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% Copyright Dr. Hamid D. Taghirad 2005

clc
echo on
% This is the matlab file to construct robust stability solution
%  to the course note example. New LTIl system structures, and
% robust control tools are used in this example.
% Matlab ver 7 and Robust Control toolbox ver 3 is required
%

% 1

% Plant = -
% (s - D -2)

%

% (s + D2

% Wt = e

% 25

pause % strike any key to continue

clc

%

%  The Nominal plant and weights are build in zero-pole format
%

s=zpk("s"); % zero-pole format
plant=1/((s-1)*(s-2)); % plant

wt=(s+1)"2/25; % weighting function
wt_1=25/((s+1)"2); % inverse of the weight

=

aug_pl=plant*wt; % Augmented plant and weight

%

%

%  Build multiplicative uncertainty block and uncertain system

%

%

delta ultidyn(“delta",[1 1]); % 1 by 1 full delta block

wt_prop = wt/(le-3*s+1)"2; % weighting function propered

Pertplant = plant*(1+wt_prop*delta);% Perturbed plant

Psample usample(Pertplant,10); % 10 random samples of the plant
% Note in each run the samples vary

X

pause % strike any key to continue
clc

% Do a frequency_response for the nominal system,

% 10 samples of uncertain system and the uncertainty weight
%

%

% Wait a few seconds for calculations

echo off
omega = logspace(-1,2,200); % frequency vector
bodemag(plant, "b" ,Psample, "g:",omega); % frequency response of
% nominal and perturbed plants
grid;

title("Frequency Response of the Nominal Plant vs. 10 uncertail plant samples®);

xlabel (*Frequency (rad/s)");
ylabel ("Magnitude®);
echo on



11711709 11:11 AM D:\users\hamid\Courses\Robust\examples\a_ robust st.m

2 of 5

%
%
%

The frequency responses are plotted in Figures Window

pause % strike any key to continue
clc

%
%

Now that the plant and the weight have been defined,
construct the interconnection structure, Plant_ IC;

systemnames = "aug_pl wt_1-7;

inputvar = "[yref; u]"-;

outputvar = [ aug_pl; yref - wt_1]°7;
input_to_aug pl = "[ u ]%;
input_to wt 1 = "[ aug_pl]~;
sysoutname = “plant_ic";

cleanupsysic = "yes";

sysic

pause % strike any key to continue
clc

%

We can change the properties of the generated plant using
get and set comands or as following.
See page 1-25 Control Toolbox user guide for the details.

plant_ic. InputName={"yd";"u"}; % Set the Tnput names
plant_ic.OutputName={"y";"e"}; % Set the output names

%
%
%
%
%

We can make sure that our augmented system has its minimal
realization to avoid uncontrallability for some hidden modes
Check zero-poles patterns and use minreal

plant_ic(2,2)
plant_ic = minreal(plant_ic);
plant_ic(2,2)

pause % strike any key to continue
clc

%
%
%
%
%
%
%
%
%
%
%
%
%

The next step is to design an H-infinity control law for PLANT
The hinfsyn computes a stabilizing H optimal LTI/SS controller
K for a partitioned LTI plant P.

[K,CL,GAM, INFO]=hinfsyn(P,NMEAS,NCON,KEY1,VALUE1,KEY2,VALUE2, .. .)

The controller, K, stabilizes the P and has the same number
of states as P. The SYSTEM P is partitioned where inputs to
Bl are the disturbances, inputs to B2 are the control inputs,
output of Cl1 are the errors to be kept small, and outputs of
C2 are the output measurements provided to the controller.

B2 has column size (NCON) and C2 has row size (NMEAS).

The optional KEY and VALUE inputs determine tolerance,
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%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

solution method and so forth--see Figure 1 for details.

The closed-loop system is returned in CL and the achieved H-inf
cost in GAM. INFO is a STRUCT array that returns additional
information about the design.

"GMAX" real initial upper bound on GAM (default=InT)
"GMIN® real initial lower bound on GAM (default=0)
"TOLGAM™ real relative error tolerance for GAM (default=.01)
"SO0"real (default=Inf) frequency SO at which entropy is evaluated,
only applies to METHOD “maxe*®
"METHOD® “ric"(default) standard 2-Riccati solution, OR
“Imi* LMI solution Or
"maxe” maximum entropy solution
"DISPLAY " "off" or "on"(default) no command window display, or
command window displays synthesis progress information

In this example, the system interconnection structure is
PLANT_IC, with 1 measurements, 1 controls,

pause % strike any key to continue
clc

%
%
%
%
%
%
%

[k1,91,gammal, infol]=hinfsyn(plant_ic,1,1, "Display”,"on");

An H-infinity control law has been designed which achieves an
infinity norm of 0.6855 for the interconnection structure.

First, we will examine aspects of the controller
that was just designed, starting with the controller POLES
and zeros.

pause % strike any key to continue
clc
kl=zpk(kl)

%

Next, a Bode plot of the frequency response of kl

echo off

clf

bodemag(kl)

title("Bode plot of controller, k1%)
xlabel ("strike any key to continue®)

format short e
echo on
pause % strike any key to continue

%

clc

Onto the closed loop, First checking that it is stable.

echo off

91=zpk(gl);
gl=minreal (gl)
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echo on
% Now bode plot for a system

bodemag(gl);

pause % strike any key to continue

% Next, find the peak norm of the frequency response, using
%  PKVNORM. This corresponds to the maximum singular of the
% closed loop system.

echo off

[glpeak, freqpeak]=norm(gl, inf);

fprintf( "\n final gamma : %gT,gammal)
fprintf( "\n Max singular value: %g \n \n",glpeak)
echo on

%

% Now check the robustness of the controller in the closed loop
% First find the perturbed closed loop for 10 samples

echo off

CLpert feedback( Pertplant*kl , 1);
CLsample = usample(CLpert,10);

CLnom CLpert_Nominal;

impulse(CLnom, "r*,CLsample,":g")
title("Closed loop impulse response of nominal and 10 perturbed system®)

echo on
%

% Now See the impulse response of the nominal closed system

% and 10 perturbed ones.

% As it is seen in the figure window all responses are stable.
pause % strike any Kkey to continue

clc

%% Robust Stability Analysis

% Does the closed-loop system remain stable for all values of |k], |delta]
% in the ranges specified above? We use |robuststab] to answer this basic
% robustness question:

[stabmarg,destabunc, report, info] = robuststab(CLpert);
stabmarg

%%

% The variable |stabmarg| gives upper and lower bounds on the *robust

% stability margin*, a measure of how much uncertainty on |k], |delta] the
% feedback loop can tolerate before becoming unstable. For example, a

% margin of 0.8 indicates that as little as 80% of the specified

% uncertainty level can lead to instability. Here the margin is 1.46,

% which means that the closed loop will remain stable for up to 146% of the
% specified uncertainty.
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pause % strike any key to continue
clc
%The ]Jreport] function summarizes these results:

report
pause % strike any key to continue
clc

%%
% The variable |destabunc] contains the smallest combination of (]k]|,|]deltal])
% perturbations that causes instability.

destabunc

pause % strike any key to continue
clc

%%

% We can substitute these values into |ClosedLoop|], and verify that these
% values cause the closed-loop system to be unstable:
pole(usubs(CLpert,destabunc))

%%
% Note that the natural frequency of the unstable closed-loop pole is
% given by |stabmarg.DestabilizingFrequency]:

stabmarg.DestabilizingFrequency
%

% This concludes the example
%
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% Copyright Dr. Hamid D. Taghirad 2005

clc

echo on

%
%
%
%
%

% Plant

%
%
%
%
%

This is the matlab file to construct H_inf solution of
Nominal Performance solution for the flexible beam
to the course note example

-6.475s"2+4.0302s+175.77

5s7M4+3.56825"3+139.5021s+0.0929s+1e-6

sN2+1.2s+1
Ws =
(st+le-3)(s+1.2)(1le-3s+1)

pause % strike any key to continue

clc

s=tf("s"); % transfer function format

% plant transfer function
plant=(-6.475*s"2+4_.0302*s+175.770)/ . ..

