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Preface 

Optimal control theory-which is playing an increasingly important role 
in the design of modem systems-has as its objective the maximization of the 
return from, or the minimization of the cost of, the operation of physical, 
social, and economic processes. 
This book introduces three facets of optimal control theory-dynamic 

programming, Pontryagin’s minimum principle, and numerical techniques 
for trajectory optimization-at a level appropriate for a first- or second-year 
graduate course, an undergraduate honors course, or for directed self-study. 
A reasonable proficiency in the use of state variable methods is assumed; 
however, this and other prerequisites are reviewed in Chapter 1. In the interest 
of flexibility, the book is divided into the following parts: 

Part I: 

Part 11: Dynamic Programming 

Part 111: The Calculus of Variations and Pontryagin’s Minimum Principle 

Part IV: Iterative Numerical Techniques for Finding Optimal Controls 

Describing the System and Evaluating Its Performance 
(Chapters 1 and 2) 

(Chapter 3) 

(Chapters 4 and 5) 

and Trajectories 
(Chapter 6) 

Part V: Conclusion 
(Chapter 7) 

Because of the simplicity of the concept, dynamic programming (Part Il) 
is presented before Pontryagin’s minimum principle (Part III), thus enabling 
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vi Preface 

the reader to solve meaningful problems at an early stage, and providing 
motivation for the material which follows. Parts 11 and I11 are self-contained; 
they may be studied in either order, or either may be omitted without affect- 
ing the treatment in the other. The problems provided in Parts I through IV 
are designed to introduce additional topics as well as to illustrate the basic 
concepts. 

My experience indicates that it is possible to discuss, at a moderate pace, 
Chapters 1 through 4, Sections 5.1 through 5.3, and parts of Sections 5.4 
and 5.5 in a one-quarter, four-credit-hour course. This material provides 
adequate background for reading the remainder of the book and other 
literature on optimal control theory. To study the entire book, a course of 
one semester’s duration is recommended. 

My thanks go to Professor Robert D. Strum for encouraging me to 
undertake the writing of this book, and for his helpful comments along the 
way. I also wish to express my appreciation to Professor John R. Ward 
for his constructive criticism of the presentation. Professor Charles H. 
Rothauge, Chairman of the Electrical Engineering Department at the Naval 
Postgraduate School, aided my efforts by providing a climate favorable for 
preparing and testing the manuscript. I thank Professors Jose B. Cruz, Jr., 
William. R. Perkins, and Ronald A. Rohrer for introducing optimal control 
theory to me at the University of Illinois; undoubtedly their influence is 
reflected in this book. The valuable comments made by Professors James 
S. Demetry, Gene F. Franklin, Robert W. Newcomb, Ronald A. Rohrer, 
and Michael K. Sain are also gratefully acknowledged. In proofreading the 
manuscript I received generous assistance from my wife, Judy, and from 
Lcdr. D. T. Cowdrill and Lcdr. R. R. Owens, USN. Perhaps my greatest 
debt of gratitude is to the students whose comments were invaluable in 
preparing the final version of the book. 

DONALD E. KIRK 

Carmel, Cali/rnia 
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Classical control system design is generally a trial-and-error process in 
which various methods of analysis are used iteratively to determine the design 
parameters of an “acceptable” system. Acceptable performance is generally 
defined in terms of time and frequency domain criteria such as rise time, 
settling time, peak overshoot, gain and phase margin, and bandwidth. Radi- 
cally different performance criteria must be satisfied, however, by the com- 
plex, multiple-input, multiple-output systems required to meet the demands 
of modern technology. For example, the design of a spacecraft attitude 
control system that minimizes fuel expenditure is not amenable to solution 
by classical methods. A new and direct approach to the synthesis of these 
complex systems, called optimal control theory, has been made feasible by 
the development of the digital computer. 

The objective of optimal control theory is to determine the control signals 
that will cause a process to satisfv the physical constraints and at rhe same 
time minimize (or maximize) some performance criterion. Later, we shall 
give a more explicit mathematical statement of “the optimal control prob- 
lem,’’ but first let us consider the matter of problem formulation. 

1.1 PROBLEM FORMULATION 

The axiom “A problem well put is a problem half solved” may be a slight 
exaggeration, but its intent is nonetheless appropriate. In this section, we 

3 

co
nt

ro
len

gin
ee

rs
.ir



1 Describing the System and Evaluating I t s  Performance See. 1.1 

shall review the important aspects of problbm formulation, and introduce 
the notation and nomenclature to be used in the following chapters. 

The formulation of an optimal control problem requires: 
1. A mathematical description (or model) of the process to be controlled. 
2. A statement of the physical constraints. 
3. Specification of a performance criterion. 

The Mathematical Model 

A nontrivial part of any control problem is modeling the process. The 
objective is to obtain the simplest mathematical description that adequately 
predicts the response of the physical system to all anticipated inputs. Our 
discussion will be restricted to systems described by ordinary differential 
equations (in state variable form).t Thus, if 

x 1 ( t ) 7  X2(t)7 * * * 7 Xn(t) 

are the stare variables (or simply the states) of the process at time t7 and 

ul( t ) ,  u2(t)7 * * * 7 um(t )  

are control inputs to the process at time t7 then the system may be described 
by n iirst-order differential equations 

nl(t) = a l ( x l ( t ) 7  X 2 ( t ) 7  * * * 7 xn(t)7 u , ( t ) 7  u2(t)7 f - 7  

R2(t) = a2(x1(t )7 X2(f)7 * * * *  xn(t), U1(t)7 u2(t)7 * * * 7 

f ,  

t ,  
(1.1-1) 

We shall define 

as the state vector of the system, and 

t The reader will find the concepts much the same for discrete systems (see [A-I]). 
$ Note that a&) is in general a nonlinear time-varying function ut of the states, the 
control inputs, and time. 
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Sec. 1.1 lnrroducrion 6 

as the control vector. The state equations can then be written 

* ( t )  = a(x(t), 40, t), (1.1-1 a) 

where the definition of a is apparent by comparison with (1.1-1). 

Car 
I 

0 e 

Figure 1-1 A simplified control problem 

Example 1.1-1. The car shown parked in Fig. 1-1 is to be driven in a 
straight line away from point 0. The distance of the car from 0 at time 
I is denoted by d(r). To simplify the model, let us approximate the car 
by a unit point mass that can be accelerated by using the throttle or 
decelerated by using the brake. The differential equation is 

40 = a(t) + PO). (1.1-2) 

where the control a is throttle acceleration and-P is braking deceleration. 
Selecting position and velocity as state variables, that is, 

x , ( t )  A 41) and x2(t) k &), 

and letting 

u,(r) 4 a(t) and u2(t) k P(r), 
we find that the state equations become 

or, using matrix notation, 

0 1  0 0  
W )  = [o 0] x(r) + [ 13 "(I). 

(1.1-3) 

(1.1-3a) 

This is the mathematical model of the process in state form. 
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6 Describing the System and Evaluating Its Performance Sec. 1.1 

Before we move on to the matter of physical constraints, let us consider 
two definitions that will be useful later. Let the system be described by Eq. 
(l.l-la) for t E [to,  t,].t 

DEFINITION 1-1 

A history of control input values during the interval [to,  t,] is de- 
noted by u and is called a control hisrory, or simply a control. 

DEFINITION 1-2 

A history of state values in the interval [ to ,  t,] is called a State tra- 
jectory and is denoted by x. 

The terms “history,” “curve,” “function,” and “trajectory” will be used 
interchangeably. It is most important to keep in mind the difference between 
a function and the value of a function. Figure 1-2 shows a single-valued func- 
tion of time which is denoted by x. The value of the function at time t ,  is 
denoted by x( t l ) .  

x u )  

X 
I r 

I I 
I I I * Time 
10 I 1  fl 

Figure 1-2 A function, x, and its value at time t ~ ,  x ( f l )  

Physical Constraints 

After we have selected a mathematical model, the next step is to define 
the physical constraints on the state and control values. To illustrate some 
typical constraints, let us return to the automobile whose model was deter- 
mined in Example 1.1-1. 

Example 1.1-2. Consider the problem of driving the car in Fig. 1-1 
between the points 0 and e. Assume that the car starts from rest and 
stops upon reaching point e. 

t This notation means to 5 t 5 rf. 
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Sec. 1.1 Introduction 7 

First let us defme the state constraints. If to is the time of leaving 0, 
and tf is the time of arrival at e, then, clearly, 

X l ( t 0 )  = 0 
x l ( t f )  = e. 

In addition, since the automobile starts from rest and stops at e, 

(1.14) 

(1.1-5) 

In matrix notation these boundary condiiions are 

x(t0) = [ i] = 0 and x(tJ = (1.1-6) 

If we assume that the car does not back up, then the additional constraints 

(1 .l-7) 

are also imposd. 
What are the constraints on the control inputs (acceleration)? We 

know that the acceleration is bounded by some upper limit which depends 
on the capability of the engine, and that the maximum deceleration is 
limited by the braking system parameters. If the maximum acceleration 
is MI > 0, and the maximum deceleration is M2 > 0, then the controls 
must satisfy 

(1.1-8) 

In addition, if the car starts with G gallons of gas and there are no service 
stations on the way, another constraint is 

(1.1-9) 

which assumes that the rate of gas consumption is proportional to both 
acceleration and speed with constants of proportionality kl  and k2.  

Now that we have an idea of typical constraints that may be encountered, 
let us make these concepts more precise. 

DEFINITION 1-3 

A control history which satisfies the control constraints during the 
entire time interval [to, t,] is called an admissible control. 
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8 Describing the System and Evaluating Its Performance Sec. 1.1 

We shall denote the set of admissible controls by U, and the notation u E U 
means that the control history u is admissible. 
To illustrate the concept of admissibility Fig. 1-3 shows four possible 

acceleration histories for Example 1.1-2. u\*) and up) are not admissible; 

U ( ! ) ( t )  

t 

Figure 1-3 Some acceleration histories 

ull) and 24:’) are admissible if they satisfy the consumed-fuel constraint of 
Eq. (1.1-9). In this example, the set of admissible controls U is defined by the 
inequalities in (1.14) and (1.1-9). 

DEFINITION 1-4 

A state trajectory which satisfies the state variable constraints 
during the entire time interval [to, t,] is called an admissible tru- 
jecfory. 
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Sec. 1.1 Introduction 9 

The set of admissible state trajectories will be denoted by X, and x E X 
means that the trajectory x is admissible. 

In Example 1.1-2 the set of admissible state trajectories Xis specified by 
the conditions given in Eqs. (1.1-6), (1.1-7), and (1.1-9). In general, the final 
state of a system will be required to lie in a specified region 5' of the (n + 1)- 
dimensional state-time space. We shall call S the turget set. If the final state 
and the final time are fixed, then S is a point. In the automobile problem of 
Example 1.1-2 the target set was the line shown in Fig. 1-4(a). If the auto- 
mobile had been required to arrive within three feet of e with zero terminal 
velocity, the target set would have been as shown in Fig. 1-4@). 

Admissibility is an important concept, because it reduces the range of 
values that can be assumed by the states and controls. Rather than consider 
all control histories and their trajectories to see which are best (according to 
some criterion), we investigate only those trajectories and controls that are 
admissible. 

I 

F i i  1-4 (a) The target set for Example 1.1-2. (b) The target set 
detinedbyIxl(t)-el~3,xz(t)=O 
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10 Describing the System and Evaluating Its Performance See. 1. 1 

The Performance Measure 

In order to evaluate the performance of a system quantitatively, the 
designer selects a performance measure. An optimal control is defined as one 
that minimizes (or maximizes) the performance measure. In certain cases 
the problem statement may clearly indicate what to select for a performance 
measure, whereas in other problems the selection is a subjective matter. 
For example, the statement, “Transfer the system from point A to point B 
as quickly as possible,” clearly indicates that elapsed time is the performance 
measure to be minimized. On the other hand, the statement, “Maintain the 
position and velocity of the system near zero with a small expenditure of 
control energy,” does not instantly suggest a unique performance measure. 
In such problems the designer may be required to try several performance 
measures before selecting one which yields what he considers to be optimal 
performance. We shall discuss the selection of a performance measure in 
more detail in Chapter 2. 

Example 1.1-3. Let us return to the automobile problem begun in 
Example 1.1-1. The state equations and physical constraints have been 
defined; now we turn to the selection of a performance measure. Suppose 
the objective is to make the car reach point e as quickly as possible; 
then the performance measure J is given by 

(1.1-10) 

In all that follows it will be assumed that the performance of a system is 

J = tf - l o .  

evaluated by a measure of the form 

(1.1-1 1) 

where to and t ,  are the initial and final time; h and g are scalar functions. 
t ,  may be specified or “free,” depending on the problem statement. 

Starting from the initial state x(t,) = x, and applying a control signal 
u(r), for t E [to, t,], causes a system to follow some state trajectory; the 
performance measure assigns a unique real number to each trajectory of the 
system. 

With the background material we have accumulated it is now possible 
to present an explicit statement of “the optimal control problem.” 

The Optimal Control Problem 

The theory developed in the subsequent chapters is aimed at solving 
the following problem. 
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See. 1.7 lntroduction 11 

Find an admissible control u* which causes the system 

(1.1-1 2) 

to follow an admissible trajectory x* that minimizes the performance meas- 
ure 

(1.1- 13) 

o* is called an optimal control and x* an optimal trajectory. 
Several comments are in order here. First, we may not know in advance 

that an optimal control exists; that is, it may be impossible to find a control 
which (a) is admissible and (b) causes the system to follow an admissible 
trajectory. Since existence theorems are in rather short supply, we shall, 
in most cases, attempt to find an optimal control rather than try to prove 
that one exists. 

Second, even if an optimal control exists, it may not be unique. Nonunique 
optimal controls may complicate computational procedures, but they do 
allow the possibility of choosing among several controller configurations. 
This is certainly helpful to the designer, because he can then consider other 
factors, such as cost, size, reliability, etc., which may not have been included 
in the performance measure. 

Third, when we say that u* causes the performance measure to be mini- 
mized, we mean that 

for all u E U, which make x E X. The above inequality states that an 
optimal control and its trajectory cause the performance measure to have a 
value smaller than (or perhaps equal to) the performance measure for any 
other admissible control and trajectory. Thus, we are seeking the absolute 
or global minimum of J, not merely local minima. Of course, one way to find 
the global minimum is to determine all of the local minima and then simply 
pick out one (or more) that yields the smallest value for the performance 
measure. 

It may be helpful to visualize the optimization as shown in Fig. 1-5. 
u“) Y ,  dZ) ut3) ,  and uC4) are “points” at which J has local, or relative, minima; 
u“) is the “point” where J has its global, or absolute, minimum. 

Finally, observe that if the objective is to maximize some measure of 
system performance, the theory we shall develop still applies because this 
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12 Describing the System and Evaluating Its Performance 

J 

Sec. 1.1 

Figure 1-5 A representation of the optimization problem 

is the same as minimizing the negative of this performance measure. Hence- 
forth, we shall speak, with no lack of generality, of minimizing the perfor- 
mance measure. 

Example 1.14. To illustrate a complete problem formulation, let us now 
summarize the results of Example 1.1-1, using the notation and definitions 
which have been developed. 

The state equations are 

( I .  1-3) 

The set of admissible states Xis partially specified by the boundary condi- 
tions 

and the inequalities 

(1.1-7) 

The set of admissible controls U is partially defined by .the constraints 

(1.1-8) 
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See. 1.1 lnfroducfion 13 

The inequality constraint 

completes the description of the admissible states and controls. 

The solution to this problem (which is left as an exercise for the reader 
at the end of Chapter 5)  is shown in Fig. 1-6 for the situation where M, = 
M2 A M. We have also assumed that the car has enough fuel available to 
reach point e using the control shown. 

Figure 1-6 The optimal control and trajectory for the automobile 
problem 

Example 1.1-5. Let us now consider what would happen if the preceding 
problem had been improperly formulated. Suppose that the control 
constraints had not been recognized. If we let 
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14 Describing the System and Evaluating Its Performance Sec. 1.1 

where &t - to )  is a unit impulse function that occurs at time to,? then 

(I. I - 16) x j ( t )  = e &  - to)  

and 

xdt )  = e 10 - to)  ( I .  1-1 7) 

[n(t  - to)  represents a unit step function at t = to]. Figure 1-7 shows 
the state trajectory which results from applying the “optimal” control 
in (1.1-15). Unfortunately, although the desired transfer from point 0 

exP=- r 

Figure 1-7 The optimal trajectory resulting from unconstrained 
controls 

to point e is accomplished in infinitesimal time, the control required, 
apart from being rather unsafe, is physically impossible! Thus, we see 
the importance of correctly formulating problems before attempting 
their solution. 

Form of the Optimal Control 

DEFINITION 1-5 

If a functional relationship of the form 

u*(t) = f(x(t), 2) t  ( 1.1-1 8) 

t See reference [Z-11. 
Here we write x(r) instead of x*(r) to emphasize that the control law is optimal for ufl 
admissible x(r). not just for some special state value at time t. 
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Sec. 1.1 Introduction 15 

can be found for the optimal control at time t, then the function f 
is called the optimal control law, or the optimal p0licy.t 

Notice that Eq. (1.1-18) implies that f is a rule which determines the 
optimal control at time t for any (admissible) state value at time t. For 
example, if 

u*(t) = Fx(t), (1.1-19) 

where F is an m x n matrix of real constants, then we would say that the 
optimal control law is linear, time-invariant feedback of the states. 

DEFINITION 1-6 

If the optimal control is determined as a function of time for a speci- 
fied initial state value, that is, 

(1.1-20) 

then the optimal control is said to be in open-loop form. 

Thus the optimal open-loop control is optimal only for a particular initial 
state value, whereas, if the optimal control law is known, the optimal con- 
trol history starting from any state value can be generated. 

Conceptually, it is helpful to imagine the difference between an optimal 
control law and an open-loop optimal control as shown in Fig. 1-8; notice, 

CONTROLLER 

(a) 

CONTROLLER 

Figure 1-8 (a) Open-loop optimal control. (b) Optimal control law 

however, that the mere presence of connections from the states to a con- 
troller does not, in general, guarantee an optimal control lawd 

t The terms optimal feedback control, closed-loop optimal control, and optimal control 

$ This is pursued further in reference [K-11. 
strategy are also often used. 
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16 Describing the System and Evaluating Its Performance Sec. 1.2 

Although engineers normally prefer closed-loop solutions to optimal 
control problems, there are cases when an open-loop control may be feasible. 
For example, in the radar tracking of a satellite, once the orbit is set very 
little can happen to cause an undesired change in the trajectory parameters. 
In this situation a pre-programmed control for the radar antenna might well 
be used. 

A typical example of feedback control is in the classic servomechanism 
problem where the actual and desired outputs are compared and any devia- 
tion produces a control signal that attempts to reduce the discrepancy to 
zero. 

1.2 STATE VARIABLE REPRESENTATION OF 
SYSTEMS 

The starting point for optimal control investigations is a mathematical 
model in state variable form. In this section we shall summarize the results 
and notation to be used in the subsequent discussion. There are several 
excellent texts available for the reader who needs additional background 
materiakt 

Why Use State Variables? 

Having the mathematical model in state variable form is convenient 

1. The differential equations are ideally suited for digital or analog 

2. The state form provides a unified framework for the study of non- 

3. The state variable form is invaluable in theoretical investigations. 
4. The concept of state has strong physical motivation. 

because 

solution. 

linear and linear systems. 

Definition of State of a System 

When referring to the state of a system, we shall have the following 
definition in mind. 

DEFINITION 1-7 

The state of a system is a set of quantities x,(t),  x2(t), . . . , x,,(r) 

t [D-11, to-11, F-11, [S-21, [T-11, [w-11, [Z-11. 
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See. 1.2 Introduction 17 

which if known at t = to are determined for t 2 to by specifying 
the inputs to the system for t 2 to. 

System Classification 

Systems are described by the terms linear, nonlinear, time-invariant,t 
and time-varying. We shall classify systems according to the form of their 
state equations.$ For example, if a system is nonlinear and time-varying, 
the state equations are written 

t ( t )  = a(x(t), u(t), t) .  (1.2-1) 

Nonlinear, time-invariant systems are represented by state equations of the 
form 

W )  = a(x(t), u(t)). (1.2-2) 

If a system is linear and rime-varying its state equations are 

*(t) = A ( M )  + B(t)u(t), (1.2-3) 

where A(t) and B(t) are n x n and n x m matrices with time-varying elements. 
State equations for linear, time-invariant systems have the form 

t(t) = Ax(t) + Bu(t), (1.2-4) 

where A and B are constant matrices. 

Output Equations 

The physical quantities that can be measured are called the outputs and are 
denoted by y , ( t ) ,  yz ( t ) ,  . . . , y&). If the outputs are nonlinear, time-varying 
functions of the states and controls, we write the output equations 

= c(x(t),u(O, 0. (1.2-5) 

If the output is related to the states and controls by a linear, time-invariant 
relationship, then 

(1.2-6) 

where C and D are q x n and q x m constant matrices. A nonlinear, time- 

t Time-invariant, stationary, and fixed will be used interchangeably. 
$ See Chapter 1 of IS-11 for an excellent discussion of system classification. 
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Figure 13 (a) Nonlinear system representation. (b) Linear system representation 
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See. 1.2 Introduction 19 

varying system and a linear, time-invariant system are shown in Fig. 1-9. 
r(t), which has not been included in the state equations and represents any 
inputs that are not controlled, is called the reference or command input. 

In our discussion of optimal control theory we shall make the simplify- 
ing assumption that the states are all available for measurement; that is, 
YO) = x(0.  

Solution of the State Equations4 inear Systems 

For linear systems the state equations (1.2-3) have the solution 

(1.2-7) 

where q(t, to)  is the state transition matrixt of the system. If the system is 
time-invariant as well as linear, to can be set equal to 0 and the solution of 
the state equations is given by any of the three equivalent forms 

x(t) =S-'{[sI - A]-Ix(O) + [sI - A]-IBU(s)}, (1.2-8a) 

x(t )  = 9' - ' { @(s)x(O) + H(s)U(s)}, (1.2-8b) 

~ ( t )  = E"'x(O) $- E"' E-"'Bu(~) d t ,  (1.2-8~) 

where U(s) and @(s) are the Laplace transforms of u(t) and q(t) ,  d p - l ( .  } 
denotes the inverse Laplace transform of ( . }, and 6"' is the n x n matrix 

1 1 1 
k! 6"' k I + At + B A Z t Z  + 3 A 3 t 3  + ..- + -Aktk + e.1. (1.2-9) 

Equation (1.2-8a) results when the state equations (1.2-4) are Laplace trans- 
formed and solved for X(s). Equation (1.2-8b) can be obtained by drawing 
a block diagram (or signal flow graph) of the system and applying Mason's 
gain formula.$ Notice that H(s) is the transfer function matrix. The solution 
in (1.2-8c) can be found by classical methods. The equivalence of these three 
solutions establishes the correspondences 

E"' =dP-'{@(s)} =S-'{[sI - A]- ' }  & q(t), (1.2-10) 

(1.2-1 1) 
@'Jb E-"'Bu(z) d7 = dp-'{H(s)U(~)}  =9'-'{[sI - A]-'BU(s)} 

A q(t) f q(-7)Bu(7) d7. 

t o(t, fo) is also called the fundometal matrix. 
$ w-11. 
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20 Describing the System and Evaluating Its Performance Sec. 1.2 

Properties of the State Transition Matrix 

It can be verified that the state transition matrix has the properties shown 
in Table 1-1 for all t ,  to, t , ,  and 1,. 

Table 1-1 PROPERTIES OF THE LINEAR SYSTEM STATE TRANSITION MATRIX 

Time-invariant systems Time-varying sysfems 

d o )  = I q(f, 1) = I 

Determination of the State Transition Matrix 

For systems having a constant A matrix, the state transition matrix, cp(r), 

1. Inverting the matrix [sI - A] and finding the inverse Laplace trans- 
form of each element. 

2. Using Mason's gain formula to find @(s) from a block diagram or 
signal flow graph of the system [the zjth element of the matrix @(s) is 
given by the transmission X,(s)/x,(O)] and evaluating the inverse La- 
place transform of @@). 

can be determined by any of the following methods: 

3. Evaluating the matrix expansion 

For high-order systems (n > 4), evaluating 6"' numerically (with the 
aid of a digital computer) is the most feasible of these methods. 

For systems having a time-varying A matrix the state transition matrix 
can be found by numerical integration of the matrix differential equation 

(1.2-12) 

with the initial condition cp(to, to)  = I. 

t Although a digital computer program for the evaluation of this expansion is easy to 
write, the running time may be excessive because of convergence properties of the 
series. For a discussion of more efficient numerical techniques see [0-11, p. 315ff. 
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Sec. 1.2 lnvoduction 21 

Controllabilit y and Observabilityt 

Consider the system 

(1.2-1 3) 

for t 2 to with initial state x(t ,)  = x,. 

DEFINITION 1-8 

If there is a finite time t ,  2 to and a control u(t), t E [to, t , ] ,  which 
transfers the state x, to the origin at time t,, the state x, is said to be 
controllable at time to. If all values of x, are controllable for all 
to, the system is completely controllable, pr simply controllable. 

Controllability is very important, because we shall consider problems 
in which the goal is to transfer a system from an arbitrary initial state to 
the origin while minimizing some performance measure; thus, controlla- 
bility of the system is a necessary condition for the existence of a solution. 

Kalmanq has shown that a linear, rime-invariant system is controllable 
if and only if the n x mn matrix 

has rank n. If there is only one control input (rn = I), a necessary and suffi- 
cient condition for controllability is that the n x n matrix E be nonsingular. 

The concept of observability is defined by considering the system (1.2-1 3) 
with the control u(t) = 0 for t 2 to.§ 

DEFINITION 1-9 

If by observing the output y(t)  during the finite time interval [to, t , ]  
the state ~(2 , )  = x, can be determined, the state x, is said to be 
observable at time to. If all states x, are observable for every to, the 
system is called completely observable, or simply observable. 

Analogous to the test for controllability, it can be shown that the linear, 
time-invariant system 

(1.2- 14) 

(1.2-1 5) 

t [K-21, [K-31. 
$ [K-21. 
5 If the system is linear and time-invariant, u can be any known function-see [Z-11, p. 502. 
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22 Describing the System and Evaluating Its Performance Sec. 1.3 

is observable if and only if the n x qn matrix 

has rank n. If there is only one output (q = 1) G is an n x n matrix and a 
necessary and sufficient condition for observability is that C be nonsingular. 
Since we have made the simplifying assumption that all of the states can 
be physically measured (y ( t )  = x(t)), the question of observability will not 
arise in our subsequent discussion. 

1.3 CONCLUDING REMARKS 

In control system design, the ultimate objective is to obtain a controller 
that will cause a system to perform in a desirable manner. Usually, other 
factors, such as weight, volume, cost, and reliability also influence the con- 
troller design, and compromises between performance requirements and 
implementation considerations must be made. Classical design procedures 
are best suited for linear, single-input, single-output systems with zero initial 
conditions. Using simulation, mathematical analysis, or graphical methods, 
the designer evaluates the effects of inserting various physical devices into 
the system. By trial and error either an acceptable controller design is ob- 
tained, or the designer concludes that the performance requirements cannot 
be satisfied. 

Many complex aerospace problems that are not amenable to classical 
techniques have been solved by using optimal control theory. However, we 
are forced to admit that optimal control theory does not, at the present time, 
constitute a generally applicable procedure for the design of simple con- 
trollers. The optimal control law, if it can be obtained, usually requires a 
digital computer for implementation (an important exception is the linear 
regulator problem discussed in Section 5.2), and all of the states must be 
available for feedback to the controller. These limitations may preclude 
implementation of the optimal control law; however, the theory of optimal 
control is still useful, because 

1. Knowing the optimal control law may provide insight helpful in 
designing a suboptimal, but easily implemented controller. 

2. The optimal control law provides a standard for evaluating proposed 
suboptimal designs. In other words, by knowing the optimal control 
law we have a quantitative measure of performance degradation caused 
by using a suboptimal controller. 
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PROBLEMS 

1-1. The tanks A and B shown in Fig. 1-P1 each have a capacity of 50 gal. Both 
tanks are filled at t = 0, tank A with 601b of salt dissolved in water, and 

Water - - - out - 
Figure 1-P1 
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24 Describing the System and Evaluating Its Performance Problems 

tank B with water. Fresh water enters tank A at the rate of 8 gal/min, the 
mixture of salt and water (assumed uniform) leaves A and enters B at the 
rate of 8 gal/min, and the flow is incompressible. Let q(t) and f i t )  be 
the number of pounds of salt contained in tanks A and B, respectively. 
(a) Write a set bf state equations for the system. 
(b) Draw a block diagram (or signal flow graph) for the system. 
(c) Find the state transition matrix ~ ( t ) .  
(d) Determine q(t) and p(t) for t 2 0. 

1-2. (a) Using the capacitor voltage v,(t) and the inductor current iL(t) as states, 
write state equations for the RLC series circuit shown in Fig. 1-P2. 

Figure 1-p2 

(b) Find the state transition matrix q(t) if R = 3 Q, L = 1 H, C = 4 F. 
(c) If ~ ~ ( 0 )  = 0, "(0) = 0, and e(t) is as shown, determine v,(r) and iL(t) 

for t 2 0. 

1-3. (a) Write a set of state equations for the mechanical system shown in Fig. 
l-P3. The applied force isf(r), the block has mass M, the spring constant 
is K, and the coefficient of viscous friction is B. The displacement of the 
block, fit), is measured from the equilibrium position with no force 
applied. 

Fgve 1-P3 

(b) Draw a block diagram (or signal flow graph) for the system. 
(c) Let M = 1 kg, K = 2 N/m, B = 2 N/m/sec, and determine the state 

(d) If y(0) = 0.2 m, HO) = 0, and f(t) = 2e-2' N for t 2 0, determine fit) 
transition matrix ip(r).  

and j ( t )  for t 2 0. 
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Problems Introduction 26 

1-4. Write a set of state equations for the electrical network shown in Fig. 1-P4. 

R, 

F@w 1-P4 

1-5. Write state equations for the mechanical system in Fig. 1-PS. 1 is the applied 
torque, I is the moment of inertia, K is the spring constant, and B is the 
coefficient of viscous friction. The angular displacement 8(r) is measured 
from the equilibrium position with no torque applied. 

F i e  1-PS 

1-6. A chemical mixing process is shown in Fig. 1-P6. Water enters the tanks 
at rates of w,(r) and wz(r)ft3/min, and m(r) ft3/min of dye enters tank 1. 
v,(r) and vz(r) ft3 of dye are present in tanks 1 and 2 at time t. The 
tanks have cross-sectional areas a, and az. Assume that the flow rate between 
the two tanks, q(r), is proportional to the difference in head with propor- 

Tank I Tank 2 

Firprp 1-P6 
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29 Describing the System and Evaluating Its Performance Problems 

tionality constant k ft3/ft-min, and that the mixtures in the tanks are homo- 
geneous. Write the differential equations of the system, using h,(r), h2(r), 
vl(t),  and v2(t) as state variables. 

1-7. Write a set of state equations for the electromechanical system shown in 
Fig. 147. The amplifier gain is K., and the developed torque is I ( t )  = K,it(t), 
where K. and Kt are known constants. 

Ia = constant 

I jR. 

Coefficient of 
viscous friction, B 

Figure 1-P7 

1-8. Write a set of state equations for the mechanical system shown in Fig. I-P8. 
The displacements y&) and yz(r) are measured from the equilibrium posi- 
tion of the system with no force applied. 

position of M2 

Figure 1-PS 
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Problems lnvoduction 27 

1-9. Write a set of differential equations, in state form, for the coupled RLC 
network shown in Fig. 1-W. 

f - # ~ l  L* 

Fgue 1-P9 

1-10. Write a set of state equations for the network shown in Fig. 1-P10. R2(t) 
is a time-varying resistor, and the circuit also contains a nonlinear resistor. 

Figure 1-P10 

1-11. Show that the state transition matrix satisfies the properties given in Table 
1-1. 
Hint: 

x(t)  = w, tl)x(tO 

is a solution of 

i(t)  = A(t)x(t). 

1-12. Draw a block diagram, or signal flow graph, and write state and output 
equations that correspond to the transfer functions : 

Y(s) 1 (b) - = 2 

(dl - V(s) = 2 4  + 6s3 + 14s2 + 7s + 1 

5 (a) y(s) = - 
(c) 2) - 10 Y ( 4  8 

(e) Y ( 4  - 5[s + 21 
W s )  4s + 11 (f) u(s) - S2 

U ( 4  4s + 11 U(s) 

U(s) - $3 + 5s2 + 6s + 3 
Y(s) - rs + 1" + 21 

Y(s) - 1qs2 + 2s + 31 4 

Y(s) - rs2 + 7s + 121 
(/(s) - s3 + 5s2 + 6s + 3 (h) - U(s)  = [s + Ills + 21 

(J) u(s) = 2 4  + 6s' + 14s2 + 7s + 1 Y ( 4  81s' + s + 21 
(0 (/(s) - 4 s  + Ills + 21 
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28 Describing the System and Evaluating Its Performance Problems 

1-13. Find the state transition matrices ~ ( t )  for the systems (a), (b), (e), (f), 0, 

1-14. For each of the following systems determine: 
and (i) in Problem 1-12. 

(i) If the system is controllable. 
(ii) If the system is observable. 
(iii) The block diagram or signal flow graph of the system. 

L:;:)l* (c) The coupled circuit in Problem 1-9 with M = 0, y(t) = 

At) = xdt) ;  q # 0, i = 0, 1,2,3. 
1-15. What are the requirements for the system 

to be: 
(i) Controllable? 
(ii) Observable? 
Assume that a,, i = 1, . . . , 4  are real and distinct. 

co
nt

ro
len

gin
ee

rs
.ir



2 
The Performance Measure 

Having already considered the modeling of systems and the determination 
of state and control constraints, we are now ready to discuss performance 
measures used in control problems. Our objective is to provide physical 
motivation for the selection of a performance measure. 

Classical design techniques have been successfully applied to linear, time- 
invariant, single-input single-output systems with zero initial conditions. Typical 
performance criteria are system response to a step or ramp input-charac- 
terized by rise time, settling time, peak overshoot, and steady-state accuracy 
-and the frequency response of the system-characterized by gain and phase 
margin, peak amplitude, and bandwidth. Classical techniques have proved 
to be successful in many applications; however, we wish to consider systems 
of a more general nature with performance objectives not readily described 
in classical terms. 

2.1 PERFORMANCE MEASURES FOR OPTIMAL 
CONTROL PROBLEMS 

The “optimal control problem” is to find a control u* E U which causes 
the system 

(2.1-1) 
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30 Describing the System and Evaluating Its Performance Sec. 2.1 

to follow a trajectory x* E X that minimizes the performance measure 

Let us now discuss some typical control problems to provide some physical 
motivation for the selection of a performance measure. 

Minimum- Time Problems 

Problem: To transfer a system from an arbitrary initial state ~ ( t , )  = xo 

The performance measure to be minimized is 
to a specified target set S in minimum time. 

J = t f  - to 
I f  

I .  
= 1 dt, 

(2.1-3) 

with r, the first instant of time when x(t )  and S intersect. The automobile 
example discussed in Section 1.1 is a minimum-time problem. Other typical 
examples are the interception of attacking aircraft and missiles, and the 
slewing mode operation of a radar, or gun system. 

Terminal Control Problems 

Problem: To minimize the deviation of the final state of a system from its 

A possible performance measure is 
desired value r(r,). 

(2A-4) 

Since positive and negative deviations are equally undesirable, the error is 
squared. Absolute values could also be used, but the quadratic form in Eq. 
(2.1-4) is easier to handle mathematically. Using matrix notation, we have 

or this can be written as 

11 x(r,) - r(rr) 11 is called the norm of the vector [x(t,) - r(r,)]. 

t T denotes the matrix transpose. 
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See. 2.1 The Performance Measure s1 

To allow greater generality, we can insert a real symmetric positive 
semidefinite n x n weighting matrix Ht to obtain 

J = [ XO,) - r(t,)]fH[ Mt,) - r0,)I. (2.1-6) 

This quadratic form is also written 

Y 

Nominal flight path 

z 

Nominal flight path 

t 
(b) 

Figure 2-1 A ballistic missile aimed toward the target S 

t A real symmetric matrix H is positive semi-definife (or nonnegufive defnife) if for all 
vectors z, ZTHZ 2 0. In other words, there are some vectors for which Hz = 0 in which 
case zTHz = 0, and for all other z, ZTHZ > 0. 
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32 Describing the System and Evaluating Its Performance See. 2.1 

(2.1 -6a) 

If H is the identity matrix,? (2.1-6) and (2.1-5) are identical. 
Suppose that H is a diagonal matrix. The assumption that H is positive 

semi-definite implies that all of the diagonal elements are nonnegative. By 
adjusting the element values we can weight the relative importance of the 
deviation of each of the states from their desired values. Thus, by increasing 
h,J we attach more significance to deviation of xi(r,) from its desired value; 
by making h,, zero we indicate that the final value of xJ is of no concern 
whatsoever. 

The elements of H should also be adjusted to normalize the numerical 
values encountered. For example, consider the ballistic missile shown in Fig. 
2-1. The position of the missile at time t is specified by the spherical coordi- 
nates I(r), a(r), and O(r). I is the distance from the origin of the coordinate 
system, and a and 6 are the elevation and azimuth angles. If L = 5000 miles 
and I(?,)  = L, an azimuth error at impact of 0.01 rad results in missing the 
target S by 50 miles! If the performance measure is 

J = h, ,[l(t,) - 5000]z + hzz[O(t,)]2, (2.1-7) 

then we would select h,,  = [50/0.01]*.h,, to weight equally deviations in 
range and azimuth. Alternatively, the variables 8 and I could be normalized, 
in which case h, I = h,,. 

Minimum-Control-Effort Problems 

Problem: To transfer a system from an arbitrary initial state x(to) = xo 
to a specified target set S, with a minimum expenditure of control effort. 

The meaning of the term “minimum control effort” depends upon the 
particular physical application ; therefore, the performance measure may 
assume various forms. For example, consider a spacecraft on an interplane- 
tary exploration-let u(t) be the thrust of the rocket engine, and assume that 
the magnitude of thrust is proportional to the rate of fuel consumption. In 
order to minimize the total expenditure of fuel, the performance measure 

t The identity matrix is 

IA 

hii denotes the iith element of H. 

1 0 0 0 ... 0 
0 1 0 0 ... 0 
0 0 1 0 ... 0 

,o 0 0 0 ... 1, 
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See. 2.1 The Performance Measure 53 

J =  s"Iu(t)ldt (2.1-8) 
I* 

would be selected. If there are several controls, and the rate of expenditure 
of control effort of the ith control is c, I u,(t) I, i = 1 , . . . , m (c, is a con- 
stant of proportionality), then minimizing 

would minimize the control effort expended. The p,'s are nonnegative 
weighting factors. 

As another example, consider a voltage source driving a network con- 
taining no energy storage elements. Let u(t) be the source voltage, and sup 
pose that the network is to be controlled with minimum source energy 
dissipation. The source current is directly proportional to u(t) in this case, 
so to minimize the energy dissipated, minimize the performance measure 

J = s" u'(t) dt. 
I. 

(2.1-9) 

For several control inputs the general form of performance measure corre- 
sponding to (2.1-9) is 

(2.1-9a) 

where R is a real symmetric positive definitet weighting matrix. The elements 
of R may be functions of time if it is desired to vary the weighting on con- 
trol-effort expenditure during the interval [to, t,]. 

Tracking Problems 

Problem: To maintain the system state x(t) as close as possible to the 
desired state r(t) in the interval [to, t,]. 

As a performance measure we select 

t A real symmetric matrix R is positive definite if 
ZTRZ > 0 

for all z # 0. 

co
nt

ro
len

gin
ee

rs
.ir



34 Describing rhe System and Evaluating Its Performance Sec. 2.2 

where Q(r) is a real symmetric n x n matrix that is positive semi-definite 
for all t E [to, t,]. The elements of the matrix Q are selected to weight the 
relative importance of the different components of the state vector and to 
normalize the numerical values of the deviations. For example, ifQ is a con- 
stant diagonal matrix and q,, is zero, this indicates that deviations of x, are 
of nd'concern. 

If the set of admissible controls is bounded, e.g., I u,(r)l I 1, i = 1, 
2,. . . , m, then (2.1-10) is a reasonable performance measure; however, if 
the controls are not bounded, minimizing (2.1-10) results in controls with 
impulses and their derivatives. To avoid placing bounds on the admissible 
controls, or if control energy is to be conserved, we use the modified per- 
formance measure 

(2.1-11) 

R(f)  is real symmetric positive definite m x m matrix for all t E [to, t,]. 
We shall see in Section 5.2 that if the plant is linear this performance measure 
leads to an easily implemented optimal controller. 

It may be especially important that the states be close to their desired 
values at the 6nal time. In this case, the performance measure 

J = IIx(t,) - r(t,)ID + s" [IIW - r(t)Iko + IlWII1(1,1 df 
re 

(2.1-12) 

could be used. H is a real symmetric positive semi-definite n x n matrix. 

Regulator Problems 

A regulator problem is the special case of a tracking problem which re- 
sults when the desired state values are zero (t(t) = 0 for all f E [to, f,]). 

2.2 SELECTING A PERFORMANCE MEASURE 

In seIecting a performance measure the designer attempts to define a 
mathematical expression which when minimized indicates that the system is 
performing in the most desirable manner. Thus, choosing a performance 
measure is a translation of the system's physical requirements into mathe- 
matical terms. In particular, suppose that two admissible control histories 
which cause admissible state trajectories are specified and we are to select 
the better one. To evaluate these controls, perform the test shown in Fig. 
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Sec. 2.2 The Performance Measure 35 

PERFORMANCE 
MEASURER 

PERFORMANCE 
MEASURER SYSTEM OJ(*' (b) 

Figure 2-2 Evaluating two specified control histories. 

2-2. First, apply the control u(l) to the system and determine the value of the 
performance measure J " ) ;  then repeat this procedure with uC2) applied to 
obtainY2). IfJ") < .It2), then we designate u") as the better control; ifJ(I) 
< P I ) ,  u ' ~ )  is better; if J " )  = J ( 2 )  the two controls are equally desirable. 
An alternative test is to apply each control, record the state trajectories, and 
then subjectively decide which trajectory is better. 

If the performance measure truly reflects desired system performance, 
the trajectory selected by the designer as being "more to his liking" should 
yield the smaller value of J. If this is not the case, the performance measure 
or the constraints should be modified. 

Example 2.2-1. Figure 2-3 shows a manned spacecraft whose attitude is 
to be controlled by a gas expulsion system. As a simplification, we shall 

F g w  2-3 Attitude control of a spacecraft 
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Sec. 2.2 36 Describing the System and Evaluating its Performance 

consider only the control of the pitch angle 8(r). The differential equation 
that describes the motion is 

where I is the angular moment of inertia and I(r) is the torque produced 
by the gas jets. Selecting x,(f)  A 8(f) and xz(f)  A &f) as state variables, 
and u(r) A &)/Z as the control gives the state equations 

Fme 2-4(a) Position and velocity as functions of time 
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Sec. 2.2 The Performance Measure 37 

(2.2-2) 

The primary objective of the control system is to maintain the angular 
position near zero. This is to be accomplished with small acceleration. 

As a performance measure we select 

where q1 I ,  q22 2 0, and R > 0 are weighting factors. In Figs. 2-4, 2-5, 
2-6, and 2-7 the optimal trajectories for q1 = 4.0, qt2 = 0, and several 

u* ( I )  

8. 

0. 

-8. 

-16. 

-24. 

-32 

-40 

-48 

-56 

Figure 24@) Acceleration as a function of time 
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38 Describing the System and Evaluating Its Performance Sec. 2.2 

F m e  2-S(a) Position and velocity as functions of time 

values of R are sh0wn.i Increasing R places a heavier penalty on acceler- 
ation and control energy expenditure. All of these trajectories are optimal, 
each for a different performance measure. If we are most concerned 
about reducing the angular displacement to zero quickly, then the tra- 
jectory in Fig. 2-4 would be our choice. The astronauts, however, would 
probably prefer the trajectory shown in Fig. 2-7 because of the much 
smaller accelerations. 

We must be very careful when interpreting the numerical value of the 

i These trajectories were obtained by using the techniques discussed in Sections 3.12 
and 5.2. 
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The Performance Measure 39 

10. 12. 14. 4. 6. 8. 

Figure %5(b) Acceleration as a function of time 

minimum performance measure. By multiplying every weighting factor in 
the performance measure by a positive constant k, the value of the measure 
would be k times its original value, but the optimal control and trajectory 
would remain exactly the same. In fact, it may be possible to adjust the weight- 
ing factors by different amounts and still retain the Same optimal control 
and trajectory. t 

The physical interpretation of the value of the performance measure is 
also a factor to be considered. The minimum value of a performance measure 
such as elapsed time or consumed fuel has a definite physical significance; 
however, for problems in which the performance measure is a weighted 

t See Chapter 8 of reference [S2]. 
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42 Describing the System and Evaluating Its Performance Sec. 2.3 

combination of different physical quantities-as in the preceding spacecraft 
example-the numerical value of the performance measure does not rep 
resent a physically meaningful quantity. 

2.3 SELECTION OF A PERFORMANCE MEASURE: 
THE CARRIER LANDINQ OF A JET AIRCRAFT 

The following example, which is similar to a problem considered by 
Merriam and Ellert [M-11, illustrates the selection of a performance measure. 
The problem is to design an automatic control system for landing a high- 
speed jet airplane on the deck of an aircraft carrier. 

The jet aircraft is shown in Fig. 2-8. The x direction is along the velocity 
vector of the aircraft, and the y and z directions are as shown. a is the angle 
of attack, 8 is the pitch angle, and y is the glide path angle. 

Y 
I 
I 
I 
I 

LIFT 

/ 
/ 

/ 
v 

t WElGHT 

Ftgm 2-8 Aircraft coordinates and angles 

We shall make the following simplifying assumptions: 
1. Lateral motion is ignored; only motion in the x-y plane is considered. 
2. Random disturbances, such as wind gusts and carrier deck motion, are 

3. The nominal glide path angle y is small, so that cos y a 1 and sin y 
y in radians (it will be shown that the nominal y is -0.0636 cad). 

4. The velocity of the aircraft with respect to the nominal landing point 
is maintained at a constant value of 160 mph (235 ftlsec) by an auto- 
matic throttle control device. 

neglected. 
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Sec. 2.3 The Performance Measure 43 

5. The longitudinal motion of the aircraft is controlled entirely by the 
elevator deflection angle [6&), shown in Fig. 2-91, which has been 
trimmed to a nominal setting of 0" at the start of the automatic land- 
ing phase. 

Horizontal tail surface 

F m e  2-9 Elevator deflection angle 

6. The aircraft dynamics are described by a set of differential equations 
that have been linearized about the equilibrium flight condition. 

Since we desire to have readily available information concerning the 
system states to generate the required control, the altitude above the flight 
deck h, altitude rate h', pitch angle 8, and pitch rate 6 are selected as the state 
variables. h is measured by a radar altimeter, h' by a barometric rate meter, 
8 and 8 by gyros. If we define x, A h, x2 2 h, x3 A 8, x4 2 6, and u g a,, 
the state equations that result from the linearization of the aircraft motion 
about the equilibrium flight condition aret 

(2.3-1) 

(2.3-2) 

Next, the desired behavior for the aircraft must be defined. The nominal 
flight path is selected as a straight line which begins at an altitude of 450 ft 
and at a range of 7,050 ft measured from the landing point on the carrier 
deck. This results in 30 seconds' being the nominal time required for the 
terminal phase of the landing. The desired altitude trajectory hd is shown 
in Fig. 2-10. This selection for hd implies that the desired altitude rate 

t See [M-1). 
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0 0  30 Time(sec) 

-7,050 0 Range(ft) 
c 

hd is as shown in Fig. 2-11. It is desired to maintain the attitude of the 
aircraft at 5". This is most important at touchdown because it is required 
that the main landing gear touch before the nose or tail gear. Since O&) = 5" 
for t E [0,30], d&) = 0 during this time interval, and the desired attitude 
and attitude rate profiles are shown in Figs. 2-12 and 2-13. The desired atti- 

t , =-.0636rad 

,Nominal glide path 

\ 30 * 
I-7,050 0 

Time (sec) 
Range (ft) 

Fspre 2-10 D e s i i  altitude history 

it&) (ftlsec) 

Time (sec) 
Range (ft) 

I 
I 
I 

Figure 2-11 Desiued rate of ascent history 

O J t )  (deg) 

0 0  1 3 0  Time(sec) 
Range (ft) 

Fspre 2-12 Desiid attitude profile 

* 

-7,050 

t 

F m e  2-13 Desiied attitude rate profile 
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tude and glide path angle profiles imply that the desired angle of attack 
a, is 8.65" during the entire 30 sec interval. 

It is assumed that large deviations of 6, from the nominal 0" setting 
are indicative of a suboptimal landing and should be avoided; therefore, the 
desired value of 6, is 0" throughout the terminal phase of landing. 

The assumption is also made that there are limits on allowable departure 
from nominal values during descent. If any of these limits are exceeded, a 
wave-off is given, and the pilot takes control. 

The translation of the performance requirements into a quantitative 
measure is the next task. The performance measure is selected as the integral 
of a sum of quadratic terms in the state and control variables and some addi- 
tional terms to account for quantities which are crucial at touchdown. The 
index selected is 

J = kh[ h(30) - h,(30)]2 + kh[ &30) - h ~ 3 0 ) ] 2  + ke[8(30) - 8 ~ 3 0 ) ] 2  

(2.3-3) + 1:" {qh(z ) [h(T)  - 'dz)I2 + qd7)[i;(Z) - / ;d(7)I2 

+ qo(r)[&z) - + qB(7)[4(z) - 4d7)12 
+ r6,(z)[6e(2) - 6ed(z)]2} d7, 

where z is a dummy variable of integration. The k's, q's, and r6, are weight- 
ing factors that are specified to assign relative importance to each of the terms 
in the performance measure and to account for differences in the relative 
size of numerical values encountered. The q's and r6, are written as time- 
varying functions because deviations of some of the variables from nominal 
values may be more critical during certain periods of time than others. For 
example, rate of ascent errors are more critical over the flight deck than at 
earlier instants, so q,((f) should increase as t approaches 30 sec. The terms 
outside of the integral are there to help ensure that the attitude, rate of 
ascent, and altitude are close to nominal at f = 30 sec. Notice that the term 
containing h(30) penalizes a landing that occurs too soon or too late. 

There is no term in the measure containing the angle of attack 01 explicitly; 
however, if the values for 8 and 4 are maintained "close" to their desired 
values, then it is reasonable to expect that a will be satisfactory. Certainly a 
term could be added containing the deviation of angle of attack from its 
nominal value, but this would necessitate the selection of an additional 
weighting factor, and it is generally desirable to keep the problem simple for 
the initial solution. The desired, or nominal, aircraft trajectory is specified 
by Figs. 2-10 through 2-13. Figure 2-10 gives hd(t) = 450 - 15t ft as the 
desired altitude history, and the desired altitude at t = 30 (the nominal time 
touchdown occurs) is hd30) = 0 ft. From Fig. 2-1 1 the desired altitude rate 
history is -I5 ft/sec throughout the interval [ 0 , 3 0 ] ;  thus, hdr) = -I5 
ft/sec and hA30) = -I5 ft/sec. The desired aircraft attitude is +5" in the 
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46 Describing the System and Evaluating Its Performance Sec. 2.3 

entire landing interval; therefore, 8At) = 0.0873 rad, and 8A30) = 0.0873 
rad. From Fig. 2-13 we have 8At) = 0 rad/sec as the nominal attitude rate, 
and 8A30) = 0 rad/sec. Substituting the desired values in (2.3-3) gives 

J = kh[h(30)]' + kdh(30) + 1512 + ke[8(30) - 0.087312 

(2.3-4) + J30 {qh(z)[h(z) - 450 + 15~1' + qh(z)[h(?) + 1512 

+ qB<z)[ew - 0.08731~ + qe(t)[&)i2 
+ r6,(+5,(z)121 dz7 

where 8 is in radians, 8 in radians per second, h in feet, and h in feet per 
second. In matrix form 

J = [x(30) - r(30)]W[x(30) - r(30)] 
(2.3-5) J; {[X(z) - r(z>]TQ<z>[X<z) - r(z)]  r6.(T)u2(z)) dr7 

where x(t) is the state at time t, r(t) is the desired or nominal value of the 
state at  time t ,  u(t) is the control, r6. is a positive function of time, 

and 

The designer must select functional relationships for qh, qh, qe, qd, and 
r6,, and numerical values for kh, kh, and kP In this example the deviation 
from the desired trajectory is to be minimized; therefore, the q's and k's 
would assume only nonnegative values, and r6e would be positive for all 
2 E [0,30]. This performance measure allows sufficient flexibility to satisfy 
system requirements, ahd also leads to an optimal control law that is rela- 
tively easy to implement. Reference [M-1] discusses implementation in more 
detail and also shows trajectories that illustrate the effects of varying weighting 
parameters in a performance measure. 
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M-1 

$2 

2-1. 

REFERENCES 

Merriam, C. W., 111, and F. J. Ellert, “Synthesis of Feedback Controls Using 
Optimizztion Theory-An Example,” IEEE Trans. Automatic Control (l963), 

Schultz, D. G., and J. L. Melsa, State Functions and Linear Control SysIems. 
New York: McGraw-Hill, Inc., 1968. 

89-103. 

PROBLEMS 

Refer to the chemical mixing process of Problem 1-6. The amount of dye 
in tank 2, vz(t), is to be maintained as closely as possible to M ft3 during 
a oneday interval. 
(a) What would you suggest as a performance measure to be minimized? 
(b) Determine a set of physically realistic state and control constraints. 

2-2. Repeat Problem 2-1 if the objective is to maximize the amount of dye in 
tank 2 at the end of one day. It is specified that the total volume of dye that 
enters tank 1 in the one-day period cannot be more than N ft3. 

23. An unmanned roving vehicle has been proposed as part of the Mariner Mars 
exploration series of space missions. The roving vehicle is designed to navigate 
on the Martian surface and transmit television pictures and other scientific 
data to earth. Suppose that the rover is to be driven by a dc motor supplied 
from rechargeable storage batteries; a simplified model is shown in Fig. 2-P3. Jrl regulating Voltage 

system 

/, = constant 

Coefficient of 
viscous friction, B 

F- ZP3 

The output of the voltage regulating system is the control signal d t ) .  The 
developed torque is L(t) = K,if(t), where Kf is a known constant; A&) is the 
load torque caused by hills on the Martian surface. The vehicle’s speed is to 
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88 Describing the System and Evaluating Its Performance Problems 

deviate as little as possible from 5 mph without requiring excessive energy 
output from the voltage regulating system (to prolong the life of the batteries). 
Let if( t)  and &r) be state variables. 
(a) Write state equations for the motor-load combination. 
(b) Determine a physically reasonable set of state and control constraints. 
(c) Suggest a performance measure if: 

(i) Lf = 0. 
(ii) Lf  # 0. 

24. Refer to the simplified spacecraft model used in Example 2.2-1. Suppose 
that the objective is to change the spacecraft attitude from an arbitrary initial 
value to an angle of +15" f 0.1" with respect to the reference axis shown 
in Fig. 2-3. This maneuver is to be accomplished in 30 sec with minimum 
fuel expenditure. 
(a) Determine the state and control constraints. 
(b) Suggest an appropriate performance measure. 

2-5. Repeat Problem 2-4 if the maneuver is to be accomplished in minimum time. 
2-6. Figure 2-P6 shows a rocket that is to be approximated by a particle of instan- 

taneous mass d t ) .  The instantaneous velocity is v(t), T(r) is the thrust, and 

Y 

6 * x  

Figure 2-P6 

PO) is the thrust angle. If we assume no aerodynamic or gravitational forces, 
and if we select xI & x, xz & 5, x3 g y, x4 & 9, x5  A my uI A T, uz A j?, 
the state equations are 

aIO) = xZO) 
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Problems The Performance Measure 49 

where c is a constant of proportionality. The rocket starts from rest at the 
point x = 0, y = 0. 
(a) Determine a set of physically reasonable state and control constraints. 
(b) Suggest a performance measure, and any additional constraints imposed, 

if the objective is to make At,) = 3 mi and maximize ~ ( t , ) ;  t /  is specified. 
(c) Suggest a performance measure, and any additional constraints imposed, 

if it is desired to reach the point x = 500 mi, y = 3 mi in 2.5 min with 
maximum possible vehicle mass. 
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3 
Dynamic Pf0gfamimi;ng 

Once the performance measure for a system has been chosen, the next task 
is to determine a control function that minimizes this criterion. Two methods 
of accomplishing the minimization are the minimum principle of Pontryagin 
[p-11, and the method of dynamic programming developed by R. E. Bellman 
[B-1, B-2, B-31. The variational approach of Pontryagin (Chapter 5)  leads 
to a nonlinear two-point boundary-value problem that must be solved 
(Chapter 6) to obtain an optimal control. In this chapter we shall consider 
the method of dynamic programming and see that-it leads to a functional 
equation that is amenable to solution by use of a digital computer. 

3.1 THE OPTIMAL CONTROL LAW 

In Chapter 1 we defined an optimal control of the form 

u*(t) = f(x(t) ,  2 )  (3.1-1) 

as being a closed-loop or feedback optimal control. The functional relation- 
ship f is called the optimal control law, or the optimal policy. Notice that the 
optimal control law specifies how to generate the control value at time t 
from the state value at time t .  The presence o f t  as an argument off indicates 
that the optimal control law may be time-varying. 

53 
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64 Dynamic Programming Sec. 3.2 

In the method of dynamic programming, an optimal policy is found by 
employing the intuitively appealing concept called the principle of optimality. 

3.2 THE PRINCIPLE OF OPTlMALlTY? 

The optimal path for a multistage decision process is shown in Fig. 3-l(a). 
Suppose that the first decision (made at a) results in segment a-b with cost 

(a) (b) 

Figure 3-1 (a) Optimal path from a toe. (b) Two possible optimal 
paths from b to e 

Job and that the remaining decisions yield segment b-e at a cost of Jbe. The 
minimum cost JO: from a to e is therefore 

JG = Job 4- J6.S (3.2-1) 

ASSERTION: If a-b-e is the optimal path from a to e, then 6-e is the optimal 

Proof by contradiction: Suppose b-c-e in Fig. 3-l(b) is the optimal path from 
b to e; then 

path from b to e. 

and 
'bee Jbr, (3.2-2) 

J=b Jbce < Job -I- Jbe = J: (3.2-3) 

but (3.2-3) can be satisfied only by violating the condition that a-6-e is the 
optimal path from a to e. Thus the assertion is proved. 

Bellman [B-1] has called the above property of an optimal policy the 

An optimal policy has the property that whatever the initial state and 
initial decision are, the remaining decisions must constitute an optimal 
policy with regard to the state resulting from the first decision. 

principle of optimality: 

Sections 3.2 through 3.6 follow the presentation given in tK-41. 
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Sec. 3.3 Dynamic Programming 66 

3.3 APPLICATION OF THE PRINCIPLE OF 
O P T I M A L I N  TO DECISION-MAKINQ 

The following example illustrates the procedure for making a single 
optimal decision with the aid of the principle of optimality. 

Consider a process whose current state is b. The paths resulting from all 
allowable decisions at b are shown in Fig. 3-2(a). The optimal paths from 
c, d, and e to the terminal pointfare shown in Fig. 3-2(b). The principle of 

Figure 3-2 (a) Paths resulting from all allowable decisions at b. 
(b) Optimal paths from E, d, e to f. (c) Candidates for optimal 
paths from b to f 

optimality implies that if b-c is the initial segment of the optimal path from 
b toJ then c-fis the terminal segment of this optimal path. The same reason- 
ing applied to initial segments b-d and b-e indicates that the paths in Fig. 
3-2(c) are the only candidates for the optimal trajectory from b to f. The 
optimal trajectory that starts at b is found by comparing 

(3.3-1) 

The minimum of these costs must be the one associated with the optimal 
decision at point b. 

Dynamic programming is a computational technique which extends the 
above decision-making concept to sequences of decisions which together 
define an optimal policy and trajectory. The optimal routing problem in 
the next section illustrates the procedure. 
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5 

Sec. 3.4 

Final 
a -  ,rlirl;n; -+. N 

S 
9 3 3 

b -  c - f - g  

3.4 DYNAMIC PROGRAMMING APPLIED TO A 
ROUTING PROBLEM 

A motorist wishes to know how to minimize the cost of reaching some 
destination h from his current location. He can only travel (one-way as indi- 
cated) on the streets shown on his map (Fig. 3-3), and at the intersection- 
to-intersection costs given. 

Instead of trying all allowable paths leading from each intersection to h 
and selecting the one with lowest cost (an exhaustive search), consider the 
application of the principle of optimality. In this problem, “state” refers to 
the intersection and a “decision” is the choice of heading (control) elected by 
the driver when he leaves an intersection. 

Suppose the motorist is at c; from there he can gs only to d or f, and then 
on to h. Let Jcd denote the cost of moving from c to d and Jcr the cost from 
c tof. Assume that the motorist already knows the minimum costs, J; and 
J,$, to reach the final destination h from d andf. (In this example, J; = 10 
and J;*h = 5.) Then the minimum cost J; to reach h from c is the smaller of 

c&, = Jcd + J; = minimum cost to reach h from c via d (3.4-1) 

and 

C:,* = Je, + J;h = minimum cost to reach h from c via$ (3.42) 

Thus, 

J:h = min(Csh, c:fh] 
= min (15,8) (3.43) 
= 8  

and the optimal decision at c is to go tof. 
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Sec. 3.4 Dynamic Programming 67 

How does the motorist know the values for JA and JJ,? These quantities 
must have been calculated previously by working backward from h. For 
example, J:h = 2-there is only one path from g to h. J& is then used to find 
J& from 

J h  = J,, -I- Jth 
= 3 + 2  (3.4-4) 
= 5. 

Then 

and so on. The general approach should now be evident. It remains to for- 
malize the computational algorithm. In this connection it will be convenient 
to introduce the following notation: 

a 
ui 

is the current state (intersection). 
is an allowable decision (control) elected at the state a. In this 
example i can assume one or more of the values 1, 2, 3, 4, corre- 
sponding td the headings N, E, S, W. 

x, is the state (intersection) adjacent to a which is reached by applica- 
tion of u, at a. 

h is the final state. 
J,,, is the cost to move from a to x,. 
JZh is the minimum cost to reach the final state h from x,. 
C:,,,, is the minimum cost to go from a to h via xi. 
Jzh is the minimum cost to go from a to h (by any allowable path). 
u*(a) is the optimal decision (control) at a. 

When this notation is used, the principle of optimality implies that 

C:.,h = Jax,  + J Z h  (3.4-6) 

and, as before, the optimal decision at a, u*(a), is the decision that leads to 

J f  = (c ,* ,hy  Ccs*x*br * * * Y  c:.qh, * * -1. (3.4-7) 

These two equations define the algorithm called dynamic programming. To 
illustrate the procedure, the automobile routing problem has been “solved” 
in Table 3-1, where only the consequences of lawful decisions are included. 
Notice particularly that the intersections nearest the destination h are con- 
sidered first, and that the optimal trajectories (routes) are built up from h 
buckwurds toward the earlier states (intersections). This is necessary in order 
that J$ be known prior to the calculation of C&, ( = Jax, + J,*53. 
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Once the table has been completed, the optimal path from any intersection 
to h can be obtained by entering the table at the appropriate intersection 
and reading off the optimal heading at each successive intersection along 
the trajectory. For example, if the motorist starts at by the table tells him to 
head east. Heading east, he arrives at c, where the table indicates he should 
again move east. Continuing the process, we find the optimal path from 
b to h to be b-c-f-g-h and the minimum cost to be 17. 

The information in the table also allows the motorist to adjust his route 
if he is forced to deviate from the optimal path. Suppose he started at b 
and reached c only to find the road to f closed for repairs; he is forced to 
move to d. After doing so, he enters the table and finds that from d the 
optimal path to h is d-e-f-g-h. 

Notice that a motorist at intersection a who heads south instead of east 
is being misled by the prospect of a short-term gain. His overall cost will 
be higher, even if he thereafter follows the optimal route. 

Table 3-1 CALC~LA~ON OF OPTIMAL HEADINGS BY DYNAMIC PROORAMMINO 

Current Heading Next Minimum cost from Minimum Optimal 
intersection intersection a to h via xf cost to heading 

reach h at a 
from a 

a 4 xi Jam + JZh = czxf;a Jz* u*W 

g N h 2 +  o =  2 2 N 
f E g 3 +  2 =  5 5 E 

e E h 8 +  0 -  8 
S f 2 +  5 =  7 7 S 

d E e 3 +  7 = 1 0  10 E 
C N d 5 + 10 = 15 

E f 3 +  5 =  8 8 E 
~ 

b E c 9 +  8-17  17 E 

a E d 8 + 10 = 18 18 E 
S b 5 + 1 7 = 2 2  

3.5 AN OPTIMAL CONTROL SYSTEM 

Consider a system described by the first-order differential equation 

(3.5-1) d - [ x(r)] = ax(r) + bu(t), dr 
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Sec. 3.5 Dynamic Programming 59 

where x(t) and u(t) are the state and control variables, respectively, and u 
and b are constants. The admissible values of the state and control variables 
are constrained by 

0.0 I x(t)  I 1.5 

and 

-1.0 2 u(r) 2 1.0, (3.5-2) 

and the performance measure (cost) to be minimized is 

J = X*(T) + Iz ST u*(r) dr, (3.5-3) 

where T is the specified final time, and Iz is a weighting factor included to 
permit adjustment of the relative importance of the two terms in J. x(T) and 
u(r) are squared because positive and negative values of these quantities are 
of equal importance. This performance measure reflects the desire to drive 
the final state x(T)  close to zero without excessive expenditure of control 
effort. 

Before the numerical procedure of dynamic programming can be applied, 
the system differential equation must be approximated by a difference equa- 
tion, and the integral in the performance measure must be approximated by 
a summation. This can be done most conveniently by dividing the time inter- 
val 0 < t < T into N equal increments, At. Then from (3.5-1) 

(3.5-4) 

or 

x(r + Ar) = [I + a At]x(t) + b Ar u(r). ( 3 . 5 3  

It will be assumed that Ar is small enough so that the control signal can be 
approximated by a piecewiseanstant function that changes only at the 
instants t = 0, At,  . . . , ( N  - 1 )  A t ;  thus, for t = k At, 

x([k + 1JAr) = [I + uAt]x(k  At) + b At u(kAr); k = 0, 1,. . . , N -  1 .  
(3.5-6) 

x(kAt )  is referred to as the kth value of x and is denoted by x(k). The 
system difference equation can then be written 

x(k + 1 )  = [ l  + a At]x(k) + b At u(k). (3.5-7) 
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In a similar way the performance measure becomes 

J = x2(N At) + ,I [j”’ u2(0) dt + jz AI uz(At) dt + - - . 
At 

+ j N A I  uZ([N - 1lAt)dt 9 

(N- I )  AI I (3.5-8) 

J = x 2 ( W  + ,I At[u2(0) + u2(l) + . . . + U ~ ( N  - I)] 
(3.5-9) 

= xz(N)  + ,I At u2(k). 
k=O 

Now the method of dynamic programming can be applied as in the auto- 
mobile routing problem. For numerical simplicity let a = 0, b = 1, 12 = 2, 
T = 2, At = 1, in which case N = 2; i.e., this is a two-stage process described 
by the difference equation 

x(k + 1) = ~ ( k )  + u(k); k = 0, 1 (3.5-10) 

where u(0) and u(l) are to be selected to minimize the performance measure 
(cost) 

J = XZ(2) + 2uZ(O) + 2u2(1) (3.5-1 1) 

subject to the constraints 

0.0 5 ~ ( k )  5 1.5; k = 0, 1,2 

and (3.5-1 2) 

-1.0 ~ ( k )  1.0; k = 0, 1. 

The first step in the computational procedure is to find the optimal policy 
for the last stage of operation. This is essentially a matter of trying all of the 
allowable control values at each of the allowable state values. The optimal 
control for each state value is the one which yields the trajectory having the 
minimum cost. To limit the required number of calculations, and thereby 
make the computational procedure feasible, the allowable state and control 
values must be quantized. In this problem it will be assumed that the quan- 
tizedvaluesarex(k) = 0.0,0.5,1.0,1.5,and u(k) = -1.0, -0.5,0.0,0.5, 1.0. 

Using these values, we find that the computational procedure for deter- 
mining the optimal policy over the last stage is 

1. Put k = 1, select one of the quantized values of x(l), try all quantized 
values of u( I), and calculate the resulting trajectories. The optimal 

co
nt

ro
len

gin
ee

rs
.ir



Sec. 3.5 Dynamic Programming 61 

control for this state value is the one which yields the minimum cost. 
2. Repeat the procedure in step 1 for the remaining quantized levels of 

x(1). 

The resulting calculations are shown in Table 3-2, where calculations leading 
to a violation of the constraints have been omitted. Notice that the cost 
J , ,  of going from state x(1) to state x(2) is dependent on the value of the 
state x(1) and on the value of the control applied, u(1); hence the notation 
J ,  ,(x( I) ,  u( 1)). Similarly, the minimum cost Jfz(x( 1)) and the optimal control 
u*(x(l), 1) applied at k = 1 are dependent on the value of the state x(l).t 

Now consider the next-to-last stage of the process by putting k = 0. At 
each quantized value of the state x(0) all quantized values of the control u(0) 
are tried. The trajectory from x(0) to x(1) is computed for each trial, together 
with the cost J o l .  Then, knowing the value of x(1) at the end of each such 
trajectory, we may follow the optimal trajectory over the last stage with the 
aid of the data available in Table 3-2. In mathematical terms this means that 

and thus the cost of the optimal trajectory is 

where 

C,*,(x(O), u(0)) is the minimum cost of operation over the last two stages 
for one quantized value of x(0) given a particular trial 
quantized value of u(0). 

Jol(x(0), u(0)) is the cost of operation in the interval k = 0 to k = 1 
for specified quantized values of x(0) and u(0). 

Jf,(x(l)) is the cost of the optimal last-stage trajectory which is 
a function of the state x( 1). 

J&(x(O)) is the minimum cost of operation over the last two stages 
for a specified quantized value of x(0). 

Notice that (3.5-13) and (3.5-14) are analogous to (3.4-6) and (3.4-7) in the 
automobile routing problem. 

Finally, (3.5-13) and (3.5-14) are mechanized in Table 3-3 to complete 
the dynamic programming algorithm. 

