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Preface

Adaptive control evolved over the years to become an accepted subject taught in many
schools as an advanced control course. A good understanding of adaptive control involves
a good knowledge of control design for linear time-invariant systems, basic stability theory
of nonlinear systems, and some mathematical maturity. Several books and research mono-
graphs as well as numerous papers on the theory and application of adaptive control already
exist. Despite the maturity of the field and the numerous publications, the field of adaptive
control appears to many as a collection of unrelated techniques, intelligent tricks, and fixes,
and very few researchers can really follow the long and technical stability proofs. On the
implementation side, designing stable adaptive control systems and simulating them on a
digital computer to demonstrate their theoretical properties could also be an adventure if
one does not have a good understanding of the basic theoretical properties and limitations
of adaptive control.

The purpose of this book is to present the fundamental techniques and algorithms in
adaptive control in a tutorial manner making it suitable as an adaptive control textbook. The
aim of the book is to serve a wider audience by addressing three classes of readers. The
first class includes the readers who are simply interested to learn how to design, simulate,
and implement parameter estimators and adaptive control schemes without having to fully
understand the analytical and technical proofs. This class may include practicing engineers
and students whose background may not be strong enough to follow proofs or who simply
like to focus on the application of adaptive control. The second class involves readers who,
in addition to learning how to design and implement adaptive systems, are also interested in
understanding the analysis of the simple schemes and getting an idea of the steps followed
in the more complex proofs. This class of readers may include the majority of students at the
Masters and Ph.D. level who take adaptive control as an advanced course. The third class of
readers involves the advanced students and researchers who want to study and understand the
details of the long and technical proofs as training for pursuing research in adaptive control
or in related topics such as nonlinear systems, etc. All of these readers may be found in the
same adaptive control class consisting of students with different abilities and interests. The
book is written with the objective of at least satisfying the first class of readers irrespective
of how strong their theoretical background is, and at the same time serving the needs of
the advanced research students on the other end without sacrificing mathematical depth
and rigor. These multiple objectives and learning expectations are achieved by enriching
the book with examples demonstrating the design procedures and basic analysis steps and
presenting the details of the long and technical proofs in an appendix and in electronically
available supplementary material. Electronically available also are additional examples and

xi
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xii Preface

simulations using the Adaptive Control Toolbox developed by the authors, which readers
can purchase separately by contacting the authors.

The material in the book is based on twenty years of experience in teaching adaptive
control at the University of Southern California by the first author and on feedback from
students and instructors in other universities who taught adaptive control. Our experience
taught us that expecting all students to be able to understand and reproduce all technical
proofs over one semester is an unrealistic goal and could often lead to confusion. The book
is written in a way that allows the teacher to start from the lowest objective of teaching
students how to design and simulate adaptive systems and understand their properties, and
add more analysis and proofs depending on the level of the course and quality and ambition
of the students involved.

The book is organized as follows. Chapter 1 presents some basic characteristics
of adaptive systems and a brief history of how adaptive control evolved over the years.
Chapter 2 presents the various parameterizations of plants that are suitable for parameter
estimation. This is a fairly easy chapter but very important, since in subsequent chapters
the expression of the unknown parameters in a parametric model suitable for estimation is
the first design step in the development of parameter estimators. The design of parameter
estimators or adaptive laws for continuous-time plants is presented in Chapter 3. In Chapter 4
it is shown how the continuous-time estimators developed in Chapter 3 can be discretized
using Euler’s method of approximating a derivative and still maintain the desired stability
properties. In addition, discrete-time parameter estimators are also developed using discrete-
time models of the plant. This chapter, for the first time, shows clearly the connection
between continuous-time and discrete-time parameter estimators, which until now have
been viewed as two completely different methodologies. The design and analysis of a class
of adaptive controllers referred to as model reference adaptive control (MRAC), which has
been popular in continuous-time adaptive systems, is presented in Chapter 5. Chapter 6
presents the design and analysis of adaptive pole placement (APPC) schemes, which do not
require the restrictive assumptions used in the MRAC, as the control objectives are different.
The discrete version of the schemes in Chapters 5 and 6 are presented in Chapter 7. In
Chapters 3 to 7, the robustness of the schemes developed with respect to bounded external
disturbances and dynamic uncertainties is also analyzed, and modifications are presented to
enhance robustness. Finally, Chapter 8 gives a brief review, using simple examples, of the
extensions of the adaptive systems developed in previous chapters to classes of nonlinear
systems with unknown parameters. All mathematical preliminaries that are useful for the
chapters are presented in the Appendix. The reader may go over the Appendix first before
reading the chapters, as certain concepts and results presented in the Appendix are often
quoted and used. Long proofs and supplementary material as well as additional examples
and simulations using the Adaptive Control Toolbox are available in electronic form at
http://www.siam.org/books/dc11. A solution manual is also available to instructors who
can verify that they teach a class on adaptive systems using this book as textbook, by
contacting the publisher or the authors.
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Chapter 1

Introduction

According to Webster's dictionary, to adapt means to "change (oneself) so that one's be-
havior will conform to new or changed circumstances." The words adaptive systems and
adaptive control have been used as early as 1950 [1,2]. This generic definition of adaptive
systems has been used to label approaches and techniques in a variety of areas despite the
fact that the problems considered and approaches followed often have very little in common.
In this book, we use the following specific definition of adaptive control: Adaptive control
is the combination of a parameter estimator, which generates parameter estimates online,
with a control law in order to control classes of plants whose parameters are completely
unknown and/or could change with time in an unpredictable manner. The choice of the
parameter estimator, the choice of the control law, and the way they are combined leads
to different classes of adaptive control schemes which are covered in this book. Adaptive
control as defined above has also been referred to as identifier-based adaptive control in
order to distinguish it from other approaches referred to as non-identifier-based, where
similar control problems are solved without the use of an online parameter est

The design of autopilots for high-performance aircraft was one of the primary moti-
vations for active research in adaptive control in the early 1950s. Aircraft operate over a
wide range of speeds and altitudes, and their dynamics are nonlinear and conceptually time-
varying. For a given operating point, the complex aircraft dynamics can be approximated
by a linear model. For example, for an operating point /, the longitudinal dynamics of an
aircraft model may be described by a linear system of the form [3]

where the matrices A/ , /?,, C,, Z>, are functions of the operating point i; x is the state; u is the
input; and y is the measured outputs. As the aircraft goes through different flight conditions,
the operating point changes, leading to different values for A,-, B-n C,, Z)/. Because the
measured outputs carry information about the state x and parameters, one may argue that,
in principle, a sophisticated feedback controller could learn the parameter changes, by
processing the outputs y(t), and use the appropriate adjustments to accommodate them.
This argument led to a feedback control structure on which adaptive control is based. The
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Chapter 1. Introduction

Figure 1.1. General adaptive control structure for aircraft control.

controller structure consists of a feedback loop and a controller with adjustable gains, as
shown in Figure 1.1.

The way of adjusting the controller characteristics in response to changes in the plant
and disturbance dynamics distinguishes one scheme from another.

1.1 Adaptive Control: Identifier-Based

The class of adaptive control schemes studied in this book is characterized by the combina-
tion of an online parameter estimator, which provides estimates of the unknown parameters
at each instant of time, with a control law that is motivated from the known parameter case.
The way the parameter estimator, also referred to as adaptive law in the book, is combined
with the control law gives rise to two different approaches. In the first approach, referred to
as indirect adaptive control, the plant parameters are estimated online and used to calculate
the controller parameters. In other words, at each time t, the estimated plant is formed and
treated as if it is the true plant in calculating the controller parameters. This approach has
also been referred to as explicit adaptive control, because the controller design is based on
an explicit plant model. In the second approach, referred to as direct adaptive control, the
plant model is parameterized in terms of the desired controller parameters, which are then
estimated directly without intermediate calculations involving plant parameter estimates.
This approach has also been referred to as implicit adaptive control because the design is
based on the estimation of an implicit plant model.

The basic structure of indirect adaptive control is shown in Figure 1.2. The plant
model G(0*) is parameterized with respect to some unknown parameter vector 6*. For
example, for a linear time-invariant (LTI) single-input single-output (SISO) plant model,
9* is a vector with the unknown coefficients of the numerator and denominator of the
plant model transfer function. An online parameter estimator generates the estimate 0(0
of 6* at each time t by processing the plant input u and output y. The parameter estimate
0(0 specifies an estimated plant model characterized by G(0(0), which for control design
purposes is treated as the "true" plant model and is used to calculate the controller parameter
or gain vector Oc by solving a certain algebraic equation, 0t.(0 = F(0(t)), that relates the
plant parameters with the controller parameters at each time t. The form of the control law
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1.1. Adaptive Control: Identifier-Based

Figure 1.2. Indirect adaptive control structure.

Figure 1.3. Direct adaptive control structure.

C(9c(t)) and algebraic equation Oc(t) = F(9(t)) is chosen to be the same as that of the
control law C(9*) and equation 9* = F(9*), which could be used to meet the performance
requirements for the plant model G(9*) if 0* was known. It is, therefore, clear that with
this approach, C(9c(t)) is designed at each time / to satisfy the performance requirements
for the estimated plant model G(9(t)) rather than for the actual plant G(9*). Therefore,
the main problem in indirect adaptive control is to choose the class of control laws C(0(..)
and the class of parameter estimators that generate 9(t), as well as the algebraic equation
9C — F(9), so that C(9C) meets the performance requirements for the plant model G(9*)
with unknown 9*. We will study this problem in great detail in Chapters 5 and 6.

Figure 1.3 shows the structure of direct adaptive control. In this case, the plant model
G(9*) is parameterized in terms of the unknown controller parameter vector 9*, for which
C(9*) meets the performance requirements, to obtain the plant model Gc(9*) with exactly
the same input/output (I/O) characteristics as G(9*). The online parameter estimator is
designed based on Gc(9*) instead of G(0*) to provide the direct online estimate 9c(t) of
9* at each time ?,by processing the plant input u and output y. The estimate 9c(t) is then
used in the control law without intermediate calculations. The choice of the class of control
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Chapter 1. Introduction

laws C(9C) and parameter estimators that generate 9c(t) so that the closed-loop plant meets
the performance requirements is the fundamental problem in direct adaptive control. The
properties of the plant model G(#*) are crucial in obtaining the parameterized plant model
Gc(0*) that is convenient for online estimation. As a result, direct adaptive control is
restricted to certain classes of plant models. In general, not every plant can be expressed
in a parameterized form involving only the controller parameters, which is also a suitable
form for online estimation. As we show in Chapter 5, a class of plant models that is suitable
for direct adaptive control for a particular control objective consists of all SISO LTI plant
models that are minimum phase; i.e., their zeros are located in Re[s] < 0.

In general, the ability to parameterize the plant model with respect to the desired
controller parameters is what gives us the choice to use the direct adaptive control approach.
Note that Figures 1.2 and 1.3 can be considered as having the exact same structure if in
Figure 1.3 we add the calculation block 9c(t) = F(0c(t}) = Oc(t}. This identical-in-structure
interpretation is often used in the literature of adaptive control to argue that the separation of
adaptive control into direct and indirect is artificial and is used simply for historical reasons.
In general, direct adaptive control is applicable to SISO linear plants which are minimum
phase, since for this class of plants the parameterization of the plant with respect to the
controller parameters for some controller structures is possible. Indirect adaptive control
can be applied to a wider class of plants with different controller structures, but it suffers
from a problem known as the stabilizability problem explained as follows: As shown in
Figure 1.2, the controller parameters are calculated at each time t based on the estimated
plant. Such calculations are possible, provided that the estimated plant is controllable
and observable or at least stabilizable and detectable. Since these properties cannot be
guaranteed by the online estimator in general, the calculation of the controller parameters
may not be possible at some points in time, or it may lead to unacceptable large controller
gains. As we explain in Chapter 6, solutions to this stabilizability problem are possible at
the expense of additional complexity. Efforts to relax the minimum-phase assumption in
direct adaptive control and resolve the stabilizability problem in indirect adaptive control
led to adaptive control schemes where both the controller and plant parameters are estimated
online, leading to combined direct/indirect schemes that are usually more complex [4].

The principle behind the design of direct and indirect adaptive control shown in
Figures 1.2 and 1.3 is conceptually simple. The form of the control law is the same as the
one used in the case of known plant parameters. In the case of indirect adaptive control
the unknown controller parameters are calculated at each time t using the estimated plant
parameters generated by the online estimator, whereas in the direct adaptive control case
the controller parameters are generated directly by the online estimator. In both cases the
estimated parameters are treated as the true parameters for control design purposes. This
design approach is called certainty equivalence (CE) and can be used to generate a wide
class of adaptive control schemes by combining different online parameter estimators with
different control laws. The idea behind the CE approach is that as the parameter estimates
9c(t) converge to the true ones 0*, the performance of the adaptive controller C(9C) tends
to that of C(9*) used in the case of known parameters. In some approaches, the control law
is modified to include nonlinear terms, and this approach deviates somewhat from the CE
approach. The principal philosophy, however, that as the estimated parameters converge
to the unknown constant parameters the control law converges to that used in the known
parameter case, remains the same.

4

co
nt

ro
len

gin
ee

rs
.ir



1.2. Adaptive Control: Non-Identifier-Based

Figure 1.4. Gain scheduling structure.

1.2 Adaptive Control: Non-Identifier-Based

Another class of schemes that fit the generic structure given in Figure 1.1 but do not involve
online parameter estimators is referred to as non-identifier-based adaptive control schemes.
In this class of schemes, the online parameter estimator is replaced with search methods
for finding the controller parameters in the space of possible parameters, or it involves
switching between different fixed controllers, assuming that at least one is stabilizing or uses
multiple fixed models for the plant covering all possible parametric uncertainties or consists
of a combination of these methods. We briefly describe the main features, advantages,
and limitations of these non-identifier-based adaptive control schemes in the following
subsections. Since some of these approaches are relatively recent and research is still going
on, we will not discuss them further in the rest of the book.

1.2.1 Gain Scheduling

Let us consider the aircraft model (1.1), where for each operating point i — 1, 2, . . . , N
the parameters A,, fi,, C,, D, are known. For each operating point /, a feedback controller
with constant gains, say Kt, can be designed to meet the performance requirements for
the corresponding linear model. This leads to a controller, say C(Kj), with a set of gains
K\, KI, ..., KN covering jV operating points. Once the operating point, say/, is detected the
controller gains can be changed to the appropriate value of Kf obtained from the precomputed
gain set. Transitions between different operating points that lead to significant parameter
changes may be handled by interpolation or by increasing the number of operating points.
The two elements that are essential in implementing this approach are a lookup table to
store the values of Kj and the plant measurements that correlate well with the changes in
the operating points. The approach is called gain scheduling and is illustrated in Figure 1.4.

The gain scheduler consists of a lookup table and the appropriate logic for detecting
the operating point and choosing the corresponding value of A'/ from the lookup table. With
this approach, plant parameter variations can be compensated by changing the controller
gains as functions of the input, output, and auxiliary measurements. The advantage of gain
scheduling is that the controller gains can be changed as quickly as the auxiliary measure-
ments respond to parameter changes. Frequent and rapid changes of the controller gains,
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Chapter 1. Introduction

Figure 1.5. Multiple models adaptive control with switching.

however, may lead to instability [5]; therefore, there is a limit to how often and how fast
the controller gains can be changed. One of the disadvantages of gain scheduling is that
the adjustment mechanism of the controller gains is precomputed offline and, therefore,
provides no feedback to compensate for incorrect schedules. A careful design of the con-
trollers at each operating point to meet certain robustness and performance measures can
accommodate some uncertainties in the values of the plant parameters A,, B\, C,, Z),. Large
unpredictable changes in the plant parameters, however, due to failures or other effects may
lead to deterioration of performance or even to complete failure. Despite its limitations, gain
scheduling is a popular method for handling parameter variations in flight control [3,6] and
other systems [7, 210, 211]. While gain scheduling falls into the generic definition of adap-
tive control, we do not classify it as adaptive control in this book due to the lack of online
parameter estimation which could track unpredictable changes in the plant parameters.

1.2.2 Multiple Models, Search Methods, and Switching Scheme

A class of non-identifier-based adaptive control schemes emerged over the years which do
not explicitly rely on online parameter estimation [8-28]. These schemes are based on
search methods in the controller parameter space [8] until the stabilizing controller is found
or the search method is restricted to a finite set of controllers, one of which is assumed to be
stabilizing [22, 23]. In some approaches, after a satisfactory controller is found it can be
tuned locally using online parameter estimation for better performance [24-26]. Since the
plant parameters are unknown, the parameter space is parameterized with respect to a set
of plant models which is used to design a finite set of controllers so that each plant model
from the set can be stabilized by at least one controller from the controller set. A switching
approach is then developed so that the stabilizing controller is selected online based on the
I/O data measurements. Without going into specific details, the general structure of this
multiple model adaptive control with switching, as it is often called, is shown in Figure 1.5.
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1.3. Why Adaptive Control 7

In Figure 1.5, N controllers are used to control a plant whose parameters 0* are
unknown or could change with time. In some approaches an a priori knowledge of where
the elements of 9* are located, such as lower and upper bounds, is used to parameterize
the plant and generate a finite set of controllers so that for each possible plant there exists
at least one stabilizing controller from the set of the N controllers. This by itself could
be a difficult task in some practical situations where the plant parameters are unknown
or change in an unpredictable manner. Furthermore, since there is an infinite number of
plants within any given bound of parametric uncertainty, finding controllers to cover all
possible parametric uncertainties may also be challenging. In other approaches [22, 23], it
is assumed that the set of controllers with the property that at least one of them is stabilizing is
available. Once the set of controllers with the stabilizing property is available the problem
of finding the stabilizing one using I/O data has to be resolved. This is achieved by the
use of a switching logic that differs in detail from one approach to another. While these
methods provide another set of tools for dealing with plants with unknown parameters,
they cannot replace the identifier-based adaptive control schemes where no assumptions
are made about the location of the plant parameters. One advantage, however, is that once
the switching is over, the closed-loop system is LTI, and it is much easier to analyze its
robustness and performance properties. This LTI nature of the closed-loop system, at least
between switches, allows the use of the well-established and powerful robust control tools
for LTI systems [29] for controller design. These approaches are still at their infancy and
it is not clear how they affect performance, as switching may generate bad transients with
adverse effects on performance. Switching may also increase the controller bandwidth and
lead to instability in the presence of high-frequency unmodeled dynamics. Guided by data
that do not carry sufficient information about the plant model, the wrong controllers could
be switched on over periods of time, leading to internal excitation and bad transients before
the switching process settles to the right controller. Some of these issues may also exist
in classes of identifier-based adaptive control, as such phenomena are independent of the
approach used.

1.3 Why Adaptive Control

The choice of adaptive control as a solution to a particular control problem involves under-
standing of the plant properties as well as of the performance requirements. The following
simple examples illustrate situations where adaptive control is superior to linear control.
Consider the scalar plant

where u is the control input and x the scalar state of the plant. The parameter a is unknown
We want to choose the input u so that the state x is bounded and driven to zero with time.
If a is a known parameter, then the linear control law

can meet the control objective. In fact if an upper bound a > \a\ is known, the above linear
control law with k > a can also meet the control objective. On the other hand, if a changes
so that a > k > 0, then the closed-loop plant will be unstable. The conclusion is that in the
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Chapter 1. Introduction

absence of an upper bound for the plant parameter no linear controller could stabilize the
plant and drive the state to zero. The switching schemes described in Section 1.2.2 could not
solve the problem either, unless the controller set included a linear controller with k > \a\
or an online parameter estimator were incorporated into the switching design. As we will
establish in later chapters, the adaptive control law

guarantees that all signals are bounded and x converges to zero no matter what the value
of the parameter a is. This simple example demonstrates that adaptive control is a po-
tential approach to use in situations where linear controllers cannot handle the parametric
uncertainty.

Another example where an adaptive control law may have properties superior to those
of the traditional linear schemes is the following. Consider the same example as above but
with an external bounded disturbance d:

The disturbance is unknown but can be approximated as

where </>/(?, x) are known functions and 0* are unknown constant parameters. In this case
if we use the linear control law

with k > a > \a\, we can establish that x is bounded and at steady state

where d0 is an upper bound for \d\. It is clear that by increasing the value of the controller
gain k, we can make the steady-state value of jc as small as we like. This will lead to a high
gain controller, however, which is undesirable especially in the presence of high-frequency
unmodeled dynamics. In principle, however, we cannot guarantee that x will be driven
to zero for any finite control gain in the presence of nonzero disturbance d. The adaptive
control approach is to estimate online the disturbance d and cancel its effect via feedback.
The following adaptive control law can be shown to guarantee signal boundedness and
convergence of the state x to zero with time:

where k > a > \a\, assuming of course that a is known; otherwise k has to be estimated,
too. Therefore, in addition to stability, adaptive control techniques could be used to improve
performance in a wide variety of situations where linear techniques would fail to meet the
performance characteristics. This by no means implies that adaptive control is the most
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1.4. A Brief History

appropriate approach to use in every control problem. The purpose of this book is to teach
the reader not only the advantages of adaptive control but also its limitations. Adaptive
control involves learning, and learning requires data which carry sufficient information
about the unknown parameters. For such information to be available in the measured
data, the plant has to be excited, and this may lead to transients which, depending on the
problem under consideration, may not be desirable. Furthermore, in many applications
there is sufficient information about the parameters, and online learning is not required.
In such cases, linear robust control techniques may be more appropriate. The adaptive
control tools studied in this book complement the numerous control tools already available
in the area of control systems, and it is up to the knowledge and intuition of the practicing
engineer to determine which tool to use for which application. The theory, analysis, and
design approaches presented in this book will help the practicing engineer to decide whether
adaptive control is the approach to use for the problem under consideration.

1.4 A Brief History

Research in adaptive control has a long history of intense activities that involved debates
about the precise definition of adaptive control, examples of instabilities, stability and ro-
bustness proofs, and applications. Starting in the early 1950s, the design of autopilots for
high-performance aircraft motivated intense research activity in adaptive control. High-
performance aircraft undergo drastic changes in their dynamics when they move from one
operating point to another, which cannot be handled by constant-gain feedback control.
A sophisticated controller, such as an adaptive controller, that could learn and accommo-
date changes in the aircraft dynamics was needed. Model reference adaptive control was
suggested by Whitaker and coworkers in [30, 31] to solve the autopilot control problem.
Sensitivity methods and the MIT rule were used to design the online estimators or adaptive
laws of the various proposed adaptive control schemes. An adaptive pole placement scheme
based on the optimal linear quadratic problem was suggested by Kalman in [32]. The work
on adaptive flight control was characterized by a "lot of enthusiasm, bad hardware and
nonexisting theory" [33]. The lack of stability proofs and the lack of understanding of the
properties of the proposed adaptive control schemes coupled with a disaster in a flight test
[34] caused the interest in adaptive control to diminish.

The 1960s became the most important period for the development of control theory and
adaptive control in particular. State-space techniques and stability theory based on Lyapunov
were introduced. Developments in dynamic programming [35, 36], dual control [37] and
stochastic control in general, and system identification and parameter estimation [38, 39]
played a crucial role in the reformulation and redesign of adaptive control. By 1966, Parks
[40] and others found a way of redesigning the MIT rule-based adaptive laws used in the

model reference adaptive control (MRAC) schemes of the 1950s by applying the Lyapunov
design approach. Their work, even though applicable to a special class of LTI plants, set
the stage for further rigorous stability proofs in adaptive control for more general classes of
plant models. The advances in stability theory and the progress in control theory in the 1960s
improved the understanding of adaptive control and contributed to a strong renewed interest
in the field in the 1970s. On the other hand, the simultaneous development and progress
in computers and electronics that made the implementation of complex controllers, such as
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10 Chapter!. Introduction

the adaptive ones, feasible contributed to an increased interest in applications of adaptive
control.

The 1970s witnessed several breakthrough results in the design of adaptive control.
MRAC schemes using the Lyapunov design approach were designed and analyzed in [41-
44]. The concepts of positivity and hyperstability were used in [45] to develop a wide class o
MRAC schemes with well-established stability properties. At the same time parallel efforts
for discrete-time plants in a deterministic and stochastic environment produced several
classes of adaptive control schemes with rigorous stability proofs [44,46]. The excitement
of the 1970s and the development of a wide class of adaptive control schemes with well-
established stability properties were accompanied by several successful applications [47—
49]. The successes of the 1970s, however, were soon followed by controversies over the
practicality of adaptive control. As early as 1979 it was pointed out by Egardt [41] that the
adaptive schemes of the 1970s could easily go unstable in the presence of small disturbances.
The nonrobust behavior of adaptive control became very controversial in the early 1980s
when more examples of instabilities were published by loannou et al. [50,51 ] and Rohrs et
al. [52] demonstrating lack of robustness in the presence of unmodeled dynamics or bounded
disturbances. Rohrs's example of instability stimulated a lot of interest, and the objective
of many researchers was directed towards understanding the mechanism of instabilities and
finding ways to counteract them. By the mid- 1980s, several new redesigns and modifications
were proposed and analyzed, leading to a body of work known as robust adaptive control.
An adaptive controller is defined to be robust if it guarantees signal boundedness in the
presence of "reasonable" classes of unmodeled dynamics and bounded disturbances as well
as performance error bounds that are of the order of the modeling error. The work on
robust adaptive control continued throughout the 1980s and involved the understanding of
the various robustness modifications and their unification under a more general framework
[41, 53-56]. In discrete time Praly [57, 58] was the first to establish global stability in the

presence of unmodeled dynamics using various fixes and the use of a dynamic normalizing
signal which was used in Egardt's work to deal with bounded disturbances. The use of the
normalizing signal together with the switching a-modification led to the proof of global
stability in the presence of unmodeled dynamics for continuous-time plants in [59].

The solution of the robustness problem in adaptive control led to the solution of the
long-standing problem of controlling a linear plant whose parameters are unknown and
changing with time. By the end of the 1980s several breakthrough results were published
in the area of adaptive control for linear time-vary ing plants [5, 60-63]. The focus of
adaptive control research in the late 1980s to early 1990s was on performance properties
and on extending the results of the 1980s to certain classes of nonlinear plants with unknow
parameters. These efforts led to new classes of adaptive schemes, motivated from nonlinear
system theory [64-69] as well as to adaptive control schemes with improved transient and
steady-state performance [70-73]. New concepts such as adaptive backstepping, nonlinear
damping, and tuning functions are used to address the more complex problem of dealing
with parametric uncertainty in classes of nonlinear systems [66].

In the late 1980s to early 1990s, the use of neural networks as universal approximators
of unknown nonlinear functions led to the use of online parameter estimators to "train" or
update the weights of the neural networks. Difficulties in establishing global convergence
results soon arose since in multilayer neural networks the weights appear in a nonlinear
fashion, leading to "nonlinear in the parameters" parameterizations for which globally
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1.4. A Brief History 1J_

stable online parameter estimators cannot be developed. This led to the consideration of
single layer neural networks where the weights can be expressed in ways convenient for
estimation parameterizations. These approaches are described briefly in Chapter 8, where
numerous references are also provided for further reading.

In the mid-1980s to early 1990s, several groups of researchers started looking at al-
ternative methods of controlling plants with unknown parameters [8-29]. These methods
avoid the use of online parameter estimators in general and use search methods, multiple
models to characterize parametric uncertainty, switching logic to find the stabilizing con-
troller, etc. Research in these non-identifier-based adaptive control techniques is still going
on, and issues such as robustness and performance are still to be resolved.

Adaptive control has a rich literature full of different techniques for design, analysis,
performance, and applications. Several survey papers [74, 75] and books and monographs
[5,39,41,45-47,49,50,66,76-93] have already been published. Despite the vast literature
on the subject, there is still a general feeling that adaptive control is a collection of unrelated
technical tools and tricks.

The purpose of this book is to present the basic design and analysis tools in a tutorial
manner, making adaptive control accessible as a subject to less mathematically oriented
readers while at the same time preserving much of the mathematical rigor required for sta-
bility and robustness analysis. Some of the significant contributions of the book, in addition
to its relative simplicity, include the presentation of different approaches and algorithms in a
unified, structured manner which helps abolish much of the mystery that existed in adaptive
control. Furthermore, up to now continuous-time adaptive control approaches have been
viewed as different from their discrete-time counterparts. In this book we show for the first
time that the continuous-time adaptive control schemes can be converted to discrete time
by using a simple approximation of the time derivative.
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Chapter 2

Parametric Models

Let us consider the first-order system

where jc, u are the scalar state and input, respectively, and a, b are the unknown constants we
want to identify online using the measurements of Jt, u. The first step in the design of online
parameter identification (PI) algorithms is to lump the unknown parameters in a vector and
separate them from known signals, transfer functions, and other known parameters in an
equation that is convenient for parameter estimation. For the above example, one such
suitable parametric representation is obtained by expressing the above system as

and in the compact algebraic form

where

In the general case, this class of parameterizations is of the form

where 0* e JHW is the vector with all the unknown parameters and z e W, 0 6 i)t" are
signals available for measurement. We refer to (2.1) as the linear "static "parametric model
(SPM). The SPM may represent a dynamic, static, linear, or nonlinear system. Any linear or
nonlinear dynamics in the original system are hidden in the signals z, 0 that usually consist
of the I/O measurements of the system and their filtered values.

13
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14 Chapter 2. Parametric Models

Another parameterization of the above scalar plant is

In the general case, the above parametric model is of the form

where z € 9t, 0 e 9t" are signals available for measurement and W(q) is a known stable
proper transfer function, where q is either the shift operator in discrete time (i.e., q = z)
or the differential operator (q — 5) in continuous time. We refer to (2.2) as the linear
"dynamic"parametric model (DPM). The importance of the SPM and DPM as compared
to other possible parameterizations is that the unknown parameter vector 9* appears linearly.
For this reason we refer to (2.1) and (2.2) as linear in the parameters parameterizations.
As we will show later, this property is significant in designing online PI algorithms whose
global convergence properties can be established analytically.

We can derive (2.1) from (2.2) if we use the fact that 9* is a constant vector and
redefine 0 to obtain

In a similar manner, we can filter each side of (2.1) or (2.2) using a stable proper filter
and still maintain the linear in the parameters property and the form of SPM, DPM. This
shows that there exist an infinite number of different parametric models in the form of SPM,
DPM for the same parameter vector 6*.

In some cases, the unknown parameters cannot be expressed in the form of the linear
in the parameters models. In such cases the PI algorithms based on such models cannot be
shown to converge globally. A special case of nonlinear in the parameters models for which
convergence results exist is when the unknown parameters appear in the special bilinear
form

or

where z e 9t, 0 e 91", z\ € 91 are signals available for measurement at each time t, and
p* e 91", 9* e 91" are the unknown parameters. The transfer function W(q) is a known
stable transfer function. We refer to (2.3) and (2.4) as the bilinear static parametric model
(B-SPM) and bilinear dynamic parametric model (B-DPM), respectively.

In some applications of parameter identification or adaptive control of plants of
the form

whose state x is available for measurement, the following parametric model may be used:
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Chapter 2. Parametric Models 1 5

where Am is a stable design matrix; A, B are the unknown matrices; and x, u are signal
vectors available for measurement. The model may be also expressed in the form

where 0* = [A — Am, B], 4> = [XT, U T ] T . We refer to this class of parametric models
as state-space parametric models (55PM). It is clear that the SSPM can be expressed in
the form of the DPM and SPM. Another class of state-space models that appear in adaptive
control is of the form

where B is also unknown but is positive definite, is negative definite, or the sign of each of
its elements is known. We refer to this class of parametric models as bilinear state-space
parametric models (B-SSPM). The B-SSPM model can be easily expressed as a set of scalar
B-SPM or B-DPM.

The PI problem can now be stated as follows:

For the SPM and DPM: Given the measurements z ( t ) , (f>(t), generate 6 ( t ) , the esti-
mate of the unknown vector 0*, at each time t. The PI algorithm updates 9(t) with
time so that as time evolves, 9(t) approaches or converges to 9*. Since we are dealin
with online PI, we would also expect that if 9* changes, then the PI algorithm will
react to such changes and update the estimate 9(t) to match the new value of 9*.

For the B-SPM and B-DPM: Given the measurements of z, z\, and 0, generate the
estimates 9(t), p(t) of 9*, />*, respectively, at each time t the same way as in the cas
of SPM and DPM.

For the SSPM: Given the measurements of x, u, i.e., <t>, generate the estimate 0 of
9* (and hence the estimates A(t), B ( t ) of A, B, respectively) at each time / the same
way as in the case of SPM and DPM.

The online PI algorithms generate estimates at each time t, by using the past and
current measurements of signals. Convergence is achieved asymptotically as time evolves.
For this reason they are referred to as recursive PI algorithms to be distinguished from the
nonrecursive ones, in which all the measurements are collected a priori over large intervals
of time and are processed offline to generate the estimates of the unknown parameters.

Generating the parametric models (2.1)-(2.4) is a significant step in the design of the
appropriate PI algorithms. Below, we present several examples that demonstrate how to
express the unknown parameters in the form of the parametric models presented above.

Example 2.1 Consider the mass-spring-dashpot system shown in Figure 2.1, where k is
the spring constant, / is the viscous-friction or damping coefficient, M is the mass of the
system, u is the forcing input, and x is the displacement of the mass M. If we assume that
the spring is "linear," i.e., the force acting on the spring is proportional to the displacement,
and the friction force is proportional to the velocity x, using Newton's law we obtain the
differential equation that describes the dynamics of the system as
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16 Chapter 2. Parametric Models

Figure 2.1. Mass-spring-dashpot system.

Let us assume that M, /, k are the constant unknown parameters that we want to
estimate online. We can easily express (2.5) in the form of SPM by defining

However, in this formulation we are making the assumption that the vector 0 =
[x,x,x]T is available for measurement, which is true, provided that x and its first two
derivatives are available for measurement. If not, the parametric model associated with
<j) = [x,x,x]T cannot be used for developing PI algorithms because 0 is not available for
measurement. Let us assume that only x, the displacement of the mass, is available for
measurement. In this case, in order to express (2.5) in the form of the SPM, we filter bot
sides of (2.5) with the stable filter -^, where A(s) = (s + A.)2 and A > 0 is a constant
design parameter we can choose arbitrarily, to obtain

Using (2.6), we can express the unknown parameters in the form of (2.1) as follows:

where

n this case z, 0 are available for measurement since they can be generated by filtering the
measurements u and x, respectively. Another possible parametric model is
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Chapter 2. Parametric Models 17

Figure 2.2. Cart with two inverted pendulums.

where

In this model, the unknown parameters are rearranged to a different vector 0*

Example 2.2 Consider the cart with two inverted pendulums shown in Figure 2.2, where
M is the mass of the cart, m \ and m^ are the masses of the bobs, and l\ and k are the lengths
of the pendulums, respectively.

Using Newton's law and assuming small angular deviations of |«i |, |«21»the equations
of motion are given by

where v is the velocity of the cart, u is an external force, and g is the acceleration due to
gravity. Letting a \ be the output, i.e., y = a\, the system can be described by the differential
equation

Where
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18 Chapter 2. Parametric Models

The above equation can be rewritten as

In order to avoid the use of differentiators, we filter each side with fourth-order stable
i

A(s)'filter -rpr, e.g., A(a) = (s + >-)4, A > 0, to obtain the SPM model

where

If in the above model we know that UQ is nonzero, redefining the constant parameters as
B2 = &,b0 = j£, «, = 21, we obtain the following B-SPM:

where

Example 2.3 Consider the second-order autoregressive moving average (ARMA) model

This model can be rewritten in the form of the SPM as

where

Where
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Chapter 2. Parametric Models 19

Let us assume that we know that one of the constant parameters, i.e., b\, is nonzero.
Then we can obtain a model of the system in the B-SPM form as follows:

where

Example 2.4 Consider the nonlinear system

where u, x e M, f\, g\ are known nonlinear functions of x and #1, b\ are unknown constant
parameters. Filtering both sides of the equation with the filter ^, we can express the
system in the form of the SPM

where

Example 2.5 Consider the following dynamical system in the transfer function form:

where the parameter b is known and a, c are the unknown parameters. The input u and
output y are available for measurement. We would like to parameterize the system (2.7) in
the form of the SPM. We rewrite (2.7) as

Separating the known terms from the unknown ones, we obtain

In order to avoid the use of derivatives for y and u, we filter each side with a second-
order filter -£rr, where A(s) — (s + A.)2, A > 0. We then lump the unknown parameters a,
c in the vector 6* = [a, c]T and obtain the SPM form
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20 Chapter 2. Parametric Models

where

Since the parameter b and the input u and output y are known, the signals z, 4> can be
generated by filtering. •

Example 2.6 Consider the second-order ARMA model

where, at instant A;, >>(&), u(k), and their past values are available for measurement. In order
to express (2.8) in the form of SPM, we rewrite it as

by shifting each side by four in the time axis. This is equivalent to filtering each side
with the fourth-order stable filter p-. The shifted model where all signals are available for
measurement can be rewritten in the form of the SPM as

where

Example 2.7 Consider the system

where f ( x ) , g(x) are known functions and ct\, a.2 are unknown constants. For identification
purposes, the system may be expressed as

and put in the form of the DPM

where 
If we want W(s) to be a design transfer function with a pole, say at A. > 0, we write
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Chapter 2. Parametric Models 21

by adding and subtracting the term /U. We then rewrite it as

Letting 

we obtain another DPM. 

Example 2.8 Consider the second-order plant

where 

are matrices with unknown elements. The SSPM is generated as

where aw, > 0 is a design constant. The model may be also expressed as

where

system described by the I/O relation

where

and u and y are the plant scalar input and output, respectively. We can also express the
above system as an nth-order differential equation given by

Lumping all the parameters in the vector

and

Example 2.9 (parametric model for nth-SISO LTI system) cONSIDER THE siso lti
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22 Chapter 2. Parametric Models

we can rewrite the differential equation as

Filtering both sides by -^-, where A(s) = sn + Xn-\s
n~l -\ hAi s + AQ is amonic

Hurwitz polynomial, we obtain the parametric model

where

See the web resource [94] for examples using the Adaptive Control Toolbox.

Problems
1. Consider the third-order plant

where

(a) Obtain parametric models for the plant in the form of SPM and DPM when
9* = [b2,bi,bo,a2,ai,ao]T.

(b) If ao,a\, and ai are known, i.e., #o — 2, «i — 1, and 02 = 3, obtain a parametric
model for the plant in terms of 9* = \bi, b\, bo\T.

(c) If bo, b\, and b^ are known, i.e., bo — 2,b\ — b2 = 0, obtain a parametric model
in terms of 9* = [a2, a\, ao]T.

2. Consider the mass-spring-dashpot system of Figure 2.1 described by (2.5) with x, u
as the only signals available for measurement. Let us assume that M — 100 kg and
/, k are the unknown constant parameters that we want to estimate online. Develop a
parametric model for estimating the unknown parameters /, k. Specify any arbitrary
parameters or filters used.

3. Consider the second-order ARM A model

where the parameters a2, b\ are unknown constants. Express the unknown parameters
in the form of a linear parametric model. Assume that u (k), y ( k ) , and their past values
are available for measurement.
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4. Consider the fourth-order ARMA model

where a\, a2, b\ are unknown constants. Express the unknown parameters in the form
of a linear parametric model. Assume that only the current and the past four values
of the signals u and y, i.e., u(k),..., u(k — 4), y ( k ) , . . . , y(k — 4), are available for
measurement.

5. Consider the nonlinear system

where a\, a2, b\, b2 are unknown constants and x, f \ ( x ) , f2(x), g\(x), g 2 ( x ) , u are
available for measurement. Express the unknown parameters in the form of

(a) the linear SPM,

(b) the linear DPM.

6. Consider the following system described in the I/O form

where /?, a, c, Kp are unknown constants. In addition, we know that Kp > 0 and
only u and y are available for measurement. Express the unknown parameters in the
form of the

(a) B-SPM,

(b) B-DPM,

(c) linear SPM,

(d) linear DPM.

7. Consider the nonlinear system

where the state x and the input u are available for measurement and /(*), g(x)
are smooth but unknown functions of x. In addition, it is known that g(jc) > 0
YJC. We want to estimate the unknown functions /, g online using neural network
approximation techniques. It is known that there exist constant parameters Wf, W*,
referred to as weights, such that

where ^> / • / ( • )» (Pgi(-) are some basis functions that are known and n, m are known
integers representing the number of nodes of the neural network. Obtain a parame-
terization of the system in the form of SPM that can be used to identify the weights
W*fi, W*Ki online.
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24 Chapter 2. Parametric Models

8. Consider the mass-spring-dashpot system of Figure 2.1 described by (2.5) and the
SPM with 9* = [M, f, k]T presented in Example 2.1.

(a) Generate the signals z, 0 of the parametric model using the Adaptive Control
Toolbox for M = 100 kg, / = 0.15 kg/sec, k = 1 kg/sec2, u(t) = 1 + cos(f t
and 0 < t < 25 sec.

(b) The SPM in (a) is based on the assumption that M, /, k are unknown. Assume
that M is known. Use the Adaptive Control Toolbox to generate the signals of
the reduced SPM for the same values of M, /, k, u(t) = 1 + cos( jO, and
0 < t < 25 sec.
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Chapter 3

Parameter Identification:
Continuous Time

3.1 Introduction

The purpose of this chapter is to present the design, analysis, and simulation of a wide class
of algorithms that can be used for online parameter identification of continuous-time plants.
The online identification procedure involves the following three steps.

Step 1. Lump the unknown parameters in a vector 9* and express them in the form
of the parametric model SPM, DPM, B-SPM, or B-DPM.

Step 2. Use the estimate 9 of 6* to set up the estimation model that has the same
form as the parametric model. The difference between the outputs of the estimation and
parametric models, referred to as the estimation error, reflects the distance of the estimated
parameters 0(t) from the unknown parameters 0* weighted by some signal vector. The
estimation error is used to drive the adaptive law that generates 6(t) online. The adaptive
law is a differential equation of the form

where e is the estimation error that reflects the difference between 6(t) and 9* and H ( t ) is a
time-varying gain vector that depends on measured signals. A wide class of adaptive laws
with different H ( t ) and e may be developed using optimization techniques and Lyapunov-
type stability arguments.

Step 3. Establish conditions that guarantee that 9(t) converges to 9* with time. This
step involves the design of the plant input so that the signal vector 0(?) in the parametric
model is persistently exciting (a notion to be defined later on), i.e., it has certain properties
that guarantee that the measured signals that drive the adaptive law carry sufficient infor-
mation about the unknown parameters. For example, for 0(?) = 0, we have z = 0*r0 = 0,
and the measured signals 0, z carry no information about 9*. Similar arguments could be
made for 0 that is orthogonal to 9* leading to z = 0 even though 9 / 0*, etc.

We demonstrate the three design steps using the following example of a scalar plant.

25
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26 Chapters. Parameter Identification: Continuous Time

3.2 Example: One-Parameter Case
Consider the first-order plant model

where a is the only unknown parameter and y and u are the measured output and input of
the system, respectively.

Step 1: Parametric Model We write (3.1) as

where Uf = j^u- Since u is available for measurement, u/ is also available for measure-
ment. Therefore, (3.2) is in the form of the SPM

where 0* = a and z = y, <j) = Uf are available for measurement.

Step 2: Parameter Identification Algorithm This step involves the development of an
estimation model and an estimation error used to drive the adaptive law that generates the
parameter estimates.

Estimation Model and Estimation Error The estimation model has the same form
as the SPM with the exception that the unknown parameter 9* is replaced with its estimate
at time t, denoted by 9(t), i.e.,

where z is the estimate of z based on the parameter estimate 9(t) at time t. It is obvious
that the difference between z and z is due to the difference between 9(t) and 9*. As 9(1}
approaches 9* with time we would expect that z would approach z at the same time. (Note
that the reverse is not true, i.e., z(t) = z(t) does not imply that 0(t) = 9*; see Problem 1.)
Since 9* is unknown, the difference 9 = 9(t) — 9* is not available for measurement.
Therefore, the only signal that we can generate, using available measurements, that reflects
the difference between 9(t) and 9* is the error signal

which we refer to as the estimation error. m2
s > 1 is a normalization signal1 designed to

guarantee that ^- is bounded. This property of ms is used to establish the boundedness of
the estimated parameters even when 0 is not guaranteed to be bounded. A straightforward
choice for ms in this example is m2

s = 1 + a<j)2, a > 0. If 0 is bounded, we can take a = 0,

'Note that any m2
s > nonzero constant is adequate. The use of a lower bound 1 is without loss of generality.
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3.2. Example: One-Parameter Case 27

 Using (3.4) in (3.5), we can express the estimation error as a function of the
parameter error 0 — 0(0 — 0*, i.e.,

Equation (3.6) shows the relationship between the estimation error e and the parameter
error 9. It should be noted that e cannot be generated using (3.6) because the parameter
error 9 is not available for measurement. Consequently, (3.6) can be used only for analysis.

Adaptive Law A wide class of adaptive laws or parameter estimators for generating
0(0, the estimate of 0*, can be developed using (3.4)-(3.6). The simplest one is obtained
by using the SPM (3.3) and the fact that 0 is scalar to write

provided 0(0 ^ 0. In practice, however, the effect of noise on the measurements of 0(0,
especially when 0(0 is close to zero, may lead to erroneous parameter estimates. Another
approach is to update 9(t} in a direction that minimizes a certain cost of the estimation error
£. With this approach, 0(0 is adjusted in a direction that makes |s| smaller and smaller
until a minimum is reached at which |e| — 0 and updating is terminated. As an example,
consider the cost criterion

which we minimize with respect to 9 using the gradient method to obtain

where y > 0 is a scaling constant or step size which we refer to as the adaptive gain and
where VJ(0) is the gradient of J with respect to 9. In this scalar case,

which leads to the adaptive law

Step 3: Stability and Parameter Convergence The adaptive law should guarantee that
the parameter estimate 0(0 and the speed of adaptation 0 are bounded and that the estimation
error e gets smaller and smaller with time. These conditions still do not imply that 0(0 will
get closer and closer to 0* with time unless some conditions are imposed on the vector 0(0,
referred to as the regress or vector.
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28 Chapter 3. Parameter Identification: Continuous Time

Let us start by using (3.6) and the fact that 0=6— 6* = 9 (due to 9* being constant)
to express (3.10) as

This is a scalar linear time-varying differential equation whose solution is

which implies that for

and some «o > 0, #(f) converges to zero exponentially fast, which in turn implies that
9(t) —> 9* exponentially fast. It follows from (3.12) that 9(t) is always bounded for any
0(0 and from (3.11) that 9(t) = 9(t) is bounded due to ̂ ^ being bounded.

Another way to analyze (3.11) is to use a Lyapunov-like approach as follows: We
consider the function

Then

or, using (3.6),

We should note that V — —£2m2 < 0 implies that V is a negative semidefinite
function in the space of 9. V in this case is not negative definite in the space of 9 because it
can be equal to zero when 9 is not zero. Consequently, if we apply the stability results of the
Appendix, we can conclude that the equilibrium 9e = 0 of (3.11) is uniformly stable (u.s.)
and that the solution of (3.11) is uniformly bounded (u.b.). These results are not as useful,
as our objective is asymptotic stability, which implies that the parameter error converges to
zero. We can use the properties of V, V, however, to obtain additional properties for the
solution of (3.11) as follows.

Since V > 0 and V < 0, it follows that (see the Appendix) V is bounded, which
implies that 9 is bounded and V converges to a constant, i.e., lim^oo V(t) = V^. Let us
now integrate both sides of (3.14). We have

or

co
nt

ro
len

gin
ee

rs
.ir



3.2. Example: One-Parameter Case 29

Since V(t) converges to the limit V^ as t —> oo, it follows from (3.15) that

i.e., era.v is square integrable or ems e £2- Since w2 > 1, we have e2 < elml
s, whichv ^ i, we nave fc .̂ f* -*1

00
ca c c jL-2- i'i*Jin V.-'-^^ "*" cwnviuuc uiai —

write
implies s e £2. From (3.6) we conclude that ̂  e LI due to ems e £2- Using (3.10), we

Since ^- is bounded and sms e £9 n£oo, it follows (see Problem 2) that 9 e £2 n£oo-
In summary, we have established that the adaptive law (3.10) guarantees that (i) 9 e £00
and (ii) s, ems, 0 e £2 H £^0 independent of the boundedness of 0. The £2 property of e,
ems, and ^ indicates that the estimation error and the speed of adaptation 9 are bounded in
the £2 sense, which in turn implies that their average value tends to zero with time.

It is desirable to also establish that e, ems, and 9 go to zero as t —> oo, as such a
property will indicate the end of adaptation and the completion of learning. Such a property
can be easily established when the input u is bounded (see Problem 3).

The above properties still do not guarantee that 9(t] —> 9* as t —> oo. In order
to establish that 9(t) -> 9* as t -* oo exponentially fast, we need to restrict ^- to be
persistently exciting (PE), i.e., to satisfy

V? > 0 and some constants T, O.Q > 0. The PE property of — is guaranteed by choosing
the input u appropriately. Appropriate choices of u for this particular example include
(i) u = c > 0, (ii) u — sin a>t for any u> ^ 0 and any bounded input u that is not vanishing
with time. The condition (3.16) is necessary and sufficient for exponential convergence of
0(f) -> 9* (see Problem 4).

The PI algorithm for estimating the constant a in the plant (3.1) can now be summa-
rized as

where 0(t) is the estimate of the constant a in (3.1).
The above analysis for the scalar example carries over to the vector case without any

significant modifications, as demonstrated in the next section. One important difference,
however, is that in the case of a single parameter, convergence of the Lyapunov-like function
V to a constant implies that the estimated parameter converges to a constant. Such a result
cannot be established in the case of more than one parameter for the gradient algorithm.
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30 Chapters. Parameter Identification: Continuous Time

3.3 Example: Two Parameters
Consider the plant model

where a, b are unknown constants. Let us assume that _y, y, u are available for measurement.
We would like to generate online estimates for the parameters a, b.

Step 1: Parametric Model Since y, y are available for measurement, we can express
(3.17) in the SPM form

where z = y, 0* = [b, a]T, 0 = [u, —y]T, and z, 0 are available for measurement.

Step 2: Parameter Identification Algorithm

Estimation Model

where 0(0 is the estimate of 0* at time t.

Estimation Error

where ms is the normalizing signal such that •£- e £00. A straightforward choice for ms is

mj — I + <*070 for any a > 0.

Adaptive Law We use the gradient method to minimize the cost,

where 0i = u, fa — —y, and set

where

r = FT > 0 is the adaptive gain, and 0 t, 02 are the elements of 0 — [6\, 62}*. Since

we have

which is the adaptive law for updating 0(0 starting from some initial condition 0(0) = 0Q.
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3.4. Persistence of Excitation and Sufficiently Rich Inputs 31

Step 3: Stability and Parameter Convergence As in the previous example, the equation
for the parameter error 0 = 0 — 0* is obtained from (3.18), (3.19) by noting that

and 0=9, i.e.,

It is clear from (3.21) that the stability of the equilibrium 6e — 0 will very much

depend on the properties of the time-varying matrix — ̂ f-, which in turn depends on the

properties of 0. For simplicity let us assume that the plant is stable, i.e., a > 0. If we
choose m2

s = 1, F = yl for some y > 0 and a constant input u — CQ > 0, then at steady
state >- = ci = ^ ^ 0 and 0 = [c0, -c, V

where A is a constant matrix with eigenvalues 0, — Y(CQ + c\), which implies that the

equilibrium Be = 0 is only marginally stable; i.e., 0 is bounded but does not necessarily
converge to 0 as t —> oo. The question that arises in this case is what properties of </>
guarantee that the equilibrium 0e = 0 is exponentially stable. Given that

where for this example H(s) = [1, ~-~^\T•, the next question that comes up is how to
choose u to guarantee that </> has the appropriate properties that imply exponential stability
for the equilibrium 6e = 0 of (3.21). Exponential stability for the equilibrium point 9e — 0
of (3.21) in turn implies that 0(t) converges to 8* exponentially fast. As demonstrated above
for the two-parameter example, a constant input u = CQ > 0 does not guarantee exponential
stability. We answer the above questions in the following section.

3.4 Persistence of Excitation and Sufficiently Rich Inputs

We start with the following definition.

Definition 3.4.1. The vector 0 e Kn is PE with level OCQ if it satisfies

for some (XQ > 0, TQ > 0 and Vt > 0.
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32 Chapters. Parameter Identification: Continuous Time

Since 0</>7 is always positive semidefinite, the PE condition requires that its integral
over any interval of time of length T0 is a positive definite matrix.

Definition 3.4.2. The signal u e 7£ is called sufficiently rich of order n if it contains at least
| distinct nonzero frequen

For example, u = £]/=i s*n ̂ it, where u>; ^ a>j for i ^ j is sufficiently rich of order
20. A more general definition of sufficiently rich signals and associated properties may be
found in [95].

Let us consider the signal vector 0 e Kn generated as

where u € "R, and H(s} is a vector whose elements are transfer functions that are strictly
proper with stable poles.

Theorem 3.4.3. Consider (3.23) and assume that the complex vectors H ( j a ) i ) , . . . , H(j(on)
are linearly independent on the complex space Cn Vo>i, a>2, ..., a>n e 72., where a), ^ a)j
for i /: j. Then </> is PE if and only ifu is sufficiently rich of order n.

Proof. The proof of Theorem 3.4.3 can be found in [56, 87]. 

We demonstrate the use of Theorem 3.4.3 for the example in section 3.3, where

and

In this case n — 2 and

We can show that the matrix [H(jco\), H(ja)2)] is nonsingular, which implies that
H(j(o\), H(ja>2) are linearly independent for any u>\, u>2 different than zero and co\ ^ a>2.

Let us choose

for some COQ ^ 0 which is sufficiently rich of order 2. According to Theorem 3.4.3, this
input should guarantee that 0 is PE for the example in section 3.3. Ignoring the transient
terms that converge to zero exponentially fast, we can show that at steady state

where
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3.4. Persistence of Excitation and Sufficiently Rich Inputs 33

Now

and

where

Choosing TQ — — it follows that

and

which is a positive definite matrix. We can verify that for
z

which implies that </> is PE.
Let us consider the plant model

where b is the only unknown parameter. A suitable parametric model for estimating b is

where

_ -v2+4 .
(i+5)3 '

Theorem 3.4.3 to choose a sufficiently rich signal u that guarantees 0 to be PE. In this case,
In this case 0 € 'R. and //(s) = ,̂ 1; i.e., n = 1 in Theorem 3.4.3. Let us us
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34 Chapters. Parameter Identification: Continuous Time

according to the linear independence condition of Theorem 3.4.3 for the case of n — 1, we
should have

for any COQ ^ 0. This condition is clearly violated for CDQ = 2, and therefore a sufficiently
rich input of order 1 may not guarantee 0 to be PE. Indeed, the input u — sin 2t leads
to y = 0, 0 = 0 at steady state, which imply that the output y and regressor 0 carry no
information about the unknown parameter b. For this example u = sin coot will guarantee
4> to be PE, provided COQ ̂  2. Also, u — constant / 0 and u — Xl/li s inw/f , m > 2,
will guarantee that 0 is PE. In general, for each two unknown parameters we need at least
a single nonzero frequency to guarantee PE, provided of course that H(s) does not lose its
linear independence as demonstrated by the above example.

The two-parameter case example presented in section 3.3 leads to the differential
equation (3.21), which has exactly the same form as in the case of an arbitrary number of
parameters. In the following section, we consider the case where 9*, 0 are of arbitrary
dimension and analyze the convergence properties of equations of the form (3.21).

3.5 Example: Vector Case

Consider the SISO system described by the I/O relation

and kp = bm is the high-frequency gain.2

We can also express (3.24) as an nth-order differential equation given by

Parametric Model Lumping all the parameters in (3.25) in the vector

we can rewrite (3.25) as

Filtering each side of (3.26) with
is a monic Hurwitz polynomial, we obtain the parametric model

2At high frequencies or large s, the plant behaves as -^^; therefore, kp is termed high-frequency gain.

Where u and y are the plant scalar input and output reapectively
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3.5. Example: Vector Case 35

where

If Z(s) is Hurwitz, a bilinear model can be obtained as follows: Consider the poly-
nomials P(s) — pn-\sn~{ + • • • + p\s + PQ, Q(s) = s"~] + qn-2sn~2 + • • • + q\s + qo
which satisfy the Diophantine equation (see the Appendix)

where A0(^) is a monic Hurwitz polynomial of order 2n — m — 1. If each term in the above
equation operates on the signal >', we obtain

Substituting for R(s)y — k,,Z(s)u, we obtain

Filtering each side with -—[=—, we obtain0 A0(s)Z(.v)

Letting

we obtain the B-SPM

We should note that in this case 6* contains not the coefficients of the plant transfer
function but the coefficients of the polynomials P(s), Q(s). In certain adaptive control
systems such as MRAC, the coefficients of P(s), Q(s) are the controller parameters, and
parameterizations such as (3.28) allow the direct estimation of the controller parameters by
processing the plant I/O measurements.
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36 Chapters. Parameter Identification: Continuous Time

If some of the coefficients of the plant transfer function are known, then the dimension
of the vector 0* in the SPM (3.27) can be reduced. For example, if a\, aQ, bm are known,
then (3.27) can be rewritten as

where

Adaptive Law Let us consider the SPM (3.27). The objective is to process the signals
z(0 and 0(r) in order to generate an estimate 9(t) for 0* at each time t. This estimate may
be generated as

where H(t) is some gain vector that depends on 0(0 and s(t} is the estimation error signal
that represents a measure of how far 9(t) is from 0*. Different choices for H(t) and s(t)
lead to a wide class of adaptive laws with, sometimes, different convergence properties, as
demonstrated in the following sections.

3.6 Gradient Algorithms Based on the Linear Model

The gradient algorithm is developed by using the gradient method to minimize some ap-
propriate functional J(9}. Different choices for J(9) lead to different algorithms. As
in the scalar case, we start by defining the estimation model and estimation error for the
SPM (3.27).

The estimate z of z is generated by the estimation model

where 9(t) is the estimate of 0* at time t. The estimation error is constructed as

where m2
s > 1 is the normalizing signal designed to bound 0 from above. The normalizing

signal often has the form m2s — 1 + n2s, where ns > 0 is referred to as the static normalizing
signal designed to guarantee that ^- is bounded from above. Some straightforward choices
for ns include

or
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3.6. Gradient Algorithms Based on the Linear Model 37

where a is a scalar and P is a matrix selected by the designer.
The estimation error (3.31) and the estimation model (3.30) are common to several

algorithms that are generated in the following sections.

3.6.1 Gradient Algorithm with Instantaneous Cost Function

The cost function J ( 0 ) is chosen as

where ms is the normalizing signal given by (3.31). At each time t, J (9) is a convex function
of 0 and therefore has a global minimum. The gradient algorithm takes the form

where F = YT > 0 is a design matrix referred to as the adaptive gain. Since VJ =
-<z-"r/>* --e0, we have

mf ~'

The adaptive law (3.34) together with the estimation model (3.30), the estimation
error (3.31), and filtered signals z, <t> defined in (3.29) constitute the gradient parameter
identification algorithm based on the instantaneous cost function whose stability properties
are given by the following theorem.

Theorem 3.6.1. The gradient algorithm (3.34) guarantees the following:

(i) e, era.v, 0 e £2 H £00 and 9 e £00.

0* exponentially fast. In addition,

where 0 < / < nTg, n — 0, 1, 2, . . . , and

(iii) Tff/ie plant model (3.24) has stable poles and no zero-pole cancellations and the input
u is sufficiently rich of order n + m + 1, i.e., it consists of at least "+"'+l distinct
frequencies, then 0, ^- are PE. Furthermore, |0(0 — 0*|, £, sms, 9 converge to zero
exponentially fast.

Proof, (i) Since 9* is constant, 0=9 and from (3.34) we have
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38 Chapters. Parameter Identification: Continuous Time

We choose the Lyapunov-like function

Then along the solution of (3.35), we have

where the second equality is obtained by substituting 9T<f> — —em2
s from (3.31). Since

V > 0 and V < 0, it follows that V(t) has a limit, i.e.,

and V, 6 e £<x>, which, together with (3.31), imply that £, sms e £00. In addition, it follows
from (3.36) that

from which we establish that ems e £2 and hence s e LI (due to m2
s = 1 + n2}. Now from

(3.35) we have

which together with j^ e £00 and \sms \ e £2 imply that # € £ 2 0 £00, and the proof of (i)
is complete.

The proof of parts (ii) and (iii) is longer and is presented in the web resource
[94].

Comment 3.6.2 The rate of convergence of 0 to 9* can be improved if we choose the design
parameters so that 1 — y\ is as small as possible or, alternatively, y\ e (0, 1) is as close to 1
as possible. Examining the expression for y\, it is clear that the constants ft, (XQ, TQ depend
on each other and on (f>. The only free design parameter is the adaptive gain matrix F. If
we choose F = A./, then the value of X that maximizes y\ is

provided /?4ro
2 < 2. For A > A.* or A < A*, the expression for y\ suggests that the rate

of convergence is slower. This dependence of the rate of convergence on the value of the
adaptive gain F is often observed in simulations; i.e., very small or very large values of F
lead to slower convergence rates. In general the convergence rate depends on the signal
input and filters used in addition to F in a way that is not understood quantitatively.

Comment 3.6.3 Properties (i) and (ii) of Theorem 3.6.1 are independent of the boundedness
of the regressor 0. Additional properties may be obtained if we make further assumptions
about (p. For example, if 0, <p e £00, then we can show that s, ems, 0 —>• 0 as / -» oo (see
Problem 6).
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3.6. Gradient Algorithms Based on the Linear Model 39

Comment 3.6.4 In the proof of Theorem 3.6.1(i)-(ii), we established that lim^oo V(t) =
VOQ, where VQQ is a constant. This implies that

We cannot conclude, however, that 0 = 0—9* converges to a constant vector. For
example, take F = /, 9 ( t ) = [sin t, cos t ] T . Then

and 0(0 — [sin t, cos t]T does not have a limit.

Example 3.6.5 Consider the nonlinear system

where a, b are unknown constants, /(jc), g(jc) are known continuous functions of x, and
.x, M are available for measurement. We want to estimate a, b online. We first obtain a
parametric model in the form of an SPM by filtering each side with -~ for some A. > 0, i.e.,

Then, for

we have

The gradient algorithm (3.34),

can be used to generate 0(t) = [a(t), b(t}]T online, where a(t), b(t) are the online esti-
mates of a, b, respectively. While this adaptive law guarantees properties (i) and (ii) of
Theorem 3.6.1 independent of 0, parameter convergence of 0(t) to 9* requires ^- to be PE.
The important question that arises in this example is how to choose the plant input u so that
^- is PE. Since the plant is nonlinear, the choice of u that makes ^- PE depends on the
form of the nonlinear functions f ( x ) , g(x) and it is not easy, if possible at all, to establish
conditions similar to those in the LTI case for a general class of nonlinearities.
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40 Chapters. Parameter Identification: Continuous Time

Example 3.6.6 Consider the dynamics of a hard-disk drive servo system [96] given by

where y is the position error of the head relative to the center of the track, kp is a known
constant, and

is a disturbance that is due to higher-order harmonics that arise during rotation of the disk
drive. In this case, a>\, 0)2 are the known harmonics that have a dominant effect and A/, <pi,
i = 1,2, are the unknown amplitudes and phases. We want to estimate d in an effort to
nullify its effect using the control input u.

Using sin (a + b) = sin a cos b + cos a sin b, we can express d as

where

are the unknown parameters. We first obtain a parametric model for

We have

where

Filtering each side with -^, where A(s) = (5 + Ai)(5 + KI) and AI, A.2 > 0 are
design constants, we obtain the SPM

where

Therefore, the adaptive law

where F = r r > 0 i s a 4 x 4 constant matrix, may be used to generate #(?)> the online
estimate of 0*. In this case, (j> e £<*> and therefore we can take a = 0, i.e., m2 = 1. For
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3.6. Gradient Algorithms Based on the Linear Model 41

a){ jL a)2, we can establish that </> is PE and therefore B(t) —> 0* exponentially fast. The
online estimate of the amplitude and phase can be computed using (3.37) as follows:

provided of course that 0 ( ( f ) ^ 0, ̂ (?) / 0. The estimated disturbance

can then be generated and used by the controller to cancel the effect of the actual distur-
bance d.

3.6.2 Gradient Algorithm with Integral Cost Function

The cost function J ( 0 ) is chosen as

where ft > 0 is a design constant acting as a forgetting factor and

is the estimation error that depends on the estimate of 0 at time t and on the values of the
signals at i < t. The cost penalizes all past errors between z(r) and £(r) = 0T(t)(j)(T),
T < t, obtained by using the current estimate of 0 at time t with past measurements of
Z(T) and 0(r). The forgetting factor e~P('~T) is used to put more weight on recent data by
discounting the earlier ones. It is clear that J(B) is a convex function of 9 at each time t and
therefore has a global minimum. Since 6(t) does not depend on T, the gradient of J with
respect to 0 is easy to calculate despite the presence of the integral. Applying the gradient
method, we have

where

This can be implemented as (see Problem 7)
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42 Chapters. P&rameter Identification: Continuous Time

where R e Knxn, Q e Knx}; T = r7" > 0 is the adaptive gain; n is the dimension of the
vector #*; and ms is the normalizing signal defined in (3.31).

Theorem 3.6.7. The gradient algorithm with integral cost function guarantees that

(iii) !/•&- is PE, then 9(t} -> 0* exponentially fast. Furthermore, for r — yl, the rate of
convergence increases with y.

(iv) Ifu is sufficiently rich of order n -f- m + 1, i.e., it consists of at least "+™+l distinct
frequencies, and the plant is stable and has no zero-pole cancellations, then (f), •£-
are PE and 9(t} —> 0* exponentially fast.

Proof. The proof is presented in the web resource [94].

Theorem 3.6.7 indicates that the rate of parameter convergence increases with in-
creasing adaptive gain. Simulations demonstrate that the gradient algorithm based on the
integral cost gives better convergence properties than the gradient algorithm based on the
instantaneous cost. The gradient algorithm based on the integral cost has similarities with
the least-squares (LS) algorithms to be developed in the next section.

3.7 Least-Squares Algorithms
The LS method dates back to the eighteenth century, when Gauss used it to determine the
orbits of planets. The basic idea behind LS is fitting a mathematical model to a sequence of
observed data by minimizing the sum of the squares of the difference between the observed
and computed data. In doing so, any noise or inaccuracies in the observed data are expected
to have less effect on the accuracy of the mathematical model.

The LS method has been widely used in parameter estimation both in recursive and
nonrecursive forms mainly for discrete-time systems [46, 47, 77, 97, 98]. The method is
simple to apply and analyze in the case where the unknown parameters appear in a linear
form, such as in the linear SPM

We illustrate the use and properties of LS by considering the simple scalar example

where z, 0*, (f> e 7£, (j> e £00, and d n is a noise disturbance whose average value goes to
zero as t —> oo, i.e.,
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3.7. Least-Squares Algorithms 43

In practice, dn may be due to sensor noise or external sources, etc. We examine the
following estimation problem: Given the measurements of z(r), 0(t) for 0 < T < t, find
a "good" estimate 0(0 of 9* at time t. One possible solution is to calculate 0(0 as

by using the measurements of z(r), 0(r) at some T < t for which 0(r) ^ 0. Because of
the noise disturbance, however, such an estimate may be far off from 6*. For example, at
the particular time r at which we measured z and 0, the effect of dn(r) may be significant,
leading to an erroneous estimate for 0(0 generated by (3.39).

A more intelligent approach is to choose the estimate 0(0 at time t to be the one that
minimizes the square of all the errors that result from the mismatch of z(t) — 0(t)<f>(r)
for 0 < T < t. Hence the estimation problem above becomes the following LS problem:
Minimize the cost

w.r.t. 0(0 at any given time t. The cost J(9) penalizes all the past errors from T = 0 to t that
are due to 0(0 / 9*. Since J(9) is a convex function over K at each time t, its minimum
satisfies

which gives the LS estimate

provided of course that the inverse exists. The LS method considers all past data in an effort
to provide a good estimate for 9* in the presence of noise dn. For example, when </>(?) = 1,
W > 0, we have

i.e., 0(0 converges to the exact parameter value despite the presence of the noise disturb-
ance dn.

Let us now extend this problem to the linear model (3.38). As in section 3.6, the
estimate z of z and the normalized estimation are generated as

where 0(0 is the estimate of 0* at time t, and m] = 1 + n2
s is designed to guarantee

^- € £00- Below we present different versions of the LS algorithm, which correspond to
different choices of the LS cost J (0).
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44 Chapters. Parameter Identification: Continuous Time

3.7.1 Recursive LS Algorithm with Forgetting Factor

Consider the function

where 2o = <2o > ^, )S > 0 are design constants and 9o = #(0) is the initial parameter
estimate. This cost function is a generalization of (3.40) to include possible discounting
of past data and a penalty on the initial error between the estimate OQ and 0*. Since ^-,

— € £00, J(0) is a convex function of 0 over 7Z" at each time t. Hence, any local minimum
is also global and satisfies

The LS algorithm for generating 9 (t), the estimate of 9*, in (3.38) is therefore obtained
by solving

for 9(t), which yields the nonrecursive LS algorithm

where

is the so-called covariance matrix. Because QQ = QQ > 0 and </>0r is positive semidefinite,
P(t) exists at each time t. Using the identity

and £w^ = z — 0T4>, and differentiating 0(t) w.r.t. ?, we obtain the recursive LS algorithm
with forgetting factor

The stability properties of (3.45) depend on the value of the forgetting factor ft, as
discussed in the following sections. If ft — 0, the algorithm becomes the pure LS algorithm
discussed and analyzed in section 3.7.2. When ft > 0, stability cannot be established unless
^- is PE. In this case (3.45) is modified, leading to a different algorithm discussed and
analyzed in section 3.7.3.

The following theorem establishes the stability and convergence of 9 to 9* of the
algorithm (3.45) in the case where ^- is PE.
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3.7. Least-Squares Algorithms 45

Theorem 3.7.1. If — is PE, then the recursive LS algorithm with forgetting factor (3.45)
guarantees that P, P~' e £00 and that 0(0 -» 0* as t —>• oo. The convergence of
0(0 -> 6* is exponential when ft > 0.

Proof. The proof is given in [56] and in the web resource [94J.

Since the adaptive law (3.45) could be used in adaptive control where the PE property
of ^- cannot be guaranteed, it is of interest to examine the properties of (3.45) in the absence
of PE. In this case, (3.45) is modified in order to avoid certain undesirable phenomena, as
discussed in the following sections.

3.7.2 Pure LS Algorithm

When ft = 0 in (3.41), the algorithm (3.45) reduces to

which is referred to as the pure LS algorithm.

Theorem 3.7.2. The pure LS algorithm (3.46) guarantees that

(iv) If (3.38) is the SPM for the plant (3.24) with stable poles and no zero-pole cancel-
lations, and u is sufficiently rich of order n + m + 1, i.e., consists of at least n+™+l

distinct frequencies, then <j>, ^- are PE and therefore 0(0 —^ 0* as t —»• oo.

Proof. From (3.46) we have that P < 0, i.e., P(0 £ ^o- Because P(0 is nonincreasing
and bounded from below (i.e., P(t) = PT(t) > 0 Vt > 0) it has a limit, i.e.,

where P — PJ > 0 i s a constant matrix. Let us now consider the identity

where the last two equalities are obtained using

lim,^oo 0(f) = PP^'^O), which implies that
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Because P(t} < P0 and 0(t) = P(t)PQlO(0) we have 0,0 e C^, which, together

with -£- e £00, implies that sm  s = — ^ and e, sms e £00- Let us now consider th.
function

The time derivative V of V along the solution of (3.46) is given by

which implies that V e £00, sms e LI, and therefore e e £2- From (3.46) we have

Since P, •£-, £ms € £00, and ew^ € £2, we have # e £00 n £2, which completes the
proof for (i) and (ii). The proofs of (iii) and (iv) are included in the proofs of Theorems 3.7.1
and 3.6.1, respectively.

The pure LS algorithm guarantees that the parameters converge to some constant 9
without having to put any restriction on the regressor 0. If ^-, however, is PE, then 0 = 9*.
Convergence of the estimated parameters to constant values is a unique property of the pure
LS algorithm. One of the drawbacks of the pure LS algorithm is that the covariance matrix
P may become arbitrarily small and slow down adaptation in some directions. This is due
to the fact that

which implies that P ' may grow without bound, which in turn implies that P may reduce
towards zero. This is the so-called covariance wind-up problem. Another drawback of the
pure LS algorithm is that parameter convergence cannot be guaranteed to be exponential.