(6*s™4+3.5682*s"3+139 .5021*s"2+0.0929*s+1e-6) ;

% weighting function

WS=

0.9/ 1.021 * (s™"2 +1.2*s + 1)/...
((s+1le-3)*(s + 1.2)*(1le-3*s+1));

% Actuator effort weighting function
wu=tf(le-3,1); % To relax hinf solution assumption bl

clc

%
%

Now that the plant and the weight have been defined,

construct the interconnection structure, Plant _IC;

echo off

systemnames = "plant ws wu";
inputvar = "[yd; u]";
outputvar = "[ws; wu; yd-plant]”;
input_to_plant = "[u]";
input_to ws = "[yd-plant]~;
input_to wu = "[u]";
sysoutname = “plant_ic";
cleanupsysic = "yes";

sysic

echo on

pause % strike any key to continue

clc
%

We can change the properties of the generated plant using
get and set comands or as following.
See page 1-25 Control Toolbox user guide for the details.

1 of 3
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plant_ic. InputName={"yd" "u"};

plant_ic.OutputName={"Nom_p" “"Act_u" "e"};

pause

clc
%%%

% Alternatively, we can use the |icsignal] and |iconnect]

% strike any key to continue

% functions to build the closed-loop model:

%
P

<
o

W U U U U UNOOD® C

iconnect;
icsignal(1);
icsignal(1);

= icsignal(1);

-Inp

_ic

icsignal(2);

ut = [yd; u];
Output = [z; €];
-Equation{l}
-Equation{2}
-Equation{3}
= P.System;

equate(z(l),ws*(yd-plant*u));
equate(z(2) ,wu*u);
equate(e,yd-plant*u);

P_ic.InputName = {"yd" "u"};
P_ic.OutputName = {"nom_p" "Act_u" "e"};

pause % strike any key to continue

clc

X

%

% In this example, the system interconnection structure is
plant_ic, or P_ic with 1 measurements, 1 controls,

%

4 The next step is to design an H-infinity control law for PLANT

pause % strike any key to continue

clc
[k1,91,gammal, infol]l=hinfsyn(plant_ic,1,1,*Display”, on","*Tolgam®,1e-3);

% An H-infinity control law has been designed which achieves an
infinity norm of 0.9066 for the interconnection structure.

%
%
%
%
%

pause
clc

First, we will examine aspects of the controller
that was just designed, starting with the controller POLES

and zeros.

% strike any key to continue

kl=minreal (kl);
kl=zpk(kl)

%

Next, a Bode plot of the frequency response of kl

echo off

clf

omega=logspace(-1,6,200);
bodemag(kl,omega)

title("Bode plot of controller, k1*%)
xlabel ("strike any key to continue®)

% Set the input names
% Set the output names
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format short e

echo on

pause % strike any key to continue
clc

% Now bode plot for the closed loop system

echo off

bodemag(g1(1,1),91(2,1),":g",omega);

title("Closed loop Frequency responces; Nominal Performane, Actuator effort®)
grid

%
% This concludes the example
%
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% Copyright Dr. Hamid D. Taghirad 2005

clc
clear all
format short e
echo on
% This is the matlab file to construct robust stability solution
%  to the course note example. New LTl system structures, and
% robust control tools are used in this example.
% Matlab ver 7 and Robust Control toolbox ver 3 is required
%

% (s-1)

% Plant = -
% (s + (s - 0.2)
%

% (s + 0.1)

% Wwe = -

% (s +1)

pause % strike any key to continue

clc

%

%  The Nominal plant and weights are build in _zero-pole format
%

echo off

s=tf("s"); % zero-pole format
plant=(s-1)/((s+1)*(s-0.2)); % plant
wt=(s+0.1)/(s+1+eps); % weighting function

% Actuator effort weighting function

wu=tf(le-7,1); % To relax hinf solution assumption bl2

%

%

% Build multiplicative uncertainty block and uncertain system
%

%

delta = ultidyn("delta™,[1 1]); % 1 by 1 full delta block
Pertplant = plant*(1+wt*delta); % Perturbed plant
Psample = usample(Pertplant,10); % 10 random samples of the plant
% Note in each run the samples vary
echo on

% Do a frequency_response for the nominal system,

% 10 samples of uncertain system and the uncertainty weight
%

%

% Wait a few seconds for calculations

echo off
omega = logspace(-3,2,200); % frequency vector
bodemag(plant, "b" ,Psample, "g:",omega); % frequency response of
% nominal and perturbed plants

grid;

title("Frequency Response of the Nominal Plant vs. 10 uncertail plant samples®);
xlabel (*Frequency (rad/s)");
ylabel ("Magnitude®);
echo on
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%
%  The frequency responses are plotted in Figures Window
%

pause % strike any key to continue
clc

% Now that the plant and the weight have been defined,
% construct the interconnection structure, Plant IC;
% We use the |icsignal] and ]iconnect]

% functions to build the closed-l1oop model

%

echo off

P = iconnect;

yd = icsignal(1);

u = icsignal(l);

e = icsignal(l);

z = icsignal(l);
P.Input [yd; ul;
P

P

.Output [z; e]l;

-Equation{l} equate(z,wt*plant*u);

-Equation{2} = equate(e,yd-(plant*u));

plant_ic = P._System;

plant_ic.InputName = {"yd" "u"};

plant_ic.OutputName = {"Robust_s" "e"};

echo on

%

%

% We can make sure that our augmented system has its minimal
% realization to avoid uncontrallability for some hidden modes
%  Check zero-poles patterns and use minreal

%

o

plant_ic = minreal(plant_ic);

pause % strike any key to continue
clc

% The next step is to design an H-infinity control law for PLANT
% In this example, the system interconnection structure is
% plant_ic, with 1 measurements, 1 controls,

[k1,91,gammal;infol]=hinfsyn(plant_ic,1,1,"TOLGAM",1le-4,"Display”,"on");

%

% First, we will examine aspects of the controller

% that was just designed, starting with the controller POLES
% and zeros.

pause % strike any key to continue

clc

kl=minreal (kl);

k1=zpk(kl)

% Next, a Bode plot of the frequency response of kl
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echo off

clf

bodemag (k1)

title("Bode plot of controller, k1%)
xlabel ("strike any key to continue®)

format short e

echo on

pause % strike any key to continue
clc

% Onto the closed loop, First checking that it is stable.

echo off
gl=minreal (gl);
g1=zpk(gl)

echo on
% Now bode plot for a system

omega=logspace(0,5,200);
bodemag(gl,omega);

pause % strike any key to continue

% Next, find the peak norm of the frequency response, using
%  PKVNORM. This corresponds to the maximum singular of the
% closed loop system.

echo off

[glpeak, freqpeak]=norm(gl, inf);

fprintf( “\n final gamma : %g",gammal)
fprintf( "\n Max singular value: %g \n \n",glpeak)
echo on

pause % strike any key to continue

clc

%

% Now check the robustness of the controller in the closed loop
% First find the perturbed closed loop for 10 samples

echo off

CLpert = feedback( Pertplant*kl , 1);
CLsample = usample(CLpert,10);

CLnom = CLpert.Nominal;

t=0:1e-5:3e-3;
impulse(CLnom, "r* ,CLsample,":g",t)

title("Closed loop impulse response of nominal and 10 perturbed system®)

echo on

%

% Now See the impulse response of the nominal closed system
% and 10 perturbed ones.