The information contained in Tables 3-2 and 3-3 may now be used to 
determine the optimal trajectory from any allowable quantized value of x(0) 

t Rather than adhere to the form of (3.1-1) for the optimal control law, u*(k) = f(x(k), k), 
we will shorten the notation by writing simply u*(x(k), k). 
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Table 3-2 COSTS OF OPERATION OVER THE LM STAGE 

Current Control Next state cost Minimum cost Optimal control 
applied at k = 1 state 

x(1) 41) x(2) = x(1) + 41) x2(2) + 2UW) = JIZ(X(l), U(lN J fz(x(1 )) u*(x(l). 1) 

1.5 0.0 1.5 (1.5)2 + 2(0.0)2 = 2.25 
-0.5 1 .o (1.0)2 + 2(-0.5)2 = 1.50 Jfz(l.5) = 1.50 ~*(1.5, 1) -0.5 
-1.0 0.5 (0.5)2 + 2(- 1 .O)Z = 2.25 

(1.5)2 + 2(0.5)2 = 2.75 
0.0 1 .o (1.012 + 2(0.0)2 = 1.00 

-1.0 0.0 (0.0)2 + 2(-1.0)2 = 2.00 

1 .o 0.5 1.5 

-0.5 0.5 (0.5)2 + 2(-0.5)2 = 0.75 Jrz(l.0) = 0.75 ~*(1.0, 1) = -0.5 8 

0.5 1 .o 1.5 (1.5)2 + 2(1.0)2 = 4.25 
0.5 1 .o (1.0)2 + 2(0.5)2 = 1.50 

-0.5 0.0 (0.0)2 + 2(-0.5)2 = 0.50 
0.0 0.5 (0.5)2 + 2(0.0)2 = 0.25 JTz(0.5) 0.25 ~*(0.5,1) = 0.0 

0.0 1 .o 1 .O (1.0)2 + 2(1.0)2 = 3.00 
(0.5)2 + 2(0.5)2 = 0.75 0.5 0.5 

0.0 0.0 (0.0)2 + 2(0.0)2 = 0.00 Jfz(0.O) = 0.00 u*(O.O, 1) = 0.0 
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Table 3-3 COSTS OF OPERATION OVER THE LAST TWO STAGES 

Minimum cost over last two stages Minimum cost Optimal control 
state for trial value u(0) over last applied at k = 0 

Jo I ( X 0 ,  do)) + JX(X(1)) = 

Current Control Next state 

two stages 
4 0 )  u(0) x(1) = x(0) + 4 0 )  2u2(0) + J;c2(x(l)) = c$2(x(o), u(0)) J$2(xco>> u*(xO, 0) 

Q 

1.5 0.0 1.5 2(0.0)2 + 1.50 = 1.50 
-0.5 1 .o 2(-0.5)2 + 0.75 = 1.25 J$2(1.5) 1.25 ~*(1.5,0) = -0.5 
-1.0 0.5 2(-1.0)2 + 0.25 = 2.25 

1 .o 0.5 1.5 210.W + 1.50 = 2.00 
0.0 

-0.5 
-1.0 

2(0& + 0.75 = 0.75 J0*(1.0) = c:;;} u*(l.O, 0) = { -;;) 1 .o 
0.5 2(-0.5)2 + 0.25 = 0.75 
0.0 2(-1.0)2 + 0.00 = 2.00 

0.5 1 .o 1.5 2(1.0)2 + 1.50 = 3.50 
0.5 1.0 2(0.5)2 + 0.75 = 1.25 
0.0 0.5 2(0.0)2 + 0.25 = 0.25 J$2(o.5) = 0.25 u*(0.5,0) = 0.0 

-0.5 0.0 2(-0.5)2 + 0.00 0.50 

0.0 1 .o 1 .o 2(1.0)2 + 0.75 = 2.75 
0.5 0.5 2(0.5)2 + 0.25 = 0.75 
0.0 0.0 2(0.0)2 + 0.00 = 0.00 J$2(0.0) = 0.00 u*(O.O, 0) = 0.0 
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64 Dynamic Programming Sec. 3.6 

to the final state x(2). For example, if x(0) = 1.5, Table 3-3 indicates that 
u*(1.5,0) = -0.5andJ$2(1.5) = 1.25. Applicationofu*(IS, 0)at x(0) = 1.5 
makes x(1) = 1.0, and Table 3-2 gives the optimal control applied at k = 1 
as u*(I.O, 1) = -0.5. Thus, for x(0) = 1.5 the optimal control sequence is 
(-0.5, -0.5), and the minimum cost is 1.25. 

In a similar way, the optimal policies and trajectories can be determined 
from the tables for the other values of x(0). Observe that if x(0) = 1.0 the 
optimal policy is nonunique-the control sequences (0, -0.5) and {-0.5,0) 
are both optimal. Notice also that in this problem there is no requirement 
that all the trajectories end at the same value of x(2). A problem in which 
x(T) is specified is included in the problems at the end of the chapter (Problem 

If a problem is segmented into more than two stages, the procedure must 
simply be extended by repeating the calculations of Table 3-3 for each preced- 
ing stage. In general, to determine the optimal control applied at t = k At 
in an N-stage process the appropriate forms for (3.5-13) and (3.5-14) are 

3-3). 

I I 

Taken together, equations (3.5-13a) and (3.5-14a) form the functional equation 
of dynarnicprogramming; we shall have more to say about this in Section 3.7. 

In more practical problems a digital computer would normally be needed, 
and it often becomes important to minimize the amount of storage required 
for the retention of intermediate results. The calculations in Table 3-3 and the 
determination of the optimal policy and trajectory for any allowable value of 
x(0) require only the data in the last two columns of Tables 3-2 and 3-3; 
therefore, only these data need be stored. 

3.6 INTERPOLATION 

In the preceding control example all of the trial control values drive 
the state of the system either to a computational “grid” point or to a value 
outside of the allowable range. Had the numerical values not been carefully 
selected, this happy situation would not have been obtained and interpola- 
tion would have been required. For example, suppose that the trial values 
for u(k) had been -1, -0.75, -0.5, -0.25,0,0.25,0.5,0.75, 1. The values 
of J,*,(x(l)) and u*(x(l), 1) shown next to the state points in Fig. 3-4(a) are 
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b b 

u(O)= 0.00 
1.5 %---$40) -0- =-0.25 

- '8;*,>u(0) = -0.75 

1 
Q . , / U ( O )  = -0.50 

"puce, = - I  .00 

- 

b 

- 

0.5 - 
- I - -dt - * k  w k  

I 2 I 2 

- 

[0.0000, 0.001 

X X 

(a) (b) 

Fgve 3-4 (a) Minimum costs and optimal controls for quantized 
values of x(1). (b) Paths resulting from the application of quantized 
control values at x(0) = 1.5 

the results of repeating the calculations in Table 3-2 with the new trial values 
for u(1). 

Next, suppose that all of the quantized values of the control are applied 
for a state value of x(0) = 1.5. The resulting values of x(1) are shown in Fig. 
3-4(b), where it can be seen that two of the end points do not coincide with 
the grid points of Fig. 3-4(a). But, by linear interpolation, 

Jfz(1.25) = 0.68750 + +[1.50000 - 0.687501 
(3.6-1) 

= 1.09375 

and 

JFz(0.75) = 0.18750 + +[0.68750 - 0.18750] 
(3.6-2) 

= 0.43750 

Finally, the result of repeating the calculations in Table 3-3 [for 4 0 )  
= 1.5 only], the interpolated values of J;rZ(x(l)) being used where required, 
is shown in Table 3-4. 

Interpolation may also be required when one is using stored data to 
calculate an optimal control sequence. For example, if the optimal control 
applied at some value of 4 0 )  drives the system to a state value x(1) that is 
halfway between two points where the optimal controls are -1 and -0.5, 
then by linear interpolation the optimal control is -0.75. 

In summary, although a finite grid of state and control values must be 
employed in the numerical procedure, interpolation makes available approxi- 
mate information about intermediate points. Naturally, the degree of approxi- 
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Table 3-4 cOm OF OPERATION OVER THE LAST TWO STAGES FOR x(0) = 1.50 

Current Control Next state Minimum cost over last two stages Minimum cost Optimal control 
state for trial value u(0) over last applied at 

J O l ( ~ ( O ) ,  u(0)) + Jir2(x(l)) = two stages k - 0  
x(0) u(0) x(1) = do) + do)  2u2(0) + J&(x(l)) = C&(%(O), u(0)) J,*(X(O)) u * (xo ,  0) 

1.50 0.00 1.50 2(0.00)2 + 1.5oooO = 1.5oooO 
-0.25 1.25 2('-0.25)2 + 1.09375 = 1.21875 
-0.50 1.00 2(-0.50)2 + 0.68750 = 1.18750 J&(1.5) = 1.18750 ~*(1.5,0) = -0.50 
-0.75 0.75 2(-0.75)2 + 0.43750 = 1.56250 
-1.00 0.50 2(-1.00)2 + 0.18750 = 2.18750 

t 
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See. 3.7 Dynamic Programming 67 

mation depends on the separation of the grid points, the interpolation scheme 
used, and the system dynamics and performance measure. A finer grid gener- 
ally means greater accuracy, but also increased storage requirements and 
computation time. The effects of these factors are illustrated in some of the 
exercises at the end of the chapter (Problems 3-14 through 3-18). 

3.7 A RECURRENCE RELATION OF DYNAMIC 
PROGRAMMING 

In this section we shall begin to formalize some of the ideas introduced 
intuitively in preceding sections. In particular, we wish to generalize the 
procedure in Section 3.5 which led to equations (3.5-13a) and (3.5-14a). 
Since our attention is focused on control systems, a recurrence relation will 
be derived by applying dynamic programming to a control process. 

An nth-order time-invariant system? is described by the state equation 

k(t) = a(x(r), u(r)). (3.7-1) 

It is desired to determine the control law which minimizes the performance 
measure 

J = h(x(t,)) + J’r g(x(t), u(t)) dt, (3.7-2) 

where r, is assumed fixed. The admissible controls are constrained to lie in 
a set U ;  i.e., u E U. As before, we Grst approximate the continuously operating 
system of Eq. (3.7-1) by a discrete system; this is accomplished by considering 
N equally spaced time increments in the interval 0 t r,. From (3.7-1) 

(3.7-3) 

or 
x(t + At)  = x(r) + At a(x(t), u(r)). (3.7-4) 

Using the shorthand notation developed earlier for x(k At) gives 

x(k + 1) = x(k) + At a(x(k), W), (3.7-5) 

which we will denote by 

x(k + 1) A a & W ,  u(k)). (3.7-6) 

t The following derivation can be applied to time-varying systems as well; time- 
invariance is assumed only to simplify the notation. 
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Operating on the performance measure in a similar manner, we obtain 

J = h(x(N At)) + IA' g dt + I* A, g dt + - - * + I N  '' g dt, (3.7-7) 
At ( N - I ) A ,  

which becomes for small At, 

(3.7-8) 

which we shall denote by 

By making the problem discrete as we have done, it is now required that 
the optimal control law u*(x(O), 0), u*(x(l), l), . . . , u*(x(N - l), N - 1) 
be determined for the system given by Eq. (3.7-6) which has the performance 
measure given by (3.7-8a). We are now ready to derive the recurrence equa- 
tion. 

Begin by defining 

J N N ( X ( N ) )  f h(x(N)) ; (3.7-9) 

J" is the cost of reaching the final state value x ( N ) .  Next, define 

J N - 1 ,  N ( X ( N  - I), u(N - l)) g D ( x ( N  - u(N - l)) + h(x(N)) 
= g D ( x ( N  - l), u(N - l)) + J N N ( X ( N ) ) ,  

(3.7- 10) 

which is the cost of operation during the interval ( N  - 1) At 5 t N At. 
Observe that JN- l ,  is also the cost of a one-stage process with initial state 
x(N - 1). The value of JN- I ,  is dependent only on x(N - 1) and u(N - l), 
since x ( N )  is related to x(N - 1) and u(N - 1) through the state equation 
(3.79, so we write 

J N - l .  N ( X ( N  - l), u(N - l)) = g D ( x ( N  - l), u(N - l)) (3.7-1 1) + J N N ( a D ( X ( N  - I), u(N - 1))). 

The optimal cost is then 

JZ-1, N ( X ( N  - 1)) &mE$l{gD(x(N - l), u(N - l)) + J N N ( a D ( X ( N  - I), 
u(N - 1))))t (3.7-12) 

t Notice that the minimization is performed with only admissible control values being 
Used. 
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We know that the optimal choice of u(N - I) will depend on x(N - I), so 
we denote the minimizing control by u*(x(N - l), N - 1). 

The cost of operation over the last two intervals is given by 

J N - 2 ,  - 2), u(N - 2), u(N - l)) 
= gD(x(N - 2), u(N - 2)) + gD(x(N - I), u(N - 1)) + h(x(N)) (3.7-13) 
= gD(x(N - 21, u(N - 2)) + J N - 1 ,  N(X(N - l)7 u(N - l))7 

where again we have used the dependence of x(N)  on x(N - 1) and u(N - 1). 
As before, observe that JN-2. is the cost of a two-stage process with initial 
state x(N - 2). The optimal policy during the last two intervals is found from 

JN*- 2, N(X(N - 2)) 

The principle of optimality states that for this two-stage process, whatever 
the initial state x(N - 2)  and initial decision u(N - 2), the remaining deci- 
sion u(N - 1) must be optimal with respect to the value of x(N - 1) that 
results from application of u(N - 2); therefore, 

JN*-2. N(X(N - 2)) = ,$:) {gD(x(N - 2)7 u(N - 2)) + J,$-l. d x ( N  - 1)))* 
(3.7- 15) 

Since x(N - 1) is related to x(N - 2) and u(N - 2) by the state equation, 
J,$-2, depends only on x(N - 2); thus 

JN*--2. N(X(N - 2)) 
= min {gD(x(N - 2 1 7  u(N - 2)) + J:- I ,  N(aD(x(N - 217 u(N - 2)))) m(N-2) 

(3.7-15a) 

By considering the cost of operation over the final three stages-a three- 
stage process with initial state x(N - 3)-we can follow exactly the same 
reasoning which led to Eqs. (3.7-13) through (3.7-15a) to obtain 

JN*- 3. N(X(N - 3)) 
= min {gD(x(N - 3)s u(N - 3)) + JN*-2. N(aD(X(N - 31, u(N - 3)))) 

m ( N - 3 )  

(3.7-16) 

Continuing backward in this manner, we obtain for a K-stage process 
the result 
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which by applying the principle of optimality becomes 

Equation (3.7-18) is the recurrence relation that we set out to obtain. By 
knowing J$-(K-I), N ,  the optimal cost for a (K - 1)-stage policy, we can 
generate J$-R, N ,  the optimal cost for a K-stage policy. To begin the process 
we simply start with a zero-stage process and generate J$N & J” (the * is 
just a notational convenience here; no choice of a control is implied). Next, 
the optimal cost can be found for a one-stage process by using JIS, and (3.7- 
18), and so on. Notice that beginning with a zero-stage process corresponds 
to starting at the terminal state h in the routing problem of Section 3.4 and 
starting at the final time t = 2 At in the control example of Section 3.5. 

This derivation of the recurrence equation has also revealed another 
important concept-the imbedding principle. J$-K,  N(x(N - K)) is the 
minimum cost possible for the final K stages of an N-stage process with 
state value x(N - K) at the beginning of the ( N  - K)th stage; however, 
JN-x, N ( x ( N  - K ) )  is also the minimum cost possible for a K-stage process 
with initial state numerically equal to the value x ( N  - K).  This means that 
the optimal policy and minimum costs for a K-stage process are contained 
(or imbedded) in the results for an N-stage process, provided that N 2 K. 

Our discussion has been concerned primarily with the solution of optimal 
control problems ; however, dynamic programming can also be applied to 
other types of optimization problems. For a more general treatment of 
dynamic programming and its applications, see references [B-21 and “-11. 

3.8 COMPUTATIONAL PROCEDURE FOR SOLVING 
OPTIMAL CONTROL PROBLEMS 

Let us now summarize the dynamic programming computational pro- 
cedure for determining optimal policies. 

t An alternative notation often used is 

J f ( x ( N  - K)) = min {&!D(x(N - K), u(N - K)) + J z -  , ( a d x ( N  - K), u(N - K)))), 
where the subscripts of J* indicate the number of stages. We shall use the notation 
of Eq. (3.7-18) because it more clearly indicates the computational procedure to be 
followed. 

w ( N - K )  
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A system is described by the state difference equation? 

x(k + 1) = a,(x(k), u(k));  k = 0, 1, . . ., N - 1. (3.8-1) 

It is desired to determine the control law that minimizes the criterion 

J = h(x(N)) + %(x(k), m).t 
k=O 

(3.8-2) 

As shown in Section 3.1, the application of dynamic programming to this 
problem leads to the recurrence equation 

J,$-Kc, N ( ~ ( N  - K ) )  = min {gD(x(N - K ) ,  u(N - K ) )  
.(N-dl) 

-k J,$-(K- I ) ,  N(a,(x(N - K), u(N - K)))} ; (3.8-3) 
K =  1,2, ..., N 

with initial value 

J,$N(x(N)) = h(x(N))* (3.8-4) 

It should be re-emphasized that Eq. (3.8-3) is simply a formalization of the 
computational procedure followed in solving the control problem in Section 
3.5. 

The solution of this recurrence equation is an optimal control law or 
optimal policy, u*(x(N - K ) ,  N - K), K = 1, 2, . . . , N, which is obtained 
by trying aN admissible control values at each admissible state value. To 
make the computational procedure feasible it is necessary to quantize the 
admissible state and control values into a finite number of levels. For example, 
if the system is second order, the grid of state values.would appear as shown 
in Fig. 3-5. The heavily dotted points are the state values at which each of 
the quantized control values is to be tried. In this second-order example, 
the total number of state grid points for each time, k Ar, is sls2, where s, 
is the number of points in the x, coordinate direction and s2 is the number 
of points in the x2 coordinate direction. s, and s2 are determined by the 
relationship 

where it is assumed that Axr is selected so that the interval x,,,, - x,,,. 

t This difference equation and the performance measure may be a discrete approximation 

t To simplify the notation, it is assumed that the state equations and performance measure 
to a continuous system, or they may represent a system that is actually discrete. 

do not contain k explicitly. The algorithm is easily modified if this is not the case. 
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contains an integer number of points. For an nth-order system the number of 
state grid points for each time, t = k Ar, is 

s = s, 'SZ' * f * 'S" 
where 

(3.8-6) 

s, = xh, - xr-h + 1; 
A X r  

r = 1, 2,. . .) n, (3.8-7) 

if it is assumed that the ratio [xrm,. - xr-,J/Axr is an integer. The admis- 
sible range of control values is quantized in exactly the same way; if C is the 
total number of quantized values of u(k), then 

c = c, 'CZ' .  * * 'C, 
where 

(3.8-8) 

(3.8-9) 

In the following development x")(k)(i = 1,2, . . . , S) and u'"(k) ( j  = 1, 
2,. . . , C) denote the admissible quantized state and control values at time 
t = k At. 

The first step in the computational procedure is to calculate the values 
of J,$N(x(i)(N)) ( i  = 1,2,. . . , S) which are used to begin solution of the 
recurrence equation. 

Next, we set K = 1, and select the first trial state point by putting i = 1 
in the subroutine which generates the points x")(N - K). Each control value, 
u'j)(N - K) ( j  = 1,2, . . . , C), is then tried at the state value x")(N - K) 
to determine the next state value, x('.I)(N - K + I), which is used to look 
up the appropriate value of J$--(K-I),N(~(fJ)(N - K + 1)) in computer 
memory-interpolation will be required if x('*I)(N - K + 1) does not fall 
exactly on a grid value. Using this value of J,$--(K-,).N(~('*')(N - K + 1)) 
we evaluate 

c$-K,N(x"'(N - K ) ,  u"'(N - K ) )  = g,(x")(N - K ) ,  U ' q v  - K ) )  

+ J$--(K-I).N(X(~")(N - K + I)), 
(3.8-10) 

which is the minimum cost of operation over the final K stages of an N-stage 
process assuming that the control value u'"(N - K) is applied at the state 
value x")(N - K ) .  The idea is to find the value of u")(N - K) that yields 
J,$-K,N(~' f ) (N - K)), the minimum of C$-K,N(x(f)(N - K), u")(N - K)) .  
Only the smallest value of C;-,,(x")(N - K),  u("(N - K)) and the asso- 
ciated control need to be retained in storage; thus, as each control value is 
applied at x")(N - K) the C$-K,N(x"'(N - K), u( i ) (N - K ) )  that results is 
compared with the variable named COSMIN-the COSt which is the MINi- 
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74 Dynamic Programming Sec. 3.8 

mum of those which have been previously calculated. If C$- , , , (X(~)(N - K) ,  
u ( j ) ( N  - K ) )  < COSMIN, then the current value of COSMIN is replaced 
by this new smaller value. The control that corresponds to the value of 
COSMIN is also retained-as the variable named UMIN. Naturally, when 
COSMIN is changed, so is UMIN. 

After all control values have been tried at the state value x")(N - K) ,  
the numbers stored in COSMIN and UMIN are transferred to storage in 
arrays named COST(N - K, I )  and UOPT(N - K, I ) ,  respectively. The 
arguments ( N  - K )  and I indicate that these values correspond to the state 
value X ( ~ ] ( N  - K). 

The above procedure is carried out for each quantized state value; then 
K is increased by one and the procedure is repeated until K = N,  at which 
point the COST(N - K, I )  and UOPT(N - K, I )  arrays are printed out for 
K = 1, 2, . . . , N and I = 1, 2, . . . , S. A flow chart of the computational 
procedure is shown in Fig. 3-6. 

The result of the computational procedure is a number for the optimal 

numbcr of m t c  vdluci = S, 
numbcr of control values = C, 

other required information 

CALCULA-IE and STORE 
.I,,,,, (x" (M)  ~ lt(ni')(M) 

for dl1 admissible quantized vdue i  
orx(w( i=  I, 2 , .  . . ,SI 

INCREASE K by I , 
SET xp)(N - K )  equal to the m i t i n g  

C H A N G E X I ' ~ ( N - K ) ~ O ~ ~ ~  
ncr t  quantized state valur by 

increh~ing r by I 

CALCULATE thevalue of 
x " , n ( N - K +  I)=a, ( x ( , ] ( N -  K),uO)(N-K)) 
USEthiswlueofxI'.d(.N- K t  I l tose lcc t  thc 

appropriit~ rtorcd villuc of 
J ; . , , , , , ( X P ~ " ( N - K + I ) )  

(mterpolation iequircd~fx('~J)(N- K +  I l i a n o t  
a grid vaiuel : 
COMPUTE 

C ; - x , N  (x(')(A- .Q, u(l ! (N-  K ) )  
the minimum cost over the final (N - K )  itrgei 

tfu'J?N - K )  1s dpplied rt d ' ] (N-  K )  

been completed for 

Yes 

control values been ,"St calculated 

COSMIN? 

C".n,N(x"l(N- K ) , u o ' ( N - K ) )  
m COSMIN, 

STORE thc value u'JI(N - K )  
all quantized state paints ( I =  I ,  2 , .  . .Sl 

anda l ls tagcs(K= I ,Z , .  . , N )  

Figure 3-6 Flow chart of the computational procedure 
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Sec. 3.9 Dynamic Programming 75 

control and the minimum cost at every point on the (n + 1)-dimensional 
state-time grid. To calculate the optimal control sequence for a given initial 
condition, we enter the storage location corresponding to the specified initial 
condition and extract the control value u*(O) and the minimum cost. Next, 
by solving the state equation we determine the state of the system at k = 1 
which results from applying u*(O) at k = 0. The resulting value of x(1) is 
then used to reenter the table and extract u*(l), and so on. We see that the 
optimal controller is physically realized by a table look-up device and a 
generator of piecewise-constant signals. 

3.9 CHARACTERISTICS OF DYNAMIC 
PROGRAMMING SOLUTION 

In Section 3.8 we formalized the algorithm for computing the optimal 
control law from the functional equation 

Let us now summarize the important characteristics of the computational 
procedure and the solution it provides. 

Absolute Minimum 

Since a direct search is used to solve the functional recurrence equation 
(3.8-3), the solution obtained is the absolute (or global) minimum. Dynamic 
programming makes the direct search feasible because instead of searching 
among the set of all admissible controls that cause admissible trajectories, 
we consider only those controls that satisfy an additional necessary con- 
dition-the principle of optimality. This concept is illustrated in Fig. 3-7. 
S, is the set of all controls; Sz is the set of admissible controls; S3 is the set 
of controls that yield admissible state trajectories; S, is the set of controls 
that satisfy the principle of optimality. Without the principle of optimality 
we would search in the intersection of sets Sz and S,.? The dynamic program- 
ming algorithm, however, searches only in the shaded region-the intersec- 
tion of Sz, S3, and S, (S, n S3 n S,). 

t The set that is the intersection of S2 and S3, denoted by S2 n S3, is composed of the 
elements that belong to both SZ and S3. 
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76 Dynamic Programming Sec. 3.9 

Figure 3-7 Subsets of the control space 

Presence of Constraints 

As shown in Fig. 3-7, the presence of constraining relations on admissible 
state and/or control values simplifies the numerical procedure. For example, 
if the control is a scalar and is constrained by the relationship 

-1.0 I u(2) I 1.0, (3.Y-1) 

then in the direct search procedure we need to try only values of u in the 
allowed interval instead of values of u throughout the interval 

-00 < u(r) < 00. (3.9-2) 

Form of the Optimal Control 

Dynamic programming yields the optimal control in closed-loop or 
feedback form-for every state value in the admissible region we know 
what the optimal control is. However, although P* is obtained in the form 
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Sec. 3.9 0 ynamic Programming 77 

a*(O = f(x(t), 0, (3.9-3) 

unfortunately the computational procedure does not yield a nice analytical 
expression for f. It may be possible to approximate f i n  some fashion, but 
if this cannot be done, the optimal control law must be implemented by 
extracting the control values from a storage device that contains the solution 
of Eq. (3.8-3) in tabular form. 

A Comparison of D ynamic Programming and 
Direct Enumeration 

Dynamic programming uses the principle of optimality to reduce dra- 
matically the number of calculations required to determine the optimal 
control law. In order to appreciate more fully the importance of the principle 
of optimality, let us compare the dynamic programming algorithm with 
direct enumeration of all possible control sequences. 

Consider a first-order control process with one control input. Assume 
that the admissible state values are quantized into 10 levels, and the admissible 
control values into four levels. In direct enumeration we try all of the four 
control values at each of the 10 initial state values for one time increment 
At. In general, this will allow x(At)  to assume any of 40 admissible state 
values. Assuming that all of these state values are admissible, we apply all 
four control values at each of the 40 state values and determine the resulting 
values of x(2 At). This procedure continues for the appropriate number of 

Table 3-5 AN EXAMPLE COMPARISON OF DYNAMIC PROGRAMMING AMD 
DIRECT ENUMERATION 

Number of Number of calculations Number of calculati& Number of calculations 
stages required by dynamic required by direct required by direct 
in the programming enumeration enumeration (assuming 

process 50% of state values 
N admissible and distinct) 

1 40 40 40 

2 80 200 120 

3 120 840 280 

4 160 3,400 600 

5 200 13,640 1,240 

6 240 2,520 

L 40L [20.2k] 
k= I 
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7% Dynamic Programming Sec. 3.10 

stages. In dynamic programming, at every stage we try four control values at 
each of 10 state values. Table 3-5 shows a comparison of the number of 
calculations required by the two methods. The table also includes the number 
of calculations required for direct enumeration if it is assumed that at the end 
of each stage only half of the state values are distinct and admissible. The 
important point is that the number of calculations required by direct enumera- 
tion increases exponentially with the number of stages, while the computa- 
tional requirements of dynamic programming increase linearly. 

The Curse of Dimensionality 

From the preceding discussion it may seem that perhaps dynamic pro- 
gramming is the answer to all of our problems; unfortunately, there is one 
serious drawback: for high-dimensional systems the number of high-speed 
storage locations becomes prohibitive. Bellman calls this difficulty the “curse 
of dimensionality.” To appreciate the nature of the problem, recall that to 
evaluate J,&N we need access to the values of J$-(K-l),N which have 
been previously computed. For a third-order system with 100 quantization 
levels in each state coordinate direction, this means that lo2 x lo2 x lo2 
= lo6 storage locations are required; this number approaches the limit of 
rapid-access storage available with current computers. There is nothing to 
prevent us from using low-speed storage; however, this will drastically in- 
crease computation time. Of the techniques that have been developed to 
alleviate the curse of dimensionality, Larson’s “state increment dynamic 
programming”[L-llseems to be themost promising. There are other methods, 
however, several of which are explained in “-11. [L-2] contains an excellent 
survey of computational procedures used in dynamic programming. 

3.10 ANALYTICAL RESULTS-DISCRETE LINEAR 
REGULATOR PROBLEMS 

In this section we consider the discrete system described by the state 
equation 

~ ( k  + 1) = A(k)x(k) + B(k)~(k) .  (3.10-1) 

The states and controls are not constrained by any boundaries. The problem is 
to find an optimal policy u*(x(k), k) that minimizes the performance measure 

J = +XT(N)Hx(N) + 3 Ng [xT(k)Q(k)x(k) + ur(k)R(k)u(k)], (3.10-2) 
k=O 
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See. 3.10 Dynamic Programming 79 

where 
H and Q(k) are real symmetric positive semi-definite n x n matrices. 
R(k) 
N 

is a real symmetric positive definite m x rn matrix. 
is a fixed integer greater than 0. 

The above problem is the discrete counterpart of the continuous linear 
regulator problem considered in Sections 3.12 and 5.2.f To simplify the 
notation in the derivation that follows, let us make the assumption that A ,  
B, R, and Q are constant matrices. The approach we will take is to solve 
the functional equation (3.74 8). We begin by defining 

J”(x(N)) = +xT(N)Hx(N) = J,$N(x(N)) & jxT(N)P(0)x(N) (3.10-3) 

where P(0) A H. The cost over the final interval is given by 

JN-I,N(x(N - I), u(N - 1)) = +xT(N - l )Qx(N - 1) 
(3.10-4) + +uT(N - I)Ru(N - 1 )  + +x’(N)P(O)x(N), 

and the minimum cost is 

JE-l,N(x(N - 1)) & min {JN-I,N(X(N - I), U(N - I))}. (3.10-5) 
u ( N - 1 )  

Now x ( N )  is related to u(N - 1) by the state equation, so 

J , $ - l , N ( ~ ( N  - I)) = min {+xT(N - l)Qx(N - 1) + +uT(N - l)Ru(N - 1) 
u ( N - 1 )  

+ +[Ax(N - 1) + Bu(N - l ) ]T (O) [Ax(N - 1) + Bu(N - l ) ] } .  
(3.10-6) 

It is assumed that the admissible controls are not bounded; therefore, to 
minimize J N - I , N  with respect to u ( N -  1) we need to consider only those 
control values for which 

(3.10-7) 

t Equations (3.10-1) and (3.10-2) may be the result of a discrete approximation to a con- 
tinuous problem, or the formulation for a linear, sampled-data system (see Appendix 2). 
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Evaluating the indicated partial derivatives gives 

Ru(N - 1) + BT(O)[Ax(N - 1) + Bu(N - l)] = 0.t (3.10-8) 

The control values that satisfy this equation may yield a minimum of JN- I ,N,  

a maximum, or neither. To investigate further, we form the matrix of second 
partials given by 

d'JN- 1, N ... ~ ' J N -  I . N  

~ ' J N -  I . N  d'JN- 1, N 1 . .  ~ ' J N -  I , N  

aul(N-ipu,(N-i) au,(N-ipu,(N-i) 

a ~ , ( ~ - i ) d u ~ ( ~ - i )  au:(N-i) a u 2 ( ~ -  i)au,,,(N-- 1) 

(3.10-9) 
= R + BT(0)B. 

By assumption H [and hence P(O)] is a positive semi-definite matrix, and R 
is a positive definite matrix. It can be shown that since P(0) is positive semi- 
definite, so is BrP(0)B. This means that R + BrP(0)B is the sum of a posi- 
tive definite matrix and a positive semi-definite matrix, and this implies that 
R + BT(0)B is positive definite.$ Since JN-1 .N  is a quadratic function of 
u(N - 1) and the matrix dZJN-I,N/du2(N - 1) is positive definite, the control 
that satisfies Eq. (3.10-8) yields the absolute, or global, minimum of J N -  I , N .  

Solving (3.10-8) for the optimal control gives 

u*(N - 1) = -[R + BrP(O)B]-'B''P(O)A~(N - 1) 
(3.10-10) 

Since R + BrP(0)B is positive definite, the indicated inverse is guaranteed 
to exist. Substituting the expression for u*(N - 1) into the equation for 
J N -  I , N  gives J$-I,N, which after terms have been collected becomes 

- A F(N - l)x(N - 1). 

J,$-I,N(x(N - I)) = +xT(N - 1){[A + BF(N - l)]T(O)[A + BF(N - l)] 
+ FT(N - 1)RF(N - 1) + Q}x(N - 1) 

p +xyn' - l)P(l)x(N - 1). (3.10-1 1) 

t The symmetry of R and P(0) have also been used here. The reader will find the matrix 
calculus relationships given in Appendix 1 helpful in following the steps of this derivation. 

$ See Appendix 1. 
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The definition for P(1) is clear, by inspection of (3.10-11). The important 
point is that J;-l,N is  of exactly rhe same form as J$,N, which means that 
when we continue the process one stage further back, the results will have 
exactly the same form; i.e., 

u*(N - 2) = -[R + BT(l)B]-'BT(l)Ax(N - 2) 
(3.10-12) 

A - F(N - 2)x(N - 2), 

and 

JJ-~, , , (x(N - 2)) = +xT(N - 2){[A + BF(N - 2)]T(l)[A + BF(N - 211 
+ Fr(N - 2)RF(N - 2) + Q}x(N - 2) 
+x=(N - 2)P(2)x(N - 2). (3.10-13) 

If you do not believe this, try it and see. 
By induction, for the Kth stage 

u*(N - K) = -[R + BT(K - l)B]-'BT(K - l)Ax(N - K) 
(3.10-14) 

A - F(N - K)x(N - K )  

and 

+ FT(N - K)RF(N - K )  + Q}x(N - K) 
g +XT(N - K)P(K)x(N - K ) .  

In the general time-varying case the same derivation gives 

(3.10- 1 5) 

(3.10-16) 

(3.10-17) 

co
nt

ro
len

gin
ee

rs
.ir



82 Dynamic Programming See. 3.10 

What are the implications of these results? First, and most important, 
observe that the optimal control at each stage is a linear combination of the 
states; therefore, the optimal policy is linear state-variable feedback. Notice 
that the feedback is time-varying, even if A, B, R, and Q are all constant 
matrices-this means that the controller for the optimal policy can be 
implemented by the m time-varying amplifier-summers each with n inputs 
shown in Fig. 3-8. At the conclusion of Section 3.8 we remarked, ". . .the 
optimal controller is physically realized by a table look-up device and a 
generator of piecewise-constant signals"; when the system is linear and the 
performance measure quadratic in the states and controls, the only table 

Plant 
1 - - - - - - - - - - - - -- - - -- - - - - - - - 
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look-up involved in the controller is to determine the appropriate gain settings 
from stage to stage. 

Another important result of the derivation is that the minimum cost for 
an N-stage process with initial state xo is given by 

J z N ( X O )  = txp (N)x07  (3.10-18) 

which follows directly from the definition of P(N - K). This means that 
storage of the P(N - K) matrices for K = 1,2, . . . , N provides us with a 
means of determining the minimum costs for processes of from 1 to N stages. 

The computational implications of these results are also important. In 
order to evaluate the feedback gains and the minimum cost for any initial 
state, it is necessary only to solve the equations 

F(N - K) = -[R(N - K )  + BT(N - K)P(K - 1)B(N - K)]-' 
(3.10-19) 

X BT(N - K)P(K - 1)A(N - K )  

and 

P(K) = [A(N - K )  + B(N - K)F(N - K ) ] T ( K  - 1) 
X [A(N - K )  + B(N - K)F(N - K)]  (3.10-20) 
+ F ( N  - K)R(N - K)F(N - K )  + Q(N - K )  

with P(0) = H. We obtain the solution by evaluating F(N - 1) using P(0) 
= H, and then substituting F(N - 1) in (3.10-20) to determine P(1). This 
constitutes one cycle of the procedure, which we then continue by calculating 
F(N - 2), P(2), and so on. The solution is best done by a digital computer; 
for a reduction in the number of arithmetic operations, it is helpful to define 

V(N - K )  A(N - K) + B(N - K)F(N - K) (3.10-21) 

so that'the procedure is to solve (3.10-19), then (3.10-21), and finally the 
equation 

P(K) = VT(N - K)P(K - 1)V(N - K )  
(3.10-20a) 

The F and P matrices are printed for use in synthesizing optimal controls 
and determining minimum costs. 

It is important uarealize that the solution of these equations is equivalent 
to the computational procedure outlined in Section 3.8; however, because 

+ FT(N - K)R(N - K)F(N - K )  + Q(N - K ) .  
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of the linear plant dynamics and quadratic performance measure we obtain 
the closed-form results given in Eqs. (3.10-16) through (3.10-2Oa). 

The reader may have noticed that the control problem of Section 3.5 is of 
the linear regulator type. Why then are not the optimal controls in the right- 
most columns of Tables 3-2 and 3-3 linear functions of the state values? The 
answer is that the quantized grid of points is very coarse, causing numerical 
inaccuracies. When the quantization increments are made much smaller, 
the linear relationship between the optimal control and state values is appar- 
ent; this effect is illustrated in Problems 3-14 through 3-17 at the end of the 
chapter. 

Another important characteristic of the linear regulator problem is that 
if the system (3.10-1) is completely controllablet and time-invariant, H = 0, 
and R and Q are constant matrices, then the optimal control law is time- 
invariant for an infinite-stage process; that is 

F(N - K )  - F (a constant matrix) as N --t 00. 

From a physical point of view this means that if a process is to be controlled 
for a large number of stages the optimal control can be implemented by 
feedback of the states through a configuration of amplifier-summers as 
shown in Fig. 3-8(b), but with fixed gain factors. One way of determining 
the constant F matrix is to solve the recurrence relations for as many stages 
as required for F(N - K) to converge to a constant matrix. 

Let us now conclude our consideration of the discrete linear regulator 
problem with the following example. 

Example 3.10-1. The linear discrete system 

0.9974 0.0539 0 0013 
x(k + 1) = [ ]x(k) 4- [o:0539]dk) (3.10-22) -0.1078 1.1591 

is to be controlled to minimize the performance measure 

(3.10-23) 

Determine the optimal control law. 
Equations (3.10-19), (3.10-21), and (3.10-2Oa) are most easily solved 

by using a digital computer with A and B as specified in Eq. (3.10-22), 

t The discrete system of Eq. (3.10-1) with A and B constant matrices is completely con- 

[BiABi.. .iAn-IB] 

trollable if and only if the n x mn matrix 

# . I  

is of rank n. For a proof of this theorem, see [P-21. 
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0.25 0.00 H = 0, Q = [ ] and R =0.05. 
0.00 0.05 ' 

The optimal feedback gain matrix F(k) is shown in Fig. 3-9(a) for N = 200. 
Looking backward from k = 199, we observe that at k = 130 the F(k) 
matrix has reached the steady-state value 

F(k) = [-0.5522 -5.96681, 0 5 k 5 130. (3.10-24) 

The optimal control history and the optimal trajectory for x(0) = [2 I]f 
are shown in Fig. 3-9(b). Notice that the optimal trajectory has essentially 
reached 0 at k = 100. Thus, we would expect that insignificant perfor- 
mance degradation would be caused by simply using the steady-state 
value of F given in (3.10-24) rather than F(k) as specified in Fig. 3-9(a). 

3.11 THE HAMILTON-JACOBI-BELLMAN EQUATION 

In our initial exposure to dynamic programming, we approximated con- 
tinuously operating systems by discrete systems. This approach leads to a 
recurrence relation that is ideally suited for digital computer solution. In 
this section we shall consider an alternative approach which leads to a non- 
linear partial differential equation-the Hamilton-Jacobi-Bellman (H-J-B) 
equation. The derivation that will be given in this section parallels the devel- 
opment of the functional recurrence equation (3.7-18) in Section 3.7. 

The process described by the state equation 

is to be controlled to minimize the performance measure 

where h and g are specified functions, to and t f  are fixed, and z is a dummy 
variable of integration. Let us now use the imbeddingprinciple to include this 
problem in a larger class of problems by considering the performance mea- 
sure 

where t can be any value less than or equal to t f ,  and x( t )  can be any admis- 
sible state value. Notice that the performance measure will depend on the 
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Sec. 3. I 1 Dynamic Programming 87 

numerical values for x(t) and t, and on the optimal control history in the 
interval [t, t,]. 

Let us now attempt to determine the controls that minimize (3.1 1-3) for 
all admissible x(t), and for all t 5 r,. The minimum cost function is then 

J*(x(t), r )  = min (r g(x(z), a@), z) dz + h(x(t,), t,)). (3.1 1-4) 
m(r) r 

r$rSrr 

By subdividing the interval, we obtain 

J*(x(t), t) = min (ftArgdz + I” gdz + h(x(t,), t,)). (3.11-5) 
m(r) r f + A r  

rSrSrr 

The principle of optimality requires that 

J*(x(t), t) = min (Ir+Argdz + J*(x(t + At), t + At)), (3.11-6) 
m(r) r 

fSrSt+At  

whereJ*(x(t + At), t + At) is the minimum cost of the process for the time 
interval t + At I z I f,  with “initial” state x(t + At). 

Assuming that the second partial derivatives of J* exist and are bounded, 
we can expand J*(x(r + At), t + At) in a Taylor series about the point 
(x(t), t) to obtain 

+ 
+ 

Now for small At 

terms of higher order . 1 
(3.1 1-7) 

J*(x(r), r )  = 

where o(At) denotes the terms containing [ArI2 and higher orders of At that 
arise from the approximation of the integral and the truncation of the Taylor 
series expansion.‘Next, removing the terms involving J*(x(t), t) and J:(x(t), t )  
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0 = C(x(t), t )  + &‘(x(r), u*(x(t), J.*, t ) ,  J.*, t ) .  

from the minimization [since they do not depend on u(t)], we obtain 

(3.11-10a) 

0 = Jf(x(t), t) Ar + min {g(x(t), ~ ( t ) ,  t )  Ar 
.(I) 

+ JtWt) ,  r)[a(x(t), NO, t)] At + o(At)}. (3.1 1 -9) 

Dividing by At and taking the limit as At -. 0 givest 

from Eq. (3.11-4) it is apparent that 
To find the boundary value for this partial differential equation, set t = 1,; 

(3.11-11) 

and 

Z(x(t), u*(x(t), J r ,  t),  J?, t) = min &‘(x(r), u(t), J:, r) ,  (3.1 1-13) 
. (I)  

since the minimizing control will depend on x, J: ,  and t. Using these defini- 
tions, we have obtained the Hamilton-Jacobi equation 
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it is desired to find the control law that minimizes the performance measure 

J = fx"T) + I' fu2(t) dt. (3.11-15) 

The final time T is specified, and the admissible state and control values 
are not constrained by any boundaries. 

Substitutingg = ;u2(t) and a = x(t) + u(t) into Eq. (3.1 1-12), we find 
that the Hamiltonian is (omitting the arguments of J:)  

X(x(t) ,  Nt), J:, I )  = fu2(r) + J:[x(t) + ~ ( t ) ] ,  (3.11-16) 

and since the control is unconstrained, a necessary condition that the 
optimal control must satisfy is 

g = % U ( t )  + J M t ) ,  t )  = 0. (3.1 1-17) 

Observe that 

(3.11-18) 

thus, the control that satisfies Eq. (3.11-17) does minimize 2. From 
(3.11-17) 

u*(t) = -U3x(t), 11, (3.11-19) 

which when substituted in the Hamilton-Jacobi-Bellman equation gives 

0 = JP + f[-2J,*]2 + [J,*Mt) - 2 [ J 3 2  

= J: - [J:]' + [Jf ]x( t ) .  (3.11-20) 

The boundary value is, from (3.1 1-15), 

J*(x(T), n = fX2(T). (3.11-21) 

One way to solve the Hamilton-Jacobi-Bellman equation is to guess 
a form for the solution and see if it can be made to satisfy the differential 
equation and the boundary conditions. Let us assume a solution of the 
form 

J*(x(t), t )  = $ K(t)x2(r), (3.11-22) 

where K(r) represents an unknown scalar function o f t  that is to be deter- 
mined. Notice that 

J,*(x(t), t )  = K(t)x(t), (3.11-23) 
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which, together with Eq. (3.1 1-19), implies that 

u*(r) = -2K(t)x(r). (3.1 1-24) 

Thus, if a function K(r) can be found such that (3.11-20) and (3.11-21) 
are satisfied, the optimal control is linear feedback of the state-indeed, 
this was the motivation for selecting the form (3.11-22). 

By making K(T) = 4, the assumed solution matches the boundary 
condition specified by Eq. (3.1 1-21). 

Substituting (3.11-23) for J z  and 

JT(x(r), r )  = :k(r)xz(r) 

into Eq. (3.1 1-20) gives 

0 = iK(r)xz(r)  - Kz(r)xz(r) + K(r)xZ(r). (3.1 1-25) 

Since this equation must be satisfied for all x(r), 

$k(t) - P ( t )  + K ( t )  = 0. (3.11-26) 

K(r) is a scalar function of r ;  therefore, the solution can be obtained by 
separation of variables with the result 

(3.1 1-27) 

The optimal control law is then 

u*(r) = -U,*(x(r), 1 )  

= -2K(r)x(r). (3.11-28) 

Notice that as T -+ cu, the linear time-varying feedback approaches 
constant feedback ( K ( r )  4 l), and that the controlled system 

m(r) = x(r) - 2x(t )  

= -x ( r )  (3.11-29) 

is stable. If this were not the case, the performance measure would be 
infinite. 

3.12 CONTINUOUS LINEAR REGULATOR PROBLEMS 

Problems like Example 3.1 1-1 with linear plant dynamics and quadratic 
performance criteria are referred to as linear regulator problems. In this 
section we investigate the use of thc Hamilton-Jacobi-Bellman equation as 
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a means of solving the general form of the continuous linear regulator 
prob1em.t 

The process to be controlled is described by the state equations 

i ( t )  = A(t)x(t) + B(t)u(t), (3.12-1) 

and the performance measure to be minimized is 

J = +xT(t,)Hx(t,) + +[xT(t)Q(t)x(t) + uT(t)R(t)u(t)] dt. (3.12-2) 
I .  

H and Q are real symmetric positive semi-definite matrices, R is a real, 
symmetric positive definite matrix, the initial time to and the final time t ,  are 
specified, and u(t) and x(t) are not constrained by any boundaries. 

To use the Hamilton-Jacobi-Bellman equation, we first form the Hamil- 
tonian: 

2(x(t), W, J:, t )  = +xT(t)Q(t)x(t) + +uT(t)R(t)u(t) + JTT(x(t), t )  

A necessary condition for ~ ( t )  to minimize 2 is that dS'/du = 0; thus 

'*(x(t), u(t), E, t )  = R(t)u(t) + BT(t)S;'(x(t), r )  = 0. -?hi- 

*[A(t)x(t) + B ( t ) W ] .  (3.12-3) 

(3.12-4) 

Since the matrix 

"* = R(t) du2 (3.12-5) 

is positive definite and 2 is a quadratic form in u, the control that satisfies 
Eq. (3.12-4) does minimize 2 (globally). Solving Eq. (3.12-4) for u*(t) gives 

U*(t) = -R-'(t)BT(t)JT(x(t), t ) ,  (3.12-6) 

which when substituted in (3.12-3) yields 

&@(x(t), U*(t), J i ,  t )  = +xTQx + +JTTBR-'BTJT 
+ JTTAx - CTBR-'BTJ,* (3.12-7) 

= +x'Qx - +J,*TBR-'BTJf + JzTAx.t: 

The Hamilton-Jacobi-Bellman equation is 

0 = J: + +xTQx - +JTTBR-'BTJ,* + JtTAx. (3.12-8) 

t Refer also to Section 5.2, where this same problem is considered and the variational 
approach is used. 
4 Where no ambiguity exists, the arguments will be omitted. 
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From Eq. (3.12-2) the boundary condition is 

J*(x(t,), t,) = +X'(t,)Wt,). (3.12-9) 

Since we found in Section 3.10 that the minimum cost for the discrete 
linear regulator problem is a quadratic function of the state, it seems reason- 
able to guess as a solution the form 

J*(x(t), t )  = +x'(t)K(t)x(t), (3.12-10) 

where K(t) is a real symmetric positive-definite matrix that is to be deter- 
mined. Substituting this assumed solution in Eq. (3.12-8) yields the result 

0 = +x'Kx + +x'Qx - 3xrKBR-'BTKx 
(3.12-1 1) + X'KAX. 

The matrix product KA appearing in the last term can be written as the 
sum of a symmetric part and an unsymmetric part, 

KA = &[KA + (KA)'] + +[KA - (KA)']. (3.12-1 2) 

Using the matrix property (CD)' = D'C' and the knowledge that the trans- 
pose of a scalar equals itself, we can show that only the symmetric part of 
KA contributes anything to (3.12-11). Thus Eq. (3.12-11) can be written 

0 = &x'Kx + ~x'Qx - +x'KBR-'B'Kx 
(3.12-1 3) + +xTKAx + 3x'A'Kx. 

This equation must hold for all x(t), so 

0 = K(t) + Q(t)  - K((t)B(t)R-l(t)BT(t)K(r) 
(3.12-14) + K(t)A(r) + A'(t)K(t), 

and the boundary condition is [from (3.12-9) and (3.12-lo)] 

K(t,) = H. u (3.12.15) 

Let us consider the implications of this result: first, the H-J-B partial 
differential equation reduces to a set of ordinary nonlinear differential equa- 
tions. Second, the K(t) matrix can be determined by numerical integration 
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of Eq. (3.12-14) from t = t ,  to t = to by using the boundary condition 
K(t,) = H. Actually, since the n x n K(r) matrix is symmetric, we need to 
integrate only n(n + 1)/2 differential equations. 

Once K(t) has been determined, the optimal control law is given by 

~ * ( t )  = -R- ’ (t)BT(t)K(t)x(t). (3.1 2-1 6) 

Thus, by assuming a solution of the form (3.12-10) the optimal control law 
is linear, time-varying state feedback. It should be pointed out, however, 
that other forms are possible as solutions of the Hamilton-Jacobi-Bellman 
equation. Reference [J-I] gives an alternative approach which, under certain 
conditions, leads to a nonlinear but time-invariant form for the optimal 
control law. 

Our approach in this section leads to Eq. (3.12-14), which is a differen- 
tial equation of the Riccati type, and thus is referred to as “the Riccati 
equation”; in Section 5.2 this same equation is developed by variational 
methods-in linear regulator problems all routes lead to the same destina- 
tion. 

3.13 THE HAMILTON-JACOBI-BELLMAN 
EQUATION-SOME OBSERVATIONS 

We have derived the Hamilton-Jacobi-Bellman equation and used it 
to solve two examples of the linear regulator type. Let us now make some 
observations concerning the H-J-B functional equation. 

Boundary Conditions 

In our derivation we have assumed that t ,  is fixed; however, the results 
still apply if t ,  is free. For example, if S represents some hypersurface in the 
state space and t ,  is defined as the first time the system’s trajectory intersects 
S, then the boundary condition is 

(3.13-1) 

A Necessary Condition 

The results we have obtained represent a necessary condition for opti- 
mality; that is, the minimum cost function J*(x(t), t) must satisfy the Hamil- 
ton-Jacobi-Bellman equation. 
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A Sufficient Condition 

Although we have not derived it here, it is also true that if there is a cost 
function .?'(x(r), t )  that satisfies the Hamilton-Jacobi-Bellman equation, then 
J' is the minimum cost function; i.e., 

(3.13-2) 

Rigorous proofs of the necessary and sufficient conditions embodied in the 
H-J-B equation are given in [K-5] and also in [A-21, which contains several 
examples. 

Solution of the Hamilton-Jacobi-Bellman Eqwtion 

In both of the examples that we considered, a solution was obtained by 
guessing a form for the minimum cost function. Unfortunately, we are nor- 
mally unable to find a solution so easily. Id general, the H-J-B equation 
must be solved by numerical techniques-see [F-11, for example. Actually, 
a numerical solution involves some sort of a discrete approximation to the 
exact optimization relationship [Eq. (3.1 1-10)]; alternatively, by solving the 
recurrence relation [Eq. (3.7-18)] we obtain the exact solution to a discrete 
approximation of the Hamilton-Jacobi-Bellman functional equation. 

Applications of the Hamilton-Jacobi-Bellman Equation 

Two examples of the use of the H-J-B equation to find a solution to 
optimal control problems have been given; in these examples we used the 
necessary condition. 

Alternatively, if we have in our possession a proposed solution to an 
optimal control problem, the sufficiency condition can be used to verify the 
optimality. Several examples of this type are given in [A-2]. It should be 
pointed out that the derivation of the sufficient condition requires that 
trajectories remain in certain regions in state-time space. Unfortunately, 
these regions are not specified in advance-they must be determined in order 
to use the Hamilton-Jacobi-Bellman equation. 

In Chapter 7 we shall see that the Hamilton-Jacobi-Bellman equation 
provides us with a bridge from the dynamic programming approach to varia- 
tional methods. 

3.14 SUMMARY 

The central theme in this chapter has been the development of dynamic 
programming as it applies to a class of control problems. The principle of 
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optimality is the cornerstone upon which the computational algorithm is 
built. We have seen that dynamic programming leads to a functional recur- 
rence relatim [Eq. (3.7-1811 when a continuous process is approximated by 
a discrete system. Alternatively, when we deal with a continuous process, 
the H-J-B partial differential equation results. In either case, a digital com- 
puter solution is generally required, and the curse of dimensionality rears 
its ugly head. In solving the recurrence equation (3.7-18) we obtain an 
exact solution to a discrete approximation of the optimization equation, where- 
as in performing a numerical solution to the H-J-B equation we obtain an 
approximate solution to the exact optimization equation. Both approaches 
lead to an optimal control law (closed-loop optimal control). In linear regula- 
tor problems we are able to obtain the optimal control law in closed form. 
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PROBLEMS 

3-1. To apply (discrete) dynamic programming to a continuously operating system 
it is necessary to use discrete approximations to the state differential equations 
and the performance measure. 
(a) Determine the discrete approximations to use for the system 

i d t )  = x2(0 

5 2 ( 0  = - x m  + [1 - x:(r)]X,(r> + 40, 
which is to be controlled to minimize the performance measure 

J = [x , (T)  - 512 + {x:(t) + 2o[x,(t) - SI2 + u2(t)} dt. 

The final time T is 10.0; use an interval At equal to 0.01. 
(b) What adjustments are required to apply the dynamic programming 

algorithm to this system because of the nonlinearity of the differential 
equations? 

3-2. A first-order discrete system is described by the difference equation 

x(k + 1) = -O.Sx(k) + u(k). 

The performance measure to be minimized is 

and the admissible states and controls are constrained by 

-0.2 5 ~ ( k )  0.2, k = 0, 1,2 

-0.1 u(k) 5 0.1, k = 0, 1. 

(a) Carry out by hand the computational steps required to determine the 
optimal control law by using dynamic programming. Quantize both u(k) 
and x(k) in steps of 0.1 about zero, and use linear interpolation. 

(b) What is the optimal control sequence for an initial state value of 0.2? 

3-3. The first-order discrete system 

x(k + 1) = O.Sx(k) + u(k) 
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- - 
1 :: x ( k )  

I 4 )  

0'1 

- I  4 )  

-241 

-3 - 

is to be transferred to the origin in two stages ( i (2 )  = 0) while the perfor- 
mance measure 

1- 

Final 
state 

The state and control values are constrained by 

0.0 I x(k) I 1.0 

-0.4 < ~ ( k )  < 0.4. 

Quantize the state into the levels 0, 0.5, 1, and the control into the levels 
-0.4, -0.2, 0, 0.2, 0.4. The performance measure to be minimized is 

(a) Use dynamic programming with linear interpolation to complete the 
tables shown below. 
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~ ( 0 )  

0.0 

0.5 

1 .o 

J C ,  &(ON u*(x(o), 0) ;j) I J?,2(x(1)) 1 u*(x(l), 1) 

It is desired to bring the system state to the target set S defied by 

0.0 < x(2) < 2.0 

with minimum expenditure of control effort; i.e.,.minimize 

J = u2(0) + uZ(1). 

The allowable state and control values are constrained by 

0.0 < x(k) < 6.0 
-1.0 < u(k) 5 1.0. 

Quantize the state values into the levels x(k) = 0,23,4.0,6.0 for k = 0, 1,2 
and the control values into the levels u(k) = -1.0, -0.5.,0.0,0.5, 1.0 for 
k = 0, 1. 
(a) Find the optimal control value($ and the minimum cost for each point 

(b) What is the optimal control sequence {u*(O), u*(l)} if x(0) = 6.0? 
on the state grid. Use linear interpolation. 

3-6. A discrete system described by the difference equation 

x(k + 1) = x(k) + u(k) 

is to be controlled to minimize the performance measure 

The state and control values must satisfy the constraints 

0.0 < x(k)  5 0.4, k = 0, 1,2 
-0.2 5 ~ ( k )  5 0.2, k = 0, 1. 
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(a) Use the dynamic programming algorithm to determine the optimal 
control law u*(x(k), k). Quantize the state into the values x(k) = 0, 0.1, 
0.2,0.3,0.4 (k = 0, 1,2) and the control into the values u(k) = -0.2, 
-0.1,0,0.1,0.2 (k = 0, 1). 

(b) Determine the optimal control sequence {u*(O), u*(l)} if the initial state 
value is x(0) = 0.2. 

3-7. The first step in using the Hamilton-Jacobi-Bellman equation 

0 = Jf(x(t), t )  + min {g(x(t), ~ ( t ) ,  t )  + J : w ~ ) ,  t)[a(x(t), u(t), t ) ] )  
n O  

is to determine the admissible control u*(t) [in terms of x(t), t, and J:] that 
minimizes ( 1. Find u*(t)-expressed as a function of x(t), t, and JT-for 
the system 

and the performance measure 

The admissible controls are constrained by 

3-8. The first-order linear system 

k(t) = -lOx(t) + u(r) 

is to be controlled to minimize the performance measure 

J = ix2(0.04) + [ f x y t )  + +at)] dt. 

The admissible state and control values are not constrained by any bounda- 
ries. Find the optimal control law by using the Hamilton-Jacobi-Bellman 
equation. 

3-9. Assume that A, B, R, and Q may be dependent on k and derive the recur- 
rence relations (3.10-19) and (3.10-20) for the discrete nth-order linear 
regulator problem with m control inputs. Appendix 1 contains some useful 
matrix relationships. 

3-10. (a) Follow the steps in the derivation given in Section 3.10 to determine 
the optimal control law for the first-order system 

x(k + 1) = Ax(k) + Bu(k). 
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To minimize the performance measure 

r is a specified constant, and R, Q > 0 are scalar weighting factors. 
(b) Repeat part (a) for N = 3 with 

r = r(k) (a known function of k). 

3-11. Consider the system 

which is to be controlled to minimize some performance measure J. The 
admissible state and control values are bounded, and, in addition, the control 
must satisfy the total energy constraint 

M is a specified positive number. Can this problem be solved by applying 
dynamic programming? Explain. 

3-12. Figure 3-PI2 illustrates a routing problem that is to be solved by using 
dynamic programming. Table 3-PI2 gives the costs (elapsed time, consumed 
fuel, etc.) of moving between any two nodes. For example, entry ij in the 
matrix is the cost of going from node i directly to node j .  It is desired to find 
the minimum-cost route between any two nodes. One way to solve this 
problem is to determine the cost matrices C(h) (k = 1,2,3), where cj:) 
denotes the minimum cost to go from node i to node j via ar most k inter- 
mediate nodes. Table 3-PI2 gives the matrix C(0). This technique is called 
“approximation in policy space”? because at each stage the original problem 

od 

Table 3-Pl2 
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is solved subject to a simplifying approximation involving the allowable 
decisions. 
(a) Determine the appropriate functional recurrence equation to find C ( k + 1 )  

(b) Find the cost matrices C(k)  ( i , j  = a, 6, c, d, e; k = 1,2,3). 
(c) Why is it unnecessary to determine C ( k )  for k > 3? 
(d) What are the properties of the cost matrices? In particular, compare 

(e) What changes in the computational procedure are required if the costs 

3-13. In addition to routing and control problems, dynamic programming can be 
advantageously applied to allocation problems. For example, suppose that 
a truck of capacity 11,000 Ib is to transport automobiles, refrigerators, and 
kitchen sinks between points X and Y. The items to be transported have 
the weights and values shown in Table 3-Pl3B. The problem is to determine 
the number of each item that should be transported to maximize the total 
value of a shipment. If noninteger quantities of the items could be taken, 
the solution would be to carry as many as possible of the item having the 
highest dollar-to-weight ratio. In this case, we would take 2.75 automobiles 
with a shipment value of $8250. Since this is not a feasible solution, the 
optimal strategy is to take 

from C ' k ) .  

C'O), C(I), C(2), (73 ' .  

are not independent of direction, i.e., c:? # cs:'? 

Table 3-PI3a 
Value 

2 automobiles S6OOo 
7 refrigerators 31960 
2 kitchen sinks 3 100 

38060 
- 

Weighr 
8000 Ib 
2800 lb 
200 Ib 

11,000Ib 

How was this strategy determined? 

Table 3-Pl3b 
Description Wtlunit Valuelunit Valuelwr 

Automobile 4000 Ib 33000 $0.75 
Refrigerator 400 lb 3 280 $0.70 
Kitchen sink 100 Ib 3 50 $0.50 

Let us now generalize this problem. Let W represent the total available 
resources (W = load-carrying capacity in the preceding problem). The 
problem is to ascertain the portion of the available resources to allocate to 
each of N activities in order to maximize the total return. Let 

w, = the quantity of available resources allocated to activity i. 
vi = the per-unit value of carrying out activity i. 

In theshipping problem w ,  = 8000 Ib, w2 = 2800 Ib, w3 = 200 Ib, vl = $0.75, 
v2 = $0.70, v3 = $0.50. Let JX(W) be the maximum return that can be 
obtained by allocating resources of amount W among N activities. Clearly, 
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(a) Show that Eq. (I) leads to the functional recurrence equation 

Jt(W = max { w m  + J ; - , ( W -  w d } .  (11) 
*N 

OSWNSW 

Hint: Start with a one-activity process, then consider a two-activity 
process, and so on. 

(b) Use Eq. (11) to verify the solution of the shipping problem given above. 
(c) Suppose that in the shipping problem the value of the second car is 

$2500, and each refrigerator after the tenth is valued at only $250. The 
kitchen sinks remain at $50 apiece. Use dynamic programmag to 
determine the optimal loading schedule. 

Use a digital computer to solve the following problems 
3-14. A system is described by the first-order difference equation 

x(k + 1 )  = [ l  + u Arlx(k) + b Ar u(k), k = 0, 1 ,  . . . , N - 1 ,  

and the performance measure 

J = x 2 ( N )  + 2 A t  u2(k) 
k-0 

is to be minimized subject to the constraints 

-1.0 5 ~ ( k )  5 1.0, k = 0, 1,. . . , N - 1 

and 

O.O<x(k)<1.5,  k = 0 , 1 ,  ..., N. 

(a) Use the dynamic programming algorithm to find the optimal control 
value(s) and minimum cost for each state value on the grid x(k) = 0.0, 
0.02, .  . . , 1.5. Assume quantization levels for the control of u(k) = 
-1.00, -0.98,. . . ,0.98, 1.00; and assume a = 0.0; A t  = 1.0; b = 1.0; 
2 = 2.0; N = 2.  (This is the same problem as considered in Section 3.5, 
but with a finer grid structure.) 

(b) Repeat part (a) with N = 3, i.e., 

J = x 2 0 )  + 2 c u*(k). 
k-0 

(c) Repeat part (a) with 2 = 4.0. 
(d) Repeat part (a) with 1 = 0.5. 

3-15. Repeat Problem 3-14 with the state constraints 

0.0 5 x(k) 3.0. 

Use the same quantization increments as in Problem 3-14. 
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3-16. Put a = -0.4 and repeat Problem 3-14 with the other data unchanged. 
3-17. Put a = -0.4 and repeat Problem 3-15 with the other data unchanged. 
3-18. Find the control law to transfer the system described by the difference 

equation 

~ ( k  + 1) = [I + a At]w(k) + b At ~ ( k )  

precisely to the origin in one stage with no penalty for control expenditure. 
The numerical values are a = 0.0; b = 1.0; Ar = 1.0. The state values are 
to be quantized in steps of 0.02, and the control values in steps of 0.02. 
These values are constrained by 

-1.0 5 ~ ( k )  < 1.0, k = 0 
and 

0.0 < ~ ( k )  3.0, k = 0, 1. 

Problems 3-19 through 3-22 pertain to the digital computer results obtained for 
Problems 3-14 through 3-17. 
3-19. Use the results of Problems 3-14(a), (c), (d) with x(0) = 1.5 to explain 

qualitatively 
(a) The effect of varying A on the optimal control sequence. 
(b) The effect of varying A on the final state value x(2) 
Show all applicable numerical results used. 

3-20. (a) Use the results of Problems 3-14(a) and 3-1qa) with 4 0 )  = 1.5 to 
explain qualitatively the effect of the system dynamics (state equation) 
on the optimal control sequence, final state value, and minimum cost. 
Show all work. 

(b) What would you expect if in Problem 3-1qa) the parameter u had been 
+0.4 instead of -0.4? 

3-21. For the plant and performance measure of Problem 3-15(b) 
(a) Find the optimal control sequence {u*(O), u*(l), u*(2)}, the minimum cost, 

and the final state value x(3), if the initial state value is  x(0) = 2.5. 
(b) Suppose that there is an unpredictable disturbance such that at k = 1 

the actual value of x(k) is 0.1 larger than expected. Find the optimal 
control sequence and the final state value, if x(0) = 2.5. 

3-22. The statement “This means that the optimal policy and minimum costs for 
a K-stage process are contained (or imbedded) in the results for an N-stage 
process, provided that N 2 K” appears on page 70 of the text. 
(a) Demonstrate that this statement is true for Problems 3-lYa) and 3-1qb). 

(b) Is this statement valid for time-varying processes? Explain. 
3-23. It is desired to determine the control law that causes the plant 

A brief, but clear, explanation is sufficient. 

m,O)  = x20) 

Rj( t )  = -x,(r)  - 2x2(r) + u(r) 
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lo1 Dynamic Programming Problems 

to minimize the performance measure 

J = 10xf(T) + 1: [d(O + zXl(t) + u2(0] di. 

The final time T is 10, and the states and control are not constrained by 
any boundaries. Find the optimal control law by 
(a) Integrating the Riccati equation (3.12-14) with an integration interval 

of 0.02. 
(b) Solving the recurrence equations (3.10-19), (3.10-21), and (3.10-2Oa). 

Use Ar = 0.02 in approximating the state differential equations by a set 
of difference equations. 

3-24. Repeat Problem 3-23 for the plant 

k,(d = x20) 

220) = -xdO + Zr2(r) + 4). 

co
nt

ro
len

gin
ee

rs
.ir



The Ca/cu/us of Variations 

and 

Pon tr yagin % Minimum Principle 

co
nt

ro
len

gin
ee

rs
.ir



4 

The Calculus of Variations 

A branch of mathematics that is extremely useful in solviog optimization 
problems is the calculus of variations. Queen Dido of Carthage was appar- 
ently the first person to attack a problem that can readily be solved by using 
variational calculus.? Dido, having been promised all of the land she could 
enclose with a bull's hide, cleverly cut the hide into many lengths and tied 
the ends together. Having done this, her problem was to find the closed curve 
with a fixed perimeter that encloses the maximum area. We know that she 
should have chosen a circle. The calculus of variations enables us to prove 
this fact and, in addition, other results that are more useful, since real estate 
transactions are performed somewhat differently today. 

Although the history of the calculus of variations dates back to the ancient 
Greeks, it was not until the seventeenth century in western Europe that 
substantial progress was made. Sir Isaac Newton used variational principles 
to determine the shape of a body moving in air that encounters the least 
resistance. Another problem of historical 'interest is the brachistochrone 
problem shown in Fig. 4-1, posed by Johann Bernoulli in 1696. Under the 
influence of gravity, the bead slides along a frictionless wire with fixed end 
points A and B. The problem is to find the shape of the wire that causes the 
bead to move from A to B in minimum time. The solution, a cycloid lying 
in the vertical plane, is credited to Johann and Jacob Bernoulli, Newton, 
and L'Hospital. 

t See [M-21. 
107 
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101 The Calculus of Variations and Pontryagn's Minimum Principle See. 4.1 

A 

Figure 41 The brachistochrone problem 

In Dido's problem, and in the brachistochrone problem, curves are sought 
which cause some criterion to assume extreme values. The connection with 
the optimal control problem, wherein we seek a control function that mini- 
mizes a performance measure, should be apparent. 

4.1 FUNDAMENTAL CONCEPTS 

In optimal control problems the objective is to determine a function that 
minimizes a specified functional-the performance measure. The analogous 
problem in calculus is to determine a point that yieldsthe minimum value 
of a function. In this section we shall introduce some new concepts concern- 
ing functionals by appealing to some familiar results from t_he theory of 
functions.? 

Functionals 

To begin, let us review the definition of a function. 

DEFINITION 4-1 

A-function f is a rule of correspondence that assigns to each element 
q in a certain set $3 a unique element in a set 5%'. $3 is called the domain 
off and 5%' is the range. 

We shall be considering functions that assign a real number to each point 
(or vector) in n-dimensional Euclidean space.$ 

Example 4.1-1. Suppose q, ,  q2, . . . , q,, are the coordinates of a point 
in n-dimensional Euclidean space and 

t Appropriate references for functions of real variables are tB-41 and [0-21. For additional 
reading on the calculus of variations see [G-11 and E-11. 
It is assumed that the reader is familiar with the concept of a Euclidean space. See 
[0-2], pp. 293-301 for a detailed exposition. 
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See. 4.1 The Calculus of Variations 109 

(4.1-1) 

The real number assigned by f i s  the distance of the point q from the origin. 

The definition of a functional parallels that of a function. 

DEFINITION 4-2 

A functional J is a rule of correspondence that assigns to each func- 
tion x in a certain class R a unique real number. R is called the 
domain of the functional, and the set of real numbers associated 
with the functions in R is called the range of the functional. 

Notice that the domain of a functional is a class of functions; intuitively, 
we might say that a functional is a “function of a function.” 

Example 4.1-2. Suppose that x is a continuous function of t defined in 
the interval [yo, t,] and 

J(x)  = s” x(t) dt; (4.1-2) 
I. 

the real number assigned by the functional J is the area under the x(t) 
curve. 

Linearity of Functionals 

Let us review the concept of linearity, which will be useful to us later, 
by considering a function f of q, defined for q E 9. 

DEFINITION 4-3 

f is a linear function of q if and only if it satisfies the principle of 
homogeneity 

= af(@ (4.1-3) 

for all q E 9 and for all real numbers a such that aq E 9, and 
the principle of additivity 

for all q(l), q(2), and q(l) + q(2) in 9.t 

t In our applications we shall be concerned only with functions of real variables, so a 
and the components of q will be real numbers. 
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Example 4.1-3. Iff(r) = 5t for all I ,  then 

f (at)  = 5[at] (4.1 -5a) 

and 

af(t) = a[5r]; (4.1-5b) 

therefore, since 

Xat] = a[Sr] (4.1-5~) 

for all t, the principle of homogeneity is satisfied. Now, let us test to see 
if the property of additivity is satisfied. 

f(r(1) + t ( 2 ) )  = 5[t(1) + 1'2'1 (4.1 -6a) 

and 

f(t'1') + f ( t ( * ' )  = 5t"' + 51'2'; (4.1-6b) 

thus, since 

5 p )  + t ( 2 q  = s p )  + 51'2) (4.1-SC) 

for all r ( 1 ) ,  F, the principle of additivity is satisfied. Since the principle 
of homogeneity and the principle of additivity are both satisfied, f is a 
linear function. 

Now consider the function g; with g(t) = 2/t  for all t > 0, then 

2 g(ar) = - at (4.1 -7a) 

and 

(4.1-7b) 2 a m  = a [ 7 ]  

Clearly, 

(4.1-7~) 2 

for all a;  therefore, the principle of homogeneity is not satisfied, and g 
is a nonlinear function. 

Next, we shall define a linear functional. Assume that x is a function 
which is a member of some class R, and J is a functional of x; that is, to each 
x in R, J assigns a unique real number. 
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DEFINITION 4-4 

J is a linear functional of x if and only if it satisfies the principle of 
homogeneity 

J ( ~ x )  = ~ J ( x )  (4.1-8a) 

for all x E S2 and for all real numbers a such that ax E a, and the 
principle of additivity 

J(x") + x ( ~ ) )  = J(x")) + J(X"') (4.1-8b) 

for all x(I), x(*), and x(l) + x ( ~ )  in a. 
Example 4.1-4. Consider the functional 

J(x)  = s" x(t) dt, (4.1-9) 
0 

where x is a continuous function of ti Let us see if this functional satisfies 
the principles of homogeneity and additivity. 

