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Game Theory: Lecture 1 

Introduction


Optimization Theory: Optimize a single objective over a decision 
variable x ∈ Rn . 

minimize ∑i ui (x) 
subject to x ∈ X ⊂ Rn . 

Game Theory: Study of multi-person decision problems 
Used in economics, political science, biology to understand 

competition and cooperation among agents. 
role of threats/punishments in long term relations. 

Models of adversarial behavior (strictly competitive strategic 
interactions, modeled as zero sum games). 

Pursuit-evasion games. 
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Game Theory: Lecture 1 

Introduction 

Game Theory (Continued): 
Recent interest in networked-systems (communication and 
transportation networks, electricity markets). 

Large-scale networks emerged from interconnections of smaller 
networks and their operation relies on various degrees of competition 
and cooperation. 
Online advertising on the Internet: Sponsored search auctions. 
Distributed control of competing heterogeneous users. 
Information evolution and belief propagation in social networks. 

Model: n agents , each chooses some xi ∈ R, and has a utility 
function ui (x), x ∈ Rn, or equivalently 

ui (xi , x−i ), x−i = (x1, . . . , xi−1, xi +1, . . . , xn). 

What are the possible outcomes? 
Steady-state, stable operating point, characteristics? 
How do you get there (learning dynamics, computation of equilibrium)? 
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Game Theory: Lecture 1 

Introduction


Mechanism Design (MD): “Inverse Game Theory”: Design of a game 
(or incentives) to achieve an objective (eg. system-wide goal or 
designer’s selfish objective) 

Optimization theory extended for systems in which there are 
independent agents not under direct control, and must be “coerced” 
through the use of incentives. 
Focal example: Internet 
Users’ interest to skimp on congestion control 
ISP’s interest to lie about routing information. 

In Economics, MD is all about designing the right incentives. 

In CS/Engineering, focus is more on the design of efficient

decentralized protocols that take into account incentives.
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Game Theory: Lecture 1 

Course Information


Introduction to fundamentals of game theory and mechanism design. 

Emphasis on the foundations of the theory, mathematical tools; modeling 
issues and equilibrium notions in different environments. 

Motivations drawn from various applications: 

Engineered and networked systems: including distributed control of 
wireline and wireless communication networks, incentive-compatible 
and dynamic resource allocation, multi-agent systems, pricing and 
investment decisions in the Internet. 
Social models: including learning and dynamics over social and 
economic networks. 

Intended Audience: The course is geared towards Engineering-OR-CS 
students who need to use game-theoretical tools in their research. The 
course is also aimed at covering recent advances and open research areas in 
game theory. 
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Game Theory: Lecture 1 

Course Information


Prerequisites: A course in probability (6.041 equivalent) and mathematical 
maturity. A course in analysis (18.100 equivalent), and a course in 
optimization (6.251-6.255 equivalent) would be helpful but not required. 

Grading: 

30 %: midterm 
20 %: homeworks 
50 %: project 

Project: Individual or groups of 2. Possible project types include but are not 
limited to: 

Read and report on 2-4 papers on a theoretical/application area related 
to game theory. 
An experimental study via implementation and simulation of a 
game/mechanism. 
Theoretical analysis of a game-theoretic model, which we have not 
covered in class and which has not been fully explored in the literature. 

As a starting point, check the reading list on the website. 
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Game Theory: Lecture 1 

Text and References


Main Text: Game Theory, by D. Fudenberg and J. Tirole, MIT Press, 1991. 

Other Useful References: The class notes available on the web. 

Algorithmic Game Theory, edited by N. Nisan, T. Roughgarden, E. 
Tardos, and V. V. Vazirani, Cambridge University Press, 2007. 
Auction Theory, by V. Krishna, Academic Press, 2002. 
Microeconomic Theory, by A. Mascolell, M. D. Whinston, and J. R. 
Green, Oxford University Press, 1995. 
A Course in Game Theory, by M.J. Osborne, A. Rubinstein, MIT Press, 
1994. 
Game Theory, R. B. Myerson, Harvard University Press, 1991. 
The Theory of Learning in Games, by D. Fudenberg and D. Levine, 
MIT Press, 1999. 
Strategic Learning and its Limits, by H.P. Young, Oxford U Press, 2004. 
Individual Strategy and Social Structure: An Evolutionary Theory of 
Institutions, by H. P. Young, Princeton University Press, 1998. 
Dynamic Noncooperative Game Theory, by T. Basar and G. J. Olsder, 
1999. 
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Game Theory: Lecture 1 

Strategic Form Games 

Model for static games. 

Both matrix games and continuous games. 

Classical examples as well as examples from networking: “Selfish 
routing”, resource allocation by market mechanisms, inter-domain 
routing across autonomous systems. 
Solution concepts: 

Dominant and dominated strategies 
Elimination of strictly dominated strategies (iterated strict dominance). 
Elimination of never-best-responses (rationalizability). 
Nash equilibrium; pure and mixed strategies; mixed Nash equilibrium. 
Correlated equilibrium (Aumann). 
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Game Theory: Lecture 1 

Analysis of Static (Finite and Continuous) Games 

Existence of a pure and mixed equilibrium 
Nash Equilibrium: fixed point of best-response correspondences. 
Nash’s theorem (for finite games, use fixed-point theorems to show 
existence of a mixed strategy Nash equilibrium) 
For continuous games: under convexity assumptions, can show 
existence of a pure strategy Nash equilibrium. 
For general continuous games, can show existence of a mixed strategy 
equilibrium. 
For discontinuous games (relevant in models of competition), existence 
of a mixed equilibrium established under some assumptions. 

Uniqueness of an equilibrium using “strict diagonal concavity” 
assumptions 
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Game Theory: Lecture 1 

Games with Special Structure 

Supermodular games: Instead of convexity, we have some order 
structure on the strategy sets of the players and conditions which 
guarantee “increase in strategies of the opponents of a player raises 
the desirability of playing a high strategy for this player.” 

Nice properties: Existence of a pure strategy equilibrium, convergence 
of simple greedy dynamics (strategy updates) to a pure strategy Nash 
equilibrium, lattice structure of the equilibrium set. 
Recent applications in wireless power control. 

Potential games: Games that admit a “potential function” (as in 
physical systems) such that maximization with respect to 
subcomponents coincide with the maximization problem of each 
player. 

Similar nice properties. 
Relation to congestion games: “Payoff of a player playing a strategy 
depends on the total number of players playing the same strategy” 
Recent applications in network design games. 
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Game Theory: Lecture 1 

Learning, Evolution, and Computation(Finite Games) 

Learning: 
Best-response dynamics, fictitious play (i.e., play best-response to 
empirical frequencies), dynamic fictitious play; convergence to Nash 
equilibrium. 
Regret-matching algorithms; convergence to correlated equilibrium. 

Evolution: 
Evolutionarily stable strategies. 
Replicator dynamics and convergence. 

Computation of Equilibrium: 
Zero-sum games. 
Nonzero-sum games. 
Algorithms that exploit polyhedral structure, Lemke-Howson algorithm; 
algorithms for finding fixed-points, Scarf’s algorithm; exhaustive 
“smart” search etc. 
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Game Theory: Lecture 1 

Extensive Form Games and Repeated Games 

Multi-stage games with perfect information: 
Backward induction and subgame perfect equilibrium. 
Applications in bargaining games. Nash bargaining solution. 

Repeated games: 
Infinitely and finitely repeated games, sustaining desirable/cooperative 
outcomes (e.g. Prisoner’s Dilemma) 
Trigger strategies, folk theorems 
Imperfect monitoring and perfect public equilibrium. 

Stochastic games 
Markov strategies and Markov perfect equilibrium. 
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Game Theory: Lecture 1 

Games with Incomplete Information and Introduction to 
Mechanisms 

Static games with incomplete information. 
Bayesian Nash Equilibrium 
Each player has private information (called his “type”). Players know 
the conditional distribution of types of other players. 

Extensive form games with incomplete information 
Perfect Bayesian Equilibrium 

Applications in auctions: 
Different auction formats (first-price, second-price auctions) 
Revenue and efficiency properties of different auction formats 
Can we design the “optimal” auction for a given objective? 
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Game Theory: Lecture 1 

Mechanism Design 

Design of game forms to implement certain desirable outcomes. 
e.g. to incentivize independent agents to reveal their types truthfully. 

Mechanism as a mapping that maps “signals” from independent 
agents into allocations and payments (or transfers) 

Revelation principle, incentive compatibility 

Optimal Mechanisms (Myerson): Design a mechanism to maximize 
profits. 
Efficient Mechanisms (Vickrey-Clarke-Groves Mechanisms): Design a 
mechanism to maximize a “social” or system-wide objective. 

Mechanisms in networks; distributed and online mechanisms. 
Mechanisms that operate with limited information 
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Game Theory: Lecture 1 

Network Effects and Games over Networks 

Positive and negative externalities. 

Utility-based resource allocation: congestion control. 

Selfish routing. Wardrop and Nash equilibrium. 

Partially optimal routing. 
Network pricing: Combined pricing and traffic engineering. 

Competition among service providers and implications on network 
performance. 

Strategic network formation. 
Price of anarchy: Game-theory analogue of “approximation bounds” 

Ratio of performance of “selfish” to performance of “social”. 
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Game Theory: Lecture 2 Introduction 

Outline 

Decisions, utility maximization 

Strategic form games 

Best responses and dominant strategies 

Dominated strategies and iterative elimination of strictly dominated 
strategies 

Nash Equilibrium 

Examples 

Reading: 
Fudenberg and Tirole, Chapter 1. 
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Game Theory: Lecture 2 Introduction 

Motivation


In many social and engineered systems, agents make a variety of

choices.


For example: 

How to map your drive in the morning (or equivalently how to route 
your network traffic). 
How to invest in new technologies. 
Which products to buy. 
How to evaluate information obtained from friends, neighbors, 
coworkers and media. 

In all of these cases, interactions with other agents affect your payoff, 
well-being, utility. 

How to make decisions in such situations? 

→ “multiagent decision theory” or game theory. 
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Game Theory: Lecture 2 Introduction 

“Rational Decision-Making” 

Powerful working hypothesis in economics: individuals act rationally 
in the sense of choosing the option that gives them higher “payoff”. 

Payoff here need not be monetary payoff. Social and psychological 
factors influence payoffs and decisions. 
Nevertheless, the rational decision-making paradigm is useful because it 
provides us with a (testable) theory of economic and social decisions. 

We often need only ordinal information; i.e., two options a and b, 
and we imagine a preference relation � that represents the ranking of 
different options, and we simply check whether a � b or a � b. 

But in game theory we often need cardinal information because 
decisions are made under natural or strategic uncertainty. The theory 
of decision-making under uncertainty was originally developed by 
John von Neumann and Oskar Morgenstern. 
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Game Theory: Lecture 2 Introduction 

Decision-Making under Uncertainty 

von Neumann and Morgenstern posited a number of “reasonable” 
axioms that rational decision-making under uncertainty should satisfy. 
From these, they derived the expected utility theory. 

Under uncertainty, every choice induces a lottery, that is, a probability 
distribution over different outcomes. 

E.g., one choice would be whether to accept a gamble which pays $10 
with probability 1/2 and makes you lose $10 with probability 1/2. 

von Neumann and Morgenstern’s expected utility theory shows that 
(under their axioms) there exists a utility function (also referred to as 
Bernoulli utility function) u (c), which gives the utility of consequence 
(outcome) c . 

Then imagine that choice a induces a probability distribution F a (c) 
over consequences. 
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� 

Game Theory: Lecture 2 Introduction 

Decision-Making under Uncertainty (continued) 

Then the utility of this choice is given by the expected utility 
according to the probability distribution F a (c): 

U (a) = u (c) dF a (c) . 

In other words, this is the expectation of the utility u (c), evaluated

according to the probability distribution F a (c).

More simply, if F a (c) is a continuous distribution with density f a (c),

then �


U (a) = u (c) f a (c) dc,


or if it is a discrete distribution where outcome outcome ci has 
probability pi

a (naturally with ∑i pi
a = 1), then 

aU (a) = ∑ pi u (ci ) . 
i 
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Game Theory: Lecture 2 Introduction 

Decision-Making under Uncertainty (continued) 

Given expected utility theory and our postulate of “rationality,” single 
person decision problems are (at least conceptually) simple. 

If there are two actions, a and b, inducing probability distributions 
F a (c) and F b (c), then the individual chooses a over b only if 

U (a) = u (c) dF a (c) ≥ U (b) = u (c) dF b (c) . 
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Game Theory: Lecture 2 Introduction 

From Single Person to Multiperson Decision Problems 

But in a multi-agent situation, the utility of an agent or probability 
distribution over outcomes depends on actions of others. 
A simple game of “partnership” represented as a matrix game: 

Player 1 \ Player 2 work hard shirk 
work hard (2, 2) (−1, 1) 

shirk (1, −1) (0, 0) 

Here the first number is the payoff to player (partner) 1 and the 
second number is the payoff to player 2. More formally, the cell 
indexed by row x and column y contains a pair, (a, b) where 
a = u1(x , y ) and b = u2(x , y ). 
These numbers could be just monetary payoffs, or it could be 
inclusive of “social preferences” (the fact that you may be altruistic 
towards your partner or angry at him or her). 
Should you play “work hard” or “shirk”? 
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1

2

3

Game Theory: Lecture 2 Strategic Form Games 

Strategic Form Games 

Let us start with games in which all of the participants act 
simultaneously and without knowledge of other players’ actions. Such 
games are referred to as strategic form games—or as normal form 
games or matrix games. 

For each game, we have to define


The set of players.

The strategies.

The payoffs.


More generally, we also have to define the game form, which captures 
the order of play (e.g., in chess) and information sets (e.g., in 
asymmetric information or incomplete information situations). But in 
strategic form games, play is simultaneous, so no need for this 
additional information. 
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Game Theory: Lecture 2 Strategic Form Games 

Strategic Form Games (continued) 

More formally: 

Definition 

(Strategic Form Game) A strategic forms game is a triplet

�I , (Si )i∈I , (ui )i∈I � such that

I is a finite set of players, i.e., I = {1, . . . , I };

Si is the set of available actions for player i ;

si ∈ Si is an action for player i ;

ui : S R is the payoff (utility) function of player i where S = ∏i Si is
→
the set of all action profiles. 

In addition, we use the notation


s = [sj ]j=i : vector of actions for all players except i .
−i �
S = ∏j=i Sj is the set of all action profiles for all players except i 
(s
−
i , 
i 

s−i ) ∈
�
S is a strategy profile, or outcome. 
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Game Theory: Lecture 2 Strategic Form Games 

Strategies 

In game theory, a strategy is a complete description of how to play 
the game. 

It requires full contingent planning. If instead of playing the game 
yourself, you had to delegate the play to a “computer” with no 
initiative, then you would have to spell out a full description of how 
the game would be played in every contingency. 

For example, in chess, this would be an impossible task (though in 
some simpler games, it can be done). 

Thinking in terms of strategies is important. 

But in strategic form games, there is no difference between an action 
and a pure strategy, and we will use them interchangeably. 
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Game Theory: Lecture 2 Strategic Form Games 

Finite Strategy Spaces 

When the Si is finite for all i , we call the game a finite game. 
For 2 players and small number of actions, a game can be represented 
in matrix form. 
Recall that the cell indexed by row x and column y contains a pair, 
(a, b) where a = u1(x , y ) and b = u2(x , y ). 

Example: Matching Pennies. 

Player 1 \ Player 2 heads tails 
heads (−1, 1) (1, −1) 
tails (1, −1) (−1, 1) 

This game represents pure conflict in the sense that one player’s 
utility is the negative of the utility of the other player. Thus zero 
sum game. 

More generally true for strictly competitive games, that is, games in 
which whenever one player wins the other one loses, though the sum of 
the payoffs need not be equal to 0. 
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Game Theory: Lecture 2 Strategic Form Games 

Infinite Strategy Spaces 

Example: Cournot competition. 
Two firms producing a homogeneous good for the same market. 
The action of a player i is a quantity, si ∈ [0, ∞] (amount of good he 
produces). 
The utility for each player is its total revenue minus its total cost, 

ui (s1, s2) = si p(s1 + s2) − csi 

where p(q) is the price of the good (as a function of the total amount 
q), and c is unit cost (same for both firms). 
Assume for simplicity that c = 1 and p(q) = max{0, 2 − q} 

Consider the best response correspondence for each of the firms, i.e., 
for each i , the mapping Bi (s−i ) : S−i � Si such that 

Bi (s−i ) ∈ arg max ui (si , s−i ). 
si ∈Si 

Why is this a “correspondence” not a function? When will it be a 
function? 
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� 

Game Theory: Lecture 2 Strategic Form Games 

Cournot Competition (continued) 

By using the first order optimality

conditions, we have


Bi (s−i ) = arg max (si (2 − si − s−i ) − si ) 
si ≥0

1−s−i if s−i ≤ 1,= 2 
0 otherwise. 

1/2
1

1/2

1

B1(s2)

B2(s1)

s1

s2

The figure illustrates the best response correspondences (which in this case 
are functions). 

Assuming that players are rational and fully knowledgeable about the 
structure of the game and each other’s rationality, what should the 
outcome of the game be? 
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Game Theory: Lecture 2 Dominant Strategies 

Dominant Strategies 

Example: Prisoner’s Dilemma. 

Two people arrested for a crime, placed in separate rooms, and the 
authorities are trying to extract a confession. 

prisoner 1 / prisoner 2 Confess Don’t confess 
Confess (−4, −4) (−1, −5) 

Don’t confess (−5, −1) (−2, −2) 

What will the outcome of this game be? 

Regardless of what the other player does, playing “Confess” is better 
for each player. 

The action “Confess” strictly dominates the action “Don’t confess” 

Prisoner’s dilemma paradigmatic example of a self-interested, rational 
behavior not leading to jointly (socially) optimal result. 
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Game Theory: Lecture 2 Dominant Strategies 

Prisoner’s Dilemma and ISP Routing Game 

Consider two Internet service providers that need to send traffic to 
each other 
Assume that the unit cost along a link (edge) is 1 

DC C Peering points

s1

t1

s2

t2

ISP1: s1 t1
ISP2: s2 t2

This situation can be modeled by the “Prisoner’s Dilemma” payoff 
matrix. 

ISP 1 / ISP 2 Hot potato Cooperate 
Hot potato (−4, −4) (−1, −5) 
Cooperate (−5, −1) (−2, −2) 
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Game Theory: Lecture 2 Dominant Strategies 

Dominant Strategy Equilibrium 

Compelling notion of equilibrium in games would be dominant 
strategy equilibrium, where each player plays a dominant strategy. 

Definition 

(Dominant Strategy) A strategy si ∈ Si is dominant for player i if 

ui (si , s−i ) ≥ ui (si
�, s−i ) for all si

� ∈ Si and for all s−i ∈ S−i . 

Definition 

(Dominant Strategy Equilibrium) A strategy profile s∗ is the dominant 
strategy equilibrium if for each player i , si 

∗ is a dominant strategy. 

These notions could be defined for strictly dominant strategies as well.
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Game Theory: Lecture 2 Dominant Strategies 

Dominant and Dominated Strategies 

Though compelling, dominant strategy equilibria do not always exist, 
for example, as illustrated by the partnership or the matching pennies 
games we have seen above. 

Nevertheless, in the prisoner’s dilemma game, “confess, confess” is a 
dominant strategy equilibrium. 

We can also introduce the converse of the notion of dominant 
strategy, which will be useful next. 

Definition 

(Strictly Dominated Strategy) A strategy si ∈ Si is strictly dominated 
for player i if there exists some si

� ∈ Si such that 

ui (si
�, s−i ) > ui (si , s−i ) for all s−i ∈ S−i . 

18 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 2 Dominant Strategies 

Dominated Strategies 

Definition 

(Weakly Dominated Strategy) A strategy si ∈ Si is weakly dominated 
for player i if there exists some si

� ∈ Si such that 

ui (si
�, s−i ) ≥ ui (si , s−i ) for all s−i ∈ S−i , 

ui (si
�, s−i ) > ui (si , s−i ) for some s−i ∈ S−i . 

No player should play a strictly dominated strategy 

Common knowledge of payoffs and rationality results in iterated 
elimination of strictly dominated strategies 
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Game Theory: Lecture 2 Dominant Strategies 

Iterated Elimination of Strictly Dominated Strategies 

Example: Iterated Elimination of Strictly Dominated Strategies. 

prisoner 1 / prisoner 2 Confess Don’t confess Suicide 
Confess (−2, −2) (0, −3) (−2, −10) 

Don’t confess (−3, 0) (−1, −1) (0, −10) 
Suicide (−10, −2) (−10, 0) (−10, −10) 

No dominant strategy equilibrium; because of the additional “suicide” 
strategy, which is a strictly dominated strategy for both players. 
No “rational” player would choose “suicide”. Thus if prisoner 1 is 
certain that prisoner 2 is rational, then he can eliminate the latter’s 
“suicide” strategy, and likewise for prisoner 2. Thus after one round 
of elimination of strictly dominated strategies, we are back to the 
prisoner’s dilemma game, which has a dominant strategy equilibrium. 
Thus iterated elimination of strictly dominated strategies leads to a 
unique outcome, “confess, confess”—thus the game is dominance 
solvable. 
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Game Theory: Lecture 2 Dominant Strategies 

Iterated Elimination of Strictly Dominated Strategies 
(continued) 

More formally, we can follow the following iterative procedure: 

Step 0: Define, for each i , Si 
0 = Si . 

Step 1: Define, for each i , 

Si 
1 = si ∈ Si 

0 | �si
� ∈ Si 

0 s.t. ui si
�, s−i > ui (si , s−i ) ∀ s−i ∈ S−

0 
i . 

... 

Step k: Define, for each i , 

Sk = si ∈ Si
k−1 | �s � ∈ Si

k−1 s.t. ui si
�, s−i > ui (si , s−i ) ∀ s−i ∈ S−

k−
i 

1 .i i 

Step ∞: Define, for each i , 

Si 
∞ = ∩k

∞ 
=0Si

k . 

21 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 2 Dominant Strategies 

Iterated Elimination of Strictly Dominated Strategies 
(continued) 

Theorem 

Suppose that either (1) each Si is finite, or (2) each ui (si , s−i ) is 
continuous and each Si is compact (i.e., closed and bounded). Then Si 

∞ 

(for each i ) is nonempty. 

Proof for part (1) is trivial. 

Proof for part (2) in homework. 
Remarks: 

Note that Si 
∞ need not be a singleton.


Order in which strategies eliminated does not affect the set of

strategies that survive iterated elimination of strictly dominated

strategies (or iterated strict dominance): also in the homework.
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Game Theory: Lecture 2 Dominant Strategies 

How Reasonable is Dominance Solvability 

At some level, it seems very compelling. But consider the k- beauty 
game. 

Each of you will pick an integer between 0 and 100. 

The person who was closest to k times the average of the group will 
win a prize. 

How will you play this game? And why? 
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Game Theory: Lecture 2 Dominant Strategies 

Revisiting Cournot Competition 

Apply iterated strict dominance to Cournot model to predict the 
outcome 

1/2 1

1/2

1

B1(s2)

B2(s1)

s1

s2

1
4/

1
4/

1/2 1

1/2

1

s1

s2

1
4/

1
4/

B2(s1)

B1(s2)

One round of elimination yields S1
1 = [0, 1/2], S2

1 = [0, 1/2] 
Second round of elimination yields S1

2 = [1/4, 1/2], S2
2 = [1/4, 1/2] 

It can be shown that the endpoints of the intervals converge to the 
intersection 
Most games not solvable by iterated strict dominance, need a

stronger equilibrium notion
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Game Theory: Lecture 2 Nash Equilibrium 

Pure Strategy Nash Equilibrium 

Definition 

(Nash equilibrium) A (pure strategy) Nash Equilibrium of a strategic 
game �I , (Si )i∈I , (ui )i∈I � is a strategy profile s∗ ∈ S such that for all 
i ∈ I 

ui (si 
∗, s−

∗ 
i ) ≥ ui (si , s−

∗ 
i ) for all si ∈ Si . 

Why is this a “reasonable” notion? 

No player can profitably deviate given the strategies of the other 
players. Thus in Nash equilibrium, “best response correspondences 
intersect”. 

Put differently, the conjectures of the players are consistent: each 
player i chooses si 

∗ expecting all other players to choose s−
∗ 

i , and each 
player’s conjecture is verified in a Nash equilibrium. 
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2

Game Theory: Lecture 2 Nash Equilibrium 

Reasoning about Nash Equilibrium 

This has a “steady state” type flavor. In fact, two ways of justifying 
Nash equilibrium rely on this flavor: 

Introspection: what I do must be consistent with what you will do

given your beliefs about me, which should be consistent with my beliefs

about you,...

Steady state of a learning or evolutionary process.


An alternative justification: Nash equilibrium is self-reinforcing 

If player 1 is told about player 2’s strategy, in a Nash equilibrium she 
would have no incentive to change her strategy. 
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Game Theory: Lecture 2 Nash Equilibrium 

Role of Conjectures 

To illustrate the role of conjectures, let us revisit matching pennies 

Player 1 \ Player 2 heads tails 
heads (−1, 1) (1, −1) 
tails (1, −1) (−1, 1) 

Here, player 1 can play heads expecting player 2 to play tails. Player 2 
can play tails expecting player 1 to play tails. 

But these conjectures are not consistent with each other. 
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Game Theory: Lecture 2 Nash Equilibrium 

Intersection of Best Responses 

Recall the best-response correspondence Bi (s−i ) of player i ,


Bi (s−i ) ∈ arg max ui (si , s−i ).

si ∈Si 

Equivalent characterization: an action profile s∗ is a Nash equilibrium iff 

si 
∗ ∈ Bi (s−

∗ 
i ) for all i ∈ I . 

Therefore, in Cournot as formulated above, unique Nash equilibrium. 

1/2
1

1/2

1

B1(s2)

B2(s1)

s1

s2

Remark: When iterated strict dominance yields a unique strategy profile, is this 
necessarily a Nash equilibrium? unique Nash equilibrium? 
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Game Theory: Lecture 2 Examples 

Example: The Partnership Game 

Let us return to the partnership game we started with. 

Player 1 \ Player 2 work hard shirk 
work hard (2, 2) (−1, 1) 

shirk (1, −1) (0, 0) 

There are no dominant or dominated strategies. 

Work hard is a best response to work hard and shirk is a best 
response shirk for each player. 

Therefore, there are two pure strategy Nash equilibria (work hard, 
work hard) and (shirk, shirk). 

Depending on your conjectures (“expectations”) about your partner, 
you can end up in a good or bad outcome. 
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Game Theory: Lecture 2 Examples 

Focal Points 

What do we do when there are multiple Nash equilibria? 

Our models would not be making a unique prediction. 

Two different lines of attack: 

Think of set valued predictions—i.e., certain outcomes are possible, 
and Nash equilibrium rules out a lot of other outcomes. 
Think of equilibrium selection. 

Equilibrium selection is hard. 

Most important idea, Schelling’s focal point. 

Some equilibria are more natural and will be expected. 

Schelling’s example: ask the people to meet in New York, without 
specifying the place. Most people will go to Grand Central. Meeting 
at Grand Central, as opposed to meeting at any one of thousands of 
similar places, is a “focal point”. 
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Game Theory: Lecture 2 Examples 

Examples: Battle of the Sexes and Matching Pennies 

Example: Battle of the Sexes (players wish to coordinate but have 
conflicting interests) 

Player 1 \ Player 2 ballet football 
ballet (1, 4) (0, 0) 

football (0, 0) (4, 1) 

Two Nash equilibria, (Ballet, Ballet) and (Soccer, Soccer). 
Example: Matching Pennies. 

Player 1 \ Player 2 heads tails 
heads (−1, 1) (1, −1) 
tails (1, −1) (−1, 1) 

No pure Nash equilibrium (but we will see in the next lecture that 
there exists a unique mixed strategy equilibrium). 
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Game Theory: Lecture 2 Examples 

Examples: Cournot Competition 

We now provide an explicit characterization of the Nash equilibrium 
of Cournot for a specific demand function. 
Suppose that both firms have marginal cost c and the inverse demand 
function is given by P (Q) = α − βQ, where Q = q1 + q2, where 
α > c . Then player i will maximize: 

max πi (q1, q2) = [P (Q) − c ] qi 
qi ≥0 

= [α − β (q1 + q2) − c ] qi . 

To find the best response of firm i we just maximize this with respect 
to qi , which gives first-order condition 

[α − c − β (q1 + q2)] − βqi = 0. 

Therefore, the best response correspondence (function) of firm i can 
be written as 

α − c − βq−i 
qi = . 

2β 
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Game Theory: Lecture 2 Examples 

Cournot Competition (continued) 

Now combining the two best response functions, we find the unique 
Cournot equilibrium as 

q1 
∗ = q2 

∗ = 
α − c 

. 
3β 

Total quantity is 2 (α − c) /3β, and thus the equilibrium price is 

α + 2c 
P∗ = . 

3 

It can be verified that if the two firms colluded, then they could 
increase joint profits by reducing total quantity to (α − c) /2β and 
increasing price to (α + c) /2. 
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Game Theory: Lecture 2 Examples 

Examples: Bertrand Competition 

An alternative to the Cournot model is the Bertrand model of 
oligopoly competition. 

In the Cournot model, firms choose quantities. In practice, choosing 
prices may be more reasonable. 

What happens if two producers of a homogeneous good charge 
different prices? Reasonable answer: everybody will purchase from 
the lower price firm. 

In this light, suppose that the demand function of the industry is 
given by Q (p) (so that at price p, consumers will purchase a total of 
Q (p) units). 

Suppose that two firms compete in this industry and they both have 
marginal cost equal to c > 0 (and can produce as many units as they 
wish at that marginal costs). 
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Game Theory: Lecture 2 Examples 

Bertrand Competition (continued) 

Then the profit function of firm i can be written as ⎧ ⎨ Q (pi ) (pi − c) if p−i > pi 

πi (pi , p−i ) = ⎩ 
1
2 Q (pi ) (pi − c) if p−i = pi 

0 if p−i < pi 

Actually, the middle row is arbitrary, given by some ad hoc 
“tiebreaking” rule. Imposing such tie-breaking rules is often not 
“kosher” as the homework will show. 

Proposition 

In the two-player Bertrand game there exists a unique Nash equilibrium 
given by p1 = p2 = c. 
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Game Theory: Lecture 2 Examples 

Bertrand Competition (continued) 

Proof: Method of “finding a profitable deviation”. 

Can p1 ≥ c > p2 be a Nash equilibrium? No because firm 2 is losing 
money and can increase profits by raising its price. 

Can p1 = p2 > c be a Nash equilibrium? No because either firm 
would have a profitable deviation, which would be to reduce their 
price by some small amount (from p1 to p1 − ε). 

Can p1 > p2 > c be a Nash equilibrium? No because firm 1 would 
have a profitable deviation, to reduce its price to p2 − ε. 

Can p1 > p2 = c be a Nash equilibrium? No because firm 2 would 
have a profitable deviation, to increase its price to p1 − ε. 

Can p1 = p2 = c be a Nash equilibrium? Yes, because no profitable 
deviations. Both firms are making zero profits, and any deviation 
would lead to negative or zero profits. 
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Game Theory: Lecture 3 Introduction 

Outline 

Review 

Examples of Pure Strategy Nash Equilibria 

Mixed Strategies and Mixed Strategy Nash Equilibria 

Characterizing Mixed Strategy Nash Equilibria 

Rationalizability 

Reading: 
Fudenberg and Tirole, Chapters 1 and 2. 
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Game Theory: Lecture 3 Nash Equilibrium 

Pure Strategy Nash Equilibrium 

Definition 

(Nash equilibrium) A (pure strategy) Nash Equilibrium of a strategic 
game �I , (Si )i∈I , (ui )i∈I � is a strategy profile s∗ ∈ S such that for all 
i ∈ I 

ui (si 
∗, s−

∗ 
i ) ≥ ui (si , s−

∗ 
i ) for all si ∈ Si . 

Why is this a “reasonable” notion? 

No player can profitably deviate given the strategies of the other 
players. Thus in Nash equilibrium, “best response correspondences 
intersect”. 

Put differently, the conjectures of the players are consistent: each 
player i chooses si 

∗ expecting all other players to choose s−
∗ 

i , and each 
player’s conjecture is verified in a Nash equilibrium. 
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Game Theory: Lecture 3 Examples 

Example: Second Price Auction 

Second Price Auction (with Complete Information) The second price

auction game is specified as follows:

An object to be assigned to a player in {1, .., n}.

Each player has her own valuation of the object. Player i ’s valuation

of the object is denoted vi . We further assume that v1 > v2 > ... > 0.

Note that for now, we assume that everybody knows all the valuations

v1, . . . , vn, i.e., this is a complete information game. We will analyze

the incomplete information version of this game in later lectures.


The assignment process is described as follows:

The players simultaneously submit bids, b1, .., bn.

The object is given to the player with the highest bid (or to a random

player among the ones bidding the highest value).

The winner pays the second highest bid.

The utility function for each of the players is as follows: the winner

receives her valuation of the object minus the price she pays, i.e.,

vi − bj ; everyone else receives 0.
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Game Theory: Lecture 3 Examples 

Second Price Auction (continued) 

Proposition 

In the second price auction, truthful bidding, i.e., bi = vi for all i , is a 
Nash equilibrium. 

Proof: We want to show that the strategy profile (b1, .., bn) = (v1, .., vn) 
is a Nash Equilibrium—a truthful equilibrium. 

First note that if indeed everyone plays according to that strategy, 
then player 1 receives the object and pays a price v2. 
This means that her payoff will be v1 − v2 > 0, and all other payoffs 
will be 0. Now, player 1 has no incentive to deviate, since her utility 
can only decrease. 
Likewise, for all other players vi = v1, it is the case that in order for 
vi to change her payoff from 0 she needs to bid more than v1, in

which case her payoff will be vi − v1 < 0.

Thus no incentive to deviate from for any player.
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Game Theory: Lecture 3 Examples 

Second Price Auction (continued) 

Are There Other Nash Equilibria? In fact, there are also unreasonable 
Nash equilibria in second price auctions. 

We show that the strategy (v1, 0, 0, ..., 0) is also a Nash Equilibrium. 

As before, player 1 will receive the object, and will have a payoff of 
v1 − 0 = v1. Using the same argument as before we conclude that 
none of the players have an incentive to deviate, and the strategy is 
thus a Nash Equilibrium. 

It can be verified the strategy (v2, v1, 0, 0, ..., 0) is also a Nash 
Equilibrium. 

Why? 
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Game Theory: Lecture 3 Examples 

Second Price Auction (continued) 

Nevertheless, the truthful equilibrium, where , bi = vi , is the Weakly 
Dominant Nash Equilibrium 
In particular, truthful bidding, bi = vi , weakly dominates all other 
strategies. 
Consider the following picture proof where B∗ represents the 
maximum of all bids excluding player i ’s bid, i.e. 

B∗ = max bj , 
j=i 

and v ∗ is player i’s valuation and the vertical axis is utility. 

B*v*

ui(bi)

bi = v*

B*v* B*
v*

bi < v* bi > v*

ui(bi) ui(bi)

bi bi

7 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 3 Examples 

Second Price Auction (continued) 

The first graph shows the payoff for bidding one’s valuation. In the 
second graph, which represents the case when a player bids lower 
than their valuation, notice that whenever bi ≤ B∗ ≤ v ∗, player i 
receives utility 0 because she loses the auction to whoever bid B∗. 

If she would have bid her valuation, she would have positive utility in 
this region (as depicted in the first graph). 

Similar analysis is made for the case when a player bids more than 
their valuation. 

An immediate implication of this analysis is that other equilibria 
involve the play of weakly dominated strategies. 
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Game Theory: Lecture 3 Mixed Strategies 

Nonexistence of Pure Strategy Nash Equilibria 

Example: Matching Pennies. 

Player 1 \ Player 2 heads tails 
heads (−1, 1) (1, −1) 
tails (1, −1) (−1, 1) 

No pure Nash equilibrium.


How would you play this game?
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Game Theory: Lecture 3 Mixed Strategies 

Nonexistence of Pure Strategy Nash Equilibria 

Example: The Penalty Kick Game. 

penalty taker \ goalie left right 
left (−1, 1) (1, −1) 
right (1, −1) (−1, 1) 

No pure Nash equilibrium. 

How would you play this game if you were the penalty taker? 

Suppose you always show up left. 
Would this be a “good strategy”? 

Empirical and experimental evidence suggests that most penalty 
takers “randomize” mixed strategies. →
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Mixed Strategies 

Let Σi denote the set of probability measures over the pure strategy 
(action) set Si . 

For example, if there are two actions, Si can be thought of simply as a 
number between 0 and 1, designating the probability that the first 
action will be played. 

We use σi ∈ Σi to denote the mixed strategy of player i , and 
σ ∈ Σ = ∏i∈I Σi to denote a mixed strategy profile. 

Note that this implicitly assumes that players randomize

independently.


We similarly define σ−i ∈ Σ−i = ∏j � Σj .=i 

Following von Neumann-Morgenstern expected utility theory, we 
extend the payoff functions ui from S to Σ by 

ui (σ) = ui (s)dσ(s). 
S 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Mixed Strategy Nash Equilibrium 

Definition (Mixed Nash Equilibrium) 

A mixed strategy profile σ∗ is a (mixed strategy) Nash Equilibrium if for 
each player i , 

ui (σi 
∗, σ∗ ) ≥ ui (σi , σ

∗ ) for all σi−i −i ∈ Σi . 

It is sufficient to check only pure strategy “deviations” when 
determining whether a given profile is a (mixed) Nash equilibrium. 

Proposition 

A mixed strategy profile σ∗ is a (mixed strategy) Nash Equilibrium if and 
only if for each player i , 

ui (σi 
∗, σ∗ ) ≥ ui (si , σ∗ ) for all si−i −i ∈ Si . 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Mixed Strategy Nash Equilibria (continued) 

We next present a useful result for characterizing mixed Nash 
equilibrium. 

Proposition 

Let G = �I , (Si )i∈I , (ui )i ∈I � be a finite strategic form game. Then, 
σ∗ ∈ Σ is a Nash equilibrium if and only if for each player i ∈ I , every 
pure strategy in the support of σi 

∗ is a best response to σ∗ 
−i . 

Proof idea: If a mixed strategy profile is putting positive probability on a 
strategy that is not a best response, then shifting that probability to other 
strategies would improve expected utility. 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Mixed Strategy Nash Equilibria (continued) 

It follows that every action in the support of any player’s equilibrium 
mixed strategy yields the same payoff. 
Note: this characterization result extends to infinite games: σ∗ ∈ Σ 
is a Nash equilibrium if and only if for each player i ∈ I , 
(i) no action in Si yields, given σ∗ , a payoff that exceeds his equilibrium −i 

payoff, 
(ii) the set of actions that yields, given σ∗ , a payoff less than his −i 

equilibrium payoff has σ∗ 
i -measure zero. 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Examples 

Example: Matching Pennies. 

Player 1 \ Player 2 heads tails 
heads (−1, 1) (1, −1) 
tails (1, −1) (−1, 1) 

Unique mixed strategy equilibrium where both players randomize with 
probability 1/2 on heads. 

Example: Battle of the Sexes Game. 

Player 1 \ Player 2 ballet football 
ballet (2, 1) (0, 0) 

football (0, 0) (1, 2) 

This game has two pure Nash equilibria and a mixed Nash equilibrium

( 23 , 3
1 ), ( 13 , 3

2 ) . 

15 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Strict Dominance by a Mixed Strategy 

Player 1	 \ Player 2 Left Right 
U (2, 0) (−1, 0) 
M (0, 0) (0, 0) 
D (−1, 0) (2, 0) 

Player 1 has no pure strategies that strictly dominate M. 

However, M is strictly dominated by the mixed strategy ( 12 , 0, 12 ). 
Definition (Strict Domination by Mixed Strategies) 

An action si is strictly dominated if there exists a mixed strategy σi
� ∈ Σi such 

that ui (σ�i , s−i ) > ui (si , s−i ), for all s−i ∈ S−i . 

Remarks: 

Strictly dominated strategies are never used with positive probability in a 
mixed strategy Nash Equilibrium. 

However, as we have seen in the Second Price Auction, weakly dominated 
strategies can be used in a Nash Equilibrium. 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Iterative Elimination of Strictly Dominated Strategies– 
Revisited 

Let Si 
0 = Si and Σ0 

i = Σi .


For each player i ∈ I and for each n ≥ 1, we define Sn as
i 

Si
n = {si ∈ Si

n−1 | �	 σi ∈ Σn
i 
−1 such that 

ui (σi , s−i ) > ui (si , s−i ) for all s−i ∈ S−
n−

i 
1}. 

Independently mix over Si
n to get Σn

i .


Let Di 
∞ = ∩n

∞ 
=1Si

n .


We refer to the set Di 
∞ as the set of strategies of player i that survive


iterated strict dominance. 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Rationalizability 

In the Nash equilibrium concept, each player’s action is optimal 
conditional on the belief that the other players also play their Nash 
equilibrium strategies. 

The Nash Equilibrium strategy is optimal for a player given his belief 
about the other players strategies, and this belief is correct. 

We next consider a different solution concept in which a player’s 
belief about the other players’ actions is not assumed to be correct, 
but rather, simply constrained by rationality. 

Definition 

A belief of player i about the other players’ actions is a probability 
measure σ−i ∈ ∏j �=i Σj (recall that Σj denotes the set of probability 
measures over Sj , the set of actions of player j). 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Rationality 

Rationality imposes two requirements on strategic behavior: 

(1)	 Players maximize with respect to some beliefs about opponent’s 
behavior (i.e., they are rational). 

(2)	 Beliefs have to be consistent with other players being rational, and 
being aware of each other’s rationality, and so on (but they need not 
be correct). 

Rational player i plays a best response to some belief σ−i . 

Since i thinks j is rational, he must be able to rationalize σ−i by thinking 
every action of j with σ−i (sj ) > 0 must be a best response to some belief j 
has. 
. . . 

Leads to an infinite regress: “I am playing strategy σ1 because I think player 
2 is using σ2, which is a reasonable belief because I would play it if I were 
player 2 and I thought player 1 was using σ�1, which is a reasonable thing to 
expect for player 2 because σ1

� is a best response to σ2
� , . . .. 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Example 

Consider the game (from [Bernheim 84]), 

b1 b2 b3 b4 

0, −2 10, −1 

There is a unique Nash equilibrium (a2, b2) in this game, i.e., the strategies a2 
and b2 rationalize each other. Moreover, the strategies a1, a3, b1, b3 can also be 
rationalized: 

Row will play a1 if Column plays b3. 

Column will play b3 if Row plays a3. 

Row will play a3 if Column plays b1. 

Column will play b1 if Row plays a1. 

However b4 cannot be rationalized, and since no rational player will play b4, a4 

can not be rationalized. 

a1 
a2 
a3 
a4 

0, 7 2, 5 7, 0 0, 1 
5, 2 3, 3 5, 2 0, 1 
7, 0 2, 5 0, 7 0, 1 
0, 0 0, 0 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Never-Best Response Strategies 

Example 

Consider the following game: 

Q F 
Q 
X 
F 

4, 2 0, 3 
1, 1 1, 0 
3, 0 2, 2 

It can be seen that F can be rationalized. 

If player 1 believes that player 2 will play F, then playing F is rational 
for player 1, etc. 

However, playing X is never a best response, regardless of what strategy is 
chosen by the other player, since playing F always results in better payoffs. 

A strictly dominated strategy will never be a best response, regardless of a 
player’s beliefs about the other players’ actions. 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Never-Best Response and Strictly Dominated Strategies


Definition 

A pure strategy si is a never-best response if for all beliefs σ−i there exists 
σi ∈ Σi such that 

ui (σi , σ−i ) > ui (si , σ−i ). 

As shown in the preceding example, a strictly dominated strategy is a 
never-best response. 

Does the converse hold? Is a never-best response strategy strictly 
dominated? 

The following example illustrates a never-best response strategy

which is not strictly dominated.
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Example 

Consider the following three-player game in which all of the player’s payoffs are 
the same. Player 1 chooses A or B, player 2 chooses C or D and player 3 
chooses Mi for i = 1, 2, 3, 4. 

A A A A 
B B B B 

C D C D C D C D 
8 0 
0 0 

4 0 
0 4 

0 0 
0 8 

3 3 
3 3 

M1 M2 M3 M4 

We first show that playing M2 is never a best response to any mixed

strategy of players 1 and 2.


Let p represent the probability with which player 1 chooses A and let q 
represent the probability that player 2 chooses C. 

The payoff for player 3 when she plays M2 is 

u3(M2, p, q) = 4pq + 4(1 − p)(1 − q) = 8pq + 4 − 4p − 4q 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Example 

Suppose, by contradiction, that this is a best response for some choice of 
p, q. This implies the following inequalities: 

8pq + 4 − 4p − 4q	 ≥ u3(M1, p, q) = 8pq 

≥ u3(M3, p, q) = 8(1 − p)(1 − q) = 8 + 8pq − 8(p + q 

≥ u3(M4, p, q) = 3 

By simplifying the top two relations, we have the following inequalities: 

p + q 1≤ 

p + q 1≥ 

Thus p + q = 1, and substituting into the third inequality, we have 
pq ≥ 3/8. Substituting again, we have p2 − p + 8

3 ≤ 0 which has no 
positive roots since the left side factors into (p − 2

1 )2 + ( 38 − 4
1 ). 

On the other hand, by inspection, we can see that M2 is not strictly 
dominated. 
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Rationalizable Strategies 

Iteratively eliminating never-best response strategies yields rationalizable 
strategies. 

Start with S̃i 
0 = Si .


For each player i ∈ I and for each n ≥ 1,


S̃i
n = {si ∈ S̃i

n−1 | ∃ σ−i ∈ ∏ Σ̃j
n−1 such that


j=i


ui (si , σ−i ) ≥ ui (si
�, σ−i ) for all si

� ∈ S̃i
n−1}. 

Independently mix over S̃i
n to get Σ̃i

n .


Let Ri 
∞ = ∩n

∞ 
=1S̃i

n . We refer to the set Ri 
∞ as the set of


rationalizable strategies of player i .
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Game Theory: Lecture 3 Mixed Strategy Equilibrium 

Rationalizable Strategies 

Since the set of strictly dominated strategies is a strict subset of the 
set of never-best response strategies, set of rationalizable strategies 
represents a further refinement of the set of strategies that survive 
iterated strict dominance. 

Let NEi denote the set of pure strategies of player i used with 
positive probability in any mixed Nash equilibrium. 

Then, we have 
⊆ R∞ 

iNEi ,


iwhere R∞ is the set of rationalizable strategies of player i , and D∞ 

the set of strategies of player i that survive iterated strict dominance. 
i is


∞D⊆ i
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Game Theory: Lecture 4 Introduction 

Outline 

Review 

Correlated Equilibrium 

Existence of a Mixed Strategy Equilibrium in Finite Games 

Reading: 
Fudenberg and Tirole, Chapters 1 and 2. 
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Game Theory: Lecture 4 Review 

Rationalizability 

A different solution concept in which a player’s belief about the other 
players’ actions is not assumed to be correct (as in a Nash equilibrium), but 
rather, simply constrained by rationality. 

(1)	 Players maximize with respect to some (uncorrelated) beliefs about 
opponent’s behavior (i.e., they are rational). 

(2)	 Beliefs have to be consistent with other players being rational, and 
being aware of each other’s rationality, and so on (but they need not 
be correct). 