Example 3.7.3 In order to get some understanding of the properties of the pure LS algo-
rithm, let us consider the scalar SPM

where z, 0*, 0 € 7£. Let us assume that <p e £00. Then the pure LS algorithm is given by

Let us also take 0 = 1 , which is PE, for this example. Then we can show by solving
the differential equation via integration that
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3.7. Least-Squares Algorithms 47

It is clear that as t —» oo, /?(0 —> 0, leading to the so-called covariance wind-up
problem. Since 0 = 1 is PE, however, 0(0 -> 0* as f -> oo with a rate of j (not
exponential) as predicted by Theorem 3.7.2. Even though 0(0 -> 0*, the covariance wind-
up problem may still pose a problem in the case where 0* changes to some other value after
some time. If at that instance p(t) = 0, leading to 0 = 0, no adaptation will take place and
0(0 may not reach the new 0*.

For the same example, consider 0(0 = 7^7, which is not PE since

goes to zero as t —> oo, i.e., it has zero level of excitation. In this case, we can show that

by solving the differential equations above. It is clear that

 converges to a constant but not to 0* due to lack of PE. In this
case p(t) converges to a constant and no covariance wind-up problem arises.

3.7.3 Modified LS Algorithms

One way to avoid the covariance wind-up problem is to modify the pure LS algorithm using
a covariance resetting modification to obtain

where ?,+ is the time at which Amjn(P(0) < P\ and po > Pi > 0 are some design scalars.
Due to covariance resetting, P(t) > p\I V? > 0. Therefore, P is guaranteed to be positive
definite for all t > 0. In fact, the pure LS algorithm with covariance resetting can be viewed
as a gradient algorithm with time-vary ing adaptive gain P, and its properties are very similar
to those of a gradient algorithm analyzed in the previous section. They are summarized by
Theorem 3.7.4 in this section.

When ft > 0, the covariance wind-up problem, i.e., P(t) becoming arbitrarily small,
does not exist. In this case, P(0 may grow without bound. In order to avoid this phe-
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nomenon, the following modified LS algorithm with forgetting factor is used:

where /*(0) — PQ — PQ > 0, ||Poll < ^o» ^o is a constant that serves as an upper bound
for ||P ||, and m2

s = 1 + n2
s is the normalizing signal which satisfies ^- e £00-

The following theorem summarizes the stability properties of the two modified LS
algorithms.

Theorem 3.7.4. The pure LS algorithm with covariance resetting (3.47) and the modified
LS algorithm with forgetting factor (3.48) guarantee that

(iii) 7f(3.38) w the SPMfor the plant (3.24) with stable poles and no zero-pole cancella-
tions, and u is sufficiently rich of order n+m +1, then 0, -^- are PE, which guarantees
that 9 (t) —> 9* as t -> oo exponentially fast.

Proof. The proof is presented in the web resource [94].

3.8 Parameter Identification Based on DPM
Let us consider the DPM

This model may be obtained from (3.27) by filtering each side with W(s) and redefin-
ing the signals z, 0. Since 0* is a constant vector, the DPM may be written as

where 0 = L~l(s)\fs, L(s) is chosen so that L~' (5) is a proper stable transfer function, and
W(s)L(s) is a proper strictly positive real (SPR) transfer function.

We form the normalized estimation error

where the static normalizing signal ns is designed so that ^- e £00 for m2
s = 1 + n]. If

W(s)L(s) — 1, then (3.50) has the same expression as in the case of the gradient algorithm.
Substituting for z in (3.50), we express e in terms of the parameter error 9=0—6*:

exponential fast
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3.8. Parameter Identification Based on DPM 49

For simplicity, let us assume that W(s)L(s) is strictly proper and rewrite (3.51) in the
minimum state-space representation form

where W(s)L(s} = c*(sl - Acr
lbc. Since W(s)L(s) is SPR, it follows that (see the

Appendix) there exist matrices Pc — Pj > 0, Lc — L[. > 0, a vector q, and a scalar v > 0
such that

The adaptive law for 0 is generated using the Lyapunov-like function

where F — Fr > 0. The time derivative V of V along the solution of (3.52) is given by

Since eT Pcbc = ejcc = e, it follows that by choosing 0 — 0 as

we get

As before, from the properties of V, V we conclude that e,e,9 € C^ and e, e, sns e
£2- These properties in turn imply that 0 € £2- Note that without the use of the second
equation in (3.53), we are not able to choose 9 — 0 using signals available for measurement
to make V < 0. This is because the state e in (3.52) cannot be generated since it depends
on the unknown input O1$. Equation (3.52) is used only for analysis.

The stability properties of the adaptive law (3.54) are summarized by the following
theorem.

Theorem 3.8.1. The adaptive law (3.54) guarantees that

exponentially fast.

Proof. The proof for (i) is given above. The proof of (ii) is a long one and is given in [56
as well as in the web resource [94].

The adaptive law (3.54) is referred to as the adaptive law based on the SPR-Lyapunov
synthesis approach.

co
nt

ro
len

gin
ee

rs
.ir



50 Chapters. Parameter Identification: Continuous Time

Comment 3.8.2 The adaptive law (3.54) has the same form as the gradient algorithm even
though it is developed using a Lyapunov approach and the SPR property. In fact, for
W(s)L(s) = 1, (3.54) is identical to the gradient algorithm.

3.9 Parameter Identification Based on B-SPM
Consider the bilinear SPM described by (3.28), i.e.,

where z, ZQ are known scalar signals at each time / and p*, 9* are the scalar and vector
unknown parameters, respectively. The estimation error is generated as

where p(t), 9(t) are the estimates of p*, 9*, respectively, at time t and where ms is designed
to bound (f>, ZQ from above. An example of ms with this property is m2s — 1 + 0r0 + Z

Let us consider the cost

where

is available for measurement. Applying the gradient method we obtain

where FI = F^ > 0, y > 0 are the adaptive gains. Since p* is unknown, the adaptive law
for 9 cannot be implemented. We bypass this problem by employing the equality

where F = FI |p*|. Since FI is arbitrary any F = FT > 0 can be selected without having
to know |p*|. Therefore, the adaptive laws for 9, p, may be written as

Theorem 3.9.1. The adaptive law (3.56) guarantees that

(i) e,sms, 9, p e £2 n£oo and 9, p e jC^.
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3.9. Parameter Identification Based on B-SPM 51

(ii) If — e £2, ?^£rt p(0 —»• p as t —> oo, where p is a constant.

(iii) /f ̂  e £2 fl«d ̂ - w P£, ?//en #(f ) converges to 0* as t -» oo.

(iv) 7/Y/ie p/an? (3.24) /za.? stable poles with no zero-pole cancellations and u is sufficiently
rich of order n + /w + 1, ?/*en 0, ^- are PE and9(t) converges to 9* as t —>• oo.

Proof. Consider the Lyapunov-like function

Then

Using |/9*| sgn(p*) = p* and the expression

we have

which implies that V e £QO and therefore p, 0 E £00- Using similar analysis as in the case
of the gradient algorithms for the SPM, we can establish (i) from the properties of V, V and
the form of the adaptive laws,

(ii) We have

where the last inequality is obtained using the Schwarz inequality (see (A. 14)). Since
ewv , ^- € £2> the limit as t —> oo exists, which implies that p e L\ and lim^oo p(t) = p
for some constant p. The proof of (iii) is long and is presented in the web resource [94].
The proof of (iv) is included in the proof of Theorem 3.6.1.

The assumption that the sign of p* is known can be relaxed, leading to an adaptive
law for 9, p with additional nonlinear terms. The reader is referred to [56, 99-104] for
further reading on adaptive laws with unknown high-frequency gain.
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52 Chapter3. Parameter Identification: Continuous Time

3.10 Parameter Projection

In many practical problems, we may have some a priori knowledge of where 0* is located in
7£". This knowledge usually comes in terms of upper and/or lower bounds for the elements
of 0* or in terms of location in a convex subset of 7£n. If such a priori information is
available, we want to constrain the online estimation to be within the set where the unknown
parameters are located. For this purpose we modify the gradient algorithms based on the
unconstrained minimization of certain costs using the gradient projection method presented
in section A.10.3 as follows.

The gradient algorithm with projection is computed by applying the gradient method
to the following minimization problem with constraints:

minimize J(6)

subject to 0 e S,

where 5 is a convex subset of 7£n with smooth boundary almost everywhere. Assume that
S is given by

where g : 7£n —> 71 is a smooth function.
The adaptive laws based on the gradient method can be modified to guarantee that

0 e S by solving the constrained optimization problem given above to obtain

where S(S) = {9 e nn\g(9) = 0} and 5° = {9 e nn\g(0) < 0} denote the boundary and
the interior, respectively, of S and Pr (•) is the projection operator as shown in section A. 10.3.

The gradient algorithm based on the instantaneous cost function with projection
follows from (3.57) by substituting for V J = — e<p to obtain

The pure LS algorithm with projection becomesco
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Theorem 3.10.1. The gradient adaptive laws of section 3.6 and the LS adaptive laws of
section 3.7 with the projection modifications given by (3.57) and (3.59), respectively, retain
all the properties that are established in the absence of projection and in addition guarantee
that 0(0 6 S Vt > 0, provided 9(0) e S and 0* e S.

Proof. The adaptive laws (3.57) and (3.59) both guarantee that whenever 6 e 8(S), the
direction of 6 is either towards S° or along the tangent plane of 8(S) at 9. This property
together with 9(0) e S guarantees that 9(t) e S Vt > 0.

The gradient adaptive law (3.57) can be expressed as

where sgn |jc| = Owhen* = 0. Hence, for the Lyapunov-like function V used in section 3.6,
i.e., V = ̂ y^, we have

where

The term Vp is nonzero only when 0 e 8(S), i.e., g(9) = 0 and - (FVJ)r Vg > 0.
In this case

Since 9TVg = (9 - #*)rVg > 0 for 0* e 5 and 6» e 8(S) due to the convexity of
5, (FVJ)TVg < 0 implies that Vp < 0. Therefore, the projection due to Vp < 0 can only
make V more negative. Hence

which is the same expression as in the case without projection except for the inequality.
Hence the results in section 3.6 based on the properties of V and V are valid for the adaptive
law (3.57) as well. Moreover, since F J,ffiL, € £00, from (3.60) we havev#7 rvj?

for some constant c > 0, which can be used together with (3.61) to show that 9 € £2- The
same arguments apply to the case of the LS algorithms.
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Example 3.10.2 Let us consider the plant model

where a, b are unknown constants that satisfy some known bounds, e.g., b > 1 and 20 >
a > —2. For simplicity, let us assume that y, y, u are available for measurement so that the
SPM is of the form

where z = y, 0* = [b, a]T, <f> = [u, —y]T. In the unconstrained case the gradient adaptive
law is given as

where m2
s = 1 + 0r0; 0 = [b, a]T; b, a are the estimates of b, a, respectively. Since we

know that b > 1 and 20 > a > —2, we can constrain the estimates b, a to be within the
known bounds by using projection. Defining the sets for projection as

and applying the projection algorithm (3.57) for each set, we obtain the adaptive laws

with 6(0) > 1, and

with a(O) satisfying 20 > a(0) > -2.

Example 3.10.3 Let us consider the gradient adaptive law

with the a priori knowledge that \0*\ < M0 for some known bound MO > 0. In most
applications, we may have such a priori information. We define

and use (3.57) together with Vg = 9 to obtain the adaptive law with projection
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3.11 Robust Parameter Identification

In the previous sections we designed and analyzed a wide class of PI algorithms based on
the parametric models

These parametric models are developed using a plant model that is assumed to be free
of disturbances, noise, unmodeled dynamics, time delays, and other frequently encountered
uncertainties. In the presence of plant uncertainties we are no longer able to express the
unknown parameter vector 9* in the form of the SPM or DPM where all signals are measured
and 6* is the only unknown term. In this case, the SPM or DPM takes the form

where r\ is an unknown function that represents the modeling error terms. The following
examples are used to show how (3.62) arises for different plant uncertainties.

Example 3.11.1 Consider the scalar constant gain system

where 0* is the unknown scalar and d is a bounded external disturbance due to measurement
noise and/or input disturbance. Equation (3.60) is already in the form of the SPM with
modeling error given by (3.62).

Example 3.11.2 Consider a system with a small input delay r given by

where «, b are the unknown parameters to be estimated and u e £00- Since r is small, the
plant may be modeled as

by assuming r — 0. Since a parameter estimator for a, b developed based on (3.65) has to
be applied to the actual plant (3.64), it is of interest to see how r ^ 0 affects the parametric
model for a, b. We express the plant as

which we can rewrite in the form of the parametric model (3.62) as

where

and A. > 0. It is clear that r = 0 implies r\ = 0 and small r implies small r].
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Example 3.11.3 Let us consider the plant

where \JL is a small constant and Am(s) is a proper transfer function with poles in the open
left half s-plane. Since \JL is small and Am(s) is proper with stable poles, the term /xAm(.s)
can be treated as the modeling error term which can be approximated with zero. We can
express (3.66) in the form of (3.62) as

where

is the modeling error term

For LTI plants, the parametric model with modeling errors is usually of the form

where AI (s), A2(s) are proper transfer functions with stable poles and d is a bounded distur-
bance. The principal question that arises is how the stability properties of the adaptive laws
that are developed for parametric models with no modeling errors are affected when applied
to the actual parametric models with uncertainties. The following example demonstrates
that the adaptive laws of the previous sections that are developed using parametric models
that are free of modeling errors cannot guarantee the same properties in the presence of
modeling errors. Furthermore, it often takes only a small disturbance to drive the estimated
parameters unbounded.

3.11.1 Instability Example

Consider the scalar constant gain system

where d is a bounded unknown disturbance and u e COQ. The adaptive law for estimating
9* derived for d = 0 is given by

where y > 0 and the normalizing signal is taken to be 1. If d = 0 and u, u e C^, then
we can establish that (i) 9,9, s e COQ, (ii) s(t) -> 0 as t —> oo by analyzing the parameter
error equation

which is a linear time-varying differential equation. When d ^ 0, we have
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3.11. Robust Parameter Identification 57

In this case we cannot guarantee that the parameter estimate 9(t) is bounded for any
bounded input u and disturbance d. In fact, for 9* = 2, y = 1,

we have

i.e., the estimated parameter drifts to infinity with time even though the disturbance d ( t )
disappears with time. This instability phenomenon is known as parameter drift. It is
mainly due to the pure integral action of the adaptive law, which, in addition to integrating
the "good" signals, integrates the disturbance term as well, leading to the parameter drift
phenomenon.

Another interpretation of the above instability is that, for u = (1 + ? )~ l / 2 > the homo-

geneous part of (3.69), i.e., 9 — —yu26, is only uniformly stable, which is not sufficient to
guarantee that the bounded input ydu will produce a bounded state 9. If u is persistently
exciting, i.e., /;'

+ ° u2(r)dr > a^To for some «o, TQ > 0 and V? > 0, then the homoge-
neous part of (3.69) is e.s. and the bounded input ydu produces a bounded state 9 (show
it!). Similar instability examples in the absence of PE may be found in [50-52, 105].

If the objective is parameter convergence, then parameter drift can be prevented by
making sure the regressor vector is PE with a level of excitation higher than the level of
the modeling error. In this case the plant input in addition to being sufficiently rich is also
required to guarantee a level of excitation for the regressor that is higher than the level of
the modeling error. This class of inputs is referred to as dominantly rich and is discussed in
the following section.

3.11.2 Dominantly Rich Excitation

Let us revisit the example in section 3.11.1 and analyze (3.69), i.e.,

when u is PE with level «o > 0. The PE property of u implies that the homogeneous part
of (3.70) is e.s., which in turn implies that

for some a\ > 0 which depends on UQ. Therefore, we have
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58 Chapters. Parameter Identification: Continuous Time

The bound (3.71) indicates that the PI error at steady state is of the order of the
disturbance; i.e., as d —> 0 the parameter error also reduces to zero. For this simple
example, it is clear that if we choose u = UQ, where «o is a constant different from zer
then ai — O.Q = UQ-, therefore, the bound for \9\ is sup, ̂ ^. Thus the larger the value of
UQ is, the smaller the parameter error. Large «0 relative to \d\ implies large signal-to-noise
ratio and therefore better accuracy of identification.

Example 3.11.4 (unmodeled dynamics) Let us consider the plant

where Am(5) is a proper transfer function with stable poles. If Am(s) is much smaller than
1 for small s or all s, then the system can be approximated as

and Am(s) can be treated as an unmodeled perturbation. The adaptive law (3.68) that is
designed for &m(s) = 0 is used to identify 0* in the presence of Am($). The parameter
error equation in this case is given by

Since u is bounded and Am(.s) is stable, it follows that rj e £00 and therefore the
effect of Am(s) is to introduce the bounded disturbance term rj in the adaptive law. Hence,
if u is PE with level UQ > 0, we have, as in the previous example, that

for some a\ > 0. The question that comes up is how to choose u so that the above bound
for |(91 is as small as possible. The answer to this question is not as straightforward as in
the example of section 3.11.1 because r\ is also a function of u. The bound for \9\ depends
on the choice of u and the properties of Am(s). For example, for constant u = UQ / 0,
we have oto — ot\ = UQ and r\ = 9*A.m(s)uo, i.e., lim,-^ \r](t)\ — |#*||Am(0)||Mol, and
therefore

If the plant is modeled properly, Am(s) represents a perturbation that is small in the
low-frequency range, which is usually the range of interest. Therefore, for u = UQ,we
should have |Am(0)| small if not zero leading to the above bound, which is independent of
UQ. Another choice of a PE input is u — coso>o? for some O>Q ^ 0. For this choice of w,
since

(where we used the inequality 
we have
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3.11. Robust Parameter Identification 59

where c = ^-^. This bound indicates that for small parameter error, o>o should be chosen
so that |Aw(y'o>o)l is as small as possible. If Aw(5) is due to high-frequency unmodeled
dynamics, then | Am (JCOQ) | is small, provided CDQ is a low frequency. As an example, consider

where JJL > 0 is a small constant. It is clear that for low frequencies 
and | Am(yo>)l —>• 1 as a) -> oo. Since

it follows that for U>Q — - we have |Am(ja>o)| — 4= and for COQ ^> -, Am(yo>o) ~ 1,
/* V2 /'

whereas for &>o < - we have |Am(7'o>o)| = O(JJL). Therefore, for more accurate PI,
the input signal should be chosen to be PE, but the PE property should be achieved with
frequencies that do not excite the unmodeled dynamics. For the above example of Am(s),
u — MO does not excite Am(s) at all,  i .e.,  Am(0) = 0, whereas for u = sin cotf with WQ <^C 7,

the excitation of Am(s) is small leading to an O(/A) steady-state error for \9\.

The above example demonstrates the well-known fact in control systems that the
excitation of the plant should be restricted to be within the range of frequencies where the
plant model is a good approximation of the actual plant. We explain this statement further
using the plant

where GQ(S), Aa(s) are proper and stable, AaO) is an additive perturbation of the modeled
part GQ(S), and d is a bounded disturbance. We would like to identify the coefficients of
GQ(S) by exciting the plant with the input u and processing the I/O data.

Because Aa(s)w is treated as a disturbance, the input u should be chosen so that at
each frequency ct», contained in a, we have |Go(y'w/)| ^> \ Aa(y'a>,-)|. Furthermore, u should
be rich enough to excite the modeled part of the plant that corresponds to GO(^) so that y
contains sufficient information about the coefficients of GQ(S). For such a choice of u to be
possible, the spectrums of GQ(S) and A.a(s)u should be separated, or |Go(jco)| ^>> | Aa(ja>)\
at all frequencies. If GO(S) is chosen properly, then | A ( , ( j w ) \ should be small relative to
\GQ(J(JL>)\ in the frequency range of interest. Since we are usually interested in the system
response at low frequencies, we would assume that |Go(ytt>)| ^> \A.a(jco)\ in the low-
frequency range for our analysis. But at high frequencies, we may have \GQ(JOJ)\ of the
same order as or smaller than | Aa(ja))\. The input signal u should therefore be designed t
be sufficiently rich for the modeled part of the plant, but its richness should be achieved in
the low-frequency range for which |Go(yo>)| ^> \Aa(ja))\. An input signal with these two
properties is called dominantly rich [106] because it excites the modeled or dominant part
of the plant much more than the unmodeled one.

The separation of spectrums between the dominant and unmodeled part of the plant
can be seen more clearly if we rewrite (3.73) as

3 A function f ( x ) is of 0(/i) Vjc e Q if there exists a constant c > 0 such that ||/(A-)|| < c|/i| VJT € £2.
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where Aa (IAS) is due to high-frequency dynamics and /z > 0 is a small parameter referred
to as the singular perturbation parameter. Aa(//s) has the property that Aa(0) = 0 and
|Aa(/4/o>)| < O(/i) for u> «: ^, but Aa(/n5) could satisfy |Afl(/i,yo>)| = 0(1) for CD » ^.
Therefore, for /x small, the contribution of Aa in y is small, provided that the plant is not
excited with frequencies of the order of -t or higher. Let us assume that we want to identify

the coefficients of GQ(S) = fr4 in (3.74) which consist of m zeros and n stable poles, a
total of n + m + 1 parameters, by treating Aa(iis)u as a modeling error. We can express
(3.74) in the form

where rj = Aa({ff(J)M + d, -^ is a filter with stable poles, 9* e nn+m+l contains the
coefficients of the numerator and denominator of GQ(S), and

If <(> is PE, we can establish that the adaptive laws of the previous sections guarantee
convergence of the parameter error to a set whose size depends on the bound for the modeling
error signal 77, i.e.,

where 770 = sup, |/?(OI and a, a 1,012 > 0 are some constants that depend on the level of
excitation of </>. The problem is how to choose u so that 0 is PE despite the presence of
T] / 0. It should be noted that it is possible, for an input that is sufficiently rich, for the
modeled part of the plant not to guarantee the PE property of 0 in the presence of modeling
errors because the modeling error could cancel or highly corrupt terms that are responsible
for the PE property (f>. We can see this by examining the relationship between u and 0
given by

where

It is clear that the term H\(H,S, s)u + B\d acts as a modeling error term and could
destroy the PE property of </>, even for inputs u that are sufficiently rich of order n + m + 1.
So the problem is to define the class of sufficiently rich inputs of order n + m + 1 that would
guarantee 0 to be PE despite the presence of the modeling error term HI(HS, s)u + B\d
in (3.75).

Definition 3.11.5. A sufficiently rich input u of order n + m + 1 for the dominant part of
the plant (3.74) is called dominantly rich of order n + m + 1 if it achieves its richness with
frequencies a)h i = 1, 2 , . . . , N, where N > s±pi, |w,| < 0(±), |a>,- - a)j\ > 0(/i),
i ^ j, and \u\ > O(n) + O(d).
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Lemma 3.11.6. Let HQ(S), HI (+is, s) satisfy the following assumptions:

(a) The vectors HQ(JO)\), Ho(ja>2), • • •, Ho(jc>n*) are linearly independent on C" for all
possible co\, a>2, • • • > <*>h G R, where n = n + m + 1 and w, 7^ co^ for i / k.

(b) Forany set {a)\,a>2, .. .,&>„} satisfying {coi—co/d > O(/jL)fori ^kand\u>i\ < O(^),

we have \ det(//)| > 0(/z), where H = [H0(ja){), H0(ja)2), ..., H0(jajn)].

(c) |H\ (JI^LCO, j(t))\ < c for some constant c independent of /x and Vo> e 7£.

Then there exists a /x* > 0 5«c/i that for /x e [0, /z*), 0 w Pfi1 of order n+m + \ with
level of excitation ot\ > O()U-), provided that the input signal u is dominantly rich of order
n + m+\for the plant (3.74).

Proof. Since \u\ > O(d), we can ignore the contribution of d in (3.75) and write

where

Since //o(s) does not depend on /i, 00 is the same signal vector as in the ideal case.
The sufficient richness of order n of u together with the assumed properties (a)-(b) of HQ(S)
imply that 0o is PE with level UQ > 0 and ctQ is independent of /x, i.e.,

Vt > OandforsomeT > 0. On the other hand, since//i(/x^, s) isstableand \H\(j IJLO>, ja>)\ <
c Vco e 7£, we have 0i € £00,

for some constant ^ which is independent of /x. Because of (3.76) and (3.77), we have

T ' 7'where the first inequality is obtained by using (x + >')(* + yy > ^ yj . In other

words, 0 has a level of PE «i = ^ for JJL e [0, /x*), where 

For further reading on dominant richness and robust parameter estimation, see [56].
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Example 3.11.7 Consider the plant

where a, b are the unknown parameters and JJL = 0.001. The plant may be modeled as

by approximating /j, = 0.001 = 0. The input u = sina>0f with 1 <£ WQ <$C 1000 woul
be a dominantly rich input of order 2. Frequencies such as O)Q = 0.006 rad/sec or COQ =
900 rad/sec would imply that u is not dominantly rich even though u is sufficiently rich of
order 2

3.12 Robust Adaptive Laws

If the objective in online PI is convergence of the estimated parameters (close) to their true
values, then dominantly rich excitation of appropriate order will meet the objective, and
no instabilities will be present. In many applications, such as in adaptive control, the plant
input is the result of feedback and cannot be designed to be dominantly or even sufficiently
rich. In such situations, the objective is to drive the plant output to zero or force it to
follow a desired trajectory rather than convergence of the online parameter estimates to
their true values. It is therefore of interest to guarantee stability and robustness for the
online parameter estimators even in the absence of persistence of excitation. This can be
achieved by modifying the adaptive laws of the previous sections to guarantee stability and
robustness in the presence of modeling errors independent of the properties of the regressor
vector <f>.

Let us consider the general plant

where GQ(S) is the dominant part, Au(s), Ay(.s) are strictly proper with stable poles and
small relative to G0(^), and d is a bounded disturbance. We are interested in designing
adaptive laws for estimating the coefficients of

The SPM for (3.78) is

where
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The modeling error term r) is driven by both u and y and cannot be assumed to be
bounded unless u and y are bounded.

The parametric model can be transformed into one where the modeling error term
is bounded by using normalization, a term already used in the previous sections. Let us
assume that we can find a signal rav > 0 with the property ^-, ^- e £QO- Then we can
rewrite (3.79) as

where 2 = ^-,0 = ^-,^ = ^-. The normalized parametric model has all the measured
signals bounded and can be used to develop online adaptive laws for estimating 9*. The
bounded term rj can still drive the adaptive laws unstable, as we showed using an example
in section 3.11.1. Therefore, for robustness, we need to use the following modifications:

Design the normalizing signal rav to bound the modeling error in addition to bounding
the regressor vector 0.

Modify the "pure" integral action of the adaptive laws to prevent parameter drift.

In the following sections, we develop a class of normalizing signals and modified
adaptive laws that guarantee robustness in the presence of modeling errors.

3.12.1 Dynamic Normalization

Let us consider the SPM with modeling error

where

Ai (.$•), A2(^) are strictly proper transfer functions with stable poles. Our objective
is to design a signal ms so that ^- e £00. We assume that A 1(5), AT(^) are analytic in

N[s] > — ^ f°r some known SQ > 0. Apart from this assumption, we require no knowledge
of the parameters and/or dimension of A] (s), &2(s). It is implicitly assumed, however, that
they are small relative to the modeled part of the plant in the frequency range of interest;
otherwise, they would not be treated as modeling errors.

Using the properties of the £2,5 norm (see Lemma A.5.9), we can write

for any 8 € [0, SQ], where the above norms are defined as

3.1.2. Robust Adaptive Laws 63
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If we define

which can be generated by the differential equation

then it follows that

bounds | rj (01 fr°m above and

The normalizing signal ms used in the adaptive laws for parametric models free
of modeling errors is required to bound the regressor 0 from above. In the presence of
modeling errors, ms should be chosen to bound both 0 and the modeling error q for improved
robustness properties. In this case the normalizing signal ms has the form

where n2 is the static part and nd the dynamic one. Examples of static and dynamic nor-
malizing signals are n2

s — 4>T4> or 0r.P0, where P = PT > 0,

or

or

Any one of choices (3.81)-(3.83) can be shown to guarantee that ^- e £00. Since

0 — H ( s ) [ u ] , the dynamic normalizing signal can be chosen to bound 0 from above,

provided that H(s) is analytic in Dl[s] > — ̂ , in which case m2 = 1 + nd bounds both 0
and rj from above.

co
nt

ro
len

gin
ee

rs
.ir



3.12. Robust Adaptive Laws 65

3.12.2 Robust Adaptive Laws: a-Modification

A class of robust modifications involves the use of a small feedback around the "pure"
integrator in the adaptive law, leading to the adaptive law structure

where o^ > 0 is a small design parameter and F = Fr > 0 is the adaptive gain, which in
the case of LS is equal to the covariance matrix P. The above modification is referred to as
the a-modification [50, 51, 59] or as leakage.

Different choices of at lead to different robust adaptive laws with different properties,
described in the following sections. We demonstrate the properties of these modifications
when applied to the SPM with modeling error,

where rj is the modeling error term that is bounded from above by the normalizing signal.
Let us assume that rj is of the form

where AI(S), A2CO are strictly proper transfer functions analytic in M[s] > —j- for some
known SQ > 0. The normalizing signal can be chosen as

for some design constants 8\, «o, ot\ > 0, and shown to guarantee that 

Fixed a-Modification

In this case

where a is a small positive design constant. The gradient adaptive law for estimating 9* in
(3.85) takes the form

where ms is given by (3.86). If some a priori estimate #o of 9* is available, then the term
oT0 may be replaced with oT(9 — OQ) so that the leakage term becomes larger for larger
deviations of 9 from OQ rather than from zero.

Theorem 3.12.1. The adaptive law (3.88) guarantees the following properties:
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66 Chapters. Parameter Identification: Continuous Time

(iii) If-£- is PE with level «o > 0, then 9(t) converges exponentially to the residual set

is some constant.

Proof, (i) From (3.88), we obtain

Consider the Lyapunov-like function

We have

or

Since J- € £00, the positive terms in the expression for V are bounded from above
by a constant. Now

and therefore

which implies

where CQ = max{^~, ^}. Hence for

where T? = sup, ;̂ |, we have V < —^-^- < 0, which implies that V is bounded and

therefore 9 e £00- From ems = —^r + -%-,9 e £00, and the fact that ms bounds
4As defined in the Appendix,
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3.12. Robust Adaptive Laws 67

0, ri from above, we have ems, s e £<x>- Furthermore, using 9 = Ysms-^— aVO and

6, ems, •£- e C^, we obtain 

(ii) The inequality

obtained above implies

Integrating both sides, we obtain

which implies that ems e 5(<r + ^)• This together with 9, •&- e jC^ implies that e, 0 e

(iii) Using em

Since — is PE, it follows that the homogenous part of the above equation is e.s.,
which implies that

for some a\, &Q > 0. Using -£-,9 £ £QG, we can write

wherer? = sup, ;^rj,c = max(^||r|| sup, |0(OI, ^), which concludes that ^(r) converges
to Da exponentially fast.

One can observe that if the modeling error is removed, i.e., r? = 0, then the fixed a-
modification will not guarantee the ideal properties of the adaptive law since it introduces a
disturbance of the order of the design constant a. This is one of the main drawbacks of the
fixed a-modification that is removed in the next section. One of the advantages of the fixed
cr-modification is that no assumption about bounds or location of the unknown 9* is made.

Switching a-Modification

The drawback of the fixed a-modification is eliminated by using a switching a^ term which
activates the small feedback term around the integrator when the magnitude of the parameter
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68 Chapter 3. Parameter Identification: Continuous Time

vector exceeds a certain value MQ. The assumptions we make in this case are that \9* \ < M
and MQ is known. Since MQ is arbitrary it can be chosen to be high enough in order to
guarantee \0*\ < M0 in the case where limited or no information is available about the
location of 9*. The switching a-modification is given by

where qo > 1 is any finite integer and MO, CTO are design constants satisfying M
and GO > 0. The switching from 0 to cr0 is continuous in order to guarantee the existence
and uniqueness of solutions of the differential equation. If an a priori estimate OQ of 6* is
available, it can be incorporated in (3.89) to replace \9\ with \9 — OQ\. In this case, M0 is an
upper bound for \9* — 9o\ < M0.

The gradient algorithm with the switching a-modification given by (3.89) is de-
scribed as

where ms is given by (3.86).

Theorem 3.12.2. The gradient algorithm (3.90) with the switching o-modification guaran-
tees the following:

(iii) In the absence of modeling error, i.e., for n — 0, the properties of the adaptive law
(3.90) are the same as those of the respective unmodified adaptive laws (i.e., with
at = 0).

(iv) If -£- is PE with level &Q > 0, then

(a) 9 converges exponentially fast to the residual set

where c > 0 is some constant;

(b) there exists a constant rj* > 0 such that for rj < rj*, 9 converges exponentially
to the residual set
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3.12. Robust Adaptive Laws 69

Proof. We choose the same Lyapunov-like function as in the case of no modeling error, i.e.,

Then

Substituting em] — —# 7 0 + 77, we obtain

i.e.,

Therefore, the inequality for V can be written as

Since for |0| = \0 + 0*| > 2M0 the term -as.0
r6> = -aQ6T0 < -f |0|2 + f |0*|2

behaves as the equivalent fixed a term, we can follow the same procedure as in the proof
of Theorem 3.12.1 to show the existence of a constant VQ > 0 for which V < 0 whenever
V > VQ and conclude that V, e, 9, 8 e C^, completing the proof of (i).

Integrating both sides of (3.92) from to to t, we obtain that £, sms, ^/asO
T8 e S(^}.

From (3.91), it follows that

for some constant C2 > 0 that depends on the bound for aQ\0\, and therefore \9\2 <
c(|em,|2 + av^7^)forsomec > 0. Since ems, Jas9

T9 e 5(^), it follows that 9 e S(^),
which completes the proof of (ii).

The proof of part (iii) follows from (3.92) by setting r] = 0, using —os6
T0 < 0, and

repeating the above calculations for r] — 0.
The proof of (iv)(a) is almost identical to that of Theorem 3.12.1 (iii) and is omitted.
To prove (iv)(b), we follow the same arguments used in the proof of Theorem 3.12.1 (iii)

to obtain the inequality
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70 Chapters. Parameter Identification: Continuous Time

for some positive constants fa, ft(, fa. From (3.91), we have

Therefore, using (3.94) in (3.93), we have

where /3|' — Mo_\e*\- Applying the Bellman-Gronwall (B-G) Lemma 3 (Lemma A.6.3) to
(3.95), it follows that

Vt > to > 0 and for some constants CQ, c\. Therefore,

where a = fa — ̂ c\ rj2 and /3i, ^2 > 0 are some constants that depend on CQ and on the
^ _ rwconstants in (3.96). Hence, for any r] e [0, n*), where n* — J-jr-, we have a > 0, andV PI ci

(3.97) implies that

for some constant c and Vt > IQ > 0, which completes the proof of (iv).

Another class of a-modification involves leakage that depends on the estimation error
e, i.e.,

where VQ > 0 is a design constant. This modification is referred to as the s-modification
and has properties similar to those of the fixed a-modification in the sense that it cannot
guarantee the ideal properties of the adaptive law in the absence of modeling errors. For
more details on the e-modification, see [56, 86, 107].

The use of a-modification is to prevent parameter drift by forcing 9(t) to remain
bounded. It is often referred to as soft projection because it forces 9(t) not to deviate far
from the bound MO > \6\. That is, in the case of soft projection 0(t} may exceed the MO
bound, but it will still be bounded.

In the following section, we use projection to prevent parameter drift by forcing the
estimated parameters to be within a specified bounded set.
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3.12. Robust Adaptive Laws 71

3.12.3 Parameter Projection

The two crucial techniques that we used in sections 3.12.1 and 3.12.2 to develop robust
adaptive laws are the dynamic normalization ms and leakage. The normalization guarantees
that the normalized modeling error term — is bounded and therefore acts as a bounded
input disturbance in the adaptive law. Since a bounded disturbance may cause parameter
drift, the leakage modification is used to guarantee bounded parameter estimates. Another
effective way to guarantee bounded parameter estimates is to use projection to constrain the
parameter estimates to lie inside a bounded convex set in the parameter space that contains
the unknown 9*. Adaptive laws with projection have already been introduced and analyzed
in section 3.10. By requiring the parameter set to be bounded, projection can be used
to guarantee that the estimated parameters are bounded by forcing them to lie within the
bounded set. In this section, we illustrate the use of projection for a gradient algorithm that
is used to estimate 9* in the parametric model

In order to avoid parameter drift, we constrain 0 to lie inside a bounded convex set
that contains 0*. As an example, consider the set

where MQ is chosen so that MQ > \9*\. Following the results of section 3.10, we obtain

where 0(0) is chosen so that 0T(0)0(0) < M% and e = ̂ ^, F = rT > 0.
The stability properties of (3.98) for estimating 9* in (3.85) in the presence of the

modeling error term r] are given by the following theorem.

Theorem 3.12.3. The gradient algorithm with projection described by (3.98) and designed
for the parametric model z = 9*T(j) + r\ guarantees the following:

(a) 9 converges exponentially to the residual set

where ij = sup, —, c > 0 is a constant, and /o > 0 is a design constant;
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72 Chapters. Parameter Identification: Continuous Time

(b) there exists a constant fj* > 0 such that if fj < r}*, then 9 converges exponen-
tially fast to the residual set

for some constant c > 0.

Proof. As established in section 3.10, projection guarantees that \0(t}\ < MQ Vt > 0,
provided \6(Q)\ < MQ. Let us choose the Lyapunov-like function

Along the trajectory of (3.98), we have

For6»r6> = Ml and (Te$)TQ = eTTe(j) > 0, wehavesgn{|^0rr£0} = sgn{^76»}.
For 0T9 = MQ, we have

where the last inequality is obtained using the assumption that MQ > \6*\. Therefore, it
follows that er&/^ > 0 when 0T9 = M% and (Te<t>}T9 = eTrs(j) > 0. Hence the term
due to projection can only make V more negative, and therefore

Since V is bounded due to 9 e C^, which is guaranteed by the projection, it follows
2 2 ~ JL

that ems € S(^), which implies that e G S(^)• From 0 e £00 and ̂ -, ^- e £00, we have

£, em^ € £QO- Now, for 9T9 = MQ, we have ^r^ < c for some constant c > 0, which
implies that

Hence 9 € S(^i), and the proof of (i) and (ii) is complete. The proof of (iii) follows
by setting r] — 0 and has already been established in section 3.10.

The proof for parameter error convergence is completed as follows: Define the func-
tion

It is clear from the analysis above that f(t)>OVt> 0. Then (3.98) may be written as
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3.12. Robust Adaptive Laws 73

We can establish that fOT9 has properties very similar to &S9
T9, i.e.,

and \f(t)\ < /oVf > 0 for some constant/o > 0. Therefore, the proof of (iv)(a)-(b) can be
completed following exactly the same procedure as in the proof of Theorem 3.12.2.

The gradient algorithm with projection has properties identical to those of the switch-
ing a -modification, as both modifications aim at keeping \0\ < MQ. In the case of the
switching a-modification, \6\ may exceed MQ but remain bounded, whereas in the case of
projection \9\ < M0 W > 0, provided |#(0)| < M0.

3.12.4 Dead Zone

Let us consider the estimation error

for the parametric model

The signal e is used to "drive" the adaptive law in the case of the gradient and LS
algorithms. It is a measure of the parameter error 6, which is present in the signal 0T(/), and
of the modeling error r]. When Y] — 0 and 0 = 0, we have £ = 0 and no adaptation takes

place. Since —, — e £00, large emy implies that — is large, which in turn implies that 9r ms ' m, °°' ° •' r ms e> ' f
is large. In this case, the effect of the modeling error r] is small, and the parameter estimates
driven by £ move in a direction which reduces 9. When sms is small, however, the effect of
r] on sms may be more dominant than that of the signal #7</>, and the parameter estimates
may be driven in a direction dictated mostly by r\. The principal idea behind the dead zone
is to monitor the size of the estimation error and adapt only when the estimation error is
large relative to the modeling error r), as shown below.

We consider the gradient algorithm for the linear parametric model (3.85). We consider
the same cost function as in the ideal case, i.e.,

and write

where go is a known upper bound of the normalized modeling error j^. In other words, we
move in the direction of the steepest descent only when the estimation error is large relative
to the modeling error, i.e., when \sms\ > go- 1° view of (3.102) we have
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74 Chapters. Parameter Identification: Continuous Time

Figure 3.1. Normalized dead zone function.

To avoid any implementation problems which may arise due to the discontinuity in
(3.102), the dead zone function is made continuous as shown in Figure 3.1; i.e.,

Since the size of the dead zone depends on ms, this dead zone function is often referred
to as the variable or relative dead zone.

Theorem 3.12.4. The adaptive law (3.103) guarantees the following properties:

where 0 is a constant vector.

is PE with level OIQ > 0, then 9(t) converges to the residual set

where fj = sup, j^M ana c >0 is a constant.

Proof. The proof can be found in [56] and in the web resource [94]

The dead zone modification has the following properties:

It guarantees that the estimated parameters always converge to a constant. This is
important in adaptive control employing an adaptive law with dead zone because at
steady state the gains of the adaptive controller are almost constant, leading to an LTI
closed-loop system when the plant is LTI.
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3.13. State-Space Identifiers 75

As in the case of the fixed a-modification, the ideal properties of the adaptive law
are destroyed in an effort to achieve robustness. That is, if the modeling error term
becomes zero, the ideal properties of the adaptive law cannot be recovered unless the
dead zone modification is also removed.

The robust modifications that include leakage, projection, and dead zone are analyzed
for the case of the gradient algorithm for the SPM with modeling error. The same modifica-
tions can be used in the case of LS and DPM, B-SPM, and B-DPM with modeling errors. For
further details on these modifications the reader is referred to [56]. One important property
of these modifications is that e, £rav, 0 e <S(Ao + ^r) for some constant A.Q > 0. This means
that the estimation error and speed of adaptation are guaranteed to be of the order of the
modeling error and design parameter in the mean square sense. In other words intervals of
time could exist at steady state where the estimation error and speed of adaptation could
assume values higher than the modeling error. This phenomenon is known as "bursting,"
and it may take considerable simulation time to appear [105]. The dead zone exhibits no
bursting as the parameters converge to constant values. Bursting can be prevented in all the
other modifications if they are combined with a small-size dead zone at steady state. The
various combinations of modifications as well as the development of new ones and their
evaluation using analysis and simulations are a good exercise for the reader.

3.13 State-Space Identifiers

Let us consider the state-space plant model

where x e 71" is the state, u <E Km is the input vector, and Ap e Knx", Bp e Knxm are
unknown constant matrices. We assume that x, u are available for measurement. One way
to estimate the elements of Ap, Bp online is to express (3.104) as a set of n scalar differential
equations and then generate n parametric models with scalar outputs and apply the parameter
estimation techniques covered in the previous sections. Another more compact way of
estimating Ap, Bp is to develop online estimators based on an SSPM model for (3.104) as
follows.

We express (3.104) in the form of the SSPM:

where Am is an arbitrary stable matrix. The estimation model is then formed as

where Ap(t), B p ( t ) are the estimates of Ap, Bp at time t, respectively. The above estimation
model has been referred to as the series-parallel model in the literature [56]. The estimation
error vector is defined as

or
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76 Chapters. Parameter Identification: Continuous Time

where n2 is the static normalizing signal designed to guarantee

straightforward choice for ns isn2 = XTX + UTU. It is clear that if the plant model (3.104)
is stable and the input u is bounded, then ns can be taken to be equal to zero.

It follows that the estimation error satisfies

where  are the parameter errors
The adaptive law for generating Ap, Bp is developed by considering the Lyapunov

function

e tr(A) denotes the trace of matrix A; y\, yi > 0 are constant scalars; and P = PT > 0
is chosen as the solution of the Lyapunov equation

for some Q = QT > 0, whose solution is guaranteed by the stability of Am (see the
Appendix). The time derivative V is given by

Substituting for e, using (3.106), and employing the equalities tr(A + B) = tr(A) +
tr(fi) and tr(AT) = tr(A) for square matrices A, B of the same dimension, we obtain

Using the equality vTy — ti(vyT) for vectors v, y of the same dimension, we rewrite
(3.107) as

The obvious choice for to make V negative is

which gives us
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3.13. State-Space Identifiers 77

This implies that V, Ap, Bp, s are bounded. We can also write

and use similar arguments as in the previous sections to establish that e, ens e C2. From
(3.109) we have that

we can also conclude that

We have, therefore, established that independent of the stability of the plant and
boundedness of the input u, the adaptive law (3.109) guarantees that

These properties are important for adaptive control where the adaptive law is used as
part of the controller and no a priori assumptions are made about the stability of the plant and
boundedness of the input. If the objective, however, is parameter estimation, then we have
to assume that the plant is stable and the input u is designed to be bounded and sufficiently
rich for the plant model (3.104). In this case, we can take n2 = 0.

Theorem 3.13.1. Consider the plant model (3.104) and assume that (A p, B,,) is controllable
and Ap is a stable matrix. If each element Uj, i = 1 , 2 , . . . , m, of vector u is bounded,
sufficiently rich of order n -j-1, and uncorrelated, i. e., each «/ contains different frequencies,
then Ar(t), B,,(t) generated by (3.109) (where ns can be taken to be zero} converge to Ap,
Bp, respectively, exponentially fast.

The proof of Theorem 3.13.1 is long, and the reader is referred to [56] for the details.

Example 3.13.2 Consider the second-order plant

where x — [ x i , x 2 ] T , u — [u\,U2\T is a bounded input vector, the matrices A, B are
unknown, and A is a stable matrix. The estimation model is generated as

where x — [i|, x2]
7 and am > 0. The estimation error is given by

where ns = 0 due to the stability of A and boundedness of a. The adaptive law (3.109) can
be written as
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78 Chapters. Parameter Identification: Continuous Time

for / = 1, 2, j = 1, 2, and adaptive gains y\, yi- An example of a sufficiently rich input for
this plant is

for some nonzero constants c,, / = 1, 2, 3,4.

The class of plants described by (3.104) can be expanded to include more realistic
plants with modeling errors. The adaptive laws in this case can be made robust by using
exactly the same techniques as in the case of SISO plants described in previous sections,
and this is left as an exercise for the reader.

3.14 Adaptive Observers

Consider the LTI SISO plant

where x € *R,". We assume that u is a piecewise continuous bounded function of time and
that A is a stable matrix. In addition, we assume that the plant is completely controllable
and completely observable. The problem is to construct a scheme that estimates both the
plant parameters, i.e., A, B, C, as well as the state vector jc using only I/O measurements.
We refer to such a scheme as the adaptive observer.

A good starting point for designing an adaptive observer is the Luenberger observer
used in the case where A, B, C are known. The Luenberger observer is of the form

where K is chosen so that A — KCT is a stable matrix, and guarantees that x -> x
exponentially fast for any initial condition XQ and any input u. For A — KCT to be stable,
the existence of K is guaranteed by the observability of (A, C).

A straightforward procedure for choosing the structure of the adaptive observer is
to use the same equation as the Luenberger observer (3.111), but replace the unknown
parameters A, B, C with their estimates A, B, C, respectively, generated by some adaptive
law. The problem we face with this procedure is the inability to estimate uniquely the n2+2n
parameters of A, B, C from the I/O data. The best we can do in this case is to estimate
the parameters of the plant transfer function and use them to calculate A, B, C. These
calculations, however, are not always possible because the mapping of the In estimated
parameters of the transfer function to the n2 + 2n parameters of A, B, C is not unique unless
(A, B,C) satisfies certain structural constraints. One such constraint is that (A, B, C) is in
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3.14. Adaptive Observers 79

the observer form, i.e., the plant is represented as

where ap — [an^\,an^2, • • • , «ol7 and bt> = [bn-\,bn-2, ..., bo]T are vectors of dimension
n, and In-\ e 7^(«-Dx(n-D js me jdentjty matrix. The elements of ap and bp are the
coefficients of the denominator and numerator, respectively, of the transfer function

and can be estimated online from I/O data using the techniques presented in the previous
sections.

Since both (3.110) and (3.112) represent the same plant, we can focus on the plant
representation (3.112) and estimate xa instead of x. The disadvantage is that in a practical
situation x may represent some physical variables of interest, whereas xu may be an artificial
state vector.

The adaptive observer for estimating the state xa of (3.112) is motivated from the
Luenberger observer structure (3.111) and is given by

where x is the estimate of xa,

a p ( t ) and br(t) are the estimates of the vectors ar and bp, respectively, at time /, and
a* e 7Z" is chosen so that

is a stable matrix that contains the eigenvalues of the observer.
A wide class of adaptive laws may be used to generate a p ( t ) and b p ( t ) online. As in

Chapter 2, the parametric model

may be developed using (3.113), where
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80 Chapters. Parameter Identification: Continuous Time

and z, 4> are available signals, and used to design a wide class of adaptive laws to generate
0(t) = [bT

p(t), aT
p (t)]

T, the estimate of 0*. As an example, consider the gradient algorithm

Theorem 3.14.1. The adaptive observer described by (3.114)-(3.117) guarantees the fol-
lowing properties:

(i) All signals are bounded.

(ii) If u is sufficiently rich of order 2n, then the state observation error \x — xa\ and the
parameter error \9 — 9*\ converge to zero exponentially fast.

Proof, (i) Since A is stable and u is bounded, we have xa, y, <p € £00 and hence m2
s =

l+a(f>T(j) e £QO- The adaptive law (3.117) guarantees that 9 e £00 and e, em,,:, 9 e ^nC^.
The observer equation may be written as

Since A* is a stable matrix and bp, A, u, xa are bounded, it follows that x e £00,
which in turn implies that all signals are bounded.

(ii) The state observation error x = x — xa satisfies

where bp — bp — bp, ap = ap — ap are the parameter errors. Since for u sufficiently rich we
have that 9(t} —> 0* as t —> oo exponentially fast, it follows that bp, ap -» 0 exponentially
fast. Since u, y € £QO, the error equation consists of a homogenous part that is exponentially
stable and an input that is decaying to zero. This implies that x — x — j c a ->0as / ->oo
exponentially fast.

For further reading on adaptive observers, the reader is referred to [56, 86,108-110].

3.15 Case Study: Users in a Single Bottleneck Link
Computer Network

The congestion control problem in computer networks has been identified as a feedback
control problem. The network users adjust their sending data rates, in response to congestion
signals they receive from the network, in an effort to avoid congestion and converge to a
stable equilibrium that satisfies certain requirements: high network utilization, small queue
sizes, small delays, fairness among users, etc. Many of the proposed congestion control
schemes require that at each link the number of flows, N say, utilizing the link is known.
Since the number of users varies with time, N is an unknown time-varying parameter,
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3.1 5. Case Study: Users in a Single Bottleneck Link Computer Network 81

Figure 3.2. Network topology.

which needs to be estimated online. Estimation algorithms, which have been proposed in
the literature, are based on pointwise time division, which is known to lack robustness and
may lead to erroneous estimates. In this study, we consider a simple estimation algorithm,
which is based on online parameter identification.

We consider the single bottleneck link network shown in Figure 3.2. It consists of
TV users which share a common bottleneck link through high bandwidth access links. At
the bottleneck link we assume that there exists a buffer, which accommodates the incoming
packets. The rate of data entering the buffer is denoted by y, the queue size is denoted by
q, and the output capacity is denoted by C. At the bottleneck link, we implement a signal
processor, which calculates the desired sending rate p. This information is communicated
to the network users, which set their sending rate equal to p. The desired sending rate p is
updated according to the following control law:

where N is an estimate of TV which is calculated online and k,, kq are design parameters.
Since N is changing with time, its estimate N has to be updated accordingly. In this study
we use online parameter estimation to generate N. Since the sending rate of all users is
equal to /?, it follows that

Since y and p are measured at the bottleneck link, (3.120) is in the form of an SPM
with N as the unknown parameter. We also know that TV cannot be less than 1. Using the
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Figure 3.3. Time response of the estimate of the number of flows.

results of the chapter, we propose the following online parameter estimator:

where N(0) > 1. We demonstrate the effectiveness of the proposed algorithm using sim-
ulations, which we conduct on the packet-level simulator ns-2. We consider the network
topology of Figure 3.2 in our simulations. The bandwidth of the bottleneck link is set to
155 Mb/s, and the propagation delay of each link is set to 20 ms. The design parameters
are chosen as follows: y =0.1, fc, = 0.16, kq = 0.32. Initially 30 users utilize the net-
work. The estimator starting with an initial estimate of 10 converges to 30. After t = 30
seconds 20 of these users stop sending data, while an additional 20 users enter the network
at / = 45 seconds. The output of the estimator at the bottleneck link is shown in Figure 3.3.
We observe that the estimator accurately tracks the number of flows utilizing the network.
In addition we observe good transient behavior as the responses are characterized by fast
convergence and no overshoots. The estimator results are obtained in the presence of noise
and delays which were not included in the simple model (3.120). Since the number of
parameters to be estimated is 1, the PE property is satisfied for p ^ 0, which is always the
case in this example.

See the web resource [94] for examples using the Adaptive Control Toolbox.

Problems

1. Consider the SPM
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and the estimation model

Find values for 0(0, 0(0 such that z = z but 0(t) ^ 9*.
2. Consider the adaptive law

where 0, 0 e Un, %- e C^, sms e £2 n £00, and ms > 1. Show that 0 e C2 n £00.

3. Show that if « e £00 in (3.1), then the adaptive law (3.10) with m]=\+ a02, a > 0,
guarantees that s, em,, 0 e £2 n £00 and that s ( t ) , e(t)ms(t), 0(0 -» 0 as / -» oo.

4. (a) Show that (3.16) is a necessary and sufficient condition for 0(0 in the adaptive
law (3.10) to converge to 9* exponentially fast.

(b) Establish which of the following choices for u guarantee that 0 in (3.10) is PE:

(c) In (b), is there a choice for w that guarantees that 0(t) converges to 6* but does
not guarantee that 0 is PE?

5. Use the plant model (3.24) to develop the bilinear parametric model (3.28). Show all
the steps.

6. In Theorem 3.6.1, assume that 0, 0 e £00. Show that the adaptive law (3.34) with
m^ = 1 + n], n] = «0r0, and a > 0 guarantees that e(r), s ( t ) m s ( t ) , 9(t) -» 0 as

7. Consider the SPM 2 = 9*1$ and the cost function

where m^ = 1 + 070 and 0(f) is the estimate of 0* at time ?.

(a) Show that the minimization of J(0) w.r.t. 0 using the gradient method leads to
the adaptive law

(b) Show that the adaptive law in part (a) can be implemented as
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which is referred to as the integral adaptive law.

8. Consider the second-order stable system

where jc, u are available for measurement, u e £00, and an, a\i, a2\, b\, b2 are
unknown parameters. Design an online estimator to estimate the unknown parameters.
Simulate your scheme using a\\ = —0.25, an = 3, a2\ = —5, b\ = 1, b2 = 2.2, an
u — 10sin2f. Repeat the simulation when u = 10 sin 2? + 7 cos 3.6?. Comment on
your results.

9. Consider the nonlinear system

where u, x e 7£; //, g/ are known nonlinear functions of jc; and a,-, b, are unknown
constant parameters and i = 1,2. The system is such that u e C^ implies jc e COQ.
Assuming that jc, u can be measured at each time t, design an estimation scheme for
estimating the unknown parameters online.

10. Design and analyze an online estimation scheme for estimating 0* in (3.49) when
L(s) is chosen so that W(s)L(s) is biproper and SPR.

11. Design an online estimation scheme to estimate the coefficients of the numerator
polynomial

when the coefficients of R(s) = sn + an-\sn~l -\ h a\s + OQ are known. Repeat
the same problem when Z(s) is known and R(s) is unknown.

12. Consider the mass-spring-damper system shown in Figure 3.4, where ft is the damp-
ing coefficient, k is the spring constant, u is the external force, and y(t) is the dis-
placement of the mass m resulting from the force u.

(a) Verify that the equations of motion that describe the dynamic behavior of the
system under small displacements are

(b) Design a gradient algorithm to estimate the constants m, ft, k when y, u can be
measured at each time t.

(c) Repeat (b) for an LS algorithm.

(d) Simulate your algorithms in (b) and (c) assuming m = 20 kg, ft = 0.1 kg/sec,
k = 5 kg/sec2, and inputs u of your choice.

of the plant
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Figure 3.4. The mass-spring-damper system for Problem 12.

Figure 3.5. The mass-spring-damper system for Problem 13.

-0.01 (r-20) )kg(e) Repeat (d) when m — 20 kg for 0 < t < 20 sec and m — 20(2 — e
for t > 20 sec.

13. Consider the mass-spring-damper system shown in Figure 3.5.

(a) Verity that the equations of motion are given by

(b) If y\, y2, u can be measured at each time t, design an online parameter estimator
to estimate the constants k, m, and p.

(c) We have the a priori knowledge that 0 < /3 < 1, & > 0.1, and m > 10. Modify
your estimator in (b) to take advantage of this a priori knowledge.

(d) Simulate your algorithm in (b) and (c) when ft — 0.2 kg/sec, m = \5 kg,
k — 2 kg/sec2, and u = 5 sin 2t + 10.5 kg • m/sec2.

14. Consider the block diagram of a steer-by-wire system of an automobile shown in
Figure 3.6, where r is the steering command in degrees, 6p is the pinion angle in
degrees, and 0 is the yaw rate in degree/sec.
The transfer functions GQ(S), G\(s) are of the form
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86 Chapters. Parameter Identification: Continuous Time

Figure 3.6. Block diagram of a steer-by-wire system for Problem 14.

where kQ, O>Q, £o> k\,u>\, %\ are functions of the speed of the vehicle. Assuming that
r, Op, 9 can be measured at each time /, do the following:

(a) Design an online parameter estimator to estimate £/, &>/, £/, i = 0, 1, using the
measurements of Op, 0, r.

(b) Consider the values of the parameters shown in the following table at different
speeds:

Speed V
30 mph
60mph

0.81
0.77

19.75
19.0

0.31
0.27

0.064
0.09

14.0
13.5

0.365
0.505

Assume that between speeds the parameters vary linearly. Use these values to
simulate and test your algorithm in (a) when

(i) r = 10 sin 0.2f + 8 degrees and V = 20 mph.

(ii) r — 5 degrees and the vehicle speeds up from V = 30 mph to V = 60 mph
in 40 seconds with constant acceleration and remains at 60 mph for 10
seconds.

15. Consider the equation of the motion of the mass-spring-damper system given in
Problem 12, i.e.,

This system may be written in the form

where p* = £ appears in a bilinear form with the other unknown parameters m, ft.
Use the adaptive law based on the bilinear parametric model to estimate p*, m, ft
when M, y are the only signals available for measurement. Since k > 0, the sign of
p* may be assumed to be known. Simulate your adaptive law using the numerical
values given in (d) and (e) of Problem 12.

16. The effect of initial conditions on the SPM can be modeled as
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where A is a transfer matrix with all poles in N[s] < 0 and too € 72/1, ^o € 7£. Show
that the properties of an adaptive law (gradient, LS, etc.) with r?0 — 0 are the same as
those for the SPM with fj0 ^ °-

17. Consider the system

where 0 < r < $ C l , 0 < / x < ^ l , and a, b, T, /x are unknown constants. We want to
estimate a, b online.

(a) Obtain a parametric model that can be used to design an adaptive law to esti-
mate a, b.

(b) Design a robust adaptive law of your choice to estimate a, b online.

(c) Simulate your scheme for a = —5,b = 100, T = 0.01,/z = 0.001, and different
choices of the input signal u. Comment on your results.

18. The dynamics of a hard-disk drive servo system are given by

where o>/, / = 1 , . . . , 6, are the resonant frequencies which are large, i.e., a>\ =
11.2:71 x 103 rad/sec, 0)2 — 15.57T x 103 rad/sec, 0)3 = 16.671 x 103 rad/sec, (04 =
18jr x 103 rad/sec, 0)5 — 20n x 103 rad/sec, co(, — 23.8;r x 103 rad/sec. The unknown
constants b\i are of the order of 104, b^ are of the order of 108, and kp is of the order
of 107. The damping coefficients £/ are of the order of 10"2.

(a) Derive a low-order model for the servo system. (Hint: Take f- = 0 and hence

^r = 0 for a of the order of less than 103.)wf
(b) Assume that the full-order system parameters are given as follows:

Obtain a Bode plot for the full-order and reduced-order models.

(c) Use the reduced-order model in (a) to obtain a parametric model for the unknown
parameters. Design a robust adaptive law to estimate the unknown parameters
online.

co
nt

ro
len

gin
ee

rs
.ir



88 Chapter3. Parameter Identification: Continuous Time

19. Consider the time-varying plant

where a(t), b(t) are slowly varying unknown parameters; i.e., \a\, \b\ are very small.

(a) Obtain a parametric model for estimating a, b.

(b) Design and analyze a robust adaptive law that generates the estimates a(t), b(t)
of 0(0, b(t), respectively.

(c) Simulate your scheme for a plant with a(t) — 5 -t- sin ̂ t, b(t) = 8 -I- cos 2{it
for /z = 0,0.01,0.1, 1,5. Comment on your results.

20. Consider the parameter error differential equation (3.69), i.e.,

Show that if the equilibrium Oe = 0 of the homogeneous equation

is exponentially stable, then the bounded input ydu will lead to a bounded solution
9(t). Obtain an upper bound for |0(f)l as a function of the upper bound of the
disturbance term ydu.

21. Consider the system

where y, u are available for measurement, 0* is the unknown constant to be estimated,
and rj is a modeling error signal with A ( s ) being proper and analytic in 9t[s] > —0.5.
The input u is piecewise continuous.

(a) Design an adaptive law with a switching a-modification to estimate 9*.

(b) Repeat (a) using projection.

(c) Simulate the adaptive laws in (a), (b) using the following values:

for /z = 0,0.1, 0.01 and u = constant, u = sino>o?, where &>o = 1» 10, 100.
Comment on your results.

22. The linearized dynamics of a throttle angle 0 to vehicle speed V subsystem are given
by the third-order system

where p\, p2 > 20, 1 > a > 0, and d is a load disturbance.
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(a) Obtain a parametric model for the parameters of the dominant part of the system.

(b) Design a robust adaptive law for estimating these parameters online.

(c) Simulate your estimation scheme when a =0.\,b = 1, p\ — 50, /?2 = 100, and
d — 0.02 sin 5t, for different constant and time-varying throttle angle settings 9
of your choice.

23. Consider the parametric model

where

qud ->and Aw , Av are proper transfer functions analytic in N[s] > — y for some known
So > 0.

(a) Design a normalizing signal ms that guarantees ^- e £00 when (i) Ai(, Av are
biproper, (ii) Au , Av are strictly proper. In each case specify the upper bound
for

(b) Calculate the bound for ̂  when

(c) Design and simulate a robust adaptive law to estimate B* for the following
example:

where 
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Chapter 4

Parameter Identification:
Discrete Time

4.1 Introduction

Most of the physical systems to be controlled or identified are continuous-time and ar
often modeled as such. The implementation of an online estimator or controller, however,
is often done using a digital computer, which implies a discrete-time representation or
design as shown in Figure 4.1, where S/H denotes the sample and hold device and A: is a
discrete time that takes values k = 0, 1, 2, 3 , . . . , i.e., t — kT, where T is the sampling
period. The design of the discrete-time online estimator may be done by following two
different approaches. In the first approach, we design a continuous-time online parameter
estimator based on the continuous-time model of the system, as we did in Chapter 3, and
then obtain a discrete-time parameter estimator using a discrete-time approximation of the
continuous-time one. In the second approach, we obtain a discrete-time approximation of

Figure 4.1. Implementation of online parameter estimator.

91
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92 Chapter 4. Parameter Identification: Discrete Time

the continuous-time model of the physical system, which we use to develop discrete-time
online estimators using discrete-time techniques to be developed in this chapter. In the
following sections we cover both approaches and demonstrate that the discrete-time online
estimators or adaptive laws have a form and share properties very similar to those of their
counterparts in the continuous-time case covered in Chapter 3.

A wide class of discrete-time adaptive laws is of the form

where 9(k) is the estimate of 0* at t = kT,(f)(k) is the regressor, z(k) is the output of
the SPM

m(k) > c > 0 (where c is a constant)5 is the normalization signal, and F = Fr > 0 is the
adaptive gain.

Lemma 4.1.1 (key lemma). //l |r | llff)|2 < 2, then (4.1), (4.2) has the following properties:
ffl \K)

finite integer.

(iv) If, in addition, ^j| is persistently exciting (PE), i.e., satisfies

Vk and some fixed integer I > 1 and constant cto > 0, then 6(k) —>• 0* exponen-
tially fast.

Proof, (i)-(iii) From (4.1), (4.2), and B(k) = 9(k) - 0* we obtain the error equation

Consider the function

5 Note that the constant c can be taken to be equal to 1 without loss of generality, as done in the continuous-
time case.
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4.1. Introduction 93

Then

Using s(k)m2(k} = -9T (k - l)0(Ar), we obtain

, it follows that

for some constant CQ > 0. From (4.5), (4.6) we have that V(k) and therefore 0(k) e t^
and V(k) has a limit, i.e., lim^oo V(&) = VOQ. Consequently, using (4.6) we obtain

which implies s(k)m(k) e £2 and s(k)m(k) -> 0 as ^ -> oo. Since m(&) > c > 0, we also
have that s(k) e €2 and s(k) -» 0 as A: -> oo. We have e(k)(f>(k) = s(k)m(k}^-.. Since

W t/C)

^J|y is bounded and e(k)m(k} e 12, we have that s(k)(/)(k) e 12 and |e(fc)0(£)| -> 0 as
k -> oo. This implies (using (4.2)) that |0(fc) - 8(k - 1)| € €2 and |0(A:) - 0(A; - 1)| -> 0
as k —>• oo. Now

for any finite N. Using the Schwarz inequality, we have

Since each term on the right-hand side of the inequality is in €? and goes to zero with
k -» oo, it follows that |0(Jfc) -0(k-N)\e h and \6(k) - 0(k - N)\ -+ 0 as k -> oo.

(iv) From (4.3), we have

where

Let us consider Theorem A. 12.22 in the Appendix and let 
r~]. We can show that
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94 Chapter 4. Parameter Identification: Discrete Time

which according to Theorem A. 12.22 implies that the equilibrium Oe(k) = 0 of (4.3) is
stable. Let us now choose

which is uniformly bounded due to<                   2. Then

and the transition matrix for A(&) is O(A;, y) = /. According to Theorem A. 12.22, we can
conclude that the equilibrium Oe — 0 of (4.3) is e.s. if we establish that (A(k), N(k)) =
(I, N(k)) is UCO, i.e., there exist constants a, ft, I > 0 such that

Since

where

we have

Since — e £00, condition (iv) becomes

for some ft > 0, which can be used to establish that (4.7) is satisfied with a. = ct\ctQl,
ft — 2fi. Therefore, the equilibrium 9e = 0 of (4.3) is e.s., which implies that 9(k) -> 6*
as k —>• oo exponentially fast.

Lemma 4.1.1 is a fundamental one in the sense that it describes the stability properties
of a wide class of adaptive laws obtained by discretizing the continuous-time ones or by
generating them using a discrete-time parametric model, as we demonstrate in the following
sections.
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4.2. Discretization of Continuous-Time Adaptive Laws 95

4.2 Discretization of Continuous-Time Adaptive Laws
Let us consider the continuous-time adaptive law

based on the SPM

where 0(t), the estimate of 0*, is updated continuously with time. Let us now assume that
z(0, 0(0 are measured at times t = kT, where k — 0, 1, 2, 3 , . . . and T is the sampling
period, i.e.,

where z(k) = z ( k T ) , 0(&) = 0(&T). Let us now discretize the continuous-time adaptive
law (4.8), (4.9) using the Euler backward approximation method, i.e.,

We obtain

where F| = TF. The above adaptive law cannot be implemented as is, because at time
t = kT the calculation of 6(k) requires s(k), which in turn depends on 9(k). If we use
(4.12) to substitute for 0 (k) in (4.11), we obtain

or

where m2(k) = m](k) + (f)T(k)V^(k). In (4.13), £(it) depends on 0(k - 1), z(Jt), 0(Jt),
mx(k), which are all available for measurement at instant k and therefore can be generated
at time k.

Theorem 4.2.1. Consider the adaptive law (4.12), (4.13) with ms(k) > c > 0 for some
constant c. IfT\ — F^ > 0 is designed such that Am a x(Fi) < 2A.mjn(F]), then properties
(i)-(iv) of the key lemma are applicable.

Proof. The adaptive law (4.12), (4.13) is of the same form as (4.1), (4.2); therefore, the key
lemma is applicable if the condition
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96 Chapter 4. Parameter Identification: Discrete Time

is satisfied. We have

due to m2
s(k) > c > 0 and A.max(Fi) < 2Amin(ri). Therefore, all conditions of the key

lemma are applicable and the result follows.

Remark 4.2.2 We should note that a simple choice for FI is Fj = yl, where y > 0. Since
y also appears in m2(k), there is no requirement for an upper bound for y.

In a similar fashion the other continuous-time adaptive laws of Chapter 3 can be
discretized using the Euler backward approximation method or other discretization methods.
The challenge is to show that the resulting discrete-time adaptive law has properties similar
to those established by the key lemma.

4.3 Discrete-Time Parametric Model
Consider the SISO system described by the discrete-time deterministic autoregressive mov-
ing average (DARMA) form

where aj, j — ! , . . . ,«, and bj, j = 0 , . . . , m, are constant parameters, d is the time delay,
m < n, and k = 0, 1, 2, Using the z transform and setting all initial conditions to zero,
we express the system (4.14) in the transfer function form

where

If we treat z as the shift operator, i.e.,

then (4.15) may also be expressed as

If aj, j = ! , . . . ,«, and bj, j = 0, 1 , . . . , m, are the unknown constant parameters, then
we can separate them from the known signals u(k — j), y(k — j), j = 0, 1 , . . . , n, by
expressing (4.15) in the form of SPM
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4.4. Sufficiently Rich Inputs 97

where

It some of the parameters in 0* are known, then the dimension of 9*can be reduced. For
example, if in (4.15) a\, an, bm are known, then (4.17) can be rewritten in the form

where

In the following sections we design and analyze adaptive laws for estimating 9* in
the discrete-time SPM (4.17). The accuracy of estimation of 6* depends on the properties
of the adaptive law used as well as on the properties of the plant input sequence u(k). If
u(k) does not belong to the class of sufficiently rich sequences (to be defined in the next
section), then the accurate estimation of 0* cannot be guaranteed in general.

4.4 Sufficiently Rich Inputs

In Lemma 4.1.1, we have established that if ^-j^ is PE, i.e., satisfies

Vk and some fixed constants / > 1, UQ > 0, then the exponential convergence of 0(k) to
the unknown vector 0* in the SPM z = 0*T(j) is guaranteed by the adaptive law (4.1), (4.2).
The condition (4.18) is the same as

for some / > 1, a0 > 0, and V£, which resembles the PE condition in the continuous-time
case. Condition (4.18) is also referred to as strong persistence of excitation [46] in order
to distinguish it from its weaker version
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98 Chapter 4. Parameter Identification: Discrete Time

which is often referred to as the weak persistence of excitation condition [46]. It is easy to
see that if the signal ̂ |y is strongly PE, then it is weakly PE as well, but the converse is not
always true; i.e., there exist discrete-time signals that are weakly PE but not strongly PE.

For the parametric model (4.17) of the LTI plant (4.14), the regressor vector <f> (k) can
be expressed as

where

It is clear from (4.19) that the PE property of 0(£) and subsequently that of ^^
depends on the properties of 7/(z) and input sequence u(k).

Definition 4.4.1. The input sequence u(k) is called sufficiently rich of order n if it contains
at least | distinct frequencies.

Theorem 4.4.2. Consider (4.19) and assume that all the poles of H(z) are within the unit
circle and the complex vectors H(eja}l), H(eja}2),.,., H(eja}"), where n = n + m + 1 are
linearly independent vectors over Cn Vct>i, 0)2,..., a>n € [0, 2n), where o>, ^ a)j,fori ^ j.
Ifu(k) is sufficiently rich of order n = n + m + 1, then (j)(k) is weakly PE.

Proof. The proof is presented in the web resource [94].