Homogeneity: 

a ~ ( x )  = a j" x(r) dr, (4.1 -1Oa) 
0 

J(ax)  = s" ax(t) dr; (4.1-1 Ob) 
I. 

therefore, 

J(0 lX)  = aJ(x)  (4.1-1Oc) 

for all real a and for all x and ax in Q. 
Additivity : 

J(x"' + x(2))  = K [ x ( I ) ( r )  + ~ ( ~ ) ( r ) ]  dr, (4.1-lla) 

J ( X ( 1 ' )  = j k ( t ) d t ,  (4.1-1 1 b) 
I 0  

(4.1-11~) 

therefore, 

J ( d l )  + x f 2 ) )  = J(x"))  + J(x'*)) (4.1-1 Id) 

for all x(I), x(2), and x(1) + xt2 )  in R. 

linear. 
Since additivity and homogeneity are both satisfied, the functional is 
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Now consider the functional 

J(x)  = y x z ( t )  dt, (4.1-12) 
I 0  

where x is a continuous function of t. Again let us ascertain whether 
homogeneity and additivity are satisfied. 

Homogeneity : 

J(ax)  = r [ a ~ ( t ) ] ~  I. dt 

= a2 r x 2 ( t )  dt, 
I. 

(4.1-13a) 

(4.1-1 3b) 

(4.1-13~) 

for all a, so the functional (4.1-12) is nonlinear. 

Closeness of Functions 

If two points are said to be close to one another, a geometric interpreta- 
tion springs immediately to mind. But what do we mean when we say two 
functions are close to one another? To give a precise meaning to the term 
"close" we next introduce the concept of a norm. 

DEFINITION 4-5 

The norm in rr-dimensional Euclidean space is a rule of correspon- 
dence that assigns to each point q a real number. The norm of q, 
denoted by 11 q 11, satisfies the following properties: 

1. llqll 2 0 and llqll = 0 if and only if q = 0. (4.1 - 14a) 
2. llaqll = Ial.llqll for all real numbers a. 

3. II q"' + q"' I I  I I I  q"' II + II t2' 11. 
(4.1-14b) 
(4. I - 1 4 ~ )  

When we say that two points q"' and q"' are close together, we 
mean that 

11q") - q'z) 11 is small. 

Example 4.1-5. What is a suitable norm for two-dimensional Euclidean 
space? It is easily verified that 
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See. 4.1 The Calculus of Variations 113 

q(2)  must tie 
within this 

satisfies properties (4.1-14). Now suppose that a point q") is specified and 
it is required that Ilq(2) - q(1) 11 < 6. What are the acceptable locations 
for q(2)? If 11 q 112 is used as the norm, q(2) must lie within the circle centered 
at q(1) having radius 6 as shown in Fig. 4-2(a). On the other hand, if 
llqlll is used as the norm, the acceptable locations for q(2) are as shown 
in Fig. 4-2(b). 

42 

(b) 

Fig. 4-2 (a) The set of points that satisfy llq(2) - qc1)112 < 6 
(b)The set of points that satisfy Ilq(2) - q(1)1I1 < 6 

Next, let us define the norm of a function. 

DEFINITION 4-6 

The norm of a function is a rule of correspondence that assigns to 
each function x E SL, defined for t E [to, t,], a real number. The 
norm of x, denoted by 11 x 11, satisfies the following properties: 

1. 11 x 11 2 0 and 11 x 11 = 0 if and only if x(t) = 0 for all 
(4.1-1 5a) 

t E [to, t,l. 
2. llaxll = lal-llxll for all real numbers a. 
3. 11 x"' + x'2' 11 I 11 x"' [I + I1 x'2' 11. 

(4.1-15b) 
(4.1-1 SC) 

To compare the closeness of two functions y and z that are defined for 

Intuitively speaking, the norm of the difference of two functions should 
f E [to, t,], let x(t) = y( t )  - z(t). 
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be zero if the functions are identical, small if the functions are “close,” and 
large if the functions are “far apart.” 

Example4.1-6. x is a continuous scalar function of t defined in the 
interval [to, t,]. Define an acceptable norm for x. 

is a suitable norm because it satisfies the three properties given in (4.1-15). 

The Increment of a Functional 

In order to consider extreme values of a function, we now define the 
concept of an increment. 

DEFINITION 4-7 

If q and q + Aq are elements for which the function f is defined, 
then the increment off,  denoted by AS, is 

A f  Af(q+ A d  -fO. (4.1-17) 

Notice that A f depends on both q and Aq, in general, so to be more 
explicit we would write A f (q, Aq). 

Example 4.1-7. Consider the function 

f(q) = qf + 24142 for all real 4 1 7  42. (4.1-18) 

The increment off is 

A f  =f(q + A d  -f(d = 141 + &iI2 

+ 2[q, + Aqil[q2 + h l  - [qt + 2qiq2I (4.1-19) 
= 291 Aqi + tAqiI2 + 2 A4142 + 2 Aqzqi + 2 A41 Aqz 

In an analogous manner, we next define the increment of a functional. 

DEFINITION 4-8 

If x and x + Sx are functions for which the functional J is defined, 
then the increment of J, denoted by AJ, is 

A J J(x + SX) - J(x). (4.1-20) 

Again, to be more explicit, we would write AJ(x, Sx) to emphasize 
that the increment depends on the functions x and Sx. 6x is called 
the variation of the function x. 
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Example 4.1-8. Find the increment of the functional 

J(x )  = r . x 2 ( t )  dt, (4.1-2 1) 
I* 

where x is a continuous function oft. 
The increment is 

The Variation of a Functional 

The preceding definitions have laid the foundation for considering the 
variation of a functional. The variation plays the same role in determining 
extreme values of functionals as the differential does in finding maxima and 
minima of functions. As review, we next state the definition of the differential 
of a function. 

DEFINITION 4-9 

The increment of a function of n variables can be written as 

A f  (q, A d  = df (q, A d  + g(q, Ad*IlAq 11, (4.1-23) 

where df is a linear function of Aq. If 

lim (g(q, A d }  = 0, 
11Aa11-0 

then f is said to be diifferentiable at q, and df is the differential o f f  
at the point q. 

I f f  is a differentiable function of one variable t ,  then the differential can 
be written 

df(t, At) = f'( t)  At;  (4.1-24) 

f'( t)  is called the derivative off at t .  Figure 4-3 gives a geometric interpreta- 
tion of the increment A A  the differential df, and the derivativef': f'(t,) is the 
slope of the line that is tangent to f at the time t l ; f ' ( t l )  At is a first-order 
(linear) approximation to A f (the smaller At, the better the approximation). 

Example 4.1-9. Find the differential of 

f(d = 4: + 24142 (4.1-25) 
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Figure 4-3 Geometric interpretation of AX dXf' 

In Example 4.1-7 we found that the increment is 

The first two terms are linear in Aq. Letting 

we can write the last two terms as 

which is of the form g(q, A q ) ~ ~ ~ A q ~ ~ .  To show that f is differentiable we 
must verify that 

It will be left as an exercise for the interested reader to verify that this 
limit exists and is zero; hence f is differentiable, and the differential is 

Rather than go through all of these steps, we can use Definition 4-9 to 
develop a rule for finding the differential of a function. In particular, i f f  
is a differentiable function of n variables, the differential df is given by 

We shall also find it convenient to develop a formal procedure for finding 
the variation of a functional rather than starting each time from the defini- 
tion which follows. 
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DEFINITION 4-10 

The increment of a functional can be written as 

AJ(x, 6 ~ )  = ~J(x, 6 ~ )  + g(X, S X ) * ~ ~ S X ( ~ ,  (4.1-32) 

where 65 is linear in 6x. If 

lim {g(x, Sx)} = 0, 
Ildxll-0 

then J is said to be direrentiable on x and 6J is the variation of J 
evaluated for the function x. 

Jbample 4.10. Let x be a continuous scalar function defined for t E [O, 11. 
Find the variation of the functional 

J(x) = J: [ X W  + 2x(t)] dt. (4.1-33) 

First, lind the increment of J,  

AJ(x, SX) = J(x + SX) - J(x) 

= 1: {[x(t)  + 6x(t)I2 + 2[x(t) + 6x(t)]} dt 
(4.1-34) 

- s: [x2(t) + 2x(r)] dt. 

Expanding, and combining these integrals, we obtain 

AJb, SX) = J: {[&(t) + 21 W) + [6x(t)I2} dt. (4.1-35) 

Separating the terms which are linear in ax, we have 

AJ(x, 6x) = I' {[2x(t)  + 21 6x(t)} dt + s: [6x(~)]~ dt. (4.1-36) 

Now let us verify that the second integral can be written 

and that 

lim (g(x, ax)) = 0. (4.1-38) 
Ilbxll-0 

Since x is a continuous function, let 

IISXII P max (IJx(0II. (4.1-39) 
O&fS I 
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Multiplying the left side of (4.1-37) by 11 6x 11/11 6x 11 gives 

the right side of Eq. ( 4 . 1 4 )  follows because 116x11 does not depend on t. 
Comparing (4.14) with (4.1-33, we observe that 

(4.1-41) 

1’ dt Is: ISx(t)ldt, (4.1-42) 

because of the definition of the norm of 6x, which implies that 
II 6 x  II 2 I6x(t) I for all t E [O, I]. Clearly, if 11 6x 11 -, 0, I Sx(t) I 4 0 for all 
t E [O, I], and thus 

lim { 1: I6x(t) I dt } = 0. (4.1-43) 
Ildxll-0 

We have succeeded in verifying that the increment can be written in 
the form of Eq. (4.1-32) and that g(x, 6x)  -, 0 as ll6xll 4 0;  therefore, 
the variation of J is 

6J(x, 6x)  = 1: {[2x(t) + 23 6x(t)) dr. (4.1-44) 

This expression can also be obtained by formally expanding the 
integrand of AJ in a Taylor series about x(t) and retaining only the terms 
of fmt order in 6x0). 

It is very important to keep in mind that SJ is the linear approximation 
to the difference in the functional J caused by two comparison curves. If 
the comparison curves are close (11 6x 11 small), then the variation should be 
a good approximation to the increment; however, 6 J  may be a poor approxi- 
mation to AJ if the comparison curves are far apart. The analogy in cal- 
culus is illustrated in Fig. 4-3, where it is seen that df is a good approximation 
to A f for small At. 

As with differentials, we would prefer to avoid using the definition each 
time the variation of a functional is to be determined; in Section 4.2 we shall 
develop a formal procedure for finding variations of functionals. 

Maxima and Minima of Functionals 

Let us now review the definition of an extreme value of a function. 

co
nt

ro
len

gin
ee

rs
.ir



Sec. 4.1 The Calculus of Variations 119 

DEFINITION 4-1 1 

A function f with domain 9 has a relative extremum at the point 
q* if there is an e > 0 such that for all points q in 9 that satisfy 
11 q - q* 11 < E the increment off has the same sign. If 

f(q*) is a relative minimum; if 

f (q*) is a relative maximum. 
If (4.1-45) is satisfied for arbitrarily large E ,  then f (q*) is a global, 

or absolute, minimum. Similarly, if (4.1-46) holds for arbitrarily large 
e, then f (q*) is a global, or absolute, maximum. 

Recall the procedure for locating extrema of functions. Generally, one 
attempts to find points where the differential vanishes-a necessary con- 
dition for an extremum at an interior point of 9. Assuming that there are 
such points and that they can be determined, then one can examine the 
behavior of the function in the vicinity of these points. 

Example 4.1-11. Consider the function of one variable illustrated in Fig. 
4-4. The function is defined for t E [to, t f ] .  Since the interval is bounded 

Figure 44 A function with several extrema 

and closed, candidates for extrema are located at points where the 
differential vanishes and also at the end points. For this function, the 
differential vanishes at t , ,  r z ,  t3 ,  t4 ,  and fs-these are called stationary 
points. t z ,  however, is not an extreme point; it is a horizontal inflection 
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point. t ,  and t4  are relative maxima, and t 3  and t s  are relative minima. 
Examining the function at the end points, we see that to is a relative 
minimum and t ,  is a relative maximum. It is easily shown for a function 
of one variable that at the left end point 

$ > 0 implies that to is a relative minimum, 

and 

$ c 0 implies that to is a relative maximum. 

For the right-hand end point the sense of the inequalities is reversed. 
Finally, observe that t ,  is the absolute or global maximum point and t 3  

is the global minimum. 

Next, consider a functional J which is defined for all functions x in a 
class a. 
DEFINITION 4-12 

A functional J with domain R has a relative extremum at x* if 
there is an E > 0 such that for all functions x in a which satisfy 
11 x - x* 11 < E the increment of J has the same sign. If 

A J = J(x) - J(x*) 2 0, 

J(x*) is a relative minimum; if 

A J = J(x) - J(x*) 2 0, 

(4.1-47) 

(4.1-48) 

J(x*) is a relative maximum. 
If (4.1-47) is satisfied for arbitrarily large E ,  then J(x*) is a 

global, or absolute, minimum. Similarly, if (4.1-48) holds for arbi- 
trarily large E ,  then J(x*) is a global, or absolute, maximum. x* is 
called an extremal, and J(x*) is referred to as an extremum. 

The Fundamental Theorem of the Calculus of Variations 

The fundamental theorem used in finding extreme values of functions 
is the necessary condition that the differential vanish at an extreme point 
(except extrema at the boundaries of closed regions). In variational prob- 
lems, the analogous theorem is that the variation must be zero on an extremal 
curve, provided that there are no bounds imposed on the curves. We next 
state this theorem and give the proof. 

Let x be a vector function of t in the class $2, and J(x)  be a differentiable 
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functional of x. Assume that thefunctions in Q are not constrained by any 
boundaries. 

The fundamental theorem of the calculus of variations is 

If x* is  an extremal, the variation of Jmust vanish on x*; that is, 

SJ(x*, Sx) = 0 for all admissible 8x.t (4.1-49) 

Proof by contradiction: Assume that x* is an extremal and that 
SJ(x*, Sx) f 0. Let us show that these assumptions imply that the 
increment AJcan be made to change sign in an arbitrarily small 
neighborhood of x*. 

The increment is 

AJ(x*, SX) = J(x* + SX) - J(x*) (4.1-50) 
= SJ(X*, SX) + g(X*, SX)*~~SX 11, 

where g(x*, Sx) 4 0 as 11 SX 11 -, 0; thus, there is a neighborhood, 
11 Sx 11 < E, where g(x*, Sx).ll Sx 11 is small enough so that S J  domi- 
nates the expression for A J. 

Now let us select the variation 

Sx = aSx"' (4.1-5 1) 

shown in Fig.4-5 (for a scalar function), where 01 > 0 and Il01bx'~' 11 
< E .  Suppose that 

Figure 4-5 An extremal and two neighboring curves 

is t By admissible 6x we mean that x + 6x must be a member of the class R; thus, if 
the class of continuous functions, x and 6x are required to be continuous. 
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SJ(x*, aSx"') < 0. (4.1-52) 

Since SJ is a linear functional of ax, the principle of homogeneity 
[see Eq. (4.1-8a)l gives 

SJ(x*, cdx'") = cdJ(x*, Sx"') < 0. (4.1-53) 

The signs of AJ and 6J are the same for llSxll < E ;  thus, 

AJ(x*, aSx"') < 0. (4.1-54) 

Next, we consider the variation 

dx = -&x'" 

shown in Fig. 4-5. Clearly, I l c d ~ ( ~ )  11 < E implies that 11 - c d ~ ( ~ ~  11 
< e ;  therefore, the sign of AJ(x*, - ~ S X ( ~ ' )  is the same as the sign 
of SJ(x*, -aSx"'). Again using the principle of homogeneity, we 
obtain 

SJ(x*, -aSx'") = -aSJ(x*, dx(1) ); (4.1-55) 

therefore, since SJ(x*, cdx'l') < 0, SJ(x*, - ~ S X ( ~ ) )  > 0, and this 
implies 

AJ(x*, -aSx"') > 0. (4.1-56) 

To recapitulate, we have shown that if SJ(x*, Sx) f 0, then in 
an arbitrarily small neighborhood of x* 

and 
AJ(x*, aSx"') < 0 

AJ(x*, -~SX"') > 0, 

(4.1-57) 

(4.1-58) 

thus contradicting the assumption that x* is an extremal (see Defi- 
nition 4-12). Therefore, if x* is an extremal it is necessary that 

SJ(x*,  Sx) = 0 for arbitrary ax. (4.1-59) 

The assumption that the functions in R are not bounded guaran- 
tees that aSx"' and -aSx"' are both admissible variations. 

Summary 

In this section important definitions have been given and the fundamental 
theorem of the calculus of variations has been proved. The analogy between 
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certain concepts of calculus and the calculus of variations has been exploited. 
It is helpful to think in terms of the analogies that exist; by doing so, we can 
appeal to familiar geometric ideas from the calculus. At the same time, we 
must be careful not to extrapolate results from calculus to the calculus of 
variations merely by using “intuitive continuation.” In the next section we 
shall apply the fundamental theorem to problems that become progressively 
more general; eventually, we shall be able to attack the optimal control 
problem. 

4.2 FUNCTIONALS OF A SINGLE FUNCTION 

In this section we shall use the fundamental theorem to determine extrema 
of functionals depending on a single function. To relate our discussion to 
“the optimal control problem” posed in Chapter 1 we shall think in terms of 
finding state trajectories that minimize performance measures. In control 
problems state trajectories are determined by control histories (and initial 
conditions); however, to simplify the discussion it will be assumed initially 
that there are no such constraints and that the states can be directly and 
independently varied. Subsequently, this assumption will be removed. 

The Simplest Variational Problem 

Problem 1: Let x be a scalar function in the class of functions with con- 
tinuous first derivatives. It is desired to find the function x* for which the 
functional 

J(x)  = g(x(t), i ( t ) ,  t )  dt 
I. 

(4.2-1) 

has a relative extremum. The notation J(x) means that J is a functional of 
the function x; g(x(t), k(r), t), on the other hand, is a function-g assigns a 
real number to the point (x(t), i ( t ) ,  t). It is assumed that the integrand g 
has continuous first and second partial derivatives with respect to all of its 
arguments; to and r, are fixed, and the end points of the curve are specified 
as xo and x,. 

Curves in the class R which also satisfy the end conditions are called 
admissible. Several admissible curves are shown in Fig. 4-6. 

We wish to find the curves (if any exist) that extremize J(x). The search 
begins by finding the curves that satisfy the fundamental theorem. Let x be 
any curve in R, and determine the variation SJ(x, Sx) from the increment 
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x u )  

4 

I 

x 0 - - - - -  I 
I 

I I 
I I 
I I * I  

10 

Figure 4-6 Admissible CUTV~S for Problem 1 

U ( x ,  6x) = J(x + Sx) - J(x)  

Combining the integrals gives 

U ( x ,  6x) = J" [g(x(t) + Sx(t), i ( t )  + SR(t), t )  - g(x(t), R(t), t)]  dt. 
I* 

(4.2-3) 

Notice that the dependence on R and 6 i  is not indicated in the argument of 
AJ, because x and 2, 6x and S i  are not independent; 

Eventually, AJ will be expressed entirely in terms of x, R and Sx. 

x(t), R(t) gives 
Expanding the integrand of (4.2-3) in a Taylor series about the point 

(4.2-4) 
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The notation o<[6x(t)l2, [62(t)I2) denotes terms in the expansion of order 
three and greater in 6x(t )  and 62(t)-these terms are smaller in magnitude 
than [6x(t)I2 and [62(t)I2 as Sx(t) and &(r) approach zero. As indicated, 
the partial derivatives in Eq. (4.2-4) are evaluated on the trajectory x ,  2. 

Next, we extract the terms in AJ that are linear in Sx(t) and 62(t) to 
obtain the variation 

6x(t )  and 62(t) are related by 

&(t) = f 62(t) dt + &(to); (4.26) 

thus, selecting Sx uniquely determines 62. We shall regard 6 x  as being the 
function that is varied independently. To express (4.2-5) entirely in terms 
containing ax,  we integrate by parts the term involving 62 to obtain 

f. 

(4.2-7) 

Since x(to) and x(t,) are specified, all admissible curves must pass through 
these points; therefore, 6x(to)  = 0, 6x(t,) = 0, and the terms outside the 
integral vanish. 

If we now consider an extremal curve, applying the fundamental theorem 
yields 

SJ(X*, 6 x )  = 0 = 
(4.2-8) 

- [dg(x*(t), 2*(t), r ) ] }  Sx(r) dt. dt a 
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Thus, the integral must be zero; does this tell us anything about theintegrand? 
To answer this question, consider the function ax;  it has continuous 

derivatives, and must be zero at to and t,, but aside from these requirements 
it is completely arbitrary. The assumptions made regarding the function g 
guarantee that the term which multiplies Sx(r) in Eq. (4.2-8) is continuous. 
It can be shown that if a function h is continuous and 

l: h(r) 6x(r) dr = 0 (4.2-9) 

for every function 6x  that is continuous in the interval [to, r,], then h must be 
zero everywhere in the interval [to, t,]. 

This result, called the fundamental lemma of the calculus of variations, is 
proved in references [E-1] and [G-11. The essence of the proof is as follows: 
Suppose that h is not zero everywhere in the interval; then, since h is con- 
tinuous, there is a neighborhood in [to, t,] in which h has the same sign 
everywhere. Select Sx, which is arbitrary, to be positive (or negative) through- 
out the neighborhood where h has the same sign, and zero elsewhere. By 
selecting Sx in this manner the integral in Eq. (4.2-9) will be nonzero; thus, 
h must be identically zero for (4.2-9) to be satisfied. 

Figure 4 7  shows a function h that is not identically zero in the interval 

6.W) 

I t  lro I ~ I 

I 1  12 tf 

Figure 4-7 A nonzero h and an admissible 6x 

[to, t,]. Selecting Sx as shown makes the product h(t) Sx(r) greater than zero 
in the interval [ t , ,  f2], and zero elsewhere. By inspection, the integral of 
h(r) &(r) is certainly not zero. Notice that it does not matter what values 
h assumes outside of the interval [ t , ,  f2 ] .  

An intuitive way of looking at this lemma is the following: Given any 
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continuous function h that is not identically zero in the interval [to, t,], a 
function ax, with continuous derivatives, can be selected which makes the 
integral 5:: h(t) ax(?) dt # 0. 

Applying the fundamental lemma to (4.2-8), we h d  that a necessary 
condition for x* to be an extremal is 

%(x*(t), i * ( t ) ,  t )  - 

for all t E [to, t,]. 
Let us now examine Eq. (4.2-lo), called the Euler equation, in more 

detail. The presence of d/dt and/or R*(t) means that this is a differential 
equation. 

is, in general, a function of x*(t), R*(t), and t ;  thus, when this function is 
differentiated with respect to t, i?*(t) may be present. This means that the 
differential equation is generally of second order. There may also be terms 
involving products or powers of jl*(t), i * ( t ) ,  and x*(t), in which case the 
differential equation is nonlinear, and the presence of t in the arguments 
indicates that the coefficients may be time-varying. Differential equations of 
this type are normally hard to solve analytically. There are, however, certain 
special cases (summarized in Appendix 3) in which the Euler equation can 
be reduced to a first-order differential equation, or solved by evaluating 
integrals. 

In summary then, the Euler equation for Problem I is generally a 
nonlinear, ordinary, time-varying, hard-to-solve, second-order differential 
equation. 

Since the Euler equation usually cannot be solved analytically, one natu- 
rally thinks of using numerical integration. The characteristics of the Euler 
equation which make analytical solution difficult do not present serious 
difficulties numerically. Unfortunately, there is another factor that prevents 
us from simply solving the Euler equation by numerical integration-the 
boundary conditions are split. Instead of having ~ ( t , )  and i ( t , )  specified [or 
x(t,), A(t,)], we know x(to) and x(t,). To integrate numerically, we need values 
for all of the boundary conditions at one end. Thus, we see that to obtain 
the optimal trajectory x*, a nonlinear, two-point boundary-value problem 
must be solved. The problem is difficult because of the combination of split 
boundary values and the nonlinearity of the differential equation. Separately, 
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either of these difficulties can be surmounted without tremendous effort, but 
together they present a formidable challenge. For the moment we shall 
consider only problems that can be solved analytically. In Chapter 6 we 
shall consider some numerical techniques for solving nonlinear, two-point 
boundary-value probJems. 

It should be emphasized that since the Euler equation is a necessary con- 
dition, further investigation is required to ascertain whether a solution x* 
is a minimizing curve, a maximizing curve, or neither. 

Example 4.2-1. Find an extremal for the functional 

J(x )  = I:* [3'(t) - xz(t)] dt (4.2-1 1) 

which satisfies the boundary conditions x(0) = 0 and x(n/2) = 1. 
The Euler equation is 

(4.2-1 2) 

0 = ag -(x*(r), i * ( t ) ,  2 )  - 
ax 

d = - h * ( r )  - -#i*(t)], 

or 

jz*(t) + x*(t) = 0. (4.2-1 3) 

Since Eq. (4.2-13) is linear and has constant coefficients, it can be readily 
solved by using classical differential equation theory. Assuming a solution 
of the form x*(t) = k P  and substituting this in (4.2-13), we obtain 

k s W  + kcsf = 0. (4.2-14) 

Since (4.2-14) must be satisfied for all t, 

s2 + 1 = 0. (4.2-1 5 )  

The roots of this characteristic equation are s = fjl,t so the solution 
has the form 

x*(r) = C , C h  + C2€/', (4.2-16) 

x*(t) = c, cos (1) + cq sin (I), (4.2-17) 

where the c's are constants of integration. 
To determine the constants that satisfy the boundary conditions 
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4 0 )  = 0, x(n/2) = 1, we use the form of the solution in (4.2-17) to obtain 

0 = c3cos(0) + c4 sio(O)-c, = O t  (4.2-18) 

and 

Thus, the solution to the Euler equation is 

x*(r) = sin 0). (4.2-20) 

The problem, as stated, has been solved, but let us investigate the 
increment for a neighboring curve to see if x* is a minimum. As a com- 
parison curve, consider the family 

x(t)  = sin ( t )  + a sin (2r) 
= x*(r) + 6x(r), 

(4.2-21) 

with a as a real constant. Several curves for various values of a are shown 
in Fig. 4-8. Observe that each 6 x  curve goes through zero at t = 0 and 
at t = n/2; thus x* + 6 x  satisfies the required boundary conditions. 

Figure 4-8 Several admissible 6x curves 

Substituting x*(r) = sin (r) and i * ( r )  = cos ( I )  into the integrand 
of (4.2-ll), we find that J(x*) = 0. If x(r) = sin ( I )  + a sin (2r) and 
k(r) = cos (1) + 2a cos (2r) are substituted into (4.2-1 1) and the inte- 
gration performed, the result is 

3n J(x* + 6 x )  = (4.2-22) 

t s denotes "implies that." 
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Since J(x* + 6x) > 0 for all a # 0, we conclude that 

J(x* + 8x1 > J(x*) for a # 0. (4.2-23) 

What does this mean? It certainly indicates that x* is not a maximizing 
curve, because we have just constructed a family of neighboring cwes  that 
gives larger values of J. Is x* a minimizing curve? Our evidence is not 
conclusive, but it looks very much as if x* does minimize J. We could 
try other neighboring curves to reinforce our suspicions, or else test x* 
to see if it satisfies sufficient conditions for a minimum. Sufficient con- 
ditions for minima are beyond the scope of this book, so we shall content 
ourselves with investigating a few neighboring curves to ascertain whether 
a curve is maximal, minimal, or neither. 

Now let us consider problems having end points that are not fixed. We 
shall consider only free end conditions at  the final time; problems with 
unspecified boundary conditions at the initial time can be treated in a similar 
manner. 

FinaUime Specified, x ( t f )  Free 

Problem 2: Find a necessary condition for a function to be an extremal 
for the functional 

J(x)  = g(x(t), 2(r), t )  dt; (4.2-24) 
I. 

to,  x(zo), and t ,  are specified, and x(t,) is free. The admissiblecurves all begin 
at the same point and terminate on a vertical line, as, for example, is the case 
in Fig. 4-9. To use the fundamental theorem, we first find the variation as 
in Problem I. After integrating by parts, we have [see Eq. (4.2-7)] 

xu)  

Figure 4-9 Several admissible curves for Problem 2 
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Now 6x(to) = 0 for all admissible curves, but 6x(r,) is arbitrary. 
For an extremal x*, we know that SJ(x*, ax) must be zero. Let us next 

show that the integral in (4.2-25) must be zero on an extremal. Suppose that 
the curve x* shown in Fig. 4-10 is an extremal for the free end point problem. 

x ( t )  

F i i e  4-10 An extremal for a free end point problem 

The value of x*(t,) is x f .  Now consider a fixed end point problem with the 
same functional, the same initial and final times, and with speciJied endpoints 
x(to) = xo and x(t,) = x, that are the same as for the extremal x* in the 
free end point problem. The curve x* in Fig. 4-10 must be an extremal for 
this fixed end point problem; therefore, x* must be a solution of the Euler 
equation (4.2-lo), and the integral term must be zero on an extremal. In 
other words, an extremal for a free end point problem is also an extremal for 
the fixed end point problem with the same end points, and the same func- 
tional; thus, regardless of the boundary conditions, the Euler epution must be 
satisfied. 

Since 

6J(x*, Sx) = 0, and $$x*(t), k*(t), t )  - -$ B ( x * ( t ) ,  i * ( t ) ,  I ) ]  = 0 

for all t E [to, tf], from Eq. (4.2-25) we have 

(4.2-26) 
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But since x(tf)  is free, 6x(tf) is arbitrary; therefore, it is necessary that 

$$(X*(tf), a*(?,), t f )  = 0. (4.2-27) 

The Euler equation is second order, and Eq. (4.2-27) provides the second 
required boundary condition [x(to) = x, is the other boundary condition]. We 
shall call Eq. (4.2-27) the natural boundary condition; notice that again we 
are confronted by a problem with split boundary values. 

Example 4.24. Determine the smooth curve of smallest length connecting 
the point x(0) = 1 to the line t = 5. 

It can be shown that the length of a curve lying in the t - x(r)  plane, 
with to = 0 and t f  = 5, is 

The Euler equation 

d i * ( t )  -& + **2(t)]l/2] = O 

reduces to 

n*(t) = 0, 

(4.2-29) 

(4.2-30) 

which has the solution 

x*(t) = C l t  + c2, (4.2-3 1) 

where cI and c2 are constants of integration. x*(O) = 1, so from (4.2-31) 
we have c2 = 1. From Eq. (4.2-29, 

(4.2-32) 

which implies that as@) = 0. Substituting 2*(5) = 0 into the equation 

a*O) = cI, (4.2-33) 

obtained by differentiating (4.2-31), gives cI = 0. The solution then is 

x*(t) = 1, (4.2-34) 

a straight line parallel to the t axis. 
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Example 4.2-3. Determine an extremal for the functional 

J(x) = J: [ W t )  + 2X(t)*(t) + 4x*(t)] dt; (4.2-35) 

x(0) = 1, and x(2) is free. 
From (4.2-'10) the Euler equation is 

--f*(t) + 4x*(r) = 0. (4.2-36) 

The solution has the form 

x*(t) = CIE-Zf  + C 2 P .  (4.2-37) 

To evaluate the constants of integration, use the boundary condition 
x(0) = 1, and the natural boundary condition 

%(x*(2), i*(2)) = 0. (4.2-38) 

Equation (4.2-38) gives 

i*(2) + x*(2) = 0, (4.2-39) 

and from Eq. (4.2-37) we h d  that 

- t * (r )  = -2CI€-2f + 2C2€2'. (4.2-40) 

Evaluating (4.2-37) and (4.2-40) with t = 2 and substituting in Eq. (4.2-39) 
we obtain 

The boundary value x(0) = 1 provides the equation 

C I  + C t  = 1. (4.2-42) 

Solving these simultaneous algebraic equations for cI and cz yields 

The final time was fixed in Problems I and 2; consequently, the vari- 
ations of the functionals involved two integrals having the same limits of 
integration. If the final time is free, however, this is no longer the case; 
therefore, let us now generalize the results of our previous discussion. This 
is accomplished by separating the total variation of a functional into two 
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partial variations: the variation resulting from the difference Sx(t) in the 
interval [to, t,] and the variation resulting from the difference in end points 
of two curves. The sum of these two variations is called the general variation 
of a functional. First, let us consider the case where x(t,) is specified. 

Final Time Free, x( t f )  Specified 

In Problem 2 we considered the situation where x(t,) was free, but the 
final time t ,  was specified. Let us now investigate problems in which x(t,) 
is specified, but r, is free. 

Problem 3: Find a necessary condition that must be satisfied by an 
extremal of the functional 

J(x) = s” g(x(t), i ( t ) ,  t )  dt ; 
I. 

(4.2-43) 

to,  x(to) = x,, and x(t,) = x, are specified, and t ,  is free. 
The admissible curves, several of which are shown in Fig. 4-1 1, all begin 

at  the point (xo, to)  and terminate on the horizontal line with ordinate x,. 
X U )  

I I 

I0 
c t  

Figure 4-11 Several admissible curves for Problem 3 

Because of the free final time, the development in Problem 2 must be 
modified. In Fig. 4-12 an extremal curve x*, terminating at the point (x,, t,), 
and a neighboring comparison curve x, terminating at the point (x,, t ,  + St,), 
are shown. 

From Fig. 4-12 it is apparent that 6x(t) = [x(t) - x*(r)] has meaning 
only in the interval [to, t,], since x* is not defined for t E (t,, t ,  + 61,l.t 

t t E O f ,  t ,  + Stf] meam tf < t I rf + 61,. 
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X U )  
A 

W t f )  

-- -- 

I I  

XO --- 

t 
I I !  

10 tf tf  +“f * 

Fme 4-12 An extremal, x*, and a neighboring comparisoncurve,x 

First, we form the increment 

AJ = J”+“’ g(x(t), A@), t )  dt - J” g(x*(t), n*(t), t )  dt 
I .  I. 

= jI {g(x(t), A(0, t )  - g(x*(r), A*(t), t ) }  dt (4.2-44) 

+ g(x(t), A(?), t )  dt, 
II 

or 

AJ = J” {g(x*(t) + sx(t), n*(t) + sA((t), t )  
I0 

- g(x*(O, A*(r), t ) }  dt 

+ r6” g(x(t), A(?), t )  dt. 

(4.245) 

II 

The first integrand can be expanded about x*(t), A*(t) in a Taylor series to 
give 

AJ = j:: { [&*(r), i * ( t ) ,  ti] W )  

+ E ( x * ( r ) ,  A*(t), r ) ]  W)) dt 

+ o(Sx(t), 6A(t)) + J”+6fr g(x(r), A(r), t )  dt.t 

(4.2-46) 

II 

t o(dx(r), 8k(t)) denotes terms of higher than first order in 8x0) and 8 W ;  subsequently 
we will write simply o(-). 
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The second integral can be written 

g(x(t), i-(r),t) dt = [g(x0J7 W,). t,)] St, + 4Jt,). (4.2-47) 1:’“ 
Integrating by parts the term in Eq. (4.2-46) containing Sk(r), and substitut- 
ing (4.2-47), we obtain 

AJ= [a ‘g(x*(r,), k*(t,), r , ]  6x0,) + [g(x(t,), i-(tf), tf)l ~ t ,  

+ j: { ~ ( X * ( O ,  i*(~ t )  (4.2-48) 

- $[$(x*(r), )5*(0, r ) ] }  Wr) dt + 4.h 

where we have also used the fact that Sx(r,) = 0. Next, we shall express 
g(x(r,), k(r,), r,) in terms of g(x*(r,), &*Of), r,) by the expansion 

g(x(t,), W,), t,) = g(x*(t,), R*(t,), if) 

+ [$(x*(r,), )5*(t,), 4 ax(+) (4.2-49) 

+ [$(x*(r,), k*(t,), I,)] Sat,) + 4.1. 
Substituting this expression in Eq. (4.2-48) yields 

AJ = [&*(r,), k*(t,), t,)] ax(r,) + [gtx*(t,), i*(t,), t,)] St,  

+ jx ( %tx*(r), k*(O, 0 (4.2-50) 

- 4 dr [dg(x*(r), a )5*(r), r ) ] )  Sx(r) dr + o(-). 

Sx(r,), which is neither zero nor free, depends on St,. The variation of 
J, SJ, consists of the first-order terms in the increment AJ; therefore, the 
dependence of Sx(r,) on Sr, must be linearly approximated. By inspection of 
Fig. 4-12 we have 

Sx(r,) + k*(r,) Sr, = Ot (4.2-51) 

or 

Sx(r,) = -k*(r,) St,. (4.2-52) 

t = means “equal to first order.” 

co
nt

ro
len

gin
ee

rs
.ir



See. 4.2 The Calculus of Variations 137 

Substituting (4.2-52) into Eq. (4.2-50), and retaining only first-order terms, 
we have the variation 

SJ(x*, Sx )  = 0 = ([ - %(x*(r,), k*(r,), r,)] k*(r,) 

(4.2-53) 

- dr [dg(x*(r), a i * ( r ) ,  r ) ] )  Sx(r) dr. 

Notice that the integral term represents the partial variation of J caused by 
Sx(r), t E [to, r,], and the term involving Sr, is the partial variation of J 
caused by the difference in end points; together, these partial variations 
make up the general (or total) variation. 

As in Problem 2, we argue that the extremal for this free end point 
problem is also an extremal for a particular fixed end point problem; there- 
fore, the Euler equation 

1 g ( x * ( r ) .  k*(r), r )  - d [a(x*(r), ag k*(r), I )  = 0 (4.2-54) 

must be satisfied, and the integral is zero. Sr, is arbitrary, so its coefficient 
must be zero, and the required boundary condition at r, is 

The following example illustrates the procedure for solving a problem 
with x(t,) specified and r, free. 

Example 4.2-4. Find an extremal for the functional 

J(x)  = r,’ [2x(r) + &P(r)] dr; (4.2-56) 

the boundary conditions are 41) = 4, x(r,) = 4, and r f  > 1 is free. 
The Euler equation 

P ( r )  = 2 (4.2-57) 

has the solution 

x*O) = i2 + clt  + c2. (4.2-58) 
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t f  is unspecified, so the relationship 

must be satisfied. From (4.2-59) and the specified values of x(1) and x(t,) 
we obtain 

x*(l) = 4 = 1 + cI  + cZ, or c, + cz = 3 
x*(tJ = 4 = r )  + q r ,  -k cz 

(4.24%) 
(4.2-60b) 

(4.2-60~) 1 cf 
zr*(t,) - +*Z(t,) = 0 = 2c2 - T* 

Solving Eqs. (4.2-60) for c l ,  cZ, and tf gives the extremal 

x*(r) = tZ - 6t + 9, and t ,  = 5. (4.2-61) 

Problems with Both the Final Time ti and x ( t i )  Free 

We are now ready to consider problems having both r, and x(r,) unspeci- 
fied. Not surprisingly, we shall find that the necessary conditions of Problems 
2 and 3 are included as special cases. 

Problem 4: Find a necessary condition that must be satisfied by an 
extremal for a functional of the form 

J(x)  = g(x(r), k(r), r )  dt; (4.2-62) 
I 4  

to and x(ro) = x, are specified, and r,  and x(t,) are free. 
Figure 4-13 shows an extremal x* and an admissible comparison curve x. 

Fm 4-13 An extremal and a neighboring comparison curve for 
Problem 4 
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Notice that Sx(r,) is the difference in ordinates at r = r, and Sx, is the dif- 
ference in ordinates of the end points of the two curves. It is important to 
keep in mind that, in general, Sx(r,) f Sx,. 

To use the fundamental theorem, we must first determine the variation 
by forming the increment. This is accomplished in exactly the same manner 
as in Problem 3 as far as the equation 

(4.2-50) 

Next, we must relate Sx(r,) to Sr, and Sx,. From Fig. 4-13 we have 

or 
Sx, = Sx(t,) + i*(r,) St,, (4.2-63) 

Sx(r,) = Sx, - i*(r,) St,. (4.2-64) 

Substituting this in Eq. (4.2-50) and collecting terms, we obtain as the varia- 
tion 

i*(r), r ) ] )  Sx(r)  dr. 

As before, we argue that the Euler equation must be satisfied; therefore, the 
integral is zero. There may be a variety of end point conditions in practice; 
however, for the moment we shall consider only two possibilities: 

1. t ,  and x(r,) unrelated. In this case Sx, and St, are independent of one 
another and arbitrary, so their coefficients must each be zero. From 
Eq. (4.2-65), then, 
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and 

which together imply that 

g(x*(t,), R*(r,), t,) = 0. (4.2-68) 

2. t ,  and x(t,) related. For example, the final value of x may be con- 
strained to lie on a specified moving point, O(t); that is, 

x(t,) = o w .  (4.2-69) 

In this case the difference in end points Sx, is related to at, by 

ax, = $(f,) at,. (4.2-70) 

The geometric interpretation of this relationship is shown in Fig. 
4-14. The distance a is a linear approximation to Sx,; that is, 

a = [$(t,)] at,. (4.2-7 1) 

x ( r )  
A 

I 

10 

Faure 4-14 x(t,) and t f  free, but related 

Substituting (4.2-70) into Eq. (4.2-65) and collecting terms gives 
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because Sr, is arbitrary. This equation is called the trunsversulify 
condition. 

In either of the two cases considered, integrating the Euler equation gives 
a solution x*(c,, c,, t), where c1 and c, are constants ofintegration. cl, c,, 
and the unknown value oft, can then be determined from x*(cl , cp,  t o )  = x, 
and Eqs. (4.2-66) and (4.2-68) if x(f,) and tf are unrelated, or Eqs. (4.2-69) 
and (4.2-72) if x(t,) and t f  are related. Let us illustrate the use of these equa- 
tions with the following examples. 

Example 4.25. Find an extremal curve for the functional 

J ( x )  = s" [l + i z ( t ) ] 1 / 2  dt; (4.2-73) 
I. 

the boundary conditions to = 0, x(0) = 0 are specified, tf and x(rf) are 
free, but x( t f )  is required to lie on the line 

e(f)  = -st + IS. (4.2-74) 

The functional J(x)  is the length of the curve x; thus, the function 
that minimizes J is the shortest curve from the origin to the specified line. 
The Euler equation is 

(4.2-75) 

Performing the differentiation with respect to time and simplifying, we 
obtain 

2*(f) = 0, (4.2-76) 

which has the solution 

x*(t) = C l f  + c,. (4.2-77) 

We know that x*(O) = 0, so c, = 0. To evaluate the other constant of 
integration,. we use the transversality condition. From Eq. (4.2-72), since 
xOf)  and tf are related, 

(4.2-78) 

Simplifying, we have 

-5i*(t , )  + 1 = 0, (4.2-79) 

from which, using Eq. (4.2-77), we obtain cl = t. The value of t f ,  
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found from 

is 

Thus, the solution is 
x*(r) = it. 

(4.2-80) 

(4.2-81) 

(4.2-82) 

Figure 4-15 shows what we knew all along: the shortest path is along 
the perpendicular to the line that passes through the origin. 

X W l  

Figure 4-15 The extremal curve for Example 4.2-5 

Example 4.2-6. Find an extremal for the functional in Eq. (4.2-73) which 
begins at the origin and terminates on the curve 

8(r) = f[t - 512 - f .  (4.2-83) 

The Euler equation and its solution are the same as in the previous 
example, and since x*(O) = 0 we again have c2 = 0. From Eq. (4.2-72) 
the transversality condition is 

-+*(rf)  - [rr - 5 - -+*(r,)] + [l + 2*2(r,)]1/2 = 0. (4.2-84) [l + i * Z ( f f ) ] 1 / 2  

Simplifying, and substituting x*(r,) = cI,  we obtain 

c I [ I /  - 51 + 1 = 0. (4.2-85) 

co
nt

ro
len

gin
ee

rs
.ir



See. 4.3 The Calculus of Variations W3 

Equating x*(t,) and &tf) yields 

Cltf = :[I, - 512 - f. (4.2-86) 

Solving the simultaneous equations (4.2-85) and (4.2-86), we find that 
c1 = t and t ,  = 3, so the solution is 

x*(t) = ft. (4.2-87) 

Summsry 

We have now progressed from “the simplest variational problem” to 
problems having rather general boundary conditions. The key equation is 
(4.2-65), because from it we can deduce all of the results we have obtained 
so far. We have found that regardless of the boundary conditions, the Euler 
equation must be satisjed; thus, the integral term of (4.2-65) will be zero. 
If t ,  and x(t,) are specified (Problem I), then St, = 0 and Sx, = Sx(t,) 
= 0 in Eq. (4.2-65). To obtain the boundary condition equations for 
Problem 2 [t,  specified, x(t,) free], simply let St, = 0 and Sx, = Sx(t,) in 
(4.2-65). Similarly, to obtain the equations of Problem 3, substitute Sx, = 0 
in Eq. (4.2-65). 

Since the equations obtained for Problems I through 3 can be obtained 
as special cases of Eq. (4.2-65), we suggest that the reader now consider the 
results of Problem 4 as the starting point for solving problems of any of the 
foregoing types. 

4.3 FUNCTIONALS INVOLVING SEVERAL 
INDEPENDENT FUNCTIONS 

So far, the functionals considered have contained only a single function 
and its first derivative. We now wish to generalize our discussion to include 
functionals that may contain several independent functions and their first 
derivatives. We shall draw heavily on the results of Section 4.2411 fact, our 
terminal point will be the matrix version of Eq. (4.2-65). 

Problems with Fixed End Points 

Problem la: Consider the functional 
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where x , ,  x,, . . . , x, are independent functions with continuous first deriva- 
tives, and g has continuous first and second partial derivatives with respect 
to all of its arguments. to and t ,  are specified, and the boundary conditionsare 

x,(to) = X I , ;  x,(t,) = X I , ;  

Xn(t0) = xna; xn(tf) = Xn; 

We wish to use the fundamental theorem to determine a necessary condition 
for the functions x i ,  x;, . . . , x.* to be extremal. 

To begin, we find the variation of J by introducing variations in 
x I ,  . . . , x,, determining the increment, and retaining only the first-order 
terms : 

AJ = s" {g(x, ( t )  + Jx,(t),  . . ., x,(t) + 6x,(t), 
t o  

k,( t )  + Sk,(t), . . . , &(f)  + Skn(t), 1) (4.3-2) 
- g(x,(t),  . . . , x,(O, i , ( t ) ,  . . . , k,,(t), t ) }  dt. 

Expanding in a Taylor series about x,(t),  . . . , x,(t), k,(t), . . . , k,,(t) gives 

+ 2 [terms of higher order in Sx,(r), Sk,(t)]) dr. 
I -  I 

The variation 6J is determined by retaining only the terms that are linear 
in Sx, and Ski. To eliminate the dependence of SJ on 6ki, we integrate by 
parts the terms containing ail to obtain 

Since the boundary conditions for all of the x,'s are fixed at to and t,, 6xi(ro) 
= 0 and ax&,) = 0 (i  = 1, . . . , n), and the terms outside the integral 
vanish. On an extremal [add*'s to the arguments in (4.3-411, the variation 
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must be zero. The 6x:s are independent; let us select all of the axis except 
ax, to be zero. Then 

(4.3-5) 

But ax, can assume arbitrary values as long as it is zero at the end points 
to and 2,; therefore, the fundamental lemma applies, and the coefficient of 
6x,(t) must be zero everywhere in the interval [to, t,]. Repeating thisargument 
for each of the 6x;s in turn gives 

We now have n Euler equations. Notice that the same adjectives apply to 
these equations as in Problem I; that is, each equation is, in general, a 
nonlinear, ordinary, hard-to-solve, second-order differential equation with 
split boundary values. The situation is further complicated by the fact that 
these differential equations are simultaneous-each differential equation 
generally contains terms involving all of the functions and their first and 
second derivatives. 

Throughout the preceding development we have painfully (very!) written 
out each of the arguments. I t  is much more convenient and compact to use 
matrix notation; in the future we shall do so. To gain familiarity with the 
notation, let us re-derive the preceding equations using vector-matrix nota- 
tion. Starting with the problem statement, we have 

J(x) = g(x(t), Y t ) ,  t )  dt (4.3-la) 
I* 

and the boundary conditions x(to) = x,, x(t,) = x,, where 

x(t) P 
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The expression for the increment becomes 

AJ = {g(x(t) + Jx(t), t ( t )  + Jt(t), t )  - g(x(t), k(t), t)> dt, (4.3-2a) 
a 

which after expansion is 

+ [terms of higher order in Sx(t), bt(f)])  dt, 

where 

(an n x 1 column matrix), and similarly for ag/dt. Discarding terms that 
are nonlinear in Sx(t)  and &(t) and integratirlg by parts, we have 

(4.3-4a) 

0 is an n x 1 matrix of zeros. Finally, the matrix representation of the Euler 
equations is 

g(x*(t), f*(t), t )  - B(x*(t), k*(t), t)] = 0; (4.3-6a) 0 
Notice that Eq. (4.2-lo), obtained previously, is the special case that results 
when x is a scalar. 
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The Euler equations are given in E.q. (4.3-6a); writing out the indicated 
derivatives gives 

0 = -(x*(t), a&? ** ( f ) ,  t )  - - d [-(x*(t), a g  %*(t), t)]  3x1 dt ax ,  

and 

0 = -(x*(t), ag 
ax2 dt ax, **(t), t )  - - d [-(x*(t), ag t*(t), t ) ]  

d = xT*(t) - -&2if(t)iT(t)] 

(4.3-8) 

(4.3-9) 

= Xt2(t) + 2 i f ( t M f ( t )  + Uf(t)if(t). 

These differential equations are nonlinear and have time-varying coef- 
ficients. 

Example 4.3-2. Find an extremal curve for the functional 

J(x)  = [x:(t) + 4xW) + i l (r)- t2( t ) ]  dt (4.3-10) 

which satisfies the boundary conditions 

x(0) = [ :], and x($) = [:]a 

The Euler equations, found from (4.3-6a), 

2xf( t )  - = 0 

8xf(t)  - af(r) = 0, 
(4.3-1 la) 
(4.3-1 1 b) 

are linear, time-invariant, and homogeneous. Solving these equations by 
classical methods (or Laplace transforms) gives 

xf ( t )  = ~ ~ € 2 '  + ~ ~ c - 2 1  + c3 cos 2t + c4 sin 2t, (4.3-12) 

where cI, c2, c3, and c4 are constants of integration. Differentiating x:(t) 
twice and substituting into Eq. (4.3-11b) gives 

x:(t) = ic,P + 4c2c2' - 4c3 cos 2t - 4c4 sin 21. (4.3-13) 

Putting t = 0 and t = n/4 in (4.3-12) and (4.3-13), we obtain four equa- 
tions and four unknowns; that is, 
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Solving these equations for the constants of integration yields 

P robfems with Free End Points 

Problem 4a: Consider the functional 

(4.3-14) 

where x and g satisfy the continuity and differentiability requirements of 
Problem la. x(r,,) and to are specified; x(rf) and t f  are free. Find a necessary 
condition that must be satisfied by an extremal. 

To obtain the generalized variation, we proceed in exactly the same 
manner as in Problem 4 of Section 4.2. The only change is that now we are 
dealing with vector functions. Forming the increment, integrating by parts 
the term involving at(r), retaining terms of first order, and relating 8x(rf) 
to ax, and bt, [see Fig. 4-13 and Eq. (4.24411 by 

Sx(r,) = ax, - f*(r,) at,, (4.3-15) 

we obtain for the variation 

- dr d[dg(x*(r), Z i*(r), r)])TiSx(r)df. 

As before, we argue that an extremal for this free end point problem must 
also be an extremal for a certain fixed end point problem; therefore, x* 
must be a solution of the Euler equations 
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The boundary conditions at the final time are then specified by the relation- 
ship 

Equations (4.3-17) and (4.3-18) are the key equations, because they summarize 
necessary conditions that must be satisfied by an extremal curve. The bound- 
ary condition equations are obtained by making the appropriate substitutions 
in Eq. (4.3-18). The equations obtained by making these substitutions, which 
are contained in Table 4-1, are simply the vector analogs of the equations 
derived in Section 4.2. Notice that regardless of the problem specifications 
the boundary conditions are always split; thus, to find an optimal trajec- 
tory, in general, a nonlinear, two-point boundary-value problem must be 
solved. 

Situations not included in Table 4-1 may arise; however, these can be 
handled by returning to Eq. (4.3-18). For example, suppose that t ,  is fixed, 
x,(r,), i = 1,2, . . . , r are specified, and x,(r,),j = r + 1, . . . , n are free. 
In this case, the appropriate substitutions are 

Sr, = 0;  

Sx,(t,) = 0, 
Sx,(t,) arbitrary, 

i = 1,2, . . . , r ;  

j = r + 1, . . . , n. 
Let us now consider several examples that illustrate the use of Table 

4-1 and the key equations (4.3-17) and (4.3-18). 

Example 4.3-3. Find an extremal for the functional 

The functions x1 and x2 are independent, and the boundary conditions are 

q(0) = 1; X] (a) = 2; 

3 
. 2  xZ(o) = - ; xz ($) free. 
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The Euler equations are, from Eq. (4.3-17), 

2xt(t) - ay(r) = 0; (4.3-2Oa) 
-Jrf(t) - 2?f(r) = 0. (4.3-20b) 

Multiplying Eq. (4.3-2Oa) by 2 and subtracting (4.3-20b), we obtain 

icf(t) + 4xt(t) = 0, (4.3-21) 

which has the solution 

xf( t )  = CI cos 2t + c2 sin 2t; (4.3-22) 

therefore, 

Jr;(t) = 2cl cos 2t + 2c2 sin 2t. (4.3-23) 

Integrating twice yields 

xf( t )  = -9 cos 2 - 4 sin 2t + c3t + cq. (4.3-24) 2 

Notice that the boundary conditions are such that this problem does 
not fit into any of the categories of Table 4-1, so we return to Eq. (4.3-18). 
x l ( t f )  is specified, which means that 8x1, = 8xl(t,) = 0. x2(tf), however, 
is free, so 8x2(t,) is arbitrary. We also have that 8tf = 0 because I ,  is 
specified. Making these substitutions in Eq. (4.3-18) gives 

[g-(x*($), **($))I 6x*(t,) = 0, (4.3-25) 

which implies [since 8x2(t,) is arbitrary] that 

d i 2  d " ( x * ( $ ) ,  **($)) = 0. (4.3-26) 

But 

-g(x*(;), **(a)) = if($) + a:(;) = 2-2, 

so c3 = 0. From the specified boundary conditions we have 

Xl(0) = 1 = C 1 . l  + c2-0: 

XZ(0) = - - 
c, = 1; 

C 1 - 2 - 0 + c3.0 + c4: c4 = 1.5 + 5 - 2; 3 
2 - - T '  2 -  

XI($) = Cl.0 + c2.l = 2: c2 = 2. 
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Table 4-1 DETERMINATION OF BOUNDARY-VALUE RELATIONSHWS 

x*(to) = xo 
X * ( t f )  = Xf 

x*(ro) = xo 

$f(x*(t,), k*(tf), l f )  = 0 

x*(ro) = xo 
X * ( t f )  = Xf 

k?(X*(tf), f*(tf), 11) 

- [$f(X*(ff), f*(tf), t,)]=k*(r,) = 0 

Problem description Subsrirurion 
~~ ~~ 

2n equations to determine 2n 
constants of integration 

2n equations to determine 2n 
constants of integration 

(2n + 1) equations to deter- 
mine 2n constants of integra- 
tion and rf 

(Problem 2) Stf = 0 

3. t f  free; x(rf) specified 
(Problem 3) 

4. r f ,  x ( r f )  free and 
independent 
(Problem 4) 

5. t f ,  x( t f )  free but 
related by 

$! denotes the n x 1 column vector [$ '2 

Boundary conditions I Remarks 

mine 2n constants of integra- 
tion and tf 
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The extremal curve is, then, 

x?(t) = cos 2t + 2 sin 2r 
xf(r) = -4 cos 2t - sin 2t + 2. 

(4.3-27) 

Example 4.3-4. Find the Euler equations for the functional 

~ ( x )  = JT [x:(r) + x:(t) + a l ( t )  i , ( t )  + XI(!) x ~ ]  dr, (4.3-28) 

and determine the relationships required to evaluate the constants of 
integration. The specified boundary conditions are 

and t ,  is free. Thefunctions xI and xt are independent. 
From Eq. (4.3-17) the Euler equations are 

The solution of these two nonlinear second-order differential equations, 
x*(c,, c2, c,, c,, t), will contain the four constants of integration, 
cI,  c2, c3, c,. From the specified boundary conditions we have 

but since tf is unspecified, there are five unknowns. The other relation- 
ship that must be satisfied is obtained from Eq. (4.3-18) with ax, = 0: 

x T W ~  -k xTZ(t,) - 2kT(tf)kf(tf) + xT(r,)xf2(t,) = 0. (4.3-31) 

Thus, to determine cl, c2, c3,  ce, and t ,  the (nonlinear) algebraic equations 
(4.3-30) and (4.3-31) would have to be solved. 

Example 4.3-5. Find the equation of the curve that is an extremal for the 
functional 

for the boundary conditions specified below. 

co
nt

ro
len

gin
ee

rs
.ir



Sec. 4.3 The Calculus of Variations 163 

From (4.3-17) the Euler equation is 

d 
dt - - [ t  + 2i*(t)] = 0, (4.3-33) 

or 

1 + 2Z*(t) = 0. (4.3-34) 

The solution of this equation is 

X*(f) = - f r 2  + c,t + c2. (4.3-35) 

(a) What is the extremal if the boundary conditions are t ,  = 1, x(0) = 1, 
~ ( 1 )  = 2.75? 

x*(O) = 1 = c2 
(4.3-36) 

X*(l) = 2.75 = -0.25 + CI + c2, and cI = 2, 

so 

x*(t) = - i f 2  + 2t + 1. (4.3-37) 

(b) Find the extremal curve if x(0) = 1, t ,  = 2, and x(2) is free. 
Again we have 

x*(O) = 1, so cz = 1. 

From entry 2 of Table 4-1, 

tf + 2i*(t,) = 0 

2 + 2[--t(2) + c,]  = 0;  

therefore, cI = 0, so 

(4.3-38) 

xyr) = -fP + 1. (4.3-39) 

(c) Find the extremal curve if x(0) = 1, x(t,) = 5, and t ,  is free. 
As before, x*(O) = 1 implies that c2 = 1. From entry 3 of Table 

(4.3-40) 

4-1 

t,[**(t,)] + ,*Z(t,) - [ t ,  + 22*(t,)]3*(t,) = 0 

or 

[if + k*(t,) - t ,  - 2k*(t,)]k*(t,) = 0, (4.3-41) 

which implies that k*(t,) = 0, so 

- i t ,  + c, = 0, (4.3-42) 
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and 
5 = -  if 3 + C l f f  + 1, (4.3-43) 

since c2 = 1. Solving these equations simultaneously gives tf = 4 
and cI = 2; therefore, 

x*(r) = - i t 2  + 2t + 1. (4.3-44) 

Summary 

In Sections 4.2 and 4.3 we have progressed from the very restricted 
problem of a functional of one function with fixed end points to a rather 
general problem in which there can be several (independent) functions and 
free end points. Equations (4.3-17) and (4.3-18) are the important equations, 
because from them we can obtain the necessary conditions derived for more 
restricted problems. 

To recapitulate, we have found that: 
1. Regardless of the boundary conditions, the Euler equations 

@(x*(t), %*(t), t )  - -& z(x*(t), f*(t), t )  = 0 
ax d P  1 (4.3-17) 

must be satisfied. 

tion 
2. The required boundary condition equations are found from the equa- 

(4.3-18) 

by making the appropriate substitutions for Sx, and St,. 

4.4 PIECEWISE-SMOOTH EXTREMALS 

In the preceding sections we have derived necessary conditions that must 
be satisfied by extremal curves. The admissible curves were assumed to be 
continuous and to have continuous first derivatives; that is, the admissible 
curves were smooth. This is a very restrictive requirement for many practical 
problems. For example, if a control signal is the output of a relay, we know 
that this signal will contain discontinuities and that when such a control 
discontinuity occurs, one or more of the components of f ( r )  will be discontin- 
uous. Thus, we wish to enlarge the class of admissible curves to include 
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functions that have only piecewise-continuous first derivatives; that is, i 
will be continuous except at  a finite number of times in the interval (to, tf).t  
At a time when 2 is discontinuous, x is said to have a corner. Let us begin 
by considering functionals involving only a single function. 

The problem is to find a necessary condition that must be satisfied by ex- 
trema of the functional 

J(x) = g(x(t). 2(t), t )  dt. (4.41) 
I. 

It is assumed that g has continuous 6rst and second partial derivatives with 
respect to all of its arguments, and that to,  tf, ~ ( t , ) ,  and x(t,) are specified. 
i is a piecewise-continuous function (or we say that x is a piecewise-smooth 
curve). Assume that .t has a discontinuity at some point t ,  E (to, t,); t ,  
is not fixed, nor is it usually known in advance. 

Let us first express the functional J as 

(4.42) 

We assert that if x* is a minimizing extremal for J, then x*(t), t E [to, ?,I, is 
an extremal for J ,  and x*(t), t E [ t , ,  t,], is an extremal for J,. To show this, 
assume that the final segment of an extremal for J i s  known; that is, we know 
x*(t), t E [ t , ,  t,]. Then to minimize J, we seek a curve defined in the interval 
[to, t , ]  which minimizes J ,  ; this curve is, by definition, an extremal of J , .  
Similarly, if x*(t), t E [to, t , ] ,  is known, to minimize J we seek a curve that 
minimizes J,-an extremal for J, .  

Figure 416 shows an extremal curve x* and a neighboring comparison 
x(0 

t Y 

Figure 4-16 A piecewisesmooth extremal and a neighboring com- 
parison curve 
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curve x. at, and 6x, are free, and from the fundamental theorem we know 
it is necessary that 6J(x*, 6x) = 0. Since the coordinates of the comer point 
are free, we can use the results of Problem 4 in Section 4.2 [see Eq. (4.2-691 
to obtain 

(4.43) 

- dt [dg(x*(r), k*(t), ?)I] 6x(t) dt. 

ax, is the difference x(tl + a t , )  - x*(t,), and t i  and t :  denote the times 
just before and just after the discontinuity of k*. The terms that multiply 
6r, and Sx, are due to the presence oft ,  as the upper limit of the first integral 
and as the lower limit of the second integral. We have shown that x* is an 
extremal in both of the intervals [to, r , ] ,  and [ t , ,  t,]; thus the Euler equation 
must be satisfied, and the integral terms are zero. In order that SJ(x*, 6x) 
be zero, it is then necessary that 

t Notice that we have retained the t T, f 7 notation only where the distinction needs to 
be made. 
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and 

These two equations, called the Weierstrass-Erdmann corner conditions, are 
necessary conditions for an extremal. If there are several times t , ,  f 2 ,  . . . , t, 
when corners exist, then at each such time these corner conditions must be 
satisfied. 

It may be that x( t , )  and t ,  are related by x( t , )  = O(t,).  If so, Sx, and 
St, in Eq. (4.4-4) are not independently arbitrary; they are related by 

(4.4-6) d0 
dt Sx,  =-(t,)St,.f 

Substituting (4.4-6) into (4.4-4) and equating the coefficient of St, equal to 
zero (since St, is arbitrary), we obtain 

The extension of the Weierstrass-Erdmann corner conditions to the case 
where J involves several functions is straightforward. The reader can show 
that 

&*(t,), **(t;), t , )  = ag &x*(t1)7 **(r:) ,  t , ) ,  (4.4-8a) 

and 

are the appropriate equations when x represents n independent functions and 
x(t , )  and t ,  are not constrained by any relationship. 

t For a geometric interpretation of this relationship, refer to Probfem 4, Fig. 4-14. 
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To illustrate the role of the corner conditions, let us consider the following 
examples. 

Example 4.4-1. Find a piecewise-smooth curve that begins at the point 
x(0) = 0, ends at the point x(2) = 1, and minimizes the functional 

J(x) = 1: i2(t)[ 1 - i(t)]2 dt. (4.4-9) 

The integrand g depends only on i ( t ) ;  therefore, the solution of the 
Euler equation is (see Appendix 3, Case 1) 

i * ( t )  = Clt + c2. (4.410) 

The Weierstrass-Erdmann corner conditions are 

(4.4-1 la) 2i*(t;)[l - 2i*(t;)][l - i * ( t ; ) ]  

= 2n*(t;)[l - 2i*(t;)][l - i * ( t ; ) ]  

and 

(4.4-1 1 b) 

Equation (4.4lla) is satisfied by i * ( t ; )  = 0, 4, 1 and i * ( t ; )  = 0, i, 1 
in any combinations. Equation (4.4-llb) is satisfied by i * ( t ; )  = 0, 1, f 
and R*(t:) = 0, 1, f in any Combinations. Together these requirements 
give 

i*2(ri)[l - i*(t;)][3i*(tr) - 11 
= i*z(t;)[l - i*(t;)][3i*(t;) - 11. 

R*(t;) = 0 and i * ( t r )  = 1, 

or 

i * ( t r )  = 1 and i * ( r : )  = 0 

as the only nontrivial possibilities. 
The curves labeled (I, b, c in Fig. 4-17 are all extremals for this example. 

By inspection of the functional we see that each of these curves makes 
J = 0. Notice that if the admissible curves had been required to have 
continuous derivatives, the extremal would have been the straight line 
joining the points x(0) = 0 and x(2) = 1 (curve din Fig. 4-17). The reader 
can verify that this curve makes J = 0.125. 

Example 4.42. Find an extremal for the functional 

with x(0) = 0 and x(z/2) = 1. Assume that i may have corners. 
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Figure 4-17 Extremal curves for Example 4.4-1 

This problem was previously solved (see Example 4.2-1) under the 
assumption that x was required to be a smooth curve. The Euler equation 

a*(t) + x*(r) = 0 (4.413) 

has a solution of the form 

x*(t) = c3 cos t + c4 sin t. 

The Weierstrass-Erdmann comer conditions are 

+(ti) = +(t:), 

and 

(4.414) 

(4.41 5a) 

(4.41 5b) 

From Eq. (4.415) we see that there can be no comers, because $*(ti) 
must equal i*(t;).  So the extremal is, as in Example 4.2-1, 

i*z (r ; . )  - x*z(t,) - [2..t*(t;.)IP(ti) 
= i * Z ( t T )  - x*Z(t,) - [2i*(t;)lP(t:) .  

x*(t) = sin t. (4.416) 

Let us now consider an example in which the coordinates of the corner 
are constrained. 

Example 4.4-3. Find the shortest piecewise-smooth curve joining the 
points x(0) = 1.5 and x(1.5) = 0 which intersects the line x(t) = -t + 2 
at one point. 

The functional to be minimized is (see Example 4.2-2) 

J(x)  = J;-5 [l + i Z ( t ) ] ” f  dt. (4.417) 
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160 The Calculus of Variations and Ponrryagin's Minimum Principle Sec. 4.4 

The solutions of the Euler equation are of the form 

x*(r) = c,t  + c2. 

In this case the corner condition of Eq. (4.4-7) becomes 

(4.4-1 8 )  

Putting both sides over common denominators and reducing, we obtain 

(4.4-20) 1 - i * ( r ; )  - 1 - a*(r;) 
[l + i*2(1;)]'/2 - [I + k*2(t;)]l/2* 

The extremal subarcs have the form given by Eq. (4.4-18), but the con- 
stants of integration will generally be different on the two sides of the 
corner, so let 

x*(r) = c,t  + ct for t E [O, t l ]  (4.4-21a) 

x*(t) = c3r + c4 for t E Itl, 1.51. (4.4-21 b) 

Substituting the derivatives of Eqs. (4.4-21) into (4.4-20) yields 

(4.4-22) 

The extremals must also satisfy the boundary conditions x(0) = 1.5 and 
x(l .5)  = 0, so 

~ 1 . 0  + ~2 = 1.5 - ~2 = 1.5 (4.4-23) 
I . 5 C 3  + C4 = 0. (4.4-24) 

At a corner, it must also be true that x( t , )  = - I ,  + 2 ;  therefore, we 
have the additional equations 

(4.4-25) 

(4.4-26) 

Equations (4.4-22) through (4.4-26) are a set of five nonlinear algebraic 
equations in the five unknowns c , ,  c2, cj, c4, and t l .  These equations can 
be solved by using (4.4-23) through (4.4-26) to express cI and cj  solely 
in terms of I , ,  substituting these expressions in Eq. (4.4-22), and solving 
for t l .  Doing this gives 

x*(t) = -0.51 + 1.5, t E [0, 1.01 
(4.4-27) 

x*(r) = -2r + 3, I E [1.0, 1.51 
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and t ,  = 1.0. This solution is shown in Fig. 4-18. The reader can show 
that we have found the shortest path to be the one whose angle of incidence 
8, equals its angle of reflection 8,. For further generalizations see refer- 
ence [E-11, Chapter 2. 

Figure 4-18 An extremal with a reflection 

4.5 CONSTRAINED EXTREMA 

So far, we have discussed functionals involving x and f, and we have 
derived necessary conditions for extremals assuming that the components of 
x are independent. In control problems the situation is more complicated, 
because the state trajectory is determined by the control u; thus, we wish to 
consider functionals of n + m functions, x and u, but only m of the func- 
tions are independent-the controls. Let us now extend the necessary con- 
ditions we have derived to include problems with constraints. 

To begin, we shall review the analogous problem from the calculus, and 
introduce some new variables-the Lagrange multipliers-that will be 
required for our subsequent discussion. 

Constrained Minimization of Functions 

Example 4.5-1. Find the point on the line yl + y2 = 5 that is nearest 
the origin. 

To solve this problem we need only apply elementary plane geometry 
to Fig. 4-19 to obtain the result that the minimum distance is 5 / 0 ,  
and the extreme point is yf = 2.5, yf = 2.5. 
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Y7 

Figure 4-19 Geometrical interpretation of Example 4.5-1 

Most problems cannot be solved by inspection, so let us consider 
alternative methods of solving this simple example. 

The Elimination Method. If y* is an extreme point of a function, it is 
necessary that the differential of the function, evaluated at y*, be zer0.t 
In our example, the function 

f ( y l ,  y z )  = yf + y$  (the square of the distance) 

is to be minimized subject to the constraint 

(4.5-1) 

71 +YZ = 5. (4.5-2) 

The differential is 

and if (yi, y:) is an extreme point, 

If y ,  and y z  were independent, then A y ,  and A yz  could be selected arbi- 
trarily and Q. (4.5-4) would imply that the partial derivatives must both 
be zero. In this example, however, y ,  and y2 are constrained to lie on 
the specified line, so A y I  and Ayz  are not independent. Solving Eq. (4.5-2) 
for y I  and substituting into (4.5-1), we obtain 

5 Only interior points of bounded regions are considered. 
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(4.5-5) f ( Y 2 )  = [5 - Y212 + Yf 
= 25 - 1 0 ~ 2  + 2yf 

The differential off at the point yf is then 

d f ( y 2 )  = [-I0 + 4yf] AYZ = 0, (4.5-6) 

so yf = 2.5. From (4.5-2) we then find that yf = 2.5. The minimum 
value of the function is 9, and the minimum distance is 5lJT.T 

The Lagrange Mulriplier Method. Consider the augmented function 

(4.5-7) 

with p a variable (the Lagrange multiplier) whose value is yet to be 
determined. For values of y, and y2 that satisfy the constraining relation 
(4.5-2) (these are the only values of interest), the augmented function 
f, equals f regardless of the value of p-we have simply added zero to 
f to obtain f.. By satisfying the constraint and minimizing f,, the con- 
strained extreme point offcan be found. To find an extreme point off,, 
we use the necessary condition 

df, (Y?, Y ~ , P )  = 0 = [ ~ Y T  +PI AYI + [ ~ Y T  +PI A Y ~  (4.5-8) 
+[Y: '+Y,*-~IAP.  

