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Preface 

The goal of this book is to provide engineers and scientIsts in academia 
and industry with a thorough understanding of the underlying principles of 
nonlinear system identification. The reader will be able to apply the discussed 
models and methods to real problems with the necessary confidence and the 
awareness of potential difficulties that may arise in practice. This book is 
self-contained in the sense that it requires merely basic knowledge of matrix 
algebra, signals and systems, and statistics. Therefore, it also serves as an 
introduction to linear system identification and gives a practical overview 
on the major optimization methods used in engineering. The emphasis of 
this book is on an intuitive understanding of the subject and the practical 
application of the discussed techniques. It is not written in a theorem/proof 
style; rather the mathematics is kept to a minimum and the pursued ideas 
are illustrated by numerous figures, examples, and real-world applications. 

Fifteen years ago, nonlinear system identification was a field of several 
ad-hoc approaches, each applicable only to a very restricted class of systems. 
With the advent of neural networks, fuzzy models, and modern structure opti
mization techniques a much wider class of systems can be handled. Although 
one major characteristic of nonlinear systems is that almost every nonlinear 
system is unique, tools have been developed that allow the use of the same ap
proach for a broad variety of systems. Certainly, a more problem-specific pro
cedure typically promises superior performance, but from an industrial point 
of view a good tradeoff between development effort and performance is the 
decisive criterion for success. This book presents neural networks and fuzzy 
models together with major classical approaches in a unified framework. The 
strict distinction between the model architectures on the one hand (Part II) 
and the techniques for fitting these models to data on the other hand (Part I) 
tries to overcome the confusing mixture between both that is frequently en
countered in the neuro and fuzzy literature. Nonlinear system identification 
is currently a field of very active research; many new methods will be devel
oped and old methods will be refined. Nevertheless, I am confident that the 
underlying principles will continue to be valuable in the future. 

This book offers enough material for a two-semester course on optimiza
tion and nonlinear system identification. A higher level one-semester graduate 
course can focus on Chap. 7, the complete Part II, and Chaps. 17 to 21 in 
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VI Preface 

Part III. For a more elementary one-semester course without prerequisites 
in optimization and linear system identification Chaps. 1 to 4 and 16 might 
be covered, while Chaps. 10, 14, 18, and 21 can be skipped. Alternatively, a 
course might omit the dynamic systems in Part III and instead emphasize 
the optimization techniques and nonlinear static modeling treated in Parts I 
and II. The applications presented in Part IV focus on a certain model archi
tecture, and will convince the user of the practical usefulness of the discussed 
models and techniques. It is recommended that the reader should complement 
theses applications with personal experiences and individual projects. 

Many people supported me while I was writing this book. First of all, I 
would like to express my sincerest gratitude to my Ph.D. advisor, Professor 
Rolf Isermann, Darmstadt University of Technology, for his constant help, 
advice, and encouragement. He gave me the possibility of experiencing the 
great freedom and pleasure of independent research. During my wonderful but 
much too short stay as a postdoc at the University of California in Berkeley, 
Professor Masayoshi Tomizuka gave me the privilege of taking utmost ad
vantage of all that Berkeley has to offer. It has been an amazing atmosphere 
of inspiration. The last six years in Darmstadt and Berkeley have been the 
most rewarding learning experience in my life. I am very grateful to Professor 
Isermann and Professor Tomizuka for giving me the chance to teach a grad
uate course on neural networks for nonlinear system identification. Earlier 
versions of this book served as a basis for these courses, and the feedback 
form the students contributed much to its improvement. 

I highly appreciate the help of my colleagues in Darmstadt and Berkeley. 
Their collaboration and kindness made this book possible. Big thanks go 
to Dr. Martin Fischer, Alexander Fink, Susanne Topfer, Michael Hafner, 
Matthias SchUler, Martin Schmidt, Domink Fiissel, Peter Balle, Christoph 
Halfmann, Henning Holzmann, Dr. Stefan Sinsel, Jochen Schaffnit, Dr. Ralf 
Schwarz, Norbert Miiller, Dr. Thorsten Ullrich, Oliver Hecker, Dr. Martin 
Brown, Carlo Cloet, Craig Smith, Ryan White, and Brigitte Hoppe. 

Finally, I want to deeply thank my dear friends Martin and Alex and my 
wonderful family for being there, whenever I needed them. I didn't take it 
for granted. This book is dedicated to you! 

Kronberg, June 2000 Oliver Nelles co
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1. Introduction 

In this chapter the relevance of nonlinear system identification is discussed. 
Standard problems whose solutions typically rely heavily on the use of mod
els are introduced in Sects. 1.1. Section 1.2 presents and analyzes the various 
tasks that have to be carried out in order to solve a nonlinear system iden
tification problem. Several modeling paradigms are reviewed in Sect. 1.3. 
Section 1.4 characterizes the purpose of this book and gives an outline with 
some reading suggestions. Finally, a few terminological issues are addressed 
in Sect. 1.5. 

1.1 Relevance of Nonlinear System Identification 

Models of real systems are of fundamental importance in virtually all dis
ciplines. Models can be useful for system analysis, i.e., for gaining a better 
understanding of the system. Models make it possible to predict or simu
late a system's behavior. In engineering, models are required for the design 
of new processes and for the analysis of existing processes. Advanced tech
niques for the design of controllers, optimization, supervision, fault detection 
and diagnosis components are also based on models of processes. 

Since the quality of the model typically determines an upper bound on 
the quality of the final problem solution, modeling is often the bottleneck in 
the development of the whole system. As a consequence, a strong demand for 
advanced modeling and identification schemes arises. 

1.1.1 Linear or Nonlinear? 

Before thinking about the development of a nonlinear model, a linear model 
should be considered first. If the linear model does not yield satisfactory 
performance, one possible explanation besides many others is a significantly 
nonlinear behavior of the process. Whether this is indeed the case can be in
vestigated by a careful comparison between the process and the linear model 
(e.g., step responses can make operating point dependent behavior quite ob
vious) and/or by carrying out a nonlinearity test. A good overview of nonlin
earity tests is given in [123], where time domain and correlation-based tests 
are recommended. 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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2 1. Introduction 

When changing from a linear to a nonlinear model, it may occur that the 
nonlinear model, if it is not chosen flexible enough, performs worse than 
the linear one. A good strategy for avoiding this undesirable effect is to 
use a nonlinear model architecture that contains a linear model as a special 
case. Examples for such models are polynomials (which simplify to a linear 
model for degree) or local linear neuro-fuzzy models (which simplify to a 
linear model when the number of neurons/rules is equal to one). For other 
nonlinear model architectures it can be advantageous to establish a linear 
model in parallel: so the overall model output is the sum of the linear and 
the nonlinear model parts. This strategy is very appealing because it ensures 
that the overall nonlinear model performs better than the linear model. 