Leads to an infinite regress: “I am playing strategy σ1 because I think player 
2 is using σ2, which is a reasonable belief because I would play it if I were 
player 2 and I thought player 1 was using σ�1, which is a reasonable thing to 
expect for player 2 because σ1

� is a best response to σ2
� , . . .. 
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Game Theory: Lecture 4 Review 

Never-Best Response and Strictly Dominated Strategies
 

Definition 

A pure strategy si is strictly dominated if there exists a mixed strategy 
σi ∈ Σi such that 

ui (σi , s−i ) > ui (si , s−i ) for all s−i ∈ S−i . 

Definition 

A pure strategy si is a never-best response if for all beliefs σ−i there 
exists σi ∈ Σi such that 

ui (σi , σ−i ) > ui (si , σ−i ). 

A strictly dominated strategy is a never-best response. 
Does the converse hold? 
Last time, we studied a 3-player example that illustrates a never-best 
response strategy which is not strictly dominated. 
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Game Theory: Lecture 4 Review 

Rationalizable Strategies 

Iteratively eliminating never-best response strategies yields rationalizable 
strategies. 

Start with S̃ 
i 
0 = Si .
 

For each player i ∈ I and for each n ≥ 1,
 

nS̃ 
i = {si ∈ S̃ 

i
n−1 σ−i ∈ ∏ Σ̃ n

j 
−1 such that
| ∃ 

j =i
 

ui (si , σ−i ) ≥ ui (si
�, σ−i ) for all si

� ∈ S̃ 
i
n−1}. 

Independently mix over S̃ 
i
n to get Σ̃ 

i
n .
 

Let Ri 
∞ = ∩n 

∞ 
=1S̃ 

i
n . We refer to the set Ri 

∞ as the set of
 
rationalizable strategies of player i .
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Game Theory: Lecture 4 Review 

Rationalizable Strategies 

Since the set of strictly dominated strategies is a strict subset of the set of 
never-best response strategies, set of rationalizable strategies represents a 
further refinement of the strategies that survive iterated strict dominance. 

Let NEi denote the set of pure strategies of player i used with positive 
probability in any mixed Nash equilibrium. 

Then, we have 

where R∞ 
i 

NEi ⊆ R∞ 
i ⊆ D∞ 

i , 

is the set of rationalizable strategies of player i , and D∞ 
i is the set 

of strategies of player i that survive iterated strict dominance. 

Remarks: 

For a two-player game, a never-best response strategy is always strictly 
dominated. 

If beliefs are allowed to be correlated, then a never-best response strategy is 
always strictly dominated. (Proof relies on the separating hyperplane 
theorem; check your book or the notes on Stellar) 
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Game Theory: Lecture 4 Correlated Equilibrium 

Correlated Strategies 

In a Nash equilibrium, players choose strategies (or randomize over 
strategies) independently. 

For games with multiple Nash equilibria, one may want to allow for 
randomizations between Nash equilibria by some form of 
communication prior to the play of the game. 

Example Consider the Battle of the Sexes game: 

Ballet 
Football 

Ballet Football 
1, 4 0, 0 
0, 0 4, 1 

Suppose that the players flip a coin and go to the Ballet if the coin is 
Heads, and to the Football game if the coin is tails, i.e., they randomize 
between two pure strategy Nash equilibria, resulting in a payoff of 
(5/2, 5/2) that is not a Nash equilibrium payoff. 
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Game Theory: Lecture 4 Correlated Equilibrium 

Traffic Intersection Game 

Consider a game where two cars arrive at an intersection simultaneously. 
Row player (player 1) has the option to play U or D, and the column 
player (player 2) has the option to play L or R with payoffs as follows. 

L R 
U 5, 1 0, 0 
D 4, 4 1, 5 

There are two pure strategy Nash equilibria: (U, L) and (D, R). 
To find the mixed strategy Nash equilibria, assume player 1 plays U 
with probability p and player 2 plays L with probability q. Using the 
mixed equilibrium characterization, we have 

5q = 4q + (1 − q) ⇒ q = 
1

1 
2 

5p = 4p + (1 − p) ⇒ p = 2 

This implies that there is a unique mixed strategy equilibrium with 
expected payoff (5/2,5/2). 
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Game Theory: Lecture 4 Correlated Equilibrium 

Traffic Intersection Game
 

Assume that there is a publicly observable random variable (such as a 
fair coin) such that with probability 1/2 (Head), player 1 plays U and 
player 2 plays L, and with probability 1/2 (Tail), player 1 plays D and 
player 2 plays R. 
The expected payoff for this play of the game increases to (3,3). 
We show that no player has an incentive to deviate from the
 
“recommendation” of the coin.
 
If player 1 sees a Head, he believes that player 2 will play L, and 
therefore playing U is his best response (similar argument when he 
sees a Tail). 
Similarly, if player 2 sees a Head, he believes that player 1 will play U, 
and therefore playing L is his best response (similar argument when 
he sees a Tail). 
When the recommendation of the coin is part of a Nash equilibrium, 
no player has an incentive to deviate 
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Game Theory: Lecture 4 Correlated Equilibrium 

Traffic Intersection Game
 

With a publicly observable random variable, we can get any payoff 
vector in the convex hull of Nash equilibrium payoffs. 

Note that the convex hull of a finite number of vectors x1, . . . , xk is 
given by 

k k 
conv({x1, . . . , xk }) = {x x = ∑
λi xi , λi ≥ 0, ∑
λi = 1}| 

i=1 i=1 

The coin flip is one way of communication prior to the play.
 
A more general form of communication is to find a trusted mediator
 
who can perform general randomizations.
 
Consider next a more elaborate signalling scheme.
 
Suppose the players find a mediator who chooses x ∈ {1, 2, 3} with
 
equal probability 1/3. She then sends the following messages:
 

If x = 1, player 1 plays U, player 2 plays L.
 
If x = 2, player 1 plays D, player 2 plays L.
 
If x = 3, player 1 plays D, player 2 plays R.
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Game Theory: Lecture 4 Correlated Equilibrium 

Traffic Intersection Game 

We show that no player has an incentive to deviate from the 
“recommendation” of the mediator: 

If player 1 gets the recommendation U, he believes player 2 will play L, 
so his best response is to play U. 
If player 1 gets the recommendation D, he believes player 2 will play 
L, R with equal probability, so playing D is a best response. 
If player 2 gets the recommendation L, he believes player 1 will play 
U, D with equal probability, so playing L is a best response. 
If player 2 gets the recommendation R, he believes player 1 will play D, 
so his best response is to play R. 

Thus the players will follow the mediator’s recommendations. 

With the mediator, the expected payoffs are (10/3, 10/3), strictly 
higher than what the players could get by randomizing between Nash 
equilibria. 
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Game Theory: Lecture 4 Correlated Equilibrium 

Correlated Equilibrium 

The preceding examples lead us to the notions of correlated strategies 
and “correlated equilibrium”. 

Let Δ(S) denote the set of probability measures over the set S . 
Let R be a random variable taking values in S
 Πn= 
i=1Si distributed 
according to π. 

An instantiation of R is a pure strategy profile and the i th component 
of the instantiation will be called the recommendation to player i . 
Given such a recommendation, player i can use conditional probability 
to form a posteriori beliefs about the recommendations given to the 
other players. 
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Game Theory: Lecture 4 Correlated Equilibrium 

Correlated Equilibrium 

Definition 

A correlated equilibrium of a finite game is a joint probability 
distribution π ∈ Δ(S) such that if R is a random variable distributed 
according to π then 

∑ Prob(R = s |Ri = si ) [ui (si , s−i ) − ui (ti , s−i )] ≥ 0 
s−i ∈S−i 

for all players i , all si ∈ Si such that Prob(Ri = si ) > 0, and all ti ∈ Si . 

A distribution π is defined to be a correlated equilibrium if no player 
can ever expect to unilaterally gain by deviating from his 
recommendation, assuming the other players play according to their 
recommendations. 
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Game Theory: Lecture 4 Correlated Equilibrium 

Characterization of Correlated Equilibrium 

We have the following useful characterization for correlated equilibria in 
finite games. 

Proposition 

A joint distribution π ∈ Δ(S) is a correlated equilibrium of a finite game if 
and only if 

∑ π(s) [ui (si , s−i ) − ui (ti , s−i )] ≥ 0 (1) 
s−i ∈S−i 

for all players i and all si , ti ∈ Si such that si �= ti . 
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check it in the case si �= ti .

Game Theory: Lecture 4 Correlated Equilibrium 

Characterization of Correlated Equilibrium 

Proof. 

Using the definition of conditional probability, we can rewrite the 
definition of a correlated equilibrium as 

∑ ∑t 

π( 
π 
s 
(
) 
si , t 

−i ) − ui (ti , s−i )] ≥ 0 
s−i ∈S−i −i ∈S−i −i )

[ui (si , s 

for all i , all si ∈ Si such that ∑t−i ∈S−i 
π(si , t−i ) > 0, and all ti ∈ Si . 

The denominator does not depend on the variable of summation so it 
can be factored out of the sum and cancelled, yielding the simpler 
condition that (1) holds for all i , all si ∈ Si such that 
∑t−i ∈S−i 

π(si , t−i ) > 0, and all ti ∈ Ci . 

But if ∑t−i ∈S−i 
π(si , t−i ) = 0 then the left hand side of (1) is zero 

regardless of i and ti , so the equation always holds trivially in this 
case. 
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Game Theory: Lecture 4 Correlated Equilibrium 

Characterization of Correlated Equilibrium 

Another equivalent convenient characterization: a joint distribution 
π ∈ Δ(S) is a correlated equilibrium of a finite game if and only if for 
all i and si with π(si ) > 0 (i.e., marginal distribution), 

∑ π(s−i | si ) [ui (si , s−i ) − ui (ti , s−i )] ≥ 0, 
s−i ∈S−i 

for all ti ∈ Si . 

Remarks: 

Any mixed Nash equilibrium is a correlated equilibrium. 

The set of correlated equilibria is a convex set. 

An immediate implication of the preceding two statements is that the 
set of correlated equilibria contains the convex hull of the set of 
(mixed) Nash equilibria. 
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Game Theory: Lecture 4 Correlated Equilibrium 

Departure Function Characterization 

We can alternatively think of correlated equilibria as joint 
distributions corresponding to recommendations which will be given 
to the players as part of an extended game. 
The players are then free to play any function of their 
recommendation (this is called a departure function) as their strategy 
in the game. 
If it is a Nash equilibrium of this extended game for each player to 
play his recommended strategy (i.e., to use the identity departure 
function), then the distribution is a correlated equilibrium. 

Proposition 

A joint distribution π ∈ Δ(S) is a correlated equilibrium of a finite game if 
and only if 

∑ π(s) [ui (si , s−i ) − ui (ζ i (si ), s−i )] ≥ 0 
s∈S 

(2) 

for all players i and all functions ζ i : Si Si .→ 
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Game Theory: Lecture 4 Correlated Equilibrium 

Departure Function Characterization 

Proof. 

By substituting ti = ζ i (si ) into (1) and summing over all si ∈ Si we 
obtain (2) for any i and any ζ i : Si Si . For the converse, define ζ i for → 
any si , ti ∈ Si by � 

ζ i (ri ) = 
ti ri = si 
ri else. 

Then all the terms in (2) except the si terms cancel yielding (1). 
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Game Theory: Lecture 4 Existence Results 

Nash’s Theorem
 

Theorem 

(Nash) Every finite game has a mixed strategy Nash equilibrium. 

Implication: matching pennies game necessarily has a mixed strategy 
equilibrium. 

Why is this important? 

Without knowing the existence of an equilibrium, it is difficult (perhaps 
meaningless) to try to understand its properties. 
Armed with this theorem, we also know that every finite game has an 
equilibrium, and thus we can simply try to locate the equilibria. 
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convex set not a convex set

Game Theory: Lecture 4 Existence Results 

Definitions
 

A set in a Euclidean space is compact if and only if it is bounded and 
closed. 
A set S is convex if for any x , y ∈ S and any λ ∈ [0, 1],
 
λx + (1 − λ)y ∈ S .
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There exists no optimal    that attains it

Game Theory: Lecture 4 Existence Results 

Weierstrass’s Theorem
 

Theorem 

(Weierstrass) Let A be a nonempty compact subset of a finite 
dimensional Euclidean space and let f : A R be a continuous function. →
Then there exists an optimal solution to the optimization problem 

minimize f (x) 
subject to x ∈ A. 
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Game Theory: Lecture 4 Existence Results 

Kakutani’s Fixed Point Theorem
 

Theorem 

(Kakutani) Let A be a non-empty subset of a finite dimensional 
Euclidean space. Let f : A � A be a correspondence, with 
x ∈ A �→ f (x) ⊆ A, satisfying the following conditions: 

A is a compact and convex set.
 

f (x) is non-empty for all x ∈ A.
 

f (x) is a convex-valued correspondence: for all x ∈ A, f (x) is a
 
convex set. 

n nf (x) has a closed graph: that is, if {x , y } → {x , y } with 
ny ∈ f (xn), then y ∈ f (x). 

Then, f has a fixed point, that is, there exists some x ∈ A, such that 
x ∈ f (x). 
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is not convex-valued does not have a 
closed graph

Game Theory: Lecture 4 Existence Results 

Kakutani’s Fixed Point Theorem—Graphical Illustration
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Game Theory: Lecture 4 Existence Results 

Proof of Nash’s Theorem
 

Recall that σ∗ is a (mixed strategy) Nash Equilibrium if for each
 
player i ,
 

ui (σi 
∗, σ∗ ) ≥ ui (σi , σ

∗ ) for all σi ∈ Σi .−i −i 

Define the best response correspondence for player i Bi : Σ−i � Σi as 

Bi (σ−i ) = σi
� ∈ Σi | ui (σi

� , σ−i ) ≥ ui (σi , σ−i ) for all σi ∈ Σi . 

Define the set of best response correspondences as 

B (σ) = [Bi (σ−i )]i∈I . 

Clearly 
B : Σ � Σ. 
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2

Game Theory: Lecture 4 Existence Results 

Proof (continued) 

The idea is to apply Kakutani’s theorem to the best response 
correspondence B : Σ � Σ. We show that B(σ) satisfies the 
conditions of Kakutani’s theorem. 

Σ is compact, convex, and non-empty. 
By definition 

Σ = ∏ Σi 
i∈I 

where each Σi = {x | ∑j xj = 1} is a simplex of dimension |Si | − 1, 
thus each Σi is closed and bounded, and thus compact. Their product 
set is also compact. 

B(σ) is non-empty. 
By definition,
 

Bi (σ−i ) = arg max ui (x , σ−i )
 
x∈Σi 

where Σi is non-empty and compact, and ui is linear in x . Hence, ui is 
continuous, and by Weirstrass’s theorem B(σ) is non-empty. 
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Game Theory: Lecture 4 Existence Results 

Proof (continued) 

3. B(σ) is a convex-valued correspondence. 

Equivalently, B(σ) ⊂ Σ is convex if and only if Bi (σ−i ) is convex for 
all i . Let σi

� , σi
�� ∈ Bi (σ−i ). 

Then, for all λ ∈ [0, 1] ∈ Bi (σ−i ), we have
 

ui (σ�i , σ−i ) ≥ ui (τi , σ−i ) for all τi ∈ Σi ,
 

ui (σ�i
�, σ−i ) ≥ ui (τi , σ−i ) for all τi ∈ Σi .
 

The preceding relations imply that for all λ ∈ [0, 1], we have 

λui (σi
� , σ−i ) + (1 − λ)ui (σi

��, σ−i ) ≥ ui (τi , σ−i ) for all τi ∈ Σi . 

By the linearity of ui , 

ui (λσi
� + (1 − λ)σi

��, σ−i ) ≥ ui (τi , σ−i ) for all τi ∈ Σi . 

Therefore, λσ� + (1 − λ)σ�� ∈ Bi (σ−i ), showing that B(σ) isi i 
convex-valued. 
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Game Theory: Lecture 4 Existence Results 

Proof (continued) 

4. B(σ) has a closed graph. 

Suppose to obtain a contradiction, that B(σ) does not have a closed 
graph. 
Then, there exists a sequence (σn , σ̂ n) (σ, σ̂ ) with σ̂ n ∈ B(σn), but 
ˆ ∈

→ 
ˆ i ∈ −i ).σ / B(σ), i.e., there exists some i such that σ / Bi (σ

This implies that there exists some σ�i ∈ Σi and some � > 0 such that 

ui (σi
� , σ−i ) > ui (σ̂ i , σ−i ) + 3�. 

By the continuity of ui and the fact that σn σ−i , we have for −i →
sufficiently large n, 

ui (σ�i , σ
n 
−i ) ≥ ui (σi

� , σ−i ) − �. 
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Game Theory: Lecture 4 Existence Results 

Proof (continued) 

[step 4 continued] Combining the preceding two relations, we obtain 

ui (σi
� , σn 

−i ) > ui (σ̂ i , σ−i ) + 2� ≥ ui (σ̂ ni , σ
n 
−i ) + �, 

where the second relation follows from the continuity of ui . This 
contradicts the assumption that σ̂ n ∈ Bi (σn 

−i ), and completes the i 
proof. 

The existence of the fixed point then follows from Kakutani’s theorem. 

If σ∗ ∈ B (σ∗), then by definition σ∗ is a mixed strategy equilibrium. 
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Game Theory: Lecture 5 Introduction 

Outline 

Pricing-Congestion Game Example 

Existence of a Mixed Strategy Nash Equilibrium in Finite Games 

Existence in Games with Infinite Strategy Spaces 

Reading: 
Fudenberg and Tirole, Chapter 1. 
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Game Theory: Lecture 5 Example 

Introduction 

In this lecture, we study the question of existence of a Nash 
equilibrium in both games with finite and infinite pure strategy spaces. 

We start with an example, pricing-congestion game, where players 
have infinitely many pure strategies. 

We consider two instances of this game, one of which has a unique 
pure Nash equilibrium, and the other does not have any pure Nash 
equilibria. 

3 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 5 Example 

Pricing-Congestion Game 

Consider a price competition model studied in [Acemoglu and Ozdaglar 07]. 

1 unit of traffic

Reservation utility R

Consider a parallel link network with I links. Assume that d units of flow is 
to be routed through this network. We assume that this flow is the 
aggregate flow of many infinitesimal users. 

Let li (xi ) denote the latency function of link i , which represents the delay or 
congestion costs as a function of the total flow xi on link i . 

Assume that the links are owned by independent providers. Provider i sets a 
price pi per unit of flow on link i . 

The effective cost of using link i is pi + li (xi ). 

Users have a reservation utility equal to R, i.e., if pi + li (xi ) > R, then no 
traffic will be routed on link i . 
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Game Theory: Lecture 5 Example 

Example 1 

We consider an example with two links and latency functions 
l1(x1) = 0 and l2(x2) = 3

2 
x2 . For simplicity, we assume that R = 1 

and d = 1. 
Given the prices (p1, p2), we assume that the flow is allocated 
according to Wardrop equilibrium, i.e., the flows are routed along 
minimum effective cost paths and the effective cost cannot exceed the 
reservation utility. 

Definition 

A flow vector x = [xi ]i=1,...,I is a Wardrop equilibrium if ∑I
i=1 xi ≤ d and 

pi + li (xi ) = min{pj + lj (xj )}, for all i with xi > 0, 
j 

pi + li (xi ) ≤ R, for all i with xi > 0, 

with ∑I = d if minj {pj + lj (xj )} < R. i=1 xi 
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Game Theory: Lecture 5 Example 

Example 1 (Continued) 

We use the preceding characterization to determine the flow allocation on 
each link given prices 0 ≤ p1, p2 ≤ 1: 

x2(p1, p2) = 
� 

2 
3 (p1 − p2), 
0, 

p1 ≥ p2, 
otherwise, 

and x1(p1, p2) = 1 − x2(p1, p2). 

The payoffs for the providers are given by: 

u1(p1, p2) = p1 × x1(p1, p2) 
u2(p1, p2) = p2 × x2(p1, p2) 

We find the pure strategy Nash equilibria of this game by characterizing the 
best response correspondences, Bi (p−i ) for each player. 

The following analysis assumes that at the Nash equilibria (p1, p2) of 
the game, the corresponding Wardrop equilibria x satisfies x1 > 0, 
x2 > 0, and x1 + x2 = 1. For the proofs of these statements, see 
[Acemoglu and Ozdaglar 07]. 
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Game Theory: Lecture 5 Example 

Example 1 (Continued) 

In particular, for a given p2, B1(p2) is the optimal solution set of the 
following optimization problem 

maximize 0≤p1≤1, 0≤x1≤1 p1x1 

3 
subject to p1 = p2 + (1 − x1)

2 

Solving the preceding optimization problem, we find that 

B1(p2) = min 1,
3 

+ 
p2 

. 
4 2 

Similarly, B2(p1) = p
2
1 . 
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Game Theory: Lecture 5 Example 

Example 1 (Continued) 

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
Best Response Functions

p
1

p 2

The figure illustrates the best response correspondences as a function 
of p1 and p2. The correspondences intersect at the unique point 
(p1, p2) = (1, 12 ), which is the unique pure strategy equilibrium. 
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Game Theory: Lecture 5 Example 

Example 2 

We next consider a similar example with latency functions given by 

0 if 0 ≤ x ≤ 1/2 
l1(x) = 0, l2(x) = x−1/2 x ≥ 1/2, 

for some sufficiently small � > 0.


The following list considers all candidate Nash equilibria (p1, p2) and 
profitable unilateral deviations for � sufficiently small, thus establishing the 
nonexistence of a pure strategy Nash equilibrium: 

p1 = p2 = 0: A small increase in the price of provider 1 will generate

positive profits, thus provider 1 has an incentive to deviate.

p1 = p2 > 0: Let x be the corresponding flow allocation. If x1 = 1,

then provider 2 has an incentive to decrease its price. If x1 < 1, then

provider 1 has an incentive to decrease its price.

0 ≤ p1 < p2: Player 1 has an incentive to increase its price since its

flow allocation remains the same.

0 ≤ p2 < p1: For � sufficiently small, the profit function of player 2,

given p1, is strictly increasing as a function of p2, showing that

provider 2 has an incentive to increase its price.
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Game Theory: Lecture 5 Existence Results 

Existence Results 

We start by analyzing existence of a Nash equilibrium in finite 
(strategic form) games, i.e., games with finite strategy sets. 

Theorem 

(Nash) Every finite game has a mixed strategy Nash equilibrium. 

Implication: matching pennies game necessarily has a mixed strategy 
equilibrium. 

Why is this important? 

Without knowing the existence of an equilibrium, it is difficult (perhaps 
meaningless) to try to understand its properties. 
Armed with this theorem, we also know that every finite game has an 
equilibrium, and thus we can simply try to locate the equilibria. 
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Game Theory: Lecture 5 Existence Results 

Approach 

Recall that a mixed strategy profile σ∗ is a NE if 

ui (σi 
∗, σ∗ ) ≥ ui (σi , σ

∗ ), for all σi ∈ Σi .−i −i 

In other words, σ∗ is a NE if and only if σ∗ 
i ∈ B∗ (σ∗ ) for all i , 

(σ∗
−i −i 

where B−
∗ 

i −i ) is the best response of player i , given that the other 
players’ strategies are σ∗ 

−i . 

We define the correspondence B : Σ � Σ such that for all σ ∈ Σ, we 
have 

B(σ) = [Bi (σ−i )]i∈I (1) 

The existence of a Nash equilibrium is then equivalent to the 
existence of a mixed strategy σ such that σ ∈ B(σ): i.e., existence of 
a fixed point of the mapping B. 

We will establish existence of a Nash equilibrium in finite games using 
a fixed point theorem. 
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convex set not a convex set

Game Theory: Lecture 5 Existence Results 

Definitions


A set in a Euclidean space is compact if and only if it is bounded and 
closed. 
A set S is convex if for any x , y ∈ S and any λ ∈ [0, 1],

λx + (1 − λ)y ∈ S .
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There exists no optimal    that attains it

Game Theory: Lecture 5 Existence Results 

Weierstrass’s Theorem


Theorem 

(Weierstrass) Let A be a nonempty compact subset of a finite 
dimensional Euclidean space and let f : A R be a continuous function. →
Then there exists an optimal solution to the optimization problem 

minimize f (x) 
subject to x ∈ A. 
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Game Theory: Lecture 5 Existence Results 

Kakutani’s Fixed Point Theorem


Theorem 

(Kakutani) Let A be a non-empty subset of a finite dimensional 
Euclidean space. Let f : A � A be a correspondence, with 
x ∈ A �→ f (x) ⊆ A, satisfying the following conditions: 

A is a compact and convex set.


f (x) is non-empty for all x ∈ A.


f (x) is a convex-valued correspondence: for all x ∈ A, f (x) is a

convex set. 

n nf (x) has a closed graph: that is, if {x , y } → {x , y } with 
ny ∈ f (xn), then y ∈ f (x). 

Then, f has a fixed point, that is, there exists some x ∈ A, such that 
x ∈ f (x). 
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is not convex-valued does not have a 
closed graph

Game Theory: Lecture 5 Existence Results 

Kakutani’s Fixed Point Theorem—Graphical Illustration
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Game Theory: Lecture 5 Existence Results 

Proof of Nash’s Theorem 

The idea is to apply Kakutani’s theorem to the best response 
correspondence B : Σ � Σ. We show that B(σ) satisfies the 
conditions of Kakutani’s theorem. 

Σ is compact, convex, and non-empty. 
By definition 

Σ = ∏ Σi 
i∈I 

where each Σi = {x | ∑j xj = 1} is a simplex of dimension |Si | − 1, 
thus each Σi is closed and bounded, and thus compact. Their product 
set is also compact. 

B(σ) is non-empty. 
By definition,


Bi (σ−i ) = arg max ui (x , σ−i )

x∈Σi 

where Σi is non-empty and compact, and ui is linear in x . Hence, ui is 
continuous, and by Weirstrass’s theorem B(σ) is non-empty. 
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Game Theory: Lecture 5 Existence Results 

Proof (continued) 

3. B(σ) is a convex-valued correspondence. 

Equivalently, B(σ) ⊂ Σ is convex if and only if Bi (σ−i ) is convex for 
all i . Let σi

� , σi
�� ∈ Bi (σ−i ). 

Then, for all λ ∈ [0, 1] ∈ Bi (σ−i ), we have


ui (σ�i , σ−i ) ≥ ui (τi , σ−i ) for all τi ∈ Σi ,


ui (σ�i
�, σ−i ) ≥ ui (τi , σ−i ) for all τi ∈ Σi .


The preceding relations imply that for all λ ∈ [0, 1], we have 

λui (σi
� , σ−i ) + (1 − λ)ui (σi

��, σ−i ) ≥ ui (τi , σ−i ) for all τi ∈ Σi . 

By the linearity of ui , 

ui (λσi
� + (1 − λ)σi

��, σ−i ) ≥ ui (τi , σ−i ) for all τi ∈ Σi . 

Therefore, λσ� + (1 − λ)σ�� ∈ Bi (σ−i ), showing that B(σ) isi i 
convex-valued. 
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Game Theory: Lecture 5 Existence Results 

Proof (continued) 

4. B(σ) has a closed graph. 

Suppose to obtain a contradiction, that B(σ) does not have a closed 
graph. 
Then, there exists a sequence (σn , σ̂n) → (σ, σ̂) with σ̂n ∈ B(σn), but 
σ̂ ∈/ B(σ), i.e., there exists some i such that σ̂i ∈/ Bi (σ−i ). 
This implies that there exists some σ�i ∈ Σi and some � > 0 such that 

ui (σi
� , σ−i ) > ui (σ̂i , σ−i ) + 3�. 

By the continuity of ui and the fact that σn σ−i , we have for −i →
sufficiently large n, 

ui (σ�i , σ
n 
−i ) ≥ ui (σi

� , σ−i ) − �. 
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Game Theory: Lecture 5 Existence Results 

Proof (continued) 

[step 4 continued] Combining the preceding two relations, we obtain 

ui (σi
� , σn 

−i ) > ui (σ̂i , σ−i ) + 2� ≥ ui (σ̂i
n , σn 

−i ) + �, 

where the second relation follows from the continuity of ui . This 
contradicts the assumption that σ̂n ∈ Bi (σn 

−i ), and completes the i 
proof. 

The existence of the fixed point then follows from Kakutani’s theorem. 

If σ∗ ∈ B (σ∗), then by definition σ∗ is a mixed strategy equilibrium. 
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Game Theory: Lecture 5 Existence Results 

Existence of Equilibria for Infinite Games 

A similar theorem to Nash’s existence theorem applies for pure 
strategy existence in infinite games. 

Theorem 

(Debreu, Glicksberg, Fan) Consider a strategic form game 
�I , (Si )i∈I , (ui )i∈I � such that for each i ∈ I 

Si is compact and convex; 

ui (si , s−i ) is continuous in s−i ; 

ui (si , s−i ) is continuous and concave in si [in fact quasi-concavity 
suffices]. 

Then a pure strategy Nash equilibrium exists. 
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concave function not a concave function

Game Theory: Lecture 5 Existence Results 

Definitions


Suppose S is a convex set. Then a function f : S R is concave if 
for any x , y ∈ S and any λ ∈ [0, 1], we have 

→ 

f (λx + (1 − λ)y ) ≥ λf (x) + (1 − λ)f (y ) . 
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Game Theory: Lecture 5 Existence Results 

Proof 

Now define the best response correspondence for player i , 
Bi : S−i � Si , 

Bi (s−i ) = si
� ∈ Si | ui (si

�, s−i ) ≥ ui (si , s−i ) for all si ∈ Si . 

Thus restriction to pure strategies. 

Define the set of best response correspondences as 

B (s) = [Bi (s−i )]i ∈I . 

and 
B : S � S . 
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Game Theory: Lecture 5 Existence Results 

Proof (continued) 

We will again apply Kakutani’s theorem to the best response 
correspondence B : S � S by showing that B(s) satisfies the 
conditions of Kakutani’s theorem. 

S is compact, convex, and non-empty. 

By definition 
S = ∏ Si 

i∈I 

since each Si is compact [convex, nonempty] and finite product of 
compact [convex, nonempty] sets is compact [convex, nonempty]. 

B(s) is non-empty. 

By definition,

Bi (s−i ) = arg max ui (s, s−i )


s∈Si 

where Si is non-empty and compact, and ui is continuous in s by 
assumption. Then by Weirstrass’s theorem B(s) is non-empty. 
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Game Theory: Lecture 5 Existence Results 

Proof (continued) 

3.	 B(s) is a convex-valued correspondence. 

This follows from the fact that ui (si , s−i ) is concave [or quasi-concave] 
in si . Suppose not, then there exists some i and some s−i ∈ S−i such 
that Bi (s−i ) ∈ arg maxs∈Si 

ui (s, s−i ) is not convex. 
This implies that there exists si

�, si
�� ∈ Si such that si

�, si
�� ∈ Bi (s−i ) 

and λs � + (1 − λ)s �� ∈/ Bi (s−i ). In other words, i i 

λui (si
�, s−i ) + (1 − λ)ui (si

��, s−i ) > ui (λsi
� + (1 − λ) si

��, s−i ). 

But this violates the concavity of ui (si , s−i ) in si [recall that for a 
concave function f (λx + (1 − λ)y ) ≥ λf (x) + (1 − λ)f (y )]. 
Therefore B(s) is convex-valued. 

4.	 The proof that B(s) has a closed graph is identical to the previous 
proof. 
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Game Theory: Lecture 5 Existence Results 

Remarks


Nash’s theorem is a special case of this theorem: Strategy spaces are 
simplices and utilities are linear in (mixed) strategies, hence they are 
concave functions of (mixed) strategies. 

Continuity properties of the “Nash equilibrium set”: 
Consider strategic form games with finite pure strategy sets Si and 
utilities ui (s, λ), where ui is a continuous function of λ. 
Let G (λ) = �I , (Si ), (ui (s, λ))� and let E (λ) denote the Nash 
correspondence that associates with each λ, the set of (mixed) Nash 
equilibria of G (λ). 

Proposition 

Assume that λ ∈ Λ, where Λ is a compact set. Then E (λ) has a closed 
graph. 

Proof similar to the proof of closedness of B(σ) in Nash’s theorem. 
This does not imply continuity of the Nash equilibrium set E (λ)!! 
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Game Theory: Lecture 5 Existence Results 

Existence of Nash Equilibria 

Can we relax (quasi)concavity? 

Example: Consider the game where two players pick a location 
s1, s2 ∈ R2 on the circle. The payoffs are 

u1(s1, s2) = −u2(s1, s2) = d(s1, s2), 

where d(s1, s2) denotes the Euclidean distance between s1, s2 ∈ R2 . 

No pure Nash equilibrium. 

However, it can be shown that the strategy profile where both mix 
uniformly on the circle is a mixed Nash equilibrium. 
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Game Theory: Lecture 5 Existence Results 

A More Powerful Theorem


Theorem 

(Glicksberg) Consider a strategic form game �I , (Si )i∈I , (ui )i∈I � such 
that for each i ∈ I 

Si is a nonempty and compact metric space; 

ui (si , s−i ) is continuous in s. 

Then a mixed strategy Nash equilibrium exists. 

With continuous strategy spaces, space of mixed strategies infinite 
dimensional! 

We will prove this theorem in the next lecture. 
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Game Theory: Lecture 6 Introduction 

Outline 

Continuous Games 

Existence of a Mixed Nash Equilibrium in Continuous Games 
(Glicksberg’s Theorem) 

Existence of a Mixed Nash Equilibrium with Discontinuous Payoffs 

Construction of a Mixed Nash Equilibrium with Infinite Strategy Sets 

Uniqueness of a Pure Nash Equilibrium for Continuous Games 

Reading: 
Myerson, Chapter 3. 
Fudenberg and Tirole, Sections 12.2, 12.3. 
Rosen J.B., “Existence and uniqueness of equilibrium points for 
concave N-person games,” Econometrica, vol. 33, no. 3, 1965. 
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Game Theory: Lecture 6 Continuous Games 

Continuous Games 

We consider games in which players may have infinitely many pure 
strategies. 

Definition 

A continuous game is a game �I , (Si ), (ui )� where I is a finite set, the 
Si are nonempty compact metric spaces, and the ui : S R are →
continuous functions. 

We next state the analogue of Nash’s Theorem for continuous games.


3 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 6 Continuous Games 

Existence of a Mixed Nash Equilibrium 

Theorem 

(Glicksberg) Every continuous game has a mixed strategy Nash equilibrium. 

With continuous strategy spaces, space of mixed strategies infinite 
dimensional, therefore we need a more powerful fixed point theorem than 
the version of Kakutani we have used before. 

Here we adopt an alternative approach to prove Glicksberg’s Theorem,

which can be summarized as follows:


We approximate the original game with a sequence of finite games, 
which correspond to successively finer discretization of the original 
game. 
We use Nash’s Theorem to produce an equilibrium for each 
approximation. 
We use the weak topology and the continuity assumptions to show that 
these converge to an equilibrium of the original game. 
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Game Theory: Lecture 6 Continuous Games 

Closeness of Two Games


Let u = (u1, . . . , uI ) and ũ = ( ũ1, . . . , ũI ) be two profiles of utility functions 
defined on S such that for each i ∈ I , the functions ui : S R and 
ũi : S R are bounded (measurable) functions. 

→ 
→ 

We define the distance between the utility function profiles u and ũ as 

max sup ui (s) − ũi (s) . 
i∈I s∈S 

| |

Consider two strategic form games defined by two profiles of utility functions: 

G = �I , (Si ), (ui )�, G̃ = �I , (Si ), (ũi )�. 

If σ is a mixed strategy Nash equilibrium of G , then σ need not be a mixed 
strategy Nash equilibrium of G̃ . 

Even if u and ũ are very close, the equilibria of G and G̃ may be far apart. 

For example, assume there is only one player, S1 = [0, 1], u1(s1) = �s1, 
and ũ1(s1) = −�s1, where � > 0 is a sufficiently small scalar. The 
unique equilibrium of G is s1 

∗ = 1, and the unique equilibrium of G̃ is 
s1 
∗ = 0, even if the distance between u and ũ is only 2�. 

5 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 6 Continuous Games 

Closeness of Two Games and �-Equilibrium 

However, if u and ũ are very close, there is a sense in which the equilibria of 
G are “almost” equilibria of G̃ . 

Definition 

(�-equilibrium) Given � ≥ 0, a mixed strategy σ ∈ Σ is called an �-equilibrium if 
for all i ∈ I and si ∈ Si , 

ui (si , σ−i ) ≤ ui (σi , σ−i ) + �. 

Obviously, when � = 0, an �-equilibrium is a Nash equilibrium in the usual sense. 
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Game Theory: Lecture 6 Continuous Games 

Continuity Property of �-equilibria 

Proposition (1) 

Let G be a continuous game. Assume that σk σ, �k �, and for each k, σk → →
is an �k -equilibrium of G. Then σ is an �-equilibrium of G. 

Proof: 

For all i ∈ I , and all si ∈ Si , we have


ui (si , σk ) ≤ ui (σk ) + �k ,
−i 

Taking the limit as k ∞ in the preceding relation, and using the →
continuity of the utility functions (together with the convergence of 
probability distributions under weak topology), we obtain, 

ui (si , σ−i ) ≤ ui (σ) + �, 

establishing the result. 
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Game Theory: Lecture 6 Continuous Games 

Closeness of Two Games 

We next define formally the closeness of two strategic form games. 

Definition 

Let G and G � be two strategic form games with 

G = �I , (Si ), (ui )�, G � = �I , (Si ), (ui
�)�. 

Then G � is an α−approximation to G if for all i ∈ I and s ∈ S, we have 

|ui (s) − ui
�(s)| ≤ α. 
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Game Theory: Lecture 6 Continuous Games 

�−equilibria of Close Games 

The next proposition relates the �−equilibria of close games. 

Proposition (2) 

If G � is an α-approximation to G and σ is an �-equilibrium of G �, then σ is 
an (� + 2α)-equilibrium of G. 

Proof: For all i ∈ I and all si ∈ Si , we have 

ui (si , σ−i ) − ui (σ) = ui (si , σ−i ) − ui
�(si , σ−i ) + ui

�(si , σ−i ) − ui
�(σ) 

+ui
�(σ) − ui (σ) 

≤ α + � + α 

= � + 2α. 
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Approximating a Continuous Game with an Essentially 
Finite Game 

The next proposition shows that we can approximate a continuous 
game with an essentially finite game to an arbitrary degree of 
accuracy. 

Proposition (3) 

For any continuous game G and any α > 0, there exists an “essentially 
finite” game which is an α-approximation to G. 
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Proof


Since S is a compact metric space, the utility functions ui are uniformly 
continuous, i.e., for all α > 0, there exists some � > 0 such that 

ui (s) − ui (t) ≤ α for all d(s, t) ≤ �. 

Since Si is a compact metric space, it can be covered with finitely many 
open balls Ui

j , each with radius less than � (assume without loss of 
generality that these balls are disjoint and nonempty). 

Choose an si
j ∈ Ui

j for each i , j . 

Define the “essentially finite” game G � with the utility functions ui
� defined 

as 
I 

ui
�(s) = ui (s1

j , . . . , sI
j ), ∀ s ∈ U j = ∏ Uk

j . 
k=1 

Then for all s ∈ S and all i ∈ I , we have 

|ui
�(s) − ui (s)| ≤ α, 

since d(s, s j ) ≤ � for all j , implying the desired result. 
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Proof of Glicksberg’s Theorem 

We now return to the proof of Glicksberg’s Theorem. Let {αk } be a scalar 
sequence with αk 0.↓ 

For each αk , there exists an “essentially finite” αk -approximation G k 

of G by Proposition 3.


Since G k is “essentially finite” for each k, it follows using Nash’s

Theorem that it has a 0-equilibrium, which we denote by σk .


Then, by Proposition 2, σk is a 2αk -equilibrium of G .


Since Σ is compact, {σk } has a convergent subsequence. Without

loss of generality, we assume that σk σ.
→ 

Since 2αk 0, σk σ, by Proposition 1, it follows that σ is a → →
0-equilibrium of G . 
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Discontinuous Games 

There are many games in which the utility functions are not 
continuous (e.g. price competition models, congestion-competition 
models). 
We next show that for discontinuous games, under some mild 
semicontinuity conditions on the utility functions, it is possible to 
establish the existence of a mixed Nash equilibrium (see [Dasgupta 
and Maskin 86]). 
The key assumption is to allow discontinuities in the utility function 
to occur only on a subset of measure zero, in which a player’s 
strategy is “related” to another player’s strategy. 
To formalize this notion, we introduce the following set: for any two 
players i and j , let D be a finite index set and for d ∈ D, let 
fij

d : Si → Sj be a bijective and continuous function. Then, for each i , 
we define 

S∗(i) = {s ∈ S | ∃ j �= i such that sj = fij
d (si ).} (1) 
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Discontinuous Games 

Before stating the theorem, we first introduce some weak continuity conditions. 

Definition 

Let X be a subset of Rn, Xi be a subset of R, and X−i be a subset of Rn−1 . 

(i) A function f : X R is called upper semicontinuous (respectively, lower →
semicontinuous) at a vector x ∈ X if f (x) ≥ lim supk ∞ f (xk )→
(respectively, f (x) ≤ lim infk ∞ f (xk )) for every sequence {xk } ⊂ X that →
converges to x. If f is upper semicontinuous (lower semicontinuous) at every 
x ∈ X , we say that f is upper semicontinuous (lower semicontinuous). 

(ii)	 A function f : Xi × X−i → R is called weakly lower semicontinuous in xi 
over a subset X −

∗ 
i ⊂ X−i , if for all xi there exists λ ∈ [0, 1] such that, for all 

x−i ∈ X −
∗ 
i , 

λ lim inf f (xi
�, x−i ) + (1 − λ) lim inf f (xi

�, x−i ) ≥ f (xi , x−i ). 
x � xi	 x � xii ↑	 i ↓
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Game Theory: Lecture 6 Continuous Games 

Discontinuous Games


Theorem (2) 

[Dasgupta and Maskin] Let Si be a closed interval of R. Assume that ui is

continuous except on a subset S∗∗(i) of the set S∗(i) defined in Eq. (1).

Assume also that ∑n

i=1 ui (s) is upper semicontinuous and that ui (si , s−i )

is bounded and weakly lower semicontinuous in si over the set

{s−i ∈ S−i | (si , s−i ) ∈ S∗∗(i)}. Then the game has a mixed strategy

Nash equilibrium.


The weakly lower semicontinuity condition on the utility functions 
implies that the function ui does not jump up when approaching si 
either from below or above. 

Loosely, this ensures that player i can do almost as well with 
strategies near si as with si , even if his opponents put weight on the 
discontinuity points of ui . 
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Bertrand Competition with Capacity Constraints 

Consider two firms that charge prices p1, p2 ∈ [0, 1] per unit of the 
same good.


Assume that there is unit demand and all customers choose the firm

with the lower price.


If both firms charge the same price, each firm gets half the demand.


All demand has to be supplied.


The payoff functions of each firm is the profit they make (we assume

for simplicity that cost of supplying the good is equal to 0 for both

firms).
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Bertrand Competition with Capacity Constraints 

We have shown before that (p1, p2) = (0, 0) is the unique pure 
strategy Nash equilibrium. 
Assume now that each firm has a capacity constraint of 2/3 units of 
demand: 

Since all demand has to be supplied, this implies that when p1 < p2, 
firm 2 gets 1/3 units of demand). 

It can be seen in this case that the strategy profile (p1, p2) = (0, 0) is 
no longer a pure strategy Nash equilibrium: 

Either firm can increase his price and still have 1/3 units of demand 
due to the capacity constraint on the other firm, thus making positive 
profits. 

It can be established using Theorem 2 that there exists a mixed 
strategy Nash equilibrium. 

Let us next proceed to construct a mixed strategy Nash equilibrium. 
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Bertrand Competition with Capacity Constraints 

We focus on symmetric Nash equilibria, i.e., both firms use the same mixed 
strategy. 

We use the cumulative distribution function F ( ) to represent the mixed ·
strategy used by either firm. 

It can be seen that the expected payoff of player 1, when he chooses p1 and 
firm 2 uses the mixed strategy F ( ), is given by ·

u1(p1, F ( )) = F (p1) 
p1 + (1 − F (p1)) 

2 
p1.·

3 3 

Using the fact that each action in the support of a mixed strategy must yield 
the same payoff to a player at the equilibrium, we obtain for all p in the 
support of F ( ),·

−F (p) 
p 

+ 
2 
p = k,

3 3

for some k ≥ 0. From this we obtain:


3k

F (p) = 2 − . 

p 
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Game Theory: Lecture 6 Continuous Games 

Bertrand Competition with Capacity Constraints 

Note next that the upper support of the mixed strategy must be at p = 1, 
which implies that F (1) = 1. 

Combining with the preceding, we obtain ⎧ ⎨ 0, if 0 ≤ p ≤ 2
1 , 

F (p) = ⎩ 
2 − p 

1 , if 2
1 ≤ p ≤ 1, 

1, if p ≥ 1. 
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Uniqueness of a Pure Strategy Nash Equilibrium in 
Continuous Games 

We have shown in the previous lecture the following result: 
Given a strategic form game �I , (Si ), (ui )�, assume that the strategy 
sets Si are nonempty, convex, and compact sets, ui (s) is continuous in 
s, and ui (si , s−i ) is quasiconcave in si . Then the game �I , (Si ), (ui )�
has a pure strategy Nash equilibrium. 

The next example shows that even under strict convexity assumptions, 
there may be infinitely many pure strategy Nash equilibria. 
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Game Theory: Lecture 6 Continuous Games 

Uniqueness of a Pure Strategy Nash Equilibrium 

Example 

Consider a game with 2 players, Si = [0, 1] for i = 1, 2, and the payoffs 

2 

u1(s1, s2) = s1s2 − 
s1 ,
2 

2 
2 u2(s1, s2) = s1s2 − 

s
. 

2 

Note that ui (s1, s2) is strictly concave in si . It can be seen in this example 
that the best response correspondences (which are unique-valued) are 
given by 

B1(s2) = s2, B2(s1) = s1. 

Plotting the best response curves shows that any pure strategy profile 
(s1, s2) = (x , x) for x ∈ [0, 1] is a pure strategy Nash equilibrium. 
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Uniqueness of a Pure Strategy Nash Equilibrium 

We will next establish conditions that guarantee that a strategic form 
game has a unique pure strategy Nash equilibrium, following the 
classical paper [Rosen 65]. 

