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Preface

Every serious student of a technical scientific subject has spent late nights struggling
with homework assignments at some time during their career. The frustrations
which go along with this activity range from: “I don’t have the foggiest idea how
to do this exercise” to “this is probably right, but it would be nice to have my
solution checked by an expert.” It is our expectation that the student exercises
in our book Linear Robust Control, published by Prentice-Hall, 1994, will generate
both the above sentiments at some stage or other and many others besides!

Because we would like our book to be useful both as a teaching and as a research
aid, we decided that a reasonably detailed solutions manual would have a role to
play. We hope that most of the answers are informative and that some of them
are interesting and even new. Some of the examples took their inspiration from
research papers which we were unable to cover in detail in the main text. In some
cases, and undoubtedly with the benefit of hindsight, we are able to supply different
and possibly nicer solutions to the problems studied in this literature.

What about the answer to the question: “who should have access to the solutions
manual?” We believe that in the first instance students should not have access to
the solutions manual; because that would be like exploring the Grand Canyon from
the window of a rental car—to really experience you have to actively partake.

In an attempt to steel the nerve for the task ahead, we thought it appropri-
ate to repeat a quotation due to Brutus Hamilton (1957), from the book Lore of
Running (Oxford University Press, 1992), by the South African sports scientist and
ultramarathon runner Tim Noakes.

“It is one of the strange ironies of this strange life that those who work
the hardest, who subject themselves to the strictest discipline, who give
up certain pleasurable things in order to achieve a goal are the happiest
of people. When you see twenty or thirty men line up for a distance
race, do not pity them, don’t feel sorry for them. Better envy them.”

After reading Noakes’ book a little further, we couldn’t help noticing a number
of other analogies between doing student exercises and training for a marathon.
Here are a few:

ix
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1. Nobody can do them for you.
2. At least in the beginning, there is no doubt that they are hard.

3. Like any acquired skill, the more effort that goes into the acquisition, and the
more difficulties overcome, the more rewarding the result.

4. To achieve success there must always be the risk of failure no matter howhard
you try.

5. Student exercises, like running, teach you real honesty. There is no luck.
Results cannot be faked and there is no one but yourself to blame when
things go wrong.

6. Don’t make excuses like my feet are too big, I don’t know enough mathematics,
I am too old and so on. Overcoming such difficulties will only heighten the
reward.

We have tried to tie the solutions manual to the main text as closely as possible
and from time to time we refer to specific results there. Equation references of
the form (z.y.z) refer to equations in the main text. For example, equation (3.2.1)
means equation (3.2.1) of Linear Robust Control, which will be the first equation in
Section 3.2. Equations in the solutions manual have the form (z.y). For example,
equation (8.1) will be the first equation in-the Solutions to Problems in Chapter 8.
All cited works are as listed in the bibliography of Linear Robust Control.

We have made every effort within stringent time constraints to trap errors, but
we cannot realistically expect to -have found them all. If a solution is hard to follow
or doesn’t seem to make sense it could be wrong! Don’t get mad, we have tried to
help and we hope our solutions will assist teachers and students alike.

MICHAEL GREEN
DaviD LIMEBEER

London
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Solutions to Problems in
Chapter 1

Solution 1.1. We will establish the three properties of a norm and then the
submultiplicative property:

1. If h = 0 sup,, |h(jw)| = 0. Conversely, if sup,, |h(jw)| = 0, h(jw) = 0 for all
w, then h = 0. If h # 0, it is clear from the definition that ||k > 0.

lahle = Sgplah(jW)l
= sgplal-lh(jw)l
= Ialsgplh(jw)l
= |adfif] -

lh + gl sup [h(jw) + g(jw)|

sup([h(jw)| +1g(jw)D)

IN

IN

sup [h(jw)| + sup |g(jw)|
[Plloc + 119 lloc-

This establishes that |- || is @ norm. We now prove the submultiplicative property:

4.
lhglle = sgplh(jw)g(J'w)l
= sgp(lh(jw)\-lg(jw)l)
< sgplh(jw)ISgplg(jW)l

= [hllsllglloo-
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Solution 1.2. Set

h = w(l—gk) ™"
= w(l+gq), g=k1-gk)™"
Therefore, R
g=g 'w ' (h—w).

! is stable and ||fALHoo may be made arbitrarily small by

In the case that a < 0, g~
using the constant compensator k — oco. If a > 0, h must satisfy the interpolation

constraint:

h(a) w(a)
a+4

20 +1)

Now

h()] < 1, a>0
e (a+4) < 2a+l)
Sa > 2

Thus the problem has a solution if and only if o< 0 or if o > 2.
Solution 1.3. Since e = h — gf with f € RH .,
f=9"'(h—e).

In order for f to be stable, we need

e(1)

Il

>
=

i
=

Differentiating e = h — g f gives
de _dh df dg
ds  ds s ds’
Thus, f is also given by
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Since %g|5:1 = 0, the stability of f requires a second interpolation constraint:

de dh

sl dsl
1
I CE R
= —1/25.

Solution 1.4.

1. Tt is sufficient for closed loop stability that |gk(1 — gk)~'(jw)].|0(jw)| < 1
for all real w, including w = co. (This follows from the Nyquist criterion.) If
[6]|0c < @, we need

lgk(1 — gk) oo < o™

with  maximized. This may be achieved via the following procedure:

Step 1: Factorize gg™~ = mm™, in which both m and m ™! are stable.

Step 2: Define the Blaschke product
1 Di 8
a = ,

in which the p;’s are the right-half-plane poles of g.

Step 3: If ¢ = k(1 — gk)~! and ¢ = amgq, we observe that
(i)
lgglle = llgaqllc, since a is allpass
= [lagmm™(g™) "o
= |lagm| o, since m™~(g~)~! is allpass

=l

(i) § € RHoo = ¢ € RHoo-
(iii) ¢ € RHoo = q(p;) = 0.
(iv) (1+g9)(pi) = 0% q(pi) = —(amg™")(p:).

Step 4: Find a stable g of minimum infinity norm which satisfies

a(pi) = —(amg™")(p:).
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Step 5: Back substitute

k = q(l+gq)"
= qlam +gq)~".
(i) If g is unstable and a > 1, we can always destabilize the loop by setting
0 = —1 since in this case g(1 + §) would be open loop.
(ii) Suppose for a general plant that

- nin_
9= d.d

in which n_ and d_ are polynomials that have all their roots in the closed-
right-half plane, while n and d; are polynomials that have all their roots in
the open-left-half plane. Then

d- nin’
a= -, = ~ )
d_ d.d
and consequently
g lma = ———d+d_ i, " £
nyin_ \ d_;,_d:/ .d_
_.n=
s \ns

which is an unstable allpass function. The implication now follows from the
fact that |a(p;)| > 1 for any unstable allpass function a and any Re(p;) > 0.

_ (22 =a= s+l and m = s+2
g = s—1 T \1-s T \s+1)

glam = (s—l) (s—i—l) (s—i—?)
s—2 1—s s+1
_ s+2
- -(5)

g tam(l) = 3
= qopt = —3and ||(~10pt||00 =3.

. In this case

so that

Therefore
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Since amax = 1/[|@opilloos We see that amay = 1/3. Finally

k = Qopilam+gd,,) "
-1
- (7))
_ 3(s—1)
4(s —1)
— 3/4.

Solution 1.5.

1. The closed loop will be stable provided

I0k(1 —gk) oo < 1
& 0w twk(l — gk) Yo < 1

< 0wl

[wk(1 - gk) oo

This last inequality will be satisfied if |0(jw)| < |w(jw)| for all w and ||wk(1—
gk) e < 1.

2. We will now describe the optimization procedure

Step 1: Define
q = waq,

where

q=k(1—gk)™' and a=H(pi+s>7

=1 \Pi TS
in ‘which the p;’s are the right-half-plane poles of g.

Step 2: Find a stable g of minimum infinity norm such that
a(pi) = —g ™ aw(pi).

Step 3: Back substitute using k = q(aw + gq)~*.

s+
g= e_92)"

3. Since
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o s+2
T \2-s/"

we must have

Therefore
Tgw — 5§—2 s+2 s+1
g n s+1 2—s s+4
_ s+ 2
o s+4)°
Consequently
p B (8+2)
. =
op s+4) o
= 2/3.

Thus, a controller exists, since ming, [[wk(1—gk) ™ [loo = [[@opilloc = 2/3 < 1.
The optimal controller is

- ()

- _<2S:?>‘

Solution 1.6.

1. If E = H — GF, it follows that
F=G '(H-E).

It is now immediate from the stability requirement on F' that all the right
half plane poles of G~ must be cancelled by zeros of (H — E).

2. It follows from the standard theory of stable coprime matrix fractions that a
cancellation between G~' and (H — E) will occur if and only if

looses rank at a zero z; of G. If such a loss of rank occurs, there exists a w;
such that

3

If
w;H(z;) = v}

1
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the vector valued interpolation constraints will be

wiE(z;) = v}.

?

Satisfaction of these constraints ensures the cancellation of the unstable poles
of G






Solutions to Problems in
Chapter 2

Solution 2.1.

1.
ocI-Q) > o(I)-3(Q)
= 1-0(Q)
> 0.
2.
3@ < SF@h
k=0 k=0
< Sy
k=0
B 1
- 1-0(Q)
<
3. Consider
I-Q_QY = Y Q- Q"
k=0 k=0 k=0
= J+ Qk+1 _ Qk+1
= 1.
Hence

it

a
sl = B
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L.
QU-Q)" =
2.
r-Q
3.
K(I-GK)' =

~—~ o~~~

I-Q7'I-QQeUI-Q)
I-@'Q-@HUI-@)!
I-Q)7'QU-Q)-Q)"
I-Q)7'Q.

- I-Q+QU-Q!
= I+QU-Q)"

--

G)'I-KGK(I-GK)!
G) (K - KGK)(I =GK)™!
G)'K(I-GK)(I-GK)™!
) K.

NNNN

G

Solution 2.3. Suppose that @ = YXU*, where ¥ = diag(o1,---,0p) and o1 >

09 > -+ > 0p > 0. Then

Q' =

Wherea;12-~-202_1201_1. Hence

UsTly”
Udiag(oy?t,---,0, Y™,

’Tp

7Q7) = o,

Solution 2.4.

1. Let Q = WJW ™!, in which J is the Jordan form of (). Then

det@

det(W)det(J)det(W 1)
det(W)det(J)

1
det(W)

det(J)

1@
=1
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Now let @ = YXU*, with ¥ = diag(o1,---,0p) be a singular value decompo-
sition of ). Then

det(Q) = det(Y)det(X)det(U")
P
= ¢ H 0i(Q)e v, since Y and U are unitary
i=1
o
= ](Q).
i=1

2. It is well known that
|Qull

2@ < 1 <7(Q)
for any non-zero vector u. Now if Quw; = A\;w;, we see that
Qu; _
2@ < 25l - vy <000

Solution 2.5. Nothing can be concluded in general. To see this consider the

system
G- [ 14+ as 1 } '

0 1+a%

Each eigenvalue A;(jw) makes one encirclement of +1, and |1 — \;(jw)| = « for all
w and any value of €. It is easy to check that the (constant) additive perturbation

0 0
N { ea® 0 ]
will destabilize the loop, since det (I - (G(jw) + A)) passes through the origin (at
w = 0). Since lim,_,o||A|| = 0, we see that the loop may be made arbitrarily close

to instability for any value of a.

Solution 2.6.
2

1. These are just the Nyquist plots of H% and PR which are circles cutting the
real axis at 0 and 1. (i.e., both are circles with center 1/2 and radius 1/2.)

2. This can be checked by evaluating C(sI — A)~!B with

-1 0
S iy

T -8
B="1 1 14}

(78
c - [1%]
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3. We begin by setting k1 =k +  and ky; = k — . This gives

det(sI — A— BKC) = det({s+1k97(5 —1126 D

1686 s+2—2k+4 1946
= $°+5(3—3k+970) +2((1—k)*>—6%).

We therefore require positivity of the linear coefficient 3 — 3k + 976. Now

3-3k+976 = 3—50(k—0)+47(k +6)
= 3+47Tk; — 50ks.

Solution 2.7. The plots given in Figures 2.1, 2.2 and 2.3 can be verified using
MATLAB procedures.

0.5

05 ; ; ; ; ; ; ; ; ;
-2 -18  -16 -14 -12 -1 -08 -06 -04 -02 0

Figure 2.1: Generalized Nyquist diagram when € = 0.005.

Solution 2.8. The proof of Theorem 2.4.3 has to be modified to make use of

. = det(I—(I+eA(s)GK(s))
= det(I —eA;GK(I — GK(s)) ™) det(I — GK(s)).
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05

-0.5

Figure 2.2: Generalized Nyquist diagram when € = 0.

It is now clear that I'c will not cross the origin for any € € [0, 1] if

7(A1(s))7(GK(I-GK(s))™") < 1
1
7(GK(I-GK(s)™)

= E(Al (S)) <
for all s on the Nyquist contour Dg.

Solution 2.9. In this case we use
L. = det(I — (I —eAs(s))'GK(s))
= det(I — eAs(s) — GK(s)) det((I — eAa(s)) ).
We need 7(As(s)) < 1 to ensure the existence of (I — eAs(s)) ™, and we need
7(8a(s)) < (I - GK(s))

to ensure that I'. will not cross the origin for any e € [0,1]. Thus a sufficient
condition for closed loop stability is

7(Az(s)) <min{l,c(I — GK(s))}

for all s on the Nyquist contour Dg.
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05

-05 i i i i i i i i i
-2 -8 -16  -14  -12 -1 -08 -06 -04 -02 0

Figure 2.3: Generalized Nyquist diagram when ¢ = —0.005.

Solution 2.10. To see that the implication in (2.4.8) is true we argue that

F(K(I-GK)™)
= o(K)a((I -GK)™)
7(K)
(I - GK)

N 7(K)
1+0(G)F(K)
<o7(K) <

v
v

IN A

=

IA

v

IN

y

v

——, forl—~no .
1 =75(G) or vo(G) >0

For the implication in (2.4.9),

7(K(I-GK)™)
e oK)
1-7(G)g(K)

< 7(K)

IN
2

IN
2

< S — .
- 1410(G)

To establish the inequalities given in (2.4.13), we argue that

7QU-Q)7") < v
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+ s < o
:11((312) < v
<7(Q) < T for v < 1.
Also,
E(Q(I—iQ)_l) < v
<:0((;(?)69) =7
o <
©7@) <

Solution 2.11. The aim of this question is to construct a rational additive per-
turbation A of minimum norm such that

I-AK(I -GK)™*
is singular at wy. The frequency point wy is selected to be wy = arg max,—;., (K (I—
GK) l(jw)). If K(I — GK) Yjwo) has singular value decomposition

2
K(l~ GK) ' (jwo) = Zgiviu;‘ka
i=1

then a constant complex perturbation with the correct properties is given by
A= o ung,
since ||A|| =o', To realize this as a physical system, we set

7“36_“93 }
b)

v>1k _ [ Tle—i% Tze—itﬁz ] and uq |: T4e_i94

in which the signs of the r;’s are chosen to make all the angles positive. We then
select the «;’s and ;’s, both nonnegative, so that the phase of

(jwo - ai)
Jwo +
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is given by ¢; and the phase of

<jwo - ﬁz)
Jwo + Bi
is given by 6;. The perturbation is then given by
7,3 S—Q
1 s+a —B —B
Aot | [ G) () |
T4 s+aso

To find the pole locations for the allpass functions we argue as follows:

re”® =z + y

T+ iy _(jwo—a)
+4/22 + y? jwo +a )

(x + iy) (jwo + @) = £vV@? + 32 (jwo — @)

and so

This gives

and equating real parts yields

Ywo
o= —"
x4+ /22 + 92
in which the sign is selected to ensure & > 0. If o; > 0 and 5; > 0, A will be stable.

These ideas are implemented in the follow MATLAB! code.

%

% Enter the transfer function and find a state-space model for it
%

d=[1 3 2];

num=[0 -47 2;0 -42 0;0 56 0; 0 50 2];
[a,b,c,d]=tfm2ss (num,d,2,2);

%

% Find the frequency response singular values of (I — GK)
%

w=logspace(-2,3,100) ;
[svl=sigma(a,b,c,eye(2)+d,1,w);

svp=logl0(sv(2,:));

%

% Find K(I - GK)™!

%

[af,bf,cf,df]=feedbk(a,b,c,d,2);

IMATLAB is a registered trademark of The MathWorks, Inc.
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%

% Find the frequency response singular values of K(I — GK)~!
%

w=logspace(-2,3,100);

[sv]=sigma(af,bf,cf,df,1,w);

svp2=-logl0(sv(1,:));

semilogx (w,svp,w,svp2)

grid

pause

%

% Find the singular values and singular vectors of K(I — GK)~%(j3)
% with K = —1

%

wp=3

ac=a-b*inv(eye(2)+d) *c;

be=b*inv(eye(2)+d) ;

cc=inv(eye(2)+d) *c;

dd=-inv(eye(2)+d) ;

g=dd+cc*inv (j*wp*eye (4)-ac)*bc;

[u,s,v]=svd(g);

zz=u’;

ul=zz(1,:);

vi=v(:,1);

s2=1/s(1,1);

%

% Find the constant for the first allpass function
%

x=real(ui(1,1));

y=imag(u1(1,1));

%

% Select the sign of r1 so that 3y is positive
%

ri=-abs(u1(1,1))

alpl=y*wp/(x+rl)

pause

%

% Find the constant for the second allpass function
%

x=real (u1(1,2));

y=imag(u1(1,2));

%

% Select the sign of r2 so that B is positive
%

r2=-abs(u1(1,2))
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alp2=y*wp/ (x+r2)
pause
%
% Assemble the first part of the perturbation
%

aper=[-alpl 0;0 -alp2];
bper=[-2%alpl*ri*s2 0 ;0 -2*alp2*r2*s2];
cper=[1 1];

dper=[s2*rl s2xr2];

%

% Find the constant for the third allpass function
%

x=real (v1(1,1));

y=imag(v1(1,1));

%

% Select the sign of r3 so that ag is positive

%

r3=abs(v1i(1,1))

alp3=y*wp/ (x+r3)

pause

%

% Find the constant for the forth allpass function
%

x=real (v1(2,1));

y=imag(v1(2,1));

%

% Select the sign of r3 so that ag is positive

%

rd=-abs(v1(2,1))

alpé4=y*wp/ (x+r4d)

pause

%

% Assemble the second part of the perturbation
%

aperl=[-alp3 0;0 -alp4];

bperl=[1;1];

cperl=[-2xalp3*r3 0; 0 -2xalpd*rd];
dper1=[r3; r4];

%

% Assemble the full perturbation

%

adel=[aperl bperl*cper;zeros(2,2) aper];
bdel=[bperix*dper;bper] ;

cdel=[cperl dperlx*cper];
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ddel=dperilx*dper;

%

% Plot the perturbation’s frequency response to check that it is allpass
%

[sv]=sigma(adel,bdel,cdel,ddel,l,w);

loglog(w,sv(1,:))

grid

pause

%

% Check results by assembling and plotting I — AK(I — GK)~*
%

at=a-b*inv(eye(2)+d) *c;

bt=b*inv(eye(2)+d) ;

ct=inv(eye(2)+d) *c;

dt=-inv(eye(2)+d) ;

w=logspace(0,1,400);
[ae,be,ce,de]=series(at,bt,ct,dt,adel,bdel,cdel,ddel);
[sv]=sigma(ae,be,-ce,eye(2)-de,1,w);

loglog(w,sv)

grid

%

% As a last check check, find the poles of the perturbed closed
% loop system

%

[A,B,C,D]=addss(a,b,c,d,adel,bdel,cdel,ddel);
eig(A-B*inv(eye(2)+D)*C)

These are:

0.0000
0.0000 + 3.00001
0.0000 - 3.0000i
-2.0000
-1.0000
-0.0587
-0.0616
-0.0382

You will note, that in this case, the perturbation has an unobservable mode at the
origin which is finding its way into the closed loop pole set.

Solution 2.12. It is immediate from Figure 2.13 that

y=G(I—-KG) 'r,
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SO

r—y=(I-GK) (I -G(K + R))r.
We can thus argue

7(I-GK)""(I-G(K+R)) < ~v
(I - G(K + R))

<
C T si-ckK) -
7(I - G(K + R))
< o(GK —1 =7
a(l - G(K
o14 U-CEAR) ek
Y
Solution 2.13. Suppose that
pa(S) < 1-90a(GKS)
= po(S) < 1-0(AGKS)
= po(S). < oI —AGKS)
@mf)(f AGKS)™) < 1
= p5(S(I - AGKS)™') < 1
Conversely,
po(SI=AGKS)™") < 1
= po(S)o((I= AGKS)™") < 1
=po(S) < (I—-AGKS)
=po(S) < 1+9d3(GKS).
Solution 2.14. Tt follows from Figure 2.4 that
Yy = G K(I - G, K)™!
Therefore
T+ Ye K(I-G,K) YHr

I— u+Ag1GKr1

(I +

= (I-GK)™'r
(
(I+ Ay —GK) I+ Ag)r.
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This means that

7(I-GK)™") < pljw

Sa((I+2:-GK) ' (I+A) < pljw

<57((I+A—GK) oI+ Ay) < pjw
(I + Ay) .

cl+h-GE) = P

Lt o) < p(w)

o(I = GK) = d(jw)

IN

p(jw)
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< 7(9)

%

% Enter the batch reactor model...

%

a=[ 1.3800 -0.2077 6.7150 -5.6760;
-0.5814 -4.2900 0 0.6750;

1.0670 4.2730 -6.6540 5.8930;
0.0480 4.2730 1.3430 -2.1040]

b=[ 0.0 0.0 ;

5.6790 O;

1.1360 -3.1460;

1.1360 0]

c=[1 01 -1;

]
0.0;

o QO
ok n
o O O
o oo

]
%

% and now the controller
%

ac=[0 0;0 0];

be=[1 0;0 1];

cc=[0 2;-8 0];

dc=[0 2;-5 0];

%

% Evaluate the frequency response of 1/5(GK (I — GK)~!(jw))

%
w=logspace(-2,3,100);

1+ 6(jw) (1 + p(jw))

21

Solution 2.15. The solution to this problem is similar to the previous one and
we will therefore simply present an annotated working MATLAB code.
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[A,B,C,D]=series(ac,bc,cc,dc,a,b,c,d);
[af ,bf,cf,df]=feedbk(A,B,C,D,2);
[svl=sigma(af,bf,cf,df,1,w);
svpl=-logl0(sv(1,:));

semilogx(w,svpl)

grid

pause

%

% Find GK (I — GK)~1(j2.5)

%

wp=2.5

g=df+cf*inv(j*wp*eye (6)-af)*bf;
[u,s,v]=svd(g);

ul=u(:,1)

vi=v(:,1)

s2=1/s(1,1);

%

% Evaluate the first pair of allpass function constants
%

x=real (v1(1,1));

y=imag(v1(1,1));

ri=abs(vi(1,1))

alpl=wp*y/(ri+x)

%

x=real (v1(2,1));

y=imag(v1(2,1));

r2=abs(v1(2,1))

alp2=wp*y/ (r2+x)

%

% Assemble the first part of the perturbation
%

aper=[-alpl 0;0 -alp2];

bper=[1;1];

cper=[-2*alpl*rixs2 0;0 -2*alp2*r2xs2];
dper=[s2xrl;s2xr2] ;

%

% Evaluate the second pair of allpass function constants
%

x=real(ui(1,1));

y=-imag(u1(1,1));

r3=abs(ul(1,1))

alp3=wp*y/ (r3+x)

%

x=real (u1(2,1));
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y=—imag(ul(2,1));

r4=-abs(u1(2,1))

alp4=wp*y/ (rd4+x)

%

% Assemble the second part of the perturbation

%

aperl=[-alp3 0;0 -alp4];

bperl=[-2*%alp3*r3 0;0 -2*alpdxr4];

cperl=[1 1];

dper1=[r3 r4];

%

% Put the whole perturbation together

%

adel=[aper bper*cperl;zeros(2,2) aperi];
bdel=[bperx*dperl;bperl];

cdel=[cper dperx*cperl];

ddel=dper*dperl;

%

% Plot the frequency response of the perturbation to c¢heck that
% it is allpass

%

w=logspace(0,1,400);
[sv]=sigma(adel,bdel,cdel,ddel,1,w);
loglog(w,sv(1,:))

grid

pause

%

% Assemble and plot I = AGK (I — GK)~! and check that it is
% singular at w = 2.5

%
[ae,be,ce,de]=series(af,bf,cf,df,adel,bdel,cdel,ddel);
[sv]=sigma(ae,be,-ce,eye(2)-de,1,w);
loglog(w,sv)

grid

%

% As a last check, find the closed loop poles of the perturbed system
%

achll=af+bf*inv(eye(2)-ddel*df)*ddel*cf;
ach12=bf*inv(eye(2)-ddel*df)*cdel;
ach21=bdel*inv(eye(2)-df*ddel)*cf;

ach22= adel+bdelx*inv(eye(2)-df*ddel)*df*cdel;
ach=[achll achl12; ach21 ach22];

eig(ach)
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These are:

0.0
-14.6051
-10.8740

-0.0000
-0.0000
-3.2794
-2.3139
-0.6345
-0.6345
-0.7910

2.50001
2.50001

0.35341
0.35341
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Solutions to Problems in
Chapter 3

Solution 3.1.

1. For any finite 7' > 0 and any 0 < e < T,

/€T|f(t)|2dt = /ethadt

_ ﬁ(]ﬁoﬂrl 4 €2a+1) for a ?é o
log(T'/€) for a=-—

N[ =N =

If a > —%, then || f|l2,j0,71 = %_:11 < oo for any finite T. If @ < —%, then f
is not in £5[0,T] for any T.

2. For any finite T' > 0

T T
/O lg()|7dt = /O(t+1) dt

. s (T + 124 —1)  for  a#—3
log(T+1) for «a= _%.
Hence g € L5[0,T] for any finite T, which is to say g € L2.. The integral

foT lg(t)|? dt remains finite as T — oo if and only if @ < —3, so this is a
necessary and sufficient condition for g € £2[0, 00).

Solution 3.2. XX ! = I. Therefore
d

0 = LXOX )
d 1 d 4
= (HXO)X O+ X LX),

The result follows upon multiplying on the left by X ~1(¢).

25
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Solution 3.3.

1. Let v € R™ and consider the differential equation
z(t) = A(t)x(t) z(t1) = v.

The unique solution is x(t) = ®(¢,¢1)v, for all t. Choose any real 7 and
consider the differential equation

(1) = A@®)y(t) y(r) = (7, ta)v,

which has unique solution y(t) = ®(¢,7)®(7, t1)v for all ¢t. Since y(7) ==(7),
it follows from the uniqueness of solutions to linear differential equations that
y(t) = x(¢) for all t. Therefore ®(¢,t1)v = ®(¢,7)P(7,t1)v for all ¢, 7 ¢ and
all v. Consequently, ®(to,t1) = D(to, 7)P(7,t1) for all to, 7, 1.

2. From Item 1, ®(7,t)®(t,7) = ®(7,7) = I. Hence ®~1(¢,7) = (7, 1).
3.

d d__,
Eq)(t7 T) = E@ (T, t)

= o Y7t dq)(T,t)]‘I)_l(T,t)

Ja
= o Y1, )A(T)P(r, ) (1,1)
= =07 (7, t) A7)

—®(t, 7)A(T).

Solution 3.4.

1.

[ e faria = [T

N\ o+ jw a4+ jw)dw = - arte? w
= tan™!

a—a[an (oz—a,)]_oo
B 7r
 a-—a
Alternatively,

/700 fla+ jw) fla+ jw) dw
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1 > 1 1
N 2(a—a)/_oojw—|—(o¢—a) _jw—(a—a)

dw

1 1 1
N 2(04—(1)]'/,3}{s—(a—a)s—i—(a—aa)dS

by Cauchy’s integral formula.
a—a

(The contour Dp, is a standard semicircular contour in the right-half plane of

radius R > o — @ and is traversed in an anticlockwise direction.) The result

follows, since ﬁ is maximized by setting a = 0.

2. f satisfies
E(t) = ax(t) z(0) =1
[ = =x@).

Since a < 0, f € L3][0,00). Furthermore, the observability gramian ¢, which
is the solution to

o~ o

2a9+1=0,

is given by q = }2{1

Solution 3.5.
1. Choose an arbitrary xo € R™ and let x(¢) be the solution to

#(t) = Ax z(0) = g
z(t) = Cu.
Noting that limg_, o 2(¢) = 0 we obtain
2Qro = _/00 i(w’Qx) dt
0T = . d
= - / 2’ A'Qx + 2’ QAx dt
0
= / 2z dt
0
> 0.