Since all the poles of H(z) are within the unit circle and u(k) is a bounded sequence,
it follows that <f)(k) is a vector of bounded sequences. If m(k) is a bounded sequence too,
then it follows that if (f)(k) is PE, then in general ^- is PE too (provided that m(k) is not
designed to cancel elements of 0(fc)). We should note that when <j)(k) is bounded, m(k) can
be designed to be equal to 1 as long as the conditions of Lemma 4.1.1 are satisfied. The
poles of H(z) include those of the plant, which means that the plant has to have stable poles
for stable poles in H(z).

Lemma 4.4.3. Ifthe plant (4.15) is stable, i.e., has all poles within the unit circle and has no
zero-pole cancellations, then all the conditions of Theorem 4.4.2 for H(z) are satisfied; i.e.,

(i) all poles of H(z) are within the unit circle;

(ii) the complex vectors H(eja}]),..., H(eju>"), where n = n -f m + 1, are linearly
independent vectors overC" Vo>i, 0)2, ..., u>n € [0, 2;r), where a), ^ a>j,for i ^ j.

Lemma 4.4.3 implies that if we overparameterize the plant, we cannot guarantee
parameter convergence, since overparameterization implies zero-pole cancellations. For
example, let us assume that the real plant is of the form
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4.5. Gradient Algorithms 99

of order 2 with four unknown parameters. Let us assume that we made a mistake in the
order and, instead of (4.21), we assume that the plant model is of order 3 and of the form

It is clear that for output matching for all u(k), i.e., yp(k) = y(k) Vu(k), the parameter
bi — a-2, which implies zero-pole cancellation. This implies that y(k) carries no information
about ai, b2 and no method can be used to estimate a-i, bi from the measurements of
y(k), u(k). A parameterization of (4.22) in the form of the SPM will lead to the regressor

where the vectors / / ( e 7 W ' ) > . . . , H(e-'M"} cannot be guaranteed to be independent for any
n > 4 and any set of u>\, 0)2, • • • , <^a e K, and therefore <p(k) cannot be PE no matter how
rich we choose u (k) to be.

4.5 Gradient Algorithms

Consider the discrete-time parametric model

where 9* e Kn is the unknown constant vector and z e K, (j) e Kn are known sequences
at each instant k — 0, 1 , 2 , . . . . The estimation error e(k) is generated as

where m2 (k) >c> 0 (for some constant c) is the normalizing signal, designed to guarantee
y e €00. The estimation error s(k) at time k depends on the most recent estimate of 6*,
which at time k is assumed to be 8(k — 1), as 9(k) is generated afterwards using e(k).

The adaptive law is of the form

with s(k) given by (4.24). Different choices for F = FT > 0 and m2(k) give rise to different
adaptive laws, which are summarized below.

4.5.1 Projection Algorithm

In this case

m1
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100 Chapter 4. Parameter Identification: Discrete Time

is developed by solving the minimization problem

subject to the constraint 
Using the Lagrange multiplier method to get rid of the constraint, the minimization

problem becomes

Minimize J w.r.t. B(k) and A.

The necessary conditions for a minimum are

Substituting for 9(k) from (4.27) in (4.28) and solving for A, we have

Substituting for A in (4.27), we obtain (4.26). The name projection algorithm [46]
arises from its geometric interpretation, where the estimate 9 (k) is the orthogonal projection
of B(k - 1) to the hypersurface H = (B\z(k) = 9T<j>(k}} (see Problem 11).

One of the problems of the projection algorithm (4.26) is the possibility of division
by zero when <j)T (k)(j)(k) — 0. This possibility is eliminated by modifying (4.26) to

where c > 0, a > 0 are design constants.

Theorem 4.5.1. If c > 0 and 0 < a < 2, then the results of the key lemma are applicable
for the modified projection algorithm (4.29).

Proof. Comparing (4.29) with (4.1), (4.2), we have V = al, m2(k) = c + (f>7'(k)<j>(k). For
c > 0 and 0 < a < 2, we have

and therefore all conditions of the key lemma are satisfied and (4.29) shares the same
properties as (4.1), (4.2) described by the key lemma.
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4.5. Gradient Algorithms 101

A modified version of the projection algorithm is the so-called orthogonalized pro-
jection algorithm

with initial conditions 0(0), P(0) = 7. In this case, it can be shown (see [46] and the web
resource [94]) that 9(k) will converge to 0* in m steps, provided that

The possible division by zero in (4.30) can be avoided by using 0 (k) = 9 (k — 1) and
P(k) = P(k — 1) whenever (f)T(k)P(k — 1)0(&) = 0. The above algorithm is a way of
sequentially solving a set of linear equations for the unknown vector 9*. It is referred to as
the orthogonalized projection algorithm because P(k — 1)0(7) = 0 Vy < k — 1 and hence
P(k — \)4>(k) is the component of 4>(k), which is orthogonal to 0(y) Vy < k [46].

4.5.2 Gradient Algorithm Based on Instantaneous Cost

Let us now follow an approach similar to that used in the continuous-time case and consider
the minimization of the cost

w.r.t. 9(k — 1). Using the steepest-descent method, we have

where r = rT > 0 and

leading to the gradient algorithm

which is exactly in the form of (4.1), (4.2), the properties of which are established by the
key lemma.
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102 Chapter 4. Parameter Identification: Discrete Time

4.6 LS Algorithms

A wide class of LS algorithms may be developed by using the parametric model

The estimation model and estimation error are given as

where m(k) > c > 0 is the normalizing signal designed to bound |0(fc)| from above. The
procedure for designing discrete-time LS algorithms is very similar to the one in continuous
time, as demonstrated in the following sections.

4.6.1 Pure LS

We consider the cost function

where 00 — 0(0). Letting

the cost function (4.32) can be expressed as

Setting

we obtain

Therefore, the estimate of 0* at time k which minimizes (4.32) is

Let us define
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4.6. IS Algorithms 103

Then

Hence

Using the relationship

and letting                                                      it follows from (4.37) that

Substituting (4.36) into (4.35), we obtain

Using (4.34) at Jt - 1 and (4.36) in (4.40), we have

Substituting for /*"'(/: — 1) from (4.37) in (4.41), we obtain

i.e.,

The /7t/r^ L5 algorithm is therefore given by

where m2(^) > c > 0 is the normalizing signal designed to bound (f)(k) from above.
Noting that

the equation for #(/:) can be rewritten as

Theorem 4.6.1. TTze /?wre L5 algorithm given by (4.43) /z«5 the following properties:
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104 Chapter 4. Parameter Identification: Discrete Time

positive finite integer.

(v)      M wa^ (or 5mo/ig/>) P£, /.£., satisfies lim

(xollfor some a0 > 0, / > 1 and Vfc > 1), then 0(k) -+ 9*
as k -> oo.

(vi) Le? r/ze 5PM ^?e that of the plant given by (4.15). If the plant has stable poles and
no zero-pole cancellations and u(k) is sufficiently rich of order n + m + 1, then

Proof, (i)-(iv) From (4.43) we have that

i.e.,

which implies that P(k) e €00. Since P(0) > P_(k) - PT(k) > 0 and P(k) < P(A: - 1)
V^;, it follows that lim^oo P(k) = P, where P — PT > 0 is a constant matrix. From
(4.43) we have

From (4.37), we have

Then

and

i.e.,

and

i.e.,
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4.6. LS Algorithms 105

where 9 is some constant vector.
Consider the function

Then

Using the identity                                                            ) developed above, we obtain

Multiplying both sides of the P(k) equation in (4.43) by P~l (A: — 1) from left and
right, we have

which we substitute into the previous equation to obtain

Equation (4.45) implies that V(k) is a nonincreasing function, which implies (using
the expression for V(k)) that

From (4.37), it follows that

Therefore,

Hence

which establishes (i). Taking summation on both sides of (4.45) from 1 to N, we have
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106 Chapter 4. Parameter Identification: Discrete Time

where           Since A
where c nite

constant due to 0(£) e t^. Hence

Since lim^oo V(N) = V^ is finite, it follows that e(k)m(k) e £2and£(£)w(fc) -> 0
as A; —> oo. Since ra(£) > c > 0 we also have e(k) e ti and s(k) -> 0 as k -> oo.
Now from s(k}(})(k) = e(k)m(k)(j>(k), where 0(A:) € ^oo, we have s(k)(f>(k) € €2 and
|e(&)0(£)| —> 0 as fc —> oo. From (4.43) we have

Since^max(P(A:)) < kmax(P(k - 1)) < • • • < ̂ (Po), we have |^(fc) -^(A; - 1)| <
|e(^)0(fc)|Amax(/J

0), which implies that |0(fc) - 0(fc - 1)| e €2 due to s(k)<j)(k) e €2 and
|6»(/:) - 0(& - 1)| -> 0 as k -+ oo. Now

which implies \9(k) - 0(k - N)\ e 12 and \0(k) - 9(k - N)\ ->• 0 as fc -> CXD for any
finite A^.

(v) We have already established that

is a bounded sequence, which means that if 
to be bounded we should have 0(k) —> 0 as k -+ oo. Now

Therefore, if limA_oo Amin(^=1 *^ggp) = oo, then WP-'tf)) -> oo as A: ̂
oo, which in turn implies that 0(/:)-> 0 and that 9(k) -> 0* as k —> oo. We will now show
that if ;gg is PE, i.e., satisfies E^*"' 0(^}

0) > «o// for some «0 > 0, / > 1 and V* > 0,

then lim^-xx; ̂ min(E;=i ^^t -^) — °° *s satisfied, which, as we showed above, implies
0(*) -> 0* as k -+ oo. Define
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4.7. Modified LS Algorithms 107

and

for any integer n, I > 1. Then

which implies that

Therefore,

which, as we have shown above, implies $(&) —> ^?* as A: -> oo.
(vi) The proof follows by using Theorem 4.4.2.

4.7 Modified LS Algorithms

Instead of the cost (4.32), we may choose the following cost that involves the weighting
parameter a(k):

where PQ is a positive definite matrix and a(k) is a nonnegative sequence of weighting
coefficients. The LS algorithm takes the form

As before, using the fact that

the equation for 9(k) may also be written in the form
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108 Chapter 4. Parameter Identification: Discrete Time

Table 4.1. Static data weighting factors for various weighted LS algorithms.

Pure LS
Constant weighting

Robust weighting

Modified weighting

Remark 4.7.1 We should note that the derivation of (4.49)-(4.52) follows from that of
(4.43), (4.45) if in the cost (4.32) we replace z(k), 0(fc) with z(k) = Ja(k)z(k), <j>(k) =
^/a(k)(f)(k), respectively.

The LS algorithm described by (4.49), (4.50) or (4.49), (4.52) is referred to as the
weighted LS algorithm. The standard LS algorithm of section 4.5 is a special case of the
weighted LS algorithm for a(k) = 1. Different choices for a(k) will lead to different
algorithms with possibly different properties. Table 4.1 presents some of the choices for
a(k) presented in the literature [41, 46, 88, 111].

A more general class of LS algorithms can be obtained by using the following cost
function:

where

is the weighted LS cost and /?(AO € (0, 1) is a design sequence. In this case the LS algorithm
becomes

Equation (4.56) may be also written in the form

The above LS algorithm is referred to as the LS with dynamic data weighting. Some
choices for P(k) that are presented in the literature are in [41, 46, 88, 111]. Two of these
choices are listed in Table 4.2
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4.8. Parameter Identification Based on DPM 109

Table 4.2. Various dynamic data weighting factors.

Constant forgetting
Startup forgetting

Table 4.3. Covariance resetting/modification techniques.

Least-size resetting

Periodic resetting

Scheduled resetting

Covariance modification

The problem of the covariance matrix P(k) becoming small in certain directions exists
as in the continuous-time case. Table 4.3 presents some of the modifications suggested in
the literature for preventing P(k) from becoming small.

The above modifications give rise to a wide range of algorithms where the user can
tune the various design parameters described in the modifications as well as the adaptive
gains in order to obtain improved convergence rates and results. Unfortunately, there is no
systematic procedure for choosing the various design parameters. Computer simulations
such as the use of the Adaptive Control Toolbox may help in tuning the adaptive systems
for best performance.

4.8 Parameter Identification Based on DPM

See the web resource [94].

4.9 Parameter Identification Based on B-SPM

See the web resource [94].

4.10 Parameter Projection

In many parameter identification problems, we have some a priori knowledge as to where
the unknown parameter 6* is located in "R,n. This knowledge could be of the upper and/or
lower bounds for each element of 0*, upper bound for the norm of 0*, etc. We apply the
gradient projection method described in section A.IO to modify the adaptive laws of the
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110 Chapter 4. Parameter Identification: Discrete Time

Figure 4.2. Discrete-time parameter projection.

previous sections as follows. We replace the gradient algorithm

with

where Pr(-) is the projection operator and the rest of the signals are as defined in (4.1), (4.2).
For simplicity, let us take F = a/, where a > 0 is a constant scalar. Let

be the convex set with a smooth function g(0), where 0 should be constrained to belong
to. We assume that 0* e 5. If at instant k — 1 we have 9(k — 1) 6 S, it is possible that at
instant k, 9(k) is outside 5, as shown in Figure 4.2.

In this case, we take 9(k) as the closest point to 9(k) that satisfies g(0) — 0, denoted
by 9(k). This implies that 9(k) is the orthogonal projection of 9(k) on the boundary of 5;
i.e., the projection operator Pr(-) in (4.58) is defined as

If T is the tangent plane to S at 9(k), then, for any point jc on T, we have

due to orthogonality. Furthermore, for any point y on the left side of T (the same side as
S), we have
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4.10. Parameter Projection 111

Let us take y — 0*. Then

or

which also implies O7 (k)9(k) < 9T (k)9(k), where the notation x — x — 9* is used. These
properties of the orthogonal projection will be used in the analysis. Before we analyze the
effect of projection, let us demonstrate the design of projection algorithms for a number of
examples.

Example 4.10.1 Let us assume that we have the a priori information that \9*\ < M for
some known M > 0. In this case we can choose

Then, whenever \9(k)\ > M, the orthogonal projection will produce

i.e., B(k) will be projected to the boundary of S so that \0(k)\ = —:\6(k)\ = M. In this
|rV(fc)|

case, since S1 is a sphere, the vector 9(k) has the same direction as 0(k), but its magnitude
is reduced to \9(k)\ = M. The gradient algorithm with projection in this case may be
written as

Example 4.10.2 Let us assume that we have the a priori information that
for some known M, OQ > 0. We choose

and the projection operator becomes

which may be written in the compact form
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112 Chapter 4. Parameter Identification: Discrete Time

Example 4.10.3 Let us assume that for each element Of of 0* we have the a priori infor-
mation that

for some known numbers L ( , £/,. In this case, the projection set is simply a cross product
of n closed sets on the real line, i.e.,

For this set, it is easy to establish that the orthogonal projection on S is given by

Theorem 4.10.4. Consider the gradient algorithm (4.58) with F = a/, 0 < a < 2, and the
parameter projection (4.60) to the convex set S given by (4.59). The parameter estimates
9(k) e SVk, provided that 9*, 0(0) e S. Furthermore, (4.58)-(4.60) guarantees all the
properties of the corresponding gradient algorithm without parameter projection.

Proof. If 6(0) e S, then (4.60) guarantees that 9(k) e S Vk. The gradient algorithm may
be written as

where

0(k) = 9(k - 1) + as(k)(j)(k), and §(k) is the orthogonal projection of 9(k) to S. Let us
consider

We have

We should, therefore, obtain the same expression as in the unconstrained case plus
the terms due to g, i.e.,
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4.10. Parameter Projection 113

for some c0 > 0. If we establish that \gj (k)g(k) + gT(k)(0(k) - 9*) < 0, then the effect
of parameter projection could only make A V(k) more negative and

which is the same inequality we have in the case of unconstrained parameter estimation.
For the case 0(k) <£ 5, let us drop the argument k for clarity of presentation and write

After some manipulation of the right-hand side, we obtain

Using the projection property (4.61), we have that (6 — 9*}T (9 — 9) > 0 and therefore

Hence the algorithm (4.60) has the same properties as that without projection, i.e.,

For a general adaptation gain F as well as in the case of LS where the adaptive gain
is P(k), a transformation of coordinates has to be performed in order to guarantee the
properties of Theorem 4.10.4. In this case, we use the transformation

where

and P is equal to F in the case of the gradient algorithm and to P(k) in the case of LS.
The set S is also transformed to another set S' such that if 9(k) e S, then 9'(k} e 5".

The parameter projection in this case becomes

where P = F = ^ F r > O i s a constant in the case of the gradient algorithm and P — P(k)
is the covariance matrix in the case of the LS algorithm.

The problem with this more general parameter projection algorithm is computational,
since the matrix P has to be inverted to obtain P~l (in the case of LS, P ~ [ ( k ) may be
generated recursively) and decomposed into (/ )~'/2) rp~1/2. In the case of LS, this decom-
position has to be done at each instant k.

The stability analysis of (4.65) can be found in [46, 88, 112].
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114 Chapter 4. Parameter Identification: Discrete Time

4.11 Robust Parameter Identification

In the presence of modeling errors such as unmodeled dynamics, bounded disturbances,
small unknown time delays, etc., the SPM

where z, 0 are known signals, is no longer a valid model in general, no matter how we
manipulate the signals and parameterize the system. In the presence of modeling errors, the
SPM is usually of the form

where r\ is the modeling error term, unknown in general but hopefully small compared to
the elements of the regressor 0.

As in the continuous-time case, the stability of an adaptive law (such as those devel-
oped in previous sections) designed for rj = 0 but applied to the SPM with rj ^ 0 cannot be
guaranteed no matter how small ^ ^ 0 is, unless 0 is PE [41, 88, 111]. The robustness of
the discrete-time adaptive laws developed in the previous sections can be established using
two different approaches depending on the situation we encounter.

In approach I, if z, 0, q are bounded and the regressor 0 is guaranteed to be PE, then
the effect of the modeling error r\ is a possible nonzero parameter estimation error at steady
state whose size depends on the size of r\. The problem we have to address in this case
is how to guarantee that 0 is PE. As in the continuous-time case, if the elements of 9* are
the parameters of an LTI plant, then 0 can be guaranteed to be PE by choosing u to be
dominantly rich.

In approach II, which is of interest in adaptive control, z, 0, or rj cannot be assumed
to be bounded and 0 cannot be guaranteed to be PE. In this case, the discrete-time adaptive
laws have to be modified to counteract possible instabilities. The two modifications used
in this case are (i) getting rid of the pure delay action (the equivalent of pure integral action
in the continuous-time case) of the adaptive law and (ii) using dynamic normalization to
bound the modeling errors from above.

4.11.1 Dominantly Rich Excitation

Let us consider the plant (4.14) but with modeling errors

where rj(k) could be of the general form

AI(Z), A2(z) are proper transfer functions with poles in |z| < 1, \JL is a small parameter
that rates the size of the dynamic uncertainty, and d0(k) is a bounded disturbance.

Following the procedure in section 4.3, we obtain the SPM
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4.11. Robust Parameter Identification 11 5

where

Let us consider the gradient algorithm

We consider the case where the plant is stable and the plant input u(k) is bounded. In
this case, 0(&), z(k) are bounded and the normalizing signal could be designed to satisfy
the conditions of Lemma 4.1.1. One choice for m2(k) is m2(k) = 1 + (j)7 (&)0(&). Using
6(k) = 6(k) - 0*, we express (4.69) as

where

If 0 is PE, then the homogenous part of (4.70), i.e.,

is e.s. as established by Lemma 4.1.1, provided that || F || < 2. This implies that the bounded
input will produce a bounded state 9(k). In this case, we can show that

where CQ is a constant that depends on the rate of convergence, 770 is an upper bound of
 < ?7o, and s^ is a term exponentially decaying to zero.

It is clear that the size of the parameter error at steady state is of the order of the
modeling error term r]Q. The smaller r](k) is, the closer 0(k) will remain to 0* at steady
state. The problem is how to choose the input u(k) so that (j>(k) is PE despite the presence
of rj(k). In this case, we can express

where HQ(Z), ^iH\ (z), B\ (z) are transfer matrices with proper elements and poles in \z\ < 1.
It is clear that the modeling error term /,iH\(z)u(k) + B\(z)do(k) could destroy the PE
property of <j)(k) if u(k) is chosen to be just sufficiently rich of order n + m -f 1, as done in
the case of rj(k) — 0.

Lemma 4.11.1. Letu(k)be dominantly rich; i.e., it is sufficiently rich oforder n+m + \ and
achieves its richness with frequencies a>i, i — 1, 2, . . . , N, where N > n+^+1, |o>,| < O(^),
\u>i—a)j\ > O(fJL)fori / j, \u(k)\ > O(/j.)-\-O(d0),and HQ(Z), H\(z) satisfy the following
conditions:
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116 Chapter 4. Parameter Identification: Discrete Time

(a) The vectors H o ( e j < ° 1 ) , . . . , Ho(eji°"), where h = n + m -f 1, are linearly independent
for all possible u>\,..., u>n € [0, 2jr) and &>/ /: &>y, / 7^ y.

(b) |det(#)| > 0(n), where H=[H0(e^),...,H0(e^)] for M < 0(1).

(c) |//i (e;w)| < cfor some constant c independent ofn and Va) e 1Z.

Then there exists ^* > 0 such that V/u, e [0,/^*), 0 is PE of order n + m + 1 vv/f/z /eve/ <9/
excitation <XQ > 6>(/^).

Proof. The proof is similar to that of Lemma 3.11.6 in the continuous-time case and is
omitte 

Conditions (a), (b) are satisfied if there are no zero-pole cancellations in the modele
part of the plant transfer function j^ and zeros are not within O(IJL) distance from poles.

Lemma 4.11.1 guarantees that if the plant is stable and the input is chosen to be
dominantly rich, i.e., rich but with frequencies away from the range of the modeling error
then the parameter error at steady state is of the order of the modeling error.

4.11.2 Robustness Modifications

In adaptive control, we cannot assume that z(k), <p(k), and r](k) in the SPM (4.68) are
bounded a priori. The adaptive law has to guarantee bounded estimates even when z(k), 0 (£),
r)(k) cannot be assumed to be bounded a priori. Furthermore, (j)(k) cannot be assumed to
be PE since such property can no longer be guaranteed via the choice of u(k), which in
adaptive control is a result of feedback, and may not be rich in frequencies. Consequently,
the adaptive laws of the previous sections have to be modified to be robust with respect to
modeling errors.

Let us consider the SPM (4.68), i.e.,

where r](k) is the modeling error. The robustness of the adaptive laws developed for r](k) =
0 can be established using two modifications:

(i) Design the normalizing signal m(k) to bound ri(k) from above in addition to (f)(k).

(ii) Modify the adaptive law using the equivalent of a-modification, dead zone, projec-
tion, etc.

We demonstrate the design of robust adaptive laws for the SPM

and the gradient algorithm (4.69). The modeling error perturbations //A](z), /*A2(z) are
assumed to be analytic in |z| > ^fp~o for some 1 > PQ > 0, which implies that /JL AI (z/?Q/2),
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4.11. Robust Parameter Identification                                              11 7

1 f^/zA2(zp0 ) are analytic in |z| > 1 or that the magnitude of each pole of /zAi(z), /iA2(z)
is less than ^/PQ.

We can establish using Lemma A. 12.33 that

for some generic constant c > 0 if m(k) is designed as

for some

Fixed <r-Modification [50]

In this case, the gradient algorithm is modified as

where 0 < a < 1 is a small fixed constant and m2(k) is given by (4.72).

Theorem 4.11.2. The gradient algorithm (4.73) with the fixed a-modification, where CT, F
are chosen to satisfy 0 < a < 1, 1 — a — X|n^(r) > 0, guarantees the following:

Proo/ Defining 0(*) = 0(k) - 0*, we express (4.73) as

where ceo — 1 — o • We choose

Then

6Definition: The sequence vector jt(fc) e S(ft) if it satisfies X]^^ -*T(k)x(k) < cofiN + c\ for all positive
numbers k, a given constant /.i > 0, and some positive number N, where CQ, c-i > 0. We say that x(k) is /i-small
in the mean square sense if x(k) € X(fi).
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118 Chapter 4. Parameter Identification: Discrete Time

Substituting for a  we obtain

Let us denote all positive nonzero constants by the generic symbol c and use

where TJQ is the upper bound of ̂ |y, to obtain

Using the condition                                          and the inequality

we have

and

which yield
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4.11. Robust Parameter Identification 119

i.e.,

It follows from (4.74) that, for V(k - 1) > 2c^=c0, we have V(k) < V(k - 1).
It is also clear that V(k) < CQ for V(k — 1) < CQ. This implies that for any k — 0, 1, . . . ,
either V(k + 1) < V(k)or V ( j ) < CQV; >. Therefore,V(k)< max(V(0), c0) Vk > 0,
which implies that V(k) and therefore 9(k) are bounded from above. From 9(k) e t^, it
follows that e(fc), s(k}m(k) e t^. Writing (4.74) as

and taking summation on both sides, we have

which implies that s(k)m(k) e <S(a + ^Q). Similarly, we can establish that

It is clear that the fixed a-modification acts as a disturbance that remains even when
the modeling error is set equal to zero. Therefore, robustness is achieved at the expense of
destroying the ideal properties of the algorithm obtained when ^o — 0.

Switching a-Modification [113]

As in the continuous-time case, the drawbacks of the fixed a-modification can be removed
by switching it off whenever the parameter estimates are within certain acceptable bounds.
If, for example, we know that \0*\ < MQ for some known constant MO > 0, we modify
(4.73) to obtain

where

and M0 > 0 is a design constant dependent on MQ.

Theorem 4.11.3. The gradient algorithm (4.75) with switching a-modification, where MQ,
a, r are designed to satisfy
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120 Chapter 4. Parameter Identification: Discrete Time

guarantees the following:

Proof. We express (4.75) in terms of the parameter error 6(k) = 0(fc) - 0*,

and consider

We can establish as in the proof of Theorem 4.11.2 that

terms of the above inequality. Using the condition that A,

and the inequality                                               m       we have\\/t* KQ\/^

where   is the upper bound for      The identiastw
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4.11. Robust Parameter Identification 121

where a0 = (l - f )Xm i n(r- 1)-1 - | < (l - f) Xmin(r-') - 1 - f satisfies fl0 > 
due to the second condition of Theorem 4.11.3. The last term in the final equation above
satisfies

where the last two inequalities are obtained by using the bound M0 > \9* | and the properties
of MO, CT.V. Therefore,

Since A V ( k ) < 0 for large \9(k — 1)| and consequently large \6(k — 1)|, it follow
that V(k) and therefore 0(Jt - 1), 0(fc - 1) e €<»• Tne rest of the proof follows by using th
fact that -a

It follows from the proof of Theorem 4.11.3 that when 770 = 0, i.e., the parametr
model is free of modeling errors, the switching a -modification does not affect the ideal
properties of the gradient algorithm. The only drawback is that an upper bound for |0*|
should be known a priori in order to design MQ. This is not the case in the fixed a-
modification, where no bounds for |0*| are required.

4.11.3 Parameter Projection

The possible parameter drift due to modeling errors can be eliminated by using parameter
projection to force the parameter estimates to lie inside a compact set in the parameter space
and therefore guarantee to be bounded at each instant of time.

Let the compact set be defined as

where MQ is chosen large enough for 0* e S. The gradient algorithm with projection
becomes

Theorem 4.11.4. The gradient algorithm (4.77) with MQ > |0*|, 0 < a. < 2 guarantee
the following:
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122 Chapter 4. Parameter Identification: Discrete Time

Proof. The parameter equations are of the form

Choosing

we have

where

For clarity of presentation, let us drop the argument k, k — 1 and rewrite the above
equation as

Let us examine the term g, which is due to projection. For \9\ < MQ we have g = 0,
and for \9\ > M0 we have

Therefore,                        Hence
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4.12. Case Study: Online Parameter Estimation of Traffic Flow Characteristics 123

Substituting

where «o = 1 — f > 0. Since the projection guarantees that |0(A;)| < MQ Vk, we can
establish that 0(k), e(k), e(k}m(k) e t^ and, from the expression of A V ( k ) above, that
s(k)m(k) e <S(T]Q). Using these properties, we can also establish that e(k), \0(k) — 9(k —
DleSOy 2 ) .

The parameter projection algorithm given by (4.77) has properties very similar to
those of the switching a-modification, which is often referred to as a soft projection.

Other modifications include the dead zone, e-modification, etc., as shown in the
continuous-time case. The purpose of these modifications is to prevent parameter drift by
modifying the pure delay in the adaptive law. The switching a-modification and parameter
projection are the two modifications that guarantee robustness without destroying the ideal
properties of the adaptive laws. The dead zone, fixed-cr, and ^modifications guarantee
robustness at the expense of destroying the ideal properties of the adaptive law in the
absence of modeling errors [46, 56, 86, 88, 91].

4.12 Case Study: Online Parameter Estimation of Traffic
Flow Characteristics

Highway traffic is often modeled as a fluid, characterized by the flow rate, q, in number of
vehicles/unit of time; density, p, in number of vehicles/unit of length; and speed, i>, in unit
of length/unit of time. These variables are related in a nonlinear fashion, and many attempts
have been made to describe these relationships mathematically. Based on empirical studies
it is widely accepted by most traffic experts that the speed, density, and flow are related by
the nonlinear functions

where v(k), q(k}, p(k) are the speed, flow rate, and density measurements at each instant
k, respectively; u / , pc, and a are model parameters with vf- the free flow speed, pc the
critical density, and a an exponent. Equation (4.78) gives the relationship between speed
and density, and (4.79) the corresponding relationship between flow rate and density. The
plot of q versus k described by (4.78) is known as the fundamental diagram and is shown
in Figure 4.3.

The free flow speed Vf — tan 9 is the slope of the curve at zero density and zero flow,
and denotes the speed when the traffic is very light. When the density is less than p^, traffic
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124 Chapter 4. Parameter Identification: Discrete Time

Figure 4.3. The fundamental traffic flow diagram.

is considered to be light, and when between p<i and pc is considered to be dense. When
the density is above the critical density pc, where the traffic flow is maximum, traffic is
congested, and at density pj the traffic is at standstill.

Since the characteristics of traffic flow vary from one region to another and may
depend on the geometry of the highway as well as on the time of day, volume of traffic, and
other effects, the parameters of the model u/, pc, and a are not fixed and have to be estimated
online. The equations (4.78), (4.79) are nonlinear in the unknown parameters u/, pc, and
a, and the results of this chapter do not apply unless we manage to express the unknown
parameters in the form of a parametric model where the unknown parameters appear linearly
or in the special bilinear form. However, based on empirical data we know a priori that
the parameter a takes values between 0.9-1.1 approximately. Using this information, we
proceed as follows.

Using the natural logarithm on both sides of (4.78), we have

which we express as

where

Even though we obtain a parametric model in the form of SPM, we cannot use it since
0 (k) depends on the unknown parameter a. The approach we follow in this case is to assume
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4.12. Case Study: Online Parameter Estimation of Traffic Flow Characteristics 125

different values from the range 0.9-1.1 for a and run parallel estimators corresponding to
each value of a. Then we choose the estimator that gives us the smallest prediction error
over a given interval. We demonstrate the approach for three different values of a, 0.95,
1.0, and 1.05. For each value of a, we compute the accumulated prediction error sa(N)
over N samples

where v / ( k ) , pc(k) is the online estimate of Vf, pc, respectively, generated by the respective
adaptive law based on the assumed value of a.

For each parametric model corresponding to the chosen value of a, we use the fol-
lowing gradient algorithm to generate the estimates Vf(k), pc(k):

where

Therefore, the estimated free flow speed and critical density are

We compute the accumulated estimation error s
1.05 by running a parallel estimator for each value of a. We choose the value of a that
gives the smallest ea at each instant N and take the corresponding values of 0/•(&), A.-(&) as
the estimates. Real-time traffic data from the 1-80 in northern California generated by the
Berkeley Highway Laboratory (BHL) are used to test the proposed algorithm. Figure 4.4
shows the evolution of the estimated parameters and their convergence to constant val
ues. Figure 4.5 shows the fundamental diagram based on the measured data and estimated
parameters. The results could be improved further by increasing the number of parallel
estimators with additional values of the parameter a from the assumed range.

See the web resource [94] for examples using the Adaptive Control Toolbox.
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126 Chapter 4. Parameter Identification: Discrete Time

Figure 4.4. Estimated parameters of traffic characteristics.
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Figure 4.5. Fundamental diagram based on measured data and estimated parameters.

Problems

1. Consider the continuous-time gradient algorithm with integral cost function

where 0, 0, Q e ft", R, r e nnxn, and r = VT > 0 is a constant gain matrix. Use
the Euler backward approximation method to obtain a discrete-time version of this
gradient algorithm.

2. Consider the continuous-time plant

where kp, OQ, a\ are unknown positive constant parameters. Design a discrete-time
algorithm to estimate kp, aQ, a\ online from the samples of u,,, yp or samples of their
filtered values.
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128 Chapter 4. Parameter Identification: Discrete Time

3. Consider the discrete-time DARMA system

where a\, a2, bo are the unknown constant parameters.

(a) Express the unknown parameters in terms of the SPM z = 6*T(j).

(b) Find conditions for a\, a2, bo, and u(k) which guarantee that the regressor </>(/:)
isPE.

4. Consider the discrete-time system

(a) Express the system in the SPM form assuming that bo, b\, CIQ are unknown
constants.

(b) Show that if b\ = CIQ, then the regressor vector obtained in (a) cannot be PE for
any input sequence u(k).

5. Consider the projection algorithm (4.26) applied to the SPM

(a) Show that the division by zero in the projection algorithm can be avoided by
modifying the SPM to

where 0* = [9*T, O]7", 0(fc) = [<j)T(k), l ] T , and then applying the algorithm to
the modified SPM.

(b) Comment on the advantages of the approach in (a) versus that of adding a
constant c to the denominator in (4.26) to obtain (4.29), or using 9(k) = 0(k — 1)
when0r(A;)0(A:) = 0.

6. Consider the DARMA system

where a\, a2, b\ are the unknown constant parameters to be estimated online.

(a) Express the unknown parameters in an SPM.

(b) Use a projection algorithm with the modification suggested in Problem 5(a) and
without the modification to estimate a\, a2, b\.

(c) Simulate the algorithms in (b) for a\ = 0.7, a2 = —0.18, b\ = 1, and an input
u(k) of your choice. Demonstrate that when u(k) is not sufficiently rich, the
parameters do not converge to their true values.

7. Repeat Problem 6 for the gradient algorithm of section 4.5.2.

8. Repeat Problem 6 for the orthogonalized projection algorithm (4.30).

9. Repeat Problem 6 for the LS algorithm (4.43).
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10. Prove the relationship

where A, B, C are matrices of appropriate dimensions.
11. Show that in the projection algorithm (4.26), 0(k] is the orthogonal projection of

0(*-l) to the surface// = (8\z(k) = 0T(t)(k}}. (Hint: Show that (x-0(k})T (0(k-
1) - 0(fc)) = 0 for any x that satisfies z(k) = xT(p(k).}

12. Consider the system

where 0 < aQ < 1 is the unknown parameter.

(a) Use the weighted LS to estimate a$.

(b) Use simulations to examine the effect of the four choices of ct(k) given in
Table 4.1 on the convergence of the estimate of «o in the case of «o = 0-99 and
u(k) of your choice.

13. (a) Use the weighted LS algorithm with dynamic data weighting (4.55), (4.56) to
estimate the parameter a0 of the system

(b) Use simulations to examine the effect of the modifications given in Table 4.2 on
the parameter convergence in the case of UQ — 0.99 and u(k) of your choice.

14. Show that in the parameter projection algorithm (4.63), the projected parameter vector
0(k) — T37777$(£) is the orthogonal projection of 9(k) to the surface 0T0 = M2 when

I'' VA/ I

15. Show that in the parameter projection algorithm (4.64), the projected parameter vector
§(k) = OQ + M,f.(^~^ is the orthogonal projection of d(k) to the surface (9(k) -

\\i \K ) <70 |

9o)T(0(k) - OQ) = M2 when \d(k) - 0Q\ > M.
16. Consider the parameter error equation (4.70), where ^M- is PE and ̂  < 1, ̂  < //o

for some constant TIQ > 0. Show that

where c\ > 0 is some constant that depends on the rate of convergence and et is
exponentially decaying to zero.

17. Establish (4.71).
18. Consider the plant

(a) Model the plant as a first-order dominant part with an additive uncertainty.

(b) Design a robust adaptive law to estimate the unknown parameters of the domi-
nant part.
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130 Chapter 4. Parameter Identification: Discrete Time

(c) Simulate the scheme you developed in (b) for #0 = 0.5, bo — 0.85, e = 0,0.08,
0.09, and values of u(k) for your choice.

19. Consider the following gradient algorithm with dead zone for the SPM

given by

where 770 > ^,« = 2 - A.max(T), ̂ ^ < %• Show that the adaptive law above with
dead zone guarantees that e(k), e(k)(f)(k), 6(k) e l^ and s(k),s(k)<f)(k}, \9(k) -
0(k - 1)| e S(ijl + i$, provided 0 < Amax(r) < 2 and ̂  < 1.

20. Consider the gradient algorithm

where z(fc) = 0*T(j)(k) + ??(&) and F = diagfxi, 72, • • • , Kn}^ w2(/c) is chosen so that
^p < 1, and J |̂y < /7o for some r)0 > 0. Let us assume that we have the a priori
information Lt < 0* < £ / / , / = 1, 2 , . . . , « , where L/, (7, are known constants.

(a) Design a robust adaptive law that guarantees L, < #, (fc) < f// VA: when ri(k) =
OVfc.

(b) Analyze the adaptive law in (a) for robustness when rj(k) ^ 0.
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Chapter 5

Continuous-Time Model
Reference Adaptive
Control

5.1 Introduction

In this chapter, we design and analyze a wide class of adaptive control schemes based on
model reference control (MRC) referred to as model reference adaptive control (MRAC).
In MRC, the desired plant behavior is described by a reference model which is simply an
LTI system with a transfer function Wn,(s) and is driven by a reference input. The control
law C(s, 0*) is then developed so that the closed-loop plant has a transfer function equal
to Wm(s). This transfer function matching guarantees that the plant will behave like the
reference model for any reference input signal.

Figure 5.1 shows the basic structure of MRC. The plant transfer function isGt,(s,9*),
where 0* is a vector with all the coefficients of Gp. The controller transfer function is
C(s, #*), where 0* is a vector with the coefficients of C(s).

The transfer function C(s, $*), and therefore $*, is designed so that the closed-loop
transfer function of the plant from the reference input r to yp is equal to Wm(s); i.e.,

Reference
Input r

Figure 5.1. Model reference control.
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132 Chapter 5. Continuous-Time Model Reference Adaptive Control

Figure 5.2. Indirect MRAC.

For this transfer matching to be possible, Gp(s), Wm(s) have to satisfy certain assumptions.
These assumptions enable the calculation of the controller parameter vector 9* as

where F is a function of the plant parameters 9* to satisfy the matching equation (5.1).
This transfer function matching guarantees that the tracking error e\ — yp — ym converges
to zero for any given reference input signal r.

If the plant parameter vector 6* is known, then the controller parameters 9* can be
calculated using (5.2), and the controller C(s, 9*) can be implemented. We are considering
the case where 9* is unknown. In this case the use of the certainty equivalence (CE)
approach, where the unknown parameters are replaced with their estimates, leads to the
adaptive control scheme referred to as indirect MRAC, shown in Figure 5.2.

The unknown plant parameter vector 0* is estimated at each time t, denoted by 6 p ( t ) ,
using an adaptive law of the form studied in the previous chapters. The plant parameter
estimate 9p(t) at each time t is then used to calculate the controller parameter vector Oc(t) =
F(9p(t}} used in the controller C(s, Oc). This class of MRAC is called indirect MRAC
because the controller parameters are not updated directly but calculated at each time /
using the estimated plant parameters.

Another way of designing MRAC schemes is to parameterize the plant transfer func-
tion in terms of the desired controller parameter vector 9*. This is possible in the MRC case
because, as we will show later in this chapter, the structure of the MRC law is such that we
can use (5.2) to write

where F"1 is the inverseof the mapping F(.), and thenexpress Gp(s, 0*) — Gp(s, F~l(9*))
Gp(s,0*). The adaptive law for estimating 0* online can now be developed by using
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5.1. Introduction 133

Figure 5.3. Direct MRAC.

Figure 5.4. Classes of MRAC.

yp = Gr(s, 9*)up to obtain a parametric model of the form considered in Chapter 3 with
6* as the unknown parameter vector. The MRAC can then be developed using the CE
approach, as shown in Figure 5.3. In this case, the controller parameter 6c(t) is updated
directly without any intermediate calculations, and for this reason the scheme is called
direct MRAC.

The division of MRAC to indirect and direct is, in general, unique to MRC structures
where a parametric model for the plant in the form of SPM, B-SPM, DPM, or B-DPM can
be obtained in terms of the unknown controller parameter vector 6*. For control structures
other than MRC, we will see that this is not always possible, and the indirect approach is
often the only approach we can use. In addition to direct and indirect MRAC classification,
the adaptive law for estimating the unknown parameters could employ the normalizing
signal discussed in Chapter 3 or could involve no normalization. This leads to the various
classes of MRAC shown in Figure 5.4.
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134 Chapter 5. Continuous-Time Model Reference Adaptive Control

In this chapter, we start with simple examples to demonstrate the design and analysis
of adaptive control schemes and then proceed to the general MRAC case.

5.2 Simple MRAC Schemes

In this section, we use several examples to illustrate the design and analysis of simple MRAC
schemes where the estimation error is simply the regulation or tracking error. This approach
dominated the literature of adaptive control for continuous-time plants with relative degree
«* = 1 because of the simplicity of design and stability analysis [41, 50, 86, 87].

5.2.1 Scalar Example: Adaptive Regulation

Consider the scalar plant

where a is a constant but unknown. The control objective is to determine a bounded function
u — f ( t , x) such that the state x(t) is bounded and converges to zero as t -> oo for any
given initial condition XQ. Let — am be the desired closed-loop pole, where am > 0 is chosen
by the designer. If the plant parameter a is known, the control law

could be used to meet the control objective; i.e., with (5.4), the closed-loop plant is

whose equilibrium xe — 0 is e.s. in the large. Because a is unknown, k* cannot be calculated
and, therefore, (5.4) cannot be implemented. A possible procedure to follow in the unknown
parameter case is to use the same control law as given in (5.4) but with k* replaced by its
estimate k(t}\ i.e., we use

and search for an adaptive law to update k(t) continuously with time.
The adaptive law for generating k(t} is developed by viewing the problem as an

online identification problem for k*. This is accomplished by first obtaining an appropriate
parameterization for the plant (5.3) in terms of the unknown k* and then using a similar
approach, as in Chapter 3, to estimate k* online. We illustrate this procedure below.

We add and subtract the desired control input — k*x in the plant equation to obtain

Because a —k* — —am, we have x = —amx + k*x + u, and the following two parametric
models may be generated:

SSPM:

DPM:
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5.2. Simple MRAC Schemes 135

Equation (5.6) shows two parameterizations of the plant equation (5.3) in terms of the
unknown controller parameter k*. The first equation in (5.6) is in the form of SSPM,
whereas the second is in the form of DPM. Since x, u are measured and am > 0 is known,
a wide class of adaptive laws may be generated by using either the parametric model given
in (5.6) or other parametric models generated using (5.6).

Let us consider the SSPM. The estimation model is given by

By substituting u = — k(t)x in the estimation model, we obtain that x ( t ) = 0 W > 0
and the estimation error s — x — x = xVt >0. Therefore, the estimation error equation is
obtained by simply substituting for u = — k(t)x in the SSPM to obtain

Equation (5.7) relates the parameter error k to the regulation error x or estimation
error £ = x and motivates the use of the Lyapunov-like function

to generate the adaptive law for k. Taking the time derivative of V, we obtain

where we choose k to make V negative. It is clear that for

we have

In (5.8), we use the fact that k — k — k* — k due to the fact that k* is a constant.
Since V is a positive definite function and V < 0, we have V e £00, which implies that
x, k € £00 and therefore all signals in the closed-loop plant are bounded. Furthermore,
from V > 0 and V < 0, we have that lim,^^ V(t) = V^ < V(0). Therefore,

which implies that x e £2- From x e £2 n £00 and x e £<x» which follows from (5.7), we
have that x ( t ) -> 0 as t -> oo (see Barbalat's lemma in the Appendix). From x ( t ) -> 0
and the boundedness o f k , we establish that k(t) -> 0, u(t) -> 0 as t -> oo.

We have shown that the combination of the control law (5.5) with the adaptive law
(5.8) meets the control objective in the sense that it guarantees boundedness for all signals
and forces the plant state to converge to zero. It is worth mentioning that, as in the simple
parameter identification examples considered in Chapter 3, we cannot establish that k(t)
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136 Chapter 5. Continuous-Time Model Reference Adaptive Control

converges to k*, i.e., that the pole of the closed-loop plant converges to the desired one
given by — am. The lack of parameter convergence is less crucial in adaptive control than in
parameter identification because in most cases the control objective can be achieved without
requiring the parameters to converge to their true values.

The simplicity of this scalar example allows us to solve for x explicitly and study the
properties of k(t), x(t) as they evolve with time. We can verify that

where c2 — YXQ + (&o — fl)2 and *o = x(0), satisfy the differential equations (5.7) and
(5.8) of the closed-loop plant. Equation (5.9) can be used to investigate the effects of initial
conditions and adaptive gain y on the transient and asymptotic behavior of ;c(0, k(t). We
have lim^oo k(t) =a + cifc>0 and lim,..̂  k(t) = a — c if c < 0; i.e.,

Therefore, for JCQ / 0, k(t) converges to a stabilizing gain whose value depends on y
and the initial conditions XQ, ko. It is clear from (5.10) that the value of k^ is independent
of whether ko is a destabilizing gain (0 < fco < «) or a stabilizing one (ko > a) as long
as (ko — a)2 is the same. The use of different initial condition &0> however, will affect the
transient behavior, as is obvious from (5.9). In the limit as t -> oo, the closed-loop pole

converges to —(£oo —«) = ~\/Yxo + (^o — <?)2> which depends on the initial conditions and
may be different from — am. Because the control objective is to achieve signal boundedness
and regulation of the state x(t) to zero, the convergence of k(t) to k* is not crucial.

The adaptive control scheme developed and analyzed above is given by the following
equations:

where x is the measured state of the plant and, for this example, is identical to the estimation
error.

The design parameters in (5.11) are the initial parameter ko and the adaptive gain
y > 0. For signal boundedness and asymptotic regulation of x to zero, our analysis allows
ko,y to be arbitrary. It is clear, however, from (5.9) that their values affect the transient
performance of the closed-loop plant as well as the steady-state value of the closed-loop
pole. For a given fco, XQ ^ 0, large y leads to a larger value of c in (5.9) and, therefore, to a
faster convergence of x(t) to zero. Large y, however, may make the differential equation
for k "stiff" (i.e., k large), which will require a very small step size or sampling period
to implement it on a digital computer and may pose computational problems for some
differential equation solver algorithms.

5.2.2 Scalar Example: Direct MRAC without Normalization

Consider the following first-order plant:
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5.2. Simple MRAC Schemes 137

where a, b are unknown parameters but the sign of b is known. The control objective is
to choose an appropriate control law u such that all signals in the closed-loop plant are
bounded and x tracks the state xm of the reference model given by

or

for any bounded piecewise continuous signal r ( t ) , where am > 0, bm are known and xm(t),
r ( t ) are measured at each time t. It is assumed that am, bm, and r are chosen so that xm

represents the desired state response of the plant.
For jc to track xm for any reference input signal r (t), the control law should be chosen

so that the closed-loop plant transfer function from the input r to output x is equal to that
of the reference model. We propose the control law

where k*,l* are calculated so that the closed-loop transfer function from r to x is equal to
that of the reference model, i.e.,

Equation (5.15) is satisfied if we choose

provided of course that b ^ 0, i.e., the plant (5.12) is controllable. The control law (5.14),
(5.16) guarantees that the transfer function of the closed-loop plant, i.e., ^y, is equal to that
of the reference model. Such a transfer function matching guarantees that x ( t ) = xm(t)
Vt > 0 when x(0) — xm(0) or \x(t) — xm(t)\ —>• 0 exponentially fast when jc(0) ^ xm(0)
for any bounded reference signal r ( t ) .

When the plant parameters a, b are unknown, (5.14) cannot be implemented. There-
fore, instead of (5.14), we propose the control law

where k(t), /(?) are the estimates of A;*, /*, respectively, at time t, and search for an adaptive
law to generate k ( t ) , l ( t ) online.

As in the example in section 5.2.1, we can view the problem as an online identification
problem of the unknown constants &*,/*. We start with the plant equation (5.12) which we
express in terms of fc*, /* by adding and subtracting the desired input term —bk*x + bl*r =
— (am + a)x + bmr to obtain

i.e.,
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138 Chapter 5. Continuous-Time Model Reference Adaptive Control

Since xm — j^-r is a known bounded signal, we express (5.18) in terms of the

tracking error defined as e = x — xm, i.e.,

or

The B-DPM can also be expressed in the form of the B-SPM by filtering through with
^-. A wide class of adaptive laws for estimating k*, I* can be generated using any of the
parametric models in (5.19) and combined with (5.17) to form adaptive control schemes.

A simple adaptive control scheme can be developed by using the B-SSPM in (5.19).
The estimation model based on the B-SSPM is given by

where b is the estimate of b. However, by substituting the control law « = —k(t)x + l(t)r,
we obtain that e(t) = 0 W > 0, which means that there is no need to form the estimation
model, and in this case the estimation error is simply the tracking error e. By substituting
the control law in the B-SSPM model, we obtain

where k = k — k*, 1=1 — 1* are the parameter errors. The error equation (5.20) relates
the parameter errors k, I to the tracking error e and motivates the following Lyapunov-like
function for designing the adaptive laws to generate the parameter estimates k, I:

where y\,Y2 > 0. The time derivative V is given by

Because \b\ = b sgn(&), the indefinite terms in (5.22) disappear if we choose

which leads to

Treating xm(t), r(t) in (5.20) as bounded functions of time, it follows from (5.21),
(5.24) that V is a Lyapunov function for the differential equations described by (5.20) and
(5.23), and the equilibrium ee = 0, ke = 0, le = 0 is u.s. Furthermore, e,k, I e £00-
Because e = x — xm andjcm e £00» we also have jc e C^ and u € £00; therefore, all signals
in the closed loop are bounded. Now from (5.24) we can establish that e e £2 and from
(5.20) that e e Coo, which implies that <?(?) -»• 0 as t -+ oo.
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5.2. Simple MRAC Schemes 139

We have established that the control law (5.17) together with the adaptive law (5.23)
guarantees boundedness for all signals in the closed-loop system. In addition, the plant state
x ( t ) tracks the state of the reference model xm(t) asymptotically with time for any reference
input signal r ( t ) , which is bounded and piecewise continuous. These results do not imply
that k(t) -> k* and l(t) -> /* as t -> oo; i.e., the transfer function of the closed-loop
plant may not approach that of the reference model as t —> oo. To achieve such a result,
the reference input r(t) has to be sufficiently rich of order 2. For example, r(t) = sin o)t
for some a) £ 0 guarantees the exponential convergence of x ( t ) to xm(t) and of k ( t ) , l(t)
to k*, /*, respectively. In general, a sufficiently rich reference input r(t) is not desirable,
especially in cases where the control objective involves tracking of signals that are not rich
in frequencies.

5.2.3 Scalar Example: Indirect MRAC without Normalization

Let us consider the same plant and control objective as in section 5.2.2. As we showed
above, when a, b are known, the control law

with

could be used to meet the control objective. In the unknown parameter case, we propose

where k ( t ) , l(t) are the online estimates of k*, /* at time t, respectively. In direct adaptive
control, k ( t ) , /(?) are generated directly by an adaptive law. In indirect adaptive control, we
follow a different approach. We calculate k ( t ) , l(t) by using the relationship (5.26) and the
estimates a, b of the unknown parameters a, b as

where a, b are generated by an adaptive law that we design.
The adaptive law for generating a, b is obtained by following the same procedure as

in the identification examples of Chapter 3; i.e., we rewrite (5.12) in the form of the SSPM

The estimation model based on the above SSPM is given by

where a, b are the estimates of a, b at time /, respectively. Note that in the estimation model
we treat the signals ;c, u in the term (a + am)x + bu as input signals which are available
for measurement; therefore, we do not use the estimate of x. This structure of estimation

co
nt

ro
len

gin
ee

rs
.ir



140 Chapter 5. Continuous-Time Model Reference Adaptive Control

model is known as the series-parallel model, as it uses both x, x. Using (5.27), (5.28) in
(5.29), we obtain

Since we are designing the estimation model (5.29) and the reference model (5.13),
we can choose i(0) = xm(Q), which implies that x(t) — xm(t) W > 0. Therefore, the
estimation error s = x — x = x — xm — e is simply the tracking error, which can be shown
to satisfy

where a = a — a,b = b — b are the parameter errors, by subtracting (5.29) from the SSPM
of the plant. Equation (5.30) relates the parameter errors a, b to the tracking error e and
motivates the choice of

for some y\, }/2 > 0, as a potential Lyapunov function candidate for (5.30). The time
derivative of V along any trajectory of (5.30) is given by

Hence, for

we have

which implies that e, a, b e C^ and that e e £2 by following the usual arguments. Fur-
thermore, xm, e € £00 imply that jc € £QO- The boundedness of u, however, cannot be
established unless we show that k(t), l(t) are bounded. The boundedness of i and therefore
of k(t), l(t) cannot be guaranteed by the adaptive law (5.33) because (5.33) may generate
estimates b(t) arbitrarily close or even equal to zero. The requirement that b(t) be bounded
away from zero is a controllability condition for the estimated plant. Since the control
law (5.27) is based on the estimated plant at each time t rather than the actual unknown,
this controllability condition arises naturally. One method for preventing b(t) from going
through zero is to modify the adaptive law for b(t) so that adaptation takes place in a closed
subset of 7£ which does not include the zero element. Such a modification is achieved using
the following a priori knowledge:

The sgn(£) and a lower bound bo > 0 for \b\ are known.

Applying the projection method with the constraint b sgn(b) > &o to the adaptive law
(5.33), we obtain
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5.2. Simple MRAC Schemes 141

where £(0) is chosen so that £(0) sgn(b) > bo. A simple explanation of the projection is
as follows: As an example assume that we know a priori that b > 1. We choose the initial

condition £(0) > 1. If b(t) > 1, we adapt as usual. If b(t) — 1 and b(t) < 0 at some time

t, b(t) is decreasing and will soon become less than 1, in which case we set b(t] — 0. If,

on the other hand, b(t) = 1 and b(t) > 0, then b(t} is nondecreasing and, therefore, it will
not become less than 1, in which case we adapt as usual. This way b(t) is guaranteed not
to go below 1 at any time t.

It follows from (5.34) that if £(0)sgn(b) > b0, then whenever b(t)sgn(b) - \b(t)\

becomes equal to bo we have bb > 0, which implies that \b(t)\ > bo V? > 0. Furthermore,
the time derivative of (5.31) along the trajectory of (5.30), (5.34) satisfies

Now for |^| — bo we have (b—b)sgn(b) < 0. Therefore, for \b\ = boandeu sgn(b) <
0, we have

which implies that the effect of the extra term — beu < 0 due to the projection is to make V
more negative. Therefore,

which implies that V, a, b e C^. Using the usual arguments, we have e e £2 and e e £00,

which imply that e(t) = x ( t ) — xm(t) -»• 0 as t -> oo and therefore that a ( t ) , b(t) -^ 0
as / —>• oo. As in the direct case it can be shown that if the reference input signal r(t} is
sufficiently rich of order 2, then b, a and therefore k, I converge to zero exponentially fast.

In the above indirect MRAC scheme, the adaptive laws are driven by the tracking
error, which is equal to the estimation error without normalization.

5.2.4 Scalar Example: Direct MRAC with Normalization

Let us consider the tracking problem defined in section 5.2.2 for the first-order plant

where a, b are unknown (with b ^ 0). The control law

where

guarantees that all signals in the closed-loop plant are bounded and the plant state x converges
exponentially to the state xm of the reference model
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142 Chapters. Continuous-Time Model Reference Adaptive Control

Because a, b are unknown, we replace (5.36) with

where k(t), l(t) are the online estimates ofk*, /*, respectively. We design the adaptive laws
for updating k(t), l(t) by first developing appropriate parametric models for k*, I* of the
form studied in Chapter 3. As in section 5.2.2, if we add and subtract the desired input term
—bk*x + bl*r in the plant equation (5.35) and use (5.37) to eliminate the unknown a, we
obtain

which together with (5.38) and the definition of e — x — xm gives

Equation (5.40) can also be rewritten as

where 9* = [k*, /*], 0 = -^[x, ~r]T, uf = -^u, which is in the form of the B-SPM.
Using the techniques in section 3.9, the adaptive law for estimating 9*, b is given by

where the normalizing signal ms is chosen as m2
s = 1 + 4>T4> + «/•

It has been shown in section 3.9 that the above adaptive law guarantees that

independent of the boundedness of 0, e, u.
In the following steps we use properties (i)-(ii) of the adaptive law to first establish

signal boundedness and then convergence of the tracking error e to zero.

Step 1. Express the plant output x and input u in terms of the parameter errors k, I
From (5.38)-(5.40) we have

where k = k-k*,l = I - I*, and from (5.35), (5.43) we have
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For simplicity, let us denote the norm HO/lb = (/0' e~S(t~T)(Y(-)dr)[/2 by || • ||.
Again for the sake of clarity and ease of exposition, let us also denote any positive finite
constant whose actual value does not affect stability with the same symbol c. Using the
properties of the £2,5 norm in (5.43), (5.44) and the fact that r, / 6 £00, we have

for any 8 e [0, 2am), which imply that the fictitious normalizing signal defined as

satisfies

We verify, using the boundedness of r, I, k, that &-, •£-, —• e £00 as follows: From
the definition of </> i , we have |</>i(OI < c||jc|| < cm/. Similarly, from (5.43) and the
boundedness of r, /, k, we have

Because x — ~amx + bmr + blr — bkx, it follows that |jc| < c + cm/ . Next, let us
consider the signal m2 = 1+</>2-}-02 + «2 . Because | w / | <C | |M| | < cm/ and ^-, 02 e £oo>
it follows that m v < cm / .

Step 2. Use the swapping lemma and properties of the £26 norm to upper bound
\\kx || with terms that are guaranteed by the adaptive law to have finite £2 gains We
start with the identity

where «o > 0 is an arbitrary constant. From (5.43) we also have that

where e = x — xm, which we substitute in the second term of the right-hand side of (5.46)
to obtain

Because k, I, r e £QO, we have

for any
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The gain of the first two terms on the right-hand side of (5.47) can be reduced by
choosing «o large. So the only term that needs further examination is «oc|M|. The tracking
error e, however, is related to the normalized estimation error e through the equation

that follows from (5.42). Because s, sms e £00 n £2 and b e £00, the signal we need to
concentrate on is £, which is given by

We consider the equation

obtained by using Swapping Lemma 1 (see Lemma A. 11.1 in the Appendix) or the equation

where s is treated as the differential operator.
Using any one of the above equations to substitute for k\(j>\ + /02 in the equation for

£, we obtain

Hence

Since ew^, ^, /, 02, r e £00, it follows from (5.48) that

and therefore (5.47) and (5.49) imply that

Step 3. Use the B-G lemma to establish boundedness Using (5.50) and the normal-
izing properties of m/, we can write (5.45) in the form

where due to properties of the adaptive law. The
inequality (5.51) implies that
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We apply B-G Lemma 3 (see Lemma A.6.3) with CQ = 0, c\ — c + C<XQ, c>i — c,

Hence

where ft = 8 —%. Since O.Q is arbitrary, it can be chosen so that ft > 0 for any given 8 > 0.
Therefore, we can establish, using (5.52), that

i.e., mf• e £QO- From m/ 6 £QO we have jc, i, m.v, (f>\ e £00, which imply that u and all
signals in the closed-loop plant are bounded.

Step 4. Establish convergence of the tracking error to zero We show the convergence
of the tracking error to zero by using (5.48). Since 0], 02, b, m* £ £oo> we can conclude
from £ms, k, I e £2 that e e £2- Since e e £2 H £QO and e = i — xm e £00, we have
e(t) —> 0 as / -> ex).

The above example demonstrates that even though the design approach for the adaptive
controller is rather straightforward the use of normalization makes the estimation error
different from the tracking error. Since boundedness of the estimation error guaranteed
by the adaptive law does not directly imply boundedness for the tracking error as was the
case with the adaptive control examples without normalization, additional steps are used
to establish that. These steps are rather complicated and long even for simple examples.
However, once understood, the analysis for the case of higher-order plants is very similar.

5.2.5    Scalar Example: Indirect MRAC with Normalization

Let us consider the same plant

We can establish that the parameters a, b satisfy the SPM

where
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146 Chapter 5. Continuous-Time Model Reference Adaptive Control

A. > 0 is a design constant. A wide class of adaptive laws may be designed using this SPM.
Let us consider the gradient algorithm

where F = FT > 0 and ms is chosen so that ^- € £00. As shown in Chapter 3, the above
adaptive law guarantees that

independent of the boundedness of 0, x, u.
The indirect MRAC scheme is formed as

where a, ^ are the elements of 0 = [a, b]r. Due to division by b, the gradient algorithm
has to guarantee that b does not become equal to zero. Therefore, instead of (5.53), we use

where 0j, 02 are the elements of 0 = [(f>\, fa]7, b is assumed to satisfy \b\ > bo for some
known £Q > 0, and the sign of b is known.

As shown in Chapter 3, the above adaptive law guarantees that

The analysis steps are the same as in the direct MRAC scheme with normalization.

Step 1. Express the plant output x and input u in terms of the parameter errors k, I
The equations are the same as in Step 1 of the direct MRAC with normalization, i.e.,
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5.2. Simple MRAC Schemes 147

and the fictitious normalizing signal                                                         satisfies

bounds from above </>i , 02, ms, x, x, u for

Step 2. Obtain an upper bound for \\lr-icx\\2 with terms guaranteed by the adaptive
law to have finite £2 gains From the adaptive law (5.55) we have that

where a = a — a,b — b — b,(j>\ = -^x, fa — j^u. The adaptive law guarantees that

sms,a,b £ LI. Therefore, we need to use these properties and obtain a bound for || Ir—kx ||2

which depends on erav, a, b in a way that allows the use of the B-G lemma to establish
boundedness for m/ the same way as in section 5.2.4.

From (5.56), we have that

Since

we have

and hence

Substituting for

Let us now consider the identity

Furthermore, as in section 5.2.4,

co
nt

ro
len

gin
ee

rs
.ir



148 Chapter 5. Continuous-Time Model Reference Adaptive Control

for any arbitrary constant «o > 0. Let us also consider the equation

Hence

Using (5.58) and (5.60), we have

Substituting (5.61) into (5.59), we have

Since ll^||oo« < ^^ II^H<»« ^ c' ̂  ' e ^oo, and i, r, m,., 0 l5 02 are bounded
from above by m/, we have that

where

Step 3. Use the B-G lemma to establish boundedness Using (5.62) in (5.57), we have

or

Since UQ is arbitrary and can be made large and g\, g2, gi € £2, the boundedness of
m/ follows by applying B-G Lemma 3 in exactly the same way as in Step 3 of section 5.2.4.
Since m/ bounds all signals from above, it follows that all signals are bounded.

Step 4. Establish the convergence of the tracking error to zero From (5.56), we have

which together with (5.58), (5.60) implies that
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5.2. Simple MRAC Schemes 149

Since ms,<$>\,<$>i e £00 and ems, a, b e £-2, it follows that em2
s, a(f)\ + bfa e Ci,

which in turn implies that e e £2- Since

implies that e e £QO due to kx, Ir e Coo, by applying Lemma A.4.7, we can conclude from
e e £2 n £00 and e e £00 that e(0 —»• 0 as t -> oo.

5.2.6 Vector Case: Full-State Measurement

Let us now consider the nth-order plant

where A e 7£HX", B e ~Rnx(i are unknown constant matrices and (A, B) is controllable.
The control objective is to choose the input vector u e IV such that all signals in the
closed-loop plant are bounded and the plant state x follows the state xm e 71" of a reference
model. The reference model is described by

where Am e 'Rnxn is a stable matrix, Bm e H"*'1, and r e IV is a bounded reference
input vector. The reference model and input r are chosen so that xm(t) represents a desired
trajectory that x has to follow.

If the matrices A, B were known, we could apply the control law

and obtain the closed-loop plant

Hence, if A'* e'Rc'xn and L* e 7£<yx'/ are chosen to satisfy the algebraic equations

then the transfer matrix of the closed-loop plant is the same as that of the reference model
andjc(f) —>> xm (t) exponentially fast for any bounded reference input signal r(t). We should
note that in general, no K*, L* may exist to satisfy the matching condition (5.67) for the
given matrices A, B, Am, Bm, indicating that the control law (5.65) may not have enough
structural flexibility to meet the control objective. In some cases, if the structure of A, B is
known, Am , Bm may be designed so that (5.67) has a solution for K*, L*.

Let us assume that K*, L* in (5.67) exist, i.e., that there is sufficient structural flexi
bility to meet the control objective, and propose the control law
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150 Chapter 5. Continuous-Time Model Reference Adaptive Control

where K(t), L(t) are the estimates of K*, L*, respectively, to be generated by an appropriate
adaptive law.

By adding and subtracting the desired input term, namely, —B(K*x — L*r) in the
plant equation, and using (5.67), we obtain

which is the extension of the scalar equation (5.18) in section 5.2.2 to the vector case.
Defining the tracking error e = x - xm and subtracting (5.64) from (5.69), we obtain the
tracking error equation

which is in the form of the B-SSPM. The estimation model is given by

Due to the control law u = -K(t)x + L(t)r, the signal e(t) = OVt > 0 and the
estimation error E = e — e = e. Therefore, the estimation model is not needed, and the
tracking error e is used as the estimation error.

Following the same procedure as in section 5.2.2, we can show that the tracking error
e — x — xm and parameter error K = K — K*, L = L — L* satisfy the equation

which also depends on the unknown matrix B. In the scalar case we manage to get away with
the unknown B by assuming that its sign is known. An extension of the scalar assumption
of section 5.2.2 to the vector case is as follows: Let us assume that L* is either positive
definite or negative definite and F"1 = L* sgn(/), where / = 1 if L* is positive definite and
/ = — 1 if L* is negative definite. Then B = BmL*~] and (5.70) becomes

We propose the following Lyapunov function candidate:

where P = PT > 0 satisfies the Lyapunov equation

for some Q — QT > 0. Then

Now

and
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5.3. MRC for SISO Plants 151

Therefore, for

we have

From the properties of V, V we establish, as in the scalar case, that K(t), L(t), e(t)
are bounded and that e(t) —> 0 as t —> oo. The adaptive control scheme developed is given
by (5.68) and (5.71). The matrix BT

m P acts as an adaptive gain matrix, where P is obtained
by solving the Lyapunov equation PAm + A^P — —Q for some arbitrary Q = QT > 0.
Different choices of Q will not affect boundedness and the asymptotic behavior of the
scheme, but they will affect the transient response. The assumption that the unknown L*
in the matching equation BL* — Bm is either positive or negative definite imposes an
additional restriction on the structure and elements of B, Bm. Since B is unknown, this
assumption may not be realistic in some applications.

The above MRAC scheme belongs to the class of direct MRAC without normalization
in the adaptive law. The same methodology can be extended to the other classes of MRAC
shown in Figure 5.4.

The MRAC schemes designed in this section are based on the assumption that the
plant state is available for measurement. In the following sections, we relax this assumption
and develop different classes of MRAC schemes shown in Figure 5.4 for a general class
of plants.

5.3 MRC for SISO Plants

In the general case, the design of the control law is not as straightforward as it appears to be
in the case of the examples of section 5.2. For this reason, we use this section to formulate
the MRC problem for a general class of LTI SISO plants and solve it for the case where the
plant parameters are known exactly. The significance of the existence of a control law that
solves the MRC problem is twofold: First, it demonstrates that given a set of assumptions
about the plant and reference model, there is enough structural flexibility to meet the control
objective; second, it provides the form of the control law that is to be combined with an
adaptive law to form MRAC schemes in the case of unknown plant parameters to be treated
in the sections to follow.

5.3.1 Problem Statement

Consider the SISO LTI plant described by the vector differential equation

where xp e 7ln; yp, up e 7£; and Ap, Bp, Cp have the appropriate dimensions. The transfer
function of the plant is given by
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152 Chapter 5. Continuous-Time Model Reference Adaptive Control

with Gp(s) expressed in the form

where Zp, Rp are monic polynomials and kp is a constant referred to as the high-frequency
gain. The reference model, selected by the designer to describe the desired characteristics
of the plant, is described by the differential equation

where xm e *R,pm for some integer pm; ym,r e K; and r is the reference input which is
assumed to be a uniformly bounded piecewise continuous function of time. The transfer
function of the reference model given by

is expressed in the same form as (5.74), i.e.,

where Zm(s), Rm(s) are monic polynomials and km is a constant.
The MRC objective is to determine the plant input up so that all signals are bounded

and the plant output yp tracks the reference model output ym as close as possible for any
given reference input r (?) of the class defined above. We refer to the problem of finding the
desired up to meet the control objective as the MRC problem.

In order to meet the MRC objective with a control law that is free of differentiators
and uses only measurable signals, we assume that the plant and reference models satisfy the
following assumptions.

Plant assumptions:

PI. Zp(s) is a monic Hurwitz polynomial.

P2. An upper bound n of the degree np of Rp(s) is known.

P3. The relative degree n* — np — mp of Gp(s) is known, where mp is the degree of
Zp(s).

P4. The sign of the high-frequency gain kp is known.

Reference model assumptions:

Ml. Zm(s), Rm(s) are monic Hurwitz polynomials of degree qm, pm, respectively, where
Pm < n.

M2. The relative degree n*m — pm — qm of Wm(s) is the same as that of Gp(s), i.e.,
n* — n*.
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5.3. MRC for SISO Plants 153

Remark 5.3.1 Assumption PI requires that the plant transfer function Gp(s) be minimum
phase. We make no assumptions, however, about the location of the poles of Gp(s); i.e.,
the plant is allowed to have unstable poles. We allow the plant to be uncontrollable or
unobservable; i.e., we allow common zeros and poles in the plant transfer function. Since,
by assumption PI, all the plant zeros are in C~, any zero-pole cancellation can occur only
in C~, which implies that the plant (5.72) is both stabilizable and detectable.

The minimum-phase assumption (PI) is a consequence of the control objective which
is met by designing an MRC control law that cancels the zeros of the plant and replaces
them with those of the reference model in an effort to force the closed-loop plant transfer
function from r to yp to be equal to Wm(s). For stability, such cancellations should occur
in C~, which implies that Z,,(s) should satisfy assumption PI.

5.3.2    MRC Schemes: Known Plant Parameters

In addition to assumptions P1-P4 and Ml, M2, let us also assume that the coefficients of
Gf,(s) are known exactly. Because the plant is LTI and known, the design of the MRC
scheme is achieved using linear system theory. The MRC objective is met if up is chosen so
that the closed-loop transfer function from r to yp has stable poles and is equal to Wm (s), the
transfer function of the reference model. Such a transfer function matching guarantees that
for any reference input signal r(r), the plant output yp converges to ym exponentially fast.

Let us consider the feedback control law

shown in Figure 5.5, where

CQ, 6% e 7Z; #*, 0* e 72." ' are constant parameters to be designed; and A (s) is an arbitrary
monic Hurwitz polynomial of degree n — 1 that contains Zm(s) as a factor, i.e.,

Figure 5.5. Structure of the MRC scheme (5.77).
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which implies that AQ(S) is monic, Hurwitz, and of degree HQ = n — \—qm. The controller
parameter vector

is to be chosen so that the transfer function from r to yp is equal to Wm(s).
The I/O properties of the closed-loop plant shown in Figure 5.5 are described by the

transfer function equation

where

We can now meet the control objective if we select the controller parameters 0*,
0|, 03, CQ so that the closed-loop poles are stable and the closed-loop transfer function
Gc(s) = Wm(s), i.e.,

is satisfied for all s e C. Choosing

and using A(s) = Ao(^)Zm(^), the matching equation (5.80) becomes

or

Equating the coefficients of the powers of s on both sides of (5.83), we can express
(5.82) in terms of the algebraic equation

where 0* = [0*r, 0|r, 03*]r; S is an (n + np - 1) x (2n - 1) matrix that depends on th
coefficients of Rp, kpZp, and A; and p is an n -f np — 1 vector with the coefficients of
ARp — ZpAQRm. The existence of 0* to satisfy (5.84) and, therefore, (5.83) will very much
depend on the properties of the matrix 5. For example, if n > np, more than one 0* will
satisfy (5.84), whereas if n = np and S is nonsingular, (5.84) will have only one solution.