1.1.2 Prediction 

Figure 1.1a illustrates the task of one-step predictionl. The previous inputs 
u(k-i) and outputs y(k-i) of a process are given, and the process output y(k) 
at the next sampling instant is predicted. Most real processes have no direct 
feedthrough: that is, their output y(k) cannot be influenced immediately 
by input u(k). This property is guaranteed to hold if sampling is not done 
exactly concurrently. For example, sampling is usually implemented in control 
systems as follows. The process output y (controlled variable) is sampled, 
and then the controller output u (actuation signal) is computed and applied. 
Throughout this book it is assumed for the sake of simplicity that u(k) does 
not affect y(k) instantaneously, and thus u(k) is not included in the model. 
It can happen, however, that models which include u(k) as input perform 
better because the effect of u on y can be much faster than one sampling 
time interval. 

Typical examples for one-step prediction tasks are short-term stock mar
ket or weather forecasts. They can also arise in control problems. For a one
step prediction problem, it is necessary to measure the process outputs (or 
possibly the states). 

If more than one step is to be predicted into the future this is called a 
multi-step or l-step prediction task. The number of steps predicted into the 
future 1 is called the prediction horizon. Two alternative solutions exist for 
multi-step prediction tasks: 

• A model can be build that directly predicts 1 steps into the future. Of 
course, such a model must additionally include the inputs u(k), u(k + 1), 
... ,u(k+l-1). The drawbacks of this approach are that (i) the input space 
dimensionality and thus the model complexity grows with l, and (ii) the 
model can only predict exactly l steps ahead, while often a prediction of 
1,2, ... ,l steps ahead is required. 

1 In the literature this is frequently called one-step ahead prediction. Here, the term 
"ahead" is omitted since this book does not deal with backward predictions. 
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1.1 Relevance of Nonlinear System Identification 3 
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Fig. 1.1. Models can be utilized for a) prediction, b) simulation, c) optimization, 
d) analysis, e) control, and f) fault detection 

• The model shown in Fig. 1.1a can be used to predict one step into the 
future. Next, the same model is used to predict a further step ahead by 
replacing k -+ k + 1 and utilizing the result fj(k) from the previous predic
tion step. This procedure can be repeated I times to predict I steps ahead 
altogether. The drawback of this approach is that the prediction relies on 
previous predictions, and thus prediction errors may accumulate. In fact, 
this is a system with feedback that can become unstable. 

The latter alternative is equivalent to simulation when the prediction horizon 
approaches infinity (l -+ 00). 

1.1.3 Simulation 

Figure 1.Ib shows that, in contrast to prediction, for simulation only the 
process inputs are available. Simulation tasks occur very frequently. They 
are utilized for optimization, control, and fault detection. Another important 
application area is the design of software sensors, that is, the replacement of a 
real (hardware) sensor by a model that is capable of describing the quantity 
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4 1. Introduction 

measured by the sensor with the required accuracy. Software sensors are 
especially important whenever the real sensor is not robust with respect to the 
environment conditions, too large, too heavy, or simply too expensive. They 
may allow the realization of (virtual) feedback control based on a software 
sensor "signal" where before only feedforward control was achievable since 
the controlled variable could not be measured. 

The fundamental difference between simulation and prediction is that 
simulation typically requires feedback components within the model. This 
makes the modeling and identification phase harder, and requires additional 
care in order to ensure the stability of the model. 

1.1.4 Optimization 

Figure l.Ic illustrates one possible way in which a prediction or simulation 
model can be utilized for optimization. The model can be used to find an 
optimal operating point or an optimal input profile. The advantages of using 
the model instead of the real process are that the optimization procedure 
may take a long time and may involve input signals or operating conditions 
that must not be applied during the normal operation of the process. Both 
issues are not problematic when the optimization is performed with a model 
on a computer instead of carrying it out in the real world. However, it is 
important to assess whether the model is accurate enough under all operating 
conditions encountered during optimization, otherwise the achieved optimum 
for the model may be very different from the optimum for the process. 

1.1.5 Analysis 

Figure l.Id illustrates the very ambitious idea of exploiting the model of a 
process in order to improve understanding of the functioning of the process. 
In the simplest case, some insights into the process behavior can be gained by 
playing around with the model and observing its responses to certain input 
signals. Depending on the particular model architecture employed, it may be 
possible to infer some process properties by analyzing the model structure, 
e.g., by extracting fuzzy rules. 

1.1.6 Control 

Figure l.Ie shows how a model can be utilized for controller design. Most ad
vanced control design schemes rely on a model of the process, and many even 
require more information such as the uncertainties of the model (an estimate 
of the model accuracy). The controller design may utilize various information 
from the model, not just its output. For example, the controller design may 
be based on a linearization of the model about the current operating point 
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1.1 Relevance of Nonlinear System Identification 5 

(u, y). The information transfer is indicated by the thick line from the model 
to the design block and similarly from the design to the controller block2 • 

It is important to understand that in Fig. LIe the model just serves as 
a tool for controller design. What finally matters is the performance of the 
controller, not that of the model. Although it can be expected that the con
troller performance and the model performance will be closely linked (the 
best controller certainly results from the "perfect" model), this is no mono
tonic relationship: refer to [150, 386] for more details. For this reason, the 
research area of identification for control originated, which tries to under
stand what makes a model well suited for control and how to identify it from 
data. 

As a rule of thumb in the linear case, the model should be most accurate 
in the medium frequency range around the crossover frequency of the closed
loop transfer function (bandwidth), since this is decisive for stability [169, 
386]. For reference tracking, the model additionally should be accurate in the 
frequency range of the reference signal, which is usually at low frequencies. For 
a regulator problem (setpoint control), one can rely on the integral action of 
the controller to compensate for process/model mismatch at low frequencies. 