Notation: 
Given a scalar-valued function f : Rn R, we use the notation �→ 
�f (x) to denote the gradient vector of f at point x , i.e., � �T 

�f (x) = 
∂f (x) 

, . . . , 
∂f (x) 

. 
∂x1 ∂xn 

Given a scalar-valued function u : ∏I
i=1 R

mi �→ R, we use the 
notation �i u(x) to denote the gradient vector of u with respect to xi 

at point x , i.e., � �T 

�i u(x) = 
∂u

∂x

(

i 

x
1 

) 
, . . . , 

∂

∂

u

x 
(

i
m
x

i 

) 
. (2) 
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Optimality Conditions for Nonlinear Optimization Problems 

Theorem (3) 

(Karush-Kuhn-Tucker conditions) Let x∗ be an optimal solution of the 
optimization problem 

maximize f (x) 
subject to gj (x) ≥ 0, j = 1, . . . , r , 

where the cost function f : Rn �→ R and the constraint functions gj : Rn �→ R 
are continuously differentiable. Denote the set of active constraints at x∗ as 
A(x∗) = {j = 1, . . . , r | gj (x∗) = 0}. Assume that the active constraint 
gradients, �gj (x∗), j ∈ A(x∗), are linearly independent vectors. Then, there 
exists a nonnegative vector λ∗ ∈ Rr (Lagrange multiplier vector) such that 

r 
�f (x∗) + ∑ λj

∗�gj (x∗) = 0, 
j=1 

λj 
∗gj (x∗) = 0, ∀ j = 1, . . . , r . (3) 
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Game Theory: Lecture 6 Continuous Games 

Optimality Conditions for Nonlinear Optimization Problems 

For convex optimization problems (i.e., minimizing a convex function (or 
maximizing a concave function) over a convex constraint set), we can provide 
necessary and sufficient conditions for the optimality of a feasible solution: 

Theorem (4) 

Consider the optimization problem

maximize f (x)

subject to gj (x) ≥ 0, j = 1, . . . , r , 

where the cost function f : Rn �→ R and the constraint functions gj : Rn �→ R 
are concave functions. Assume also that there exists some ¯ x) > 0x such that gj ( ̄
for all j = 1, . . . , r . Then a vector x∗ ∈ Rn is an optimal solution of the 
preceding problem if and only if gj (x∗) ≥ 0 for all j = 1, . . . , r , and there exists a 
nonnegative vector λ∗ ∈ Rr (Lagrange multiplier vector) such that 

r 
�f (x∗) + ∑ λj 

∗�gj (x∗) = 0, 
j=1 

λj 
∗gj (x∗) = 0, ∀ j = 1, . . . , r . 
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Game Theory: Lecture 6 Continuous Games 

Uniqueness of a Pure Strategy Nash Equilibrium 

We now return to the analysis of the uniqueness of a pure strategy 
equilibrium in strategic form games. 

We assume that for player i ∈ I , the strategy set Si is given by 

Si = {xi ∈ Rmi | hi (xi ) ≥ 0}, (4) 

where hi : Rmi R is a concave function. �→ 

Since hi is concave, it follows that the set Si is a convex set (exercise!). 

Therefore the set of strategy profiles S = ∏I
i=1 Si ⊂ ∏i

I 
=1 R

mi , being a 
Cartesian product of convex sets, is a convex set. 

Given these strategy sets, a vector x∗ ∈ ∏I 
=1 R

mi is a pure strategy Nash i
equilibrium if and only if for all i ∈ I , xi 

∗ is an optimal solution of 

maximizeyi ∈Rmi 

subject to 

ui (yi , x
∗ 
−i ) 

hi (yi ) ≥ 0. 

(5) 

We use the notation �u(x) to denote 

�u(x) = [�1u1(x), . . . , �I uI (x)]T . (6) 
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Game Theory: Lecture 6 Continuous Games 

Uniqueness of a Pure Strategy Nash Equilibrium 

We introduce the key condition for uniqueness of a pure strategy Nash 
equilibrium. 

Definition 

We say that the payoff functions (u1, . . . , uI ) are diagonally strictly concave for 
x ∈ S, if for every x∗, x̄ ∈ S, we have 

(x̄ − x∗)T �u(x∗) + (x∗ − x̄)T �u(x̄) > 0. 

Theorem 

Consider a strategic form game �I , (Si ), (ui )�. For all i ∈ I , assume that the 
strategy sets Si are given by Eq. (4), where hi is a concave function, and there 
exists some x̃i ∈ Rmi such that hi (x̃i ) > 0. Assume also that the payoff functions 
(u1, . . . , uI ) are diagonally strictly concave for x ∈ S. Then the game has a 
unique pure strategy Nash equilibrium. 
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Game Theory: Lecture 6 Continuous Games 

Proof 

Assume that there are two distinct pure strategy Nash equilibria. 

Since for each i ∈ I , both xi 
∗ and x̄i must be an optimal solution for an 

optimization problem of the form (5), Theorem 4 implies the existence of 
nonnegative vectors λ∗ = [λ1

∗ , . . . , λI 
∗]T and λ ¯ = [ λ̄ 

1, . . . , λ̄ 
I ]T such that 

for all i ∈ I , we have 

�i ui (x∗) + λi 
∗�hi (xi 

∗) = 0, (7) 

λ∗ 
i hi (xi 

∗) = 0, (8) 

and 
�i ui (x̄) + λ̄ 

i �hi (x̄i ) = 0, (9) 

λ̄ 
i hi (x̄i ) = 0. (10) 
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Proof 

xi − xi 
∗

x − x∗)T x)T 

∑ 
¯
∗+ −x xi i 

∗> −x xi i 

¯

¯

¯

∑

∑ 

¯

Multiplying Eqs. (7) and (9) by ( )T and (xi 
∗ xi )T 

)x

¯

¯

¯

¯ 
¯

i∈I

xi )T (xi 
∗∑ 

i∈I 

T( ) ( ∗hλ � x xi i i i 

¯ (hλ �i i 

¯

¯

respectively, and 

xi ) 

xi ), 

−

adding over all i ∈ I , we obtain 

0 =
 (
 �u(x∗) + (x∗ − �u( (11) 

)T (λi 
∗�hi (xi 

∗ ) +
 −

i∈I 

i∈I 
)T (λi 

∗�hi (xi 
∗ ) +
 −


¯

where to get the strict inequality, we used the assumption that the payoff 

Since the h are concave functions, we have i 

¯

functions are diagonally strictly concave for x ∈ S . 

xi − xi 
∗ xi ).hi (xi 

∗) + �hi (xi 
∗)T ( ) ≥ hi (
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Proof 

Using the preceding together with λ∗ 
i > 0, we obtain for all i , 

xi − xi 
∗ xi ) − hi (xi 

∗¯
)xi ¯

¯λi 
∗�hi (xi 

∗)T ( ) ≥ λi 
∗(hi ( ))


=
 λi 
∗hi (

≥ 0, 

where to get the equality we used Eq. (8), and to get the last inequality, we 
xi ) ≥ 0.¯used the facts λi 

∗ 

Similarly, we have

> 0 and hi (

¯λi �hi (xi )T (xi 
∗ xi ) ≥ 0.¯

Combining the preceding two relations with the relation in (11) yields a 
contradiction, thus concluding the proof. 

¯ −
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Sufficient Condition for Diagonal Strict Concavity 

Let U(x) denote the Jacobian of �u(x) [see Eq. (6)]. In particular, if the xi 
are all 1-dimensional, then U(x) is given by ⎛ ⎞ 

∂2u1(x) ∂2u1(x) 
∂x1

2 ∂x1∂x2 
· · · 

∂2u2(x) 
⎜⎜⎜⎝ 

⎟⎟⎟⎠ 
U(x) = . . . . 

∂x2∂x1 
. . . 

Proposition 

For all i ∈ I , assume that the strategy sets Si are given by Eq. (4), where hi is a 
concave function. Assume that the symmetric matrix (U(x) + UT (x)) is 
negative definite for all x ∈ S, i.e., for all x ∈ S, we have 

y T (U(x) + UT (x))y < 0, ∀ y �= 0. 

Then, the payoff functions (u1, . . . , uI ) are diagonally strictly concave for x ∈ S. 
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Proof 

x ∈ S . ¯Let x∗, Consider the vector 

Since S is a convex set, x(λ) ∈ S . 

Because U(x) is the Jacobian of �u(x), we have 

d dx(λ) 
dλ 
�u(x(λ)) = U(x(λ)) 

d(λ) 

x̄ ,x(λ) = λx∗ + (1 − λ) for some λ ∈ [0, 1]. 

¯

x̄), 

x). 

= U(x(λ))(x∗ −

x̄)dλ = �u(x∗) −�u(
or � 1 

U(x(λ))(x∗ −
0 
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Proof 

Multiplying the preceding by (

x − x∗)T¯

¯

x − x∗)T 

�u(x∗) + (x∗ − x)T 

x)T [U(x(λ)) + UT (x(λ))](x∗ − x)dλ¯

¯

¯� 1 

yields 

x)¯(
 �u(
1 

(x∗ −= − 
2 0 

> 0, 

where to get the strict inequality we used the assumption that the 
symmetric matrix (U(x) + UT (x)) is negative definite for all x ∈ S . 
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Game Theory: Lecture 7 Introduction 

Outline


Uniqueness of a Pure Nash Equilibrium for Continuous Games 

Supermodular Games 

Reading: 
Rosen J.B., “Existence and uniqueness of equilibrium points for 
concave N-person games,” Econometrica, vol. 33, no. 3, 1965. 
Fudenberg and Tirole, Section 12.3. 

2 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Uniqueness of a Pure Strategy Nash Equilibrium in 
Continuous Games 

We have shown in the previous lecture the following result: 
Given a strategic form game �I , (Si ), (ui )�, assume that the strategy 
sets Si are nonempty, convex, and compact sets, ui (s) is continuous in 
s, and ui (si , s−i ) is quasiconcave in si . Then the game �I , (Si ), (ui )�
has a pure strategy Nash equilibrium. 

We have seen an example that shows that even under strict convexity 
assumptions, there may be infinitely many pure strategy Nash 
equilibria. 
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Uniqueness of a Pure Strategy Nash Equilibrium 

We will next establish conditions that guarantee that a strategic form 
game has a unique pure strategy Nash equilibrium, following the 
classical paper [Rosen 65]. 

Notation: 
Given a scalar-valued function f : Rn R, we use the notation �→ 
�f (x) to denote the gradient vector of f at point x , i.e., � �T 

�f (x) = 
∂f (x) 

, . . . , 
∂f (x) 

. 
∂x1 ∂xn 

Given a scalar-valued function u : ∏I
i=1 R

mi �→ R, we use the 
notation �i u(x) to denote the gradient vector of u with respect to xi 

at point x , i.e., � �T 

�i u(x) = 
∂u

∂x

(

i 

x
1 

) 
, . . . , 

∂

∂

u

x 
(

i
m
x

i 

) 
. (1) 
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Optimality Conditions for Nonlinear Optimization Problems 

Theorem (3) 

(Karush-Kuhn-Tucker conditions) Let x∗ be an optimal solution of the 
optimization problem 

maximize f (x) 
subject to gj (x) ≥ 0, j = 1, . . . , r , 

where the cost function f : Rn �→ R and the constraint functions gj : Rn �→ R 
are continuously differentiable. Denote the set of active constraints at x∗ as 
A(x∗) = {j = 1, . . . , r gj (x∗) = 0}. Assume that the active constraint 
gradients, �gj (x∗), j ∈

| 
A(x∗), are linearly independent vectors. Then, there 

exists a nonnegative vector λ∗ ∈ Rr (Lagrange multiplier vector) such that 

r 
�f (x∗) + ∑ λj

∗�gj (x∗) = 0, 
j=1 

λj 
∗gj (x∗) = 0, ∀ j = 1, . . . , r . (2) 
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Optimality Conditions for Nonlinear Optimization Problems 

For convex optimization problems (i.e., minimizing a convex function (or 
maximizing a concave function) over a convex constraint set), we can provide 
necessary and sufficient conditions for the optimality of a feasible solution: 

Theorem (4) 

Consider the optimization problem

maximize f (x)

subject to gj (x) ≥ 0, j = 1, . . . , r , 

where the cost function f : Rn �→ R and the constraint functions gj : Rn �→ R 
are concave functions. Assume also that there exists some ¯ x) > 0x such that gj ( ̄
for all j = 1, . . . , r . Then a vector x∗ ∈ Rn is an optimal solution of the 
preceding problem if and only if gj (x∗) ≥ 0 for all j = 1, . . . , r , and there exists a 
nonnegative vector λ∗ ∈ Rr (Lagrange multiplier vector) such that 

r 
�f (x∗) + ∑ λj 

∗�gj (x∗) = 0, 
j=1 

λj 
∗gj (x∗) = 0, ∀ j = 1, . . . , r . 
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Uniqueness of a Pure Strategy Nash Equilibrium 

We now return to the analysis of the uniqueness of a pure strategy 
equilibrium in strategic form games. 

We assume that for player i ∈ I , the strategy set Si is given by 

Si = {xi ∈ Rmi | hi (xi ) ≥ 0}, (3) 

where hi : Rmi R is a concave function. �→ 

Since hi is concave, it follows that the set Si is a convex set (exercise!). 

Therefore the set of strategy profiles S = ∏I
i=1 Si ⊂ ∏i

I 
=1 R

mi , being a 
Cartesian product of convex sets, is a convex set. 

Given these strategy sets, a vector x∗ ∈ ∏I 
=1 R

mi is a pure strategy Nash i
equilibrium if and only if for all i ∈ I , xi 

∗ is an optimal solution of 

maximizeyi ∈Rmi 

subject to 

ui (yi , x
∗ 
−i ) 

hi (yi ) ≥ 0. 

(4) 

We use the notation �u(x) to denote 

�u(x) = [�1u1(x), . . . , �I uI (x)]T . (5) 
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Uniqueness of a Pure Strategy Nash Equilibrium 

We introduce the key condition for uniqueness of a pure strategy Nash 
equilibrium. 

Definition 

We say that the payoff functions (u1, . . . , uI ) are diagonally strictly concave for 
x ∈ S, if for every x∗, x̄ ∈ S, we have 

(x̄ − x∗)T �u(x∗) + (x∗ − x̄)T �u(x̄) > 0. 

Theorem 

Consider a strategic form game �I , (Si ), (ui )�. For all i ∈ I , assume that the 
strategy sets Si are given by Eq. (3), where hi is a concave function, and there 
exists some x̃i ∈ Rmi such that hi (x̃i ) > 0. Assume also that the payoff functions 
(u1, . . . , uI ) are diagonally strictly concave for x ∈ S. Then the game has a 
unique pure strategy Nash equilibrium. 
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Proof 

Assume that there are two distinct pure strategy Nash equilibria. 

Since for each i ∈ I , both xi 
∗ and x̄i must be an optimal solution for an 

optimization problem of the form (4), Theorem 2 implies the existence of 
nonnegative vectors λ∗ = [λ1

∗ , . . . , λI 
∗]T and λ ¯ = [ λ̄ 

1, . . . , λ̄ 
I ]T such that 

for all i ∈ I , we have 

�i ui (x∗) + λi 
∗�hi (xi 

∗) = 0, (6) 

λ∗ 
i hi (xi 

∗) = 0, (7) 

and 
�i ui (x̄) + λ̄ 

i �hi (x̄i ) = 0, (8) 

λ̄ 
i hi (x̄i ) = 0. (9) 
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Proof 

xi − xi 
∗ xi )T 

T T) ) )∗−x x x x

¯

¯

¯

+ xi − xi 
∗ λi �hi (xi )T (xi 

∗¯ 
¯

> xi − xi 
∗ xi )T (xi 

∗ 

∑ 
¯

¯

¯

¯

∑

∑ 

¯

Multiplying Eqs. (6) and (8) by ( )T and (xi 
∗ 

¯

¯

respectively, and 

xi ) 

xi ), 

−

adding over all i ∈ I , we obtain 

0 =
 (
 �u(x∗) + (x∗ − �u( (10) 

)T (λi 
∗�hi (xi 

∗ ) +
 −

i∈I 

i∈I 

¯ (hλ �i i 

i∈I

∑ 
i∈I 

)T (λi 
∗�hi (xi 

∗ ) +
 −


¯

where to get the strict inequality, we used the assumption that the payoff 

Since the h are concave functions, we have i 

¯

functions are diagonally strictly concave for x ∈ S . 

xi − xi 
∗ xi ).hi (xi 

∗) + �hi (xi 
∗)T ( ) ≥ hi (
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Proof 

Using the preceding together with λ∗ 
i > 0, we obtain for all i , 

xi − xi 
∗ xi ) − hi (xi 

∗¯
)xi ¯

¯λi 
∗�hi (xi 

∗)T ( ) ≥ λi 
∗(hi ( ))


=
 λi 
∗hi (

≥ 0, 

where to get the equality we used Eq. (7), and to get the last inequality, we 
xi ) ≥ 0.¯used the facts λi 

∗ 

Similarly, we have

> 0 and hi (

¯λi �hi (xi )T (xi 
∗ xi ) ≥ 0.¯

Combining the preceding two relations with the relation in (10) yields a 
contradiction, thus concluding the proof. 

¯ −
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Sufficient Condition for Diagonal Strict Concavity 

Let U(x) denote the Jacobian of �u(x) [see Eq. (5)]. In particular, if the xi 
are all 1-dimensional, then U(x) is given by ⎛ ⎞ 

∂2u1(x) ∂2u1(x) 
∂x1

2 ∂x1∂x2 
· · · 

∂2u2(x) 
⎜⎜⎜⎝ 

⎟⎟⎟⎠ 
U(x) = . . . . 

∂x2∂x1 
. . . 

Proposition 

For all i ∈ I , assume that the strategy sets Si are given by Eq. (3), where hi is a 
concave function. Assume that the symmetric matrix (U(x) + UT (x)) is 
negative definite for all x ∈ S, i.e., for all x ∈ S, we have 

y T (U(x) + UT (x))y < 0, ∀ y �= 0. 

Then, the payoff functions (u1, . . . , uI ) are diagonally strictly concave for x ∈ S. 
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Proof 

x ∈ S . ¯Let x∗, Consider the vector 

Since S is a convex set, x(λ) ∈ S . 

Because U(x) is the Jacobian of �u(x), we have 

d dx(λ) 
dλ 
�u(x(λ)) = U(x(λ)) 

d(λ) 

x̄ ,x(λ) = λx∗ + (1 − λ) for some λ ∈ [0, 1]. 

¯

x̄), 

x). 

= U(x(λ))(x∗ −

x̄)dλ = �u(x∗) −�u(
or � 1 

U(x(λ))(x∗ −
0 
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Game Theory: Lecture 7 Uniqueness of a Pure Strategy Equilibrium 

Proof 

Multiplying the preceding by (

x − x∗)T¯

¯

x − x∗)T 

�u(x∗) + (x∗ − x)T 

x)T [U(x(λ)) + UT (x(λ))](x∗ − x)dλ¯

¯

¯� 1 

yields 

x)¯(
 �u(
1 

(x∗ −= − 
2 0 

> 0, 

where to get the strict inequality we used the assumption that the 
symmetric matrix (U(x) + UT (x)) is negative definite for all x ∈ S . 
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Game Theory: Lecture 7 Supermodular Games 

Supermodular Games 

Supermodular games are those characterized by strategic complementarities 

Informally, this means that the marginal utility of increasing a player’s 
strategy raises with increases in the other players’ strategies. 

Implication best response of a player is a nondecreasing function of ⇒
other players’ strategies 

Why interesting? 

They arise in many models. 
Existence of a pure strategy equilibrium without requiring the 
quasi-concavity of the payoff functions. 
Many solution concepts yield the same predictions. 
The equilibrium set has a smallest and a largest element. 
They have nice sensitivity (or comparative statics) properties and 
behave well under a variety of distributed dynamic rules. 

Much of the theory is due to [Topkis 79, 98], [Milgrom and Roberts 90], 
[Milgrom and Shannon 94], and [Vives 90, 01]. 
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Game Theory: Lecture 7 Supermodular Games 

Lattices and Tarski’s Theorem


The machinery needed to study supermodular games is lattice theory and 
monotonicity results in lattice programming. 

Methods used are non-topological and they exploit order properties 

We first briefly summarize some preliminaries related to lattices. 

Definition 

Given a set S and a binary relation ≥, the pair (S , ≥) is a partially ordered 
set if ≥ is reflexive (x ≥ x for all x ∈ S), transitive (x ≥ y and y ≥ z 
implies that x ≥ z), and antisymmetric (x ≥ y and y ≥ x implies that 
x = y). 

A partially ordered set (S , ≥) is (completely) ordered if for x ∈ S and 
y ∈ S, either x ≥ y or y ≥ x. 
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Game Theory: Lecture 7 Supermodular Games 

Lattices

Definition 

A lattice is a partially ordered set (S , ≥) s.t. any two elements x , y have a least 
upper bound (supremum), supS (x , y ) = inf{z ∈ S |z ≥ x , z ≥ y }, and a greatest 
lower bound (infimum), infS (x , y ) = sup{z ∈ S |z ≤ x , z ≤ y } in the set. 

Supremum of {x , y } is denoted by x ∨ y and is called the join of x and y .


Infimum of {x , y } is denoted by x ∧ y and is called the meet of x and y .


Examples: 

Any interval of the real line with the usual order is a lattice, since any two

points have a supremum and infimum in the interval.


However, the set S ⊂ R2 , S = {(1, 0), (0, 1)}, is not a lattice with the

vector ordering (the usual componentwise ordering: x ≤ y if and only if

xi ≤ yi for any i), since (1, 0) and (0, 1) have no joint upper bound in S .


S � = {(0, 0), (0, 1), (1, 0), (1, 1)} is a lattice with the vector ordering. 

Similarly, the simplex in Rn (again with the usual vector ordering) 
{x ∈ Rn ∑i xi = 1, xi ≥ 0} is not a lattice, while the box 

0 ≤ x1 ≤ 1} is.{x ∈ Rn 
|
| 
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Game Theory: Lecture 7 Supermodular Games 

Lattices


Definition 

A lattice (S , ≥) is complete if every nonempty subset of S has a 
supremum and an infimum in S. 

Any compact interval of the real line with the usual order is a 
complete lattice, while the open interval (a, b) is a lattice but is not 
complete [indeed the supremum of (a, b) does not belong to (a, b)]. 
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Game Theory: Lecture 7 Supermodular Games 

Tarski’s Fixed Point Theorem 

We state the lattice theoretical fixed point theorem due to Tarski. 
Let (S , ≥) be a partially ordered set. A function f from S to S is 
increasing if for all x , y ∈ S , x ≥ y implies f (x) ≥ f (y ). 

Theorem (Tarski) 

Let (S , ≥) be a complete lattice and f : S → S an increasing function. 
Then, the set of fixed points of f , denoted by E , is nonempty and (E , ≥) 
is a complete lattice. 

s

f(s)

s

f(s)
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Game Theory: Lecture 7 Supermodular Games 

Supermodularity of a Function 

Definition 

Let (X , ≥) be a lattice. A function f : X → R is supermodular on S if for 
all x , y ∈ X 

f (x) + f (y ) ≤ f (x ∧ y ) + f (x ∨ y ). 

Note that supermodularity is automatically satisfied if X is single 
dimensional. 
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Monotonicity of Optimal Solutions 

From now on, we will assume that X ⊆ R.

The following analysis and theory extends to the case where X is a

lattice.


We first study the monotonicity properties of optimal solutions of 
parametric optimization problems. Consider a problem 

x(t) = arg max f (x , t), 
x∈X 

where f : X × T R, X ⊆ R, and T is some partially ordered set. → 

We will mostly focus on T ⊆ RK with the usual vector order, i.e., 
for some x , y ∈ T , x ≥ y if and only if xi ≥ yi for all i = 1, . . . , k. 

We are interested in conditions under which we can establish that 
x(t) is a nondecreasing function of t. 
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Increasing Differences 

Key property: Increasing differences. 

Definition 

Let X ⊆ R and T be some partially ordered set. A function f : X × T R has 
increasing differences in (x , t) if for all x � ≥ x and t � ≥ t, we have 

→ 

f (x �, t �) − f (x , t �) ≥ f (x �, t) − f (x , t). 

Intuitively: incremental gain to choosing a higher x (i.e., x � rather than x) 
is greater when t is higher, i.e., f (x �, t) − f (x , t) is nondecreasing in t. 

You can check that the property of increasing differences is symmetric : an 
equivalent statement is that if t � > t, then f (x , t �) − f (x , t) is 
nondecreasing in x . 

The previous definition gives an abstract characterization. The following 
result makes checking increasing differences easy in many cases. 
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Game Theory: Lecture 7 Supermodular Games 

Increasing Differences 

Lemma 

Let X ⊂ R and T ⊂ Rk for some k, a partially ordered set with the usual 
vector order. Let f : X × T R be a twice continuously differentiable →
function. Then, the following statements are equivalent: 

The function f has increasing differences in (x , t). 
For all t � ≥ t and all x ∈ X , we have 

∂f (x , t �) ∂f (x , t) 
. 

∂x 
≥ 

∂x 

For all x ∈ X, t ∈ T, and all i = 1, . . . , k, we have 

∂2f (x , t) ≥ 0. 
∂x∂ti 
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Game Theory: Lecture 7 Supermodular Games 

Example I – Network effects (positive externalities) 

A set I of users can use one of two products X and Y (e.g., Blu-ray and 
HD DVD). 

Bi (J, k) denotes payoff to i when a subset J of users use k and i ∈ J. 

There exists a positive externality if 

Bi (J, k) ≤ Bi (J �, k), when J ⊂ J �, 

i.e., player i better off if more users use the same technology as him. 

This leads to a strategic form game with actions Si = {X , Y } 

Define the order Y � X , which induces a lattice structure 

Given s ∈ S , let X (s) = {i ∈ I | si = X }, Y (s) = {i ∈ I | si = Y }. 
We define the payoff functions as 

ui (si , s−i ) = 
B
B

i

i 
(
(
Y
X 

(
(
s
s
)
)
,
, 
Y
X )

) 
if
if 

s
s
i

i 

=
= 

X
Y 

, 

It can be verified that payoff functions satisfy increasing differences. 
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Game Theory: Lecture 7 Supermodular Games 

Example II– Cournot As a Supermodular Game with 
Change of Order 

Consider Cournot duopoly model. Two firms choose the quantity they 
produce qi ∈ [0, ∞). 
Let P(Q) with Q = qi + qj denote the inverse demand (price)

function. Payoff function of each firm is

ui (qi , qj ) = qi P(qi + qj ) − cqi . 

Assume P �(Q) + qi P
��(Q) ≤ 0 (firm i ’s marginal revenue decreasing 

in qj ). 

We can now verify that the payoff functions of the transformed game 
defined by s1 = q1, s2 = −q2 have increasing differences in (s1, s2). 
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Game Theory: Lecture 7 Supermodular Games 

Monotonicity of Optimal Solutions 

Key theorem about monotonicity of optimal solutions: 

Theorem (Topkis) 

Let X ⊂ R be a compact set and T be some partially ordered set. 
Assume that the function f : X × T R is continuous [or upper →
semicontinuous] in x for all t ∈ T and has increasing differences in (x , t). 
Define x(t) ≡ arg maxx∈X f (x , t). Then, we have: 

For all t ∈ T, x(t) is nonempty and has a greatest and least element,

denoted by x̄(t) and x(t) respectively.


For all t � ≥ t, we have x̄(t �) ≥ x̄(t) and x(t �) ≥ x(t).


Summary: if f has increasing differences, the set of optimal solutions 
x(t) is non-decreasing in the sense that the largest and the smallest 
selections are non-decreasing. 
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Game Theory: Lecture 7 Supermodular Games 

Proof


By the assumptions that for all t ∈ T , the function f (·, t) is upper 
semicontinuous and X is compact, it follows by the Weierstrass’ Theorem 
that x(t) is nonempty. For all t ∈ T , x(t) ⊂ X , therefore is bounded. 

Since X ⊂ R, to establish that x(t) has a greatest and lowest element, it 
suffices to show that x(t) is closed. 

¯Let {xk } be a sequence in x(t). Since X is compact, xk has a limit point x .

By restricting to a subsequence if necessary, we may assume without loss of


x̄ .generality that xk converges to

Since xk ∈ x(t) for all k, we have 

f (x k , t) ≥ f (x , t), ∀ x ∈ X . 

Taking the limit as k ∞ in the preceding relation and using the upper →
semicontinuity of f (·, t), we obtain 

f (x , t) ≥ lim sup 
k ∞→

¯ f (x k , t) ≥ f (x , t), ∀ x ∈ X , 

thus showing that ( )¯ belongs to , and proving the closedness claim. tx x 
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Proof 

=
x(t

By the fact that x maximizes f (x , t), we have 

f (x , t) − f (min(x , x �), t) ≥ 0. 

This implies (check the two cases: x ≥ x � and x � ≥ x) that 

f (max(x , x �), t) − f (x �, t) ≥ 0. 

By increasing differences of f , this yields 

f (max(x , x �), t �) − f (x �, t �) ≥ 0. 

¯

Thus max(x , x �) maximizes f (·, t �), i.e, max(x , x �) belongs to x(t �). Since 
x � is the greatest element of the set x(t �), we conclude that 
max(x , x �) ≤ x �, thus x ≤ x �. 

Let x ∈ x(t) and x ).Let t ≥ t. 

¯x̄(t) ≤ x(t
argument applies to the smallest maximizers. 
Since x is an arbitrary element of x(t), this implies �). A similar 
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Supermodular Games 

Definition 

The strategic game �I , (Si ), (ui )� is a supermodular game if for all i ∈ I : 

Si is a compact subset of R [or more generally Si is a complete lattice 
in Rmi ]; 

ui is upper semicontinuous in si , continuous in s−i . 

ui has increasing differences in (si , s−i ) [or more generally ui is 
supermodular in (si , s−i ), which is an extension of the property of 
increasing differences to games with multi-dimensional strategy 
spaces]. 
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Supermodular Games 

Applying Topkis’ theorem implies that each player’s “best response 
correspondence is increasing in the actions of other players”. 

Corollary 

Assume �I , (Si ), (ui )� is a supermodular game. Let 

Bi (s−i ) = arg max ui (si , s−i ). 
si ∈Si 

Then: 

B̄i (s

−i ) and Bi (s−
�
i ) ≥ Bi (s−i ). 

Bi (s−i ) has a greatest and least element, denoted by

Bi (s Bi (s¯¯
−i ) and Bi (s−i ). 

) ≥
If s−
�
i ≥ s−i , then −

�
i 

Applying Tarski’s fixed point theorem to B̄ establishes the existence of a 
pure Nash equilibrium for any supermodular game.


We next pursue a different approach which provides more insight into the

structure of Nash equilibria.
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Supermodular Games 

Theorem (Milgrom and Roberts) 

Let �I , (Si ), (ui )� be a supermodular game. Then the set of strategies that 
survive iterated strict dominance in pure strategies has greatest and least elements 
¯
s and s, coinciding with the greatest and the least pure strategy Nash Equilibria.


Corollary 

Supermodular games have the following properties: 

Pure strategy NE exist. 

The largest and smallest strategies are compatible with iterated strict 
dominance (ISD), rationalizability, correlated equilibrium, and Nash 
equilibrium are the same. 

If a supermodular game has a unique NE, it is dominance solvable (and lots 
of learning and adjustment rules converge to it, e.g., best-response 
dynamics). 

31 

1

2

3 co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 7 Supermodular Games 

Proof 

We iterate the best response mapping. Let S0 = S , and let

s0 = (s1

0 , . . . , sI 
0) be the largest element of S .


Let si 
1 = B̄i (s−

0 
i ) and Si 

1 = {si ∈ Si 
0 | si ≤ si 

1}. 

We show that any si > si 
1, i.e, any si ∈/ Si 

1, is strictly dominated by si 
1 . For 

all s−i ∈ S−i , we have 

ui (si , s−i ) − ui (si 
1 , s−i ) ≤ ui (si , s−

0 
i ) − ui (si 

1 , s−
0 
i ) 

< 0, 

where the first inequality follows by the increasing differences of ui (si , s−i ) 
in (si , s−i ), and the strict inequality follows by the fact that si is not a best 
response to s−

0 
i . 

Note that si 
1 ≤ si 

0 . 

Iterating this argument, we define 

si
k = B̄i (s −

k−
i 
1), Si

k = {si ∈ Sk−1 | si ≤ si
k }.i 
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Game Theory: Lecture 7 Supermodular Games 

Proof 

Assume sk ≤ sk−1 . Then, by Corollary (Topkis), we have


si
k+1 = B̄i (s−

k
i ) ≤ B̄i (s −

k−
i 
1) = si

k .


This shows that the sequence {sik } is a decreasing sequence, which is 
bounded from below, and hence it has a limit, which we denote by s̄  i . Only 
the strategies si ≤ s̄i are undominated. Similarly, we can start with 
s0 = (s1

0 , . . . , sI 
0) the smallest element in S and identify s. 

To complete the proof, we show that s̄ and s are NE. By construction, for all 
i and si ∈ Si , we have 

ui (si
k+1 , s−

k
i ) ≥ ui (si , s−

k
i ). 

Taking the limit as k ∞ in the preceding relation and using the upper →
semicontinuity of ui in si and continuity of ui in s−i , we obtain


ui (s̄i , s̄−i ) ≥ ui (si , s̄−i ),


showing the desired claim. 
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Game Theory: Lecture 7 Supermodular Games 
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Game Theory: Lecture 8 Introduction 

Outline 

Review of Supermodular Games 

Potential Games 

Reading: 
Fudenberg and Tirole, Section 12.3. 
Monderer and Shapley, “Potential Games,” Games and Economic 
Behavior, vol. 14, pp. 124-143, 1996. 
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Game Theory: Lecture 8 Supermodular Games 

Supermodular Games 

Supermodular games are those characterized by strategic complementarities 

Informally, this means that the marginal utility of increasing a player’s 
strategy raises with increases in the other players’ strategies. 

Implication best response of a player is a nondecreasing function of ⇒
other players’ strategies 

Why interesting? 

They arise in many models. 
Existence of a pure strategy equilibrium without requiring the 
quasi-concavity of the payoff functions. 
Many solution concepts yield the same predictions. 
The equilibrium set has a smallest and a largest element. 
They have nice sensitivity (or comparative statics) properties and 
behave well under a variety of distributed dynamic rules. 

Much of the theory is due to [Topkis 79, 98], [Milgrom and Roberts 90], 
[Milgrom and Shannon 94], and [Vives 90, 01]. 
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Game Theory: Lecture 8 Supermodular Games 

Increasing Differences 

Key property: Increasing differences. 

Definition 

Let X ⊆ R and T be some partially ordered set. A function f : X × T R has 
increasing differences in (x , t) if for all x � ≥ x and t � ≥ t, we have 

→ 

f (x �, t �) − f (x , t �) ≥ f (x �, t) − f (x , t). 

Intuitively: incremental gain to choosing a higher x (i.e., x � rather than x) 
is greater when t is higher, i.e., f (x �, t) − f (x , t) is nondecreasing in t. 

You can check that the property of increasing differences is symmetric : an 
equivalent statement is that if t � ≥ t, then f (x , t �) − f (x , t) is 
nondecreasing in x . 

The previous definition gives an abstract characterization. The following 
result makes checking increasing differences easy in many cases. 
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Game Theory: Lecture 8 Supermodular Games 

Increasing Differences 

Lemma 

Let X ⊂ R and T ⊂ Rk for some k, a partially ordered set with the usual 
vector order. Let f : X × T R be a twice continuously differentiable →
function. Then, the following statements are equivalent: 

The function f has increasing differences in (x , t). 
For all t � ≥ t and all x ∈ X , we have 

∂f (x , t �) ∂f (x , t) 
. 

∂x 
≥ 

∂x 

For all x ∈ X, t ∈ T, and all i = 1, . . . , k, we have 

∂2f (x , t) ≥ 0. 
∂x∂ti 
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Game Theory: Lecture 8 Supermodular Games 

Monotonicity of Optimal Solutions 

Key theorem about monotonicity of optimal solutions: 

Theorem (Topkis) 

Let X ⊂ R be a compact set and T be some partially ordered set. 
Assume that the function f : X × T R is continuous [or upper →
semicontinuous] in x for all t ∈ T and has increasing differences in (x , t). 
Define x(t) ≡ arg maxx∈X f (x , t). Then, we have: 

For all t ∈ T, x(t) is nonempty and has a greatest and least element,

denoted by x̄(t) and x(t) respectively.


For all t � ≥ t, we have x̄(t �) ≥ x̄(t) and x(t �) ≥ x(t).


Summary: if f has increasing differences, the set of optimal solutions 
x(t) is non-decreasing in the sense that the largest and the smallest 
selections are non-decreasing. 
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Game Theory: Lecture 8 Supermodular Games 

Supermodular Games 

Definition 

The strategic game �I , (Si ), (ui )� is a supermodular game if for all i ∈ I : 

Si is a compact subset of R [or more generally Si is a complete lattice 
in Rmi ]; 

ui is upper semicontinuous in si , continuous in s−i . 

ui has increasing differences in (si , s−i ) [or more generally ui is 
supermodular in (si , s−i ), which is an extension of the property of 
increasing differences to games with multi-dimensional strategy 
spaces]. 
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Game Theory: Lecture 8 Supermodular Games 

Supermodular Games 

Applying Topkis’ theorem implies that each player’s “best response 
correspondence is increasing in the actions of other players”. 

Corollary 

Assume �I , (Si ), (ui )� is a supermodular game. Let 

Bi (s−i ) = arg max ui (si , s−i ). 
si ∈Si 

Then: 

B̄i (s

−i ) and Bi (s−
�
i ) ≥ Bi (s−i ). 

Bi (s−i ) has a greatest and least element, denoted by

Bi (s Bi (s¯¯
−i ) and Bi (s−i ). 

) ≥
If s−
�
i ≥ s−i , then −

�
i 

Applying Tarski’s fixed point theorem to B̄ establishes the existence of a 
pure Nash equilibrium for any supermodular game.


We next pursue a different approach which provides more insight into the

structure of Nash equilibria.
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Game Theory: Lecture 8 Supermodular Games 

Supermodular Games 

Theorem (Milgrom and Roberts) 

Let �I , (Si ), (ui )� be a supermodular game. Then the set of strategies that 
survive iterated strict dominance in pure strategies has greatest and least elements 
¯
s and s, coinciding with the greatest and the least pure strategy Nash Equilibria.


Corollary 

Supermodular games have the following properties: 

Pure strategy NE exist. 

The largest and smallest strategies are compatible with iterated strict 
dominance (ISD), rationalizability, correlated equilibrium, and Nash 
equilibrium are the same. 

If a supermodular game has a unique NE, it is dominance solvable (and lots 
of learning and adjustment rules converge to it, e.g., best-response 
dynamics). 
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Game Theory: Lecture 8 Supermodular Games 

Proof 

We iterate the best response mapping. Let S0 = S , and let

s0 = (s1

0 , . . . , sI 
0) be the largest element of S .


Let si 
1 = B̄i (s−

0 
i ) and Si 

1 = {si ∈ Si 
0 | si ≤ si 

1}. 

We show that any si > si 
1, i.e, any si ∈/ Si 

1, is strictly dominated by si 
1 . For 

all s−i ∈ S−i , we have 

ui (si , s−i ) − ui (si 
1 , s−i ) ≤ ui (si , s−

0 
i ) − ui (si 

1 , s−
0 
i ) 

< 0, 

where the first inequality follows by the increasing differences of ui (si , s−i ) 
in (si , s−i ), and the strict inequality follows by the fact that si is not a best 
response to s−

0 
i . 

Note that si 
1 ≤ si 

0 . 

Iterating this argument, we define 

si
k = B̄i (s −

k−
i 
1), Si

k = {si ∈ Sk−1 | si ≤ si
k }.i 
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Game Theory: Lecture 8 Supermodular Games 

Proof 

Assume sk ≤ sk−1 . Then, by Corollary (Topkis), we have


si
k+1 = B̄i (s−

k
i ) ≤ B̄i (s −

k−
i 
1) = si

k .


This shows that the sequence {sik } is a decreasing sequence, which is 
bounded from below, and hence it has a limit, which we denote by s̄  i . Only 
the strategies si ≤ s̄i are undominated. Similarly, we can start with 
s0 = (s1

0 , . . . , sI 
0) the smallest element in S and identify s. 

To complete the proof, we show that s̄ and s are NE. By construction, for all 
i and si ∈ Si , we have 

ui (si
k+1 , s−

k
i ) ≥ ui (si , s−

k
i ). 

Taking the limit as k ∞ in the preceding relation and using the upper →
semicontinuity of ui in si and continuity of ui in s−i , we obtain


ui (s̄i , s̄−i ) ≥ ui (si , s̄−i ),


showing the desired claim. 
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Game Theory: Lecture 8 Potential Games 

Potential Games


A strategic form game is a potential game [ordinal potential game, 
exact potential game] if there exists a function Φ : S R such that 
Φ (si , s−i ) gives information about ui (si , s−i ) for each 

→
i ∈ I . 

If so, Φ is referred to as the potential function. 

The potential function has a natural analogy to “energy” in physical 
systems. It will be useful both for locating pure strategy Nash 
equilibria and also for the analysis of “myopic” dynamics. 
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Game Theory: Lecture 8 Potential Games 

Potential Functions and Games 

Let G = �I , (Si ), (ui )� be a strategic form game. 

Definition 

A function Φ : S R is called an ordinal potential function for the game G if for →
each i ∈ I and all s−i ∈ S−i , 

ui (x , s−i ) − ui (z , s−i ) > 0 iff Φ(x , s−i ) − Φ(z , s−i ) > 0, for all x , z ∈ Si . 

G is called an ordinal potential game if it admits an ordinal potential. 

Definition 

A function Φ : S R is called an (exact) potential function for the game G if →
for each i ∈ I and all s−i ∈ S−i , 

ui (x , s−i ) − ui (z , s−i ) = Φ(x , s−i ) − Φ(z , s−i ), for all x , z ∈ Si . 

G is called an (exact) potential game if it admits a potential. 
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Game Theory: Lecture 8 Potential Games 

Example 

A potential function assigns a real value for every s ∈ S .


Thus, when we represent the game payoffs with a matrix (in finite

games), we can also represent the potential function as a matrix, each

entry corresponding to the vector of strategies from the payoff matrix.


Example 

The matrix P is a potential for the “Prisoner’s dilemma” game described 
below: � � � � 

(1, 1) (9, 0) 4 3 
G = , P = (0, 9) (6, 6) 3 0 
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Game Theory: Lecture 8 Potential Games 

Pure Strategy Nash Equilibria in Ordinal Potential Games


Theorem 

Every finite ordinal potential game has at least one pure strategy Nash 
equilibrium. 

Proof: The global maximum of an ordinal potential function is a pure 
strategy Nash equilibrium. To see this, suppose that s∗ corresponds 
to the global maximum. Then, for any i ∈ I , we have, by definition, 
Φ(si 

∗, s−
∗ 

i ) − Φ(s, s−
∗ 

i ) ≥ 0 for all s ∈ Si . But since Φ is a potential 
function, for all i and all s ∈ Si , 

ui (si 
∗, s−

∗ 
i ) − ui (s, s−

∗ 
i ) ≥ 0 iff Φ(si 

∗, s−
∗ 

i ) − Φ(s, s−
∗ 

i ) ≥ 0. 

Therefore, ui (si 
∗, s−

∗ 
i ) − ui (s, s−

∗ 
i ) ≥ 0 for all s ∈ Si and for all i ∈ I . 

Hence s∗ is a pure strategy Nash equilibrium. 
Note, however, that there may also be other pure strategy Nash

equilibria corresponding to local maxima.
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Game Theory: Lecture 8 Potential Games 

Examples of Ordinal Potential Games 

Example: Cournot competition. 

I firms choose quantity qi ∈ (0, ∞) 
The payoff function for player i given by ui (qi , q−i ) = qi (P(Q) − c). 

We define the function Φ(q1, ∏I 
=1 qi (P(Q) − c).i· · · , qI ) = 

Note that for all i and all q−i > 0, 

ui (qi , q−i ) − ui (qi
�, q−i ) > 0 iff Φ(qi , q−i ) − Φ(qi

�, q−i ) > 0, ∀ qi , qi
� > 0. 

Φ is therefore an ordinal potential function for this game. 
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Game Theory: Lecture 8 Potential Games 

Examples of Exact Potential Games 

Example: Cournot competition (again).


Suppose now that P(Q) = a − bQ and costs ci (qi ) are arbitrary.


We define the function


I I I I 

∑
 ∑
 2 − b
 ∑

1≤i<l≤I 

qi ql − ∑
Φ∗(q1, ) = a· · · , qn ci (qi ).qi − b qi 
i=1 i=1 i=1 

It can be shown that for all i and all q−i ,


ui (qi , q−i ) − ui (qi
�, q−i ) = Φ∗(qi , q−i ) − Φ∗(qi

�, q−i ), for all qi , qi
� > 0.


Φ is an exact potential function for this game.
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Game Theory: Lecture 8 Potential Games 

Simple Dynamics in Finite Ordinal Potential Games


Definition 

A path in strategy space S is a sequence of strategy vectors (s0 , s1 , )· · · 
such that every two consecutive strategies differ in one coordinate (i.e.,

exactly in one player’s strategy).

An improvement path is a path (s0 , s1 , ) such that,
· · · 
uik (s

k ) < uik (s
k+1) where sk and sk+1 differ in the ik

th coordinate. In 
other words, the payoff improves for the player who changes his strategy. 

An improvement path can be thought of as generated dynamically by 
“myopic players”, who update their strategies according to 1-sided 
better reply dynamic. 
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Game Theory: Lecture 8 Potential Games 

Simple Dynamics in Finite Ordinal Potential Games 

Proposition 

In every finite ordinal potential game, every improvement path is finite. 

Proof: Suppose (s0 , s1 , ) is an improvement path. Therefore we have, · · · 

Φ(s 0) < Φ(s 1) < · · · , 

where Φ is the ordinal potential. Since the game is finite, i.e., it has a finite 
strategy space, the potential function takes on finitely many values and the above 
sequence must end in finitely many steps. 

This implies that in finite ordinal potential games, every “maximal” 
improvement path must terminate in an equilibrium point. 

That is, the simple myopic learning process based on 1-sided better reply 
dynamic converges to the equilibrium set. 

Next week, we will show that other natural simple dynamics also converge to 
a pure equilibrium for potential games. 
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Game Theory: Lecture 8 Potential Games 

Characterization of Finite Exact Potential Games 

For a finite path γ = (s0 , . . . , sN ), let 
N 

I (γ) = ∑ u mi (s i ) − u mi (s i −1), 
i=1 

where mi denotes the player changing its strategy in the ith step of 
the path. 
The path γ = (s0 , . . . , sN ) is closed if s0 = sN . It is a simple closed 
path if in addition s l �= sk for every 0 ≤ l �= k ≤ N − 1. 

Theorem 

A game G is an exact potential game if and only if for all finite simple 
closed paths, γ, I (γ) = 0. Moreover, it is sufficient to check simple closed 
paths of length 4. 

Intuition: Let I (γ) �= 0. If potential existed then it would increase when 
the cycle is completed. 
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Game Theory: Lecture 8 Potential Games 

Infinite Potential Games


Proposition 

Let G be a continuous potential game with compact strategy sets. Then 
G has at least one pure strategy Nash equilibrium. 

Proposition 

Let G be a game such that Si ⊆ R and the payoff functions ui : S R→
are continuously differentiable. Let Φ : S R be a function. Then, Φ is→
a potential for G if and only if Φ is continuously differentiable and 

∂ui (s) ∂Φ(s)
= for all i ∈ I and all s ∈ S . 

∂si ∂si 
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Game Theory: Lecture 8 Potential Games 

Congestion Games 

Congestion Model: C = �I , M, (Si )i ∈I , (c j )j∈M� where: 

I = {1, 2, · · · , I } is the set of players. 

M = {1, 2, · · · , m} is the set of resources. 

Si is the set of resource combinations (e.g., links or common 
resources) that player i can take/use. A strategy for player i is si ∈ Si , 
corresponding to the subset of resources that this player is using. 

c j (k) is the benefit for the negative of the cost to each user who uses 
resource j if k users are using it. 

Define congestion game �I , (Si ), (ui )� with utilities 

ui (si , s−i ) = ∑ c j (kj ), 
j∈si 

where kj is the number of users of resource j under strategy s. 
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Game Theory: Lecture 8 Potential Games 

Congestion and Potential Games 

Theorem (Rosenthal (73)) 

Every congestion game is a potential game and thus has a pure strategy 
Nash equilibrium. 