Since only points that satisfy the constraining relation are acceptable, 

yp + yz* - 5 = 0, (4.5-9) 

but this is the coefficient of Ap. The remaining two terms must add to 
zero, but Ay, and b y ,  are not independent-if A y ,  is selected Ay, is 
determined, and vice versa; however, p comes to the rescue. Since the 
constraint must be satisfied, p can be any value, so we make a convenient 
choice-we select p so that the coefficient of Ay2 (or Ay,) is zero, and 
we denote this value of p by p*. Then we have 

2yT + p* = 0. (4.5-10) 

A y ,  can assume arbitrary values; for each value of Ay, there is an 
associated dependent value of Ay2 ,  but this does not matter, because p 
was selected to make the coefficient of A y2 equal to zero. Since df,  must 
be zero and A yI is arbitrary, the coefficient of A y ,  must be zero; therefore, 

2yp +p* = 0. (4.5-1 1) 

T Alternatively, we could reach the same lhal result by substituting y 1  = 5 - y2  and 
AYI = AYZ into Eq. (4.54). setting the coefficient of Ay2 to zero, and solving for y:. 
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Solving (4.5-9), (4.5-lo), and (4.5-1 1) simultaneously gives 

yf = 2.5, y$ = 2.5, p* 3 -5. (4.5-12) 

The reasoning that led to Eqs. (4.5-9), (4.5-lo), and (4.5-11) is very 
important; we shall use it again shortly. Notice, however, that the same 
equations are obtained by forming fa(yl, y2, p )  and then treating the 
three variables us if they were independent. 

Let us now consider the “elimination method” and the method of La- 
grange multipliers as they are applied in a general problem. 

The problem is to find the extreme values for a function of (n + m) 
variables, y , ,  . . . , yn+,. The function that is to be extremized is given by 
f(y,, y, ,  . . . , yn+,,,). There are n constraints among the variables of the form 

u ~ ( Y I ,  . * * 7 ~ n + m ) = O  

(4.5-13) 

un(y17 * * - 7 y n + m )  = O; 

thus, only (n + m) - n = m of the variables are independent. Using the 
elimination method, we solve Eq. (4.5-13) for n of the variables in terms of 
the remaining m variables. For example, solving for the first n variables gives 

Y ,  = e l (Yn+l ,  * * * , V n + m )  

(4.5-14) 

Yn = en(Yn+ 1 9  * * * * Y n + m ) *  

Substituting these relations into 1; we obtain a function of m independent 
variables, f(yn+,, . . . ,y,,+,). To find the minimum value of this function, 
we solve the equations 

(4.5-15) 

for y.*+l, . . . , y,*,,, and substitute these values in (4.5-14) to obtain yf, 
. . . , y.*. The extreme value offcan then also be obtained. This procedure is 
conceptually straightforward; the principal difficulty is in obtaining the 
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relations (4.5-14). The solution of (4.5-15) may also be difficult, but this 
problem is also present in the method of Lagrange multipliers. 

Now let us consider the method of Lagrange multipliers. First, we form 
the augmented function 

(4.5-16) fo(Yl7 * * . ,~n+rn*~I*  * * * * P J A ~ ( Y ~ *  - * . , ~ n + m )  

+ P ~ [ Q ~ ( Y , +  * * . ,~n+m>] + * * * + ~ n [ a n ( ~ I ,  * * * * ~ n + m ) l -  

Then 

- d f ~ ~ y I  + ..- + r ~ Y n + m + a I ~ p I  dfo + + a n A p n .  
-6 Yn+m 

(4.5-1 7) 

If the constraints are satisfied, the coefficients of A p l , .  . . , Apn are zero. 
We then select the np,‘s so that the coefficients of Ayl (i = 1, . . . , n) are zero. 
The remaining m Ay,‘s are independent, and for d f ,  to equal zero their 

is found by solving the equations 
coefficients must vanish. The result is that the extreme point y t ,  . . . , yn+, * 

We shall now conclude our consideration of the calculus problem with 
another illustrative example. 

Example 4.5-2 m-11. Find the point in three-dimensional Euclidean space 
that is nearest the origin and lies on the intersection of the surfaces 

(4.5-19) Y3 = YIY2 + 5 
Y l  +Y2 + Y ,  = 1. 

The function to be minimized is 

f(Y1, Y2.Y3) = Yf + rf + r3. (4.5-20) 

The elimination method is left as an exercise for the reader. To use the 
method involving Lagrange multipliers, first form the augmented function 

~(YI*Y~,Y~,PI,P~) = Y f  +Yz” +Y$ +PlbiY2 + 5 -rtl 
+ P2bI + Y2 + Y3 - 11. (4.5-21) 
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Using the same reasoning as before; we find that the equations corre- 
sponding to (4.5-18) are 

yr +rf +rf - 1 = o  
yfr'yf + 5 - Yt = 0 

2yf +pry: + Pf = 0 
2yT -pi + pf = 0. 

2yf + PfYFyf + Pf = 0 (4.5-22) 

Solving these five equations gives 

(4.5-23) 

and hmh. = 9, so the distance is 3. 

Constrained Minimization of Functionals 

We are now ready to consider the presence of constraints in variational 
problems. To simplify the variational equations, it will be assumed that the 
admissible curves are smooth. 

Point Constraints. Let us determine a set of necessary conditions for a func- 
tion w* to be an extremal for a functional of the form 

J(w) = 5" g(w(t), w(t), t )  dr ; (4.5-24) 
re 

w is an (n + m) x 1 vector of functions (n, in 2 1) that is required to 
satisfy n relationships of the form 

fi(w(t), t )  = 0, i = 1,2, . . . , n, (4.5-25) 

which are called point constraints. Constraints of this type would be present 
if, for example, the admissible trajectories were required to lie on a specified 
surface in the n + m + 1-dimensional w(t) - t space. The presence of these 
n constraining relations means that only m of the n + m components of w 
are independent. 

We have previously found that the Euler equations must be satisfied 
regardless of the boundary conditions, so we will ignore, temporarily, terms 
that enter only into the determination of boundary conditions. 

One way to attack this problem might be to solve Eqs. (4.5-25) for n 
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of the components of w(t) in terms of the remaining m components-which 
can then be regarded as m independent functions-and use these equations 
to eliminate the n dependent components of w(t) and w ( f )  from J. If this 
can be done, then the equations of Sections 4.2 and 4.3 apply. Unfortunately, 
the constraining equations (4.5-25) are generally nonlinear algebraic equa- 
tions, which may be quite dficult to solve. 

As an alternative approach we can use Lagrange multipliers. The first 
step is to form the augmented functional by adjoining the constraining rela- 
tions to J, which yields 

JAW, P )  = p (g(w(07 w 0 7  0 + PI(t)[f,(W(t)7 01 
I* 

+ p2(t)[f2(w(t)7 t)] + * * * + Pn(t)[fn(w(t)7 t)]> dt (4'E26) 

= p (g(w(t), W), 1)  + pT(0[f(w(t), O]}  dt. 
I 0  

Since the constraints must be satisfied for all t E [to, t,], the Lagrange multi- 
pliers p I  , . . . , pn  are assumed to be functions of time. This allows us the 
flexibility of multiplying the constraining relations by a different real number 
for each value of t ;  the reason for desiring this flexibility will become clear 
as we proceed. 

Notice that if the constraints are satisfied, J. = J for any function p .  
The variation of the functional J,, 

+ [$$(w(Oy W, t ) ]  W t )  + [fT(w(r), t)] 6p(t)} dt, 

(4.5-27) 

is found in the usual manner by introducing variations in the functions w, 
w, and p .  Jf/dw denotes the n x (n + m) matrix 

Jf I 

dw, I, 
... 

1 . .  

Integrating by parts the term containing 6w and retaining only the terms 
inside the integral, we obtain 
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(4.5-28) 

+ [fr(w(t), t)] SP(t)] dt. 

On an extremal, the variation must be zero; that is, SJ,,(w*, p) = 0. In addi- 
tion, the point constraints must also be satisfied by an extremal; therefore, 

f(w*(t), t )  = 0, t E [toy I,], (4.5-29) 

and the coefficient of Sp(t) in Eq. (4.5-28) is zero. Since the constraints are 
satisfied, we can select the n Lagrange multipliers arbitrarily-let us choose 
thep's so that the coefficients of n of thecomponents ofSw(t) are zero through- 
out the interval [to, t,]. The remaining (n + m) - n = m components of 
Sw are then independent; hence, the coefficients of these components of 
Sw(t) must be zero. The final result is that, in addition to Eq. (4.5-29), the 
equations 

then Eq. (4.5-30) can be written 

k(w*(r), +*(?I, p*(t), t )  dW 
(4.5-30a) 

Equations (4.5-3Oa) arc a sct of n + m second-ordcr diffcrcntial equations, 
and the constraining relations (4.5-29) are a set of n algebraic equations. 
Together, these 2n + m equations constitute a set of necessary conditions 
for w* to be an extremal. 

The reader may have already noticed that Eqs. (4.5-29) and (4.5-30a) are 
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the same as if the results from Problem l a  had been applied to the functional 

with the assumption that the functions w and p are independent. It should be 
emphasized that, although the results are the same, the reasoning used is 
quite different. 

Example4.5-3. Find necessary conditions that must be satisfied by the 
curve of smallest length which lies on the sphere wf( t )  + wf( t )  4- 12 = R2, 

for t E [to, t f l ,  and joins the specified points wo, to,  and wf, t p  
The functional to be minimized is 

J(w) = [l + 6$(t) + w f ( t ) ] l / z  dt, (4.5-33) 
I0 

so the augmented integrand function is 

) = 0. (4.5-35b) a t )  
[l + kTZ(t) + t i ~ f Z ( t ) ] 1 / 2  

2wf(t)p*(t)  - - 

In addition, of course, it is necessary that the constraining relation 

wf2(r) + wf2((r) + t2 = RZ (4.5-35c) 

be satisfied. 

Differential Equation Constraints. Let us now find necessary conditions for 
a function w* to be an extremal for a functional 

J(w) = g(w(t), Pt(t), t )  dt. 
I0 

(4.5-36) 

w is an (n + m) x 1 vector of functions (n, m 2 1) which must satisfy the 
n differential equations 

fi(w(t), ut(t), t )  = 0, i = 1,2, . . . , n. (4.5-37) 

Because of the n differential equation constraints, only m of the n + m 
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components of w are independent. Constraints of this type may represent 
the state equation constraints in optimal control problems where w corre- 
sponds to the n + m vector [x i uIr. 

As with point constraints, it is generally not feasible to eliminate n 
dependent functions and their derivatives from the functional J, so we shall 
again use the method of Lagrange multipliers. The derivation proceeds along 
the same lines as for problems with point constraints; that is, we first form 
the augmented functional 

JAW7 P) = s:' {g(w(t), W ) 7  1) + Pl(O[fl(W(07 W ( 0 7  03 

(4.5-38) + P,(t)[fi(W(t), Wt), 01 + * * * 

+ PXt)[f"(W(t), W t ) 7  t ) ] }  dt 

= r (g(w(t), W), t )  + pT(t)[f(w(t), W t ) ,  t ) ] }  dt. 
I 0  

Again notice that if the constraints are satisfied, J, = J for any p(t). 'The 
variation of the functional J,, 

+ [fr(w(t), W), t)] dp(t)) dt, 

is found in the usual manner by introducing variations in the functions w, 
@, and p. The notation df/dw means 

df I 
da, 

[i 
... 

Integrating by parts the terms containing d w  and retaining only the terms 
inside the integral, we obtain 
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$$(w*(t), w*(r), p*(t), t )  - -$ r&(w*(r), k*(t), p*(t), t ) ]  = 0. 

(4.5-40) 

(4.5-42a) 

+ [fr(w(t), *(I), r)]  6p(t)) dt. 

On an extremal, the variation must be zero, that is, 6J,(w*, p )  = 0, and the 
differential equation constraints must also be satisfied ; therefore, 

f(w*(t), * * ( r ) ,  t )  = 0, (4.5-4 1) 

and the coefficient of Sp(t) in Eq. (4.5-40) is zero. Since the constraints are 
satisfied, we can choose the n Lagrange multipliers arbitrarily-let us select 
the p's so that the coefficients of n of the components of 6w(r) are zero 
throughout the interval [to, r,]. The remaining (n + nz) - n = m components 
of 6 w  are then independent; hence, the coefficients of these components of 
6w(t) must be zero. The final result is that, in addition to Eq. (4.5-41), the 
equations 

must be satisfied. 
If we define the augmented integrand function as 

(4.5-43) g.(w(t), W ) 7  Po), 0 
= g(w(t), *(th 2 )  + PT(t)[f(W(t), W), t)] 

then Eq. (4.5-42) can be written 

Equations (4.5-41) and (4.5-42a) comprise a set of (2n + m) second-order 
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172 The Calculus of Variations and Pontryagin's Minimum Principle Sec. 4.5 

differential equations. We shall see in Chapter 5 that in optimal control 
problems m of these equations are algebraic, and the remaining 2n differential 
equations are first order. 

Equations (4.5-41) and (4.5-42a) are the same as if the results of Problem 
la had been applied to the functional 

with the assumption that the functions w and p are independent. Again we 
emphasize that although the results are the same, the reasoning is quite 
different ! 

Example 4.5-4. Find the equations that must be satisfied by an extremal 
for the functional 

J(w) = s" t [w?( t )  + wf(t)l dt, (4.5-45) 
I* 

where the functions wI  and w2 are related by 

3,( t )  = w,(t). (4.5-46) 

There is one constraint, so the function fin Eq. (4.5-41) is 

f ( w ( 0 ,  W)) = w d t )  - wdt), (4.5-47) 

and one Lagrange multiplier p( t )  is required. The function go in Eq. 
(4.5-43) is 

&Mth *(thP(t)) = 4wW) + 3wiXr) + p(r)w,(t) -P( t )WiO) .  (4.5-48) 

From Eq. (4.5-424 we have 

(4.5-49) 

and satisfaction of (4.5-46) requires that 

q ( r )  = wf(t). ( 4 . 5 4 )  

Equations (4.5-49) and (4.5-46a) are necessary conditions for w* to be 
an extremal. 

Example 4.5-5. Suppose that the system 

(4.5-50) 
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Sec. 4.5 The Calculus of Variations 173 

is to be controlled to minimize the performance measure 

J(x ,  u) = t [x : ( t )  + xt ( t )  + u2(t)] dt. (4.5-5 1) 
I. 

Find a set of necessary conditions for optimal control. 

and solution, using the notation of this section, are the following. 

an extremal for the functional 

If we define xI 2 wI, x2 f w2, and u f w 3 ,  the problem statement 

Find the equations that must be satisfied for a function w* to be 

where the function w must satisfy the differential equation constraints 

The function f is 

and g, is given by 

gaMh *OX dr)) = t w W  + +wj(r)  + t w f ( r )  
+ Pl(t)[W2(t) - w d t )  - a,(t)] (4.5-55) 
+ Pz(t)[ -2wi(t) - 3wz(t) + W3(t )  - &#)I. 

From Eq. (4.5-42a), we obtain the differential equations 

(4.5-56) 
bT0) = -wi(r) + pT(r) + 2PfW 
bt(t) = - W t )  - P T W  + 3pf(r), 

and the algebraic equation (since +3 does not appear in g,,), 

W T ( t )  + pf(r)  = 0. (4.5-57) 

The two additional equations that must be satisfied by an extremal are 
the constraints 

wT(t) = wf( r )  - w:(r) 

6f(r) = -2w3r) - 3wf(t) + wf(t ) .  
(4.5-58) 

Isoperimetric Constraints. Queen Dido's land transaction was perhaps the 
original problem with an isoperimetric constraint-she attempted to find the 
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curve having a fixed length which enclosed the maximum area. Today, we 
say that any constraints of the form 

1:: e,(w(t), *(t), t )  dt = ci (i = 1,2, . . . , r) (4.5-59) 

are isoperimetric constraints. The c,'s are specified constants. In control 
problems such constraints often enter in the form of total fuel or energy 
available to perform a required task. 

Suppose that it is desired to find necessary conditions for w* to be an 
extremal for 

J ( w )  = I" g(w(t), pir(t), t )  dt (4.5-60) 
I 0  

subject to the isoperimetric constraints given in Eq. (4.5-59). 

straints by defining the new variables 
These constraints can be put into the form of differential equation con- 

r,(t) 4 f e,(w(t), w(r), 1) dt, i = 1,2, . . ., r.t (4.5-61) 

The required boundary conditions for these additional variables are z,(to) 
= 0 and .z,(tf) = c,. Differentiating Eq. (4.5-61) with respect to time gives 

I 0  

i i ( t )  = e,(w(t), w(r), t),  i = 1,2, . . . , r, (4.5-62) 

or, in vector notation, 

i ( f )  = e(w(t), W(t), t ) .  (4.5-62a) 

Equation (4.5-62a) is a set of r differential equation constraints which we 
treat, as before, by forming the augmented function 

(4.5-63) g,(w(t), W), POX i(t), t )  A g(w(t), W), I )  

+ P f ( t ) [ e ( W ( t ) ,  W), t )  - ict)]. 

Corresponding to Eq. (4.5-42a), we now have the set of n + m equations 

(4.5-64) 
and the set of r equations 

k ( w * ( r ) ,  **(t), p * ( r ) ,  i * ( r ) ,  t )  - -$ k ( w * ( r ) ,  **(r), p * ( t ) ,  i*( t ) ,  t )  = 0, 
dz I 

(4.5-65) 
t Notice that the upper limit on the integral is t ,  not tf. 
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See. 4.5 The Calculus of Variations 175 

a total of (n + m + r )  equations involving (n + m + r + r )  functions 
(w*, p*, z*). The additional r equations required are 

k*(t) = e(w*(t), w*(t), t )  (4.5-66) 

whose solution must satisfy the boundary conditions $(t,) = c,, i = 1 , . . . , r. 
Notice that g,, does not contain z(t), so dg,ldz = 0. In addition, age/& 

= -p*(t); therefore, Eq. (4.5-65) always gives 

)*(t) = 0, (4.5-67) 

which implies that the Lagrange multipliers are constants. 
To summarize, for problems with isoperimetric constraints, the necessary 

conditions for an extremal are given by Eqs. (4.5-64), (4.5-66), and (4.5-67). 
The following examples illustrate the use of these equations. 

Example 4.5-6. Find necessary conditions for w* to be an extremal of the 
functional 

J(w) = s" j[wf(t) + w:(t) + 2*1(t)Wz(t)] dt (4.5-68) 
I 0  

subject to the constraint 

(4.5-69) 

and Eq. (4.5-65) gives 

P*(t) = 0. 

In addition, the solution of the differential equation 

(4.5-72) 

i * ( r )  = wf2(t) ,  z*(t0) = o (4.5-73) 

must satisfy the boundary condition 

Z'Ct,) = c. (4.5-74) 
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176 The Calculus of Variations and Pontryagink Minfmum Principle Sec. 4.5 

In control problems, there are always state differential equation con- 
straints, in addition to any isoperimetric constraints. Let us now consider 
an example having both types of constraints. 

Example 4.5-7. The system with state equations 

(4.5-75) 

is to be controlled to minimize the performance measure 

J(x ,  u) = s" : [xf (r )  + x:(t)] dr. (4.5-76) 
I 0  

The total control energy to be expended is 

j:: uz(t) dt = c, (4.5-77) 

where c is a specified constant. Find a set of necessary conditions for 
optimal control. 

If we define xI f w l ,  x2  f w2, and u f wg,  then the problem stated 
in the notation of this section is as follows. 

Find necessary conditions that must be satisfied by an extremal for 
the functional 

J(w) = s" ;t[w:(f) + w:(f)] dr. (4.5-78) 
I. 

The constraining relations are 

and 

j;; w:(r) dt = c. (4.5-80) 

First, we form the function 
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(4.5-81) 

To recapitulate, the important result of this section is that a necessary 
condition for problems with differential equation constraints, or point con- 
straints, is 

where 

This means that to determine the necessary conditions for an extremal we 
simply form the function g,, and write the Euler equations as if there were 
no constraints among the functions w. Naturally, the constraining relations 

f(w*(r), W*(Z), t )  = 0 t(4.5-41) 

must also be satisfied. 

4.6 SUMMARY 

In this chapter, some basic ideas of the calculus of variations have been 
introduced. The analogy between familiar results of the calculus and corre- 
sponding results in the calculus of variations has been established and 

t If i ( r )  does not appear explicitly in 1, then we have point constraints. 
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178 The Calculus of Variations and Pontryagin’s Minimum Principle Problems 

exploited. First, some basic definitions were stated, and used to prove the 
fundamental theorem of the calculus of variations. The fundamental theorem 
was then applied to determine necessary conditions to be satisfied by an ex- 
tremal. Initially, the problems considered were assumed to have trajectories 
with fixed end points; subsequently, problems with free end points were 
considered. We found that regardless of the boundary conditions, the funda- 
mental theorem yields a set of differential equations (the Euler equations) 
that are the same for a specified functional. Furthermore, we observed that 
the Euler equations are generally nonlinear differential equations with split 
boundary values; these two characteristics combine to make the solution of 
optimal control problems a challenging task. 

In control problems the system trajectory is determined by the applied 
control-we say that the optimization problem is constrained by the dynamics 
of the process. In the concluding section of this chapter we considered con- 
strained problems and introduced the method of Lagrange multipliers. 

With this background material, we are at last ready to tackle “the optimal 
control problem.” 
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PROBLEMS 

4-1. f is a differentiable function of n variables defined on the domain 9. If q* 
is an interior point of 9 and f(q*) is a relative extremum, prove that the 
differential offmust be zero at the point q*. 
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Problems The Calculus of Variations 179 

4-2. Prove the fundamental lemma; that is, show that if h(t) is continuous for 

I: h(r) 6x(t)  dt = 0 

t E [to, t,], and if 

for every function Sx(r) that is continuous in the interval [ to , t f l  with 
&(to) = 6x(tf) = 0, then h(t) must be identically zero in the interval [ t o ,  t f ] .  

(a) f ( t )  = 4r3 + 5/t ,  t > 0. 
4-3. Using the definition, find the differentials of the following functions: 

(b) f(q1,42) = %f, + 6q1q2 + 29% 
(4 f(d = 9: + 43 + %,q2q, + 2q1q2 + 3q3. 
Compare your answers with the results obtained by using formal procedures 
for determining the differential. 

(a) J(x)  = s" [x3(t)  - x2(r)i(t)] dr. 
4-4. Determine the variations of the functionals: 

I. 

(c) J(x)  = r ~ x ' I ) d t .  

Assume that the end points are specified. 
4-5. Consider Problem I of Section 4.2 and let q be a specified continuously 

differentiable function that is arbitrary in the interval [to, t,] except at the 
end points, where q(ro) = q(t,) = 0. If E is an arbitrary real parameter, 
then x* + ~ t f  represents a family of curves. Evaluating the functional 

I* 

J(x) = s" g(x(t), i ( t ) ,  1) dt 
t b  

on the family x* + eq makes J a function of E ,  and if x* is an extremal this 
function must have a relative extremum at the point E = 0. 

Show that the Euler equation (4.2-10) is obtained from the necessary 
condition 

4-6. Euler derived necessary conditions to be satisfied by an extremal using finite 
differences. The 6rst step in the finite-difference approach to Problem I of 
Section 4.2 is to approximate the functional 

J(x)  = s" g(x(f), i ( t ) ,  t )  dt 
0 

by the summation 

Jd == g(x(k), i(k),  k )  At, 
k-0 
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4-7. 

4-8. 

4-9. 

The Calculus of Variations and Pontryagin S Minimum Principle Problems 

where x(k) f x(to + k At). The derivative is approximated by 

By making these approximations, the problem becomes one of determining 
the N - 1 independent parameters x(l), . . . , x(N - 1) [x(O) and x(N)  are 
fixed] that minimize (or maximize) Jd. Show that by using the necessary 
conditions 

and by letting N 4 00, the Euler equation (4.2-10) is obtained. 
Find the extrema for the functions: 
(a) f ( t )  = 0.333P + 1 . 9 2  + 2.01 + 5. 
(b) f ( t )  = t€'2', t 2 0. 
(c) f(d = 4: + 241 + !%I - 42 + 4142 + 22. 

Find the extremals for the following functionals: 
(a) J(x) = s: [x*(t) + i2(t)]  dt; x(0) = 0, x(1) = 1. 

(b) J(x) = s: [x2(t) + B(t)x(t )  + i2(t)] dt; x(0) = 1, x(2) = -3. 

(c) ~ ( x )  = j: [ i : ( r )  + i z ( t )  + ~r,(t)x,(t)l dt; xl(0) = O, x~('/2) = 1, 

Find the curve x* that minimizes the functional 
X,(O) = 0, x2(n/2) = 1. 

and passes through the points x(0) = 1, x(1) = 4. 

(a) J(x) = s: [ x W  + i2(r)] dt; x(0) = 1, x(1) free. 
4-10. Find extremals for the functionals: 

4-11. Consider the functional 

to and tf are specified, and 2r boundary conditions (x(to),  x(tf) and the first 
(r - 1) derivatives of x at to and I , )  are given. 
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Show that the Euler equation is 

where X U )  has been used to denote dkx(r)/dt k .  

tionals: 
4-12. Use the Euler equation from Problem 4-11 to fhd extremals for the func- 

4-13. Determine an extremal for the functional 

which has x(0) = 2 and terminates on the curve 80) = -4r + 5. 

4-14. Find the extremal curves for the functional 

x(0) = 0, and x(r,) must lie on the line 8(r) = t - 5. 

4-15. Find a curve that is an extremal for the functional 

x(0) = 5,  and the end points must lie on the circle ?2(r) + ( t  - 5)2 - 4 = 0. 
Verify your solution geometrically. 
Hint: This is an end point constraint of the form m(x(tf), t,) = 0. Draw a 
picture to determine the relationship between 6xf and 6tf .  

4-16. Repeat Problem 4-14 with x(0) = 0 and x(t,) lying on the circle 
( r  - 9)2 + x2(r) = 9. 

4-17. Determine the equations that would have to be solved to find the constants 
of integration for the functional in Problem 4-8(c) if the boundary conditions 
are 
(a) x,(O) = 0, x2(0) = 0, if is free, and x(t,) must lie on the curve 

(b) x,(O) = 0, ~ ~ ( 0 )  = 0, r f  is free, and x( r f )  must lie on the surface 
Xl(t) + 3 X 2 ( t )  -k 5f = 15. 
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4-18. Find the shortest piecewise-smooth curve joining the points x(-2) = 0 and 

4-19. Show that extremals for the functional 
x(l) = 0 that intersects the curve x(r) = t z  + 2 at one point. 

J(x) = f" [aiZ(t) + bx(t)i(t) + cxz(t)] dt 
I. 

can have no corners. a, b, and c are constants, and it is given that a # 0, 
 to) = xO, a d  ~ ( t f )  = Xf. 

4-20. Determine the extremals for the functional 

J(x) = s: [ i ( t )  - 1I2[2(r) + 112 dr 

which have only one corner. The boundary conditions are x(0) = 0, x(4) = 2. 
4-21. Find a point on the curve 

yz = yf - 4.5 

that minimizes the function f(y1,y2) = yf + yf. 
satisfies the constraints 

4-22. Using calculus, find the point in three-dimensional Euclidean space that 

YI + Y z  + Y3 = 5 

Yf + Y l  + Y3 = 9 

and is nearest the origin. 
423. In Section 4.5, functions constrained by differential equations were con- 

sidered. In deriving necessary conditions for an extremal, the terms that 
determine boundary values at t = tf were ignored. Suppose that t f  and 
w(tf)  are free; what are the terms that would appear in addition to the 
integral in Eq. (4.5-40)? 

4-24. Determine necessary conditions (excluding boundary conditions) that must 
be satisfied by extremals for the functionals: 
(a) ~ ( w )  = f" [ w ~ )  + wl(t)wz(t)  + w ~ t )  + w i ~ ) ]  dt, 

I. 

where the constraining equations 
* l o )  = w d t )  
w2(0 = -w,(t)  + [I - w:(r>]w,(r) + w A t )  
must be satisfied. 

(b) J(w) = f" [A + wf(r)] dt, A > 0, 
I. 

and the differential equation constraints 
W) = wz(t) 
W) = w,O) 
must be satisfied. 
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4-25. 

426. 

(c) J(w) = s" [A + wj(t)] dt, A > 0, 
I. 

and the differential equations 
& ( f )  = w,(t) 
W) = - w z ( 0  I wz(r) I + w3(t) 
must be satisfied. 

Find the extremals for the functional 

J(x) = j' [ i z ( t )  + P ] d t  

which satisfy the boundary conditions x(0) = 0, x(1) = 0, and the constraint 

j: x*(t) dr = 2. 

A particle of unit mass moves on the surface f (w, ( t ) ,  wz(t), w3(r)) = 0 from 
the point (w,,, wZe, w3J to the point ( w l P  wz,, w3,) in fixed time T. Show 
that if the particle moves so that the integral of the kinetic energy is mini- 
mized, then the motion satisfies the equations 

co
nt

ro
len

gin
ee

rs
.ir



5 
The Vurjutionul Approuch to 

Optjmul Control Problems 

In this chapter we shall apply variational methods to optimal control prob- 
lems. We shall first derive necessary conditions for optimal control 
assuming that the admissible controls are not bounded. These necessary 
conditions are then employed to find the optimal control law for the impor- 
tant linear regulator problem. Next, Pontryagin's minimum principie is 
introduced heuristically as a generalization of the fundamental theorem of 
the calculus of variations, and problems with bounded control and state 
variables are discussed. The three concluding sections of the chapter are 
devoted to time-optimd problems, minimum control-effort systems, and 
problems involving singular intervals. 

5.1 NECESSARY CONDITIONS FOR 
OPTIMAL CONTROL 

Let us now employ the techniques introduced in Chapter 4 to determine 
necessary conditions for optimal control. As stated in Chapter 1, the problem 
is to find an admissible control u* that causes the system 

f0) = a(x(t), UO), 0 (5.1-1) 

to follow an admissible trajectory x* that minimizes the performance 
measure 

184 
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Sec. 5.1 Variational Approach to Optimal Control Problems 185 

J(u) = h(x(t,), t,) + 5" g(x(0, NO, t )  dt.t (5.1-2) 
re 

We shall initially assume that the admissible state and control regions are 
not bounded, and that the initial conditions x(ro) = xo and the initial time 
to are specified. As usual, x is then x 1 state vector and u is the m x 1 vector 
of control inputs. 

In the terminology of Chapter 4, we have a problem involving n + m 
functions which must satisfy the n differential equation constraints (5.1-1). 
The m control inputs are the independent functioas. 

The only difference between Eq. (5.1-2) and the functionals considered 
in Chapter 4 is the term involving the final states and final time. However, 
assuming that h is a differentiable function, we can write 

so that the performance measure can be expressed as 

J(@ = (g(W, NO, t )  + $ [ h W h  O ] )  dt + Wb), to) .  (5.1-4) 

Since x(ro) and to are fixed, the minimization does not affect the &(to), to) 
term, so we need consider only the functional 

4 

J(4 = p { g(x(r), u(0, 0 + $ [h(x(O, 01) dt. (5.1-5) 
I* 

Using the chain rule of differentiation, we find that this becomes 

J(u) = I" {g(x(t), W, 1 )  + [s(x(t), dh O]'W + $W), 0)  dr. (5.1-6) 

To include the differential equation constraints, we form the augmented 

10 

functional 

(5.1-7) 

by introducing the Lagrange multipliers p,(t) ,  . . . , p.(t). Let us define 

t In general, the functional J depends on x(ro), to, x, u, the target set S, and t f .  However, 
here i t  is assumed that x(to) and to are specified; hence, x is determined by u and we write 
I(u)-the dependence of J on S and tf will not be explicitly indicated. 
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so that 

See. 5.1 

0 - w] 

(5.1-8) 

We shall assume that the end points at t = t ,  can be specified or free. To 
determine the variation of J,, we introduce the variations ax, 61,6u, 6p, and 
at,. From Problem 4u in the preceding chapter this gives [see Eq. (4.3-1611, 
on an extremal, 

Notice that the above result is obtained because t ( t )  and p(r) do not appear 
in g,. 

Next, let us consider only those terms inside the integral which involve 
the function h; these terms contain 

(5.1-10) 

Writing out the indicated partial derivatives gives 

or, if we apply the chain rule to the last term, 
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(5.1-12) 

If it is assumed that the second partial derivatives are continuous, the order 
of differentiation can be interchanged, and these terms add to zero. In the 
integral term we have, then, 

+ P*'W k(x* (O,  u*(r), r)]] 6u(r)+ [[a(x*(r), u*(t), r)-Il*(r)r]adt)) dt. 

(5.1- 13) 

This integral must vanish on an extremal regardless of the boundary con- 
ditions. We first observe that the constraints 

i * ( r )  =. a(x*(r), u*(t), t )  (5.1 - 14a) 

must be satisfied by an extremal so that the coefficient of 6p(r) is zero. The 
Lagrange multipliers are arbitrary, so let us select them to make the coeffi- 
cient of 6x( r )  equal to zero, that is, 

p*(t) = -k(x*(r),  u*(r), r)]' p*(r) - ag &(x*(t), u*(r), t).  (5.1-L4b) 

We shall henceforth call (5.1-14b) the costate equations and p(t) the costate. 
The remaining variation Su(t) is independent, so its coefficient must be 

zero; thus, 

Equations (5.1-14) are important equations; we shall be using them through- 
out the remainder of this chapter. We shall find that even when the admis- 
sible controls are bounded, only Eq. (5.1-14c) is modified. 

There are still the terms outside the integral to deal with; since the varia- 
tion must be zero, we have 

dh 
E ( x * ( t , ) ,  t,) - p*(t,]' ax, + [g(x*(r,), u * ( t 1 t I 1 + bi(x*(r,), 1,) 

+ p*r(t,)[a(x*(t,), u*(tt), I,)]] art = 0. (5.1-15) 
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%*(t) = as (x*( t ) ,  u*(r), p*(t), t )  
’ 

aP 

a 2  for all 
P*(r) = - +*(t), U*(t), p*(t), t )  ’ 

t E [ t o ,  ffl 

0 = %(X*(f), u*(r), p*(r), 1 )  , au 

In writing (5.1-15), we have used the fact that t*(t,) = a(x*(t,), u*(t,), t,). 
Equation (5.1-15) admits a variety of situations, which we shall discuss 
shortly. 

Equations (5.1-14) are the necessary conditions we set out to determine. 
Notice that these necessary conditions consist of a set of 2n, first-order 
differential equations-the state and costate equations (5.1-14a) and (5.1- 
14b)-and a set of m algebraic relations-(5.1-14c)-which must be satisfied 
throughout the interval [to, t,]. The solution of the state and costate equations 
will contain 2n constants of integration. To evaluate these constants we use 
then equations x*(t,) = xo and an additional set of n or (n + 1) relationships 
depending on whether or not f ,  is specified-from Eq. (5.1-15). Notice 
that, as expected, we are again confronted by a two-point boundary-value 
problem. 

In the following we shall find it convenient to use the function &‘, called 
the Hamiltonian, defined as 

(5.1-1 7a) 

(5.1 - 1 7b) 

(5.1-1 7 ~ )  

and 

I 1 

Let us now consider the boundary conditions that may occur. 

co
nt

ro
len

gin
ee

rs
.ir



See. 5.1 Variational Approach to Optimal Control Problems 18S 

Boundary Conditions 

In a particular problem either g or h may be missing; in this case, we 
simply strike out the terms involving the missing function. To determine the 
boundary conditions is a matter of making the appropriate substitutions 
in Eq. (5.1-18). In all cases it will be assumed that we have the n equations 

Problems with Fixed Final Time. If the final time r, is specified, x(t,) may be 
specified, free, or required to lie on some surface in the state space. 

CASE I. Final state specijied. Since x(r,) and t ,  are specified, we substitute 
Sx, = 0 and St, = 0 in (5.1-18). The required n equations are 

x*(r,) = xg. 

x*(r,) = x,. (5.1-19) 

CASE 11. Final state free. We substitute St, = 0 in Eq. (5.1-18); since 
Sx, is arbitrary, the n equations 

(5.1-20) 

must be satisfied. 

CASE 111. Final state lying on the surface defined by m(x(t)) = 0. Since 
this is a new situation, let us consider an introductory example. Suppose 
that the final state of a second-order system is required to lie on the circle 

m(x(r)) = [x,(t) - 3]* + [x,(t) - 41, - 4 = 0 (5.1-21) 

shown in Fig. 5-1. Notice that admissible changes in x ( f f )  are (to first-order) 
tangent to the circle at the point (x*(r,), r,). The tangent line is normal to 
the gradient vector 

(5.1-22) 

at the point (x*(t,), r,). Thus, Sx(r,) must be normal to the gradient (5.1-22), 
so that 

k ( x * ( t , ) ) l r  Sx(t,) = 2[x:(t,) - 31 Sx,(r,) + 2[xf(t,) - 41 Sx,(r,) = 0. 

(5.1-23) 

t Since the final time is fixed, h will not depend on I,. 
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Solving for Sx,(t,) gives 

(5.1-24) 

which, when substituted in Eq. (5.1-18), gives 

since St, = 0 and Sx,(t,) is arbitrary. The second required equation at the 
final time is 

m(x*(t,)) = [xt(t,) - 31’ + [xt(t,) - 41’ - 4 = 0, (5.1-26) 

In the general situation there are n state variables and 1 5 k I n - 1 
relationships that the states must satisfy at t = t,. In this case we write 
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and each component of m represents a hypersurface in the n-dimensional 
state space. Thus, the final state lies on the intersection of these k hypersur- 
faces, and bx(t,) is tangent to each of the hypersurfaces at  the point 
(x*(t,), r,). This means that bx(t,) is normal to each of the gradient vectors 

dm 
d X  

J(X*(f,)), . . . (5.1-28) 

which are assumed to be linearly independent. From Eq. (5.1-18) we have, 
since 6t, = 0, 

It can be shown that this equation is satisfied if and only if the vector v is a 
linear combination of the gradient vectors in Eq. (5.1-28), that is, 

(5.1-30) 

To determine the 2n constants of integration in the solution of the state- 
costate equations, and d l ,  . . . , dk, we have the n equations x*(t,) = x,, 
the n equations (5.1-30), and the k equations 

m(x*(t,)) = 0. (5.1-3 1) 

Let us show that Eqs. (5.1-30) and (5.1-31) lead to the results obtained 
in our introductory example. The constraining relation is 

m(x(t)) = [x,(t) - 3If + [x,(r) - 412 - 4 = 0. (5.1-21) 

From Eq. (5.1-30) we obtain the two equations 

(5.1-32) 
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and (5.1-31) gives 

m(x*(t,)) = [xf(t,) - 312 + [xf(t,) - 412 - 4 = 0. (5.1-33) 

By solving the second of Eqs. (5.1-32) for d and substituting this into the 
first equation of (5.1-32), Eq. (5.1-25) is obtained. 

Problems with Free Final Time. If the final time is free, there are several 
situations that may occur. 

CASE I. Final sfate fixed. The appropriate substitution in Eq. (5.1-18) is 
Sx, = 0. St, is arbitrary, so the (2n + 1)st relationship is 

(5.1-34) dh X(x*(r,) ,  U*(t,), P*(t,), f,) + J+X*(t,)’ t,) = 0. 

CASE 11. Final stare free. Sx, and St, are arbitrary and independent; 
therefore, their coefficients must be zero; that is, 

(5.1-35) p*(r,) = dh &(x*(t,), r,) (n equations) 

~ ( x * ( t , ) ,  U*(t , ) ,  P*(tf), 2,) + $(x*(t,), t,) = o (1 equation). 

(5.1-36) 

Notice that if h = 0 

P*(t,) = 0 (5.1-37) 

(5.1-38) *(X*(t,), U*U,), P*(t,), r,) = 0. 

CASE 111. x(r,) lies on rhe moving point e(t). Here Sx, and St, are related by 

making this substitution in Eq. (5.1-18) yields the equation 

x E l  - - ( i f )  = 0. (5.1-39) 

This gives one equation; the remaining n required relationships are 

X*(t,) = e(t,). 
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CASE IV. Final state lying on the surface defined by m(x(t)) = 0. As an 
example of this type of end point constraint, suppose that the final state is 
required to lie on the curve 

m(x(t)) = [x,(t)  - 312 + [x,(t) - 412 - 4 = 0. (5.1-40) 

Since the final time is free, the admissible end points lie on the cylindrical 
surface shown in Fig. 5-2. Notice that 

1. To first-order, the change in x(t,) must be in the plane tangent to the 

2. The change in x(t,) is independent of St,. 
cylindrical surface at the point (x*(tf) ,  2,). 

x,W 
A 

XO 

x i  ( r )  

Figure 5-2 An extremal and a comparison curve that terminate on 
the surface [xl(r) - 312 + [x&) - 412 - 4 = 0 

Since Sx,  is independent of St,, the coefficient of St, must be zero, and 

(5.1-41) 

The plane that is tangent to the cylinder at the point (x*(r,), r,) is described 
by its normal vector or gradient; that is, every vector in the plane is normal 
to the vector 

(5.1-42) 
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This means that 

rS(x*(t,))]'ax, = 2[x:(r,) - 31 ax, ,  + 2[xf(t , )  - 41 ax,, = 0. (5.1-43) 

Solving for ax,, gives 

(5.1-44) 

Substituting this for ax2, in Eq. (5.1-18) gives 

Since ax,,  is arbitrary, its coefficient must be zero. Equations (5.1-41) and 
(5.1-45) give two relationships; the third is the constraint 

m(x*(t,)) = [xi(t,) - 312 + [xf(t,) - 412 - 4 = 0. (5.1-46) 

In the general situation we have n state variables, and there may be 
1 5 k 5 n - 1 relationships that the states are required to satisfy at the 
terminal time. In this case we write 

and each component of m describes a hypersurface in the n-dimensional 
state space. This means that the final state lies on the intersection of the 
hypersurfaces defined by m, and that 6x, is (to first order) tangent to each 
of the hypersurfaces at the point (x*(r,), r,). Thus, ax, is normal to each 
of the gradient vectors 

which we assume to be linearly independent. It is left as an exercise for the 
reader to show that the reasoning used in Case 111 withfixed final time also 
applies in the present situation and leads to the (2n + k -1- 1) equations 
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involving the 2n constants of integration, the variables d, ,  . . . , dk, and t p  
It is also easily shown that Eqs. (5.1-49) give Eqs. (5.1-41), (5.1-45), and 
(5.1-46) in the preceding example. 

CASE V. Final stare lying on the moving surface defined by m(x(r), t )  = 0. 
Suppose that the final state must lie on the surface 

m(x(t), t )  = [x , ( t )  - 31' + [ x ~ ( I )  - 4 - tI2 - 4 = 0 (5.1-50) 

shown in Fig. 5-3. Notice that Sr, does influence the admissible values of 
ax,; that is, to remain on the surface m(x(r), t )  = 0 the value of Sx, depends 
on Sr,. The vector with components axI, ,  ax2,, St, must be contained in a 
plane tangent to the surface at the point (x*(r,), r,). This means that the 
normal to this tangent plane is the vector 

x z ( t )  

/ 
Fgure 13 An extremal and a comparison curve that terminate on 
the surface [ x d t )  - 312 + h ( t )  - 4 - t ] 2  - 4 = 0 
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For the surface specified we have 

Solving for at, gives 

(5.1-54) 

Substituting in Eq. (5.1-18) and collecting terms, we obtain 

ah 
[ 6 ( x * ( t f ) ,  t f )  - p t ( t f )  + [*(x*(tf), U*(t,), p*(tf) ,  t f )  

Since there is one constraint involving the three variables (ax,,, 6x2,, &,), 
ax,, and ax2, can be varied independently; therefore, the coefficients of 
ax1,  and ax2, must be zero. This gives two equations; the third equation is 

rn(X*(tf) ,  t f )  = 0. (5.1-56) 

In general, we may have 1 5 k 5 n relationships 
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which must be satisfied by the (n + 1) variables x ( f f )  and f f .  Reasoning as 
in the situation where m is not dependent on time, we deduce that the admis- 
sible values of the (n + 1) vector 

are normal to each of the gradient vectors 

which are assumed to be linearly independent. Writing Eq. (5.1-18) as 

(5.1-59) 

and again using the result that v must be a linear combination of the gradient 
vectors in (5.1-58), we obtain 

or 
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and 

(5.1-61) 

Equations (5.1-61), the k equations 

m(x*(t,), t,) = 0, (5.1-62) 

and the n equations x*(to) = x o  comprise a set of (2n + k -I- 1) equations 
in the 2n constants of integration, the variables d , ,  d,, . . . , dk, and t,. It is 
left as an exercise for the reader to verify that (5.1-62) and (5.1-61) yield 
Eqs. (5.1-55) and (5.1-56). 

The boundary conditions which we have discussed are summarized in 
Table 5-1. Of course, mixed situations can arise, but these can be handled 
by returning to Eq. (5.1-18) and applying the ideas introduced in the preced- 
ing discussion. 

Although the boundary condition relationships may look foreboding, 
setting up the equations is not difficult; obtaining solutions is another matter. 
This should not surprise us, however, for we already suspect that numerical 
techniques are required to solve most problems of practical interest. Let us 
now illustrate the determination of the boundary-condition equations by 
considering several examples. 

Example 5.1-1. The system 

(5.1-63) 

is to be controlled so that its control effort is conserved; that is, the 
performance measure 

J(u) = s" fu*(r) dt (5.1-64) 
I. 

is to be minimized. The admissible states and controls are not bounded. 
Find necessary conditions that must be satisfied for optimal control. 

The first step is to form the Hamiltonian 

*b(t), 4 t h  FQ)) = W ( r )  + ~ 1 0 ) ~ 2 ( 1 )  - Pz(r)xz(r) + Pz(t)u(r). (5-1-65) 

From Eqs. (5.1-17b) and (5.1-17c) necessary conditions for optimality are 
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and 

(5.1-67) a 8  0 = - = u*(r) + pf(r). 
dU 

If Eq. (5.1-67) is solved for u*(r) and substituted into the state equations 
(5.1-63), we have 

(5.1-68) 

Equations (5.1-68) and (5.1-66)-the state and costate equations-are a 
set of 2n linear first-order, homogeneous, constantcoefficient differential 
equations. Solving these equations gives 

x?(t) = c, + c2[1 - €-'I + c3t-t - f e-' + f 6'1 

+ c,[l - 4 e-r - f €'I 
xr(t )  = c Z P  + c3[-l + 46-l + fefJ + c4[4e-' - $6'1 

pf(r) = c3[l - C] + c,el. 

(5.1-69) 

P W  = c3 

Now let us consider several possible sets of Boundary conditions. 
a. Suppose x(0) = 0 and x(2) = [5 2IT. From x(0) = 0 we obtain 

cI = c2 = 0;  the remaining two equations to be solved are 

5 = c3[-2 - f 6 - 2  + f c 2 ]  + c4[l - 4 ~ - 2  - r l  ' € 2  

2 = c3[ - 1 + f6-z + 4e2] + c4[4e-2 - 4621. 
(5.1-70) 

Solving these linear algebraic equations gives c3 = -7.289 and 
c, = -6.103, so the optimal trajectory is 

x;r(t) = 7.2891 - 6.103 + 6 . 6 9 6 ~  - 0.5936' 
(5.1-7 1) 

x f ( t )  = 7.289 - 6.696€-' - 0.5936'. 

b. Let x(0) = 0 and x(2) be unspecified; consider the performance measure 

(5.1-72) J(u) = :[x1(2) - 512 + 4[x2(2) - 212 + 3 s: uz(r)dr. 
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Table SUMMARY OF BOUNDARY CONDITIONS M OF'TIhiAL CONTROL PROBLEMS 

Problem 

I f  fixed 

Description 

1. X ( I f )  = Xf 
specified 
hal state 

2. x(t f )  free- 

3. x(ff) on the 
surface 
WX(t)) = 0 

4. X ( t f )  = Xf 
S p e c i f i d  
final state 

5. X(tf)ftee 

6. x(t f )  on 
the moving 
point @(I) 

Substitution 
in Eq. (5.1-18) 

6Xf = 6 X ( t f )  = 0 
6 f f  = o  

6 X f  = 6x(t,) 
6 t f  = 0 

6 X f  = S X ( t f )  
6 t f  = o  

6 X f  - 0  

Boundary-condition equations 

X*(fO) = xo 
X * ( l f )  = Xf 

X'(t0) = xo 

Remarks 

2n equations to determine 2n 
constants of integration 

2n equations to determine 2n 
constants of integration 

(2n + k)  equations to deter- 
mine the 2n constants of 
integration and the variables 
d i ,  -. . ,dk 

(2n + 1) equations to deter- 
mine the 2n constants of 
integration and f f  

(2n + 1) equations to deter- 
mine the 2n constants of 
integration and t f  

(2n + 1) equations to deter- 
mine the 2n constants of 
integration and /f co

nt
ro

len
gin

ee
rs

.ir



7. x(r/)on 
the surface 
rn(x(r)) = 0 

8. x(r/)on 
the moving 
surface 
m(!c(r),r) = 0 

x*(ro) = xo (2n + k + 1) equations to 
determine the 2n constants 
of integration, the variables 
d l ,  . . . , dk, and If 

(2n + k + 1) equations to 
determine the 2n constants 
of integration, the variables 
d l , .  . . , dk, and I f .  
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The modified performance measure affects only the boundary condi- 
tions at t = 2. From entry 2 of Table 5-1 we have 

pf(2) = xf(2) - 5 

pf(2) = xf(2) - 2. (5.1-73) 

cI and c2 are again zero because x*(O) = 0. Putting t = 2 in Eq. 
(5.1-69) and substituting in (5.1-73), we obtain the linear algebraic 
equations 

[0.627 -2.7621 [ ~ 3 ]  = [:I. 
9.151 -11.016 ~4 

(5.1 -74) 

Solving these equations, we find that c3 = -2.697, c4 = -2.422; 
hence, 

xf(t) = 2.697t - 2.422 + 2.560€-' - 0.1376' 
xf(t) = 2.697 - 2.560€-' - 0.137€'. 

(5.1-75) 

c. Next, suppose that the system is to be transferred from x(0) = 0 to 
the line 

x,(t) + 5x&) = 15 (5.1-76) 

while the original performance measure (5.1-64) is minimized. As 
before, the solution of the state and costate equations is given by 
Eq. (5.1-69), and cI = c2 = 0. The boundary conditions at t = 2 
are, from entry 3 of Table 5-1, 

(5.1-77) 

Eliminatingdand substituting t = 2 in (5.1-69), we obtain the equations 

15.437 -20.897 c 
[I1389 -7.3891 [c:] = ['0'Iy (5.1-78) 

which have the solution c3 = -0.894, c4 = -1.379. The optimal 
trajectory is then 

Xf(t) = 0.894t - 1.379 + 1.136€-' + 0.2426' 
Xf(t) = 0.894 - 1.136€-' + 0.2426'. 

(5.1-79) 

Example 5.1-2. The space vehicle shown in Fig. 5-4 is in the gravity field 
of the moon. Assume that the motion is planar, that aerodynamic forces 
are negligible, and that the thrust magnitude T is constant. The control 
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Reference Space vehicle 

F i e  54 A space vehicle in the gravity field of the moon 

variable is the thrust direction fi(r) ,  which is measured from the local 
horizontal. To simplify the state equations, we shall approximate the 
vehicle as a particle of mass M. The gravitational force exerted on 
the vehicle is F,(r) = MgoRz/r2(r); go is the gravitational constant at the 
surface of the moon, R is the radius of the moon, and r is the distance 
of the spacecraft from the center of the moon. The instantaneous velocity 
of the vehicle is the vector v, and a is the angular displacement from the 
reference axis. Selecting x1 & r, xz f a, x3 4 i, and x4 & rd as the 
states of the system, letting u p fi,  and neglecting the change in mass 
resulting from fuel consumption, we find that the state equations are 

(5.1-80) 

Notice that these differential equations are nonlinear in both the states 
and the controt variable. Let us consider several possible missions for 
the space vehicle. 

Mission a. Suppose that the spacecraft is to be launched from the point q 
on the reference axis at r = 0 into a circular orbit of altitude D, as shown in 
Fig. 5-5(a), in minimum time. a(t,) is unspecified, and the vehicle starts from 
rest; thus, the initial conditions are x(0) = [R 0 0 OIT. 

From the performance measure 

J(u) = p dt (5.1-81) 
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Figure 5-5 (a) Orbit injection. (b) Rendezvous. (c) Reconnaissance 
of synchronous satellite. (d) Reconnaissance of approaching 
spacecraft co
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and the state equations, the Hamiltonian is 

(5.1-82) 

The costate equations are, from (5.1-17b), 

(5.1-83) 

The state equations 

t*(r) = a(x*(t), u*(t)) (5.1-84) 

must be satisfied by an optimal trajectory, and Eq. (5.1-17c) gives the alge- 
braic relationship 

a 2  0 = du = [s] [ p X r )  cos u*(r) - p:(t) sin u*(t)]. (5.1-85) 

Solving Eq. (5.1-85) for u*(t) gives 

(5.1-86) 

or, equivalently, 

sin u*(r) = P t O )  (5.1 -87a) 

cos u*(r) = 

wpTZ(t) + p W  

P ? W  
.JpfZ(r) + P:*(o’ 

(5.1-87b) 

5 Notice that .#‘ is not explicitly dependent on time; hence, the argument f is omitted. 
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By substituting (5.1-87a) and (5.1-87b) in the state equations, u*(t) can 
be eliminated; unfortunately, as is often the case, the resulting 2n first-order 
differential equations are nonlinear. 

Next, let us determine the boundary conditions at the final time. There 
will be five relationships to be satisfied at t = t,; hence, the initial and final 
boundary conditions will give nine equations involving the eight constants 
of integration and t,. From the problem statement we know that x: (2,) must 
equal R 4- D. In addition, to have a circular orbit, the centrifugal force must 
be exactly balanced by the gravitational force; therefore, M[r*(t)d*(r)]'/r*(r) 
= MgoR2/r**(t) for t >t,. Evaluating this expression at t = t ,  and using the 
specified value of x:(t,), we obtain xf(t,) = d g o R 2 / [ R  + D]. The radial 
velocity must be zero at t = t,, so x$(f,) = 0. The final time is not related 
to the unspecified final state value x:(t,), so in Eq. (5.1-18) the coefficients 
of St, and Sx,, must both be zero. To summarize, the required boundary 
condition relationships are 

x:(t,) = R + D 

P%,) = 0 
xf(t,) = 0 (5.1-88) 

Jf(x*(t,), P*(t,)) = 0 

In writing the last equation it has been assumed that u*(t) has been eliminated 
from the Hamiltonian by using Eqs. (5.1-87). 

Mission 6. In this mission, shown in Fig. 5-5(b), the space vehicle is to be 
launched from point q and is to rendezvous with another spacecraft that is 
in a fixed circular orbit D miles above the moon with a period of two hours. 
At t = 0 both spacecraft are on the reference axis. The rendezvous is to be 
accomplished in minimum time. 

Only the boundary conditions are changed from Mission a. The final 
state values of the controlled vehicle must lie on the moving point 

R + D  
w=[ modulo ' n o  (nr) 1. 

n[R + D] 

Modulo (nt) means that after each revolution 272 radians are subtracted 
from the angular displacement of the spacecraft. Only the final value of 
x, depends on t, so we have 

2r 
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= nSz,. 

Thus, from Eq. (5.1-18), or entry 6 of Table 5-1, 

(5.1-89) 

since h = 0. The remaining four boundary relationships are 

R + D  

(5.1-91) 

Mission c. A satellite is in synchronous orbit E miles above the point z 
shown in Fig. 5-5(c). It is desired to investigate this satellite with a spacecraft 
as quickly as possible. The spacecraft transmits television pictures to the 
lunar base upon arriving at a distance of C miles from the satellite. 

Again, the state and costate equations and Eq. (5.1-85) remain unchanged. 
For this mission, however, the final states must lie on the curve given by 

m(X(t)) = [r(t) cos a(t) - [R + El cos 71’ 
+ [r(t) sin &(t) - [R + El sin yI2 - C2 = 0. (5.1-92) 

Since the curve m(?c(t)) does not depend explicitly on z, we have from 
entry 7 of Table 5-1 (putting h = 0), 

Performing the gradient operation, and simplifying, we obtain 

where d is an unknown variable. 
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Thus, pT(t,) = 0 and pT(r,) = 0. The other boundary condition equa- 
tions are 

m(x*(t,)) = [xi(t ,)  cos x f ( t , )  - [R + El cos yI2 

+ [xi(t,)  sin xf(t,) - [ R  + E ]  sin y]’ - Cz = 0, (5.1-94) 

and 

&‘(x*(t,), p*(t,)) = 0. (5.1-95) 

Equations (5.1-93) through (5.1-95) and x*(O) = [R 0 0 OIT give a total 
of ten equations involving the eight constants of integration, the variable d, 
and r,. 

Mission d. A lunar-based radar operator detects an approaching space- 
craft at t = 0 in the position shown in Fig. 5-5(d), and at this time a recon- 
naissance spacecraft is dispatched from point q. The reconnaissance vehicle 
is to close to a distance of C miles of the approaching spacecraft as quickly 
as possible, and relay television pictures to the lunar base. From the radar 
data the position history of the approaching spacecraft is 

m(x(t), t) = [r(t) cos a(t) - 2.78Rt + 6.95Rt2 - RI2 
+ [r(r) sin a(t) - 1.85Rr + 0.32Rl2 - C2 = 0. (5.1-96) 

It is to be assumed that this position history will not change. 
From Table 5-1, entry 8, we have 

(5.1-97) 

Performing the gradient operation and simplifying, we obtain 

-p:(t,) = 2d[x:(r,) + R{[-2.78r, + 6.95tj - 11 cos xf(t,) 

-pf(t,) = -2d[Rxt(t,){[-2.78t, + 6.95rf - I] sin xf( t , )  
+ [- 1.85t, + 0.321 sin xf(r,)}] 

+ [1.85t, - 0.321 cos xf( t , ) } ]  

--Pf(t,) = 0 
-pt(t,) = 0. 

[xt(t,) cos xt(t,) - 2.78Rt, + 6.95Rtj - R]* 

(5.1-98) 

In addition, the specified constraint 

+ [xi(t,)  sin xr(t,) - 1.85Rtf + 0.32RI2 - C2 = 0, (5.1-99) 

must be satisfied and, from Table 5-1, 
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With the specified initial conditions, we have ten equations in ten unknowns. 

5.2 LINEAR REGULATOR PROBLEMS 

In this section we shall consider an important class of optimal control 
problems-linear regulator systems. We shall show that for linear regulator 
problems the optimal control law can be found as a linear time-varying func- 
tion of the system states. Under certain conditions, which we shall discuss, 
the optimal control law becomes time-invariant. The results presented here 
are primarily due to R. E. Ka1man.t 

The plant is described by the linear state equations 

30) = A(t)x(f) + B(t)u(t), (5.2-1) 

which may have time-varying coefficients. The performance measure to be 
minimized is 

J = +xT(r,)Hx(r,) + 3 [xT(r)Q(r)x(r) + ur(r)R(r)u(t)] dr; (5.2-2) 

the final time is fixed, H and Q are real symmetric positive semi-definite 
matrices, and R is a real symmetric positive definite matrix. It is assumed 
that the states and controls are not bounded, and x(r,) is free. We attach the 
following physical interpretation to this performance measure: It is desired 
to maintain the state vector close to the origin without an excessive 
expenditure of control effort. 

0 

The Hamiltonian is 

and necessary conditions for optimality are 

t See references [K-51, [K-61, and [K-71. 
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290 The Calculus of Variations and Pontryagin's Minimum Principle Sec. 5.2 

O=-&- 'A? - R(t)u*(t) + Br(t)p*(t). (5.2-6) 

Equation (5.2-6) can be solved for u*(t) to give 

u*(t) = -R-I(t)Br(t)p*(r); (5.2-7) 

the existence of R-' is assured, since R is a positive definite matrix. Substitut- 
ing (5.2-7) into (5.2-4) yields 

**( I )  = A(t)x*(t) - B(t)R-I(t)Br(t)p*(t); (5.2-8) 

thus, we have the set of 2n linear homogeneous differential equations 

The solution to these equations has the form 

(5.2-10) 

where 9 is the transition matrix of the system (5.2-9). Partitioning the tran- 
sition matrix, we have 

-- 

where 9, ,, q12, v2,, and vZ2 are n x n matrices. 

that 
From the boundary-condition equations-entry 2 of Table 5-1-we find 

p*(t,) = Hx*(t,). (5.2-1 1) 

Substituting this for p*(r,) in (5.2-1Oa) gives 

(5.2-12) x*(t,) = 91 I(t,, Ox*(t) + 9 1 2 ( t f ,  t)P*(t) 
Hx*(t,) = Q Z I ( t f ,  t)x*(t) + 9 2 2 ( f , ,  tlP*(O. 

Substituting the upper equation into the lower, we obtain 

HQ~~O,, Ox*(O + H912(t,, tlp*(t) = qZl(t,, t ) X * ( t )  

+ 9 2 2 ( t , ,  tlP*W, (5.2-13) 
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Kalman [K-7] has shown that the required inverse exists for all t E [to, f,]. 
Equation (5.2-14) can also be written as 

p*(t) A K(t)x*(t), (5.2-15) 

which means that p*(t) is a linear function of the states of the system; K is 
an n x n matrix. Actually, K depends on t ,  also, but 2, is specified. 

Substituting in (5.2-7), we obtain 

(5.2-16) 

which indicates that the optimal control law is a linear, albeit time-varyhg, 
combination of the system states. Notice that even if the plant is fixed, the 
feedback gain matrix F is time-varying.$ In addition, measurements of all of 
the state variables must be available to implement the optimal control law. 
Figure 5-6 shows the plant and its optimal controller. 
To determine the feedback gain matrix F, we need the transition matrix 

for the system given in (5.2-9). If all of the matrices involved (A, B, R, Q) 
are time-invariant, the required transition matrix can be found by evaluating 
the inverse Laplace transform of the matrix 

PLANT 
1 r-------------------- 

CONTROLLER! I I x ( 0  

I 
I 
I 
I 
I 
I 

I I 
L ---------------------- d 

> J 
A ( 0  < I 

Figure 56 Plant and optimal feedback controller for linear 
regulator problems 

t Here we drop the * notation because the optimal control law applies for all x(f). 
$ In certain cases it may be possible to implement a nonlinear, but timeinvariant, optimal 

control l a w e  [J-11. 
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and substituting ( t ,  - t) for t. Unfortunately, when the order of the system 
is large this becomes a tedious and timeconsuming task. If any of the 
matrices in (5.2-9) is time-varying, we must generally resort to a numerical 
procedure for evaluating dt,, t). 

There is an alternative approach, however; it can be shown (see Problem 
5-9) that the matrix K satislies the matrix differential equation 

k(t) = -K(t)A(t) - AT(t)K(t) - Q(t) + K(t)B(r)R-l(r)Br(r)K(r), 
(5.2- 1 7) 

with the boundary condition K(t,) = H. 
This matrix differential equation is of the Riccati type; in fact, we shall 

call (5.2-17) the Riccati equati0n.t Since K is an n x n matrix, Eq. (5.2-17) 
is a system of nz firsborder differential equations. Actually, it can be shown 
(see Problem 5-9), that K is symmetric; hence, not n2, but n(n + 1)/2 
firsborder differential equations must be solved. These equations can be 
integrated numerically by using a digital computer. The integration is started 
at  t = t ,  and proceeds backward in time to t = to;  K( t )  is stored, and the 
feedback gain matrix is determined from Eq. (5.2-16). 

Let us illustrate these concepts with the following examples. 

Example 5.2-1. Find the optimal control law for the system 

* ( f )  = m(t) + u(r) (5.2-18) 

to minimize the performance measure 

J(u) = tHx*(T)  + 1; fuZ(t) dr. (5.2- 19) 

The admissible state and control values are unconstrained, the final time 
T is specified, H > 0, and 47') is free. 

Equation (5.2-9) gives 

(5.2-20) 

i The Riccati equation is also derived in Section 3.12, where the Hamilton-Jacobi-klh 
equation is used. 
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which has the transition matrix 

thus, from Eqs. (5.2-14) and (5.2-15) we have 

K(,) = [,-,,,-,, - H [ p ( T - r )  - p w - r )  I]-' [ H P ( T - ~ ) ] ,  (5.2-21) 
U 

and from Eq. (5.2-16) the optimal control law is 

u*(r) = -2K(r)x(r) (5.2-22) 

Figure 5-7(a) shows K(t)  as a function of time for a = -0.2 and 
T = 15, with H = 5.0, 0.5, and 0.05. The corresponding control histories 
and state trajectories for x(0) = 5.0 are shown in Fig. 5-7(b), (c). Notice 
that the state trajectories are almost identical and that the control signals 
are small in all three cases. These qualitative observations can be ex- 
plained physically by noting that with u = -0.2 the plant is stable 
and tends toward zero-the desired state-even if no control is applied. 
Observe in Fig. 5-7(b) that the larger the value of If, the larger the con- 
trol signal required. This occurs because a larger H indicates that it is 
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0. 2. 4. 6. 8. 10. I ? .  14. 16. 
I 

-0.02 - 

-0.04 - 

-0.06 - 

-0.08 - 

-0.10 - 

-0. I 2 

16. 
T' 

(C) 

Figure 5-7 (a) Solution of the Riccati equation for a = -0.2, H = 
5,0.5,0.05. (b) The optimal control histories for a = -0.2, H = 
5,0.5,0.05. (c) The optimal trajectories for a = -0.2, H = 5,0.5, 
and 0.05. 

desired to be closer to x(l5) = 0 than with a smaller H-even if more 
control effort is required. 
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K(r)  
5. 

4. 

3. 

2. 
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- 

- 

- 

- 

If a = 0.2 the results are as shown in Fig. 5-8. Notice that the control 
signals (which are essentially identical with one another) are much larger 
than when a = -0.2. This is expected, because the plant with u = 0.2 
is unstable. 

H = 0.5 

0. 
t 

-0.4 
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0. 2. 4. 6. 8. 10. 12. 14. 16. 

(C) 

Figure 5-8 (a) Solution of the Riccati equation for a = 0.2, H = 
5,0.5,0.05. (b) The optimal control histories for a = 0.2, H = 5,  
0.5,0.05. (c) The optimal trajectories for a = 0.2, H = 5,0.5,0.05. 

Another point of interest is the period of time in the interval [0, 151 
during which the control signals are largest in magnitude. For the stable 
plant (a = -0.2) the largest controls are applied as I .+ 15. This is the 
case because the controller “waits” for the system to approach zero on 
its own before applying control effort. On the other hand, if the con- 
troller were to wait for the unstable plant to move toward zero, the 
instability would cause the value of x to grow larger; hence, the largest 
control magnitudes are applied in the initial stages of the interval of 
operation. 

Example 5.2-2. Consider the second-order system 

which is to be controlled to minimize 

(5.2-23) 

(5.2-24) 

Find the optimal control law. 
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By expanding the Riccati equation with 

A=['  2 - I  '1. .=[:I9 Q=[i y ] ,  and R = $ ,  

we obtain 

ki 10) = 2[k?2(r) - 2k12(r) - 11 
h 2 0 )  = 2kl20)k2,( t )  - kll(r) + kI2(r) - 2k2,(r) (5.2-25) 

k 2 2 ( r )  = 2k22(r) - U c , 2 ( 1 )  + 2k,,(r) - 1. 

In arriving at (5.2-25) the symmetry of K ha9 been used. The boundary 
conditions are k ,  ,(T) = k,,(77 = k2,(77 = 0, and the optimal control 
law is 

u*(r) = - 2 k  2(1) kzz(Olx(t). (5.2-26) 

The solution of the Riccati equation and the optimal control and its 
trajectory are shown in Fig. 5-9 for x(0) = [-4 41". 

The situation wherein the process is to be controlled for an interval of 
infinite duration merits special attention. Kalman [K-71 has shown that if 
(I)  the plant is completely controllable, (2) H = 0, and (3) A, B, R, and Q 
are constant matrices, K(t) -, K (a constant matrix) as t ,  - 00. The engineer- 
ing implications of this result are very important. If the above hypotheses 
are satisfied, then the optimal control law for an infinite-duration process 
is stationary. This means that the implementation of the optimal controller is 
as shown in Fig. 5-6, except that F(t) is constant; thus, the controller consists 
of m fixed summing amplifiers, each having n inputs. From a practical view- 
point, it may be feasible to use the fixed control law even for processes of 
finite duration. For instance, in Example 5.2-2 k, , , k, ,, and k,, are essentially 
constants for 0 I t 5 12. Looking at the state trajectory in Fig. 5-9(b), we 
see that the states have both essentially reached zero when t = 5. This means 
that perhaps the constant values k, , = 6.03, k, , = 2.41, k,, = 1.28 can be 
used without significant performance degradation-the designer should 
compare system performance using the steady-state gains with performance 
using the time-varying optimal gains to decide which should be implemented. 

To determine the K matrix for an infinite-time process, we either integrate 
the Riccati equation backward in time until a steady-state solution is obtained 
[see Fig.5-9(a)] or solve the nonlinear algebraic equations 

obtained by setting k(r) = 0 in Eq. (5.2-17). 
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Fgve 5-9 (a) The solution of the Riccati equation. (b) The optimal 
control and its trajectory 
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Linear Tracking Problems 

Next, let us generalize the results obtained for the linear regulator problem 
to the tracking problem; that is, the desired value of the state vector is not 
the origin. 

The state equations are 

t(t) = A(t)x(t) + B(t)u(t), (5.2-28) 

and the performance measure to be minimized is 

J = +[X(t,) - <t,)rH[x(t,) - fit,)] + 4 I" {[~(t) - r(t)lfQ(t)[x(t) - <t)] 

4- ur(t)R(t)u(t)} dt 
II  

A 3 11 x(t,) - r(t,)llh + + J (11 x(t) - r(t)Ilb(f, + Ilu(t)llk(f,) dt, (5.2-29) 

where r(t) is the desired or reference value of the state vector. The final time 
t ,  is fixed, x(t,) is free, and the states and controls are not bounded. H and 
Q are real symmetric positive semi-definite matrices, and R is real symme- 
tric and positive definite. 

The Hamiltonian is given by 

The costate equations are 

a s  p*(t) = - - = -Q(t)x*(t) - AT(t)p*(t) $. Q(r)r(t), (5.2-31) 
ax 

and the algebraic relations that must be satisfied are given by 

0 = ax - = R(t)u*(t) + B'(t)p*(t); (5.2-32) 
d U  

therefore, 

u*(f) = --R-'(t)B'(t)p*(r). (5.2-33) 

Substituting (5.2-33) i n  the state equations yields the state and costate equa- 
tions 
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Notice that the term Q(t)F(r) is a forcing function; these differential equations 
are linear and time-varying, bJt not homogeneous. The solution of (5.2-34) is 

where Q is the transition matrix of the system (5.2-34). I f p  is partitioned, 
and the integral replaced by the 2n x 1 vector 

these equations can be written 

The boundary conditions are 

p*(f,) = Hx*(f,) - Hr(ff). (5.2-37) 

Replacing p*(f,) in (5.2-36b) by the right-hand side of (5.2-37) and then 
substituting x * ( f f )  from Eq. (5.2-36a) into (5.2-36b), we obtain 

H[Ql,(tf, t)x*(t) -t.  QI2(tf, t)P*(t) -I- f I ( O ]  - W t , )  = 9 2 , ( t f ,  t )x*(t)  

-t- &t,r t)P*(t) -t f2(t). (5.2-38) 

Solving for p*(r) yields 

P*@) = [pzz(tfr t )  - H Q ~ ~ ( ~ , .  1)I-l [Hp,,(t,, t )  - ~ ~ ~ ( t ~ ,  t ) ] x * ( t )  

+ [ 9 2 2 ( l / r  I) - HQ,Z(t,, 0 1 - l  [Hfdr) - W t f )  - f2(0] 
K(t)x*(t) 1- ~ ( t ) .  (5.2-39) 

The definitions of K(t) and s(t )  are apparent by inspection of Eq. (5.2-39); 
therefore, the optimal control law is 

u*(t) = -R-'(t)BT(t)K(t)x(t) - R-'(r)BT(t)s(r) 
C F(t)x(t) -t. v(t) ,  (5.2-40) 

co
nt

ro
len

gin
ee

rs
.ir



See. 5.2 Variational Approach to Optimal Control Problems ZTI 

where F(t) is the feedback gain matrix and v(t) is the command signal.? 
Notice that v(t) depends on the system parameters and on the reference signal 
r(t). In fact, v(r) depends on future values of the reference signal, so we might 
say that the optimal control has an anticipatory quality. This is reinforced 
by physical reasoning, which tells us that we must determine our present 
strategy on the basis of where we are now and where we intend to go. (Actu- 
ally, this same sort of situation was present, though in a more subtle way, 
in regulator problems, where we utilized our desire to be at the origin.) A 
diagram of the plant and controller is shown in Fig. 5-10. Notice that, as 
in the regulator problem, we must be able to measure all of the states in order 
to synthesize the optimal control law. 

