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Preface

In the last two decades, linear matrix inequalities (LMIs) have emerged as a powerful
tool in the field of control systems analysis and design. Many problems, such as state
feedback synthesis, robustness analysis and design, and H2 and H∞ control, can all
be reduced to convex or quasi-convex problems that involve LMIs. Due to successful
developments of efficient and reliable algorithms for solving LMIs, these problems
can now be solved both efficiently and numerically reliably, thereby making this the
most attractive feature of LMIs.

Today, LMIs have become a real technique. By using LMIs in control systems
analysis and design, and with the help of the mature MATLAB� LMI toolbox, or the
open-source software packages YALMIP and CVX, more and more theoretical and
practical control applications can be solved, which might not have been otherwise
possible using traditional methods.

Goal of the Book

The goal of this book is to provide a textbook for graduate and senior undergraduate
courses in the field of control systems analysis and design. The book contains not
only the basic but also systematic knowledge about LMIs and LMI-based control
systems analysis and design.

Boyd et al. (1994), which is the first book on LMIs, certainly has performed
a pioneering function in the field, but due to time constraints it does not con-
tain the numerous new theories and techniques in LMIs that emerged in the last
two decades. Yu (2002) is a book on LMI approach to robust control, which
is suitable to be used as a textbook, but the Chinese language limits its usage
worldwide.

There are some other books available that are related to LMIs, but none of them
provide a simple and systematic introduction to LMIs in control systems analysis and
design. They are all research-oriented and focus on special research topics related to
LMI approaches such as analysis and synthesis of multidimensional systems (Paszke
(2006)), analysis and control of fuzzy systems (Lin et al. (2007), Tanaka and Wang
(2001), Lam and Leung (2011)), and dynamic surface control of uncertain nonlinear

xix

co
nt

ro
len

gin
ee

rs
.ir



xx ■ Preface

systems (Song and Hedrick (2011)). Different from these, Cychowski (2009)
and Guo and Wang (2010) respectively address convex optimization approaches
to robust model predictive control and stochastic distribution control, both
involving LMIs.

Besides the ones mentioned earlier, there are two other books related to LMIs.
The first is Ghaoui and Niculescu (2000), which is a volume on advances in LMI
methods in control, consisting of 17 different topics from 33 contributors. The
second is Ostertag (2011), which treats mono- and multivariable control and esti-
mation. Although the title of Ostertag (2011) partly refers to “LMI methods,”only
a small portion of the text is devoted to LMIs.

Although some books on LMIs are available now, a textbook on this topic
suitable for graduate and senior undergraduate students in the discipline of systems
and control is still lacking. Since LMIs today have become a real technique, and as
they have also become an advanced, powerful tool for control systems analysis and
design, a comprehensive textbook on LMIs in control systems analysis and design is
now in great demand. The goal of this book is to fill this gap.

Coverage and Supplements

The book consists of 12 chapters and focuses on the analysis and design problems on
both continuous- and discrete-time linear systems based on LMI methods. Besides
an introductory chapter, there are totally five parts including two appendices. Part I
provides some technical lemmas to be used in the sequential chapters and also gives
a brief review of optimization theory, while Parts II and III deal with the analysis
and design problems, respectively. Specifically, Part II discusses the problems of
stability analysis, performance analysis, and property analysis using LMI techniques,
and Part III studies the problems of feedback stabilization, H2 and H∞ control,
state observation and filtering, and multiple objective designs. Part IV deals with
two applications using LMI techniques: missile attitude control and satellite attitude
control. Part V consists of two appendices, which provide lengthy proofs of certain
results presented in the chapters and a brief introduction of the MATLAB LMI
Toolbox.

It has to be mentioned that many researchers worldwide have made great contri-
butions to LMI-based control systems analysis and design. However, due to length
limitation and the structural arrangement of the book, many of their published
results could not be included or even cited. We extend our apologies to these
researchers.

Exercise problems are given at the end of each chapter, and all the solutions to
these problems have also been worked out. Interested readers are welcome to contact
Professor Duan (g.r.duan@hit.edu.cn) or Dr. Yu (yuhaihua@hit.edu.cn) to enquire
about the following:
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■ Electronic version of the Solutions Manual (hardcopies can be obtained from
the publisher for lecturing purposes)

■ MATLAB codes for all the computational exercise problems in the form of a
set of M files

■ MATLAB codes for all the computational examples in the form of a set of
M files

Audience

This book mainly has two types of audience.
First, since the book gives a general and systematic introduction to LMI-based

control systems analysis and design, it can be used as a primary or alternate text-
book for some LMI-related courses for senior undergraduate and postgraduate
students majoring in the fields of control systems theory and applications, and pos-
sibly for those majoring in applied mathematics, mechanical engineering, electrical
engineering, and aerospace engineering as well.

Second, since the book also contains some advanced materials and materials
related to aerospace control applications, it can be used as a reference book by
postgraduates, researchers, scientists, engineers, and university lecturers in the fields
of control systems and applications, applied mathematics, mechanical engineering,
electrical engineering, and aerospace engineering.

MATLAB� is a registered trademark of The MathWorks, Inc. For product
information, please contact:

The MathWorks, Inc.
3 Apple Hill Drive
Natick, MA 01760-2098 USA
Tel: 508-647-7000
Fax: 508-647-7001
E-mail: info@mathworks.com
Web: www.mathworks.comco
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Chapter 1

Introduction

In this chapter, we first introduce the definition of linear matrix inequalities (LMIs)
and then present to the readers some simple examples that are related to LMIs.
Following a brief introduction of the histories and advantages of LMI theory and
its applications in control systems analysis and design, the structure of the book is
finally briefly stated.

1.1 What Are Linear Matrix Inequalities (LMIs)?
Just as the name implies, linear matrix inequalities are matrix inequalities that are
linear in the matrix variables. The abbreviation, LMI, has been widely recognized
and accepted today.

This book is about LMIs and their applications in control systems analysis and
design. Thus as the first thing to be introduced, let us present in this section, in a
relatively strict way, the definition of LMIs.

1.1.1 General Form
To most readers in the control community, may be the best known LMI is the
following continuous-time Lyapunov matrix inequality

F (P) = ATP + PA + Q < 0, (1.1)

where A ∈ R
m×m,

Q ∈ S
m = {M | M = MT ∈ R

m×m}
are given matrices, and P ∈ S

m is the unknown matrix. Here “<” represents
symmetric negative definiteness.

1
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2 ■ LMIs in Control Systems

Let Q ∈ S
n, D,Ei ∈ R

m×n, Fi ∈ R
n×n, i = 1, 2, . . . , l , then it is easy to

verify that

L(X ) = DTX + XTD +
l∑

i=1

(
ET
i XFi + FT

i X
TEi

)+ Q

is linear in the matrix X ∈ R
m×n. Note that the matrix function L(X ) is symmetric,

we can define the inequality

L(X ) < 0, (1.2)

which holds in the sense that the matrix L(X ) is symmetric negative definite.
This inequality is a linear matrix inequality in the parameter matrix X ∈ R

m×n.
Furthermore, (1.2) is called the general form of LMIs.

When m = n, and the unknown parameter matrix X is symmetric, we have
XT = X , and the aforementioned LMI in (1.2) becomes

L(X ) = DTX + XD +
l∑

i=1

(
ET
i XFi + FT

i XEi
)+ Q < 0. (1.3)

Further, whenD = A, Fi = ±Ei, i = 1, 2, . . . , l , the aforementioned LMI becomes
a special type of LMI in a parameter matrix X ∈ S

m, which takes the following form:

L(X ) = ATX + XA ± 2
l∑

i=1

ET
i XEi + Q < 0. (1.4)

Obviously, the continuous-time Lyapunov matrix inequality (1.1) is a special form
of (1.4). Moreover, the following discrete-time Lyapunov matrix inequality

ATPA − P + Q < 0 (1.5)

is also a special form of (1.4).

1.1.2 Standard Form
The standard form for an LMI appears as follows:

A (x) = A0 + x1A1 + · · · + xnAn < 0, (1.6)

where Ai ∈ S
m, i = 0, 1, 2, . . . , n, are known, xi, i = 1, 2, . . . , n, are unknown

scalars and are called the decision variables.
It can be clearly observed that A(x) is a mapping from R

n to S
m.
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Introduction ■ 3

Example 1.1

Let x1, x2 ∈ R, and

A (x) = A0 + A1x1 + A2x2,

where

A0 =
[
1 0
0 −1

]
, A1 =

[−1 −1
−1 4

]
, A2 =

[−1 1
1 −2

]
.

Since

A (x) =
[
1 − x1 − x2 −x1 + x2
−x1 + x2 −1 + 4x1 − 2x2

]
,

then A(x) < 0 is equivalent to

1 − x1 − x2 < 0, (1.7)

and

det
[
1 − x1 − x2 −x1 + x2
−x1 + x2 −1 + 4x1 − 2x2

]
= −5x21 + 5x1 + x22 − x2 − 1 > 0. (1.8)

Thus, all x1, x2 ∈ R satisfying A(x) < 0 are determined by (1.7) and (1.8), which
can be compactly written as

{−1 + x1 + x2 > 0(
x2 − √

5x1 +
√
5−1
2

) (
x2 + √

5x1 −
√
5+1
2

)
> 0.

This is the double-shaded region in the (x1, x2) plane shown in Figure 1.1.

Example 1.2

The continuous-time Lyapunov matrix inequality (1.1) with A ∈ R
m×m, Q ∈ S

m

can be converted into a standard form. In fact, let Ei, i = 1, 2, . . . ,d, where
d = m(m + 1)/2, be a set of basis in S

m, then there exist xi, i = 1, 2, . . . ,d,
such that

P = x1E1 + x2E2 + · · · + xdEd.

Thus,

F(P) = ATP + PA+Q

= x1
(
ATE1 + E1A

)
+ x2

(
ATE2 + E2A

)
+ · · ·

+ xd
(
ATEd + EdA

)
+Q.
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4 ■ LMIs in Control Systems

2

1

1 x1

x2

2
Ö5 – 1

–

Ö5 + 1

Figure 1.1 Region in the (x1, x2) plane.

Therefore, the Lyapunov matrix inequality (1.1) becomes the following LMI:

F (x) = F0 + x1F1 + · · · + xdFd < 0

with

F0 = Q, Fi = ATEi + EiA, i = 1, 2, . . . ,d.

The aforementioned example has presented a way of converting continuous-
time Lyapunov matrix inequalities into standard LMIs. Similarly, the discrete-time
Lyapunov matrix inequality (1.5) can also be converted into a standard LMI form.
More generally, we have the following proposition.

Proposition 1.1 The general LMI in (1.2) can be converted into an LMI
standard form.

Proof Without loss of generality, here we only consider the case of l = 1.

Let Rij, i = 1, 2, . . . ,m, j = 1, 2, . . . , n, be a set of basis in R
m×n, then there exist

xij, i = 1, 2, . . . ,m, j = 1, 2, . . . , n, such that
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Introduction ■ 5

X =
m∑

i=1

n∑

j=1

xijRij.

Thus,

DTX + XTD =
m∑

i=1

n∑

j=1

xij
(
DTRij + RT

ij D
)
,

and

ETXF + FTXTE =
m∑

i=1

n∑

j=1

xij
(
ETRijF + FTRT

ij E
)
.

Denote

Qij = DTRij + RT
ij D + ETRijF + FTRT

ij E ,
i = 1, 2, . . . ,m, j = 1, 2, . . . , n.

Then, Qij ∈ S
n, i = 1, 2, . . . ,m, j = 1, 2, . . . , n, and

DTX + XTD + ETXF + FTXTE =
m∑

i=1

n∑

j=1

xijQij.

Therefore, the inequality (1.2) can be arranged into the form of

L(xij, i = 1, 2, . . . ,m, j = 1, 2, . . . , n) = Q +
m∑

i=1

n∑

j=1

xijQij,

which is clearly in a standard form of LMIs. �

Remark 1.1 When the strictly less symbol “<” in the LMI (1.6) is replaced by
the not greater symbol “≤” , the LMI (1.6) becomes a nonstrict one. We emphasize
that many conclusions for strict LMIs also hold for nonstrict ones.

Example 1.3

Consider the combined constraints (in the unknown x) of the form

{
F(x) < 0
x = Bu+ α,

(1.9)
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6 ■ LMIs in Control Systems

where the affine function F : R
n → S

m, matrix B ∈ R
n×r, and vector α ∈ R

n are
given, with r ≤ n. Then, we can show that (1.9) is in fact an LMI.

Denote

B =

⎡

⎢⎢⎢
⎣

b11 b12 · · · b1r
b21 b22 · · · b2r
...

...
. . .

...
bn1 bn2 · · · bnr

⎤

⎥⎥⎥
⎦
, α =

⎡

⎢⎢⎢
⎣

α1
α2
...

αn

⎤

⎥⎥⎥
⎦
, u =

⎡

⎢⎢⎢
⎣

u1
u2
...
ur

⎤

⎥⎥⎥
⎦
.

Thus, we can represent x as

xi = αi +
r∑

k=1

bikuk, i = 1, 2, . . . , n.

Then,

F(x) = F0 +
n∑

l=1

xlFl

= F0 +
n∑

l=1

⎛

⎝αl +
r∑

k=1

blkuk

⎞

⎠ Fl

= F0 +
n∑

l=1

αlFl +
r∑

k=1

uk

⎛

⎝
n∑

l=1

blkFl

⎞

⎠

= F̃0 + u1F̃1 + · · · + ur̃Fr

= F̃(u),

where

F̃0 = F0 +
n∑

l=1

αlFl,

F̃k =
n∑

l=1

blkFl, k = 1, 2, . . . , r.

This implies that (1.9) is satisfied for x ∈ R
n if and only if the LMI F̃(u) < 0 is

satisfied for u ∈ R
r.

Example 1.4

(Yu 2002, p. 7) Consider the combined constraints (in the unknown x) of the form

{
F(x) < 0
x ∈ M,

(1.10)
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Introduction ■ 7

where M is an affine set in R
n. Recall that affine set M can be written as

M = {
x
∣∣x = x0 + y, y ∈ M0

}

with x0 ∈ R
n and M0 a linear subspace in R

n. Suppose that r = dim(M0) and
let e1, e2, . . ., er be a basis of M0, then an arbitrary y ∈ M0 can be expressed in
the following form:

y =
r∑

j=1

cjej,

where ci, i = 1, 2, . . . , r, are a series of scalars. Therefore, any x ∈ M can be
expressed as

x = x0 +
r∑

j=1

cjej.

Let

x = [
x1 x2 · · · xn

]T ,

x0 =
[
x01 x02 · · · x0n

]T
,

ei = [
e1i e2i · · · eni

]T , i = 1, 2, . . . , r,

then the components of vector x can be written as

xj = x0j + c1ej1 + c2ej2 + · · · + crejr, j = 1, 2, . . . , n.

Substituting the aforementioned equation into

F(x) = F0 + x1F1 + x2F2 + · · · + xnFn,

yields

F(x) = F0 +
(
x01 + c1e11 + c2e12 + · · · + cre1r

)
F1

+
(
x02 + c1e21 + c2e22 + · · · + cre2r

)
F2

+ · · · +
(
x0n + c1en1 + c2en2 + · · · + crenr

)
Fn

= F0 + x01F1 + · · · + x0nFn

+ c1 (e11F1 + e21F2 + · · · + en1Fn)

+ · · · + cr (e1rF1 + e2rF2 + · · · + enrFn) .
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8 ■ LMIs in Control Systems

Putting

F̃0 = F0 + x01F1 + · · · + x0nFn,
F̃i = e1iF1 + e2iF2 + · · · + eniFn, i = 1, 2, . . . , r,
c = [

c1 c2 · · · cr
]T ,

we finally have

F(x) = F̃0 + c1F̃1 + · · · + cr̃Fr
�= F̃(c).

This implies that x ∈ R
n satisfies (1.10) if and only if F̃(c) < 0, c ∈ R

r.

1.1.3 Manipulations
To finish the section, we finally mention some obvious manipulations related
to LMIs.

Proposition 1.2 Let A(x) = [
Aij(x)

]
q×p. Then, A(x) < 0 is an LMI in vector x

only if

Aij(x), i = 1, 2, . . . , q, j = 1, 2, . . . , p

are all linear in x.

Proposition 1.3 Let

Ai(x) < 0, i = 1, 2, . . . , l

be a set of linear matrix functions in x. Then,

1. Ai(x) < 0, i = 1, 2, . . . , l , are a set of LMIs in x if and only if

diag (A1(x), . . . ,Al (x)) < 0

is an LMI in x;
2. Ai(x) < 0, i = 1, 2, . . . , l , are a set of LMIs in x implies that

l∑

i=1

αiAi(x) < 0

is also an LMI in x, where αi ≥ 0, i = 1, 2, . . . , l , are a set of real scalars that
are not simultaneously zero.
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Introduction ■ 9

Proposition 1.4 Let

Ai( yi), i = 1, 2, . . . , l

be a set of linear matrix functions in yi, i = 1, 2, . . . , l , and define

z = [
yT1 , y

T
2 , . . . , y

T
l
]T .

Then,

1. Ai(yi) < 0, i = 1, 2, . . . , l , are a set of LMIs in yi, i = 1, 2, . . . , l , if and only
if

diag
(
A1( y1),A2( y2), . . . ,Al ( yl )

)
< 0

is an LMI in z:
2. Ai( yi) < 0, i = 1, 2, . . . , l , are a set of LMIs in yi, i = 1, 2, . . . , l , implies

that

l∑

i=1

αiAi( yi) < 0

is an LMI in z, where αi ≥ 0, i = 1, 2, . . . , l , are a set of real scalars that are
not simultaneously zero.

1.2 A Few Examples Involving LMIs
In this section, a few simple examples are presented. The purpose is to let the readers
understand that many problems in linear algebra can be converted into problems of
solving some LMIs.

1.2.1 Eigenvalue Minimization
First let us consider a problem of minimizing the maximal eigenvalue of a linear
matrix function, which is stated as follows.

Problem 1.1 Let Ai ∈ R
m×m, i = 0, 1, 2, . . . , n, be symmetric matrices, and

define the matrix function

A (x) = A0 + A1x1 + · · · + Anxn. (1.11)

Find x = [
x1 x2 · · · xn

]
to minimize

J (x) = λmax (A (x)) .
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10 ■ LMIs in Control Systems

In order to convert the aforementioned problem into one related to LMIs, we
first present the following lemma.

Lemma 1.1 LetM be a symmetric matrix. Then,

λmax (M) ≤ t ⇐⇒ M − tI ≤ 0. (1.12)

Proof Note that for an arbitrary matrixM with an eigenvalue s and a corresponding
eigenvector x, there holds

(M − tI ) x = Mx − tx = (s − t) x.

This states that for an arbitrary matrix M there holds

λ (M − tI ) = λ (M) − t.

Thus, when M is symmetric, we have

λmax (M) ≤ t ⇐⇒ λmax (M − tI ) ≤ 0

⇐⇒ M − tI ≤ 0.

�

Applying the aforementioned lemma to the matrix defined in (1.11), we
immediately have

λmax (A (x)) ≤ t ⇐⇒ A (x) − tI ≤ 0.

This clearly gives us the following conclusion.

Conclusion 1.1 Problem 1.1 is equivalent to the following minimization problem
{
min t
s.t. A(x) − tI ≤ 0, (1.13)

where xi, i = 1, 2, . . . , n, and t > 0, are the parameters to be optimized.

Obviously, (1.13) is a minimization with a matrix inequality constraint that is
linear with respect to the optimizing parameters xi, i = 1, 2, . . . , n, and t > 0.
Therefore, the eigenvalue minimization problem has been in fact converted into an
LMI problem.
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Introduction ■ 11

1.2.2 Matrix Norm Minimization
The matrix norm minimization problem is a slight generalization of the aforemen-
tioned eigenvalue minimization problem.

Problem 1.2 Let Ai ∈ R
p×q, i = 0, 1, 2, . . . , n, be given matrices, again define

the matrix function A(x) as in (1.11). Find x = [
x1 x2 · · · xn

]
to minimize

J (x) = ||A (x) ||2.

To convert this problem into an LMI problem, the following result is needed,
which is actually a special case of the Schur complement lemma to be introduced
later.

Lemma 1.2 Let A be a matrix of appropriate dimensions, and t a positive scalar.
Then,

ATA − t2I ≤ 0 ⇐⇒
[−tI A
AT −tI

]
≤ 0. (1.14)

Proof Put

Q =
[
I A
0 tI

]
,

then Q is nonsingular since t > 0. Note that

QT
[−tI A
AT −tI

]
Q =

[−tI 0
0 t

(
ATA − t2I

)
]
,

again in view of the fact that t > 0 it is clearly observed from the aforementioned
relation that the equivalence in (1.14) holds. �

Based on the aforementioned lemma, we can derive the following conclusion.

Conclusion 1.2 Problem 1.2 is equivalent to the following minimization problem
⎧
⎨

⎩

min t

s.t.
[ −tI A(x)
AT(x) −tI

]
≤ 0, (1.15)

with xi, i = 1, 2, . . . , n, and t being parameters to be optimized.
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12 ■ LMIs in Control Systems

Proof According to the definition of ||A||2, we have

||A||2 = (
λmax

(
ATA

)) 1
2 . (1.16)

Thus, using Lemmas 1.1 and 1.2, we have, for t > 0,

||A||2 ≤ t

⇐⇒ λmax
(
ATA

) ≤ t2

⇐⇒ ATA − t2I ≤ 0

⇐⇒
[
−tI A
AT −tI

]

≤ 0.

The proof is thus completed. �

Again, like the solution to the eigenvalue minimization, the matrix norm mini-
mization problem is converted into a minimization with a linear matrix inequality
constraint with respect to the optimizing parameters xi, i = 1, 2, . . . , n, and t.

1.2.3 Key Step in μ-Analysis
In the well-known μ-analysis for control systems, we need to treat the following
problem.

Problem1.3 Given a constant real matrixA, find a nonsingular matrixD such that

||DAD−1||2 < 1.

Using relations (1.12), (1.16), and Lemma 1.1, we have

||DAD−1||2 < 1

⇐⇒ λmax
(
D−TATDTDAD−1) < 1

⇐⇒ D−TATDTDAD−1 < I

⇐⇒ ATDTDA < DTD.

Denote

X = DTD,

then the aforementioned deduction yields

||DAD−1||2 < 1 ⇐⇒ ATXA < X .

This gives the following conclusion.
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Conclusion 1.3 Problem 1.3 has a solution if and only if there exists a symmetric
positive definite matrix X satisfying the following LMI:

ATXA − X < 0. (1.17)

In this case, the solution to the problem is given by D = X
1
2 .

Condition (1.17) is clearly a linear inequality with respect to the variable X .
Obviously, the solution to this problem is again converted into one of solving
an LMI.

Recall the Lyapunov stability theory for discrete-time linear systems, the LMI
(1.17) is a necessary and sufficient condition for the matrix A to be stable in the
discrete-time sense, or to be Schur stable. Therefore, there exists a solution to the
aforementioned problem if and only if the matrix A is stable in the discrete-time
sense. In certain cases, the matrix D can be restricted to be diagonal.

1.2.4 Schur Stabilization
In this section, we consider the control of the following linear system

x(k + 1) = Ax(k) + Bu(k),

where x ∈ R
n and u ∈ R

r are the state vector and the input vector, respectively.
With the following state feedback control law

u(k) = Kx(k),

the closed-loop system is given by

x(k + 1) = (A + BK ) x(k).

Note that for an arbitrary matrix L ∈ R
n×n there holds

|λi (L)| ≤ ||L||2, i = 1, 2, . . . , n,

we have

|λi (A + BK )| ≤ ||A + BK ||2, i = 1, 2, . . . , n.

Thus, the closed-loop system is stable in the discrete-time sense, or the matrix
(A + BK ) is Schur stable, when

||A + BK ||2 < 1.

Inspired by this fact, we propose the following problem.
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14 ■ LMIs in Control Systems

Problem 1.4 Given matrices A ∈ R
n×n, B ∈ R

n×r , and a scalar 0 < γ ≤ 1, find
a matrix K ∈ R

r×n such that

||A + BK ||2 < γ . (1.18)

It again follows from the definition of the spectral norms of matrices, the
condition (1.18) is clearly equivalent to

(A + BK )T (A + BK ) < γ 2I .

Using Lemma 1.2 we can equivalently convert the aforementioned inequality into
[ −γ I (A + BK )

(A + BK )T −γ I

]
< 0.

Thus, the problem is converted into one of finding the feasible solution K of the
aforementioned LMI. For the case of finding a minimal γ satisfying (1.18), we can
turn to solve the following optimization problem with LMI constraints:

⎧
⎨

⎩

min γ

s.t.
[ −γ I (A + BK )

(A + BK )T −γ I

]
< 0.

Remark 1.2 This problem is a special case of the problem treated in Section 7.5.3.
It is reasoned there that this problem may not have a solution even when the system
is stabilizable, but once there exists a solution, the solution is robust in the sense
that the closed-loop eigenvalues are not easy to get out of a circle region within the
unit circle when there are parameter perturbations.

1.3 Brief History
In this section, we give an overview of the brief history of LMIs. For a more detailed
description of the development process of LMIs before 1990, please refer to the first
chapter of the book by Boyd et al. (1994). We point out that some of the points
given in this section coincide with some of those in the first chapter of Boyd et al.
(1994).

1.3.1 Seed Planted (1890)
In 1890, Lyapunov published his work and introduced the celebrated Lyapunov
stability theory. Analytical solution of Lyapunov LMI was proposed via Lyapunov
equation. Concretely he showed that the linear system

ẋ(t) = Ax(t) (1.19)
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is asymptotically stable if and only if there exists a positive definite matrix P such that

ATP + PA < 0. (1.20)

This requirement is what we now call a Lyapunov inequality on P, which is a simple
LMI in P, and usually the variable P is restricted to be symmetric positive or negative
definite.

Lyapunov also showed that this LMI could be explicitly solved. Indeed, we can
pick anyQ = QT > 0 and then solve the linear equation ATP+PA = −Q , for the
matrix P, which is guaranteed to be positive definite if the system (1.19) is stable.

In conclusion, the first LMI used to analyze stability of a dynamical system was
the Lyapunov inequality (1.20), which can be solved analytically by solving a set of
linear equations, and this is the seed planted in the field of LMIs.

1.3.2 Rooting Period (1940–1970)
One of the pioneering researchers in the field of LMIs in the period of 1940–1970
was Lur’e.

In the 1940s, Lur’e, Postnikov, and some other scholars applied the Laypunov
LMI to some specific practical problems in control engineering. They characterized
the stability condition of a control system with a nonlinearity in the actuator in the
form of LMIs, and through some reduction, they also succeeded in checking these
LMI conditions through finding their analytical solutions by hand. This was indeed
a major step in the history toward the application of Lyapunov stability theory in
control engineering.

At the beginning of the 1950s, Lur’e summarized the earlier results in a book
entitled Some Nonlinear Problems in the Theory of Automatic Control (Lur’e 1951),
in which we can find the following insightful comment:

This book represents the first attempt to demonstrate that the ideas
expressed 60 years ago by Lyapunov, which even comparatively recently
appeared to be remote from practical application, are now about to
become a real medium for the examination of the urgent problems of
contemporary engineering.

The major breakthrough in the 1960s was the development of simple graphical
criteria for the type of Lyapunov LMI conditions arose in the problem of Lur’e,
and this was due to Yakubovich, Popov, Kalman, and some other researchers.
In this development, the well-known positive-real (PR) lemma was proposed, as
well as the celebrated Popov criterion, circle criterion, Tsypkin criterion, and
many other variations. These criteria could be applied to higher-order systems,
but did not gracefully or usefully extend to systems containing more than one non-
linearity. The contribution was to show how to solve a certain family of LMIs by
graphical methods.

co
nt

ro
len

gin
ee

rs
.ir



16 ■ LMIs in Control Systems

The PR lemma and its extensions were intensively studied in the latter half of the
1960s and were found to be related to the ideas of passivity, the small-gain criteria
introduced by Zames and Sandberg, and also quadratic optimal control.

As early as the 1960s, the important role of LMIs in control theory was well
recognized and utilized, especially by Yakubovich (see, Yakubovich 1962, 1964,
1967).

1.3.3 Growing Period (1970–2000)
1.3.3.1 PR Lemma and ARE

By 1970, it was known that the LMI appearing in the positive-real lemma could be
solved not only by graphical means but also by solving a certain algebraic Riccati
equation (ARE). Such a relation was established by J. C.Willems. In his work, which
is on quadratic optimal control (Willems 1971b), he led to the following LMI:

[
ATP + PA + Q PB + CT

BTP + C R

]
≥ 0,

and found that this LMI can be solved by studying the symmetric solutions of an
ARE in the form of

ATP + PA − (PB + CT)R−1(BTP + C) + Q = 0,

which in turn can be found by an eigendecomposition of a related Hamiltonian
matrix.

So by 1971, researchers knew several methods for solving special types of LMIs,
including direct methods (for small systems), graphical methods, and by solving
Lyapunov or Riccati equations. The latter obviously lies in the category of analytical
solutions. What lacked at that time were computational algorithms for solving LMIs.
Regarding this, Willems (1971b) also commented as follows:

The basic importance of the LMI (Lyapunov type) seems to be largely
unappreciated. It would be interesting to see whether or not it can be
exploited in computational algorithm, for example.

1.3.3.2 Convex Optimization and Computational Algorithms

As expected by J. C. Willems, with the development of computational technolo-
gies and optimization theory, researchers began to formulate the stability problems
related to LMIs into convex optimizations and solved them via optimization algo-
rithms. For instance, Horisberger and Belanger (1976) showed that the existence
of a quadratic Lyapunov function that guarantees simultaneous stability of a set of
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Introduction ■ 17

linear systems is a convex problem involving LMIs, and Pyatnitskii and Skorodin-
skii (1982) reduced the original problem of Lur’e (extended to the case of multiple
nonlinearity) to a convex optimization problem involving LMIs, which can then be
solved using the ellipsoid algorithm for convex optimization.

The convex optimization formulation of LMI problems has then opened a
prosperous way for the research in the field.

Ellipsoid algorithms:
The ellipsoid algorithm was developed for convex optimization by Nemirovskii and
Yudin (1983) and Shor (1985). Based on this algorithm, some researchers proved the
important fact that linear programs can be solved in polynomial-time (Khachiyan
1979, Gács and Lovász 1981, Grötschel et al. 1988). For more discussions on the
ellipsoid method as well as its extensions and variations, one can refer to Bland
et al. (1981) and Boyd and Barratt (1991). Furthermore, a detailed history of the
development of ellipsoid algorithm, including English and Russian references, can
be found in Chapter 3 of Akgül (1984).

Interior-Point algorithms:
General interior-point methods were really proposed in the 1960s (Lieu and Huard
1966, Dikin 1967, Huard 1967, Fiacco and McCormick 1968). While for interior-
point algorithms, solving various LMI problems have been developed in the 1990s by
several researchers. The first were Nesterov and Nemirovsky (1988, 1990a,b, 1991,
1993, 1994); others include Alizadeh (1991, 1992a,b), Jarre (1993), Vandenberghe
and Boyd (1995), Rendl et al. (1993), and Yoshise (1994).

Particularly, interior-point methods for generalized eigenvalue problems (GEVP)
are described in Boyd and Ghaoui (1993), Nesterov and Nemirovsky (1995), and
Section 4.4 of the book by Nesterov and Nemirovsky (1994). Since GEVPs are not
convex problems, devising a reliable stopping criterion is more challenging than for
convex problems. For a detailed complexity analysis, please refer to Freund and Jarre
(1994) and Nesterov and Nemirovsky (1994, 1995).

Also, in the middle of the 1990s, the MATLAB�-based LMI toolbox was
produced (Gahinet et al. 1994, 1995). Ever since then, this toolbox has found so
many applications and has performed a great role in the development of LMI-based
control theories and applications. Without the efficient software packages such as
LMI Toolbox, LMIs certainly would not have become so popular in the control
community.

1.3.3.3 LMIs in Control Systems

As algorithms for LMIs are getting more andmore mature, more andmore problems
arising in control systems analysis and design are reduced by researchers to a few
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18 ■ LMIs in Control Systems

standard convex or quasi-convex optimization problems involving LMIs. By the end
of the 1980s, the importance of LMIs was fully recognized. The following quotes
from Doyle et al. (1991) may probably highlight the importance of LMIs:

LMIs play the same central role in the postmodern theory as Lyapunov
and Riccati equations played in the modern, and in turn various graph-
ical techniques such as Bode, Nyquist and Nichols plots played in the
classical.

Instead of citing too many papers in the LMI field, let us here mention again
the first book in the LMI field, Boyd et al. (1994), which covers a great deal of the
developments in this aspect by studying 11 types of LMI problems, ranging from
matrix scaling to various controller synthesis problems.

Besides Boyd et al. (1994), there is a paper that needs to be mentioned, namely,
Skelton and Iwasaki (1995), which is entitled “Increased roles of linear algebra in
control education.” It lists 17 different control problems for both the continuous-
time and the discrete-time system cases, which are solvable via LMI technique.
These include stabilization, positive-realness, robust H2/H∞ control, etc. LMIs,
as an optimization technique, have found great significance in system and control
theories and applications by the end of the 1990s.

1.3.4 Flourishing Period (2000–Present)
Since 2000, more and more applications of LMIs, both theoretical and practical,
have been appearing in a very diverse and dramatically fast way.

Entering into the new millennium, more books on this topic have appeared. The
first book on this topic in the newmillenniummay beGhaoui andNiculescu (2000),
which is in fact a volume on advances in LMI methods in control, which collects
altogether 17 separated topics from 33 contributors. Yu (2002) is a book in Chinese
on LMI approach to robust control, which has been widely used in China. The
new book Ostertag (2011) treats mono- and multivariable control and estimation
and also introduces in its Chapter 6 some basic concepts and results of LMIs. There
are also some other ones, which are research-oriented, and focus on special research
topics related to LMI approaches, such as analysis and synthesis of multidimensional
systems (Paszke 2006), analysis and control of fuzzy systems (Tanaka and Wang
2001, Lin et al. 2007, Lam and Leung 2011), dynamic surface control of uncertain
nonlinear systems (Song and Hedrick 2011), and convex optimization approaches
to robust model predictive control (Cychowski 2009) and stochastic distribution
control (Guo and Wang 2010), both involving LMIs in certain contents.

The number of papers published on LMIs after 2000 has really increased explo-
sively. Therefore, instead of commenting on any individual paper, we here share
some of our search records.
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1.3.4.1 General Search Record

We have searched using the keyword “LMI” or “Linear matrix inequality” in the
library of Science Citation Index Expanded (SCI-Expanded), and the results are
shown in Table 1.1, where

■ x is the total number of papers found
■ y is the partial number of papers on automatic control systems while
■ z is the percentage of y in x

It can be observed from Table 1.1 that, since 2000, there have been nearly 250
SCI papers published on LMIs each year. Compared with the number of papers
published on LMIs in the period from 1985 to 2000, the number of papers published
since 2000 has increased dramatically. This increasement is shown intuitively in
Figure 1.2.

1.3.4.2 Record Related to Control

It can be further observed from Table 1.1 that, since 1995, nearly half of the papers
published on LMIs are concerned with automatic control systems. In order to have
a clear classification, we have also searched in the library of Science Citation Index
Expanded (SCI-Expanded), by the following: “LMI” or “Linear matrix inequality”
plus “a subject term.”

All together we have chosen 13 subject terms, as shown in Table 1.2, and the
total number of papers found corresponding to each subject term is also given in
Table 1.2. Meanwhile, we have also refined each search by the category of automatic
control systems, and the refined results are also listed in the table. As seen in
the table, corresponding to each subject term, the number of papers published
in the category of automatic control system occupies nearly half of those published

Table 1.1 Searched Results in SCI

Time Periods x y z

1985.1.1–1989.12.31 6 0 0

1990.1.1–1994.12.31 38 3 7.89

1995.1.1–1999.12.31 238 133 55.88

2000.1.1–2004.12.31 1425 706 49.54

2005.1.1–2009.12.31 3880 1638 42.22

2010.1.1–2012.6.30 2611 1279 48.99
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Flourishing (2000–present)

Growing (1970–2000)

Rooting (1940–1970)

Figure 1.2 Developing process of LMIs.

Table 1.2 Searched Results by Subjects

Subject Term Total Numbers Refined Numbers

Linear system 8013 3904

Complex system 4992 2266

Fuzzy system 5156 2359

Nonlinear system 5664 2634

Network control system 5254 2453

Stability 6985 3378

H infinity 6053 2990

H2 4838 2229

Passivity 4910 2254

Nonexpansivity 4827 2219

Observer 5092 2380

Filtering 5212 2419

Multiobjective control 4849 2232
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in the field of LMIs. LMI in control, as a subdiscipline in systems and control, now
has been very rich in content. LMI today has really become a technique for control.

1.4 Advantages
Having reviewed the development process of LMIs, we can now give a brief sum-
marization of the advantages of LMI approaches for control systems analysis and
design.

1.4.1 Global Optimal Solution and Numerical Reliability
As we have seen from Section 1.3, and will learn from the next chapter, that LMIs
form convex constraints, and therefore, many optimization problems involving LMIs

1. are convex, and hence have solvable global optimal solutions
2. can be solved numerically efficiently and reliably
3. are always solvable even when their sizes are very large.

So, for an LMI problem, a solution can always be obtained with acceptable
precision due to existence of efficient algorithms as long as the problem has a
solution.

In Chapter 3, we have presented some basic theories and results for convex
optimization. The aforementioned points will be understood better after going over
the content of that chapter.

1.4.2 Multiple Objective Design
Another extreme advantage of the LMI approaches for control systems analysis and
design is that it is very convenient to handle multiple objective control systems
design. General multiobjective control problems are difficult and remain mostly
open to this date. By multiobjective control, we refer to synthesis problems with
a mix of certain design specifications ranging from H2 and H∞ performance to
regional pole placement, asymptotic tracking or regulation, and settling time or
saturation constraints. With the LMI approach, as long as the design objectives can
be converted into certain LMI constraints, the solution to the multiobjective design
problem is straightforward.

Besides the design objectives mentioned earlier, we may have other design objec-
tives as passivity, asymptotic disturbance rejection, time-domain constraints, and
constraints on the closed-loop pole location. In addition, these objectives can be
specified on different channels of the closed-loop system. When all the objectives are
formulated in terms of a common Lyapunov function, controller design amounts
to solving a system of linear matrix inequalities.
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1.4.3 Mature Software Packages
For solving problems related to LMIs, there have been a few mature software
packages, for example, YALMIP, CVX, and the MATLAB LMI toolbox. These
packages have all been implemented and tested on specific families of LMIs that
arise in control theory and have been found to be very efficient. With the help
of these standard and open-source software packages, an application of the LMI
approach to a control system analysis and design today has been only a problem of
converting an analysis or design problem into an LMI problem. Then, the problem
can be handed over to some standard software package, and the next step for us to
do is to analyze the results provided by the package. This is why we are saying that
LMI today has been a technique and has been widely used in the world.

1.5 About the Book
1.5.1 Structure
Besides an introduction chapter, this whole book contains the following five parts:

■ Part I. Preliminaries
■ Part II. Control systems analysis
■ Part III. Control systems design
■ Part IV. Applications
■ Appendices

Part I comprises two chapters: “Technical lemmas” (Chapter 2) and “Review of
optimization theory” (Chapter 3).

Chapter 2 presents some useful technical lemmas which are used in the sequential
chapters of the book. These include somematrix inequalities, the Schur complement
lemma, and some lemmas for elimination of variables.

Chapter 3 gives a brief review of optimization theory. It first presents some
basic concepts related to mathematical optimization then introduces a few types
of solvable optimization problems, and finally leads to the problem of convex
optimization and reveals two important advantages of the LMI approaches, that is,
numerical reliability and global optimality.

Part II examines some control system analysis problems using LMI
Techniques. It consists of three chapters: “Stability analysis” (Chapter 4),
“H∞/H2 performance” (Chapter 5), and “Property analysis” (Chapter 6).

Chapter 4 treats the problems of stability analysis. First, the LMI conditions
for stability of both continuous- and discrete-time systems and that of the general
D-stability are presented. The quadratic stability for uncertain system and stability
for time-delay systems are also studied based on LMI techniques.

Chapter 5 looks at the LMI conditions for the H∞ and H2 indices of a linear
system to be bounded by certain given levels.
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Chapter 6 examines certain properties of control systems, which include the
stabilizability and detectability, dissipativity, passivity and positive-realness, non-
expansivity, and bounded-realness. This chapter shows the equivalence relation
between passivity and positive-realness, and that between nonexpansivity and
bounded-realness.

Part III deals with several types of control systems design problems. The structure
of this part is as follows: “Feedback stabilization” (Chapter 7), “H∞/H2 control”
(Chapter 8), “State observation and filtering” (Chapter 9), and “Multiple objective
designs” (Chapter 10).

From Chapters 7 through 10, certain typical control systems design problems
are considered. Chapter 7 treats several types of stabilization problems, Chapter 8
deals with the H∞ and H2 state feedback control, Chapter 9 treats the problems of
full-order observer, reduced-order observer, H∞ and H2 state observer and filtering,
while Chapter 10 handles a few multiple objective design problems based on the
results given in previous chapters.

Wemustmention that, as a basic introduction to LMIs in control systems analysis
and design, here all the control problems are limited to state feedback case.

Part IV introduces some practical applications of LMI-based control system
designs. It contains two chapters: “Missile attitude control” (Chapter 11) and
“Satellite control” (Chapter 12).

These respectively look into the problems of the attitude control of a type
of nonrotating missiles and a type of BTT missiles and the problem of attitude
stabilization of a type of satellites.

In the last part, some appendices are given, which involve proofs of some theorems
and a brief introduction of the LMI toolbox. The structure diagram is shown in
Figure 1.3.

1.5.2 Features
A great part of audience of this book is university graduates and senior undergradu-
ates, hence we have paid great attention to the readability and easy understanding in
the writing of the book. Toward this goal, we have taken various measures including
the following:

1. It is well structured, and the contents are reasonably arranged into four
parts: Preliminaries, Control systems analysis, Control systems design, and
Applications. Readers can master the contents step by step with ease.

2. It summarizes most of the technical lemmas used in the book in Chapter 2
(“Technical lemmas”) of the preliminary part, and these lemmas are system-
atically classified into different groups. This certainly provides the reader with
great convenience.

3. It provides many examples, and some of them possess practical application
backgrounds. It also provides exercises at the end of each chapter, and the
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solutions to all the exercises are also available and can be obtained on request.
These help the reader in understanding the materials.

4. It summarizes most of the important results in each chapter in the last section
of that chapter, usually in clear table form. This provides convenience for
readers to look up or review the results.

5. It contains an application part composed of two chapters that respectively deal
with missile and satellite control using LMI techniques. From these, readers
can indeed see the important roles of the LMI methods and learn to use LMIs
in practical problems.

6. It provides, for convenience of readers, a brief and clear introduction to the
use of the MATLAB LMI toolbox in an appendix, which will help the reader
to get to use LMI techniques quickly.

7. It provides detailed proofs for all main results, lengthy ones are clearly
divided into different subsections or steps, and also elementary mathemat-
ics is used whenever possible, for instance, in the proof of an important
lemma (Lemma 2.5), the solution theory of second-order linear algebraic
equation with a single variable is used, which makes the proof much easier to
understand.

8. It shows, in contrast to the numerical reliability of the LMI problems, with
a pole assignment Benchmark problem that a computational solution to an
ill-condition problem could have gone far away from the true one, and this
makes the reader get well aware of the importance of numerical reliability and
hence the LMI approaches.

1.5.3 Using the Book in Courses
Most of the materials of the book have been lectured by the first author of the book
in the Fall semester of 2004 and 2005 and also in the Spring semester of 2006–2012
in a postgraduate course entitled “LMIs in control systems” at the Harbin Institute
of Technology. The prerequisite knowledge that the students should have includes
linear algebra, basic calculus, and linear systems theory.

This book may be useful at other universities in the world as the primary or
alternate textbook for a similar course for graduate and senior undergraduate students
majoring in control systems and theory, or in applied mathematics, mechanical,
electrical and aerospace engineering.

In the authors’ opinion, this book is suitable for such a master course with about
60 lecturing hours and 10 tutorials. In the case that the lecturing hours are fewer
than this, certain materials may be skipped. Table 1.3 gives our suggestions. Certain
sections in Appendix A may be lectured according to the preference of the lecturer.

At the end of each chapter, we have given certain exercise problems. We have
also worked out all the solutions to these problems. They can be asked for, together
with the MATLAB codes for the computational examples and exercises problems,
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Table 1.3 Lecturing Hour Suggestion

Lecturing Hours Contents To Be Skipped

50 Sections 4.5, 7.5 through 7.7, 8.4, and
Sections 6.3 through 6.5

40 The above plus Part IV

30 The above plus Chapters 9 and 10

through emails g.r.duan@hit.edu.cn and yuhaihua@hit.edu.cn, or by contacting
the publisher.

Exercises
1.1 Let A ∈ S

m. Show that for arbitraryM ∈ R
m×n, A ≤ 0 impliesMTAM ≤ 0.

1.2 (Duan and Patton 1998, Zhang and Yang 2003, p. 175) Let A ∈ C
n×n. Show

that A is Hurwitz stable if A + AH < 0.
1.3 (Duan and Patton 1998) Let A ∈ R

n×n. Show that A is Hurwitz stable if and
only if

A = PQ , (1.21)

with P > 0 and Q being some matrix satisfying Q + QT < 0.
1.4 Give an example to show that certain set of nonlinear inequalities can be

converted into LMIs.
1.5 Verify for which integer i the following inequality is true:

[
1 i
i 1

]
>

[
0 1
1 0

]
.

1.6 Consider the combined constraints (in the unknown x) of the form
{
F (x) < 0
Ax = a, (1.22)

where the affine function F : R
n → S

m, matrix A ∈ R
m×n, and vector

a ∈ R
m are given, and the equation Ax = a has a solution. Show that (1.22)

is in fact an LMI.
1.7 Write the Hermite matrix A ∈ C

n×n as X + iY with real X and Y . Show that
A < 0 only if X < 0.

1.8 Let A,B be symmetric matrices of the same dimension. Show
i. A > B implies λmax(A) > λmax(B),
ii. λmax(A + B) ≤ λmax(A) + λmax(B).
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Chapter 2

Technical Lemmas

As the first chapter in this preliminary part, some technical lemmas are presented
here, which are to be used in the following parts.

2.1 Generalized Square Inequalities
For arbitrary scalars x, y, and δ > 0, we have

(√
δx − 1√

δ
y
)2

= δx2 + 1
δ
y2 − 2xy ≥ 0,

from which we obtain

2xy ≤ δx2 + 1
δ
y2.

This is the well-known square inequality. In this section, we give some generalized
versions of this inequality, which will play very fundamental roles in the LMI
techniques.

2.1.1 Restriction-Free Inequality

Lemma 2.1 Let X ,Y ∈ R
m×n, F ∈ S

m, F > 0, and δ > 0 be a scalar, then

XTFY + Y TFX ≤ δXTFX + δ−1Y TFY . (2.1)

Particularly, when X = x and Y = y are vectors, the aforementioned inequality
reduces to

2xTFy ≤ δxTFx + δ−1yTFy. (2.2)
29
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Proof Inequality (2.1) clearly follows from

δXTFX + δ−1Y TFY − (XTFY + Y TFX
)

=
(√

δX −
√

δ−1Y
)T

F
(√

δX −
√

δ−1Y
)

≥ 0.

When X = x and Y = y are vectors, xTFy reduces to a scalar. In this case, (2.1)
clearly reduces to (2.2). �

2.1.2 Inequalities with Restriction
The following several results in this section are associated with the following
restriction set:

F = {F | F ∈ R
n×n, FTF ≤ I }. (2.3)

Lemma 2.2 Let X ∈ R
m×n, Y ∈ R

n×m. Then for arbitrary scalar δ > 0,
there holds

XFY + Y TFTXT ≤ δXXT + δ−1Y TY , ∀F ∈ F. (2.4)

This lemma can be similarly proven by completing the square technique. It can
also be immediately obtained from the following result.

Lemma 2.3 Let X ∈ R
m×n, Y ∈ R

n×m. Then for arbitrary scalar δ > 0, arbitrary
nonzero vectors x and y, there holds,

2xTXFYy ≤ δxTXXTx + δ−1yTY TYy, ∀F ∈ F. (2.5)

Proof Using the property of set F, we can obtain

0 ≤
(√

δXTx −
√

δ−1FYy
)T (√

δXTx −
√

δ−1FYy
)

= δxTXXTx + δ−1yTY TFTFYy − 2xTXFYy

≤ δxTXXTx + δ−1yTY TYy − 2xTXFYy.

This gives the inequality (2.5). �

We can rewrite (2.5) as follows:

xTXFYy + yTY TFTXTx ≤ δxTXXTx + δ−1yTY TYy, (2.6)
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and taking x= y in the aforementioned relation, gives

xT
(
XFY + XTFTY T − δXXT − δ−1Y TY

)
x ≤ 0. (2.7)

In view of the arbitrariness of x, we know that the aforementioned inequality is
equivalent to (2.4).

2.1.3 Variable Elimination Lemma
In order to give the last result in this subsection, here we first introduce a property
of the set F defined in (2.3).

Lemma 2.4 For arbitrary nonzero vectors x, y ∈ R
n, there holds

max
F∈F

(
xTFy

)2 = (xTx) (yTy) . (2.8)

Proof First, using the well-known Schwarz inequality, we have

|xTFy| ≤ √
xTx
√
yTFTFy

≤ √
xTx
√
yTy.

Therefore, we have for arbitrary nonzero vectors x, y ∈ R
n,

(
xTFy

)2 ≤ (xTx) (yTy) . (2.9)

In the following, it suffices to show that the equality in (2.9) does hold with
some F0 ∈ F.

Taking

F0 = xyT√
xTx
√
yTy

.

Let us first show F0 ∈ F. To do this, let us consider

FT
0 F0 = yxTxyT

(
xTx
) (
yTy
) = yyT

yTy
.

Since

σmax(FT
0 F0) = σmax(F0FT

0 ) = 1,

we know that FT
0 F0 ≤ I , thus F0 ∈ F.
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Next, we show that, with this matrix F0, the equality in (2.9) holds. This can be
clearly seen from

(
xTF0y

)2 =
(

xT
xyT√

xTx
√
yTy

y

)2

= (xTx) (yTy) .

Thus the proof is done. �

The following variable elimination lemma often plays an important role in certain
analysis problems involving LMIs.

Lemma 2.5 Let X ∈ R
m×n, Y ∈ R

n×m, Q ∈ R
m×m. Then

Q + XFY + Y TFTXT < 0, ∀F ∈ F, (2.10)

if and only if there exists a scalar δ > 0, such that

Q + δXXT + δ−1Y TY < 0. (2.11)

Proof Sufficiency: Let (2.11) hold. By adding both sides of (2.4) the matrix Q ,
we obtain

Q + XFY + Y TFTXT

≤ Q + δXXT + δ−1Y TY

< 0.

That is, (2.10) holds.

Necessity: Suppose (2.10) holds. Then, for arbitrary nonzero vector x, we have

xT
(
Q + XFY + Y TFTXT) x < 0,

that is,

xTQx + 2xTXFYx < 0. (2.12)

On the other hand, using Lemma 2.4 we have

max
F∈F

(
xTXFYx

) = √
xTXXTx

√
xTY TYx.

Therefore, in order that (2.12) holds for arbitrary F ∈ F, the following must hold:

xTQx + 2
√
xTXXTx

√
xTY TYx < 0, (2.13)
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and from this we can get

(
xTQx

)2 − 4
(
xTXXTx

) (
xTY TYx

)
> 0. (2.14)

Denote
⎧
⎨

⎩

a = xTXXTx
b = xTQx
c = xTY TYx,

(2.15)

then (2.14) can be written briefly as

b2 − 4ac > 0.

Further, note from (2.13) that b = xTQx < 0, which gives

δ0 = − b
2a

> 0,

then the following equation

aδ2 + bδ + c = 0

has at least one positive root (see Figure 2.1), and thus there exists a δ > 0 such that

aδ2 + bδ + c < 0.

Dividing both sides of the aforementioned inequality by δ gives

b + aδ + 1
δ
c < 0. (2.16)

y

δ2

δ0

δ1 δ

Figure 2.1 Existence of δ.
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Substituting the expressions for a, b, and c in (2.15) back into the aforementioned
inequality immediately gives

xTQx + δxTXXTx + 1
δ
xTY TYx < 0,

that is,

xT
(
Q + δXXT + 1

δ
Y TY

)
x < 0.

This is clearly equivalent to (2.11) in view of the arbitrariness of the vector x.
The proof is then completed. �

2.2 Schur Complement Lemma
2.2.1 Schur Complements
First let us define the so-called Schur complements.

Definition 2.1 Consider the partitioned matrix

A =
[
A11 A12
A21 A22

]
. (2.17)

1. When A11 is nonsingular, A22 − A21A−1
11 A12 is called the Schur complement

of A11 in A, denoted by Sch(A11).
2. When A22 is nonsingular, A11 − A12A−1

22 A21 is called the Schur complement
of A22 in A, denoted by Sch(A22).

The meaning of Schur complements lies in the following result.

Lemma 2.6 Let �= represent the equivalence relation between twomatrices. Then
for the partitioned matrix (2.17), the following conclusions hold.

1. When A11 is nonsingular,

A �=
[
A11 0
0 A22 − A21A−1

11 A12

]
=
[
A11 0
0 Sch(A11)

]
, (2.18)
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and hence A is nonsingular if and only if Sch(A11) is nonsingular, and

detA = detA11 det Sch(A11). (2.19)

2. When A22 is nonsingular,

A �=
[
A11 − A12A−1

22 A21 0
0 A22

]
=
[
Sch(A22) 0

0 A22

]
, (2.20)

hence A is nonsingular if and only if Sch(A22) is nonsingular, and

detA = detA22 det Sch(A22). (2.21)

Proof When A11 is nonsingular, we can define the nonsingular matrices

T1 =
[

I 0
−A21A−1

11 I

]
, T2 =

[
I −A−1

11 A12
0 I

]
, (2.22)

and have

A �= T1AT2

=
[

I 0
−A21A−1

11 I

] [
A11 A12
A21 A22

] [
I −A−1

11 A12
0 I

]

=
[
A11 A12
0 A22 − A21A−1

11 A12

] [
I −A−1

11 A12
0 I

]

=
[
A11 0
0 A22 − A21A−1

11 A12

]

=
[
A11 0
0 Sch(A11)

]
.

That is, the relation (2.18) holds. Further, since

det (T1) = det (T2) = 1,

equation (2.19) clearly follows. Thus, the first conclusion is proven.
The second conclusion can be shown similarly. �

2.2.2 Matrix Inversion Lemma
Based on Lemma 2.6, we can easily obtain the followingwell-knownmatrix inversion
lemma.
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Lemma 2.7 For the partitioned matrix (2.17), the following conclusions hold.

1. When A11 is nonsingular, A is nonsingular if and only if Sch(A11) is
nonsingular, and

A−1 =
[
A−1
11 + A−1

11 A12S
−1
ch (A11)A21A−1

11 −A−1
11 A12S

−1
ch (A11)

−S−1
ch (A11)A21A−1

11 S−1
ch (A11)

]
. (2.23)

2. When A22 is nonsingular, A is nonsingular if and only if Sch(A22) is
nonsingular, and

A−1 =
[

S−1
ch (A22) −S−1

ch (A22)A12A−1
22

−A−1
22 A12S

−1
ch (A22) A−1

22 + A−1
22 A21S

−1
ch (A22)A12A−1

22

]
. (2.24)

Proof Let

S �
[
A−1
11 + A−1

11 A12S
−1
ch (A11)A21A−1

11 −A−1
11 A12S

−1
ch (A11)

−S−1
ch (A11)A21A−1

11 S−1
ch (A11)

] [
A11 A12
A21 A22

]

�
[
S11 S12
S21 S22

]
,

we are going to show that the matrix S is an identity matrix.
By direct multiplication, we clearly have

S11 =
(
A−1
11 + A−1

11 A12S
−1
ch (A11)A21A−1

11

)
A11 − A−1

11 A12S
−1
ch (A11)A21 = I ,

and

S21 = −S−1
ch (A11)A21A−1

11 A11 − S−1
ch (A11)A21 = 0.

Recalling the definition of Sch(A11), we further have

S12 = A−1
11 A12 + A−1

11 A12S
−1
ch (A11)A21A−1

11 A12 − A−1
11 A12S

−1
ch (A11)A22

= A−1
11 A12 − A−1

11 A12S
−1
ch (A11)

(
A22 − A21A−1

11 A12
)

= A−1
11 A12 − A−1

11 A12S
−1
ch (A11)Sch(A11)

= 0,
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and

S22 = −S−1
ch (A11)A21A−1

11 A12 + S−1
ch (A11)A22

= S−1
ch (A11)

(
A22 − A21A−1

11 A12
)

= S−1
ch (A11)Sch(A11)

= I .

Thus, the first conclusion is true. Similarly, we can prove the second one. �

Based on the aforementioned lemma, we obtain immediately the following
relations.

Corollary 2.1 LetA11 andA22 be nonsingular matrices of appropriate dimensions.
Then,

(
A11 − A12A−1

22 A21
)−1 = A−1

11 + A−1
11 A12

(
A22 − A21A−1

11 A12
)−1

A21A−1
11 ,
(2.25)

(
A22 − A21A−1

11 A12
)−1 = A−1

22 + A−1
22 A21

(
A11 − A12A−1

22 A21
)−1

A12A−1
22 .
(2.26)

Proof It follows from Lemma 2.7 that, under the given conditions, the inverse of
the Amatrix has both forms (2.23) and (2.24). Equating the (1,1) element in (2.23)
and (2.24), yields

S−1
ch (A22) = A−1

11 + A−1
11 A12S

−1
ch (A11)A21A−1

11 , (2.27)

while the (2,2) element in (2.23) and (2.24) gives

S−1
ch (A11) = A−1

22 + A−1
22 A21S

−1
ch (A22)A12A−1

22 . (2.28)

Further, note that

Sch(A22) = A11 − A12A−1
22 A21,

Sch(A11) = A22 − A21A−1
11 A12,

substituting the aforementioned equations into (2.27) and (2.28) gives (2.25)
and (2.26). �
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2.2.3 Schur Complement Lemma
The following Schur complement lemma is well known and plays a fundamental
role in converting nonlinear matrix inequalities into LMIs.

Lemma 2.8 (Schur complement lemma) Let the partitioned matrix

A =
[
A11 A12
AT12 A22

]
(2.29)

be symmetric. Then,

A < 0 ⇐⇒ A11 < 0, Sch(A11) < 0 ⇐⇒ A22 < 0, Sch(A22) < 0, (2.30)

or

A > 0 ⇐⇒ A11 > 0, Sch(A11) > 0 ⇐⇒ A22 > 0, Sch(A22) > 0. (2.31)

Proof When the partitioned matrix (2.17) is restricted to be symmetric, the two
matrices T1 and T2 in (2.22) satisfy TT

1 = T2. In this case, it is easy to see that the
equivalence relations (2.18) and (2.20) both become the congruent relation. Thus,
the conclusion holds. �

According to the Schur complement lemma, we can easily obtain the following
conclusion.

Corollary 2.2 Let

A =

⎡

⎢⎢⎢
⎣

A11 A12 · · · A1r
AT12 A22 · · · A2r
...

...
. . .

...
AT1r AT2r · · · Arr

⎤

⎥⎥⎥
⎦
.

Then, A < 0 implies Aii < 0, i = 1, 2, . . . , r.

Proof First, we prove that the conclusion holds in the case of r = 2. It is
obvious that

A < 0 =⇒ A11 < 0

=⇒ A−1
11 < 0

=⇒ AT12A
−1
11 A12 ≤ 0.
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Applying Schur complement lemma to matrix A, we get

Sch(A11) = A22 − AT12A
−1
11 A12 < 0,

which implies

A22 < AT12A
−1
11 A12 ≤ 0.

Thus the conclusion holds when r = 2.
If r > 2, we partition the matrix A as follows:

A =
[
Ar−1 gr−1
gTr−1 Arr

]
< 0,

then by the conclusion we have just shown, we have

Arr < 0, Ar−1 < 0.

Partition the matrix Ar−1 as

Ar−1 =
[
Ar−2 gr−2
gTr−2 Ar−1,r−1

]
< 0,

and applying the conclusion again, we obtain

Ar−1,r−1 < 0, Ar−2 < 0.

Continue this process, we can derive

Aii < 0, i = 1, 2, . . . , r.

The proof is then done. �

As an application of the aforementioned Schur complement lemma, we here
show the following proposition that establishes an equivalent LMI for a type of
Riccati inequalities.

Proposition 2.1 Let A ∈ R
n×n, B ∈ R

n×r , C ∈ R
r×n, Q ∈ S

n, R ∈ S
r ,

and denote

�(P) = ATP + PA + (PB + CT)R−1(BTP + C) + Q , (2.32)

and

�(P) =
[
ATP + PA + Q PB + CT

BTP + C −R

]
. (2.33)
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Then,

�(P) < 0 ⇐⇒ �(P) < 0, if R > 0, (2.34)

and

�(P) > 0 ⇐⇒ �(P) > 0, if R < 0. (2.35)

Proof It is easy to check that the Schur complement of R in �(P) is given as
follows:

Sch(−R) = ATP + PA + Q + (PB + CT)R−1(BTP + C)

= ATP + PA + (PB + CT)R−1(BTP + C) + Q

= �(P).

Therefore, following from the Schur complement lemma, we have

�(P) < 0 ⇐⇒
{
R > 0
�(P) < 0,

and

�(P) > 0 ⇐⇒
{
R < 0
�(P) > 0.

These two relations are clearly equivalent to the relations in (2.34) and (2.35),
respectively. Thus the proof is done. �

The aforementioned proposition is very important since it realizes the conversion
fromquadratic to linear inequalities.We remark that this conversion technique based
on Schur complement lemma will be used frequently in this book.

2.3 Elimination of Variables
In many deduction processes involving LMIs, often the techniques of elimination
of variables are used. This section introduces some basic lemmas that serve as the
basic tools for these techniques.

2.3.1 Variable Elimination in a Partitioned Matrix
The two lemmas in this section both treat the elimination of variables in a partitioned
matrix.
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Lemma 2.9 Let

Z =
[
Z11 Z12
ZT
12 Z22

]

, Z11 ∈ R
n×n,

be symmetric. Then, there exists a symmetric matrix X such that
⎡

⎣
Z11 − X Z12 X
ZT
12 Z22 0
X 0 −X

⎤

⎦ < 0 (2.36)

if and only if

Z =
[
Z11 Z12
ZT
12 Z22

]
< 0. (2.37)

Proof According to Schur complement lemma, we know that (2.36) holds if and
only if X > 0 and

0 > Sch(−X )

=
[
Z11 − X Z12
ZT
12 Z22

]

−
[
X
0

]
(−X )−1 [X 0

]

=
[
Z11 − X Z12
ZT
12 Z22

]

+
[
X 0
0 0

]

=
[
Z11 Z12
ZT
12 Z22

]

.

The proof is done. �

Lemma 2.10 Let Zij, i = 1, 2, 3, j = i, . . . , 3, be given matrices of appropriate
dimensions. Then, there exists a matrix X such that

⎡

⎣
Z11 Z12 Z13
ZT
12 Z22 Z23 + XT

ZT
13 ZT

23 + X Z33

⎤

⎦ < 0 (2.38)

if and only if
[
Z11 Z12
ZT
12 Z22

]
< 0,

[
Z11 Z13
ZT
13 Z33

]
< 0. (2.39)

co
nt

ro
len

gin
ee

rs
.ir



42 ■ LMIs in Control Systems

In this case, such a matrix X is given by

X = ZT
13Z

−1
11 Z12 − ZT

23. (2.40)

Proof Necessity: Let (2.38) hold, then the submatrices corresponding every
principle minors are also negative definite. Therefore, (2.39) holds.

Sufficiency: Let (2.39) hold, then Z11 < 0, and by applying Schur complement
lemma to the two inequalities in (2.39), we have

Z22 − ZT
12Z

−1
11 Z12 < 0, Z33 − ZT

13Z
−1
11 Z13 < 0. (2.41)

In this case, by the Schur complement lemma, we need only to show that there
exists an X satisfying

[
Z22 Z23 + XT

ZT
23 + X Z33

]

−
[
ZT
12

ZT
13

]

Z−1
11
[
Z12 Z13

]
< 0. (2.42)

Note
[

Z22 Z23 + XT

ZT
23 + X Z33

]

−
[
ZT
12

ZT
13

]

Z−1
11
[
Z12 Z13

]

=
[

Z22 − ZT
12Z

−1
11 Z12 Z23 + XT − ZT

12Z
−1
11 Z13

ZT
23 + X − ZT

13Z
−1
11 Z12 Z33 − ZT

13Z
−1
11 Z13

]

,

by simply choosing X as in (2.40), and using the aforementioned relation and (2.41),
we have

[
Z22 Z23 + XT

ZT
23 + X Z33

]

−
[
ZT
12

ZT
13

]

Z−1
11
[
Z12 Z13

]

=
[
Z22 − ZT

12Z
−1
11 Z12 0

0 Z33 − ZT
13Z

−1
11 Z13

]

< 0.

Thus, the proof is completed. �

2.3.2 Projection Lemma
In this section, we present a condition for eliminating a variable in an LMI using
orthogonal complements. Thus, we first should provide the definition of orthogonal
complements.
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Definition 2.2 Let A ∈ R
m×n. Then,Ma is called a left orthogonal complement

of A if it satisfies

MaA = 0, rank (Ma) = m − rank(A);

and Na is called a right orthogonal complement of A if it satisfies

ANa = 0, rank (Na) = n − rank(A).

The following projection lemma makes use of the aforementioned concept of
orthogonal complement.

Lemma 2.11 Let P,Q andH =HT be given matrices of appropriate dimensions,
Np and Nq be the right orthogonal complements of P and Q , respectively. Then,
there exists a matrix X such that

H + PTXTQ + QTXP < 0 (2.43)

if and only if

NT
p HNp < 0, NT

q HNq < 0. (2.44)

Proof By the definitions of matrices Np and Nq, we have

PNp = 0, QNq = 0,

and hence

NT
p P

T = 0, NT
q Q

T = 0.

Necessity: Premultiplying (2.43) by NT
p (alternatively, NT

q ) and postmultiplying
by Np (alternatively, Nq) and using these relations gives the first (alternatively, the
second) inequality in (2.44).

Sufficiency: Let V1 be a matrix, whose column vectors are an arbitrary set of base
vectors of ker(P) ∩ ker(Q), then there exist matrices V2 and V3, such that

Image
[
V1 V2

] = ker(P), Image
[
V1 V3

] = ker(Q).

Without loss of generality, assume that V2 and V3 are full-rank. Then, the column
vectors of V1, V2 and V3 construct the base of ker(P) ⊕ ker(Q). Therefore, it can
be expanded to the base of R

n, that is, there exists a matrix V4, such that

V = [V1 V2 V3 V4
]
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is square and nonsingular. So, (2.43) holds if and only if

V THV + V TPTXTQV + V TQTXPV < 0. (2.45)

Noting the structure of V , we have

PV = [0 0 P1 P2
]
, QV = [0 Q1 0 Q2

]
.

Denote

V THV =

⎡

⎢⎢⎢⎢
⎣

H11 H12 H13 H14

HT
12 H22 H23 H24

HT
13 HT

23 H33 H34

HT
14 HT

24 HT
34 H44

⎤

⎥⎥⎥⎥
⎦
,

and

Y =
[
Y11 Y12
Y21 Y22

]
=
[
PT
1

PT
2

]

XT [Q1 Q2
]
, (2.46)

then according to the definitions of matrices P1, P2, Q1, and Q2, it follows that

ker
[
P1 P2

] = 0, ker
[
Q1 Q2

] = 0.

Therefore, for arbitrary Y , there exists a matrix X satisfying (2.46).
According to the partitioned matrices, (2.45) is equal to

⎡

⎢⎢⎢
⎣

H11 H12 H13 H14

HT
12 H22 H23 + Y T

11 H24 + Y T
21

HT
13 HT

23 + Y11 H33 H34 + Y12
HT

14 HT
24 + Y21 HT

34 + Y T
12 H44 + Y22 + Y T

22

⎤

⎥⎥⎥
⎦

< 0. (2.47)

In this case, by the Schur complement lemma, (2.47) holds if and only if

H =
⎡

⎢
⎣

H11 H12 H13

HT
12 H22 H23 + Y T

11
HT

13 HT
23 + Y11 H33

⎤

⎥
⎦ < 0, (2.48)

H44 + Y22 + Y T
22 −

⎡

⎢
⎣

H14

H24 + Y T
21

H34 + Y12

⎤

⎥
⎦

T

H−1

⎡

⎢
⎣

H14

H24 + Y T
21

H34 + Y12

⎤

⎥
⎦ < 0 (2.49)
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hold. If (2.48) holds by choosing Y11 properly, (2.49) also holds by choosing Y12,
Y21, and Y22 properly. Therefore, (2.48) and (2.49) hold if and only if there exists
a defined matrix Y11 properly, such that H < 0.

On the other hand, since

ker(PV ) = Image

⎡

⎢⎢
⎣

I 0
0 I
0 0
0 0

⎤

⎥⎥
⎦ , ker(QV ) = Image

⎡

⎢⎢
⎣

I 0
0 0
0 I
0 0

⎤

⎥⎥
⎦ ,

combining the aforementioned equations with (2.44), it follows that
[
H11 H12

HT
12 H22

]

< 0,

[
H11 H13

HT
13 H33

]

< 0.

Then, according to Lemma 2.10, under the condition of (2.44), there exists a matrix
Y11, such that H < 0, which leads to that there exists matrix Y such that (2.47)
holds. Noting that, for an arbitrary matrix Y , there always exists a matrix X , such
that (2.46) holds, which is also the solution of (2.43). Then, the desired conclusion
is obtained. The proof is completed. �

2.3.3 Reciprocal Projection Lemma
In this section, we further introduce the so-called reciprocal projection lemma,
which is due to Apkarian et al. (2000). This will be used in Chapter 5.

Lemma2.12 For a given symmetricmatrix� ∈ S
n, there exists amatrix S ∈ R

n×n

satisfying

� + ST + S < 0 (2.50)

if and only if, for an arbitrarily fixed symmetric matrix P ∈ S
n, there exists a matrix

W ∈ R
n×n satisfying

[
� + P − (W T + W

)
ST + W T

S + W −P

]

< 0. (2.51)

Proof Let

� =
[
� + P ST

S −P

]
,

� = [−In 0
]
, � = [In −In

]
,
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then we can easily verify that

N� =
[

0
P−1

]
and N� =

[
In
In

]
,

are the right orthogonal complements of � and �, respectively. Furthermore, we
can show that

NT
��N� = −P−1,

NT
��N� = � + ST + S,

and

� + �TW T� + �TW� =
[
� + P − (W T + W

)
ST + W T

S + W −P

]
.

Thus, the conclusion holds according to the projection lemma. �

2.4 Some Other Useful Results
In this section, we further present some other useful results involving LMIs.

2.4.1 Trace of an LMI
In certain applications, we often encounter a type of constraints which requires the
trace of a matrix function to be less than a given level. The following lemma provides
a way of dealing with this type of constraints.

Lemma 2.13 Let A(x) ∈ S
m be a matrix function in R

n, and γ be a positive
scalar. Then, the following statements are equivalent:

(1) ∃x ∈ R
n, such that trace (A(x)) < γ

(2) ∃x ∈ R
n, Z ∈ S

m, such that A(x) < Z , while trace(Z) < γ

Proof Note that for arbitrary square matrices X and Y of the same dimensions,
there holds

trace(X + Y ) = trace(X ) + trace(Y ).

Also, for any symmetric positive definite matrix P we have trace(P) > 0. Based on
these facts, it is easy to show that, for arbitrary P,Q ∈ S

m,

Q − P > 0 =⇒ trace(Q) − trace(P) > 0,
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that is,

P < Q =⇒ trace(P) < trace(Q).

When the second conclusion holds, with the aforementioned relation, it is clearly
seen that

trace (A(x)) < trace(Z) < γ .

Thus, the second conclusion implies the first one. Now let us show the converse.
Let the first conclusion hold, then there exist a vector x ∈ R

n and a scalar β

satisfying

trace (A(x)) < β < γ . (2.52)

Taking

Z = αIn + A(x),

with

α = β − trace (A(x))
n

> 0,

then we have

Z − A(x) > 0, (2.53)

and

trace (Z) = trace (αIn + A(x))

= β − trace (A(x)) + trace (A(x))

= β < γ . (2.54)

These two relations obviously give the second conclusion. �

2.4.2 Maximum Modulus Principle

Lemma 2.14 Let D be a connected set and ∂D be its boundary. Assume that
f (z) : C → C is analytic in D ∪ ∂D. Then,

sup
z∈(D∪∂D)

{∣∣f (z)
∣∣} = sup

z∈∂D

{∣∣f (z)
∣∣} . (2.55)
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r
Dz0

Figure 2.2 Set D and the inside ball B (z0, r).

Proof Since f (z) is analytic inD∪∂D, we know that supz∈(D∪∂D)

{∣∣f (z)
∣∣} exists,

that is,

M � sup
z∈(D∪∂D)

{∣∣f (z)
∣∣} < ∞.

Clearly, if f (z) is a constant function, the result is clearly true. Thus, in the following
we assume that f (z) is not constant. We prove the conclusion by contradiction.

Assume that there exists a point z0 ∈ D but z0 /∈ ∂D such that
∣∣f (z0)

∣∣ = M .
Then, there exists a circleB(z0, r) centered at z0 with radius r such thatB(z0, r) ⊂ D
(see Figure 2.2). Using the mean value theorem, we know that

f (z0) = 1
2π

2π�
0

f (z0 + reiθ )dθ .

According to the assumption, we have
∣∣f
(
z0 + re jθ

)∣∣ ≤ M , θ ∈ [0, 2π ] .

Note that
∣∣ f
(
z0 + re jθ

)∣∣ is continuous with respect to θ and is not constant, we
know that there exist a θ0 and a δ > 0 such that

∣∣f
(
z0 + re jθ

)∣∣ < M , θ ∈ [θ0 − δ, θ0 + δ] .

Consequently, we have

M = ∣∣f (z0)
∣∣

= 1
2π

∣∣∣∣∣∣

2π�
0

f
(
z0 + reiθ

)
dθ

∣∣∣∣∣∣
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≤ 1
2π

2π�
0

∣∣f
(
z0 + reiθ

)∣∣ dθ

= 1
2π

θ0−δ�
0

∣∣f
(
z0 + reiθ

)∣∣ dθ + 1
2π

θ0+δ�
θ0−δ

∣∣f
(
z0 + reiθ

)∣∣ dθ

+ 1
2π

2π�
θ0+δ

∣∣f
(
z0 + reiθ

)∣∣ dθ

<
1
2π

(M (θ0 − δ + 2δ + 2π − (θ0 + δ)))

= M ,

which is obviously a contradiction. That is to say, there does not exist z0 ∈ D but
z0 /∈ ∂D such that

∣∣f (z0)
∣∣ = M = supz∈(D∪∂D)

{∣∣f (z)
∣∣} . Thus (2.55) holds. �

2.4.3 Parseval Lemma
In this section, we introduce the well-known Parseval lemma.

Lemma 2.15 Let u(t) ∈ L
n
2, U (s) = L(u(t)). Then,

‖u(t)‖2 = ‖U (s)‖2, (2.56)

holds with

‖u(t)‖2 =
⎛

⎝
+∞�
0

uH(t)u(t)dt

⎞

⎠

1
2

, (2.57)

and

‖U (s)‖2 =
(

1
2π

+∞�
−∞

UH(jω)U (jω)dw

) 1
2

. (2.58)

The Parseval lemma reveals the fact that Laplace transform maintains the magni-
tude of the signal being transformed. In the following, we give a generalized version
of the Parseval lemma.
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Let Q ∈ S
n, and define

L
n
Q =

⎧
⎨

⎩
u(t)

∣∣∣∣∣∣
u(t) ∈ R

n,

∣∣∣∣∣∣

+∞�
0

uH(t)Qu(t)dt

∣∣∣∣∣∣
< ∞

⎫
⎬

⎭
. (2.59)

Then, it is easy to see that L
n
Q reduces to L

n
2 when Q ∈ S

n is an identity matrix.
Further, define the following quantities

�u(t)�Q =
+∞�
0

uH(t)Qu(t)dt, (2.60)

and

�U (s)�Q = 1
2π

+∞�
−∞

UH(jω)QU (jω)dw. (2.61)

Then it is easy to see that

�u(t)�In = ‖u(t)‖22, �U (s)�In = ‖U (s)‖22.

With the aforementioned preparations, we can now state the following
generalized Parseval lemma.

