error as does the use of a 
large number of bits to represent the parameters being stored. 

• Under certain conditions (usually lightly damped systems), uncommanded 
oscillations will occur due to quantization called limit cycles which can be 
alleviated by the addition of low amplitude oscillations called dither. 

10.5 Problems 

10.1 For the system from Eq. (10.5) with ex= 0.9 and q = .01, what is the rms of the 
quantization error of y that you expect for random input, u(k)? 

10.2 Verify Fig. 10.4 by simulating the response of the systemfrom Eq. (10.5) to u (k) 1 with 
and without quantization of the exy multiplication. Use ex = 0.9, q = .02, and compute the 
response from k = 0 to k = 100, repeating the simulation 'several times. Compute cr 
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446 Chapter 10 Quantization Effects 

of the difference between the case with and without quantization at k = 5 and k 95 and 
compare with Fig. 10.4. Comment on the match you found and discuss any discrepancies. 

10.3 A digital lowpass filter is described by the equation 

y(k) = Q2 [ay(k - 1)] + Q
1 
[(1 a)u(k - 1)]. 

Assume that a > 0 and that the input, u(k), is a slowly varying signal that, for the 
purpose of this analysis, can be approximated by a constant. The magnitude of the input 
is restricted to be less than 0.99. 
(a) If both quantizers operate withe bits to the right of the point, what is the value of 

the quantum q for this case? 
(b) Give an expression in terms of a for the minimum value that e must have to 

guarantee that quantization error cannot cause the input to Q
2 

to exceed 1.0. 
(c) Evaluate your expression in part (b) and give the necessary bit count if a = 0.9, 

0.98, 0.995. 
(d) Suppose the input AID quantizer Q

1 
is fixed at 12 bits with 11 bits to the right of 

the fixed point. At what value of a can the quantization error alone cause the input 
to Q

2 
to equal unity? 

10.4 A digital filter with the structure of Fig. 10.8 is preceded by an AID converter having 12 
bits of accuracy, with 11 bits to the right of the fixed point. The quantizer Q

I 
is a 16-bit 

word length scaled to have 3 bits to the left of the point. The quantizer Q
2 

is scaled to 
have only 1 (sign) bit to the left of the point in a 16-bit word length. Let a

1 
-1.6 and 

a
2 

0.81. 
(a) Give the quantum sizes q

i 
for the converter and each internal round-off quantizer. 

(b) Give the relevant transfer functions necessary to compute the output quantization 
error. 

(c) Compute the steady-state worst error at the output due to quantization. 
(d) Use MATLAB to compute the worst-case bound on output quantization error. 
(e) Use MATLAB to compute therms error due to quantization using the white-noise 

model. 

10.5 For the second-order observer canonical form shown in Fig. 10.10, 
(a) compute the transfer functions from the quantizers to the output, y. Note carefully 

how many need to be computed. 
(b) If b

1 
= b

2 
= 1, a

1 
= -1.6, a

2 
0.81, what is the maximum steady-state error 

due to equal rounding quanta of ±q /2? 
(c) Show that the stochastic state-transition model to use Eq. (10.24) on this system 

has 

cl> [ -0�81 � ], r 1 = [ � � ], 
(d) Assume that 

R=[a b] 
b C 

H 

solve Eq. (10.24) for this case, and compute RY (0) from Eq. (10.27). 

[1 0]. 
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Figure 10.10 

A second-order system 
with quantization 

10.5 Problems 447 

u 

10.6 Solve for the nns output due to round-off for the system of Fig. 10.8 using computer 
tools if a

1 
= -1.6 and a

2 
= 0.81. 

10.7 The filter shown in Fig. 10.10 has input from an AID converter that has 10 bits, 9 bits to 
the right of the fixed point. The input magnitude is restricted to 1. The four quantizers 
are based on 16-bit words scaled to have, respectively, 12, 12, 9, and 13 bits to the right 
of the points (i.e., Q

3 
has 9 bits to the right). The parameters are a

1 
= -1.6, a

2 
= 0.81, 

and b
1 
= b

2 
= 1. 

(a) Give the quanta q
i 

for each quantization location. 

(b) Give the respective transfer functions from each quantizer to the output. 

(c) Use MATLAB to compute the worst-case error bound on the output quantization 
error. 

(d) Use MATLAB to compute the nns output error for this system based on the. 
white,..noise model of quantization error. 

10.8 Consider the discrete compensation whose transfer function is 

z3 

D(z) = (z - 0.5)(z - 0.55)(z - 0.6)(z - 0.65) 
(a) If implemented as a cascade of first-order filters with coefficients stored to finite 

accuracy, what is the smallest coefficient perturbation that could cause instability? 
Which parameter would be most sensitive? 

(b) Draw an implementation of D(z) in control canonical form with parameters 
a

1
, a

2
, a3, and a

4
. Compute the first-order sensitivities of these parameters 

according to Eq. (10.36). Which parameter is most sensitive? Compare the 
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448 Chapter 10 Quantization Effects 

sensitivities of root locations for the cascade and the control forms for these 
nominal root positions. 

(c) Using the root locus, find the maximum deviations possible for the parameters of 
the control canonical form and compare with the results of part (b ). 

10.9 For the equivalent-gain hypothesis of limit-cycle behavior, 
(a) Show that the equivalent gain of the round-off quantizer is given by 

2k 
Gq ::::: �' k= 1, 2 , ... 

for a signal of amplitude less than or equal to kq - q /2. 
(b) What is the largest-amplitude limit cycle you would expect for a second-order 

control canonical form system with complex roots at a radius of 0.9 and a 
quantization level of 0.01? 

10.10 For the system of Fig. 10.8, 
(a) Use MATLAB to simulate the response to the initial conditions x 1 = 2 and x

2 
= 0 

with zero input. Use a
1 
= -.j2a; and a2 = 0.8 ,  0.9, 0.95, and 0.98. Compare the 

amplitudes and frequencies of the limit cycles (if any) with the values predicted. 
(b) Add dither at the Nyquist frequency to the quantizer of a2y with amplitude A and 

find the dither amplitude that minimizes the peak output in the steady state. 
10.11 Repeat Example 10.6, but assume the design full scale is ±2 0 units and the system is 

being implemented with an 8 bit cpu. Find the amplitude and frequency of the limit 
cycle, compare with the theory, and find a dither that improves the situation as much as 
possible. [Hint: FIG109.M in the Digital Control Toolbox will be useful.] 

10.12 For the system of Example 10.6, assuming the design full scale is ±2 0 units, find the 
number of bits required in the cpu to eliminate the limit cycle without any dither. [Hint: 
FIG109.M in the Digital Control Toolbox will be useful.] 

10.13 For a system structured as in Example 10.6 with the same initial conditions, but with 
the coefficients selected so that the equivalent damping is s = 0.0 5, assume the design 
full scale is ±2 0 units and find the number of bits required in the cpu to eliminate the 
limit cycle without any dither. [Hint: FIG 109.M in the Digital Control Toolbox will be 
useful.] 

10.14 For the discrete system 

z
3 + 3 z2 + 3z + 1 

D( z) = -z4,----3 .-30_0_0
--,z3:- +-4 -.0-77_5_z2--2-.2 -35_8 _ z _+_ 0_.4_ 5_9_0' 

how many bits are required for parameter storage in order to keep errors in the pole 
locations to be less than 0.01 in the z-plane in either the real or complex directions ? 
Assume the system is to be implemented in the direct form. co
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A Perspective on Sample Rate Selection 

The selection of the best sample rate (or rates) for a digital control system is a 
compromise. Generally, the performance of a digital controller improves with 
increasing sample rate, but cost may also increase with faster sampling. A de
crease in sample rate means more time is available for the control calculations; 
hence slower computers are possible for a given control function, or more control 
capability is available for a given computer. Either result lowers the cost per func
tion. For systems with AID converters, slower sampling means less conversion 
speed is required, which will also lower cost. Furthermore, we will see that faster 
sampling can sometimes require a larger word size, which would also increase 
cost. All these arguments suggest that the best choice when considering the unit 
product cost is the slowest sample rate that meets all performance specifications. 

On the other hand, digital controllers are often designed and built for systems 
where a very small number will be built. In this case, the cost of the design effort 
can be more than the unit product costs, and the savings in design time that are 
realized with very fast (� 40 x bandwidth) sampling dictates that a higher rate is 
the best choice. 

This chapter will discuss the influence of the sample rate on system perfor
mance in order to give some insight into how to reconcile the issues for a given 
���-

Chapter Overview 

Section 11.1 examines the fundamental limit on the sample rate imposed by the 
sampling theorem; Section 11.2 covers the effect on the time response, smooth
ness, and time lags; Section 11.3 examines the regulation effectiveness as mea
sured by the response errors from random disturbances; Section 11.4 looks at the 
effect of sample rate on the sensitivity to plant parameter variations; and Section 
11.5 examines how sample rate affects the error due to the measurement noise 

449 
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450 Chapter 11 Sample Rate Selection 

and the influence of analog prefilters or antialiasing filters on this error. Since 
there are often conflicts in selecting the sample rate for different functions in a 
controller, some designers elect to have more than one sample rate ( a "multirate 
system") and this topic is discussed in Section 11.6. 

11.1 The Sampling Theorem's Limit 

An absolute lower bound for the sample rate would be set if there is a specification 
to track certain command or reference input signals. This bound has a theoretical 
basis from the sampling theorem discussed in Section 5 .2. Assuming we can 

represent our digital control system by a single-loop structure as depicted in 
Fig. 11.1, we can specify the tracking performance in terms of the frequency 
response from r to y. The sampling theorem states that in order to reconstruct an 
unknown band-limited continuous signal from samples of that signal, one must 
use a sample rate at least twice as fast as the highest frequency contained in 
the unknown signal. This theorem applies to a feedback controller like the one 

illustrated in Fig. 11.1, because r is an unknown signal that must be followed by 
the plant output y. If we want the system to track r up to a certain closed-loop 
bandwidth, wb , it follows that r will have spectral content up to that frequency. 

sample rate lower bound Based on the sampling theorem therefore, the sample rate must be at least twice 
the required closed-loop bandwidth of the system, that is 

Figure 11.1 

_!... >2. 
Wb 

(11.1) 

If a designer were to specify a certain value of the closed-loop bandwidth 
and then pick a sample rate that violated Eq. (11.1), the result would be that 
the sampled values of r would be aliased as discussed in Section 5 .2, and the 
result would be a system response that was unstable or considerably slower than 

specified. 
A similar argument can be made with regard to the closed-loop roots of 

a system, which typically would be slightly slower than the bandwidth. If a 
designer specified a closed-loop root by its s-plane location and failed to sample 
at twice its frequency, the actual root realized will be aliased and can have little 
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11.2 Time Response and Smoothness 451 

resemblance to that specified. In practice, no designer would consider such a low 
sample rate; we bring it up only because it marks the theoretical lower limit of 
possibilities. 

11.2 Time Response and Smoothness 

Equation ( 11.1) provides the fundamental lower bound on the sample rate. In 
practice, however, this theoretical lower bound would be judged far too slow 
for an acceptable time response. For a system with a rise time on the order of 
1 sec (which translates to a closed-loop bandwidth on the order of 0.5 Hz), it 
would be typical to choose a sample rate of 10 to 20 Hz in order to provide some 
smoothness in the response and to limit the magnitude of the control steps. This 
means that the desired sampling multiple ws/ w

b
) for a reasonably smooth 

time response is 

(J) 
20 < __.!._ < 40. 

(J)b 

Example 11.1 Double Integrator Control Smoothness vs. Sample Rate 

(11.2) 

Compute the unit step response of the double integrator control problem as developed in 
Example 8.1 and plot the output x1, its rate x

2
, and control u time histories. Find the feedback 

gains for sample rates of 4, 8, 20, and 40 times the bandwidth, u\, so that the responses all 
have closed-loop roots in the z-plane that are equivalent to s = 0.5 c.vb (l ± j). Discuss your 
results. 

Solution. The four responses are shown in Fig. 1 1.2. The gains were computed using pole 
placement where the z-plane poles were computed using z = e

sT
. Note that the relation 

s = 0.5 c.vb (1 ± j) is approximate in that the actual bandwidth of the closed-loop frequency 
response may be slightly different. 

It is interesting to note that the x 1 response was smooth for all cases, including the one 
with c.vsf c.vb = 4; however, the acceleration had large discontinuities and would have had a 
strong tendency to excite any flexible modes and produce high stresses in the actuator and 
its surrounding structure. In turn, these acceleration steps produced noticeable changes of 
slope in the velocity. A sampling multiple of c.v

5
/c.vb :::: 20 appears necessary for a reasonable 

smoothness. 

The degree of smoothness required in a particular design depends on the 
application and is highly subjective. The commands issued to an electric motor 
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452 Chapter 11 Sample Rate Selection 

Figure 11.2 

Double integrator step 
response for the 
sampling multiple with 
w

s
f w

b 
equal to (a) 4, 

(b) 8, (c) 20, and (d) 40 

time delay 

� S- 0.5 

"' 
:l 
.e-
::s 

0 

0 

0 

(a) 

0.5 

0 

0 

(c) 

5 

robt (rad) 

� 0.5 

� 
0 

0 

0 

(b) 

-0- Xi 
"' -x- X

2 

i 0.5 

% 
0 

0 5 

(d) robt (rad) 

can have large discontinuities, whereas the commands issued to hydraulic actu
ators are best kept fairly smooth. I The tolerance to roughness in the response 
also depends on the application; for example, if a person is being affected by the 
controller, a smooth ride is likely desirable. An unmanned satellite controller can 
be rough; however, slow sampling contributes to increased pointing errors from 
disturbances, a topic that is discussed in the following section. 

In addition to the smoothness issue, it is sometimes important to reduce the 
delay between a command input and the system response to the command input. A 
command input can occur at any time throughout a sample period; therefore, there 
can be a delay of up to a full sample period before the digital controller is aware 
of a change in the command input. All the responses in Fig. 11.2 assumed that the 
controller was aware of the command input at time zero and that, therefore, all the 
attitude responses, x

I
, responded in a similar fashion. For systems with human 

input commands where the system response is critical (such as fly-by-wire flight 
control), the time delay alone suggests that the sample period be kept to a small 
fraction of the rise time. A pilot flying an airplane with digital fly-by-wire flight 
control will complain if the sampling delay is on the order of a tenth of a second 
from input action to the beginning of the response. Assuming we wish to keep 

1 Sometimes lowpass filters are placed between the ZOH output and the actuators to soften the 
discontinuities, but the filters must be taken into account during design and compensated for. 
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11.2 Time Response and Smoothness 453 

the time delay to be 10% of the rise time, a 10-Hz sample frequency should be 
used for 1 sec rise time or, in terms of the nondimensional sampling multiple 

(11.3) 

Example 11.2 Double Integrator Response vs. Sample Rate 

Figure 11.3 
Double integrator step 
response with worst case 
phasing between 
command input and the 
sampler with w

s
f w

b 

equal to (a) 4, (b) 8, 
(c) 20, (d) 40 

Repeat Example 11.1, but add a one cycle delay between the input command and the start of 

the control input in order to assess the worst case phasing of the input. Discuss the impact of 

this issue. 

Solution. The result is shown in Fig. 11.3. It demonstrates the noticeable impact on the 

response for the two slower cases. The overshoot is unchanged because the controller was 

adjusted in each case to maintain the same z-plane roots, but the extra delay affected the rise 

time substantially as measured from the instant of the input command. 

� g. 0.5 

::s 

� 
::s 

= 
0 

0 
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0.5 

0 

0 

(c) 

5 
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5 
robt (rad) 

x
i 

X
2 

% 

i 0.5 
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454 Chapter 11 Sample Rate Selection 

11.3 Errors Due to Random Plant Disturbances 

Figure 11.4 
Block diagrams of the 
systems for disturbance 
analysis 

Disturbance rejection is an important aspect of any control system and, in many 
cases, is the most important one. In fact, Berman and Gran ( 197 4) suggest that 
the sample rate for aircraft autopilots should be selected primarily on the basis 
of its effect on disturbance rejection. Indeed, this is the case for many control 
applications, although there are multitudes of applications with widely varying 
conditions where other factors are more important. 

Disturbances enter a system with various characteristics ranging from steps 
to white noise. For determining the sample rate, the higher frequency random 
disturbances are the most influential; therefore, we will concentrate on their 
effect. In other words, we will look at disturbances that are fast compared to the 
plant and the sample rate, that is, where the plant noise can be considered to be 
white. 

The ability of the control system to reject disturbances with a good continuous 
controller represents a lower bound on the magnitude of the error response that can 
be hoped for when implementing the controller digitally. In fact, some degradation 
over the continuous design must occur because the sampled values are slightly 
out of date at all times except at the very moment of sampling. In order to analyze 
the degradation of the digital controller as compared to the continuous controller, 
it is important to consider the effect of the noise [w in Eq. (4.45)] consistently, 
with both the continuous and the digital controllers. 

The block diagram in Fig. 11.4 shows the situation. The plant noise, generally 
a vector quantity, w, is continuous in nature and acts on the continuous part of 
the system independently of whether the controller is continuous or discrete. 
Furthermore, we are at liberty to analyze the effect of w with a certain power 
spectral density regardless of what values of Rw or Rv were used in computing the 
estimator gains, L, and regardless of whether an estimator was used. Proceeding 
then, we have a continuous system represented by 

w 

Plant 

Continuous 

controller 

w 

Discrete 

controller 

(11.4) 
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11.3 Errors Due to Random Plant Disturbances 455 

where the power spectral density of w is Rw sct (alternatively referred to as the 
"white-noise intensity" or "mean-square spec&-al density") so that the covariance 
of w is 

E[w(t)wT (t + r)] = R ct8(r). 
wps 

The steady-state value of the covariance of x is given by the Lyapunov equation2 

FX + XFT 
+ G1

RwpsctGi = 
0. (11.5) 

The solution to this equation, X, (= E[x(t)x(tf]) represents the amplitude of 
the random response of the state due to the excitation from w. It will be used to 
establish a baseline against which discrete controllers are compared. Note that 
the system matrices, F and G, can represent a closed-loop system including a 
continuous controller. The solution is obtained by lyap.m in MATLAB. 

It is also necessary to evaluate X when the system has a digital controller 
for the identical excitation applied to the plant. In order to do this, the entire 
system must be transferred to its discrete equivalent as given by Eq. (9.81) 
and discussed in Section 4.3. The discrete equivalent of Eq. (11.5) is given by 
Eqs. (9.90), (10.24), and (D.34) in slightly different contexts. The desired result 
for our purposes here, called the discrete Lyapunov equation (see dlyap.m in 
MATLAB) is 

(11.6) 

where 

Cd
= 1

r 

<l>(r)G1
Rwp,Pi<I>r (r)dr. (11.7) 

As discussed in Section 9 .4.4, this integral can be approximated if T is shorter 
than all system time constants by 

where 
R 

R = wpsd 

w T 
(11.8) 

When the approximation is not valid, it is necessary to evaluate Eq. ( 11. 7) exactly 
using Van Loan's (1978) algorithm, which can easily be done using disrw.m in the 
Digital Control Toolbox. Therefore, in order to evaluate the effect of sample rate 
on the performance of a controller in the presence of white plant disturbances, we 
first evaluate Eq. (11.5) to find the baseline covariance (X) and then repeatedly 
evaluate Eq. (11.6) with varying sample rates to establish the degradation versus 
sampling. It usually suffices to examine the diagonal elements for a performance 
measure and to compute their square roots to find the rms value, the quantity that 
is typically measured. 

2 See Kwakemaak and Sivan (1972). 
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Example 11.3 Double Integrator Disturbance Response vs. Sample Rate 

Examine the effect of sample rate on the performance of a digital control system compared to 
a continuous control system for the double integrator plant used in Examples 11.1 and 11.2. 

(a) Assume the plant is driven by white noise entering in the same way as the control input 
with Rwpsct = 1 and assume the use of full-state feedback. 

(b) Assume the same plant noise, but now use an estimator with only x
1 

measured with 
additive noise with Rv = 1. Repeat this case assuming there is quantization in the estimator 
equivalent to 7, 8, and 9 bit word size. 

Solution. 

(a) The open loop F, G, and Hare given by Eq. (4.47). The control gain, K, was determined 
by selecting optimal weighting matrices so that the closed-loop system had roots at 
s = 0.5 w

b 
(1 ± j) (s = 0.7) and we assume that cv

b 
= hcv11• With full-state feedback the 

closed-loop continuous system matrix is given by Fe F GK. The plant disturbance 
noise enters the plant in precisely the same way that the control does, that is, G 1 = 
G. Therefore the response of a hypothetical continuous controller is found by solving 
Eq. ( 11.5) with F replaced with F c and G 1 as stated. Because we wish to illustrate only 
the degradation of the discrete controller compared to the continuous one, the choice of 
Rwpsd = 1 has no effect on the results. 

The family of discrete controllers with different sample periods were all designed 
to the same continuous cost function according to the method of Section 9.3.5, the idea 
being that all the discrete controllers should be trying to do the same thing. Each discrete 
design resulted in a unique K and system matrix <l>c (= <I> - rK), which was used in 
Eq. (11.6) to evaluate X. Because this example had no dynamic characteristics that were 
faster than the slowest sample period, the approximation for the plant noise given by 
Eq. (11.8) could have been used, although the exact calculation of Eq. (11.7) was actually 
used. The result shown in Fig. 11.5 is the ratio of the rms values for the discrete case to 
the continuous case. The specific curve shown is for the rms of the x 1 variable; however, 
both rms ratios are essentially identical. 

If white plant disturbances were the dominant source of error in the system, one 
could conclude from this example that a sampling multiple of 

_§_ � 20 (11.9) 
Wb 

would be a good choice. The relative errors grow quickly when sampling slower than this 
multiple, whereas the gain by sampling faster is simply to reduce the degradation from 
about 20% downward. 

(b) We can analyze the disturbance response of the system when the controller includes an 
estimator in a similar manner to that above. In this case, the system matrix <I> in Eq. ( 11.6) 
is defined by Eq. (8.62). Note that <I> now includes the plant dynamics as well as the 
estimator dynamics. The continuous control roots are in the same location as for part (a) 
and the continuous estimator roots were selected twice as fast as the control roots. The 
family of discrete controllers were found by using pole placement so that the discrete 
control and estimator roots were related to the continuous roots by z esT . The lowest 
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Figure 11.5 
Discrete controller 
degradation versus 
sample rate for full state 
feedback and driven by a 
white disturbance, 
Example 11.3 

Figure 11.6 

Discrete controller 
degradation versus 
sample rate for the case 
with an estimator with 
quantization errors and a 
white disturbance, 
Example 11.3. 
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curve in Fig. 11.6 shows the discrete to continuous rrns ratio and, compared to Fig. 11.5, 
is slightly higher. This is to be expected because the velocity information is now being 
estimated from a position measurement and the greater sensitivity to disturbances is the 
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quantization 

resonances 

result of the approximate differentiation that is occurring. Although the curve is generally 

higher at all sample rates, the conclusion concerning sample rate selection for the case 

where disturbances are the dominant consideration is the same; that is, sample at 20 times 

the bandwidth or higher. 

The addition of the random noise from quantization shows that there are limits to the 

improving noise response as the sampling rate increases. Figure 11.6 also includes quantization 

noise added according to the discussion in Section 10.1. Quantization is usually important only 

with a fixed-point implementation of the control equations, and an assumption was therefore 

required as to the scaling of the signals for this analysis. In Fig. 11.6 it is assumed that the 

controller was scaled so that the continuous rrns error due to the plant disturbance is 2 % of 

full scale, a somewhat arbitrary assumption. But the point is not the specific magnitude as 

much as the notion that there is a limit, and that if a designer is dealing with a microprocessor 

with fewer than 12 bits, it can be useful to perform a similar analysis to determine whether 

the word-size errors are sufficiently large to impact selection of sample rate. With 16- and 

32-bit microprocessors and a parallel or cascade realization, the increase in rrns errors due to 

quantization at the fast sample rates is typically so small that word size is not an issue and no 

practical upper limit to the sample rate exists. However, if using an 8-bit microprocessor, it 

may be counterproductive to use too high a sample rate. 

The example, although on a very simple plant, shows the basic trend that 
usually results when a white disturbance acts on the plant: The degradation due 
to the discrete nature of the control over that possible with a continuous control 
is significant when sampling slower than 10 times the bandwidth. Except for 
controllers with small word sizes (8 bits or less), the performance continues to 
improve as the sample rate is increased, although diminishing returns tend to 
occur for sampling faster than 40 times the bandwidth. 

Whether the rms errors due to plant disturbances are the primary criterion 
for selecting the sample rate is another matter. If cost was of primary importance 
and the errors in the system from all sources were acceptable with a sample 
rate at three times bandwidth, nothing encountered so far in this chapter would 
necessarily prevent the selection of such a slow sample rate. 

On the other hand, resonances in the plant that are faster than the bandwidth 
sometimes can have a major impact on sample rate selection. Although they do 
not change the fundamental limit discussed in Section 11.1, they can introduce 
unacceptable sensitivities to plant disturbances. The analysis is identical to that 
used in the example above, except that it is mandatory in this case that an 
accurate evaluation of the integral in Eq. ( 11. 7) be used because there are some 
plant dynamics that are faster than the sample period. 
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11.3 Errors Due to Random Plant Disturbances 459 

Example 11. 4 Double Mass-Spring Disturbance Response vs. Sample Rate 

Figure 11.7 
Discrete controller 
degradation for the 
double mass-spring 
system using full state 
feedback, Example 11 .4 

Repeat Example 11.3 for the double mass-spring system that was used in Examples 8.3 and 
9.5 and described in Appendix A.4. Do part (a) for full-state feedback and part (b) for an 
estimator based on a measurement of d, that is, the noncolocated case where the resonance is 
between the sensor and the actuator. 

Solution. The parameter values used are as given in Example 8.3, except that we will 
consider the case with no natural damping as well as the lightly damped (s = 0.02) case 
used previously. The optimal continuous design was carried out in order to achieve a 6: 1 
ratio between the resonant mode frequency, wr' and the system bandwidth, cvb. Weighting 
factors were applied to d and y, which provided good damping of the rigid body mode and 
increased slightly the damping of the resonance mode. The family of discrete designs were 
found by using pole placement so that the discrete roots were related to the continuous roots 
by z = esT . The result for the full state feedback case is shown in Fig. 11.7. The general 
shape of the curves is amazingly similar to the previous example, but there are three highly 
sensitive sample rates at 2 cvr' wr, and cv/2. Note that these are not resonances in the traditional 
sense. The curves represent the ratio of the response of the discrete system compared to the 
continuous, so that large spikes mean that the discrete controller at that sample rate exhibits 
poor disturbance rejection compared to the continuous controller. The excitation is broad band 
for both controllers at all sample rates. Also note that there is no peak at 2 cv r for the case with 
s = 0.02. 

The origin of the sensitivity peak at exactly wr is that the controller has no information 
about the resonance at these critical sample rates. The sampled resonance value will be constant 
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460 Chapter 11 Sample Rate Selection 

figure 11.8 
Discrete controller 
degradation for the 
double mass-spring 
system using an 
estimator with the 
measurement from d, 

Example 11.4 

no matter what the phase relationship between sampler and the resonant mode, thus producing 
an unobservable system.3 The additional peak at 2wr arises from a similar unobservability, 
except that in this case the unobservability occurs only when the phasing is such that the 
samples are at the zero crossings. This peak is significantly less likely to occur and vanishes 
with a small amount of natural plant damping. 

Figure 11.8 shows the sensitivity of the discrete controller to disturbance noise for the 
more realistic case where the full state feedback has been replaced with an estimator using the 
measurement of d (essentially a notch filter). As might be expected, the sensitivity peaks have 
become more serious. The figure shows a wider sample rate band of high sensitivity about 
each of the previous trouble points and additional peaks at 2wr and �wr. So we now see that 
there are sensitive sample rates at all integer fractions of 2wr due to both unobservabilities 
noted above. 

Example 11.4 demonstrates that, in some cases, a digital controller with 
sample rates centered about 2wr or integer fractions of that value has difficulty 
and amplifies the effect of random disturbances acting on the plant. Factors that 
influence whether these sensitive sample rates exist have been studied by Hirata 
(1989) and generally show that the amount of damping added by the controller 
is the key aspect. Had more damping been added to the resonant modes by the 
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3 The phenomenon was noted and discussed by Katz (1974) and analyzed by Hirata (1989). 
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11. 4 Sensitivity to Parameter Variations 461 

controller than shown by the example, the sensitivity peaks would have been more 
pronounced because use of the mode information by the controllers would have 
been more critical to the performance. Furthermore, use of a colocated sensor 
and actuator-that is, using the measurement of y instead of d-produces results 
that are very little different than those shown for the noncolocated case, provided 
that the controller is adding some damping to the resonant mode. 

The impact of this is that, for systems where the controller is adding some 
damping to a lightly damped mode, the only safe place to select a sample rate is 
faster than twice the resonant frequency, that is 

(11.10) 

There is a possibility to pick the sample rate in one of the "valleys" in Fig. 11.8; 
however, resonant frequencies can often vary considerably, thus rendering this 
approach unreliable, and would cause this system to lack "robustness." For sys
tems with high-frequency resonant modes with adequate natural damping and to 
which the controller adds no damping, there are typically no sensitive sample 
rates related to the resonant mode, and these considerations can be ignored when 
selecting the sample rate. Note that these resonant modes may be considerably 
faster than the system bandwidth and, therefore, sampling faster than 20 times 
bandwidth may be advisable in order to eliminate the possibility of these sensitive 
sample rates. 

In summary, the sample rate has a major impact on how well a digital con
troller performs in the presence of plant disturbances. Performance approaching 
that of a continuous controller can be achieved providing the sample rate is 20 
or more times faster than the bandwidth for systems with no significant dynam
ics faster than the bandwidth. For systems where the controller is adding some 
damping to a lightly damped mode that is faster than the bandwidth, the sample 
rate should also be at least twice that resonant frequency. 

11 .. 4 Sensitivity to Parameter Variations 

Any control design relies to some extent on a knowledge of the parameters 
representing plant dynamics. Discrete systems generally exhibit an increasing 
sensitivity to parameter errors for a decreasing ws. The determination of the 
degree of sensitivity as a function of sample rate can be carried out by accounting 
for the fact that the model of the plant in the estimator (or compensation) is 
different from the actual plant. 

In Section 8 .3 .1, we assumed that the actual plant and the model of the plant 
used in the estimator were precisely the same. This resulted in the separation 
principle, by which we found that the control and estimation roots designed in
dependently remained unchanged when the feedback was based on the estimated 
state. We will now proceed to revise that analysis to allow for the case where the 
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462 Chapter 11 Sample Rate Selection 

parameters representing the plant model in the estimator are different from those 
of the actual plant. 

Let us suppose the plant is described as 

x(k + 1) = <P
P
x(k) + rPu(k), 

y(k) = Hx(k), 

and the current estimator and controller as 

x(k) = i(k) + L(y(k) Hi(k)), 
i(k + 1) = <Pi(k) + reu(k), 

u(k) = -Ki.(k). 

(11.11) 

(11.12) 

In the ideal case, <P P 
= <I> 

e 
( = <P) and r = r

e 
( = r), and the system closed

loop roots are given by the controller and the estimator roots designed separately; 
that is, they are the roots of the characteristic equation [similar to Eq. (8.55)] 

I zl - [<P - rK] II zl (<I>- LH<P)I = 0. (11.13) 

If we allow <I> 
e 

=I- <I> 
P 

and r
e 

=I- r , the roots do not separate, and the system 
characteristic equation is obtained from the full 2n x 2n determinant that results 
from Eqs. (11.11) and (11.12) 

I <P -Iz r K 

I LH<P (I - LH)(<P - r K) LHr K - Iz • 
p e e p 

(11.14) 

Either the pole-placement approach of Chapter 8 or the steady-state, optimal, 
discrete design method of Chapter 9 could be used to arrive at the K- and L
matrices. In both cases, the root sensitivity is obtained by assuming some error 
in <I> or r ( thus <I> 

e 
=I- <I> 

P 
and r

e 
=I- r 

P
) and comparing the resulting roots from 

Eq. (11.14) with the ideal case of Eq. ( 11.13). 
If a system has been designed using the methods of Chapter 7, root sensitivity 

is obtained by repeating the closed-loop root analysis with a perturbed plant or, 
if one parameter is particularly troublesome, an analysis of a root locus versus 
that parameter might be worthwhile. 

Example 11.5 Robustness vs. Sample Rate 
The equations of pitch motion of a high-performance aircraft where there is some fuselage 

bending are 4 

.xl = Mqq + Max2 + M8e oe, 

x2 = q + za + z8e oe, 

x3 = 
wrx4, 

X4 = -wrx3 - 2tr wrx4 + wr KI z8e oe + K2wr Z
a.

x2' 

4 This example is due to Katz (1974). 

(11.15) 
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robust design 

where 

x 1 = pitch rate, 

11. 4 Sensitivity to Parameter Variations 463 

x2 = angle of attack, 
x

3
, x 4 = position and velocity of bending mode, 

8 e elevator control surface, 
M's, Z' s aircraft stability derivatives, 

S
r 

= bending-mode damping, 
wr = bending-mode frequency, and 

K 1, K2 = quantities depending on the specific aircraft shape 
and mass distribution. 

In the flight condition chosen for analysis (zero altitude, Mach 1.2), the open-loop rigid
body poles are located at s = -2 ± j 13 .5 rad/sec, and the bending mode is lightly damped 
(sr 0.01) with a natural frequency of 25 rad/sec (4 Hz). The control system consists of a 
sensor for x 1 ( a rate gyro), an estimator to reconstruct the remainder of the state, and a feedback 
to the elevator to be added to the pilot input. The purpose is to change the natural characteristics 
of the aircraft so that it is easier to fly, sometimes referred to as stability augmentation. 

The closed-loop poles of the rigid body were located by optimal discrete synthesis to 
s = -16 ± j 10 rad/sec with essentially no change in the bending-mode root locations. The 
optimal compensator (control law plus estimator) generates a very deep and narrow notch 
filter that filters out the unwanted bending frequencies. The width of the notch filter is directly 
related to the low damping of the bending mode and the noise properties of the system. 
Furthermore, the optimal estimator gains for the bending mode are very low, causing low 
damping in this estimation error mode. If the bending frequency of the vehicle varies from the 
assumed frequency, the components of the incoming signal to the estimator due to the bending 
miss the notch and are transmitted as a positive feedback to the elevator. 

Examine the sensitivity to errors in the bending frequency versus the sample rate. 

Solution. Figure 11.9 shows the closed-loop bending mode damping S
r 

as a function of the 
ratio of the sample rate W

5 
to bending mode frequency wr. Note the insensitivity to sample 

rate when knowledge of the bending mode is perfect (no error in wr) and the strong influence 
of sample rate for the case where the bending mode has a 10% error. For this example, the 
bending mode was unstable (sr < 0) for all sample rates with a 10% wr error, indicating a 
very sensitive system and totally unsatisfactory design if w is subject to some error or change 
from flight conditions. 

r 

The sensitivity of the controlled system to errors in w 
r 

can be reduced using any one of 
many methods for sensitivity reduction, which are often referred to as robust design methods. 
One particularly simple method entails increasing the weighting term in Q 1 which applies to the 
bending mode. The effect of this approach is to increase the width of the notch in the controller 
frequency response, thus making the controller more tolerant to changes in the bending-mode 
frequency. Figure 11.10 shows the effect on s r as a function of the fourth element in Q 1, which 
we will refer to as the bending-mode weighting factor Q 1 44. It demonstrates a substantial 
increase in robustness. Note that it is theoretically possible to have Sr > 0.05 with a 10% w

r 

error and a sample rate only 20% faster than the bending mode; however, this ignores the 
disturbance-noise amplification that will occur at w

5 
� 2 wr discussed in the previous section. 
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464 Chapter 11 Sample Rate Selection 

Figure 11.9 
Closed-loop 
bending-mode damping 
of Example 11.5 versus 

CtJs 

Figure 11.10 
Closed-loop 
bending-mode damping 
versus 0

1 ,44 for Example 
11.5 with a 10% wr error 

0.20 

t, 

0.25 

No error in w, 

4 8 

5 
1.2 

0.001--,Jl..--..,..,=::;...J--:::..�---L""'7"'"""::::ll',..s;;..--r.-:--
Ql,44 

-0.25 

-0.50 

With a sufficiently high value of Q 1_44, the example becomes "robust" in the sense that it is 
stable for a 10% wr error, but it continues to show an increasing sensitivity to the wr error for 
decreasing sample rate. 
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11.5 Measurement Noise and Antialiasing Filters 465 

In summary, for the ideal case where the plant parameters are known exactly, 
there is no effect of sample rate on bending-mode damping or any other closed
loop dynamic characteristic. On the other hand, if there is some error between the 
plant parameters used for the controller design and the actual plant parameters, 
there will be an error in the desired closed-loop characteristics that increases with 
the sample period. In most cases, the use of reduced performance requirements 
or of robust design practice such as shown by the example can reduce the error 
to acceptable levels and thus does not impose extra criteria on the sample rate. 
However, sensitivity of the system to off-nominal parameters should be evaluated, 
and in some cases it might be necessary to design specifically for better robustness 
and, in rare cases, to increase the sample rate over that suggested by other 
considerations. 

11.5 Measurement Noise and Antialiasing Filters 

In addition to the random plant disturbances, w, that were evaluated in Section 
11.3, there are usually some errors in the measurement or unmodeled bending 
mode oscillations as indicated by v in Eq. (9.82). In this section, we wish to 
examine the effect of the sample rate on the response of the system to measurement 
errors. These errors are affected significantly by the presence of analog filters 

prefilters (called antialiasing filters or prefilters), which are typically placed between 
an analog sensor and the sampler in order to reduce aliasing of high-frequency 
components of the signal. Therefore, we will discuss antialiasing filters as well. 

Figure 11.11 

Block diagram showing 
the location of the 
antialiasing filter 

Figure 11.11 depicts the typical arrangement of the antialiasing filter. Digital 
control systems are arranged this way for many cases in order to prevent the 
aliasing of the higher-frequency components of v. Exceptions are those cases 
where the sensor is fundamentally digital so that there is no analog signal that 
can contain high frequency noise; for example, an optical encoder provides a 
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466 Chapter 11 Sample Rate Selection 

digitized signal directly. Antialiasing filters are low pass, and the simplest transfer 
function is5 

(_t)p 

s +cv
P
' 

(11.16) 

so that the noise above the pre filter breakpoint [ cv in Eq. ( 11.16)] is attenuated. 
The design goal is to provide enough attenuationPat half the sample rate (ws/2) 
so that the noise above cv)2, when aliased into lower frequencies by the sampler, 
will not be detrimental to the control-system performance. The basic idea of 
aliasing was discussed in Section 5 .2 and shown to be capable of transforming a 
very-high-frequency noise into a frequency that is well within the bandwidth of 
the control system, thus allowing the system to respond to it. 

Example 11. 6 Effect of Prefiltering on Aliasing 

For a 1-Hz sine wave with a 60-Hz sine wave superimposed to represent noise, find a prefilter 

that will eliminate distortions when sampled at 28 Hz. Demonstrate the effect of the prefilter, 
and lack of one, by plotting the signals over 2 cycles. 

Solution. Figure 11.12( a) shows the 1-Hz sine wave with a 60-Hz sine wave superimposed 

to represent measurement noise. If this analog signal is sampled as is, the high-frequency noise 

will be aliased; Fig. 1 l.12(b) shows the results for sampling at ws = 28 Hz and we see that the 

60-Hz noise has been changed to a much lower frequency and appears as a distortion of the 

original sine wave. Fig. 11.12(c) shows the results of passing the noisy signal in (a) through 

a first order antialiasing filter with a breakpoint, w
P 

20 rad/sec (3.2 Hz). The breakpoint 

was picked considerably below the noise frequency so there is a large attenuation of the noise; 
and yet sufficiently above the 1-Hz signal so it was not attenuated. Sampling this clean signal 

results in the faithful reproduction of the signal shown in Fig. 11.12( d). 
For an analog control system with a bandwidth on the order of 1 Hz, the 60-Hz noise 

would be too fast for the system to respond, and the noise would not be apparent on the system 

output. For a 1-Hz bandwidth digital control system without an analog prefilter, aliasing of the 

noise to a lower frequency as shown in Fig. l 1. l 2(b) would allow the system to respond, thus 

producing sensitivity to errors that do not exist for analog controllers. Thus we see the reason 

for using antialiasing filters. 

To study the effect of sensor noise on sample-rate selection, we use the 
same analysis procedures that were used for the random plant disturbances. 

5 Higher-order filters are also used in order to obtain better high-frequency attenuation with minimal 
low-frequency phase lag; common filter types are Bessel, Butterworth, and ITAE. See Franklin, Powell, 
and Emami-Naeini (1994) or Astri:im and Wittenmark (1997) for details. 
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Figure 11.12 
Demonstration of the 
effects of an antialiasing 
filter or prefilter, 
Example 11.6. (a) Signal 

plus noise; (b) samples 
of (a) at w

5 
= 28 Hz; 

(c) signal in (a) passed 
through antialiasing 
filter; (d) sampling of 
signal in (c) 
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Equation (11.5) is used to determine the system output errors due to continuous
measurement noise acting on a continuous controller for comparison purposes, 
and then Eq. (11.6) is used to determine the degradation for digital controllers 
with various sample rates. The only difference from the cases examined in Section 
11.3 is that the noise to be examined enters on the plant output instead of on the 
plant input. A complication arises, however, because the prefilter breakpoint, cvP, 
is a design variable whose selection is intimately connected with the sample rate. 
It is therefore necessary to examine both quantities simultaneously. 

A conservative design procedure is to select the breakpoint and cvs sufficiently 
higher than the system bandwidth so that the phase lag from the prefilter does not 
significantly alter the system stability; thus the prefilter can be ignored in the basic 
control system design. Furthermore, for a good reduction in the high-frequency 
noise at cv)2, the sample rate should be selected about five times higher than 
the prefilter breakpoint. The implication of this prefilter design procedure is that 
sample rates need to be on the order of 30 to 50 times faster than the system 
bandwidth. This kind of conservative prefilter and sample-rate design procedure 
is likely to suggest that the sample rate needs to be higher than the other factors 
discussed in this chapter. 

An alternative design procedure, due to Peled (1978), is to allow significant 
phase lag from the prefilter at the system bandwidth and thus to require that the 
control design be carried out with the analog prefilter characteristics included. 
Furthermore, the analysis procedure desciibed above is carried out to determine 
more precisely what the effect of sampling is on the system performance. This 
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468 Chapter 11 Sample Rate Selection 

procedure allows us to use sample rates as low as 10 to 30 times the system 
bandwidth, but at the expense of increased complexity in the design procedure. 
In addition, some cases can require increased complexity in the control imple
mentation to maintain sufficient stability in the presence of prefilter phase lag; 
that is, the existence of the prefilter might, itself, lead to a more complex digital 
control algorithm. 

Example 11. 7 Measurement Noise Effects vs. Sample Rate and Prefilter Breakpoint 

Use the double integrator plant as in Examples 11.1, 11.2, and 11.3 to demonstrate the degra
dation of the digital system response vs. the continuous control for various sample rates and 
prefilter breakpoints. Assume that only x

1 
is available for measurement and use an estimator 

to reconstruct the state. Use the antialiasing filter as shown in Eq. (11.16). 

Solution. The results of the digital controllers with the various prefilter breakpoints, wP, 
were all normalized to the results from a continuous controller with no prefilter. The exact 
evaluation of the integral in Eq. (11.7) was required because the sample rate was on the 
same order as w 

P 
for some sample rates studied. The continuous system was designed using 

the LQR and LQE methods of Chapter 9 so that the control roots were at s = -1.5 ± j 1.5 
rad/sec and the estimator roots were at s = -3.3 ± j3.3 rad/sec. All the digital controllers 
had roots at the discrete equivalent of those s-plane locations by using z = esr. The results 
of the normalized rms values of the output •�rror due to white continuous-measurement noise 
entering the system as shown in Fig. 11.11 are shown in Fig. 11.13 for four different values of 
the prefilter breakpoint. 

Note in the figure that, for sampling multiples below ws/w
b 

= 40, the performance 
improves as the prefilter breakpoint decreases, even though it includes the case where the 
breakpoint is only twice the bandwidth. If a system is dominated by measurement noise as in 
this example and the designer chooses to limit the discrete degradation to 20% compared to 
the continuous case, the figure shows that a sampling multiple of 

(11.17) 

is adequate providing the prefilter breakpoint ratio wP/w
b 

:::: 5, whereas a sampling multiple 
of wJ w

b 
= 40 is required if the more conservative prefilter breakpoint ratio of w Pl w

b 
= 10 is 

used. An even slower sample rate would be adequate if a slower breakpoint was acceptable. 
Also note in the figure at the very fast sample rates (ws/ w

b 
> 200) that the rms response 

decreased as the prefilter breakpoint increased, the opposite trend to that at the lower sample 
rates. This observation has little effect on the overall design because all values were within 
10% of the continuous case for all the fast sample rates. However, there are detrimental effects 
of prefilters that can be more serious (see Hirata, 1989), and their influence on random plant 
disturbances should also be evaluated according to Section 11.3 before a design is finalized. 
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Figure 11.13 

Root mean square 
response of Example 
11. 7 to white sensor 
noise showing effects of 
prefiltering, w , and 

I. 
p 

samp Ing, w
5 

11.6 Multirate Sampling 469 

3 .---,------,----,-,-
: \
-,-,-n,,-r-r-n-

l\
---,--.....-�

:
--,-,.l�

: 
-,-,-----

;
-

:
����, 

2.81-··········· ... •·

!\ 

........ , ...... , ... ,.; ... , ... ;\.i,I +; .. \\ .............. ; ......... ; ...... ; ..... i; .... ;:'···I;.T
.; . .. :;.,: ........... ...... ,:·· ......... ::····•··'·····=····'•··<-··;.,.-J 

2.6 .................. , ..... ,, .. , ...... , ..... a\ .. , ... , ... 1., .. , ..... 1 ........... , ......... , ...... , -o-o- rop I rob = 20 ..... , ..... , .... , ... , ... ,., . ., 
\ \ -44- rop /rob= 10 ..... , ..... , ... 0 .. , ... 

,
.
,,.-1 2.41-·········· .. ··; ......... , .. \\, ... , ..... : .. \: .... : .. : .. \,,' ........ \ ....... : .......

... : ...... : 

" \ 
-++- rop /rob= 5 

2.2 .................. , ......... , ...... , ..... , ... ;.,.1 ,., .. , ..•. � ............ \\ ... , ......... , ...... , -"--"- ro 2 

\ :1 \ -,.,.- p = 
2 ................. ; ......... ; .. ,. .. ; ... \-\)

:\ 
... ; ... :,\ \.;

:\ 
.. ; .. ; ... \

\
••• .. ••••• .. �

i\ 
........ ; .................... , .. ; .. ; .. : ................ ; .......... ; ...... .; .... ; ... ;. .. , ... H-1 

1.8 1-............... , ......... , ...... , ..... ,.\ ,·,,···, .. i··\-,\·:\ ....... ,.\ ....... , ... \\, .... : ....... : .... , .... , ... , .. : .. : . .:. ............... .:. ......... , ...... .:. .... : ... .:. .. : ... .:..;.._J 

1.6 .................................... , ............ ,) ... \ .. :\ ....... ,\ ... ·\'<••:� ........ ,.\ ....... , .......... , ... , .. , .. , ................... , ......... , ....... , ..... ,, .... ; .. , ..... ,., 

I .4 .............. .... , .. ....... , .. ..... , ..... , ... , ... , .. , .. ,"' ...... ,"'-. ....... ,."'-"\.· ..
.. , ...... :,.\ ... , ........ , ...... ,., ........... ...... � ......... , ... .... , ...... , .... , ... , ... , .. H 

� ""', ", 9-.._, 1.2 ................. ; ......... ; ...... ; ..... : ... : ... : .. : ... , .. : .......... :::-,...,.�:."'-·' p .... ,r--.... �, ,.,� ... :: .. ;:: . .:. 

.

............... , ......... , ...... .:. .... : 

.

... .:.: .. ; .. .:. . .:...j 

1L_j_j_j_jj_UJl_j_L_IJ:!:r01::���� 100 101 102 103 

Sampling multiple, ro
s 

I ro
b 

In summary, there are two main conclusions. The first is that prefilters for 
removing high frequency measurement noise are effective and a methodology 
has been presented for their design. The second is that the bandwidth of the 
prefilter should be selected primarily for the reduction of sensor noise effects, 
and values approaching the system closed-loop bandwidth (cu / cu

b 
� 2) should be 

considered even though their phase lag needs to be adjustelfor in the controller 
design. An exception to this would occur if the prefilter lag was sufficient to 
require a more complicated controller, because this increase in computation 
could offset any cost gains from slower sampling. 

11.6 Multirate Sampling 

In multi-input, multi-output (MIMO) systems, it is sometimes useful to use differ
ent sample rates on the various measurements and control variables. For example, 
in the tape-drive design in Chapter 9, one could logically sample the tension mea
surement, Te in Fig. 9 .18, faster than the tape position measurement, x

3
, because 

the tension results from faster natural dynamics than the tape positioning. For 
MIMO systems with significant time constant differences in some natural modes 
or control loops, improvements in performance can be realized by sampling at 
different rates; such a system is referred to as a multirate (MR) system. In this 
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successive loop closure 

section we will address the issues of analysis of an MR system and selection of 
the sample rates. 

The z-transform method that is presented in Chapter 4 and is the basis for 
the analysis of discrete systems throughout this book does not apply to MR 
systems. Considerable research on the subject was carried out in the 1950s and 
resulted in the "switch decomposition" method, which has been reviewed by 
Ragazzini and Franklin (1958) and Amit (1980) and extended to multivariable 
systems by Whitbeck and Didaleusky (1980). The key idea in this method is that 
it is possible to analyze an MR system by reducing it to an equivalent single
rate system operating at the longest sample period of the system. The "Krane" 
operator6 facilitates this transformation. 

Another approach uses a state-space description due to Kalman and Bertram 
(1959). The difference equations have coefficients in cl> and r that change pe
riodically at the longest sample period. An MR analysis procedure with this 
approach is contained in Berg, Amit, and Powell (1988) and, similarly to switch 
decomposition, reduces the MR system to an equivalent single-rate system where 
conventional methods can be employed. The computational burden for both the 
switch-decomposition and the state-space MR analysis is substantial; therefore, 
digital control designers typically opt for design methods during the synthesis 
process which bypass the need for using one of the exact MR analysis tech
niques. 

An analysis method often used is called successive loop closure (SLC). 
It requires that the system initially be decoupled into two or more single-rate 
subsystems along the lines discussed in Section 9.1 and as shown in Fig. 11.14. 
The dashed lines in the figure show the cross-coupling between G 1 (s) and Gs (s), 
which is ignored in the decoupling process. The controller for the subsystem 
with the highest frequencies (and fastest sample rate) is designed first with the 
sample rate selected according to the ideas in this chapter. This digitally controlled 
subsystem is then converted back to a continuous system (see d2c.m in MATLAB), 
which makes it possible to meld it into the slow portion of the plant. This 
transformation is the inverse of Eqs. (4.41) or (4.58) and is exact in the sense that 
the continuous model outputs will match the discrete system at the sample times. 
A discrete representation at the slow sample rate of the entire plant, including the 
previously ignored cross-coupling and the fast controller, can now be obtained 
using conventional techniques. This enables design of a digital controller for the 
slow loop using the resulting discrete model. This model is exact provided the 
fast sample rate is an integer multiple of the slow rate. 

The approximation made during the design of the inner (fast) loop is the 
elimination of the cross-coupling; however, the model of the system at the slow 
sample rate will accurately predict any inner-loop root migration due to the 
approximation and can be corrected by a second design iteration, if needed. 

6 See Krane (1957). 

co
nt

ro
len

gin
ee

rs
.ir



figure 11.14 
Block diagram of a 
MIMO system showing 
methodology for 
multirate analysis using 
successive loop closure 
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Therefore, we see that the final design of the MR system should perform according 
to that predicted by linear analysis. The effect of the approximations made for 
design of the inner loop serve only to produce an inner-loop controller that may be 
somewhat inferior to that which could be obtained with an accurate MR analysis 
and optimal design of the entire system together as described by Berg, Amit, and 
Powell (1988). 

For systems with three or more identifiable loops where it is desirable to have 
three or more different sample rates, the same ideas are invoked. The innermost 
(fastest) loop is closed first, transformed to a continuous model followed by 
transformation to a discrete model at the next slower sample rate, and so on until 
the final (slowest) loop is closed, encompassing the entire system. 

The sample-rate selection for an MR system designed using SLC is carried 
out using the considerations discussed in Sections 11.1 through 11.5. Note that 
this does not imply that the same sampling multiple, ws/ w

b
, be used for all loops. 

The appropriate sampling multiple is a function of the plant disturbance and 
sensor noise acting on that portion of the system which may be quite different for 
the different loops. Ignoring noise effects leads one to pick the same sampling 
multiple for all loops; that is, the sample rates for each loop are in the same 
proportion as the bandwidth for each loop. 
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Example 11.8 Advantage of MR Sampling for the Double Mass-Spring System 

Figure 11.15 
MIMO double 
mass-spring system used 
in Example 11.8 

Investigate the merits of multirate sampling in terms of rms response to plant noise for the 
double mass-spring system.7 Compare the rms response of an MR controller with that of a 
single rate (SR) controller that uses the same amount of computation effort. 

Solution. The double mass-spring system with control applied to both masses is shown 
in Fig. 11.15. We have defined x 1 as the absolute position of the large mass, whereas x2 is 
the position of the small mass with respect to the large mass. The inner loop consists of the 
measurement of x2 and its feedback through a controller to u2 . The effect of the coupling from 
x1 motion is ignored; so the dynamics are that of a simple mass-spring system. The inner (fast) 
loop was designed using pole-placement for full state feedback so that its open-loop resonant 
frequency of 4 Hz was changed to a closed-loop frequency of 8 Hz, and the damping improved 
from s = 0 to s = 0.7. The sample rate was chosen to be 71 Hz, nine times faster than the 
closed-loop root. 

A continuous model of this fast inner loop was then obtained via d2c.m in MATLAB and 
added to the dynamics of the large mass, including the coupling between the two masses. The 
entire system was then discretized at the slow rate. The outer loop was designed using feedback 
from the slow sampled states so that the rigid-body open-loop roots at s = 0 were changed to 
1 Hz with a damping of s = 0. 7. The sample rate for this loop was chosen to be 9 Hz, also 
nine times the closed-loop root. The effect of the dynamics of the large mass and its coupling 
to the small mass along with the outer-loop feedback caused an insignificant movement of the 
closed-loop inner roots. If the inner roots had moved an unacceptable amount, it would have 
been necessary to return to the inner-loop design and revise the design so that it resulted in 
acceptable dynamics after the second loop closure. 

For evaluation of the MR controller, its performance in the presence of plant disturbance 
noise, w, applied to the small mass as shown in Fig. 11.15 will be compared against the 
performance of a single-rate controller. The sample rate of the single-rate controller was 
selected to be 40 Hz, a value that required approximately the same amount of computer 
computation time as the MR controller, thus yielding a fair comparison. Fig. 11.16 shows the 
relative rms responses for the two cases and generally shows the superiority of the MR case in 
that its small mass response was approximately 30% less than the single-rate case, whereas the 
large mass response was approximately the same. One could say that, for this configuration, 
it pays to assign a large fraction of the computer power on the control of the small mass by 

X2-, 

7 This example is from Berg, Amit, and Powell (1988). 
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Figure 11.16 
Relative rms state and 
control responses for 
Example 11 .8 with w 

applied to the small mass 

Figure 11.17 

Relative rms state and 
control responses for 
Example 11.8 with w 

applied to the large mass 
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employing a faster sample rate for the small mass feedback. This follows because the bandwidth 

of the inner loop was faster and the plant disturbance noise was applied to this mass. 

To analyze the situation further, let us change the plant disturbance noise configuration 

from the small mass to the large mass and keep the controller described above. The same 

comparison of relative rms responses is shown in Fig. 11.17 and indicates a different con

clusion. The degradation of the large mass response with the MR controller is more than the 

improvement of the small mass; therefore, one could conclude that the single-rate controller 

was superior in this configuration. The reason is that the noise applied to the large mass (slow 

0.25 

0 

.X'l x2 X2 uI 

State or control variable 
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4 7 4 Chapter 11 Sample Rate Selection 

mode) produced a situation where the overall system response was improved by shifting more 

computer power to the slow mode compared to the previous configuration. The net result was 

that an equal sample rate on the two loops was best in spite of the fact that the roots of the two 

loops differed by a ratio of 8:1. 

The significant benefit of the MR sampling shown in Fig. 11.16 is partially due to the 

fact that both sample rates were relatively slow, that is, nine times their respective closed-loop 

root. Had the sample rates been faster, the advantage would have been less pronounced. The 

reason for this is that the effect of disturbance noise versus sample rate is basically a quadratic 

function, with the errors growing quickly as sampling multiples fall below about 20. If all rates 

had been faster, the system performance would be less sensitive to both sample rates and thus 

less sensitive to the allocation of computer power to the fast or slow loop. 

In summary, we see that multirate sampling allows for the assignment of 
available computer power to the control modes that can most benefit, thus im
proving system response. The design of multirate systems can usually be carried 
out using a successive loop closure method that employs analytical techniques, 
which are considerably simpler than exact MR techniques. The resulting design 
is typically acceptable. 

Multirate sampling is not necessary in the majority of digital control systems. 
In the usual case, sufficient computer speed is available so that one sample rate 
based primarily on the fastest mode can be selected even though one or more of 
the slower modes will be sampled faster than necessary. This is a better overall 
design because it avoids the complication of multirate sampling, even though it 
could be claimed that computer power is being wasted on some of the slower 
modes. 

11.7 Summary 

• For a control system with a specified closed-loop bandwidth, w
b
, the theo

retical lower bound on the sample rate to bandwidth multiple is 

w)w
b 

> 2. 

Other considerations usually dictate that the sample rate be considerably 
faster than 2 times the closed-loop bandwidth. 