Remark 5.3.2 For the design of the control input (5.77), we assume that n > np. Since
the plant is known exactly, there is no need to assume an upper bound for the degree of the
plant; i.e., since np is known, n can be set equal to np. We use n > np on purpose in order
to use the result in the unknown plant parameter case treated in sections 5.4 and 5.5, where
only the upper bound n for np is known.
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5.3. MRC for SISO Plants 155

Remark 5.3.3 Instead of using (5.84), one can solve (5.82) for 8*, 8*, #3* as follows:
Dividing both sides of (5.82) by R,,(s), we obtain

where Q(s) (of degree n — 1 — m,,} is the quotient and fc/;A* (of degree at most np — 1) is
the remainder of ^*-, respectively. Then the solution for Of, i = 1, 2, 3, can be found by

K,,

inspection, i.e.,

where the equality in the second equation is obtained by substituting for A * ( s ) using the
identity ^r* = Q + ̂ -. The parameters #,*, i = 1, 2, 3, can now be obtained directly by

Kp Kp

equating the coefficients of the powers of s on both sides of (5.85), (5.86).
Equations (5.85) and (5.86) indicate that in general the controller parameters Of,

i — \, 2, 3, are nonlinear functions of the coefficients of the plant polynomials Z p ( s ) , Rp(s)
due to the dependence of Q(s) on the coefficients of Rp(s). When n = np and n* — 1,
however, Q(s) = 1, and the 0*'s are linear functions of the coefficients of Z p ( s ) , Rr(s).

Lemma 5.3.4. Let the degrees of R,,, Zp, A, AQ, and Rm be as specified in (5.77). Then
the solution 0* o/(5.83) or (5.84) always exists. In addition, if R/,, Zp are coprime and
n — np, then the solution 9* is unique.1

Remark 5.3.5 It is clear from (5.81), (5.82) that the control law (5.77) places the poles
of the closed-loop plant at the roots of the polynomial Z,,(s)AQ(s)Rm(s) and changes the
high-frequency gain from kp to km by using the feedforward gain CQ. Therefore, the MRC
scheme can be viewed as a special case of a general pole placement scheme where the
desired closed-loop characteristic equation is given by

The transfer function matching (5.80) is achieved by canceling the zeros of the plant,
i.e., Zp(s'), and replacing them by those of the reference model, i.e., by designing A =
AoZm. Such a cancellation is made possible by assuming that Zp(s) is Hurwitz and by
designing A0, Zm to have stable zeros.

A state-space realization of the control law (5.77) is

7 For the proof, see the web resource [94].
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where

A, are the coefficients of

and (F, g) is the state-space realization of ̂ y, i.e., (s7 — F)~'g = ^y.
We obtain the state-space representation of the overall closed-loop plant by augment-

ing the state xp of the plant (5.72) with the states o>i, 0^2 of the controller (5.87), i.e.,

where

and FQ is the vector with initial conditions. We have already established that the transfer
function from r to yp is given by

which implies that

and therefore

where the last equality is obtained by using the matching equation (5.82). It is clear that the
eigenvalues of Ac are equal to the roots of the polynomials A, Zp, and Rm\ therefore, Ac is
a stable matrix. The stability of Ac and the boundedness of r imply that the state vector Yc

in (5.89) is bounded.
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5.3. MRC for SISO Plants 157

Since C^(sl — Ac)~
l BCCQ = Wm(s), the reference model may be realized by the

triple (Ac, BC€Q, Cc) and described by the nonminimal state-space representation

where Ym e fini>+2n 2. Letting e — YL. — Ym be the state error and e\ — y,, — ym the output
tracking error, it follows from (5.89) and (5.91) that

i.e., the tracking error e\ satisfies

Since Ac is a stable matrix, e\ (t) converges exponentially to zero. The rate of con-
vergence depends on the location of the eigenvalues of A t, which are equal to the roots
of A(s)AQ(s)Rm(s)Z,,(s) = 0. We can affect the rate of convergence by designing
A(s)AQ(s)Rm(s) to have fast zeros, but we are limited by the dependence of Ac on the
zeros of Zp(s), which are fixed by the given plant.

Example 5.3.6 Let us consider the second-order plant

and the reference model

The order of the plant is n,, = 2. Its relative degree n* = \ is equal to that of the
reference model. We choose the polynomial A ( s ) as

and the control input

which gives the closed-loop transfer function

Forcing Gc(s) — ̂ , we have CQ = — |, and the matching equation (5.83) becomes

i.e.,

co
nt

ro
len

gin
ee

rs
.ir



158 Chapter 5. Continuous-Time Model Reference Adaptive Control

Equating the powers of s, we have

which gives

i.e.,

The control input is therefore given by

and is implemented as follows:

The control law (5.87) is the backbone of the corresponding MR AC schemes to be
designed in the subsequent sections to handle the case of unknown plant parameters. It is
natural to expect that assumptions P1-P4 that are used to meet the MRC objective in the case
of known plant parameters will also be needed in the case of unknown plant parameters.
Since MRAC has been one of the most popular adaptive control schemes, newcomers
to adaptive control often misunderstand adaptive control as a method applicable only to
minimum-phase plants with known relative degree, etc. As we will show in Chapter 6,
if we change the MRC objective to a pole placement one, assumptions PI, P2, P4 are no
longer needed.

In the following sections we develop different classes of MRAC schemes and analyze
their properties. As we will demonstrate, the design and analysis approach is very similar
to that used for the simple MRAC examples presented in section 5.2.

5.4 Direct MRAC with Unnormalized Adaptive Laws

In this section, we extend the scalar example presented in section 5.2.2 to the general class
of plants (5.72) where only the output is available for measurement. The complexity of the
schemes increases with the relative degree n* of the plant. The simplest cases are the ones
where n* — 1 and 2. Because of their simplicity, they are still quite popular in the literature
of continuous-time MRAC and are presented in separate sections.
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5.4. Direct MRAC with Unnormalized Adaptive Laws 159

5.4.1 Relative Degree n* = 1

Let us assume that the relative degree of the plant

is n* = 1. The reference model

is chosen to have the same relative degree, and both Gp(s) and Wm(s) satisfy assumptions
P1-P4 and Ml and M2, respectively. In addition Wm(s) is designed to be SPR. The design
of the MRAC law to meet the control objective defined in section 5.3.1 proceeds as follows.

We have shown in section 5.3.2 that the control law

where co = [a)], o)%, yp, r\T and 0* = [0*T, O^7, 0%, CQ]T, calculated from the matching
equation (5.81) and (5.82) meets the MRC objective defined in section 5.3.1. Because the
parameters of the plant are unknown, the desired controller parameter vector 0* cannot
be calculated from the matching equation, and therefore (5.93) cannot be implemented.
Following the certainty equivalence (CE) approach, instead of (5.93) we use

where 0 ( t ) is the online estimate of the unknown parameter vector 0* to be generated by
an adaptive law. We derive such an adaptive law by following a procedure similar to that
used in the case of the example of section 5.2.2. We first obtain a composite state-space
representation of the plant and controller, i.e.,

where

and then add and subtract the desired input Bc0*To> to obtain
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If we now absorb the term Bc6*Ta) into the homogeneous part of the above equation,
we end up with the representation

where Ac is as defined in (5.90). Equation (5.95) is the same as the closed-loop equation
(5.89) in the known parameter case except for the additional input term Bc(up — 0*Ta))
that depends on the choice of the input up. It serves as the parameterization of the plant
equation in terms of the desired controller parameter vector 9*. Letting e = Yc — Ym and
d = yp — ym, where Ym is the state of the nonminimal representation of the reference model
given by (5.91), we obtain the tracking error equation

Since

we have

where p* = pr, which is in the form of the bilinear parametric model discussed in Chapters 2
and 3. We can now use (5.97) to generate a wide class of adaptive laws for estimating 9* by
using the results of Chapter 3. We should note that (5.96) and (5.97) hold for any relative
degree and will also be used in later sections.

We should also note that (5.96) is similar in form to the B-SSPM, except that the
state e is not available for measurement and the matrix Ac, even though stable, is unknown.
Despite these differences, we can still form the estimation model as

Substituting for the control law up — 0Ta>, we have that e\(t) = 0 W > 0 and the
estimation error E = e\ — e\ = e\. Therefore, the estimation error equation is the same as
the tracking error equation (5.96). Substituting for the control law in (5.96), we obtain the
error equation

where Bc = Bcc^ or

which relates the parameter error 9 = 9(t) — 6* to the tracking error e\. Because Wm(s) =
Cj(s7 — AC)~IB€CQ is SPR and Ac is stable, (5.98) motivates the Lyapunov function
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5.4. Direct MRAC with Unnormalized Adaptive Laws 161

where F = Fr > 0 and Pc — Pj > 0 satisfies the algebraic equations

where q is a vector, Lc = LT
C > 0, and vc > 0 is a small constant, that are implied by the

MKY lemma (see Lemma A.9.8 in the Appendix). The time derivative V of V along the
solution of (5.99) is given by

Since eTPCBC — eTCc — e\ and p* = \p*\ sgn(p*), we can make V < 0 by choosing

which leads to

Equations (5.99) and (5.101) imply that V and, therefore, e, 0 e £00. Because
e = Yc — Ym and Ym e £00, we have Yc e £00, which implies that xp, y,,, 0)1,0)2 € £00-
Because up = 0To) and 0,o) e C^ we also have w/; e £00. Therefore, all the signals in
the closed-loop plant are bounded. It remains to show that the tracking error e\ = y,, — ym

goes to zero as t —> oc.
From (5.99) and (5.101) we establish that e and therefore e\ e £2- Furthermore,

using 0, to, e e £00 in (5.98), we have that e, e\ e £00- Hence e\,e\ e £00 and e\ 6 £2,
which (see the Appendix) imply that e\(t) —> 0 as t —> oo.

The MRAC scheme is summarized by the equations

Its stability properties are summarized by the following theorem.

Theorem 5.4.1. The MRAC scheme (5.102) has the following properties:

(i) All signals in the closed-loop plant are bounded, and the tracking error e\ converges
to zero asymptotically with time for any reference input r € £QO-

(ii) Ifr is sufficiently rich of order 2n, r e £00, and Zp(s), Rp(s) are relatively coprime,
then the parameter error \0\ = \0 — 0*\ and the tracking error e\ converge to zero
exponentially fast.

Proof. Part (i) has already been completed above. For the proof of (ii), see the web
resource [94].
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162 Chapter 5. Continuous-Time Model Reference Adaptive Control

Example 5.4.2 Let us consider the second-order plant

where kp > 0, bo > 0, and kp, bo, a\, UQ are unknown constants. The desired performance
of the plant is specified by the reference model

The control law is designed as

by choosing F = —2, g — 1, and A(s) — s + 2. The adaptive law is given by

where ei = j/, — ym, 6 = [0i,02, 03, co]r, and &> = [o>i,f t>2, _y /,,r]7 '. We can choose
F = diagly/} for some y/ > 0 and obtain the decoupled adaptive law

where 04 = CQ, ^3 = jp, o>4 = r; or we can choose F to be any positive definite matrix.
For parameter convergence, we choose r to be sufficiently rich of order 4. As an

example, we select r = A\ sin u>\t + A2 sin ct>2^ for some nonzero constants A\, AI, co\, o>2
with a>[ ^ a>2- We should emphasize that we may not always have the luxury of choosing r
to be sufficiently rich. For example, if the control objective requires r = constant in order
for yp to follow a constant set point at steady state, then the use of a sufficiently rich input
r of order 4 will destroy the desired tracking properties of the closed-loop plant.

5.4.2 Relative Degree n* = 2

Let us again consider the parameterization of the plant in terms of 0*, developed in the
previous section, i.e.,

or

In the relative degree n* = I case, we are able to design Wm(s) to be SPR, which
together with the control law up — 9Tu> enables us to obtain an error equation that motivates
an appropriate Lyapunov function. With n* = 2, Wm(s) can no longer be designed to be
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5.4. Direct MRAC with Unnormalized Adaptive Laws 163

SPR,8 and therefore the procedure of section 5.4.1 fails to apply here. Instead, let us use
the identity (s + PQ)(S + po)~' = 1 for some pQ > 0 to rewrite (5.103), (5.104) as

i.e.,

where

and Wm(s), PQ > 0 are chosen so that Wm(s)(s + PQ) is SPR. If we choose up so that

then the estimation error is the same as the tracking error, and the estimation or tracking
error equation takes the form

or, in the transfer function form,

which can be transformed into the desired form by using the transformation

i.e.,

where B} = ACBC + Bcp0 and CT
C Bc = C^Bt,c* = 0 due to n* = 2. With (5.110), we

can proceed as in the case of n* = 1 and develop an adaptive law for 9. Equation (5.110)
is developed based on the assumption that we can choose up so that «/ = T^up — ^T(f)-
We have

which implies that

Since 9 is made available by the adaptive law, the control law (5.111) can be imple-
mented without the use of differentiators. Let us now go back to the error equation (5.110).
Since

8A necessary condition for W1 (s) to be SPR is that n* = 0 or 1.
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164 Chapter 5. Continuous-Time Model Reference Adaptive Control

is SPR, (5.110) is of the same form as (5.98), and the adaptive law for generating 9 is
designed by considering

where Pc = Pj > 0 satisfies the MKY lemma (Lemma A.9.8). As in the case of n* = l,for

the time derivative V of V along the solution of (5.110), (5.112) is given by

which implies that e, 9, e\ e L^ and e, e\ e £2. Because e\ — yp — ym, we also have
yp e £QO- The signal vector 0 is expressed as

by using up — Gp
 l (s)yp. We can observe that each element of 0 is the output of a proper

stable transfer function whose input is yp or r. Since yp, r e £00, we have 0 € £00- Now
e, 9, 0 € £QO imply (from (5.109)) that e and, therefore, Yc e £00. Because CD, 0, ^i € £<x>,
we have 0 e £00 and up e £00 and, therefore, all signals in the closed-loop plant are
bounded. From (5.110), we also have that e e £00, i.e., e\ e £00, which, together with
e\ e £00 H £2, implies that e\ (t) —> 0 as t —> oo.

The equations of the overall MRAC scheme are

where oo\,(02 e 72.""1, (s + ^o)W/n(^) is SPR, and F, G are as defined before.

Theorem 5.4.3. The MRAC scheme (5.114) guarantees that

(i) All signals in the closed-loop plant are bounded, and the tracking error e\ converges
to zero asymptotically.

(ii) IfRp, Zp are coprime and r is sufficiently rich of order 2n, then the parameter error
\9\ — \9 — 0*\ and the tracking error e\ converge to zero exponentially fast.
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5.4. Direct MRAC with Unnormalized Adaptive Laws 165

Proof. Part (i) has already been completed above. For the proof of (ii), see the web
resource [94].

Example 5.4.4 Let us consider the second-order plant

where kp > 0 and a\, ao are constants. The reference model is chosen as

Using (5.114), the control law is designed as

where a> = [a)\, a>2, yp, r]T, e\ — yp ~ ym, PQ = 1, A(s) — s + 1, and ^'^'2 is SPR. The
adaptive law is given by

where F = F7 > 0 is any positive definite matrix and 9 = [#i, 02, 03, c0]r. For parameter
convergence, the reference input r is chosen as

for some A\, A2 / 0 and a>\ / o>2.

Remark5.4.5 Thecontrollaw(5.111)isamodificationoftheCEcontrollawM / ; — 9Ta>and
is motivated from stability considerations. The additional term 070 = —07F0^i sgn(p*)
is a nonlinear one that disappears asymptotically with time; \.e.,up — 9Ta> + 9T(f) con verges
to the CE control law up = 9Ta> as t —>• oo. The number and complexity of the additional
terms in the CE control law increase with the relative degree n*.

In a similar manner, MRAC schemes can be developed for n* — 3 and above. For
higher relative degrees, the complexity of the control law increases as it becomes a function
of higher-order nonlinearities. The reader is referred to the web resource [94] for more
details on the design and analysis of MRAC with unnormalized adaptive laws for plants
with n* > 3.

5.4.3 Relative Degree Greater than 2

When the relative degree is greater than 2 the procedure is very similar, but the control law
becomes more complex. In the web resource [94], we present the relative degree-3 case to
illustrate the approach and complexity.
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166 Chapter 5. Continuous-Time Model Reference Adaptive Control

5.5 Direct MRAC with Normalized Adaptive Laws
In this section we present and analyze a class of MRAC schemes that dominated the literature
of adaptive control due to the simplicity of their design as well as their robustness properties
in the presence of modeling errors. Their design is based on the CE approach that combines
a control law, motivated from the known parameter case, with an adaptive law generated
using the techniques of Chapter 3. The adaptive law is driven by the normalized estimation
error and is based on an appropriate parameterization of the plant that involves the unknown
desired controller parameters.

We have already demonstrated this class of MRAC for a simple example in sec-
tion 5.2.4. The design and analysis of direct MRAC with normalized adaptive laws for the
SISO plant (5.72) is very similar to that of the example in section 5.2.4.

Let us use the MRC law (5.87) and CE to propose the following control law for the
case of unknown parameters,

whose state-space realization is given by

where 9 — [9f, 6%, 63, CQ]T and a) — [a)\, u>\, yp, r]T, and search for an adaptive law to
generate 9(t).

In section 5.4.1, we developed the DPM

where p* = £ = ^, 9* = [9*T, 02*
r, 0*, c*]r, by adding and subtracting the desired

control input 0*Tco in the overall representation of the plant and controller states (see (5.97)).
We can express (5.117) in the form of the B-SPM as

where 0 = —Wm(s)a>, Uf = Wm(s)up. We can relate it to the B-SPM in Chapter 2 by
defining z = e\, ZQ = «/. Either (5.117) or (5.118) may be used to design an adaptive law
for generating 9(t) in (5.116).

As a demonstration, we consider the parametric model (5.118). Using the results of
Chapter 3, we write
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5.5. Direct MRAC with Normalized Adaptive Laws 167

As shown in Chapter 3, the above adaptive law guarantees that (i) 0, p e C^, (ii) e,
erav, e0, 0, p e LI n £00 independent of the boundedness of 0, p, up, yp. The MRAC
scheme is described by (5.116), (5.119). Its stability properties are given by the following
theorem.

Theorem 5.5.1. The MRAC scheme (5.116), (5.119) applied to the plant (5.72) has the
following properties:

(i) All signals are uniformly bounded.

(ii) The tracking error e\ — yp — ym converges to zero as t —> oo.

(iii) If the reference input signal r is sufficiently rich of order 2n, r e £00, and Rp, Zp

are coprime, the tracking error e\ and parameter error 9—0—0* converge to zero
exponentially fast.9

Below we present an outline of the proof whose procedure is very similar to that for
the example presented in section 5.2.4.

Proof. The proof is completed by using the following steps.

Step 1. Express the plant input and output in terms of the adaptation error 0' o> The
transfer function between the input r + \9Tu> and the plant output y,, after cancellation of(

all the common zeros and poles is given by

Because yp = Gp(s)up and G~' (s) has stable poles, we have

where G~' (s)Wm(s) is biproper. We now define the fictitious normalizing signal m/ as

where || • || denotes the £28 norm for some 8 > 0. Using the properties of the £2$ norm, it
follows that

where c is used to denote any finite constant and 8 > 0 is such that Wm(s — |),G~'(s — |)
have stable poles. Furthermore, for 0 e £00 (guaranteed by the adaptive law), the signal
m f bounds most of the signals and their derivatives from above.

LJA detailed proof of Theorem 5.5.1 is given in the web resource [94].
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168 Chapter 5. Continuous-Time Model Reference Adaptive Control

Step 2. Use the swapping lemmas and properties of the £23 norm to upper bound
||0ro>|| with terms that are guaranteed by the adaptive law to have finite £2 gains
This is the most complicated step, and it involves the use of Swapping Lemmas 1 and 2 to
obtain the inequality

where g2 = s2m2 + \9\2, g is guaranteed by the adaptive law to belong to £2, and UQ > 0 is
an arbitrary constant to be chosen.

Step 3. Use the B-G lemma to establish boundedness From (5.123) and (5.124), it
follows that

or

for any a0 > o^ an(* some O.Q > 0 for which 1 —^ > 0. Applying the B-G lemma
and using g e £2, the boundedness of m/ follows. Using m/ e C^, we establish the
boundedness of all the signals in the closed-loop plant.

Step 4. Show that the tracking error converges to zero The convergence of e\ to zero
is established by showing that e\ e £2 and e\ e £QO, and using Lemma A.4.7.

Step 5. Establish that the parameter error converges to zero The convergence of
the estimated parameters to their true values is established by first showing that the signal
vector 0, which drives the adaptive law under consideration, can be expressed as

where H(s) is a stable transfer matrix and 0 e £2- If r is sufficiently rich of order 2n and
Zp, Rp are coprime, then it can be shown that 4>m = H(s}r is PE, which implies that 0 is
PE due to 0 e £2- The PE property of 0 guarantees that 9 and e\ converge to zero as shown
in Chapter 3.

5.6 Indirect MRAC

As demonstrated in sections 5.2.3, 5.2.5 using a scalar example, in indirect MRAC the plant
parameters, namely kp and the coefficients of Zp(s), Rp(s), are estimated online, and their
estimates at each time t are used to calculate the controller parameters. The online adaptive
laws could be designed with or without normalization as in the direct MRAC case. The
indirect MRAC without normalization is easier to analyze, but it involves a more complex
control law whose complexity increases with the relative degree of the plant. In contrast,
the design of indirect MRAC with normalization is strictly based on the CE principle and
is easy to follow; however, the stability analysis is more complicated.
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5.6. Indirect MRAC 169

5.6.1 Indirect MRAC with Unnormalized Adaptive Laws

As in the direct MRAC case with unnormalized adaptive laws, the complexity of the control
law increases with the value of the relative degree n* of the plant. In this section we
demonstrate the case for n* = 1. The same methodology is applicable to the case of n* > 2
at the expense of additional algebraic manipulations.

We propose the same control law

as in the direct MRAC case, where 8(t) is calculated using the estimate of kp and the
estimates of the coefficients of the plant polynomials

where
is the vector with plant parameters. Using the mapping that relates the desired controller
parameters 9* — [8*T, 9^T, 8%, CQ]T and 8* specified by the matching equations (5.81),
(5.85), and (5.86) with Q(s) = 1 due to n* = 1, we obtain the algebraic equations

where A., rn^\, v are the coefficients of

If we let (t) be the estimates of kp, bp, ap, an-\, respectively,
at each time t, then can be calculated as
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1 70 Chapter 5. Continuous-Time Model Reference Adaptive Control

The adaptive law for generating kp, bp, ap, an-\ is constructed by considering the
parametric model (5.117), i.e.,

where p* — 4 = -f-. As in the direct case, since n* = 1 we can choose Wm(s) to be SPR.
Let us rewrite the above equation as

by using the identity kpup — kp9
Tu>. We use (5.127) and (5.128) to substitute forkp6*, kp9

and obtain

where are the parameter errors. Using the

identity where              we obtain

where A minimal state-space representation of
(5.129) is

where C^(sl — Ac)~
lBc = j-Wm(s). Using the Lyapunov-like function

where Pc — Pj > 0 satisfies the LKY lemma (Lemma A.9.7), yi, /p > 0, and f, = F?" >
0, / = 1,2, it follows that for the adaptive laws

where kp(Q) sgn(kp) > kQ > 0 and kQ is a known lower bound for \kp\, we can establish that
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5.6. Indirect MRAC 171

where vc > 0, Lc = Lr
c > 0. Following the usual stability arguments, we show that all

signals are bounded and e\ —>• 0 as t —>• oo.
For n* > 2, the control law up — 0Tco has to be modified as in the direct case by

adding some nonlinear terms to 0Tco whose complexity increases with increasing n*. We
leave this part as an exercise for the ambitious reader.

5.6.2 Indirect MRAC with Normalized Adaptive Law

As in the direct MRAC case, the design of indirect MRAC with normalized adaptive laws is
conceptually simple. The simplicity arises from the fact that the control and adaptive laws
are designed independently and are combined using the CE approach. The adaptive law is
developed by first expressing the plant in the form of a linear parametric model as shown
in Chapter 3. Starting with the plant equation (5.73), which we express in the form

where bm — kp is the high-frequency gain, we obtain the following plant parametric model:

where

where OL] (s) = [ s l , s l ' , . . . , s, 1] and Ap(s) — sn+^)an-\(s) with A.,, — [ A n _ i , . . . , XQ]T

is a Hurwitz polynomial. The parametric model (5.130) may be used to generate a wide
class of adaptive laws. Using the estimate 0,,(t) of 0*, the MRAC law may be formed as
follows: The controller parameter vectors 0\ (t), 02(t), 03(0, CQ(?) in the control law

where is cal
culated using the mapping 9(t) — f ( 0 , , ( t ) ) . The mapping /(•) is obtained by using the
matching equations (5.81), (5.85), (5.86), i.e.,
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where Q(s) is the quotient of ̂ ^ and That is, if

are the estimated values of the polynomials Rp(s), Zp(s)=kpZp(s), respectively, at each
time t, then CQ, 0\, 62, #3 are obtained as solutions to the polynomial equations

provided jL ^ 0, where Q(s, t) is the quotient of A»<j)*-(i). Here A(s, /) • B(s, t) denotes

the frozen time product of two polynomials. In other words, the s does not differentiate
the time-varying coefficients of the polynomials during multiplication. The polynomials

Rp(s, t), Zp(s, t) are evaluated from the estimate

of 6*p, i.e.,

As in section 5.6.2, the estimate bm = kp should be constrained from going through
zero by using projection.

The equations of the indirect MRAC scheme are described by (5.131), (5.133), where
9 is generated by any adaptive law based on the parametric model (5.130). As an example
we consider the gradient algorithm

where Pr(-) guarantees that the first element ofOp, namely bm — kp, satisfies bm sgn(^) >
fc0 > 0 Vf > 0, provided bm(0) sgn(kp) > ko > 0. The Pr(-) operator does not affect the
other elements of 9P.

Theorem 5.6.1. The indirect MRAC scheme described by (5.131)-(5.134) guarantees that
all signals are bounded and the tracking error e\ — yp — ym converges to zero as t —> oo.

Proof. The proof follows the same steps as in the case of the example in section 5.2.5 and
it is presented in the web resource [94].
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5.7. Robust MRAC 173

5.7 Robust MRAC

In this section we consider MRAC schemes that are designed for a simplified model of the
plant but are applied to a higher-order plant. We assume that the plant is of the form

where GQ(S) is the modeled part of the plant, Am(s) is an unknown multiplicative pertur-
bation with stable poles, and du is a bounded input disturbance. We assume that the overall
plant transfer function and GO are strictly proper. This implies that GoAm is also strictly
proper. We design the MRAC scheme assuming that the plant model is of the form

where GQ(S) satisfies assumptions P1-P4 in section 5.3.1, but we implement it on the plant
(5.135). The effect of the dynamic uncertainty &m(s) and disturbance du on the stability
and performance of the MRAC scheme is analyzed in the next sections.

We first treat the case where the parameters of GQ(S) are known exactly. In this case
no adaptation is needed, and therefore the overall closed-loop plant can be studied using
linear system theory.

5.7.1 MRC: Known Plant Parameters

Let us consider the MRC law

developed in section 5.3.2 and shown to meet the MRC objective for the plant model (5.136).
Let us now apply (5.137) to the actual plant (5.135) and analyze its properties with respect
to the multiplicative uncertainty Am(s) and input disturbance du. The closed-loop plant is
represented as shown in Figure 5.6, where

Figure 5.6. Closed-loop MRC scheme.
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1 74 Chapter 5. Continuous-Time Model Reference Adaptive Control

The stability of the closed-loop system shown in Figure 5.6 depends on the location
of the roots of the characteristic equation

where G = GQ(\ + Am). It can be shown that

and D, F,GQ satisfy the matching equation

The tracking error e\ = yp — ym, ym = Wm(s)r satisfies the equation

It is clear that for Am = 0, du = 0 the tracking error is equal to zero, provided of
course that the roots of 1 + FDGo = 0 are in 91[.s] < 0. Therefore, given that stability is
satisfied, the tracking performance will very much depend on the size of Am, du and the
factors that multiply these terms.

The following theorem describes the stability and performance properties of the con-
trol law (5.137) designed to meet the MRC objective for the simplified plant (5.136) but
applied to the actual plant (5.135) with modeling error.

Theorem 5.7.1. //

then the closed-loop plant (5.135), (5.137) is stable in the sense that all the closed-loop
poles are in ?li[s] < 0. Furthermore, the tracking error satisfies

wherero, do are upper bounds for \r(t}\, \du(t)\, respectively; c > 0 is a finite constant; and
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5.7. Robust MRAC 175

Proof. The roots of 1 + FDG — 0 are the same as the roots of

Using the matching equation (5.139) or (5.82), i.e.,
ZpAoRm, the characteristic equation (5.143) becomes

where AO is a factor of A = AoZm. Since Zp is Hurwitz, we examine the roots of

which can also be written as

all A,M satisfying
Because the poles of ' ^" '" are stable, it follows from the Nyquist criterion that for

the roots of (5.143) are stable. Hence, (5.138), (5.144) imply that for r, du e C^ we have
yp e £00- From u,, = D(r — Fy,,), we also have up e COQ.

Since F(s) — — . « ' , . . has stable poles and r, d u ,w, ; ,y ; ; e Coo, it follows fro
Figure 5.6 that all signals in the closed-loop scheme are bounded. Substituting for F, D, GQ
in the tracking error equation (5.140) and using the matching equation, we have

Due to G(s), GQ(S) being strictly proper and the fact that Wm(s) has the same relative
degree as GQ(S), it follows that Wm (s)An, (s) is strictly proper, which implies that the transfer
function y^y is strictly proper and j^ is proper. Furthermore, both 7^, JT^T have stable

poles (due to (5.141)), which implies that there exists a constant S* > 0 such that y^y,

j^y are analytic in W[s] > — y. Using the properties of the £2,s norm, Lemma A.5.9,
(5.145), and the fact that r,du e £00, the bound for the tracking error given by (5.142)
follows.

Remark 5.7.2 The expression for the tracking error given by (5.140) suggests that by
increasing the loop gain FDGo, we may be able to improve the tracking performance.
Because F, D, GQ are constrained by the matching equation, any changes in the loop gain
must be performed under the constraint of the matching equation (5.82).

Example 5.7.3 Let us consider the plant
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where G(s) is the overall strictly proper transfer function of the plant and Am is a multiplica-
tive perturbation. The control objective is to choose u such that all signals in the closed-loop
plant are bounded and y tracks as closely as possible the output ym of the reference model

where am, bm > 0. The plant (5.146) can be modeled as

The MRC law based on (5.147) given by

where 0* = ^-j^-, CQ = ^f, meets the control objective for the plant model. Let us now
implement the same control law on the actual plant (5.146). The closed-loop plant is given by

whose characteristic equation is

or

Since M*s+™(s) is strictly proper with stable poles, it follows from the Nyquist criterion
that a sufficient condition for the closed-loop system to be stable is that Am (s) satisfies

The tracking error e\ = y — ym satisfies

Because r e £QO and the transfer function ^jy has stable poles for all Am satisfying
(5.148), we have that

where |r(/)| < ro and
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for any 8 e [0, 8*] and some 8* > 0. Therefore, the smaller the term || ̂ ^ H^ is, the better
the stability margin and tracking performance will be. Let us consider the case where

and n > 0 is small, which arises from the parameterization of the nonminimum-phase plant

For this Am(5), condition (5.148) becomes

which is satisfied, provided that

Similarly, it can be shown that A = 0(/z); i.e., the faster the unmodeled pole and
zero in (5.149) are, the better the tracking performance. As JJL —>• 0, A —> 0 and therefore
lim,_>oo supr>, ki(r) | -> 0.

The above analysis shows that MRC control law is robust with respect to a multiplica-
tive uncertainty Am($) and input disturbance in the sense that stability is preserved if the
dynamic uncertainty is "small" and the input disturbance is bounded. When the MRC con-
trol law is combined with an adaptive law to form MRAC, the resulting closed-loop system
is nonlinear, and the effect of the modeling error and disturbance cannot be analyzed using
linear system theory for LTI systems. We have already shown in Chapter 3 that the adaptive
laws without robust modifications can cause parameter drift in the parameter identification
case. Parameter drift may cause high gain feedback in the adaptive control case causing
several signals in the closed loop to go unbounded. In the following sections we combine
the robust adaptive laws developed in Chapter 3 with the MRC control law to form robust
MRAC schemes.

5.7.2 Robust Direct MRAC

In this section, we first use an example to illustrate the design and stability analysis of a
robust MRAC scheme with a normalized adaptive law. We then extend the results to a
general SISO plant with unmodeled dynamics and bounded disturbances.

Example 5.7.4 Consider the SISO plant

with a strictly proper transfer function, where a is unknown and Am(s) is a multiplicative
plant uncertainty. Let us consider the adaptive control law
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1 78 Chapter 5. Continuous-Time Model Reference Adaptive Control

where — am is the desired closed-loop pole and 0 is the estimate of 9* = a + am designed
for the plant model

and applied to the plant (5.150) with Am(s) ^ 0. The plant uncertainty Am(s) introduces
a disturbance term in the adaptive law that may easily cause 6 to drift to infinity and
certain signals to become unbounded no matter how small Am(s) is. The adaptive control
law (5.151), (5.152) is, therefore, not robust with respect to the plant uncertainty Am(s).
Several examples of nonrobust behavior are presented in [41, 50-52, 56]. The adaptive
control scheme (5.151), (5.152), however, can be made robust if we replace the adaptive law
(5.152) with a robust one developed by following the procedure of Chapter 3, as follows.

We first express the desired controller parameter 9* = a + am in the form of a linear
parametric model by rewriting (5.150) as

where z, 0 are as defined in (5.152) and

is the modeling error term. If we now assume that a bound for the stability margin of the
poles of Am(s) is known, that is, Am(s) is analytic in N[s] > — ̂  for some known constant
<$o > 0, then we can verify that the signal ms generated as

guarantees that •£-, ^- G £QO and therefore qualifies to be used as a normalizing signal.
Hence, we can combine normalization with any modification, such as leakage, dead zone, or
projection, to form a robust adaptive law. Let us consider the switching a-modification, i.e.,

where as is as defined in Chapter 3. According to the results in Chapter 3, the robust adaptive
law given by (5.153), (5.154) guarantees that e, sms, 0,0 e £00 and £, ems, 0 € <S(-a

7) or

£(/7o)> where rfa is an upper bound for -\. Using the properties of the £25 norm, we have
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it follows that Therefore, 

We analyze the stability properties of the MRAC scheme described by (5.151), (5.153),
and (5.154) when applied to the plant (5.150) with Am(s) ^ 0 as follows.

We start by writing the closed-loop plant equation as

Using Swapping Lemma 1 and noting that em2 = — 00+??, we obtain from (5.155) that

Using the properties of the L^ norm \\(-)t \\2&, which for simplicity we denote by
it follows from (5.156) that

for any 0 < 8 < SQ. Because u — —By and 0 e £00, it follows that

where c > 0 is used to denote any finite constant. Therefore, the fictitious normalizing
signal m /• satisfies

We can establish that m/ guarantees that —, —, -£- e £00 by using the properties
of the £25 norm, which implies that (5.157) can be written as

where                           or

Applying B-G Lemma 3 to (5.158), we obtain

where
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Since the robust adaptive law guarantees that em s, 9 e S(A2), we have £ e <S(A2),i.e.,

and

Hence, for

$>(t, T) is bounded from above by an exponential decaying to zero, which implies that
m/ e £QO- Because of the normalizing properties of m/, we have 0, y, u e £00, which
implies that all signals are bounded. The condition cA^ < 8 implies that the multiplicative
plant uncertainty Am(s) should satisfy

where c can be calculated by keeping track of all the constants. It can be shown that the
constant c depends on ||̂ -||ooa and the upper bound for \9(t)\. Because 0 < 8 < SQ is
arbitrary, we can choose it to be equal to SQ. The bound for sup, \9(t)\ can be calculated
from the Lyapunov-like function used to analyze the adaptive law. Such a bound, however,
may be conservative. If, instead of the switching a, we use projection, then the bound for
\9(t)\ is known a priori, and the calculation of the constant c is easier [114, 115].

The effect of the unmodeled dynamics on the regulation error y is analyzed as follows:
From (5.156) and ms, <p 6 £00, we have

for some constant c > 0 and any T > 0. Using the mean square sense (m.s.s.) property of
ems, 9 guaranteed by the adaptive law, we have

therefore, y e ^(A.2^, i.e., the regulation error is of the order of the modeling error in m.s.s.
The m.s.s. bound for y2 does not imply that at steady state y2 is of the order of the modeling
error characterized by A2. A phenomenon known as bursting [ 105,116], where y2 assumes
large values over short intervals of time, cannot be excluded by the m.s.s. bound.

The stability and robustness analysis for the MRAC scheme presented above is rather
straightforward due to the simplicity of the plant. It cannot be directly extended to the
general case without additional steps. A more elaborate and yet more systematic method
that extends to the general case is presented below by the following steps.
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5.7. Robust MRAC 181

Step 1. Express the plant input u and output y in terms of the parameter error 0
We have

where rju = —j^-Am^u. Using the £2^ norm for some <5 e (0, 2am), we have

and therefore the fictitious normalizing signal m / satisfies

Step 2. Use the swapping lemmas and properties of the C^ norm to upper bound

\\0y\\ with terms that are guaranteed by the adaptive law to have small in m.s.s. gains
We use Swapping Lemma 2 (given in the Appendix) to write the identity

where «o > 0 is an arbitrary constant. Now, from the equation for y in (5.159) we obtain

which we substitute into the last term in (5.161) to obtain

Therefore, by choosing 8, «o to satisfy CXQ > am > ^ > 0, we obtain

Hence

where

Therefore,

Using (5.156), it follows that

The gain of the first term in the right-hand side of (5.162) can be made small by
choosing large CXQ. The m.s.s. gain of the second and third terms is guaranteed by the adaptive
law to be of the order of the modeling error denoted by the bound A2, i.e., ems, 0 e <S( A?,).
The last term also has a gain which is of the order of the modeling error. This implies that
the gain of \\6y\\ is small, provided that A2 is small and CXQ is chosen to be large.
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Step 3. Use the B-G lemma to establish boundedness The normalizing properties of
nif and 9 e £00 guarantee that                     Because

it follows that -^- e £QO- Due to the fact that Am(s) is proper and analytic in N[s] > — y,

II Am(s)\\oo8 is a finite number, provided 0 < 8 < SQ. Furthermore, ̂  < AOO, where

and therefore (5.162) may be written in the form

Applying B-G Lemma 3, we obtain

Because 9, sms € ^(A2)), it follows that

Hence, for

we have

where a. = 8 — cA^-V + &Q), which implies that m/ is bounded. The boundedness of m/
implies that all the other signals are bounded too. The constant 8 in (5.165) may be replaced
by SQ since no restriction on 8 is imposed except that 8 € (0,80]. The constant c > 0 may
be determined by following the calculations in each of the steps and is left as an exercise
for the reader.
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Step 4. Obtain a bound for the regulation error y The regulation error, i.e., y, is
expressed in terms of signals that are guaranteed by the adaptive law to be of the order of
the modeling error in m.s.s. This is achieved by using Swapping Lemma 1 for the error
equation (5.155) and the equation sm2

s — —9(f) + r) to obtain (5.155), which as shown before
implies that y e S(A2). That is, the regulation error is of the order of the modeling error
in m.s.s.

The conditions that Am (s) has to satisfy for robust stability are summarized as follows:

where

The constant SQ > 0 is such that Am(s) is analytic in N[s] > — y and c denotes
finite constants that can be calculated. The constant UQ > max(l, y) is arbitrary and can
be chosen to satisfy the above inequalities for small A2, AOO.

Let us now simulate the above robust MRAC scheme summarized by the equations

and applied to the plant

where for simulation purposes we assume that a = am = 2, Am(s) = —7^7 with JJL > 0,
y — 10, SQ = 0.5, and as is the switching-a with parameters MQ — 5 and OQ = 0.5.
Note that the plant is nonminimum-phase for /u > 0. Figure 5.7 shows the response of
y(t) for different values of n, which characterizes the size of the perturbation Am (•$•). For
small /z, we have boundedness and good regulation performance. As p. increases, stability
deteriorates, and for JJL > 0.5 the plant becomes unstable.

General case Let us now consider the SISO plant given by

where

is the transfer function of the modeled part of the plant. The high-frequency gain kp and the
polynomials Zp(s), R,,(s) satisfy assumptions P1-P4 given in section 5.3, and the overall
transfer function of the plant is strictly proper. The multiplicative uncertainty AOT (s) satisfies
the following assumptions:
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184 Chapter 5. Continuous-Time Model Reference Adaptive Control

Figure 5.7. Simulation results of the MRAC scheme of Example 5.1 A for different
values of/ji.

51. Am(s) is analytic in Sl[s] > — ̂  for some known So > 0.

52. There exists a strictly proper transfer function W(s) analytic in St[s] > — ̂  and such
that W(s)Am(s) is strictly proper.

Assumptions SI and S2 imply that AOO, A2 defined as

are finite constants which for robustness purposes will be required to satisfy certain upper
bounds. We should note that the strict properness of the overall plant transfer function and
of GQ(S) imply that G0(s)Am(s) is a strictly proper transfer function.

The control objective is to choose up so that all signals in the closed-loop plant are
bounded and the output yp tracks, as closely as possible, the output of the reference model
ym given by

for any bounded reference signal r(t). The transfer function Wm(s) of the reference model
satisfies assumptions Ml and M2 given in section 5.3.
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5.7. Robust MRAC 185

The design of the control input up is based on the plant model with A,,,(s) = 0 and
du = 0. The control objective, however, has to be achieved for the plant with Am(s) ^ 0
and du / 0. We start with the control law developed in section 5.5 for the plant model with
A m ( j )=0 , r f M =0 , i . e . ,

where 6 — [Of, 9%, 63, CQ\T, a> — [CD* , CD* , yp, r ] T . The parameter vector 0 is to be gener-
ated online by an adaptive law. The signal vectors a>\, co2 are generated, as in section 5.5,
by filtering the plant input up and output yp. The control law (5.168) will be robust with
respect to the plant uncertainties An,(s), du if we use robust adaptive laws from Chapter 3
to update the controller parameters.

The derivation of the robust adaptive laws is achieved by first developing the appro-
priate parametric models for the desired controller parameter vector 0* and then choosing
the appropriate robust adaptive law by employing the results of Chapter 3 as follows.

It can be shown that the parametric model for 9* is given by

where

and can be used to develop a wide class of robust adaptive laws. Let us use the gradient
algorithm to obtain

where as is the switching a-modification and r = F 7 > 0 , y > 0 . The constant SQ > 0
is chosen so that Wm(s), -^—}, Am(^) are analytic in W[s] > — ̂ . This implies that ^-, ^-,

The adaptive law (5.169) guarantees that (i) 0, p € £oo,(ii)e, sms, e</>, 9, p e «S(A2),
where A2 is the upper bound of ^- + ^-. The control law (5.168) together with the robust
adaptive law (5.169) form the robust direct MRAC scheme whose properties are described
by the following theorem.

Theorem 5.7.5. Consider the MRAC scheme (5.168), (5.169) designed for the plant model
yp = GQ(S)UP but applied to the plant (5.166) with nonzero plant uncertainties Am(^) and

co
nt

ro
len

gin
ee

rs
.ir



186 Chapter 5. Continuous-Time Model Reference Adaptive Control

bounded input disturbance du. If

where A«, = || Wm(s)Am(s)|U0, A2 - \\A(s\%a(s) Wm(s)&m(s)\\2S(i, 8 e (0, 80), is such

that GQ ' (5) is analytic in 9i[.s] > — f , «o > rnax[l, ^] w an arbitrary constant, and c > 0
denotes finite constants that can be calculated, then all the signals in the closed-loop plant
are bounded and the tracking error e\ satisfies

for any T > 0, where do is an upper bound for \du \ and A2 = -\ + A2^ + A2..

If, in addition, the reference signal r is dominantly rich of order 2n and Zp, Rp are
coprime, then the parameter error 9 and tracking error e\ converge exponentially to the
residual set

Proof. A summary of the main steps of the proof is given below. For a detailed proof the
reader is referred to the web resource [94].

Step 1. Express the plant input and output in terms of the parameter error term O1 u>
In the presence of unmodeled dynamics and bounded disturbances, the plant input up and
output yp satisfy

where

and C*(s) = 0*Ta(s), D* — 02Ta(s) + 0%A(s). Using the properties of the C^ norm
IKOtlbs. which for simplicity we denote as || • ||, and the stability of Wm, GQ], it follows
that there exists 8 e (0, SQ] such that

The constant 8 > 0 is such that GQI(S) is analytic in S\[s] > — |. Therefore, the

fictitious normalizing signal m2• = 1 + l l ^ p l l 2 + \\yp\\
2 satisfies
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5.7. Robust MRAC 187

Step 2. Use the swapping lemmas and properties of the £2* norm to bound ||0r<«>||
from above with terms that are guaranteed by the robust adaptive laws to have small
in m.s.s. gains In this step, we use Swapping Lemmas 1 and 2 and the properties of the
£25 norm to obtain the expression

where UQ > max(l, y) is arbitrary and g e ^(A2, + ^r).

Step 3. Use the B-G lemma to establish boundedness Using (5.173) in (5.172), we
obtain

We choose O.Q large enough so that for small AOO,

We then have m2. < c + c||gm/||2 for some constant c > 0, which implies that

Applying B-G Lemma 3, we obtain

Since

it follows that for cAj < | we ha

If du = do = 0, i.e., the input disturbance were zero, the boundedness of m/ would
follow directly from the above inequality. In the case of do ^ 0, the boundedness of m /
would follow directly if the normalizing signal ms were chosen as m2 — 1 + n^ + A), wher

Po is chosen large enough so that c-£- < |. This unnecessarily high normalization is used
to simplify the analysis.
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The boundedness of ra/ can be established without having to modify ms as follows:
Consider an arbitrary interval \t\, t) for any t\ > 0. We can establish, by following a similar
procedure as in Steps 1 and 2, the inequality

We assume that m2(t) goes unbounded. Then for any given large number a > 0, there
exist constants ti > t\ > 0 such that m2s(t[) = a, m2(r2) > f\ (a), where f\(a) is any static
function satisfying f\(a) > ot. Using the fact that m2 cannot grow or decay faster than an
exponential, we can choose f\ properly so that m2(t) > a Vt e [t\, t2\ for some t\ > a,

where h — t\ > a. Choosing a large enough so that -£ < |, it follows from (5.174) that

We can now choose a. large enough so that ra^(/2) < a, which contradicts the hypoth-
esis that m2

s(t2) > a, and therefore ms e £00- Because ms bounds up, yp, co from above,
we conclude that all signals are bounded.

Step 4. Establish bounds for the tracking error e\ Bounds for e\ in m.s.s. are established
by relating e\ with the signals that are guaranteed by the adaptive law to be of the order of
the modeling error in m.s.s.

Step 5. Establish convergence of the estimated parameter and tracking error to resid-
ual sets Parameter convergence is established by expressing the parameter and tracking
error equations as a linear system whose homogeneous part is e.s. and whose input is
bounded.

Remark 5.7.6 (robustness without dynamic normalization) The results of Theorem 5.7.5
are based on the use of a dynamic normalizing signal m2 — 1 + n<i, which bounds both
the signal vector 0 and modeling error term r\ from above. The question is whether the
signal ms is necessary for the results of the theorem to hold. In [114, 117], it was shown
that if ms is chosen as m2 = 1 + </>70, i.e., the same normalization used in the ideal case
then the projection modification or switching a -modification alone is sufficient to obtain
the same qualitative results as those of Theorem 5.7.5. The proof of these results is based
on arguments over intervals of time, an approach that was also used in some of the original
results on robustness with respect to bounded disturbances [41]. In simulations, adaptive
laws using dynamic normalization often lead to better transient behavior than those using
static normalization.

Remark 5.7.7 (calculation of robustness bounds) The calculation of the constants c, 8,
A/, AOQ is tedious but possible, as shown in [114, 115]. These constants depend on the
size of various transfer functions, namely their HOOS, T~t28 bounds and stability margins,
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5.8. Case Study: Adaptive Cruise Control Design 189

and on the bounds for the estimated parameters. The bounds for the estimated parameters
can be calculated from the Lyapunov-like functions which are used to analyze the adaptive
laws. In the case of projection, the bounds for the estimated parameters are known a priori.
Because the constants c, A/, AOO, 8 depend on unknown transfer functions and parameters
such as GoCO, GQ ' (s), 9*, the conditions for robust stability are quite difficult to check for
a given plant. The importance of the robustness bounds is therefore more qualitative than
quantitative.

Remark 5.7.8 In the case of MRAC with adaptive laws without normalization, robustness
is established by modifying the adaptive law using simple leakage or projection or dead
zone. In this case, however, global boundedness results do not exist. Instead, robustness
and signal boundedness are established, provided all initial conditions lie inside a finite
convex set whose size increases as the modeling error goes to zero. Details of this analysis
can be found in [50, 51, 56].

5.8 Case Study: Adaptive Cruise Control Design
The adaptive cruise control (ACC) system is an extension of the conventional cruise control
(CC) system and allows automatic vehicle following in the longitudinal direction. The
driver sets the desired spacing between his/her vehicle and the leading vehicle in the same
lane and the ACC system takes over the brake and gas pedals and maintains the desired
spacing. The driver is responsible for maintaining the vehicle in the center of the lane
by operating the steering wheel as well as taking care of emergencies that go beyond the
designed capabilities of the ACC system.

A forward looking sensor mounted in the front of the vehicle measures the distance
from the front of the vehicle to the rear of the leading vehicle in the same lane as well as the
relative speed between the two vehicles. As shown in Figure 5.8, the ACC system regulates
the following vehicle's speed v towards the leading vehicle's speed u/ and maintains the
intervehicle distance xr close to the desired spacing sj. The control objective in the vehicle
following mode is expressed as

where vr = i>/ — v is the speed error or relative speed and 8 = xr — s<i is the separation or
spacing error. The desired intervehicle spacing is given by

Figure 5.8. Vehicle following.
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where SQ is a fixed safety intervehicle spacing so that the vehicles are not touching each
other at zero speed and h is the so-called constant time headway. The desired spacing is
therefore proportional to the speed; at higher speeds the spacing should be higher in order
to have enough time to stop without colliding with the lead vehicle. The time headway
represents the time it takes for the vehicle with constant speed v to cover the intervehicle
spacing sj — SQ. In addition to (5.175), the control objective has to satisfy the following
constraints:

Cl- flmin < v < flmax* where a^n and flmax are specified.

C2. The absolute value of jerk defined as \v\ should be small.
The above constraints are the result of driving comfort and safety concerns and are

established using human factor considerations [118]. Constraint Cl restricts the ACC
vehicle from generating high acceleration/deceleration. Constraint C2 is related to driver
comfort.

In order to design the ACC system we need a model of the longitudinal vehicle
dynamics. The full-order longitudinal vehicle model developed based on physical and
empirical laws and validated with experimental data is a complex nonlinear system with
lookup tables. It is difficult, if not impossible, to design a controller for such a complex
nonlinear system. Even if possible, the design of such a control system will most likely
be very complex and difficult to understand and implement. On the other hand, the human
driver can drive the vehicle without having in mind such a complex nonlinear system. In
fact, the vehicle appears to the driver as a first-order system or even as a constant-gain
system, i.e., more speed, more gas. The driver's inputs are a low-frequency input, which
means high-frequency modes and crucial nonlinearities do not get excited and therefore are
not experienced by the driver. Since the driver will be replaced with the computer system
one would argue that the generation of higher frequencies for faster driving functions may
be desirable. While this argument may be true during emergencies, it raises many human
factor questions. With the ACC system on, the driver is like a passenger responsible only
for lateral control. The generation of vehicle actions which are outside the frequency range
for which the driver feels comfortable may create human factor problems. Based on these
human factor considerations the ACC system should be designed to generate low-frequency
inputs, and therefore the excitation of high-frequency modes and nonlinearities is avoided.
For these reasons it was determined using actual experiments [118] that the simplified
first-order model

where v is the longitudinal speed, u is the throttle/brake command, d is the modeling
uncertainty, and a, b are positive constant parameters which vary slowly with speed, is a
good approximation of the longitudinal dynamics for the speed to throttle subsystem within
the frequency range of interest. We have to emphasize that even though the control design
is based on the simplified model (5.177) it has to be tested using the full-order validated
model before being applied to the actual vehicle.

In the control design and analysis, we assume that d, dvi, and u/ are all bounded. We
consider the MRAC approach where the throttle/brake command u is designed to force the
vehicle speed to follow the output of the reference model
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5.8. Case Study: Adaptive Cruise Control Design 191

where am and k are positive design constants and u/ + kS is considered to be the reference
input. The term i»/ +k8 represents the desired speed the following vehicle has to reach in order
to match the speed of the lead vehicle and reduce the spacing error to zero. Consequently
the reference input depends on the value of the speed of the leading vehicle as well as the
size of the spacing error.

Let's first assume that a, b, and d in (5.177) are known and consider the following
control law:

where

Using (5.179) in (5.177), the closed-loop transfer function of the vehicle longitudinal
dynamics with v/ + k8 as the input and v as the output is the same as the transfer function of
the reference model. It is easy to verify that for any positive constants am and k, the closed-
loop system is stable and the control objective in (5.175) is achieved when v/ is a constant.
Since a, b, and d are unknown and change with vehicle speed, we use the control law

where £, is the estimate of k* to be generated by an adaptive law so that the closed-loop
stability is guaranteed and the control objectives are met. We can establish that the tracking
error e — v — vm satisfies

which is in the form of the B-DPM. Substituting for u from (5.180), we obtain the error
equation

where &, — &/ — k* (i = 1, 2, 3), which implies

The adaptive law is derived by using the Lyapunov-like function

where y, > 0 and b, even though unknown, is always positive. Hence

We choose the adaptive laws as

co
nt

ro
len

gin
ee

rs
.ir



192 Chapter 5. Continuous-Time Model Reference Adaptive Control

Figure 5.9. Nonlinear filter used to smooth t>/.

where Pr{-} is the projection operator which keeps k, within the intervals [&,/, £/„], and £//
and kiu are chosen such that k* e [kn, k-lu\ (i = 1, 2, 3). Hence

where k% = av>~d is a bounded disturbance term. Since the estimated parameters are
guaranteed to be bounded by forcing them via projection to remain inside bounded sets, the
expression for V implies that e e £00, which in turn implies that all the other signals in the
closed-loop system are bounded. In addition, if u/ and d are constants, we can further show
that e e £2 and e, S converge to zero with time.

The control law (5.180), (5.181) does not guarantee that the human factor constraints
C1, C2 will be satisfied. For example, if the leading vehicle speeds up with high acceleration,
the following vehicle in an effort to match its speed and maintain the desired spacing has
to generate similar acceleration, violating constraint Cl and possibly C2. In an effort to
prevent such phenomena the lead vehicle speed is filtered using the nonlinear filter shown
in Figure 5.9. The actual speed u/ is then replaced by the filtered speed £>/ in the above
adaptive control law.

The above adaptive control design is designed for the throttle subsystem. For the
brake subsystem another controller is developed. Since the throttle and brake cannot be
applied at the same time, a switching logic with hysteresis and the appropriate logic that
dictates the switching between brake and throttle need to be developed. Details for the full
design can be found in [118]. We have to indicate that during normal driving conditions
the throttle subsystem is the one which is mostly active, since small decelerations can
also be handled by the throttle subsystem using engine torque, i.e., reducing the throttle
angle. Figure 5.10 shows the vehicle speed trajectories and intervehicle spacing error for
several vehicle maneuvers that begin with zero speed followed by acceleration/deceleration.
The results are obtained by applying the adaptive control scheme developed above based
on the simplified model to the full-order nonlinear vehicle model. The following vehicle
tracks the speed of the lead vehicle well except when the lead vehicle accelerates with high
acceleration at time t — 50 sec. Since the following vehicle cannot use high acceleration it
lags behind, creating a large spacing error. Then it closes in by accelerating, albeit using a
lower acceleration than that of the lead vehicle but higher speed.

Figure 5.11 shows experimental results of vehicle following where the lead vehicle
accelerates with high acceleration. During these vehicle maneuvers the parameters of the
simplified model vary with speed, but since the adaptive control scheme does not rely on
the knowledge of these parameters, performance and stability are not affected.
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5.9. Case Study: Adaptive Attitude Control of a Spacecraft 193

Figure 5.10. Vehicle following: (a) speed tracking, (b) separation error.

Figure 5.11. Experimental results of vehicle following using a lead vehicle with
high acceleration.

5.9 Case Study: Adaptive Attitude Control of a Spacecraft

We consider the control problem associated with the descending of a spacecraft onto a
landing site such as Mars. The attitude of the spacecraft needs to be controlled in order
to avoid tipping or crash. Due to the consumption of fuel during the terminal landing, the
moments of inertia Ix, 7V, and Iz are changing with time in an uncertain manner. In order
to handle this parametric uncertainty we consider an adaptive control design.

In Figure 5.12, XB, YB, and ZB are the body frame axes of the spacecraft; X, Y, and
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Figure 5.12. Body frames of spacecraft and inertial reference frame axes of Mars.

Z are the inertial reference frame axes of Mars; and O and C are the centers of mass of the
spacecraft and Mars, respectively.

The dynamics of the spacecraft are described by the following equations:

where Tx, Ty, and Tz are the input torques; Ix, Iy, and Iz are the moments of inertia;10 and
a)x,u>y, and a>z are the angular velocities with respect to the inertial frame X, Y, and Z axes,
as shown in Figure 5.12. Define the coordinates

where h\,n2, «3 are the unit vectors along the axis of rotation and <p is the angle of rotation
with 0 < <p < JT; q\, q2, #3, 04 are the quaternion11 angles of rotation. The attitude

10These represent the mass properties of the spacecraft in the space.
1 'Aquaternion q contains four Euler symmetric parameters q\, qi, 43, and </4, q = q\i + qij + q$k + 44, where

i2 = j2 — k2 = —1 are orthogonal unit vectors. The norm of a quaternion is q\ + q\ + q\ + q% = 1. Aquaternion
is defined in a four-dimensional space with one real dimension q$ and three imaginary dimensions q\, qi, and 43.
A quaternion represents a rotation about a unit vector through an angle <p, where 0 < <f> < n.
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5.9. Case Study: Adaptive Attitude Control of a Spacecraft 195

spacecraft dynamics are described as

By assuming a small angle of rotation, i.e., sin(|) = |, cos(|) = 1, we have

and

i.e.,

Using (5.182) and the equation above, we obtain

i.e.,

Let us assume that the performance requirements of the attitude control problem are
to reach the desired attitude with a settling time less than 0.6 second and a percentage
overshoot less than 5%. These performance requirements are used to choose the reference
model as a second-order system with two complex poles corresponding to a damping ratio
£ = 0.707 and natural frequency u>n = 10 rad/sec, i.e.,
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196 Chapter 5. Continuous-Time Model Reference Adaptive Control

where qr and qm are the reference input and output, respectively. The control objective is
to choose the input torques Tx, Ty, Tz so that each qiti = 1, 2, 3, follows the output of the
reference model qm for any unknown moment of inertia Ix, Iy, and Iz.

The form of the MRC law is

where the controller parameters 0*j;, c^., r = 1, 2, 3, 7 = *, _y, z, are such that the closed-
loop transfer function of the system dynamics in each axis is equal to that of the reference
model. It can be shown that this matching is achieved if

for j = x,y,z. Substituting these desired controller parameters into the MRC (5.187), we
can express the overall MRC law in the compact form

where

7 is the identity 3 x 3 matrix, and the design constant A is taken to be equal to 1. The
relationship between the desired controller parameters and unknown plant parameters shows
that if we use the direct MRAC approach, we will have to estimate 12 parameters, which
is the number of the unknown controller parameters, whereas if we use the indirect MRAC
approach, we estimate only three parameters, namely the unknown inertias. For this reason
the indirect MRAC approach is more desirable.

Using the CE approach, the control law is given as

where In is the estimate of In to be generated by an online adaptive law as follows.
We consider the plant equations

Filtering each side of the equations with the filter * ^ , we obtain
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5.9. Case Study: Adaptive Attitude Control of a Spacecrafft                                  197

Letting

we obtain the SPMs

Using the a priori information that 150 > Ix > 0, 100 > Iy > 0, 79 > 7Z > 0, we
design the following adaptive laws:

where

and y\ — Y2 — Yi — 10 are the adaptive gains. Then

The adaptive laws (5.189) together with the control law (5.188) form the indirect
MRAC scheme. In this case due to the simplicity of the plant, the plant unknown parameters
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198 Chapters. Continuous-Time Model Reference Adaptive Control

Figure 5.13. Simulation results of indirect MRAC.

are incorporated into the control law by performing all calculations a priori. Consequently
no calculations need to be performed at each time t. If we followed the direct MRAC
approach, we would have to estimate 12 parameters. In this case the indirect approach is
the most appropriate one, as we limit the number of estimated parameters to 3. Figure 5.13
shows the tracking of the output qm of the reference model by the three coordinates q\,q2,q?>,
as well as the way the inertias change due to fuel reduction and the corresponding estimates
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Problems 199

generated by the adaptive law. It is clear that the control objective is met despite the fact
that the estimated parameters converge to the wrong values due to lack of persistence of
excitation.

See the web resource [94] for examples using the Adaptive Control Toolbox.

Problems

1. Consider the first-order plant

where a and b are unknown constants with b > 0. Design and analyze a direct MRAC
scheme that can stabilize the plant and regulate x towards zero for any given initial
condition XQ. Simulate your scheme for different initial conditions and reference input
signals and for the following parameters: a — — 1 , 2 and b — 5. Comment on your
results.

2. Consider the first-order plant

where b > 0 is the only unknown parameter. Design and analyze a direct MRAC
scheme that can stabilize the plant and force yp to follow the output ym of the reference
model

for any bounded and continuous reference signal r. Simulate your scheme for differen
tions and the choices for r = 5, sin 2t, - j '

your results.

3. The dynamics of a throttle to speed subsystem of a vehicle may be represented by the
first-order system

initial conditions and the choices for r = 5, sin 2?, -^, and b = 12. Comment on

where V is the vehicle speed, 9 is the throttle angle, and d is a constant load distur-
bance. The parameters b > 0, a are unknown constants whose values depend on the
operating state of the vehicle that is defined by the gear state, steady-state velocity,
drag, etc. Design a CC system by choosing the throttle angle 9 so that V follows a
desired velocity Vm generated by the reference model

where Vs is the desired velocity set by the driver.

(a) Assume that a, b, and d are known exactly. Design an MRC law that meets the
control objective.
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200 Chapter 5. Continuous-Time Model Reference Adaptive Control

(b) Design and analyze a direct MRAC scheme to be used in the case of unknown
a, b, and d (with b > 0).

(c) Design an indirect MRAC scheme to be used in the case of unknown a, b, and
d (with b > 0).

(d) Simulate and compare your schemes in (b) and (c) by assuming Vs — 55 and
using the following values for a, b, and d: (i) a = 0.5, b = 1.5, d = 10;
(ii) a = 0.5 + ̂ , b=l.5,d = 0.2 + sin0.02

4. Consider the SISO plant

where kp, Zp(s), and Rp(s) are known. Design an MRC scheme for yp to track ym

generated by the reference model

where Rm(s) and Zm(s) are Hurwitz and Rm(s) has the same degree as Rp(s). Ex-
amine stability when Zp(s) is Hurwitz and when it is not. Comment on your results.

5. Consider the second-order plant

where aQ, a\, bo, andb\ are constants with bo, b\ > 0. The reference model is given by

(a) Assume that ao, a\, bo, and b\ are known. Design an MRC law that guarantees
closed-loop stability and meets the control objective yp -+ ym as t -> oo for
any bounded reference signal r.

(b) Repeat (a) when CIQ, a\, bo, and b\ are unknown and bo, b\ > 0.

(c) If in (b) aQ = — 1, a\ — 0, b\ — 1, and bo > 0 are known, indicate the
simplification that results in the control law.

6. Show that the MRC law given by (5.87) meets the MRC objective for the plant (5.72)
for any given nonzero initial conditions.

7. Consider the mass-spring-dashpot system of Figure 2.1 described by (2.5) with un-
known constant M, /, and k, and the reference model

(a) Design a direct MRAC law with unnormalized adaptive law so that all signals
in the closed-loop system are bounded and the displacement of the mass, x,
converges to ym as t —> oo for any bounded reference signal r.
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(b) Repeat (a) for an indirect MRAC with normalized adaptive law.

(c) Simulate (a) and (b) for M = 10 kg, / = I N - s/m, k = 9 N/m using r = 10
and r = 2 sin(3?) + 5 sin(0-

8. Consider the plant

where b > 1 and a are unknown constants. The reference model is given by

Do the following:

(a) Design a direct MRAC law based on the gradient algorithm.

(b) Repeat (a) for an LS algorithm.

(c) Simulate your design in (a) and (b). For simulations, use b = 3, a — —5, and r
a signal of your choice.

9. Derive an indirect MRAC scheme using unnormalized adaptive laws for a plant with
n* = 2. Show boundedness of all signals and convergence of the tracking error
to zero.

10. Consider the SISO plant

where Zp(s) and Rt,(s) are monic, Zp(s) is Hurwitz, and the relative degree n* — 1.
The order n of R,,(s) is unknown. Show that the adaptive control law

guarantees signal boundedness and convergence of yp to zero for any finite n. (Hint:
The plant may be represented as

where AH is stable.)

11. Consider the MRAC problem of section 5.4.1. Show that the nonzero initial condition
appears in the error equation as

Show that the same stability results as in the case of e(0) = 0 can be established when
e(0) ^ 0 by using the new Lyapunov-like function
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202 Chapter 5. Continuous-Time Model Reference Adaptive Control

where CQ is the zero-input response, i.e.,

PO > 0 satisfies AT
cPo + PoAc — —I, and ft > 0 is an arbitrary positive constant.

12. Consider the SISO plant

where

(a) Choose the dominant part of the plant and express the unmodeled part as a
multiplicative perturbation.

(b) Design an MRC law for the dominant part of the plant using the reference model

assuming that p\ = 0.8 and other parameters are unknown except for their
bounds.

(c) Show that the MRC meets the control objective for the dominant part of the
plant.

(d) Find a bound for the delay T so that the MRC law designed for the dominant
part guarantees stability and small tracking error when applied to the actual plant
with nonzero delay.

13. Repeat Problem 12 when all plant parameters are unknown by considering a robust
MRAC approach.

14. Consider the speed control problem described in Problem 3. Suppose the full-order
system dynamics are described by

where d is a bounded disturbance and Am(s) represents the unmodeled dynamics,
and the reference model is

as described in Problem 3.

(a) Design a robust MRAC scheme with and without normalization.

(b) Simulate and compare your schemes for a = 0.05(2 + sin 0.020, b — 1.5,
d = 10(1 + sin0.05f), and Am(s) = --^ for fi = 0, 0.2, 0.5, 1. Comment
on your simulation results.

15. Consider the plant
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where JJL > 0 is a small parameter, a and b > 0 are unknown parameters, and Aa(s)
is a strictly proper stable unknown transfer function perturbation independent of IJL.
The control objective is to choose up so that all signals are bounded and yp tracks, as
closely as possible, the output ym of the reference model

for any bounded reference input r.

(a) Design a robust MRAC to meet the control objective.

(b) Develop bounds for robust stability.

(c) Develop a bound for the tracking error e\ = y — ym.

(d) Repeat (a), (b), and (c) for the plant

where r > 0 is a small constant.

16. Establish convergence of estimated parameter and tracking error to residual sets in
the proof for Theorem 5.7.5 when the reference input is dominantly rich and the plant
is stable with no zero-pole cancellations.

17. Consider the time-varying plant

where b(t) > c > 0 for some unknown constant c and \a\ < /x, \b\ < \JL for some
0 < IJL <$C 1, i.e., the parameters are slowly varying with time. The plant is required
to follow the LTI model reference

(a) Design and analyze an MRAC with unnormalized adaptive law to meet the
control objective.

(b) Repeat (a) with an MRAC using a normalized adaptive law.

(c) For both (a) and (b), find a bound on /^ for stability.

18. Consider the plant

where d is a bounded disturbance and a is an unknown parameter.

(a) Show that no linear controller can stabilize the system if a is unknown.

(b) For d = 0, establish that the adaptive control law

guarantees the boundedness of all signals and convergence of x to zero.

co
nt

ro
len

gin
ee

rs
.ir



204 Chapter 5. Continuous-Time Model Reference Adaptive Control

(c) Verify that for A;(0) = 5, *(0) = 1, a = 1, and

the adaptive control law in (b) leads to k that drifts to infinity with time, by solving
the associated differential equations. (Hint: Consider x ( t ) = 5(1 + f)1/5 and
find k to satisfy the equations.)

(d) Modify the adaptive control law for robustness and use it to establish bounded-
ness. Obtain a bound for x.

(e) Use simulations to demonstrate the results in (b)-(d).

19. Consider the nonminimum-phase plant

where 0 < /x -4C 1.

(a) Obtain a reduced-order plant.

(b) Verify that control law u = —kx, k = x2 guarantees boundedness and conver-
gence of y to zero when applied to the reduced-order plant in (a).

(c) Show that the adaptive law in (b) will lead to instability if fc(0) > - — a when
applied to the full-order plant.

(d) Robustify the adaptive control law in (b) to establish boundedness and conver-
gence of x to a small residual set by modifying the adaptive law with normaliza-
tion and without normalization. Note that in the absence of normalization you
can establish only semiglobal stability.

(e) Use simulations to demonstrate your results in (b)-(d).

20. Consider the second-order plant

where 0 < /x <3C 1 and b is unknown and satisfies 2b > 1. The plant output is required
to track the output xm of the reference model

(a) Obtain a reduced-order model for the plant.

(b) Show that the adaptive control law

meets the control objective for the reduced-order plant.
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(c) Show that for yr2 > ^ '^ the control law in (b) will lead to instability if
applied to the full-order plant.

(d) Robustify the adaptive control law in (b) to guarantee stability when applied to
the actual plant.

(e) Use simulations to demonstrate your results in (b)-(d).

21. Consider the plant

where b is the only unknown. The plant output is required to track the output xm of
the reference model

Since the sign of b is unknown the techniques we developed in the chapter do not
apply. The following adaptive control law is suggested to meet the control objective:

Show that the above adaptive control meets the control objective. (The term N(w) is
known as the Nussbaum gain.)
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Chapter 6

Continuous-Time Adaptive
Pole Placement Control

6.1 Introduction

The desired properties of the plant to be controlled are often expressed in terms of desired
pole locations to be placed by the controller. If the plant satisfies the properties of control-
lability and observability, then a controller always exists to place the poles in the desired
locations. While this is possible for poles, it is not the case for zeros. One way to change the
zeros of the plant is to cancel them via feedback and replace them with the desired ones via
feed forward. This was the case with MRC covered in Chapter 5, where some of the desired
poles of the closed-loop plant were assigned to be equal to the zeros of the plant in order to
facilitate the zero-pole cancellation. For stability, unstable zeros cannot be canceled with
unstable poles; therefore, one of the restrictive assumptions in MRC and hence in MRAC is
that the plant has to be minimum-phase; i.e., all zeros have to be stable. The assumption of
stable plant zeros is rather restrictive in many applications. For example, the approximation
of time delays often encountered in chemical and other industrial processes leads to plant
models with unstable zeros.

In this chapter, we relax the assumption of minimum phase by considering control
schemes that change the poles of the plant and do not involve unstable zero-pole cancella-
tions. These schemes are referred to as pole placement schemes and are applicable to both
minimum- and nonminimum-phase LTI plants. The combination of a pole placement con-
trol law with a parameter estimator or an adaptive law leads to an adaptive pole placement
control (APPC) scheme that can be used to control a wide class of LTI plants with unknown
parameters.

