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(¢) Dead zone (d)} Quantization

Rate Limiter?
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Fizg, lQat mples of friction models {a) Coutomb friction; {b) Coulemnb phus linear
i ctice; (c) static, Ceelomb. and linear viscous fnction; (d) static, Couiomb.,
and linear viscous friction—Stribeck effect,
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State-Space Models S QW)

State x, input «, output

General; fle wy. z0u.9....0 =0
Explicit: = flz,u), y=dlz)
Affine in r= flz)+olz)un, =hlzx)
Linear: r=Ar+ Bu, p=0Czx

X, o= f (X, U)  K=012,... e ols

X e R" U eR" P e dw s Sl 59, 1 Eou
fiR'XR"xRT SR Sl S P e

Ll 5 S slgatan.
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Problem

|

Modeling

l

Mathematics, Statistics:

— Differential Equations, Linear
Algebra, Probability, Stochastic
Processes

Physics, Chemistry:

— Electronics, Electrical Circuits,
Electromagnetics, Dynamics,
Thermodynamics, Heat Transfer

Linear v.s. Nonlinear

Analysis

|

Stability
Performance
Robustness

Design
(Control)

Hardware vs Software

Optimizationvs Control

— Optimal Control, Robust
Control, Adaptive Contrrol,
MNonlinear Control
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X = f(t,X,U) Forced Sysytm
X = f(t, X) Unforced System
O 4 (Sly 5 Sl lgetnm (s 4db]
X =f(t,X,U) nonautonomous

X =f(X,U) autonomous
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Equilibria
Definition: A point {x*, u*. ¢* ) is an equilibrium, if a solution starting

in (", u", y") stays there forever.
equilibrium point- stationary point — critical point- singular point

Corresponds to putting all derivatives to zeno:

General: fle*, u®, y* 0.0, . ]I =

Explicit: 0= j{.r To)) = J’I: J
Affine in u: 0 =1fiz*) + g[ ]| gy = h(z"
Linear: = Ax*+ Bu*, y* = E‘r

Often the equilibrivm is defined only through the state +*

O—f(t,Xo)—O >t A Gl Shal

_asl
CAsl 0L 3 b Kl g oo Jslas abai U]



= Examples:
« Pendulum Equation
* Tunnel-Diode Circuit
« Mass-Spring System
» Negative-Resistance Oscillator
 Artificial Neural Network




Pendulum - 1 Pendulum - 2

Equilibrium points (let 23 = &> = 0):
ke
K 3} 0 = _Esin$1 — @5
l m
: Llfquilibrium points are (nm.0),n=0,%1,+2, ...
| mg r, physically, (0,0) and (w,0).
Figure 1.1: Pendulum. Question? Which one is stable or unstable?
Using Newton's Second Law,
Write the equation of motion
in the tangential direction: w0

mll = —mgsind — k@

State model (let z1. =, x5 = 6):

T] ~ %2
gsin k
= L1 — —&
{ . m 2 0,0

)
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Tunnel-Diode Circuit - 1 Tunnel-Diode Circuit - 2
R fmA
+ vy — 1t : |
fin : i=hiv) /
il osr
+ T :
iy EZ”R i { R e
o |
i o] v} 135 1wy
(a) |'Ilt [ — h'(q':'”) (h) Figure 1.3: Equilibrivm points of the tunnel-diode cireuit.

Figure 1.2: {a) Tunnel-diode circuit; (b) Tunnel-diode vp—r characteristic.

Equilibrium points:
Kirchhoff's current/voltage law: a g

0 = —i
ic+ig—i, = 0 (KCL) {e1) + 22
_ 0 = —xy—Ras+u
veo— E+ Rip +v;, = 0 (KVL)
State model: That is, the roots of:
- state: :rl = ver,xp = iy, andinput: uw = FE, E 1

o= ot v, = 1% M) =g g

i1 = Sl-hGa) + el
, 1
iz = [0~ Rez+a]




Mass-Spring System - 1

Fy

e B =
m .
_’.y

%777

Figure 1.4: Mass-spring mechanical system.