3 0of 4
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% As it is seen in the figure window all responses are stable.

pause % strike any key to continue

clc

%

%% Robust Stability Analysis

% Does the closed-loop system remain stable for all values of |k|], |delta]
% in the ranges specified above? We use |robuststab] to answer this basic
% robustness question:

[stabmarg,destabunc, report, info] = robuststab(CLpert);
report

%
% This concludes the example
%
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State-Space Solutions to Standard JC, and 3C,
Control Problems

JOHN C. DOYLE, KEITH GLOVER, MEMBER, IEEE, PRAMOD P. KHARGONEKAR, MEMBER, IEEE, AND

BRUCE A. FRANCIS, FELLOW,

Abstract—Simple state-space formulas are derived for all controllers
solving a standard JC. problem: for a given number y> 0, find all
controllers such that the 3C., norm of the closed-loop transfer function is
(strictly) less than . A controller exists if and only if the unique
stabilizing solutions to two algebraic Riccati equations are positive
definite and the spectral radius of their product is less than y2. Under
these conditions, a parametrization of all controllers solving the problem
is given as a linear fractional transformation (LFT) on a contractive,
stable free parameter. The state dimension of the coefficient matrix for
the LFT, constructed using these same two Riccati solutions, equals that
of the plant, and has a separation structure reminiscent of classical LQG
(i.e., JC,) theory. This paper is also intended to be of tutorial value, so a
standard JC, solution is developed in parallel.

I. INTRODUCTION
A. Overview

'WO popular performance measures in optimal control theory
are JC, and JC., norms, defined in the frequency-domain for a
stable transfer matrix G(s) as

1 o i 172
1G]z := (- |7 trace (GGGl do
27 V-

|Gl : = sup Omax[G(jw)] (0max : = maximum singular value).

The former arises when the exogenous signals either are fixed or
have a fixed power spectrum; the latter arises from (weighted)
balls of exogenous signals. JC,-optimal control theory was heavily
studied in the 1960’s as the linear quadratic Gaussian (LQG)
optimal control problem; JC.-optimal control theory is continuing
to be developed.

The basic block diagram used in this paper is

where G is the generalized plant and K is the controller. Only
finite-dimensional linear time-invariant (LTI) systems and con-
trollers will be considered in this paper. The generalized plant G
contains what is usually called the plant in a control problem plus
all weighting functions. The signal w contains all external inputs,
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including disturbances, sensor noise, and commands; the output z
is an error signal; y is the measured variables; and u is the control
input. The diagram is also referred to as a linear fractional
transformation (LFT) on K, and G is called the coefficient matrix
for the LFT. The resulting closed-loop transfer function from w to
z is denoted by T;,.

The main 3C,. output feedback results of this paper as described
in the Abstract are presented in Section IIL. The proofs of these
results in Section V exploit the ‘‘separation’’ structure of the
controller, which is reminiscent of the classical 3C, controller. Of
course, there are significant differences that reflect the fact that
the JC,, criterion corresponds to designing for the worst exoge-
nous signal. These are also discussed in Section V. Special
attention will be given to the central controller, obtained by setting
to zero the free parameter in the LFT formula for the controller.

If full state feedback is available, then the central controller is
simply a gain matrix £, obtained through solving a single Riccati
equation. Also, the optimal estimator is an observer whose gain is
obtained as a solution to a Riccati equation. These special cases
are described in Section IV and the proofs are given in Sections
VII and VIII. In the general output feedback case the central
controller can be interpreted as an optimal estimator for F.x.
Furthermore, the two Riccati equations involved in this solution
can be associated with state feedback and estimation problems.

The algebraic Riccati equations in the 3C,, solution are those
that arise in the theory of linear quadratic differential games. The
game theoretic analogy is intuitively appealing for in the JC,
control problem the exogenous input and the control input can be
viewed as strategies employed by opposing players in a game: the
exogenous input is chosen to maximize the norm of the output and
the control input is chosen to minimize it. The Riccati equations
have indefinite quadratic terms, however, so solutions cannot be
guaranteed as simply as in the 3C, problem. Indeed, as mentioned
in the Abstract, the existence of solutions to the Riccati equations
is part of the necessary and sufficient conditions for existence of
JC.., (sub)optimal controllers. The preliminary machinery needed
to establish these conditions in terms of Riccati equations is
developed in Section II.

To facilitate exposition, the problem chosen for treatment in
this paper is the simplest special case which captures all the
essential features of the general problem. Although the assump-
tions used in this special case involve some sacrifice of generality,
the formulas are simple and easy to interpret. Also, these
assumptions are commonly used in treatments of the 3C, problem.
The general formulas are presented in [14]. Our entire approach
to the JC, problem has parallels in the conventional 3C, theory. In
fact, it is interesting to note that as v tends to oo, the central
controller actually approaches the J3C, controller. Because the 3C,
theory is well-understood throughout the control community,
these two problems are dcveloped side-by-side. It is hoped that
this will enhance the paper’s tutorial value.

This paper is orgamzed in a top-down manner and is intended to
be accessible to a variety of readers. While this organization may
be a bit awkward for the experts who plan to study all the details,
it is hoped that it will enhance the tutorial value of the paper. The
main results are stated in Sections I-IV. The reader who is only
interested in seeing the new theorems and formulas could stop

0018-9286/89/0800-0831501.00 © 1989 IEEE
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Multi-Objective u., Synthesis

In many real-world applications, standard H_, synthesis cannot adequately
capture all design specifications. For instance, noise attenuation or regulation
against random disturbances are more naturally expressed in LG terms.
Similarly, pure H_, synthesis only enforces closed-loop stability and does not
allow for direct placement of the closed-loop poles in more specific regions of the
left-half plane. Since the pole location is related to the time response and
transient behavior of the feedback system, it is often desirable to impoze
additional damping and clustering constraints on the closed-loop dynamics.
Thiz makes multi-objective aynthesis highly desirable in practice, and LMI
theory offers powerful tools to attack such problems.

Mized Hy/H_ synthesis with regional pole placement is one example of
multi-objective design addressed by the LMI Control Toolbox. The control
problem is sketched in Figure 5-5. The output channel z,_ is associated with the
H_, performance while the channel z; is associated with the LQG aspects (Hy
performance).

Denoting by T..(s) and T5(s) the closed-loop transfer functions from w toz_, and
25, reaspectively, we consider the following multi-objective synthesis problem:

o
- -
Pis) —ng
i ¥
KEfs)

Figure 5-5: Multi-objective H.. synthesis

Desipgn an output-feedback controller i = Kis)y that

* Maintains the H_ norm of T () (RMS gain) below some prescribed value
Yo=0

* Maintains the Hs norm of Ta(s) (LQG cost) below some prescribed value vg >0

* Minimizes a trade-off eriterion of the form
2 2
0| T oo + B T2

witha S Oand p 20
* Places the closed-loop poles in some preseribed LMI region I
Recall that LMI regions are general convex subregions of the open left-half
plane (see “Pole Placement in LMI Regions” on page 4-5 for details).

LMI Formulation

Let
£ = Ax+Byw+Bou
) z, = Cx+D_jw+D_ ou
32 = CEI+D21I,EJ+D22H
¥y = Cy.x+Dy1w
and
= CK§+DK'}'



be state-space realizations of the plant Fis) and controller Kis), respectively,
and let

".cci = Aci"ccE_BtI o
z, = Cpx,+D gy w
23 = Copry+tDyp w

be the corresponding closed-loop state-space equations.