2. Let Az = Azx. Then
0 = 2(QA+AQ+C'O)x
= (A +N2'Qz+ ||Cz|

Since #'Qx > 0, it follows that either (a) ||Cz| = 0 or (b) A+ X < 0. That is,
x is either asymptotically stable or is unobservable.
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Solution 3.6.

1. Let z; = G;w. Then z = z1 + 25 is the output of G1 + G5 and

z = 01561 + C2£L’2 + (Dl + DQ)U)

2. The input to Gs is z; = Cix1 + Dyw. Therefore

3.32 == AQIQ + BQ(Clxl + Dlw)
= ByCixy + Asxzo + BoDiw

and the output of Gs is

z = CQIIZQ + DQ(Cll’l + Dl’(U)
DsCizq1 + Coxg + DaDiw.

3.
SL"l _ A1 Bl X1 . X1 _ I 0 X1
wy | | 0 T wy |’ yr | | Ci Dy wy |
Hence 1
(E.l o A1 Bl I 0 B x
wy | | 0 I Ci Dy |
4. - .
T A B -
Z1 = Cl D1 |:U):|
22_ _CQ Dg
Hence _
z | 1 0 T
Z1 o _Cl D1 w
and

1-1a 20 A [z

A more pedestrian approach:

Gz [ AfB_)al—lcl | BD_l‘ll ]
-Dr'Cy | Dy

Hence, by the series formula,

A-BD;y'Cy 0 | BDy?
G.G;'Z2 | -BD;'C; A | BD;'
—D,D7'Cy Co | DoDy!
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1

Now apply the state transformation T = [ _7 ? ] to obtain

A-BD;{'Ccy 0 | BD!

G.G;' = 0 A 0
Cy — D2Df101 Cy ‘ DQDfl

N A-BD{'Cy | BD'
| C2—D;D7'Cy | DD |

The final step follows since the states associated with A are uncontrollable.

Solution 3.7.

1. Since any state-space system has finite £5]0, 7] induced norm; we may set e; =
|Glljo.7) < oc. Since G~ has realization (A— BD~'C, BD~!, =D~1C, D7),
it too has finite £5[0, 7] induced norm as we may take €; = 1/||G™"||j0.7-

2. Take €2 = ||G||oc and €; = 1/HG_1||<>0-

Solution 3.8.
1.
G (s)G(s)
= (D'+B'(sI=A)'C)(D+C(sI — A)"'B)
D'D4DCO(sI—A)'B+B'(51-A)'C'D
+B'(51 —A)TLC'C(sI — A)'B
= I-B'Q(sI-A)"'B-B(GI-A)'QB
+B(sI — A)~lo'C(sI — A)'B
I+ B'(51-A) 1 (C'C— (51 -A)Q—Q(sI — A) (s - A)~'B
I—=(s+35)B'(5I—-A)1'Q(sI — A)~'B.
The conclusion that G*(s)G(s) < I if @ > 0 and s+ § > 0 is immediate.
2. Since D’'D = I, there exists a matrix D, such that [ D D, } is a square or-
thogonal matrix—the columns of D, are an orthonormal basis for the orthogo-
nal complement of the range of D. To show that B, = —Q#C’D,, in which Q%

denotes the Moore-Penrose pseudo inverse, satisfies D.C + B.Q = 0, we need
to show that ker C' C ker Q. Let Qz = 0. Then 0 = 2/(QA+ A'Q + C'C)x =

|Cx|]?, giving Cz = 0.
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Solution 3.9. Suppose, without loss of generality, that

A 00
A =10 4 0

0 0 A
c = [0 C 0]

in which A; and —A, are asymptotically stable and A3 has only imaginary axis
eigenvalues. Let

= QA1+ 4101+ CiCy
Q2(—A2) + (—A1)Q2 + CLCs

which exist by Theorem 3.1.1. Set

Q1 0 0
Q= 0 —-Q2 0
0 0 0

Solution 3.10.

1. Consider f(x) = |z|, which is not differentiable at the origin. Then |(|z1| —
|z2|)| < Jxp — x2l]. Tt follows that y(f) = 1.

2. The inequality

Tr1 — T2

shows that |%| < (f). Onthe other hand, f(z2) = f(x1)+(x2—x1)%|z:ml+
0((wy — x1)?) shows that sup,, |%| =~(f).

If f is differentiable except at isolated points z; then sup,_,, \%| =~(f).
3. See Figure 3.1

Solution 3.11. Notice that
(XY")ii = injyij-
J

Therefore,
trace(XY') = Z TijYij-
,J
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y = —(f)z + £(0)

Figure 3.1: Illustration showing that y(f) < 1 implies = fz has a solution.

trace(XY")

2. Follows from the above.

3. Let | X|| = /trace(X X").

E TijYig
i,J
E Yijlij
i,j

trace(Y X').

(a) y/trace(XX’) > 0 is obvious, and y/trace(XX’) =0 & x;; = 0 for all
i,7. That is y/trace(XX') =0= X =0.

(b) y/trace(aXaX') = Ei,j alx;; =

()

trace((X +Y)(X +Y))
= Z(ﬂvzg + yij)2

%]

1]

|ae]y/trace(X X7).

Zx?j + 2255y + yi2j

= trace(XX’) + trace(YY’) + 2 Z TijYij

0]
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< trace(XX') + trace(YY') + 2 /Z x7; /Z Y
2% 4,J

by Cauchy Schwartz
(v/trace(X X') 4+ /trace(YY"))2.

Solution 3.12. Consider g = —— and h = ——, with a; < 0. Then

s—aq s—as’
1
hljs = .
ol = 5
Also,
ap 0 1
hg=| 1 ay|0
0 110
The observability gramian of this realization is given by
1 1
Q= —2a1a21(a1+a2) 2a2(a11+a2)
2as (a1+a2) —2as
Hence
1

hgll2 = .
|| H \/—2a1a2(a1 + (12)

It follows that ||hgl|la > |lgll2||h|ls for any a1, as such that —2 < a; + ap. For
example, choose a; = —1/2. Then ||g||? = 1 and | g?|2 = V2.

Solution 3.13.
1.
jGB| = sup 1980
w20 |lwls,
|Gz|s,

20 [2lls,

= Gl

2. Take the infinite horizon 2-norm

/00 trace(G(jw)* A(jw)* A(jw) G (jw)) dw

— 00

IAG|2

_ / " trace(Gjw)* G(jw)) dw

— 00

= Gl
since A(jw)*A(jw) = 1.
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Solution 3.14.

Sufficiency Suppose Z € H,, is strictly positive real. The condition Z € H
implies that Z has finite incremental gain. Equation (3.9.1) gives

inf 0(Z (00 + jwo) + 2" (00 + juo)) > 2,
g0

which implies that Z(jw) + Z*(jw) > 2¢l for all real w.

Suppose the system is relaxed at time g, let w be any signal in L3[to, 7] and
let z = Zw. Define the L2(—00,00) signals w,. and z. by

| w(t) forte [ty,T)
we(t) = { 0 otherwise

and

Ze(t>:{ 2(t) for t >ty

0 otherwise.
Then

(z, W) 1) = /w'(t)z(t)dt

to

- [Tty

— 00

1 o0
= — Wi (jw)Ze (Jw) dw
5] (jw)Ze (jw)
10 . NP
= W, (jw) Z (jw) e (jw) dw
™ — 00
1 [ .. ) e N~
= W, (jw)[Z (jw) + Z" (jw)] W, (jw) dw
€ [ ...
> . *
z 5 _oowe(Jw)we(Jov)dw
= e/ wL (t)we(t) dt

T
= e/ w' (H)w(t) dt.

to

In the above, W, and Z. denote the Fourier transforms of w, and z.. Conse-
quently, Z defines an incrementally strictly passive system.
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Necessity Suppose the system defined by Z has finite incremental gain and is
incrementally strictly passive. The finite incremental gain assumption implies
that Z € Hoo.

Notice that for any complex numbers z and w, Re(2)Re(w) = $Re (02 + wz).
Choose sy = ¢ + jwp with 09 = Re(sg) > 0 and choose x € C™. Consider the
input

w(t) = Re(we®'1(t — tg))

in which 1(-) denotes the unit step function. For ¢ty — —o0, the response to
this input is
2(t) = Re(Z (s)we™ 1(t — to)).

Therefore,
1
w'(t)z(t) = §Re (e*7°'z* Z(so)x + €**°' 2’ Z (sp)x) .

Integrating from —oo to some finite time 7" we have
g 1 L oot I ot
[W w'(t)z(t) dt = §Re (20_06 70T x* Z (s0)x + P jo :z:/Z(so):c) :
Also,
g € L g, L ot
6[@ w' (H)w(t)dt = §Re (T‘Oe 20 ¥y 4 250 5o x’x) .
Suppose € > 0 is such that
(Z,0) [~ 0,1} = €llw]|2, (0,1

for all finite T (such-an € exists by the assumption that Z is incrementally
strictly passive). Then

R, (¢ 2(0) “er'n) > 20 R, (0 (00 Z(s0)z — a') (3.1)
€ 0 © — e200T € 280 0 . .

If wy =0 (i.e.; sg is real), we choose z real and obtain 2’ Z(sg)z — ex’z > 0.
Since z may be any real vector and since Z*(sg) = Z'(so) for sp € R, we
conclude that Z(sg) + Z*(so) > 2¢l for all real sy > 0.

If w # 0, we notice that arge?” = 2wT takes all values between 0 and

27 as T varies. This implies that the right-hand side of (3.1) is nonnega-
tive for some values of T' (which will depend on the choice of sy and z).
Because the left-hand side of (3.1) is independent of T, we conclude that
Re (2*Z(s9)x — ex*x) > 0. Consequently,

Z(S()) + Z*(So) > 2¢el
for all so such that Re(sg) > 0.
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Solution 3.15. Since Z € Hoo, the complex function f(s) = v*Z(s)v is also in
Hoo for any (complex) vector v. Also,

g(s)=e 1

is analytic and nonzero in the closed-right-half plane. It follows from the maximum
modulus principle that maxg 5 lg(s)| = max,, |g(jw)|. Now note that

(s)] = R L0),

Therefore, ming )~ Re (f(s)) = min, Re(g(jw)). The result follows.

Solution 3.16.
1. The nonsingularity of Z(s) follows from the definition:
Z(so)v=0=v"(Z"(s0) + Z(s0))v =0
and it follows that v = 0.

2. Since Z is strictly positive real, D is nonsingular. The eigenvalues of A —
BD™LC are either (a) zeros of Z or (b) unobservable modes of (A, C) or un-
controllable modes of (A, B). Since A is asymptotically stable, the realization
(A, B, C, D) has no uncontrollable or unobservable modes in the closed-right-
half plane and any eigenvalue of A —BD™'C which is in the closed-right-half
plane is a zero of Z. Since Z has no zeros in the closed-right-half plane,
A — BD~!(C is asymptotically stable.

Solution 3.17. Notice that

A B
I+G ] s
Z| C|I1+D
[I_G} -C|I-D
Hence
4 s [ A B I o ]
I=&)0+6)" = | ¢ I—DHC I+D]
s | A-B(I+D)"'C B(I+D)™!
- | -C-(I-D)I+D)"'C (I—D)(I—I—D)—l]
s [A-B(I+D)'C B(I+ D) !
- -2(I+D)"'C (I—D)(I—s—D)‘l}
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Solution 3.18. Consider Figure 3.2 and define

2y = 221 S w21 .
222 ’ W22
Then
Zlf Al i’wl
w21 221 G e
K 229 W22
Figure 3.2:
2] =rla
22 w2
in which
SGK| | SG SGK
P=| KS |[I-KG)' KS |,
S SG S

with § = (I — GK)~!. The nominal closed loop is stable if and only if P is stable.
1. The result follows by a direct application of Theorem 3.6.1.

2. By Theorem 3:5.7, the closed loop will be stable provided that —GK S is
incrementally strictly passive. By Lemma 3.5.6, this is equivalent to 7(([ =+
GKS)(I - GKS) ') < 1, which can be simplified to

(I -2GK)™") < 1.

Solution 3.19.

1. The condition miny(A)y(DGD™") < 1 implies that there exists a D € D
such that y(A)y(DGD™") < 1. Therefore, there exists a D € D such that
y(DAD 1y(DGD™"') < 1, by virtue of the commutative property of D.
The stability of the closed loop is now immediate from Corollary 3.5.2.
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2. For any matrix valued A;, the corresponding block-diagonal entry D; in D
must have the form al, for some scalar transfer function a € Ho, such that
a ! € H,,. For any A; that is of the form B3I, the corresponding block-
diagonal entry D; in D must satisfy D! € H,.. The other block-entries of
D are zero.

Solution 3.20. Firstly note that at least one solution always exists (see Solu-
tion 3.9). Also, if @1 and Q5 are any two solutions, then X = Q2 — @ satisfies

XA+AX =0,
A 0 1 1
o ] =[x
A 0 1 I
o Sl ]= Lol
so if A\;(A) # A;j(—A"), which is to say A;(A) + X;(A) # 0, for all 4,5, then X =0

by the uniqueness properties of eigenvalue decompositions.
Conversely, if A;(A) + A;(A) = 0 for some ¢, j, we have

[0 eflalr ol

[61 —?4’][;}:[§]A,f0rsome)(#0.

Therefore, @ and Q + X # @ are two solutions.

which we may write as

But

and

1 0

0 —1 ] Then

To illustrate these nonuniqueness properties, consider A = {

0 1

XA + A’X = 0 has the solution set X = a[ L 0

}. As another example, if

A= [ TN } then X = al is a solution.
—w 0

Solution 3.21.
1. Let Hx = Az, x # 0.
2*SH = 2*(SH)" by the Hamiltonian property
2*H'S
Az*S’
= —\z*S since 8’ = —S.
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Noting that 2*S # 0, we conclude that —\ is an eigenvalue of H.

(X'SX)A+AN(X'SX) = X'SHX +X'H'SX
= X'(SH - (SH))X since 8’ =-S5
= 0 by the Hamiltonian property.

We conclude that X’SX = 0, because linear matrix equations of the form
YA+ A'Y =0 in which R.(A\;(A)) < 0 have the unique solution ¥ = 0 (see
Problem 3.20).

3. From Item 2, X| Xo = X} X;. Hence XoX; ' = (X})~' X} and Pis symmetric.
Also from Item 2, X'SHX = X'SXA = 0. Hence

0 = (X)) 'X'SHXX!
Hyy Hia I
= P I
[ ]{HQI H22}{P]
= PHy — Hy1 + PHoP — Hpo P
= PH11+H{1P+PH12P—H21.

The final equality is valid because the Hamiltonian property implies that

Hyy = —H},.
Finally,
Hy+HpP = [I 0]HXX{!
= [ 0]XAX[!
= XAX;L

Solution 3.22.
1. Since ®(T,T) = I, it is immediate that P(T) = X.
—P = —XoX{'4+PX X!
= (g + D)X 4+ P(P1; + P1oX) X!

I}Xl_l
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The result follows upon expansion of the right-hand side and noting that
Hyo = —H{y.

2. Matrix addition, multiplication and inversion are continuous operations. (A+
B);; and (AB);; are continuous functions of the entries of A and B, and
(A™1);; is a continuous function of the entries of A, provided A is nonsingular.
The result follows from these facts and Item 1.

Solution 3.23.
1. Write the Riccati equation as
mA+ AT+ [ 1B ]| & =0
,y—lB/H

C

Therefore II is the observability gramian of (A, [ B

}) Hence (A4, C)
observable implies that II is nonsingular.
2. Write the Riccati equation as
(A +~2BB'T) = ~ATI - C'C.
Suppose that Az = Az and Cz = 0, = # 0. Note that R.()\) < 0 since A is
asymptotically stable. It follows that
o*TI(A+~y 2BB'T) = —\z*IL.

Since A 4+ y~2BB'Il is asymptotically stable and R.(—)) > 0, we conclude
that IIx = 0. Hence the unobservable subspace is contained in ker II.

Suppose now that Mj is a basis for ker IT. Then MJ(3.7.17) M, yields CMs = 0
and (3.7.17)Mj results in ITAM;, = 0. That is, ker IT is an A invariant subspace
contained in ker C; which shows that kerII is a subset of the unobservable
subspace. We therefore conclude that ker IT is the unobservable subspace.

3. Follows immediately from Item 2.

Solution 3.24.

1. Let X (t) = II—P(t). Differentiating X (¢) and using the two Riccati equations,

we obtain
X XA+ A'X 4+~ 21IIBB'Tl — v 2PBB'P

= X(A+~2BBT)+(A+~?BBT)X -y 2XBB'X. (3.2)
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Choose a t* < T and an z such that X(t*)z = 0. Then 2/(3.2)x gives
' X (t)x|i—p~ = 0, which is equivalent to X ()|, = 0 (since P(t) and hence
X (t) are monotonic, which implies X is semidefinte). Consequently, (3.2)z
gives X (t*)(A + v 2BB'Il)x = 0. That is, the kernel of X (¢*) is invariant
under multiplication by A +~~2BB'Il.

Consider the differential equation
i(t) = ((A+~y?BB'll) =y °>XBB')z(t)+ X(A+y *BB'I)z, x(t*) =0.

One solution is z;1(t) = X (t)z. Another solution is z2(t) = 0 for all . Hence
X (t)z = 0 for all ¢ by the uniqueness of solutions to differential equations.

. Let M = [ My, My ] be any nonsingular matrix such that Ms is a basis for
the kernel of II. Since P(T') = 0, M- is also a basis for the kernel of II — P(t)
for all t < T by Item 1. It follows that (II—P(t)) My = 0 and M3[I1—P(t)] = 0
for all ¢ < T and that II; — Py(t) = M{ (Il — P(t)) M, is nonsingular for all
t<T.

. The matrix IT— P(¢) is nonsingular for all ¢ < T if and only if IT is nonsingular
(this follows from P(T) = 0 and Item 1).

If II is nonsingular, the assumptions used in the text hold and A+~ 2BB'II
is asymptotically stable.

In the case that II is singular, let M be as in Item 2. By the solution to
Problem 3.23 Ttem 1,

A, 0 B
M7'AM = | 2 O 1 M'B = | 2|,
Asp Ago B,
CM = [51 o}.

(Note that we cannot, and do not, assume that (ﬁn, 61) is observable). Fur-
thermore, M{ (I — P(t)) M; is nonsingular and P (t) = M{P(t)M; satisfies

Pp= AP+ PA, +y '\PBB,P,+CiC;  P(T)=0

with lim; o Pi(t) = Iy in which II; = M;IIM;. Applying the argument
of the text to this subspace shows that A + vy 2B, B1I; is asymptotically
stable. We conclude that A 4+~ ~2BB'Il is asymptotically stable, since

A+~?BBT = M An +’)’72§1§1H1 O
Ag1 +77BeBill; Ay
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Solution 3.25. Define

G = (I-2)+2)"
[A B(I+D) 'c| B(UI+D)!
2(1+
B

D)'C |[(I-D)T +D) "
2
C|D |

Since Z defines an incrementally strictly passive system with finite incremental
gain, 7(G) < 1 by Lemma 3.5.6. This is equivalent to |G|/« < 1 since G is linear,
time-invariant and rational. Now verify

S

R I-D'D
= I-(I+D)"'(I-D)I-D)I+D)™"
= (I+ ) "((I+D)I+D)—(I-D')I-D)(I+D)"
= (I+D)'(I+D +D+DD—-I1+D +D—=DD)I+D)"

= 2(I+ )

Condition 1 of the bounded real lemma says that R > 0. Therefore R = D+D' > 0.
Using this identity, we easily obtain

(D + D')(I + D)~

BRB'= (BRT'B
and
A+BR'D'C = A=B(I+D)"'C-BR'I-D)I+D)"'C
= A-B(I+R'(I-D)I+D)'C
= A=BR'(D+D'+I1-D)I+D)'C
= A-BR'C.

Finally, notice that for-any matrix X with I — X’X nonsingular,

I+X(I-X'X)'X' = I+(I-XX)'XxXXx'
= [-XX")YI-XX"+XX')
(I-xx)"!
Consequently,
I+DR'D' = (I-DD')7!

= (4D U+ D)+ D)~ (=D)L~ D))+ D))
S+ D)(D+ D)1+ D)
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which results in R o
C'(I+DR'D")C =2C'R™'C.
Condition 2 of the Bounded Real Lemma ensures the existence of a P such that

~ ~ 1~ ~
P(A-BR'C)+(A—-BR'C)P+ §PBR_1B’P +2C'R7'C =0

with A — BR™'C' + 1 BR™'B'P asymptotically stable (and P > 0). We therefore
define P = %1’5

Solution 3.26.

1. Suppose ® = W~W. Then ®~ = W~ W = &. Furthermore, W=t € RH
implies that ®(jw) > 0.
Now suppose that ® = V~V. Then
WV =W~V
The elements of the left-hand side have no poles in'R.s > 0 and the ele-
ments of the right-hand side have no poles in Res < 0. Hence WV ™! = M,
a constant matrix, which satisfies M = M™*. We conclude that M is real

(hence orthogonal) by noting that W and V' are implicitly assumed to be
real systems.

2. Since ® = ®7, the poles of ® are symmetric about the imaginary axis and

R ) M

—5 —
i g=1 zgl pv,

in which M;; are complex matrices and Re(p;) < 0. Define

Z-YY s

i g=1
Since @ is real and in RLy,, Z is real and in RH

(Alternatively, let ®(¢) be the inverse Fourier transform of ®, define

[ @) fort>0
Z(t) = { 0 otherwise

and let Z be the Fourier transform of Z.)
Since ®(jw) > 0 for all w, it follows that

Z(jw) + Z*(jw) >0
for all w. Consequently, since Z is rational, there is an € > 0 such that
Z(jw) + Z*(jw) > 2el.
It follows that Z is strictly positive real.
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3. The fact that W € RHo, and W' € RH,, follows trivially from the asymp-
totic stability of the matrices A and A — BR™'(C — B'P) = A— BW™'L.
Verify that the Riccati equation can be written as

PA+AP+L'L=0.

(This shows that (A, L) is observable if and only if P is nonsingular.) Now

verify

W~W

W'W + B'(—sl — A)'L'W + W'L(sI — A)™'B
+B'(—sl — A" L' L(sI — A)™*
D+ D +B(—sI —A) (C'—PB)+ (C - B'P)(sI — A)7*
+B'(—sI — AL/ L(sI — A)7!
D+ D' +B'(—sl - A)'C'"+C(sI - A)7'B
+B'(—sI — A")""(L'L — P(sI — A)
— (—sI = A")P)(sI — A)~*
D+ D + B(—sl - A)'C" +-O(sT — A) 7!
Z+Z".
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Solutions to Problems in
Chapter 4

Solution 4.1.

1(a) The function h = v (2;%) maps the imaginary axis s = jw into the circle

|h| = v. We can therefore find w by solving the equation
1 s—1
1—w 7 s+1

(e

(8(1 -\ 7‘13)_—1(1 +7‘1)> .

= w

1(b) In this case we need to solve
w . s—1
l—w 7 s+1
, \ B s—1 14 s—1\) "
wo= 7 s+1 7 s+1

N (sufglg—w)'

e )
<S(1—7‘1)_—1(1+7‘1)>
=k = 3(1—7—1)8—(1+v—1).

2(a) Let

where q = gk

45
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The Nyquist plot of g cuts the real axis at 1 &y~ !. This means that there
will be one encirclement of +1 for all v > 0. In order to make the controller
realizable, one could use

_s(A—=yH -1+

k
es+1

for arbitrarily small e.

2(b) In this case we solve

q s—1
1—q '\s5+1

g < (s —1) )
s(l+7)+(1-7)
It is not hard to check that the Nyquist plot of g cuts the real axis at %

We therefore require v > 1 for the single required encirclement. The corre-
sponding controller is given by

v~ (S ey )

_ v(s =1)?
k= <8(1+7)+(1—7))(1+68)>

for a proper approximation.

to obtain

or

3 Just repeat the calculations of Part (2a) using
1 (s-1)\°
1-q "\s+1) -

(A=) —2s(T 4y 1=t
47 ( (s —1)2 )
B 21—y —2s(1 4+ 1) +1—~71
-k = ( (es+1)2 ) '

This gives
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Solution 4.2. Since
Fe(P,K1) =Py +P12K1(I—P22K1)_1P21

and
Fo(P,K>3) = P11 + P13(1 — K2Poy) ' Ko Poy,
it follows that
Fo(P,K1) — Fo(P,K>)
= Pio(I— K2P22)71((I — KoPo)K; — Ko(I — P22K1))
x (I — PyK,) 1Py
= Pi3(I — K2P2) (K1 — Ks)(I — Py K1) ' Py.

The result now follows because P1o(I — K9P3)~! has full column rank for almost
all s and (I — Py K1)~ ! Py; has full row rank for almost all s.

Solution 4.3. To see this we observe that

2 w
[y] [u] - 2z =R w where R = F;(P, K)
u= Ky
and
BESE
u Ly -~ K=F,P\R).
z=Rw

Solution 4.4. This follows because:

Z = (I+8(I-97"
= (I-8+28)(1-9)"
= I+28(1-8)"!

([ 1))

Solution 4.5.
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1. Let
z Py, Py w
= 4.1
L)L Rl @
u = Ky
so that z = Fp(P, K)w. Rewrite (4.1) as

o] = [ ]
MR

which gives

z o -Pll P12- [ 0 I 4 (7
w ST 0 || Pa Pa Yy
[Py PL][ 0 1 'K
T I 0 || Py Py 1Y
— -611 612- -K y
| ©21 O || [T '

Hence y = (@21 K + @) w and
2= (011K +012) (0 K + Ox) 'w.
We conclude that
Fo(PyK) = (01K + 013)(02 K + O3,) .

2.
P P 1
| P P§1HP11 Plz][f 0}
Py, Py || Py Py 0 I

_ [ PPy + P3Py — 1 PPy + P35 Pos
PP, + P35, Py PT,Pis+ P35, Poy — 1

_ [Pn I [Pu Pl [0 Pyl [ 0 I
| PR O I 0 I Py, Py Po

o Py o 0 I
4 P )ee-n] 2 L]

The last line follows from

o_| Pu Pu o I 1
I 0 Py Py '
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3.
. A| B B
0 0 I
Py Py | s o | Do D
P11 P12 - 2 21 22
I 0 Ci1 | Di1 D2
0 I 0

It follows (see Problem 3.6) that ® has realization

-1

A B By I 0 0
Ci1 Di1 Dio 0 0 1
0 I 0 Cs Dy Doy

That is,

A—BD3'Cy | By —B1D3'Dyy  ByDy'
© = | C,—D11Dy'Cy | Dia — D11 Dy Doy Dyy Dyt
—Dy,' Cy —Dy;' Day Dy

Solution 4.6. Note that
XA+ DX+ XBX+C=X(BX+A)+ (DX +C).

The result is now immediate.

Solution 4.7. We see from the diagram that
z=F(P,BE)w

where
E=F(K,®11).
It is now immediate that

[ 2 } _ [ Fo(P,Fo(K, ®11)) ] [ w } |

r * * v

Solution 4.8.

1. From the diagram we see that
= Ppw+ Pu
Pyw + Poyu
Ky + Kiov
= Koy + Ksv.

5 2« o
Il
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Eliminating y and u from these equations gives

z = (P11 +P1aKi1(I - PyKiy) ' Poy)w+ Pio(I — K11 Pa) ' Kigv

r

we obtain
Setting
gives

Ko

. Since we require

Ko (I- P22K11)71P21w + (Koo + Ko (I — P22K11)71P22K12)’U-

0= P11+ P12K11(I — Py K11) ' Po,

K, = *(P12*P11P§11P22)71P11P2711

—P,) Py (Py — Py P Pyy) L.