Lemma 2.16 Let Q ∈ S
n, u(t) ∈ L

n
Q , U (s) = L(u(t)). Then,

�u(t)�Q = �U (s)�Q . (2.62)

Proof Since U (s) = L(u(t)), by Laplace transform we have

U (s) =
∞�
0

u(t)e−stdt,

and

u(t) = 1
2π

∞�
−∞

U (jω)e jωtdω.
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Then, using the two relations and also (2.60) and (2.61), we get

�u(t)�Q =
+∞�
0

uH(t)Qu(t)dt

=
+∞�
0

uH(t)Q

(
1
2π

∞�
−∞

U (jω)e jωtdω

)

dt

= 1
2π

+∞�
0

uH(t)Q

( ∞�
−∞

U (jω)e jωtdω

)

dt

= 1
2π

⎡

⎣
+∞�
0

uH(t)Q

( ∞�
−∞

U (jω)e jωtdω

)

dt

⎤

⎦

H

= 1
2π

+∞�
−∞

UH(jω)QT
∞�
0

u(t)e−jωtdtdω

= 1
2π

+∞�
−∞

UH(jω)QU (jω)dω

= �U (s)�Q ,

thus the conclusion holds. �

To end this section, we point out that the matrix Q usually is taken positive
definite. However, assumption of positive definiteness on the matrix Q is not made
in the aforementioned generalized Parseval lemma. When the matrix Q is taken to
be the identity matrix, the generalized Parseval lemma reduces to the normal one,
that is, Lemma 2.15.

The generalized Parseval lemma is used in the proof of Theorem 6.11.

2.5 Notes and References
This chapter summarizes systematically some of the technical lemmas to be used in
the later chapters.

Section 2.1 presents a set of generalized square inequalities that are often used in
the deduction processes involving LMIs. For Lemma 2.5, we have provided a proof
which uses elementary mathematics—the theory of second-order linear algebraic
equations with a single variable.
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Section 2.2 introduces the well-known Schur complement lemma. It is not
exaggerating to say that, without this powerful tool, at least one-third of the results
in the LMI fields would not have existed.

In control systems theory, many analysis and design problems are closely related
to Riccati algebraic equations or inequalities. Although this class of results based on
Riccati algebraic equations or inequalities are theoretically neat and elegant, they
are not quite easy to implement numerically, especially when the problem size is
large. Riccati algebraic inequalities are quadratic in the unknown decision matrix
and is generally more complicated than linear matrix inequalities in both forms and
numerical implementation. While with the Schur complement lemma the Riccati
algebraic inequalities can be easily turned into linear matrix inequalities.

Section 2.3 introduces three basic lemmas which serve as basic tools for the
techniques of variable elimination. The projection lemma gives a condition for
elimination a variable in an LMI using orthogonal complements, while the reciprocal
projection lemma is proven using the projection lemma and is used in Chapter 5.

Section 2.4 includes some other useful results. Lemma 2.13 provides a way of
dealing with a type of constraints that requires the trace of a matrix function to
be less than a given level. The well-known maximum modulus principle and the
Parseval lemma are also represented in Lemmas 2.14 and 2.15, respectively.

All these lemmas have been used in the sequential text of this book, and some of
them have been used frequently. As a matter of fact, they have been also widely used
in the literature by numerous researchers (see, e.g., VanAntwerp and Braatz 2000,
Apkarian et al. 2001, Jin and Park 2001, Suplin et al. 2006).

Exercises
2.1 Let c(x) ∈ R

n and P(x) =PT(x) ∈ R
n×n depend affinely on x, and P(x) is

nonsingular for all x. Find the equivalent LMIs for the following constraints:

cT(x)P(x)−1c(x) < 1, P(x) > 0.

2.2 Let P(x) ∈ S
n×n and Q(x) ∈ R

n×p depend affinely on x. Convert the
following constraints

trace
(
QT(x)P−1(x)Q(x)

)
< 1, P(x) > 0 (2.63)

into a set of LMIs by introducing a new (slack) matrix variable X ∈ S
p×p.

2.3 (Wang and Zhao 2007) Let

� = {α = [α1 α2]T ∈ R
2∣∣α1 + α2 = 1,α1,α2 ≥ 0

}
.

Show P(α) = α1P1 + α2P2 > 0 for any α ∈ � if and only if P1 > 0 and
P2 > 0.
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2.4 (Xu and Yang 2000) Let

M =
[
M1 M2
M3 M4

]
∈ R

n×n, M1 ∈ R
m×m,

andM4 be invertible. Show thatM + MT < 0 implies

M1 + MT
1 − M2M−1

4 M3 − MT
3 M

−T
4 MT

2 < 0.

2.5 (Yu 2002, p. 128) Let A be an arbitrary square matrix and Q be some
symmetric matrix. Show that there exists a P > 0 satisfying

ATPA − P + Q < 0

if and only if there exists a symmetric matrix X such that
[−X AX
XAT −X + XQX

]
< 0. (2.64)

2.6 Let

A =
⎡

⎣
−2 1 0
1 −3 1
0 1 −1

⎤

⎦ .

Work out by hand the following using the matrix inversion lemma and the
Schur complement lemma:
1. Find out det(A) and A−1 (if exists).
2. Judge the negative definiteness of A.
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Chapter 3

Review of Optimization
Theory

We mentioned in Chapter 1 that the two important advantages of LMI approaches
are their global optimality and numerical reliability. In this chapter, we establish
theoretical supports for these two important features of LMIs. To do this, in
this chapter we will recall some facts and results about optimization theory and
demonstrate theoretically the advantages of convex optimization. Gradually, we will
lead to the important conclusion that LMIs are a special types of convex optimization
problems.

3.1 Convex Sets
To achieve the aforementioned goal, we need first to present certain basic
mathematical concepts involved in optimization theory.

3.1.1 Definitions and Properties
Let us start from the definition of convex sets.

Definition 3.1 A set F is called convex if for any x1, x2 ∈ F and 0 ≤ θ ≤ 1,
there holds

θx1 + (1 − θ) x2 ∈ F.

Geometrically, a set is convex if and only if it contains the line segment between
any two points in the set (see Figure 3.1).

55
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x2

x1

x2

x1

Figure 3.1 Convex and nonconvex sets.

Definition 3.2 Let F ⊂ R
n, then the intersection of all convex sets in R

n

containing F is called the convex hull of F and is denoted by conv (F).

Clearly, the convex hull of a set is the smallest convex set containing this set
(see Figure 3.2).

Definition 3.3 A convex combination of points z1, z2, . . . , zm from R
n is a linear

combination

α1z1 + α2z2 + · · · + αmzm

with

α1 + α2 + · · · + αm = 1,

and

αi ≥ 0, i = 1, 2, . . . ,m.

Conv (FF)F

Figure 3.2 Convex hull of set F.
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Definition 3.4 Let F ⊂ R
n, and for some x0 ∈ R

n and ε > 0, denote

Bε(x0) = {x | ||x − x0|| < ε} .
Then,

■ x0 is called an interior point of F if there exists a scalar ε > 0 such that
Bε(x0) ⊂ F.

■ F is called open if every inner point of F is an interior point.
■ x0 is called a boundary point of F if for arbitrary small scalar ε > 0 there

holds

Bε(x0) ∩ F �=
{ ∅
Bε(x0),

and the set formed by all the boundary points of F is called the boundary set
of F, denoted by FB.

■ F is called closed if it contains all its boundary points.
■ F is called bounded if there exists a scalar γ > 0 such that Bγ (x0) ⊃ F.
■ F is called compact if it is both bounded and closed.
■ When F is convex, x0 ∈ F is said to be an extreme point of F if there are no

two distinct points x1 and x2 in F such that x0 = θx1 + (1 − θ)x2 for some
θ , 0 < θ < 1, and the set formed by all the extreme points of F is denoted
by FE .

The following theorem gives the properties of convex sets and the convex hull
of a set.

Theorem 3.1 Let F ⊂ R
n. Then,

1. F is convex if and only if any convex combination of points from F is
again in F.

2. conv(F) is the set of all convex combinations of points fromF, more concretely
there holds

conv(F) =
{

z

∣∣∣∣∣
z =

m∑

i=1

αizi, αi ≥ 0,

m∑

i=1

αi = 1, ∀zi ∈ F, i = 1, 2, . . . ,m, m ∈ N

}

.

3. conv(F) is compact if F is compact.
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Proof Proof of conclusion 1.

Sufficiency directly follows from the definitions of convex sets and convex
combinations of points in a set. Now we show the necessity.

Let F be convex, and ∀zi ∈ F, i = 1, 2, . . . ,m, it suffices to show

α1z1 + α2z2 + · · · + αmzm ∈ F,

where

α1 + α2 + · · · + αm = 1, αi ≥ 0, i = 1, 2, . . . ,m.

To do this, we adopt the method of mathematical induction.
It is obvious that the aforementioned fact holds when m = 1. Now suppose that

this fact also holds whenm = k, we need to show that it is also true whenm = k+1.
Choose arbitrarily zi ∈ F, i = 1, 2, . . . , k + 1, we now consider

z = α1z1 + α2z2 + · · · + αk+1zk+1, (3.1)

with

k+1∑

i=1

αi = 1, αi ≥ 0, i = 1, 2, . . . , k + 1.

Without loss of generality, we can assume that αk+1 �= 1. In this case, we can define

α′
i = αi

1 − αk+1
≥ 0, i = 1, 2, . . . , k.

Let

z′ = α′
1z1 + α′

2z2 + · · · + α′
kzk,

then with these notations we can easily derive

z = (1 − αk+1)z′ + αk+1zk+1. (3.2)

Since

k∑

i=1

α′
i = 1, α′

i ≥ 0, i = 1, 2, . . . , k,
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we know by the assumption for the case of m = k that z′ ∈ F. Therefore, it follows
from (3.2) that z is a convex combination of two points in F, and hence z ∈ F.
With this we complete the proof of conclusion 1.

Proof of conclusion 2.

Let F̄ be the set of all convex combinations of points from F, that is,

F̄ =
{

z

∣∣∣∣∣
z =

m∑

i=1

αizi,
m∑

i=1

αi = 1, αi ≥ 0, ∀zi ∈ F, i = 1, 2, . . . ,m

}

.

(3.3)

We need to prove F̄ = conv(F).
For arbitrary z ∈ F̄, there exist zi ∈ F, i = 1, 2, . . . ,m, satisfying

z =
m∑

i=1

αizi,
m∑

i=1

αi = 1, αi ≥ 0, i = 1, 2, . . . ,m.

Since conv(F) ⊃ F, and zi ∈ F, i = 1, 2, . . . ,m, we have zi ∈ conv(F), i =
1, 2, . . . ,m. Further, since conv(F) is a convex set, it follows from the first conclusion
that z ∈ conv(F). This shows F̄ ⊂conv(F).

Now let us further show conv(F) ⊂ F̄. To achieve this, we first show that F̄

is convex. Arbitrarily choose z1, z2 ∈ F̄, then in view of (3.3) there exist μi ≥ 0,
xi ∈ F, i = 1, 2, . . . ,m1, and νj ≥ 0, yj ∈ F, j = 1, 2, . . . ,m2, such that

z1 = μ1x1 + μ2x2 + · · · + μm1xm1 ,

z2 = ν1y1 + ν2y2 + · · · + νm2ym2 ,

with

m1∑

i=1

μi = 1,
m2∑

j=1

νj = 1.

Consider, for 0 ≤ λ ≤ 1,

z = λz1 + (1 − λ)z1

=
m1∑

i=1

λμixi +
m2∑

j=1

(1 − λ)νjyj.
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Since

λμi ≥ 0, i = 1, 2, . . . ,m1,

(1 − λ)νj ≥ 0, j = 1, 2, . . . ,m2,

m1∑

i=1

λμi +
m2∑

j=1

(1 − λ)νj = λ

m1∑

i=1

μi + (1 − λ)

m2∑

j=1

νj = 1,

we know that z is a convex combination of points from F. Thus, by the definition
of F̄ we have z ∈ F̄. This shows that F̄ is convex.

Again by the definition of F̄ we have F ⊂ F̄. Further recall the fact that the
convex hull of a set is the smallest convex set containing this set, we clearly have
conv(F) ⊂ F̄.

Combining the two aspects gives F̄ = conv(F).

Proof of conclusion 3.

Let F be a compact set, then it is bounded and closed. The boundedness implies the
existence of a scalar γ > 0 and x0 ∈ F, such that

Bγ (x0) = {x| ‖x − x0‖ < γ } ⊃ F.

Since conv(F) is the smallest convex set containing F, so

conv(F) ⊂ Bγ (x0) ,

that is, conv(F) is bounded. The closedness of conv(F) directly follows from the
second conclusion of the theorem. Thus, the third conclusion holds. �

The following property of convex sets has particular importance.

Theorem3.2 A compact convex set inR
n is equal to the convex hull of its extreme

points.

For a proof of the aforementioned result, please refer to Ruszczynski (2006).

3.1.2 Hyperplanes, Halfspaces, Polyhedrons, and Polytopes
Now in this section, let us clarify some important types of sets.

co
nt

ro
len

gin
ee

rs
.ir



Review of Optimization Theory ■ 61

Definition 3.5 Let 0 �= a ∈ R
n. Then,

■ A set of the form Hp = {x|aTx = b, x ∈ R
n}, is called a hyperplane in R

n.
■ A set of the form Hs = {x|aTx ≤ b, x ∈ R

n}, is called a halfspace in R
n.

■ In both cases, a is called the normal vector.

Definition 3.6 The set F ⊂ R
n is called affine if there exist an x0 ∈ R

n and
a linear space F0⊂ R

n such that

F = {x| x = x0 + z, z ∈ F0}.

It follows from the aforementioned definition, any affine set is the result of the
shifting of some linear space.

About the properties of halfspaces and hyperplanes, we have the following
theorem.

Theorem 3.3 Halfspaces are convex, and hyperplanes are affine and convex.

Proof First let us show that the halfspace Hs =
{
x
∣∣ aTx ≤ b

}
is convex.

This requires to show that for any x1, x2 ∈ Hs, the vector

y = θx1 + (1 − θ)x2, 0 ≤ θ ≤ 1

is also in this halfspace. Since

aTx1 ≤ b, aTx2 ≤ b,

then

aTy = aT(θx1 + (1 − θ)x2)

= θaTx1 + (1 − θ)aTx2

≤ θb + (1 − θ)b

= b.

That is, y ∈ Hs, then the halfspace is convex.
Similarly we can prove that the hyperplane Hp = {x|aTx = b, x ∈ R

n} is
convex. To complete the proof, we now only need to show Hp is affine. Let x0 ∈ R

n

be a specific point in Hp. Define

H0 = {x| aTx = 0, x ∈ R
n},
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then we have

Hp = {x| x = x0 + z, z ∈ H0}.

Finally, notice that H0 is a linear space, we complete the proof. �

Definition 3.7 A polyhedron in R
n is the intersection of finite number of

halfspaces and hyperplanes in R
n.

An illustration of the above definition is shown in Figure 3.3. According to this
definition, a general polyhedron � can be expressed as

� =
{
x ∈ R

n
∣∣∣aTi x = bi, i = 1, 2, . . . ,m, gTj x < hj, j = 1, 2, . . . , r

}
,

which can be also written in a more loose form as

� =
{

x = [ x1 x2 · · · xn ]T
∣∣∣∣∣

n∑

k=1

aikxk = bi, i = 1, 2, . . . ,m,

n∑

k=1

gjkxk < hj, j = 1, 2, . . . , r

}

,

Figure 3.3 A polyhedron, intersection of halfspaces.
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or in a more compact form as

� = {x ∈ R
n |Ax = b, Gx ≺ h } ,

where x ≺ y represents the following relation between vectors x and y of the
same size:

xi < yi, i = 1, 2, . . . , n.

Definition 3.8 A polytopeP ⊂ R
n is a set which is the convex hull of a nonempty

finite set {z1, z2, . . . , zm} ⊂ R
n, that is, P = conv {z1, z2, . . . , zm} .

Obviously, for P = conv {z1, z2, . . . , zm} , we have PE ⊂ {z1, z2, . . . , zm} , that
is, any extreme point of P must be some zi, 1 ≤ i ≤ m.

An illustration of the above definition is shown in Figure 3.4.

Example 3.1

The following set

P =
{
x
∣∣∣x = [

x1 x2 · · · xn
]T , xi ∈ [

ci,di
]
, i = 1, 2, . . . , n

}

is a polytope since it can be written as

P = conv
{
x
∣∣∣x = [

x1 x2 · · · xn
]T , xi = ci or di, i = 1, 2, . . . , n

}
.

z5

z6

z1

z2

z3

z4

z7

Figure 3.4 A polytope, convex hull of a finite set.
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3.2 Convex Functions
Convex functions are a class of scalar functions of particular importance in
optimization.

3.2.1 Definitions and Properties

Definition 3.9 Let f : 	 ⊂ R
n → R. Then,

1. f is called convex if 	 is a convex set and

f
(
θx + (1 − θ) y

) ≤ θ f (x) + (1 − θ) f (y) (3.4)

for all x, y ∈ 	 and 0 ≤ θ ≤ 1.
2. f is called strictly convex if (3.4) holds strictly for all x, y ∈ 	, x �= y, and

0 < θ < 1.
3. f is called concave if −f is convex.

A geometric illustration of a convex function is shown in Figure 3.5, with
z = θx + (1 − θ)y, 0 ≤ θ ≤ 1.

Example 3.2

According to the aforementioned definition, the following types of functions can
be easily shown to be convex:

■ First-order polynomial functions: ax+ b on R, for any a,b ∈ R

■ Exponential functions: eax, for any a ∈ R

■ Power functions of absolute value: |x|p on R, for p ≥ 1

f

z yx0

Figure 3.5 A convex function.
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Definition 3.10 A function f : 	 ⊂ R
n → R

m is called an affine function
if there exist a vector ζ ∈ R

m and a linear function T : 	 ⊂ R
n → R

m, such that

f (x) = ζ + T (x).

It can be shown that scalar affine functions are in fact both convex and concave,
and all norms are convex.

The following theorem gives a necessary and sufficient condition for convex
functions, which can be viewed as an alternative definition.

Theorem 3.4 Let f (x) : 	 ⊂ R
n → R. Then, f is a convex function if and

only if for an arbitrary integer l > 1, and arbitrary xi ∈ 	, i = 1, 2, . . . , l , there
holds

f (α1x1 + α2x2 + · · · + αl xl ) ≤ α1f (x1) + α2f (x2) + · · · + αl f (xl ), (3.5)

where

αi ≥ 0, i = 1, 2, . . . , l , and
l∑

i=1

αi = 1. (3.6)

Furthermore, the inequality (3.5) holds strictly if and only if f (x) is strictly convex.

Proof Sufficiency is obvious. Now we show the necessity, that is, to prove, under
the convex assumption of f (x), that for arbitrary integer l > 1, and arbitrary xi ∈ 	,
i = 1, 2, . . . , l , the relation (3.5) holds for an arbitrary set of αi, i = 1, 2, . . . , l ,
satisfying (3.6). To do this, we adopt the method of mathematical induction.

Since f (x) is convex, the aforementioned fact holds when l = 2 directly following
the definition. Now suppose that this fact also holds when l = k, we proceed to show
that it is also true when l = k + 1. Arbitrarily choose xi ∈ 	, i = 1, 2, . . . , k + 1,
and let

x = α1x1 + α2x2 + · · · + αk+1xk+1,

where

αi ≥ 0, i = 1, 2, . . . , k + 1, and
k+1∑

i=1

αi = 1. (3.7)

Without loss of generality, we can assume that αk+1 �= 1. In this case, we can define

α′
i = αi

1 − αk+1
, i = 1, 2, . . . , k,
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then it is clear that

α′
i ≥ 0, i = 1, 2, . . . , k,

k∑

i=1

α′
i = 1.

Let

x′ = α′
1x1 + α′

2x2 + · · · + α′
kxk,

then by the assumption for the case of l = k we have

f
(
x′) ≤ α1

1 − αk+1
f (x1) + α2

1 − αk+1
f (x2) + · · · + αk

1 − αk+1
f (xk). (3.8)

Further, noticing

x = (1 − αk+1)x′ + αk+1xk+1.

we have from the definition of convex function and relation (3.8) that

f (x) = f ((1 − αk+1)x′ + αk+1xk+1)

≤ (1 − αk+1)f (x′) + αk+1 f (xk+1)

≤ α1f (x1) + α2f (x2) + · · · + αk+1f (xk+1).

This shows the necessity of the condition.
Proof of the strictness directly follows from the definition of strictly convex

functions and the earlier process. �

For properties of convex functions, we first have the following obvious results.

Proposition 3.1 Let fi, i = 1, 2, . . . ,m, be a group of convex functions defined
over the convex set 	, then for arbitrary scalars αi ≥ 0, i= 1, 2, . . . ,m, the
nonnegative combination g = ∑m

i=1 αifi is also a convex function over 	.

Proposition 3.2 Let f be a convex function defined over the convex set 	, then
f is continuous over 	, and for an arbitrary scalar α the set {x| x ∈ 	, f (x) < α}
is convex.

The following theorem further gives another important property of convex
functions and convex sets.
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Theorem 3.5 Let f be a convex function defined over the compact convex set 	.
Then, f (x) < 0 holds in 	 if and only if it holds on all the extreme points of 	,
that is,

f (x) < 0, ∀x ∈ 	 ⇐⇒ f (x) < 0, ∀x ∈ 	E .

Proof The necessity is obvious. To show the sufficiency, we arbitrarily choose
x ∈ 	, x /∈ 	E . Since 	 is compact and convex, it follows from Theorem 3.2 that
	 = conv(	E ). Therefore, there exist ei ∈ 	E , i = 1, 2, . . . , l , such that

x = α1e1 + α2e2 + · · · + αl el ,

where

αi ≥ 0, i = 1, 2, . . . , l , and
l∑

i=1

αi = 1.

Since, by assumption,

f (ei) < 0, i = 1, 2, . . . , l ,

we have, using Theorem 3.4,

f (x) = α1f (e1) + α2f (e2) + · · · + αl f (el ) < 0.

Thus, the sufficiency also holds. �

The aforementioned theorem clearly implies the following corollary.

Corollary 3.1 Let f be a convex function defined over 	 = conv{zi, i =
1, 2, . . . , l}. Then,

f (x) < 0, ∀x ∈ 	 ⇐⇒ f (zi) < 0, i = 1, 2, . . . , l .

3.2.2 Criteria
The following theorem gives a criterion for convexity of a function f : R

n → R

in terms of its gradient

∇f (x) =
[

∂ f
∂x1

∂ f
∂x2

· · · ∂ f
∂xn

]T
.
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Theorem 3.6 Suppose f : 	 ⊂ R
n → R is differentiable in 	 �= ∅, and 	

is convex. Then, f (x) is convex if and only if

f (y) ≥ f (x) + ∇Tf (x)(y − x) (3.9)

for all x, y ∈ 	.

Proof Sufficiency. Suppose that for all x, y ∈ 	 the relation (3.9) holds. Taking
y1, y2 ∈ 	, y1 �= y2, and define

z = θy1 + (1 − θ)y2, 0 ≤ θ ≤ 1, (3.10)

then we also have z ∈ 	 by the convexity of 	. Therefore, by assumption, we have

f ( y1) ≥ f (z) + ∇Tf (x)( y1 − z), (3.11)

and

f ( y2) ≥ f (z) + ∇Tf (x)( y2 − z). (3.12)

Multiplying (3.11) both sides by θ , and (3.12) by (1 − θ), gives

θ f ( y1) ≥ θ f (z) + θ∇Tf (x)( y1 − z),

and

(1 − θ)f ( y2) ≥ (1 − θ)f (z) + (1 − θ)∇Tf (x)( y2 − z),

respectively. Adding the two inequalities side by side, and using (3.10), yields

θ f (y1) + (1 − θ)f (y2) ≥ θ f (z) + θ∇Tf (x)( y1 − z)

+ (1 − θ)f (z) + (1 − θ)∇Tf (x)( y2 − z)

= f (z) + ∇Tf (x)
(
θy1 + (1 − θ)y2 − z

)

= f (z).

This states that f (x) is convex.
Necessity. Suppose that f (x) is convex, then for arbitrary 0≤ θ ≤ 1, and x, y ∈ 	,

there holds

f
(
θy + (1 − θ)x

) ≤ θ f ( y) + (1 − θ)f (x).
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Through shifting the term f (x) on the right-hand side to the left, we obtain

f
(
θy + (1 − θ)x

) − f (x) ≤ θ f (y) − θ f (x).

This gives

f
(
θy + (1 − θ)x

) − f (x)
θ

≤ f (y) − f (x),

that is

f
(
x + θ

(
y − x

)) − f (x)
θ

≤ f (y) − f (x). (3.13)

Note that

lim
θ→0

f
(
x + θ

(
y − x

)) − f (x)
θ

= ∇Tf (x)
(
y − x

)
,

we immediately have from (3.13) the relation (3.9). �

The aforementioned theorem provides us with a criterion using the gradient
of the function. The geometric illustration is shown in Figure 3.6. The following
theorem gives a criterion for convexity of a function f : R

n → R in terms of its
Hessian matrix

∇2f (x) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

∂2f
∂x21

∂2f
∂x1∂x2

· · · ∂2f
∂x1∂xn

∂2f
∂x2∂x1

∂2f
∂x22

· · · ∂2f
∂x2∂xn

...
...

. . .
...

∂2f
∂xn∂x1

∂2f
∂xn∂x2

· · · ∂2f
∂x2n

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

.

f

x0 y

Figure 3.6 Convex function and its derivative.
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Theorem 3.7 Assume that f : 	 ⊂ R
n → R has second-order derivatives, and

	 �= ∅ is an open convex set. Then, f is convex if and only if its Hessian matrix
is symmetric semi-positive definite, that is,

∇2f (x) ≥ 0, ∀x ∈ 	. (3.14)

Proof Sufficiency. Assume that (3.14) is met. Arbitrarily take x, y ∈ 	, and for
some θ ∈ (0, 1) define

z = y + θ(x − y),

then z ∈ 	. According to the mean-value theorem, we have the following relation:

f (x) = f ( y) + (x − y)T∇f ( y)

+ (x − y)T∇2f (z)(x − y) + o(‖x − y‖2). (3.15)

Since (3.14) holds, we obviously have

(x − y)T∇2f (z)(x − y) + o(‖x − y‖2) ≥ 0,

therefore, it follows from (3.15) that

f (x) ≥ f ( y) + (x − y)T∇f ( y). (3.16)

Thus, by Theorem 3.6, we know that f is convex.
Necessity. Assume f is convex in 	. Then, according to Theorem 3.6, one has

for arbitrary x, y ∈ 	 the relation

f ( y) ≥ f (x) + ( y − x)T∇f (x). (3.17)

Since 	 is an open convex set, for any z ∈ R
n, z �= 0, there always exists an ε > 0

such that

x + εz ∈ 	.

Substituting the y in (3.17) by x + εz gives

f (x + εz) ≥ f (x) + εzT∇f (x). (3.18)

On the other hand, applying Taylor expansion to the function f yields

f (x + εz) = f (x) + εzT∇f (x) + εzT∇2f (x)εz + o(‖εz‖2). (3.19)
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Combining (3.18) and (3.19) produces

εzT∇2f (x)εz + o(‖εz‖2) ≥ 0.

By the definition of o(‖εz‖2), we know that for sufficiently small ε, there holds

εzT∇2f (x)εz ≥ 0,

which gives

zT∇2f (x)z ≥ 0.

Recalling the arbitrariness of z, we know from the aforementioned relation that
∇2f (x) must be semi-positive definite. �

Example 3.3

Let P ∈ S
n, and P ≥ 0, then the function

f (x) = xTPx

is convex in R
n.

In fact, in view of P = [pij]n×n, pij = pji,

f (x) = xTPx

= [
x1 x2 · · · xn

]

⎡

⎢⎢⎢
⎣

x1p11 + x2p12 + · · · + xnp1n
x1p21 + x2p22 + · · · + xnp2n

...
x1pn1 + x2pn2 + · · · + xnpnn

⎤

⎥⎥⎥
⎦

= x1
(
x1p11 + x2p12 + · · · + xnp1n

)

+ x2
(
x1p21 + x2p22 + · · · + xnp2n

)

+ · · · + xn
(
x1pn1 + x2pn2 + · · · + xnpnn

)
,

thus

∂f
∂xj

= x1p1j + x2p2j + · · · + xj−1pj−1,j

+ x1pj1 + x2pj2 + · · · + xj−1pj,j−1 + 2xjpjj

+ xj+1pj,j+1 + · · · + xnpjn

+ xj+1pj+1,j + · · · + xnpnj

= 2
(
x1p1j + x2p2j + · · · + xnpnj

)
, j = 1, 2, . . . , n,
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and

∂2f
∂xi∂xj

= ∂

∂xi

(
∂f
∂xj

)

= 2
∂

∂xi

(
x1p1j + x2p2j + · · · + xnpnj

)

= 2pij, i, j = 1, 2, . . . , n.

Therefore,

∇2f (x) = 2P ≥ 0.

The conclusion thus follows from Theorem 3.7.

3.3 Mathematical Optimization
Mathematical optimization is a very important subject in applied mathematics and
has applications in almost every scientific field. Mathematical optimization is often
called mathematical programming.

The standard formulation of a mathematical optimization problem is stated as
follows.

Problem 3.1 Given functions fi(x) : R
n → R, i = 0, 1, 2, . . . ,m, and hi(x):

R
n → R, i = 1, 2, . . . , p, find an x0 ∈ R

n satisfying
⎧
⎨

⎩

f0(x0) ≤ f0(x), ∀x ∈ R
n

fi(x0) ≤ 0, i = 1, 2, . . . ,m
hi(x0) = 0, i = 1, 2, . . . , p.

Such a problem is typically written as follows:
⎧
⎨

⎩

min f0(x)
s.t. fi(x) ≤ 0, i = 1, 2, . . . ,m

hi(x) = 0, i = 1, 2, . . . , p,
(3.20)

where x ∈ R
n is the optimization variable vector; f0 : R

n → R is the objective
(or cost) function; fi : R

n → R, i = 1, 2, . . . ,m, are the inequality constraint
functions; and hi : R

n → R, i = 1, 2, . . . , p, are the equality constraint functions.
Furthermore, x0 is called a (globally) optimal parameter (variable) vector, or a

globally optimal solution, for problem (3.20), while f0(x0) is the corresponding
optimal index, and is also called a global minimum of problem (3.20).

Denote

F = {
x
∣∣ fi(x) ≤ 0, i = 1, 2, . . . ,m; hj(x) = 0, j = 1, 2, . . . , p

}
, (3.21)
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then aforementioned problem (3.20) can be rewritten as
{
min f0(x)
s.t. x ∈ F, (3.22)

and the following definition in terms of the set F can be given.

Definition 3.11 The setF given in (3.21) is called the feasible set or the constraint
set of Problem 3.1, and x is called a feasible solution or a constraint solution if x ∈ F.
Furthermore, x∗ is called a (globally) optimal solution if x∗ ∈ F and f0(x∗) < f0(x),
∀x ∈ F, x �= x∗.

Corresponding to a global solution, for the optimization Problem 3.1 often a
locally optimal solution is derived.

Definition 3.12 A vector x∗ is a locally optimal solution for Problem 3.1 if there
exists a scalar ε > 0 such that x∗ is optimal for

⎧
⎪⎪⎨

⎪⎪⎩

min f0(z)
s.t. fi(z) ≤ 0, i = 1, 2, . . . ,m

hi(z) = 0, i = 1, 2, . . . , p
||z − x∗|| ≤ ε.

(3.23)

In view of (3.21), the optimization problem can be more compactly written as
{
min f0(x)
s.t. x ∈ F ∩ Bε (x∗) . (3.24)

Obviously, a local optimal point becomes a global optimal point when ε = ∞.
For solution to a general optimization problem, often a local minimum is found.

Generally speaking, finding a global minimum of a general optimization problem is
very difficult. In the following of this section, we mention some well-known solvable
optimization problems.

3.3.1 Least-Squares Programming
A standard least-squares problem is formulated as follows.

Problem 3.2 Given A ∈ R
m×n, b ∈ R

m, with rank (A) = n, find x ∈ R
n to

minimize

J (x) = ||Ax − b||22 = (Ax − b)T (Ax − b) . (3.25)

For solution to the least-squares problem, we have the following conclusion.
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Theorem 3.8 The least-squares problem (3.25) has an analytical solution:

x∗ = (
ATA

)−1 ATb. (3.26)

Proof It is well known that the optimal solution x∗ to the problem satisfies

d
dx

J (x)
∣∣∣
x=x∗ = 2AT (Ax − b)

∣∣
x=x∗ = 0,

that is,

ATAx∗ = ATb.

This gives the analytical solution (3.26). �

Regarding the least-squares problem, we make the following remarks:

■ The analytical solution is useful for certain small-size problems and in certain
analysis problems. However, for solving large-size problems, this analytical
solution is seldom used due to numerical problems. In this case, one may
use the existing reliable and efficient algorithms and software.

■ The computation time for solving a least-squares problem is proportional to
mn2; it becomes less if the problem is structured.

■ Least-squares techniques have been a mature technique and have found
successful applications in many fields.

■ In practical applications, least-squares problems are easy to recognize and to
formulate. Furthermore, there exist a few standard techniques that increase the
problem flexibility (e.g., including weights and adding regularization terms).

3.3.2 Linear Programming
A general linear programming problem is stated as follows.

Problem 3.3 Let c, ai ∈ R
n, i = 1, 2, . . . ,m. Solve

{
min cTx
s.t. aTi x ≤ bi, i = 1, 2, . . . ,m. (3.27)

Regarding the solution to linear programming, we have the following
comments:

■ Unlike the case for least squares, there does not exist an analytical formula
for solution to a general linear programming problem. However, there exist
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reliable and efficient algorithms and software for solving linear programming
problems. The elementary algorithm is the simplex algorithm (Bazaraa et al.
2006).

■ Like least squares, linear programming has been a mature technique and has
also found many successful applications in many fields.

■ The computation time for solving a linear programming problem is pro-
portional to mn2 if m≥ n; it is less if the problem possesses a special
structure.

■ In practical applications, linear programming problems are not as easy to
recognize as least-squares problems. There exist a few standard tricks used to
convert problems into linear programming (e.g., problems involving l1 or l∞
norms and piecewise-linear functions).

3.3.3 Quadratic Programming
A quadratic programming (QP) is an optimization problem with a quadratic cost
function and can be formulated as follows.

Problem 3.4 Solve
⎧
⎨

⎩

min 1
2x

TPx + qTx + r
s.t. Gx � h

Ax = b,
(3.28)

where
q, r, h and b are vectors of appropriate dimensions
G,A, P are matrices of appropriate dimensions
P is symmetric positive definite

In the aforementioned problem formulation, the symbol “�” denotes the element-
wise “not greater than” relation in the vector elements.

By examining the problem, we have the following observations:

■ Since P is symmetric positive definite, the objective is convex quadratic.
■ The problem is to minimize a convex quadratic function over a polyhedron.
■ Least square is a special QP problem.

3.4 Convex Optimization
3.4.1 Problem
Based on the concept of convex functions, we can now define the well-known convex
optimization. A standard problem of convex optimization appears as follows.
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Problem 3.5 Solve
⎧
⎨

⎩

min f0(x)
s.t. fi(x) ≤ 0, i = 1, 2, . . . ,m

Ax = b,
(3.29)

where
fi, i = 0, 1, 2, . . . ,m, are a group of convex functions
A is a given matrix
b is a vector of appropriate dimensions

According to the aforementioned formulation, the equality constraint in a convex
optimization problem must be affine. Further, it is easy to see that least squares,
linear programming and quadratic programming, are all special convex optimization
problems.

Example 3.4

Consider the optimization problem
⎧
⎨

⎩

min x21 + x22
s.t. x1 ≤ 0

x1 + x2 = 0.

It is easy to see that with this problem we have m = 1, n = 2, A = [1 1] , b = 0
and

f0(x) = x21 + x22,

f1(x) = x1

are all convex functions. Therefore, the problem is a convex one.
From the equality constraint, we have x2 = −x1, thus f0(x) becomes

f0(x) = x21 + x22 = 2x21,

which clearly achieves its minimum on the halfspace x1 ≤ 0 at x1 = 0. Therefore,
the original problem indeed has a global solution x∗ = [0, 0]T with f0(x∗) = 0.

Denote

F1 = {
x
∣∣fi(x) ≤ 0, i = 1, 2, . . . ,m

}
, F2 = {x |Ax = b } , (3.30)

then

F = {
x
∣∣fi(x) ≤ 0, i = 1, 2, . . . ,m, Ax = b

}

= F1 ∩ F2 (3.31)
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is the feasible set or constraint set of Problem 3.5. The following theorem reveals
a very important feature of convex optimization.

Theorem 3.9 Let fi, i = 1, 2, . . . ,m, be a group of convex functions, and A
and b a matrix and a vector of appropriate dimensions, respectively. Then, the
sets F1, F2, and F given in (3.30) and (3.31) are convex.

Proof For ∀x1, x2 ∈ F1, we have

fi(x1) ≤ 0, fi(x2) ≤ 0, i = 1, 2, . . . ,m. (3.32)

Define

z = θx1 + (1 − θ)x2, 0 ≤ θ ≤ 1.

Since fi(x), i = 1, 2, . . . ,m, are convex functions, using (3.32) we have, for 0 ≤
θ ≤ 1,

fi(z) = fi(θx1 + (1 − θ)x2)

≤ θ fi(x1) + (1 − θ)fi(x2)

≤ 0.

Thus,

z = θx1 + (1 − θ)x2 ∈ F1, ∀0 ≤ θ ≤ 1.

This states that the set F1 is convex.
Next, for ∀x1, x2 ∈ F2, we have

Ax1 = b, Ax2 = b. (3.33)

Using (3.33) gives, for arbitrary 0 ≤ θ ≤ 1,

A(θx1 + (1 − θ)x2)

= θAx1 + (1 − θ)Ax2

= θb + (1 − θ)b

= b.
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Thus,

θx1 + (1 − θ)x2 ∈ F2, ∀0 ≤ θ ≤ 1.

This states that the set F2 is convex.
As the intersection of two convex sets, the set F is obviously also convex. �

In view of the aforementioned theorem that the feasible set of a convex opti-
mization is actually a convex set, a general convex optimization may be described as
follows.

Problem 3.6 Solve
{
min f0(x)
s.t. x ∈ 	, (3.34)

where 	 ⊂ R
n is a convex set, while f0 is a convex function defined on 	.

3.4.2 Local and Global Optima
The following result reveals the most important feature of convex optimization.

Theorem 3.10 Any locally optimal point of the convex optimization problem
(3.34) is globally optimal. Furthermore, the problem has a unique globally optimal
point when the objective function f0(x) is strictly convex.

Proof Suppose x is locally optimal and y is globally optimal, then

f0( y) < f0(x), (3.35)

and there exists a scalar ε > 0 such that

f0(x) ≤ f0(z), ∀z ∈ 	ε(x),

where

Bε(x) = {z | ||z − x|| ≤ ε} . (3.36)

Let

z∗ = θy + (1 − θ) x,
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with

θ = ε

2||y − x||2 .

Note that y /∈ 	ε(x) (otherwise contradicts with (3.35)), we have

||y − x||2 > ε,

thus

0 < θ <
1
2
.

Further, it is clear that

||z∗ − x||2 = θ ||y − x||2 = 1
2
ε,

thus z∗ ∈ 	ε(x) (See the illustration in Figure 3.7). Therefore, using the convexity
of f and the relation (3.36), we have

f0(z∗) ≤ θ f0( y) + (1 − θ) f0(x)

< θ f0(x) + (1 − θ) f0(x)

= f0(x),

which contradicts our assumption that x is locally optimal. Therefore, any locally
optimal point of the convex optimization problem (3.34) is globally optimal.

Now, let f0 be strictly convex, and we assume that there exist two points x, y ∈ 	,
with x �= y, which are both the globally optimal point of the convex optimization
problem (3.34). Therefore,

f0(x) = f0( y) ≤ f0(z), ∀z ∈ 	. (3.37)

y
z* x

Figure 3.7 Proof of Theorem 3.10.
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Since f0 is strictly convex and 	 is convex, for 0 < θ < 1 we have

zθ = θy + (1 − θ) x ∈ 	,

and

f0(zθ ) < θ f0( y) + (1 − θ) f0(x)

= θ f0(x) + (1 − θ) f0(x)

= f0(x).

This contradicts with the assumption (3.37). Thus, the problemmust have a unique
globally optimal point when the objective function f0(x) is strictly convex. �

The aforementioned theorem tells us that, for a convex optimization all the
local and global minima are equal, or there is one local or global minimum only.
Therefore, once we find a minimum for a convex optimization problem, it is a global
minimum.

Regarding solution to convex optimization problems, wemention that there does
not exist an analytical solution to a general convex optimization problem since it is
generally nonlinear. However, due to the favorable property mentioned earlier, we
have the following very positive facts:

■ Reliable and efficient algorithms exist for solving convex optimization
problems

■ Convex optimization has been almost a technique

It is seen from the earlier text that the formulation of convex optimization is
very simple. However, in practice convex optimization problems are often difficult
to recognize. A main task of tackling an optimization problem is often to transform
the problem into a convex one. Fortunately, by now there have been many tricks
for transforming certain optimization problems into convex optimization problems,
and with these tricks, surprisingly many practical problems can be formulated and
solved via convex optimization.

Remark 3.1 In the early 1970s, optimization problems were classified into two
big categories: linear programming and nonlinear programming problems. At that
time, linear programming problems were regarded as the type of solvable optimiza-
tion problems, while nonlinear programming were generally regarded as unsolvable.
Linearity was used as a dividing line. By now we have seen that all the convex
optimizations, certainly including linear programming and many nonlinear pro-
gramming problems, are such good problems that all their local and global minima
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are equal to each other. This is to say that such problems, as long as they are rec-
ognized, are easy to solve. From this sense, linearity in a problem is not of essence,
while what really matters is the convexity.

3.5 LMI Problems
Having introduced the definition and the favorable features of convex optimization,
we here look into the following optimization problem with an LMI constraint:

{
min f0(x)
s.t. x ∈ {x| A(x) < 0} ∩ F, (3.38)

with A(x) < 0 being an LMI, f0(x) a convex function, and F a convex set.

3.5.1 Convexity
In this section, we examine the covexity of the LMI constraint

A (x) = A0 + x1A1 + · · · + xnAn < 0.

The following result confirms that an LMI constraint actually defines a convex set.

Theorem 3.11 Let Ai ∈ S
m, i = 0, 1, . . . , n, and

A (x) = A0 + x1A1 + · · · + xnAn.

Then,

1. 
0 = {x |A(x) < 0 } is an open convex set.
2. 
c = {x |A(x) ≤ 0 } is a closed convex set.

Proof Choose

x = [
x1 x2 · · · xn

]T ∈ 
0,

y = [
y1 y2 · · · yn

]T ∈ 
0,

then

A (x) = A0 + x1A1 + · · · + xnAn < 0,

and

A
(
y
) = A0 + y1A1 + · · · + ynAn < 0.
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Therefore, for any 0 ≤ θ ≤ 1, we have

A
(
θx + (1 − θ) y

)

= A0 + (
θx1 + (1 − θ) y1

)
A1 + · · · + (

θxn + (1 − θ) yn
)
An

= θA0 + θx1A1 + · · · + θxnAn
+ (1 − θ)A0 + (1 − θ) y1A1 + · · · + (1 − θ) ynAn

= θA(x) + (1 − θ)A( y)

< 0.

This proves the convexity of 
0. Similarly, we can show the convexity of 
c .
Next, let us show the openness of 
0. Arbitrarily choose x∗ ∈ 
0, then

A(x∗) < 0.
Let

�x = [
�x1 �x2 · · · �xn

]T ,

then

A
(
x∗ + �x

) = A(x∗) + �A (�x),

with

�A (�x) = �x1A1 + · · · + �xnAn.

Since �A (�x) is linear with respect to �x, we obviously have

lim‖�x‖→0
‖�A (�x)‖ = 0.

Further, noticing λmax(A(x∗)) < 0 and the fact that the eigenvalues of a matrix
are continuous with respect to the matrix elements, we can conclude that there exists
a scalar ε > 0, satisfying

λmax(A(x∗ + �x)) < 0, ‖�x‖ < ε.

This is equivalent to

A(x) < 0,
∥∥x − x∗∥∥ < ε.
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This states that
{
x
∣∣∥∥x − x∗∥∥ < ε

} ⊂ 
0,

thus 
0 is an open set.
Finally, we can similarly verify that 
̄c = {x |A(x) > 0 } is an open set.

Therefore, 
c = R
n\
̄c is closed. The proof is completed. �

It follows from the earlier result that the optimization problem (3.38) with an
LMI constraint is in fact a convex one; it thus eventually possesses the feature that
any local minimum is a global one, or it has a unique globally optimal point when
the objective function f0(x) is strictly convex.

3.5.2 Extreme Result
The following result tells us that an LMI holds over a compact and convex set if and
only if it holds on the extreme points of the compact and convex set.

Theorem 3.12 Let F be a compact and convex set, Ai ∈ S
m, i = 0, 1, . . . , n,

and A (x) = A0 + x1A1 + · · · + xnAn. Then,

A (x) < 0, x ∈ F ⇐⇒ A (x) < 0, x ∈ FE .

Proof The necessity is obvious since FE ⊂ F. To show the sufficiency, we
arbitrarily choose x ∈ F, x /∈ FE . Since F is compact and convex, it follows from
Theorem 3.2 that F = conv (FE ) . Therefore, there exist ei ∈ FE , i = 1, 2, . . . , k,
such that

x = α1e1 + α2e2 + · · · + αkek,

where

αi ≥ 0, i = 1, 2, . . . , k,
k∑

i=1

αi = 1.

Since A(x) is linear, and by assumption A(ei) < 0, i = 1, 2, . . . , k, we have

A(x) =
k∑

i=1

αiA(ei) < 0.

Thus, the condition is sufficient. The proof is completed. �
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With the aforementioned result, we know that, when FE is further required
to be bounded, the optimization problem (3.38) with an LMI constraint is
equivalent to

{
min f0(x)
s.t. x ∈ {x| A(x) < 0} ∩ FE .

(3.39)

We point out that in certain cases the constraint set in the aforementioned problem
is a finite one.

Remember that in Section 1.2 we have turned some algebraic problems into
ones related to LMIs. Now we can recognize that these formulated problems (1.13),
(1.15), and (1.17) are all convex optimization problems with LMI constraints.

3.5.3 Standard Problems
In this section, we introduce briefly the three standard problems involving LMIs.
Many problems can be transformed into one of these standard forms. In the fol-
lowing, A(x), B(x), C(x) and L(x), R(x) are assumed to be matrix functions of
appropriate dimensions, which are all linear in vector x.

3.5.3.1 Feasibility Problem

Problem 3.7 Find a solution x ∈ R
n satisfying the following LMI:

A(x) < B(x).

The corresponding function for solving this feasibility problem in the
MATLAB� LMI Toolbox is feasp, which solves the following auxiliary convex
optimization with LMI constraints:

{
min t
s.t. A(x) < B(x) + tI , (3.40)

where x and the scalar t are the decision variables.

3.5.3.2 Convex Minimization Problem

Problem3.8 Given a convex function f (x), find a solution x ∈ R
n to the following

minimization problem with LMI constraints:
{
min f (x)
s.t. A(x) < B(x). (3.41)
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The corresponding function for solving this problem in the MATLAB LMI
Toolbox is mincx, which solves the LMI problem:

{
min cTx
s.t. L(x) < R(x), (3.42)

where x is the vector of decision variables.

3.5.3.3 Generalized Eigenvalue Problem

Problem 3.9 Find a solution x ∈ R
n to the following minimization problem

⎧
⎪⎪⎨

⎪⎪⎩

min λ

s.t. A(x) < λB(x)
B(x) > 0
C(x) < 0,

(3.43)

where x is the vector of (scalar) decision variables.

The corresponding function for solving this problem in the MATLAB LMI
Toolbox is gevp.

In practical applications, many problems involving LMIs can be classified into
these three types. The MATLAB LMI toolbox provides a very efficient and conve-
nient package for solving these three types of problems involving LMIs. For details
please refer to the appendix or the user’s guide on LMI Control Toolbox for Use
with MATLAB (Gahinet et al. 1995).

3.6 Notes and References
3.6.1 About This Chapter
This chapter introduces some basic facts and results about optimization theory. This
chapter is necessary because, as we have seen from Section 3.5.3, LMI problems are
generally optimization problems, and moreover, with this chapter we can fulfil the
task to reveal theoretically the reasons behind the advantages of LMI problems.

The first two sections introduce convex sets and convex functions, respectively.
An important fact we learn in these two sections is that a convex function defined
over a compact convex set is less than zero if and only if it is less than zero on
all the extreme points of the convex set. With sufficient preliminaries provided in
these two sections, general mathematical optimization and convex optimization are
presented in Sections 3.3 and 3.4, respectively. As we have seen in Section 3.4
that convex optimization problems possess an extremely good property, that is, any
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locally optimal point is globally optimal! It is such a property that really makes
convex optimization so useful, so appealing and popular.

Finally, in Section 3.5, we turn to look into the LMI problems. It is shown that
LMI constraints form a convex set, and an LMI holds within a compact convex
set if and only if it holds on the extreme points of this set. Such facts tell us that
an optimization problem with LMI constraints and a convex objective is a special
convex optimization problem. So no wonder LMIs today have attracted so much
attention in the control community.

For those readers who want to learn more about optimization theories and
techniques, we recommend, among the many books on optimization, Torn and
Zilinskas (1989) and Boyd and Vandenberghe (2004). Torn and Zilinskas (1989)
stresses on global optimization and many of the methods that have been proposed
for locating the global minimum of a function numerically are described. Boyd and
Vandenberghe (2004) is about convex optimization, which includes least-squares
and linear programming problems. It is well known that these problems can be
solved numerically very efficiently, while this book has demonstrated to us that the
same can be said for the larger class of convex optimization problems.

3.6.2 Open Source Software CVX
The open source software package, CVX, was designed especially for convex opti-
mization by Michael Grant and Stephen Boyd and was implemented by Michael
Grant (Grant et al. 2006). It incorporates ideas from earlier work by Crusius (2002),
Wu and Boyd (2000), and some other researchers. The modeling language follows
the spirit of AMPL (Fourer et al. 1999) or GAMS (Brooke et al. 1998). How-
ever, unlike these packages, CVX was designed from the beginning to fully exploit
convexity. The specific method for implementing CVX in MATLAB draws heavily
from YALMIP.

CVX is very easy to learn, and very easy to use, yet it is quick, reliable, and
powerful. It works very efficiently and solves almost all of the convex optimization
problems that one can formulate. Since most of the LMI problems are convex,
instead of using the MATLAB LMI toolbox, one can also use CVX to solve LMI
problems, but generally the reverse is not realizable. The latest version of CVX and
the user’s guide can be respectively retrieved from the following websites:

■ http://www.stanford.edu/~boyd/cvx
■ http://cvxr.com/cvx/cvx_usrguide.pdf

3.6.3 Counterexample for Numerical Reliability
Numerical reliability is a very important issue in both computational theory and
applications. Regarding numerical reliability, we need to understand the following:
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■ Numerical reliability is a very important issue in numerical computation.
■ Certain problems are good-conditioned (e.g., singular value decomposition),

whichmay be solved efficiently using certain existing numerical methods with
acceptable precision.

■ Certain problems are ill-conditioned (e.g., some matrix inverses), solutions
with acceptable precision to such problems are difficult to derive numerically.

While emphasizing the fact that convex optimization with LMI constraints is very
numerically reliable, here we demonstrate by a pole assignment benchmark problem
that ill-conditioned problems do exist. With this particular pole assignment problem,
we will find that a solution with an acceptable precision to this problem is difficult
to derive using the best algorithms at present.

The following problem is a well-known one and has been considered by several
investigators (e.g., Mahmoud et al. 1998, Petres et al. 2007, Duan 2008).

Problem 3.10 Given the following single input benchmark system

ẋ = A x + B u

with

A =

⎡

⎢⎢⎢
⎣

20
20 19

. . . . . .
20 1

⎤

⎥⎥⎥
⎦
, B =

⎡

⎢⎢⎢
⎣

1
0
...
0

⎤

⎥⎥⎥
⎦
,

find a matrix

K = [
k1 k2 · · · k20

]

such that

λ (A + BK ) = {s1, s2, . . . , s20},

where si, i = 1, 2, . . . , 20, are a set of arbitrarily given self-conjugate complex
numbers.

For this problem, we consider 14 different groups of prescribed closed-loop
eigenvalues. They are selected in a most “natural” way and are listed in Table 3.1
(Duan 2008).

There are two well-known functions in MATLAB for solving pole assignment,
place and acker. place is produced based on the pole assignment method
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Table 3.1 Prescribed Closed-Loop Eigenvalues

Case Set of Eigenvalues, �

1 {1, 2, . . . , 20}
2 {−1, −2, . . . , −20}
3 {1 ± i, 2 ± i, . . . , 10 ± i}
4 {−1 ± i, −2 ± i, . . . , −10 ± i}
5 {1 ± i, 2 ± 2i, . . . , 10 ± 10i}
6 {−1 ± i, −2 ± 2i, . . . , −10 ± 10i}
7 {1, 2, . . . , 10, 1 ± i, 2 ± i, . . . , 5 ± i}
8 {−1, −2, . . . , −10, −1 ± i, −2 ± i, . . . , −5 ± i}
9 {−1, −2, . . . , −10, 1 ± i, 2 ± i, . . . , 5 ± i}
10 {1, 2, . . . , 10, −1 ± i, −2 ± i, . . . , −5 ± i}
11 {1, 2, . . . , 10, 1 ± i, 2 ± 2i, . . . , 5 ± 5i}
12 {−1, −2, . . . ,−10, −1 ± i, −2 ± 2i, . . . , −5 ± 5i}
13 {−1, −2, . . . ,−10, 1 ± i, 2 ± 2i, . . . , 5 ± 5i}
14 {1, 2, . . . , 10, −1 ± i, −2 ± 2i, . . . ,−5 ± 5i}

proposed by Kautsky et al. (1985), which suits both single-input and multi-input
systems, while acker is based on the well-known Ackermann’s formula, which
suits only single-input systems.

We have tried both functions for the 14 different cases, and the results are
outlined as follows:

■ For Case 1, both functions place and acker work well. In terms of
precision, place gives slightly better results than acker when the derived
gain matrix K is rounded off to nine digits.

■ For Cases 2 through 14, place works for Cases 5, 6, and 14. It refuses to
produce a result for all the other cases. Furthermore, although place works
for Cases 5, 6, and 14, it produces very poor results for these case. More
precisely, for these three cases, even when the gain matrix K is not rounded
off, the closed-loop eigenvalues produced by this function have gone far away
from the prescribed ones.

■ Unlike function place, ackerworks for all Cases 2 through 14. However,
like function place, it actually produces for each case a completely different
set of closed-loop eigenvalues from the prescribed one.
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To sum up, for the aforementioned simple and neat pole assignment problem,
the two well-known functions in MATLAB for solving pole assignment, namely
place and acker, in fact gives correct results for only one case out of 14 ones. These
results can be very easily checked, and readers are strongly encouraged to try the
solutions by themselves, the eigenvalues of the matrix A+BK can be easily obtained
using the MATLAB function eig. For a more detailed discussion on this example,
please refer to Duan (2008).

These results tell us that the MATLAB functions place and acker for solv-
ing pole assignment, although have been quite complete, are not generally quite
numerically reliable. On the other hand, this also indicates that this particular pole
assignment problem is an ill-conditioned one. With this example, we wish to remind
the readers to realize the fact that many numerical methods work theoretically but
may not always practically!

Now come back to LMIs, unlike this problem, almost all convex optimization
problems with LMI constraints can be solved efficiently and reliably.

3.6.4 Numerical Examples in the Book
Generally speaking, with complicated numerical computations, no matter how
reliable an algorithm is used, there is always a computational error. The problem is
really how large the computational error is.

From the next chapter on, we will encounter in this book some numerical
examples related with the various proposed LMI problems. Although these problems
are convex and can be solved numerically reliably, some of the produced results may
still possess relatively large errors. Therefore, for some of the numerical examples in
the book, the results maybe not repeatable by readers.

Taking Example 10.4 for example, it treats the problem of mixed robust H∞/H2
designs with desired pole region. Using the function mincx in the MATLAB LMI
toolbox, we produced a set of numerical results. Yet with the same MATLAB codes
running on a different machine, we obtained a different set of results. It can be
observed from Table 3.2 that these two sets of results really differ from each other
with some degree. However, in spite of the considerable differences in these two sets
of results, it is interesting to note that both sets of results produce the same feedback
gain matrix

K = WX−1 =
[ −1.0000 0.0000 −1.0000

−2.0000 −1.0000 0.5000

]
.

We point out that, besides Example 10.4, there are also some other ones, such
as Examples 9.3 and 10.3, whose results maybe also not repeatable to a very high
precision.

With the numerical examples in the book, there is also another problem, that is,
the effective number of digits in display. Say, for example, with the values of the
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Table 3.2 Two Different Sets of Results for Example 10.4

Variables

X = 108 ×

⎡

⎢⎢⎢⎢
⎣

2.3553 −2.6201 0.4250

−2.6201 6.6853 1.0505

0.4250 1.0505 1.0143

⎤

⎥⎥⎥⎥
⎦

Results in the book W = 108 ×
⎡

⎢
⎣

−2.7803 1.5696 −1.4393

−1.8779 −0.9198 −1.3935

⎤

⎥
⎦

Z = 1.1777 × 10−4

(
γ∞, γ 2

2

)
= (0.0316, 0.0002)

(α, β) =
(
2.6639 × 108, 2.6618 × 108

)

X = 108 ×

⎡

⎢⎢⎢⎢
⎣

2.3724 −2.7203 0.3856

−2.7203 6.4923 0.8691

0.3856 0.8691 0.8908

⎤

⎥⎥⎥⎥
⎦

The different results W = 108 ×
⎡

⎢
⎣

−2.7580 1.8512 −1.2764

−1.8317 −0.6171 −1.1948

⎤

⎥
⎦

Z = 9.5608 × 10−6

(
γ∞, γ 2

2

)
= (0.0224, 0.00002)

(α, β) =
(
2.8086 × 108, 2.8030 × 108

)

matricesW and X in Table 3.2 how many number of digits should be used? Maybe
at least 10! From this point of view, please bear in mind when reading this book
that some of the numerical results displayed in this book with a specific number of
digits have only some format sense, while their real values with a proper satisfactory
precision are really stored in the computer and are used in computation. This is why
with the two sets of matricesW and X given in Table 3.2 the finally computed gain
matrix K could be the same.

Coming back to the numerical reliability problem, the aforementioned phe-
nomenon appeared in Example 10.4 does not contradict with our theory that LMIs,
as a type of convex optimization problems, can be solved numerically reliably. The
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two sets of results are still close to each other, and the gain matrix K in which
we are really interested is the same. We have seen with the aforementioned pole
assignment benchmark problem in the aforementioned section that the solution to
some bad-conditioned problems may have really gone meaningless.

After all, the phenomenon discussed in this section again highlights the impor-
tance of numerical reliability. It does exist in many numerical computations. It
is partially the problem of numerical reliability that makes LMI techniques so
important and attractive.

Exercises
3.1 Let X be a linear space, Ei ⊂ X , i = 1, 2, . . . , n, are convex sets. Find out

whether
n⋃

i=1
Ei
(
or

n⋂

i=1
Ei

)
is convex or not.

3.2 Prove Proposition 3.1, that is, let fi, i = 1, 2, . . . ,m be a group of convex
functions defined over the convex set 	, then for arbitrary scalars αi ≥ 0,
i = 1, 2, . . . ,m, the combination g = ∑m

i=1 αifi is also a convex function
over 	.

3.3 Prove Proposition 3.2, that is, let f be a convex function defined over the
convex set 	, then for arbitrary scalar α the set 	α = {x | f (x) < α} is
convex.

3.4 (Feng 1995, p. 1) Given bi ∈ R
n, βi ∈ R, let

Mi = {
x ∈ R

n ∣∣bTi x ≤ βi
}
, i = 1, 2.

Show thatM1 ∩ M2 is a convex set.
3.5 (Feng 1995, p. 100) Let f : R

n → R be a positive homogeneous function,
that is,

f (ax) = af (x), for a ∈ R, x ∈ R
n.

Show that f is a convex function if and only if

f (x + y) ≤ f (x) + f ( y) (3.44)

for any x, y ∈ R
n.

3.6 Prove that the following functions are convex

f (x) = eax , a ∈ R, a �= 0,

f (x) = |x|p, p ≥ 1.

3.7 Show that Problem 3.4 is a convex optimization problem.
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Chapter 4

Stability Analysis

Stability is the most important property of control systems. In this chapter, we
examine the stability of control systems using LMI techniques. These problems
include the well-known Hurwitz stability and Schur stability, and also the robust
stability of uncertain systems as well as the stability of time-delay systems.

4.1 Hurwitz and Schur Stability
Stability is themost important property of dynamical systems. In this section, we will
present LMI conditions for stability of both continuous- and discrete-time systems.

4.1.1 Hurwitz Stability
Consider a continuous-time linear system in the form of

ẋ(t) = Ax(t), (4.1)

with A∈ R
n×n. It is said to be stable if all the eigenvalues of the matrix A have

nonpositive real parts; in this case, we also say that the matrix A is Hurwitz crit-
ically stable, and it is said to be asymptotically stable if all the eigenvalues of the
matrix A have negative real parts, and in this case we also say that the matrix A is
Hurwitz stable.

The problem of Hurwitz stability analysis can be stated as follows.

Problem 4.1 Given A ∈ R
n×n, check the Lyapunov stability of the continuous-

time linear system (4.1), or equivalently, the Hurwitz stability of the matrix A.

95
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96 ■ LMIs in Control Systems

According to the well-known Lyapunov stability theory, the solution to this
problem can be immediately given.

Proposition 4.1 The continuous-time system (4.1) is Hurwitz stable if and only
if there exists a matrix P ∈ S

n, such that

{
P > 0
ATP + PA < 0. (4.2)

Proof Let the continuous-time system (4.1) be stable, then by well-known results
in linear systems theory, for arbitrarily givenQ ∈ S

n andQ > 0 there exists a matrix
P ∈ S

n, P > 0 such that the following Lyapunov equation holds:

ATP + PA = −Q . (4.3)

This implies the relations in (4.2).
Conversely, let the relations in (4.2) hold. Define

Q = − (
ATP + PA

)
,

then Q > 0 holds, and the Lyapunov matrix equation (4.3) holds. Again applying
the Lyapunov stability theory we conclude that the continuous-time system (4.1) is
stable. With this we complete the proof. �

By the aforementioned proposition, the problem of checking the stability of a
continuous-time linear system is converted equivalently to a problem of finding a
symmetric matrix satisfying a pair of LMIs.

Example 4.1

Consider the yaw/roll channel attitude system of an unrotating missile, whose
linearized model at certain time is

ẋ(t) =

⎡

⎢⎢⎢⎢
⎣

−0.5 1 0 0 0
−62 −0.16 0 0 30
10 0 −50 40 5
0 0 0 −40 0
0 0 0 0 −20

⎤

⎥⎥⎥⎥
⎦
x(t) +

⎡

⎢⎢⎢⎢
⎣

0 0
0 0
0 0
4 0
0 20

⎤

⎥⎥⎥⎥
⎦
u(t).

This model has been considered by Duan and Wang (1992) and Jiang (1987).
Applying the MATLAB� function feasp in MATLAB LMI toolbox to the
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Stability Analysis ■ 97

corresponding LMIs problem (4.2) gives the following solution

P =

⎡

⎢⎢⎢⎢
⎣

2.3840 −0.0134 0.0014 0.0027 −0.1635
−0.0134 0.0386 0.0001 0.0002 0.0483
0.0014 0.0001 0.0124 0.0071 0.0013
0.0027 0.0002 0.0071 0.0219 0.0015

−0.1635 0.0483 0.0013 0.0015 0.1021

⎤

⎥⎥⎥⎥
⎦

> 0.

Therefore, the system is stable. In fact, by the MATLAB function eig, it can be
verified that the system poles are −50, −0.3300± 7.8722i, −40 and −20, which
are all stable ones.

4.1.2 Schur Stability
Parallely, the stability analysis problem for a discrete-time linear system can be stated
as follows.

Problem 4.2 Given A ∈ R
n×n, check the Lyapunov stability of the following

discrete-time linear system

x(k + 1) = Ax(k). (4.4)

This is equivalent to check the Schur stability of the matrix A; in other words, this
is equivalent to check if all the eigenvalues of the matrix A are located within the
unit circle of the complex plane.

Again, according to the well-known Lyapunov stability theory, we have,
corresponding to Proposition 4.1, the following result about solution to the
aforementioned problem.

Proposition 4.2 The system (4.4) is Schur stable if and only if there exists a matrix
P ∈ S

n, such that one of the following three LMIs holds:
{
P > 0
APAT − P < 0, (4.5)

M1 =
[−P PAT
AP −P

]
< 0, (4.6)

M2 =
[−P AP
PAT −P

]
< 0. (4.7)

Proof Similar to the proof of Proposition 4.1, the first condition (4.5) can be easily
shown according to the Lyapunov stability theory for linear discrete-time systems.
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98 ■ LMIs in Control Systems

Since the Schur complement of the element−P (the (1,1) position) in the matrix
appearing on the left-hand side of (4.6) is

−P − AP(−P)−1PAT = APAT − P,

condition (4.6) can be easily shown to be equivalent to (4.5) with the help of the
well-known Schur complement lemma. Using the Schur complement of the element
−P (the (2,2) position) in the matrix appearing on the left-hand side of (4.7) we
can also show the equivalence between (4.7) and (4.5). �

Example 4.2

Consider the following discrete-time linear system:

x(k + 1) =
⎡

⎣
−0.5 2 0
0 −0.25 0
1 0 −0.5

⎤

⎦ x(k).

Applying the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMIs problem (4.6) gives the following solution

P =
⎡

⎣
9.6315 1.2549 0.1157
1.2549 1.0367 −0.1235
0.1157 −0.1235 22.7700

⎤

⎦ > 0.

Therefore, the system is stable. In fact, by the MATLAB function eig it can be
easily verified that the system poles are −0.5000, −0.5000, and −0.2500, which
are all stable ones.

Remark 4.1 It is obvious that AT is Schur stable if and only if A is Schur stable.
Substituting A by AT in Proposition 4.2, we obtain another set of LMIs on the
stability as follows:

{
P > 0
ATPA − P < 0,

M3 =
[−P PA
ATP −P

]
< 0,

M4 =
[−P ATP
PA −P

]
< 0.

Remark 4.2 After going over the results in this section, readers might ask the
following question: While the eigenvalues of a matrix can be obtained as easily
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Stability Analysis ■ 99

as typing eig in the MATLAB window and then pressing the enter key, then
why LMIs?

The answers to this question are really of two aspects:

1. Solving the eigenvalues of a matrix is not generally a good-conditioned prob-
lem, and hence checking the stability by finding eigenvalues may have the
risk of leading to wrong conclusions, while the LMIs can be always solved
numerically efficiently and reliably, and hence can be fully trusted.

2. The LMI conditions proposed in this section can indeed be used to verify
the Hurwitz or Schur stability of a given matrix as proven, while the more
important point is that, as is demonstrated in Chapter 7, these LMI conditions
are also useful in solving the problem of stabilization.

4.2 D-Stability
In the last section, we have presented LMI conditions for the well-known Hurwitz
and Schur stability of matrices. In this section, we will introduce the concept of
D-stability, which is a generalization of Hurwitz stability and Schur stability. As
in the sequential section, our main task is to establish the LMI conditions for the
D-stability of a matrix with different given D-regions.

Definition 4.1 Let D be a domain on the complex plane, which is symmetric
about the real axis. Then, a matrix A ∈ R

n×n is said to be D-stable if

λi (A) ∈ D, i = 1, 2, . . . , n. (4.8)

4.2.1 Special Cases
In the following, we consider a few typical cases.

Case I. D = Hα,β = {x+ jy | −β < x < −α}
In this case, the D-stability condition (4.8) requires that all the eigenvalues of the
matrix A are located in the strip region shown in Figure 4.1.

Proposition 4.3 The matrix A ∈ R
n×n is Hα,β -stable if and only if there exists a

matrix P ∈ S
n satisfying

⎧
⎨

⎩

P > 0
ATP + PA + 2αP < 0
ATP + PA + 2βP > 0.

(4.9)
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–β –α 0 x

y

Figure 4.1 Strip region Hα,β .

Proof The sufficiency holds obviously. Then, we only prove the necessity.

That the matrix A ∈ R
n×n is Hα,β -stable is equivalent to the fact that both

(A + αI ) and − (A + βI ) are Hurwitz stable. According to Lyapunov stability
theory, (A + αI ) is Hurwitz stable if and only if for any Q > 0, there exists a
Pα ∈ S

n, Pα > 0, such that

(A + αI )TPα + Pα (A + αI ) = −Q ,

which can be converted to

ATPα + PαA = −2αPα − Q , (4.10)

while − (A + βI ) is Hurwitz stable if and only if there exists a Pβ ∈ S
n, Pβ > 0,

such that

(−A − βI )TPβ + Pβ (−A − βI ) = −Q ,

which can be converted to

ATPβ + PβA = −2βPβ + Q . (4.11)

Adding (4.10) and (4.11), we have

AT
(
Pα + Pβ

)+ (
Pα + Pβ

)
A = −2αPα − 2βPβ .

Letting

P = Pα + Pβ > 0,

yields

ATP + PA = −2αPα − 2βPβ ,
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which means

ATP + PA + 2αP = 2 (α − β) Pβ ,

and

ATP + PA + 2βP = 2 (β − α) Pα .

Since α − β < 0, then (4.9) holds obviously. With this we complete the proof of
the result. �

When β = ∞, denote Hα = Hα,∞ = {x + jy | x < −α}. In this case, the last
inequality in (4.9) vanishes obviously.

Case II. D = D(q,r) = {x+ jy | (x+ q
)2 + y2 < r2}

In this case, the D-stability condition (4.8) requires that all the eigenvalues of the
matrix A are located in the circle shown in Figure 4.2.

Proposition 4.4 The matrix A ∈ R
n×n is D(q,r)-stable if and only if there exists

a matrix P ∈ S
n, such that

[ −rP qP + AP
qP + PAT −rP

]
< 0. (4.12)

Proof The matrix A ∈ R
n×n is D(q,r)-stable is equivalent to the fact that the

matrix

Ã = 1
r
(
A + qI

)

y

x

r

–q 0

Figure 4.2 Disk region D(q,r).
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102 ■ LMIs in Control Systems

is Schur stable. Therefore, the problem has a solution if and only if there exists a
matrix P ∈ S

n, such that

{
P > 0
(A + qI )TP(A + qI ) − r2P < 0.

By the well-known Schur complement lemma, this is easily shown to be further
equivalent to the LMI in (4.12). �

Remark 4.3 In the case of D = Hα ∩ D(q,r), both conditions (4.9) and (4.12)
should be satisfied. Therefore, for this case, the matrix A is D-stable if and only if
there exists a matrix P ∈ S

n, such that

⎧
⎪⎨

⎪⎩

(A + αI )TP + P(A + αI ) < 0
[ −rP qP + AP
qP + PAT −rP

]
< 0.

(4.13)

Example 4.3

Consider the D-stability of the following linear system:

ẋ(t) =
⎡

⎣
−4.2386 −0.2026 0.7193
2.6649 −2.8342 0.0175
0.0344 0.0005 −3.1772

⎤

⎦ x(t),

where D = Hα ∩ D(q,r) with α =2, q=3, and r=3. Applying the MATLAB
function feasp in the MATLAB LMI toolbox to the corresponding LMI problem
(4.13) gives the following solution

P =
⎡

⎣
0.2046 0.0270 0.0211
0.0270 0.2376 −0.0042
0.0211 −0.0042 0.3462

⎤

⎦ > 0.

Thus, we can conclude that the system isD-stable. In fact, by theMATLAB function
eig it can be easily verified that the system poles are −3.5184, −3.4806, and
−3.2510, which are indeed located within the region D = Hα ∩ D(q,r).

4.2.2 General LMI Regions
Besides the two types of regions, we have a more general type of regions, which are
called LMI regions.
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Definition 4.2 Let D be a region on the complex plane. If there exist matrices
L ∈ S

m, andM ∈ R
m×m such that

D = {s | s ∈ C, L + sM + s̄MT < 0}, (4.14)

then D is called an LMI region and is usually denoted by D(L,M),

FD(s) = L + sM + s̄MT

is called the characteristic function of the LMI region D(L,M).

The following proposition reveals a fundamental property of LMI regions.

Proposition 4.5 An LMI region is convex and symmetric about the real axis.

Proof The symmetry property is obvious. To show the convexity, we choose
arbitrarily two points s1, s2 ∈ D, and define

s∗ = θ s1 + (1 − θ) s2, 0 ≤ θ ≤ 1.

By definition, we have

L + s1M + s̄1MT < 0,

and

L + s2M + s̄2MT < 0.

Using these relations we can derive

L + s∗M + s̄∗MT

= L + (θ s1 + (1 − θ) s2)M + (θ s̄1 + (1 − θ) s̄2)MT

= L + θ s1M + θ s̄1MT + (1 − θ) s2M + (1 − θ) s̄2MT

= θ
(
L + s1M + s̄1MT)+ (1 − θ)

(
L + s2M + s̄2MT)

< 0, ∀0 ≤ θ ≤ 1.

This shows the convexity of the set D in (4.14). �

Example 4.4

The halfplane

Hα = {x+ jy | x < −α < 0}
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104 ■ LMIs in Control Systems

is an LMI region because

Hα = {x+ jy | x < −α}
= {s | Re(s) < −α}

=
{
s
∣∣∣∣
1
2

(s+ s̄) < −α

}
,

that is, Hα is an LMI region with L = 2α, M = 1. Thus, the characteristic
function is

FHα
(s) = 2α + s+ s̄.

Example 4.5

The strip

Hα,β = {x+ jy | −β < x < −α < 0}

is also an LMI region because

Hα,β = {x+ jy | −β < x < −α}
= {s | −β < Re(s) < −α}

=
{
s | −β <

1
2

(s+ s̄) < −α

}

=
{
s
∣∣∣∣
1
2
diag(s,−s) + 1

2
diag(s̄,−s̄) + diag(α,−β) < 0

}
,

that is, Hα,β is an LMI region with

L = 2
[
α 0
0 −β

]
, M =

[
1 0
0 −1

]
.

Thus, the characteristic function is

FHα,β (s) = 2
[
α 0
0 −β

]
+
[
1 0
0 −1

]
s+

[
1 0
0 −1

]
s̄.

Example 4.6

The disk

D(q,r) = {x+ jy | (x+ q
)2 + y2 < r2}
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is an LMI region. In fact,

D(q,r) = {x+ jy | (x+ q
)2 + y2 < r2}

= {s | (s+ q
) (
s̄+ q

)
< r2}

=
{
s
∣∣∣∣

[ −r s+ q
s̄+ q −r

]
< 0

}

=
{

s

∣∣∣∣∣

[−r q
q −r

]
+ s

[
0 1
0 0

]
+ s̄

[
0 1
0 0

]T
< 0

}

,

that is, D(q,r) is an LMI region with

L =
[−r q
q −r

]
, M =

[
0 1
0 0

]
.

Example 4.7

The sector, shown in Figure 4.3,

Dθ = {x+ jy | ∣∣y∣∣ < −x tan θ},

with 0 < θ < π
2 , is an LMI region. In fact,

Dθ = {
x+ jy

∣∣∣∣y
∣∣ < −x tan θ

}

=
{
x+ jy

∣∣∣y2 < x2 tan2 θ , x tan θ < 0
}

=
{
x+ jy

∣∣∣y2 cos2 θ < x2sin2θ , x sin θ < 0
}

Im

Re0
θ

Figure 4.3 Region Dθ .
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=
{
x+ jy

∣∣∣∣

[
x sin θ iy cos θ

−iy cos θ x sin θ

]
< 0

}

=
{
s
∣∣∣∣

[
(s+ s̄) sin θ (s− s̄) cos θ

(−s+ s̄) cos θ (s+ s̄) sin θ

]
< 0

}
,

that is, Dθ is an LMI region with

L = 0, M =
[

sin θ cos θ

− cos θ sin θ

]
.

The following proposition further shows an important property of an LMI region.

Proposition 4.6 Let D1 and D2 be two LMI regions with characteristic functions
FD1 and FD2 , respectively. Then, D = D1 ∩ D2 is also an LMI region whose
characteristic function is

FD = diag
(
FD1 , FD2

)
.

Proof It follows from the given conditions that

D1 = {s | FD1(s) < 0},
D2 = {s | FD2(s) < 0},

and

D = D1 ∩ D2

= {s | FD1(s) < 0, FD2(s) < 0}
= {s | diag(FD1(s), FD2(s)

)
< 0}.

Thus, the conclusion clearly follows. �

4.2.3 Generalized Lyapunov Theorem
Recall that the Kronecker product of a pair of matrices A ∈ R

m×n and B ∈ R
p×q is

defined as follows:

A ⊗ B =

⎡

⎢⎢⎢
⎣

a11B a12B · · · a1nB
a21B a22B · · · a2nB
...

...
. . .

...
am1B am2B · · · amnB

⎤

⎥⎥⎥
⎦

∈ R
mp×nq.

The following lemma lists some manipulation rules related to Kronecker products.
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Lemma 4.1 Let A,B,C be matrices with appropriate dimensions. Then, the
Kronecker product has the following properties:

■ 1 ⊗ A = A;
■ (A + B) ⊗ C = A ⊗ C + B ⊗ C
■ (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD)

■ (A ⊗ B)T = AT ⊗ BT

■ (A ⊗ B)−1 = A−1 ⊗ B−1

■ λ(A ⊗ B) = {λi(A)λj(B)}

In terms of Kronecker products, the following theorem gives the D-stability
condition for the general LMI region case.