• In order to provide a "reasonably smooth" control response, a sampling 
multiple of 

w)w
b 

> 20 

is often judged desirable. This is a subjective issue and depends heavily on 
the specific application, with slower rates often acceptable. 
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11.7 Summary 475 

• There is potentially a full sample period delay between command input and 
the system response. In order to limit the possible delay to be 10% of the rise 
time, a sampling multiple of 

is required. 
• The primary purpose of many feedback control systems is to limit the re

sponse to random plant disturbances. In comparison to a continuous control 
system with the same equivalent s-plane roots, a digital control system de
grades as the sample rate decreases. This degradation is shown by the bottom 
curve in Fig. 11.6 for a double integrator plant. In order to keep the degra
dation to be within 20% of a continuous controller, a sampling multiple 
of 

is required. 
• For a system with a resonance at w r that is being damped or stabilized by the 

controller, it is prudent to select a sample rate 

w > 2w. s r 

• For a system with a resonance at w r that is being damped or stabilized by the 
controller, it may be useful for robustness purposes to sample considerably 
faster than 2w r 

• Analog prefilters or antialiasing filters are typically required to attenuate 
the effect of measurement noise at frequencies greater than w)2. 

• Selection of the prefilter breakpoint, w , is a complex design step that involves 
interactions with the sample rate anl control system bandwidth. Generally, 
the further the breakpoint is below w)2, the better the measurement noise 
attenuation. It is also convenient to maintain the prefilter breakpoint above 
the control system bandwidth; however, this is of lessor importance. The 
tradeoffs for a double integrator plant are depicted in Fig. 11.13. It shows 
that a sampling multiple of 

Wsj (J)b > 25 

is required for a breakpoint ratio of w / w
b 
= 5 if the designer wishes to 

limit the discrete noise degradation to 20% over that from the continuous 
case. Faster antialiasing filters require faster sample rates. Slower antialias
ing filters reduce the effect of measurement noise, but more phase lag is 
introduced into the feedback and, if excessive, may necessitate extra lead in 
the controller. 

• When using a small word size microprocessor (e.g., 8 bits), sampling multi
ples greater than 50 were shown in Fig. 11.6 to be counterproductive. 

co
nt

ro
len

gin
ee

rs
.ir
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• The performance of a digital control system can sometimes be enhanced 
by using more than one sample rate for different loops in the system. The 
z-transform does not apply directly to this case and a successive loop closure 
design method for such systems was described in Section 11.6. 

• The cost of a digital control system increases with sample rate due to the 
microprocessor cost and AID cost. Therefore, for high volume products 
where the unit hardware costs dominate, picking the slowest sample rate 
that meets the requirements is the logical choice. For a low volume product, 
the labor cost to design the controller far outweighs the extra cost of a fast 
computer; therefore the logical choice of the sampling multiple is on the 
order of 40 or more so that the extra complexity of digital design methods is 
not required. 

11.8 Problems 

11.1 Find discrete compensation for a plant given by 

0.8 
G(s)= ---. 

s(s + 0.8) 

Uses-plane design techniques followed by the pole-zero mapping methods of Chapter 
6 to obtain a discrete equivalent. Select compensation so that the resulting undamped 
natural frequency (wn) is 4 rad/sec and the damping ratio (s) is 0.5. Do the design 
for two sample periods: 100 ms and 600 ms. Now use an exact z-plane analysis of 
the resulting discrete systems and examine the resulting root locations. What do you 
conclude concerning the applicability of these design techniques versus sample rate? 

11.2 The satellite attitude-control transfer function (Appendix A) is 

T
2 (z + 1) 

G1 (z)= 
2(z

-1)2· 

Determine the lead network (pole, zero, and gain) that yields dominant poles at s = 0.5 
and wn 

= 2 rad/sec for ws 
= l ,  2, and 4 Hz. Plot the control and output tinie histories 

for the first 5 sec and compare for the different sample rates. 

11.3 Consider the satellite design problem of Appendix A. 

(a) Design full state feedback controllers with both roots at z = 0 for T = 0.01, 0.1, 
and 1 sec. 

(b) Plot the closed-loop magnitude frequency response of 0 for the three sample rates 
and determine the closed-loop bandwidth for each case. 

(c) Plot the step response for the three sample rates and determine the rise time. 
Compare these values against that predicted by the relation in Section 2.1. 7, 
t, � l .8/wn . 

11.4 Following the satellite design problem used for Example 11.3, evaluate the rms errors 
versus sample rate due to plant disturbance noise, using the case where only the attitude, 
0, is measured and used by an estimator to reconstruct the state for control. Base all 
discrete control gains on z-plane roots that are equivalent to s 0.7 and wn = 3 rad/sec 
and estimator gains on z-plane roots equivalent to s = 0.7 and wn = 6 rad/sec. Assume 
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11.8 Problems 477 

the torque disturbance has a power spectral density of R
w sd = 1 N2 -m2 lsec as was 

done for Example 11.3. Plot the error for ws = 6, 10, 20, 40, 80, and 200 rad/sec and 
comment on the selection of T for disturbance rejection in this case. 

11.5 In Appendix A, Section A.4, we discuss a plant consisting of two coupled masses. 
Assume M = 20 kg, m = 1 kg, k = 144 Nim, b = 0.5 N-seclm, and T = 0.15 sec. 
(a) Design an optimal discrete control for this system with quadratic cost J = y2 

+ u2 . 
Plot the resulting step response. 

(b) Design an optimal discret� filter based on measurements of d with Rv = 0.1 m2 

and a disturbing noise in the form of a force on the main mass M with R = 0.001 
N2. 

w 

(c) Combine the control and estimation into a controller and plot its frequency response 
from d to u. 

(d) Simulate the response of the system designed above to a step input command 
and, leaving the controller coefficients unchanged, vary the value of the damping 
coefficient b in the plant. Qualitatively note the sensitivity of the design to this 
parameter. 

(e) Repeat steps (a) to (d) for T 0.25 sec. 
11.6 For each design in Problem 11.2, increase the gain by 20% and determine the change in 

the system damping. 
11. 7 Consider a plant consisting of a diverging exponential, that is, 

x(s) a 

u(s) s a 

Controlled discretely with a ZOH, this yields a difference equation, namely, 

x(k + 1) eaT x(k) + [eaT - l]u(k). 

Assume proportional feedback, 

u(k) = -Kx(k), 

and compute the gain K that yields a z-plane root at z = e-bT . Assume a = 1 sec-1, 
b 2 sec- 1 , and do the problem for T = 0.1, 1.0, 2, 5 sec. Is there an upper limit on 
the sample period that will stabilize this system? Compute the percent error in K that 
will result in an unstable system for T = 2 and 5 sec. Do you judge that the case when 
T = 5 sec is practical? Defend your answer. 

11.8 In the disk drive servo design (Problem 9.11 in Chapter 9), the sample rate is often 
selected to be twice the resonance (w = 6 kHz in this case) so that the notch at the 
Nyquist rate (ws/2) coincides with the

s 
resonance in order to alleviate the destabilizing 

effect of the resonance. Under what conditions would this be a bad idea? 
11.9 For the MIMO system shown in Fig. 11.15, let k = 10 Nim. Design an MR sampling 

controller where the fast sampling rate on the x
2 

to u
2 

loop is 10 Hz (T = 100 msec) and 
the slow sampling on the x

1 
to u

1 
loop is 2 Hz (T = 500 msec). Pick the fast poles at 1.5 

Hz withs 0.4 and the slow poles at 0.3 Hz withs = 0.7. 
11.10 For your design in Problem 11.9, evaluate the steady state rms noise response of x

1 
and 

x
2 

for an rms value of w = 0.1 N. Repeat the design with the same pole locations, for 
two cases: 
(a) fast sample period T

f
asr = 50 msec, and slow sample period ½

low 
= 500 msec, 
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4 78 Chapter 11 Sample Rate Selection 

(b) fast sample period T
1 
ast = 100 msec, and slow sample period Ts low = 250 msec, 

and evaluate the rms response in both cases. If extra computational capability 
existed, where should it be used? In other words, which sample rate should be 
increased? 

11.11 Replot the information in the lower curve in Fig. 11.6 (that is, no quantization noise) 
for three cases: (a) process noise and no measurement noise (the case already plotted), 
(b) process noise and measurement noise with an rms = 1, and ( c) measurement noise 
with an rms = 1 and no process noise. Use exactly the same controller and estimator 
as the current plot. Note that FIG 116.M assumes Rv = 1 for purposes of computing the 
continuous estimator gains; however, in computing the rms response, no measurement 
noise was included. 
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A Perspective on System Identification 

In order to design controls for a dynamic system it is necessary to have a model 
that will adequately describe the system's motion. The information available 
to the designer for this purpose is typically of two kinds. First, there is the 
knowledge of physics, chemistry, biology, and the other sciences which have 
over the years developed equations of motion to explain the dynamic response of 
rigid and flexible bodies, electric circuits and motors, fluids, chemical reactions, 
and many other constituents of systems to be controlled. However, it is often 
the case that for extremely complex physical phenomena the laws of science 
are not adequate to give a satisfactory description of the dynamic plant that we 
wish to control. Examples include the force on a moving airplane caused by 
a control surface mounted on a wing and the heat of combustion of a fossil 
fuel of uncertain composition. In these circumstances, the designer turns to data 
taken from experiments directly conducted to excite the plant and measure its 
response. The process of constructing models from experimental data is called 
system identification. In identifying models for control, our motivation is very 
different from that of modeling as practiced in the sciences. In science, one seeks 
to develop models of nature as it is; in control one seeks to develop models of 
the plant dynamics that will be adequate for the design of a controller that will 
cause the actual dynamics to be stable and to give good performance. 

The initial design of a control system typically considers a small signal anal
ysis and is based on models that are linear and time-invariant. Having accepted 
that the model is to be linear, we still must choose between several alternative 
descriptions of linear systems. If we examine the design methods described in 
the earlier chapters, we find that the required plant models may be grouped in 
two categories: parametric and nonparametric. For design via root locus or pole 
assignment, we require a parametric description such as a transfer function or a 
state-variable description from which we can obtain the poles and zeros of the 
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parametric model 

nonparametric model 

plant. These equivalent models are completely described by the numbers that 
specify the coefficients of the polynomials, the elements of the state-description 
matrices, or the numbers that specify the poles and zeros. In either case we call 
these numbers the parameters of the model, and the category of such models is 
a parametric description of the plant model. 

In contrast to parametric models, the frequency-response methods of Nyquist, 
Bode, and Nichols require the curves of amplitude and phase of the transfer 
function G(ejwT) = Y(jw)/ U(jw) as functions of w. Clearly, if we happen 
to have a parametric description of the system, we can compute the transfer 
function and the corresponding frequency response. However if we are given 
the frequency response or its inverse transform, the impulse response, without 
parameters (perhaps obtained from experimental data) we have all we need to 
design a lead, lag, notch, or other compensation to achieve a desired bandwidth, 
phase margin, or other frequency response performance objective without ever 
knowing what the parameters are. We call the functional curves of G(ejwT) a 
nonparametric model because in principle there is no finite set of numbers that 
describes it exactly. 

In addition to the selection of the type of model desired, one must define 
the error to be minimized by the model estimate. For transfer functions, if we 
assume the true value is G(ejwT) and the model is given by G(ejwT), then one 
possible measure is f(G(ejwT) G(ejwT))2dw. Clearly other measures are also 
possible and can be considered. For discrete-time parametric models a standard 
form assumes that the output is generated by the discrete equation 

a(z)y = b(z)u + c(z)v, (12.1) 

where a, b, and c are polynomials in the shift operator1 
z, y is the output, u is the 

input, and v is the error and assumed to be a random process independent of u. If 
c(z) = a(z), then v is called the output error, for in that case Eq. (12.1) becomes 
y = [b(z)/a(z)] u + v, and v is noise added to the output of the system. If c(z) 
= 1 then v is called the equation error, for it is the error by which the data y and 
u fail to satisfy the equation given by a(z)y = b(z)u. Finally, if c(z) is a general 
polynomial, then Eq. (12.1) is equivalent to a Kalman filter and v is called the 
prediction error. 

The data used in system identification consist mainly of the records of input, 
u (k), and output, y (k) and assumptions about the error. However, in addition 
to these records there is usually very important information about the physical 
plant that must be used to get the best results. For example, the plant transfer 
function may have a known number of poles at z = 1 corresponding to rigid 
body motion. If there are such known components, the data can be filtered so 
that the identification needs only estimate the unknown part. Also typically it 

1 Some authors use the variable q as the shift operator to avoid confusion with z as the variable of the Z 

transform. It is expected that the rare use of z as an operator will not cause confusion here. 
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12.1 Defining the Model Set for Linear Systems 481 

is known that the important features of the transfer function are contained in 
a known frequency range and that data outside that range is only noise. It is 
important to filter the raw data to remove these components in so far as possible 
without distorting important features to prevent the algorithm from distorting the 
estimated model in a futile effort to explain this noise. The important conclusion 
is that all a priori information be used fully to get the best results from the 
computations. 

In summary, identification is the process by which a model is constructed 
from prior knowledge plus experimental data and includes four basic compo
nents: the data, the model set, the criterion by which one proposed model is to 
be compared with another and the process of validation by which the model is 
confirmed to mimic the plant on data not used to construct the model. Because 
of the large data records necessary to obtain effective models and the complex
ity of many of the algorithms used, the use of computer aids is essential in 
identification. Developments such as the MATLAB System Identification Tool
box are enormous aids to the practical use of the techniques described in this 
chapter. 

Chapter Overview 

In this chapter, we consider several of the most common and effective approaches 
to identification of linear models. In Section 1 we consider the development of 
linear models as used in identification. In Section 2 the construction of non
parametric models is considered. Data taken by single sinusoidal signal inputs 
as well as data in response to a complex signal are considered. Also presented 
is the concept of including prior knowledge of the plant response, including 
the possibility of known pole locations for rigid body cases. In Section 3 tech
niques for identification of parametric linear models based on equation error 
are introduced with the selection of parameters and definition of the error. Al
gorithms for batch least squares are given in Section 4, recursive least squares 
in Section 5, and stochastic least squares in Section 6. It is shown that bias is 
encountered when the equation error is not a white noise process in each of the 
techniques. In Section 7 the method of maximum likelihood is introduced as a 
method that can overcome the bias considering the prediction error. Finally, in 
Section 8 the estimation of state description matrices based on subspace methods 
is described. 

12.1 Defining the Model Set for Linear Systems 

Formally, one proceeds as follows with the process of linearization and small
signal approximations. We begin with the assumption that our plant dynamics are 
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482 Chapter 12 System Identification 

adequately described by a set of ordinary differential equations in state-variable 
form as discussed in Section 4.3.6 

X
I

= f1
(x

1
, ... ' x

n
, u

l
, ... ' u

m
, t), 

X
2 

= f
2
(X

l
' ••• ' X

n
, Ul, ••• ' U

m
, t), 

ill = f,Jx
1 , ... , x

ii , u
l
, ... , u

m
, t), 

Y1 
= h/x1, ... ' x

ii
, u

l
, ... ' u

m
, t), 

(12.2) 

or, more compactly in matrix notation, we assume that our plant dynamics are 
described by 

x = f(x, u, t), 

y = h(x, u, t). (12.3) 

The assumption of stationarity is here reflected by the approximation that f 
and h do not change significantly from their initial values at t

0
. Thus we can set 

or, simply, 

x = f (x, u, t
0

) 

x = f(x, u), 

y = h(x, u). (12.4) 

The assumption of small signals can be reflected by taking x and u to be 
always close to their reference values x

0
, u

0
, and these values, furthermore, to be 

a solution of Eq. (12.4), as 

(12.5) 

Now, if x and u are close to x
0 

and u
0

, they can be written as x = x
0 
+ 

8x; u = u
0 
+ 8u, and these can be substituted into Eq. (12.4). The fact that 8x 

and 8u are small is now used to motivate an expansion of Eq. (12.4) about x
0 

and 
u

0 
and to suggest that only the terms in the first power of the small quantities 

8x and 8u need to be retained. We thus have a vector equation and need the 
expansion of a vector-valued function of a vector variable 

(12.6) 

If we go back to Eq. (12.2) and do the expansion of the components � one at a 
time, it is tedious but simple to verify that Eq. (12.6 ) can be written as 

(12.7) 
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12.1 Defining the Model Set for Linear Systems 483 

where we define the partial derivative of a scalar f with respect to the vector x 
by a subscript notation 

(12.8) 

The row vector in Eq. (12.8) is called the gradient of the scalar f1 
with respect 

to the vector x. If f is a vector, we define its partial derivatives with respect to the 
vector x as the matrix (called the Jacobean) composed of rows of gradients. In 
the subscript notation, if we mean to take the partial of all components, we use 
the bold vector as the subscript 

af1 

ax 
af2 

f = 
X ax (12.9) 

at,l 
ax 

Now, to return to Eq. (12.7), we note that by Eq. (12.5) we chose x
0

, u
0 

to be a 
solution so the first terms of Eq. ( 12.7) balance, and, because the terms beyond 
those shown depend on higher powers of the small signals ox and ou, we are led 
to the approximation 

ox �, f/xo, uo)ox + f
u 
(xo, uo)ou 

oy = h
x
ox + h

u
ou. (12.10) 

Now the notation is overly clumsy and we drop the o-parts and define the constant 
matrices 

F = f/x
0

, u
0

), 

H = h/x
0

, u
0

) 

G = f/x
0

, u
0

) 

J = hu 
(xo, uo) 

to obtain the form we have used in earlier chapters 

x=Fx+Gu, y = Hx+Ju. (12.1 1) 

We will go even further in this chapter and restrict ourselves to the case of single 
input and single output and discrete time. We write the model as 

x(k + 1) = <l> x(k) + ru(k), 
y(k) = Hx(k) + Ju(k), 

from which the transfer function is 

G(z) = Y(z)/ U(z) = H(zl <l>)- 1r + J, 

and the unit pulse response is 

g(O) = J g(k) = H<I>
k

-l r k = 1, ... 

(12.12) 

(12.13) 

(12.14) 
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484 Chapter 12 System Identification 

The System Identification Toolbox includes the multivariable case, and multivari
able theory is covered in a number of advanced texts devoted to identification, 
including Ljung (1987). 

12.2 Identification of Nonparametric Models 

identification, 
one-frequency-at-a-time 

One of the important reasons that design by frequency-response methods is so 
widely used is that it is so often feasible to obtain the frequency response from 
experimental data. Furthermore, reliable experimental estimates of the frequency 
response can be obtained when noise is present and when the system is weakly 
nonlinear. Models based on such frequency-response data can then be used ef
fectively in control system design using, for example, the methods of Bode. The 
presence of nonlinearity leads to the concept of the "describing function," a topic 
that will be considered in Chapter 13. Here we will introduce and illustrate ex
perimental measurement of the frequency response in the case of linear, constant, 
stable models, including the possibility of unmeasured noise inputs to the system. 

The situation to be considered is described by the transform equations 

Y(z) = G(z)U(z) + H(z)W(z). (12.15) 

In this equation, Y is the plant output, U is the known plant control input, and 
Wis the unmeasured noise (which might or might not be random). G is thus the 
plant transfer function and H is the unknown but stable transfer function from 
the noise to the system output. The frequency response of this system, as was 
discussed in Chapter 2, is the evaluation of G(z) for z on the unit circle. If the 
noise is zero and the input u(k) is a sinusoid of amplitude A and frequency%, 
then u(k) is given by 

u(kT) = A sin(u>akT), 

and the output samples, in the steady state, can be described by 

y(kT) = B sin(WakT + </)
0
), 

where 

B/ A= I G(eiwoT)j 
¢

0 
= L G(eiwor). 

(12.16) 

(12.17) 

(12.18) 

Given the situation described by Eq. (12.15), there are two basic schemes 
for obtaining a nonparametric estimate of G(eiwT). The first of these can be 
described as the one-frequency-at-a-time method and the other as the spectral 
estimate method. We will describe these in tum. In each case we will require the 
computation of Fourier transforms using finite records of data; and for this the 
discrete Fourier transform (OFT) described in Chapter 4 is used, especially in its 
computationally optimized form, the fast Fourier transform (FFT). 
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12.2 Identification of Nonparametric Models 485 

The Method of One Frequency at a Time 

We assume that we have a system as described in Eq. (12.15) and that the input is 
a sinusoid of the form of Eq. (12.16). The input and the output are recorded for N 
samples, and we wish to find the amplitude Band the phase ¢

0
, from which one 

point on the frequency response can be computed according to Eq. (12.18). We 
then increment the frequency to cv1 = cv 

O 
+ 8cv and repeat until the entire range of 

frequencies of interest is covered with the desired resolution. The accuracy of the 
estimate at any one point is a function of the number of points taken, the relative 
intensity of the noise, and the extent to which system transients have been allowed 
to decay before the recordings are started. We will describe the calculations in an 
ideal environment and discuss briefly the consequences of other situations. 

Consider an output of the form of Eq. (12.17) but with unknown amplitude 
and phase. Recognizing that the experimental data might reflect some nonlinear 
effects and contain some noise component, a reasonable computational approach 
is to find that amplitude B and phase ¢

0 
which best fit the given data. We define 

the estimate of the output as 

y(kT) = B sin(WakT + ¢
0

) 

= Bc cos(cvokT) + Bs sin(cvokT), 

where Bc = B sin(¢0
) and Bs = B cos(¢

0
). Once we have computed Bc and Bs 

we can compute the values of B and ¢
0 

as 

B = J(B; + B;), 
B 

¢
0 

= arctan ___£. 

BS 

(12.19) 

To find the best fit of y to the data, we form the quadratic cost in the error between 
y and y as 

Keep in mind that y(kT) is the measured output and y(kT) is the computed 
estimate of the output. We wish to compute Bc and Bs so as to make J as small 
as possible. To do this, we set the derivative of J with respect to Bc and Bs equal 
to zero. Consider B first 
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486 Chapter 12 System Identification 

If we use elementary trigonometric identities for the product of sine and cosine, 
and collect terms of the sum, this expression is equivalent to 

1 N-1 B B N-I 

N 
b y(kT) cos(WakT) 

2
c -

2
lv, b cos(2WakT) 

BS N-1 
2N L sin(2WakT) = 0. (12.20) 

k=O 

Generally, we would expect the last two terms in Eq. (12.20) to be small because 
the sinusoids alternate in sign and have zero average value. They will be exactly 
zero if we select the test frequencies carefully. Consider the following identity 
( which also played an important role in the development of the DFT in Chapter 4) 

1 N-1 1 
- z-N 

N 
Lz-k = N(l - z-1 ) . k=O 

If we select integers .e and N and let z = ej2n e; N, corresponding to w = 2n f, / N, 
then 

1 N-1 1 -j2n£ 
_ '\' e-j2n£k/N 

= 

- e 

N L..t 1 e-j2n£/N 
k=O 

{ 1, l=rN 
- 0 elsewhere (12.21) 

If we substitute Euler's formula, e-j2n£k/N = cos(2nlk/N) j sin(2nlk/N), 
into the left side of Eq. (12.21) and equate real and imaginary parts, we find that 

and also 

- L cos(2nlk/ N) = � ;1:;:re 
1 N-1 

{ N k=O 

1 N-1 
L sin(2nlk/ N) = 0. 

N k=O 

If we now select our test frequencies to be w 
O 

= 2n e /NT, for integer e, then 
Eq. (12.20) reduces to 

2 N-1 
Bc = - Ly(kT) cos(2nlk/ N). (12.22) 

N k=O 

In similar fashion, for this choice of input frequency, one can show that 
2 N-1 

Bs = - Ly(kT) sin(2n.€k/ N). (12.23) 
N k=O 

Thus Eq. (12.22) and Eq. (12.23) give us formulas for computing the values of 
Bc and Bs, and Eq. (12.19) gives us the formulas for the gain and phase that 
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12.2 Identification of Nonparametric Models 487 

describe the output data y(kT). The transfer function from which the output was 
measured is then given by Eq. ( 12.18). 

Equation (12.22) is closely related to the DFT of y derived in Section 4.5. 
In fact, if we assume that y(kT) is a sinusoid of frequency we = 2n f/ NT and 
consider the D FT of y 

N-1 

DFT[y(kT)] = L y(kT)e-j2rrkn/N 
k=O 
N-1 

= L y(kT)[cos(2nkn/ N) - j sin(2n:kn/ N)] 
k=O = { t[B, - jB,], n = f 

Likewise, the DFT of the sinusoidal input of the same frequency is given by 

N-1 

DFT[u(kT)] =L A sin(2n:fk/ N)e-j2rrek/N 
k=O 
A N-1 

= -:- L[ej2rrlk/N _ e-j2rrlk/N
]e-j2rrnk/N 

2J k=O 
NA 
2} 

(n = f) 

= 0, elsewhere. 

Thus, for n = f, the ratio of the DFT of y to that of u is 

DFT(y) 
DFT(u) 

= 
(N /2)(Bc - j B) 

NA/2} 
BS + j BC 

A 

= IGleN>o, 

(12.24) 

(12.25) 

which is the result found in Section 4.5. Of course, using the DPT or the FFT 
on y(kT) and u(kT) just for one point on the transfer function is unnecessarily 
complicated, but because the DFT automatically computes the best fit of a sinu
soid to the output in the least-squares sense, the result is very accurate and, with 
the use of the FFT, it is fast. 

It is possible to take advantage of Eq. (12.25) to evaluate the transfer function 
at several frequencies at once by using an input that is nonzero over a band of 
frequencies and computing the ratio of output to input at each nonzero value. 
To illustrate this technique, we will use an input known as a chirp, which is a 
modulated sinusoidal function with a frequency that grows from an initial value 
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488 Chapter 12 System Identification 

fft 

to a final value so as to cover the desired range. An example of a chirp is given 
by the formulas 

u(kT) = A
0 
+ w(k) sin(wiT), 

w(k) = A sat(k/0.lN)sat((N 
k 

w -w +-(w -w ) 
k - start 

N 
end start • 

O�k�N-l, 

k)/0.lN), 

(12.26) 

In this expression, w (k) is a weighting or window function that causes the input 
to start at zero, ramp up to amplitude A, and ramp down to zero at the end. The 
"sat" is the saturation function, which is linear from -1 to + 1 and saturates at 
-1 for arguments less than -1 and at + 1 for arguments greater than + 1. The 
constant A

0 
is added to make the input have zero average value. 

Example 12.1 A Chirp Signal 

Plot a chirp of maximum amplitude 1.0, starting frequency w T = 0.1 rad and ending frequency 
wT = 0.75 rad. Use 256 points. Also plot the magnitude of the transform of the signal. 

Solution. From Eq. (12.26) we have A= 1, Twstart = 0.1, Twend = 0.75, and N = 256. 
The constant A

0 
was computed as the negative of the average of the basic signal, using MATLAB. 

The transform was computed using fft. m. The results are plotted in Fig. 12.1, parts ( a) and (b ). 
Notice that the actual spectrum is very flat between 0.3 and 1.0 rad and has non-negligible 
energy over the wider range between 0.1 and 1.5 rad. The energy above Twend = 0.75 rad is 
the result of the fact that the chirp is really a frequency modulated signal and many sidebands 
are present. 

Example 12.2 Computing a Transfer Function 

Apply the chirp signal of Example 12.1 to a system obtained as the zero order hold equivalent 
of 1/(s2 

+ 0.25s + 1) with T = 0.5. Compute the estimate of the transfer function using 
Eq. (12.25). 

Solution. The results of the application of Eq. (12.25) to this data are plotted in Fig. 12.1, 
parts (c) and (d). The true frequency response is plotted as a solid line and the experimental 
transfer function estimate is plotted as x's on the same graphs. As can be seen, the estimate 
is a very accurate measure for frequencies up to 1.8 rad, after which the estimate deviates 
badly from the true magnitude and phase curves. This deviation coincides with the frequencies 
where the input has little energy and leads us to conclude that one should not trust the result of 
Eq. (12.25) unless the input has significant energy at the computed frequency. 
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Figure 12.1 
Estimation of transfer 
function using a chirp 
signal: (a) the chirp, 
(b) the chirp's spectrum, 
(c) the transfer function 
and its magnitude 
estimate, (d) the true 
and estimated phase 
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As illustrated by Example 12.1, a signal can be constructed to have energy only in 
a certain band, and with its use the transfer function can be accurately estimated 
in this band. This observation is a particular case of an extremely important 
principle in system identification: 

Use all available prior knowledge 
to reduce the uncertainty in the estimate. 

In the case of Example 12.1, we were able to use the fact that the important 
features of the unknown transfer function are in the digital frequency range 
0.1 :S cv T =S 1.5 to design a chirp signal that would provide energy in that range 
only. Another situation, which was developed by Clary (1984), occurs when 
part of the transfer function is already known. This is common in the control of 
mechanical devices, such as robot mechanisms or space structures, where one 
knows that the transfer function has two poles at the origin in the s-plane and 
thus two poles at z = 1 in the z-plane. We may also know how fast the transfer 
function goes to zero for high frequencies and from this knowledge assign zeros 
of the transfer function at z -1 to correspond to these. This assumption is not 
exact, because zeros at infinity in the s-plane do not map to any fixed point in the 
z-plane; however, in almost all cases, they result in z-plane zeros that are often 
well outside the unit circle so that they have almost no influence on the frequency 
response over the important band and are very difficult to identify accurately. It 
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490 Chapter 12 System Identification 

Clary's method 

is for this reason that knowns-plane zeros at infinity can be assigned to z = -1 
and used to reduce the uncertainty in the discrete transfer-function estimation. 

To illustrate Clary's procedure, suppose we model the known poles as the 
roots of the polynomial a/z) and model the known zeros as the roots of b/z). 
Then the overall transfer function can be factored into known and unknown parts 
in the form 

G( ) = b/z) 
G ( ). Z 

( ) 1 Z 
ak Z 

(12.27) 

In block-diagram form, the situation can be arranged as shown in Fig. 12.2. In 
this case, once the simpler unknown G 1 (z) is estimated from the filtered data u 1 
and yf' the overall transfer function G(z) can be reconstructed from Eq. (12.27). 

Example 12.3 Using Known Components 

Figure 12.2 

Block diagram of 
identification of a 
partially known transfer 
function 

Consider the system formed by multiplying the plant of Example 12.2 by 1/s2. Identify the 
corresponding discrete system by Clary's method. 

Solution. The resulting fourth-order discrete system has two poles at z = 1 and zeros at 
z = -9.5, z = -0.98, and z = -0.l. If the same chirp signal used in Example 12.2 is used to 
identify this transfer function from its input and output, the results are shown in Fig. 12.3(a) 
and (b). Clearly the estimates, shown by x's on the plots, are very poor in both magnitude 
and phase. However, if u is filtered by ( 1 + z- 1) 2 and y is filtered by ( 1 z -l) 2, then the 
transfer function G 1 can be estimated from these signals. Afterward, the estimated frequency 

y 

Yt 

I.D. 

G1 <z) 
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Figure 12.3 

Transfer function 
estimates for a 
fourth-order system 
without filtering (a) 
and (b) and with filtering 
of the data, (c) and (d) 
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responses are multiplied by the known frequency responses according to Eq. (12.27) and the 

total frequency response is plotted in Fig. 12.3(c) and (d). Now an excellent estimate of the 

transfer function results. 

Our final example of the use of prior information in identification occurs 
when it is known what the important frequency range is and, furthermore, that 
significant sensor noise appears in the plant output outside this range. Such noise 
is almost always present in experimental data and typically includes both noise 
from physical sources and noise that can be attributed to the quantization of 
AID conversion. In this case, we observe that the identification of G(z) is the 
same as the identification of F(z)G(z)F(z)- 1 because the filter transfer function 
F cancels. However, suppose that we filter both u and y through F. Although 
this has no influence on the relation between u and y, it can suppress the noise 
significantly. The equations that illustrate this effect are 

y =Gu+ v, 

Fy = GFu + Fv, 

y1=Gu1+Fv. (12.28) 

Therefore, we have succeeded in replacing the noise input v with the filtered 
noise Fv while keeping the same relation between the signal input and the 
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492 Chapter 12 System Identification 

output as before. If the noise includes significant energy at frequencies that 
are not important to the signal response, then F can be shaped to remove these 
components and greatly improve the transfer-function estimates. Most commonly, 
Fis a lowpass filter such as a Butterworth characteristic with a cutoff frequency 
just above the range of important frequencies for the plant model. In the case 
of nonparametric estimation, the effect of the lowpass filter can be achieved 
simply by ignoring the estimates outside the desired range, as could be seen from 
Fig. 12.1. However, when we come to parametric estimation, the use of such 
filters will be found to be essential. 

Stochastic Spectral Estimation 

The deterministic methods just described require a high signal-to-noise ratio in 
the important band of the transfer function to be estimated. If this is not available, 
as frequently occurs, an alternative based on averaging or statistical estimation is 
available. The necessary equations are easily derived from the results on stochastic 
processes given in Appendix D. Suppose we describe the plant dynamics with 
the convolution 

00 

y(n) = L g(k)u(n - k) (12.29) 
k=-oo 

and assume that u and therefore y are zero mean stochastic processes. If we 
multiply Eq. (12.29) on both sides by u(n £) and take expected values, we 
obtain 

00 

£y(n)u(n - £) = £ L g(k)u(n - k)u(n - £), 
k=-oo 

00 

R
y
/£) = L g(k)R

u
/f, k), 

k=-oo 

(12.30) 

where Ryu ( £) is the cross-correlation between the y process and the u process 
and Ruu (f, - k) is the autocorrelation of the u process. If we take the z-transform 
of Eq. (12.30), it is clear, because this is a convolution, that 

and thus that 

G(z) (12.31) 

where Syu (z), called the cross-power spectrum between they and the u processes, 
is the z-transform of R (f,) and S (z), the z-transform of R (£), is called the yu uu uu 
power spectrum of the u process. 
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12.2 Identification of Nonparametric Models 493 

With these equations, the estimation of the transfer function G(z) has been 
converted to the estimation of the correlation functions R and R or, equiva-yu uu 
lently, to the estimation of the spectra S and S from the data records of y (k) yu uu 
and u (k). This topic, spectral estimation, is covered by a vast literature going back 
to the 1930's at least, and we will indicate only some of the important results 
relevant to the identification problem here. In the first place, our estimation of 
the correlation functions depends upon the ergodic assumption that the stochastic 
expectations can be computed as time averages according to 2 

1 
N 

R (£) = lim -- L y(n)u(n - n yu N--HX> 2N + 1 n=-N 
(12.32) 

In order to use Eq. (12.32) with experimental data, we must consider that the data 
are finite. Suppose we have N points of input and N points of output data. Then 
we can write 

1 
N 

R (£) = - "y(n)u(n - l), yu NL n=O 
(12.33) 

where it is understood that y(k) and u(k) are zero outside the range O ::: k =::: 
N - 1. The number of data values used to compose Ryu(£) inEq. (12.33) is N - e. 
Clearly, as e gets near to N, this number gets small and very little averaging is 
involved. We conclude that the estimate of R from Eq. (12.33) can be expected to 
be very poor for Ill near N, and we normally stop the sum for Ill > L/2, where 
we might take L = N /8, for example. The resulting estimate is a complicated 
function of the exact number of points used, and typically, in identification, the 
number to be used is determined by experience and experimentation. Another 
feature of Eq. (12.33) is the fact that in taking a finite number of points in the 
sum, it is as if we had multiplied the result, for any given £, by a window of 
finite duration. The transform reflection of such a product is to convolve the 
true spectrum (transform) with the transform of the window, and the rectangular 
window obtained by simply truncating the series is particularly poor for this 
purpose. Rather, another window is normally introduced that has better spectral 
smoothing properties, such as the Hamming or the Kaiser window. To illustrate 
some of the properties of windows, a Hamming window of length 64 and its 
magnitude spectrum are plotted in Fig. 12.4. It should be recalled that convolution 
of a function with an impulse returns exactly the same function. Convolution with 
a bandpass filter of finite width has the effect of averaging the function over the 
width of the pass band. Fig. 12.4 shows that the Hamming window of length 64 
has a spectrum with a main lobe of width about 8/128, or 6.25% of the Nyquist 
frequency. A longer window would have a more narrow pass band, and a shorter 
window would have a wider spectral lobe and consequently more averaging of 
the spectrum in computing the estimate by Eq. (12.33). The engineer must use 

2 The MATLAB function xcorr computes R
Y,,

(-£) = R,,Y 
(.e). 
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Figure 12.4 

Hamming window: 

(a) weighting function, 
and (b) spectrum 
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judgement to select a window function length that will balance noise reduction, 
for which a short window is wanted, against average spectrum accuracy, for which 
a long window is wanted. 

From these considerations, a practical formula for spectrum estimation is 
derived as 

L/2 

S (z) = " w(f)R (f)z-e. yu � yu 
£=-L/2 

(12.34) 

Example 12.4 Stochastic Estimate of a Transfer Function 

Apply a random input signal to the second-order system of Example 12.2 and estimate the 

transfer function using Eq. (12.31) with the estimates according to Eq. (12.34). Repeat, with 

20% random noise added to the output. 

Solution. The system was excited with a 256-point random input of zero mean, and the 

autocorrelation and the cross-correlation were computed for all 512 points for the output with 

no noise and for the output with 20% noise. That is, the input to the system had a root-mean

square value of one, and the output had a noise added whose root-mean-square value was 

0.2. A Hamming window of width 256 was used and the spectra computed for the system 
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Figure 12.5 

Estimation of transfer 
function with random 
input using spectral 
estimation: (a) and (b) no 
noise, (c) and (d) 20% 
noise 
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with no noise and for the system with output noise. The resulting transfer functions computed 
according to Eq. (12.31) are plotted in Fig. 12.5. 

As can be seen from parts (a) and (b) of Fig. 12.5, the estimate when there is 

no noise is excellent. However, with the noise, as seen in parts ( c) and ( d), there 
is serious deviation of the estimate from the true transfer function, especially at 
the higher frequencies. In a real situation, serious consideration would be given 
to using a shorter window, perhaps as short as 100 or even less. As the window is 
shortened, however, the details of the resonant peak, as discussed, will be smeared 
out. The engineer's judgement and knowledge of the system under investigation 
must be used to balance the random fluctuations against the systematic errors. 

12.3 Models and Criteria for Parametric 
Identification 
Because several design techniques including design by root locus and design 
by pole placement require a parametric model, it is important to understand how 
such models can be constructed. This is particularly important for adaptive control 
where the design must be implemented on-line and either the plant parameters 
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496 Chapter 12 System Identification 

or the controller parameters are to be estimated. To formulate a problem for 
parametric identification, it is necessary to select the parameters that are to be 
estimated and a criterion by which they are to be evaluated. 

12.3.1 Parameter Selection 

For example, suppose we have a transfer function that is the ratio of two polyno
mials in z. We can select the coefficients of these polynomials as the parameters. 
For the third-order case 

G(z, 0) 
3 2 ' 

z + a1 z + a
2
z + a3 

and the parameter vector 0 is taken as 

0 = (a 1 a2 
a3 b 1 b2 b3)

7

. 

(12.35) 

(12.36) 

We imagine that we observe a set of input sample values [u(k)] and a set of 
corresponding output sample values [y(k)], and that these come from a plant that 
can be described by the transfer function Eq. (12.35) for some "true" value of 
the parameters, 8° . Our task, the parametric identification problem, is to compute 
from these [u(k)] and [y(k)] an estimate O that is a "good" approximation to 8° .3 

To repeat the formulations from a different point of view, suppose we postu
late a (discrete) state-variable description of the plant and take the parameters to 
be the elements of the matrices <I>, r, H. We assume J = 0. Then we have 

x(k + 1) = <1>(8 1)x(k) + r(8 1)u(k), 

y(k) = H(8
1
)x(k). (12.37) 

For the third-order model, there are nine elements in <I> and three elements each 
in rand H, for a total of fifteen parameters in Eq. (12.37), where six were enough 
in Eq. (12.35 ) for an equivalent description. If the six-element 8 in Eq. ( 12.36) 
and the fifteen-element 8

1 
in Eq. (12.37 ) describe the same transfer function, 

then we say they are equivalent parameters. Any set of u(k) and y(k) generated 
by one can be generated by the other, so, as far as control of y based on input 
u is concerned, there is no difference between 8 and 0

1 
even though they have 

very different elements. This means, of course, that the state-variable description 
has nine parameters that are in some sense redundant and can be chosen rather 
arbitrarily. In fact, we have already seen in Chapter 4 that the definition of the 
state is not unique and that if we were to change the state in Eq. (12.37) by the 
substitution t = Tx, we would have the same transfer function G(z). It is exactly 
the nine elements of T which represent the excess parameters in Eq. (12.37); 
we should select these in a way that makes our task as easy as possible. The 
standard, even obvious, way to do this is to define our state so that <I>, r, H are in 

3 For the moment, we assume that we know the number of states required to describe the plant. Estimation 

of n will be considered later. 
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Figure 12.6 
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accordance with one of the canonical forms of Chapter 2 for transfer functions. 
For example, in observer canonical form we would have 

[-a
1 

1 0 ] [ b
1 

] 
cl> = -a

2 
0 1 r = b

2 
, 

-a
3 

0 0 b
3 

H = [l O OJ, (12.38) 

and we see immediately that these matrices are just functions of the O of 
Eq. (12.36), and the equivalence of 0

1 
to O is obvious. 

But now let us repeat, in this context, the comments made earlier about the 
difference between identification for control and modelling for science. In taking 
the canonical form represented by Eq. (12.38), we have almost surely scrambled 
into the a

i 
and b

i 
a jumble of the physical parameters of masses, lengths, spring 

constants, coefficients of friction, and so on. Although the physical nature of the 
problem can be best described and understood in terms of these numbers, it is the 
a

i 
and b

i 
that best serve our purpose of control, and it is with these that we will 

be concerned here. 
Before leaving the matter of canonical forms, it is appropriate at this point to 

introduce another form called, in digital signal processing, the ARMA 4 model; 
this model has one feature especially appropriate for identification. A block 
diagram of the ARMA realization of G(z) is .shown in Fig. 12.6. Elementary 
calculations left to the reader will show that the transfer function of this block 

Block diagram of the ARMA realization of G(z) 

y 

4 ARMA, an acronym for AutoRegressive Moving Average, comes from study of random processes 

generated by white noise filtered through the transfer function G(z) of Eq. (12.35). We will have more 

to say about this after the element of randomness is introduced. 
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498 Chapter 12 System Identification 

parameters of the ARMA diagram is given by Eq. (12.35). The state equations are more interesting. Here 
model we find six states and the matrices 

-al -a2 -a3 
1 0 0 

<I>= 0 1 0 
0 0 0 
0 0 0 
0 0 0 

H = [ -a
1 

-a2 -a3 

bl b2 b3 0 
0 0 0 0 
0 0 0 r= 0 
0 0 0 1 
1 0 0 0 
0 1 0 0 

bl b2 b3 ] . (12.39) 

From the point of view of state-space analysis, the system described by 
Eq. (12.39) is seen to have six states to describe a third-order transfer func
tion and thus to be "nonminimal." In fact, the <I> matrix can be shown to have 
three poles at z = 0 that are not observable for any values of a

i 
or b

i
. However, 

the system does have one remarkable property: The state is given by 

x(k) = [y(k - 1) y(k - 2) y(k 3) u(k - 1) u(k - 2) u(k - 3)f. 
(12.40) 

In other words, the state is exactly given by the past inputs and outputs so that, if 
we have the set of [u(k)] and [y(k)], we have the state also, since it is merely a 
listing of six members of the set. 

All the action, as it were, takes place in the output equation, which is 

y(k) = Hx(k) 
= -a

1
y(k - 1) - a2y(k 2) - a3y(k - 3) 

+b
1
u(k - 1) + b2u(k - 2) + b3u(k - 3). (12.41) 

There is no need to carry any other equation along because the state equations are 
trivially related to this output equation. We will use the ARMA model in some 
of our later formulations for identification. 

Thus we conclude that within the class of discrete parametric models we 
wish to select a model that has the fewest number of parameters and yet will 
be equivalent to the assumed plant description. A model whose parameters are 
uniquely determined by the observed data is highly desirable; a model that will 
make subsequent control design simple is also often selected. 

12.3.2 Error Definition 

Having selected the class of models described by our assumed plant description, 
we now tum to the techniques for selecting the particular estimate, 0, that best 
represents the given data. For this we require some idea of goodness of fit of a 
proposed value of O to the true 8°. Because, by the very nature of the problem, 8° 

is unknown, it is unrealistic to define a direct parameter error between O and 8°. 
We must define the error in a way that can be computed from [u(k)] and [y(k)]. 
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Three definitions that have been proposed and studied extensively are equation 
error, output error, and prediction error. 

Equation Error 

For the equation error, we need complete equations of motion as given, for 
example, by a state-variable description. To be just a bit general for the moment, 
suppose we have a nonlinear continuous time description with parameter vector 
6, which we can write as 

x = f(x, u; 6). 

We assume, first, that we know the form of the vector functions f but not the 
particular parameters 6° that describe the plant. We assume, second, that we are 
able to measure not only the controls u but also the state x and the state derivative 
x. We thus know everything about the equations but the particular parameter 
values. We can, therefore, form an error comprised of the extent to which these 
equations of motion fail to be true for a specific value of 6 when used with the 
specific actual data x

a
, x

a
, and ua. We write 

and we assume that there is a vector of true parameters 6° such that e(t; 6°) = 0. 
The vector e(t; 6) is defined as the equation error. The idea is that we would 
form some non-negative function of the error such as 

.J(II) = 1
T eT (t, ll)e(I, ll)dt, (12.42) 

and search over 6 until we find 0 such that .:1(6) is a minimum, at which time 
we will have a parameter set 0 that is an estimate of 6° . If we had an exact set 
of equations and selected a unique parameterization, then only one parameter 
set will make e(t; 6°) = 0, and so we will have 0 = 6° . If noise is present in 
the equations of motion, then the error will not be zero at 0 = 6°, but .:J will be 
minimized at that point. 5 

The assumption that we have enough sensors to measure the total state and 
all state derivatives is a strong assumption and often not realistic in continuous 
model identification. However, in discrete linear models there is one case where 
it is immediate, and that is the case of an ARMA model. The reason for this is 
not hard to find: In an ARMA model the state is no more than recent values of 

5 Methods to search for the minimizing 8 are the subject of nonlinear programming, which is discussed in 

Luenberger (1973). We give a brief discussion later in this chapter connected with maximum likelihood 

estimates. 

co
nt

ro
len

gin
ee

rs
.ir



500 Chapter 12 System Identification 

input and output! To be explicit about it, let us write the linear, discrete model 
equation error, which is 

(12.43) 

where <I> and rare functions of the parameters 0. Now let us substitute the values 
from Eq. (12.39), the ARMA model 

x
1 
(k + 1) -a 1 

-a2 
-a3 b

1 
b

2 
b

3 

xz(k + 1) 1 0 0 0 0 0 
X

3 
(k + 1) 0 1 0 0 0 0 

X
4 
(k + 1) 0 0 0 0 0 0 

x/k + l) 0 0 0 1 0 0 
x

6
(k + 1) 0 0 0 0 1 0 

0 e
1 
(k) 

0 ez(k) 
0 

u(k) = 

e
3
(k) 

1 e
4
(k) 

0 e/k) 
0 e

6
(k) 

XI (k) 
xz(k) 
x/k) 
X

4
(k) 

X
5
(k) 

x
6
(k) 

(12.44) 

When we make the substitution from Eq. (12.40) we find that, for any O (which 
is to say, for any values of a

i 
and b

i
) the elements of equation error are all zero 

except e 1, and this element of error is given by 

x1(k+l) + a
1
x

1
(k)+a

2
xz(k)+a

3
x/k) 

b
1 
x/k) - b

2 
x/k) - b

3 
x

6
(k) = e

1 
(k; 0) 

or 

y /k) + a 1 y /k - 1) + a2 y /k - 2) + a3 y /k - 3) 
- b

1 
u/k - 1) - b

2 
u/k - 2) - b

3 
u/k - 3) = e

1 
(k; 0). (12.45) 

The performance measure Eq. (12.42) becomes 
N 

J(O) = L ef (k; 0). (12.46) 
k=O 

Again, we place the subscript a on the observed data to emphasize the fact that 
these are actual data that were produced via the plant with (we assume) parameter 
values 0° 

= [a� a; a; b� b� b;], and in Eq. (12.45) and Eq. (12.46) an error results 
because O differs from 0°. 

Output Error 

As we have seen, the general case of equation error requires measurement of 
all elements of state and state derivatives. In qrder to avoid these assumptions a 
criterion based on output error can be used. This error is formulated in Fig. 12.7. 
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Figure 12.7 
Block diagram showing 
the formulation of 
output error 

output error 

12.3 Models and Criteria for Parametric Identification 501 

Here we see that no attempt is made to measure the entire state of the plant, but 
rather the estimated parameter O is used in a model to produce the model output 
Ym 

(k), which is a function, therefore, of O in the same way that the actual output 
is a function of the true parameter value 0°. In the scalar output case the output 
error e 

O 
will be a scalar and we can form the criterion function 

N 

J(0) = L e�(k; 0) (12.47) 
k=O 

and search for that 6 which makes J (0) as small as possible. To illustrate the 
difference between output error and equation error in one case, consider again 
the ARMA model for which we have 

y m ( k) 
= -a 1 Y,/ k - 1) - a2 y m 

(k - 2) a3 y m 
(k - 3) 

+ b 1 
uJk - 1) + b

2 
u/k - 2) + b

3 
uJk - 3) 

and then the output error 

e/k; 0) = Ya
(k) - Y,/k) 

= y/k) + a 1 Ym
(k - 1) + a2 Ym

(k - 2) + a3 Ym
(k - 3) 

-b
1 
uJk - 1) b

2 
u/k - 2) b

3 
uJk - 3). (12.48) 

If we compare Eq. (12.48) with Eq. (12.45) we see that the equation error 
formulation has past values of the actual output, and the output error formulation 
uses past values of the model output. Presumably the equation error is in some 
way better because it takes more knowledge into account, but we are not well 
situated to study the matter at this point. 

Prediction Error 

The third approach to developing an error signal by which a parameter search 
can be structured is the prediction error. When we discussed observers in Chapter 
8 we made the point that a simple model is not a good basis for an observer 
because the equations of motion of the errors cannot be controlled. When we add 
random effects into our data-collection scheme, as we are about to do, much the 
same complaint can be raised about the generation of output errors. Instead of 
working with a simple model, with output y

111 
(k), we are led to consider an output 
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502 Chapter 12 System Identification 

predictor that, within the confines of known structures, will do the best possible 
job of predicting y(k) based on previous observations. We will see that in one 
special circumstance the ARMA model error as given by Eq. (12.45) has the least 

prediction error prediction error, but this is not true in general. Following our development of the 
observer, we might suspect that a corrected model would be appropriate, but we 
must delay any results in that area until further developments. For the moment, 
and for the purpose of displaying the output prediction error formulation, we 
have the situation pictured in Fig. 12.8. 

12.4 Deterministic Estimation 

Figure 12.8 
Block diagram showing 
the generation of 
prediction error 

Having defined an error that depends on 0, we can formulate a performance cri
terion and search for that O which is the best estimate of 0° within the context of 
the defined performance. To illustrate this use of error we have already defined a 
J(0) in Eq. (12.42), Eq. (12.46), and Eq. ( 12.47), in each case a sum of squares. 
The choice of a performance criterion is guided both by the computational diffi-

culties it imposes in the effort to obtain O and by the properties of the estimate 
that results, that is, by how hard O is to find and how good it is when found. 
Among the criteria most widely used are: 

1. least-squares estimate (LS), 

2. best linear unbiased estimate (BLUE), and 

3. maximum likelihood estimate (MLE) 

The last two criteria require a stochastic element to be introduced into the 
model, and our understanding of least squares is enhanced by a stochastic perspec
tive. However, before we introduce random noise into the picture, it is informative 
to consider deterministic least squares. Thus we will discuss least squares first, 
then introduce random noise and discuss the formulation of random errors, and 
finally define and discuss the BLUE and the MLE, their calculation and their 
properties. 

Prediction y(k) 

9 
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12.4 Deterministic Estimation 503 

12.4.1 Least Squares 

To begin our discussion of least squares, we will take the ARMA model and 
equation error, which leads us to Eq. (12.45), repeated below for the nth-order 
case, where the subscript a is understood but omitted 

y(k) + a
1
y(k -1) + a

2
y(k 

- b
1
u(k 

2) + · · · + a
n
y(k n) 

1) - · • • - b11 u(k -n) = e(k; 0). 

We assume that we observe the set of outputs and inputs 

{-y(O), -y(l), ... , -y(N), u(O), u(l), ... , u(N)} 

and wish to compute values for 

0 = [al • • • a
n 

bl ••• bJ T , 

(12.49) 

which will best fit the observed data. Because y(k) depends on past data back to 
n periods earlier, the first error we can form is e(n; 0). Suppose we define the 
vector of errors by writing Eq. (12.49) over and over fork= n, n + 1, ... , N. 

The results would be 

y(n) <!>
T (n)0 + e(n; 0), 

y(n + 1) = <!>
T (n + 1)0 + e(n + 1; 0), 

y(N) = <fl (N)0 + e(N; 0), 

where we have used the fact that the state of the ARMA model is6 

<!>(k) = [-y(k -1) - y(k - 2) • · • u(k -1) • • • u(k -n)f. 

(12.50) 

To make the error even more compact, we introduce another level of matrix 
notation and define 

Y(N) = [y(n) • .. y(N)] T , 

(J.>(N) = [<f>(n) <f>(n + 1) • • • <f>(N)f, 

e(N; 0) = [e(n) · · · e(N)f, 

0 = [a
l 

• • • a
n 

bl ••• bJ T . (12.51) 

Note that (J.>(N) is a matrix with 2n columns and N - n + 1 rows. In terms of 
these, we can write the equation errors as 

Y = (J.>0 + e(N; 0). (12.52) 

6 We use <f> for the state here rather than x as in Eq. (12.44) because we will soon be developing equations 
for the evolution of 6(k), estimates of the parameters, which will be the state of our identification 
dynamic system. 
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504 Chapter 12 System Identification 

Least squares is a prescription that one should take that value of O which 
makes the sum of the squares of the e(k) as small as possible. In terms of 
Eq. (12.50), we define 

N 

3(0) = L e2
(k; 0), (12.53) 

k=n 

and in terms of Eq. (12.52), this is 

3(0) = E
T 

(N; O)e(N; 0). (12.54) 

We want to find O
L
s' the least-squares estimate of 0°, which is that O having 

the property 

(12.55) 

But J (0) is a quadratic function of the 2n parameters in 0, and from calculus we 
take the result that a necessary condition on O

L
s is that the partial derivatives of 

3 with respect to 0 at O = O
L
s should be zero. This we do as follows 

J
a 

= E.TE 
= (Y <1>0) T (Y - <l>O) 

9T <l>TY - yT <I>O + 9 T <l>T <l>O; 

and applying the rules developed above for derivatives of scalars with respect to 
vectors 7 we obtain 

J
a 

= [33] = -2YT<l>+20T<l>T<I>. 
ao

i 

(12.56) 

If we take the transpose of Eq. (12.56) and let 0 = O
LS

' we must get zero; thus 

T 
A 

T <I> <I>O
LS 

= <I> Y. ( 12.57) 

These equations are called the normal equations of the problem, and their solution 
will provide us with the least-squares estimate O

L
s. 

Do the equations have a unique solution? The answer depends mainly on 
how O was selected and what input signals {u(k)} were used. Recall that earlier 
we saw that a general third-order state model had fifteen parameters, but that only 
six of these were needed to completely describe the input-output dependency. 
If we stayed with the fifteen-element 0, the resulting normal equations could 
not have a unique solution. To obtain a unique parameter set, we must select a 
canonical form having a minimal number of parameters, such as the observer or 
ARMA forms. By way of definition, a parameter O having the property that one 

7 The reader who has not done so before should write out aT Qa for a 3 x 3 case and verify that 

BaTQa/Ba 2aTQ. 
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12.4 Deterministic Estimation 505 

and only one value of 0 makes :J (0) a minimum is said to be "identifiable." Two 
parameters having the property that :1(0

1
) = :1(6

2
) are said to be "equivalent." 

As to the selection of the inputs u (k), let us consider an absurd case. Suppose 
u(k) = c for all k - a step function input. Now suppose we look at Eq. (12.50) 
again for the third-order case to be specific. The errors are 

(12.58) 

y(N) = -a1y(N1) - a2(N 2) a3(N - 3) + b1c + b2c + b3c + e(N). 

It is obvious that in Eq. (12.58) the parameters b1, b2, and b3 always appear as 
the sum h

1 
+ b2 + b3 and that separation of them is not possible when a constant 

input is used. Somehow the constant u fails to "excite" all the dynamics of the 
plant. This problem has been studied extensively, and the property of "persis
tently exciting" has been defined to describe a sequence { u (k)} that fluctuates 
enough to avoid the possibility that only linear combinations of elements of 
6 will show up in the error and hence in the normal equations [Ljung(l987)]. 
Without being more specific at this point, we can say that an input is persis
tently exciting of order n if the lower right (n x n )-matrix component of <l>

r 
<I> 

[which depends only on {u(k)}] is nonsingular. It can be shown that a sig
nal is persistently exciting of order n if its discrete spectrum has at least n 
nonzero points over the range O ::S w T < n. White noise and a pseudo-random 
binary signal are examples of frequently used persistently exciting input sig
nals. 

For the moment, then, we will assume that the u (k) are persistently exciting 
and that the 6 are identifiable and consequently that <l>

r 
<I> is nonsingular. We can 

then write the explicit solution 

(12.59) 

It should be especially noted that although we are here mainly interested in iden
tification of parameters to describe dynamic systems, the solution Eq. ( 12.59) 
derives entirely from the error equations Eq. (12.52) and the sum of squares cri
terion Eq. (12.54). Least squares is used for all manner of curve fitting, including 
nonlinear least squares when the error is a nonlinear function of the parameters. 
Numerical methods for solving for the least-squares solution to Eq. (12.57) with
out ever explicitly forming the product <l>

r 
<I> have been extensively studied [see 

Golub (1965) and Strang (1976)]. 
The performance measure Eq. (12.53) is essentially based on the view that 

all the errors are equally important. This is not necessarily so, and a very simple 
modification can take account of known differences in the errors. We might 
know, for example, that data taken later in the experiment were much more in 
error than data taken early on, and it would seem reasonable to weight the errors 
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506 Chapter 12 System Identification 

accordingly. Such a scheme is referred to as weighted least squares and is based 
on the performance criterion 

N 

..7(8) = L w(k)e2(k; 8) = eTWe. (12.60) 
k=n 

InEq. (12.60) we take the weighting function w(k) to be positive and, presumably, 
to be small where the errors are expected to be large, and vice versa. In any event, 
derivation of the normal equations from Eq. (12.60) follows at once and gives 

T 
" 

T <I> W<l>8WLS 
= <I> WY, 

and, subject to the coefficient matrix being nonsingular, we have 

OWLS = (<l>TW<l>)-l<l>TWY. (12.61) 

We note that Eq. (12.61) reduces to ordinary least squares when W = I, the 
identity matrix. Another common choice for w(k) in Eq. ( 12.60) is w(k) = 

(1 - y)yN-k for y < 1. This choice weights the recent (k near N) observations 
more than the past (k near n) ones and corresponds to a first-order filter operating 
on the squared error. The factor 1 y causes the gain of the equivalent filter to 
be 1 for constant errors. As y nears 1, the filter memory becomes long, and noise 
effects are reduced; whereas for smaller y, the memory is short, and the estimate 
can track changes that can occur in 8 if the computation is done over and over as 
N increases. The past is weighted geometrically with weighting y, but a rough 
estimate of the memory length is given by 1 / ( 1 y); so, for example, a y = 0. 99 
corresponds to a memory of about 100 samples. The choice is a compromise 
between a short memory which permits tracking changing parameters and a long 
memory which incorporates a lot of averaging and reduces the noise variance. 