Our three design objectives can be expreased as follows:

* 0 performance: the closed-loop RMS gain from w to 2, does not exceed vy
if and only if there exists a symmetric matriz X such that

p - _
Atixm_xoﬁci Bci XWCGE]

T T 0
BcI = ‘D-':El =

i ?
Contee Do T
>0

* 0, performance: the H; norm of the closed-loop transfer function from w to

2q does not exceed v if and only if Dy = 0 and there exist two symmetric
matrices )s and @ such that

T
1 Acil? + I?Aci Bci

T
i BcI -1

=0

A

[ @ C.aks | -0
T .
XaCota A2
Trace(@) < vz

* Pole placement: the closed-loop poles lie in the LMI region

D={zeC:L+M:+M2<0}

= _ T_ _ - = =
withL=L+= ”’i’j}lsi,jSm and M = [“r;r']ls;‘a;'sm if and only if there exista a
symmetric matrix ¥, satisfying

T
[}'ij'xpal N “i}ﬂci‘,xpai - “J'iXpo!fAc!f]I i JEm <0
Xpol > 0

For tractability in the LMI framework, we must seek a single Lyapunov
matrix

X =¥ =X2= Xpal
that enforces all three sets of constraints. Factorizing X as
"R 1"| [0 8]

] ——

-1
L= ¥1Xa » XK1= =
MY L NTJ

and introducing the change of controller variables [3]:

By NBg+SB,Dy
Cx CxgM"+DgC R
Ag = NAgM' +NBgC,R+SByCxM’ +S(A+ByD,C,)R,



the inequality constraints on X are readily turned into LMI constraints in the

variables R, S, @, Ax, By, Cg, and Dy [8, 1]. This leads to the following
suboptimal LMI formulation of our multi-objective synthesis problem:

Minimize «« v° + f Trace(@) over R, S, @, Ag, Bg, Cg, Dg, and ° satisfying:

AR+RAT+B,Cg+CxB;  Ag+A+ByD.C,  B;+B,D. D, =
P ATS+SA+BxC,+CIBx SB;+BxD,; & |<0
" H I "
C.R+D_Ckg C.+D. ,DgC, D,y +D.9DgD,y I J

.

@ CyR + Dyy Cg Cy + Dyy DgC,,

"

H R I >0
. I S
R . I 5
I RI "—|.1.. AR +ByCg A+ ByDeC, +
lJ.__ Is) U\ AK SA—BKC}, )
T .7 T
RA™ + CgB, Ap
Vi T Ty ~TpT <0
A+B.D C )y A'S+C_B
' 2DgCy) YR beijem
TTﬂcch:vg
2 2
T <o

Dy +DgDgD,y = 0

(Given optimal selutions v*, @* of this LMI problem, the closed-loop H_, and
H,; performances are bounded by

N

The Function hinfmix

The function hinfmix implements the LMI approach to mixed H./H, synthesis
with regional pole placement deseribed above. Its syntax is

[gopt,h2opt,K,R,5] = hinfmix(P,r,obj,region)

where

* P iz the SYSTEM matrix of the LTI plant Pis). Note that z, or 2, can be empty,
or even both when performing pure pole placement

* ris a three-entry vector listing the lengths of z5, v, and «

* obj = [, vq. @, P] is a four-entry vector specifyving the Ho/H,, constraints and
criterion

* region specifies the LMI region for pole placement, the default being the
open left-half plane. Use 1mireg to interactively generate the matrix region.

The outputs gopt and h2opt are the guaranteed H_, and H,; performances, K is
the controller SYSTEM matrix, and R, § are optimal values of the variables R, 5
isee “LMI Formulation” on page 5-186).

You can perform the following mixed and unmixed designs by setting obj
appropriately:



obj Corresponding Design

[0 00 0] pole placement only

[001 0] H_-optimal design

[0001] Hs-optimal design

(g 00 1] minimize ||T'y||; subject to || T.|.. < g
[0 h 1 0] minimize ||T,|.. subject to ||Tg||s < h
[00 a b] minimize a|T_|5+b|Ty|5

[g hab] most general problem
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Robust Control Toolbox |§| |§|
h2hinfsyn
Mixed H2/H®® synthesis with pole placement constraints
Syntax
[gopt,h20pt,K,R,S] = hinfmix(P,r,obj,region,dkbnd,tol)

Description

h2hinfyn performs multi-objective output-feedback synthesis. The control problem is sketched in this figure.

Kfs)

Figure 11-4: Mixed H2/H® synthesis

If T92(s) and T2(s) denote the closed-loop transfer functions from w to z% and z2, respectively, hinfmix computes a
suboptimal solution of the following synthesis problem:

Design an LTI controller K(s) that minimizes the mixed H2/H%* criterion
2 2
o Teoleo + B T2 5

subject to

o |T2|®* < Y0
e [IT212< V0
¢ The closed-loop poles lie in some prescribed LMI region D.

Recall that ||.||*® and ||.]|]2 denote the H%® norm (RMS gain) and H2 norm of transfer functions.

P is any SS; TF, or ZPK LTI representation of the plant P(s), and r is a three-entry vector listing the lengths of z2, y, and

u. Note that z° and/or z2 can be empty. The four-entry vector obj =[Y0, V0, &, |3] specifies the H2/H® constraints
and trade-off criterion, and the remaining input arguments are optional:

e region specifies the LMI region for pole placement (the default region = [] is the open left-half plane). Use
Imireg to interactively build the LMI region description region

e dkbnd is a user-specified bound on the norm of the controller feedthrough matrix DK. The default value is 100. To
make the controller K(s) strictly proper, set dkbnd = 0.

o tol is the required relative accuracy on the optimal value of the trade-off criterion (the default is 10-2).
The function h2hinfsyn returns guaranteed H** and H2 performances gopt and h2opt as well as the SYSTEM matrix

K of the LMI-optimal controller. You can also access the optimal values of the LMI variables R, S via the extra output
arguments R and S.

11/21/2009 9:21 AM
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A variety of mixed and unmixed problems can be solved with hinfmix. In particular, you can use hinfmix to perform
pure pole placement by setting obj = [0 0 0 0]. Note that both z%® and z2 can be empty in such case.

Reference

Chilali, M., and P. Gahinet, "H®® Design with Pole Placement Constraints: An LMI Approach," to appear in IEEE Trans.
Aut. Contr., 1995.

Scherer, C., "Mixed H2 H*®* Control," to appear in Trends in Control: A European Perspective, volume of the special
contributions to the ECC 1995.

See Also

Imireg Specify LMI regions for pole placement purposes

msfsyn Multi-model/multi-objective state-feedback synthesis

gridureal h2syn

© 1984-2006 The MathWorks, Inc. - Terms of Use - Patents - Trademarks - Acknowledgments

text://4
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% Copyright Dr. Hamid D. Taghirad 2005

clear all

clc

echo on

%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

This is the matlab file to construct H 2 and H_inf and h2/hinf

solution of course example page 5-14, with second order

nominal model. An iterative approach is used to refine the hinf

controller design.