Theorem 4.1 Let D = D(L,M) be an LMI region, whose characteristic
function is

FD = L + sM + s̄MT.

Then, a matrix A ∈ R
n×n is D(L,M)-stable if and only if there exists a symmetric

positive definite matrix P such that

RD(A, P) = L ⊗ P + M ⊗ (AP) + MT ⊗ (AP)T < 0, (4.15)

where ⊗ represents the Kronecker product.

The aforementioned theorem can be viewed as a generalization of the well-
known continuous- and discrete-time Lyapunov theorems. We remark that this
result is really amazing since it not only covers both the well-known continuous-
and discrete-time Lyapunov theorems, but also gives truly essential generalization
to both of them. For a proof of this theorem, please refer to Appendix A. Although
the proof is a bit lengthy, we strongly encourage the reader to go it over since this
result is so important.

According to the definition of the Kronecker product, the generalized Lyapunov
inequality (4.15) can also be written in the following form:

RD(A, P) =
[
lijP + mij (AP) + mji (AP)T

]

(υn)×(υn)
< 0, (4.16)

where

■ lij and mij are the ith row and jth column element in the matrices L and M ,
respectively

■ υ is the number of rows in L
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Lemma 4.2 Given two LMI regions D1 and D2, a matrix A is both D1-stable
and D2-stable if and only if there exists a positive definite matrix P, such that
RD1(A, P) < 0 and RD2(A, P) < 0.

Proof Denote the associated characteristic functions of the LMI regions D1 and
D2 respectively as

FD1 = L1 + sM1 + s̄MT
1 ,

and

FD2 = L2 + sM2 + s̄MT
2 .

According to Proposition 4.6, the characteristic function of the LMI region D =
D1 ∩ D2 can be represented by

FD = diag
(
FD1 , FD2

) = L + sM + s̄MT,

where

L = diag(L1, L2), M = diag(M1,M2).

Then,

RD(A, P) = L ⊗ P + M ⊗ (AP) + MT ⊗ (AP)T

= diag(L1, L2) ⊗ P + diag(M1,M2) ⊗ (AP) + diag(M1,M2)
T ⊗ (AP)T

= diag
(
L1 ⊗ P + M1 ⊗ (AP) + M1

T ⊗ (AP)T ,

L2 ⊗ P + M2 ⊗ (AP) + M2
T ⊗ (AP)T

)

= diag
(
RD1(A, P),RD2(A, P

)
),

which means

RD(A, P) < 0 ⇔ RD1(A, P) < 0 and RD2(A, P) < 0.

Thus, the conclusion holds. �

Example 4.8

Consider the following LMI region

S(α, r, θ) = {
(x, y)

∣∣x < −α < 0,
∣∣x+ jy

∣∣ < r,
∣∣y
∣∣ < −x tan θ

}
(4.17)
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Im

Re

r

α

θ
0

Figure 4.4 LMI region S(α, r, θ).

shown in Figure 4.4. We will show that a matrix A is S(α, r, θ)-stable if and only if
there exists a symmetric matrix P, such that the following three LMIs are satisfied:

2αP + AP + PAT < 0, (4.18)
[−rP AP
PAT −rP

]
< 0, (4.19)

⎡

⎣

(
AP + PAT

)
sin θ

(
AP − PAT

)
cos θ

(
PAT − AP

)
cos θ

(
AP + PAT

)
sin θ

⎤

⎦ < 0. (4.20)

This example has clearly a practical meaning. It is known that the transient
response of a linear system is related to the location of its poles. By constraining
poles to lie in a prescribed region, specific bounds can be put on these quantities
to ensure a satisfactory transient response. Confining the closed-loop poles to
S(α, r, θ) region ensures a minimum decay rate α, a minimum damping ratio
ζ = cos θ , and a maximum undamped natural frequency ωd = r sin θ . This in turn
bounds the maximum overshoot, the frequency of oscillatory modes, the delay
time, the rise time, and the settling time.

Note that the region S(α, r, θ) in (4.17) can be represented in the intersection
of three LMI regions, that is,

S(α, r, θ) = Hα ∩ Dr ∩ Dθ , (4.21)

where their associated characteristic functions are

FHα
= L1 + sM1 + s̄MT

1,

FDr = L2 + sM2 + s̄MT
2,
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and

FDθ
= L3 + sM3 + s̄MT

3,

with

L1 = 2α, M1 = 1,

L2 =
[−r 0
0 −r

]
, M2 =

[
0 1
0 0

]
,

L3 = 0, M3 =
[

sin θ cos θ

− cos θ sin θ

]
.

According to Proposition 4.6, the characteristic functions of LMI region S(α, r, θ)

can be represented by

FS(α,r,θ) = diag
(
FHα

, FDr , FDθ

) = L+ sM+ s̄MT,

where

L = diag(L1, L2, L3), M = diag(M1,M2,M3),

and it is easily shown that

RHα
(A,P) = 2αP + AP + PAT,

RDr (A, P) =
[−rP AP
PAT −rP

]
,

and

R
Dθ

(A, P) =
⎡

⎣

(
AP + PAT

)
sin θ

(
AP − PAT

)
cos θ

(
PAT − AP

)
cos θ

(
AP + PAT

)
sin θ

⎤

⎦ .

Therefore, a matrix A is S(α, r, θ)-stable, according to Lemma 4.2, if and only if
there exists a symmetric matrix P satisfying the three LMIs (4.18) through (4.20).

4.3 Quadratic Stability
In this section, we treat the quadratic Hurwitz and Schur stability analysis problem.
Different from the previous sections, here the stability of families of systems is
considered instead of a single one.
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4.3.1 Family of Systems
Consider the following uncertain system

ρx(t) = A(δ(t))x(t), (4.22)

with ρ being chosen as in one of the following two cases:

Case 1: ρ represents the differential operator. In this case, the system is a continuous-
time one, and possesses the following form:

ẋ(t) = A(δ(t))x(t),

and here t is a continuous variable.
Case 2: ρ represents the one step forward shift operator. In this case, the system is
a discrete-time one, and possesses the following form:

x(t + 1) = A(δ(t))x(t),

and here t is a discrete variable.
The system coefficient matrix takes the form of

A(δ(t)) = A0 + �A(δ(t)), (4.23)

where A0 ∈ R
n×n is a known matrix, which represents the nominal system matrix,

while

�A(δ(t)) = δ1(t)A1 + δ2(t)A2 + · · · + δk(t)Ak, (4.24)

is the system matrix perturbation, where

■ Ai ∈ R
n×n, i = 1, 2, . . . , k, are known matrices, which represent the

perturbation directions.
■ δi(t), i = 1, 2, . . . , k, are arbitrary time functions, which represent the

uncertain parameters in the system.
■ δ(t) = [

δ1(t) δ2(t) · · · δk(t)
]T is the uncertain parameter vector,

which is often assumed to be within a certain compact and convex set �,
that is

δ(t) = [
δ1(t) δ2(t) · · · δk(t)

] ∈ �, (4.25)

and this set � is called the set of perturbation parameters.
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1

1

1

δ1

δ3

δ2

O

Figure 4.5 Set �, case of k = 3.

In practical applications, often two types of perturbation parameters sets are used.
One is the following regular polyhedron:

�I = {
δ(t)

∣∣δi(t) ∈ [δ−
i , δ+

i ], i = 1, 2, . . . , k
}
. (4.26)

In this case, the system (4.22) through (4.24) is called a type of interval systems.
The other type of perturbation parameter set is the following polytope

�P =
{

δ(t)

∣∣∣∣∣

k∑

i=1

δi(t) = 1, δi(t) ≥ 0, i = 1, 2, . . . , k

}

, (4.27)

which is clearly a regular polyhedron in R
k (see Figure 4.5). In this case, the system

(4.22) through (4.24) is called a type of polytopic systems.

4.3.2 Quadratic Hurwitz Stability
For a family of systems, the so-called quadraticHurwitz stability is defined as follows.

Definition 4.3 The system (4.22) through (4.24), with ∀δ(t) ∈�, is called
quadratically Hurwitz stable if there exists a symmetric positive definite matrix P,
such that

AT(δ(t))P + PA(δ(t)) < 0, ∀δ(t) ∈ �. (4.28)

The following theorem reveals the relation between quadratic Hurwitz stability
and Lyapunov stability.
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Theorem 4.2 Let the system (4.22) through (4.24), with ∀δ(t) ∈ �, be quadrat-
ically Hurwitz stable. Then the system (4.22) through (4.24) is uniformly and
asymptotically stable in the Lyapunov sense for every δ(t) ∈ �.

Proof If the system (4.22) through (4.24), with∀δ(t) ∈�, is quadraticallyHurwitz
stable, then (4.28) holds for some P > 0. It thus follows from (4.28) that V (x) =
xTPx is a quadratic form Lyapunov function of system (4.22) through (4.24) and
satisfies

V̇ = dV (x(t))
dt

= xT
[
AT(δ(t))P + PA(δ(t))

]
x

< 0.

Therefore, V (x) is a monotone decreasing function and satisfies

V (x) ≤ xT(t0)Px(t0).

So V (x) is bounded. On the other hand, since P is a symmetric positive definite
matrix, we have V (x) = xTPx > 0. Finally, in view of the fact that V (x) is
independent of time t, it follows from the well-known Lyapunov stability theories
that the system (4.22) through (4.24) is uniformly and asymptotically stable in the
Lyapunov sense for every δ(t) ∈ �. �

The following result reveals the fact that a family of systems is quadratically
Hurwitz stable over a compact and convex set of parameters if and only if it is
quadratically Hurwitz stable on all of the extremes of the set of parameters.

Theorem 4.3 The system (4.22) through (4.24) is quadratically Hurwitz stable
if and only if there exists a symmetric positive definite matrix P, such that

AT(δ)P + PA(δ) < 0, ∀δ ∈ �E . (4.29)

where �E represents the set of all the extreme points of �.

Proof Choose

V (x) = xTPx,

then

V̇ (δ(t)) = xT
[
AT(δ(t))P + PA(δ(t))

]
x.
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It is easy to see that V̇ (δ(t)) is linear in δ(t), and thus convex with respect to δ(t).
Thus, it follows from Theorem 3.5 that for ∀x �= 0,

V̇ (δ(t)) < 0, ∀δ ∈ � ⇐⇒ V̇ (δ(t)) < 0, ∀δ ∈ �E .

This equivalently implies that (4.28) holds if and only if (4.29) holds. The proof is
then completed. �

In view of the fact that, when � = �I , we have

�E = {
δ = [

δ1 δ2 · · · δk
] ∣∣δi = δ−

i or δ+
i , i = 1, 2, . . . , k

}
.

Thus, the following result for the quadratic Hurwitz stability of interval systems
immediately follows from the Theorem 4.3.

Corollary 4.1 The system (4.22) through (4.24), with� = �I given by (4.26), is
quadratically Hurwitz stable if and only if there exists a symmetric positive definite
matrix P, such that

AT(δ)P + PA(δ) < 0, ∀δi = δ−
i or δ+

i , i = 1, 2, . . . , k. (4.30)

When � = �P , it is easy to see, referring to Figure 4.5, that

�E = {
eT1, e

T
2 , . . . , e

T
k
} ⊂ R

k, (4.31)

where ei ∈ R
k is the vector with the ith element being 1 while all the others being

zero. Further, recalling

A(δ(t)) = A0 + δ1(t)A1 + · · · + δk(t)Ak,

we clearly have

A(ei) = A0 + Ai, i = 1, 2, . . . , k.

Again following fromTheorem 4.3, we now have the following result for the stability
of polytopic systems.

Corollary 4.2 The system (4.22) through (4.24), with � = �P given by (4.27),
is quadratically Hurwitz stable if and only if there exists a symmetric positive definite
matrix P, such that

(A0 + Ai)T P + P(A0 + Ai) < 0, i = 1, . . . , k. (4.32)
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The importance of the two corollaries lies in the fact that an infinite problem is
now converted into a finite problem.

Example 4.9

Consider the following continuous-time linear system:

ẋ(t) = A(δ(t))x(t),

with

A(δ(t)) = A0 + δ1(t)A1,

where

A0 =
⎡

⎣
−3 0 1
0 −3 0
1 0 −4

⎤

⎦ , A1 =
⎡

⎣
1 0 1
0 −1 0
0 1 1

⎤

⎦ ,

and

δ1(t) ∈ [−0.1, 0.1].

Applying the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (4.30) gives the solution

P =
⎡

⎣
0.2623 −0.0000 0.0677

−0.0000 0.2393 0.0001
0.0677 0.0001 0.1944

⎤

⎦ > 0.

Thus, the system is quadratically Hurwitz stable.

Example 4.10

Consider a mass-spring-damper system with unit mass. The state–space represen-
tation of the system is (Gahinet et al. 1996, Yu 2002)

ẋ(t) = A
(
d(t), k(t)

)
x(t), A(d, k) =

[
0 1

−k(t) −d(t)

]
, (4.33)

where the viscosity d(t) and stiffness k(t) are uncertain and possibly time-varying,
and their values are assumed to be within certain intervals:

k(t) ∈ [
k1, k2

]
, d(t) ∈ [

d1,d2
]
.
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According to Corollary 4.1, the system is quadratically stable if and only if there
exists a symmetric positive definite matrix P satisfying

AT(d, k)P + PA(d, k) < 0, (4.34)

for

⎧
⎪⎪⎨

⎪⎪⎩

(d, k) = (d1, k1)

(d, k) = (d2, k1)

(d, k) = (d1, k2)

(d, k) = (d2, k2).

(4.35)

Thus, to verify the quadratic stability of the system, we need only to solve the
feasibility problem (4.34) and (4.35). And to do this, the function feasp in the
MATLAB LMI toolbox can be readily used.

For the case of

k(t) ∈ [9.51, 12.49] , d(t) ∈ [0.451, 0.749] ,

using feasp in the MATLAB LMI toolbox, we obtain a feasible solution

P =
[
26.7632 0.5439
0.5439 2.4332

]
> 0.

Thus the system is quadratically stable according to Corollary 4.1.
Unfortunately, for the case of

k(t) ∈ [4, 8] , d(t) ∈ [0.1, 0.3] ,

using feasp in the MATLAB LMI toolbox, we failed to find a feasible solution to
(4.34) and (4.35). Therefore, in this case, the system is not quadratically stable.

Remark 4.4 When the coefficients k and d are constants, it is well known that the
system (4.33) is asymptotically stable for arbitrary k> 0 and d > 0, and hence for
k ∈ [4, 8] , d ∈ [0.1, 0.3] . However, it can be seen that the system with k ∈ [4, 8]
and d ∈ [0.1, 0.3] is not quadratically stable. Such a fact demonstrates that the
converse of Theorem 4.2 is not true.

4.3.3 Quadratic Schur Stability
In this subsection, we treat the quadratic Schur stability analysis problem, which
is concerned with the stability of the uncertain discrete-time linear system (4.22)
through (4.24). For this family of systems, the so-called quadratic Schur stability is
defined as follows.
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Definition 4.4 The system (4.22) through (4.24), with ∀δ(t) ∈�, is called
quadratically Schur stable if there exists a symmetric positive definite matrix P,
such that,

A(δ(t))PAT(δ(t)) − P < 0, ∀δ(t) ∈ �. (4.36)

The following theorem reveals the relation between quadratic Schur stability and
Schur stability.

Theorem 4.4 Let the system (4.22) through (4.24), with ∀δ(t) ∈ �, be quadrat-
ically Schur stable. Then, the system (4.22) through (4.24) is Schur stable for every
δ(t) ∈ �.

Proof If the system (4.22) through (4.24), with ∀δ(t) ∈�, is quadratically Schur
stable, then (4.36) holds for some P > 0, which means, according to Proposition
4.2, that the system (4.22) through (4.24) is Schur stable for every δ(t) ∈ �. �

The following result reveals the fact that a family of systems is quadratically Schur
stable over a compact and convex set of parameters if and only if it is quadratically
Schur stable on all of the extremes of the set of parameters.

Theorem 4.5 The system (4.22) through (4.24) is quadratically Schur stable
if and only if there exists a symmetric matrix P, such that one of the following
conditions holds:

{
P > 0
A(δ(t))PAT(δ(t)) − P < 0, ∀δ(t) ∈ �E ,

(4.37)

[ −P A(δ(t))P
PAT(δ(t)) −P

]
< 0, ∀δ(t) ∈ �E , (4.38)

[ −P PAT(δ(t))
A(δ(t))P −P

]
< 0, ∀δ(t) ∈ �E . (4.39)

Proof It is easy to see that the LMI (4.36) is equivalent to, according to the Schur
complement lemma,

[ −P A(δ(t))P
PAT(δ(t)) −P

]
< 0, ∀δ(t) ∈ �, (4.40)

which is linear in δ(t), and thus convex with respect to δ(t). Thus, it follows from
Theorem 3.5 that (4.40) is equivalent to (4.38).
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Using the Schur complement of the element−P (the (1,1) position) in thematrix
appearing on the left-hand side of (4.38) we can show the equivalence between (4.37)
and (4.38). Similarly, using the Schur complement of the element −P (the (2,2)
position) in the matrix appearing on the left-hand side of (4.39) we can show the
equivalence between (4.37) and (4.39). Then the conclusion holds. �

The following result for the quadratic Schur stability of interval systems
immediately follows from Theorem 4.5.

Corollary 4.3 The system (4.22) through (4.24), with � = �I given by (4.26),
is quadratically Schur stable if and only if there exists a symmetric matrix P, such
that one of the following conditions holds for δi = δ−

i or δ+
i , i = 1, 2, . . . , k:

{
P > 0
A(δ)PAT(δ) − P < 0,
[ −P A(δ)P
PAT(δ) −P

]
< 0, (4.41)

[ −P PAT(δ)

A(δ)P −P

]
< 0.

Again following from Theorem 4.5 we now have the following result for the
quadratic Schur stability of polytopic systems.

Corollary 4.4 The system (4.22) through (4.24), with � = �P given by (4.27),
is quadratically Schur stable if and only if there exists a symmetric matrix P, such
that one of the following conditions holds

{
P > 0
(A0 + Ai) P(A0 + Ai)T − P < 0, i = 1, . . . , k,

[ −P (A0 + Ai) P
P(A0 + Ai)T −P

]
< 0, i = 1, . . . , k, (4.42)

[ −P P(A0 + Ai)T
(A0 + Ai) P −P

]
< 0, i = 1, . . . , k.

The importance of the two corollaries lies in the fact that an infinite problem is
now converted into a finite problem.
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Example 4.11

Consider the following discrete-time linear system

x(k + 1) = A(δ(k))x(k),

with

A(δ(k)) = A0 + δ1(k)A1 + δ2(k)A2,

where

A0 =
⎡

⎣
9 6 −6

−5 −2 2.5
7 7 6.5

⎤

⎦ , A1 =
⎡

⎣
0 −1 1

−2 −1 1
−4 −4 4

⎤

⎦ , A2 =
⎡

⎣
−2 −1 1
2 1 −1
0 0 0

⎤

⎦

and

δ1(k) ∈ [1.2, 1.8], δ2(k) ∈ [4.2, 4.8].
Applying the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (4.41) gives the solution

P =
⎡

⎣
2.3466 −1.5238 1.1474

−1.5238 3.3631 1.8344
1.1474 1.8344 4.4675

⎤

⎦ > 0.

Thus, the system is quadratically Schur stable.

Example 4.12

Consider the following discrete-time linear system

x(k + 1) = A(δ(k))x(k),

with

A(δ(k)) = A0 + δ1(k)A1 + δ2(k)A2,

where

A0 =
[−3.5 1.2

−9 3.1

]
, A1 =

[
5 −2

15 −6

]
, A2 =

[
6 −2

15 −5

]

and

δ1(k) ≥ 0, δ2(k) ≥ 0, δ1(k) + δ2(k) = 1.

Applying the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (4.42) gives the solution

P =
[

35.4036 −12.5823
−12.5823 4.6416

]
> 0.

Thus, the system is quadratically Schur stable.
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4.4 Quadratic D-Stability
In this section, we continue to investigate the stability of the family of systems in
(4.22) through (4.24). For families of systems, the so-called quadratic D-stability
is introduced, which is indeed a combination of D-stability and quadratic stability.
As in the previous sections, we aim to establish LMI conditions for quadratic
D-stability of families of systems with different D regions.

4.4.1 Definition and Main Results
In view of Theorem 4.1, we can introduce for families of systems the so-called
quadratic D-stability as follows.

Definition 4.5 Let D = D(L,M) be an LMI region, whose characteristic
function is

FD = L + sM + s̄MT.

The system (4.22) through (4.24), with ∀δ(t) ∈ �, is called quadratically D(L,M)-
stable if there exists a symmetric positive definite matrix P, such that

RD(A(δ(t)), P) = L ⊗ P + M ⊗ (A(δ(t))P)

+ MT ⊗ (A(δ(t))P)T < 0, ∀δ(t) ∈ �. (4.43)

The following theorem reveals the relation between quadratic D-stability and
D-stability.

Theorem 4.6 Let the system (4.22) through (4.24), with ∀δ(t) ∈ �, be quadrat-
ically D-stable. Then, the system (4.22) through (4.24) is D-stable for every
δ(t) ∈ �.

Proof If the system (4.22) through (4.24), with ∀δ(t) ∈ �, is quadratically D-
stable, then (4.43) holds for some P > 0. It thus follows from Theorem 4.1 that
the system (4.22) through (4.24) is D-stable for every δ(t) ∈ �. �

The following result reveals the fact that a family of systems is quadratically
D-stable over a compact and convex set of parameters if and only if it is D-stable on
all of the extremes of the set of parameters.
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Theorem 4.7 The system (4.22) through (4.24) is quadratically D(L,M)-stable if
and only if there exists a symmetric positive definite matrix P, such that

RD(A(δ(t)), P) = L ⊗ P + M ⊗ (A(δ(t))P)

+ MT ⊗ (A(δ(t))P)T < 0, δ(t) ∈ �E . (4.44)

Proof It is easy to see that RD(A(δ(t)), P) is linear in δ(t), and thus convex with
respect to δ(t). Further recalling that � is a compact and convex set, thus it follows
from Theorem 3.5 that for matrix P (4.43) holds if and only if (4.44) holds. Then,
the proof is then completed. �

Lemma 4.3 Given the system (4.22) through (4.24), with ∀δ(t) ∈ �, and two
LMI regions D1 and D2. Then, the system (4.22) through (4.24) is both quadrat-
ically D1-stable and quadratically D2-stable if and only if there exists a positive
definite matrix P, such that

RD1(A(δ(t)), P) < 0 and RD2(A(δ(t)), P) < 0, δ(t) ∈ �.

Proof Denote the associated characteristic functions of the LMI regions D1 and
D2 as

FD1 = L1 + sM1 + s̄MT
1 ,

and

FD2 = L2 + sM2 + s̄MT
2 ,

respectively. According to Proposition 4.6, the characteristic function of the LMI
region D = D1 ∩ D2 can be represented by

FD = diag
(
FD1 , FD2

) = L + sM + s̄MT,

where

L = diag(L1, L2), M = diag(M1,M2).

Then,

RD(A(δ(t)), P) = L ⊗ P + M ⊗ (A(δ(t))P) + MT ⊗ (A(δ(t))P)T

= diag
(
L1 ⊗ P + M1 ⊗ (A(δ(t))P) + M1

T ⊗ (A(δ(t))P)T ,

L2 ⊗ P + M2 ⊗ (A(δ(t))P) + M2
T ⊗ (A(δ(t))P)T

)

= diag
(
RD1(A(δ(t)), P),RD2 (A(δ(t)), P)

)
,
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which means

RD(A(δ(t)), P) < 0 ⇔ RD1 (A(δ(t)), P) < 0 and RD2(A(δ(t)), P) < 0.

Thus, the conclusion holds. �

The following result for quadratic D-stability of interval systems immediately
follows from Theorem 4.7.

Corollary 4.5 The system (4.22) through (4.24), with � = �I given by (4.26),
is quadratically D(L,M)-stable if and only if there exists a symmetric positive definite
matrix P, such that

L ⊗ P + M ⊗ (A(δ)P) + MT ⊗ (A(δ)P)T < 0,

δi = δ−
i or δ+

i , i = 1, 2, . . . , k. (4.45)

When � = �P , following from Theorem 4.7, we now have the following result
for the stability of polytopic systems.

Corollary 4.6 The system (4.22) through (4.24), with � = �P given by (4.27),
is quadratically D(L,M)-stable if and only if there exists a symmetric positive definite
matrix P, such that

L ⊗ P + M ⊗ ((A0 + Ai) P) + MT ⊗ ((A0 + Ai) P)T < 0, i = 1, . . . , k.
(4.46)

Example 4.13

Consider again the system in Example 4.9 and the following LMI region

H1,5 = {x+ jy | −5 < x < −1 < 0}.

It is easy to find that the characteristic function of H1,5 is

FH1,5(s) = L+ sM+ s̄MT

with

L = 2
[
1 0
0 −5

]
, M =

[
1 0
0 −1

]
.
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Applying the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (4.45) gives the solution

P =
⎡

⎣
0.4183 −0.0003 0.0680

−0.0003 0.5037 −0.0004
0.0680 −0.0004 0.3489

⎤

⎦ > 0.

Thus, the system is quadratically H1,5-stable.

Example 4.14

Consider the following LMI region

D(4,8) = {x+ jy | (x+ 4)2 + y2 < 82},

and a system in the form of (4.22) through (4.24), with � = �P given by (4.27),
where

A0 =
[−2.1333 −1.3333
−0.6667 −1.4667

]
, A1 =

[
0.2 0.1
0.1 0.2

]
, A2 =

[
0.1 0.2
0.2 0.1

]
.

Further, let us assume that the set of perturbation parameters form a polytope in
the form of (4.27), with k = 2.

It is easy to find that the characteristic function of D(4,8) is

FD4,8(s) = L+ sM+ s̄MT

with

L =
[−8 4
4 −8

]
, M =

[
0 1
0 0

]
.

Applying the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (4.46) gives the solution

P =
[
0.0945 0.0091
0.0091 0.0862

]
> 0.

Thus, the system is quadratically D(4,8)-stable.

4.4.2 Some Special Cases
In this subsection, we further examine the quadratic D-stability of system (4.22)
through (4.24), with ∀δ(t) ∈�, and D being some special LMI regions.
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Corollary 4.7 Given the system (4.22) through (4.24), with ∀δ(t) ∈ �, and the
LMI region

Hα = {x + jy | x < −α},

the system (4.22) through (4.24) is quadratically Hα-stable if and only if there exists
a positive definite matrix P, such that

2αP + A (δ(t))P + PAT (δ(t)) < 0, ∀δ(t) ∈ �E .

Proof For the Hα region, it has been shown in the earlier equations that the
associated matrices in its characteristic function are

L = 2α, M = 1,

thus

RHα (A(δ(t)), P) = 2αP + A(δ(t))P + PAT(δ(t)).

Then, the conclusion holds according to Theorem 4.7. �

Corollary 4.8 Given the system (4.22) through (4.24), with ∀δ(t) ∈ �, and the
LMI region

D(q,r) = {x + jy | (x + q)2 + y2 < r2},

the system (4.22) through (4.24) is quadratically D(q,r)-stable if and only if there
exists a symmetric matrix P, such that

[
−rP qP + A(δ(t))P

qP + PAT(δ(t)) −rP

]

< 0, ∀δ(t) ∈ �E .

Proof For the D(q,r) region, it has been shown earlier that the associated matrices
in its characteristic function are

L =
[−r q
q −r

]
, M =

[
0 1
0 0

]
,
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thus

RD(q,r)
(A(δ(t)), P) =

[
−rP qP + A(δ(t))P

qP + PAT(δ(t)) −rP

]

.

Then, the conclusion holds according to Theorem 4.7. �

Corollary 4.9 Given the system (4.22) through (4.24), with ∀δ(t) ∈ �, and the
LMI region

Dθ = {x + jy | ∣∣y∣∣ < −x tan θ},
the system (4.22) through (4.24) is quadratically Dθ -stable if and only if there exists
a positive definite matrix P, such that

[(
A(δ(t))P + PAT(δ(t))

)
sin θ

(
A(δ(t))P − PAT(δ(t))

)
cos θ

(
PAT(δ(t)) − A(δ(t))P

)
cos θ

(
A(δ(t))P + PAT(δ(t))

)
sin θ

]

< 0,

∀δ(t) ∈ �E .

Proof For the Dθ region, it has been shown earlier that the associated matrices in
its characteristic function are

L = 0, M =
[

sin θ cos θ
− cos θ sin θ

]
,

thus

RDθ (A(δ(t)), P)

= M ⊗ (A(δ(t))P) + MT ⊗ (A(δ(t)))P)T

=
[

sin θ cos θ
− cos θ sin θ

]
⊗ (A(δ(t))P) +

[
sin θ − cos θ
cos θ sin θ

]
⊗ (A(δ(t)))P)T

=
[(

A(δ(t))P + PAT(δ(t))
)
sin θ

(
A(δ(t))P − PAT(δ(t))

)
cos θ

(
PAT(δ(t)) − A(δ(t))P

)
cos θ

(
A(δ(t))P + PAT(δ(t))

)
sin θ

]

.

Then, the conclusion holds according to Theorem 4.7. �

Corollary 4.10 Given the system (4.22) through (4.24), with ∀δ(t) ∈ �, and
the LMI region S(α, r, θ) defined in (4.21), the system (4.22) through (4.24)
is quadratic S(α, r, θ)-stable if and only if there exists a symmetric matrix P,
such that
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2αP + A(δ(t))P + PAT(δ(t)) < 0, ∀δ(t) ∈ �E ,
[ −rP A(δ(t))P
PAT(δ(t)) −rP

]
< 0, ∀δ(t) ∈ �E ,

[(
A(δ(t))P + PAT(δ(t))

)
sin θ

(
A(δ(t))P − PAT(δ(t))

)
cos θ

(
PAT(δ(t)) − A(δ(t))P

)
cos θ

(
A(δ(t))P + PAT(δ(t))

)
sin θ

]

< 0,

∀δ(t) ∈ �E .

Proof The conclusion directly follows from Theorem 4.3 and Corollaries (4.7)
through (4.9). �

4.5 Time-Delay Systems
The problem of stability analysis for a time-delay system can be stated as follows.

Problem 4.3 Given matrices A,Ad ∈ R
n×n, check the stability of the following

linear time-delay system

{ ·
x(t) = Ax(t) + Adx(t − d)

x(t) = φ(t), t ∈ [−d , 0], 0 < d ≤ d̄ ,
(4.47)

where
φ(t) is the initial condition
d represents the time-delay
d̄ is a known upper bound of d

4.5.1 Delay-Independent Condition
The following theorem gives a sufficient condition for the stability problem in terms
of an LMI.

Theorem 4.8 The system (4.47) is asymptotically stable if there exist two
symmetric matrices P, S ∈ S

n, such that

⎧
⎨

⎩

P > 0[
ATP + PA + S PAd

ATd P −S

]
< 0. (4.48)
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Proof Let (4.48) hold, then both P and S are positive definite. Therefore, we can
define the following Lyapunov function

V (xt) = xT (t) Px(t) +
t�

t−d

xT (τ ) Sx(τ ) dτ ,

with

xt = x(t + θ), θ ∈ [−d 0].
Again using (4.48), we have

V̇ (xt) = xT (t)ATPx(t) + xT (t − d)ATd Px(t)

+ xT (t) PAx(t) + xT (t) PAdx(t − d)

+ xT (t) Sx(t) − xT (t − d) Sx(t − d)

= xT (t)
(
ATP + PA + S

)
x(t) + xT (t) PAdx(t − d)

+ xT (t − d)ATd Px(t) − xT (t − d) Sx(t − d)

=
[

x(t)
x(t − d)

]T [
ATP + PA + S PAd

ATd P −S

][
x(t)

x(t − d)

]

< 0, ∀x(t) �= 0, t ≥ 0.

The conclusion clearly follows from Lyapunov stability theory. �

Remark 4.5 By the Schur complement lemma, the second inequality in (4.48) is
clearly seen to be equivalent to the following Riccati inequality

ATP + PA + PAdS−1ATd P + S < 0. (4.49)

Example 4.15

The following time-delay linear system has been considered in Fu et al. (2004):

ẋ(t) =
[−1 0

0 −2

]
x(t) +

[
1 0
0 1

]
x(t − d(t)) +

[
1
0

]
u(t) +

[
1
2

]
w(t).

For this system, applying the function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (4.48) yields the following solutions:

P =
[
6176.6157 0

0 4325.0202

]
> 0,
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and

S =
[
6176.6157 0

0 8650.0405

]
> 0.

Thus, this time-delay system is asymptotically stable.

Example 4.16

Consider the following time-delay linear system:

ẋ(t) =
⎡

⎣
−2 0 1
0 −3 0
1 0 −2

⎤

⎦ x(t) +
⎡

⎣
−1 1 1
2 −1 1
0 0 −1

⎤

⎦ x(t − d). (4.50)

Applying the function feasp in the MATLAB LMI toolbox verifies that the cor-
responding LMIs problem (4.48) is infeasible with respect to the two symmetric
matrices P, S ∈ S

3. Thus, for this system condition, (4.48) fails to give a definite
conclusion about the stability of the system.

4.5.2 Delay-Dependent Condition
In the last section, we have considered the delay-independent condition for the
stability of the time delay system (4.47). In this section, we further present a
delay-dependent condition. For this purpose, we first rewrite the system as

·
x(t) = Ax(t) + Adx(t − d)

= (A + Ad )x(t) − Ad (x(t) − x(t − d))

= (a + Ad )x(t) − Ad
0�

−d

·
x(t + s) ds

= (A + Ad )x(t) − Ad
0�

−d

[Ax(t + s) + Adx(t − d + s)] ds. (4.51)

The main result in this section is given as follows.

Theorem 4.9 The time-delay system (4.47) is uniformly asymptotically stable if
there exist a symmetric positive definite matrix X and a scalar 0 < β < 1, such that

⎡

⎣
� (X ) d̄XAT d̄XATd
d̄AX −d̄βI 0
d̄AdX 0 −d̄ (1 − β) I

⎤

⎦ < 0, (4.52)
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where

� (X ) = X (A + Ad )T + (A + Ad )X + d̄AdATd .

Proof Introduce the following positive definite functional

V (xt) = xT(t)Px(t)

+ 1
β

0�
−d

t�
t+s

xT(θ)ATAx(θ)dθ ds

+ 1
1 − β

0�
−d

t�
t−d+s

xT(θ)ATd Adx(θ)dθ ds,

then the time-derivative of V (xt) along the solution of (4.51) is given by

·
V (xt) = xT(t)

(
P(A + Ad ) + (A + Ad )T P

)
x(t)

− 2xT(t)PAd
t�

t−d

Ax(t + s)ds

− 2xT(t)PAd
t�

t−d

Adx(t − d + s)ds + d
β
xT(t)ATAx(t)

− 1
β

0�
−d

xT(t + s)ATAx(t + s)ds + d
1 − β

xT(t)ATd Adx(t)

− 1
1 − β

xT(t − d + s)ATd Adx(t − d + s). (4.53)

Applying Lemma 2.1, we have, for any 0 < β < 1,

−2xT(t)PAd
0�

−d

Ax(t + s)ds

≤ dβxT(t)PAdATd Px(t) + 1
β

0�
−d

xT(t + s)ATAx(t + s)ds,
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and

− 2xT(t)PAd
0�

−d

Adx(t + s − d)ds

≤ d(1 − β)xT(t)PAdATd Px(t)

+ 1
1 − β

0�
−d

xT (t + s − d)ATd Adx(t + s − d)ds.

Substituting the two relations into (4.53), and using 0 < d ≤ d̄ , yields

·
V (xt) ≤ xT(t)

(
P(A + Ad ) + (A + Ad )T P

)
x(t)

+ xT(t)
(
dPAdATd P + d

β
ATA + d

1 − β
ATd Ad

)
x(t)

≤ xT(t)
(
P(A + Ad ) + (A + Ad )T P

)
x(t)

+ xT(t)

(

d̄PAdATd P + d̄
β
ATA + d̄

1 − β
ATd Ad

)

x(t)

Thus, it follows from the Lyapunov’s method that the system (4.51), or equivalently,
the system (4.47), is uniformly asymptotically stable if

P(A + Ad ) + (A + Ad )T P + d̄PAdATd P + d̄
β
ATA + d̄

1 − β
ATd Ad < 0.

Pre- and postmultiplying the aforementioned inequality by P−1 and letting
X = P−1 yields

� (X ) + d̄
β
XATAX + d̄

1 − β
XATd AdX < 0,

that is

� (X ) + [
d̄XAT d̄XATd

] [−d̄βI 0
0 −d̄ (1 − β) I

]−1 [ d̄AX
d̄AdX

]
< 0.

Finally, applying Schur complement lemma to the aforementioned inequality, gives
the equivalent condition (4.52). The proof is then completed. �

It is important to note that the condition (4.52) implies

� (X ) = X (A + Ad )T + (A + Ad )X + d̄AdATd < 0.
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This is to say that theHurwitz stability of thematrixA+Ad is necessary for condition
(4.52) to hold true.

Example 4.17

Consider the time-delay linear system (4.50) again with 0 ≤ d ≤ 0.3. Applying the
function feasp in the MATLAB LMI toolbox to the corresponding LMIs problem
(4.52) yields the following solution:

X =
⎡

⎣
0.3500 0.0574 −0.0199
0.0574 0.4290 −0.0024

−0.0199 −0.0024 0.2615

⎤

⎦ > 0,

β = 0.5261.

Thus, it follows from Theorem 4.9, that this time-delay system is uniformly
asymptotically stable with 0 ≤ d ≤ 0.3.

Remark 4.6 In Example 4.16, we have verified that there do not exist two
symmetric matrices P, S ∈ S

n, such that LMI (4.48) is satisfied. Thus, with (4.48),
we cannot judge the delay-independent stability of the time-delay system. But in
Example 4.17 we know it is uniformly asymptotically stable when 0 ≤ d ≤ 0.3.

4.6 Notes and References
4.6.1 Summary and References
This chapter provides LMI conditions for certain types of stability. Relations among
these several types of stability are shown in Figure 4.6, and the criteria in terms of
LMIs are given in Tables 4.1 through 4.3.

Stability is a huge topic in control theory. It has such a diverse content since
stability itself is composed of different types, and meanwhile there are so many
different types of systems. In the last two decades, a huge amount of results
on stability analysis based on LMIs have been reported. Here, we can only
mention a few.

LMI techniques have been applied to prove the stability of various types of
systems, such as time-delay systems (Gu 1997, Jing et al. 2004, Han 2005, Xu and
Lam 2006, Kwon et al. 2008, Zhu et al. 2009), time-varying polytopic systems (He
et al. 2004c, Zhong and Duan 2007, 2009), pendulum-like systems (Lu and Yang
2009), 2-D systems (Dumitrescu 2008, Kaczorek 2009), and stochastic systems with
time-varying delay, nonlinearity, and Markovian switching (Yue and Han 2005).

For robust stability analysis using LMIs, a great amount of work is also concen-
trated on time-delay systems (Li and deSouza 1997, Geromel et al. 1998, Park 1999,
Kim 2001, Wu et al. 2004a,b, He et al. 2004b). Meanwhile, we also have LMI
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Generalization along the matrix direction

Hurwitz stability
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Quadratic Schur stabilitySchur stability

A A(δ(t)), δŒΔ

D-stabilityLMI regions

CC–

D0

Figure 4.6 Relations among different types of stability.

criteria for robust stability of discrete-time systems (de Oliveira et al. 1999), interval
systems (Gahinet et al. 1996), linear time-varying systems (Xie et al. 1997), stochastic
systems with time delay and nonlinear uncertainties (Yue andWon 2001), uncertain
continuous-time linear systems (Ramos and Peres 2002), uncertain continuous-time
delayed fuzzy systems (He et al. 2006b), and discrete-time descriptor polytopic sys-
tems (Gao et al. 2011b). In Particular, Peaucelle et al. (2000) investigate the robust
D-stability condition for systems with real convex polytopic uncertainty.

4.6.2 Affine Quadratic Stability
As we have seen from Sections 4.3 and 4.4, quadratic stability of a set of systems
requires to seek an associated common constant positive definite matrix P, or a
common Lyapunov function for the set of systems, while affine quadratic stability of
a set of systems seeks a Lyapunov function that is dependent on the perturbations.
A consequence of such a Lyapunov function is certainly the less conservatism.

The following is a brief statement of the main result about affine quadratic
stability, which is due to Gahinet et al. (1996).

Consider the following uncertain system

ẋ = A(δ(t))x, (4.54)

with

A(δ(t)) = A0 + δ1(t)A1 + δ2(t)A2 + · · · + δk(t)Ak, (4.55)

where Ai ∈ R
n×n, i = 0, 1, 2, . . . , k, are known matrices, and

δ(t) = [
δ1(t) δ2(t) · · · δk(t)

]
,

co
nt

ro
len

gin
ee

rs
.ir



Stability Analysis ■ 133

Table 4.1 Criteria for D-Stability of Matrix A

Regions Criteria Variables

H0

(Hurwitz)

P > 0

ATP + PA < 0
P

Hα

P > 0

ATP + PA+ 2αP < 0
P

Hα,β

P > 0

ATP + PA+ 2αP < 0

ATP + PA+ 2βP > 0

P

D(0,1)

(Schur)

P > 0

ATPA− P < 0
P

⎡

⎢
⎣

−P AP

PAT −P

⎤

⎥
⎦ < 0 P

D(q,r)
P > 0

(A+ qI)TP(A+ qI) − r2P < 0
P

⎡

⎢
⎣

−rP qP + AP

qP + PAT −rP

⎤

⎥
⎦< 0 P

D(L,M)

P > 0

L⊗ P +M⊗ (AP) +MT ⊗ (AP)T < 0
P

with δi(t), i = 1, 2, . . . , k, being some time functions, represent the uncertain
parameter vector in the system. The uncertain parameter vector δ and its variation
rate δ̇ are restricted to be within two rectangles � and �0, that is,

δ(t) ∈ � = {
δ(t)

∣∣δi(t) ∈ [δ−
i , δ+

i ], i = 1, 2, . . . , k
}
, (4.56)

and

δ̇(t) ∈ �0 = {
δ̇(t)

∣∣δ̇i(t) ∈ [κ−
i , κ+

i ], i = 1, 2, . . . , k
}
, (4.57)

where δ−
i , δ+

i , κ−
i , κ+

i , i = 1, 2, . . . , k, are groups of given scalars.
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Table 4.2 Criteria for Quadratic Stability of Matrix A

Stabilities Criteria Variables

Hurwitz
P > 0

AT(δ)P + PA(δ) < 0, ∀δ ∈ �E

P

P > 0

A(δ(t))PAT(δ(t)) − P < 0, ∀δ(t) ∈ �E

P

Schur

⎡

⎢
⎣

−P A(δ(t))P

PAT(δ(t)) −P

⎤

⎥
⎦< 0, ∀δ ∈ �E P

⎡

⎢
⎣

−P PAT(δ(t))

A(δ(t))P −P

⎤

⎥
⎦< 0, ∀δ ∈ �E P

D-stability
P > 0

L⊗ P + 〈M⊗ (A(δ(t))P)〉s < 0, δ(t) ∈ �E

P

Table 4.3 Stability Criteria for Time-Delay Systems

Conditions Criteria Variables

Delay

independent

P > 0
⎡

⎢
⎣
ATP + PA+ S PAd

ATdP −S

⎤

⎥
⎦ < 0

P,S

Delay

dependent

0 < β < 1
⎡

⎢⎢⎢⎢
⎣

� (X) d̄XAT d̄XATd

d̄AX −d̄βI 0

d̄AdX 0 −d̄ (1 − β) I

⎤

⎥⎥⎥⎥
⎦

< 0
X,β

� (X) = X(A+ Ad)T + (
A+ Ad

)
X + d̄AdA

T
d

A parameter-dependent Lyapunov function for the system (4.54) and (4.55) can
be chosen as

V (x) = xTP(δ(t))x, (4.58)

where

P(δ(t)) = P0 + δ1(t)P1 + · · · + δk(t)Pk > 0, ∀δ(t) ∈ �, (4.59)
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with Pi, i = 0, 1, . . . , k, being a group of symmetric matrices, and

d
dt
V (x) = xTQ(δ(t))x < 0, (4.60)

where

Q(δ, δ̇) = AT(δ(t))P(δ(t)) + P(δ(t))A(δ(t)) + dP(δ(t))
dt

= AT(δ(t))P(δ(t)) + P(δ(t))A(δ(t)) + P(δ̇(t)) − P0.

In view of the equivalence of (4.60) with Q(δ(t)) < 0, we can introduce the
following concept of affine quadratic Hurwitz stability.

Definition 4.6 The system (4.54) and (4.55), with ∀δ(t) ∈ �, δ̇(t) ∈ �0,
is called affine quadratically stable if there exist a group of symmetric matrices
Pi, i = 0, 1, . . . , k, satisfying (4.59) and

Q(δ, δ̇) = AT(δ)P(δ) + P(δ)A(δ) + P(δ̇) − P0 < 0, ∀δ ∈ �, δ̇ ∈ �0.
(4.61)

It is clearly seen from the aforementioned equation that affine quadratic stability
implies Lyapunov asymptotical stability. While the following reveals its relation to
quadratic stability.

Let the system (4.54) and (4.55), with δ ∈ �, be quadratically stable. Then,
by definition, there exists a symmetric positive definite matrix P, satisfying (4.28).
Now, for system (4.54) and (4.55) with δ ∈ �, taking

P0 = P, Pi = 0, i = 1, 2, . . . , k,

gives

P(δ(t)) = P > 0.

Further, using (4.28) we also have

Q(δ) = AT(δ(t))P(δ(t)) + P(δ(t))A(δ(t)) + P0 − P0
= AT(δ(t))P + PA(δ(t))

< 0, ∀δ(t) ∈ �.

This shows that quadratic stability implies affine quadratic stability.
The following theorem gives the LMI conditions for the affine quadratic stability

of the uncertain linear system (4.54) and (4.55).
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Theorem 4.10 Consider the linear system (4.54) and (4.55), with the uncertain
parameter vector δ satisfying (4.56) and (4.57). Denote the set of extreme points of
� and �0 by �E and �E

0 , respectively, and define

δmean =
[
δ−
1 + δ+

1
2

δ−
2 + δ+

2
2

· · · δ−
k + δ+

k
2

]
. (4.62)

Then, the system is affinely quadratically stable if A (δmean) is stable, and there exist
a group of symmetric matrices Pi, i = 0, 1, . . . , k, satisfying

ATi Pi + PiAi ≥ 0, i = 1, 2, . . . , k, (4.63)

and

Q(δ, τ) = AT(δ)P(δ) + P(δ)A(δ) + P(τ ) − P0 < 0, ∀δ ∈ �E , τ ∈ �E
0 ,
(4.64)

where P(δ) is defined as in (4.59).

For a proof of the result and many other related helpful results and comments,
one can refer to the original paper by Gahinet et al. (1996).

Exercises
4.1 What are the relations among the concepts of robust stability, quadratic

stability, and affine quadratic stability?

4.2 Let A ∈ R
n×n and B = 1

2
(A + AT). Show that

1. If B is Hurwitz stable, then A is also Hurwitz stable.
2. If B is Schur stable, and A is symmetric positive definite, then A is also

Schur stable.
4.3 Verify using the LMI technique the stability of the following continuous-time

linear system

ẋ(t) =
⎡

⎣
−0.0180 −0.2077 −0.7150
−0.5814 −4.2900 0
1.0670 4.2730 −6.6540

⎤

⎦ x(t).

4.4 Show that the following regions are LMI ones:

D1 = {x + yi | − r < y < r, r > 0},
D2 = {x + yi | x > ay2 + c, a > 0},
D3 = {x + yi | (x + q

)2 + p2y2 < r2}.
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4.5 Consider the following advanced (CCV-type) fighter aircraft system (Syrmos
and Lewis 1993, Duan 2003):

ẋ(t) = Ax(t) + Bu(t)

with

A =

⎡

⎢⎢⎢⎢
⎣

−1.3410 0.9933 0 −0.1689 −0.2518
43.2230 −0.8693 0 −17.2510 −1.5766
1.3410 0.0067 0 0.1689 0.2518

0 0 0 −20.0000 0
0 0 0 0 −20.0000

⎤

⎥⎥⎥⎥
⎦
,

B =

⎡

⎢⎢⎢⎢
⎣

0 0
0 0
0 0
20 0
0 20

⎤

⎥⎥⎥⎥
⎦
.

Judge the open-loop stability of the aforementioned system.
4.6 Consider a system in the form of (4.22) through (4.24), with � = �P given

by (4.27), where

A0 =
[−2.1333 −1.3333
−0.6667 −1.4667

]
, A1 =

[
0.2 0.1
0.1 0.2

]
, A2 =

[
0.1 0.2
0.2 0.1

]
.

Further, let us assume that the set of perturbation parameters form a polytope
in the form of (4.27), with k = 2. Judge the quadratic stability of the system.

4.7 Verify using the LMI technique the stability of the following time-delay
linear system

ẋ(t) =
⎡

⎣
−3 0 1
0 −3 0
1 0 −4

⎤

⎦ x(t) +
⎡

⎣
1 0 1
2 1 1
0 0 −1

⎤

⎦ x(t − d).

4.8 Judge the stability of the following time-delay linear system

ẋ(t) =
[−5 1

0 −10

]
x(t) +

[
4 0
2 6

]
x(t − d(t)) +

[
2
0

]
u(t).
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Chapter 5

H∞/H2 Performance

In this chapter, we introduce the H∞ norm and H2 norm of rational matrices. Par-
ticularly, for the transfer matrix function of a linear system, we give LMI conditions
for these norms to be bounded by a certain level. The results in this chapter form a
base for H∞ and H2 control systems design problems addressed in the next part.

5.1 H∞ and H2 Indices
We are aware of norms of constant matrices, while H∞ and H2 norms are defined
for rational matrices. A rational matrix G(s) is a matrix function in the form of

G(s) = N (s)D−1(s),

or

G(s) = L−1(s)H(s),

where

■ s is a complex variable
■ N (s),D(s), L(s) andH(s) are polynomial matrices of appropriate dimensions

Furthermore, these polynomial matrices satisfy

deg(N (s)) < deg(D(s)),

deg(H(s)) < deg(L(s)).

139
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5.1.1 H∞ Index
For a constant matrix A, we know that its spectral norm is defined as

||A||2 = (λmax
(
AAT

))1/2 = σmax (A) .

As an extension, the H∞ norm of a rational matrix is defined as follows.

Definition 5.1 Let G (s) be a rational matrix. Then, its H∞ norm, denoted by
||G (s) ||∞, is given by

||G (s)||∞ = sup
ω

{
σmax

(
G(jω)

)}
.

The following proposition gives an equivalent condition for the H∞ norm of
a rational matrix.

Proposition 5.1 Let G (s) be a rational matrix, which does not have poles on the
closed right-half complex plane. Then,

||G(s)||∞ = sup
s

{σmax (G(s)) |Re(s) > 0}.

Proof Let

f (s) = σmax (G(s)) .

SinceG(s) does not have poles on the closed right-half complex plane, it is analytic in
the closed right half complex plane. Therefore, by the maximummodulus principle,
that is, Lemma 2.14, we have

sup
s
f (s) = sup

s
{σmax (G(s))}

over C
+ = {s | Re(s) > 0} must be reached on the boundary of C

+, that is,

sup{σmax (G(s)) |Re(s) > 0}
= sup

ω

σmax
(
G(jω)

)

= ||G(s)||∞.

The proof is then completed. �
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Remark 5.1 The condition in the aforementioned proposition, that is, G(s) does
not have poles on the closed right-half complex plane, is not a constraint since we
will soon find out that ||G(s)||∞ does not exist if G(s) has poles on the closed
right-half complex plane.

5.1.2 H2 Index
Like H∞ norm, H2 norm is also defined for rational matrices. The strict definition
is as follows.

Definition 5.2 Suppose G(s) is a matrix function such that

∞�
−∞

G( jω)GH(jω)dω < ∞,

then the H2 norm of G(s) is defined as

||G (s)||2 =
(

trace

(
1
2π

∞�
−∞

G( jω)GH( jω)dω

))1/2

=
(

trace

(
1
2π

∞�
−∞

GH( jω)G( jω)dω

))1/2

. (5.1)

For a constant matrix A ∈ R
n×n, we know that its Frobenius norm is defined as

||A||F = (trace (AAT))1/2 = (trace (ATA))1/2 .

Thus it is clear that the H2 norm for a matrix function is a generalization of the
Frobenius norm for a constant matrix.

Remark 5.2 If u(s) is a vector function such that the integral
� ∞
−∞ uH

( jω)u( jω)dω exists, then, obviously the H2 norm of u(s) reduces to

||u (s) ||2 =
(

trace

(
1
2π

∞�
−∞

u( jω)uH( jω) dω

))1/2

=
(

1
2π

∞�
−∞

uH( jω)u( jω)dω

)1/2

.

co
nt

ro
len

gin
ee

rs
.ir



142 ■ LMIs in Control Systems

In control systems context, we need to consider the following transfer function

G(s) = C (sI − A)−1 B + D, (5.2)

where A ∈ R
n×n, B ∈ R

n×r , C ∈ R
m×n, D ∈ R

m×r .
Before presenting the expressions for the H2 norm of this function, we first give a

preliminary result which can be found in many textbooks for control systems theory,
for example, Duan (2004a).

Proposition 5.2 Let A, Q ∈ R
n×n, and A be stable, Q semi-positive definite,

then the following Lyapunov algebraic equation

ATP + PA = −Q

has a unique positive definite solution, which can be expressed as

P =
∞�
0

eA
TtQeAtdt.

Based on this proposition, we can prove the following result.

Lemma 5.1 Let G(s) be given by (5.2).

1. ||G (s)||2 exists if and only if A is stable and D = 0.
2. When A is stable and D = 0, there holds

||G (s)||22 = trace
(
CXCT)

with X > 0 being the unique solution to the following Lyapunov matrix
equation:

AX + XAT + BBT = 0, (5.3)

or

||G (s)||22 = trace
(
BTYB

)

with Y > 0 being the unique solution to the following Lyapunov matrix
equation:

ATY + YA + CTC = 0. (5.4)
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Proof By the well-known Parseval lemma,

||G (s)||22 = trace

(
1
2π

∞�
−∞

G( jω)GH( jω)dω

)

= trace
∞�
0

(
CeAtB + D

) (
CeAtB + D

)T dt. (5.5)

From this we see that ||G (s)||2 exists only if A is stable and D = 0. Thus, the first
conclusion is proven.

Let A be stable and D = 0, we have

||G (s)||22 = trace

(
1
2π

∞�
−∞

G( jω)GH( jω)dω

)

= trace
∞�
0

CeAtBBTeA
TtCTdt

= trace
(
CXCT) , (5.6)

where

X =
∞�
0

eAtBBTeA
Ttdt. (5.7)

X happens to be the solution of the Lyapunov matrix equation (5.3) in view
of Proposition 5.2.

Parallely, when A is stable and D = 0, we have

||G (s)||22 = trace

(
1
2π

∞�
−∞

GH( jω)G( jω)dω

)

= trace
∞�
0

BTeA
TtCTCeAtBdt

= trace
(
BTYB

)
, (5.8)

where

Y =
∞�
0

eA
TtCTCeAt dt. (5.9)

This happens to be the solution of the Lyapunov matrix equation (5.4) in view
of Proposition 5.2. Thus, the second conclusion also holds. �
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5.1.3 Equivalent Definitions
5.1.3.1 H∞ Index

The following gives an equivalent definition for the H∞ norm of a rational matrix
G (s) based on the H2 norm of vector signals.

Theorem 5.1 Let G (s) be a stable m × r transfer function matrix. Then,

‖G (s)‖∞ = sup
‖u(s)‖2=1, u(s)∈H2

{‖G (s) u (s)‖2}

= sup
‖u(s)‖2 �=0, u(s)∈H2

{‖G (s) u (s)‖2
‖u (s)‖2

}
,

where

H2 = {u (s) |‖u (s)‖2 < ∞} .

For a proof of this theorem, please refer to Section A.2 in Appendix A. In view
of this fact, we also say that the H∞ norm of a rational matrix G (s) is induced from
the H2 norm of vector signals. This is parallel to the fact that the spectral norm of a
matrix is induced from the Euclidean norm of vectors.

This theorem obviously gives the following corollary.

Corollary 5.1 Let

y(s) = G(s)u(s), (5.10)

then
∥∥y (s)

∥∥
2 ≤ ‖G (s)‖∞ ‖u (s)‖2 . (5.11)

Remark 5.3 The aforementioned corollary clearly tells us that ‖G(s)‖∞ can be
viewed as an amplifier between the H2 norms (energy) of the input u(t) and the
output y(t).

5.1.3.2 H2 Index

Let u (t) be a function of time. The power of the signal u (t) is defined as

‖u(t)‖P =
⎛

⎝ lim
T→∞

1
2T

T�
−T

‖u (t)‖2 dt
⎞

⎠

1/2

.
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The following gives an equivalent definition for the H2 norm of a rational matrix
G (s) based on the power of vector signals.

Theorem 5.2 Let G (s) be a stable m × r transfer function matrix. Then,

‖G (s)‖2 = sup
‖u(t)‖P=1,u(t)∈P

{‖G (s) u (s)‖P}

= sup
‖u(t)‖P �=0, u(t)∈P

{‖G (s) u (s)‖P
‖u (t)‖P

}
,

where P = { f (t)
∣∣∥∥ f (t)

∥∥
P < ∞}

.

For a proof of this theorem, please refer to Section A.3 in Appendix A. In view
of this fact, we also say that the H2 norm of a rational matrix G (s) is induced from
the power of vector signals.

This theorem obviously gives the following corollary.

Corollary 5.2 Given (5.10), then
∥∥y (s)

∥∥
P ≤ ‖G (s)‖2 ‖u (s)‖P . (5.12)

Remark 5.4 The aforementioned corollary clearly tells us that ‖G(s)‖2 can be
viewed as an amplifier between the power of the input u(t) and the output y(t).

Remark 5.5 Theorem 5.1 shows that ‖G(s)‖∞ is an induced norm, but Theorem
5.2 shows that ‖G(s)‖2 is not because ‖u (t)‖P , unlike ‖u (t)‖2 , is not a norm.

Due to Remarks 5.3 and 5.4, in the next two sections we will examine the
conditions for the H∞ norm and the H2 norm of the rational matrix G(s) in the
form of (5.2) to be bounded by a given level.

5.2 LMI Conditions for H∞ Index
In this section, we consider the condition for the H∞ norm of the following transfer
function matrix

G(s) = C (sI − A)−1 B + D (5.13)

to be bounded by a given level γ , that is,

||G (s)||∞ < γ . (5.14)
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This problem has a clear practical meaning. Let a realization of the transfer
function be

{
ẋ = Ax + Bw
y = Cx + Dw, (5.15)

where x, y, and w are the system state vector, output vector, and the disturbance
vector, respectively. Thus, in the frequency domain, we have

y(s) = G(s)w(s).

Therefore, by Remark 5.3, the scalar γ represents a level for the attenuation of the
disturbance in the system.

5.2.1 Basic Conditions

Theorem 5.3 Let G (s) be given by (5.13). Then, ||G (s)||∞ < γ if and only if
there exists a matrix P > 0, such that one of the following three inequalities holds:

⎡

⎣
ATP + PA PB CT

BTP −γ I DT

C D −γ I

⎤

⎦ < 0, (5.16)

⎡

⎣
PA + ATP PB CT

BTP −γ 2I DT

C D −I

⎤

⎦ < 0, (5.17)

and
[
PA + ATP + CTC PB + CTD

BTP + DTC DTD − γ 2I

]
< 0. (5.18)

Proof First, let us show the equivalence between the conditions (5.17) and (5.18).

Rewrite condition (5.18) as
[
PA + ATP PB

BTP −γ 2I

]
+
[
CT

DT

]
[C D] < 0.

Applying Schur complement lemma, the inequality can be equivalently converted
into (5.17).

Second, let us show the equivalence between the conditions (5.17) and
(5.16). Let

T = diag
(
γ −1/2I , γ −1/2I , γ 1/2I

)
, P′ = γ −1P,
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then it is easy to verify

T

⎡

⎣
PA + ATP PB CT

BTP −γ 2I DT

C D −I

⎤

⎦TT =
⎡

⎣
P′A + ATP′ P′B CT

BTP′ −γ I DT

C D −γ I

⎤

⎦ . (5.19)

Thus, the equivalence between conditions (5.16) and (5.17) is obvious.
In the rest of the proof, let us show that ||G(s)||∞ < γ if and only if there exists

a matrix P > 0 satisfying (5.16).

Sufficiency: Suppose that there exists a matrix P > 0 satisfying (5.16). From (5.16),
we clearly have

Q � −(PA + ATP) > 0,

which indicates, in view of the Lyapunov stability theorem, that A is stable. Further,
it again follows from (5.16) that

[−γ I DT

D −γ I

]
< 0,

which implies

σmax(D) < γ .

Since (5.16) is equivalent to (5.18), and by Schur complement lemma again, it
can be shown that these two conditions are further equivalent to

PA + ATP + CTC + (PB + CTD)R−1(BTP + DTC) < 0,

with

R = γ 2I − DTD > 0.

Adding

−jωP − jωP = (−jω + jω
)
P = 0

to the left-hand side of the aforementioned inequality, gives

−P( jωI − A) − ( jωI − A)HP + CTC + (PB + CTD)R−1(BTP + DTC) < 0.

For any nonzero vector u, pre- and postmultiplying the aforementioned formula
with uTBT( jωI − A)−H and ( jωI − A)−1Bu, respectively, implies that

||C( jωI − A)−1Bu||2

≤ uTBT( jωI − A)−HPBu + uTBTP( jωI − A)−1Bu

− ||R−1/2(BTP + DTC)( jωI − A)−1Bu||2. (5.20)
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Since

det
(
jωI − A

) �= 0, ∀ω ∈ R,

then the equality in the aforementioned formula holds only if Bu = 0. Further,
adding

uT[DTD + DTC( jωI − A)−1B + BT( jωI − A)−HCTD]u
to both sides of the aforementioned formula (5.20), and using

DTD = γ 2I − R,

yields

||G( jω)u||2 ≤ γ 2||u||2 − ||R−1/2W ( jω)u||2, (5.21)

with

W (s) = − (BTP + DTC
)
(sI − A)−1 B + R.

Similar to the case of inequality (5.20), the equality in (5.21) holds only if
Bu = 0, that is,

||G( jω)u||2
{= γ 2||u||2 − ||R−1/2W ( jω)u||2, Bu = 0
< γ 2||u||2 − ||R−1/2W ( jω)u||2, Bu �= 0 . (5.22)

Therefore, when Bu �= 0, we clearly have

||G( jω)u||2 < γ 2||u||2. (5.23)

Further, noting that

||R−1/2W ( jω)u||2 > 0, when Bu = 0,

we know from (5.22) that (5.23) still holds when Bu = 0. Therefore, (5.23) holds
for arbitrary ω and u �= 0. From this and the definition of H∞ norm, we get
||G(s)||∞ <γ .

Necessity: Now suppose ||G(s)||∞ < γ . Then, obviously, the matrix A is stable.
Note that limω→∞ G( jω) = D, by the definition of H∞ norm, we have

σmax(D) < γ ,

which implies that

R = γ 2I − DTD > 0.
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Define the following Hamiltonian matrix

H =
[

A + BR−1DTC BR−1BT

−CT(I + DR−1DT)C −(A + BR−1DTC)T

]
.

Then, we can obtain, after some deduction, that

�(s) � γ 2I − G(−s)HG(s)

= [
DTC BT ]�−1(s)

[ −B
CTD

]
+ R, (5.24)

with

�(s) =
[

sI − A 0
CTC s̄I + AT

]
,

and the zeros and uncontrollable or unobservable poles of �(s) are just the eigenval-
ues of A. Since A is stable, then �(s) does not have uncontrollable or unobservable
poles in the imaginary axis. Further, it follows from (5.24) that ||G(s)||∞ < γ is
equivalent to �( jω) > 0. Thus, under the given assumption, �(s) does not possess
zeros in the imaginary axis, and hence the matrixH does not have eigenvalues in the
imaginary axis. In addition, in view of the stability of A, it is easy to show that the
matrix pair (A + BR−1DTC , BR−1/2) is stabilizable in the imaginary axis. Thus,
according to the theory about Riccati algebraic equations, the following Riccati
equation

〈
P(A + BR−1DTC)

〉
s + PBR−1BP + CT(I + DR−1DT)C = 0

has a real symmetric solution P ≥ 0, where 〈A〉s represents the sum of matrix A and
its transpose, that is, 〈A〉s = A + AT. It is important to note that, through some
simplifications, the Riccati equation can be turned equivalently into

PA + ATP + CTC + (BTP + DTC)TR−1(BTP + DTC) = 0. (5.25)

Now consider

Ĝ(s) =
[
C
εI

]
(sI − A)−1 [B εI

]+
[
D 0
0 0

]
.

It is clear that, if ε > 0 is small enough, ||Ĝ(s)||∞ <γ when ||G(s)||∞ < γ . Thus,
by the same reasoning, we know that the Riccati equation in the form of (5.25)
corresponding to Ĝ(s) appearing as

P1A + ATP1 + CTC + (BTP1 + DTC)TR−1(BTP1 + DTC)

= −εγ 2P2
1 − ε2I < 0, (5.26)
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has a symmetric solution P1 ≥ 0. Further, we show that this solution P1 is in
fact a positive definite one. Otherwise, there exists a nonzero vector z such that
P1z = 0, then, pre- and postmultiplying both sides of the earlier formula by zT and
z, respectively, yields

zTCT(I + DR−1DT)Cz < 0,

which turns out to be a contradiction. Thus P1 > 0 must hold. This is to say that
the inequality (5.26) has a symmetric positive definite solution P1 > 0.

By Schur complement lemma, it is easily shown that the inequality (5.26) is
equivalent to

[
P1A + ATP1 + CTC P1B + CTD

BTP1 + DTC DTD − γ 2I

]
< 0,

that is,
[
P1A + ATP1 P1B

BTP1 −γ 2I

]
+
[
CT

DT

] [
C D

]
< 0,

which becomes, when multiplied by the scalar γ −1, the following with P = P1/γ :
[
PA + ATP PB

BTP −γ I

]
+
[
CT

DT

]
(γ I )−1 [C D

]
< 0.

Finally, using Schur complement lemma again, the aforementioned inequality can
be shown to be equivalent to (5.21). Therefore, the inequality (5.21) also possesses
a symmetric positive definite solution. The necessity is proven. The whole proof
is done. �

Parallel to the first two LMI conditions in the aforementioned theorem, we also
have the following result.

Theorem 5.4 Let G (s) be given by (5.13). Then, ||G (s)||∞ <γ if and only
if there exists matrix X > 0, such that one of the following three inequalities holds:

⎡

⎣
XAT + AX B XCT

BT −γ I DT

CX D −γ I

⎤

⎦ < 0, (5.27)

⎡

⎣
AX + XAT B XCT

BT −γ 2I DT

CX D −I

⎤

⎦ < 0, (5.28)
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and
[
AX + XAT + BBT XCT + BDT

CX + DBT −γ 2I + DDT

]

< 0. (5.29)

Proof We first prove (5.27).

Define

T =
⎡

⎣
P−1 0 0
0 I 0
0 0 I

⎤

⎦ ,

then, noticing

T

⎡

⎢
⎣

ATP + PA PB CT

BTP −γ I DT

C D −γ I

⎤

⎥
⎦TT =

⎡

⎢
⎣

P−1AT + AP−1 B P−1CT

BT −γ I DT

CP−1 D −γ I

⎤

⎥
⎦ ,

we know that (5.16) is equivalent to

⎡

⎢
⎣

P−1AT + AP−1 B P−1CT

BT −γ I DT

CP−1 D −γ I

⎤

⎥
⎦ < 0.

Further substituting in the aforementioned inequality P−1 by X gives (5.27).
(5.28) can be proven similarly. Now let us show the equivalence between (5.28)

and (5.29).
Let

S =
⎡

⎢
⎣

γ I 0 0
0 0 γ I
0 γ −1I 0

⎤

⎥
⎦ ,

then, in view of

S

⎡

⎢
⎣

AX + XAT B XCT

BT −γ 2I DT

CX D −I

⎤

⎥
⎦ ST =

⎡

⎢
⎣

γ 2 (AX + XAT
)

γ 2XCT B
γ 2CX −γ 2I D
BT DT −I

⎤

⎥
⎦ ,
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we know that (5.28) is equivalent to
⎡

⎢
⎣

γ 2 (AX + XAT
)

γ 2XCT B
γ 2CX −γ 2I D
BT DT −I

⎤

⎥
⎦ < 0.

Applying Schur complement lemma, the aforementioned inequality can be
equivalently converted into

[
γ 2 (AX + XAT

)
γ 2XCT

γ 2CX −γ 2I

]

+
[
B
D

]
[
BT DT] < 0.

Letting X ′ = γ 2X in the aforementioned relation, yields, equivalently,
[
AX ′ + X ′AT + BBT X ′CT + BDT

CX ′ + DBT −γ 2I + DDT

]

< 0.

This shows the equivalence between (5.28) and (5.29). �

The following corollary immediately follows from the aforementioned theorem.

Corollary 5.3 LetG (s) be given by (5.13). Then, ||G (s)||∞ < γ for some γ > 0
only if the matrix A is asymptotically stable.

In practical applications, solving theminimal γ satisfying ||G (s) ||∞ < γ is often
of interest. Following Theorem 5.3, such a problem can be equivalently converted
into the following minimization problem with LMI constraints:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

min γ

s.t. P > 0⎡

⎣
ATP + PA PB CT

BTP −γ I DT

C D −γ I

⎤

⎦ < 0,
(5.30)

or
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

min ρ

s.t. P > 0⎡

⎣
ATP + PA PB CT

BTP −ρI DT

C D −I

⎤

⎦ < 0,
(5.31)
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with γ = √
ρ. Optimization problems corresponding to the third condition of

Theorem 5.3 and those in Theorem 5.4 can be presented similarly.

Example 5.1

(Yu 2002, p. 32) Consider the following second-order system:

G(s) = k
s2 + 2ζωs+ ω2 ,

where
ζ is the natural frequency
ω is the damping factor

A state–space representation of this system is

⎧
⎨

⎩
ẋ(t) =

[−2ζω −ω2

1 0

]
x(t) +

[
1
0

]
u(t)

y(t) = [ 0 k
]
x(t)

.

When the system parameters are given, we can solve the corresponding LMI
problem (5.30) with the MATLAB� function mincx in the MATLAB LMI toolbox.

Case I: ζ = 0.1, ω = 1, and k = 1
The solution is obtained as

γ = 5.026, P =
[
1.005 0.101
0.101 1.005

]
> 0.

Case II: ζ = 1, ω = 3, and k = 20
The solution is obtained as

γ = 2.222, P =
[
13.334 19.985
19.985 120.007

]
> 0.

5.2.2 Deduced Conditions
Using Theorem 5.3 and the projection lemma (Lemma 2.11), we can further give
another pair of alternative conditions for ||G (s) ||∞ <γ .

Theorem 5.5 Given an arbitrarily positive scalar γ , the transfer function matrix

G(s) = C (sI − A)−1 B + D (5.32)

satisfies

||G(s)||∞ < γ (5.33)
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if and only if there exist a symmetric matrix X > 0, and a matrix �, such that


 + �T�� + �T�T� < 0 (5.34)

with
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩


 =

⎡

⎢⎢⎢⎢
⎣

0 X 0 0 0
X −X 0 0 0
0 0 −γ Im 0 0
0 0 0 −X 0
0 0 0 0 γ Ir

⎤

⎥⎥⎥⎥
⎦

� =
[−In AT CT In 0

0 BT DT 0 −γ Ir

]

� =
[
In 0 0 0 0
0 0 0 0 Ir

]
.

(5.35)

Proof According to the first condition in Theorem 5.3, (5.33) is satisfied if and
only if there exists P > 0, such that

⎡

⎢
⎣

ATP + PA PB CT

BTP −γ I DT

C D −γ I

⎤

⎥
⎦ < 0, (5.36)

which can be turned, via exchanging the last two rows and the last two columns,
into

⎡

⎢
⎣

ATP + PA CT PB
C −γ I D

BTP DT −γ I

⎤

⎥
⎦ < 0. (5.37)

Applying the Schur complement lemma to the LMI (5.37), we obtain
[
ATP + PA CT

C −γ I

]
+ 1

γ

[
PB
D

] [
BTP DT] < 0,

which is equivalent to
[
ATP + PA + 1

γ
PBBTP CT + 1

γ
PBDT

C + 1
γ
DBTP −γ I + 1

γ
DDT

]

< 0.
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Letting X = P−1, and multiplying both sides of the aforementioned LMI by
diag(X , In), gives

[
XAT + AX + 1

γ
BBT XCT + 1

γ
BDT

C + 1
γ
DBT −γ + 1

γ
DDT

]

< 0,

which can clearly be written, according to Lemma 2.9, as

⎡

⎢
⎣

XAT + AX − X + 1
γ
BBT XCT + 1

γ
BDT X

CX + 1
γ
DBT −γ I + 1

γ
DDT 0

X 0 −X

⎤

⎥
⎦ < 0. (5.38)

On the other hand, with the matrices defined in (5.35), we can easily verify that

N� =

⎡

⎢⎢⎢⎢
⎣

AT CT In
In 0 0
0 Im 0
0 0 In

1
γ
BT 1

γ
DT 0

⎤

⎥⎥⎥⎥
⎦

and N� =

⎡

⎢⎢⎢⎢
⎣

0 0 0
In 0 0
0 Im 0
0 0 In
0 0 0

⎤

⎥⎥⎥⎥
⎦
,

are the right orthogonal complements of � and �, respectively. Furthermore, we
can show that

NT
�
N� =

⎡

⎢⎢
⎣

XAT + AX − X + 1
γ
BBT XCT + 1

γ
BDT X

CX + 1
γ
DBT −γ I + 1

γ
DDT 0

X 0 X

⎤

⎥⎥
⎦ ,

and

NT
�
N� =

⎡

⎢
⎣

−X 0 0
0 −γ Im 0
0 0 −X

⎤

⎥
⎦ .

Therefore, the inequality (5.38) is equivalent to NT
�
N� < 0. Considering the

definition of X , we also have NT
�
N� < 0. Then, by applying the projection

lemma (Lemma 2.11), we know that there exists P > 0 satisfying (5.36) if and only
if there exist a symmetric matrix X > 0 and a matrix � satisfying (5.34). Thus, the
proof is completed. �
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Corollary 5.4 Given a positive scalar γ , the transfer functionmatrix (5.32) satisfies
(5.33) if there exist a symmetric matrix X , and a matrix V , such that

⎡

⎢⎢⎢⎢⎢
⎣

−V − V T V TAT + X V TCT V T 0
AV + X −X 0 0 B
CV 0 −γ Im 0 D
V 0 0 −X 0
0 BT DT 0 −γ Ir

⎤

⎥⎥⎥⎥⎥
⎦

< 0, (5.39)

or
⎡

⎢⎢⎢⎢⎢
⎣

−V − V T V TAT + X V TCT V T 0
AV + X −X 0 0 B
CV 0 −Im 0 D
V 0 0 −X 0
0 BT DT 0 −γ 2Ir

⎤

⎥⎥⎥⎥⎥
⎦

< 0. (5.40)

Proof Particularly choosing

� =
[
V 0
0 Ir

]
,

gives


 + �T�� + �T�T�

=

⎡

⎢⎢⎢⎢⎢
⎣

−V − V T V TAT + X V TCT V T 0
AV + X −X 0 0 B
CV 0 −γ Im 0 D
V 0 0 −X 0
0 BT DT 0 −γ Ir

⎤

⎥⎥⎥⎥⎥
⎦
.

Therefore, the inequality (5.39) implies (5.34).
Further, the condition (5.40) can be shown to be equivalent to (5.39). �
Regarding solving the problem of minimizing γ satisfying ||G (s) ||∞ < γ using

Theorem 5.5 and its corollary, optimization problems similar to (5.30) and (5.31)
can also be easily presented.

5.3 LMI Conditions for H2 Index
Now let us focus on the rational matrix in the form of (5.2), but with D = 0. The
problem we are interested in is to find criterion in terms of LMIs for the following
H2 norm condition:
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||C (sI − A)−1 B||2 < γ , (5.41)

where γ > 0 is a given scalar.

5.3.1 Basic Conditions

Theorem 5.6 Let A ∈ R
n×n, B ∈ R

n×r , C ∈ R
m×n, and γ > 0 be a given

scalar. Then, condition (5.41) holds if and only if one of the following statements
holds true:

1. ∃ X > 0, s.t.

AX + XAT + BBT < 0, trace
(
CXCT) < γ 2. (5.42)

2. ∃ Y > 0, s.t.

ATY + YA + CTC < 0, trace
(
BTYB

)
< γ 2. (5.43)

Proof Sufficiency. Suppose that the two relations in (5.42) hold. Let

Q = AX + XAT + BBT < 0,

and recall the fact that the matrix A is stable, we know that the Lyapunov matrix
equation

AE + EAT = Q ,

has a unique solution E > 0. Note that

A (X − E) + (X − E)AT + BBT

= (AX + XAT + BBT)− (AE + EAT)

= Q − Q

= 0,

the matrix

P = X − E

thus satisfies the Lyapunov matrix equation

AP + PAT + BBT = 0. (5.44)
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It thus follows from Lemma 5.1 that

||G (s)||22 = trace
(
CPCT)

= trace
(
CXCT)− trace

(
CECT)

≤ γ 2 − trace
(
CECT)

< γ 2,

which gives ||G (s) ||2 < γ .