12.4.2 Recursive Least Squares 

The weighted least-squares calculation for OWLS given in Eq. (12.61) is referred 
to as a "batch" calculation, because by the definition of the several entries, the 
formula presumes that one has a batch of data of length N from which the 
matrices Y and <I> are composed according to the definitions in Eq. (12.51 ), and 
from which, with the addition of the weighting matrix W, the normal equations 
are solved. There are times when the data are acquired sequentially rather than in 
a batch, and other times when one wishes to examine the nature of the solution 
as more data are included to see whether perhaps some improvement in the 
parameter estimates continues to be made or whether any surprises occur such 
as a sudden change in 8 or a persistent drift in one or more of the parameters. In 
short, one wishes sometimes to do a visual or experimental examination of the 
new estimates as one or several more data points are included in the computed 
values of OWLS

. 
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12.4 Deterministic Estimation 507 

The equations of Eq. ( 12. 61) can be put into a form for sequential processing 
of the type described. We begin with Eq. (12.61) as solved for N data points and 
consider the consequences of taking one more observation. We need to consider 
the structure of <l>TW<I> and <l>TWY as one more datum is added. Consider first 
<l>TW<I>. To be specific about the weights, we will assume w = ayN-k_ Then, 
if a 1 and y = 1, we have ordinary least squares; and if a= 1 -y, we have 
exponentially weighted least squares. From Eq. (12.51) we have, for data up to 
time N + 1 

<l>T 
= [q>(n) • • • q>(N) q>(N + l)] 

and 
N+l 

<l>TW<I> = L q>(k)w(k)q>T (k) 
k=n 

which can be written in two terms as 
N 

N+l 

L <f>(k)ayN+I-k<f>T (k), 
k=n 

<l>TW<I> = L q>(k)ayyN-kq>T (k) + q>(N + l)aq>T (N + 1) 
k=n 

= y<f>T (N)W(N)<l>(N) + <f>(N + l)a<f>T (N + 1). (12.62) 

From the solution Eq. (12.61) we see that the inverse of the matrix in Eq. (12.62) 
will be required, 8 and for convenience and by convention we define the 2n x 2n 

matrix P as 

P(N + 1) = [<I>
T CN + 1)w<1>cN + l)r 1

. (12.63) 

Then we see that Eq. (12.62) can be written as 

P(N + 1) = [yP- 1 (N) + q>(N + l)a<f>T (N + l)r 1
, (12.64) 

and we need the inverse of a sum of two matrices. This is a well-known problem, 
and a formula attributed to Householder (1964) known as the matrix inversion 

lemma is 

(A+ BCD)- 1 
= A- 1 -A- 1 B(c- 1 + nA- 1B)- 1nA- 1 . 

To apply Eq. (12.65) to Eq. (12.62) we make the associations 

A= yP- 1 (N), 

B = <f>(N + 1) = q>, 

C = w(N + 1) = a, 

D = <f>T (N + 1) = q>T , 

(12.65) 

8 We assume for this discussion the existence of the inverse which assumes inputs that are persistently 

exciting and parameters that are identifiable. 
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508 Chapter 12 System Identification 

and we find at once that 

P(N + 1) P(N) 
-

P(N) <l> (! + <l>T P(N) 
<t>)

-J <l>T P(N)
. y y a y y (12.66) 

In the solution we also need <I>rWY, which we write as 

<I>rWY = [<f>(n) • • • <f>(N) <f>(N + l)] [ 
ayN+I-n 

0 

ay 0 l [ 
y(

n
) 

l y(N) ' a y(N + 1) 
(12.67) 

which can be expressed in two terms as <l>rWY(N + 1) = y <l>rWY(N) + <f>(N + l)ay(N + 1). (12.68) 

If we now substitute the expression for P(N + 1) from Eq. (12.66 ) and for 
<I>WY(N + 1) from Eq. (12.68) into Eq. (12.61), we find [letting P(N) = 
P, <f>(N + 1) = <f>, and y(N + 1) y for notational convenience] 

6
WL

/N + 1) = - - - <f> - + <f>r - <f> <f>r - [y<l>rWY(N) + <flay]. [
p p 

( 
1 p )-l p

] y y a y y 
(12.69) 

When we multiply the factors in Eq. (12.69), we see that the term P<I>rWY(N) = 

O
WL

s(N), so that Eq. (12.69) reduces to 

A A p p 
( 

1 
T 

p 
)

-1 
T

" 

0WL
/N + 1) = awL

/N) + <flay - - <f> - + <f> <f> <f> OWLS y y a y 
p 

( 
1 p 

)
-1 p __ 

q> 

_ + q>T _ 

q> 
q>T _<pay. y a y y 

If we now insert the identity 

(

1 
p 

)-l 
(

1 
p 

) 
; + <pT 

y 
<p ; + <!>\-;-

q> 

(12.70) 

between the <I> and the a in the second term on the right of Eq. ( 12.70), we can 
combine the two terms which multiply y to reduce Eq. (12.70) to 

A A 

T" 0WLS
(N + 1) = 0wL

/N) + L(N + l)(y(N + 1) - <f> awL/N)), (12.71) 

where we have defined 

L(N + 1) ! <f> (! + <j>
rP<f>

)-
1 y a y (12.72) 

Equations (12.66), (12.71), and (12.72) can be combined into a set of steps that 
constitute an algorithm for computing 6 recursively. To collect these, we proceed 
as follows: 
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12.4 Deterministic Estimation 509 

1. Select a y, and N. 

2. Comment: a= y = 1 is ordinary least squares; a= 1 - y and O < y < 1 
is exponentially weighted least squares. 

3. Select initial values for P(N) and 0(N). Comment: See discussion below. 
4. Collect y(O), ... , y(N) and u(O), ... , u(N) and form <l>T (N + 1). 
5. Letk +- N. 

P(k) 
( 
1 P(k) 

)
- 1 

6. L(k + 1) +- - q>(k + 1) - + <l>T (k + 1)- q>(k + 1) 
y a y 

7. Collect y(k + l)and u(k + 1). 
8. 0(k + 1) +- 0(k) + L(k + l)(y(k + 1) <l>T (k + 1)0(k)) 

9. P(k + 1) +- �[I - L(k + l)<!>T (k + l)]P(k) 
y 

10. Form <!>(k + 2). 
11. Let k +- k + 1. 
12. Go to Step 6 .  

Especially pleasing is the form of Step 8, the "update" formula for the next 
value of the estimate. We see that the term <I> T 0(N) is the output to be expected at 
the time N + 1 based on the previous data, <!>(N + 1), and the previous estimate, 
0(N). Thus the next estimate of 9 is given by the old estimate corrected by a 
term linear in the error between the observed output, y(N + 1), and the predicted 
output, <!>TG(N). The gain of the correction, L(N + 1), is given by Eq. (12.71) 
andEq. (12.7 2). Note especially that inEq. (12.71 ) no matrix inversion is required 
but only division by the scalar 

� + <p T � <p. 
a y 

However, one should not take the implication that Eq. ( 12. 71) is without numerical 
difficulties, but their study is beyond the scope of this text. 

We still have the question of initial conditions to resolve. Two possibilities 
are commonly recommended: 

1. Collect a batch of N > 2n data values and solve the batch formula Eq. (12.61) 
once for P(N), L(N + 1), and 0(N), and enter these values at Step 3. 

2. Set 0(N) = 0, P(N) = al, where a is a large scalar. The suggestion has been 
made that an estimate of a suitable a is [Soderstrom, Ljung, and Gustavsson 
(1974)] 

I N 

a= (10)--Ly2u). 
N + 1 

i=O 

co
nt

ro
len

gin
ee

rs
.ir



510 Chapter 12 System Identification 

The steps in the table update the least-squares estimate of the parameters 0 
when one more pair of data points u and y are taken. With only modest effort 
we can extend these formulas to include the case of vector or multivariable 
observations wherein the data y(k) are a vector of p simultaneous observations. 
We assume that parameters O have been defined such that the system can be 
described by 

y(k) = <p
r (k)O + E(k; 0). (12.73) 

One such set of parameters is defined by the multivariable ARMA model 

n n 

y(k) = - L ai
y(k - i) + L B

i
u(k - i), 

i=l i=l 

(12.74) 

where the a
i 

are scalars, the B
i 

are p x m matrices, 0 is (n + nmp) x 1, and 
the <f>(k) are now (n + nmp) x p matrices. If we define <I>, Y, and E as in 
Eq. (12.51), the remainder of the batch formula development proceeds exactly 
as before, leading to Eq. (12.59) for the least-squares estimates and Eq. (12.61) 
for the weighted least-squares estimates with little more than a change in the 
definition of the elements in the equations. We need to modify Eq. (12.60) to 
J = �Er WE, reflecting the fact that E(k) is now also a p x 1 vector and the w(k) 
are p x p nonsingular matrices. 

To compute the recursive estimate equations, we need to repeat Eq. (12.62) 
and the development following Eq. (12.62) with the new definitions. Only minor 
changes are required. For example, in Eq. (12.66) we must replace 1/a by a- 1

. 

The resulting equations are, in the format of Eq. (12.71) 

12.5 Stochastic Least Squares 

Thus far we have presented the least-squares method with no comment about the 
possibility that the data might in fact be subject to random effects. Because such 
effects are very common and often are the best available vehicle for describing 
the differences between an ideal model and real-plant signal observations, it is 
essential that some account of such effects be included in our calculations. We 
will begin with an analysis of the most elementary of cases and add realism (and 
difficulties) as we go along. Appendix D provides a brief catalog of results we 
will need from probability, statistics, and stochastic processes. 
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12.5 Stochastic Least Squares 511 

As a start, we consider the case of a deterministic model with random errors 
in the data. We consider the equations that generate the data to be9 

(12.76) 

which, in matrix notation, becomes 

Y = A0° 
+ V. (12.77) 

The v(k) in Eq. (12.76) are assumed to be random variables with zero mean 
( one can always subtract a known mean) and known covariance. In particular, we 
assume that the actual data are generated from Eq. (12.77) with 0 = 0° and 

or 

Ev(k) = 0, 

E . 

2 { 0 (k =J j) 
v(k)v(1) = O' 8kj = 0'2 (k = j) (12.78) 

As an example of the type considered here, suppose we have a physics 
experiment in which observations are made of the positions of a mass that moves 
without forces but with unknown initial position and velocity. We assume then 
that the motion will be a line, which may be written as 

y(t) = a0 + b0t + n(t). 

If we take observations at times t
0

, t 1 , t2
, . . .  , t 

N
, then 

the unknown parameters are 

0 = [a bf, 

and the noise is 

v(k) = n(tk). 

(12.79) 

We assume that the observations are without systematic bias-that is, the noise 
has zero average value-and that we can estimate the noise "intensity," or mean
square value, 0'2. We assume zero error in the clock times, t

k
, so A is known. 

The (stochastic) least-squares problem is to find 0 which will minimize 

.7(0) = (Y A0f (Y - A0) 

= Le2 (k; 0). (12.80) 
k=O 

9 There is no connection between the a in (12.76) and the a used as part of the weights in Section 12.4. 
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512 Chapter 12 System Identification 

consistent estimate 

Note that the errors, e(k; 0), depend both on the random noise and on the choice 
of 0, and e(k; 6° ) = v(k). Now the solution will be a random variable because 
the data, Y, on which it is based, is random. However, for specific actual data, 
Eq. (12.80) represents the same quadratic function of 0 we have seen before; 
and the same form of the solution results, save only the substitution of A for <I>, 
namely 

(12.81) 

Now, however, we should not expect to find zero for the sum of the errors given 
by Eq. (12.80), even if we should determine 0 = 6° exactly (which of course we 
won't). Because of the random effects, then, we must generalize our concepts 
of what constitutes a "good" estimate. We will use three features of a stochastic 
estimate. The first of these is consistency. 

An estimate 0 of a parameter 6° is said to be consistent if, in the long run, 
the difference between O and 6° becomes negligible. In statistics and probability, 
there are several formal ways by which one can define a negligible difference. 
For our purposes we will use the mean-square criterion, by which we measure 
the difference between 0 and 0° by the sum of the squares of the parameter error, 
0 0°. We make explicit the dependence of 0 on the length of the data by writing 
0 ( N) and say that an estimate is consistent if 10 

lim £(0(N) 6°f (O(N) - 6°) = 0, 
N➔oo 

lim tr£(0(N) - 0°)(0(N) - 6°f = 0. 
N➔oo 

(12.82) 

If Eq. (12.82) is true, we say that O(N) converges to 0° in the mean-squ� sense 
as N approaches infinity. The expression in Eq. (12.82) can be made more explicit 
in the case of the least-squares estimate of Eq. (12.81). We have 

and 

0° 
(AT A)-1AT(A0° 

+ V) - 6° 

= 0° 
+ (AT A)-1ATV - 6° 

(AT A)-IATV 

£(0
LS 

6°)(0
LS 

- 6°f £{(AT A)-IATVVT A(AT A)-1} 

= (AT A)- 1AT£VVT A(AT A)- 1 

a 2
(AT A)- 1

. (12.83) 

In making the reductions shown in the development of Eq. (12.83) we have 
used the facts that A is a known matrix (not random) and that EVVT 

= a21. 

10 The trace (tr) of a matrix A with elements a
ij 

is the sum of the diagonal elements, or trace A = EI'.:, a;;. 

co
nt

ro
len

gin
ee

rs
.ir



12. 5 Stochastic Least Squares 513 

Continuing then with consideration of the least-squares estimate, we see that OLs 
is consistent if 

lim tra2(AT A)-1 
= 0. 

N-+oo 

(12.84) 

As an example of consistency, we consider the most simple of problems, the 
observation of a constant. Perhaps we have the mass of the earlier problem, but 
with zero velocity. Thus 

and 

then 

y(k) = a0 
+ v(k), k = 0, 1, ... , N, 

A= [1 1 ... 1)7 , 0° = a0
, 

N N 

AT A= I)= N + 1, ATY= Ly(k); 
k=O k=O 

N 

6
Ls(N) = (N + 1)-1 L y(k), 

k=O 

(12.85) 

(12.86) 

which is the sample average. 
Now, if we apply Eq. (12.84), we find 

a
2 

lim tra2(N + 1)-1 
= lim -- = 0, 

N-+oo N-+oo N + 1 
(12.87) 

and we conclude that this estimate Eq. (12.86) is a consistent estimate of a0
. If 

we keep taking observations according to Eq. (12.85) and calculating the sum 
according to Eq. (12.86), we will eventually have a value that differs from a0 by 
a negligible amount in the mean-square sense. 

The estimate given by Eq. (12.86) is a batch calculation. It can be informative 
to apply the recursive algorithm of Eq. (12.52) to this trivial case just to see how 
the equations will look. Suppose we agree to start the equations with one stage 
of "batch" on, say, two observations, y(0) and y(l). We thus have a = y = 1, 
for least squares, and 

<f> (N) 1, 
P(l) = (A T A)-1 = ½, 

I initial conditions (12 8 8) 0(1) ½ (y(0)) + y(l)), 
W == 1. 

The iteration in P is given by (because <f> = 1) 

P(N + 1) 

= 

P(N) _ P(N)(l)(l)P(N) 
1 + (1) P(N) (1) 

P(N) 
1 + P(N) 
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514 Chapter 12 System Identification 

Thus the entire iteration is given by the initial conditions of Eq. (12.88) plus: 

1. Let N = l. 
2. P(N + 1) = 

P(N) 

1 + P(N) 

3. L(N + 1) = 

P(N) 

1 + P(N) 

4. O(N + 1) = O(N) + L(N + l)(y(N + 1) - O(N)). 
5. Let N be replaced by N + 1. 
6. Go to Step 2. 

(12.89) 

The reader can verify that in this simple case, P ( N) = 1 / ( N + 1), and Step 4 
of the recursive equations gives the same (consistent) estimate as the batch 
formula Eq. (4.60). We also note that the matrix Pis proportional to the variance 
in the error of the parameter estimate as expressed in Eq. (12.83). 

Although consistency is the first property one should expect of an estimate, 
it is, after all, an asymptotic property that describes a feature of O as N grows 
without bound. A second property that can be evaluated is that of "bias." If 8 
is an estimate of 6°, the bias in the estimate is the difference between the mean 
value of O and the true value, 6°. We have 

£0(N) - 6° 
= b (12.90) 

If b = 0 for all N, the estimate is said to be unbiased. The least-squares estimate 
given by Eq. (12.59) is unbiased, which we can prove by direct calculation as 
follows. If we return to the development of the mean-square error in O

L
s given 

by Eq. (12.83) we find that 

and the bias is 

£9 - 6° - £(AT A)- 1 ATV 
LS 

-

(AT A)- 1 AT£V 
=0. 

(12.91) 

(12.92) 

Actually, we would really like to have 0(N) be "close" to 6° for finite values 
of N and would, as a third property, like to treat the mean-square parameter error 
for finite numbers of samples. Unfortunately, it is difficult to obtain an estimate 
that has a minimum for the square of 9 0° without involving the value of 0° 

directly, which we do not know, else there is no point in estimating it. We can, 
however, find an estimate that is the best (in the sense of mean-square parameter 
error) estimate which is also linear in Y and unbiased. The result is called a Best 
Linear Unbiased Estimate, or BLUE. 
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12.5 Stochastic Least Squares 515 

The development proceeds as follows. Because the estimate is to be a linear 
function of the data, we write11 

9=L·Y. 

Because the estimate is to be unbiased, we require 

£0 = 9°, 

or 

£LY= £L(A0° 
+ V) = 0° . 

Thus 

or 

LA=I. 

(12.93) 

(12.94) 

We wish to find L so that an estimate of the form Eq. (12.93), subject to the 
constraint Eq. (12.94), makes the mean-square error 

J(L) = tr £(0 0°)(0 - 0°f 

as small as possible. Using Eq. (12.93) in Eq. (12.95), we have 

J(L) = tr£{(LY 0°)(LY - 0°f}, 

and using Eq. (12.77) for Y 

J(L) = tr£(LA0° 
+ LV - 0°)(LA9° 

+ LV - 0°f. 

But from Eq. (12.94), this reduces to 

J(L) = tr£(LV)(LVf 
= trLRLr, 

where we take the covariance for the noise to be 

(12.95) 

(12.96) 

We now have the entirely deterministic problem of finding that L subject to 
Eq. (12.94) which makes Eq. (12.96) as small as possible. We solve the problem 
in an indirect way: We first find L when 0° is a scalar and there is no trace 
operation (L is a single row). From this scalar solution we conjecture what 
the multiparameter solution might be and demonstrate that it is in fact correct. 
First, we consider the case when L is a row. We must introduce the constraint 

11 The matrix L used here for a linear dependence has no connection to the gain matrix used in the 

recursive estimate equation (12.72). 
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516 Chapter 12 System Identification 

best linear unbiased 

estimate (BLUE) 

Eq. (12.94), and we do this by a Lagrange multiplier as in calculus and are led to 
find L such that 

(12.97) 

is a minimum. The J... are the Lagrange multipliers. The necessary conditions on 
the elements of L are that aJ /aLr be zero. (We use Lr , which is a column, 
to retain notation that is consistent with our earlier discussion of vector-matrix 
derivatives.) We have 

aJ I " r 
-T 

=2LR+J...A =0. 
aL L=L 

Thus the best value for L is given by 

2LR= -J...Ar , 
A 1 
L = --J...A

T
R-

1 

2 

Because the constraint Eq. (12.94) must be satisfied, L must be such that 

LA=I, 

or 

From this we conclude that 

(12.98) 

(12.99) 

and substituting Eq. (12.99) back again in Eq. (12.98), we have, finally, that 

and the BLUE is 

i = (ATR- 1 A)- 1 ATR- 1
, (12.100) 

(12.101) 

If we look at Eq. (12.61), we immediately see that this is exactly weighted least 
squares with W = R- 1

. What we have done, in effect, is give a reasonable-best 
linear unbiased-criterion for selection of the weights. If, as we assumed earlier, 
R = o-21, then the ordinary least-squares estimate is also the BLUE. 

But we have jumped ahead of ourselves; we have yet to show that Eq. ( 12.100) 
or Eq. (12.101) is true for a matrix L. Suppose we have another linear unbiased 
estimate, 0. We can write, without loss of generality 
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12.5 Stochastic Least Squares 517 

where L is given by Eq. (12.100 ). Because O is required to be unbiased, Eq. (12.94) 
requires that 

LA = I, (L + L)A = I, LA+ LA = I, 
I + LA = I, LA = 0. 

Now the mean-square error using O is 

..7(0) = tr£(0 - 0°)(0 0°?, 

which can be written as 

..7(0) = tr£(0 - 0 + 0 - 0°)(0 - 0 + 0 - 0°? 
tr{Eco O)(O of+ 2£co - 0)(0 - 0°? + £(0 - 0°)(0 

(12.102) 

0°f}. 
(12.103) 

We note that the trace of a sum is the sum of the traces of the components, and 
the trace of the last term is, by definition, ..7 (L). Let us consider the second term 
of Eq. (12.103), namely 

term2 = tr£(0 - 0)(0 0°f = tr£(LY - LY)(LY 0°f 
= tr£(LY + LY - LY)(LY - 0°) 
= tr£(LY)(LY - 0°) 
= tr£ (L(A0° + V)) (L(A0° + V) - 0°) T. 

Now we use Eq. (12.102) to eliminate one term and Eq. (12.94) to eliminate 
another to the effect that 

term2 = tr£(LV)(LV)r 

= tr LRf/, 

and using Eq. (12.100 ) for L, we have 

term2 = tr LR{R- 1A(ArR- 1A)- 1
} 

= tr LA(ArR- 1A)- 1
, 

but now from Eq. (12.102) we see that the term is zero. Thus we reduce 
Eq. (12.103) to 

..7(0) = tr£(o - 0)(0 of+ ..7(0). 

Because the first term on the right is the sum of expected values of squares, it 
is zero or positive. Thus ..7(0) 2: ..7(0), and we have proved that Eq. (12.10 1 )  is 
really and truly BLUE. 

To conclude this section on stochastic least squares, we summarize our 
findings as follows. If the data are described by 

y = A0° + V, 
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518 Chapter 12 System Identification 

and 

£V=0, £VVr 
= R, 

then the least-squares estimate of 0° is given by 

o = (AT A)-1ATY LS ' (12.104) 

which is unbiased. If R = a21, then the variance of 6 Ls' which is defined as 
" 0 " 0 T • £ (0 LS - 0 ) (0 LS - 0 ) , IS 

(12.105) 

From this we showed that the least-squares estimation of a constant in noise is 
not only unbiased but also consistent. 

Furthermore, if we insist that the estimate be both a linear function of the 
data and unbiased, we showed that the BLUE is a weighted least squares given 
by 

The variance of 6 
8 

is 

Var(0 8) = £ (6 B - 0°) (0 B - 0°f 
= (ATR-lA)-1. 

Thus, if R = a 21, then the least-squares estimate is also the BLUE. 

(12.106) 

(12.107) 

As another comment on the BLUE, we note that in a recursive formulation 
we take, according to Eq. (12.63) 

p = (ATR-lA)-1' 

and so the matrix P is the variance of the estimate 0 
8

. In the recursive equations 
given for vector measurements in Eq. (12.75), the weight matrix a becomes R� 1

, 

the inverse of the covariance of the single time measurement noise vector and, of 
course, y = 1. Thus the BLUE version of Eq. (12.75) is 

L(N + 1) = P<f>(Rv + <f>rP<f>)- 1. 

Thus far we have considered only the least-squares estimation where A, 
the coefficient of the unknown parameter, is known. However, as we have seen 
earlier, in the true identification problem, the coefficient of O is <f>, the state of the 
plant model; and if random noise is present, the elements of <f> will be random 
variables also. Analysis in this case is complex, and the best we will be able 
to do is to quote results on consistency and bias before turning to the method 
of maximum likelihood. We can, however, illustrate the major features and the 
major difficulty of least-squares identification by analysis of a very simple case. 
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12.5 Stochastic Least Squares 519 

Suppose we consider a first-order model with no control. The equations are taken 
to be 

y(k) = a0y(k - 1) + v(k) + cv(k 1), 
Ev(k) = 0, 

• { o-2 k = j Ev(k)v(1) = O k =I- j. (12.108) 

In general, we would not know either the constant c or the noise intensity o-2
. We 

will estimate them later. For the moment, we wish to consider the effects of the 
noise on the least-squares estimation of the constant a0

. Thus we take 

y = [y(l) ... y(N)] T ' 

<f> = [y(O) ... y(N - l)] T, 
0 = a. 

Then we have the simple sums 

<f>T <f> = Ly(k - l)y(k 1), <f>TY = L y(k - l)y(k), 
k=l k=l 

and the normal equations tell us that 0 must satisfy 

[t y2(k - 1)] 0 = t y(k - l)y(k). (12.109) 

Now we must quote a result from statistics (see Appendix D). For signals such as 
y (k) that are generated by white noise of zero mean having finite intensity passed 
through a stationary filter, we can define the autocorrelation function 

R
Y
(j) = Ey(k)y(k + j) 

and (in a suitable sense of convergence) 

I N 
lim - Ly(k)y(k + j) = R (j). 
N➔oo N 

k=l 

Y 

(12.110) 

(12.111) 

Thus, while the properties of 0 for finite N are difficult, we can say that the 
asymptotic least-squares estimate is given by the solution to 

which is 

lim - L y2(k - 1) 0 = lim - Ly(k l)y(k), (
1 N 

)
" l N 

N➔oo N 
k=l 

N➔oo N k=1 

R (0)0 = R (1), 
y y 

0 = R (1)/ R (0). 
y y 

(12.112 ) 
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520 Chapter 12 System Identification 

Ifwe now return to the model from which we assume y(k) to be generated, values 
for R (0) and R (1) can be obtained. For example, if we multiply Eq. (12.108) 

y y 

by y (k - 1) and take the expected value, we find 

£y(k - l)y(k) £a0y(k l)y(k 1) + £v(k)y(k 1) 

+c£v(k - l)y(k - 1), 

R/1) = a0 R/0) + c£v(k l)y(k - 1). (12.113) 

We set £v(k)y(k - 1) = 0 because y(k 1) is generated by v(j) occurring at 
or before time k - 1 and y is independent of (uncorrelated with) the noise v(j), 
which is in the future. However, we still need to compute £v(k - l)y(k - 1). 
For this, we write Eq. (12.108) for k - 1 as 

y(k - 1) = a0y(k - 2) + v(k - 1) + cv(k 2) 

and multiply by v(k - 1) and take expected values, 

£y(k - l)v(k - 1) = £a0y(k 2)v(k 1) + £v2(k - 1) + c£v(k - 2)v(k - 1) 

= a
2
. 

We have, then, 

R
Y
(l) = a0 R

Y
(O) + ca2

• 

Now we can substitute these valu�s into Eq. (12.112) to obtain 

A R (1) 
0(00) - _Y_ 

R (0) 
y 

(12.114) 

(12.115) 

If c = 0, then 0 ( oo) = a0 , and we can say that the least-squares estimate is 
asymptotically unbiased. However, if c 0, Eq. (12.115) shows that even in this 
simple case the least-squares estimate is asymptotically biased and cannot be 
consistent. 12 Primarily because of the bias introduced when the ARMA model 
has noise terms correlated from one equation to the next, as in Eq. (12.108) 
when c =I- 0, least squares is not a good scheme for constructing parameter 
estimates of dynamic models that include noise. Many alternatives have been 
studied, among the most successful being those based on maximum likeli
hood. 

12 Clearly, if the constant c is known we can subtract out the bias term, but such corrections are not very 

pleasing because the essential nature of noise is its unknown dependencies. In some instances it is 

possible to construct a term that asymptotically cancels the bias term as discussed in Mendel (1973). 
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12.6 Maximum Likelihood 521 

12.6 Maximum Likelihood 

The method of maximum likelihood requires that we introduce a probability 
density function for the random variables involved. Here we consider only the 
normal or Gaussian distribution; the method is not restricted to the form of the 
density function in any way, however. A scalar random variable x is said to have 
a normal distribution if it has a density function given by 

1 
[ 

1 (t µ)2 ] 
f (§) = -- exp - - -- . 

X 
� 2 (5

2 
(12.116) 

It can be readily verified, perhaps by use of a table of definite integrals, that 

1: f
x(i;)d§= I, 

Ex = 1: §1,(§)d§ = µ,, 

E(x - µ,)2 
= 1: (§ - µ,)2 

fx(t)dl; = a2
. 

(12.117) 

The number u2 is called the variance of x, written var(x), and u is the standard 
deviation. For the case of a vector-valued set of n random variables with a joint 
distribution that is normal, we find that if we define the mean vector µ and the 
(nonsingular) covariance matrix R as 

then 

£x µ, 
£(x - µ)(x - µl R, 

1 
[ 

1 
fx (§) = [(2;r)" detR]1;2 exp - 2 (t (12.118) 

If the elements of the vector x are mutually uncorrelated and have identical means 
µ and variances u2, then R = u 2I, detR = (u 2)", andEq. (12.118) can be written 
as 

(12.119) 

Because the normal distribution is completely determined by the vector of means 
µ and the covariance matrix R, we often use the notation N (µ, R) to designate 
the density Eq. (12.118). 

The maximum-likelihood estimate is calculated on the basis of an assumed 
structure for the probability density function of the available observations. Sup
pose, for example, that the data consist of a set of observations having a density 
given by Eq. (12.119), but having an unknown mean value. The parameter is 
therefore 0° 

= µ. 
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522 Chapter 12 System Identification 

The function 13 

(12.120) 

can be presented as a function of 0, as giving the density of a set of x
i 

for any 
value of the population mean 0. Because the probability that a particular x

i 
is in 

the range a ::: x
i 

::: bis given by 

Pr{a ::: x
i 

::: b} = f b f
x . (�i I 0)d�i ' a I 

the density function is seen to be a measure of the "likelihood" for a particular 
value; when f is large in a neighborhood x0 , we would expect to find many 
samples from the population with values near x0 . As a function of the parameters, 
0, the density function f

x 
(t 10) is called the likelihood function. If the actual data 

come from a population with the density f
x 
(t 10°), then one might expect the 

samples to reflect this fact and that a good estimate for 0° given the observations 
x = {x

l
' ... , xJT would be 0 = 0, where 0 is such that the likelihood function 

f (x I 0) is as large as possible. Such an estimate is called the maximum-likelihood 
X " " 

estimate, 0
ML

. Formally, 0
ML 

is such that 

(12.121) 

From Eq. (12.120) we can immediately compute 0ML for the mean µ, by 
setting the derivative of f

x 
(x 10) with respect to 0 equal to zero. First, we note 

that 
d 1 df 

d0 
logf = 

f d0 ' 
(12.122) 

so that the derivative of the log off is zero when df /d0 is zero.14 Because the 
(natural) log of the normal density is a simpler function than the density itself, 
we will often deal with the log of f. In fact, the negative of the log of f is used 
so much, we will call it the log-likelihood function and give it the functional 
designation 

-log f/x I 0) = l(x I 0). 

Thus, from Eq. (12.120), for the scalar parameterµ, we have 

n 1 n (x. - 0)2 

l(x 10) = +- log (2no- 2
) + - L 1 

2 
2 2 i=l (T 

13 We read fx (t 10) as "the probability density oft given 0 ." 

14 It is not possible for f to be zero in the neighborhood of its maximum. 

(12.123) 
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12.6 Maximum Likelihood 523 

and 

If we now set ae;ae = 0, we have 

or 

n 

Lxi -n0ML = 0 
i=I 

(12.124) 

(12.125) 

We thus find that for an unknown mean of a normal distribution, the maxi
mum-likelihood estimate is the sample mean, which is also least squares, un
biased, consistent, and BLUE. We have studied this estimate before. However, 
we can go on to apply the principle of maximum likelihood to the problem of 
dynamic system identification. 

Consider next the ARMA model with simple white-noise disturbances for 
which we write 

y(k) = -a
1
y(k 1) - · · · - a

n
y(k - n) 

+ b
1 
u(k - 1) + · · · + b

n
u(k n) + v(k), (12.126) 

and we assume that the distribution of V = [v(n) ... v(N)f is N(O, o- 21). Thus 
we are assuming that the v (k) are each normally distributed with zero mean and 
variance a 2 and furthermore that the covariance between v(k) and v(j) is zero for 
k =j. j. Suppose, now, that a sequence of the y (k) are observed and that we wish to 
estimate from them the a., b., and a2 by the method of maximum likelihood. We 

I l 

require the probability-density function of the observed y(k) for known values 
of the parameters. From a look at Eq. (12.126 ), it is apparent that if we assume 
that y, u, a

i
, and b

i 
are all known, then we can compute v(k) from these observed 

y and u and assumed (true) a
i 

and b
i
, and the distribution of y is immediately 

determined by the distribution of v. Using the earlier notation, we define 

V(N) = [v(n) ... v(N)f, 

Y(N) = [y(n) ... y(N)f, 

q>(k) = [-y(k - 1) ... y(k - n)u(k 1) ... u(k n)] T, 

<l>(N) = [<f>(n) ... <f>(N)f, 
6° 

=[a
l 
... a

n
b

l 
... bn

f. (12.127) 
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524 Chapter 12 System Identification 

Then Eq. (12.126) implies, again for the true parameters, that 
Y(N) = <1>0° 

+ V(N). (12.128) 
Equation (12.128) is an expression of the input-output relation of our plant equations of motion. To obtain the probability-density function f (Y 10°) as required for the method of maximum likelihood, we need only be able to compute the v(k) or in batch form, the V(N), from the y(k) or Y(N) because we are given the probability density of V. To compute V from Y requires the inverse model of our plant, which in this case is so trivial as to be almost missed; 15 namely, we solve Eq. (12.128) for V to obtain 

V(N) = Y(N) <l>(N)0°. (12.129) 
Because we have assumed that the density function of V is N(0, a2I), we can write instantly 

<1>00) T (Y - <1>00)] 2 ' a 
where m = N - n + 1, the number of samples in Y. 

(12.130) 

The likelihood function is by definition f (YI 0), which is to say, Eq. (12.130) with the 0° dropped and replaced by a general O. As in the elementary example discussed above, we will consider the negative of the log of f as follows 
{ [ 1 (Y - <I>Of (Y - <l>O)] } f(Y I 0) = - log (2na2)-m12 - log exp - 2 a2 

m 1 m 1 2 1 (Y <I>Ol (Y - <l>O) 
= + 2 og 2n + 

2 
og a + 

2 a2 (12.131) 
Our estimates, OML and &tL , are those values of O and a2 which make £(Y 10) as small as possible. We find these estimates by setting to zero the partial derivatives of l with respect to O and a2. These derivatives are (following our earlier treatment of taking partial derivatives) 

a£ 1 T " T 
n = �[<I> <l>OML - <I> Y] = O, (a) 
au a 

(b) 

where the quadratic term' Q is defined as 
Q = (Y <1>0ML l (Y - <1>0ML ). (c) 

(12.132) 

15 We deliberately formulated our problem so that this inverse would be trivial. If we add plant and 
independent sensor noise to a state-variable description, the inverse requires a Kalman filter. Because 
v(k) is independent of all past u and y�,for any 0, e(k) is the prediction error. 
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12.6 Maximum Likelihood 525 

We see immediately that Eq. (12.132) is the identical "normal" equation of the 
least-squares method so that 6ML = 6Ls in this case. We thus know that 6ML 
is asymptotically unbiased and consistent. The equations for a-�L decouple from 
those for OML' and solving Eq. ( l 2.132(b) ), we obtain ( again using earlier notation) 

2 Q l " T " a-ML = - = -(Y - <ll6) (Y - <ll6) 
m m 

1 � 2 " = ---�e (k; 6ML). 
N - n + 1 

k=n 

(12.133) 

Thus far we have no new solutions except the estimate for <5
2 given in 

Eq. (12.133), but we have shown that the method of maximum likelihood gives 
the same solution for 8 as the least-squares method for the model ofEq. (12.126). 
Now let us consider the general model given by 

n n n 

y(k) = - L a
i
y(k - i) + L b

i
u(k i) + L c

i 
v(k - i) + v(k); (12.134) 

i=l i=l i=l 

the distribution of V(N) = [v(n) ... v(N)]r is again taken to be normal, and 
V is distributed according to the N(O, <5

21) density. The difference between 
Eq. (12.134) and Eq. (12.126), of course, is that in Eq. (12.134) we find past 
values of the noise v(k) weighted by the c

i 
and, as we saw in Eq. (12.115), the 

least-squares estimate is biased if the c
i 

are nonzero. 
Consider first the special case where of the e's only c

1 
is nonzero, and write 

the terms in Eq. (12.134) that depend on noise v(k) on one side and define z(k) 
as follows 

n n 

v(k) + c
1 
v(k - 1) = y(k) + L a

i
y(k - i) - L b

i
u(k - i) 

i=l i=l 

= z(k). (12.135) 

Now let the reduced parameter vector be O = [a
1 

... an b 1 
... b11f, composed 

of the a and b parameters but not including the c
i
. In a natural way, we can write 

Z(N) = Y(N) <Ila°. (12.136) 

However, because z (k) is a sum of two random variables v (k) and v (k ..;... 1) , each 
of which has a normal distribution, we know that Z is also normally distributed. 
Furthermore, we can easily compute the mean and covariance of z 

£z(k) 
£z(k)z(j) 

£(v(k) + c 1 v(k - 1)) = 0 for all k, 
£(v(k) + c

1 
v(k - l))(v(j) + c

1 
v(j 1)) 

a-2(1 + ci) (k = j) 
a2c

1 (k = j 1) 
= a 2c

1 (k = j + 1) 
= 0 elsewhere. 
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526 Chapter 12 System Identification 

Thus the structure of the covariance of Z(N) is 
R = £Z(N)Zr (N) 

1 + cf Cl 0 0 0 
Cl 1 + cf Cl 0 0 

= 0 Cl 1 + cf a
2 

' 
(12.137) 

0 0 Cl 
0 0 Cl 1 + cf 

and, with the mean and covariance in hand, we can write the probability density 
of Z(N) as 

g(Z(N) 16°) = ((2nr det R)-112 exp(- !zrR-1Z), (12.138) 2 
where m = N - n + 1. But from (12.136) this is the likelihood function if we 
substitute for Z and 0 as follows: 

f (YI 6) = [(2nr detRr 112 exp[- !cy -<I>0) 7R-J (Y -<I>O)]. (12.139) 2 
The negative of the log of f is again similar in form to previous results 

m 1 1 - -l(Y 10) = -log2n + - log(detR) + -(Y -<I>6) 7R- 1(Y -<1>0). (12.140) 2 2 2 
The major point to be made about Eq. (12.140) is that the log likelihood 

function depends on the a's and h's through 0 and is thus quadratic in these 
parameters, but it depends on the e's (c 1 only in this special case) through both R 
and detR, a dependence that is definitely not quadratic. An explicit formula for 
the maximum-likelihood estimate is thus not possible, and we must retreat to a 
numerical algorithm to compute 0 ML in this case. 

12. 7 Numerical Search for the Maximum-Likelihood 

Estimate 

Being unable to give a closed-form expression for the maximum-likelihood esti
mate, we tum to an algorithm that can be used for the numerical search for OM L. 

We first formulate the problem from the assumed ARMA model of Eq. (12.134), 
once again forming the inverse system as 

n n 

v(k) = y(k) + L a iy(k - i) - L b i u(k - i) 
i=l i=l 

(12.141) 
i=l 

By assumption, v(k) has a normal distribution with zero mean and unknown 
(scalar) variance Rv. As before, we define the successive outputs of this inverse as 

V(N) = [v(n) v(n + 1) v(N)]7 . (12.142) 
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This multivariable random vector also has a normal distribution with zero mean 
and covariance 

R RI 
V m 

(12.143) 

where Im is the m x m identity matrix, and m = N - n + l is the number of 
elements in V. Thus we can immediately write the density function as a function 
of the true parameters 0° 

= [a 1 a2 . . .  an b 1 ... b11 c 1 ... cnf as 

[ 
1 N v2(k)

] f (VIG)= ((2nyn R;)-112exp -2 
� 

T 
(12.144) 

The (log) likelihood function is found by substituting arbitrary parameters, 0, 
in Eq. (12.144) and using e(k) as the output of Eq. (12.141) when 0 =j. 0°, then 
taking the log which gives the result 

(12.145) 

As with Eq. (12.134) we can compute the estimate of Rv by calculation of 

ae;aRV = o, 
which gives 

1 
N 

-N-- I>
2(k). 

n + l 
k=n 

(12.146) 

To compute the values for the ai , bi , and ci , we need to construct a numerical 
algorithm that will be suitable for minimizing f(E10). The study of such algo
rithms is extensive; 16 we will be content to present a frequently used one, based 
on a method of Newton. The essential concept is that given the K th estimate of 0, 
we wish to find a ( K + l) st estimate that will make f, (E 10 ( K + l)) smaller than 
f(E10(K)). The method is to expand e about O(K) and choose O(K + 1) so that 
the quadratic terms-the first three terms in the expansion of £-are minimized. 
Formally, we proceed as follows: Let O(K + 1) = O(K) + 80. Then 

f(E I O(K + 1)) = f(E I O(K) + 80) 

where 

C = f,(E I O(K)), T ae 
g 

= 
a0 

T " 

1 AT A 

C + g 80 + 
2
80 Q80 + · .. , 

16 See Luenberger (1973) for a lucid account of minimizing algorithms. 

(12.147) 

(12.148) 
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528 Chapter 12 System Identification 

We must return later to the computation of gT and Q, but let us first construct 
the algorithm. We would like to select 80 so that the quadratic approximation to 
.e is as small as possible. The analytic condition for .e to be a minimum is that 
a.e/a86 = 0. We thus differentiate Eq. (12.147) and set the derivative to zero with 
the result (ignoring the higher-order terms in 80) 

a.e 
- = gT +86TQ 
a8o 

= 0. (12.149) 

Solving Eq. (12.149) for 80 we find 

86 = -Q- 1

g. 

We now use the 80 found in Eq. (12.150) to compute 0(K + 1) as 

0(K + 1) = 0(K) - Q- 1g. 

In terms of .e as given in Eq. (12.148), the algorithm can be written as 

0(K + 1) = 0(K) - -- -( 
a2,e 

)
- 1 

(
a.e

)
T 

ao ao ao 

(12.150) 

(12.151) 

Our final task is to express the partial derivatives in Eq. (12.151) in terms 
of the observed signals y and u. To do this, we return to Eq. (12.145) and 
proceed formally, as follows, taking Rv to be a constant because Rv is given by 
Eq. (12.146) 

a.e(E 10) a { m m ,.. 1 N } --n- = 0 -
2 

log 2rc + - log R + -,..- I>2(k) 
au au 2 v 2R

v k=n 

= � � e(k) 
ae(k) 

" � aa ' R
v k=n 

(12.152) 

(12.153) 

We note that Eq. (12.152) and the first term in Eq. (12.153) depend only on the 
derivative of e with respect to 6. Because our algorithm is expected to produce an 
improvement only in 0, and because, near the minimum, we would expect the first 
derivative terms in Eq. (12.153) to dominate, we will simplify the algorithm to 
include only the first term in Eq. (12.153). Thus we need only compute ae(k)/a6. 
It is standard terminology to refer to these partial derivatives as the sensitivities 
of e with respect to 0. 
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We tum to the difference equations for v(k) Eq. (12.139), substitute e(k) for 
v(k), and compute the sensitivities as follows: 

ae(k) . � ae(k - j) -- = y(k-z)- Lc.---
aa

i j=l J 
aa

i 

Be(k) 
= _ u(k _ i) t c. 

ae(k - j)
' ahi j=l 

1 a b
i 

ae(k) . � Be(k - j) 
-- = -e(k-z) - Le.---. 

aci j=l J aci 

(a) 

(b) 

(c) (12.154) 

If we consider Eq. (12.154(a)) for the moment for fixed i, we see that this is a 
constant-coefficient difference equation in the variable ae(k) /Ba

i 
with y(k - i) as 

a forcing function. Ifwe take the z-transform of this system and call ae/aa
i 

� ea, 
then we find 

or 

n 

E (z) = z-i Y(z) - '"'c.z-j E (z) 
� L 1 a 

j=l 

Thus the derivative of e with respect to a
2 

is simply z- 1 times the partial derivative 
of e with respect to a

1
, and so on. In fact, we can realize all of these partial 

derivatives via the structure shown in Fig. 12.9. 
In exactly analogous fashion, dynamic systems, whose states are the sensitiv

ities of e with respect to b
i 
and c

i
, can be constructed. With these then, we have all 

the elements of an explicit algorithm that can be used to compute improvements 
in 9. The steps can be summarized as follows: 

1. Select an initial parameter estimate, 9(0), based on analysis of the physical 
situation, the system step and frequency responses, cross-correlation of input 
and output, and/or least squares. 

2. Construct (compute) e(k) from Eq. (12.139) withe substituted for v; com
pute the sensitivities from Eq. ( 12.154) using three structures as shown in 
Fig. 12.9; and simultaneously compute R a.e;aa from Eq. (12.152) and the 

A V 

first term of RvB 2-€/B9 aa from Eq. (12.153). 
3. Compute Rv from Eq. (12.146) and solve for g and Q. 
4. Compute O(K + 1) = O(K) Q- 1 g. 
5. If [R/k + 1) - Rv(K)]/ Rv(K) < 10-4, stop. Else go back to Step 2. 
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530 Chapter 12 System Identification 

Figure 12.9 
Block diagram of dynamic system whose states are the sensitivities of e with respect to a

i 

In Step 5 of this algorithm it is suggested that when the sum of squares of 
the prediction errors, as given by Rv, fails to be reduced by more than a relative 
amount of 10-4, we should stop. This number, 10-4, is suggested by a statistical 
test of the significance of the reduction. A discussion of such tests is beyond 
our scope here but can be found in Astrom and Eykhoff (1971), and Kendal and 
Stuart (1967). If the order of the system, n, is not known, this entire process can 
be done for n = 1, 2, 3, ... , and a test similar to that of Step 5 can be used to 
decide when further increases inn are not significant. 

Example 12.5 Identification of the Four Disk System 

To illustrate parameter identification with a non-trivial example, we consider the four disk 

mechanical set-up sketched in Fig 12.10 as studied by M. D. Sidman (1986). This is a repre

sentation of a physical system constructed in the Aeronautic Robotics Laboratory at Stanford 

University as part of a continuing study of the control of flexible mechanisms. In this case, 

the assembly has a torque motor coupled to disk 3 and angle sensors at disk 3 and at disk 

1. The sensor at disk 3 is therefore collocated with the torque source and the sensor at disk 

1 is non-collocated with the torque. All disks have the same inertia but, to permit parameter 

changes, provision is made to reduce the inertia of disk 4 by a factor of 0.5 or 0.25. Careful 

measurement of the transfer function by a one-frequency-at-a-time technique for each of the 

inertias of the disk was done and the magnitudes are plotted in Fig. 12.11. The problem is to 

estimate the transfer function by stochastic least squares. 
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Figure 12.10 
A four disk system, from 
Sidman (1986) 

Figure 12.11 

Frequency response for 
the four disk system 
measured with no noise 
and non-collocated 
signals, from Sidman 
(1986) 
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Changeable 
moment of inertia 
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position sensor 
and torque motor 

Non-colocated 
angular position 
sensor 

Note: Bearing assemblies around the torsion rod at each disk 
constrain motion to rotational modes. 
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532 Chapter 12 System Identification 

figure 12.12 
Frequency response of 
the four disk system 
found by least squares, 
from Sidman (1986) 

figure 12.13 

Frequency weighting 
caused by the system 
denominator, a(z), from 
Sidman (1986) 
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Solution. If we write the 0
1 
(z)/ U(z) transfer function as a ratio of two eight-degree poly

nomials, excite the system with a random signal, compute the least squares estimates of these 
parameters, and plot the resulting experimental frequency response, we obtain the curves 
shown in Fig. 12.12. 

The poor fit obtained by using least squares in the presence of very small data converter 
quantization noise, Wa, at the plant output is obvious in Fig. 12.12. Because the flexible 
modes are not successfully identified, the estimates are worthless for the purpose of designing 
a controller that actively dampens these modes. The poor performance of least squares in 
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12.7 Numerical Search for the Maximum-Likelihood Estimate 533 

this situation is caused by the fact that the equation error is not white. It is colored by the 
characteristic polynomial of the plant, a(z). Suppose we write the transfer function 

Then the equation error is 

b(z) 
Y(z) = 

a(z) 
U(z) + Wa 

a(z)Y(z) - b(z)U(z) = a(z) Wa. 

(12.155) 

(12.156) 

Because a(z) is typically large at high frequencies, and amplifies the noise, the parameter 
estimates will be greatly distorted by the least squares identification. This has the effect of 
corrupting the frequency response estimates as shown in Fig. 12.12. In the present case, a 
plot of the true a(z) is shown in Fig. 12.13. If we filter the data with a(z) as suggested by 
Eq. (12.156), we obtain the excellent results shown in Fig. 12.14. However, this polynomial is 
not known and cannot be used to reduce the high frequency distortion. 

To reduce this effect, Sidman (1986) modified Clary's method and introduced the known 
parts and filtered the data with the structure shown in Fig. 12.15. The plant is divided into 
known and unknown parts, multiplied on both sides of Eq. (12.156) by the filter transfer 
function, F, and the new variables defined as 

b (z) 
U

1
(z) = U(z) _!__

() 
F(z), 

a k Z 

Y
1
(z) = Y(z)F(z). 

Then the filtered least-squares formulation 

a
1
/z)[a k(z)Y(z)] - b/z)[b k(z)U(z)] = a/z)a

1
Jz)Wa 

reduces to the modified formulation 

(12.157) 

(12.158) 

(12.159) 

(12.160) 

From these equations, one estimates the transfer function polynomials au and bu of the un
known plant. However, as can be seen by comparing the right-hand sides of Eq. (12.159) and 
Eq. (12.160), this eliminates the coloration of the equation error due to the known ak and 
introduces a filtering of the noise that can be used to reduce the weighting due to au in the 
estimates. In this example, a k is a very significant cause of coloration at high frequencies since 
it includes the action of two roots at z = 1 corresponding to the plant's rigid body poles. 

The bandpass filter F(z) is selected to have a passband that brackets the region where the 
resonances are known to exist. This frequency constraint prefilter further reduces the effect of 
high and low frequency noise and disturbances including broadband quantization noise, DC 
bias in the sensor and actuator, low-frequency torque disturbances, as well as excited unmodeled 
dynamics above the frequency band of interest. The high pass portion of the bandpass filter 
may be chosen to have its zeros at z = 1. This leads to a stable, simple combined prefilter that 
lacks undesirable low frequency behavior. In this example, b k consists of real zeros located on 
the negative real axis. The contribution to the system response due to the zeros of b k is very 
insensitive to changes in the inertia or torsional stiffness in the plant. Thus, the identification 
need only estimate one complex zero pair and three complex pole pairs of the four disk system. 

With the suggested pre-processing of the input and output data, the results of Fig. 12.16 
are obtained. This model is quite suitable for use in control or in adaptive control schemes. 
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Figure 12.14 
Frequency response 
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Figure 12.16 

Frequency response of 
four disk system using 
least squares with 
low-pass filters and 
known factors, from 
Sidman (1986) 
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12.8 Subspace Identification Methods 

The identification methods described thus far have been based on transfer function 
models. The nonparametric methods estimate the transfer function directly as a 
function of frequency and the parametric methods are based on representing 
the input-output relation as a rational function with unknown coefficients for 
the numerator and denominator polynomials. An alternative formulation of the 
identification problem is to express the input-state-output relationships in state 
space form with unknown description matrices <I>, r, H, and J. In addition to 
these matrices, the (unknown) state sequence, x(k), is introduced as well. At first 
blush, it would seem that this structure greatly complicates the problem as there 
are many more parameters to be considered as compared to the transfer function 
model. The approach is to express the data in an expanded space guaranteed 
to contain the state description and to extract the subspace consistent with the 
state equations using reliable and robust methods of numerical linear algebra. 
The methods have been to shown to have very desirable statistical properties 
and, perhaps most important, to be directly applicable to multivariable systems 
with vector inputs and outputs. The subspace-based methods have their origins 
in the early work toward finding a state realization from a deterministic impulse 
response as described in Ho (1966). A unification of the field has been given 
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536 Chapter 12 System Identification 

in Overshee (1995) where the method described here (based on Cho (1993)) is 
called a prediction method. 

The method begins with a collection of input and output data u(k) and y(k) 
that we assume are scalars but could just as well be vectors for this method. To 
motivate the development of the algorithm, it is assumed that this data comes 
from a noise-free underlying state system given by equations of the form 

x(k + 1) = <I>x(k) + f'u(k) 

y(k) = Hx(k) + Ju(k) (12.161) 

where the (unknown) dimension of the state is n. In order to express the constraints 
imposed on the input and output sequences by Eq. (12.161), a number, M, known 
to be larger than the state dimension but much smaller than the data length, is 
selected and the data are organized into the matrices Y and U of size M x N as 
follows 

YN-1 l 
YN 

�N+M-2 

(12.162) 

and 
UN-1 l 
UN 

UN+M-2 

(12.163) 

We assume that the input signals are "exciting" in the sense that u (k) contains 
many frequencies and, in consequence, the matrix U has full rank = M. To these 
data matrices we add the n x N matrix of states 

X = [ Xo • • • x N-1 ] (12.164) 

Finally, we define composite matrices made from the description matrices as 

[

H 

l 

H<I> 
0 = 

x �
<I>

M-1 

(12.165) 

and 
J 0 0 0 0 
Hf' J 0 0 0 

H= 
H<I>f' Hf' J 0 0 (12.166) 

H
cl>M-2f' H<I>M-3r J 
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12.8 Subspace Identification Methods 53 7 

The M x n matrix Ox is the observability matrix with n independent columns and 
the M x M matrix }-{ is an impulse response matrix. With these constructions 
of the data and definitions of matrices, the input-state-output relations can be 
compactly expressed as 

(12.167) 

and the unknown model is contained in the matrices Ox and H. 
The next step is to remove the term in }-{ by multiplying on the right by a 

matrix that is perpendicular to U, which can be found by computing the singular
value decomposition (SYD) of U partitioned as follows 

(12.168) 

It is a property of the SYD that the matrices Pu and Qu are orthogonal matrices 
and consequently that the product Q�

1
Qu

2 
= 0. Thus if we multiply Eq. (12.167) 

on the right by Qu2 it is reduced to 

(12.169) 

The matrix on the right side ofEq. (12.169) is a combination of the columns 
of the observability matrix in the space of the state x and has n independent 
columns. These can be identified by again taking an SYD, this time of YQ112 by 
computing matrices P, S, and Q so that 

(12.170) 

The number of independent columns in this product are the columns of P 
1 

and 
equals the number of nonzero singular values in S which is the size of I which 
is therefore by definition n x n. Comparing this result with Eq. (12.169) means 
that we can take P 

1 
= 0 x from which we can solve for H and <I>. If we wish 

to consider another state than x via a transformation T according to x = Tz we 
would have O =0 T and P

1 
= 0 T- 1

. 

With Ox given by Eq. (12.165f, the matrix His the first row.17 We next solve 
for <I> using the properties of Ox given by Eq. (12.165). If we drop the last row of 
0 x and call that reduced matrix Ox and drop the first row and call that Ox then 
it is clear that O = 0 <I> from which we can solve for 

-X X 

<1> = [o ] t o 
X -X 

(12.171) 

where [.f represents the pseudo inverse and computes a least squares solution.18 

17 In the multivariable case, we'd take Has the first n. rows. 
18 Some authors suggest using total least squares rath�r than ordinary least squares, as both Ox and Ox 

are subject to noise and uncertainty in real cases. 

co
nt

ro
len

gin
ee

rs
.ir



538 Chapter 12 System Identification 

Having H and <I>, we now tum to computing I' and J by operating on 
Eq. (12.167) to isolate 1{. To do this we multiply Eq. (12.167) on the right by 
the pseudo inverse ut (which is readily found from Eq. (12.168)) and on the left 
by P�2. Since by definition uu

t I and P�20x = P�2Pu 1 = 0, these operations 
reduce the equation to 

(12.172) 

Because I' and J appear on the right in 1{ in a linear fashion, we can solve for 
them by rearranging the terms in the equation. We partition the matrices in this 
equation consistent with 1{ and write it as 

... 0 

l 
... 0 

. . : . . . 
HI' J 

(12.173) 
To isolate the unknowns J and I' these equations can be reorganized and written 
as 

(12.174) 

From this equation, one can solve for J and I' by, for example, least squares 
again. This completes one variation of the prediction subspace identification 
algorithm. Clearly there are a substantial number of choices the engineer needs 
to make, including the selection of M and the selection of least squares or total 
least squares to solve Eq. (12.17 1) for <I> and Eq. (12.174) for I' and J. Perhaps 
more important than these decisions is the choice of n from Eq. (12.170). As 
given, we have ignored the possibility of noise which is always present in any 
practical case. Thus in practice the dimension of I in Eq. (12.170) is not obvious 
but must be selected as that value such that the significant singular values are 
kept and the negligible singular values are dropped. How clearly this choice is 
depends on the particular case and the other choices made in the algorithm and 
can be quite difficult. In important cases, models based on the prediction error 
method as well as one based on subspace methods are frequently computed and 
tested against new data and physical knowledge to guide final model selection. 

12.9 Summary 

In this chapter we have introduced some of the concepts of identification of 
dynamic systems for the purposes of control design. The main points were 
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12.10 Problems 539 

• Data to be used for identification should be filtered to reduce noise and to 
remove known components of the transfer function. 

• A good frequency response model can be computed using sinusoidal inputs, 
one frequency at a time. 

• A chirp signal input coupled with the FFT permits one to obtain a frequency 
response model in one pass. 

• Either batch or recursive least squares gives a good model when the equation 
error is an independent white noise process. 

• Prediction error methods based on the maximum likelihood are among the 
best general methods for identification. 