1
Plant = -—————————————o
sN"2 +0.2s + 1
10(s + 1)
ws =
(s+0.01)(s + 10)
2*(s+10)"2
wt = e
1000
wu = 1

pause % strike any key to continue

%
%
%

Construct the interconnected plant using sysic

s=zpk("s"); % zero=pole format

% plant transfer function
plant=1/(s"2+0.2*s+1);

% uncertainty weighting function
wt= (s+10)"2/500;
wt_1= 1/wt;

%

augmented plant

Pw = plant*wt;

% performance weighting function
ws= 2*(s+1)/((s+0.01)*(s+10));

% Actuator effort weighting function
wu=tf(1,1);

%
%

Now that the plant and the weight have been defined,
construct the interconnection structure, P_IC;

echo off
systemnames = "Pw wt_1 wu ws";
inputvar = "Lyd; u]";

outputvar

"[Pw; ws ; wu; yd - wt_17]"7;

1 of 6
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input_to Pw = "[u]";
input_to wt 1 ="[Pw]";

input_to wu = “[u]";

input_to ws = "[yd - wt_1]";

sysoutname = "P_ic";

cleanupsysic = "yes";

sysic

P_ic.InputName={"yd" "u®"}; % Set the input names
P_ic.OutputName={"Rob_st" *"Nom_p* “Act _e" "e"}; % Set the output names

P_ic=minreal(P_ic);

%clear plant Pw wt_1 wu ws
echo on
pause % strike any key to continue
clc
[k1,91,gammal, infol]=hinfsyn(P_ic,1,1, "Display”,"on","To",1le-4);

pause % strike any key to continue

clc

%

% Plot and analyze the sigma plot and objective function bode

%

echo off

omega=logspace(-2,3,200);

[mag_gl,phase_gl]=bode(gl,omega);

sig_gl=sigma(gl,omega);

semilogx(omega,sig_gl,omega,mag g1(1,:), " --r%, ...
omega,mag_gl(2,:),":g",omega,mag_gl1(3,:), " --m")

echo on

%

% As it is seen in the plot the actuator effort dominates the objective
%  function. A better design would be to add frequency content to the

%  actuator weigting function. Here we reduce the actuator effort at

% low frequency with a factor of 0.9 and permit higher amplitude at

% high frequencies, to obtain a better performance.

%

wu=0.9*(0.1*s+1)/(s+1);

pause % strike any key to continue
clc

% Regenerate the system interconnection P_ic

echo off

systemnames = "Pw wt_1 wu ws";

inputvar = "[yd; u]";

outputvar = "[Pw; ws ; wu; yd - wt_1]";
input_to Pw = "[u]";

input_to wt 1 ="[Pw]";

input_to wu = "[u]";

input_ to ws = "[yd - wt_1]";

sysouthame = "P_ic";

cleanupsysic = "yes~";
sysic
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P_ic.InputName={"yd" "u"}; % Set the input names
P_ic.OutputName={"Rob_st" "Nom _p" "Act _e" "e"}; % Set the output names

P_ic=minreal(P_ic);

echo on
pause % strike any key design the controller
clc
[k2,92,gamma2, info2]=hinfsyn(P_ic,1,1,"Display”,"on","To",1le-4);

pause % strike any key to continue

clc

%

% Plot and analyze the sigma plot and objective function bode
%
echo off

[mag_g2,phase_g2]=bode(g2,omega);
sig_g2=sigma(g2,omega);
semi logx(omega,sig_g2,omega,mag_g2(1,:), " --r", ...
omega,mag_g2(2,:),":g",omega,mag_g2(3,:),"-.m")

echo on

%

% As it is seen in the plot by this change, the infinity norm of the
% performance index comes down to one.

%

% Look at the robust stability curve the dashed red line, it is

% way below one, so we expect good stability margin.

%

% Look at the nominal performance curve dotted-green. its peak is also
% beyond 0.6. Hence we can better performance by increasing the

%  bandwidth.

%

ws=2*(s+5)/((s+0.05)*(s+10));

echo off

systemnames = "Pw wt_1 wu ws";

inputvar = "[yd; u]®;

outputvar = "[Pw; ws ; wu; yd - wt_1]°%;

input_to Pw = “[u]";
input_to wt 1 ="[Pw]";
input_to wu = “[u]";
input_to ws = “[yd - wt_1]";

sysouthame = "P_ic";

cleanupsysic = "yes";

sysic

P_ic.InputName={"yd" "u"}; % Set the input names
P_ic.OutputName={"Rob_st" "Nom p" "Act e" "e"}; % Set the output names

P_ic=minreal(P_ic);

echo on
pause % strike any key design the controller
clc
[k3,93,gamma3, info3]=hinfsyn(P_ic,1,1,"Display”,"on","To",1le-4);
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pause % strike any key to continue

clc

%

% Plot and analyze the sigma plot and objective function bode

%

echo off

[mag_g3,phase_g3]=bode(g3,omega);

sig_g3=sigma(g3,omega);

semilogx(omega,sig_g3,omega,mag_g3(1,:),"--r", ...
omega,mag_g3(2,:),":g",omega,mag_g3(3,:),"--m")

echo on

%
% Now Solve H2 solution using h2syn
%

[k4,94,gamma4, infod4]=h2syn(P_ic,1,1);
disp("The 2-norm of objective function is");
disp(gamma2);

pause % strike any key to continue

clc

%

% Plot and analyze the sigma plot and objective function bode

%

echo off

[mag_g3,phase_g3]=bode(g3,omega);

sig_g3=sigma(g3,omega);

semi logx(omega,sig_g3,omega,mag_g3(1,:),"--r", ...
omega,mag_g3(2,:),":g",omega,mag g3(3,:),"--m")

pause % strike a key to continue
clc
echo on

%

% Design H2/Hinf controller: Nominal Performance (using Robust Toolbox)
%

% [K,CL,NORMZ,INFO] = H2HINFSYN(P,NMEAS,NCON,NZ2,WZ,keyl,valuel,...)

% Mixed H2/H-infinity synthesis with regional pole-placement

4 constraints. NEW : ROBUST CONTROL TOOLBOX

%

% Given an LTI plant P with partitioned state-space form:

% dx/dt = A * x + Bl *w+ B2 *u

X

% zinF = Ci * x + Dil *w + Di2 * u
% z2 =C2 * x + D21 *w + D22 * u
% y =Cy *x + Dyl *w+ Dy2 *u

%  H2HINFSYN employs LMI techniques to compute an output-feedback control
% law u = K(s)*y that

% * keeps the HINFNORM gain G from w to zinf below the value 0BJ(1)

% * Keeps the H2NORM H from w to z2 below the value 0BJ(2)

% * minimizes a trade-off criterion of the form
% WEIGHT(1) * G2 + WEIGHT(2) * HN2
% * places the closed-loop poles in the LMI region specified

% by REGION.
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%

% Input:

% P LTI plant

% NMEAS Number of measurements (length of y)

% NCON Number of control channels (length of u)

% NZ2 length of z2

% wz 1x2 vector of weights on zinf and z2 (i.e., weights for
% H-infinity and H2 performance, respectively)

%
% Option keywords and values:
% REGION  Mx(2M) matrix [L,M] specifying the pole

% placement region as

% {z: L+z*M+conj(z) *M" <0}

% Use the interactive function LMIREG to generate
% REGION. The default REGION=[] enforces just

% closed-loop stability

% H2MAX upper bound on the H2 norm w->z2 (default = Inf)
% HINFMAX upper bound on the HINFNORM gain w->zinf (default = Inf)
% DKMAX bound on the norm of the

% feedthrough gain DK of K(s)

% (100=default, 0 yields a strictly proper controller)
% TOL desired relative accuracy on the objective

% value (default=1le-2)

% DISPLAY display synthesis information to screen, (default = "off")
%

%  Output:
% K optimal output-feedback controller
% CL ITt(P,K) (closed-loop system)

% NORMZ 1x2 vector of closed-loop norms (HINENORM gain w->zinf
% and H2 norm w->z2
%

% INFO struct array:

% INFO.R solution R of LMI solvability condition

% INFO.S solution S of LMI solvability condition

nmeas=1;

ncon =1;

nz2 =1;

h2max=1.2;

alpha=1;

beta =0;

wz=[alpha beta]; % alpha = 1; beta = 0 cost:= alpha* inf_norm + beta* 2-norm

[k5,95,normz5, info5]=h2hinfsyn(ss(P_ic),nmeas,ncon,nz2,wz, ...
"Display”,"off", "h2max" ,h2max, "hinfmax", inf);

pause %strike a key to continue

clc

%

% Plot and analyze the sigma plot and objective function bode

%

echo off

[mag_g5,phase_g5]=bode(g5,omega) ;

sig_gb=sigma(g5(1:2,:),0mega); % in this plot only

semi logx(omega,sig_g5,omega,mag_g5(1,:), " --r", ...
omega,mag_g5(2,:),":g",omega,mag_g5(3,:),"-.m")

pause %strike a key to continue

clc
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% Plot a magnitude plot of the frequency response of k1l to k5

clf

bodemag(kl,"b",k2,"--r",k3,":g" ,k4,"-_m" k5, "c" ,omega)
legend("hinf 17,"hinf 27, hinf 3%,"h2","h2/hinf")
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%

cl
e

Copyright Dr. Hamid D. Taghirad 2005

c
cho on

%% Robust Stability and Mu Analysis

%
%

%

=4

0

X

0

This demo shows how to use the Robust Control Toolbox to analyze and
quantify the robustness of feedback control systems, including modeling
errors and parameter variations. We’ll look at how to test for robust
stability with the |robuststab] function and gain insight into the
connection with mu analysis and the |mussv]| function.