Proof: For each j define
 j as the usage of resource j excluding¯ ik
player i , i.e.,


kj
i = ∑ I [j ∈ si � ] , 

i � =i 

¯

where I [j ∈ si ] is the indicator for the event that j ∈ si � . 

With this notation, the utility difference of player i from two 
strategies si and si

� (when others are using the strategy profile s−i ) is 

ui (si , s−i ) − ui (si
�, s−i ) = ∑ 

j∈si 

c
j (k̄j
i + 1) − ∑ 

j∈s

c
j (k̄j
i + 1). 

i
�
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Game Theory: Lecture 8 Potential Games 

Proof Continued 

Now consider the function � 
kj 

� 

Φ(s) =
 ∑
∑
 c
j (k) .
� 
j∈ i �∈I si � k=1 

We can also write ⎡ ⎤ 
k̄ i 
j 

∑ 
k 1=

j (k̄ i 
j + 1).∑
 j (k)Φ(si , s−i ) = ⎣
 ⎦ +
∑
c
 c
� 

j∈
i � �=i 

si j∈si 
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Game Theory: Lecture 8 Potential Games 

Proof Continued 

Therefore: 

= ∑ 

⎡
 ⎤

j 

¯ ik⎣ ∑
 j (k)⎦ + ∑ c j (k̄j
i + 1)Φ(si , s−i ) − Φ(si

�, s−i ) c
� 
j∈

i � �=i 
si � k=1 j∈si ⎡
 ⎤


j 
¯ ik

∑ ⎣ ∑
 j (k)⎦ + ∑ c j (k̄j
i + 1)−
 c
� 

j∈ si � k=1 j∈si
�

=ii � �

= ∑ c
j (k̄j
i + 1) − ∑ 

j∈s

c
j (k̄j
i + 1) 

j∈si i 

= ui (si , s−i ) − ui (si
�, s−i ). 
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Game Theory: Lecture 9 Introduction 

Introduction


In this lecture, we study various approaches for the computation of 
mixed Nash equilibrium for finite games. 

Our focus will mainly be on two player finite games (i.e., bimatrix 
games). 

We will also mention extensions to games with multiple players and 
continuous strategy spaces at the end. 

The two survey papers [von Stengel 02] and [McKelvey and

McLennan 96] provide good references for this topic.
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Game Theory: Lecture 9 Zero-Sum Finite Games 

Zero-Sum Finite Games


We consider a zero-sum game where we have two players. Assume that

player 1 has n actions and player 2 has m actions.


We denote the n × m payoff matrices of player 1 and 2 by A and B.


Let x denote the mixed strategy of player 1, i.e., x ∈ X , where

n 

X = {x | ∑

i=1 

xi = 1, xi ≥ 0}, 

and y denote the mixed strategy of player 2, i.e., y ∈ Y , where 
m 

=1 
∑ 
j

Y = {y | yj = 1, yj ≥ 0}. 

Given a mixed strategy profile (x , y ), the payoffs of player 1 and player 2 
can be expressed in terms of the payoff matrices as, 

u1(x , y ) = x T Ay , 

u2(x , y ) = x T By . 
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Game Theory: Lecture 9 Zero-Sum Finite Games 

Zero-Sum Finite Games


Recall the definition of a Nash equilibrium: A mixed strategy profile (x∗, y ∗) 
is a mixed strategy Nash equilibrium if and only if 

(x∗)T Ay ∗ ≥ x T Ay ∗ , for all x ∈ X , 

(x∗)T By ∗ ≥ (x∗)T By , for all y ∈ Y . 

For zero-sum games, we have B = −A, hence the preceding relation 
becomes 

(x∗)T Ay ∗ ≤ (x∗)T Ay , for all y ∈ Y . 

Combining the preceding, we obtain 

x T Ay∗ ≤ (x∗)T Ay ∗ ≤ (x∗)T AY , for all x ∈ X , y ∈ Y , 

i.e., (x∗, y∗) is a saddle point of the function xT Ay defined over X × Y . 

Note that a vector (x∗, y ∗) is a saddle point if x∗ ∈ X , y∗ ∈ Y , and 

sup x T Ay ∗ = (x∗)T Ay ∗ = inf (x∗)T Ay . (1) 
x∈X y ∈Y 
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Game Theory: Lecture 9 Zero-Sum Finite Games 

Zero-Sum Finite Games


For any function φ : X × Y �→ R, we have the minimax inequality: 

sup inf φ(x , y ) ≤ inf sup φ(x , y ), (2) 
x∈X y ∈Y y ∈Y x∈X 

Proof: To see this, for every x̄ ∈ X , write 

inf φ(x̄ , y ) ≤ inf sup φ(x , y ) 
y ∈Y y ∈Y x∈X 

and take the supremum over x̄ ∈ X of the left-hand side. 

Eq. (1) implies that 

inf sup x T Ay ≤ sup x T Ay∗ = (x∗)T Ay ∗ = inf (x∗)T Ay ≤ sup inf x T Ay , 
y ∈Y x∈X x∈X y ∈Y x∈X y ∈Y 

which combined with the minimax inequality [cf. Eq. (2)], proves that 
equality holds throughout in the preceding. 

Hence, a mixed strategy profile (x∗, y ∗) is a Nash equilibrium if and only if 

(x∗)T Ay ∗ = inf sup x T Ay = sup inf x T Ay . 
y ∈Y x∈X x∈X y ∈Y 

We refer to (x∗)T Ay∗ as the value of the game. 
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Game Theory: Lecture 9 Zero-Sum Finite Games 

Zero-Sum Finite Games


We next show that finding the mixed strategy Nash equilibrium strategies 
and the value of the game can be written as a pair of linear optimization 
problems. 

For a fixed y , we have 

max x T Ay = max 
x∈X i=1,...,n

{[Ay ]i }, 

and therefore 

min max x T AY = min max{[Ay ]1, . . . , [Ay ]n}
y ∈Y x∈X y ∈Y 

= min v . 
y ∈Y , v1n ≥Ay 

Hence, the value of the game and the Nash equilibrium strategy of player 2 
can be obtained as the optimal value and the optimal solution of the 
preceding linear optimization problem. 
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Game Theory: Lecture 9 Zero-Sum Finite Games 

Zero-Sum Finite Games 

Similarly, we have 

max min x T Ay = max min{[AT x ]1, . . . , [AT x ]m}
x∈X y ∈Y x∈X 

= max ξ. 
x∈X , ξ1m ≤AT x 

Linear optimization problems can be solved efficiently (in time polynomial in 
m and n). 

We next discuss alternative approaches for computing the mixed Nash 
equilibrium of two-player nonzero-sum finite games. 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Nonzero-Sum Finite Games 

Solution of Algebraic Equations: 

We first consider an inner or totally mixed Nash equilibrium (x∗, y ∗), i.e., 
xi 
∗ > 0 for all i and yj 

∗ > 0 for all j (all pure strategies are used with 
positive probability). 

Let ai denote the rows of payoff matrix A and bj denote the columns of 
payoff matrix B. 

Using the equivalent characterization of a mixed strategy Nash equilibrium 
(i.e., all pure strategies in the support of a Nash equilibrium strategy yields 
the same payoff, which is also greater than or equal to the payoffs for 
strategies outside the support), we have 

a1y ∗ = ai y
∗ , i = 2, . . . , n, 

(x∗)T b1 = (x∗)T bj , j = 2, . . . , m. 

The preceding is a system of linear equations which can be solved efficiently. 
(Note that for more than two players, we will have polynomial equations.) 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Nonzero-Sum Finite Games 

However, the assumption that every strategy is played with positive 
probability is a very restrictive assumption. Most games do not have totally 
mixed Nash equilibria. 

For such games, we can use the preceding characterization to come up with 
a naive way to compute all the Nash equilibria of a finite two-player game: 
A mixed strategy profile (x∗, y ∗) ∈ X × Y is a Nash equilibrium with 
support S1 ⊂ S1 and S2 ⊂ S2 if and only if ¯ ¯

u = ai y
∗ , ∀ i ∈ S̄1, u ≥ ai y

∗ , ∀ i ∈/ S̄1, 

v = (x∗)T bj , ∀ j ∈ S̄2, v ≥ (x∗)T bj , ∀ j ∈/ S̄2, 

= 0, S1, = 0, S2.xi 
∗ ∀ i ∈/ ¯ yj 

∗ ∀ j ∈/ ¯

To find the right supports for the above procedure to work, we need to 
search over all possible supports. Since there are 2n+m different supports, 
this procedure leads to an exponential complexity in the number of pure 
strategies of the players. 

Remark: Computational complexity of computing Nash equilibrium for finite 
games lies in finding the right support sets. 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Nonzero-Sum Finite Games 

Optimization Formulation: 

A general method for the solution of a bimatrix game is to transform it into 
a nonlinear (in fact, a bilinear) programming problem, and to use the 
techniques developed for solutions of nonlinear programming problems. 

Proposition 

A mixed strategy profile (x∗, y∗) is a mixed Nash equilibrium of the bimatrix 
game (A, B) if and only if there exists a pair (p∗, q∗) such that (x∗, y ∗, p∗, q∗) is 
a solution to the following bilinear programming problem: 

maximize {x T Ay + x T By − p − q} (3) 

subject to Ay ≤ p1n, BT x ≤ q1m, (4) 

∑ 
i 

∑
= 1, = 1,xi yj 
j 

x ≥ 0, y ≥ 0, (5) 
where 1n (1m) denotes the n (m)-dimensional vector with all components equal 
to 1. 
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Since all
any mixed strategy Nash equilibrium (which exists by Nash’s Theorem) was
shown to have an optimal value equal to 0, it follows that

x̄T Aȳ + x̄T Bȳ − p̄ − q̄ = 0. (7)

For any x ≥ 0 with ∑i xi = 1 and y ≥ 0 with ∑j yj = 1, the constraints in
(4) imply that

xT Aȳ ≤ p̄,

yT BT x̄ ≤ q̄.

In particular, we have x̄T Aȳ ≤ p̄ and ȳT BT x̄ ≤ q̄. Combining with Eq. (8),
we obtain x̄T Aȳ = p̄ and ȳT BT x̄ = q̄. Together with the preceding set of
equations, this yields

xT Aȳ ≤ x̄T Aȳ , for all x ∈ X ,

yT BT x̄ ≤ ȳT BT x̄ , for all y ∈ Y .

Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Proof 

Assume first that (x∗, y ∗) is a Nash equilibrium. 

For any feasible solution of problem (3) (x , y , p, q), the constraints (4) 
imply that 

x T Ay + x T By − p − q ≤ 0. (6) 

Let p∗ = (x∗)T Ay ∗ and q∗ = (x∗)T By∗. Then the vector (x∗, y ∗, p∗, q∗) 
has an optimal value equal to 0. If the vector (x∗, y ∗, p∗, q∗) is also feasible, 
it follows by Eq. (6) that it is an optimal solution of problem (3). 

Since (x∗, y ∗) is a Nash equilibrium, we have 

(x∗)T Ay ∗ ≥ x T Ay ∗ , ∀x ∈ X . 

Choosing x = ei , i.e., the i th unit vector, which has all 0s except a 1 in the 
i th component, we obtain 

p∗ = (x∗)T Ay∗ ≥ [Ay ∗]i , 
for each i , showing that (x∗, y ∗, p∗, q∗) satisfies the first constraint in (4). 

The fact that it satisfies the second constraint can be shown similarly, hence 
proving that (x∗, y ∗, p∗, q∗) is an optimal solution of problem (3). 

Conversely, assume that (  11 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Proof 

Conversely, assume that (x , y , p, q) is an optimal solution of problem (3). 

Since all feasible solutions have nonpositive optimal value [see Eq. (6)], and 
any mixed strategy Nash equilibrium (which exists by Nash’s Theorem) was 
shown to have an optimal value equal to 0, it follows that 

¯¯¯¯

T A T Bx y + x q = 0.


For any x ≥ 0 with ∑i xi = 1 and y ≥ 0 with ∑j yj = 1, the constraints in


¯− −y p 

(4) imply that 

¯¯¯¯¯ (8) 

T Ay ≤¯
T TBy 

p̄, 

q̄. 

x 

¯ ≤x

T A T BT ¯¯¯
¯

¯

¯

¯
¯ and ≤x p y x q. 

andx y p y x q. 

¯

¯

¯

Together with the preceding set of equations, this yields 

¯

¯

¯

≤y x y , 

≤x y x , 

¯¯¯
In particular, we have Combining with Eq. (8), y 

T
≤
BT¯T Awe obtain =
 =


x T A T A for all x ∈ X , 

y T BT T BT for all y ∈ Y . 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Nonzero-Sum Finite Games 

Linear Complementarity Problem Formulation 

Recall that ai denotes the rows of the payoff matrix of player 1 A, and bj 
denotes the columns of the payoff matrix of player 2. 

Then, the mixed strategy profile (x , y ) ∈ X × Y is a Nash equilibrium if and 
only if


xi > 0 ai y = max ak y ,
→ 
k 

yj > 0 x T bj = max x T bk .→ 
k 

By introducing the additional variables ri ∈ Rn , ri ≥ 0 for i = 1, 2 (i.e., 
slack variables), and vi ∈ R, for i = 1, 2, we can write the preceding 
equivalently as Ay + r1 = v11n, 

BT x + r2 = v21m, 

x T r1 = 0, y T r2 = 0. 

Since x ≥ 0, y ≥ 0, and ri ≥ 0, the last equation also implies that x1r1i = 0 
for all i = 1, . . . , n and yj r2,j = 0. 

13 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Nonzero-Sum Finite Games


Assume now that v1 > 0 and v2 > 0 (which holds if all components of A 
and B are positive). 

We normalize the variables y and r1 by v1, and x and r2 by v2 and use the 
notation


z = [x , y ]T , r = [r1, r2]T , q = [1n, 1m]T ,


0 A 
U = . 

BT 0 

If we further drop the constraints ∑i xi = 1 and ∑j yj = 1 (at the expense 

of having an additional extraneous solution z = [0, 0]T ), we obtain the

following linear complementarity problem formulation


Uz + r = q, z ≥ 0, r ≥ 0, (9) 

z T r = 0. 

The last condition is referred to as the complementary slackness or the 
complementarity condition. 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Extensions


The formulations for nonzero-sum games we have discussed before 
can be generalized to multiple-player finite games. 

Recent work [Parrilo 06] has focused on two person zero-sum games 
with continuous strategy spaces and some structure on the payoff 
functions, and has shown that the equilibrium strategies and the value 
of the game can be obtained efficiently. 

Some of these results were extended by [Stein, Ozdaglar, Parrilo 08] 
to nonzero sum games. 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Computing Approximate Nash Equilibria 

We next study a quasi-polynomial algorithm for computing an �-Nash 
equilibrium. 

We follow the development of [Lipton, Markakis, and Mehta 03]. 

Our focus will be on games with two players, in which both players have the 
same number of strategies n. We denote the n × n payoff matrices of 
players 1 and 2 by A and B, respectively. 

The next definition captures the notion of “simple mixed strategies”. 

Definition 

A mixed strategy of player i is called k-uniform if it is the uniform distribution on 
¯ ¯a subset Si of the pure strategies Si with |Si | = k. 

For example, for a player with 3 pure strategies both x = [1/3, 1/3, 1/3] and 
x = [2/3, 1/3, 0] are 3-uniform strategies. 

16 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Computing Approximate Nash Equilibria 

Recall the definition of an �-equilibrium. 

Definition 

Given some scalar � > 0, a mixed strategy profile (

x y + �¯¯

x , y ) is an �-equilibrium if 

for all x ∈ X , 

¯¯

T A T Ay ≤

T By ≤

¯x 

T Bx x y + � 

The next theorem presents the main result. 

¯¯¯ for all y ∈ Y . 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Computing Approximate Nash Equilibria 

Theorem 

Assume that all the entries of the matrices A and B are between 0 and 1. Let 
(x∗, y ∗) be a mixed Nash equilibrium and let � > 0. For all k ≥ 32logn 

x , y ) such that ¯¯
, there 

�2 

exists a pair of k-uniform strategies (

(
 y ) is an �-equilibrium. 

y − (x∗)T Ay ∗¯

¯

T Ax

x̄ , 

¯ < �, i.e., player 1 gets almost the same payoff as in 

the Nash equilibrium. 

y − (x∗)T By ∗


the Nash equilibrium.


The proof relies on a probabilistic sampling argument. This theorem establishes 

¯T Bx̄ < �, i.e., player 2 gets almost the same payoff as in 

¯¯the existence of a k − uniform mixed strategy profile (x , y ), which not only forms 
an �-Nash equilibrium, but also provide both players a payoff � close to the 
payoffs they would obtain at some Nash equilibrium. 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 

Computing Approximate Nash Equilibria 

Corollary 

Consider a 2-player game with n pure strategies for each player. There exists an 
algorithm that is quasi-polynomial in n for computing an �-Nash equilibrium. 

Let k ≥ 32logn .
�2 

By an exhaustive search, we can find all k − uniform mixed strategies for 
each player. 

Verifying �-equilibrium condition is easy since we need to check only

deviations to pure strategies.


The running time of the algorithm is quasi-polynomial, i.e., nO(log n) since� �2 

there are 
n + 

k
k − 1 ≈ nk possible pairs of k-uniform strategies. 
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Game Theory: Lecture 9 Nonzero-Sum Finite Games 
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Game Theory: Lecture 10 Introduction 

Outline


Myopic and Rule of Thumb Behavior 

Evolution 

Evolutionarily Stable Strategies 

Replicator Dynamics 

Learning in Games 

Fictitious Play 

Convergence of Fictitious Play 

Reading: 

Osborne, Chapter 13. 

Fudenberg and Levine, Chapters 1 and 2 
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Game Theory: Lecture 10 Introduction 

Motivation 

Do people play Nash equilibrium? 

In class, in the context of the k-beauty game, we saw that even very 
smart MIT students do not play the unique Nash equilibrium (or the 
unique strategy profile surviving iterated elimination of strictly 
dominated strategies). 

Why? 

Either because in new situations, it is often quite complex to work out 
what is “best”. 
Or more likely, because, again in new situations, individuals are 
uncertain about how others will play the game. 

If we played the k-beauty game several more times, behavior would 
have approached or in fact reached the Nash equilibrium prediction. 
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2

Game Theory: Lecture 10 Introduction 

Motivation (continued) 

This reasoning suggests the following: 

Perhaps people behave using simple rules of thumb; these are 
somewhat “myopic,” in the sense that they do not involve full 
computation of optimal strategies for others and for oneself. 

But they are also “flexible” rules of thumb in the sense that they 
adapt and respond to situations, including to the (actual) behavior of 
other players. 

What are the implications of this type of adaptive behavior? 

Two different and complementary approaches: 

Evolutionary game theory.

Learning in games.
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Game Theory: Lecture 10 Evolution 

Evolution and Game Theory 

The theory of evolution goes back to Darwin’s classic, The Origins of 
Species (and to Wallace). 

Darwin focused mostly on evolution and adaptation of an organism to the 
environment in which it was situated. But in The Descent of Man, in the 
context of sexual selection, he anticipated many of the ideas of evolutionary 
game theory. 

Evolutionary game theory was introduced by John Maynard Smith in 
Evolution and the Theory of Games, and in his seminal papers, Maynard 
Smith (1972) “Game Theory and the Evolution of Fighting” and Maynard 
Smith and Price (1973) “The Logic of Animal Conflict”. 

The theory was formulated for understanding the behavior of animals in 
game-theoretic situations (to a game theorist, all situations). But it can 
equally well be applied to modeling “myopic behavior” for more complex 
organisms—such as humans. 
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Game Theory: Lecture 10 Evolution 

Evolution in Strategies 

In its simplest form the story goes like this: each organism is born 
programmed to play a particular strategy. 

The game is the game of life—with payoffs given as fitness (i.e., expected 
number of offsprings). If the organism is successful, it has greater fitness 
and more offspring, also programmed to play in the same way. If it is 
unsuccessful, it likely dies without offspring. 

Mutations imply that some of these offspring will randomly play any one of 
the feasible strategies. 

This situation can then be modeled in two different ways: 

By defining a concept of equilibrium appropriate for this evolutionary 
“competition”. The concept that Maynard Smith proposed is 
evolutionary stability. 
By defining the dynamics of evolution more explicitly through replicator 
dynamics. 
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Game Theory: Lecture 10 Evolution 

The Setting 

Consider a large population of agents (organisms, animals, humans). 

At each instant, each agent is randomly matched with one other agent, 
and they play a symmetric strategic form game. 

Each agent is programmed (committed to) to playing a given strategy. 

The interaction between each pair of organisms can be modeled as a two 
player symmetric game �S , u� with a common set S of actions and a payoff 
function u. 

For any pair of actions (s, s �), the payoff u(s, s �) is interpreted as the 
fitness of an organism that takes the action s when his opponent takes 
the action s �. 

Strategies with higher payoffs expand and those with lower payoffs contract. 

We assume that the adherents of a strategy multiply at a rate proportional 
to their payoff and look for a a set of strategies that is stable in the sense 
that it cannot be “invaded” by any other strategy: 

if a small fraction of the population consists of identical mutants, every 
mutant gets an expected payoff lower than that of any nonmutant. 
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Game Theory: Lecture 10 Evolution 

A Reminder and A New Concept 

Definition 

(Nash equilibrium) A (pure strategy) Nash Equilibrium of a strategic form game 
�I , (Si )i∈I , (ui )i ∈I � is a strategy profile s∗ ∈ S such that for all i ∈ I 

ui (si 
∗ , s−

∗ 
i ) ≥ ui (si , s−

∗ 
i ) for all si ∈ Si . 

Definition 

(Strict Nash equilibrium) A strict Nash Equilibrium of a strategic form game 
�I , (Si )i∈I , (ui )i ∈I � is a strategy profile s∗ ∈ S such that for all i ∈ I 

ui (si 
∗ , s−

∗ 
i ) > ui (si , s−

∗ 
i ) for all si ∈ Si . 

Clearly, a strict Nash equilibrium may not exist. 

Also, a strict Nash equilibrium is necessarily a pure strategy equilibrium 
(why?). 
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Game Theory: Lecture 10 Evolution 

The Canonical Game


The canonical game used in much of evolutionarily game theory to 
motivate the main ideas is the Hawk-Dove game: 

Player 1/Player 2 � Hawk � Dove 
Hawk 1 (v − c) , 1 (v − c) (v , 0)2 2 � � 
Dove (0, v ) 2

1 v , 2
1 v 

Interpretation: 
There is a resource of value v to be shared. If a player plays “Hawk,” it 
is aggressive and will try to take the whole resource for itself. If the 
other player is playing “Dove,” it will succeed in doing so. If both 
players are playing “Hawk,” then they fight and they share the resource 
but lose c in the process. If they are both playing “Dove,” then they 
just share the resource. 

Interpret the payoffs as corresponding to fitness—e.g., greater

consumption of resources leads to more offspring.
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Game Theory: Lecture 10 Evolution 

The Canonical Game (continued) 

Depending on the value of c relative to v , there are different types of 
equilibria. 

If v > c , then there is a unique strict Nash equilibrium, which is 
(Hawk, Hawk). 
If v = c , then there exists a unique Nash equilibrium, (Hawk, Hawk), 
though this is not a strict Nash equilibrium. 
If v < c , then there exists three Nash equilibria: (Hawk, Dove) and 
(Dove, Hawk), which are non-symmetric strict equilibria, and a mixed 
strategy symmetric equilibrium. 
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Game Theory: Lecture 10 Evolution 

Evolution in the Hawk-Dove Game


If v > c , then we expect all agents to choose “Hawk”. Those who do 
not will have lower fitness. 

A different way of thinking about the problem: imagine a population 
of agents playing “Dove” in this case. 

Suppose there is a mutation, so that one agent (or a small group of 
agents) starts playing “Hawk”. 

This latter agent and its offspring will invade the population, because 
they will have greater fitness. 

The notion of evolutionarily stable strategies or evolutionary stability 
follows from this reasoning. 
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evolutionary stability requires the above relation to hold only for sufficiently
small �.

Game Theory: Lecture 10 Evolution 

Evolutionarily Stable Strategies – Intuition 

In a symmetric two-player game, under what conditions is the strategy σ∗ 

evolutionarily stable? 

Suppose that a small group of mutants choosing a strategy different from 
σ∗ enters the population. 

Denote the fraction of mutants in the population by � and assume that the 
mutant adopts the strategy σ. 

The expected payoff of a mutant is:


(1 − �)u(σ, σ∗) + �u(σ, σ).


The expected payoff of an organism that adopts the strategy σ∗ is 

(1 − �)u(σ∗ , σ∗) + �u(σ∗ , σ). 

For any mutation to be driven out of the population, we need the expected 
payoff of any mutant to be less than the expected payoff of a normal 
organism: 

(1 − �)u(σ∗ , σ∗) + �u(σ∗ , σ) > (1 − �)u(σ, σ∗) + �u(σ, σ). 

To capture the idea that mutation is extremely rare, the notion of 12 
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Game Theory: Lecture 10 Evolution 

Evolutionarily Stable Strategies 

Consider a two player, symmetric strategic form game, so we write it 
simply as �S , u�. A (possibly mixed) strategy is σ ∈ Σ. 

Definition 

(Evolutionarily stable strategy I) A strategy σ∗ ∈ Σ is evolutionarily 
stable if there exists ε̄ > 0 such that for any σ = σ∗ (naturally with 
σ ∈ Σ) and for any ε < ε̄, we have 

u(σ∗, εσ + (1 − ε) σ∗) > u(σ, εσ + (1 − ε) σ∗). (Condition I) 

Interpretation: strategy σ∗ is evolutionarily stable if it cannot be 
invaded by any σ = σ∗, i.e., if, starting with a population playing σ∗, 
a small fraction ε < ε̄ of agents play σ, then these players do worse 
(have lower fitness) than those playing σ∗. 
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Game Theory: Lecture 10 Evolution 

Evolutionary Stability: Alternative Definition 

An alternative definition is: 

Definition 

(Evolutionarily stable strategy II) A strategy σ∗ ∈ Σ is evolutionarily 
stable if for any σ �= σ∗ (with σ ∈ Σ), we have 

u(σ∗, σ∗) ≥ u(σ, σ∗). 

Moreover, if, for some σ ∈ Σ, u(σ∗, σ∗) = u(σ, σ∗), then 

u(σ∗, σ) > u(σ, σ). 

Interpretation: An evolutionarily stable strategy σ∗ is a Nash 
equilibrium. If σ∗ is not a strict Nash equilibrium, then any other 
strategy σ that is a best response to σ∗ must be worse against itself 
than against σ∗. 
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Game Theory: Lecture 10 Evolution 

Evolutionary Stability: Equivalence of the Two Definitions 

Theorem 

The two definitions of evolutionarily stable strategies are equivalent. 

Proof: (First implies second) 

Since the first definition holds for any ε < ε̄, as ε 0,→ 
u(σ∗, εσ + (1 − ε) σ∗) > u(σ, εσ + (1 − ε) σ∗) implies 

u(σ∗ , σ∗) ≥ u(σ, σ∗), 

thus establishing part 1 of the second definition. 
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Game Theory: Lecture 10 Evolution 

Proof (continued) 

To establish part 2, suppose that u(σ∗, σ∗) = u(σ, σ∗). Recall that u is 
linear in its arguments (since it is expected utility), so Condition I, 
u(σ∗, εσ + (1 − ε) σ∗) > u(σ, εσ + (1 − ε) σ∗), can be written as 

εu(σ∗ , σ) + (1 − ε) u(σ∗ , σ∗) > εu(σ, σ) + (1 − ε) u(σ, σ∗). 

Since u(σ∗, σ∗) = u(σ, σ∗), this is equivalent to 

εu(σ∗ , σ) > εu(σ, σ),


Since ε > 0, part 2 of the second definition follows.
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Game Theory: Lecture 10 Evolution 

Proof (continued) 

(Second implies first) 

We have that for any σ ∈ Σ, 

u(σ∗ , σ∗) ≥ u(σ, σ∗). 

If the inequality is strict, then Condition I in the first definition 

εu(σ∗ , σ) + (1 − ε) u(σ∗ , σ∗) > εu(σ, σ) + (1 − ε) u(σ, σ∗), (∗) 

is satisfied for � = 0, and hence for sufficiently small � as well. 

If this relation holds as equality, then the second definition implies 

u(σ∗ , σ) > u(σ, σ). 

Multiply this by ε, use the fact that u(σ∗, σ∗) = u(σ, σ∗), and add 
(1 − ε) u(σ∗, σ∗) to the left hand side and (1 − ε) u(σ, σ∗) to the right 
hand side, which gives (∗) and hence Condition I. 
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Game Theory: Lecture 10 Evolution 

Evolutionary Stability and Nash Equilibrium 

Now given our second definition, the following is immediate: 

Theorem 

A strict (symmetric) Nash equilibrium of a symmetric game is an

evolutionarily stable strategy.


An evolutionarily stable strategy is a Nash equilibrium.


Proof: Both parts immediately follow from the second definition. 

Their converses are not true, however, as we will see. 
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Game Theory: Lecture 10 Evolution 

Monomorphic and Polymorphic Evolutionarily Stability 

In addition, we could require an evolutionarily stable strategy (ESS) to 
be monomorphic—that is, all agents to use the same (pure) strategy. 

The alternative is polymorphic, where different strategies coexist, 
mimicking a mixed strategy equilibrium. 

With these definitions, let us return to the Hawk-Dove game. 
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Game Theory: Lecture 10 Evolution 

The Hawk-Dove Game


Player 1/Player 2 � Hawk � Dove 
Hawk 1 (v − c) , 1 (v − c) (v , 0)2 2 � � 
Dove (0, v ) 2

1 v , 2
1 v 

Recall that if v > c , then there is a unique strict Nash equilibrium, 
which is (Hawk, Hawk). Therefore, in this case “Hawk” is also an 
evolutionarily stable strategy. 

Moreover, it is monomorphic. 
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Game Theory: Lecture 10 Evolution 

The Hawk-Dove Game (continued) 

What happens if v = c? 

Recall that now there is a unique Nash equilibrium, (Hawk, Hawk), 
which is not a strict Nash equilibrium. 

We will now show that it is still an evolutionarily stable strategy. 

Since “Dove” is also a best response, we need to look at u (H, D) vs. 
u (D, D). Clearly the first one is greater, so part 2 of the second 
definition is satisfied. Therefore “Hawk” is evolutionarily stable. 

It is also monomorphic. 

This example also shows that strict Nash equilibrium is stronger than 
evolutionarily stable strategy. 
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Game Theory: Lecture 10 Evolution 

The Hawk-Dove Game (continued) 

Suppose now v < c , then there exists three Nash equilibria: (Hawk, 
Dove) and (Dove, Hawk), which are non-symmetric strict equilibria, 
and a mixed strategy symmetric equilibrium. 

The first observation is that there exists no monomorphic 
evolutionarily stable strategy. This shows the importance of looking 
at polymorphic strategies. 

Since this is a random matching game, clearly the non-symmetric 
equilibria are irrelevant (why?). 

Is the mixed strategy equilibrium evolutionarily stable? 
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Game Theory: Lecture 10 Evolution 

The Hawk-Dove Game (continued) 

First note that when v < c , the unique mixed strategy equilibrium of 
the strategic form game involves each player playing “Hawk” with 
probability v /c . The polymorphic evolutionary stable outcome will be 
a population where fraction v /c of the agents are type “Hawk”. Let 
us designate this by σ∗. 

We now need to show that such an outcome cannot be invaded by 
any other (mixed) strategy. That is, we need to check part 2 of the 
second definition. (Clearly, since σ∗ is a mixed strategy equilibrium, 
any other mixed strategy σ satisfies u(σ∗, σ∗) ≥ u(σ, σ∗)). 
Consider a mixed strategy, σ = σ∗, where a fraction p = v /c play 
“Hawk”. 
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Game Theory: Lecture 10 Evolution 

The Hawk-Dove Game (continued) 

Then 

1

u(σ, σ) = p 2 × 

2 
(v − c) + p (1 − p) × v


+p (1 − p) × 0 + (1 − p)2 × 
2

1 
v


v 1 v

u(σ∗, σ) = p × (v − c) + (1 − p) × v 

c 2 c 
v v 1


+ 1 − 
c

p × 0 + 1 − 
c 

(1 − p) × v 
2


Therefore 
1 � v �2 

u(σ∗, σ) − u(σ, σ) = c
c 
− p > 0,

2

which establishes the desired result.


This result also shows the possibility of polymorphic evolutionarily

stable strategies.
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Game Theory: Lecture 10 Evolution 

Nash Equilibrium Does Not Imply ESS 

Consider the modified rock-paper-scissors game: 

R P S 
R (γ, γ) (−1, 1) (1, −1) 
P (1, −1) (γ, γ) (−1, 1) 
S (−1, 1) (1, −1) (γ, γ) 

Here 0 ≤ γ < 1. If γ = 0, this is the standard rock-paper-scissors 
game. 

For all such γ, there is a unique mixed strategy equilibrium 
σ∗ = (1/3, 1/3, 1/3), with expected payoff u (σ∗, σ∗) = γ/3. But 
for γ > 0, this is not ESS. For example, σ = R would invade, since 
u (σ, σ∗) = γ/3 < u (σ, σ) = γ. 

This also shows that ESS doesn’t necessarily exist. 
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Game Theory: Lecture 10 Evolution 

Do Animals Play Games? 

The answer seems to be yes. 

They seem to play mixed strategies: sticklebacks are able to 
coordinate between the two sides of a fish tank, with different 
amounts of food “supply”. 

This is like a “mixed strategy,” since any food is shared among the 
sticklebacks at that end. 

Remarkably, when the relative amounts of food supplies into the fish 
tank at two sides is varied, sticklebacks are able to settle into the 
appropriate “mixed strategy” pattern given the new food supplies. 
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Game Theory: Lecture 10 Evolution 

Do Animals Play Games? 

Side-blotched lizards seem to play a version of the Hawk-Dove game. 
Three productive strategies for male lizards with distinct throat colors 
(that are genetically determined): 

orange color: very aggressive and defend large territories; 
blue color: less aggressive defense smaller territories; 
yellow color: not aggressive, opportunistic mating behavior. 

Tails seem to be as follows: 
when all are orange, yellow does well; when all are yellow, blue does 
well; and when all are blue, orange does well. 

This is similar to the modified rock-paper-scissors pattern, and in 
nature, it seems that there are fluctuations in composition of male 
colorings as we should expect on the basis that the game does not 
have any evolutionarily stable strategies. 
See Karl Sigmund (1993) Games of Life, for many more fascinating 
examples, for animals, lower organisms and cells. 
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Game Theory: Lecture 10 Replicator Dynamics 

Dynamics 

The discussion of “dynamics” so far was largely heuristic. 

Are there actual dynamics of populations resulting from 
“game-theoretic” interactions that lead to evolutionarily stable 
strategies? 

Question at the intersection of game theory and population dynamics. 

The answer to this question is yes, and here we will discuss the 
simplest example, replicator dynamics. 

Throughout, we continue to focus on symmetric games. 
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Game Theory: Lecture 10 Replicator Dynamics 

Replicator Dynamics 

Let us formalize the discussion of fitness and offspring provided above. 

Let us enumerate the strategies by s = 1, 2, ..., K . 

Denote the fraction of the population playing strategy s by xs . 

The setup is similar to that considered above: at each instant, each 
agent is randomly matched with another from a large population. 

What matters is expected fitness given by 

u (s, σ) . 

In particular, recall that this is the expected fitness (payoff) of agents 
playing s when the mixed strategy induced by the polymorphic 
strategy profile is σ. 
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Game Theory: Lecture 10 Replicator Dynamics 

Replicator Dynamics (continued) 

Then, we can posit the following dynamic evolution: 

τ [u (s, σ (t)) − u (σ (t))] 
u (σ (t)) 

¯
¯

xs (t + τ) − xs (t) = xs (t) ,


(Replicator equation) 
for each s = 1, 2, ..., K and for all t and τ, where 

K 

u (σ (t)) =¯ ∑
xs (t) u (s, σ (t)) 
s=1 

is average fitness at time t and σ (t) is the vector of xs (t)’s. 
Naturally, ∑K

s=1 xs (t) = 1 by definition. 
This equation gives discrete time dynamics when τ = 1. But the 
equation is valid for any τ. 
Intuitively, the greater is the fitness of a strategy relative to the 
average fitness, the greater is its relative increase in the population. 
Clearly, this equation is meaningful, i.e., ∑K

s=1 xs (t + τ) = 1. 
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Game Theory: Lecture 10 Replicator Dynamics 

Replicator Dynamics: Continuous Time 

It is most convenient to work with replicator dynamics in continuous 
time. 

Divide both sides of the replicator equation by τ and take the limit as 
τ 0. This gives → 

lim 
xs (t + τ) − xs (t) = xs (t)

[u (s, σ (t)) − ū (σ (t))] 
. 

τ→0 τ ū (σ (t)) 

Therefore 

ẋs (t) = xs (t) 
u (s, σ (t)) − ū (σ (t)) 

, (Continuous replicator) 
ū (σ (t)) 

where recall that ẋs (t) ≡ dxs (t) /dt. 

Notice that xs (t) is not written in the denominator of the left-hand 
side, since it can be equal to zero. 
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Game Theory: Lecture 10 Replicator Dynamics 

Replicator Dynamics: Implications 

Now we can think of the dynamics starting from an arbitrary 
distribution of strategies in the population. 

There are two ways of doing this: 

Ask whether a particular vector of distribution x∗ is a stationary state 
of equation (Continuous replicator), meaning that it has ẋs

∗ (t) = 0 for 
all s. 
Ask whether a particular vector of distribution x∗ is an asymptotically 
stable state, meaning that there exists a neighborhood of x∗ such 
that starting from any x0 in this neighborhood, dynamics induced by 
(Continuous replicator) approach x∗. 
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Game Theory: Lecture 10 Replicator Dynamics 

Replicator Dynamics and Nash Equilibria 

Theorem 

If x∗ is a Nash equilibrium, then it is a stationary state. 

Proof: If x∗ is a Nash equilibrium, then it is a best response to itself, and 
thus no strategy has u (s, σ (t)) − ū (σ (t)) > 0, and 
u (s, σ (t)) − ū (σ (t)) = 0 only for strategies in the support of the mixed 
strategy profile induced by x∗. Thus for any s, either 
u (s, σ (t)) − ū (σ (t)) = 0 or xs (t) = 0, and hence ẋ∗ (t) = 0 for all s.s 

However, the converse of this statement is not true, since if x∗ 

corresponds to a non-Nash pure strategy, then xs 
∗ (t) = 0 for all s 

other than the pure strategy in question, and x∗ is stable. 

Thus stability is not a particularly relevant concept. We would like x∗ 

to be robust to “perturbations”—or against attempts at invasion. 
This requires asymptotic stability. 
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Game Theory: Lecture 10 Replicator Dynamics 

Replicator Dynamics and Nash Equilibria (continued)


Theorem 

If x∗ is asymptotically stable, then it is a Nash equilibrium. 

The proof is immediate if x∗ corresponds to a pure strategy

(monomorphic population).


In the case where x∗ corresponds to a mixed strategy Nash 
equilibrium, the proof is also straightforward but long. The basic idea 
is that equation (Continuous replicator) implies that we are moving in 
the direction of “better replies”—relative to the average. If this 
process converges, then there must not exist any more (any other) 
strict better replies, and thus we must be at a Nash equilibrium. 

The converse is again not true. 
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Game Theory: Lecture 10 Replicator Dynamics 

Replicator Dynamics and Nash Equilibria (continued) 

Consider, for example, 

A B 
A (1, 1) (0, 0) 
B (0, 0) (0, 0) 

Here (B,B) is a Nash equilibrium, but clearly it is not asymptotically 
stable, since B is weakly dominated, and thus any perturbation away 
from (B,B) will start a process in which the fraction of agents playing 
A steadily increases. 
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Game Theory: Lecture 10 Replicator Dynamics 

Replicator Dynamics and Evolutionary Stability 

The key result here is the following, which justifies the focus on 
Evolutionary stable strategies. 

Theorem 

If x∗ is evolutionarily stable, then it is asymptotically stable. 

The proof is again somewhat delicate, but intuitively straightforward. 
The first definition of ESS states that for small enough perturbations, 
the evolutionarily stable strategy is a strict best response. This 
essentially implies that in the neighborhood of the ESS σ∗, σ∗ will do 
better than any other strategy σ, and thus according to (Continuous 
replicator), the fraction of those playing σ∗ should increase, thus 
implying asymptotic stability. 
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Game Theory: Lecture 10 Replicator Dynamics 

Evolution and Network Structure


So far, no network structure in evolutionary interactions because of 
the random matching assumption (and this will be also the case 
when we turn to learning next). 

But this is not realistic. In practice, animals, organisms and humans 
play and compete more against “nearby” agents. 

One interesting area is to incorporate network structure into dynamics 
of game-theoretic behavior. 
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Game Theory: Lecture 10 Learning in Games 

Learning vs. Evolution 

Evolution is a good model for fully myopic behavior. But even when 
individuals follow rules of thumb, they are not fully myopic. 

Moreover, in evolution, the time scales are long. We need 
“mutations,” which are random and, almost by definition, rare. 

In most (human) game-theoretic situations, even if individuals are not 
fully rational, they can imitate more successful strategies quickly, and 
learn the behavior of their opponents and best respond to those. 

This suggests a related but distinct approach to dynamic 
game-theoretic behavior, which is taken in the literature on learning 
in games. 

Note that this is different from Bayesian game-theoretic learning, which 
we will discuss later in the course. 
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“belief-based” learning rule, i.e., players form beliefs about
opponent play (from the entire history of past play) and behave
rationally with respect to these beliefs.

Game Theory: Lecture 10 Learning in Games 

Models of Learning 

One approach is to try to import menu of the insides of evolutionary 
game theory into the area of “learning in games”. 
For example, for a symmetric game, we could posit an imitation rule 
that takes the form of equation (Continuous replicator), i.e., 
individuals imitate the strategies of others in proportion to how much 
they outperform the average in the population. Though plausible, this 
requires “global knowledge” on the part of individuals about others’ 
payoffs. 
More importantly, in the context of learning, it may be more fruitful 
to ask: “what are players learning about?” The most plausible answer 
is the strategies of others. 
One of the earliest learning rules, fictitious play, introduced in Brown 
(1951) “Iterative solutions of games by fictitious play,” is motivated 
by this type of reasoning. 
The idea is to look at a dynamic process where each player best 
responds to the time average of the behavior of its opponents. 
The most compelling interpretation of fictitious play is therefore as a39 
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Game Theory: Lecture 10 Learning in Games 

Setup 

Let us first focus on a strategic form game �I , (Si )i ∈I , (ui )i∈I �.

The players play this game at times t = 1, 2, . . ..

The stage payoff of player i is again given by ui (si , s−i ) (for pure

strategy profile si , s−i ).


For t = 1, 2, . . . and i = 1, 2, define the function ηi
t : S N,
−i →

where ηt (s−i ) is the number of times player i has observed the action i 
s−i before time t. Let η0 

i (s−i ) represent a starting point (or fictitious 
past).


For example, consider a two player game, with S2 = {U, D}. If

η0

1(U) = 3 and η0
1(D) = 5, and player 2 plays U, U, D in the first


three periods, then η3
1(U) = 5 and η3

1(D) = 6.
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Game Theory: Lecture 10 Learning in Games 

The Basic Idea


The basic idea of fictitious play is that each player assumes that his 
opponent is using a stationary mixed strategy, and updates his beliefs 
about this stationary mixed strategies at each step. 

Players choose actions in each period (or stage) to maximize that 
period’s expected payoff given their prediction of the distribution of 
opponent’s actions, which they form according to: 

µi
t (s−i ) = 

∑s̄−i ∈

η

S

i
t 

−

(

i 

s−
η

i
t
i 

)
(s̄−i ) 

. 

For example, in a two player game, player i forecasts player −i ’s 
strategy at time t to be the empirical frequency distribution of past 
play. 
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Game Theory: Lecture 10 Learning in Games 

Fictitious Play Model of Learning 

Given player i ’s belief/forecast about his opponents play, he chooses 
his action at time t to maximize his payoff, i.e., 

s t ∈ arg max ui (si , µ t ).i i si ∈Si 

Even though fictitious play is“belief based,” it is also myopic, 
because players are trying to maximize current payoff without 
considering their future payoffs. Perhaps more importantly, they are 
also not learning the “true model” generating the empirical 
frequencies (that is, how their opponent is actually playing the game). 
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Game Theory: Lecture 10 Learning in Games 

Example 

Consider the fictitious play of the following game: 

L R 
U (3, 3) (0, 0) 
D (4, 0) (1, 1) 

Note that this game is dominant solvable (D is a strictly dominant 
strategy for the row player), and the unique NE (D, R). 
Assume that η
01 = (3, 0) and η
02 = (1, 2.5).
 Then fictitious play

proceeds as follows:


0
1

0
2= (1, 0) and µ = (1/3.5, 2.5/3.5), so play Period 1: Then, µ

0
1 

0
2follows s = D and s = L. 
1
1

1
2 = (1, 3.5), so play follows = (4, 0) and ηPeriod 2: We have η

1
2s = D and s1

1 = R. 
Period 3: We have η1

1 = (4, 1) and η1
2 = (1, 4.5), so play follows 

s 2D and= s2
2
1 = R. 

Periods 4:... 
43 
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Game Theory: Lecture 10 Learning in Games 

Example (continued) 

Since D is a dominant strategy for the row player, he always plays D, 
and µ2 

t converges to (0, 1) with probability 1. 

Therefore, player 2 will end up playing R. 

The remarkable feature of the fictitious play is that players don’t have 
to know anything about their opponent’s payoff. They only form 
beliefs about how their opponents will play. 
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Game Theory: Lecture 11 Introduction 

Outline


Learning in Games 

Fictitious Play 

Convergence of Fictitious Play 

Reading: 

Fudenberg and Levine, Chapters 1 and 2 
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Game Theory: Lecture 11 Learning in Games 

Learning in Games 

Most economic theory relies on equilibrium analysis based on Nash 
equilibrium or its refinements. 

The traditional explanation for when and why equilibrium arises is that it 
results from analysis and introspection by the players in a situation where 
the rules of the game, the rationality of the players, and the payoff functions 
of players are all common knowledge. 

In this lecture, we develop an alternative explanation why equilibrium arises 
as the long-run outcome of a process in which less than fully rational players 
grope for optimality over time. 

One of the earliest learning rules, introduced in Brown (1951), is the 
fictitious play. 

The most compelling interpretation of fictitious play is as a “belief-based” 
learning rule, i.e., players form beliefs about opponent play (from the entire 
history of past play) and behave rationally with respect to these beliefs. 
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Game Theory: Lecture 11 Learning in Games 

Setup 

We focus on a two player strategic form game �I , (Si )i ∈I , (ui )i∈I �.

The players play this game at times t = 1, 2, . . ..

The stage payoff of player i is again given by ui (si , s−i ) (for the pure

strategy profile (si , s−i )).

For t = 1, 2, . . . and i = 1, 2, define the function ηi

t : S N,
−i →
where ηt (s−i ) is the number of times player i has observed the action i 
s−i before time t. Let η0 

i (s−i ) represent a starting point (or fictitious 
past).