• State subspace-based methods estimate state realizations directly and are 
especially effective for multi-input-multi-output systems. 

12 .. 10 Problems 

Figure 12.17 
A mechanical system 
used in Problem 12.2 

12.1 Data from a mass moving in a plane (x, y) without force are given as 

0 -0.426 1.501 

1 0.884 1.777 
2 2.414 2.530 
3 2.964 3.441 
4 3.550 3.762 
5 5.270 4.328 

6 5.625 4.016 
7 7.188 5.368 
8 8.129 5.736 

9 9.225 6.499 
10 10.388 6.233 

Plot the points and use least squares to estimate the initial value of x, the initial value of 

y, and the velocity of the mass in x and in y. Draw the curve (line) that corresponds to 

your estimates. 

12.2 A simple mechanical system without friction is sketched in Fig. 12.17. 
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.540 Chapter 12 System Identification 

(a) Show that this system is described by the equations 

Mx I + kl x l + k2
(X I - X2) = 

0, 
Mx2 

+ k 1
x

2 
+ k2 (x2 - x1) = 

0, 
x 1 (0) 

= 
xlO ' 

xi (0) 
= x20. 

(b) We wish to estimate the parameters k
1

, k
2

, and M from measurements of x
1 
(t). 

However, note from (a) that ifwe divide by Min each equation the only identifiable 
parameters are k

i
f M = K

1 
and k2 / M = K2. Give an intuitive argument to the 

effect that, if x
10 x

20 or if x
10 = -x

20, it is impossible to estimate both KI and 
K

2 
from x I (t). (Hint: Rewrite the equations using y = xI - x

2 
and z = x1 + x

2 
as 

the position variables.) Show that if x
10 I and x

20 = 
0 , it should be possible to 

estimate both K I and K
2 

from x I (t). What do you conclude makes a "good" initial 
condition? 

(c) Compute a discrete equivalent system for sampling at 0.5 sec with an input that 
can set an initial condition on x 1

. Select K
1 

0.4 and K
2 

= 0.6. Compute the 
transform of XI if x 10 = 

1 

X/z) 
b

0
z4 + b

1
z3 + b

2
z

2 + b
3
z + b

4 

z4 + a
1 
z3 + a2z

2 + a3z + a4 

where the parameters ai are functions of K
1

, K
2

, and sampling period T. 

(d) Formulate the least-squares problem to estimate the a
i 

from noisy measurements 
of x

1 
(kT). Set up the problem so that it is possible to ignore the bi . 

(e) Simulate the equations of part (a) for K
1 
= 0.4 and K

2 
= 0.6, sample x

1 
at a rate of 

0.5 sec for 30 samples, and compute 6 [al a2 a3 a4f. Assume all the noise 
comes from an AID converter operating at 10 bits including sign. If the simulation 
is done on a digital computer, add the appropriate noise according to the noise 
model of quantization discussed in Chapter 10. Compute the predicted variance in 
the estimate of 0. 

(f) Deliberately add additional noise of known variance to your data, recompute 6 50 
times from different runs of noisy data, and compare the sample variance of 6 to 
the theoretical value based on P. 

(g) Keep the number of samples fixed at 30 but vary the sample rate from 0.1 sec to 1 
sec in 0.1 steps and compute 

l L 
6k 

O 
6k 

4 I A O I k= I ijk 
for each sample period as a measure of total estimate accuracy. What do you 
conclude respecting selection of sample period for identification? 

(h) Keep the sample period fixed at 0.5 sec, but compute the estimate for varying 
numbers of samples. Consider at least 5, 10, 30, 100, and 300 samples. Compare 
the same criterion used in part (g) and give an explanation of the results. 

12.3 Program the recursive least-squares algorithm of Eq. (12.73) for no weighting. Use the 
algorithm to estimate the parameters of the system of Problem 12.2(h). Use 6(5) 0 
and P(5) = I for your initial conditions. If available, use the Identification Toolbox to 
repeat the exercise. 

12.4 Give the transfer function H (z) of the filter that corresponds to exponentially weighted 
least squares as a function of a and y. Prove that H ( 1) = 1 if a = 1 - y. 
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12.10 Problems 541 

12.5 In Eq. (12.84) we showed that the variance in the least-squares estimate is 
(AT A)-1 AT RA(AT A)-1 and, in Eq. (12.108), we showed that the variance of the BLUE 
is (AT R-1 A)- 1

. Use the development of the proof of the BLUE following Eq. (12.103) 
to devise an expression for the excess variance of least squares over BLUE. 

12.6 (Contributed by N. Gupta.) Show that the least-squares estimate 0 = (AT A)-1ATY 
results in the error squared E(Y A8)T (Y - A8) = (m n)CJ2, where Ee2 

= CJ2 , Y 
has m components, and 8 has n components. What estimate of CJ2 does this result 
suggest? Hint: If M = I - A(AT A)- 1 AT , then M2 = M =MT . 

12.7 In Eq. (12.134) we showed that the maximum likelihood estimate of CJ2 is 

(Y A0l(Y-A0)/m. 

Show that this estimate is biased. 

12.8 Write a computer program to implement the search for the maximum likelihood estimate 
following the method of Section 12.8. 

12.9 Simulate the system [described in Astrom and Eykhoff (1971)] 

(a) Yk+ 1 = -a
1 yk + b1 uk + vk+1 + c 1 vk

, where uk 
and vk 

are independent sequences 
of unit variances and a1 

-0.5, b
1 
= 1.0, c

1 
= 0.1. 

(b) Compute the least-squares estimate of a
1 

and b
1 

from observation of 5, 50, and 500 
samples. Compare variance and bias to the theory in each case. 

(c) Compute the maximum-likelihood estimates of a
1

, b
1
, c

1
, and CJ; from 5, 50, and 

500 samples, and compare the estimates to the known true values. 

12.10 Suppose we wish to identify a plant that is operating in a closed loop as 

Yk+ 1 
= ayk + buk + ek ' 

U
k 

- Kyk
, 

where e
k 

is white noise. Show that we cannot identify a and b from observation of y and 
u, even if K is known. 
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♦ ♦ 

Perspective on Nonlinear Control 

Every physical system is nonlinear for large signals, and many systems have 
important nonlinearities such as friction that cannot be ignored even for small 
signals. Furthermore, optimal control of many systems requires a nonlinear con
troller. Because the variety of nonlinear systems is so vast, it is only possible 
here to give an introduction to the most important issues and concepts. 1 The first 
concern is stability, and the most important stability theory is that of Lyapunov. 
It is this theory that justifies the enormous attention paid to the linear case by 
providing the proof that, for most nonlinear systems, stability of the small signal 
linear approximation implies a region of stability of the nonlinear system. Be
yond this result, Lyapunov theory gives us a tool that can be used to determine 
further regions of stability and also can guide the design of purposely nonlinear 
controllers in a process called Lyapunov redesign. Unfortunately, application of 
Lyapunov theory is often difficult and can be very frustrating. Alternative ap
proaches, including computer simulation, heuristic methods such as the describ
ing function, and the frequency-response-based circle criterion are also important 
techniques. 

Design of controls for nonlinear systems may be placed in several categories. 
The most primitive method is to obtain a linear approximation, design a linear 
controller, and use computer simulation and perhaps a stability theory such as 
Lyapunov's to explore nonlinear behavior. In an approach known as Lyapunov 
redesign the engineer constructs a tentative Lyapunov function and deliberately 
designs the controller to force the system to realize the function which automat
ically provides a proof that the system is stable. Another widely used approach 
is to use feedback to reduce the equations to a linear form and continue as in 

1 In this text we assume that the model equations have unique solutions and do not exhibit the astonishing 

behavior of Chaos (Gleick, 1987). 
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544 Chapter 13 Nonlinear Control 

the first case. This method is known in the field of robotics as the method of 
computed torque. A combination of Lyapunov redesign and computed torque 
that extends both has recently been developed as backstepping. Another ap
proach to nonlinear design is to apply the concepts of optimal control to obtain a 
controller that minimizes a performance measure. A well-known case is that of 
minimal time control of a linear system subject to bounded controls. A practical 
approximation to minimal time control has been developed as proximate time 
optimal systems (PTOS). Finally, a widely used concept is that of adaptive con
trol. The fundamental idea of adaptive control is that the controller is redesigned 
on-line to maintain good performance in the face of a changing environment that 
includes major changes in the plant dynamics. Sub-categories of adaptive control 
are gain scheduling, the model-reference adaptive control (MRAC), and the 
self-tuning regulator (STR). 

Chapter Overview 

In this chapter, we first consider computer simulation and the heuristic analysis 
methods of equivalent gain and the describing function. For stability, the main 
analysis technique presented is the second method of Lyapunov, but also discussed 
are the circle criterion and the small gain theorem. An important design technique 
uses linear design methods based on a linear approximation to the plant model. 
As we will see, this approach is known as Lyapunov's first method. In Section 
13 .2 we consider two approaches to design by nonlinear feedback. The first is 
the proximate time optimal system (PTOS) design for linear systems having only 
saturation of the actuator as the nonlinearity, and the second is the self-tuning 
regulator approach to adaptive control. PTOS control is especially appropriate for 
motion control and adaptive control is widely used in chemical process control. 
In the last section of the chapter, several important approaches to computer-aided 
design of nonlinear systems are introduced. 

13.1 Analysis Techniques 

Final design of a controller contains two phases: performance analysis and de
sign improvement. The performance analysis phase includes examination of a 
particular fixed structure to determine such properties as stability, signal sizes, 
and dynamic response to see if the performance specifications are met. The tech
niques available for analysis of nonlinear systems include computer simulation, 
study of a linear approximation, describing functions, equivalent gains, the circle 
theorem, and Lyapunov's second method. The design improvement phase con
sists of finding a structure and parameter set which achieve an improved trade-off 
among the goals and the constraints that define a satisfactory system. Approaches 
to obtaining design improvements will be covered in Section 13.2. 
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13.1 Analysis Techniques 545 

13.1.1 Simulation 

Simulation is the process of constructing a mathematical model of a proposed or 
actual system and using a numerical solution of the model equations to estimate 
the behavior of the system. In control engineering, the models are most often a 
collection of integro-differential equations, the solution to which represents the 
response of the system to specific environmental conditions and inputs. Computer 
models vary in complexity from a few first-order differential equations to systems 
with thousands of state variables such as a model of the space shuttle. Increasingly, 
control models of sophisticated systems are hybrids of differential equations 
interacting with dynamic digital logic. For such systems simulation is essential 
to study the possible responses. 

Simulation is one of the most valuable assets to the field of control engineer
ing and is the only general method of analysis able to find solutions to arbitrary 
nonlinear differential and difference equations. Of course simulation finds only 
particular solutions, that is, solutions to the equations with specific inputs, ini
tial conditions, and parameters. It is for that reason that simulation does not 
supplant other forms of analysis. Important properties such as stability or con
ditional stability cannot be proven with simulations. In the case of a nonlinear 
system, even if we have no proof or guarantee of stability, simulation can give 
us confidence that under the operating conditions expected the system is almost 
surely stable. Although a proof of stability is always desirable, sometimes we 
must rely on extensive simulation alone to decide that the complete system is 
satisfactory. 

Many general purpose computer simulation tools have been developed in 
the last 50 years. Electronic analog computers based on operational amplifiers 
were used in the 1940s and 1950s. These were followed by combined digital
analog machines and then by completely digital simulations starting in the 1960s. 
More recently, software packages have been developed with user-friendly inter
faces that have greatly enhanced the effectiveness of digital simulation. Although 
completely digital simulation is the most common technique used today, there 
are still some applications for digital-analog simulations, especially when one 
wishes to test a physical component imbedded in an otherwise computer sim
ulation. Given the description of a system by differential equations such as 
Eq. (13.1), along with the initial conditions x(t

0
) and the external inputs to the 

system u(t), a simulation program will find the time histories of all the system 
variables 

x(t) = f (x, u, t). (13.1) 

A simple example will demonstrate the value of simulation. 
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546 Chapter 13 Nonlinear Control 

Example 13.1 Response of a Nonlinear System 

Figure 13.1 

A simple pendulum 
(a) schematic (b) block 
diagram of pendulum 
dynamics 

The equations of motion for the simple forced pendulum shown in Figure 13 .1 are given by 

w = -bw - Q2 sin 0 + -
1

-T. (13.2) 
mz2 lll 

e = w, (13.3) 

where b is the coefficient of drag ( or viscous friction) and Q ,Jg/7, is the oscillation 
frequency for "small" initial conditions (near 0 = 0). Find and plot the response of this 
system for initial conditions corresponding to 0 (0) � 0 and 0 (0) � n:. Also plot the response 
to a piecewise constant input of sampled white noise. Use the parameters b 0.25, Q2 = 100, 
and mf-2 1.00. 

Solution. It is a fact that for even such a simple, common system, the closed-form solution 
is very difficult to obtain. The homogeneous solution (I;12 = 0) is a complicated Bessel series, 
while closed-form solutions to arbitrary inputs are impossible. Using simulation we can find 
the response of the system to arbitrary inputs easily. The time histories for the angular position 
and velocity of the pendulum are shown in Fig. 13.2 as obtained by the MATLAB/SIMULINK 
block diagram drawn in Fig. 13.3. One can see from this example how the computer software 
has been constructed to allow one to setup the simulation in a very intuitive way from the 
equations. As a matter of fact, the SIMULINK block diagram is essentially the same as would 
have been used years ago to set up an analog simulation where the 1 / s factors would have 
been op-amp integrators. For "small" motions where sin 0 � 0 and with no input torque, the 
system appears to be linear. It is clear however that for an inverted pendulum (0 � n:) the 
system is anything but linear as it hangs up near the initial 0 at the start. Figure 13.4 illustrates 
the response with a complex input torque 7:12 representing a random wind force acting on the 
pendulum. Simulation allows us to find this response, whereas a closed-form solution would 
be impossible. A reasonable intuition is that if this simple second-order system is difficult to 
solve analytically, then closed solutions for higher-order systems with even one nonlinearity 
will be very difficult if not impossible to find. 

ml2b 

------1 mg! sin(•) �------

(a) (b) 
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13.1 Analysis Techniques 54 7 
Figure 13.2 
Response of the pendulum for (a) small initial conditions (b) large initial conditions 
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Figure 13.3 

Time (sec) Time (sec) 

(a) (b) 

Simulation block diagram for solving the pendulum equations 

Band-limited 
white noise 

Auto-scale 
graphl 

Gainl 

theta 

Integratorl 

1/s 

� 
Auto-scale 

graph 

MATLAB 

function 

sin(theta) 
Gain2 

To perform a simulation of the forced pendulum in Example 13.1, the equa
tions of motion are numerically integrated. Many general integration schemes 

have been developed to perform the task. For a system described in Eq. (13.1), 
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.548 Chapter 13 Nonlinear Control 

figure 13.4 

Response of the pendulum to an external input (a) pendulum angle (b) external torque 
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(a) 

Time (sec) 

(b) 

the numerical solution is obtained by first expressing the model as the integral 
equation 

x(t) = x(t - T) + Lr f (x, u(-r), -r)d-r. (13.4) 

This equation could be integrated if the function f is constant or linear. Diffi
culties arise when f (x, u(r), r) is a nonlinear function of its arguments over the 
integration interval, t T ➔ t. Two broad categories of numerical integration 
schemes are used for these cases: single-step and multi-step. Single-step meth
ods (e.g., Runge-Kutta) approximate the integral by evaluating f (x, u(r), r) at 
t - T, t, and various intermediate values, in an effort to arrive at an accurate 
approximation to f (x, u( r), r) over the interval which can then be integrated. 
Multi-step methods (e.g., Adams-Moulton) rely on past values of the deriva
tive, f (x, u(r), r), and assume a certain degree of smoothness to predict future 
behavior. Multi-step methods generally don't perform well in the presence of 
discontinuities such as steps or static friction since the extrapolation may miss 
the point where the discontinuity occurs. The integration algorithm used in Ex
ample 13 .1 was a fifth-order Runge-Kutta. Most simulation packages allow the 
user to choose from a large selection of integration routines.2 

An important issue of any simulation is how do we determine if the an
swers produced are correct? As has been pointed out, when using simulation 

2 Simulink, Symnon, ACSL, Easy 5, and XMath all have this capability. 
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13.1 Analysis Techniques 549 

we usually do not have an analytic solution before we start. Several impor
tant techniques are employed to check simulation accuracy. First, the simu
lations of a given system with varying methods of integration, various inte
gration error limitation tolerances and step sizes should produce results which 
are very close to each other. Using some metric such as the largest absolute 
value of the difference between two simulations' state variable trajectories, the 
measure of the difference should be insignificant to the designer. Drastically 
different results point to some numerical sensitivities which are causing one 
or both of the simulations to be incorrect. Second, in most situations the de
signer knows basic properties the system should have, such as the signs of 
derivatives, and steady state values. When simulations fail basic sanity checks 
such as these, there is something wrong. For instance, the pendulum example 
should behave like a linear harmonic oscillator near 0 = 0. It should never os
cillate faster than this frequency (unforced). The pendulum should come to rest 
at zero angle and angular velocity and remain vertical for exact initial con
ditions of [n 0]. A quick examination of Fig. 13.2 reveals that these condi
tions are met (steady state solutions can be verified with a very long simulation 
time). 

A partial list of issues for any simulation used for control system analysis or 
design is as follows: 

1. Accuracy. 

2. Run time. 

3. Flexibility of integration routines. 

4. Ability to simulate hybrid systems which contain logic, sampled, and con-
tinuous parts. 

5. Ease of use including block-diagram support for system definition. 

6. Graphics support for inputs and outputs. 

7. Portability indicating how easily the simulation can be run on different 
computers. 

8. Operating system and host computer requirements (memory, disk storage, 
etc.). 

In this section we noted the nonlinearity of the simple pendulum and the 
ease with which a simulation package enabled us to find particular solutions for 
the system. The ability to solve differential equations of high order, complicated 
nonlinearity, and time-variable coefficients makes simulation an invaluable tool 
for control engineers. 

As was noted earlier, in Fig. 13.2 the system appeared linear near 0 = 0, and 
in fact can be approximated as a linear system in that region. This approximation 
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550 Chapter 13 Nonlinear Control 

is known as linearization, and is an important tool in the analysis and design of 
nonlinear control systems. 

13.1.2 Linearization 

Linearization is the procedure in which a set of nonlinear differential equations 
is approximated by a linear set. There are two main reasons for the importance 

of linearization. First, there are many good design and analysis tools for linear 
systems; and second, Lyapunov proved that if the small-signal linear model of a 
system is stable, then there will exist a region, which may be small, within which 
the nonlinear system will be stable. Thus, almost always, the first technique of 
nonlinear system analysis and design is to obtain a linear approximation and 

design a controller for it. Simulation can then be used to explore the quality of 
this design when used with the nonlinear system model. 

The "small signal" approach to linearization was discussed in Chapter 4. 
Although based on expansion for infinitesimal signals, the technique is by no 
means limited to infinitesimal deviations about the operating point. The relative 
sizes of the deviations from the operating point where the linear approximation 
is good are governed by two primary factors: first, the nature of the nonlinearity 

(how rapidly it deviates from being linear), and second, the accuracy with which 
we wish our model to match the true system. The definition of "small" is very 
much dependent on the particular problem. 

Example 13.2 The Small-Signal Approximation 

For the first example of linearization we return to the pendulum as described by Eq. (13.2) 
and Eq. (13.3). Assume that the system has a position sensor for the angle 0, and that the goal 

is to keep the pendulum perfectly vertical (pointed down) while the pivot point is subject to 
(small) horizontal accelerations as might occur in a hanging crane. Find the linear equations 

of motion. 

Solution. Using the notation of Chapter 4 for state equations, the motion is described by the 

equations 

= -bw Q2 sin0 

=w. 

With the definition of the state 

1 
Tin

mz2 
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we can linearize about the point (u>a 0
0
) yielding 

af1 = -b 
aw 

af2 

aw 

af1 = -n2 cos e 
ae 0 

af2 

ae 
0 

af1 

mz
2 aT 

In 

Thus the complete linearized state equations are then given by 

• _ [ -b -Q2 cos00] [ X- 1 Q x+ 

and the output measurement is given by 

y [ 0 1 ] X. 

(13.5) 

(13.6) 

To explore the properties of the linearized model let us use the system 
parameters as given in Table 13 .1. 

Substituting these parameters into the continuous system model linearized 
about w

0 
= 0, and 0

0 
= 0, allows us to compute a discrete system model (for 

discrete time control). For illustrative purposes, we will assume a 10 millisecond 
sampling interval has already been chosen based on a desired control bandwidth 
of 2 Hz. Finding a discrete time model with a 10 millisecond sample interval 
yields the following equation 

[ 
.9925 -.9971 

] [ 
0.01 

] T Xk+I = .0100 .9950 Xk + 0.00 in' 

Parameter Value 

me
2 1.00 

b 0.25 
Q

2 
100 
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552 Chapter 13 Nonlinear Control 

Figure 13.5 
Comparison of linearized 
model and nonlinear 
model of the pendulum 
(a) small initial conditions 
(b) large initial conditions 

and the output measurement is given by 

y = [ Q 1 ] Xk. (13.8) 

The obvious question is, "How well does this model predict the system 
behavior?" Qualitatively we can see from Fig. 13.5(a) that for angles near 0

0 
= 0, 

the linear and nonlinear models are extremely close. However, Fig. 13.5(b) shows 
that a gross violation from the conditions under which the linearization was done 
0

0 
= n (inverted pendulum) yields results seriously in error. 

Another very important point should be repeated here: the accuracy require
ments for the model are a function of the application of the model. For open-loop 
prediction as in Fig. 13.5, the model may have to be extremely accurate if predic
tions are going to be made for long time intervals. However, if, as is usually the 
case in control systems, the linearized model is to be used in a state estimator, 
the accuracy of the model is much less critical because measurement updates in 
the state estimator are used to correct the model estimates (at each sample inter
val). In fact, modeling errors which produce time-domain errors well below the 
bandwidth of the state estimator can be easily tolerated, whereas modeling errors 
producing higher frequency errors are more likely to require reduction since they 
are beyond the bandwidth of the state estimator. Using this reasoning it is easy 
to get a feel for which type of modeling errors are permissible and which are 
not. All models contain errors, and there is always a trade-off between model 
complexity and computation time, so model simplification should be considered 
in any design. One of the simplest ways to test models is through simulation 
and examination of the resulting estimation errors and the overall system per
formance. The simulation should contain a plant model with a high degree of 
detail, and then estimator models based on differing levels of approximation can 
be studied. In this manner the accuracy required of the approximation can be 
determined through estimator error and performance analysis. 

- Nonlinear model 

8 ....... Linear model 0 
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13.1 Analysis Techniques 553 

Before proceeding, let's look at piecewise linearization as a simple simula
tion alternative for the system defined by Eq. (13.2) and Eq. (13.3). 

Equations (13.2) and (13.3) can be rewritten as 

-b -Q -- --

[ 

2 sin 0 k 
] [ 

1 
] x = 

1 Q 

0
k 

X + mc
f 

�n' 

and the output measurement remains as before 

y = [ 0 1 ] X. 

(13.9) 

In this form, we can approximate the system matrix as constant over a small 
interval of time, thereby allowing us to compute a linear discrete time model for 
the system over that interval. Using a constant time interval, the state equations 
become 

(13.10) 

For discrete time control it is of course necessary to compute the corresponding 
discrete transition matrix <1>(0

k
) and input matrix r(0

k
) at each sampling interval. 

To save computation time, the matrices can be computed over the expected 
range of 0 k and stored in tables as actual values or coefficients of some curve 
fit equations. Choosing the sample interval clearly will have an effect on the 
accuracy of this technique since the error in calculating the next sample is related 
to the maximum change of the state variable 0 during the interval: the smaller the 
change, the closer the approximation. In a simulation of the pendulum, the size 
of the time step-and therefore the accuracy of the solution-would be traded 
off against the execution time of the simulation. For discrete time control, if 
the sample interval does not yield good enough model accuracy then it may be 
necessary to compute Eq. (13.10) more than once per sample interval. 

Example 13.3 Design Based on a Linear Approximation 

The use of linearization for design can be illustrated by design of a spindle speed controller for 
a compact disk player. The block diagram of the plant which uses a direct drive spindle motor 
is shown in Fig. 13.6. The total drag torque applied to the inertial load is given by 

Ticv) = kv1
cv + kcf 

sgn(cv) + ksf 
sgn(cv) p(cv), 

with the following definitions 

�n = applied input torque (N-m) 

T
d 

= drag torque from friction components [N-m] 

T,
1 

= net input torque causing acceleration [N-m] 

kw = reciprocal of the load inertia [ sec-2 / N -m] 

k
0 

sensor gain 

(13.11) co
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Figure 13.6 

Spindle motor model 
including nonlinear 
stiction and coulomb 
friction 

Nonlinear Control 

Tin 

Td 

+ 
w 

kw w 
� 

e 
� s 

kvf = linear viscous friction coefficient [N-m-sec-rad-1] 
kcf = coulomb friction torque [Newton-meters] 
ksf = static friction or "break away" torque [Newton-meters] 

O' = static friction velocity constant [rad-sec-1] 

p(OJ) = 
e-lw/al 

where the signum function is defined as 

{ +1 (J' > l 
sgn(O') = 0 O' = 0 

-1 (J' < l .  

Construct a piecewise linear model for this system. 

(13.12) 

Solution. Clearly, the net torque applied to the spindle given by Eq. (13.11) is a highly 
nonlinear function. In this case the linearization as described in Chapter 4 fails if the "operating 
point" is at OJ = 0 because the partial derivative of the signum function does not exist at zero. 
This is one case where obtaining a linear discrete equivalent model would be extremely difficult, 
and cannot be handled by linearization with high accuracy. However, if we are after a spindle 
speed controller which has a nonzero lower bound on the desired operating speeds, then we 
can linearize this plant. A reasonable assumption is that during operation the spindle speed 
will be in a restricted range as 

O<0J. <OJ<OJ mm - - max (13.13) 

During start-up (zero spindle speed) the conditions given by Eq. (13.13 ) will be violated, but 
the speed controller will only be expected to perform well once the speed is in the operating 
range.3 

The nonlinear differential equations describing the spindle motor are given by 

cv = f1 
(B, OJ, �n

) 

0 = fz(0, OJ, �n
)' 

where 

3 The only requirement for start-up would be initially overcoming the static friction force and obtaining 

operating speed within a specified maximum time. 
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Figure 13.7 

Linearized model of the 

spindle motor 

13.1 Analysis Techniques 555 

f/0, w, 1:n) = k0w. 

Computing the partial derivatives yields 

af1 
= -k aTi

w) 
+ 0 = -k k 

aw w aw w vf 

af2 
= k 

aw 
e 

af1 -=0 
ae 

af2 -=0 
ae 

k 

af2 -=0. 
ar. 

In 

We see that there is no dependence on the operating point. The state-space model is then given 
by 

where 

[ cv ] [ -k k 1 0 
] [ 

w 
] [ 

k 
] 

T. 
[ 

k 
] 

T. 
() = ke v 0 + Q in + Q bias ' 

Tbias 
= -k

cf sgn(w). 

(13.14) 

The block diagram of the linearized system is shown in Fig. 13.7. Note that all the variables are 
still in absolute terms, but there is a dependence of Tbias 

on the sign of the rotational velocity 
w. Note that if Eq. (13.14) is used to model the system in simulation, the bias torque should 
be set to zero at w = 0. 

Besides the difficulty of the unbounded derivative of the signum function at zero, several 
other points can be illustrated with this example. It is not always necessary that the "operating 
point" be a constant value. In this example 0 is increasing with time because w remains positive 
after start-up. If the model outputs did not require angular position, we could simply drop 0 
from the state. However, if other parts of the overall system might require an angular position, 
input 0 cannot be dropped. In any case, since neither f

1 
nor f2 

are functions of 0, it is not 
necessary that 0 remain constant. Although the states, inputs, and outputs can sometimes be 

Tvf 

+ 
w 

� w 
� 

() 

s s 

Tbias 
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556 Chapter 13 Nonlinear Control 

conveniently described as deviations from the operating point, this is not necessary either. In 
the case of the spindle model, we can add a bias or "disturbance input" into the model and allow 
all of the state variables to represent the absolute variables as in a· standard model. It should 
be clear that nonzero terms in the nonlinear system must be accounted for, as was done in this 
example, by adding T

bias 
to the state equations. It should be clear that the control function in 

this problem will have to provide at least a constant bias torque to overcome bearing friction 
and aerodynamic drag. Thus either feedforward, integral control, or bias estimation should be 
employed. 

From the linear continuous time model of Eq. ( 13 .14 ), we can use the method 
of Chapter 6 to find a discrete equivalent. Since the designer has found a way 
to approximate the nonlinear model by a linear one, he or she can now proceed 
with linear design tools. Thus the goal of linearization is to obtain a linear model 
which is valid over an appropriate region of .operation such that we can use the 
familiar and powerful linear systems analysis to understand the control system. 

Many physical systems such as the spindle motor can be modeled very accu

rately by lumped parameter (finite order) linear models in the expected regions 
of operation. Although some nonlinear models can be linearized by hand, many 
are complex enough to require some sort of computer software assistance. Phys
ical structures such as beams, buildings, bridges, loudspeakers, and missiles all 
have highly nonlinear dynamic behavior under reasonable operating conditions. 
Linearizing models for such common systems is greatly facilitated by computer 
programs. 

Structural Analysis 

Many systems include a flexible physical structure which is part of the plant 
to be controlled. The structure may be a simple pendulum as in the read/write 
assembly of a magnetic disk data storage system or it may contain an extremely 
complex structure such as that of the airframe and actuators of a jet aircraft. In all 
but the most trivial systems, analysis of the structural dynamics of such a plant 
are greatly facilitated by computer programs which tum physical descriptions of 
structures into linear dynamic models. One such program is NASTRAN (NAsa 
STRuctural ANalysis) (see Strang (1986)). The analysis or modeling technique 
employed by most such structural analysis programs is finite element analysis 
in which a structure is modeled as a joining of many simple elements drawn 
as geometrical shapes such as cubes, pyramids, or rhomboids. Properties of the 
material such as stiffness and damping determine the dynamical properties of 
each of the elements and their interconnections. An example of how NASTRAN 
is employed in control system design follows. 
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13.1 Analysis Techniques 557 

Example 13. 4 Example of Finite-Element Analysis 

Figure 13.8 

Simple pendulum model 
for structural analysis by 
the finite element 
method 

A beam with a frictionless pivot at one end and a load mass at the other is shown in Fig. 13.8. 

This is a structure typical of those found in robots, disk read/write head assembly, and many 

other examples of motion control. Demonstrate the computation of a model of the motion 

using NASTRAN. 

Solution. Both the beam and the load mass have been divided into elements for modeling. 

The motion in a horizontal plane (no gravity)-assuming in-plane motions only and a rigid 

beam-is just that of an inertia, and the basic response is just that of a double integration of 

input torque to produce the output angle 0 as shown in part (a) of Fig. 13.5 (rigid body mode). 

The rigid body model is fine until the input torque starts to significantly excite the bending 

modes of the beam and load. which move as shown in parts (b-d) of Fig. 13.9 as computed 

by the program. The lowest frequency mode is the first bending mode of the pendulum beam 

which is at 157 Hz. The designer of a pendulum angle control system with a bandwidth less 

50mm 

1.0 mm thick 

��:R-"""71 

I �Nodel56 
1-4-10 mm -+I 
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Figure 13.9 

Pendulum mode shapes 
determined by NASTRAN 
(a) rigid body, (b) first 
bending mode, (c) first 
extension mode, 
(d) second bending 
mode, and (e) frequency 
response from input 
torque to x and y 
deflections 
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than one tenth of this resonant frequency could neglect this mode altogether, along with those 

of higher frequencies. Since the magnitude of the frequency response caused by the first mode 

resonance rises a factor of 10 (20 dB) above the baseline frequency response as defined by the 

1 / s2 inertial model, neglecting this bending mode of the pendulum will restrict control designs 

to have a bandwidth no higher than about 16 Hz. 

For physical systems even of the complexity of the simple pendulum in the 
last example (and this is as simple as one could practically imagine), mechanical 
engineers and control designers find finite element analysis of the plant structures 
to be very advantageous. After entering a geometrical description of the physical 
system into an input file, along with information characterizing the materials the 
system is comprised of, a program such as NASTRAN can find a linear model 
that can match the physical system very closely. NASTRAN output can be used 
directly as part of the dynamic model used in the control design. Such models 
can be made far more accurately than normal hand analysis models. It should 
be noted that finite element analysis can also provide information about stress in 
the material under various loading conditions, weight, inertia, and mode shapes 
in addition to the dynamic response which is of primary interest to the control 
system designer. 

13.1.3 Describing Functions 

In many cases linearization of a nonlinear system or subsystem by small signal 
analysis is not possible or is not adequate to describe the system. The describing 
function is based on the fact that a linear stationary system responds to a sinusoid 
with another sinusoid of the same frequency but modified amplitude and phase. 
In 1950 R. J. Kochenburger proposed to represent a nonlinear element by the 
transfer function of the (fictitious) linear stationary system which would pro
duce as its output a signal equal to the fundamental component of the nonlinear 
system's complete output. Higher order harmonics were to be ignored as negli
gible. Notice that this describing function is not a transfer function and in fact 
usually depends on both the amplitude and the frequency of the input. Describing 
function analysis assumes that only the fundamental component of the output 
is important. Thus, for an input x (t) = A sin cvt to the nonlinear function, it is 
assumed that the output can be expressed as a Fourier series as follows4 

CX) 

y(t) = A
0 
+ L)A

n 
cos ncvt + B

11 
sin ncvt) 

n=l 

4 Some nonlinear systems have subharmonics in their outputs, while others display chaotic behavior. 

These cannot be analyzed by describing function methods. 
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where 

00 

= A0 + L .t:
1 
sin (nwt + cp

n
), 

n=I 

1 127!' 

A = - y(t) cos nwt d(nwt) 
n Tr 0 

Bn � 1
21r 

y(t) sinnwt d(nwt) 
Jr 0 

y = JA2 
+ B2 

/l ll n 

A 
¢ = arctan _

n
. 

n 
B 

n 

(13.15) 

(13.16) 

(13.17) 

(13.18) 

A constant offset will be present in the output if the nonlinearity is not symmetric 
(A0 =j. 0). Since the describing function is the complex ratio of the magnitude 
and phase of the first harmonic in the output to the magnitude and phase of the 
input, we are only interested in the first terms of the Fourier series representing 
the output. Thus the describing function is 

y JAi + B� A 
N(A, w) _!_ L ¢ = --- L arctan __!__ (13.19) 

A I A B 1 

In the case of a memoryless nonlinearity which is an odd function (f (-a) = 

-f (a)), the Fourier series cosine coefficients will be zero and the describing 
function becomes 

B 
N(A) = 

A
IL 0, (13.20) 

that is also independent of w. This is the most common case in control. If the 
nonlinearity has memory that is independent of time, as with hysteresis, then the 
describing function will be complex but independent of frequency. 

Example 13.5 Computation of a Describing Function 

Use Eq. (13.20) to calculate the describing function for saturation which is shown in Fig. 
13. lO(a) with example input and output in Fig.13.lO(b). Saturation is one of the most common 
nonlinearities in control systems. The general saturation function is expressed in terms of the 
basic saturation function defined by 

{ 
+l x > l 

sat(x) � x lxl :::: 1 
-l X < -l. 

(13.21) 

If the linear region slope or gain is k and the final saturated value ism, then the function is 

y = m sat( kx/m). (13.22) 
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Figure 13.10 
Saturation nonlinearity 
and signals used for the 
describing function 
(a) saturation 
characteristic (b) input 
and output signals used 
for the calculation 
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Solution. A brief examination of Fig. 13 .10 can simplify the task. For an input x = A sin wt 
with amplitude A < m/ k, the describing function is just 1.0, a gain of 1. With A 2: m/ k 
we want to find the fundamental harmonic amplitude and phase at the output y given by 
Eq. (13.22). Because the saturation function is an odd function, the coefficients of the cosine 
terms, An in Eq. (13.15), will all be zero (hence the phase will also be zero). The describing 
function N given by Eq. (13.20) is then 

BI N(A) = 

A
' 

where A is the amplitude of the input sinusoid. Since we are only interested in the amplitude 
of the fundamental in y, we need to calculate the integral Eq. ( 13 .16) for n = 1 

B I ¾ 1
wr=2

:n: m sat ( � sin wt ) sin wt d(wt). (13.23) 

The integral for the coefficient B 1 
over the interval wt [O, 2n] is just four times that over 

the quarter cycle wt [O, Jr /2] 

BI= 4;; l
w t=

:n:
/2 

sat ( � sin wt) sin wt d(wt). (13.24) 

The integral can be broken into two parts, before and after saturation. We define the point of 
saturation as occurring at time t

s
, where 

t . m 
arcsm - or 

w Ak 
. m 

wt
s 
= arcsm 

Ak
. 

Breaking Eq. (13.24) into two parts yields 

1.5 

0.5 

0 

-0.5 

-1 

-1.5 
-2 

N = -- sat - sin wt sin wt dt + sin wt dt 
4mw 

(1
wt=w ts 

(
Ak 

) l
w t=:n:/2 

) An o m w t=wts 

= -- - sin2 wt dt + sin wt dt 
4mw 

(1
w t=w ts Ak 

l
wt=:n:/2 

) An O m wt=wts 

= -- --(1 -cos 2wt) dt + sin wt dt 
4mw 

(1
w t=w ts Ak 

1
w t=:n:/2 

) An O 2m wt=wts 

1.5 ,-----,-------, 

I 
I 

--Input 
••••••• ------- •••• ------- O�tput ••••• 

0.5 

I 
I 

-1 0 

(a) 

2 

-1.S '------'-----� 
5 

(b) 
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= 4mcv 
( 

Ak 
t 

1 1s 

A.n 2m 
0 

= 
4mcv 

(
Ak 

t 
An 2m s 

sin 2cvt - cos wt 
Ak 

l
wt=wts 1 

l
wt=rr/2

) 4mcv O CV wt=wts 
Ak I 

) 
--2sin wt coscvt - -(cos n/2 cos cvts) . 
4mcv s s w 

Using cvts 
= arcsin [m/(Ak)], we have 

m 
Ak 

and 

thus we have 

N(A) = { ; arcsin;k + �:✓I - (;J Ak/m > 1 

Ak/m ::: 1. 
(13.25) 

Fig. 13.11 shows the value of N / k as a function of Ak/m. As the input amplitude A increases, 
the value of N (A) decreases because the amplitude of the fundamental approaches a constant, 
that of a unit magnitude square wave 2m/n. Hence, normalized to the amplitude A, N decays 
as the inverse of A. 

Example 13.6 Computation of the Describing Function 

Figure 13.11 
Describing function for 
saturation 

Compute the describing function of the signum function given in Eq. (13.12) with output 
multiplied by gain m. 

Akim 
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Figure 13.12 
Describing function for 
the signum function 

13.1 Analysis Techniques 563 

100 
log(A) 

101 

Solution. For any nonzero input x = A sin wt, the output, y(t) = m sgnx(t) is a square wave 

of the same fundamental frequency and phase. Calculating the first coefficients of the Fourier 

series we have A 1 = 0 and 

4m 
1

wt=n:/2 
1 d(cvt) 

1T 0 

4m 
1T 

from which the describing function of the signum function is 

N(A) = 
4m 
JTA 

(13.26) 

for all A =I 0. Eq. (13.26) is plotted in Fig. 13.12. 

Example 13. 7 Describing Function for the Signum Function with Hysteresis 

Consider a sign um function with hysteresis h as shown in Fig. 13 .13 and compute its describing 

function. 

Solution. As seen in the figure, the function with hysteresis exhibits the tendency to remain 

in its current state. Until the input to the signum function with hysteresis is past the value 

h, it is not possible to determine the output uniquely without knowing its past history which 

implies that this nonlinearity has memory. It is clear that the output is again a square wave 
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Figure 13.13 
Computing the 
describing function for 
the signum function 
with hysteresis 
(a) characteristic 
(b) input and output 
signals 

-1 -0.5 0 0.5 
Input 

(a) 

0 0.5 
Time 

(b) 

with amplitude of one, as long as the input amplitude A is greater than the hysteresis level h 

(A > h, otherwise the output is a constant ±1). Note from Fig. 13.13(b) that the square wave 
lags the input sine wave in time. The lag time can be calculated as 

A . h . 

h 
sm wt = or wt = arcsm 

A 

Because the phase lag is given by Eq. (13.27) directly for all w, we have 

4 . h 
N(A) = - L arcsm -

nA A 

(13.27) 

(13.28) 

which is plotted in Fig. 13 .14. It is interesting to note from this figure that when the input sine 

wave magnitude is just slightly larger than the hysteresis h, the phase angle is -90° , which 

corresponds to the output square wave being shifted to the peak of the input sine wave. 

Stability Analysis with Describing Functions 

The method of stability analysis using describing functions is an extension of 
the Nyquist criterion for linear systems. If a linear system has characteristic 
equation 1 + K D(s)G(s) = 0, the standard Nyquist stability analysis plots DG 
and examines the encirclements of-½. If K is known to be in a range K

1 
< K < 

K
2 

then we can mark the line segment from -} to -} , and if the encirclements 
of the entire segment are counted and the stability criterion applied, we can decide 
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Figure 13.14 
Plot of the describing 
function for the signum 
function with hysteresis 

Figure 13.15 

A discrete-time system 
with one series 
nonlinearity 
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102 

: 

----

10-1 '--------'---..L-.......J...------'----'-...1.....J'----'--'--------'---..L----'-----'--'-...l.�--li -_,____.-

10·1 100 
log(A) 

(a) 
o.-----r---------r---r-------,------,-----,----r--------r----, 

---·-
:::::: -20 ..... ······················=···.-,-,-C'········· ........................ -, .................. , ................... ; .................. ; .................. ; ................ .., 

s 
< -40 7/ 

-60 ( 
-80tt-•·· .. ···· .. ·····• ............ , .......................... , ................. -, .................. , .................. , ................... ; .................. , ................ -I 

2 3 4 5 6 
A/h 

(b) 

7 8 9 

if the system will be stable with any fixed gain in the given range. The describing 
function applies this concept by replacing the line segment with the plot of 
the function N(!

) 
. If the curve of D (j w) G (j w) intersects the curve of N(!) 

, 
the inference is that the system will oscillate at the corresponding frequency 
and amplitude. If the encirclement count corresponds to that of a stable system 
if it were linear, the inference is that the nonlinear system will be stable and 
unstable if the encirclements correspond to that of an unstable linear system. 
These inferences are not proven to be true but result in useful conclusions in 
many cases. 

Figure 13 .15 shows the block diagram of a system having a single nonlinearity 
in an otherwise linear feedback loop. Instead of plotting the open-loop transfer 
function in the complex plane and looking for encirclements of the (-1, 0) point, 
the linear part of the transfer function is plotted on the same graph as the negative 
reciprocal of the describing function of the nonlinear part. Any intersection 
represents a possible instability in the closed-loop system. In effect, the single 
( -1, 0) critical point is replaced by a locus of critical points as given by the 

y 
NL G(z) 
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describing function. It should be noted that nonlinearities can have a beneficial 
effect on a system in that in some cases they limit the amplitude of an instability. 
Periodic, finite-amplitude, steady-state motions are referred to as limit cycles. 
Although a limit-cycling system can be considered unstable, such motion is 
sometimes benign in that there is a finite region of state-space which contains the 
trajectory of the limit cycle; and if this region is within the allowable error, then 
the system may be satisfactory. The system does not have asymptotic stability 
which defines a system which comes to rest at the origin of the state space. One 
value of describing function analysis is in finding the conditions under which the 
system may become unstable or exhibit a limit cycle. Once those conditions are 
identified, the exact nature of the instability or the limit cycle is most accurately 
revealed via simulation. Also, choosing a remedy for the instability can often be 
done with describing function analysis, which can yield clues on how to minimize 
or eliminate the instability. 

Example 13.8 Analysis Using the Describing Function 

Figure 13.16 

A discrete-time system 
with simple error 
feedback 

Consider the feedback control system of Fig. 13.16 where the continuous time linear transfer 
function G(s) is given by 

3s2 
+ 2s + 1 

G(s) = 3 
s 

(13.29) 

The DIA can be modeled as a saturation with gain 1.0 and limits ±1 followed by a zero-order 

hold, the z-transform of the open-loop system with T = 0.1 is 

0.3102z2 - 0.5993z + 0.2902 
G(z) = 

(z 1)3 
(13.30) 

The nonlinear discrete-time system model is shown in Fig. 13.17. Using a describing function 

description for the saturation, predict the large signal behavior of the system. 

Solution. Even in this simple example there are actually multiple nonlinearities present, 

caused by the saturation as well as the data quantization in the AID and DI A. However, in this 

case we assume small quantization levels and that the effect of quantization will mainly be a 

small signal effect that can be ignored for a large signal analysis. This intuitive observation 

can be substantiated by examining the properties of the quantizer as will be done in the next 

section. 

T T 

G(s) 
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Figure 13.17 
A discrete-time system 
with a saturation 
nonlinearity 

Figure 13.18 
The Nyquist plot for the 
system of Eq. (13.30) 
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We have derived the describing function for the saturation function in Eq. (13.25). For 
the assumptions of the problem, the parameters m and k are both equal to one. A plot of 
the Nyquist diagram and of -1/N(A) is shown in Figure 13.18. Because Eq. (13.25) has 
zero phase angle, -1 / N (A) lies strictly on the negative real axis of the Nyquist plot to 
the left from -1. The two curves intersect at jG(eiwT)I = 5.814, where wT = 0.058 and 
the heuristics of the describing function predict a possible limit cycle at a frequency of 
f = 0.058/(.1 * 2 * :rr) = 0.0923. The cycle may or may not be stable. In this case, from 
Fig. 13.11, a value of N(A) = 1/5.814 = 0.172 corresponds to an amplitude of approximately 
A 7. To determine the stability of the limit cycle, a perturbation check is done. Assume 
that the system is operating at exactly the point represented by the intersection of the two 
curves. If the amplitude A is reduced slightly, N (A) increases. The critical point shifts to the 
right, a position where the function G(z) has no net encirclements, and the amplitude will 
decrease further moving away from the point of instability. On the other hand, assume that 
the amplitude is increased slightly, N(A) is reduced, and -1/ N(A) is moved to the left from 
the point of intersection. The new critical point is now encircled twice, and the amplitude 
will increase still further. Thus we predict an unstable limit cycle with the use of a describing 
function. Figure 13.19 shows a simulation of this system. Note that small step inputs are 
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Figure 13.19 30�-�-�-�--,-----�-�--�---r----. 
Step responses of the 
system of Fig. 13.17 
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responded to in a stable and reasonable fashion. As the step amplitude increases, the response 
gets more and more oscillatory until, at steps larger than 11.5, the output diverges. Note the 
approximate period of the oscillatory behavior is 12 seconds, which is near the 1// = 10.8 
seconds predicted using the describing function. Another feature of Fig. 13.19 can be seen in 
comparing the size of the response to the magnitude of the reference (step) input: the input to 
the saturation nonlinearity is the controller error, or the difference between the command and 
the response. Until the error signal reaches an initial amplitude of 11.5, followed by a larger 
peak amplitude due to the following overshoot, the system remains stable. We calculate that 
the amplitude required to yield a small enough describing function is about 7, smaller than that 
required for the step input. If we have k = 1 and let m -+ oo, the nonlinearity becomes linear 
and the locus of points -1 / N (A) collapses to the standard (-1, 0) point of Nyquist stability 
analysis. 

Example 13.9 Quantizer Nonlinearity 

Examine the small signal characteristics of the system of Example 13.8 with the quantizer 
nonlinearity instead of saturation. The system is shown in Fig. 13.20. 

Solution. The input-output characteristic of the quantizer with a quantization level of q is 
given by 

Q(CJ) = q round( CJ/q), (13.31) 
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Figure 13.20 

A discrete-time system 
with a quantizer 
nonlinearity 

Figure 13.21 
Characteristic of the 
round-off quantizer 
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y • 

! ./,: 

:,' ......... , , . ,_ 

,,{' 
,'f' 

,,y 

-- y =round(x) ···-
------- y=x 

···-

2 4 6 

where the "round" function is the round-off function described in Chapter 10, and shown in 
Fig. 13.21 for convenience. The describing function for this nonlinearity is not hard to find 
(consider the addition of signum-with-deadzone functions), and is given by 

N (A) = I O " ✓ (2; _ J 

)
' 

I: i- -q 
re A 

i=l 
2A 

(13.32) 

which is plotted versus A/ q in Fig. 13.22. Although it is not obvious from the equation, it 
can be seen from Fig. 13.22 that Eq. (13.32) is not a monotonic function of A as was the 
saturation describing function. Hence an intersection of -1/ N(A) with G(eJwT) does not 
always uniquely determine an amplitude, but this is not a problem in this case. 

co
nt

ro
len

gin
ee

rs
.ir



570 Chapter 13 Nonlinear Control 

figure 13.22 
The describing function 
of the round-off 
quantizer characteristic 
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Example 13.10 Analysis with a Describing Function 

With the transfer function given by Eq. (13.30) and quantization corresponding to a D/A of 12 
bits over± 1 volt accuracy, predict the small signal behavior of the system drawn in Fig. 13.20 
based on the describing function. The plant transfer function is given by Eq. (13.30). 

Solution. Since we know that the transfer function and the reciprocal of the describing 
function will intersect on the negative real axis of the Nyquist plot, we can simplify matters by 
plotting -1/ N(A) and the magnitude of G(ejwT) when LG(ejwT = -180, which is 5.814, as 
shown in Fig. 13.23. The quantization from using a 12-bit DAC over an output voltage range 
of ±1.0 Volt, yields 

2V V 
q = 

212 = i1 = 0.00048828 V /lsb, 

where V is the abbreviation for Volts, and lsb is the abbreviation for least significant bit. The 
intersection of the two curves predicts a stable limit cycle with an amplitude of essentially 
q/2 = 0.000244 and a period of roughly 10.8 seconds (0.1 Hz). Note that the limit cycle 
will always be in the range of 1 lsb peak to peak in amplitude for systems of reasonably 
high gain at the first 180 degree crossover frequency. It should also be clear that there is 
nothing the designer can do about the amplitude of the limit cycle short of getting a better 
(higher resolution) D/ A converter. Moreover, since the crossover gain is usually determined by 
more important considerations such as closed-loop bandwidth, rise time, and root locations, 
the frequency of the quantization induced limit cycle may also be fixed. Fig. 13.24 shows the 
system transient response to zero input with an initial output error of 0.001 units. It is important 
to note that the large signal response of the system with quantization plotted in Fig. 13.25 is 
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Figure 13.23 
Plot of the negative 
reciprocal of the 
describing function 
intersecting with the 
plant gain at phase 
crossover 

Figure 13.24 

Small signal responses of 
the system of Fig. 13.20 
with an 11 bit and a 12 
bit quantizer, showing 
limit cycles 
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Figure 13.25 
Response of the system 
of Fig. 13.20 with both 
saturation and 
quantization to a step of 
moderate size 
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again nearly identical to that of the unquantized system, indicating that analyzing the effect of 

the two nonlinearities separately was valid. 

As a final note on stability analysis with describing functions, the nature of 
the intersection of -1/ N(A) and the open-loop transfer function G(ejwT) can 
give information about the expected accuracy of the describing function analysis: 
nearly right angle crossings in the complex plane indicate a fairly high accu
racy prediction. As the angle of intersection becomes smaller, higher degrees 
of uncertainty in the approximation are cause to suspect predicted limit cycles 
or instability. A simple sensitivity analysis explains the reason for uncertainty: 
The intersection point of lines which are nearly parallel will move large amounts 
along both lines for even minute changes in the position of either. In addition, the 
relative degree of uncertainty is dependent on the magnitude of higher harmon
ics (beyond fundamental component) in the output of the nonlinearity. Smaller 
harmonic content usually implies greater accuracy. Since the method of describ
ing functions is an approximation of the nonlinearity, representing the output as 
a single gain and phase shifted version of a sinusoidal input, the accuracy of 
the method improves as the harmonic content in the output decreases. As such, 
plants with a low-pass frequency response tend to lend themselves to stability 
analysis using describing functions. Fortunately, most control systems, especially 
servomechanisms, have low-pass plants. 
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Furthermore, since describing functions utilize Fourier analysis, steady state 
sinusoidal conditions are implicitly assumed. Transient analysis is not facilitated 
with describing functions. However, the examples used in this section to illustrate 
stability analysis using describing functions employed step responses to excite 
the systems: better correlation between analysis and simulated responses could 
be attained using sinusoidal excitation of varying amplitude. 

13.1.4 Equivalent Gains 

The method of equivalent gains is another heuristic technique where a memoryless 
nonlinearity is replaced by an equivalent gain, and a root locus is done versus 

the equivalent gain. For a range of amplitudes the equivalent gain will take on a 
range of values, and the roots of the system are examined in this range as if the 
gain were fixed. For unstable roots, amplitudes will grow, and a new equivalent 
gain is examined. The process is repeated until a clear indication is obtained as 
to the ultimate system behavior. Before proceeding, it must be pointed out that 
although this analysis technique is practical, it is not by any means rigorous, and 
can be shown by counter-example to be false in some cases. First we will begin 
by defining the sector condition for memoryless nonlinearities. 

Sector Conditions 

Suppose a function <fa (x) has a scalar input and a scalar output. We say that <fa (x) 

belongs to the sector [k1 , k2] if for all inputs x 

k1 x
2 

::; <fa (x )x ::; k
2
x2 . 

In this definition k 1 or k2 are allowed to be -oo or +oo. Note that k1 and k2 
do not necessarily represent the minimum and maximum slopes of the function 
<jJ (x). In most cases, they are smaller than the minimum and maximum slopes. 
The following three examples should help clarify how k1 and k2 are found. 

Example 13.11 Computation of a Sector 

What sector contains the signum function y = sgn(x) shown in Fig. 13.26? 

Solution. Since sgn(0) = 0, we know that the only line (through the origin) which bounds 

the sign um function from above is the y-axis or a line through the origin with a slope of infinity. 

The line (through the origin) with the largest slope which bounds the signum function from 

below has a slope of 0. Therefore, we can say that the signum function is in sector [0, oo]. In 

this case, k
1 

and k
2 

are the minimum and maximum slopes of the signum function. 
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Figure 13.26 

The characteristic of the 
signum function 

y 

X 

The last example's signum function had a minimum and maximum slope 
which equaled its sector limits, which is not usual. Next, we will look at a more 
typical case. 

Example 13.12 Sector Analysis 

Figure 13.27 

Transfer characteristic of 
the round-off /1/D 
converter 

The transfer characteristic of an AID converter·that uses round-off is drawn in Fig. 13.27. If 

the AID converter has unity gain, what sector is the transfer characteristic in? 

Solution. The answer is computed by looking at the first part of the round-off function, a 

sign um function of height q and a dead zone of q /2, as shown in Fig. 13 .27. This sign um with 

dead zone is bounded from above by a line with slope 2, and from below by a line with slope 

zero, thus the AID has a transfer characteristic in sector [O, 2]. 

A graphical example of a nonlinearity contained in the sector (0.5, 1.4) 
is shown in Fig. 13.28. The minimum and maximum equivalent gains can be 
computed graphically from the figure by finding the sector which the function 
</J (x) is in. Two lines which bound the function </J (x) are shown in Fig. 13 .28, one 

q 

q 3q 
2 2 

-q 
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Figure 13.28 
A general function 
contained in a simple 
sector 
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1.5 .------.-----,---..-----.----,---.------,----,-----,---, 

X 

which bounds it from above (for positive x) with a slope of about 1 .4, and the 
other with a slope of about 0.5 which bounds it from below. Since the function is 
symmetric we need only inspect the first and fourth quadrants of its graph. For 
asymmetric functions, all four quadrants must be considered. Sector conditions 
are used in many forms of stability analysis. When a function is in sector [0, oo], 
it is said to be passive. A function in sector [k1, oo ], with k1 > 0, is said to be 
strictly passive. The quantizer of Example 13.13 is thus passive, whereas the 
function ¢ (x) shown in Fig. 13 .28 is strictly passive. 

Stability Analysis Using Equivalent Gains 

Stability analysis using equivalent gains consists of replacing the nonlinearity in 
the analysis of the system with a linear gain which can range between k1 and k2, 

and doing a stability analysis for the system at each point in the interval (k1, k2). 

Example 13.13 Stability Based on a Variable Gain 

Consider the system of Example 13.8 of the last section and examine the stability by replacing 

the saturation characteristic with a variable gain. 

Solution. For unsaturated signals the gain is one, and as the signal amplitude into the 

saturation function is increased, the gain decreases. The saturation function is in sector [0, 1], 

thus the equivalent gain will range from one to zero as the signal gets larger and larger. The 
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Figure 13.29 0.1 ..--------,--�--.-----,----,---.,...,....---,----,-----.----.---..------,---� 
Root locus of the system 
of Fig. 13.20 as a 0.08 
function of the 
equivalent gain 0.06 

0.04 

-� 0.02 
< 

� o---------

-� 
..§-0.02 

-0.04 

-0.06 

-0.08 

-0•1o.9 0.92 0.94 0.96 0.98 
Real Axis 

1.02 1.04 1.06 1.08 1.1 

root locus of the system is examined in the range 0 ::s k
eq 

::s 1. Note that the input to the 

describing function must tend toward infinity to obtain an equivalent gain of zero (k
eq = 0) for 

the saturation function. Solving the characteristic equation 

(z - 1)3 
+ k

eq(0.3102z2 - 0.5993z + 0.2902) = 0 (13.33) 

for root locations with k
eq in the interval [0, 1] gives the root locus diagram of Fig. 13.29. It can 

be seen from Fig. 13.29 that when the input signal to the saturation block remains small (less 

than 1) the roots of the system are stable (k
eq = 1). However, as indicated by the describing 

function analysis, for equivalent gains less than 0.172 the system roots are unstable growing. 

From the describing function analysis of Example 13.8, growing signals cause smaller gain 

and move the roots further into the unstable region. We conclude that the system becomes 

unstable. With the describing function analysis we also predict the system will be unstable 

when the amplitude is such that the describing function gain will be 0.172. Thus for inputs 

or initial conditions large enough, the system will be unstable. Using the describing function 

method of stability analysis allows us to predict stability including limit cycle amplitude and 

frequency. Root locations can give an insight as to the frequency of the limit cycle as well, as 

in this case the roots move outside the unit circle at an angle of about 0.0095 radians, or about 

0.095 Hz with a 10 Hz sampling rate. 

The equivalent gains analysis and the describing function analysis yield 

equivalent results. If we take the equivalent gain to be the gain of the describing 
function, the results are the same and the amplitude of instability is predicted 
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as before. Although equivalent to describing function analysis for nonlinearities 
whose describing function is real, the technique of equivalent gains is limited to 
nonlinearities in which there is no phase shift from input to output. Since this 
type of nonlinearity is common, the equivalent gains technique is a good one to 
remember. 