%% System Description

%
%
%
%
S=
pl
Wu
Wp

%%
%

de
P

%%
%

K1
K2

As it is described in the course notes the plant model P is uncertain,
the signal d is disturbances, and the output e must be kept small
for adequate disturbance rejection.

zpk(*s®); % zero-pole format
ant=1/(s-1); % plant
=((s/2+1)/4)/(s/32+1); % Uncertainty weighting function

=(0.25*s+0.6)/(s+0.006) % Performance weighting function

Creating An Uncertain Plant Model
As before we generate a full 1x1 uncertailty block

Ita = ultidyn("delta",[1 1]);
= plant*(1+Wu*delta);

Creating two Controllers
For this example we use the following controllers

=-10*(0.9*s+1)/s;
=-(2.8*s+1)/s;

pause % strike a key to continue

cl

%%
%
%
%

C

Creating a Closed-Loop System with SYSIC
To build an uncertain model of the closed-loop system, we"ll write the
interconnection equations directly from the block diagram and

use the "sysic" function to compute the interconnection:

systemnames = "P. K1 Wp*;
inputvar = "[d]";
input_to P = "[K1]";
input_to Wp = "[d + P]";
input_to K1 = "[d + P]";
outputvar = "[wp]";
cleanupsysic = "yes";
CLoop1l = sysic;
CLoopl.InputName = {"d"};

CL

pa
cl
%%

oopl.OutputName {"e"};

use % strike a key to continue
c
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% Alternatively, we can use the ]icsignal| and |iconnect] functions to
% build the closed-loop model for controller K2:

IC = iconnect;

d = icsignal(l);

e = icsignal(l);

y = icsignal(1);

IC. Input [d1;

IC_Output [el;

IC_Equation{l} = equate(y,d+P*K2*y);
IC_Equation{2} = equate(e,Wp*y);
CLoop2 = IC.System;

ClosedLoop. InputName = {"d"};
ClosedLoop.OutputName = {"e"};

pause % strike a key to continue

clc

%%

% Pick 10 random samples of the uncertain closed-loop systems

clf
Psamplel=usample(CLoopl,2);
Psample2=usample(CLoop2,2);

impulse(Psamplel,":b", Psample2,":r",1)
title("Variability of closed-loop response due to model uncertainty”)
legend("K1","K2")

pause % strike a key to continue
clc

%% Robust Stability Analysis

% Does the closed-loop system remain stable for all values of |k], |delta]
% in the ranges specified above? We use |robuststab] to answer this basic
% robustness question:

[stabmargl,destabuncl,reportl, infol] = robuststab(CLoopl);
stabmargl

%%

% The variable |stabmarg|] gives upper and lower bounds on the robust

% stability margin, a measure of how much uncertainty on |delta] the

% feedback loop can tolerate before becoming unstable. For example, a
% margin of 0.8 indicates that as little as 80% of the specified

% uncertainty level can lead to instability. Here the margin is 1.06,
% which means that the closed loop will remain stable for up to 106%

% of the specified uncertainty. The stability margin is

% quite narrow in this example. The |report] function summarizes

% these results:

reportl

pause % strike a key to continue

clc

% Repeat that for the second controller K2, and compare the stability
% margins
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[stabmarg2,destabunc2,report2, info2] = robuststab(CLoop2);

stabmarg?2
report2

pause % strike a key to continue
clc

%% Robust Stability Analysis: Connection with Mu Analysis

% The structured singular value, or mu, is the mathematical tool used

% by |Jrobuststab] to compute the robust stability margin. IT you are

% comfortable with structured singular value analysis, you can use

% the |mussv] function directly to compute mu as a function of frequency
% and reproduce the results above. The function |mussv] is the underlying
% engine for all robustness analysis commands.

%

% To use |mussv], we First extract the |(M,Delta)]| decomposition of the
% uncertain closed-loop model |ClosedLoop|, where |Delta] is a

% block-diagonal matrix of (normalized) uncertain elements.

% The 3rd output argument of |lftdata], |BIkStruct|, describes the block-diagonal
% structure of |Delta] and can be used directly by |mussv|

[M1,Deltal,BlkStructl]
[M2,Delta2,BlkStruct2]

Iftdata(CLoopl);
Iftdata(CLoop2);

%%

% For a robust stability analysis, only the channels of |M] associated

% with the uncertainty channels are used. Based on the row/column size of
% |Delta], select the proper columns and rows of |M]. Remember that the

% rows of |Delta] correspond to the columns of |M], and vice versa.

% Consequently, the column dimension of |Delta] is used to specify the rows
% of M]:

M11
N11

M1(1,1);
M2(1,1);

pause % strike a key to continue
clc

%%

% Mu-analysis is performed on a finite grid of frequencies. For comparison
% purposes, evaluate the frequency response of |M11] over the same

% frequency grid as used for the |robuststab| analysis.

omegal = infol.Frequency;
omega2 = info2.Frequency;
M11 g = frd(M11l,omegal);
N11 g = frd(N11l,omega?2);

%%
% Compute |mu(M11)] at these frequencies and plot the resulting lower and
% upper bounds:

mubndsl = mussv(M1l _g,BlkStructl,"s");
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mubnds2 = mussv(N1l g,BlkStruct2,"s");
semilogx(mubndsl, "b", mubnds2,"r", infol_MussvBnds,":y")

xlabel ("Frequency (rad/sec)");
ylabel ("Mu upper/lower bounds®);
title("Mu plot of robust stability margins of two controllers™);

%%

% The robust stability margin is the reciprocal of the structured singular
% value. Therefore upper bounds from |mussv] become lower bounds

% on the stability margin.

pause % strike a key to continue
clc

%% Robust Performance Analysis

% The input/output gain of a nominally-stable uncertain system model will
% generally degrade for specific values of its uncertain elements.

% Moreover, the maximum possible degradation increases as the uncertain
% elements are allowed to further deviate from their nominal values.

%

% The simplest route to analyzing the robust performance margin of

% the closed-loop system is direct use of the |robustperf| command.