1.1. 7 Fault Detection 

Figure 1.1£ shows one possible strategy for using models in fault detection. 
Many alternative model-based strategies are available, but this one has the 
advantage that it can be pursued in a black box manner. A model is built 
describing the process under normal conditions (nominal case), and one model 
is built for each fault, describing the process behavior when this fault has 
occurred (fault 1,2, ... ). By comparing the outputs of these models (y(O) for 
the nominal case and y(i) for fault i) with the process output y, a fault i can 
be detected if any of the e( i) with i > 0 is larger than e(O). This comparison is 
usually based on filtered versions of these errors or carried out over a spc:lcified 
time period that trades off the detection speed and the robustness against 
modeling errors and noise. 

Typically, models utilized for fault detection are required to be more accu
rate in the lower frequency range. The reason for this is that high frequencies 
are usually encountered during fast transient phases of the process, which do 
not last very long. In these short phases, however, detection is hardly possible 
if the measurements are disturbed because filtering must be applied to avoid 
false alarms. Of course, detection speed and sensitivity can be improved if 

2 Note that Fig. 1.1e does not cover all model-based controller design methods. For 
example, in nonlinear model-based predictive control the design block would use 
the model block for prediction or simulation of potential actuation sequences. 
This would require an arrow from the design towards the model block. The 
purpose of Fig. 1.1e is just to explain the main ideas of model-based controller 
design. 
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6 1. Introduction 

the model describes the process accurately over a larger frequency range, but 
for most applications low frequency models may be sufficient. 

One characteristic feature of fault detection systems is that the cost asso
ciated with a missed fault (no detection when a fault occurs) is several orders 
of magnitude higher than the cost of a false alarm (detection when no fault 
occurs). This implies that the system should be made extremely sensitive, 
tolerating frequent false alarms. However, the probability of a fault is usu
ally (hopefully) several orders of magnitude lower than the probability of the 
nominal case. Thus, this compensates for the above mentioned effect. Too 
many false alarms will certainly result in the fault detection system being 
switched off. A good adjustment of its sensitivity is the trickiest part in the 
development of a fault detection system. 

1.2 Tasks in Nonlinear System Identification 

Modeling and identification of nonlinear dynamic systems is a challenging 
task because nonlinear processes are unique in the sense that they do not 
share many properties. A major goal for any nonlinear system modeling and 
identification scheme is universalness: that is, the capability of describing a 
wide class of structurally different systems. 

Figure 1.2 illustrates the task of system identification. For the sake of 
simplicity, it is assumed that the process possesses only a single output. 
An extension to the case of multiple outputs is straightforward. A model 
should represent the behavior of a process as closely as possible. The model 
quality is typically measured in terms of a function of the error between the 
(disturbed) process output and the model output. This error is utilized to 
adjust the parameters of the model. 

This section examines the major steps that have to be performed for a 
successful system identification. Figure 1.3 illustrates the order in which the 

e + 

A 

Y 

Fig. 1.2. System identification: A model is adapted in order to represent the process 
behavior. Process and model are fed with the same inputs 1! = [UI U2 ... up]T, 
and their outputs y and f) are compared yielding the error signal e, which can be 
utilized for adapting the model. Note that the process output is usually disturbed 
by noise n 
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1.2 Tasks in Nonlinear System Identification 7 

& 
repr_ttatilm)i"t-----j I· 

g. 
51 

'----...,.---~----I i 
i· 

i+-----li!. 
'----...,.---~ ~ 

r 

not OK: revise 

Fig. 1.3. The system identification loop (parentheses indicate steps that are nec
essary only when dealing with dynamic systems) 

following steps have to be carried out. The parentheses indicate steps that 
are necessary only when dealing with dynamic systems. 

1. Choice of the model inputs. 
2. Choice of the excitation signals. 
3. Choice of the model architecture. 
4. (Choice of the dynamics representation.) 
5. (Choice of the model order.) 
6. Choice of the model structure and complexity. 
7. Choice of the model parameters. 
8. Model validation. 

These eight steps are discussed further in Sects. 1.2.1- 1.2.8. The complexity 
of and the need for prior knowledge in these steps typically decreases from 
Step 1 to Step 7. In the following, the term "training data" is used to char
acterize the measurement data that is utilized for carrying out Steps 1-7. 
Finally, some general remarks on the role of so-called fiddle parameters are 
given in Sect. 1.2.9. 

co
nt

ro
len

gin
ee

rs
.ir



8 1. Introduction 

1.2.1 Choice of the Model Inputs 

Step 1 is typically realized in a trial-and-error approach with the help of prior 
knowledge. In mechanical processes the influence of the different variables is 
usually quite clear, and the relevant model inputs can be chosen by available 
insights into the physics of the process. However, as the process categories 
become more complex, changing from physical laws to chemical, biological, 
economic, or even social relationships [173] the number of potential model 
inputs typically increases, and the insight into the influence of the differ
ent variables decreases. Tools for data-driven input selection might be very 
helpful in order to reduce the model development time by reducing the re
quired user interaction. Basically, the following four different strategies can 
be distinguished: 

• Use all inputs: This approach leads to extremely high-dimensional approxi
mation problems, which implies the need for a huge number of parameters, 
a vast amount of data, and long training times. Although in connection 
with regularization methods this approach might be practical if the num
ber of potential inputs is small, it becomes infeasible if the number of 
potential inputs is large. 

• Try all input combinations: Although this approach, in principle, yields 
the best combination of inputs, it is usually infeasible in practice since the 
number of input combinations grows combinatorically with the number 
of potential inputs. Even for a moderate number of potential inputs the 
computational demand would be too high. 

• Unsupervised input selection: The typical tool for unsupervised input selec
tion is principal component analysis (PCA). It makes it possible to discard 
non-relevant inputs with a low computational demand; see Sect. 6.1. PCA 
or similar techniques are very common, especially if the number of potential 
inputs is huge. The main drawback is that the PCA criterion for relevance 
of an input is based on the input data distribution only. Consequently, 
in some cases a PCA might discard inputs that are highly relevant for 
the model performance. Thus, the expected quality of unsupervised input 
selection schemes is relatively low. 