I =Ky (I PyKi) Py,

Pl (I - PypKy)
Pyl + Pyl Poy(P1y < Py Pyl Poy) ' Py Py
P (I — Py Py, PyyPyt) "

X (I — Pyy P Py Py + Py Py, P Pyl
(Py1 — Py Py Pyp) L

A similar calculation starting from

results in

K12

Finally,

I'=Piy(I — K11P2) 'K,

(I~ K1, Py)Py;
Pl + (P — P P, Pyy) ' P Py Py P}
(Pyy — P Py Pyy) ™t

0= Ko+ Ko (I — PyuK;) 'PyuKi

and K11 = 7P1721P11K21 results in

K>

—K (I - PuKy) 'PpKi

—K51(I + PP P11Ka) ' PuKis

—(K3' + P»P, Pi1) ' PuKis

—(Pg1 — P22Pf21P11 + P22P1721P11)71P22K12
— P35 Pyy(P1y — Py P Poy) ™.
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Hence 4 M
P# — Pll P12 (4 2)
P}, P} )’
in which
P?ﬁ = —(P1a— P11 P55 Py)” Py Py
P, (P12 — P11 P5' Pyy) ™!
P?l (P31 — Py Py Pyy) ™t
P;‘é = —Py ' Py (P1y— P11 Py Pyy) ™t

. We are going to need the six equations from

{Pn P12][P1N1 Ple]z 1 0}
Py Py Py, P3, 0 I

and N N
Py, P3 Py Pl (10
Py, Py Py Py 0 I |-
Since
P,P1 + P5,Py =0,
we have

PPy = —(P,) " P
Substituting into the formula for P# gives

P, = —(Pi+ (P5) ' P5Pay) ' Py Py
= —(P},P1y+ P5,Py) 1P, P Py}
= —P3,P, Py}
= P2N2

since I = P73 P13 + P55 P9s. In much the same way
PP+ P3Py =0

gives
P22Pf21 = —(P2~1)71P1~1~
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Substituting into the formula for P, yields

Pjél = (P —P22Pf21P11)_1
= (Pu+(Py) 'PyPy)”!
= P2Nl

since I = P53, Py + P}, Py;. The other partitions of P# follow in the same
way.

Solution 4.9.

1.

One has to check that C¢(P1, P2) and its (1, 2)- and (2, 1)-partitions are non-
singular. By referring to the general formula (4.1.9) for Cy(-, ), we see that
this is indeed the case for any Py, Py € P.

. The best way to establish the associativity property is to transform the P;’s

into ©;’s in a scattering framework (see Problem 4.5). We then get

Ce(Co(P1,Psy),P3) = (0102)03
©,(0203)
= Cy(P1,Cy(Po, P3))

Il

in which ©; are the scattering matrices associated with each P;. The associa-
tivity property comes from the fact that matrix multiplication is associative.

0 1
Pl:[[ oy

and by referring to (4.1.9) it is easy to check that

The identity is given by

P = (CP,Py)
= C(Pp,P).
Again, it is a routine matter to check that P given in (4.2) has the de-

sired properties. The fact that C¢(P, P*) = C,(P*, P) comes from @%@ =
0e% =1.

The group property now follows directly from the definition.
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Solution 4.10.

1. We begin by expressing s~! as function of w~!

s = (b—wd)(cw—a)™"
= (w 71b— d)(c— aw™ 1)71
=51 = (c—aw H(wtb—d)!
—(c—aw (1 —w tbd"t)"td?
= —cd '+ (a—cbd w1 —w tbd ) d!

—cd™' a—bed? _
= ‘T:@ <|: d—l bd—l :| , W 1> .

We therefore have

G(s) D+ C(sl — A)™*

= D+Cs'(I-s'A)'B

B D Cc] 4
- (|5 5])
(D C —ed' a—bed ] _
= ff(_B A} H({ PR }“’ 1)>
F [ D —cC(dI +cA)"*B  C(dI + cA)~*(ad — be) 1
- 7\ @l+eA) B (aA+bI)(dl +cA)t |Y

D ¢
:.F o~ o~
e(BA

2. Suppose Az = Az and Cx =0, x # 0. Define y = (cA+dl)x = (cA+d)z #0

(since cA + dI is nonsingular). Then ay =0 and A\y = giidby

Suppose z*B = 0and 2*A = Az, x # 0. Define y* = z*(cA+dI) = (cA +

d)z* # 0. Then y*B = 0 and y* A = (cA+d)(aX +b)z* (cA+dI) ! = ‘cli‘_tsy*
Similar arguments establish the converse implications.
Solution 4.11.
1. Writing W1(I — GK)™! as W1 (I + GK(I — GK)™'), gives
Wl(I — GK)_l . W WG 1
WoK(I-GK)' |~ | o |t| w, |KU-GK)
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Comparing terms with
Fi(P,K) =Py + P yK(I — PyuK) ' Py

establishes that

W, | W,G
{Pn P12]_ o | w,
Py Py 7 e
2. Note that
W, 0 0 I G
Pu Py | 01 Wy 0 0 I
Pa Py 0 0o I I G|
that
A, 0B 0 0
W, 0 0 0 As| 0 By 0
0 Wy 0|=|C, 0Dy 0 0|,
0 0 I 0 Cs| 0 Dy O
000 0 I
and that .
0 B
LG\ T D
0o I |2
I <G 0lo I
C|lI D

The state-space realization of P is obtained using the series connection rule
(see Problem 3.6).

Solution 4.12. The solution comes from noting that

Yy Gd 0 0 Gt
r—y -G4g4 I 0| -G, i
U . 0 0 0 I r
d I 0 0 0
r 0 I 0| 0 L u
y+n Gy 0 1| Gy

P

u = [F R K} r
y+n
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Solution 4.13. Follows immediately from Theorem 3.6.1. Alternatively, using
the fact that ||[PaaK||oo < 1 with Pag, K € RH, we observe that

det(I — eP2K) #0 for all € € [0,1] and all s € Dp.

This means that det(I — P22 K) has a winding number of zero around the origin.
We therefore conclude from the argument principle that (I — PapK)™! is stable
and therefore that F;(P, K) is stable.
Solution 4.14.

1. D'D = I follows by calculation.

2. It is immediate that

Feo(D, f) = [ (1) ?r ]
with || Fe(D, f)|| = 1 for all |f] < 1.
3. If | f| > 1, it is clear that || F¢(D, f)|| > 1.

Solution 4.15. We use Lemma 4.4.1. Dy = [ é } and Dy = { )I( } and

} and note that

Q=F(I—-XF)~!. Set Dy = [ _ﬁ(*

Diy [ Dy Dip |=[I+XX* 0].

We therefore set Dyy = D1o(I+XX*)~2. Now D}, Dy; = (I +XX*)~%. Hence F
exists if and only if 4> [[(I+ XX*)~2||. Now note that

[+ XX*)7%| = o((+XX*)"%)
= (I +XX*) 1)
1

Vol + XX+

To find F, set Q = O1; = X*(I + XX*)~!. Solving for F we obtain F = (I +
2X*X)1X*.

Solution 4.16.

1. © has the property ©'© = I. By Theorem 4.3.2, | F4(0,7 'G)|ls < 1 if and
only if [y 71G|| < 1. Hence |G|l < 7 if and only if ||G|/o < 7.
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2. Since G(s) = .7:@([ g i ] ,s7h),

which yields (after some calculation)
= A+B(R’I-D'D)"'D'C, B=—yB(y*I-D'D)" /2,
= 1(’I1-DD)V*C, D=

Q) )

3. If A is asymptotically stable and |7 G||oe < 1, then ||y G0 <1 and G is
stable by Theorem 4.3.3. We conclude that Ai is asymptotically stable, since
any uncontrollable or unobservable modes of (A B C) are eigenvalues of A.
The converse follows likewise.

Solution 4.17. Observe that
G(z) = D+C’(zIfA)_1
= D+Cz'I—-Az"H7'B

= Al )

The result now follows from Theorem 4.3.2, since:
D C
B _A

]H <1 and |z_1| <1
for all |z| > 1.

Solution 4.18. The first step is to find @(s) from G(z) using the bilinear trans-
formation:

Giz) = D4+C(I-A)"'B

(‘ii)]-A)—lB

= D+C(1—-s)(sI—(IT+A)A-D)'I+4)"

= D+C(1—s)(sI—A)""1/V2B

= D+C(—TIs— A+ A)(sI —A)~'1/V2B

= D—-1/V2CB+1/vV2C(I — A)(sI — A)~'B
D—C+A) "B+ V20(I + A)~Y(sI — A)~'B

= D+C(sI-A)'B

= G(s).

(
= D+C(
(
(
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This completes the first part. To prove the second part, we substitute into the
continuous bounded real equations:

0 = AP+PA+C'C+T'L (4.3)
0 = DC+BP+W'L
0 = 2I-D'D-WW.

Substituting into (4.3) gives

0=I+A)"NA-I)P+P(A-I)(I+A)"+2(I+A)' [ C' L] { g ] (I+A)~1
where R
L=+2L(I+ A"
Therefore
0 = V2 +A) Y (APA-P+C'C+LULW2I+A)™!
=0 = APA-P+CC+ILL. (4.6)

Substituting (4.6) into (4.4) gives

0 = Ve(I+A)'[C L] ([ I?/ J - [ g } (I+A)‘1B>
+V2P(I+A)7'B
= C'D+ LW+ (APA-P)IT+A) 'B+(I+A)P(I+A)'B
= OD+LW+ (APA-P+P+AP)(I+A)'B
C'D+ L'W + A'PB. (4.7)

Finally, we may substitute into (4.5) using (4.6) and (4.7) to obtain
0=9*1-D'D—-W'W — B'PB. (4.8)
Equations (4.3), (4.4) and (4.5) may be combined as

A I P 0 0 A B P o
e 21V aol[e B ]-[m 0.
0 0 I L W

Note that the same P solves the discrete and continuous bounded real equations.

Solution 4.19. Since |G|l < 1, it has a minimal realization which satisfies the
discrete bounded real equations

Voo P 0O A B 0
B D W 0 10 ¢ D=1y
0 0 I L W
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for certain matrices P, L and W. We may now select a new state-space basis such
that P = I. This gives

{A' c’ L’} 4 B I
. C D :[
B D W LW 0

so that

~Q e
Sow
[

We may now conclude that

Qb
wlllve!
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Solutions to Problems in
Chapter 5

Solution 5.1. Let [ 2} u} ]/ and [ o uh ]/ be any two initial condition and
control input pairs, and let z; and zo denote the corresponding objectives (z =

Cz
[ Du
and control input pair

}) By linearity, the objective signal obtained by using the initial condition

BRI

Zo = az1 + (1 — @)2s.

is

The cost associated with this initial condition and control input pair is

T
Jaz/ ZaZa dt.
0
!

Let J; and Jo denote the cost associated with [ 2} u} }, and [ b uf ]/ respec-
tively. To show convexity, we need to show that

Jo <aJi+(1—a)s
for any 0 < a < 1. Now

2l 20 —azizy — (1 —a)zhzs = —a(l —a)(z1 — 22) (21 — 22)
< 0

for any 0 < a < 1. Integrating from 0 to 7', we obtain the desired inequality
Ja S OlJl + (]. — OL)JQ,

and we conclude that J is convex.
Since we are free to choose x5 = x1, J is convex in w. Similarly, by choosing
ug = u1, we see that J is convex in xg.

59
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Solution 5.2.

1. The optimal state trajectory satisfies

r* = Ax* + Bu®, z(0) = o.

If u = u* + e, then

%(w—x*) = A(z — 2*) + eBa, (x —2*)(0) = 0.
Thus
¢
(x—2)(t) = e/ O(t, 7)Budr
0
= €x,
in which

t
Z(t) :/ O(t,7)Budr
0
and ®(-,-) is the transition matrix corresponding to A.

2. Direct substitution of ©w = u* + eu and x = x* 4+ €% into the cost function J
yields the stated equation after elementary algebra.

3. Since u* is minimizing, changing the control to u* + et cannot decrease J.
Therefore, as a function of €, J must take on its minimum value at e = 0. Since
the cost function is quadratic in €, with a minimum at ¢ = 0, the coefficient
of the linear term must be zero. That is

T
/ (Z'C'Cx* + d'u*) dt = 0.
0

4. Substituting the formula for Z into the above equation and interchanging the
order of integration gives

T
/ @ (BN + u)dt = 0,
0
in which A is the adjoint variable defined by
T
A#) = / ' (7,4)C" Cr*dr.
t

Thus, B’A\+u* is orthogonal to every @ € £2[0,T]. Hence B’A+u* = 0 almost
everywhere.



& controlengineers.irj
© @controlengineers

LQG CONTROL 61

5. Differentiating A with respect to ¢t and using Leibnitz’s rule, we obtain

M) = —Cc'()e / A (D) (7,4)C" (1) C(F)a* (r)dr
= —A(AEt) - C/( (t)z™ ().

)A
The fact that £®(r,t) = —A’(t)®'(7,t) has been used—see Problem 3.3 for
this. Evaluating A\(T"), we conclude that the terminal condition A(T) = 0
applies.

Substituting u* = —B’) into the dynamical equation for the optimal state,
we obtain z* = Ax* — BB’X. Combining this with the equation for A, one
obtains the TPBVP.

. The solution to the TPBVP is given by

*

L Jo=een | @

in which ® is the transition matrix associated with the TPVBP dynamics.
Imposing the boundary condition A(T") = 0, we see that

[ - } (t) = [ A } (8, T)2™(T).

Thus A(t) = @9y (t, T)D1, (¢, T)2*(t) for all time for which the inverse exits.
It remains to show that ®1;(¢,T) is nonsingular for all ¢ < T

Observe that
121(T,T)(I)11(7'7T)) = —‘I)lll(T,T)ClC‘I)H(T,T)
— (1)121(7', T)BB/(I)Ql(T, T)

LN
Integrating from ¢ to 7" and noting that ®51 (7, T) = 0 yields

T
Bl (1, T)®1, (1, T) = /(%ﬁﬂﬂC@%ﬂnﬂ
t
+ @’21 (7, T)BB/<I>21(T, T)) dr.

Suppose @14 (¢, T)v = 0. Multiplying the above identity by v’ on the left and
v on the right, we conclude that B'®s;(7,T)v = 0 and that C®q1(7,T)v =0
for all T € [t,T]. Now B'®91(7,T)v = 0 implies

d

E(I)ll(T, T)'U = A(I)ll(’ﬂ T)U
Recalling that ®11(¢,T)v = 0, we see that ®11 (7, T)v = 0 for all 7, since linear
differential equations with specified initial conditions have a unique solution.
Since ®141(T,T) = I, we must have v = 0, from which we conclude that
®44(t,T) is nonsingular.
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7. That P(t) = ®o(t, T)® 7 (t, T) is the solution to the Riccati differential equa-
tion (5.2.5) follows by direct substitution; see Problem 3.21.

Solution 5.3. Write the two Riccati equations
PA+ AP —-PBB,P+C'C = 0
PA+ A'P—PByBLP+C'C = 0
and subtract them equations to get
(P—P)A+ A'(P— P)— PByBYP + PByBYP = 0.
Hence
(P — P)(A — ByB4YP) + (A — ByBLP) (P — P) + (P = P)ByBy(P — P) = 0.

Since P is stabilizing, A — B B4 P is asymptotically stable and we conclude that
P—-P>0.

Suppose (4, C) is detectable and P >0 is a solution to the Riccati equation.
Write the Riccati equation as

P(A— BB4yP) + (A— BaByP)'P+ PByBYP + C'C = 0.
If (A — ByB}P)x = Az, then we obtain
(A + Na'Px + || ByPz|* + ||Cz|* = 0.

Hence (A + Az’ Pz < 0. If equality holds, then Cz = 0 and By Px = 0, which gives
Az = Az, Cz = 0 and we conclude that R.(\) < 0 from the detectability of (4, C).
If, on the other hand, (A + A)z' Pz < 0, we must have 2’ Pz > 0 since P > 0 and
hence Re(A) < 0. Hence P is a stabilizing solution. But the stabilizing solution is
unique, so we conclude that it is the only nonnegative solution.

Solution 5.4.
1. The identity is established by noting that
C'C =P(sI —A)+ (—sI — A')P + PByB}P,
which gives

(—sI = AYC'C(sT =A™t = (—sI—A)'P+P(sI - A"
+ (—sI — A'Y"'PByBLP(sI — A)7H,
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and
I+B2(_SI_A/)_1C/C(SI— A)_1B2 = (I+BéP(SI— A)—le)N
(I+ ByP(sI — A)~'By)

Therefore, (W(jw))*(W(jw)) > [ for all w, and hence 7 (S(jw)) < 1 for all
w, which is equivalent to ||S|lec < 1.

2.
A | B,

W s | BP| I

Mk

0 | I

It now follow from Problem 3.6 that
A — ByBLP ‘ By
Gw ! = C 0
—BLP I

Since the Riccati equation can be written in the form
P(A — ByB4P) + (A — BoBLYP)' P+ PByBYP + C'C =0,

it follows from Theorem 3.2.1 that GW ' is allpass. Since P is the stabilizing
solution, A — By B, P is asymptotically stable, GW ! € ., and hence it is
contractive in the right-half plane:

3. If u = —Ku is optimal w.r.t. f;~ (2/C’Cz +«/u) dt, then K = BjP, in which
P is the stabilizing solution to the Riccati equation (5.2.29) and Item 1 shows
that the inequality holds.

Conversely, suppose A — Bs K is asymptotically stable and
(I+K(sI —A)"'By)" (I +K(sI —A)'By) > I

Then S = [ = K(sI — (A — B2K)) !By satisfies ||S|lo < 1 and the equality
version of the bounded real lemma ensures the existence of P > 0 and L such
that

P(A-ByK)+ (A-BK)YP+K'K = -L'L
—-K+B,P = 0.
Substituting K = B} P into the first equation and re-arranging yields (5.2.29),

in which C = L, we and we conclude that K is the optimal controller for the
performance index [;°(2/C'Cx + vu'u) dt, with C = L.

4. The inequality |1+ b5 P(jwl —A)~tby| > 1 is immediate from the return differ-
ence equality. This inequality says that the Nyquist diagram of —b, P(jwI —
A)~1by cannot enter the circle of unit radius centered at +1. The stated gain
and phase margins then follow from the geometry of this situation.
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Solution 5.5. 1If #(t) = e*'x(t) and a(t) = e**u(t), then J = [~ #'C'CF + 't dt.
Furthermore, .
T = (al + A)Z + Bat

follows from Z = e®'% + ce® . This is now a standard LQ problem in the variables
Z and 4. Hence @ = —B,P,Z is the optimal controller, which is equivalent to
u= —B4jP,x.

The required assumptions are (ol + A, Bs) stabilizable and (C, ol + A) has no
unobservable modes on the imaginary axis. Equivalently, we require that (A, Bs)
has no uncontrollable modes in Re(s) > —a« and that (C, A) has no unobservable
modes on Re(s) = —a.

The closed-loop dynamics are & = (A — Ba B4 P,,)z; the closed-loop poles are (a
subset of) the eigenvalues of (A — B2 B4 P,), which are all in R.(s) < —a because
al + A — ByB} P, is asymptotically stable.

Solution 5.6.

1. Substitute u = —Kx into the dynamics to obtain

_ C
z = _DK Z.

The result is now immediate from Theorem 3.3.1.

2. Elementary manipulations establish the Lyapunov equation. Theorem 3.1.1
and the asymptotic stability of A — By K establishes that Q — P > 0.

3. trace(B{QB;) = trace(Bi(Q — P)B;) + trace(B{PB;). Hence the cost is
minimized by setting @ — P = 0, which we do by setting K = B, P.

Solution 5.7.

trace(QS) = —trace(QA'P + QPA)
—trace(PQA’ + PAQ)
= trace(PR).

The main thing is to recall that trace(XY') = trace(Y X) for any square matrices
X and Y.
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Solution 5.8. Let
T
J(K,z, T,A) = / Z'zdr + 2 (T)Ax(T).
t

For any controller, J(K,z;, T, A1) > J(K,x, T, As), since Ay > Ay. If we use
K = K}, , the optimal controller for the problem with terminal-state penalty
matrix Aq, the left-hand side is equal to 2, P(t, T, A;)x:. Hence

x;P(t7T7A1)xt J(K*Al?xtaTa AQ)

>
> minJ(K,x, T, As)
K

.’E;P(t, T, A2)$t.

Since z; is arbitrary, we conclude that P(¢,T,Aq) > P(t,T, As) for any ¢t < T.

Solution 5.9. The case when
AA+ A'A - AB;BL,A+C'C <0

is considered in the text. We therefore consider the case that
AA+ A'A — AByBSA +C'C > 0.

The same argument as used in the text shows that P(¢,7, A) is monotonically non-

increasing as a function of t, and P(¢, T, A) is therefore non-decreasing as a function

of T (by time-invariance). It remains to show that P(¢, T, A) is uniformly bounded.
Let K be such that A —BsK is asymptotically stable. Then

J(K, 29, T,A) < / 2 zdt + e T al) Az
0

for some o« > 0. Hence

2P0, T,A)zy = Ir}i{nJ(K,xo,T,A)
S J(K7$0,T7A)
(oo}
< / Zzdt + e “TajAxg
0
<

o0
/ 2 zdt + zpAxo,
0

which is a uniform bound on z,P(0,T,A)x. Thus P(¢,T,A) is monotonic and
uniformly bounded. Hence it converges to some IT as T' — ¢ — oo.
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Solution 5.10.

1. By Problem 5.9, II = limp_;—, o, P(¢,T,0) exists; it is a solution to the alge-
braic Riccati equation by virtue of time-invariance (see the argument in the
text). Also, IT > 0 because the zero terminal condition is nonnegative definite.
Thus P(t,T,0) converges to a nonnegative definite solution II to the algebraic
Riccati equation. We conclude that IT is stabilizing because when (A, Bg, C)
is stabilizable and detectable, the stabilizing solution is the only nonnegative
definite solution.

2. Let
X =TA+ AT -TByByI' + C'C.

Since X is symmetric, it has the form

I 0 O
X=V'|0 0 0 V.
0 0 -1
Let
I 0 0
R=V'[0 0 0 |V
00 I

and let A be the stabilizing solution to the algebraic Riccati equation
AA+ A'A~ AByB,A+C'C+R=0,

which exists under the stated assumptions, since R > 0. This implies that A
satisfies the inequality

AA+ A'A — AByB,A +C'C <0.

It remains to show that A > I'. By subtracting the equation defining X from
the Riccati equation defining A, we obtain

(A —T)(A — ByByA) + (A — ByByA) (A —T)
+(A—=T)BBy(A-T)+ R+ X =0.

Since R+ X > 0 and A — B2 B4 A is asymptotically stable, we conclude that
A-T2>0.

3. Let I > 0 be arbitrary. Let A > T be as constructed above. Then P(t,T,0) <
P(t,T,T) < P(t,T,A) for all t < T, by Problem 5.8. Since P(¢,T,0) and
P(t,T,A) both converge to the stabilizing solution to the algebraic Riccati
equation, we conclude that P(¢,T,T") also converges to the stabilizing solution
to the algebraic Riccati equation.
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05} 1

-0.5¢ .

-1.5} 4

0 1 2 3 4 5 6 7 8 9 10

horizon length T

Solution 5.11. That the stated control law is optimal is immediate; that it is
constant if the problem data are constant is also ebvious, since in this case P(t,t +
T,A) = P(0,T,A), which is independent of ¢. A counter-example to the fallacious

conjecture is
—1 0 1
eyl el

with C arbitrary and A = af. Then Fr|,_, = B5A and

A= ByByA = [ —l-a 0],

1 1

which ismot asymptotically stable. The graph shows a plot of the real parts of the
closed-loop poles versus the horizon length T if we take C = [ 1 1 ] and a = 1.

Solution 5.12. Kalman filter is
T=A%+ H(y—C?),

in which H = QC’. Hence the state estimation error equation is

i-T=(A-HCO)z—%)+[ B —HD ] { TH
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The innovations process is

n=C(x—7)+ Dv.
Therefore, the system A mapping [ w’ o' ]/ to 7 is given by the realization
A-HC|[B -HD |

A= ¢ | [0 D]

Theorem 3.2.1 and the identity
(A-HC)Q+Q(A—HCY +HH'+ BB' =0

shows that AA™ = I. Hence the power spectrum of n is I, which shows that 7 is
white, with unit variance.

Solution 5.13. Combine the arbitrary filter given in the hint with the state dy-
namics to obtain

dal® A 0 0 x B 0 w
Zle| = |Qeoo a-qce o | |G|+ 0 QoD [U]
bl e Ge 0 Fl e 0 GD
Q w
v—F = [1-JC —H —H] \ “To JD]{U}

Since v is white noise and DD’ = I, J =0 is necessary and sufficient for E{(z(t) —
x(t))(Z(t) —x(t))'} to be finite. Set J = 0 and denote the matrices in the realization

above by A, B, C. We then have that

E{(@(t) —w@)(@(t) — ()"} = C(H)PHC",

in which P is the solution to the equation
P= AP+ PA + BB,  P(0)=

Elementary algebra reveals that P has the form
P P-Q X

P=|P-Q P-Q X
X' X Y

)

in which P is the solution to

P=AP+ PA' + BB, P(0) = Py,
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and X and Y satisfy the linear matrix differential equations

X = AX+PC'G+XF, X(0)=0
Y = FY+YF +GG +GCX + XC'G, Y (0) = 0.

Since P > 0, we may write the Schur decomposition

el Tl vlle 7]

in which
_ | X |y
7 = [X]Y

[ P P-Q
R o= [P—Q P-Q

in which W = P—Q—XY# X’ and (-)# denotes the Moore-Penrose pseudo-inverse.
It now follows that

p | W+ W
|-ere- ("3 4@

C(t)P(t)C" = (terms independent of Hy) + (Hy — Hy)Y (Hy — H3)',

in which H = (I — H))XY#. Now Y_.> 0, since P > 0, and it follows that an
optimal choice for Hs is Hj. With this choice for Hs, the cost is given by

copwe = (4 -m) [ Y5 | ]
= Q—I—(I—Hl)W(I—Hl)/.

From P > 0, it follows that R > 0 and hence that W > 0. Therefore, @ is the
optimal state error covariance and H{ = I is an optimal choice for H;. This gives
H3 =0 as an optimal choice for Hs.

We now note that if Hy = 0, the values of ' and G are irrelevant, and an optimal
filter is therefore & = AZ + QC'(y — CZ), which is the Kalman filter.

Solution 5.14.  The problem data are

1 1 0
Cl—\/ﬁ[o 0]7 D11 =0, D12—|:1:|

11t is a fact that the Schur decomposition using a pseudo-inverse can always be nonnegative
A B
B C

definite matrices. If [ } > 0, then Cv = 0 = Bv = 0, which is what makes it work.
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Co=[1 0], Dau=[0 1], Dyp=0.
Since D7,Cy = 0, there are no cross-terms in the control Riccati equation, which
is
XA+ AX - XByBYX + C1Cy = 0.

The stabilizing solution is easily verified to be

2 1
X =« [ 11 ] .
Thus F=BjX =a[1 1]
Similarly, since By D), = 0, the measurement and process noise are uncorrelated
and the Kalman filter Riccati equation is

AY + YA - YC)CoY + BB, = 0.

It is easy to check that the stabilizing solution is

v-s1 1],

1
1
The optimal controller is therefore given by

Hence H=YC, =4

T = AT+ Byu+ H(y— Co7)
— —F7.

Rewriting this, we obtain

K s [ A—B2_FF—H02 Ig } .
Now
A—ByF —HCy = [ —(1a_+ﬁ6) 1Ea } :
Evaluating —F(sI — (A — BoF — HC3)~'H, we obtain
. aB(1 - 25)

24 (a+B—-2)s+1+ab

The optimal cost is given by \/trace(B;X By) + trace(FY F') = \/5a(c + af).
The optimal cost is monotonically increasing in both p and o.



Solutions to Problems
Chapter 6

Solution 6.1.

1. This follows by replacing v with % and elementary algebra.
2. This follows from Theorems 6.2.1 and 6.2.4.

3. A direct application of (6.3.25) gives

z A— ByByP [0° B ] Bs
i B 0 [ <ByP 0] I
w—w* N 0 —2BiP I 0
o —TI I 0 0
ro=[U V}[“’_‘ﬂ*}
A
Since u = @ — D{,C1x, we obtain

z A— ByF [0 B ] B,

u - 0 [ —F 0] I

w — w* B 0 —y72B{P I 0
T —Z -1 I 0 0

ro= [U V}{w_lﬁ*y
T —7

in which F = D},Cy + B,P.
4. See Section 5.2.3.

5. There exists an X, satisfying

AXoo + A'Xoo — Xoo(BoaBy — v 2B1B))Xoo +C'C =0

ontrolengineers.ir
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<

such that A — (ByB} — 7~ 2B1B}) X+ is asymptotically stable and X, > 0.
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Solution 6.2. Using the properties of ® (see Problem 3.3),
T
ANt) = —B@)u(t)+ / %(@’(0, t)B(o)u(0)) do — A'(t)®' (T, t)Ar
t

T
= —B(t)ult) - /t A (W) (0,8)B(o)u(o) do — A'(#)D' (T, t)\r

= —B(t)u(t) — A'(H)A(t).
Setting B = C'C and Ay = Az*(T') shows that (6.2.7) satisfies (6.2.14).