[perfmargl,perfmarguncl,repl, infl] = robustperf(CLoopl);
[perfmarg2,perfmargunc2,rep2, inf2] robustperf(CLoop?2);

%%

% The |perfmarg] variable has upper and lower bounds on the performance
% margin.

perfmargl

%%
% The ]Jreport] variable summarizes the robust performance analysis.
disp(repl)

pause % strike a key to continue
clc

% Repeat the report for the second controller

perfmarg2
disp(rep2)

%%

% Finally, we plot the bounds from |mussv], which is the

% underlying engine for the robustness analysis. The peak value is the
% reciprocal of the performance margin, and the frequency at which the
% peak occurs is the critical frequency.

semilogx(infl_MussvBnds, "b", inf2.MussvBnds, "r*)
xlabel ("Frequency (rad/sec)”);

ylabel ("Mu upper/lower bounds®);

title("Robust Performance Mu Plot*);

%



12/19/09 10:31 AM C:\users\hamid\courses\Robust\examples\e_mu_analysis.m 5 of 5

%  This concludes this example
%  For study the connection of the above robust performance analysis
% with Mu Analysis study the Matlab mu_demo od Robust Control Toolbox.
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% Copyright Dr. Hamid D. Taghirad 2005

clear all
clc
echo on
% This constructs the aircraft model for the SSLAFCS
% example. the SYSTEM matrix produced has
Y%
% ACNOM: 4 states, 7 outputs, 6 iInputs
Y%

% OUTPUTS: INPUTS:
% 1) pertlo 1) pertli
% 2) pert2o 2) pert2i
% 3) pert3o 3) pert3i
% 4) p (roll rate (rad/s)) 4) theta_el (elevon angular def (rad))
% 5) r (yaw rate(rad/s)) 5) theta rud (rudder angular def (rad))

% 6) ny (normal accel (ft/s”™2)) 6) gust disturbance (ft/s)
% 7) phi (bank angle (rad))
%

echo off
clear all
a = [-0.0946 0.141 -0.99 0.0364;
-3.59 -0.428 0.281 0;
0.395 -0.0126 -0.0814 0;
0 1 -0.141 01;
%
b = [-0.0124 0.0102 -0.000000109 ;
6.57 1.26 -0.00000413 ;
0.378 -0.256 0.000000453;
0 0 0 1;
Y%
c=[0 1200; 0010; -68-1.74 -4.06 -3.72e-5; 0 0 0 1];
Y%
bp = [ 0.0128 0 0;
0 -0.0311 -3.12 ;
0 -0.19 -0.0644;
0 0 01;
%
cp=[1000;0000; 0O00O0DO0];
di2 = [ 0 0 0.00000115 ; 1 00 ; 0 1 0];

dp = zeros(3,3);
d21 = [zeros(2,3) ; 11.1 -11.1 -11.1 ; 0 0 O ];
d22 = [zeros(2,3) ; 26.7 -2.95 -0.0000781; 0 O 0O];

acnom = ss(a,[bp b],[cp ; c].,[dp di12;d21 d22]);
clear cp d12 d21 d22 bp c b a

echo on

%

% This makes up the 2 actuator models as specified in

% the handout. The actuator models each have 1 input
% and 3 outputs. They are listed below:
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%
%
% ACTRUD: 4 states, 3 outputs, 1 input

% OUTPUTS: INPUTS:

% 1) position 1) rudder_cmd
% 2) rate

% 3) acceleration

%
% ACTELE: 4 states, 3 outputs, 1 input

% OUTPUTS: INPUTS:

% 1) position 1) elevon_cmd
% 2) rate

% 3) acceleration

echo off

s=zpk("s"); % Laplace variable s

wrud = 21.0;

zetarud = 0.75;

wele = 14.0;

zetaele = 0.72;

wdel = 173.0;
zetadel = 0.866;
delaytf =(s"2-2*zetadel*wdel*s+wdel”™2)/(s"2+2*zetadel*wdel*s+wdel™2);

intl = 1/s;

int2 = 1/s;

cl = wrud"2;

c2 = wrud”2;

c3 = 2*zetarud*wrud;

systemnames = "cl c2 c3 intl int2";
inputvar = "[u]";

outputvar = "[int2;intl;cl-c2-c3]";
input_to_cl “ful”;

input_to_c2 = "[int2]";

input_to_c3 = "[intl]";
input_to_intl = "[cl-c2-c3]";
input_to_int2 = "[intl]";
sysoutname = "rudder”®;

cleanupsysic = "yes”;

sysic

actrud = rudder*delaytf;

cl = welen2;

c2 = welen2;

c3 = 2*zetaele*wele;

systemnames = "cl c2 c3 intl int2";
inputvar = "[u]";

outputvar = "[int2;intl;cl-c2-c3]";
input_to _cl "Tul”;

input_to_c2 = "[int2]";

input_to c3 = "[intl]";
input_to_intl = "[cl-c2-c3]";
input_to_int2 = "[intl]";
sysoutname = “elevon®;

cleanupsysic = "yes”;
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sysic
actele = elevon*delaytf;

echo on

%
%

This makes up the weighting functions

echo off

% EXOGENOUS SIGNALS

%
%

%

%

X

(]

X

(]

X

(]

%

WIND
wgust = 30*(.5*s+1)/(s+1);

SENSOR NOISE

wr = 3e-4*(100*s+1)/(2*s+1);

wp = wr;

wphi = 7e-4*(100*s+1)/(.5*s+1);
wny = 0.25*(20*s+1)/(.1*s+1);
wnoise = append(wp,wr,wny,wphi);

PILOT COMMAND
wphicmd = 0.5*%(0.5*s+1)/(2*s+1);

ERROR WEIGHTING
ACTUATOR WEIGHTINGS

wact = diag([4 1 005 2 .2 .009]);

IDEAL PHI_COMMAND RESPONSE MODEL

wmod = 1.2;
zmod = .7;

% rads/sec
% rads/sec
% rads

% fFt/sec/sec

idmod = wmod"2/(sN2+2*zmod*wmod*s+wmod”™2) ;

PERFORMANCE VARIABLES

nyerr = 0.8*(s+1)/(10*s+1);
cterr = 500*(s+1)/(100*s+1);
baerr = 250*(s+1)/(100*s+1);

fix =[00100;010 -0.037 0;000 1 -1];

wperf = append(nyerr,cterr,baerr);

wperf=wperf*fix;

% PERTURBATION WEIGHTS

wr = 1 00;100;100;010;010;010;001;001;00 17];

will

diag([2-194 -1.517 -.718]);
wlim diag([-1.327 1.347 .5185]);
wlr diag([--3656 .8667 .2347]);
wl = [wil wim wir];

echo on

%

% SYSIC program to form interconnection

echo off

systemnames = “"acnom wr wl wnoise wact wgust wphicmd wperf idmod®;
systemnames = [systemnames " actele actrud®];
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inputvar = "[pertin{9} ; noise{4} ; gust ; comd ; elec ; rudc]";
outputvar = "[wr; wperf; wact ; wphicmd; achom(4:7) + wnoise]";
input_to_acnom = "[wl ; actele(l) ; actrud(l) ; wgust ]";
input_to wl = "[pertin]"~;

input_to wr = "[acnom(1:3)]";

input_to wnoise = "[noise]";

input_to _wact = "[actele ; actrud]";

input_to_wgust = "[gust]”;

input_to_wphicmd = "[comd]";

input_to wperf = "[acnom(4:7) ; idmod]~;

input_to_idmod "[wphicmd] " ;

input_to_actele "[elec]";

input_to_actrud = "[rudc]";

cleanupsysic = "yes";

sysoutname = "olic";

sysic

clear cl c2 c3 actrud rudder delaytf intl int2 zetadel wdel zetaele wele
clear wgust wr wp wphi wny wnoise wphicmd wact wmod zmod idmod nyerr
clear cterr baerr fix wpert wr wil wim wlr wl zetarud wrud acnom actele

echo on
pause % Strike a key to continue
clc

%

%  Design of H-infinity controller:

% mixed sensitivity of(Nominal Performance & Actuator Effort)
%

echo off

olic_h =0l1ic(10:23,10:17);
k_h = hinfsyn(olic_h,5,2,"Display”,“on");

echo on
pause % Strike a key to continue
clc

%

% Design H2/Hinf controller:

%

% [K,CL,NORMZ,INFO] = H2HINFSYN(P,NMEAS,NCON,NZ2,WZ,keyl,valuel,...)
%

% Here the actuator effort vector has 6 components nmeas=5 & ncont=2
% We are optimizing the infinity norm while keeping h2 norm bounded

nmeas=5;
ncon =2;
nz2 =6;
h2max=10;
alpha=1;
beta =0;
wz=[alpha beta]; % alpha = 1; beta = 0 cost:= alpha* inf_norm + beta* 2-norm
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[k_mix,g_Xx,normz_x, info_x]=h2hinfsyn(ss(olic_h),nmeas,ncon,nz2,wz, ..