• Supervised input selection: The inputs are selected with respect to the 
highest possible model accuracy. For linear models the standard tool is 
correlation analysis. For nonlinear models supervised input selection is a 
complex optimization problem. It can either be solved by general purpose 
structure optimization techniques such as evolutionary algorithms (EAs), 
which require a huge computational demand, or model specific algorithms 
can be developed, which usually operate much more efficiently. Supervised 
input selection schemes represent the most powerful but also computation
ally most demanding approaches. 
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1.2 Tasks in Nonlinear System Identification 9 

The LOLIMOT algorithm discussed in Chaps. 13, 14, and 20 belongs to 
the last category. Alternative approaches, which are also based on a specific 
model architecture, are briefly discussed in the following. 

For neural networks, especially MLPs, numerous pruning techniques are 
available that discard nonsignificant parameters or whole neurons from the 
network; for a good survey refer to [322]. Specifically tailored for neural net
work input and structure selection are the evolution strategy (ES) proposed in 
[44] and the genetic algorithm (GA) presented in [404]; see also Chap. 5. For 
fuzzy models, evolutionary algorithms are applied for input and rule structure 
selection as well [3, 68, 133, 146, 154, 178, 232, 266, 279, 293, 372]; see also 
Sect. 12.4.4. Another common strategy is the adaptive spline modeling of ob
servation data (ASMOD) algorithm and related approaches, which are prun
ing and growing strategies for additive fuzzy models [35, 36, 49, 37, 202]; see 
also Sect. 12.4.5. In [210] an input and structure selection approach for poly
nomial models based on stepwise regression with an orthogonal least squares 
(OLS) algorithm is proposed; see Sect. 3.4. A tree construction approach for 
input selection is presented in [331, 332] for basis function networks. Such 
tree construction strategies are well known from the classification and re
gression trees (CART) [46] and the multivariate adaptive regression splines 
(MARS) [105]. Finally, genetic programming is on its way to becoming a very 
powerful but extremely computationally expensive tool for general structure 
search [213, 237, 238]; see also Sect. 5.2.3. 

1.2.2 Choice of the Excitation Signals 

Step 2 requires prior knowledge about the process and the purpose of the 
model. For black box modeling (see Sect. 1.3), the measurements are the most 
important source of information. Process behavior that is not represented 
within the data set cannot be described by the model unless prior knowledge 
is explicitly incorporated. Consequently, this step limits the achievable model 
quality and is more important than the subsequent steps.· Unfortunately very 
few tools exist and little research is devoted to this subject. Probably this 
neglect is due to the highly application specific nature of the problem. Never
theless, some general guidelines for the design of excitation signals are given 
in Chap. 17. This step is probably the one that involves the highest engineer
ing expertise. 

If the process under consideration cannot be actively excited, a train
ing data set still has to be designed by selecting a data set from the gath
ered measurements that is as representative as possible. This requires similar 
knowledge as the explicit design of an excitation signal. 

It is important to store the information about the operating conditions 
that are covered by the training data set in order to be able to assess the 
reliability of the model's predictions and possibly to avoid or at least limit 
extrapolation. 
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10 1. Introduction 

1.2.3 Choice of the Model Architecture 

Step 3 is possibly the hardest and most subjectively influenced decision. The 
following (certainly incomplete) list gives an idea about the criteria that are 
important for the choice of an appropriate model architecture. 

• Problem type: Classification, approximation of static systems, or identifi
cation of dynamic systems. 

• Intended use: The desired model properties differ according to whether the 
model is to be used for simulation, optimization, control, fault detection, 
etc. 

• Problem dimensionality: The number of relevant inputs (and outputs) re
stricts the class of suitable model architectures. 

• A vailable amount and quality of data: If data is very sparse and noisy, a 
global approach might be more successful than local ones because they 
have a higher tendency to average out disturbances. 

• Constraints on development, training, and evaluation time: The develop
ment time depends strongly on the training time and the automation level 
of an identification technique. The automation level determines how much 
user interaction is required. This often relates to the number and inter
pretability of the fiddle parameters. 
Training and evaluation time are typically in conflict. Long training times 
enable a high level of information compression (i.e., relatively small struc
tures) by the utilization of complex optimization techniques. This allows a 
fast model evaluation. An extreme case is the multilayer perceptron (MLP) 
network; see Sect. 11.2. Short training times often imply a low level of in
formation compression (i.e., relatively large structures) by the application 
of simpler optimization techniques. This requires longer model evaluation 
times. An extreme case is the general regression neural network (GRNN), 
in which no optimization is carried out at all and training just consist of 
storing all data in the memory; see Sect. 11.4.1. 

• Memory restrictions: In areas with a high number of produced units such as 
consumer products or the automotive industry, memory restrictions are still 
an important issue. In the future, however, these restrictions will lose sig
nificance since memory costs decrease even faster than computation costs. 

• Offline or online learning: While all architectures are suitable for omine 
training, online learning in a reliable and robust manner is a question 
for future research. From the current point of view only local modeling 
approaches seem to be appropriate for this task. 

• Experience of the user: Users will always prefer those models and methods 
that they have been trained on and they are used to, even if an alternative 
approach offers objective advantages. Experience of the work with a mod
eling and identification scheme is required in order to develop confidence 
in its properties and to acquire some "feeling" for its application. Conse
quently, it is very important that a modeling technique is a universal tool 
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1.2 Tasks in Nonlinear System Identification 11 

because then it can be utilized for a large number of different applications. 
The generality of neural network based approaches is one of the major 
reasons for their success. 

• Availability 0/ tools: As the complexity of software grows exponentially with 
time like the performance increase of hardware, tools become increasingly 
important in order to keep software manageable and development times 
short. 

• Customer acceptance: A key issue in acceptance of a new modeling and 
identification approach is usually at least some understanding about the 
operation of the system. This implies that the implemented models should 
be interpretable. Pure black box solutions typically are not convincing. 

1.2.4 Choice of the Dynamics Representation 

Step 4 is mainly determined by the intended use of the model. If it is to be 
utilized for one-step prediction, a NARX or NARMAX representation may be 
a good choice; see Chap. 16. For simulation the chosen model architecture and 
the available prior knowledge about the process also influence the decision. If 
very little is known, an internal dynamics approach as discussed in Chap. 21 
might be a good first attempt. Otherwise, the external dynamics approach 
is the much more common choice. Currently, the advantages and drawbacks 
of different nonlinear dynamics representations are still under investigation. 
Thus, subjective factors such as the user's previous experience with a specific 
approach play an important role. The fundamental properties of different 
dynamics representations are analyzed in Chap. 17. 