13.1.5 Circle Criterion 

Figure 13.30 

Block diagram of a linear 
system in series with a 
linear gain 

Figure 13.31 

Block diagram of a linear 
system in series with a 
nonlinear sector function 

In 1949, the Soviet scientist M. A. Aizermann put forth a rather famous con
jecture: If a single-loop continuous-time feedback system shown in Fig. 13.30 
with a linear forward path ( {F, G, H}) is stable for all linear fixed feedback 
gains k in the range [a, fi], such that the resultant closed-loop system matrix 
F - GHk is stable, then the nonlinear system shown in Fig. 13 .31, a combination 
of the same linear forward path and a memory less nonlinear feedback term ¢ ( •) 
in sector [a, fi], is also stable. 

Aizermann's conjecture is false. A variation of Aizermann's conjecture is 
true: The nonlinear system described is stable given that 

1. ¢(-) lies in sector [a, fi] where O < a < fi and 

2. The Nyquist plot of the linear transfer function H(w) = H(ejwTI F)- 1G 
does not intersect or encircle the disk ( or circle) which is centered on the real 
axis and passes through the points (-1/a, Oj) and (-1/ fi, Oj) (a > 0). 

Linear 
system 
F,G,H 

k 

Linear 
system 
F,G,H 
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This result is known as the Circle Theorem or Circle criterion and is due to 
Sandberg and Zames. It can be very useful for proving the stability of nonlinear 
systems. These conditions are sufficient but not necessary because intersection of 
the transfer function H ( cv) and the disk as defined does not prove instability. 

Example 13 .14 Stability Based on the Circle Criterion 

Figure 13.32 

Nyquist diagram with 
the stability circle 

Apply the circle criterion to the discrete-time system of Example 13.8, if the plant is in series 

with a nonlinearity as drawn in Fig. 13.28. Consider an enlarged sector, (k
1

, 1.4), and find the 

smallest value of k
1 

for which the circle criterion will guarantee stability. 

Solution. The Nyquist plot of the linear system transfer function is plotted in Fig. 13.32 

along with circle defined according to the circle theorem for the nonlinear feedback function 

</>(·) as given by Fig. 13.28. Since the graph of the transfer function H(jw) (= G(jw) in 

Example 13 .10 does not intersect or encircle the disk passing through the points ( -2, 0 j) 

and (0.7143, Oj), the system is stable. If the function </>(·) lies in sector (k
1
, 1.40), we 

can determine the minimum value of k
1 

for which we can guarantee stability using the circle 

theorem by finding the largest circle passing through the points (-1/ k
1

, 0j) and (0.7143, 0j) 

that does not intersect the Nyquist plot of G(z). As shown in Fig. 13.33, any value of k
1 

< 0.25 

causes the G(z) plot to intersect the circle after which stability can no longer be guaranteed. 
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Figure 13.33 
Circles defined for 
varying values of k, in 
Example 13.14 

H(m) 

!mag 

-- Stable, k
1 
> 0.25 

k
1 

= 0.25 

·------ k
l

= 0.20 
Real 

(-1, 0) 
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The methods of equivalent gains and describing functions represent good 
techniques for gaining intuitive understanding of the performance of many non
linear systems. The circle theorem is a rigorous technique which gives sufficient 
conditions for stability for systems having a single nonlinearity contained in a 
sector. Perhaps the most powerful approach to the study of stability of nonlinear 
systems is Lyapunov's second method. 

13.1.6 Lyapunov's Second Method 

Lyapunov's second method is a theoretical tool for analyzing the stability of 
nonlinear differential and difference equations. Lyapunov developed the theory to 
examine the stability of nonlinear differential equations. The work was presented 
to the control community in two papers by Kalman and Bertram who extended 
the theory to difference equations as found in discrete control systems. The most 
important feature of Lyapunov's second method is that it does not require the 
solutions of the system equations to be known, which is fortunate since, as noted 
earlier, solutions for nonlinear systems are rarely known. Although Lyapunov's 
second method does not require solving the system equations, it does require 
generation of a Lyapunov function, which, as we will see, can be very elusive. 

The intuitive idea behind Lyapunov's second method is that a physical system 
can only store finite energy, and thus if we can show that energy is always being 
dissipated except at the equilibrium point, then. the system must finally reach 
equilibrium when the energy is gone. The mathematical representation of the 
system "energy" is in the Lyapunov function. Since we are primarily dealing 

co
nt

ro
len

gin
ee

rs
.ir



580 Chapter 13 Nonlinear Control 

Lyapunov function 

with discrete-time systems in this text,5 only the discrete-time definition of a 
Lyapunov function will be presented. V(x) is a Lyapunov function for the 
system 

x(k + 1) = f(x(k)) f(0) = 0 

if the following conditions hold (V(x) is a scalar function): 

1. V (x = 0) = 0, and V (x) is continuous in x. 

(13.34) 

2. V (x) is positive definite, i.e. V (x) ::: 0. with V (x) = 0 only if x = 0. 
3. Ll V (x) � V (f(x)) - V (x) is negative definite, i.e., V (f (x)) V (x) :'.S 0 with 

Ll V(x) = Oonly if x = 0. 

Lyapunov's main theorem is that the equilibrium solution x(k) = 0 for the 
system given by Eq. (13.34) is asymptotically stable (note that the system is not 
being forced) if there exists a Lyapunov function in x. For global asymptotic 
stability, we need the additional condition 

o < <t>(ll xll ) < V(x) 

where ¢ is any function of the norm of x, , such that 

lim <t>Cll xll ) = oo. 
llxll-H,o 

(13.35) 

The stability result can be explained as follows: lines of constant V(x) form 
closed regions around the point x = 0 as shown in Fig. 13.34, and on those lines, 
the state trajectory will always move into the region. Since these regions approach 
the point x = 0, the system state must come to rest at this point. Another way 
of looking at the Lyapunov function is as a nonlinear "meter" of size. The meter 
monitors all of the system states through what may be a highly nonlinear function 
and the meter indicates a monotonically decreasing value as a function of time. 
Since the system is known to be at rest when the Lyapunov function is zero, we 
know that the system will eventually be at rest when the meter reads zero. 

A serious difficulty of this analysis technique is in finding a Lyapunov func
tion for a given system. One common approach is to try to use an energy function 
for the system. If Eq. (13.34) represents a physical system where energy must 
be lost with time, the energy function is a good candidate. While finding Lya
punov functions for continuous-time nonlinear systems is often very difficult, 
finding them for discrete-time nonlinear systems is even more challenging. It 
is at this point that most texts now show that a Lyapunov function of the form 
V (x) = xr Px can be used to prove stability of a linear system. However, for the 
stability of a linear system it is much easier to solve for the location of the system 

5 Although we consider continuous time plants, it is the stability of the overall discrete-time system we 

are interested in. 
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Figure 13.34 
Contours of V(x) = S 
for several values of S 
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Contours of constant V(x) 

poles. An example of the application of Lyapunov's second method to proving 
stability of a discrete-time system is cited in Section 13.3.2, but the derivation 
is quite complex. In addition to stability tests, Lyapunov theory can be an aid to 
the designer for choosing control alternatives for nonlinear systems by finding a 
control law which yields a Lyapunov function for the system. 

Example 13.15' Stability Based on a Lyapunov Function 

Use Lyapunov's second method to prove that the LQR design procedure derived in Chapter 9 

always yields a stable system. 

Solution. From the LQR design of Chapter 9 the steady state solution to the Riccati equation 
yields the following control law 

(13.36) 

The problem is to prove using Lyapunov's second method that K as defined above yields an 

asymptotically stable system 

(13.37) 

Since the cost of this control is J = xTS
00

x > 0, we propose a Lyapunov function of 

(13.38) 
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and thus we need to show b.. V (x) is negative definite ( we already know S 00 is positive definite). 
Proceeding, we have 

I::!,. V(x) = xf+1S00xk+1 - x[S00xk 

x[(<I> - rKf S
oo

[<I> - rK]x
k 

- xf Soo
x

k 

= -x[[Q
1 
+ KT Q

2
K]x

k
, 

where the steady state solution to the Riccati equation S 00 has been substituted into the Riccati 
equation to complete the last step, namely, 

(13.39) 

Because [Q 1 + KT Q
2
K] is positive definite, b.. V (x) is negative definite and thus the closed

loop LQR controller is asymptotically stable. 

13.2 Nonlinear Control Structures: Design 

In the previous section we covered tools and techniques for the analysis and simu
lation of control systems containing nonlinearities. In this section, we will discuss 
the deliberate introduction of nonlinearities into the controller for performance 
which is improved over that of a simpler linear controller. 

13.2.1 Large Signal Linearization: Inverse 
Nonlinearities 

The simplest case of the introduction of nonlinearities into a control design 
is that of inverse nonlinearities. It is sometimes the case that a nonlinearity 
is reversible and can be undone. For example suppose the plant has an output 
that is measured by an optical sensor whose output is proportional to the square 
of the signal to be measured. Let the measurement y be given by y xf where 
the state x

1 
is generated by a linear system and is known to be always positive. 

A regulator could be designed with reasonable accuracy assuming that the ex
cursions of the measured variable were kept rather small using the technique of 
linearization. A set point servomechanism for this system that required signifi
cant dynamic range would present the designer with serious difficulties however 
due to the nonlinearity. One fairly obvious technique would therefore be to undo 
the nonlinearity in the controller, i.e., control ,Jy instead of y, thus turning the 
difficult design into a much simpler linear design. One of the most important 
features of digital control is that many functions such as the square root are 
now easy to perform, and given enough calculation time, perhaps very close to 
free. Significant improvements can be gained from the application of the inverse 
nonlinearities technique. Sometimes referred to as linearizing control or large 
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Figure 13.35 
Schematic diagram of a 
wastewater treatment 
system 
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signal linearization, the following are examples of what we shall refer to as 
inverse nonlinearity control, or INL control. 

We will consider the treatment of acidic wastewater from a processing plant, 
the schematic for which is shown in Fig. 13.35. The objective is to add a base 
solution to the wastewater to neutralize the pH of the effluent. The acid and the 
base form a relatively harmless salt which will not harm the environment. 

The model for this example is that of McAvoy, Hsu, and Lowenthal (1972), 
and Goodwin and Sin (1985). We start by defining the output of the system y as 

y � [H+] - [OH-], (13.40) 

which is the concentration difference from neutrality. The objective is to control 
the output y of the system, with the nominal set point being r = y = 0 in the 
steady state. The actual measurement for this system is the pH, � p, of the 
effluent. The relationship between the measurement p(t) and the variable y that 
we wish to control is given by 

(13.41) 

where Kw is the equilibrium constant of water (� 10- 14 gram-ion/liter). Equa
tion 13.41 can be derived with the following relationships [ 0 H-][H+] = Kw and 
p = - log[H+]. It is important to note that the first powerful advantage of using 
digital control in this case is in being able to transform the pH output measure
ment p into the variable we wish to control y, our first application of inverse 
nonlinearity. The model of the process is given by 

where 

Control 

Vy= F(a y) - u(b + y), 

V volume of the mixing tank [liters] 
F = rate of acid flow [liters/sec] 

Acidic 
wastewater 

a 

! 

Mixing 

Neutral 
wastewater 

(13.42) 
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Table 13.2 

a = concentration of the acid [gram-ions/liter] 
b = concentration of the base [gram-ions/liter] 
u = flow rate of the base ( our control variable) [liters/sec] 

Suppose that all of the parameters are fixed and known ( we will examine 
aspects of this later). The initial objective is to build a regulator for the system 
given by Eq. (13.42). Before we propose a control structure, we need to examine 
the model and decide on some basic performance objectives. 

The system of Eq. (13.42) is bilinear: The input is multiplied by the output 

Vy=Fa-Fy-ub+uy. 

As a first approach let us apply linearization to this system. To linearize, we must 
"first define the nominal operating point 

P,wm = 7 .00 (neutral) 
=} y =0 

y =0. 

We can calculate the nominal or steady state control input required by setting 
y = 0, and y = 0 in Eq. (13.42), and solving for required u, u = Fa/b. As 
before, we take partial derivatives at the operating point to obtain 

Vy = Fa -(F + Fa/b)y -bu. (13.43) 

This linearized model is a simple, stable, first-order system with a bias input 
Fa/ b and a negative control gain. Any uncertainty in the bias input which can be 
approximately cancelled with feed forward would lead to a steady state regulator 
error. This provides us with the opportunity to employ an integral controller. Our 
fundamental performance objective is to set the time response of the system so 
that linear transients will die out in about 200 seconds. For this magnitude of time 
constant, a IO-second sample period (T = 10.0) should be more than sufficient 
( and as we shall see, provides plenty of time to calculate the control even with 
the most inexpensive control or signal processors). For illustrative purposes we 
will use the process constants defined in Table 13.2. 

Parameter Value Units 

a 0.001 moles/L 

b 0.001 moles/L 

F 0.100 Usec 

V 2.00 L 

T 10.0 sec 
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This yields the discrete time system given by Eq. (13.44) 
Yk+t = 0.3679yk - 0.00315u

k 
+ 3.161 x 10-sdk

, (13.44) 
where d

k 
specifies a disturbance input with a nominal value of one (1.0) in units of Fa. To design an integral controller, we augment the order of the system by defining a new state w as 

(13.45) 
which is simply the scaled integral of the command-response error. As pointed out in Chapter 8, the input command can be introduced in the process of state feedback into the control. The new discrete time plant model is thus 

[ Yk+t ] = [ �3679 0 ] [ Yk ] + [ -0.00315 ] Uk w
k+1 

10.0 1 w
k 

0 
+ [ 3.161; 10-s ] d, + [ 100] Y,(k), (13.46) 

for which we must design a control law. Given that the system is linearized we can just employ the techniques of Chapter 8 to place the system poles at desired locations. Computing the feedback gains given the pole locations is easy, the question is where should we place the poles? There are several ways to proceed, but we will take a short cut and place the poles according to the basics developed in Chapter 7 to achieve a rise time for the linear controller of 200 seconds. With t
r 
= 200.0 and a desired damping ratio s of about 0.7, the poles z

r 
should be placed approximately at 

_ [ 0.93706 + 0.06034j ] Zr - 0.93706 0.06034j ' (13.47) 
using the following relationships: w

d 
� � for rise time defined by 10% to 90% 

of unit step response, and 
T = e-wdTl; 

0=w
d
T�, 

where is z
r 

given by re±Je . Using the place command, the feedback gains Kare found to be 
K = [ 160.70 0.24133 ] . (13.48) 

Starting from rest (steady state) at y = 0.0001, the responses of the linear controller with the linearized plant model as well as the linearly controlled nonlinear plant model are shown superimposed in Fig. 13.36. Note that the step response of the real system (nonlinear plant model) is degraded over that of the intended design (much slower). 

co
nt

ro
len

gin
ee

rs
.ir



586 Chapter 13 Nonlinear Control 

figure 13.36 

Response of the linear 
controller on both the 
linearized plant model 
and the true bilinear 
plant 
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Before proceeding it is important to discuss valve nonlinearity. A valve can 
only be fully open, fully closed, or somewhere in between. Thus the control u 
can only be positive (we cannot extract base solution from the mixing tank), and 
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the maximum flow rate of the base is 2.0 liters per second. Hence our control is 
calculated as follows 

{ 
0 -Kx

k 
< 0 

u
k = -Kx

k 
O < -Kx

k 
< 2 

2 -Kx
k 

> 2. 
(13.49) 

The stability analysis techniques of the previous section could be used to examine 
the effect of Eq. (13.49) on the INL controller. It would also be an interesting 
exercise to derive the effects of quantization on the measurement of p. Nonlinear 
functions will give sometimes unexpected or strange results when their argu
ments are quantized. These effects usually can be bounded by analysis and then 
simulated to verify performance. 

We have already used inverse nonlinearity in the design by applying Eq. 
(13.41) to p to obtain the plant output y. Essentially we compensated for a 
nonlinearity in the output sensor. Next we wish to apply a linearizing technique 
to the control law which undoes the nonlinearity of the plant (in contrast to that 
of the measurement device). There is no exact way to do this except in rare cases 
where the nonlinearity does not appear in the continuous differential equation 
models of the plant. The state space description of the plant can be written as 
follows 

Vy= -F(l + u)y + ub + Fa, 

where the term (1 + u) can be taken as a variable coefficient in an otherwise 
linear differential equation. This system can be discretized for various values of 
u because in between sample times the value of u is held constant. Thus it is 
possible to describe the system's behavior accurately from one sample to the next 
by using a discrete model which is a function of the applied control. The delayed 
control will be used to make the algorithm practical as we can't use the current 
value of the control to calculate the control gains, hence there is some error in 
our method. Essentially the INL control keeps the system matrix 

<l>sys = <1>0/u) - r/u)K(u) 

constant as a function of u. When the nonlinearity of the plant causes <I> 
01

(u) to 
vary with u, the control gain K(u) is changed with a nonlinear control algorithm 
to make <l>sys a constant matrix. Applying this technique is fairly simple: the state 
transition matrix is calculated for points u in [0, 2], the feedback gains are then 
calculated as shown in Fig. 13.37, and then they are stored in a table from which 
the actual gains are interpolated during operation. 

Fig. 13.38 shows a comparison between the linearized plant, constant K, sys
tem response and the real nonlinear plant but using the INL (inverse nonlinearity) 
control algorithm. The INL controller gives an equivalent response much closer 
to the design target (linear control of idealized linear plant) as can be seen. 

One point which must be made clear however is that the INL controlled sys
tem as just described contained several approximations. This means that although 
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Figure 13.37 
Control gains as a 
function of admissible 
control values. The value 
of the previous control 
uk_1 is used to determine 
the control gains used in 
calculating uk 
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the results may look great in simulation, the potential exists for unexpected be
havior because we have not shown that the system is stable under all conditions.6 

Correlated and uncorrelated noise and modeling errors would have to be exam
ined carefully to insure that the system continued to perform as intended. In this 
case, Fig. 13.39 shows the effects of process noise in the control input to the 
plant. Under many different examinations this INL controller produced excellent 
results, mainly because the control uk-I is always a good approximation to uk. 

If the measurement for y is noisy and we use a state estimator, the model 
of the plant used in the estimator can be the nonlinear model as derived above, 
making the estimator much closer to the real plant than a linear model would 
be. Just as in the case of the control (without the delay), the estimator gain L 

(a scaler) would be a function of u so as to make the state transition matrix a 
constant value. 

Another example will be given illustrating both INL in the controller as well 
as the state estimator. Figure 13 .40 depicts the block diagram of an actuator 
consisting of a torque motor driven by a current source. We assume that the 
current source has limited output magnitude but that its voltage does not saturate. 
The applied control u nz is from a D/ A converter and is in units of armature current. 

6 The issue is the approximation of the current control u
k 

as u
k
_1. If the closed-loop system equations 

were totally linear including INL control, linear analysis can obviously prove stability despite how 

many nonlinear tricks were employed to make them linear. 
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Figure 13.38 
Comparison of linear 
control on linearized 
plant versus INL control 
on true nonlinear plant, 
showing that the INL 
control makes the overall 
system behave much like 
the idealized linear one 
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Figure 13.39 

System operation in the 
presence of 
measurement noise 
(a) output response 
(b) control effort 
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Figure 13.40 
Block diagram of rotary 
actuator model for 
example of INL 
controllers. The control 
u

n
, is from a unity gain 

power amplifier 
(configured as a current 
source) driven by a D/ A 
converter 

Table 13.3 
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y =K0 0 

It is the armature current command actually applied to the motor to produce a 
torque Ta = untK/0). The torque factor K/0) is given by 

(13.50) 

which is nonlinear due to variation in the flux density along the magnetic gap of 
the motor. Table 13 .3 contains the nominal motor parameters for the model of 
Fig. 13.40 and the definition of K

r 
(0) given above. A lineap.zed design would 

start with the assumption that 

is a constant in the neighborhood of the nominal angle of operation 0,wm. However, 
with the values given in Table 13.3 the torque factor varies 16% over the range of 
angles assumed by the servo, and thus using INL control and nonlinear estimation 
will prove advantageous. 

The first step will be to undo the varying torque factor of the actuator as 
described by Eq. (13.50) and depicted in Fig. 13.41 . Here again the method of 

Rotary actuator parameters. Note that the range of values for y will 
be K

0 
times as large as that for 0 

Parameter Value Units 

101 .:::: 0.2 rad 

lun,1 .:::: 1.0 amps 

Kt0 -7.00 

Kt, 8.00 

Ktnom 0.3 N-m-amp-1 

la 0.00012 N-m-rad-1 

K0 1000 mrad-rad-1 

K, 0.001 N-sec 
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Figure 13.41 
Calculation of the 
control which linearizes 
the plant. Note that the 
limited control authority 

iul ::S umax = 1max 
is a 

model of the power 
amplifier 

-lmax 

+lmax U (k) 
nl 

table look-up will be employed to calculate the applied control as a function of 
the computed control, u, by the formula 

u = I sat tnom ( uK ) 
nl max 

/maxK/0) 

= I sat _ ( u ) max 
JmaxK/0) ' 

(13.51) 

where K
t 
(0) = K

t0 
+ K

11 
cos(0). The computed control u defined in the usual 

sense of state feedback with a reference command input as u � K(yrryr - x) 
where r yr will be defined shortly. The nonlinear control un1 is computed with the 
variable portion ofK

1 
(0), i.e., the nominal torque constant K

t
nom is still effectively 

in the forward path. 
By calculating the control this way the overall nonlinearity and plant com

bined will behave as if the plant were linear from input u as long as the current 
source is unsaturated. The control u we will use will be based on linear esti
mated state feedback. Before we can formulate the control we must estimate the 
unmeasured states. 

Both the rotational velocity cv and the disturbance input T
d 

are not measured 
and hence must be estimated. Since it is the control u which will be used to 
compensate for the effect of the disturbance torque T

d
, we will estimate the 

bias torque along the lines discussed in Section 8.6.2, and call it u
d
, or control 

disturbance. Estimating u d will provide benefits as we shall see. In addition, we 
will estimate the measured variable, y, as well to provide some noise immunity 
at high frequencies. Thus the state of the estimator is 

x(k) � CY w ud?. 

If it were not for the saturation function in the current source we could assume a 
linear model for the plant (torque factor K

t
nom) from the input u. However when 

the current source saturates the output model should include the estimated torque 
factor variation K1 (y / K0). Thus we will build an estimator with the input un1 and 
the variable torque factor. The complete system is shown in Fig. 13.42. 

The complete state-space description of this system is comprised of a second
order plant model and a third-order estimator model. The uncontrollable input 
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Block diagram of the rotary actuator positioning servomechanism with an estimator 

w 

y 

State 
estimator 

Ym 

Linear 
plant 

4>.f,H 

u d is modeled as a state in the estimator so that the effect of the input can be accounted for in the model. Since it is uncontrollable, there is no sense in including it in the plant model, which is given by 
F = [ � _ �'; 1, ] 

H=[l 0], with the plant state [y w] T. The discrete time plant model is thus 
<l> = u 0

/J 
f' = [ 0.0125 0.25 r, 

(13.52) 
(13.53) 
(13.54) 
(13.55) 
(13.56) using T = 0.0001 seconds. For the state estimator we will augment the state with the unknown bias input estimate u d so the estimator state is x = [y w u d] T. Thus we have 

[ 1.0 0.1 0.0125 ] <I> = 0 1.0 0.25 0 0 1.0 (13.57) 
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re= [ 0.0125 0.25 0 f 

He= [ 1 0 0]. 

(13.58) 

(13.59) 

Since u d is just the negative of the required steady state control, negative 
feedback of u d forms an integrator. Since the integrator output is saturated in 
software before being output to the DAC, this structure constitutes an ideal zero 
wind-up error integrator. Note that the following must hold in the steady state 

E{y - y} = 0, 

where E { ( •)} is read "expected value of ( •) ". Furthermore, 

E{cv} = 0 and E{u} = -ud , 

which implies 

hence, 

E{yr - y}=0. 

As long as jud I < umax ' the positioning error is forced to a mean value of zero 
despite the value of u d. 

The equations representing this system, using a current estimator to minimize 
control delay, are 

xk+I = <l>ik + re u k + Lcyk+I - LcHexk+I 

<l>exk + re u k + Lcyk+I - LcHe <l>e xk - LcHere uk 

xk+I = (<l>e LcHe <l>e )xk + ere - LcHere )uk + LcYk+1 • 

Defining t � xk - Ley, r
yr = H�, M = (I LcH), and a control 

u K(yr r
yr - x), 

we can derive 

tk+l = M(<l>e reK)tk + M(<l>eLcH - reKLCH)xk + MI'eKr
y/r (13.60) 

for the state estimator, and the state equations governing the plant are 

(13.61) 

Define x; � [xT � T] and the complete closed loop system by the state equations 

(13.62) 

and the system output 

(13.63) 
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where Hs = [l O O O 0]. Thus the complete system is of fifth order, and the closed-loop system matrices are given by 

and 
[ <I> - I'KL H -I'K ] <I\ = M(<l>eLcH - (KLcH) M(<l>e - f'K) 

r,= [ :r�rJ 

(13.64) 

(13.65) 
If we subtracted a plant output reference signal y ref from the output before the plant output measurement 

the estimator position input would then be y 
m 

instead of y. The reference input 
y I would add to the system state equations through an input matrix r , adding 

n 
¼ an additional term to Eq. (13.62) of 

and 

r _ [ rKLC ] Y,,/ref - M(f' K <I> )L Yref" 
e e c 

The linear control law and estimator gains used are given by 
K = [ 11.80 3.35 1 ] , 

L = [ 0.728 1.848 0.493 f. 

(13.66) 

(13.67) 

(13.68) 
It is interesting to compare the linear control of the nonlinear plant and INL control of the same plant. Fig. 13.43 shows the small step response of the system (zero disturbance u

d
) at two locations, near 0 = 0 and 0 = 0.20 radians, for the linear controller, while Fig. 13.44 shows the same conditions under INL control. Note the difference between the two due to both changing plant and errors in the estimator model. By employing INL control as in Fig. 13.42, the unit step responses in the two locations are nearly identical. For the INL design, there is no estimated disturbance because, unlike the linear state estimator, the INL design uses a model of the plant nonlinearity to match modeled torque against what is actually produced by the motor. In addition to a better state estimate, the INL design adjusts the control law to account for the changing plant gain produced by the varying torque factor. The resulting INL design produces a consistent response independent of position, both in the time domain and of course in the frequency domain where the closed-loop transfer function will remain constant versus actuator angle as a robustness advantage. Bias torque disturbances are handled without causing a steady state position error as seen in Fig. 13.45. More impqrtant than a step response to a disturbance however, is the response of the servo to a bias torque such as hysteretic damping 
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Figure 13.43 
Small step response of 
positioning servo with 
nonlinear torque factor 
and a linear controller, at 
two locations, near 

Y
r 

= 0 and Y
r 

199 

Figure 13.44 

Small step response of 
the positioning servo 
with nonlinear torque 
factor and an INL 
nonlinear controller, at 
two locations, near 

Y
r 

= 0 and Y
r 

= 199 
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Figure 13.45 
Response of the servo to 

a disturbance step 

)' 
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produced by the ball bearings in the torque motor. A nonlinear torque is produced 
which always opposes the direction of rotation, and is hysteretic in form. The 
control structure allows this bias torque to be continually estimated and com
pensated without resetting or holding any integrators as is sometimes done to 
eliminate the wind-up problem. 

So far we have only examined the unit step command response of the servo at 
locations of extremes in the torque factor. With the saturation value of !max 1, we 
would expect the effect of the saturation function to come into play for increasing 
values of command change. While a maximum position change of L\y 400 is 
possible, simulation of the response of this system to such a command change 
quickly shows it to be disastrous because overshoot and settling time become 
extremely long compared to linear response. A very common problem in control 
systems is illustrated by this point: Linear unit step response is not the final 
analysis in systems with saturation or any other nonlinearity. The method of 
equivalent gains given in Section 13 .1.4 suggests that this system is always stable 
as can be seen in the equivalent gain root locus of this system plotted in Fig. 13 .46. 
However, the roots become increasingly lightly damped and oscillatory with 
longer period as the command input increases. We will investigate methods of 
improving the response to large changes in command input in the next section. 

Although the control structure developed in Example 13.20 was designed 
with all of the requirements we initially thought of, we neglected to include 
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Figure 13.46 
Root locus plotted as 
function of the 
equivalent gain 

Figure 13.47 

Response of the torque 
motor positioning servo 
for several size inputs. 
Note how the response 
degrades with increasing 
command change 
magnitude 
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the caveat that the system had to accomplish all of this with a severe limitation 
on the available control authority. As illustrated in Fig. 13 .4 7, it turns out that 
the saturation nonlinearity results in a coupling between usable bandwidth and 
input command magnitude. Figure 13.47 shows the response of our torque motor 
servomechanism for increasing input step magnitudes: The response degrades as 
input magnitude increases, as predicted by the equivalent gains root locus shown 
in Fig. 13.46. To avoid saturation using the linear control law u = -Kx for step 
inputs, we could approximate a constraint on k

1 
of K such that 

1 
(13.69) 

Since the bandwidth of the system is roughly proportional to kf, we are 
forced to limit the bandwidth inversely proportional to the square of the maximum 
input amplitude change (e.g., +Yr to -yr). Hence we must look for an alternate 
solution if we wish to maintain the small signal performance of the linear design 
and improve the large signal performance where we must take limited control 
authority into account, which brings us to time-optimal control. 

13.2.2 Time-Optimal Servomechanisms 

The subject of time-optimal control is very important in the study of nonlinear 
motion control systems. Many servomechanisms have at least one mode of op
eration in which it is advantageous to move the actuator quickly from one state 
to the next. A simple example of this might be the positioning servo for a robot 
arm. Another might be the positioning of a plotter pen in either axis. Discrete 
time-optimal control is possible but very difficult to implement, and it also suffers 
from some deficiencies which we will examine later. Fortunately an extension 

of practical continuous-time time-optimal control strategies to discrete-time con
trollers is possible. To examine the concepts behind a time-optimal nonlinear 
control technique we will focus on the proximate time-optimal servomechanism 
or PTOS developed by Workman (1987), and apply the PTOS control structure 
to the torque motor positioning servo. 

Before introducing the discrete-time time-optimal controller, we will briefly 
review the structure of the continuous-time time-optimal control of a double 
integrator plant. Continuous-time PTOS will be also be discussed in preparation 
for the main illustration of a discrete-time PTOS. 

An Overview of Continuous Time-Optimal Control 

Consider the time-optimal control system shown in Fig. 13.48. The plant consists 
of a double integrator driven by a limiter or saturation block. Given the limited 
control authority, the optimal control law is a nonlinear function of the distance 
to the target and the plant velocity. In Fig. 13.48 the control law is shown without 
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Figure 13.48 
Continuous time-optimal 
controller for double 
integrator plant 

y 

specifying the nonlinear function fr
o ( •). The equations describing this system are 

derived in many texts, and are shown to be 

where 

y=v 

iJ = a sgn(fr/Ye) - v) 
fta(Ye) = 

sgn(ye)(2a IYe l) 112
, 

Ye = Yr - y. 

(13.70) 
(13.71) 
(13.72) 

In this form, it is helpful to define the move length L for later use as the position 
error at the receipt of a new reference (step) input yr(t) 

/::, 

L = Yr(to) y(to) = y/to)· 
The control law given by Eqs. (13.71)-(13.72) and shown in Fig. 13.48, although 
time-optimal, is not practical. Even the smallest system process or measurement 
noise will cause the control to "chatter" between the maximum and minimum 
values. Removing the infinite gain operators from the time-optimal controller 
gives the system a finite bandwidth, and hence is much more practical for most 
applications. It should be noted that in some cases, on-off control is the only 
alternative, in which case techniques such as deadzone and hysteresis are em
ployed to minimize the chatter. When a linear region of control is possible, an 
effective alternative is available. 

Continuous Proximate Time-Optimal Servomechanism 7 

A proximate time-optimal servomechanism (PTOS) is shown in Fig. 13.49. 
The function f (·) is a finite slope8 approximation to the switching function fr0 

(·) 
given by Eq. (13.72). The signum function of Eq. (13.71) has been replaced by 
the saturation function which, together with the gain factor k2 , can be thought 

7 For more detail on the PTOS, see Workman (1987). 

8 The derivative of f
,0 

is infinite at y 0. 
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Figure 13.49 
Continuous-time 
proximate time-optimal 
servomechanism (PTOS) 
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y 

f( ·) 

of as a finite slope approximation to the signum function. The equations which 
define the PTOS are 

y=v 

v = a sat (k
2 

(!(ye) - v)). 

The function f ( •) is given by 

(13.73) 
(13.74) 

(13.75) 

where the positive factor a is referred to as the acceleration discount factor and is 
less than 1.0 (0 < a < 1). By discounting the available acceleration a to aa, we 
have a design that allows us to accommodate uncertainty in the plant acceleration 
factor at the cost of some increase in response time as we shall see. A close 
examination of Eq. (13.75) will show that it is close to the true time-optimal 
function fr

0 
with an adjustable acceleration discount factor a. The linear portion 

of the curve connects the two disjoint halves of the nonlinear portion. To connect 
the nonlinear regions off ( •) such that f ( •) and f' ( •) remain continuous, we have 
a constraint relating the gains k

1 
and k

2 
and the size of the linear region Ye 

= 
(

2kl 
)

1;2 
k2 ' aa 

and the size of the linear region is 

1 
Ye

= 

k • 
I 

(13.76) 

(13.77) 

co
nt

ro
len

gin
ee

rs
.ir



602 Chapter 13 Nonlinear Control 

Example 13.16 Computing the Switching Curve for PTOS 

figure 13.50 
The function f(•) for two 
different ranges of 
position error, 
(a) IY

e
l � 0.40, and 

(b) IY
e

l � 10.0 

Given the following parameters, determine the function f (·) for the PTOS: 

Parameter Value 

kl 10.0 
a 0.80 
a 100.0 

Solution. First, using Eq. (13.76) we have 

(
20.0

) 

112 
k2 = 80_0 = 0.500, 

and a linear region defined by Ye = 0.10 and thus the function f (,) is given by 

for 
I
Ye

l 
� 0.10 

for Ye > 0.10 

This function is shown for two different ranges of Ye in Fig. 13.50. 

By approximating the positioning time as the time it talces the position error 
to be within the linear region, we can define a percentage increase P in response 
time of a PTOS system over that of a minimum time control of the same plant 

P�lOO%G(�-1)]· 

10�--,-. --.�--,-. -----, 
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_______ Proximate: f ; , 

5 j j )/-' 
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(13.78) 

co
nt

ro
len

gin
ee

rs
.ir



Figure 13.51 
Percentage increase Pin 
move time versus a. The 
point marked on the 
curve represents 
P= 1.3% fora= 0.95 
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Note that the value of Pis independent of the size of the step input (move length 
L), but to make sense, the move length L must be greater than the length of 
the linear region y1. In fact, it should be clear that the linear region y1 is not 
arbitrarily chosen as 1 / k1, rather it is related to the distance above which it is 
practical to move the actuator with a given desired system bandwidth. Although 
reasonable values of a are usually such that a E [0.80 0.99], Pis plotted for a 
wide range of a in Fig. 13.51. From the figure, it is clear that a step response 
using PTOS and the .f ( •) derived in Example 13.17 is approximately 6% slower 
than a time-optimal system for the same size step. 

A simulation of both the minimum-time controller and the PTOS system 
when the plant gain a is known is shown in Fig. 13.52. For the case shown, the 
PTOS system is 1.3% slower, but has much improved control behavior during 
regulation mode. In addition to the linear regulation, it has also been shown in 
Workman (1987) that PTOS has far better robustness properties to small changes 
in a, unmodeled dynamics, and disturbances acting on the plant. 

Discrete-Time PTOS 

Next, we will extend the continuous-time proximate time-optimal servomech
anism (PTOS) to discrete-time control of a continuous-time double integrator 
plant driven by a zero-order hold. As in the continuous time case the states are 

p 
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Figure 13.52 

Variables y and u for 
time-optimal control and 
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defined as position and velocity. Assuming an insignificant calculation delay, we 
have the following discrete-time, state-space description of the plant 

x�[Y vf 

x(k + 1) = [ 6 � ] x(k) + [ a;t ] u(k). 

(13.79) 

(13.80) 

The control structure is a discrete-time mapping of the same proximate 
time-optimal control law used in continuous time with some slightly different 
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Discrete-time proximate 

time-optimal 
servomechanism (PTOS) 
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v(k) 
A/D 

y(k) 
A/D 

conditions on the function f ( ·) which will be discussed later. The mapped control 
law is then 

u(k) = sat(kz[f (y/k)) v(k)]), (13.81) 

where the definition of Ye is the same as in the continuous time case. Quantization 
in the DIA and AID converters will be assumed negligible, and the output u(k) 
is input to the plant through a latching DI A converter, which has the same unit 
pulse response as the zero order hold function. A block diagram of this system is 
shown in Fig. 13.53. 

Key Approximation 

The ideal time-optimal control of a discrete-time system suffers from the same 
difficulties as the continuous-time time-optimal control, including control chatter 
and extreme sensitivity to modeling errors and unmodeled dynamics. A valuable 
fact, however, permits us to extend the continuous-time PTOS to discrete-time 
systems: as the sampling rate increases, the true optimal discrete-time control 
tends to look identical to a sampled continuous-time control. This does not 
mean that the sampling rate must be high or higher than would otherwise be 
selected to make the approximation valid, indeed we will see that the required 
minimum sampling rate is lower than that usually chosen in control designs. By 
adjusting the acceleration discount factor a, the practical time-optimal controller 
in the PTOS will leave enough control margin during trajectory following that 
differences between continuous-time and discrete-time optimal control strategies 
are minimized. Control margin refers to the ability of the system to respond to 
small errors in modeling, or measurement, with small changes in control response. 
In the time-optimal system, the infinite gain operators provide no such margin 
for error. 

An analysis of the mapping of an ideal time-optimal controller (continuous 
system) to a discrete system controller points out why the discrete time solution 
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cannot be the same as the continuous time one. As an example, consider the 
smallest move length L for which the discrete time mapping would produce the 
exact continuous time response: the control signal is + 1 for one sample, and -1 
for the next. The total movement in y is then 

y(2) - y(O) = aT/, (13.82) 

Thus L
m
i
n 

= ai:2 is the smallest movement for which our discrete mapped con
troller will match the ideal continuous time controller ( of course the terminal 
velocity must be zero). What happens when L < L

m
i
n 

? Clearly there is a prob
lem mapping the continuous-time control to discrete-time. The ideal continuous 
time-optimal controller uses control values of ± 1, but with that constraint it is 
not possible to reach L < L

min ' or for that matter any arbitrary values of L. The 
reachable set of L's for the mapped controller is given by 

for all integers n. (13.83) 

The reason for the "quantized" values of reachable positions stems from the 
quantization in time along with the restriction that the control must be of magni
tude one or zero. If we allow control values to range between ±1 (as in the true 
discrete-time time-optimal control), then all positions are reachable. Hence the 
applicability of the practical PTOS, which by construction has a linear region of 
operation. 

Sample Time Constraints 

There are two constraints on the discrete-time PTOS which arise due to the 
sampling of the feedback signals and the zero-order hold on the control to 
the plant. Before stating these conditions, we need to define the bandwidth 
of the discrete-time PTOS while in the linear region of operation ( I Ye I ::; y1, 

and 
lul < 1). From k

1 
and k

2
, the closed loop bandwidth of the system (cv

n
) is calcu

lated as follows. In the linear region, the control is given by u = -k
1 
x

1 
k

2
x

2
. If 

this control is substituted into Eq. (13.80) the characteristic equation is given by 
z2 

+ p
1
z + p

2 
where ,JP;_= r = e-ur, and p

1 
= -2r cos(0) where 0 = cvJ:. 

The natural frequency, which approximates the bandwidth, is given by wn = 

J ( a2 
+ cv�). For the given system, the parameters are 

k = (
2k1

)
1;2 

2 aa 
ak T2 

r2 
= _l_s + ak T - 2 

2 2 s 

ak T2 

-2r cos(0) = _I_s - ak
2
T + l .  

2 s 
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With these results, the closed-loop bandwidth is given by 

(13.84) 

Also, we define the ratio of the sampling (radian) frequency to desired (radian) 
bandwidth as 

(13.85) 

For most discrete-time servomechanisms, the value of N is greater than five. 
Some designers use the approximation: 

N�20� 

which for s = 0.707 means N � 14. 
It is shown in Workman (1987) that if 

N > 6.3, 

for s < 1, 

then it is possible to show that the system is stable, and also that the performance 
of the system is guaranteed, in that the control will not saturate during the 
deceleration phase to the target position. 

Variable Output Gain and Control Authority 

To generalize the form of the plant, we will include a variable saturation maximum 
value, m, and an output gain, kY. The plant becomes 

x�[y vr 

x(k +I)= [ � \½ ] x(k) + [ a�%
2

] u(k) 

with a control 

uk = m sat (k/f (ye) vk)/m). 

The new set of design equations are as follows. Choose 

and a linear region 

k 
= 

(
2kl ky) 

1/2 

2 

aa 

m 
Ye = k' 

1 

(13.86) 

(13.87) 

(13.88) 

(13.89) 

(13.90) 
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608 Chapter 13 Nonlinear Control 

which will again make the function f ( ·) and f' ( •) continuous. The function f ( ·) 
also changes. To accommodate m we have 

f(ye) = k/e IYel ::S Ye { 
k 1 

sgn (ye)[((2maaky)IYel)
112 

- (m/ k2)] IYel > Ye 
and again we must ensure that 

Example 13.17 Design of PTOS 

N > 6.3. 

Apply PTOS to the rotary actuator angular position controller shown in Fig. 13.40. 

(13.91) 

Solution. To begin, we will assume that the torque factor Kt is a constant given by the 
smallest value over the desired control range, not a function of the actuator position 0, and 
that the actuator friction factor K 1 is zero resulting in a double integrator plant. With these 
simplifying assumptions, the normalized responses of the linear control law developed earlier 
to a range of changes in command position are shown in Fig. 13.47. Because of the limited 
control authority, the response for larger move distances degrades severely. To use the PTOS 
structure, we substitute a nonlinear function f ( •) derived from the actuator parameters for the 
k 1 / k2 gain block and let K t (0) = 1. Namely, the acceleration constant for the rotary actuator 
is given by 

a = 
Kt �

.
O
) 

= 2500.0. 
a 

Choosing an acceleration discount factor a equal to 0.84, we can use the constraint on k2 from 
Eq. (13.89) to determine 

= ✓ 0.9524k l , (13.92) 

where the gain K0 is used for ky. Equation (13.89) can also be used as a design constraint in 

a parameter optimization design to obtain the best value for k 1 and the estimator gains. The 
values chosen for this design are 

K = [ 11.80 3.3523 1 ] , 

and 
L [ 0.7280 1.848 0.4933 r. 

The resulting velocity command function is thus 

I 
3.520 y 

f(ye) = sgn (yJ[(4.2 Jye J)112 l
y 
I 

< 0.0847 
(.2983)] y: ;: 0.0847, (13.93) 

which is then used as shown in Fig. 13.54. Figure 13.55 shows the responses of the PTOS to 
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Velocity command function used in the PTOS 

ud 

w 

y 

U.d 

uni 

State 
estimator 

Ym 

Linear K
o

o = y 
plant 

cl>,f,H 

a wide range of move angles, L. If we compare these responses to those of a linear controller 

as shown in Fig. 13.47, it is clear that the nonlinear control structure yields overall superior 

performance. 

Consider Example 13 .17 with a torque factor which is not constant but as 
described by Eq. (13.50). To employ PTOS on such a structure and include INL 
for plant gain normalization and estimator model correction, the simple velocity 
function f ( •) would have to assume the minimum available torque constant. 
Since this was done already in the generation of the velocity command function 
in Example 13.17, we can apply INL directly to it without changing Eq. (13.93). 
Both INL control and the PTOS for the plant of Example 13.20 are shown applied 
together in Fig. 13.56. 

Since K
t
- 1 (0) normalizes the plant gain versus 0, it is not necessary to vary k

1 

as a function of 0. By using the minimum available torque constant we sacrifice 
16% of the available plant acceleration capability near 0 = 0. To remedy this we 
would have to employ a much more complex control structure than PTOS. From 
Fig. 13 .51, we can see that assuming even a 20% lower K

1 
than actual we would be 

sacrificing an upper bound of a 6% loss in response time performance. In reality, 
the performance loss will probably be more like an average of 3% because the 
plant is only capable of maximum acceleration at 0 = 0. If recovering the 3% 
average performance lost is worth the added complexity it may be worthwhile to 
develop the required velocity command function J(ye, 0). 
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Figure 13.55 

Normalized (to full scale) 
PTOS responses for a 
wide range of different 
step changes in 
command position input 
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Block diagram of the rotary actuator PTOS for the torque motor example with INL 
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13.2.3 Extended PTOS for Flexible Structures 

The PTOS controller discussed in the previous section focused on second-order 
plants, mainly double integrator or real-pole and an integrator type.9 Unfortu
nately, most servomechanisms contain flexible modes in the actuator or structure 
being controlled, yielding plants of higher order than the simple double integra
tor. On the other hand, these higher-order plants are often dominated by their 
double-integrator components (inertial response). When the :flexible modes are 
high enough in frequency, the response of the plant to a PTOS control will be that 
of a rigid body with some small residue of flexible-mode motion in the output. 
It is often the case in servo design that the flexible modes are beyond the desired 
bandwidth of the closed-loop controller, but still should be accounted for in the 
linear part of the control law. The PTOS architecture has been extended to include 
such cases, and the extended architecture is referred to as XPTOS as shown in 
Fig. 13.57. 

XPTOS Design Procedure 

Design of the free parameters in the XPTOS structure is much like that for the 
PTOS. The linear portion of the control law is calculated using some technique 
which allows the constraint on k

2 
to be taken into account. The model of the plant 

9 Although not discussed, the PTOS architecture can be extended to second-order plants with complex 

poles. 
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Figure 13.57 
Extended proximate time-optimal servo (XPTOS). The residual states xr are flexible mode 
states 
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y 

State 
estimator 
<I>, f,h,L 

Plant 
<I>, f,h 

y 

used in the state estimator must contain output and output derivative (position 
and velocity in a positioning servo) as two of the states. For example 

y 
y 

X= Xr,l 

With this state definition, the feedback gain vector K is defined as 

K � [ k
1 

k
2 Kr ] . 

The function f ( •) is then designed as in the PTOS controller, but the constant a 
must be adjusted to accommodate the flexible modes. To provide control margin 
while decelerating toward the target, a is made smaller than that used if the flexible 
mode( s) were not present. In this manner the control is kept from saturating during 
deceleration, and the flexible modes are actively damped while the actuator is 
approaching the target. To decide the proper value for a, the system is simulated 
and a is adjusted until the system performance meets the goals. For extremely 
flexible systems, and/or systems where the control bandwidth is very close to 
the frequency of the flexible modes, some control saturation during deceleration 
might have to be allowed. 

For illustration of the value of the XPTOS architecture, we will attempt 
a fast (proximate time-optimal) positioning of a double integrator plant with a 
significant flexible mode of vibration. The frequency response of the nominal 
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Figure 13 .58 o ,-----.-,----r-��..--,-,-,-----r---.----r-,.......,-m-.----.----,---r-..--.--,--,-,-, 

Frequency response of a 
double integrator plant -10 
with a lightly damped 
flexible mode at 6 Hz. -20 
Frequency response of a 
double integrator plant 
with a lightly damped 
flexible mode at 6 Hz, 
sampled at T
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= 0.02 

seconds 
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plant is shown in Fig. 13.58. The flexible mode has a lOdB open-loop rise at a 
frequency only slightly above the desired closed-loop bandwidth or about 4.0 Hz. 
Gain stabilization is not feasible and without feedback from the flexible modes 
(K) the system would be unstable. The plant model is given by the transfer 
function 

P(s) 
s2 + 2�r c2n lrz)s + (2n 1rY ( lrp) 

2 a s2 + 2r (2nf, )s + (2nf, )2 T s2 • ::, r rp rp rz 
The state model is given by 

[ 0 1 0 0 0 1 - (rp) 2 F= 0 0 w 
rz 0 0 0 -(J) rp 

�� (rp _ (rp) 2) 
l r w w 

rz rz (J)rp -2� (J) r rp 
G = [ 0 a (:::r O aw

rp 
r H [1000]. 

The numbers for the example are given in Table 13.4. 

(13.94) 
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Table 13.4 

Nonlinear Control 

Parameter Value Units 

Ts 0.020 sec 

a 0.95 

fd 4.0 Hz 

m 5.0 V 

a 1.2 m - sec2 v-1 

f,p 5.8 Hz 

f,z 6.0 Hz 

�, .002 

k, 333 V- m-1 

k2 
24.17 V- sec-m-1 

kr 1.0 V- rad-
1 

Matrices of a discrete model based on a sample and zero-order hold sampled at 50 samples per second are 
[ 1.0 .02 0 1 <I>= 0 0 0 0 

o o l .0012 .0005 0.7462 0.6650 -0.6650 0.7435 
r = [ 0.0002 0.0226 '0.3046 0.7981 r, with H as in the continuous model. We wish to derive a controller that gives the desired closed-loop bandwidth of approximately 4.0 Hz subject to the constraints given by Eq. (13.89). For simplicity we will assume state measurements are available although in practice a state estimator is surely required. Initially we are faced with the choice of a which must finally be chosen by simulation. So to begin, we choose a= 0.95 and take a linear design corresponding to K = [ 333 24.17 0.1307 0.1785 ] . The function f (.) is thus 

{ 13. 78y
e I Ye I s 0.015 f(y) = sgn(y

e
) [✓(ll.4jy

e
l) - 0.2069] IYe

l > 0.015. (13.95) 
Initial simulations showed that a 

= 
0.95 was too aggressive with the flexible mode in the plant because the control saturated quite heavily during deceleration. By choosing a value of a 

= 

0.80, there is enough margin for the control of the flexible mode. The final PTOS function is 
{ 12.64y

e 
�-- IYe

l s 0.015 f(y) = sgn(y
e
) [ ✓(9.6 !Y

e
!) - 0.1898] IYe

l > 0.015. 
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Figure 13.59 
Closed-loop frequency 
response of the XPTOS 
system when the plant 
has a single large flexible 
mode at 6 Hz, sampled 
at T

5 
= 0.02 seconds 
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The resulting closed-loop response is shown in Fig. 13.59. The system perfor
mance, shown in Fig. 13.60 for a move length of L = l is excellent. Note that 
during deceleration the control contains a component of the flexible mode fre
quency. Once the 6-Hz component has decayed, the resulting control magnitude 
is approximately 4 which corresponds to ma. 

Arrival at the target is of critical importance in high accuracy positioning 
servos, and a close examination of the positioning error for this system is shown 
with an expanded scale in Fig. 13. 61. The tuned system has excellent performance, 
as long as the response time increase of about 6% can be tolerated. 

13.2A Introduction to Adaptive Control 

Parameter variations in the plant of a control system can have severe impact 
on performance and stability. For this reason, control system designers have 
long desired a control algorithm which somehow automatically redesigns itself 
as the plant changes. This is the subject of adaptive control. There are several 
reasonable definitions for the term ''Adaptive." It is the opinion of the authors 
that when a control system's signal paths change, as opposed to the signals, the 
control system is adaptive. Thus, simple feedback of any signal is not adaptive, 
because the feedback law doesn't change. It is worthwhile to note that there 
is always a lively discussion among control engineers about the definition of 
adaptive control. One definition is that an adaptive controller is any control system 
that is designed from an adaptive viewpoint. Another is that adaptive control 
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Table 13.4 

Nonlinear Control 

Parameter Value Units 

Ts 0.020 sec 

O'. 0.95 

fd 4.0 Hz 

m 5.0 V 

a 1.2 m sec2
v-

1 

f,p 5.8 Hz 

f rz 6.0 Hz 

�, .002 

k1 333 V- m-
1 

k2 
24.17 V sec-m-

1 

ky 1.0 V rad-
1 

Matrices of a discrete model based on a sample and zero-order hold sampled 
at 50 samples per second are 

[ 

1.0 .02 
0 1 

<I>= 0 0 
0 0 

o O l 
.0012 .0005 

0.7462 0.6650 
-0.6650 0.7435 

r = [ 0.0002 0.0226 '0.3046 0.7981 f, 

with H as in the continuous model. We wish to derive a controller that gives the 
desired closed-loop bandwidth of approximately 4.0 Hz subject to the constraints 
given by Eq. (13.89). For simplicity we will assume state measurements are 
available although in practice a state estimator is surely required. Initially we are 
faced with the choice of a which must finally be chosen by simulation. So to 
begin, we choose a = 0.95 and take a linear design corresponding to 

K = [ 333 24.17 

The function 
f 

(.) is thus 

( ) - e { 
13.78y 

f Ye - sgn(ye ) [ ✓ (1 l.4jye I) 

0.1307 

0.2069] 

0.1785 ] . 

I Ye I :S 0.015 
IYe l > 0.015. (13.95) 

Initial simulations showed that a = 0.95 was too aggressive with the flexible 
mode in the plant because the control saturated quite heavily during deceleration. 
By choosing a value of a = 0.80, there is enough margin for the control of the 
flexible mode. The final PTOS function is 

{ 
l2.64ye 

--- IYe l :S 0.015 

f
(ye ) = 

sgn(ye) [ ✓(9.6 I Ye l ) - 0.1898] IYe l > 0.015. 

co
nt

ro
len

gin
ee

rs
.ir



Figure 13.59 
Closed-loop frequency 
response of the XPTOS 
system when the plant 
has a single large flexible 
mode at 6 Hz, sampled 
at T

5 
= 0.02 seconds 
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Frequency (Hz) 

The resulting closed-loop response is shown in Fig. 13.59. The system perfor
mance, shown in Fig. 13.60 for a move length of L = 1 is excellent. Note that 
during deceleration the control contains a component of the flexible mode fre
quency. Once the 6-Hz component has decayed, the resulting control magnitude 
is approximately 4 which corresponds to ma. 

Arrival at the target is of critical importance in high accuracy positioning 
servos, and a close examination of the positioning error for this system is shown 
with an expanded scale in Fig. 13. 61. The tuned system has excellent performance, 
as long as the response time increase of about 6% can be tolerated. 

13.2.4 Introduction to Adaptive Control 

Parameter variations in the plant of a control system can have severe impact 
on performance and stability. For this reason, control system designers have 
long desired a control algorithm which somehow automatically redesigns itself 
as the plant changes. This is the subject of adaptive control. There are several 
reasonable definitions for the term "Adaptive." It is the opinion of the authors 
that when a control system's signal paths change, as opposed to the signals, the 
control system is adaptive. Thus, simple feedback of any signal is not adaptive, 
because the feedback law doesn't change. It is worthwhile to note that there 
is always a lively discussion among control engineers about the definition of 
adaptive control. One definition is that an adaptive controller is any control system 
that is designed from an adaptive viewpoint. Another is that adaptive control 
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Figure 13.60 
XPTOS responses for 
L = 1 . Plant is a double 
integrator with a large 
flexible mode at 6 Hz, 
sampled at T

s 
= 0.02 

seconds 

Figure 13.61 

XPTOS error responses 
for L = 1 of a 
double-integration plant 
with a large flexible 
mode of 6 Hz, sampled 
at T

s 
= 0.02 seconds 
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is any control system which monitors its performance and makes adjustments 
to improve that performance. Astrom (Astrom and Wittenmark, 1988) defines 
adaptive control as a control system comprised of a fast (controller) loop, and a 
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slow (control adjustment) loop. In any case, the definition of the term adaptive 
is to "modify according to changing circumstances". Almost all adaptive control 
systems do modify themselves under changing circumstances, the issues left to 
discuss become, "what are the changing circumstances to be accounted for?" and 

"how do we modify the control algorithm in light of the changes?" 

Use of Adaptive Control 

To design a control system, the designer must define four basic things: 

1. A model of the plant to be controlled and the range of its validity. 

2. The nominal value of the model parameters and their expected deviation. 

3. The performance objectives. 

4. The constraints on the design, such as the cost of control action, control 

authority limits, and the intended cost of the controller. 

Accounting for the second item in the list can be costly in cases of large plant 
variation. If a fixed-parameter automatic control system is used, the parameter 
variation directly affects the capability of the design to meet the performance 
specifications under all operating conditions. If an adaptive controller is used, the 
parameter variations are accounted for at the price of increased complexity of the 

controller and therefore cost of implementing the design. 10 It is this cost versus 
performance trade-off which must be examined carefully in choosing the control 
structure. Adaptive control is certainly more complex than fixed-parameter con
trol, and carries with it more complex failure mechanisms. In addition, adaptive 
control is both time-varying and nonlinear, increasing the difficulty of stability 

and performance analysis. Thus, the decision to use adaptive control should be 
made very carefully. It is the increased complexity of adaptive controllers and 
the corresponding implementation difficulties which led to perhaps more obvious 
and simple adaptive controllers, such as gain scheduling. 

Gain Scheduling 

Gain scheduling, as shown in Fig. 13.62, is a process by which one of several 
different control algorithms is chosen based on some operating condition(s), 
and is thus adaptive (the signal paths change). Since the control algorithms are 
designed off-line with a priori information, the main burdens of gain scheduling 

are identifying the proper control design to be used and effecting a smooth transfer 
from one design to another during system operation. Effectively, the design is 
broken into regions of operation, and in each, a fixed control design is used. 
Simulation is used to examine the transition from one region to another. It should 

10 Increasing the complexity of a software project increases the development costs, and in all but very 

rare instances will increase hardware costs. 
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Figure 13.62 

Structure of the "gain 
scheduled" Controller 
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be noted that often the question of stability is circumvented by having very few 
regions and ensuring that the controller will pass from one to another without 
getting trapped at the boundary. It is reasoned that for a few regions that are 
switched between very infrequently, or a continuous set of parameters that are 
modified very slowly,11 the system stability can be ensured by examining each of 
the linear control laws as if it were fixed. Thus gain scheduling is usually thought 
of ( or defined) as dependent on some slowly varying parameter (relative to the 
control bandwidth). The method of averaging is a sophisticated concept often 
used to evaluate the stability of systems which have slowly varying parameters. 
Unfortunately, averaging analysis is beyond the scope of this text (see Anderson 
(1986)). In practice, stability analysis of gain-scheduled systems consists of close 
examination of system simulations. Proof of system stability is rarely sought after. 