For example, consider a two player game, with S2 = {U, D}. If

η0

1(U) = 3 and η0
1(D) = 5, and player 2 plays U, U, D in the first


three periods, then η3
1(U) = 5 and η3

1(D) = 6.
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Game Theory: Lecture 11 Learning in Games 

The Basic Idea


The basic idea of fictitious play is that each player assumes that his 
opponent is using a stationary mixed strategy, and updates his beliefs 
about this stationary mixed strategies at each step. 

Players choose actions in each period (or stage) to maximize that 
period’s expected payoff given their prediction of the distribution of 
opponent’s actions, which they form according to: 

µ t (s−i ) = 
ηi

t (s−
η

i
t 

)
(s̄−i ) 

,i ∑s̄−i ∈S−i i 

i.e., player i forecasts player −i ’s strategy at time t to be the

empirical frequency distribution of past play.
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Game Theory: Lecture 11 Learning in Games 

Fictitious Play Model of Learning 

Given player i ’s belief/forecast about his opponents play, he chooses his 
action at time t to maximize his payoff, i.e., 

s t ∈ arg max ui (si , µ t ).i i 
si ∈Si 

Remarks: 

Even though fictitious play is“belief based,” it is also myopic, because 
players are trying to maximize current payoff without considering their future 
payoffs. Perhaps more importantly, they are also not learning the “true 
model” generating the empirical frequencies (that is, how their opponent is 
actually playing the game). 

In this model, every player plays a pure best response to opponents’ 
empirical distributions. 

Not a unique rule due to multiple best responses. Traditional analysis 
assumes player chooses any of the pure best responses. 
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Game Theory: Lecture 11 Learning in Games 

Example 

Consider the fictitious play of the following game: 

L R 
U (3, 3) (0, 0) 
D (4, 0) (1, 1) 

Note that this game is dominant solvable (D is a strictly dominant strategy 
for the row player), and the unique NE (D, R). 

0
1

0
2= (3, 0) and η = (1, 2.5).Assume that η Then fictitious play proceeds as 

follows: 
0
1

0
2= (1, 0) and µ = (1/3.5, 2.5/3.5), so play Period 1: Then, µ

0
1 

0
2follows s = D and s = L. 
1
1

1
2 = (1, 3.5), so play follows = (4, 0) and ηPeriod 2: We have η

s = D and s1
1 

1
2 = R. 

1
1 = (4, 1) and η1

2 = (1, 4.5), so play follows Period 3: We have η
2
2 = R.s = D and s2

1 
Periods 4:... 
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Game Theory: Lecture 11 Learning in Games 

Example (continued) 

Since D is a dominant strategy for the row player, he always plays D, and 
µ2 

t converges to (0, 1) with probability 1. 

Therefore, player 2 will end up playing R. 

The remarkable feature of the fictitious play is that players don’t have to 
know anything about their opponent’s payoff. They only form beliefs about 
how their opponents will play. 
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Game Theory: Lecture 11 Learning in Games 

Convergence of Fictitious Play to Pure Strategies 

Let {st } be a sequence of strategy profiles generated by fictitious play (FP). 
Let us now study the asymptotic behavior of the sequence {st }, i.e., the 
convergence properties of the sequence {st } as t ∞.→ 

We first define the notion of convergence to pure strategies. 

Definition 

The sequence {st } converges to s if there exists T such that st = s for all t ≥ T. 

The next proposition formalizes the property that if the FP sequence 
converges, then it must converge to a Nash equilibrium of the game. 

Theorem 

Let {st } be a sequence of strategy profiles generated by fictitious play. 

If {st } converges to ¯ s is a pure strategy Nash equilibrium. s, then ¯

Suppose that for some t, st = s∗, where s∗ is a strict Nash equilibrium. 
Then sτ = s∗ for all τ > t. 
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Game Theory: Lecture 11 Learning in Games 

Proof 

Part 1 is straightforward. Consider the proof of part 2. 

Let st = s∗. We will show that st+1 = s∗. Note that 

µ ti 
+1 = (1 − α)µ ti + αs−

t
i = (1 − α)µ ti + αs−

∗ 
i , 

where, abusing the notation, we used s−
t
i to denote the degenerate 

probability distribution and 

1 
α = . 

∑s ηi
t (s−i ) + 1 −i 

Therefore, by the linearity of the expected utility, we have for all si ∈ Si , 

ui (si , µ t+1) = (1 − α)ui (si , µ t ) + αui (si , s−
∗ 
i ).i i 

Since si 
∗ maximizes both terms (in view of the fact that s∗ is a strict Nash 

equilibrium), it follows that si 
∗ will be played at t + 1. 

10 
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Game Theory: Lecture 11 Learning in Games 

Convergence of Fictitious Play to Mixed Strategies 

The preceding notion of convergence only applies to pure strategies. We 
next provide an alternative notion of convergence, i.e., convergence of 
empirical distributions or beliefs. 

Definition 

The sequence {st } converges to σ ∈ Σ in the time-average sense if for all i and 
for all si ∈ Si , we have 

∑T −1 

lim t=0 I{sit = si } 
= σ(si ), 

T ∞ T→

where I( ) denotes the indicator function, i.e., µT (si ) converges to σi (si ) as· −i 
T ∞.→ 

The next example illustrates convergence of the fictitious play sequence in 
the time-average sense. 

11 
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Game Theory: Lecture 11 Learning in Games 

Convergence in Matching Pennies: An Example 

Player 1 \ Player 2 heads tails 
heads (1, −1) (−1, 1) 
tails (−1, 1) (1, −1) 

Time η1 
t η2 

t Play 
0 (0, 0) (0, 2) (H, H) 
1 (1, 0) (1, 2) (H, H) 
2 (2, 0) (2, 2) (H, T ) 
3 (2, 1) (3, 2) (H, T ) 
4 (2, 2) (4, 2) (T , T ) 
5 (2, 3) (4, 3) (T , T ) 
6 ... ... (T , H) 

In this example, play continues as a deterministic cycle. The time 
average converges to the unique Nash equilibrium,

(1/2, 1/2), (1/2, 1/2) . 

12 
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Game Theory: Lecture 11 Learning in Games 

More General Convergence Result 

Theorem 

Suppose a fictitious play sequence {st } converges to σ in the time-average sense. 
Then σ is a Nash equilibrium. 

Proof: 

Suppose st converges to σ in the time-average sense. 

Suppose, to obtain a contradiction, that σ is not a Nash equilibrium. 

Then there exist some i , si , s � ∈ Si with σi (si ) > 0 such that i 

ui (si
�, σ−i ) > ui (si , σ−i ). 

13 
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Game Theory: Lecture 11 Learning in Games 

Proof (continued) 

Choose ε > 0 such that 

1 
ε < ui (si

�, σ−i ) − ui (si , σ−i )2 
, 

and T sufficiently large that for all t ≥ T , we have 

µ T 
i (s−i ) − σ−i (s−i ) 

ε 
< for all s

maxs∈S ui (s) 
−i , 

which is possible since µi
t σ by assumption. → −i 

14 
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Game Theory: Lecture 11 Learning in Games 

Proof (continued) 

Then, for any t ≥ T , we have 

ui (si , µi
t ) =	 ∑ ui (si , s−i )µi

t (s−i ) 
s−i 

≤	 ∑ ui (si , s−i )σ−i (s−i ) + ε 
s−i 

<	 ∑ ui (si
�, s−i )σ−i (s−i ) − ε 

s−i 

≤	 ∑ ui (si
�, s−i )µi

t (s−i ) = ui (si
�, µi

t ). 
s−i 

This shows that after sufficiently large t, si is never played, implying that as 
t ∞, µt (si ) 0. But this contradicts the fact that σi (si ) > 0,→ −i →
completing the proof. 

15 
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Game Theory: Lecture 11 Learning in Games 

Convergence 

Theorem 

Fictitious play converges in the time-average sense for the game G under 
any of the following conditions: 

G is a two player zero-sum game. 

G is a two player nonzero-sum game where each player has at most 
two strategies. 

G is solvable by iterated strict dominance. 

G is an identical interest game, i.e., all players have the same payoff 
function. 

G is a potential game. 

Below, we will prove convergence for zero-sum games and identical 
interest games using continuous-time fictitious play. 

16 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



� � 

Game Theory: Lecture 11 Learning in Games 

Miscoordination


However, convergence in the time-average sense is not necessarily a 
natural convergence notion, as illustrated in the following example. 

Consider the fictitious play of the following game: 

Player 1 \ Player 2 A B 
A (1, 1) (0, 0) 
B (0, 0) (1, 1) 

Note that this game has a unique mixed Nash equilibrium

(1/2, 1/2), (1/2, 1/2) . 

17 
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Game Theory: Lecture 11 Learning in Games 

Miscoordination (continued) 

Consider the following sequence of play: 

Time η1 
t η2 

t Play 
0 (1/2, 0) (0, 1/2) (A, B) 
1 (1/2, 1) (1, 1/2) (B, A) 
2 (3/2, 1) (1, 3/2) (A, B) 
3 ... ... (B, A) 
4 ... ... (A, B) 

Play continues as (A,B), (B,A), . . ., which is again a deterministic 

cycle. The time average converges to (1/2, 1/2), (1/2, 1/2) , 

which is a mixed strategy equilibrium of the game. But players never 
successfully coordinate and receive zero payoffs throughout! 
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Game Theory: Lecture 11 Learning in Games 

Non-convergence 

Convergence of fictitious play can not be guaranteed in general. 

Shapley showed that in a modified rock-scissors-paper game, fictitious play 
does not converge: R S P 

R 
S 
P 

0, 0 1, 0 0, 1 
0, 1 0, 0 1, 0 
1, 0 0, 1 0, 0 

This game has a unique Nash equilibrium: each player mixes uniformly. 

Suppose that η0
1 = (1, 0, 0) and that η0

2 = (0, 1, 0). 

Then in period 0, play is (P,R). In period 1, player 1 expects R, and 2 
expects S, so play is (P,R). Play then continues to follow (P,R) until player 2 
switches to S (suppose this lasts for k periods). 

Play then follows (P,S), until player 1 switches to R (for βk periods, β > 1). 

Play then follows (R,S), until player 2 switches to P (for β2k periods). 

Shapley showed that play cycles among 6 (off-diagonal) profiles with periods 
of ever-increasing length, thus non-convergence. 
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Continuous-Time Fictitious Play 

As with the replicator dynamics, continues-time version of fictitious 
play is more tractable. 

Denote the empirical distribution of player i ’s play up to (but not 
including) time t when time intervals are of length Δt by 

t τ=0 ipi (si ) = 
∑(t−Δt)/Δt I{sτ = si } 

. 
t/Δt 

We use pt ∈ Σ to denote the product distribution formed by the pi
t . 

We can now think of making time intervals Δt smaller as we did in 
replicator dynamics (also rescaling time), which will lead us to a 
version a fictitious play in continuous time. We next study this 
continuous-time fictitious play model. 

20 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



� � 

Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Continuous-Time Fictitious Play (continued) 

In continuous time fictitious play (CTFP), the empirical distributions of the 
players are updated in the direction of a best response to their opponents’ 
past action: 

dpt 
i ∈ BRi (p t ) − pi

t ,
dt −i 

BRi (p t ) = arg max ui (σi , p t ).−i 
σi ∈Σi 

−i 

Another variant of the CTFP is the perturbed CTFP defined by 

dpi
t 

t t 
dt 

= Ci (p−i ) − pi , 

Ci (p t ) = arg max ui (σi , p t ) − Vi (σi ) ,−i 
σi ∈Σi 

−i 

and Vi : Σi → R is a strictly convex function and satisfies a “boundary 
condition”. 

Since Ci is uniquely defined, the perturbed CTFP is described by a 
differential equation rather than a differential inclusion. 
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Convergence of (perturbed) CTFP for Zero-Sum Games 

We consider a two player zero-sum game with payoff matrix M, where the 
perturbed payoff functions are given by 

Π1(σ1, σ2) = σ�1Mσ2 − V1(σ1), 

Π2(σ1, σ2) = −σ1
� Mσ2 − V2(σ2). 

Let {pt } be generated by the perturbed CTFP, 

dpi
t 

t t 
dt 

= Ci (p−i ) − pi , 

t twhere Ci (p−i ) = arg maxσi ∈Σi Πi (σi , p−i ).


We use a Lyapunov function argument to prove convergence.
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Proof 

We consider the function 

W (t) = U1(p t ) + U2(p t ),


where the functions Ui : Σ R are defined as
→ 

Ui (σi , σ−i ) = max Πi (σi
� , σ−i ) − Πi (σi , σ−i ), 

σi
�∈Σi 

The function Ui gives the maximum possible payoff improvement player i 
can achieve by a unilateral deviation in his own mixed strategy. 

Ui (σ) ≥ 0 for all σ ∈ Σ, and Ui (σ) = 0 for all i implies that σ is a mixed 
Nash equilibrium. 
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Proof (Continued) 

For the zero sum game, the function W (t) takes the form 

1, σ
tt t 

1
t 
2W (t) = max Π1(σ ) + max Π2(p ) + V1(p ) + V2(p ).1

� , p 2
�

2
σ�1∈Σ1 σ�2∈Σ2 

dW (t) 
dt = Ci (p ), t

i 
t 
−iWe will show that ≤ 0 with equality if and only if p

0, we have showing that for all initial conditions p

p ti − Ci (p t −i )
lim = 0 i = 1, 2. 
∞→t

We need the following lemma. 
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Proof (Continued) 

Lemma 

(Envelope Theorem) Let F : Rn × Rm → R be a continuously differentiable 
function. Let U ⊂ Rm be an open convex subset, and u∗(x) be a continuously 
differentiable function such that 

F (x , u∗(x)) = min F (x , u). 
u∈U 

Let H(x) = minu∈U F (x , u). Then, 

�x H(x) = �x F (x , u∗(x)). 

Proof: The gradient of H(x) is given by 

�x H(x) = �x F (x , u∗(x)) + �uF (x , u∗(x))�x u
∗(x) 

= �x F (x , u∗(x)), 

where we use the fact that �uF (x , u∗(x)) = 0 since u∗(x) minimizes F (x , u). 
25 
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Proof (Continued) 

Using the preceding lemma, we have 

tdp2 
dt 

d 
Π1(σ1

� , p t 2) = �σ2 Π1(C1(p t 2
t), p2)
max 

dt σ1
� ∈Σ1 

tdp2 
2)
t 

2

C1(p �M=

dt 

t t 
1

t 
2).C1(p )�M (C2(p ) − p=


Similarly, 

1, σ
td 

max Π2(p t 
2

t t 
1) = −(C1(p ) − p 

t 
1)

)�MC2(p ).2
�

1dt σ2
� ∈Σ2 

tt 

Combining the preceding two relations, we obtain 

2) 1) 1)+ �V1(p tdW (t) 
dt 

= −C1(p Mpt +(p2 MC2(p 
tdp1 

dt 
+ �V2(p t 2)

� 
tdp2 . 

dt 
(1) 
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Proof (Continued) 

tSince Ci (p ) is a perturbed best response, we have 

2 − V1(C1(p 

1) 1) − V2(C2(p1)) ≥ −(p1)

t 

tt 

t

tt 

−i 

t t t tC1(p )
 )) ≥ (p )
 2 − V1(p
�Mp2 − V2(p t 

),Mp Mp2 2 1 1

t 
2), 

, i = 1, 2 (the latter claim follows 

−(p MC2(p 

with equality if and only if Ci (p ) = p

1)
t 

t t
i−i 

by the uniqueness of the perturbed best response). 

Combining these relations, we have 

2) 2 + (p1)
ttt ∑ 

i 

t
i

t 
−i−C1(p MC2(p [Vi (p ) − Vi (Ci (p ))]
Mp ≤


∑ 
i

t
i

t
i

t
i )
�Vi (p )�(Ci (p ) − p≤


∑ 
i

= − ,
dt 

t
it

i�Vi (p 
dp

where the second inequality follows by the convexity of Vi . The preceding 
relation and Eq. (1) imply that dW 

dt ≤ 0 for all t, with equality if and only if 
for both players, completing the proof. Ci (pt 

−i ) = pt
i
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Convergence of CTFP for Identical Interest Games 

Consider an I -player game with identical interests, i.e., a game where

all players share the same payoff function Π.

Recall the continuous time fictitious play (CTFP) dynamics:


dp

dt 

t
i ) − p 

t 

t
i

} denote the sequence generated by the CTFP dynamics and 
∈ BRi (pt

i
t
i


t
i


∈ BRi (p t .
−i 

t
iLet {p

tlet σi ).
/dt.
+ dp
 Note that σ
= p
 −i 

Theorem 

For all players i and regardless of the initial condition p0, we have 

lim
 max

→∞ σi

�∈Σi 

Π(σ�i , p t −i ) − Π(p
ti , p
t −i )
 = 0,

t

t
i is asymptotically a best response to p
t −i .p
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Proof


We again consider the function W (t) ≡ ∑i Ui (pt ), where 

Ui (σi , σ−i ) = max Π(σi
� , σ−i ) − Π(σi , σ−i ), 

σ�i ∈Σ 

Observe that 

d d
(Π(p t )) = ∑ ∑ p1

t (s1) pn
t (sn)Π(s)

dt dt 
· · · · · · 

si ∈Si sn ∈Sn � � 

= ∑ ∑ ∑ 
dpi

t 

(si ) ∏ pj
t (sj ) Π(s)· · · 

dti si ∈Si sn∈Sn j �=i 

= ∑ Π 
dpi

t 

, p t . 
dt −i 

i 
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Proof (Continued) 

The preceding explicit derivation essentially follows from the fact that 
Π is linear in its arguments, because these are mixed strategies of 
players. Therefore, the time derivative can be directly applied to the 
arguments. 

Now, observe that 

dpt 

Π 
dt 

i , p t = Π(σt
i i

t , p t ) = Π(σt
i , p t ) − Π(p t ) = Ui (p t ),−i − p −i −i 

where the second equality again follows by the linearity of Φ in mixed 
tstrategies. The last equality uses the fact that σt ∈ BRi (p−i ).i 

Combining this relation with the previous one, we have 

d 
(Π(p t )) = ∑ Ui (p t ) = W (t). 

dt i 
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� � 

Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Proof (Continued) 

Since W (t) is nonnegative everywhere, we conclude Π(pt ) is 
nondecreasing as t increases; thus Π∗ = limt ∞ Π(pt ) exists (since 
Π is bounded above, Π∗ < ∞). 

→

Moreover, we have � Δ 
Π∗ − Π(p t ) ≥ Π(p t+Δ) − Π(p t ) = W (t + τ)dτ ≥ 0. 

0 

the first inequality uses the fact that since Π is nondecreasing; the 
middle inequality follows from the fundamental theorem of calculus, 
and the last inequality simply uses the fact that W (t) is everywhere 
nonnegative. 

Since the left-hand side converges to zero, we conclude that 
W (t) 0 as t ∞.→ → 

0This establishes that for each i and for any initial condition p , 

lim max Π(σ�i , p t ) − Π(pi
t , p t ) = 0. 

t→∞ σi
�∈Σi 

−i −i 
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Game Theory: Lecture 11 Continuous-Time Fictitious Play 

Remarks 

Notice that what we have here is much stronger than convergence of 
fictitious play in empirical distribution (the results discussed above). 

Instead, we have that for any initial condition p0 , pt converges to a set 
of empirical distributions P∞, where Π(p) = Π∗ for all p ∈ P∞, and 
the mixed strategy of each player is the one that maximizes payoff in 
response to these distributions. 
Implication: the miscoordination illustrated before cannot happen. 

If the function Π has a unique maximizer, this result implies convergence to 
this maximum. 

A potential game is “best response equivalent” to a game of identical 
interest. 

We have “convergence of CTFP to equilibrium behavior” for potential 
games. 
Since many congestion, network traffic and routing, and network 
formation games are potential games, these results imply that for a 
range of network games, Nash equilibrium behavior will emerge even 
without very sophisticated reasoning on the part of the players. 
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Game Theory: Lecture 12 Introduction 

Outline 

Extensive Form Games with Perfect Information 

Backward Induction and Subgame Perfect Nash Equilibrium 

One-stage Deviation Principle 

Applications 

Reading: 

Fudenberg and Tirole, Chapter 3 (skim through Sections 3.4 and 
3.6), and Sections 4.1-4.2. 
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Game Theory: Lecture 12 Extensive Form Games 

Extensive Form Games


We have studied strategic form games which are used to model 
one-shot games in which each player chooses his action once and for 
all simultaneously. 

In this lecture, we will study extensive form games which model

multi-agent sequential decision making.

Our focus will be on multi-stage games with observed actions where: 

All previous actions are observed, i.e., each player is perfectly informed 
of all previous events. 
Some players may move simultaneously at some stage k. 

Extensive form games can be conveniently represented by game

trees.


Additional component of the model, histories (i.e., sequences of

action profiles).
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Game Theory: Lecture 12 Extensive Form Games 

Example 1 – Entry Deterrence Game: 

Entrant

In Out

A F

Incumbent

(2,1) (0,0)

(1,2)

There are two players. 

Player 1, the entrant, can choose to enter the market or stay out. Player 2, 
the incumbent, after observing the action of the entrant, chooses to 
accommodate him or fight with him. 

The payoffs for each of the action profiles (or histories) are given by the pair 
(x , y ) at the leaves of the game tree: x denotes the payoff of player 1 (the 
entrant) and y denotes the payoff of player 2 (the incumbent). 
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Player 1

Invest Not Invest

Player 2

Cournot Game I
c1 = 0
c2 = 2

Cournot Game II
c1 = 2
c2 = 2

Game Theory: Lecture 12 Extensive Form Games 

Example 2 – Investment in Duopoly 

There are two players in the market. 

Player 1 can choose to invest or not invest. After player 1 chooses his

action, both players engage in a Cournot competition.


If player 1 invests, then they will engage in a Cournot game with c1 = 0 and 
c2 = 2. 

Otherwise, they will engage in a Cournot game with c1 = c2 = 2. 

We can also assume that there is a fixed cost of f for player 1 to invest. 
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Game Theory: Lecture 12 Extensive Form Games 

Extensive Form Game Model


A set of players, I = {1, . . . , I }. 

Histories: A set H of sequences which can be finite or infinite.

h0 = ∅ initial history

a0 = (a0

1, . . . , a0 
I ) stage 0 action profile


h1 = a0 history after stage 0

. . . . . .

hk+1 = (a0 , a1 , . . . , ak ) history after stage k


If the game has a finite number (K + 1) of stages, then it is a finite

horizon game.

Let Hk = {hk } be the set of all possible stage k histories.

Then HK +1 is the set of all possible terminal histories, and


K +1H = ∪k=0 H
k is the set of all possible histories. 
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Game Theory: Lecture 12 Extensive Form Games 

Extensive Form Game Model


Pure strategies for player i is defined as a contingency plan for every possible 
history hk . 

Let Si (Hk ) = 
� 

hk ∈Hk Si (hk ) be the set of actions available to player i 
at stage k. 
Let sk : Hk → Si (Hk ) such that si (hk ) ∈ Si (hk ).i 
Then the pure strategy of player i is the set of sequences 

k Ksi = {si }k=0, i.e., a pure strategy of a player is a collection of maps 
from all possible histories into available actions. 
Observe that the path of strategy profile s will be a0 = s0(h0), 
a1 = s1(a0), a2 = s2(a0 , a1), and so on. 

Preferences are defined on the outcome of the game HK +1 . We can 
represent the preferences of player i by a utility function ui : HK +1 R. 

0 k 
→

As the strategy profile s determines the path a , . . . , a and hence hK +1, we 
will denote ui (s) as the payoff to player i under strategy profile s. 
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Game Theory: Lecture 12 Extensive Form Games 

Example: 

Strategies in Extensive Form Games 

Player 1

C D

E F G H

Player 2

(2,1) (3,0) (0,2) (1,3)

Player 1’s strategies: s1 : H0 = ∅ S1 = {C , D}; two possible strategies: →
C,D 

Player 2’s strategies: s2 : H1 = {{C }, {D}} → S2; four possible strategies: 
which we can represent as EG , EH, FG and FH. 

If s = (C , EG ), then the outcome will be {C , E }. On the other hand, if the 
strategy is s = (D, EG ), the outcome will be {D, G }. 
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Game Theory: Lecture 12 Extensive Form Games 

Strategies in Extensive Form Games (continued) 

Consider the following two-stage extensive form version of matching 
pennies. 

Player 1

H T

H T H T

Player 2

(-1,1) (1,-1) (1,-1) (-1,1)

How many strategies does player 2 have? 
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1

2

3

4

Game Theory: Lecture 12 Extensive Form Games 

Strategies in Extensive Form Games (continued) 

Recall: strategy should be a complete contingency plan. 

Therefore: player 2 has four strategies: 

heads following heads, heads following tails HH; 
heads following heads, tails following tails HT; 
tails following heads, tails following tails TT; 
tails following heads, heads following tails TH. 
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Game Theory: Lecture 12 Extensive Form Games 

Strategies in Extensive Form Games (continued) 

Therefore, from the extensive form game we can go to the strategic 
form representation. For example: 

Player 1/Player 2 HH HT TT TH 
heads (−1, 1) (−1, 1) (1, −1) (1, −1) 
tails (1, −1) (−1, 1) (−1, 1) (1, −1) 

So what will happen in this game? 
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Game Theory: Lecture 12 Extensive Form Games 

Strategies in Extensive Form Games (continued) 

Can we go from strategic form representation to an extensive form 
representation as well? 

To do this, we need to introduce information sets: 

Information sets model the information players have when they are 
choosing their actions. 
They can be viewed as a generalization of the idea of a history. 
The information sets, h ∈ H, partition the nodes of the game tree: the 
interpretation of the information set h(x) containing node x is that the 
player who is choosing an action at x is uncertain if he is at x or at 
some other x � ∈ h(x). 
We require that if x � ∈ h(x), then the same player moves at x and x � 

and also that A(x) = A(x �). 

A game has perfect information if all its information sets are singletons (i.e., 
all nodes are in their own information set). 
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Game Theory: Lecture 12 Extensive Form Games 

Strategies in Extensive Form Games (continued) 

The following two extensive form games are representations of the 
simultaneous-move matching pennies. 

The loops represent the information sets of the players who move at that 
stage. These are imperfect information games. 

These games represent exactly the same strategic situation: each player 
chooses his action not knowing the choice of his opponent. 

Note: For consistency, first number is still player 1’s payoff. 

Player 1

Player 2

H T

H T H T

(-1,1) (1,-1) (1,-1) (-1,1)

Player 2

H T

H T H T

Player 1

(-1,1) (1,-1) (1,-1) (-1,1)
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Game Theory: Lecture 12 Extensive Form Games 

Entry Deterrence Game 

Entrant

In Out

A F

Incumbent

(2,1) (0,0)

(1,2)

Equivalent strategic form representation: 

Entrant\Incumbent 
In 

Out 

Accommodate 
(2, 1) 
(1, 2) 

Fight 
(0, 0) 
(1, 2) 

Two pure Nash equilibria: (In,A) and (Out,F). 
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Game Theory: Lecture 12 Extensive Form Games 

Are These Equilibria Reasonable? 

The equilibrium (Out,F) is sustained by a noncredible threat of the 
monopolist. 

Equilibrium notion for extensive form games: Subgame Perfect 
(Nash) Equilibrium. 

It requires each player’s strategy to be “optimal” not only at the start 
of the game, but also after every history. 

For finite horizon games, found by backward induction. 

For infinite horizon games, characterization in terms of one-stage 
deviation principle. 
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Game Theory: Lecture 12 Extensive Form Games 

Subgames 

To define subgame perfection formally, we first define the idea of a 
subgame. 

Informally, a subgame is a portion of a game that can be analyzed as a 
game in its own right. 

Recall that a game G is represented by a game tree. Denote the set 
of nodes of G by VG . 

Recall that history hk denotes the play of a game after k stages. In a 
perfect information game, each node x ∈ VG corresponds to a unique 
history hk and vice versa. This is not necessarily the case in imperfect 
information games. 

16 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 12 Extensive Form Games 

Subgames (continued) 

Definition (Subgames) 

A subgame G � of an extensive form game G consists of a single node and all its 
successors in G, with the property that if x �inVG � and x �� ∈ h(x �), then 
x �� ∈ VG � . The information sets and payoffs of the subgame are inherited from 
the original game. 

The definition requires that all successors of a node is in the subgame and 
that the subgame does not “chop up” any information set. 

This ensures that a subgame can be analyzed in its own right. 
This implies that a subgame starts with a node x with a singleton 
information set, i.e., h(x) = x . 

In perfect information games, subgames coincide with nodes or stage k 
histories hk of the game. In this case, we use the notation hk or G (hk ) to 
denote the subgame. 

A restriction of a strategy s to subgame G �, s G � is the action profile implied |
by s in the subgame G �. 
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Player 1

H T

H T H T

Player 2

(-1,1) (1,-1) (1,-1) (-1,1)

Game Theory: Lecture 12 Extensive Form Games 

Subgames: Examples 

Recall the two-stage extensive-form version of the matching pennies 
game 

In this game, there are two proper subgames and the game itself 
which is also a subgame, and thus a total of three subgames. 
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Game Theory: Lecture 12 Extensive Form Games 

Subgame Perfect Equilibrium 

Definition 

(Subgame Perfect Equilibrium) A strategy profile s∗ is a Subgame 
Perfect Nash equilibrium (SPE) in game G if for any subgame G � of G, 
s∗|G � is a Nash equilibrium of G �. 

Loosely speaking, subgame perfection will remove noncredible threats, 
since these will not be Nash equilibria in the appropriate subgames. 

In the entry deterrence game, following entry, F is not a best

response, and thus not a Nash equilibrium of the corresponding

subgame. Therefore, (Out,F) is not a SPE.


How to find SPE? One could find all of the Nash equilibria, for 
example as in the entry deterrence game, then eliminate those that 
are not subgame perfect. 

But there are more economical ways of doing it. 
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Game Theory: Lecture 12 Extensive Form Games 

Backward Induction


Backward induction refers to starting from the last subgames of a 
finite game, then finding the best response strategy profiles or the 
Nash equilibria in the subgames, then assigning these strategies 
profiles and the associated payoffs to be subgames, and moving 
successively towards the beginning of the game. 

Entrant

In Out

A F

Incumbent

(2,1) (0,0)

(1,2)

20 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 12 Extensive Form Games 

Backward Induction (continued) 

Theorem 

Backward induction gives the entire set of SPE. 

Proof: backward induction makes sure that in the restriction of the 
strategy profile in question to any subgame is a Nash equilibrium. 

Backward induction is straightforward for games with perfect 
information and finite horizon. 

For imperfect information games, backward induction proceeds 
similarly: we identify the subgames starting from the leaves of the 
game tree and replace it with one of the Nash equilibrium payoffs in 
the subgame. 

For infinite horizon games: we will rely on a useful characterization of 
the subgame perfect equilibria given by the “one stage deviation 
principle.” 
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Game Theory: Lecture 12 Extensive Form Games 

Existence of Subgame Perfect Equilibria 

Theorem 

Every finite perfect information extensive form game G has a pure strategy 
SPE. 

Proof: Start from the end by backward induction and at each step one 
strategy is best response. 

Theorem 

Every finite extensive form game G has a SPE. 

Proof: Same argument as the previous theorem, except that some 
subgames need not have perfect information and may have mixed strategy 
equilibria. 
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Game Theory: Lecture 12 One-stage Deviation Principle 

One-stage Deviation Principle 

Focus on multi-stage games with observed actions (or perfect information 
games). 

One-stage deviation principle is essentially the principle of optimality of 
dynamic programming. 

We first state it for finite horizon games. 
Theorem (One-stage deviation principle) 

For finite horizon multi-stage games with observed actions , s∗ is a subgame 
perfect equilibrium if and only if for all i , t and ht , we have 

ui (si 
∗ , s−

∗ 
i |ht ) ≥ ui (si , s−

∗ 
i |ht ) 

for all si satisfying 
si (ht ) �= si 

∗(ht ), 

si |ht (ht+k ) = si 
∗
|ht (ht+k ), for all k > 0, and all ht+k ∈ G (ht ). 

Informally, s is a subgame perfect equilibrium (SPE) if and only if no player i 
can gain by deviating from s in a single stage and conforming to s thereafter. 
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Game Theory: Lecture 12 One-stage Deviation Principle 

One-stage Deviation Principle for Infinite Horizon Games 

The proof of one-stage deviation principle for finite horizon games relies on 
the idea that if a strategy satisfies the one stage deviation principle then 
that strategy cannot be improved upon by a finite number of deviations. 

This leaves open the possibility that a player may gain by an infinite 
sequence of deviations, which we exclude using the following condition. 

Definition 

Consider an extensive form game with an infinite horizon, denoted by G ∞ . Let h 
denote an ∞-horizon history, i.e., h = (a0 , a1 , a2 ...), is an infinite sequence of 
actions. Let ht = (a0 , ...at−1) be the restriction to first t periods. The game G ∞ 

is continuous at infinity if for all players i , the payoff function ui satisfies 

˜
sup 

˜
|ui (h) − ui (h̃)| → 0 as t → ∞. 

h,h s.t. ht =ht 
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Game Theory: Lecture 12 One-stage Deviation Principle 

One-stage Deviation Principle for Infinite Horizon Games 

The continuity at infinity condition is satisfied when the overall payoffs are a 
discounted sum of stage payoffs, i.e., 

ui = 
∞

∑ δt
i gi

t (a t ), 
t=0 

(where gi
t (at ) are the stage payoffs, the positive scalar δi < 1 is a discount 

factor), and the stage payoff functions are uniformly bounded, i.e., there 
exists some B such that maxt,at |gi

t (at )| < B. 
Theorem 

Consider an infinite-horizon game, G ∞, that is continuous at infinity. Then, the 
one stage deviation principle holds, i.e., the strategy profile s∗ is an SPE if and 
only if for all i , ht , and t, we have 

ui (si 
∗ , s−

∗ 
i |ht ) ≤ ui (si , s−

∗ 
i |ht ), 

for all si that satisfies si (ht ) �= si 
∗(ht ) and si |ht (ht+k ) = si 

∗|ht (ht+k ) for all 
ht+k ∈ G (ht ) and for all k > 0. 
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Game Theory: Lecture 12 Applications 

Examples: Value of Commitment 

Consider the entry deterrence game, but with a different timing as 
shown in the next figure. 

Entrant

Incumbent

In Out

A F

(2,1) (1,2) (0,0)

In Out

(1,2)

Note: For consistency, first number is still the entrant’s payoff. 
This implies that the incumbent can now commit to fighting (how 
could it do that?). 
It is straightforward to see that the unique SPE now involves the

incumbent committing to fighting and the entrant not entering.

This illustrates the value of commitment. 
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Game Theory: Lecture 12 Applications 

Examples: Stackleberg Model of Competition 

Consider a variant of the Cournot model where player 1 chooses its quantity 
q1 first, and player 2 chooses its quantity q2 after observing q1. Here, player 
1 is the Stackleberg leader. 

Suppose again that both firms have marginal cost c and the inverse demand 
function is given by P (Q) = α − βQ, where Q = q1 + q2, where α > c . 

This is a dynamic game, so we should look for SPE. How to do this? 

Backward induction—this is not a finite game, but all we have seen so far 
applies to infinite games as well. 

Look at a subgame indexed by player 1 quantity choice, q1. Then player 2’s 
maximization problem is essentially the same as before 

max π2 (q1, q2) = [P (Q) − c ] q2 
q2≥0 

= [α − β (q1 + q2) − c ] q2. 
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Game Theory: Lecture 12 Applications 

Stackleberg Competition (continued) 

This gives best response 

α − c − βq1 q2 = . 
2β 

Now the difference is that player 1 will choose q1 recognizing that player 2 
will respond with the above best response function. 

Player 1 is the Stackleberg leader and player 2 is the follower. 

This means player 1’s problem is 

maximizeq1≥0 π1 (q1, q2) = [P (Q) − c ] q1 

subject to q2 = 
α − c − βq1 . 

2β 

Or � � � � 

max α − β q1 + 
α − c − βq1 − c q1. 

q1≥0 2β 
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� � � � 

Game Theory: Lecture 12 Applications 

Stackleberg Competition (continued) 

The first-order condition is 

α − c − βq1 β 
= 0,α − β q1 + 

2β 
− c − 

2 
q1 

which gives 

And thus 

= 
α − cS q .1 2β 

α − c 
q = < q

4β 
S 
2 

S 
1 

Why lower output for the follower? 

S 

Total output is 

1 + q S
3 (α − c)

QS = q 2 =
 ,
4β 

which is greater than Cournot output. Why? 
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Game Theory: Lecture 13 Introduction 

Outline
 

Extensive Form Games with Perfect Information 

One-stage Deviation Principle 

Applications 

Ultimatum Game 

Rubinstein-Stahl Bargaining Model 

Reading: 

Fudenberg and Tirole, Sections 4.1-4.4. 
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Game Theory: Lecture 13 Extensive Form Games 

Introduction 

We have studied extensive form games which model sequential 
decision making. 

Equilibrium notion for extensive form games: Subgame Perfect 
(Nash) Equilibrium. 

It requires each player’s strategy to be “optimal” not only at the start 
of the game, but also after every history. 
For finite horizon games, found by backward induction. 

Backward induction refers to starting from the “last” subgames of a 
finite game, finding the best response strategy profiles or the Nash 
equilibria in the subgames, then assigning these strategies profiles and 
the associated payoffs to be subgames, and moving successively 
towards the beginning of the game. 

For finite/infinite horizon games, characterization in terms of 
one-stage deviation principle. 
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Game Theory: Lecture 13 One-stage Deviation Principle 

One-stage Deviation Principle 

Focus on multi-stage games with observed actions (or perfect information 
games). 

One-stage deviation principle is essentially the principle of optimality of 
dynamic programming. 

We first state it for finite horizon games. 
Theorem (One-stage deviation principle) 

For finite horizon multi-stage games with observed actions , s∗ is a subgame 
perfect equilibrium if and only if for all i , t and ht , we have 

ui (si 
∗ , s−

∗ 
i |ht ) ≥ ui (si , s−

∗ 
i |ht ) 

for all si satisfying 
si (ht ) �= si 

∗(ht ), 

si |ht (ht+k ) = si 
∗
|ht (ht+k ), for all k > 0, and all ht+k ∈ G (ht ). 

Informally, s is a subgame perfect equilibrium (SPE) if and only if no player i 
can gain by deviating from s in a single stage and conforming to s thereafter. 
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Game Theory: Lecture 13 One-stage Deviation Principle 

One-stage Deviation Principle for Infinite Horizon Games 

The proof of one-stage deviation principle for finite horizon games relies on 
the idea that if a strategy satisfies the one stage deviation principle then 
that strategy cannot be improved upon by a finite number of deviations. 

This leaves open the possibility that a player may gain by an infinite 
sequence of deviations, which we exclude using the following condition. 

Definition 

Consider an extensive form game with an infinite horizon, denoted by G ∞ . Let h 
denote an ∞-horizon history, i.e., h = (a0 , a1 , a2 ...), is an infinite sequence of 
actions. Let ht = (a0 , ...at−1) be the restriction to first t periods. The game G ∞ 

is continuous at infinity if for all players i , the payoff function ui satisfies 

˜ 
sup 

˜ 
|ui (h) − ui (h̃)| → 0 as t → ∞. 

h,h s.t. ht =ht 
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Game Theory: Lecture 13 One-stage Deviation Principle 

One-stage Deviation Principle for Infinite Horizon Games 

The continuity at infinity condition is satisfied when the overall payoffs are a 
discounted sum of stage payoffs, i.e., 

∞ 

ui =	 ∑ δi
t gi

t (a t ), 
t=0 

(where gi
t (at ) are the stage payoffs, the positive scalar δi < 1 is a discount 

factor), and the stage payoff functions are uniformly bounded, i.e., there 
exists some B such that maxt,at gi

t (at ) < B.| |
Theorem 

Consider an infinite-horizon game, G ∞, that is continuous at infinity. Then, the 
one stage deviation principle holds, i.e., the strategy profile s∗ is an SPE if and 
only if for all i , ht , and t, we have 

ui (si 
∗ , s− 

∗ 
i |ht ) ≤ ui (si , s− 

∗ 
i |ht ), 

for all si that satisfies si (ht ) �= si 
∗(ht ) and si |ht (ht+k ) = si 

∗|ht (ht+k ) for all 
ht+k ∈ G (ht ) and for all k > 0. 
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Game Theory: Lecture 13 Applications 

Examples: Value of Commitment 

Consider the entry deterrence game, but with a different timing as 
shown in the next figure. 

Entrant

Incumbent

In Out

A F

(2,1) (1,2) (0,0)

In Out

(1,2)

Note: For consistency, first number is still the entrant’s payoff. 
This implies that the incumbent can now commit to fighting (how 
could it do that?). 
It is straightforward to see that the unique SPE now involves the
 
incumbent committing to fighting and the entrant not entering.
 
This illustrates the value of commitment. 
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Game Theory: Lecture 13 Applications 

Examples: Stackleberg Model of Competition 

Consider a variant of the Cournot model where player 1 chooses its quantity 
q1 first, and player 2 chooses its quantity q2 after observing q1. Here, player 
1 is the Stackleberg leader. 

Suppose again that both firms have marginal cost c and the inverse demand 
function is given by P (Q) = α − βQ, where Q = q1 + q2, where α > c . 

This is a dynamic game, so we should look for SPE. How to do this? 

Backward induction—this is not a finite game, but all we have seen so far 
applies to infinite games as well. 

Look at a subgame indexed by player 1 quantity choice, q1. Then player 2’s 
maximization problem is essentially the same as before 

max π2 (q1, q2) = [P (Q) − c ] q2 
q2≥0 

= [α − β (q1 + q2) − c ] q2. 
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Game Theory: Lecture 13 Applications 

Stackleberg Competition (continued) 

This gives best response 

α − c − βq1 q2 = . 
2β 

Now the difference is that player 1 will choose q1 recognizing that player 2 
will respond with the above best response function. 

Player 1 is the Stackleberg leader and player 2 is the follower. 

This means player 1’s problem is 

maximizeq1≥0 π1 (q1, q2) = [P (Q) − c ] q1 

subject to q2 = 
α − c − βq1 . 

2β 

Or � � � �


max α − β q1 + 
α − c − βq1 − c q1.


q1≥0 2β 
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Game Theory: Lecture 13 Applications 

Stackleberg Competition (continued) 

The first-order condition is 

α − β q1 + 
α − c − βq1 − c 

β 
q1 = 0,

2β 
− 

2 

which gives 
S α − c 

q1 = . 
2β 

And thus 
S α − c S q2 = < q14β 

Why lower output for the follower? 

Total output is 

QS = q1 
S + q2 

S =
 
3 (α − c) 

,
4β


which is greater than Cournot output. Why?
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Game Theory: Lecture 13 Applications 

Multiplicity of Subgame Perfect Equilibria 

Question: What happens if in some subgame more than one action is
 
optimal? Consider all optimal actions and trace back implications of
 
each in all of the longer subgames.
 
To illustrate this, consider the following game.
 

Player 1

Player 2

C D E

F G H I J K

(1,0)(3,0) (1,1) (2,1) (2,2) (1,3)

Player 2’s optimal strategies in this game are given by: 

FHK FIK
 
GHK GIK
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Game Theory: Lecture 13 Applications 

Multiplicity of Subgame Perfect Equilibria 

Now consider player 1’s optimal strategies for every combination of 
optimal actions for player 2: 

6 SPE’s 
2’s opt. strt. 1’s BR (C, FHK) 
FHK C (C, FIK) →
FIK C (C, GHK) →
GHK C,D,E (D, GHK) →
GIK D (E, GHK) → 

(D, GIK) 
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Game Theory: Lecture 13 Applications 

Bargaining Problems 

We next study bargaining problems, which can be naturally modeled 
as an extensive game. 

We start by studying the ultimatum game, which is a simple game 
that is the basis of a richer model. 
Two people use the following procedure to split c dollars:
 

1 offers 2 some amount x ≤ c
 
if 2 accepts the outcome is: (c − x , x)
 
if 2 rejects the outcome is: (0, 0)
 
Note: each person cares about the amount of money he receives and 
we assume that x can be any scalar, not necessarily integral. 

Question: What is an SPE for this game? 

Let us use an extensive game model for the negotiation process: 
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Game Theory: Lecture 13 Applications 

SPE of the Ultimatum Game
 

It is a finite horizon game, so we can use backward induction to find the 

Player 1

Player 2

x

Y N

(c-x,x) (0,0)

SPE of this game. 

There is a different possible subgame for each value of x , so we need to find 
the optimal action of player 2 for each such subgame: 

if x > 0 Yes → 
x = 0 indifferent between Yes and No → 

How many different optimal strategies does player 2 have? 

(1) Yes for all x ≥ 0 
(2) Yes if x > 0 and No if x = 0 
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Game Theory: Lecture 13 Applications 

SPE of the Ultimatum Game
 

Trace back the implications of each of player 2’s optimal strategies, i.e., 
consider player 1’s optimal strategy for each of these strategies: 

For (1): player 1’s optimal offer is x = 0 
For (2): player 1’s optimal offer is:
 
x = 0 0
→ 
x > 0 max no optimal solution → c − x 

x>0 
(c − x) ⇒ 

⇒ no offer of player 1 is optimal! 
Unique SPE: 

1 offers 0 
person 2 accepts all offers 
Outcome: (0, y ) 1 gets all the pie ⇒ 

Remarks: 
One-sided outcome one-sided structure of the game should allow 2 to →
make a counter offer after rejection then it is more like bargaining 

This SPE is not supported by experimental evidence (cultural effect come 
into play and behavior exhibits some sort of concern for fair outcomes or 
reciprocity). 
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Game Theory: Lecture 13 Applications 

SPE of the Ultimatum Game 

Exercises: 

What if the amount of money available is in multiples of a cent? Then there 
are 2 SPE’s instead of 1: 

Player 1 offers 0, and player 2 says Yes to all offers 
Player 1 offers 1 cent, and player 2 says Yes to all offers except 0 

Show that for every x̄ ∈ [0, c ], there exists a NE in which 1 offers x̄ . Find 
2’s optimal strategy. 

16 

1

2

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 13 Applications 

Bargaining as an Extensive Game 

In the ultimatum game, player 2 is powerless. His only alternative to 
accepting is to reject which results in him getting no pie. 

Let us extend the model to give player 2 more power: 

We assume that c = 1. Moreover, let x = (x1, x2) with x1 + x2 = 1 denote 
the allocation in the first part and y = (y1, y2) with y1 + y2 = 1 denote the 
allocation in the second part. 

Player 1

Player 2

x

Y N

(x1,x2)
Player 2

Player 1

y

Y N

(y1,y2) (0,0)
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Game Theory: Lecture 13 Applications 

Bargaining as an Extensive Game 

The second part of the game is an ultimatum game in which 2 moves first. 
This has a unique subgame perfect equilibrium given by: 

2 offers nothing to 1 
1 accepts all offers 

We note that in every SPE, 2 obtains all the pie 

Last Mover’s Advantage: Similar result with alternating offers. In every 
SPE, the player who makes the offer in the last period obtains all the pie. 

In our model so far, players indifferent about timing of an agreement. In real 
life however, bargaining takes time and time is valuable. Players preferences 
should reflect the fact that they have bias towards earlier agreements. 
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Game Theory: Lecture 13 Applications 

Finite Horizon Game with Alternating Offers 

Players alternate proposals, future discounted using the constant discount 
factor 0 < δi < 1 at each period. 