R lL 
Figure 5-10 Plant and optimal feedback controller for linear track- 
ing problems 

Again we are confronted with the need to determine the transition 
matrix, but, as before, there is an easier computational route to travel. We 
begin with the equation 

p*(t) = K(t)x*(t) + SO). (5.2-41) 

Differentiating both sides with respect to t ,  we obtain 

)*(t) = i ( t ) x * ( t )  + K(t)t*(t) + S(t). (5.2-42) 

Substituting from (5.2-34) for p*(t) and f * ( t ) ,  and using (5.2-41) to eliminate 
p*(t), we obtain 

[ i ( t )  + Q(t) + K(t)A(t) + AT(t)K(t) - K(t)B(t)R- '(t)BT(t)Wt)]x*(t) 

+ [qt) + AT(t)s(t) - K(t)B(t)R-*(t)BT(t)s(t) - Q(t)r(t)] = 0. 
(5.2-43) 

t Strictly speaking, we have not shown that this extremal control does minimizeJ. It turns 
out, however, that this extremal control is indeed the optimal control. 
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Because this must be satisfied for all x*(t) and r(t), we conclude that 

i ( t )  = -K(t)A(t) - Ar(t)K(t) - Q(t)  -t. K(r)B(t)R-l(r)BT(t)K(r) 
(5.2-44) 

and 

S(r )  = -[Ar(t) - K(t)B(t)R-'(t)Br(t)] s(t )  + Q(t)r(t). (5.2-45) 

Since K is symmetric and s is an n x I vector, (5.2-44) and (5.2-45) are a set 
of [n[n 3- 11/21 + n first-order differential equations. Notice that (5.2-44) 
is the same Riccati equation that we obtained for linear regulator problems. 
To obtain the boundary conditions we have, from (5.2-37) and (5.2-39), 

p*(t,) = Hx*(t,) - Hr(t,) 
= K W * ( f , )  + S(f,). (5.2-46) 

Since these equations must be satisfied for all x*(t,) and r(t,), the boundary 
conditions are 

K(t,) = H (5.2-47) 

and 

~ ( t , )  = -Hr(rf). (5.2-48) 

To determine F(t) and v(t), we then integrate (5.2-44) and (5.2-45) from 
t ,  to to using the boundary conditions (5.2-47) and (5.2-48), and store 
the values for K(t) and s(t). F(t) and ~ ( t )  can then be determined by using 
(5.2-40). The procedure is illustrated by the following examples. 

Example 5.2-3. The system 

? , ( r )  = xz(0 
iz(r) = 2.W) - x2(r) + u(r) 

is to be controlled to minimize the performance measure 

(5.2-49) 

J(u) = [ x l ( T )  - 1]* + I: { [x , ( t )  - 112 + 0.0025u2(r)} dt. (5.2-50) 

The final time T is specified, x(T) is free, and the admissible states and 
controls are not bounded. The optimal control law is to be found. 

The performance measure indicates that the state xI is to be maintained 
close to 1.0 without excessive expenditure of control effort. In the nomen- 
clature of linear tracking problems, we have 
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A = [ “  ‘3, .=[ ; I ,  Q = [ o  2 0  O ] = H ,  
2 -1 

[I3 R =0.005 and r(t) = 

The Riccati equation and the differential equations for s are found from 
Q s .  (5.24) and (5.2-45) with the result 

k ,  , ( t )  = 2[100kh(t) - 2k,,(t) - 13 

kzz(t) = 200k?Z(t) - 2k,z(t) + u c z z ( t )  

.i.l(t) = 2[100k,z(t) - 1]s2(t) + 2 

.i.~(t) = -4) + [l + 200kz2(t)]s2(r), 

k1At) = 200k12(t)kzz(t) - kii(t) + kiZ(t) - 2kzz(t) (5.2-51) 

(5.2-52) 

and, from Eqs. 62-47) and (5.2-48) the boundary conditions are 

K(T) = [: s(T) = [i2]- 
The optimal control law, obtained from (5.2-40), is 

u*(t) = -2Oo[k,z(t)~i(~) + kzz(t)xz(t) + M)]. (5.2-53) 

Figure S-ll(a) shows the optimal control and its trajectory for T = 15, 
and x(0) = 0. The “tail” on the x: curve as t -, tf results because the 
controller anticipates that the final time is near and reduces the control 
to values near zero at the expense of deviations in x:. When the control 
is made small, x:(t) begins to increase; this occurs because the plant 
(5.2-49) is unstable. The solutions of the Riccati equation and of (5.2-52) 
are shown in Fig. S-ll(b), (c). 

Example 5.24. The plant to be controlled is the same as in Example 5.2-3, 
but the performance measure is 

T is specified, x ( T )  is free, and the admissible controls are not bounded. 
The optimal control law is to be determined. 

In this problem the objective is to maintain the state xI close to the 
ramp function r l ( t )  = 0.21, without excessive expenditure of control 
effort. By substituting 

t For the matrices H and Q given in this example. rz(r) does not affect the solution and 
hence can be selected arbitrarily. 
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# .  1' 

0. 2. 4. 6. 8. 10. 12. 14. 16. 

Figure 5-11 (a) The optimal control and trajectory for a linear 
tracking problem: r l ( r )  = 1.0, x(0) = 0. (b) Solution of the Riccati 
equation for Example 5.2-3. (c) s1 and s2 for Example 5.2-3 
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0. 2. 4. 6. 8. 10. 12. 14. 16 

1’ I I I I I I I 

s2 - 

Figure Ill mt. 

“‘I R = 0.05, and r ( f )  = 

into (5.2-44) and (5.2-45), we obtain the differential equations 

(5.2-56) 

The boundary conditions for these five differential equations are K(T) = 0, 
s(T) = 0. Figures 5-12(b) and (c) show the solution of Eqs. (5.2-55) and 
(5.2-56) for T = 15. The optimal control law, obtained from Eq. (5.2-40), 
is 

u*(t) = -2O[k,,(t)x,(r) + k2,(r)x2(t) + s,(t)]. (5.2-57) 

The optimal control and its trajectory for x(0) = [-4 01’ are shown 
in Fig. 5-12(a). There is an initial transient period that is over at approxi- 
mately f = 2. Thereafter, the difference between xT and r ,  is small, 
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0. 

-0.5 

-1 .o 

-1.5 

-2.0 

-2.5 

-3.0 

SO) 

-3.5 

Variational Approach to Optimal Control Problems 227 

2. 4. 6. 8. 10. 12. 14. i“ 

(C) 

Figure 112 (a) The optimal control and trajectory for a linear 
tracking problem: r l ( l )  = 0.2, x(0) = 1-4 Or. (b) Solution of 
the Riccati equation for Example 5.2-4. (c) SI and $2 for Example 
5.2-4 

although the deviation does grow larger with increasing time. This is 
attributed to the penalty in the performance measure on control-effort 
expenditure; as time increases, the magnitude of the control signal required 
for tracking grows larger, so the contribution of control effort to the 
performance measure becomes more significant. The “tail” present as 
t + 15 occurs because the control law anticipates the end of the control 
interval and, as a result, conserves control effort, allowing x: to deviate 
from its desired values. 

5.3 PONTRYAGIN’S M I N I M U M  PRINCIPLE AND 
STATE INEQUALITY CONSTRAINTS 

So far, we have assumed that the admissible controls and states are not 
constrained by any boundaries; however, in realistic systems such constraints 
do commonly occur. Physically realizable controls generally have magnitude 
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limitations: the thrust of a rocket engine cannot exceed a certain value; 
motors, which provide torque, saturate; attitude control mass expulsion 
systems are capable of providing a limited torque. State constraints often 
arise because of safety, or structural restrictions: the current in an electric 
motor cannot exceed a certain value without damaging the windings; the 
turning radius of a maneuvering aircraft cannot be less than a specified 
minimum value; a spacecraft reentering the earth's atmosphere must satisfy 
certain attitude and velocity constraints to avoid burning up. 

Let us first consider the effect of control constraints on the fundamental 
theorem derived in Section 4.1, and then show how the nec'essary conditions 
are m0dified.t This generalization of the fundamental theorem leads to 
Pontryagin's minimum principle.$ 

Pontryagin's Minimum Principle 

By definition, the control u* causes the functional J to have a relative 
minimum if 

J(u) - J(u*) = AJ 2 0 (5.3-1) 

for all admissible controls sufficiently close to u*. If we let u = u* + 6u, 
the increment in J can be expressed as 

AJ(u*, 6u) = 6J(u*, 6u) + higher-order terms; (5.3-2) 

6 J  is linear in 6u an& the higher-order terms approach zero as the norm of 
6u approaches zero. If we were to re-prove the fundamental theorem for un- 
bounded controls using control system notation, the reasoning would be 
exactly as given in Section 4.1. That is, if the control were unbounded, we 
could use the linearity of 6J with respect to bu, and the fact that 6u can vary 
arbitrarily to show that a necessary condition for u* to be an extremal control 
is that the variation 6J(u*, 6u) must be zero for all admissible 6u having a 
sufficiently small norm. Since we are no longer assuming that the admissible 
controls are not bounded, 6u is arbitrary only if the extremal control is strictly 
within the boundary for all time in the interval [to, t,]. In this case, the bound- 
ary has no effect on the problem solution. If, however, an extremal control 
lies on a boundary during at least one subinterval [t,, t2]  of the interval 
[ f o ,  t,], as shown in Fig. 5-13(a), then admissible control variations 66 exist 
whose negatives (-66) are not admissible. Onesuchcontrol variationisshown 
in Fig. 5-13(b). If only these variations are considered, a necessary condition 
for u* to minimize J is that 6J(u*, 66) 2 0. On the other hand, for variations 

t The derivation given here is heuristic; for rigorous proofs see [P-I], [R-I]. and [A-21. 
$ In  Pontryagin's original work, [P-11, this result is referred to as the maximum principle 

because of a sign difference in the definition of the Hamiltonian. 
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(b) 
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u + 6G 
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interval [to, t,], is shown. The differential df is the linear part of the increment 
A$ Consider the end points to and r, of the interva1,and admissible values 
of the time increment At, which are small enough so that the sign of A f  is 
determined by the sign of df. If to is a point where f has a relative minimum, 
then df(to, At )  must be greater than or equal to zero. The same requirement 
applies for f ( t f )  to be a relative minimum. Thus, necessary conditions for 
the function f to have relative minima at the end points of the interval are 

dJ(to, A t )  2 0, 
df(t,, A t )  2 0, 

admissible At >_ 0 

admissible At S O ,  
(5.3-4) 

and a necessary condition for f to have a relative minimum at an interior 
point t, to < t < t,, is 

df(t, A t )  = 0. (5.3-5) 

For the control problem the analogous necessary conditions are 

SJ(u*, Su) 2 0 (5.3-6a) 

if u* lies on the boundary during any portion of the time interval [to, tf], and 

SJ(u*, Su) = 0 (5.3-6b) 

if u* lies within the boundary during the entire time interval [to, r,]. 
Next, let us see how this modification affects the necessary conditions, 

Eqs. (5.1-17) and (5.1-18), which were derived by using the assumption that 
the admissible control values were unconstrained. The increment of J is 
[if we use Eqs. (5.1-9), (5.1-13), and the definition of the Hamiltonian] 

(5.3-7) 

+ higher-order terms. 

If the state equations are satisfied, and p*(t) is selected so that the coefficient 
of Sx( t )  in the integral is identically zero, and the boundary condition equa- 
tion (5.1-18) is satisfied, we have 
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+ higher-order terms. 

The integrand is the first-order approximation to the change in S caused 
by a change in u alone; that is, 

pg(x*(t), U*(r), p*(t), o ] ~  64t )  = ~ ( x * ( t ) ,  U*(t) + 64t),  p*(t), t )  

- S ( x * ( t ) ,  u*(t), p*(t), 2 ) ;  (5.3-9) 

therefore, 

A m * ,  6u) = 5:: [ S ( x * ( t ) ,  u*(t) + 64th P*(t), t )  

- S ( x * ( t ) ,  u*(t), p*(t), 01 dt 
+ higher-order terms. 

If u* + 6u is in a sutliciently small neighborhood of u* (IlSull < 8) 
then the higher-order terms are small, and the integral in Eq. (5.3-10) domi- 
nates the expression for AJ. Thus, for u* to be a minimizing control it is 
necessary that 

(5.3-10) 

[ S ( x * ( t ) ,  u*(z) + 640, p*(t), t )  - S ( x * ( t h  u*(t), p*(t), t)] dt 2 0 
* 

(5.3-1 1) 

for alladmissible 6u, such that 11 6u 11 < /3. We assert that in order for(5.3-11) 
to be satisfied for all admissible 6u in the specified neighborhood, it is neces- 
sary that 

S ( x * ( t ) ,  u*(t) + Su(t), p*(t), 2) 2 S ( x * ( t ) ,  U*(t), p*(t), t )  (5.3-12) 

for all admissible Su(t) and for all t E [to, t,]. To show this, consider the 
control 

(5.3- 13) u(t) = u*(t); 4 [t,,t,l 

u(t) = U*(r) + Su(t); t E [rl. t,], 

where [II, f 2 ]  is an arbitrarily small, but nonzero, time interval, and 6u(t) is 
an admissible control variation that satisfies 11 6u 11 < 8.t Suppose that 

t Let 

I I ~ ~ I I =  j" [5 V~MI] dr. 
1' 1-1 

Since ~ ( 1 )  is in a bounded region, each component of Wt) is bounded and I \  6u 11 can be 
made less than fi  for all admissible a&) by making the interval [ I , ,  r2]  small enough. 
Thus the control u(r) in Eq. (5.3-13) can be any admissi6le control in the interval [r1.r2]. 
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inequality (5.3-12) is not satisfied for the control described in Eq. (5.3-13); 
then in the interval [ t , ,  f 2 ]  

&‘(x*(t), U ( t ) ,  p*(t), t )  <Z(x*(t) ,  U*(t), p*(t), t )  (5.3-14) 

and, therefore, 

Since the interval [t , ,  t2] can be anywhere in the interval [to, t,], it is clear 
that if 

for any t E [to, t,], then it is always possible to construct an admissible con- 
trol, as in Eq. (5.3-13), which makes A J  < 0, thus contradicting the optimality 
of the control u*. Our conclusion is, therefore, that a necessary condition 
for u* to minimize the functional J is 

&‘(x*(t), U*( t ) ,  p*(t), I) I S(x* ( t ) ,  u(r), p*(t), t )  (5.3-17) 

for all t E [to, t,] and for all admissible controls. Equation (5.3-17), which 
indicates that an optimal control must minimize the Hamiltonian, is called 
Pontryagin’s minimum principle. Notice that we have established a neces- 
sary, but not (in general) sufficient, condition for optimality. An optimal 
control must satisfy Pontryagin’s minimum principle; however, there may 
be controls that satisfy the minimum principle that are not optimal. 

Let us now summarize the principal results of this section. A control 
u* E U, which causes the system 

W = a(x(t), W, t )  (5.3-18) 

to follow an admissible trajectory that minimizes the performance measure 

is sought. In terms of the Hamiltonian 

&‘(x(r), u(r), p(t), t )  A g(x(t), u(t), t )  + p‘(t)[a(x(t), u(t), t)], 63-20) 

necessary conditions for u* to be an optimal control are 
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It should be emphasized that 

1. u*(t) is a control that causes Z ( x * ( r ) ,  u(t), p*(t), t )  to assume its 

2. Equations (5.3-21) and (5.3-22) constitute a set of necessary conditions 
global, or absolute, minimum. 

for optimality ; these conditions are not, in general, sufficient. 

In addition, the minimum principle, although derived for controls with 
values in a closed and bounded region, can also be applied to problems in 
which the admissible controls are not bounded. This can be done by viewing 
the unbounded control region as having arbitrarily large bounds, thus 
ensuring that the optimal control will not be constrained by the boundaries. 
In this case, for u*(t) to minimize the Hamiltonian it is necessary (but not 
sufficient) that 

dG(X*( f ) ,  u*(r), p*(r), t )  = 0. (5.3-23) 

If Eq. (5.3-23) is satisfied, and the matrix 

is positive definite, this is sufficient to guarantee that u*(r) causes X‘ to be a 
local minimum; if the Hamiltonian can be expressed in the form 
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where c is an  m x 1 array that does not have any terms containing u(t), then 
satisfaction of (5.3-23) and d2&'/du2 > Ot are necessary and sufficient for 
&'(x*(t), u*(t), p*(t), t) to be a global minimum. 

For &' of the form of (5.3-24), 

(5.3-25) 

thus, if R(r) is positive definite, 

u*(t) = -R-l(t)c(x*(t), p*(t), t )  (5.3-26) 

minimizes (globally) the Hamiltonian. 

Example 5.3-1. Let us now illustrate the effect on the necessary conditions 
of constraining the admissible control values. Consider the system having 
the state equations 

i l (d  = xz(d 
i , ( r )  = -xz(r) + U(Q,  (5.3-27) 

with initial conditions x(t0) = XO. The performance measure to be mini- 
mized is 

~ ( u )  = j" ;[x:(r> + ut(r)] dt; (5.3-28) 
I. 

tf is specified, and the final state x(tf) is free. 

a. Find necessary conditions for an unconstrained control to minimize J. 
The Hamiltonian is 

from which the costate equations are 

Since the control values are unconstrained, it is necessary that 

@ d U  = u*(r) + p f ( r )  =: 0. (5.3-31) 

t The notation d 2 X / d u 2  > 0 means that the m x m  matrix d*.%'/du2 is positive definite. 
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Notice that the Hamiltonian is of the form (5.3-24), and 

(5.3-32) 

therefore, 

u*(t) = -pf(r) (5.3-33) 

does minimize the Hamiltonian. The boundary conditions are (see 
Table 5-1, entry 2) 

p*(t,) = 0. (5.3-34) 

b. Find necessary conditions for optimal control if 

-1 2 u(t) < +1 for all t E [to, tfl. (5.3-35) 

The state and costate equations and the boundary condition for p*(tf) 
remains unchanged; however, now u must be selected to minimize 

(5.3-36) 
s(x*(O, 4th p*(r)) = :xf2(r) + tu2(t)  + p:(r)xf(t) 

- pf(r)x:(r) + p f ( & O )  

subject to the constraining relation in Eq. (5.3-35). 

the terms containing u(t), 
To determine the control that minimizes X', we first separate all of 

+ u2O) + P f ( M 0 ,  (5.3-37) 

from the Hamiltonian. For times when the optimal control is unsatu- 
rated, we have 

u*(t) = -pf(r) (5.3-38) 

as in part a; clearly, this will occur when Ipt( t ) (  2 1. If, however, 
there are times when Ipf(t)l > 1, then from (5.3-37) the control that 
minimizes X' is 

-1, for pf ( r )  > 1 
+1, for pf( t )  < -1. 

u*(t) = (5.3-39) 

Thus, u*(r) is the saturation function of pf(r)  pictured in Fig. 5-14. 
In summary, then, we have for the unconstrained control-part a, 

U * ( O  = - P f W ,  (5.3-33) 

and, for the construined control-part b, 
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\ u * w  

See. 5.3 

t \ 
\ 
\ 
\ 

'\ Constrained 

\ 

Unconstrained 

Figure 5-14 Constrained and unconstrained optimal controls for 
Example 5.3-1 

-1, for 1 < pf(r)  

{ + I ,  for pf(r)  < -1. 

To determine u*(t) explicitly, the state and costate equations must be 
solved. Because of the differences in Eqs. (5.3-33) and (5.3-39a), the 
state-costate trajectories in the two cases will be the same only if the 
initial state values are such that the bounded control does not saturate. 
If this situation occurs, the control constraints do not affect the solution. 
It must be emphasized that the optimal control history for part b cannot 
be determined, in general, by calculating the optimal control history for 
part a and allowing it to saturate whenever the stipulated boundaries are 
violated. 

u*(r) = -pf(r), for -1  < p t ( t )  < 1 (5.3-39a) 

Additional Necessary Conditions 

Pontryagin and his co-workers have also derived other necessary condi- 
tions for optimality that we will find useful. We now state, without proof, 
two of these necessary conditions: 

1. If the final time is fixed and the Hamiltonian does not depend explicitly 
on time, then the Hamiltonian must be a constant when evaluated on 
an  extremal trajectory; that is, 

X ( x * ( t ) ,  u*(t), p*(t)) = c, for t E [to, r,]. (5.3-40) 

2. If the final time is free, and the Hamiltonian does not explicitly depend 
on time, then the Hamiltonian must be identically zero when evaluated 
on an  extremal trajectory; that is, 

H(x*(t), u*(t), p*(r)) = 0 for t E [to, t,]. (5.3-41) 
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State Variable Inequality Constraints 

Let us now consider problems in which there may be inequality con- 
straints that involve the state variables as well as the controls. It will be 
assumed that the state constraints are of the form 

where f is an 1-vector function (I m) of the states and possibly time, which 
has continuous first and second partial derivatives with respect to x(t) .  It 
will also be assumed that the admissible control values lie in a closed and 
bounded region. Our approach will be to transform the 1 inequality con- 
straints of (5.3-42) into a single equality constraint, and then to augment the 
performance measure with this equality constraint, as we have done pre- 
viously with the state equations. 

Let us define a new variable 2,,+l(f) by 

where n(-f,) is a unit Heaviside step function defined by 

(5.3-44) 

for i = I ,  2,. . . , I .  Notice that kn+l(t) 2 0 for all t ,  and that i , ,+ l (r )  = 0 
only for times when all of the constraints (5.3-42) are satisfied. Now let us 
require that the variable ~ , , + ~ ( t ) ,  given by 

satisfy the two boundary conditions xn+,(to) = 0 and ~ ~ + ~ ( t , )  = 0. Since 
3n+i(t) 2 0 for all I ,  satisfaction of these boundary conditions implies that 
i , ,+ l ( t )  must be zero throughout the interval [to, t,], but this occurs only if 
the constraints are satisfied for all t E [to, t ,].  

Thus, to minimize the functional 

subject to the state equation constraints 

.t The notation f(x(t),I) 2 0 means that each component of the vector f i s  a. 
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8 2  P?,.I(t) = - d (x*(t) ,  u*(t), P*(I), 2 )  = 0 ;  
Xn+ I 

and 

P ( x * ( t ) ,  u*(t), p*(t), I )  I X(x*( t ) ,  u(t), P*(f), t )  

admissibility constraints on the control variables, and state inequality con- 
straints of the form 

Using the notation of (5.3-49) means that p(t) and x( t )  are n 4- 1 vectors. 
Notice that the Hamiltonian does not contain x,,+,(r) explicitly. We can now 
apply Eqs. (5.3-21) to obtain necessary conditions for optimality: 

RT(t) = al(x*(t), u*(t), t )  

Example5.3-2. Let us now return to the problem discussed earlier in 
Example 5.3-1. The system 
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-%(O = x2(0 

i Z ( t )  = -xz(r) + u(t) 

is to be controlled to minimize the performance measure 

(5.3-52) 

J(u) = s” $[xf(t) + u2(t)] dt. (5.3-53) 

x(ld is specified, the final state x(t,) is free, and tf is given. The admissible 
control values are constrained by 

-1 I; u(t) I 1 for t E [to, r,]. (5.3-54) 

In addition, it is required that 

-2 I xz(r) s 2 for t E (to, t,l. (5.3-55) 

We must first express (5.3-55) in the form of (5.3-48). To do this, observe 
that (5.3-55) implies 

(5.3-56a) [x2(0 + 21 2 0, 

and 

[2 - x2(t)] 2 0. (5.3-56b) 

Writing (5.335) as these two inequalities gives 

fi(X(t)) = [x,(r) + 21 2 0 

f i (x(r ) )  = [2 - x2(t)1> 0.t (5.3-57) 

The Hamiltonian is given by 

a X ( 0 ,  w, Po)) = tx?(t )  + tu2(r )  +p,(t)x2(0 
- p2(t)xz(t) + p2(t)u(t) + p3(t){[xz(t)  + 212 n ( -x2(t)  - 2) 
+ [2 - X 2 ( t ) ~ 2 n ( x 2 ( t )  - 2)) (5.3-58) 

The necessary conditions for optimality, found from Eqs. (5.3-51), are 

a;r(r) = xf(f), xT(ro) = x,. 

a f ( f )  = -x f ( r )  -I- u*(t), 

at(t) = [xf(r)  + 2]zll(-~;(t) - 2) 
xf(t0) = X2* 

+ [2 - X f ( t ) ~ z n ( x f ( t )  - 21, x:(to) = o (5.3-59) 

t We could also combine the inequalities (5.3-56) by writing [xz( r )  + 21 [2 - x2(r)] 2 0. 
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-m + p:(t) - ~ ~ : ( t ) [ ~ f ( t )  + 21 w X x t )  - 2) a s  
axz @ f ( r )  = - - = 

+ 2p:(r)[2 - x ~ ( t ) ~ n ( x ~ ( t )  - 2)t 

0 =- p f ( t )  = a constant @ f ( t )  = -- = (5.3-60) a s  
ax3  

- 1, for 1 < p f ( t )  
u*(t) = - -pf (r ) ,  for - 1 I pf(r)  I 1 (5.3-61) 1 +1, forp:(t) < -1. 

The boundary conditions at the final time are x:(tf) = 0 (specified), and 
p t ( t r )  = p f ( t f )  = &from Table 5-1, or Eq. (5.1-18). 

Comparing these necessary conditions with the results obtained in Exam- 
ple 5.3-lb, we see that the expressions for the optimal controls in terms of 
the extremal costates are the same; however, the equations for j5T(t) are 
different because of the presence of the state inequality constraints; hence, 
the optimal trajectories and control histories will generally not be the same. 

In our discussion of state and control inequality constraints we have not 
considered constraints that include both the states and controls, that is, 
constraints of the form 

f(x(r),  w, 02 0. (5.3-62) 

For an explanation of how to handle constraints of this form, as well as an 
alternative derivation of the minimum principle, the interested reader can 
refer to Chapter 4 of [S-31. 

In the remainder of this chapter we shall consider several examples of the 
application of Pontryagin's minimum principle. These examples will illustrate 
both the utility and the limitations of the variational approach to optimal 
control problems. 

6.4 MINIMUM-TIME PROBLEMS 

In this section we shall consider problems in which the objective is to 
transfer a system from an arbitrary initial state to a specified target set in 
minimum time. The target set (which may be moving) will be denoted by 

t Performing the differentiationd%'/dxz formally also results in the presence of two unit 
impulse functions, which occur at x;(t) = *2; however, these terms are such that either 
the impulse functions or their coefficients are zero for all I E [ t o ,  I / ] .  so the impulses 
do not affect the solution. 
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S(t), and the minimum time required to reach the target set by t*.  Mathe- 
matically, then, our problem is to transfer a system 

w = a(x(t), uw, 2 )  (5.41) 

from an arbitrary initial state x, to the target set S(t) and minimize 

11 

I .  
J(u) = J dt = t ,  - to. (5.42) 

Typically, the control variables may be constrained by requirements such as 

Iu,(r)l< 1, i =  1, 2,. . . , m, t E [to, r*] .  (5.43) 

Our approach will be to use the minimum principle to determine the optimal 
control 1aw.t 

To introduce several important aspects of minimum-time problems, let us 
consider the following simplified intercept problem. 

Example 5.41. Figure 5-15 shows an aircraft that is initially at the point 
x = 0, y = 0 pursuing a ballistic missile that is initially at the point 
x = u > 0, y = 0. The missile flies the trajectory 

Y 

F i e  5-15 An intercept problem 

for t 2 0;  thus, in this example the target set S(t) is the position of the 
missile given by (5.4-4). 

Neglecting gravitational and aerodynamic forces, let us model the 
aircraft as a point mass. Normalizing the mass to unity, we find that the 
motion of the aircraft in the x direction is described by 

30 = 40, (5.45) 

t For additional reading on timeoptimal systems see [P-1] and [A-21. 
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or, in state form, 

R d t )  = xz(t) 

* Z O )  = do, 

See. 5.4 

(5.4-6) 

where x&) P x(t) and xt(t)  f i ( t ) .  The thrust u(t) is constrained by the 
relationship 

I u(t) I I 1.0. (5.4-7) 

By inspection of the geometry of the problem, it is clear that the 
optimal strategy for the pursuing aircraft is to accelerate with the maxi- 
mum thrust possible in the positive x direction; therefore, u*(t) should 
be +1.0 for t E [0, I*]. To find f * ,  we must determine the value(s) of t 
for which the x coordinate of the aircraft coincides with the target set 
S(r); hence, assuming R(0) = 0, we solve the equation 

6 [ f * l 2  = a + O.l[f*]’ (5.4-8) 

fort*. Common sense indicates that there may not be a positive real value 
of I* 2 0 for whicbEq. (5.4-8) is satisfied-if the missile is far enough 
away initially he can escape. It can be shown that interception is impos- 
sible if a is greater than 1.85. If a = 1.85, interception occurs at t* = 3.33; 
for a < 1.85 the minimum interception times are less than 3.33. 

Although greatly simplified, the preceding example illustrates two impor- 

1. For certain values of the initial condition a, a time-optimal control 

2. The optimal control, if it exists, is maximum effort during the entire 

tant characteristics that are‘ typical of minimum-time problems: 

does not exist. 

time interval of operation. 

In the subsequent-development we shall generalize these concepts; let us 
first consider the question of existence of an optimal control. 

The Set of Reachable States 

If a system can be transferred from some initial state to a target set by 
applying admissible control histories, then an optimal control exists and may 
be found by determining the admissible control that causes the system to 
reach the target set most quickly. A description of the target set is assumed 
to be known; thus, to investigate the existence of an optimal control it is 
useful to introduce the concept of reachable states. 
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DEFINITION 5-1 

If a system with initial state x(ro) = x, is subjected to all admissible 
control histories for a time interval [to, t], the collection of state 
values x(t )  is called the set of states that are reachable (from x,) at 
time t, or simply the set of reachable states. 

Although the set of reachable states depends on x,, to, and on t, we 
shall denote this set by R(t). The following example illustrates the concept 
of reachable states. 

Example 5.4-2. Find the set of reachable states for the system 

a(r) = u(r), (5.4-9) 

where the admissible controls satisfy 

-1 I u(r) I 1. (5.4-10) 

The solution of Eq. (5.4-9) is 

x(r) = xo + s’ u(r)dr. (5.4-1 1) 
b 

If only admissible control values are used, Eq. (5.4-1 1) implies that 

xo - [I  - t o ]  I x(r) I xo + [t - lo]. (5.4-12) 

Figure 5-16 shows the reachable sets for t = t , ,  t2 ,  and t 3 ,  where 
t ,  < t* < I,. 

X 

Figure 5-16 The reachable states for Example 5.4-2 

The concept and properties of reachable sets are inextricably intertwined 
with the question of existence of time-optimal controls; if there is no value 
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o f t  for which the target set S(t) has at least one point in common with the 
set R(t), then a time-optimal control does not exist. Conversely, it is helpful 
to visualize the minimum-time problem as a matter of finding the earliest 
time t* when S(r) and R(t)  meet, as shown in Fig. 5-17 for a second-order 
system. The target set is a moving point, and the boundary of the set of reach- 
able states at time t ,  is denoted by dR(t,). The target set and the set of reach- 
able states first intersect at point p ,  where t* = t2. 

Unfortunately, although it is conceptually satisfying to think of minimum- 
time problems in this fashion, it is generally not feasible to determine solutions 
by finding the intersections of reachable sets with the target set except in 
very simple problems (like Example 5.4-1). General theorems concerning the 
existence of time-optimal controls are unavailable at this time; however, 
later in this section we shall state an existence theorem that applies to an 
important class of minimum-time problems. 

-,\., - 

Figure 5-17 The minimum-time problem viewed as the intersection 
of a target set, S(r), and the set of reachable states, R(r) 
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The Form of the Optimal Control for a Class of 
Minimum- Time Problems 

Now let us determine the form of the optimal control for a particular 
class of systems by using the minimum principle. We shall assume that the 
state equations of the system are of the form 

t c t )  = a(x(t), t )  + B(x(t), t ) W ,  (5.4-13) 

where B is an n x m array that may be explicitly dependent on the states 
and time. It is specified that the admissible controls must satisfy the inequal- 
ity constraints 

Mi- < ui(t) I Mi+, i = 1,2, .  . . , m, t E [ r o ,  t* ] ;  (5.4-14) 

Mi+ and Mi- are known upper and lower bounds for the ith control com- 
ponent. 

The Hamiltonian is 

p*'(r)B(x*W, t)u*(f) I p*'(r)B(x*(O, M); (5.4-17) 

hence, u*(t) is the control that causes p*'(t)B(x*(f), r)u(r) to assume its 
minimum value. If the array B is expressed as 

where bi(x*(f), t), i = I , .  . . , m, is the ith column of the array, then the 
coefficient of the ith control component ui(r) in (5.4-17) is p*'(r)bi(x*(t), t), and 

p*'(r)B(x*(t), t)u(f) = 2 p*T(r)[bi(x*(t), t)]ui(t). (5.4-19) 
I= I 

Assuming that the control components are independent of one another, 
we then must minimize 
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Mi - 

with respect to ui(t) for i = 1,2, . . . , m. If the coefficient of ui(t) is positive, 
u:(t) must be the smallest admissible control value Mi-. If the coefficient 
of ui(t) is negative, u:(t) must be the largest admissible control value Mi+; 
thus, the form of the optimal control is 

I I +  
I I I * r  

Mi+, for p*'(t)bi(x*(t), t) < 0 1 Undetermined, for p*'(t)b,(x*(t), t) = 0. 
U P ( t )  = Mi-, for p*'(r)bi(x*(t), t )  > 0 (5.4-20) 

i =  1,2, ..., m 

If the extremal state and costate trajectories are such that the coefficient of 
ui(t) is as shown in Fig. 5-18(a), then the history of uF(r) will be as shown in 
Fig. 5-18(b). 

Notice that if p*'(t)b,(x*(t), t) passes through zero, a switching of the 
control u?(t) is indicated. If p*'(t)b,(x*(t), t) is zero for some finite time 
interval, then the coefficient of ui(t) in the Hamiltonian is zero, so the neces- 
sary condition that @ ( t )  minimize &? provides no information about how to 
select uf( t ) ;  this signals the so-called singular condition, to be discussed in 
Section 5.6. Here we shall consider only problems in which the singular 
condition does not arise; such problems will be called normal. 

Equation (5.4-20) is the mathematical statement of the well-known 
bung-bung principle, that is, if the state equations are of the form (5.4-13) 
and the admissible controls must satisfy constraints of the form (5.4-14), 
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then the optimal control to obtain minimum-time response is maximum effort 
throughout the interval of operation. The bang-bang concept is intuitively 
appealing as well. Certainly, the men who race automobiles come very close 
to bang-bang operation- they use the accelerator and brakes often ; thus, 
their fuel consumption is large, tires and brakes do not last very long, and the 
cars are subjected to severe mechanical stresses, but barring accidents and 
mechanical failures, the drivers reach their destination quickly. 

Before we move on to some problems that can be completely solved by 
using analytical methods, let us consider a nonlinear ptoblem of the fore- 
going type. 

Example 5.4-3.1 Figure 5-19 shows a lunar rocket in the terminal phase 
of a minimum-time, soft landing on the surface of the moon. We shall 
make the following assumptions: 

m : spacecraft mass 

g : gravitational constant in 
the near field of the moon 

k = constant:relative exhaust 
velocity of  gases 

T = --ki:thrust 

-M<i<O : spacecraft mass rate 41 
I MOON 

Figure 5-19 Lunar soft landing 

a. Aerodynamic forces and gravitational forces of bodies other than the 

b. Lateral motion is ignored; thus, the descent trajectory is vertical and 

c. The acceleration of gravity is a constant, because of the nearness of 

d. The relative velocity of the exhaust gases with respect to the spacecraft 

moon are negligible. 

the thrust vector is tangent to the trajectory. 

the spacecraft to the moon. 

is constant. 

t See [M-21 and [M-31. 
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e. The mass rate is constrained by 

Sec. 5.4 

(5.4-2 1) 

The equation of motion is 

m(r)Z(r) = -gm(r) + T(r) 
(5.4-22) 

= -gm(r) - km(r). 

Defining the states of the system as xI p x, x2 p i ,  x3 p m and the 
control as u p m leads to the state equations 

i , ( r )  = x,(r) 

i , ( r )  = -g - -u(r) 

i , ( r )  = u(r). 

k 
X3W 

The Hamiltonian is 

(5.4-23) 

for pf ( r )  - kp*(r) < 0 
x f ( r )  
kp*(r) 
xT(0 

x3 (0 

for py(r) - > 0 (5.4-25) 

Undetermined, for pf ( r )  - k *)= * r  0. 

To obtain an explicit solution for u*(t) we would have to solve a 
nonlinear two-point boundary-value problem (see Problem 5-31). 

Minimum- Time Control of Time-Invariant Linear Systems 

Armed with our knowledge about the form of time-optimal controls, 
for the remainder of this section we shall consider the following important 
class of problems: A linear, stationary system of order n having m controls 
is described by the state equation 

&(I) = Ax(l) + Bu(t), (5.4-26) 
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where A and B are constant n x n and n x m matrices, respectively. The 
components of the control vector are constrained by 

Iui(t)l 5 1, i = 1,2,. . . , m. (5.427) 

Assuming that the system is completely controllable and normal (no singular 
intervals exist), find a control, if one exists, which transfers the system from 
an arbitrary initial state xo  at time t = 0 to the final state x ( t f )  = 0 in mini- 
mum time. We shall refer to this problem as the stationary, linear regulator, 
minimum-time problem. 

From Eq. (5.420) we know that the optimal control, if it exists, is bang- 
bang. Let us now state without proof some important theorems due to 
Pontryagin et al. [P-1] which apply to stationary, linear regulator, minimum- 
time problems. 

THEOREM 5.4-1 (EXISTENCE) 

If all of the eigenvalues of A have nonpositive real parts, then an 
optimal control exists that transfers any initial state xo to the origin. 

THEOREM 5.4-2 (UNIQUENESS) 

If an extremal control exists, then it is unique.t 
Since an optimal control, if one exists, must be an extremal control, 

this theorem indicates that a control which satisfies the minimum principle 
and the required boundary conditions must be the optimal control. Thus, if 
an optimal control exists, satisfaction of the minimum principle is both 
necessary and sufficient for time-optimal control of stationary, linear regula- 
tor systems. 

THEOREM 5.4-3 (NUMBER OF SWITCHINGS) 

If the eigenvalues of A are all real, and a (unique) time-optimal 
control exists, then each control component can switch at most 
(n - 1) times. 

Thus, an nth-order system having all real, nonpositive eigenvalues has a 
unique time-optimal control with components that each switch at most 
(n - 1) times. 

Example 5.4-4. Find the optimal control satisfying 

lu(r)l I 1 

which transfers the system 

(5.4-28) 

t Recall that a control which satisfies the necessary conditions in Eqs. (5.3-21) and the 
required boundary conditions is called an extrernal control. 

co
nt

ro
len

gin
ee

rs
.ir



250 The Calculus of Variations and Pontryagin S Minimum Principle Sec. 5.4 

al(t) = x20) 
&(t) = u(t) 

from any initial state x,, to the origin in minimum time. Here 

A=[:  i] and . = [ ; ]a  

(5.4-29) 

(5.4-30) 

Since the eigenvalues of A are both zero, we know from Theorems 5.4-1 
through 5.4-3 that an optimal control exists, is unique, and has at most 
one switching. 

The Hamiltonian is 

~ Q x ( t ) ,  u(t), PO)) = 1 + pl(r)xz(r) + pZ(t)u(t); 6 4 - 3 0  

thus, the minimum principle indicates that the optimal control u*(r) 
must satisfy 

pf(Ou*(r) I; pf( t )u( t )  (5.4-32) 

for all admissible u(t) and for all f E [to, t,]. It can be shown that a sin- 
gular interval cannot exist (see Section 5.6); therefore, the optimal control 
found from (5.4-32) is 

From the3Iamiltonian the costate equations are 

p:(t) = 0 

li%) = -pt(t). 

The costate solution is of the form 

(5.4-34) 

(5.4-35) 

where c1 and cZ are constants of integration. Equation (5.4-35) indicates 
that pf, and therefore u*, can change sign at most once (this result also 
follows from Theorem 5.4-3). 

Since there can be at most one switching, the optimal control for a 
specified initial state must be one of the forms: 

f + l ,  for all t E [to, t*l, or 
-1, for all t E [to, t*], or 
+1, for f E [to, tl),t and -1, fort  E [ t l ,  r*], or (5.4-36) u*(t) = 

1-1 ,  for t E [to, t l ) ,  and +1, fort E [ t , ,  f*]. 

+ Thenotationr E [ r o , r I ) r n e a n s t o ~ t < t I .  

co
nt

ro
len

gin
ee

rs
.ir



Sec. 5.4 Variational Approach to Optimal Control Problems 251 

Thus, segments of optimal trajectories can be found by integrating the 
state equations with u = f l  to obtain 

X A t )  = f t  + c3 
X d t )  = f i t *  + C j t  + c4, 

(5.4-37) 

(5.4-38) 

where c3 and c4 are constants of integration, and the upper sign corresponds 
to u = + 1. Time can be eliminated from these equations by squaring the 
first equation, multiplying the result by i and comparing with Eq. (5.4-38) 
to obtain 

and 

x l ( t )  = - :x#) + c6, for u = -1; (5.4-40) 

c5 and c6 are constants. Equations (5.4-39) and (5.4-40) each define a 
family of parabolas that are shown in Fig. 5-2qa) and ( b t t h e  arrows 
indicate the direction of increasing time. 

Now, let us consider each of the alternatives for the optimal control. 
From Fig. 5-20 we see that the controls given by Eq. (5.4-36) correspond 
to the following situations: 

1. u*(t) = +1 for t E [to, t*]. The initial state xo must lie on segment 
A-O in Fig. 5-2qa). 

2. u*(r) = -1 for t E [to, r*]. The initial state xo must lie on segment 
B-O in Fig. 5-2qb). 

3. u*(t) = +1 for E [to, tI), and u*(t) = -1  for t E [tl, t*J. Since the 
optimal control is -1  for t E [ t I ,  I*],  at time t I  the system state must 
lie on segment B-O. This transfer has been accomplished by a control 
of u* = + 1 ; thus, the optimal trajectory consists of an initial segment 
like one of the trajectories in Fig. 5-2qa) followed by a switching of 
the control to -1  upon reaching B-O, and then on to the origin along 
B-0 with u* = -1. Notice that B-0, in addition to being the terminal 
segment of the optimal trajectory, is the locus of state values where 
the control switches from +1 to -1; therefore, B-0 is referred to 
us u switching curve. Now, which initial states will have optimal 
trajectories as described above? Again referring to Fig. 5-20, we see 
that only the parabolic curves that have c5 < 0 intersect B-O. In addi- 
tion, only trajectories that begin below B-0 with u* = +1 will ever 
intersect B-0. We conclude that for initial states lying below both 
A-O and B-0 the optimal control will be u* = +1 until B-0 is reached, 
followed by u* = -1  thereafter. 

4. u*(t) = -1 for t E [to, t , ) ,  and u*(r) = +1  for t E [tl, t*]. The same 
reasoning used in 3 leads to the conclusion that for states initially lying 
above A-0 and B-O the optimal control will be u* = -1 followed by 
u* = +l; the switching occurs when the trajectory intersects A-O. 
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Thus, we see that A-0 and Bb, in addition to being terminal segments 
of optimal trajectories, together compose the switching curve A-O-B 
shown in Fig. 5-21(a). By putting c5 = c6 = 0 in Eqs. (5.4-39) and (5.4-40), 
we find the equation of this switching curve to be 

x&)  = - :x2(01x2(01. (5.4-41) 

To summarize, for states above ,4443 the optimal control is u* = - 1 
until the trajectory intersects A-0, where the optimal control switches to 

B t 

(b) 

Figure 5-21 (a) The switching curve. (b) Optimal trajectories for 
several initial state values. 

co
nt

ro
len

gin
ee

rs
.ir



264 The Calculus of Variaiions and Poniryagin‘s Minimum Principle Sec. 5.4 

u* = + 1. The optimal control u* = + 1 is applied to transfer states below 
A-0-B to segment B-0, where the optimal control switches to u* = -1. 
Once the system has reached the origin, it can be kept there by applying 
u*(t) = 0 for t > t*. Optimal trajectories for several initial state values 
are shown in Fig. 5-21(b). 

It must be emphasized that we have succeeded in obtaining the optimal 
control law; that is, the optimal control at any time t is known as a func- 
tion of the state value x(t). To express the optimal control law in a con- 
venient form, let us define the switching function s(x(t)) ,  obtained from 
Eq. (5.4-41) as 

(5.4-42) 

Notice that 

s(x(t)) > 0 implies x(r)  lies above the switching curve A-O-B. 
s(x(t)) < 0 implies x(t )  lies below the switching curve A-0-B. 
s(x(t)) = 0 implies x(t )  lies on the switching curve A-O-B. 

Thus, in terms of this switching function the optimal control law is 

- 1, for x(r) such that s(x(t)) > 0 

+1, for x( t )  such that s(x(t)) < 0 

+1, for x( t )  such that s(x(t)) = 0 and x,(t) < 0 

u*(r) = -1, for ~ ( t )  such that s(x(f)) = 0 and x2(r) > 0 (5.4-43) I 0, for x(t)  = 0. 

An implementation of this optimal control law is shown in Fig. 5-22; 
the required hardware consists of a summing device, a sign changer, 
a nonlinear function generator, and an ideal relay. 

The procedure used in solving the preceding example can be general- 
ized to include nth-order, stationary, linear regulator systems controlled 
by one input. Let us assume that all of the eigenvalues of A are real and non- 
positive; thus, for all initial states a unique time-optimal control exists and 
has a t  most (n - 1) switchings. To obtain the optimal control law: 

1. (a) We first determine the set of points from which the origin can be 
reached with u = 4-1 (call this set O+), and the set of points from 
which the origin can be reached with u = -1  (call this set 0-). 
Let 0, denote the set of points from which the origin can be 
reached with no control switchings; then 

0, = 0, u 0- (5.4-44) 

where u denotes “the union of.”t 

t 01 is the union of 0, and 0-; this means that every element of O1 is an element of either 
0,. 0-, or both 0, and 0-. 
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I FUNnION I 
I 
I I GENERATOR 

I 
I 

I I I 
I 
L _ _ _ _ _ _ _ _ _ _ _ - _ - _ - _ _ _ _ _ _ _ _ _ _ _  J 

CONTROLLER 

I 

I z(f) = yx2(t)lx,(r)l 

Figure 5-22 Implementation of the time-optimal control law for 
Example 5.4-4 

(b) Next, we determine the set of points 0-+ from which 0, can be 
reached by applying u = -1; the origin can be reached from 
0-+ by applying u = - 1 until reaching O+, followed by u = + I .  
Similarly, we find the set of points 0,- from which 0- can be 
reached by applying u = + I .  To reach the origin from O+-, we 
apply u = + I  until reaching 0-, followed by u = - 1. The set of 
points from which the origin can be reached with at most one 
switching (two control values) is given by 

0, = 0, u 0- u 0,- v 0-+ 
= 0, v 0,- u 0-+t (5.445) 

(c) We continue until the set of points On-, from which the origin can 
be reached with at most (n - 2) switchings is determined. All 
points not in  the set require (n - I )  switchings to reach the 
origin. By eliminating time from the trajectory equations, express 
0,- I in the form 

s(x(r) )  = 0. (5.446) 

t 01 u 0,- u 0-+ means the set of points which are in at least one of the sets Ol. 
o+-, 0-+. 
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2. Next, we determine the optimal control to be applied at any point 
in the state space. The switching function s(x(t)) defines a switching 
hypersurface that divides the state space into two half-spaces. 
From one half-space the control u* = +1 is applied to drive the 
system to On-l, where the control switches to -1, until the system 
reaches On-Z, where the control again switches to +1, etc., until 
the origin is reached. From the other half-space the control se- 
quence is reversed; u* = - 1  is applied to transfer the system to 
0,- I , where the control switches to + I  , and so on, until reaching 
the origin. 
Finally, we determine a combination of physical devices to imple- 
ment the time-optimal control law. 

3. 

Before concluding our consideration of time-optimal problems, let us 
solve another second-order example that illustrates the procedure we have 
just summarized. 

Example 5.4-5. Find the control law for transferring the system 

-W) = xZO) 
.t,(r) = --ax,(r) + u(r) 

(5.4-47) 

from an arbitrary initial state xo to the origin in minimum time. The 
admissible controls are constrained by 

l U ( O l 5  1, (5.4-48) 

and a is a positive real number. 
The eigenvalues of this system are0 and --a; thus, since both eigenvalues 

are real and nonpositive, the hypotheses of Theorems 5.4-1 through 5.4-3 
are satisfied and we know that an optimal control exists that is unique 
and has at most (n  - 1) switchings. 

We are again dealing with a second-order system; thus, we know that 
the optimal control law is determined by a switching curve-in higher- 
dimensional problems switchings occur on hypersurfaces in the state 
space. 

From the minimum principle and Theorem 5.4-3, we find that the 
possible forms for the optimal control are the same as given for Example 
5.4-4 in Eq. (5.4-36). 

Next, let us proceed to find the sets 0, and 0- (from which the origin 
can be reached by applying only u = + - I ,  or u = -1) by solving the 
differential equations (5.4-47) with u = f I .  The solutions are 

I x,(r) = CIC" f -[I - €-"I 
(I 

(5.4-49) 

x,(r) = - %-" f -t 1 1  f +-a + c2 (5.4-50) a a a  
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These equations define two families of curves; to determine the curves 
which pass through the origin, set xI(t) = x2(t) = 0 and t = 0 (since the 
system is time invariant, t = 0 is an arbitrary reference time), solve for 
c, and c2, and substitute in (5.4-49) and (5.4-50) to obtain 

(5.4-51) 1 
a X2(-t) = f -[I - €-“I 

1 1 
a a  a XI(-t) = f --t f T 7-  (5.4-52) 

To determine O,, use the upper sign (which corresponds to u = +l), 
solve (5.4-51) for I, and substitute in (5.4-52) to obtain the relationship 

The set of points in the xI- x2 plane for whicb this equatim is satisfied is 
0,. Similar reasoning yields as the expression for 0- 

(5.4-54) 

Since Eq. (5.4-53) applies for x2(t) < 0 and (5.4-54) applies for x2(t) > 0, 
the expression for O1 (the set of all points that are in either 0, or 0-) is 
given by 

(5.4-55) 

The switching function is then 

The switching curves for a = 0.5, 1.0, and 2.0 are shown in Fig. 5-23, 
and some typical trajectories for a = 0.5 are shown in Fig. 5-24. It is 
left as an exercise for the reader to verify that for points above the switch- 
ing curve the optimal control is u* = -1 until reaching the switching 
curve, where u* switches to +1, and remains at + I  until the origin is 
reached, at which time u* = 0 is applied to keep the system at the origin. 
Similar reasoning gives the optimal control law for points below the 
switching curve. In summary, the optimal control law is 

t In denotes the natural logarithm, or log,. 
# This notation means that 0- is the set of points that satisfy the equation 
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- 1, for x(t) such that s(x(t)) > 0 
+ 1, for x(t) such that s(x(r)) < 0 

+ 1, for x(f )  such that s(x(t)) = 0 and xz(f)  < 0 

u*(t) = -1, for x(t) such that s(x(r)) = 0 and x2(t) > 0 (5.4-57) 

0, for x( f )  = 0. 

x , ( t )  

I 
A 

a=O.S a=I .O a=2 .0  

* X I  (0 

a = 2 . 0  a = I . O  a=0.5 

Figure 5-23 Time-optimal switching curves for Example 5.4-5 with 
a = 0.5,1.0,2.0 

Figure 5-24 Several optimal trajectories for Example 5.4-5 with 
a = 0.5 
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Summary 

In this section we have found that time-optimal controls for a rather 
general class of systems are “bang-bang”; that is, the optimal control switches 
between its maximum and minimum admissible values. 

A procedure for finding time-optimal control laws for time-invariant, 
linear regulator systems was discussed and demonstrated for two second- 
order systems. Although this procedure is conceptually straightforward, it 
does have serious limitations: 

1. For higher-order systems (n 2 3) it is generally difficult, if not impos- 
sible, to obtain an analytical expression for the switching hypersur- 
face. 

2. Even in cases where an expression for the switching hypersurface 
can be found, physical implementation of the optimal control law may 
be quite complicated, indicating that a suboptimal, but easier-to- 
implement, control law may be preferable. 

3. The procedure is generally not applicable to nonlinear systems, because 
of the difficulty of analytically integrating the differential equations. 

5.5 M I N I M U M  CONTROL-EFFORT PROBLEMS 

In the preceding section we considered problems in which the objective 
was to transfer a system from an arbitrary initial state to a specific target 
set as quickly as possible. Let us now consider problems in which control 
effort required, rather than elapsed time, is the criterion of optimality. Such 
problems arise frequently in aerospace applications, where often there are 
limited control resources available for achieving desired objectives. 

The class of problems we will discuss is the following: Find a control 
u*(t) satisfying constraints of the form 

Mi-  I ui(r) I Mi+,  i = I ,  2 , .  . . , my (5.5-1) 

which transfers a system described by 

%(t) = W t ) ,  W, I )  (5.5-2) 

from an arbitrary initial state x, to a specified target set S(r) with a minimum 
expenditure of control effort. 

As measures of control effort we shall consider the two performance 
indices 
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and 

where pi and r,, i = 1, . . . , m, are nonnegative weighting factors. As dis- 
cussed in Chapter 2, the fuel consumed by a mass-expulsion thrusting system 
is often expressed by an integral of the form (5.5-3); thus, if a performance 
measure to be minimized has the form given by J , ,  we shall refer to the prob- 
lem as a minimum-fuel problem. The total electrical energy supplied to a 
network of resistors by several voltage and current sources is given by an 
integral of the form (5.5-4); hence, if a performance measure of this form 
is to be minimized, we shall say that we wish to solve a minimum-energy 
problem. The reader must be cautioned that in a particular problem (5.5-3) 
may not represent fuel expenditure, or control energy required may not be 
given by (5.5-4); therefore, the results obtained in this section will apply to 
the performance measure J ,  or J2, not necessarily to the problems of mini- 
mizing fuel or energy consumption. 

Our discussion will be primarily devoted to solving several example 
problems that are rather elementary, but nonetheless indicative of the charac- 
teristics of fuel and energy-optimal systems.t 

Minimum-Fuel Problems 

In our discussion of minimum-time problems in Section 5.4 the concept 
of reachable states was introduced. Recall that R(t) was used to denote the 
set of states that can be reached at time t by starting from an initial state 
x, at time to. Minimum-fuel problems may also be visualized in terms of 
reachable states; that is, the minimum-fuel solution is given by the intersec- 
tion of the target set S(t) with the set of reachable states R(r), which requires 
the smallest amount of consumed fuel. To represent this idea geometrically we 
could use a state-time-consumed-fuel coordinate system and determine the 
intersections (if any) of S(t) and R(t). Unfortunately, although such a geomet- 
ric representation is helpful as a con'ceptual device, it is of limited value in 
actually obtaining solutions. Instead of pursuing this avenue further, we 
shall approach minimum control-effort problems by starting with the neces- 
sary conditions provided by Pontryagin's minimum principle. 

The Form of the Optimal Control for a Class of Minimum-Fuel Problems. Let 
us assume that the state equations of a system are of the form 

(5.5-5) 

't For additional reading on fuel- and energy-optimal systems see [A-21, [L-3], and [L-4]. 
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where B is an n x m array that may be explicitly'dependent on the states 
and time. The performance measure to be minimized is 

(5.5-6) 

and the admissible controls are to satisfy the constraints 

- 1  I u,(t) I + 1, i = 1, 2, . . . , m, t E [to, t,].T (5.5-7) 

The Hamiltonian is 

and the minimum principle requires that 

or 

2 I u:(t) I + p*r(r)wx*(t), r)u*(t) I 2 I U l ( t )  I + P*YOB(X*(~), t)u(t) 
1- I I= I 

(5.5-10) 

for all admissible u(t), and for all t E [to, t,]. As in Section 5.4 let us express 
B in the form 

where b,(x*(t), t) is the ith column of the n x m-dimensional B array. 
Assuming that the components of u are independent of one another, we have 
from (5.5-10) that 

The definition of I ui(t) I is 

t For simplicity we have assumed that MI- = -1, MI+ = +1, and /?i = 1 for i = 1.2, 
. . . , m. The derivation is easily modified if these assumptions are not made. 
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uZ(t) = 4 

u,(t), for 'u,(t) 2 0 
-u,(t), for ui(t) < 0; I ui(l) I P 

0, 

an undetermined nonnegative value if p*'(t)b,(x*(t), I )  = -1.0 
,an undetermined nonpositive value if p*'(t)b,(x*(t), t )  = + 1 .O. 

for -1.0 < p*'(t)b,(x*(t), t )  < 1.0 
-- 1.0, for 1.0 < p*'(t)b,(x*(f),t) (5.5-14) 

See. 5.5 

(5.5- I 2) 

therefore, 

I ~ i ( t )  I 3. P*'(t)bi(x*(t), t)ui(t) 

[ I  -t. p*'(t)bi(x*(t), t)]u,(t), for u,(t) 2 0 (5.5-13a) 
I 1. p*'(t)b,(x*(t), t)]u,(t), for u,(t) 50. (5.5-13b) 

Figure 5-25 illustrates the dependence of the optimal control on its coef- 
ficient in the Hamiltonian. Notice that whereas in minimum-time problems 
the optimal control is "bang-bang'' (see Fig. 5-18) the minimum-fuel control 
may be described as "bang-off-bang" (if we assume no singular intervals). 

In the remainder of this section we shall consider problems in which the 
plant dynamics are linear. 

Free Final Time. Let us now consider some examples of linear minimum- 
fuel problems in which the final time 1, is not specified. 

Example 5.5-1. The system 

i ( r )  = u(t) (5.5-1 5 )  

is to be transferred from an arbitrary initial state x,, to the origin. The 
performance measure to be minimized is 

t If p*'bl = *I  for a nonzero time interval, a singular solution exists; otherwise, a 
control switching is indicated. 
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Figure 5-25 The relationship between a fuelsptimal control and 
its coefficient in the Hamiltonian 

where if is free, and the admissible controls satisfy 

lu(r)l I l . 0 .  (5.5-17) 

It is desired to determine the optimal control law. 
From (5.5-15) and (5.5-16) the Hamiltonian is 

The costate equation 

- 0  (5.5-19) a x  p*(t) = - - - 
d X  

has a solution of the form 

P*(d = C l r  

where cI is a constant. 

(5.5-20) 
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From Eq. (5.5-14) with b, = B = 1, we have 

for p*(t) = c1 < -1.0 
for -1.0 < cI < 1.0 

an undetermined nonnegative value if cI = - 1.0 
an undetermined nonpositive value if c1 = +1.0. 

The solution of the state equation is 

thus, for XCtr) = 0 

or 

xo = -s" u(r) dt. 

Sec. 5.5 

(5.5-21) 

(5.5-22) 

(5.5-23) 

(5.5-24) 

Clearly, from (5.5-24) the control u(t) = 0, t E (0, t,] can be optimal 
only if xo = 0-a trivial case. Suppose that xo = 5.0; then each of the 
controls 

U ( t )  = -1,  
u(r) = -0.5 

t E [O, 51 
t E [0, lo] 

u(t) = -0.2, 
~ ( t )  = -0.1, 

t E (0,251 
t E [0,50] 

(5.5-25) 

-1,  I E [0,2] 
(-0.5 t E (2,8] 

u(t) = 

satisfies (5.5-24) and each makes J = 5.0. Now suppose we calculate a 
lower limit on the fuel required to force this system from xo to the origin. 
From (5.5-24) 

(5.5-26) 

But each of the controls of (5.5-25) satisfies J = Ixol;  therefore, each of 
these controls is optimal. In this example, the optimal controls are non- 
unique. Notice, however, that the optimal controls of Eq. (5.5-25) each 
require a different amount of time to transfer the system to the origin. 

In the preceding example there were many optimal controls (an infinite 
number); let us now consider an example in which an optimal control does 
not exist. 
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Example 5.5-2. It is desired to transfer the system 

i ( r )  = -ux(r) + u(r) (5.5-27) 

from an arbitrary initial state xo to the origin with admissible controls 
satisfying 

l @ ) l  5 1 ,  (5.5-28) 

and a > 0. 
The performance measure to be minimized is 

J(u) = r: I ~ 0 )  I dt, (5 5 2 9 )  

where t f  is free. 

the Hamiltonian is 
Using the state equation and the performance measure, we find that 

thus, the costate equation is 

8 2  B*(r) = - - = up*(r), 
d X  

(5.5-31) 

which implies that 

p*(t) = C,€#', (5.5-32) 

where c1 is a constant of integration. 
From Eq. (5.5-14) with br = B = 1, the form of the optimal control is 

+1.0, for p*(r) < -1.0 

-1.9 for 1.0 <p*(t) .  
0, for - 1 .O < p*(r) < 1 .O (5.5-33) 

Notice that when Ip*(r)l passes through the value 1.0, a witching of the 
control is indicated. Another possibility is that Ip*(r)l might remain 
equal to 1.0 for a finite time interval; however, since 

p*(r) = c , P  

and u > 0, it is clear that this situation cannot occur. It should be em- 
phasized that the foregoing development tacitly assumes that an optimal 
control exists; we shall test the validity of this assumption shortly. 

p*(r) will be one of the five forms shown in Fig. 5-26, dependingon the 
value of cI. The optimal controls, given by Eq. (5.5-33), which corre- 
spond to Fig. 5-26 are 
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Figure 5-26 Possible forms for the costate and the corresponding 
fuel-optimal controls 

u*(r) = -1, t E to, t f l ,  for 1 5 c1 

u*(t) = + I ,  t E [O, t f l ,  for cI < - 1  
u*(r) = 0, t E [0, t f ] ,  for cI = 0.' 

We shall denote these five forms by u* = ( - I ) ,  (0, - I ) ,  (0, + I ) ,  [ + I ) ,  
and (01, respectively. 

The solution o f  the state equation is 
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Notice that if the control is identically zero, then at t = t t  

x( t f )  = €-mfXo. (5.5-36) 

Since the system is stable, it naturally moves toward zero when no control 
is applied. If we are willing to wait long enough, the system will come 
arbitrarily close to (but never precisely reach) zero-and without the 
expenditure of any control effort at all. However, the problem statement 
stipulated that x(tf) = 0, not Ix(tf)l < q, where q is some arbitrarily small 
positive number. If xo > 0, then clearly u* = { -11, (0, -1) are the only 
possible choices for the optimal control (why?). If u(r) = -1 for 
t E [0, tf], it can be shown from (5.5-35) that x(tf) = 0 implies 

(5.5-37) 

thus, the fuel consumption using this control would be [In (axo + l)]/u. 

t l  5 t 5 r,. From (5.5-35) 
Now, suppose u(t) = 0 is applied for 0 I t < t l  and u(r) = -1 for 

x(tf) = €-‘“xO + Ea7[-1] d ~ ;  (5.5-38) s:: 
setting x(tf) = 0 and performing the indicated integration, we obtain 

(5.5-39) 0 = ,5-4t1xO - --[I 1 - e-dv-t~l]. 
U 

Solving for tf - r I  gives 

(5.5-40) 1 tf - 11 = - -h(l - uxoe-af’), 
U 

but since t f  is free, ~ ~ e - ~ ~ ’  can be made arbitrarily small by letting 
tf + 00, so 

[tf - tJ+0 as tf- 00. (5.5-41) 

But tf - t l  is the interval during which u = -1 is applied, and by 
making tf very large the consumed fuel can be made arbitrarily small 
(but not zero). Our conclusion is that if t f  is free an optimal control does 
not exist-given any candidate for an optimal control, it is always pos- 
sible to find a control that transfers the system to the zero state with 
less fuel. 

It is left as an exercise for the reader to verify that the same conclusions 
hold when xo < 0. 
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In the preceding example we have simply verified mathematically what 
common sense tells us; if elapsed time is not penalized, and the system moves 
toward the desired final state without consuming any fuel, the optimal strat- 
egy is to let the system drift as long as possible before any control is applied. 
At this point the reader might wonder: what did the minimum principle do 
for us? Could we not have deduced the same conclusions without using it 
at  all? The answer to these questions is that quite likely the same conclusions 
could have been reached by intuitive reasoning alone, but the minimum 
principle, by specifying the possible forms of the optimal control, greatly 
reduced the number of control histories that had to be examined. In addition, 
we must remember that our interest is in solving problems that generally 
require more than physical reasoning and common sense. 

Let us next discuss minimum-fuel problems with fixed final times. 

Fixed Find Time. First, let us reconsider the preceding examples with the 
final time specified; that is, r, = T. The value of T must be at least as large 
as t*,  the minimum time required to reach the specified target set from the 
initial state x,. 

In Example 5.5-1 we found that the optimal control was nonunique-there 
were an infinite number of controls that would transfer the system to x(f,) 
= 0 with the minimum possible amount of fuel. The situation with t ,  = T 
is much the same unless T = t*. In this case, the minimum-fuel and mini- 
mum-time controls are the same and unique. If, however, T > t*, there are 
again an infinite number of controls that are optimal; it is left as an exercise 
for the reader to verify that this is the case. Fixing the final time does not 
alter the nonuniqueness of the optimal controls for the system of Example 

Let us now see if fixing the final time has any effect on the existence of 
5.5-1. 

fuel-optimal controls for the system of Example 5.5-2. 

Example 5.5-3. The possible forms for optimal controls and the solution 
of the state equation are given in (5.5-34) and (5.5-35). If the fixed final 
time T is equal to the minimum time t* required to reach the origin from 
the initial state xo, then u*(t) is either + I  or -1  throughout the entire 
interval [0, TI, and 

or 

(5.5-42a) 1 x, = F-[@ - I]. 
(I 

This expression defines the largest and smallest values of xo from which 
the origin can be reached in a (specified) time T. Initial states that satisfy 
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u*(r) = 

(5.5-43) 1 -[@ - 11 < 1x01 
U 

1 
a ' 0 ,  for xo > 0 and r < - In (car - axo) 

1 -1, for xo > 0 and -In (car - u.~,,) 

0, for xo < 0 and t < a In (car + axo) 

+ I ,  for xo < 0 and a In (cnr + are) 5 t < T. 

I 5 T U 

1 

1 

cannot be transferred to  the origin in time T; therefore, we shall assume 
in what follows that 

(5.5-44) 1 
1x01 <,[€" - 11. 

If (5.5-44) is an equality, this means that T = i + ;  otherwise, T >  I*, 
and the form of the optimal control must be as shown in Fig. 5-2qb) 
or (c). The optimal control must be nonzero during some part of the 
time interval, because we have previously shown that the system will not 
reach the origin in the absence of control. 

If xo > 0, the optimal control must have the form u* = (0, -1) 
shown in Fig. 5-2qb). Substituting u(r) = 0, t E (0, t l ) ,  u(r) = -1, 
t E [t ,, TI, in (5.5-35) and performing the integration, we obtain 

Solving this equation for t , ,  the time when the control switches from 0 
to -1, gives 

(5.5-46) 1 
t l  = - U In (coT - axo). 

Similarly, if xo < 0, the optimal control has the form u* = [O, +1) 
shown in Fig. 5-26(c), and 

Solving for the switching time r', yields 

1 r', = a In ( c o t  + axo). 

From (5.5-46) and (5.5-48) the optimal control is 

(5.5-47) 

(5.5-48) 

(5.5-49) 

co
nt

ro
len

gin
ee

rs
.ir



270 The Calculus of Variarions and Pontryagin S Minimum Principle Sec. 5.5 

Notice that the optimal control expressed by (5.5-49) is in open-loop 
form, because u*(t) has been expressed in terms of xo and t; that is, 

u*(t) -. e(xo, 1) .  (5.5-50) 

From an engineering point of view we would prefer to have the optimal 
control in feedback form; that is, 

u*O) = f ( x ( 0 , O .  (5.5-51) 

To obtain the optimal control law, we observe that 

X( T )  = € - a [ T - I l ~ ( t )  + €-a' €"u(z) d7 (5.5-52) s: 
for all t. We know that during the last part of the time interval the control 
is either + 1 or - 1, depending on whether x(r) is less than zero or greater 
than zero; thus, assuming x(r) > 0, we have 

x(T)  = 0 = €-alT-"x(r) - e-.ry €or d7, t 2 I l .  (5.5-53) 
I 

Performing the indicated integration and solving for x(t) gives 

During the initial part of the time interval, the optimal control is zero; 
consequently, 

x(t)  = €-a'Xo, t < I , .  (5.5-55) 

The switching of the control from 0 to - 1  occurs when the solution 
(5.5-55) for the coasting interval (u = 0)  intersects the solution (5.5-54) 
for the on-negative infervaf (u = -1). Figure 5-27 shows these solutions. 
Defining 

1 z(T - I )  p --[€-I - I], (5.5-56) 

we observe that the control should switch from 0 to - I  when the state 
x(r) is equal to z(T - t ) .  It is left as an exercise for the reader to verify 
that if - [car - Il/a < xo < 0 the optimal control switches from 0 to 
+ I  when 

x(r) = -z(T - I ) .  (5.5-57) 

To summarize, the optimal control law is 
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X U )  

xforu=-I  

I .  4 
C f  

r 
u * w  = 0 U * ( f )  = - I  

Figure 127 The two segments of  a fuel-optimal trajectory 
0 < xo < [€‘T - ll/a 

-1, for x ( r )  2 z ( T -  t )  

+1, for x(t) < -z(T - t )  
0, for Ix(t)l < z(T - t )  (5.5-58) 

or, more compactly, 

0, for Ix(r)l < z(T - I )  

-sgn ( f i t ) ) ,  for Ifit) I 2 z(T - t).t (5.5-58a) 
u*(r) = 

An implementation of this optimal control law is shown in Fig. 5-28. 
The logic element shown controls the switch. Notice that the controller 
requires a clock to tell it the current value of the time-the control law 
is time-varying. Naturally, this complicates the implementation; a time- 
invariant control law would be preferable. 

Selecting the Final Time. In the preceding example fixing the final time led 
to a time-varying control law. We next ask: “How is the final time specified ?” 
To answer this question, let us see how the minimum fuel required depends 
on the value of the final time T. Equations (5.5-46) and (5.5-48) indicate 
that the control switches from 0 at 

t Here we define sgn (0) & 0. 
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I 
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I 
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I 
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I 
I 
I 
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I 

Ideal relay 

q ( T -  I ) >  0 

Switch 

/ // L T - , , O  - - 
/ 
/ Absolute value 
/ function generator 

1 I /  I element Logic * * ( T -  ,+in- 

Switching 
function generator 
n 

CONTROLLER 

Figure 5-28 Implementation o f  a time-varying fuel-optimal control 
law. 