NI

Newton's Law of motion:

Ff due to friction:

Static = limit to =+ ugmg
) —ppmg, - foruw <0
Cotlomp = { ppmg,. for v >0
Viscours = h(v) & cv

Mass-Spring System - 2

e /

Figure 1.6c Examples of friction models. (&) Condoenb friction; (b) Coulomb olus ineer
viszous friction: (2) statie, Coulomb, and linear viscous friction; (d) statie. Coulemb,
and linear viscous frction—Siribeck effect,

Fsp due to the spring (= g(y)):

ky, (small y)
k(1 —a®y>)y. lay| < 1,

g(y)

(softening spring)
= k(14 a%y?)y,
(hardening spring)




Mass-Spring System - 3
Linear spring, static fricition, Coulumb friction,

linear viscous friction, F = 0:

mi + ky + cy + n(y.y) =0

where:

ppmg sign(y), for |yl =0
n(y,y) = § —ky, for .y =0 and |y| < psmg/k
—usmg sign{y),  for gy =0 and |y| > psmyg/k

State model (let ry =4.22 = y):

r1 = T2
| ko e, 1
gy === — —Ip — _ﬁ(i:].'-"—l:?)
o T m
Remark:

1. An equilibrium set, rather than points;
2. A discontinuous function of the state.




Negative-Resistance Oscillator - 1

||
I
!
=

E i =hiv]
+
Resistive

¥ Element / \_/ v

(&} ]

Figure L6 (a) Basic oscillator circuit; (b} Typical driving-point characteristic,
Kirchhoff's current law:

i+, +i=00or
dv 1 [t
CE—FELWU(S}ds-I-h(U) ~0

(dt) and (xL):

dv

CI'LdE—m1 + v+ L (v)-— =0
dt? dt

s
& controlengineers.ir]

© @controlengineer:

h0) = 0O
h'(0) < 0O
h(v)—5c as v — oc
i(d) =~ —0oc as v— —20

|

Figure 1.7: & negative-resistance twin-tunnel-diode circuit,



Negative-Resistance Oscillator - 2

Let r=t/vCL, e = ,/L/C"
i+ eh (@) +v=0

The Lienard's equation:

v+ f(v)v+g(v) =0

The Van der Pol equation:

B —e(l—v?)o+v=0
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Artificial Neural Network (ANN) - 1

S

Hia

:l:'l-’;

:|:*1F:

:|:'tl3 D-"\J"u,f'.,-

ey

Figure 1.5: Hopfield neural network maodsl,

v
v; = gi(%;) "

a.(-): a sigmoid function:
2VM yan-1 »\mu
w

giu) = ( >0

pr. T e—)-.u.!
gi(u;) = Vhfm = Vi tanh(Au;), A >
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Artificial Neural Network (ANN) - 2

Kirchhoff's current law:

dar; 1 1
Cz-d—;' = ?R—ij(:}:w}- — ;) — ;ui + I;

1
= Y Tyv; — —ui+ I
; i,

Figner 1.8: Hopfizld reural natwork maodel.

State model (let o; = v;,i = 1.2,...,n):

. dg; _
B = —=(ug) x U
Lul..-l.l-g_

dg; 1 1
—(Uu;) X — E Tk, — ==u; #™I;
du; u;) C; - ijL g R‘iﬂ.! ®1;

dg;
Let hi(w;) = Ft(ui)l, _ -14.ys
and f;(z;) > 0,Va; € (<= Vi, Var)
Equilibrium points

L _
0 = ZTfjmj-—Ey Ya) + 15
J

i
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X = wi>0 X(0)=0
2X

X (t) = ++/t
s Gl B2 bys Ja sl ppl b s

X =1+X? Vvt>0, X(0)=0
X (1) = tan(t)
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Existence Problems

Example: The differential eguation

i = 12, x(0) = xg
nas solution ; ]
ﬂn=1_;ﬁ, “Et{xu
Solution not defined for ]
=

Solution interval depends on initial condition!

Finite Escape T/%

Simulation for various initial conditions xg

Finle escage e of a0l = .-c=
T T T

- - -

- -

- -

-

Unigueness Problems

Example: & = /&, (0} = (1, has many solutions:

z(t) = {

(t—CP2/4 t>C

i t<

T

-5 o=




Physical Interpretation

Consider the reverse example, i.e., the water tank lab process with

i=—yxr, x(T)=0

where 1 15 the water level. 1t i5 then impossible o know at what time
t <= T the level was z(t) = xp =1,
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Linear Systems

Definition: Let A be a signal space. Thesystem 5 - M — M is
inearifforall u, v & M and v €

Slon) = aS(u) scaling
Slu+v) = Sluh+8v) superposition

Example: Lingar time-invarant systems

(t) = Azx(t) + Bult), y(t)=C=z(t), =z(0)=10

ylt) =gt * ult)
Y(s)=G(s)U(s)
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Linear Systems Nonlinear Systems

transfer functions no transfer functions
+ Poles in LHP ,?
. * Root Locus
Analysm « Bode Plot
: Eta:?lll't‘yf « Steady-State ~
erformance Error < 5%
+ Robustness
* Phase/Gain
Margin ,?
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Can the ball move 0.1 meter in 0.1 seconds from steady state?