Two Periods: 
Player 1

Player 2

x

Y N

(x1,x2)
Player 2

Player 1

y

Y N

(δ1y1, δ2y2) (0,0)

(1)

(2)

(3)

We find the SPE by backward induction: 
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Game Theory: Lecture 13 Applications 

Finite Horizon Game with Alternating Offers 

In (1) (the last “ultimatum game”), the unique SPE: player 2 offers (0, 1) 
player 1 accepts all proposals. The outcome is (0, δ2). 

In (2): 
Y if x2 ≥ δ2 
N if x2 < δ2N → (0, δ2) 2 strategies 

Y (x1, x2) Y if x2 > δ2
→ 

N if x2 ≤ δ2 

In (3): Players 1’s optimal strategy is (1 − δ2, δ2) 

Hence, the unique SPE of this game is: 

Player 1’s initial proposal (1 − δ2, δ2). 

Player 2 accepts all proposals where x2 ≥ δ2 and rejects all x2 < δ2. 

Player 2 proposes (0, 1) after any history in which he rejects a proposal of 
player 1. 

Player 1 accepts all proposals of player 2 (after a history in which 2 rejects 
1’s opening proposal). 
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Game Theory: Lecture 13 Applications 

Finite Horizon Game with Alternating Offers 

The outcome of the game is: 

Player 1 proposes (1 − δ2, δ2). 

Player 2 accepts. 

Resulting payoff : (1 − δ2, δ2).
 

Desirability of an earlier agreement yields a positive payoff for player 1.
 

For 3 periods, similar analysis using backward induction. 

Iterating, we get Stahl’s Bargaining Model. 
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Game Theory: Lecture 13 Applications 

Stahl’s Bargaining Model: Finite Horizon 

# Periods player 1 gets 

2 periods 1 − δ2 
3 periods 1 − δ2 + δ1δ2 
5 periods 1 − δ2 + δ1δ2(1 − δ2) + δ1δ2 

2k periods 1 − δ2 
1
1
−(

( 
δ
δ 
1δ

δ 
2)

) 
k 

1 2− 

2k + 1 periods 1 − δ2 
1
1
−(

( 
δ
δ 
1δ

δ 
2)

) 
k 

+ (δ1δ2)k 
1 2− 

Taking the limit as k ∞, we see that player 1 gets x1 
∗ = 1−δ2 at the SPE. → 1−δ1δ2 
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Game Theory: Lecture 13 Applications 

Rubinstein’s Infinite Horizon Bargaining Model 

Instead of two players alternating offers for a period of time, there is no 
deadline, they can alternate offers forever. 

There are two types of terminal histories: 

(x1 , N, x2 , N.....x t , N...) every offer rejected 
(x1 , N, x2 , N.....x t , Y ) 

→ 

This game does not have a finite horizon, so we cannot use backward 
induction to find the SPE. 

We will instead guess a strategy profile and verify that it forms an SPE using 
the one-stage deviation principle. 

The strategy of a player in this game involves:
 

Offer in period 1
 
Response to history (x1 , N, x2)
 
counteroffer for history (x1 , N, x2 , N)
 

Each player faces the same subgame in all periods: The absolute payoffs are 
different but the preferences are the same, because all options are 
discounted by the same factor. 
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Game Theory: Lecture 13 Applications 

Rubinstein’s Infinite Horizon Bargaining Model 

Therefore, we focus on stationary policies in which each player always make 
the same proposal and always accepts the same set of proposals. 

We define 

x1 
∗ = 

1 − δ2 , x2 
∗ = 

δ2(1 − δ1) ,
1 − δ1δ2 1 − δ1δ2 

y1 
∗ = 

1 − δ1 , y2 
∗ = 

δ1(1 − δ2) . 
1 − δ1δ2 1 − δ1δ2 

We consider the following strategy profile (s1 
∗, s2 

∗): 

player 1 proposes x∗ and accepts y if and only if y1 ≥ y1 
∗. 

player 2 proposes y∗ and accepts x if and only if x2 ≥ x2 
∗. 

We verify that this strategy profile is an SPE using one-stage deviation 
principle. 
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Game Theory: Lecture 13 Applications 

Rubinstein’s Infinite Horizon Bargaining Model 

First note that this game has 2 types of subgames: 

One in which first move is an offer: 
One in which first move is a response to an offer: 

For the first type of subgame: Suppose offer made by player 1
 

Fix 2’s strategy at s2 
∗
 

if player 1 adopts s1 
∗ ⇒ 2 accepts, player 1 gets x1 

∗
 

if 1 offers > x2 
∗, 2 accepts leading to a lower payoff than x1 

∗ for player 1.
 
if 1 offers < x2 

∗, 2 rejects, offers y ∗, player 1 accepts, leading to a 
payoff of δ1y1 

∗. Since δ1y1 
∗ < x1 

∗, player 1 is better off using s1 
∗. 

For the second type of subgame: Suppose player 1 is responding 

Fix 2’s strategy at s2 
∗
 

Denote by (y1, y2) the offer to which player 1 is responding
 
if player 1 adopts s1 

∗, he accepts the offer iff y1 > y1 
∗
 

if player 1 rejects some offer y1 ≥ y ∗, player 1 will get δ1x
∗ = y ∗, thus
1 1 1 

he cannot increase his payoff by deviating. 

Hence s∗ is an SPE (in fact the unique SPE, check FT, Section 4.4.2 to verify). 
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Game Theory: Lecture 14 Introduction 

Outline


Rubinstein Bargaining Model with Alternating Offers 

Nash Bargaining Solution 

Relation of Axiomatic and Strategic Model 

Reference: 

Osborne and Rubinstein, Bargaining and Markets. 
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Game Theory: Lecture 14 Strategic Model 

Introduction


In this lecture, we discuss an axiomatic approach to the bargaining 
problem. 

In particular, we introduce the Nash bargaining solution and study the 
relation between the axiomatic and strategic (noncooperative) models. 

As we have seen in the last lecture, the Rubinstein bargaining model 
allows two players to offer alternating proposals indefinitely, and it 
assumes that future payoffs of players 1 and 2 are discounted by 
δ1, δ2 ∈ (0, 1). 
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Game Theory: Lecture 14 Strategic Model 

Rubinstein Bargaining Model with Alternating Offers 

We showed that the following stationary strategy profile is a subgame 
perfect equilibrium for this game. 

Player 1 proposes x∗ and accepts offer y if, and only if, y ≥ y1 
∗.1 

Player 2 proposes y ∗ and accepts offer x if, and only if, x ≥ x2 
∗,2 

where 

x1 
∗ = 

1 − δ2 , y1 
∗ = 

δ1(1 − δ2) ,
1 − δ1δ2 1 − δ1δ2 

= , = .x2 
∗ δ2(1 − δ1) y2 

∗ 1 − δ1 

1 − δ1δ2 1 − δ1δ2 

Clearly, an agreement is reached immediately for any values of δ1 and δ2. 

To gain more insight into the resulting allocation, assume for simplicity that 
δ1 = δ2. Then, we have 

If 1 moves first, the division will be ( 1+
1 

δ , 1+
δ

δ ). 
If 2 moves first, the division will be ( 1+

δ
δ , 1+

1 
δ ). 
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Game Theory: Lecture 14 Strategic Model 

Rubinstein Bargaining Model with Alternating Offers 

The first mover’s advantage (FMA) is clearly related to the impatience of 
the players (i.e., related to the discount factor δ): 

If δ 1, the FMA disappears and the outcome tends to ( 12 , 2
1 ). 

If δ 
→ 

0, the FMA dominates and the outcome tends to (1, 0).→ 

More interestingly, let’s assume the discount factor is derived from some 
interest rates r1 and r2. 

δ1 = e−r1Δt , δ2 = e−r2Δt 

These equations represent a continuous-time approximation of interest rates. 
It is equivalent to interest rates for very small periods of time Δt: 
e−ri Δt 1 

1+ri Δt . 

Taking Δt 0, we get rid of the first mover’s advantage. → 

1 − δ2 1 − e−r2Δt r2lim = lim = lim = . 
Δt→0 

x1 
∗ 

Δt→0 1 − δ1δ2 Δt→0 1 − e−(r1+r2)Δt r1 + r2 
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Game Theory: Lecture 14 Strategic Model 

Alternative Bargaining Model: Nash’s Axiomatic Model 

Bargaining problems represent situations in which: 

There is a conflict of interest about agreements. 
Individuals have the possibility of concluding a mutually beneficial 
agreement. 
No agreement may be imposed on any individual without his approval. 

The strategic or noncooperative model involves explicitly modeling the 
bargaining process (i.e., the game form). 

We will next adopt an axiomatic approach, which involves abstracting away 
the details of the process of bargaining and considers only the set of 
outcomes or agreements that satisfy ”reasonable” properties. 

This approach was proposed by Nash in his 1950 paper, where he states 
“One states as axioms several properties that would seem natural for the 
solution to have and then one discovers that axioms actually determine the 
solution uniquely.” 

The first question to answer is: What are some reasonable axioms? 

To gain more insight, let us start with a simple example. 
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Game Theory: Lecture 14 Strategic Model 

Nash’s Axiomatic Model


Example 

Suppose 2 players must split one unit of a good. If no agreement is reached, then 
players do not receive anything. Preferences are identical. We then expect: 

Players to agree (Efficiency) 

Each to obtain half (Symmetry) 

We next consider a more general scenario. 

We use X to denote set of possible agreements and D to denote the 
disagreement outcome. 

As an example we may have 

X = {(x1, x2)|x1 + x2 = 1, xi ≥ 0}, D = (0, 0). 
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Game Theory: Lecture 14 Strategic Model 

Nash’s Axiomatic Model


We assume that each player i has preferences, represented by a utility 
function ui over X ∪ {D}. We denote the set of possible payoffs by set U 
defined by 

U = {(v1, v2) | u1(x) = v1, u2(x) = v2 for some x ∈ X }
d = (u1(D), u2(D)) 

A bargaining problem is a pair (U, d) where U ⊂ R2 and d ∈ U. We 
assume that 

U is a convex and compact set. 
There exists some v ∈ U such that v > d (i.e., vi > di for all i). 

We denote the set of all possible bargaining problems by B.


A bargaining solution is a function f : B → U.


We will study bargaining solutions f ( ) that satisfy a list of reasonable
·
axioms. 
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Game Theory: Lecture 14 Strategic Model 

Axioms 

Pareto Efficiency: 

A bargaining solution f (U, d) is Pareto efficient if there does not exist 
a (v1, v2) ∈ U such that v ≥ f (U, d) and vi > fi (U, d) for some i . 
An inefficient outcome is unlikely, since it leaves space for renegotiation. 

Symmetry: 

Let (U, d) be such that (v1, v2) ∈ U if and only if (v2, v1) ∈ U and 
d1 = d2. Then f1(U, d) = f2(U, d). 
If the players are indistinguishable, the agreement should not 
discriminate between them. 
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Game Theory: Lecture 14 Strategic Model 

Axioms 

Invariance to Equivalent Payoff Representations 

Given a bargaining problem (U, d), consider a different bargaining 
problem (U �, d �) for some α > 0, β: 

U � = {(α1v1 + β1, α2v2 + β2) | (v1, v2) ∈ U}
d � = (α1d1 + β1, α2d2 + β2) 

Then, fi (U �, d �) = αi fi (U, d) + βi . 
Utility functions are only representation of preferences over outcomes. 
A transformation of the utility function that maintains the some 
ordering over preferences (such as a linear transformation) should not 
alter the outcome of the bargaining process. 

Independence of Irrelevant Alternatives 

Let (U, d) and (U �d) be two bargaining problems such that U � ⊆ U. If 
f (U, d) ∈ U �, then f (U �, d) = f (U, d). 
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Game Theory: Lecture 14 Strategic Model 

Nash Bargaining Solution 

Definition 

We say that a pair of payoffs (v1 
∗, v2 

∗) is a Nash bargaining solution if it solves the 
following optimization problem: 

max (v1 − d1)(v2 − d2)	 (1) 
v1,v2 

subject to	 (v1, v2) ∈ U 

(v1, v2) ≥ (d1, d2) 

We use f N (U, d) to denote the Nash bargaining solution. 

Remarks: 

Existence of an optimal solution: Since the set U is compact and the 
objective function of problem (1) is continuous, there exists an optimal 
solution for problem (1). 

Uniqueness of the optimal solution: The objective function of problem (1) is 
strictly quasi-concave. Therefore, problem (1) has a unique optimal solution. 
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Game Theory: Lecture 14 Strategic Model 

Nash Bargaining Solution 

Proposition 

Nash bargaining solution f N (U, d) is the unique bargaining solution that satisfies 
the 4 axioms. 

Proof: The proof has 2 steps. We first prove that Nash bargaining solution

satisfies the 4 axioms. We then show that if a bargaining solution satisfies the 4

axioms, it must be equal to f N (U, d).

Step 1:


Pareto efficiency: This follows immediately from the fact that the objective 
function of problem (1) is increasing in v1 and v2. 

Symmetry: Assume that d1 = d2. Let v ∗ = (v1 
∗, v2 

∗) = f N (U, d) be the 
Nash bargaining solution. Then, it can be seen that (v2 

∗, v1 
∗) is also an 

optimal solution of (1). By the uniqueness of the optimal solution, we must 
have v1 

∗ = v2 
∗, i.e, f1 

N (U, d) = f2 
N (U, d). 
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Game Theory: Lecture 14 Strategic Model 

Nash Bargaining Solution 

Independence of irrelevant alternatives: Let U � ⊆ U. From the optimization 
problem characterization of the Nash bargaining solution, it follows that the 
objective function value at the solution f N (U, d) is greater than or equal to 
that at f N (U �, d). If f N (U, d) ∈ U �, then the objective function values 
must be equal, i.e f N (U, d) is optimal for U � and by uniqueness of the 
solution f N (U, d) = f N (U �, d). 

Invariance to equivalent payoff representations: By definition, f (U �, d �) is an 
optimal solution of the problem 

max(v1 − α1d1 − β1)(v2 − α2d2 − β2) v1,v2 

s.t (v1, v2) ∈ U � 

Performing the change of variables v1
� = α1v1 + β1 v2

� = α2v2 + β2, it

follows immediately that fi

N (U �, d �) = αi fi
N (U, d) + βi for i = 1, 2.
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Game Theory: Lecture 14 Strategic Model 

Nash Bargaining Solution 

Step 2: Let f (U, d) be a bargaining solution satisfying the 4 axioms. We prove 
that f (U, d) = f N (U, d). 

Let z = f N (U, d), and define the set 

U � = {α�v + β|v ∈ U; α�z + β = (1/2, 1/2)�; α�d + β = (0, 0)�}, 

i.e., we map the point z to (1/2, 1/2) and the point d to (0,0). 

Since f (U, d) and f N (U, d) both satisfy axiom 3 (invariance to equivalent 
payoff representations), we have f (U, d) = f N (U, d) if and only if 
f (U �, 0) = f N (U �, 0) = (1/2, 1/2). Hence, to establish the desired claim, it 
is sufficient to prove that f (U �, 0) = (1/2, 1/2). 

Let us show that there is no v ∈ U � such that v1 + v2 > 1:

Assume that there is a v ∈ U � such that v1 + v2 > 1. Let

t = (1 − λ)(1/2, 1/2) + λ(v1, v2) for some λ ∈ (0, 1). Since U � is convex,

we have t ∈ U �. We can choose λ sufficiently small so that

t1t2 > 1/4 = f N (U �, 0), but this contradicts the optimality of f N (U �, 0),

showing that for all v ∈ U �, we have v1 + v2 ≤ 1.
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Game Theory: Lecture 14 Strategic Model 

Nash Bargaining Solution 

Since U � is bounded, we can find a rectangle U �� symmetric with respect to 
the line v1 = v2, such that U � ⊆ U �� and (1/2, 1/2) is on the boundary of 
U ��. 

By Axioms 1 and 2, f (U ��, 0) = (1/2, 1/2). 

By Axiom 4, since U � ⊆ U ��, we have f (U �, 0) = (1/2, 1/2), completing the 
proof. 
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Game Theory: Lecture 14 Strategic Model 

Example: Dividing a Dollar 

Let X = {(x1, x2)|x1 ≥ 0, x1 + x2 = 1}, D = (0, 0). We define the set of 
payoffs as 

U = {(v1, v2)|(v1, v2) = (u1(x1), u2(x2)), (x1, x2) ∈ X }, 

and d = (u1(0), u2(0)). We study the Nash bargaining solution for two cases: 

Case 1. u1 = u2 = u (u: concave and u(0) = 0): symmetric bargaining 
problem. Hence f N (U, d) = (1/2, 1/2): the dollar is shared equally. The 
Nash bargaining solution is the optimal solution of the following problem 

max v1(z)v2(1 − z) = u(z)u(1 − z). 
0≤z≤1 

We denote the optimal solution of this problem by zu. By the first order 
optimality conditions, we have 

u�(z)u(1 − z) = u(z)u�(1 − z), 

implying that u
u

�

(
(
z
z

u

u 
)
) = uu

� 

(
(
1
1
−
−
z
z

u

u 
)
) 
. 
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Game Theory: Lecture 14 Strategic Model 

Example: Dividing a Dollar 

Case 2. Player 2 is more risk averse, i.e., v1 = u, v2 = h u, where 
h : R R is an increasing concave function with h(0) = 

◦
0. The Nash →

bargaining solution is the optimal solution of the following problem 

max v1(z)v2(1 − z) = u(z)h(u(1 − z)) 
0≤z≤1 

We denote the optimal solution of this problem by zv By the first order 
optimality conditions, we have 

u�(z)h(u(1 − z)) = u(z)h�(u(1 − z))u�(1 − z), 

implying that u
u

�

(
(
z
z

v

v 
)
) = h

� (u(
h
1
(
−
u
z
(
v 
1
))
−

u
zv 

� (
)) 
1−zv ) . 

Since h is a concave increasing function and h(0) = 0, we have for 

h�(t) ≤ 
h(t) 

for all t ≥ 0. 
t 

This implies that u�(zv ) u�(1 − zv ) 
u(zv ) 

≤ 
u(1 − zv ) 

, 

and therefore zu ≤ zv . the preceding analysis shows that when player 2 is 
more risk averse, player 1’s share increases. 
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Game Theory: Lecture 14 Strategic Model 

Relation of Axiomatic Model to Extensive Game Model


We next consider variations on Rubinstein’s bargaining model with 
alternating offers and compare the resulting allocations with the Nash 
bargaining solution. 

To compare, we need a disagreement outcome. 

We do this by considering two different scenarios: 

Availability of outside options 
Risk of breakdown 
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Game Theory: Lecture 14 Strategic Model 

Outside Options Model 

When responding to an offer, player 2 may pursue an outside option (0, d2)

with d2 ≥ 0.


We have the following result for this game.


If d2 ≤ x∗ then the strategy pair of Rubinstein’s bargaining model is
2 
the unique SPE.

If d2 > x2 

∗ then the game has a unique SPE in which:

Player 1 always proposes (1 − d2, d2) and accepts a proposal y if and

only if y1 ≥ δ1(1 − d2).

Player 2 always proposes (δ1(1 − d2), 1 − δ1(1 − d2)) and accepts a

proposal x if and only if x2 ≥ d2.


Intuition: A player’s outside option has value only if it is worth more than 
her equilibrium payoff in its absence. 

Compare with the Nash bargaining solution xN given by 

xN = arg max (x − d1)(1 − x − d2) = 1/2 + 1/2(d1 − d2). 
x≥0 

This allocation is different from the equilibrium allocation in which the 
outside option (0, d2) only has an effect if d2 > x2 

∗. 
19 
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Game Theory: Lecture 14 Strategic Model 

Bargaining with the Risk of Breakdown 

In this model, there is an exogenous probability α of breaking down. 

We can assume without loss of generality that δ 1, since the possibility of →
a breakdown puts pressure to reach an agreement. 

It can be seen that this game has a unique SPE in which,

Player 1 proposes x̂ and accepts an offer y if and only if y1 ≥ ŷ1.

Player 2 proposes ŷ and accepts an offer x if and only if x1 ≥ x̂1,

where


ˆ = 
1 − d2 + (1 − α)d1 , ˆ =

(1 − α)(1 − d2) + d1 x1 y1
2 − α 2 − α 

Letting α → 0, we have x̂1 → 1/2 + 1/2(d1 − d2), which coincides with 
the Nash bargaining solution. 

That is, the variant of the bargaining game with alternating offers with 
exogenous probabilistic breakdown and Nash’s axiomatic model, though 
built entirely of different components, yield the same outcome. 
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Game Theory: Lecture 15 Introduction 

Outline


Repeated Games (perfect monitoring) 
The problem of cooperation 
Finitely-repeated prisoner’s dilemma 
Infinitely-repeated games and cooperation 

Folk Theorems 

Reference: 

Fudenberg and Tirole, Section 5.1. 
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Game Theory: Lecture 15 Introduction 

Prisoners’ Dilemma 

How to sustain cooperation in the society? 

Recall the prisoners’ dilemma, which is the canonical game for 
understanding incentives for defecting instead of cooperating. 

Cooperate Defect 
Cooperate 1, 1 −1, 2 

Defect 2, −1 0, 0 

Recall that the strategy profile (D, D) is the unique NE. In fact, D 
strictly dominates C and thus (D, D) is the dominant equilibrium. 

In society, we have many situations of this form, but we often observe 
some amount of cooperation. 

Why? 
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Game Theory: Lecture 15 Introduction 

Repeated Games 

In many strategic situations, players interact repeatedly over time. 

Perhaps repetition of the same game might foster cooperation. 

By repeated games, we refer to a situation in which the same stage game 
(strategic form game) is played at each date for some duration of T periods. 

Such games are also sometimes called “supergames”. 

We will assume that overall payoff is the sum of discounted payoffs at each 
stage. 

Future payoffs are discounted and are thus less valuable (e.g., money 
and the future is less valuable than money now because of positive 
interest rates; consumption in the future is less valuable than 
consumption now because of time preference). 

We will see in this lecture how repeated play of the same strategic game 
introduces new (desirable) equilibria by allowing players to condition their 
actions on the way their opponents played in the previous periods. 
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Game Theory: Lecture 15 Introduction 

Discounting 

We will model time preferences by assuming that future payoffs are 
discounted proportionately (“exponentially”) at some rate δ ∈ [0, 1), 
called the discount rate. 

For example, in a two-period game with stage payoffs given by u1 and 
u2, overall payoffs will be 

U = u 1 + δu 2 . 

With the interest rate interpretation, we would have 

1 
δ = ,

1 + r 

where r is the interest rate. 
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Game Theory: Lecture 15 Introduction 

Mathematical Model 

More formally, imagine that I players playing a strategic form game 
G = �I , (Ai )i ∈I , (gi )i∈I � for T periods. 

At each period, the outcomes of all past periods are observed by all players 
⇒ perfect monitoring 

Let us start with the case in which T is finite, but we will be particularly 
interested in the case in which T = ∞. 

Here Ai denotes the set of actions at each stage, and 

gi : A R,→ 

where A = A1 × · · · × AI . 

That is, gi ai
t , at is the stage payoff to player i when action profile � � −i


at = ai
t , at is played.
−i 
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Game Theory: Lecture 15 Introduction 

Mathematical Model (continued) 

We use the notation a = {at } T

T 
=0 to denote the sequence of action profiles. t

We use the notation α = {αt }t=0 to be the profile of mixed strategies. 

The payoff to player i in the repeated game 

T 
ui (a) = ∑ δt gi (ai

t , a t )−i 
t=0 

where δ ∈ [0, 1).


We denote the T -period repeated game with discount factor δ by G T (δ).


7 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 15 Introduction 

Finitely-Repeated Prisoners’ Dilemma 

Recall 

Cooperate Defect 
Cooperate 1, 1 −1, 2 

Defect 2, −1 0, 0 

What happens if this game was played T < ∞ times? 

We first need to decide what the equilibrium notion is. Natural 
choice, subgame perfect Nash equilibrium (SPE). 

Recall: SPE backward induction. ⇐⇒ 

Therefore, start in the last period, at time T . What will happen? 
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Game Theory: Lecture 15 Introduction 

Finitely-Repeated Prisoners’ Dilemma (continued) 

In the last period,“defect” is a dominant strategy regardless of the 
history of the game. So the subgame starting at T has a dominant 
strategy equilibrium: (D, D). 
Then move to stage T − 1. By backward induction, we know that at

T , no matter what, the play will be (D, D). Then given this, the

subgame starting at T − 1 (again regardless of history) also has a

dominant strategy equilibrium.


With this argument, we have that there exists a unique SPE: (D, D)

at each date.


In fact, this is a special case of a more general result.
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Game Theory: Lecture 15 Introduction 

Equilibria of Finitely-Repeated Games 

Theorem 

Consider repeated game G T (δ) for T < ∞. Suppose that the stage game 
G has a unique pure strategy equilibrium a∗. Then G T has a unique SPE. 
In this unique SPE, at = a∗ for each t = 0, 1, ..., T regardless of history. 

Proof: The proof has exactly the same logic as the prisoners’ dilemma 
example. By backward induction, at date T , we will have that (regardless 
of history) aT = a∗. Given this, then we have aT −1 = a∗, and continuing 
inductively, at = a∗ for each t = 0, 1, ..., T regardless of history. 
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Game Theory: Lecture 15 Infinitely-Repeated Games 

Infinitely-Repeated Games 

Now consider the infinitely-repeated game G ∞, i.e., players play the 
game repeatedly at times t 
The notation a = {at 

action profiles. 

∞ 
t=0} 

= 0, 1, . . ..

now denotes the (infinite) sequence of


A period-t history is ht = {a0 , . . . , at−1} (action profiles at all 
periods before t), and the set of all period-t histories is Ht . 
A pure strategy for player i is si = {sit }, where si

t : Ht Ai→
The payoff to player i for the entire repeated game is then 

ui (a) = (1 − δ) 
∞

∑ 
t=0 

δt gi (ai
t , a−

t
i ) 

where, again, δ ∈ [0, 1).

Note: this summation is well defined because δ < 1.

The term (1 − δ) is introduced as a normalization, to measure stage

and repeated game payoffs in the same units.


The normalized payoff of having a utility of 1 per stage is 1. 
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Game Theory: Lecture 15 Infinitely-Repeated Games 

Trigger Strategies 

In infinitely-repeated games we can consider trigger strategies. 

A trigger strategy essentially threatens other players with a “worse,” 
punishment, action if they deviate from an implicitly agreed action profile. 

A non-forgiving trigger strategy (or grim trigger strategy) s would involve 
this punishment forever after a single deviation. 

A non-forgiving trigger strategy (for player i) takes the following form: 

a for all τ < t¯
i if aτ =ai �

āi if aτ =

a t = 

Here a is the implicitly agreed action profile and ai 

This strategy is non-forgiving since a single deviation from

¯ is the punishment action. 

ā induces player i 
to switch to ai forever. 

¯ for some τ < ta 
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Game Theory: Lecture 15 Infinitely-Repeated Games 

Cooperation with Trigger Strategies in the Repeated 
Prisoners’ Dilemma 

Recall 

Cooperate Defect 
Cooperate 1, 1 −1, 2 

Defect 2, −1 0, 0 

Suppose this game is played infinitely often. 

Is “Both defect in every period” still an SPE outcome? 

Suppose both players use the following non-forgiving trigger strategy s∗: 

Play C in every period unless someone has ever played D in the past 
Play D forever if someone has played D in the past. 

We next show that the preceding strategy is an SPE if δ ≥ 1/2 using 
one-stage deviation principle. 

13 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 15 Infinitely-Repeated Games 

Cooperation with Trigger Strategies in the Repeated 
Prisoners’ Dilemma 

Step 1: cooperation is best response to cooperation. 

Suppose that there has so far been no D. Then given s∗ being played 
by the other player, the payoffs to cooperation and defection are: 

Payoff from C : (1 − δ)[1 + δ + δ2 + ] = (1 − δ) × 1 = 1 
Payoff from D : (1 − δ)[2 + 0 + 0 + 

· · · 
] = 2(1 − δ) 

1−δ 
· · · 

Cooperation better if 2(1 − δ) ≥ 1. 
This shows that for δ ≥ 1/2, deviation to defection is not profitable. 

14 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 15 Infinitely-Repeated Games 

Cooperation with Trigger Strategies in the Repeated 
Prisoners’ Dilemma (continued) 

Step 2: defection is best response to defection. 

Suppose that there has been some D in the past, then according to s∗, 
the other player will always play D. Against this, D is a best response. 

This argument is true in every subgame, so s∗ is a subgame perfect 
equilibrium. 

Note: Cooperating in every period would be a best response for a 
player against s∗. But unless that player herself also plays s∗, her 
opponent would not cooperate. Thus SPE requires both players to 
use s∗. 

15 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 15 Infinitely-Repeated Games 

Remarks


Cooperation is an equilibrium, but so are many other strategy profiles

(depending on the size of the discount factor)


Multiplicity of equilibria endemic in repeated games. 

If a∗ is the NE of the stage game (i.e., it is a static equilibrium), then the 
strategies “each player, plays ai 

∗” form an SPE. 

Note that with these strategies, future play of the opponent is 
independent of how I play today, therefore, the optimal play is to 
maximize the current payoff, i.e., play a static best response.) 

Sets of equilibria for finite and infinite horizon versions of the “same game” 
can be quite different. 

Multiplicity of equilibria in prisoner’s dilemma only occurs at T = ∞. 
In particular, for any finite T (and thus by implication for T ∞),→
prisoners’ dilemma has a unique SPE. 
Why? The set of Nash equilibria is an upper semicontinuous 
correspondence in parameters. It is not necessarily lower 
semicontinuous. 
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Game Theory: Lecture 15 Infinitely-Repeated Games 

Repetition Can Lead to Bad Outcomes 

The following example shows that repeated play can lead to worse outcomes 
than in the one shot game: 

A B C 
A 2, 2 2, 1 0, 0 
B 1, 2 1, 1 −1, 0 
C 0, 0 0, −1 −1, −1 

For the game defined above, the action A strictly dominates B, C for both 
players, therefore the unique Nash equilibrium of the stage game is (A, A). 

If δ ≥ 1/2, this game has an SPE in which (B, B) is played in every period. 

It is supported by a slightly more complicated strategy than grim trigger: 

I. Play B in every period unless someone deviates, then go to II. 
II. Play C . If no one deviates go to I. If someone deviates stay in II. 
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Game Theory: Lecture 15 Folk Theorems 

Folk Theorems


In fact, it has long been a “folk theorem” that one can support 
cooperation in repeated prisoners’ dilemma, and other 
“non-one-stage“equilibrium outcomes in infinitely-repeated games 
with sufficiently high discount factors. 

These results are referred to as “folk theorems” since they were 
believed to be true before they were formally proved. 

Here we will see a relatively strong version of these folk theorems. 
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Game Theory: Lecture 15 Folk Theorems 

Feasible Payoffs 

Consider stage game G = �I , (Ai )i∈I , (gi )i∈I � and infinitely-repeated

game G ∞ (δ).

Let us introduce the set of feasible payoffs:


V = Conv{v ∈ RI | there exists a ∈ A such that g (a) = v }. 

That is, V is the convex hull of all I - dimensional vectors that can be 
obtained by some action profile. Convexity here is obtained by public 
randomization. 

Note: V is not equal to {v ∈ RI | there exists α ∈ Σ such that 
g (α) = v }, where Σ is the set of mixed strategy profiles in the stage 
game. 
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Game Theory: Lecture 15 Folk Theorems 

Minmax Payoffs 

Minmax payoff of player i : the lowest payoff that player i ’s opponent 
can hold him to: 

v i = min max gi (αi , α−i ) . 
α−i αi 

The player can never receive less than this amount. 

Minmax strategy profile against i : � � 

m i −i = arg min
α−i 

max 
αi 

gi (αi , α−i ) 

iFinally, let m denote the strategy of player i such that
i 
gi (mi

i , m−
i

i ) = v i . 
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Game Theory: Lecture 15 Folk Theorems 

Example 

Consider 

L R 
U −2, 2 1, −2 
M 1, −2 −2, 2 
D 0, 1 0, 1 

To compute v1, let q denote the probability that player 2 chooses 
action L. 

Then player 1’s payoffs for playing different actions are given by: 

U 1 − 3q→
M → −2 + 3q 
D 0→ 
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Game Theory: Lecture 15 Folk Theorems 

Example 

Therefore, we have


v1 = min [max{1 − 3q, −2 + 3q, 0}] = 0,

0≤q≤1


and m2
1 ∈ [ 13 , 

2 ].
3 

Similarly, one can show that: v2 = 0, and m1
2 = (1/2, 1/2, 0) is the 

unique minimax profile. 
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Game Theory: Lecture 15 Folk Theorems 

Minmax Payoff Lower Bounds 

Theorem 

Let α be a (possibly mixed) Nash equilibrium of G and gi (α) be the 
payoff to player i in equilibrium α. Then


gi (α) ≥ v i .


Let σ be a (possibly mixed) Nash equilibrium of G ∞ (δ) and ui (σ) 
be the payoff to player i in equilibrium σ. Then


ui (σ) ≥ v i .


Proof: Player i can always guarantee herself 
v i = mina [maxai ui (ai , a−i )] in the stage game and also in each stage −i 

of the repeated game, since v i = maxai [mina ui (ai , a−i )], meaning that −i 

she can always achieve at least this payoff against even the most 
adversarial strategies. 
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Game Theory: Lecture 15 Folk Theorems 

Folk Theorems


Definition 

A payoff vector v ∈ RI is strictly individually rational if vi > v i for all i . 

Theorem 

(Nash Folk Theorem) If (v1, . . . , vI ) is feasible and strictly individually 
rational, then there exists some δ < 1 such that for all δ > δ, there is a 
Nash equilibrium of G ∞(δ) with payoffs (v1, · · · , vI ). 
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Game Theory: Lecture 15 Folk Theorems 

Proof 

Suppose for simplicity that there exists an action profile 
a = (a1, [otherwise, we have to consider · · · , aI ) s.t. gi (a) = vi 

mixed strategies, which is a little more involved]. 

Let mi these the minimax strategy of opponents of i and mi be i ’s−i i 
best response to mi 

−i . 

Now consider the following grim trigger strategy. 

For player i : Play (a1, · · · , aI ) as long as no one deviates. If some 
player j deviates, then play mi

j thereafter. 

We next check if player i can gain by deviating form this strategy 
profile. If i plays the strategy, his payoff is vi . 
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Game Theory: Lecture 15 Folk Theorems 

Proof (continued) 

If i deviates from the strategy in some period t, then denoting 
vi = maxa gi (a), the most that player i could get is given by: 

(1 − δ) vi + δvi + + δt−1 vi + δt v i + δt+1 v i + δt+2 v i + .· · ·	 · · · 

Hence, following the suggested strategy will be optimal if 

vi 1 − δt δt+1


1 − δ 
≥ 

1 − δ 
vi + δt v i + 

1 − δ 
v i ,


thus if


vi	 ≥ 1 − δt vi + δt (1 − δ) v i + δt+1 v i 

= vi − δt [vi − (1 − δ)v i − δv i + (δvi − δvi )]. 

The expression in the bracket is non-negative for any 

δ ≥ δ ≡ max 
v i − vi 

. 
i v i − v i 

This completes the proof. 
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Game Theory: Lecture 15 Folk Theorems 

Problems with Nash Folk Theorem


The Nash folk theorem states that essentially any payoff can be 
obtained as a Nash Equilibrium when players are patient enough. 
However, the corresponding strategies involve this non-forgiving 
punishments, which may be very costly for the punisher to carry out 
(i.e., they represent non-credible threats). 
This implies that the strategies used may not be subgame perfect. 
The next example illustrates this fact. 

L (q) R (1 − q) 
U 6, 6 0, −100 
D 7, 1 0, −100 

The unique NE in this game is (D, L). It can also be seen that the 
minmax payoffs are given by 

v1 = 0, v2 = 1, 

and the minmax strategy profile of player 2 is to play R. 
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Game Theory: Lecture 15 Folk Theorems 

Problems with the Nash Folk Theorem (continued) 

Nash Folk Theorem says that (6,6) is possible as a Nash equilibrium 
payoff of the repeated game, but the strategies suggested in the proof 
require player 2 to play R in every period following a deviation. 

While this will hurt player 1, it will hurt player 2 a lot, it seems 
unreasonable to expect her to carry out the threat. 

Our next step is to get the payoff (6, 6) in the above example, or 
more generally, the set of feasible and strictly individually rational 
payoffs as subgame perfect equilibria payoffs of the repeated game. 
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Game Theory: Lecture 16 Introduction 

Outline


Repeated Games – perfect monitoring 

Folk Theorems 
Repeated Games – imperfect monitoring 

Price-trigger strategies 

Reference: 

Fudenberg and Tirole, Section 5.1 and 5.5. 
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Game Theory: Lecture 16 Repeated Games 

Repeated Games 

By repeated games, we refer to a situation in which the same stage game 
(strategic form game) is played at each date for some duration of T periods. 

More formally, imagine that I players playing a strategic form game 
G = �I , (Ai )i ∈I , (gi )i∈I � for T periods (infinitely-repeated game if 
T = ∞). 

At each period, the outcomes of all past periods are observed by all players 
perfect monitoring 

t=0 denotes the (infinite) sequence of action profiles. 

The payoff to player i for the entire repeated game is then 
∞

∑ 

∞
⇒


The notation a = {at }


ui (a) = (1 − δ) δt gi (ai
t , a t )
−i 

where δ ∈ [0, 1). t=0 

We have seen that grim trigger strategies can sustain “cooperation” in

infinitely repeated games.


This motivated the question what payoffs are achievable in equilibrium when

players are sufficiently patient (i.e., when δ ≈ 1).
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Game Theory: Lecture 16 Folk Theorems 

Folk Theorems for Infinitely Repeated Games 

We started last time talking about folk theorems which study 
equilibrium payoffs that can be obtained in infinitely repeated games. 

Recall that we use v i to denote the minmax payoff of player i , i.e., 

v i = min max gi (αi , α−i ). 
α−i αi 

The strategy profile mi denotes the minmax strategy of opponents −i 
of player i and mi

i denotes the best response of player i to mi , i.e., 
i igi (mi , m−i ) = v i . 

−i 

The set V ∗ ⊂ RI denotes the set of feasible and strictly individually 
rational payoffs. 

We have seen that equilibrium payoffs of repeated games are bounded 
from below by minmax payoffs. 
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Game Theory: Lecture 16 Folk Theorems 

Folk Theorems 

Our first theorem is the Nash folk theorem which shows that any feasible and 
strictly individually rational payoff vector can be achieved if the player is 
sufficiently patient. 

Theorem (Nash Folk Theorem) 

If (v1, . . . , vI ) is feasible and strictly individually rational, then there exists some 
δ < 1 such that for all δ > δ, there is a Nash equilibrium of G ∞(δ) with payoffs 
(v1, · · · , vI ). 

The Nash folk theorem states that essentially any payoff can be obtained as 
a Nash Equilibrium when players are patient enough. 

However, the corresponding strategies involve this non-forgiving 
punishments, which may be very costly for the punisher to carry out (i.e., 
they represent non-credible threats). 

This implies that the strategies used may not be subgame perfect. 

Our next step is to get the set of feasible and strictly individually rational 
payoffs as the subgame perfect equilibria payoffs of the repeated game. 
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Game Theory: Lecture 16 Folk Theorems 

Subgame Perfect Folk Theorem 

The first subgame perfect folk theorem shows that any payoff above the 
static Nash payoffs can be sustained as a subgame perfect equilibrium of the 
repeated game. 

Theorem (Friedman) 

Let aNE be a static equilibrium of the stage game with payoffs eNE . For any 
feasible payoff v with vi > eNE for all i ∈ I , there exists some δ < 1 such that i 
for all δ > δ, there exists a subgame perfect equilibrium of G ∞(δ) with payoffs v. 

Proof: Simply construct the non-forgiving trigger strategies with punishment by 
the static Nash Equilibrium. Punishments are therefore subgame perfect. For δ 
sufficiently close to 1, it is better for each player i to obtain vi rather than deviate 
and get a high deviation payoff for one period, and then obtain ei

NE forever 
thereafter. 
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Game Theory: Lecture 16 Folk Theorems 

Subgame Perfect Folk Theorem (continued) 

Theorem (Fudenberg and Maskin) 

Assume that the dimension of the set V of feasible payoffs is equal to the 
number of players I . Then, for any v ∈ V with vi > v i for all i , there 
exists a discount factor δ < 1 such that for all δ ≥ δ, there is a subgame 
perfect equilibrium of G ∞(δ) with payoffs v. 

The proof of this theorem is more difficult, but the idea is to use the 
assumption on the dimension of V to ensure that each player i can be 
singled out for punishment in the event of a deviation, and then use 
rewards and punishments for other players to ensure that the deviator 
can be held down to her minmax payoff. 
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Game Theory: Lecture 16 Cooperation in Finitely-Repeated Games 

Cooperation in Finitely-Repeated Games 

We saw that finitely-repeated games with unique stage equilibrium do 
not allow corporation or any other outcome than the repetition of this 
unique equilibrium. 
But this is no longer the case when there are multiple equilibria in the 
stage game. 
Consider the following example 

A B C 
A 3, 3 0, 4 −2, 0 
B 4, 0 1, 1 −2, 0 
C 0, −2 0, −2 −1, −1 

The stage game has two pure Nash equilibria (B, B) and (C , C ). The 
most cooperative outcome, (A, A), is not an equilibrium. 
Main result in example: in the twice repeated version of this game, 
we can support (A, A) in the first period. 
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Game Theory: Lecture 16 Cooperation in Finitely-Repeated Games 

Cooperation in Finitely-Repeated Games (continued) 

Idea: use the threat of switching to (C , C ) in order to support (A, A) 
in the first period and (B, B) in the second. 

Suppose, for simplicity, no discounting. 

If we can support (A, A) in the first period and (B, B) in the second, 
then each player will receive a payoff of 4. 

If a player deviates and plays B in the first period, then in the second 
period the opponent will play C , and thus her best response will be C 
as well, giving her -1. Thus total payoff will be 3. Therefore, 
deviation is not profitable. 
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Game Theory: Lecture 16 Social Preferences 

How Do People Play Repeated Games? 

In lab experiments, there is more cooperation in prisoners’ dilemma 
games than predicted by theory. 

More interestingly, cooperation increases as the game is repeated, 
even if there is only finite rounds of repetition. 

Why? 

Most likely, in labs, people are confronted with a payoff matrix of the 
form: 

Cooperate Defect 
Cooperate 1, 1 −1, 2 

Defect 2, −1 0, 0 

Entries are monetary payoffs. But we should really have people’s full 
payoffs. 

These may differ because of social preferences. 
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Game Theory: Lecture 16 Social Preferences 

Social Preferences 

Types of social preferences: 

Altruism: people receive utility from being nice to others.

Fairness: people receive utility from being fair to others.

Vindictiveness: people like to punish those deviating from “fairness”

or other accepted norms of behavior.


All of these types of social preferences seem to play some role in 
experimental results. 
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Game Theory: Lecture 16 Imperfect Monitoring 

Repeated Games with Imperfect Monitoring 

So far, we have assumed that in the repeated play of the game, each 
player observes the actions of others at the end of each stage. 

Here, we consider the problem of repeated games where player’s 
actions may not be directly observable. 

We assume that players observe only an imperfect signal of the stage 
game actions. 
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Game Theory: Lecture 16 Imperfect Monitoring 

Motivational Example 

Cournot competition with noisy demand. [Green and Porter 84] 

Firms set output levels q
t tq, ..., 1 I privately at time t.


The level of demand is stochastic. 

Each firm’s payoff depends on his own output and on the publicly 
observed market price. 

Firms do not observe each other’s output levels. 

The market price depends on uncertain demand and the total output, 
i.e., a low market price could be due to high produced output or low 
demand. 

We will focus on games with public information: At the end of each 
period, all players observe a public outcome, which is correlated with the 
vector of stage game actions. Each player’s realized payoff depends only 
on his own action and the public outcome. 
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Game Theory: Lecture 16 Imperfect Monitoring 

Model 

We state the components of the model for a stage game with finite 
actions and a public outcome that can take finitely many values. The 
model extends to the general case with straightforward modifications. 

Let A1, . . . , AI be finite action sets. 
Let y denote the publicly observed outcome, which belong to a 
(finite) set Y . Each action profile a induces a probability distribution 
over y ∈ Y . Let π(y , a) denote the probability distribution of y 
under action profile a. 
Player i realized payoff is given by ri (ai , y ). Note that this payoff 
depends on the actions of the other players through their effect on 
the distribution of y . 
Player i ’s expected stage payoff is given by 

gi (a) = ∑ π(y , a)ri (ai , y ). 
y ∈Y 
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Game Theory: Lecture 16 Imperfect Monitoring 

Model (Continued) 

A mixed strategy is αi ∈ Δ(Ai ). Payoffs are defined in the obvious 
way. 

The public information at the start of period t is ht = (y0 , . . . , y t−1). 
We consider public strategies for player i , which is a sequence of 
maps si

t : ht Ai .→ 

Player i ’s average discounted payoff when the action sequence {at } is 
played is given by 

(1 − δ) δt gi (a t ) 
∞

∑ 
0=t 
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Game Theory: Lecture 16 Imperfect Monitoring 

Example: Noisy Prisoner’s Dilemma 

Public signal: p 

Actions: (a1,a2), where ai ∈ (C , D) 

Payoffs: 
r1(C , p) = 1 + p, r1(D, p) = 4 + p, 

r2(C , p) = 1 + p, r2(D, p) = 4 + p. 

Probability distribution for public signal p:


a1 = a2 = C p = X ,
→ 
a1 �= a2 → p = X − 2,


a1 = a2 = D p = X − 4,
→
where X is a continuous random variable with cumulative distribution 
function F (x) and E [X ] = 0. 

The payoff matrix for this game takes the following form: 

C D 
C (1 + X , 1 + X ) (−1 + X , 2 + X ) 
D (2 + X , 1 + X ) (X , X ) 
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Game Theory: Lecture 16 Imperfect Monitoring 

Trigger-price Strategy 

Consider the following trigger type strategy for the noisy prisoner’s dilemma: 

(I) - Play (C , C ) until p ≤ p∗, then go to Phase II. 
(II) - Play (D, D) for T periods, then go back to Phase I. 

Notice the strategy is stationary and symmetric. Also notice the punishment 
phase uses a static NE. 

We next show that we can choose p∗ and T such that the proposed strategy 
profile is an SPE. 

Find the continuation payoffs: 

In Phase I, if players do not deviate, their expected payoff will be 

v = (1 − δ)(1 + 0) + δ F (p∗)δT v + (1 − F (p∗))v . 

From this equation, we obtain


1 − δ

v = . 

1 − δT +1F (p∗) − δ(1 − F (p∗)) 
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Game Theory: Lecture 16 Imperfect Monitoring 

Trigger-price Strategy 

If the player deviates, his payoff will be 

vd = (1 − δ){(2 + 0) + δ[F (p∗ + 2)δT v + (1 − F (p∗ + 2))v ]} 

Note that deviating provides immediate payoff, but increases the probability 
of entering Phase II. In order for the strategy to be an SPE, the expected 
difference in payoff from the deviation must not be positive. 