Necessity. Suppose ||G (s) ||2 < γ holds, and let P be the solution to the Lyapunov
matrix equation (5.44), then it follows from Lemma 5.1 again that

trace
(
CPCT) = ||G (s)||22 < γ 2. (5.45)

On the other hand, since A is stable, there exists P0 > 0 satisfying

AP0 + P0AT < 0.

It clearly follows from (5.45) that there exists a sufficiently small scalar ε > 0, such
that the matrix

X = P + εP0 > 0

satisfies

trace
(
CXCT) < γ 2,

meanwhile, it can be verified that

AX + XAT + BBT

= AP + PAT + BBT + ε
(
AP0 + P0AT

)

= ε
(
AP0 + P0AT

)

< 0.

The necessity is thus done. �
It is clearly seen from this theorem that condition (5.41) holds only if the matrix

A is stable.
Based on Theorem 5.6, the problem of solving a minimal γ satisfying condition

(5.41) can be equivalently converted into the following LMI problem
⎧
⎪⎪⎨

⎪⎪⎩

min ρ

s.t. AX + XAT + BBT < 0
trace

(
CXCT) < ρ

X > 0

(5.46)
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or
⎧
⎪⎪⎨

⎪⎪⎩

min ρ

s.t. ATY + YA + CTC < 0
trace

(
BTYB

)
< ρ

Y > 0,

(5.47)

while the attenuation level γ = ρ1/2.

Example 5.2

Consider Example 5.1 again. Our purpose is to solve the corresponding LMI
problem (5.47) with the MATLAB function mincx in the MATLAB LMI toolbox.
When ζ = 0.1, ω = 1, k = 1, the solution is obtained as

ρ = 2.500, Y =
[
2.500 0.500
0.500 2.600

]
> 0.

When ζ = 1, ω = 3, k = 20, the solution is obtained as

ρ = 3.703, Y =
[
3.704 22.222
22.222 166.667

]
> 0.

5.3.2 Deduced Conditions
Based on the aforementioned theorem, we can further give another pair of conditions
for (5.41).

Theorem 5.7 Given a positive scalar γ , the transfer function matrix

G(s) = C (sI − A)−1 B

satisfies

||G(s)||2 < γ (5.48)

if and only if there exist symmetric matrices Z , P and a matrix V , such that
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

trace (Z) < γ 2
[−Z C
CT −P

]
< 0

⎡

⎢⎢
⎣

− (V + V T) V TA + P V TB V T

ATV + P −P 0 0
BTV 0 −I 0
V 0 0 −P

⎤

⎥⎥
⎦ < 0,
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or
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

trace (Z) < γ 2
[−Z BT

B −P

]
< 0

⎡

⎢⎢
⎣

− (V + V T) V TAT + P V TCT V T

AV + P −P 0 0
CV 0 −I 0
V 0 0 −P

⎤

⎥⎥
⎦ < 0.

Proof According to the first condition in Theorem 5.6 that (5.48) is satisfied if
and only if there exists X > 0, such that

AX + XAT + BBT < 0, trace
(
CXCT) < γ 2. (5.49)

It follows from Lemma 2.12 that the first inequality in (5.49) is equivalent to
[
BBT + X − (W T + W

)
AX + W T

XAT + W −X

]
< 0, (5.50)

with X being an arbitrary symmetric positive definite matrix. Letting

J = diag(W−T, X−1),

and pre- and postmultiplying both sides of (5.50) by J and JT, respectively, yields
[
W−TBBTW−1 + W−TXW−1 − W−1 − W−T W−TA + X−1

ATW−1 + X−1 −X−1

]
< 0.

Further, denote V = W−1, P = X−1, we can write the LMI equivalently as
follows:

[
V TBBTV + V TP−1V − (V + V T) V TA + P

ATV + P −P

]
< 0. (5.51)

Since
[
V TBBTV + V TP−1V − (V + V T) V TA + P

ATV + P −P

]

=
[− (V + V T) V TA + P

ATV + P −P

]
+
[
V TBBTV + V TP−1V 0

0 0

]

=
[− (V + V T) V TA + P

ATV + P −P

]

+
[
V TB V T

0 0

] [
I 0
0 P−1

] [
BTV 0
V 0

]
,
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according to Schur complement lemma, inequality (5.51) is equivalent to
⎡

⎢⎢
⎣

− (V + V T) V TA + P V TB V T

ATV + P −P 0 0
BTV 0 −I 0
V 0 0 −P

⎤

⎥⎥
⎦ < 0. (5.52)

By now, we have verified that the first inequality in (5.49) is equivalent to (5.52).
Next let us consider the second inequality in (5.49). In view of Lemma 2.13,

trace
(
CXCT) < γ 2 is equivalent to

CXCT < Z , trace (Z) < γ 2,

which is clearly equivalent to
[ −Z C

CT −X−1

]
< 0, trace (Z) < γ 2.

Recalling that P = X−1, we obtain
[ −Z C

CT −P

]
< 0, trace (Z) < γ 2.

With this, the proof of the first conclusion is completed.
The second one can be verified similarly using the second condition in

Theorem 5.6. �

Regarding solving a minimal γ satisfying condition (5.41) using Theorem 5.7,
optimization problems similar to (5.46) and (5.47) can be similarly formulated.

5.4 Notes and References
Chapter 5 provides the LMI conditions for H∞ and H2 indices. We have
summarized these conditions in Tables 5.1 and 5.2, respectively.

The H∞ norm of a transfer function is the supremum of the maximum singular
value of the frequency response of the system. For a stable system, the H∞ norm
of the transfer function coincides with the L2-induced norm of the input–output
operator associated with the system (Theorem 5.1).

The squared H2 norm of the transfer function coincides with the total “output
energy” in the impulse responses of the system. The H2 norm also has an inter-
pretation that coincides with the LP-induced norm of the input–output operator
associated with the system (Theorem 5.2).

What we have given in this chapter about H∞ and H2 indices are very basic. As a
matter of fact, these concepts have generalizations in many directions. For example,
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Table 5.1 Criteria for ‖G(s)‖∞ < γ

Criteria Variables

1

P > 0
⎡

⎢⎢⎢⎢
⎣

ATP + PA PB CT

BTP −γ I DT

C D −γ I

⎤

⎥⎥⎥⎥
⎦

< 0
P

2

X > 0
⎡

⎢⎢⎢⎢
⎣

XAT + AX B XCT

BT −γ I DT

CX D −γ I

⎤

⎥⎥⎥⎥
⎦

< 0
X

3

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

−V − VT VTAT + X VTCT VT 0

AV + X −X 0 0 B

CV 0 −γ Im 0 D

V 0 0 −X 0

0 BT DT 0 −γ Ir

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

< 0 X,V

Oliveira et al. (2002) extends H2 and H∞ norm characterizations for discrete-time
systems, and Zhou et al. (1995) generalizes robustH∞ performance to systems with
structured uncertainties.

Exercises
5.1 Prove Corollary 5.3, that is, let G(s) = C(sI − A)−1B+D, then the matrix

A is Hurwitz stable if ‖G(s)‖∞ < γ for some 0 < γ < ∞.
5.2 (Scherer and Weiland 2000) Let

A =
[

sinα cosα
− cosα sinα

]
, 0 ≤ α ≤ π .

Show that the solution X of the Lyapunov equation ATX + XA + I = 0
diverges in the sense that det(X ) → ∞ whenever α → 0.
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Table 5.2 Criteria for ‖G(s)‖2 < γ

Criteria Variables

1

X > 0

trace
(
CXCT

)
< γ 2

AX + XAT + BBT < 0

X

2

Y > 0

trace
(
BTYB

)
< γ 2

ATY + YA+ CTC < 0

Y

3

trace (Z) < γ 2
⎡

⎢
⎣

−Z C

CT −P

⎤

⎥
⎦ < 0

⎡

⎢⎢⎢⎢⎢⎢⎢
⎣

−
(
V + VT

)
VTA+ P VTB VT

ATV + P −P 0 0

BTV 0 −I 0

V 0 0 −P

⎤

⎥⎥⎥⎥⎥⎥⎥
⎦

< 0.

P,Z,V

5.3 Consider the following system
{
ẋ = Ax + Bu
y = Cx + Du,

where

A =
⎡

⎣
−5 1 2
1 −9 1

−1 −10 −3

⎤

⎦ , B =
⎡

⎣
0
1
0

⎤

⎦ ,

C =
[
1 0 0
0 0 1

]
, D =

[
1
1

]
.

Find a minimal γ such that the system transfer function

G(s) = C(sI − A)−1B + D

satisfies ||G (s) ||∞ < γ .
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5.4 Consider the system in Exercise 5.3 again. Find a minimal γ such that the
system transfer function

G(s) = C(sI − A)−1B

satisfies ||G (s) ||2 < γ .
5.5 Consider a jet transport aircraft system studied by Liu et al. (2000a) and

Grace et al. (1992), whose model is in the form of (5.15) with D = 0, and

A =

⎡

⎢⎢
⎣

−0.0558 −0.9968 0.0802 0.0415
0.5980 −0.1150 −0.0318 0

−3.0500 0.3880 −0.4650 0
0 0.0805 1.0000 0

⎤

⎥⎥
⎦ ,

B =

⎡

⎢⎢
⎣

0.0729 0.0001
−4.7500 1.2300
1.5300 10.6300

0 0

⎤

⎥⎥
⎦ , C =

[
0 1 0 0
0 0 0 1

]
.

Find a minimal γ such that the system transfer function

G(s) = C (sI − A)−1 B + D

satisfies

||G (s) ||∞ < γ .

5.6 Consider the system in Exercise 5.5. Find a minimal ρ, such that
||G (s) ||22 < ρ.

5.7 Consider the transfer function

G(s) = CT(sI − A)−1B,

with

A =
[ −1 0

−2 −1

]
, B =

[
1
0

]
, C = [1 1

]
.

First find ‖G(s)‖2 using Lemma 5.1, and then compute it via solving (5.46)
or (5.47), and compare the values of ‖G(s)‖2 obtained through the two
different ways.
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Chapter 6

Property Analysis

In this chapter, we examine certain properties of control systems, which include
the stabilizability and detectability, dissipativity, passivity and positive-realness,
nonexpansivity, and bounded-realness.

In the first two sections, we consider the stabilizability and detectability of the
following linear system

{
ρx = Ax + Bu
y = Cx + Du, (6.1)

where

■ ρ represents the differential operator (when the system is continuous-time),
or the one step forward shift operator (when the system is discrete-time)

■ x ∈ R
n, y ∈ R

m and u ∈ R
r are the state vector, the output vector, and the

input vector, respectively
■ A, B, C , and D are the system matrices of appropriate dimensions

6.1 Hurwitz Stabilizability and Detectability
Corresponding to the continuous-time systems and the discrete-time systems, respec-
tively, we have the concepts of Hurwitz stabilizability and detectability and Schur
stabilizability and detectability. In normal linear systems context, for example, Duan
(2004a), Hurwitz stabilizability and detectability are simply termed as stabilizability
and detectability.
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6.1.1 Hurwitz Stabilizability
6.1.1.1 Definition and the PBH Criterion

Hurwitz stabilizability is a very important concept in linear systems theory, which
is defined as follows (Duan 2004a, 2010).

Definition 6.1 The system (6.1), or the matrix pair (A,B) , is said to be Hurwitz
stabilizable if there exists a real matrix K such that A + BK is Hurwitz stable.

For condition of Hurwitz stabilizability of a given matrix pair (A,B), we have
the following well-known PBH criterion (Duan 2004a, 2010).

Theorem 6.1 The system (6.1) is Hurwitz stabilizable if and only if

rank
[
sI − A B

] = n, ∀s ∈ C, Re(s) ≥ 0;

or

rank
[
sI − A B

] = n, ∀s ∈ λ(A), Re(s) ≥ 0.

The PBH criterion tells us that the system (6.1) is Hurwitz stabilizable if all its
uncontrollable modes are Hurwitz stable.

6.1.1.2 LMI Conditions

In this section, we present a few LMI conditions for Hurwitz stabilizability.

Theorem 6.2 The system (6.1), or the matrix pair (A,B) , is Hurwitz stabilizable
if and only if there exist a symmetric positive definite matrix P and a matrix W
satisfying

AP + PAT + BW + W TBT < 0. (6.2)

Proof Necessity: Following the definition of Hurwitz stabilizability and the well-
known Lyapunov stability theory, we know that the first statement holds if and only
if there exist a matrix K and a matrix P > 0 satisfying

(A + BK ) P + P (A + BK )T < 0. (6.3)

Letting

W = KP,

and substituting this into (6.3) gives (6.2).
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Sufficiency: Suppose that there exist a symmetric positive definite matrix P and
a matrixW satisfying (6.2). Then by letting

K = WP−1,

we obtain (6.3). With this we complete the proof. �

The condition in the aforementioned theorem is clearly an LMI. Using the
well-known projection lemma, we can further show the following result.

Theorem 6.3 System (6.1) is Hurwitz stabilizable if and only if there exists a
symmetric positive definite matrix P satisfying

NT
b

(
AP + PAT

)
Nb < 0, (6.4)

with Nb being the right orthogonal complement of BT.

Proof It suffices to show the equivalence between (6.2) and (6.4). To do this, we
make use of the projection lemma (Lemma 2.11).

Let

H = AP + PAT, X = W , Q = BT, P̂ = In,

then the inequality (6.2) can be written as

H + P̂TXTQ + QTX P̂ < 0.

By Lemma 2.11, this is equivalent to

NT
P̂
HNP̂ < 0, NT

q HNq < 0.

Since P̂ = In, Np̂ is of zero dimension, and thus the condition NT
P̂
HNP̂ < 0

vanishes, while the second one is identical to (6.4). Thus, the equivalence directly
follows from Lemma 2.11. �

Theorem 6.4 System (6.1) is Hurwitz stabilizable if and only if there exists a
symmetric positive definite matrix P such that

AP + PAT < γBBT, (6.5)

for some scalar γ > 0.
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Proof Necessity: Let the system (6.1) be Hurwitz stabilizable, then it follows from
theory of linear quadratic optimal control that, under the stabilizability condition,
there exists a positive definite matrix X satisfying the following Riccati matrix
equation (Duan 2004a)

ATX + XA − γXBBTX + I = 0.

Pre- and postmultiplying by P =X−1 both sides of the aforementioned
equation gives

PAT + AP − γBBT = −PP < 0.

This shows that (6.5) holds.
Sufficiency: Now suppose that there exists a symmetric positive definite matrix

P satisfying (6.5), then by choosing

K = −γ

2
BTP−1, (6.6)

we have

(A + BK ) P + P (A + BK )T = AP + PAT − γBBT < 0.

Therefore, the system (6.1) is stabilizable. The proof is then completed. �

Remark 6.1 It is suggested that in applications we can simply take γ = 1 in the
inequality (6.5). In this case, (6.5) turns into

AP + PAT < BBT, (6.7)

and the corresponding gain matrix is given by

K = −1
2
BTP−1. (6.8)

This is not only because that this case is simple but also due to the fact that it would
be in vain to adjust the parameter γ . In fact, once (6.5) has a solution P, (6.7) has a
solution P0 = P/γ . Thus, for arbitrary scalar γ > 0, there holds

K = −γ

2
BTP−1 = −γ

2
BT (γP0)−1 = −1

2
BTP−1

0 .

This clearly shows that different choice of γ really does not change the value of the
feedback gain matrix K .
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It is clear that the conditions (6.2), (6.4), and (6.5) in the three theorems are
all LMIs. Compared with the second-rank condition in Theorem 6.1, the LMI
conditions have an advantage in computation. For some high-order systems, the
rank condition may not be reliable, while the LMI conditions have good numerical
reliability.

Example 6.1

Duan (2003) and Kimura (1977) considered a linear system in the form of (6.1)
with D = 0 and

A =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

−1 0 1 1 0 0 −1 2
0 0 1 0 −3 −1 0 0

−1 −2 1 0 −3 −1 0 0
0 0 0 0 1 0 0 0
0 0 −1 0 −3 0 4 2
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

−1 2 0 0 1 −1 −1 2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

, B =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

1 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

,

C =
⎡

⎣
17 23 3 14 −15 5 25 5
3 −3 2 3 −2 2 −3 −6

−2 1 0 −1 2 0 1 4

⎤

⎦ .

Applying the function feasp in the MATLAB� LMI toolbox to the corresponding
LMI problem (6.7) gives the following solution

P =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

75.8772 −21.1790 40.3367 −22.1019
−21.1790 36.1906 11.6049 13.9642
40.3367 11.6049 79.7923 −4.5277

−22.1019 13.9642 −4.5277 12.3702
8.6120 2.9424 17.8700 −5.0391

−28.3812 14.2712 −21.5186 13.7992
5.0920 15.7686 36.8485 2.4367

24.3097 −29.2853 −7.3904 −11.6437

8.6120 −28.3812 5.0920 24.3097
2.9424 14.2712 15.7686 −29.2853

17.8700 −21.5186 36.8485 −7.3904
−5.0391 13.7992 2.4367 −11.6437
12.0971 −5.8385 5.1002 −1.4904
−5.8385 23.7600 −10.5280 −9.2869
5.1002 −10.5280 27.9910 −16.0292

−1.4904 −9.2869 −16.0292 26.3990

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

> 0.
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Thus, the system is Hurwitz stabilizable. On the other hand, it can be obtained
that

λ(A) = {−4.1259, 2.0444 ± 2.0378i, 0.0038 ± 1.3685i,−0.5280

±0.6694i, 0.0855}

and it can also be easily verified that

rank
[
sI− A B

] = 8,

for s = 2.0444± 2.0378i, 0.0038± 1.3685i, 0.0855. Thus, the conclusion is true
following the PBH criterion.

6.1.2 Hurwitz Detectability
Hurwitz detectability is a dual concept of Hurwitz stabilizability and is defined as
follows (Duan 2004a, 2010).

Definition 6.2 The system (6.1), or the matrix pair (A,C) , is said to be Hurwitz
detectable if there exists a real matrix L such that A + LC is Hurwitz stable.

Note that

λ(A) = λ(AT),

and

(A + LC)T = AT + CTK ,

with K = LT, we know immediately that there exists an L such that (A + LC) is
Hurwitz stable if and only if there exists a K such that AT +CTK is Hurwitz stable.
This implies the following duality principle.

Proposition 6.1 A linear system (A,B,C) of appropriate dimensions is Hurwitz
stabilizable if and only if its dual system

(
AT,CT,BT)

is Hurwitz detectable.

It follows from Theorems 6.1 through 6.4, and the duality principle, we
immediately have the following results for Hurwitz detectability.

Theorem 6.5 The system (6.1) is Hurwitz detectable if and only if one of the
following condition holds:
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1. All the unobservable modes of system (6.1) are stable, that is,

rank
[
sI − A
C

]
= n, ∀s, Re(s) ≥ 0. (6.9)

2. There exist a symmetric positive definite matrix P and a matrixW satisfying

ATP + PA + W TC + CTW < 0. (6.10)

3. There exists a symmetric positive definite matrix P satisfying

NT
c

(
ATP + PA

)
Nc < 0, (6.11)

with Nc being the right orthogonal complement of C .
4. There exists a symmetric positive definite matrix P such that

ATP + PA < γCTC , (6.12)

for some scalar γ > 0

Example 6.2

Consider a jet transport aircraft system studied by Liu et al. (2000a) and
Grace et al. (1992), whose model is in the form of (6.1) with D = 0 and

A =

⎡

⎢⎢
⎣

−0.0558 −0.9968 0.0802 0.0415
0.5980 −0.1150 −0.0318 0.0000

−3.0500 0.3880 −0.4650 0.0000
0.0000 0.0805 1.0000 0.0000

⎤

⎥⎥
⎦ ,

B =

⎡

⎢⎢
⎣

0.0729 0.0001
−4.7500 1.2300
1.5300 10.6300
0.0000 0.0000

⎤

⎥⎥
⎦ , C =

[
0 1 0 0
0 0 0 1

]
.

Applying the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (6.12), with γ = 1, gives the following solution

P =

⎡

⎢⎢
⎣

0.9581 −0.2349 0.0996 0.1333
−0.2349 1.2111 −0.0202 0.0314
0.0996 −0.0202 0.1933 −0.1444
0.1333 0.0314 −0.1444 0.3248

⎤

⎥⎥
⎦ > 0.

Thus, the system is Hurwitz detectable.

6.2 Schur Stabilizability and Detectability
Corresponding to Schur stability of discrete-time linear systems, we have the con-
cepts of Schur stabilizability and detectability. They are a pair of very important
concepts in linear systems theory.
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6.2.1 Schur Stabilizability
6.2.1.1 Definition and the PBH Criterion

First, let us investigate Schur stabilizability, which is defined as follows.

Definition 6.3 The system (6.1), or the matrix pair (A,B) , is said to be Schur
stabilizable if there exists a real matrix K such that A + BK is Schur stable.

For condition for Schur stabilizability, we have the following well-known PBH
criterion.

Theorem 6.6 The system (6.1) is Schur stabilizable if and only if

rank
[
sI − A B

] = n, ∀s ∈ C, |s| ≥ 1,

or

rank
[
sI − A B

] = n, ∀s ∈ λ(A), |s| ≥ 1.

The aforementioned result states that all the uncontrollable modes of a Schur
stabilizable system (6.1) must be Schur stable.

6.2.1.2 LMI Conditions

In this section, we will present three LMI conditions for Schur stabilizability of
system (6.1).

Theorem 6.7 The system (6.1) is Schur stabilizable if and only if there exist a
symmetric matrix P and a matrixW satisfying

[ −P AP + BW
PAT + W TBT −P

]
< 0. (6.13)

Proof Necessity: Following Proposition 4.2, we know that the system (6.1) is
Schur stabilizable if and only if there exist a matrix K and a symmetric matrix P
satisfying

[ −P (A + BK ) P
P (A + BK )T −P

]
< 0. (6.14)
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Letting

W = KP,

and substituting it into (6.14) gives (6.13).

Sufficiency: Suppose that there exist a symmetric matrix P and a matrixW satisfying
(6.13). Then by letting

K = WP−1,

we obtain (6.14). Thus, the system (6.1) is Schur stabilizable. With this we complete
the proof of the theorem. �

Corresponding to Theorem 6.3, the following theorem further gives another
LMI condition for Schur stabilizability of linear systems.

Theorem 6.8 System (6.1) is Schur stabilizable if and only if there exists a
symmetric matrix P satisfying

[−NT
b PNb NT

b AP

PATNb −P

]

< 0, (6.15)

with Nb being the right orthogonal complement of BT.

Proof It suffices to show the equivalence between (6.13) and (6.15). To do this we
make use of the projection lemma (Lemma 2.11). Corresponding to the notations
in Lemma 2.11, here we take

H =
[−P AP
PAT −P

]
, X = [

0 W
]
, Q = [

BT 0
]
, P̂ = I2n,

then the inequality (6.13) can be written as

H + P̂TXTQ + QTX P̂ < 0.

By Lemma 2.11, this is equivalent to

NT
P̂
HNP̂ < 0, NT

q HNq < 0.

Let Nb be the right orthogonal complement of BT, then it is easy to verify that

Nq =
[
Nb 0
0 In

]
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is the right orthogonal complement of Q . Since P̂ = I2n, NP̂ is of zero dimension,
and thus does not exist. Correspondingly, the condition NT

P̂
HNP̂ < 0 vanishes,

while the second one is identical with

NT
q

[−P AP
PAT −P

]
Nq < 0,

which is equivalent to (6.15) in view of the format ofNq. Therefore, it follows from
Lemma 2.11 that (6.13) and (6.15) are equivalent. The proof is done. �

Corresponding to Theorem 6.4, we have the following theorem that gives a
different LMI condition for Schur stabilizability of linear systems.

Theorem 6.9 System (6.1) is Schur stabilizable if and only if there exists a
symmetric matrix P such that

[−P PAT
AP −P − γBBT

]
< 0, γ ≥ 1. (6.16)

Proof Necessity: Let the system (6.1) be Schur stabilizable, it then follows from the
Riccati equation theory for discrete-time linear systems that, under the Schur stabi-
lizability condition, there exists a positive definite matrix X satisfying the following
Riccati matrix equation

AT
(

X − XB
(
1
γ
I + BTXB

)−1
BTX

)

A − X + I = 0.

Pre- and postmultiplying by P = X−1 both sides of the aforementioned equation
gives

PAT
(

X − XB
(
1
γ
I + BTXB

)−1
BTX

)

AP − P = −PP < 0. (6.17)

Using Corollary 2.1, we have

X − XB
(
1
γ
I + BTXB

)−1
BTX = (

X−1 + γBBT)−1 . (6.18)

Substituting this relation together with P = X−1 into (6.17) yields

PAT
(
P + γBBT)−1 AP − P < 0, (6.19)
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which can be easily shown to be equivalent to (6.16) with the help of the Schur
complement lemma.

Sufficiency: Now suppose that there exists a symmetric positive definite matrix P
satisfying (6.16). Choosing

K = −
(
2
γ
I + BTP−1B

)−1
BTP−1A

= −
(
2
γ
I + BTXB

)−1
BTXA, X = P−1, γ ≥ 1, (6.20)

then for this gain K , we need only to show

(A + BK )T X (A + BK ) − X < 0. (6.21)

First, with the help of Corollary 2.1, again, we have

A + BK

= A − B
(
2
γ

+ BTP−1B
)−1

BTP−1A

= P

(

P−1 − P−1B
(
2
γ

+ BTP−1B
)−1

BTP−1

)

A

= P
(
P + γ

2
BBT

)−1
A,

thus

(A + BK )T P−1 (A + BK ) − P−1

= AT
(
P + γ

2
BBT

)−1
P

(
P + γ

2
BBT

)−1
A − P−1

= AT
(
P + γBBT + γ 2

4
BBTP−1BBT

)−1

A − P−1. (6.22)

Second, noticing P > 0, γ ≥ 1, and BBT ≥ 0, we clearly have

γ 2

4
BBTP−1BBT ≥ 0,

hence

P + γBBT + γ 2

4
BBTP−1BBT ≥ P + BBT.
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With the help of the aforementioned relation and (6.16), we further have

[
−P PAT

AP −P − γBBT − γ 2

4 BBTP−1BBT

]

≤
[−P PAT
AP −P − γBBT

]
< 0,

which is equivalent, according to the Schur complement lemma, to

PAT
(
P + γBBT + γ 2

4
BBTP−1BBT

)−1

AP − P < 0.

Pre- and postmultiplying both sides of the aforementioned inequality by P−1 yields

AT
(
P + γBBT + γ 2

4
BBTP−1BBT

)−1

A − P−1 < 0. (6.23)

Combining (6.22) with (6.23) yields (6.21). The proof is then completed. �

Remark 6.2 It is suggested that in applications the scalar γ in the inequality
(6.16) be simply chosen to be 1. In this case, the inequality turns out to be

[−P PAT
AP −P − BBT

]
< 0, (6.24)

and the corresponding gain matrix is given by

K = − (
2I + BTP−1B

)−1 BTP−1A.

This is not only because that this case is simple but also due to the fact that it is in
vain to adjust the parameter γ . In fact, once (6.24) has a solution P, (6.16) has a
solution P0 = P/γ . This fact gives

K = −
(
2
γ
I + BTP−1B

)−1
BTP−1A

= −
(
2
γ
I + BT (γP0)−1 B

)−1
BT (γP0)−1 A

= −
(
2I + BTP−1

0 B
)−1

BTP−1
0 A.

This clearly states that the gain matrix K , although has a relation to γ in expression,
is invariant with γ in value.
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It is clear that the conditions given in the aforementioned three theorems are all
LMIs. Compared with the second-rank condition in Theorem 6.6, the LMI condi-
tions have an advantage in computation. For some high-order systems, the rank con-
ditionmay not be reliable, while the LMI conditions have good numerical reliability.

Example 6.3

The following discrete-time linear system
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x(k + 1) =
⎡

⎣
0 1 0
1 1 0

−1 0 0

⎤

⎦ x(k) +
⎡

⎣
0
1
0

⎤

⎦u(k)

y(k) =
[
1 0 0
0 0 1

]
x(k)

(6.25)

has been considered by Duan et al. (2003). For this system, applying the MATLAB
function feasp in the MATLAB LMI toolbox to the corresponding LMI problem
(6.24) yields

P =
⎡

⎣
0.4088 −0.1085 0.0000

−0.1085 0.2421 0.0000
0.0000 0.0000 1.1178

⎤

⎦ > 0.

Thus, the system is Schur stabilizable. In fact, it can be obtained that

λ(A) = {0, 1.6180,−0.6180}
and it can also be easily verified that

rank
[
sI− A B

] = 3, s = 1.6180.

Thus, the conclusion is true following the well-known PBH criterion.

6.2.2 Schur Detectability
Schur detectability is a dual concept of Schur stabilizability and is defined as follows.

Definition 6.4 The system (6.1), or the matrix pair (A,C) , is said to be Schur
detectable if there exists a real matrix L such that A + LC is Schur stable.

Following Theorems 6.7, 6.8, and the duality principle, we immediately have
the following results for Schur detectability.

Theorem 6.10 The system (6.1) is Schur detectable if and only if one of the
following conditions holds:
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1. All the unobservable modes of system (6.1) are Schur stable, that is,

rank
[
sI − A
C

]
= n, ∀s ∈ C, |s| ≥ 1.

2. There exist a symmetric matrix P and a matrixW satisfying

[ −P ATP + CTW T

PA + WC −P

]
< 0.

3. There exists a symmetric matrix P satisfying

[−NT
c PNc NT

c A
TP

PANc −P

]
< 0,

with Nc being the right orthogonal complement of C .
4. There exists a symmetric matrix P such that

[ −P PA
ATP −P − γCTC

]
< 0, γ ≥ 1. (6.26)

Example 6.4

Consider the discrete-time linear system (6.25) studied in Example 6.3. For this
system, applying the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (6.26) yields

P =
⎡

⎣
3.4186 −2.2241 −0.3139

−2.2241 1.9483 1.0138
−0.3139 1.0138 2.3788

⎤

⎦ > 0.

Thus, the system is Schur detectable.

6.3 Dissipativity
The concept of dissipativity is related to the linear system of the following form:

{
ẋ = Ax + Bu
y = Cx + Du, (6.27)
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where

■ x ∈ R
n, u ∈ R

r , and y ∈ R
m are the system state vector, input vector, and

the output vector, respectively
■ A, B, C , andD are the system coefficient matrices of appropriate dimensions.

Obviously, the transfer function of the system is G(s) = C(sI − A)−1B +D

For strictness, in this section, the control input u(t) is restricted to be piece-wise
continuous vector functions defined on [0,∞).

6.3.1 Definition
The definition of dissipativity is associatedwith a so-called supply function. Consider
a general quadratic supply function

s(u, y) =
[
y
u

]T
Q

[
y
u

]
, (6.28)

where Q is a real symmetric matrix of dimension (m + r) . We emphasize that the
matrix Q is not assumed to be symmetric positive or negative definite.

Definition 6.5 The linear system (6.27) with x(0) = 0 is said to be dissipative
with the supply function s(u, y) given in (6.28) if

T�
0

s(u, y) dt ≥ 0 (6.29)

holds for all T ≥ 0, all piece-wise continuous input u (t) and the corresponding
output y (t) .

The following proposition gives an equivalent definition for dissipativity of the
linear system (6.27).

Proposition 6.2 The linear system (6.27) with x(0) = 0 is dissipative with the
supply function (6.28) if and only if there exists a matrix P ≥ 0, such that

t1�
t0

s(u, y) dt ≥ xT (t1) Px(t1) − xT(t0)Px(t0) (6.30)

holds for all t0 ≤ t1.
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Proof Sufficiency: Let (6.30) holds all t0 ≤ t1. Choosing t0 = 0, t1 = T in (6.30)
we can immediately see that (6.30) implies (6.29) if x(0) = 0.

Necessity: Let the linear system (6.27) be dissipative with the supply function
(6.28), then (6.29) holds. Further, noting that the supply function s(u, y) is
quadratic, we know that it suits for the optimal cost of a linear quadratic
optimization problem. Let the optimal solution to the optimal control problem

⎧
⎪⎪⎨

⎪⎪⎩

min
u

t1�
t0
s(u, y)dt

s.t. ẋ = Ax + Bu, x(0) = 0
y = Cx + Du

be denoted by

u∗(t) = Kx(t),

then it is well known from optimal control theory that there exists a matrix P > 0
such that

min
u

t1�
t0

s(u, y) dt

=
t1�
t0

s(u∗, y∗) dt

= 1
2
xT(t0)Px(t0) − 1

2
xT(t1)Px(t1), (6.31)

where y∗ is the optimal system output corresponding to the optimal control u∗.
Since (6.29) holds, we also have

min
u

t1�
t0

s(u, y) dt ≥ 0.

Otherwise, we can construct

ũ (t) =
{
u (t) , t ≥ t0
0, 0 ≤ t < t0,

which gives, in view of x (0) = 0, the system output

ỹ (t) =
{
y (t) , t ≥ t0
0, 0 ≤ t < t0,
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and hence

t1�
0

s(ũ, ỹ) dt =
t1�
t0

s(ũ, ỹ) dt < 0.

This clearly contradicts with the assumption (6.29).
Combining this with (6.31) gives

xT(t0)Px(t0) − xT(t1)Px(t1) ≥ 0.

Hence,

xT(t1)Px(t1) − xT(t0)Px(t0) ≤ 0. (6.32)

Finally, combining (6.29) with (6.32) yields (6.30). The proof is then
completed. �

For convenience, (6.30) is often called the dissipativity inequality.

6.3.2 Equivalent Conditions
6.3.2.1 Frequency Domain Condition

The following gives a necessary and sufficient condition for dissipativity of linear
system (6.27) in terms of its transfer function.

Theorem 6.11 Suppose that the linear system (6.27) is controllable. Then the
linear system (6.27) is dissipative with the supply function defined by (6.28) if and
only if

[
G(s)
I

]H
Q

[
G(s)
I

]
≥ 0, ∀s ∈ C, Re(s) > 0. (6.33)

The proof of this theorem is rather lengthy and is given in Appendix A.

6.3.2.2 Matrix Inequality Condition

For dissipativity of the system (6.27), we can also derive a criterion based on a matrix
inequality in terms of the system coefficients. This derivation requires the following
preliminary result.
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Lemma 6.1 Suppose that the linear system (6.27), with x(0) = 0, is control-
lable, and

[
x(t)
u(t)

]T
�

[
x(t)
u(t)

]
≥ 0, ∀t ≥ 0, (6.34)

holds for some � ∈ S
(n+r) and arbitrary piece-wise continuous input u(t) and the

corresponding state x(t). Then � ≥ 0.

Proof It follows from the definition of positive definiteness of matrices, it is
sufficient to show that, for arbitrary z ∈ R

n+r , there exist a time moment t1, and a
pair of input vector ũ(t) and state vector x̃(t) of the linear system (6.27) satisfying

[
x̃(t1)
ũ(t1)

]
= z. (6.35)

Partition the vector z as

z =
[
z1
z2

]
, z1 ∈ R

n, z2 ∈ R
r .

Then, by the controllability assumption, there exists an input u(t) which drives x(t)
to z1, that is,

x(t1) =
t1�
0

eA(t−τ)Bu (τ ) dτ = z1. (6.36)

Define a new piece-wisely continuous input as

ũ(t) =
{
u(t),
z2,

0 ≤ t < t1
t1 ≤ t.

Then, we have ũ(t1) = z2. While the corresponding state vector at this time
moment t1 is

x̃(t1) =
t1�
0

eA(t−τ)Bũ(τ ) dτ =
t1�
0

eA(t−τ)Bu(τ ) dτ = z1.

Therefore, we have found a pair of input vector ũ (t) and state vector x̃ (t) of the
linear system (6.27) satisfying (6.35). The proof is done. �
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Theorem 6.12 Suppose that the linear system (6.27) is controllable. Then, the
system (6.27) is dissipative with the supply function defined by (6.28) if and only if
there exists a matrix P ≥ 0 such that

[
ATP + PA PB

BTP 0

]
−

[
C D
0 I

]T
Q

[
C D
0 I

]
≤ 0. (6.37)

Proof Sufficiency: Let the linear system (6.27) be dissipative, then the dissipativity
inequality (6.30) holds, which clearly can be rewritten as

t1�
t0

(
s(u, y) − d

dt
[
x(t)TPx(t)

])
dt ≥ 0. (6.38)

Using the system equations, we have

s(u, y) =
[
y(t)
u(t)

]T
Q

[
y(t)
u(t)

]

=
[
Cx(t) + Du(t)

u(t)

]T
Q

[
Cx(t) + Du(t)

u(t)

]

=
[
x(t)
u(t)

]T [
C D
0 I

]T
Q

[
C D
0 I

] [
x(t)
u(t)

]
,

and
d
dt

[
x(t)TPx(t)

] = ẋ(t)TPx(t) + x(t)TPẋ(t)

= (Ax(t) + Bu(t))T Px(t) + x(t)TP (Ax(t) + Bu(t))

= x(t)T
(
ATP + PA

)
x(t) + u(t)TBTPx(t) + x(t)TPBu(t)

=
[
x(t)
u(t)

]T [
ATP + PA PB

BTP 0

] [
x(t)
u(t)

]
.

Thus, we obtain

s(u, y) − d
dt

[
x(t)TPx(t)

] =
[
x(t)
u(t)

]T
F (P)

[
x(t)
u(t)

]
, (6.39)

where

F (P) = −
[
ATP + PA PB

BTP 0

]
+

[
C D
0 I

]T
Q

[
C D
0 I

]
.
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Therefore, (6.38) is equivalent to

t1�
t0

[
x(t)
u(t)

]T
F (P)

[
x(t)
u(t)

]
dt ≥ 0. (6.40)

Further, in view of the arbitrariness of t0 and t1, (6.40) is clear seen to be
equivalent to

[
x(t)
u(t)

]T
F (P)

[
x(t)
u(t)

]
> 0, ∀t ≥ 0.

Since the aforementioned inequality holds for all input u (t), and also the system
is controllable, by Lemma 6.1 we know that (6.40) is equivalent to F (P) ≥ 0.
Therefore, we have shown that (6.30) implies (6.37).

Necessity: This is actually a reverse process of the sufficiency part. Suppose that
there exists a matrix P ∈ S

n such that (6.37) holds, then we have (6.40), which
is equivalent to (6.38) in view of (6.39). Hence we further have the dissipativity
inequality (6.30). Therefore, the system (6.27) is dissipative with the supply function
s(u, y). Thus, the conclusion is true in view of Proposition 6.2. �

Example 6.5

Consider an advanced (CCV-type) fighter aircraft system (Syrmos and Lewis 1993,
Duan 2003) in the form of (6.27) with the following coefficients:

A =

⎡

⎢⎢⎢⎢
⎣

−1.3410 0.9933 0 −0.1689 −0.2518
43.2230 −0.8693 0 −17.2510 −1.5766
1.3410 0.0067 0 0.1689 0.2518

0 0 0 −20.0000 0
0 0 0 0 −20.0000

⎤

⎥⎥⎥⎥
⎦
, B =

⎡

⎢⎢⎢⎢
⎣

0 0
0 0
0 0

20 0
0 20

⎤

⎥⎥⎥⎥
⎦
,

C = [
I3 0

]
, D = 0.

For this system, we choose

Q =

⎡

⎢⎢⎢⎢
⎣

−3 2 1 0 −1
2 1 1 0 0
1 1 2 −1 0
0 0 −1 1 0

−1 0 0 0 1

⎤

⎥⎥⎥⎥
⎦
.

Since

λ(Q) = {−4.0539, 0.0470, 1.0000, 1.4961, 3.5108}
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contains both positive and negative values, the matrixQ is neither positive definite
nor negative definite.

Solving the LMI in (6.37) with the MATLAB function feasp yields a positive
definite solution

P =

⎡

⎢⎢⎢⎢
⎣

2.7598 −0.0841 0.7253 −0.0315 −0.0408
−0.0841 0.0359 0.0301 0.0135 −0.0029
0.7253 0.0301 1.3723 −0.0553 −0.0077

−0.0315 0.0135 −0.0553 0.0735 −0.0009
−0.0408 −0.0029 −0.0077 −0.0009 0.0637

⎤

⎥⎥⎥⎥
⎦

> 0.

Therefore, the system is dissipative with respect to this particular supply function.

6.4 Passivity and Positive-Realness
In the proceeding section, we have introduced for the linear system (6.27) the
concept of dissipativity and also given some equivalent conditions. In this section,
we further require that the dimension of the input vector and that of the output
vector of system (6.27) are the same, that is, m = r.

It is seen from the definition that dissipativity varies with the supply function

sQ(u, y) =
[
y
u

]T
Q

[
y
u

]
.

Specially choosing

Q = QP =
[
0 I
I 0

]
, (6.41)

leads to the concept of passivity.

6.4.1 Definitions
With the choice of Q matrix given in (6.41), the supply function becomes

sP(u, y) = 2uT(t)y(t).

In this case, the dissipativity condition (6.29) turns into

T�
0

uT(t)y(t) dt ≥ 0. (6.42)

Definition 6.6 The linear system (6.27), with the same number of input and
output variables, is called passive if (6.42) holds for arbitrary T ≥ 0, arbitrary input
u(t), and the corresponding solution y(t) of (6.27) with x(0) = 0.

co
nt

ro
len

gin
ee

rs
.ir



186 ■ LMIs in Control Systems

Obviously, passivity describes a property of a linear system in the time domain.
While the following definition, which has a close relation to the concept of passivity,
describes a property of a linear system in the frequency domain.

Definition 6.7 The transfer function matrix

G(s) = C (sI − A)−1 B + D

of system (6.27) is called positive-real if it is square and satisfies

GH(s) + G(s) ≥ 0, ∀s ∈ C, Re(s) > 0. (6.43)

6.4.2 Positive-Real Lemma
Passivity and positive-realness are two very important concepts in linear control
systems theory. The following well-known positive-real lemma reveals the relation
between passivity and positive-realness.

Theorem 6.13 Let the linear system (6.27) be controllable. Then, the system
(6.27) is passive if and only if its transfer function is positive-real.

Proof When the Q matrix is specially taken as in (6.41), the inequality (6.33)
reduces to (6.43). Thus, we can easily obtain the conclusion from the equivalence
of (6.29) and (6.33) in Theorem 6.11 (see Figure 6.1). �

DS (6.29)

(6.33)

(6.37) (6.44)

(6.43)

(6.42) PA

PR

Q=QP

Q=QP

Q=QP

Figure 6.1 Relations among dissipativity (DS), passivity (PA), and positive-
realness (PR).
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The aforementioned theorem tells us that passivity and positive-realness in fact
describe the same property of a linear system, one gives the time-domain feature of
this property, while the other gives the frequency-domain feature.

6.4.3 LMI Condition
The following theorem gives an LMI condition for passivity of linear systems.

Theorem 6.14 Let the linear system (6.27) be controllable. Then, the system
(6.27) is passive if and only if there exists a matrix P > 0, such that

[
ATP + PA PB − CT

BTP − C −DT − D

]
≤ 0. (6.44)

Proof It is known from earlier text that, when the Q matrix is specially chosen
as in (6.41), the dissipativity of the linear system (6.27) becomes the passivity
of the system. Meanwhile, the inequality (6.37) can be easily seen to reduce
to (6.44). Therefore, we can easily obtain the conclusion from Theorem 6.12
(see Figure 6.1). �

It is obvious that (6.44) implies ATP + PA ≤ 0, thus the following conclusion
immediately follows.

Corollary 6.1 The linear system (6.27) is passive only if the matrix A is stable or
critically stable.

Using the Schur complement lemma, we can also get the following corollary.

Corollary 6.2 Let the linear system (6.27) be controllable, and D + DT > 0.
Then, the linear system (6.27) is passive if and only if there exists a matrix P ∈ S

n

satisfying the following Riccati matrix inequality:

ATP + PA + (
PB − CT) (

D + DT)−1 (
BTP − C

) ≤ 0.

Example 6.6

Consider a continuous-time linear system in the form of (6.27) with

A =
[−1 0

1 −1

]
, B =

[−4
1

]
,

C = [−100 10
]
, D = 1.
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Applying the MATLAB function feasp in the MATLAB LMI toolbox to the cor-
responding LMI problem in (6.44) with these parameters gives the following
solution

P =
[
26.0514 1.8531
1.8531 19.9938

]
> 0.

By Theorem 6.13, this linear system is passive.

6.5 Nonexpansivity and Bounded-Realness
In this section, we also consider the controllable linear system (6.27) with m = r.

As in Section 6.4, specially choosing

Q = QN =
[−I 0
0 I

]
, (6.45)

in the definition of dissipativity, or equally, in the supply function

sQ(u, y) =
[
y
u

]T
Q

[
y
u

]
,

leads to the concept of nonexpansivity.

6.5.1 Definitions
With the choice of Q matrix given in (6.45), the supply function becomes to

sN (u, y) = uT(t)u(t) − yT(t)y(t).

In this case, the dissipativity condition (6.29) turns into

T�
0

yT(t)y(t) dt ≤
T�
0

uT(t)u(t) dt. (6.46)

Definition 6.8 The linear system (6.27) is called nonexpansive if (6.46) holds for
arbitrary T ≥ 0, arbitrary input u(t) and the corresponding solution y(t) of system
(6.27) with x(0) = 0.

Clearly, nonexpansivity is a property of linear systems in the time domain. The
following definition describes a property of a linear system in the frequency domain.
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Definition 6.9 The transfer function matrix

G(s) = C (sI − A)−1 B + D

of the system (6.27) is called bounded-real if it satisfies

GH(s)G(s) ≤ I , ∀s ∈ C, Re(s) > 0. (6.47)

The following proposition gives another interpretation for the concept of
bounded-realness.

Proposition 6.3 The bounded-real condition (6.47) is equivalent to

||G(s)||∞ ≤ 1. (6.48)

Proof It is obvious that (6.47) is equivalent to

σmax (G(s)) ≤ 1, ∀s ∈ C, Re(s) > 0. (6.49)

Thus, by Proposition 5.1, the aforementioned condition is equivalent to

||G(s)||∞ = sup{σmax (G(s)) | Re(s) > 0} ≤ 1.

With this we complete the proof. �

6.5.2 Bounded-Real Lemma
Like passivity and positive-realness, nonexpansivity and bounded-realness are also a
pair of concepts describing a property of a linear system in the time-domain and the
frequency-domain, respectively. The following well-known bounded-real lemma
reveals this relation.

Theorem 6.15 Let the linear system (6.27) be controllable. Then, the system
(6.27) is nonexpansive if and only if its transfer function is bounded-real.

Proof When the Q matrix is specially taken as in (6.45), the inequality (6.33)
reduces to (6.47). Thus, we can easily obtain the conclusion from the equivalence
of (6.29) and (6.33) in Theorem 6.11 (see Figure 6.2). �

The aforementioned theorem tells us that nonexpansivity and bounded-realness
in fact describe a same property of a linear system, one gives the time-domain feature
of this property, while the other gives the frequency-domain feature.
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DS (6.29) (6.46) NE

BR(6.47)

(6.50) or (6.51)
Q=QN

Q=QN

Q=QN

(6.33)

(6.37)

Figure 6.2 Relations among dissipativity (DS), nonexpansivity (NE), and
bounded-realness (BR).

6.5.3 LMI Conditions
Proposition 6.3 has linked the concept of bounded-realness of a linear system with
the H∞ performance of the system. Using such a relation and Theorem 5.3, we can
immediately get the LMI condition for bounded-realness of a linear system.

Theorem 6.16 Let the linear system (6.27) be controllable. Then, the transfer
function of system (6.27) is bounded-real if and only if there exists a matrix P > 0
satisfying one of the following LMIs:

⎡

⎣
ATP + PA PB CT

BTP −I DT

C D −I

⎤

⎦ < 0, (6.50)

and
[
PA + ATP + CTC PB + CTD

BTP + DTC DTD − I

]
< 0. (6.51)

Proof This directly follows from Proposition 6.3 and Theorem 5.3, where the
scalar γ is simply set to 1. �

Remark 6.3 In fact, as a slight generalization of Proposition 6.3, we can easily
show that the transfer function matrix of the linear system (6.27), with x (0) = 0,
satisfies ||G(s)||∞ <γ for some γ > 0 if and only if the system input and output
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admit the following relation

T�
0

yT(t)y(t) dt ≤ γ 2
T�
0

uT(t)u(t) dt (6.52)

for arbitrary T > 0. Such an equivalent relation clearly reveals the meaning of H∞
indices in the time domain.

The following is an immediate corollary of Theorem 6.16.

Corollary 6.3 The linear system (6.27) is nonexpansive only if the matrix A is
stable.

Further, using Schur complement lemma, we can also get the following corollary.

Corollary 6.4 Let the linear system (6.27) be controllable and I − DTD > 0.
Then the transfer function of system (6.27) is bounded-real if and only if there exists
a matrix P > 0 satisfying the following Riccati matrix inequality:

ATP + PA + CTC + (
PB + CTD

) (
I − DTD

)−1 (
PB + CTD

)T ≤ 0.

Example 6.7

Consider the linear system in Example 6.6 again. Applying the MATLAB function
feasp in the MATLAB LMI toolbox to the corresponding LMI problem in (6.51),
we find that this LMI constraint is infeasible. By Theorem 6.15, the system is not
nonexpansive. In fact, solving the corresponding H∞ optimization problem, we
actually obtain γ = 372.2820 � 1.

To finish this section, we mention that, for simplicity and also for emphasizing
the relationship between dissipativity and nonexpansivity (bounded realness), we
have chosen to prove Theorem 6.15, the bounded-real lemma, using Theorem 6.11.
While this bounded-real lemma can also be proven directly. A direct proof is provided
in Appendix A .

6.6 Notes and References
This chapter investigates certain properties of linear systems, which include stabi-
lizability, detectability, dissipativity, passivity and positive-realness, nonexpansivity,
and bounded-realness.
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Table 6.1 Criteria for Stabilizability of (A,B)

Criteria Variables

P > 0

AP + PAT + BW +WTBT < 0
P,W

Hurwitz
P > 0

NT
b

(
AP + PAT

)
Nb < 0

P

P > 0

AP + PAT − BBT < 0
P

⎡

⎢
⎣

−P AP + BW

PAT +WTBT −P

⎤

⎥
⎦ < 0 P,W

Schur

⎡

⎢
⎣

−NT
bPNb NT

bAP

PATNb −P

⎤

⎥
⎦ < 0 P

⎡

⎢
⎣

−P PAT

AP −P − BBT

⎤

⎥
⎦ < 0 P

The LMI conditions of stabilizability and detectability of the linear system
(A,B,C) are summarized in Tables 6.1 and 6.2, respectively, while those for pas-
sivity (positive-realness) and nonexpansivity (bounded-realness) of the linear system
(A,B,C ,D) are given in Table 6.3.

Again, what we have presented in this chapter are very basic. For generalization
of the concepts of detectability to descriptor linear systems, one can refer to Duan
(2010) for detectability and observability of stochastic systems, to Li et al. (2009,
2010) for positive-realness of descriptor linear systems, and to Zhou et al. (2010b)
and Yang et al. (2007).

As we have seen in this chapter that passivity and nonexpansivity are both special
cases of dissipativity, which is defined for the linear system (A,B,C ,D) , with a
transfer function

G(s) = C (sI − A)−1 B + D.

Conditions for dissipativity of system (A,B,C ,D) with respect to the following
supply function

s(u, y) =
[
y
u

]T
Q

[
y
u

]
, (6.53)
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Table 6.2 Criteria for Detectability of (A,B,C)

Criteria Variables

P > 0

ATP + PA+WTC + CTW < 0
P,W

Hurwitz
P > 0

NT
c

(
ATP + PA

)
Nc < 0

P

P > 0

ATP + PA− CTC < 0
P

⎡

⎢
⎣

−P ATP + CTWT

PA+WC −P

⎤

⎥
⎦ < 0 P,W

Schur

⎡

⎢
⎣

−NT
cPNc NT

cA
TP

PANc −P

⎤

⎥
⎦ < 0 P

⎡

⎢
⎣

−P PA

ATP −P − CTC

⎤

⎥
⎦ < 0 P

are composed of the following:

1.
� T
0 s(u, y) dt ≥ 0, ∀T > 0.

2.
� t1
t0
s(u, y) dt ≥ xT (t1) Px (t1) − xT (t0) Px (t0) , ∀t1 ≥ t0 > 0.

3.
[
G(s)
I

]H
Q

[
G(s)
I

]
≥ 0, ∀s ∈ C, Re(s) > 0.

4.
[
ATP + PA PB

BTP 0

]
−

[
C D
0 I

]T
Q

[
C D
0 I

]
≤ 0, P > 0.

We have seen that nonexpansivity is equivalent to ||G(s)||∞ ≤ 1. This gives a
clear meaning of the H∞ index. Also, it tells us that the H∞ norm of a stable linear
system admits an interpretation in terms of dissipativity of the system with respect
to a specific quadratic supply function.

Most of the results for dissipativity of linear systems presented in this chapter
are closely related to those in Willems (1971b) and Scherer and Weiland (2000).
These include result in Proposition 6.2 and those in Theorems 6.11 and 6.12.
However, the proofs given in Willems (1971b) and Scherer andWeiland (2000) are
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Table 6.3 Criteria for Passivity and Nonexpansivity

Problems Criteria

T�
0
uT(t)y(t)dt ≥ 0, ∀T ≥ 0

Passivity or
positive-realness

GH(s) +G(s) ≥ 0, ∀s ∈ C, Re(s) > 0

∃ P > 0, s.t.
⎡

⎢
⎣
ATP + PA PB− CT

BTP − C −DT −D

⎤

⎥
⎦ < 0

T�
0
yT(t)y(t)dt ≤

T�
0
uT(t)u(t)dt, ∀T ≥ 0

GH(s)G(s) ≤ I|
|G(s)||∞ ≤ 1

Nonexpansivity or
bounded-realness

∃ P > 0, s.t.
⎡

⎢⎢⎢⎢
⎣

ATP + PA PB CT

BTP −I DT

C D −I

⎤

⎥⎥⎥⎥
⎦

< 0

∃ P > 0, s.t.
⎡

⎢
⎣
ATP + PA+ CTC PB+ CTD

BTP +DTC DTD− I

⎤

⎥
⎦ ≤ 0

very brief and provide only some outlines. For the sake of most of the audience, we
have provided detailed proofs of these results in Section 6.3.

Finally, we mention that the concept of dissipativity has been extended to other
types of systems, for example, neural networks with mixed time-varying delays
(Cao et al. 2006), and smart dampers systems (Johnson and Erkus 2007).

Exercises
6.1 Prove Corollary 6.1, that is, the linear system

{
ẋ = Ax + Bu
y = Cx + Du

is passive only if the matrix A is stable.
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6.2 Verify the Hurwitz stabilizability of the following linear system using LMI
technique:

ẋ =
⎡

⎣
0 1 2
0 1 0
1 1 1

⎤

⎦ x +
⎡

⎣
0 1
1 0
0 1

⎤

⎦ u.

6.3 Verify using LMI technique theHurwitz detectability of the following system

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẋ =
⎡

⎣
−2 1 0
0 −2 0
0 0 −2

⎤

⎦ x

y =
[
1 0 4
2 0 8

]
x.

6.4 Consider the following linear system (Duan 2003)
{
ẋ = Ax + Bu
y = Cx

with

A =
⎡

⎣
0.5 0 0
0 −2 10
0 1 −2

⎤

⎦ , B =
⎡

⎣
1 0

−2 2
0 1

⎤

⎦ , C =
[
1 0 0
0 0 1

]
.

Determine whether or not this system is Hurwitz stabilizable and detectable.
6.5 Consider the following linear system

G (s) = 1
s2 + 3s + 2

. (6.54)

1. Determine whether or not this system is passive.
2. Determine whether or not this system is bounded-real.

6.6 Consider the jet transport aircraft system in Example 6.2.
1. Determine whether or not this system is passive.
2. Determine whether or not this system is bounded-real.

6.7 Prove Theorem 6.16 using Theorem 6.12.
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Chapter 7

Feedback Stabilization

In the previous three chapters, we have studied several types of analysis problems,
while from this chapter on we will look at certain control systems design problems.
We start with in this chapter the problem of state feedback stabilization.

The results in the first five sections are closely related to the stability analysis
results covered in Chapter 4. In Chapter 4, we have given various analysis condi-
tions for different types of stability. But in this chapter, we will first apply those
conditions to the state feedback stabilization system, and then, through a variable
substitution, we can turn the design conditions for stabilization into LMIs, and
meanwhile get the expression of the gain matrix. Such a procedure is shown in
Figure 7.1.

7.1 State Feedback Stabilization
In this section, we examine the problem of state feedback stabilization. The purpose
is to present a solution to the problem based on LMIs.

7.1.1 Case of Continuous-Time Systems
The problem of state feedback stabilization for continuous-time systems can be
stated as follows.

Problem 7.1 For the following continuous-time linear system

ẋ = Ax + Bu, (7.1)

199
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A+BK

W=KP

K=WP–1

Analaysis condition for stability (stabilizability)

Design condition for stabilization

Figure 7.1 Basic procedure for stabilization design.

design a state feedback control law u = Kx, such that the closed-loop system

ẋ = (A + BK ) x

is asymptotically stable.

By Lyapunov stability theory, the problem has a solution if and only if there
exists a symmetric positive definite matrix P, such that

(A + BK ) P + P (A + BK )T < 0.

Thus, the following result immediately follows from Theorems 6.2 and 6.4 and
their proof.

Theorem 7.1 Consider the state feedback stabilization problem stated earlier.

1. The problem has a solution if and only if there exist a symmetric positive
definite matrix P and a matrixW satisfying

AP + PAT + BW + W TBT < 0. (7.2)

In this case, a solution to the problem is given by

K = WP−1.
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2. The problem has a solution if and only if there exists a symmetric positive
definite matrix P satisfying

AP + PAT − BBT < 0. (7.3)

In this case, a solution to the problem is given by

K = −1
2
BTP−1.

Remark 7.1 In Remark 6.1, we point out that the inequality (7.3) can be replaced
by the LMI

AP + PAT < γBBT, γ > 0.

In this case, the corresponding gain matrix is given by

K = −γ

2
BTP−1,

which is actually invariant with the scalar γ .

Example 7.1

Consider the following benchmark system, which has been introduced in
Problem 3.10,

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ(t) =

⎡

⎢⎢⎢⎢⎢⎢
⎣

20 0 0 · · · 0
20 19 0 · · · 0

0 20 18
. . .

...
...

. . .
. . .

. . . 0
0 · · · 0 20 1

⎤

⎥⎥⎥⎥⎥⎥
⎦

x(t) +

⎡

⎢⎢⎢⎢⎢
⎣

1
0
0
...
0

⎤

⎥⎥⎥⎥⎥
⎦
u(t)

y = [
0 0 · · · 0 1

]
x.

Applying the MATLAB� function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (7.2), we obtain the parameters W and P > 0, and
the stabilizing feedback gain is obtained via

K = [
k1 k2 · · · k20

] = WP−1.

Entries in the gain matrix K are given in Table 7.1.
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Table 7.1 Entries of Gain Matrix K

j k3j+1 k3j+2 k3j+3

0 −591.4762 −10314.5551 −92979.44209

1 −540566.8807 −2209854.2130 −6688509.0488

2 −15474002.5449 −27952786.7039 −39997637.3117

3 −45768927.4074 −42125136.3660 −31262321.5973

4 −18691639.2974 −8961636.0608 −3411864.4338

5 −1013690.8962 −228097.5187 −36841.7712

6 −3836.6356 −196.2084

By using the MATLAB function eig, the set of closed-loop eigenvalues are
obtained as

λ (A+ BK) = {−144.1706 ± 238.9446i,−14.5740 ± 58.0656i,

− 5.4157 ± 33.3797i,−2.7601 ± 23.2861i,

− 1.4620 ± 18.0273i,−1.6736 ± 15.3718i,

− 3.1287 ± 11.5781i,−5.3042 ± 8.5417i,

− 6.8075 ± 2.03473i,−5.4416 ± 4.6807i} , (7.4)

which is clearly located on the left-half complex plane.

7.1.2 Case of Discrete-Time Systems
The problem of state feedback stabilization of discrete-time linear systems can be
stated as follows.

Problem 7.2 For the following discrete-time linear system

x (k + 1) = Ax (k) + Bu (k),

design a state feedback control law

u (k) = Kx (k),

such that the closed-loop system

x (k + 1) = (A + BK ) x (k)

is asymptotically stable.
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By Lyapunov stability theory, the problem has a solution if and only if there
exists a symmetric positive definite matrix P, such that

(A + BK ) P (A + BK )T − P < 0.

Thus, the following result immediately follows from Theorems 6.7 and 6.9 and
their proofs.

Theorem 7.2 Consider the state feedback stabilization problem stated earlier.

1. The problem has a solution if and only if there exist a symmetric matrix P
and a matrixW satisfying

[ −P AP + BW
PAT + W TBT −P

]
< 0. (7.5)

In this case, a feedback gain matrix is given by

K = WP−1.

2. The problem has a solution if and only if there exists a symmetric matrix P
satisfying

[−P PAT
AP −P − BBT

]
< 0. (7.6)

In this case, a feedback gain matrix is given by

K = −(2I + BTP−1B)−1BTP−1A.

Remark 7.2 In Remark 6.2, we point out that the inequality (7.6) can be replaced
by the following alternate LMI condition

[−P PAT
AP −P − γBBT

]
< 0, γ > 0.

In this case, the corresponding gain matrix is given by

K = −
(
2
γ
I + BTP−1B

)−1
BTP−1A,

which is actually invariant with the scalar γ .
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Example 7.2

Consider the discrete-time linear system in Example 6.3 again. For this sys-
tem, applying the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (7.5) yields

P =
⎡

⎣
48.2702 −0.0000 0.0000
−0.0000 26.5366 −0.0000
0.0000 −0.0000 85.6691

⎤

⎦ > 0,

W = [−48.2702 −26.5366 0
]
.

Thus, a stabilizing feedback gain is obtained as

K = WP−1 = [−1.0000 −1.0000 −0.0000
]
.

It can be verified using theMATLAB function eig that the closed-loop eigenvalues
are (−0.1046 ± 0.1813i) × 10−5 and 2.093 × 10−6, which are all stable in the
discrete-time sense.

7.2 D-Stabilization
In this section, we examine several problems of D-stabilization of the following
system

ẋ = Ax + Bu, (7.7)

where x ∈ R
n and u ∈ R

r are the state vector and the input vector, respectively.

7.2.1 H(α,β)-Stabilization
The problem of H(α,β)-stabilization of the linear system (7.7) is stated as follows.

Problem 7.3 For the linear system (7.7), design a state feedback control law
u = Kx such that the closed-loop system

ẋ = (A + BK ) x

is H(α,β) stable.

It follows from Proposition 4.3 that the problem has a solution if and only if
there exists a symmetric positive definite matrix P satisfying

{
(A + BK ) P + P (A + BK )T + 2αP < 0

− (A + BK ) P − P (A + BK )T − 2βP < 0.

Based on this observation, the following result can be immediately obtained.
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Theorem 7.3 Problem 7.3 has a solution if and only if there exist a symmetric
positive definite matrix P and a matrixW satisfying

{
AP + PAT + BW + W TBT + 2αP < 0

−AP − PAT − BW − W TBT − 2βP < 0. (7.8)

In this case, a solution to the problem is given by

K = WP−1.

Example 7.3

Consider the benchmark system in Example 7.1 again. Let the associated
region be

H(1,3) = {x+ yj | −3 < x < −1 < 0}.

By using the MATLAB function feasp in the MATLAB LMI toolbox, the corre-
sponding LMI problem (7.8) is solved. Based on the obtained parameter matrices
W and P, the feedback gain is obtained by

K = [
k1 k2 · · · k20

] = WP−1.

Entries in the gain matrix K are given in Table 7.2.

Table 7.2 Entries of Gain Matrix K

j k3j+1 k3j+2 k3j+3

0 −247.2992 −3641.8033 −27720.8477

1 −150480.7997 −588726.8296 −1753787.5424

2 −4043652.1159 −7366762.0268 −10691261.2443

3 −12474312.3964 −11723931.5461 −8899960.6584

4 −5433676.2155 −2659386.8988 −1028572.6855

5 −310360.7401 −70269.3239 −11477.0865

6 −1184.2997 −61.5274
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By using the MATLAB function eig, the closed-loop eigenvalues are
obtained as

λ (A+ BK) = {−2.0033 ± 196.2688i,−1.9091 ± 64.4927i,

−1.7565 ± 37.7301i,−1.6236 ± 26.1631i,

−1.5371 ± 19.8647i,−1.6132 ± 16.3433i,

−2.0503 ± 13.8705i,−2.0603 ± 10.6065i,

−2.0475 ± 6.5857i,−2.0487 ± 2.2323i} ,

which are clearly located in the region H(1,3).

7.2.2 D(q,r)-Stabilization
The problem of D(q,r)-stabilization is stated as follows.

Problem 7.4 Let

D = D(q,r) =
{
x + jy

∣∣∣
(
x + q

)2 + y2 < r2
}

be a domain on the complex plane. Design a state feedback control law u = Kx for
the linear system

ρx = Ax + Bu,

such that the closed-loop system

ρx = (A + BK ) x

is D-stable. Here ρ represents either the differential operator (for continuous-time
system case) or the one-step forward operator (for discrete-time system case).

It follows from Proposition 4.4 that the problem has a solution if and only if
there exists a symmetric matrix P satisfying the following LMI:

[ −rP qP + (A + BK ) P
qP + P (A + BK )T −rP

]
< 0.

Denoting

W = KP,
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we can convert the above inequality into the following equivalent one:
[ −rP qP + AP + BW
qP + PAT + W TBT −rP

]
< 0. (7.9)

From the aforementioned deduction, we have the following result.

Theorem 7.4 Problem 7.4 has a solution if and only if there exists a symmetric
positive definite matrix P satisfying the LMI (7.9). In this case, a feedback gain
matrix is given by

K = WP−1.

Example 7.4

Consider the following linear system

ẋ(t) =
⎡

⎣
−5 1 0
0 1 1
1 1 1

⎤

⎦ x(t) +
⎡

⎣
0 0
0 1
1 0

⎤

⎦u(t).

This system has been used in Duan et al. (1990, 2001) and Duan and Chen (1995).
Let the parameters associated with the interested region D(q,r) be q = 2 and r = 1,
that is,

D(2,1) =
{
x+ jy

∣∣∣(x+ 2)2 + y2 < 1
}
.

Using the MATLAB function feasp in the MATLAB LMI toolbox, the cor-
responding LMI problem (7.9) is solved, and the parameter matrices are
obtained as

P =
⎡

⎣
2.2026 5.7346 −0.0000
5.7346 16.2965 −0.0000

−0.0000 −0.0000 11.4349

⎤

⎦ > 0,

and

W =
[ −7.9372 −22.0312 −34.3047
−19.5344 −51.3145 −11.4349

]
.

Hence, a feedback gain is given by

K = WP−1 =
[−1.0000 −1.0000 −3.0000
−8.0032 −0.3325 −1.0000

]
.

It can be verified that the corresponding closed-loop poles are−2.3302, −2.0023,
and −2.0000, which are indeed located in the region D(2,1).
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7.2.3 General D-Stabilization
The problem of D-stabilization, with D being an LMI region, is stated as follows.

Problem 7.5 Let D = D(L,M) be an LMI region, whose characteristic function is

FD = L + sM + s̄MT.

Design a state feedback control law u = Kx for the linear system

ρx = Ax + Bu, (7.10)

such that the closed-loop system

ρx = (A + BK ) x

is D(L,M)-stable.

It follows from Theorem 4.1 that the matrix (A + BK ) is D(L,M)-stable if and
only if there exists a symmetric positive definite matrix P such that

RD (A, P) = L ⊗ P + M ⊗ ((A + BK ) P) + MT ⊗ ((A + BK ) P)T < 0,

where ⊗ represents the Kronecker product. Let

W = KP,

the aforementioned inequality can be rewritten as

L ⊗ P + M ⊗ AP + MT ⊗ PAT + M ⊗ BW + MT ⊗ W TBT < 0. (7.11)

With this deduction, we now have the following theorem.

Theorem 7.5 The aforementioned D(L,M)-stabilization problem has a solution
if and only if there exist a symmetric positive definite matrix P and a matrix W
satisfying the LMI (7.11). In this case, a solution to the problem is given by

K = WP−1.

Example 7.5

Consider the LMI region S(α, r, θ) given in (4.17). In Example 4.8, we have shown
that (A+ BK) is S(α, r, θ)-stable if and only if there exists a symmetric positive
definite matrix P, such that

2αP + (A+ BK)P + P (A+ BK)T < 0,
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[ −rP (A+ BK)P
P (A+ BK)T −rP

]
< 0,

⎡

⎣

(
(A+ BK)P + P (A+ BK)T

)
sin θ

(
(A+ BK)P − P (A+ BK)T

)
cos θ

(
P (A+ BK)T − (A+ BK)P

)
cos θ

(
(A+ BK)P + P (A+ BK)T

)
sin θ

⎤

⎦ < 0.

Through introducing the relation

W = KP,

we immediately have the conclusion that the LMI region stabilization problem in
the case of S(α, r, θ) has a solution if and only if there exist a symmetric matrix P
and a matrix W, satisfying

2αP + AP + PAT + BW +WTBT < 0,

[ −rP AP + BW
PAT +WTBT −rP

]
< 0,

⎡

⎣

(
AP + PAT + BW +WTBT

)
sin θ

(
AP − PAT + BW −WTBT

)
cos θ

(
PAT − AP +WTBT − BW

)
cos θ

(
AP + PAT + BW +WTBT

)
sin θ

⎤

⎦ < 0.

In this case, the feedback gain is given by

K = WP−1.

Example 7.6

Consider the following linear system, which has been studied by Duan (2003):

ẋ(t) =
⎡

⎢
⎣

−0.5 0 0

0 −2 10

0 1 −2

⎤

⎥
⎦ x(t) +

⎡

⎢
⎣

1 0

−2 2

0 1

⎤

⎥
⎦u(t).

Let the matrices associated with the characteristic function of the LMI region D be

L =
[−1 2

2 −1

]

, M = 1
4

[
0 3

1 0

]

.
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–3 –2 –1

2

x

y

Figure 7.2 The LMI region in Example 7.6.

Thus,

D =
{
s
∣∣∣s ∈ C, L+ sM+ s̄MT < 0

}

=
{

s

∣∣∣∣∣
s ∈ C,

[−1 2
2 −1

]
+

[
0 3

4 s
1
4 s 0

]

+
[
0 1

4 s̄
3
4 s̄ 0

]

< 0

}

=
{

s

∣∣∣∣∣
s ∈ C,

[
−1 2 + 3

4 s+ 1
4 s̄

2 + 1
4 s+ 3

4 s̄ −1

]

< 0

}

=
{
x+ yj

∣∣∣∣x, y ∈ R, (x+ 2)2 + 1
4
y2 < 1

}
,

which is obviously an ellipsoid (see Figure 7.2).
With this system and the aforementioned given region, the corresponding

LMI is
[−P 2P + 3

4AP + 1
4PA

T + 3
4BW + 1

4W
TBT

∗ −P
]

< 0,

where “*” denotes the symmetric entry in the matrix. Using the MATLAB function
feasp in the MATLAB LMI toolbox, the aforementioned LMI is solved, and the
parameter matrices are obtained as

P =
⎡

⎣
65.3429 7.9921 −14.5394
7.9921 47.8959 6.0223

−14.5394 6.0223 12.8421

⎤

⎦ > 0,

and

W =
[−101.5266 −20.7431 51.3169

−26.7148 −51.3939 −9.0775

]
.
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Hence, a feedback gain is given by

K = WP−1 =
[−0.6521 −0.7799 3.6234
−0.4885 −0.8853 −0.8448

]
.

Using the MATLAB command eig, the corresponding closed-loop poles are com-
puted to be −2.1039 ± 1.0842i and −2.0000, which are indeed located in the
LMI region D.

7.3 Quadratic Stabilization
Quadratic stabilization deals with the stabilization of a family of systems. It arises
from the problem of robust control.

7.3.1 Family of Systems
This is concerned with the stabilization of the following uncertain system

ρx = A(δ(t))x + B(δ(t))u, (7.12)

with ρ representing the differential operator, or the one step forward shift operator.
As stated in the beginning of Section 4.3, in the former case, the system is continuous-
time, and t is a continuous variable; while in the latter case, the system is discrete-
time, and now t is a discrete variable.

The coefficient matrices of the system take the forms of

A(δ(t)) = A0 + 	A(δ(t)), B(δ(t)) = B0 + 	B(δ(t)),

with

	A(δ(t)) = δ1(t)A1 + δ2(t)A2 + · · · + δk(t)Ak,

	B(δ(t)) = δ1(t)B1 + δ2(t)B2 + · · · + δk(t)Bk,

where

■ A0 ∈ R
n×n and B0 ∈ R

n×r are the nominal system coefficient matrices
■ 	A(δ(t)) and 	B(δ(t)) are the parameter matrix perturbations
■ Ai ∈ R

n×n, Bi ∈ R
n×r , i = 1, 2, . . . , k, are known matrices that represent

the perturbation directions
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■ δi(t), i = 1, 2, . . . , k, are arbitrary time functions, which represent the
uncertain parameters

■ δ(t) = [
δ1(t) δ2(t) · · · δk(t)

]
is the uncertain parameter vector, which

is taken from a compact set 	, that is,

δ(t) = [
δ1(t) δ2(t) · · · δk(t)

] ∈ 	.

Clearly, the uncertain system (7.12) can be written as

ρx = A(δ(t))x + B(δ(t))u, δ(t) ∈ 	. (7.13)

7.3.2 Quadratic Hurwitz Stabilization
First, let us treat the continuous-time case, and investigate the quadratic Hurwitz
stabilization of the uncertain continuous-time system (7.13).

7.3.2.1 Problem Formulation

The problem of quadratic Hurwitz stabilization can be stated as follows.

Problem 7.6 Find a fixed state feedback control law u = Kx for the uncertain
system (7.13) such that the set of closed-loop systems

ẋ = Ac(δ(t))x, δ(t) ∈ 	, (7.14)

with

Ac(δ(t)) = A(δ(t)) + B(δ(t))K ,

is quadratically Hurwitz stable, that is, there exists a symmetric positive definite
matrix P, such that

Ac(δ(t))P + PATc (δ(t)) < 0, ∀δ(t) ∈ 	. (7.15)

In the following of this section, we seek solutions to the aforementioned quadratic
Hurwitz stabilization problem for the cases of interval systems and polytopic systems.

7.3.2.2 Case of Interval Systems

As in Section 4.3, we first consider the case of 	 = 	I , with

	I = {
δ(t) = [

δ1(t) δ2(t) · · · δk(t)
] | δi(t) ∈ [δ−

i , δ+
i ], i = 1, 2, . . . , k

}
.

(7.16)
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In this case, the system becomes an interval system, and the set of the extremes of
	I is

	E = {
δ = [

δ1 δ2 · · · δk
] | δi = δ−

i or δ+
i , i = 1, 2, . . . , k

}
.

It follows from Corollary 4.1 that the system (7.14), with δ(t) ∈ 	 = 	I , is
quadratically Hurwitz stable if and only if there exists a symmetric positive definite
matrix P, such that

Ac(δ)P + PATc (δ) < 0, δi = δ−
i or δ+

i , (7.17)

that is,

[A(δ) + B(δ)K ] P + P [A(δ) + B(δ)K ]T < 0, δi = δ−
i or δ+

i . (7.18)

Following the typical treatment of this type of inequalities, we immediately have
the following theorem.

Theorem 7.6 With 	 = 	I given by (7.16), the aforementioned quadratic
Hurwitz stabilization problem (Problem 7.6) has a solution if and only if there exist
a symmetric positive definite matrix P and a matrix W satisfying the following set
of LMIs:

A(δ)P + PAT(δ) + B(δ)W + W TBT(δ) < 0, δi = δ−
i or δ+

i . (7.19)

In this case, a solution to the problem is given by

K = WP−1.

When the matrix B does not have perturbations, that is, Bi = 0, i = 1, 2, . . . , k,
following Theorem 6.4 and its proof we further have the following result.

Theorem 7.7 When the matrix B does not have perturbations, and 	 = 	I
is given by (7.16), the aforementioned quadratic Hurwitz stabilization problem
(Problem 7.6) has a solution if and only if there exists a symmetric positive definite
matrix P satisfying the following set of LMIs

A(δ)P + PAT(δ) − B0BT
0 < 0, δi = δ−

i or δ+
i . (7.20)

In this case, a solution to the problem is given by

K = −1
2
BT
0 P

−1.
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Example 7.7

Consider the following continuous-time linear system:

ẋ(t) = A(δ(t))x(t) + B(δ(t))u(t),

with

A(δ(t)) = A0 + δ1(t)A1, B(δ(t)) = B0 + δ1(t)B1,

A0 =
⎡

⎣
−3 0 1
0 −3 0
1 0 −4

⎤

⎦ , A1 =
⎡

⎣
1 0 1
0 −1 0
0 1 1

⎤

⎦ ,

B0 =
⎡

⎣
1 1
3 4
5 1

⎤

⎦ , B1 =
⎡

⎣
1 0
0 −2
0 1

⎤

⎦ ,

δ1(t) ∈ [−0.1, 0.1].