The linearized system dynamics of a robot arm with a load are given by 

Y(z) k/1 - bz- 1) 
=--------

U(z) (1 - z-1)(1 - az- 1)' 

until the load is dropped, at which point the system dynamics change to 

Y(z) kZ(l - b*z- 1) 
=--------

U(z) (1 - z- 1)(1 a*z- 1) • 

Using the technique of gain scheduling, the designer precomputes the control 
laws for both plants, K and K*. When the controller microprocessor receives the 
command to drop the load ( or makes the decision itself), the new control law K* 
is used instead of the old one. 

Although gain scheduling is adaptive, it is perhaps the least sophisticated 
of the strategies of adaptive control. This is because a relatively small number 
of designs are done off-line and loaded into the controller as options that are 
subsequently chosen during operation as a function of some measured or com
puted condition. To be fair, gain scheduling is also the most widely used of all 

11 Slowly in this context implies that control parameters are changed in small discrete amounts at a rate 

much slower than the slowest time constant of the closed loop system. 
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adaptive algorithms by far, and it can be very effective. For example, it is the 
predominant method of control used to handle the wide plant variations that occur 
in flight control systems. Aerodynamic models vary greatly with Mach number 
or dynamic pressure (function of velocity and air density), and avionic control 
systems usually schedule gains according to one of these variables, which can 
either be sensed or estimated. Gain scheduling begins to lose its appeal if the 
nature of the plant variation is either unpredictable, too variable, or too complex 
to handle by precomputing control laws and deciding when to use the appropriate 
one. In any of these cases, a more sophisticated technique is required whereby 
the control law is designed on-line. 

Model Reference Adaptive Control (MRAC) 

Model reference adaptive control, shown in Fig. 13.63, has a slightly different 
approach in that it modifies an existing control design to improve some calcu
lated performance measure ( error formulated as a desired system model output 
minus the actual system output). Direct MRAC updates the controller parameters 
directly, whereas indirect MRAC updates a reference model and the parameters 
of that model are then used in a design calculation to compute the controller 
parameters. 

Self-Tuning Regulator (STR) 

There are many versions and refinements of these ideas that make up the field of 
adaptive control. The self-tuning regulator originally developed by Astrom and 
Wittenmark is the type of adaptive controller that will be studied in some detail. 
An excellent survey of the field of adaptive control was done by Astrom. 

Another approach to adaptive control is in identifying the important plant pa
rameters (the plant model) while the system is running. Once the plant parameters 

Reference 
model 

....----------1 Adjustment 

Controller 
parameters 

Adjustable 
controller 

u 

mechanism 

Linear 
plant, 

p 
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figure 13.64 
Structure of the explicit 
self-tuning regulator 

Control 
design 
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controller 
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are available froin the identifier, they are used to redesign the control algorithm 
according to some design rule as in Fig. 13.64 (explicit self-tuning regulator). 
Alternately, instead of identifying the plant parameters explicitly, it is possible to 
formulate the control structure such that the controller parameters which lead to 
a desired closed-loop system are identified directly (implicit self-tuning regula
tor). It has been shown that self-tuning regulators and model reference adaptive 
control can be identical, depending on the underlying design methods. 

Explicit Self-Tuning Regulator: Model 

Although many different model structures are possible, a minimal state space 
realization is preferred because of the tremendous volume of design and sim
ulation tools which are available for design in the state space. Most parameter 
estimation routines are based on a specific model structure, so to be compati
ble one must choose a common structure. A typical structure is that of an auto 
regressive moving average (ARMA) model, and as discussed in Chapter 8, the 
ARMA model parameters can be found using off-line or on-line techniques. The 
specific parameter estimation algorithms chosen are a function of many consider
ations including processing power, measurement and process noise, and desired 
convergence rates. 

An ARMA description of an nth order plant with input u and output y is 

y(k) = -a
1
y(k - 1) - • • • - a

n
y(k - n) + b

0
u(k) + · · · + b

n
u(k - n). 

(13.96) 
If no direct control feedforward term exists as in most physical systems, the 
coefficient b

0 
in Eq. (13.96) is zero. The coefficients of the differential equation 

given by Eq. (13.96) will be used to define a parameter vector 0 as follows 

e T � [ a .. . a b .. . b ] . 1 n O n 
(13.97) 
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13.2 Nonlinear Control Structures: Design 621 

Where appropriate, b
0 

will be dropped from the parameter vector leaving 2n 
parameters. If we define a vector of past outputs and past (plus present if b

0 
is 

not 0) controls, as 

cp[ � [ -yk-1 • • • -yk-n Uk • • • Uk-n ] ' 

then we can write the current output as 

y(k) = e r q>
k
. 

(13.98) 

(13.99) 

Equation (13.98) is commonly referred to as the regression vector or vector of 
regressors. In polynomial operator form the plant model is expressed as 

(13.100) 

which is just a shorthand notation for Eq. (13.96), where q- 1 is the unit delay 
operator, for example 

(13.101) 

and 

B(q- 1)u = b
0
u(k) + · • · + bnu(k - n). 

Thus A and Bare polynomial operators which characterize the plant. Because z- 1 

represents the z-transform, it is technically incorrect to use it as a delay operator 
on a system with time-varying coefficients where the z-transform does not apply. 
Although q- 1 is used as the delay operator in most literature (and this chapter), 
it should be just as clear if z- 1 were used. 

Explicit Self-Tuning Regulator: Control Design 

There are many ways of specifying the performance objectives of the plant, 
including input-output bandwidth, step response, phase margin, gain margin, and 
pole locations. The design method is usually a function of the design objectives. 
If transformations can be made between various forms of design objectives, then 
almost any design method can be chosen. 

For adaptive control we are interested in a design method which can be 
accomplished on-line. On-line operation mandates a trade-off between compu
tational complexity or burden and ultimate performance. Any design method 
chosen must use the information identified from input-output data from the plant, 
and compute some controller parameters to obtain a desired closed loop behav
ior. The self-tuning regulator shown in Fig. 13.65 uses weighted recursive least 
squares (WRLS) (see Chapter 12) to identify the plant parameters and adjust the 
polynomials S, T, and R which make up the controller. 

A powerful design method is that of pole placement. The power of the 
method lies in the fact that all methods essentially just place the poles of the 
system (zeros cannot be placed with state feedback), thus the (linear) control 
laws derived by any design technique can be implemented with pole placement. 
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figure 13.65 
Self-tuning regulator 
(STR) block diagram. 
Note that the 
dependence of .5, R, and 
Ton the estimated plant 
parameters is shown 
explicitly rather than 
showing them as a 
function of time 

u 

Plant 

WRLS 

0 

One deficiency in the pole placement design technique is that it assumes that 
you know where to put the poles. It could be said that deciding where to put 
the poles is the design, and that pole placement is really an implementation step. 
In adaptive control, pole placement provides a computationally efficient way of 
updating the control parameters once the plant parameters are known, assuming 
the pole locations are decided upon in advance. If the pole locations are to be 
chosen on-line with a technique such as LQR design, the computational burden 
climbs astronomically. Therefore, the design step usually consists of designing 
a control law to place the closed-loop system poles at predetermined locations, 
and/or at locations which are a simple function of the identified plant parameters. 
Pole placement is then essentially specifying the desired relationship between 
command-input and controlled-output as 

(13.102) 

where A
d 

and B
d 

represent the desired closed-loop polynomial operators and 
yr is the desired response or reference command. The transfer function of the 
desired system would be 

Y(w) 

Yr (w) 

B/q = ejwT,) 

A
d
(q = ejwT,)' 

where � is the sampling time. In shorthand notation we have 

Y(w) B
d
(w) 

Y/w) A/w) 

G (w) = 

Y(w) 
c1 Y/w). 

(13.103) 

(13.104) 

(13.105) 

Equation 13.103 is important for several reasons. Perhaps most importantly its 
numerator should usually contain the zeros of the plant (zeros of B(q-1)), be
cause achieving a transfer function G c1 ( w) that does not contain some or all 
of the zeros in B(q-1) with Eq. (13.106) implies the zeros are cancelled by 
poles of the system (roots of A

d
). Cancelling roots that are not well inside 
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the unit circle is a bad idea for two reasons: first, the cancellation can never 
be done exactly and second, the cancellation will occur in only the transfer 
function Gc1 (and those which differ from it by a constant factor). Thus, if 
the controller attempts to cancel unstable roots of B ( q-1) this would destabi
lize the system because the residues of the unstable modes cannot be made 
exactly zero. Also, stable roots which are nearly cancelled in the transfer func
tion G c1 would not be cancelled in other transfer functions, such as the ones 
relating disturbance forces to the output of the system. If the stable roots nearly 
cancelled in G c1 represent an eigenresponse much slower than the rest of the 
system, the eigenresponse will be excited to a much higher extent by, for ex
ample, disturbance forces as opposed to the reference command input. This has 
the unwanted effect of producing extraordinarily slow responses to disturbance 
forces. 

The zeros of A
d 

can be chosen a priori, or according to a simple function of 
plant parameters such as radial pole projection to optimize overall closed-loop 
performance for the expected set of plants. 

The basic self-tuning regulator is shown in Fig. 13.65. The following equa
tions define the overall system (see Astrom (1995)). Define A

d
(q-1

) as the desired 
closed-loop characteristic polynomial. By the certainty equivalence principle, it 
follows that 

(13.106) 

where Ae is the desired characteristic polynomial of the state estimator and Am is 
the desired closed-loop characteristic polynomial if full state feedback were used 
without the estimator. If the model of the plant in the state estimator represents 
the plant exactly, and there is no noise in the system, then for perfect estimator 
initial conditions the closed-loop transfer function of the system is fully adequate 
to describe all plant responses. The closed-loop transfer function under these 
ideal conditions is 

STR Algorithm 

B(w)A (w) 
G (w) - e c1 

- A (w)A (w) m e 

The estimated parameter vector e at time index k is defined as 

e T ( k) � [ a ( k) . . . a ( k) G (k) . . . G ( k) J , 
I ll I I! 

with b
0 

constrained to be zero. It is 0 we wish to identify. 

(13.107) 

(13.108) 
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Identification: Using weighted recursive least squares (WRLS) we have 
A A 

[ 

P(k l)cp(k) 
] 

A 

0(k + 1) 
= 0(k) + _ 1 

+ cpr (k) P(k l)cp(k) 
(y(k) - cpr (k)0(k)) 

l 
a 

l P k l k r k P k l 
( 13 .109) 

P(k) = -P(k - 1) - - [ 
( )

¢
( )

¢ 
( ) ( - )

] (13.110) 
y y a-1 +cpr(k)P(k l)cp(k) ' 

where y = 1, a = l for RLS (unweighted) and O < y < 1, a = l - y for ex
ponentially weighted RLS (WRLS). From 0(k) we form A(k, q-1), B(k, q-1) 
where the coefficients of A and Bare a

i 
and b

i
, respectively. 

Control Law: In keeping with the desire to leave plant zeros in the closed
loop transfer function (no cancellations), we select Bm = B. We select Am and 
Ae from desired closed-loop and state estimator characteristic polynomials, and 
from 

A(k, q- 1)R(k, q-1) + q-l B(k, q-1)S(k, q-1) = Am(q-1)A/q-1), (13.111) 

solve for R(k, q-1), S(k, q-1) and finally calculate T(k, q-1) from 

T(k, q-1) 
= [Am(l)/ B(k, l)]Ae(q-1). (13.112) 

The control signal u (k) is given by 

R(k, q-1 )u(k) = -S(k, q-1 )y(k) + T(k, q- 1)y,(k), (13.113) 

which completes the STR algorithm. 
Equation (13 .111) is referred to as the "Diophantine equation" and has 

been studied extensively. The difficulties which arise in solving Eq. (13.111) 
for R(k, q-1), S(k, q-1), T(k, q-1) include nonuniqueness of the solution and 
singularities which occur when the estimated plant polynomials A(k, q-1), and 
B(k, q-1) contain common or numerically close factors. In Eq. (13.113) yr(k) is 
the unfiltered input reference, as seen in Fig. 13.65. The local convergence proof 
for this can be found in Goodwin (1984). While global stability of this algorithm 
is possible, proof of global stability requires persistency of excitation. Persis
tent excitation (PE) refers to the condition of providing the identification routine 
with enough information about the plant dynamics that the parameter estimates 
converge to the correct solution. Without PE, the parameter estimates can drift 
which, of course, causes the resulting controller to be different from the desired 
controller, and sometimes even unstable. One of the difficulties of losing PE is 
referred to as probing: The system will usually destabilize, and the resulting 
wild control and plant output action becomes temporarily PE ( exciting on a finite 
interval of time), causing a reconvergence of the plant parameter estimates and 
hence the controller, thus stabilizing the system. Clearly this can be a vicious 
cycle in the absence of corrective action. The specific persistent excitation con
dition is a function of the parameter estimation routine. Excitation measures for 
various estimation algorithms are also given in Goodwin (1984). A common one 
for RLS is found in Chapter 12. 
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13.2 Nonlinear Control Structures: Design 625 

Example 13.18 Design of a Self-Tuning Regulator 

Here we shall examine the design of a simple adaptive controller using the explicit or indirect 
STR. Consider a continuous time transfer function relating the position of a motor armature to 
the input current 

Y(s) 1 
G(s) = 

U(s) 
= 

s(s + 1)' 
(13.114) 

which corresponds to the actual parameters of a physical plant. Since we are doing adaptive 
control, the plant must have a large variance in its parameters, in which case our nominal 
control design will be designed for the nominal plant. Sampled at T = 0.330 seconds, the 
discrete transfer function is 

b -I
+ b -I 

G( -1) = lq 2q 
q 1 + a

1 q- 1 
+ a

2q-2 

0.0489q-l + 0.0438q-l 
1 - l .7189q-l + 0.7189q-2 

_ 0.0489q-l (1 + 0.8957q-l) 
- (1- q-1)(1 - 0.7374q-1)' 

(13.115) 

(13.116) 

(13.117) 

which clearly has a zero at -0.8957, along with poles at 1 and 0.7374. Design an STR controller 
for this plant. 

Solution. The nominal plant, from which we design the initial control gains, is given by 
jj -I

+ 
jj -1 

G(q-1) = I� 2� _ 
1 + a l q- 1 

+ a
2 q 2 

_ 0.03q-l + 0.03q-l 
- 1 - 2.0q-1 

+ l .Oq-2 

0.03q-l (1 + q-l) 
= 

(1- q- 1
)

2 

(13.118) 

(13.119) 

(13.120) 

Let us choose the closed-loop system poles to give a settling time of about 12 samples, and 
also choose them to be real. This yields 

(13.121) 

As stated 

B = B. (13.122) 

Next, we must choose the estimator poles. We will select faster poles, but keep some small 
amount of noise filtering in the system 

Ae (1 - 0.40q-1)2. 

With these choices, we can use the pole placement technique to design the controller polyno
mials S, T, and R with a numerical routine which solves the Diophantine equation with inputs 
A, B, A , and A . The estimated plant parameters come from an estimation routine such as 
weighted recursi�e least squares. For the nominal plant conditions given, and the actual plant, 
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Figure 13.66 
Simulation of the self-tuning regulator of Example 13.18. Note the improving command 
tracking as the parameter estimates converge for the plant (a) command and output 
response (b) estimated parameters a
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and a
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the simulation of the adaptive controller shown in Fig. 13.66 demonstrates the operation of 

the STR. The value of y = 0.90 was used in the WRLS routine. To provide the excitation 

necessary for the parameter identification routine an alternating position set-point command 

was provided (period of 20 seconds). Note the original output response is poor, but improves 

once the parameter estimates converge. As mentioned in Chapter 7, it is possible to construct 

S, T, and R to give integral control, which would be desired in most designs having such a 

variable plant. 
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Controller versus Regulator 

The STR is a system based on a linear control law, aimed at setting the poles of the 
overall system to achieve the desired regulator characteristics. The contradiction 
is that the regulator operation environment usually does not provide the richness 
of excitation or a signal-to-noise ratio that permits identification. This is because 
the job of the state regulator is to keep things constant or quiescent. If there 
were no disturbances, the input and output to the plant would be constant. 

Hence during regulator operation, the size of the control is proportional to the 
size of the disturbance, and ideally the output variation is small. Hence under 
disturbance rejection conditions, the signal-to-noise ratio is rarely more than 0 
dB! Thus for many adaptive control systems, set-point changes are used to provide 
a signal environment in which the ID algorithm will work well. In addition, set
point changes provide clear demonstration of the system's transient response. If 
we define a controller or servomechanism as usually following changing input 
commands, and a regulator as maintaining a constant set-point, the STR would 
be better referred to as a self-tuning controller or STC. Some of the difficulties 
associated with regulation can be overcome if an external excitation signal is 
applied while the self-tuning regulator is tuning. 

Most control systems are not linear over large set-point changes. Among 
the many possibilities, the control usually saturates. Saturation of the control 
effort is only now being considered in the proofs of stability for self-tuning 
controllers. Hence in the standard STC we have a structure which assumes a 
wholly linear control system [once the polynomials S(q-1), T(q- 1), and R(q- 1) 

are fixed for the identified plant parameters 6 a]. Clearly as we place the poles in 
locations requiring arbitrarily fast (and perhaps reasonable) time responses the 
control effort will grow large in amplitude, thus increasing the probability that the 
system will use values of control effort that are not practical. To implement most 
nonlinear control laws requires measurement or estimation of a particular set of 
plant state variables. Since the STC structure does not allow for much choice of 
the system state, an alternate structure for the STC must be developed. 

GSTOC: General Self-Tuning Observer Controller 

In this section we will define a general self-tuning observer-controller (GSTOC) 
algorithm for adaptive control. Rather than a polynomial form, the GSTOC is a 
structure based on a state estimator with state feedback. 

1. Identify the model parameters and formulate a state space model of the plant 
{ <l>PP' rPP' hPP }. 

2. Design a state estimator, obtaining Lpp· 

3. Design a control law, obtaining K . pp 

co
nt

ro
len

gin
ee

rs
.ir



628 Chapter 13 Nonlinear Control 

Figure 13.67 

Self-tuning observer 
controller. Both the state 
estimator poles and the 
closed-loop system poles 
are placed based on the 
model parameters, (6) 
obtained from the 
identification scheme. 
Note kdc is necessary to 
insure proper DC gain 

Note that this very general algorithm does not specify which methods are 
to be used to identify the plant model, or to choose the closed-loop estimator or 
control gains. 

The algorithm for the GSTOC is a strong function of the states chosen to 
model the plant. In Fig. 13.67 the plant is shown as having a model of {<I,, r, h} 
which is a function of the true plant parameters 0. The form of the model has not 
been specified, and some forms have advantages over others. The physical model 
is one which originates from an application of basic physics, and will be denoted 
with the p-subscript such as { <I, P, r P, hp } , with the state vector xP. The important 
thing about the physical model is that the elements of the state vector x have 

p 

a physical meaning, such as velocities, positions, pressures, temperatures, etc. 
The practical value of physical model states is that it is straightforward to build 
test conditions on those states for control purposes. If another form is used, say 
the controller canonical form, the states are a linear combination of the physical 
states. For example, a particular state variable may be related to the physical states 
in that it is velocity plus position plus acceleration. This amalgam of physical 
states unnecessarily complicates the control designer's task. If, for example, it is 
desired to sense and limit the acceleration, the transformation back to the physical 
states would have to be formed and executed anyway. So in many cases it is best 
to formulate the system model using the physical states. In addition, the ARMA 
model is the most sensitive model from a coefficient round-off standpoint. Either 
cascade or parallel models generally have much better numerical properties, 
especially with increasing order. 

If the identification is based on an ARMA model of the plant, then the 
transformation to the physical states is not simple in most cases. It usually 
requires a transformation matrix T E Rnxn that has no exploitable structure. 
Since different physical plants rarely share a fixed or regular structure, a general 

Plant 
i----------.i 4' (6). r(6) ---

u y 

K(8) 
x 

h(8) 

Identification 

(6) 

State 
estimator 
<1> (8), f(8) 
h(O), L(O) 
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13.2 Nonlinear Control Structures: Design 629 

transformation from physical form to a canonical form is not possible. Of course 
it is possible to derive a transformation for a specific minimal physical model to a 
canonical form, but there is no guarantee that any exploitable structure will exist 
in the transform that would reduce the computational complexity below that of 
matrix multiplication (of order n3 ). 

Issues in Adaptive Control 

Adaptive control receives much attention in the research community. Among the 
primary difficulties in analysis of adaptive control systems is the time varying 
and nonlinear nature of the state equations of an adaptive system. Additionally, 
many algorithms require large amounts of computation, limiting their use to the 
most expensive systems, which focuses attention on finding practical methods 
with less computational burden. Another key difficulty, although not specific 
to adaptive control, is accurate plant identification under closed-loop control. 
Many advances have been made in proving stability under certain (sometimes 
limited) conditions. However, stability is not performance, and not much ground 
has been gained in proving performance bounds. A lot could be said about the 
various issues in adaptive control, but the reader is encouraged to read some of 
the references for this chapter to learn more. Below is a partial list of issues in 
adaptive control. 

Stability with: 

1. No known information. 

2. Known plant order. 

3. Unmodeled dynamics. 

4. Disturbances, noise. 

5. Unknown high frequency phase. 

6. Plant zeros outside unit circle (not stably invertible). 

7. Limited control authority. 

8. Plant poles outside the unit circle. 

9. Various degrees of plant excitation. 

Performance Issues: 

1. Convergence rate. 

2. Comparison versus fixed control law. 

3. Robustness enhancement. 

Of course the list above varies a bit from STR to MRAC. While the STR 
can handle plant zeros outside the unit circle, the MRAC runs into stability 
difficulties. Unlike continuous-time systems which rarely have right-half-plane 
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630 Chapter 13 Nonlinear Control 

Figure 13.68 

Structure of the adaptive 
nonlinear controller. 
Although the saturation 
block is not required, it is 
usually present in the 
control to any real plant 
and thus provides an 
excellent example of a 
system that can perform 
better with a nonlinear 
controller 

zeros, discretized plants very often have zeros outside the unit circle. In fact, 
this has been proven guaranteed for pole-zero excess greater than one, and fast 
enough sampling rates. In addition, incorporating nonlinear control design such 
as time-optimal control is difficult with the MRAC while it is easily accomplished 
with an STR (see APTOS in next section). 

Adaptive nonlinear control provides for adjustment of a nonlinear control law 
instead of the linear control law assumed in standard adaptive control. A block 
diagram of an adaptive nonlinear controller is shown in Fig. 13.68. Although 
this is but one of hundreds of possible examples, the ideas are illustrated well 
by extending the nonlinear controller of Example 13 .17 to include an adaptive 
feature. 

As an example of adaptive nonlinear control we will adjust the PTOS con
troller developed in Section 13.3.2 and the plant will be the familiar double 
integrator. Although PTOS is robust to deviations in the model, performance 
improvements can be achieved by adapting PTOS (APTOS) to changes in the 
plant. 

We will propose and analyze a simple one parameter identifier in the APTOS 
structure as an example of adaptive nonlinear control. In terms of polynomials in 
the unit delay operator q- 1

, the input-output relationship of the double integrator 
plant is 

where a
n
om represents the nominal or expected value of the plant gain a. Normal

izing the estimated parameter an in this way is a convenient way to organize the 
equations. The estimated parameter is then a = a

n
a,wm. If the estimated param

eter is exactly equal to the expected nominal value, then a
n 
= 1.0 (a = a

n
om). If 

the estimated value of a is 15 percent larger than a
n
om' then a= 1.15. When the 

Control 
design 

Nonlinear 
controller 

Identifier 

Linear 
plant, 

p 

y 
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13.2 Nonlinear Control Structures: Design 631 

parameter estimator has converged (a 
= 

a), a 
= 

ananom
. If the measured data are 

{ u, y, t 
= 

0, �. 2�, •••}then we can form an equation error as follows 

where 

z = ( 
a 

2 
T2) ( 1 - q-1 )2y 

nom s 
¢ = 

(q-1 
+ q-2)u. 

(13.123) 

(13.124) 

(13.125) 

Consider the LMS identifier (see Chapter 12) for the normalized plant gain a 

Qk+I = Qk 
+ g</)8. (13.126) 

With this identifier and some PE conditions (satisfied by changes in the input 
reference command r), it is possible to adjust the design of the closed-loop PTOS 
controller so it can adapt to changes in the acceleration constant of the plant. 
In the implementation, the parameter estimate is not updated when the system 
is in regulation mode, which prevents parameter drift due to lack of persistent 
excitation. After a countable number of input command changes, the system is 
tuned. 

In this case, update of the control law is simple in that only a single parameter 
is identified. The parameter a will simply scale the acceleration gain used to 
calculate the velocity trajectory, as well as the other design parameters which are 
a function of a. Specifically, we have the following adjustments to make 

A k l 
k l = 7 (13.127) 

a 
,., k2 
k2 = 7 

(13.128) 
a 

A 
1 

Yt = 7, 
(13.129) 

kl 

and based on these parameters the velocity trajectory f ( ·) is 

( _ { t
2

1 (ye
) for IYel :S Ye 

f y) (13.130) e - sgn(ye
)[(2anom

aalyel)
112 t] for IYel > Ye· 

2 

Hence in this single unknown parameter case, the adjustment of the control 
algorithm is fairly straightforward. When multiple parameters are identified the 
trajectory is far more complex than that given by Eq. (13.130). For cases other 
than the double integrator, explicit calculation of the function f ( ·) also becomes 
impractical. 

Next we will examine the performance of the simple APTOS system during 
adaptation. Adaptation under ideal conditions is shown in Fig. 13.69. As is seen 
in the figure, the closed-loop system clearly approaches that of the tuned PTOS 
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figure 13.69 

APTOS transient 
behavior to an initial 
error in parameter 
estimate of 50% 

1.5 ,.....,---,-----.------,----,-----.--,---....-----,------,----, 

0.5 

-1.5 ,._ _ _.___....__ _ _._ _ __._ _ ___., __ ,___..._ _ _,__ _ _._ _ __, 
O 2 3 4 5 6 7 8 9 10 

Time (sec) 

controller. Overshoot in the first command change responses is due to the initial 
overestimate of the plant acceleration gain capability. Position overshoot is in 
effect amplified in the control signal, so to judge the final degree of overshoot it 
is easier to look at the control signal. The control is shown in the same plot as the 
plant position output, and has been scaled by a factor of ten. 

Generating a Table for f ( ·) 

In the discrete time case, an alternative for finding the desired velocity as a 
function of position error exists: generate a table for values of f ( ·) versus the 
argument. Given a position error value Ye (k), many methods are available for 
obtaining the corresponding value off (y/k)) from the table of stored values. 
Closest entry or various types of interpolation can be employed. The resolution 
of the data stored in the table can be variable as well (Workman, 1982). Whatever 
the technique, we must discuss how the values in the table are generated in the 
first place, and how this can alleviate the problem of computing f ( ·). 

Backwards in Time 

The trajectory of a plant that leads to the origin can be derived by starting at the 
origin, applying the desired control while trajectory following, and simulating 
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13.2 Nonlinear Control Structures: Design 633 

the system backwards in time. In discrete time this process is simply an iteration 
on the inverse system. If the plant is described by 

Xk+l = <l>xk + ruk 

y =hx, 

then the inverse system is given by 
,rh-1 ifl,-1 iri 

xk = ":II" xk+ 1 - ":II" .l Uk 

y =hx. 

(13.131) 
(13.132) 

(13.133) 
(13.134) 

Now stepping Eq. (13.133) from a final condition, with the desired deceleration 
control history, will generate the state trajectory that leads to the origin. Of course 
to be of use in the PTOS architecture it is necessary that the position and velocity 
states be available in the state x. If the plant is identified using a second-order 
WRLS algorithm, then the resulting ARMA parameters must be used to derive 
the state space representation in terms of these states. 

Example 13 .19 Computing a State Trans] ormation Jor PTOS 

Assume a constrained ( one of the system poles is at z = 1) identification is done on a second
order plant. The form of the constrained result is as follows 

x/k + 1) = [ 1 �a:2 t ] x/k) + [ !� ] u(k), (13.135) 

and the output is given by the first state 

(13.136) 

Equation 13.135 is an observer canonical form of a plant with a zero at z = b
2
/b

1 
and two 

poles, one at z = 1, and one at z = a2. This corresponds to the discrete time model (sampling 
time of T seconds) of a continuous time plant given by a real-pole followed by an integrator. 
The state of the physical form of the model consists of position and velocity (x

P 
= [y, vf). 

The state space description in this form is 

x,(k +I)= [ � )',,
2 ] x,(k) + [ b2 ❖ a, ] u(k), (13.137) 

and again the output is given by the first state 

(13.138) 

Complete the transformation from the observer form of Eq. (13.135) to the physical form of 
Eq. (13.137) and the inverse to be used to constrict the PTOS curve. That is, find T

P0 so that 

xP = 
T

P0x
P0 • 
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634 Chapter 13 Nonlinear Control 

Solution. The transformation matrix TP0 
from observer states to physical states is given by 

and 
y-I = T = [ 1 0 ] . 

po op -a
2 

T 

(13.139) 

(13.140) 
Now after identification by WRLS, <I> 

0 
and <I> P are obtained by direct substitution of the ARMA 

parameters (0) 

where the feedforward term b0 is assumed to be zero and is not estimated (constrained to zero). 
Thus from the ARMA parameters we can derive the inverse physical system 

(13.141) 

Now, whe�ever an updated set of ARMA parameters is available from the 
identification routine, the time-optimal trajectory can be generated by updating 
Eq. ( 13 .141) with new parameters and iterating with a beginning terminal con
dition and a desired control. The results are stored in a table and used for the 
trajectory. 

If the PTOS structure is used however, it is not the state we should store in the 
table. Rather, we should store a value for f ( •) which would give us the trajectory 
generated by Eq. ( 13 .141) when run forward in time with a PTOS controller. That 
is, in PTOS we have 

(13.142) 

so, given points on a trajectory (y, v ), and the control used to generate it, we have 

(13.143) 

Note that if we generate the positive quadrant of the trajectory (ye > 0, f (ye) > 
0), the control will be negative and Eq. (13.143) will actually cause the stored 
value of f (ye) to be smaller than the actual trajectory the system will follow. 
As the velocity loop gain increases, the velocity error will decrease, and the 
modification of Eq. (13.143) will become smaller. Also, to allow for control 
margin in deceleration we should incorporate an acceleration discount factor in 
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13.3 Design with Nonlinear Cost Functions 635 

Eq. (13.141). This is trivial in that it is accomplished by reducing the value of u 
used to generate f ( ·). For a maximum control of m we have 

u =am. (13.144) 

Thus an explicit formulation of the desired velocity function is not required in 
the discrete-time case. This is a key benefit, since most servomechanisms include 
either friction or back-emf (see Fig. 13.40), which make explicit calculations 
difficult, and implementation nearly impossible. 

Section 13.2.1 contains some of the basic ideas used in adaptive nonlinear 
control. Adjusting nonlinear control algorithms based on plant parameters that 
are identified while the controller is operating is the fundamental concept. Adap
tive nonlinear control is sometimes used in the field of robotics, 12 where the plant 
is always highly nonlinear and the control algorithm is usually some form of INL 
controller such as computed torque; adaptive control is used to adjust for varia
tions in plant parameters such as payload inertia or varying plant characteristics 
such as friction, motor torque constant, bias forces, and gains. 

13.3 Design with Nonlinear Cost Functions 

We have already covered LQR, LQG, and pole-placement in Chapters 8 and 9. 
Other techniques based on nonlinear cost functions are available that augment the 
aforementioned design tools. Essentially the quadratic case, although nonlinear, 
is used because it is mathematically tractable. The results are proven to be optimal 
in a quadratic sense. The question always arises, "Is that the proper quantity to 
optimize?" All too often the answer is negative. But in that case the theory leaves 
us high and dry, at least for the most part. A very useful technique is that of 
random neighborhood search (RNS) based on a nonlinear cost functional. This 
method is a type of Monte Carlo procedure with an improved technique for 
choosing parameters. 

13.3.1 Random Neighborhood Search 

The technique here is very simple: Formulate the desired properties of the control 
system as a cost function, and search in a Monte Carlo fashion for the controller 
parameters which best minimize the cost. But only search the region in parameter 
space centered on a point which has the lowest known cost. Defining the cost as 
C and the controller (free) parameters P the algorithm is given by Table 13.5. 
The size of the search region centered about the current optimum point is up 
to the engineer using the program, as is the relative weighting of various terms 
which comprise the cost function. 

12 Robot dynamics are extremely complicated. A good reference in the context of adaptive control is 

given in Craig (1986). 
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636 Chapter 13 Nonlinear Control 

Table 13.5 RNS algorithm for the computation of the control law parameters P 

that minimize C(P) 

0. k +- 0. 
1. P +- P0, select initial parameters. 

2. C* +- 00. 
3. k = k + 1, calculate cost function C(P). 
4. If C(P) > C*, go to 7. 
5. P* +- P. 
6. C* +- C(P). 

7. If k > k
max 

go to step 10. 
8. Select new P +- P*[1 + rand(-)p]. 

9. Go to step 3. 
10. Write output files. 

11. Done. 

Up to now we have not specified the nature of the cost function. It clearly is 
not the familiar quadratic one, or we would use the LQR design techniques of 
Chapter 9. Let us use an example to illustrate the RNS design algorithm. Consider 
the system described by the transfer function 

az-1 
H (z) = 

1 _ bz_1 (13.145) 

Suppose that we want to find the parameters P = (a, b) to minimize the cost 
function C(P). This will be a highly nonlinear problem if the cost is in terms of 
more classical measures of system performance, for example 

C = Wsw lfsw - lJ + WDc 
IH(0) - 1.00 I, (13.146) 

where 

H (ejwT) = system transfer function 
T 0.0l, sampling interval, sec. 

fsw 
= is the lowest frequency where 20 log JH(ej21rfBwT)J < -2.5 

W 
8 
w = weighting on bandwidth error 

W De = weighting on zero-frequency gain error. 

Although it would be much simpler to determine P analytically in this case, in 
more realistic cases it is extremely difficult if not impossible to minimize C in 
any way but numerically. Proceeding, we build a program which implements the 
algorithm in Table 13.5 and search for P to minimize C given by Eq. (13.146). 
The results of the parameter search are shown in Fig. 13.70 and Fig. 13.71 and 
tabulated in Table 13.6. 

One of the most interesting features of this algorithm is that the field of 
search is sufficiently wide that it will not get stuck as a gradient algorithm 
might for complex cost functions with a multitude of local minima. The field of 
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Figure 13.70 
Frequency response after 
optimization 

Figure 13.71 
Successful parameter 
moves during the RNS 
optimization 
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search for each intermediate point P = (a
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, b) is in this case (two parameters) 

a square with .the four comers defined by ( (1 ± p )a
i
, (1 ± p )b). Clearly the 

rate of convergence and the solution which is optimal is affected by the relative 
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Table 13.6 Performance measures and parameters before and after 
optimization with RNS routine (50 iterations with p = 0.30) 

Parameter/Measurement Initial Value Optimized Value 

a 
b 

H(O) 

fBW 
C 

T 

WBW 
woe 

1.200 

0.900 

12.00 

3.700 

489.5 

0.10 

10.0 

20.0 

0.505 

0.485 

1.002 

1.099 

2.505 

weighting factors put on the various components of the cost function, in this case 
the DC gain error as well as the bandwidth error. A high weighting ( W De) on the 
DC gain error would tend to follow a trajectory in the parameter space given by 
a= l - b. High emphasis on the bandwidth would yield b ➔ 0.5 much more 
rapidly but concurrently with a ➔ 0.5. 

The advantage of this algorithm is in the specification of the cost function 
C. Since there are many obvious arguments against using RNS in this problem 
(primarily that the problem can be solved by inspection), a more complicated 
example will be used to compare and contrast the benefits of RNS against LQR. 

We will now compare two different techniques to design the torque motor 
servo as given in Fig. 13.42 in Section 13.2.1. Since the structure of the problem 
has already been chosen, we would now like to choose the free parameters to 
achieve the design objectives. Using the LQR approach to the design problem, 
we choose to minimize the cost function 

l � T T 

J = - L.)xk Qlxk + Uk Q2uk]. 
2 

k=O 

(13.147) 

This method requires that values of Q 
1 

and Q
2 

must be selected. In Chapter 9 we 
discussed the derivation of the optimal control law gains K for which u = -Kx 
given Q

1 
and Q

2
, and gave guidelines for selection of the Q's Control designers 

do not usually think in terms of Q
1 

and Q
2 

in determining performance. Indeed, 
most control engineers think in terms of more classical measures of performance 
such as command response, disturbance response, bandwidth, and sensitivity to 
parameter uncertainty. Also, when control engineers are given specifications, it 
is usually the classical performance measures that are given. 13 The reality is that 
often Q 

1 
and Q

2 
are chosen, the classical performance measures of the resulting 

system are computed, and then Q 
1 

and Q
2 

are changed to affect desired changes 
in the classical performance measures. Of course, once the desired performance 

13 Sometimes control engineers are given detailed specifications, but they often have a significant role in 

developing these specifications. 
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is achieved, the design can be claimed to be optimal in the sense that it minimizes 
Eq. ( 13 .14 7). In fact minimizing Eq. ( 13 .14 7) was not the original goal, but rather 
we wanted to minimize a classical cost function such as Eq. (13.146). 

In order to proceed with the RNS design, it is first necessary to define the 
design goals. We will summarize the performance of the positioning servo with 
some classical measures. Because of uncertainty in the plant dynamics above 
2 kHz, we will limit the closed-loop-3 dB bandwidth from the command input to 
plant position to 1 kHz. To minimize system sensitivity, we will also constrain the 
damping ratio of each mode to be at least 0.550, the decay envelope of each mode 
to be at least as fast as 900 microseconds, and the sum of all time constants to be 
less than 1.8 milliseconds. To minimize amplification of mid-band disturbances 
in the position reference and noise input Yref' we will limit the peaking in the 
closed-loop transfer function from Yref toy to 4 dB. We would also like to ensure 
that a detrimental set of mechanical plant resonances which are near 4 kHz are 
attenuated by at least 22 dB. These requirements are summarized in Table 13. 7. 

A cost function C which represents the desired goals in Table 13.7 can be 
defined as follows 

C = WBw lfsw 
10001 - Wsrect(�min 

- 0.750) 
- W rect(pm - 45.0) + W k rect(peak 4.00) pm pea 

+ Wt 
rect ( f - 1.0 X 10-3) + Wt 

rect(:E - 1.8 X 10-3) aumax ausum -c 

+ w4khz rect(22.0 + 20. log
10

(H
o
/2n4000.))) 

+ W rect(20.0 g ) + W kh rect(peakhe - 4.5) gm m pea e 

+ W k rect(peakyr - 1.0), (13.148) pea yr 

with the following definitions: the closed-loop transfer function from reference 
input yr to output y is 

Y(w) 
H (w)-

YYr Y (w) r 

Desired performance goals for torque motor positioning servo 

Performance Symbol in 
Measure Value Units Eq. (13. 148) 

Bandwidth 1000. Hertz fBW 
Minimum damping 0.750 Smin 
Minimum phase margin 45.0 degrees pm 
Peaking of H

YY 
4.00 dB peak 

Maximum tim� constant 900.0 microseconds i 

Sum of time constants 1.80 milliseconds I; 

Attenuation at 4 kHz 22 dB 20 log
10

(H)2rr4000)) 
Gain margin 20. dB gm 
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640 Chapter 13 Nonlinear Control 

from position reference (and/or noise) input Yref is 

Y(w) 
H (w)=--, 

YY,,f Y (e,v) ref 

and bandwidth is taken as the first -3 dB point of the appropriate transfer function. 
The function "rect'' is best described as a linear diode, or rectifier according to 
the equation 

1:,{x x>0 rect(x) = 0 x � O. 

The design found using a 500 run RNS method starting from a stable pole 
placement design is (note this is not a unique solution) 

K = [ 11.80 3.232 1.000 ] . (13.149) 

For a PTOS controller (see Section 13.2.2), we can easily place a constraint on 
k

2 
such that 

k = ( 2kl Ke ) 
1/2 

2 aa 

With a= 0.840, and an a given by K1
(0)/ la, we have the following slightly 

different K 

K = [ 11.80 3.3523 1.000 ] , (13.150) 

which was used in Section 13.2.2. The estimator gains found by the RNS run 
were 

L = [ 0.7280 1.8477 0.4933 f. 

The results are summarized in Table 13.8 and Fig. 13.72. 

(13.151) 

It is important to note that there exists an inverse control problem, that is, 
for some K, there may exist at least one set of Q

1 
and Q

2 
for which K is the 

optimal control law to minimize Eq. (13.147). Therefore, using the INS method 
might produce an LQR optimal control law, but we aren't sure what Q

1 
and Q

2 

are for that K. Is this important? If so, either one should use the LQR approach to 
design or develop the necessary theory to generate an optimal analytical solution 
to minimize C without numerical iteration. Along these lines, a technique for 
linear controller design in terms of classical measures of performance has been 
worked out by Boyd and co-workers (Boyd, 1988). The technique uses the 
parameterization method of Youla, shows that the performance measure is convex 
in the parameters of the controller as defined, and invokes powerful numerical 
means to compute the optimal solution. One disadvantage of using this approach 
is that it may produce a controller of high order, from which the designer might 
wish to use some approximation or model reduction technique. When coupled 
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figure 13.72 
Frequency response after 
optimization 

Table 13.8 

13. 3 Design with Nonlinear Cost Functions 641 

Frequency (Hz) 

Performance measures and parameters before and after 
optimization with RNS routine for (500 iterations, p = 0.30) 

Parameter/Measurement 

i 

fBW 
20. log

10
(H

01
(2rr4000}} 

gm 

Smin 
peak 

T 

WBW 
wpm 

Wpeak 

ws 
wtaumax 
wtausum 
Wpeakhe 

Wpeakyr 

W4khz 
wgm 

Initial Value Optimized Value 

[0.6089 2.193 1.232] 
[2.9612 1.4372 1.000] 

1992. µ,secs 

[0.7280 1.8477 0.4933] 
[11.80 3.3523 1.000] 

1833. µ,secs 
513. µ,secs 

512. Hz 
38.0 dB 
19.76 
0.650 

8.12 dB 
0.10 mSec 

O.Q1 
0.20 

3.30 

10.0 

10000. 
10000. 

3.3 

3.3 

0.33 
0.33 

920. µ,secs 
961 Hz 
27.4 dB 
15.10 dB 

0.812 
4.269 dB 
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642 Chapter 13 Nonlinear Control 

with other design techniques, Boyd's method is a powerful tool that shows great 
promise. 

In either LQR or RNS design, it is difficult to imagine dispensing with 
the design engineer. In the case of LQR, the design engineer must iterate on 
Q

1 
and Q

2
, and a if pincers is used (see Chapter 9). A lot of judgement and 

practical intuition goes into the iterative steps. With RNS, the cost function is 
much more clearly put in terms of performance specifications, but convergence 

and optimal control laws are not guaranteed. In addition, when constructing the 
cost function C, there is no guarantee what the minimum value of C will be. 
Of course the structure of the controller determines what is achievable: integral 
control, model reduction, current versus predictor estimation are all important 
factors in achieving performance objectives, and neither RNS nor LQR control 
synthesis alternatives explicitly make those choices. 

13.4 Summary 

In this chapter topics on the analysis and design of nonlinear control systems are 

presented. The main points in the analysis are 

• The describing function is a heuristic approach to analysis based on the 
frequency response. 

• The describing function will usually give good estimates of the amplitude 
and frequency of steady-state oscillations known as a limit cycle. 

• For nonlinear characteristics that have no memory, the equivalent gain 
method can be used with the root locus to give the same results as the 
describing function. 

• A sufficient condition for stability is given by the circle criterion. 

• A comprehensive stability theory is given by the second method of Lyapunov. 

The main points covered on the design of nonlinear control systems are 

• Many nonlinear systems can be made linear for control by the use of an 
inverse nonlinearity. 

• Time-optimal control is an effective objective for many motion control prob
lems. 

• A stable almost time-optimal controller can be constructed as the PTOS 
controller. 

• A digital PTOS can be designed and shown to be stable if limitations on the 
sample period are observed. 

• The PTOS controller can be made adaptive by including the estimation of 
key parameters. 
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13.5 Problems 643 

• The PTOS controller can be heuristically extended to control higher-order 
dynamic systems. 

• The self-tuning regulator is a general adaptive controller for linear systems 
with slowly varying parameters that is widely used in the process industries. 

13.5 Problems 

13.1 Using linearization, design a Type 0 control system (the function f (r, v, y)) for the 
following plant 

x I 
= 30x

2 

x
2 

= 75w 

w = arctan u 

U = f(r, V, y) 

where the output y = x I is to track a random reference input. The state variable x
2 

is the 
plant velocity. The system should have a settling time no more than 0.10 seconds, and 
no more than 10% overshoot. The normal operating point is at y = 0. Use a sample time 
of T = 0.01 sec. 

13.2 Simulate the system you designed in Problem 1. For what range of input step magnitudes 
does the system meet the 10% overshoot requirement? Can you design the system to 
accept larger step inputs without violating the 10% overshoot constraint? 

13.3 Assuming that the nominal set-point for problem 1 is again y constant, but that a 
disturbance is present in the plant input, d = -0.500, redesign the controller using 
linearization for the same specifications. The plant equations become 

XI =X2 
X
2 

= w - 0.500 
2 w = arctan u 
Jr 

U = f (r, V, y). 

Simulate the system you design. For what range of input step magnitudes does the system 
meet the 10% overshoot requirement? What happened to the controller gains? Why? 

13.4 Show that the describing function of the signum function with a deadzone is 

D(A) = 4; ✓1-m A>d 
= 0 A <d 

where the deadzone is centered around zero and is of width 2d (±d), and the magnitude 
of the nonzero part of the input-output relationship ism. What is the range of equivalent 
gains for the signum function with deadzone? 

13.5 Calculate the describing function of the quantizer (hint: use the previous problem to 
construct the input-output relationship for the quantizer). What is the range of equivalent 
gains for the quantizer? What sector does the quantizer nonlinearity lie in? 
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644 Chapter 13 Nonlinear Control 

Figure 13.73 
Block diagram of a 
phase-locked loop 

13.6 Calculate the describing function of the truncation function, y = q int (x / q). The func
tion int(x) is the largest integer smaller than x. 

13.7 E:x;plain using the method of equivalent gains why truncation of a servo error signal e 
as above will almost surely lead to an unstable system ate 0. What sector does the 
truncation nonlinearity lie in? 

13.8 What is the equivalent gain of the deadzone nonlinearity versus the input amplitude to 
it? The input-output relationship of the deadzone function is 

y = DZ(x) = K(x - d) x > d t:. { o lxl -::::: d 

K (x + d) x < -d. 

13.9 The accompanying figure shows a discrete-time phase-locked-loop (PLL) in which a 
deadzone having K 1 (see previous problem) has been inadvertently added to the 
voltage controlled oscillator. Use equivalent gains to determine if the deadzone will 
cause the PLL to have a limit-cycle. Assume another pole ( a factor (1 O.sz- 1) in 
the compensator denominator) is present in the phase discriminator. Would the system 
behave differently? 

13.10 Given positive constants c1 and c2 , let y = f(x) = c1 x + c2 sin x 

(a) What sector is the function f (·) in? 

(b) Sketch the region specified by the circle theorem which should be avoided to 
guarantee stability of a linear plant P (z) with f (-) in the feedback path. 

13.11 Using linearization, derive a linearized model of the PLL with the deadzone nonlinearity 
(as given above in Problem 8) in the VCO, at the [0 0] state with zero input phase. 

13.12 Using the linearized model of the wastewater pH control example 

(a) Find pole locations which indeed give a O to 100% rise time of 200 seconds with 
no more than 5 % overshoot. 

(b) Will the speed of the controller have an effect on the validity of the linearized 
model? Consider control amplitudes. 

(c) Using a finite control authority, reconsider (b). 

13.13 Calculate the describing function D(A) of 

(a) y = x211
-

1 for n = 1, 2, 3, ... 

(b) Show14 that the describing function N(A) of an arbitrary odd polynomial with 
coefficients b11 

forn=l,2,3, ... 

DZ 

14 From Ogata. 
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where x is the input to the polynomial and y is the output, is given by 

3 
2 5 4 

35 6 N(A) = b
1 
+ 

4
b

3
A + isA + 

64
b

7
A + · · · 

where the input is x = A sin wt. 
13.14 Using the polynomial describing function above and the series expansion of the arctan

gent function, calculate the describing function for the arctangent nonlinearity with input 
2 

x and output y, y = - arctan x. Use the range of x given by lxl � 1. 

13.15 What sector is the arctangent function of Problem 1 in? According to the method of 
equivalent gains, is the control system designed for Problem 1 stable? 

13.16 Find the best parameters m and k for the modified saturation function that best fits the 
input-output relationship for the arctangent nonlinearity of Problem 1. 

(a) Simulate the control system of Problem 1 using the modified saturation nonlinearity 
found above. 

(b) For what size step inputs does the system respond with less than 10% overshoot. 

(c) Plot the describing function of the arctangent nonlinearity from the previous 
problem and that of the saturation function. From this analysis, which nonlinearity 
gives a wider range of inputs while remaining within the overshoot criterion? Does 
this match the simulation? 

(d) If the plant contained a disturbance input of 0.5 and the arctangent nonlinearity was 
replaced by the saturation nonlinearity, would you have to redesign the controller 
to maintain small signal response characteristics? Why? 

13.17 Assume a measurement of the input-output relationship of a memoryless nonlinearity 
is available. 

(a) Suggest a technique for quantitatively calculating the describing function. 

(b) In the language of your choice, write a program to plot N(A) given a table of data 
characterizing the nonlinearity. 

(c) Check your program with the saturation nonlinearity. 

(d) Use your program to calculate the describing function for the arctangent function. Is 
it easier to run the program or do the calculation to obtain a closed-form solution? 

(e) Can you make your program work for nonlinearities with memory? Try a signum 
function with hysteresis. 

13.18 Redesign the controller design of Problem 3 so that it is Type 1. 

(a) Use the describing function for the saturation nonlinearity to examine the stability 
of the Type 1 controller. Is the system always stable? 

(b) Repeat using the method of equivalent gains: is the Type 1 control system designed 
in the last problem always stable? For what range of u is the system stable? 

(c) Use simulation to estimate the range of step inputs for which the system is stable. 

13.19 Can you think of some realizable control system which has an infinite control authority? 
Describe it. 

13.20 Use the circle theorem to determine the stability of the torque motor positioning servo 
of Fig. 13.40 and Fig. 13.42 using linear state estimator feedback (without INL control). 
Use the control and estimator gains given in the example. 
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646 Chapter 13 Nonlinear Control 

13.21 For the wastewater pH control problem, calculate the open-loop system matrix for three 
values of control, 0, 1, and 2. Calculate the gains K(u) for each of these three controls 
that maintain the system roots at the locations given by zr in Eq. (13.47). 

13.22 In the wastewater pH control example, calculate the effect of quantizing the measure
ment p on the calculated variable y from Eq. (13.41). Would it be better to measure y 
directly? If so, can you think of a reason why it might be difficult to measure y given 
p E (0, 14)? Simulate the system and show the effect of quantization on various step 
responses. Is it clear from the error statistics that the system is nonlinear? Why? 

13.23 Consider the wastewater pH control example. Use equivalent gains to examine the effect 
of control saturation on the stability of the INL controller, assuming that the error in using 
the delayed control u k- l is negligible. 

13.24 Show that the inclusion of the control bias estimator in the torque motor example yields 
a closed-loop system which is Type 1. 

13.25 Design an alternative controller structure for the torque motor servo using an explicit 
integration of the error r - y as was used in the wastewater pH controller. Is it reasonable 
to drop the estimate of u

d
? What if the integration were r y? 

13.26 Using MATLAB or equivalent, do an equivalent gains analysis of the torque motor servo 
example to examine the variable torque factor K

1 
(0), with and without the INL controller, 

i.e., plot the root locus versus 0 or y. Can you determine a method to quantify the effect 
of the approximation of 0 being a constant during the sampling interval? Hint: examine 
the error produced by the approximation, bound it, and do a root locus. 

13.27 For the system of Problem 1, derive a linearizing controller for some range of control 
errors e. What is the maximum range of u for which you could make the system appear 
perfectly linear? Assuming u is output from a digital processor via a 12-bit DAC, and 
we desire a quantization level q of 0.006885 units, what is the maximum value of w? 

13.28 Using a state estimator, do a design for the wastewater pH controller assuming an 
unknown input bias u d to the system. Eliminate the wind-up problem in the same way as 
that done for the torque motor servo. Show a block diagram of your controller. Add INL 
to the controller and to the state estimator. 

13.29 Assume that the torque factor in the torque motor servo of Fig. 13 .40 is a function of am
bient temperature T

a 
and actuator power dissipation (because of flux density degradation 

with increasing magnet temperature), according to 

where 
K/0, T

m
) Ktnom

(T
m

) (K10 + K11 
cos(0)), 

Ktno,/T,n
) = (1 + ,B[Ta 

T
m ])Ktnom ' 

with T
a 

= 25° C, ,B = 0.000758, and the heat flow equation relating input energy u2 and 
ambient temperature T

a 
to magnet temperature T

m 
is given by 

T = -0.IT +0.IT + l3.2u
2 

m m a 

with magnet temperature in units of degrees Celsius. Can you suggest a way to use gain 
scheduling and apply INL control at the same time? Assume that a measurement of Ta is 
available. 
(a) Design the complete system using T

m 
directly. 

(b) If a measurement of T is not available, find f with an open-loop model and use 
this estimate in (a). m m 
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(c) Given the time constant for magnet heating (10 seconds), and a sample rate 
of � = 10-4 seconds, what is the discrete feedback constant used to give this 
relatively long time constant? Given the low bandwidth of this model, suggest 
an alternative sample rate which yields more reasonable model coefficients. How 
could this be implemented? 

(d) Simulate (a) and (b). Examine the effects of measurement error in the ambient 
temperature Ta on the controller. Based on your results, would you recommend 
buying a sensor to measure the ambient temperature? 

13.30 What is the maximum steady state value for u in the problem above? Assume that 
the maximum safe steady state temperature Ta is 200° C. Can you suggest a scheme to 
protect the actuator from higher power dissipation? If the ambient ranges from 20° to 
40° C, how important is knowing Ta? What is the error if we assume Ta is a nominal 
25° C? To be safe, show that we should assume Ta 40° C. 

13.31 For the gain scheduling example, use the parameters in Table 13.9 to design a control 
law to maintain constant eigenvalues of z = .866e±.IIj. 

13.32 Simulate the gain-scheduled system of the last problem and examine behavior before 
and after dropping the payload. Assume the payload is dropped at a sampling instant. 

13.33 For the torque motor servomechanism of Fig. 13.40, do an equivalent gains analysis of 
the closed-loop system assuming the input to the estimator is not saturated along with 
the control. Is the system always s�ble'r-

Plant parameters for the gain scheduling example 

Parameter With Load 

kh 
1.44 

a 0.90 
b -0.90 

Without Load 

1.94 
0.70 

-0.50 
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♦ ♦ 

A 

Perspective on the Design Process 

To illustrate many of the concepts developed in this book, the design of a disk 
drive head positioning servomechanism provides an excellent case study. In most 
textbook examples, the problems are highly simplified for pedagogy: Too much 
detail often obscures the underlying point. Indeed, most of this text has followed 
this principle and many of the individual problems of this case study are used 
to illustrate various parts of the design process in earlier chapters. However, for 
a final design example we will not spare all of the detail but will present some 
of the difficult realities of a real problem. The problem requires constructing 
models of the plant, the actuator, and the sensor and verifying these models with 
simulations. Next comes determining the specifications both for the components 
and for the entire system. Following the problem formulation comes the design 
of a small-signal linear-controller and finally the design is completed with a 
nonlinear controller for handling large signal behavior. The last step is testing the 
design in simulation for its performance in the presence of varying parameters 
before constructing a prototype and testing performance by experiment. We begin 
the case study by giving a description of the disk drive which will serve to set 
the stage for the specification development in our design, and this too will be in 
more depth than in our typical examples. 

Chapter Overview 

A general discussion of disk drives and current performance specifications are 
given in Section 14.1. In Section 14.2 the several components that comprise 
the disk drive servo are described and models given. The specific performance 
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650 Chapter 14 Design of a Disk Drive Servo: A Case Study 

specifications for the servo case study are given in Section 14.3. Finally, the 
details ·of the design are presented in Section 14.4. As with earlier chapters, this 
ends with a set of problems designed to enhance the learning process. 

14.1 Overview of Disk Drives 

Disk drives serve as an important data storage medium for data processing sys
tems. In a disk drive, rotating disks, sputtered with a thin magnetic layer or 
recording medium, are written with data in concentric circles or tracks. Data is 
written by a head which is a small horse�hoe-shaped electromagnet with a very 
thin gap. Remaining positioned only microinches above the recording medium 
on an air bearing surface (ABS) (often referred to as a slider), the energized 
electromagnet produces a strong magnetic field in the air gap which magnetically 
polarizes the recording medium, an operation called writing. Once polarized, 
the recording medium remains so until rewritten. Hence, disk drives are non
volatile storage. Besides being connected to a high speed bipolar current source 
for writing, a read head (sometimes the same element as the write head) is also 
connected to a high gain preamplifier, the output of which is fed to a read detec
tor which converts the analog information signal read from the disk surface into 
detected digital data. The width (in the direction of a disk radius) of the write 
gap determines the track width, which in today's rigid (as opposed to floppy) 
disk drives is usually less than 120 microinches or 3 microns. (A micron is 10-6 

meters.) Track density is the reciprocal of the track width. A 100-microinch track 
corresponds to 10,000 tracks per inch (TPI). To determine the storage capacity 
of a disk drive, we need to define the bit density: the number of bits which can 
be stored along a unit distance of a track, usually quoted in bits per inch (BPI) 
or bits per millimeter. The highest density used (inner radius of the disk, or in
nermost track), it usually ranges from 100,000 to 200,000 BPI in today's (1997) 
machines. Area density is the product of BPI and TPI, and ranges from 500 to 
2,000 million bits per square inch (0.5 to 2 gigabits per square inch). Finally, to 
calculate storage capacity we multiply area density times the available surface 
area for each disk surface. Since disks range from 2.5 inches in diameter to 5.25 
inches, and the number of disks in a particular drive range from 1 to 12, drive 
storage capacities range from 1 gigabyte to 36 gigabytes per head-disk assembly 
(HDA). A picture of an IBM 18 GB HDA containing ten 3.5-inch disks is shown 
in Fig. 14.1. Disk rotation rate and bit density together determine the data rate 
of the disk drive. Typical data rates range from 5 to 25 megabytes per second. 
Unlike digital tape storage which accesses information sequentially on the tape, 
new information can be accessed directly regardless of the information currently 
being read from the disk. For this reason, the disk drive is referred to as a direct 
access storage device (DASO, pronounced daz-dee). In fact, in disk drives with 
more than one disk surface, the heads are positioned in unison such that a track 
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Figure 14.1 
Picture of an IBM 18 GB 
disk drive and some of 
the constituent pieces: 
a) spindle motors and 
disk stack, b) rotary 
actuator, c) magnet 
structure 

14.1 Overview of Disk Drives 651 

defines a cylinder corresponding to N tracks of total data for N heads. A cylin
der of data is thus N times the total track capacity. Because switching from one 
head to another is an electrical function (the actuator barely moves), the data in 
a cylinder can be accessed very quickly. 