(5.5-59) 1 
I -  u 

t - - ln( f l -uIx , , I )  

and remains at f 1 until the final time is reached; thus, the fuel consumed is 

(5.5-60) T - t ,  = T--In(PT-ulxoI) .  1 
U 
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Using Eq. (5.5-a), the designer can obtain’ a plot of consumed fuel 
versus final time for several values of xo selected from the range of expected 
initial conditions; one such curve is shown in Fig. 5-29 for lxol  = 10.0 
and a = 1.0. The selection of T is then made by subjectively evaluating the 
information contained in these curves. Figure 5-29 indicates that in this 
particular example the value chosen for Twill reflect the relative importance 
of consumed fuel and elapsed time. 

The reader may have noticed that in Examples 5.5-1 through 5.5-3 a 
“trade-off existed between fuel expenditure and elapsed time. The reason 
for this is that in each case the target set was the origin, and with no control 
applied the state of these systems either moved closer to the origin (Examples 
5.5-2 and 5.5-3) or remained constant (Example 5.5-1). If the plants were of 
such a form that the states moved away from the target set with no control 
applied, the solutions obtained could have been quite different-see Problem 
5-28. 

Fuel consumed 

Final time, T 

Figure 5-29 Dependence of consumed fuel on specified final time 
T, 1x01 = 10 

A Weighted Combination of Elapsed Time and 
Consumed Fuel as the Performance Measure 

The preceding examples in this section illustrated a trade-off between 
elapsed response time and consumed fuel; that is, the fuel expended to 
accomplish a specified state transfer was inversely proportional to the time 
required for the transfer. One technique for handling problems in which this 
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u*(t) = 

trade-off is present is to include both elapsed time and consumed fuel in the 
performance measure. For a system with one control, such a performance 
measure would have the form 

' 1.0, for p*(t) < - 1.0 
0, for - 1.0 < p*(t) < 1.0 

-1.0, forp*(r) > 1.0 (5.5-65) 
undetermined, but nonnegative for p*(t) = - l.0t 

,undetermined, but nonpositive for p*(r) = +l.O.t 

J(u) = [ A  + I u(t) I] dt. 
I. 

(5.5-61) 

The final time t, is free, and A > 0 is chosen to weight the relative importance 
of elapsed time and fuel expended. For A -, 0 the optimal system will re- 
semble a free-final-time, fuel-optimal system, whereas for A --i 00 the optimal 
solution will resemble a time-optimal solution. Let us now reconsider Exam- 
ple 5.5-2 with (5.5-61) as the performance measure. 

Example 5.54. The state equation and control constraint are given in 
Eqs. (5.5-27) and (5.5-28). The Hamiltonian is 

X ( X ( t h 4 0 ,  P ( 0 )  = A + 140 I - P(~)ax(t)  + P(t)u(t), (5 .542)  

and the costate equation is (again) 

p*(t) = up*(r); (5.5-63) 

thus, 
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In this problem the final time is free and t does not appear explicitly in 
the Hamiltonian; therefore, from Eq. (5.3-41), 

&‘(x*(t), u*(t),p*(t)) = 0 for all t E [0, t,]. (5.5-67) 

If Eq. (5.5-67) is to be satisfied, then Eq. (5.5-66) implies that 

or 

A x*(t) = - ac €or 
for all t E [0, t,]. 

(5.5-68) 

(5.5-68a) 

Since x*(t,) = 0, Eq. (5.5-68a) can be satisfied for A > 0 at t ,  only if 
t f  + 03, but this implies that the minimum cost approaches 03. From 
our earlier discussion of this example, however, we know that controls 
can be found for which J < 03; therefore, we conclude that u(t) = 0, 
t E [0, tf],  cannot be an optimal control. 

If u* = (0, -1) is the form of the optimal control, p*(t) must pass 
through the value +1.0 at the time t l ,  when the control switches [see 
Eq. (5.5-65)]. In addition, we know from Eq. (5.5-65) that u*(tl)  is some 
nonpositive value, so I u*(t,)l = -u*(tl). The Hamiltonian must be zero 
for all t; thus, at time t l  

which implies that 

(5.5-70) A 
a x*(t I )  = - * 

This equation is an important result, for it indicates that if there is a 
switching of control from 0 to -1 it occurs when x*(t) passes through 
the value A/u. From Eq. (5.5-35)-the solution of the state equations- 
and Eq. (5.5-70) we obtain the family of optimal trajectories 

x(t)  = x&-” 

A control of the form (0, -1) cannot transfer the system i ( t )  = -ux(t) + u(t) from a negative initial state value to the origin; hence, Eq. (5.5-71) 
applies for xo > 0. 

Optimal trajectories for several different values of xo are shown in 
Fig. 5-30. Notice that if 0 < xo < A/u, the optimal strategy is to apply 
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Figure 5-30 Several optimal trajectories for a weighted-time-fuel 
performance measure. 

u*(t) = -1 until the system reaches x(t) = 0. This is an intuitively 
reasonable result, because if 1 -, w, all trajectories begin with xo < 1/u 
and will thus be minimum-time solutions. On the other hand, if 1 -, 0 
the line 1/u moves very close to zero, and the optimal strategy approaches 
that indicated by Example 5.5-2 with free final time; let the system coast 
to  as near the origin as possible before applying control. 

The reader can show that for xo < -1/u, the optimal strategy is to  
allow the system to coast [with u*(t) = 01 until it reaches x(t) = -&, 
where the optimal control switches t o  u*(t) = +I.  

The optimal control law-which is time-invariant-is summarized by 

0, for; 1 < x(t) 

1 -1.0, for 0 < x(t)  < a I 
1 +1.0, for - a < x(t )  < 0 u*(r) = (5.5-72) 

1 0, for x(t)  < - 7 I 0, for x(t)  = 0. 
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Figure 5-31 illustrates this optimal control law and its implementation. 
In solving this example the reader should note that we were able to 
determine the optimal control law using only the form of the costate 
solution-there was no need to solve for the constant of integration cI. 
We also exploited the necessary condition that 

*(x*(t), u*(t), P*(t)) = 0, f E [O, ffl, (5.5-73) 

for ff free and 2 not explicitly dependent on t, to determine the optimal 
control law and to show that the singular condition could not arise. 

Let us now consider a somewhat less elementary example, which further 
illustrates the use of a weighted-time-fuel performance measure. 

Example 5.5-5. Find the optimal control law for transferring the system 

= 

Z2(t) = u(t) 
(5.5-74) 

from an arbitrary initial state x(0) = x,, # 0 to the final state x( t f )  = 0 
with a minimum value of the performance measure 

J(u) = s" [A + I dt) I] dt. (5.5-75) 

The admissible controls are constrained by 

lu(t)l5 1.0; (5.5-76) 

the final time tf is free, and A > 0. 
The reader can easily verify that the presence of A in the Hamiltonian 

* (x( t ) ,  4 t h  P(0) = 2 + lu0)l +pl( t )x2(t)  +p2(r)dt) 65-77]  

does not alter the form of the optimal control given by Eq. (5.5-14); 
therefore, we have 

1 .O, for p$(r) < - I .O 
0, for -1.0 < p:(r) < 1.0 

undetermined, but 20 forp$(t) = -1.0 
undetermined, but 10 for p f ( t )  = + 1.0. 

- 1 .O, for 1 .O < p$(r) (5.5-78) 

The costate equations 

(5.5-79) 
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Figure 5-31 (a) The optimal control law for Example 5.5-4. (b) 
Implementation of the weighted-time-fuel optimal control law of 
Example 5.5-4 
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have solutions of the form 

(5.5-80) 

Clearly, pf can change sign at most once, so the optimal control must 
have one of the forms (excluding singular solutions) 

First let us see whether or not there can be any singular solutions. 
For p f ( t )  to be equal to fl.O during a finite time interval, it is necessary 
that c1 = 0 and c2 = fl.O. Substituting p f ( t )  = f l  in (5.5-77), and 
using (5.5-78) and the definition of the absolute value function, we obtain 

&‘(x*(t), u*(r), p*(t)) = Iz  =- 0 (5.5-82) 

if the singular condition is to occur, but we know (since is explicitly 
independent of time and t ,  is free) that the Hamiltonian must be zero 
on an optimal trajectory. We conclude, then, that the singular condition 
cannot arise in this problem. 

Let us now investigate the control alternatives given by Eq. (5.5-81). 
First, observe that none of the alternatives that ends with an interval of 
u = 0 can be optimal because the system (5.5-74) does not move to the 
origin with no control applied. Next, consider the optimal control 
candidates 

u* = [-l),[O, -l),[+l,O, -1). (5.5-83) 

To be optimal, the trajectories resulting from these three control forms 
must terminate at the origin with an interval of u* = --I control. 
The system differential equations are the same in this problem as in the 
minimum-time problem discussed in Example 5.4-4, so the terminal seg- 
ments of these trajectories all lie on the curve B-0 in Fig. 5-2qb). Now, 
for any interval during which u(t) = 0 the state equations are 

which implies that 

x2(t)  = c3 = a constant 
X l ( t )  = C3t + c4. 

(5.5-84) 

(5.5-85) 

Thus, as time increases, x l ( t )  increases or decreases, depending on whether 
x2(t)  is greater or less than zero when the control switches to u = 0. 
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Several trajectories for u = 0 are shown in Fig. 5-32; the direction of 
increasing time is indicated by the arrows. Notice that if x2(t)  = 0 when 
the control switches to zero, the value of x ,  does not change until the 
control becomes nonzero. 

Figure 5-32 Trajectories for u = 0 

Trajectory segments generated by u = +1 are the same as trajec- 
tories shown in Fig. 5-2qa). 
To draw the candidates for an optimal trajectory we simply piece 

together segments of the trajectories shown in Figs. 5-20 and 5-32. The 
trajectories C-D-E-0, C-F-GO, and C-H-1-0 shown in Fig. 5-33 are 
three Candidates for an optimal trajectory which has the initial state xo. 
Our task now is to determine the point on segment C-K, where the 
optimal control switches from +1 to 0. Once this point is known, 
we can easily determine the entire optimal trajectory. 

Let t l  be the time when the optimal control switches from +1 to 0, 
and let t2  be the time when the optimal control switches from 0 to -1. 
Clearly, t l  occurs somewhere on segment C-K and t2  on segment K-0. 
We know from Eq. (5.440) that on K-0 

x:(r) = - ;xy ( t ) ,  (5.5-86) 

so 

(5.5-87) 
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x,W 

B 
\ u = -  I 

u = o  
Dt--- -+----- 

Figure 5-33 Three candidates for the optimal trajectory with 
initial state xo 

In addition, integrating Eq. (5.5-84) gives 

XT(t2) = xt(r1) + xf(t1)[rz - r11, (5.5-88) 

and from Eqs. (5.5-80) and (5.5-78) we obtain 

pf ( t1 )  = -c,r1 + c2 = -1.0 (5.5-89) 

(5.5-90) pf ( t2 )  = -C1lz + C2 = +1.0. 

Because p f ( f l )  = - 1  and p f ( t z )  = + I ,  the necessary condition that 
8 be identically zero requires that 

Iz  + c , x f ( t , )  = 0 

and 

(5.5-91) 

Iz  + c,xf(r,) = 0. (5.5-92) 

Let us now solve Eqs. (5.5-87) through (5.5-92) for xt( t , ) .  

x f ( t l )  = xf ( t2 )  and that 
First we observe that Eqs. (5.5-91) and (5.5-92) imply that 
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Subtracting (5.5-90) from (5.5-89) gives 

2 
C1 

[12 - t l ]  = - - 7  

which, if we use (5.5-93), becomes 

Putting this in (5.5-88) yields 

Sec. 5.5 

(5.5-93) 

(5.5-94) 

(5.5-95) 

(5.5-96) 

Substituting the right side of Eq. (5.5-87) for xf ( t2 )  and using the fact 
that xf ( t2 )  = x f ( t l ) ,  yields 

(5.5-97) 

Collecting terms, we obtain 

(5.5-98a) 

This is the sought-after result. The values of x I  and x2 that satisfy Eq. 
(5.5-98a) are the locus of points where the control switches from -tl to 
0. It is left to the reader to show that for u* = [ - l , O ,  + I )  the locus 
of points which defines the switching from u* = -1 to u* = 0 is given by 

Notice particularly that Eq. (5.5-98) together with Eq. (5.5-87) and its 
counterpart for u*(r) = + I define the optimal control law. Furthermore, 
this optimal control law is time-invariant. The switching curves for 
2 = 0.1, 1.0, and 10.0 and several optimal trajectories for 1 = 1.0 are 
shown in Fig. 5-34. Observe that if 1 -+ co the switching curves merge 
together-the interval of u* = 0 approaches zero, and trajectories 
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t 

Figure 5-34 (a) Switching curves for weighted-timefuel optimal 
performance. (b) Weighted-time-fuel optimal trajectories for three 
initial conditions (A = 1.0) 
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approach the time-optimal trajectories of Example 5.4-4. On the other 
hand, if 1 -. 0, the interval of u* = 0 approaches infinity, and the 
trajectories approach fuel-optimal trajectories. 

The numerical value of 1 must be decided upon subjectively by the 
designer. To help in making this decision, curves showing the dependence 
of elapsed time and consumed fuel on 1-such as Fig. 5-35-could be 
plotted for several initial conditions. 

I I I I 
Fuel Time 

2.5 - 50. - 

2.0 - 40. 

- 

- 

0.5 - 10. - 

0.001 0.01 0. I I .  10. 100. 
a 

Figure 5-35 The dependence of elapsed time and consumed fuel on 
the weighting parameter 1, x(0) = [ -ii] 

Minimum-Energy Problems 

The characteristics of fuel-optimal problems and energy-optimal problems 
are similar; therefore, the following discussion will be limited to one exam- 
ple, which illustrates some of the differences between these two types of 
systems. 

Example 5.56. The plant of Examples 5.5-2 and 5.5-4 

k(r) = -aw(r) + u(r) (5.5-99) 

is to be transferred from an arbitrary initial state, x(0) = xo, to the 
origin by a control that minimizes the performance measure 

the admissible controls are constrained by 

Iu(0l I 1. (5.5-101) 
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The plant parameter a and the weighting factor 1 are greater than zero, 
and the final time tf is free. The objective is to find the optimal control 
law. 

The first step, as usual, is to form the Hamiltonian, 

* M I ) ,  4th p( t ) )  = 2 + u*(t) - p(t)ax(r) + p(r)u(r). (5.5-102) 

The costate equation and its solution are 

@*(r) = up*(r) (5.5-103) 

and 

p*(r) = c p ' .  (5.5-104) 

For lu(r)l < 1, the control that minimizes 8 is the solution of the 
equation 

ax 
aU - = 2u*(r) + p*(r) = 0. 

Notice that 8 is quadratic in u( r )  and 

;u: -- - 2 > 0, 

(5.5-1 05) 

(5.5-106) 

so 

u*(r) = - ip*(r )  (5.5-107) 

does globally minimize the Hamiltonian for I u*(t) I < 1, or, equivalently, 
for 

If Ip*(t) I 2 2, then the control that minimizes X' is 

+ ItO, for p*(r) -2.0 
- 1 .O, for 2.0 2 p*(r). 

(5.5-109) u*(r) = 

Putting Eqs. (5.5-107) and (5.5-109) together, we obtain 

1 .O, for p*(r) 2 -2.0 

- 1 .O, for 2.0 2 p*(r). 
-4 p*(r), for -2.0 < p*(r) < 2.0 (5.5-1 10) 

This relationship between an extremal control and an extremal costate 
is illustrated in Fig. 5-36. There is no possibility of singular solutions 
in this example, since there are no values of p*(r) for which the Hamil- 
tonian is unaffected by u(r). 
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I 

Figure 5-36 The relationship between an extremal control and 
costate 

We rule out the possibility that p*(t) = 0 for t E [0, t,] (since this 
implies u*(t) = 0 for t E [0, t,] and the system would never reach the 
origin); the possible forms forp*(r) are shown in Fig. 5-37. Corresponding 
to the costate curves labeled 1,2,3, and 4 are the optimal control pos- 
sibilities: 

1. u* = ( -$p*) ,  or ( - $ p * ,  -1.01, (5.5-1 1 la) 

depending on whether or not the system reaches the origin before p* 
attains the value 2.0. 

2. u* = (-1.0). 

3- u* = [ -$p*) ,  or ( - ; p * ,  +I.o), 

(5.5-1 11 b) 

(5.5-1 1 Ic) 

depending on whether or not the system reaches the origin before p* 
attains the value -2.0. 

4. u* = [+LO). (5.5-1 I Id) 

The controls given by (5.5-1 1 la) and (5.5-1 11 b) are nonpositive for all 
t E [0, t,] and correspond to positive state values. This can bc scen from 
the solution of the state equation 

x(t,) = 0 = €-,+rJX(t) + €-off €"'u(t) d t ,  (5.5-1 12) s:' 
which implies that 

-€%-(t) = J:' €"'u(t) dr. (5.5-1 13) 
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Figure 5-37 Possible forms for an extremal costate trajectory 

For 47) nonpositive when 7 E [t,  t,], the integral is negative; therefore, 
x(t) must be positive. Similarly, the nonnegative controls specified by 
Eqs. (5.5-1 1 lc) and (5.5-1 1 ld) correspond to negative values of x(t). 

Since tf is free, and the Hamiltonian does not contain t explicitly, it is 
also necessary that 

S ( x * ( t ) ,  u*(r), p*(r)) = 0, t E [to, t,]. (5.5-1 14) 

If the control saturates at the value - 1 when t = t i ,  then from (5.5-1 lo), 
p*(t,) = 2.0; substituting u*(r,) = - 1  and p*( t l )  = 2 in X ,  we obtain 

#(x*( t I ) ,  ~ * ( t l ) , p * ( t i ) )  = 1 + 1 - 2 ~ x * ( t I )  - 2 = 0, (5.5-115) 

which implies 

(5.5-1 16) 1 - 1  
X * ( t l )  = - - 2a 

If the control saturates at - 1 when t = t , ,  then from (5.5-1 1 1) u*(t) = - 1 
for t E [ t , .  t,], and x*(r) < x*(t l )  for t > t , ;  thus, 

1 - 1  u*(r) = - 1 for 0 < x*(r) < (5.5-1 17a) 

Using similar reasoning, we can show that if the control saturates 
at the value +1 when t = t',, then 
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‘*(‘I = ‘ 

(5.5-118) A - 1  x*(ri) = 

’[ux(r) - .J[ux(r)]Z + A], for o < 2a < x(r) 

A - 1  -1.0, for 0 < x(r) 5 - 
247 

+1.0, for - - x(r) < 0 (5.5-122)t 

[ a ~ ( l )  + I/[ax(r)lz + A], for x(r) < - 1-1 2a < o 

and 

u*(r) = +1 for I ! !  < x*(r) < 0. (5.5-117b) -2a 

Notice that if A 1, x*(t , )  < 0 in (5.5-1 16), and x*(t;) 2 0 in (5.5-1 18), 
but (5.5-116) applies for positive state values and (5.5-118) applies for 
negative state values; hence the optimal control does not saturate for 

Let us now examine the unsaturated region where u*(t) = -$p*(r). 
A <  1. 

Again using the necessary condition of Eq. (5.5-1 14), by substituting 
u*(r) = -+p*(r), we obtain 

Solving for p*(r) yields 

which implies 

If x*(t) > 0, u*(r) must be negative, so the minus sign applies; for 
x*(r) < 0 the positive sign applies. The optimal control law, if we put 
together Eqs. (5.5-121) and (5.5-1 17), is 

whereas the weighted-time-energy-optimal controls can assume all values 
from -1 to +l. 

t The optimal control law is valid for all state values, so we write x(r)  instead of x*(r). 
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Figure 5-38 (a) The weighted-time-energy optimal control law for 
Example 5.5-6: I = 2 . 0 , ~  = 1.0. (b) Implementation of the 
weighted-time-energy optimal control law for Example 5.5-6 
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To provide an additional basis for comparing this energy-optimal 
system with the fuel-optimal system of Example 5.5-4, several optimal 
trajectories for each system are shown in Fig. 5-39. For the weighted- 
time-energy-optimal system 2 was 2; the value of 2 for the weighted- 
time-fuel-optimal system was adjusted for each initial condition to make 
the two systems require the same amount of time to reach the origin. 
The fuel and energy requirements for the two systems are summarized 
in Table 5-2. 

Table 5-2 FUEL AND ENERGY REQUIREMENTS FOR THE SYSTEMS OF 
EXAMPLES 5.5-4 AND 5.5-6 

Initial Time required Fuel for time- Fuel for Energy for  time- Energy for 
condition to reach fuel-optimal time-energy- energy-opti- time-fuel- 

x(0) x ( t f )  = 0 system optimal system ma1 system optimal system 

1.5 0.982 0.8252 0.8434 0.1413 0.8252 

2.0 1.205 0.9138 0.9559 0.8043 0.9138 

2.5 1.393 0.9688 1.0326 0.8356 0.9688 

3.0 1.555 1 .OO38 1.0883 0.8548 1 .OO38 

5.0 2.034 1.0612 1.2090 0.8858 1.0612 

1.0 2.361 1.0788 1.2636 0.8950 1.0188 

Summary 

In this section we have considered the optimization of systems whose 
control effort is to be conserved. Although our discussion was primarily 
concerned with the solution of several example problems, it was shown that 
the form of fuel-optimal controls for a class of nonlinear systems is “bang- 
off-bang”; it was left as an exercise for the reader (Problem 5-30) to show 
that the form of energy-optimal controls for the same class of nonlinear 
systems is a continuous, saturating function. 

In all of the examples considered a trade-off existed between conservation 
of control effort and rapid action. It was found that such problems may be 
characterized by nonunique or nonexistent optimal controls when the final 
time is free, and that fixing the final time may still result in nonunique optimal 
controls or in a time-varying optimal control law. To circumvent these dif- 
ficulties, a performance measure consisting of a weighted combination of 
elapsed-time and control-effort expended was introduced. In the problems 
solved, this form of performance measure resulted in time-invariant optimal 
control laws, and, in addition, reflected the trade-off between conservation of 
control effort and rapid action. It should be emphasized that there are alter- 
native formulations of minimumtontrol-effort problems (see Problem 5-33) 
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; ( I )  =--xu) + u(r)  - time-energy - - - time-fuel 

I * r  
0.4 0.8 1.2 1.6 2.0 2.4 

Figure 5-39 Weighted-time-fuel and weighted-time-energy optimal 
trajectories 

and that conserving control effort and obtaining rapid action may not always 
be conflicting objectives (see Problems 5-28 and 5-31). 

No attempt was made to generalize the results of the examples to a “design 
procedure.” The reason for this omission is that unless the system is of low 
order, time-invariant, and linear, we have little hope of analytically determin- 
ing the optimal control law. The difficulties mentioned at the end of Section 
5.4 for time-optimal systems also apply to the energy- and fuel-optimal sys- 
tems considered here-only more so. The primary virtue of the discussion in 
this section is that it provides insight into the form of the optimal control 
and furnishes a starting point for numerical determination of the optimal 
control law. 

5.6 SINGULAR INTERVALS IN OPTIMAL CONTROL PROBLEMS 

In discussing minimum-time and minimum-control-effort problems we 
have used Pontryagin’s necessary condition, 
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for all t E [to, t,] and for all admissible u(t), to determine u*(r) in terms of 
the extremal states and costates. If, however, there is a time interval [ t , ,  r,] 
of finite duration during which the necessary condition (5.6-1) provides no 
information about the relationship between u*(r), x*(t), and p*(t), then we 
say that the problem is singular. The interval [ t l ,  f,] is called an interval of 
singularity, or simply a singular interval. 

We shall now investigate the conditions that allow singular intervals to 
occur, and the effects of singular intervals on optimal controls and trajec- 
tories. To begin our investigation, let us return to a minimum-time problem 
discussed in Section 5.4. 

Example 5.61. In Example 5.4-4 we considered the problem of trans- 
ferring the system 

(5.6-2) 

from an arbitrary initial state to the origin in minimum time. The admis- 
sible controls were required to satisfy the inequality 

I UO) I I 1 .o. (5.6-3) 

In solving this problem we assumed that a singular interval did not 

The Hamiltonian is 
exist; let us now verify that this assumption was correct. 

P f ( t )  = 0, ( 5 . 6 6 )  

then (5.6-5) provides no information about the relationship between u*(t), 
x*(r), and p*(r). Therefore, if 

p f ( t )  = 0 for t E [ tI ,  t,], (5.67) 

then [ t , ,  t,] is a singular interval.? Let us investigate further to see if this 
condition can occur. The costate equations 

t Isolated times when pf(r) pusses through zero indicate a switching of the control, not 
a singular interval. 
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have solutions of the form 

(5.6-8) 

(5.6-9) 

But for pf ( r )  = 0 for t E [tI,  t , ]  it is necessary that 

c ,  = o  (5.6-1Oa) 

and 

c, = 0. (5.6-lob) 

Substituting these values in the Hamiltonian gives 

X ( x * ( t ) ,  u*(t), p*(t)) = 1 for all t E [0, tf], (5.6-11) 

but since the final time is free and X is explicitly independent of time, 
Eq. (5.6-1 1) violates the necessary condition that 

X(x*(t), u*(t), p*(t)) = 0 for all t E [0, t,]. (5.612) 

We conclude that pf(r)  cannot be zero during a finite time interval, and, 
thus, that a singular interval cannot exist. 

Let us now discuss in more generality the possibility of singular intervals 
occurring in linear minimum-time problems. 

Singular Intervals in Linear Time-Optimal Problems 

Consider the minimum-time transfer of the linear, stationary system 

k(t) = Ax(t) + bu(t) (5.6-13) 

from an arbitrary initial state x, at t = 0 to some target set S(r). For simplicity 
we shall assume that the control is a scalar. The admissible controls satisfy 
the inequality 

Iu(t)l I 1.0. (5.6-14) 

Let us attempt to find conditions that are necessary for the existence of a 
singular interval. 

The Hamiltonian is 

X(W,  u(t), Kt) )  = 1 + p W W )  + pT(r)bu(r), (5.6-15) 
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and from the minimum principle we know that if an optimal control u* 
exists it must satisfy 

1 + p*'(t)Ax*(t) + p*'(t)bu*(t) I 1 + p*T(t)Ax*(t) + p*'(t)bu(t) (5.6-16) 

for all t E [0, z,] and for all admissible u(t). Since the final time is free and 
3' does not contain t explicitly, we also know that 

Z ( x * ( t ) ,  u*(t), p*(t)) = 1 + p*'(t) Ax*(t) + p*'(t) bu*(t) = 0 (5.6-17) 

for all t E [0, t,]. From (5.6-16) we observe that [ t l ,  t,] isa singular interval if 

p*'(t) b = 0 for all t E [ t , ,  t,]. (5.6- 1 8) 

Clearly, this condition occurs if p*(t) = 0 for t E [ t l ,  r , ] .  But this cannot 
happen, because substituting p*(t) = 0 in Eq. (5.6-17) leads to the contradic- 
tion 1 = 0; therefore, 

p*(t) f 0 for any t E [0, tf]. (5.6-19) 

Equation (5.6-18) is also satisfied (for all t )  if 

b = 0, (5.6-20) 

but this indicates that the control does not affect the system at all; we might 
say that the system is "completely uncontrollable." This is our first hint that 
perhaps controllability has something to do with the existence of singular 
intervals. 

Having ruled out p*(r) = 0, or b = 0 as possibilities, let us consider the 
remaining alternative, namely that the product p*'(t) b = 0 for t E [ t l ,  t,]. 
If p*'(r) b is to be zero for a finite time interval, this implies that derivatives 
of all orders of p*'(r) b are zero during this interval; that is. 

p*'(t)b = 0 
dk -[p*'(t)b] = 0, dtk 

k = 1, 2,. . . 
Since b is an n x 1 matrix of constants, 

From the Hamiltonian the costate equation is 

p*(t)  = -A'p*(t); 

(5.6-21) 

(5.6-22) 

(5.6-23) 
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hence the costate solution is 

p*(t) = e-AT'c, (5.6-24) 

where c is the vector of initial costate values. 
Let us write out a few of the derivatives in Eq. (5.6-21); we have 

p*=(t)b = 0 
p*'(t)b = 0 
P*'(t)b = 0 

('I*' P (2) b = 0 for t E [t,, tJ. 

Now, using Eqs. (5.6-23) and (5.6-24), we have 

(5.6-25) 

p*=(t)b = -[ATe-ATrc]rb = 0. (5.6-26) 

By applying the matrix identity 

[MIMI]' = MWTP 
Eq. (5.6-26) becomes 

(5.6-27) 

[e-"Tr~]rAb = 0. (5.6-28) 

Similarly, differentiating Eq. (5.6-23) gives 

fi*(t) = -ATj*(t), (5.6-29) 

so 

fi*'(t)b = [[-A"l[-AqCAT'C]'b = 0. (5.6-30) 

Using (5.6-27) twice on the term in brackets gives 

[~"~k]'A*b = 0. (5.6-3 1) 

The pattern is now clear; continuing to write out the terms of Eq. (5.6-21), 
using Eqs. (5.6-23), (5.6-24), and (5.6-27), we obtain for the kth derivative 

(g*'(t)b = [-l]'[[~-"~'c]~A'b = 0, k = 0, I ,  2 , .  . . . (5.6-32) 

Cancelling the minus signs, we find that the first n equations are$ 

t See Appendix 1. 
# Recall that n is the order of the system. 
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(5.6-33) 

or, written together, 

(5.6-33a) [ ~ - * ~ f c ] + [ b  i Ab i A2b i . . . An-lb = O f .  

Taking the transpose of both sides and again using Eq. (5.6-27), we find that 
this becomes 

1 I 1  1 0  

But 

€-A=% = p*(t), (5.6-24) 

and we have already shown [see Eq. (5.6-19)] that p*(t) f O  for any 
t E [0, f,]; therefore, if Eq. (5.6-34) is to be satisfied, the matrix 

must be singular. From Section 1.2 we know that the matrix E is nonsingular 
if and only if the system (5.6-13) is completely controllable. 

To summarize, we have found that in linear, stationary, minimum-time 
problems: 

1. For a singular interval to exist, it is necessary that the system be 

2. Conversely, if the system is completely controllable, a singular interval 
uncontrollable. 

cannot exist. 

It can also be shown that if E is singular, a singular interval must exist. 
In conclusion, the problem of transferring the system 

k(t) = Ax(t) + bu(t) (5.6-1 3) 

from an arbitrary initial state xo to a specified target set in  minimum time 
has a singular interval if and only if the system (5.6-13) is not complercly 
controllable. This necessary and sufficient condition for the existence of an 
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interval of singularity can also be extended to the situation where the system 
has several inputs (see Problem 5-39). 

Singular Intervals in Linear Fuel- Optimal Problems 

Let us now investigate minimum-fuel systems to see whether or not sin- 
gular intervals can exist. We begin by considering the fuel-optimal control 
of the system in Example 5.6-1. 

Example 5.6-2. Determine whether the problem of transferring the system 

(5.6-35) 

from an arbitrary initial state x,, to a specified target set S(t) with mini- 
mum fuel expenditure has any singular intervals. The final time is free. 

The Hamiltonian is given by 

W X ( d ,  4 t h  Po)) = I 4d I + PI(t)X,O) + P20)U(t) (5.6-36) 

and from the minimum principle, 

I u*O) I + pt(t)xf(t) + pf(Ou*(t) s IuO) I 
+ p t ( t ) x f ( t )  + p f ( M t ) .  (5.6-37) 

It is also necessary that on an extremal 2 = 0, so 

I u*(t) I + p K t ) x f ( t )  + pf(t)u*(t) = 0. ( 5  6-38) 

If [t,, t ,] is a singular interval, Eq. (5.6-37) indicates that either 

p:(t) = +LO for all t E [ I , ,  t21 (5.6-39a) 

or 

pf(r)  = -1.0 for all t E [tl, t,]. (5.6-39b) 

In either case, if (5.6-37) is satisfied, Eq. (5.6-38) reduces to 

p t ( t )x f ( t )  = 0 for all t E [t , ,  t,]. (5.6-40) 

The costate solution, found earlier, is 

P t O )  = c1 

pf(t)  = - c I I  + c,. (5.6-9) 

In order that pf( t )  = f l  for a finite time interval, cI must equal zero, 
and c2 must equal f 1 .O. If c, = 0, pf( t )  = 0 for all t and Eq. (5.6-40) 
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will be satisfied. From this analysis, we have determined that a singular 
interval can exist, even though this system is completely controllable. 
Notice that if a singular interval occurs it will persist for all t E [0, t,]; 
thus, if the optimal control is singular at all, it is singular throughout 
the interval of operation of the system. 

It is left as an exercise for the reader (Problem 5-36) to show that 
in this problem the existence of a singular interval signals the non- 
uniqueness of optimal controls for certain initial states and the non- 
existence of optimal controls for the rest of the initial states. 

Let us now consider linear fuel-optimal systems in more generality. We 
shall assume that the system has one control input and is described by state 
equations of the form 

%(t) = Ax(t) + bu(r). (5.6-41) 

The admissible controls must satisfy 

Iu(t)I _< 1.0. (5.6-42) 

The system is to be transferred from an arbitrary initial state xo to a specified 
target set S(t) by a control that minimizes the performance measure 

(5.6-43) 

(5.6-44) 

( 5 . 6 4 )  

From Eq. (5.6-45), we see that for a singular interval to exist it is necessary 
that either 

p*'(t) b = +1.0 for all t E [ t , ,  t,] (5.6-46a) 

or 

p*'(t) b = - 1.0 for all t E [ t , ,  r,]. (5.6-46b) 

If u*(t) minimizes the Hamiltonian, and either (5.6-46a) or (5.6-46b) is 
satisfied, then since 2 must be identically zero, 
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p*'(t) Ax*(r) = 0. (5.6-47) 

If p*'(r) b is to be either +1 or - 1 during the entire time interval [ t l ,  r,], 
then this implies that 

dk --[ *'(r)b] = 0, dt* k = 1,2, . . . , t E [ t , ,  t,]. (5.6-48) 

Again using the necessary condition that S(x*(t ) ,  u*(r), p*(r)) = 0, and 
following the same procedure as for minimum-time problems, we eventually 
obtain 

(5.6-49) 

[compare this with Eq. (5.6-33a)l. This equation can also be written as 

But 

c - ~ %  = p*(t) # 0 for t E [ t , ,  t,] (5.6-51) 

because if p*(t) = 0, this would imply that p*'(t) b = 0, which contradicts 
Eq. (5.6-46). Thus, if Eq. (5.6-50) is to be satisfied the matrix 

must be singular. For this matrix to be singular either A or [b i Ab i - . - An-Ib], 
or both must be singu1ar.t Notice that even if the system is completely con- 
trollable, in which case [bi Abj - - - IAn-Ib] is nonsingular, an interval of 
singularity can still occur if the matrix A is singular. Thus a necessary con- 
dition for a singular interval to exist is that either the system (5.6-41) is not 
completely controllable, or A is singular. 

Necessary Conditions for Singular Intervals 

So far, we have concentrated on one aspect of singular solutions-neces- 
sary conditions for their existence. We have considered only linear, fixed, 
single-input systems, but the procedure followed applies as well to systems 

t Because determinant [MIM2] = determinant MI . determinant M2 if MI and M2 are 
square matrices; hence, determinant [MlM2] = 0 implies determinant MI = 0, or deter- 
minant MZ = 0, or both. 
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that have several inputs or are nonlinear. The idea is quite straightforward: 
examine the Hamiltonian to determine whether there are situations in which 
the minimum principle does not yield sufficient information to determine the 
relationship between u*(z), x*(t), and p*(t). If this situation occurs, use the 
fact that the Hamiltonian must be zerot (and that 2, 3,. . . equal zero) 
to determine other necessary conditions for the existence of singular intervals. 

Effects of Singular Intervals on Problem Solution 

Let us now consider an example that illustrates another facet of singular 
problems-the effects of singular intervals on problem solution. 

Example 5.6-3. Find the control law that causes the response of the system 

(5.6-52a) 

(5.6-52b) 

to minimize the performance measure 

J = 3 jy [x:(t) + xi ( t ) ]  dt. (5.6-53) 

The final time tf and the final states are free, and the controls are con- 
strained by the inequality 

(5.6-54) I u(t) I I 1.0. 

The Hamiltonian is given by 

.Wx(r), uW, PO)) = i x W  + txW + pl(r)x2(t) + p 2 ( M t ) .  (5.6-55) 

From the minimum principle and (5.6-55) 

p%Ou*(r) I Pf(t)u(t)  (5.6-56) 

for all admissible u(t) and for all t E [0, t,]. For p f ( t )  # 0, Eq. (5.6-56) 
indicates that 

- 1 .O, for pf(r )  > 0 
4- 1 .O, for pf(r)  < 0. 

u*(r) = (5.6-57) 

Switchings of the optimal control occur at isolated instants whenpf(r) = 0. 
On the other hand, if there is a time interval [ t , ,  f 2 ]  during which 

pf(r)  = 0 for all t E [ t , ,  t2], (5.6-58) 

t We assume free final time and X explicitly independent of time. 
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then [ t l ,  t , ]  is a singular interval; let us investigate this possibility. 
Since the final time is free, and time does not appear explicitly in the 

Hamiltonian, it is necessary that 

:x:2(r) + :xr2(t)  + pf( t )xf( t )  + p:(t)u*(t) = 0 

for t E [0, t,]. Ifpf(t) = 0 for t E [t,, t , ] ,  then 

pf(r)  = $?(I) = j i f ( r )  = . * f = 0, t E [ t l ,  t z ] .  

In addition, from Eq. (5.6-59) we have 

M A $x:*(t)+ 3xfz(t)  + p:(t)xf(t) = 0 

for r E [ I , ,  t,], and hence 

M = n ; r = H =  * * .  = 0 , t E [ f , , t z ] ,  

if a singular interval is to exist. 
The costate equations are 

p:(t) = -x?(t) 

$f(t)  = -xf (r )  - pT(t). 

(5.6-59) 

(5.6-60) 

(5.6-61) 

(5.6-62) 

(5.6-63) 
(5.6-64) 

During a singular interval, using Eqs. (5.6-60) and (5.6-64), we obtain 

p:(t) = -xf(t) .  

Substituting this in (5.6-61) yields 

xt2 ( t )  - xfZ(t) = 0 

or 

[xW) + xf( t ) ] [x i ( t )  - xf(t)]  = 0, for t E [ t , ,  t,]. 

Equation (5.6-66) is satisfied if 

x i ( t )  + xf( t )  = 0 

or if 

x t 0 )  - x f O )  = 0, for t E [ I , ,  t , ] .  

(5.6-65) 

(5.6-66) 

(5.6-66a) 

(5.6-67a) 

(5.6-67b) 

By differentiating Eq. (5.6-67a) and substituting in the state equation 
(5.6-52a) we find that 

q ( t )  = -if(() = xf( t ) ,  (5.6-68) 
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which with (5.6-52b) implies 

u*(r) = -xf.(r), for t E [ t l ,  t z ] .  (5.6-69a) 

Similarly, differentiating Eq. (5.6-67b) and substituting in the state equa- 
tions, we obtain 

u*(t) = +x:(t), for t E [ t , ,  t J .  (5.6-69b) 

Equations (5.6-67) define a locus of points in the state plane where 
singular controls may exist, and Eq. (5.6-69) gives an explicit expression 
for the singular control law. The singular lines, truncated at Ixz(t)l = 1, 
because lu(t)l 5 1, are shown in Fig. 5-40. The arrows indicate the 
direction of increasing time. 

X Z ( 0  

t 

Figure 5-40 The singular lines for Example 5.63 

We have determined two lines in the state plane where the control, 
states, and costates all satisfy the necessary conditions given by the 
minimum principle and the requirement that %' 5 0 on an extremal 
trajectory. Clearly, since the system moves away from the origin on the 
line x I  = xz, this segment cannot be part of an optimal trajectory. We 
still must determine the optimal control law for states not on the singular 
line, and also if the singular control law is optimal. Let us investigate 
some of the possibilities. 

Swpose that at t = 0 the system is at state xo shown in Fig. 5-41. 
The optimal control must be f 1, because the system is not on the singular 
line. By examining the trajectories for this system with u = f l ,  shown 
in Fig. 5-20, Section 5.4, it is clear that the optimal control should initially 
be u* = - I .  With this control the system trajectory is as shown in Fig. 
5-41. We next ask the question: what happens when the trajectory inter- 
sects the singular line? Is the optimal control the one that keeps the 
system on the singular line, or should the control continue to be u = - I  
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Figure 5-41 Optimal trajectory candidates for Example 5.6-3 

until intersecting the curve from which the origin is reached by applying 
u = + 1 ? To answer this question, consider what happens when a control 
switching is indicated. If u* switches from +1 to -1  at some time t l ,  
then it follows that 

or, if u* switches from -1 to +1 at time t l ,  then this implies 

Now, since A@ = 0, p f ( t , )  = 0 implies that 

(5.670) 

(5.671) 

(5.6-72) 

Substituting this expression into the costate equation (5.6-64) gives 

By determining the sign of PT(t,)  indicated by Eq. (5.6-73) for various 
regions in the state plane, we then know the allowable switchings that 
may occur. Table 5-3 shows how the sign of B f ( t , )  is determined for the 
regions of the state plane, and Fig. 5-42 illustrates these regions and the 
allowable switchings. 
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Table 5-3 DETERMINATION OF ALLOWABLE SWTTCHINGS FOR REGIONS OF 
THE STATE PLANE 

Signof Sign of Sign of Sign of Sign of 
Region x d t d  xAr I )  x d r  I )  + xt(t I )  x I ( r  I )  - xt(t P Z O  I )  

- - R I  + + + 
RZ + + + + + 

+ - R3 + - + 

X 

Figure 5-42 Allowable switchings in various regions of the state 
plane 
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Referring to Fig. 5-42, we see that if the trajectory in Fig. 5-41 is 
allowed to cross the singular line it is then in a region where switching 
from u = -1  to u = +1 violates the necessary condition that 2 = 0. 
We conclude then that the optimal trajectory beginning at this value of 
xo must have its terminal segment on the singular line. 

When an initial trajectory segment with u* = f l  does not intersect 
the singular line with Ixz(t) l  5 1, then the optimal control will switch 
to u* = 7 1  and the optimal trajectory will eventually reach either the 
origin or the singular line. To determine where the switching occurs, 
let f 2  be the time when the trajectory reaches the singular line or the 
origin. Notice that the origin lies on the singular line, and from (5.660) 

pz(tz) = 0. (5.674) 

Solving for the value of p , ( t 2 )  on the line x , ( t z )  = -x2(tz), which 
satisfies Eq. (5.6-59), gives 

(5.6-75) 

Using the values of the costates given by (5.6-74) and (5.675) as 
initial conditions, and integrating the state and costate equations back- 
ward in time with u = f l ,  we can determine the locations in the state 
plane where pz(t )  again passes through zero. Doing this for several values 
of xz(tz)  (including zero) on the singular line, we obtain a locus of points 
that defines the switching curve C-D-0-E-F shown in Fig. 5-43. The 
optimal control law is given by 

- 1  

I 

Figure 5-43 The optimal switching curve for Example 5.6-3 
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- I ,  for x(t )  to the right of C-0-F 
+ 1, for x(t )  to the left of C-O-F 

u*(r) = - I ,  for x(r) on segment C-D (5.6-76) 

+ I ,  for x(t) on segment E-F I -x2(t), for x(t )  on segment D-0-E. 

Several optimal trajectories are pictured in Fig. 5-44; notice that rhe 
swirching curve is not u trujectory except on the singular line D O E .  
As further illustration of this point, Fig. 5-45 shows the optimal switching 
curve, the curve x, = $x$, which is the switching curve for bang-bang 
operation, the curve x ,  = 3x2 + $, which is the u -- +1 trajectory that 
intersects the singular line at the point ( I ,  -I), and the line xI = -x2 .  
Observe that the optimal switching curve is above the line x1 = -x2  
for all positive values of xl ; therefore, the switchings that occur on segment 
E-F do not violate the allowable switchings indicated in Fig. 542. Simi- 
larly, it can be verified that segment C-D of the switching curve lies 
entirely in region R, of the state plane, and so does not cause the allow- 
able switching conditions to be violated. 

u: = - I  

Figure 5-44 Some optimal trajectories for Example 5.63 

Summary 

The existence of singular intervals, although complicating the solution 
of optimal control problems, may turn out to be helpful in other respects. 
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For example, a singular interval may indicate that an optimal control is non- 
unique; in this case we can select the optimal control which is easiest to 
implement, or which has other desirable features. 

Our discussion has emphasized the following aspects of singular problems: 
1. The determination of necessary conditions for the existence of singular 

2. The use of these necessary conditions to find the regions in the state 

3. The investigation of the singular control law to ascertain whether or 

intervals. 

space where a singular control law exists. 

not it is optimal. 

The reader interested in additional material on singular intervals should 
refer to [A-21, [A-31, [J-11, [J-21, [R-2], [R-31, and [MI. 

5.7 SUMMARV AND CONCLUSIONS 

In this chapter we have discussed the application of variational techniques 
to optimal control problems. The calculus of variations was used to derive 
a set of necessary conditions that must be satisfied by an optimal control and 
its associated statetostate trajectory. These necessary conditions for opti- 
mality lead to a (generally nonlinear) two-point boundary-value problem 
that must be solved to determine an explicit expression for-the optimal con- 
trol. In linear regulator problems, the resulfing two-point boundary-value 
problem is linear and can be solved to obtain a linear, time-varying optimal 
control law. 

Motivated by an interest in problems with bounded control or state 
variables, we then gave a heuristic derivation of Pontryagin’s minimum 
principle and discussed a technique for dealing with state inequality con- 
straints. The remainder of the chapter was concerned with applications of 
Pontryagin’s minimum principle to problems with bounded admissible 
controls. Several examples of minimum-time and minimum-control-effort 
systems were discussed. These examples were elementary, but nonetheless 
indicative of procedures that are useful in obtaining optimal control laws. 
Finally, we investigated the Occurrence of singular intervals during which 
the minimum principle fails to yield a relationship for the extremal control 
in terms of the extremal statetostate trajectory. 

This chapter was not intended to be a handbook of solutions to optimal 
control problems. Indeed, the difficulties encountered should make the reader 
aware that no such handbook exists. We may regard the linear regulator 
problem as being solved; however, in the sections on minimum-time and 
minimumtontrol-effort problems we found that analytical solutions are 
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generally impossible for higher-order systems (n 2 3) even if the systems are 
linear and time-invariant. For nonlinear systems it is even more difficult to 
obtain closed-form expressions for the optimal control laws. 

Realistically, then, we must view the minimum principle as a starting 
point for obtaining numerical solutions to optimal control problems. From 
the minimum principle we obtain knowledge of the form of the optimal 
control (if it exists) and a statement of the two-point boundary-value prob- 
lem, which, when solved, yields an explicit relationship for the optimal 
control. 
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PROBLEMS 

5-1. The boat shown in Fig. 5-P1 moves at a constant velocity v with respect to 
the water. The water moves in the positive y direction with known velocity 
s(x) at the point x. The heading of the boat /3 is the control variable. 
(a) Determine a set of state equations for the boat. 
(b) Find necessary conditions for the boat to move from point 1 to point 2 

in minimum time. 

2 

Figure I P 1  
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(c) Suppose that the speed of the water is constant for all x and that point 2 
and point 1 are in the relative locations shown. State a necessary condi- 
tion for the existence of a minimum-time solution. 

(d) If s(x) is constant as in part (c), discuss the characteristics of the optimal 
steering angle p*. 

5-2. The system 

is to  be controlled to minimize the performance measure 

The initial and final state values are specified. 
(a) Determine the costate equations for the system. 
(b) Determine the control that minimizes the Hamiltonian for: 

(i) u(t) not bounded. 
(ii) I u(r) I < 1 .O. 

plane 
5-3. The system given in Problem 5-2 is to  be transferred from the origin to  the 

while the performance measure 

J = $ u2(r) dt 

is minimized. The final time rf is free. 
(a) Determine the costate equations for the system. 
(b) Find the control that minimizes 2 for 

(i) u(t) not bounded. 
(ii) - 1 .O < u(t) < 2.0. 

(c) Determine the boundary conditions at  t = t p  

surface 
5-4. The system given in Problem 5-2 is to  be transferred from the origin to  the 

with minimum fuel expenditure. The final time is free, and I u(r)  I < 1 .O. 
(a) Find the costate equations. 
(b) Determine the control that minimizes the Hamiltonian. 
(c) Determine the boundary conditions at  t = t,. 

5-5. Assume that a nonlinear time-invariant system is to be transferred from 
a specified initial state xo to a specified final state xf, and minimize the 
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performance measure J = g(x(r). u(r)) dt. The admissible controls are not 
bounded and f f  is free. Show that the Hamiltonian is identically zero on an 
optimal trajectory. 
Note. The assumption of unbounded admissible controls is not required, 
but the proof is more complicated for the boundedcontrol case. 

s:: 

5-6. A first-order system is described by the state equation 

i ( r )  = x(t)  + u(r). 

(a) Find the unconstrained control, in closed-loop form, which minimizes 
the functional 

J = I' [1.5x2(r) + 0 . 5 u W ]  dr. 

T is fixed, and x ( t f )  is free. 
(b) Show that for T -. 03 the optimal control law is of the form 

u*(r) = Fx*(r), 

where F is a constant. Find F. 
5-7. A linear first-order system is described by the differential equation 

i ( r )  = -a&) + u(r). 

It is desired to bring the system from some arbitrary fixed initial state x(0) 
to the origin in T seconds and minimize the performance measure 

J = s: P ( r )  dt. 

(a) Find the expression for the optimal trajectory in terms of x(O), a, and T. 
(b) Find the expression for the optimal control, in terms of x(O), a, and T. 
(c) The optimal control can be expressed in terms of x(r) in the form 

u*(t) = F(t, T, a)x(t). 

Find F(r, T, a). 
(d) Using physical reasoning and assuming a > 0, comment on the values 

of F and u* as t -, T. Also comment on F and u* for the case where 
T-. 00. 

5-8. For linear regulator problems discussed in Section 5.2, show that the control 
that is a solution of d%'/du = 0 satisfies a sufficient condition for minimization 
of the Hamiltonian. 

53. (a) Show that for linear regulator problems discussed in Section 5.2 with 
x ( t f )  free, the matrix K(r) satisfies the Riccati equation 

co
nt

ro
len

gin
ee

rs
.ir



Problems Variational Approach io Optimal Control Problems 313 

K(r) = -K(r)A(t) - AT(t)K(t) - at) + K(r)B(t)R-'(t)BT(r)K(r) 
with boundary conditions K(rf) = H, 
Hinr. Differentiate p*(t) = K(t)x*(r). 

(b) Show that the matrix K(r) is symmetric and hence only n(n + 1)/2 differ- 
ential equations need to be integrated to obtain K(t). 

(c) What modifications are required in part (a) if x ( t f )  = O ?  

the optimal control law is 
5-10. Show that for linear regulator problems discussed in Section 5.2, if x(tf) = 0, 

U*(r) = R-WBT(t)[n2(tf, Art. t M 0 .  

5-11. (a) Determine the optimal control law for the system 

a(t) = -x(t)  + u(t) 

to be transferred to the origin from an arbitrary initial state. The per- 
formance measure is 

J = s' $[3x2(r) + uz(r)] dt. 

The admissible controls are not bounded. 

measure in part (a) with x ( l )  free. 

x(0) = 0 to the line x,(r) + 5x2(t) = 15 and minimizes 

(b) Determine the optimal control law for the system and performance 

5-12. (a) Find the control that transfers the system given in Example 5.1-1 from 

(b) Determine the cost of control 

for part (a) above, and for parts (a) and (b) of Example 5.1-1. Compare 
the control costs and discuss the comparison qualitatively. 

5-13. A differential equation that describes the leaky rzservoir shown in Fig. 5-PI3 
is 

i ( r )  = -O.lx(r) + ~ ( t ) ,  

where x(r) is the height of the water, and u(r) is the net inflow rate of water 
at time 1. Assume that 0 < u(t) 5 M. 
(a) Find the optimal control law if it is desired to minimize 

J = Jioo - x(t)dr. 
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Figure SP13 

(b) Repeat part (a) with the additional constraint that 

1"' u(t) dt = K (a known constant). 

(c) Determine the optimal control law if J = --x(lOO), and 

Jioo u(t) dt = K. 

5-14. If the conditions for a time-invariant optimal control law are satisfied by a 
linear regulator problem, the constant K matrix must be a solution of the 
nonlinear algebraic equations 

0 = -KA - A% - Q + KBR-'BTK. 
Using this result, determine the optimal control laws for: 
(a) The first-order system m(t) = m ( t )  + u(t) with performance measure 

J = ss [9x2(t) + ruZ(t)] dt, 9 ,  r 0. 

Show the variation of the pole of the closed-loop system for 0 < 9/r  < m. 
(b) The system 

3At) = X A t )  

mz(t) = - 4 X , ( t )  - 4X, ( t )  -k U( f )  

and the performance measure 

Find the location of the poles of the controlled (closed-loop) system and 
compare with the pole locations for the open-loop system. 

5-15. A set of state equations for the dc motor with constant armature current 
shown in Fig. 5-PIS is 
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I ,  = constant 

Figure SP15 

A,&) = Ki(t) is the instantaneous torque developed; K = k,Ia is the product 
of the torque constant and the armature current, and I is the angular moment 
of inertia. The performance measure to be minimized is 

and the admissible controls are not bounded. Assume that R, L, K, and 
I are equal to 1.0. Determine the optimal control law. 

5-16. Consider a linear, completely observable system 

t(t)  = A(t)x(t) + B(t) ~ ( t )  

YO) = C(t)x(t). 

The performance measure to be minimized is 

at) and H are real symmetric positive semi-definite matrices and R(t) is 
a real symmetric positive definite matrix. The admissible controls are not 
bounded, and tf is specified. 
(a) Show that this problem can be reduced to the form of linear regulator 

(b) Determine the optimal control law. 
problems discussed in Section 5.2. 

5-17. (a) The system 

is to be controlled to minimize the performance measure 

J = 4 I" (q[x(r)-- r(t)]z + u*(t)) dt, q > 0. 

co
nt

ro
len

gin
ee

rs
.ir



316 The Calculus of Variaiions and Pontryagin's Minimum Principle Problems 

Show that if r ( r )  = w-' (a is any real constant), this tracking problem 
can be put in the form of a linear regulator problem by defining a new 
state variable 

x(r) f x(r) - r(t). 

The admissible controls are not bounded, and ff is specified. 

described by the nth-order differential equation 
(b) To generalize the result obtained in part (a), assume that the system is 

The performance measure to be minimized is 

J = t ro' (q[Hr) - r(t)Iz + u2(r)) dr, 

Show that if r(r) satisfies the differential equation 

q > 0. 

then by defining the state variables as 

the problem can be reduced to a linear regulator problem. Find the 
optimal control law. 

5-18. This problem is most easily done by using a digital computer. 
(a) Determine the optimal control law for the attitude control of the space- 

craft described in Example 2.2-1. Assume that q1 I = 4.0, qZ2 = 0.0, 
R = 1, xl(0) = 10.0, and xz(0) = 0.0. 

(b) Assume that ff = 10.0 instead of co and determine the optimal control 
law. Compare the optimal response obtained using this control law with 
the response obtained using the control law found in part (a). 

(c) Repeat part (b) with r f  = 4.0. 

5-19. Suppose that the missile in Example 5.4-1 is heading toward a target located 
at the 6xed point x = b. If the pilot of the pursuing aircraft senses that he 
cannot protect point b, his orders are to look for other incoming missiles 
to pursue. You are to determine an algorithm for the pilot to use in deciding 
whether or not he can prevent the missile from reaching the point x = b. 
(a) Find the expression in terms of a and b for the time required for the 

missile to reach point b. 
(b) For interception to occur before the missile reaches b, the value of b 

must be greater than b l .  Find the relationship between a and b l .  
(c) Using a and b as axes, show the values for which: 
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(i) The missile is intercepted before reaching b. 
(ii) Interception can be accomplished, but not before the missile reaches 

b. 
(iii) Interception is impossible. 

5-20. Using Pontryagin's minimum principle, verify the solution given for Example 

5-21. Using the results of Example 5.4-4, determine the optimal control law for 
1.1-4. 

transferring the system 

from an arbitrary initial state to the point [2,2]r in minimum time with 
I u(1) I 5 1 .o. 

5-22. (a) Find the optimal control law for transferring the system 

a&) = -x&) - 41) 

k2(1) = -2xz ( r )  - 2u(t) 

from an arbitrary initial state to the origin in minimum time. The admis- 
sible controls are constrained by I u(t)l< 1.0. 

(b) Generalize the results of part (a) to determine the time-optimal-control 
law for the system 

rnl (1)  = alxl(t) + @ l W  

&(t) = a2x*(t) + azu(1). 

Assume that az < uI < 0. 
5-23. Assume that the space vehicle shown in Fig. 5-P23 can be approximated by 

a particle of mass M, and 
Y 

Faure 5-PU 

(i) Aerodynamic and gravitational forces are negligible. 
(ii) The motion is planar. 
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(iii) The mass of the vehicle is constant. 
(iv) The thrust T is constant. 
The thrust angle B(r) is the control variable. 
(a) Write state equations for the system. 
(b) If the vehicle is to be transferred in minimum time from point q starting 

with zero velocity to an altitude D with vertical component of velocity 
equal to zero and horizontal velocity V, determine the costate equations 
and the required boundary condition relationships. 

(c) Proceed with the solution of the problem in part (b) as far as possible 
using analytical methods. 

(d) Repeat parts (b) and (c) if the vehicle is to maximize its horizontal range 
at the fixed final time tf = I , .  The final altitude is again D. 

5-24. (a) Consider the first-order system 

20) = 2x0) + u(t) 

luWl I 1. 

It is desired to transfer the system from an arbitrary initial state to the 
origin in minimum time; however, there are some states that cannot be 
transferred to the origin with any admissible control history, no matter 
how long is allowed. For these initial states an optimal solution does not 
exist. 

Find the initial states for which there is no time-optimal control to the 
origin. 

(b) Consider the system 

3,(r) = u i x m  + bfu(f) 

with \u(r)l< 1.0, bf # 0 for i = 1 , 2 , .  . . , n. 
Find the initial states for which there is no time-optimal control to reach 
the origin. 

5-25. Theorem 5.4-3 states that for a stationary, linear system 

f(t) =  AX(^) + bu(t) 

l U ( 0 l  I1 

to be transferred from an arbitrary initial state to the origin in minimum 
time, the optimal control, if it exists, is bang-bang and has at most (n  - 1) 
switchings if all of the eigenvalues of A are real. This problem points out 
why the eigenvalues of A must be real for the number of switchings to be 
at most (n - 1). Consider the system 
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(a) Verify that the eigenvalues of A (the roots of the characteristic equation) 

(b) Show that if an optimal control exists, it is always maximum effort; 

(c) Show that the number of switchings may be more than (n - 1) and 

5-26. Attempt to determine the optimal control law for transferring the system 

are complex. 

i.e., lu(r)l  = 1. 

indicate the conditions for which this will occur. 

i , O )  = X2W 

M) = x30) 

*3(t)  = u(r) 

from an arbitrary initial state to the origin in minimum time with I u(t) I 1 .O. 

5-27. Suppose that in Example 5.1-2 the assumption was not made that the mass 
of the vehicle and the thrust are constant. In this case, the thrust is 
T(t) = -kM(r), where k is a known constant, and &(t) is the rate of change 
of mass. M(t) satisfies the constraint -q 5 &(t) 
(a) Determine the modified state equations. 
(b) Find the costate equations for minimum-time control of the vehicle. 
(c) Determine a set of necessary conditions for the controls T(t) and P(r) 
(d) Using Table 5-1 , determine the required boundary condition relation- 

0 (q > 0). 

to be optimal. 

ships for missions a, b, c, d of Example 5.1-2. 

5-28. Consider the system 

i ( r )  = ux(t) + 40, a > 0, 

which is to be transferred from an ioitial state xo to the origin. The admissible 
controls are constrained by Iu(t) l< 1.0. Assume that xo is such that the 
origin can be reached by applying admissible controls. 
(a) Determine the time-optimal control law. 
(b) Determine the fuel-optimal control law. 
(c) Compare the two optimal control laws and explain the difference between 

this problem and the case where u < 0. 

5-29. The system 

is to be transferred from an initial state xo to a target set S(r) while 

is minimized. 

co
nt

ro
len

gin
ee

rs
.ir



320 The Calculus of Variations and Pontryagin’s Minimum Principle Problems 

The admissible controls are constraked by the relationship lu(t)l I 1. 
Assuming that an optimal control exists, 
(a) Find the costate equations. 
(b) Find an expression for the optimal control in terms of the extremal state 

and costate trajectories. 

5-30. The system 

t (r )  = a(x(t), t )  + B(x(0, t ) ~ ( t )  

is to be controlled to minimize the performance measure 

J = s” [ A  + uf(r)Ru(t)] dt. 
0 

2 is 2 0, t ,  is free, and R is a diagonal matrix with positive elements; 
i.e., rlj > 0 for i = j ,  rij = 0 for i # j .  Determine the form of the optimal 
control in terms of the extremal costates. 

5-31. (a) Determine the costate equations and boundary conditions for the soft- 
lunar-landing vehicle described in Example 5.4-3. 

(b) Determine necessary conditions for the landing to be accomplished with 
minimum fuel expenditure. 

(c) Using the differential equation 

km(t) d 
m(t) dt [ n(t) = -g - - = - g - k - In m(t)] 

show that if 2(t,) = 0, the consumed fuel is a monotone increasing 
function of the final time tfi What are the implications of this result? 

5-32. Theorem 5.4-3 states that for a system of the form 

t(t) = h ( t )  + Bu(t) 

to be transferred to the origin in minimum time there are at most (n - 1) 
switchings of each control component if the eigenvalues of A are real. This 
can be proved by showing that p*T(r)b, has at most (n  - 1) zeros (b, is the 
ith column of B). Use the results of Theorem 5.4-3 to determine the maximum 
number of switchings to transfer a system of this form to the origin using 
minimum fuel. Assume that the eigenvalues of A are real, and that an optimal 
control exists. 

5-33. In Section 5.5 the performance measure 

was used. There are other alternatives, however. For example, we could 
minimize elapsed time 
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subject to the constraint that the consumed fuel must satisfy 

J” [ i; I ul(t) 11 dt 5 F (a constant), 
I. i = I  

or we could minimize the consumed fuel 

with the constraint that (If - r,) 2 T (a constant). 
(a) Determine the Hamiltonians for J , ,  Jz ,  and J3, assuming that the form 

of the state equations is 

W )  = a(x(r),t) + WxO), MO, 
andthatJu,(t)I<l,i= 1,2 ,..., m. 
measures. 

(b) Compare the form of the costate equations for each of these performance 

5-34. Consider the system 

M) = xZW 

&(I)  = - a m  + 40, 

where a > 0 and lu ( r ) l<  1.0. The system is to be transferred to the origin 
while minimizing the performance measure 

J = S Z [ A + l u ( r ) l ] d r .  

The final time is free and A > 0. 
(a) Determine the costate equations and the control that minimizes X. 
(b) What are the possible optimal control sequences? 
(c) Show that a singular interval cannot exist. 
(d) Determine the optimal control law. 

5-35. A body M moving in a viscous fluid is shown in Fig. 5-P35. The controls 
u, and u2 are thrusts in the x and y directions. Assume that the magnitude 
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of the drag force is a.[velocity of M]2; the direction is opposite to the 
instantaneous velocity vector. If we assume planar motion and constant 
mass, and define x, x, x2 & 2, xg p y, x4 f 9, the state equations are 

-w) = x2(0 

&(t) = -ax,(t)[x%(t) + xf(t)]"2 + udt) 

W t )  = x40) 
24(t) = -axr(t)[x$(t) + x:(t)]"* + u2(t). 

The system is to be transferred from the initial state x(0) = 0 to x,(t,) = el 
and x,(t,) = el in minimum time. x2( t f )  and x4(tf)  are unspecified. 
(a) Determine the costate equations. 
(b) What are the required boundary conditions at t = t,? 
Hint. In parts (c) and (d) you will find it helpful to: 

(i) Show the admissible control region in a two-dimensional picture. 
(ii) Try to interpret minimization of JP with respect to u geometrically. 

(c) Determine an expression for the optimal control in terms of x*(t), p*(t) 
if the admissible controls are constrained by 

u:(O + uf(0  I 1. 

(d) Repeat part (c) for the control constraints 

l u m l  + lu2(0l I 1. 

(e) Which set of admissible controls, c or d, would you expect to yield a 

5-36. Consider the system discussed in Examples 5.5-5 and 5.6-2 with the perfor- 
smaller value of the performance measure and why? 

mance measure 

and tf free. 

Fmre SP36 
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(a) Determine the costate equations. 
(b) If the initial state is in the region R2 (not including the curve A-O) shown 

(c) If the initial state is in the region R, (not including the curve 0-B), show 

(d) Investigate the possibility of singular control intervals. 
5-37. Consider a rocket in horizontal flight as shown in Fig. 5-P37. Assume that 

gravitational acceleration is constant, that the weight of the rocket is exactly 
balanced by the lift, and that the aerodynamic drag force is given by 

in Fig. 5-P36, show that the fuel-optimal control is not unique. 

that a fuel-optimal control to the origin does not exist. 

where 

xI p the horizontal velocity. 
x2 & m, the mass of the rocket. 
a and P are positive constants. 

If we let u(r) =--rfz(r), the state equations are 

i l (r)  = cuo - 2 
xdr )  xz(0  

&(I) = -u(r). 

c is the effective exhaust gas speed, a positive constant, and 0 I u(r) 5 urnax. 
It is desired to maximize the range of the rocket. The initial and final values 
of mass and velocity are specified, and the terminal time is free. 
(a) Determine the costate equations and the boundary condition relation- 

(b) Investigate the possibility of singular control intervals. 
ships. 

- T thrust 

Figure 5P37 
5-38. The state equations for a linear system are 

i d r )  = XA!) + u(t) 

&( f )  = -u(t), 
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where I u(r) I I 1. The system is to minimize the performance measure 

J = s" +[xt(t)] dt. 

The final time tf is free and x ( t f )  = 0. 
(a) Determine the costate equations and the required boundary conditions. 
(b) Investigate the possibility of singular control intervals. 

5-39. Consider the minimum-time control of a system of the form 

i ( t )  = M t )  + Bu(t); 

A and B are constant matrices, and I u,(t) I 5 1, i = 1 , 2, . . . , m. 
Show that for a singular interval to exist it is necessary that the matrix 

be singular for at least one value of j ( j  = 1,2, . . . , m). b3 denotes the jth 
column of B. 

5-40. Investigate Example 5.4-3 to determine whether or not there can be any 
singular intervals. 

5-41. (a) Show that if the performance measure 

J = ro' [A + I u(t)l] dr, A > 0 

is used in Example 5.6-2, no singular intervals can exist. 

single-input, linear system. 
(b) Attempt to generalize the results of part (a) to an arbitrary, stationary, 

5-42. The system 

-W = xz(t) 

22(t) = u(t) 

is to be transferred to the origin in minimum time with admissible controls 
satisfying I u(t) I I 1. In addition, it is required that I x2(r) I I 2 for t E [O, PI. 
(a) Determine a set of necessary conditions for optimal control. 
(b) Determine the optimal control law. 
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543. The mass M described in Problem 5-35 is to be transferred from an arbitrary 
initial state to the target set 

in minimum time. 
(a) If the admissible controls are constrained by 

show the admissible control region on a sketch of the u,, u2 plane 
(b) Determine u*(r) in terms of the extremal state and costate variables. 
(c) Determine the boundary condition equations at r = r I .  
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Iterative Numerical Techniques 

for Finding Optimal Controls 

and rrujectories 
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6 
Numerkal Determination 

of Optimal Traiectories 

In Chapter 5 variational techniques were used to derive necessary conditions 
for optimal control. In problems with linear plant dynamics and quadratic 
performance criteria (linear regulator and linear tracking systems), it was 
found that it is possible to obtain the optimal control law by numerically 
integrating a matrix differential equation of the Riccati type. Optimal con- 
trol laws were also determined for several other simple examples by applying 
Pontryagin’s minimum principle. In general, however, the variational ap- 
proach leads to a nonlinear two-point boundary-value problem that cannot 
be solved analytically to obtain the optimal control law, or even an optimal 
open-loop control. Indeed, the difficulty of solving nonlinear two-point 
boundary-value problems analytically accounts for the fact that although 
many of the important variational concepts have been known for some time, 
only since the advent of digital computers have variational techniques been 
successfully applied to complex physical problems. 

In this chapter we shall discuss four iterative numerical techniques for 
determining optimal controls and trajectories. Three of these techniques, 
steepest descent, variation of extremals, and quasilinearization, are pro- 
cedures for solving nonlinear two-point boundary-value problems. The 
fourth technique, gradient projection, does not make use of the necessary 
conditions for optimality provided by the variational approach. Instead, 
the optimization problem is solved by minimizing a function of several 
variables subject to various constraining relationships. Each of these tech- 
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niques determines an open-loop optimal control, that is, the optimal control 
history associated with a specified set of initial conditions. 

6.1 TWO-POINT BOUNDARY-VALUE PROBLEMS 

Assuming that the state and control variables are not constrained by any 
boundaries, that the final time t ,  is fixed, and that x(t,) is free, we can sum- 
marize the two-point boundary-value problem that results from the varia- 
tional approach by the equations 

(6.1-1) 

(6.1-2) 

+ g(x*(t), U*(r), t )  (6.1-3) 

x*(to) = x, (6.1-4a) 

(6.1-4b) 

From these five sets of conditions it is desired to obtain an explicit relation- 
ship for x*(t) and u*(r), t E [to, t ,].  Notice that the expressions for x*(t) and 
u*(t) will be implicitly dependent on the initial state xo. 

Let us assume that Eq. (6.1-3) can be solved to obtain an expression for 
u*(t) in terms of x*(r), p*(t), and t; that is, 

u*(r) = f(x*(t), p*(t), t).  (6.1-5) 

If this expression is substituted into Eqs. (6.1-1) and (6.1-2), we have a set 
of 2n first-order ordinary differential equations (called the reduced differential 
equations) involving only x*(t), p*(r), and 1. The boundary conditions for 
these differential equations (which are generally nonlinear) are given by Eq. 
(6.1-4). 

If the boundary conditions were all known at either to or t,, wecould 

t In the following discussion the * will be used only if all of Eqs. (6.1-1) through (6.1-4) 
are satisfied by a trajectory. 
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numerically integrate the reduced differential equations to obtain x*(t), 
p*(t), t E [to, t,]. The optimal control history could then be found by sub- 
stituting x*(t), p*(t) into (6.1-5). Unfortunately, the boundary values are split, 
so this method cannot be applied. We hasten to point out that if the reduced 
differential equations are linear, the principle of superposition can be used 
to circumvent the complications caused by the split boundary values.? Thus, 
the difficulty of solving optimal control problems by using variational prin- 
ciples is caused by the combination of split boundary values and nonlinear 
differential equations. 

Let us now discuss three iterative numerical techniques that have been 
used to solve nonlinear two-point boundary-value problems. The reader 
will notice that each of these techniques is based on the following general 
procedure: 

An initial guess is used to obtain the solution to a problem in which one or 
more of the five necessary conditions (6.1-1) through (6.1-4) is not satisfied. 
This solution is then used to adjust the initial guess in an attempt to make the 
next solution come “closer” to satisfying all of the necessary conditions. If 
these steps are repeated and the iterative procedure converges, the necessary 
conditions (6.1-1) through (6.1-4) will eventually be satisfied. 