1.2.5 Choice of the Model Order 

Step 5 is typically carried out by a combination of prior knowledge and trial 
and error. With the external dynamics approach the choice for a higher dy
namic order of the model increases the dimensionality of the problem and 
hence its complexity. Compared with linear system identification, when deal
ing for nonlinear systems, the user often may be forced to accept significant 
unmodeled dynamics by choosing too Iowa model order. The reason for this 
is that a tradeoff exists between the errors introduced by neglected dynam
ics and the static approximation error. Since the overall model complexity 
is limited by the bias/variance dilemma a high dynamic order of the model 
(increasing its dimensionality) may have to be paid for by a loss in static ap
proximation accuracy. It is the experience of the author that low order models 
often suffice because the model error is dominated by the approximation error 
caused by an inaccurate description of the process nonlinearity. 

1.2.6 Choice of the Model Structure and Complexity 

Step 6 is much harder than parameter optimization. It can be carried out 
automatically if structure optimization techniques such as orthogonal least 
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12 1. Introduction 

squares (OLS) for linear parameterized models or evolutionary algorithms 
(EAs) for nonlinear parameterized models are applied. An alternative to these 
general approaches is model specific growing and/or pruning algorithms such 
as LOLIMOT for local linear neuro-fuzzy models (Chaps. 13,14, and 20), AS
MOD for additive singleton neuro-fuzzy systems (Sect. 12.4.5 and [37]), or the 
wide variety of algorithms available for multilayer perceptron networks [322]. 
Furthermore, regularization methods can be utilized for complexity determi
nation. An overview of the different approaches for structure and complexity 
optimization is given in Chap. 7, especially in Sects. 7.4 and 7.5. Although 
quite a large number of sophisticated algorithms have been developed for 
these tasks, many problems are still solved with non-automated trial-and
error approaches, especially in industry. The main reasons for the dominance 
of manual structure selection seem to be related to the following shortcomings 
of the automatic algorithms: 

• long training times; 
• large number of (partly nontransparent) fiddle parameters to determine; 
• no or limited suitability for dynamic models (particularly suited for simu

lation, not just one-step prediction); 
• limited software support in the form of toolboxes. 

With the local linear model tree (LOLIMOT) algorithm presented in 
Chaps. 13, 14 and 20, these handicaps can be significantly weakened or even 
overcome. Nevertheless, many problems of structure and complexity opti
mization are still open for future research. Step 6 seems to be the most 
promising candidate for an advantageous integration of different information 
sources such as measurement data, qualitative knowledge (e.g., in the form of 
fuzzy rules), equations obtained by first principles, etc. Step 7 is dominantly 
measurement data driven since efficient and accurate optimization techniques 
are available, while Steps 1 to 3 are primarily based on prior knowledge. Fig
ure 1.3 illustrates the importance of prior knowledge and measurement data 
for the six steps. 

1.2.7 Choice of the Model Parameters 

Step 7 is the simplest and easiest to automate. It is usually solved by the ap
plication of linear and nonlinear optimization techniques; see Part 1. While 
linear optimization techniques operate fully automatically, nonlinear opti
mization typically requires some user interaction. Depending on the chosen 
method, initial estimates of the parameters and optimization technique spe
cific parameters have to be determined by the user. Nevertheless, parameter 
optimization techniques are in a mature state. They are easy to use (almost 
in a black box fashion) and many excellent toolboxes are available; see, e.g., 
[43]. Current research focuses on problems with a huge number of parameters, 
with constraints, with multiple objectives, or with a global search goal. 
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1.2 Tasks in Nonlinear System Identification 13 

1.2.8 Model Validation 

Step 8 checks whether all preceding steps have been carried out successfully or 
not. The specific criteria utilized for making this decision are highly problem 
dependent. In many cases, the model is not the ultimate goal but rather 
serves as a basis for further steps, such as the design of a controller or a 
fault detection system. Then the proper criteria may be the performance of 
the closed-loop control or the sensitivity of the fault detection. Typically, 
however, even in these cases, before the model is used as a basis for further 
steps, the model quality is investigated directly in order to decouple the 
modeling and the subsequent design steps as far as possible. 

The easiest type of validation is to check the model quality on the training 
data. IT this does not yield satisfactory results, the model certainly cannot be 
accepted. In this case, the problem is known to not lie in insufficient training 
data or poor model generalization behavior. Rather it can be concluded that 
either information is missing (an additional input may be needed) or the 
model is not flexible enough to describe the underlying relationships. 

IT the performance achieved on the training data is acceptable, it is neces
sary (or at least desirable) to test the model on fresh test data. The need for 
this separate test data set increases the smaller and more noisy the training 
data set and the more complex the model are. The test data set should excite 
the process and the model particularly at those operating conditions that are 
considered important for the subsequent use of the model. For example, if 
the model is to be utilized for controller design the test data should excite 
especially at frequencies around the (expected) closed-loop bandwidth, while 
the steady state characteristics of a model utilized for fault detection may be 
more relevant. 

IT no separate test data set is available or in addition to the use of test 
data, other validation methods exist that are based on correlation consid
erations or information criteria. These approaches are discussed in Chap. 7. 
Furthermore, it is advisable to investigate the model's response to some sim
ple input signals such as steps with different heights and directions at different 
operating points or sinusoidal signals of different amplitudes and frequencies. 
Even if no measurement data is available for a comparison between process 
and model, the analysis of such model responses makes it possible to gain 
insights into the model's behavior. Characteristic features such as gains, time 
constants, and minimum phase behavior for different operating points can be 
inspected. Often enough prior knowledge about the process is available to 
identify unrealistic model responses and to revise the model. Many details 
may be missed by just examining the model on training and test data. 