The recording heads are moved with an actuator across the disk surface to 
reach each track. A head positioning servomechanism is a control system which 
positions the read/write heads (mounted on the actuator) in a disk drive over a 
desired track with minimum statistical deviation from the track center (subject 
to control magnitude constraints) and repositions the heads from one track to 
another in minimum time within the constraints imposed by the intended cost of 
the machine. A schematic of the servo is shown in Fig. 14.2. A storage controller 
sends commands and receives status from the servo system. 

For computer system performance reasons, it is desirable to reach any track 
as quickly as possible with the actuator. Once the actuator is regulating the po
sition of the heads at the desired track, the smaller the variation of the position 
of the heads from the true track center, the closer the tracks can be put together 
(higher track density), and the lower the soft error rate of the recording channel 
(typically 1 bit error in 108 or 109 bytes read1 ). The servo must operate with 
finite control authority, and in the presence of position reference noise, uncertain 
high-frequency actuator dynamics, sensor noise, many sensor nonlinearities, no 
absolute position reference during most operations and nonzero saturation recov
ery time in the power amplifier. In addition to all this, the servo must also be 
robust in the presence of actuator parameters that vary from 1) motor to motor, 
2) stroke to stroke, 3) temperature changes, and 4) age. In short, the disk drive 
servo represents a typical mass-produced servomechanism. 

1 Without error correction. 
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652 Chapter 14 Design of a Disk Drive Servo: A Case Study 

Figure 14.2 
Schematic diagram of the head positioning servomechanism. Cross-section of disk 
stack, spindle, head-arm assembly, and voice coil motor are shown with storage 
controller and servomechanism control 

· '  
Disks 

Storage 
controller 

Servo control 
electronics 

Voice coil 

motor 

14 .1.1 High Performance Disk Drive Servo Profile 

To put matters in perspective, a list of critical performance parameters for the 
IBM 18GB 3.5" disk drive example will be discussed. 

The list of performance specifications in Table 14.1 illustrates the challenge 
to the disk drive servo designer. The actuator moves over a 28 millimeter stroke, 
and when track-following the position error is maintained to a statistical deviation 
of less than one-half micron (3a). Thus the 3a deviation of the servo head from its 
track center is on the order of one "line width" in state-of-the-art IC technologies. 
Perhaps a better physical perspective can be obtained by putting it another way: 
The 3a deviation is approximately 11400th the width of a human hair. 

For the 18 GB disk drive, the access time specification of Table 14.1 trans
lates into accelerations of approximately 50g' s, or 50 times the acceleration due 
to gravity. The actuator is a rotary actuator so rotary accelerations should be 
considered instead of linear ones. The single track access time is the time it takes 
the servo to move the heads one track (forward or reverse) and is an important 
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14.1 Overview of Disk Drives 653 

Some basic characteristics of a high performance 3.5" half-high form 
factor disk drive 

Characteristic Value
2 

Units Value Units 

Storage capacity per HDA 18 gigabytes 

Track density 10,000 TPI 393.7 TPmM
3 

Bit density 130,000 BPl
4 5118.11 BPmM 

Data bandwidth 1.1 inches 28 millimeters 
Access time 8 msec 
Single track access time 1.5 msec 

Approximate 3c, data-head TMR5 15 microinches 0.375 microns 

parameter in that designers of operating systems and data base systems select 
data access methods to minimize the amount and distance of seeking, 6 hence 
many seeks are of the one-track variety. To compute an effective access time for 
purely randomly distributed data, the weighted average access time (WAAT) 
is calculated. The WAAT is calculated assuming equal probability of seeking to 
any track at any time. If the time it takes to do a j-track seek is denoted rj, the 
WAAT7 (i) is 

(14.1) 

where N denotes the total number of tracks available to the customer. Optimal 
control strategies such as PTOS as described in Chapter 13 are used to achieve 
the access time objective. The access performance of the servo only pays off if 
the position regulation at the end of a seek is immediate, that is, does not suffer a 
large position error transient near the target due to the effect of the seek. This fact 
implies "bumpless" transfer from the minimum time controller to the minimum 
variance controller, something accomplished using a nonlinear control structure 
such as PTOS (see Chapter 13). 

Meeting the minimum-time and the minimum-variance objectives with 
smooth handover is a challenge that becomes even tougher in the face of varying 
plant parameters. Since high-end DASD are usually manufactured in numbers 

2 Although the practice is slowly changing to use metric units, most disk drive parameters are still given 

in English units, and are given in both forms here for reference. 

3 Tracks Per milliMeter, Bits Per milliMeter. 

4 Bits per inch. 

5 Track Misregistration: statistical measure of the position error between the data heads and the center of 

their respective tracks. 

6 A seek is a change of track address. 

7 No-motion or 0-track seeks are not included in the standard definition of the weighted average access 

time, although under operating conditions no-motion seeks are very common. 
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Table 14.2 

upward of one million units, maintaining the guaranteed performance across all 
machines is a difficult task, usually requiring a very conservative design. Design 
conservatism has two drawbacks, it costs money and, if fixed-design control is 
used, it causes machines with good hardware to perform more like those with 
poorer hardware. Fixed-design controllers degrade performance to provide sys
tem tolerance to poor hardware, and therefore, some adaptive techniques will 
also be examined as part of our design. 

14 .1.2 The Disk-Drive Servo 

A nonlinear model showing the major components for a disk-drive servo plant 
is shown in Fig. 14.3. The position to be controlled is represented by y, and the 
control input is u. Disturbance forces acting on the actuator are represented by 
the input f

d
. A position reference input y ref 

is used to indicate the center of the 
track being followed. 

When linearized, this model is of order 

n
p 

= (2 +nae + nvc + n
p
a + n

pes + nhd). 
During track-following operation when the signals are small, the model is easily 
linearized. Components of both Coulomb friction and stiction in kv ( v, x) are 
usually rendered insignificant by the natural dither in the system provided by 
track motion and servo surface8 noise. The model shown in Fig. 14.3 is extremely 
complex, and is simplified for analysis and design except on occasions where 
high order effects are being investigated via simulation. 

The complete model may be of order 40, so design can be complicated 
and even simulation can be terribly time consuming. When the accuracy of the 
required simulation is not stringent, the order of the model is reduced to perhaps 3 
by considering only the rigid-body dynamics, greatly simplifying the simulation 
task. Table 14.2 is a summary of typical data on model complexity. Once the 

Model components and associated nonlinearity types, linearized 
dynamic order, and nominal order (simple model) 

Model Component Nonlinearity Type 

Power amplifier Saturation 

Voice coil Hysteresis, saturation 

Actuator Materials damping 

HOA Materials damping, rotation 

PES meas. channel Transfer curve 

Velocity damping Static and Coulomb friction 

Position feedback Hysteresis 

Linearized Order 

n : pa 

n
vc : 

n
ae : 

nhda : 
n

pes : 
k/v,x): 
k/v,x): 

0 

2-5 

0-30 

0-30 

0 

0 

0 

Nominal Order 

0 

2 

0 

0 

0 

0 

0 

8 The servo surface is that on which a read head reads position reference information. 
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Figure 14.3 
High order, fairly complete model of DASO servo plant. The Position Error Signal 
Channel is a measurement channel, and the Head-Disk Assembly (HOA) dynamics 
include the disks, spindle, and basic structural hardware that integrates all of the 
components (baseplate) 

u 
Power 

amplifier 
(npa). 

Actuator 
dynamics 

(nae) 

HDA 
dynamics 

{nhda) 

Voic.e coil 
admittance 

(nvc) 

Measurement 
noise 

Yref 

PES 
channel y 
(npes) 

analytical structure is in place, complexities such as noise, nonlinearities, and 
additional dynamics will be examined carefully. 

14 .2 Components and Models 

14.2.l Voice Coil Motors 

In disk drives containing linear actuators, or actuators which move in one direction 
(in and out along a disk radius), the motor is often referred to as a voice coil motor 
(VCM) because of its similarity to a loudspeaker. Most linear actuators are of the 
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Figure 14.4 

Schematic of a voice coil 

motor. The coil is 

attached to a structure 

on which the read/write 

heads are mounted 

moving-coil type: A coil of wire is rigidly attached to the structure to be moved 
and suspended in a magnetic field created by permanent magnets as shown in 
Fig. 14.4. 

When a current is passed through the coil, a force is produced which tends 
to accelerate it radially inward or outward, depending on the direction of the 
current. The force produced is a function of the current i c and the position of the 
coil in the field xr. 

Im = kt 
(i

c
, x

r
) (14.2) 

A reasonable first-order approximation of this relationship is given by 

(14.3) 

where k
t 

is a linearized nominal value of k/ic, x,). Current in the coil is often 
referred to as the prime mover. Some disk drives, especially small ones (disk 
diameters less than or equal to 5.25 inches), use rotary actuators. In a rotary 
actuator, the heads are mounted on the end of arms which pivot about an axis 
which is parallel to the disk spindle. Torque is produced by current in much the 
same manner as the VCM, but the coil is an armature of a rotary motor, like 
that of a torque-motor. Rotary actuators are simple, inexpensive, and provide 
compact packaging opportunities, but are usually considered inferior from two 
standpoints: first, the head gap does not remain parallel to a disk radius as a 

function of angle of rotation9 ( track location), and second, the unwanted dynamics 
of a rotary actuator are usually lower in frequency thereby limiting the control 
system bandwidth relative to that obtainable with a linear actuator. Depending 

9 This is often referred to as head skew, and is detrimental in that the apparent width of the head changes 

as a function of the skew angle and hence track location. Also, the skew of the air bearing surface 

produces a variation of the head fly-height, a particularly sensitive recording parameter. 
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Figure 14.5 
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on the performance and cost objectives, either a rotary or a linear actuator might 
prove better that its counterpart. 

Either type of actuator requires current in the coil to produce a force. The 
voice coil admittance shown in Fig. 14.5 is the relationship from coil voltage to 
coil current. Coils always have an associated inductance and resistance, the time 
constant of which is far from negligible. To complicate matters somewhat, the 
coil generates a voltage when moving in the magnetic field (Lenz's law), and in 
metric units the back-electro-motive-force or back emf e

b 
that is generated is 

just 

(14.4) 

where v r is the coil velocity. An electrical schematic of the voice coil is shown 
in part ( a) of Fig. 14.5. For this case, the voice coil admittance is 

1/s) _ 1/ Rc 
Ec(s) - sLc/ Rc + 1 (14.5) 

From Fig. 14.5 it should be clear that ec � e - e
b
, or that the effective coil 

voltage is the applied voltage from the power lmplifier minus that produced by 
the generator effect of the coil moving in the magnetic field. Also, as shown 
in Fig. 14.5, we have defined the effective coil resistance Rc as the actual coil 
resistance plus the current sense resistance R , or R � R .1 + R . 

S C COi S 

Electrical circuit of a typical linear actuator, without the shorted turn (a), and 
(b) including the shorted turn caused by mutual inductance between the center pole 
and the voice coil 
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658 Chapter 14 Design of a Disk Drive Servo: A Case Study 

14.2.2 Shorted Turn 

Typical voice coil time constants range from 1 to 10 milliseconds, an amount 
which is far too long for reasons which shall become clear. In 1908, the RCA 
corporation was granted a patent on a feature which helped to solve this long
time constant problem for loudspeakers, the shorted turn. As shown in part (a) 
of Fig. 14.5, the circuit representing the coil with a voltage drive is a series 
inductance and resistance, the time constant of which is Lei Re. To produce high 
force or torque factors (kt in Eq. (14.4)), the magnetic field of the motor must 
be made as high as possible. Achieving large magnetic fields using permanent 
magnets is done with significant amounts of steel in the magnetic circuit. Both 
a blessing and a curse, the permeability of this steel is extremely high when not 
fully magnetically saturated; 10 which produces a large inductance L c and thus a 
large time constant Lj Re. Many tradeoffs can be made regarding the resistance, 
power handling capability, volume, and mass of the moving coil, all of which 
usually yield an unsatisfactory electrical time constant. Fortunately, the shorted 
tum can be of assistance. Shown in Fig. 14.4, the linear motor has a center pole 
which the coil surrounds. Mutual inductance between the center pole and the coil 
produces a transformer effect as shown in Fig. 14.5, but because the resistivity of 
the center pole material is fairly high, the reflected impedance of the center pole 
is very high relative to Rcoil and thus is negligible. The idea of the shorted tum is 
to replace the surface layer of the center pole with a very low resistivity material 
such as gold or low oxygen content copper. Now the transformer action has a 
significant and advantageous effect on the electrical circuit because the reflected 
impedance of the shorted tum can be smaller than Rcoil ' 

As can be calculated from part (b) of Fig. 14.5, the shorted turn inductance 
allows a fraction of the current (RJ(Rs + R)) to flow quickly into the coil if 
the value of (Lst II L)/(Rc + Rst) is much smaller than Lj Re. The voice coil 
admittance with the shorted turn is 

where 

//s) = 2_ T/ + 1 
E/s) Re r

P1 rP2s
2 
+ (r

P1 
+ r2)s + 1 

L 

Tpl = RC 

C 
L 

r = _E_ 

p2 R st 

(14.6) 

(14.7) 

(14.8) 

(14.9) 

10 Saturating the magnetic material in the VCM reduces inductance, but must be done with care as it can 

cause large stray leakage fields to emanate from the VCM. 
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14.2 Components and Models 659 

The voice coil parameters for the plant in this design are shown in Table 14.3. 
A step response of coil current to an input voltage is shown (no back emf), in 
percent of final steady state value in Fig. 14.6. As can be seen by Fig. 14.6, the 
steady state value of coil current for a given input voltage is not affected by the 
shorted tum. In either case the steady state current is simply given by 

emax 

Rcoil + Rs Re 
(14.10) 

Since voice coil current is the prime mover, the power amplifier shown in 
Fig. 14.7 is configured as a current source. In this manner, the dynamics of the 
plant between input to the power amplifier u and voice coil current i c are not 
important, which simplifies the model and design procedure. This technique is 
used fairly often in control system design, and for that matter in all engineering: 
Break the problem into smaller parts. By designing a power amplifier which 
serves as a current source, the overall design is simplified. 

14 .2.3 Power Amplifier Saturation 

Figure 14.6 

Voltage step response of 
coil current, in terms of 
percent of steady state 
value, with and without 
a shorted turn 

A simplified schematic diagram of a power current source with a voice coil motor 
load is shown in Fig. 14. 7. If the voltage output e of the power amplifier remains 

p 

less than emax (the supply value minus some small transistor saturation drop), it 
will continue to behave as a current source. However, when the current demand 
u exceeds that which is physically possible given the finite power supply voltage, 
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660 Chapter 14 Design of a Disk Drive Servo: A Case Study 

Figure 14.7 
Schematic of 
power-current source 
with voice coil load. Back 
emf eb is subtracted 
from the power amplifier 
output 

V 

u 

Y(s) 

Rs 

the current source fails to behave as such. Instead, during voltage saturation it 
behaves as a voltage source of constant value, and the corresponding coil current i c 

now will show the effects of the back emf e b and the voice coil admittance. During 
seeking, especially longer seeks (greater than 10 tracks), the power amplifier will 
be called upon to deliver the maximum available current to the voice coil, in which 
case the amplifier will saturate. We will have to take power amplifier saturation 
into account in our design. The astute reader will note that this saturating power 
amplifier situation is not as straightforward as simple saturation: the saturation is 
in a dynamic continuous feedback loop which makes prediction of the saturation 
behavior very difficult. Small changes in command input to the power current 
source can cause short term saturation. Saturation depends on the back emf 
generated by the voice coil and thus the actuator velocity. To solve this problem, 
we will measure the coil current rather than trying to model the highly nonlinear 
system in the state estimator. For simplicity, we will assume the power amplifier 
gain is unity (Gin = Rs in Fig. 14.7), and the measured coil current will be 
referred to as um. When the power amplifier can respond to the input without 
saturation, um = u is a good approximation. 

14.2.4 Actuator and HOA Dynamics 

The actuator and HDA structures of course are not perfectly rigid. Their flexibility 
gives them dynamic behavior that must be accounted for in the design of a 
servomechanism which positions the actuator in the HDA. Although there are 
perhaps hundreds of flexible modes, or resonances, in the total system, much 
of the character can be defined by considering only three or four modes. This is 
because many modes have an insignificant amplitude or are too high in frequency 
to be of interest (i.e., they don't appreciably affect the design). In our case, 
we will consider a four-mode system, three modes of higher frequency nature 
(> 1 kHz) due to the actuator and one mode of lower frequency ( <100 Hz) 
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14.2 Components and Models 661 

due to interaction between the RDA and the vibration isolating shock mounts 11 

between the magnet structure and the base casting which supports the spindle. 
The frequency response of our actuator, in terms of current input and position 
output, is shown in Fig. 14.8. 

A linear state-space model for the RDA, along the lines of that shown in 
Fig. 14.3 with four resonant terms is given by Eqs. (14.11)-(14.14). 

x(t) = Fx(t) + Gu(t) 

and the output y = Hx. The matrices F and G are given by 

0 k
y 

0 k
frijm 

0 0 
0 0 -Wl 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

and 

and 

0 
0 
0 
0 
0 
0 

0 0 0 
kv

b
s 

0 
0 
0 
0 
0 

G = 

0 
0 
0 

0 
kv

b
6 

0 
0 
0 
0 

0 
kv

b
7 

0 
0 
0 
0 
0 
0 
0 

H=[l O O O O O O O O O] 

0 
kv

b
s 

0 
0 
0 
0 
0 
0 

(14.11) 

(14.12) 

(14.13) 

(14.14) 

where kv = krf m is a normalization factor such that the maximum acceleration 
of the plant is always given by k)c· During the linear mode of operation, the 
current of the power current source will be considered ideal, e.g., the current 
in the coil follows the input to the power amplifier exactly (um = u). Also, our 
design will use the familiar zero-order hold to provide the control signal to the 

11 The voice coil motor magnet structure in most systems is mounted on vibration isolators or shock 

mounts. Reaction forces from the VCM act on the HDA, which in tum acts on the HDA shock mounts 

that physically support the disk drive. 
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Figure 14.8 

Magnitude and phase 
response of the actuator 
used in our case design. 
Although there is a 
flexible mode at 70 Hz 
due to VCM isolators, it 
is small and hard to see 
on this scale. Note the 
real pole introduced by 
the coefficient of viscous 
drag in the actuator 
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14.2 Components and Models 663 

power amplifier by employing a latching DI A. The DI A output is scaled such 
that the control can saturate the power amplifier and will thus use most of the 
available power from the servo power supply to accelerate the actuator during a 
seek. The parameters defining the plant for our case study will·be given shortly. 

14 .2.5 Position Measurement Sensor 

Most DASD servomechanisms employ what is referred to as a dedicated servo: 
One of the heads mounted on the actuator structure is dedicated to reading position 
information from its associated disk surface. Known as the servo surface, the 
disk is written at the time of manufacture with position information. Ideally, each 
data head would be able to report its position to the control system, allowing 
the servo to faithfully position that head when it is selected by the recording 
channel for reading or writing. Such a scheme is referred to as an embedded 
servo because the position information is embedded in the read back signal for 
each head, along with the normal data signal. If time-division multiplexing is 
used to embed the servo position information among customer data, the servo is 
referred to as a sector servo because small sectors of each track spaced evenly 
around the circumference are written at the time of manufacture with servo 
position information. Unfortunately, sector servo impacts system performance 
parameters by interrupting data flow, lowering the average data rate, and adding to 
the position settling time when switching from one head to another, a phenomenon 
often referred to as loss of cylinder mode. In the sector servo design, there is a 
conflict between the requirement for fast sampling for the servo and the fact that 
each sector reduces the available space for customer data. It is for this reason that 
current technology often favors the use of dedicated servos. A limitation of the 
dedicated servo design is the finite accuracy with which the data heads in a stack 
can be positioned over their respective tracks since many mechanical, thermal, 
and vibrational sources of positioning difference exist between the data heads 
and the servo head which is located on a separate surface. Our design will be for 
a dedicated servo. Although many manufacturing and performance differences 
exist in different designs, the design described here will be applicable to other 
methods of position measurement. 

In a dedicated servo, the servo surface is written with information that, upon 
demodulation, yields a position error signal: The measurement is the position of 
the servo head relative to the servo disk. In addition, the measurement is actually 
relative to the nearest track center. In other words, the signal read back from 
the head positioned at a constant radius is proportional to the nearest track center, 
not to its position on the entire disk, because the information read back does not 
contain a track address. 12 There is at least some additional information: A one or 
two bit address is written onto each track. With one additional bit, the position 

12 It is impractical to encode track address in each servo track for many reasons. One of the most 

important is that it cannot be reliably read when the head is traveling at any significant radial velocity. 
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664 Chapter 14 Design of a Disk Drive Servo: A Case Study 

signal contains the error relative to the nearest track center, plus a digital logic 
signal indicating whether the head is over an even or an odd numbered track, 
as shown in Fig. 14.9 . In a quadrature type PES channel, we know which of 
four different types of tracks the head is positioned over, because two signals are 
demodulated that are in spatial quadrature with respect to each other, as shown in 
Fig. 14.10. At the innermost and outermost cylinders, a special pattern is written 
which is detected by the PES channel and sent to the controller, indicating that 
either the inner- or outermost cylinder has been detected. From this information, 
we must construct an absolute position measurement for the servo so that we 
can seek and find a particular track with high reliability. When we design the 
state estimator we will see how this is accomplished. Although we will plot PES 
versus time instead of position, in the equations for the system and the measured 
value of y - y 

ref 
we will neglect the PES "modulation" of the measurement. 

14.2.6 Runout 

Besides seeking from one track to another, the servo we are designing must 
follow the track motion once on track, and keep the error as small as possible. 
Two primary sources of track motion exist, apparent and real. To understand 
how we could measure an apparent track motion, we must remember that the 
signals used to compute position are written onto the servo disk surface. In the 
process of servo-writing, the head that writes the signals cannot be kept perfectly 
still, and therefore the servo tracks are not perfect circles. In addition, the servo 
surface contains defects and irregularities of many types, all of which cause the 
position reference to appear as though it was not written on a perfect circle. 
This apparent track motion will cause the servo to move the servo head in an 
attempt to reduce the position error to zero, and thus will result in real actuator 
motion. If the path the servo head follows every time is the same, there is no harm 
done with respect to the reading process on the track being followed as long as 
the track was never written over for any reason. However, adjacent tracks will 
tend to be squeezed by the wandering head, a process which is only detrimental 
when writing data. Writing off the perfect circle causes the head to write on the 
adjacent track's data, at least to an extent, which in tum causes a loss of signal 
amplitude. If enough data is written over, the damage can be severe enough to 
cause a hard error, in that the customer data is lost and not recoverable with 
an error correction code. Servo writing produces repeatable runout (RRO), in 
that the runout stays locked to the disk rotation (both frequency and phase). It 
is worthwhile to note that the RRO can be heavily influenced by disk surface 
defects that are of extremely high bandwidth. To keep high bandwidth surface 
noise repeatable, the sampling clock must be locked to the disk rotation rate, 
with extremely low time jitter to ensure that a sample is always taken at the 
same physical location on the disk. If the sample clock is asynchronous to the 
disk rotation, the nonrepeatable runout (NRRO) will be much larger and the 
track misregistration (TMR) of the servo will be increased. Another mechanism 
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Figure 14.9 

Position measurement 
versus relative position 
error y - Yret· This 
measurement signal is 
often referred to as the 
position error signal 
(PES) because it is the 
error signal, not absolute 
position 

figure 14.10 

Primary and quadrature 
position measurement 
versus relative position 
error r - y - Yr· Here the 
PES channel delivers two 
signals, each used as the 
position reference on 
alternate tracks, with 
slope correction. Note 
there are four track 
types, numbered 0-3, 
which can be decoded 
from the signal 

14.2 Components and Models 665 

0.5 
PES 

0.4 
� Track type /5 
� 0.3 
'i 0 Track centers 
� 0.2 

l 
cr.i' 0.1 ................ 1 ............... � 
� 0 

'1il -0.1 

-0.2 

:a 
-0.3 

& 

-0.4 

-0.5 
0 0.5 1.5 2 2.5 

y-Yref (track widths) 

� 

i 
O 

, ,,/I 
'"' -0.2 

5 ! ,/----f---- PESQ 

J :::: /j/ L PESP 

/ i • - + . Track type /10 
-0.8 ...... / ......... 1 ................... L ....... .. 

//, • : Track centers 

3 3.5 

-1�,,--�--�--�--�--�--�--�--� 
• 0 0.5 1.5 2 2.5 

Y-Yref (track widths) 

3 3.5 4 

4 

co
nt

ro
len

gin
ee

rs
.ir
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besides asynchronous sampling can cause RRO to increase the NRRO: saturation. 
If a repeatable disk defect is large enough to saturate the power amplifier, then 
the servo response becomes variable instead of repeatable, hence an increase 
inNRRO. 

So far, we have only discussed apparent motion. Real repeatable motion oc
curs in many circumstances, such as if the servo disk slips its center point after 
being servo written. This would cause a large amount of RRO at the rotation------._ 

frequency of the spindle. Such motion must be followed with high fidelity. Non
repeatable runout is a product of disk drive vibrations and electrical noise in the 
measurement channel. Many sources exist for the vibration, including the spindle 
motor, spindle bearings, air movement in the HDA, the actuator itself, and force 
disturbances such as closing covers. Even earthquakes are a consideration for disk 
drives operating in Japan where their occurence is quite frequent! Both NRRO 
and RRO must be reduced as much as possible, within the control authority and 
bandwidth limitations imposed by the servo and the actuator we are trying to 
control. For the most part, we can model both NRRO and RRO as signals that 
i) add directly to the position measurement (in the form of Yre ), ii) have energy 
decreasing with increasing frequency, and iii) have amplitude distributions which 
are roughly Gaussian (usually truncated). Thus the simple model of the input Yref 
is given by 

Y,,1 ~ N ( 0, o},,0 + rr,2,0
) 

• 

(14.15) 

Refinements of this simple model include frequency shaping due to bearings 
and structural resonances, as well as a high harmonic content with a fundamental 
frequency due to disk rotation. One useful simulation technique is to experimen
tally measure either time domain NRRO and RRO waveforms or their spectral 
content and use either of them as input to system simulation models. Measure
ments must usually be done with some form of closed loop system and corrected 
with the appropriate system transfer function to obtain the desired open loop 
runout components. 

14 .3 Design Specifications 
Before the design of the controller can begin, it is necessary to identify the specific 
parameters of the components to be used and to give particular quantities to the 
several performance specifications that the design is required to meet. We begin 
with the parameters. 

13 Reflected into the primary circuit by the number of turns in the coil squared, or n�. 
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Table 14.3 

Table 14.4 

14.3 Design Specifications 667 

14.3.1 Plant Parameters for Case Study Design 

For our specific design case, we will use the parameters in Tables 14.3-14.5. 
These "givens" are normally part of the engineering problem, i.e., what are the 
plant requirements to meet a set of goals? In this design case, we will assume 
the parameters given are the best we can expect within the cost constraints, and 
therefore our job is to make the best use of the plant that we can. If it was desired 
to improve a certain performance parameter, some changes in the plant would 
probably have to be negotiated with mechanical engineers and management. 

14.3.2 Goals and Objectives 

Setting performance goals must be done after there is an understanding of the basic 
plant to be controlled. In previous sections, we outlined motor forces, coil time 
constants, physical parameters such as track width, and actuator dynamics. All of 
these combine to determine what goals are practical for this design. Presumably, 

Plant parameters and tolerances for the case design 

Parameter Description Value Units 

m moving mass of actuator 0.200 kilograms 

kt force constant 20.0 Newtons-amp-1 

kr position measurement gain 10000. volts-M-1 

R,oil coil resistance 8.00 ohms 
n, number of turns in the voice coil 150 turns 

Rs sense resistance for power amp 0.250 ohms 

Rst shorted-turn resistance 13 5.00 ohms 

L,oil coil inductance 0.010 henrys 

Lst shorted-turn inductance 0.0020 henrys 
emax saturated power amp voltage 34.0 volts 

ktric viscous friction coefficient 2.51 N-sec-M-1 

RPM disk rotation rate 3623 revs-min-1 

t
w 

track width 12.50 microns 

Xs actuator stroke length 0.028 meters 

Statistical parameters for repeatable and nonrepeatable runout, 
before servo rejection. Although RRO contains pseudorandom noise 
(it repeats every revolution), it usually contains significant sinusoidal 
components at harmonics of the rotational frequency 

Tolerance 

±3.0% 

±10.0% 

±5.0% 

±20.0% 
±2 

±1.0% 

+0,-6.0% 
+o, -15.0% 

+0,-15.0% 
-0,+5.0% 

±7.5% 

±3.0% 
±1.0% 

±0.10% 

Parameter Description Distribution Mean Standard Deviation 

RRO repeatable runout 

NRRO nonrepeatable runout 
Gaussian 0 urro 

= 0.25 

Gaussian 0 unrro = 0.125 

co
nt

ro
len

gin
ee

rs
.ir



668 Chapter 14 Design of a Disk Drive Servo: A Case Study 

Table 14.5 Dynamic (resonance) plant parameters and tolerances for the case 

design 

Parameter Description Value Units Tolerance 

w, resonance: VCM isolator 2rc70 rad-sec 1 
±5.0% 

(V2 resonance: head suspension 2rc2200 rad-sec 1 
±10.0% 

lV
3 

resonance: actuator arm carrier 2rc4000 rad-sec 1 
±5.0% 

(V4 
resonance: coil structure 2rc9000 rad-sec 1 

±5.0% 

b, first resonance coupling -0.00575 ±7% 

b2 first resonance coupling 0.0000115 sec 1 ±7% 

b
3 

second resonance coupling 0.0230 ±10% 

b
4 

second resonance coupling 0.00 sec1 
±7% 

bs third resonance coupling 0.8185 ±5% 

b
6 

third resonance coupling 0.0 sec 1 
±10% 

b1 
fourth resonance coupling 0.1642 ±5% 

ba 
fourth resonance coupling 0.0273 sec 1 

±10% 

s, first resonance damping 0.05 ±10% 

s2 second resonance damping 0.005 ±40% 

s°3 third resonance damping 0.05 ±40% 

s4 fourth resonance damping 0.005 ±50% 

cost and packaging requirements, such as weight and space or form factor, have 
already been taken into account in arriving at the designs which lead to the 
parameters given. It is now the job of the control engineer to use this plant to the 
utmost given the cost constraints. 

For this design, we '11 assume the control computer is a typical digital signal 
processor (DSP), with a cycle time of 100 nanoseconds and a 16-bit word length. 
The position error signal (PES) channel has two signals in quadrature so we'll 
need two AID channels including sample-and-holds for position measurement. 
Because of saturation, we'll also measure the coil current induced by the control 
u

k' 
which will require another input channel. As mentioned previously, the power 

amplifier will be driven by a dedicated DI A converter. Some associated circuitry, 
including the command and status registers, will all be contained in an interface 
chip. Unless some of the AID and D/ A function is integrated, this could wind up 
being an expensive design. Some microprocessors are available with room for 
application specific integrated circuitry (so called ASICs) which could be used 
for analog I/0 because of the small number of pins required. 

In the following discussion, we will refer to the open loop, closed loop, and 
error transfer functions of our servomechanism, Hc/s), H

0
/s), and H/s), with 

the following definitions: 

Y(s) 
Hc1 = Yref 

(s) 

H = 
Y(s) 

01 (Y
re/s) - Y(s)) 

(14.16) 

(14.17) 
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H 
= 

(Yref (s) - Y(s)) 
e 

yref(s) 
(14.18) 

The suspension resonance of our actuator is at approximately 2200 Hz, and be
cause it varies quite a bit in frequency and damping, we will make the system 
gain stable at this resonant frequency. This limits our system closed-loop band
width to about 1 kHz because we'll need about 10 dB of gain margin from the 
open-loop base line (transfer function without resonances). If we have a gain of 
-3 dB at 1 kHz, one octave higher in frequency the two-pole slope will give us 
another -12 dB, yielding approximately 15 dB of gain margin at 2000 Hz. Given 
this bandwidth, it would be difficult to obtain a maximum time constant smaller 
than 500 microseconds. This is because the open-loop crossover frequency will 
be at about 500 Hz (roughly half of closed-loop bandwidth), and to get some 
reasonable phase margin (say 45 degrees) will require a lead compensation zero 
at about 200 Hz. The zero will have a closed-loop pole close to it based on 
root locus considerations. A pole at 200 Hz will yield a time constant of 830 
microseconds. Hence we shouldn't look for a transient arrival time of less than 
1-2 milliseconds. For a one-track position move, the system will probably be 
dominated by its linear response, and hence we will have a seek time goal of 2 
milliseconds. 

How about longer seeks? To compute the approximate move time of this 
system for intermediate length seeks, we can use the shorted-tum current and the 
motor parameters to calculate accelerations. Shorted-tum current refers to current 
through the low inductance path of the circuit, shown in Fig. 14.5, which is used 
instead of the maximum steady state current because the long time constant of the 
motor is longer than the seek time, and hence is not available to us for control.14 

If the maximum shorted-tum current /st is given by 

R ·z I COi 

ss 
R + R ' coil st 

(14.19) 

where Iss = emaxl Rc, then the maximum available current for intermediate length 
seeks is approximately 

!st = 4.12 x 0.635 = 2.6 amps. (14.20) 

Using this current and twice the time it takes to move half the distance at a 
constant acceleration, we can derive the approximate time it takes to do a j-track 
seek 

t. � 2J1· t /a + t J w max settle (14.21) 

14 It is for this reason we would like ls, to be as large a fraction of lss as possible. This is accomplished 
by minimizing both Ls, and Rs, so that the fast time constant is not degraded. 
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where 

max 

Using the parameters from Table 14.3, we get 

t
1 

� 0.439.jY + 1.5 milliseconds. 

(14.22) 

(14.23) 

Using Eq. (14.16) and Eq. (14.23), we obtain an average access time of 
approximately 15.0 milliseconds (using a 1.5 millisecond settling time). 

So far we have covered one-track seek time and WAAT. From a computer 
system point of view, these are two of the main servo parameters. In addition, 
average latency is a key parameter. Latency refers to the rotational delay incurred 
after arriving on track until the data location being sought is found. Average 
latency is approximately half the rotational period. Although the servo does not 
directly determine the rotational frequency of the disks, the maximum RPM is 
related to the ability of the servo to follow disturbances at the harmonics of the 
rotational frequency. The first harmonics are very important, and the servo error 
transfer function magnitide at those frequencies must be large enough to yield a 
sufficiently small closed-loop NRRO. Since the rotational frequency of this drive 
is 3623 RPM or 60.4 Hz, we will tentatively set our error transfer function goal 
to be -30 dB at this frequency. Likewise, we will get approximately a 12 dB per 
octave rise in gain in this frequency range, so we'll set the error transfer function 
gain at this frequency to be about -15 dB, with a 0 dB gain at about 400 Hz. 

Achieving the 1 kHz closed-loop bandwidth and gain stabilizing the plant 
resonances will require at least an 8-10 kHz sampling rate. Because there is a 
plant resonance at 9 kHz, it is desirable not to have this frequency alias into the 
passband of the servo. Considering our DSP cycle time of 100 nanoseconds, we 
will set our initial sampling frequency at 15 kHz, corresponding to a sample time 
of 66 microseconds (660 processor instructions/sample). This will place the alias 
of the 9 kHz resonance at 6 kHz, well above the servo bandwidth. After the first 
pass design is complete, we can revisit this choice. 

14.4 Disk Servo Design 

So far we have specified closed-loop bandwidth, access time, settling time, one
track seek time, and several error transfer function gains. We must choose a 
control structure that will allow us to meet these goals. Almost all disk file servos 
with linear or rotary actuators (not stepping motors) use a PTOS- or XPTOS-like 
structure (see Chapter 13), whether continuous or sampled data. One common 
alternative includes mode switching, wherein the controller switches from a 
bang-bang time-optimal mode of operation to a linear controller near the target 
track. Although the performance of mode switching systems can be excellent, 
they tend to be more sensitive to initial conditions, plant parameter variations, 
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Figure 14.11 

14. 4 Disk Servo Design 6 71 

and noise. To meet the combined access time and regulation requirements we 
will choose an XPTOS structure. Because actuator friction and cable forces are 
non-zero and highly variable, we will estimate the bias forces on the actuator as 
a state variable. 

14 .4 .1 Design of the Linear Response 

To begin, we will assume the motor parameters are known constants as given 
in Table 14.3. The block diagram of our disk servo is given in Fig. 14.11. 
For simplicity, we have modeled the resonance characteristics with the transfer 
function 

L
4 b

2 
.cv.s + b2. 

I 
CV� 

H (s) = 

1 1 1- 1 

d 2 2r 2 
J=I s + ., cv

1s + cv1 

which is a parallel combination of four quadratic terms in normal mode canonical 
form. The values given in Table 14.5 were determined by experimental fitting of 
the frequency response. Because of the large variations in the plant resonances, 

Disk-drive servomechanism. Command input Yr contains the desired track address while 
Yref is the track-center reference 

Ve 

Power 

current 

source and 

voice coil 

ud 

v 

y 

State 

estimator 
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672 Chapter 14 Design of a Disk Drive Servo: A Case Study 

we will gain-stabilize them and assume that the structure is rigid for the control 
design. For the same reason we will not try to model resonances in the state 
estimator. In terms of Fig. 14.11, we assume that Hd (s) = 1.15 The resonances 
will be included in simulating the final system response. Although there is an 
unknown constant disturbance input u d caused by external effects such as the 
force from the cables attached to the coil assembly, we will not include it in 
the plant model for control design because it is uncontrollable. The rigid body 
model is 

-
[ 

0 
-Frb = 0 

G =[0 rb 

H = [ 1 rb (14.24) 

where kv = kJm is the acceleration constant, and the plant state is [y v] T. With 
a sampling interval of T = 66 x 10-6

, the discrete time plant model based on the 
rigid body plant model is then 

[ 1 0.6597 ] (f>rb = 0 0.9992 
rrb [ 0.0022 0.0066 r (14.25) 

assuming no calculation delay is being modeled. We can expect to incur some 
calculation delay in the actual implementation and modification of the system 
to include this factor is suggested as problem. For the state estimator we will 
augment the state with the unknown bias input estimate u d so the estimator 
state is x = [y fJ u d] T and the plant output, y, is the estimator input. Thus we 
have 

[ 
1 0.6597 0.0022 

] (f>e = 0 0.9992 0.0066 
0 0 1.0 

r
e 

= [ 0.0022 0.0066 0 f 
H

e
= [ 1 0 0]. (14.26) 

For the complete system model we will use a current estimator based on 
Eq. (14.26), along with a full order model of the plant including its resonances. 

15 Note that HiO) 1. 
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14.4 Disk Servo Design 673 

The transfer function Hd (s) represents the discrete time flexible modes. The plant 
matrices are 

1.0 0.6597 0 0 0.0000 0.0000 0.0014 
0 0.9992 0.0 0.0 0.0001 0.0001 0.0034 
0 0 0.9996 0.0290 0 0 0 
0 0 -0.0290 0.9967 0 0 0 

<I>= 0 0 0 0 0.6131 0.7873 0 
0 0 0 0 -0.7873 0.6052 0 
0 0 0 0 0 0 -0.0330 
0 0 0 0 0 0 -0.9182 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 

0.0008 0.0001 .0002 
0.0034 -0.0002 0.0005 

0 0 0 
0 0 0 
0 0 0 (14.27) 0 0 0 

0.9182 0 0 
-0.1249 0 0 

0 -0.8180 -0.5465 
0 -0.5465 -0.8125 

0.0007 
0.0034 
0.0004 
0.0290 

r= 0.3869 (14.28) 0.7873 
1.0330 
0.9182 
1.8180 

-0.5465 

and 

H = [ 1 o o o o o o o o o]. (14.29) 

The equations representing this system, using a current estimator to minimize 
control delay, can be derived for the state estimator as follows 

xk+I = <I>ik + reu k + LcYk+I LcHik+l 

= <I>ik + reu k + Lcyk+I - LcH
e <I>ik - LcHereuk 

xk+I = (<l>e LcH
e <l>e)xk + (re - LcHere)uk + Lcyk+I. (14.30) 
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Defining 

I\ 

and a control u = K(yrr Yr 
- x) we can derive the following 

tk+l = M(cl\ - re K)tk + M(<I\Lc
H - re KLC

H)xk + Mre Kr
y
/r (14.31) 

for the state estimator, and the state equation governing the plant is 

(14.32) 

Defining x; = [xr �r] and the complete closed-loop system by the state equations 

x/k + 1) = <1\x/k) + rs y/k) 

and the system output equation y = Hsxs where 

= [1 0 0 0 0 0 0 0 0 0 0 0 O]. 

(14.33) 

Thus the complete system is of thirteenth order, and the system matrices are given 
by 

and 
[ 

<I> - rKL H -rK 

] <l>s = M(<I> L H - r
c
KL H) M(<I> - rK) e c e c e 

r,=[ :r:�J 

(14.34) 

(14.35) 

Subtracting a plant output reference signal Yref from the output before the plant 
output measurement, y m = y - y ref the estimator position input is then y m instead 
of y. The reference input Yref 

would add to the system state equations through an 
input matrix r , adding an additional term to Eq. (5.3) of Yref 

r YreJ
Yref [ M(r �� )L ] Yref' e e c 

14.4.2 Design by Random Numerical Search 

Note that the system matrices derived above are valid for any order plant model, 
including either the rigid-body plant or the flexible-body plant model. For the 
control law and state estimator gains, we will use the random numerical search 
(RNS) technique of Chapter 13, and the rigid-body plant model. The reason for 
this is that our control law is being designed to attenuate the flexible dynamics. 
In essence we will design a rigid-body controller that will allow us to neglect the 
higher-order flexible modes of the plant. Decay envelopes and root locations of 
the flexible modes are therefore not under our control. Instead we are attempting 
a design that minimizes the energy that will be seen in the output from these 
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Table 14.6 
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flexible modes. With the large variations in the flexible modes, a control strat
egy that attempts to actively damp the flexible modes would require some form 
of adaptive control. Typically mechanical structures change damping and stiff
ness (resonant frequency) with temperature and age making controllers tuned at 
time of manufacture impractical. In addition, serviceability of a system suffers 
for manufacturing-tuned controllers because arbitrary controllers cannot replace 
defective ones in the field without being "tuned." 

Because of uncertainty in the plant dynamics above 2 kHz, we decided 
to limit the closed-loop -3 dB bandwidth from the command input to plant 
position input to 1 kHz. To minimize system sensitivity, we will also constrain 
the damping ratio of each mode to be at least 0.65, the decay envelope of each 
mode to be at least as fast as 1.5 milliseconds, and the sum of all time constants to 
be less than 3.0 milliseconds. To minimize amplification of midband disturbances 
in the position reference and noise input Yref' we will limit the peaking in the 
closed-loop transfer function from y ref to y to 4 dB, or 20 log II HY (s) II 

00 < 4 
dB. We would also like to ensure that plant resonances which are near 4 kHz are 
attenuated by at least 22 dB. These requirements are summarized in Table 14.6. 

A cost function C that represents the desired goals in Table 14.6 can be 
defined as follows 

C = WBW lfsw 
10001 + wt soft(0.65 (min)+ 

wpm soft(45.0 pm)+ wpeak soft(peak - 4.00) + 

W
t 

soft(r 1.0 X 10-3) + W
t 

soft('l: 1.8 X 10-3) + aumax ausum r 

w60hz soft(22.0 + 20 loglO[He (2.rr60.)]) + 

wl600hz soft(22.0 + 20 log
!O[H

o
/2.rr 1600.)]) + 

w4khz soft(22.0 + 20 log
!O

[H
o
z<2.rr4000.)]) + 

W soft(20.0 - g ) (14.36) gm m 

Desired performance goals for disk drive head positioning servo 

Performance 

Measure 

Bandwidth of H
c1 

Minimum damping 
Minimum phase margin 
Peaking of H

c1 

Peaking of H
e 

Maximum time constant 
Sum of time constants 
Attenuation at 60 Hz 
Attenuation at 1.6 kHz 
Attenuation at 4 kHz 
Gain margin 

Value 

1000. 
0.650 
45.0 
3.00 
4.00 
1.50 
3.00 
30 
10 
22 
20. 

Units Symbol in 

Eq. (14.36) 

Hertz fBW 
�min 

degrees pm 
dB peak 

dB peak 

microseconds i 

milliseconds 
dB 20. log10

(He(2rr60)) 
dB 20. log

10
(H01

(2rr1600)) 
dB 20. log10(H01(2rr4000)) 
dB gm 
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Figure 14.12 

Frequency response after 
RNS optimization 

where the function "soft" is best described as a linear diode, or 

{ X X > 0 soft(x) = 0 x ; O. 

The design found using an RNS method (7 50 runs) starting from a stable pole 
placement design for the fifth-order system (using the rigid-body plant model 
and third-order state estimator) is given by 

K = [ 17.9142 71.5426 1.000] (14.37) 

(2k.k ) 
l/Z 

subject to the constraint on k2 from PTOS, k2 = a�"y , with a= 0.70 and 
kv = ki f m given in Table 14.3 of parameters. The state estimator gain matrix is 

LC = [ 1.039 o.1534 -4.5574 r. (14.38) 

The acceleration discount factor a was chosen assuming we could only make use 
of the shorted tum current 1st. Using the worst case parameters from the table, 
we get a safe value for a of 0.70. Performance parameters and weighting factors 
used in the RNS optimization are given in Table 14.7. For the base fifth-order 
design, the frequency response is shown in Fig. 14.12. 

Before any design is considered final, a sensitivity analysis should be com
pleted. Of course this analysis should include the full-order model of the plant. 
For the case of varying plant parameters, including dynamics, a 250-run Monte 
Carlo closed-loop transfer function analysis of this design is shown in Fig. 14.13 
and Fig. 14.14. 
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Table 14.7 

Figure 14.13 

Monte Carlo analysis of 
closed-loop response H

e
, 

for 250 sample systems 

14. 4 Disk Servo Design 6 7 7 

Performance measures after optimization with weighting factors 
shown for a random numerical search routine after 750 iterations 
with p = 0.30 

Parameter Optimized Value Weighting Factor 

Lr 
C 

[1.039 0.1534 - 4.5574] 
K [17.9142 71.5096 1.0] 

3.14 milliseconds wtausum 
10000 

i 1.47 milliseconds wtaumax 10000 

fBW 959 Hz WBW 0.01 
20. log10(H/2n60)) -29.0dB W60hz 0.25 
20. log10(H

0
pn 1600)) -13.0dB W1600hz 1.0 

20. log
10

(H
01(2n4000)) -25.5d8 W4khz 0.33 

g
m 

18.5dB wgm 0.33 

Smin 0.707 Wi; 
10.0 

peak 2.72dB Wpeak 3.30 

10 

0 

-10 

-20 

-30 

-40 

-50 

-60 
IOI 102 103 104 

Frequency (Hz) 

In addition, we can see from the same analysis that the open-loop envelopes 
plotted show that in some cases the system is phase stable. Because the resonance 
coupling parameters and damping ratios were stressed in the nominal cases for a 
conservative design, we will live with the cases shown that are phase stable. If the 
designer felt that this is not unlikely, and that the phase margin for this resonance 
was not enough, the design would have to be re-optimized, perhaps with more 
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Figure 14.14 
Monte Carlo analysis of 
open loop response H

c1 

for 250 sample systems. 
(a) Nominal magnitude 
and envelope, 
(b) nominal phase and 
envelope 
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weighting on the attenuation at 4 kHz. A pole constellation for the Monte Carlo 
analysis is shown in Fig. 14.15. 

14.4.3 Time-Domain Response of XPTOS Structure 

Critical to the performance of the servo is the time-domain response. Most 
important because of its frequency of occurrence is the one-track seek. Shown 
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Figure 14.15 
Root constellation for 
the 250 sample systems 
of the Monte Carlo 
analysis 

14.4 Disk Servo Design 679 

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 

Realz 

in Fig. 14.16, the one-track seek is indeed completed in 2.0 milliseconds, which 
was our design goal. In fact, it is finished early enough so that there should be 
some margin for variation of parameters and still remain below the target. One 
interesting feature of Fig. 14.16 can be seen in the phase plane plot: A straight 
line interpolation of the sampled velocity is probably not too accurate. Because 
of the 9 kHz resonance, the true continuous plant output has some intersample 
ripple. However, since the position output is fairly smooth, the effect is not of 
great importance. Also of interest is the fact that the one-track seek does not 
use maximum control, at least from the DI A converter point of view. In fact, 
it's maximum is 2.0, only half the maximum DIA output value. Note however 
that the measured control does not respond to the command perfectly. Voice coil 
time constants prohibit the power amplifier from following the command input 
with high fidelity for the first three samples, but after that the command and the 
measured value correspond fairly well. If we did not measure the true control, 
the state estimator would have significant estimator errors due to the difference 
between the control command and the current actually achieved in the coil. This 
error would become far worse on longer seeks when the power amplifier spends 
more time in saturation. 

Next we'll examine a five-track seek, as shown in Fig. 14.17. Now the PES 
waveform in the plot shows four track crossings before arrival at the final track. 
Although the seek is finished in 2 milliseconds, there is little room for parameter 

co
nt

ro
len

gin
ee

rs
.ir



680 Chapter 14 Design of a Disk Drive Servo: A Case Study 

figure 14.16 
One track seek waveforms. Instead of plotting position, the PES is plotted in units of 
tracks. Note the arrival time is approximately one millisecond 
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variation. However, allowing 1 millisecond for variation of parameters, we can 
safely say that the system finishes the five-track seek in 3 milliseconds. Measured 
current, or control um, is markedly different from the command current (control 
u) during the acceleration phase of the seek. In this plot the effects of the VCM 
time constants are clear. Note that in the phase plane plot the relative effect of 
the high frequency plant dynamics is much smaller than in the one-track seek. 

Examination ofEq. (A.22) shows that a rough approximation of the WAAT is 
the time it takes to accomplish a seek of length N /3, where N is the total number of 
tracks. For a stroke of 28 millimeters at 12.5 microns per track, this corresponds 
to a 3666 track seek. Shown in Fig. 14.18, the seek takes approximately 13 
milliseconds to complete. A 13 millisecond average access time corresponds 
well to the goal of 15 milliseconds we set for the design. Several other features 
are worthy of note in Fig. 14.18. First, the PES plot no longer shows track 
crossings. With a sample time of 66 microseconds, the servo will be crossing 
as many as 5.3 tracks per sample interval per meter per second. This can be 
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figure 14.17 

14. 4 Disk Servo Design 681 

Five track seek waveforms. Note the arrival time is less than that for the one-track seek, 
approximately one-half millisecond 
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derived from looking at the state transition matrix <l>e or <I>s for the way in 
which velocity updates the position. Thus, at the peak velocity the position will 
change approximately 8 tracks in a single sample interval for this length seek. 
Another point of interest is the current waveform. Note that the current never 
comes close to the commanded current during the acceleration phase of the seek. 
Also, during deceleration, the control saturates in an effort to make the plant 
follow the velocity command v c from the function f ( ·). Without the voice coil 
poles the current could instantaneously respond to the control, and with them 
the response is sluggish, so the velocity overshoots the phase plane trajectory. In 
deriving the PTOS architecture, the power amplifier is assumed a perfect current 
source, and is not sluggish. But the parameter a allows the velocity trajectory to 
be less aggressive than the ideal plant could follow, and thus the system is robust 
to "unmodeled" dynamics such as those of the voice coil. Although theoretically 
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Figure 14.18 
Seek waveforms for one third stroke move, or 3666 tracks. This length seek roughly 
corresponds to the weighted average access time, which is approximately 13.0 
milliseconds 
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possible, implementation of a fourth order trajectory to account for the two voice 
coil motor poles (instead of the second order trajectory f ( •)) is difficult. 

Note also in Fig. 14.18 that the control comes out of saturation at some 
point fairly early in the deceleration phase. Because the control is unsaturated, 
the system is under feedback control. Remaining under control is important to 
ensure that the arrival to the target track takes place without overshoot. 

Looking carefully at the position arrival to the target track in Fig. 14.18, a 
small and slowly varying offset from track center can be seen. Attributable to the 
low frequency resonance caused by the reaction forces of the magnet structure 
through the isolators to the RDA baseplate, this resonance response is about 
4 microinches peak to peak. For our design, nothing can be done about this 
resonance. However, if the resonance varies slowly enough in time, an adaptive 
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14. 4 Disk Servo Design 683 

or self-tuning approach can be of great assistance. Essentially, a model of this 
structural resonance would be included in the state estimator, and adjusted to 
track the true resonance at start-up times. Feedback of the two states (second-order 
model) is then added directly into the control, as in the XPTOS structure. Adaptive 
control is required here because small variations in plant parameters relative to 
the model yield quickly degrading performance. For this design, a couple of 
microinches of transient NRRO (the vibration will eventually cease) is small 
enough to be neglected. However, as the ratio of moving mass to fixed mass and 
access time both decrease, the effect of this resonance can become devastating. 
Several patents have been issued on techniques using external accelerometers on 
the baseplate to provide feedback into the control to reduce the error caused by 
this effect. 

Finally, we will examine the longest length seek. Shown in Fig. 14.19, the 
seek is complete in approximately 23 milliseconds. Although the peak velocity 
is 2.5 meters per second, it is common to saturate the command velocity to limit 
this peak velocity. One reason to limit the peak velocity is to limit the track 
crossing frequency. At 2.5 meters per second, the track crossing frequency is 
approximately 80 kHz, and the PES circuit filter bandwidth has to be at least 
this high to generate position error signals with reasonable fidelity. A quadrature 
PES channel can be used to lower the required bandwidth by a factor of two, to 
40 kHz. Although somewhat better, a bandwidth of 40 kHz will allow quite a bit 
of aliasing to take place with a 15 kHz sampling frequency. One alternative is to 
filter the PES with a lower bandwidth filter after arriving on track, thus limiting 
the aliased noise. Increasing track density exacerbates this problem, so some new 
ideas in PES signal modulation and demodulation must be explored. 

14.4.4 Implementation Conside�ations 
Although we have discussed some of the implementation details in the previous 
section on design, we will cover some of the final details necessary to write 
the DSP program code, either high level or assembly language. We have yet to 
specify the variables, the order of computation, and the word length for each. To 
specify the variables, we will examine the state estimator computations and the 
control calculation. 

For the state estimator, we have a prediction phase and a time update phase. 
Since we are measuring the control (um), it is not available for the prediction phase. 
Equation (14.39) is the normal prediction equation for the current estimator 

(14.39) 

We are measuring the current ic at time k + ,6. (um = ic(k + b.)), where ,6. is 
smaller than but close to the sample time T. By waiting as long as possible after 
the control output is sent to the DI A to sample the coil current i c' we will give 
the power amplifier time to settle to the desired value if it can. When saturated, 
the output may be quite different than the desired control (this is why we're 
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684 Chapter 14 Design of a Disk Drive Servo: A Case Study 

figure 14.19 

Maximum length seek waveforms, 11,000 tracks. Note that the back emf generated by 
the coil helps the power current source to reverse the direction of current in the coil. 
During acceleration the back emf caused the current to begin to decrease 
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measuring it). For high accuracy, we could assume an average effective control 
of (um(k - 1) + u,/k))/2 when the measured current differs greatly from the 
intended value of u(k). For now we'll just use the measured control um as input 
to our state estimator. When the digitized um (k) is available, we can complete the 
prediction update according to Eq. (14.39). 

(14.40) 

With the state transition matrices given by Eqs. (14.27)-(14.29), the scaler update 
equations are done in two steps, the first of which is 

i�(k + 1) = x
1 
(k) + 0.6597x

2
(k) 

i�(k + 1) x
2
(k) 

(14.41) 

(14.42) 
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(14.43) 

where i�(k + 1) and if (k + 1) are intermediate values of the final predictions. 
Since i�(k + 1) does not depend on u

m
, it can be updated immediately. When 

the control u
m 

is available, we compute 

i
1 
(k + 1) = i�(k + 1) + 0.0022u

m
(k) 

i/k + 1) = if (k + 1) + 0.0066u
m 

(k). 
(14.44) 
(14.45) 

By splitting the prediction into two parts, we can wait until the last possible instant 
before converting u

m 
and still be ready for the next sample interrupt. When the 

next conversion complete signal interrupts the processor, we will be directed to 
the main control calculation routine. 

Although not explicitly shown in Fig. 14.1-1, the calculation of Y
m 

_will take 
two AID conversions to convert both the primary and quadrature channels of our 
position error channel. Because of the cost of AID conversions, we will do them 
in series instead of in parallel. Our AID conversions will signal the processor 
when conversion is complete by special hardware interrupt that immediately 
directs the processor to the correct interrupt routine. Special analog circuitry can 
be employed to furnish a single AID converter input with the correct waveform 
(p or q ), along with the two digital track-type bits to the processor. However, 
besides the cost, some opportunity for error detection is lost by implementing the 
construction of y m in analog circuitry. Defining the digitized PES waveforms as 
p(k) and q(k), the signal Y

m 
is computed from Table 14.8. 

Once the measurement y m has been constructed, we can proceed with the 
estimator time update. The prediction error is computed first: e = i

1 
Y

m
· Next 

the estimates are calculated 

x
1 
= i1 (k + 1) + l.039e 

x2 = i2 (k + 1) + 0.1534e 
.x3 = i3 (k + 1) + -4.5574e. 

(14.46) 

Now that the state estimates are available we can calculate the control. First, 
compute the current position error, ye = yr - x 1 Now we must compute the 
velocity command v c. Computation off ( •) directly is very time consuming. As an 
alternative, we can fit the trajectory with a simple polynomial or use table lookup. 