Using the MATLAB function feasp in the MATLAB LMI toolbox, the corre-
sponding LMI problem (7.19) is solved and the two parameter matrices are
obtained as

P =
⎡

⎣
0.3429 0.1269 0.1949
0.1269 0.9457 0.1456
0.1949 0.1456 1.1505

⎤

⎦ > 0,

W =
[−0.0438 0.2574 0.8922

0.0476 0.3169 −0.8434

]
.

Thus, the feedback gain matrix can be obtained as

K = WP−1 =
[−0.7059 0.2336 0.8655

0.4812 0.4037 −0.8657

]
.

7.3.2.3 Case of Polytopic Systems

As in Section 4.3, let us consider the case of 	 = 	P , with

	P =
{

δ(t) = [
δ1(t) δ2(t) · · · δk(t)

]
∣∣∣∣∣

k∑

i=1

δi(t) = 1, δi(t) ≥ 0,

i = 1, 2, . . . , k

}

, (7.21)
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and in this case the set of extremes of 	 is

	E = {(
1 0 · · · 0

)
,
(
0 1 · · · 0

)
, . . . ,

(
0 0 · · · 1

)}
.

It follows from Corollary 4.2 that the system (7.14), with δ(t) ∈ 	 = 	P , is
quadratically Hurwitz stable if and only if there exists a symmetric positive definite
matrix P, such that

[(A0 + Ai) + (B0 + Bi)K ] P + P [(A0 + Ai) + (B0 + Bi)K ]T < 0,

i = 1, 2, . . . , k.

Following the typical treatment of this type of inequalities, we immediately have the
following theorem.

Theorem 7.8 With 	 = 	P given by (7.21), the aforementioned quadratic
Hurwitz stabilization problem (Problem 7.6) has a solution if and only if there exist
a symmetric positive definite matrix P and a matrix W satisfying the following set
of LMIs:

(A0 + Ai) P + P (A0 + Ai)T + (B0 + Bi)W + W T (B0 + Bi)T < 0,

i = 1, 2, . . . , k. (7.22)

In this case, a solution to the problem is given by

K = WP−1.

When the matrix B does not have perturbations, that is, Bi = 0, i =
1, 2, . . . , k, following Theorem 6.4 and its proof we further have the following
result.

Theorem 7.9 When the matrix B does not have perturbations, and 	 = 	P
is given by (7.21), the aforementioned quadratic Hurwitz stabilization problem
(Problem 7.6) has a solution if and only if there exists a symmetric positive definite
matrix P satisfying the following set of LMIs

(A0 + Ai) P + P (A0 + Ai)T − B0BT
0 < 0, i = 1, 2, . . . , k.
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In this case, a solution to the problem is given by

K = −1
2
BT
0 P

−1.

Example 7.8

Consider the following continuous-time linear system with parameter
uncertainties:

ẋ(t) = A(δ(t))x(t) + B(δ(t))u(t),

where

A(δ(t)) = A0 + δ1(t)A1 + δ2(t)A2,

B(δ(t)) = B0 + δ1(t)B1 + δ2(t)B2,

with

A0 =
[−1 2

2 −3

]
, A1 =

[
2 −1

−1.5 2

]
, A2 =

[
1 2
2 1

]
,

B0 =
[
1
3

]
, B1 =

[
1
0

]
, B2 =

[
0
1

]
,

and let us assume that the set of perturbation parameters δi(t), i = 1, 2, form a
polytope in the form of (7.21), with k = 2.

Using the MATLAB function feasp in the MATLAB LMI toolbox, the cor-
responding LMI problem (7.22) is solved and the two parameter matrices are
obtained as

P =
[

8.3116 −1.1787
−1.1787 22.0326

]
> 0,

and

W = [−20.8876 −0.0551
]
.

Thus, the robust feedback control gain matrix can be computed as

K = WP−1 = [−2.5326 −0.1380
]
.

7.3.3 Quadratic Schur Stabilization
7.3.3.1 Problem Formulation

The problem of quadratic Schur stabilization can be stated as follows.
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Problem 7.7 Find a fixed state feedback control law u = Kx for the uncertain
system (7.13) such that the set of closed-loop systems (7.14) is quadratically Schur
stable, that is, there exists a symmetric positive definite matrix P, such that

Ac(δ(t))PAc(δ(t))T − P < 0, ∀δ(t) ∈ 	. (7.23)

In the following of this section, we seek solutions to the aforementioned quadratic
Schur stabilization problem for the cases of interval systems and polytopic systems.

7.3.3.2 Case of Interval Systems

It follows from Corollary 4.3 that the system (7.14), with δ(t) ∈ 	 = 	I , is
quadratically Schur stable if and only if there exists a symmetric matrix P, such that

[ −P Ac(δ)P
PAc(δ)T −P

]
< 0, δi = δ−

i or δ+
i ,

that is,
[ −P [A(δ) + B(δ)K ] P
P [A(δ) + B(δ)K ]T −P

]
< 0, δi = δ−

i or δ+
i . (7.24)

Following the typical treatment of this type of inequalities, we immediately have
the following theorem.

Theorem 7.10 With 	 = 	I given by (7.16), the aforementioned quadratic
Schur stabilization problem (Problem 7.7) has a solution if and only if there exist a
symmetric matrix P and a matrixW satisfying the following set of LMIs:

[ −P A(δ)P + B(δ)W
PA(δ)T + W TBT(δ) −P

]
< 0, δi = δ−

i or δ+
i . (7.25)

In this case, a solution to the problem is given by

K = WP−1.

Example 7.9

Consider the following uncertain discrete-time linear system

x(k + 1) = A(δ(k))x(k) + B(δ(k))u(k),
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with

A(δ(k)) = A0 + δ1(k)A1, B(δ(k)) = B0 + δ1(k)B1,

A0 =
⎡

⎣
2 1 0
1 −2 0
0 −1 4

⎤

⎦ , A1 =
⎡

⎣
0 0 1
1 −1 0
1 1 0

⎤

⎦ ,

B0 =
⎡

⎣
2 1
0 2

−1 3

⎤

⎦ , B1 =
⎡

⎣
0 1

−1 2
0 1

⎤

⎦ ,

δ1(k) ∈ [−0.1, 0.1].

Using the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (7.25), we obtain

P =
⎡

⎣
0.9160 −0.1146 0.2421

−0.1146 0.9031 −0.5255
0.2421 −0.5255 0.5795

⎤

⎦ > 0,

W =
[−0.5803 −0.6959 0.4364
−0.5596 0.8327 −0.7482

]
.

Thus, the robustly stabilizing feedback gain matrix can be obtained to be

K = WP−1 =
[−0.8730 −0.4891 0.6743
−0.3611 0.4505 −0.7317

]
.

7.3.3.3 Case of Polytopic Systems

It follows from Corollary 4.4 that the system (7.14), with δ(t) ∈ 	 = 	P , is
quadratically Schur stable if and only if there exists a symmetric matrix P, such that

[ −P [(A0 + Ai) + (B0 + Bi)K ] P
P [(A0 + Ai) + (B0 + Bi)K ]T −P

]
< 0,

i = 1, 2, . . . , k.

Following the typical treatment of this type of inequalities, we immediately have the
following theorem.

Theorem 7.11 With 	 = 	P given by (7.21), the aforementioned quadratic
Schur stabilization problem (Problem 7.7) has a solution if and only if there exist a
symmetric matrix P and a matrixW satisfying the following set of LMIs:
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[ −P (A0 + Ai) P + (B0 + Bi)W
P (A0 + Ai)T + W T (B0 + Bi)T −P

]
< 0,

i = 1, 2, . . . , k. (7.26)

In this case, a solution to the problem is given by

K = WP−1.

Example 7.10

Consider the following discrete-time linear system with parameter uncertainties:

x(k + 1) = A(δ(k))x(k) + B(δ(k))u(k),

where

A(δ(k)) = A0 + δ1(k)A1 + δ2(k)A2,

B(δ(k)) = B0 + δ1(k)B1 + δ2(k)B2,

A0 =
[
1 4
2 −3

]
, A1 =

[
0 −1.5

−1 0

]
, A2 =

[−1 2
2 1

]
,

B0 =
[
1 0
0 1

]
, B1 =

[
0 0
0 1

]
, B2 =

[
0 −1
1 0

]
,

and assume that the set of perturbation parameters δi(k), i = 1, 2, forms a polytope
in the form of (4.27).

Using the MATLAB function feasp in the MATLAB LMI toolbox to the
corresponding LMI problem (7.26), we obtain

P =
[
5.4590 3.0723
3.0723 1.9068

]
> 0,

and

W =
[−15.8760 −8.6388

1.1703 1.1635

]
.

Thus, the robust feedback control gain matrix can be obtained to be

K = WP−1 =
[−3.8466 1.6672
−1.3848 2.8415

]
.
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7.4 Quadratic D-Stabilization
In the aforementioned section, we have treated quadratic Hurwitz and Schur stabi-
lization using LMI techniques. In this section, we further investigate the problem
of quadratic D-stabilization.

7.4.1 Problem Formulation
The problem of quadratic D-stabilization can be stated as follows.

Problem 7.8 Let D = D(L,M) be an LMI region, whose characteristic function is

FD = L + sM + s̄MT.

Find a fixed state feedback control law u = Kx for the uncertain system (7.13), such
that the set of closed-loop systems (7.14) is quadraticallyD(L,M)-stable, that is, there
exists a symmetric positive definite matrix P, such that

L ⊗ P + M ⊗ (Ac(δ(t))P) + MT ⊗ (Ac(δ(t))P)T < 0, ∀δ(t) ∈ 	. (7.27)

In the following of this section, we seek a solution to the aforementioned
quadratic D(L,M)-stabilization problem based on Theorem 4.7.

7.4.2 Solution
It follows from Theorem 4.7 that the system (7.14), with δ(t) ∈ 	, is quadratically
D(L,M)-stable if and only if there exists a symmetric positive definite matrix P,
such that

L ⊗ P + M ⊗ (Ac(δ (t))P) + MT ⊗ (Ac(δ (t))P)T < 0, ∀δ ∈ 	E ,

that is

L ⊗ P + M ⊗ ((A(δ (t)) + B(δ (t))K ) P)

+ MT ⊗ ((A(δ (t)) + B(δ (t))K ) P)T < 0, ∀δ ∈ 	E . (7.28)

Following the typical treatment of this type of inequalities, we immediately have
the following theorem.

Theorem 7.12 Let 	 ⊂ R
k be a compact convex set. Then, the aforementioned

quadratic D(L,M)-stabilization problem (Problem 7.8) has a solution if and only if
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there exist a symmetric positive definite matrix P and a matrix W satisfying the
following LMI:

L ⊗ P + M ⊗ (A(δ (t))P) + MT ⊗ (A(δ (t))P)T

+ M ⊗ (B(δ (t))W ) + MT ⊗ (B(δ (t))W )T < 0, ∀δ (t) ∈ 	E . (7.29)

In this case, a solution to the problem is given by

K = WP−1.

Consider the specific LMI region

S(α, r, θ) = {
(x, y)

∣∣x < −α < 0,
∣∣x + jy

∣∣ < r,
∣∣y
∣∣ < −x tan θ

}
. (7.30)

It is seen in Example 4.8 that the characteristic function of the LMI region
S(α, r, θ) is

FS(α,r,θ)(s) = L + sM + s̄MT,

where

L = diag(L1, L2, L3), M = diag(M1,M2,M3),

with

L1 = 2α, M1 = 1,

L2 =
[−r 0
0 −r

]
, M2 =

[
0 1
0 0

]
,

L3 = 0, M3 =
[

sin θ cos θ
− cos θ sin θ

]
.

Therefore, the following corollary follows from Theorem 7.12.

Corollary 7.1 The quadratic S(α, r, θ)-stabilization problem has a solution if and
only if there exist a symmetric positive definite matrix P and a matrix W satisfying
the following set of LMIs:

A (δ (t)) P + PAT (δ (t)) + B (δ (t))W + W TBT (δ (t)) + 2αP < 0,

∀δ (t) ∈ 	E , (7.31)
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[ −rP A (δ (t)) P + B (δ (t))W
PAT (δ (t)) + W TBT (δ (t)) −rP

]
< 0, ∀δ (t) ∈ 	E ,

(7.32)

and
[

1 (δ (t)) sin θ 
2 (δ (t)) cos θ

T

2 (δ (t)) cos θ 
1 (δ (t)) sin θ

]
< 0, ∀δ (t) ∈ 	E , (7.33)

with


1 (δ (t)) = A (δ (t)) P + PAT (δ (t)) + B (δ (t))W + W TBT (δ (t)) ,


2 (δ (t)) = A (δ (t)) P − PAT (δ (t)) + B (δ (t))W − W TBT (δ (t)) .

In this case, a solution to the problem is given by

K = WP−1.

7.4.3 Special Cases
7.4.3.1 Case of Interval Systems

Now let us consider the case of δ(t) ∈ 	 = 	I , with

	I = {
δ(t)

∣∣δi(t) ∈ [δ−
i , δ+

i ], i = 1, 2, . . . , k
}
. (7.34)

In this case, we have

	E = {
δ = [

δ1 δ2 · · · δk
] ∣∣δi = δ−

i or δ+
i , i = 1, 2, . . . , k

}
.

With this observation, we immediately have, following from Theorem 7.12, the
following result.

Theorem 7.13 With 	 = 	I given by (7.34), the aforementioned quadratic
D(L,M)-stabilization problem (Problem 7.8) has a solution if and only if there exist
a symmetric positive definite matrix P and a matrix W satisfying the following set
of LMIs:

L ⊗ P + M ⊗ (A(δ)P) + MT ⊗ (A(δ)P)T

+ M ⊗ (B(δ)W ) + MT ⊗ (B(δ)W )T < 0,

δi = δ−
i or δ+

i , i = 1, 2, . . . , k. (7.35)

In this case, a solution to the problem is given by

K = WP−1.
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7.4.3.2 Case of Polytopic Systems

In the case of δ(t) ∈ 	 = 	P , with

	P =
{

δ(t)

∣∣∣∣∣

k∑

i=1

δi(t) = 1, δi(t) ≥ 0, i = 1, 2, . . . , k

}

, (7.36)

we have

	E = {
eT1, e

T
2 , . . . , e

T
k
} ⊂ R

k, (7.37)

where ei ∈ R
k is the vector with the ith element being 1 while all the others being

zero. Noticing that

A(ei) = A0 + Ai, B(ei) = B0 + Bi, i = 1, 2, . . . , k,

following from Theorem 7.12, we immediately have the following result.

Theorem 7.14 With 	 = 	P given by (7.36), the aforementioned quadratic
D(L,M)-stabilization problem (Problem 7.8) has a solution if and only if there exist a
symmetric positive definite matrix P and a matrixW satisfying the following LMI:

L ⊗ P + M ⊗ ((A0 + Ai) P) + MT ⊗ ((A0 + Ai) P)T + M ⊗ ((B0 + Bi)W )

+ MT ⊗ ((B0 + Bi)W )T < 0, i = 1, 2, . . . , k. (7.38)

In this case, a solution to the problem is given by

K = WP−1.

Example 7.11

Consider a parameter-dependent interval system that represents a simplified and
linearized longitudinal dynamic model of the flight control system of a supersonic
cruise missile. The state-space representation of the system is as follows:

{
ẋ(t) = A(δ) x(t) + B(δ)u(t)
y(t) = Cx(t),

(7.39)

where

A (δ(t)) = A0 +
4∑

i=1

δi(t)Ai, B (δ(t)) = B0 +
4∑

i=1

δi(t)Bi,
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with

A0 =
⎡

⎣
−5 0 0
0 0 1
0 0 0

⎤

⎦ , A1 =
⎡

⎣
−1 1 0
0 0 0
0 0 0

⎤

⎦ ,

A2 =
⎡

⎣
0 0 0
0 0 0
1 −1 0

⎤

⎦ , A3 = A4 = 0,

B0 = [
2 1 3

]T , B1 = B2 = 0, B3 = [
1 0 0

]T ,

B4 = [
0 0 −1

]
, C = [

0 1 0
]
,

and δi (t), i = 1, 2, 3, 4, being the uncertain variables that take values in the
following regular polyhedron:

	I = {−0.1 ≤ δ1 ≤ 0.2, 0.08 ≤ δ2 ≤ 0.1, 0.03 ≤ δ3 ≤ 0.05,

−0.35 ≤ δ4 ≤ 0.35} .

Using the conclusion of Corollary 7.1, a quadratically S(α, r, θ)-stabilizing
state feedback control law for the quadratically stabilizable parameter-dependent
interval system can be obtained with a given level of performance. For example,
we need to design a state feedback control law u = Kx that meets the following
specifications:

1. The closed-loop system is quadratically stable.
2. The overshoot σ of the unit step response of the nominal system is less

than 2%.
3. The setting time ts of the unit step response of the nominal system is lower

than 0.5s.

To meet these conditions, we have chosen, for the LMI region S(α, r, θ), the
following parameters

α = 2.5, r = 40, θ = π/15.6 deg .

By using the MATLAB function feasp in the MATLAB LMI toolbox, a feasible
solution of (7.31) through (7.33) is obtained as follows:

P =
⎡

⎣
0.0571 0.0028 −0.0088
0.0028 0.0010 0.0026

−0.0088 0.0026 0.0388

⎤

⎦ > 0,

W = [−0.0619 −0.0291 −0.1222
]
.
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Figure 7.3 Unit step response, Example 7.11.

Furthermore, the quadratically S(α, r, θ)-stabilizing state feedback matrix is

K = WP−1 = [−0.1022 −24.9468 −1.5032
]
,

and the corresponding unit step response of the nominal closed-loop system
is shown in Figure 7.3. More importantly, due to the S(α, r, θ)-stabilization,
the aforementioned specifications are perfectly achieved with σ = 0 and
ts = 0.1909s.

7.5 Insensitive Region Design
In this section, we investigate two types of robust stabilization problems, namely,
the insensitive strip region design problem and the insensitive disk region design
problem. The nature of these designs is to place the closed-loop eigenvalues in a
particular region on the complex plane, and this region has an inner boundary that
is insensitive to perturbations to the system parameter matrices. The design is based
on the sensitivity theory of matrix eigenvalues.

7.5.1 Sensitivity of Matrix Eigenvalues
Let A,	A ∈ R

n×n, and B be a matrix that is resulted in by adding perturbation 	A
to A, that is,

B = A + 	A.

In this case, we are interested in the problem of how big would the eigenvalues of A
vary when it is perturbed. To do this, we need first to define a measure. Let

λi(A) = λi, λi(B) = μi, i = 1, 2, . . . , n.
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Obviously, the following index

SA(B) = max
1≤j≤n

{
min
1≤i≤n

∣∣λi − μj
∣∣
}

is a natural one.
For simplicity, let us focus on one type of important matrices.

Definition 7.1 A matrix A ∈ R
n×n is said to be nondefective if there exists a

nonsingular matrix V ∈ C
n×n such that

VAV −1 = 
 = diag (λ1, λ2, . . . , λn) . (7.40)

The following is the well-known Bauer–Fike theorem (Bauer and Fike 1960),
which gives an estimated bound of SA(B).

Theorem 7.15 Let A ∈ R
n×n be nondefective, and V ∈ C

n×n be a nonsingular
matrix satisfying (7.40). Then,

SA(A + 	A) = kA(V ) ‖	A‖2 ,
with

kA(V ) = ‖V ‖2 ‖V−1‖2. (7.41)

It follows from this theorem that the eigenvalues of matrix A are insensitive to
perturbations in its elements if kA(V ) is small. Regarding this index, we have the
following proposition.

Proposition 7.1 Let A be nondefective, and kA(V ) be defined by (7.40) and
(7.41). Then, kA(V ) ≥ 1, and the equality holds if and only if A is symmetric.

Proof Note that

‖V ‖2 = σmax(V ),

‖V −1‖2 = σmax(V −1) = 1
σmin(V )

,

we thus have

kA(V ) = ‖V ‖2 ‖V −1‖2 = σmax(V )

σmin(V )
≥ 1. (7.42)
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When A is symmetric, it is well known that there exists a unitary matrix V
satisfying (7.40). For such a V , we have VHV = I , and hence

σ 2
i (V ) = λi(VHV ) = 1, i = 1, 2, . . . , n.

Thus,

kA(V ) = σmax(V )

σmin(V )
= 1.

Conversely, let kA(V ) = 1, then it follows from (7.42) that σmax(V ) = σmin(V ),
hence

σmax(V ) = σmin(V ) = σi(V ) = σ , i = 1, 2, . . . , n.

Therefore, it follows from the well-known singular value decomposition that there
exist a pair of unitary matrices U1 and U2 such that

V = σU1U2.

In this case, we have from (7.40)

A = V −1
V

= (σU1U2)
−1 
 (σU1U2)

=
(
1
σ
UT
2 U

T
1

)

 (σU1U2)

= UT
2 U

T
1 
U1U2,

which is obviously symmetric. �

The aforementioned proposition tells us that symmetricmatrices have the smallest
eigenvalue sensitivities in terms of the measure kA(V ).

7.5.2 Insensitive Strip Region Design
In this section, we consider the control of the following continuous-time linear
system

{
ẋ = Ax + Bu
y = Cx, (7.43)

where x ∈ R
n, y ∈ R

m, and u ∈ R
r are the state vector, the output vector, and the

input vector, respectively.
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7.5.2.1 Problem

The insensitive strip region design problem is stated as follows.

Problem 7.9 Consider the continuous-time linear system (7.43). For given real
scalars γ1 and γ2, design an output feedback control law

u = Ky,

such that

γ1 < λi
(
Asc
)

< γ2, i = 1, 2, . . . , n, (7.44)

where

Asc � 1
2

〈Ac〉s = (A + BKC)T + (A + BKC)

2
.

The motivation of the aforementioned problem lies in the following lemma.

Lemma 7.1 Let K be a solution to the aforementioned problem, then

γ1 < α1 ≤ Re (λi (A + BKC)) ≤ α2 < γ2, i = 1, 2, . . . , n,

where

α1 = λmin
(
Asc
)
, α2 = λmax

(
Asc
)
.

Proof Note that for an arbitrary matrix L ∈ R
n×n there holds

min
i

λi

(
L + LT

2

)
≤ Re (λi (L)) ≤ max

i
λi

(
L + LT

2

)
, i = 1, 2, . . . , n.

Therefore, when condition (7.44) is satisfied, the conclusion clearly holds. �

The aforementioned lemma tells us that the eigenvalues of the matrix (A + BKC)

are within a strip (see Figure 7.4). More precisely, we have

λi (A + BKC) ∈ H(−α2,−α1) ⊂ H(−γ2,−γ1), i = 1, 2, . . . , n,

where, by definition,

H(−α2,−α1) = {s | s ∈ C, α1 < Re (s) < α2} ,
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y

x0γ2γ1

Figure 7.4 The Strip field.

and

H(−γ2,−γ1) = {s | s ∈ C, γ1 < Re (s) < γ2} .

Therefore, the matrix A + BKC is H(−γ2,−γ1)-stable. Particularly, when γ2 = 0,
γ1 = −∞, the matrix A + BKC is Hurwitz stable, or the closed-loop system

ẋ = (A + BKC) x

is stable in the continuous-time sense.
The importance of this problem also lies in the robustness issues. We point

out that the closed-loop eigenvalues are not easy to get out of the desired region
H(−γ2,−γ1) since they are first bounded by H(−α2,−α1) ⊂ H(−γ2,−γ1). Note that
the boundaries α1 and α2 of H(−α2,−α1) are the minimal and maximal eigenvalues
of a symmetric matrix, and it follows from Proposition 7.1 that the eigenvalues of
symmetric matrices are insensitive to parameter perturbations, the boundaries of
H(−α2,−α1) are eventually insensitive to perturbations in the system matrices as well
as in the gain matrix K . They thus prevent the closed-loop eigenvalues from getting
out of the desired region. Therefore, this design is robust in the sense that the system
has a strip eigenvalue region that is insensitive to small parameter perturbations in
the system matrices.

7.5.2.2 Solution

The solution to the problem is straightforward. The condition (7.44) is clearly
equivalent to

2γ1I < (A + BKC)T + (A + BKC) < 2γ2I . (7.45)

Therefore, the problem is converted into one of finding a matrix K satisfying the
aforementioned LMIs.
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In practical applications, we can set γ1 to be −∞, and solve the following
optimization problem:

{
min γ

s.t. (A + BKC)T + (A + BKC) < γ I .

If a solution with a nonpositive γ is obtained, the problem gives a stabilizing output
feedback controller in the Hurwitz stability sense. When the level γ is positive but
very small, we need to check α2 = λmax

(
Asc
)
. As long as α2 is negative, the problem

provides a solution which robustly stabilizes the system in the Hurwitz stability
sense.

Example 7.12

Consider the following continuous-time linear system:

⎧
⎪⎪⎨

⎪⎪⎩

ẋ(t) =
⎡

⎣
−0.5 0 1
0 −2 0
0 0 −5

⎤

⎦ x(t) +
⎡

⎣
5 3
6 5
7 6

⎤

⎦u(t)

y(t) = [
2 −2 1

]
x(t),

and choose real scalars γ1 = −5, γ2 = −1. By using the MATLAB function feasp
in the MATLAB LMI toolbox, the corresponding LMI problem (7.45) is solved and
a solution is found to be

K =
[−0.6811

0.8503

]
.

With this solution and the help of the MATLAB function eig, we can find the set
of closed-loop eigenvalues as

λ(A+ BKC ) = {−4.6256,−1.4836,−3.0956}.
It is obvious that

α1 = λmin
(
Asc

) = −4.8107, α2 = λmax
(
Asc

) = −1.2436,

and

λ(A+ BKC ) ⊂ H(−α2,−α1) ⊂ H(−γ2,−γ1).

7.5.3 Insensitive Disk Region Design
In this section, we consider the control of the following linear system

{
ρx = Ax + Bu
y = Cx, (7.46)
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where x ∈ R
n, y ∈ R

m, and u ∈ R
r are the state vector, the output vector

and the input vector, respectively. Again, the symbol ρ represents the differential
operator (in the continuous-time case), or the one-step shift forward operator, that
is, ρx(k) = x(k + 1) (in the discrete-time case).

7.5.3.1 Problem

In this section, we are going to solve the following insensitive disk region design
problem.

Problem 7.10 Consider the linear system (7.46). For given positive scalars γ and
q, design an output feedback control law u = Ky, such that

η = ||A + BKC + qI ||2 < γ . (7.47)

Recalling the definition, we have

D(q,η) = {
s | s ∈ C, |s + q| < η

}

=
{
x + jy | x, y ∈ R,

(
x + q

)2 + y2 < η2
}
,

and

D(q,r) = {
s | s ∈ C, |s + q| < γ

}

=
{
x + jy | x, y ∈ R,

(
x + q

)2 + y2 < γ 2
}
.

The motivation of this problem lies in the following lemma.

Lemma 7.2 Let K be a solution to the aforementioned problem, then

λi (A + BKC) ∈ D(q,η) ⊂ D(q,r), i = 1, 2, . . . , n. (7.48)

Proof Note that for an arbitrary matrix L ∈ R
n×n there holds

|λi (L)| ≤ ||L||2, i = 1, 2, . . . , n.
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Therefore, when condition (7.47) is satisfied, we have
∣∣Re (λi (A + BKC)) + q + j Im (λi (A + BKC))

∣∣

= ∣∣λi (A + BKC) + q
∣∣

= ∣∣λi
(
A + BKC + qI

)∣∣

≤ η

< γ , i = 1, 2, . . . , n.

This is equivalent to condition (7.48). �

The closed-loop system is clearly given by

ρx = (A + BKC) x.

The aforementioned lemma tells us that, with this type of design, the closed-loop
eigenvalues are located within the circleD(q,η) ⊂ D(q,r) (see Figure 7.5). Therefore,
the matrix A + BKC is D(q,r)-stable. Particularly,

1. When q = 0, r = 1, the matrix A + BKC is Schur stable, or the system
(7.46) is stable in the discrete-time sense

2. When q > 0, r ≤ q, the matrix A + BKC is Hurwitz stable, or the system
(7.46) is stable in the continuous-time sense

Like the case for insensitive strip design, the importance of this insensitive disk
design problem also lies in the robustness issues. We point out that the closed-loop
eigenvalues are not easy to get out of the desired region D(q,r) since they are first
bounded by D(q,η) ⊂ D(q,r). Note that the boundary η of D(q,η) is in fact an
eigenvalue of a symmetric matrix, and it follows from Proposition 7.1 that the
eigenvalues of symmetric matrices are insensitive to parameter perturbations, the

y

x0

r

–q

Figure 7.5 The Disk field.
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boundary of D(q,η) is eventually insensitive to perturbations in the system matrices
as well as in the gain matrix K . They thus prevent the closed-loop eigenvalues
from getting out of the desired region. Therefore, this design is robust in the sense
that the system has a disk eigenvalue region that is insensitive to small parameter
perturbations in the system matrices.

7.5.3.2 Solution

The condition (7.47) is clearly equivalent to
(
A + BKC + qI

)T (
A + BKC + qI

)
< γ 2I ,

which can be equivalently converted into the following LMI with the help of the
Schur complement lemma:

[ −γ I
(
A + BKC + qI

)
(
A + BKC + qI

)T −γ I

]
< 0.

Thus, the problem is turned into an LMI feasibility problem.
In some applications, we may choose to solve the optimization problem

⎧
⎨

⎩

min γ

s.t.
[ −γ I

(
A + BKC + qI

)
(
A + BKC + qI

)T −γ I

]
< 0. (7.49)

Particularly, for the case of Schur stabilization, we choose to solve the aforementioned
optimization problem with q = 0. If a solution with γ ≤ 1 is obtained, the problem
gives a stabilizing output feedback controller in the Schur stability sense. When the
level γ is greater than 1 but very close to 1, we need to check η = ||A+BKC+qI ||2.
As long as η ≤ 1, the problem provides a solution that robustly stabilizes the system
in the Schur stability sense.

Remark 7.3 This insensitive disk region design problem was first proposed and
solved by Duan (1991), which provides for this problem a necessary and sufficient
algebraic condition and also gives an efficient way of finding the gain matrix K .

Example 7.13

Consider the following continuous-time linear system
⎧
⎪⎪⎨

⎪⎪⎩

ẋ(t) =
⎡

⎣
−1 3 2
0 1 0
1 2 −1

⎤

⎦ x(t) +
⎡

⎣
1 0
2 3
1 1

⎤

⎦u(t)

y(t) = [
1 1 0

]
x(t).
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For the case of q = 4, using the MATLAB function mincx in the MATLAB LMI
toolbox, we solve the minimization problem (7.49) and obtain the solution

K =
[−2.7535

1.0334

]
, γ = 3.8888.

With this solution, it is computed that

η = ||A+ BKC + qI||2 = 3.8886 < γ .

Further, with the MATLAB function eigwe find the closed-loop eigenvalues to be
−3.0958 and 1.5322 ± 0.7994i, which are indeed all located within the desired
region D(q,η).

7.6 Robust Stabilization of Second-Order Systems
In the proceeding section, we investigated stabilization of first-order linear systems
by making the symmetric part of the closed-loop system matrix positive definite. In
this section, we further investigate using a similar approach the robust stabilization
of second-order linear systems in the following form:

Mẍ + Dẋ + Kx = Bu, (7.50)

where
x ∈ R

n and u ∈ R
r are the state vector and the control vector, respectively

M , D, K , and B are the system coefficient matrices of appropriate dimensions

In practical applications, the matrices M , D, and K are called the mass matrix, the
structural damping matrix, and the stiffness matrix, respectively.

Second-order linear systems capture the dynamic behavior of many natural phe-
nomena, and hence have applications in many fields, such as vibration and structure
analysis, spacecraft control and robotics control, and have attracted much attention
(Duan and Liu 2002, Duan 2004b, Wang et al. 2005, Wu and Duan 2005). In
many applications, control of a second-order linear system is realized by converting
the system into a first-order one, while in this section, a direct approach is proposed,
which maintains the second-order system frame.

Before getting on the general robust stabilization problem, we first investigate
the problem of stability of second-order systems.

7.6.1 Stabilization
7.6.1.1 Problem Formulation

Due to usage consistency of notations, here we rewrite (7.50) and propose the
following model for second-order linear system with state and state derivative
observations:
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⎧
⎨

⎩

A2ẍ + A1ẋ + A0x = Bu
yd = Cd ẋ
yp = Cpx,

(7.51)

where

■ x ∈ R
n and u ∈ R

r are the state vector and the control vector, respectively
■ yd ∈ R

md and yp ∈ R
mp are the derivative output vector and the proportional

output vector, respectively
■ A2, A1, A0, B, Cd , and Cp are the system coefficient matrices of appropriate

dimensions

In many applications, the following assumption on the system matrices is required:

Assumption 7.1 A2,A0 ∈ S
n and A2 > 0.

For the second-order linear system (7.51), choosing the following control law

u = Kpyp + Kdyd
= KpCpẋ + KdCdx, (7.52)

with Kp ∈ R
r×mp , Kd ∈ R

r×md , we obtain the closed-loop system as follows:

A2ẍ + (
A1 − BKpCp

)
ẋ + (A0 − BKdCd ) x = 0. (7.53)

With the aforementioned assumption, the problem of state feedback stabilization
for the continuous-time second-order system (7.51) can be stated as follows.

Problem 7.11 For the continuous-time second-order linear system (7.51), with
Assumption 7.1 being satisfied, design a state feedback control law (7.52) such that
the closed-loop system (7.53) is Hurwitz stable.

7.6.1.2 Solution

To solve the aforementioned stabilization problem, we first introduce a stability
result for second-order linear systems.

Lemma 7.3 (Duan et al. 1989) The second-order linear system (7.51) is Hurwitz
stable if

A2 > 0, A1 + AT1 > 0, A0 > 0. (7.54)

For a proof of this lemma, refer to Duan et al. (1989) or Appendix A.6.
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With the help of the aforementioned lemma, we can easily obtain the following
conclusion about solution to Problem 7.11.

Theorem 7.16 Problem 7.11 has a solution if there exist matrices Kp ∈ R
r×mp

and Kd ∈ R
r×md satisfying the LMIs

A0 − BKdCd > 0 (7.55)

and
(
A1 − BKpCp

) + (
A1 − BKpCp

)T
> 0. (7.56)

In many practical applications, the B and Cd matrices take the following special
forms

B =
[
Ir
0

]
, Cd = [

Imd 0
]
. (7.57)

Correspondingly, we can partition the matrix A0 as follows:

A0 =
[

A011 A012(
A012

)T A022

]
, A011 ∈ S

min{r,md }. (7.58)

The following corollary states that in this case (7.55) has an analytical solution
and hence is not needed to be solved via the MATLAB LMI toolbox.

Corollary 7.2 Let B and Cd be in the forms of (7.57), and the matrix A0 be
partitioned as in (7.58). Then, (7.55) has a solution with respect to Kd if and only
if A022 > 0, and in this case, a general solution is given by

Kd =
[
Kd0 0
0 0

]
∈ R

r×md , (7.59)

with Kd0 ∈ S
min{r,md } satisfying

Kd0 < A011 − A012
(
A022

)−1 (A012
)T . (7.60)

Proof When B and Cd are in the forms of (7.57), we have

BKdCd =
[
Kd 0
0 0

]
∈ S

n.
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With matrix A0 being partitioned as in (7.58), and the matrix Kd being given by
(7.59), we further have

A0 − BKdCd =
[
A011 − Kd0 A012(

A012
)T A022

]
.

Applying Schur complement lemma, we know that there exists a Kd such that
A0 − BKdCd > 0 if and only if A022 > 0 and

A011 − Kd0 − A012
(
A022

)−1 (A012
)T

> 0. (7.61)

Since (7.61) can be satisfied by choosing Kd0 as in (7.60), inequality (7.55) has a
solution with respect to Kd if and only if A022 > 0, and in this case, a general solution
is given by (7.59) and (7.60). �

7.6.2 Robust Stabilization
7.6.2.1 Problem Formulation

Consider the following uncertain second-order linear system

⎧
⎨

⎩

(A2 + 	A2) ẍ + (A1 + 	A1) ẋ + (A0 + 	A0) x = Bu
yd = Cd ẋ
yp = Cpx,

(7.62)

where

■ x ∈ R
n, u ∈ R

r , yd ∈ R
md , yp ∈ R

mp and A2, A1, A0, B, Cd , Cp are as
stated in the last subsection

■ 	A2, 	A1 and 	A0 are the perturbations of matrices A2, A1 and A0,
respectively

The perturbations are bounded and satisfy

‖	A2‖2 ≤ ε2, ‖	A1‖2 ≤ ε1, ‖	A0‖2 ≤ ε0,

or

max
{∣∣	a2ij

∣∣} ≤ ε2, max
{∣∣	a1ij

∣∣} ≤ ε1, max
{∣∣	a0ij

∣∣} ≤ ε0,

where

■ ε2, ε1, ε0, and ε2, ε1, ε0 are two sets of given positive scalars
■ 	a2ij,	a1ij and 	a0ij are the i-th row and j-th column elements of matrices

	A2, 	A1 and 	A0, respectively

Furthermore, these perturbation notations satisfy the following basic assumption:
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Assumption 7.2 	A2,	A0 ∈ S
n and A2 + 	A2 > 0.

Problem 7.12 For the uncertain continuous-time linear second-order system
(7.62), with Assumptions 7.1 and 7.2 satisfied, design a state feedback control
law (7.52) such that the closed-loop system

(A2 + 	A2) ẍ + (
A1 − BKpCp + 	A1

)
ẋ + (A0 − BKdCd + 	A0) x = 0,

(7.63)

is Hurwitz stable.

7.6.2.2 Solution

To solve the aforementioned robust stabilization problem, we first introduce the
following lemma about robust stability of second-order linear systems.

Lemma 7.4 (Duan and Huang 1990) Let A2 > 0, A1 + AT1 > 0 and A0 > 0.
Then, the following conclusions hold.

1. System (7.62) is Hurwitz stable if

λmin(A2) > ‖	A2‖2 ,
λmin(A1 + AT1 ) > ‖	A1‖2 ,

λmin(A0) > ‖	A0‖2 .
2. System (7.62) is Hurwitz stable if

λmin(A2) >
√
l2 max

{∣∣	a2ij
∣∣} ,

λmin(A1 + AT1 ) >
√
l1 max

{∣∣	a1ij
∣∣} ,

λmin(A0) >
√
l0 max

{∣∣	a0ij
∣∣} ,

where l2, l1, l0 are the numbers of nonzero elements in matrices
	A2, 	A1, 	A0, respectively.

For a proof of the aforementioned lemma, refer to Duan and Huang (1990) or
Appendix A.6.

With the help of this lemma, we can easily obtain the following conclusion about
solution to Problem 7.12.

Theorem 7.17 Problem 7.12 has a solution if one of the following conditions is
satisfied:
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1. There exist matrices Kp ∈ R
r×mp and Kd ∈ R

r×md satisfying

A0 − BKdCd > ε0I , (7.64)

(
A1 − BKpCp

) + (
A1 − BKpCp

)T
> ε1I . (7.65)

2. There exist matrices Kp ∈ R
r×mp and Kd ∈ R

r×md satisfying

A0 − BKdCd > ε0
√
l0I , (7.66)

(
A1 − BKpCp

) + (
A1 − BKpCp

)T
> ε1

√
l1I . (7.67)

Parallel to Corollary 7.2, we have the following result (proof omitted).

Corollary 7.3 Let B and Cd be in the forms of (7.57), and partition the matrix
A0 as in (7.58). Then, the following conclusions hold

1. (7.64) has a solution if and only if

A022 > ε0I ,

and in this case, a general solution is given by (7.59), with Kd0 ∈ S
min{r,md }

satisfying

Kd0 < A011 − A012
(
A022 − ε0I

)−1 (A012
)T − ε0I . (7.68)

2. (7.66) has a solution if and only if

A022 > ε0
√
l0I ,

and in this case, a general solution is given by (7.59), with Kd0 ∈ S
min{r,md }

satisfying

Kd0 < A011 − A012
(
A022 − ε0

√
l0I

)−1 (
A012

)T − ε0
√
l0I . (7.69)

Example 7.14

Consider the control problem of satellite rendezvous maneuver. Under cer-
tain conditions, the relative orbital dynamic model of the object satellite with
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respect to the chasing one can be described by the following well-known C-W’s
equations:

⎧
⎨

⎩

mr̈x − 2mω0 ṙy − 3mω2
0rx = Tx + dx

mr̈y + 2mω0 ṙx = Ty + dy
mr̈z +mω2

0rz = Tz + dz,
(7.70)

where

■ rx, ry and rz are the components of the relative position
■ ω0 = π/12(rad/h) is the orbital angular velocity of the object satellite
■ m is the mass of the chaser
■ Ti (i = x, y, z) is the i-th component of the control input force acting on the

relative motion dynamics
■ di (i = x, y, z) is the i-th components of the external disturbance, which is

assumed to be zero here

Choosing Cd = Cp = I3, and denoting B = I,

A2 = mI3, A0 = diag(−3mω2
0, 0,mω2

0), (7.71)

A1 =
⎡

⎣
0 −2mω0 0

2mω0 0 0
0 0 0

⎤

⎦ , (7.72)

then we can write the above model into the form of (7.62).
When m = 100, and the perturbation bounds are taken as follows:

‖	A2‖2 ≤ 0.5, ‖	A1‖2 ≤ 0.5, ‖	A0‖2 ≤ 0.5.

With the Matlab function feasp in the Matlab LMI toolbox, the corresponding
LMI problem with constraints (7.64) and (7.65) is solved and the following gain
matrices are obtained:

Kp = −227132925.2854I3, Kd = −454265850.5708I3.

Corresponding to this pair of gain matrices, we have

A0 − BKdCd = 454265850.5708I3 > 0.5I3,

and

〈A1 − BKpCp〉s = 454265850.5708I3 > 0.5I3.

Obviously, themagnitudes of the above gainmatrices are very large. This will con-
sume too much control energy and also may give difficulty in practical realization.
To prevent this we add an additional constraint, that is

A0 − BKdCd < 10I3.
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With this constraints considered, we obtain a pair of feedback matrices as follows:

Kp = −3.0419I3, Kd = −5.2500I3.

Correspondingly, we have

A0 − BKdCd = 5.2500I3 > 0.5I3,

and

〈A1 − BKpCp〉s = 6.0837I3 > 0.5I3.

7.7 Stabilization of Time-Delay Systems
In this section, we consider the stabilization of time-delay systems in the form of

{ ·
x(t) = Ax(t) + Adx(t − d) + Bu (t)
x(t) = φ(t), t ∈ [0, d ], 0 < d ≤ d̄ ,

(7.73)

where
A,Ad ∈ R

n×n,B ∈ R
n×r are the system coefficient matrices

φ(t) is the initial condition
d represents the time-delay
d̄ is a known upper bound of d

Problem 7.13 For the time-delay system (7.73), design a memoryless state
feedback control law

u = Kx,

such that the closed-loop system
{ ·
x(t) = (A + BK ) x(t) + Adx(t − d)

x(t) = φ(t), t ∈ [0, d ], 0 < d ≤ d̄
(7.74)

is uniformly asymptotically stable.

7.7.1 Case of Delay Independence
It follows fromTheorem4.8 that the time-delay linear system (7.74) is asymptotically
stable if there exist symmetric positive definite matrices P and S, such that

[
(A + BK )T P + P (A + BK ) + S PAd

ATd P −S

]
< 0.
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Pre- and postmultiplying both sides of the aforementioned inequality by
diag

(
P−1, P−1) gives the following equivalent relation:
[
P−1 (A + BK )T + (A + BK ) P−1 + P−1SP−1 AdP−1

P−1ATd −P−1SP−1

]
< 0.

Denote

X = P−1, W = KX , and Y = XSX ,

then the aforementioned inequality can be turned into an LMI.
To summarize, we now have the following theorem for solution to Problem 7.13.

Theorem 7.18 Problem 7.13 has a solution if there exist a matrixW ∈ R
r×n and

two symmetric positive definite matrices X and Y satisfying
[
XAT + AX + BW + W TBT + Y AdX

XATd −Y

]
< 0. (7.75)

In this case, a feedback gain matrix is given by

K = WX−1.

Example 7.15

Consider the following time-delay linear system

ẋ(t) =
⎡

⎣
−1 0 1
0 2 −1
2 0 −3

⎤

⎦ x(t) +
⎡

⎣
1 0 1
2 1 1
0 0 −1

⎤

⎦ x(t − d) +
⎡

⎣
1 1
1 2
0 1

⎤

⎦u(t).

Using the MATLAB function feasp in the MATLAB LMI toolbox, the corre-
sponding LMIs problem (7.75) is solved and the following parameter matrices are
obtained:

X =
⎡

⎣
38.1618 13.0301 −50.6435
13.0301 14.9993 −9.7335

−50.6435 −9.7335 118.6029

⎤

⎦ > 0,

Y =
⎡

⎣
92.5744 37.3352 −39.7399
37.3352 81.3348 32.0054

−39.7399 32.0054 139.8306

⎤

⎦ > 0,

W = 104 ×
[−1.9427 −3.8925 −1.9971

1.9419 1.9402 0.0290

]
.

Hence, a gain matrix is given by

K = WX−1 =
[
237.1346 2708.3177 491.9114
673.6075 947.0163 367.7995

]
.
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7.7.2 Case of Delay Dependence
The previous section has given for Problem 7.13 a delay-independent condition.
Corresponding to the delay-dependent LMI condition for stability of time delay
systems given in Section 4.5, we have the following delay-dependent condition for
stabilization of the time-delay system (7.73).

Theorem 7.19 The time-delay system (7.73) is uniformly asymptotically stabi-
lizable by the memoryless feedback controller u (t) = Kx (t) if there exist a scalar
0 < β < 1 and two matrices X and W , with X symmetric positive definite,
such that

⎡

⎣
� (X ,W ) d̄

(
XAT + W TBT) d̄XATd

d̄ (AX + BW ) −d̄βI 0
d̄AdX 0 −d̄ (1 − β) I

⎤

⎦ < 0, (7.76)

where

�(X ,W ) = X (A + Ad )T + (A + Ad )X + BW + W TBT + d̄AdATd .

In this case, a stabilizing control gain matrix is given by

K = WX−1.

Proof With the given type of memoryless state feedback control, the closed-loop
system is given by (7.73), that is,

·
x(t) = (A + BK ) x(t) + Adx(t − d). (7.77)

Applying Theorem 4.9 to the aforementioned system gives that the closed-loop
system (7.77) is uniformly asymptotically stable if

⎡

⎣
�(X ,K ) d̄X (A + BK )T d̄XATd

d̄ (A + BK )X −d̄βI 0
d̄AdX 0 −d̄ (1 − β) I

⎤

⎦ < 0,

where

�(X ,K ) = X (A + BK + Ad )
T + (A + BK + Ad )X + d̄AdATd ,

that is,
⎡

⎣
�(X ,K ) d̄

(
XAT + XTK TBT) d̄XATd

d̄ (AX + BKX ) −d̄βI 0
d̄AdX 0 −d̄ (1 − β) I

⎤

⎦ < 0,
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with

�(X ,K ) = X (A + Ad )T + (A + Ad )X + BKX + XTK TBT + d̄AdATd .

Letting KX = W in the aforementioned inequality gives the condition (7.76). The
proof is completed. �

Example 7.16

Consider the time-delay linear system in the Example 7.15 with d̄ = 0.1. Using
the MATLAB function feasp in the MATLAB LMI toolbox, the correspond-
ing LMIs problem (7.76) is solved and the following parameter matrices are
obtained:

X =
⎡

⎣
0.4528 0.1342 −0.1700
0.1342 0.2711 −0.1152

−0.1700 −0.1152 1.4284

⎤

⎦ > 0,

W =
[

0.4689 1.1468 −7.7048
−1.0662 −1.7043 4.4505

]
,

β = 0.5488.

Hence, a gain matrix is given by

K = WX−1 =
[−1.8290 2.8495 −5.3820

0.2190 −5.2402 2.7194

]
.

7.8 Notes and References
This chapter considers several stabilization problems. The LMI conditions and the
gain matrix K are summarized in Tables 7.3 through 7.7 in terms of the different
choices of region D, and the different types of systems. Particularly, the LMI
conditions for insensitive strip region and insensitive disk region design problems by
output feedback are shown in Table 7.4. Tables 7.5 and 7.6 respectively summarize
the LMI conditions for quadratic stabilization of interval and polytopic systems,
while the LMI conditions for delay independence and delay dependence stabilization
of time-delay systems are summarized in Table 7.7.

Since stability is themost basic requirement for a practical plant to work normally,
stabilization eventually becomes the most important design problem.Within the last
decade, with the help of LMI techniquesmany results on stabilization of various types
of systems have been proposed. For instance, LMI approaches for delay-dependent
stabilization of time delay systems have been proposed by Zhang et al. (2005b) and
Fan et al. (2010). Particularly, Gao et al. (2004) give an LMI approach for delay-
dependent output-feedback stabilization of discrete-time systems with time-varying
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Table 7.3 Stabilization of System (A,B)

Regions Criteria Controller

H0

P > 0

〈AP + BW〉s < 0
K = WP−1

P > 0

AP + PAT − BBT < 0
K = − 1

2B
TP−1

Hα,β

P > 0

〈AP + BW〉s + 2αP < 0

〈AP + BW〉s + 2βP > 0

K = WP−1

D(0,1)

⎡

⎢
⎣

−P ∗
AP + BW −P

⎤

⎥
⎦ < 0 K = WP−1

⎡

⎢
⎣

−P PAT

∗ −P − BBT

⎤

⎥
⎦ < 0

K = −X−1BTP−1A

X = 2I+ BTP−1B

D(q,r)

⎡

⎢
⎣

−rP ∗
qP + PAT +WTBT −rP

⎤

⎥
⎦ < 0 K = WP−1

D(L,M)

P > 0

L⊗ P + 〈M⊗ (AP) +M⊗ (BW)〉s < 0
K = WP−1

state delay. Besides time-delay systems, results for other types of systems have also
been proposed, these include quantized control systems (Zhou et al. 2010a), switched
discrete-time systems (Saif et al. 2009), discrete-time periodic linear systems with
actuator saturation (Zhou et al. 2011b), and discrete-time descriptor linear systems
with input saturation (Zhou et al. 2009).

For robust stabilization using LMI approaches, the results are also numerous and
cover many types of uncertain systems. For example, Liu and Duan (2006c) con-
sidered robust stabilization of switched systems with time-delay, Guan et al. (2002)
investigated decentralized stabilization of discrete time-delay large-scale systems with
structured uncertainties, Wu et al. (2004a) and Li and deSouza (1997) both treat
stabilization of uncertain time-delay systems using delay-dependent criteria, while
Xu et al. (2002) and Cai et al. (2012) studied stabilization of uncertain time-delay
singular systems and parameter-dependent interval systems, respectively.
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Table 7.4 Insensitive Region Design

Regions Criteria Controller

Strip 2γ1I < (A+ BKC)T + (A+ BKC) < 2γ2I K

Disk

⎡

⎢
⎣

−γ I
(
A+ BKC + qI

)

(
A+ BKC + qI

)T −γ I

⎤

⎥
⎦ < 0 K

Table 7.5 Quadratic Stabilization of Interval Systems

Criteria Controller

Interval

P > 0

〈M⊗ (A(δ(t))P) +M⊗ (B(δ(t))W)〉s
+L⊗ P < 0, ∀δ ∈ 	E

K = WP−1

Hurwitz

P > 0

〈A(δ(t))P + B(δ(t))W〉s < 0, ∀δ ∈ 	E

K = WP−1

P > 0

〈A(δ(t))P〉s − B0BT0 < 0, ∀δ ∈ 	E
K = − 1

2B
T
0P

−1

Schur

⎡

⎢
⎣

−P A(δ(t))P + B(δ(t))W

∗ −P

⎤

⎥
⎦ < 0, ∀δ ∈ 	E K = WP−1

Exercises
7.1 Prove Theorem 7.1.
7.2 Find a stabilizing state feedback controller for the following continuous-time

linear system

ẋ(t) =
⎡

⎣
0 1 0
0 0 1

250 0 −5

⎤

⎦ x(t) +
⎡

⎣
0
0
10

⎤

⎦ u(t).

7.3 Find a stabilizing state feedback controller for the following discrete-time
linear system

x(k + 1) =
⎡

⎣
−1 2 0
0 0.5 0
1 0 −2

⎤

⎦ x(k) +
⎡

⎣
1 0
0 1
1 0

⎤

⎦ u(k).
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Table 7.6 Quadratic Stabilization of Polytopic Systems

Criteria Controller

Polytopic

P > 0

〈M⊗ ((A0 + Ai) P) +M⊗ ((B0 + Bi)W)〉s
+L⊗ P < 0, i = 1, 2, . . . ,k.

K = WP−1

Hurwitz

P > 0

〈(A0 + Ai) P + (B0 + Bi)W〉s < 0,

i = 1, 2, . . . ,k

K = WP−1

P > 0

〈(A0 + Ai) P〉s − B0BT0 < 0,

i = 1, 2, . . . ,k

K = − 1
2B

T
0P

−1

Schur

⎡

⎢
⎣

−P (A0 + Ai)P + (B0 + Bi)W

∗ −P

⎤

⎥
⎦ < 0,

i = 1, 2, . . . ,k

K = WP−1

Table 7.7 Stabilization of Time-Delay Systems

Conditions Criteria Controller

Delay
independent

X > 0
⎡

⎢
⎣

〈AX + BW〉s + Y ∗
XATd −Y

⎤

⎥
⎦ < 0

K = WX−1

Delay
dependent

X > 0
⎡

⎢⎢⎢⎢
⎣

� (X,W) ∗ ∗
d̄ (AX + BW) −d̄βI ∗

d̄AdX 0 −d̄ (1 − β) I

⎤

⎥⎥⎥⎥
⎦

< 0

�(X,W) = 〈(
A+ Ad

)
X + BW

〉
s + d̄AdA

T
d

K = WX−1
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7.4 Verify that the following linear system

ẋ(t) =
[−1 −2
1.5 −5

]
x(t) +

[
1
1.5

]
u(t)

is H(1,3)-stable.
7.5 Find for the following linear system

ẋ(t) =
[−4 0

0 1

]
x(t) +

[
1
2

]
u(t),

a state feedback controller such that the closed-loop system is D(2,1)-stable.
7.6 Let the matrices associated with the characteristic function of the LMI

region D be

L =
[−1 2

2 −1

]
, M =

[
0 3

4
1
4 0

]
.

Find a D-stabilizing state feedback controller for the following linear system

ẋ(t) =
[−2.5 0

0 1

]
x(t) +

[
1
1

]
u(t).

7.7 Consider a continuous-time linear system (Wilson et al. 1992, Liu et al.
2000b) in the form of (7.1) with

A =

⎡

⎢⎢
⎣

−0.5010 −0.9850 0.1740 0
16.8300 −0.5750 0.0123 0
−3227 0.3210 −2.1000 0

0 0 1 0

⎤

⎥⎥
⎦ ,

B =

⎡

⎢⎢
⎣

0.1090 0.0070
−132.8000 27.1900

−1620 −1240
0 0

⎤

⎥⎥
⎦ .

Design a stabilizing state feedback controller for the system.
7.8 Consider the following linear system, which was introduced in Duan and

Patton (2001):

ẋ(t) =
⎡

⎣
0 3 4
1 2 3
0 2 5

⎤

⎦ x(t) +
⎡

⎣
1 0
0 0
0 1

⎤

⎦ u(t).

Design a state feedback by LMI method such that the closed-system
eigenvalues are located in the region

H(1,3) = {x + yj | −3 < x < −1 < 0}.
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Chapter 8

H∞/H2 Control

In this chapter, we study some basic H∞ and H2 problems. These include the H∞
and H2 state feedback control, and also the robust H∞ and H2 control problems.

The results in this chapter are closely related to the stability analysis results
covered in Chapter 5. In Chapter 5, we have given the analysis conditions for the
H∞ and H2 indices of a linear system to be bounded by certain level. But in this
chapter, we will first apply those conditions to the closed-loop system of the state
feedback control system and then, through a variable substitution, turn the design
conditions for H∞ and H2 control into LMIs, and meanwhile get the expression of
the gain matrix. Such a procedure is shown in Figure 8.1.

8.1 H∞ State Feedback Control
H∞ control has been a very active field since late 1980s, and by now there have
been tremendous results. As an introduction to H∞ control, here we only deal with
a type of very basic H∞ state feedback control problem.

8.1.1 Problem
In this section, we study linear systems of the following form:

{
ẋ = Ax + B1u + B2w
z = Cx + D1u + D2w,

(8.1)

where

■ x ∈ R
n and z ∈ R

m are, respectively, the state vector and the output vector
■ w ∈ R

p is the disturbance vector
249
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Closed-loop system parameters

Design condition for H2 and H∞ control

W = KX

K = WX–1

Analysis condition for H2 and H∞ performance

Figure 8.1 Basic procedure for H∞ and H2 control.

■ u ∈ R
r is the control vector

■ A, C , D1, D2, B1, and B2 are the system coefficient matrices of appropriate
dimensions

For the linear system (8.1), designing the state feedback control law

u = Kx, (8.2)

gives the following closed-loop system
{
ẋ = (A + B1K ) x + B2w
z = (C + D1K ) x + D2w.

(8.3)

Therefore, the influence of the disturbance w to the output z is determined by

z(s) = Gzw(s)w(s),

where

Gzw(s) = (C + D1K ) (sI − (A + B1K ))−1 B2 + D2. (8.4)

Recalling the results in Section 5.1, we have

||z(t)||2 ≤ ||Gzw(s)||∞||w(t)||2,
which states that ||Gzw(s)||∞ performs the function of an amplifier of the disturbance
to the system output. With this observation, we propose the following problem.
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Problem 8.1 For the linear system (8.1), design a state feedback control law (8.2)
such that

||Gzw(s)||∞ < γ

holds for a given positive scalar γ .

8.1.2 Solution
Regarding the solution to Problem 8.1, we have the following theorem.

Theorem 8.1 The H∞ problem (Problem 8.1) has a solution if and only if there
exist a matrixW , and a symmetric positive definite matrix X , such that

⎡

⎢
⎣

(AX + B1W )T + AX + B1W B2 (CX + D1W )T

BT
2 −γ I DT

2
CX + D1W D2 −γ I

⎤

⎥
⎦ < 0. (8.5)

When such a pair of matricesW and X are found, a solution to the problem can be
given as

K = WX−1. (8.6)

Proof It follows from Theorem 5.4 that the second condition in the problem is
satisfied if and only if there exists a symmetric positive definite matrix X , such that,

⎡

⎢
⎣

X (A + B1K )T + (A + B1K )X B2 X (C + D1K )T

BT
2 −γ I DT

2
(C + D1K )X D2 −γ I

⎤

⎥
⎦ < 0. (8.7)

That is,
⎡

⎢
⎣

(AX + B1KX )T + (AX + B1KX ) B2 (CX + D1KX )T

BT
2 −γ I DT

2
CX + D1KX D2 −γ I

⎤

⎥
⎦ < 0.

By defining

W = KX ,

the aforementioned inequality is turned into the LMI form (8.5). �
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With a prescribed attenuation level, the problem is turned into an LMI feasibility
problem in the form of (8.5). The problem with a minimal attenuation level γ can
be sought via the following optimization problem:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

min γ

s.t. X > 0⎡

⎢
⎣

(AX + B1W )T + AX + B1W B2 (CX + D1W )T

BT
2 −γ I DT

2
CX + D1W D2 −γ I

⎤

⎥
⎦ < 0.

(8.8)

The following corollary reveals that the condition ||Gzw(s)||∞ < γ implies the
closed-loop stability.

Corollary 8.1 The H∞ problem (Problem 8.1) has a solution only if (A B1)
is stabilizable, and with the solution given by (8.6) the closed-loop system is
asymptotically stable.

Proof Condition (8.5) clearly implies

(AX + B1W )T + AX + B1W < 0. (8.9)

This gives the stabilizability of the matrix pair (A, B1).
Using (8.9) and the solution given by (8.6), we have

(A + B1K )X + X (A + B1K )T

= AX + B1KX + (AX + B1KX )T

= (AX + B1W )T + AX + B1W

< 0.

Thus, the closed-loop system is asymptotically stable. �

8.1.3 Other Conditions
In the previous section, we have obtained the design condition (8.5) based on the
first condition in Theorem 5.4, that is, (5.27). Corresponding to the second and
third conditions, here without proof we give the design conditions for H∞ control
respectively as

⎡

⎢
⎣

(AX + B1W )T + AX + B1W B2 (CX + D1W )T

BT
2 −γ 2I DT

2
CX + D1W D2 −I

⎤

⎥
⎦ < 0,
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and
[
(AX + B1W )T + AX + B1W + B2BT

2 (CX + D1W )T + B2DT
2

CX + D1W + D2BT
2 −γ 2I + D2DT

2

]

< 0.

By now we have got all the three design conditions corresponding to the three
analysis conditions in Theorem 5.4. One may wonder why we do not use the three
conditions in Theorem 5.3 to handle the H∞ problem, the answer is very simple.
As we have seen earlier, applying the conditions in Theorem 5.4 to the problem,
the nonlinear term in the inequality we encountered is KX . This term can be easily
avoided by introducing the simple variable substitution,W = KX , since fromwhich
we can immediately get the gain matrix as K = WX−1. While with the conditions
in Theorem 5.3, we have to face the term

(A + BK )T X + X (A + BK )

= ATX + XA + K TBTX + XBK .

If, similarly, we handle the nonlinear term by letting

W = XBK ,

then from this we generally cannot get the gain matrix K except for the special
case of B being nonsingular. Nevertheless, as we will find out in Chapter 9, the
conditions in Theorem 5.3 will perform important functions in observer design.

To complete this section, we finally give the design conditions corresponding to
the deduced condition in Corollary 5.4.

Theorem 8.2 The H∞ problem (Problem 8.1) has a solution if and only if there
exist matrices V , W and a symmetric matrix X such that
⎡

⎢⎢⎢⎢⎢⎢
⎣

−V − V T (AV + B1W )T + X (CV + D1W )T V T 0
AV + B1W + X −X 0 0 B2
CV + D1W 0 −γ Im 0 D2

V 0 0 −X 0
0 BT

2 DT
2 0 −γ Ir

⎤

⎥⎥⎥⎥⎥⎥
⎦

< 0.

When such a triple of matrices V , W , and X are found, a solution to the problem
can be given as

K = WV −1.

Corresponding to the second deduced condition in Corollary 5.4, the condition
turns to be
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⎡

⎢⎢⎢⎢⎢
⎣

−V − V T (AV + B1W )T + X (CV + D1W )T V T 0
AV + B1W + X −X 0 0 B2
CV + D1W 0 −Im 0 D2

V 0 0 −X 0
0 BT

2 DT
2 0 −γ 2Ir

⎤

⎥⎥⎥⎥⎥
⎦

< 0.

Example 8.1

Consider the linear system with the following parameters:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ẋ =
⎡

⎣
2 1 −2
1 −1 −3
4 0 −1

⎤

⎦ x+
⎡

⎣
1 0
0 3
3 1

⎤

⎦u+
⎡

⎣
1
0.2

−0.5

⎤

⎦w

z = [
2 1 −0.5

]
x+ [

1 1
]
u+ 0.05w.

Using the function mincx in LMI toolbox to the optimization problem (8.8), we
have

X = 107 ×
⎡

⎣
8.7047 −6.5321 4.2500

−6.5321 8.8601 −4.2821
4.2500 −4.2821 5.0227

⎤

⎦ > 0,

W = 107 ×
[−5.2786 2.9364 −7.7991
−3.4736 −0.8733 6.0925

]
,

γ = 0.0500,

and the state feedback gain

K = WX−1 =
[−0.2159 −0.8333 −2.0805
−1.7841 −0.1667 2.5805

]
.

Note that the attenuation level γ is very small, the disturbance ω must be effec-
tively attenuated. To verify this, we have plotted the output z in Figure 8.2, for the
cases of ω(t) = 0 and ω(t) = sin t. It is seen from this figure that the disturbance
indeed has very small affection to the system output.

Using the function place in control system toolbox to the same system, we
obtain a feedback gain as

K1 =
[

1.2850 0.5978 −2.0283
−1.4101 −0.7807 1.4861

]
.

The closed-loop system outputs for the cases of ω(t) = 0 and ω(t) = sin t
corresponding to the aforementioned feedback gain is shown in Figure 8.3.

Comparing the two Figures 8.2 and 8.3, it is clearly seen that the effect of
disturbance is dramatically reduced when ||Gzw(s)||∞ is minimized. Without this
consideration, the disturbance may thoroughly alter the output of the system.
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Figure 8.2 The output of closed-loop system, Example 8.1.
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Figure 8.3 System output corresponding to the feedback K1, Example 8.1.

8.2 H2 State Feedback Control
First let us look at the H2 state feedback control problem. For simplicity, here only
the very basic problem is treated.

8.2.1 Problem
In this section, we study linear systems of the following form:

{
ẋ = Ax + B1u + B2w
z = Cx + Du, (8.10)

where
x ∈ R

n and z ∈ R
m are respectively the state vector and the output vector

w ∈ R
p is the disturbance vector

u ∈ R
r is the control vector

A, C , D, B1, andB2 are the system coefficientmatrices of appropriate dimensions
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In this section, we treat the problem of designing a state feedback controller for
system (8.10) such that the closed-loop system is stable and the effect of the
disturbance is prohibited to a desired level.

For the linear system (8.10), designing the state feedback control law

u = Kx, (8.11)

gives the following closed-loop system
{
ẋ = (A + B1K ) x + B2w
z = (C + DK ) x. (8.12)

Therefore, the influence of the disturbance w to the output z is determined by

z(s) = Gzw(s)w(s),

where

Gzw(s) = (C + DK ) (sI − (A + B1K ))−1 B2. (8.13)

Recalling the results in Section 5.1, we have

||z(t)||P ≤ ||Gzw(s)||2||w(t)||P ,

which states that ||Gzw(s)||2 performs the function of an amplifier of the disturbance
to the system output. With this observation, we propose the following problem.

Problem 8.2 For the linear system (8.10), design a state feedback control law
(8.11) such that

||Gzw(s)||2 < γ

holds for a given positive scalar γ .

8.2.2 Solution
It follows from Theorem 5.6 that Problem 8.2 has a solution if and only if there
exists a symmetric positive definite matrix X such that

{
(A + B1K )X + X (A + B1K )T + B2BT

2 < 0
trace

(
(C + DK )X (C + DK )T

)
< γ 2.
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Using Lemma 2.13, the aforementioned set of inequalities can be equivalently
converted into

⎧
⎪⎨

⎪⎩

(A + B1K )X + X (A + B1K )T + B2BT
2 < 0

(C + DK )X (C + DK )T < Z
trace (Z) < γ 2,

where Z is some symmetric matrix. Further, using Schur complement lemma, gives

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(A + B1K )X + X (A + B1K )T + B2BT
2 < 0

[
−Z (C + DK )X

X (C + DK )T −X

]

< 0

trace (Z) < γ 2.

Finally, by defining

W = KX ,

we can obtain the solution to Problem 8.2.

Theorem 8.3 The H2 problem (Problem 8.2) has a solution if and only if there
exist a matrixW , two symmetric matrices Z and X such that

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

AX + B1W + (AX + B1W )T + B2BT
2 < 0

[
−Z CX + DW

(CX + DW )T −X

]

< 0

trace (Z) < γ 2.

(8.14)

When such a triple of matrices are obtained, a gain matrix to the problem can be
given by

K = WX−1. (8.15)

The aforementioned theorem again converts the control system design problem
into an LMI feasibility problem, namely, (8.14), which is solvable using the LMI
toolbox command feasp. In applications, we are often concerned with the
problem of finding the minimal attenuation level γ . This problem can be solved via
the following optimization:
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⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min ρ

s.t. AX + B1W + (AX + B1W )T + B2BT
2 < 0

[
−Z CX + DW

(CX + DW )T −X

]

< 0

trace (Z) < ρ,

(8.16)

where ρ = γ 2. This minimization problem (8.16) is solvable using the LMI toolbox
command mincx.

The following corollary reveals that the condition ||Gzw(s)||2 < γ implies the
closed-loop stability.

Corollary 8.2 The H2 Problem 8.2 has a solution only if (A B1) is stabilizable,
and with the solution given by (8.15) the closed-loop system is asymptotically stable.

Proof The first inequality in (8.14) clearly implies

(AX + B1W )T + AX + B1W < −B2BT
2 ≤ 0. (8.17)

This gives the stabilizability of the matrix pair (A, B1).
Using (8.17) and the solution given by (8.15), we have

(A + B1K )X + X (A + B1K )T

= AX + B1KX + (AX + B1KX )T

= (AX + B1W )T + AX + B1W

< 0.

Thus, the closed-loop system is asymptotically stable. �

8.2.3 Other Condition
In the previous section, we have obtained the design condition (8.14) based on the
first condition in Theorem 5.6, that is, (5.42). Due to the same reason mentioned
in Section 8.1.3 about the condition for the H∞ control problem, we conclude that
the second condition in Theorem 5.6 is not directly applicable to the H2 problem.

Again, due to the same reason, the first deduced condition in Theorem 5.7 is
also not directly applicable. Now to complete this section, we finally give the design
conditions corresponding to the second deduced condition in Theorem 5.7.
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Theorem 8.4 The H2 problem (Problem 8.2) has a solution if and only if there
exist matrices V , W and two symmetric matrices P and Z such that

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

trace (Z) < γ 2
[−Z BT

2
B2 −P

]
< 0

⎡

⎢⎢
⎣

− (
V + V T)

(AV + B1W )T + P (CV + DW )T V T

AV + B1W + P −P 0 0
CV + DW 0 −I 0

V 0 0 −P

⎤

⎥⎥
⎦ < 0.

When such a set of matrices V , W , P, and Z are found, a solution to the problem
can be given as

K = WV−1.

Example 8.2

Consider the following linear system

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẋ =
⎡

⎣
−3 −2 1
1 2 1
1 −1 −1

⎤

⎦ x+
⎡

⎣
2 0
0 2
0 1

⎤

⎦ u+
⎡

⎣
3
0
1

⎤

⎦ ω

z =
[
1 0 1
0 1 1

]
x+

[
1 1
0 1

]
u.

Applying the MATLAB� function mincx in the LMI toolbox to the optimization
problem (8.16), we get

X = 103 ×
⎡

⎣
0.7799 −0.0053 0.2621

−0.0053 0.1400 0.4207
0.2621 0.4207 1.3635

⎤

⎦ > 0,

W = 103 ×
[−0.7851 0.1452 0.1586
−0.2569 −0.5607 −1.7842

]
,

Z = 10−3 ×
[
0.0089 0.0538
0.0538 0.3260

]
,

ρ = 3.3491 × 10−4,

and the corresponding state feedback gain is obtained as

K = WX−1 =
[−0.9112 1.7519 −0.2491
−0.1063 −1.9004 −0.7018

]
,
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Figure 8.4 The output of closed-loop system, Example 8.2.

the corresponding minimal attenuation level is γ = √
ρ = 0.0183.Note that the

attenuation level γ is very small, the disturbance ω must be effectively attenuated.
To verify this, we have plotted the output z in Figure 8.4, for the cases of ω(t) = 0
and ω(t) = 5 sin t. It is seen from this figure that the disturbance indeed has very
little affection to the system output.

Using the MATLAB function place in control system toolbox to the same
system, we obtain a feedback gain as

K1 =
[

0.3965 0.9895 −0.4499
−0.4185 −3.0160 −1.0858

]
,

which assigns the same set of closed poles as the optimal gain matrix K, that is,

λ(A+ B1K1) = {−5.4444,−2.2181,−0.6625} .

The closed-loop system output corresponding to the aforementioned feedback
gain K1 is shown in Figure 8.5, also for the cases of ω(t) = 0 and ω(t) = 5 sin t.

Comparison of the two Figures 8.4 and 8.5 clearly reveals the effect of
disturbance attenuation via H2 control.
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Figure 8.5 System output corresponding to gain K1, Example 8.2.

8.3 Robust H∞/H2 State Feedback Control
In this section, we further investigate the problems of robust state feedback control
of linear systems with parameter uncertainties.

8.3.1 Problems
8.3.1.1 Uncertain System

Consider the following linear system with uncertainty

{
ẋ(t) = (A + �A)x(t) + (B1 + �B1)u(t) + B2w(t)
z(t) = Cx(t) + D1u(t) + D2w(t), (8.18)

where

■ x ∈ R
n and z ∈ R

m are respectively the state vector and the output vector
■ w ∈ R

p is the disturbance vector
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■ u ∈ R
r is the control vector

■ A, B1, B2, C , D1, andD2 are known real constant system coefficient matrices
of appropriate dimensions

�A and �B1 are real-valued matrix functions that represent the time-varying
parameter uncertainties and are of the form

[
�A �B1

] = HF
[
E1 E2

]
, (8.19)

where matrices E1, E2, andH are some known matrices of appropriate dimensions,
while F is a matrix which contains the uncertain parameters and satisfies

FTF ≤ I . (8.20)

For the type of perturbation, we obviously have

[
�A �B1

] =
{[

0 0
]
, when F = 0

H
[
E1 E2

]
, when F = I .

8.3.1.2 Forms of Perturbation

Remember that in Chapter 4 we handled the problem of robust stability, where the
perturbation of the system coefficient matrix takes the following form:

�A = δ1A1 + δ2A2 + · · · + δkAk, (8.21)

where
Ai, i = 1, 2, . . . , k, are some known matrices
δi, i = 1, 2, . . . , k, are the perturbation parameters satisfying

|δi| < ri, i = 1, 2, . . . , k. (8.22)

Note that

�A = [
A1 A2 · · · Ak

]

⎡

⎢⎢⎢
⎣

δ1I
δ2I
...

δkI

⎤

⎥⎥⎥
⎦
,

we can thus write �A in the form of

�A = HFE (8.23)
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with

H = [
A1 A2 · · · Ak

]
, E =

( k∑

i=1

r2i

)12
,

and

F =
( k∑

i=1

r2i

)− 1
2

⎡

⎢⎢⎢
⎣

δ1I
δ2I
...

δkI

⎤

⎥⎥⎥
⎦
.

On the other hand, suppose that we can separate out the perturbation parameters
in the matrix F as follows:

F = δ1F1 + δ2F2 + · · · + δkFk.

Then, we have form (8.23),

�A = HFE

= H (δ1F1 + δ2F2 + · · · + δkFk)E

= δ1A1 + δ2A2 + · · · + δkAk,

with

Ai = HFiE , i = 1, 2, . . . , k.

Further, note that

FTF

= (δ1F1 + δ2F2 + · · · + δkFk)T (δ1F1 + δ2F2 + · · · + δkFk)

= [
FT
1 FT

2 · · · FT
k

]
diag

(
δ21I , δ

2
2I , . . . , δ

2
k I

)

⎡

⎢⎢⎢
⎣

F1
F2
...
Fk

⎤

⎥⎥⎥
⎦
,

then condition (8.22) becomes

[
FT
1 FT

2 · · · FT
k

]
diag

(
δ21I , δ

2
2I , . . . , δ

2
k I

)

⎡

⎢⎢⎢
⎣

F1
F2
...
Fk

⎤

⎥⎥⎥
⎦

≤ I .

Therefore, the two types of perturbations (8.23) and (8.21) aremutually transferable.
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8.3.1.3 Problem Formulation

With the state feedback control law

u(t) = Kx(t), (8.24)

the closed-loop system is

{
ẋ(t) = [(A + �A) + (B1 + �B1)K ] x(t) + B2w(t)
z(t) = (C + D1K ) x(t) + D2w(t), (8.25)

and its transfer function is

Gzw(s) = (C + D1K ) (sI − [(A + �A) + (B1 + �B1)K ])−1B2 + D2.

Problem 8.3 (Robust H∞ control) Given the uncertain linear system (8.18) and
a positive scalar γ , design a state feedback control law u(t) in the form of (8.24)
such that the closed-loop system (8.25) is asymptotically stable and satisfies

‖Gzw(s)‖∞ < γ .

Problem 8.4 (Robust H2 control) Given the uncertain linear system (8.18) with
D2 = 0, and a scalar γ > 0, design a state feedback control law u(t) in the form of
(8.24) such that the closed-loop system (8.25) is asymptotically stable and satisfies

‖Gzw(s)‖2 < γ .

8.3.2 Solution to the Robust H∞ Control Problem
For solution to the H∞ state feedback control problem stated earlier, we have the
following result.

Theorem 8.5 The H∞ state feedback control problem (Problem 8.3) has a
solution if and only if there exist a scalar α, a matrix W , and a symmetric positive
definite matrix X satisfying the following LMI:

⎡

⎢⎢⎢
⎣

	(X ,W ) B2 (CX + D1W )T (E1X + E2W )T

BT
2 −γ I DT

2 0
CX + D1W D2 −γ I 0
E1X + E2W 0 0 −αI

⎤

⎥⎥⎥
⎦

< 0, (8.26)
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where

	(X ,W ) = 〈AX + B1W 〉s + αHHT.

In this case, an H∞ state feedback control law is given by

u(t) = WX−1x(t).