1.2.9 The Role of Fiddle Parameters 

Fiddle parameters are parameters that are not automatically adjusted by the 
identification algorithm that is applied to the model but rather have to be 
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14 1. Introduction 

chosen by the user. Typical examples of fiddle parameters are the initializa
tion of model parameters that have to be optimized, the learning rate in a 
training method, the number of clusters, regressors, neurons, rules, etc. of 
a model, the error threshold that terminates an algorithm, etc. Virtually all 
modeling schemes possess such fiddle parameters. Basically, the user performs 
a manual optimization while playing with them and seeking their best values. 
Often when a model is revised in the system identification loop (see Fig. 1.3) 
the user changes a fiddle parameter trying to improve the design. The reasons 
for doing this manually can be twofold. Either the identification algorithm 
is not sophisticated enough to optimize these parameters automatically (be
cause this not easily possible or too time-consuming) or the objective(s) of 
optimization (loss function) cannot be properly expressed. The latter issue 
occurs quite often since typically many objectives have to be taken into ac
count (multi-objective optimization) but their tradeoffs are not very clear in 
the beginning. Thus, the user goes through a learning process or exploits his 
or her experience (implicit knowledge) by adjusting the fiddle parameters. 
Positively speaking, fiddle parameters enable the user to play with the model 
in order to adjust it to the specific problem. Negatively speaking, fiddle pa
rameters force the user into a tedious trial-and-error tuning approach, which 
slows down the model development procedure and introduces subjectiveness. 

Which one of the above formulated points of view is correct? The answer 
depends on the specific properties of the fiddle parameters. The following 
properties are desirable: 

• Decoupled fiddle parameters: A human cannot really handle more than two 
fiddle parameters at the same time3 • Therefore, the influence of the differ
ent fiddle parameters should be mainly decoupled, which allows separate 
tuning. 

• Small number of fiddle parameters: Since the model development time is 
limited the number of fiddle parameters should be small in order to allow 
the user to find a good adjustment under time restrictions. 

• High level interpretation of the fiddle parameters: An expert of the domain 
to which the process under investigation belongs should be able to interpret 
the fiddle parameters without knowing the details about the model and 
the identification algorithm. Otherwise, two experts would be required for 
modeling (the domain expert and the model and identification tool expert), 
which is unrealistic in practice. Such a high level interpretation implies 
that the fiddle parameters affect mainly the upper levels of the system 
identification loop in Fig. 1.3. An example of a high level fiddle parameter is 

3 This fact is partly responsible for the success of PI controllers, which have just 
two knobs, one for the proportional and one for the integral component. The 
manual tuning of PID controllers, which additionally possess a derivative compo
nent, is a much more difficult problem, and cannot really be carried out without 
automatic support. 
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1.3 White Box, Black Box, and Gray Box Models 15 

the model smoothness; examples of low level fiddle parameters are learning 
rate and parameter initialization. 

• Reasonable problem independent default values for the fiddle parameters: 
The user needs an orientation about the order of magnitude of the fiddle 
parameters that is problem independent. This is particularly important for 
lower level parameters with limited interpretation. Otherwise, a tedious 
trial-and-error procedure would be necessary. Furthermore, it should be 
possible to obtain a reasonably performing model with the default settings 
to give the user a quick first guess (at least an order of magnitude) about 
the model quality that can be expected. 

• Steady sensitivity and unimodal influence of the fiddle parameters: If the 
sensitivity of the fiddle parameters varies strongly, or several locally opti
mal values exist, a user would be unlikely to find a reasonable adjustment. 

When all these demands are met, the user should be capable of utilizing the 
model together with the identification algorithm in an efficient manner. 

1.3 White Box, Black Box, and Gray Box Models 

Many combinations and nuances of theoretical modeling from first principles 
and empirical modeling based on measurement data can be pursued. Basi
cally, the following three different modeling approaches can be distinguished; 
see Fig. 1.4: 

• White box models are fully derived by first principles, i.e., physical, chemi
cal, biological, economical, etc. laws. All equations and parameters can be 
determined by theoretical modeling. Typically, models whose structure is 
completely derived from first principles are also subsumed under the cate
gory white box models even if some parameters are estimated from data. 
Characteristic features of white box models are that they do not (or only 
to a minor degree) depend on data, and that their parameters possess a 
direct interpretation in first principles. 

• Black box models are based solely on measurement data. Both model 
structure and parameters are determined from experimental modeling. For 
building black box models no or very little prior knowledge is exploited. 
The model parameters have no direct relationship to first principles. 

• Gray box models represent a compromise or combination between white 
and black box models. Almost arbitrary nuances are possible. Besides the 
knowledge from first principles and the information contained in the mea
surement data other knowledge sources such as qualitative knowledge for
mulated in rules may also be utilized in gray box models. Gray box models 
are characterized by an integration of various kinds of information that 
are easily available. Typically, the determination of the model structure 
relies strongly on prior knowledge while the model parameters are mainly 
determined by measurement data. 
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16 1. Introduction 

White box 
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Fig. 1.4. White box, black box, and gray box models. The blank fields for gray 
box models can be almost any combination of white and black box models 

Figure 1.4 gives an overview of the differences between these modeling 
approaches. Most entries for gray box models are left blank because it is 
impossible to characterize the overwhelming number of different gray box 
modeling approaches or their combinations. The advantages and drawbacks 
of gray box models lie somewhere between the two extremes (white and black 
box), making them a good compromise in practice. Typically, when utilizing 
gray box models, one tries to overcome some of the most restrictive factors of 
the white and black box approaches for a specific application. For example, 
some prior knowledge may be incorporated into a black box model in order 
to ensure reasonable extrapolation behavior. 

Note that in reality pure white or black box approaches rarely exist. Noth
ing is black or white, everything is gray. Often the model structure may be 
determined by first principles but the model parameters may be estimated 
from data (light gray box), or a neural network may be used but the data 
acquisition procedure, e.g., design of excitation signals, requires prior knowl
edge (dark gray box). Thus, the transition from white through gray to black 
box approaches is fuzzy, not crisp. Usually, if prior knowledge is clearly the 
dominating factor one speaks of white box models and if experimental data is 
the major basis for modeling one speaks of black box models. If both factors 
are balanced one speaks of gray box models. This book focuses on black box 
modeling, with some outlooks towards gray box modeling. 