Solution 6.3. For any vector z and any real number «, we have the identity

(ozy + (1 - O[)ZQ)’(O[Zl + (1 —a)z) —azizy — (1 — a)zhe
= —a(l —a)(z1 — 22) (21 = 22)- (6.1)

1. Suppose z is the response to inputs v and w, and Z is the response to inputs
@ and w. The response to inputs au + (1 — @)@ and w is z, = az + (1 — a)Z.
Hence, for any «a € [0,1],

T
Jou+ (1 - a)u,w) = / 2l 2o < wlw dt
0

T
< / az’z4 (1 — )2z — y*w'wdt, by (6.1)
0

T T

a/ 2z =y*wwdt + (1 - «) / 7z — y2w'wdt
0 0

= aJ(u,w)+ (1 —a)J(d,w).
That is, J is convex in u.

2. Set u=u* = —B,Px = K"z. Then J(K*,w) = —? fOT(w—w*)'(w—w*)dt,
in which w* = y=2B]Pz. Let W be the closed-loop map from w to w — w*,
which is-linear. Let w — (w — w*) and w — (@ — w*). That is, w* is
produced by the input w, with the controller K™* in place, and w* is produced

by the input @, with with the controller K™ in place. Then aw + (1 — a)w —
a(w —w*) + (1 — a)(w — @*). Thus

J(K*, aw+ (1 — a)w)

= - /OT((a@v —w*) + (1 - a)(@ — w"))

/

vV
2
()
o\
)ﬂ
2
IS
|
S*
®
|
S*
_|_
o
|
2
=
|
&
=
|
5
=



y
& controlengineers.ir]
© @controlengineers

FULL-INFORMATION H., CONTROL 73

That is, J is concave in w.

3. Suppose K is a linear, full-information controller that makes J strictly concave
in w. That is,

J(K,ow+ (1 - a)w) > aJ(K,w)+ (1 - a)J(K,0) (6.2)

for all w # @ and all @ € (0,1). Let w # w, a € (0,1) and let z and Z be
the responses of the closed-loop system R, for inputs w and w respectively.
From (6.2) and the identity (6.1), we conclude that

T
—a(l —a) / (z=2)(z—2) —*(w — @) (w—w)) dt > 0.
0
Taking w = 0, which implies Z = 0, we see that
T
/ 22 —y2wwdt <0 for all w # 0.
0

Therefore, ||R||jo,7] <y and we conclude that P(t) exists on [0,77].

Solution 6.4. Since R, is causal ‘and linear, y(R.,) < < if and only if
| R-wllfo,r] < 7y for all finite 7. Hence, there exists a controller such that v(R..,) <
if and only if the Riccati differential equation

~P=PA+AP—P(ByBy— v ?B,B))P+C'C,  P(T)=0
has a solution on [0, T] for all finite T'.

Solution 6.5.

1. P(t,T,A) = Wy ()T (t) is a solution to the Riccati equation provided

d \Ill \111 \Ill I
—_— = H T - . .
(see Section 6.2.3 for details.) We therefore verify that the given formulas for

Wy and ¥y do indeed satisfy this linear differential equation. We are going to
find the solutions ¥; and ¥y via the change of variables

4]-[5]

since Z~'HZ block-diagonalizes H.
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Let W, () and Wy(t) be the solutions to

ilal-lo Aln) [G]o-~[4]
That is,
Ui(t) = ADT(T)
Uy(t) = e Ay (T).

The boundary condition can be written as

from which we obtain

ZnU(T) 4 Z120y(T) = I
Z1V1(T) + Z32 Vo (T)

I
>

Multiplying the first equation by A and subtracting from the second, we

obtain } .
(Zgl — Ale)\I’l(T) -+ (Z22 N AZIQ)\I/Q(T) =0.
Therefore,
Uo(T) = ~(Zoz — AZ15) " H(Zo1 — AZ11)T4(T)
XUy (7).
Hence
Us(t) = e ATIGy(T)
e MDD X0, (T)
eA(T_t)XeA(T_t)\ifl(t).
Then
U, Uy
= Z ~
[ Uy ] [ Uy ]
Zi1 Zi2 1 =
{ Zo1 Lo } { eAMT=1) x oMT—1) W1 (t)

is the solution to (6.3).
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2. From HZ =7 { ‘8 _OA }, we obtain

C'CZys + A' Zoy = ZnoA. (6.4)

Hence
Z15C'C 219 + Z19 A Zog = Z19 Zao N = Zoo Z12 .

Suppose Zasx = 0. Multiplying the above equation on the left by 2’ and ‘on
the right by = we see that CZ122 = 0. Now multiply (6.4) on the right by z
to obtain Zss Az = 0. We can now multiply on the left by =’A’ and on the
right by Az, and so on, to obtain

Zao

Zosx =0 = |: CZy

]Akxzo, k=0,1,2,....

We first prove that Zso is nonsingular if (A, C') is detectable. Suppose, to ob-
tain a contradiction, that x # 0 and Zszx = 0. Then, by the above reasoning,

(A, [ CZZQQ ]) is not observable. Therefore, there exists a y # 0 such that
12

A -
Z23 y=0.
CZ12

Note that Re(A) < 0 because Re(Xi(A)) < 0. From the (1,1)-partition of

HZ =7 { /3 7OA }, we obtain AZioy = —AZ12y. Therefore,
(/\I + A)Zlgy 0
CZlgy = 0.

Ly
implies y = 0, since Z is nonsingular. This contradicts the hypothesis that
there exists an x # 0 such that Zssx = 0 and we conclude that Zss is nonsin-
gular.

Hence Zioy = 0, since (A4, C) is detectable. This gives [ Z12 ] y = 0, which
2

We now prove the rank defect of Zoy (the dimension of ker(Zs5)) is equal to
the number of undetectable modes of (A, C). Let the columns of V be a basis
for ker(Zaz). Arguments parallel to those above show that

Z22 kv, _ _
[CZ12 ]A V=0 k=01,2....

Furthermore AZ15Va = —Z19AVa = —Z15V 3 (for some ), so Z15V is an
unstable A-invariant subspace contained in ker(C). That is, Z12V is a subset
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of the undetectable subspace of (A, C). Since Z is nonsingular, rankZ5V =
rankV = dim ker(Za2). Thus (4, C) has at least as many undetectable modes
as the rank defect of Zss. For the converse, suppose W is a basis for the
undetectable subspace of (A4, C). Then

AW = W3, RMi(E) >0,
CW = 0.

(Strict inequality holds because we assume that (A, ') has no unobservable
modes on the imaginary axis.) Let

Then

_ AX1
o —AX5
Since ReA;(X) > 0 and ReA;(A) <0, X1 =0. From
w . X1 N 0 _ ZlQXQ
KR AR PR
we see that Z99 Xo = 0 and that W = Z15X5. We conclude that the dimension

of the ker Zss is (at least) the number of undetectable modes of (4, C).

0
—A
the resulting equation is A — (ByBy — v 2By B})1 = Z;1AZ;".

~1
] on the right by [ Z(1)1 ] . The upper block of

Solution 6.6.

1. Suppose Pz = 0, z # 0. Multiplying the Riccati equation by z* on the left

and by z on the right reveals that Cx = 0. Now multiplying by z on the right
reveals that PAxz = 0. Thus ker(P) is an A-invariant subspace. Hence, there
exists a y # 0 such that Py = 0, Cy = 0 and Ay = Ay, which contradicts
the assumed observability of (A4,C). Thus (A, C) observable implies P is
nonsingular.
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2. (A — SP) is asymptotically stable.

Suppose (4, C) has no stable unobservable modes. If Px = 0 for some = # 0,
then (as in part 1), there exists a y # 0 such that Py = 0, Cy = 0 and
Ay = M\y. Thus (A — SP)y = Ay = Ay, which implies R.(\) < 0, since
A — SP is asymptotically stable. This contradicts the assumption that (A, C)
has no stable unobservable modes and we conclude that P is nonsingular.

Conversely, suppose P is nonsingular. If Ax = Az, Cz = 0 for some z #0,
then multiplying the Riccati equation on the right by z results in (A —
SP) Px = —APx. Since (A — SP) is asymptotically stable and P is non-
singular, we have R¢(A) > 0. This shows that any unobservable mode is in
the right-half plane, which is equivalent to the proposition that (A, C) has no
unobservable modes that are stable.

3. The fact that the given P satisfies the Riccati equation is easily verified. Also,
since

An—-5SnuP1 0

A—SP = )
Aoy — S1oP1 Axn

we see that A — SP is asymptotically stable:

Solution 6.7. Since (A, C) is observable, X and Y are nonsingular (see Prob-
lem 6.6). Therefore,

AX '+ XA -S4+ X tlo'lcxt =
AY '+ ytA—Ss+Yy~c'cy™t = o.

o

Subtract these to obtain
AZ+ ZA + X c'cx -y lccy 1 =0

in which Z = X' — Y1 Some elementary algebra reveals that this equation can
be re-written as

—(A+X7IC'C)Z - Z(A+ X7IC'C)Y + ZzC'CZ = 0.

Now —(A+ X71C'C) = X(A - SX)X~ 1 so —(A+ X~1C'C) is asymptotically
stable. Hence, Z > 0, which is to say X! >VY~! Since X >0and Y > 0, this is
equivalent to Y > X.

This problem shows that the stabilizing solution is the smallest of any nonneg-
ative definite solutions.
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Solution 6.8.
1.

(I+ By(—sI —A')"'PBy) (I + ByP(sI — A)™'By)
= I+ BYP(sI — A)"'By + By(—sI — A')"'PB,
+By(—sI — Ay (=P(sI — A) — (—sI — A")P
+C'C 4+~ 2PBB{P)(s] — A)"'B,
= I+ Bj(—sI-A)Y(C'C+~2PBB{P)(s] — A)"'Bs.

2. Immediate from setting By = by in Part 1.

3. The Nyquist diagram of —bjP(sI — A)~1by cannot enter the circle of radius
one, centered on s = 1. The stated gain and phase margins follow from this
fact. (see Problem 5.4 for more details.)

Solution 6.9. Substituting u = —pz and using x = (1 — v~ 2)q, we have

(1-797)¢ = —(V?+4/1+1=72)g+w
B c(1=77?)
° T [ —(1eyTreEl—7) | 7T

When v — 1, g =w/2 and z = { _Ow}.

Solution 6.10. X (t) =11 — P(t,T, P») satisfies the equation
~X =XA+AX+X(ByB,— v ?BB))X, X(T)=0. (6.5)

in which A = A — (ByB)), — y"2B,B})IL. Suppose (Il = P(t*))z = 0 for some t*.
Then 2/(6.5)z yields 2/ X (t*)z = 0 and it follows that X (t*)z = 0, since X < 0 by
the monotonicity property of P(¢,T, P»). Now (6.5)x yields X(t*)zzl\$ = 0 and we
conclude that ker X (¢*) is an A invariant subspace. Therefore, there exists a y such
that X (t*)y = 0 and Ay = \y. (It follows as before that Xy = 0.) Hence X (t)y is
a solution to & = 0, a(t*) = 0 and we conclude that X (¢t)y = 0 for all ¢. Therefore,
without loss of generality (by a change of state-space variables if necessary), IT— P(t)
has the form

| Iy —Pi(t) O
o 0

- P(t) 0

, for all t < T, (6.6)
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in which II; — P (t) is nonsingular for all ¢. Furthermore, since ker(IT — P(¢)) is A

invariant

-~

Ay 0
A21 A22

The asymptotic stability of the Ay follows as in the text. We therefore need to
establish the asymptotic stability of Ass. Setting ¢ = T in (6.6), we see that

(- P 0 ] _

H—Pg:[ N 0

From equation (6.3.20), (P — Py)y = 0 implies B|Py = 0. Therefore, Agy =
(A — B3 B} P)gg, which is asymptotically stable by Lemma 6.3.4.

Solution 6.11.
1. From the Riccati equation, we have —(A+ Py *C'C) = Py (A~ By By Py) Py,
so —(A + P, 1C'C) is asymptotically stable.

2. Suppose a stabilizing, nonnegative definite P exists. Since P > P, > 0, P is
nonsingular. Therefore, we may write

AP+ PyYA - ByBY 4+ PylC'COPyY =
AP ' 4+ P7'A' — ByBy + 47 2B By + PT'C’CPTt = 0.

o

Subtracting these equations and a little algebra yields
0 = (A+PRCO)P "= P £ (Pt = PTH(A+ Py C'CY
—y72BB, — (Py' — P~HC'C(Py — P7Y).
Multiplying by 92 and defining Y = 4?(P, ' — P~1) yields the given Riccati
equation for Y. From the Riccati equation for P, we see that
—(A+P7C'C) +472YC'C = —(A4+PIC0O)
= P Y(A- (B2By—~v2B\B;)P)'P.

Hence Y is the stabilizing solution. Since v2I — P,Y = v2P,P~! and P and
Py are positive definite, we conclude that 72 > p(P,Y).

Conversely, suppose Y is a stabilizing solution to the stated Riccati equation
and 42 > p(PY). Then X = Py ! — 472Y is positive definite and satisfies

AX + XA — BoBy +~72B1B; + XC'CX = 0.
Hence P = X 1 satisfies the Riccati equation (6.3.5). Furthermore,
—(A+P;IC'C)+~472YC'C = —(A4PTIC0O)
= P (A~ (BB, — 7 *BiB;)P)'P,

so P is the stabilizing solution.
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3. A suitable controller exists if and only if a stabilizing, nonnegative definite
solution to the Riccati equation (6.3.5) exists, which we have just shown is
equivalent to the existence of a stabilizing solution Y such that p(PY) < 2.
Since C = 0 and — A is asymptotically stable, Y is the controllability gramian
of (—A, By). Therefore, a suitable controller exists if and only if v* > p(PY).

In the case that C' = 0, this result gives a formula for the optimal performance
level.

Solution 6.12.
1.

/ (22 — y*w'w) dt
0

[la]e elfe]e

!

/OOO[Z}G’JG[Z}&

12113 = ~*llwll3

o[> d
= = [w]G*JG[w}dw
2n oo | U U
by Parseval’s theorem.
2.
r A 0 By By ]
N 4 —-Cc'c A 0 0
GTIJG =
0 By | —¥*I 0
L 0 B) 0 I |
[ A 0 By By
> -C'C—-PA—- AP —-A"|-PB;y —-PBs
B B|P B, | =4I 0
BLP B) 0 1
i A 0 By By
s _P(B2Bé — ’)/_2B1B1)P —A’ —PBy —PBy
B B|P By | =21 0
L BLP B 0 1

In the above,
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The dimension of the —y2I-block is the same as the dimension of w and the
dimension of the I-block is the dimension of u. (In J, the dimension of the
I-block is the dimension of z.)

. The A-matrix of W~ is A = A— (B By —~72B B}) P which is asymptotically
stable if P is the stabilizing solution. Hence W' € H,. Using Problem 3.6,
we obtain

~

A |B B
-1 5 C 0 O
GW = -DBYP| D 0 |’

Y 2B\P| O I
Hence GW ™! € H..

. By direct evaluation,
(GW Y J(GW ™)

= J+ { / } (51 — A")"Y(C'C + P(BsBy — v 2B, B})P
—(5I = AP — P(sI = A))(s] — A)"'[ By By |
= J—(s+5) [ g? } (sI = AY'P(s] — A)"'[ By By |

< J, for (s +35)P > 0.

w—w*
and w* =y ?B{ Pz.

The equation { v } =W { Z} } follows immediately from u* = — B} Px
If w = u*, then [ Wi Wis ] [ ;{}k ] = 0. Hence u* = —W1_21W11w.

(Note: Tt can be shown that the J-lossless property implies that W5 is
nonsingular.)

Solution 6.13.

1. Suppose there exists a measurement feedback controller u = Ky that achieves

the objective. Then
u=K|[Cy I] { v }

w

is a full-information controller that achieves the objective. Therefore, P(t)
exists.
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Conversely, if P(t) exists, then u = —BjPx is a controller that achieves the
objective. Now consider the measurement feedback controller defined by

T = AZ+ Bi(y—Cy%)+ Bou,  x(0)=0
= —B,PZ.

Note that T is a copy of z, since

d . ~ ~

ﬁ(x—x) = (A - B1Cy)(T — x), z(0) — z(0) = 0.
Consequently, the measurement feedback controller u = —B,PZ generates
the same control signal and hence the same closed loop as the controller u =
—B/, Px. Therefore, it is a measurement feedback controller that achieves the
objective.

The generator of all controllers is obtained by noting that all closed-loops
generated by full-information controllers are generated by u—u* = U (w—w™),
in which u* = —B5Px and w* = v~ 2B} Px. Replacing  with 7 and replacing
w by y — CoZ results in the LFT

z A—BiCyo= B3B,P By By z
u = —BLP 0 I y |,
w— w* —(Cs +~472BP) I 0 T
r = U(w—w").
2. Since the measurement feedback controller v = —B4Z generates the same
closed-loop as the controller u = —Blx, the closed loop generated by u =

— BT is stable: To conclude internal stability, we need to show that no unsta-
ble cancellations occur. The cancellations which occur are at the eigenvalues
of A — B1Cy, since these are uncontrollable modes (see the error dynamics
equation in the preceding part). Thus, the measurement feedback controller
is internally stabilizing if and only if A — B1C5 is asymptotically stable.

(You may like to connect the controller generator K, to the generalized plant
using the inter-connection formula of Lemma 4.1.1 and verify that the modes
associated with A — B;Cy are uncontrollable).

Solution 6.14. Let A = diag(s;), and let G* and H* be the matrices with rows
g7 and h;. The dynamics are therefore

T =Ax — H*w + G*u.
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1. Recall that any control signal (and hence any closed-loop transfer function

matrix R) that can be generated by a stabilizing full-information controller
can be generated by
u=—Fzr+ Uw,

in which F is a stabilizing state feedback and U € H, (see Section 4.2.2).
Taking the Laplace transform of the dynamics and substituting the control
law ©w = —Fxz + Uw, we obtain

2= (s — (A= G'F)) " (G*U — H")w.
The closed-loop R maps w to u. Hence
R=U-F(sI— (A—G'F)) " (G*U — H"). (6.7)

Now note the identity

I = (sI—(A=GF))(sI —(A-GF))"

= (sI—A)(sI — (A-G'F))” '

L@ F(sI—(A-GF) "
Therefore G* R is given by

G*R=H"*+ (sI — A)(sT — (A — G*F))”" (G*U — H*). (6.8)

Suppose R is a closed-loop system generated by a stabilizing, full-information
controller. Then G*R is given by (6.8) for some U € H, and some F
such that A — G*F' is asymptotically stable. This implies that the zeros of
sI — A, which are in the right-half plane, cannot be cancelled by the poles of
(sI—(A—=G*F)) _1(G*U — H*), which are in the left-half plane. Hence, since
the i*" row of sI — A is zero for s = s;, we obtain the interpolation equation

Conversely, suppose R satisfies the interpolation constraints. We want R
to<be the map from w to w for some stabilizing controller. We therefore
back solve for U and then show that the satisfaction of the interpolation
constraints ensures that U is stable. To back solve for U, simply note that
R :w — u implies that sz = Az + (G*R — H*)w. Hence u + F'z is given by
u+ Fz = (R+ F(sI — A)7'(G*R — H*))w. Therefore, U, the map from w
to u + Fz, is given by

U=R+F(sI-A)"YG*R—- H").

Since the it" row of G*R — H* whenever i'" row of (sI — A) is also zero,
namely when s = s;, we conclude that U € H ..
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2. Using the result of Item 1, we can determine the existence of an interpolating
R such that |R||c < v by invoking our full-information H, control results.
Thus, R exists if and only if there exists a stabilizing solution to the Riccati
equation

PA+ A*P - P(G*G -~y 2H*H)P =0
such that P > 0.

Suppose R exists. Then a stabilizing P > 0 exists. Because all the eigenvalues
of A are in the right-half plane, we must have P > 0 (see Problem 6.6). Define
M = P~1. Then M > 0 satisfies the equation

AM + MA* —G*G+~2H*H =0,
from which it follows that

AL = 919 =V Rk
Y S; + S

Conversely, suppose M given by this formula is positive definite and define
P=M"1>0. Then A— (G*G — vy 2H*H)P = —P~! A*P, which is asymp-
totically stable. Thus P = M ! is a positive definite, stabilizing solution to
the Riccati equation and we conclude that R exists.

3. Substituting into the generator of all closed-loops for the full-information
problem, we see that all solutions are generated by the LFT R = Fy(R,,U),
in which U € H, | U]l < 7-and

A-GGP|-H* G
R, = —GP 0 Jj
Yy 2HP I 0

For example, solutions to the scalar interpolation problem r(1) = 1 such that
[7]lco < v exist when (1 —~v~2)/(1+1) > 0, i.e., v > 1. All solutions are
generated by Fy(rq,u), in which

—(1+72)/A=1?) -1 1
Ty = —2/(1—~72) 0 1
2972/0-72) |1 0

It is easy to verify that the r,17 = which clearly interpo-

lates the data and ||r411]lec = 2/(1 + v~2), which is less than ~ provided
v > 1. Tt is also easy to see that r,12(1) = 0, from which it follows that
Fe(ra,u)(1) = r411(1) = 1. Note that since r(1) = 1 is a one-point inter-
polation problem, v,,: > 1 follows from the maximum modulus principle,
and consideration of the constant interpolating function » = 1 shows that
Yopt = 1. Can you explain what happens in the parametrization of all sub-

optimal (v > 1) solutions above as vy — 17
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4. Let —AX — XA*+G*G=0and —AY —YA*+ H*H = 0. Note that X >0
and Y > 0, since —A is asymptotically stable. Then M = X — 7 2Y =

Y 2X(v?I — X7'Y). Therefore, Yopt = \/Amax(X~'Y). Note that X is
nonsingular provided none of the g;’s is zero.

Solution 6.15.
1. Stability of the loop is an immediate consequence of the small gain theorem.

2. Immediate from the full-information synthesis results.

Solution 6.16.
1. Completing the square with the Riccati equation yields
12113 = ¥?[lwl3 = 2o Pxo + [lu — a3 —°[Jw — w*[|3.
Setting u = u* and w = 0, we see that ||z||3 = 2{ Pz — v?||w* |3 < 2, Po.
2. The closed-loop R, with u = u* is given by

{{ C

Hence, by Theorem 3.3.1, || R.., |3 = trace(B{QB), in which @ is the observ-
ability gramian, which satisfies

Q(A — ByB4LP) + (A — BaBLYP)'Q + PBoBLYP +C'C = 0.
The Riccati equation for P can be written as
P(A— ByByP) + (A— B2ByP)' P + P(BoBy + v 2B1B})P + C'C = 0.
Subtracting these results in
(P —Q)(A— ByByP) + (A— ByByP) (P — Q)+~ 2PB,B,P = 0.

Since A — By B4 P is asymptotically stable, we have P — @Q > 0. Hence
| R..||3 = trace(B{QB;) < trace(B;PBy).
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Solution 6.17. Suppose there exists a stabilizing controller K such that
[R.wlloo < 7. Then by the argument of Section 6.3.4, there exists an L such
that K stabilizes the plant

T = Axz+ Biyw+ Bou
Cx

Zqa = Lx |,
U

(A,[ ¢ L' ]') has no unobservable mode on the imaginary axis and ||R.,||o0 <
~. Hence there exists a solution to the Riccati equation

PA+ A'P— P(ByBy —~y?BB))P+C'C+L'L=0 (6.9)

such that A — (By By —y~2B1 B})P is asymptotically stable and P > 0. Clearly, P
is a solution to the stated Riccati inequality.
Conversely, suppose P > 0 is a stabilizing solution to the Riccati inequality. Let
L be a Cholesky factor such that
L'L=—(PA+A'P— P(ByBy — vy ?B,B))P+C'C).

Thus, the Riccati equation (6.9) holds. Hence, by Theorem 6.3.1, the controller
u = — B} Pz stabilizes the augmented system, and | R, wllcc < 7. Hence, since z
consists of the upper components of z,, the controller also stabilizes the system and
satisfies ||Rzwloo <7

Solution 6.18.
1. Suppose K stabilizes the ‘augmented system and ||R.,y|cc < 7. Then the
system is stabilized by K and
03 + € llullz = 7?lwll < —plwl3 (6.10)
for some p > 0. Hence
1215 = 7*llwll3 < —pllwli3
and we conclude that | R,y |co < 7-

Conversely, suppose K stabilizes the system and ||R.y|lcc < 7. Then the
closed-loop system mapping w to u has finite infinity norm M, say. This
follows from the definition of internal stability for linear fractional transfor-
mations. This observation shows that K stabilizes the augmented system.

Set0 < € < /5= (42 — | Rew[[2)- Then

213 + Nl = 2wl < 203 + (M2 = )l
< (IReule +EM =)l
1
< =507 = I Rawl)lwl3
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for p = (7 = | Rewll%)/2 > 0. Hence | Royloc < 7.

2. Suppose P. exists. Then u = — B} P« is stabilizing for z,, hence also for z, and
IR, wllco <7, hence also || R w|leo < 7. Conversely, if a stabilizing controller
K satisfies || R,y |lco < 7, then it also stabilizes an augmented objective system
of the form given in Item 1 and ||R.,u|lcc < 7. This augmented system
satisfies the standard assumptions (modulo scaling by v D’D + €2I), which
is nonsingular since € > 0. Consequently, the stated Riccati equation has a
stabilizing, nonnegative definite solution.

Solution 6.19. This problem is simply a combination of the previous two. If K
stabilizes the system and || R.w|co < 7, we can choose € > 0 and an L such that
(4, [ ¢’ r ]/) has no unobservable mode on the imaginary axis, and K stabilizes
the augmented system with

Cx

Lx

u

€U

Zq =

and ||R.ullco < 7. Consequently, the stated Riccati inequality has a stabilizing,
nonnegative definite solution. Conversely, if the stated Riccati inequality has a
stabilizing, nonnegative definite solution, then the controller u = — B} P.x stabilizes
the augmented system for

L'L = —(P.A+ A'P. = P.(ByR;'B) — v 2B, B})P. + C'C),

and |R.,wllcc < 7.<Since z consists of components of z,, we conclude that v =
— By P.x stabilizes the system and || R,y |lco < 7-
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Solution 7.1. Subtracting (7.2.17) from (7.2.16) gives
(Q-Q)=(A-QC'C)Q - Q) +(Q - QA -QC'C) +(Q=QC'C@Q - Q).

which has a nonnegative solution, since (Q — @) (0) = 0. This proves that Q(t) >

~

Q(t). Subtracting (7.2.16) from (7.2.13) gives
(Q-Q) =(A-QUNQ-Q) +(Q QA= QCCY +77°QLLQ,

which also has a nonnegative solution, since (Q— Q)(0) = 0. We therefore conclude
that Q(t) > Q(t) > Q(t) as required.

Solution 7.2. Firstly, we replace the message generating differential equation
& = Ax + Bw

with
&= Az + BQY?w.

Next, we replace the observations equation
y=Cx+wv
with

g = R
R™Y2Czx + 0.

From the general theory presented in the text, we see that the Riccati differential
equation associated with w, v and ¥ is

Q=AQ+ QA ~Q(C'R'C -7 *L'L)Q + BQB',  Q(0)=0

89
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and that the observer gain (for the scaled variables) is H = QC’R~1/2. The filter
for the scaled variables is

= (A-—QC'R™'C)Z+QC'R™'?j

- I3

wy 8-

which is equivalent to

= (A-QC'R'C)Z2+QC'R™ 'y
= L7

Wy 8)

This shows that the observer gain (for the original variables) is given by H =
QC'R™1.

Solution 7.3. It is easy to verify that
_[@ o
@= [ 0 0

AQ+ QA —Q(C'C —~42L'L)Q+ BB =0

satisfies

if @ satisfies
A1Q + QA — Q(C1C1 — v 2I4L1)Q + B1 B = 0.
We can now complete the calculation by observing that
A—Q(C'C —~2L'L)
{ A= @(C;col — 97 4L) A - @(ci% — 7L L)
22

is stable because Asy and A;; — Q\(C{CH — 2L} L) are stable.

Solution 7.4. Consider the given signal generator

G- & = Ax+ Bw
‘"l'y = Cx+ Dw, DD' =1.

The filter
z=Fy
is to provide an estimate of z = Lx. In order to remove the cross coupling be-
tween the input and observations disturbances, we introduce the observations pre-
processor
p. { = (A-BD'C)i+BD'y
= —Cz+y.