6.2 THE METHOD OF STEEPEST DESCENT 

Minimization of Functions by Steepest Descent 

Let us begin our discussion of the method of steepest descent (orgradients) 
by considering an analogous calculus problem. Let f be a function of two 
independent variables y ,  and y,; the value of the function at the point y , ,  
y ,  is denoted byf(y,, y,). It is desired to find the point y?, y?, where f 
assumes its minimum value, f ( y 7 ,  y?). 

If it is assumed that the variables y ,  and y ,  are not constrained by any 
boundaries, a necessary condition for y i ,  yf to be a point where f has a 
(relative) minimum is that the differential off vanish at y?, y f ,  that is, 

(6.2-1) 

dflay is called the gradient off with respect to y. Since y ,  and y ,  are inde- 
pendent, the components of Ay are independently arbitrary and (6.2-1) 

t This matter is discussed in more detail in Section 6.4. 
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$!(y*) = 0. (6.2-2) 

In other words, forf(y*) to be a relative minimum it is necessary that the 
gradient offbe zero at the pointy*. Equation (6.2-2) represents two algebraic 
equations that are generally nonlinear. Suppose that these algebraic equations 
cannot be solved analytically for y*; how else might y* be determined? 

One possible approach is to visualize the minimization as a problem in 
hill climbing. Let us think of the function f as defining hills and valleys in 
the three-dimensional y I ,  y z , f ( y , ,  y z )  space. One way to find the bottom of 
a valley is to pick a trial point y(O) and climb in a downward direction until 
a point y* is reached where moving in any direction increases the function 
va1ue.t To make the climbing procedure efficient, we elect to climb in the 
direction of steepest descent, thus ensuring that the shortest distance is 
traveled in reaching the bottom of the hill. The direction of steepest descent 
at y'O' is determined by evaluating the slope, or gradient, of the hill at the 
point y(O). As shown in Fig. 6-1, the gradient vector is normal to the 
elevation contour. z(y(O)) is the unit vector in the gradient direction at the 
point yCo); that is, 

y2 
b 

I 

Figure 6-1 The gradient and several equal value contours off 

If there are many hills and valleys, the pointy* determined by this procedure will depend 
on the starting point ~ ( 0 ) ;  thus y* may be only a relative, or local, minimum. 
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Climbing in the direction of the vector -z(y'O'), the change in y is given 
by 

A y  py"' - ~ ' 0 '  = -~z(y(O)), (6.2-4) 

where T > 0 is the step size. With this selection for Ay, thedifferential, which 
is a linear approximation to the change in f, becomes 

df(Y'O') = -T ~$(y'o))]rZ(y(o)), (6.2-5) 

or, by using (6.2-3), 

Notice that this implies that 

with the equality holding if and only if af/lay is zero at yco). 
We continue the iterative procedure by calculating z(y(''), the unit 

vector in the gradient direction at y(I), and use the generalization of 
(6.2-4) to determine the next point, y'*'. 

(6.2-4a) 
A suitable value for the step size T must also be selected. By inspection 

of Fig. 6-1 it is apparent that if T is too large, then we overshoot the mark. 
On the other hand, if 7 is too small, we are being overly timid; too much time 
is being spent measuring slopes and not enough time is spent climbing. In 
either case, the computation time may be excessive. Ideally, T should be 
selected to minimize the total computation timc; however, since this is a 
difficult problem in itself, various ad hoc strategies for choosing T have been 
devised. One such strategy is to perform a single variable search to determine 
the value of T that causes the largest decrease infwhen moving in the direc- 
tion of the vector -z(y(O)). To use this technique, we would first determine 
the direction of steepest descent and then climb down in this direction until 
the function values no longer decreased. A new gradient direction would 
then be determined and the climbing process repeated. This procedure would 
be continued until a point were reached at which the gradient was zero. A few 
steps in the climbing process when T, is determined in this manner are shown 
in Fig. 6-2. 

Ay %y(i+l) - y"' = -zz(y('') 
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Path generated by algorithm 
2 a fmin 

True steepest 
descent path 

I 
I * YI 

Figure 6-2 Steepest descent to 6nd a minimum of a function 

Minimization of Functionals by Steepest Descent 

Let us now discuss an extension of the steepest descent concept which 
has been applied to optimal control problems by H. J. Kelley [K-8 and K-91 
and A. E. Bryson, Jr. and W. F. Denham [B-51. Suppose that a nominal 
control history di)(t), t E [to, t,], is known and used to solve the differential 
equations 

P ( t )  = a(x(i)(t), u(j)(t), t )  

fi(i)(r) = - ' x ( x ( t ) ( t ) ,  u(')(t), p(')(r), t )  

(6.2-7) 

(6.2-8) ax  

so that the nominal state-costate trajectory x('), p( i )  satisfies the boundary 
conditions 

x(')(ro) = x,  (6.2-9a) 
p")(t,) = dh &(X(i)(f')). (6.2-9b) 

If this nominal control history also satisfies 

then u(')(t), x(j)(t), and p(')(t) are extremal. Suppose that Eq. (6.2-10) is not 
satisfied; the variation of the augmented functional J, on the nominal state- 
costate-control history is 

(6.2-1 1) 
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where Sx(t)  p x('+')(t) - x(')(t), Su(r) p u('+')(t) -'u(i)(t), and 

Sp(t) A p('+ "(t)  - p(')(t). 

If (6.2-7) through (6.2-9) are satisfied, then 

(6.2-12) 

Recall that &la is the linear part of the increment AJa J,,(u(~+~)) - J,,(u({)), 
and that if the norm of Su, 11 u('+') - u(') 11, is small, the sign of AJ,, will be 
determined by the sign of SJ,. Since our goal is to minimize Ja, we wish to 
make AJ, negative. If we select the change in u as 

d W ' )  6u(t) = u('+')(t) - u(')(t) = -rT(r), U t E [to, t,],S (6.2-13) 

with 7 > 0, then 

because the integrand is nonnegative for all t E [to, t,]. The equality holds 
if and only if 

' s ( ' ) ( t )  = o for all t E [to, t,]. (6.2-15) dn 
Selecting Su in this manner, with 11 SU 11 sufficiently small, ensures that each 
value of the performance measure will be at  least as small as the preceding 
value. Eventually, when J,, reaches a (relative) minimum the vector d X / d u  
will be zero throughout the time interval [to, t,]. 

We have assumed that Eqs. (6.2-7) through (6.2-9) are satisfied. To see 
how this is accomplished, let us outline the algorithm as it would beexecuted 
if a digital computer were used. 

The Steepest Descent Algorithm 

The procedure we use to solve optimal control problems by the method 

1. Select a discrete approximation§ to the nominal control history u(O)(t), 
t E [to, t,], and store this in the memory of the digital computer. This 
can be done, for example, by subdividing the interval [to, t,] into N 
subintervals (generally of equal duration) and considering the control 

of steepest descent is 

' 

T Henceforth we shall denote &f(xqr),  u ( W ,  p q r ) ,  r)/du by d i w ) ( r ) / d u .  
$ We shall assume that f is a constant, although this is not a requirement. 
8 A discrete approximation is required because the calculations are to be performed by 

a digital computer. 
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u(O) as being piecewise-constant during each of these subintervals; 
that is, 

P(O'(t) = ~ ( " ( t k ) ,  t E [ t k ,  t k + , ) ,  k = 0, 1, . . . , N - 1. (6.2-16) 

Let the iteration index i be zero. 
2. Using the nominal control history di), integrate the state equations 

from to  to t ,  with initial conditions x(to) = xo and store the resulting 
state trajectory x(') as a piecewise-constant vector function. 

3. Calculate p(t)(t,) by substituting x(')(t,) from step 2 into Eq. (6.2-9b). 
Using this value of p(')(r,) as the "initial condition" and the 
piecewise-constant values of x(') stored in step 2, integrate the costate 
equations from t ,  to to,  evaluate d&"i)(t)/du, t E [to, t,], and store this 
function in piecewise-constant fashion. The costate trajectory does 
not need to be stored. 

4. If 

(6.2-17) 

where y is a preselected positive constant and 

terminate the iterative procedure, and output the extremal state and 
control. If the stopping criterion (6.2-17) is not satisfied, generate a 
new piecewise-constant control function given by 

a x ( i )  
du u(i+ 1 ) ( f k )  = u(')(fk) - T-( tk ) ,  k = 0, . . ., N - 1, (6.2-19) 

where 

u(')(t) = df)(tk) for t E [ r k ,  f k + ( ) ,  k = 0, . . ., N - 1. (6.2-20) 

Replace df)(tk) by di+')(tk),  k = 0, . . . , N - 1, and return to step 2. 

The value used for the termination constant y will depend on the prob- 
lem being solved and the accuracy desired of the solution. It may be desirable 
to perform several trial runs on a problem before y is selected. 

As mentioned previously, the step size T is generally determined by some 
ad hoc strategy. One possible strategy is to select a value of T which attempts 
to effect a certain value of AJo (perhaps some specified percentage of the 
preceding value of J J .  From Eqs. (6.2-14) and (6.2-18) observe that 
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(6.2-21) 

To effect an approximate change of q percent in Ja, select 7 as 

(6.2-22) 

This method of selecting 7 generally requires the capability of intervening 
in the execution of the program to alter the value of q, because as Ja ap- 
proaches a minimum, [ld&'(i)/dull -, 0; hence, if q is not decreased, the 
step size becomes large, and severe oscillations may result. 

An alternative strategy for selecting 7 is to use a single variable search. 
We choose an arbitrary starting value of 7, compute d&"')/du, and find u('+') 
using (6.2-19). Then a search among values of 7 > 0 is carried out until the 
smallest value of Ja is obtained. In other words, we move in the steepest 
descent direction until there is no further decrease in Ja. 

An Illustrative Example 

To illustrate the mechanics of the steepest descent procedure we have 
discussed, let us partially solve a simple example. Since all calculations will 
be done analytically, the piecewise-constant approximations mentioned 
previously will not be required. 

Example 6.2-1. A first-order system is described by the state equation 

2(t) = -x(r) + dt) (6.2-23) 

with initial condition x(0) = 4.0. It is desired to find dt), t E [0,1], that 
minimizes the performance measure 

J = x"1) + 1' &2(t)dt. (6.2-24) 

Notice that this problem is of the linear regulator type discussed 
in Section 5.2, and, therefore, can be solved without using iterative 
numerical techniques. The costate equation is 

(6.2-25) 

with the boundary conditionp(1) = 2r(l). In addition, the optimal control 
and its costate must satisfy the relation 
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ax - - u(t) + p ( f )  = 0. 
au (6.2-26) 

As an initial guess for the optimal control, let us select u(o)(r) = 1.0 
throughout the interval [0, 11. Integrating the state equation, using this 
control and the initial condition x(0) = 4.0, we obtain 

X(O) ( f )  = 3E-‘ + 1 ; (6.2-27) 

hence, ~ ( ~ ’ ( 1 )  = Z W ( O ) ( l )  = 2[3e-1 + 11. Using this value forp(O’(1) and 
integrating the costate equation backward in time, we obtain 

p‘O’(t) = 2€-“3e-’ + Ilc’, 

which makes 

(6.2-28) 

(6.2-29) 

If u(O)(t) had been the optimal control, then dS(O’(f) /du would have been 
identically zero. Assuming that our stopping criterion is not satisfied, 
we find that the next trial control is 

(6.2-30) 

which if 7 = 0.1 gives 

U ( 1 ’ ( f )  = 1.0 - 0.1[1 + 2€-1[3e-1 + 1It-l. (6.2-31) 

To continue the iterative algorithm, we would repeat the preceding steps, 
using this revised control history. Eventually the iterative procedure 
should converge to the optimal control history, u*(r). 

The preceding example indicates the steps involved in carrying out one 
iteration of the steepest descent algorithm. Let us now use this algorithm to 
determine the optimal trajectory and control for a continuous stirred-tank 
chemical reactor. This chemical engineering problem will also provide a 
basis for comparing the steepest descent method with other numerical tech- 
niques to be discussed in the following sections of this chapter. 

A Continuous Stirred- Tank Chemical Reactor 

Example 6.2-2. The state equations for a continuous stirred-tank chemical 
reactor are given below [L-5]. The flow of a coolant through a coil inserted 
in the reactor is to control the first-order, irreversible exothermic reaction 
taking place in the reactor. The states of the plant are xl( t )  = T(t) (the 

co
nt

ro
len

gin
ee

rs
.ir



Sec. 6.2 Numerical Determination of Optimal Trajectories 339 

deviation from the steady-state temperature) and xZ(r) = C(r) (the devia- 
tion from the steady-state concentration). u(r), the normalized control 
variable, represents the effect of coolant flow on the chemical reaction. 
The state equations are 

with initial conditions x(0) = [0.05 O]T. The performance measure to be 
minimized is 

indicating that the desired objective is to maintain the temperature and 
concentration close to their steady-state values without expending large 
amounts of control effort. R is a weighting factor that we shall select 
(arbitrarily) as 0.1. The costate equations are determined from the 
Hamiltonian, 

(6.2-34) 

as 

The algebraic relation that must be satisfied is 

_ -  - 2Ru(r) - pl(r)[xl(r) + 0.251 = 0. (6.2-36) d.w 
du 
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0.10 

o,08 

0.06 

0.04 

0.02 

0.0 

Since the final states are free and not explicitly present in the performance 
measure, the boundary conditions at t = tf are p ( r f )  = 0. 

A program was written in FORTRAN 1V for the 1BM 360/67 
digital computer. Numerical integration was carried out using a fourth- 
order Runge-Kutta-Gill method with double-precision arithmetic and an 
integration interval of 0.1 unit. 

The norm used was 

- 
- 
- T J  = 0.0829 

\ 
- \  

1 - ' 
- %x. 

- ~ ~ x ~ - ~ - ~ - ~ ~ - x - x ~ x ~ x ~ x ~ x ~ x ~ x ~ x ~ x ~ x ~ x ~ ~  

'"t' = 0.0456 
J = 0.031 1 

x\x.x J = 0.0283 J = 0.0268 
- 

- 
- 

1 1 1 1 1 1 1 1 1 1 1 l 1 1  

(6.2-37) 

and the iterative procedure was terminated when either IIdJp/duII I 
or IJ") -J"+" I < 10-6. To ensure that a monotonically decreasing se- 
quence of performance indices was generated, each trial control was 
required to provide a smaller performance measure than the preceding 
control. This was accomplished by halving 7 and re-generating any trial 
control that increased the performance measure. 

With u(O)(t) = 1.0, t E [0,0.78], and an initial 7 equal to 1.0, the 
value of the performance measure as a function of the number of itera- 
tions is as shown in Fig. 6-3. Notice that the fist four iterations reduce 
the performance measure significantly; however, the final 13 iterations 
yield only very slight improvement. This type of progress is typical of 
the steepest descent method. The optimal control and the optimal state 
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0. 

trajectory obtained by the iterative solution are shown in Figs. 6-4 
and 6-5. 

- 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 I  

0.08 0.16 0.24 0.32 0.40 0.48 0.56 0.64 0.72 0.80 - 

f l u )  

# 

1.6 - 

0.4 - 
0.2 

0. 0.08 0.16 0.24 0.32 0.40 0.48 0.56 0.64 0.72 0.80 

Time 

- 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 l 1 1 1 1 ,  

Figure 6-4 The optimal control for the stirred-tank reactor(steepest 
descent solution) 

0.06 1 
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Table 6-1 SUMMARY OF STEEPEST DESCENT SOLUTION OF THE 
STIRRED-TANK CHEMlCAL REACTOR PROBLEM 

Initial Initial Number of Minimum Final Stopping 
control ? iterations value of .r criterion 

u(o'(r), I E [O., 0.781 required J,  J* satisfied 

1 .o 1 .oo 27 0.02681 0.2s NORM 

1 .o 0.2s 48 0.02682 0.2s NORM 

0.0 1 .oo 7 0.02678 0.2s NORM 

0.0 0.2s 11 0.02680 0.2s NORM 

Features of the Steepest Descent Algorithm 

To conclude our discussion of the steepest descent method, let us sum- 
marize the important features of the algorithm. 

Initial Guess. A nominal control history, u(O)(t), t E [to,  t,], must be selected 
to begin the numerical procedure. In selecting the nominal control we utilize 
whatever physical insight we have about the problem. 

Storage Requirements. The current trial control do, the corresponding 
state trajectory x(0, and the gradient history d&"i)/du, are stored. If storage 
must be conserved, the state values needed to determine d%"')/du can be 
obtained by reintegrating the state equations with the costate equations. If 
this is done x(') does not need to be stored; however, the computation time 
will increase. Generating the required state values in this manner may 
make the results of the backward integration more accurate, because the 
piecewise-constant approximation for x(') need not be used. 

Convergence. The method of steepest descent is generally characterized by 
ease of starting-the initial guess for the control is not usually crucial. On 
the other hand, as a minimum is approached, the gradient becomes small 
and the method has a tendency to converge slowly. 

Computations Required. In each iteration numerical integration of 2n first- 
order ordinary differential equations is required. In addition, the time history 
of d Z ( ' ) / d u  at the times tk ,  k = 0, 1,. . . , N - 1, must be evaluated. To 
speed up the iterative procedure, a single variable search r ~ a y  be used to 
determine the step size for the change in the trial control. 

Stopping Criterion. The iterative procedure is terminated when a criterion 
such as I ld~?(~) /du l l  < y 1  or IJ(i) - ,P i+] )  I < yz  is satisfied; y ,  and yz  are 
preselected positive numbers. 
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Modijications Required for Fixed End Point Problems. One way to modify 
the procedure we have discussed for problems in which some or all of the 
final states are fixed is to use the penalty function approach. For example, 
if the desired final state is denoted by xAr,), we can add a term to the per- 
formance measure of the form 

where H is a diagonal matrix with large positive elements, and treat x(t,) as 
if it were free. Doing this, we find that the boundary conditions become 
p(t,) = H[x(t,) - xAt,)]. By using this technique, fixed and free end point 
problems can be solved with the same computer program. Adding the penalty 
term to the performance index penalizes deviations of the final states from 
their desired values. For an alternative approach to fixed end point problems, 
see the discussion in reference [B-5]. 

6.3 VARIATION OF EXTREMALS 

The iterative numerical technique that we shall discuss in this section is 
called variation of extremals, because every trajectory generated by the al- 
gorithm satisfies Eqs. (6.1-1) through (6.1-3) and hence is an extremal. To 
illustrate the basic concept of the algorithm, let us consider a simple example. 

A First-Order Optimal Control Problem 

Suppose that a first-order system 

is to be controlled to minimize a performance measure of the form 

where x(t,) = x ,  is given, to and t ,  are specified, and the admissible state 
and control values are not constrained by any boundaries. If the equation 
[corresponding to (6.1-3)J 

(6.3-3) 
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is solved for the control in terms of the state and costate and substituted in 
the state and costate equations, the reduced differential equations 

(6.3-4) 

are obtained. In general, d is a nonlinear function of x(t), p(r), and t. Since 
h = 0 in the performance measure, Eq. (6.1-4b) givesp(t,) = 0. TO determine 
an optimal trajectory, we must find a solution of Eq. (6.3-4) that satisfies the 
boundary conditions x(t,) = xo, fit,) = 0. 

If p(ro) were known, Eq. (6.3-4) could be solved by using numerical inte- 
gration. Since this is not the case, suppose we guess a value p(O)(t,) for the 
initial costate, and use this initial value to integrate numerically (6.3-4) from 
to to 2,; we denote the costate solution obtained by this integration as pCo).  
If we should guess an initial costate value that causes p(O)(t,) to be zero, the 
two-point boundary-value problem is solved. In general, however, it will 
turn out that the final costate will not equal zero. Notice that the value ob- 
tained for the terminal costate, p(O)(t,), will depend on the number chosen 
for p(O)(t,); in other words, p(t,) is a function of p(ro). Unfortunately, an 
analytical expression for this function is not known, nor is it readily deter- 
mined; however, values of the function [such as p(o)(tr)] can be found by 
using selected values ofp(to) to integrate numerically the reduced state-costate 
equations. The method of variation of extremals is an algorithm that uses the 
observed values of p(t,) to adjust systematically the guessed values of p(ro). 
One technique for making systematic adjustments of the initial costate values 
is based on Newton's method for finding roots of nonlinear equations [F-11. 

A geometric interpretation of Newton's method is provided by Fig. 6-6, 
where a possible curve of&,) as a function ofp(ro) is shown. (Unfortunately, 
wedo not really know what thiscurvelookslike-if we did, our problem would 
be solved.) Newton's method consists of finding the tangent to the p(t,) 
versus p(ro) curve at an arbitrary starting point q and extrapolating this 

F@e 66 A typical relationship between p(rf) and p(t0) 
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tangent to determine the point where it intersects the desired value of p(r,) 
(zero in this problem). This completes one iteration of the algorithm; the 
next iteration consists of extrapolating the tangent at point s to determine 
p'2'(ro). The iterative procedure continues until the value ofp(')(r,) obtained 
is sufficiently close to zero to satisfy a specified termination criterion. Notice 
that for small changes in p(ro) the approximation of the nonlinear curve by 
its tangent is quite good; hence if the initial costate values generated by the 
iterative procedure approach p*(ro), convergence of the algorithm should 
be quite rapid. 

The slope of the curve at point q, which is needed to determine the equa- 
tion of the tangent, can be found approximately by perturbing the value of 
p(O)(r0) and evaluating (by integration of the reduced state and costate equa- 
tions) the perturbed value of the final costate p(O)(r,) + 6p(O)(r,); that is, 

(6.3-5) 

The tangent curve is described by the equation 

At,) = m.p(t0) + 6. (6.3-6) 

where m is the slope of the tangent given by (6.3-5) and b is the p(r,) axis 
intercept. Since p(r,) = p'o)(r,) for p(ro) = p(O)(r0), the intercept is 

b =p'O'(r,) - mp'O'(r,); (6.3-7) 

hence, 

Po,)  = w ( r 0 )  + [P'o'(t,) - mP'O'(tO)]. (6.3-8) 

To find the point on the tangent curvep")(r,) where p(r,) = 0, we substitute 
p(t,) = 0 and p(ro) = p(l)(r0) into (6.3-8) with the result 

0 = mp(I)(ro) + [p(O'(r,) - mp(O'(r,)]. (6.3-9) 

Solving for p(l)(r0), the next trial value of p(ro),  we obtain 

p"'(ro) = p(0)(ro) - [m]-'p'O'(r,) 

Another way of deriving Eq. (6.3-10) is to solve the relationship 
m = [p'"(r,) - O]/[p(o"(ro) - p'l)(r0)] (obtained by inspection of Fig. 6-6) 
for p(I)(t0).  
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In general, using this algorithm gives 

as the expression for the (i + 1)st trial value of p(to). 

simple numerical example. 
To illustrate how the iterative procedure is carried out, let us solve a 

Example 6.3-1. Assume that the reduced statecostate equations are given 
bY 

2(t) = - 2 ~ ( t )  - p( t )  + 6 
(6.3-1 1) at) = 4x(t) + 3p(t) 

and that the boundary conditions are x(0) = 3, p(1) = 0. 
The iterative procedure begins by guessing a value for p(0); suppose 

we guess p(O'(0) = 0. Since Eqs. (6.3-1 1) are linear, timeinvariant differ- 
ential equations, the solution 

(6.3-12) 

can be obtained easily by using analytical methods. 

If we use p(0) = 0.001, the solution obtained for p( t )  is 
Next, we perturb ~ ( ~ ' ( 0 )  by a small amount, say 8p(O)(O) = +0.001. 

We need to store only the trajectory values at t = 1 to use Newton's 
method. From (6.3-5) we obtain 

0.001 

and substituting this value in (6.3-10) gives as the new value of Ato) 

p(l'(to) = 0 - [-;€-I + 4€2]-1[4€-1 + 8 € 2  - 121 
= -4.993. (6.3-1 5) 

Then, using this value for p(to) yields 

~ ( " ( t )  = -0.336€2' - 5.664€-' + 9 
p"'(t) = 1.342P + 5.664€-' - 12. 

(6.3-16) 
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It is easily verified that x(l)(t), p(I) ( t )  satisfy the specified boundary 
conditions x(0) = 3, p(1) = 0;  hence, the iterative procedure has con- 
verged in only one iteration. Although the reader may suspect that this 
has occurred because of an especially fortuitous initial guess, the procedure 
would have converged in one iteration regardless of the initial guess, 
because the reduced differential equations are linear. It is left as an 
exercise for the reader (Problem 6 2 )  to verify that if a two-point boundary- 
value problem is linear, the method of variation of extremals converges 
in one iteration regardless of the initial guess selected for the missing 
boundary conditions. 

Before considering the generalization of the technique we .have dis- 
cussed to higher-order systems, we note that if the desired value of the final 
costate p(r,) is some nonzero constant p,, then Eq. (6.3-1Oa) must be modified 
to read 

Extensions Required for Systems of 2n Differential 
Equations 

We have shown how the method of variation of extremals can be used to 
solve a two-point boundary-value problem involving two first-order differen- 
tial equations. If we have 2n first-order differential equations (n state equa- 
tions and n costate equations), the matrix generalization of Eq. (6.3-IOa) is 

p('+')(to) = p(f)(to) - [P,(p(o(to), t,)]-l p(f)(r,), (6.3- 18) 

where PP@(')(to), t) is the n x n matrix of partial derivatives of the com- 
ponents of p(t) with respect to each of the components of p(to), evaluated 
at p(f)(roy; that is, 

(6.3- 19) 

The P, matrix indicates the influence of changes in the initial costate on the 
costate trajectory at time t; hence, we shall call P, the costare influence fmc- 
rion matrix. Notice that (6.3-18) requires that P, be known only at the terminal 
time t,. 
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Equation (6.3-18) is appropriate only if the desired value of the final 
costate is zero, which occurs if the term h(x(t,)) is missing from the perfor- 
mance measure. If, howeve;., h is not absent from the performance measure, 
it can be shown (see Problem 6-1) that the appropriate equation for the 
iterative procedure is 

where P,(p(O(to), t,) is the n x n state influence function matrix 

(6.3-21) 

evaluated at t = t,. The notation [ If means that the enclosed terms are 
evaluated on the ith trajectory, and 

is the matrix whose jkth element is 

Notice that if h = 0, (6.3-20) reduces to Eq. (6.3-18). 
I n  order to use Eq. (6.3-20) in an iterative manner, we must first deter- 

mine the influence function matrices. Let us now discuss how these matrices 
can be computed. 

Determination of the Influence Function Matrices 

Conceptually we may think of finding the P, and P, matrices at t = t ,  

1. Using p(ro) = p(()(t0) and x(to) = x,, integrate the reduced state and 
by the following finite difference procedure: 
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costate equations from to to r,, and store the resulting values of p(i)(t,) 
and x("(t,). 

2. Perturb the first component of the vector p(')(to) by an amount &,(to); 
again integrate the reduced state and costate equations from to to t,. 
The first column of P,@(i)(to), t,) is found from the relationship 

(6.3-22) 

where 6p(t,) is found by subtracting the value of p")(t,) generated in 
step 1 from the value of p(r,) generated by using the perturbed value 
of fit,). 

Similarly, the first column of P,(p(O(to), t,) is found from 

(6.3-23) 

3. The remaining columns of the influence function matrices at t = t, 
are generated by perturbing each of the components of p(to), with all 
other components at their initial settings, and evaluating the ratios of 
the changes in p(r,) and x(t,) to the change in the appropriate com- 
ponent of p(ro). 

If the influence function matrices are computed by using this procedure, 
the integrations of steps I ,  2, and 3 would probably be performed simul- 
taneously. 

One rather apparent difficulty with this finite difference procedure is the 
selection of the perturbations. Relatively large perturbations may cause the 
difference approximations of the partial derivatives to be inaccurate, whereas, 
on the other hand, very small perturbations may significantly increase the 
effects of inaccuracies caused by numerical integration, and truncation and 
round-off errors. These difficulties can be avoided, however, by using a 
different method to evaluate the influence function matrices; let us now 
discuss this alternative procedure. 

Assume that d Z / d u  has been solved for u(t) and used to obtain the 
reduced state and costate differential equations 

(6.3-24) 

Taking the partial derivatives of these equations with respect to the initial 
value of the costate vector gives 
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If it is assumed that d[dx/dt]/dp(r,) and d[dp/dtJ/dp(t,) are continuous 
with respect to p(to) and t, the order of differentiation can be interchanged 
on the left side of (6.3-25); doing this and using the chain rule on the right- 
hand side, we obtain 

(6.3-26) 

The indicated partial derivatives are n x n matrices havingjkth elements 

Notice that if the definitions of the influence function matrices given by 
(6.3-19) and (6.3-21) are used, Eq. (6.3-26) becomes 

where [ 1, indicates that the enclosed matrices are evaluated on the tra- 
jectory x(*), p(') obtained by integrating the reduced statecostate equations 
with initial conditions x(to)  = xo,  p(to) = p(')(to). Notice that (6.3-26a) 
represents a set of 2nZ first-order differential equations involving the 
influence function matrices. The matrices Px(p(')(t0), t,) and Pp(p(')(to), t,) 
can be obtained by integrating these differential equations simultaneously 
with the reduced statecostate differential equations. The appropriate initial 
conditions for the influence function equations are 
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P,(P(~) (~~) ,  t o )  = s; I = 0 (the n x n zero matrix) (6.3-27a) 
0 P"'(t.) 

Pp(P(')(t0)7 = = I (the n x n identity matrix). (6.3-27b) 
0 Pl"(t.) 

Equation (6.3-27a) follows because a change in any of the components of 
p(to) does not affect the value of x(to); the state values are specified at time 
to. A change in the j th component of p(to) changes only p,(to); hence the 
result shown in (6.3-27b) is obtained. 

The Variation of Extremals Algorithm 

Before solving a numerical example, let us first outline the steps required 

1. Form the reduced differential equations by solving d&'/& = 0 for 
u(t) in terms of x(t), p(t), and substituting in the state and costate 
equations [which then contain only x(t), p(t), and t]. 

2. Guess p(O)(t0), an initial value for the costate, and set the iteration 
index i to zero. 

3. Using p(to) = p(')(r0) and x(t,,) = xo as initial conditions, integrate 
the reduced state-costate equations and the influence function equa- 
tions (6.3-26a), with initial conditions (6.3-27), from to to t,. Store 
only the values p(j)(r,), x(j)(t,), and the n x n matrices Pp(p(i)(to)7 t,) 
and Px@(i)(to), 2,). 

4. Check to see if the termination criterion 11 p(')(t,) --dh(x(')(t,))/dx 11  
< y is satisfied. If it is, use the final iterate of p(')(t0) to reintegrate the 
state and costate equations and print out (or graph) the optimal 
trajectory and the optimal control. If the stopping criterion is not 
satisfied, use the iteration equation (6.3-20)'to determine the value 
for ~ ( ~ + * ) ( t ~ ) ,  increase i by one, and return to step 3. 

to carry out the variation of extremals method: 

Notice that steps 1 and 2 are performed off-line by the user or program- 
mer; the computer program consists of steps 3 and 4. Let us now illustrate 
the use of variation of extremals to re-solve the continuous stirred-tank 
chemical reactor problem discussed in Section 6.2. 

Example 6.3-2. The appropriate equations are the same as in Example 
6.2-2. To determine the reduced differential equations, we solve (6.2-36) 
for u(r) to obtain 
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Substituting (6.3-28) with R = 0.1 in the state and costate equations gives 

as the reduced statetostate equations. 
The influence function matrix differential equations are 

I- u, 1 + a  J, 
(6.3-31) 

The boundary conditions for integrating these eight differential equations 
are Px(0) = 0, Pp(0) = I. The state and costate values appearing on the 
right side of (6.3-31) are obtained from the integration of the reduced 
state-costate equations with initial conditions x(0) = [0.05 O.OO]r, 
p(0) = p")(O). After integrating (6.3-29) through (6.3-31) from r = 0.0 to 
t = 0.78, the matrix Pp(0.78) is used to determine pci+I)(O) from (6.3-20) 
with h = 0;  that is, 

t For simplicity the argument f has been omitted from the expressions involving x(f) 
and Mr), and the argument p("(f,,) has been omitted from the influence functions. 
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~"'"(0)  = ~ " ' ( 0 )  - [ p p  (0.78)l; '~"'(0.78). (6.3-32) 

The initial guess used to start the iterative procedure was 

(6.3-33) 

and 

was the norm used as a stopping criterion. 

to the costate values 
The method converged after 5 iterations (with a norm of 1.71 X 

which yield as the minimum value of the performance measure 

J* = 0.02660. 

Figures 6-7 and 6-8 show the optimal control and trajectory. Comparing 
Figs. 6-7 and 6-8 with Figs. 6-4 and 6-5, we see that although the mini- 
mum value of J agrees to three decimal places with the steepest descent 
results, the trajectories and controls are discernibly different-indicating 
that the performance measure is rather insensitive to control variations 
in the vicinity of the optimum. Table 6-2 shows the costs and norm 
changes that occur during the iterative procedure. 

& )  
b - 

1.8 - 

0.4 - 
0.2 

0. 0.08 0.16 0.24 0.32 0.40 0.48 0.56 0.64 0.72 0.80 

- 
L I I I I  

Time 

Figore 6 7  The optimal control for the stirred-tank reactor (varia- 
tion of extremals solution) 
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0.32 0.40 0.48 0.56 0.64 0.72 0.80 

Time 

t 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  
0.08 0.16 0.24 0.32 0.40 0.48 0.56 0.64 0.72 0.80 

Time 

- 

1 
x2 

Figare 6-8 The optimal trajectory for the stirred-tank reactor 
(variation of extremals solution) 

Table 6-2 VARIATION OF EXTREMALS SOLUTION OF 'IHE -TANK 
CHEMICAL REACTOR PROBLEM 

Iteration Norm Jt do) p(0.78) 

0 2.97 x 100 0.09973 

1 4.90 x 10-1 0.04786 

2 1.50 x 10-1 0.02943 

0.0200 
3 2.83 x 10-2 0.02668 [o.w~] 

4 1.09 x 10-3 0.02660 [=;I EEl 
0.0000012 

1.71 x 10-6 0.02660 [O.OOOOOO~] 
5 

t Notice that this is the value of J associated with an extremal trajectory that satisfies the 
required boundary conditions only when the iterative procedure has converged. 
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An initial guess of 

X 

was also tried. The iterative procedure required 16 iterations to converge, 
and large excursions of the initial costate values (see Fig. 6-9) and the 
norm were observed. The norm for the initial guess was 11.77; after four 
iterations this value had grown to 933.69. These fluctuations and the 
number of iterations required for convergence point out the importance 
of making a good initial guess. 

4.4 X 

3.2 

2.8 

2.4 

X 

X 

X 

X 

X X X X X X  

+ +  * + + 
+ + + A + + +  - T  ."r x x 

Figure 6-9 Variation of initial costate values for a starting guess 
P(0W = [:::I 

Features of the Variation of Extremals Algorithm 

As we did previously with the method of steepest descent, let us conclude 
our discussion of variation of extremals by reviewing the important char- 
acteristics of the algorithm. 

Initial Guess. To begin the procedure, a guess for the initial costate p(ro) 
must be made. [Actually, it may be better to guess x(rf) instead, since we 
probably have more knowledge about the final values of the states from the 
physical nature of the problem. If we do elect to guess x ( t f )  instead of p(to), 
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then we must integrate backward in time and modify the iteration equations 
appropriately to generate the next guess for x(rJ.1 

Storage Requirements. No trajectories need to be stored; only the values of 
the influence function matrices at t = t,, the value of p(i)(ro),  the given 
initial state value, and the appropriate desired boundary conditions are 
retained in computer memory. 

Convergence. Once p(')(to) is sufficiently close to p*(to), the method of varia- 
tion of extremals will generally converge quite rapidly; however, if the initial 
guess for p(t,) is very poor, the method may not converge at all. Making a 
good initial guess is a difficult matter, because we have no physical insight to 
guide us in selecting p(O)(t,). The sensitivity of the solution of the differential 
equations is the culprit that makes the initial guess for p(r , )  so crucial; Fig. 
6-10 illustrates how a small difference in the values of the initial costate may 
cause tremendous differences in the final values of the costate. Sometimes 

Figure 6-10 Sensitivity of the costate solution to changes in p ( r 0 )  

this difficulty can be circumvented by using 

(6.3-35) 

where 0 < T 5 1 is a step size adjustment factor, instead of (6.3-20). To 
prevent the procedure from trying to correct the error in p( to)  in one step, 
we can make T small during the early iterations, and then gradually increase 
it to 1.0 as the procedure begins to converge. 

Computarions Required. 2n(n + 1) first-order differential equations must be 
numericalIy integrated and an n x n matrix inverted in each iteration. 
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Stopping Criterion. The iterative procedure is terminated when 

where y is a preselected positive termination constant. 

Modijicutions Required for Fixed End Point Problems. If some or all of the 
final states are fixed, we must modify Eq. (6.3-20) to adjust At,) iteratively 
on the basis of deviations of the final states from their desired values (see 
Problem 6-3). 

6.4 QUASI LI  N EARRATION 

In Chapter 4, we indicated that the combination of split boundary con- 
ditions and nonlinear differential equations is what makes nonlinear two- 
point boundary-value problems difficult to solve. Numerical integration can 
be used to solve nonlinear differential equations if a complete set of boundary 
conditions is specified at either the initial time or the final time-the method 
of variation of extremals consists of solving a sequence of such problems. 
In the method of quasilinearization, which we will introduce in this section, 
a sequence of linear two-point boundary-value problems is solved. Let us 
begin our discussion by illustrating a noniterative procedure for solving 
linear differential equations with split boundary conditions. 

Solution of Linear Two- Point Boundary- Value Problems 

Consider the two first-order, linear differential equations with time- 
varying coefficients 

(6.41) 

with specified boundary conditions x(to) = xo and p(t,) = pr. .aI ,, a,,,  a,, ,  
a,,, e l ,  and e, are known functions of time, and to,  t,, x,, and p,  are known 
constants. It is desired to find a solution, x*(t), p*(r), t E [to, t,], which 
satisfies the given boundary conditions. Noticethat thesedifferential equations 
are linear, but the boundary values are split. 

First, suppose that we were to generate by numerical integration a solu- 
tion, xH(r), p"(t), t E [to, t,], of the homogeneous differential equations 

(6.42) 
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with arbitrary assumed values for the initial conditions; as a convenient 
choice, let X"(t,) = 0 and p(to) = 1. 

Next, we could determine a particular solution, xp(t), pP(t), to the non- 
homogeneous equations (6.41) by numerical integration, using xP(t,) = x, 
andpp(t,) = 0 as initial conditions. Since the differential equations are linear, 
the principle of superposition applies, and 

(6.43) 

is a solution of (6.41) for any value of the constant c,. We wish to find the 
solution that satisfies the specified boundary conditions. This can be accom- 
plished by observing that 

Solving this for c,, which is the only unknown quantity, gives 

(6.45) 

The required solution of (6.4-1) is then given by Eq. (6.43) with this value of 
c,. Notice that the boundary condition x(t,) = xo is satisfied for any choice 
of c, because of the judicious choices x"(t,) = 0 and xp(to) = x,. 

The principle of superposition enabled us to obtain the solution of the 
linear two-point boundary-value problem in terms of the solution of a 
linear algebraic equation. The following example illustrates the required 
calculations. 

Example 6.4-1. Find the solution of the differential equations 

(6.4-6) 

which satisfies the boundary conditions x(0) = 3, p(1) = 0. 

initial conditions for the homogeneous equations 
Proceeding as outlined previously, let ~ " ( 0 )  = 0, d ( 0 )  = 1 be the 

*(t) = -2x(r) - p ( t )  

f i t )  = 4x(r) + 3&). 

Integrating E,q. (6.4-7) with these initial conditions gives 

(6.4-7) 

(6.4-8) 
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To find a particular solution, we integrate (6.4-6) with the boundary 
conditions xp(0) = 3 = x(O), pp(0) = 0, which yields the result 

x p ( r )  = -4€-t - 2€2' + 9 
p ( r )  = 4r-t + W' - 12. (6.49) 

The complete solution is then 

where the value of c1 that makes p(1) = 0 is to be determined. 
Notice that x(0) = 3 regardless of the value of cl. To h d  c, we need 
only solve the linear algebraic equation 

0 = c,[-fe-l + :@I + 4 € - 1  + 8€2 - 12, (6.41 1) 

which gives cI = -4.993. The solution is then 

x(t) = -0.336€2' - 5 . 6 6 4 ~ '  + 9 
p(t)  = 1.342€2' + 5.664€-' - 12. 

(6.412) 

It is easily verified by substitution that this is a solution of the original 
differential equations and comparing (6.4-12) with (6.3-16) we observe 
that this is the same solution as was obtained by using variation of ex- 
tremals in Example 6.3-1. 

In this particular problem the differential equations were simple 
enough so that numerical integration was not required; unfortunately, 
this is not generally the case. It should also be pointed out that the values 
assumed for xH(O), pH(O), xp(O), and pp(0) require that only one algebraic 
equation be solved; however, other initial values can also be used to 
obtain the same result for the complete solution. 

The preceding discussion can be extended to include systems of linear 
differential equations of arbitrary order, but before doing this let us discuss 
how the linear differential equations arise. 

Linearization of the Reduced State-Costate Equations 

In general, the state and costate differential equations are nonlinear. 
Let us consider a simple situation in which there is one state equation and one 
costate equation. Assume that a&'/du = 0 has been solved for u(t) and 
substituted in the state-costate equations to obtain the reduced differential 
equations 

(6.4-1 3) 
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where a and dare nonlinear functions of x(i) ,  p(t) ,  and t. Let x(O)(t), p(O)(t), 
t E [to, t,], be a known trajectory and x(l)(t),  p“)( t ) ,  t E [to, r,], be any other 
trajectory. By performing a Taylor series expansion of the differential 
equations (6.413) about x(O)(t), p(O)(t) and retaining only terms of up to first 
order, we obtain 

i ( I ) ( t )  i (o ) ( r )  + K ( x ( o ) ( t ) ,  p ( ~ ) ( t ) ,  t)] [x ( l ) ( t )  - x(o)(t)l 

da X(O)(t), p‘O’(t), t)] [p‘”(r) - p‘O’(t)] 

p ( r )  = p ( t )  + E ( x ‘ ” ( t ) ,  p‘O’(t), I)] [x( l ’ ( t )  - X(O)(t)] 

+ &(x(o)(f) ,~(o)(r)y f)] [P“’(f)  - P‘o’(t)l 

+ [d (6.414) 

or, substituting a(x(0)(t), p(O)(r), r )  for i ( O ) ( t )  and d(x(O)(t), p(O)(t), t) for p ( O ) ‘ ( t ) ,  

i . ‘ ” ( t )  = a(x(0)(t),p‘0’(t), I )  

+ &(x(o)(r), p(o)(t) ,  r ) ]  [p ( I ) ( t )  - p ~ t ) ] .  

To demonstrate that these equations are linear, we can rewrite them, using 
the fact that x(O) and p(O) are known functions of time, as 

P ( r )  = a, l ( r )x ( i ) ( r )  + a12(r)p(l)(t) + e&) 

P W  = az I ( r )x ( ’ ) ( r )  + ~,~(r)p(~)(t) + e,(t), 
(6.415) 

where 
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and 

are all known functions of time. 
By expanding the differential equations (6.4-13) about a trajectory x(O), 

p(O), we have obtained a set of ordinary, linear, time-varying, nonhomogeneous 
diyerential equations; these linear differential equations can be solved by 
using the procedure we have discussed previously in this section. 

One Iteration of the Numerical Procedure 

The method of quasilinearization consists of solving a sequence of lin- 

1. Linearize nonlinear differential equations. 
2. Solve linear two-point boundary-value problems. 

The following example illustrates how these two steps go together to 

earized two-point boundary-value problems. We now know how to: 

constitute one iteration of the quasilinearization algorithm. 

Example 6.44. A nonlinear first-order system is described by the differen- 
tial equation 

k(t) = Xyr) + dt). (6.4-16) 

The initial condition is x(0) = 3.0, and the performance measure to be 
minimized is 

J = 1: [2XW + u"t)] dr. (6.4-1 7) 

From the Hamiltonian 

The algebraic relationship that must be satisfied is 

dx -- - 0 = 2u(r) +At). 
du 

(6.4-20) 
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Observe that 2 is quadratic in u(t), and 

y: -- - 2 > 0, (6.4-21) 

so that 

u(t) = -$At) (6.4-22) 

is guaranteed to minimize the Hamiltonian. The nonlinear two-point 
boundary-value problem that is to be solved is then specified by the 
reduced state-costate equations 

y t )  = X Y t )  - +p( t )  

Ar) = - 4 4 0  - 2p(t)x(r), 
(6.4-23) 

the boundary condition x(0) = 3.0, and, from equation (5.1-18), p(1) = 0. 
Linearization of the reduced differential equations (6.4-23) about a 

nominal trajectory d o ) ,  p(0)  gives 

which, when rearranged, becomes 

where each of the bracketed quantities is a known function of time. 
Notice that these differential equations are of the form given by (6.4-1), 
and hence can be solved for ~ ( l ) ( t ) , p ( ~ ) ( t ) ,  t E [0, I], by guessing 
do)((), p"J)(t), t E [0, I], and using the procedure described previously. 
The new trajectory x ( I ) ,  p ( l )  can then be used in placeofx(0),pto) torepeat 
the process. 

Let us now discuss the generalization of these steps to systems of 2n 
differential equations. As expected, the generalization leads to similar equa- 
tions, but with matrices replacing scalar quantities. 

Assume that da?/du = 0 has been solved for ~ ( t )  and substituted in 
the state and costate equations to obtain the reduced differential equations 

(6.425) W )  = MO, PW, t )  

(6.426) aa? NO = - +x(r), p(t) ,  t). 
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The specified boundary conditions are x(tJ = x i  and p(t,) = p,, where 
p, is an n x 1 matrix of constants; t ,  is assumed to be specified, and x(t,) 
is free. 

The first step is to linearize the differential equations (6.4-25) and (6.4-26). 
This is accomplished by expanding these differential equations in a Taylor 
series about a known trajectory x(')(t), p(f)(r), t E [to, t,], and retaining only 
terms of up to first order. The linearized reduced differential equations are 

(6.427) 

(6.4-28) 

where the jkth elements of the indicated matrices are 

and 

a 2 2  p s ]  jk = m k  * 

Notice that the differential equations (6.4-27) and (6.4-28) can be written 

P + l ) ( t )  = All(t)x(i+')(t) + A,,(t)p(i+')(t) + e,(t)  
p(*+l)(r) = A21(t)x(f+1)(t) + A,,(t)p('+')(t) + e,(t), 

(6.427a) 
(6.428a) 

or, in partitioned matrix form, 
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x('+I)(r) = c,xH1(r) + c2xH2(t) + - - + c,xHn(r) + xp(t) 

p('+')(t) = CIp"'(t) + ~ 2 p " ~ ( t )  + - * * + C,,pHa(t) + f ( t ) ,  

where the matrices A,&) 9 da/dx, A,,(t) & da/dp, A2&) & -dz2/dx2, 
A22(t) A -d2S'/dxdp, e,(t) 9 -A, , ( r )x( t )  - A,,(t)p(r) + a, and e2(t) 
4 -A2,(t)x(r) - A,,(t)p(t) - d Z / d x  are evaluated at x(')(r), p(')(t) and 
hence are known functions of time. 

An initial guess, x(O)(r), p(O)(t), t E [to, r,], is used to evaluate these func- 
tions of time at the beginning of the first iteration. The next step is to generate 
n solutions to the 2n homogeneous differential equations 

i( '+l)(t)  = A, ,(t)x(""(t) + AI2(t)p('+I)(t) 
(6.4-30) 

)('+')(t) = AZI(t)X('+l)(t) + A,,(t)p"+"(t) 

by numerical integration. These solutions will be denoted by xM1, p"'; xR2, 
p"'; . . . ; x"", pHn-the iteration superscript (i + 1) being understood. As 
boundary conditions for generating these solutions we shall use 

X y f , )  = 0, p y t o )  = [l 0 0 * 1 -  O]r 

X y t , )  = 0, pHyto) = [o 1 o . . . or 
(6.4-31) 

X""(to) = 0, p"qf0) = [O 0 f * - 0 1p. 

Next, we generate one particular solution, denoted by xp, pp, by numerically 
integrating Eq. (6.4-29) from to to t,, using the boundary conditions xp(to) 
= xo, pp(to) = 0. Using the principle of superposition, we find that the com- 
plete solution of (6.4-29) is of the form 

(6.4-32) 
(6.4-33) 

where the values of c,, c2,. . . , c,, which make p('+l)(t,) = p, are to be 
determined. To find the appropriate values of the c's, we let t = t ,  and 
write Eq. (6.433) as 

1 ,  

PI = [~HY',) i f 2 ( t , )  i * 1 i p ~ ~ t r , ) ] ~  + P'(~,x (6.4-34) 

where only c p [c, c2 . . . CJ is unknown. Solving for c yields 

' 1  

c = (pH'(',) pH2(t,) i . . . I p""(t,)]-'[p, - pP(t,)]. (6.435) 

Substituting c of Eq. (6.4-35) into (6.4-32) and (6.4-33) gives the (i + 1)st 

I .  
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trajectory-this completes one iteration of the quasilinearization algorithm. 
The ( i  + 1)st trajectory can then be used to begin another iteration, if re- 
quired. 

Notice that if we let t = to in Eqs. (6.4-32) and (6.4-33) and substitute 
the boundary conditions given by (6.4-31), then 

x('+')(t0) = x P ( t o )  = xo 
p('+')(to) = c. 

(6.4-36) 

Thus, the solution x('+'), p ( i + l )  satisfies the initial condition x('+')(to) = xo 
regardless of the value of c. In addition, the initial costate for the (i + 1)st 
trajectory is the value of c obtained from Eq. (6.4-35); we shall subsequently 
make use of this information to reduce storage requirements. 

In  deriving Eq. (6.4-35) from (6.4-32) and (6.4-33) it was assumed that the 
final costate p(tf) is a specified constant. If, however, 

then Eq. (6.4-35) must be modified to read (see Problem 6-10) 

(6.4-37) 

Notice that if h is a linear function of x(tf), for example, 

W t f ) )  = V W f ) ,  (6.4-39) 

where vr is a 1 x n matrix of constants, then d2h/dX2 = 0 and dh/dx = v. 
In this case, Eq. (6.4-38) reduces to (6.4-35) with pf = v. 

The Quasilinearization Algorithm 

Let us now summarize the iterative procedure for solving nonlinear two- 
point boundary-value problems by using the method of quasilinearization : 

1. Form the reduced differential equations by solving W / d u  = 0 for 
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u(t) in terms of x(t), p(t), t ,  and substituting in the state and costate 
equations (which then contain only x(t), p(t), and t). 

2. Using (6.4-27) and (6.4-28), determine the linearized reduced differ- 
ential equations in terms of x(i)(r)y p(')(t), t. 

3. Guess an initial trajectory x(O)(t), p(O)(t), t E [to, r,], and let the itera- 
tion index i be zero. 

4. Evaluate the matrices A l l ,  A I 2 ,  A,,,  A*,, el, and e, of Eq. (6.4-29) 
on the trajectory x(~), P(~). 

5. Numerically integrate the linear homogeneous differential equations 
(6.4-30) from to to t,, using the n sets of initial conditions given in 
(6.4-3 I), to obtain n homogeneous solutions. Compute a particular 
solution to (6.4-29) by numerical integration from to to t,; using the 
initial conditions xp( t , )  = x, and p'(to) = 0. Generally, the n homo- 
geneous solutions and the one particular solution are calculated 
by performing a single integration of n(2n) + 2n = 2n(n + 1) differen- 
tial equations. Store the values of the appropriate variables at t = t,. 

6. Use the values found in step 5 to determine c from Eq. (6.4-38). 
7. Use c found in step 6 and Eqs. (6.4-32) and (6.4-33) to determine the 

8. Compare the ith and (i + 1)st trajectories by calculating the norm 
(i + 1)st trajectory. 

If 

(6.4-40) t 

(6.4-41) 

where y is a preselected termination constant, the iterative procedure 
has converged; go to step 9. If the termination criterion is not satisfied, 
return to step 4, using the trajectory x('+'), p(I+I) in place of x('), p'"). 

9. Integrate the original nonlinear reduced state and costate equations 
with initial conditions x(to) = xo, p(to) = c. Compare the results of 
this integration with the final trajectory x('+'), p(I+l), using a 
suitable norm, and also with the specified boundary values at r = t ,  
to verify that the sequence of solutions to the linearized differential 
equations has converged to the solution of the nonlinear differential 

i There are, of course, other acceptable choices for the norm. 
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equations (6.4-25) and (6.4-26). Evaluate the optimal control history 
from the state and costate values on the (i 4- 1)st trajectory, and print 
out (or graph) the optimal trajectory and the optimal control. 

Steps 1 through 3 are performed off-line by the user or programmer; steps 
4 through 9 are executed on a digital computer. 

The Continuous Stirred- Tank Chemical Reactor Problem 

For comparison with the methods of steepest descent and variation of 
extremals, let us again solve the stirred-tank reactor problem discussed in 
Sections 6.2 and 6.3, this time using the quasilinearization algorithm. 

Example 6.4-3. The problem statement is given in Example 6.2-2. The 
reduced differential equations are given by Eqs. (6.3-29) and (6.3-30). 
Linearizing these nonlinear differential equations, using (6.4-29), we 
obtain 

A(t) denotes the 2n x 2n matrix 

I -2 ; 

A(t) = 

where 

a ,  L exp [A] 25x 
XI + 2 

a, & [xZ + Osla,. 
a, p x1 + 0.25 

a6 L Pz -PI 
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Although these differential equations look formidable, their derivation 
is not difficult, only tedious. It should be emphasized that the A(r) matrix 
and the 2n x 1 matrix containing a and d X / d x  are evaluated on the 
ith trajectory; hence, in the (i + 1)st iteration these are known functions 
of time. 

To begin the iterative procedure, the nominal state-costate history 

was selected. The norm used to measure the deviation of successive 
trajectories generated by the iterative process is given by Eq. (6.4-40) 
with y = 1 x 10-3. For this initial guess, the procedure converged in 
four iterations to a minimum cost of 

J* = 0.02660 

with a norm of O.OOO44. As a check, the initial costates generated in the 
final iteration were used to integrate the original nonlinear differential 
equations (6.3-29) and (6.3-30). and the norm of the deviation of this 
trajectory from the trajectory generated in the last iteration was calculated 
to be 0.00073. The optimal trajectory and control history obtained by 
using quasilinearization are identical (to three decimal places) with the 
results obtained using the variation of extremals algorithm. 

An initial state-costate history of 

= [!::] for r E [0,0.78] 

-0.5 

was also tried. With this initial guess, quasilinearization converged in nine 
iterations to a minimum cost of 

J* = 0.02660 

with a final norm of the deviation between successive trajectories of 
0.000002. Again, the optimal control history and its trajectory are essen- 
tially identical to those found by using variation of extremals. The results 
obtained by using each of these initial trajectories are summarized in 
Table 6-3. 
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Table 6-3 QUcsrUNEAWATlON SOLUTION OF THe STIRR€D-TANK 
CHEhUCAL REACTOR PROBLEM 1 [ ; ] = 0  I [ ; - ] = - 0 3  

I I 

Iteration I Norm Initial costate, c I Norm Initial costate, c 

1 1.3254 2.4800 [;-;I 
- 1.2543 

2 0.2083 1.7803 [-0.21211 

0.0192 [z;] I 2.2027 

I -  
l -  

l -  
Features of the Quasilinearization Method 

To conclude our discussion of quasilinearization, let us summarize the 
important features of the algorithm. 

Inifiul Guess. An initial state-costate trajectory x(O)(r) ,  p(O)(t), I E [to, f f ] ,  

must be selected to begin the iterative procedure. This initial trajectory, which 
is used for linearizing the nonlinear reduced differential equations, does not 
necessarily have to satisfy the specified boundary conditions; all subsequent 
iterates will do so, however. The primary requirement of the initial guess is 
that it not be so poor that it causes the algorithm to diverge. As usual, the 
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initial guess is made primarily on the basis of whatever physical information 
is available about the particular problem being solved. 

Storage Requirements. From Eq. (6.4-32) with t = to it is apparent that 
p('+')(t0) = c if the values of p"'(t0), . . . , pH"(to), and pp(to) are selected as 
suggested; therefore, once c is known, the (i + 1)st trajectory can be generated 
by reintegrating Eq. (6.4-29) with the initial conditions x('+l)(to) = xo and 
p('+"(to) = c. By doing this, there is no necessity for storing (presumably 
in piecewise-constant fashion) the n homogeneous solutions and the 
particular solution; hence we store only the linearizing statecostate trajec- 
tory, the specified value of x(to), the value of c, xP(t,),  pp(tf), and xH'(t,), 
p"J(t,), j = 1,2, . . . , n. 
Convergence. McGill and Kenneth [M4] have proved that the sequence 
of solutions of the linearized equations (6.4-29) converges (with a rate that 
is at least quadratic) to the solution of the nonlinear differential equations 
(6.4-25) and (6.4-26) if 

1. The functions a and d X / d x  of Eqs. (6.4-25) and (6.4-26) are con- 
tinuous. 

2. The partial derivatives da/dx, da/dp, d2%'/dxZ, and d23?/dxdp of 
Eqs. (6.4-27) and (6.4-28) exist and are continuous. 

3. The partial derivative functions in 2 satisfy a Lipschitz condition 
with respect to [x( t )  j p(t)]'. 

4. The norm of the deviation of the initial guess from the solutions of 
(6.4-25) and (6.4-26) is sufficiently small. 

Computations Required. The integration of 2n(n + 1) first-order linear dif- 
ferential equations and the inversion of an n x n matrix are required in each 
iteration. If the (i + 1)st trajectory is generated by integration as discussed 
previously, an additional 2n linear differential equations must be integrated. 

Stopping Criterion. The method of quasilinearization involves successive 
approximations to the solution of a system of nonlinear differential equations 
by a sequence of solutions of a system of linear differential equations. To 
ascertain whether or not the procedure has converged, a measure of the 
deviation of adjacent members of the sequence is used. For example, McGill 
and Kenneth [M-51 use the norm 

M = 2 {max I xY+I)(t)  - xY)(t)  I + max lpy+')(t)  - pjO(t)[} ,  (6.4-43) 

where x:'+') is thejth component of the state vector generated in the ( i  + 1)st 
iteration. When two successive trajectories yield a value of M that is smaller 
than some preselected number y ,  the iterative procedure is terminated-the 

j = I  t I 
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sequence of solutions of the approximating linear differential equations has 
converged. It remains to verify that the final iterate in this sequence of solu- 
tions has converged to the solution of the original nonlinear differential 
equations. We can accomplish this by integrating the nonlinear differential 
equations (6.4-25) and (6.4-26), using the value for p( to)  determined in the 
final iteration and the specified value of x(to)  as initial conditions. The 
boundary values obtained at t = t ,  from this numerical integration are then 
compared with the specified values at t = t ,  to verify that the solution to 
the nonlinear two-point boundary-value problem has been obtained. 

Mod@cations for Fixed End Point Problems. We have discussed problems in 
which the final states are free; however, the quasilinearization algorithm is 
easily modified to deal with problems in which some or all of the states are 
specified at t = t,. For example, suppose x(r,) is specified. To determine c, 
we solve Eq. (6.4-32) with t = t ,  rather than solve Eq. (6.4-33). If some of 
the components of x(t,) are fixed and others free, we select the appropriate 
equations among (6.4-32) and (6.4-33), let t = t,, and solve for c. 

8.5 SUMMARY OF ITERATIVE TECHNIQUES FOR 
SOLVl NG TWO-POI NT BOUNDARY -VALUE 
PROBLEMS 

So far, in this chapter we have considered three iterative numerical 
methods for the solution of nonlinear two-point boundary-value problems. 
The assumption was made that the states and controls are not constrained 
by any boundaries; if this is not the case, the computational techniques we 
have discussed must be m0dified.t 

In each of the methods we have considered, the philosophy is to solve a 
sequence of problems in which one or more of the five necessary conditions 
[Eqs. (6.1-1) through (6.1-411 is initially violated, but eventually satisfied if 
the iterative procedure converges. In the steepest descent method the algo- 
rithm terminates when dS?/du 0 for all t E [to, t,], the other four con- 
ditions having been satisfied throughout the iterative procedure. Convergence 
of the method of variation of extremals is indicated when the boundary 
condition p(r,) = dh(x(t,))/dx is satisfied. In quasilinearization, trajectories 
are generated that satisfy the boundary conditions; when a trajectory is 
obtained that also is a solution of the reduced state-costate equations, the 
procedure has converged. 

As bases for comparing the numerical techniques, we have used the 
initial guess requirement, storage requirements, convergence properties, 

t see [s-31. 
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Integration of 2n dif- 
ferential equations, 
calculation of 
dX/du ,  step sue. 

computational requirements, stopping criteria, and modifications for fixed 
end point problems. Table 6-4 summarize: these and other characteristics 
of the three iterative methods. 

It should be emphasized that the numerical techniques we have discussed 

TPbk 6-4 A COMPARISON OF ‘THE FEATURES OF THREE IlERATlW! METHODS FOR 
SOLVING NONLJNEAR TWO-POINT BOUNDARY-VALUE PROBLEMS 

Integration of 
2n(n + 1) first- 
order differential 
equations, inversion 
of an n x n matrix. 

Feature 

Initial guess 

Iterate to 
satisfy 

Importa,nce of 
initial guess 

Storage 
requirements 

Convergence 

Computations 
required 

Modifications 
for fixed end 
point 
problems 

Sreepesr descent Variation of extremals 

~ e e  [B-51 calculated values of 

State and costate 
equations 

Divergence may result 
from poor guess 

Ktr’(f 1, ptr’(f ), 
t E [to, rfl. n x n 
matrix, boundary 
conditions, c 

Converges quadrat- 
ically in the vicinity 
of the optimum 

Integration of 
2n(n + 1) first- 
order differential 
equations, inversion 
of an n x n matrix. 

Solve for c from equa- 
tion for x(tf) 

may not always converge, and even if convergence occurs it may be only to a 
local minimum. By trying several different initial guesses, we can be reason- 
ably sure of locating any other local minima that may exist, or, if the numerical 
procedure converges to the same control and trajectory for a variety of initial 
guesses, we have some assurance that a global minimum has been deter- 
mined. 

The difficulty of solving nonlinear two-point boundary-value problems 
has made iterative numerical techniques the subject of continuing research. 
When one is confronted with a problem of this type, it is useful to be familiar 
with many different techniques, perhaps trying several methods on a given 
problem, or a hybrid scheme may be useful. For example, the steepest de- 
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scent method may be used as a starting procedure and quasilinearization to 
close in on the solution. 

6.6 GRADIENT PROJECTION 

In this section we shall discuss an alternative approach to optimization 
introduced by J. B. Rosen [R-4, 5,6] which does not involve the solution of 
nonlinear two-point boundary-value problems. Rosen’s method, called 
gradient projection, is an iterative numerical procedure for finding an extre- 
mum of a function of several variables that are required to satisfy various 
constraining relations. If the function to be extremized (called the objective 
f i c t i o n )  and the constraints are linear functions of the variables, the optimiza- 
tion problem is referred to as a linear programming problem; when nonlinear 
terms are present in the constraining relations or in the objective function, the 
problem is referred to as a nonlinear programming problem. 

We shall first discuss gradient projection as it applies to nonlinear pro- 
graming problems that have linear constraints, but nonlinear objective 
functions. Then we shall show how the gradient projection algorithm can be 
used to solve optimal control problems. 

Minimization of Functions by the Gradient 
Projection Method 

Example 6.6-1. To begin, let us consider a simple example. Let f be a 
function of two variables y ,  and y2 and f ( y l , y 2 )  denote the value of 
f a t  the point (y , ,  y2). The problem is to find the point (yT, yf) where f 
has its minimum value. The variables y ,  and y2 are required to satisfy 
the linear inequality constraints 

The set of points that satisfy all of these. constraints is denoted by R and 
called the admissible regi0n.t For this example, R is the interior and the 
!mu-dary of the region whose boundary is determined by the lines labelled 

t In the nomenclature of nonlinear programming the term feusible is used rather than 
admissible. 
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HI,  Htr H3, H4, and HS in Fig. 6-1 1. HI is the line determined by the equa- 
tion y ,  = 0, Hz by the equation yz = 0, Ha by the equation 2yl - 5y2 + 
10 = 0, and so forth. Also shown in Fig. 6-11 are several equal-value 
contours of the function f. -df(i)/dy denotes -df(y(i))/dy [the negative 
gradient off at the point y")] and ~[-df(i)/dy], which is a projection of 
the vector -df(i)/dy, is called the gradient projection. 

fi'igure 6-11 Gradient projection minimization of a function of two variables 

Assume that the initial point yto) is in the admissible region as shown. 
The first step is to determine the gradient at the point ~ ( 0 ) .  Since a 
minimum is sought, y is to be changed in the negative gradient direction 
as far as possible without violating any constraints, or until the function 
values begin to increase, whichever occurs first. In .this example, y is 
changed in the direction of the vector -df'o)/dy until the line H,, which 
is on the boundary of the admissible region, is encountered at the point 
y"). The negative gradient at y(1) is -df")/dy, as shown; however, if y 
were to be changed in the direction of -df(I)/dy, the constraint H3 
would be violated, so we change y along the line H, in the direction of the 
projection onto HJ, P[-df(I)/dy], of the vector -df(l)/dy. y is changed 
in this direction until the point ytz) at the intersection of HJ and H4 is 
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reached.? Thenext move is along the projection onto H, of -df'2)/dy to 
the point y(3); notice that the function values encountered continue to 
decrease. From the point y(3), we change y in the direction of the projected 
gradient P[-df")/dy] until the point y't4) i s  reached. Upon evaluating the 
gradient at ~'(41, it is found that the projection P[-dp4)/dyl indicates 
a move back toward ~ ( 3 ) .  By repeated interpolation along the line H,, 
the point yt4) = y*, where f assumes its minimum value, is determined. 
Observe that -df(4)/dy is normal to H5 and directed toward the inad- 
missible region, indicating that no further improvement can be obtained 
by moving along H,, or by moving into the interior of the admissible 
region. 

The preceding example illustrates the basic idea of the gradient projec- 
tion algorithm: We change y in the direction of steepest descent until a mini- 
mum of the objective function is found. If moving in the direction of steepest 
descent would cause any of the constraints to be violated, y is changed along 
the projection of the negative gradient onto the boundary of the admissible 
region. 

Let us now generalize this procedure to apply to a nonlinear function f 
of K variables, y,, y,, . . . , yr.  Although the discussion applies to problems 
where the dimension K is arbitrary, we shall illustrate the concepts geome- 
trically with two- and three-dimensional examples. 

Fundamental Concepts and Definitions. The value of the objective function 
at the point y is denoted byf(y), where y is a K vector. It is assumed that f 
is convex1 and has continuous second partial derivatives in the admissible 

I 1 I Y 
I io )  [ I  - ely(o)  ;ey(l)  ,-w 

Figure 6-12 A convex function 

t By intersection of H3 and H4 we mean the points that are on both H, and H,; in this 

8 f(y) is a convex funcfion in the region R if 
example the intersection is the single point ~ ( 2 ) .  

[ I  - elf(Y(0)) + e f w ) )  rfc~i - elyto) + e p ) )  (6.6-2) 
for 0 I 0 5 1 and for all y(0) and y(1) in R. Equation (6.6-2) implies that linear inter- 
polation between any two points yto) and y(l) yields a value at least as large as the 
actual value of the function at the point of interpolation. Figure 6-12 shows a convex 
function of one variable. 
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region R. The variables yI,  . . . , yX are constrained by L linear inequalities 
of the form 

X 
C n i i y l - v f 2 0 ,  i =  l , 2 , . . . , L 7  (6.6-3) 
j =  I 

where the n,, have been normalized so that 
X 

i= I 
C(n,,),= 1, i =  1,2 ,... ,L, 

and the v, are specified constants. Any linear inequality can be put into the 
form of (6.6-3), and normalization is performed by simply dividing both 
sides of the inequality by a positive constant. These inequalities define a convex 
region R in a K-dimensional Euclidean space (EX).t It is assumed that R is 
bounded; hence there must be at least (K + 1)linearinequalities (L 2 K + 1). 
Under these assumptions, the problem is to find the minimum of a function 
f that is convex and has continuous second partial derivatives in a closed 
and bounded convex region R. If we define n, A [n,,, n,,, . . . , n J ,  i = 1, 
2, .  . . , L, the inequalities (6.6-3) can be written 

nTy - v, A,(y) 2 0, i = 1, 2, .  . . , L. (6.6-3a) 

The points that satisfy A,(y) = 0 lie in a hyperplane (which we will denote 
by Hi) in the K-dimensional space. The boundary of R consists of all points 
that lie in at least one of the hyperplanes; that is, A,(y) = 0 is satisfied for 
at least one i, and the interior of R consists of all points that satisfy A,(y) > 0 
for all i = 1,2, . . . , L. The unit vector n, is orthogonal to Hi,$ and if drawn 
so that it originates at a point in Hi, then n, points toward the interior of R. 
For example, a three-dimensional space bounded by five planes is shown in 
Fig. 6-13. Notice that the intersection of two linearly independent planes is a 
straight line, and that the intersection of three linearly independent planes 
is a point.$ In a K-dimensional space, the intersection of two linearly inde- 
pendent hyperplanes defines a (K - 2)-dimensional subspace (or manifold) 
of EX; the intersection of (K - 1) linearly independent hyperplanes deter- 
mines a line, and the intersection of K linearly independent hyperplanes deter- 
mines a point. 

t A region C is convex if the straight line joining any two points in C lies entirely within C. 
That is, if y(l), y(2) E C then y(3) = By(l) + (1 - B)y(2) E C for all 0 5 B I 1. Since 
R is defined by the linear inequalities (6.6-3), R is convex. 

$ Two vectors n and w are said to be orthogonal if the inner product nTw = 0. (In two- 
or three-dimensional spaces the term perpendicular is often used.) A vector n is orthogonul 
to u hyperplune Hi if nTw = 0 for all w in Hi. 

$ q hyperplanes HI, H,, . . . , Hq are lineurly independent if the corresponding unit normals 
nlr nz, . . . , nq are linearly independent; that is. if the linear combination uInl + uznz + -. . + uqnq is zero only if ui = 0, i = 1,2, . . . , q. 
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H4 (back) 

377 

H3 (front) H, (bottom) 

Figure 6-13 A closed convex region bounded by five planes 

If we define 

NLA[nl nz . . . nJ, 
a K x L matrix, and 

V L C  [vl vz . . . vJ, 

an L vector, then a set of linear constraints can be written collectively as 

N I y  - vL = A(y) 2 0,t (6.6-3b) 

where A(y) A [&(y), A2(y), . . . , AL(y)lf. For example, the normalized ver- 
sion of the inequalities (6.6-1) is 

YI 2 0  

Y z  2 0  

(6.6-4a) 
(6.6-4b) 

(6.642) 

and these can be written in the matrix form given by (6.6-3b) as 

t This notation means that each component of the vector NIy - VL is greater than, or 
equal to, zero. 
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1 L 2 1 -  L m-7Z3-73 
5 7 0 1 -  

0 -  
0 
10 

22.5 

26.5 

- z 9  

- x5 

-m. 
(6.6-5) 

Suppose that y is a point that lies in the intersection of q linearly inde- 
pendent hyperplanes. These hyperplanes, which for convenience we shall 
assume are HI, H,, . . . , H,, are defined by the q linearly independent unit 
normals n,, n,, . . . , n,, and the components v, ,  v,, . . . , v, of the vector v, 
in (6.6-3b). (Notice that q I K because there can be at most K linearly inde- 
pendent vectors in the space EK.) The q equations 

[D,, n2, .  . . , n,ITy - [vl, v,, . . . , v,IT A N,Ty - V, = 0 (6.6-6) 

determine the points that lie in the intersection of H I ,  H,, . . . , H,; let us 
denote this intersection by Q'. Next, we consider the points w that satisfy 

N,Tw = 0; (6.6-7) 

N, is the same matrix as defined in Eq. (6.6-6), so these points lie in the inter- 
section of q linearly independent hyperplanes, each of which contains the 
origin. The intersection defined by (6.6-7), which is a (K - q)-dimensional 
subspace of EK, will be denoted by Q. Notice that the intersections Q and 
Q' differ only by the vector v,. The linearly independent unit normals n, ,  
n,, . . . , n,, which make up N,, span a q-dimensional subspace of EK, which 
we shall denote by 0.t It can be shown that the subspaces Q and 0 are 
orthogonal; that is, if w is any vector in Q and s is any vector in 0, then w 
and s are orthogonal; sTw = 0. In addition, the union of Q and 0 is the 
entire K-dimensioilal space EK. 