"Display”, "off", "h2max” ,h2max, "hinfmax" , inf);

pause % Strike a key to continue
clc

%
% load the mu controller and another trade off controller
%

load shutcont;
k_mu=mat2lti(k_mu);
k_x=ss(k_mix);

echo on

%

% Plotting Sample Sigma plots for closed loop systems
%

echo off

omega = logspace(-2,3,50);
clp_h = Ift(olic,k_h,2,5);
clp_x = Ift(olic,k _x,2,5);
clp_mu = Ift(olic,k mu,2,5);
np_hg = clp_h(10:18,10:15);

np_xg clp_x(10:18,10:15);
np_mug = clp_mu(10:18,10:15);

Sigma(np_hg(l,l),.— ’ np_xg(]"l)’.r__ ’ np_mug(]"l)l.g_");
grid; title("Nominal Performancs: ALl three controllers”®)
legend("hinf=,*h2/hinf", "Mu™)

echo on
% Strike a key to continue

pause
%

%  Analysing the robust stability
%

echo off

% First generate uncertain models

dell=ucomplex("dell",0);
del2=ucomplex("del2",0);
del3=ucomplex("del3",0);
del4=ucomplex("del4*,0);
del5=ucomplex("del5",0);
del6=ucomplex("del6",0);
del7=ucomplex("del7",0);
del8=ucomplex("del8",0);
del9=ucomplex("del97,0);
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delta=blkdiag(dell,del2,del3,del4,del5,del6,del7,del8,del9);
clear dell del2 del3 del4 del5 del6 del7 del8 del9

echo on

%

% Use Ift to combine uncertainty to the closed loop model
%

echo off

pclp_h = Ift(delta,clp_h);
pclp_x = Ift(delta,clp_x);
pclp_mu = Ift(delta,clp_mu);
echo on

%
% Use robuststab to analyse robust stability
%

[stml,stmul,repl,infl] = robuststab(pclp_h);

%

% The robust stability analysis report of hinfinity controller

%

repl

[stm2,stmu2,rep2, inf2] = robuststab(pclp_x);

%

% The robust stability analysis report of h2/hinf controller

%

rep2

%

%  Warning: This task will take a few minutes to accomplish ...

%

[stm3,stmu3, rep3, inf3] = robuststab(pclp_mu);

%

% The robust stability analysis report of mu-synthesis controller

%

rep3

echo off

semilogx(infl.MussvBnds(:,1),*b",Inf2_MussvBnds(:,1),":r", ...
inf3_MussvBnds(:,1),"--g")

xlabel (*Frequency (rad/sec)®);

ylabel (*Mu upper/lower bounds®);

title("Robust Stability Mu Plot®);

legend("hinf*,;*h2/hinf", "Mu®)

echo on

%

%  This completes this example

%
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% Copyright Dr. Hamid D. Taghirad 2005

clear all

clc

echo on

%

% This program is genreated to illustrate h-infinity controller
% design and d-k iteration used for highly manuverable aircraft HIMAT
%

%% Model of NASA"s HIMAT aircraft

% For illustration purposes, let"s use a four-state model of the
% longitudinal dynamics of the HiMAT aircraft.

%

% This model has two control inputs:

%

% * Elevon deflection

% * Canard deflection

%

% It also has two measured outputs:

%

% * Angle of attack alpha

% * Pitch angle theta

%

X

echo off
ag =[
-0.0226 -36.6000 -18.9000 -32.1000
0 -1.9000 0.9830 0
0.0123 -11.7000 -2.6300 0
0 0 1.0000 0 1:
bg=[0 0
-0.4140 0
-77.8000 22.4000
0 0]:
cg = [0 57.3000 0 0]
0] 0 0 57.3000];
dg = [O 0;
0 0l;

G=ss(ag,bg,cg,dg);
G.InputName = {"elevon®, “"canard"};
G.OutputName = {"alpha”, "theta"};

clf
step(G), title("Open-loop step response of HIMAT aircraft”®)

echo on
pause % press a key to continue
clc

% Creating an interconnection for plant model and
% specifying performance weighting function.

s=zpk("s"); % Laplace variable s
WDEL1 = 50*(s+100)/(s+led);
WP1 = 0.5*(s+3)/(s+0.03);
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WDEL = append(WDEL1,WDEL1);
WP = [WP1 0;0 WP1];
echo off

systemnames = "G WDEL WP";

inputvar = "[pert(2); dist(2); control(2)]";
outputvar = "[ WDEL ; WP; G + dist ]";
input_to G = "[ control + pert ]~;
input_to_WDEL = "[ control ]7;

input_to WP = "[ G + dist ]";

sysoutname = “himat_ic";

cleanupsysic = "yes~";

sysic

echo on
pause % press a key to continue
clc

%

% The next step is to design an H-infinity control law for PLANT
%

% In this example, the system interconnection structure is

% himat_ic, with 2 measurements, 2 controls.

[k1l,clpl,gammal, infol]=hinfsyn(himat _ic,2,2, "Display", "on");

echo on
pause % press a key to continue
clc

%

% The closed loop system is neither robust stable nor robustly

% performed. This can be visualized using robuststab and robustperf

% functions as in previous example. We like to use mu-synthesis to design a
% controller which is robust in performance.

%

% First generate the uncertain system structure.

=4

delta = ultidyn(“delta™,[2 2]);
himat_pert=1ft(delta,himat _ic);
clpml=Ift(himat_pert,kl);

% Next, we perform a mu-synthesis to see if the specs can be met

% robustly when taking into account the modeling errors (uncertainty

% ""delta'™). We use the command 'dksyn"™ to perform the synthesis and set
% the frequency grid used for mu-analysis and the number of D-K

% iterations with "dkitopts".

fmu = logspace(-2,4,60);

opt = dkitopt("FrequencyVector®,fmu, "NumberofAutolterations”,5, ...
"DisplayWhileAutolter”®,"on");

[kmu,clpmu,bnd,dkinfo] = dksyn(himat_pert,2,2,0pt);

%
%  The order of controller is high, use a balance realization
% and a truncation to make it small.
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[kmul3, info_kmul3] = reduce(kmu,13);
clpmul3=1ft(himat_pert,kmul3);

%
%  Analyse the robust performance
%

[perfmargl,perfmarguncl,repl, infl] = robustperf(clpml);
[perfmarg2,perfmargunc2,rep2, inf2] robustperf(clpmu);
[perfmarg3, perfmargunc3, rep3, inf3] robustperf(clpmul3);

semilogx(infl_MussvBnds(:,1),"b",inf2_MussvBnds(:,1),":r", ...
inf3_MussvBnds(:,1),"--g")

xlabel (*Frequency (rad/sec)");

ylabel (*Mu upper/lower bounds®);

title("Robust Performance Mu Plot*);

legend("hinf", "mu® , "mu reduced®)

pause % press a key to continue

clc

%

% For the final case compare the time response of three controllers
% with model uncertainty. Only disturbace rejection in channel 2 is
% displayed in this simulations.

P1
P2
P3

usample(clpml,5); % 5 random samples of the plant
usample(clpmu,5); % 5 random samples of the plant
usample(clpmul3,5); % 5 random samples of the plant

subplot(311)
impulse(P1(2,2),0.1)
xlabel (" ")

legend("hinf®)
subplot(312)
impulse(P2(2,2),":r",0.1)
xlabel (" ")

legend("mu synthesis®)
subplot(313)
impulse(P3(2,2),"--g",0.1)
legend("mu reduced®)

%
%  This concludes this example
%
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