Proof It follows from Theorem 8.1 that the H∞ state feedback control problem
(Problem 8.3) has a solution if and only if there exist a matrix W and a symmetric
positive definite matrix X satisfying

⎡

⎢
⎣

〈(A + �A)X + (B1 + �B1)W 〉s B2 (CX + D1W )T

BT
2 −γ I DT

2
CX + D1W D2 −γ I

⎤

⎥
⎦ < 0. (8.27)

Consider
⎡

⎢
⎣

〈(A + �A)X + (B1 + �B1)W 〉s B2 (CX + D1W )T

BT
2 −γ I DT

2
CX + D1W D2 −γ I

⎤

⎥
⎦

=
⎡

⎢
⎣

〈AX + B1W 〉s B2 (CX + D1W )T

BT
2 −γ I DT

2
CX + D1W D2 −γ I

⎤

⎥
⎦

+
⎡

⎢
⎣

〈�AX + �B1W 〉s 0 0
0 0 0
0 0 0

⎤

⎥
⎦ .

In view of the relations in (8.19), we further have
⎡

⎣
〈�AX + �B1W 〉s 0 0

0 0 0
0 0 0

⎤

⎦

=
⎡

⎣
〈HF (E1X + E2W )〉s 0 0

0 0 0
0 0 0

⎤

⎦

=
〈⎡

⎣
H
0
0

⎤

⎦ F
[
E1X + E2W 0 0

]
〉

s

.
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Thus, the inequality (8.27) can be equivalently written as
⎡

⎢
⎣

〈AX + B1W 〉s B2 (CX + D1W )T

BT
2 −γ I DT

2
CX + D1W D2 −γ I

⎤

⎥
⎦

+
〈⎡

⎣
H
0
0

⎤

⎦ F
[
E1X + E2W 0 0

]
〉

s

< 0.

Applying Lemma 2.5, we can equivalently convert the earlier inequality into
⎡

⎢
⎣

〈AX + B1W 〉s + αHHT B2 (CX + D1W )T

BT
2 −γ I DT

2
CX + D1W D2 −γ I

⎤

⎥
⎦

+ α−1 [
E1X + E2W 0 0

]T [
E1X + E2W 0 0

]
< 0. (8.28)

Finally, by using Schur complement lemma, the inequality (8.28) can be equivalently
arranged into the form of inequality (8.26). The proof is then completed. �

In applications, we are often concerned with the problem of finding the minimal
attenuation level γ . This problem can be solved via the following optimization:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min γ

s.t. X > 0⎡

⎢⎢
⎣

	(X ,W ) B2 (CX + D1W )T (E1X + E2W )T

BT
2 −γ I DT

2 0
CX + D1W D2 −γ I 0
E1X + E2W 0 0 −αI

⎤

⎥⎥
⎦ < 0.

(8.29)

This minimization problem can be solved using the LMI toolbox command
mincx.

Example 8.3

Consider a linear system in the form of (8.18) with the following parameters:

A =
⎡

⎣
−0.7467 −3.8410 −9.9319
−2.9689 −8.8444 4.9235
1.7507 0.1229 −8.7683

⎤

⎦ ,

B1 =
⎡

⎣
1.0877 0.0169

−0.7231 1.2568
1.9908 −0.4266

⎤

⎦ , B2 =
⎡

⎣
−0.0193
0.0220
0.0312

⎤

⎦ ,
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C =
⎡

⎣
−3.2704 −2.4767 −3.6348
4.7975 3.7574 −4.8824

−2.2855 2.3731 3.9390

⎤

⎦ ,

D1 =
⎡

⎣
−0.2034 −0.1624
−0.8051 −0.1231
0.6458 −1.7409

⎤

⎦ , D2 =
⎡

⎣
0.0313

−0.0137
0.0385

⎤

⎦ ,

and H = I3,

E1 =
⎡

⎣
−0.1134 −0.1707 −0.0203
0.0953 0.0675 −0.0397
0.0920 −0.0075 0.1172

⎤

⎦ , E2 =
⎡

⎣
0.1342 0.1092
0.0488 0.1759

−0.0954 −0.1677

⎤

⎦ .

Using the function mincx in the LMI toolbox to the H∞ optimization problem
(8.29), we obtain the following optimal parameters

X =
⎡

⎣
0.0338 −0.0236 0.0358

−0.0236 0.0645 −0.0446
0.0358 −0.0446 0.0504

⎤

⎦ > 0,

W =
[−0.0644 0.1373 −0.1618
−0.0016 −0.0149 0.0207

]
,

α = 0.0021, γ = 0.0949,

and thus the state feedback gain is given by

K = WX−1 =
[

9.1630 −3.2219 −12.5748
−3.0468 1.1270 3.5736

]
.

Corresponding to this gain matrix, we have plotted the closed-loop system
output z in Figure 8.6, with ω(t) = sin 2t. The solid lines represent the case of
F = 03×3, while the dash lines represent the case of F = I3. It is seen from this
figure that the uncertainty indeed has very little affection to the system output.

Using the function place in MATLAB control system toolbox to the same
system, we can obtain a feedback gain as

K1 =
[
6.8814 −3.3725 −10.2539
9.5152 −6.4425 −12.9601

]
,

which assigns the same set of closed-loop poles as the gain matrix K, that is,

λ (A+ BK1) = λ (A+ BK) = {−9.0896 ± 4.1847i,−13.0774}.

The closed-loop system output corresponding to this feedback gain K1 is shown
in Figure 8.7, for the same choices of ω(t) and F as in Figure 8.6. Comparison of
the two figures clearly reveals the advantage of the H2 control technique in the
aspect of disturbance attenuation.
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Figure 8.6 The output of the closed-loop system, Example 8.3.

8.3.3 Solution to the Robust H2 Control Problem
For solution to the H2 state feedback control problem stated earlier, we have the
following result.

Theorem8.6 TheH2 state feedback control problem (Problem 8.4) has a solution
if and only if there exist a scalar β, a matrix W , two symmetric matrices Z and X
satisfying the following LMIs:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

[〈AX + B1W 〉s + B2BT
2 + βHHT (E1X + E2W )T

E1X + E2W −βI

]
< 0

[ −Z CX + D1W
(CX + D1W )T −X

]
< 0

trace (Z) < γ 2.

(8.30)
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Figure 8.7 System output corresponding to gain K1, Example 8.3.

In this case, an H2 state feedback control law is given by

u(t) = WX−1x(t).

Proof It follows from Theorem 8.3 that the H2 state feedback control problem
(Problem 8.4) has a solution if and only if there exist a matrix W , two symmetric
matrices Z and X satisfying

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

〈(A + �A)X + (B1 + �B1)W 〉s + B2BT
2 < 0

[ −Z CX + D1W
(CX + D1W )T −X

]
< 0

trace (Z) < γ 2.

(8.31)

Thus, we need only to show the equivalence between the first inequality in (8.30)
and that in (8.31).

co
nt

ro
len

gin
ee

rs
.ir



270 ■ LMIs in Control Systems

Since

〈(A + �A)X + (B1 + �B1)W 〉s + B2BT
2

= 〈AX + B1W 〉s + B2BT
2 + 〈�AX + �B1W 〉s ,

and, in view of the relations in (8.19),

〈�AX + �B1W 〉s = 〈HF (E1X + E2W )〉s ,

the first inequality in (8.31) can be equivalently written as

〈AX + B1W 〉s + B2BT
2 + 〈HF (E1X + E2W )〉s < 0.

Applying Lemma 2.5, we can equivalently convert the aforementioned
inequality into

〈AX + B1W 〉s + B2BT
2 + βHHT

+ β−1 (E1X + E2W )T (E1X + E2W ) < 0. (8.32)

Finally, by using Schur complement lemma, the inequality (8.32) can be equivalently
arranged into the form of the first inequality in (8.30). The proof is then completed.

�

In applications, we are often concerned with the problem of finding the minimal
attenuation level γ . This problem can be solved via the following optimization:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min ρ

s.t.

[
〈AX + B1W 〉s + B2BT

2 + βHHT (E1X + E2W )T

E1X + E2W −βI

]

< 0

[ −Z CX + D1W
(CX + D1W )T −X

]
< 0

trace (Z) < ρ,

(8.33)

where ρ is a positive optimizing variable. This minimization problem can be solved
using the LMI toolbox command mincx. When this ρ is obtained, the minimal
attenuation level is given by √

ρ.
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Example 8.4

Consider a linear system in the form of (8.18) with the following parameters:

A =
⎡

⎣
−1.8764 2.2925 8.2951
−2.6505 −1.8239 −9.5310
6.0722 8.8747 −6.3834

⎤

⎦ ,

B1 =
⎡

⎣
1.0877 −0.9443
2.8711 −0.1364
1.9588 −0.1735

⎤

⎦ , B2 =
⎡

⎣
0.1103

−0.0536
0.1214

⎤

⎦ ,

C =
[

0.5588 2.6838 1.7343
−2.7756 −4.5748 1.6906

]
,

D1 =
[
0.2699 0.0016
0.1486 0.7459

]
, D2 = 0,

and H = I3,

E1 =
⎡

⎣
0.0873 0.1531 −0.1706
0.1777 0.0006 −0.1456
0.1330 0.0811 −0.1166

⎤

⎦ , E2 =
⎡

⎣
−0.0078 −0.1237
−0.0297 −0.1814
−0.0764 −0.1313

⎤

⎦ .

Applying the MATLAB function mincx in the LMI toolbox to the H2 optimization
problem (8.33), we get

X =
⎡

⎣
0.0429 0.0080 −0.0154
0.0080 0.0707 0.0373

−0.0154 0.0373 0.0365

⎤

⎦ > 0,

W =
[−0.1070 −0.9185 −0.5773

0.2715 0.5540 0.2040

]
,

Z =
[
0.0245 −0.0121

−0.0121 0.0060

]
,

and

ρ = 0.0305, β = 0.0029.

The corresponding state feedback gain is thus obtained as

K = WX−1 =
[−5.8671 −5.7982 −12.3917

5.5622 6.5411 1.2663

]
,

while the optimal attenuation level is γ = √
ρ = 0.1746.

We have plotted the output z in Figure 8.8, for the cases of F = 03×3 and
F = I3, where w(t) = 0.5 sin 1.5t. It is seen from this figure that the uncertainty
indeed has very little affection to the system output.
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Figure 8.8 The output of the closed-loop system, Example 8.4.

Using the function place in MATLAB control system toolbox to the same
system, we obtain a feedback gain as

K1 =
[−1.9046 −12.0954 −2.7428
11.7365 −4.0700 5.5739

]
,

which set the same set of closed-loop poles, that is, −45.8913, −3.1314,
−14.7269, as the gain K. The closed-loop system output corresponding to the
feedback gain K1 is shown in Figure 8.9, for the same choices of w(t) and F as in
Figure 8.8.

8.4 LQ Regulation via H2 Control
In this section, the well-known quadratic optimal regulation problem is treated. We
will see that, besides the traditional Riccati equation approach, the problem can be
equivalently converted into a standard H2 problem, and hence can be solved via
LMI techniques.
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Figure 8.9 System output corresponding to gain K1, Example 8.4.

8.4.1 Problem Description
Consider the constant linear multi-variable system

ẋ = Ax + Bu, x(0) = x0, (8.34)

where
x ∈ R

n and u ∈ R
r are the state vector and input vector, respectively

A and B are the system coefficient matrices of appropriate dimensions

Thewell-known linear quadratic optimal regulation problem for the aforementioned
system is stated as follows.

Problem 8.5 Design, for system (8.34), an optimal state feedback controller
u = Kx such that the following quadratic performance index

J (x, u) =
∞�
0

(xTQx + uTRu) dt (8.35)
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is minimized, where

Q = QT ≥ 0, R = RT > 0. (8.36)

For a traditional solution to this problem we have a basic result which is based
on the following two typical assumptions:

A1. (A, B) is stabilizable.
A2. (A, L) is observable, with L = Q1/2.

Theorem 8.7 Let Assumptions A1 and A2 hold, then the following algebraic
Riccati equation

ATP + PA − PBR−1BTP + Q = 0

has a unique symmetric positive definite solution P, and in this case the optimal
solution to the aforementioned LQR problem is given, in terms of this positive
definite matrix P, as follows:

u(t) = −R−1BTPx(t). (8.37)

The corresponding closed-loop system is given by

ẋ(t) = (
A − BR−1BTP

)
x(t), (8.38)

and the minimum value of the performance index is

γ = min
u

J (x, u) = xT0 Px0. (8.39)

8.4.2 Relation to H2 Performance
Introduce the following auxiliary system

{
ẋ = Ax + Bu + x0ω
y = Cx + Du, (8.40)

where

C =
[
Q

1
2

0

]
, D =

[
0
R

1
2

]
, (8.41)
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and ω represents an impulse disturbance. With the state feedback controller u = Kx
applied to the auxiliary system (8.40), the closed-loop system is obtained as

{
ẋ = (A + BK ) x + x0ω
y = (C + DK ) x. (8.42)

Thus, the transfer function of the aforementioned system (8.42) from the
disturbance ω to the output y is

Gyω(s) = (C + DK ) [sI − (A + BK )]−1 x0. (8.43)

The following theorem tells us that the LQR performance for system (8.34) can
be reformulated into an H2 performance for the auxiliary system (8.40) and (8.41).

Theorem 8.8 Given the linear system (8.34) and the quadratic performance index
(8.35) satisfying (8.36) and Assumptions A1 and A2, then

J (x, u) = ∥∥Gyω(s)
∥∥2
2 , (8.44)

where Gyω(s) is the transfer function given by (8.43).

Proof Define

S =
[
Q

1
2

R
1
2K

]

,

then it is easy to verify

S = C + DK , (8.45)

and from (8.35) and u = Kx, we obtain

J =
∞�
0

(xTQx + uTRu) dt

=
∞�
0

(xTQx + xTK TRKx) dt

=
∞�
0

xT
(
Q + K TRK

)
x dt

=
∞�
0

xTSTSx dt.
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Let X (s) denote the Laplace transform of the state vector x(t) of the system (8.42),
that is, X (s) = L[x(t)], then,

X (s) = (sI − A − BK )−1x0. (8.46)

According to the definition of H2 norm, we have

‖SX (s)‖2 = trace

(
1
2π

∞�
−∞

SX ( jω)XH( jω)STdω

)1/2

,

meanwhile, according to the definition of L2 norm, we have

‖Sx(t)‖2 =
( ∞�

−∞
xT(t)STSx(t) dt

)1/2

.

Recalling the Parseval lemma yields

‖Sx(t)‖2 = ‖SX (s)‖2 .

Thus, further using (8.45) and (8.46), gives

J =
∞�
0

xT(t)STSx(t) dt

= ‖Sx(t)‖22
= ‖SX (s)‖22
= ∥∥S(sI − A − BK )−1x0

∥∥2
2

= ∥∥Gyω(s)
∥∥2
2 .

Thus, the conclusion holds true. �

8.4.3 Solution
The importance of the earlier result is that it reveals the fact that the LQR perfor-
mance index of a system equals to the H2 index of an associated auxiliary system,
and with such a fact, an LQR design can be solved via an H2 problem, and hence
can be solved with good numerical reliability.

Based on Theorems 5.6 and 8.8, we can obtain the following result.
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Theorem 8.9 Let Assumptions A1 and A2 hold, then a state feedback control in
the form of u = Kx exists such that J (x, u) < γ if and only if there exist X ∈ S

n,
Y ∈ S

r andW ∈ R
r×n satisfying

(AX + BW ) + (AX + BW )T + x0xT0 < 0, (8.47)

trace
(
Q

1
2X

(
Q

1
2

)T
)

+ trace (Y ) < γ , (8.48)
⎡

⎣
−Y R

1
2W(

R
1
2W

)T −X

⎤

⎦ < 0. (8.49)

In this case, a feedback gain is given by

K = WX−1. (8.50)

Proof According to Theorem 8.8, J (x, u) < γ is equivalent to

∥∥(C + DK ) [sI − (A + BK )]−1 x0
∥∥2
2 < γ .

Further using Theorem 5.6, we know that the earlier relation is equivalent to the
existence of an X > 0 satisfying the following two LMIs:

(A + BK )X + X (A + BK )T + x0xT0 < 0, (8.51)

trace

([
Q

1
2

R
1
2K

]

X

[
Q

1
2

R
1
2K

]T)

< γ . (8.52)

Through some deductions, (8.52) can be equivalently converted into

trace
(
Q

1
2X

(
Q

1
2

)T
)

+ trace
(
R

1
2KX

(
R

1
2K

)T
)

< γ ,

which is equivalent to (8.48) and

R
1
2KX

(
R

1
2K

)T
< Y , (8.53)

with Y being a symmetric positive definite matrix.
Letting

KX = W ,
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from which we can get the expression (8.50) for the feedback gain, and (8.51) can
be converted into (8.47), and (8.53) becomes

R
1
2WX−1

(
R

1
2W

)T
< Y ,

which turns to be equivalent to (8.49) according to the Schur complement
lemma. �

It clearly follows from the earlier theorem that Problem 8.5 can be solved via the
following optimization problem:

{
min γ

s.t. (8.47) − (8.49), (8.54)

the produced optimal γ is then the minimum value of the performance index.

Example 8.5

Consider the following system

ẋ (t) = Ax (t) + Bu (t) , x (0) = [
1 0

]T ,

where

A =
[

0 1
−1 1

]
, B =

[
0
1

]
.

The performance index is in the form of (8.35), with

Q = I2, R = 1.

By solving the corresponding optimization problem (8.54), we obtain the
optimal parameters as

X =
[

0.8919 −0.5000
−0.5000 0.4204

]
> 0,

W = [
0.9715 −0.9204

]
,

Y = 2.0661 > 0,

γ = 3.3784.

Then, the optimal state feedback guaranteed cost control law can be
computed as

K = WX−1 = [−0.4142 −2.6818
]
. (8.55)
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On the other hand, applying the MATLAB function lqr in the MATLAB opti-
mal toolbox to the system, we obtain the solution of the corresponding Riccati
equation as

P =
[
3.3784 0.4142
0.4142 2.6818

]
> 0,

and the state feedback given by (8.37) is computed exactly the same as in (8.55).
The corresponding optimal quadratic performance index is then given by

J∗ = x(0)TPx(0) = 3.3784,

which is indeed equal to the optimal γ .

8.5 Notes and References
8.5.1 Summary and References
This chapter studies LMI approaches for H∞/H2 state feedback control and also the
robust H∞/H2 control problems. The LMI conditions for the basic H∞ and H2
state feedback control problems are given in Table 8.1, while those for the robust
H∞ and H2 state feedback control problems are given in Table 8.2.

In this chapter, the quadratic performance index is also treated in Section 8.4. It is
shown that the quadratic optimal regulation problem can be equivalently converted
into a standard H2 problem, and hence can be solved via LMI techniques.

Table 8.1 H∞ and H2 Control

Problems Criteria Controller

H∞

X > 0
⎡

⎢⎢⎢⎢
⎣

〈
AX + B1W

〉
s ∗ ∗

BT2 −γ I ∗
CX +D1W D2 −γ I

⎤

⎥⎥⎥⎥
⎦

< 0
K = WX−1

H2

⎡

⎢
⎣

−Z CX +DW

(CX +DW)T −X

⎤

⎥
⎦ < 0

AX + B1W + (
AX + B1W

)T + B2BT2 < 0

trace (Z) < γ 2

K = WX−1
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Table 8.2 Robust H∞ and H2 Control

Problems Criteria Controller

H∞

X > 0
⎡

⎢⎢⎢⎢⎢⎢⎢
⎣

	(X,W) ∗ ∗ ∗
BT2 −γ I ∗ ∗

CX +D1W D2 −γ I ∗
E1X + E2W 0 0 −βI

⎤

⎥⎥⎥⎥⎥⎥⎥
⎦

< 0

	(X,W) = 〈
AX + B1W

〉
s + βHHT

K = WX−1

H2

trace (Z) < γ 2

⎡

⎢
⎣

−Z ∗
(
CX +D1W

)T −X

⎤

⎥
⎦ < 0

⎡

⎢
⎣

〈
AX + B1W

〉
s + B2BT2 + βHHT ∗

E1X + E2W −βI

⎤

⎥
⎦ < 0

K = WX−1

H∞/H2 control became popular by the end of the 1990s. In 1989, a celebrated
result was proposed by Doyle et al. (1989) for the standard H2 and H∞ control
problems based on algebraic Riccati equations. Later, this algebraic Riccati equation
approach to the solution of mixed H∞/H2 control was further strengthened (Doyle
et al. 1994, Zhou et al. 1994). These contributions really laid a milestone for the
development of H∞/H2 control theory and have inspired a great atmosphere in
the investigation of H∞/H2 control theories and applications. Essential advances in
the LMI approaches for H∞/H2 control really occurred after the algebraic Riccati
equation approach.

Duan and his coauthors have given LMI approaches for generalized H2 control
of linear time-delay systems (Liu and Duan 2006a, Liu et al. 2006). In the literature,
H∞ control has attracted much more attention than H2 control. Earlier results on
H∞ control include Peterson et al. (1991), Gahinet and Apkarian (1993, 1994),
Choi and Chung (1997), Bouhtouri et al. (1999), and Kim and Park (1999). In
the 2000’s, Fridman and Shaked (2002) gave an LMI method for H∞ control of
linear time-delay systems, and Zhang and Duan (2005b), Liu et al. (2007), and
Zhang et al. (2007, 2008) all studied H∞ control of discrete-time systems, while
Gao et al. (2008) and Seiler and Sengupta (2005) both proposed LMI-based H∞
approach to networked control. Different from these, very recently Zhou et al.
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(2012b) considered a Lyapunov inequality characterization and a Riccati inequality
approach to H∞ and L2 low-gain feedback.

Robust H∞ control based on LMIs have also been considered by many authors
for many types of uncertain systems, for example, mechanical systems (Yang et al.
2010), systems with time-varying delays (Cao et al. 1998), Markovian jump systems
(Cao and Lam 2000), stochastic systems (Xu and Chen 2002, Zhang et al. 2005a),
T-S fuzzy systems (He and Duan 2006).

8.5.2 Dissipative, Passive, and Nonexpansive Control
In Chapter 6 we have discussed in Sections 6.3 through 6.5 the following three
concepts concerning the properties of a linear system in the form of (8.1):

1. Dissipativity, which is associated with a supply function

s(u, y) =
[
y
u

]H
Q

[
y
u

]
.

2. Passivity, which is equivalent to positive-realness.
3. Nonexpansivity, which is equivalent to bounded-realness.

Corresponding to these three concepts, we can also formulate three types of
design problems.

Problem 8.6 For the linear system (8.1), design a state feedback controller (8.2)
such that the closed-loop system (8.3) is dissipative (passive or nonexpansive) with
respect to the input w(t) and output z(t).

It follows from Theorem 6.15 that nonexpansivity is equivalent to the bounded-
realness of the system, and hence is, following from Proposition 6.3, equivalent
to ‖G(s)‖∞ < 1. Therefore, the problem of nonexpansive control is a special H∞
control problem, which does not need further investigation.

Recall from Theorems 6.12 and 6.14 that a linear system in the form of
{
ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t),
(8.56)

is dissipative or passive if and only if there exists a P > 0 such that

[
ATP + PA PB

BTP 0

]
−

[
C D
0 I

]T
Q

[
C D
0 I

]
≤ 0, (8.57)
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or
[
ATP + PA PB − CT

BTP − C −DT − D

]
≤ 0. (8.58)

Therefore, following the same treatment as in Section 8.1 for H∞ control, or the
treatment in Sections 7.1, 7.2, and 7.7 for state feedback stabilization, solutions to
the problems of dissipative control and passive control can easily be obtained via
the LMIs in (8.57) and (8.58), respectively. Readers are strongly recommended to
establish the full formulations as well as the solutions for these problems.

For references regarding the problems of dissipative control, one can refer to Qin
and Duan (2006), Li et al. (2006a), Li and Duan (2008); while for passive control,
Fu and Duan (2004), Li et al. (2006b), Duan and Li (2009), and Liu et al. (2010).

Exercises
8.1 Consider the linear system in the form of (8.1) with

A =
⎡

⎣
0 1 0
0 0 1
0 −2 −3

⎤

⎦ , B1 =
⎡

⎣
0
0
1

⎤

⎦ , B2 =
⎡

⎣
1
0
0

⎤

⎦ ,

C = [
1 0 0

]
, D1 = 1, D2 = 0.05.

Design a state feedback control law u = Kx such that the closed-loop system
is stable and the transfer function matrix

Gzw(s) = (C + D1K ) (sI − (A + B1K ))−1 B2 + D2

satisfies

‖Gzw(s)‖∞ < γ

for a minimal γ .
8.2 Consider the linear system in the form of (8.10) with

A1 =
⎡

⎣
−5 1 0
0 1 1
1 1 1

⎤

⎦ , B1 =
⎡

⎣
0 0
0 1
1 0

⎤

⎦ , B2 =
⎡

⎣
0.05
0

0.03

⎤

⎦ ,

C =
[
1 0 0
0 2 1

]
, D =

[
1 3
1 0

]
.
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Design a state feedback control law u = Kx such that the closed-loop system
is stable and the transfer function matrix

Gzw(s) = (C + DK ) (sI − (A + B1K ))−1 B2

satisfies

‖Gzw(s)‖2 < γ

for a minimal γ .
8.3 Consider a linear system in the form of (8.18) with the following parameters

A =
[
1.95 0.78
0.76 1.87

]
, B1 =

[
1.50
0.45

]
, B2 =

[
0.01
0.03

]
,

C = [
0.95 0.78

]
, D1 = 0.50, D2 = 0.02,

[
�A �B1

] = HF
[
E1 E2

]
, FTF ≤ I ,

H =
[
1 0
0 1

]
, E1 =

[
0.04 0.02

−0.01 0.01

]
, E2 =

[
0.03
0.01

]
.

Design a state feedback control law u = Kx such that the closed-loop system
is asymptotically stable and the transfer function matrix

Gzw(s) = (C + D1K ) (sI − [(A + �A) + (B1 + �B1)K ])−1B2 + D2

satisfies

‖Gzw(s)‖∞ < γ

for a minimal γ .
8.4 Consider a linear system in the form of (8.18) with the following parameters

A =
⎡

⎣
1.7465 −3.2684 6.2368
3.0268 9.4581 2.3659
4.3658 3.2478 −2.3724

⎤

⎦ ,

B1 =
⎡

⎣
0.2369 1.4533
0.2361 −3.4874
1.3687 −5.2365

⎤

⎦ , B2 =
⎡

⎣
0.0003
0.0036
0.1578

⎤

⎦ ,
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C =
[
0.7635 0.3547 5.2654
1.7566 −0.5348 1.6366

]
,

D1 =
[
1.0024 0.7853
0.1365 1.3959

]
, D2 = 0,

[
�A �B1

] = HF
[
E1 E2

]
, FTF ≤ I ,

E1 =
⎡

⎣
0.0473 −0.1401 0.4006
0.1227 −0.0006 0.1456
0.1440 −0.0811 0.2366

⎤

⎦ ,

E2 =
⎡

⎣
0.5478 0.4537
0.0237 0.1014
0.0124 0.3613

⎤

⎦ , H =
⎡

⎣
1 0 0
0 1 0
0 0 1

⎤

⎦ .

Design a state feedback control law u = Kx such that the closed-loop system
is asymptotically stable and the transfer function matrix

Gzw(s) = (C + D1K ) (sI − [(A + �A) + (B1 + �B1)K ])−1B2

satisfies

‖Gzw(s)‖2 < γ

for a minimal γ .
8.5 Consider a linear system in the form of

{
ẋ = Ax + B1u + B2w
y = Cx + D1u + D2w,

where w is a measurable disturbance modeled by

ẇ = Fw + Dv,

with v being a driving disturbance. Give the solution to the design of a
feedback controller in the form of

u = K1x + K2w,

such that
∥∥Gyv(s)

∥∥∞ and
∥∥Gyv(s)

∥∥
2 are minimized.

8.6 Solve the problem in Example 8.1 using Theorem 8.2 and compare the
obtained results with those given in the example.

8.7 Solve the problem in Example 8.2 using Theorem 8.4 and compare the
obtained results with those given in the example.
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Chapter 9

State Observation
and Filtering

State observation in a control system is a very important problem and has applications
in many problems, such as state feedback control, fault detection and isolation,
etc. In this chapter, basic LMI approaches for the design of state observers of
linear systems are presented. The full- and reduced-order state observers, H∞/H2
full-order state observers, and H∞/H2 state filtering are covered.

9.1 Full- and Reduced-Order State Observers
In this section, we examine the problem of designing state observers for the following
system

{
ẋ = Ax + Bu
y = Cx, (9.1)

where x ∈ R
n, u ∈ R

r , and y ∈ R
m are the state vector, the input vector,

and the output vector, respectively. Without loss of generality, it is assumed that
rank(C) = m ≤ n.
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9.1.1 Full-Order State Observers
For the system (9.1), a full-order state observer takes the following form

.
x̂ = Ax̂ + Bu + L(Cx̂ − y), (9.2)

where
x̂ is the state observation vector
L ∈ R

n×m is the observer gain

Denote

e = x − x̂,

then we obtain from (9.1) and (9.2) the following observation error equation:

ė = (A + LC) e. (9.3)

The problem of full-order state observers design for a continuous-time linear
system in the form of (9.1) can be stated as follows.

Problem 9.1 For the continuous-time linear system (9.1), design a full-order state
observer in the form of (9.2) such that the error system (9.3) is asymptotically stable.
As a consequence, for arbitrary control input u(t) and arbitrary system initial values
x(0) and x̂(0) the observation error approaches to zero, that is,

lim
t→∞

(
x(t) − x̂(t)

) = 0.

The aforementioned full-order observer design problem is obviously a dual prob-
lem of the state feedback stabilization problem formulated in Section 7.1.1. Thus
for solution to this problem, we immediately have the following result.

Theorem 9.1 For the full-order state observers problem (Problem 9.1) the
following conclusions hold.

1. It has a solution if and only if there exist a symmetric positive definite matrix
P and a matrixW satisfying

PA + ATP + WC + CTW T < 0. (9.4)

In this case, a solution to the problem is given by

L = P−1W . (9.5)
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2. It has a solution if and only if there exists a symmetric positive definite matrix
P satisfying

PA + ATP − CTC < 0. (9.6)

In this case, a solution to the problem is given by

L = −1
2
P−1CT. (9.7)

Proof Note that

(A + LC)T = Ã + B̃K ,

where

Ã = AT, B̃ = CT, K = LT.

With this dual relationship between state feedback stabilization and full-order state
observer design, the conclusions directly follow from Theorem 6.5. �

Example 9.1

Consider the benchmark system in Example 7.1 again. Applying the MATLAB�
function feasp in the MATLAB LMI toolbox to the full-order observer design
condition (9.4), we get the parameters P (> 0) and W. Based on the obtained
parameter matrices W and P, the observer gain is obtained by

L = [
l1 l2 · · · l20

]T = WP−1.

Entries in the gain matrix L are given in Table 9.1. By using the MATLAB function
eig, the set of observer eigenvalues are obtained as

λ (A+ LC) = {−16.4953 ± 67.5403i,−6.3405 ± 39.2256i,

−3.4178 ± 27.6323i,−2.1414 ± 21.3719i,

−1.7870 ± 17.3286i,−2.0263 ± 13.5890i,

−2.4872 ± 9.5010i,−3.0999 ± 5.1472i,

−157.7079 ± 275.6389i,−3.8856,−6.0092} .
To verify the result, we have plotted

ε(k) = ||x(k) − x̂(k)||2
in Figure 9.1. It is seen from this figure that the observation gives a very high
precision in about 2 s.
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Table 9.1 Entries of Gain Matrix L

j l3j+1 l3j+2 l3j+3

0 −36096254.4923 −278355214.5243 −1045326768.8413

1 −2542948598.5469 −4496268739.0632 −6144778948.3535

2 −6737706111.3431 −6072176176.1721 −4569771871.4278

3 −2901039846.7673 −1562328508.0585 −715017855.2874

4 −277529403.6193 −90794608.7237 −24753951.0927

5 −5521345.2195 −978540.6858 −131136.0375

6 −12303.7153 −610.9012
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Figure 9.1 Magnitude of the error vector, Example 9.1.

9.1.2 Reduced-Order State Observer Design
The previous section gives an LMI approach for the design of full-order state
observers for linear systems. In this section, we further investigate the problem of
reduced-order observer design for the linear system (9.1).

9.1.2.1 Problem Formulation

In the design of reduced-order state observers for linear systems in the form of (9.1),
the following lemma performs a fundamental role. For a proof, readers may refer to
Duan (2004a).

Lemma 9.1 Given the linear system (9.1), and let R ∈ R
(n−m)×n be an arbitrarily

chosen matrix which makes the matrix
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T =
[
C
R

]

nonsingular, then

CT−1 = [
Im 0

]
. (9.8)

Furthermore, let

TAT−1 =
[
A11 A12
A21 A22

]
, A11 ∈ R

m×m, (9.9)

then the matrix pair (A22,A12) is detectable if and only if (A,C) is detectable.

Let

Tx =
[
x1
x2

]
, TB =

[
B1
B2

]
, (9.10)

then it follows from the relations in (9.8) through (9.10) that system (9.1) is
equivalent to

⎧
⎨

⎩

[ .
x1.
x2

]
=

[
A11 A12
A21 A22

] [
x1
x2

]
+

[
B1
B2

]
u

y = x1.
(9.11)

In the equivalent system (9.11), the substate vector x1 is directly equal to the output
y of the original system (9.1). Thus to reconstruct the state of the system (9.1),
we suffice to get an estimate of the substate vector x2, namely, x̂2, from the earlier
equivalent system (9.11). Once an estimate x̂2 is obtained, an estimate of x(t), that
is, the state vector of system (9.1), can be obtained as

x̂(t) = T−1
[
y(t)
x̂2(t)

]
.

This brings about the problem of reduced-order state observer design.

Problem9.2 For the continuous-time linear system (9.11), design a reduced-order
state observer in the form of

{ .z = Fz + Gy + Hu
x̂2 = Mz + Ny, (9.12)

such that for arbitrary control input u(t), and arbitrary initial system values
x1(0), x2(0), and z(0), there holds

lim
t→∞

(
x2(t) − x̂2(t)

) = 0.
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9.1.2.2 Solution

For solution to the aforementioned reduced-order state observer design problem,
we have the following result.

Theorem 9.2 Problem 9.2 has a solution if and only if one of the following two
conditions holds:

1. There exist a symmetric positive definite matrix P and a matrixW satisfying

PA22 + AT22P + WA12 + AT12W
T < 0. (9.13)

2. There exists a symmetric positive definite matrix P satisfying

PA22 + AT22P − AT12A12 < 0. (9.14)

In this case, a reduced-order state observer can be obtained as in (9.12) with

F = A22 + LA12, G = (A21 + LA11) − (A22 + LA12) L, (9.15)

H = B2 + LB1, M = I , N = −L, (9.16)

where

L = P−1W ,

with W and P > 0 being a pair of feasible solutions to the inequality
(9.13) or

L = −1
2
P−1AT12,

with P > 0 being a solution to the inequality (9.14).

Proof From the equivalent system (9.11), we obtain the state and output equations
of the subsystem associated with substate x2 as

{
ẋ2 = A22x2 + (

A21y + B2u
)

.y − A11y − B1u = A12x2.
(9.17)
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Let

v = A21y + B2u, w = .y − A11y − B1u, (9.18)

then (9.17) can be rewritten as
{
ẋ2 = A22x2 + v
w = A12x2.

(9.19)

It follows from Theorem 9.1 that the system (9.19) has a full-order state observer
of the form

·
x̂2 = (A22 + LA12) x̂2 − Lw + v (9.20)

if and only if one of the two conditions in the theorem holds, and the observer gain
matrix L can be given by L = P−1W , with W and P > 0 being a pair of feasible
solutions to the inequality (9.13), or given by L = − 1

2P
−1AT12, with P > 0 being a

solution to the inequality (9.14). Therefore, in the following we need only to show
that (9.20) can be turned into the form of (9.12).

Substituting (9.18) into (9.20) yields

·
x̂2 = (A22 + LA12) x̂2 − L

( .y − A11y − B1u
) + A21y + B2u. (9.21)

To eliminate .y in the observer, we define a new observer state vector as

z = x̂2 + Ly.

Thus, using (9.21), we have

.z =
.
x̂2 + L .y

= (A22 + LA12) x̂2 + L
(
A11y + B1u

) + A21y + B2u

= (A22 + LA12)
(
z − Ly

) + L
(
A11y + B1u

) + A21y + B2u

= (A22 + LA12) z + [(A21 + LA11) − (A22 + LA12) L] y + (B2 + LB1) u.

Therefore, a reduced-order state observer in the new state vector z is obtained as
{ .z = (A22 + LA12) z + [(A21 + LA11) − (A22 + LA12) L] y + (B2 + LB1) u
x̂2 = z − Ly.

This is in the form of (9.12) with the coefficients given by (9.15) and (9.16).
The proof is then completed. �
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Example 9.2

Consider the following linear system, which has been studied by Duan (2003):

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẋ(t) =
⎡

⎣
−0.5 0 0
0 −2 10
0 1 −2

⎤

⎦ x(t) +
⎡

⎣
1 0

−2 2
0 1

⎤

⎦u(t)

y =
[
1 0 0
0 0 1

]
x.

Choosing

T =
⎡

⎣
1 0 0
0 0 1
0 1 0

⎤

⎦ ,

we can easily obtain, according to (9.9) and (9.10),

A11 =
[−0.5 0

0 −2

]
, A12 =

[
0
1

]
,

A21 = [
0 10

]
, A22 = −2,

and

B1 = I2, B2 = [−2 2
]
.

Applying the MATLAB function feasp in the MATLAB LMI toolbox to the
reduced-order observer design condition (9.13), we get the parameters

P = 4.8024 × 108 > 0, W = 108 × [
0 7.2037

]
,

hence

L = P−1W = [
0 1.5000

]
.

Thus, the coefficient matrices of the reduced-order observer can be obtained
according to (9.15) and (9.16) as

F = −0.5000, G = [
0 7.7500

]
, M = 1,

H = [−2.0000 3.5000
]
, N = [

0 −1.5000
]
.

To demonstrate the state observation effect, the observation error e = x2 − x̂2 is
shown in Figure 9.2.
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Figure 9.2 The observation error, Example 9.2.

9.2 Full-Order H∞/H2 State Observers
In this section, we study linear systems of the following form:

⎧
⎨

⎩

ẋ(t) = Ax(t) + B1u(t) + B2w(t), x(0) = x0
y(t) = C1x(t) + D1u(t) + D2w(t)
z(t) = C2x(t),

(9.22)

where

■ x ∈ R
n, y ∈ R

l , z ∈ R
m are respectively the state vector, the measured

output vector, and the output vector of interests
■ w ∈ R

p and u ∈ R
r are the disturbance vector and the control vector,

respectively
■ A, B1, B2, C1, C2, D1, and D2 are the system coefficient matrices of

appropriate dimensions

In this section, we treat the problem of designing a full-order state observer for
system (9.22) such that the effect of the disturbance w(t) to the estimate error is
prohibited to a desired level.

9.2.1 Problem Formulation
For the system (9.22), we introduce a full-order state observer in the following form:

.
x̂ = (A + LC1) x̂ − Ly + (B1 + LD1) u (9.23)

where x̂ is the state observation vector and L ∈ R
n×m is the observer gain. Obviously,

the estimate of the interested output is given by

ẑ(t) = C2x̂(t),

which is desired to have as little affection as possible from the disturbance w(t).
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Using (9.22), we have

ẋ(t) = Ax(t) + B1u(t) + B2w(t)

= Ax(t) + Ly − Ly + B1u(t) + B2w(t)

= (A + LC1) x(t) − Ly

+ (B1 + LD1) u(t) + (B2 + LD2)w(t). (9.24)

Denoting
{
e(t) = x(t) − x̂(t)
z̃(t) = z(t) − ẑ(t),

we obtain from (9.23) and (9.24) the following observation error equation

{ ·e = (A + LC1) e + (B2 + LD2)w
z̃(t) = C2e.

(9.25)

The transfer function of the system is clearly given by

Gz̃w(s) = C2 (sI − A − LC1)
−1 (B2 + LD2) .

With the aforementioned preparation, the problems of H∞ and H2 state
observer designs can be stated as follows:

Problem 9.3 (H∞ state observers) Given system (9.22) and a positive scalar γ ,
find a matrix L such that

||Gz̃w(s)||∞ < γ . (9.26)

Problem 9.4 (H2 state observers) Given system (9.22) and a positive scalar γ ,
find a matrix L such that

||Gz̃w(s)||2 < γ . (9.27)

As a consequence of the requirements (9.26) and (9.27), the error system (9.25)
is asymptotically stable, and hence we have

e(t) = x(t) − x̂(t) −→ 0, as t −→ ∞.

This states that x̂(t) is an asymptotic estimate of x (t).
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9.2.2 Solutions to Problems
9.2.2.1 H∞ State Observer Design

Regarding the solution to the problem of H∞ state observers design, we have the
following theorem.

Theorem 9.3 The H∞ state observers problem (Problem 9.3) has a solution
if and only if there exist a matrix W and a symmetric positive definite matrix P
such that

⎡

⎢
⎣

ATP + CT
1 W

T + PA + WC1 PB2 + WD2 CT
2

(PB2 + WD2)
T −γ I 0

C2 0 −γ I

⎤

⎥
⎦ < 0. (9.28)

When such a pair of matrices W and P are found, a solution to the problem is
given as

L = P−1W . (9.29)

Proof It follows from Theorem 5.3 that the problem has a solution if and only if
there exists a symmetric positive definite matrix P such that

⎡

⎢
⎣

(A + LC1)
T P + P (A + LC1) P (B2 + LD2) CT

2
(B2 + LD2)

T P −γ I 0
C2 0 −γ I

⎤

⎥
⎦ < 0. (9.30)

By defining

W = PL,

the inequality (9.30) is equivalently turned into the LMI form (9.28), and the gain
matrix L is obviously solved from the aforementioned relation as in (9.29). �

With a prescribed attenuation level, the problem of H∞ state observers design is
turned into an LMI feasibility problem in the form of (9.28). The problem with a
minimal attenuation level γ can be sought via the following optimization problem:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

min γ

s.t. P > 0
⎡

⎢
⎣

ATP + CT
1 W

T + PA + WC1 PB2 + WD2 CT
2

(PB2 + WD2)
T −γ I 0

C2 0 −γ I

⎤

⎥
⎦ < 0.

(9.31)
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9.2.2.2 H2 State Observer Design

Regarding the solution to the problem of H2 state observers design, we have the
following theorem.

Theorem 9.4 For the H2 state observers problem (Problem 9.4) the following
two conclusions hold.

1. It has a solution if and only if there exist a matrix W , a symmetric matrix Q ,
and a symmetric matrix X such that

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

[
XA + WC1 + (XA + WC1)

T XB2 + WD2
(XB2 + WD2)

T −I

]
< 0

[−Q C2
CT
2 −X

]
< 0

trace (Q) < γ 2.

(9.32)

When such a triple of matrices are obtained, a solution to the problem is
given as

L = X−1W .

2. It has a solution if and only if there exist a matrix V , a symmetric matrix Z ,
and a symmetric matrix Y such that

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ATY + CT
1 V

T + YA + VC1 + CT
2 C2 < 0

[ −Z (YB2 + VD2)
T

YB2 + VD2 −Y

]
< 0

trace (Z) < γ 2.

(9.33)

When such a triple of matrices are obtained, a solution to the problem can be
given as

L = Y −1V .

Proof It follows from Theorem 5.6 that Problem 9.4 has a solution if and only if
there exists a symmetric positive definite matrix P such that

{
(A + LC1) P + P (A + LC1)

T + (B2 + LD2) (B2 + LD2)
T < 0

trace
(
C2PCT

2
)

< γ 2.
(9.34)

co
nt

ro
len

gin
ee

rs
.ir



State Observation and Filtering ■ 297

Pre- and postmultiplying both sides of the first inequality in (9.34) by P−1 yields

P−1 (A + LC1) + (A + LC1)
T P−1 + P−1 (B2 + LD2) (B2 + LD2)

T P−1 < 0,
(9.35)

which can be converted into the following form according to the Schur complement
lemma:

[
P−1 (A + LC1) + (A + LC1)

T P−1 P−1 (B2 + LD2)

(B2 + LD2)
T P−1 −I

]

< 0. (9.36)

Let

X = P−1, W = XL,

then we can rewrite (9.36) as
[
XA + WC1 + (XA + WC1)

T XB2 + WD2

(XB2 + WD2)
T −I

]

< 0. (9.37)

Therefore, by now we have shown that the first inequality in (9.34) holds for some
P > 0 if and only if (9.37) holds for some W and X > 0.

Now let us treat the second equation in (9.34). Using Lemma 2.13, the second
inequality in (9.34) can be equivalently converted into

C2PCT
2 − Q < 0, trace (Q) < γ 2,

which is clearly equivalent to
[
−Q C2

CT
2 −P−1

]

< 0, trace (Q) < γ 2. (9.38)

Substituting the relation X = P−1 into the first inequality in (9.38) gives
[
−Q C2

CT
2 −X

]

< 0. (9.39)

Thus by now we have shown that the second condition in (9.34) holds for some
P > 0 if and only if trace(Q) < γ 2 and (9.39) holds for some symmetric matrix Q
and an X > 0.

With the aforementioned two aspects, the proof of first conclusion is completed.
The second one can be shown similarly. �
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The aforementioned theorem again converts the problem of H2 state observer
design into an LMI feasibility problem, namely, (9.32) or (9.33), which are solvable
using the LMI toolbox command feasp. In applications, we are often concerned
with the problem of finding the minimal attenuation level γ . This problem can be
solved via the optimization

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min ρ

s.t.
[
XA + WC1 + (XA + WC1)

T XB2 + WD2
(XB2 + WD2)

T −I

]
< 0

[−Q C2
CT
2 −X

]
< 0

trace (Q) < ρ,

(9.40)

or
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

min ρ

s.t. ATY + CT
1 V

T + YA + VC1 + CT
2 C2 < 0

[ −Z (YB2 + VD2)
T

YB2 + VD2 −Y

]
< 0

trace (Z) < ρ.

(9.41)

When a minimal ρ is obtained, the minimal attenuation level is γ = √
ρ.

9.2.3 Examples

Example 9.3

Consider a linear system in the form of (9.22) with the following parameters:

A =
⎡

⎣
2.8982 −3.1606 0.6816
6.3595 −4.2055 4.5423
3.2046 −3.1761 −3.8142

⎤

⎦ ,

B1 =
⎡

⎣
2.0310 1.2164
0.4084 0.2794

−0.7775 −0.3307

⎤

⎦ , B2 =
⎡

⎣
−0.0785
−0.0853
−0.0986

⎤

⎦ ,

C1 =
[−0.8778 −4.9442 −4.5084

4.0161 −2.0259 1.9318

]
,

C2 =
[

0.9607 1.5600 2.8558
−2.4371 1.3634 0.0095

]
,

D1 =
[
0.6004 0.2107
1.9320 −0.3997

]
, D2 =

[
0.0330

−0.0414

]
.
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Applying the function mincx in the MATLAB LMI toolbox to the full-order H∞
optimal state observer condition (9.31), we get the optimal parameters as

P = 108 ×
⎡

⎣
4.5460 −1.3537 0.3240

−1.3537 2.0404 0.0781
0.3240 0.0781 1.4478

⎤

⎦ > 0,

W = 108 ×
⎡

⎣
−0.2425 −6.7957
2.0709 −0.1726
4.3510 −0.7553

⎤

⎦ ,

γ = 1.6072 × 10−9,

and the corresponding observer gain is computed as

L = P−1W =
⎡

⎣
0.0057 −1.8916
0.9056 −1.3385
2.9550 −0.0262

⎤

⎦ .

Note that the attenuation level γ is very small, the disturbance w must be
effectively attenuated. To verify this, we have plotted the observation error ξ in
Figure 9.3, for the case of w(t) =wgn(1, 101, 100′, real′), which generates a 1-by-
101 matrix of real white noise with power of 100 dBW. It is seen from this figure
that the disturbance indeed has very little affection to the observation error.
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Figure 9.3 The observation error, Example 9.3.
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Example 9.4

Consider the linear system in the form of (9.22) with the following parameters:

A =
⎡

⎣
−3.2216 2.8762 0.6450
−7.0385 −3.0859 −2.1610
9.1159 4.5239 −6.3258

⎤

⎦ ,

B1 =
⎡

⎣
2.6106 2.1274
0.8399 2.0541
0.2641 −1.8041

⎤

⎦ , B2 =
⎡

⎣
0.1198

−0.0304
−0.0101

⎤

⎦ ,

C1 =
[
3.0453 2.1022 1.9242
4.4915 1.7021 −0.6568

]
,

C2 =
[

1.9683 −1.4475 −2.2344
−0.1943 0.6912 −1.3730

]
,

D1 =
[−1.6956 1.7291

0.5102 1.1855

]
, D2 =

[
0.0677

−0.0154

]
.

Applying the function mincx in the MATLAB LMI toolbox to the full-order H2
optimal state observer condition (9.40) gives the following optimal parameters:

X = 108 ×
⎡

⎣
2.6341 −1.2013 −1.2783

−1.2013 3.1159 0.2705
−1.2783 0.2705 5.3733

⎤

⎦ > 0,

W = 108 ×
⎡

⎣
−5.3168 0.3068
3.2888 −1.2212
2.8040 −1.6540

⎤

⎦ ,

Q = 10−7 ×
[
0.1973 0.0124
0.0124 0.0569

]
> 0,

ρ = 2.5416 × 10−8,

and the corresponding observer gain is computed as

L = X−1W =
⎡

⎣
−1.8272 −0.2633
0.3450 −0.4633
0.0698 −0.3471

⎤

⎦ ,

while the optimal attenuation level is γ = √
ρ =1.5942 × 10−4. Note that the

attenuation level γ is very small, the disturbance w must be effectively attenu-
ated. To verify this, we have plotted the observation error ξ in Figure 9.4, for
the case of

w(t) = wgn(1, 101, 20′, real′),
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Figure 9.4 The observation error, Example 9.4.

which generates a 1-by-101 matrix of real white noise with power of 20dBW.
It is seen from this figure that the disturbance indeed has very little affection to
the observation error.

9.3 H∞ Filtering
In this section, we consider the H∞ filtering of a linear system in the following
form:

⎧
⎨

⎩

ẋ = Ax + Bw, x(0) = x0
y = Cx + Dw
z = Lx,

(9.42)

where

■ x ∈ R
n, y ∈ R

l , z ∈ R
m are respectively the state vector, the measured

output vector, and the output vector of interests
■ w ∈ R

p is the disturbance vector
■ A, B, C , D, and L are the system matrices of appropriate dimensions
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The word filtering is normally used for state estimation in stochastic systems, where
the effect of the stochastic noise is attenuated to a minimum level determined by
the variance of the noise. But in this section, the disturbance w is not necessarily
stochastic noise. However, the design purpose is the same: to eliminate the effect of
the disturbance as completely as possible. From this point of view, such a problem
is in essence a problem of robust estimation, and yet it has been commonly termed
as filtering.

We remark that (9.43) is usually already the closed-loop system resulted in by
certain feedback control, and therefore, the matrix A is assumed to be stable in this
section.

9.3.1 Problem Formulation
The filter to be designed for the system (9.42) is chosen to possess the following
form:

{
ς̇ = Af ς + Bf y, ς(0) = ς0

ẑ = Cf ς + Df y,
(9.43)

where
ς ∈ R

n is the state vector
ẑ ∈ R

m is the estimation vector of z
Af , Bf , Cf , and Df are the coefficient matrices of appropriate dimensions

With the given system (9.42) and the observer (9.43), the combined complete system
can be easily shown to be

{
ẋe = Ãxe + B̃w, xe(0) = xe0
z̃ = C̃xe + D̃w,

where

z̃ = z − ẑ ∈ R
m

is the estimation error;

xe =
[
x
ς

]

is the state vector of the system; and Ã, B̃, C̃ , and D̃ are the coefficient matrices
which are given by

Ã =
[

A 0
Bf C Af

]
, B̃ =

[
B

Bf D

]
, (9.44)

C̃ = [
L − Df C −Cf

]
, D̃ = −Df D. (9.45)
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With the aforementioned preparation, the problems to be solved in this section
can be stated as follows.

Problem9.5 (H∞ filtering) For the given system (9.42) and a given positive scalar
γ , find the matrices Af , Bf , Cf , and Df such that

||Gz̃w(s)||∞ < γ , (9.46)

where

Gz̃w(s) = C̃
(
sI − Ã

)−1 B̃ + D̃.

In the absence of the disturbance, the error system becomes

{
ẋe = Ãxe, xe(0) = xe0
z̃ = C̃xe.

As a consequence of the H∞ requirement in the aforementioned problem, the error
system is stable, and thus

z̃ = z − ẑ = C̃xe → 0, as t → ∞.

This states that ẑ is an asymptotic estimate of the system output z. In the presence
of the disturbance, our purpose is obviously to let the effect of the disturbance to
the estimation error be restricted within a given level.

9.3.2 Solution to H∞ Filtering
The following theorem gives the solution to the H∞ filtering problem.

Theorem 9.5 The H∞ filtering problem has a solution if and only if there exist
matrices R, X , M , N , Z , and Df such that

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

X > 0
R − X > 0⎡

⎢⎢
⎣

RA + ATR + ZC + CTZT ∗ ∗ ∗
MT + ZC + XA MT + M ∗ ∗
BTR + DTZT BTX + DTZT −γ I ∗
L − Df C −N −Df D −γ I

⎤

⎥⎥
⎦ < 0,

(9.47)
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where “∗” denotes a corresponding symmetric term in the matrix. When such a set
of matrices are obtained, the filter coefficient matrices are given by

Af = X−1M , Bf = X−1Z , Cf = N . (9.48)

Proof The proof is composed of three steps.

Step 1. Derivation of the third condition in (9.47)
It follows from Theorem 5.3 that condition (9.46) holds if and only if there exists a
positive definite symmetric matrix P such that

⎡

⎢
⎣

ÃTP + PÃ PB̃ C̃T

B̃TP −γ I D̃T

C̃ D̃ −γ I

⎤

⎥
⎦ < 0, (9.49)

where the matrices Ã, B̃, C̃ , and D̃ are given by (9.44) and (9.45), hence (9.49)
is actually an inequality in the variables Af , Bf , Cf , Df , and P.

Let

P =
[
X11 X12
XT
12 X22

]

, X11,X22 ∈ R
n,

be a feasible solution to (9.49). Without loss of generality we assume det(X12) 	= 0,
since otherwise we can choose

P =
[

X11 X12 + αI
XT
12 + αI X22

]

,

with |α| sufficiently small so that the P matrix is still positive definite and also
satisfies (9.49), and furthermore, det(X12 + αI ) 	= 0 holds.

Using the definitions of Ã, B̃, C̃ and D̃ given in (9.44) and (9.45) and the
partitioned form of P, we can rewrite (9.49) as

⎡

⎢⎢⎢⎢
⎣

〈
X11A + X12Bf C

〉
s ∗ ∗ ∗

ATf X
T
12 + X22Bf C + XT

12A X22Af + ATf X22 ∗ ∗
BTX11 + DTBT

f X
T
12 BTX12 + DTBT

f X22 −γ I ∗
L − Df C −Cf −Df D −γ I

⎤

⎥⎥⎥⎥
⎦

< 0.

(9.50)
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Denoting

J = diag(I ,X12X−1
22 , I , I ),

and pre- and postmultiplying (9.50) by J and JT, respectively, yields
⎡

⎢⎢⎢
⎣

RA + ATR + ZC + CTZT ∗ ∗ ∗
MT + ZC + XA MT + M ∗ ∗
BTR + DTZT BTX + DTZT −γ I ∗
L − Df C −N −Df D −γ I

⎤

⎥⎥⎥
⎦

< 0, (9.51)

where

R = X11, X = X12X−1
22 XT

12, Z = X12Bf , (9.52)

M = X12Af X−1
22 XT

12, N = Cf X−1
22 XT

12. (9.53)

Therefore, by now we have shown that (9.49) holds for some P if and only if (9.51)
holds for some R, X , M , N , Z , and Df .

Step 2. Derivation of the first two conditions in (9.47)
In this step, we need to show

P > 0 ⇐⇒ X > 0, R − X > 0. (9.54)

Using Schur complement lemma, we know that

P > 0 ⇐⇒
{
X22 > 0
Sch (X22) = X11 − X12X−1

22 XT
12 > 0.

Since X22 > 0 is equivalent to X = X12X−1
22 XT

12 > 0, and R − X = Sch (X22) , the
relation in (9.54) clearly holds.

Step 3. Derivation of the coefficients
From relations in (9.52) and (9.53), we can obtain the coefficient matrices of the
filter as

Af = X−1
12 MX−T

12 X22, Bf = X−1
12 Z , Cf = NX−T

12 X22.

For an expression directly given by the decision variables R, X , M , N , Z , and Df ,

we suffice to find an equivalent substitution
(
A′
f , B

′
f , C

′
f

)
for

(
Af , Bf , Cf

)
. To

do this, we select the following transformation matrix

T = X−T
12 X22,
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and under this transformation, we have

A′
f = TAf T−1 = X−1M ,

B′
f = TBf = X−1Z ,

C ′
f = Cf T−1 = N .

Therefore, a set of coefficient matrices of the filter can be given as in (9.48). �

The aforementioned theorem turns the H∞ filtering problem into an LMI
feasibility problem, while the optimal solution with the minimal attenuation level
can be solved via the following optimization problem:

{
min γ

s.t. the inequalities in (9.47). (9.55)

Example 9.5

Consider a linear system in the form of (9.42) with the following parameters:

A =
⎡

⎣
−4.4697 9.3324 8.7645
−9.6408 2.0236 2.2076
−6.6937 1.3595 −3.2241

⎤

⎦ , B =
⎡

⎣
0.2309

−0.4584
−0.8390

⎤

⎦ ,

C =
[
0.7813 −4.9301 −4.3341
4.9421 −3.4866 −4.1502

]
, D =

[
0.0074

−0.0088

]
,

L =
[−1.1604 1.7916 −1.4033
−2.0351 1.5369 −0.3777

]
.

Applying the function mincx in the MATLAB LMI toolbox to the full-order H∞
filtering condition (9.55) yields an optimal H∞ filter in the form of (9.43) with the
following parameters

Af =
⎡

⎣
24.5876 78.0725 59.3187

−54.3299 −155.1420 −118.7542
−95.6715 −274.8571 −213.2328

⎤

⎦ ,

Bf =
⎡

⎣
−20.3795 9.1014
43.0915 −15.8549
77.4143 −30.2425

⎤

⎦ ,

Cf =
[
0.9307 −1.4258 1.7673
1.3605 −0.4626 1.4468

]
.

The corresponding attenuation level is γ = 1.3280 × 10−7. Note that the atten-
uation level γ is very small, the disturbance w must be effectively attenuated.
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Figure 9.5 The system output z and estimation output ẑ, Example 9.5.

To verify this, we have plotted the system output z and the estimation output
ẑ in Figure 9.5, for the case w(t)=wgn(1, 4001, 10,′ real′), which generates a
1-by-4001 matrix of real white noise with power of 10 dBW. It is seen from this
figure that the disturbance indeed has very little affection to the observation error.

9.4 H2 Filtering
In this section, we consider the H2 filtering of a linear system in the following form:

⎧
⎨

⎩

ẋ = Ax + Bw, x(0) = x0
y = Cx + Dw
z = Lx,

(9.56)

where

■ x ∈ R
n, y ∈ R

l , z ∈ R
m are respectively the state vector, the measured

output vector, and the output vector of interests
■ w ∈ R

p is the disturbance vector
■ A, B, C , and L are the system matrices of appropriate dimensions

Again, as in Section 9.3, the matrix A is assumed to be stable.

co
nt

ro
len

gin
ee

rs
.ir



308 ■ LMIs in Control Systems

9.4.1 Problem Formulation
The filter to be designed for the system (9.56) is chosen to possess the following
form:

{
ς̇ = Af ς + Bf y, ς(0) = ς0
ẑ = Cf ς ,

(9.57)

where
ς ∈ R

n is the state vector
ẑ ∈ R

m is the estimation vector
Af , Bf and Cf are the coefficient matrices of appropriate dimensions

With the given system (9.56) and the observer (9.57), the combined complete system
can be easily shown to be

{
ẋe = Ãxe + B̃w, xe(0) = xe0
z̃ = C̃xe,

where

xe =
[
x
ς

]
, z̃ = z − ẑ ∈ R

m,

and Ã, B̃, C̃ , and D̃ are the coefficient matrices that are given by

Ã =
[

A 0
Bf C Af

]
, B̃ =

[
B

Bf D

]
, (9.58)

C̃ = [
L −Cf

]
. (9.59)

The transfer function matrix of this system is obviously

Gz̃w(s) = C̃
(
sI − Ã

)−1 B̃.

With the aforementioned preparation, the problem to be solved in this section
can be stated as follows.

Problem 9.6 (H2 filtering) For the given system (9.42) and a given positive scalar
γ , find the matrices Af , Bf , and Cf such that

||Gz̃w(s)||2 < γ . (9.60)
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As a consequence of the H2 requirement in the aforementioned problem, the
closed-loop error system is stable. In the absence of the disturbance, we have

{
ẋe = Ãxe, xe(0) = xe0
z̃ = C̃xe,

and thus

z̃ = z − ẑ = C̃xe −→ 0, as t −→ ∞.

This states that ẑ is an asymptotic estimate of the system output z. In the presence of
the disturbance, our purpose is to let the effect of the disturbance to the estimation
error be restricted within a given level.

9.4.2 Solution to H2 Filtering
The following theorem gives the solution to the H2 filtering problem.

Theorem 9.6 The H2 filtering problem has a solution if and only if one of the
following conditions holds:

1. There exist matrices R, X , M , N , Z , and Q such that

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R − X > 0

trace(Q) < γ 2
⎡

⎣
−Q ∗ ∗
LT −R ∗

−NT −X −X

⎤

⎦ < 0

⎡

⎣
RA + ATR + ZC + CTZT ∗ ∗

MT + ZC + XA MT + M ∗
BTR + DTZT BTX + DTZT −I

⎤

⎦ < 0.

(9.61)

When such a set of matrices are obtained, the filter coefficient matrices are
given by

Af = X−1M , Bf = X−1Z , Cf = N . (9.62)

co
nt

ro
len

gin
ee

rs
.ir



310 ■ LMIs in Control Systems

2. There exist matrices R̄, X̄ , M̄ , N̄ , Z̄ , and Q̄ such that

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R̄ − X̄ > 0

trace(Q̄) < γ 2
⎡

⎣
−Q̄ ∗ ∗

R̄B + Z̄D −R̄ ∗
X̄ B + Z̄D −X̄ −X̄

⎤

⎦ < 0

⎡

⎣
R̄A + ATR̄ + Z̄C + CTZ̄T ∗ ∗

M̄T + Z̄C + X̄ A M̄T + M̄ ∗
L −N̄ −I

⎤

⎦ < 0.

(9.63)

When such a set of matrices are obtained, the filter coefficient matrices are
given by

Af = X̄−1M̄ , Bf = X̄−1Z̄ , Cf = N̄ . (9.64)

Proof Since the two conclusions can be proven similarly, here we only prove the
first one.

Step 1. Derivation of the fourth condition in (9.63)
It follows from Theorem 5.6 that condition (9.60) holds if and only if there exists a
positive definite matrix P satisfying

ÃP + PÃT + B̃B̃T < 0, (9.65)

and

trace
(
C̃PC̃T)

< γ 2, (9.66)

where the matrices Ã, B̃, C̃ are given by (9.58) and (9.59), hence (9.65) and (9.66)
are inequalities in the variables Af , Bf , Cf , and P.

Pre- and postmultiplying both sides of (9.65) by P−1 yields

P−1Ã + ÃTP−1 + P−1B̃B̃TP−1 < 0,

which can be converted into the following form according to the Schur complement
lemma:

[
P−1Ã + ÃTP−1 P−1B̃

B̃TP−1 −I

]

< 0. (9.67)
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Let

P−1 =
[
X11 X12
XT
12 X22

]

> 0.

Without loss of generality, we assume det(X12) 	= 0 since otherwise a desired P
can be obtained by slightly perturbing X12. Using the definitions of Ã, B̃ given in
(9.58) and the aforementioned partitioned form of P, we can rewrite (9.67) as

⎡

⎢⎢
⎣

X11A + ATX11 + X12Bf C + CTBT
f X

T
12 ∗ ∗

ATf X
T
12 + X22Bf C + XT

12A X22Af + ATf X22 ∗
BTX11 + DTBT

f X
T
12 BTX12 + DTBT

f X22 −I

⎤

⎥⎥
⎦ < 0.

(9.68)

Denoting

J = diag(I ,X12X−1
22 , I ),

and pre- and postmultiplying (9.68) by J and JT, respectively, gives

⎡

⎢
⎣

RA + ATR + ZC + CTZT ∗ ∗
MT + ZC + XA MT + M ∗
BTR + DTZT BTX + DTZT −I

⎤

⎥
⎦ < 0, (9.69)

where

R = X11, X = X12X−1
22 XT

12, Z = X12Bf , M = X12Af X−1
22 XT

12. (9.70)

Therefore, by now we have shown that (9.65) holds for some P if and only if (9.69)
holds for some R, X , M , N , and Z .

Step 2. Derivation of the second and the third conditions in (9.63)
By Lemma 2.13, the inequality (9.66) holds if and only if there exists Q > 0,
satisfying

C̃PC̃T − Q < 0, trace (Q) < γ 2,

where the first one is clearly equivalent to

[−Q C̃
C̃T −P−1

]
< 0.
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Substituting the expressions of C̃ and P−1 into the earlier expression yields
⎡

⎢
⎣

−Q ∗ ∗
LT −X11 ∗

−CT
f −XT

12 −X22

⎤

⎥
⎦ < 0. (9.71)

Further, letting J1 =diag(I , I ,X12X−1
22 ) and pre- and postmultiplying (9.71) by

J1 and JT1 , respectively, produces
⎡

⎢
⎣

−Q ∗ ∗
LT −R ∗

−NT −X −X

⎤

⎥
⎦ < 0, (9.72)

where

N = Cf X−1
22 XT

12. (9.73)

By now we have shown that (9.66) holds for some P if and only if trace(Q) < γ 2

and (9.72) holds for some R, X , M , N , Z , and Q .

Step 3. Derivation of the first condition in (9.63)
Noting that condition (9.72) implies X > 0, to complete the proof of the existence
condition (9.61), we now need to show, when X > 0, there holds

P > 0 ⇐⇒ R − X > 0. (9.74)

Using the partitioned form of P−1, the Schur complement lemma and the
nonsingularity of X12, we have

P > 0 ⇐⇒ P−1 > 0

⇐⇒ X22 > 0, Sch (X22) > 0

⇐⇒ X = X12X−1
22 XT

12 > 0, Sch (X22) > 0.

Further note that

R − X = X11 − X12X−1
22 XT

12 = Sch (X22) ,

the relation (9.74) clearly follows.

Step 4. Derivation of coefficients
From (9.70) and (9.73), the coefficient matrices of the filter are solved as

Af = X−1
12 MX−T

12 X22, Bf = X−1
12 Z , Cf = NX−T

12 X22.

co
nt

ro
len

gin
ee

rs
.ir



State Observation and Filtering ■ 313

For an expression directly given by the decision variables R, X , M , N , Z , and
Q , we suffice to find an equivalent substitution

(
A′
f , B′

f , C ′
f

)
for

(
Af , Bf , Cf

)
.

To do this, we select the following transformation matrix

T = X−T
12 X22,

and under this transformation, we have

A′
f = TAf T−1 = X−1M ,

B′
f = TBf = X−1Z ,

C ′
f = Cf T−1 = N .

Therefore, a set of coefficient matrices of the filter can be given as in (9.62). �

The aforementioned theorem turns the H2 filtering problem into an LMI fea-
sibility problem, while the optimal solution with the minimal attenuation level
ρ = γ 2 can be solved via the following optimization problems

{
min ρ

s.t. the inequalities in (9.61). (9.75)

or
{
min ρ

s.t. the inequalities in (9.63). (9.76)

Example 9.6

Consider a linear system in the form of (9.42) with the following parameters:

A =
⎡

⎣
−6.1153 −7.0691 −5.6947
−3.3389 −8.4648 −5.1474
7.2212 2.8381 −1.3190

⎤

⎦ , B =
⎡

⎣
−0.7857
0.3499
0.0274

⎤

⎦ ,

C =
[
4.0933 −2.3327 −3.9925
2.5846 2.6715 4.5528

]
, D =

[
0.0015
0.0811

]
,

L =
[−1.9456 −2.6203 −0.6425

2.1679 −2.3872 −1.4399

]
.

Applying the function mincx in the MATLAB LMI toolbox to the full-order H2
filtering problem (9.75) gives

ρ = 1.1172 × 10−6,
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and the following observer parameter matrices

Af =
⎡

⎣
3.8778 27.5487 53.4339

−5.9253 −24.8891 −33.2556
−2.2540 6.9799 5.7877

⎤

⎦ ,

Bf =
⎡

⎣
−3.7109 9.7477
2.1073 −4.3431

−2.1249 −0.3000

⎤

⎦ ,

Cf =
[

1.9456 2.6203 0.6425
−2.1679 2.3871 1.4399

]
,

while the attenuation level is γ = √
ρ = 0.001057. Note that the attenuation level

γ is very small, the disturbance w must be effectively attenuated. To verify this,
we have plotted the system output z and the estimation output ẑ in Figure 9.6, for
the case of

w(t) = wgn(1, 401, 10′, real′),

which generates a 1-by-401 matrix of real white noise with power of 10 dBW.
It is seen from this figure that the disturbance indeed has very little affection to
the observation error.
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Figure 9.6 The system output z and estimation output ẑ, Example 9.6.
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9.5 Notes and References
This chapter considers state observation and filtering based on LMI approaches, and
the results are summarized as follows.

Full-order state observer:
.
x̂ = Ax̂ + Bu + L(Cx̂ − y),

Reduced-order state observer:
{ .z = Fz + Gy + Hu
x̂2 = Mz + Ny,

where

G = (A21 + LA11) − (A22 + LA12) L, M = I ,

F = A22 + LA12, H = B2 + LB1, N = −L,

where the matrices Aij and Bi, i, j = 1, 2, are obtained via Lemma 9.1.
The LMI conditions for these two types of observers are summarized in Table 9.2.
H∞/H2 full-order state observer:

⎧
⎪⎨

⎪⎩

.
x̂ = (A + LC1) x̂ − Ly + (B1 + LD1)u

ẑ(t) = C2x̂(t)

z̃(t) = z(t) − ẑ(t).

Table 9.2 Full- and Reduced-Order Observers

Criteria Observer

Full-order

P > 0

PA+ ATP +WC + CTWT < 0
L = P−1W

P > 0

PA+ ATP − CTC < 0
L = − 1

2P
−1CT

Reduced-order

P > 0

PA22 + AT22P +WA12 + AT12W
T < 0

L = P−1W

P > 0

PA22 + AT22P − AT12A12 < 0
L = − 1

2P
−1AT12
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Table 9.3 H∞/H2 Full-Order Observers

Criteria Observer

||Gz̃w( s)||∞ < γ

P > 0
⎡

⎢⎢⎢⎢
⎣

〈
PA+WC1

〉
s ∗ ∗

(PB2 +WD2)
T −γ I ∗

C2 0 −γ I

⎤

⎥⎥⎥⎥
⎦

< 0
L = P−1W

||Gz̃w( s)||2 < γ

⎡

⎢
⎣

〈
XA+WC1

〉
s ∗

(XB2 +WD2)
T −I

⎤

⎥
⎦ < 0

⎡

⎢
⎣

−Q C2

CT
2 −X

⎤

⎥
⎦ < 0

trace (Q) < γ 2

L = X−1W

LMI conditions for this type of H∞/H2 full-order state observers are given in
Table 9.3.

H∞/H2 state filter:
⎧
⎪⎨

⎪⎩

ς̇ = Af ς + Bf y, ς(0) = 0
ẑ = Cf ς + Df y

z̃ = z − ẑ.

LMI conditions for this type of H∞/H2 full-order state observers are given in
Tables 9.4 and 9.5.

In many circumstances, state observation or filtering is a dual problem with
the feedback control. It is not only needed to retrieve state information for state
feedback control implementation but is also often used for many other purposes,
such as signal analysis, fault detection and isolation (Duan and Patton 2001,
Duan et al. 2002, Casavola et al. 2008), etc. Due to its wide scope of appli-
cations, state observation and filtering have been investigated and used by many
control scientists and engineers (Geromel 1999, Stilwell and Rugh 1999, Gao et al.
2005, Zhang et al. 2006a, Duan et al. 2007, Wu et al. 2007).

As for LMI approaches for state observer designs, the basic ideas illustrated
in this chapter have been extended to many different types of systems, such
as time-delay systems (Fu et al. 2004, 2006a, Chen 2007a,b, Wu et al. 2009),
uncertain discrete-time switched systems (Zhang and Duan (2005a)), and uncer-
tain descriptor time-delay systems with Markovian jumping parameters (Fu and
Duan 2005). Meanwhile, H∞ filtering has also been studied by many researchers,
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Table 9.4 H∞ State Filtering Design

Solutions Observer

X > 0

R− X > 0
⎡

⎢⎢⎢⎢⎢⎢⎢
⎣

〈RA+ ZC〉s ∗ ∗ ∗
MT + ZC + XA MT +M ∗ ∗
BTR+DTZT BTX +DTZT −γ I ∗
L−DfC −N −DfD −γ I

⎤

⎥⎥⎥⎥⎥⎥⎥
⎦

< 0

Decision variables are R, X, M, N, Z, and Df

Af = X−1M

Bf = X−1Z

Cf = N

for various types of systems as well, for example, linear continuous-time systems
subject to sensor nonlinearity (Zhou et al. 2011c), continuous-time state-delayed
systems (Zhang et al. 2009), and polytopic discrete-time systems (Gao et al. 2005,
Kim et al. 2005). For many types of uncertain systems, robust H∞ filtering has also
been investigated with the LMI approaches (Li and Fu 1997, Xu and Van Dooren
2002, Gao and Wang 2004, Xu and Lam 2006, Liu and Duan (2006b), and
He et al. 2006a,c).

Parallel to H∞ and H2 filtering, some other types of filtering designs have also
been studied with the LMI techniques, such as the L2-L∞ filtering (Grigoriadis
and Watson 1997, Palhares and Peres 1999, Gao and Wang 2003a,b, Zhang et al.
2006b, 2010), robust passive filtering (Zhao et al. 2007), and robust dissipative
filtering (Fu et al. 2006b, Duan et al. 2009a).

Exercises
9.1 Prove Lemma 9.1.
9.2 Consider the following linear system, which has been studied by Duan

(2003):
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẋ(t) =
⎡

⎣
−0.5 0 0
0 −2 10
0 1 −2

⎤

⎦ x(t) +
⎡

⎣
1 0

−2 2
0 1

⎤

⎦ u(t)

y =
[
1 0 0
0 0 1

]
x.

Design a full-order observer for the system using LMI technique.
9.3 Design a reduced-order observer for the benchmark system in Example 7.1

using LMI technique.
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Table 9.5 H2 State Filtering Design

Solutions Observer

R− X > 0

trace(Q) < γ 2

⎡

⎢⎢⎢⎢
⎣

−Q ∗ ∗
LT −R ∗

−NT −X −X

⎤

⎥⎥⎥⎥
⎦

< 0

⎡

⎢⎢⎢⎢
⎣

〈RA+ ZC〉s ∗ ∗
MT + ZC + XA MT +M ∗
BTR+DTZT BTX +DTZT −I

⎤

⎥⎥⎥⎥
⎦

< 0

Decision variables are R, X, M, N, Z, andQ

Af = X−1M

Bf = X−1Z

Cf = N

R̄− X̄ > 0

trace(Q̄) < γ 2
⎡

⎢⎢⎢⎢
⎣

−Q̄ ∗ ∗
R̄B+ Z̄D −R̄ ∗
X̄B+ Z̄D −X̄ −X̄

⎤

⎥⎥⎥⎥
⎦

< 0

⎡

⎢⎢⎢⎢
⎣

〈RA+ ZC〉s ∗ ∗
MT + ZC + XA MT +M ∗
BTR+DTZT BTX +DTZT −I

⎤

⎥⎥⎥⎥
⎦

< 0

⎡

⎢⎢⎢⎢
⎣

〈
R̄A+ Z̄C

〉
s ∗ ∗

M̄T + Z̄C + X̄A M̄T + M̄ ∗
L −N̄ −I

⎤

⎥⎥⎥⎥
⎦

< 0

Decision variables are R̄, X̄, M̄, N̄, Z̄, and Q̄

Af = X̄−1M̄

Bf = X̄−1Z̄

Cf = N̄
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9.4 Consider a linear system in the form of (9.22) with the following parameters:

A =
⎡

⎣
0 1 0
1 1 0

−1 0 0

⎤

⎦ , B1 =
⎡

⎣
0
1
0

⎤

⎦ , B2 =
⎡

⎣
0
0
1

⎤

⎦ ,

C1 =
[
1 0 0
0 0 1

]
, C2 =

[
0 1 0
0 0 1

]
,

D1 =
[
1
1

]
, D2 =

[
1
0

]
.