Incentive Compatibility Constraint: v ≥ vd 

v ≥ (1 − δ){2 + F (2 + p∗)δT +1 v + [1 − F (2 + p∗)]δv } 

Substituting v , we have 

1 2 

1 − δT +1F (p∗) − δ(1 − F (p∗)) 
≥ 

1 − F (2 + p∗)δT +1 − δ[1 − F (2 + p∗)] 

Any T and p∗ that satisfy this constraint would construct an SPE. The best 
possible trigger-price equilibrium strategy could be found if we could 
maximize v subject to the incentive compatibility constraint. 
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Game Theory: Lecture 16 Imperfect Monitoring 

Other Equilibria 

Question: Are there other equilibria with higher payoffs ? 

There’s an explicit characterization of the set of equilibrium payoffs using a 
multi-agent dynamic programming-type operator, by Abreu, Pearce and 
Stachetti (90). The set of equilibrium payoffs is a fixed point of this 
operator and the value iteration converges to the set of equilibrium payoffs. 

For more on this topic, see Fudenberg and Tirole section 5.5 and Abreu, 
Pearce and Stachetti (90). 
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Game Theory: Lecture 17 Introduction 

Outline


Incomplete information. 

Bayes rule and Bayesian inference. 

Bayesian Nash Equilibria. 

Auctions. 

Reading: 

Fudenberg and Tirole, Sections 6.1-6.5. 

Krishna, Chapters 1-5. 
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Game Theory: Lecture 17 Incomplete Information 

Incomplete Information 

In many game theoretic situations, one agent is unsure about the 
payoffs or preferences of others. 

Incomplete information introduces additional strategic interactions 
and also raises questions related to “learning”. 

Examples: 

Bargaining (how much the other party is willing to pay is generally 
unknown to you) 
Auctions (how much should you bid for an object that you want, 
knowing that others will also compete against you?) 
Market competition (firms generally do not know the exact cost of 
their competitors) 
Signaling games (how should you infer the information of others from 
the signals they send) 
Social learning (how can you leverage the decisions of others in order 
to make better decisions) 
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Game Theory: Lecture 17 Incomplete Information 

Example: Incomplete Information Battle of the Sexes


Recall the battle of the sexes game, which was a complete

information “coordination” game.

Both parties want to meet, but they have different preferences on 
“Ballet” and “Football”. 

B F 
B (2, 1) (0, 0) 
F (0, 0) (1, 2) 

In this game there are two pure strategy equilibria (one of them 
better for player 1 and the other one better for player 2), and a mixed 
strategy equilibrium. 
Now imagine that player 1 does not know whether player 2 wishes to 
meet or wishes to avoid player 1. Therefore, this is a situation of 
incomplete information—also sometimes called asymmetric 
information. 
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Game Theory: Lecture 17 Incomplete Information 

Example (continued) 

We represent this by thinking of player 2 having two different types, 
one type that wishes to meet player 1 and the other wishes to avoid 
him. 

More explicitly, suppose that these two types have probability 1/2 
each. Then the game takes the form one of the following two with 
probability 1/2. 

B F 
B (2, 1) (0, 0) 
F (0, 0) (1, 2) 

B F 
B (2, 0) (0, 2) 
F (0, 1) (1, 0) 

Crucially, player 2 knows which game it is (she knows the state of 
the world), but player 1 does not. 

What are strategies in this game? 
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Game Theory: Lecture 17 Incomplete Information 

Example (continued) 

Most importantly, from player 1’s point of view, player 2 has two 
possible types (or equivalently, the world has two possible states each 
with 1/2 probability and only player 2 knows the actual state). 

How do we reason about equilibria here? 

Idea: Use Nash Equilibrium concept in an expanded game, where 
each different type of player 2 has a different strategy 

Or equivalently, form conjectures about other player’s actions in each 
state and act optimally given these conjectures. 
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Game Theory: Lecture 17 Incomplete Information 

Example (continued) 

Let us consider the following strategy profile (B, (B, F )), which 
means that player 1 will play B, and while in state 1, player 2 will also 
play B (when she wants to meet player 1) and in state 2, player 2 will 
play F (when she wants to avoid player 1). 
Clearly, given the play of B by player 1, the strategy of player 2 is a 
best response. 
Let us now check that player 1 is also playing a best response. 
Since both states are equally likely, the expected payoff of player 1 is 

1 1 
E[B, (B, F )] = 

2 
× 2 + 

2 
× 0 = 1. 

If, instead, he deviates and plays F , his expected payoff is 

1 1 1 
E[F , (B, F )] = 

2 
× 0 + 

2 
× 1 = 

2
. 

Therefore, the strategy profile (B, (B, F )) is a (Bayesian) Nash 
equilibrium. 
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Game Theory: Lecture 17 Incomplete Information 

Example (continued) 

Interestingly, meeting at Football, which is the preferable outcome for 
player 2 is no longer a Nash equilibrium. Why not? 

Suppose that the two players will meet at Football when they want to 
meet. Then the relevant strategy profile is (F , (F , B)) and 

1 1 1 
E[F , (F , B)] = 

2 
× 1 + 

2 
× 0 = . 

2 

If, instead, player 1 deviates and plays B, his expected payoff is 

1 1 
E[B, (F , B)] = 

2 
× 0 + 

2 
× 2 = 1. 

Therefore, the strategy profile (F , (F , B)) is not a (Bayesian) Nash 
equilibrium. 
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Game Theory: Lecture 17 Bayesian Games 

Bayesian Games 

More formally, we can define Bayesian games, or “incomplete 
information games” as follows. 

Definition 

A Bayesian game consists of 

A set of players I ; 

A set of actions (pure strategies) for each player i : Si ; 

A set of types for each player i : θi ∈ Θi ; 

A payoff function for each player i : ui (s1, . . . , sI , θ1, . . . , θI ); 
A (joint) probability distribution p(θ1, . . . , θI ) over types (or 
P(θ1, . . . , θI ) when types are not finite). 

More generally, one could also allow for a signal for each player, so 
that the signal is correlated with the underlying type vector. 
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Game Theory: Lecture 17 Bayesian Games 

Bayesian Games (continued) 

Importantly, throughout in Bayesian games, the strategy spaces, the 
payoff functions, possible types, and the prior probability distribution 
are assumed to be common knowledge. 

Very strong assumption. 
But very convenient, because any private information is included in the 
description of the type and others can form beliefs about this type and 
each player understands others’ beliefs about his or her own type, and 
so on, and so on. 

Definition 

A (pure) strategy for player i is a map si : Θi Si prescribing an action →
for each possible type of player i . 
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Game Theory: Lecture 17 Bayesian Games 

Bayesian Games (continued) 

Recall that player types are drawn from some prior probability 
distribution p(θ1, . . . , θI ). 
Given p(θ1, . . . , θI ) we can compute the conditional distribution 
p(θ−i | θi ) using Bayes rule. 

Hence the label “Bayesian games”. 
Equivalently, when types are not finite, we can compute the conditional 
distribution P(θ−i | θi ) given P(θ1, . . . , θI ). 

Player i knows her own type and evaluates her expected payoffs 
according to the conditional distribution p(θ−i | θi ), where 
θ−i = (θ1, . . . , θi−1, θi+1, . . . , θI ). 
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Game Theory: Lecture 17 Bayesian Games 

Bayesian Games (continued) 

Since the payoff functions, possible types, and the prior probability 
distribution are common knowledge, we can compute expected 
payoffs of player i of type θi as 

U si
�, s−i , θi =	 ∑ p(θ−i | θi )ui (si

�, s−i (θ−i ), θi , θ−i ) 
θ−i 

when types are finite 

= ui (si
�, s−i (θ−i ), θi , θ−i )P(dθ−i | θi ) 

when types are not finite. 
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Game Theory: Lecture 17 Bayesian Games 

Bayesian Nash Equilibria 

Definition 

(Bayesian Nash Equilibrium) The strategy profile s( ) is a (pure strategy) ·
Bayesian Nash equilibrium if for all i ∈ I and for all θi ∈ Θi , we have that 

si (θi ) ∈ arg max ∑ p(θ θi )ui (si
�, s−i (θ−i ), θi , θ−i ), 

si
�∈Si −i 

−i |
θ

or in the non-finite case, 

si (θi ) ∈ arg max ui (si
�, s−i (θ−i ), θi , θ−i )P(dθ−i | θi ) . 

si
�∈Si 

Hence a Bayesian Nash equilibrium is a Nash equilibrium of the 
“expanded game” in which each player i ’s space of pure strategies is 
the set of maps from Θi to Si . 
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Game Theory: Lecture 17 Bayesian Games 

Existence of Bayesian Nash Equilibria 

Theorem 

Consider a finite incomplete information (Bayesian) game. Then a mixed 
strategy Bayesian Nash equilibrium exists. 

Theorem 

Consider a Bayesian game with continuous strategy spaces and continuous 
types. If strategy sets and type sets are compact, payoff functions are 
continuous and concave in own strategies, then a pure strategy Bayesian 
Nash equilibrium exists. 

The ideas underlying these theorems and proofs are identical to those 
for the existence of equilibria in (complete information) strategic form 
games. 
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Game Theory: Lecture 17 Bayesian Games 

Example: Incomplete Information Cournot 

Suppose that two firms both produce at constant marginal cost. 
Demand is given by P (Q) as in the usual Cournot game. 
Firm 1 has marginal cost equal to C (and this is common

knowledge).

Firm 2’s marginal cost is private information. It is equal to CL with 
probability θ and to CH with probability (1 − θ), where CL < CH . 

This game has 2 players, 2 states (L and H) and the possible actions 
of each player are qi ∈ [0, ∞), but firm 2 has two possible types. 
The payoff functions of the players, after quantity choices are made, 
are given by 

u1((q1, q2), t) = q1(P(q1 + q2) − C ) 
u2((q1, q2), t) = q2(P(q1 + q2) − Ct ), 

where t ∈ {L, H} is the type of player 2. 
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Game Theory: Lecture 17 Bayesian Games 

Example (continued) 

A strategy profile can be represented as (q1 
∗, qL

∗, qH 
∗ ) [or equivalently 

as (q1 
∗, q2 

∗(θ2))], where qL 
∗ and qH 

∗ denote the actions of player 2 as a 
function of its possible types. 

We now characterize the Bayesian Nash equilibria of this game by 
computing the best response functions (correspondences) and finding 
their intersection. 

There are now three best response functions and they are are given by 

B1(qL, qH ) = arg max 
q1≥0 

{θ(P(q1 + qL) − C )q1 

+ (1 − θ)(P(q1 + qH ) − C )q1}
BL(q1) = arg max 

qL≥0
{(P(q1 + qL) − CL)qL} 

BH (q1) = arg max 
qH ≥0

{(P(q1 + qH ) − CH )qH }. 
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Game Theory: Lecture 17 Bayesian Games 

Example (continued) 

The Bayesian Nash equilibria of this game are vectors (q1 
∗, qL

∗, qH 
∗ ) 

such that 

B1(qL
∗, qH 

∗ ) = q1 
∗, BL(q1 

∗) = qL
∗, BH (q1 

∗) = qH 
∗ . 

To simplify the algebra, let us assume that P(Q) = α − Q, Q ≤ α. 
Then we can compute: 

1

q∗ = (α − 2C + θCL + (1 − θ)CH )1
 3


qL 
∗ =

1 1

(α − 2CL + C ) − (1 − θ)(CH − CL)

3 6


qH 
∗ =

1 1

(α − 2CH + C ) + θ(CH − CL). 

3 6
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Game Theory: Lecture 17 Bayesian Games 

Example (continued) 

Note that qL 
∗ > qH 

∗ . This reflects the fact that with lower marginal 
cost, the firm will produce more. 
However, incomplete information also affects firm 2’s output choice. 
Recall that, given this demand function, if both firms knew each 
other’s marginal cost, then the unique Nash equilibrium involves 
output of firm i given by 

1 
(α − 2Ci + Cj ). 

3 
With incomplete information, firm 2’s output is more if its cost is CH 

and less if its cost is CL. If firm 1 knew firm 2’s cost is high, then it 
would produce more. However, its lack of information about the cost 
of firm 2 leads firm 1 to produce a relatively moderate level of output, 
which then allows firm 2 to be more “aggressive”. 
Hence, in this case, firm 2 benefits from the lack of information of 
firm 1 and it produces more than if 1 knew his actual cost. 
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Game Theory: Lecture 17 Auctions 

Auctions


A major application of Bayesian games is to auctions, which are 
historically and currently common method of allocating scarce goods 
across individuals with different valuations for these goods. 

This corresponds to a situation of incomplete information because the 
valuations of different potential buyers are unknown. 

For example, if we were to announce a mechanism, which involves 
giving a particular good (for example a seat in a sports game) for free 
to the individual with the highest valuation, this would create an 
incentive for all individuals to overstate their valuations. 

In general, auctions are designed by profit-maximizing entities, which 
would like to sell the goods to raise the highest possible revenue. 
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Game Theory: Lecture 17 Auctions 

Auctions (continued) 

Different types of auctions and terminology: 

English auctions: ascending sequential bids. 
First price sealed bid auctions: similar to English auctions, but in the 
form of a strategic form game; all players make a single simultaneous 
bid and the highest one obtains the object and pays its bid. 
Second price sealed bid auctions: similar to first price auctions, except 
that the winner pays the second highest bid. 
Dutch auctions: descending sequential auctions; the auction stops when 
an individual announces that she wants to buy at that price. Otherwise 
the price is reduced sequentially until somebody stops the auction. 
Combinatorial auctions: when more than one item is auctioned, and 
agents value combinations of items. 
Private value auctions: valuation of each agent is independent of 
others’ valuations; 
Common value auctions: the object has a potentially common value, 
and each individual’s signal is imperfectly correlated with this common 
value. 
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Game Theory: Lecture 17 Auctions 

Modeling Auctions 

Model of auction: 

a valuation structure for the bidders (i.e., private values for the case of 
private-value auctions), 
a probability distribution over the valuations available to the bidders. 

Let us focus on first and second price sealed bid auctions, where bids 
are submitted simultaneously. 

Each of these two auction formats defines a static game of incomplete 
information (Bayesian game) among the bidders. 

We determine Bayesian Nash equilibria in these games and compare 
the equilibrium bidding behavior. 
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Game Theory: Lecture 17 Auctions 

Modeling Auctions (continued) 

More explicitly, suppose that there is a single object for sale and N 
potential buyers are bidding for the object. 
Bidder i assigns a value vi to the object, i.e., a utility 

vi − bi , 

when he pays bi for the object. He knows vi . This implies that we 
have a private value auction (vi is his “private information” and 
“private value”). 
Suppose also that each vi is independently and identically distributed 
on the interval [0, v̄ ] with cumulative distribution function F , with 
continuous density f and full support on [0, v̄ ]. 
Bidder i knows the realization of its value vi (or realization vi of the 
random variable Vi , though we will not use this latter notation) and 
that other bidders’ values are independently distributed according to 
F , i.e., all components of the model except the realized values are 
“common knowledge”. 
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Game Theory: Lecture 17 Auctions 

Modeling Auctions (continued) 

Bidders are risk neutral, i.e., they are interested in maximizing their 
expected profits. 

This model defines a Bayesian game of incomplete information, where 
the types of the players (bidders) are their valuations, and a pure 
strategy for a bidder is a map 

βi : [0, v̄ ] → R+. 

We will characterize the symmetric equilibrium strategies in the first 
and second price auctions. 

Once we characterize these equilibria, then we can also investigate 
which auction format yields a higher expected revenue to the seller at 
the symmetric equilibrium. 
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Game Theory: Lecture 17 Auctions 

Second Price Auctions 

Second price auctions will have the structure very similar to a 
complete information auction discussed earlier in the lectures. 
There we saw that each player had a weakly dominant strategy. This 
will be true in the incomplete information version of the game and 
will greatly simplify the analysis. 
In the auction, each bidder submits a sealed bid of bi , and given the 
vector of bids b = (bi , b−i ) and valuation vi of player i , its payoff is 

Ui ((bi , b−i ) , vi ) = 
vi − maxj �=i bj if bi > maxj �=i bj 

0 if bi > maxj bj .�=i 

Let us also assume that if there is a tie, i.e., bi = maxj bj , the �=i 

object goes to each winning bidder with equal probability. 
With the reasoning similar to its counterpart with complete 
information, in a second-price auction, it is a weakly dominant 
strategy to bid truthfully, i.e., according to βII (v ) = v . 

24 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 17 Auctions 

Second Price Auctions (continued) 

This can be established with the same graphical argument as the one 
we had for the complete information case. 

The first graph shows the payoff for bidding one’s valuation, the 
second graph the payoff from bidding a lower amount, and the third 
the payoff from bidding higher amount. 

In all cases B∗ denotes the highest bid excluding this player. 

B*v*

ui(bi)

bi = v*

B*v* B*
v*

bi < v* bi > v*

ui(bi) ui(bi)

bi bi
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Game Theory: Lecture 17 Auctions 

Second Price Auctions (continued) 

Moreover, now there are no other optimal strategies and thus the 
(Bayesian) equilibrium will be unique, since the valuation of other 
players are not known. 
Therefore, we have established: 

Proposition 

In the second price auction, there exists a unique Bayesian Nash 
equilibrium which involves 

βII (v ) = v . 

It is straightforward to generalize the exact same result to the 
situation in which bidders’ values are not independently and 
identically distributed. As in the complete information case, bidding 
truthfully remains a weakly dominant strategy. 
The assumption of private values is important (i.e., the valuations are 
known at the time of the bidding). 
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Game Theory: Lecture 17 Auctions 

Second Price Auctions (continued) 

Let us next determine the expected payment by a bidder with value v , 
and for this, let us focus on the case in which valuations are 
independent and identically distributed 

Fix bidder 1 and define the random variable y1 as the highest value 
among the remaining N − 1 bidders, i.e., 

y1 = max{v2, . . . , vN }. 

Let G denote the cumulative distribution function of y1. 

Clearly,

G (y ) = F (y )N−1 for any y ∈ [0, v̄ ]
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Game Theory: Lecture 17 Auctions 

Second Price Auctions (continued) 

In a second price auction, the expected payment by a bidder with 
value v is given by 

m II (v ) = Pr(v wins) × E[second highest bid | v is the highest bid] 
= Pr(y1 ≤ v ) × E[y1 | y1 ≤ v ] 
= G (v ) × E[y1 | y1 ≤ v ]. Payment II 

Note that here and in what follows, we can use strict or weak 
inequalities given that the relevant random variables have continuous 
distributions. In other words, we have 

Pr(y1 ≤ v ) = Pr(y1 < v ). 
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Game Theory: Lecture 17 Auctions 

Example: Uniform Distributions 

Suppose that there are two bidders with valuations, v1 and v2, 
distributed uniformly over [0, 1]. 
Then G (v1) = v1, and 

E[y1 | y1 ≤ v1] = E[v2 | v2 ≤ v1] = 
v

2 
1 
. 

Thus 
2 

II (v ) = 
v

m . 
2 

If, instead, there are N bidders with valuations distributed over [0, 1],


G (v1) = (v1)
N−1


E[y1 | y1 ≤ v1] = 
N

N 
− 1 

v1,


and thus 
II (v ) = 

N − 1 N m v . 
N 
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Game Theory: Lecture 17 Auctions 

First Price Auctions


In a first price auction, each bidder submits a sealed bid of bi , and 
given these bids, the payoffs are given by 

Ui ((bi , b−i ) , vi ) = 
vi − bi if bi > maxj �=i bj 

0 if bi > maxj=i bj . 

Tie-breaking is similar to before. 

In a first price auction, the equilibrium behavior is more complicated 
than in a second-price auction. 

Clearly, bidding truthfully is not optimal (why not?). 

Trade-off between higher bids and lower bids. 

So we have to work out more complicated strategies. 
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Game Theory: Lecture 17 Auctions 

First Price Auctions (continued) 

Approach: look for a symmetric (increasing and differentiable) 
equilibrium. 

Suppose that bidders j = 1 follow the symmetric and differentiable 
equilibrium strategy βI = β, where 

βi : [0, v̄ ] → R+. 

We also assume that β is increasing. 

We will then allow player 1 to use strategy β1 and then characterize β 
such that when all other players play β, β is a best response for player 
1. Since player 1 was arbitrary, this will complete the characterization 
of equilibrium. 

Suppose that bidder 1 value is v1 and he bids the amount b (i.e., 
β (v1) = b). 
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Game Theory: Lecture 17 Auctions 

First Price Auctions (continued) 

First, note that a bidder with value 0 would never submit a positive 
bid, so


β(0) = 0.


Next, note that bidder 1 wins the auction whenever

maxi =1 β(vi ) < b.


Since β( ) is increasing, we have ·

max β(vi ) = β(max vi ) = β(y1), 
i=1 i=1 

where recall that

y1 = max{v2, . . . , vN }.


This implies that bidder 1 wins whenever y1 < β−1(b). 
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Game Theory: Lecture 17 Auctions 

First Price Auctions (continued) 

Consequently, we can find an optimal bid of bidder 1, with valuation 
v1 = v , as the solution to the maximization problem 

max G (β−1(b))(v − b). 
b≥0 

The first-order (necessary) conditions imply 

g (� 
β−1(b)) � (v − b) − G (β−1(b)) = 0, (∗)

β� β−1(b) 

where g = G is the probability density function of the random 
variable y1. [Recall that the derivative of β−1(b) is 1/β� β−1(b) ]. 

This is a first-order differential equation, which we can in general 
solve. 
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Game Theory: Lecture 17 Auctions 

First Price Auctions (continued) 

More explicitly, a symmetric equilibrium, we have β(v ) = b, and 
therefore (∗) yields 

G (v )β�(v ) + g (v )β(v ) = vg (v ). 

Equivalently, the first-order differential equation is 

d 
G (v )β(v ) = vg (v ),

dv 
with boundary condition β(0) = 0. 
We can rewrite this as the following optimal bidding strategy 

1 v 
β(v ) = 

G (v ) 0 
yg (y )dy = E[y1 | y1 < v ]. 

Note, however, that we skipped one additional step in the argument:

the first-order conditions are only necessary, so one needs to show

sufficiency to complete the proof that the strategy

β(v ) = E[y1 | y1 < v ] is optimal.
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Game Theory: Lecture 17 Auctions 

First Price Auctions (continued) 

This detail notwithstanding, we have: 

Proposition 

In the first price auction, there exists a symmetric equilibrium given by 

βI (v ) = E[y1 | y1 < v ]. 
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Game Theory: Lecture 17 Auctions 

First Price Auctions: Payments and Revenues 

In general, expected payment of a bidder with value v in a first price 
auction is given by 

m I (v ) = Pr(v wins) × β (v ) 
= G (v ) × E[y1 | y1 < v ]. Payment I 

This can be directly compared to (Payment II), which was the 
payment in the second price auction 
(mII (v ) = G (v ) × E[y1 | y1 ≤ v ]). 
This establishes the somewhat surprising results that 
mI (v ) = mII (v ), i.e., both auction formats yield the same expected 
revenue to the seller. 
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Game Theory: Lecture 17 Auctions 

First Price Auctions: Uniform Distribution


As an illustration, assume that values are uniformly distributed over 
[0, 1]. 
Then, we can verify that 

βI (v ) = 
N − 1 

v . 
N 

Moreover, since G (v1) = (v1)
N−1, we again have 

m I (v ) = 
N − 1 

v N . 
N 
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Game Theory: Lecture 17 Auctions 

Revenue Equivalence 

In fact, the previous result is a simple case of a more general theorem. 

Consider any standard auction, in which buyers submit bids and the 
object is given to the bidder with the highest bid. 

Suppose that values are independent and identically distributed and 
that all bidders are risk neutral. Then, we have the following theorem: 

Theorem 

Any symmetric and increasing equilibria of any standard auction (such 
that the expected payment of a bidder with value 0 is 0) yields the same 
expected revenue to the seller. 
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Game Theory: Lecture 17 Auctions 

Sketch Proof


Consider a standard auction A and a symmetric equilibrium β of A. 

Let mA(v ) denote the equilibrium expected payment in auction A by 
a bidder with value v . 

Assume that β is such that β(0) = 0. 

Consider a particular bidder, say bidder 1, and suppose that other 
bidders are following the equilibrium strategy β. 

Consider the expected payoff of bidder 1 with value v when he bids 
b = β(z) instead of β(v ), 

UA(z , v ) = G (z)v − m A(z). 

Maximizing the preceding with respect to z yields 

∂ d 
UA(z , v ) = g (z)v − m A(z) = 0. 

∂z dz 
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Game Theory: Lecture 17 Auctions 

Sketch Proof (continued) 

An equilibrium will involve z = v (Why?) Hence, 

d 
m A(y ) = g (y )y for all y ,

dy 

implying that 

v 
m A(v ) = 

0 
yg (y )dy = G (v ) × E[y1 | y1 < v ], 

(General Payment) 
establishing that the expected revenue of the seller is the same 
independent of the particular auction format. 

(General Payment), not surprisingly, has the same form as (Payment 
I) and (Payment II). 
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Game Theory: Lecture 18 Introduction 

Outline


Bayesian Nash Equilibria. 

Auctions. 

Extensive form games of incomplete information. 

Perfect Bayesian (Nash) Equilibria. 
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Game Theory: Lecture 18 Incomplete Information 

Incomplete Information 

In the last lecture, we studied incomplete information games where 
one agent is unsure about the payoffs or preferences of others. 

Examples abundant: 

Bargaining, auctions, market competition, signaling games, social 
learning. 

We modeled such games as Bayesian games that consist of 

A set of players I ;

A set of actions (pure strategies) for each player i : Si ;

A set of types for each player i : θi ∈ Θi ;

A payoff function for each player i : ui (s1, . . . , sI , θ1, . . . , θI );

A (joint) probability distribution p(θ1, . . . , θI ) over types (or

P(θ1, . . . , θI ) when types are not finite).
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Game Theory: Lecture 18 Bayesian Games 

Bayesian Games 

Importantly, throughout in Bayesian games, the strategy spaces, the 
payoff functions, possible types, and the prior probability distribution 
are assumed to be common knowledge. 

Definition 

A (pure) strategy for player i is a map si : Θi Si prescribing an action →
for each possible type of player i . 

Given p(θ1, . . . , θI ), player i can compute the conditional distribution 
p(θ−i | θi ) using Bayes rule, where θ−i = (θ1, . . . , θi−1, θi+1, . . . , θI ). 
Player i knows her own type and evaluates her expected payoffs

according to the conditional distribution p(θ−i | θi ).
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Game Theory: Lecture 18 Bayesian Games 

Bayesian Nash Equilibria 

Definition (Bayesian Nash Equilibrium) 

The strategy profile s( ) is a (pure strategy) Bayesian Nash equilibrium if ·
for all i ∈ I and for all θi ∈ Θi , we have that 

si (θi ) ∈ arg max p(θ
si
�∈Si 

∑ 
−i 

−i | θi )ui (si
�, s−i (θ−i ), θi , θ−i ), 

θ

or in the non-finite case, 

si (θi ) ∈ arg max ui (si
�, s−i (θ−i ), θi , θ−i )P(dθ−i | θi ) . 

si
�∈Si 

Hence a Bayesian Nash equilibrium is a Nash equilibrium of the 
“expanded game” in which each player i ’s space of pure strategies is 
the set of maps from Θi to Si . 
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Game Theory: Lecture 18 Auctions 

Auctions 

A major application of Bayesian games is to auctions. 

This corresponds to a situation of incomplete information because the 
valuations of different potential buyers are unknown. 
We made the distinction between: 

Private value auctions: valuation of each agent is independent of 
others’ valuations; 
Common value auctions: the object has a potentially common value, 
and each individual’s signal is imperfectly correlated with this common 
value. 

We have analyzed private value first-price and second-price sealed bid 
auctions. 

Each of these two auction formats defines a static game of incomplete 
information (Bayesian game) among the bidders. 
We determined Bayesian Nash equilibria in these games and compared 
the equilibrium bidding behavior. 
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Game Theory: Lecture 18 Auctions 

Model 

There is a single object for sale and N potential buyers bidding for it. 

Bidder i assigns a value vi to the object, i.e., a utilityvi − bi , when he pays 
bi for the object. He knows vi . This implies that we have a private value 
auction (vi is his “private information” and “private value”). 

Suppose also that each vi is independently and identically distributed on the 
interval [0, v̄ ] with cdf F , with continuous density f and full support on 
[0, v̄ ]. 

Bidder i knows the realization of its value vi and that other bidders’ values 
are independently distributed according to F , i.e., all components of the 
model except the realized values are “common knowledge”. 

Bidders are risk neutral, i.e., they are interested in maximizing their 
expected profits. 

This model defines a Bayesian game of incomplete information, where the 
types of the players (bidders) are their valuations, and a pure strategy for a 
bidder is a map 

βi : [0, v̄ ] R+.→ 
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Game Theory: Lecture 18 Auctions 

Results


With a reasoning similar to its counterpart with complete information, we 
establish in a second-price auction, it is a weakly dominant strategy to bid 
truthfully, i.e., according to βII (v ) = v . 

Proposition 

In the second price auction, there exists a unique Bayesian Nash equilibrium 
which involves 

βII (v ) = v . 

For first-price auctions, we looked for a symmetric (increasing and 
differentiable) equilibrium. 

Proposition 

In the first price auction, there exists a symmetric equilibrium given by 

βI (v ) = E[y1 | y1 < v ]. 
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Game Theory: Lecture 18 Auctions 

Results


We also showed that both auction formats yield the same expected revenue 
to the seller. 

Moreover, we established the revenue-equivalence theorem: 

Theorem 

Any symmetric and increasing equilibria of any standard auction (such that the 
expected payment of a bidder with value 0 is 0) yields the same expected revenue 
to the seller. 
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Game Theory: Lecture 18 Common Value Auctions 

Common Value Auctions: A Simple Example 

Common value auctions are more complicated, because each player has to 
infer the valuation of the other player (which is relevant for his own 
valuation) from the bid of the other player (or more generally from the fact 
that he has one). 

The analysis of common value auctions is typically more complicated. So we 
will just communicate the main ideas using an example. 

Consider the following example. There are two players, each receiving a 
signal si . The value of the good to both of them is 

vi = αsi + γs−i , 

where α ≥ γ ≥ 0. Private values are the special case where α = 1 and 
γ = 0. 

Suppose that both s1 and s2 are distributed uniformly over [0, 1]. 
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Game Theory: Lecture 18 Common Value Auctions 

Second Price Auctions with Common Values 

Now consider a second price auction. 

Instead of truthful bidding, now the symmetric equilibrium is each 
player bidding 

βi (si ) = (α + γ) si . 

Why? 

Given that the other player is using the same strategy, the probability 
that player i will win when he bids b is 

Pr β−i (s−i ) < b = Pr ((α + γ) s−i < b) 
b 

= . 
α + γ 

The price he will pay is simply β−i (s−i ) = (α + γ) s−i (since this is a 
second price auction). 
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Game Theory: Lecture 18 Common Value Auctions 

Second Price Auctions with Common Values (continued)


Conditional on the fact that b−i ≤ b (i.e., winning), we can compute 
the expected payment as 

b b 
E (α + γ) s−i | s−i < = . 

α + γ 2 

Next, let us compute the expected value of player −i ’s signal 
conditional on player i winning. With the same reasoning, this is 

b b 
E s s < = −i | −i 

α + γ 2 (α + γ) 
. 
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Game Theory: Lecture 18 Common Value Auctions 

Second Price Auctions with Common Values (continued) 

Therefore, the expected utility of bidding bi for player i with signal si 
is: 

bi
Ui (bi , si ) = Pr [bi wins] × αsi + γE [s−i | bi wins] − 

2 

bi γ bi bi= αsi + . 
α + γ 2 α + γ 

− 
2 

Maximizing this with respect to bi (for given si ) implies 

βi (si ) = (α + γ) si , 

establishing that this is a symmetric Bayesian Nash equilibrium of this 
common value auction. 

13 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 18 Common Value Auctions 

First Price Auctions with Common Values 

We can also analyze the same game under an auction format 
corresponding to first price sealed bid auctions. 

In this case, with an analysis similar to that of the first price auctions 
with private values, we can establish that the unique symmetric 
Bayesian Nash equilibrium is for each player to bid 

βI (si ) = 
1 

(α + β) si .i 2 

It can be verified that expected revenues are again the same. This 
illustrates the general result that revenue equivalence principle 
continues to hold for common value auctions. 
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Game Theory: Lecture 18 Perfect Bayesian Equilibria 

Incomplete Information in Extensive Form Games 

Many situations of incomplete information cannot be represented as 
static or strategic form games. 

Instead, we need to consider extensive form games with an explicit 
order of moves—or dynamic games. 

In this case, as mentioned earlier in the lectures, we use information 
sets to represent what each player knows at each stage of the game. 

Since these are dynamic games, we will also need to strengthen our 
Bayesian Nash equilibria to include the notion of perfection—as in 
subgame perfection. 

The relevant notion of equilibrium will be Perfect Bayesian Equilibria, 
or Perfect Bayesian Nash Equilibria. 
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Game Theory: Lecture 18 Perfect Bayesian Equilibria 

Example


Figure: Selten’s Horse 
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Game Theory: Lecture 18 Perfect Bayesian Equilibria 

Dynamic Games of Incomplete Information 

Definition 

A dynamic game of incomplete information consists of 

A set of players I ; 

A sequence of histories Ht at the tth stage of the game, each history 
assigned to one of the players (or to Nature/Chance); 

An information partition, which determines which of the histories 
assigned to a player are in the same information set. 

A set of (pure) strategies for each player i , Si , which includes an 
action at each information set assigned to the player. 

A set of types for each player i : θi ∈ Θi ; 

A payoff function for each player i : ui (s1, . . . , sI , θ1, . . . , θI ); 
A (joint) probability distribution p(θ1, . . . , θI ) over types (or 
P(θ1, . . . , θI ) when types are not finite). 
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Game Theory: Lecture 18 Perfect Bayesian Equilibria 

Strategies, Beliefs and Bayes Rule 

The most economical way of approaching these games is to first 
define a belief system, which determines a posterior for each agent 
over the set of nodes in an information set. Belief systems are often 
denoted by µ. 
In Selten’s horse player 3 needs to have beliefs about whether when 
his information set is reached, he is at the left or the right node. 
A behavioral strategy of player i in an extensive form game is a 
function that assigns to each of i ’s information sets a probability 
distribution over the possible actions at that information set (each of 
these distributions are independent). 
We say that a strategy is sequentially rational if, given beliefs and 
other players strategies, no player can improve his or her payoffs at 
any stage of the game. 
We say that a belief system is consistent if it is derived from 
equilibrium strategies using Bayes rule. 
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Game Theory: Lecture 18 Perfect Bayesian Equilibria 

Strategies, Beliefs and Bayes Rule (continued) 

In Selten’s horse, if the strategy of player 1 is D, then Bayes rule 
implies that µ3 (left) = 1, since conditional on her information set 
being reached, player 3’s assessment must be that this was because 
player 1 played D. 

Similarly, if the strategy of player 1 is D with probability p and the 
strategy of player 2 is d with probability q, then Bayes rule implies 
that 

µ3 (left) = 
p + (1 

p 
− p) q 

. 

What happens if p = q = 0? In this case, µ3 (left) is given by 0/0, 
and is thus undefined. Under the consistency requirement here, it can 
take any value. This implies, in particular, that information sets that 
are not reached along the equilibrium path will have unrestricted 
beliefs. 
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Game Theory: Lecture 18 Perfect Bayesian Equilibria 

Perfect Bayesian Equilibria 

Definition 

A Perfect Bayesian Equilibrium in a dynamic game of incomplete information is a 
strategy profile s and belief system µ such that: 

The strategy profile s is sequentially rational given µ (each player’s strategy 
is optimal in the part of the game that follows each of her information sets, 
given the strategy profile and her belief about the history in the information 
set that has occurred). 

The belief system µ is consistent given s (for every information set reached 
with positive probability given the strategy profile s, the probability assigned 
to each history in the information set by the belief system µ is given by 
Bayes’ rule). 

Perfect Bayesian Equilibrium is a relatively weak equilibrium concept for 
dynamic games of incomplete information. It is often strengthened by 
restricting beliefs of information sets that are not reached along the 
equilibrium path. 
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Game Theory: Lecture 18 Perfect Bayesian Equilibria 

Perfect Bayesian Equilibria 

Theorem 

Consider a finite dynamic game of incomplete information. Then a (possibly 
mixed) Perfect Bayesian Equilibrium exists. 

Once again, the idea of the proof is the same as those we have seen before. 

Backward induction starting from the information sets at the end ensures 
perfection, and one can construct a belief system supporting these 
strategies, so the result is a Perfect Bayesian Equilibrium. 

Theorem 

The strategy profile in any Perfect Bayesian Equilibrium is a Nash Equilibrium. 

Sequential rationality implies each player’s strategy optimal at the beginning 
of the game given others’ strategies and beliefs. Consistency ensures 
correctness of the beliefs. 
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Game Theory: Lecture 18 Perfect Bayesian Equilibria 

Perfect Bayesian Equilibria in Selten’s Horse 
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Image by MIT OpenCourseWare. 

It can be verified that there are two pure strategy Nash equilibria. 
(C , c , R) and (D, c , L) . 
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Game Theory: Lecture 18 Perfect Bayesian Equilibria 

Perfect Bayesian Equilibria in Selten’s Horse (continued) 

However, if we look at sequential rationality, the second of these 
equilibria will be ruled out. 

Suppose we have (D, c , L). 
The belief of player 3 will be µ3 (left) = 1. 

Player 2, if he gets a chance to play, will then never play c , since d 
has a payoff of 4, while c would give him 1. If he were to play d , then 
player of 1 would prefer C , but (C , d , L) is not an equilibrium, 
because then we would have µ3 (left) = 0 and player 3 would prefer 
R. 

Therefore, there is a unique pure strategy Perfect Bayesian 
Equilibrium outcome (C , c , R). The belief system that supports this 
could be any µ (left) ∈ [0, 1/3].3 
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Game Theory: Lecture 19 Introduction 

Outline 

Mechanism design 
Revelation principle 

Incentive compatibility 
Individual rationality 

“Optimal” mechanisms 

Reading: 

Krishna, Chapter 5 

Myerson, “Optimal Auction Design,” Mathematics of Operations 
Research, vol. 6, no. 1, pp. 58-73, 1981. 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Introduction


In the next 3 lectures, we will study Mechanism Design, which is an 
area in economics and game theory that has an engineering 
perspective. 

The goal is to design economic mechanisms or incentives to 
implement desired objectives (social or individual) in a strategic 
setting–assuming that the different members of the society each act 
rationally in a game theoretic sense. 

Mechanism design has important applications in economics (e.g., 
design of voting procedures, markets, auctions), and more recently 
finds applications in networked-systems (e.g., Internet interdomain 
routing, design of sponsored search auctions). 

3 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 19 Auction Theory Viewpoint 

Auction Theory Viewpoint 

We first study the mechanism design problem in an auction theory 
context, i.e., we are interested in allocating a single indivisible object 
among agents. 

An auction is one of many ways that a seller can use to sell an object 
to potential buyers with unknown values. 

In an auction, the object is sold at a price determined by competition 
among buyers according to rules set by the seller (auction format), 
but the seller can use other methods. 

The question then is: what is the “best” way to allocate the object? 

Here, we consider the underlying allocation problem by abstracting 
away from the details of the selling format. 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Model


We assume a seller has a single indivisible object for sale and there are N 
potential buyers (or bidders) from the set N = {1, . . . , N}. 

Buyers have private values Xi drawn independently from the distribution Fi 
with associated density function fi and support Xi = [0, wi ]. 

Notice that we allow for asymmetries among the buyers, i.e., the 
distributions of the values need not be the same for all buyers. 

We assume that the value of the object to the seller is 0. 

Let X = ∏N 
=1 Xj denote the product set of buyers’ values and let j

X−i = ∏j �=i Xj .


We define f (x) to be the joint density of x = (x1, . . . , xN ). Since values are

independently distributed, we have f (x) = f1(x1) × · · · × fN (xN ). Similarly,

we define f−i (x−i ) to be the joint density of

x−i = (x1, . . . , xi−1, xi+1, . . . , xN ).
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Mechanism 

A selling mechanism (B, π, µ) has the following components:


A set of messages (or bids/strategies) Bi for each buyer i ,

An allocation rule π : B → Δ, where Δ is the set of probability

distributions over the set of buyers N , 
A payment rule µ : B → RN . 

An allocation rule specifies, as a function of messages b = (b1, . . . , bN ), the 
probability πi (b) that i will get the object. Similarly, a payment rule 
specifies the payment µi (b) that i must make. 

Every mechanism defines a game of incomplete information among the 
buyers. 

Strategies: βi : [0, wi ] → Bi 
Payoffs: Expected payoff for a given strategy profile and selling 
mechanism 

A strategy profile β( ) is a Bayesian Nash equilibrium of a mechanism if for ·
all i and for all xi , given the strategies β−i of other buyers, βi (xi ) 
maximizes buyer i ’s expected payoff. 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Direct Mechanisms and Revelation Principle 

A mechanism could be very complicated since we made no assumptions on 
the message sets Bi . 

A special class of mechanisms, referred to as direct mechanisms, are those 
for which the set of messages is the same as the set of types (or values), i.e., 
Bi = Xi for all i . 

These mechanisms are called “direct” since every buyer is asked directly to 
report a value. 

Formally a direct mechanism (Q, M) consists of the following components: 

A function Q : X → Δ, where Qi (x) is the probability that i will get 
the object, 
A function M : X → RN , where Mi (x) is the payment by buyer i . 

If it is a Bayesian Nash equilibrium for each buyer to report (or reveal) their 
type xi correctly, we say that the direct mechanism has a truthful 
equilibrium. 

We refer to the pair (Q(x), M(x)) as the outcome of the mechanism. 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Revelation Principle 

The following key result, referred to as the revelation principle, allows us to 
restrict our attention to direct mechanisms. 

More specifically, it shows that the outcomes resulting from any equilibrium 
of any mechanism can be replicated by a truthful equilibrium of some direct 
mechanism. 

Proposition (Revelation Principle) 

Given a mechanism (B, π, µ) and an equilibrium β of that mechanism, there 
exists a direct mechanism (Q, M), in which 

(i) it is a Bayesian Nash equilibrium for each buyer to report his value truthfully, 

(ii) the outcomes are the same as in equilibrium β of the original mechanism. 

Proof: This follows simply by defining the functions Q : X → Δ and 
M : X → RN as Q(x) = π(β(x)),and M(x) = µ(β(x)). Instead of buyers 
submitting message bi = β(xi ), the mechanism asks the buyer to report their 
value and makes sure the outcome is the same as if they had submitted βi (xi ). 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Revelation Principle 

The basic idea behind revelation principle is as follows: 

Suppose that in mechanism (B, π, µ), each agent finds that, when his type 
is xi , choosing βi (xi ) is his best response to others’ strategies. 

Then, if we have a mediator who says “Tell me your type xi and I will play 
βi (xi ) for you,” each agent will find truth telling to be an optimal strategy 
given that all other agents tell the truth. 

In other words, a direct mechanism does the “equilibrium calculations” for 
the buyers automatically. 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Incentive Compatibility 

For a given direct mechanism (Q, M), we define 

qi (zi ) = Qi (zi , x−i )f−i (x−i )dx−i , 
X−i 

to be the probability that i will get the object when he reports his value to 
be zi and all other buyers report their values truthfully. 

Similarly, we define 

mi (zi ) = Mi (zi , x−i )f−i (x−i )dx−i 
X−i 

to be the expected payment of i when his report is zi and all other buyers 
tell the truth. 

The expected payoff of buyer i when his true value is xi and he reports zi , 
assuming all others tell the truth, can be written as 

qi (zi )xi − mi (zi ). 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Incentive Compatibility 

Definition 

We say that the direct revelation mechanism (Q, M) is incentive compatible (IC) 
if 

qi (xi )xi − mi (xi ) ≥ qi (zi )xi − mi (zi ) for all i , xi , zi . 

We refer to the left-hand side of this relation as the equilibrium payoff function 
denoted by Ui (xi ), i.e., 

Ui (xi ) = max {qi (zi )xi − mi (zi )}. 
zi ∈Xi 

Properties under IC: 

Since Ui is a maximum of a family of affine functions, it follows that Ui is a 
convex function. 

Moreover, it can be seen that incentive compatibility is equivalent to having 
for all zi and xi 

Ui (zi ) ≥ Ui (xi ) + qi (xi )(zi − xi ). (1) 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

This follows by writing for all zi and xi 

qi (xi )zi − mi (xi ) = qi (xi )xi − mi (xi ) + qi (xi )(zi − xi ) 
= Ui (xi ) + qi (xi )(zi − xi ). 

Eq. (1) implies that for all xi , qi (xi ) is a subgradient of the function Ui at xi . 

Thus at every point that Ui is differentiable, 

Ui
�(xi ) = qi (xi ). 

Since Ui is convex, this implies that qi is a nondecreasing function. 

Moreover, we have 
xi 

Ui (xi ) = Ui (0) + qi (ti )dti . (2) 
0 

This shows that, up to an additive constant, the expected payoff to a buyer 
in an IC direct mechanism (Q, M) depends only on the allocation rule Q. 

From the preceding relations, one can also infer that incentive compatibility 
is equivalent to the function qi being nondecreasing. 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Revenue Equivalence 

The payoff equivalence derived in the previous slide leads to the following general 
revenue equivalence principle. 

Proposition (Revenue Equivalence) 

If the direct mechanism (Q, M) is incentive compatible, then for all i and xi , the 
expected payment is given by 

xi 
mi (xi ) = mi (0) + qi (xi )xi − qi (ti )dti . 

0 

Thus the expected payments in any two IC mechanisms with the same allocation 
rule are equivalent up to a constant. 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Revenue Equivalence 

Remarks: 

Given two BNE of two different auctions such that for each i : 

For all (x1, . . . , xN ), probability of i getting the object is the same, 
They have the same expected payment at 0 value.


These equilibria generate the same expected revenue for the seller.


This generalizes the result from last time:


Revenue equivalence at the symmetric equilibrium of standard auctions 
(object allocated to buyer with the highest bid). 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Individual Rationality (participation constraints) 

A seller cannot force a bidder to participate in an auction which offers him 
less expected utility than he could get on his own. 

If he did not participate in the auction, the bidder could not get the object, 
but also would not pay any money, so his payoff would be zero. 

We say that a direct mechanism (Q, M) is individually rational (IR) if for all 
i and xi , the equilibrium expected payoff satisfies Ui (xi ) ≥ 0. 

If the mechanism is IC, then from Eq. (2), individual rationality is equivalent 
to Ui (0) ≥ 0. 

Since Ui (0) = −mi (0), individual rationality is equivalent to 

mi (0) ≤ 0. 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Optimal Mechanisms 

Our goal is to design the optimal mechanism that maximizes the expected 
revenue among all mechanisms that are IC and IR. 

Without loss of generality we can focus on direct revelation mechanisms. 

Consider the direct mechanism (Q, M). 

We can write the expected revenue to the seller as:


E [R ] = ∑ E [mi (Xi )], where
� wi i∈N 
E [mi (Xi )] = mi (xi )fi (xi )dxi 

0 
wi wi xi 

= mi (0) + qi (xi )xi fi (xi )dxi − qi (ti )dti fi (xi )dxi 
0 0 0 

Changing the order of integration in the third term, we obtain 

E [mi (Xi )] = mi (0) + 
� 

0 

wi 
(xi − 

1 − 
fi (

F

x
i

i 

(
) 
xi ) )qi (xi )fi (xi )dxi 

= mi (0) + (xi − 
1 − 

fi (
F

x
i

i 

(
) 
xi ) )Qi (x)f (x)dx . 