The APPC schemes may be divided into two classes: the indirect APPC schemes,
where the adaptive law generates online estimates of the coefficients of the plant transfer
function which are then used to calculate the parameters of the pole placement control law by
solving a certain algebraic equation; and the direct APPC, where the parameters of the pole
placement control law are generated directly by an adaptive law without any intermediate
calculations that involve estimates of the plant parameters. The direct APPC schemes are
restricted to scalar plants and to special classes of plants where the desired parameters of the
pole placement controller can be expressed in the form of the linear or bilinear parametric

207
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208 Chapter 6. Continuous-Time Adaptive Pole Placement Control

models. Efforts to develop direct APPC schemes for a general class of LTI plants led to APPC
schemes where both the controller and plant parameters are estimated online simultaneously
[4, 119], leading to rather complex adaptive control schemes. The indirect APPC schemes,

on the other hand, are easy to design and are applicable to a wide class of LTI plants that
are not required to be minimum-phase or stable. The main drawback of indirect APPC is
the possible loss of stabilizability of the estimated plant based on which the calculation of
the controller parameters is performed. This drawback can be eliminated by modifying the
indirect APPC schemes at the expense of adding more complexity. Because of its flexibility
in choosing the controller design methodology (state feedback, compensator design, linear
quadratic, etc.) and adaptive law, indirect APPC is the most general class of adaptive control
schemes. This class also includes indirect MRAC as a special case where some of the poles
of the plant are assigned to be equal to the zeros of the plant to facilitate the required zero-
pole cancellation for transfer function matching. Indirect APPC schemes have also been
known as self-tuning regulators in the literature of adaptive control to distinguish them from
direct MRAC schemes.

The use of adaptive laws with normalization and without normalization, leading to
different classes of adaptive control schemes in the case of MRAC, does not extend to APPC.
In APPC, with the exception of scalar examples, the adaptive laws involve normalization
in order to guarantee closed-loop stability.

6.2 Simple APPC Schemes: Without Normalization
In this section we use several examples to illustrate the design and analysis of simple APPC
schemes. The important features and characteristics of these schemes are used to motivate
and understand the more complicated ones to be introduced in the sections to follow. The
simplicity of these examples is enhanced further using adaptive laws without normalization
and a single Lyapunov function to establish stability for the overall closed-loop system.

6.2.1 Scalar Example: Adaptive Regulation

Consider the scalar plant

where a and b are unknown constants, and the sign of b is known. The control objective is
to choose u so that the closed-loop pole is placed at — am, where am > 0 is a given constant,
y and u are bounded, and y(t) converges to zero as t —> oo.

If a and b were known and b ^ 0, then the control law

would lead to the closed-loop plant

i.e., the control law described by (6.2) changes the pole of the plant from a to — am but
preserves the zero structure. This is in contrast to MRC, where the zeros of the plant are
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6.2. Simple APPC Schemes: Without Normalization 209

canceled and replaced with new ones. It is clear from (6.3) that the pole placement law (6.2
meets the control objective exactly. The condition that b ^ 0 implies that the plant has to
be controllable. It follows from (6.2) that as b —>• 0, i.e., as the plant loses controllability,
the stability gain k* -> oo, leading to unbounded control input.

We consider the case where a and b are unknown. As in the MRAC case, we use the
CE approach to form APPC schemes as follows: We use the same control law as in (6.2)
but replace the unknown controller parameter k* with its online estimate k. The estimate k
may be generated in two different ways: the direct one, where k is generated by an adaptiv
law, and the indirect one, where k is calculated from

provided b / 0, where a and b are the online estimates of a and b, respectively. We consider
each design approach separately.

Direct adaptive regulation In this case the time-varying gain k in the control law

is updated directly by an adaptive law. The adaptive law is developed as follows: We add
and subtract the term — amy in the plant equation to obtain

Substituting for a + am — bk*, we obtain

which is in the form of the B-SSPM or B-DPM. The estimation model is given by

If we substitute for the control law u = —ky, we have y ( t ) = 0 Vt > 0, which implies
that the estimation error s = y — y = y and therefore there is no need to implement the
estimation model. Substituting for the control law in the B-SSPM of the plant, we obtain

where k = k — k* is the parameter error. Equation (6.6) relates the parameter error term
bky with the regulation error y (which is equal to the estimation error) and motivates the
Lyapunov function

whose time derivative is
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210 Chapter 6. Continuous-Time Adaptive Pole Placement Control

By noting that k* = 0 and therefore k = k, the choice of the adaptive law

leads to

which implies that y, k, k e C^ and _y e £2. From (6.6) and y,k,k e £00, we have
y,u e £00; therefore, from y e £2, y € £00 it follows using Barbalat's lemma that
y(t) -> 0 as t -> oo. In summary, the direct APPC scheme (6.5), (6.7) guarantees signa
boundedness and regulation of the plant state y(t) to zero. The scheme, however, does
not guarantee that the closed-loop pole of the plant is placed at — am even asymptotically
with time. To achieve such a pole placement result, we need to show that k(t) ->• ^m-
as / -> oo. For parameter convergence, however, y is required to be persistently exciting
(PE), which is in conflict with the objective of regulating y to zero. The conflict between
PI and regulation or control is well known in adaptive control and cannot be avoided in
general.

Indirect adaptive regulation In this approach, the gain k(t) in the control law

is calculated by using the algebraic equation

for b 7^ 0, where a and b are the online estimates of the plant parameters a and b, respectively.
The adaptive laws for generating a and b are constructed using the techniques of Chapter 3
as follows.

We obtain the SSPM by adding and subtracting amy in the plant equation

The estimation model is formed as

As in the previous example, if we substitute for the control law in the estimation
model, we obtain that y(t) = 0 W > 0, which implies that the estimation error is simply
the plant output or regulation error y. Using (6.8), (6.9), we have

where a = a — a, b = b — b are the parameter errors. Substituting in the SSPM, we obtain
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6.2. Simple APPC Schemes: Without Normalization 211

which relates the regulation or estimation error y with the parameter errors a, b. The error
equation (6.11) motivates the Lyapunov function

for some )/i, yi > 0. The time derivative V is given by

Choosing

we have

which implies that y,a,b e £00 and >' e £2. These properties, however, do not guarantee
that £(?) / 0 W > 0, a condition that is required for k, given by (6.9), to be finite. In fact,
for k to be uniformly bounded, we should have \b(t)\ > bo > 0 Vt > 0 for some constant
bo- Since such a condition cannot be guaranteed by the adaptive law, we modify (6.12)
assuming that \b\ > bo > 0, where bo and sgn(b) are known a priori, and use the projection
techniques of Chapter 3 to obtain

where b(0) is chosen so that £(0) sgn(b) > bo. The modified adaptive law guarantees that
\b(t)\ > bo V/ > 0. Furthermore, the time derivative V of V along the solution of (6.11)
and (6.13) satisfies

The projection introduces the extra term — byu which is active when \b\ = bo and
sgn(b)_y« < 0. However, for \b\ = bo and sgn(b)yu < 0, we have

where we use the fact that \b\ > bo- Hence the projection can only make V more negative and

Hence _>', a, b e C^, y e £2, and \b(t)\ > boVt > 0, which implies that k e .Coo-
Using _y, a, b, u e £00 in (6.11), it follows that y e £00, which together with y e £2 H £00
implies that y(t) -+ 0 as t -+ oo.
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212 Chapter 6. Continuous-Time Adaptive Pole Placement Control

The indirect adaptive pole placement scheme given by (6.8), (6.9), and (6.13) has,
therefore, the same stability properties as the direct one. It has also several differences. The
main difference is that the gain k is updated indirectly by solving an algebraic time-varying
equation at each time t. According to (6.9), the control law (6.8) is designed to meet the
pole placement objective for the estimated plant at each time t rather than for the actual
plant. Therefore, for such a design to be possible, the estimated plant has to be controllable
or at least stabilizable at each time t, which implies that b(t) ^ 0 W > 0. In addition, for
uniform signal boundedness b should satisfy \b\ > bo > 0, where b0 is a lower bound for
\b\ that is known a priori. Another difference is that in the direct case we are estimating
only one parameter, whereas in the indirect case we are estimating two.

6.2.2 Scalar Example: Adaptive Tracking

Let us consider the same plant (6.1) as in section 6.2.1, i.e.

The control objective is modified to include tracking and is stated as follows: Choose
the plant input u so that the closed-loop pole is at — am, u, y e £00, and y(t) tracks the
reference signal ym(t} = c Vt > 0, where c / 0 is a known constant.

Let us first consider the case where a and b are known exactly. It follows from (6.1)
that the tracking error e — y — c satisfies

Since a, b, c are known, we can choose

where

(provided b ̂  0), to obtain

It is clear from (6.16) that e(t) = y(t) — ym -> 0 as t -> oo exponentially fast.
Let us now consider the design of an APPC scheme to meet the control objective

when a and b are constant but unknown. The CE approach suggests the use of the same
control law as in (6.15) but with k* and fc| replaced with their online estimates k\ (t) and
&2(0» respectively, i.e.,

As in section 6.2.1, the updating of k\ and ki may be done directly, or indirectly via
calculation using the online estimates a and b of the plant parameters. We consider each
case separately.
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6.2. Simple APPC Schemes: Without Normalization 213

Direct adaptive tracking In this approach we develop an adaptive law that updates k\
and k2 in (6.17) directly without any intermediate calculation. In (6.14), we add and subtract
ame and substitute a + am = bk* and ac — bk\ to obtain the B-SSPM

As before, we can establish that the estimation error is the same as the tracking error
and therefore there is no need to generate an estimation model. By substituting for the
control law (6.17) in the above equation, we obtain the error equation

where k\ = k\ — k*, k2 — ki—k\, which relates the tracking error e with the parameter
errors k\, k2 and motivates the Lyapunov function

whose time derivative V along the trajectory of (6.18) is forced to satisfy

by choosing

From (6.19) and (6.20) we have that e, k\,k2 e £00 and e <E £2, which, in turn, imply that
y, u e COQ and e(t) -> 0 as t —> oo by following the usual arguments as in section 6.2.1.

The APPC scheme (6.17), (6.21) may be written as

The control law (6.22) consists of the proportional control action for stabilization and the
integral action for rejecting the constant term in the error equation (6.14). We refer to (6.22)
as the direct adaptive proportional plus integral (API) controller.

The same approach may be repeated when ym is a known bounded signal with known
>'m € £00. In this case the reader may verify that the adaptive control scheme

where e — y — ym, guarantees that all signals in the closed-loop plant in (6.1) and (6.23)
are bounded, and y(t) —> ym(t} as t —>• oo.

Indirect adaptive tracking In this approach, we use the same control law as in the direct
case, i.e.,
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214 Chapter 6. Continuous-Time Adaptive Pole Placement Control

with k\, ki calculated using the equations

provided b ^ 0, where a and b are the online estimates of the plant parameters a and b,
respectively.

We generate a and b by first obtaining a parametric model for the unknown parameters
and then developing an error equation that relates the estimation error to the parameter errors
a = a — a,b = b — b as follows: In (6.14), we add and subtract ame to obtain the SSPM

The estimation model

together with (6.24), (6.25) implies that e(t) = 0 V? > 0 and therefore the estimation error
is simply the tracking error which satisfies the SSPM. Furthermore, there is no need to
generate the estimation model. We now need to relate the tracking or estimation error with
the parameter error. From (6.24), (6.25) we have

which we substitute into the SSPM equation to obtain

Substituting for the control law (6.24), (6.25), we obtain the estimation or tracking
error equation

which relates the tracking or estimation error to the parameter errors a = a— a,b — b — b.
Using (6.26), the following adaptive laws can now be derived by using the same approach
as in section 6.2.1:

where £(0) satisfies £(0) sgn(&) > bo. The reader may verify that the time derivative of the
Lyapunov function

along the trajectories of (6.26), (6.27) satisfies

and follow similar arguments as before to establish signal boundedness and convergence of
the tracking error e = y — c to zero as t —> oo.

As in the case of MRAC, the above examples have the following characteristics:
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6.3. APPC Schemes: Polynomial Approach 215

(i) The adaptive laws are driven by the state tracking or regulation error that is equal to
the estimation error without normalization. In this case the estimation model does
not need to be generated, as its state is equal to zero.

(ii) A significant step for the design and analysis of the adaptive laws is the development
of a scalar differential equation that relates the regulation or tracking error with the
parameter error. This error equation motivates the selection of a quadratic Lyapunov
function that is used to design the adaptive laws and establish signal boundedness
simultaneously.

(iii) For the scalar examples considered, stable direct and indirect APPC schemes can be
designed.

The extension of properties (i)-(iii) to higher-order plants where only the output
rather than the full state is available for measurement is not possible in general for most
pole placement structures. The difficulty arises because the nonlinear relationship between
the plant and controller parameters does not allow us to relate the tracking or regulation error
with the parameter error in a differential equation that has a particular form so that a single
Lyapunov function can be used to establish stability. The nonlinear relationship between
plant and controller parameters makes the design of direct APPC schemes impossible in
general. The difficulty is due to the fact that a parametric model for the plant where the
unknown controller parameter vector 6* appears linearly or in the special bilinear form
cannot be obtained in general. In the following sections we present the design and analysis
of indirect APPC schemes that are applicable to SISO LTI plants of any order.

6.3 APPC Schemes: Polynomial Approach
Let us consider the SISO LTI plant

where G,,(s) is proper and Rp(s) is a monic polynomial. The control objective is to choose
the plant input up so that the closed-loop poles are assigned to those of a given monic
Hurwitz polynomial A*(s). The polynomial A*(s), referred to as the desired closed-loop
characteristic polynomial, is chosen based on the closed-loop performance requirements.
To meet the control objective, we make the following assumptions about the plant:

PI. Rp(s) is a monic polynomial whose degree n is known.

P2. Z p ( s ) , Rp(s) are coprime and degree (Z;,) < n.

Assumptions PI and P2 allow Zp, R,, to be non-Hurwitz, in contrast to the MRC case wher
Zp is required to be Hurwitz. If, however, Zp is Hurwitz, the MRC problem is a special
case of the general pole placement problem defined above with A*(s) restricted to have Zp

as a factor.
In general, by assigning the closed-loop poles to those of A*(s), we can guarantee

closed-loop stability and convergence of the plant output yp to zero, provided that there is
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216 Chapter 6. Continuous-Time Adaptive Pole Placement Control

no external input. We can also extend the pole placement control (PPC) objective to include
tracking, where yp is required to follow a certain class of reference signals ym, by using the
internal model principle as follows: The reference signal ym e £00 is assumed to satisfy

where Qm(s), known as the internal model of ym, is a known monic polynomial of degree
q with all roots in 9t[s] < 0 and with no repeated roots on the y'w-axis. The internal model
Qm(s) is assumed to satisfy

P3. Qm(s}, Zp(s) are coprime.

For example, if y,, is required to track the reference signal ym(t} = c + sin (3?), where c

'<P(is any constant, then Qm(s) = s(s2 + 9) and, according to P3, Zp(s) should not have s or
s2 + 9 as a factor. Similarly, if yp is required to track ym(t) — c + sin(o)\t) + cos^O for
a)\ ^ 0)2, then Qm(s) = s(s2 + o)2)(s2 + o)\).

The PPC objective with tracking can be stated as follows: Design the control input
Up so that the closed-loop poles are the same as the roots of A*(s ) = 0 and yp tracks
the reference signal ym. Since the coefficients of Gp(s) are unknown, an adaptive control
scheme is used to meet the control objective. The design of the APPC scheme is based
on the CE approach where the unknown parameters in the control law, designed to meet
the control objective in the known parameter case, are replaced with their online estimates
generated by an adaptive law.

The design of the APPC scheme is based on three steps presented in the following
subsections. In the first step, a control law is developed that can meet the control objective
in the known parameter case. In the second step, an adaptive law is designed to estimate
the plant parameters online. The estimated plant parameters are then used to calculate the
controller parameters at each time t, and the APPC is formed in Step 3 by replacing the
controller parameters in Step 1 with their online estimates.

Step 1. PPC for known parameters We consider the control law

where P(s), L (s) are polynomials (with L (s) monic) of degree #+«— l , n — 1, respectively,
chosen to satisfy the polynomial equation

Assumptions P2 and P3 guarantee that Qm(s)Rp(s) and Zp(s) are coprime, which guaran-
tees (see the Appendix) that L ( s ) , P(s) satisfying (6.31) exist and are unique. The solution
for the coefficients of L(s), P(s) of (6.31) may be obtained by solving the algebraic equation

where S/ is the Sylvester matrix (see the Appendix) of QmRp, Zp of dimension 2(n + q) x
2(n + q),
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6.3. APPC Schemes: Polynomial Approach 217

and /,, /?/, a* are the coefficients of the polynomials

respectively, where a, (5) = [^', 5 ' ~ ' , . . . , s, \ ] T .
The coprimeness of QmR,,, Zp guarantees that S/ is nonsingular; therefore, the coef-

ficients of L(s), P(s) may be computed from the equation

Using (6.31) and (630), the closed-loop plant is described by

Similarly, from the plant equation in (6.28) and the control law in (6.30) and (6.31), we
obtain

Since ym € £QO and -£p, -^- are proper with stable poles, it follows that >'/(, up € £00.
The tracking error £1 = }'/? — y,,, can be shown to satisfy

by using (6.31), (6.34), and then (6.29). Since —^- is proper with poles in M[s] < 0, it
follows that e\ -^ 0 as t —>• oo exponentially fast. Therefore, the control law (6.30), (6.31)
meets the control objective.

The control law (6.30) can be realized as

using n + q — 1 integrators. Since L(s) is not necessarily Hurwitz, C(s) may have poles inn
N[s] > 0, which is not desirable in practice. An alternative realization of (6.30) is obtained
by rewriting (6.30) as
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218 Chapter 6. Continuous-Time Adaptive Pole Placement Control

where A (s) is any monic Hurwitz polynomial of degree n + q — 1. Filtering each side with
•j^-r, we obtain

The control law is implemented using 2(« + q — 1) integrators to realize the proper stable
transfer functions A~^^, ^.

Step 2. Estimation of plant polynomials Using (6.28) and the results of Chapter 2, the
following parametric model can be derived:

where

and Ap(s) is a monic Hurwitz polynomial. If the degree of Zp(s) is less than n — 1, then
some of the first elements of 9£ = [bn-\,..., bo\T will be equal to zero, and the dimension
of the parametric model can be reduced. Using the results of Chapter 3, a wide class of
adaptive laws can be designed to estimate 6*. As an example we consider the gradient
algorithm

where F = FT > 0 is the adaptive gain and

are the estimated plant parameters which can be used to form the estimated plant polynomials

of Rp(s),Zp(s), respectively, at each time t.

Step 3. Adaptive control law The adaptive control law is obtained by replacing the
unknown polynomials L(s), P(s) in (6.36) with their online estimates L(s, t), P(s, t) cal-
culated at each frozen time12 t using the polynomial equation

12 By frozen time we mean that the time-vary ing coefficients of the polynomials are treated as constants when
two polynomials are multiplied.
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6.3. APPC Schemes: Polynomial Approach 219

i.e., the control law is formed as

where L(s, t), P(s, t) are obtained using (6.38). In (6.38), the operation X ( s , t) • Y(s, t)
denotes a multiplication of polynomials, where s is simply treated as a variable. This is to
distinguish it from the operation X ( s , t ) Y ( s , t), where s is a differential operator and the
product X ( s , t ) Y ( s , t) involves time derivatives of the coefficients of the polynomials.

The APPC scheme is described by (6.37), (6.38), (6.39). Equation (6.38) can be solved
for L(s, t), P(s, t) by equating the coefficients of powers of s on each side of the equation.
This process leads to an algebraic equation of the form (6.32). The existence and uniqueness
of L(s, t ) , P(s, t) is guaranteed, provided that /?/;(.v, t)Qm(s), Zt,(s, t) are coprime at each
frozen time t. The adaptive laws that generate the coefficients of Rf,(s, t ) , Zp(s, t) cannot
guarantee this property, which means that at certain points in time the solution L(s, t),
P(s, t) of (6.38) may not exist. This problem is known as the stabilizability problem in
indirect APPC, and it will be discussed in section 6.6.

We first illustrate the design of the APPC scheme based on the polynomial approach
using the following example. We then present the stability properties of the APPC scheme
(6.37), (6.38), (6.39) for a general plant.

Example 6.3.1 Consider the plant

where a and b are constants. The control objective is to choose u,, such that the poles of
the closed-loop plant are placed at the roots of A*(s) = (s + I)2 and yp tracks the constant
reference signal ym — 1. Clearly the internal model of ym is Qm(s) — s, i.e., q = 1.

Step 1. PPC for known parameters Since n = I , the polynomials L, P, A are of
the form

where XQ > 0 is an arbitrary constant and po, p\ are calculated by solving

Equating the coefficients of the powers of s in (6.41), we obtain

Therefore, the PPC law is given by

where e\ — yp — ym = yp — 1 and p\, po are given by (6.42).
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220 Chapter 6. Continuous-Time Adaptive Pole Placement Control

Step 2. Estimation of plant parameters Since a, b are unknown, the control law (6.42)
(6.43) cannot be implemented. Therefore, we use the gradient algorithm

where

and A > 0, F = Fr > 0 are design constants, to generate Op(t) — [b(t), a(t)]T, the estimate
of 9* = [b, a ] T , at each time t.

Step 3. Adaptive control law We use the CE approach to form the adaptive control
law by replacing the unknown parameters in the control law (6.42), (6.43) with their online
estimates, i.e.,

The APPC scheme for the plant (6.40) is given by (6.44), (6.45), (6.46). The stabilizability
problem arises in (6.45) in the form of b(t) becoming equal to zero at some time /. The
adaptive law (6.44) cannot guarantee that b(t) ^ 0 V? > 0. For computational reasons, we
require \b(t)\ > bo > 0 for some constant bo (a lower bound for \b\) and Vt > 0. For this
scalar example, the stabilizability problem can be resolved by replacing the adaptive law
(6.44) with

where (f> — [<j>\, fa}7 and the initial condition for b is chosen to satisfy £(0) sgn(&) > Bo-
using the results of Chapter 3, we can establish that the adaptive law (6.47) guarantees that

\b(t)\ > &o Vf > 0 and the properties (i) a, b € £oo» (ii) £, sms, e(j>, a, b e LI D £00 are
satisfied independent of the boundedness of the plant input up and output yp.

For the scalar Example 6.3.1, the stabilizability problem is avoided by preventing b(t)
from crossing zero using parameter projection. In the higher-order case, the stabilizability
problem is far more complicated and is discussed in section 6.6. For the time being let us
assume that the stabilizability condition holds at each time t and use the following theorem
to describe the stability properties of the APPC scheme (6.37)-(6.39).
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6.3. APPC Schemes: Polynomial Approach 221

Theorem 6.3.2. Assume that the estimated plant polynomials RpQm, Zp are strongly
coprime at each time t. Then all the signals in the closed loop (6.28), (6.37)-(6.39) are
uniformly bounded, and the tracking error converges to zero asymptotically with time.

Proof. The proof involves the use of a number of results presented in the Appendix and
several complicated technical steps. Below we give an outline of the proof and present the
full technical details in the web resource [94] for the ambitious reader.

We know from the results of Chapter 3 that the adaptive law (6.37) guarantees that

independent of the boundedness of up, yp, 0. The proof is carried out by using the above
properties and the following four steps.

Step 1. Manipulate the estimation error and control law equations to express the
plant input up and output yp in terms of the estimation error This step leads to the
equations

where ym e £00; A(t), B\(t) are uniformly bounded because of the boundedness of the
estimated plant and controller parameters (which is guaranteed by the adaptive law and the
stabilizability assumption); and 82, C\, D\, €2, D^ are constant vectors.

Step 2. Establish the exponential stability (e.s.) of the homogeneous part of (6.48)
The matrix A(t) has stable eigenvalues at each frozen time t that are equal to the roots of
A*(s) = 0. In addition, Op, /, p e £2, where /, p are vectors with the coefficients of L, P,
respectively (guaranteed by the adaptive law and the stabilizability assumption), imply that
| |A(OII e £2- Therefore, using Theorem A.8.8, we conclude that the homogeneous part of
(6.48) is uniformly asymptotically stable (u.a.s.), which is equivalent to e.s.

Step 3. Use the properties of the £25 norm and the B-G lemma to establish bound-

edness Let m2f — 1 + | |Wp||2 + ||j/;||
2, where || • || denotes the L^ norm. Using the results

established in Steps 1 and 2 and the normalizing properties of m / , we show that

Since the adaptive law guarantees that ems e £2, the boundedness of mf follows by
applying the B-G lemma. Using the boundedness of m f , we can establish the boundedness
of all signals in the closed-loop plant.
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Step 4. Establish that the tracking error e\ converges to zero The convergence of
e\ to zero follows by using the control and estimation error equations to express e\ as the
output of proper stable LTI systems whose inputs are in £2 n £00 which implies, according
to Corollary A.5.5 in the Appendix, that e\ e £2- By establishing e\ e £00, it follows from
e\ e £2 H £00 and Lemma A.4.7 that e\ -> 0 as t —> oo.

The assumption that Rp(s, t)Qm(s), Zp(s, t) are strongly coprime at each time / is
crucial in establishing stability. By strongly coprime we mean that the polynomials do not
have roots that are close to becoming common. For example, the polynomials s + 2 + e,
s + 2, where s is arbitrarily small, are not strongly coprime. When the estimated plant
polynomials Rp(s, t) Q(s), Zp(s, t) lose coprimeness at acertain point in time /, the solution
L(s, t), P(s, t) of the polynomial equation (6.38) may not exist. This coprimeness condition
is equivalent to the condition that the estimated plant characterized by the polynomials
RP(s, t)Qm(s), Zp(s, t) be strongly controllable and observable at each time t. This is an
expected requirement, since the control law is designed at each time t to meet the control
objective for the estimated plant. In the scalar case this controllability condition is simply
\b(t)\ > bo > 0 W, which can be taken care of using projection and assuming that the
sign of b and a lower bound bo for \b\ > bo are known. In the general case it is difficult,
if not impossible, to use projection to guarantee the strong coprimeness of the estimated
plant polynomials. In section 6.6, we discuss certain fixes proposed in the literature at the
expense of additional complexity in order to address the stabilizability problem.

6.4 APPC Schemes: State-Space Approach

We consider the SISO LTI plant (6.28), i.e.,

where Gp(s) is proper and Rp(s) is monic. The control objective is the same as in section 6.3
and the same assumptions PI, P2, P3 apply. In this section, we consider a state-space
approach to meet the control objective. As in section 6.3, we first solve the problem assuming
known plant parameters. We then use the CE approach to replace the unknown parameters
in the control law with their estimates calculated at each time t based on the plant parameter
estimates generated by an adaptive law. The steps followed are presented below.

Step 1. PPC for known parameters We start by considering the expression

for the tracking error. Filtering each side of (6.50) with %^, where Q\ (s) is an arbitrary
monic Hurwitz polynomial of degree q, and using Qm(s)ym — 0, we obtain

co
nt

ro
len

gin
ee

rs
.ir



6.4. APPC Schemes: State-Space Approach 223

With (6.51), we have converted the tracking problem into the regulation problem of choosing
UP to regulate e\ to zero. Let (A, B, C) be a state-space realization of (6.51) in the observer
canonical form, i.e.,

where

and 0,*, #2 e Hn+q are the coefficient vectors of the polynomials Rp(s)Qm(s) - sn+q

and Z p ( s ) Q \ ( s ) , respectively. Because RpQm, Zp are coprime, any possible zero-pole
cancellation in (6.51) between Q\(s) and Rp(s)Qm(s) will occur in ?l\[s] < Odue to Q\(s)
being Hurwitz, which implies that (A, B) is always stabilizable. We consider the feedback
control law

where e is the state of the full-order Luenberger observer [120]

and Kc and K() are solutions to the polynomial equations

where A* and A* are given monic Hurwitz polynomials of degree n + q. The roots of
A*(s) = 0 represent the desired pole locations of the transfer function of the closed-loop
plant, whereas the roots of A* (s) are equal to the poles of the observer dynamics. As in every
observer design, the roots of A*(s) = 0 are chosen to be faster than those of A*(s) = 0
in order to reduce the effect of the observer dynamics on the transient response of the
tracking error e\. The existence of K( in (6.56) follows from the controllability of (A, B).
If (A, B) is stabilizable but not controllable because of common factors between Q\ (s) and
Rp(s), the solution for Kc in (6.56) still exists, provided that A*(s) is chosen to contain
the common factors of Q\, R,,. Because A*(s) is chosen based on the desired closed-loop
performance requirements and Q \ ( s ) is an arbitrary monic Hurwitz polynomial of degree
q, we can choose Q\(s) to be a factor of A*(s) and, therefore, guarantee the existence of
Kc in (6.56) even when (A, B) is not controllable. The existence of 9p in (6.56) follows
from the observability of t. Because of the special form of (6.52) and (6.53), the solution
of (6.56) is given by K0 = a* — 9*, where «Q is the coefficient vector of A*(s).

Theorem 6.4.1. The PPC law (6.54)-(6.56) guarantees that all signals in the closed-loop
plant are bounded and e\ converges to zero exponentially fast.

Proof. We define the observation error e0 = e — e. Subtracting (6.55) from (6.52), we have
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Using (6.54) in (6.55), we obtain

Since the eigenvalues of the overall matrix in (6.57), (6.58) are equal to the eigenvalues of
A — K0C

T, A — BKC, which are stable by design (see (6.56)), it follows that e, e0 e £00
and e(t), e0(t) —>• 0 as / ->• oo exponentially fast. From e§ — e — e and up = —Kce, it
follows that e, up, e\ e £QO and e(t), up(t), e\(t} -> 0 as / —>• oo, also exponentially fast.
The boundedness of yp follows from that of e\ and ym. We have

where ^- is proper with poles in 9i[s] < 0 and nonrepeated poles on N[s] — 0. Further-
more, Up is exponentially decaying to zero. Given these conditions it can be shown (see
Problem 11) that u „ e £oo» and the proof is complete.

Step 2. Estimation of plant parameters The adaptive law for estimating the plant
parameters and generating Rp, Zp is the same as in section 6.3 and is given by

z, 0 are as defined in (6.37) and 9P = [0%, O£]T, where Ot, — [bn-\, • • - , bo]T, Oa =
[an-\,..., «o]r are the online estimates of the coefficient vectors 0£ = [bn-\,..., bo]T,
0* = [an-i,..., aQ]T of Zp(s), RP(s), respectively.

Step 3. Adaptive control law Using the CE approach, the adaptive control law is given by

where

0\ (t) and #2(0 are the coefficient vectors of the polynomials

respectively;
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«Q is the coefficient vector of AQ(S); and Kc(t) is calculated at each time t by solving the
polynomial equation

The APPC scheme is described by (6.59)-(6.63).
The stabilizability problem arises in (6.60), where for the calculation of Kc to be

possible the pair (A(t), B(t)) has to be controllable at each time t and for implementation
purposes strongly controllable. Let us first illustrate the design for a scalar plant and then
present the stability properties of the APPC scheme (6.59)-(6.63) for the general plant.

Example 6.4.2 We consider the same plant as in Example 6.3.1, i.e.,

where a and b are unknown constants with b ^ 0. The input up is to be chosen so that the
poles of the closed-loop plant are placed at the roots of A*(s) — (s + 1 )2 = 0, an
the reference signal ym — 1.

Step 1. PPC for known parameters If a, b are known, the following control law can be
used to meet the control objective:

where K0, Kc are calculated by solving the equations

where the poles of the observer are chosen to be at s = — 10, — 10,

The solution of the above polynomial equations is given by

Step 2. Estimation of plant parameters The adaptive law uses the measurements of the
plant input up and output y,, to generate the estimates a, b of the unknown plant parameters
a, b, respectively. It is therefore independent of the choice of the control law, and the same
adaptive law (6.47) used in Example 6.3.1 is employed.
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Step 3. Adaptive control law Using the CE approach, the adaptive control law is formed
by replacing the unknown plant parameters a, b in (6.65), (6.66) with their online estimates
a, b generated by the adaptive law (6.47) from Step 2, i.e.,

where

The APPC scheme for the plant (6.64) is described by (6.47), (6.67)-(6.69). The stabiliz-
ability problem is evident in (6.69), where for Kc to be finite at each time t, the estimated
plant parameter b(t} should not cross zero. The adaptive law (6.47) has already been de-
signed to guarantee that \b(t)\ > b$ > 0 W > 0 for some constant b
and therefore Kc can be calculated at each time t using (6.69).

The stability properties of the APPC scheme (6.59)-(6.63) are described by the fol-
lowing theorem.

Theorem 6.4.3. Assume that the polynomials Zp, Rp Qm are strongly coprime at each
time t. Then all the signals in the closed-loop APPC scheme (6.59)-(6.63) are uniformly
bounded, and the tracking error e\ converges to zero asymptotically with time.

Proof. The proof of Theorem 6.4.3 is a complicated one and involves the use of several
results from the Appendix. Below we give an outline of the proof and present the technical
details of the proof in the web resource [94].

Step 1. Develop the state error equations for the closed-loop APPC scheme

where e0 = e — e is the observation error, A0 is a constant stable matrix, W\ (s) and W2(s)
are strictly proper transfer functions with stable poles, and Ac(t) = A — BKL..

Step 2. Establish e.s. for the homogeneous part of the state equations in (6.70) The
gain Kc is chosen so that the eigenvalues of Ac(t) at each time t are equal to the roots of
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the Hurwitz polynomial A*(s). Since A, B e C^, (guaranteed by the adaptive law) an
Zp, RpQm are strongly coprime (by assumption), we conclude that (A, B) is stabilizable
in the strong sense and Kc, Ac e £00- Using 9a, Of, e £2, guaranteed by the adaptive law

we can establish that Kc, Ac e £2. Therefore, applying Theorem A.8.8, we have that Ac(t)
is a u.a.s. matrix. Because A() is a constant stable matrix, the e.s. of the homogeneous part
of (6.70) follows.

Step 3. Use the properties of the £26 norm and the B-G lemma to establish signal
boundedness We use the properties of the £2,5 norm and (6.70) to establish the inequality

where g2 — e2m2 + \0a\
2 + \0h\

2, c is any finite constant, and m2
f = 1 + HM, , ||2 + \\yr\\

2 is
shown to bound all signals from above. Since g e £2, it follows by applying the B-G
lemma that rrif e C^. Using m/ e £00, we establish the boundedness of all signals in the
closed-loop plant.

Step 4. Establish the convergence of the tracking error e\ to zero We establish that
e\ e £2 and e\ e £00 and apply Lemma A.4.7 to conclude that e\ -> 0 as t -> oo.

6.5 Adaptive Linear Quadratic Control (ALQC)
Another method for solving the PPC problem is using an optimization technique to design a
control input that guarantees boundedness and regulation of the plant output or tracking error
to zero by minimizing a certain cost function that reflects the performance of the closed-
loop system. As we established in section 6.4, the tracking problem can be converted to the
regulation problem of the system

where A, B, C are defined in (6.53), up — ̂ -^«/;, and u{> is to be chosen so that e e C^
and e\ —>• 0 as t —> oo. The desired up to meet this objective is chosen as the one that
minimizes the quadratic cost

where k > 0, a weighting coefficient to be designed, penalizes the level of the control input
signal. The optimum control input up that minimizes J is [120]

where P — PT > 0 satisfies the algebraic equation
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known as the Riccati equation.
Since D is stabilizable, due to Assumption P3 in section 6.3 and the fact that Q\ (s)

is Hurwitz, the existence and uniqueness of P — PT > 0 satisfying (6.73) is guaranteed
[120]. It is clear that as A -* 0, a situation known as low cost control, \\KC\\ -> oo, which

implies that up may become unbounded. On the other hand, if A. -> oo, a situation known
as high cost control, up —> 0 if the open-loop system is stable. With X > 0 and finite,
however, (6.72), (6.73) guarantee that A — BKLis a stable matrix, e, e\ converge to zero
exponentially fast, and up is bounded. The location of the eigenvalues of A — B Kc depends
on the particular choice of X. In general, there is no guarantee that one can find a A so that the
closed-loop poles are equal to the roots of the desired polynomial A* (s). The importance
of the linear quadratic (LQ) control design is that the resulting closed-loop system has good
robustness properties.

As in section 6.4, the state e of (6.72) may not be available for measurement. Therefore,
instead of (6.72), we use

where e is the state of the observer equation

and K0 is, as in (6.55), calculated using (6.56). As in section 6.4, the control input is given by

Theorem 6.5.1. The LQ control law (6.74)-(6.76) guarantees that all the eigenvalues of
A — BKC are in ?ft[s] < 0, all signals in the closed-loop plant are bounded, and e\ (t) —>• 0
as t —> oo exponentially fast.

Proof. The proof is left as an exercise for the reader (see Problem 12).

As in section 6.4, we can use the CE approach to form the adaptive control law

where A, B, KQ are as defined in section 6.4 and generated using the adaptive law (6.59),
and P(t) is calculated by solving the Riccati equation

at each time t.
The ALQC scheme is described by (6.59), (6.61), (6.62), (6.77), (6.78).
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6.5. Adaptive Linear Quadratic Control (ALQC) 229

Example 6.5.2 Let us consider the same plant as in Example 6.4.2, i.e.,

The control objective is to choose uf, so that the closed-loop poles are stable and y,,
tracks the reference signal ym — 1. The problem is converted to a regulation problem by
considering the tracking error equation

where e\ = yp — ym, as shown in Example 6.4.2. The state-space representation of the
tracking error equation is given by

The observer equation is the same as in Example 6.4.2, i.e.,

where K(, = [20 — a, 100]7 is chosen so that the observer poles are equal to the roots of
A*(s) — (s + 10)2 = 0. The control law, according to (6.74)-(6.76), is given by

where P satisfies the Riccati equation

and A > 0 is a design parameter to be chosen.
Let us now replace the unknown a, b with their estimates a, b generated by the adaptive

law (6.47) to form the adaptive control law

where P(t) = P (t) > 0 is calculated at each time t to satisfy
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Equations (6.47), (6.79), (6;80) describe the ALQC scheme. For the solution P = PT > 0
of (6.80) to exist, the pair (A, B) has to be stabilizable. Since (A, B, C) is the realization of

^t!j, the stabilizability of (A, B) is guaranteed, provided b ^ 0 (note that for a = 1, the
A *.

pair (A, B) is no longer controllable but is still stabilizable). In fact for P(t) to be uniformly
bounded, we require \b(t)\ > bo > 0, for some constant bo, which is a lower bound for \b\.
As in the previous examples, the adaptive law (6.47) guarantees that \b(t)\ > boVt >Qby
assuming that bo and sgn(&) are known a priori.

As with the previous APPC schemes, the ALQC scheme depends on the solvability of
the algebraic Riccati equation (6.78). The Riccati equation is solved for each time t by using
the online estimates A, B of the plant parameters. For the solution P(t) — PT(t) > 0 to
exist, the pair (A, B) has to be stabilizable at each time t. This implies that the polynomials
Rp(s, t)Qm(s) and Zp(s, t)Q\(s) should not have any common unstable zeros at each
frozen time t. Because Q\ (s) is Hurwitz, a sufficient condition for (A, B) to be stabilizable
is that the polynomials Rp(s, t)Qm(s) and Zp(s, t) are coprime at each time t. For P(t) to
be uniformly bounded, however, we will require Rp(s, t)Qm(s) and Zp(s, t) to be strongly
coprime at each time t.

In contrast to the simple example considered, the modification of the adaptive law to
guarantee the strong coprimeness of Rp Qm and Zp without the use of additional a priori
information about the unknown plant is not clear. The following theorem assumes that the
stabilizability condition is satisfied at each time t and establishes the stability properties of
the ALQC scheme.

Theorem 6.5.3. Assume that the polynomials Rp(s, t)Qm(s} and Zp(s, t) are strongly
coprime at each time t. Then the ALQC scheme described by (6.59), (6.61), (6.62), (6.77),
(6.78) guarantees that all signals in the closed-loop plant are bounded and the tracking
error e\ converges to zero as t —> oo.

Proof. The proof is almost identical to that of Theorem 6.4.3, except for some minor details.
The same error equations as in the proof of Theorem 6.4.3 that relate e and the observation
error e0 = e — e with the plant input and output also hold here. The only difference is that
in Ac = A — BKC we have Kc = B (^)/J(f). If we establish that Kc e £00 and Ac is u.a.s.,
then the rest of the proof is identical to that of Theorem 6.4.3. We do that as follows.

The strong coprimeness assumption about RpQm, Zp guarantees that (A, B) is con-
trollable at each time t, which implies that the solution P(t) = PT(t) > 0 of the Riccati
equation exists and P e £00- This, together with the boundedness of the plant parameter
estimates, guarantees that B and therefore Kc e £,,0. Furthermore, using the results of
section 6.4, we can establish that Ac(t) is a stable matrix at each frozen time t as follows.
From Ac = A — BKC we have

Differentiating each side of (6.78), we obtain
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6.6. Stabilizability Issues and Modified APPC 231

where

Equation (6.82) is a Lyapunov equation, and its solution P exists and satisfies ||P(OII <
c||g(OII for any given Q(t), where c > 0 is a finite constant. Since | |A(OH, \\B(t)\\ £ £2
due to the properties of the adaptive law and ||P(f)||, | |6(OII> I I ^ C O I I 6 L^, we can establish
using (6.81) that ||AC(OII e £2- The pointwise stability of Ac together with ||At.(OII e £2
imply, using Theorem A.8.8, that Ac is a u.a.s. matrix. The rest of the proof is completed
by following exactly the same steps as in the proof of Theorem 6.4.3.

6.6 Stabilizability Issues and Modified APPC

The main common drawback of the APPC schemes of sections 6.3-6.5 is that the adap-
tive law cannot guarantee that the estimated plant parameters or polynomials satisfy the
appropriate controllability or Stabilizability condition at each time. Loss of Stabilizability
or controllability may lead to computational problems and instability.

In this section, we first demonstrate using a scalar example that the estimated plant
could lose controllability at certain points in time leading to unbounded signals. We then
describe briefly some of the approaches described in the literature to deal with the Stabiliz-
ability problem.

6.6.1 Loss of Stabilizability: A Simple Example

Let us consider the first-order plant

where b 7^ 0 is an unknown constant. The control objective is to choose u such that
y, u e £00, and y ( t ) -* 0 as t -> oo. If b were known, then the control law

would meet the control objective exactly. When b is unknown, we use the CE control law

where b(t) is the estimate of b at time t, generated online by an appropriate adaptive law.
Let us consider the adaptive law
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232 Chapter 6. Continuous-Time Adaptive Pole Placement Control

where y > 0 is the constant adaptive gain.
It can be shown that the control law (6.86) with b generated by (6.87) meets the control

objective, provided that b(t) ^ 0 Vt > 0. Let us now examine whether (6.87) can satisfy
the condition b(t) £ 0 Vt > 0. From (6.84) and (6.87), we obtain

where b = b — b is the parameter error. Using (6.88) in (6.87), we have

It is clear from (6.89) that for £(0) = b, b(t) = 0 and b(t) - b Vt > 0; therefore, the control
objective can be met exactly with such initial condition for b. For analysis purposes, let us
assume that b > 0 (unknown to the designer). For 0^0, (6.89) implies that

and, therefore, for b > 0 we have

Hence, for £(0) < 0 < b, b(t) is monotonically increasing and crosses zero, leading
to an unbounded control u in (6.86).

The above example demonstrates that the CE control law (6.86) with (6.87) as the
adaptive law for generating b is not guaranteed to meet the control objective. If the sign
of b and a lower bound for \b\ are known, then the adaptive law (6.87) can be modified
using projection to constrain b(t) from changing sign. This projection approach works for
this simple example, but in general its extension to the higher-order case is awkward, if
not impossible, due to the lack of any procedure for constructing the appropriate convex
parameter sets with the following three properties:

• Stabilizability is guaranteed for every parameter vector in the set.

• The unknown parameter vector is located inside the set.

• The sets are convex and known.

In the following subsections we describe a number of methods proposed in the literature for
dealing with the Stabilizability problem.

6.6.2 Modified APPC Schemes

The Stabilizability problem has attracted considerable interest in the adaptive control com-
munity, and several solutions have been proposed. We list the most important ones below
with a brief explanation regarding their advantages and drawbacks.
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6.6. Stabilizability Issues and Modified APPC 233

(a) Stabilizability Stabilizability is assumed. In this case, no modifications are intro-
duced, and Stabilizability is assumed to hold for all t > 0. Even though there is no
theoretical justification for such an assumption to hold, it has often been argued that in
most simulation studies, the Stabilizability problem rarely arises. The example presented
above illustrates that no Stabilizability problem would arise if the initial condition of b(0)
happened to be in the region £(0) > b > 0. In the higher-order case, loss of Stabilizability
occurs at certain isolated manifolds in the parameter space when visited by the estimated
parameters. Therefore, one can easily argue that the loss of Stabilizability is not a frequent
phenomenon. If it does happen at a particular point in time, then heuristics may be used to
deal with it, such as restarting the adaptive law with different initial conditions, ignoring the
estimates that lead to loss of Stabilizability, and changing the adaptive gain till the estimated
parameters satisfy the Stabilizability condition.

(b) Parameter Projection Methods [46, 121, 122] In this approach, the parameter
estimates are constrained to lie inside a convex subset CQ of the parameter space that is
assumed to have the following properties:

(i) The unknown plant parameter vector 6>* e CQ.

(ii) Every member 9p of CQ has a corresponding level of Stabilizability greater than e* for
some known constant s* > 0.

Given such a convex set CQ, the Stabilizability of the estimated parameters at each tim.
t is ensured by incorporating a projection algorithm in the adaptive law to guarantee that the
estimates are in CQ Vf > 0. The projection is based on the gradient projection method an.
does not alter the usual properties of the adaptive law that are used in the stability analysis
of the overall scheme. This approach is simple but relies on the rather strong assumption
that the set CQ is known. No procedure has been proposed for constructing such a set CQ for
a general class of plants.

An extension of this approach has been proposed in [123]. It is assumed that a finite
number of convex subsets C\, ..., Cp are known such that

(i) 0* e yf=1 Ci and the Stabilizability degree of the corresponding plant is greater than
some known s* > 0.

(ii) For every Op e (Jf=l C/ the corresponding plant model is stabilizable with a Stabiliz-
ability degree greater than e*.

In this case, p adaptive laws with a projection, one for each subset C,, are used in
parallel. A suitable performance index is used to select the adaptive law at each time t
whose parameter estimates are to be used to calculate the controller parameters. The price
paid in this case is the use of p parallel adaptive laws with projection instead of one. As
in the case of a single convex subset, there is no effective procedure for constructing C/,
/ = 1, 2 , . . . , p, with properties (i) and (ii) in general.

(c) Correction Approach [124] In this approach, a subset T> in the parameter space is
known with the following properties:
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234 Chapter 6. Continuous-Time Adaptive Pole Placement Control

(i) 0* e T> and the stabilizability degree of the plant is greater than some known constant
e* >0.

(ii) For every 9P E T>, the corresponding plant model is stabilizable with a degree greater
than e*.

Two LS estimators with estimates 9P, 9p of 9* are run in parallel. The controller

parameters are calculated from 9P as long as 9P e V. When 9P £ X>, 9P is reinitialized as

where P is the covariance matrix of the LS estimator of 0* and y is a vector chosen so that

Op € T>. The search for the appropriate y can be systematic or random.
The drawbacks of this approach are (1) added complexity due to the two parallel

estimators, and (2) the search procedure for y can be tedious and time-consuming. The
advantage of this approach, when compared with the projection one, is that the subset D
does not have to be convex. The importance of this advantage, however, is not clear, since
no procedure is given for how to construct D to satisfy conditions (i)-(ii) above.

(d) Persistent Excitation Approach [119, 125] In this approach, the reference input
signal or an external signal is chosen to be sufficiently rich in frequencies so that the signal
information vector is PE over an interval. The PE property guarantees that the parameter
estimate 9p of 0* converges exponentially to 0* (provided that the covariance matrix in the
case of LS is prevented from becoming singular). Using this PE property, and assuming
that a lower bound e* > 0 for the stabilizability degree of the plant is known, the following
modification is used: When the stabilizability degree of the estimated plant is greater than
£*, the controller parameters are computed using 9P; otherwise the controller parameters
are frozen to their previous value. Since 9P converges to 0* the stabilizability degree of the
estimated plant is guaranteed to be greater than e* asymptotically with time.

The main drawback of this approach is that the reference signal or external signal has
to be sufficiently rich and on all the time, which implies that accurate regulation or tracking
of signals that are not rich is not possible. Thus the stabilizability problem is overcome
at the expense of destroying the desired tracking or regulation properties of the adaptive
scheme. Another less serious drawback is that a lower bound e* > 0 for the stabilizability
degree of the unknown plant is assumed to be known a priori.

An interesting method related to PE is proposed in [126] for the stabilization of
unknown plants. In this case the PE property of the signal information vector over an
interval is generated by a "rich" nonlinear feedback term that disappears asymptotically
with time. The scheme of [126] guarantees exact regulation of the plant output to zero. In
contrast to other PE methods [119, 125], both the plant and the controller parameters are
estimated online leading to a higher-order adaptive law.

(e) Cyclic Switching and Other Switching Methods In the cyclic switching approach
[127] the control input is switched between the CE control law and a finite member of
specially constructed controllers with fixed parameters. The fixed controllers have the
property that at least one of them makes the resulting closed-loop plant observable through
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6.7. Robust APPC Schemes 235

a certain error signal. The switching logic is based on a cyclic switching rule. The proposed
scheme does not rely on persistent excitation and does not require the knowledge of a lower
bound for the level of stabilizability. One can argue, however, that the concept of PE to help
cross the points in the parameter space where stabilizability is weak or lost is implicitly used
by the scheme, because the switching between different controllers which are not necessarily
stabilizing may cause considerable excitation over intervals of time. Some of the drawbacks
of the cyclic switching approach are the complexity and the possible bad transient of the
plant or tracking error response during the initial stages of adaptation when switching is
active. Another drawback is that there is no procedure for how to construct these fixed
controllers to satisfy the required observability condition. This approach, however, led to
subsequent approaches [18, 19, 128] based on switching without the use of any parameter
estimator or adaptive law. These approaches, known as non-identifier-based, modify the
adaptive control problem to the problem of finding the stabilizing controller from a known
finite set of fixed controllers which are available to the designer. The assumption made is
that at least one of the given fixed controllers is a stabilizing one.

(f) Switched Excitation Approach [129] This approach is based on the use of an open-
loop rich excitation signal that is switched on whenever the calculation of the CE control
law is not possible due to the loss of stabilizability of the estimated plant. It differs from
the PE approach described in (d) in that the switching between the rich external input and
the CE control law terminates in finite time, after which the CE control law is on and
no stabilizability issues arise again. The method is very intuitive and relies on switching
between the parameter identification and control objectives depending on the quality of
parameter estimates. That is, when the parameter estimates are not suitable for control,
the algorithm switches to the parameter identification objective by switching on an external
sufficiently rich signal. When the quality of the parameter estimates improves, the algorithm
switches back to the control objective.

Methods similar to those above have been proposed for APPC schemes for discrete-
time plants [18, 130-137].

6.7 Robust APPC Schemes

As in the case of MRAC, the APPC schemes considered in the previous sections may lose
stability in the presence of modeling errors and/or bounded disturbances. As we demon-
strated using a simple example, even a small disturbance may lead to parameter drift in
the adaptive law, which in turn may generate high gains in the feedback loop, leading to
unbounded signals.

Robust APPC schemes can be designed by simply replacing the adaptive laws used
in the previous sections with normalized robust adaptive laws. The normalizing signal
is designed to bound from above the modeling error as in the case of robust MRAC. We
demonstrate the design and analysis of robust APPC schemes for the plant

where GQ(S) satisfies P1-P3 given in section 6.3, A,n(s) is an unknown multiplicative
uncertainty,^ is a bounded input disturbance, and the overall plant transfer function G(s) —
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236 Chapter 6. Continuous-Time Adaptive Pole Placement Control

Figure 6.1. Closed-loop PPC schemes with unmodeled dynamics and bounded
disturbances.

GQ(S)(\ + Am (•$•)) is strictly proper. We design APPC schemes for the lower-order plant
model

but apply and analyze them for the higher-order plant model (6.90). The effect of the
perturbation Am and disturbance du on the stability and performance of the APPC schemes
is investigated in the following sections. We first consider the nonadaptive case, where the
parameters of GQ(S) are known so that no adaptation is needed.

6.7.1 PPC: Known Parameters

Let us consider the control laws of sections 6.3-6.5 that are designed for the simplified
plant model (6.91) with known plant parameters and apply them to the higher-order plant
(6.90). The block diagram of the closed-loop plant is shown in Figure 6.1, where D(s) is
the transfer function of the controller. The expression for D(s) for each of the PPC laws
developed in section 6.3-6.5 is given as follows.

For the control law in (6.30), (6.31) of section 6.3, which is based on the polynomial
approach,

For the control law (6.54), (6.55) of section 6.4 and the control law (6.74)-(6.76) of sec-
tion 6.5,

Theorem 6.7.1. The closed-loop plant described in Figure 6.1 is stable in the sense that
bounded ym> du implies bounded up, yp> provided
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6.7. Robust APPC Schemes 237

where TQ(S) — t^g is the closed-loop transfer function of the nominal plant. Further-
more, the tracking error e\ converges exponentially to the residual set

where dQ is an upper bound for \du \ and c > 0 is a constant.

Proof. The characteristic equation of the feedback system in Figure 6.1 is

which implies, due to the stable roots of 1 + DGo = 0, that

Using the Nyquist criterion or the small gain theorem, the roots of the characteristic
equation are in N[s] < 0 if

To establish (6.94), we use Figure 6.1 to show that

It follows from (6.92), (6.93) that the controller D(s) is of the form D(s) = -^^ for
some CQ(s). Therefore,

where G = GQ(! + Am). Since Qmym = 0 and the closed-loop plant is stable due to
||7b(j)Am(s)||00 < 1, we have

where e, is a term exponentially decaying to zero. Therefore, (6.94) is implied by (6.95)
and the stability of the closed-loop plant (see Problem 13)

It should be pointed out that the tracking error at steady state is not affected by ym

despite the presence of the unmodeled dynamics. That is, if du = 0 and Aw / 0, we
still have e\(t) -> 0 as t -> oo, provided that the closed-loop plant is stable. This is
due to the incorporation of the internal model of ym in the control law. If Qm(s} contains
the internal model of du as a factor, i.e., Qm(s) = Qd(s)Qm(s), where Qd(s)du — 0 and
Qm(s)ym — 0, then it follows from (6.95) that e\ — et; i.e., the tracking error converge
to zero exponentially fast despite the presence of the input disturbance. The internal model
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of du can be constructed if we know the frequencies of du. For example, if du is a slowly
varying signal of unknown magnitude, we could choose Qd(s) — s.

The robustness and performance properties of the PPC schemes given by Theo-
rem 6.7.1 are based on the assumption that the parameters of the modeled part of the
plant, i.e., the coefficients of GQ(S), are known exactly. When the coefficients of GQ(S) are
unknown, the PPC laws (6.92) and (6.93) are combined with adaptive laws that provide
online estimates for the unknown parameters leading to a wide class of APPC schemes. The
design of these APPC schemes so that their robustness and performance properties are as
close as possible to those described by Theorem 6.7.1 for the known parameter case is a
challenging problem in robust adaptive control and is treated in the following sections.

6.7.2 Robust Adaptive Laws for APPC Schemes

We start by writing the plant equation (6.90) as

where Zp — 9£Tan-i(s), Rp — sn + 6*Tan-\(s); 0£,0* are the coefficient vectors of
Zp, Rp, respectively; an-\ (s) — [ s n ~ l , sn~2,... ,s, l ] T . Filtering each side of (6.96) with
-7-7-7, where Ar,(s) — sn + X\sn~l + • • • + Xn is Hurwitz, we obtain
fip(S) r

where

As we have shown in Chapter 3, one of the main ingredients of a robust adaptive law
is the normalizing signal ms that is designed so that j^, -£- e C^. We apply Lemma A.5.9
and write

for some 8 > 0, where et is an exponentially decaying to zero term and do = sup, |dl((?)l-
Similarly,

The above H^ norms exist, provided that -j^-^ and Am(s) are analytic in N[s] > — 

and -̂ -̂  is strictly proper. Because the overall plant transfer function G(s) and GO(S) is
Zn A,.

assumed to be strictly proper, it follows that GoAw and therefore -—• are strictly proper
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6.7. Robust APPC Schem

Let us now assume that Aw(5) is analytic in N[s] > — j- for some known SQ > 0. If we
design A,,(s) to have roots in the region N[s] < — y, then it follows from (6.98), (6.99) by
setting 8 — SQ that the normalizing signal rav given by

bounds r], 0 from above. The signal m.v may be generated from the equations

Using (6.100) and the parametric model (6.97), a wide class of robust adaptive laws may
be generated by employing the results of Chapter 3. As an example let us consider a robust
adaptive law based on the gradient algorithm and switching a-modification to generate
online estimates of 9* in (6.97). We have

where 9p is the estimate of 9*, MQ > \9*\, aQ > 0, and F — Fr > 0. As estab-
lished in Chapter 3, the above adaptive law guarantees that (i) s, emv , 9P, 9P e £00, and
(ii) e, emx, 9p e «S(^r) independent of the boundedness of 0, z, m.

The adaptive law (6.101) or any other robust adaptive law based on the parametric
model (6.97) can be combined with the PPC laws designed for the plant without uncertain-
ties to generate a wide class of robust APPC schemes for the plant with uncertainties, as
demonstrated in the following sections.

6.7.3 Robust APPC: Polynomial Approach

We consider the APPC scheme designed in section 6.3 for the ideal plant yp = GQ(S)UP.
We replace the adaptive law with a robust one to obtain the following robust APPC scheme.

2139
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240 Chapter 6. Continuous-Time Adaptive Pole Placement Control

Robust adaptive law

a monic Hurwitz polynomial, and 0p = [bn-\,... ,t>o, an-\,...,CIQ\T is used to form the
estimated plant polynomials

Calculation of controller parameters Solve

for £(5, t), P(s, t) at each time /.

Adaptive control law

The stability properties of (6.102)-(6.104) when applied to the actual plant (6.90) are given
by the following theorem.

Theorem 6.7.2. Assume that the estimated polynomials Rp(s, t), Zp(s, t) of the plant model
are such that RpQm, Zp are strongly coprime at each time t. There exists a 8* > 0 such
that if

then the APPC scheme (6.102)-(6.104) guarantees that all signals are bounded and the
tracking error e\ satisfies^

Proof. The proof is very similar to that in the ideal case. Below we present the main steps
for the case of du = 0.

13The full details of the proof are presented in the web resource [94] and in [56].

where z ==
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Step 1. Express upt yp in terms of the estimation error The same equations as in
(6.48) can be established, i.e.,

Step 2. Establish the exponential stability of A(t) In this case, A(t) has stable eigen-
values at each time t. However, due to the modeling error, ||A(f)|| ^ £2- Instead,
||A(OII e ^(A^). Applying Theorem A.8.8(b), it follows that for A2 < A* and some
A* > 0, A(r) ise.s .

Step 3. Use the properties of the £2& norm and the B-G lemma to establish bound-
ed ness of signals We show that

Since ems e S( A2,), it follows by applying the B-G lemma that for c A2, < 8 we have
ra/- e COQ. From m/ e £00, we establish boundedness of all the signals in the closed-loop
system, provided A2 < <$*, where 8* = min[<$, A*2].

Step 4. Establish tracking error bound We express the tracking error e\ as the sum
of outputs of proper transfer functions with stable poles whose inputs belong to ^(A2,).
Applying Corollary A.5.8, the result in Theorem 6.7.2 follows.

In a similar way, the APPC scheme based on the LQ and state-space approaches can
be made robust by replacing the adaptive law with robust adaptive laws such as (6.102),
leading to a wide class of robust APPC schemes.

The following examples are used to illustrate the design of different robust APPC
schemes.

Example 6.7.3 (polynomial approach) Let us consider the plant

where a, b are unknown constants and Am (s) is a multiplicative plant uncertainty. The input
M / ; has to be chosen so that the poles of the closed-loop modeled part of the plant (i.e., with
Am(s) = 0) are placed at the roots of A*(s) = (s + I)2 and yp tracks the constant reference
signal ym — 1 as closely as possible. The same control problem has been considered and
solved in Example 6.3.1 for the case where Am(s) = 0. We design each block of the robust
APPC for the above plant as follows.
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Robust adaptive law The parametric model for the plant is

where

We assume that Am(s) is analytic in Sft[s] > — ̂  for some known SQ > 0 and design
A > ^. Using the results of Chapter 3, we develop the following robust adaptive law:

where 0P = [^, a ] T , Pr(-) is the projection operator which keeps the estimate \b(t)\
0, bo is a known lower bound for \b\, and MO > |0*|, OTQ > 0 are design constants.

>bQ >

Calculation of controller parameters

Adaptive control law The control law is given by

Example 6.7.4 (state feedback approach) Consider the same plant given by (6.105). The
adaptive control law (6.67)-(6.69) designed for the plant (6.105) with Am(s) = 0 to-
gether with the robust adaptive law (6.106) is a robust APPC for the plant (6.105) with

6.8 Case Study: ALQC Design for an F-16 Fighter Aircraft

The design of flight control systems for high-performance aircraft is a challenging problem,
due to the sensitivity of the dynamical characteristics of the aircraft with respect to changes
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6.8. Case Study: ALQC Design for an F-16 Fighter Aircraft 243

in flight conditions and the difficulty in measuring and estimating its aerodynamic charac-
teristics. The traditional robust control techniques are often inadequate to deal with the wide
range of flight conditions high-performance aircraft encounter due to the large parametric
uncertainties and dynamical changes. Adaptive control techniques that can learn the dynam-
ical changes online and adjust the controller parameters or structure appropriately in order
to accommodate them offer a strong potential for meeting the stability and performance
requirements of high-performance aircraft.

In this study the decoupled model of the longitudinal aircraft dynamics of an F-16
fighter aircraft is investigated. The full six-degrees-of-freedom nonlinear model [138, 139]
of the F-16 aircraft is available in the web resource [94]. The complexity of the nonlinear
model and the uncertainties involved make it difficult, if not impossible, to design a controller
for the full-order nonlinear system. As in every practical control design the controller is
designed based on a simplified model which is a good approximation of the full-order system
in the frequency range of interest, but it is applied and evaluated using the full-order model.
In this case we follow a similar approach.

In straight and level flight, the nonlinear equations of motion can be linearized at
different operating points over the flight envelope defined by the aircraft's velocity and
altitude. By trimming the aircraft at the specified velocity and altitude, and then numerically
linearizing the equations of motion at the trim point, the longitudinal dynamics of the aircraft
can be described by a family of LTI models:

where x = [V h a 0 q Ppow]T is the state vector, u — [8T 8E]T is the control vector, and
y = [V h ] i s the output vector, which is the vector of variables to be tracked. The physical
meaning of the state and control variables is as follows: V: true velocity, ft/sec; h: altitude,
ft; a: angle of attack, radian (range —10° ~ 45°); £: Euler (pitch) angle, rad; q: pitch rate,
rad/sec; Ppow: power, 0-100%; ST'- throttle setting, (0.0-1.0); SE: elevator setting, degree;
Vm: desired true velocity, ft/sec; hm: desired altitude, ft.

For each operating or trim point the nonlinear dynamics may be approximated by
the linear model (6.107). As the aircraft moves from one operating point to another the
parameters of the linear model will change. Consequently the values of the matrices A, B
are functions of the operating point.

The control objective is to design the control signal u such that the output y — [V h]
tracks the vector ym = [Vm hm]. Without loss of generality we make the assumption that
the pair (A, B) is stabilizable at each operating point. Let us first assume that we know the
parameters.

We define the output tracking error as

Since the trajectories to be tracked are constant we can use the internal model, which in this
case is simply Qm (s) = s, and the techniques of the chapter to convert the tracking problem
to a regulation problem. Since all states are available for measurement we follow a slightly
different approach [138]. We pass the tracking error state e — [ev,e/,]T = ym — Cx through
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244 Chapter 6. Continuous-Time Adaptive Pole Placement Control

an integrator whose state w satisfies

Define the augmented system as

where

Applying the state feedback control law

the closed-loop system is given by

where A* = Aa — BaK, B* = [0
{]. Due to the controllability of Aa, Ba the control gain

matrix K can be designed to assign the eigenvalues of A* to be equal to any given desired
set of eigenvalues. Let us first assume that the gain K is chosen so that the eigenvalues of
A* have all negative real parts. Let us define the vector

The vector xm corresponds to the steady-state value of xa when V = Vm, h — hm.
Define the augmented tracking error ea — xa — xm which satisfies the state equation

Since ym, xm are constant it follows that

which implies due to the stability of A* that ea converges to zero exponentially fast. The
last element of ea is equal to w — wm = w = e, which implies that the output error
e — [ev, eh]T — ym — y converges to zero exponentially fast. Therefore, as long as the
controller gain K is chosen to stabilize the system, the tracking error is guaranteed to
converge to zero exponentially fast. The stabilizing gain can be chosen in different ways.
In this study we follow the LQ control approach to obtain
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6.8. Case Study: ALQC Design for an F-16 Fighter Aircraft 245

where P is the positive definite solution of the algebraic Riccati equation

which is the result of minimizing the quadratic cost function

where Q > 0, R > 0 are design matrices. The problem we are faced with now is how
to control the dynamics of the system as the aircraft moves from one operating point to
another, which causes the parameters in (6.107) to change. In the following subsections we
consider two approaches: a nonadaptive approach and an adaptive one.

6.8.1 LQ Control Design with Gain Scheduling

Since the parameters (A, B, C) in the linearized model (6.107) vary from one operating point
(defined by the aircraft speed and altitude) to another, one way to handle these parameter
changes is to estimate them offline and use them to design a fixed gain robust controller
for each operating point. A table with the controller characteristics corresponding to each
operating point is constructed. Between operating points an interpolation may be used
to specify the controller characteristics. Once the operating point is identified the right
controller is selected from the stored table. This method is known as gain scheduling
and is used in many applications. The drawback of gain scheduling is that changes in
parameters which have not been accounted for in the stored table may lead to deterioration
of performance or even loss of stability. Such unpredictable parameter changes may be due
to unexpected flight conditions, damage or failures of parts, etc. One of the advantages of
the gain scheduling approach is that once the operating point is identified the switching to
the right controller is done very fast [210, 211]. We present the main design steps of this
approach below.

We develop a database of a number of possible operating points. For each operating
point corresponding to the pair of speed and altitude (V,, / i / ) , 7 = 1,2, in a two-dimensional
space we use linearization to obtain a linear model of the form (6.107). For each linearized
model we apply the LQ procedure above to obtain the corresponding controller gain matrix
KJJ. Between operating points we use the interpolation

to calculate the gain K as a function of current speed V and altitude h.
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246 Chapter 6. Continuous-Time Adaptive Pole Placement Control

6.8.2 Adaptive LQ Control Design

The offline calculation of A, B in (6.107) often requires aerodynamic data that include stabil-
ity derivatives which cannot be accurately determined in some flow regimes (e.g., transonic
flight) by wind-tunnel experiments or computational fluid dynamic (CFD) studies. Experi-
ments and measurements in wind-tunnel tests often contain modeling errors. These possible
inaccuracies in the values of A, B make adaptive control a prime candidate for meeting the
control objective despite large and unpredictable parametric uncertainties. In this subsec-
tion we use online parameter identification to estimate A, B and combine the estimator with
the LQ control design we presented above to form an adaptive LQ controller [212].

Each row of (6.107) is given by

where a/y, £,7 are the elements of A and B matrices at the j'th row and y'th column. This
leads to the static parametric models

where zi — */, 0* = [an ai2 • • • a/6 b-t\ bi2]
T, i = 1, 2 , . . . , 6, and 0 — [jci x2 • • • x6 ^]T.

In this application the first derivative of the state x can be measured or estimated indirectly.
Therefore, in the parametric model we allow the use of the derivative of x. Using the
parametric model (6.116), the estimate 6>,(0 of 0* is given by

where / = 1, 2, 3 , . . . , 6 and F = F7 is a positive definite matrix. The Pr operator is used to
constrain the parameters to be within bounded sets defined based on a priori knowledge of
the possible location of the parameters. The estimates 0,-(?) are used to form the estimated
matrixes A, B. Using the CE approach the ALQC law is given as

where the design parameters are chosen as

Q = diag{4 x 103 4 x 103 10 10 10 10 104 104}, R = diag{5 x 108 5 x 107}.

6.8.3 Simulations

The gain scheduling and adaptive LQ designs are implemented using the longitudinal dy-
namics of the F-16 fighter aircraft. The velocity and altitude range used for the gain schedul-
ing design are V : 400 to 900 ft/sec; h : 0 to 40,000 ft.

Nominal case In this case the nonlinear model is free of uncertainties, and the linearized
model is a good approximation of the nonlinear model at the operating point. Figure 6.2
shows the transient response of both the gain scheduling and adaptive LQ designs. It is
clear that the two schemes demonstrate very similar performance.
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6.8. Case Study: ALQC Design for an F-16 Fighter Aircraft 247

Figure 6.2. Simulation results for the nominal case.

Pitch Moment Coefficient Uncertainty Experimental data based on wind-tunnel testing
are often used to generate lookup tables for all the aerodynamic coefficients. In these
experiments, the accuracy of the measurements depends on the quality of the test and on
the generated aerodynamic coefficient. Typically, the measurement of the pitching moment
coefficient Cm is associated with some degree of uncertainty, as much as 70% and 80% on
the lower and upper bounds, respectively. Let Cm.o denote the lookup table value used to
set the uncertainty bounds on the true value for Cm as

In this simulation the Cm = Cm 0 that is used to generate the linearized model (6.107)
on which the control designs are based changes its value in the nonlinear model to Cm =
30%Cm.o- Obviously this change, unknown to the designer, leads to a linearized model
that is different from the one assumed during the control design. Figure 6.3 shows the
simulation results for this scenario. It is clear that the gain scheduling scheme is affected
by this uncertainty and its performance deteriorates, while the adaptive LQ design, which
does not depend on the knowledge of the parameters, retains its performance.

Elevator Deflection Disturbance Since the system's dynamics do not behave exactly as
predicted by the mathematical model, due to modeling errors and uncertainties, the steady-
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248 Chapter 6. Continuous-Time Adaptive Pole Placement Control

Figure 6.3. Simulation results in the case of pitch moment coefficient uncertainty.

Figure 6.4. Simulation for elevator deflection disturbance.

state trim point is not exactly as calculated. In this simulation, the elevator trim value is
disturbed by a large deflection angle of 15° (an impulse function at time = 5 seconds).
The control objective is to return to the initial velocity and altitude. The simulation results
are shown in Figure 6.4. It is clear that the adaptive LQ recovers faster and with smaller
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oscillations than the gain scheduling scheme.
The aircraft example demonstrates the effectiveness of the adaptive control scheme

for accommodating large and unpredictable parametric uncertainties. It also demonstrates
that any control scheme that meets the performance requirements in the case of known
parameters can be combined with an online estimator to generate an adaptive control scheme
for the case of unknown parameters. In the above example, the stabilizability issue which
may arise in solving the Riccati equation is handled using an ad hoc technique. An ad
hoc approach that will help reduce computations is to solve the Riccati equation at discrete
points in time rather than continuously, or instead of the continuous-time algorithm develop
a discrete-time adaptive LQ scheme of the type discussed in Chapter 7. Further information
on recent applications of adaptive control to control high-performance aircraft can be found
in [140-142].

See the web resource [94] for examples using the Adaptive Control Toolbox.

Problems

1. Consider the first-order plant

The control objective is to choose u such that the closed-loop system is stable and
y ( t ) tracks the reference signal ym(t) = c, where c is a finite constant.

(a) Assume that a and b are known and b < —\. Design a controller using pole
placement such that the closed-loop pole is located at —5.

(b) Repeat (a) using LQ control. Determine the value of A. in the cost function so
that the closed-loop system has a pole at —5.

(c) Repeat (a) when a is known but b is unknown.

(d) Repeat (a) when b is known but a is unknown.

2. Repeat Problem 1 for the reference signal ym (t) = c sin cot, where c and co are positive
finite constants. Simulate your controllers with a = 5, b = —l,c= 1, and co = 3.