< K
\
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Thus, g is generated from w by the system

(t—2) = (A-BD'C)(x—i)+ B(I—D'Dw
g = C(z—7%)+ Dw.

Since the pre-processor is an invertible system, there is a one-to-one correspondence
between the original and the modified filtering problems. Since (I — D'D)D’ = 0,
the modified problem fits into the standard theory, which we can use to find ‘an
estimator F' of L(z — &) given the “observations” 7. We obtain a filter F' for our

original problem from F' by noting that
Lz = L(zx—2)+ Lz
— Fj+L(sI—(A-BD'C))” 'BDy
~ (FP+L(sI—(A-BD'C)"'BD)y,

We use (7.2.10) and (7.2.11) to give the generator of all estimators of L(xz — I),
given the information g:

) A—(BD'+QCC | QC" —42QL’
F,= L 0 T ,
—C I 0

where Q(t) satisfies
Q=(A-BD'C)Q+Q(A—-BD'C) -~ Q(C'C —~y2L'L)Q + B(I — D'D)B’

with initial condition Q(0)= 0. Since F', generates all estimators of L(z — &) (and
not Lx), all the estimators of Lz will be given by

A-BD'C|BD' 0

F, L 0 0
0 0 0
C

A— (BD'+QC")

[

|QC" —2QL' ] [ A—-BD'C | BD' 0

= L 0 Jj —C I 0
-C I 0 0 0o I
A—BD'C|BD' 0
= L 0 0
0 0 0
A—(BD' +QC\C —QC'C | QC" —472QL
N 0 A— BD'C | BD' 0

L 0 0 1
—C -C 1 0
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A-BD'C|BD' 0
= L 0 0
0 0 0
A—(BD'+QC")C 0 BD' +QC' —~72QL’
0 A—BD'C BD' 0
+ L =) 0 T
—C 0 I 0
A— (BD'+QC"C | BD' +QC’" —y72QL
2 L 0 1
—C I 0
That is,
T = AZ+ (BD' +QC)(y—C%)—~"2QL'¢
Z = Li+¢
n = y-—Cz.

The filters are obtained by closing the loop with ¢ =Un.

Solution 7.5.

GI+G~G)'G~ < I
& (I+GG) GG~ < I
& GG~ < P+ GGY)
= (1-GG” < I
= (1-9%06% < ~? in which § = ||G]|oe

2 52

A

1

T2 Arer

Solution 7.6. “We deal with the case in which w(t) is frequency weighted first.
Suppose

IS0
|

and
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Combining these equations gives

2] - [0 A% )
y = [C 0][2}%,

which is the standard form.
The case in which v(¢) is frequency weighted may be handled in much the same

way. Suppose

1S3}
[eof}
[SH

Then

| —— |
88
| I
I
| — |
=R
O
| I
| — |
8
| I
+
| —
o W
o
|
| e |
[SA=
| I

which contains cross coupling in the disturbance input—i.e., it is of the form in
Problem 7.4.

Solution 7.7. The equations describing the message generating system as drawn
in Figure 7.12 are

& = Ax+ Bw
= Czr+vw
and
Ty = AwpTyw+ BylLx
6 = Cupry+ DLz,
which may be combined as
T _ A 0 T n B
iw | | BuL Au || 2w 0o |"
Y - C 0 T |, 1
5| T | DuL Cu || 2w ol

Substituting this realization into the general filtering formulas and partitioning the
Riccati equation solution as

| @1 Q2
Q_[Qé Qz]
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gives

Q1C" —y QL' D), + Q2C},)
QLC"  —y(Q2L'Di, + QsCY)
0 I
I 0

A—QiC'C 0

ios | Bul—QyC'C A,
@ D,L Cuw
—C 0

The generator of all filters can now be found from

wt o]-

F, - [ § I]Fa
Ay — BuD3'Cy | ByDg' 0
= -D;C, T 0
0 0 I

Q:1C" —72(Q1L' D}, 4 QsC})

Q5C"  —y3(QaL' D, 4+ QsC})
0 I

I 0

A—Q.C'C 0
Bu,L—Q,C'C A,
DoL Cu
-C 0

After the removal of the unobservable modes we get the filter generator F', defined
by the realization

Ay —BuDy'Ch  QyC'C | —Q4C" By Dy' +47%(Q2L' Dy, + QsCY,)

0 A—QC'C | O C —2(Q1L' D, + Q2C;)
-D_ 'C, L 0 D! ’
0 -C I 0

which is free of degree inflation.

Solution 7.8.

1. Collecting all the relevant equations gives

% A [B O]BQ z
Z-Lz|=| -L [0 0] I {w} :

v

Yy ¢ [o 1] o 3

which has the associated adjoint system

e

S8

By
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This problem is now of the form of the special measurement feedback control
problem considered in Problem 6.13. The results of this problem show that a
solution exists if and only if the Riccati equation

Q=AQ+ QA —Q(C'C—~2L'L)Q+ BB,  Q0)=0.
has a solution on [0, 7], in which case all F~’s are generated by F;(F; , U"™),

in which
A+L'B,-C'cQ|-L '
F> = -0Q 0 I
~(By=27?LQ) | I 0

Taking the adjoint, we see that all filters are generated by Fy(F,, U), in which
A+ B L —QC'C ‘ QC'" By —~72QL’
F, = L 0 I
-C 1 0

(We have adjusted the signs of the input and output matrices so that the filter
state is Z, an estimate of x, rather than —z.) Note that the “central” filter
can be written

= AT+ QC'(y~ CT)+ BsZ
= Lz.

Wy 8)

2. The internal stability results are immediate from the corresponding results in
Problem 6.13.

Solution 7.9. The generalized regulator configuration we are interested in given
by the diagram:

A
10} «Q
z—Z
- p le————— w
———— v
y z
F
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in which ¢ = Ez. Writing down the appropriate equations gives

i A [H B 0] 0

P | E [000] o0

{z—?] L [0o0 0] -I
c

[Hy 0 I'] 0

< & O 8

A filter F' with the desired properties exists if and only if there exists a “controller”
F such that the map R, which maps [ o/ w' o/ ]/ - [¢ (z—2) ]/, has
the property ||R||c < 1. Note that the solution of two Riccati equations will be
required. The reader may like to study Chapter 8 before returning to this problem.
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Solutions to Problems in
Chapter 8

Solution 8.1.
1. Since A;(I —A) = 1—X;(A), we conclude that I — A is nonsingular if p(A) < 1.

2. First observe that A;(A(I + A)~1) = X\(A4)/(1 4 A\;(A)). Since A;(A4) are
real and nonnegative and \;(A) > A;(A) implies that X;(A)/(1 + X;(4)) >
Ai(A)/(1 + Aj(A)), the result follows. You might like to check for yourself
that /(14 z) is monotonically increasing for all real nonnegative values of .

Solution 8.2.
1. Using the definition of the Hy Hamiltonian we have that

[ I 72X :|HY { I v X ]

0 I 0 I
B [T —72X A’ —(CL0y — 7201 CY) I 772X
|0 I —-BB’ —A 0 I
A +’y*f)gooBB’ B o
= _ BB —A—~2BB'X.,
A o)
| —BB' —A, |’
in which
O = —(CHCy— 7 2CC1) + 7 2 ( XA+ (A +772X BB X,.)

= —(C4Cy =7 2C1C1) + 7 *Xoo(A — B1 D), Cy)

+973(A = B1D}Co) Xoo + 7 *XooB1(I — Dby Do1) By X oo
= —(Ca+772DnBiXo) (Co + 7 ?Da1 B1 Xoo)

+972(D1aC1 + By Xoo) (D101 + By X o)
= —C.Co, +~2F Fy.

97
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2. If Y, the stabilizing solution to (8.3.12), exists, we have

I I o] [T o0 A — (ChCy — 720101 Y *

Y VYe I |V I 0 x|
in which R\ (A" — (C45Cy — v~ 201C1)Ys) < 0. Substituting from Part 1
gives

I —y 72X I 0
Hz { 0 I HYOO I}
[T 42X, I 0 A — (ChCy —72C0 )Y  *
I I Yoo I 0 % |0

which implies that

H [ I-— ’Y_QXooYoo _’Y_QXoo :|
Z Yoo I
— I— ,7_2X00YOO _7_2Xoo A/ - (CéCQ - ’}/_20101)}/00 *

If p(XooYoo) < 72, it follows that (1 =772 X Yo ) ™! exists. It is now immedi-
ate that Zoo = Yoo (I — 772X o0 Yoo )~ Usatisfies (8.3.9) and that it is stabilizing.

3. Multiplying

I 772X | T 72X
HY[O I ]—[o o |Hz

on the right by [ I Zs ] gives
T +72X o Zo
iy [ LN |
- I 77X AL —(C3,C — v PF F) Zoo
~ o I —BB' — A.Z. '

Expanding the (1, 1)-partition of this equation and using the Z, Riccati equa-
tion yields
A,(I + V_QXOOZOO) - (CéCZ - 7_20101)200
= AL —(C5.Cos =y P Fi Foo) 2o
+ 9 2 X0 (Zoo AL = Zoo(Ch,Cor — v 2FL Foo) Zos).
Since Yoo (I + 72X Z00) = Zoo, We obtain

(A/ - (0502 - 7720101)}/00)([ + 772X00Z00)
= (I+7 *XooZuo) (AL = (C5.Ca. — v °FloFs) Zox).
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Hence
A — YOO(CQOQ — ’}/720101)
= (I +7 °ZuXoo) H(As = Zoo(CH.Co. — v P FLoFod)) (I + 7 ? Zoc X o)

as required.

Solution 8.3. Suppose (8.6.2) has solution P(t) with P(0) = M. From this it is
immediate that

pJamom [ e )10

sothat [ I P ]"is a solution to (8.6.3) with the correct boundary conditions.
Now suppose that (8.6.3) has a solution with P;(¢) nonsingular for all ¢ € [0, T
and with P»(0)P; *(0) = M. This gives

e B - e (4]

= PP '=pPpP PPt
P

as required.

Solution 8.4.
1. Tt follows from (8.2.4) and

|: I 7772X00 :|HY |: I 772XOO :| :HZ + |: 0 772X00 :|

0 I 0 I 0 0
that
T4+92X0Z5
b [, |
-2
= { I+WZO)O(°°Z°° } (As = Zoo(C).Cor — 7 2FL Fy))'

A [T+ X Zeo
dt Z '

Since Xoo, Zoo > 0, it follows that (I + v %X, Zs) is nonsingular for all

t €10, T]. Also Zoo(I + 7 2X00Z00) 1(0) = 0. We can now use Problem 8.3

to show that Yoo = Zoo (I + 72X o0 Z00) s a solution to (8.2.8). Also

2
- - Y P(XooZoo) 9
XooVoo) = p(XooZoo (I + 72X oo Zoo) V) = L 00700)
ol )=l S ) 72+ p(XoZoo)
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2. If Yo, exists and p(XoYoo) < 72, then I —y 72X Y, is nonsingular on [0, 77,
Yoo (I — 772X Yo)71(0) = 0, and from (8.6.1) we get

IT—~72X .Yy
iy | 170 T
I — 72XOOYOO = _
= [ 7 Vi, } (A =Yoo (CLCy —y201Ch))
A [ IT-AX Ve
dt Yo ’

It now follows from Problem 8.3 that Z, = Yoo (I -7 2X,Yso) ! is a solution
to (8.2.15).

Solution 8.5. A direct application of the composition formula for LFTs (see
Lemma 4.1.2) gives

A _ A+ ByDgCy ByClye
PE = BrCs Ag

[ Bi + By Dg Dy }

Brx = By Dy,

and

AGK _ |: A —+ ")/72B1B1Xoo + BQDK(CQ —+ ’}/72D21B1X00) BQCK

B (Co+ 72Dy Bi X ) Ax

B _ Bi+ BaDg Doy
oK B Doy '

It is now easy to see that

0 0
[AGK—)\I BGK ]Z[APK—)\I Bpk } 0 I 0
0 I

Solution 8.6.
1. Eliminating y and u from the five given equations yields
= AZL’*BQleL"\ﬁ*Bl’LU

(A — BQOl)ZU\ + Bl(CQZC +w — CQE)
= C’lx — Cli‘\

w Ry 8
I
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This means that .
t—2=(A-B1Cy)(z — 7).

It follows that (z —Z)(t) = 0 for all ¢, since 2(0) = 0 and & = 0. It also follows
that z(t) = 0.

In the same way, we eliminate y and u from the six given equations to obtain

T = Aac—BgCl/m\—l—Blw—i-Bg(u—u*)
j;‘\ = (A—3102—BgCl)§+Bl(C’2x+w)—I—Bg(u—u*)
i—-7 = (A—BCy)(z—17)
and
z = Cilx—2)+ (u—u")
w = Cy(zr—7)+w.

Hence T = z, w = w and z = u — uv*. Since u — u* = Uw, it follows that
z = Uw and the result is proved.

. Just choose a [|[U||o0 < 7 and assemble the corresponding controller.

. We need note two things. Firstly,

BN |

and secondly that all the internal ecancellations occur at \;(A — B1Cs) and
Ai(A — ByCh) (see Lemma 4.1.2). We can now select a stable U such that
[Ulloe <.

Solution 8.7.

1. Consider the diagram and observe that

B=K(I-GK) 'a

If 0 I
P= [ I G|’

then 7y(P,K) = K(I — GK)~! as required. (Alternatively, observe that

HEEAIRE
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A
15} «
G
ud y
K

A state-space realization for P is

A|l0 B
Pl oo I
cC|I 0
2. If
A P+PA +B_B.=0
and
AQ+QA_+C.C_ =0,
then
A P14 P 1A +P'B. B P1=0
and

A Q'+ A +Q ' ot =o.
Next, we see that the equation defining X, is given by

A0 A_ 0 B_ , , B
{0 A;]Xomtxoo[o A+]—XOO[B+][B B\ | X =0.

One nonnegative solution is clearly

[ —P~1 0
o[ 0]

To show that this solution is stabilizing, we observe that

A_+B_B Pl 0
B,B. P\ A,

AR
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with ReA;(A_) > 0, the solution is indeed stabilizing. A parallel set of argu-
ments may be developed for Y.

The smallest achievable value of 7 is determined by

Hence

Solution 8.8.

1.

Substitution into

gives

gl

2

> p(XooYoo)
= p(P7IQ7Y)
v
Amin(PQ) .

V(A) <v= 771 =V )\min(PQ)'

4. Direct substitution into the formulas of (8.3.11) gives

Ay,
Cr1
By
Zoo

A — BB' Xy, — Z.sC4Cs
—B'X

ZsoCh

(I =9 *YeXoo) VYoo

A X+ XA - XBB' X, =0

11

T w2 0 0 1 X2
T2 X3 0 1 X9 T3
2x1 — x% T+ 2x9 — T2x3

I

xr1 X2 :| [ r1T X2 :| |: 1
+
T2 T3 T2 T3 0

| *1+ 2wy — wox3  2(w2 + x3) — 3

Consider x3 = x5 and z; = 2x5. This gives

|

4wy — 23 dxo — 23
dwg — 23 dxo — 23
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and therefore xo = 0 or x5 = 4. It is clear that X, = 0 is not stabilizing,

while o = 4 gives
2 1
Xoo = 4 [ 21 ] ,
which is both positive definite and stabilizing. A parallel set of arguments
leads to
11
i 1]

2. To find the optimal value of ~y, we solve the equation

Vopr = P(XooYoo)
- w(]35])

The eigenvalues of { g ;1 } are given by the roots of A> —6X + 1 = 0. That

is

\ 6 /36 — 4
o 2
= 3422

Thus

Yopt = 41/ 3 +2v/2.

Solution 8.9.

1. This requires the facts

F <[ "¢ ] ,K) — GK(I - GK)™"

|

2. (A, Bs, C5) stabilizable and detectable requires (4, B, C) stabilizable and de-
tectable.

and

G
G

~ O

Alo B
}é Clo D
C|I D

|: A—jw] BQ

o D1y ] full column rank
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requires A — BD~1C — jwI full rank, since
A—jwl B 1 0]l [A-BD'C—-jwl B
C D -D7Cc 1|~ 0 D |’
Finally

[ 4 _Cjwl 5211 } full row rank
requires A — jwl full rank.

3. After scaling we get
Al0 BD™!
P | Clo 1T ,
Cc|I 1

and then direct substitution yields:

0 = (A-BD'O)X+X(A-BD'C)=X(BD™)BD 'YX
0 = AY+YA -YC'CY.

4. Substituting into the general H ., synthesis Riccati equations gives

0 = (A-=BD'C)Xo + Xoo(A=BD'C) — Xoo(BD™H(BD™ 1) X4
0 = AVo + YA — (1 =7 %)Y C'CY.

Comparing terms with the LQG equations now yields X, = X and Y, =
(1—~72)71Y.

5. When G is stable, K = 0'is a stabilizing controller, in which case vy, = 0.

6. When G has a right-half-plane pole, Y # 0. Hence v > 1 is necessary (and
sufficient) toensure that Y., exists and Y, > 0. The spectral radius condition

gives
7> p(XeoYeo)
= (1-97%)""p(XY)
= 42 1+ p(XY)

>
=7 > /1+p(XY).
Since /14 p(XY) > 1 for any X and Y, we see that all the conditions are

satisfied for any v > /1 4+ p(XY') and we conclude that v, = /1 + p(XY).

7. Immediate from the above result, since in this case X = 0. Note that as v | 1,
Y. becomes unbounded—this needs to be dealt with carefully.
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Solution 8.10.

1. This follows from

(I-GK)™?!' = I+GK(I-GK)!
(I G
- #([1 ¢ x)
and
I G s A0 B
I ¢ l|= cC|I D |.
cC|I D

2. We will prove this from the equivalence of the following two diagrams.

P
R I P
Yy u u
K D
D—l
Yy
=0
u
§
D D
K
K

The second of these figures yields
w= D@ —g) and § =y — Du.
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Therefore
z = Axz+ Bu
z = Cr+w+ Du
y = Cr+4+w+ Du
becomes
& = Ax+BD Y(a— )

Az +BD (i — Cx — w)
(A-BD 'C)r — BD 'w+ BD ™4,

together with

z = Cr+w4+u—Cr—w

= a
g = Czr+w.

Hence

A—BD1IC ‘ —BD~-! BD!
0 I

C 1 0

Also,

K = I+DK(I-DK)"!
(I - DK)™*

(A; B2) stabilizable (A—BD™'C,BD™") stabilizable
(A, B) stabilizable.

(A— BD™'C,C) detectable

(

A, C) detectable.

=

=
(A4, Cy) detectable =
=

A—jwl Bsg
Ch Dy

A—-BD~ 1C jwl BD~™

[ } full column rank
= [ 7 } full column rank
= A-

BD 1C jwlI full rank.
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{ A —0ij DB;I ] full row rank
o 1/ - -1
= { A BDCC jol B;) } full row rank

= A — jwl full rank (take Schur complements).

4. By direct substitution into the general formulas we get

0 = (A-BD'O)X+X(A-BD'C)- X(BD " (BD')YX
0 = AY+YA -YC'CY.

5. Again, direct substitution into the general formulas yields

0 = (A-BD'0)Xo +Xoo(A=BD7'0)
—(1 =7 X (BDHYBD )X,
0 = AY + VoA — Y, C'CYrp.

Comparing terms yields Xoo = (1 — v 2)71X and ¥, = Y. It is easy to see
that these are the stabilizing solutions.

6. When G~ ! € RHMo, we have ReM;(A = BD'C) < 0 = X, = 0. This
together with p(XooYao) = o4 implies that v,,, = 0, offering one explana-
tion. Alternatively, if G™' € RHeoo, we can use an infinitely high, stabiliz-
ing feedback gain to reduce the sensitivity. This together with the fact that
limy 00 (I — kG)~! =0 provides a second explanation. (Remember G(00) is
nonsingular.)

7.
P(XoYo) = ’ngt
= (1= 750) 'p(XY) = 2y
= p(XY) = 42, —1 provided yop # 0

= Yopt = 1+ p(XY)

Solution 8.11.

1. The four given Riccati equations follow by substitution into their general
counterparts.
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2. Problem 3.23 implies that X is nonsingular if and only if —A is asymptotically
stable.

Suppose we add ~ .
AX' 4 XA - BBy =0
and 5 ~
—NT2AW =y 2WA +472B1B, =0
to get
AXTE 4 72W) + (X7~ y2W)A' — (Ba By — v 2B, B}) =0.

Now if p(XW) < +%, (X7t — 47 2W)~! exists, is nonnegative definite and
satisfies

0 = AI(X—I _ 'Y_QW)_l 4 (X—l _ 7—2w)—114
(X W) (ByBY -y 2By B )

Since
—(X T =y W) A (X =P W) = A= (BaBy—y T BB (X T =) T

this solution is stabilizing. We may therefore set X, = (X1 —472W)"1. A
parallel set of arguments leads to Yo, = (Y =1 — y72V) L

3. We know from the general theory that a stabilizing controller exists if and
only if Xoo > 0, Yoo > 0 and p(XeoYoo) < 72, Since X > 0 & X 1 > 0,
Yoo >0 Y >0and p(XYoo) <72 & Yot — 772X > 0, we can check
these three necessary and sufficient conditions via the positivity of

Y_l—'y_2V 7_11
i) =P Ty |

It is now easy to verify that

RO AL C RV R i S S e

This means that the smallest value of v for which a solution exists is the
largest value of  for which II(vy) is singular, or in other words the largest
VY + XY —-XW }

eigenvalue of [ XYy XW
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w
v )
U
we conclude that the generalized plant for this problem is given by

120]-[13] 151)[1:))

(¢ 1] @ u
It follows from the diagram in the question that

Solution 8.12.

1. Since

y:[G 1 G]

y = v+GKy+ Gu
=>y=(I—GK)_1[GI][15]-
Similarly,
u = K@+ Guw+ Gu)

—u = KI-GK)'[G I}H].
Combining these equations yields
Yy | _ I _ -1 w
[u]_[K](z GK)'[ G 1][@]_
Substituting G = C(sl — A)~1B yields the realization of this generalized

plant:
0 B
1 0
0 I
1 0

A |[B
L[S0

c |lo
o o)) -0 k]

Therefore | F¢(P, K)(c0)| > 1, which shows that || F¢(P, K)|lc > 1. We also
see that | Fe(P, K)|l2 = oo, since F;(P, K) is not strictly proper.
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. =~ I
Step 1: Since ||D11|| =1, Dig = { 0 ] and
IDyDull = [I[1 0]

we set F' = 0 because the norm of Dy cannot be reduce further (by feedback).

Step 2: From the definition of © in (4.6.5) we get

_ [0y
Ou = 0 0 }
o, - [7A-y 0
12 0 NI
0. — [ —~~1T 0
n =0 ey
0 0
O = R 0]

Now
B1©; = [ B 0][70 0}_0.

Next, we observe that

(I —©2D11)" ! =

(I — D11©g)" ! =

which results in

= A, since B =0
= Bi(I—©2D11) 'Oy

I 0 —y1r 0
[ & 0][0 1}y2I:||: 0 1 =72
[—'B 0]
B2 = BQ = B since B1 =0.

A
B




112

i spnsige bt
= 0’
& controlengineers.ir]
© @controlengineers

SOLUTIONS TO PROBLEMS IN CHAPTER 8

In much the same way:

~

Gy

= O12(I — D1;02)7Cy

[ ]

1

vt C
0
Cy + D21©2s(I — D11092) 'Oy

o ] [

—2
~y—=C
= C+
1—7—2
1
1_7_20.

The whole point of the construction is to ensure ﬁu = 0. It only remains for
us to evaluate the remaining partitions of the D matrix.

Dy,

Dy,

Das

O12(I — D11022) ' D1

=[N ¢l

0o I
0
v

Doy (I — O9D11) 109y

I 0 —y7r 0
0 I
[ ] [0 1£2I} { 0o ! 1—7_21]
ERv=ri
1—y—2
Dag + D21O95(I — D11023) ' Doy

ol L]

0

')

Combining these results now yields:

A |—y'B 0 B
\/17’;20 0 0 0
s -7~
- 0 0 0 Y
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Since || Fo(P,K)|oo < v < |Fo(P,K)|os < 7%, we can rescale P so that
|Fe(P, K)o <7y with

A |-B 0 B
1
P ——C| 0 0 0
B 0 0 0 I
1 1
—=C | 0 —o==T 0

A |-B 0 B
R ——C[0 0 0
S -7~
P = 0 o o0 I
L_cCc|l o0 -I 0
1—vy—2

4. Since (A, Cy) must be detectable, we require (A, C') detectable. To establish
that this condition suffices for one of the imaginary axis conditions we argue

as follows:
ij - A B2 wq 0
Ch Dq» wa B
jwl—A B
L_C 0 w1
= 12 ws = 0
0 I
< we = 0 and [ ]wIC—A } w; = 0

It is clear that the second condition is equivalent to (A, C) having no unob-
servable modes on the imaginary axis and this is implied by the detectability of
(A, C). A dual argument may be used to establish the required stabilizability
of (4, B).

Note that there is no cross coupling in the generalized plant P. Tt is immediate
that the X, and Y., Riccati equations are as stated in the question.
5. The generalized plant for this problem is given by

1S o 9T L]

Y (G I] @G u

<
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The realization of this generalized plant is

SBUEIIIE

Substituting into the general formulas now gives

AX+XA—-XBB'X+C'C
AY +YA - YC'CY + BB’

6. Substituting X, = (1 —~7~2)71X into the X, Riccati equation gives
AX+XA-XBBX+C'C=0

which shows that X, = (1 — v~ 2)7'X is indeed a solution. If A — BB'X is
stable, then so is A — BB'(1 —v72)X .. It is clear that X, > 0 for all v > 1.
The fact that Yoo =Y is trivial.

The spectral radius condition gives:

7?2 p(XeY)
(1-772)7"p(XY)
=7 > V1+p(XY).

Hence v > /1 + p(XY) implies that all the conditions are met and we con-

clude that vopr = /1 + p(XY).

7. Substitution into the various definitions in the text gives:

F, = BXo=01-77)""BX
1
Cop = —F——m
1—~2
Zoo = (I—7"*YooXoo) Voo =721 =7y HWw Y.

From (8.3.11) we obtain the central controller K = (Ag, Bi1,Cy1) for the
scaled system P:

Bri = Z,Ch =+*V1—y2W v’
Cni = —(1—-~2)"'B'X

1 1
A, = A+~ 2BB'X,, —BB'X. —

Zoo o’ C
VI-772 J1—572

= A-BB'X-~y*W-lvc'cC.
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. . : To 1
Recalling the Dsp-scaling, which means K = \/TﬁK , we set,

K=+1- ’y*?f(\
by multiplying By1 by /1 —~~2. This gives the controller

T = (A-BB'X-*WlYC'O)i+(»-1)W Yy
= —(1-~y"3)"'B'Xz
Defining 7 = (1 — y~2)717 yields
T = (A-BBX-WlYC'C)F+ Wy Cly
-B'X7.
Finally, multiplying by W yields

Wz = (W(A-BB'X)—~yYC'Q)T ++°YC"
u = —B'Xz,

which is the desired controller.

Notice that for suboptimal v, W is nonsingular and we have

T = AT+ Bu+y*WWC'(y-C7)
—-B'X7,

which is an observer and state-estimate feedback. The LQG optimal controller
for the problem in Part 5 is

i\LQG = A/.T\LQG + Bu + YC/(y — CEL'\LQG)
u = —B/X/:L’\LQg.

The Ho, controller therefore uses a different observer gain matrix, but the

same feedback gain matrix.
s | 01
g - 1 9

we obtain X = 1 and Y = 1. Therefore v,,; = /1 + p(XY) = /2.

Setting k = —1 gives a closed-loop transfer function matrix of
1 1 _ 1 1
{k}(l—gk) (g 1]_{_1]8+1[1s]

_ 1 1 s
Tos+1| -1 —s |

8. Using



y
& controlengineers.irj
© @controlengineers

116 SOLUTIONS TO PROBLEMS IN CHAPTER 8
The singular values of this matrix are the square roots of the eigenvalues of
1 1 jw 1 1 -11 | 1 -1
jw4+1| -1 —jw | —jw+1| —jw jw | | -1 1 |’

_11 _11 ] has eigenvalues 2 and 0, and so o1 = V2 and o5 = 0.