Find an observer gain matrix L, such that the transfer function of the
observation error system (9.25), that is,

Gz̃w(s) = C2 (sI − A − LC1)
−1 (B2 + LD2) ,

satisfies ||Gz̃w(s)||∞ < 0.5.
9.5 Consider the linear system in Exercise 9.4 again. Find a matrix L and a min-

imal attenuation level γ , such that the transfer function of the observation
error system (9.25) satisfies ||Gz̃w(s)||2 < γ

9.6 Consider a linear system in the form of (9.42) with the following parameters:

A =
⎡

⎣
−1 1 0
0 −1 0
1 0 −5

⎤

⎦ , B =
⎡

⎣
3
1
2

⎤

⎦ ,

C =
[
1 0 1
0 1 1

]
, D =

[
1
0

]
, L =

[
1 1 0
0 0 1

]
.

Find an H∞ filter for the system using the LMI technique.
9.7 Consider the linear system in Exercise 9.6 again. Find an H2 filter for the
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Chapter 10

Multiple Objective
Designs

This chapter deals with multiple objective designs in control linear systems by
LMI techniques. As a matter of fact, in previous sections we treated some multi-
ple objective design problems, for example, the D-stabilization problem and the
quadratic D-stabilization problem. These problems may be classified into the cate-
gory of multiple objective designs because the chosen LMI region D ensures both
the closed-loop stability and the system dynamical performance requirements. This
category of problems has the feature that multiple design requirements are met by a
set of LMI conditions with common decision variables. The problems of insensitive
region designs with minimum gain treated in the first section of this chapter belong
to this category.

In Sections 10.2 and 10.3, we treat another category of multiple objective design
problems in which each design requirement has its own set of LMI conditions with
its own decision variables, and the solution to the problem involves a multiple sets
of LMI conditions with uncommon decision variables. In order to make all the LMI
conditions satisfied, as is demonstrated in these two sections, sometimes certain
decision variables need to be set common.

10.1 Insensitive Region Designs with Minimum Gain
In Section 7.5, we have solved the insensitive strip region design problem and the
insensitive disk region design problem. The nature of these designs is to place the
closed-loop eigenvalues in a particular region on the complex plane, and this region
has an inner boundary that is insensitive to perturbations to the system parameter

321
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matrices. In this section, we deal with a combination of the insensitive region
requirement and the minimum gain requirement.

The gain magnitude requirement can be presented as

||K ||2 < γ , (10.1)

with γ being some given positive scalar. It is easy to see that this is equivalent to

K TK < γ 2I ,

which can be equivalently converted into the following LMI in K :
[
−γ I K
K T −γ I

]

< 0. (10.2)

10.1.1 Insensitive Strip Region Designs with Minimum Gain
In this section, we consider the control of the following continuous-time linear
system

{
ẋ = Ax + Bu
y = Cx, (10.3)

where x ∈ R
n, y ∈ R

m, and u ∈ R
r are the state vector, the output vector, and the

input vector, respectively.
The problem of insensitive strip region designs with minimum gain is stated as

follows.

Problem 10.1 Consider the continuous-time linear system (10.3). For given real
scalars γ1 and γ2, design an output feedback control law u = Ky such that (10.1)
holds for a minimal positive scalar γ , and

γ1 < λi
(
Asc

)
< γ2, i = 1, 2, . . . , n, (10.4)

where

Asc � 1
2

〈Ac〉s = (A + BKC)T + (A + BKC)

2
.

Recall from Section 7.5, condition (10.4) implies that the closed-loop eigenvalues
are first bounded by H(−α2,−α1) ⊂ H(−γ2,−γ1), with

α1 = λmin
(
Asc

)
, α2 = λmax

(
Asc

)
.
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But the boundaries of H(−α2,−α1) are insensitive to perturbations in the system
matrices as well as in the gain matrix K . Therefore, this design is robust in the sense
that the system has a strip eigenvalue region that is insensitive to small parameter
perturbations in the system matrices.

The condition (10.4) is clearly equivalent to

2γ1I < (A + BKC)T + (A + BKC) < 2γ2I . (10.5)

Combining the aforementioned LMIs with (10.2), we immediately have the
following result.

Theorem 10.1 Problem 10.1 has a solution if and only if the following
optimization problem

⎧
⎪⎪⎨

⎪⎪⎩

min γ

s.t.
[−γ I K
K T −γ I

]
< 0

2γ1I < (A + BKC)T + (A + BKC) < 2γ2I

(10.6)

has a solution with respect to K and γ .

Example 10.1

Consider the continuous-time linear system in Example 7.12, with real scalars
γ1 =−5, γ2 =−1. Using the MATLAB� function mincx in the MATLAB LMI
toolbox, the corresponding LMI problem (10.6) is solved and a solution is
found to be

γ = 0.3495, K =
[ −0.2240

0.2678

]
.

Comparedwith the gainmatrix obtained in Example 7.12, withmagnitude 1.0895,
this one has a much smaller magnitude. Further, with this solution, we can find

α1 = λmin
(
Asc

) = −4.9748, α2 = λmax
(
Asc

) = −1.1251.

With the help of the MATLAB function eig, the closed-loop eigenvalues are
obtained as −4.9748, −1.9843, and −1.1251, which are indeed located within
H(−α2,−α1) ⊂ H(−γ2,−γ1).

10.1.2 Insensitive Disk Region Designs with Minimum Gain
In this section, we consider the control of the following linear system

{
ρx = Ax + Bu
y = Cx, (10.7)
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where x ∈ R
n, y ∈ R

m, and u ∈ R
r are the state vector, the output vector,

and the input vector, respectively. Again, the symbol ρ represents the differential
operator (in the continuous-time case), or the one-step shift forward operator, that
is, ρx(k) = x(k + 1) (in the discrete-time case).

The problem of insensitive disk region designs with minimum gain is stated as
follows.

Problem 10.2 Consider the linear system (10.7). For given positive scalars γ0 and
q, design an output feedback control law u = Ky such that

||K ||2 < γ (10.8)

holds for a minimal positive scalar γ , and

η = ||A + BKC + qI ||2 < γ0. (10.9)

It follows from Section 7.5 that with condition (10.9) satisfied, the closed-loop
eigenvalues are located inD(q,η) ⊂ D(q,γ0), and the boundary ofD(q,η) is insensitive
to perturbations in the system matrices as well as in the gain matrix K . Therefore,
this design is robust in the sense that the system has a disk eigenvalue region that is
insensitive to small parameter perturbations in the system matrices.

It has been shown in Section 7.5 that condition (10.9) is equivalent to

[ −γ0I
(
A + BKC + qI

)

(
A + BKC + qI

)T −γ0I

]

< 0.

Combining the earlier LMI with (10.2), we immediately have the following result.

Theorem 10.2 Problem 10.2 has a solution if and only if the following
optimization problem

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

min γ

s.t.
[−γ I K
K T −γ I

]
< 0

⎡

⎣
−γ0I A + BKC + qI

(
A + BKC + qI

)T −γ0I

⎤

⎦ < 0

(10.10)

has a solution with respect to K and γ .
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Particularly, for the case of Schur stabilization, we choose to solve the earlier
optimization problem with q = 0 and γ0 ≤ 1. In this case, the problem gives a
stabilizing output feedback controller in the Schur stability sense.

Example 10.2

Consider the continuous-time linear system in Example 7.13 with q = γ0 = 4,
using the MATLAB function mincx in the MATLAB LMI toolbox we solve the
minimization problem (10.10) and obtain the solution

K =
[−1.2246
−0.2592

]
, γ = 1.2528.

Compared with the gain matrix obtained in Example 7.13, with magnitude
2.9411, this one has a much smaller magnitude. Further, with this solution, it is
computed that

η = ||A+ BKC + qI||2 = 4.0000.

With the MATLAB function eig we find the closed-loop eigenvalues to be
−1.9046 ± 2.4937i and −1.6421, which are indeed located within the desired
region D(q,η).

10.2 Mixed H∞/H2 Designs with Desired
Pole Regions

In this section, we study the multiobjective control of linear systems of the following
form:

⎧
⎨

⎩

ẋ = Ax + B1u + B2w
z∞ = C∞x + D∞1u + D∞2w
z2 = C2x + D21u,

(10.11)

where

■ x ∈ R
n and z2, z∞ ∈ R

m are the state vector and the output vectors,
respectively

■ w ∈ R
p and u ∈ R

r are the disturbance vector and the control vector
■ A, B1, B2, C∞, C2, D∞1, D∞2 and D21 are the system coefficient matrices

of appropriate dimensions

10.2.1 Problem
For the linear system (10.11), with the following state feedback control law

u = Kx, (10.12)
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the closed-loop system can be obtained as
⎧
⎨

⎩

ẋ = (A + B1K ) x + B2w
z∞ = (C∞ + D∞1K ) x + D∞2w
z2 = (C2 + D21K ) x,

(10.13)

and the transfer function matrices Gz∞w(s) and Gz2w(s) are given, respectively, by

Gz∞w(s) = (C∞ + D∞1K ) (sI − (A + B1K ))−1 B2 + D∞2,

and

Gz2w(s) = (C2 + D21K ) (sI − (A + B1K ))−1 B2.

Thus, the H∞ performance and the H2 performance requirements for the system
are, respectively,

||Gz∞w(s)||∞ < γ∞, (10.14)

and

||Gz2w(s)||2 < γ2. (10.15)

For performance of the system response, we introduce the closed-loop eigenvalue
location requirement. Let

D = {s | s ∈ C, L + sM + s̄MT < 0}, (10.16)

where L ∈ S
q, M ∈ R

q×q. Obviously, D is an LMI region with the following
characteristic function

FD = L + sM + s̄MT.

It is a region on the complex plane, which can be used to restrain the closed-loop
eigenvalue locations.

In this section, we treat the following problem of mixed H∞/H2 designs with
LMI eigenvalue regions for the linear system (10.11).

Problem 10.3 For the linear system (10.11), design a state feedback control law
(10.12), such that

1. The H∞ performance (10.14) and the H2 performance (10.15) are satisfied
2. The closed-loop eigenvalues are all located in D, that is,

λ (A + B1K ) ⊂ D,

with D being given by (10.16)
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10.2.2 Solution to the Problem
10.2.2.1 Condition for the H∞ Performance

It follows from Theorem 8.1 that there exists a K such that ‖Gz∞w(s)‖∞ < γ∞
holds if and only if there exist a matrix W∞, and an X∞ > 0, such that

⎡

⎢
⎣

(AX∞ + B1W∞)T + AX∞ + B1W∞ B2 (C∞X∞ + D∞1W∞)T

BT
2 −γ∞I DT∞2

C∞X∞ + D∞1W∞ D∞2 −γ∞I

⎤

⎥
⎦ < 0.

(10.17)

When this condition is met, such a feedback gain matrix can be given by

K = K∞ = W∞X−1∞ .

10.2.2.2 Condition for the H2 Performance

It follows from Theorem 8.3 that there exists a K such that ||Gz2w(s)||2 < γ2 holds
if and only if there exist a matrixW2, two symmetric matrices Z and X2, such that

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

AX2 + B1W2 + (AX2 + B1W2)
T + B2BT

2 < 0
[ −Z C2X2 + D21W2

(C2X2 + D21W2)
T −X2

]

< 0

trace (Z) < γ 2
2 .

(10.18)

When this condition is met, such a feedback gain can be taken as

K = K2 = W2X−1
2 .

10.2.2.3 Condition for the Closed-Loop Pole Location

It follows from Theorem 7.5 that the pole placement constraint is satisfied if and
only if there exist a matrix WD, and an XD > 0, such that

L ⊗ XD + M ⊗ (AXD + B1WD) + MT ⊗ (AXD + B1WD)T < 0. (10.19)

When this condition is met, such a feedback gain matrix can be taken as

K = KD = WDX−1
D .
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10.2.2.4 Solution

Let us define three sets based on the aforementioned three conditions (10.17)
through (10.19):

�∞ = {
(X∞,W∞) | X∞ > 0, W∞ ∈ R

r×n, s.t. (10.17) holds
}
,

�2 = {
(X2,W2) | X2 > 0, W2 ∈ R

r×n, ∃Z ∈ S
m s.t. (10.18) holds

}
,

and

�D = {
(XD,WD) | XD > 0, WD ∈ R

r×n, s.t. (10.19) holds
}
.

Also, we denote the intersection of the three sets by �0, that is,

�0 = �∞ ∩ �2 ∩ �D.

Since our problem is to seek a single feedback gain K such that all the three
requirements (10.17) through (10.19) are simultaneously met, in view of the three
expressions for the gain matrix K , it is clear that the three requirements (10.17)
through (10.19) are linked by

W∞X−1∞ = W2X−1
2 = WDX−1

D . (10.20)

Based on this reasoning, the following result is clearly true.

Proposition 10.1 Problem 10.3 has a solution if and only if the following
parameter set

P =
⎧
⎨

⎩
(X∞,W∞,X2,W2,XD,WD)

∣∣∣∣∣∣

⎧
⎨

⎩

(X∞,W∞) ∈ �∞
(X2,W2) ∈ �2
(XD,WD) ∈ �D

,

W∞X−1∞ = W2X−1
2 = WDX−1

D

⎫
⎬

⎭

is not null, and in this case, a feedback gain is given by

K = W∞X−1∞ = W2X−1
2 = WDX−1

D .

Since (10.20) is involved in the definition of the parameter set P, finding a (X∞,
W∞, X2, W2, XD, WD) ∈ P is obviously not an LMI problem, and hence can be
very difficult. For convenience, let us set

XD = X∞ = X2 � X , (10.21)
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Ω2

Ω∞

Ω0

ΩD

Figure 10.1 Constrained parameter field.

and

WD = W∞ = W2 � W , (10.22)

then the parameter set P reduces to

P0 = {(X ,W ,X ,W ,X ,W ) | (X ,W ) ∈ �∞, (X ,W ) ∈ �2, (X ,W ) ∈ �D}
= {(X ,W ,X ,W ,X ,W ) | (X ,W ) ∈ �∞ ∩ �2 ∩ �D}
= {(X ,W ,X ,W ,X ,W ) | (X ,W ) ∈ �0}.

Therefore, to avoid the difficulty, we now may find a (X ,W ) ∈ �0 instead of
a (X∞, W∞, X2, W2, XD, WD) ∈ P (see Figure 10.1), and compute the gain
matrix by

K = WX−1. (10.23)

This leads to the following result for solution to Problem 10.3.

Theorem 10.3 Problem 10.3 has a solution if there exist two symmetric matrices
X , Z and a matrixW , satisfying

⎡

⎣
(AX + B1W )T + AX + B1W B2 (C∞X + D∞1W )T

BT
2 −γ∞I DT∞2

C∞X + D∞1W D∞2 −γ∞I

⎤

⎦ < 0, (10.24)

⎧
⎪⎪⎨

⎪⎪⎩

AX + B1W + (AX + B1W )T + B2BT
2 < 0[ −Z C2X + D21W

(C2X + D21W )T −X

]
< 0

trace (Z) < γ 2
2 ,

(10.25)
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and

L ⊗ X + M ⊗ (AX + B1W ) + MT ⊗ (AX + B1W )T < 0. (10.26)

In this case, a feedback gain can be taken as in (10.23).

It is seen from the aforementioned equation that the parameters XD, X∞, X2 and
WD, W∞, W2 are specially chosen as in (10.21) and (10.22), or the parameters are
sought within the subset Po instead of the entire set P, the condition in this theorem
is thus only sufficient.

Based on this theorem, the following optimization problem can be easily
formulated, which has very important application significance:

{
min c2γ 2

2 + c∞γ∞
s.t. (10.24) through (10.26),

(10.27)

where c2 > 0 and c∞ > 0 are the weighting factors. To avoid nonlinearity in the
aforementioned problem we may simply substitute γ 2

2 with a single variable ρ, as
treated before.

Example 10.3

Consider the linear system

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ẋ =
⎡

⎣
2 1 −2
1 −1 −3
4 0 −1

⎤

⎦ x+
⎡

⎣
1 0
0 −1

−2 1

⎤

⎦u+
⎡

⎣
0.1
0.2
0

⎤

⎦w

z∞ = [
0 0.1 −0.1

]
x+ [

0.1 −0.1
]
u+ 0.01w

z2 = [
1 −1 5

]
x+ [

1 1
]
u.

Design a state feedback control law, such that

1. The closed-loop system is stable, and the transfer function matrix satisfies

∥∥Gz∞w(s)
∥∥∞ < γ∞,

and

∥∥Gz2w(s)
∥∥
2 < γ2,

for possibly small positive scalars γ∞ and γ2.
2. The closed-loop poles locate in the LMI region

D = {
x+ yj

∣∣x, y ∈ R, −5 < x < −0.5
}
.
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Choosing

c2 = 1, c∞ = 50,

and using the function mincx in the MATLAB LMI toolbox to the optimization
problem (10.27), we obtain

X = 107 ×
⎡

⎣
0.1428 −0.6082 −0.0146

−0.6082 2.5912 0.0620
−0.0146 0.0620 0.0015

⎤

⎦ > 0,

W = 107 ×
[−0.0423 0.1800 0.0043
−0.6359 2.7092 0.0649

]
,

Z = 0.0018,

and

γ∞ = 0.0122, γ 2
2 = 0.0018.

The state feedback gain can be computed as

K = WX−1 =
[−4.2265 −0.8970 −1.0699

3.1769 1.8843 −3.8835

]
,

and the set of the closed-loop poles is

λ(A+ BK) = {−2.7512 ± 6.7000i, − 2.3521}.

To verify the effect of disturbance attenuation, we have plotted the output z∞
and z2 in Figure 10.2, for the cases ofw(t) = 0, andw(t) =wgn(101, 1, 10,′ real′),
which generate a 101-by-1 real matrix of white Gaussian noise with power of
10dBW. It is seen from this figure that the disturbance indeed has very small
affection on the system output.

For comparison, using the function place in MATLAB control system toolbox
to the same system, we obtain a feedback gain as

K1 =
[−6.4901 −2.4961 −0.5944
−2.3319 0.3851 −2.1699

]
,

which assigns the same set of closed-loop poles, that is, −2.7521 ± 6.6925i,
−2.3521, as the gain K. The closed-loop system output corresponding to the
aforementioned feedback gain K1 is also shown in Figure 10.3. Comparing the
two figures, it is easy to see that the disturbance effect in the closed-loop system
resulted in by K1 is more than 10 times of that in the closed-loop system resulted
in by K. Therefore, the mixed H∞/H2 controller is better since it gives responses
with much better disturbance attenuation effect.
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Figure 10.2 The output z∞ and z2, Example 10.3.

10.3 Mixed Robust H∞/H2 Designs with Desired
Pole Regions

In the last section, we treated the problem of mixed H2/H∞ designs with a desired
LMI pole region. In this section, we further investigate the perturbed system case.

10.3.1 Problem
Different from Section 10.2, in this section we consider a type of uncertain linear
systems in the following form:

⎧
⎨

⎩

ẋ = (A + �A)x + (B1 + �B1)u + B2w
z∞ = C∞x + D∞1u + D∞2w
z2 = C2x + D21u,

(10.28)

where

■ x ∈ R
n and z2 ∈ R

m, z∞ ∈ R
l are, respectively, the state vector and the

output vectors
■ w ∈ R

p and u ∈ R
r are the disturbance vector and the control vector
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Figure 10.3 The system output corresponding to gain K1, Example 10.3.

■ A, B1, B2, C∞, C2, D∞1, D∞2 and D21 are the system coefficient matrices
of appropriate dimensions

■ �A and �B1 are real-valued matrix functions which represent the time-
varying parameter uncertainties

Furthermore, the parameter uncertainties �A and �B1 are in the form of
[
�A �B1

] = HF
[
E1 E2

]
, (10.29)

where

■ H , E1 and E2 are known matrices of appropriate dimensions
■ F is a matrix containing the uncertainty, which satisfies

FTF ≤ I .

For the linear system (10.28), design a state feedback control law

u = Kx, (10.30)
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the closed-loop system can be obtained as

⎧
⎨

⎩

ẋ = [(A + �A) + (B1 + �B1)K ] x + B2w
z∞ = (C∞ + D∞1K ) x + D∞2w
z2 = (C2 + D21K ) x,

(10.31)

and, corresponding to the two output vectors, the transfer function matrices are
given, respectively, by

G̃z∞w(s) = (C∞ + D∞1K ) (sI − [(A + �A) + (B1 + �B1)K ])−1B2 + D∞2,

and

G̃z2w(s) = (C2 + D21K ) (sI − [(A + �A) + (B1 + �B1)K ])−1B2.

Thus, the H∞ performance and the H2 performance requirements are, respectively,

||G̃z∞w(s)||∞ < γ∞, (10.32)

and

||G̃z2w(s)||2 < γ2. (10.33)

In this section, we treat the following problem of mixed robust H∞/H2 design
with an LMI eigenvalues region for the linear system (10.28).

Problem 10.4 For the linear system (10.28), design a state feedback control law
(10.30) such that

1. The H∞ performance (10.32) and the H2 performance (10.33) are satisfied
2. The nonperturbed closed-loop eigenvalues are all located in D, that is,

λ (A + B1K ) ⊂ D,

with D being given by (10.16).

10.3.2 Solution to the Problem
10.3.2.1 Condition for the Robust H∞ Performance

It follows from Theorem 8.5 that H∞ performance (10.32) is met if and only if
there exist a scalar α, a matrixW∞, and an X∞ > 0 such that
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⎡

⎢⎢⎢
⎣

	(X∞,W∞) B2 (C∞X∞ + D∞1W∞)T (E1X∞ + E2W∞)T

BT
2 −γ∞I DT∞2 0

C∞X∞ + D∞1W∞ D∞2 −γ∞I 0
E1X∞ + E2W∞ 0 0 −αI

⎤

⎥⎥⎥
⎦

< 0,

(10.34)

where

	(X∞,W∞) = 〈AX∞ + B1W∞〉s + αHHT.

When this condition is met, such a feedback gain can be taken as

K = K∞ = W∞X−1∞ .

10.3.2.2 Condition for the Robust H2 Performance

It follows from Theorem 8.6 that the H2 performance (10.33) is met if and only if
there exist a scalar β, a matrixW2, two symmetric matrices Z and X2 such that

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
〈AX2 + B1W2〉s + B2BT

2 + βHHT (E1X2 + E2W2)
T

E1X2 + E2W2 −βI

]

< 0

[
−Z C2X2 + D21W2

(C2X2 + D21W2)
T −X2

]

< 0

trace (Z) < γ 2
2 .

(10.35)

When this condition is met, such a feedback gain can be taken as

K = K2 = W2X−1
2 .

10.3.2.3 Condition for the Robust Closed-Loop Pole Location

It follows from Theorem 7.5 that the pole placement constraint is satisfied if and
only if there exist a matrix WD and an XD > 0 such that

L ⊗ XD + M ⊗ (AXD + B1WD) + MT ⊗ (AXD + B1WD)T < 0. (10.36)

When this condition is met, such a feedback gain matrix can be taken as

K = KD = WDX−1
D .
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10.3.2.4 Solution

Following the same lines as in Section 10.2, let us define three sets based on the
three conditions (10.34) through (10.36):

�∞ = {
(X∞,W∞) | X∞ > 0, W∞ ∈ R

m×n, ∃α > 0, s.t. (10.34) holds
}
,

�2 = {
(X2,W2) | X2 > 0, W2 ∈ R

r×n, ∃β > 0, Z ∈ S
n s.t. (10.35) holds

}
,

and

�D = {
(XD,WD) | XD > 0, WD ∈ R

r×n, s.t. (10.36) holds
}
.

Also, we denote the intersection of the three sets by �0, that is,

�0 = �∞ ∩ �2 ∩ �D.

Since our problem is to seek a single feedback gain K such that all the three
requirements (10.34) through (10.36) are simultaneously met, in view of the three
expressions for the gain matrix K , it is clear that the three requirements (10.34)
through (10.36) are linked by

W∞X−1∞ = W2X−1
2 = WDX−1

D . (10.37)

Based on the aforementioned reasoning, the following result is clearly true.

Proposition 10.2 Problem 10.4 has a solution if and only if the following
parameter set

F =
⎧
⎨

⎩
(X∞,W∞,X2,W2,XD,WD)

∣∣∣∣∣∣

⎧
⎨

⎩

(X∞,W∞) ∈ �∞
(X2,W2) ∈ �2
(XD,WD) ∈ �D

,

W∞X−1∞ = W2X−1
2 = WDX−1

D

⎫
⎬

⎭

is not null, and in this case, a feedback gain is given by

K = W∞X−1∞ = W2X−1
2 = WDX−1

D .

Obviously, since (10.37) is involved in the definition of the parameter set F,
finding a (X∞,W∞,X2,W2,XD,WD) ∈ F is not an LMI problem, and hence can
be very difficult. For convenience, let us set

XD = X∞ = X2 � X ,

and
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WD = W∞ = W2 � W ,

then the parameter set F reduces to

F0 = {(X ,W ,X ,W ,X ,W ) | (X ,W ) ∈ �∞, (X ,W ) ∈ �2, (X ,W ) ∈ �D}
= {(X ,W ,X ,W ,X ,W ) | (X ,W ) ∈ �∞ ∩ �2 ∩ �D}
= {(X ,W ,X ,W ,X ,W ) | (X ,W ) ∈ �0}.

Therefore, to avoid the difficulty, we now may find a (X ,W ) ∈ �0 instead of a
(X∞,W∞,X2,W2,XD,WD) ∈ F, and compute the gain matrix by

K = WX−1. (10.38)

This leads to the following result for solution to Problem 10.4.

Theorem 10.4 Problem 10.4 has a solution if there exist scalars α, β, two
symmetric matrices X , Z and a matrixW , satisfying

⎡

⎢⎢⎢
⎣

	(X ,W ) B2 (C∞X + D∞1W )T (E1X + E2W )T

BT
2 −γ∞I DT∞2 0

C∞X + D∞1W D∞2 −γ∞I 0
E1X + E2W 0 0 −αI

⎤

⎥⎥⎥
⎦

< 0,

(10.39)

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

[〈AX + B1W 〉s + B2BT
2 + βHHT (E1X + E2W )T

E1X + E2W −βI

]
< 0

[ −Z C2X + D21W
(C2X + D21W )T −X

]
< 0

trace (Z) < γ 2
2 ,

(10.40)

and

L ⊗ X + M ⊗ (AX + B1W ) + MT ⊗ (AX + B1W )T < 0, (10.41)

where

	(X ,W ) = 〈AX + B1W 〉s + αHHT.

In this case, a feedback gain can be taken as in (10.38).

Based on the aforementioned theorem, the following optimization problem can
be easily formulated, which minimizes a weighted H∞/H2 index:
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{
min c2γ 2

2 + c∞γ∞
s.t. (10.39)–(10.41), (10.42)

where c2 and c∞ are the weighting factors. The nonlinearity in the aforementioned
problem can be avoided simply by introducing the simple variable substitution
ρ = γ 2

2 .

Example 10.4

Consider a linear system in the form of (10.28) with the following parameters

A =
⎡

⎣
2 1 −2
1 −1 −3
4 0 −1

⎤

⎦ , B1 =
⎡

⎣
1 0
0 3
3 1

⎤

⎦ , B2 =
⎡

⎣
−1 0
2 1
1 −5

⎤

⎦ ,

C∞ = [
2 1 −0.5

]
, C2 = [

1 0 1
]
,

D∞1 = [
0 1

]
, D∞2 = [

0.01 −0.02
]
, D21 = [

1 0
]
,

H =
⎡

⎣
0 0 −0.2
0 −0.1 0.1
0.2 0 0.1

⎤

⎦ ,

E1 =
⎡

⎣
0.1 0.2 0.1
0.1 0.2 0.3
0.2 0.1 0.1

⎤

⎦ , E2 =
⎡

⎣
−0.1 0.5
0.2 0.1

−0.2 0

⎤

⎦ .

Design a state feedback control law such that

1. The closed-loop system is asymptotically stable, and the following H∞ and
H2 performances

∥∥Gz∞w(s)
∥∥∞ < γ∞,

∥∥Gz2w(s)
∥∥
2 < γ2,

are satisfied for possibly small positive scalars γ∞ and γ2.
2. The closed-loop poles locate in the LMI region

H0.5,10 = {
x+ yj

∣∣x, y ∈ R, −10 < x < −0.5
}
.

Choosing

c2 = 1, c∞ = 5,

and using the function mincx in the MATLAB LMI toolbox, we obtain for the
optimization problem (10.42) the following set of solutions:
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X = 108 ×
⎡

⎣
2.3553 −2.6201 0.4250

−2.6201 6.6853 1.0505
0.4250 1.0505 1.0143

⎤

⎦ > 0,

W = 108 ×
[−2.7803 1.5696 −1.4393
−1.8779 −0.9198 −1.3935

]
,

Z = 1.1777 × 10−4,

and

γ∞ = 0.0316, γ 2
2 = 0.0002,

α = 2.6639 × 108, β = 2.6618 × 108,

and the state feedback gain is then given by

K = WX−1 =
[−1.0000 0.0000 −1.0000
−2.0000 −1.0000 0.5000

]
.

Thus, the set of the closed-loop poles can be obtained as

λ(A+ B1K) = {−0.5342 ± 0.9546i, − 5.4316}.

To verify the effect of disturbance attenuation, we have plotted the output z∞ and

z2 with w(t) = [
0 0

]T and w(t) = [
sin t 2 sin 2t

]T in Figure 10.4, for the cases
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Figure 10.4 The output z∞ and z2, Example 10.4.
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Figure 10.5 System output corresponding to gain K1, Example 10.4.

of F = 03×3 and F = I3. It is seen from this figure that the uncertainty indeed has
very small affection on the system output.

For comparison, using the function place in MATLAB control system toolbox
to the same system, we obtain a feedback gain

K1 =
[−0.7525 0.0200 −0.8291
−0.6031 −1.3010 0.6426

]
,

which assigns the same set of closed-loop poles, that is, λ(A+ B1K ), as the gain K .
The closed-loop system output corresponding to the aforementioned feedback gain
K1 is also shown, in Figure 10.5. It is obvious to see from these two figures that the
designed robust H∞/H2 controller is much better because it gives responses with
smaller affection from both the disturbance and the system parameter uncertainty.

10.4 Notes and References
10.4.1 Summary of Main Results
This chapter studies multiple objective design in control linear systems by LMI
techniques. In Section 10.1, we introduce the problems of insensitive strip region and
the disk region designs with minimum gain. The LMI conditions for these problems
are given in Table 10.1. We remark that the requirements in these problems are
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Table 10.1 Criteria for Insensitive Region Designs

Regions Criteria Controllers

Strip

⎡

⎢
⎣

−γ I K

KT −γ I

⎤

⎥
⎦ < 0 K

2γ1I < (A+ BKC)T + (A+ BKC) < 2γ2I

Disk

⎡

⎢
⎣

−γ I K

KT −γ I

⎤

⎥
⎦ < 0 K

⎡

⎢
⎣

−γ0I
(
A+ BKC + qI

)

(
A+ BKC + qI

)T −γ0I

⎤

⎥
⎦ < 0

strong. Nevertheless, once we find a solution to a specific problem, we get a system
with a very nice robustness property.

Section 10.2 deals with the problem of mixed H∞/H2 design with a desired LMI
pole region, in which the following requirements

||Gz∞w(s)||∞ < γ∞,

||Gz2w(s)||2 < γ2,

and

λ (A + B1K ) ⊂ D

are satisfied simultaneously. The LMI conditions for the problem of mixed H∞/H2
design with a desired LMI pole region are obtained as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

trace (Z) < γ 2
2

〈AX + B1W 〉s + B2BT
2 < 0

[ −Z ∗
(C2X + D21W )T −X

]
< 0

⎡

⎣
(AX + B1W )T + AX + B1W ∗ ∗

BT
2 −γ∞I ∗

C∞X + D∞1W D∞2 −γ∞I

⎤

⎦ < 0

L ⊗ X + 〈M ⊗ (AX + B2W )〉s < 0.
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In this case, a feedback gain can be taken as

K = WX−1.

Section 10.3 deals with the problem of mixed robust H∞/H2 design with a
desired LMI pole region, in which the H∞, H2, and the closed-loop eigenvalue
performance requirements are satisfied simultaneously. The LMI conditions for
the problem of mixed robust H∞/H2 design with a desired LMI pole region are
obtained as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

trace (Z) < γ 2
2[

−Z C2X + D21W
(C2X + D21W )T −X

]

< 0

[
〈AX + B1W 〉s + B2BT

2 + βHHT ∗
E1X + E2W −βI

]

< 0

L ⊗ X + 〈M ⊗ (AX + B2W )〉s < 0
⎡

⎢⎢⎢
⎣

	(X ,W ) ∗ ∗ ∗
BT
2 −γ∞I ∗ ∗

C∞X + D∞1W D∞2 −γ∞I ∗
E1X + E2W 0 0 −αI

⎤

⎥⎥⎥
⎦

< 0,

where

	(X ,W ) = 〈AX + B1W 〉s + αHHT.

In this case, a feedback gain can be taken as

K = WX−1.

10.4.2 Further Remarks
Most control system design techniques have only paid attention to the optimal
solution for one specific performance index, for example, H∞ norm of a closed-loop
system transfer function (Scherer et al. 1997), the quadratic functional (Scherer et al.
1997), or the eigenvalue sensitivity indices (Duan 1992, 1993, Duan and Patton
1999, Duan and Wu 2005, Duan and Yu 2008). However, many practical control
systems are required to have the ability to fit simultaneously different and often
conflicting performance objectives as best as possible. Therefore, multiple objective
designs are very important in practical control applications.

One type of approaches for multiple objective control is based on eigenstructure
assignment, which provides complete parametrization of certain type of controllers

co
nt

ro
len

gin
ee

rs
.ir



Multiple Objective Designs ■ 343

(see Duan 1994, 1995, 1998, 1999, 2003, 2004b, Duan and Liu 2002). The
degrees of freedom beyond eigenstructure assignment can be used to meet other
system design requirements (see Duan 1992, 1993, Duan and Patton 1999, Duan
et al. 2000, He et al. 2004a, Duan and Wu 2005, Bachelier et al. 2006, Duan and
Yu 2008, Duan et al. 2009b). The advantage of this type of approaches lies in its
flexibility in treating the various system design objectives, while the drawback is that
often the formulated optimization problem is nonconvex and hence the optimal
solution cannot be obtained usually.

In this chapter, we have presented the LMI approaches for multiple objective
designs through a few typical problems. The advantage of this type of approaches
is that a globally optimal and numerically reliable solution can always be obtained
as long as the finally formulated LMI problem has a solution. Along this direction,
there have been many reported results, for example, multiobjective control synthesis
in uncertain fuzzy systems (He and Duan 2005), robust reliable H∞ control for
uncertain systems with pole constraints (Gao et al. 2012b), substructural multiob-
jective H∞ controller design for large flexible structures (Toker and Sunar 2005),
and H∞ and H2 guaranteed cost gain-scheduling quadratic stabilization of linear
time-varying polytopic systems (Montagner et al. 2007). Particularly, Scherer et al.
(1997) investigated multiple objective output feedback control via LMI optimiza-
tion, in which altogether 9 different design specifications have been considered,
including H∞ and H2 performances and the desired LMI pole region requirement.

Exercises
10.1 Consider a linear system in the form of (10.3) with the following parameters

(Duan (2003)):

A =
⎡

⎣
0.5 0 0
0 −2 10
0 1 −2

⎤

⎦ , B =
⎡

⎣
1 0

−2 2
0 1

⎤

⎦ , C =
[
1 0 0
0 0 1

]
.

Solve the problem of insensitive strip region design with minimum gain for
the case of γ1 = −4 and γ2 = −1.

10.2 Consider a discrete-time linear system in the form of (10.7) with the
following parameters:

A =
[
0.9696 0.0202
0.0404 0.9898

]
, B =

[
50500
50500

]
, C = [

1 1
]
.

This is a model describing the population distribution in a certain country
(Zheng (2002), page 25–27). The system variables are

■ x1(k), city population in the kth year;
■ x2(k), rural population in the kth year;
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■ y(k), total population in the kth year; and
■ u(k), control policy taken in the kth year.

Note that

λ (A) = {0.9494, 1.0100} ,
the system is not stable, and the purpose of control is to make the system
robustly stable with minimal control effort. In doing so, we suffice to solve
the problem of insensitive disk region design with minimum gain for the
case of q = 0 and γ0 = 1.

10.3 Consider the linear system in the form of (10.11) with

A =
⎡

⎣
2 1 −2
1 −1 −3
4 0 −1

⎤

⎦ , B1 =
⎡

⎣
1 0
0 3
3 1

⎤

⎦ , B2 =
⎡

⎣
1
0.2

−0.5

⎤

⎦ ,

C∞ = [
2 1 −0.5

]
, D∞1 = [

0.2 0.5
]
, D∞2 = 0.05,

C2 =
[
0.1 0 −0.1
0 0.2 0.3

]
, D21 =

[
0.1 0.1
0 0.1

]
.

Design a state feedback control law, such that

1. the closed-loop poles locate in the LMI region

D =
{
x + yj

∣∣∣∣x, y ∈ R, (x + 2)2 + 1
4
y2 < 1

}
;

2. the following objective is minimized:

J = ∥∥Gz∞w(s)
∥∥∞ + ∥∥Gz2w(s)

∥∥2
2 ,

where

Gz∞w(s) = (C∞ + D∞1K ) (sI − (A + B1K ))−1 B2 + D∞2,

Gz2w(s) = (C2 + D21K ) (sI − (A + B1K ))−1 B2.

10.4 Consider a linear system in the form of (10.28) with the following
parameters

A =
⎡

⎣
1 2 −1
2 0 −1
1 1 0

⎤

⎦ , B1 =
⎡

⎣
0 1
1 2

−1 1

⎤

⎦ , B2 =
⎡

⎣
1 −2
0 −1

−1 5

⎤

⎦ ,

C∞ = [
0.2 1 −1

]
, D∞1 = [

0 0.1
]
, D∞2 = [

0.01 −0.02
]
,

C2 = [
0.1 0 0.2

]
, D21 = [−0.1 0

]
,
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and the following parameter uncertainties
[
�A �B1

] = HF
[
E1 E2

]
, FTF ≤ I ,

H =
⎡

⎣
0 0 −0.2
0 −0.1 0.1
0.2 0 0.1

⎤

⎦ ,

E1 =
⎡

⎣
0.1 0.2 0.1
0.1 0.2 0.3
0.2 0.1 0.1

⎤

⎦ , E2 =
⎡

⎣
−0.1 0.5
0.2 0.1

−0.2 0

⎤

⎦ .

Design a state feedback control law, such that

1. the closed-loop poles locate in the LMI region

D = {
x + yj

∣∣x, y ∈ R, (x + 3)2 + 4y2 < 4
}
;

2. the following objective is minimized:

J = 5
∥∥∥G̃z∞w(s)

∥∥∥∞ +
∥∥∥G̃z2w(s)

∥∥∥
2

2
,

where

G̃z∞w(s) = (C∞ + D∞1K ) (sI − Ac)−1B2 + D∞2,

G̃z2w(s) = (C2 + D21K ) (sI − Ac)−1B2,

with

Ac = (A + �A) + (B1 + �B1)K .

co
nt

ro
len

gin
ee

rs
.ir



This page intentionally left blankThis page intentionally left blank

co
nt

ro
len

gin
ee

rs
.ir



IVAPPLICATIONS

co
nt

ro
len

gin
ee

rs
.ir



This page intentionally left blankThis page intentionally left blank

co
nt

ro
len

gin
ee

rs
.ir



Chapter 11

Missile Attitude Control

As one of the applications treated in the book, in this chapter we consider the
attitude control of missiles. Two types of missiles are involved, one is the type of
so-called nonrotating missiles, in which rotating is restricted during flight, the other
is the type of BTT (bank-to-turn) missiles, which makes use of rotation in their
turns.

In the first section, the simplified attitude system models of the two types of
missiles are introduced, and then in the second section the design of the atti-
tude control system of the type of nonrotating missiles is treated, where mixed
H2/H∞ performance is considered in order to attenuate the disturbance, and the
closed-loop eigenvalues are restricted within a desired region in order to ensure the
closed-loop dynamical properties. The third section investigates the attitude control
system design in a BTT missile using techniques of simultaneous stabilization based
on LMIs.

11.1 Dynamical Model
The dynamical model of a missile attitude system is generally very complicated. In
practical applications, usually simplified models are used. The simplified dynamical
model of the attitude systems of a type of missiles can be written as follows:

349
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α̇(t) = ωz(t) − 1
57.3ωx(t)β(t) − a4(t)α(t) − a5(t)δz(t)

β̇(t) = ωy(t) + 1
57.3ωx(t)α(t) − b4(t)β(t) − b5(t)δy(t) + a6(t)δz(t)

φ̇(t) = ωx(t)

ω̇z(t) = −a1(t)ωz(t) + a
′
1(t)α̇(t) − a2(t)α(t) − a3(t)δz(t) + Jx−Jy

57.3Jz ωx(t)ωy(t)

ω̇y(t) = −b1(t)ωy(t) − b
′
1(t)β̇(t) − b2(t)β(t) − b3(t)δy(t) + Jz−Jx

57.3Jy ωx(t)ωz(t)

ω̇x(t) = −c1(t)ωx(t) + c2(t)β(t) − c3(t)δx(t) + c4(t)δy(t) + Jy−Jz
57.3Jx ωy(t)ωz(t)

ny(t) = V (t)
57.3g (a4(t)α(t) + a5(t)δz(t) + b7(t)β(t))

nz(t) = − V (t)
57.3g (b4(t)β(t) + b5(t)δy(t) + b6(t)δz(t)),

(11.1)

where

■ α, β and φ are the attack angle, the sideslip angle and the roll angle,
respectively

■ ωx , ωy and ωz are the roll angular velocity, the yaw angular velocity and the
pitch angular velocity, respectively

■ ny and nz are respectively the overloads on the side direction and the normal
direction

■ Jx , Jy and Jz are the rotary inertia of the missile corresponding to the body
coordinates

■ g = 9.81m/s2 is the acceleration of gravity
■ V is the speed of the missile
■ a1(t) ∼ a6(t), b1(t) ∼ b7(t), a

′
1(t), b

′
1(t) and c1(t) ∼ c4(t) are the system

parameters
■ δx , δy and δz are the aileron deflection, the rudder deflection and the elevator

deflection, respectively

The actual actuator deflections are governed by the dynamic behaviors of the
actuators described as follows:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

δ̇x(t) = 1
τx

(δxc(t) − δx(t))

δ̇y(t) = 1
τy

(
δyc(t) − δy(t)

)

δ̇z(t) = 1
τz

(δzc(t) − δz(t)) ,

(11.2)
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where

■ δxc , δyc and δzc stand for the input actuator deflections
■ τx , τy and τz are the actuator time constants

The model (11.1)–(11.2) is a slightly generalized version of that in Hu (1997).
In the following, we further classify two different types of models for two different

types of missiles.

11.1.1 Models for Nonrotating Missiles
Since, for the nonrotating missile considered in this section, the coupling between
the yaw and the roll channels is relatively larger, for simplicity in design, in the
following models for the pitch channel and the yaw/roll channel are established
separately.

11.1.1.1 Pitch Channel Model

Denoting the state, control, output, and disturbance vectors, respectively, as

x =
⎡

⎢
⎣

α

ωz

δz

⎤

⎥
⎦ , u = δzc , y =

[
α

ny

]

, d =
[

β

ωy

]

, (11.3)

we can obtain the state space model for the pitch channel from (11.1) and (11.2) as
follows:

{
ẋ(t) = A(t)x(t) + B1u(t) + B2(t)d(t)

y(t) = C(t)x(t) + D1u(t) + D2(t)d(t),
(11.4)

where

A(t) =

⎡

⎢⎢
⎣

−a4(t) 1 −a5(t)

−a′
1(t)a4(t) − a2(t) a′

1(t) − a1(t) −a′
1(t)a5(t) − a3(t)

0 0 − 1
τz

⎤

⎥⎥
⎦ , (11.5)

B1 =

⎡

⎢⎢
⎣

0

0
1
τz

⎤

⎥⎥
⎦ , B2 = ωx(t)

57.3

⎡

⎢⎢
⎣

−1 0

−a′
1(t)

Jx−Jy
Jz

0 0

⎤

⎥⎥
⎦ , (11.6)

C(t) = 1
57.3g

[
57.3g 0 0

V (t)a4(t) 0 V (t)a5(t)

]

, (11.7)
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D1(t) = 0, D2(t) = 1
57.3g

[
0 0

V (t)b7(t) 0

]

. (11.8)

11.1.1.2 Yaw/Roll Channel Model

Note that for the type of nonrotating missiles, we aim to achieve ωx = 0, yet are
not interested in the value of the roll angle φ, hence the equation φ̇(t) = ωx(t) in
this case becomes an identity and can be thus neglected.

Choosing the state vector, the input vector, and the output vector, respectively, as

x = [
β ωy ωx δx δy

]T ,

u = [
δxc δyc

]T , y = [
nz ωx

]T ,

and the disturbance vector as

d = δz ,

we have from (11.1) and (11.2) the following state space representation of the
yaw/roll attitude system as

{
ẋ(t) = A(t)x(t) + B1(t)u(t) + B2(t)d(t)

y(t) = C(t)x(t) + D1(t)u(t) + D2(t)d(t),
(11.9)

where

A(t) =
[
A11(t) A12(t)

0 A22(t)

]

,

with

A11(t) =

⎡

⎢⎢⎢⎢
⎣

−b4(t) 1 α(t)
57.3

b′
1(t)b4(t) − b2(t) −b1(t) − b′

1(t)
Jy−Jz
57.3Jx ωz(t) − b′

1(t)α(t)
57.3

c2(t)
Jy−Jz
57.3Jx ωz(t) −c1(t)

⎤

⎥⎥⎥⎥
⎦
,

A12(t) =
⎡

⎢
⎣

0 −b5(t)

0 b′
1(t)b5(t) − b3(t)

−c3(t) c4(t)

⎤

⎥
⎦ , A22(t) = − 1

τxτy

⎡

⎣
τy 0

0 τx

⎤

⎦ ,
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and

B1(t) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0 0

0 0

0 0
1
τx

0

0 1
τy

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

, B2(t) =

⎡

⎢⎢⎢⎢⎢⎢⎢
⎣

a6(t)

−b′
1(t)a6(t)

0

0

0

⎤

⎥⎥⎥⎥⎥⎥⎥
⎦

,

C(t) = − 1
57.3g

[
V (t)b4(t) 0 0 0 V (t)b5(t)

0 0 −57.3g 0 0

]

,

D1(t) = 0, D2(t) = − V (t)
57.3g

[
b6(t)

0

]

.

11.1.2 Models for BTT Missiles
The dynamical model of the attitude system of the type of considered missiles is
again given by (11.1). However, assuming that this type of considered missiles are
axis symmetrically designed, then we have

Jy = Jz ,

and in this case,

a6 = b6 = b7 = c2 = c4 = 0. (11.10)

Further, we assume that the actuator time constants τx , τy and τz are all small
enough, and hence the actuator dynamics (11.2) can be neglected.

11.1.2.1 Rolling Channel Model

With the aforementioned preparation, it can be observed from (11.1) that the rolling
channel model is independent and appears as

{
ω̇x(t) = −c1(t)ωx(t) − c3(t)δx(t)

φ̇(t) = ωx(t),

which can be written in the following state space form:
[
ω̇x(t)

φ̇(t)

]

=
[−c1(t) 0

1 0

][
ωx(t)

φ(t)

]

+
[−c3(t)

0

]

δx(t). (11.11)
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11.1.2.2 Pitch/Yaw Channel Model

It can be also observed from (11.1) that the model for the pitch/yaw channel is as
follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α̇(t) = ωz(t) − ωx(t)β(t)/57.3 − a4(t)α(t) − a5(t)δz(t)

β̇(t) = ωy(t) + ωx(t)α(t)/57.3 − b4(t)β(t) − b5(t)δy(t)

ω̇z(t) = −a1(t)ωz(t) + a
′
1(t)α̇(t) − a2(t)α(t) − a3(t)δz(t) + Jx−Jy

57.3Jz ωx(t)ωy(t)

ω̇y(t) = −b1(t)ωy(t) − b
′
1(t)β̇(t) − b2(t)β(t) − b3(t)δy(t) + Jz−Jx

57.3Jy ωx(t)ωz(t)

ny(t) = V (t)
57.3g (a4(t)α(t) + a5(t)δz(t))

nz(t) = − V (t)
57.3g (b4(t)β(t) + b5(t)δy(t)).

(11.12)

For the aforementioned pitch/yaw channel model, taking the state vector as

x = [
ωz α ωy β

]T ,

and the input and output vectors, respectively, as

u =
[
δz

δy

]

, y =
[
nz
ny

]

,

then we get the state-space model for the yaw/pitch channel as
{
ẋ(t) = A(t,ωx)x(t) + B(t)u(t)

y(t) = C(t)x + D(t)u(t),
(11.13)

where

A(t,ωx) =
[

A11(t) A12(t,ωx)

A21(t,ωx) A22(t)

]

,

with

A11(t) =
[
a′
1(t) − a1(t) −a′

1(t)a4(t) − a2(t)

1 −a4(t)

]

,

A22(t) =
[−b1(t) − b′

1(t) b′
1(t)b4(t) − b2(t)

1 −b4(t)

]

,
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A12(t,ωx) = ωx(t)
57.3

⎡

⎣
Jx−Jy
Jz −a′

1(t)

0 −1

⎤

⎦ ,

A21(t,ωx) = ωx(t)
57.3

⎡

⎣
Jz−Jx
Jy −b′

1(t)

0 1

⎤

⎦ ,

and

B(t) =

⎡

⎢⎢⎢⎢
⎣

−a′
1(t)a5(t) 0

−a5(t) 0

0 b′
1(t)b5(t) − b3(t)

0 −b5(t)

⎤

⎥⎥⎥⎥
⎦
,

C(t) = V (t)
57.3g

[
0 0 0 −b4(t)

0 a4(t) 0 0

]

, D(t) = V (t)
57.3g

[
0 −b5(t)

a5(t) 0

]

.

11.2 Attitude Control of Nonrotating Missiles
In this section, we consider the attitude control of a type of nonrotating missiles
using LMI techniques.

11.2.1 Problem
It is clearly seen that the pitch channel system (11.4) and the yaw/roll channel system
(11.9) do have a mutual affection on each other. This affection really comes from
the coupling of the two systems. From the practical application point of view, such
an affection needs to be attenuated at a minimum level, which actually gives rise to
the following problem of disturbance attenuation via H∞ control.

Problem 11.1 For the attitude system (11.4) or (11.9), find a state feedback
control law u = Kx such that

1. The closed-loop system
{
ẋ = (A + B1K ) x + B2d

z = (C + D1K ) x + D2d

is stable.
2. The transfer function matrix

Gzd (s) = (C + D1K ) (sI − (A + B1K ))−1 B2 + D2
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satisfies

‖Gzd (s)‖∞ < γ

for a minimum positive scalar γ .

11.2.2 Solution
It directly follows from Theorem 8.1 that the proposed problem can be solved via
the following optimization

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

min γ

s.t. X > 0
⎡

⎢⎢
⎣

(AX + B1W )T + AX + B1W B2 (CX + D1W )T

BT
2 −γ I DT

2

CX + D1W D2 −γ I

⎤

⎥⎥
⎦ < 0,

(11.14)

or via the following feasibility problem

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

X > 0
⎡

⎢⎢
⎣

(AX + B1W )T + AX + B1W B2 (CX + D1W )T

BT
2 −γ I DT

2

CX + D1W D2 −γ I

⎤

⎥⎥
⎦ < 0,

(11.15)

with a satisfactory disturbance attenuation level γ . When a pair of parametermatrices
W and X to the aforementioned optimization (11.14) or the feasibility problem
(11.15) are found, a solution to the problem can be given as

K = WX−1.

Note that the attitude control system design problems for the pitch channel and
the yaw/roll channel can be solved exactly in the same way; here, we only consider
the case of the yaw/roll channel.

The design of the yaw/roll channel system at a certain single operating point is
considered, at which α = 0 and ωz = 0. The system parameter matrices at this
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operating point are given as follows (Jiang 1987, Duan and Wang 1992):

A =

⎡

⎢⎢⎢⎢⎢⎢⎢
⎣

−0.5 1 0 0 0

−62 −0.16 0 0 30

10 0 −50 40 5

0 0 0 −40 0

0 0 0 0 −20

⎤

⎥⎥⎥⎥⎥⎥⎥
⎦

, (11.16)

B1 =

⎡

⎢⎢⎢⎢⎢⎢⎢
⎣

0 0

0 0

0 0

40 0

0 20

⎤

⎥⎥⎥⎥⎥⎥⎥
⎦

, B2 =

⎡

⎢⎢⎢⎢
⎣

0.001
−0.05
0
0
0

⎤

⎥⎥⎥⎥
⎦
,

C =
[
1.5 0 0 0 0.8

0 0 1 0 0

]

,

D1 = 0, D2 =
[
0.01

0

]

.

11.2.2.1 Optimal Solution

By using the function mincx in the MATLAB� LMI toolbox, the optimization
problem (11.14) is solved and the optimal parameters are obtained as

γ = 0.010,

X =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢
⎣

5660061.4412 273814.4899 −0.3022 −88416.7582 −10612613.1920

273814.4899 667358290.1678 −0.0699 −4274.4210 −513400.8165

−0.3022 −0.0699 23.0243 −1936.0966 0.5645

−88416.7582 −4274.4210 −1936.0966 206851137.4282 165782.9759

−10612613.1920 −513400.8165 0.5645 165782.9759 19898751.5367

⎤

⎥⎥⎥⎥⎥⎥⎥⎥
⎦

> 0,

and

W =
[ −92491.3889 −266484.2871 −206743444.9669 1.95793341.1380 109040.3609

−11167641.7233 −63320089.9897 377.4004 54520.1804 −1451947.9947

]

.
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Thus, the state feedback gain is given by

K = WX−1

=
[ −1495.1248 −0.0011 −8986351.4887 −83.1652 −796.4424

−397683.9112 −0.0937 −3.8796 0.0010 −212097.0763

]

.

Note that the attenuation level γ is very small, the disturbance d is effectively
attenuated. However, with this optimal solution, the magnitude of the feedback
gain matrix K is obviously large, which is not desirable in applications. Therefore,
in the following, we will seek a feasible solution instead.

11.2.2.2 Feasible Solution

Limiting the attenuation level by γ < 0.0160, and applying the function feasp
in the MATLAB LMI toolbox to (11.15), we obtain the following feasible solutions

X =

⎡

⎢⎢⎢⎢⎢⎢⎢
⎣

4.5994 0.0380 −0.0046 −0.0672 −8.6780

0.0380 545.3889 −0.0078 −0.0501 0.1566

−0.0046 −0.0078 0.9584 −0.6916 0.0111

−0.0672 −0.0501 −0.6916 192.4742 0.1568

−8.6780 0.1566 0.0111 0.1568 17.7772

⎤

⎥⎥⎥⎥⎥⎥⎥
⎦

> 0,

W =
[−0.0766 −0.2812 −192.8017 189.6008 0.9696

−8.9753 −52.4897 −0.3344 −1.4936 9.3408

]

,

with γ = 0.0135. In this case, the state feedback gain turns out to be

K = WX−1

=
[

1.5717 −0.0038 −200.9755 0.2627 0.9452

−12.1268 −0.0939 −0.3511 −0.0089 −5.3931

]

.

For this yaw/roll channel attitude system, Duan (Duan andWang 1992) has also
given a stabilization gain as follows:

Kp =
[−3.6844 −1.5266 −1.2500 −10 −5.9703

1.9463 −0.5378 0 0 −1.0671

]

.
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Figure 11.1 Output corresponding to the H∞ feasible solution K .

We have plotted the output of the closed-loop systems in Figures 11.1 and 11.2,
which respectively correspond to the H∞ feasible solution K and the stabilization
solution Kp. To show the effect of disturbance attenuation, we have given simulation
results for the zero disturbance case, represented by the solid lines, and the case of
white Gaussian noise disturbance with power of 5 dBW, represented by the dash
lines. It is seen from the two figures that the disturbance indeed has very small affec-
tion to the system output in both the two cases. But it is obvious that the settling time
of the output of the H∞ control system is less than that of the stabilization system.

11.3 Attitude Control of BTT Missiles
In this section, we consider the attitude control of a type of BTT (bank-to-turn)
missiles using LMI techniques. Theory of quadratic stabilization is applied.

11.3.1 Problem
Obviously, the rolling channel system (11.11) can be designed independently. Since
the model of the rolling channel is very simple and easy to handle, here in this
section only the design problem of the pitch/yaw channel is considered.
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Figure 11.2 Output corresponding to the stabilization solution Kp.

11.3.1.1 Trajectory and Operating Points

In the flying process, the system parameters a1(t)~a5(t), b1(t)~b5(t), a′
1(t), b

′
1(t),

c1(t), c2(t) all change with the variation of the flying height and flying speed, and
their varying rules are very complicated and hard to express analytically. These
parameters are generally assumed to be continuous and uniformly bounded.

To deal with this complicated time-varying system, as is done in practice, we
choose seven operating points on the whole trajectory, as shown in Figure 11.3,
which correspond to several important flight moments, as shown in Table 11.1.
The values of the parameters a1(t)~a5(t), a′

1(t), b1(t)~b5(t), b
′
1(t), c1(t), c2(t), at

the seven operating points are known and are given in Table 11.2 (Hu 1997).

11.3.1.2 Rolling Rate ωx

Although the rolling channel system is independent, it does affect the yaw/pitch
channel through the rolling rate ωx , which directly appears in the system matrix
A of the yaw/pitch channel model, and this makes the yaw/pitch channel attitude
system an uncertain one.

The rolling rate ωx is assumed to be differentiable and uniformly bounded. In
this design, it is assumed to alter within the interval [−400◦/s, 400◦/s]. Therefore,
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4.4 s 11.9 s 19.5 s 23.0 s 28.0 s 35.0 s 40.0 s t

Figure 11.3 Operating points along trajectory.

Table 11.1 Operating Points

t1 t2 t3 t4 t5 t6 t7

4.4s 11.9s 19.5s 23.0s 28.0s 35.0s 40.0s

Table 11.2 Parameter Values at the Seven Operating Points

Time (s) t1 t2 t3 t4 t5 t6 t7

a1(t) 1.593 1.485 1.269 1.130 0.896 0.559 0.398

a′1(t) 0.285 0.192 0.147 0.118 0.069 0.055 0.043

a2(t) 260.559 266.415 196.737 137.385 129.201 66.338 51.003

a3(t) 185.488 182.532 176.932 160.894 138.591 78.404 53.840

a4(t) 1.506 1.295 1.169 1.130 1.061 0.599 0.421

a5(t) 0.298 0.243 0.217 0.191 0.165 0.105 0.078

b1(t) 1.655 1.502 1.269 1.130 0.896 0.559 0.398

b′
1(t) 0.295 0.195 0.147 0.118 0.069 0.055 0.043

b2(t) 39.988 −24.627 −31.452 −41.425 −68.165 −21.448 −9.635

b3(t) 159.974 170.532 182.030 184.093 154.608 89.853 59.587

b4(t) 0.771 0.652 0.680 0.691 0.709 0.360 0.243

b5(t) 0.254 0.191 0.188 0.182 0.162 0.102 0.072
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at each operating point shown in Table 11.1, the pitch/yaw system (11.13) is an
interval system with a varying parameter ωx ∈ [−400, 400].

11.3.1.3 Problem

With the aforementioned description, we can now state our problem of attitude
control system design as follows.

Problem 11.2 For the attitude system (11.13), find a constant state feedback

u = Kx + v(t), (11.17)

with v being an external input such that the closed-loop system

ẋ(t) = Ac(t,ωx)x(t) + B(t)v(t),

where

Ac(t,ωx) = A(t,ωx) + B(t)K

is uniformly asymptotically stable.

11.3.2 Quadratic Stabilization
11.3.2.1 Family of Systems

It follows from the aforementioned description that, at each operating point tk, the
system is a constant one but with an uncertain parameter ωx , which is denoted, for
simplicity, by

	k(ωx) = (A(tk,ωx),B(tk)) . (11.18)

Note that the matrix A(t,ωx) is linear in ωx , thus, in order to stabilize the
system (A(t,ωx),B(t)) at each operating point tk for arbitrary parameters ωx ∈
[−400, 400], it suffices to stabilize	k(ωx) = (A(tk,ωx),B(tk)) at the two endpoints
of the parameter ωx , that is, ωx1 = 400◦/s and ωx2 = −400◦/s. Therefore, at each
operating point tk, we need to consider stabilization of the following two systems

	Lk = (A(tk,ωx1),B(tk)) ,

and

	Rk = (A(tk,ωx2),B(tk)) .
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This tells us that in order to realize stabilization of the attitude system at all the
operating points, we need to realize simultaneous stabilization of 14 systems, namely,
	Lk and 	Rk, k = 1, 2, . . . , 7.

For simplicity, the 14 systems can be further uniformly defined as

	i = (Ai,Bi) , (11.19)

where

(Ai,Bi) =
{

(A(tk,ωx1),B(tk)) , i = 2k − 1

(A(tk,ωx2),B(tk)) , i = 2k,
(11.20)

k = 1, 2, . . . , 7.

Further, with these 14 systems as vertexes, we can form a polytopic system (see
Figure 11.4)

	 = (A(δ(t)),B(δ(t))) ,

that is,

ẋ = A(δ(t))x + B(δ(t))u,

where
{
A(δ(t)) = δ1(t)A1 + δ2(t)A2 + · · · + δ14(t)A14
B(δ(t)) = δ1(t)B1 + δ2(t)B2 + · · · + δ14(t)B14,

(11.21)

and

δ = [
δ1(t) δ2(t) · · · δ14(t)

] ∈ 
P ,

Πi = (Ai, Bi)

Π = (A(δ), B(δ))

Figure 11.4 The polytopic system.

co
nt

ro
len

gin
ee

rs
.ir



364 ■ LMIs in Control Systems

with


P =
{

δ(t) = [
δ1(t) · · · δ14(t)

]
∣∣∣∣∣

14∑

i=1

δi(t) = 1, δi(t) ≥ 0, i = 1, 2, . . . , 14

}

.

(11.22)

The set of extremes of 
P is


E = {(
1 0 · · · 0

)
,
(
0 1 · · · 0

)
, . . . ,

(
0 0 · · · 1

)}
.

11.3.2.2 Quadratic Stabilization

Let

	 = {(A(δ(t)),B(δ(t))) | δ(t) ∈ 
P} , (11.23)

then 	 is a polytopic system, with vertices being (Ai,Bi), i = 1, 2, . . . , 14. When
the 14 operating points are properly chosen, we may assume

(A(t,ωx),B(t)) ∈ 	, ∀t > 0, ωx ∈ [−400, 400].
Further note that quadratic stability implies uniform asymptotical stability. To solve
Problem 11.2, we suffice to solve the following one.

Problem 11.3 Let Ai, Bi, i = 1, 2, . . . , 14, be defined by (11.20), and
(A(δ(t)),B(δ(t))) defined by (11.21). Find a constant state feedback

u = Kx, (11.24)

which quadratically stabilizes the set of system 	 defined by (11.18).

According to the theory introduced in Section 7.8, to solve Problem 11.3, it
suffices only to find a state feedback in the form of (11.24) which quadratically
stabilizes the extreme points of 	, that is,

	E = {(A(δ(t)),B(δ(t))) | δ(t) ∈ 
E }
= {(Ai,Bi) , i = 1, 2, . . . , 14} .

According to Theorem 7.8, this is equivalent to solving a pair of matrices W and
P > 0 satisfying the following set of LMIs:

AiP + BiW + PATi + W TBT
i < 0, i = 1, 2, . . . , 14. (11.25)

co
nt

ro
len

gin
ee

rs
.ir



Missile Attitude Control ■ 365

Once a pair of solutions W and P > 0 to the aforementioned set of LMIs are
obtained, the gain matrix is given by

K = WP−1.

11.3.3 Numerical Results and Simulation
By using the MATLAB function feasp in the MATLAB LMI toolbox, the cor-
responding LMI problem (11.25) is solved and the two parameter matrices are
obtained as

W =
[
0.4539 −0.0285 0 0

0 0 0.0627 0.0234

]

,

and

P =

⎡

⎢⎢⎢⎢
⎣

2.9241 −0.3080 0 0

−0.3080 0.0393 0 0

0 0 3.0039 −0.2937

0 0 −0.2937 0.0373

⎤

⎥⎥⎥⎥
⎦

> 0.

Thus, the feedback control gain matrix can be obtained as

K = WP−1 =
[
0.4510 2.8077 0 0

0 0 0.3571 3.4389

]

.

The corresponding closed-loop poles at each operating point with different values
of ωx are listed in Table 11.3.

The designed stabilizing controller is applied to the linear time-varying attitude
system (11.13) to validate its effect.

For system (11.13), the parameters a1(t) ∼ a5(t), b1(t) ∼ b5(t), a
′
1(t), b

′
1(t)

are obtained by linear interpolation between the adjacent operating points, that is,

ak(t) = ti+1 − t
ti+1 − ti

ak(ti) + t − ti
ti+1 − ti

ak(ti+1),

bk(t) = ti+1 − t
ti+1 − ti

bk(ti) + t − ti
ti+1 − ti

bk(ti+1),

a′
1(t) = ti+1 − t

ti+1 − ti
a′
1(ti) + t − ti

ti+1 − ti
a′
1(ti+1),

b′
1(t) = ti+1 − t

ti+1 − ti
b′
1(ti) + t − ti

ti+1 − ti
b′
1(ti+1),

ti ≤ t < ti+1, i = 1, 2, . . . , 6, k = 1, 2, . . . , 5.
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Table 11.3 Closed-Loop Poles

ωx tk s1 s2 s3 s4

t1 −76.4467 −47.3087 −11.4674 −13.3857

t2 −74.4519 −52.3237 −11.5453 −11.5658

t3 −72.3643 −56.3288 −10.6407 −11.4067

0 t4 −65.3712 −57.0581 −11.2387 −10.1164

t5 −54.4027 −46.5242 −10.9134 −10.5963

t6 −24.3356 −12.5350 −16.7046 ± 4.6079i

t7 −12.6822 ± 7.0736i −11.1045 ± 8.8081i

t1 −75.5712 −48.2827 −12.3764 ± 7.3558i

t2 −73.2926 −53.5192 −11.5366 ± 7.3109i

t3 −70.6459 −58.0807 −11.0061 ± 7.2847i

400 t4 −61.2303 ± 2.7003i −10.6611 ± 7.2751i

t5 −50.4879 ± 2.8356i −10.7297 ± 7.3870i

t6 −22.8872 −20.4674 −13.4623 ± 9.8123i

t7 −10.5999 ± 14.2593i −13.1865 ± 1.5925i

t1 −75.5712 −48.2827 −12.3764 ± 7.3558i

t2 −73.2926 −53.5192 −11.5366 ± 7.3109i

t3 −70.6459 −58.0807 −11.0061 ± 7.2847i

−400 t4 −61.2303 ± 2.7003i −10.6611 ± 7.2751i

t5 −50.4879 ± 2.8356i −10.7297 ± 7.3870i

t6 −22.8872 −20.4674 −13.4623 ± 9.8123i

t7 −10.5999 ± 14.2593i −13.1865 ± 1.5925i

The rolling angular velocity ωx is taken as

ωx(t) = 400 sin(0.2π t).

In order to realize tracking of given overload signals, here we employ the following
feedforward tracking scheme based on the model reference theory (Duan et al. 1994,
2001):

u(t) = K (t)x + G(t)yr(t), (11.26)
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with yr being the overload signal to be followed, and

G(t) = H(t) − K (t)Z(t), (11.27)

where the coefficient matrices H(t) and Z(t) are derived by

[
Z(t)

H(t)

]

=
[
A(t) B(t)

C(t) D(t)

]−1 [
0

I

]

. (11.28)

When yr(t) is a step function, and K (t) stabilizes system (11.13), the output of the
closed-loop system satisfies

lim
t→∞(y(t) − yr) = 0. (11.29)

Using the aforementioned scheme we have considered tracking of the following
sine wave

yr1(t) = yr2(t) = 0.5 sin (0.5t), t ≥ 4.4,

and also the following trapezoidal wave

yr1(t) = yr2(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

−0.5, 4.4 ≤ t < 4.875

4t − 20, t0(k) ≤ t < t1(k)

0.5, t1(k) ≤ t < t2(k)

−4t + 60, t2(k) ≤ t < t3(k)

−0.5, t3(k) ≤ t < t4(k),

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

t0(k) = 40k + 4.875

t1(k) = 40k + 5.125

t2(k) = 40k + 14.875

t3(k) = 40k + 15.125

t4(k) = 40k + 24.875, k = 0, 1, . . . .

The results are shown in Figures 11.5 and 11.6, which demonstrate that the designed
time varying attitude control system works perfectly and offers good dynamical
performance, bearing in mind that we have used only one single-state feedback gain
to cope with all the variations in the 12 system parameters shown in Table 11.2.
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Figure 11.5 Tracking a square wave.
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Figure 11.6 Tracking a sine wave.
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11.4 Notes and References
In this chapter, the attitude control of two types ofmissiles is considered. Specifically,
one is thedesignof the attitude control systemsof a typeofnonrotatingmissiles, where
mixed H2/H∞ performance is considered in order to attenuate the disturbance, and
the closed-loop eigenvalues are restricted within desired region in order to ensure
the closed-loop dynamical properties; the other is the attitude control system design
of a BTT missile using techniques of simultaneous stabilization based on LMIs.

The data for the model of the nonrotating missile are taken from Duan et al.
(1994), while those for the BTT model of missiles are taken from Duan et al.
(2009b) and Duan (2012). The authors are grateful to the Chinese Ministry of
Aerospace for providing the data through project funding.

Probably themost difficult theoretical problem existing inmissile attitude control
systems design is to guarantee the closed-loop stability. This is because the plant is
highly nonlinear and time varying! To follow the desired trajectory, normally several
controllers are designed and they are switched as the plant model changes. With
such a scheme, closed-loop stability is difficult to be guaranteed, at least in theory.
But in Section 11.3, the problem is solved via quadratic stabilization. It is shown
that, instead of designing a local controller at each characteristic point and operating
the switching, a single controller for the whole trajectory is sufficient. What is more,
closed-loop stability is well guaranteed by the quadratic stabilization theory, and the
time-varying property as well as the system uncertainty are all well coped with.

For missile control systems design using advanced control theory and techniques,
there are numerous reported results in the literature. The author’s work along this
direction also includes Cai et al. (2011) and Cai et al. (2010), both investigating
the control of airbreathing hypersonic vehicles, and Tan and Duan (2008), which
is about designing globally stabilizing controllers for BTT missiles as well, while
Hou and Duan (2008) studied integrated guidance and control of homing missiles
against ground fixed targets.

Exercises
11.1 Find out the open-loop stability of the non-rotating missile attitude system

(11.9) with matrix A given in (11.16).
11.2 For the following linear system

{
ẋ = Ax + Bu
y = Cx + Du, (11.30)

a controller is designed in the form of (11.26), with K enabling the
asymptotical stability of the system

ẋ = (A + BK ) x

and G given by (11.27) and (11.28). Show that the asymptotical tracking
relation (11.29) holds.
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11.3 Consider the pitch channel attitude model (11.3)-(11.8) of the type of
non-rotating missiles with

A =
⎡

⎣
−1.2950 1 −0.2430
0.1920 −1.6770 −0.0467
0 0 20

⎤

⎦ ,

B1 =
⎡

⎣
0
0
1

⎤

⎦ , B2 =
⎡

⎣
−0.1745 0
0.0335 −0.1309
0 0

⎤

⎦ ,

C =
[

1 0 0
−3.2253 0 −0.6052

]
,

D1 = 0, D2 =
[

0 0
−0.0025 0

]
.

Find a state feedback control law u = Kx such that the closed-loop system
is stable, and the transfer function matrix Gyd (s) satisfies

||Gyd (s)||∞ < γ

for a minimum positive scalar γ .
11.4 Let A,A0 ∈ R

n×n. Show that

A (ω) = A + A0ω, ω ∈ [α,β],
is quadratically stable if {A + A0α, A + A0β} is quadratically stable. (Note:
This is related to Subsection 11.3.2, in which the quadratic stabilization of
system (11.18) with ωx ∈ [−400, 400] is treated.)

11.5 The closed-loop poles at each operating point with different values of ωx
are listed in Table 11.3, and they can be observed to be all stable. Is this
fact sufficient for the stability of the designed closed-loop missile attitude
system? Why?

11.6 Consider the rolling channel model (11.11) of the type of BTT missiles.
The seven operating points along the whole trajectory are the same as in
Table 11.1, while the parameters of the system at these operating points
are given in Table 11.4. Following the lines in Section 11.3, complete the
attitude control system design for this rolling channel using the quadratic
stabilization approach.

Table 11.4 Parameters at Characteristic Points

Times (s) t1 t2 t3 t4 t5 t6 t7

c1(t) 1.264 1.600 1.636 1.635 1.607 0.936 0.644

c3(t) 1787.048 1832.067 2128.877 2231.985 3045.292 1329.481 818.706
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Chapter 12

Satellite Control

The motion of satellites in orbit performs an important role in military, civil, and
scientific activities. To meet the various objectives, attitude control of a satellite
must be required, which includes attitude maneuvering and attitude stabilization.

A satellite attitude system is a complex one subject to various uncertainties and
disturbances. External disturbances may include the aerodynamic moments, sun-
light pressure torques, gravity gradient torques, and magnetic moments, while the
internal disturbances may include parameter uncertainties, the influence resulted
from fuel and some carried facilities, such as the two-dimensional scanners. In prac-
tical engineering, the attitude fast maneuvering and accurate pointing are required
in the presence of all kinds of disturbances and parameter uncertainties. Therefore,
robust attitude controller design is of great importance and challenge.

In this chapter, we treat the problem of satellite attitude control. In Section 12.1,
we present the model of the attitude system, while in the second section we treat
the problem of H∞ and H2 control. In the third section, attitude stabilization
is considered where disturbance attenuation and desired closed-loop eigenvalue
location are achieved based on LMI techniques.

12.1 System Modeling
Based on the well-known moment of momentum theorem, the attitude dynamics
of a satellite in the inertial coordinate system can be generally expressed as

Ḣ = Tc + Tg + Td , (12.1)
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where

■ Tc , Tg and Td are the flywheel torque, the gravitational torque and the
disturbance torque, respectively

■ H is the total momentum acting on the satellite

The total momentum H is given by (Sidi (1997), Zhang (1998))

H = Ibω,

where

■ Ib is the inertia matrix
■ ω is the angular velocity

While the derivative of the total momentum H can be given as follows (Liu and
Zhao (2003))

Ḣ = Ibω̇ + ω × (Ibω), (12.2)

where × represents the cross product of vectors. Combining (12.2) and (12.1),
yields the following dynamical equation:

Ibω̇ + ω × (Ibω) = Tc + Tg + Td . (12.3)

Choose

Ib = diag(Ix , Iy, Iz),

and let

Tc =
⎡

⎣
Tcx
Tcy
Tcz

⎤

⎦ , Tg =
⎡

⎣
Tgx
Tgy
Tgz

⎤

⎦ , Td =
⎡

⎣
Tdx
Tdy
Tdz

⎤

⎦ ,

then we can expand Equation (12.3) into

⎧
⎪⎨

⎪⎩

Ixω̇x + (Iz − Iy)ωyωz = Tcx + Tgx + Tdx

Iyω̇y + (Ix − Iz)ωzωx = Tcy + Tgy + Tdy

Izω̇z + (Iy − Ix)ωxωy = Tcz + Tgz + Tdz .
(12.4)
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Under small angle approximation, the angular velocity of the satellite in the
inertial coordinate system represented in the body coordinate system is given by
(Zhang 1998)

ω =
⎡

⎣
ωx
ωy
ωz

⎤

⎦ =
⎡

⎣
ϕ̇ − ω0ψ

θ̇ − ω0
ψ̇ + ω0ϕ

⎤

⎦ , (12.5)

where
ω0 = 7.292115 × 10−5rad/s, is the rotational-angular velocity of the earth
ϕ, θ , and ψ are the three Euler angles

By substituting the kinematic equations (12.5) into (12.4), the attitude dynamics of
the satellite can be obtained as

⎧
⎪⎨

⎪⎩

Ixϕ̈ + (Iy − Iz)ω2
0ϕ + (Iy − Iz − Ix)ω0ψ̇ = Tcx + Tgx + Tdx

Iyθ̈ = Tcy + Tgy + Tdy

Izψ̈ + (Ix + Iz − Iy)ω0ϕ̇ + (Iy − Ix)ω2
0ψ̇ = Tcz + Tgz + Tdz ,

(12.6)

where the gravitational torques are easily shown to be given by
⎧
⎪⎨

⎪⎩

Tgx = −3ω2
0(Iy − Iz)ϕ

Tgy = −3ω2
0(Ix − Iz)θ

Tgz = 0.
(12.7)

Substituting the aforementioned relation into (12.6) gives finally the dynamical
model of the satellite as follows:

⎧
⎪⎨

⎪⎩

Ixϕ̈ + 4(Iy − Iz)ω2
0ϕ + (Iy − Iz − Ix)ω0ψ̇ = Tcx + Tdx

Iy θ̈ + 3ω2
0(Ix − Iz)θ = Tcy + Tdy

Izψ̈ + (Ix + Iz − Iy)ω0ϕ̇ + (Iy − Ix)ω2
0ψ̇ = Tcz + Tdz .