3. Verify (6.23).
4. Consider the system

where the parameter con (the natural frequency) is known, but the damping ratio g is
unknown. The control objective is to choose u such that the closed-loop system is
stable and y ( t ) tracks the reference signal ym(t) = c, where c is a finite constant. The
performance specifications for the closed-loop system are given in terms of the unit
step response as follows: (i) the peak overshoot is less than 5% and (ii) the settling
time is less than 2 seconds.
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250 Chapter 6. Continuous-Time Adaptive Pole Placement Control

(a) Design an estimation scheme to estimate $ when a>n is known.

(b) Design an indirect APPC to meet the control objective.

5. Consider the plant

(a) Design an adaptive law to generate a and b, the estimates of a and b, respectively,
online.

(b) Design an APPC scheme to stabilize the plant and regulate y to zero.

(c) Discuss the stabilizability condition that a and b have to satisfy at each time t.

(d) What additional assumptions do you need to impose on the parameters a and b
so that the adaptive algorithm can be modified to guarantee the stabilizability
condition? Use these assumptions to propose a modified APPC scheme.

6. Consider the speed control system given in Problem 3 in Chapter 5.

(a) Assume that a, b, and d are known. Design a controller to achieve the following
performance specifications:

(i) No overshoot in the step response.

(ii) The time constant of the closed-loop system is less than 2 sec.

(iii) The steady-state error is zero for any constant d.

(b) Repeat (a) for unknown a, b, and d. Simulate the closed-loop system with
a = 0.02, b — 0.1, and d = 0.5. Comment on your results.

7. Consider the plant

(a) Assuming that p\ and p2 are known, design a PPC law so that the closed-loop
system is stable with a dominant pole at — 1, and y(t) tracks the reference signal
ym (t) = c, where c is a finite constant.

(b) Repeat (a) for unknown p\ and pi-

8. Consider the inequality (6.49), where sms e LI, 8 > 0, and c is a positive constant.
Show that mf € CQQ.

9. Consider the plant

with unknown p\ and p2. The control objective is to choose u such that the closed-
loop system is stable and y(t) tracks the reference signal ym (t) = c, where c is a finite
constant.

(a) Obtain a state-space realization of the plant in the observer canonical form.
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(b) Design a Luenberger observer to estimate the plant state in (a).

(c) Assuming that p\ and p2 are known, design a PPC law so that the closed-loop
system is stable with a dominant pole at —5.

(d) Repeat (c) for unknown p\ and p^.

(e) Design an ALQC law.

10. Give the detailed stability proof for the APPC scheme of Example 6.4.2

11. Consider up — j^j^up, where up is exponentially decaying to zero, ^-^y is biproper,
and Qm(s) has no roots on the open right half-plane and nonrepeated roots on the jco-
axis.

12. Complete the proof of Theorem 6.5.1.

13. Use (6.95) to establish the exponential convergence of the tracking error e\ to the
residual set (6.94).

14. Consider the plant

where GQ(S) is the plant model and Aa(sO is an unknown additive perturbation. Con-
sider the PPC law in (6.30), (6.31) designed based on the plant model with Aa(s) = 0
but applied to the plant with Aa(5) / 0. Obtain a bound for Aa(s) for robust stability.
Repeat the analysis for the PPC law in (6.54), (6.55).

15. Consider the robust APPC scheme of Example 6.7.3 given by (6.106) designed for
the plant model

but applied to the following plants:

(i)

(ii)

where Am and Att are the multiplicative and additive perturbations, respectively.

(a) Obtain bounds and conditions for Am and Art for robust stability.

(b) Obtain bounds for the mean square values of the tracking errors.

(c) Simulate the APPC schemes for the plant (ii) when a = -2sin(0.02f), b =
2(1 +0.2sin(0.010), Afl = -^gji for/i = 0,0.1,0.5, 1. Comment on your
results.

16. Use the Lyapunov-type function in (6.19) to verify (6.20) for the adaptive law choice
given by (6.21).
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252 Chapter 6. Continuous-Time Adaptive Pole Placement Control

17. Show that the adaptive law with projection given by (6.27) guarantees the properties
of the corresponding adaptive law without projection.

18. Consider the time-varying system

where a(t) = CIQ + a\e~at, b(t) = bo + b\e~at', bo > CQ > 0, a > 0 are unknown
and CQ is known. Design an APPC scheme based on the placement of the closed-
loop pole at —5. Establish stability and convergence of the regulation error to zero.
Demonstrate your result using simulations.

19. Repeat Problem 15 when

(a) a(t) = O.Q+ a\ sin(o>i?), b(t) — b$ + b\ sin(ct)20» where the parameters are as
defined in Problem 15 and a>\, u>2 are known.

(b) Repeat (a) when a>\, a>2 are unknown but \d)\\, \a)2\ < [i, where 0 < /i <$C 1.

20. Consider the first-order plant

where d is a bounded disturbance. The control objective is to choose u such that the
closed-loop system is stable with a pole at —4 and y(t) tracks the reference signal
ym(t). Consider the following cases: (i) ym(t) = 2, d = 1.5, (ii) ym(t) = 3sin2f,
d — .1 sin 4t + do, where do is constant but unknown.

(a) For each case design a PPC law when a, b are known.

(b) Repeat (a) when a, b are unknown and the lower bound for b is 1.

(c) Repeat (a) when b is known but a is unknown.

21. Consider the nonminimum-phase plant

where d is a bounded input disturbance.

(a) Obtain a reduced-order model for the plant.

(b) Design robust ALQC schemes based on projection, switching a-modification,
and dead zone.

(c) Simulate your schemes in (b) for the following choices of parameters: a = —2,
b = 5, d = .1 + sin .02? for the values of/z = 0, .01, 0.1, 0.5, 1. Comment on
your results.

22. Repeat Problem 18 for APPC schemes based on the polynomial approach.
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23. Consider the following plant with delay,

where a, b are unknown and b is positive and bounded from below by 1.5.

(a) Obtain a simplified model for the plant.

(b) Design an APPC scheme for the simple model in (a), and establish stability and
convergence of the output to zero.

(c) Apply the APPC you obtained in (b) to the actual plant with delay.

(d) Demonstrate your results using simulations for a = 2, b — 3.5, and T =
0, .01, 0.1, 0.5, 1. Comment on your results.
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Chapter 7

Adaptive Control for
Discrete-Time Systems

7.1 Introduction

The design and analysis of adaptive control schemes for discrete-time systems follows a
procedure very similar to that used in continuous-time systems. The certainty equivalence
(CE) approach is used to design an adaptive controller by combining a control law used in
the known parameter case with an online parameter estimator or adaptive law. The way this
combination is carried out, the type of controller structure used, and the kind of parameter
estimator employed lead to a wide class of adaptive control schemes often with different
stability and performance properties.

As in the continuous-time case, we can divide adaptive controllers into direct and
indirect MRAC and APPC. While MRAC can be viewed as a special case of APPC, its
restrictive structure and control objective allow us to design both stable direct and indirect
MRAC. In the APPC case this is not possible in general due to the difficulty in obtaining
a parametric model of the plant as a linear (or special bilinear) function of the desired
controller parameters of the forms described in Chapter 2. Consequently we can design
only indirect APPC schemes, which suffer from the same problem of stabilizability of the
estimated plant as their counterparts in the continuous-time case. A special class of MRAC
which received considerable attention in the literature is the adaptive one-step-ahead control
[46, 88, 113] where the poles of the reference model and the filters are set equal to zero.

This is possible in discrete time as poles at zero correspond to fastest stable response.

7.2 MRAC

We start with a simple example and then present the general case.

7.2.1 Scalar Example

Consider the scalar plant

255
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256 Chapter 7. Adaptive Control for Discrete-Time Systems

where a is an unknown constant. The control objective is to determine a bounded sequence
u(k) = f ( k , x ) such that the state x (k) is bounded and tracks the state xm(k) of the reference
model

where \am \ < 1 and r(k) is any given bounded sequence referred to as the reference signal.
If the plant parameter a were known, we could use the control law

to obtain the closed-loop plant

Defining the tracking error e(k) — x(k) — xm(k), we have

which due to \am\ < 1 implies that e(k) converges to zero exponentially fast; i.e., x(k)
tracks xm(k) for any given reference input sequence r(k).

Since a is unknown, instead of (7.3) we use the control law

where K(k) is the estimate of K* at instant k to be generated by an adaptive law. The
adaptive law for generating the sequence K(k) is obtained by first getting a parametric
model for K* and then using the techniques of Chapter 4 to construct the adaptive law for
generating K (k). Substituting for a = am — K* in the plant equation (7.1), we obtain

which can be expressed in the form of the SPM by rewriting (7.6) as

where

or

Equation (7.8) is expressed in the form of the SPM

by defining
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7.2. MRAC 257

Using (7.10), we can apply any adaptive law of the class developed in Chapter 4 to
estimate K* online. As an example let us choose the gradient algorithm

where 0 < y < 2 is the adaptive gain. The adaptive law (7.12), (7.13) is in the form of
(4.1), (4.2), and Lemma 4.1.1 guarantees the following properties:

(ii) e(fc), e(k)ms(k), e(k)<j>(k), \K(k + N] - K(k)\ e 12 H l^ and converge to zero as
k —> oo, independent of the boundedness of *(&), u(k), (f)(k), where N is any finite
integer.

We now use the properties (i), (ii) of the adaptive law together with the control law (7.5)
to first establish boundedness for all signals in the closed loop and show that x(k) -> xm(k)
as k -> oo. For simplicity let us take am = 0. This means that the pole of the reference
model is placed at z — 0. Such a simplification is without loss of generality since (7.2) may
be rewritten as

where r(k) = —^-r(k) is considered as the new reference signal for the reference model
(7.14) with poleaU = 0.

Stability Analysis The closed-loop plant (7.6) with am — 0 is given by

and the tracking error equation (7.7) becomes

From (7.9) with am = 0 and (7.13), we have

From (7.13) we have

From (7.18) we obtain
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258 Chapter 7. Adaptive Control for Discrete-Time Systems

which we substitute into (7.15) to obtain

From (7.17), (7.19) we can write

or

where y(k) = \e(k + \)ms(k + 1)| + \K(k + 1) - tf(*)| and A(fc) = |e(* + V)ms(k + 1
From the properties of the adaptive law we have y ( k ) , A(&) e €2 H £00 —* 0 as k -> oo.
Applying Lemma A. 12.32 (with A(k} — 0, n = 0) to (7.20) and using the boundedness
of /•>, it follows that jc(£) e ^oo- This in turn implies that ms(k), </>(&)> w(&) e too- Since
*(*) e £00 and \e(k + l)m,(A: + 1)|, \K(k + 1) - AT(fc)| -> 0 as k -> oo, it follows from
(7.20) that

Since e(Jfc + 1) = jc(lk + 1) - xm(k + 1) = *(* + 1) - r(k), it follows from (7.21) that
e(k) -> 0 as k —> oo.

We have established that the adaptive control algorithm given by (7.5), (7.12), (7.13)
guarantees signal boundedness and forces the plant output x(k) to track the output xm(k) of
the reference model. The question that remains open is whether K(k) will converge to K*.
By Lemma 4.1.1, parameter convergence can be guaranteed if </>(£) is persistently exciting
(PE). The PE property of 0(£) can be guaranteed in this case if r(k) is a nonzero constant.
Other choices for r(k) are nonzero sinusoid signals, etc.

7.2.2 General Case: MRC

Consider the following plant model in the transfer function form

where kp is a constant; Zp(z), Rp(z) are monic polynomials; and up and yp are the scalar
input and output of the plant, respectively. The control objective is to choose the input up so
that the closed-loop system is stable in the sense that all signals are bounded and the plant
output yp tracks the output ym of the reference model

for any bounded reference input r, where Zm(z),, Rm(z) are monic polynomials and km is a
constant. We refer to the control objective as the model reference control (MRC) objectiv
In order to meet the control objective we use the following assumptions:
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7.2. MRAC 259

 Plant assumptions:

PI. Z/?(z) is a monic Hurwitz polynomial.

P2. An upper bound n of the degree np of /?/;(z) is known.

P3. The relative degree is known, where m/; is the degree
of

P4. The sign of the high-frequency gain kp is known.

 Reference model assumptions'.

Ml.  are monic Hurwitz polynomials of degree qm, pm, respectively,
where

M2. The relative degree n*m = pm — qm of Ww(z) is the same as that of G/;(z), i.e.,

< = «*.

Remark 7.2.1 Assumption PI requires that the plant transfer function Gp(z) be minimum
phase. We make no assumptions, however, about the location of poles of Gp(z); i.e., the
plant is allowed to have unstable poles. The minimum-phase assumption is a consequence
of the control objective which requires the plant output to track the output of the reference
model for any bounded reference input signal r. The only way to achieve such a strict
objective is to make the closed-loop plant transfer function from r to yp equal to that of
the reference model. Such a plant-model transfer function matching requires changing
not only the poles of the plant but also its zeros. The plant poles can be placed using
feedback and pole placement techniques. The zeros, however, cannot be placed in a similar
way as the poles. The only way to change the zeros of the plant is to cancel them by
introducing poles at the same location, and replace them with those of the reference model.
For stability, such cancellations are possible only when the plant zeros are stable. Unstable
zero-pole cancellations may lead to unbounded signals driven by nonzero initial conditions.
Furthermore, in practice (or even simulations) such cancellations cannot be exact, leading
to unstable closed-loop poles.

The control law has the same form as that in the continuous-time case and is given by

where

A0(z) is a monic Hurwitz polynomial of degree n0 = n — 1 — qm, and CQ, 9^ e 7£; 0*, 0% e
7£"~' are the controller parameters to be designed.

As in the continuous-time case, using the properties of polynomials, it can be shown
that the control law (7.24) guarantees that the closed-loop plant transfer function from r
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260 Chapter 7. Adaptive Control for Discrete-Time Systems

to yp is equal to Wm(z), the transfer function of the reference model, by choosing CQ, 0*,
i = 1,2,3, to satisfy the equalities

where <2(z) of degree n — \ — mpis the quotient and fc/3A*(z) of degree at most np — 1 is
the remainder in the division

We can therefore establish, as in the continuous-time case, that the control law (7.24)
with controller parameters satisfying the matching conditions (7.26) guarantees stability
and convergence of the tracking error e\ (k) = yp(k) — ym(k) to zero exponentially fast for
any bounded reference input sequence r(k) (see Problem 1).

If the plant parameters are unknown, then the controller parameters cannot be calcu-
lated using (7.26). In this case, instead of (7.24) we use

where

and

is the online estimate of 6* = [Of , 0% , 0%, CQ]T to be generated online. The control law
(7.27) can be implemented as

where

As in the continuous-time case, 9(k) can be generated directly using an adaptive law
based on a parametric model for 9*, leading to a direct MRAC scheme. Alternatively the
plant parameters, i.e., the coefficients of Rp(z), kpZp(z), can be estimated online and used
together with (7.26) to calculate 9 (k) at each instant k, leading to an indirect MRAC scheme.
In the following sections we discuss each scheme separately.
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7.2. MRAC 261

7.2.3 Direct MRAC

The direct MRAC scheme consists of the control law (7.28) and an adaptive law to generate
0 (k) at each instant k. The adaptive law for 6 (k) is generated by first expressing the unknown
controller parameter vector 0* in the form of the parametric models discussed in Chapter 2
and then using Chapter 4 to choose the appropriate parameter estimator.

The parametric models for 9* can be developed the same way as in continuous time
and are given by the B-SPM

where

or the SPM

where

In both cases 0* =[0f, of, #*, c*Q]T. Using (7.29) or (7.30), a wide class of adaptive
laws may be selected to generate 9 (k) to be used with (7.27) or (7.28) to form direct MRAC
schemes. As an example, consider the direct MRAC scheme

where fo > 0 is a lower bound for CQ — p which can be calculated using the knowledge of
an upper bound for kr. The adaptive gain satisfies 0 < y < 2. The modification in (7.32)
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262 Chapter 7. Adaptive Control for Discrete-Time Systems

prevents the estimate co(k) of CQ from taking values close to zero. This condition is used
in the analysis of the adaptive controller in order to establish boundedness of signals in the
closed-loop system.

Theorem 7.2.2 (ideal case). The direct MRAC scheme (7.31), (7.32) has the following
properties:

(i) All signals are bounded.

(ii) The tracking error e\ (k) — yp(k) — ym(k) converges to zero as k -» oo.14

As in the continuous-time case, the adaptive control law (7.31), (7.32) cannot guar-
antee stability if it is applied to the plant (7.22) in the presence of a small perturbation n(k),
i.e., to the plant

In general, rj(k) has the form

where d(k) is a bounded disturbance, /z is a small scalar, A] (z), A2(z) are unknown proper
transfer functions with poles q}, say, that satisfy

where /?o is a constant that satisfies

with <$o known. The orders of AI (z), A2(z) are also unknown. Note that (7.35) is equivalent
to AI (z^/po), A2(zA/po) having poles inside the unit circle. For the class of plant perturba-
tions described by (7.33), (7.34), the adaptive control law (7.31), (7.32) can be made robust
by replacing the parameter estimator with a robust one from Chapter 4. As an example let
us choose the gradient-based robust adaptive law with switching a-modification. We obtain
the following direct MRAC scheme:

l4The proof of Theorem 7.2.2 is presented in the web resource [94]. It can also be found in [91, 113, 143].
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where MO, <$o> y, O-Q are positive design constants which, according to Theorem 4.11.3,
should satisfy the following conditions:

Given the properties of the dynamic normalization (7.39), we can establish as in
Chapter 4 that

where c > 0 denotes a generic constant and do is an upper bound for |d(fc)|. We use
this inequality in the analysis of the robust adaptive controller and establish the following
theorem.

Theorem 7.2.3 (robust stability). Consider the direct MRAC scheme (7.37)-(7.39) de-
signed for the simplified plant (7.33) with rj(k) = 0 but applied to the actual plant (7.33),
(7.34) with r)(k} ^ 0: For any yu, e [0, n*\ and some /LI* > 0 all the signals in the closed-
loop plant are bounded. Furthermore, the tracking error converges to the residual set

where eo > 0 is an arbitrarily small number, do is an upper bound for \d(k)\, and c > 0
denotes a generic constant.15

The robustness results are very similar to those in continuous time. If the plant
perturbations satisfy certain bounds, i.e., they are small relative to the dominant part of
the plant, and if the external disturbance is bounded, then the robust adaptive controller
guarantees boundedness and convergence of the tracking error in the mean square sense
(m.s.s.) to a bound that is of the order of the modeling error. As indicated in the continuous-
time case this m.s.s. bound does not guarantee that the tracking error is of the order of the
modeling error at each time /. A phenomenon known as "bursting" [105], where at steady
state the tracking error suddenly begins to oscillate with large amplitude over short intervals
of time, is possible and is not excluded by Theorem 7.2.3. This bursting phenomenon can
be eliminated if we include a dead zone in the adaptive law or if we choose the reference
input to be dominantly rich.

lsThe proof of Theorem 7.2.3 is presented in the web resource [94]. Variations of the proof may be found
in [41, 57, 91, 112, 113, 144].
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7.2.4 Indirect MRAC

The indirect MRAC is described as

here 0(k) — [&f(k), O^k), 0^(k), c 0(k)]T is generated by solving the equations

where Q(z) is the quotient of the division

and A(z, A;) • B(z, k) denotes the frozen time product of the two operators A(z, k), B(z, k);
i.e., in the multiplication A(z, k), B(z, k) are treated as polynomials with constant coeffi-
cients.

The polynomials Rp(z, k), Zp(z, k) are generated online as follows.
The plant

where Zp(z) — kpZp(z) and bm — kp, is expressed in the form of the SPM

where

Ap(z) is amonic Hurwitz polynomial of degree n, anda/_i(z) = [z'-1, z'~~2,..., z, I]7 .
We can use (7.43) to generat
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and form

by using any of the parameter estimators of Chapter 4. As an example we use the gradient
algorithm

where 0 < y < 2. Since in (7.42) we have division by kp(k), the adaptive law for kp(k) is
modified using the knowledge of the sign of kp and a lower bound \kp\ > ko > Oin order
to guarantee that kp(k) does not pass through zero. The modification involves only the first
element Op\(k) = bm(k) — kp(k) of9,,(k) as follows:

The other elements of0p(k) are updated as in (7.45).

Theorem 7.2.4 (ideal case). The indirect MRAC scheme described by (1'.4\), (7.42), (7.44),
(7.45), (7.46) guarantees that

(i) All signals are bounded.

(ii) The tracking error e\(k) — yp(k) — ym(k) converges to zero as k -> oo.16

As in the case of the direct MRAC, the indirect MRAC can be modified for robustness
using the robust adaptive law

l6The proof of Theorem 7.2.4 is presented in the web resource [94].
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and the normalization signal

where MQ, SQ, y, aQ are positive design constants and satisfy the same conditions as in the
case of the direct MRAC in (7.39).

Theorem 7.2.5 (robust stability). The indirect MRAC scheme described by (7.41), (7.47),
(7.46), (7.48) has the following properties when applied to the plant (7.33), (7.34) with
modeling error: For any \JL e [0, [A*] and some /x* > 0 all the signals in the closed-loop
plant are bounded. Furthermore, the tracking error e\(k) = yp(k) — ym(k) converges to
the residual set

where EQ > 0 is an arbitrarily small number, do is an upper bound for the disturbance
\d(k}\, and c > 0 denotes a generic constant.11

The same comments as in the case of the direct MRAC apply here, too.

7.3 Adaptive Prediction and Control

Let us consider the third-order plant

whose relative degree is n* = 2. It can also be represented as

We can express (7.50) in an alternative predictor form that will allow us to predict the value
of yp(k + n*), n* = 2, at instant k using only the values of yp, up at instant k and before.

We write

Similarly

If we now substitute for yp(k + 1) from (7.52) into (7.51), we obtain

17The proof of Theorem 7.2.5 is given in the web resource [94].
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7.3. Adaptive Prediction and Control 267

which is in the predictor form, since we can calculate y,,(k + 2) at instant k from the
measurements of yp, up at instants k, k — \,k — 2.

The predictor form (7.53) can be generated for any LTI plant by using Lemma 7.3.1
(below) as follows.

We consider the plant (7.22), i.e.,

where B(q~l) — bm + bm-\q~^ + • • • + boq~m and n* — n — m is the relative degree of
the plant. Using (7.55), the plant can be represented in the autoregressive moving average
(ARMA}form

Lemma 7.3.1. The plant (7.56) can be expressed in the predictor form

where

are the unique polynomials that satisfy the equation

whose coefficients are computed as follows:

where a, = Qfor j < 0.
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Proof, Multiplying (7.56) by f ( q ~ ] ) , we have

Substituting f(q~l)A(q~l) = 1 - q~n*a(q~x) from (7.58) into (7.60), we obtain

Multiplying each side by q"*, we have

where fi(q~l) = f ( q ~ l ) B ( q ~ ] ) . The coefficients a/ in (7.59) are obtained by equating the
coefficients of q~', i = 0 , . . . , n — 1, in (7.58).

It is clear from (7.57) that a parametric model can be constructed to estimate the
coefficients of a(q~l), /3(q~{), which are related to the coefficients of Zp(z), Rp(z) in
(7.54) via (7.59). From (7.57) we have

where

and or,, / = 0 , . . . , n — 1, and fij, j = 1 , . . . , n — 1, are defined in Lemma 7.3.1.
Since at instant k, yp(k + n*) is not available for measurement, we express (7.61) as

which is in the form of the SPM and can be used to estimate 0* online using the parameter
estimators presented in Chapter 4.

Let us now consider the plant (7.54) in the predictor form (7.57) with the control
objective of designing u p (k) so that all the signals are bounded and yp (k) tracks the reference
sequence ym(k). It follows from (7.57) that the control law

which can be implemented as

where

leads to the closed-loop plant

co
nt

ro
len

gin
ee

rs
.ir



7.3. Adaptive Prediction and Control 269

which implies that in n* steps yp is equal to ym, i.e., yp(k) = ym(k) V& > n*. The stability
properties of the control law (7.63), (7.64) are presented in the following theorem.

Theorem 7.3.2. Consider the plant (7.54) where Zp(z) is a Hurwitz polynomial, i.e., th
plant is minimum phase. The control law (7.63) guarantees that all signals in the closed
loop are bounded and yp(k) = ym(k) Vk > n*.

Proof. Substituting (7.63) into (7.57), we obtain

hich implies that y p e (.QO and yp(k) = ym(k) V& > n*. We now need to establish that
up e £QO- From (7.54) we have

Since yp € ioo and Z p ( z ) is Hurwitz, it follows that up(k) is a bounded sequence.
Therefore, all signals in the closed-loop system are bounded.

The control law (7.63) is referred to as the one-step-ahead controller [46]. It can
be shown (see Problem 1) that the same control law can be developed by choosing 
minimize the square of the prediction tracking error

The one-step-ahead controller may result in large values of up in an effort to force yp to be
equal to ym in n* steps. Instead of the cost (7.65) we can use

where A. > 0 is a design constant. This modified cost also penalizes up. From (7.57) we
have that

where fi(q~l) = q(fi(q~l) — bm) and bm is the leading coefficient of jB(g~'), which is also
the leading coefficient of Z p ( z ) in (7.54). Substituting (7.67) into (7.66), we can show (see
Problem 3) that the value of up(k) that makes du"

(
(l^ = 0 is given by

The control law (7.68) is known as the weighted one-step-ahead controller, and its stability
properties are given by the following theorem.

Theorem 7.3.3. If the roots of B ( z ~ l ) + ^A(z~') lie inside the unit circle (\z\ < 1), then
all signals in the closed-loop system (7.54), (7.68) are bounded, and the tracking error
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e\(k) = yp(k) - ym(k} satisfies

Proof. The control law (7.68) may be expressed as

Using the plant representation (7.57), we have

Multiplying (7.69) by A(q~l), we obtain

From (7.56) we have that

Therefore,

or

Since ym(k) is a bounded sequence, the boundedness of up(k) follows from the assumption
that the roots of B(z~l) + £-A(z~l) are within the unit circle. Similarly, multiplying (7.69)
by B(q~l), we get

Using (7.70), we obtain

which can be used to conclude that yp(k) is bounded as in the case of up(k).
From (7.72) we have
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which implies that the tracking error e\ (k) = y,,(k) — ym(k) satisfies (show it!)

In this case the tracking error may not converge to zero in general, which is one of
the drawbacks of the weighted one-step-ahead controller. On the other hand, the condition
B(z~l) being Hurwitz in the case of the one-step-ahead controller is relaxed to Z?(z~') +
•£-A(z~l) being Hurwitz. Since A is a design constant in some cases (see Problem 4),

A. could be chosen to guarantee that B(z~l) + ^-A(z~') is Hurwitz even when B(z~~l)
is not.

The one-step-ahead controller (7.64) is a special case of the model reference control
law (7.24) with Wm(z) = z~n* and A(z) = zn~l (see Problem 5).

7.3.1 Adaptive One-Step-Ahead Control

In the case of unknown plant parameters the control law (7.64) is replaced with

where

and

is the estimate of 9* in the parametric model (7.62), i.e.,

where

Since we have division by bm(k), the adaptive law for bm(k) has to be modified using
the knowledge of the sgn(bm) and the lower bound bo of \bm \ > b$ > 0.

A wide class of parameter estimators presented in Chapter 4 can be used to generate
9(k) based on the parametric model (7.75). As an example, consider the gradient algorithm
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The modification for bm(k) guarantees that \bm(k)\ > bo Vk, which in turn guarantees that
no division by zero takes place in (7.73).

The adaptive control law (7.73), (7.76) is referred to as the direct one-step-ahead
adaptive controller because the controller parameters are estimated directly without any
intermediate calculations involving the plant parameters in the transfer function (7.54).

An indirect one-step-ahead adaptive controller can be designed as follows: The plant
parameters, i.e., the coefficients of Zp(z), Rp(z) in (7.54), are estimated online using the

techniques of Chapter 4 and used to form the estimated polynomials A(q~l, k), B(q~l, k) in
(7.55). The controller parameters can then be calculated using Lemma 7.3.1, which relates
the coefficients of A(q~l) and B ( q ~ l ) with the coefficients of a(q~l) and fi(q~l).

Since the one-step-ahead controller is a special case of the MRC, the rest of the details
are left as an exercise for the reader.

7.4 APPC

Consider the discrete-time LTI plant

where

and m < n — 1. The control objective is to choose the input up(k) so that all signals are
bounded and yp(k) tracks the reference sequence ym(k) which satisfies

where Qm(z) is a monic polynomial of degree q with all roots in |z| < 1 and with nonre-
peated roots on |z| = 1.
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Qm(z) is often referred to as the internal model of }'„,(&). Examples of ym(k), Qm(z)
that satisfy (7.78) are

As in the continuous-time case we make the following assumptions:

Al . The order n of R,,(z) is known.

A2. Qm(z)Rp(z) and Z/;(z) are coprime.

We present below an example of a control law which can be combined with an adaptive law
that generates estimates for the plant parameters, i.e., the coefficients of Z/;(z), R,,(z), to
form an indirect APPC.

Consider the pole placement objective of placing the closed-loop poles at the roots of
the desired polynomial A*(z). As in the continuous-time case, A*(z) could be chosen based
on the performance requirements of the closed-loop plant. The control law is given as

where L(z), P(z) satisfy

The polynomials L(z), F(z) are of degree n — 1, n + q — 1, respectively, and L(z) is monic.
The control law (7.79) can be implemented as

where A(z) is a monic Hurwitzpolynomial of degree n + q — 1.
The control law (7.80), (7.81) relies on the knowledge of Zp(z) and R{)(z). In the case

of unknown coefficients of Zt>(z) and R,,(z) an adaptive law is used to generate estimates
of the coefficients of Z/;(z), R,,(z) and form the estimated polynomials Z;,(z, k), R,,(z, k ) ,
which replace Z/;(z), Rp(z) in (7.80). The design of the APPC law to be used in the
unknown parameter case is developed as follows.

The plant parametric model (7.43) may be used to generate online estimates for the
polynomial coefficient vector 6* — [bm,... ,bo, an-\,..., ao\T. Using (7.43) and the
gradient algorithm from Chapter 4, we have
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where 0 < y < 2,

and Ap(z) is a monic Hurwitzpolynomial of degree n. For simplicity, one could take
Ap(z) = zn, in which case (j)(k) becomes the vector of previous values of up(k), yp(k).

Using 9p(k), we form

and solve for L(z, k), P(z, k) the polynomial equation

where A(z, k) • B(z, k) denotes the product of two polynomials with z treated as a dummy
variable rather than the shift operator, i.e., z • a(k) — a(k)z.

The adaptive control law is now given by

which together with (7.82)-(7.84) forms the APPC scheme. One problem that arises in
this case is the solvability of the pole placement equation (7.84). The solution for L(z, k),
P(z, k) exists and it is unique, provided that Qm(z) • Rp(z, k) and Zp(z, k) are coprime.
Such an assumption cannot be guaranteed by the adaptive law (7.82) leading to the so-called
stabilizability problem, which we also encountered in APPC for continuous-time plants.

Another problem is the robustness of the APPC scheme in the presence of modeling
errors. As in the continuous-time case the robustness of the APPC scheme can be established
by replacing the adaptive law with the robust adaptive law

where 1 > <S0 > 0 is chosen according to the stability margins of the unmodeled dynamics,
MO > 2|0*|, and 0 < y < 2 - 280.
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Theorem 7.4.1. Consider the robust APPC scheme (7.83)-(7.86) applied to the plant

where A i (z), A2(z) are proper with the property that A i (poz), &2(Poz) have stable poles
for some Q < PQ < SQ < 1, andd(k) is a bounded disturbance. Assume that the polynomials
Qm(z) • Rp(z, k) and Zp(z, k) are strongly coprime at each time k. Then all the closed-loop
signals are bounded. Furthermore, the following is guaranteed:

(i) The tracking error e\(k] = y,,(k) — ym(k) converges to the residual set

where EQ > 0 is an arbitrarily small number, do is an upper bound for the disturbance
\ d ( k ) \ , and c > 0 denotes a generic constant.

(ii) In the absence of modeling error effects, i.e., rj(k) = 0 Vk, the robust APPC (7.83
(7.86) or the APPC (7.82)-(7.85) guarantees signal boundedness and convergence
of the tracking error e\ (k) to zero.^

See the web resource [94] for examples using the Adaptive Control Toolbox.

Problems

1. Show that the MRC law (7.24) with matching equations (7.26) guarantees closed-loop
stability and exponential convergence of the tracking error to zero.

2. Show that the one-step-ahead control law (7.63) minimizes the cost function J defined
in (7.65).

3. Show that the weighted one-step-ahead control law (7.68) minimizes the cost function
J,, defined in (7.66).

4. Consider the polynomials

where n > m > l andB(z ) isnotHurwitz. Is it always possible/impossible to find
_^
bm

a positive constant 1 so that B(z ') + -r-A(z ') is Hurwitzif (i) A(z ') is Hurwit,

(ii) A(z ') is not Hurwitz? (Hint: First, assume that n = 2, m = 1.)

5. Show that the one-step-ahead controller (7.64) is a special case of the model reference
control law (7.24) with Wm(z) = z~n* and A(z) = z"~'.

8 The proof of Theorem 7.4.1 is presented in the web resource [94].
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6. Design an indirect one-step-ahead adaptive controller for the plant given by (7.54).
7. Consider the scalar plant

where a and b are unknown constants with the knowledge that b > b$ > 0. Design
and analyze an MRAC scheme that can stabilize the plant and force x to follow the
output xm of the reference model

where \am\ < I and r(k) is any given bounded reference signal.
8. Consider the plant and the reference model given in Problem 7 with bo = 0-2 and

am — 0.5. Design two different MRAC schemes and simulate them with r(k) —
1 + sin(3£). Use a — 2 and b — 1 in your simulations.

9. Consider the second-order plant

where ao, a\, bo, and b\ are unknown constants. The reference model is given by

The control objective is to guarantee closed-loop stability and force yp to track ym.

(a) What assumptions will you make in order to achieve the control objective?

(b) Assume that CIQ, a\, b0, and b\ are known. Design an MRC law to achieve the
control objective.

(c) Design a direct MRAC law when UQ,a\,bo, and b\ are unknown.

10. Consider the plant and control objective of Problem 7. Design a control law to meet
the control objective when the parameters are known. Use analysis to establish signal
boundedness and convergence of the tracking error to zero. Present all the details of
the analysis.

11. Consider the third-order plant

where ao, a\,ai, bo, and b\ are unknown constants. The reference model is given by

The control objective is to guarantee closed-loop stability and force yp to track ym.

(a) Design an indirect MRAC law using the a priori knowledge that b\ > 2 and
-1 <bn < 1.
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(b) Repeat (a) with the knowledge that b\ — 5 and bo = 1.

(c) Simulate and compare your MRAC laws designed in (a) and (b) with (i) r (k) — 1
and (ii) r(k) = 3sin(2&). In your simulations, use «o — 0, a\ — 2, ^2 = 3,
bo = \, and b\ = 5.

12. Consider the second-order plant

where ao, a\, bo, and b\ are unknown constants. The reference model is given by

The control objective is to choose up to guarantee closed-loop stability and force yt,
to track ym.

(a) Discretize the plant and the reference model with the sampling time Ts.

(b) Design an indirect MRAC law using the discretized plant and reference model.
What assumptions are required so that the control objective can be achieved?

(c) Simulate your MRAC law for Ts — 0.01 sec, 0.1 sec, and 1 sec with (i) r ( t ) = \
and (ii) r ( t ) = 2 + 5sin(3f). In your simulations, use «o = —5, a\ = —2,
bQ — 1, and b\ = 2.

13. Consider the plant and reference model in Problem 12.

(a) Design an indirect MRAC law in the continuous-time domain. What assump-
tions will you make in order to meet the control objective?

(b) Discretize the indirect MRAC law designed in (a) with a sampling time Ts, and
compare it with the MRAC law designed in Problem 12(b).

(c) Simulate your MRAC law for Ts = 0.01 sec, 0.1 sec, and 1 sec with (i) r(t} — 1
and (ii) r ( t ) = 2 + 5sin(3?). In your simulations, use aQ = —5, a\ — —2,
bo = 1, and b\ — 2. Compare the results with those obtained in Problem 12(c).

14. Consider the plant

where GQ(Z) — -~ is the plant model with unknown constants a and b > 0.1, and
Am(z) is the multiplicative perturbation with known stability margin <50 = 0.5. The
reference model is given as

(a) Design a robust direct MRAC law.

(b) Design a robust indirect MRAC law.

(c) Simulate your designs for the plant with a = 
for n — 0, 0.1, 0.4. Comment on your results.
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15. Consider the plant

where ao, a\, bo, and b\ > bo > 0 are unknown constants.

(a) Suppose all the parameters are known. Design a one-step-ahead controller. What
assumptions will you use to establish that yp can perfectly track the reference
signal in one step?

(b) Repeat (a) when the parameters are unknown.

(c) Simulate your design in (b) for the plant using (i) r(k) — 1 and (ii) r(k) —
1 -f 3 sin(2fc). You can assume that ao = 3, a\ — l,bo = 1, and b\ — 2 in your
simulations.

16. Consider the plant

where ao, a\, ai, bo, b\, and b-i are unknown constants.

(a) Suppose all the parameters are known. Design a weighted one-step-ahead con-
troller with the weighting factor A.. What assumptions will you make so that the
designed controller guarantees closed-loop stability?

(b) Repeat (a) when the parameters are unknown.

(c) Simulate your design in (b) for the plant using (i) r(k) — 3 and (ii) r(k) —
3cos(5fc). You can assume that ao = 6, a\ — 11, a-i = 5, bo — 0.02, b\ = 0.3,
and b2 = 1 in your simulations. Choose different values for A. and comment on
your results.

17. Consider the plant

where ao, a\,km > I, and p are unknown constants.

(a) Suppose all the parameters are known and p > 1. Design a PPC law so that the
closed-loop system is stable with one pole at 0.1 (dominant pole) and the rest at
0, and yp can track any constant reference signal.

(b) Repeat (a) for the case where p = 1.

(c) Suppose p ^ 1 is known. Design an APPC law so that the closed-loop system
is stable with one pole at 0.1 (dominant pole) and the rest at 0, and yp can track
any constant reference signal.

(d) Simulate your design in (c) for the plant when a0 = 3, a\ = 2, km = 2, p = 1.2.

co
nt

ro
len

gin
ee

rs
.ir



Problems 279

18. Consider the LTI plant

where the coefficients are unknown. The control objective is to design a stabilizing
control law so that the closed-loop system has all poles at 0, and yp can track any
constant reference signal. Assumptions Al and A2 for PPC (section 7.4) are assumed
to be satisfied.

(a) Design a robust APPC law.

(b) Simulate your design with the plant

19. Consider the plant

where UQ, a\, and bo are unknown constants. The control objective is to design a
stabilizing control law so that the closed-loop system has a desired dominant pole
which corresponds to a damping ratio of 0.707 and natural frequency of 30 rad/sec,
the rest of the poles are fast (in the continuous-time domain), and yp can track any
constant reference signal.

(a) Discretize the plant with the sampling time Ts.

(b) If we design the controller in the discrete-time domain with the model obtained
in (a), where should we place the dominant and the rest of the poles?

(c) Suppose bQ T^Qis known. What additional assumptions will you make in order
to implement an APPC scheme in the discrete-time domain?

(d) With the knowledge bo ^ 0 and the additional assumptions you made in (c),
design a robust APPC law in the discrete-time domain. Simulate your design
for the plant when ao — 3, a\ — —2, and b0 = 1. Try different values for Tx

and comment on your results.

20. Consider the plant given in Problem 14 with Am(z) = ^-. Suppose it is known that
80 = 0.5.

(a) Design a robust APPC for the plant with /Lt = 0.

9 / j = 1 5 anrt A (y\ — -
z+/

(b) Simulate your design for the plant when a = —2, b = 1.5, and Am(z) — -^
for /z = 0, 0.1, 0.4. Comment on your results.

21. Consider the plant
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280 Chapter 7. Adaptive Control for Discrete-Time Systems

where ao is an unknown constant and r is the time delay that is much smaller than
the sampling time Ts. In the control design we consider the nominal model

The control objective is to design a stabilizing control law so that yp can track any
constant reference signals.

(a) Discretize the nominal plant with the sampling time Ts. Design a robust APPC
law based on the discretized nominal plant, with the desired pole placed at 0.1.

(b) Simulate your designs for the plant when ao = — \ for Ts — 0.01, 0.1, and 1.0.
Try different values for T and comment on your results.
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Chapter 8

Adaptive Control of
Nonlinear Systems

8.1 Introduction

In the previous chapters we considered the design, analysis, and robustness of adaptive
systems for LTI plants. We have shown that adaptive systems can deal with any size of
parametric uncertainty as well as with dynamic uncertainties due to neglected dynamics,
provided the proper robust algorithms are used. The bounds for the allowable dynamic
uncertainties cannot be calculated as easily as in the nonadaptive case due to the nonlinear
nature of the adaptive system as well as the fact that the plant parameters are considered
to be unknown. As we have shown in previous chapters, adaptive control designed for
LTI plants leads to a closed-loop system that is nonlinear. Therefore, poles and zeros,
frequency domain phase, and gain margins no longer make sense, since they are not defined
for nonlinear systems. Nonlinear techniques based on Lyapunov and passivity arguments
in addition to linear system theory are used to establish stability and robustness and develop
stability/robustness margins that are not as easy to compute a priori as in the LTI case.
Qualitatively, however, LTI intuition can be used to understand the robust modifications of
adaptive systems. For example, the dynamic normalizing signal limits the rate of adaptation
to be finite and small relative to the level of dynamic uncertainty. The limiting of the
estimated controller parameters to assume large values eliminates the possibility of high
gain control. Both high gain and high speed of adaptation may increase the controller
bandwidth and can lead to instability in the presence of unmodeled dynamics.

As we indicated in Chapter 1, adaptive control was motivated to deal with plants whose
parameters vary with time. The adaptive systems of the previous chapters are designed for
LTI systems. Their extension to linear plants with time-varying (TV) parameters was a
major obstacle until the basic robustness questions were answered in the early 80s. In
a series of papers and a monograph [5, 61, 62, 72, 73, 145] it was established that the
same robustness modifications which include the dynamic normalizing signal together with
leakage, dead zone, or parameter projection could be used to deal with a wide class of
parameter variations. This class includes slowly varying parameters as well as infrequent
jumps in the parameter values. In several cases the error due to time variations can be reduced
by proper parameterization of the TV plant model used for control design [5,61,62,72,73,
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145]. In the linear TV case stability margins, bandwidth, frequency domain characteristics,
poles, and zeros do not make much sense even in the case of known TV parameters unless
approximations are made using the assumption of slowly varying parameters, etc.

A natural extension of the adaptive control results for LTI and linear TV (LTV) plants
is their use to control nonlinear systems. Nonlinear systems belong to a wider class of
systems which also includes the LTI and LTV plants. Adaptive systems, however, are
designed to deal with unknown parameters, and in most nonlinear systems the uncertainties
are the unknown nonlinear functions in addition to parameters. Furthermore, the design of
stabilizing controllers for nonlinear plants where all the parameters and nonlinear functions
are known exactly is in its infancy despite the remarkable results generated in the area during
the last two decades [146]. Consequently, the extension of the adaptive control techniques
for LTI and LTV systems to the nonlinear ones is still a challenging problem for general
classes of nonlinear systems.

In this chapter we present some of the efforts made to extend the adaptive control
designs for LTI systems to classes of nonlinear plants. These approaches can be divided
into two major classes. The first class includes nonlinear systems whose nonlinear functions
are known and whose unknown parameters appear linearly. The approach followed in this
case has similarities to the case of LTI plants but also differences. In the second class the
unknown nonlinear functions are assumed to be approximated with unknown parameters
multiplying known basis functions. These basis functions include those used in neural
networks, and the approach followed is similar to that in the neural network area. The only
difference is that the unknown parameters or weights, as they are referred to in the neural
network literature, appear linearly or in a single layer. This property is fundamental in
developing analytical stability results with large regions of attraction.

The purpose of this chapter is to give a flavor of the complexity of controlling nonlinear
systems with unknown parameters and/or unknown nonlinearities. It is not meant to cover
all approaches and theories related to this area, as that would require much more space than
available and is outside the scope of this book.

The chapter is organized as follows: We present some basic results in nonlinear
control based on the assumption that all functions and parameters are known exactly. Then
we extend these results to the case of unknown parameters, using simple examples to
demonstrate new concepts as well as difficulties in extending the results for LTI systems
to classes of nonlinear systems. Finally, we discuss techniques used to deal with unknown
nonlinearities in addition to unknown parameters.

8.2 Feedback Linearization

Feedback linearization is based on the idea of using change of coordinates and feedback
control to cancel all or most of the nonlinear terms so that the system behaves as a linear or
partially linear system. Considerable research has been performed in this area, described in
a wide range of papers and books [66, 146-150]. We review some of the basic concepts in
feedback linearization and demonstrate this method using simple examples.

Let us consider the nonlinear system
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8.2. Feedback Linearization 283

where ;c 6 Hn, u, y e K, and /, g, h are smooth (differentiable infinitely many times)
nonlinear functions. The description in (8.1) is considered without loss of generality. For
example, the general nonlinear system

may be expressed in the form of (8.1) by augmenting it with an input integrator and defining
a new input v, i.e.,

By defining the augmented state xa — [XT, u]T and considering v as the new input,
the above system is in the form of (8.1).

Let us now differentiate y in (8.1) with respect to time. We obtain

where

and Lff is known as the Lie derivative. If f^(JCo)gC*o) ^ 0 at some point XQ, then we say
that the system (8.1) has relative degree 1 at XQ. In the LTI case this means that the output is
separated from the input by one integrator only; i.e., the system has one pole more than zeros
or has relative degree 1. Another interpretation is that the relative degree is equal to the
number of times the output has to be differentiated until the input appears in the expression
of the differentiated output.

If |^(jc)g(jc) = 0 V;c € BX(i in some neighborhood BX() of XQ, then we take the second
derivative of y to obtain

If {^(fK*)/^))^*) !*=*<>/ 0» tnen (8-0 is said to nave relative degree 2 at JCQ.
If -j^(j^(x)f(x))g(x) — 0 in a neighborhood of XQ, then the differentiation procedure i
continued and the relative degree is found (if it is well defined) in a similar fashion. In order
to give a general definition of the relative degree of (8.1), we use the following notation and
identities:
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284 Chapter 8. Adaptive Control of Nonlinear Systems

i.e.,

where

In addition we define

The SISO nonlinear system (8.1) has relative degree p at a point JCQ if

(i) L8L
lfh(x) = 0 YJC e fi^0, where fixo is some neighborhood of XQ Vi = 1, 2, 3 , . . . ,

P-2.

(ii) LgLj"]/i(jco)^0.

Assume that the system (8.1) has relative degree p — n at jc, where n is the order of
(8.1), and consider the transformation

It follows that

which is known as the canonical or normal form of the system with no zero dynamics.
The feedback control law

where v € 72. is a new input, leads to the LTI system
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8.2. Feedback Linearization 285

which can be put in the matrix form

where

Since (8.7) is an observable and controllable LTI system, the input v can be easily
selected to meet regulation or tracking objectives for the plant output y. In this case the
control law (8.6) cancels all the nonlinearities via feedback and forces the closed-loop
system to behave as an LTI system.

If the system (8.1) has relative degree p < n, then the change of coordinates

will lead to

Since the order of the system is n, additional n — p states are needed. In this case it is
possible to find functions hp+\ (jc), ...,hn(x) with ^rj-^g(jt) = 0, i — p + 1 , . . . , n, and
define the n — p states as
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286 Chapter 8. Adaptive Control of Nonlinear Systems

to obtain the additional states

where z = [zj, 22, • • • » zn]
T is the overall new state. If we use the feedback control law

we obtain the system

In this case the input v may be chosen to drive the output y and states z\, ..., zp to zero or
meet some tracking objective for y. The choice of the input v, however, may not guarantee
that the states zp+\,..., zn are bounded even when z\, • • • , zp are driven to zero. When
Zi — 12 = • • • — zp = 0, the dynamics

are called the zero dynamics of (8.1). These are the dynamics of the system (8.1) when y
and its first p derivatives are equal to zero. If the equilibrium zp+\ = 0 , . . . , zn = 0 of
(8.12) is asymptotically stable, the system (8.1) is said to be minimum-phase.

The process of using feedback to transform the nonlinear system to a linear system
from the input v to the output y is called I/O feedback linearization [ 147-150]. In the case
of p = n, the system (8.1) is linearized to obtain (8.7) without zero dynamics, and this
process is called full-state feedback linearization.
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8.2. Feedback Linearization

Example 8.2.1 Let us apply the above theory to an LTI example which is a special case of
a nonlinear system. Consider the third-order system

which has the transfer function

i.e., it is nonminimum-phase with relative degree 2. In this case, /(jc) — [*2, Jt3, 0]^,
g ( x ) = [0, 1, — I ] 7 , and h(x) — x\. Using the definition of relative degree for nonlinear
systems (LTI systems also belong to this class), we have

Since u appears in the second derivative of y, we conclude that the relative degree is
equal to 2 V;c. Let us now put the LTI system into the form of (8.11). We define the new
coordinates as

where h^(x) is a function that satisfies

It follows that hi(x) — x\ + X2 + XT, satisfies the above equality, and therefore the
new coordinates are

which lead to the system

Since z\ ^ *i, 22 = *2» £3 — -*i +*2 +*3» the system in the z-coordinates is given by

The zero dynamics are described by z3 = z3 which has an eigenvalue at 1, and
therefore the equilibrium zj,e = 0 is unstable; i.e., the LTI system is nonminimum-phase.
We should note that the eigenvalue of the zero dynamics coincide with the unstable zero of
the transfer function of the system, as one would expect. Since the system is LTI the choice
of the control law to drive all the states to zero is straightforward.
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288 Chapter 8. Adaptive Control of Nonlinear Systems

Example 8.2.2 Consider the controlled van der Pol equation

where e > 0 is a constant. The first derivative of y is

Hence the second-order system has relative degree 1. Using the change of coordinates
Zi = X2, Z2 = x\, we obtain

The zero dynamics of the system are given by Z2 — 0, which does not have an
asymptotically stable equilibrium point. Therefore, the nonlinear system is not minimum-
phase. In this case a feedback linearizing control law could be

where A. > 0 is a design constant leading to the closed-loop system

which has a nonisolated equilibrium z\e = 0, Z2e = c, where c is any constant. We can
establish that from any initial condition z\ -> 0, Z2 -> c exponentially with time. We
should note that if instead of y = x2 the output is y = x\, then we can show that the system
has relative degree 2 with no zero dynamics.

8.3 Control Lyapunov Functions

Lyapunov functions and associated theory discussed in the Appendix are used to examine
stability of the equilibrium points of differential equations of the form

where x e 7£n and / is such that the differential equation has a unique solution for each
initial condition XQ. As we have already shown in Chapter 3, in the case of adaptive laws
based on the SPR-Lyapunov synthesis approach, Lyapunov functions are also used to design
adaptive laws in addition to analysis. Along this spirit, Lyapunov functions can be used
to design stabilizing feedback control laws. This extended concept involves the design of
the control law so that the selected Lyapunov function V and its time derivative satisfy
certain properties that imply stability of the equilibrium of the resulting closed-loop system.
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8.3. Control Lyapunov Functions

The Lyapunov function which can serve this purpose is referred to as the control Lyapunov
function (CLF).

Let us consider the nonlinear system

where x e ~Rn, u e K, and /(O, 0) = 0. We want to choose the control input u — q(x} for
some function q(x} with g(0) = 0 so that the equilibrium xe — 0 of the closed-loop system

is asymptotically stable in the large. The CLF method involves the selection of a function
V(jc) as a Lyapunov candidate and the design of q(x} so that V(x) < — Q(x), where Q(x)
is a positive definite function.19 We therefore need to find q(x) so that

It is obvious that the success of the approach depends very much on the choice of V(x).
A poor choice of V(x) may make it impossible to satisfy (8.16) even when a stabilizing
controller for (8.14) exists. A formal definition of CLF is given below.

Definition 8.3.1 ([66]). A smooth positive definite and radially unbounded function V(x)
is called a CLF for (8.14) if

for some positive definite function Q(x).

If the system is in the form of

then the inequality (8.16) becomes

In this case, it is clear that for (8.19) to be satisfied

19Note that the condition of positive definiteness for Q(x) can be relaxed to positive semidefinite by applying
LaSalle's invariance theorem for stability [66, 72, 73, 146, 147].
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Example 8.3.2 Consider the system

The feedback linearization control law

leads to the LTI system

whose equilibrium x\e = 0, xie = 0 is e.s. Let us apply the CLF approach and consider

Then

It is clear that by choosing

we obtain

and therefore (8.22) is a CLF for the system (8.20). Comparing the control law (8.23)
obtained using the CLF (8.22) with (8.21) obtained using feedback linearization, it is clear
that (8.23) requires less control energy than (8.21) and is therefore superior to (8.21). In this
case the nonlinear term — jc| is beneficial to stability and is kept in the CLF-based design
approach, whereas in the feedback linearization case it is canceled. Additional examples
and explanations with regard to the advantages of the use of CLF may be found in [66].

8.4 Backstepping

Let us consider the first-order nonlinear system

which is uncontrollable at x = 0. We consider
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8.4. Backstepping 291

Figure 8.1. Closed-loop PPC schemes with unmodeled dynamics and bounded
disturbances.

as a potential CLF. Then V = x4u, and for

we obtain

Therefore, V(x) is a CLF, and the equilibrium xe = 0 of the closed-loop system
(8.24), (8.25) described by x = —x5 is a.s. The choice of the CLF in this case was easy.
Let us now consider the second-order nonlinear system

The block diagram of (8.26) is shown in Figure 8.1.
Comparing the first equation of (8.26) with (8.24), we see that X2 took the place of u.

If X2 was the control variable, then ;c? = —x\ would guarantee that x\ converges to zero.
A 9

Let us denote this desired value of x? as X2d =q(x\) = —x\ and define the error between
JC2 and X2d as

Then the system (8.26) may be represented as

shown in Figure 8.2.
If we treat z as the new state, we obtain the representation

shown in Figure 8.3.
The new representation (8.28) is obtained by using q(x\} as a feedback control loop

while we "back step" — q(x\) through the integrator as shown in Figure 8.3. This process
motivated the naming of the subsequent control design procedure as backstepping [66]
and became a popular method in nonlinear control design for certain classes of nonlinear
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292 Chapter 8. Adaptive Control of Nonlinear Systems

Figure 8.2. Nonlinear system (8.26) with error variable z.

Figure 8.3. Nonlinear system (8.26) with "backstepping" —q through the integrator.

systems. One of the significant features of the backstepping approach is that a CLF for
(8.28) can be obtained by augmenting the CLF for the system x\ — x\u with a quadratic
term in the error variable z, i.e.,

JC2

where V(x\) = -£. Then

where q(x\) — —x\. Hence

Choosing

we have

which implies that the equilibrium x\e = 0, ze = 0 of the closed-loop system
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8.4. Backstepping 293

is asymptotically stable. Since

the control law (8.29) can be implemented as

The above example demonstrates that if we know the CLF of the system, we can
generate the CLF of the same system augmented with a pure integrator.

Let us extend the backstepping procedure to the more general nonlinear system

where /(O) = 0; jci elln; x2, u e H. We consider the following assumption.

Assumption 8.4.1. Consider the system

where x\ e 7£n, u e 7£, and the functions f, g are the same as in (8.30). There exists a
feedback control input u — q\ ( x \ ) , q\ (0) = 0 which satisfies

for some smooth, positive definite, radially unbounded function V : 'R!1 —> 7£, where Q :
lZn —> 71 is a positive definite function; i.e., V(x) is a CLF for the feedback system (8.31).

Lemma 8.4.2. Consider the nonlinear (n + \)-order system (8.30) which satisfies Assump-
tion 8.4.1 with x-i as its control input. Then the function

where z = X2 — q\ ( x \ ) and q\ (x\) is defined in Assumption 8.4.1, is a CLF for the system
(8.30) in the sense that there exists a feedback control law

which guarantees that the equilibrium x\e — 0, x^e — 0 is a.s. in the large. Furthermore,
one choice of such a feedback control law is
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294 Chapter 8. Adaptive Control of Nonlinear Systems

where c > 0 is an arbitrary constant.

Proof. We treat x2 as the virtual control with the desired value of q\ (x\). The error variable
z — X2 — q\(x\) is used to transform the system to

We consider the function (8.32) whose time derivative along (8.34) is given by

where the last inequality is obtained by using Assumption 8.4.1. Choosing u as in (8.33), it
follows that

where Ga(*i, z) — 6C*i) + c^2 is positive definite in 72.n+1, which implies that Vu is CLF
for the system (8.30) and that the equilibrium x\e — 0, ze — 0 is a.s. in the large. This in turn
implies that the equilibrium point \ie — 0 is also a.s. in the large due to x,ie — Ze ~ q\ (x\«
and qi (0) = 0.

We should note that the choice of the control law (8.33) is not unique, and in some cases
it may not be the desirable one since it cancels all the nonlinear terms in the expression of
Va inside the brackets. Some of these nonlinear terms may make Va more negative, leading
to faster convergence. Furthermore, by not canceling them, less control energy may be
needed.

The backstepping methodology may be extended to the more general system

where /, g satisfy Assumption 8.4.1. In this case the repeated application of Lemma 8.4.2
results in the CLF

where
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8.5. Adaptive Backstepping with Tuning Functions 295

In this case, q\(x\) is the stabilizing control input for the system

q2(x\, X2) is the stabilizing control input for the system

q,-(x\, X2, ..., xr) is the stabilizing control input for the system

and so on. The backstepping methodology is a recursive one which allows the generation
of the stabilizing functions qr(x\, XT, ..., xr), r = 1, 2, . . . , £ — 1, at each step, which are
then used to construct the overall CLF.

8.5 Adaptive Backstepping with Tuning Functions

In the backstepping methodology presented in section 8.4, all the nonlinear functions and
parameters are assumed to be known. In this section we consider nonlinear plants where
the nonlinear functions are made up of products of unknown parameters with known non-
linearities. The unknown parameters are assumed to appear linearly, a property that is
crucial in developing adaptive controllers with global stability properties, as we have al-
ready discussed in the LTI case. We start with simple examples to demonstrate the adaptive
backstepping control design methodology.

Example 8.5.1 Consider the nonlinear system

where u, x e 7£; 9* e Kn is a vector of unknown constants and f ( x ) e K" is a vector of
known smooth functions with the property /(O) = 0; and x is available for measurement.
If 0* is known, then the control law

for some constant c > 0 leads to the closed-loop system

whose equilibrium xe — 0 is e.s. Since 9* is unknown, we use the certainty equivalence
(CE) control law
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296 Chapter 8. Adaptive Control of Nonlinear Systems

where 9(t) is the estimate of 9* at time t to be generated by an adaptive law. The closed-loop
system becomes

where 9 = 9 —9* is the parameter error vector. The above equation relates the parameter
error with the regulation error (which in this case can also be interpreted as the estimation
error) in a way that motivates the Lyapunov-like function

whose time derivative satisfies

Choosing the adaptive law

we obtain

which implies that 9, x e C^ and Jt e £2- By following the same arguments as in the linear
case, we can establish that u e £00 and x -» 0 as t -> oo.

Example 8.5.2 Let us consider the second-order system

If 9* is known, then the following backstepping procedure can be used to design a
stabilizing controller: The first stabilizing function q\ (x\, 9*) = —c\x\ — 9*T f ( x \ ) , where
c\ > 0 is a constant, is used to define the new state variables

and obtain the system

We consider the Lyapunov function

Its time derivative is given by
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The control law

where ci > 0 is a design constant, leads to

which implies that the equilibrium z\e — 0, Z2e = 0 is a.s. in the large. This in turn implies
that J t i , jc2 -> 0 as / —>• oo by using (8.37) and the property /(O) = 0.

Let us now consider the case where 0* is unknown. We use the CE approach and
replace the unknown 9* in the definition of the state variables (8.37) with its estimate 0(t]
to be generated by an adaptive law, i.e.,

The resulting system in the new coordinate system is given by

Let us consider the Lyapunov-like function

which is equal to the function used in the known parameter case plus the additional term
for the parameter error. The time derivative along the solution of (8.39) is given by

After rearranging the various terms, we obtain

Choosing the control law

and the adaptive law

we obtain
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which implies that Z i , Z2,0 e £<x> and z\,z2 € £2- Using these properties, we can show
that Zi,z2 € £00, which together with z\,z2 e £2 imply that z\, 12 -+ 0 as t -> oo. The
implementation of the control law (8.39) does not require the use of differentiators since 6
is available from (8.41). Furthermore,

is also available for measurement. Comparing (8.41) with (8.36) we can see that the term
fz\ in (8.41) is of the same form as that in (8.36) and can be considered as the adaptive law
term for the z\ system. The functions

are referred to as the tuning functions and play a role as terms in the adaptive laws for
intermediate systems in the backstepping procedure.

We should also note that the adaptive control law (8.40), (8.41) involves no normaliza-
tion and has similarities to the MRAC schemes developed in Chapter 5 for SISO LTI plants
with relative degree 1 and 2. As the relative degree of the plant increases, the complexity of
the nonlinear adaptive control law also increases but the procedure remains the same. For
more details on adaptive backstepping for higher-order plants and other classes of nonlinear
systems the reader is referred to the book [66].

8.6 Adaptive Backstepping with Nonlinear Damping:
Modular Design

The adaptive control schemes developed in section 8.5 are based on the Lyapunov synthesis
approach, and the design of the control and adaptive laws is done simultaneously in order to
make the derivative of the Lyapunov function negative and establish stability. In this case
the adaptive law is restricted to be of the gradient type. The question is whether the design
of the control and adaptive laws can be established independently and then combined using
the CE approach to form the adaptive control law as done in the case of LTI systems. In such
cases different adaptive laws such as LS, gradient, and their variations may be employed.
The following example shows that in the nonlinear case the direct use of the CE approach as
in the LTI case may not work, and additional modifications are needed in order to establish
stability.

Example 8.6.1 Consider the same first-order system as in Example 8.5.1, i.e.,

We have established using the Lyapunov synthesis approach that the adaptive con-
trol law
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with c > 0 guarantees that all signals are bounded and x goes to zero asymptotically with
time. Let us now use the same control law, which is the same as the CE control law, but
design the adaptive law independently using the methods of Chapter 3. We express the
system in the form of the SPM

and use the results of Chapter 3 to write the adaptive law which is of the form

where F is fixed in the case of gradient algorithms or is the covariance matrix in the case
of LS algorithms and ms is the normalizing signal designed to bound tp from above. Let us
assume that /(jc) — x2. Then the closed-loop system may be written as

The adaptive law guarantees independently the boundedness of x, u, f, that 9 e C^, and
9, £,£$, ems e £<x> n LI. The question is whether these properties of the adaptive law
guarantee that x is bounded and converges to zero with time. It can be shown that 9 cannot
converge to zero faster than an exponential. So let us take the most optimistic scenario
and consider the case where the parameter error 9 converges to zero exponentially fast, i.e.
9 ( t ) = c§e~~c1 for some constant CQ which depends on the initial condition of 9. Then the
closed-loop error equation becomes

The solution of the above equation can be found by first using the transformation
y = xect and then direct integration. It is given by

It is clear that for CQXQ < 2c, x is bounded and converges to zero with time. For
CQXQ > 2c, however, 2c — CQXQ(\ — e~2ct) —>• 0 and x(t) —> oo as t -> fy, where

In other words, for some initial conditions, the closed-loop system has a finite escape
time. Examples similar to the above, presented in [66], demonstrate that the CE approach
used for LTI systems may not work in the case of nonlinear systems, and additional modi-
fications may be required if the design of the adaptive laws is to be separated from that of
the control law.

Let us examine the adaptive law in the Lyapunov synthesis approach given by (8.42).
We can see that the update of the parameters is driven by the level of the nonlinearity, i.e.
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f ( x ) x , which means that the parameters are adjusted rapidly in order to catch up with the
nonlinear dynamics. In the case of the CE adaptive law, the speed of adaptation is controlled
by normalization to be "small"; as a result, the adaptive controller cannot catch up with the
effect of the nonlinearities. One way to compensate for this deficiency of the adaptive law
with normalization is to modify the CE control law by using additional terms in order to
accommodate the lower speed of adaptation. This modification involves an additive term
in the control law referred to as "nonlinear damping." We demonstrate the use of nonlinear
damping by modifying the CE control law in (8.42) to

With the above control law the closed-loop system becomes

We consider the Lyapunov-like function

whose time derivative along the solution of (8.46) is given by

Since the normalized adaptive law (8.43) guarantees that 9, 9 are bounded, it follows that
whenever x2 exceeds the bound for ̂  we have V < 0, which implies that x is bounded.
This together with the boundedness of the parameter estimates guarantees that all signals in
the closed loop are bounded. To establish that x converges to zero, we use the identity

where

which implies the result of the more general swapping lemma, i.e.,

The nonlinear damping guarantees that jc is bounded, which implies that 0, / are
bounded. The adaptive law guarantees that sms, 9 e C2 H £00. Since x is bounded we
have ms to be bounded, and therefore em2 — —9T<f) e £2 n C^- Therefore, x £ £2 H £&
and since x can be shown to be bounded we have that x converges to zero with time. The
solution of (8.46) is given by
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which implies that

Since x e £2 H £00 and goes to zero with time, it follows that ;c converges to
zero, too.

In [66], the nonlinear adaptive control schemes where the adaptive laws are designed
independently of the control law are referred to as modular designs. The generalization of
the above example to higher-order plants and wider classes of nonlinear systems is treated
extensively in [66]. One of the significant features of the modular designs is that in addition
to having the freedom to choose from different classes of adaptive laws they also allow the
design of robust adaptive laws as done in the LTI case. Consequently the use of robust
adaptive laws in modular designs is expected to enhance robustness in the presence of
dynamic uncertainties.

In the modular design approach the control law is designed to guarantee signal bound-
edness for bounded parameter estimates by using nonlinear terms referred to as nonlinear
damping. The adaptive law is designed independently of the control law by simply fol-
lowing the same techniques as in the LTI case presented in previous chapters. The only
requirement for closed-loop stability and convergence of the regulation or tracking error
is that these adaptive laws guarantee that the estimated parameters, estimation error, and
speed of adaptation satisfy the usual £2 and £00 properties described in Chapter 3.

8.7 Neuroadaptive Control

In the previous sections, we used simple examples to introduce some of the basic concepts
of feedback linearization, CLF, backstepping, and adaptive backstepping used in the design
of stabilizing controllers for classes of nonlinear systems. In all these approaches we made
the fundamental assumption that all the nonlinearities are known exactly. In the adaptive
case we allow the presence of unknown parameters multiplying known nonlinearities in a
way that leads to parametric models of the type introduced in Chapter 2. In most practical
situations exact knowledge of the nonlinearities present in the system is not easy, if at all
possible, and the identification of nonlinearities in general is by itself an important research
topic. One approach that has attracted considerate interest is the use of artificial neural
networks to match or fit unknown nonlinearities either offline or online. The matched or
trained neural network can then be used in the place of the unknown nonlinearities for
control design purposes. This approach has strong similarities to the adaptive control and
CE methodology used in the previous chapters. Due to the nonlinear nature, not only of
the plant but also the neural network itself, rigorous stability results are few and often
based on restrictive assumptions despite the publication of numerous books [151-154] and
papers [ 155-179] in the area of identification and control of nonlinear systems using neural
networks.

In the following subsections, we present some of the concepts of neural networks used
in the identification and control of nonlinear dynamical systems.
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302 Chapter 8. Adaptive Control of Nonlinear Systems

Figure 8.4. A one-hidden-layer neural network.

8.7.1 Neural Networks for Identification

Neural networks are motivated from biological systems, where networks of neurons in living
organisms respond to external excitations by learning and producing the desired outputs.
For example, after several trials a human learns to ride a bicycle. A mosquito has a relatively
small number of neurons, yet it learns to perform many operations. These concepts led to
the development of artificial neural networks which can be trained in a conceptually similar
manner to match behaviors, I/O maps, etc.

Figure 8.4 shows a one-hidden-layer neural network with n-inputs, / hidden units
or neurons, and m-outputs. In this figure, a*-, w*ik (i — 1, 2 , . . . , n, j = 1,2,... ,1,
k — 1, 2 , . . . , m) are constants called the weights, and a(-) is a continuous nonlinear func-
tion. Examples of such functions are the sigmoidal functions which include the hyperbolic
tangent, the logistic function

the Gaussian function

and others.
The network shown in Figure 8.4 is a one-hidden-layer network. One could add

more layers, leading to more complex multilayer neural networks Mathematically, the I/O
properties of the neural network in Figure 8.4 may be expressed as
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In multilayer networks this function becomes more complex. For simplicity and clarity of
presentation let us assume that m — 1 so that

It has been established [ 180-183] that i f / is sufficiently large, i.e., enough neurons are used,
then there exist weight values w*, a*t, d* such that the neural network shown in Figure 8.4
with m = 1 can approximate any continuous function y — f ( x ) to any degree of accuracy
for all x in some compact set £2 C 7£". This existence result is important but provides no
clue regarding how to choose w*, a*t, d* to approximate any function y = f ( x ) given the
I/O data jc(0, y(f). In an effort to find these weights researchers formulated the problem as
an online parameter identification problem as follows.

The same network as in Figure 8.4 is built but with the unknown weights w*, a*t, d*
replaced with their online estimates w/, a/-,, di, producing the output

The adjustments of the weights can then be done by following the same approach as in PI
of LTI systems.

We define the estimation error s = y — y and use the gradient method to minimize
the cost,

leading to

where y,, y / ( , }/<// are positive constants. In the neural network literature the above update
laws and their variations are used to "train" the neural network. By training, it is implied
that after presenting the network with the input data jc/ the weights will settle or converge
to some values indicating that the network learned from the data and can now reproduce the
unknown map or function for new sets of inputs jc. While this wishful thinking, supported
by numerous simulation studies, prevailed for some time in the neural network literature, it
has not been supported by analysis for the reasons we have already covered in Chapters 3
and 4. For example, the unknown parameters in (8.48) appear nonlinearly, and the gradient
algorithm (8.51) cannot be shown to have the desired properties that we have in the case of
linear in the parameters parameterizations. Furthermore, as in the LTI case, for parameter
convergence, the regressor vector has to satisfy the persistence of excitation (PE) condition.
The regressor vector in this case consists of nonlinear elements, and there is no theory that
guarantees the PE property of the regressor even when the input x is rich in frequencies. The
problem of linear in the parameters parameterization can be resolved by assigning values
to a*^, d* so that in (8.48) only w* is unknown. One class of neural networks where this

co
nt

ro
len

gin
ee

rs
.ir



304 Chapter 8. Adaptive Control of Nonlinear Systems

approach has been followed is that of radial basis functions (RBFs), where the activation
function is of the form

where c, e 7£w is the center, A.,- > 0 is the width of the kernel unit, and | • | is the Euclidean
vector norm. By fixing the centers c, to be evenly distributed within the compact set of
interest and the A./ > 0 to provide sufficient overlap with the neighboring functions, the
approximation properties of the linear in the parameters or weights neural network may be
less affected by fixing c, and A./ a priori. In such a case, the parametric model

is linear in the unknown parameters w*, and the adaptive law for ID, is given by

and

where

Since 0 is bounded, no normalization is needed, and the adaptive law (8.53) guarantees
that u;, € COQ, u;,, e e £2 n ^oo- F°r convergence of tu/ to w*, however, 0 is required to be
PE, something that cannot be guaranteed by choosing the inputs jc, due to the nonlinearities
in 0. As in the LTI case, one can ignore parameter convergence when the adaptive law is
used as part of the feedback control law and focus on the performance of the closed-loop
system.

Let us now consider the nonlinear system

where x e 7£n, u e H, and /(*), g(x) are vectors of smooth functions. We approximate
/(jc), g(x) with neural networks, i.e.,

where 8*f, 0* are the desired values of the weights of the respective neural networks defined as
J o
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8.7. Neuroadaptive Control 305

i.e., 0*., 9* are the desired values of the weights which produce the smallest error in approx-
imating the unknown functions /, g for a given neural network architecture.