Now {

(It is instructive to examine the general controller formula for this case. We
have X = 1 and Y = 1, so W = ~% — 2. Substitution into the controller

formulas give
2
u=— 7 Y.
(7 =D+ 202~ 1)

For 2 = 2, this gives the optimal controller u = —y. The LQG controller is
1

_s+2')

Solution 8.13. We show how the optimal controllers given in Examples 8.4 and
2.4.2 may be obtained using The Robust Control Toolbox and Matlab, version 4.0.!
Note that Chiang and Safonov, authors of the Robust Control Toolbox [35], consider
the synthesis problem ||y~ 1 F;(P, K)o <1.

Servomechanism of Section 8.4:

>> J1=1;

>> J2=2;

>> D1=.01;

>> D2=.02;

>> K=30;

>> A=[-D1/J1,0,-K/J1;0,-D2/J2,K/J2;1,-1,0];
>> B=[40/J1;0;0];

>> ¢=[0,1,0];

>> D=0;

>> B1=[B, zeros(3,1)];

>> B2=-B;

>> Cl=[zeros(1,3);C];

>> C2=C;

>> D11=[1,0;D,1];

>> D12=[-1;D];

>> D21=[D,1];

>> D22=-D;

>> genplant=mksys(A,B1,B2,C1,C2,D11,D12,D21,D22, tss’);

IMATLAB is a registered trademark of The MathWorks, Inc.
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>> GOPT=[1;2];
>> aux=[le-12,1/4,1/3];

>> [gopt,ss_cp,ss_cl]=hinfopt(genplant,GOPT,aux) ;

<< H-Infinity Optimal Control Synthesis

Information about H., optimization displayed.

>> 1/gopt
ans =
3.8856

>> [Ak,Bk,Ck,Dk]=branch(ss_cp);
>> [NUMk,DENk]=ss2tf (Ak,Bk,Ck,Dk)

NUMk =

3.6283 6.8528 88.0362

DENk =

1.0000 25.3218 343.0775
Example 2.4.2:

Additive robustness problem

>> num=1;
>> den=[1,-2,1];
>> [A,B,C,D]=tf2ss(num,den) ;

y
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>> genplant=mksys(A,zeros(2,1),B,zeros(1,2),C,0,1,1,0,’tss’);

>> gamopt=4*sqrt (3+2*sqrt(2))
gamopt. =
9.6569

>> aux=[1e-12,1/9,1/10];
>> GOPT=1;

>> [gopt,ss_cp,ss_cl]=hinfopt (genplant,GOPT,aux) ;
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<< H-Infinity Optimal Control Synthesis >>

Information about H., optimization displayed.

>> 1/gopt

9.6569

>> [Ak,Bk,Ck,Dk]=branch(ss_cp) ;
>> [NUMk,DENk]=ss2tf (Ak,Bk,Ck,Dk)

NUMk =

-9.6569 4.0000

DENk =

1.0000 4.4142

The combined additive/multiplicative problem

>> num=1; den=[1,-2,1];

>> [A,B,C,D]=tf2ss(num,den);

>> Z12=zeros(1,2);

>> Z21=zeros(2,1);

>> genplant=mksys(4,Z21,B,[C;Z12],C,Z21,[D;1/10]1,1,D,’tss’);
>> GOPT=[1;2];

>> aux=[1e-12,1/2,1/3];

>> [gopt,ss_cp,ss_cl]=hinfopt(genplant,GOPT,aux) ;

<< H-Infinity Optimal Control Synthesis >>

Information about H., optimization displayed.

>>1/gopt
ans =

2.3818
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>> [Ak,Bk,Ck,Dk]=branch(ss_cp);
>> [NUMk,DENk]=ss2tf (Ak,Bk,Ck,Dk)

NUMk =

-23.8181 4.8560

DENk =

1.0000 6.9049

Solution 8.14. Suppose

A| B B
P=| Oy | Dy D
Co | Do Dao

Since (A, Bs) is stabilizable, there exists an F' such that the eigenvalues of A — By F
are not on the imaginary axis. Similarly, since (A, C2) is detectable, there exists an
H such that the eigenvalues of A — HCy are not on the imaginary axis.

Now consider the dilated plant

A L[ B; eH] By

S Cl D11 0 D12
iz ()| [0 0] [ %)

C [ Doy el | Dy

Firstly, we show that

A— jWI B2
rank 4 Dy | =m+n
eF el
for any € # 0.
This follows since

I 0 —e'By A—jwl By A—ByF —jwl 0
0 I 7671D12 Cy D1o = C1 — Do F 0
0 0 I eF el el el

in which A — BsF may be chosen with no eigenvalues on the imaginary axis.
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A parallel argument proves that

A—jwl By €H
CQ Dgl 6[

rank =q+n.

To prove the first direction suppose we select K such that Fy(P,, K) is inter-
nally stable and such that ||F;(P,, K)|lcc < 7. Since the dilation process has no
effect on internal stability, F;(P,, K) is stable. In addition, ||F¢(P, K)|lcc < 7y
since removing the dilation must be norm non-increasing.

Conversely, if K is stabilizing and satisfies || F¢(P, K)| oo < 7, the closed loop
mapping from w to [ ' o/ ]/ has finite norm. Thus there exists an € > 0 such
that || F¢(Pg, K)o < 7-
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Solutions to Problems in
Chapter 9

Solution 9.1.
1. Let C have SVD C' = U;XV}*, in which

2[201 8} det (1) £0.

Then BB* = C*C = V1 %2V, so B has SVD

_ VTR ’_-Zl 0
B=ViSU5, 2= o]'

(2 has fewer columns and X.) Therefore,

B = ViXUU, Ui ]
= —C'UJo
in which
U= —ol, [ [{)2 ] .

2. The point here is that C' is no longer assumed to have at least as many rows
as B has columns. To overcome this, augment C' with zero rows:

e-[5].

with the number of zero rows of C' chosen so that C has at least as many
rows as B has columns. Therefore, there exists a U such that U*U = 21 and
0B + C*U = 0. Partition U conformably with C"

U:[g]

121



& controlengineers.ir]
© @controlengineers

’

122 SOLUTIONS TO PROBLEMS IN CHAPTER 9

Then U*U = o2] — UsUy < 2] and oB + C*U = 0. Furthermore, U has
SVD 3
U=[adl 0](U/o),

so the singular values of U are either o or zero.

Solution 9.2. In order for

to be the controllability /observability gramian of the combined system, we require
that As; and Ao satisfy

A1222 + 2114’21 + BlBé

1A + A’2122 + 0102 = 0.
Hence
ApYs 4+ 2 AL S + BBy = 0
Y1A + 51 AL S £ 5,01C, = 0,
giving
Y2A1p — A1p¥5 + X010 — B1ByY, = 0, (9.1)

which has a unique solution A;5 provided that no eigenvalue of ¥, is also an eigen-
value of Y. This is a standard result from the theory of linear matrix equations.
To prove it, let

¥ 3,C{Cy — B1By%, ] [ Wi ] _ [ i }E% 9.2)

0 52 Va Vs

in which [ vi vy ]’ has full column rank. (This can be obtained from an eigen-
value decomposition.) Provided V5 is nonsingular, it is easy to check that Ajy =
V1V2_1 is a solution to (9.1). To show that V3 is nonsingular, suppose that Vaox = 0.
Multiplying (9.2) by x, we see that Vo¥2x = 0 and we conclude that there exists
a y such that Voy = 0 and X3y = o%y. Now multiplying (9.2) by y we obtain
Y2y = 0?Vyy. Since X1 and Yo have no eigenvalues in common, we conclude that
Viy = 0. Thus [ Vi v }/y = 0, which implies y = 0 and we conclude that V5 is
nonsingular. Conversely, if A1y is a solution to (9.1), then V; = A5 and Vo =1 is
a solution to (9.2). Thus, V1, V3 satisfy (9.2) if and only if

Vi | | A2
[VQ}_[ ] }vg det Vs # 0.
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Since the eigenvalue decomposition ensures that we can always find a V3 and V5 to
satisfy (9.2), we conclude that Ajs = V1V2_1 exists and is unique.
The matrix As; may be similarly obtained as the unique solution to the linear
equation
A YT — $3As1 + BoBiY) — £2C4C; = 0.

Solution 9.3. Pick any w and let A = A(jw), B = B(jw) and C = C(jw).
Suppose Az = Az,  # 0. From o(A+ A*) + BB* = 0, we conclude that oz*z(\ +
A) + || B*z||? = 0. Since oz*x # 0, we have that (A + \) < 0. Equality cannot hold
(by assumption) and hence A is asymptotically stable. The bounded real lemma
says that ||C(sI — A)7!B|l« < 7 if and only if there exists a P > 0 such that

PA+ A*P +~72PBB*P+C*C =0

with A + v 2BB*P is asymptotically stable. If we hypothesize a solution of the
form P = pl and substitute for C*C and BB*, we see that P = ul is a solution
provided p satisfies the quadratic equation

o’ /v — i+ o =0.

The condition for a real solution is v > 2¢. In this case, both the solutions are
nonnegative. It remains to show that one of these solution is stabilizing (i.e., A +
y~2BB*u asymptotically stable). Assume that v > 20, let p; be the smaller of the
two solutions, and let ug be the larger of the two solutions. Note that both P = pq 1
and P = uol are solutions of the Riccati equation. Subtracting these two Riccati
equations and re-arranging terms yields

(p2 — 1) (A+y?BB*uy) + (A +~ 2BB*p11)* (2 — p1) + 7> (p2 — 11)*BB* = 0

and it follows that (A 4+ 2BB*u;) is asymptotically stable. Thus, for any v > 20,
there exists a stabilizing nonnegative definite solution to the bounded real lemma
Riccati equation and we conclude that ||C'(sI — A)™!B||s < v for any v > 20. In
particular; we have E(C’(jw)(jw] — A(jw))’lé(jw)) <~ for any v > 20. Since w
was arbitrary, we conclude that

sgpﬁ(é’(jw)(jw[ - fi(jw))*lé(jw)) < 2.

Solution 9.4. Since a > 0 and « # 1, the poles are obviously simple and located
at s = —a’ < 0. To see that the zeros lie between the poles, consider any term
t; = a'/(s+a') in the sum. As s moves out along the negative real axis, ¢; increases
monotonically from 1 (at s = 0) to co (at s = —a'); it then becomes negative and
decreases in magnitude to zero at s = —oo. Thus the function g,(s), which is
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continuous except at the poles, moves from —oo to 0o as s moves from pole to pole.
It must therefore have a zero between every pole. This accounts for the n — 1 zeros
and we conclude they are each simple and are located between each of the poles.

Considering the basic facts concerning Bode phase diagrams, we conclude from
the interlacing property that the phase of g,,(jw) always lies between 0° and —90°.
This means that g,, is positive real, and it is there the impedance function of a
passive circuit.

Solution 9.5. The balanced truncation reduced-order model is given by the re-
alization (L'’AM,L'B,CM, D), in which L’ is the matrix consisting of the first r
rows of T and M is the matrix consisting of the first r columns of 7%, in -which
T is as defined in Lemma 9.3.1. That is, T = £2U’R~, in which P = RR’ and
R'QR = UX?U’. We need to verify that L and M are given by the alternative
expressions stated in the problem.

Since P = RR' = UpSpUp, we sce that R = UPS%,. Thus

RQR (SRULURSEY (S5ULURSE)
(VU (VEU)

= UXU'.

Hence
T = X3U'R™!
S US, P UL (9.3)
- RUUSWVISEU,
= XTIVISEUL,

1 1
In the above, the fact that US™'V' = (S3U,LUpSE) ™" has been used. From the
partions of V' and X, it is now easily seen that L', the first » rows of T, is given by

_1 1
L' =%, 2V{S5U as required.

1
Now take the inverse of the formula (9.3) for 7" to give T = UPSI%UZ’%, and
from the partitions of U and X we see that M, the first 7 columns of T~!, is given
1

1 _1
by M =UpSpU Y, 2.
Solution 9.6.
1. Proof is identical to that of Lemma 9.3.1

2. From the (1, 1)-block of the observability gramian equation, we have

AIHElAH -1+ A/2122A21 + C’{C’l =0.
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Suppose A1z = Axz. Then
{L‘*Ell'(l)\|2 - 1) + LL'*( /21221421 + C{Cl)x =0.

Since ¥; > 0 and ¥ > 0, we conclude that either (a) |A\| < 1, or that (b)
Aoz =0, Chz = 0. If case (b) holds, we have

A11 A12 x — X
which implies that |A\| < 1 or = 0, since A is asymptotically stable. Thus

Aj12z = Az implies that |A\| < 1 or = 0, which means that A is asymptoti=
cally stable.

3. Follows by direct calculation. Let ¥ = e/ — A;;, so that A(@) = Aoy +
A1 @1 Aq,. The calculations required to show

A(0)S,A7(0) — Sy + B(O)B™(0) =0
are facilitated by the identities

A1222A112 = 21 — A1121A/11 y BlBi
= \1'21‘11* + Allzl‘I’* + \IlzlA,H — BlBi
and
A1121A/21 + A1222A/22 + BlBé - O
Similarly, the identities
A/2122A21 = 21 — A’11§]1A11 — C{Cl
= UN0+ AP+ YA - C1Cy
and
A/1121A12 + A/2122A22 + ClCé =0

may be used to establish

~

A" (0)2,A(0) — £, + C (H)C(8) = 0.

4. Since A is asymptotically stable and BB’ = I — AA’, B has full row rank.
Similarly, C' has full column rank. Therefore, by introducing unitary changes
of coordinates to the input and output spaces B and C may be written as

B=[B 0], cz{ﬂ

in which B and C are nonsingular. Now define D = —C’ “'A’'B and

-[4 3]
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A calculation shows that U'U = I, so U is orthogonal. We therefore have

B'(e7T — A)71C'C(e?°T — A)7'B
= B(e 1 - A 11 - AA)ST-A)'B
= B'(e 1 - A) (e 1 - A')(e°] - A)
+(e7T — ANA + A'(2°T — A))(ejgl - A)'B
= B'(I+(e1-A) A + AT - A)~")B.
By direct calculation, A’B + C'D =0 and D'D + B'B = I, we see that
(D+C(e1-A)'B)" (D+C(e’’T - A)7'B) = L.
Since B is nonsingular, it follows from U'U = I that that || D|| < 1. Hence
7(C(eT— A)B) = &(C(e’'T - A)B)
(D +C(e!’1=A)B - D)
(D +C(e’’T —A)B) + || D||
1+1=2.

5. Obvious from

AHElA’H — 21 —+ A1222A/12 + BlBi =
A/1121A11 — 21 + A12122A21 + C’{Cl =

6. Delete the states associated with o, to give Gy, with error E; = C(6) (e21—
141(9))_13(9)7 in which

om(AOYA" () — 1)
am (A (0)A(0) — 1)

Thus E(Ei) < 20,,. Now consider

1
é1 = [ 00 ] + A21m222m
1im

_ 1
0 D (ZI_AUWL) ! [ meAum Bim

in which Ai1m, A21m, A12m, Bim Cim and Xs,, come from the partitioning
that is associated with the truncation of the states associated with o,.

Now truncate this realization of é’l, incur an error bounded by 20,,—1 and
embed in a still larger system which is a balanced realization. Continue this
process until the desired r*"-order truncated model is sitting in the bottom-
right-hand corner. The final bound follows from the triangle inequality, to-
gether with the fact that the infinity norm of a submatrix can never exceed
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the norm of the matrix it forms part of. (Each step 4 incurs an augmented
error that is less than 20, ;; the error we are actually interested in is the
(2,2)-corner of the augmented error, which must also be less than 20, _;.

This proof generalizes that given in [5], which is limited to the case when the
o; deleted are each of unit multiplicity.

When the state(s) associated with one o; are truncated in discrete-time, the
actual error is strictly smaller that 20;, whereas in the continuous-time case,
equality holds. This effect is compounded as further states are removed. For
this reason, the discrete-time algorithm offers superior performance (and the
bound is correspondingly weaker) than its continuous-time counterpart.

Solution 9.7.

1. The dynamics are

1| | A A 7y B
)=l e ]

Replacing @9 with axs yields
T = (OLI - Agg)il(Agll‘l + Bgu)

Replacing zo in the dynamical equation for x; and in the output equation
yields the GSPA approximant.

2. Use the Schur decomposition

ol — A — [ I —Alg(aI—Azg)_l ] [ Oz[—;{\ 0 ]

0 I 0 al — Ags
y I 0
—(Oz[ — Agg)_lAgl I’

in which A\ = A — Alg(aI — Agg)_lAgl.

3. Problem 4.10 gives a formula for the realization of a system obtained via an ar-
bitrary linear fractional transformation of the complex variable. Substitution
into this formula gives the result. Alternatively, let

F(z)=G (O‘(z — 1)> =D+ C(z1 - A)~'B

z+1



y
& controlengineers.ir]
© @controlengineers

128 SOLUTIONS TO PROBLEMS IN CHAPTER 9

denote the discrete-time equivalent transfer function matrix. Now re-arrange

(01(;—11)[ — A)~1 as follows:

alz—-1) ! —1
= (z+1)(2(al = A) = (al + A))_1
= (al —A) (2] = (al + A)(al — AN (2 4+ 1),
(Note that al — A is nonsingular for o > 0, since A has no eigenvalue in the
closed-right-half plane.) Define A = (ol + A)(al — A)~! and note that

(z+ 1) =21 — A+2a(al — A)7L,

from which we see that

(04(21—11)1 - A) = (al — A~ 4 2a(al — A) " (2l — A) " al — A)7.

Therefore, we have that
= (al +A)(al — A7 = (al — A)"Hal + A)
= V2a(al —A)™'B

= \/2aC(aIfA)71
= D+C(al —A) B,

b‘ (@Y &: Y

is the realization of F(z).

‘We now show that this realization is a balanced discrete-time realization. Sup-
pose X is the controllability/observability gramian of the balanced realization
(A, B,C, D). Then

ATA=5+C'C
= (o —A) ' ((af + A)S(ad + A) — (af — A)S(al — A)
+2aC'C)(al — A)~!
= 2a(al — AN (SA+ AT+ C'C)(ad — A~
= 0.
Similarly, we have o o
AYA'— ¥+ BB’ =0.

It remains to show that A has all its eigenvalues inside the unit circle—there

are several ways of doing this. One possibility is to suppose that Az = Mz

and show that this implies Ax = a()\t_ll)x. Since A is asymptotically stable,
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ea&)‘_‘fll) < 0 and we conclude from this that |A| < 1. An

alternative is to suppose that Az = Az and use the discrete-time observability
gramian equation to obtain

we must have R,

z*Yz(A? = 1) +||Cz| = 0.

Since ¥ > 0, this shows that either: (a) |A| < 1 or (b) Cz = 0. If case (b)

holds, we see that Az = a(/\’\ﬂl)
(A, C’) is observable.

z and Cz = 0, which implies x = 0 because

. Use the Schur decomposition

I —Ajpp(al — Agp)~t ] [ ol — A 0 ]

al —A = [0 7

« 1 0
—(QI—A22)71A21 I

to obtain

(af - A)! = [ (aI—A;)_lAm H [ (ol — A)~1 0o }

% I Alg(al — Agg)_l
0 1

It is now easy to see that

=
I

(al + A)(al — A)~!
By = V2a(al - A)7'B
Cy' = V2aC(al — A)7!
D = D+C(al—A)!

which shows that (/111, By, C1, D) is indeed the discrete-time equivalent of the
GSPA approximant.

. For oo = 00, the GSPA approximant is the balanced truncation approximant.
For @ = 0, the GSPA approximant is the SPA approximant. Both these
algorithms have already been shown to preserve stability and to satisfy the
twice-the-sum-of-the-tail error bound. For the case 0 < o < 0o, we use the
discrete-time balanced truncation results of Problem 9.6 and the facts proved
in this problem. Since Ay has all its eigenvalues inside the unit circle, A
has all its eigenvalues in the open-left-half plane, and since the unit circle is
mapped to the imaginary axis by s = a(zi_ll), the unit circle infinity norm
bound for the discrete-time truncation provides and infinity norm bound for
the GSPA algorithm.




130

& controlengineers.ir]
© @controlengineers

;

SOLUTIONS TO PROBLEMS IN CHAPTER 9

As a final remark, we not that a = 0 gives exact matching at steady-state
(s =0), a = 0o gives exact matching at infinite frequency. For a between 0
and oo, exact matching occurs at the point s = a on the positive real axis.
Varying « can be used to adjust the emphasis the reduction procedure gives
to high and low frequencies. A low value of o emphasizes low frequencies and
a high value of a emphasizes high frequencies.
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Solution 10.1.

1. Let w € H, and z = Fw. Then z is analytic in R.(s) < 0'and
2 1
)z = z(jw) z(jw) dw

- L / F(je)" Fljw)w(je) dw

QL/:)O w(jw) w(jw) dw

< SEPE[F(J'W)] Y

= [IFl3sllawl3:

Hence z € H, .

By the Paley-Wiener theorem, FLo(—00,0] C La(—00,0], which, since F is
time-invariant, implies that F' is anticausal.

2. Suppose G = G4+ +G_ with G4 € RHo and G- € RH_, (conceptually, this
may be done by considering partial fraction expansions of the entries of G,
or alternatively we may use the state-space algorithm below). By the Paley-
Wiener theorem, the inverse Laplace transform of G4 is a function G4 (t)
that is zero for ¢ < 0 and the inverse Laplace transform of G_ is a function
G- (t) that is zero for ¢ > 0. Hence the system G, which is represented by the

convolution -
= / G(t — m)u(r)dr

Yu(T )dT+/ G_(t —T)u(r)dr

may be decomposed as

[
\
Q
+
T
\]

y(t)

|
\
Q
+
T
\]

Ju(T )dT+/t G_(t — T)u(r)dr,

131
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which is a causal/anticausal decomposition.

The converse follows similarly by using the Paley-Wiener theorem.

3. Start with a realization (A, B, C, D) of G. Produce, via an eigenvalue decom-
position for example, a realization of the form

A_ 0 0 B_
A = 0 A, 0|, B=|B,

0 0 Ao BO
c = [Cc ¢ G

in which Re[A(A_)] > 0, Re[A(A4)] < 0, Re[A(Ag)] = 0. The assumption
G € RL., implies that Co(s] — Ag) "t By = 0. Therefore, (Ay, B,,Cy,D) is
a realization for the stable or causal part and G and (A-,B_,C_,0) is a
realization for the antistable or anticausal part G_.

Solution 10.2. Sufficiency follows from Theorem 3.2.1, or by direct calculation
as follows:

GG = D'D+D'C(sI—-A)"'B+B'(—sl —A)'C'D
+B'(—sI — A)~'C'C(sT — A)"'B
= I+ B'(sI —A) ' (-Q(s[ = A) = (=sI - A)Q+C'C)(s] — A)"'B
= I

Conversely, suppose G~G =1I. Since G is square, this implies that G~ = G™.
Now G™ has realization

i | —A 70/
G :|:B/ D/];

which is easily seen to be minimal. Also,

G =

A—BD-'C | BD™!
—p-ic | p |’

which is also minimal. From G~ = G~ ! and the uniqueness of minimal realizations,
we conclude that D’ = D! and that there exists a nonsingular matrix Q such that

B'Q = -D7'C
—-Q7'4'Q = A-BDlC.

Elementary manipulations now yield the desired equations.
Let P = Q' and note that

AP+ PA'+ BB =0.
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Therefore P is the controllability gramian of G. If G is stable, the Hankel singular
values of G are given by \;(PQ) = 1 for all . This means that approximating
a stable allpass system is a fruitless exercise—one can never do better than ap-
proximating it by the zero system, since this gives an infinity norm error of one.

Solution 10.3.

S Ae Be

[ I

s 1 A M
Ve & = [t
s 1
Wa = |: A M :|a
VOr+1 Ca 0
in which
M= 0
=1

with [ being the multiplicity of o;,41.

- s 1 [—aAle ][ AlM
B & o [ e o
o[ =AL el ] o
2 0 A |M]|. (10.1)
VOl |"ZBl DIC, | 0

Now from (10.3.4) and (10.3.5), we have
AQ{%}+{§,]A+C§@ =0

D;Oa+Bé{]C\?/] =0

in which N"= [ —E{ 0 |. Also, from (10.4.2),

[ ]

Applying the state transformation
%]
1

0
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to the realization in (10.1), we see that

_A/ M
EEW, £ /o e 0
0
| M
0

—B,

— A’
= ,/O'T_;’_l |:—_Bl
= —o, Bl (sI+A) M
= 0r41Va(=9)

»

The dual identity E,(s)V .(—s) = 0,41 W ,(s) follows using as similar approach.

Solution 10.4. Let ¢ € RH_(r) satisfy [|g — qllcc = 0rs1. (Such a g ex-
ists by Theorem 10.4.2.) By Lemma 10.4.3 we have that (g — q)(s)v,+1(—s) =
Orr1wry1(s). Hence

Solution 10.5.

1. See Theorem A.4.4; by Lemma A:4.5, the T';;’s have realization

A—ByF HC, H B

Ty1 Tio s 0 A—HCy, | By — H 0
[ Ty O ] | C.-F Ch 0 I
0 s I 0

2. The assumption that A — BoC; and A — B1Cs have no eigenvalues on the
imaginary axis is necessary and sufficient for the existence of stabilizing so-
lutions X and Y to the given Riccati equations (see Chapter 5). That is,
A — BQCl - BQBéX = A- BQF and A — 3102 — YCéCQ = A - HCQ are
asymptotically stable. Now T'15 has realization

7.2 [ A=BsF | B
L=\T o= F | T |-

Obviously, T19 is square. Elementary algebra shows that

X(A—=ByF) 4 (A= ByF)X +(C, —F)(C, —F) = 0
(CL—F)+B,X = 0

and we conclude that T75T 15 = I from Theorem 3.2.1. The assertion that
T'5; is square and allpass may be established similarly.
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Since T'15 and T'5; are square and allpass, we have

[Fe(P, K)o = [[T11 +T12QT 2100

= || T7(T11 +T12QT21)T5 ||
|T12T1 T3 + Qllos

R+ Qloo-

3. Note that
[IR+Qll = R +Q7 |
= [(B7)++(R7)-+Q7)[lw

Now (R™); € RHoo and ((R™)- + Q) is an arbitrary element of RH__, so
by Nehari’s theorem the infimal norm is indeed the Hankel norm of (R™)..

We now compute a realization of R. Since

A-B,F  HC, H
T, = 0 A—HCy | By =H |,
C1—F Cy |0
we have
[ A—B,F  HGCy H oA -
T, Ty = 0 A-— HCJBl - H { Eg fif)%) 1{12
| G- F Ci [0 !
[ A—BsF  HC, H(B, — H) H
B 0 A—HC, (Bi—H)(B—-H)|B -H
B 0 0 —(A—HCy) —C
| CL—F C 0 0
[ A—B,F  HC, 0 H
- 0 0 —(A—HCy) | -C},
| G- F C1 Gy |0
[ A— ByF 0 H
£ 0 —(A-HCy)' | -C
Ci1—F 1Y | 0

In the above calculation, we made use of the state transformation

I 0
0 I
0 0

~ <o
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the identity By — H+Y C} = 0 and the identity (A— HC2)Y +Y (A— HCy)' +
(B — H)(By — H)' = 0.

R = T},T.,T3

. ) v [ A-BF 0 H
s (A_BE,gZF) G 7 F) 0 —(A—HGCy)' | —C
2 C,—F 1Y | 0
—(A—=ByF) (C1—F)(C1—F) (Ci—F)YCiY | 0
s 0 A— BoF 0 H
- 0 0 —(A—HCy) | -C}
i —Bj Ci1—F C1Y | 0
—(A — ByF) 0 (Ci —F)CY | XH
s 0 A—ByF 0 H
- 0 0 —(A—HGC,) | <}
I —B} 0 Y | 0
[ —(A—ByF) (Ci—F)CiY | XH
= 0 —(A-HGCy) | -C}
i —Bj Y | 0
Thus
A— ByF 0 By
R™Z | YC|(C1=F) A—HC, | -YC]
H'X -C, | O

Since A — BoF and A — HC; are asymptotically stable, R~ € RH o, so we
may take (R”), = R"™.

4. Use Theorem 10.4.6 to obtain all optimal Nehari extensions of R~. This will
have the linear fractional form —Q~ = F¢(Q, ,U"), in which Q7 constructed
from R~ following the steps in Section 10.4.1 and U~ € RH_, [|[U||e <
|R™| %" Thus Q = F4(—Q,,U), in which U € RHo and |U || < [R5
From the parametrization of all stabilizing controllers, we have

K Fi(Ks, Q)
= Fu(K, afé(_Qa’U))
= Fu(C(Ks,—Q,),U)
= Fu(K,,U)

in which K, = C¢(Ks, —Q,) is the composition of the two linear fractional
transformations K and —Q, and U € RH, with |U|» < [R5
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Solution 10.6.
1L IfGe RH_, has (strictly) fewer poles that G, then

G - éHoo =[G~ - a~||<>0 > omin[G™] = €o.