Using N, given in (6.6-6), let us define the K x K symmetric matrices 

p9 A N,[N~,I-'N: (6.6-8) 
P, A I - N,[NJN,]-'N: - 

= I - P,, (6.6-9) 

t A set of vectors PI, . . . , 8, span a q-dimensional subspace if every vector in the subspace 
can be expressed as a linear combination of P I , .  . . , 8,; hence, every vector in 0 can 
be written as a linear combination of al ,  . . . , n,. 
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where I is the K x K identity matrix. Since the unit vectors n,, n,, . . . , n, 
are linearly independent, the matrix [N,W,] is nonsingular, and the inverse 
[NWq]-l exists. It can be shown [R-4] that f!, is a projection matrix that 
takes any vector in EK into 0, and P, is a projection matrix that takes any 
vector in EK into Q. 

Let us now illustrate the utility of the projection matrix P,. Assume that 
y lies on the part of the boundary of R determined by the intersection Q of 
the q linearly independent hyperplanes HI, H,, . . . , H,; that is, y satisfies 
(6.6-6), and let -laf/lay be the negative gradient of the functionfat the point 
y. We assert that the vector s defined by 

(6.6-10) 

satisfies 

N,Ts - V, = 0; (6.6-1 I )  

hence s also lies on the part of the boundary of R determined by the intersec- 
tion Q of H I ,  H,, . . . , H,. To show this, we substitute the expression for s 
in (6.6-10) and the definition of P, given by (6.6-9) into (6.6-11) with the 
result 

Nr( Y + [I - N,PJ~ql-lN,T] [ - X]) - V, = 0 (6.6-12) 

or 

N,Ty - vq + [N,T - Ng[-*] af = 0. (6.6-13) 

The coefficient of -df/lay is the q x K zero matrix, and the first two terms 
on the left add to zero because y satisfies (6.6-6). Equation (6.6-1 1) is impor- 
tant because it indicates the procedure for changing y along the boundary of 
R in the direction of the projected gradient. 

Calculation Requirements 

Let us now discuss the calculations that are required by the gradient 
projection algorithm. 

The Gradient. It is assumed that the expression for the function to be mini- 
mized is known. The components of the gradient vector are found by taking 
the partial derivatives off with respect to y, , y,, . . . , y,. For example, if 
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f(Y) = Y :  - goy, + 1600 +YI - low*, (6.6-14) 

then 

'g & g(y(i)) = [2yy) - 80,2yt)  - lO()]T (6.6- 1 5) 
Y Y  

is the gradient at the point Y(~). -df(i)/dy is obtained by changing the sign 
of each component of df (t)/dy. 

The Projecrion Matrix. From Eq. (6.6-9) it is seen that to determine the 
projection matrix P, at some point y(I), it is first necessary to find the matrix 
N,. This is done by forming the L vector X(y(')) = Nly'') - V, of (6.6-3b) 
and checking the sign of each component of 5. Since y(') is assumed to be an 
admissible point, each component of 5 must be nonnegative. If A, (the j t h  
component of 5)  is zero, the unit vector n, is to be included in N,; if A, > 0, 
nj is not included in N,. Once N, is known, the matrices NiN, and [NIN,]-I 
can be found and the projection matrix formed by using Eq. fi.6-9); that is, 

P, = I - N,[N,W,]-'N;. (6.6-9) 

Subsequently, we shall see that only one vector n, is added to, or dropped 
from, N, at each stage of the iterative process; in addition to simplifying the 
determination of N,, this allows the matrix [N:N,]-' to be found by using 
recurrence relationst that do not require matrix inversion. 

In Example 6.6-1, the projection matrix at the point y(O) is the identity 
matrix, since y(O) lies in the interior of the admissible region. At y(I), on 
the other hand, if we form the vector 5, we find that A, > 0, 
A, > 0, A, > 0, A, > 0, and A, = 0, indicating that 

Following the procedure outlined above, we obtain 

(6.6-16) 

- z 9  
[NqW,I-' = 1, (6.6- 17) 

(6.6-18) 
t * R-41, PP. 1mf. 
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The Maximum Allowable Step Size. In changing y in the direction of the 
projected gradient, it is necessary to know the maximum step size that can 
be used without causing any of the constraints to be violated. Assume that 
the projected gradient has been found by performing the matrix multiplication 
P,[-af(')/dy]. Let z(') represent the unit vector in the direction of the projected 
gradient; that is, 

(6.6-19) 

and define 

where 7 is a scalar that represents the step size. We wish to find the maximum 
value of 7 for which all of the constraints are satisfied. y(" lies in the inter- 
section Q, and (6.6-20) defines a line that also lies in Q for all values oft. Let 

Y;('+l) 9 y(i) + ~ ~ ~ ( 0  (6.6-21) 

be the point where this line intersects the hyperplane H,; then 

n?y>U+1) - v I -  - 0. (6.6-22) 

Substituting y;('+ from (6.6-21) gives 

nT ,y (0 + 7,117z(') - vj = 0, (6.6-23) 

which when solved for 7, yields 

(6.6-24) 

r, is calculated for all hyperplanes not already in Q ;  the minimum positive 
value of these 7;s, denoted by 7,, determines the maximum step that can be 
taken along the line (6.6-20) without violating any constraints. Thus, 

y'(i+ I )  = y(') + 7 m z(i)  (6.6-25) 

is the point most distant from y") along the gradient projection for which no 
constraints are violated. 
To illustrate this procedure, consider the point y(') shown in Fig. 6-1 1. 

The unit projected gradient vector z'l) is in the same direction as the vector 
P[-df("/dy], and is given by 

z(') = [0.930 0.3721'. 
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Suppose that y(I) = [1.0 2.4IT. Using (6.6-24) to solve for T,, j = 1,2,4,5, 
we obtain 

7 ,  = -1.075, r2 = -6.452, 7, = 0.269, and 7, = 1.393. 

By inspection, 7, is equal to '3, = 0.269. In Fig. 6-11 notice that H4 is the 
hyperplane closest to the point y(I) when moving in the positive z(') direction. 
The negative values for 7 ,  and 2, indicate that to reach HI and H2, y would 
have to be changed in the negative z(') direction-this conclusion is also 
obtained by inspection of Fig. 6-1 1. 

The point y'(*) is found by substituting dl), y(I), and the calculated value 
of q,, into Eq. (6.6-25). 

Interpolation. If the maximum step is taken to the point y'(j+,), the next 
stage of the iterative procedure may indicate a step back toward the point 
y"); this would occur, for example, at y'(*) in Fig. 6-1 1. To determine whether 
or not the maximum step size should be used, we form the inner product 

(6.6-26) 

where z(') is the unit projected gradient at the point y(". If this inner product 
is greater than or equal to zero, as would be the case, for example, in Fig. 
6-14(a) and (b), then the maximum step is taken; that is, 

y(r+l)  = yf (i+ 1). (6.6-27) 

After the maximum step has been taken, the point y'('+') lies in the inter- 
section of Q and the hyperplane H ,  (which corresponds to z,,,); hence H,,, 
is added to Q ,  and the new projection matrix P,,, is calculated. On the 
other hand, if the inner product is negative, as, for example, in Fig. 6-14(c), 
the maximum step is not taken. Instead, interpolation is used to find the 
point 

where 

(6.6-29) 

that is, the point where the gradient is orthogonal to Q .  A straightforward 
method for finding the appropriate value of 8 is to use repeated linear inter- 
polation as illustrated in Fig. 6-15. 8 = 0 corresponds to the point yto, and 
8 = 1 corresponds to the point y'('+I). 8,, the abscissa where the straight 
line from A to B has an ordinate of zero, is determined from the relationship 
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Y., 

(C) 

Figure 6-14 (a) z(‘)T[-d/(y’(‘+I))/dy] = 0. No interpolation re- 
quired. (b) z(’)f[-df(y’(‘+l))/dy] > 0. No interpolation required. 
(c) z(’)T[-df(y’(‘+l))/dy] < 0. Interpolation required 
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A 

Figure 6-15 Repeated linear interpolation 

Next, we evaluate the gradient at the point 

and form the inner product 

(6.6-32) 

If this inner product is positive, as in Fig. 6-15, we use points C and B to 
interpolate again (if the inner product had been negative, point C would 
have a negative ordinate and points A and C would be used for the next 
interpolation). This procedure is repeated until a point ycf+I) is found where 
the magnitude of the inner product is less than a preassigned small positive 
number r,; that is, 

(6.6-33) 
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Necessary and Sufficient Conditions for a Constrained 
Global Minimum 

Let us now state the theorem that provides the basis for the gradient 
projection algorithm. 

THEOREM 6.6-1 

Assume that f is a convex function with continuous second partial 
derivatives in a closed and bounded convex region R of EK. Let 
y* be a boundary point of R which lies on exactly 4, 1 < q < K, 
hyperplanes that are assumed to be linearly independent. Q denotes 
the intersection of these hyperplanes. The point y* is a constrained 
global minimum off if, and only if, 

(6.6-34) 

and 

",f"-",T [ - %(Y*)] I 0. (6.6-35) 

A proof of this theorem is given in [R-41 and will not be repeated here. A few 
comments are in order, however: 

1. The proof that (6.6-34) and (6.6-35) are necessary for y* to be a con- 
strained global minimum is a constructive procedure for obtaining a 
point with a smaller value of the objective function if both conditions 
are not satisfied at y*. Thus, the gradient projection algorithm follows 
directly from the proof. 

2. If y* is an interiorpoint of R (y* lies inside rather than on the boundary 
of R), then the projection matrix P, is simply the K x K identity 
matrix, and Eq. (6.6-34) reduces to the familiar necessary and suffi- 
cient condition that 

f(y*) = 0. 
Y 

(6.6-36) 

The sufficiency follows from the assumption that f is a convex func- 
tion. 

3. It should be emphasized that this theorem gives necessary and suffi- 
cient conditions for f(y*) to be a constrained global (or absolute) 
minimum. That is, if y* satisfies (6.6-34) and (6.6-35), then f(y*) I f(y) 
for all admissible y. 
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Geometric Interpretation of the Necessary and 
Sufficient Conditions 

Let us now discuss the geometric interpretation of the conditions given 
by Theorem 6.6-1. The requirement that P,[-df(y*)/dy] = 0 implies that 
either: 

1. -df(y*)/dy = 0, which means that y* is an interior point of R or that 
the unconstrained minimum coincides with the boundary as shown, 
for example, in Fig. 6-16; or 

2. -df(y*)/dy f 0, in which case the gradient is orthogonal to the 
intersection of the q hyperplanes, as shown at the point y(*) in Fig. 
6-11. 

YI 

Figure 6-16 Coincidence of an unconstrained minimum with the 
boundary of R 

If the second alternative applies, we must next ascertain whether the gradient 
is directed toward the interior of R, or outward; this is the roleof Eq. (6.6-35). 

Suppose that (6.6-34) is satisfied; then -df(y*)/dy is in the space 0 and 
can be written as a linear combination of n,, . . . , n,, that is, 

= f: rtn, = N,r. -5 I -  I 
(6.6-37) 

Premultiplying both sides by [N;NJ*NPf, we obtain 
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G Perspective view E 

(b) (C) (d) 

FisUre 617 Several alternatives when P,[--dfl-dy] = 0. (a) Minimum attained, 
ri, r2 < 0. (b) Drop H I ,  rl > 0, r 2  < 0. (c) Drop HI, rl > 0, .r2 > 0. 
r1 >r2.(d)DropHz,rl >O,r i>O,r i>r t .  (e)DropHz,rl c O , r z > O  co
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(6.6-38) 

hence, (6.6-35) implies that 

r I 0. (6.6-39) 

Assume that the projected gradient is zero at some point 9. To determine 
if f $is the minimum, we use Eq. (6.6-38) to calculate the vector r. If each 
component of r is nonpositive, then f = y* is the constrained global mini- 
mum. If, however, one or more components of r is positive, this indicates 
that the objective function can be decreased by dropping the hyperplane 
corresponding to the largest positive component of r and proceeding with 
the iterative algorithm. 

Figure 6-17 provides a geometric interpretation of the use of the con- 
dition (6.6-39). The subspace Q consists of the line CD, which is the intersec- 
tion of the planes HI and H,, and the matrix P, projects the gradient onto 
CD. In each of the cases shown, the gradient vector at 9 is orthogonal to 
CD; hence, the projected gradient is zero. If -df/dy lies in the sector defined 
by a, in Fig. 6-17(a), then in the expression 

both rl and r, will be negative as shown, indicating that f = y* is the con- 
strained global minimum. If the gradient is oriented as in Fig. 6-17(b), the 
perspective view indicates that the objective function can be decreased by 
moving toward EF in the plane H,. For this case, rz will be negative and r ,  
positive-which means that HI should be dropped from Q .  If -af/lay is 
as shown in Fig. 6-17(c), then rl > r e  0. Although both H I  and H, could 
be dropped from Q', it is more convenient to drop at most one hyperplane 
in each iteration; therefore, H I ,  which corresponds to the largest positive 
component of r, would be dropped. The situation illustrated by Fig. 6-17(d)is 
similar to (c), except that r2 > r ,  > 0, indicating that Hz should be dropped. 
Finally, if -af/dy is in the sector defined by a, in Fig. 6-17(e), rl < 0 and 
r ,  > 0; hence, the plane H, would be removed from Q .  

Because of numerical inaccuracies, if 11 P,[-af/dy] 11 5 E , ,  where el is a 
small positive constant, we shall agree that Pq[-df/ay] a 0, which indicates 
that the gradient vector is orthogonal to Q and that the vector r should'be 
computed to determine whether the global minimum has been found, or, 
if not, which hyperplane should be dropped. If the gradient projection is 
not orthogonal to Q', that is, IIP,[-af/lay]ll > E , ,  it still may be desirable 
to drop a hyperplane from Q .  To see how this situation may occur, refer 
to Fig. 6-18. At the point 9, the matrix P, projects -df/dy onto Q (the line 
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D 

Figure 6-18 Dropping a hyperplane when IIPq[-df/dylll > 61 

CD) as shown; this projection is small, but nonzero. If H ,  were dropped from 
Q ,  however, the new projection matrix, P,- ,, would project -df,,dy onto 
the plane H2. The relative lengths of the two projections indicate that more 
is to be gained by moving toward EF on H2 than by moving along CD; 
therefore, H, should be dropped from Q .  To detect whether a hyperplane 
should be dropped although 11 P,[-df/dy] 11 > E , ,  Rosen suggests a test (which 
does not require the actual determination of each possible P,- , formed by 
dropping exactly one hyperplane from Q )  consisting of the following steps: 

1. Let a& the sum of the absolute values of the elements of the ith row 
of the matrix [N,W,]]-', calculate a,, i = 1,2, . . . , q, and determine 

j? = max [a,). (6.6-41) 

2. Compute the vector r given by Eq. (6.6-38), and determine r,, the 

3. If r, > /3, drop the hyperplane H, from Q .  If r, I/?, no hyperplane 

1 

maximum positive component of r. 

is dropped from Q. 

For a discussion of the theoretical basis for this procedure, the reader should 
refer to [R-4]. 

A Summary of the Gradient Projection Iterative Procedure 

Let us now formalize the iterative procedure that was used in Example 
6.6-1. It will be assumed that the initial point yco) is admissible and lies in the 
intersection Q of q linearly independent hyperplanes. To determine the 
constrained global minimum: 
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1. Calculate the projection matrix P,, the gradient vector at the point 
y('), -df(y('))/dy A -df(')/dy, the vector r given by Eq. (6.6-38), and 
the gradient projection P,[-df(')/dy]. If 11 P,[-df(')/@]II 4 Q , ,  and 
r < 0, then y(') is the constrained global minimum and the procedure 
is terminated; otherwise, go to step 2. 

2. Determine whether or not a hyperplane should be dropped from 
Q. If 11 P,[-df(')/dy] 11 < Q , ,  drop the hyperplane H,, which corre- 
sponds to r,, > 0, form the projection matrix P,- , , and go to step 3.t 
The other alternative is that the norm of the gradient projection is 
greater than E , .  In this case, calculate p given by (6.6-41). If r, > p, 
drop the hyperplane H, from Q ;  if r, < /I, Q remains unchanged. 

3. Compute the normalized gradient projection z(') given by Eq. (6.6-19), 
and the maximum allowable step size z,, where 7, is the minimum 
positive value of the 7,'s found by evaluating 

(6.624) 

f o r j  corresponding to all hyperplanes not in the intersection Q .  The 
tentative next point y'('+l) is found from 

y'('+ 1) = y(') + T,z('). (6.6-25) 

4. Calculate the gradient at the point y'('+l), if 

(6.6-42) 

set y('+I) = y'('+l); since y('+l) lies in the intersection of Q and 
H, (the hyperplane which corresponds to the step size T, determined 
in step 3), add H, to Q ,  and return to step 1. 

On the other hand, if 

(6.6-43) 

find y('+') by repeated linear interpolation as illustrated in Fig. 6-15; 
the appropriate equations are (6.6-30) and (6.6-3 1). The intersection 
Q remains unchanged, and the computational algorithm begins 
another iteration by returning to step 1. 

A flow chart of this procedure is shown in Fig. 6-19. 

5 Notice that at least one component of r must be positive; otherwise, the iterative pro- 
cedure would have terminated in step 1. 
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Determine the hyperplanes HI ,  ..., H,, 
which form the intersection Q ;  
Form the matrices Nq, INqTNq I - ’ .  

constraints and 

I 

€1 

Yes 

No > O  

Yes 

Drop H,, from Q ;  Form the new 
projection matrix P,, - let P,, = P,, - I 

Form the normalized gradient projection 

Determine the maximum step size 7, ; 
Calculate y ~ ( ~ +  1) = y(#) + 7, z(’) 

2‘0 = Pq [-af‘”layl I I P,, I-af(”lay1 I; 

I 
Compute -afiy’(i +‘))/ay 0 -af”‘+’)/ay and 
evaluate the inner product z(OT I-af’(“’)/ayI 1 

y“ + I),  y(o+ Or,  do 
for which 

J n 

P i  6-19 Flow chart of the gradient projection algorithm 
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To illustrate the procedure just summarized, let us return to Example 
6.6-1. For simplicity, we shall assume that all calculations are exact so that 
consideration of tolerances is not required. 

Referring to Fig. 6-1 1, we observe that the initial point y(O) is the interior 
of the admissible region R; therefore, the projection matrix is the 2 x 2 
identity matrix. Testing the norm of the gradient projection (which at yCo) 
is simply the norm of the gradient), we find that this norm is nonzero. Since 
Q' is empty, calculation of the vector r is by-passed. The unit gradient pro- 
jection z(O) = [-df'o)/dyJ/II -df(O)/dyII is calculated and used to find the 
maximum allowable step size by evaluating z,, j = 1, 2,3,4, 5 from Eq. 
(6.6-24). Using z,, which is the maximum allowable step size, yields y"') on 
the line H ,  as the tentative next point. At y'(" it is found that the inner pro- 
duct ~(~)~[-df(')/dy] > 0; hence, no interpolation is required, y(" = y'(I), and 
If, is added to Q'; this completes the first iteration of the algorithm. 

Returning to step 1 of the algorithm, we calculate the new projection 
matrix, the vector r, and the gradient projection. The norm of the gradient 
projection is nonzero, and the test described previously indicates that no 
planes should be dropped. Computing the normalized gradient projection z(I) 
and the maximum allowable step size r4, we find the tentative next point to 
be Y'(~' .  At y'C2) it is found that ~(~)~ [ -d f"~) /dyJ  > 0; thus, no interpolation 
is required, ycz) is set equal to y'(*), and H4 is added to Q-which now 
consists of the point y(2) (which is the intersection of H, and H.,). This com- 
pletes the second iteration. 

Calculating the new projection matrix, we find that the projection of 
-df(z)/dy onto the intersection of H ,  and H4 is zero (the projection of any 
vector onto a point is zero); hence, Eq. (6.6-34) is satisfied. Using Eq. (6.6- 
38) to solve for r in 

= N,r (6.6-44) 

gives r ,  > 0 and rz  < 0. H, is dropped from Q', and the new projection 
matrix, which projects the gradient onto H,, is computed. The normalized 
gradient projection z(~) and the maximum step size zs are determined and 
used to find the next tentative point y'o), located at the intersection of H4 
and H,. The inner product ~ ( ~ ) ~ [ - d f " ~ ) / d y J  is positive, so we set y(,) = 
y'(,), and add H ,  to Q', thus completing the third iteration. 

Returning to step 1 and calculating the new projection matrix, we find 
that the projection of -dfO)/dy onto the intersection of H4 and H, is zero. 
Solving 
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= NJ (6.6-45) 

for t gives r l  > 0, r2 < 0, so H4 is dropped from Q' and the projection 
matrix is recalculated. Projecting -df(3)/dy onto H, and moving the 
maximum allowable distance to the point y'(*), we find that interpolation 
is required because z(3)=[ -df'(4)/dy] < 0. Performing linear interpolation 
repeatedly eventually obtains the point Y ( ~ ) ,  where zc3)'[-df"'/dy] = 0. 
This completes the fourth iteration, the intersection Q' remaining unchanged. 

At Y ( ~ ) ,  P,[-df(4)/dy] = 0; hence, Eq. (6.6-34) is satisfied. By inspection 
of Fig. 6-11 we observe that in the expression 

(6.6-46) 

r ,  is negative; thus, both (6.6-34) and (6.6-35) are satisfied, and y* = y(*) is 
the sought-after minimum. 

Additional Features of the Gradient Projection Algorithm 

Before establishing the connection between gradient projection and the 
solution of optimal control problems, let us first mention some additional 
features of Rosen's algorithm3 

1. Since at most one hyperplane is added or dropped at each stage in the 
iterative procedure, the matrix [N4TNq]-I, and hence P, can be calcu- 
lated from recurrence relations that do not require matrix inversion. 

2. It may occur that a point calculated by the iterative procedure lies 
in the intersection of i hyperplanes, only q < i of which are linearly 
independent; the gradient projection method contains provisions for 
dealing with such situations. 

3. The algorithm provides a starting procedure for generating an admis- 
sible point (if one exists) from an arbitrary initial guess yCo). 

4. Iff is a convex function in the admissible region of EX and has con- 
tinuous second partial derivatives with respect to each of the 
components of y in the admissible region R, then the gradient 
projection algorithm converges to a global minimum ofJ Iff is not 
convex in R, the algorithm will generally converge to a local minimum. 
To find the global minimum, one usually resorts to trying several 

t For a complete discussion, refer to m-41. 
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different starting points in order to determine as many local minima 
as possible; the point y* which corresponds to the local minimum 
having the smallest value offis then selected as the best possible point. 

Determination of Optimal Trajectories by Using Gradient 
Projection 

Let us now discuss a technique, also due to Rosen,? for solving optimal 
control problems by using the gradient projection algorithm. The problem 
is to find an admissible control history u* that causes the system 

(6.6-47) 

with known initial state x(ro) = xo to follow an admissible trajectory x* that 
minimizes the performance measure 

For simplicity of notation, we shall assume that time does not appear explic- 
itly in either the state equations or the performance measure; the solution 
of time-varying problems requires only straightforward modifications of the 
procedure to be described. It is also assumed that the final time t ,  is specified, 
and since the equations are time-invariant, we can let ro  = 0. Although the 
technique to be presented applies to problems involving general linear con- 
straints among the state and control variables, we shall restrict our discus- 
sion to problems with constraints of the form 

MI- I u,(r) I Mi+, 
S,- I xi(t)  IS,,,  

r E [0, r,], 
t E [0, t,], 

i = 1,2, . . ., m (6.6-49a) 
i = I ,  2, . . ., n (6.6-49b) 

x,(r,) = T,,, t, specified, i = l ,2 ,  . . .,n. (6.649~) 

Mi- and Mi+ denote the lower and upper bounds on the ith control com- 
ponent, S,- and Si+ are the lower and upper bounds on the ith state com- 
ponent, and Ti, is the required value of the state component x, at the time r,. 

Since gradient projection is an algorithm for minimizing a function of 
several variables, we must first approximate the optimal control problem 
to be solved by a discrete problem. To accomplish this, let us approximate 
the state differential equations by difference equations, and the integral 

t See [R-5] and IR-61. 
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term in the performance measure by a summation. We shall use the simplest 
approximating difference equation, that is, 

Assuming that the state is observed and the control changed only at the 
instants ? = 0, A?, 2 A?, . . . , N A?, we let t = kAT+ and 

or, defining x(k) p x(k A?) and u(k) 4 u(k At), 

x(k + 1) = x(k) + a(x(k), u(k))*A? 
4 aD(x(k)7 u(k)). (6.6-52) 

The performance measure can be written 

J = h(x(N At)) + Ibl g(x(t), u(t)) dt + - 1 - + IN& g(x(?), Nt)) d?, 
( N - I ) b l  

(6.6-53) 

which is approximated by 

J D  h(x(N At))  + At g(X(k At), ~ ( k  At)), (6.6-54) 
k - 0  

or 

This approximation to the performance measure (6.6-48) is a f i c t i o n  of 
the variables x(O), x( l ) ,  . . . , x(N),  and u(O), u( l ) ,  . . . , u(N - 1). Recalling 
that the state vector is of dimension n, and the control vector of dimension 
m, we see that there are n[N + 11 (state values) and mN (control values), or a 
total of n[N .t 11 + rnNvariables, contained in J,. Notice that these variables 
are not independent, because the approximating state difference equations 
(6.6-52) must be satisfied. Since x(0) is specified, our problem is to find the 
N - n  + N.m variables that minimize J,, and satisfy the approximating state 
difference equations (6.6-52) and the constraints (6.6-49). 

In our discussion of gradient projection it was assumed that the con- 
straining relations were linear; however, the state difference equations of 
(6.6-52) may be nonlinear. To circumvent this diflticulty we shall use a tech- 
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nique employed in the method of quasilinearization: linearize the state equa- 
tions about a nominal state-control history, and solve a sequence of linearized 
problems. In the limit, the sequence of solutions to the linearized problems 
will converge (if certain technical requirementst are satisfied) to the solution 
of the discrete nonlinear problem. Assume that the ith state-control history 
(x(')(O), x(')(l), . . . , x(")(N); u(')(O), u(O(l), . . . , u(')(N - 1)) is known; the initial 
statecontrol history is guessed. By expanding the (i + 1)st trajectory in a 
Taylor series about the ith trajectory and retaining only terms of up to first 
order, we have 

X('+ ' ) (k  + 1 )  = x"'(k + 1 )  + P ! ( x " ) ( & ) ,  u y k ) ) ]  [x('+')(k) - x")(k)] 

+ P%(x'o(k), u(')(k)) [u('+ yk) - u")(k)]. (6.6-55) I 
Substituting aD(x(')(k), uQ(k)) for x(O(k + I) and rearranging, we obtain 

X('+"(k + 1) = r 2 ( x ( ' ) ( k ) ,  u"(k))]x"+ 

- P 3 ( x ( " ) ( k ) ,  ~(~)(k) ) ]u( ' ) (k) .  (6.6-56) 

Since x(') and u(") are known, (6.6-56) can be written 

xu+ I)(k + 1 )  = A(k)x('+ I)(k) + B(k)u('+')(k) + c(k), (6.6-56a) 

where A ,  B, and c are known time-varying matrices of appropriate dimen- 
sions that depend on the ith statecontrol history. 

We could, at this point, proceed to minimize the function JD of Eq. (6.6- 
54a) subject to the linearized state equation constraints (6.6-56a), and any 
additional constraints (6.6-49), which for the discrete problem would be of 
the form 

t Rosen IR-51 has proved that the procedure converges, provided that: (I) The admissible 
state and control values lie in compact, convex sets [the constraints (6.6-49) guarantee 
this]. (2) The functions g and h in the performance measure are convex. (3) Each com- 
ponent of a in the state equations is either convex or concave for the admissible state- 
control values. We note that the method may still converge even if these conditions are 
not all satisfied; however, convergence is not assured. 
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M , - < u A k ) < M , + ,  k = 0 , 1 ,  ..., N - 1 ,  i = l , 2  ,..., m 

Si- < xAk) < S,+, k = 0, 1,  . . ., N ,  i =  1,2, ..., n 

x f ( j )  = T,,, j specified, i =  1,2, ..., n; 

(6.6-57a) 

(6.6-57b) 

(6.6-57c) 

however, there is an additional benefit to be derived from the linearization 
we have just performed. Since x(0) = xo is specified, xC0(O) = x, for all i. 
Let us write out a few terms of the solution of Eq. (6.6-56a): 

~('+')(1) = A(O)x0 + B(O)U"+"(O) + c(0) 
A - x,( 1) + Did'+ l)(O), (6.6-58) 

where 

x,,( 1) & A(O)xo + c(O), and D: A B(0); 
~('+')(2)  = A(l)[x,,(l) + D:u('+')(O)] + B(l)u('+')(l) + ~ ( 1 )  

= A( I@,( 1) + C( 1) + A( l)B(O)u('+ ')(O) + B(l)d'+ I)(  1) 
A xR(2) + Didi+ I)(O) + D:u('+')( I), (6.6-59) 

and, in general, 

~('+')(k + 1) = A(k)~,,(k) + ~ ( k )  + A(k) . . . A(l)B(O)U~'+'~(O) 
+ A(k) . . . A(2)B(.l)di+"(l) + * - - 
+ A(k)B(k - l)d'+')(k - 1)  
+ B(k)u"+ I)(!) 

& X,,(k + 1) + D$+'U('+')(O) + D!+'U('+')(I) + 1 - 1  

+ Dfz:U(f+l) (k - 1) + Di+'~('+')(k) 

= x,(k + 1) + [Df+lu('+') (01. (6.6-60) 
I = O  

x,(k + 1) is the part of the solution for x('+')(k + 1) that does not depend 
on the control values u('+I)(O), . . . , u('+')(N - l), and Df+I is an n x m 
matrix that determines the contribution of the control at the Ith instant to 
the state value at the (k + 1)st instant.t x,(k + 1) and the D matrices are 
found from the relationships 

t Note that the superscript k + 1 on the matrix D does not indicate the (k + 1)st power 
of D. 
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(6.6-61) XH(k + 1) = A(k)X,,(k) + c(k), x ~ O )  = xg, 

and 

A(k)A(k - 1) . . . A(I + l)B(I), fork  > I 

10, for k < 1. 

Df+I = &I) ,  for k = 1 (6.6-62) 

If the entire discrete state history is written in terms of the discrete con- 
trol history in partitioned matrix form, we have 

or 

t 

(6.6-63a) 

Notice that because of (6.6-62) the 9 matrix will contain an upper triangular 
matrix of zeros, and that the matrices D;,j = 0, . . . , N - I ,  in the top row 
are all defined to be zero. 

Equation (6.6-63) is quite important because it allows us to reduce sub- 
stantially the number of variables used in the gradient projection algorithm. 
This is accomplished by replacing x('+')(k) in the expression (6.6-54a) for 
.ID by D:u('+')(O) + Dfu(i+l)(l) + . . . + Df;- lu(i+')(N - I )  + x,(k), for 
k = 0, 1,. . . , N. In addition, if there are inequality constraints involving 
the states, for example, 

:::j sn+ 

, k = 0, I , .  . ., N, (6.6-57b) 

these relationships can be expressed as linear constraints involving only the 
control values: 
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*[!I, k = O , l ,  ..., N .  (6.6-64) 

To recapitulate, the problem to be solved is now of the form: Find the control 
values that satisfy the constraints 

, k = 0, 1 ,  . . ., N - 1, (6.6-65a) 

I , k = 0 , 1 ,  ..., N ,  

.S"+ : J  

+ x d j ) ,  j specified 

and minimize the function of Nm variables 

(6.6-65b) co
nt

ro
len

gin
ee

rs
.ir



400 Iterative Numerical Techniques See. 6.6 

JD = h(@('+I)) + At g(@('+I)). 
k=O 

(6.6-66) 

This expression for the performance measure simply indicates that only the 
control values u('+')(O), . . . , u('+')(N - 1) appear explicitly, since Eq. (6.6- 
63) has been used to eliminate the presence of the state values. 

A Summary of the Procedure for Solving Optimal Control Problems by Using 
Gradient Projection. The procedure we use to solve for an optimal control 
and its trajectory is: 

1. Approximate the state differential equations by difference equations 
and the integral term of the performance measure by a summation; 
linearize the state difference equations. 

2. Determine the expressions, in literal form, for any state constraints and 
the performance measure JD in terms of x,(k) (k = 0, . . . , N ) ,  n('+ 
(k = 0 , .  . . , N - l), and the D matrices of Eq. (6.6-63). 

3. Guess a nominal state trajectory and control history, x(O), do). Set 
the iteration index i to zero. 

4. Using the statecontrol history x('), d'), calculate the A, B, and c 
matrices, and use these matrices to determine S,, and 9. 

5. Substitute the numerical values of SH and 9 into the expressions 
obtained in step 2 to determine the coefficients in the constraining 
equations and the performance measure. 

6. Minimize the function JD,  using the gradient projection algorithm. 
7. Determine x([+ I )  by evaluating Eq. (6.6-63a) with u('+') found in step 6. 
8. If the norm of the difference between successive control iterates is small, 

that is, 

(6.6-67) 

terminate the procedure and output x('+'), u('+ I ) ,  and the minimum 
value of JD; otherwise increase i by one and return to step 4. 

The reader will notice that in the above procedure the role of the gradient 
projection algorithm, described earlier and shown in Fig. 6-19, is as a subrou- 
tine that is called in step 6. Also note that steps 1 through 3 in the procedure 
are done off-line by the user; a digital computer program is used to perform 
steps 4 through 8. 

To illustrate the details of the procedure, let us return to the continuous 
stirred-tank chemical reactor problem that was solved previously by using 
variational techniques. 
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Example 6.62. The state differential equations are 

25x 1 0 )  

X l ( 0  + 2 
a&) = -2[x,(r) + 0.251 + [x2(t) + 0.51 exp [-] 

2 2 0 )  = 0.5 - x&) - [x2(r) + 0.51 exp [-] 
- [xi(t) + 0.2514t) (6.6-68) 

25x1 ( t )  
X l ( 0  + 2 ' 

and 

(6.6-69) 

is the performance measure to be minimized. The initial state value is 
x(0) = [0.05 O ] f .  

The approximating difference equations are 

xAk + 1) = xl (k)  + At[ -2[x1(k) + 0.251 

(6.6-70) 

x2(k + 1) = xt(k) + A t P . 5  - x2(k) 

(6.6-71) 

and 

JD = At N$l k=O [xl(k) + xt(k)  + 0.13(k)] 

= AtN$' [xr(k)x(k) + O.lu2(k)] (6.6.-72) 
k - 0  

is the approximate performance measure. Linearizing the difference 
equations gives 

+ XI(k)4k)] ) ,  (6.6-73) 
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+ ( 1  +-At[- l  --a,]),x$!+')(k) 

(6.6-74) 
~21(k)xf+"(k) + ~ 2 2 ( k ) ~ f + ' j ( k )  + ~ 2 ( k ) ,  (6.6-74) 

where a, p exp (25xl(k)/[x,(k) + 2]), and ( )i indicates that the quantity 
inside the braces is evaluated on the ith statecontrol history. 

In the original problem the control values were assumed to be un- 
bounded, but it is necessary that the gradient projection search be per- 
formed in a closed and bounded convex region; therefore, we introduce 
the artificial constraints 

-2.0 5 ~ ( k )  2.0, k = 0, 1, .  . . , N - 1. (6.6-75) 

Since the control values are not really bounded, we may have to adjust 
these artificially imposed bounds so that the optimal control lies in the 
interior of the admissible region. The constraints specSed by Eq. (6.6-75) 
must be expressed in the form n&) - vi 2 0. To accomplish this we 
write u(k) < 2.0 as 

- ~ ( k )  + 2.0 2 0, k = 0,1,. . . , N - 1, (6.6-76a) 

and -2.0 5 ~(k) 

~ ( k )  + 2.0 2 0, k = 0, 1,. . . , N - 1. (6.6-76b) 

Thus, implementation of the N constraints of Eq. (6.6-75) requires 2N 
constraint equations in the computational procedure. 

Next, let us express the performance measure JD entirely in terms of 
the control values. To achieve this, we substitute Eq. (6.6-60) into Eq. 
(6.6-72) with the result 

+ d$u(i+')(j)] + O . l [ ~ ( ' + l ) ( k ) ] ~ ] .  (6.6-77) 
I - 0  

x d k )  and df are evaluated from the ith state-control history. The D 
matrices of Eq. (6.64) are column vectors with two rows in this problem; 
hence, we write df rather than D!. Notice that d? = 0, j = 0,1,. . . , 
To obtain the fth component of the gradient of JD with respect to @ 

N - I .  

evaluated on the (i + 1)st trajectory, we have 
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f = O , I ,  . .., N - 1.t (6.6-78) 

Using the expression for JD from (6.6-72) gives 

+ O.MO} f + 1  

dx(N - 1) 
a40 + xr(N - 1) 

= 2At[Sl1 [...)$I + O.l~( f ) ]+~.  (6.6-79) 

From the relationship for x(k) used in (6.6-77), 

(6.6-80) 

hence, 

I = 0,1, . . ., N - 1. (6.6-81) 

The initial guess selected for the state-control history was 

x'O)(k) = 0, 

dO)(k) = 0 

k = 1,. . . , N - 1 

k = 0, 1,. . . , N - 1. 

A FORTRAN IV program was used to solve this problem on an IBM 
360/67 digital computer. The time increment At used in the approximating 
difference equations was 0.01 unit. Calculations were performed using 
single-precision arithmetic, and the termination criterion was 

1 1 d ' + I )  - d"II = lllilx (u"+"(k) - d')(k)I< 1.0 x 10-3 

(N = 78). (6.6-82) 

When this stopping criterion was used, the algorithm required 15 itera- 
tions to converge to the control and trajectory shown in Figs. 6-20 and 
6-21 ; the minimum found for the performance measure wasJ* = 0.02725. 
After the third iteration, performance measure changes were in the fifth 

k 
k -0 ,  .... N- I 

t dx(k)/du(l) is a column vector with components dxl(k)/dt.(/), and dx2(k)/dt.(l). 
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2.0 

1.6- 

See. 6.6 

- 

Figure 6-20 The optimal control for the stirred-tank reactor (gradi- 
ent projection solution) 

0.061 

X I *  
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Figure 6-21 The optimal trajectory for the stirred-tank reactor 
(gradient projection solution) 

significant figure, and the difference between J* andJ(3) (the performance 
measure after three iterations) was 0.00004. 

Comparing the minimum cost, trajectory, and control found by 
gradient projection with the results obtained previously by using vari- 
ational techniques, we observe slight numerical differences. These small 
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deviations are attributed primarily to the difference equations used to 
approximate the state equations. For a discussion of alternative difference 
equation approximations, see m-61. 

In the preceding example the performance measure contained a term that 
penalized the expenditure of control effort. It may be that control effort is 
to be conserved; however, since u represents the effect of the flow of a cool- 
ant, it is more likely that in this physical system the control is constrained by 
bounds and that the term containing u in the performance measure is a 
penalty function. If variational techniques are used, the penalty function 
approach may simplify numerical procedures, because the control is treated 
as if it were not bounded and the methods discussed in Sections 6.2 through 
6.5 can be app1ied.t The cost of this simplification, however, is that the 
mathematical model is less accurate than if the control constraints were 
included. 

The gradient projection method, on the other hand, allows routine incor- 
poration of state and control inequality constraints in the problem solution. 
In fact, the gradient projection algorithm requires that the admissible controls 
lie in a bounded region; it was this requirement that caused us to introduce 
the artificial bounds -2.0 I u(r) < 2.0 in Example 6.6-2. To illustrate 
further the inclusion of state and control constraints, let us now consider a 
modified version of the continuous stirred-tank chemical reactor problem. 

Example 6.6-3. The state equations are given by Eqs. (6.6-68), but the 
performance measure does not contain a penalty function involving the 
control; hence, 

J = r”* [xt(r)  + x&)] dr. (6.6-83) 

The admissible controls are required to satisfy the constraints 

- 1 .O I u(r )  5 1 .O, f E [O, 0.781. (6.6-84) 

In addition, suppose that at r = 0.78, the state must be at the origin; 
that is, 

~(0.78) = x(N) = 0. (6.6-85) 

This reformulation of the original stirred-tank reactor problem 
requires that only minor modifications be made to the computer program. 
Specifically, the control constraints become 

t The techniques discussed in Sections 6.2 through 6.5 can be modified to handle problems 
that include inequality and equality constraints-see [S-31. The constraints do com- 
plicate the algorithms, however. 
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- ~ ( k )  + 1.0 2 0, 

u(k) + 1.0 2 0, 

k = 0, 1,. . . , N - 1 
k = 0, 1,. . . , N - 1 ,  

(6.6864 
(6.6-86b) 

and the expressions for JD and its gradient are 

(6.6-87) 

% = 2 At Ngl {[x&) + N%l df~(i+l)(j)]~df},  f = 0, 1, . . ., N - 1. W )  k= I /=o  

(6.6-88) 

The equality constraint on the terminal state values can be included by 
using the four inequality constraints 

(6.6-89a) 

(6.6-9Oa) 
(6.6-89b) 

(6.6-9Ob) 

Taken together, the inequalities of (6.6-89) can be satisfied only by 
x l (N)  = 0. Similarly, the inequalities of (6.6-90) are satisfied only by 
x z ( N )  = 0. In the computer program, these inequalities must beexpressed 
in terms of the solution of the linearized state equations. The appropriate 
expressions are 

N- I 

1-0 
xH(N) + C d,NU"+"(j) 2 0, (6.6-9 1) 

which represents (6.6-89a) and (6.6-90a), and 

- [XH(N)  + Nz' / = o  dyu"+l)(j)] 2 0, (6.6-92) 

which represents (6.6-89b) and (6.6-9Ob). 
With these additional constraints included in the program, the 

algorithm converged in four iterations to a minimum cost of J* = 0.00220 
with 

IIu('+I) - u(i)  11 p max lu(i+I)(k) - d')(&)l 1.0 x 10-4. 
k 

k=O. I .  .... N-1 
(6.6-93) 

The initial guess and the optimal control and trajectory are shown in 
Figs. 6-22 and 6-23. The final state values were 

~(0.78) .= [ -6*167 
-0.631 x 10-6 
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Figure 6-22 The optimal control for Example 6.6-3 

F g r e  6-23 The optimal trajectory for Example 6.6-3 

Summary 

To summarize gradient projection solution of optimal control problems, 
let us enumerate the salient features of the computational procedure. 
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The Initial Guess. A state trajectory x(O)(k) (k = 0, 1, . . . , N) and a control 
history u(O)(k) (k = 0, 1, . . . , N - 1) are required in order to begin the 
iterative procedure. In selecting these initial state and control histories, we 
use any available knowledge about the expected form of the optimal trajec- 
tory and control. 

Storage Requirements. The current trial control and 9 and S, of 
Eq. (6.6-63a) must be stored. In addition, the gradient projection algorithm, 
which serves as a subroutine, also requires storage; the projection matrix 
P, and the matrix N, of Eq. (6.6-3b) account for most of this storage re- 
quirement. 

Convergence. In several test examples it was observed that convergence of 
the algorithm occurred for a variety of initial guesses. The procedure generally 
converged in only a few iterations (often less than 10). 

Computations Required. In each iteration a nonlinear programming problem 
is solved by using the gradient projection algorithm. To begin a new iteration, 
the trajectory x(~+I)  and the matrices 9 and ZH must be recomputed. 

Stopping Criterion. The iterative procedure is terminated when a measure 
of the deviation of successive iterates becomes small. The stopping criterion 
used in the examples was 

llu('+l) - u(f)l[ < y,  (6.6-94) 

where y is a preselected positive number, and 
m 

I(u"+') - u(')II C ( max IuY+')(k) - uY)(k)I). (6.6-95) 

Mod$cations for Fixed End Point Problems. As we have discussed and 
illustrated, fixed end point problems are a routine matter when gradient 
projection is the algorithm. In addition, state and control inequality and 
equality constraints at times throughout the interval [to,  t,] areeasily handled. 
This capability of solving problems with constraints is one of the strong 
selling points for the gradient projection algorithm. 

I -  I 
k=O. I....,N- I 
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PROBLEMS 

6-1. The iteration equation for variation of extremals, Eq. (6.3-18), has been 
derived for the case where the final time t ,  is fixed and the performance 
measure contains no terms that are explicitly dependent upon the final states 
(h = 0). The purpose of this problem is to extend Eq. (6.3-18) to the situation 
where 

the final time is assumed to be fixed. 
(a) Assume that h(x(t,)) = drx(rf), where d # 0 is an n X 1 matrix of 

constants. Derive the modified version of Eq. (6.3-18). 
(b) Derive the equation analogous to (6.3-18) if h(x(t,)) f xT(t,)Hx(tf). 

H is a real symmetric positive semi-definite matrix. 
(c) Repeat (b) for the case where h(x(tf)) is some general nonlinear twice- 

differentiable, scalar function. Compare with Eq. (6.3-20). Hint. Ap- 
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proximate dh(x(i+1)(tr))/dx by the first two terms of a Taylor series 
about x")(t,). 

(d) Show that the equation derived in part (c) yields the results obtained 
in parts (a) and (b) and Eq. (6.3-18) as special cases. 

6-2. Show that variation of extremals converges in one iteration if the control 
problem is of the linear regulator type (see Section 5.2). Assume H = 0. 

6-3. Consider a two-point boundary-value problem in which the initial and final 
state values are specified. Find the iteration equation [corresponding to 
Eq. (6.3-2011 that would be used to solve this problem by the method of 
variation of extremals. 

6-4. Repeat Problem 6-3 for the case where only some of the final states are 
specified. 

6-5. In using variation of extremals it may be easier to make a reasonable guess 
for the missing values at the final time than it is to guess the missing initial 
costate values. 
(a) If the missing final values are guessed, the iteration equation (6.3-20) 

must be modified. Find the modified version of (6.3-20) for the case 
where x(r,) is free and p(r,) = 0. 

(b) What would your initial guess be for the free final states if 

Why? 
6-6. Consider the 2n linear, time-varying differential equations 

t ( t )  = D(t)dt) + f(r); (1) 

D(r) is a 2n x 2n matrix, and f(r) is a 2n x 1 vector of known functions of 
time. Show that if z H I ( r ) ,  z H * ( r ) ,  . . . , z H q ( r )  are q solutions of the homo- 
geneous equations 

20) = D(r)z(r), 

and z p ( r )  is a solution of (I), then 

is a solution of (1) for arbitrary values of the constants cl,. . . , cq. 

6-7. Solve Problem 6-3 for the method of quasilinearization. 

6-8. Repeat Problem 6-7 for the case where only some of the final states are 

6-9. Show that quasilinearization converges in one iteration if used to solve a 

specified. 

linear regulator problem. 
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6-10. The purpose of this problem is to extend the iteration equation of quasilineari- 
zation, Eq. (6.4-35), to the case where the final costate p(t,) is not a known 
constant. The final time t ,  is assumed to be specified. 
(a) Derive the appropriate iteration equation if h(x(t,)) = xT(tf)Hx(t,). 
H is a real symmetric positive semi-definite matrix. 

(b) Derive the iteration equation that applies when h is some general non- 
linear twice-differentiable function of x(t,). Hint. Approximate 
dh(x('+l)(t,))/dx by the first two terms of a Taylor series about x(*)( t f ) .  

(c) The equation derived in part (b) should be the same as Eq. (6.4-38). 
Show that the equation derived in part (a) and Eq. (6.4-35) are special 
cases of Eq. (6.4-38). 

6-11. Consider the similarities between the differential equations that arise in the 
linear tracking problem (see Section 5.2) and in the method of quasilineari- 
zation. Solution of the linear tracking problem requires no matrix inversion. 
Use the similarities observed to modify the method of quasilinearization so 
that no matrix inversion is required. 

6-12. From Section 5.2 we know that the closed-loop solution to a linear regulator 
problem can be obtained by integrating the matrix Riccati equation. If x(t,) 
is free, the boundary conditions for the matrix K are K(t,) = H; however, 
if x(t,) is fixed, this is not the case. Use the principles contained in the mkthod 
of quasilinearization to devise a method for obtaining a set of boundary 
conditions for the K matrix for the case where ~ ( t , )  is fixed. 

The following problems are numerical solutions (requiring a digital computer) 
of optimization problems. In order that the student may gain familiarity with the 
numerical methods discussed in this chapter, Problems 6-19 through 6-33 are of 
the linear regulator type. The answers to these problems can, and should be, 
verified by integrating the Riccati equation as indicated in Section 5.2. It should be 
emphasized that the methods of Section 5.2 lead to the optimal control law, 
whereas the techniques discussed in this chapter yield an open-loop optimal control. 
6-13. Using the gradient projection algorithm, determine the value of y that 

satisfies the constraints yl 2 0, y2 2 0, 2y1 + 5y2 2 6, yl + y2 2 2, and 
minimizes f(y) = y ,  + 2y2. 

6-14. Use the gradient projection method to find the point y* where 

f ( Y )  = Yl + 2Y2 + 3Y3 
has its maximum value. The variables y, ,  y2, and y3 are required to satisfy 
the constraints yl 2 0, y2 2 0, y3 2 0, -yl - y2 - 73 + 1 2 0, 
Yl + Y 2  - Y3 20, Yl - 2Y2 20. 

6-15. Using gradient projection, determine the value of y that satisfies the con- 
stmints ~1 2 0, ~2 > 0, y ,  - 7 2  > -5 ,  -0.2~1 - ~2 2 -8, -YI 2 -20, 
and maximizesf(y) = y ,  - lob2 - 112. 

6-16. Use the gradient projection algorithm to find the maximum of the function 
f(Y) = Y, + YS + 1.25~. + 2y5 + 2y7 + 1.25~8 - yg, where the variables 
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must satisfy the constraints y , ,  y2, . . . , y, 2 0, y, < 1, O.Sy, 2 y ,  + y2, 

Y7 +YE. 
6-17. Use the gradient projection method to find the maximum of f(y) = 

2y, - yf + y2, subject to the constraints y ,  2 0, y2 2 0, 2yf + 3y: < 6. 
Hint. Linearize the constraints, and solve a sequence of problems with 
linear constraints. 

6-18. Determine, by using the gradient projection algorithm, the minimum value 
off(y) = [ y ,  - 5]* + [y2 - 812, where the constraints yf + 7% 6,  y ,  2 0, 
y2 2 0 must be satisfied. 

0.25Yg 2 Ys + y6, 0.5)'~ + 0.375y6 2 Y3 + Y4, 0.3333Y2 + 0.625y6 2 

6-19. Find the optimal trajectory and control for the linear regulator problem 

i ( r )  = x(t)  + u(t), x(0) = 4.0 

J = $ j' [xZ(t) + u2(t)] dt 

by using the steepest descent method. 
6-20. Repeat Problem 6-19, using variation of extremals. 
6-21. Repeat Problem 6-19, using quasilinearization. 
6-22. Repeat Problem 6-19, using the gradient projection method. 
6-23. Use the steepest descent method to find an optimal trajectory and control 

for the system 

i ( t )  = --X(t) + &), ~ ( 0 )  = 4.0 

and the performance measure 

J = x2(1) + 1: $u2((r) dt. 

6-24. Repeat Problem 6-23, using variation of extremals. 
6-25. Repeat Problem 6-23, using quasilinearization. 
6-26. Repeat Problem 6-23, using the gradient projection method. 
6-27. Use the method of steepest descent to minimize the performance measure 

J = xT(T)Hx(T) + [xr(r)Qx(t) + RuZ(t)] dt 

subject to the differential equation constraints 

The 6nal time Tis 1.0, and R = 1. Consider the following cases for Q and €I: 
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1 0  0 0  

1 0  10 0 
(a) = [o 101 = [o 01 

(b) = [o 101 = [ 0 201 
1 0  106 0 

6) = [o 101 = [ 0 1061 

6-28. 
6-29. 

6-30. 
6-31. 

6-32. 
6-33. 

Repeat Problem 6-27, using variation of extremals. 
Repeat part (c) of Problem 6-27, using variation of extremals, but let 

H = c :] and x(1) = 0. 

Compare with Problem 6-27(c). 
Repeat Problem 6-27, using quasilinearization. 
Repeat Problem 6-29, using quasilinearization. 
Repeat Problem 6-27, using gradient projection. 
Repeat Problem 6-29, using gradient projection. 

Now that your numerical skills have been polished on linear regulator problems, 
you are ready to tackle the following nonlinear problems. 
6-34. Solve the continuous stirred-tank chemical reactor problem introduced in 

Example 6.2-2 by the method of steepest descent. Investigate the effects of 
various initial guesses. 

6-35. Repeat Problem 6-34, using variation of extremals. 
6-36. Repeat Problem 6-34, using quasilinearization. 
6-37. Repeat Problem 6-34, using the gradient projection technique. 
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7 
Summation 

Before reviewing our progress, let us investigate the relationship between 
dynamic programming and the minimum principle. 

7.1 THE RELATIONSHIP BETWEEN DYNAMIC 
PROGRAMMING AND THE MINIMUM 
PRINCIPLE 

We have considered the problem of finding a control u* E U that causes 
a system 

W )  = a(x(t), W, 0 (7.1-1) 

to respond in such a manner that a performance measure of the form 

J = Wt,), t,) + I” g(x(t), W, 1) dt (7.1-2) 
I* 

is minimized. 

Jacobi-Bellman functional equation 
In our discussion of dynamic programming we showed that the Hamilton- 

0 = J?(x(t), t )  + min {g(x(t), Nt), t )  + [JWt), t)]’a(x(t), U(t), r ) }  
= ( I )  

(7.1-3) 
417 
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must be satisfied by an optimal control and its trajectory. P(x(t), t) is the 
minimum value of the performance measure for a process beginning at time 
t with an initial state x(t), and JT and are partial derivatives of J*(x(t), t )  
with respect to t and x. If (x*(t), t) is a particular point in the state-time space, 
the H-J-B functional equation tells us that the optimal control value u*(t), 
which corresponds to this point, satisfies the relationship 

g(x*(t), u*(t), t )  + [J:(x*(t), t)lfa(x*(t), u*(t), t )  

= n$l {g(x*(t), U(f), t )  + [JT(x*(t), t)lfa(x*(t), U(t), t)>, (7.1-4) 

for all t E [to, t,]. Thus, we can write Eq. (7.1-3) for the point (x*(r), t) as 

0 = Jr*(x*(t), t )  + g(x*(t), u*(t), t )  + [JT(x*(t), t)]Ta(x*(t), u*(t), t).  
(7.1-3a) 

Equation (7.1-3a) is a first-order partial differential equation. If r, is fixed 
and x(t,) free, the boundary condition is 

P(x*(t,), t,) = h(x*(r,), t,). (7.1-5) 

If Pontryagin's minimum principle is applied to the same optimal control 
problem, we find that 

g*(r) = 'P(x*(t), u*(t), p*(r), t )  (7.1-6) 3i 
(7.1-7) 

(7.1-8) 

a% P*(d = - -Jj+*('>, u*(t), P*(t), 1 )  

Z(x*(t), U*( t ) ,  p*(r), t )  I P(x*(t), W, p*(r), t )  

for all admissible u(t), and for all t E [to, i f ] ,  are necessary conditions for 
u* to be an optimal control and x* an optimal trajectory. The boundary 
conditions for the 2n first-order state-costate differential equations (7.1-6) 
and (7.1-7) are 

x*(to) = xo (7.1-9) 

and 

Using the definition of the Hamiltonian 
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we can write Eqs. (7.1-6) and (7.1-7) as 

t*(t) = a(x*(t), u*(t), t) (7.1-6a) 

p*(t) = - k(x* ( t ) ,  u*(t), t)]'p*(t) - B(x*(r). u*(t), t)] . (7.1-7a) 

In addition, Eq. (7.1-8) implies that 

or 

g(x*(t), u*(t), t )  + p*'(t)[a(x*(r), u*(t), 01 
= min (g(x*(t), Nt), t )  + p*'(t)[a(x*(t), u(t), t ) ]} .  (7.1-1 la) 

Comparing Eq. (7.1-1 la) with Eq. (7.1-4), we observe an interesting similar- 
ity: These two equations have exactly the same form; in fact, i f  

m(1) 

the two equations are identical. 
As you suspect, this similarity is more than coincidental; in fact, let us 

now show that the equations that constitute Pontryagin's minimum principle 
can be derived from the Hamilton-Jacobi-Bellman functional equation. 

First, notice that Eq. (7.1-3a) can be written as 

since J? does not depend on u(t). In words, given the state value x*(r), the 
control u*(t) minimizes the right side of Eq. (7.1-3b), and the minimum value 
is zero. Now consider state values in a neighborhood of x*(t); that is, let 

x(t) = x*(t) + 6X(f), (7.1-13) 
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Why is this the case? From Eq. (7.1-3b) we know that the left side of (7.1-14) 
is equal to zero. The minimum value of the right side (also zero) is attained 
only if u*(t) is an extremal control for the state x(t)  as well as for x*(t). To 
cut through the maze of notation somewhat, let us write (7.1-14) as 

V(x*(t), U*(t),  2 )  I V ( W ,  u*(r), 1). (7.1-1 5 )  

This equation tells us that for fixed u*(t) and t the scalar function v has a 
local minimum at the point x(t)  = x*(t);  therefore, 

dV(x*( t ) ,  u*(t), 1) = 0, as; (7.1-16) 

if it is assumed that x(t) is not constrained by any boundaries. Writing put 
the terms in V(x*(t), u*(t), t )  yields 

v = J: + g + c,a, + J:*a, + - - - + J:.an; (7.1-1 7) 

for simplicity, the arguments x*(t), u*(t), and t have been omitted. Taking 
the gradient of v with respect to x and using (7.1-16) gives the equations 
(again we omit arguments) 

dv 6 = J Z ,  + g x ,  + J ? , x , a ,  + cPlX, + J::X,a* + J:,a,,, 

dv - JZ* + gx, + J2,x:aI + c,alx, + J L a 2  + e1a2x: 

+ ... + J E x t a n  + C P n x t  = 0 

dx, - 
+ * - - + J?,&, + c"%, = 0 (7.1-1 8) 

To simplify the notation in these equations, let 

yi(x*(t), I )  P J?,(x*(t), t),  i = 1,2, . . . , n. (7.1-19) 

Using these definitions, and the property 

t J E ,  denotes d2J+ldtdxi; g,, denotes dgldxi; Jf denotes dJ*/dxi; six, denotes daJdx,; 
J X * I X ,  denotes d2J*ldxp3xl. 
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6[ a as* ] - a [ as* ] 
XI -ar -a? a;;; 
a as* a as* 

i = 1 7 2 , . . . , n  
(7.1-20) 

b,[ar;;I =&d j =  1 7 2 7 * * * 3 n *  

which holds, assuming that the mixed partial derivatives are continuous,t 
we find that Eqs. (7.1-18) are 

+ * - + gun + ynan,, = 0 

Moving terms that do not involve partial derivatives of the w's to the right 
side gives, for the ith equation, 

= --ylulx, - w2aZx, - - - - - wnanx, - g,,, i = 1,2, . . ., n. (7.1-22) 

We know that the state equations 

dr dx:(t) = u,(x*(r), u*(r), r )  i = 1,2, . . . , n, (7.1-23) 

must be satisfied; hence, (7.1-22) can be written 

= -wlarxc - w2a2x, - .- .  - wnunxl - g,,, i = 1,2, . . ., n. (7.1-24) 

t See [O-21, p. 367. 
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Since y f  & yAxf(t), x;(t), . . , x,*(t), t), the left side is the total derivative 
of yr  with respect to time; therefore, 

(7.1-25a) 

To obtain the boundary conditions for y, we use Eqs. (7.1-5) and (7.1-19) 
with the result 

To summarize, we have shown that 

(7.1 -25b) 

where the optimal control u*(t) satisfies 

In addition, the state equations 

t*(t) = a(x*(t), u*(t), t )  (7.1-27) 

and the boundary conditions 

must be satisfied. Comparing Eqs. (7.1-27), (7.1-25b), (7.1-4a), and (7.1-26) 
with Eqs. (7.1-6a), (7.1-7a), (7.1-1 la), and (7.1-lo), respectively, we observe 
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the anticipated correspondence: ty(x*(z), z) and p*(z) satisfy the same dif- 
ferential equation and have the same boundary conditions; therefore, we 
conclude that 

v(x*(t), 2 )  = P*(O. (7.1-28) 

Although we have written many equations, the key point in our argument 
is contained in Eqs. (7.1-15) and (7.1-16). Thereafter, the steps we took were 
primarily manipulative. 

We have succeeded in deriving the minimum principle from the Hamilton- 
Jacobi-Bellman functional equation; however, it is important to keep in 
mind the restrictions imposed by the derivation. In writing Eq. (7.1-16) we 
assumed that the states are not constrained by any boundaries. In addition, 
Eq. (7.1-18) is valid only if the indicated second partials exist (note that this 
was assumed to be the case in our derivation of the HJ-B equation [see Eq. 

The derivation we have performed also provides a useful interpretation 
of the costate variables. Let Ss*(x*(z), r, Sx(z)) denote the first-order approxi- 
mation to the change in the minimum value of the performance measure that 
results when the state value at time z deviates from x*(z) by an amount 6x(z); 
then, from (7.1-12), 

(3.1 1-7)ll.t 

6J*(x*(t), t ,  6X(f)) = [%q(x*(t), t)]' 6x(t) 
= p*'(z) Sx(2). (7.1-29) 

In other words, the extremal costate is the sensitivity of the minimum value 
of the performance measure to changes in the state value. 

7.2 SUMMARY 

Having discussed the relationship between dynamic programming and 
Pontryagin's minimum principle, let us now review the important features 
of these two techniques. 

The Minimum Principle 

Applying the minimum principle, or the calculus of variations, to deter- 
mine optimal controls generally leads to a nonlinear two-point boundary- 

? We shall not pursue the required mathematical properties of J* and its derivatives any 
further. For examples of difticulties that may occur if certain properties fail to be satisfied, 
and for a discussion of how to handle such difficulties, see [S-51 and p 2 1 .  
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value problem that requires the use of iterative numerical techniques for 
solution. As noted previously, these iterative algorithms determine optimal 
controls in open-loop form. 

If the state equations of a process are linear (or have been linearized), 
and the performance measure is a quadratic form, the optimal control law 
can be determined by numerically integrating a matrix differential equation 
of the Riccati type. 

An important feature of the variational approach is that the form of 
optimal controls can be determined; hence, it is necessary only to consider 
the subset of controls having the appropriate form; this is a significant con- 
ceptual and computational advantage. 

Dynamic Programming 

Dynamic programming is essentially a clever way of examining all of 
the candidates for an optimal control law. To do this by direct enumeration 
of all the possibilities is a horrendous task, but by using the principle of opti- 
mality a multiple-stage decision process can be reduced to a sequence of single- 
stage decision processes, and a feasible computational algorithm is obtained. 
The algorithm consists of solving the functional recurrence equation 

J % - , d x ( N  - K ) )  = min { g D ( x ( N  - K), u(N - K)) 
u ( N - K )  

by a direct search among the admissible control values. The presence of 
state and control constraints generally complicates the application of varia- 
tional techniques; however, in dynamic programming, state and control 
constraints reduce the range of values to be searched and thereby simplify 
the solution. Another desirable feature of the dynamic programming approach 
is that the computational procedure determines the optimal control law. 
Moreover, since the algorithm makes a direct comparison of the performance 
measure values associated with all optimal control law candidates, it is 
ensured that the global, or absolute, optimal control law is obtained. The 
primary limitation of the dynamic programming approach is the need for 
large storage capacity in the digital computer when solving problems involv- 
ing high-order systems-this is the “curse of dimensionality.” 

The Complementary Use of Several Optimization 
Techniques 

Although a particular problem may perhaps be solved by applying only 
one of the techniques we have discussed, it is often beneficial to use the com- 
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plementary features of several different approaches. For example, suppose 
that the minimum principle indicates that the only values assumed by an 
optimal control are +1,0, or - I. This knowledge can be used in designating 
the control values to be tried in obtaining a dynamic programming solution; 
instead of trying a finite set of controls that satisfy - 1 I u I + 1, we need 
use only u = + 1, 0, and - 1 as trial control values. 

As another example, suppose that it is desired to find an optimal con- 
trol law for a system whose initial state value is known to be in a specified 
region of the state space. One approach is to determine an optimal trajectory 
by employing iterative numerical techniques, and then to make use of this 
trajectory to define a region of the state space in which an optimal control 
law can be obtained by dynamic programming. By doing this, only a subset 
of state space values is searched in the dynamic programming solution, and 
thus the requirements for computer memory and computation time are 
eased. 

As a third example, suppose that the variational approach indicates that 
a singular interval may occur. Nonlinear or dynamic programming may be 
helpful in determining whether or not singular controls are optimal. 

7.3 CONTROLLER DESIGN 

In most applications engineers are required to design a controller, that 
is, a device for generating control signals from observations of system outputs. 
This being the case, three alternatives are 

1. An on-line digital computer that calculates .optimal control signals 
as the process evolves, and additional hardware to synthesize the 
control signals. 

2. A special-purpose digital controller to synthesize an optimal control 
law that has been precomputed off-line with a general-purpose digital 
computer. 

3. A suboptimal, but easily implemented, controller whose configura- 
tion and parameters have been precalculated with an off-line computer. 

Let us consider the implications of each of these alternatives. 
For many applications it may be difficult to justify economically the 

presence of an on-line digital computer. In addition, such a controller must 
necessarily be suboptimal because of the finite time required for computation. 
In fact, if the system states change too quickly for the computer to keep 
up, serious difficulties may result. Slowly changing chemical processes exem- 
plify the types of problems that are well suited to on-line control computa- 
tion. 
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The second alternative has several advantages. All computing is done 
off-line; hence, the general-purpose computer required is available for solving 
many problems rather than being devoted exclusively to one system (or a 
few systems on a time-shared basis). The special-purpose digital controller 
will be much smaller, less expensive, and not as complex as a general-purpose 
digital computer. In addition, since the optimal control law is precomputed, 
the question of calculations having to keep up with the changing state of 
the controlled process does not arise. On the debit side, the control computer 
may require a large amount of storage; however, this need not always be 
rapid-access storage-a small magnetic tape arrangement may be quite 
acceptable. Notice that in this control scheme the optimal control law must 
be calculated. Presumably, this is accomplished by using dynamic program- 
ming; an alternative approach that relies on linearization of the statecostate 
differential equations about a nominal optimal trajectory is discussed in 
reference [B-61. 

The concept of suboptimal, but easily implemented, controllers is very 
attractive from a practical point of view. Naturally, the system’s perfor- 
mance with a suboptimal controller should be compared with optimal per- 
formance; such a comparison could be the basis for deciding on the 
acceptability of a proposed suboptimal design. Rejection of a controller 
design indicates that either the controller configuration needs to be altered, 
or.that the controller parameters must be adjusted. Efforts to achieve accep- 
table suboptimal designs have met with limited success so far. The principal 
difficulty is that a controller may be nearly optimal for some initial condi- 
tions, but very poor for 0thers.t A suggested method of alleviating this 
difficulty -is to minimize the deviation from optimal response that results 
when the system assumes its worst possible initial state.$ This leads to a 
minimax solution of the problem. An alternative approach is to assume a 
probability distribution for the initial state values and minimize the expected 
value of the performance measure.* 

Each of these alternatives generally requires that all system states be 
available for generating the control signal; however, it may be necessary to 
generate control signals using estimates of the state values obtained from 
noisy observations of system outputs.$ One method of obtaining state esti- 
mates (which are optimal in a statistical sense) is to use a Kalman filter.11 

t See [F-21, [R-7], and [S-6]. 
$ See [Ad], [K-101, [O-31 and iS-71. 
* See [K-111 and [K-12]. 
0 For a discussion of the use of optimal estimates and optimal controllers to yield optimal 

stochastic systems, see [L-6], pp. I3IcT. 
I1 See [K-131 and [K-141. 
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7.4 CONCLUSION 

Summation 427 

Optimal control theory has been used to obtain solutions to a variety 
of aerospace engineering problems and holds great promise for other problem 
areas as well; however, much remains to be accomplished. Hopefully, the 
reader has been stimulated to learn more about optimal control theory and 
its applications, and now has a firm foundation on which to build his howl- 
edge. 
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Useful Matrix Propedes and 

Definitions 

1. The transpose of the product of two matrices equals the product of the 
transposed matrices in reverse order; that is, 

[cmr = DT. (A.1-1) 

2. The transpose of a scalar equals itself. For example, if zrMy is a scalar, 
then 

z m y  = [zWy]=. (A.l-2) 

Using Property 1 twice, we have 

[zTMyIr = w y r z  = yrMTz. (A.l-3) 

3. Definition. Let P and S be real symmetric matrices. If 

y T y  > 0 for all y f 0, (A.1-4) 

P is called a positive-definite matrix; if 

yTSy 2 0 for all y, (A.l-5) 

S is called a positive semi-definite matrix. 
4. The sum of a positive definite matrix and a positive semi-definite matrix 

429 
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is positive definite. Consider 

Y'P + Sly = Y'PY + SYI = Y ' p y  + Y'SY. (A.1-6) 

From Definition 3, yfPy > 0, and yTSy 2 0 for all y # 0; therefore, 

y"p + Sly > 0 for all y # 0, (A.1-7) 

so the matrix [p + S] is positive definite. 
5. If a matrix is positive definite, its inverse exists. 
6. Let s(y) be a scalar function of y = [ y l  . . . ymlT. 

Dejnition. The gradient of s with respect to y is defined as 

The following properties follow from the definition in 6. 

7. Let y be an m x 1 column matrix, z an m x 1 column matrix, and M 
an m x m matrix. To determine d[yTMz]/dy the m x 1 column matrix 
Mz is treated as a matrix of constants. Letting c A Mz, we have 

(A.1-8) 

which from the definition in 6 becomes 

[Y'c] = c p Mz. (A.1-9) 8 
8. The gradient of the quadratic form yTMy is found by using Property 

7 and the well-known rule for differentiation of a product; that is 

(A. 1-10) 

where c(I) p My, and dZ)' 4 yTM are treated as constant matrices. 
Since d2)'y is a scalar, and the transpose of a scalar equals itself, we have 
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(A.1-11) $rY=MYl d = $rY=c"'l a + $rY+l. 

From Property 7, then, 

6[y'My] d = c"' + c(') 

= My + MTy. 
Y 

(A. 1-12) 

If M is a symmetric matrix, then from (A.1-12) it follows that 

(A. 1- 13) -[yTMy] d = 2My. 
aY 

9. Definition. If a is an n x 1 matrix function of y (an m x 1 matrix), and 
z (an n x 1 matrix), then 

I :  

10. Definition. If s is a scalar function of an m x 1 matrix y, then 

Notice that if the order of differentiation is interchangeable, d2s/dy2 
is symmetric. 

11. From Dehition 10, if R is a real symmetric m x m matrix and u is an 
m x 1 matrix, then 

(A.1-14) ~ [ u T R u ]  d 2  = 2R. 
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