The system (8.54) may be written as

where v e Tln is the approximation error vector given by

If the neural network is designed to be linear in the unknown parameters 0*., 0*, then
we have

where </>/ e 72"', </># € 72."* («/, «g are some positive integer design constants) contain
the nonlinear functions excited by *; 0* = [0*[,. . . , 0*J]r, 0* = [0*{,..., 0*n

rf, and
Bfi G 7£n/, 0g, € 7£n* Vi = 1, 2 , . . . , « . In the above form, the parameters appear linearly,
and a wide range of robust adaptive laws can be generated using the results of Chapters 3
and 4. These adaptive laws will have guaranteed stability properties despite the presence of
the uncertainty v, provided the normalizing signal bounds 0/, <pgu, and v from above. We
leave the details of these designs to the reader since they follow directly from the results of
the previous chapters.

8.7.2 Neuroadaptive Control

Since neural networks can be used to approximate nonlinear functions online, the control
laws designed for nonlinear plants with known nonlinearities can be used as the basis for
developing adaptive control laws to deal with the same class of plants with unknown non-
linearities. We demonstrate this neuroadaptive control approach for the following nonlinear
plant in the normal form with zero dynamics:

where x = [x\, ..., xn]
T is available for measurement, X2 = y, .. • , xn = y(n~l\ /, g are

smooth functions, and u is the scalar input. The problem is to design a control law u such
that the output y ( t ) tracks a given desired trajectory yu(t), a known smooth function of
time, with known derivatives.

Assumption 8.7.1. g(x) is bounded from below by a constant b; i.e., g(x) > bVx e 7£".

This assumption guarantees that the system (8.55) is controllable Vx e Kn. We define
the scalar function S(t) as the metric that describes the tracking error dynamics,
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where X > 0 is a design constant. 5(0 — 0 represents a linear differential equation whose
solution implies that e(t) and its (n — 1) derivatives converge to zero exponentially fast.
Differentiating 5(0 with respect to time, we obtain

where an-\,..., a\ are the coefficients of the polynomial (s + A.)""1.
Let

Then 5(0 can be written in the compact form

If /(*) and g(x) are known functions, then the control law

where k$ > 0 is a design constant, can be used to meet the control objective. Indeed, by
applying (8.58) to (8.57), we obtain

which implies that 5(0 converges to zero exponentially fast. Since 5 = 0 implies that the
tracking error e(t) and its first (n — 1) derivatives converge to zero, the control objective is
achieved.

Let us consider the case where /(jc) and g(x) are unknown and approximated as

where Of, 6* are the unknown "optimal" weights; 0/(jc), (f>g(x) are selected basis functions
of a neural network, which approximates the unknown functions in a compact set £2 of the
vector jc; and //, lg, are the number of the nodes. The neural network approximation errors
df(x), dg(x) are given by

The unknown "optimal" weights Of, 0* minimize df(x), d
tively, i.e.,
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8.7. Neuroadaptive Control 307

Assumption 8.7.2. The approximation errors are upper bounded by some known constants
g > 0 over the compact set £2 C W, i.e.,

The online estimate of the unknown functions generated by the neural network is then
given as

where #/• (?), Og (t) are to be generated by an adaptive law online. Following the CE approach,
we can propose the control law

The problem that arises with (8.60) is the possibility of g approaching or crossing zero,
giving rise to the so-called stabilizability problem, which is also present in indirect APPC.
Another problem is the effect of the deviations of / and g from the actual nonlinearities
/ and g on the stability of the closed-loop system. A considerable number of research
efforts have concentrated on resolving the above two problems [156-179]. In most of these
approaches fixes such as switching, projection, and additional nonlinear terms are used to
modify (8.60) for stability. Since the approximation of the nonlinear functions /, g with
neural networks is valid as long as x is inside a compact set, the updating of the weights
in /, g as well as the control law should not push x outside the set. This consideration
has often been ignored in most papers. An approach that resolves the above issues and
guarantees that the tracking error at steady state remains within prespecified bounds has
been presented for single input systems in [177] and for multiple input systems in [178]
for the case of a nonlinear system in the normal form with no zero dynamics. The approach
involves continuous switching dead zones and additional nonlinear terms in a modified CE
control law with robust adaptive laws. We present the algorithm of [177] and its properties
below.

Instead of the CE control law (8.60), we choose the control law

where k$, av, oy, <!>/, > 0 are design parameters. The parameters # / , (0> ^</(0 in (8.59) are
updated as follows:
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where

Yfii Ygi > 0 are the adaptive gains; a/, > 0 is a small design parameter; O is a positive design
constant; sgn(-) is the sign function (sgn(jc) = 1 if x > 0 and sgn(jc) = —1 otherwise);
sat(-) is the saturation function (sat(jc) = x if |jc| < 1 and sat(jc) = sgn(jc) otherwise); and
p(t} is a continuous switching function given by

where A > 0 is a design parameter. The continuous switching function p(t), instead of a
discontinuous one, is used in order to guarantee the existence and uniqueness of solutions
of the closed-loop system. By design, the control law (8.61) will never involve division by
zero since (g(x, t))2 + 8b > <$/, > OVj t , f . Therefore, the proposed controller overcomes the
difficulty encountered in implementing many adaptive control laws, where the identified
model becomes uncontrollable at some points in time. It is also interesting to note that
u ->• 0 with the same speed as g(x, t) -+ 0. Thus, when the estimate g(x,t) -> 0, the
control input remains bounded and also reduces to zero. In other words, in such cases it
is pointless to control what appears to the controller as an uncontrollable plant. The above
control law is complex and was developed by trial and error using a Lyapunov synthesis
approach. The stability and performance properties of the closed-loop system are described
by the following theorem.

Theorem 8.7.3. Consider the system (8.55), with the adaptive control law (8.61)-(8.64).
Assume that the lower bound of\g(x)\ > b satisfies the condition

for some small positive design constants <$/, and A. For any given arbitrary small positive
number O, there exist positive constants

such that if
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and {6>/(0),^(0)} e n«, Jc(0) e £2* C $"2, w/iere £2W c SH''*'* w a compact set in the
space of Of, 0K, then all signals in the closed-loop system are bounded. Furthermore, the
tracking error and its derivatives satisfy

The proof of Theorem 8.7.3 is based on the use of the Lyapunov-like function

where #/, = #/•/ — 6^(, ̂ , = 0g/ — #*, are the parameter errors, and is long and technical.
The details of the proof are given in [177].

The importance of the neuroadaptive control law (8.61)-(8.64) is that it guarantees
stability and steady-state tracking error, which depends solely on design parameters as
indicated by (8.67), provided that the design parameters are chosen to satisfy the inequalities
(8.65), (8.66). The design parameters may be chosen to satisfy (8.65)-(8.67) as follows:

1. Using the upper bound of the approximation error iftg, check whether the lower bound
of g ( x ) satisfies b > 3\Jsg. If so, choose the design parameters £/,, A such that
^/8h + A + 3^ < b. If not, then the number of nodes 1K of the neural network for
g ( x ) has to be increased in order to obtain a better approximation. It is worth noting
that the ratio % < 5 gives us an upper bound for the approximation error ^(jc) that
can be tolerated by the closed-loop system.

2. Calculate 5,-, i = 1, 2, 3, using (8.66) and the knowledge of b, $K, <$/,, A.

3. Set the desired upper bound for the tracking error at steady state equal to l~"+i 4> and
choose 1, 4> to satisfy (8.67).

4. Choose a/, in the adaptive law such that a/, > max(<$2, £3). From -^ < j, we have

5. Choose k«?, or,,, a/ such that J l

We demonstrate the properties of the proposed adaptive control law using the second-
order nonlinear system

The output y ( t ) = x(t) is required to track the trajectory y^ — sin(7T/)- The magnitude
of the tracking error at steady state is required to be less than 0.05. A one-hidden-layer radial
Gaussian network with a basis function
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Figure 8.5. Tracking error during the first 10 seconds. (The dashed lines indicate
the required error bound.)

is used to approximate

on a compact set Q — £lx x £2j, where f2x = [x\x e (—3, 3)}, ̂  = {jc|i e (-5, 5)}.
The design parameters in (8.69) are chosen as £/ — 0.125, a2 = 4n. The approximation
error parameters are assumed to satisfy V/ < 0.05, \j/-g < 0.12. Furthermore, £ = 0.9 >
3i/^ = 0.36. The values of 8b, A are chosen to be 0.01, 0.04, respectively, such that
V^ + A + 31rg = 0.5 < b = 0.9 is satisfied. Using (8.66), we calculate c$i = 0.18,
82 = 0.026, <$3 = 0.154. By selecting A. = 1 and 4> = 0.05, the tracking error is bounded
from above by 0.05 at steady state. The other design parameters are chosen as ks = 2,
av = 4.4, Of = 4.4, and a/, — 0.16. The initial values for the estimated parameters
are chosen as 0/,-(0) = 0, 0g/(0) = 0. Figures 8.5 and 8.6 show the simulation results.
Figure 8.5 shows the convergence of the tracking error to within the prespecified bound.
Figure 8.6 demonstrates that the switching of p(t} stops after an initial learning stage and
p(t) converges to a constant with no further switching.

8.8 Case Study: Adaptive Nonlinear Control of a
Path-Tracking Vehicle

We consider the control of an autonomous ground vehicle designed to carry out missions
involving area coverage. The vehicle is assumed to be equipped with an accurate navigation
system so that at any instant it is able to measure its location and orientation in the navigation
coordinate frame. Many times, the path is composed of straight-line back and forth sweeps,
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Figure 8.6. The continuous switching function p(t} in the adaptive law during t
first 4 seconds.

Figure 8.7. The path-tracking vehicle.

but this is not necessarily the case. The presence of obstacles or other physical constraints
as well as work assignments may require the vehicle to track paths with curvatures, etc.

Suppose now that the vehicle is differential drive with a front castor wheel. The
vehicle is capable of turning in place (zero-turn radius) by keeping the velocity at zero with
a nonzero heading rate. The kinematic equations for such a vehicle are listed below, with
some of the variables presented in Figure 8.7. The linear velocity of the vehicle, V, is the
average of Vr and V/, the linear speeds of the right wheel and left wheel, respectively.

The kinematic relationship between the path deviation and the control input is given
by [184]

where K(S) — ̂  is the curvature of the desired path, y is the path lateral deviation, \js is the
path orientation deviation, and u is the control input, as illustrated in Figure 8.7. There is a
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singularity at y — £, which corresponds to the case where the robot location is the center
of the osculating circle; in practice, this condition must be monitored (i.e., this is very poor
path-tracking performance, or poor initial conditions, so the system should take special
measures when y —> £) and avoided by not planning paths where the radius of curvature
is of the same order as the achievable path-tracking accuracy (i.e., don't plan paths of high
curvature).

The path-tracking control objective is to choose the control input u to regulate the
lateral error y to zero. Using u and the equations

we can calculate the desired speeds of the wheels Vr and V/, which are passed to a lower
controller which adjusts the appropriate actuators so that the wheels achieve the desired
speeds that would lead to y going to zero. In this study we are concerned with the choice of
M, and we assume that the wheel actuators will achieve the desired speeds based on the given
commands. Assuming small deviations from the desired path, we can use the approximation
sin \/s tt ty and express (8.70) as

where d*, i = 0, 1, 2, are unknown disturbance terms to account for the modeling inaccu-
racies as well as curvature calculation inaccuracies. In our derivation of the control we will
assume that these terms are constant. The control law, however, will be applied to the more
complicated model (8.70) for evaluation using simulations.

We use adaptive backstepping to meet the control objective as follows: If iff was the
control variable, then ty — (~J°v7

a>'), where do is the online estimate of the disturbance term
d£ and a > 0 is a design constant, could be used. Following the backstepping procedure,
we define the new state variable

and transform (8.71) into

which motivates the feedback linearizing control law

where d/ is the online estimate of df, i = 0, 1, 2, to be generated by an adaptive law and
c > 0 is a design constant. The closed-loop system becomes
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where d[ = d{ — d*,i — 0, 1, 2, is the parameter error. The adaptive law for the parameter
estimates dt is generated using the following Lyapunov function candidate:

where y/ > 0, / — 0 , 1 , 2 , are design constants and CQ > 0 is an arbitrary constant to be
selected. The time derivative of Va along the solution of (8.75) is given by

Choosing the adaptive laws

we obtain

Choosing the arbitrary constant c0 > 0 as

we obtain

which implies that all signals are bounded and that y, z are square integrable. Since from
(8.75), y, z are bounded it follows by applying Barbalat's lemma that z, y converge to zero.

For simulation testing of the nonlinear adaptive control law (8.74), (8.76) we use the
model

where n, is white Gaussian noise with zero mean and variance 0.01 andJ} = .1 sin(0.0010,
d^ ~ 0.08 sin(0.002?) are unknown deterministic disturbances. The path to be followed is
a straight line for about 30 meters (10 sec), then a part of a semicircle of radius 100 meters of
about 27 meters length (9 sec) in the counterclockwise direction, then a part of a semicircle
in the clockwise direction of radius 100 meters for about another 27 meters (9 sec), then in
a straight line for about 30 meters (10 sec). The changing curvature of the path is shown in
Figure 8.8.

Let us first assume that the curvature of the path is known and use the nonadaptive
control law
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Figure 8.8. Changing curvature of the path.

which can be shown to meet the control objective in the absence of noise and disturbances.
Figure 8.9 shows the time response of y, fy as the vehicle follows the path. There is an initial
transient due to initial deviations from the direction of the path, but y converges close to zero
with some steady-state oscillations due to the effect of noise and disturbances. The heading
deviation iff converges to — 2rt, which is equivalent to zero in the polar coordinates, and it is
also affected by noise and the disturbances at steady state. Instead of (8.78) let us apply the
nonlinear adaptive control law (8.74), (8.76), where the adaptive laws (8.76) are modified
for robustness using projection so that the estimated parameters stay within certain bounds,
i.e., JQ £ [—4, 4], d\ e [—20, 20], di e [—3, 3]. In this case the curvature is assumed to be
unknown. Figure 8.10 shows the results for y, ^. It is clear that the adaptation, in addition
to handling the unknown curvature, also attenuates the effects of noise and disturbances
leading to smaller steady-state errors and therefore more accurate tracking of the path.

Problems

1. Consider the nonlinear system
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Figure 8.9. Time response of (a) lateral and (b) heading deviations in nonadaptive
control case.

Design a control law of your choice to establish stability and convergence of j c j , x^
to zero.

2. Consider the nonlinear system

co
nt

ro
len

gin
ee

rs
.ir



316 Chapter 8. Adaptive Control of Nonlinear Systems

Figure 8.10. Time response of (a) lateral and (b) heading deviations in the adaptive
control case.

where g is a continuous nonlinear function and 0* is an unknown scalar,

(a) Show that the control law
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where c, k > 0 are design constants, guarantees that x\ is bounded. Obtain an
upper bound for x\ and comment on how the design constants c, k affect the
bound.

(b) Design a control law of your choice to guarantee closed-loop stability and con-
vergence of xi to zero.

3. Consider the system

where g is a nonlinear differentiate function with the property g(0) =0 and u is the
control input.

(a) Design a stabilizing control law, assuming that 6* is known.

(b) Design a nonlinear control without adaptation and show that it guarantees signal
boundedness for any unknown parameter 9*.

(c) Design an adaptive control law and show that it guarantees signal boundedness
and convergence of the states to zero.

4. Consider the system

where g\, g2 are known nonlinear differentiate functions and u is the control input.

(a) Design a stabilizing control law assuming that 9*, 9% are known.

(b) Design an adaptive control law and show that it guarantees signal boundedness
and convergence of the states to zero when 0*, 9* are unknown.

5. Consider the scalar plant

where d is an unknown bounded function of time acting as a disturbance to the plant.
Design a control law to guarantee that all signals are bounded no matter how large
the disturbance d is.

6. Consider the scalar plant

where /, g are unknown smooth nonlinear functions with g > 0 Vjc. Design a one-
hidden-layer neural network to generate an estimate of /, g online. Simulate your
results for f ( x ) = — x(2 + sin x), g ( x ) = (5 + sin;c2)(l + 0.5 cos 2*), and an input
of your choice.

1. In Problem 6, design a control law to stabilize the plant and force x to zero. Demon-
strate your results using simulations.

co
nt

ro
len

gin
ee

rs
.ir



318 Chapter 8. Adaptive Control of Nonlinear Systems

8. Consider the scalar plant

where /, g are unknown smooth nonlinear functions with g > 0 Vjc. The control
objective is to choose the control input a so that x follows the state of the reference
model

where r is a bounded reference input and am > 0, bm are constants. Design a
neuroadaptive control scheme to meet the control objective. Demonstrate your results
using simulations with f ( x ) = — jc(1.2 + sinjc2), g(x) = (2 + cosjc2)(1.5 + cos2jc).

9. Consider the nth-order plant in the normal form with no zero dynamics,

where x is the full state and /, g are unknown smooth nonlinear functions. The control
objective is to design the control law u so that y tracks the output of the reference
model

where am > 0 and r is the reference input.

(a) Design a control law to meet the control objective when /, g are known.

(b) Repeat part (a) when /, g are unknown.
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Appendix

A.1 Systems Theory

A dynamical system or a plant is defined as a structure or process that receives an input
u p ( t } at each time t and produces an output yp(t) as shown in Figure A.I.

Figure A.I. Dynamical system.

Many systems of interest in the area of controls have the structure shown in Figure A.
and are described by ordinary differential equations of the form

where t is the time variable; x ( t ) e Tln, u(t) e W, and y ( t ) e Kl denote, respectively,
the state of the system, the input variables or control input of the system, and the output
variables that can be measured; / and g are real vector-valued functions; n is the dimensio
of the state x, called the order of the system; and jc(/0) denotes the value of x ( t ) at the initial
time t = to > 0.

When /, g are linear functions of ;c, a, (A.I) takes the form

where A(t) e Knxn, B(t) e ft"x/", C(t) e nnxl, and D(t) e ft/xr are matrices with
time-varying (TV) elements. If A, B, C, D do not depend on time t, we have
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where A, B, C, and D are matrices of the same dimension as in (A.2) but with constant
elements. We refer to (A.3) as the finite-dimensional LTI system.

The solution x(t), y(t) of (A.2) is given by

where O(f, to) is the state transition matrix defined as the n x n matrix that satisfies the
linear homogeneous matrix equation,

It can be shown that

For the LTI system (A.3), O(f, to) depends only on the difference t — to, i.e.,

and the solution x(t), y(t) of (A.3) is given by

where eAt can be identified to be

where £~[ denotes the inverse Laplace transform and s is the Laplace variable.
If we take the Laplace transform on both sides of (A.3) and set the initial conditions

x(0) = 0, we obtain

where Y(s), U(s) are the Laplace transforms of y, u, respectively; G(s) is the transfer
function of (A.3) and may be expressed as

where n > m and Z(s), R(s) are polynomials of degree n, m, respectively.
The inverse Laplace g(t) of G(s), i.e.,
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A.2. Coprime Polynomials 321

is known as the impulse response of the system (A.3) and

where * denotes convolution. When u(t) = 8&(t), where <5A(0 is the delta function
defined as

where w.v(f) is the unit step function, we have

We say that G(s) is proper if G(oo) is finite, i.e., n > m; strictly proper if G(oo) = 0,
i.e., n > m; and biproper if w = m. The relative degree n* of G(s) is defined as n* = n — m,
i.e., n* — degree of denominator of G(s) — degree of numerator of G(s). The characteristic
equation of the system (A.6) or (A.7) is defined as the equation sn +an-\s

n~l H hflo = 0
ordet(s/-A) = 0.

From (A.6) it follows that

where adj(<2) denotes the adjoint20 of the square matrix Q e Knxn. It is obvious from (A.8)
that the poles of G(s) are included in the eigenvalues of A. We say that A is stable if all its
eigenvalues lie in SH[s] < 0. In this case G(s) is referred to as a stable transfer function.

We should note that for zero initial conditions, the Laplace variable s can also be

considered as the differential operator p(x) — x. For example, the system

may be written as (p+a)y(t) = pu(t) o r y ( t ) — -^u(t) with p as the differential operator.
Due to the similarity of the two forms, we will use s to denote both the differential operator
and Laplace variable and write

where y and u denote Y(s) and U(s), respectively, when s is taken to be the Laplace operator,
and y and u denote y ( t ) and u ( t ) , respectively, when s is taken to be the differential operator.
We will also refer to G(s) = |̂  in (A.9) as the filter with input u(t) and output y ( t ) .

A.2 Coprime Polynomials

The I/O properties of most of the systems studied in this book are represented by proper
transfer functions expressed as the ratio of two polynomials in s as indicated in (A.7). In this

20The ( / , . / ) element q,j of adj(g) is given by <//,- = (-\)i+j det(Q7,), /, j = 1 , 2 , . . . , n, where Qjt e
7£(n - i )x (« - i ) js a submatrix of Q obtained by eliminating the y'th row and the ith column of Q.
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section, we review some of the general properties of polynomials that are used for analysis
and control design in subsequent chapters.

Definition A.2.1. Consider the polynomial X(s) = ans
n + an-\s

n~[ + • • • + ctQ. We say
that X ( s ) is monic ifan — 1, and X(s) is Hurwitz if all the roots ofX(s) — 0 are located
in 9t[s] < 0. We say that the degree ofX(s} is n if the coefficient ct

Definition A.2.2. A system with a transfer/unction given by (A.I) is referred to as minimum-
phase ifZ(s) is Hurwitz; it is referred to as stable if R(s) is Hurwitz.

Definition A.2.3. Two polynomials a(s) and b(s) are said to be coprime (or relatively
prime) if they have no common factors other than a constant.

An important characterization of coprimeness of two polynomials is given by the
following lemma.

Lemma A.2.4 (Bezout identity [185,186]). Two polynomials a(s) and b(s) are coprime
if and only if there exist polynomials c(s) and d(s) such that

The Bezout identity may have an infinite number of solutions c(s) and d(s) for a given
pair of coprime polynomials a(s) and b(s) (see Problem 1).

Coprimeness is an important property that is often used in the design of control
schemes for LTI systems. An important theorem used for control design and analysis is the
following.

Theorem A.2.5 (see [56, 94]). If a(s) and b(s} are coprime and of degree na and nb,
respectively, where na > n^ then for any given arbitrary polynomial a*(s) of degree
na* > na, the polynomial equation

has a unique solution l(s) and p(s) whose degrees ni and np, respectively, satisfy the
constraints np < na, n/ < max(na* — na, nb — 1).

If no constraints are imposed on the degrees of l(s) and p(s), (A. 10) has an infinite
number of solutions. Equations of the form (A. 10) are referred to as Diophantine equations
and are widely used in the algebraic design of controllers for LTI plants.

Theorem A.2.6 (Sylvester's theorem [56,94]). Two polynomials a(s) = ans"+an-\s
n~{ +

h flo, b(s) = bns
n + bn-\ s

n~l -\ h bo are coprime if and only if their Sylvester matrix
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Se is nonsingular, where Se is defined to be the following 2n x 2n matrix:

The determinant of Se is known as the Sylvester resultant and may be used to exam-
ine the coprimeness of a given pair of polynomials. If the polynomials a(s) and b(s) in
Theorem A.2.6 have different degrees, say n^ < na, then b(s) is expressed as a polynomial
of degree na by augmenting it with the additional powers in s whose coefficients are taken
to be equal to zero.

A3 Norms and Cp Spaces
For many of the arguments for scalar equations to be extended and remain valid for vector
equations, we need an analogue for vectors of the absolute value of a scalar. This is provided
by the norm of a vector.

Definition A.3.1. The norm |jc| of a vector x is a real-valued function with the following
properties:

(i) |jc| > 0 with \x\ - 0 if and only ifx = 0.

(ii) \ax\ = \a\\x\ for any scalar a.

(iii) \x + y\ < \x\ + \y\ (triangle inequality).

The norm |jc| of a vector x can be thought of as the size or length of the vector x.
Similarly, |jc — _y| can be thought of as the distance between the vectors jc and y.

Anmxn matrix A represents a linear mapping from the n-dimensional space TV1 into
the m-dimensional space l^m. We define the induced norm of A as follows.

Definition A.3.2. Let \ • \ be a given vector norm. Then for each matrix A e -fcmxn
t ine

quantity \\ A \\ defined by

is called the induced (matrix) norm corresponding to the vector norm \ • \.
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Table A.I. Commonly used vector and induced norms.

Vector norm on 7£" Induced norm on Timxn

The induced matrix norm satisfies the properties (i) to (iii) of Definition A.3.1. Some
of the properties of the induced norm that we often use in this book are summarized as
follows:

(i) | A* | < ||A|||jt|Vjt 671",

(ii) ||A + fi|| <||A|| +||*||,

(iii) ||AB || < ||A || || fi||,

where A, B are arbitrary matrices of compatible dimensions. Table A.I shows some of the
most commonly used vector and induced norms on 1Zn. In general, for p e [1, oo), x e 7Zn,
and A e 7£mxn the vector norm

and the corresponding induced norm

are called the vector p-norm of x and the induced p-norm of A, respectively. The vector
oc-norm (jcjoo of x and the induced oo-norm H A H o o of A are defined as given in Table A.I.

For functions of time, we define the £p norm

for p e [I, oo) and say that x € Cp when \\x\\p exists (i.e., when ||JC||P is finite). The £QO
norm is defined as

We say that jc e C^ when ||^||oo exists. In the above Cp, C^ norm definitions, x(t)
can be a scalar or a vector function. If x is a scalar function, then | • | denotes the absolute
value. If jc is a vector function in Kn, then | • | denotes any norm in Kn. Similarly, for
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A.3. Norms and £,, Spaces 325

sequences or discrete-time signals x : Z+ —> 7£, where Z+ denotes the set of nonnegative
integers, we define the tt, norm as

and the t^ norm as

We say x e ip (respectively, x e £00) if l l - * l l / > (respectively, ||Jt||oo) exists.
We are usually concerned with classes of functions of time that do not belong to £p.

To handle such functions we define the £pe norm

for p E [1, oo). We say that x e Cpe when ||jc, ||/; exists for any finite /. Similarly, the £ooe

norm is defined as

The function t2 does not belong to £p, but t2 e C,,e. Similarly, any continuous
function of time belongs to £pe, but it may not belong to Lp.

We define the lpe norm (p e [1, oo)) and t^e norm of the sequence x : Z+ -> Tl as

We say x e ipe if ||jc^ \\p exists for any finite k e Z+.
For each p e [1, oo], the set of functions that belong to Cp (respectively, £pe) form

a linear vector space called the £p space (respectively, the £f)e space) [187J. If we define
the truncated function ft as

Vf 6 [0, oo), then it is clear that for any p e [1, oo], / e £pe implies that ft e £,, for
any finite t. The £pe space is called the extended £p space and is defined as the set of all
functions / such that /, € £,,. It can be easily verified that the £p and £pe norms satisfy
the properties of the norm given by Definition A.3.1. The following lemmas present some
of the properties of £p and £pe norms that we use later in the book.

LemmaA.3.3(Holder'sinequality). Ifp, q € [1, oo]ara/-^ + - = 1, then f e £r, g e Lq

imply that fge£\ and
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When p = q = 2, the Holder's inequality becomes the Schwarz inequality, i.e.,

Lemma A.3.4 (Minkowski inequality). For /? e [1, oo], f,ge Cp imply that f + g e
jCp and

The proofs of Lemmas A.3.3 and A.3.4 can be found in any standard book on real
analysis such as [188, 189]. We should note that the above lemmas also hold for the
truncated functions /,, gt of /, g, respectively, provided /, g e Cpe. For example, if / an
g are continuous functions, then /, g e £pe, i.e., /,, gt e Cp for any finite t e [0, oo), an
from the Schwarz inequality we have ||(/g)Jli < H/j Ihll&lh. i-e.,

which holds for any finite t > 0. We use the above Schwarz inequality extensively through-
out the book.

In the remaining chapters of the book, we adopt the following notation regarding norm
unless stated otherwise. We will drop the subscript 2 from | • |2, || • |b when dealing with the
Euclidean norm, the induced Euclidean norm, and the £2 norm. If jc : [0, oo) —> 7£", then
|jt (01 represents the vector norm in 7ln at each time t, ||jc, ||p represents the Cpe norm of the
function x(t), and \\x\\ p represents the Lp norm of x(t). If A e Kmxn, then || A ||, represents
the induced matrix norm corresponding to the vector norm | • |,. If A : [0, oo) ->• Tlmxn

has elements that are functions of time /, then || A(?)||, represents the induced matrix norm
corresponding to the vector norm | • |, at time t.

A.4 Properties of Functions and Matrices
Let us start with some definitions.

Definition A.4.1 (continuity). A function f : [0, oo) —>• K is continuous on [0, oo) if for any
given EQ > 0 there exists aS(£o, ?o) such that WQ, t e [0, oo)/or which \t — tQ\ < S(EQ, to),
wehave\f(t)- f ( t 0 ) \ < £Q.

Definition A.4.2 (uniform continuity). A function f : [0, oo) —>• 72, is uniformly contin-
uous on [0, oo) if for any given SQ > 0 there exists a S(SQ) such that Vto,t e [0, oo) for
which \t — t0\ < 8(e0), we have \f(t) — f(to)\ < EQ.

Definition A.4.3 (piecewise continuity). A function f : [0, oo) -> 7£ is piecewise contin-
uous on [0, oo) if f is continuous on any finite interval [to, t\] C [0, oo) except for a finite
number of points.
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A.4. Properties of Functions and Matrices 327

Definition A.4.4 (Lipschitz). A function f : [a, b] —>• Tl is Lipschitz on [a, b] i f \ f ( x \ ) —
f(xi)\ < k\x\ — KI| YJCi, Jt2 6 [a, b], where k > 0 is a constant referred to as the Lipschitz
constant.

The following fact is important in understanding some of the stability arguments often
made in the analysis of adaptive systems.

Fact lim^oo f ( t ) — 0 does not imply that f ( t ) has a limit as t -> oo. For example,
consider the function /(/) = (1 + O l / 2 cos(ln(l + ?)), which goes unbounded as t ->• oo.
Yet/(0 = £f^-^igii->0as/-^oo.

Lemma A.4.5 (see [56,94]). The following statements hold for scalar-valued functions:

(i) A function f ( t ) that is bounded from below and is nonincreasing has a limit as t —»• oo.

(ii) Consider the nonnegative scalar functions f ( t ) , g(t) definedVt > 0. If f ( t ) < g(t)
Vf > 0 and g e £,„ then f e £p Vp e [ 1, oo].

A special case of Lemma A.4.5 that we often use in this book is when / > 0 and
/ < 0, which according to Lemma A.4.5(i) implies that /(?) converges to a limit as t —> oo.

Lemma A.4.6. Let f, V : [0, oo) ->• H. Then

implies that

for any finite constant a.

Proof. Let w(t) = V + aV - f . We have w(t) < 0, and

implies that

Since w(t) < 0 Vt > t0 > 0, we have
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Lemma A.4.7. If f, f e £00 and f e Cp for some p e [1, oo), then f ( t ) ->• 0 as t -> oo.

The result of Lemma A.4.7 is a special case of a more general result given by Barbalat's
lemma stated below.

Lemma A.4.8 (Barbalat's lemma [94,190]). If lim,-^ /J f(r)dr exists and is finite, and
f ( t ) is a uniformly continuous function, then lim^oo /(?) = 0.

The proof of Lemma A.4.7 follows directly from that of Lemma A.4.8 by noting that
the function fp(t) is uniformly continuous for any p e [1, oo) because /, / e L^. The
condition that /(/) is uniformly continuous is crucial for the results of Lemma A.4.8 to hold
An example presented in [56] demonstrates a case where /(/) satisfies all the conditions
of Lemma A.4.8 except that of uniform continuity but does not converge to zero with time.

A square matrix A e Knxn is called symmetric if A = AT. A symmetric matrix A is
called positive semidefinite if XT Ax > 0 for every jc € 7£" and positive definite if XT Ax > 0
Vjc e 72." with |jc| ^0. It is called negative semidefinite (negative definite) if —A is positive
semidefinite (positive definite).

The definition of a positive definite matrix can be generalized to nonsymmetric ma-
trices. In this book we will always assume that the matrix is symmetric when we consider
positive or negative definite or semidefinite properties. We write A > 0 if A is positive
semidefinite, and A > 0 if A is positive definite. We write A > B and A > B if A — B >0
and A — B > 0, respectively.

A symmetric matrix A e 7£"x" is positive definite if and only if any one of the
following conditions holds:

(i) A, (A) > 0, i = 1, 2 , . . . , « , where A,, (A) denotes the /th eigenvalue of A, which is
real because A — AT.

(ii) There exists a nonsingular matrix A\ such that A = A\ Af.

(iii) Every principal minor of A is positive,

(iv) XT Ax > a\x\2 for some a. > 0 and Vjc e Kn.

The decomposition A = A j A ^ in (ii) is unique when A] is also symmetric. In this
case, AI is positive definite, it has the same eigenvectors as A, and its eigenvalues are
equal to the square roots of the corresponding eigenvalues of A. We specify this unique
decomposition of A by denoting A\ as A1/2, i.e., A — A1/2A7/2, where A1/2 is a positive
definite matrix and Ar/2 denotes the transpose of A1/2.

A symmetric matrix A e 7£nx" has n orthogonal eigenvectors and can be decom-
posed as

where U is a unitary (orthogonal) matrix (i.e., UTU = /) with the eigenvectors of A, and
A is a diagonal matrix composed of the eigenvalues of A. Using (A.15), it follows that if
A > 0, then for any vector x e 7£n,
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where A.max(A) and A.mjn(A) are the maximum and minimum eigenvalues of A, respectively.
Furthermore, if A > 0, then

and if A > 0, we also have

We should note that if A > 0 and B > 0, then A + B > 0, but it is not true in general
that A B > 0.

A.5 Input/Output Stability
The systems encountered in this book can be described by an I/O mapping that assigns to
each input a corresponding output, or by a state variable representation. In this section we
present some basic results concerning I/O stability. These results are based on techniques
from functional analysis [187], and most of them can be applied to both continuous- and
discrete-time systems.

We consider an LTI system described by the convolution of two functions u, h :
[0, oo) -> K defined as

where u, y are the input and output of the system, respectively. Let H(s) be the Laplace
transform of the I/O operator h(-). H(s) is called the transfer function, and h(t) is called
the impulse response of the system (A.16). The system (A.16) may also be represented in
the form

where Y(s), U(s) are the Laplace transforms of y, u, respectively. We say that the system
represented by (A.16) or (A. 17) is £/; stable if u ejClt=^yeCp and \\y\\,, < c\\u\\(, for
some constant c > 0 and any u e £/;. When p = oo, Cp stability, i.e., £00 stability, is also
referred to as bounded-input bounded-output (BIBO) stability. The following results hold
for the system (A. 16).

Theorem A.5.1. / / w e £,, and h e £\, then

where p e [ 1, oo].

When p — 2 we have a sharper bound for ||y||/; than that of (A. 18), given by the
following lemma.

Lemma A.5.2. Ifu e £2 and h e £|, then
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Proof. For the proofs of Theorem A.5.1 and Lemma A.5.2, see [187].

Remark A.5.3 We should also note that (A. 18) and (A. 19) hold for the truncated functions
of u, y, i.e.,

for any t e [0, oo), provided « € £pe. Similarly,

for any t € [0, oo), provided u e Lie. These results follow by noticing that u e Cpe

=> ut e Cp for any finite t > 0.

The induced £2 norm in (A. 19) is referred to as the HOQ norm of the transfer function
H(s) and is denoted by

Theorem A.5.4. Let H(s) be a strictly proper rational function ofs. Then H(s) is analytic
in 9t[s] > 0 if and only ifh e A.

Corollary A.5.5. Consider (A.16). Ifh e C\, then we have the following:

(i) h decays exponentially, i.e., \h(t)\ < a\e~a(}t for some ct\,a.Q > 0.

(ii) u e C\ =$• y € C\ fl £00, y € C\, y is continuous, andlim,^,^ \y(t)\ = 0.

(iii) u € £2 =>• y ^ £2 H £oo> j £ £2, J w continuous, anJlim^oo |y(?)| = 0.

(iv) For p e [1, oo], M e £p =^- j, j e Cp, and y is continuous.

Proof. For proofs of Theorem A.5.4 and Corollary A.5.5, see [187].

Corollary A.5.6 (see [56, 94]). Consider (A. 17) and let H(s) be proper and analytic in
$t[s] > 0. Then u e £2 H Coo and limf_>oo I«(OI = 0 imply that y e £2 n £<» anJ
lim^ool^COI^O.

Definition A.5.7 (fi -small in the mean square sense (m.s.s.)). Let x : [0, oo) —> 7ln,
where x e £2^, and consider the set

for a given constant IJL > 0, where CQ, c\ > Q are some finite constants, and CQ is independent
of IJL. We say that x is ^t-small in the m.s.s. ifx € <S(/ii).
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Using the above definition, we can obtain a result similar to that of Corollary A.5.5(iii)
in the case where u <£ £2 but « e S(IJL} for some constant /z > 0.

Corollary A.5.8 (see [56, 94]). Consider the system (A. 16). If h G £1, then u e S([i)
implies that y 6 5(/x) and y E Coofor any finite /x > 0. Furthermore,

where UQ, ot\ are the parameters in the bound for h in Corollary A.5.5(i).

The exponentially weighted £2 norm

where (5 > 0 is a constant, is found to be useful in analyzing the stability properties of
adaptive systems. We say that x e £2,5 if \\Xt\\2t> exists. When 8 = 0 we omit it from the
subscript and use the notation jc e £2^- We refer to (KOIba as the £2,5 norm. For any finite
time t, the £2,5 norm satisfies the properties of the norm given by Definition A.3.1.

Let us consider the LTI system given by (A. 17), where H(s) is a rational function
of 51, and examine £95 stability; i.e., given u € £23, what can we say about the £/;, £23
properties of the output y(t) and its upper bound.

Lemma A.5.9 (see [56, 94]). Let H(s) in (A.17) be proper and analytic in W[s] > —\jor
some 8 > Q . I f u E C,ie, then

(i) \\yt\\2f> < I l # ( s ) l l o o a l l « r l l 2 i 5 , where

(ii) Furthermore, if H(s) is strictly proper, then

where

The norms \\H(s)\\2&, ll#Cs)lloo£ are related by the inequality

for any p > | 
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Lemma A.5.10 (see [56,94]). Consider the LTV system given by

where x e Kn, y e Kr, u e Km, and the elements of the matrices A, B, C, and D
are bounded continuous functions of time. If the state transition matrix <£(/, r) of (A.20)
satisfies

for some XQ, UQ > 0, andu e C2e, then for any 8 e [0, S\), where 0 < 8\ < 2«o is arbitrary,
we have

where

anJ et is a term exponentially decaying to zero due to XQ ^ 0.

A useful extension of Lemma A.5.10, applicable to the case where A(t} is not neces-
sarily stable and 8 = SQ > 0 is a given fixed constant, is given by the following lemma that
makes use of the following definition.

Definition A.5.11. The pair (C(t), A(t)) in (A.20) is uniformly completely observable
(UCO) if there exist constants BI , fa, v > 0 such that Vf0 > 0

where N(t0, tQ + y) = f'°+v ®T(r, t0)C(T)CT(T)®(T, tQ)dr is the so-called observability
Gramian [87, 191] and O(f, r) is the state transition matrix associated with A(t).

Lemma A.5.12 (see [56, 94]). Consider the LTV system (A.20). 7/(C(f), A(f)) is UCO,
then for any given finite constant SQ > 0 we have

where c\,c2 > 0 are some finite constants, S\, a\ satisfy SQ < 8\ < 2a\, and st is a term
exponentially decaying to zero due to XQ ̂  0.

(i)

(ii)

(iii)
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404 T. BA§AR AND G. J. OLSDER

which these actions were obtained? In this enlarged information structure, a
given strategy of the leader will have multiple representations, thus opening
the possibility of enforcement of a team solution (to the leader's advantage)
by selecting an appropriate representation of the team-optimal strategy (of the
leader). To illustrate this line of thought now, let us revisit Example 7.5, but
with the following enlarged information structure.

Example 7.6 Consider the two-stage scalar stochastic dynamic game of Ex-
ample 7.5, but with the enlarged information structure that allows PI to have
access to u2, in addition to xi and x%. Note that since u2 depends only on #1,
this enlarged information structure carries the same statistical information as
the earlier one for each fixed (pure) policy of the follower; however, as we will see
shortly, the informational redundancy that it generates will bring a substantial
advantage to the leader.

In the spirit of the analysis of Example 7.1 for the deterministic case, let
us first determine the best performance the leader would achieve if the follower
were cooperating with him (in the minimization of the leader's expected cost
function). The associated team problem is

where

Here, the cost shows dependence on u2 — ^2(x\) not only directly, but also
through £2 as given by (7.52), which has to be taken into account in the min-
imization. Furthermore, the strategy spaces F1 and F2 are taken as in Exam-
ple 7.1, since the additional knowledge of u2 for PI does not help in further
reducing the minimum team cost J*. Now, this team problem is in fact a stan-
dard LQ stochastic control problem of the type covered by Prop. 5.4, and its
solution can readily be obtained as:

which is the unique minimizing pair in F1 x F2. It is not, however, unique
in the enlarged strategy space for the leader, as (for example) the following
parameterized strategy also constitutes an optimal solution, along with 72 given
above, for every a e R:

This in fact characterizes the complete class of linear (in x%,xi, u2) optimal
strategies, but of course there are also nonlinear ones—all leading to the same
(minimum) expected value for the leader. By a slight generalization of the termi-
nology introduced in Def. 5.11, we will refer to all these "minimum expected cost
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LemmaA.6.2(B-GLemma2[56,94]). Lefk(t), k(t) benonnegativepiecewisecontinuous
functions of time t and let k(t) be differentiable. If the function y(t) satisfies the inequality

then

Lemma A.6.3 (B-G Lemma 3 [56, 94]). Let CQ, c\, C2, a be nonnegative constants and
k ( t ) a nonnegative piecewise continuous function of time. Ify(t) satisfies the inequality

then

A.7 Lyapunov Stability

A.7.1 Definition of Stability

We consider systems described by ordinary differential equations of the form

where x e Hn, f : J x B(r) -+ K, J = [tQ, oo), and B(r) = {x 6 Un\ \x\ < r}. We
assume that / is of such a nature that for every XQ € B(r) and every tQ € [0, oo), (A.26)
possesses one and only one solution x(t; to, XQ).

Definition A.7.1. A state xe is said to be an equilibrium state of the system described by
( A . 2 6 ) i f f ( t , x e ) = OVt>t0.

Definition A.7.2. An equilibrium state xe is called an isolated equilibrium state if there

exists a constant r > 0 such that B(xe, r) ={jc|jc — xe\ < r} c 72." contains no equilibrium
state o/(A.26) other than xe.

Definition A.7.3. The equilibrium state xe is said to be stable (in the sense of Lyapunov) if
for arbitrary IQ and e > Q there exists a 8(e,tQ) such that \XQ — xe\ < 8 implies \x(t; to, XQ) —
Xe\ < £ Vt > tQ.

Definition A.7.4. The equilibrium state xe is said to be uniformly stable (u.s.) if it is stable
and if8(s, to) in Definition A.7.3 does not depend on tQ.
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A.7. Lyapunov Stability 335

Definition A.7.5. The equilibrium state xe is said to be asymptotically stable (a.s.) if(i) it is
stable, and (ii) there exists a S(t0) such that \XQ — xe\ < <5(/o) implies lim^oo \x(t; t0, XQ) —
xe\ = 0.

Definition A.7.6. The set of all XQ e Ttn such that x(t\ to, XQ) —>• xe as t —> oo for some
to > 0 is called the region of attraction of the equilibrium state xe. If condition (ii) of
Definition A.7.5 is satisfied, then the equilibrium state xe is said to be attractive.

Definition A.7.7. The equilibrium state xv is said to be uniformly asymptotically stable
(u.a.s.) if(\) it is uniformly stable, (ii)for every s > 0 and any tQ e [0, oo), there exist a
SQ > 0 independent oftQ and s and a T(e) > 0 independent oftQ such that \x(t; tQ, XQ) — xe \
< s W > tQ + T(s) whenever \XQ — xe\ < SQ.

Definition A.7.8. The equilibrium state xe is exponentially stable (e.s.) if there exists an
a > 0, and for every e > 0 there exists a 8(e) > 0, such that

whenever 

Definition A.7.9. The equilibrium state xe is said to be unstable if it is not stable.

When (A.26) possesses a unique solution for each JCQ e *R!1 and tQ e [0, oo), we need
the following definitions for the global characterization of solutions.

Definition A.7.10. A solution x(t; IQ, XQ) o/(A.26) is bounded if there exists a ft > 0 such
that \x(t; to, XQ)\ < ft V? > tQ, where ft may depend on each solution.

Definition A.7.11. The solutions of(A26) are uniformly bounded (u.b.) if for any a > 0
and to € [0, oo) there exists a /3 = ft (a) independent of tQ such that if \XQ\ < a, then

Definition A.7.12. The solutions of(A.26) are uniformly ultimately bounded (u.u.b.) (with
bound B) if there exists a B > 0 and if corresponding to any a. > 0 and IQ e [0, oo) there
exists a T = T(a) > 0 (independent of to) such that \XQ\ < a implies \x(t; /o»*o)l < B
V? > t0 + T.

Definition A.7.13. The equilibrium point xe of(A.26) is a.s. in the large if it is stable and
every solution of(A.26) tends to xe as t —»• oo (i.e., the region of attraction of xe is all of
nn).

Definition A.7.14. The equilibrium point xe of(A.26) is u.a.s. in the large if(\) it is uniformly
stable, (ii) the solutions of (A.26) are u.b., and (iii)/or any a > 0, any e > 0, and
tQ e [0, oo) there exists T(s, a) > 0 independent oftQ such that if \XQ — xe\ < a, then
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Definition A.7.15. The equilibrium point xe of(A.26) is e.s. in the large if there exists a > 
and for any ft > 0 there exists k(/3) > 0 such that

whenever

Definition A.7.16. Ifx(t; ?o> *o) « « solution ofx = f(t, x), then the trajectory x(t; ?o, *o)
is said to be stable (u.s., a.s., u.a.s., e.s., unstable) if the equilibrium point ze — 0 of the
differential equation

is stable (u.s., a.s., u.a.s., e.s., unstable, respectively).

A.7.2 Lyapunov's Direct Method

The stability properties of the equilibrium state or solution of (A.26) can be studied using the
so-called direct method of Lyapunov (also known as Lyapunov's second method) [193,194].
The objective of this method is to answer questions of stability by using the form of f(t, x)
in (A.26) rather than the explicit knowledge of the solutions. We start with the following
definitions [195].

Definition A.7.17. A continuous function <p : [0, r] -> [0, oo) (or a continuous function
(p : [0, oo] -> [0, oo)) is said to belong to class /C, i.e., <p e /C, if

(ii) <p is strictly increasing on 

Definition A.7.18. A continuous function (p : [0, oo) -»• [0, oo) is said to belong to class

(ii) <p is strictly increasing on 

Definition A.7.19. Two functions (p\, yi G /C defined on [0, r] (or on [0, oo)) are said to be
of the same order of magnitude if there exist positive constants k\, £2 such that k\ <p\ (r\) <
<p2(H) < M>i(n) Vr, € [0, r] (or Vr, e [0, oo)).

Definition A.7.20. A function V(t, x) : [0, oo) x B(r) -> ?e wiV/i V(/, 0) = 0 Vr e [0, oo)
is positive definite if there exists a continuous function (p e fC such that V(t, x) > #>(|jc|)
Vt € [0, oo), x e B(r), and some r > 0. V(t, x) is called negative definite if — V(t, x) is
positive definite.
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A.7. Lyapunov Stability 337

Definition A.7.21. A function 
w said to be positive (negative) semidefinite i f V ( t , jc) > 0 (V(t, x) < 0) W e [0, oo) am/
jc € B(r) for some r > 0.

Definition A.7.22. A function 
w sa/d to be decrescent if there exists (p e )C such that \V(t,x)\ < <p(\x\) Vt > 0 and
Vjc e B(r) for some r > 0.

Definition A.7.23. A function 
smW to b^ radially unbounded if there exists (p e /Cft SMC// ?/za? V(?, jc  

anof? e [0, oo).

It is clear from Definition A.7.23 that \i'V(t, x)is radially unbounded, it is also positive
definite for all x e 72,", but the converse is not true. The reader should be aware that in
some textbooks "positive definite" is used for radially unbounded functions, and "locally
positive definite" is used for our definition of positive definite functions.

Let us assume (without loss of generality) that xe = 0 is an equilibrium point of
(A.26) and define V to be the time derivative of the function V(t, x) along the solution of
(A.26), i.e.,

 is the gradient of V with respect to x. The second method
of Lyapunov is summarized by the following theorem.

Theorem A.7.24. Suppose there exists a positive definite function V(t,x) : [0, oo) x
B(r) -^- 72, for some r > 0 with continuous first-order partial derivatives with respect to x,
t, and V(t, 0) = 0 Vt e [0, oo). Then the following statements are true:

(i) If V < 0, then xe - 0 is stable.

(ii) If V is decrescent and V < 0, then xe = 0 is u.s.

(iii) IfV is decrescent and V < 0, then xe is u.a.s.

(iv) If V is decrescent and there exist (p\,(f2,<P?, e & of the same order of magnitude
such that

Proof. For the proof, the reader is referred to [193,196-199].

In the above theorem, the state x is restricted to be inside the ball B(r) for some
r > 0. Therefore, the results (i) to (iv) of Theorem A.7.24 are referred to as local results.
Statement (iii) is equivalent to the existence of functions (p\, $2, <p?> e /C, where <p\, (f)2, V?3
do not have to be of the same order of magnitude, such that 
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Theorem A.7.25. Assume that (A.26) possesses unique solutions for all XQ e 72". Sup-
pose there exists a positive definite, decrescent, and radially unbounded function V(t,x) :
[0, oo) x 72" —>• [0, oo) with continuous first-order partial derivatives with respect to t, x,
and V(t, 0) — 0 Vf e [0, oo). Tften the following statements are true:

(i) IfV< 0, f/z£rt jce = 0 is u.a.s. in the large.

(ii) If there exist y\, (p2, (fli € /C72 of the same order of magnitude such that

then xe = 0 is e.s. in the large.

Proof. For the proof, the reader is referred to [193, 196-199].

Statement (i) of Theorem A.7.25 is also equivalent to saying that there exist <p\, (p2 € /C
and <£>3 € 1CR. such that

Theorem A.7.26. A55Mme ?/j«f (A.26) /?055g55e5 unique solutions for all XQ e ??.". If there
exists a function V(t,x) defined on \x\ > 72. (where 72 way fee /arge) anJ f e [0, oo) with
continuous first-order partial derivatives with respect to x, t and if there exist (p\,<p2 € /C72
such that

V|jc| > 72 and t € [0, oo), then the solutions of (A.26) are u.b. If, in addition, there exists
(pi e /C defined on [0, oo) awd

then the solutions of (A.26) are u.u.b.

Proof. For the proof, the reader is referred to [193,196-199].

The system (A.26) is referred to as nonautonomous. When the function / in (A.26)
does not depend explicitly on time ?, the system is referred to as autonomous. In this case,
we write

Theorems A.7.24-A.7.26 hold for (A.28) as well because it is a special case of (A.26). In
the case of (A.28), however, V(t, x) = V(x); i.e., V does not depend explicitly on time t,
and all references to "decrescent" and "uniform" could be deleted. This is because V(x) is
always decrescent, and the stability (respectively, a.s.) of the equilibrium xe = 0 of (A.28)
implies u.s. (respectively, u.a.s.).
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A.7. Lyapunov Stability 339

For the system (A.28), we can obtain a stronger result than Theorem A.7.25 for a.s.
as indicated below.

Definition A.7.27. A set £2 in H" is invariant with respect to (A.28) if every solution of
(A.28) starting in £2 remains in £2 Vt.

Theorem A.7.28. Assume that (A.28) possesses unique solutions for all XQ e Kn. Suppose
there exists a positive definite and radially unbounded function V(x) : *R!1 —> [0, oo) with
continuous first-order derivative with respect to x and V(0) = 0. If

(ii) the origin x = 0 is the only invariant subset of the set

then the equilibrium xe = 0 0/(A.28) is a.s. in the large.

Proof. For the proof, the reader is referred to [193,196-199].

Theorems A.7.24-A.7.28 are referred to as Lyapunov-type theorems. The function
V(t,x) or V(jc) that satisfies any Lyapunov-type theorem is referred to as the Lyapunov

function. Lyapunov functions can also be used to predict the instability properties of the
equilibrium state xe. Several instability theorems based on the second method of Lyapunov
are given in [192].

A.7.3 Lyapunov-Like Functions

The choice of an appropriate Lyapunov function and the use of Theorems A.7.24-A.7.26
and A.7.28 to establish stability for a large class of adaptive control schemes may not be
obvious or possible in many cases. However, a function that resembles a Lyapunov function,
but does not possess all the properties needed to apply these theorems, can be used to analyze
the stability properties of certain classes of adaptive systems. We refer to such functions
as the Lyapunov-like functions. The following example illustrates the use of Lyapunov-like
functions.

Example A.7.29 Consider the third-order differential equation

which has the nonisolated equilibrium points in 13? defined by x\ = 0, KI = constant,
jc3 — 0 or jci = 0, KI = 0, *3 — constant. We would like to analyze the stability
properties of the solutions of (A.29) by using an appropriate Lyapunov function and applying
Theorems A.7.24-A.7.26 and A.7.28. If we follow Theorems A.7.24-A.7.26 and A.7.28,
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then we should start with a function V(x\, X2, XT,) that is positive definite in 13?. Instead of
doing so let us consider the simple quadratic function

which is positive semidefinite in 13? and, therefore, does not satisfy the positive definite
condition in 13? of Theorems A.7.24-A.7.26 and A.7.28. The time derivative of V along
the solution of the differential equation (A.29) satisfies

which implies that V is a nonincreasing function of time. Therefore,

and hence V, j t ] , jC2 e £00- Furthermore, V has a limit as f -> oo, i.e., lim^oo V(jci(f),*2(0)
VQO and (A.30) implies that

and

i.e., JCi € LI. Since jci € £2. integrating both sides of (A.29), we see that XT, e COQ and
from JC], X2, XT, e £00 that x\ e £00. Using x\ e £00, x\ e £2 and applying Lemma A.4.7,
we have x\(t) -*• 0 as t -> oo. By using the properties of the positive semidefinite
function V(x\, ^2), we have established that the solution of (A.29) is u.b. and jci (t) -> 0 as
t ->• oo for any finite initial condition JCi(O), JC2(0), JC3(0). Because the approach we follow
resembles the Lyapunov function approach, we are motivated to refer to V(x\, ^2) as the
Lyapunov-like function.

In the above analysis we assumed that (A.29) has a unique solution. For discussion
and analysis on existence and uniqueness of solutions of (A.29) the reader is referred to
[200]. We use Lyapunov-like functions and similar arguments as in the above example to

analyze the stability of a wide class of adaptive schemes considered throughout this book.

A.7.4 Lyapunov's Indirect Method

Under certain conditions, conclusions can be drawn about the stability of the equilibrium of 
nonlinear system by studying the behavior of a certain linear system obtained by linearizing
(A.26) around its equilibrium state. This method is known as theirs/ method of Lyapunov
or as Lyapunov's indirect method and is given as follows [192, 196]: Let xe = 0 be
an equilibrium state of (A.26) and assume that f ( t , x ) is continuously differentiable with
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respect to x for each t > 0. Then, in the neighborhood of xe = 0, / has a Taylor series
expansion written as

where A(t) = V f\x=0 is referred to as the Jacobian matrix of / evaluated at x = 0 and
/i (/, x) represents the remaining terms in the series expansion.

Theorem A.7.30. Assume that A(t) is u.b. and that

Let ze — 0 be the equilibrium of

The following statements are true for the equilibrium xe — 0 of (A31):

(i) lfze=® is u.a.s., then xe = 0 is u.a.s.

(ii) If ze — ^ is unstable, then xe — 0 is unstable.

(iii) If ze = 0 is u.s. or stable, no conclusions can be drawn about the stability ofxe = 0.

Proof. For a proof of Theorem A.7.30, see [192].

A.8 Stability of Linear Systems

Equation (A.31) indicates that certain classes of nonlinear systems may be approximated by
linear ones in the neighborhood of an equilibrium point or, as it is often called in practice, an
operating point. For this reason we are interested in studying the stability of linear systems
of the form

where the elements of A(t) are piecewise continuous V? > to > 0, as a special class of
the nonlinear system (A.26) or as an approximation of the linearized system (A.31). The
solution of (A.32) is given [193] as

W > /o, where <£(/, r0) is the state transition matrix and satisfies the matrix differential
equation

Some additional useful properties of $>(t, to) are
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Necessary and sufficient conditions for the stability of the equilibrium state xe = 0 of
(A.32) are given by the following theorems.

Theorem A.8.1. Let ||O(/, T)|| denote the induced matrix norm of 4>(f, r) at each time
t > T. The equilibrium state xe — 0 o/(A.32) is

(i) stable if and only if the solutions of (A.32) are bounded or, equivalently,

(ii) u.s. if and only if

(iii) a.s. if and only if

(iv) u.a.s. if and only if there exist positive constants a and ft such that

(v) e.s. if and only if it is u.a.s. Moreover, xe is a.s., u.a.s., e.s. in the large if and only if
it is a.s., u.a.s., e.s., respectively.

Proof. The results follow by applying Definitions A.7.3-A.7.15 to the solution of
(A.32).

Theorem A.8.2 (see [191]). Assume that the elements of A(t) are u.b. Vt € [0, oo). The
equilibrium state xe = 0 of the linear system (A.32) is u.a.s. if and only if, given any positive
definite matrix Q(t), which is continuous in t and satisfies

Vt > to and some constants c\, c^ > 0, the scalar function defined by
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exists (i.e., the integral defined by (A.33) is finite for finite values of x and t) and is a
Lyapunov function for (A.32) with

It follows using the properties of <t>(f, fo) that 
satisfies the equation

i.e., the Lyapunov function (A.33) can be rewritten as V(t, x) = XT P(t)x, where P(t) —
PT(t) satisfies (A.34). Hence the following theorem follows as a direct consequence of
Theorem A.8.2.

Theorem A.8.3. A necessary and sufficient condition for the u.a.s. of the equilibrium xe — 0
o/(A.32) is that there exists a symmetric matrix P ( t ) such that

are satisfied Vt > 0 and some constant v > 0, where y\ > 0, 72 > 0 are constants and
C(t) is such that (C(t), A(t)) is a UCO pair.

Combining Theorem A.8.3 with the following lemmas has been found useful in es-
tablishing stability in many adaptive control systems.

Lemma A.8.4 (see [56, 94]). Consider a TV output injection gain K ( t ) e 7£"x/. Assume
that there exist constants v > 0, kv > 0 such that V?o > 0, K ( t } satisfies the inequality

Then(C, A), where A(t) e Knxn, C(t) e 7^'^x/, isaUCOpairifandonlyif(C,A + KCT)
is a UCO pair.

Lemma A.8.5 (see [56,94]). Consider the system

where x\ € Kn], X2, 0 € 'R-"2, A is a stable matrix, (C, A) is observable, and 0 e £QG- If

satisfies
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for some constants a\, ai, T > 0, then (C, A), where

is a f/CO pa//:

When A(r) = A is a constant matrix, the conditions for stability of the equilibrium

are given by the following theorem.

Theorem A.8.6. The equilibrium state xe =0 of (A.35) is stable if and only if

(i) all the eigenvalues of A have nonpositive real parts,

(ii) for each eigenvalue A.,- with Re{^i} — 0, X,- is a simple zero of the minimal polynomial
of A (i.e., of the monic polynomial \lr(k) of least degree such that ^f(A) — 0).

Theorem A.8.7. A necessary and sufficient condition for xe = 0 to be a.s. in the large is
that any one of the following conditions is satisfied:

(i) All the eigenvalues of A have negative real parts.

(ii) For every positive definite matrix Q, the Lyapunov matrix equation AT P+P A — — Q
has a unique solution P that is also positive definite.

(iii) For any given matrix C with (C, A) observable, the equation ATP + PA — —CTC
has a unique solution P that is positive definite.

Proof. The results follow by applying Theorem A.8.1 to (A.35).

It is easy to verify that for the LTI system given by (A.35), if xe = 0 is stable, it is
also u.s. If xe — 0 is a.s., it is also u.a.s. and e.s. in the large. In the rest of the book we
will abuse the notation and call the matrix A in (A.35) stable when the equilibrium xe = 0
is a.s., i.e., when all the eigenvalues of A have negative real parts. We call A marginally
stable when xe = 0 is stable, i.e., A satisfies Theorem A.8.6(i)-(ii).

Theorem A.8.8 (see [56, 94]). Let the elements of A(t) in (A.32) be differentiate and
bounded functions of time and assume that 3t{A./(A(r))} < —as V? > 0 and for i =
1, 2 , . . . , n, where as > 0 is some constant. If any one of the conditions
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is satisfied for some UQ, JJL e [0, oo) and Vt,T > 0, then there exists a /x* > 0 such that if
/.i <E [0, /u,*), the equilibrium state xe o/(A.32) is u.a.s. in the large.

Corollary A.8.9. Let the elements of A(t) in (A.32) be differentiate and bounded functions
of time and assume that ffi{A, (A(?))} < —as Vf > 0 and for i — 1, 2 , . . . , n, where as > 0
is some constant. If \\A\\ e £2, then the equilibrium state xe = 0 o/(A.32) is u.a.s. in
the large.

Theorem A.8.8 states that if the eigenvalues of A(t) for each fixed time t have negative
real parts and if A(t) varies sufficiently slowly most of the time, then the equilibrium state
xe — 0 of (A.32) is u.a.s. Note that we cannot conclude stability by simply considering the
location of the eigenvalues of A(t) at each time t (see Problem 13).

A.9 Positivity and Stability
The concept of positive real (PR) and strictly positive real (SPR) transfer functions plays
an important role in the stability analysis of a large class of nonlinear systems, which also
includes adaptive systems. The definition of PR and SPR transfer functions is derived
from network theory. That is, a PR (SPR) rational transfer function can be realized as
the driving point impedance of a passive (dissipative) network. Conversely, a passive
(dissipative) network has a driving point impedance that is rational and PR (SPR). A passive
network is one that does not generate energy, i.e., a network consisting only of resistors,
capacitors, and inductors. A dissipative network dissipates energy, which implies that it is
made up of resistors, capacitors, and inductors that are connected in parallel with resistors.
In [201,202], the following equivalent definitions have been given for PR transfer functions
by an appeal to network theory.

Definition A.9.1. A rational function G(s) of the complex variable s — a + jco is called

PR if

(i) G(s) is real for real s,

Lemma A.9.2. A rational proper transfer function G(s) is PR if and only if

(i) G(s) is real for real s;

(ii) G(s) is analytic in N[s] > 0, and the poles on the jco-axis are simple and such that
the associated residues are real and positive;

(iii) for all a> 6 Tifor which s = ju) is not a pole ofG(s), one has 

For SPR transfer functions we have the following definition.
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Definition A.9.3 ([201]). Assume that G(s) is not identically zero for all s. Then G(s) is
SPR ifG(s - E) is PR for some e > 0.

The following theorem gives necessary and sufficient conditions in the frequency
domain for a transfer function to be SPR.

Theorem A.9.4 (see [203]). Assume that a rational function G(s) of the complex variable
s = a + jco is real for real s and is not identically zero for all s. Let n* be the relative
degree ofG(s) = Z(s)/R(s) with \n*\ < 1. Then G(s) is SPR if and only if

(i) G(s) is analytic in N[s] > 0;

(iii) (a) when

(b) when

It should be noted that when n* — 0, (i) and (ii) in Theorem A.9.4 are necessary and
sufficient for G(s) to be SPR. This, however, is not true for n* = 1 or — 1. For example,

a, ft > 0, satisfies (i) and (ii) of Theorem A.9.4, but is not SPR because it does not satisfy
(iii)(a). It is, however, PR.

Some useful properties of SPR functions are given by the following corollary.

Corollary A.9.5.

(i) G(s) is PR (SPR) if and only if ̂  is PR (SPR).

(ii) IfG(s) is SPR, then \n*\ < 1, and the zeros and the poles ofG(s) lie in W[s] < 0.

(iii) If\n*\ > 1, then G(s) is not PR.

A necessary condition for G(s) to be PR is that the Nyquist plot of G(jco) lie in the
right half complex plane, which implies that the phase shift in the output of a system with
transfer function G(s) in response to a sinusoidal input is less than 90°.

The relationship between PR, SPR transfer functions and Lyapunov stability of corre-
sponding dynamic systems leads to the development of several stability criteria for feedback
systems with LTI and nonlinear parts. These criteria include the Popov's criterion and its
variations [190]. The vital link between PR, SPR transfer functions or matrices and the
existence of a Lyapunov function for studying stability can be established by using the
following lemmas.

Lemma A.9.6 (Kalman-Yakubovich-Popov (KYP) lemma [186,190]). Given a square
matrix A with all eigenvalues in the closed left half complex plane, a vector B such that
(A, B) is controllable, a vector C, and a scalar d > 0, the transfer function defined by
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is PR if and only if there exist a symmetric positive definite matrix P and a vector q such that

Lemma A.9.7 (Lefschetz-Kalman-Yakubovich (LKY) lemma [203, 204]). Given a
stable matrix A, a vector B such that (A, B) is controllable, a vector C, and a scalar
d > 0, the transfer function defined by

is SPR if and only if for any positive definite matrix L there exist a symmetric positive definite
matrix P, a scalar v > 0, and a vector q such that

The above lemmas are applicable to LTI systems that are controllable. This control-
lability assumption is relaxed by the following lemma [86, 205].

Lemma A.9.8 (Meyer-Kalman-Yakubovich (MKY) lemma). Given a stable matrix A,
vectors B, C, and a scalar d > 0, if

is SPR, then for any given L = L1 > 0 there exist a scalar v > 0, a vector q, and a
P = pT > 0 such that

In many applications of SPR concepts to adaptive systems, the transfer function G(s)
involves stable zero-pole cancellations, which implies that the system associated with the
triple (A, B, C) is uncontrollable or unobservable. In these situations the MKY lemma is
the appropriate lemma to use.

A.10 Optimization Techniques
An important part of every adaptive control scheme is the online estimator or adaptive law
used to provide an estimate of the plant or controller parameters at each time t. Most
of these adaptive laws are derived by minimizing certain cost functions with respect to the
estimated parameters. The type of the cost function and method of minimization determines
the properties of the resulting adaptive law as well as the overall performance of the adaptive
scheme.

In this section we introduce some simple optimization techniques that include the
method of steepest descent, referred to as the gradient method and the gradient projection
method for constrained minimization problems.
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A.10.1 Notation and Mathematical Background

A real-valued function / : Kn -> 7£ is said to be continuously differentiable if the partial
derivatives ^P^,... , ^r^ exist for each jc e 72." and are continuous functions of x. In thisox\ axn

case, we write / G Cl. More generally, we write / e Cm if all partial derivatives of order
m exist and are continuous functions of x. If / e C1, the gradient of / at a point jc e 72."
is defined to be the column vector

If / e C2, the Hessian of / at jc is defined to be the symmetric n x n matrix having
as the ijth element, i.e.,

A subset «S of 72" is said to be convex if for every jc, y € 5 and a e [0, 1] we have
ax + (1 — a)y € S. A function / : 5 -> 7£ is said to be convex over the convex set S if
for every jc, y e S and a e [0, 1] we have

Let / e C1 over an open convex set <S; then / is convex over S if and only if

If / € C2 over 5 and V2/O) > 0 Vjc e 5, then / is convex over 5.
Let us now consider the unconstrained minimization problem

minimize
subject to 

where J : Kn -> 72 is a given function. We say that the vector 0* is a global minimum for
(A.36) if

A necessary and sufficient condition satisfied by the global minimum 9* is given by
the following lemma.

Lemma A.10.1 (see [206, 207]). Assume that J e C] is convex over Kn. Then 9* is a
global minimum for (A.36) if and only if

A vector 9 is called a regular point of the surface
Vg(6) ^ 0. At a regular point 0, the set

is called the tangent plane of g at 6>.

if
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A.10.2 The Method of Steepest Descent (Gradient Method)

This is one of the oldest and most widely known methods for solving the unconstrained
minimization problem (A.36). It is also one of the simplest for which a satisfactory analysi
exists. More sophisticated methods are often motivated by an attempt to modify the basic
steepest descent technique for better convergence properties [206, 208]. The method of
steepest descent proceeds from an initial approximation OQ for the minimum 9* to successive
points 6\, 67, • • • in H" in an iterative manner until some stopping condition is satisfied.
Given the current point Ok, the point Ok+\ is obtained by a linear search in the direction
di;, where

It can be shown [206] that dk is the direction from Ok in which the initial rate o
decrease of J(9) is the greatest. Therefore, the sequence {Ok} is defined by

where OQ is given and Xk, known as the step size or step length, is determined by the linear
search method, so that 9k+\ minimizes J ( 0 ) in the direction dk t'romOk. A simpler expression
for 6k+\ can be obtained by setting Xk = k Vk, i.e.,

In this case, the linear search for Xk is not required, though the choice of the step length X.
is a compromise between accuracy and efficiency. Considering infinitesimally small step
lengths, (A.38) can be converted to the continuous-time differential equation

whose solution 0(t) is the descent path in the time domain starting from t — tQ.
The direction of steepest descent d = — VJ can be scaled by a constant positive

definite matrix F = TT as follows: We let F = F iFf , where FI is an n x n nonsingular
matrix, and consider the vector 0 e K" given by

Then the minimization problem (A.36) is equivalent to

minimize
subject to

If 9* is a minimum of 7, the vector 9* = r\0* is a minimum of J. The steepest descent for
(A.40) is given by

it follows from (A.41) thatBecause
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Setting F = FiFj7, we obtain the scaled version for the steepest descent algorithm

The continuous-time version of (A.42) is given by

The convergence properties of (A.37), (A.38), (A.42) for different step lengths are given in
any standard book on optimization.

A.10.3 Gradient Projection Method

In section A. 10.2, the search for the minimum of the function J(9} given in (A.36) was
carried out for all 0 e 7^". In some cases, 0 is constrained to belong to a certain convex set

in K", where g(-) is a scalar-valued function if there is only one constraint, and a vector-
valued function if there is more than one constraint. In this case, the search for the minimum
is restricted to the convex set defined by (A.44) instead of 72".

Let us first consider the simple case where we have an equality constraint, i.e., th
problem

minimize J(9)
(A.45)

subject to g(0) = 0,

where g(0) is a scalar-valued function. One of the most common techniques for handling
constraints is to use a descent method in which the direction of descent is chosen to reduce
the function J(0) while remaining within the constrained region. Such a method is usually
referred to as the gradient projection method.

We start with a point OQ satisfying the constraint, i.e., g(0o) = 0- To obtain an improved
vector 0i, we project the negative gradient of J at 0o, i.e., — V7(00), onto the tangent plane
M(00) = [0 e nn\VgT(90)9 - 0}, obtaining the direction vector Pr(00). Then 0j is taken
as 0o + A-o Pr(0o), where XQ is chosen to minimize J(9\). The general form of this iteration
is given by

where kk is chosen to minimize J(0k) and Pr(0*) is the new direction vector after projecting
—V7(0fc) onto M(0k). The explicit expression for Pr(0*) can be obtained as follows: The
vector —VJ(9k)can be expressed as a linear combination of the vector Pr(0jt) and the normal
vector N(9k)— Vg(9k)to the tangent plane M(9k)at9k,i.e.,

for some constant a. Because Pr(0^) lies on the tangent plane M(9k), we also have
VgT(0/t) Pr(0*) = 0, which together with (A.47) implies that
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Figure A.2. Projection.

i.e.,

Hence, from (A.47) we obtain

We refer to Pr(0*) as the projected direction onto the tangent plant M(0*). The gradient
projection method is illustrated in Figure A.2.

It is clear from Figure A.2 that when g(0) is not a linear function of 6, the new vector
6k+\ given by (A.46) may not satisfy the constraint, so it must be modified. There are several
successive approximation techniques that can be employed to move 0^+1 from M(Qk) to the
constraint surface g(0) — 0. One special case, which is often encountered in adaptive
control applications, is when 6 is constrained to stay inside a ball with a given center and
radius, i.e., g(0) = (0 — BQ}T(0 — 0o) — M2, where OQ is a fixed constant vector and M >

 s a scalar. In this case, the discrete projection algorithm which guarantees that9

Letting the step length X* become infinitesimally small, we obtain the continuous-time
version of (A.49), i.e.,

Because of the sufficiently small step length, the trajectory 0 ( t ) , if it exists, will satisfy
g(0(f)) = 0 Vf > 0, provided that 0(0) = 00 satisfies g(00) = 0.