Conversely, if € > €, let G be the optimal Hankel norm approximant to G™
of degree n — [, in which n is the degree of G™ and [ is the multiplicity of
Omin|G™)- Then G eRH_,s0G ¢ RHso is of strictly lower degree than
G and |G — Glloo = €0 < e.

Now suppose that € > ¢, let G be the optimal Hankel norm approximant as
discussed above and consider the family of plants

00

~ oM
Then
~ oM
Al = ||G—G+W||oo
oM
< |G- Glloo+||( )ll\oo
< e+ oM
< €

Furthermore, for and § > 0, G + 7 ) has n — [ + [ = n unstable poles, the
same number as G.

Suppose, to obtain a contradiction, that K stabilizes the familily of plants
G + A as given above. For § # 0, G + A has n unstable poles. Since K
stabilizes G + A, the Nyquist diagram of det(/ — (G + A)K (s)) must make
n + k encirclements of the origin as s traverses the Nyquist contour, in which
k is the number of right-half-plane poles of K. Since K must also stabilize
G, the Nyquist diagram of det (I- GK (s)) must make n— [+ k encirclements

of the origin as s traverses the Nyquist contour, since G has only n — [ right-
half-plane poles. But the Nyquist diagram of det (I -GK (s)) is a continuous
function of §, and therefore there exists a dp such that the Nyquist diagram

of det (I — (G + (50M) )K (s)) crosses the origin. This plant is therefore not

stabilized by K. We conclude that no controller can stabilize the the familily
of plants G + A as given above.

2. Write G = G4+ + G_. Then
KI-GK)' = KI+G.K)'I-(GL+G_)K(I+G,K) """
= K[[+G.K— (G, +G_)K]|!
= KI-G_K)!
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Note that
I K1 [ I o r -K\[1 o 77
-G I | | -Gy I -G_ I 0 I+G4K ’
and that [ + G, K = (I — G, K)™L.
Suppose K stabilizes G_. Define K = f(\(l + GJj(\)‘l and note that

I -k 10 I K] T o
[—G I ] _[o 1+G+EH—G_ I } {G+ 1]
The last two matrices on the right-hand side of this identity are in H ., since
G, € Ho and K stabilizes G_. The only poles that I+ G+E can have in the
right-half plane are the right-half-plane poles of ?, which must be cancelled
I K]
-G_ I
in RH, which means that K stabilizes G. Conversely, suppose K stabilizes
G. Define K = K(I — G, K)~! and note that

A R | N

Arguing as before, we conclude that K stabilizes G_.
Hence inf ¢ | K (1 — GK [l =inf IK(I - G_K) oo = 1/omm[G7].

by the zeros of [ . Hence the matrix on the left-hand side is

Thus the optimal (maximum) stability margin for additive uncertainties is
Omin|G~], which means that the easier the unstable part is to approximate,
the harder it is to robustly stablize. This counter-intuitive result stems from
the requirement of the additive robustness theorem that all the (G + A)’s
must have the same number of unstable poles. If the unstable part is easy
to approximate, there is a system that is close to G that has fewer unstable

poles. Thus, we cannot allow very large ||A||oo-

Comparing K(I — GK)_l with ./T"g(P,K) =P+ P12K(I— PQQK)_lpgl,
we see that P11 =0, P15 =1, P31 = I and Py, = G. Hence we need

Pyi Pyo B 0 I
Py Py n I G

A0 B
010 I
c|I 0

[l

We can assume that G(oco) = 0, without loss of generality; the system G can
be replaced by G — G(o0) by using the controller K = K(I — G(c0)K) ™!,
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Before beginning the detailed analysis, we present a brief plausibility argu-
ment. If K is invertible,

KI-G.K)'=X& -G.)

Now let (/IEN)*1 be an (n — I)th order Hankel approximation of G~ so that

—~—1 ——1

K —G_ is allpass, completely unstable and with |K —G_||e = 0, (G7).

This means that K(I — G_K)~! will be stable and |[K(I — G_K) || =
1

on(GT)"

Assume, without loss of generality, that

A—[’%* jf_}, B—[gf], c=[c e ],

in which Re[A(AJ,_)] < 0 and Re[)\(A_)} > 0. Thus G+ = C+(SI — A+)71B+
and G_ = C_(sI — A_)"'B_. Hence G~ = —B’' (sl +A’)7'C" and the
controllability and observability gramians of this realization of G~ satisfy
~A Q. -Q_A_+C.C. =0
-P_ A" —A P +B_.B = 0.

Thus the Hankel singular values of GZ are equal to y/\;(Q—P-).

According to the solution of Problem 10.5, we need to find R™. To do this,
we need to find the stabilizing solutions to the Riccati equations

XA+ A'X ~XBB'X = 0
AY + YA —YCO'CY = 0,

which exist provided A has no eigenvalue on the imaginary axis. Assume now,
without loss of generality, that (A_, B_,C_) is minimal, so @_ and P_ are
nonsingular. Then A_ — B_B' P~' = —P_A’ P~', which is asymptotically
stable, and A_ — Q-'C".C_ = —Q-'A”_Q_, which is also asymptotically
stable. Therefore, the stabilizing solutions to the Riccati equations are

0 0 0 0
X:[o P:l}; Y:[o Qil}

The system R™ is therefore given by
A— BF 0 B
R £ 0 A—HC
H'X -C |0
A—BF | B
H'X 0

[[o
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in which F = B’X and H = Y('. Noting that
HX=C0YX=[0 C_Q'P '],

we eliminate the unobservable modes to obtain the realization

. . [ A -B. B P'|B
R™ = g
. cQept o
s | —PA Pt B
I eo Ry \ 0
s [ A | P'B
~ et o

The controllability and observability gramians of this realization are easily
seen to be P=! and Q~*' respectively. Hence

IR

Amax(P=1Q™Y)
1

Amin(Q—P—)
1
O-min(G:/) ’

Solution 10.7.
1. If the future input is zero, i.e., ux = 0 for k > 1, then the future output is

0
Yn = Z hn—rug, n=12...

k=—o0

oo
= Y hpgmlem,  n=12...
m=0

(o)
= Y hngmo1tm, n=1,2...
m=1

in which v,, = u1_, is the reflection of the past input. This may be written
as the semi-infinite vector equation

Y1 hi hs hs ... U1
Y2 ha hs hg ... Vo
Y3 = hg h4 h5 [N V3
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2. Note that
2m 2 1
= (0 — ) ei* dg y-rue —/ — k9 qp
27T 0 j( Tr)e 277/4; 0 27Tk;e

1o _ {(Q—W)ejko]o

1
k
Therefore, by Nehari’s theorem, ||[T'x|| < supge(g oq [7(6 — )| = 7. Hilbert’s

inequality is immediate, noting that v*Tyu < [|Tgll||v]|2llull2 < |v]2| 2.

3. This is a direct application of Nehari’s theorem. The idea is that ey =
2N=1(f — f) is an extension of the “tail” function ty.

Solution 10.8. That OC =T is obvious. To find the Hankel singular values, note
that

AI'T) = MC'O'0e)
— AMCClO'0)
= MPQ).

Alternatively, consider the equations T'v; = oyw; and IVw; = oyv;. If v =C' P,
then T'v = OCC'P~'zg = Oxy. And if w = Oxng, then I'w = C'O’'Ozy = C'Quxo.
Therefore I'Tv = o?w if Qzy = 02 P71y, from which we conclude that ¢? must
be an eigenvalue of PQ.

Solution 10.9.

1. Choosing r = n — 1 and v = 0, in the construction of the optimal allpass
embedding yields a Q, € RH of McMillan degree n — [, since no Hankel
singular value of G is strictly smaller than o, and exactly n — [ are strictly
larger than o,. Now |G, — Q,llcc = 0n, s0 set G equal to the (1,1)-block
of Q,. (We may also choose G by using any constant U in Theorem 10.4.5.
Hence ||G,a’ loo < on, and in fact equality must hold because o, is a lower
bound on the infinity norm error incurred in approximating G by a stable
system of degree less than or equal to n — 1.

2. Suppose, without loss of generality, that G is given by a balanced realization
(A, B, C, D) partitioned as
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with
A Ao
B
{Am Azz}’
- (o ol

Il
IS

Then é, the (1, 1)-block of Q,, is given by

~ ~

Gai1 = D + C’(SI — A)ilé
in which

= E; ' (07,4 +S1An S + 0,CiUBY)
= E;'(%1B1—0,1UCh)

= 0121 - Biar+1U

= D+o,U

T Q0 oo
|

in which UU’ < I and By = C4U. Direct caleulations show that the control-
lability gramian of this realization is 31 E Land the observability gramian of

this realization is ¥ F; and we conclude that the Hankel singular values of G
are the diagonal entries of .

Iteration and the triangle inequality show the result.

The optimal allpass embedding is constructed so that o, (G, —Q,,) is allpass.

Deleting the states corresponding to o,, from G, gives G, and an examination
of the equations (10.3.4) to (10.3.6) and (10.4.3) shows that corresponding
equations for the truncated error system can be obtained merely by truncating
the rows and columns associated with v = o,, from P, and Q. in (10.4.3), the
product of which remains o,,/. We conclude that o, 1(C~1’a —Q,) is allpass by
invoking Theorem 3.2.1.

To conclude the error bound, we note that

1Ga = Gallo < [1Ga— Qul + Q. — Gall
= op+0o, =20,.

Taking the (1,1)-block, we obtain the desired inequality |G — G|loe < 204.



y
& controlengineers.irj
© @controlengineers

Solutions to Problems in
Chapter 11

Solution 11.1. Consider

where

This gives
C
[0 B] [ D+ B-YAC } =0

Since B is nonsingular, D + B~'AC = 0. Because C is square and of full column
rank it must be nonsingular.

Solution 11.2. By direct computation

X1 X5 X1 X2

Xiy X3 Xo1 Xao

[ X1 X+ X5 X1 X1 X9 + X5, Xoo ]

X*X:[

XX + X5 X011 X{pXi2 + X35, X09
therefore

trace(X* X) = trace(X1;X11) + trace(X5; X21) + trace(X75X12) + trace( X35 Xa2).

inf

Since each term is nonnegative,
X1 X2
Xo2

X1 X2 _
9 X1 0 9

Xo1 Xao
= trace(X{;X11) + trace(X3; Xo1) + trace(X{5X12).
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Solution 11.3. Substituting for A and Eaa gives
= AY(Z7Y +Z'YA' + B, B,
(—A" = Z7HY Baa + CiqDaa) Boo)Y (Z71)
+Z7Y (= A = Baa(B},Y + D}yCaa)(Z271))
+ Z" (Y Bag + CliqDaa)(BlhyY + DlyyCoa)(Z71)
= —AY(©Z Y -ZWA-ZYWWBWB.,Y(Z'Y) +2Z71C ,Cau(Z71)
ZY=ZAY —YAZ —YBuBl,Y + Cl,Coa)(Z7)
= Z ' (-(YX-DAY - YAXY - ) +Y(AX + XA )Y - AY - YA)Z~!
0

Solution 11.4. From

Dyn D2 Dz 0 Dy Dy Dy o 0
D21 D22 D2z Doy 12 Dy Diy Di | _ T
D31 D3z Dszz D3y Diy Dyy D3z Dig
0 Di Dy 0 0 Dy, Diy 0
it follows that
DyaDiy + Dy3Dis = 0
=Dy Dy = _=Diy(Dyy).
In the same way, we may conclude from D!, D,, = I, that
Dy Doy + Dy D3y = 0
= DguDy,' = —(D3') Dy,
Solution 11.5. From the (1, 2)-partition of
oo [0 Y —z],[ Y -Z][A 0
B 0o A -7' XZ -7 XZ 0 A
c! ~
+ |: _57 :| |: Caa _Caa :| )

we conclude that

~

= AZ+ZA+C,Cu
= —ZYAZ+C,Caa)

I
Yy o
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which establishes the first part.
Substituting for Cyy, Cuq and By gives

A—BiDy!Cy = —Z7YA'Z+ CyCy + C4Cs — (Cy D2y + C4D34) D5, Cs)
= —Z7YA'Z+CLCs — CyDsu D5, Cy)
= —Z M (A'Z+C5(Cs + (D3)') Dy Ca)).

This proves the second part.
By direct calculation

Cs+ (D3' ) D5y, Cy = (D3') [ Dby Djy |

(D' [T 0 0 0]D,Caa
(D3)' [ 1 0 0 0]D4(CaaX A DauByy,)
= (D7Y([I 0 0 0](D,CouX +BY)
(
(

—

(
D3")([D};Cy + Dy Co]X + Dy C3X + BY)
Dyi)' (- BYX+B)

= (D_11)

which proves part three.
From parts one, two and three we have

A-B,D;}'C, = (A’Z o 03(03 + ( 1 Dh,Cy))
= »Z’l (A- Bngfcg)’Z

as required.

Solution 11.6. Let us suppose that the generator of all controllers given in
(8.3.11) is described by

= Az + Br1y + Byar

= Criz+r

= Crz+y.

Multiplying the first equation on the left by Y. (I — v %Y, Xo) and replacing x
with X019 gives

(:OI(I - 'Y_QYOOXOO)Xoolq = c:ol(I - 'Y_QYOOXOO)AkXoolq
+ Y1 (I =7 2YooXoo)[Br1y + Brar]
u = CuXerq+r

5 = CrXe1q+y.
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Since Yoo = (Y1) 1YL, and Xoo = Xoa XL, we get

ool?

B =Y/  Xoo1 — 7 2V, X00o.
In the same way we get
Cr1 = —FyoXoot
= —(D15C1 Xoo1 + By Xooo)
and
Cra = —(Co+77°Da1BiXoo) Xoor

= —(C2Xeo1 +7 ?D21 B Xoo2).

The formulae for the By;’s are just a little more complicated, but direct calculation
gives
Bu = YL,(I =7 2YaXoo)Bi Dy + YL, Yo (C4 Xl By DYy
= YC;OIBID/QI + Yc:oQCé
and
Bro = Yy =7 Ve Xoo) (By+ v 2 ZFL)

= YL, (I =7 *YeoXoo)Bs +9 2YL Yoo (Cl D12 + Xoo Ba)

= YL ,Bs+ 7 %Y. ,C1Dso.
Finally, the equation for Aj comes from expanding

V(I =7 Y Xoo)(A+ 7 ?B1B{ Xoo — BoFsg

—(B1Dji + ZoC5.)(Ca + 7 D21 B{ X)) X oot

in which
Cy. = Co+v 2 DynBi X
F = D},C1+ By Xo.
This gives
A = (YL Xoor =7 Y0 Xo02) X101 (AX o1 +772B1 B Xoco

— By(D15,C1 Xoc1 + B5Xoo2))
— (=YL (I =77 Yo Xoo) B1 Dby
+ Y5 (Ch + 72X o B1D21)) (C2Xoo1 + 7 2 D21 B Xoo2)-

The first Hamiltonian expression in Theorem 11.5.1 gives

(A — ByDyC1) X o1 — (BaB)y — v 2B1B}) Xoo2 = Xoo1 Tx.
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Substituting and re-arranging gives

A = (Y<>/01X001_772Y0/02X002)TX

— (Y11 B1Djy + Y 5C)(CoXoor + 7 2 Da1 Bi Xoo2)
E.Tx + Bi1Cho.

Solution 11.7.
1. Since (I —-GK)™ ' =1+ GK(I — GK)™', we get

Fi(P,K)

[ GK(I - GK)™!
et |

_ :0}+[G]KUGKY1

T G
[ GK(I-GK)!
- (I-GK)™! ]

since I + GK(I — GK)™! = (I — GK)~%, That P has the realization given
is straight forward.

2. Replacing u with (v/2D)~!u gives
j
Vet varn )| VT -

D15 has been orthogonalized as required.

P

QQQDs
~ ~olo

Since

3. It is easy to check that

is orthogonal.

4. Direct substitution into the LQG Riccati equations given in Chapter 5 yields
1
o=(A—BD*C&X+XQLJﬂr%n—5XB@H»*RX

and
AY + YA —-YC'CY.
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5. There are at least two ways of deriving the Riccati equations we require.

One method uses the loop-shifting transformations given in Chapter 4, while
an alternative technique employs the following H., Riccati equations which
where derived to deal with the case that Dy; # 0. They are:

0 = (A+ (BiD};D1aD}y —v*BaDiy)(v*I — D1y Dj; D1aDiy) ' C1) X
+Xoo(A+ (B1D}1 D12 D}y — 4 B2 D'5) (7?1 — D11 Dy D1sDyy) ~Ch)
—Xoo(ByB, — (By — BoD'yD11)R™Y(By — BoDyD11) ) X oo
+C1D1ao(I — v 2Dy D11 Dy D1g) " D1y Cy,

in which R
R = (y*I — D}y D12D’5,D11)
and
0 = (A+ Bi(y*I — Dy Dyy D}y D11) ™ (Dhy Doy D53 Ct ~ 7* Dy C2)) Yoo

+Yoo(A + B1 (4?1 — Dy Dy D}y D1y) " (Dhy Doy Dy, Cy — 72Dy, Co))'
~Yoo (C5Cy — (C1 — D11 DY Cy) ROy — Dy Db, Co)) Yo
+B1 Dy (I — v ?Dy1 D}y D11 DYy, ) ™ Doy By,

in which R Q.
R = (yI'= D11 Dy Do, DYy).

Evaluating the linear term in the first equation gives

a0 e Ny i Y ][ €]

= (A-BD™ [T I}[%

The constant term is zero because D} C; = 0. The coefficient of the quadratic
term.is given by
1 1

SBI'D) B (77~ 1))

1 21
= -B(D'D)'B' .
2 ¥

Combining these yields

2 _
0=(A—BD'C)Xoo + Xoo(A— BD7'C) — - !

~——X.B(D'D)"'B'X.
27y -1
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Turning to the second equation we see that the constant term is zero since
B; = 0. The linear terms are given by AY,, + Yo A’. The coefficient of the
quadratic term is

co-ro([8]-[2Je) (] [2]6) o-rowe

Collecting terms then gives

AV + Yoo A — (1 =y Y C'CYy.

6. By referring to the LQG equations, it is east to check that

-3
_ 2 _ —2\—1
Xoo_ﬁy2 2X and Yoo = (1—77%) 1Y

solve the H Riccati equations. Check that they are the stabilizing solutions.

7. If G is stable, Y = 0 and X/ 5Xo01 is nonnegative when v > 1. When G
is minimum phase X = 0 and Y/ ;Y1 is ' nonnegative when v > 1 (these
conditions come from Theorem 11.5.1). If G is stable and nonminimum phase
we see that Y =0, X # 0, vopt = 1 and

Y3
Wi ys =1

which is unbounded. A parallel argument may be used for Y.

8. If G is stable and minimum phase, —pG ™! is a stabilizing controller because
no right-half-plane cancellations occur between the plant and controller when
forming GK and the resulting transfer function is constant. Next, we see

that GK(I - GK)™! p(1+p)~!
{ (I-GK)™ ]:{ (14p)7! ]

which gives

emoge ] = () + ()

B p?+1
 1+4p
Now
dH[ GK(I - GK)™! H’ B p—1
dp (I -GK)™! o (L+p2V/p2+1
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which vanishes at p = 1. This means that

I 5 ||

has a minimum at p = 1. Thus

wll s L - (55)
p =1
- \%

Solution 11.8. It follows from (10.2.9) that

%L =1~

Now suppose that D g = 1. In this case there exists f,g € RH2 such that
N

Since D, N € RH, are coprime, there exist U;V € RH such that

VD+UN = 1
=V (=s)D(=s)+U(—s)N(-s) = I

This gives
9)= | ;) | o e mre

which is a contradiction. We therefore conclude that

1| |l <1

Solution 11.9. We follow the construction given in Section 11.2.

Step 1: Construct D3 such that

!/
D D 20 =1
(D Du ]| i
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Step 2: Construct D3y such that

D
[ Dy Dy | o

|-t

Step 3: Find [ Dyos  Dys ] such that

D
Step 4: Find | Db, D3, | such that
C Do T
[ Dy, Diy ] Dzi =0.

Step 5: We can now complete the construction with
_ [ Dy Dy ][ Dy 0] Dz
20 Dy 0 0 || Dy

- 03]

{ Dao

Do3
D3

Dq3
D33

Dys

since D11 = 0.

Solution 11.10. The first expression comes from the (2, 2)-partition of:

Il 0 0 Y11 0 6Yv1'3>
0 = 0 A, 0 0 Y O
0 0 Al €Y1/3 0 62Y33
[ Y11 0 6Y13 i A1 0 0
0 YQQ 0 0 A2 0
| €Yfs 0 €Yy | 0 0 A
0o C; Ciy 0 Cy 0
cy o0 0 Cc; 0 eC
0 EC/ ECég L 031 0 6033
which defines the observability gramian of
0 Ry R3
Ry ’)’7«_+11R22 Ry3
R3; R, R3;3
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The controllability gramian is defined by

Ay

0 = 0
0

+

0
A
0

[ X14

0
0

B,
0
0

0 X1
0 0
A 0
0 0

Xoo  €Xog
Xég 62X33
0 0

By Bz

eB €B33

0
X9
X33

By
0
0

0
€Xo3
62X33

A0

0
0

4y
0
0
By
By

0

0
A/

0
eB’

/
eB5q |

The (2, 2)-partition yields
As Xoo + X22Al2 + BzBé + BgQBé2 =0.
To establish the spectral radius condition, we consider

s [ Ay | Bo Bsp
Cy | D1z Dig |

[ Ri2 Ris |

Since
ngRE + R13R1N3 =]

and since [ R Ri3 ] has a stable right inverse, (Rj2, R13) are a normalized

left coprime pair. This means that ||| Ri2 Riz ||z < 1 and therefore that
p(X22Y20) < 1.

The realization in Theorem 11.3.3 is given by

1)

zherz[ B By ]| Y]

Solution 11.11.

T

0

Multiplying the first equation on the left by Z gives

Aoy (B B[ Y]

Ch

% Dsy Doy
Cy Dy, 0

Ay

o) -8 )L L]
Y Cy Dy 0 u |
Carrying out the calculations gives:
Zi=(A'+YAX —C.,D,.B.,)x

Dy O w

+([vB 0]+[ ¢t ¢ 5| Dn D [ ]

U
D3y D3y



i spnsige bt
e g
& controlengineers.ir]
© @controlengineers

THE FOUR-BLOCK PROBLEM 153

which completes the verification since the second equation remains uneffected.
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Solutions to Problems in
Appendix A

Solution A.1. Since ND™' = N.D_", it follows that W =D, D. To show
that W € RH, let X and Y be RH, transfer function matrices such that
XN_.+YD, =1, which exist because N, and D, are right coprime. Multiplying

on the right by W = D_'D, we see that W = XN +Y D € RH..

Solution A.2. Let X and Y be RH, transfer function matrices such that X N +
Y D = I, which exist because IN and D are right coprime. Now write the Bezout
identity as ) )
N

[x YI 5=
For any s in the closed-right-half plane (including infinity), [ X N ] (s) is a finite
complex matrix, and

(XY e | N w=r
implies that
N
D e

is a complex matrix with full column rank.

Now write GD = N. If sy is a pole of G in the CRHP, it must be a zero of
det D(sg), since N € RH. If s¢ is a zero of det D(s), there exists an « # 0 such
that

f=D—"

€ RHoo-
S — 8o

Hence
T

Gf=N

)
S — 50

which implies that G has a pole at sg, since f € RH, and N(sp)x # 0, due to
coprimeness.

155
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Solution A.3. The verification of (A.2.3) is a routine application of the state-
space system interconnection (or inversion) results of Problem 3.6. Since

p. 1. [A-BF|B
N |2 F T
v C-DF|D

a direct application of Problem 3.6, part 4, yields N, D' = D+C(sI-A)"'B = G.
The identity D; ' N; = N,.D, ! follows from the (2, 1)-block of (A.2.3).

Now note that

s | A—HC ‘ B—-—HD H
(Ve U] [ AEEO PR
Application of a dual version of Problem 3.6, part 4, yields

iy s | A-HC—(B—HD)F | H
V. UT_{ —F |0 ]’

which we may write out as
Z = (A—HC—(B<HD)F)Z+ Hy
u

= -—FZ.

Replacing —FZ with u in the Z equation yields (A.2.6).

Solution A.4. Let

be a minimal realization. Since IN and D are in RH o, Ais asymptotically stable.

Also, since N, D are r.c.,
A-sI B
61 ﬁl
62 132

has full column rank for all s in the closed-right-half plane.
Using Problem 3.6, part 4, yields
. [ A-BD7'G, | BDy
G=ND'= | ———L ?l ‘A —
Cy — DD 'Cy | DyDy
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Define
A = A-BD{'Cy
B BD;!
C Cy — DD CY
D = D,D;!
W = Di!
F = —Dy'Ch.
Then
BW™! = B
A-BW™'F = A-BD;'C;+BD{'C,=A
-W'F =
w-l = D
C—-DW™'F = C,—DyD;'Cy + DyD7'Cy= Cs
DW~' = D,.

Since A — B(W™'F) = Ais asymptotically stable, (A, B) is stabilizable. To prove
the detectability of (A, C'), note that if

A—sI r=0 o _g—sl B 1 =0
C - Cy Dy || =D7'Cy |7
A—sI B I
= 51 ﬁl [ N1 n :|.’L':0
Pl = -D;C
Co D L

Thus, if Re(s) > 0, then [ —ﬁflal

(A, C) is detectable. Thus (A, B,C, D) is a stabilizable and detectable realization
of G such that IV, D has state-space realization as given in the problem statement,
for suitable W and F'.

] x = 0, implying x = 0, and we conclude that

Solution A.5. The (1,1)-block was verified in the solution to Problem A.3. The
(1,2)- and (2,1)-blocks are direct applications of the formula for inverting a state-
space realization—see Problem 3.6. The (2, 2)-block is a direct application of Prob-
lem 3.6, part 4.

Solution A.6. Since G is assumed stable, every stabilizing controller is given by
K=Q( +GQ) . Now

y = (I-GK) '
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= (I+GQ)w.

Therefore, for perfect steady-state accuracy in response to step inputs, we need
(I + GQ)(0) =0 (by the final value theorem of the Laplace transform). Hence all
the desired controllers have the form

K=QI+GQ)"', QE€RH, QO0)=-G (0.
As an example, consider g(s) = ﬁ Then

(s+1)g
k:—i 5 0 _—1
sti-q q € RHoo, q(0)

Solution A.7. Let (A4, B,C, D) be any stabilizable and detectable realization of
G, and suppose D and IN are given by

A-BW-'F | BW !

D |
[ N :l = *WﬁlF Wfl
C-DW'F|DW=!

We aim to choose F' and W such that the allpass equations of Theorem 3.2.1 are
satisfied and A — BW~'F is asymptotically stable. If we can do this, then the
coprime factorization satisfies the equation

| D N~]{f,]:1,

which defines the normalized coprime factorization. The allpass equations obtained
from Theorem 3.2.1 yield
0 = X(A—-BW™'F)+(A-BW 'FYX + (W 'F) (W™ 'F)
+(C ~DW™'F)(C -~ DW™'F)
= W) (-W™'F+D'(C-DW'F)+B'X)
= WH't+D D)WL

Thus

W'wW I+D'D
F = (W) Y(D'C+ B'X).

It remains to determine X. Substitution F' and W into into the observability
gramian equation, we obtain (after some manipulation) the Riccati equation

X(A—-BS'D'C)+(A-BS™'D'CYX - XBS™'B'X +C'S7'C=0
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in which $ = I 4+ D'D and S = I + DD’. (Note that I — DS™'D’ = S~'). By
the results of Chapter 5, this Riccati equation has a stabilizing solution provided
(A— BS~1D'C,BS~12) is stabilizable (which is true, since (A, B) is stabilizable)
and provided (A — BS~'D'C,5-2C) has no unobservable modes on the imagi-
nary axis (which is also true, since (4, C) is detectable). The fact that the required
assumptions hold follow immediately from the Popov-Belevitch-Hautus test for con-
trollability /observability.

Thus, if X is the stabilizing solution to the above Riccati equation, and F' and
W are defined from X as above, the allpass equations are satisfied and A— BW L F
is asymptotically stable. We conclude that N, D defined by the given state-space
realization is a normalized right coprime factorization of G.