1.4 Outline of the Book and Some Reading Suggestions 

This books emphasizes intuitive explanations, tries to keep things as simple 
as possible, and stresses the existing links between the different approaches. 
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1.4 Outline of the Book and Some Reading Suggestions 17 

Unnecessary formalism and equations are avoided, and the basic principles 
are illustrated with many figures and examples. The book is written from an 
engineering perspective. Implementation details are skipped whenever they 
are not necessary to motivate or understand the approach. Rather the goals 
of this book are to enable the reader 

• to understand the advantages, the drawbacks and the areas of application 
of the different models and algorithms; 

• to choose a suitable approach for a given problem; 
• to adjust all fiddle parameters properly; 
• to interpret and to comprehend the obtained results; and 
• to assess the reliability and limitations of the identified models. 

The book is structured in four parts. They cover optimization issues, 
identification of static and dynamic models, and some real-world application 
examples. An elementary understanding of systems and signals is sufficient 
to easily follow most of this book. Some previous experience with function 
approximation and identification of linear dynamic systems is helpful but not 
required. Thus, this book is tailored for engineers in industry and for final 
year undergraduate or first year graduate courses. 

Part I introduces the basic principles and methods for optimization that 
are a prerequisite for an appropriate understanding of the subsequent chap
ters. Although many excellent books on optimization techniques are available, 
they usually focus on particular methods. Part I gives a broad overview of 
all optimization issues related or helpful to nonlinear system identification. 
Chapter 3 deals with linear optimization methods, and focuses on the least 
squares approach for parameter and structure optimization. Nonlinear lo
cal optimization techniques are summarized in Chap. 4 which concentrates 
on gradient-based approaches, but also covers direct search methods. The 
incorporation of constraints is briefly treated as well. Chapter 5 covers non
linear global optimization techniques and can be skipped for a first reading, 
although some issues addressed there are helpful for the understanding of 
structure optimization problems. The class of so-called unsupervised learning 
methods is treated in Chap. 6, which can also be omitted for a first read
ing. A crucial preparation for the remaining parts of the book, however, is 
Chap. 7, which deals with model complexity optimization and thus gives a 
general, independent of model type, treatment of all issues concerning the 
question: How complex should a model be? Very important and fundamental 
topics such as the bias/variance dilemma, regularization, and the curse of 
dimensionality are introduced and thoroughly explained. Dependent on the 
previous experience of the reader, Chap. 7 can be quite abstract. In this case, 
it might be better to just browse through at a first reading and to look up 
the details when addressed in the following chapters. 

Part II introduces model architectures for approximation of static sys
tems. These architectures also serve as a basis for the dynamic models: thus 
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18 1. Introduction 

the reading of at least some selected chapters is essential for proceeding fur
ther to Part III. Chapter 10 introduces the very widely applied classical 
architectures based on linear, polynomial, and look-up table models. In par
ticular, look-up table models are examined in greater detail since they are 
extremely popular in industry. Neural networks are discussed in Chap. II. 
The emphasis is on the widely applied multilayer perceptron and radial ba
sis function networks, but some other promising architectures are covered as 
well. An introduction to fuzzy logic and an analysis of the link between neural 
networks and fuzzy models towards neuro-fuzzy models are given in Chap. 12. 
Chapters 13 and 14 deal with local linear neuro-fuzzy models, which represent 
a particularly promising model architecture. Therefore, they are discussed in 
greater detail and two full chapters are devoted to them, although from an 
organization point of view they belong in Chap. 12. 

Part III extends the static models to dynamic ones. An introduction to the 
foundations of linear dynamic system identification is given in Chap. 16. In 
Chap. 17 these concepts are generalized to nonlinear dynamic system iden
tification in a way that is independent of the specific model architecture. 
The classical approaches based on polynomials are discussed in Chap. 18 and 
the neural network and fuzzy model architectures are treated in Chap. 19. 
Similar to the organization of Part II, a special chapter is devoted to local 
linear neuro-fuzzy models (Chap. 20). Finally, a different kind of dynamics 
realization for neural networks, the so-called internal dynamics approach, is 
addressed in Chap. 21 

Part IV illustrates the features of some model architectures and algo
rithms discussed in this book, with a strong focus on local linear neuro-fuzzy 
models. Chapter 22 presents several static function approximation and op
timization problems arising in the automotive electronics and control area. 
Nonlinear dynamic system identification of a cooling blast, a Diesel engine 
turbocharger, and several subprocesses of a thermal pilot plant are discussed 
in Chap. 23. Finally, an outlook to online adaptation, control, fault detection, 
and reconfiguration applied to a heat exchanger is given in Chap. 24. 

The two appendices summarize some definitions of matrix and vector 
derivatives (Appendix A), and give an introduction to some basic statistical 
relationships and properties (Appendix B). 

1.5 Terminology 

The terminology used in this book follows the standard system identification 
and optimization literature rather than the neural network language. For the 
sake of brevity the following expressions are often used although some of 
them are strictly speaking not correct . 

• Process: Used as a synonym for the plant or system under study. It can be 
static or dynamic. 
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1.5 Terminology 19 

• Linear parameters: Parameters that influence the model error in a linear 
way. 

• Nonlinear parameters: Parameters that influence the model error in a non
linear way. 

• Training: Optimization of the model structure and/or parameters in order 
to minimize a given loss function for the training data. When the emphasis 
is on structure optimization the expression learning is also used. When the 
emphasis is on parameter optimization the expression estimation is also 
used. 

• Generalization: Evaluation of the model output for an input data sample 
that is not contained in the training data set. Generalization can be inter
polation when the input is within the range covered by the training data, 
otherwise it is extrapolation. 

• Neural network (NN): Short for artificial neural network. 
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2. Introduction to Optimization 

This chapter gives an introduction to optimization from the viewpoint of 
modeling and identification. The whole of Part I deals with different opti
mization approaches that allow one to determine the model parameters and 
possibly the model structure from measurement data for a given model ar
chitecture. Suitable model architectures for static and dynamic processes are 
treated in Part II and Part III, respectively. Although there exist close links 
(some of historical character) between special model architectures and special 
optimization techniques, it is very important to distinguish carefully between 
the model on the one hand and the optimization technique used for parameter 
and structure determination on the other hand. 

Three different approaches to optimization can be distinguished. They dif
fer in the amount of information required about the desired model behavior. 
These three approaches are: 

• supervised learning, 
• reinforcement learning, 
• unsupervised learning. 