(12.8)

12.1.1 Second-Order System Form
Define vectors

q =
⎡

⎣
ϕ

θ

ψ

⎤

⎦ , u =
⎡

⎣
Tcx
Tcy
Tcz

⎤

⎦ , d =
⎡

⎣
Tdx
Tdy
Tdz

⎤

⎦ ,

then the equations in (12.8) can be written compactly in the following second-order
matrix form:

Mq̈ + Hq̇ + Gq = L1u + L2d , (12.9)
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where

M = diag
(
Ix , Iy, Iz

)
, L1 = L2 = I3×3,

H = ω0(Iy − Ix − Iz)

⎡

⎣
0 0 1
0 0 0

−1 0 0

⎤

⎦ ,

G = diag
(
4ω2

0(Iy − Iz), 3ω2
0(Ix − Iz), ω2

0(Iy − Ix)
)
.

12.1.2 State-Space Form
Define

x = [
q q̇

]T , z∞ = 10−3Mq̈, z2 = q,

and introduce the notations

Iαβ = Iα − Iβ , Iαβγ = Iα − Iβ − Iγ ,

where α, β, and γ stand for any element in {x, y, z}. Then, we can rewrite the
system (12.9) in the following state-space form:

⎧
⎨

⎩

ẋ = Ax + B1u + B2d
z∞ = C1x + D1u + D2d
z2 = C2x,

(12.10)

where

A =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

−4ω2
0Iyz
Ix 0 0 0 0 −ω0

Iyzx
Ix

0 − 3ω2
0Ixz
Iy 0 0 0 0

0 0 −ω2
0Iyx
Iz ω0

Iyxz
Iz 0 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

, (12.11)

B1 = B2 =

⎡

⎢⎢⎢⎢⎢⎢⎢
⎣

0 0 0
0 0 0
0 0 0
1
Ix 0 0
0 1

Iy 0
0 0 1

Iz

⎤

⎥⎥⎥⎥⎥⎥⎥
⎦

, (12.12)
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C1 = 10−3 ×
⎡

⎣
−4ω2

0Iyz 0 0 0 0 −ω0Iyxz
0 −3ω2

0Ixz 0 0 0 0
0 0 −ω2

0Iyx ω0Iyxz 0 0

⎤

⎦ ,

(12.13)

C2 = [
I3×3 03×3

]
, (12.14)

D1 = 10−3 × L1, D2 = 10−3 × L2. (12.15)

12.2 H2 and H∞ Feedback Control
First, let us investigate the H∞ feedback control of the satellite system.

12.2.1 H∞ Control
12.2.1.1 Problem and Solution

For the aforementioned linear system in the state-space form (12.10), design a state
feedback control law

u = Kx,

such that the closed-loop system is stable and the transfer function matrix

Gz∞d (s) = (C1 + D1K ) (sI − (A + B1K ))−1 B2 + D2

satisfies

||Gz∞d (s)||∞ < γ∞,

for a minimal positive scalar γ∞.
According to Theorem 8.1, the aforementioned problem with a minimal

attenuation level γ∞ can be sought via the following optimization problem:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min γ∞
s.t. X > 0

⎡

⎢
⎣

(AX + B1W )T + AX + B1W B2 (C1X + D1W )T

BT
2 −γ∞I DT

2

C1X + D1W D2 −γ∞I

⎤

⎥
⎦ < 0.

(12.16)

co
nt

ro
len

gin
ee

rs
.ir



376 ■ LMIs in Control Systems

12.2.1.2 Numerical Results

Taking

Ix = 1030.17kg · m2, Iy = 3015.65kg · m2, Iz = 3030.43kg · m2, (12.17)

and using the MATLAB� function mincx in MATLAB LMI toolbox to the
aforementioned problem (12.16), we obtain γ∞ = 0.0010 and

X =

⎡

⎢⎢⎢⎢⎢⎢
⎣

3358849.2116 0 0.0001
0 3412059.8084 0

0.0001 0 3417761.6655
−1386.3746 0 0

0 −684.7144 0
0 0 −683.2073

−1386.3746 0 0
0 −684.7144 0
0 0 −683.2073

1.1419 0 0
0 0.2742 0
0 0 0.2725

⎤

⎥⎥⎥⎥⎥⎥⎥
⎦

> 0,

W =
⎡

⎣
−1.0559 0 52.0597 −0.9703 0 −0.0208

0 −108.8758 0 0 −0.3098 0
−105.6403 0 36.0840 0.0870 0 −0.3372

⎤

⎦,

and the corresponding state feedback gain is given by

K0 = WX−1

=
⎡

⎢
⎣

−0.0007 0 0.0000 −1.7040 0 −0.0762

0 −0.0005 0 0 −2.4249 0

0.0000 0 −0.0005 0.0762 0 −2.4273

⎤

⎥
⎦ .

Note that the attenuation level γ∞ = 0.0010 is very small, eventually the effect
of the disturbance d must be effectively attenuated. However, with this solution,
the closed-loop system poles are

− 0.000863, − 0.000791, − 0.000417, − 0.000384,

− 0.000419, − 0.000385,
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Figure 12.1 Closed-loop output z∞ corresponding to K0.

which are all stable, but are all very close to the imaginary axis. Therefore, the
system response must be too slow and must have a long settling time. This has been
verified by plotting the output z∞ of the system in Figure 12.1, where the solid lines
represent the response of the system for the case of d = 0 and the dash lines for
the case of

d(t) = [
sin t

200 cos t
200 sin t

250
]T .

It is seen in this figure that within 200 seconds the system responses are still far
from settling down.

To prevent such a phenomenon, instead of using the second LMI constraint in
(12.16), we use

−I <

⎡

⎢
⎣

(AX + B1W )T + AX + B1W B2 (C1X + D1W )T

BT
2 −γ∞I DT

2
C1X + D1W D2 −γ∞I

⎤

⎥
⎦ < 0,

(12.18)
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which is obtained by adding at the left-hand side a simple constraint. With this
altered condition, using again the feasp function in MATLAB LMI toolbox, we
obtain γ∞ = 0.0010 and

W =
⎡

⎢
⎣

−0.1295 0 0.0229 −0.9720 0 −0.0004
0 −13.1714 0 0 −0.3320 0

−0.0229 0 4.3581 0.0010 0 −0.3304

⎤

⎥
⎦ .

The corresponding state feedback gain is given by

K = WX−1

=
⎡

⎢
⎣

−0.0001 0 0 −70.7320 0 −0.0762
0 −0.0001 0 0 −70.5375 0
0 0 0 0.0762 0 −70.5371

⎤

⎥
⎦ .

With this feedback gain K , we also plotted the closed-loop system output for
the same disturbance choices, which is shown in Figure 12.2. Comparing these two
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Figure 12.2 Closed-loop output z∞ corresponding to K .
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figures, we can find that this new solution K is much better in the rapidness and yet
does not lose any disturbance attenuation level.

12.2.2 H2 Control
12.2.2.1 Problem and Solution

For the satellite attitude system (12.10), design a state feedback control law

u = Kx,

such that the closed-loop system is stable and the transfer function matrix

Gz2w(s) = C2 (sI − (A + B1K ))−1 B2

satisfies

||Gz2w(s)||2 < γ2,

for a minimal positive scalar γ2.
According to Theorem 8.3, the aforementioned problem with a minimal

attenuation level γ2 can be sought via the following optimization problem:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

min ρ

s.t. AX + B1W + (AX + B1W )T + B2BT
2 < 0[ −Z C2X

(C2X )T −X

]
< 0

trace (Z) < ρ,

(12.19)

where ρ = γ 2
2 .

12.2.2.2 Numerical Results

Using the MATLAB function mincx in the MATLAB LMI toolbox to the
aforementioned problem (12.19), we obtain ρ = 3.3706 × 10−11, and
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X =

⎡

⎢⎢⎢⎢⎢⎢
⎣

0.0000 0 −0.0000
0 0.0000 0

−0.0000 0 0.0000
−0.6678 0 −0.0000

0 −0.4631 0
0.0000 0 −0.4615

−0.6678
0

−0.0000
456742.4312

0
−0.0011

0 0.0000
−0.4631 0

0 −0.4615
0 −0.0011

146337.9739 0
0 145578.4508

⎤

⎥⎥⎥⎥⎥⎥
⎦

> 0,

Z = 10−10 ×
⎡

⎣
0.0690 0 −0.0000

0 0.1072 0
−0.0000 0 0.1070

⎤

⎦ ,

W =
⎡

⎣
−470520069.0898 0 1.1871

0 −441299747.4459 0
3.3326 0 −441160935.7371

−280354806.5468 0 351.6082
0 −281251955.9531 0

119.5264 0 −281256221.9998

⎤

⎦ .

The corresponding state feedback gain is given by

K0 = WX−1

=
⎡

⎣
−875925392039229 0 −536523549

0 −113922040007657 0
−497126691 0 −114527952325858

−1280625924 0 6282
0 −360501424 0

−885 0 −363086358

⎤

⎦ .

Note that the attenuation level ρ is very small, the disturbance d is indeed
effectively attenuated. However, with this optimal solution, the feedback gain
matrix K0 is very large, which is not desirable in applications. The reason for this is
that in the optimal solution the matrix X is nearly singular. To make a modification,
we add another LMI condition

X > 1000I
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in problem (5.4) and using the MATLAB function mincx in the MATLAB LMI
toolbox to the new problem, we obtain ρ = 0.0030, and

X =

⎡

⎢⎢⎢⎢⎢⎢
⎣

1000.7433 0 −0.0000
0 1002.9883 0

−0.0000 0 1002.9901
−515.5386 0 0.0005

0 −403.5612 0
0.0004 0 −402.6945

−515.5386
0

0.0005
452378.3015

0
0.0270

0 0.0004
−403.5612 0

0 −402.6945
0 0.0270

148013.1738 0
0 147288.82317

⎤

⎥⎥⎥⎥⎥⎥
⎦

> 0,

Z =
⎡

⎣
0.0010 0 −0.0000

0 0.0010 0
−0.0000 0 0.0010

⎤

⎦ ,

W =
⎡

⎣
−464248215.3113 0 3.0511

0 −442473079.0442 0
−121.9329 0 −442455256.4189

−280426475.1312 0 311.6877
0 −281293587.9586 0

105.9557 0 −281297771.4290

⎤

⎦ ,

and the corresponding state feedback gain is given by

K = WX−1

=
⎡

⎣
−464495.4185 0 0.0017

0 −442404.7666 0
−0.1235 0 −442388.6057

−1149.2412 0 0.0035
0 −3106.6896 0

0.0008 0 −3119.3489

⎤

⎦ .

Corresponding to this feedback gain, we have plotted the output z2 in
Figure 12.3, where the solid lines represent the case of d = 0 and the dash lines
the case of

d(t) = 10 × [
sin (t) cos (t) sin (2t)

]T .
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Figure 12.3 The output z2 of the closed-loop system.

It can be seen from this figure that the effect of the disturbance to the system output
has been greatly attenuated. This is consistent with the theory since the restriction
level γ = √

ρ = 0.0548 is very small.

12.3 Mixed H2/H∞ Feedback Control
This section discusses controller design for the satellite attitude system (12.10)
through (12.15) with external disturbances and parameter uncertainties. The mixed
H2/H∞ control design method introduced in Chapter 10 is applied.

12.3.1 Problem and Solution
For the design of the satellite attitude control system, we stress on two types of
requirements.

12.3.1.1 Pole Region Assignment

In order that the designed satellite attitude system has desired dynamical properties,
the closed-loop poles are restricted to be within certain desired LMI region

co
nt

ro
len

gin
ee

rs
.ir



Satellite Control ■ 383

D = {s| s ∈ C, L + sM + s̄MT < 0}, (12.20)

where
L andM are matrices of appropriate dimensions
L is symmetric

12.3.1.2 Disturbance Attenuation

Clearly, the disturbance d has an affection on both output vectors z∞ and z2. Such
an affection needs to be minimized.

With the aforementioned analysis, a multiobjective design problem for the
satellite attitude system (12.10) can now be stated as follows.

Problem 12.1 For the linear system (12.10), design a state feedback control law

u = Kx

such that

1. The closed-loop eigenvalues are all located in D, that is

λ(A + BK ) ⊂ D, (12.21)

with D being given by (12.20).
2. The following H∞ and H2 performance conditions

∥∥Gz∞d
∥∥∞ = ∥∥(C1 + N2K )(sI − (A + B1K ))−1B2 + N1

∥∥∞ ≤ γ∞
(12.22)

and

∥∥Gz2d
∥∥
2 = ∥∥C2(sI − (A + B1K ))−1B2

∥∥∞ ≤ γ2 (12.23)

are satisfied with some possibly small γ∞ and γ2.

Based on Theorem 10.3 and the optimization problem (10.27), we can formulate
the aforementioned problem into the following optimization problem with LMI
constraints:
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min c∞γ∞ + c2ρ

s.t.

[
−Z C2X
XCT

2 −X

]

< 0

trace (Z) < ρ

AX + B1W + (AX + B1W )T + BBT < 0
L ⊗ X + M ⊗ (AX + B1W ) + MT ⊗ (AX + B1W )T < 0
⎡

⎢
⎣

(AX + BW )T + AX + B1W B1 (C1X + D2W )T

B −γ∞I DT
1

(C1X + D2W ) D1 −γ∞I

⎤

⎥
⎦ < 0,

(12.24)

and once a set of solutions γ∞, γ 2
2 , W , Z and X > 0 are obtained, the state

feedback gain matrix can be constructed as K = WX−1, and the corresponding
γ2 is given by √

ρ.

12.3.2 Numerical and Simulation Results
12.3.2.1 Controller

For the specific satellite, we have ω0 = 7.292115 × 10−5 rad/s, and

Ix = 1030.17kg·m2, Iy = 3015.65kg·m2, Iz = 3030.43kg·m2,

the same as in (12.17). Further, the LMI region in the design is taken to be the strip
region H1,3, which has the following characteristic function

FH1,3(s) = L + sM + s̄MT,

with

L =
[
2 0
0 −6

]
, M =

[
1 0
0 −1

]
.

To solve the optimization problem (12.24), we choose the weighting factors as
α1 = α2 = 1. With the function mincx in the MATLAB LMI toolbox, we obtain
the following set of solutions:
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γ∞ = 0.001, γ2 = 0.0048,

X = 10−3×
⎡

⎢⎢⎢⎢⎢⎢
⎣

0.0164 0.0000 0.0000 −0.0481 0.0000 0.0000
0.0000 0.0027 0.0000 0.0000 −0.0069 0.0000
0.0000 0.0000 0.0027 0.0000 0.0000 −0.0069

−0.0481 0.0000 0.0000 0.3006 0.0000 −0.0000
0.0000 −0.0069 0.0000 0.0000 0.0386 0.0000
0.0000 0.0000 −0.0069 −0.0000 0.0000 0.0383

⎤

⎥⎥⎥⎥⎥⎥
⎦

> 0,

and

W =
⎡

⎣
−0.0155 0.0000 0.0000 −0.9230 0.0000 0.0000
0.0000 −0.0014 0.0000 0.0000 −0.3281 0.0000
0.0000 0.0000 −0.0014 −0.0000 0.0000 −0.3265

⎤

⎦ .

The state feedback matrix is then computed to be

K = WX−1 = 104 ×
⎡

⎣
−1.8722 0.0000 0.0000 −0.6068 0.0000 0.0000
0.0000 −3.9822 0.0000 0.0000 −1.5611 0.0000
0.0000 0.0000 −3.9883 −0.0000 0.0000 −1.5665

⎤

⎦ .

With this gain matrix, the closed-loop poles are

⎧
⎨

⎩

s1,2 = −2.9453 ± j3.0820
s3,4 = −2.5846 ± j2.5457
s5,6 = −2.5883 ± j2.5507.

(12.25)

Using the function norm in theMATLABH∞ toolbox, we have for the closed-loop
system corresponding to the feedback matrix K the following:

∥∥Gz∞d
∥∥∞ = 0.0010,

∥∥Gz2d
∥∥
2 = 7.75 × 10−5. (12.26)

In addition, for comparison, by some pole assignment technique we obtained
the following state feedback gain matrix

Kp = 106

×
⎡

⎣
0.3241 −0.3230 −0.0932 0.0815 −0.0562 −0.0583

−0.0776 0.0024 0.0623 −0.0034 −0.0228 0.0144
1.4482 −1.3762 0.4510 0.3677 −0.2356 −0.2660

⎤

⎦ .
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Corresponding to this gain matrix, using the function norm in the MATLAB H∞
toolbox again, we have, correspondingly,

∥∥Gz∞d
∥∥∞ = 0.1114,

∥∥Gz2d
∥∥
2 = 0.0054,

which are clearly larger than those given in (12.26).

12.3.2.2 Numerical Simulation

In this section, the numerical simulation is developed to show the validity of the
mixed H2/H∞ feedback controller. The initial state is taken as

x(0) = [
0.05 0.05 0.05 0.01 0.01 0.01

]T ,

where the unit of angle is rad and the unit of angular velocity is rad/s. Meanwhile,
the disturbance torques are chosen as

d =
⎡

⎣
10−3 sin (ω0t) Nm
10−3 sin (ω0t) Nm
10−3 sin (ω0t) Nm

⎤

⎦ .

For comparison, using feedback matrices K and Kp, respectively, we obtain
the simulation results as shown in Figures 12.4 and 12.5. Figure 12.4 shows
z∞ signals, and Figure 12.5 shows z2 signals. In these figures, the solid
lines correspond to the controller K , while the dotted lines correspond to the
controller Kp.

From the simulation results, we can see that, with the mixed H2/H∞ feed-
back controller, the closed-loop system is not only stable but also maintains better
disturbance attenuation ability.

12.4 Notes and References
In this chapter, attitude stabilization in a type of satellites is considered. Disturbance
attenuation and desired closed-loop eigenvalue location are achieved based on LMI
techniques.

12.4.1 Optimality versus Feasibility
In Section 12.2, the problems of H∞ and H2 feedback control of the satellite
attitude system are carried out. It is interesting to note that, in both cases, the
optimal solutions directly derived from the theories are not satisfactory. In the case
of H∞ feedback control, the obtained optimal gain matrix gives very slow response
transfer property, while in the case of H2 feedback control the optimal gain matrix
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Figure 12.4 System output z∞.

has a very large magnitude. Through some proper adjustments for both cases, we
have obtained satisfactory solutions. Such a phenomena indicates the following
points:

■ In the original designs, only the H∞ and H2 requirements are con-
sidered, while the response transfer property and the control energy
problem are neglected. The adjusted conditions have taken these into
consideration.

■ From a practical application point of view, the originally formulated H∞ and
H2 feedback control problems are not appropriate, they should have taken
the response transfer and the control energy into account.

■ With many practical applications, often, many trials and tests need to be
carried out. This is the case with research, do not just give up easily!

12.4.2 Problem of Space Rendezvous
Besides the problems addressed in this chapter, there are also many others related to
satellite control. Particularly, the authors and their collaborators have also tackled
the problems of attitude maneuvering (Zhang and Duan 2012b, Zhang et al. 2012),
orbital transfer and rendezvous (Duan et al. 2010, Zhou et al. 2011a, 2012a,
Gao et al. 2011a, 2012a), and soft lunar landing control (Liu et al. 2008, Zhang
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Figure 12.5 System output z2.

and Duan 2012a). We remark that most of these problems can also be solved via
LMI techniques. For a demonstration, here we give the formulation of the space
rendezvous problem.

It is seen from Example 7.14 that, under certain conditions, the relative orbital
dynamic model of spacecraft rendezvous can be described by (7.70). By denoting

x = [
rx ry rz ṙx ṙy ṙz

]T
, y = [

rx ry rz
]T

,

u = [
Tx Ty Tz

]T
, d = [

dx dy dz
]T

,

the second-order linear system (7.70) can be converted into the following state-space
form:

{
ẋ = Ax + B1u + B2d
y = Cx,
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with

A =

⎡

⎢⎢⎢⎢⎢⎢
⎣

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

3ω2
0 0 0 0 2ω0 0

0 0 0 −2ω0 0 0
0 0 −ω2

0 0 0 0

⎤

⎥⎥⎥⎥⎥⎥
⎦

, (12.27)

B1 = B2 =
[
03×3
I3

]
, (12.28)

and the observation distribution matrix is taken, assuming that all the three Euler
angles are measurable, as

C = [
I3 03×3

]
,

The transfer function of the system is obviously

Gyd (s) = C(sI − A − B1K )−1B2.

The problem of spacecraft rendezvous is to find a controller for the system in the
form of

u = Kx,

such that
∥∥Gyd (s)

∥∥∞ or
∥∥Gyd (s)

∥∥
2 is minimized.

Of course, a consequence of this design is the achievement of closed-loop stability,
which produces

lim
t→∞ x(t) = 0.

This ensures the rendezvous requirement since the relative distance between the
object and the chaser tends to zero.

Such a problem obviously can be solved via LMI technique in a similar way.

Exercises
12.1 For the satellite system (12.6), show that the gravity torques are given by

the formulas in (12.7).
12.2 With the parameters given in (12.17),
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1. check the stability of the open-loop system (12.10)–(12.15);
2. find out the value of

∥∥Go
z∞d

∥∥∞ and
∥∥Go

z2d
∥∥
2, with

Go
z∞d = C1 (sI − A)−1 B2 + D2,

and

Go
z2d = C2 (sI − A)−1 B2,

and compare the obtained values with those corresponding to the closed-
loop system designed in Section 12.2.

12.3 It is seen from Subsection 12.2.1 that the obtained optimal solution does
not give satisfactory response performance, while a feasible solution to the
altered LMI in (12.18) does. Find another solution for the problem by
reasonably altering the original LMI condition.

12.4 Let ω0 = π/12(rad/h). Solve the H∞ spacecraft rendezvous control
problem described in Section 12.4.

12.5 Let ω0 = π/12(rad/h). Solve the H2 spacecraft rendezvous problem
described in Section 12.4.
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Appendix A: Proofs of
Theorems

A.1 Proof of Theorem 4.1
This proof follows the same lines in Chilali and Gahinet (1996) and Yu (2002) but
with all the details fully explained.

A.1.1 Preliminaries
In order to prove the theorem, we first give two preliminary lemmas.

Lemma A.1 Let A ∈ R
n×n, and λ(A) = {s1, s2, . . . , sn}. Then, there exist a

sequence of nonsingular matrices Tk, k = 1, 2, . . . , such that

lim
k→∞

T−1
k ATk = � � diag (s1, s2, . . . , sn) . (A.1)

Proof When the Jordan matrix of A is diagonal, it follows from Jordan
decomposition that there exists a nonsingular matrix T satisfying

T−1AT = �.

In this case, we may simply take Tk = T , k = 1, 2, . . . .
Now consider the case that the Jordan matrix J of A is not diagonal. Without

loss of generality, we may only demonstrate with the case that J is composed of only
one Jordan block, that is,

J =

⎡

⎢⎢⎢⎢
⎣

s 1

s
. . .
. . . 1

s

⎤

⎥⎥⎥⎥
⎦
.
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Again, by Jordan decomposition, there exists a nonlinear matrix V0 such that

V −1
0 AV0 = J . (A.2)

Choose

Vk = diag
(
kn−1, kn−2, . . . , k, 1

)
,

then we can easily verify that

V −1
k JVk = �(s, k),

with

�(s, k) =

⎡

⎢⎢⎢⎢⎢
⎣

s 1
k
s 1

k
. . . . . .

s 1
k
s

⎤

⎥⎥⎥⎥⎥
⎦
.

Premultiplying by V −1
k and postmultiplying by Vk both sides of (A.2) produces

V−1
k V −1

0 AV0Vk = V −1
k JVk = �(s, k).

Since

lim
k→∞

�(s, k) = diag(s, s, . . . , s),

it is obvious that

Tk = V0Vk, k = 1, 2, . . .

are a sequence of matrices satisfying (A.1). �

Lemma A.2 Let P = X + jY , with X ,Y ∈ R
n×n, be a Hermite matrix. Then,

P is positive definite, that is,

zHPz > 0, ∀z ∈ C
n,

if and only if

Q =
[
X −Y
Y X

]
> 0.
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Proof Since P is Hermite, we have

XT = X , Y T = −Y . (A.3)

Therefore,

uTYu = 0, ∀u ∈ R
n. (A.4)

Choose

z = x + jy ∈ C
n,

where x, y ∈ R
n. Using (A.3) and (A.4), we have

zHPz = (
x + jy

)H (
X + jY

) (
x + jy

)

= (
xT − jyT

) (
X + jY

) (
x + jy

)

= (
xT − jyT

) [
Xx − Yy + j

(
Xy + Yx

)]

= xTXx − xTYy + yTXy + yTYx

+ j
(−yTXx + xTXy + xTYx + yTYy

)

= xT
(
Xx − Yy

) + yT
(
Yx + Xy

)

= [
xT yT

] [X −Y
Y X

] [
x
y

]
.

Therefore, the conclusion follows in view of the arbitrariness of vectors x, y,
and z. �

It clearly follows from Lemma A.2 that the real part of a Hermite positive definite
matrix is symmetric positive definite. Such a fact will be used in the following proof.

A.1.2 Sufficiency
Suppose RD(A, P) < 0 holds for some symmetric matrix P, and let s be an arbitrary
eigenvalue of A, and v ∈ C

n a nonzero vector satisfying vHA = svH. Then, it is easy
to derive

(I ⊗ vH)RD(A, P)(I ⊗ v)

= (I ⊗ vH)
(
L ⊗ P + M ⊗ (AP) + MT ⊗ (AP)T

)
(I ⊗ v)

= L ⊗ (vHPv) + M ⊗ (vHAPv) + MT ⊗ (
vH(AP)Tv

)

= vHPv(L + sM + sMT)

= vHPvFD.

co
nt

ro
len

gin
ee

rs
.ir



396 ■ Appendix A: Proofs of Theorems

Since RD(A, P) < 0, we have from the aforementioned relation that

vHPvFD < 0,

which, together with P > 0, gives FD < 0. Thus, A is D-stable.

A.1.3 Necessity
Suppose A is D-stable. We need to show that there exists a symmetric positive
definite matrix P such that RD(A, P) < 0. The proof is divided into three steps.

Step 1. The diagonal case
Let us consider the case that A is diagonal, that is,

A = diag (s1, . . . , sn) � �,

where si ∈ D, i = 1, 2, . . . , n. Then, we have

RD(�, I ) = L ⊗ I + M ⊗ � + MT ⊗ �H

= UTdiag (FD(s1), . . . , FD(sn))U ,

where U is the product of some elementary matrices. It follows from si ∈ D that
FD < 0 holds. Therefore, the aforementioned relation gives RD(�, I ) < 0. In this
case, we have P = I satisfying RD(�, P) < 0.

Step 2. The general case
Without loss of generality, we assume that the diagonal elements of� are composed
of the eigenvalues of A. Similarly, we can get RD(�, I ) < 0. Following from Lemma
A.1, we can construct a matrix sequence {Tk} such that

lim
k→∞

T−1
k ATk = �.

Since RD(Y , I ) is continuous with respect to Y , using the aforementioned relation
we get

lim
k→∞

RD(T−1
k ATk, I ) = RD(�, I ) < 0.

Therefore, there exists a sufficient large number q> 0 such thatRD(T−1
q ATq, I ) < 0.

Taking T = Tq, gives

RD(T−1AT , I ) < 0, (A.5)
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then

(I ⊗ T )RD(T−1
q ATq, I )(I ⊗ TH)

= (I ⊗ T )[L ⊗ I + M ⊗ (T−1AT ) + MT ⊗ (T−1AT )H](I ⊗ TH)

= L ⊗ (TTH) + M ⊗ (ATTH) + MT ⊗ (ATTH)H

= RD(A,TTH). (A.6)

Using this relation and (A.5), we obtain

RD(A,TTH) < 0.

Letting P = TTH, we have RD(A, P) < 0.

Step 3. Finding a real P
If the matrix P = TTH is real, then P = TTH > 0 holds. Therefore, the proof is
done. Now suppose that P = TTH is not real, note that

RD(A, P)

= L ⊗ [Re(P) + j Im(P)] + M ⊗ [A(Re(P) + j Im(P))]
+ MT ⊗ [A(Re(P) + j Im(P))]H

= RD(A, Re(P))

+ j[L ⊗ Im(P) + M ⊗ (A Im(P)) + MT ⊗ (A Im(P))T],
we have

Re[RD(A, P)] = RD(A, Re(P)).

Further, it follows from (A.6) that

RD(A,TTH) = L ⊗ (TTH) + M ⊗ (ATTH) + MT ⊗ (ATTH)H, (A.7)

we can easily show that RD(A,TTH) is Hermite. Therefore, it follows from Lemma
A.2 that

RD(A, P) < 0 =⇒ Re(RD(A, P)) < 0,

we obtain

RD(A, Re(P)) < 0.

Finally, using again Lemma A.2 to P = TTH, we know Re(P) > 0. Therefore,
Re(P) is the desired real symmetric positive definite matrix. The proof is then
completed.
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A.2 Proof of Theorem 5.1
The proof is divided into two subsections.

A.2.1 Inequality
In this step, we show that

‖G(s)u(s)‖2
‖u(s)‖2

≤ ‖G(s)‖∞ . (A.8)

Notice that

‖G(s)u(s)‖2
‖u(s)‖2

∣∣∣∣‖u(s)‖2 
=0, u(s)∈H2

=
1

‖u(s)‖2 ‖G(s)u(s)‖2
1

‖u(s)‖2 ‖u(s)‖

∣∣∣∣∣
‖u(s)‖2 
=0, u(s)∈H2

=
∥∥∥G(s) u(s)

‖u(s)‖2
∥∥∥
2∥∥∥ u(s)

‖u(s)‖2
∥∥∥

∣∣∣∣∣∣∣‖u(s)‖2 
=0, u(s)∈H2

= ‖G(s)v(s)‖2|‖v(s)‖2=1,v(s)∈H2 ,

we then have

sup
‖u(s)‖2 
=0, u(s)∈H2

{‖G(s)u(s)‖2
‖u(s)‖2

}
= sup

‖v(s)‖2=1,v(s)∈H2

{‖G(s)v(s)‖2} .

Hence, we need only to prove the first relation in the theorem.
Furthermore, note that

GH (
jω
)
G
(
jω
) ≤ λmax

{
GH (

jω
)
G
(
jω
)}

I ,

by definition, we have

‖G(s)u(s)‖22 = 1
2π

∞�
−∞

uH
(
jω
)
GH (

jω
)
G
(
jω
)
u
(
jω
)
dω

≤ 1
2π

∞�
−∞

uH
(
jω
)
λmax

{
GH (

jω
)
G
(
jω
)}

u
(
jω
)
dω

≤ 1
2π

∞�
−∞

uH
(
jω
)
sup
ω∈R

(
λmax

{
GH (

jω
)
G
(
jω
)})

u
(
jω
)
dω
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= sup
ω∈R

(
σ 2
max

{
G
(
jω
)}) 1

2π

∞�
−∞

uH
(
jω
)
u
(
jω
)
dω

= ‖G(s)‖2∞ ‖u(s)‖22 ,
that is, (A.8) holds.

A.2.2 Tightness
In this step, we need only to show that ‖G(s)‖∞ is the least upper bound of

‖G(s)u(s)‖2
‖u(s)‖2

.

To do this, we need only to prove, for any given ε > 0, there exists a signal
uε(s) ∈ H2 with ‖uε(s)‖2 = 1 such that

‖G(s)uε(s)‖2 ≥ ‖G(s)‖∞ − ε. (A.9)

Step 1. Constructing uε(s)
Let ω0 be a frequency such that σmax

{
G
(
jω
)} = σmax. Then, by singular value

decomposition, there exist vectors ui, vi with unit length and

uiuj = δ
(
i − j

)
, vivj = δ

(
i − j

)
,

such that

G
(
jω0

) = σmaxu1
(
jω0

)
vH1

(
jω0

) +
r∑

i=2

σiui
(
jω0

)
vHi

(
jω0

)
(A.10)

with r = rank
(
G
(
jω0

))
and σi ≤ σmax, i ≥ 2.

If 0 ≤ ω0 < ∞, we can write v1
(
jω0

)
as

v1
(
jω0

) =

⎡

⎢⎢⎢
⎣

α1ejθ1
α2ejθ2

...
αqejθq

⎤

⎥⎥⎥
⎦
,

where αi ∈ R is such that θi ∈ [−π , 0). Clearly, we have

q∑

i=1

α2
i = 1.
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Let βi ≥ 0 be such that

θi = arg
(

βi − jω0

βi + jω0

)
∈ [−π , 0), (A.11)

and let us(s) be given by

us(s) =

⎡

⎢⎢⎢⎢⎢⎢
⎣

α1
β1−s
β1+s

α2
β2−s
β2+s
...

αq
βq−s
βq+s

⎤

⎥⎥⎥⎥⎥⎥
⎦

uε(s) � φ(s)uε(s), (A.12)

where the scalar function uε(s) is taken as

uε

(
jω
) =

{√
π
2ε , ω ∈ {ω : |ω − ω0| < ε}⋃ {ω : |ω + ω0| < ε} ,

0, otherwise,

with ε being a sufficiently small scalar. Clearly, by construction, we have φ
(
jω0

) =
v1
(
jω0

)
. Then, we can derive

∥∥uε

(
jω
)∥∥2

2 = 1
2π

∞�
−∞

uHε
(
jω
)
uε

(
jω
)
dω = 1

2π
π

2ε
4ε = 1,

from which it follows that

∥∥us
(
jω
)∥∥2

2 = 1
2π

∞�
−∞

uHs
(
jω
)
us
(
jω
)
dω

= 1
2π

∞�
−∞

q∑

i=1

(

α2
i

∣∣∣∣
βi − jω
βi + jω

∣∣∣∣

2
)

u2ε
(
jω
)
dω

= 1
2π

∞�
−∞

q∑

i=1

α2
i u

2
ε

(
jω
)
dω

= 1
2π

( q∑

i=1

α2
i

) ∞�
−∞

u2ε
(
jω
)
dω

= 1
2π

∞�
−∞

u2ε
(
jω
)
dω
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= ∥∥uε

(
jω
)∥∥2

2

= 1.

Hence, us(s) ∈ H2 and has unit H2 norm.

Step 2. Showing (A.9)
With the us(s) obtained in Step 1, we have

‖G(s)us(s)‖22

= 1
2π

∞�
−∞

uHs
(
jω
)
GH(jω

)
G
(
jω
)
us
(
jω
)
dω

= 1
2π

ω0+ε�
ω0−ε

uHε
(
jω
)
φH(jω

)
GH(jω

)
G
(
jω
)
φ
(
jω
)
uε

(
jω
)
dω

+ 1
2π

−ω0+ε�
−ω0−ε

uHε
(
jω
)
φH(jω

)
GH(jω

)
G
(
jω
)
φ
(
jω
)
uε

(
jω
)
dω. (A.13)

Clearly, there exists a scalar γ > 0 such that for any ω ∈ {ω : |ω − ω0| < ε},

φH(jω0
)
GH(jω0

)
G
(
jω0

)
φ
(
jω0

)

≤ φH(jω
)
GH(jω

)
G
(
jω
)
φ
(
jω
) + γ |ω − ω0|

≤ φH(jω
)
GH(jω

)
G
(
jω
)
φ
(
jω
) + γ ε, (A.14)

and for any ω ∈ {ω : |ω + ω0| < ε} ,

φH(jω0
)
GH(jω0

)
G
(
jω0

)
φ
(
jω0

)

≤ φH (−jω
)
GH (−jω

)
G
(−jω

)
φ
(−jω

) + γ |ω + ω0|

≤ φH (−jω
)
GH (−jω

)
G
(−jω

)
φ
(−jω

) + γ ε. (A.15)

Hence, using (A.13) through (A.15), and the notation

H(s) = GH(s)G(s),
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we get

‖G(s)us(s)‖22

≥ 1
2π

ω0+ε�
ω0−ε

uHε
(
jω
)
φH(jω0

)
GH(jω0

)
G
(
jω0

)
φ
(
jω0

)
uε

(
jω
)
dω

+ 1
2π

−ω0+ε�
−ω0−ε

uHε
(
jω
)
φH (−jω0

)
H
(−jω0

)
φ
(−jω0

)
uε

(
jω
)
dω

− γ ε
1
2π

⎛

⎝
ω0+ε�
ω0−ε

uHε
(
jω
)
uε

(
jω
)
dω +

−ω0+ε�
−ω0−ε

uHε
(
jω
)
uε

(
jω
)
dω

⎞

⎠

= 1
2π

ω0+ε�
ω0−ε

uHε
(
jω
)
vH1

(
jω0

)
GH(jω0

)
G
(
jω0

)
v1
(
jω0

)
uε

(
jω
)
dω

+ 1
2π

−ω0+ε�
−ω0−ε

uHε
(
jω
)
vH1

(−jω0
)
H
(−jω0

)
v1
(−jω0

)
uε

(
jω
)
dω

− γ ε
∥∥uε

(
jω
)∥∥2

2

= 1
2π

ω0+ε�
ω0−ε

σ 2
maxu

H
ε

(
jω
)
uε

(
jω
)
dω

+ 1
2π

−ω0+ε�
−ω0−ε

σ 2
maxu

H
ε

(
jω
)
uε

(
jω
)
dω − γ ε

∥∥uε

(
jω
)∥∥2

2

= σ 2
max

∥∥uε

(
jω
)∥∥2

2 − γ ε
∥∥uε

(
jω
)∥∥2

2

= σ 2
max − γ ε

= ‖G(s)‖2∞ − γ ε,

which clearly implies (A.9).
If ω0 = ∞, we can simply choose us(s) = v1uε(s). The proof is finished.

A.3 Proof of Theorem 5.2
This proof is also composed of subsections, and in a way it is similar to the one given
in Section A.2.
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A.3.1 Inequality
In this step, we show that

‖G(s)u(s)‖2P ≤ ‖G(s)‖2∞ ‖u(s)‖2P . (A.16)

Define the autocorrelation matrix of u(t) as

Ruu(τ ) = lim
T→∞

1
2T

T�
−T

u(t + τ)uH(t)dt,

if the limit exists and is finite for all τ . The Fourier transform is called the spectral
density of u, denoted by Suu

(
jω
)

Suu
(
jω
) =

∞�
−∞

Ruu(τ )e−jωτ dτ .

Then, the power of the signal u(t) is

‖u(t)‖P = (trace (Ruu (0)))1/2 .

It is also easy to show that

‖u(t)‖2P = 1
2π

∞�
−∞

trace
(
Suu

(
jω
))
dω. (A.17)

Moreover, if G(s) is a stable p × q transfer function with (5.10), then

Syy
(
jω
) = G

(
jω
)
Suu

(
jω
)
GH(jω

)
. (A.18)

Similar to the proof of Theorem 5.1, we need only to prove the first relation. By
(A.17) and (A.18), we have

‖G(s)u(s)‖2P = 1
2π

∞�
−∞

trace
(
G
(
jω
)
Suu

(
jω
)
GH(jω

))
dω

= 1
2π

∞�
−∞

trace
(
Suu

(
jω
)
GH(jω

)
G
(
jω
))
dω

≤ sup
ω∈R

(
λmax

(
GH(jω

)
G
(
jω
))) 1

2π

∞�
−∞

trace
(
Suu

(
jω
))
dω

= ‖G(s)‖2∞ ‖u(s)‖2P .
That is, the relation in (A.16) holds.
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A.3.2 Tightness
In this step, we only need to prove that there exists a u(s) ∈ P with ‖u(t)‖P = 1
such that the equality relation in the inequality (A.16) holds.

Step 1. Constructing u(s)
Similar to the proof of Theorem 5.1, we let (A.10) and (A.11) hold. If 0 ≤ ω0 < ∞,
then we choose us(s) as (A.12) where

uε(s) = uω0(s) = √
2 sinω0s.

Then,

Ruω0uω0
(τ ) = cos (ω0τ)

and

∥∥uω0(s)
∥∥
P = Ruω0uω0

(0) = 1.

Also, we have

Suω0uω0

(
jω
) = π (δ (ω − ω0) + δ (ω + ω0)) .

Then, by (A.18), we have

Susus
(
jω
) = φ

(
jω
)
Suω0uω0

(
jω
)
φH(jω

)
,

from which it follows that

‖us‖2P = 1
2π

∞�
−∞

trace
(
Susus

(
jω
))
dω

= 1
2π

∞�
−∞

trace
(
φ
(
jω
)
Suω0uω0

(
jω
)
φH(jω

))
dω

= 1
2π

∞�
−∞

Suω0uω0

(
jω
)
φH (

jω
)
φ
(
jω
)
dω

= π

2π
(
φH(jω0

)
φ
(
jω0

) + φH (−jω0
)
φ
(−jω0

))

= 1.
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Step 2. Showing the equality relation in (A.16)
With u(s) = us(s) and by using (A.10), we have

‖G(s)u(s)‖2P = 1
2π

∞�
−∞

trace
(
G
(
jω
)
Susus

(
jω
)
GH(jω

))
dω

= 1
2π

∞�
−∞

trace
(
G
(
jω
)
φ
(
jω
)
Suω0uω0

(
jω
)
φH(jω

)
GH(jω

))
dω

= 1
2π

∞�
−∞

Suω0uω0

(
jω
)
φH (

jω
)
GH(jω

) (
G
(
jω
)
φ
(
jω
))
dω

= π

2π
[
φH(jω0

)
GH(jω0

) (
G
(
jω0

)
φ
(
jω0

))

+ φH (−jω0
)
GH (−jω0

) (
G
(−jω0

)
φ
(−jω0

))]

= 1
2
[
2φH(jω0

)
GH(jω0

) (
G
(
jω0

)
φ
(
jω0

))]

= σ 2
max

= ‖G(s)‖2∞ .

The case ω0 = ∞ can be treated similarly. The proof is finished.

A.4 Proof of Theorem 6.11
A.4.1 Necessity
Let ζ ∈ R satisfy det(iζ I − A) 
= 0 and consider the input

u(t) = exp(iζ t)u0,

with u0 ∈ R
r . Then, it can be shown that the corresponding state response is

given by

x(t) = exp(iζ t)(iζ I − A)−1Bu0.

In fact, with x(t) given earlier, we have

Ax + Bu = [
A exp(iζ t)(iζ I − A)−1 + exp(iζ t)

]
Bu0

= [
A(iζ I − A)−1 + I

]
exp(iζ t)Bu0

= iζ(iζ I − A)−1 exp(iζ t)Bu0,
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and

ẋ(t) = (
exp(iζ t)(iζ I − A)−1Bu0

)′

= (exp(iζ t))′(iζ I − A)−1Bu0

= iζ exp(iζ t)(iζ I − A)−1Bu0

= Ax + Bu,

thus this x(t) is a state response of the system. Further, the corresponding output is

y(t) = Cx(t) + Du(t)

= C exp(iζ t)(iζ I − A)−1Bu0 + D exp(iζ t)u0

= exp(iζ t)G(iζ )u0.

With this pair of system input and output, we have

s(u, y) =
[
exp(iζ t)G(iζ )u0

exp(iζ t)u0

]H

Q

[
exp(iζ t)G(iζ )u0

exp(iζ t)u0

]

= exp(−iζ t) exp(iζ t)uH0

[
G(iζ )

I

]H

Q

[
G(iζ )

I

]

u0

= uH0

[
G(iζ )

I

]H

Q

[
G(iζ )

I

]

u0, (A.19)

which happens to be a constant for all time t ∈ R.
For T > 0, we further have, using (A.19),

T�
0

s(u(t), y(t))dt =
T�
0

uH0

[
G(iζ )

I

]H
Q
[
G(iζ )

I

]
u0dζ

= TuH0

[
G(iζ )

I

]H
Q
[
G(iζ )

I

]
u0.

Since u0 and T > 0 are arbitrary, the relation (6.29) clearly implies

[
G(iζ )

I

]H
Q
[
G(iζ )

I

]
≥ 0, ∀ζ ∈ R. (A.20)
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A.20 can be easily shown to be equivalent to (6.33). In fact, using the maximum
modulus principle (Lemma 2.14), we have

[
G(iζ )

I

]H
Q
[
G(iζ )

I

]
≥ 0, ∀ζ ∈ R

⇐⇒ σmin

([
G(iζ )

I

]H
Q
[
G(iζ )

I

])

≥ 0, ∀ζ ∈ R

⇐⇒ σmin

([
G(s)
I

]H
Q
[
G(s)
I

])

≥ 0, ∀s ∈ C
+

⇐⇒
[
G(s)
I

]H
Q
[
G(s)
I

]
≥ 0, ∀s ∈ C

+.

A.4.2 Sufficiency
Let the relation (6.33) hold, hence (A.20) holds. Since the system is controllable,
for an arbitrary positive number T , there exists a control u which transfers x(0) = 0
to x(T ) = 0 within the time interval [0,T ]. Without loss of generality, we may
assume that

u(t) = 0, x(t) = 0, when t < 0 and t > T . (A.21)

Hence,

y(t) = 0, when t > T . (A.22)

On the other hand, we have

Y (iζ ) = C(Iiζ − A)−1BU (iζ ) = G(iζ )U (iζ ). (A.23)

Premultiplying by UH(iζ ) and postmultiplying by U (iζ ) both sides of (A.20), and
using the relation (A.23), gives

[
Y (iζ )

U (iζ )

]H
Q
[
Y (iζ )

U (iζ )

]
≥ 0, ∀ζ ∈ R. (A.24)

Let

V (iζ ) =
[
Y (iζ )

U (iζ )

]
,

then (A.24) is equivalent to

V (iζ )HQV (iζ ) ≥ 0, ∀ζ ∈ R.
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Taking integration yields

〈V (iζ )〉Q = 1
2π

+∞�
−∞

V (iζ )HQV (iζ )dζ ≥ 0.

Define the inverse Laplace transform of V (s) as follows:

v(t) = L−1 [V (s)] =
[
y(t)
u(t)

]
, (A.25)

and using the generalized Parseval lemma (Lemma 2.16), we have

�v(t)�Q = 1
2π

+∞�
0

v(t)HQv(t)dt = �V (iζ )�Q ≥ 0. (A.26)

Further, noticing (A.25), (A.21), and (A.22), we have

+∞�
0

v(t)TQv(t) dt =
+∞�
0

[
y(t)
u(t)

]T
Q
[
y(t)
u(t)

]
dt

=
T�
0

[
y(t)
u(t)

]T
Q
[
y(t)
u(t)

]
dt,

which, together with (A.26), clearly implies (6.29).

A.5 Direct Proof of Theorem 6.15
The bounded-real lemmawas proved in Section 6.5 based on a result for dissipativity.
Here, we give a direct proof, which makes use of Parseval lemma and Theorem 5.1.

Using the well-known Parseval lemma, we have

‖y(s)‖2 = ‖y(t)‖2 =
⎛

⎝
+∞�
0

yH(t)y(t)dt

⎞

⎠

1
2

, (A.27)

‖u(s)‖2 = ‖u(t)‖2 =
⎛

⎝
+∞�
0

uH(t)u(t)dt

⎞

⎠

1
2

. (A.28)

On the other hand, since

y(s) = G(s)u(s),
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we have, following Corollary 5.1,

‖y(s)‖2 ≤ ‖G(s)‖∞‖u(s)‖2. (A.29)

A.5.1 Necessity
Now suppose that the linear system (6.27) is nonexpansive, then by definition we
have for arbitrary T ≥ 0, that

T�
0

yH(t)y(t) dt ≤
T�
0

uH(t)u(t) dt. (A.30)

Specially taking T → +∞ in the aforementioned relation yields

+∞�
0

yH(t)y(t) dt ≤
+∞�
0

uH(t)u(t) dt. (A.31)

With the help of (A.27) and (A.28), we get from (A.31),

‖y(s)‖2 ≤ ‖u(s)‖2. (A.32)

On the other hand, it follows from Theorem 5.1 (and also its proof in Section
A.2) that ‖G(s)‖∞ is the least upper bound of

‖G(s)u(s)‖2
‖u(s)‖2 .

Therefore, for arbitrary ε > 0, there exists a uε(s) ∈ H2 such that

‖G(s)uε(s)‖2
‖uε(s)‖2

= ‖G(s)‖∞ − ε. (A.33)

Denote the output corresponding to uε(s) as yε(s), then

yε(s) = G(s)uε(s),

and we can get from the relation (A.33) the following relation
∥∥yε(s)

∥∥
2

‖uε(s)‖2 = ‖G(s)‖∞ − ε. (A.34)

Since (A.32) holds by assumption, we also have

‖yε(s)‖2
‖uε(s)‖2 ≤ 1. (A.35)
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Combining the aforementioned two relations gives

‖G(s)‖∞ ≤ 1 + ε.

Note that ε can be chosen arbitrarily small, we thus have ‖G(s)‖∞ ≤ 1, that is, the
transfer function of system (6.27) is bounded-real.

A.5.2 Sufficiency
Suppose that the transfer function of system (6.27) is bounded-real, then it follows
from Proposition 6.3 that (6.48) holds. This gives, in view of (A.29), the relation
in (A.31).

Based on the pair of system input u(t) and output y(t) satisfying (A.31), define,
for arbitrary T ≥ 0, the following new system input

ũ(t) =
{
u(t), t ≤ T
0, t > T ,

and define the corresponding output ỹ(t) by

ỹ(t) = L−1[ỹ(s)], ỹ(s) = G(s)ũ(s),

then we have for this pair of system input and output the following relation:

+∞�
0

ỹH(t)ỹ(t) dt ≤
+∞�
0

ũH(t)ũ(t) dt. (A.36)

Note that

T�
0

yH(t)y(t) dt =
T�
0

ỹH(t)ỹ(t) dt (A.37)

and

+∞�
0

ũH(t)ũ(t) dt =
T�
0

uH(t)u(t) dt, (A.38)

we finally have from (A.36) that the relation in (A.30) holds for arbitrary T ≥ 0,
that is, the linear system (6.27) is nonexpansive. The proof is then completed.
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A.6 Proofs of Lemmas 7.3 and 7.4
Letting

z =
[
x
ẋ

]
, y =

[
yp
yd

]
,

we can convert the second-order linear system (7.51) into the following extended
first-order state-space model

{
ż = Aez + Beu
y = Cez,

(A.39)

where

Ae =
[

0 I
−A−1

2 A0 −A−1
2 A1

]
, Be =

[
0

A−1
2 B

]
, Ce = diag

(
Cp,Cd

)
. (A.40)

A.6.1 Proof of Lemma 7.3
To prove this lemma, we need the following two results.

Lemma A.3 (Duan et al. 1989) A matrix A∈ R
n×n is Hurwitz stable if

A + AT < 0.

This result can be easily deduced from the main result in Section 7.5.2.
Here, we present a different proof.

Proof Let λ be an eigenvalue of A, x be a corresponding eigenvector, then we have

Ax = λx.

Premultiplying both sides of the aforementioned equation by xH yields

xHAx = λxHx. (A.41)

Taking complex conjugate of (A.41) and adding it to (A.41) gives

xH(AT + A)x = (λ + λ̄)xHx.
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Thus, AT + A < 0 implies

Re λ(A) = λ + λ̄

2
< 0.

This completes the proof. �

Lemma A.4 (Duan et al. 1989) Let A ∈ R
n×n, E ∈ S

n and E > 0. Then, the
matrix EA is Hurwitz stable if

A + AT ≤ 0, (A.42)

and the matrix pair (EA,C) is observable, where

CTC = −(A + AT). (A.43)

Proof It can be easily verified that the following Lyapunov equality

P (EA) + (EA)T P = −CTC ≤ 0,

has a solution P = E−1 > 0. Then, matrix EA is Hurwitz stable in view of the
Lyapunov stability theory. �

With the help of the aforementioned lemmas, we can give a proof of Lemma 7.3
as follows.

Proof of Lemma 7.3

The second-order linear system (7.51) is Hurwitz stable if and only if Ae in (A.40)
is Hurwitz stable. Thus, we only need to prove the Hurwitz stability of Ae.

Partition the matrix Ae as

Ae = EA,

where

E =
[
A−1
0 0
0 A−1

2

]
, A =

[
0 A0

−A0 −A1

]
.

Then, we can verify that E > 0, and

A + AT =
[
0 0
0 −A1 − AT1

]
≤ 0,

in view of (7.54).
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On the other hand, there exists a nonsingular matrix G satisfying GTG =
A1 + AT1 > 0. Letting

C = [
0 G

]
,

then we have

A + AT = −CTC .

Furthermore, in view of rank(A−1
2 A0) = n, rank(G) = n, there holds

rank
[
sI − Ae

C

]
= rank

⎡

⎣
sI −I

A−1
2 A0 sI + A−1

2 A1
0 G

⎤

⎦ = 2n, ∀s ∈ C. (A.44)

Thus, (Ae,C) is observable. Therefore, the conclusion follows from Lemma A.4.

A.6.2 Proof of Lemma 7.4
To prove this lemma, we suffice to show the following three results.

Lemma A.5 Given P ∈ S
n, P > 0, the following conclusions are equivalent:

1. P + �P > 0.
2. det(P + r�P) 
= 0, ∀r ∈ (0, 1].
3. λi(P−1�P) > −1.

Proof First we show the equivalence between the first two conclusions.

Let P + �P > 0, then

P + r�P = r (P + �P) + (1 − r)P > 0, ∀r ∈ (0, 1] ,

which means det(P + r�P) 
= 0, ∀r ∈ (0, 1] .
Conversely, denote

f (r) = det(P + r�P), gi(r) = λi(P + r�P), i = 1, 2, . . . , n,

then functions f (r) and gi(r), i = 1, 2, . . . , n, are both continuous in the interval
r ∈ (0, 1] . If the second conclusion holds, then

f (r) 
= 0, ∀r ∈ (0, 1] ,
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which implies

gi(r) 
= 0, i = 1, 2, . . . , n, ∀r ∈ (0, 1] .

Furthermore, we know gi(0) = λi(P) > 0, then due to the continuity of gi(r), we
have

gi(r) > 0, i = 1, 2, . . . , n, ∀r ∈ (0, 1] .

Specially letting r = 1 yields the first conclusion.
Next, we prove the equivalence between the second and the third conclusions.

For arbitrary r ∈ (0, 1] ,

det(P + r�P) 
= 0 ⇐⇒ det(I + rP−1�P) 
= 0

⇐⇒ λi(P−1�P) 
= −1
r

⇐⇒ λi(P−1�P) > −1.

With this we complete the proof. �

Lemma A.6 Let P > 0, then P + �P > 0 if λmin(P) > ‖�P‖2 .

Proof In view of Lemma A.5, we have

λmin(P) > ‖�P‖2 ⇐⇒ σmin(P) > ‖�P‖2
⇐⇒ 1

σmax(P−1)
> σmax(�P)

=⇒ σmax(P−1�P) < 1

=⇒ ρ(P−1�P) < 1

=⇒ λmin(P−1�P) > −1

=⇒ P + �P > 0.

Then, we complete the proof. �

Lemma A.7 Given P > 0, P + �P > 0 if

ε
√
l < λmin(P),

where l is the number of the nonzero elements of matrix �P, and

ε = max
{∣∣�pij

∣∣} , �P = [
�pij

]
n×n .
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Proof In view of Lemma A.6, we have

ε
√
l < λmin(P) =⇒ ‖�P‖F < λmin(P)

=⇒ ‖�P‖2 < λmin(P)

=⇒ P + �P > 0.

Thus, the conclusion holds. �

With the help of Lemmas 7.3, A.6, and A.7, we can prove Lemma 7.4 easily.

co
nt

ro
len

gin
ee

rs
.ir



This page intentionally left blankThis page intentionally left blank

co
nt

ro
len

gin
ee

rs
.ir



Appendix B: Using the
MATLAB� LMI Toolbox

LMIs have been shown to provide a powerful control design tool. For solution
of LMIs, there are basically two types of effective methods, namely, the ellipsoid
methods and the interior point methods.

Based on the interior-point method, Gahinet, Nemirovskii, and some other
researchers produced a software package called LMI Toolbox, which is for use with
MATLAB�. This LMI toolbox is designed to assist control engineers and researches
with a user-friendly interactive environment. Through this environment, one can
specify and solve many often encountered engineering problems involving LMIs.

In this appendix, we have given a very brief introduction to the MATLAB LMI
toolbox to help the readers to get a quick start. For a muchmore detailed description,
one needs to refer to the User’s Guide for LMI Control Toolbox by Gahinet et al.
(1995). One can also check with the help document for LMI Lab from theMATLAB
window following the procedure:

Help → Product Help → Robust Control Toolbox → LMI Lab.

This is convenient when you are really working on some LMI problems with
MATLAB since it provides you with a sort of online help environment.

As is all know, for usage of a particular MATLAB command in the LMI
toolbox, one can simply check with the help message in the command file simply
by typing in the MATLAB working window “help M-file name.”

B.1 How to Describe LMIs?
The LMI toolbox can handle any system of LMIs of the form

NTL(X1, . . . ,XK )N < MTR(X1, . . . ,XK )M ,

where X1, . . . ,XK are the decision variables, L(X1, . . . ,XK ) and R(X1, . . . ,XK ) are
linear functions andM , N are matrices of appropriate dimensions.

417
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The specification of an LMI system involves two steps:

1. Declare the dimensions and structure of each matrix variable.
2. Describe the term content of each LMI.

There are twoways of generating the internal description of a given LMI system:

■ Command-based description by a sequence of lmivar/lmiterm
commands that build it incrementally

■ LMI editor description via the lmiedit where LMIs can be specified
directly as symbolic matrix expressions

B.1.1 Command-Based Description
The description of LMI problems in the MATLAB LMI toolbox involves several
MATLAB commands.

setlmis

The description of an LMI system should begin with setlmis and end with
getlmis. The function setlmis initializes the LMI system description. It can
be used in the following two ways:

■ setlmis([]): Resets the internal variables used for creating LMIs so that
one can create a new system of LMIs.

■ setlmis(lmisys0): Uses an existing LMI system lmisys0 as the
starting point for creating a new system of LMIs. Subsequent commands will
add to the LMI system lmisys0 to construct a new set of LMIs.

getlmis

When the LMI system is completely specified, type

lmisys = getlmis

This returns the internal representationlmisys of this LMI system. The command
getlmis must be used only once and after declaring all the matrix variables and
all the LMI terms.

lmivar

After initializing the description with the command setlmis, the matrix variables
are declared one at a time with lmivar and are characterized by their structure.
The function lmivar can be used as follows:
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■ X = lmivar(type, struct) adds a new matrix variable X to the
LMI system currently specified. You can use the identifier X for subsequent
references to the variable X in calls to lmiterm.

■ [X,ndec,xdec] = lmivar(type, struct) also returns the total
number of decision variables associated with X, ndec, and the entry-wise
dependence of X on these decision variables, xdec.

In command lmivar, the first input specifies the structure type and the second
input contains additional information about the structure of the variable.

Inputs:
type: Structure of X, which takes values of 1, 2, or 3, as defined next:

When type = 1, X is symmetric block diagonal.
When type = 2, X is full rectangular.
When type = 3, X takes some other form.

struct: Additional data on the structure of X, which varies with the
variable type as follows:

i. When type = 1, this second input struct is a matrix with
two columns and as many rows as diagonal blocks. The first
column lists the sizes of the diagonal blocks and the second column
specifies their nature with the following convention:
1 stands for full symmetric block.
0 stands for scalar block.
-1 stands for zero block.

ii. When type = 2, struct = [m,n] if X is an m×nmatrix.
iii. When type = 3, struct is a matrix of the same dimension

as X, where each entry is
0 if X(i,j) = 0.
+n if X(i,j) = nth decision variable.
-n if X(i,j) = (−1) × nth decision variable.

Outputs:
X: Identifier for the new matrix variable. Its value is k if k − 1 matrix

variables have already been declared. This identifier is not affected by
subsequent modifications of the LMI system.

nedc: Total number of decision variables.
xdec: Entry-wise dependence of X on the decision variables.

lmiterm

lmiterm(termid,A,B,flag) adds one term to some LMI in the LMI system
currently specified.
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Inputs:
termid: four-entry vector specifying the term location and nature.

i. The first entry specifies which LMI.
+n: Left-hand side of the nth LMI.
-n: right-hand side of the nth LMI.

ii. The next two entries state which block. For outer factors, set
termid (2:3) = [0 0]; otherwise, set termid (2:3) = [i
j] if the term belongs to the (i,j) block of the LMI.

iii. The last one is what type of term.
0: Constant term.
X: Variable term AXB.
-X: variable term AXTB.
In the earlier points, X is a matrix variable by lmivar.

A: Value of the outer factor, constant term, or left coefficient in variable
terms AXB or AXTB.

B: Right coefficient in variable terms AXB or AXTB.
flag: Quick way of specifying the expression AXB+(AXB)T in a diag-

onal block. Set flag = ’s’ to specify it with only one lmiterm
command.

Two examples are given as follows:

Example B.1

Given

A1 =
[−1 2

1 −3

]
, A2 =

[−0.8 1.5
1.3 −2.7

]
, A3 =

[−1.4 0.9
0.7 −2.0

]
,

describe the following LMIs in MATLAB:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

AT1P + PA1 < 0

AT2P + PA2 < 0

AT3P + PA3 < 0

I < P.

The MATLAB file for solving the aforementioned problem is given as follows:

% specify parameter matrices
A1 = [-1 2;1 -3]; A2 = [-0.8 1.5;1.3 -2.7];
A3 = [-1.4 0.9;0.7 -2.0];
% define the LMI system
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setlmis ([]) % initialing
P = lmivar (1, [2 1]); % declare the LMI variable
lmiterm ( [1 1 1 P],1, A1, ’s’); % #1 LMI, left-hand side
lmiterm ( [2 1 1 P],1, A2, ’s’); % #2 LMI, left-hand side
lmiterm ( [3 1 1 P],1, A3, ’s’); % #3 LMI, left-hand side
lmiterm ( [-4 1 1 P],1,1); % #4 LMI, right-hand side
lmiterm ( [4 1 1 0],1); % #4 LMI, left-hand side
lmis1 = getlmis; %finishing description

Example B.2

Given

A =
⎡

⎣
−1 −2 1
3 2 1
1 −2 −1

⎤

⎦ , B =
⎡

⎣
1
0
1

⎤

⎦ ,

describe the following LMIs in MATLAB:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

[
ATX + XA+Q XB

BTX −I

]

< 0

0 < X

0 < Q.

The MATLAB file for solving the aforementioned problem is given as follows:
% specify parameter matrices
A = [-1 -2 1;3 2 1;1 -2 -1]; B = [1; 0; 1];
% define the LMI system
setlmis ([]) %initialing
X=lmivar (1, [3 1]); % declare the LMI variable
Q=lmivar (1, [3 1]); % declare the LMI variable
lmiterm ( [1 1 1 X],1, A, ’s’); % #1 LMI, the (1,1) block
lmiterm ( [1 1 1 Q],1,1); % #1 LMI, (1,1) block
lmiterm ( [1 2 2 0],-1); % #1 LMI, the (2,2) block
lmiterm ([1 2 1 X],B’,1); % #1 LMI, the (2,1) block
lmiterm ([-2 1 1 X],1,1); % #2 LMI, right-hand side
lmiterm ([-3 1 1 Q],1,1); % #3 LMI, right-hand side
lmis2 = getlmis; % finishing description
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B.1.2 LMI Editor Description
The LMI editor lmiedit is a graphical user interface (GUI) to specify LMI
systems in a straightforward symbolic manner. Typing

lmiedit

calls up a window with several editable text areas and various push-buttons. To
specify your LMI system,

1. Declare each matrix variable (name and structure) in the upper half of
the worksheet. The structure is characterized by its type and by an addi-
tional “structure” matrix. This matrix contains specific information about the
structure and corresponds to the second argument of lmivar.

2. Specify the LMIs as MATLAB expressions in the lower half of the worksheet.

Though somewhat less flexible and powerful than the command-based descrip-
tion, the LMI editor is more straightforward to use, hence particularly well-suited
for beginners. Thanks to its coding and decoding capabilities, it also constitutes a
good tutorial introduction to lmivar and lmiterm.

B.2 How to Modify LMIs?
Once specified, a system of LMIs can be modified in several ways with the functions
dellmi, delmvar, and setmvar.

dellmi

The first possibility is to remove an entire LMI from the system with dellmi. The
format is as follows:

newsys = dellmi(lmisys,lmid)

It removes the LMI with identifier lmid from the system of LMIs described in
lmisys. lmid is the ranking of the LMI in the LMI system initially created with
setlmis/getlmis. To easily keep track of LMIs after deletions, set lmid to
the identifier returned by newsys when this LMI is created.

delmvar

Another way of modifying an LMI system is to delete a matrix variable, that
is, to remove all variable terms involving this matrix variable. This operation is
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performed by delmvar. Note that delmvar automatically removes all LMIs
that depended only on the deleted matrix variable. The format is as follows:

newsys = delmvar(lmisys,xid)

It deletes the matrix variable with identifier xid from the LMI system lmisys.
The updated LMI system, newsys, is returned. For safety and to easily keep
track of modifications, set xid to the value returned by lmivar when the matrix
variable was created.

setmvar

The function setmvar is used to set a matrix variable to some given values. As a
result, this variable is removed from the problem and all terms involving it become
constant terms. The format is as follows:

newsys = setmvar(lmisys,xid,xval)

It sets the matrix variable with identifier xid to the value xval. All LMI terms
involving this matrix variable are evaluated and added to the constant terms. Since
setmvar does not alter the variable identifiers, the remaining matrix variables can
still be referred to by their original identifier.

Inputs:
lmisys: Array describing the system of LMIs.
xid: Identifier of the variable matrix to be set.
xval: Matrix value assigned to the matrix variable xid (a scalar t is

interpreted as t ∗ I ).
Output:

newsys: Updated description of the LMI system.

B.3 How to Retrieve Information?
Recalling that the full description of an LMI system is stored as a single vector
called the internal representation, the user should not attempt to read or retrieve
information directly from this vector. Three functions called lmiinfo, lminbr,
and matnbr are provided to extract and display all relevant information in a
user-readable format.

lmiinfo

Lmiinfo is an interactive facility to retrieve qualitative information about LMI
systems. This includes the number of LMIs, the number of matrix variables and
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their structure, the term content of each LMI block, etc. To invoke lmiinfo,
enter

lmiinfo(lmisys)

where lmisys is the internal representation of the LMI system produced by
getlmis.

lminbr and matnbr

These two functions return the number of LMIs and the number of matrix variables
in the system. To get the number of LMIs in LMI system lmisys, for instance,
enter

nlmis = lminbr(lmisys)

To get the number of matrix variables in LMI system lmisys, type

[nmvars,varid] = matnbr(lmisys)

or

nmvars = matnbr(lmisys)

where nmvars is the number of matrix variables, and varid is the vector of
matrix variable identifiers in the LMI system lmisys.

B.4 How to Convert between Decision
and Matrix Variables?

While LMIs are specified in terms of their matrix variables X1, . . . ,Xk, the LMI
solvers optimize the vector x of free scalar entries of thesematrices, called the decision
variable. The two functions mat2dec and dec2mat perform the conversion
between these two descriptions of the problem variables.

mat2dec

Commandmat2dec constructs decision variables vector from values of thematrix
variables in the LMI systems. The format of this function is

xdec = mat2dec(lmisys,x1,x2,...,xn)
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Inputs:
lmisys: The LMI system.

x1,x2,...,xn: The particular values of the matrix variables
X1,X2,...,X3 of system lmisys. mat2dec accepts up to 20
matrix variables. An error is issued if some matrix variable remains
unassigned.

Outputs:
xdec: The decision variables from matrix variable values.

dec2mat

Command dec2mat extracts matrix variable value from vector of decision
variables. The format of this function is

X = dec2mat(lmisys,xdec,xid)

Inputs:
lmisys: The LMI system.

xdec: The vector of decision variables.

xid: The identifier of matrix variable of LMI system lmisys.

Outputs:
X: The corresponding values of matrix variables with the identifier xid.

B.5 How to Solve LMIs?
With the MATLAB LMI toolbox, one can solve three types of basic LMI problems
with commands feasp, mincx, and gevp, respectively.

B.5.1 feasp Command
The function feasp solves the feasibility problem, that is, Problem 3.7, which can
be stated as follows.

Find a solution x ∈ Rn satisfying the following LMI problem

A(x) < B(x).

The corresponding function in MATLAB is

[tmin,xfeas] = feasp(lmisys,options,target)
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which solves the feasibility problem defined by the system lmisys of LMI
constraints. When the problem is feasible, the output xfeas is a feasible value
of the vector of (scalar) decision variables. The format is as follows:

Inputs:
lmisys: Array describing the system of LMI constraints.
options: (optional) Five-entry vector of control parameters. Default

values are selected by setting options (i)=0:
options (1): Not used.
options (2): Maximum number of iterations (default = 100).
options (3): Feasibility radius R. R > 0 constrains x to xTx <

R2 (default = 109). R < 0 means “no bound.”
options (4): When set to an integer value L > 1, forces ter-

mination when t has not decreased by more than 1% over the last
L iterations (default = 10).

options (5): When nonzero, the trace of execution is turned
off.

target: (optional) target for tmin. The code terminates as soon as t <

target (default = 0).
Outputs:

tmin: Value of t upon termination. The LMI system is feasible if and
only if tmin ≤ 0.

xfeas: corresponding minimizer. If tmin ≤ 0, xfeas is a feasible
vector for the set of LMI constraints.

Given a feasibility problem of the formA(x) < B(x), feasp solves the auxiliary
convex programming:

{
min t
s.t. A(x) < B(x) + tI .

The system of LMIs is feasible if and only if the global minimum tmin is negative.
The current best value of t is displayed by feasp at each iteration.

The following example illustrates the use of the feasp solver.

Example B.3

Find a positive definite symmetric matrix P such that the LMIs in Example B.1
hold.

The MATLAB commands for the LMI description (step 1) are given in Example
B.1. Here, we only write the commands for the feasibility problem (step 2).
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% Step 2. Solve this LMI problem and use dec2mat to
% get the corresponding matrix P
% solve the feasibility problem
[tmin,xfeas] = feasp(lmis1);
% extract the matrix P from the decision variable xfeas
P = dec2mat(lmis1,xfeas,P);

B.5.2 mincx Command
The function mincx solves the convex minimization problem, that is, Problem
3.8, which has the following form:

{
min
x

cTx
s.t. A(x) < B(x),

where
x ∈ R

n is the vector of decision variables
c ∈ R

n is a given vector

The corresponding function in MATLAB is

[copt,xopt] = mincx( lmisys,c,options,xinit,target)

Inputs:
lmisys: Description of the system of LMI constraints.

c: Vector of the same size as x. Use defcx to specify the objective cTx
directly in terms of matrix variables.

options: (optional) Is similar to that in feasp.

xinit: (optional) Initial guess for x ([] if none, ignoredwhenunfeasible).

target: (optional) Target for the objective value. The code terminates
as soon as a feasible x is found such that cTx < target. (default =
−1020).

Outputs:
copt: Global minimum of the objective cTx.

xopt: Minimizing value of the vector x of decision variables.

The following example illustrates the use of the mincx solver.
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Example B.4

Given the following linear system

{
ẋ = Ax+ B2u+ B1w
z = Cx+Du,

where

A =
⎡

⎣
−3 −2 1
1 2 1
1 −1 −1

⎤

⎦ , B1 =
⎡

⎣
1
0
1

⎤

⎦ , B2 =
⎡

⎣
2 0
0 2
0 1

⎤

⎦ ,

C =
[
1 0 1
0 1 0

]
, D = I2,

design a state feedback control law u = Kx and find the minimal positive scalar
γmin such that the closed-loop transfer functionmatrix satisfies ‖Gzw(s)‖2 < γmin.

According to (8.16), the H2 control problem with minimum disturbance
attenuation level γmin can be turned into the following convex minimization
problem:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

min
X , Z , W , ρ

ρ

s.t. (AX + B2W )T + AX + B2W + B1BT
1 < 0[ −Z CX + DW

(CX + DW )T −X

]
< 0

trace (Z) < ρ,

where X ,W , and Z are matrix variables to be solved, and the minimal value of √ρ

equals to γmin.
The MATLAB file for solving the aforementioned problem is given as follows:

% Step 1. Describe this LMIs in MATLAB

% specify parameter matrices

A = [-3 -2 1;1 2 1;1 -1 -1]; B1 = [1; 0; 1];

B2 = [2 0;0 2;0 1]; C = [1 0 1;0 1 0]; D = eye(2);

% define the LMI system

setlmis ([]) % initialing

% declare the LMI variable

X = lmivar(1, [3 1]); W = lmivar(2,[2,3]);

Z = lmivar(1, [2 1]); rou = lmivar(1, [1 1]);

% #1 LMI, left-hand side

lmiterm ( [1 1 1 X],A, 1, ’s’);

lmiterm ( [1 1 1 W],B2, 1, ’s’);

co
nt

ro
len

gin
ee

rs
.ir



Appendix B: Using the MATLAB� LMI Toolbox ■ 429

lmiterm ( [1 1 1 0],B1*B1’);

% #2 LMI, left-hand side

lmiterm ( [2 1 1 Z],1,-1); % the (1,1) block

lmiterm ( [2 1 2 W],D,1); % the (1,2) block

lmiterm ( [2 1 2 X],C,1); % the (1,2) block

lmiterm ( [2 2 2 X],1,-1); % the (2,2) block

% #3 LMI, left-hand side

lmiterm ( [3 1 1 Z],[1 0],[1 0]’);

lmiterm ( [3 1 1 Z],[0 1],[0 1]’);

% #3 LMI, right-hand side

lmiterm ( [3 1 1 rou],1,-1);

lmis3=getlmis; % finishing description

% Step 2. Solve this LMI problem and use dec2mat to get the

% corresponding matrix X
c = mat2dec(lmis3,0,0,ones(2)); % obtain vector c
[copt,xopt] = mincx(lmis3,c); % solve the

optimization problem

X = dec2mat(lmis3,xopt,1); % extract matrix X

W = dec2mat(lmis3,xopt,2); % extract matrix W

Z = dec2mat(lmis3,xopt,3); % extract matrix Z

K = W*inv(X); % get the feedback gain

By the LMI Toolbox in MATLAB, we obtain the controller gain matrix

K =
[−1.0000 −0.0000 −1.0000
−0.0000 −1.0000 0.0000

]
.

B.5.3 gevp Command
The function gevp solves the generalized eigenvalue problem, that is, Problem 3.9,
which has the following form:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

min
x, λ

λ

s.t. A(x) < λB(x)
0 < B(x)
C(x) < D(x).

The corresponding format in MATLAB is

[tmin,xopt] = gevp(lmisys,nlfc,options,t0,x0,target)
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Inputs:
lmisys: Description of the system of LMI constraints.
nlfc: Number of linear fractional constraints (LMIs involving t).
options: (optional) Is similar to that in feasp.
t0, x0: (optional) Initial guesses for t, x (ignored when unfeasible).
target: (optional) Target for tmin. The code terminates as soon as t

falls below this value (default = −105).
Outputs:

tmin: Minimal value of t.
xopt: Minimizing value of the vector x of decision variables.

Example B.5

Consider the following optimization problem

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

min
x

α

s.t. I < P
AT1P + PA1 < αP

AT2P + PA2 < αP

AT3P + PA3 < αP,

where A1, A2, and A3 are given in Example B.1.

The MATLAB file for solving the aforementioned problem is given as follows:

%Step 1. Describe this LMIs in MATLAB
% specify parameter matrices
A1 = [-1 2;1 -3]; A2 = [-0.8 1.5;1.3 -2.7];
A3 = [-1.4 0.9;0.7 -2.0];
% define the LMI system
setlmis ([]) % initialing
P = lmivar (1, [2 1]); % declare the LMI variable
lmiterm ([1 1 1 0],1); % #1 LMI, left-hand
lmiterm ([-1 1 1 P],1,1); % #1 LMI, right-hand
lmiterm ([2 1 1 P],1, A1, ’s’); % #2 LMI, left-hand
lmiterm ([-2 1 1 P],1,1); % #2 LMI, right-hand
lmiterm ([3 1 1 P],1, A2, ’s’); % #3 LMI, left-hand
lmiterm ([-3 1 1 P],1,1); % #3 LMI, right-hand
lmiterm ([4 1 1 P],1, A3, ’s’); % #4 LMI, left-hand
lmiterm ([-4 1 1 P],1,1); % #4 LMI, right-hand
lmis4 = getlmis % finishing description
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%Step 2. Solve this LMI problem
[aa,xopt] = gevp(lmis4,3);

B.6 How to Validate Results?
The LMI toolbox offers two functions to analyze and validate the results of an LMI
optimization.

evallmi

The function evallmi evaluates all variable terms in an LMI system for a given
value of the vector of decision variables, for instance, the feasible or optimal vector
returned by the LMI solvers. The format of this function is

evalsys = evallmi(lmisys,xdec)

where
lmisys is a created LMI system
xdec is the vector of decision variables

Recall that decision variables fully determine the values of the matrix variables. The
“evaluation” consists of replacing all terms involving the matrix variables by their
matrix value. The output evalsys is an LMI system containing only constant
terms. The matrix values of the left and right sides of each LMI are then returned
by showlmi.

showlmi

Once the function evallmi is performed, the left- and right-hand sides of a
particular LMI are returned by showlmi.

[lhs,rhs] = showlmi(evalsys,n)

Inputs:
evalsys: Array describing the set of evaluated LMIs (output of
evallmi).

n: Label of the selected LMI as returned by newlmi.
Outputs:

lhs: The left-hand-side value of the nth LMI in the LMI system
lmisys.

rhs: The right-hand-side value of the nth LMI in the LMI system
lmisys.
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