X 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Optimal Mechanism Design Problem 

The optimal mechanism design problem can be written as 

maximize E [R ] 
subject to IC (⇔ qi nondecreasing) + IR(⇔ mi (0) ≤ 0) 

We define the virtual valuation of a buyer with value xi as 

Ψi (xi ) = xi − 
1 − Fi (xi ) . 

fi (xi ) 

We say that the design problem is regular when the virtual valuation Ψi (xi ) 
is strictly increasing in xi . 

We next show that under this regularity assumption, we can without loss of 
generality neglect the IC and the IR constraints. 

The seller should choose Q and M to maximize 

∑ mi (0) + ( ∑ Ψi (xi )Qi (x))f (x)dx . 
i∈N X i∈N 

17 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



� 

Game Theory: Lecture 19 Auction Theory Viewpoint 

Optimal Mechanism 

The following is an optimal mechanism: 

Allocation Rule: 

Qi (x) > 0 Ψi (xi ) = max Ψj (xj ) ≥ 0.⇐⇒ 
j∈N 

Payment Rule: 

xi 
Mi (x) = Qi (x)xi − Qi (zi , x−i )dzi . 

0 

We finally show that this mechanism satisfies IC and IR. 

We have Mi (0, x−i ) = 0 for all x−i implying that mi (0) = 0, and therefore 
satisfying IR. 

By the regularity assumption, for any zi < xi , we have Ψi (zi ) < Ψi (xi ). 
This implies that Qi (zi , x−i ) ≤ Qi (xi , x−i ) for all x−i , and therefore 
qi (zi ) ≤ qi (xi ), i.e., qi is nondecreasing. Hence, IC is also satisfied. 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Optimal Mechanism 

The optimal expected revenue is given by


E [max{Ψ1(x1), . . . , ΨN (xN ), 0}],


i.e., it is the expectation of the highest virtual valuation provided it is 
nonnegative. 

We define 

yi (x−i ) = inf{zi |Ψi (zi ) ≥ 0, Ψi (zi ) ≥ Ψj (xj ) for all j �= i}, 

i.e., it is the smallest value for i that wins against x−i . 

Using this, we can write 

1 if zi > yi (x−i )Qi (zi , x−i ) = 
zi < yi (x−i )0 if 

19 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Optimal Mechanism 

We have 

xi if xi > yi (xQi (zi , x−i ) = 
xi − yi (x−i ) −i ) 

0 0 if xi < yi (x−i ) 

implying that � 
yi (x if Qi (x) = 1 

Mi (x) = 
0 

−i ) 
if Qi (x) = 0 

This implies that: 

Only the winning buyer pays, 
He pays the smallest value that would result in his winning. 
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Game Theory: Lecture 19 Auction Theory Viewpoint 

Optimal Mechanism – Symmetric Case 

Suppose that distributions of values are identical across buyers, i.e., for all i , 
we have fi = f . This implies that for all i , we have Ψi = Ψ. 

Note that in this case, we have


yi (x−i ) = max{Ψ−1(0), max xj }.

j=i 

Proposition 

Assume that the design problem is regular and symmetric. Then a second price 
auction (Vickrey) with reservation price r ∗ = Ψ−1(0) is an optimal mechanism. 

Note that, unlike first and second price auctions, the optimal mechanism is 
not efficient, i.e., object does not necessarily end up with the person who 
values it most. 
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Game Theory: Lecture 20 Introduction 

Outline 

Mechanism design from social choice point of view 

Implementation in dominant strategies 

Revelation principle 

VCG Mechanisms and examples 

Budget-balancedness 

dAGV Mechanisms 

Reading: 

Microeconomic Theory, MasColell, Whinston and Green, Chapter 23. 

Algorithmic Game Theory, edited by Nisan, Roughgarden, Tardos, and 
Vazirani, Chapter 9, by Noam Nisan. 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Introduction


Our goal is to analyze how individual preferences can be aggregated 
into desirable social or collective decisions. 

An important feature of such settings in which collective decisions 
must be made is that individuals’ actual preferences are not publicly 
observable. 

As a result, in one way or another, individuals must be relied upon to 
reveal this information mechanism design problem.⇒ 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Model 

Consider a setting with I agents.


These agents must make a collective choice from some set Y (of possible

alternatives).


Each agent privately observes his preferences over the alternatives in Y .


We model this by assuming that agent i privately observes a signal θi that

determines his preferences, i.e., θi is agent i ’s type. The set of possible

types for agent i is denoted by Θi and we use the notation Θ = ∏I

i=1 Θi .


Each agent i is assumed to be an expected utility maximizer, whose

Bernoulli utility function is given by ui (y , θi ) with y ∈ Y .


As in all incomplete information settings, we assume that agents’ types are

drawn from a commonly known prior distribution over the type

θ = (θ1, . . . , θI ), and the type distribution and the utility functions ui (y , θi )

are common knowledge among the agents.
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Game Theory: Lecture 20 Social Choice Viewpoint 

Social Choice Function 

Since agents’ preferences depend on the realization of their types, the agents may 
want the collective decision to depend on θ. 

Definition 

A social choice function is a function f : Θ1 × · · · × ΘI → Y that for each

possible profile of agents’ types (θ1, . . . , θI ), assigns a collective choice


∈ 

Definition 

f (θ1, . . . , θI ) Y .


The social choice function f is ex-post efficient if for no profile θ = (θ1, . . . , θI ) is 
there a y ∈ Y such that ui (y , θi ) ≥ ui (f (θ), θi ) for all i , and 
ui (y , θi ) > ui (f (θ), θi ) for some i . 

The problem is that the θi ’s are not publicly observable, so for the social 
choice f (θ1, . . . , θI ) to be chosen, each agent must be relied on to disclose 
their type correctly. But for a given f ( ) an agent may not find it in his best ·
interest to reveal this information truthfully. 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Mechanism


Definition 

A mechanism Γ = (S1, . . . , SI , g ( )) is a collection of I strategy sets (S1, . . . , SI )·
and an outcome function g : S1 × · · · × SI Y . → 

A mechanism can be viewed as an institution with rules governing the

procedure for making the collective choice:


The allowed actions are given by the strategy set Si and the rule for 
how agents’ actions get turned into a social choice is given by the 
outcome function g . 

The mechanism Γ combined with possible types (Θ1, . . . , ΘI ), type 
distribution, and the utility functions ui defines a Bayesian game, where 

Payoffs are given by ui (g (s1, . . . , sI ), θi ), 
A strategy is a function si : Θi → Si . 

We say that a mechanism implements social choice function f ( ) if there is ·
an “equilibrium” of the game induced by the mechanism that yields the 
same outcomes as f ( ) for each possible profile of types θ.·
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Game Theory: Lecture 20 Social Choice Viewpoint 

Dominant Strategy Implementation 

The mechanism design literature has investigated the implementation 
question for a variety of solution concepts. 

We focus on two solution concepts: dominant strategy equilibrium and 
Bayesian Nash equilibrium. 

Definition 

We say that a strategy profile s∗( ) is a (weakly) dominant strategy equilibrium of ·
the mechanism if for all i and all θi 

ui (g (si 
∗(θi ), s−i ), θi ) ≥ ui (g (si

�, s−i ), θi ) for all si
� ∈ Si and all s−i ∈ S−i . 

Definition 

The mechanism Γ = (S1, . . . , SI , g ( )) implements the social choice function f ( )· ·
in dominant strategies if there exists a dominant strategy equilibrium of Γ, s∗( )·
such that 

g (s∗(θ)) = f (θ) for all θ ∈ Θ. 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Direct Mechanisms and Revelation Principle 

As before, we can restrict ourselves (without loss of generality) to direct 
mechanisms, in which Si = Θi for all i and g (θ) = f (θ) for all θ. 

Definition 

The social choice function f ( ) is truthfully implementable in dominant strategies ·
(or dominant strategy incentive compatible, or strategy-proof) if the direct 
mechanism Γ = (Θ1, . . . , ΘI , f ( )) has a dominant strategy equilibrium s∗( )· ·
such that si 

∗(θi ) = θi for all θi , and all i , i.e., for all i and θi , 

ui (f (θi , θ−i ), θi ) ≥ ui (f (θ̂i , θ−i ), θi ) for all θ̂i , θ−i . 

Proposition (The Revelation Principle for Dominant Strategies) 

Suppose that there exists a mechanism Γ = (S1, . . . , SI , g ( )) that implements ·
the social choice function f ( ) in dominant strategies. Then f is truthfully ·
implementable in dominant strategies. 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Quasilinear Utilities: Groves-Clarke Mechanisms 

We focus on the special class of environments in which agents have 
quasilinear utilities. In particular, an alternative y is now a vector y = (x , t), 
where x can be viewed as an allocation decision and t is the vector of 
payments. 

Agent i ’s utility function takes the quasilinear form 

ui (y , θi ) = vi (x , θi ) + ti for all i = 1, . . . , I . 

A social choice function in this quasilinear environment takes the form 
f ( ) = (x( ), t1( ), . . . , tI ( )).· · · ·
We are interested in (ex-post) efficient social choice functions: 

Efficient allocations x∗(θ) must satisfy for all θ 

I I 

∑
vi (x∗(θ), θi ) ≥ ∑
vi (x , θi ) for all x ∈ X , 
i=1 i =1 

x∗(θ) maximizes the social utility. 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Truthful Implementation of Efficient Allocations 

Proposition (Groves (73)) 

The social choice function f ( ) = (x∗( ), t1( ), . . . , tI ( )) is truthfully · · · ·
implementable in dominant strategies if for all i , 

ti (θ) = ∑
vj (x∗(θ), θj ) + hi (θ−i ), (1) 
j=i 

where hi ( ) is an arbitrary function of θ· −i . 

Proof: Suppose truth telling is not a dominant strategy for some i , i.e., there 
exists some θi , θ̂i and θ−i such that 

vi (x∗(θ̂i , θ−i ), θi ) + ti (θ̂i , θ−i ) > vi (x∗(θi , θ−i ), θi ) + ti (θi , θ−i ). 
Substituting from Eq. (1), this yields 

I I 

∑vj (x∗(θ̂i , θ−i ), θj ) >∑

j=1 

vj (x∗(θ), θj ), contradiction. 
j=1 

Intuition: The transfer depends on his announced type only through the 
allocation rule. The change in i ’s transfer reflects exactly the externality he 
is imposing on other agents. 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Special Case: Clarke Mechanism 

A special case of a Groves mechanism was discovered independently by 
Clarke and is known as the Clarke mechanism. 

This mechanism corresponds to the case in which 

hi (θ−i ) = −∑

j=i 

vj (x−
∗ 
i (θ−i ), θj ), 

where x−
∗ 
i (θ−i ) satisfies 

∑

j=i 

vj (x−
∗ 
i (θ−i ), θj ) ≥ ∑


j=i 
vj (x , θj ) for all x ∈ X , and all θ−i . 

Hence, x−
∗ 
i (·) is the efficient allocation with I − 1 agents. 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Transfer in Clarke Mechanism 

Agent i ’s transfer in the Clarke mechanism is given by 

Remarks: ti (θ) = [∑ vj (x∗(θ), θj )] − [∑ vj (x−
∗ 
i (θ−i ), θj )]. 

j=i j=i 

The transfer satisfies ti (θ) = 0 if agent i ’s announcement does not change 
the allocation decision, and ti (θ) < 0 if it does; i.e. if he is “pivotal” to the 
efficient allocation. This implies that agent i needs to pay the amount of 
resource he uses or the damage he imposes on the system and others. 

Consider allocation of a single indivisible good. In this case Clarke 
mechanism implements the social choice function implemented by second 
price auction (or the Vickrey auction): 

- x∗(θ): allocate to the highest valuation buyer. 
- “pivotal” when he has the highest valuation 
- when pivotal, the first term in the transfer expression is equal to 0, and 

the second term gives the second highest valuation. 

Hence, these mechanisms are commonly referred to as the

Vickrey-Clarke-Groves (VCG) mechanisms.
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Game Theory: Lecture 20 Social Choice Viewpoint 

Uniqueness of Groves Payments for Efficiency 

We have seen so far that under Groves payments, we can implement efficient 
allocations. 

The question then arises: are these the only social choice function that 
achieves an efficient allocation? 

The answer is yes under some mild conditions, establish by Green and 
Laffont. 

Proposition (Green and Laffont (79)) 

Let V denote the set of all functions v : X R. Suppose for all i , we have → 
{vi (·, θi ) | θi ∈ Θi } = V (i.e., every possible valuation function arises for some 
θi ). Then, a social choice function f (.) = (X ∗(.), t(.)) with an efficient 
allocation is truthfully implemented in dominant strategies only if ti ( ) is given by ·
the Groves payments. 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Proof 

Note that for all θ, we can write 

ti (θi , θ−i ) = ∑ vj (x∗(θi , θ−i ), θj ) + hi (θi , θ−i ). 
j=i 

We will show that if f ( ) is strategy proof, then hi ( ) must be independent · ·
of θi . 

Suppose it is not, i.e., there exists θi , θ̂i , θ such that, 
hi (θi , θ−i ) = hi (θ̂i , θ−i ). 

−i 

We consider two cases: 

Case 1: x∗(θi , θ−i ) = x∗(θ̂i , θ−i ): By IC in dominant strategies, we have 

vi (x∗(θi , θ−i ), θi ) + ti (θi , θ−i) ≥ vi (x∗(θ̂i , θ−i ), θi ) + ti (θ̂i , θ−i) 
vi (x∗(θ̂i , θ−i ), θ̂i ) + ti (θ̂i , θ−i) ≥ vi (x∗(θi , θ−i ), θ̂i ) + ti (θi , θ−i ), 

implying that ti (θi , θ−i ) = ti (θ̂i , θ−i ), and therefore

hi (θi , θ−i ) = hi (θ̂i , θ−i ), contradiction.
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Game Theory: Lecture 20 Social Choice Viewpoint 

Proof


Case 2: x∗(θi , θ−i ) = x∗(θ̂i , θ−i ): Suppose without loss of generality that 
hi (θi , θ−i ) > hi (θ̂i , θ

�
−i ). 

Define type θi 
� for some � > 0 as: 

vi (x , θ�) = − ∑ vj (x∗(θi , θ−i ), θj ) if x = x∗(θi , θ−i )i

j=i


− ∑ vj (x∗(θ̂i , θ−i ), θj ) + � if x = x∗(θi , θ−i ) 
j=i 

−∞ otherwise 

We show for sufficiently small �, type θ� 
i will report θi (when other report 

θ−i ). 

Note that x∗(θ� 
i , θ−i ) = x∗(θ̂i , θ−i ), since x∗(θ̂i , θ−i) maximizes


vi (x , θi 
�) + ∑j=i vj (x , θj ).


Now truth telling being a dominant strategy implies 

vi (x∗(θ̂i , θ−i ), θi 
�) + ti (θi 

� , θ−i ) ≥ Vi (X ∗(θi , θ−i ), θi 
�) + ti (θi , θ−i ). 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Proof 

Substituting yields 
� + hi (θi 

� , θ−i ) ≥ hi (θi , θ−i ). 

But since, xi 
∗(θi 

� , θ−i ) = xi 
∗(θ̂i , θ−i ), we get hi (θ� 

i , θ−i ) = hi (θ̂i , θ−i ) (by

part (1)).


This implies � + hi (θ̂i , θ−i ) ≥ hi (θi , θ−i ), which together with

hi (θi , θ−i ) > hi (θ̂i , θ−i ) yields a contradiction for sufficiently small �.
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Game Theory: Lecture 20 Social Choice Viewpoint 

Budget-Balancedness 

So far, we have studied whether we can implement in dominant strategies a 
social choice function that results in an efficient allocation. 

Another property that ex-post efficiency requires is the budget balance 
condition:


∑ ti (θ) = 0 for all θ,

i 

i.e., there are no net transfers in or out of the system. 

Unfortunately, in many cases (i.e., if the set of possible types for each agent 
sufficiently rich), it is impossible to truthfully implement efficient allocations 
and budget balancedness in dominant strategies. 

Proposition (Green and Laffont/Hurwicz) 

There is no social choice function that is truthfully implementable in dominant 
strategies and is efficient (allocationwise) and budget-balanced. 

Therefore, as a next step we relax the dominant strategy implementation. 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Implementation in Bayesian Nash Equilibrium 

Definition 

The strategy profile s∗( ) = (s∗( ), . . . , sI 
∗( )) is a Bayesian Nash equilibrium of · 1 · ·

the mechanism Γ = (S1, . . . , SI , g ( )) if for all i and for all θi ,·

Eθ−i 
[ui (g (si 

∗(θi ), s−
∗ 
i (θ−i )), θi )|θi ] ≥ Eθ−i 

[ui (g (ŝi , s−
∗ 
i (θ−i )), θi )|θi ], 

for all ŝi ∈ Si . 

Definition 

The mechanism Γ implements the social choice function f ( ) in Bayesian Nash ·
equilibrium if there is a Bayesian Nash equilibrium of Γ, s∗( ), such that ·
g (s∗(θ)) = f (θ) for all θ. 
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Game Theory: Lecture 20 Social Choice Viewpoint 

Implementation in Bayesian Nash Equilibrium 

Definition 

The social choice function f ( ) is truthfully implementable in Bayesian Nash ·
equilibrium (or is Bayesian incentive compatible) if si 

∗(θi ) = θi for all θi and all i 
is a Bayesian Nash equilibrium of the direct revelation mechanism 
Γ = (Θ1, . . . , ΘI , f ( )), i.e., for all i and θi ,·

Eθ−i 
[ui (f (θi , θ−i ), θi )|θi ] ≥ Eθ−i 

[ui (f (θ̂i , θ−i ), θi )|θi ], 

for all θ̂i ∈ Θi . 

Revelation principle principle again allows us to restrict attention to truthful 
equilibria of direct mechanisms. 

19 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



� � 

Game Theory: Lecture 20 Social Choice Viewpoint 

Expected Externality Mechanism 

We will now show that it is possible to implement efficient (allocation-wise) 
and budget-balanced social choice functions in Bayesian Nash equilibrium. 

This mechanism is due to d’Aspremont and Gerard-Varet (hence the 
abbreviation dAGV mechanisms). 

Let x∗( ) be the efficient allocation as defined before and let ·

ti (θ) = Eθ̃ ∑ vj (x∗(θi , θ̃−i ), θ̃j ) + hi (θ−i ). −i
j �=i 

We can show that these transfers together with efficient allocations satisfy 
both Bayesian incentive compatibility and budget-balancedness. 
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Game Theory: Lecture 21 Introduction 

Outline 

Social choice and group decision-making 

Arrow’s Impossibility Theorem 

Gibbard-Satterthwaite Impossibility Theorem 

Single peaked preferences and aggregation 

Group decisions under incomplete information 

Reading: 

Microeconomic Theory, MasColell, Whinston and Green, Chapters 21 
and 23. 
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Game Theory: Lecture 21 Group and Collective Choices 

Social Choice Functions


Recall that mechanism design, in an environment with H players each 
with possible type θi ∈ Θ1 and a set of feasible alllocations Y , started 
with a social choice function 

f : Θ1 × ... × ΘH → Y . 

But where does this social choice function come from? 

Presumably, it refiects some “social objective” such as fairness or 
effi ciency. But how do we arrive to such an objective? 

More general question: How do groups make

collective/group/political decisions?


Two sets of issues: 

Aggregating up to collective preferences from individual preferences. 
Using dispersed information of the group effi ciently. 
Allocation of “power” in a group (not discussed in this lecture). 
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Game Theory: Lecture 21 Group and Collective Choices 

Setup 

Let us investigate these questions in a slightly more general setup, 
where we take the types, the θ’s, to be rankings over all possible 
allocations. 
For this purpose, let us restrict attention to a society with a finite set 
of individuals H, with the number of individuals denoted by H, and a 
finite set of allocations denoted by P. 
Individual i ∈ H has an indirect utility function defined over choices 
available to the group or “policies” p ∈ P 

U (p; αi ) , 

where αi indexes the utility function (i.e., U (p; αi ) = Ui (p)). 
The bliss point of individual i is defined as: 

p (αi ) = argmax U(p; αi ). 
p∈P 
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Game Theory: Lecture 21 Group and Collective Choices 

Preferences More Generally 

Individual i weakly prefers p to p�,


p �i p�


and if he has a strict preference, 

p �i p�. 

Assume: completeness, refiexivity and transitivity (so that z �i z � and 
z � �i z �� implies z �i z ��). 
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Game Theory: Lecture 21 Group and Collective Choices 

Collective Preferences?


Key question: Does there exist welfare function US (p) that ranks 
policies for this group (or society)? 

Let us first start with a simple way of “aggregating” the preferences 
of individuals in the group: majoritarian voting. 

This will lead to the Condorcet paradox. 
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Game Theory: Lecture 21 Voting and the Condorcet Paradox 

The Condorcet Paradox


Imagine a group consisting of three individuals, 1, 2, and 3, three 
choices and preferences 

1 a � c � b 
2 b � a � c 
3 c � b � a 

Assume “open agenda direct democracy” system for making decisions 
within this group. 

A1. Direct democracy. The citizens themselves make the policy choices 
via majoritarian voting. 
A2. Sincere voting. Individuals vote “truthfully” rather than strategically. 
A3. Open agenda. Citizens vote over pairs of policy alternatives, such 
that the winning policy in one round is posed against a new alternative in 
the next round and the set of alternatives includes all feasible policies. 

What will happen? 
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Game Theory: Lecture 21 Voting and the Condorcet Paradox 

The Condorcet Paradox


It can be verified that b will obtain a majority against a. 

c will obtain a majority against b. 

But a will obtain a majority against c . 

Thus there will be a cycle. 
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Game Theory: Lecture 21 Arrow’s Theorem 

Towards Collective Preferences 

How general is the Condorcet cycle?


Arrow’s Impossibility Theorem: very general.


Suppose that the set of feasible policies is some finite set P.

Let � be the set of all transitive orderings on P, that is, � contains

information of the form p1 �i p2 �i p3 or p1 �i p2 �i p3, or or

p1 �i p2 ∼i p3 and so on, and imposes the requirement of transitivity

on these individual preferences.


An individual ordering Ri is an element of �, that is, Ri ∈ �.

Since our society consists of H individuals, ρ = (R1, ..., RH ) ∈ �H is a

preference profile.


Also ρ|P � = R1|P � , ..., RH |P � is the society’s preference profile when 
alternatives are restricted to some subset P � of P. 

9 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



� � 

Game Theory: Lecture 21 Arrow’s Theorem 

Restrictions on Collective Preferences I


Let � be the set of all refiexive and complete binary relations on P
(but notice not necessarily transitive). 

A social ordering RS ∈ � is therefore a refiexive and complete binary 
relation over all the policy choices in P: 

φ : �H → �. 

We have already imposed “unrestricted domain,” since no 
restriction on preference profiles. 

A social ordering is weakly Paretian if 

p �i p� for all i ∈ H = ⇒ p �S p�. 
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Game Theory: Lecture 21 Arrow’s Theorem 

Restrictions on Collective Preferences II


Given ρ, a subset D of H is decisive between p, p� ∈ P, if 

p �i p� for all i ∈ D and p �i � p� for some i � ∈ D = ⇒ p �S p� 

If D� ⊂ H is decisive between p, p� ∈ P for all preference profiles 
ρ ∈ �H , then it is dictatorial between p, p� ∈ P. 
D ⊂ H is decisive if it is decisive between any p, p� ∈ P 

D� ⊂ H is dictatorial if it is dictatorial between any p, p� ∈ P. 
If D� ⊂ H is dictatorial and a singleton, then its unique element is a 
dictator. 
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Game Theory: Lecture 21 Arrow’s Theorem 

Restrictions on Collective Preferences III


A social ordering satisfies independence from irrelevant alternatives, if 
for any ρ and ρ� ∈ �H and any p, p� ∈ P, 

ρ = ρ� = φ (ρ) = φ ρ� .|{p,p�} |{p,p�} ⇒ |{p,p�} |{p,p�} 

This axiom states that if two preference profiles have the same choice 
over two policy alternatives, the social orderings that derive from 
these two preference profiles must also have identical choices over 
these two policy alternatives, regardless of how these two preference 
profiles differ for “irrelevant” alternatives. 

While this condition (axiom) at first appears plausible, it is in fact a 
reasonably strong one. In particular, it rules out any kind of 
interpersonal “cardinal” comparisons– that is, it excludes information 
on how strongly an individual prefers one outcome versus another. 
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Game Theory: Lecture 21 Arrow’s Theorem 

Arrow’s Impossibility Theorem 

Theorem 

( Arrow’s (Im)Possibility Theorem) Suppose there are at least three 
alternatives. Then if a social ordering, φ, is transitive, weakly Paretian and 
satisfies independence from irrelevant alternatives, it must be dictatorial. 

An immediate implication of this theorem is that any set of minimal 
decisive individuals D within the society H must either be a singleton, 
that is, D = {i}, so that we have a dictatorial social ordering, or we 
have to live with intransitivities. 

Also implicitly, political power must matter. If we wish transitivity, 
political power must be allocated to one individual or a set of 
individuals with the same preferences. 

How do we proceed? Restrict preferences or restrict institutions. → 
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Game Theory: Lecture 21 Arrow’s Theorem 

Proof of Arrow’s Impossibility Theorem I 

Suppose to obtain a contradiction that there exists a non-dictatorial 
and weakly Paretian social ordering, φ, satisfying independence from 
irrelevant alternatives. Contradiction in two steps. 

Step 1: Let a set J ⊂ H be strongly decisive between p1, p2 ∈ P if 
for any preference profile ρ ∈ �H with p1 �i p2 for all i ∈ J and 
p2 �j p1 for all j ∈ H\J , p1 �S p2 (H itself is strongly decisive since 
φ is weakly Paretian). 

We first prove that if J is strongly decisive between p1, p2 ∈ P, then 
J is dictatorial (and hence decisive for all p, p� ∈ P and for all 
preference profiles ρ ∈ �H ). 

To prove this, consider the restriction of an arbitrary preference profile 
ρ ∈ �H to ρ|{p1,p2 ,p3 } and suppose that we also have p1 �i p3 for all 
i ∈ J . 
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Game Theory: Lecture 21 Arrow’s Theorem 

Proof of Arrow’s Impossibility Theorem II 

Next consider an alternative profile ρ� , such that |{p1 ,p2,p3 }
p1 ��i p2 ��i p3 for all i ∈ J and p2 ��i p1 and p2 ��i p3 for all 
i ∈ H\J . 

Since J is strongly decisive between p1 and p2, p1 ��S p2. Moreover, 
since φ is weakly Paretian, we also have p2 ��S p3, and thus 
p1 ��S p2 ��S p3. 
Notice that ρ� did not specify the preferences of individuals |{p1 ,p2,p3 }
i ∈ H\J between p1 and p3, but we have established p1 ��S p3 for 
ρ� . |{p1 ,p2,p3 }
We can then invoke independence from irrelevant alternatives and 
conclude that the same holds for ρ|{p1 ,p2,p3 }, i.e., p1 �

S p3. 

But then, since the preference profiles and p3 are arbitrary, it must be 
the case that J is dictatorial between p1 and p3. 

15 

co
nt

ro
len

gin
ee

rs
.ir

کانال اختصاصی مھندسی کنترل



Game Theory: Lecture 21 Arrow’s Theorem 

Proof of Arrow’s Impossibility Theorem III 

Next repeat the same argument for ρ and ρ� , except |{p1 ,p2,p4 } |{p1 ,p2 ,p4 }
that now p4 �i p2 and p4 ��i p1 ��i p2 for i ∈ J , while p2 ��j p1 and 
p4 ��j p1 for all j ∈ H\J . 

Then, the same chain of reasoning, using the facts that J is strongly 
decisive, p1 ��S p2, φ is weakly Paretian and satisfies independence 
from irrelevant alternatives, implies that J is dictatorial between p4 
and p2 (that is, p4 �S p2 for any preference profile ρ ∈ �H ). 

Now once again using independence from irrelevant alternatives and 
also transitivity, for any preference profile ρ ∈ �H , p4 �i p3 for all 
i ∈ J . 

Since p3, p4 ∈ P were arbitrary, this completes the proof that J is 
dictatorial (i.e., dictatorial for all p, p� ∈ P). 
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Game Theory: Lecture 21 Arrow’s Theorem 

Proof of Arrow’s Impossibility Theorem IV 

Step 2: Given the result in Step 1, if we prove that some individual 
h ∈ H is strongly decisive for some p1, p2 ∈ P, we will have 
established that it is a dictator and thus φ is dictatorial. Let Dab be 
the strongly decisive set between pa and pb . 

Such a set always exists for any pa, pb ∈ P, since H is itself a 
strongly decisive set. Let D be the minimal strongly decisive set 
(meaning the strongly decisive set with the fewest members). 

This is also well-defined, since there is only a finite number of 
individuals in H. 
Moreover, without loss of generality, suppose that D = D12 (i.e., let 
the strongly decisive set between p1 and p2 be the minimal strongly 
decisive set). 

If D a singleton, then Step 1 applies and implies that φ is dictatorial, 
completing the proof. 
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Game Theory: Lecture 21 Arrow’s Theorem 

Proof of Arrow’s Impossibility Theorem V 

Thus suppose that D � Then, by unrestricted domain, the = {i}.

following preference profile (restricted to {p1, p2, p3}) is feasible


for i ∈ D p1 �i p2 �i p3 
for j ∈ D\{i} p3 �j p1 �j p2 
for k / p2 �k p3 �k p1.∈ D 

By hypothesis, D is strongly decisive between p1 and p2 and therefore 
Sp1 � p2. 

Next if p3 �S p2, then given the preference profile here, D\{i} would 
be strongly decisive between p2 and p3, and this would contradict 
that D is the minimal strongly decisive set. 
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Game Theory: Lecture 21 Arrow’s Theorem 

Proof of Arrow’s Impossibility Theorem VI 

Thus p2 �S p3. Combined with p1 �S p2, this implies p1 �S p3. But 
given the preference profile here, this implies that {i} is strongly 
decisive, yielding another contradiction. 

Therefore, the minimal strongly decisive set must be a singleton {h}
for some h ∈ H. Then, from Step 1, {h} is a dictator and φ is 
dictatorial, completing the proof. 
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Game Theory: Lecture 21 Gibbard-Satterthwaite Theorem 

Gibbard-Satterthwaite Theorem


Another issue: so far, we have assumed that people will express their 
preferences truthfully. But in the same way that we have to ensure 
truthfulness in implementing mechanisms, we have to make sure that 
our social choice rules provide incentives to report preferences 
truthfully. 

We say that a social ordering φ : �H → � is strategy proof if when φ 
is being implemented, all individuals have a dominant strategy of 
representing their preferences truthfully. 

More explicitly, we now have a game, in which each individual reports 
preference profile Rıi ∈ � but Rıi need not be the same as the true 
preference of this individual, Ri . 

Question: What types of restrictions does strategy proofness impose? 
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Game Theory: Lecture 21 Gibbard-Satterthwaite Theorem 

Gibbard-Satterthwaite Theorem


Suppose again unrestricted domain for the preferences and denote a 
social ordering by φ. 

Theorem 

(Gibbard-Satterwhite Theorem) Suppose there are at least three 
alternatives in P, and suppose that φ (�) = P (full range). Then if φ is 
strategy proof, it must be dictatorial. 

This theorem therefore implies that even without the requirement of 
Arrow Theorem (in particular, weak Paretian and independence of 
irrelevant alternatives), unless we restrict the set of allowable 
preferences, only dictatorial social choice functions are allowed. 
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� � 

Game Theory: Lecture 21 Gibbard-Satterthwaite Theorem 

Proof of Gibbard-Satterthwaite Theorem


The proof of the Gibbard-Satterthwaite Theorem follows from the 
following two lemmas. 

Lemma 

If φ (�) = P and φ is strategy proof, then it is weakly Paretian. 

Lemma 

If φ (�) = P and φ is strategy proof, then it satisfies independence from 
irrelevant alternatives. 

Given these two lemmas, the theorem follows from Arrow’s Theorem. 
Throughout the proofs, ρ = (R1, ..., RH ) refers to the preference 
profile represented by �1, ..., �H and the alternative profile 
ρ = (R1

� , ..., RH
� ) is represented by ��1, ..., ��H , and so on. 

ı Rı1, ..., ı refers to the reported profile ρ = RH 
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Game Theory: Lecture 21 Gibbard-Satterthwaite Theorem 

Proof of First Lemma


Suppose to obtain a contradiction that that φ is strategy proof but 
not weakly Paretian. Then there exists p �i p� for all i , but 
φ (ρ) = p�. Since φ (�) = P, there exists ρ� such that φ (ρ�) = p. 

Let pn = φ (R1
� , ...Rn

� , Rn+1, ..., RH ). Clearly p0 = p� and pH = p. 
Then


n∗ = min {H ≥ n > 0 : pn �n pn−1}


exists (suppose not, then 
p� = p0 �1 p1 �2 p2... �n−1 pn−1 �n pn = p, which contradicts 
p �i p� for all i together with transitivity). 

By the unrestricted domain, the profile ρ�� such that Ri
�� = Ri

� for all 
i < n∗ and Ri

�� = Ri for all i ≥ n∗ is possible. Given this profile and 
truthtelling by all i , individual n∗ strictly prefers to report Rın∗ = Rn

�

instead of Rın∗ = Rn , contradicting strategy proofness. 
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Game Theory: Lecture 21 Gibbard-Satterthwaite Theorem 

Proof of Second Lemma


We will now prove this lemma for the case where preference profiles 
belong to �̄H ⊂ �H , where � ¯ includes only strict preferences. 
Suppose to obtain a contradiction that that φ is strategy proof but 
does not satisfy independence of irrelevant alternatives. Then there 
exist ρ, ρ� =� ρ, p and p� =� p (given the restriction to �̄, this implies 
that p �i p� or p� �i p for each i) such that: 

ρ and ρ� have the same ranking over p and p� for all i (i.e., p �i p� 
= ⇒ p �i p� and p� �i p = ⇒ p� �i p). 
φ (ρ) = p and φ (ρ�) = p�. 

But then again defining pn = φ (R1
� , ...Rn

� , Rn+1, ..., RH ), there exists 

n∗ = min {H ≥ n > 0 : pn =� pn−1} . 

Since ρ ∈ �̄, either pn∗ �n∗ pn∗−1 or pn∗−1 �n∗−1 pn∗ , and in either 
case n∗ can strictly gain by misreporting (either when true preferences 
are Rn∗ or Rn

�
∗ ), contradicting strategy proofness. 
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Game Theory: Lecture 21 Gibbard-Satterthwaite Theorem 

Proof of Gibbard-Satterthwaite Theorem


The two lemmas together imply that when preference profiles belong 
to �̄H , strategy proofness implies a dictatorial social choice function, 
say with the dictator given by individual i∗. 

The proof of theorem is completed by showing that on the domain 
�H , if i∗ is not a dictator, then either i∗ or another individual would 
have a strict incentive to misreport. 
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Game Theory: Lecture 21 Single-Peaked Preferences and the Median Voter Theorem 

The Condorcet Winner


We can avoid the Condorcet paradox when there is a Condorcet 
winner. 

Definition 

A Condorcet winner is a policy p∗ that beats any other feasible policy in 
a pairwise vote. 
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Game Theory: Lecture 21 Single-Peaked Preferences and the Median Voter Theorem 

Single-Peaked Preferences 

Suppose P ⊂ R. 

Definition 

Consider a finite set of P ⊂ R and let p(αi ) ∈ P be individual i’s unique 
bliss point over P. Then, the policy preferences of citizen i are single 
peaked iff: 

For all p��, p� ∈ P, such that p�� < p� ≤ p(αi ) or p�� > p� ≥ p(αi ), 

we have U(p��; αi ) < U(p�; αi ). 

Essentially strict quasi-concavity of U 
Median voter: rank all individuals according to their bliss points, the 
p (αi )’s. Suppose that H odd. Then, the median voter is the 
individual who has exactly (H − 1) /2 bliss points to his left and 
(H − 1) /2 bliss points to his right. 
Denote this individual by αm , and his bliss point (ideal policy) by pm . 
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Game Theory: Lecture 21 Single-Peaked Preferences and the Median Voter Theorem 

Median Voter Theorem 

Theorem 

(The Median Voter Theorem) Suppose that H is an odd number, that 
A1 and A2 hold and that all voters have single-peaked policy preferences 
over a given ordering of policy alternatives, P. Then, a Condorcet winner 
always exists and coincides with the median-ranked bliss point, pm. 
Moreover, pm is the unique equilibrium policy (stable point) under the 
open agenda majoritarian rule, that is, under A1-A3. 

This also immediately implies: 

Corollary 

With single peaked preferences, there exists a social ordering φ that 
satisfies independence from irrelevant alternatives and that is transitive, 
weakly Paretian and non-dictatorial. 
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Game Theory: Lecture 21 Single-Peaked Preferences and the Median Voter Theorem 

Proof of the Median Voter Theorem 

The proof is by a “separation argument”. 

Order the individuals according to their bliss points p(αi ), and label 
the median-ranked bliss point by pm . 

By the assumption that H is an odd number, pm is uniquely defined 
(though αm may not be uniquely defined). 

Suppose that there is a vote between pm and some other policy 
p�� < pm . 

By definition of single-peaked preferences, for every individual with 
pm < p(αi ), we have U (pm ; αi ) > U (p��; αi ). 

By A2, these individuals will vote sincerely and thus, in favor of pm . 

The coalition voting for supporting pm thus constitutes a majority. 

The argument for the case where p�� > pm is identical. 
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Game Theory: Lecture 21 Single-Peaked Preferences and the Median Voter Theorem 

Median Voter Theorem: Discussion


Odd number of individuals to shorten the statement of the theorem 
and the proof. 

It is straightforward to generalize the theorem and its proof to the 
case in which H is an even number. 

More important: does it also help us against the

Gibbard-Satterthwaite Theorem?


The answer is Yes. 

In particular, with single peaked preferences, sincere voting (truthful 
revelation of preferences) is optimal, which implies strategy 
proofness. 
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Game Theory: Lecture 21 Single-Peaked Preferences and the Median Voter Theorem 

Strategic Voting 

A2�. Strategic voting. Define a vote function of individual i in a pairwise 
contest between p� and p�� by vi (p�, p��) ∈ {p�, p��}. Let a voting 
(counting) rule in a society with H citizens be V :{p�, p��} H → {p�, p��} for 
any p�, p�� ∈ P. 
Let V (vi (p�, p��) , v−i (p�, p��)) be the policy outcome from voting rule V 
applied to the pairwise contest {p�, p��}, when the remaining individuals 
cast their votes according to the vector v−i (p�, p��), and when individual i 
votes vi (p�, p��). 
Strategic voting means that � � � � � � � �� � 

vi p�, p�� ∈ arg max U V v̂i p�, p�� , v−i p�, p�� ; αi . 
v̂i (p�,p��) 

Recall that a weakly-dominant strategy for individual i is a strategy 
that gives weakly higher payoff to individual i than any of his other 
strategies regardless of the strategy profile of other players. 
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Game Theory: Lecture 21 Single-Peaked Preferences and the Median Voter Theorem 

Median Voter Theorem with Strategic Voting 

Theorem 

(The Median Voter Theorem With Strategic Voting) Suppose that H 
is an odd number, that A1 and A2� hold and that all voters have 
single-peaked policy preferences over a given ordering of policy 
alternatives, P. Then, sincere voting is a weakly-dominant strategy for 
each player and there exists a unique weakly-dominant equilibrium, which 
features the median-ranked bliss point, pm, as the Condorcet winner. 

Notice no more “open agenda”. Why not? 

Why emphasis on weakly-dominant strategies? 
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Game Theory: Lecture 21 Single-Peaked Preferences and the Median Voter Theorem 

Proof of the Median Voter Theorem with Strategic Voting 

The vote counting rule (the political system) in this case is

majoritarian, denoted by VM .


Consider two policies p�, p�� ∈ P and fix an individual i ∈ H.

Assume without loss of any generality that U (p�; αi ) ≥ U (p��; αi ).


Suppose first that for any vi ∈ {p�, p��}, VM (vi , v−i (p�, p��)) = p� or

VM (vi , v−i (p�, p��)) = p��, that is, individual i is not pivotal.


This implies that vi (p�, p��) = p� is a best response for individual i .


Suppose next that individual i is pivotal, that is,

VM (vi (p�, p��) , v−i (p�, p��)) = p� if vi (p�, p��) = p� and

VM (vi (p�, p��) , v−i (p�, p��)) = p�� otherwise. In this case, the action

vi (p�, p��) = p� is clearly a best response for i .


Since this argument applies for each i ∈ H, it establishes that voting

sincerely is a weakly-dominant strategy and the conclusion of the

theorem follows.
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Game Theory: Lecture 21 Single-Peaked Preferences and the Median Voter Theorem 

Strategic Voting in Sequential Elections 

But sincere voting no longer optimal in dynamic situations.


1 a � b � c

2 b � c � a 
3 c � b � a 

These preferences are clearly single peaked (e.g., alphabetical order). 
Dynamic voting set up: first, a vote between a and b. Then, the 
winner goes against c , and the winner of this is the social choice. 
Sincere voting will imply that in the first round players 2 and 3 will 
vote for b, and in the second round, players 1 and 2 will vote for b, 
which will become the collective choice. 
However, when players 1 and 2 are playing sincerely, in the first round 
player 3 can deviate and vote for a (even though she prefers b), then 
a will advance to the second round and would lose to c . 
Consequently, the social choice will coincide with the bliss point of 
player 3. What happens if all players are voting strategically? 
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Game Theory: Lecture 21 Single-Peaked Preferences and the Median Voter Theorem 

Strategy Proofness with Single Peaked Preferences 

The above example notwithstanding, single peaked preferences are 
suffi cient to ensure strategy proofness. In particular: 

Theorem 

Suppose preferences are single peaked. Then there exists a social choice 
rule φ that is strategy proof. 

Moreover, it can be shown that in this case strategy proofness implies 
that the social choice rule must be an “augmented median voter” 
rule, which essentially selects the median from a list of the bliss 
points of all individuals augmented by additional choices (so a 
dictatorial social choice rule as well as certain other rules are 
augmented median voter rules). 
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Game Theory: Lecture 21 Juries 

Group Decisions under Incomplete Information 

Consider the following common value decision problem by a group, 
similar to a jury problem. 

Each of n individuals have a prior π that a defendant is guilty, 
denoted by θ = G . (Or this could be some other underlying state 
relevant for the decision). 

The alternative is θ = I (for innocent). 

In addition, each individual receives a signal s = {g , i} (for example, 
from their reading of the evidence presented at the trial). 

Suppose that the signals are conditionally independent and identically 
distributed and satisfy 

Pr (s = g | θ = G ) = p, and 

Pr (s = i | θ = I ) = q 
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Game Theory: Lecture 21 Juries 

Decisions and Payoffs 

Suppose that the group requires unanimity to take a decision x = G . 
This is a natural assumption for juries, but also applies in many 
situations in which there is a status quo. 
Suppose also that each member j of the group has the following 
payoff: ⎧ ⎨ 0 if x = θ 

uj (x , θ) = ⎩ 
−z if x = G and θ = I 

− (1 − z) if x = I and θ = G 

This payoff allows for a wrong conviction to have a different cost than 
a wrong acquittal. 

It also implies that the “optimal” decision is 

x = I if Pr (θ = I | information set) ≤ z . 
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Game Theory: Lecture 21 Juries 

Bayesian Nash Equilibrium 

The Bayesian Nash equilibrium here has to take into account that 
others will vote according to their signal, which is also informative. 
Throughout let j = 1. Then ⎧ ⎪⎪⎨ ⎪⎪⎩


0 if xj = G for all j =� 1 and x1 = G and θ = G 
0 if xj = I for some j =� 1 or x1 = I and θ = I 

= 1 and x1 
= I for some j 

u1 (x , θ) = 
if xj = G for all j = G and θ = I
−z


− (1 − z)
 if xj = 1 or x1 = I and θ = G 

The paradox of Nash equilibrium: suppose all others vote 
according to their signal (i.e., xj = sj for all j =� 1). Then the utility 
of individual 1 can be written as ⎧ ⎪⎪⎨ ⎪⎪⎩


0 if sj = G for all j =� 1 and x1 = G and θ = G 
0 if sj = I for some j =� 1 or x1 = I and θ = I 

= 1 and x1 
u1 = 

if sj = G for all j = G and θ = I

= 1 or x1 = I and θ = G

−z

− (1 − z)
 = I for some jif sj 
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Game Theory: Lecture 21 Juries 

Convicting the Innocent 

In light of this, the relevant probability for an individual to vote 
according to his signal is 

Pr (θ = G | sj = g for all j =� 1 and s1 = i) 

Why? Because if, when all individuals are voting following their 
signals, sj = i for some j =� 1, individual 1 is not pivotal. His decision 
does not matter. 
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Game Theory: Lecture 21 Juries 

Convicting the Innocent (continued) 

Now, we have from Bayes rule 

Pr (θ = G | sj = g for all j =� 1 and s1 = i) 
Pr (sj = g for all j = 1 and s1 = i | θ = G ) Pr (θ = G ) 

Pr (sj = g for all j =� 1 and s1 = i | θ = G ) Pr (θ = G ) 
+ Pr (sj = g for all j =� 1 and s1 = i | θ = I ) Pr (θ = I ) 
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Game Theory: Lecture 21 Juries 

Convicting the Innocent (continued) 

Or in other words 

Pr (θ = G | sj = g for all j =� 1 and s1 = i) 

(1 − p) pn−1π 
= 

(1 − p) pn−1π + q (1 − q)n−1 (1 − π) 
1 

= 
1 + q 

� 
1−q 

�n−1
1−π 

. 

1−p p π 

Since p > 1/2 > 1 − q, for n large, this number is close to 1. 
Therefore, for any z < 1, it would be optimal to vote to convict 
even if you have a signal that the defendant is innocent. 
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Game Theory: Lecture 21 Juries 

Convicting the Innocent (continued) 

Of course,the above argument suggests that all individuals vote in 
according to their signals cannot be an equilibrium. 

In general, there exists a mixed strategy equilibrium, in which all 
individuals vote to convict when sj = g , and mix with probability 
α ∈ (0, 1] to convict when sj = i . This mixed equilibrium is found by 
setting 

Pr (θ = G | xj = g for all j =� 1 and s1 = i) = z 

given the mixed strategy profile of others. 
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Game Theory: Lecture 21 Juries 

Convicting the Innocent (continued) 

Namely, from the same argument, we have 

Pr (θ = G | xj = g for all j =� 1 and s1 = i) 

(1 − p) (p + (1 − p) α)n−1 π 
= 

(1 − p) (p + (1 − p) α)n−1 π + q (1 − q (1 − α))n−1 (1 − π) 
1 

q 1−q(1−α) n−1 1−π1 + 1−p p+(1−p)α π 

= z . 

Naturally, the probability that an innocent defendant will be convicted 
can be quite high and is increasing in n. 
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Game Theory: Lecture 21 Juries 

Convicting the Innocent (continued) 

In particular, 
pK (n) − (1 − q)

α = , 
q − (1 − p) K (n)

where
 � 
π (1 − p) (1 − z) 

�1/(1−n)

K (n) ≡ 

1 − π qz 
. 

Clearly, as n →∞, K (n) → 1, so that α → 1, and the innocent is 
convicted with a very high probability. 
Interestingly, it can also be shown that the larger is the jury the more 
likely is the innocent to be convicted. 
This model therefore illustrates potential problems that group 
decisions can face. 
Of course, in this case, directly communicating signals will solve the 
problem. However, in general such communication would also need to 
be strategic (another topic for another course...). 
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