Linear Models are not Enough

Example:Positioning of a ball on a heam

g —

Linear model gives

=|Z
[ e

F(t) = g == 004y

50 that

0.1
by 2= —— = 2.5 rad = 143°
P 0.04 hra 3

Clearly outside linear region!

Must consider nonlinearities such as centripetal force, saturation,
friction etc
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Numerical iteration
of the standard map, illustrating the mherently
unpredictable nature of chaotic

.systems
The same FORTRANTY7 code was executed on four modern
computers to iterate the standard map for K = 10 and the initial
condition (x0, p0) = (1, 1).
Although nominally the same (64-bit, or around 15-digit) “double
precision” numerical representation was used on the different
computers, slight differences-in.the numerical rounding methods
among the processors are rapidly amplified as the iterations
progress. Hence, thetrajectories are identical only for the first few
Iterations, and they become completely uncorrelated after about 25
Iterations. The processors employed here were a Motorola
PowerPC 750 (solid line), an Intel Pentium 111 (dashed line), a

MIPS/SGI R10000 (dotted line), and a Cray SV1 processor (dash-
dotted line).
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Figure 1.2 : Response of system (1.3} 1o steps of amplitude 10
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jumpresonances

k'=0

. F = pcos(wt)

el

(a)

Frequency response curves show-
ing jump resonances. {a) Mechanical system
with hard spring. (b) mechanical system
with soft spring.

2 g e 02l (RalS

e




Jump Resonances

Po—»

+ a0
+ > = >y
Sine Wanve — =
=L Saturatian Wolor

<

Response for sinusoidal depends on initial condition

Problem when doing frequency response measurement

Jump Resonances

w=056ssn(l.3)., saturation level =1.0
Different initial conditions

Ti=m= 1

Two different steady state oulputsl



Jump Resonances

Measured frequency response (many-valued)
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input _WM%%QU* Subresonances

: Example: Duffing’s equation ¥ + ¥ + v — v* = a sin{wt)
|
I

i
|
i c
: 2.8
i
|

o O %
VARV o van LY N

o 10 T|rhEEI' 20 =0
H:I.E
Input and output wave- % 2
forms under subharmonic oscilla- .
tion.

10 § ‘IE :I:|
Time ¢
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Stability Can Depend on Amplitude Step Responses
Example: Control system with valve characteristic f(u) = u* =4 ' ' ' ' '
Motor Valve  Process S e ool
Lo 1/ LY ¢
“ (s+1)° "3 < 13 = = 2e 0
4 T T T £ r T
& SIS A SYANYANVAN
: : : s : e
Simulink block diagram: o : R S - “
- = ‘"=”'2‘“-/\_J
[ (LR B B 5
e . . . .
=0 25 0

a = 12 L
Time t

Stability depends on input amplitude!



B et o0 9 LS, S paa R
"H)))

Limit Cycle gu> K il e

982959 &Sl g b S 3 g anls b A8l g8 o Lt 51 poamsm
S el & Dbl ol (A28 Ol g ddlazdls 3 425 Ky 20 b

y
Z S T =Ky

Z NN/ =70y, =2¢(y2 -y
. S

Vanderpol. aJstes my +2c(y* -1y +ky=0

295 (P G1F 5P s 4 5 o 2 o peSLY] polae ol
A (655 e 5 g St e a2 Al 5 B palie 6l
ol il s @ ($5 5 Bas 5 9 e Ol =L gl 5050 o



B Sl ol 55 5 )L, S

asls))

Stable Periodic Solutions

Example: Motor with back-lash

[}—F iy
—_— ¥

Consian + Zgies P
Sum P-controiler [T Sackiash

Motor: G(s) = ﬁ?

Controller: K =5

Stable Periodic Solutions

Output for different initial conditions:

28 T T T T

-

RN NAVaVA VA
"% [E E) 7] Az =0
=) r —lel T

=

AVAVAVAVAVAVAVA
] [E E) 7] B e
1] T — sl T
-

3. o

=1
e [ T 3 i =

Frequency and amplitude independent of initial conditions!

several systems use the existence of such a phenomenon
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