To interpret this in the context of LQ control, consider the case D = 0. We then
have

XA+ AX-XBB'X+C'C = 0
F = B'X
w =1

This is exactly the same as the situation that arises in minimizing
oo
J= / (2'C'Co+ u'u) dt.
0
For D # 0, the Riccati equation is that which we need to minimize

T =73 = /0 2yt

N
3

Now

} D 'u.

Since { Jl\)T ] is allpass, minimizing ||z||3 is the same as minimizing || D~ "u||3. Thus

s[4

we choose D™y = 0. Now

so setting D™'u = 0 means

& = Ax+ Bu
0 = Fz+Wu
That is, w = —W ! Fz. Thus, computing a normalized right coprime factorization

is the frequency-domain equivalent of completing the square.
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Solution A.8. From Lemma A.4.5,

A-ByF | By

Ty = .
2 C1 — D1oF | Do

From Theorem 3.2.1, T75T12 = I if

0 = X(A—ByF)+(A—ByF)X + (Cy — D15F) (Cy — D15 F)
= D)y(Cy — D1oF) + BLX
I = Dj,Di,.

Since D{5D12 = I holds by assumption, we require

0 = X(A—ByD)yCy) + (A— ByD)yCy)Y' X — XBaBLX
+ C1(I — D12D',)Ch
F = D\,C +BLX,

which is precisely the F' from the (cross-coupled) LQ problem. Similarly for T';.

Solution A.9. { T Tho } is clearly square—its D-matrix is square, since D1,

is an orthogonal completion of Di5. From Theorem 3.2.1, [ f’lz T ] is allpass
provided

X(A = ByF) + (A— ByF)X +(Cy — DioF) (Cy — Dy1oF) = 0
[ Dy +Dj, }(Cl—Dle)—F [ B' B} ]X = 0.

By construction, the first equation is satisfied, and the (2,1)-block of the second
equation is also satisfied. We therefore need to confirm the (1, 1)-block of the second
equation. Now

Dio(Ch — D1oF) + B'X = DyC1i(I — X#X).

The right-hand side is zero if ker(X) C ker(D/,C4). To show this, suppose Xz = 0.
Then (Cy — DiF)z = 0 and consequently 0 = D}y(Cy — D1 F)z = D},Cha.
Thus Xz = 0 implies D},Cyz, so ker(X) C ker(D},C1) and we conclude that
Diy(Cy = D1oF) + B'X = 0.

Ty

The reasoning for [ T } is analogous.

~

Solution A.10. Choose [ i-']_g T ] and [ ;:21 } as in the previous problem.
21
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1.
— JAHNQ T ~ 0 0
s - |[ 23] l5 71+ [3 8]
_ Ry Ry>
Ry Ry +Q |,

2. R is given by the realization

S

AR | Br
Cr | Dr |’

in which
Ar
[ =(A=ByF) XHDy(By — HDa1) + (C1 — D1oFYCLY + XHC,Y
= 0 —(A—HCy)
and
By — | -XBDj, -XBiDj,
o cy
[ B o
“r = | B o}
[0 0
b = [0

Since A — BoF' and A — HC; are asymptotically stable, we see that R € RH .
3. Using the result of Problem 11.2, we have
trace(X*X) = trace(X7;X11) + trace(Xj5X12)
+trace(Xg; Xo1) + trace( X355 Xo2),

X1 X2
X = .
[ Xo1 Xoo ]

for any partitioned matrix

Hence
2

= (terms independent of Q) + || Rz + Q||3.
2

{ Ry Ry ]
Ry Ry +Q

Hence, we need to choose Q@ € RH to minimize | Ras + Q||3. Now || Raz + Q|2 is
finite if and only if Q(00) = —Raz2(00) = 0. In this case,

|R2 + QI3 = [ Rez2 |3 + QI3

since RH_, and RH. are orthogonal in the 2-norm. Thus the minimum norm is
achieved by setting Q(00) = —Rg2(00) = 0, and the minimum norm is || R||2.
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Solutions to Problems in
Appendix B

Solution B.1.
1. Since Q(N +1) =
k

)
N
D w1 QU+ Dapry — 23,Q(k)zr = =25 Qk)xo

=0
Now
N
Dz + 2 QR + Dk — 24Q(k)ax
k=0
N
= > @ (CR)C(R) + A (R)Q(k + 1) A(K) — Q(k))ax
k=0
= 0.
Hence

N
Z 22k = 1Q(0)wo
k=0

(i)=(ii) Immediate from z;, = C A*x.

(il)=(iii) If AW = WJ, in which J is a Jordan block corresponding to an
eigenvalue \ with [\ > 1, then CA*W = CW J*. Hence CA*W — 0 as k —
oo implies CW = 0. That is, every observable eigenspace is asymptotically
stable.

(iii)=(iv) Uniform boundedness follows from

N

Q(k) _ Z(AI)NfichANfi

i=k

163
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and the asymptotic stability of every observable mode. Note that Q(k) is
monotonic. The convergence result is a consequence of monotonicity and
uniform boundedness.

(iv)=(v) Set @ = limy_, o Q(k).

(v)=(i) X(k) = Q — Q(k) satisfies X(k) = A/X(k+ 1)A, X(N+1) = Q.
Therefore
X(k) _ AN+1*]€QAN+17]€ > 0.

Thus 0 < Q(k) < @, which establishes that limy_, o, Q(k) is indeed the
smallest solution, and

12113 0,57 = T0Q(0)z0 < 2(Qu0.

Since this is a uniform bound on ||z|3 0,n]» We conclude that 2 € £3(0, 00).

Solution B.2. The system L that maps w to w —w™* when the input is u*, which
is introduced in the proof of Theorem B.2.1, has realization

ek | _ [ A= BaRy'Ly Bi— ByRy 'Ry oy |
Wy, — Wy, VlLy 1 '

This is causally invertible, since its inverse is

tp41 | _ [ A= BR™'L By — BsR;'Ry k) T
W, - —-V-1lLy I wy —wi |

||L71||[0,N] > 1 because the response to wy — w§ = ey, the first standard basis
vector, for kK =0 and w, — wj =0 for all k # 0 has two-norm at least unity. (The
response is wg = €1, w1 = =V 'Ly (By — BgRgle)el, ce)

Solution B:3. Suppose there exists a strictly proper controller such that (B.2.10)
holds (when zg = 0). Consider the input w; = 0 for ¢ < k — 1. The strictly proper
nature of the state dynamics and the controller implies that w; = 0 and x; = 0 for
1 < k. Hence R;(k) < —el. Therefore, the stated Schur decomposition in the hint
exits and

2z — Ywhwy + T Xoo(k+ 1)y
= 2 Xeo(k)zp + (wi — wi) Ru(we — wpp) + (ur — up)'V(ug — uf)

in which V(k) = (R3 — RyR; ' R})(k) and

wp ] _ R{'L, R{'R), Tk
uj V~YLy — RyR{'Ly) 0 up |
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The Riccati equation follows as before (note that R3 > 0 as before, so R3— Ry R ' R}
is nonsingular, implying R is nonsingular). Furthermore, by choosing u = u} and
wy, = 0 we see that X (k) > 0, as before. The rest of the iterative argument is
identical to that presented in the text.

Solution B.4. By completing the square using Xoo and X, we obtain

1712 vy = V21112, v

12113 3 = Vw13 3] + T AN

+ 23 Xoo (k) g
||Z||§,[k,N] - ’72||w”§,[k,1v] + oy Aeyg = ”ﬂg,[k,N] - 72||§||§,[k,1v]
+ 25 X oo (k)2
Setting w; = u} and w; = w; for i = k,...,N gives r; = 0.and 5; = 0 for i =
k,...,N. Therefore
oy (Xoo(k) = Xeo(k))ar = @lyir (A = D)zt HFl 0 + 7813, )

> 2y (A = Az

Since zy may be regarded as an arbitrary initial condition, A > A implies that
Xoo(k) > Xoo(k).

Solution B.5.
1. Substitute for xpy; from the dynamics and use the equation defining z.

2. Elementary algebra verifies the “completion of square” identity. The con-
clusion that Xs(k) > 0 follows from the fact that the left-hand side of the
completion of squares identity is nonnegative for any u; and x;—in particu-
lar, for u, = uj.

3. Xo(N + 1) > 0 implies R™(N) exists, which implies X5(N) is well defined
and nonnegative definite. Hence R™(IN — 1) exists, which implies Xo(N — 1)
is well defined and nonnegative definite . ...

From the completion of squares identity in Part 2, we obtain

N N
> 2z + wp 1 Xalk + Daggr — 2p Xo(k)z, = Y (ur — up) R(k) (up, — uj).
k=0 k=0
Since
N

Z 2y 1 Xo(k + Vg1 — 2, X (k) = 2y Xo(N + Dy — 20X2(0)z0
k=0
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and X5(N 4+ 1) = A), we obtain

N N
Z 22k + Tpp1 Azpyr = 20 X2(0)z0 + z:(u;C —up) R(k)(ug — uj).
k=0 k=0
4. That the optimal control is uj = —R(k)"!L(k)x) is immediate from the

preceding identity. The optimal control is unique because R(k) > 0 for all k.

Solution B.6. Note that

L(k) — R(k)(D}3D12) ' D}, Cy
= ByXo(k+1)A - ByXy(k +1)By(D}5D12) 7 D}y Cy

= BLXo(k+1)A (B.1)

The time-dependence of the matrices A, By, C;, D12, A and G will be suppressed.
Using the Riccati equation from Problem B.5, we have

[A B, }/[Xz(k—kl) 0 [A Bg}
C1 Do I C1 Do

R R R ) SCIRCRCRY

1

Multipl the right b
ultiply on the right by [ (D}, D12) "1 D}, C}

? } and on the left by the trans-
pose of this matrix to obtain

A By I'[ Xolk+1) 0] A B,

C Do 0 I C D1
A'Xy(k+1)BoR™ VY (k)By Xo(k+ 1)A  A'Xy(k +1)B,

3 [ ByXy(k+1)A R(k)

+{X20(k> 8].

The (1,1)-block is the desired Riccati equation.
Using (B.1), we obtain

A= ByRY(k)ByXy(k+1)A = A— ByR™Y(k)(L(k) — R(k)(D)yD12) "D}, Ch)
= A— ByRY(k)L(k).
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Solution B.7.

(A — BoK) P(A — ByK) + (Cy — D12K)' (Cy — D12 K)
= APA+C|C,— LpRp'Lp
+(K — Rp'Lp)' Rp(K — Rp'Lp)
in which Rp = D{3D12 + B4PBs and Lp = D},C; + B,PA. Substituting
this into (B.6.5), we obtain the inequality (B.6.3), with A = P.

Now suppose

A— XN By . 0
Cq Dy, [ " ] =|0
P 0 0

Multiplying (B.6.5) on the left by 2* and on the right by x results in
0=|P*(A - ByK)a| + [[(C1 — DiaF)al.

Hence (C7 — D13K)x = 0, since both terms on the right-hand side are non-
negative. Since Ciz = —Diau, we have Dis(u+ Kx) = 0 and Dj;D12 > 0
implies that u = —Kx. Hence

0 = (A=ADz+ Bsu
= (A-BsK — )z,
which implies that |A\| < 1 or z = 0, since A — By K is asymptotically stable.

Thus

Cl Dqs = 0
P 0 0
implies either |A| <1 or z =0, u = 0 and we conclude that
A—AX Bs
& Dy
P 0

has full column rank for all [A] > 1.

2. Define u} = —R(k)"'L(k)x). Then

i *
i Xa(k)zy + | RZ (= u)|13 5 vy
12115 5, 37 + 2N 41 AN

IN

||z||§,[k,N71] +ayAry

o Xo(k + D)y, + | R (u— u)|I3 oy 1)
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in which u§ = —R(k + 1)7'L(k + 1)z, which is the optimal control for
the time-horizon [k, N — 1]. (Remember that we are dealing with the time-
invariant case, so Xa(k, N — 1,A) = Xqo(k 4+ 1,N,A).) Setting v = u° on
[k, N — 1] and uny = 0, we obtain

1 *
2y (Xo(k +1) — Xo(k))zx > [|R2 (u —u )Hg,[k,Nfl]

and since xj; may be regarded as an arbitrary initial condition, we conclude
that Xo(k) < Xo(k+1).

3. X5(k) is monotonic, bounded above (by A) and bounded below (by0). Hence
Xo = limg—, o Xo(k) exists and satisfies the algebraic Riccati equation. The
completion of squares identify is immediate from the corresponding finite hori-
zon identity, since imy_,o0 &'y _HAx ~N+1 = 0 for any stabilizing controller.

4. Let Xpr = Xo(N +1— M) and Ty = Xo(N + 1 — M) —Xo(N — M) and
Ry = R(N—M). We use the “fake algebraic Riccatitechnique”, to determine
stability. Write the Riccati equation as

Xy = (A - B2FM),XM(A & BQFM)
+ (Cy — D12Fy)'(Cy — D1aFpy) + Ty (B.2)

We need to show that |A;(A — BaFar)| < 1. Let « # 0 and A satisfy
(A — BQFM)LL' = \zx.

Then x*(B.2)x yields

1
(IAP = D)a* Xayx + [(Cy — DiaFar)z|® + [IT32)* = 0.) (B.3)
Since Xp; > 0, we must have either

(a) |A\|<1or
(b) (Cl — D12FM):L' =0 and FMI =0.

Case (a) is what we want, so it remains to see what happens in case (b).

Claim: Case (b) implies X;2 = 0. Suppose case (b) holds. From (B.3),
if |A] # 1, we have Xpyz = 0. On the other hand, if || = 1, use (B.2) to
obtain

Ci Dis

& B
_ [XM_ng]
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Since (A — BoFy)x = Az, (C1 — D12Fy)x = 0 and T'pyz = 0, multiplying on
the right by { _I } x results in

Fur
A/ _ XMCL’
Therefore, since (A, By) is stabilizable, |A\| = 1 implies that X,z = 0. Thus

case (b) implies Xz = 0 and the claim is established.

Claim: Case (b) implies |A\| < 1. Suppose case (b) holds. Then Xz =
0. We now consider the implications of this fact.

If M =0 (i.e., the horizon length is zero), we have
A B2 7 X
01 D12 |: _F :| r = 0
A 0 M 0

Since x # 0, we conclude that |A| < 1 from the assumption that (B.6.4) has
full column rank for all |A| > 1.

If M > 1, consider the system

{%H]:{A By Tk, Nl =
2k Cy o Dis up |’ e '

Then, by completing the square,

N
Z 22k + TN AT
k=N+1-M
N
= a@'Xyz+ Y (un—up)R(k)(ux — uj)
k=N+1-M
N
= > (uk — up)R(E) (ux — uj).
k=N+1-M

Therefore, the control strategy uy = uj = —R(k)™'L(k)xy, results in zj, = 0
fork=N+1—-M,...,N and Azy41 = 0, since the left-hand side of the
above identity is nonnegative and the right-hand side is zero when u = u*.
Since (A — BoFp)x = Az and (C; — D1oFy)x = 0, the control strategy

ur = —Fpap also results in 2z, = 0. Since D{5D12 > 0, this implies that
the controls u = —Fuyxp, and u, = ujf are identical. Consequently, the
state trajectories with uy = —Fyx), and up = uj, are identical. Since the

state trajectory resulting from up = —Farxy is AFFM~N=1g and the state
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trajectory associated with u; = uj satisfies Azy1 = 0, we conclude that
AMM gz = 0. We now have

A B2 I )\MZE
Cl D12 |: _F :| )\Ml‘ =\ 0
A0 M 0

Invoking assumption that (B.6.4) has full column rank for all |A\|] > 1, we
conclude that |A| < 1 or AMz = 0, which implies A = 0 since = # 0.

This completes the proof that A — By F); is asymptotically stable.

The cost of the control law F); is

1213 = @)Pumo — ITZ0]3
2 oL M40 MLOI([2

< z,Pyo.

5. Since Fjy — F = R7'L as M — oo and |\;(A — BaFyy)| < 1 for all i and
all M, we must have that |\;(A — B2F)| < 1 for all.i. To prove that strict
inequality holds, we must show that (A — BoF)2 = e’?x implies 2 = 0.

Suppose (A — BoF)z = e/x. Write the Riccati equation as
Xy = (A — BoF) Xo(A — BoF) +(Cy — DioF) (Cy — D1oF).

Multiplying on the left by z* and on the right by = we conclude that (Cy —
D12 F)xz = 0. Hence

A— €j91 B2 I _ 0
C, o D | -F " o]
Consequently, if (B.6.7) has full column rank for all 8, we must have = 0.
Thus A — By F is asymptotically stable.

A—eT By z]|] [0
AN ®9
for some 0 and some z, u not both zero. Write the Riccati equation as
A By |'[Xs 07 A B
Cl D12 0 I Cl D12

_ [XQ 8}+{L/R_1]R[R1L r].

Conversely, suppose

0 I

Multiplying on the left by [ ¥ u* } and on the right by [ 2 ], we see that
r*Xox = 2" Xox + (R La + u)*R(R™' Lz + u)

and hence u = — R~ Lz. Substituting into (B.4) gives (A— BR™'L)x = e/%x,
and we conclude that A — BR™!'L has an imaginary axis eigenvalue.
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6. By completing the square with X5, the cost associated with any stabilizing
controller satisfies
2113 = 2 Xazo + | R* (u+ R~ La) 3

Hence ||z||3 > x{, X3z for any stabilizing controller. The lower bound z, X2
can only be achieved by the controller v = —R™'Lx, which is stabilizing if
and only if (B.6.7) has full column rank for all real 6.

Solution B.8.
1. Complete the square with X and with Xs(k, N 4+ 1, A) to obtain

N N

Z Zpan + @y Xownyr = xpXowo + Z(uk —up) R, — uy)
0 0
N N

D g+t Arna = Y (ug =uR) Rlu, = up)
0 0

+ x{)Xg(O, N + ]., A).’Eo

Subtracting these gives the stated identity (B.6.8).

The minimization of the left-hand side of (B.6.8) is an LQ problem, although
the terminal penalty matrix may or may not be nonnegative definite and
consequently we do not know that a solution to such problems exists in general.
In this particular case; a solution does exist, because the right-hand side of
(B.6.8) shows that w, = uj, is the optimal control and the optimal cost is
x(X2(0, N + 1,A) — X5)xg. The objective function and state dynamics for
the problem of minimizing the left-hand side of (B.6.8) can be written as

Tk - A— BQF BQ Tk
Ra(up —ul) | 0 R: || up—ul |’

in which "= R™'L is the optimal feedback gain, (i.e., uj = —Fxy). Hence,
the the Riccati equation associated with the minimization of the left-hand side
of (B.6.8) is (B.6.9) and the minimum cost is z(I'(0)z. Since we concluded
from the right-hand side of (B.6.8) that the minimum cost is x((X2(0, N +
1,A)—X3)xo, it follows that I'(0) = X5(0, N+1, A)— X>, since x is arbitrary.
By time invariance, I'(k) = Xo(k, N + 1, A) — X5.

2. This can be quite tricky if you take a brute force approach, which is one reason
why the preceding argument is so delightful. It also gives a clue about the
manipulations, since the argument above is about optimizing something you
already know the optimal control for.
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Write the two Riccati equations as

[A By }/[Xg(k—i-l) ?][A 11)9122]

C1 D 0 Ch
_ {XQO(’“) 8]+[f%((,’§))]3 k) [ L) R() |
and
ERAERIEwA
_ [)(()2 8 +[I]’%}R (L R

Subtract them to obtain

A By, 1'[ Ik + ) 0] A B,

Cl D12 O L Cl D12

_ | () L - L'(k) o1 L'k

- | ][R ] AR CRRR
Multiply on the right by [ _Rp-1L ? ] and by its transpose on the left to

obtain
} [ A—BR 'L By ]

—Di2R™'L Dy

A—BR'L By, 1'[T(k+1)
{ H L( LRlR(k)]

Cy — D1aR7IL Dy

'
[ L'(k) —L'R=R(k ] {

- R(k)
+ [ N ] . (B.5)

Now R(k) = R+ B4T'(k + 1)Bs and
L+ BiT(k+1)A— (R+ BoT'(k+1)Ba)R™'L

L(k)~R(E)R'L =
S0(k+1)(A— BoRL).

Therefore, the (1,1)-block of (B.5) is the desired Riccati equation for T'(k)

Solution B.9. As in the previous problem, the calculations can become horren-
dous if a brute force approach is adopted. The technique of the previous problem

provides the remedy (which is why that problem is there).
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1. Use the Schur decomposition (B.2.7) to write the Riccati equation for X as
Xoo = AX A+ CiCy — LyRy 'Ly — LGV ' Ly,

in which LV = L, — R’2R§1L2 as before. Combining this with the definitions
of L and R, we may write

A By I'[ X 0 A By

01 D12 0 I 01 D12
X+ LV 1Ly 0 L _

- [ N o |t Ri, Ry'[ Ly Rs].

We also have for the X5 Riccati equation
A B |'[Xo 0]] A B
C1 Do 0 I C1 Do

[ X0
- [T o)

in which R = D}, D15+ B} X3B; and L = D},C1 4B, X, A. Subtracting these
gives

A B, 1'[T 0 A By
Cv1 Do 0 0 C1 Do

~ —~ /
[ T+IgV Ly 0 Lyl ,al ] || s0| L
= { 0 ol [ | ry | |2 |® | R
. I 0 . .
Multiply by { 1 ] on the right, and by its transpose on the left,
—R; Ly I
to obtain
A—ByR3'Ly By 1'[T 0 A—ByR;'Ly B
Cy— D1233_1L2 D12 0 0 Ch — D12R3_1L2 Do
~ ~ ~ ~ /
_ | '~ LyR3'R po1| L LyR3'R
R
'+ LyV~Ly 0
+ [ 0 Ry |- (B.6)

Now R = Ry — B4T'B, and L = Ly — B4T'A. Therefore

L—RR;'Ly = Ly— ByTA—(Rs— ByTBy)R; 'Ly
= —BiT(A— ByR3'Ly).

Therefore, the (1, 1)-block of (B.6) is the desired Riccati equation.
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2. Recall, from the monotonicity property of the solution X (k, N+1, X3), that
Xoo > Xo. Therefore, I' > 0. Also, from (B.2.33), (A — B2R3_1L2, Ly) is de-
tectable. Hence, since V < 0, we conclude that A—ByR3 1Ly is asymptotically
stable from the equation established in Part 1.

3. If Tx = 0, then the equation established in Part 1 gives Lyx = 0. From
(B.2.33), we therefore conclude that (A— BR™ L)z = (A— ByR3 ' Lo)z. (Use
equation (B.2.33).)

Solution B.10.

1. Write the two Riccati equations as

[A B}’{Xﬂmn OHA B]
c D 0 J||T D
_ [Xo?)(k) 8}*[%((/]5))%_1(’“)“(“ R(k) ]

and

Subtract them to obtain
¢ SRR 5]
- R[5 (5] w22

Multiply on the right by [ _

R-1L ? ] and by its transpose on the left to

obtain
A—BR 'L B, ! Nk+1) 0 A—BR 'L B
C-DR'L D 0 o]|C-Dr'L D

+ [ L(k) 0 ] . (B.7)
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Now R(k) = R — B'T(k + 1)B and

L(k) - R(ER'L = L-BT(k+1)A—(R-BT(k+1)B)R™'L
—BT(k+1)(A— BR'L).

Therefore, the (1, 1)-block of (B.7) is the desired Riccati equation for I'

. This is an intricate argument similar to that used in the solution of Prob-
lem B.7. It involves figuring out what happens at the terminal time N + 1
from something that happens at time k and using the properties of the ter-
minal condition.

Suppose x # 0 and (Xoo — X(k, N + 1, X5))z = 0. That is, I'(k)z = 0. Let
the initial condition for the dynamics be x; = . Complete the square with
X to obtain

HZH%U@,N] - 72||w||3,[k,1v] +eNt1XooNy1 = H7”||§,[k,1v] - 72||5||§,[k,1v]
+ 2’ Xoox.

Also, complete the square with X, (k, N 4+ 1, X3) to obtain

||z||§,[k,N] - ’YQHU)Hg,[k,N] +an1Xo¥N41 = ||F||§7[/<:,N] - 72||§“§7[k¢,N]
+2'X(k,N + 1, X3)x.

Now subtract to obtain

TN41(Xoo — X2)TN41 = ”r||§,[k,N] +’Y2||§||g,[k,1v] - 72||5||§,[k,N] - HF”g,[k,N]'

If we choose u such that r = 0 (i.e., v = u* for the infinite-horizon problem)
and w such that § =0 (i.e., w = w[*k ND the worst w for the finite-horizon
problem), then we have

IN41( Koo — X2)TN41 = —’Y2||5||§,[k,1v] - ”?”g,[k,N]'

Since Xoo — Xo > 0, we must have 7 = 0 and s = 0. This implies that the
optimal controls for the finite- and infinite-horizon problems are identical on
[k, N]. We also see that (Xoo — X2)xn41 = 0. Since v = v* and w = w*, the
state dynamics reduce to

Tiy1 = (A— BR L)y, Ty = T.

Multiplying the equation for X, — Xa, which is given in (B.2.39), on the left
by 'y, and on the right by xx 11 we conclude that (A — B2R51L2)$N+1 is
also in the kernel of X, — X5 and that Lyanyy1 = 0, because the terms on
the right-hand side are all nonnegative and the left-hand side is zero. From
(B.2.33), we see that (A — BQRgng)xNH = (A— BR 'L)xn1. Therefore,
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there is an eigenvalue of A— BR™'L in the kernel of X, — X5. This eigenvalue
must be asymptotically stable because A — BoR3 1L, is.
Conclusion: If # € ker(Xoo — Xoo (k, N+1, X3)), the application of the dynam-
ics A— BR™!L leads to x 11 being in an invariant subspace of ker(X ., — Xo)
after a finite number of steps. This invariant subspace is asymptotically sta-
ble by the stability of A — BoR3 'Ly. Hence the subspace corresponding to
ker(Xoo — Xoo(ky, N + 1, XQ)) is asymptotically stable.
It follows that if
| T 0
X~ Xp = [ 0 ]

in which I'; is nonsingular, then

Xoo — Xoo(k, N +1,X,) = [ Flék) 8 }

in which I'1 (k) is nonsingular for all k. Furthermore,

Ay 0

A—BR 'L = .
A21 A22

The argument of the text shows that 21\11 is asymptotically stable, while 222
is asymptotically stable due to the stabilizing properties of Xs.

Solution B.11. The ¢3[0, N] adjoint of G is the system G~ that has the property
(u, Gw) = (G~ u,w) for all w, u. The inner product is defined by

N
(w, z) = Z 2} W
0
Suppose z = Guw is generated by

= pw|n] w-

and py, is an arbitrary ¢5]0, N] sequence such that py = 0. Then
N
(u,2) = Z zuy + $§c+1pk — T}Pr—1

[zl; }/[é g]/(k){ﬁi ] — TpPr—1
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Therefore, if we choose the sequence py such that pr_; = A’(k)pr + C'(k)ux and

define y;, by
] [A BT Dk _
e =le plwli] mee

then

0
{y, w)
Hence y = G™u.
Solution B.12.
Tpr1 = Az, + Biw,
yr = Caoxyp + Dajwy,
Tpt1 = AZp +H(yp — CoZ),

in which H = M55 1 Subtracting these equations results in the error dynamics
/{E\k+1 — Tg41 = (A N HCQ)(/(IJ\]C — LUk) + (HD21 — Bl)wk

By standard results on linear systems driven by white noise processes (see, for
example, [12]),

E{@rv1 — 2hr1) @1 — 2p11)'} = P(R)
in which P(k) is the solution to the linear matrix equation
P(k+1) = (A-HGCy)(k)P(k)(A— HCy) (k)
+ (HD9y — By)(k)(HD2y — By)'(k), P(0) =0.

(We have P(0) = 0 because the initial state is assumed to be know; otherwise, we
set' P(0) to the initial error covariance.)
Now

Yook +1) = B1B} + AV (k) A" — MyS; ' M} — MgV~ Mg
in which

V(k) = Si(k)— Sa2(k)Ss " (k)Sy(k)
M, (k) — Sy (k)S5 (k) My ().

5
=
|
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Re-write the Riccati equation as

Y(k+1) = (A—HCy)Yo(k)(A— HCy) + MySy M)
— MgV ™M + (HDgy — By)(HDo; — By)'.

Hence

Yook +1) = P(k+1) = (A—HC)(Yo(k)— P(k))(A—HCy)
+My S MY — MgVt M.

Since V < 0 and Y5 (0) — P(0) = 0, we have Y (k) — P(k) > 0 for all k. Hence

E{(@r41 — ht1) @1 — Th41)'} = P(k) < Yoo (k).