The scaled version of the gradient projection method can be obtained by using the
change of coordinates r\B = 0, where Fj is a nonsingular matrix that satisfies F = FjFf
and F is the scaling positive definite constant matrix. Following a similar approach as in
section A. 11, the scaled version of (A.50) is given by

co
nt

ro
len

gin
ee

rs
.ir



352 Appendix

where

The minimization problem (A.45) can now be extended to

minimize J(9)
(A.51)

subject to g(9) < 0,

where S = (9 e nn\g(0} < 0} is a convex subset of Un.
The solution to (A.51) follows directly from that of the unconstrained problem and

(A.45). We start from an initial point OQ e S. If the current point is in the interior of S,

defined as <So ={0 e 7ln\g(9) < 0}, then the unconstrained algorithm is used. If the current
point is on the boundary of S, defined as 8(S) —{0 e K"\g(9) = 0}, and the direction
of search given by the unconstrained algorithm is pointing away from S, then we use the
gradient projection algorithm. If the direction of search is pointing inside <S, then we keep the
unconstrained algorithm. In view of the above, the solution to the constrained optimization
problem (A.51) is given by

where 9(0) e S and F = FT > 0 is the scaling matrix.

A.11 Swapping Lemmas

The following lemmas are useful in establishing stability in most of the adaptive control
schemes presented in this book.

Lemma A. 11.1 (Swapping Lemma 1). Consider two functions 9, co : [0, oo) —> *R,n,
where 9 is differentiable.Let W(s) be a proper stable rational transfer function with a
minimal realization (A, B, C, d), i.e.,

Then

where

Proof. For the proof see [56] or the web resource [94
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Lemma A. 11.2 (Swapping Lemma 2). Consider two differentiable functions 0, a> : [0, oo)
-» Kn. Then

0 w an arbitrary constant.
Furthermore, for (XQ > 8, where 8 > 0 is any given constant, F\ (s, (XQ) satisfies

for a finite constant c e [0, oo) which is independent ofctQ.

Proof. For the proof see [56] or the web resource [94].

The following two swapping lemmas can be used to interchange the sequence of TV
polynomial operators that appear in the proof of indirect adaptive control schemes.

Lemma A.11.3 (Swapping Lemma 3). Consider two arbitrary polynomials

with differentiable TV coefficients, where 

a/M/a/^)^', * ' - ' , . . . , *, I ] 7 . Let

be the algebraic product of A(s, t) and B(s, t). Then for any function f ( t ) such that
C(s, t)f, A(s, t ) ( B ( s , ?)/), B(s, t)(A(s, t ) f ) are well defined we have

where

Dj(s), H(s) are matrices of dimension (i + 2) x (i + 1) and (n + m) x (n + 1 + m + 1),
respectively, defined as
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Proof. For the proof see [56] or the web resource [94]

Lemma A.11.4 (Swapping Lemma 4). Consider the polynomials

with differentiable TV coefficients, where s

be the algebraic product of A(s, t), B(s, t) and A(s, t), B(s, t), respectively, and let f
be any function for which A(s, t) • B(s, t ) f , A(s, t)(B(s, t)f), and B(s, t)(A(s, t)f) are
defined. Then

1 and F(a, b) satisfies \\F(a, b)\\ < c\ \a\ + c^\b\ for some constants c\, ci\

 any Hur-
witz polynomial A.Q(S) of order greater or equal to m, where G(s, f,a,b) isdefinedas

and Wjc, Wjb are strictly proper transfer functions that have the same poles as 

Proof. For the proof see [56] or the web resource [94]

A.12 Discrete-Time Systems

A.I 2.1 Lyapunov Stability Theory

In this section, we discuss the stability of a class of discrete-time systems, described by the
difference equation

where x e "R,n, k e Z+, Z+ is the set of all nonnegative integers, and / : Z+ x B(r) -> 72."
is a single-valued function which is continuous in x. B(r} = (x\x e K", \x\ < r}. Thus,
for every kQ e Z+, x0 e B(r), there exists one and only one solution x(k; k0,xo) that
satisfies (A.52).

max{n,m}û
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Definition A.12.1. A state xe is said to be an equilibrium state o/(A.52) if

Definition A.12.2. An equilibrium state xe is an isolated equilibrium state if there exists a

constant r > 0 (which can be sufficiently small) such tt
contains no equilibrium state o/(A.52) other than xe.
constant r > 0 (which can be sufficiently small) such that B

Definition A.12.3. An equilibrium state xe is said to be stable (in the sense of Lyapunov)
if for any given k$ and s > 0 there exists 8(s, &o) which depends on e and fco such that

Definition A.12.4. An equilibrium state xe is said to be uniformly stable (u.s.) if it is stable
according to Definition A. 12.3 and 8(e, ko) does not depend on ko.

Definition A. 12.5. An equilibrium state xe is said to be asymptotically stable (a.s.) if(i) it is
stable and (ii) there exists a 8 (&o) suchthat \XQ — xe\ < 5(&o) implies limbec \x(k; kQ, XQ) —
Jt , |=0.

Definition A.12.6. The set of all XQ e Jln such that x(k; kQ, XQ) —>• xe as k -> oo for
some ko > 0 is called the region of attraction of the equilibrium state xe. If condition (ii) of
Definition A. 12.5 is satisfied for an equilibrium state xe, then xe is said to be attractive.

Definition A.12.7. The equilibrium state xe is said to be uniformly asymptotically stable
(u.a.s.) if(i) it is u.s. by Definition A. 12.4, (ii)/or every s > 0 and k0 e Z+, there exists a
SQ > 0 which is independent ofkQ and a K(s) > 0 which is independent ofkQ but may be
dependent on e such that \x(k; fco, XQ) — xe\ < e Vk > ko + K(s) whenever \XQ — xe\ < SQ.

Definition A.12.8. An equilibrium state xe is said to be exponentially stable (e.s.) if there
exists an a(0 < a < 1) and for every e > 0 there exists a 8(s) such that

Definition A.12.9. An equilibrium state xe is said to be unstable if it is not stable.

Definition A.12.10. The solutions o/(A.52) are bounded if there exists a ft > 0 such that
\x(k; &o, XQ)\ < j3Vk > ko, where ft may depend on each solution.

Definition A.12.11. The solutions of(A.52) are uniformly bounded (u.b.) if for any a > 0
and ko e Z+ there exists a ft — /3(a) which is independent ofko such that if \XQ\ < a, then

21 Note that 
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Definition A. 12.12. The solutions of(A.52) are uniformly ultimately bounded (u.u.b.) (with
bound B) if there exists a B > 0 and if corresponding to any a. > 0 andxo e 7£" there exists
a K = K(a) > 0 which is independent ofko such that \XQ\ < a implies

Definition A.12.13. An equilibrium state xe of(A.52) is a.s. in the large if it is stable and
every solution of(A.52) tends to xe as k —> oo (i.e., the region of attraction of xe is all
ofK").

Definition A.12.14. An equilibrium state xe of (A.52) is u.a.s. in the large if(i) it is u.s.,
(ii) the solutions of(A.52) are u.b., and (Hi) for any a. > 0, e > 0, andko e Z+ there exists
K(s, a) > 0 (K € Z+) which is dependent on e and a but independent ofko such that if

Definition A.12.15. An equilibrium state xe of (A.52) is e.s. in the large if there exists
a e (0, 1) and for every ft > 0 there exists y (ft) > 0 which is independent ofk such that

Definition A.12.16. Ifx(k; kQ, XQ) is a solution of (A.52), then the trajectory x(k; kQ, XQ
is said to be stable (or unstable, u.s., etc.) if the equilibrium state ze = 0 of the difference
equation

is stable (or unstable, u.s., etc., respectively).

In order to study the stability properties of an equilibrium state using the so-called
Lyapunov direct method (or the second method, as it is referred to in some references), we
need the following definitions about the positive definiteness of a function.

Definition A.12.17. A function V(k, x) : Z+ x B(r) -+ U with V(k, 0) = 0 V* e Z+ and
V(k,x) continuous at x = 0 for any fixed k e Z+ is said to be positive definite if there
exists a continuous function 0 : [0, oo) —>• [0, oo), with the properties (i) 0(0) = 0, (ii) 0
is strictly increasing such that V(k, x) > (j>(\x\) Vfc € Z+, x e B(r), and some r > 0.
V(k, x) is called negative definite if — V(k, x) is positive definite.

Definition A. 12.18. A function V(k,x) : Z+ x B(r) ->• U with V(k, 0) = 0 VA; e Z+ is
said to be positive (negative) semidefinite i f V ( k , x) > 0 (or V(k,x) < 0, respectively)

Definition A.12.19. A function V(k, x) : Z+ x K" ->• K with V(k, 0) = 0, VA: e Z+ is said
to be decrescent if there exists a continuous strictly increasing function (f) : [0, oo) —> [0, oo)
with 0(0) = 0 such that

co
nt

ro
len

gin
ee

rs
.ir



A.12. Discrete-Time Systems 357

Definition A. 12.20. A function V(k, x) : Z+xB(r) -> Uwith V(k, 0) = OV£ e Z+ is said
to be radially unbounded if there exists a continuous function <$> : [0, oo) —> [0, oo) with the
properties (i) 0(0) = 0, (ii) 0 is strictly increasing on [0, oo), and (iii) lim^oo (j)(s) = oo,
such that V(k, x) > 0(|jc|) V* e Un and k e Z+.

When we discuss the stability of an equilibrium state xe of (A.52), we will assume,
without loss of generality, that xe = 0. In fact, if xe 7^ 0 is an equilibrium state of (A.52), it
is trivial to show that the stability properties of xe are equivalent to the stability properties
of the equilibrium state ye — 0 of the system

Let us consider a positive definite function V (k, x) and compute the change of V(k, x)
along the solution of (A.52) as

Then we have the following Lyapunov stability theorem based on the properties of V
and AV.

Theorem A.12.21. Suppose that there exists a positive definite function V(k, x) : Z+ x
B(r} —>• [0, oo) for some r > 0 and V(k, 0) = 0 Vk e Z+. Consider the following
conditions for V(k,x):

(a) A V is negative semidefinite.

(b) V(k, x) is decrescent.

(c) (1) A V is negative definite or

(2) A V is not identically zero along any trajectory other than x = 0.

(d) V(k, x) is radially unbounded.

(e) There exist constants c\, €2, £3 > 0 such that V(k,x) satisfies

Then

(ii) (a), (b) =>• xe — 0 is u.s.;

(iii) (a), (c) =» xe — 0 is a.s.;

(iv) (a), (b), (c) => xe = 0 is u.a.s.;

(v) (a), (c), (d) =^> xe = 0 is a.s. in the large;
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(vi) (a), (b), (c), (d) =>• xe = 0 is u.a.s. in the large;

(vii) (e) => xe = 0 w e.s.;

(viii) (d), (e) => xe = 0 w e.s. m f/ie large.

Proof. For the proof see the web resource [94].

For a linear system given by

where A e 7lnxn is a matrix, the stability of the equilibrium state xe — 0 depends on the
properties of the matrix A(k).

Theorem A.12.22. Consider the linear difference equation given by (A.54). Suppose that
there exists a positive definite symmetric constant matrix P such that

for some matrix sequence (N(k)} and all k. Then the equilibrium state xe = 0 o/(A.54) is
stable in the sense ofLyapunov. If, further, the pair (A(k), N(k)) is uniformly completely
observable (UCO), i.e., there exist constants a, p > 0 and I > 0 such that for all k

where 0>(k+ i,k) = A(k + i - \)A(k + i -2)---A(k + l)A(k) is the transition matrix
o/(A.54), then xe = 0 is e.s. If the condition of UCO on (A(k), N(k)) is replaced by the
UCO condition on (A(k) - K(k)NT, N(k))for any bounded K(k), then xe = 0 is e.s.

Proof. Consider the Lyapunov function V (k) =xT(k)Px(k). From (A. 5 5), we can compute
the change of V along the trajectory of (A.54) as

which implies u.s. Let us consider

Since O(/, j ) is the transition matrix of (A.54), we have
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Therefore, using (A.56), we get

Thus

Since V(Jfc) > 0, VA: we have

Therefore, (A.57) implies that

and V(nl) —> Oasn -> oo. We know that V(^) is a nonincreasing function, V(£) < V(n/)
Vnl <k < (n + I ) / , and hence

This implies that x(k) and V(^) converge to zero exponentially fast as k -> oo.
The last conclusion follows from the fact that the observability property is invariant

to output feedback. Consider the fictitious system

The observability property from the measurement ofw(fc) and y(k) is given completely
by the UCO property of the pair (A(k), N(k)) as defined in Theorem A. 12.22. If we use
output feedback, i.e.,

we get

and the observability from the measurement of v(k) and _y(£) is given completely by the
UCO property of the pair (A(k) — K(k)NT(k), N(k)). Because the output feedback does
not change the observability properties, we conclude that (A(k), N(k)) is UCO if and only
if (A(k) - K(k)NT(k), N(k)) is UCO. Therefore, the condition placed on the observabil-
ity Gramian of (A(k), N(k)) can be replaced by the same condition on the observability

The last inequalifity folows from the fact 
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Gramian of (A(k) - K(k)NT(k), #(*)); i.e., ®(k, j) in (A.56) can be replaced by the
transition matrix 4>(*. 7) of x(k + 1) = (A(k) - K(k)NT(k))x(k).

For an LTI system, i.e., when A is a constant matrix, we have the following theorem.

Theorem A.12.23.

(i) The equilibrium state xe — 0 o/(A.54) is e.s. in the large if and only if |A./(A)| < 1,
i = 1, 2 , . . . , n, where A, (A) is the ith eigenvalue of the matrix A.

(ii) The equilibrium state xe = 0 of system (A.54) is stable if and only if A has no
eigenvalue outside the unit circle and the eigenvalues of A which are on the unit
circle correspond to Jordan blocks of order 1.

(iii) Given any Q — GGT > 0 such that (A, G) is completely observable, the equilibrium
state xe = 0 of the system (A.54) is a.s. if and only if there exists a unique symmetric
positive definite matrix P such that

(iv) Given any Q = QT > 0, the equilibrium state xe — 0 of the system (A.54) is a.s. if
and only if there exists a unique symmetric positive definite matrix P such that (A.58)
is satisfied.

Proof. The proof of Theorem A. 12.23 can be found in any standard book on linear system
theory.

For most control problems, the system is described by the difference equation

where u e 7lm is a function of k e Z+.

Theorem A. 12.24. Consider the system (A.59). Let the following conditions be satisfied:

(b) All controllable modes of(A,B) are inside the unit circle.

(c) The eigenvalues of A on the unit circle have a Jordan block of size 1.

Then

(i) there exist constants k], ki > 0 which are independent ofN such that

and the system is said to be finite gain stable in this case;
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For a discrete-time system, the so-called Lyapunov indirect method, or the first Lya-
punov method, can also be used to study the stability of an equilibrium state of a nonlinear
system by linearizing the system around the equilibrium state.

Let xe = 0 be an isolated equilibrium state of (A.52) and assume that f ( k , x) is
continuously differentiable with respect to x for each k. Then in the neighborhood of
xe = 0, / has a Taylor series expansion which can be written as

where A(k) is the Jacobian matrix of / evaluated at jc = 0 and f\(k,x) represents the
remaining terms in the series expansion. The following theorem gives the condition under
which the stability of the nonlinear system can be concluded from that of its linearized
approximated part.

Theorem A. 12.25. Ifxe = 0 is an a.s. equilibrium state of x(k -(-!) = A ( k ) x ( k ) , then
xe = 0 is an a.s. equilibrium state of (A.52). Ifxe = 0 is an unstable equilibrium state of
x(k + 1) — A ( k ) x ( k ) , it is also an unstable equilibrium state of (A.52).

Proof. The proof of Theorem A. 12.25 can be found in any standard book on nonlinear
control, e.g., [192].

Note that if the equilibrium xe — 0 of x(k + 1) = A(k)x(k) is only stable, no
conclusion can be made about the stability of xe = 0 of (A.52).

A.12.2 Positive Real Functions

The concept of positive real (PR) and strictly positive real (SPR) functions originated from
network theory and plays an important role in the stability analysis of a class of nonlinear
systems which also includes adaptive control systems. The definitions and some useful
properties of PR and SPR functions for continuous-time systems have been discussed in
detail in section A.9. Similar definitions and results can be drawn for discrete-time systems
as well.

In order to define the PR and SPR for a discrete-time system, we need the following
definition for a Hermitian matrix.

Definition A.12.26. A matrix function H(z) of the complex variable z is a Hermitian matrix
(or Hermitian) if

where the asterisk denotes the complex conjugate.

361a 12. Deicreate-Tiime system

(ii) there wst contstat m which are independent of k, n that
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Definition A.12.27. An n x n discrete transfer matrix H(z) whose elements are rational
functions ofz is said to be PR if

(i) all elements of H(z) are analytic outside the unit circle;

(ii) the eventual poles (the poles left after pole-zero cancellation) of any element ofH(z)
on the unit circle \z\ — 1 are simple and the associated residue matrix is a positive
semidefinite Hermitian;

(iii) the matrix

is a positive semidefinite Hermitian for all real values of a) for which z = e*w and
z — e~)l° are not poles of any element ofH(z).

Definition A. 12.28. Annxn discrete transfer matrix H(z) whose elements are real rational
functions ofz is SPR if

(i) all elements ofH(z) are analytic in \z\ > 1;

(ii) the matrix

is a positive definite Hermitian for all real co.

Consider the discrete-time system

The transfer function matrix of the system
is given by

We have the following theorem.

Theorem A.12.29. The following statements are equivalent to each other:

(i) H(z) given by (A.60) is a PR discrete transfer function.

(ii) There exist a symmetric positive definite matrix P, a symmetric positive semidefinite
matrix Q, and matrices S and R of proper dimensions such that

(iii) (discrete-time positive real lemma or Kalman-Szogo-Popov lemma) There exist a
symmetric positive definite matrix P and matrices K, L such that

where
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Theorem A.12.30. The discrete-time transfer matrix H(z) given by (A.60) is SPR if there
exist a symmetric positive definite matrix P, a symmetric positive definite matrix Q, and
matrices K, L such that

Proof. The proofs of Theorems A. 12.29 and A. 12.30 can be found in [209].

It should be noted that the definitions of PR and SPR discrete transfer matrix H ( z ) can
be related to the definitions of the PR and SPR continuous transfer matrix H(s), respectively,
by the transformation s = ^. Therefore, we can study the properties of a PR or SPR
discrete transfer matrix by studying the corresponding continuous transfer function using
the lemmas and theorems given in section A.9.

A.12.3 Stability of Perturbed Systems

In this section, we discuss the stability of a class of linear systems which has a perturbation
term as follows:

In proving the stability properties of such perturbed linear system, we often need the
following B-G lemma.

Lemma A. 12.31 (discrete-time B-G lemma). Let{uk}, {/*}, {h^} be real-valued sequences
defined on Z+. Ifuksatisfiesthe condition

 The following special cases hold:

(i) If for some 

where is set wul to I wheni 

co
nt

ro
len

gin
ee

rs
.ir



364 Appendix

(ii) If for some constant

Proof. The proof can be found in [187].

Lemma A. 12.32. Consider the TV difference equation

or some bounded yo,y\, where yo satisfies

for some positive constants JJL and a$. If the unperturbed part

is e.s., i.e., for some constants 0 < X < 1 am/ ft > 0 the state transition matrix ^(k^, k\)
of (A.62) satisfies

then there exists a it* > 0 such that for ^ e [0, /z*) \ve have (i) x is uniformly bounded and

Proof. For the proof see the web resource [94].

A.12.4 I/O Stability

Similar to the continuous-time case, the discrete-time systems considered in this book can
be described by I/O mappings that assign to each input a corresponding output. In this
section we present some basic definitions and results concerning I/O stability of discrete-
time systems. These definitions and results, which can be thought of as the discrete-time
counterparts of the ones in section A.5, are particularly useful in the stability and robustness
analysis of discrete-time adaptive systems.

We consider an LTI system described by the convolution of two functions u, h :
Z+ —> Tl defined as

whner
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A.12. Discrete-Time Systems 365

where u, y are the input and output or the system, respectively. Let H(z) be the z-transform
of the I/O operator h(-}. //(z) is called the transfer function and h(k) the impulse response
of the system (A.63). The system (A.63) may also be represented in the form

where Y(z), U(z) are the z-transforms of the sequences y(k), u(k), respectively, or as

by treating the complex variable z as the discrete-time shift operator, i.e., zy(k} — y(k + 1).
We say that the system represented by (A.63), (A.64), or (A.65) is tp stable if u e lp

=$• y €. lp and \\y\\p < c\\u\\p for some constant c > 0 and any u e tp (note that the tp

norm \\ • \\p is defined in section A.3). When p = oo, t^ stability is also referred to as
bounded-input bounded-output (BIBO) stability.

For p — 2, in addition to the £2 norm we consider another norm that is used to simplify
the stability and robustness analysis of adaptive systems, the exponentially weighted li norm
defined [ 111 ] as

where 0 < 8 < 1 is a constant and k e Z+. We say that x e €2,5 if II** \\2S exists. We refer to
HOIhs as the t^ norm. Note that, for 8 — 1, as k —>• oo the t^ and £2 become equal, i.e.,

Note also that for any finite step k, the t^ norm satisfies the following properties
similar to the Lib norm:

Let us examine the t^ stability of the LTI system (A.65); i.e., given u e ^2& for
0 < 8 < 1, what can we say about the ip, tif, properties of the output y(k) and its
upper bound?

Lemma A. 12.33. Let H(z) in (A.63) be proper. If H(z) is analytic in |z| > \f& for some
0 < 8 < 1 and u e £2^, then Vk > 0,
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(ii) \y(k)\<\\H(z)\\28\\uk\\2S, where

(iii) furthermore, when H(z) is strictly proper, we have

Proof. Lemma A. 12.33 is a special case of [111, Lemma 2.1].

Corollary A.12.34. Let H(z) in (A.63) be a proper stable transfer function. Ifu e Ii, then
V£ >0,

(iii) furthermore, if H(z) is strictly proper, we have

Proof. The results follow from Lemma A. 12.33 by letting 8 = 1 and taking limits where
necessary.

A.12.5 Swapping Lemmas

The following lemma is useful in establishing stability in classes of discrete-time adaptive
control systems considered in this book.

Lemma A.12.35 (Discrete-Time Swapping Lemma 1). Let 0, u> : Z+ -> Un. LetW(z)be
a proper stable rational scalar transfer function with a minimal realization (A, B, C, d), i.e.,
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Then

Proof. We have

Lemma A.12.36 (Discrete-Time Swapping Lemma 2). Le? 0, w : Z+ —>• Tln. Then

stant. Furthermore, for (XQ > ci(\/5+ 1), where 0 < 5 < 1 and c\ > 1 are any given
constants, F\ (z, «o) satisfies

/or a finite constant c e [0, oo) which is independent O/O.Q.

Proof. For the proof see the web resource [94].

Problems

1. Consider the coprime polynomials a(s) — s + 2 and b(s) = s + 6. Show that the
Bezout identity in Lemma A.2.4 has an infinite number of solutions.

where is an arbitrary con
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2. Consider the feedback system

where C(s) = f^, Z(s) = s, R(s) = (s - I)2. Use Theorem A.2.5 to choose th
degre e and elements of the polynomials p(s), l(s) of the controller transfer functio
C(s) so that the closed-loop characteristic equation is 

3. Find the Sylvester matrix of the polynomials a(s) = s2 + 2s -f 2 and b(s) = 5 — 1
and show that a (s) and b(s) are coprime.

4. (a) Compute the oo-, 2-, and 1-norms of x = [1, 2, —1, 0]r.

(b) Compute the induced oo-, 2-, and 1-norms of A =

(c) In (b), compute ||Afi||i, ||Afl||2, \\AB\\oo and verify the inequality ||A£|| 
||A||PI). Comment.

5. Show that the function f ( t ) = ̂ , t > 0, has the propert

6. Show that the functions /(O = t + 2, g(r) = ̂  satisfy the Schwarz inequality fo

7. According to Lemma A.4.5, a function f ( t ) that is bounded from below and is non-
increasing has a limit as t -> oo. Does this imply that /(?) is bounded from above?
(Hint: Consider 

8. Consider the system

where A is a stable matrix, i.e., all the eigenvalues of A have negative real parts, B
is a constant matrix, and /x is a small constant. Use the B-G lemma to show that for
some /z* and any /u € [0, /u,*], x(t) —>• 0 as f -» oo exponentially fast.

9. Find the equilibrium points of the following differential equations. In each case,
specify whether the equilibrium is isolated or not.

10. Specify the stability properties of the equilibrium xe of the differential equation

11. Consider the system

where c is a constant,

(a) Find the equilibrium points of the system.

But

each
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(b) Use the Lyapunov candidate

to examine the stability properties of the equilibrium points in (a) for c = 0,
c > 0, and c < 0.

12. Consider the system

(a) Find the equilibrium points.

(b) Examine stability of the equilibrium points using 

(c) Repeat (b) with 

13. Consider the system

where

(a) Find the eigenvalues of A(t) at each fixed time /.

(b) Verify that

satisfies the differential equation (A.66).

(c) Comment on your results in (a), (b).

14. Examine whether the following transfer functions are PR or SPR:

15. Use the KYP and LKY lemmas to check whether the system

is PR or SPR.
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16. Consider the discrete-time system

where y, S are some nonzero constants.

(a) Find the equilibrium state of the system.

(b) Use a Lyapunov function to analyze stability and specify y, S for different types
of stability.

17. Consider the LTI system

(a) Find the value of X for stability.

(b) Repeat (a) by using the Lyapunov equation AT PA — P = Q when Q is positive
semidefinite and when it is positive definite. (Hint: Use Theorem A. 12.23.) In
each case specify the numerical values of P, Q.

18. Examine whether the following transfer functions are PR or SPR:

19. Use the discrete-time B-G lemma to find a bound for the norm of the matrix B(k) so
that the equilibrium of the system is e.s.,

assuming that the zero equilibrium of the system

is e.s., i.e., its state transition matrix <&(k, /CQ) satisfies where

co
nt

ro
len

gin
ee

rs
.ir



Bibliography

[1] J. A. ASELTINE, A. R. MANCINI, AND C. W. SARTUNE, A survey of adaptive control
systems, IEEE Trans. Automat. Control, 3 (1958), pp. 102-108.

[2] W. I. CALDWELL, Control System with Automatic Response Adjustment, U. S. patent
2,517,081, 1950 (filed April 25, 1947).

[3] D. McRuER, I. ASHKENAS, AND D. GRAHAM, Aircraft Dynamics and Automatic
Control, Princeton University Press, Princeton, NJ, 1973.

[4] G. KREISSELMEIER, An indirect adaptive controller with a self-excitation capability,
IEEE Trans. Automat. Control, 34 (1989), pp. 524-528.

[5] K. S. TSAKALIS AND P. A. loANNOU, Linear Time Varying Systems: Control and
Adaptation, Prentice-Hall, Englewood Cliffs, NJ, 1993.

[6] G. STEIN, Adaptive flight control: A pragmatic view, in Applications of Adaptive
Control, K. S. Narendra and R. V. Monopoli, eds., Academic Press, New York, 1980.

[7] N. ANDREIEV, A process controller that adapts to signal and process conditions,
Control Eng., 38 (1977), pp. 38-40.

[8] B. MARTENSSON, The order of any stabilizing regulator is sufficient a prior informa-
tion for adaptive stabilization, Systems Control Lett., 6 (1985), pp. 87-91.

[9] M. Fu AND B. R. BARMISH, Adaptive stabilization of linear systems via switching
control, IEEE Trans. Automat. Control, 31 (1986), pp. 1097-1103.

[10] D. E. MILLER AND E. J. DAVISON, An adaptive controller which provides an arbi-
trarily good transient and steady-state response, IEEE Trans. Automat. Control, 36
(1991), pp. 68-81.

[11] B. ANDERSON, T. BRINSMEAD, D. LIBERZON, AND A. S. MORSE, Multiple model
adaptive control with safe switching, Internal. J. Adapt. Control Signal Process., 15
(2001), pp. 445^170.

[12] S. FUJI, J. P. HESPANHA, AND A. S. MORSE, Supervisory control of families of noise
suppressing controllers, in Proceedings of the 37th IEEE Conference on Decision
and Control, Vol. 2, IEEE Press, New York, 1998, pp. 1641-1646.

371

co
nt

ro
len

gin
ee

rs
.ir



372 Bibliography

[13] J. P. HESPANHA AND A. S. MORSE, Stability of switched systems with average dwell-
time, in Proceedings of the 38th IEEE Conference on Decision and Control, Vol. 3,
IEEE Press, New York, 1999, pp. 2655-2660.

[14] J. P. HESPANHA, D. LIBERZON, AND A. S. MORSE, Towards the supervisory control
of uncertain nonholonomic systems, in Proceedings of the American Control Confer-
ence, San Diego, CA, 1999, pp. 3520-3524.

[15] J. P. HESPANHA, D. LIBERZON, AND A. S. MORSE, Bounds on the number of switchings
with scale-independent hysteresis: Applications to supervisory control, in Proceed-
ings of the 39th IEEE Conference on Decision and Control, Vol. 4, IEEE Press, New
York, 2000, pp. 3622-3627.

[16] J. P. HESPANHA AND A. S. MORSE, Switching between stabilizing controllers, Auto-
matica, 38 (2002), pp. 1905-1917.

[17] J. P. HESPANHA, D. LIBERZON, AND A. S. MORSE, Hysteresis-based switching algo-
rithms for supervisory control of uncertain systems, Automatica, 39 (2003), pp. 263-
272.

[18] J. P. HESPANHA, D. LIBERZON, AND A. S. MORSE, Overcoming the limitations of
adaptive control by means of logic-based switching, Systems Control Lett., 49 (2003),
pp. 49-65.

[19] A. S. MORSE, Supervisory control of families of linear set-point controllers—Part 1:
Exact matching, IEEE Trans. Automat. Control, 41 (1996), pp. 1413-1431.

[20] A. S. MORSE, Supervisory control of families of linear set-point controllers—Part 2:
Robustness, IEEE Trans. Automat. Control, 42 (1997), pp. 1500-1515.

[21] F. M. PAIT AND A. S. MORSE, A cyclic switching strategy for parameter-adaptive
control, IEEE Trans. Automat. Control, 39 (1994), pp. 1172-1183.

[22] A. PAUL AND M. G. SAFONOV, Model reference adaptive control using multiple
controllers and switching, in Proceedings of the 42nd IEEE Conference on Decision
and Control, Vol. 4, IEEE Press, New York, 2003, pp. 3256-3261.

[23] R. WANG AND M. G. SAFONOV, Stability of unfalsified adaptive control using multiple
controllers, in Proceedings of the American Control Conference, 2005, pp. 3162-
3167.

[24] K. S. NARENDRA AND J. BALAKRISHNAN, Improving transient response of adaptive
control systems using multiple models and switching, IEEE Trans. Automat. Control,
39 (1994), pp. 1861-1866.

[25] K. S. NARENDRA, J. BALAKRISHNAN, AND M. K. CILIZ, Adaptation and learning
using multiple models, switching, and tuning, IEEE Control Systems Magazine, 15
(1995), pp. 37-51.

[26] K. S. NARENDRA AND J. BALAKRISHNAN, Adaptive control using multiple model
IEEE Trans. Automat. Control, 42 (1997), pp. 171-187.

co
nt

ro
len

gin
ee

rs
.ir



Bibliography 373

[27] B. D. O. ANDERSON, T. S. BRINSMEAD, F. DE BRUYNE, J. HESPANHA, D. LIBER-
ZON, AND A. S. MORSE, Multiple model adaptive control, Part 1: Finite controller
coverings, Internal. J. Robust Nonlinear Control, 10 (2000), pp. 909-929.

[28] J. P. HESPANHA, D. LIBERZON, A. S. MORSE, B. D. O. ANDERSON, T. S. BRINSMEAD,
AND F. DE BRUYNE, Multiple model adaptive control, Part 2: Switching, Internal. J.
Robust Nonlinear Control, 11 (2001), pp. 479^96.

[29] M. ATHANS, S. FEKRI, AND A. PASCOAL, Issues on robust adaptive feedback control,
in Proceedings of the 16th IFAC World Congress, Prague, 2005.

[30] H. P. WHITAKER, J. YAMRON, AND A. KEZER, Design of Model Reference Adap-
tive Control Systems for Aircraft, Report R-164, Instrumentation Laboratory, MIT,
Cambridge, MA, 1958.

[31] P. V. OSBURN, A. P. WHITAKER, AND A. KEZER, New Developments in the Design of
Model Reference Adaptive Control Systems, Paper 61-39, Institute of the Aerospace
Sciences, Easton, PA, 1961.

[32] R. E. KALMAN, Design of a self optimizing control system, Trans. ASME, 80 (1958),
pp. 468-478.

[33] K. J. ASTROM, Theory and applications of adaptive control: A survey, Automatica,
19 (1983), pp. 471-486.

[34] L. W. TAYLOR AND E. J. ADKINS, Adaptive control and the X-15, in Proceedings of the
Princeton University Conference on Aircraft Flying Qualities, Princeton University
Press, Princeton, NJ, 1965.

[35] R. E. BELLMAN, Dynamic Programming, Princeton University Press, Princeton, NJ,
1957.

[36] R. E. BELLMAN, Adaptive Control Processes: A Guided Tour, Princeton University
Press, Princeton, NJ, 1961.

[37] A. A. FELDBAUM, Optimal Control Systems, Academic Press, New York, 1965.

[38] K. J. ASTROM AND P. EYKHOF, System identification: A survey, Automatica, 7 (1971),
pp. 123-162.

[39] Y. Z. TSYPKIN , Adaptation and Learning in Automatic Systems, Academic Press, New
York, 1971.

[40] P. C. PARKS, Lyapunov redesign of model reference adaptive control systems, IEEE
Trans. Automat. Control, 11 (1966), pp. 362-367.

[41] B. EGARDT, Stability of Adaptive Controllers, Lecture Notes in Control and Inform.
Sci. 20, Springer-Verlag, New York, 1979.

[42] A. S. MORSE, Global stability of parameter adaptive control systems, IEEE Trans.
Automat. Control, 25 (1980), pp. 433-439.

co
nt

ro
len

gin
ee

rs
.ir



374 Bibliography

[43] K. S. NARENDRA, Y. H. LIN, AND L. S. VALAVANI, Stable adaptive controller design
Part II: Proof of stability, IEEE Trans. Automat. Control, 25 (1980), pp. 440-448.

[44] G. C. GOODWIN, P. J. RAMADGE, AND P. E. CAINES, Discrete-time multi-variable
adaptive control, IEEE Trans. Automat. Control, 25 (1980), pp. 449-456.

[45] I. D. LANDAU, Adaptive Control: The Model Reference Approach, Marcel Dekker,
New York, 1979.

[46] G. C. GOODWIN AND K. S. SIN, Adaptive Filtering Prediction and Control, Prentice-
Hall, Englewood Cliffs, NJ, 1984.

[47] C. J. HARRIS AND S. A. BILLINGS, EDS., Self-Tuning and Adaptive Control: Theory
and Applications, Peter Peregrinus, London, 1981.

[48] K. S. NARENDRA AND R. V. MONOPOLI, EDS., Applications of Adaptive Control,
Academic Press, New York, 1980.

[49] H. UNBEHAUEN, ED., Methods and Applications in Adaptive Control, Springer-
Verlag, Berlin, 1980.

[50] P. A. IOANNOU AND P. V. KoKOTOVic, Adaptive Systems with Reduced Models, Lec-
ture Notes in Control and Inform. Sci. 47, Springer-Verlag, New York, 1983.

[51] P. A. IOANNOU AND P. V. KOKOTOVIC, Instability analysis and improvement of ro-
bustness of adaptive control, Automatica, 20 (1984), pp. 583-594.

[52] C. E. ROHRS, L. VALAVANI, M. ATHANS, AND G. STEIN, Robustness of continuous-
time adaptive control algorithms in the presence of unmodeled dynamics, IEEE Trans.
Automat. Control, 30 (1985), pp. 881-889.

[53] P. A. IOANNOU AND J. SUN, Theory and design of robust direct and indirect adaptiv
control schemes, Internal. J. Control, 47 (1988), pp. 775-813.

[54] P. A. IOANNOU AND A. DATTA, Robust adaptive control: Design, analysis and robust-
ness bounds, in Grainger Lectures: Foundations of Adaptive Control, P. V. Kokotovic,
ed., Springer-Verlag, New York, 1991.

[55] P. A. IOANNOU AND A. DATTA, Robust adaptive control: A unified approach,
Proc. IEEE, 79 (1991), pp. 1736-1768.

[56] P. A. IOANNOU AND J. SUN, Robust Adaptive Control, Prentice-Hall, Englewood
Cliffs, NJ, 1996; also available online from http://www-rcf.usc.edu/~ioannou/
Robust_Adaptive_Control.htm.

[57] L. PRALY, Robust model reference adaptive controllers, Part I: Stability analysis, in
Proceedings of the 23rd IEEE Conference on Decision and Control, IEEE Press, New
York, 1984.

co
nt

ro
len

gin
ee

rs
.ir

http://www-rcf.usc.edu/~ioannou/Robust_Adaptive_Control.htm
http://www-rcf.usc.edu/~ioannou/Robust_Adaptive_Control.htm


Bibliography 375

[58] L. PRALY, S. T. HUNG, AND D. S. RHODE, Towards a direct adaptive scheme for a
discrete-time control of a minimum phase continuous-time system, in Proceedings of
the 24th IEEE Conference on Decision and Control, Ft. Lauderdale, FL, IEEE Press,
New York, 1985, pp. 1188-1191.

[59] P. A. IOANNOU AND K. S. TSAK ALIS, A robust direct adaptive controller, IEEE Trans.
Automat. Control, 31 (1986), pp. 1033-1043.

[60] K. S. TSAKALIS AND P. A. IOANNOU, Adaptive control of linear time-varying plants,
Automatica, 23 (1987), pp. 459^68.

[61] K. S. TSAKALIS AND P. A. IOANNOU, Adaptive control of linear time-varying plants: A
new model reference controller structure, IEEE Trans. Automat. Control, 34 (1989),
pp. 1038-1046.

[62] K. S. TSAKALIS AND P. A. IOANNOU, A new indirect adaptive control scheme for
time-varying plants, IEEE Trans. Automat. Control, 35 (1990), pp. 697-705.

[63] K. S. TSAKALIS AND P. A. IOANNOU, Adaptive control of linear time-varying plants:
The case of "jump"parameter variations, Internal. J. Control, 56 (1992), pp. 1299-
1345.

[64] I. KANELLAKOPOULOS, P. V. KOKOTOVIC, AND A. S. MORSE, Systematic design of
adaptive controllers for feedback linearizable systems, IEEE Trans. Automat. Con-
trol, 36 (1991), pp. 1241-1253.

[65] I. KANELLAKOPOULOS, Adaptive Control of Nonlinear Systems, Ph.D. thesis, Re-
port UIUC-ENG-91-2244, DC-134, Coordinated Science Laboratory, University of
Illinois at Urbana-Champaign, Urbana, IL, 1991.

[66] M. KRSTIC, I. KANELLAKOPOULOS, AND P. KOKOTOVIC, Nonlinear and Adaptive
Control Design, Wiley, New York, 1995.

[67] M. KRSTIC, I. KANELLAKOPOULOS, AND P. V. KOKOTOVIC, A new generation of adap-
tive controllers for linear systems, in Proceedings of the 31st IEEE Conference on
Decision and Control, Tucson, AZ, IEEE Press, New York, 1992.

[68] M. KRSTIC, P. V. KOKOTOVIC, AND I. KANELLAKOPOULOS, Transient performance
improvement with a new class of adaptive controllers, Systems Control Lett., 21
(1993), pp. 451-461.

[69] M. KRSTIC AND P. V. KOKOTOVIC, Adaptive nonlinear design with controller-identifier
separation and swapping, IEEE Trans. Automat. Control, 40 (1995), pp. 426-441.

[70] A. DATTA AND P. A. IOANNOU, Performance improvement versus robust stability in
model reference adaptive control, in Proceedings of the 30th IEEE Conference on
Decision and Control, IEEE Press, New York, 1991, pp. 1082-1087.

[71] J. SUN, A modified model reference adaptive control scheme for improved transient
performance, IEEE Trans. Automat. Control, 38 (1993), pp. 1255-1259.

co
nt

ro
len

gin
ee

rs
.ir



376 Bibliography

[72] Y. ZHANG, B. FIDAN, AND P. A. IOANNOU, Backstepping control of linear time-vary-
ing systems with known and unknown parameters, IEEE Trans. Automat. Control, 48
(2003), pp. 1908-1925.

[73] B. FIDAN, Y. ZHANG, AND P. A. IOANNOU, Adaptive control of a class of slowly
time-varying systems with modeling uncertainties, IEEE Trans. Automat. Control,
50 (2005), pp. 915-920.

[74] A. L. FRADKOV, Continuous-time model reference adaptive systems: An east-west
review, in Proceedings of the IFAC Symposium on Adaptive Control and Signal
Processing, Grenoble, France, 1992.

[75] R. ORTEGA AND T. Yu, Robustness of adaptive controllers: A survey, Automatica,
25 (1989), pp. 651-678.

[76] B. D. O. ANDERSON, R. R. BITMEAD, C. R. JOHNSON, P. V. KOKOTOVIC, R. L. KOSUT,
I. MAREELS, L. PRALY, AND B. RIEDLE, Stability of Adaptive Systems, MIT Press,
Cambridge, MA, 1986.

[77] K. J. ASTROM AND B. WITTENMARK, Adaptive Control, Addison-Wesley, Reading,
MA, 1989.

[78] R. R. BITMEAD, M. GEVERS, AND V. WERTZ, Adaptive Optimal Control, Prentice-
Hall, Englewood Cliffs, NJ, 1990.

[79] V. V. CHALAM, Adaptive Control Systems: Techniques and Applications, Marcel
Dekker, New York, 1987.

[80] A. L. FRADKOV, Adaptive Control in Large Scale Systems, Nauka, Moscow, 1990 (in
Russian).

[81] P. J. GAWTHROP, Continuous-Time Self-Tuning Control: Volume I: Design, Research
Studies Press, New York, 1987.

[82] M. M. GUPTA, ED., Adaptive Methods for Control System Design, IEEE Press, Pis-
cataway, NJ, 1986.

[83] C. R. JOHNSON, JR., Lectures on Adaptive Parameter Estimation, Prentice-Hall,
Englewood Cliffs, NJ, 1988.

[84] P. V. KOKOTOVIC, ED., Foundations of Adaptive Control, Springer-Verlag, New York,
1991.

[85] K. S. NARENDRA, ED., Adaptive and Learning Systems: Theory and Applications,
Plenum Press, New York, 1986.

[86] K. S. NARENDRA AND A. M. ANNASWAMY, Stable Adaptive Systems, Prentice-Hall,
Englewood Cliffs, NJ, 1989.

[87] S. SASTRY AND M. BODSON, Adaptive Control: Stability, Convergence and Robust-
ness, Prentice-Hall, Englewood Cliffs, NJ, 1989.

co
nt

ro
len

gin
ee

rs
.ir



Bibliography 377

[88] I. LANDAU, R. LOZANO, AND M. M'SAAD, Adaptive Control, Springer-Verlag, New
York, 1997.

[89] G. TAG AND P. V. KOKOTOVIC, Adaptive Control of Systems with Actuator and Sensor
Nonlinear ities, Wiley, New York, 1996.

[90] G. TAG AND F. LEWIS, EDS., Adaptive Control of Nonsmooth Dynamic Systems,
Springer-Verlag, New York, 2001.

[91] G. TAG, Adaptive Control Design and Analysis, Wiley, New York, 2003.

[92] G. TAG, S. CHEN, X. TANG, AND S. M. JOSHI, Adaptive Control of Systems with
Actuator Failures, Springer-Verlag, New York, 2004.

[93] A. DATTA, Adaptive Internal Model Control, Springer-Verlag, New York, 1998.

[94] http://www.siam.org/books/dc 11.

[95] J. S. YUAN AND W. M. WONHAM, Probing signals for model reference identification,
IEEE Trans. Automat. Control, 22 (1977), pp. 530-538.

[96] P. A. IOANNOU, E. B. KOSMATOPOULOS, AND A. DESPAIR Position error signal
estimation at high sampling rates using data and servo sector measurements, IEEE
Trans. Control Systems Tech., 11 (2003), pp. 325-334.

[97] P. EYKHOFF, System Identification: Parameter and State Estimation, Wiley, New
York, 1974.

[98] L. Ljung and T. Soderstrom, Theory and Practice of Recursive Identification, MIT
Press, Cambridge, MA, 1983.

[99] I. M. Y. MAREELS AND R. R. BITMEAD, Nonlinear dynamics in adaptive control:
Chaotic and periodic stabilization, Automatica, 22 (1986), pp. 641-655.

[100] A. S. MORSE, An adaptive control for globally stabilizing linear systems with unknown
high-frequency gains, in Proceedings of the 6th International Conference on Analysis
and Optimization of Systems, Nice, France, 1984.

[101] A. S. MORSE, A model reference controller for the adaptive stabilization of any
strictly proper, minimum phase linear system with relative degree not exceeding two,
in Proceedings of the 1985 MTNS Conference, Stockholm, 1985.

[102] D. R. MUDGETT AND A. S. MORSE, Adaptive stabilization of linear systems with
unknown high-frequency gains, IEEE Trans. Automat. Control, 30 (1985), pp. 549-
554.

[103] R. D. NUSSBAUM, Some remarks on a conjecture in parameter adaptive-control,
Systems Control Lett., 3 (1983), pp. 243-246.

[104] J. C. WILLEMS AND C. I. BYRNES, Global adaptive stabilization in the absence of
information on the sign of the high frequency gain, in Proceedings of the INRIA
Conference on Analysis and Optimization of Systems, Vol. 62, 1984, pp. 49-57.

co
nt

ro
len

gin
ee

rs
.ir

http://www.siam.org/books/dc11


378 Bibliography

[105] B. D. O. ANDERSON, Adaptive systems, lack of persistency of excitation and bursting
phenomena, Automatica, 21 (1985), pp. 247-258.

[106] P. A. IOANNOU AND G. TAG, Dominant richness and improvement of performance of
robust adaptive control, Automatica, 25 (1989), pp. 287-291.

[107] K. S. NARENDRA AND A. M. ANNASWAMY, Robust adaptive control in the presence
of bounded disturbances, IEEE Trans. Automat. Control, 31 (1986), pp. 306-315.

[108] G. KREISSELMEIER, Adaptive observers with exponential rate of convergence, IEEE
Trans. Automat. Control, 22 (1977), pp. 2-8.

[109] G. LUDERS AND K. S. NARENDRA, An adaptive observer and identifier for a linear
system, IEEE Trans. Automat. Control, 18 (1973), pp. 496^99.

[110] G. LUDERS AND K. S. NARENDRA, A new canonical form for an adaptive observer,
IEEE Trans. Automat. Control, 19 (1974), pp. 117-119.

[ I l l ] A. DATTA, Robustness of discrete-time adaptive controllers: An input-output ap-
proach, IEEE Trans. Automat. Control, 38 (1993), pp. 1852-1857.

[112] L. PR ALY, Global stability of a direct adaptive control scheme with respect to a graph
topology, in Adaptive and Learning Systems: Theory and Applications, K. S. Naren-
dra, ed., Plenum Press, New York, 1985.

[113] P. A. IOANNOU AND K. S. TSAKALIS, Robust discrete-time adaptive control, in Adap-
tive and Learning Systems: Theory and Applications, K. S. Narendra, ed., Plenum
Press, New York, 1985.

[114] K. S. TSAKALIS, Robustness of model reference adaptive controllers: An input-output
approach, IEEE Trans. Automat. Control, 37 (1992), pp. 556-565.

[115] K. S. TSAKALIS AND S. LIMANOND, Asymptotic performance guarantees in adaptive
control, Internal. J. Adapt. Control Signal Process., 8 (1994), pp. 173-199.

[116] L. Hsu AND R. R. COSTA, Bursting phenomena in continuous-time adaptive systems
with a a-modification, IEEE Trans. Automat. Control, 32 (1987), pp. 84-86.

[117] B. E. YDSTIE, Stability of discrete model reference adaptive control—revisited, Sys-
tems Control Lett., 13 (1989), pp. 1429-1438.

[118] P. A. IOANNOU AND Z. Xu, Throttle and brake control systems for automatic vehicle
following, IVHS J., 1 (1994), pp. 345-377.

[119] H. ELLIOTT, R. CRISTI, AND M. DAS, Global stability of adaptive pole placement
algorithms, IEEE Trans. Automat. Control, 30 (1985), pp. 348-356.

[120] T. KAILATH, Linear Systems, Prentice-Hall, Englewood Cliffs, NJ, 1980.

[121] G. KREISSELMEIER, An approach to stable indirect adaptive control, Automatica, 21
(1985), pp. 425-431.

co
nt

ro
len

gin
ee

rs
.ir



Bibliography 379

[122] G. KREISSELMEIER, A robust indirect adaptive control approach, Internal. J. Control,
43(1986), pp. 161-175.

[123] R. H. MIDDLETON, G. C. GOODWIN, D. J. HILL, AND D. Q. MAYNE, Design issues in
adaptive control, IEEE Trans. Automat. Control, 33 (1988), pp. 50-58.

[ 124] P. DE LARMINAT, On the stabilizability condition in indirect adaptive control, Auto-
matica, 20 (1984), pp. 793-795.

[ 125] E. W. BAI AND S. SASTRY, Global stability proofs for continuous-time indirect adap-
tive control schemes, IEEE Trans. Automat. Control, 32 (1987), pp. 537-543.

[126] G. KREISSELMEIER AND G. RIETZE-AUGST, Richness and excitation on an interval—
with application to continuous-time adaptive control, IEEE Trans. Automat. Control,
35(1990), pp. 165-171.

[127] A. S. MORSE AND F. M. PAIT, MIMO design models and internal regulators for
cyclicly-switched parameter-adaptive control systems, IEEE Trans. Automat. Con-
trol, 39 (1994), pp. 1809-1818.

[128] R. WANG, M. STEFANOVIC, AND M. SAFONOV, Unfalsifled direct adaptive control
using multiple controllers, in Proceedings of the AIAA Guidance, Navigation, and
Control Exhibit, Vol. 2, Providence, RI, 2004.

[129] F. GIRI, F. AHMED-ZAID, AND P. A. IOANNOU, Stable indirect adaptive control of
continuous-time systems with no apriori knowledge about the parameters, IEEE
Trans. Automat. Control, 38 (1993), pp. 766-770.

[ 130] B. D. O. ANDERSON AND R. M. JOHNSTONE, Global adaptive pole positioning, IEEE
Trans. Automat. Control, 30 (1985), pp. 11-22.

[131] R. CRISTI, Internal persistency of excitation in indirect adaptive control, IEEE Trans.
Automat Control 39(1987^ nn 1101-1103

' l s J

Automat. Control, 32 (1987), pp. 1101-1103.

[132] F. GIRI, J. M. DION, M. M'SAAD, AND L. DUGARD, A globally convergent pole
placement indirect adaptive controller, IEEE Trans. Automat. Control, 34 (1989),
pp. 353-356.

[133] F. GIRI, J. M. DION, L. DUGARD, AND M. M'SAAD, Parameter estimation aspects in
adaptive control, Automatica, 27 (1991), pp. 399-402.

[134] R. LOZANO-LEAL, Robust adaptive regulation without persistent excitation, IEEE
Trans. Automat. Control, 34 (1989), pp. 1260-1267.

[ 135] R. LOZANO-LEAL AND G. C. GOODWIN, A globally convergent adaptive pole place-
ment algorithm without a persistency of excitation requirement, IEEE Trans. Au-
tomat. Control, 30 (1985), pp. 795-797.

[136] J. W. POLDERMAN, Adaptive Control and Identification: Conflict or Conflux?, Ph.D.
thesis, Rijksuniversiteit, Groningen, The Netherlands, 1987.

co
nt

ro
len

gin
ee

rs
.ir



380 Bibliography

[137] J. W. POLDERMAN, A state space approach to the problem of adaptive pole placement,
Math. Control Signals Systems, 2 (1989), pp. 71-94.

[138] B. L. STEVENS AND F. L. LEWIS, Aircraft Control and Simulation, Wiley, New York,
1992.

[139] L. T. NGUYEN, M. E. OGBURN, W. P. GILBERT, K. S. KIBLER, P. W. BROWN, AND
P. L. DEAL, Simulator Study of Stall/Post-Stall Characteristics of a Fighter Airplane
with Relaxed Longitudinal Static Stability, Technical Paper 1538, NASA, Washing-
ton, DC, 1979.

[140] A. AJAMI, N. HOVAKIMYAN, AND E. LAVRETSKY, Design examples: Adaptive track-
ing control in the presence of input constraints for a fighter aircraft and a generic
missile, AIAA Guidance, Navigation, and Control Conference, AIAA 2005-6444,
San Francisco, 2005.

[141] K. WISE, E. LAVRETSKY, AND N. HOVAKIMYAN, A daptive control of flight: Theory, ap-
plications, and open problems, in Proceedings of the American Control Conference,
2006, pp. 5966-5971.

[142] S. FERRARI AND R. F. STENGEL, Online adaptive critical flight control, AIAA J.
Guidance Control Dynam., 27 (2004), pp. 777-786.

[143] K. S. NARENDRA AND Y. H. LIN, Stable discrete adaptive control, IEEE Trans. Au-
tomat. Control, 25 (1980), pp. 456-461.

[144] R. ORTEGA, L. PRALY, AND I. D. LANDAU, Robustness of discrete-time direct adaptive
controllers, IEEE Trans. Automat. Control, 30 (1985), pp. 1179-1187.

[145] S. LIMANOND AND K. S. TSAKALIS, Model reference adaptive andnonadaptive control
of linear time-varying plants, IEEE Trans. Automat. Control, 45 (2000), pp. 1290-
1300.

[146] P. V. KOKOTOVIC AND M. ARCAK, Constructive nonlinear control: A historical per-
spective, Automatica, 37 (2001), pp. 637-662.

[147] S. SASTRY, Nonlinear Systems: Analysis, Stability, and Control, Springer-Verlag,
New York, 1999.

[148] H. K. KHALIL, Nonlinear Systems, 2nd ed., Prentice-Hall, Upper Saddle River, NJ,
1996.

[149] A. ISIDORI, Nonlinear Control Systems, Springer-Verlag, Berlin, 1989.

[150] H. NIJMEIJER AND A. VAN DER SCHAFT, Nonlinear Dynamical Control Systems,
Springer-Verlag, Berlin, 1990.

[151] B. KOSKO, Neural Networks and Fuzzy Systems: A Dynamical Systems Approach to
Machine Intelligence, Prentice-Hall, Englewood Cliffs, NJ, 1991.

co
nt

ro
len

gin
ee

rs
.ir



Bibliography 381

[152] G. BEKEY AND K. GOLDBERG, EDS., Neural Networks in Robotics, Kluwer Academic
Publishers, Dordrecht, The Netherlands, 1992.

[153] P. ANTSAKLIS AND K. PASSING, EDS., An Introduction to Intelligent and Autonomous
Control, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1992.

[154] D. A. WHITE AND D. A. SOFGE, Handbook of Intelligent Control, Van Nostrand
Reinhold, New York, 1992.

[155] K. S. NARENDRA AND K. PARTHASARATHY, Identification and control of dynamical
systems using neural networks, IEEE Trans. Neural Networks, 1 (1990), pp. 4-27.

[156] M. M. POLYCARPOU, Stable adaptive neural control scheme for nonlinear systems,
IEEE Trans. Automat. Control, 41 (1996), pp. 447^51.

[157] M. M. POLYCARPOU AND M. J. MEARS, Stable adaptive tracking of uncertain sys-
tems using nonlinearly parametrized on-line approximators, Internal. J. Control, 70
(1998), pp. 363-384.

[158] M. M. POLYCARPOU AND P. A. IOANNOU, Modeling, identification and stable adaptive
control of continuous-time nonlinear dynamical systems using neural networks, in
Proceedings of the American Control Conference, 1992, pp. 36-40.

[159] S. SESHAGIRI AND H. KHALIL, Output feedback control of nonlinear systems using
RBF neural networks, IEEE Trans. Automat. Control, 11 (2000), pp. 69-79.

[160] G. A. ROVITHAKIS, Stable adaptive neuro-control design via Lyapunov function
derivative estimation, Automatica, 37 (2001), pp. 1213-1221.

[161] F.-C. CHEN AND H. K. KHALIL, Adaptive control of nonlinear systems using neural
networks, Internal. J. Control, 55 (1992), pp. 1299-1317.

[162] F.-C. CHEN AND C.-C. Liu, Adaptively controlling nonlinear continuous-time sys-
tems using multilayer neural networks, IEEE Trans. Automal. Control, 39 (1994),
pp. 1306-1310.

[163] J. T. SPOONER AND K. M. PASSING, Stable adaptive control using fuzzy systems and
neural networks, IEEE Trans. Fuzzy Sysl., 4 (1996), pp. 339-359.

[164] R. SANNER AND J.-J. E. SLOTINE, Gaussian networks for direct adaptive control,
IEEE Trans. Neural Nelworks, 3 (1992), pp. 837-863.

[165] H. Xu AND P. A. IOANNOU, Robust adaptive control of linearizable nonlinear single
input systems, in Proceedings of Ihe 15lh IFAC World Congress, Barcelona, 2002.

[166] A. YESILDIREK AND F. L. LEWIS, Feedback linearization using neural networks,
Aulomalica, 31 (1995), pp. 1659-1664.

[167] S. JAGANNATHAN AND F. L. LEWIS, Multilayer discrete-time neural-net controller
with guaranteed performance, IEEE Trans. Neural Nelworks, 7 (1996), pp. 107-130.

co
nt

ro
len

gin
ee

rs
.ir



382 Bibliography

[168] C. KWAN, AND F. L. LEWIS, Robust backstepping control of nonlinear systems using
neural networks, IEEE Trans. Systems, Man and Cybernet. A, 30 (2000), pp. 753-
766.

[169] Y. H. KIM AND F. L. LEWIS, Neural network output feedback control of robot manip-
ulators, IEEE Trans. Robotics Automation, 15 (1999), pp. 301-309.

[ 170] F. L. LEWIS, A. YESILDIREK, AND K. Liu, Multilayer neural-net robot controller with
guaranteed tracking performance, IEEE Trans. Neural Networks, 7 (1996), pp. 388-
399.

[171] F. L. LEWIS, K. Liu, AND A. YESILDIREK, Neural-net robot controller with guaranteed
tracking performance, IEEE Trans. Neural Networks, 6 (1995), pp. 703-715.

[172] C.-C. Liu AND F.-C. CHEN, Adaptive control of nonlinear continuous-time systems
using neural networks: General relative degree andMIMO cases, Internat. J. Control,
58 (1993), pp. 317-335.

[173] R. ORDONEZ AND K. M. PASSINO, Stable multi-input multi-output adaptive
fuzzy/neural control, IEEE Trans. Fuzzy Syst., 7 (1999), pp. 345-353.

[174] E. B. KOSMATOPOULOS, M. POLYCARPOU, M. CHRISTODOULOU, AND P. A. IOANNOU,
High-order neural network structures for identification of dynamical systems, IEEE
Trans. Neural Networks, 6 (1995), pp. 422-431.

[175] K. FUNAHASHI, On the approximate realization of continuous mappings by neural
networks, Neural Networks, 2 (1989), pp. 183-192.

[176] J. PARK AND I. W. SANDBERG, Approximation and radial-basis-function networks,
Neural Comput., 5 (1993), pp. 305-316.

[177] H. Xu AND P. A. IOANNOU, Robust adaptive control of linearizable nonlinear single
input systems with guaranteed error bounds, Automatica, 40 (2003), pp. 1905-1911.

[178] H. Xu AND P. A. IOANNOU, Robust adaptive control for a class ofMIMO nonlinear
systems with guaranteed error bounds, IEEE Trans. Automat. Control, 48 (2003),
pp. 728-743.

[179] E. B. KOSMATOPOULOS AND P. A IOANNOU, A switching adaptive controller for
feedback linearizable systems, IEEE Trans. Automat. Control, 44 (1999), pp. 742-
750.

[180] K. HORNIK, M. STINCHCOMBE, AND H. WHITE, Multilayer feedforward networks are
universal approximaters, Neural Networks, 2 (1989), pp. 359-366.

[181] G. CYBENKO, Approximation by superpositions of a sigmoidal function, Math. Con-
trol Signals Systems, 2 (1989), pp. 303-314.

[182] E. J. HARTMAN, J. D. KEELER, AND J. M. KOWALSKI, Layered neural networks
with Gaussian hidden units as universal approximators, Neural Comput., 2 (1990),
pp. 210-215.

co
nt

ro
len

gin
ee

rs
.ir



Bibliography 383

[183] J. PARK AND I. W. SANDBERG, Universal approximation using radial basis function
networks, Neural Comput., 3 (1991), pp. 246-257.

[ 184] A. DE LUCA, G. ORIOLO, AND C. SAMSON, Feedback Control of a Nonholonomic Car-
Like Robot, in Robot Motion Planning and Control, J.-P. Laumond, ed., Laboratoire
d'Analyse et d'Architecture des Systemes, Toulouse, France, 1997, pp. 187-188;
also available online from http://www.laas.fr/~jpl/book-toc.html.

[185] W. A. WOLOVICH, Linear Multivariable Systems, Springer-Verlag, New York, 1974.

[186] B. D. O. ANDERSON AND S. VONGPANITLERD, Network Analysis and Synthesis: A
Modern Systems Theory Approach, Prentice-Hall, Englewood Cliffs, NJ, 1973.

[187] C. A. DESOER AND M. VIDYASAGAR, Feedback Systems: Input-Output Properties,
Academic Press, New York, 1975.

[188] H. L. ROYDEN, Real Analysis, Prentice-Hall, Englewood Cliffs, NJ, 1988.

[189] W. RUDIN, Real and Complex Analysis, 2nd ed., McGraw-Hill, New York, 1986.

[190] V. M. POPOV, Hyperstability of Control Systems, Springer-Verlag, New York, 1973.

[191] B. D. O. ANDERSON, Exponential stability of linear equations arising in adaptive
identification, IEEE Trans. Automat. Control, 22 (1977), pp. 83-88.

[192] M. VIDYASAGAR, Nonlinear Systems Analysis, 2nd ed., SIAM, Philadelphia, 2002.

[193] J. P. LASALLE AND S. LEFSCHETZ, Stability by Lyapunov's Direct Method with Ap-
plication, Academic Press, New York, 1961.

[194] J. P. LASALLE, Some extensions of Lyapunov's second method, IRE Trans. Circuit
Theory, 7 (1960), pp. 520-527.

[195] A. MICHEL AND R. K. MILLER, Ordinary Differential Equations, Academic Press,
New York, 1982.

[196] W. A. COPPEL, Stability and Asymptotic Behavior of DifferentialEquations,
D. C. Heath, Boston, 1965.

[197] W. HAHN, Theory and Application of Lyapunov's Direct Method, Prentice-Hall,
Englewood Cliffs, NJ, 1963.

[198] J. K. HALE, Ordinary Differential Equations, Wiley-Interscience, New York, 1969.

[199] R. E. KALMAN AND J. E. BERTRAM, Control systems analysis and design via the
"second method" of Lyapunov, J. Basic Engrg., 82 (1960), pp. 371-392.

[200] M. POLYCARPOU AND P. A. loANNOU, On the existence and uniqueness of solutions
in adaptive control systems, IEEE Trans. Automat. Control, 38 (1993), pp. 414-A79.

[201] K. S. NARENDRA AND J. H. TAYLOR, Frequency Domain Criteria for Absolute Sta-
bility, Academic Press, New York, 1973.

co
nt

ro
len

gin
ee

rs
.ir

http://www.laas.fr/~jpl/book-toc.html


384 Bibliography

[202] D. D. SILJAK, New algebraic criteria for positive realness, J. Franklin Inst., 291
(1971), pp. 109-120.

[203] P. A. IOANNOU AND G. TAG, Frequency domain conditions for strictly positive real
functions, IEEE Trans. Automat. Control, 32 (1987), pp. 53-54.

[204] S. LEFSCHETZ, Stability of Nonlinear Control Systems, Academic Press, New York,
1965.

[205] K. R. MEYER, On the existence of Lyapunov functions for the problem on Lur'e,
SIAM J. Control, 3 (1966), pp. 373-383.

[206] S. S. RAO, Engineering Optimization: Theory and Practice, Wiley, New York, 1996.

[207] D. G. LUENBERGER, Optimization by Vector Space Methods, Wiley, New York, 1969.

[208] D. P. BERTSEKAS, Dynamic Programming: Deterministic and Stochastic Models,
Prentice-Hall, Englewood Cliffs, NJ, 1987.

[209] G. TAG AND P. A. IOANNOU, Necessary and sufficient conditions for strictly positive
real matrices, IEE Proc. G: Circuits, Devices, Systems, 137 (1990), pp. 360-366.

[210] J. S. SHAMMA AND M. ATHANS, Gain scheduling: Potential hazards and possible
remedies, IEEE Control Systems Magazine, 12 (1992), pp. 101-107.

[211] W. J. RUGH AND J. S. SHAMMA, Research on gain scheduling, Automatica, 36 (2000),
pp. 1401-1425.

[212] Y. Huo, M. MIRMIRANI, P. IOANNOU, AND R. COLGREN, Adaptive linear quadratic
design with application to F-16 fighter aircraft, in Proceedings of the AIAA Guid-
ance, Navigation, and Control Conference, AIAA-2004-5421, 2004.

co
nt

ro
len

gin
ee

rs
.ir



Index

adapt, 1
adaptation

error, 167
speed, 27

adaptive backstepping, see backstepping
adaptive control, 1

continuous-time, 131, 207
direct, 2
discrete-time, 255
explicit, see indirect
identifier-based, 1
implicit, see direct
indirect, 2
model reference, see model refer-

ence adaptive control (MRAC)
non-identifier-based, 1,5
robust, 10
state-space approach, 222

adaptive cruise control (ACC), 189
adaptive gain, 27, 37
adaptive law, 2, 25, 92, 95

robust, 62-75
adaptive linear quadratic control (ALQC),

see linear quadratic control
adaptive observer, see observer
adaptive one-step-ahead control, 271

direct, 272
indirect, 272

adaptive PI (API) control, see proportional
plus integral (PI) control

adaptive pole placement control (APPC),
9, 207, 272

direct, 207, 209, 213
indirect, 207, 210, 213
modified, 231
polynomial approach, 215, 239

robust, 235, 274
state feedback approach, 208, 241
with normalization, 208
without normalization, 208

adaptive prediction, 266
adaptive regulation, see regulation
attitude control, 193
attractive, 335, 355
autonomous system, 338
autopilot design, see flight control
autoregressive moving average (ARMA),

18,20,96,267

backstepping, 10, 290
Barbalat's lemma, 328
Bellman-Gronwall (B-G) lemma, 333,

363
Bezout identity, 322
bilinear dynamic parametric model

(B-DPM), 14
bilinear state-space parametric model

(B-SSPM), 15
bilinear static parametric model (B-SPM),

14,50
biproper, 321
bounded, 335, 355

uniformly (u.b.), 335, 355
uniformly ultimately (u.u.b.), 335,

356
bounded-input bounded-output (BIBO)

stability, 329, 365

certainty equivalence (CE), 4, 132, 295,
307

change of coordinates, 282
characteristic equation, 321
congestion control, 80
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continuous, 326
control input, 319
control law, 2
control Lyapunov function (CLF), 288-

290
convex function, 348
coprime, 322
correction approach, 233
covariance matrix, 44
covariance resetting, 47
covariance wind-up, 46
cruise control (CC), 189

adaptive, see adaptive cruise control (ACC)

DARMA, see autoregressive moving av-
erage

dead-zone modification, 73, 281, 307
decrescent, 337
degree, 322
delay, 55
Diophantine equation, 322
direct adaptive control, 2
discrete-time systems, 91, 255, 354
discretization, 95
dominantly rich, 57, 60, 114
dual control, 9
dynamic data weighting, 108
dynamic normalization, see normalization
dynamic parametric model (DPM), 14,48
dynamic programming, 9
dynamical system, 319

equilibrium, 334, 341, 355
estimation

error, 25
model, 25

explicit adaptive control, see indirect adap-
tive control

exponentially stable (e.s.), see stable

feedback linearization, 282
full-state, 286
input-output (I/O), 286

flight control, 1,9,242
forgetting factor, see least-squares (LS)

algorithm

full-state feedback linearization, 286
function

class /C, 336
continuous, 326
convex, 348
decrescent, 337
Lipschitz, 327
negative (semi)defmite, 337, 356
piecewise continuous, 326
positive (semi)definite, 337, 356
positive real (PR), 345, 361
radially unbounded, 337
strictly positive real (SPR), 345, 361
uniformly continuous, 326

gain scheduling, 5, 245
Gaussian function, 302
gradient algorithm, 36, 99

bilinear static parametric model
(B-SPM), 50

dynamic parametric model (DPM),
48

instantaneous cost function, 37, 101
integral cost function, 41
linear model, 36
projection, 52

gradient method, 27, 347
gradient projection method, 347, 350

hard-disk drive servo system, 40, 87
Hessian, 348
hidden layer, 302
hidden unit, 302
high cost control, 228
Holder's inequality, 325
Hurwitz, 322
hyperstability, 10

identifier-based adaptive control, 1-4
implicit adaptive control, see direct adap-

tive control
impulse response, 321, 365
indirect adaptive control, 2
indirect MRAC, see model reference adap-

tive control (MRAC)
induced norm, 323
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input-output (I/O) feedback linearization, 286
input/output (I/O) stability, 329, 364
instability, 56
internal model, 273
invariant set, 339
inverted pendulum, 17
isolated equilibrium, 334, 355

Kalman-Szogo-Popov lemma, 362
Kalman-Yakubovich-Popov (KYP) lemma,

346
key lemma, 92

JC.2K norm, 331

norm, 324
space, 323

li?, norm, 365
ip, ipe, too, t-ooe norm, 325
leakage modification, see sigma (CT) mod-

ification
least-squares (LS) algorithm, 42, 102

covariance resetting, 47, 109
dynamic data weighting, 108
forgetting factor, 44, 48
modified, 47, 107
nonrecursive, 44
projection, 52
pure, 45, 102
recursive, 44
weighted, 108

Lefschetz-Kalman-Yakubovich (LKY) lemma,
347

Lie derivative, 283
linear in the parameters, see parametric model
linear quadratic control (LQC), 227, 242
linear systems, 341
linear time-invariant (LTI) systems, 320,

333
linear time-varying (LTV) systems, 281,

332
Lipschitz, 327
logistic function, 302
lookup table, 5
Lyapunov design, 10
Lyapunov function, 339

Lyapunov stability, 334
Lyapunov's direct method, 336
Lyapunov's indirect method, 340
Lyapunov-like approach, 28
Lyapunov-like function, 29, 339

marginally stable, 344
mass-spring-dashpot system, see spring-

mass systems
matching equation, 154
matrix

induced norm, 323
negative (semi)definite, 328
positive (semi)definite, 328
symmetric, 328

mean square sense (m.s.s.), 330
Meyer-Kalman-Yakubovich (MKY) lem-

ma, 347
minimum-phase systems, 4, 286, 322
Minkowski inequality, 326
MIT rule, 9
model reference adaptive control (MRAC),

9, 131,255
direct, 133, 136, 141, 158, 166, 177,

261
indirect, 132, 139, 145, 168, 171,

264-266
robust, 173, 177,262,266
with normalization, 133, 141, 145,

166, 171
without normalization, 133, 136,139,

158, 169
model reference control (MRC), 131,151,

258
problem, 151
robust, 262

modification, 65, 116
dead-zone, 73, 281,307
sigma (a), 10,65, 117

modified least-squares (LS) algorithm, see
least-squares (LS) algorithm

modular design, 298
monic, 322
/^-srnall, 330
multilayer neural network, 302
multiple models, 6

lp,lPE,lEEL
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