Method for constructing the measurement y m from the digitized p 
and qwaveforms 

1. Set track-type to 0. y m +- -p 

2. If (p > q and p > -q): track-type = 1,ym +- q 

3. If (p > q and p < -q) : track-type = 2, y m +- p 

4. If (p < q and p > -q) : track-type 3, y m +- -q 

5. Ym +- Ym + track - type x t
w 
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Table 14.9 

When Ye :S y
1
, the velocity command is just a linear function of the position error 

vc = 0.03llye With a maximum control of 4.0, the linear region distance y
1 
(on 

either side of zero) is 1.3605 tracks. For table lookup, if Ye > 1.3605, we call a 
routine which finds v c given Ye as an input. The rest of the control is calculated 
as follows 

V = V -V 
e C 

/\ 

u = sat(k
2
v

e
- u

d
) 

v = .x2 

ad
= £3 . (14.47) 

Equations (14.46) and (14.47) represent the entire control algorithm. Because 
of the nonlinearity, it is difficult to precompute much of the control algorithm. 
Although some improvement can be made by using the predicted position for 
precomputing the velocity trajectory, we will assume we cannot do any precom
putation of u. 

Scaling 

To choose scale factors and word lengths, it is necessary to determine the range 
of each variable in our system, along with an approximate value for the small
est quantity of interest for the variable. Table 14.9 contains a summary of the 
variables, their ranges, and the word length required. 

14.5 Summary 

In this chapter, we have presented a case study of design using a high performance 
disk drive servo. Although many details of the design process were presented, 
many more remain, including component selection and detailed programming 
of the control computer or DSP. Most. of these points are dependent on the 
technology and budget of the project and difficult to make relevant as part of the 
control design process. The main points are: 

Minimum and maximum range, approximate quantization level of 
interest, and required word length (16 bit words) 

Variable Min Max Units Resolution Word Length 

x1 , x1 0 12000 tracks 1/214 2 
Xz

, Xz, Ve
, Ve 

-2.6 2.6 m/sec 0.0001 2 
X3

, X3
, U, u

m
, u

d 
-4.2 4.2 amps 0.0002 2 

Ye 
-12000 12000 tracks 1/i14 

e -2 2 tracks 1/214 
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14.6 Problems 687 

• A real problem is often very complex, containing many details that are not 
essential to be considered in a first-pass design. 

• Each component needs to be analyzed to evaluate its contribution to the 
overall design. 

• The linear control-observer structure described in earlier chapters gives a 
good start but numerical search can significantly improve the design. 

• The XPTOS structure is a practical approach for high-performance motion 
control to account for large signal performance. 

14.6 Problems 

14.1 For the following system, design a control system to place the nominal closed-loop poles 
of the system such that the flexible mode is well damped and the time response of the 
system settles to a step in 5 milliseconds. Next, generate the frequency-response envelope 
using the Monte Carlo technique. Are all systems in the set stable? 

T N(0.001, 0.00001), 
b uniform (0.001, 0.00001), 
t = uniform (0.0005, 0.005), 

wr = N(l200, 150), 
G = N(l.00, 0.04), 

where T is the sampling rate, and the continuous plant transfer function is given by 

G(s + b)w; 
H (s) = ------

p s2 (s2+2twrs+w;). 

14.2 For the system of Problem 14.1, outline a technique by which the open-loop gain of the 
system could be adaptively adjusted at start-up time. 
(a) What would the expected range of adaptation be? 
(b) Redo the Monte Carlo analysis assuming that the variation in G is compensated for 

(assume its variation is 0). 
(c) Is it worth compensating for changes in G of 4%? 

14.3 Given a plant with the state-space description 

[ 
1 0.0002 

<I>= 0 1 
0 0 

r [ �����

3 

] 

H=[l 0 0] 

·o.ooom
] 0.1726 

1 

where the sample time is � 0.0001. Assume the time it takes to compute and output 
the control is 'A = 10-5 sec. 
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688 Chapter 14 Design of a Disk Drive Servo: A Case Study 

(a) Design a linear feedback control that gives a bandwidth of approximately 1000 Hz, 

with the maximum time constant no greater than 1.0 milliseconds, for a reference 
input r (feedback K(HT r - x)). 

(b) What is the order of the plant model used to design the control law? 

(c) Assuming the plant states to be measured, where does the delayed control that is to 

be fed back come from? What if the control is saturated first? 

( d) Do a root locus of your design versus an actual ). in the range of 8 to 15 
microseconds. Is the design sensitive to variable control delay? 

( e) For the variation in ). given in part ( d), what range of phase margin does the system 

have? 

14.4 For the plant given in Problem 14.3, assume the sensor for the plant output y has a static 

gain error tolerance of ±5% (including zero frequency). 

(a) Given that the feedback law is constructed as in Problem 14.3, what is the best 
control accuracy achievable? 

(b) How should the system be changed if the desired static accuracy is to be no worse 

than 1%? 

14.5 Redesign16 the disk drive servo to account for a calculation delay of). = 40 µ,sec. 

(a) Will the same control law work? Why not? 

(b) Is there any advantage in feeding back the delayed control into the control law? 

(c) Plot frequency responses and time responses for your system. 

(d) Do a Monte Carlo analysis of your design. Is it manufacturable? (Use the same 

tolerances used in the case study, but add the tolerance on ). and set it to the sample 
time tolerance. 

14.6 For the case study design, draw the block diagram for INL (see Chapter 13) control given 

the following variation in k
t 

versus y: k
t 
(y) = 15.(1 I y - 1130.01/11300), where, as 

before, y is in tracks and the total stroke of the actuator covers 2240 tracks. 

(a) What are your new control and state estimator gains given the same design 

objectives? 

(b) By calculating only one gain factor versus stroke, show that you can maintain fixed 

pole locations for the complete system. 

(c) Design a velocity trajectory for this system. What has to change? 

(d) Do a time-domain simulation of this system. Plot waveforms as in the case design. 

14.7 For the case study design, assume that the second resonant frequency is well known 

(fixed parameters). Add a model of this mode to the state estimator and redesign the 
state estimator and the control law to damp this mode, and obtain a 1600-Hz closed-loop 

bandwidth. 

16 This and the remaining problems are very involved and require a computer design tool such as 

MATLAB, along with a significant amount of time. 
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♦ ♦ 

In this appendix we describe five control problems which are used to illustrate 
the analysis and design techniques developed in the text. These are collected here 
in order to permit references to them at a number of places in the text without the 
need to repeat the derivation of the model or discuss the specifications each time 
the example is used. 

A. I Single-Axis Satellite Attitude Control 

Satellites often require attitude control for proper orientation of antennas and 
sensors with respect to the earth. Figure A. I shows a communications satellite 
with a three-axis attitude-control system. To gain insight into the three-axis 
problem we often consider one axis at a time. Figure A.2 depicts this case where 
motion is allowed only about an axis perpendicular to the page. The equations of 
motion of the system are given by 

(A.1) 

where I is the moment of inertia of the satellite about its mass center, Mc is the 
control torque applied by the thrusters, M

D 
are the disturbance torques, and 0 is 

the angle of the satellite axis with respect to an "inertial" reference. The inertial 
reference must have no angular acceleration. Normalizing, we define 

(A.2) 

and obtain 

(A.3) 

689 
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690 Appendix A Examples 

Figure A.1 

Communications 
satellite (courtesy Space 
Systems-Loral) 

Figure A.2 

Sate I I ite-control 
schematic Inertial 

reference--

Taking the Laplace transform 

1 
0(s) = 2[u(s) + wis)], 

s 

which becomes, with no disturbance 

0(s) 

u(s) 2 = G/s). 
s 

(A.4) 

(A.5) 
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A.2 A Servomechanism for Antenna Azimuth Control 691 

In the discrete case with u being applied through a zero-order hold, we can use 
the methods of Chapter 4 to obtain the discrete transfer function 

G (z) = 

0(z) 
1 

u(z) 

T2 
(z + 1) 

2 (z - 1)2 
• 

(A.6) 

A.2 A Servomechanism for Antenna 

Azimuth Control 

Figure A.3 
Satellite tracking 
antenna (courtesy Space 
Systems-Loral) 

It is desired to control the elevation of an antenna designed to track a satellite 
as shown in Fig. A.3. The antenna and drive parts have a moment of inertia J 

and damping B arising to some extent from bearing and aerodynamic friction, 
but mostly from the back emf of the DC-drive motor. A schematic is shown in 
Fig. A.4. 

The equation of motion is 

(A.7) 
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Figure A.4 

Schematic diagram of 
antenna 

where Tc is the net torque from the drive motor and T
d 

is the disturbance torque 
due to wind. If we define 

B/J = a, u = Tcf B, w
d 

= T
d
/B, 

the equation reduces to 

Transformed, it is 
1 

0(s) = s(s/a + l) [u(s) + w/s)] 

or, with no disturbances, 
0(s) 1 
u(s) 

= 
s(s/a + 1) 

= G
2 (s). 

The discrete case with u (k) applied through a zero-order hold yields 

where 

G (z) = e 
(z) 

= K (z + b) 
, 2 u(z) (z l)(z - e-aT) 

aT - 1 + eaT 

K=----

a 

1 - e-at - aTe-aT 

b = a T - 1 + e-aT • 

(A.8) 

(A.9) 

(A.10) 

(A.11) 
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Figure A.5 
General shape of the 
command angle and its 
first two derivatives, 
which the tracking 
antenna must follow 

A.2 A Servomechanism for Antenna Azimuth Control 693 

The model given by Eq. (A.7) is only a linear approximation to the true motion, 
of course. In reality there are many nonlinear effects that must be considered in 
the final design. To give some ideas of these considerations, we present the major 
features of the angle, 0s, of the satellite to be followed and of the servomechanism 
that must be designed to achieve the tracking. 

The general shape of 0/t) and its velocity and acceleration are sketched in 
Fig. A.5. The peak values of velocity and acceleration depend critically on the 
altitude of the satellite above the earth and on the elevation above the horizon of 
the orbit seen from the antenna. An orbit of 200 miles above the earth that passes 
at an elevation above the antenna of 86° requires a maximum azimuth rate of 
0.34 rad/sec (about 20° /sec). For the purpose of setting the tracking accuracy and 
gains, a reasonable assumption is that the antenna should be capable of following 
this peak velocity in the steady state with acceptable error. 

The size of the allowable tracking error is determined by the antenna proper
ties. The purpose, of course, is to permit acceptable communication signals to be 
received by the antenna electronics. For this, we must consider the dependence 
of signal amplitude on pointing error. A sketch of a typical pattern is shown 
in Fig. A.6. The beam width !J.0 is the range of tracking error permissible if 

t➔ 

t ➔ 
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figure A.6 

Plot of signal power 
received as a function of 
tracking error 

acceptable communications are to be achieved. Typical values of the beam width 
can vary from a few degrees (0.1 rad) to less than one degree (0.01 rad). The 
total error will be composed mainly of tracking errors due to es motion, wind
gust errors, and random errors caused by noise in the measurement of satellite 
position. A reasonable allowance is to permit tracking errors of 10% of the beam 
width and an equal contribution from wind gusts. For a beam width of 0.1 rad, 
then, we allow a tracking error of 0.01 rad, from which it follows that K = l (if 
• 

V 

0max = 0.01 rad/sec). For a 60-ft. tracking antenna, a typical beam width is 0.01 
rad, and if 0.34 rad/sec must be followed, the velocity constant for a 10% error 
(0.001 rad) is Kv = 0.34/0.001 = 340. For a velocity constant of this magnitude, 
a conversion to a Type 2 system with two poles at z = 1 is probably required. 

In addition to considerations of tracking error, the designer must take into 
account the fact that the drive motor has finite torque and power capability. In 
selecting the drive motor, one must keep in mind that the total torque must be 
capable of meeting the acceleration demands of tracking, overcoming the wind 
torque, and overcoming the static friction of the drive-train gears and antenna 
mount. The power of the motor must be able to supply this torque at the maximum 
tracking velocity. 

A.3 Temperature Control of Fluid in a Tank 

The temperature of a tank of fluid with a constant flow rate in and out is to be 
controlled by adjusting the temperature of the incoming fluid. The temperature 
of the incoming fluid is controlled by a mixing valve that adjusts the relative 
amounts of hot and cold supplies of the fluid (Fig. A.7). Because of the distance 
between the valve and the point of discharge into the tank, there is a time delay 
between the application of a change in the mixing valve and the discharge of the 
flow with the changed temperature into the tank. 
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Figure A.7 
Tank temperature control 

Hot 

Cold 

-+ 

A.3 Temperature Control of Fluid in a Tank 695 

Negligible heat loss in walls 

Tank fluid at 
temperature T

e 

The differential equation governing the tank temperature is 

where 

. 1 
Te= cM (qin - qout), 

Te = tank temperature, 

c = specific heat of the fluid, 

M = fluid mass contained in the tank, 

qin = crhin T
ei ' 

qout = crh out�, 
m = mass flow rate(= rh

in 
= rh

0ut
), and 

T
ei = temperature of fluid entering tank; 

(A.12) 

but the temperature at the input to the tank at time tis the control temperature r
d 

sec in the past, which can be expressed as 

(A.13) 

where 

r
d

= delay time, and 

Tee = temperature of fluid immediately after the control valve and directly 
controllable by the valve. 

Combining constants, we obtain 

T(t) +aT(t) = aT (t- r
d
), e e ec (A.14) 
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where 

a= rh/M, 

which, transformed, becomes 

(A.15) 

To form the discrete transfer function of G 
3 

preceded by a zero-order hold, 
we must compute 

{ 1 _ e-Ts e-rds 

} G/z)=Z ------
s s/a + 1 

We assume that rd = lT mT, 0 ==: m < l. Then 

{ 1 _ e-Ts e-lTs em Ts 

} G/z)=Z 
I l s s a+ 

= (1- z-I)z-lz { 
emTs 

} 
s(s/a+l) 

{ 
emTs 

(1 - z- 1 )z-1Z -
s
-

z - 1 1 
= 

-- 1Z{l(t + mT) 
z z 

emTs 

} 
s+a 

= �_!_ {-Z- -
e-amT 

Z } 
Z i Z 1 Z e-aT 

1 (1 e-amT)z + e-amT e-aT 

zl z - e-aT 

1 - e-amT 
Z + a 

-amT -aT 
e -e 

a=----
l _ e-amT (A.16) 

From Eq. (A.16) it is easy to see that the zero location, -a, varies from a oo 
at m = 0 to a = 0 as m -+ l and that G / 1) = 1. 0 for all a, m, and l. 

For the specific values of rd = 1.5, T = l, a l, Eq. (A.16) reduces to 
(l = 2, m = ½) 

z + 0.6065 
G/z ) = 

z
2

(z 0.3679) 
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A.4 Control Through a Flexible Structure 697 

A.4 Control Through a Flexible Structure 

Many controlled systems have some structural flexibility in some portion of the 
system. The spacecraft of Fig. A. I may not be perfectly rigid, the angle tracker 
of Fig. A.3 may have some flexibility between the angle observed by the antenna 
and the angle of the base, and almost any mechanical system such as a robot arm 
or a disk drive read/write head assembly would exhibit some degree of structural 
flexibility. 

Conceptually, these systems are equivalent to the double mass-spring device 
shown in Fig. A.8. The equations of motion are 

My+ (y - d)b + (y - d)k 
= 

u, 

md + (d y )b + (d - y )k = 0, 

which, when transformed, become, 

[ Ms
2 
+ bs + k -(bs + k) ] [ y(s) ] [ 1 ] 

-(bs + k) ms2 
+ bs + k d(s) = O 

u(s). 

(A.17) 

(A.18) 

Two transfer functions are of interest: one between u and d, the other between 
u and y. The first represents the case where there is structural flexibility be
tween the sensor and the actuator, a situation called the noncollocated case. The 
second represents the collocated case where the sensor is placed on the same 
rigid body as the actuator, but there exists a mechanical oscillation elsewhere 
in the system that is coupled to the mass to which the actuator and sensor are 
attached. 

Using Eq. (A.18) we can obtain both transfer functions 

(A.19) 

figure A.8 
� Double-mass spring 

system 

--Y 

m.M = masses 

b = damping coefficient 

u k spring constant 

F = applied control force 
k 
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Figure A.9 

Root locus for double 
mass-spring system with 
flexibility between 
sensor and actuator. The 
noncollocated case 

which becomes for the typical case with very low damping 

and 

d(s) ,..__, 1 k/m - - - ---------- = G
4
(s) 

u(s) - M s2 

[s2 

+ (1+ : ) ( ! s + ; ) ] 

s +-s +-( 2 b k
) 

y(s) 1 m m 

u(s) = M s2

[s2

+(1+ :) (!s+ ;)] 

(A.20) 

(A.21) 

For m/ M « 1, Eq. (A.21) indicates that the system dynamics are essentially 
1 / s2

, but there are poles and zeros at the structural bending-mode frequency 
that almost cancel each other. A small value of m / M in this simplified example 
represents the fact that the flexibility is not a dominant response to the control 
input u and 1/ s2 is a good model for many such problems. 

Equation (A.20) always has the 1 / s2 ("rigid-body") poles plus the resonance 
poles without the neighboring zeros of Eq. (A.21). The noncollocated case is the 
harder one to control for if a lead compensation is used to stabilize Eq. (A.20), 
the structural mode is destabilized, as shown in the root locus of Fig. A.9, and 
depending on the feedback gain and original structural damping, the structural 
mode could well be driven unstable. 

• Closed loop 
root locations 
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A. 5 Control of a Pressurized Flow Box 699 

A.5 Control of a Pressurized Flow Box 

figure A.10 

Pressurized flow box 

This example is multivariable because it has two control variables and two mea
surable states. The basic function of the system is to keep the paper-stock flow 
out the bottom opening (slice) (Fig. A.10) at a consistent rate. The differential 
equations of motion are 1 

[ 
H 

]
. 

[
-0.2 

:. 
= �0.05 

+0.1 
0 
0 

where 

H = h + p/ p
s
g = total head perturbation, 

p = air pressure, 
p = mean air pressure, 
h = stock-level perturbation, 

u
0 

= perturbation in air-valve opening, 
uc = command value to air valve, and 
us = perturbation in stock-valve opening. 

Note from Eq. (A.22) that there is two-way coupling between the two outputs, 
H and h, and that us affects both states; therefore, it is difficult to decouple the 
system so as to influence either H or h alone with a single control. The third 

p+p 

h+h 

Stock is deposited on 
endless belt or "wire" 

I These numbers are mainly contrived and might not correspond to any real head box, alive or dead. 
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700 Appendix A Examples 

equation in Eq. (A.22) represents dynamics of the air-valve actuator, which is such that ua does not respond instantaneously to an air command uc. The transfer functions between u c and us and H and h are 
1 [ s (s + l)(s +0.07) ] G/s) = �(s) -0.05 0.7(s + l)(s + 0.13) 

where �(s) = (s + l)(s + 0.1707)(s + 0.02929). 
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Table B.1 

Number 

3 

4 
5 

6 

7 

♦ ♦ 

B.l Properties of z-Transforms 

Let.1/s) be the Laplace transform of f/t) and F/z) be the z-transform of �(kT) 

La.place Transform Samples 

�(s) f
i
(kT) 

aJis) + f3Fz(s) af
I 
(kT)/3f

2
(kT) 

00 

F
1 
(eTs)Fz(s) L JI 

(f_T)fz(kT f_T) 
f=-00 

e+nTs F(s) f(kT +nT) 

F(s +a) e-akT f (kT) 
lim f (kT) 
k➔OO 

F(s/w
n
) f(w

n
kT) 

f1 
(kT)f

2
(kT) 

F/s) = F
i
(s)F

2
(s) J�

00 
J

1 
(r)fz(kT - r)dr 
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z-Transform 

F/z) 
a F

1 
(z) f3 F

2 
(z) 

F
I 
(z)F

2 
(z) 

Zn F(z) 

F(eaT z) 
lim(z - l)F(z) 
z➔l 

F(z; w
n 
T) 

l i 
ds 

2nj C 

F
I 
(s)Fz(z/s) 

s 
F

3
(z) 

Comment 

The z-transform is linear 

Discrete convolution cor-
responds to product of 
z-transforms 

Shift in time 

Shift in frequency 
If all poles of (z l)F(z) 
are inside the unit circle and 
F(z) converges for 1 :::: lzl 
Time and frequency scaling 

Time product 

Continuous convolution 
does not correspond to 
product of z-transforms 
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702 Appendix B Tables 

Table B.2 

Number 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

B.2 Table of z-Transforms 

:F(s) is the Laplace transform of f (t) and F(z) is the z-transform of f (kT). 

Unless otherwise noted, f (t) = 0, t < 0 and the region of convergence of F(z) 

is outside a circler < lzl such that all poles of F(z) are insider. 

F(s) 

s 

s+a 

(s + 

1 

(s + a)
3 

1 

(s +am 

a 
s(s + a) 

f(kT) 

l, k = 0; 0, k =f 0 
l, k = m; 0, k =f m 
l(kT) 

kT 

i(kT)2 

�(kT)3 

(-l)m-1 am-1 
lim --

- e-akT a--+0 (m - 1) ! aam-l 
e-akT 

kTe-akT 

! (kT)2e-akT 
2 

(-l)m-1 am-1 -akT 
(m 1)! aam-l (e ) 

F(z) 

z-m 
z 

z- 1 
Tz 

(z - 1)2 

T
2 z(z + 1) 

2 (z - 1)3 

T
3 z(z2 

+ 4z + 1) 

6 (z - 1)4 

. (-1yn-1 am-1 z 
hm-------a--+0 (m 1) ! aam-1 z - e-aT 

z 
z - e-aT 

Tze-aT 
(z - e-aT)2 

y2 -aT z(z + e-aT) -e 
2 (z - e-aT)3 

(-1yn-1 am-1 z 
(m - 1) ! 8am-l Z - e-aT 

z(l - e-aT) 
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Table B.2 

Number :F(s) 

13 
a 

s2(s + a) 

14 
b-a 

(s + a)(s + b) 

15 
s 

(s + 

16 
a2 

s(s + a)2 

17 
(b -a)s 

(s + a)(s + b) 

18 
a 

s2+a2 

19 
s 

20 
s+a 

(s + a)2 
+ b2 

21 
b 

(s+a)2+b2 

22 
a2 +b2 

s((s + a)2 
+ b2) 

f(kT) 

(1 - akT)e-akT 

1 - e-akT (l + akT) 

sin akT 

cos akT 

e-akT cos bkT 

e-akT sin bkT 

1 - e-akT ( cos bkT + � sin bkT) 

B.2 Table of z-Transforms 703 

F(z) 

z[(aT 1 + e-aT)z + (1 - e-aT -aTe-aT)] 
a(z -1)2

(z e-aT) 

(e-aT _ e-bT)z 
(z - e-ar)(z e-bT) 

z[z -e-aT (1 + aT)] 

(z - e-aT)2 

z[z(l e-aT -aTe-aT) + e-2aT e-aT + aTe-aT] 

z sin aT 

(z - l)(z - e-aT)2 

z2 
- (2 cos a T)z + l 
z(z - cos aT) 

z2 
- (2 cos a T)z + l 

z(z - e-aT cos bT) 
z2 

- 2e-aT (cos bT)z + e-2ar 

ze-aT sin bT 
z2 2e-aT (cos bT)z + e-2aT 

z(Az + B) 

(z - l)(z2 - 2e-aT (cos bT)z + e-2ar) 

A = I - e-a T cos b T -
a e-a T sin b T 
b 

B = e-2ar + � e-aT sin bT -e-aT cos bT 
b 
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♦ ♦ 

Although we assume the reader has some acquaintance with linear equations 
and determinants, there are a few results of a more advanced character that 
even elementary control-system theory requires, and these are collected here for 
reference in the text. For further study, a good choice is Strang (1976). 

C.l Determinants and the Matrix Inverse 

The determinant of a product of two square matrices is the product of their 
determinants 

det(AB) = det A detB. (C.l) 

If a matrix is diagonal, then the determinant is the product of the elements on the 
diagonal. 

If the matrix is partitioned with square elements on the main diagonal, then 
an extension of this result applies, namely, 

det [ ! �] = det A det C, if A and Care square submatrices. (C.2) 

Suppose A is a matrix of dimensions m x n and B is of dimension n x m. 

Let Im and In be the identity matrices of size m x m and n x n, respectively. Then 

det [I
n

+ BA ] = det [I
m

+ AB]. 

To show this result, we consider the determinant of the matrix product 

det [ !r u [ �B t ] = det [ �m I, 
: BA ] = det [I. + BA]. 

705 

(C.3) 
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706 Appendix C A Few Results from Matrix Analysis 

But this is also equal to 

de
ft) t ][ �11 t ] = def m �:

B � ] = det [Im+ AB], 

and therefore these two determinants are equal to each other, which is Eq. (C.3). 
If the determinant of a matrix A is not zero, then we can define a related 

matrix A-1
, called "A inverse," which has the property that 

AA- 1 
= A- 1 A = I. (C.4) 

According to property Eq. (C.1) we have 

or 

det AA-1 = det A · det A -i = 1, 

1 
det A-1 = --. 

det A 
It can be shown that there is an n x n matrix called the adjugate of A with 
elements composed of sums of products of the elements of A 1 and having the 
property that 

A • adj A det A · I. 

Thus, if the determinant of A is not zero, the inverse of A is given by 

A_ 1 = adj A
. 

det A 

(C.5) 

A famous and useful formula for the inverse of a combination of matrices has 
come to be called the matrix inversion lemma in the control literature. It arises 
in the development of recursive algorithms for estimation, as found in Chapter 9. 
The formula is as follows: If det A, det C, and det (A + BCD) are different from 
zero, then we have the matrix inversion lemma: 

CA+ BCD)-1 = A-1 
- A-1Bcc-1 + DA-1B)-1DA - 1. (C.6) 

The truth ofEq. (C.6) is readily confirmed if we multiply both sides by A+ BCD 
to obtain 

1 = 1 + BCDA-1 
- Bcc-1 + DA-1B)-1DA-1 

-BCDA-1Bcc-1 + DA-1B)-1DA-1 

=I+ BCDA-1 
- [B + BCDA-'B][C-1 + DA-1B)-1DA-1

. 

If we subtract I from both sides and factor BC from the left on the third term, we 
find 

o = BCDA- 1 
- Bqc- 1 + DA- 1Bnc- 1 + DA-1Br 10A-1

, 

1 If Aij is then - I x n - I matrix (minor) found by deleting row i and column j from A, then the entry 
in row i and column j of the adj A is (-1/+j det Aji. 
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C.2 Eigenvalues and Eigenvectors 707 

which is 

0=0, which was to be demonstrated. 

C.2 Eigenvalues and Eigenvectors 

We consider the discrete dynamic system 

(C.7) 

where, for purposes of illustration, we will let 

(C.8) 

If we assume that it is possible for this system to have a motion given by a 
geometric series such as l, we can assume that there is a vector v so that x

k 
can 

be written 

(C.9) 

Substituting Eq. (C.9) into Eq. (C.7), we must find the vector v and the number 
z such that 

or, multiplying by z-k yields 

vz = <l>v. 

If we collect both the terms of Eq. (C. l 0) on the left, we find 

(zl - <l>)v = 0. 

(C.10) 

(C.11) 

These linear equations have a solution for a nontrivial v if and only if the de
terminant of the coefficient matrix is zero. This determinant is a polynomial of 
degree n in z (<I> is an n x n matrix) called the characteristic polynomial of 
<I>, and values of z for which the characteristic polynomial is zero are roots of 
the characteristic equation and are called eigenvalues of <I>. For example, for the 
matrix given in Eq. (C.8) the characteristic polynomial is 

Adding the two matrices, we find 

det { z -! ¾ � ¼ } , 
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7 08 Appendix C A Few Results from Matrix Analysis 

which can be evaluated to give 

5 1 1 1 
z(z - -) + - = (z - -)(z - -). 

6 6 2 3 
(C.12) 

Thus the characteristic roots of this <I> are ½ and f. Associated with these charac
teristic roots are solutions to Eq. (C.11) for vectors v, called the characteristic 
or eigenvectors. If we let z = ½, then Eq. (C.11) requires 

(C.13) 

Adding the matrices, we find that these equations become 

[ =l t ] [ �:: ] = [ � ] • (C.14) 

Equations (C.14) are satisfied by any v11 and v21 such that 

from which we conclude that the eigenvector corresponding to z1 = 1 /2 is given 
by 

(C.15) 

We can arbitrarily select the scale factor a in Eq. (C.15). Some prefer to make 
the length2 of eigenvectors equal to one. Here we make the largest component of 
v have unit magnitude. Thus the scaled v 1 is 

(C.16) 

In similar fashion, the eigenvector v 2 associated with z2 = 1 /3 can be computed 
to be 

Note that'even if all elements of <I> are real, it is possible for characteristic values 
and characteristic vectors to be complex. 

2 Usually we define the length of a vector as the square root of the sum of squares of its components or, 

if I Jvl I is the symbol for length, then I !vi 1 2 = vT v. If vis complex, as will happen if z
i 

is complex, then 

we must take a conjugate, and we define I !vi 1 2 = (v*) T v, where v* is the complex conjugate of v. 
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C.3 Similarity Transformations 709 

C.3 Similarity Transformations 

If we make a change of variables in Eq. (C.7) according to x = Tx, where Tis 
an n x n matrix, then we start with the equations 

and, substituting for x, we have 

Tx
k
+

1 
= <l>Tx

k
. 

Then, if we multiply on the left by T- 1, we get the equation in x, 

xk+I = T- 1<1>Tx
k
. (C.17) 

If we define the new system matrix as W, then the new states satisfy the equations 

where 

If we now seek the characteristic polynomial of W, we find 

det [zl - 'II] = det [zI - T- 1 <1>T]. 

Because T- 1T = I, we can write this polynomial as 

det [zT-1T T-1<1>T] , 

and the and T can be factored out on the left and right to give 

det[T- 1[zI - <l> ]T]. 

Now, using property Eq. (C.1) for the determinant, we compute 

det T- 1 • det [zI - <I>] • det T, 

which, by the equation following Eq. (C.4), gives us the final result 

det [zl - 'II] det [zI - <I>]. 

(C.18) 

(C.19) 

From Eq. (C.19) we see that W and <I> have the same characteristic polyno
mials. The matrices are said to be "similar," and the transformation Eq. (C.18) is 
a similarity transformation. 

A case of a similarity transformation of particular interest is one for which 
the resulting matrix W is diagonal. As an attempt to find such a matrix, suppose 
we assume that W is diagonal and write the transformation T in terms of its 
columns, t

i
. Then Eq. (C.18) can be expressed as 

TW <l>T, 

[t1 t2 . . .  tJ 'It= <f>[t
1 t2 

. . . t
n
] 

= [<l>t
l 

<f>t
2 
... <f>t

n
]. (C.20) 
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710 Appendix C A Few Results from Matrix Analysis 

If we assume that '\J:f is diagonal with elements A
1

, A
2

, . . .  , An' then Eq. (C.20) 
can be written as 

0 
0 

Multiplying the matrices on the left, we find 

[A lil
A

2t2 ••• Antn] 
= 

[<l>tl • •• <l>tn]. (C.21) 
B�cause the two sides of Eq. (C.21) are equal, they must match up column by 
column, and we can write the equation for column j as 

(C.22) 

Comparing Eq. (C.22) with Eq. (C.10), we see that tj is an eigenvector of 
<I> and A. is an eigenvalue. We conclude that if the transformation T converts 

J 

<I> into a diagonal matrix '\J:f, then the columns of T must be eigenvectors of <I> 
and the diagonal elements of '\J:f are the eigenvalues of <I> [ which are also the 
eigenvalues of '\J:f, by Eq. (C.19)]. It turns out that if the eigenvalues of <I> are 
distinct, then there ar� exactly n eigenvectors and they are independent; that is, 
we can construct a nonsingular transformation T from the n eigenvectors. 

In the example given above, we would have 

for which 

T=[½ ½] ',. 1 1 ' 

T- 1 _ 
[ 

6 -2
] -

-6 3 ' 

and the new diagonal system matrix is 

[ 
6 -2 

] [ ¾ -¼ ] [ ½ ½ ] • -6 3 1 0 1 1 

[ 
3 -1 

] [ 
l. .!. 

] = -2 1 � � 

=Un 
as advertised! If the elements of <I> are real and an eigenvalue is complex, say 
A

1 
=a+ jfJ, then the conjugate, A?= a - jfJ, is also an eigenvalue because 

the characteristic polynomial has real coefficients. In such a case, the respective 
eigenvectors will be conjugate. If v

1 
= r + ji, then v

2 
= v; = r - ji, where r 
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C.4 The Cayley-Hamilton Theorem 711 

and i are matrices of real elements representing the real and imaginary parts of the 
eigenvectors. In such cases, it is common practice to use the real matrices rand 
-i as columns of the transformation matrix T rather than go through the complex 
arithmetic required to deal directly with v 

1 
and v;. The resulting transformed 

equations are not diagonal, but rather the corresponding variables appear in the 
coupled equations 

� = ary - {Jv, v = fJrJ + av. 

C.4 The Cayley-Hamilton Theorem 

(C.23) 

A very useful property of a matrix <I> follows from consideration of the inverse 
of zl - <I>. As we saw in Eq. (C.5), we can write 

(zl <I>) adj (zl - <I>) = I det (zl - <I>). (C.24) 

The coefficient of I on the right-hand side of Eq. (C.24) is the characteristic 
polynomial of <I>, which we can write as 

a(z) =Zn+ alzn-1 + a2zn-2 + ... +a
n
. 

The adjugate of zl - <I>, on the other hand, is a matrix of polynomials in z, found 
from the determinants of the minors of zl <I>. If we collect the constant matrix 
coefficients of the powers of z, it is clear that we can write 

adj (zl - <I>) = B
l 
Zn-I + B

2
zn-2 + · · · + B

n
, 

and Eq. (C.24) becomes a polynomial equation with matrix coefficients. Written 
out, it is 

[zl <l>][B
l
zn-l + B

2
zn-2 + ... + B

n
] = znl + a

I
Izn-l + ... +a). (C.25) 

If we now multiply the two matrices on the left and equate coefficients of equal 
powers of z, we find 

B
l 

=I, 

B
2 
= <l>B

1 
+ a

1 1 =<I>+ a
1
I, 

B
3 
= <l>B

2 
+ a

2
I = <1>2 + a

1 
<I> + a

2
I, 

Bn = <l>B
n- 1 

+an-
II= <l>n- 1 + a

l 
<l>n-2 + ••• + an-1 I, 

0 = <l>B + a I = <l>n + a
l
<l>n-l + a

2
<1>n-l + ... + a I. (C.26) n n n 

Equation (C.26) is a statement that the matrix obtained when matrix <I> is substi
tuted for z in the characteristic polynomial, a(z), is exactly zero! In other words, 
we have the Cayley-Hamilton theorem according to which 

a(<I>) = 0. (C.27) 
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♦ ♦ 

Summary of Facts from the 
Theo of Pro ability and 

Stochastic Processes 

D.l Random Variables 

We begin with a space of experiments, 0, whose outcomes are called w and 
depend on chance. Over the space O and its subsets O

i 
we define a probability 

function P , 1 which assigns a positive number between O and 1 to each countable 
combination of subsets in O to which an outcome ( or "event") can belong. P has 
the properties that the probability of some outcome is certain, in which case it is 
assigned the value 1 

P(O) = 1, 

and the probability of an outcome that may result from events O
i
01, which have 

no common points (the intersection of O
i 

and 0
1 

is empty) is the sum of the 
Probabilities of 0. and 0. 

I J 

P{O. U O.} = P(O.) + P(O.). 
l J l J 

In addition to the function P we define a random variable x(w), which 
maps O into the real line such that to each outcome w in O we associate a value 
x, and the probability that a chance experiment maps into a value x that is less 
than or equal to the constant a is2 

Pr(x :S a) = F/a). (D.l) 

1 See Parzen (1962). 

2 Pr { ·} is meant to be read "the probability that { ·} ." 
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714 Appendix D Summary of Facts from the Theory of Probability and Stochastic Processes 

The function Fx (�) is called the distribution function of the random variable. If 
Fx is a smooth function, 3 we define its derivative fx ( �) as the density function, 
which has the property 

Pr{a S XS b) = [ f
x
(l;)dl;. (D.2) 

Because the whole space O maps into the line somewhere, we have 

(D.3) 

Two common density functions that we shall have reason to use are the 
uniform density and the normal or Gaussian density. A random variable having 
a uniform density has zero probability of having any value outside a finite range 
between lower limit .e and upper limit u, .e ::: x ::: u, and fx is constant inside this 
range. Because of Eq. (D.3), the constant is 1/ (u - .f,). A sketch of the uniform 
density is given in Fig. D. l. 

figure D.1 fx 
Sketch of the uniform 
density function 

Figure D.2 
Sketch of the normal 
density function 

u-i ----.----------, 

-4 -3 
--2 -I 0 

U X 

2 

3 Using the impulse, we can include simple discontinuities, as must be done if a specific value of x has 

nonzero probability. 
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D.2 Expectation 715 

The normal density function is given by the equation 

1 
( 

1 (� - µJ2

) fx(�) 
= ,,/2ii0" 

exp - 2 
O"; 

X 

and shown in the sketch in Fig. D.2. 

(D.4) 

The importance of the normal density derives mainly from the following 
facts: 

1. The distribution of a random variable based on events which themselves con
sist of a sum of a large number of independent4 random events is accurately 
approximated by the normal law. Such a distribution describes electrical noise 
caused by thermal motions of a large number of particles as in a resistor, for 
example. 

2. If two random variables have (jointly) normal distributions, then their sum 
also has a normal distribution. (As an extension of this second point, if the 
input to a linear system is normal, then the distribution of its output is also 
normal.) 

D.2 Expectation 

By the very nature of variables whose values are dependent on chance, we cannot 
discuss a formula for the calculation of values of x. To describe a random variable, 
we instead discuss average values such as the arithmetic mean or the average 
power. Such concepts are contained in the idea of expectation. The expected 
value of a function g of a random variable whose density is fx is defined as 

E[g(x)) = 1_: g(l;)f
x
(l;)dl; 

(D.5) 

Important special cases are the mean, variance, and mean square. If g(x) = x, 

then we have the mean, namely 

[(x) = 1: l;Jx
(l;)dl; = X = µ

x
. 

For the uniform distribution, the mean is given by 

X = 1: l;fx (!;)di; 

l u [ 1 ] 1 [�2 1 u ] 
- - d�-- -

e u-.€ u-.€ 2 e 

4 The technical definition of "independent" will be given shortly. 
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716 Appendix D Summary of Facts from the Theory of Probability and Stochastic Processes 

(D.7) 

Because the probability density function has the intuitive properties of a histogram 
of relative frequency of occurrence of a particular x, we see that the mean, like 
an arithmetic mean, is a weighted average of the random variable values. 

If g(x) in Eq. (D.5) is g = (x -x)2, then the expected value is the average 
of the square of the variation of the variable from the mean; this number is called 
the variance of x, written var x. For the uniform density we compute 

E(x -x)2 = varx 

= 1_: (t -x)2 f,(t)dt 

= (� -x/--d� 
1u 1 

e u-e 

=-1 [(�-x)31
u

] 
u -e 3 e 

= 
_1_ 

{ 
(u -x)3 _ (f -x)3

} . u -e 3 3 
Substituting Eq. (D.7) for x, we find 

E(x -x)2 = 
1 

{ (�)
3 

- (�)
3

} , 3(u -f) 2 2 

and, simplifying, we get 
(u -e)2 

varx = ---
12 

(D.8) 

The square root of the variance is called the standard deviation and given the 
symbol O". Thus, for the uniform density 

2 (u - £)2 
a= -- (D.9) 

X 

12 

If we let g(x) be simply x2
, then we compute by Eq. (D.5) the mean-square 

value x2. However, consider an expanded expression for the variance, and let the 
mean value of x be µ 

varx = 1_: (t - µ,)2 fx (t)dt 

= 1_: W- 2tµ, + µ,2)fx (Odt 

= 
x2 _ 2 µ2 + µ2 

= 
x2 _ µ2. 

co
nt

ro
len

gin
ee

rs
.ir



D.3 More Than One Random Variable 717 

Thus we find 

x2 = var x + µ
2

• 

For the uniform density, the mean-square value is, therefore 

x2 = 
(u -l)2 (u +.e)2 

12 + 2 

The integration is more complicated in the case of the normal density, but the 
definitions are the same; namely, if x has the normal density given by Eq. (D.4), 
then 

and 

£(x - µ,)' = I:(� - µ,)1 fx(�)d� 
2 

Var X = 0-x . 

(D.lOa) 

(D.lOb) 

Note that the mean and standard deviation already appear as parameters of the 
density given by Eq. (D.4). Because these two parameters completely describe 
the normal density, it is standard to say that a random variable with normal density 
having mean µ and standard deviation a is distributed according to the N (µ, a) 
law. 

D.3 More Than One Random Variable 

Frequently the random experiment has an outcome that is mapped into several 
random variables, say x

1
, x

2
, . . .  , xn or, organized as a column matrix 

X = (X1X2 ... Xnf. 

For this collection we define the probability that 

as 

Pr{x::::: a} 

and let this be the distribution F/�) with vector argument. The corresponding 
density f/�) is a function such that the probability that xis in a box with sides 
a

i 
and b

i 
is given by 

(D.11) 
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718 Appendix D Summary of Facts from the Theory of Probability and Stochastic Processes 

The mean of the vector is a vector of the means 

(D.12) 

and likewise the deviation of the random variables from the mean-value vector is 
measured by a matrix of terms called the covariance matrix, cov x, defined as 

covx = E{(x - µ)(x - fJl)T } = Rxx. (D.13) 

Thus cov x is a matrix with the element in row i and column j given by 

Often the symbol R
x 

will be used for the covariance matrix of a random vector 
x. In an obvious way we can extend Eq. (D.13) to include the case of different 
random vectors x and y with mean vectors µ

x 
and µY. We define the covariance 

of x and y as 

(D.14) 

Consider now the special case of two random variables x and y having distribution 
F (�, r,) and Goint) density f (tr,). Because the probability that y has any 

x,y x,y 

value is the integral from -oo to +oo over r,, the density of x is given by 

f,(�) = 1_: fx,/�. ri)dri. (D.15) 

If f is such that 
x,y 

(D.16) 

we say that x and y are independent. 
It often happens that we know a particular value of one random variable, 

such as the output y of a dynamic system, and we wish to estimate the value of 
a related variable, such as the state x. A useful function for this situation is the 
conditional density, defined as the density of x given that the value of y is r, and 
is defined as 

fx/�' r,) 
fx 1/� Ir,) = 

f/r,) 

Note that, from Eqs. (D.15) and (D.16), if x and y are independent, then 

(D.17) 

(D.18) 

The most important multivariable probability density is the normal or Gaussian 
law given by 

(D.19) 

where I R
x 

I is the determinant of the matrix R
x
. 
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D.4 Stochastic Processes 719 

For the multivariable normal law, we can compute the mean 

and the covariance matrix 

Like the scalar normal density, the multivariable law is described entirely by 
the two parameters µ, and R, the difference being that the multivariable case is 
described by matrix parameters rather than scalar parameters. In Eq. (D.19) we 
require the inverse of R

x 
and have thus implicitly assumed that this covariance 

matrix is nonsingular. [See Parzen ( 1962) for a discussion of the case when R
x 

is 
singular.] 

D.4 Stochastic Processes 

In a study of dynamic systems, it is natural to have random variables that evolve 
in time much as the states and control inputs evolve. However, with random 
time variables it is not possible to compute z-transforms in the usual way; and 
furthermore, because specific values of the variables have little value, we need 
formulas to describe how the means and covariances evolve in time. A random 
variable that evolves in time is called a stochastic process, and here we consider 
only discrete time. 

Suppose we deal first with a stochastic process w(k), where w is a scalar 
distributed according to the density fw (N). Note that the density function depends 
on the time of occurrence of the random variable. If a variable has statistical 
properties (such as f) that are independent of the origin of time, then we say 
the process is stationary. Considering values of the process at distinct times, 
we have separate random variables, and we define the covariance of the process 
was 

Rw(j, k) = E(w(j) - w(j))(w(k) - w(k)). (D.20) 

If the process is stationary, then the covariance in Eq. (D.20) depends only on 
the magnitude of the difference in observation times, k - j, and we often will 
write Rw (j, k) = Rw (k - j) and drop the second argument. Because a stochastic 
process is both random and time dependent, we can imagine averages that are 
computed over the time variable as well as the averages defined in Section D.2. 
For example, for a stationary process w (n) we can define the mean as 

l 
N 

w(k) = lim -- L w(n + k), 
N-H:x; 2N + 1 

n=-N 

(D.21) 
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720 Appendix D Summary of Facts from the Theory of Probability and Stochastic Processes 

and the second-order mean or autocorrelation 

£{(w(j) -w)(w(k) - w(k))} = 

l 
N 

lim -- L {(w(n + j) -w(j))(w(n + k) - w(k))}. (D.22) 
N➔oo 2N + 1 

n=-N 

For a stationary process, the time average in Eq. (D.21) is usually equal to the 
distribution average, and likewise the second-order average in Eq. (D.22) is the 
same as the covariance in Eq. (D.20). Processes for which time averages give the 
same limits as distribution averages are called ergodic. 

A very useful aid to understanding the properties of stationary stochastic 
processes is found by considering the response of a linear stationary system to 
a stationary input process. Suppose we let the input be w, a stationary scalar 
process with zero mean and covariance Rw (j), and suppose we take the output to 
be y(k). We let the unit-pulse response from w toy be h(j). Thus from standard 
analysis (see Chapter 4), we have 

00 

y(j) = L h(k)w(j - k), 
k=-oo 

and the covariance of y (j) with y (j + £) is 

R/0 = £y(j + £)y(j) 

(D.23) 

=£Lt h(k)w(j + e -k)} Lt h(n)wU -n)}. (D.24) 

Because the system unit-pulse response, h(k), is not random, both h(k) and h(n) 
can be removed from the integral implied by the £ operation, with the result 

00 00 

R/£) = L h(k) L h(n)E{w(j + .e - k)w(j - n)}. 
k=-oo n=-oo 

(D.25) 

The expectation in Eq. (D.25) is now recognized as Rw(.e - k + n), and substi
tuting this expression in Eq. (D.25), we find 

00 00 

R/£) = L h(k) L h(n)R
w
(.e - k + n). 

k=-oo n=-oo 

(D.26) 

Equation (D.26) is not especially enlightening, but the z-transform of it is. We 
proceed with several simple steps as follows 

00 

z{R (.e)} = '°' R (£)z-e 
y '--' y 

-00 

00 00 00 

= L L h(k) L h(n)Rw(f, - k + n)z-e. 
l=-oo k=-oo n=-oo 
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D.4 Stochastic Processes 721 

Exchanging the order, because h(k) and h(n) do not depend on f, we have 
CX) CX) CX) 

z{R/i)} = L h(k) L h(n) L Rw
(f, - k + n)z-e. 

k=-oo n=-oo £=-00 

Now we let m = e - k + n in the last sum, leading to 
CX) CX) CX) 

z{R/i)} = L h(k) L h(n) L R
w
(m)z-(m+k-n)_ 

k=-oo n=-oo m=-oo 

Finally we use the fact that z-Cm+k-n) = z-m z-k zn and distribute these terms to the 
corresponding sums with the result 

CX) CX) CX) 

z{R/i)} = L h(k)z-k L h(n)zn L Rw
(m)z-m 

k=-oo n=-oo m=-oo 

(D.27) 

For reasons soon to be clear, we call the z-transform of R the spectrum of y 
and use the symbol S/z), and similarly for wand S

w
. With these symbols and 

recognition that the z-transform of the unit-pulse response is the system-transfer 
function, H(z), Eq. (D.27) becomes 

S/z) = H(z)H(z-1)S
w
(z). (D.28) 

To give an interpretation of Eq. (D.28) we make two observations. First note 
that RY (0) = £ (y2) is the mean-square value or power in the y-process. By the 
inverse transform integral, we have 

y2 
= R (0) 

y 

l 
f dz 

=-. S(z)-
277:J Y z 

= -. H(z)H(z-1)S (z)-. l 
f dz 

2n:J w d 
(D.29) 

Now, as a second step, we suppose that H(z) is the transfer function of a very 
narrow bandpass filter centered at%, so that H(z)H(z-1

) is I H(ejw
0

T ) 1
2 and is 

nearly zero except at %· Then the integral in Eq. (D.29) can be approximated 
by assuming that S

w 
(z) is nearly constant at the value S

w 
(ejWoT), where I H 1

2 is 
nonzero and can thus be removed from the integral. The result is 

- • 1 f dz y2 = S (e1w
0

T )-. H(z)H(z-1)-
w 277:J z 

= S (ejwoT)K. (D.30) w 

In Eq. (D.30) we have defined the integral as a constant dependent on the exact 
area of the narrow-band characteristic of H (z). But now we can give good intuitive 
meaning to Eq. (D.30). The mean square of the output of a very-narrow-band filter 
is proportional to the S

w
. If S

w 
is constant for all z, we say the process is white 
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722 Appendix D Summary of Facts from the Theory of Probability and Stochastic Processes 

(after the spectrum of white light, which has equal intensity at all frequencies). 
Hence we call Sw the power spectral density of the w-process. Equation (D.28) 
is the fundamental formula for transform analysis of linear constant systems with 
stochastic inputs. 

An alternative to transform analysis and Eq. (D.28) is transient analysis via 
the state-variable formulation, described in Section 4.3.3. In this case, we take 
the system equations to be 

x(k + 1) = <l>x(k) + r1 w(k), 
y(k) = Hx(k). 

We assume that the system starts at k = 0 with the initial value 

£{x(O)} = 0, 
£ {x(O)xT (0)} = R

x
/0; 0) 

= P/0), 

and that w(k) is a stationary process with covariance 

£{w(k)wr 
(k + j)} = 0 (j -=I 0) 

= R
w 

(j = 0). 

(D.31) 

(D.32) 

Note that by Eq. (D.27), Sw(z) = R
w

, a constant, and hence w is a white process. 
With these conditions, we can compute the evolution of P

x
, the autocovariance 

of the state at time k. Thus 

and 

£{x(k)xr (k)} = R
x
/k; k) 

= P/k), 

£{x(k + l)xr 
(k + l)} = P

x
(k + 1) 

= £{(<1>x(k) + r
l
w(k))(<l>x(k) + r

l
w(k)f} 

= <I>£ {x(k)xr 
(k) }<l>r 

+ <1>£{x(k)w
r 

(k) Jri 
+ r

1
£{w(k)xT(k)}<l>T 

+ r1£{w(k)wT(k)Jri, (D.33) 

Because the center two terms in Eq. (D.33) are zero by Eq. (D.32)5 we reduce 
Eq. (D.33) to 

P/k + 1) = <l>P/k)<l>r 

+ r
1
R

w
ri, 

P x (0) a given matrix initial condition. (D.34) 

Equation (D.34) is the fundamental equation for the time-domain analysis of 
discrete systems with stochastic inputs. Note that Eq. (D.34) represents a non
stationary situation because the covariance of x(k) depends on the time k of 

5 x(k) is a combination of w(O), w(l), ... , w(k - 1), all of which are uncorrelated with w(k). 
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D. 4 Stochastic Processes 723 

the occurrence of x. However, if all the characteristic roots of <I> are inside the 
unit circle, then the effects of the initial condition, P x (0), gradually diminish, 
and P x approaches a stationary value. This value is given by the solution to the 
(Lyapunov) equation 

P = <I>P <I>r 
+ r

1
R r

r

1 . 
X X W 

(D.35) 
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♦ ♦ 

Table E.1 MATLAB functions and pages where used 

Control Digital 
Student System Control 

Function Edition MATLAB Toolbox Toolbox 
(.m file) v5 vs.a v4.0 3e Page(s) 

acker X X 43,46,286,295,297 
bode X X 33,38, 134 
c2d X X 99,107,116,281,288 
connect X 219 
conv X X 28,63 
d2c X X 470 
damp X X 45,64 
disrw X 397,455 
dlqr X X 377,409 
d!yap X X 435,455 
eIg X X 45,109 
feedback X X 29,62,288 
impulse X X 18,131 
initial X 288 
jdequiv X 380 
kalman X X 47,395,415 
loglog X X 134 
lqr X X 44 
lqrd X X 380 
lsim X X 15,49,326 
lyap X X 455 
margin X X 64 
nyquist X X 242 
place X X 43,46,286,295 
plot X X 18 
qss X 431 
qwc X 429 
refi X 313 
ripple X 182,231 
rlocfind X X 29 
rlocus X X 29,216 
roots X X 45 
semilogx X X 134 
set X X 181 
ss X X 13, 14,280 
ssdata X X 108,288 
step X X 15, 18,29,62, 131 
tf X X 13,14,81 
tfdata X X 99 
tzero X X 110 
zgrid X 128 
zpk X X 13,14,82 
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♦ ♦ 

V 

All the MATLAB scripts in the text are based on MATLAB v5 and the Control System 
Toolbox v4, which we will refer to as "v5." Some users of this text may be using 
MATLAB v4 with the Control System Toolbox v3 or earlier versions, which we 
will refer to as "v4." This Appendix describes the differences between these two 
versions of MATLAB and is intended to guide the reader with v4 how to interpret 
the scripts in the text. As discussed in the Preface, the MATLAB descriptions in 
the text are not meant to be a replacement to the MATLAB manuals; rather, their 
intent is to lead the reader to the routine in MATLAB that can be used to carry out 
a specific calculation in the text. In some cases it may eliminate the need to look 
at the manual or help file, but in most cases it will primarily point the reader to 
the right routine. 

The most significant difference is the way that systems are described; there
fore, that topic will be discussed first in Section F.1 along with a table of some of 
the associated name changes of the routines. Another difference that especially 
affects users of this text is the way that systems are converted from continuous 
to discrete models, a topic covered in Section F.2. The changes in the calculation 
of optimal estimation parameters are discussed in Section F.3. 

F.l System Specification 

In either version, a linear system is specified in one of three forms; transfer 
function, tf, zero-pole-gain, zpk, or state-space, ss. In v4, the tf description was 
specified by numerator and denominator polynomials, often referred to as num 
and den while in v5 both these quantities are appended in one system description 
variable, often called sys. As a result, the routines that require a transfer function 
system specification in v4 require num and den variables in the call sequence 
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rather than the one variable, such as sys. For example, in v4 the impulse and step 
functions described in Section 2.1. 6 would be 

impulse(num, den) or 

step(num, den). 

Likewise, if a system is described by the zero-pole-gain form, three variables are 
required and the statements above would be 

impulse(z, p, k) or 

step(z, p, k), 

or, if in the state-space form, four matrices are required and the statements would 
be 

impulse(A, B, C, D) or 

step(A, B, C, D). 

In v5, the statements on page 18 are the same for any model form, that is 

impulse(sys) or 

step(sys). 

To convert from one form to another in v4, conversion routines are used. For 
example, to convert from ss to tf, one writes 

[num,den] = ss2tf(A,B,C,D). 

For other conversions, v4 has ss2zp, tf2ss, tf2zp, zp2tf, and zp2ss for the 
specific conversion required. None of these exist in v5; rather, all conversions are 
accomplished using ss, tf, and zpk as shown on page 14. 

The v5 system description includes several properties in addition to the 
differential or difference equations parameters discussed above. The sample time, 
Ts, and the time delay, Td, are two of the important new properties included within 
the system description. If Ts= 0, it means the system description is for a continuous 
set of differential equations. If Ts =I 0, it means the system description is for a 
discrete set of difference equations. A nonzero value of T d means that the system 
has a pure time delay. Because the system description includes information on 
whether the system is continuous or discrete, separate routines are usually not 
required for the two cases as they were for v4. For example, in v4 there is 
dbode for the discrete case and bode for the continuous case whereas in v5 
there is only one bode for both cases. The routine itself determines from the 
system parameters whether it is continuous or discrete and then carries out the 
appropriate calculations. For example, on page 134 the text states that a bode plot 
can be obtained for a discrete system by using bode. In v4, it would require the 
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Table f.1 

F.2 Continuous to Discrete Conversion 729 

use of dbode. Table F.1 lists all of the routines mentioned in this text which have 
been combined into one version for v5. 

A summary of how to adjust for these new features is: 

• Anywhere in the text where there is a routine with an argument consisting of 
a system description (usually some variant of sys), use of that routine in v4 
would require replacing that system description with the specific variables 
for the form of the system being used. For the tf form it could be num, den, 
for the zpk form it could be z,p,k, and for the ss form, it could be A,B,C,D. 

• Separate versions of many routines that existed in v4 for the continuous 
and discrete cases have been eliminated in v5. Therefore, when performing 
calculations with discrete systems, it may be necessary to adjust to the discrete 
version of the routine from that stated in the text. The routines affected are 
listed in Table F.1. 

Selected discrete MATLAB routines reduced to one version for vs 

MATLAB v4 

bode,dbode 
damp, ddamp 
impulse, dimpulse 
initial, dinitial 
lqe, dlqe 
lsim, dlsim 
nichols, dnichols 
nyquist, dnyquist 
reg, dreg 
step, dstep 

MATLAB v5 

bode 
damp 
impulse 
initial 
kalman 
lsim 
nichols 
nyquist 
reg 
step 

F .2 Continuous to Discrete Conversion 

Conversion of a continuous system to a discrete equivalent is first discussed in 
Section 4.3.1 on page 99 and comes up repeatedly throughout the text. This 
conversion was carried out using the c2 d routine, which accomplishes the con
versions for all cases in v5. To make matters somewhat confusing, there is also a 
c2d routine in v4, but with significantly reduced capabilities in that it would only 
accept systems in the state-space form and would only find the ZOH equivalent. 
Routines with different names exist in v4 to handle other forms, other equivalents, 
and time delay. All these capabilities were rolled into c2d for v5. The situation 
is summarized in Table F.2. 
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730 Appendix F Differences Between MATLAB vS and v4 

Table F.2 MATLAB discrete equivalent routines 

Calculation MATLAB v4 

convert ss form using c2d 
'zoh' equivalent method 

convert any form c2dm 
using any method 

convert ss form c2dt 
using 'zoh' method 
with input delay 

F .3 Optimal Estimation 

MATLAB v5 

c2d 

c2d 

c2d 
with Td =J. 0 

The calculation of the optimal steady state gain for an estimator in Eq. (9.97) 
is performed by MATLAB's kalman routine in v5. This routine also computes 
the complete optimal estimation system equations as part of its duties. In v4, 
the optimal gain is computed by dlqe and it is left for the user to construct 
the estimator equations. There are several versions of LQE calculations in v4 
which have slightly different capabilities (lqe,dlqe,lqew,dlqew,lqe2,lqed). All 
of these have been replaced in v5 by kalman with the exception of lqed which 
was replaced by kalmd. 
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