The so-called supervised learning methods are based on knowledge about 
the input and output data of a process. This means that for each input a 
desired model output, namely the measured process output, is known. In 
supervised learning the objective is to minimize some error measure between 
the process and the model behavior in order to obtain the "best" model. 
An exact mathematical formulation of the error measure in the form of a 
loss function and thus a definition of the term "best" is given in Sect. 2.3. 
Since for most problems addressed in this book the output can be measured, 
supervised learning techniques playa dominant role. Chapters 3, 4, 5, and 7 
analyze different supervised learning approaches. 

In reinforcement learning some information about the quality of the model 
is available. However, no desired output value is known for each input. Typical 
application examples are games where it is not possible to evaluate the quality 
of each move but the final result of the game (win, loss, draw) contains 
information about the quality of the applied strategy. Any supervised learning 
problem can be artificially transferred into a reinforcement learning problem 
by discarding information. For example, a pole balancing problem on the one 
hand can be treated as a supervised learning problem if the information about 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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24 2. Introduction to Optimization 
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Y Fig. 2.1. Process and model 

the deviation (error) of the pole from the desired upright position is utilized. 
On the other hand, if only the information on whether the run was successful 
or a failure is exploited, a reinforcement problem arises. Clearly, it is always 
advantageous to exploit all available information. Therefore, reinforcement 
learning techniques are not addressed in this book. They mainly become 
interesting for strategy learning where no desired output and consequently 
no error signal is available for each step. 

For unsupervised learning methods only input data is utilized. The objec
tive of unsupervised methods is grouping or clustering of data. The exploited 
information is the input data distribution. Unsupervised learning techniques 
are primarily applied for data preprocessing. They are discussed in Chap. 6. 

This chapter gives an introduction, and a brief overview of the most im
portant optimization techniques. The focus is on the application of these 
techniques to modeling and identification. Most of the methods described 
are parameter optimization techniques. In Fig. 2.1 the basic concept is de
picted from a modeling point of view. A model 10 maps the inputs gathered 
in the input vector y to the scalar output y. The model is parameterized by a 
set of n parameters gathered in the parameter vector fl such that f) = 1 (y, fl). 
The goal of a parameter optimization technique is to find the "best" approx
imation f) of the measured output y, which may be spoiled with noise n, by 
adapting the parameter vector fl. A more precise definition of "best" will be 
given in Sect. 2.3. It is helpful to look at this problem as a search for the 
optimal point in an n-dimensional parameter space spanned by the param
eter vector fl. The Chaps. 3, 4, and 5 address such parameter optimization 
techniques. 

Besides these parameter optimization techniques, so-called structure op
timization techniques represent another category of methods. They deal with 
the problem of searching an optimal model structure, e.g., the optimal kind 
of function 10 and the optimal number of parameters. These issues are 
discussed in Chap. 7 and partly addressed also in Chap. 5. 

This chapter is organized as follows. First, a brief overview on the su
pervised learning methods is given. Section 2.2 gives an illustration of these 
techniques by means of a humorous analogy. In Sects. 2.3 and 2.4 some defi
nitions of loss functions for supervised and unsupervised learning are given. 
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2.2 Kangaroos 25 

2.1 Overview of Optimization Techniques 

The supervised learning techniques can be divided into three classes: the 
linear, the nonlinear local, and the nonlinear global optimization methods. 
Out of these three, linear optimization techniques are the most mature and 
most straightforward to apply. They are discussed in Chap. 3. Nonlinear 
local optimization techniques, summarized in Chap. 4, are a well understood 
field of mathematics, although active research still takes place, especially in 
the area of constrained optimization. By contrast, many questions remain 
unresolved for nonlinear global optimization techniques, and therefore this is 
quite an active research field at the moment; see Chap. 5. Figure 2.2 illustrates 
the relationship between the discussed supervised optimization techniques. 

2.2 Kangaroos 

Plate and Sarle give the following wonderful description of the most common 
nonlinear optimization algorithms with respect to neural networks (NN) in 
[307] (comments in brackets by the author are related to Chap. 4): 

Training a NN is a form of numerical optimization, which can be linked 
to a kangaroo searching the top of Mt. Everest. Everest is the global opti
mum, the highest mountain in the world, but the top of any other really tall 
mountain such as K2 (a good local optimum) would be satisfactory. On the 
other hand, the top of a small hill like Chapel Hill, NC, (a bad local optimum) 
would not be acceptable. 

This analogy is framed in terms of maximization, while neural networks 
are usually discussed in terms of minimization of an error measure such as 
the least squares criterion, but if you multiply the error measure by -1, it 
works out the same. So in this analogy, the higher the altitude, the smaller 
the error. 

The compass directions represent the values of synaptic weights [parame
ters] in the network. The north/south direction represents one weight, while 
the east/west direction represents another weight. Most networks have more 
than two weights, but representing additional weights would require a multi
dimensional landscape, which is difficult to visualize. Keep in mind that when 
you are training a network with more than two weights, everything gets more 
complicated. 

Initial weights are usually chosen randomly, which means that the kan
garoo is dropped by parachute somewhere over Asia by a pilot who has lost 
the map. If you know something about the scales of input, you may be able 
to give the pilot adequate instructions to get the kangaroo to land near the 
Himalayas. However, if you make a really bad choice of distributions for the 
initial weights, the kangaroo may plummet into the Indian Ocean and drown. 
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2.2 Kangaroos 27 

With Newton-type (second order) algorithm [with fixed step size 'f/ = 1], 
the Himalayas are covered with fog, and the kangaroo can only see a little way 
around her location [first and second order derivative information]. Judging 
from the local terrain, the kangaroo makes a guess about where the top of 
the mountain is, assuming that the mountain has a nice, smooth, quadratic 
shape. The kangaroo then tries to leap all the way to the top in one jump. 

Since most mountains do not have a perfect quadratic shape, the kangaroo 
will rarely reach the top in one jump. Hence, the kangaroo must iterate, i.e., 
jump repeatedly as previously described until she finds the top of the mountain. 
Unfortunately, there is no assurance that this mountain will be Everest. 

In a stabilized Newton algorithm [with variable step size 'f/], the kanga
roo has an altimeter, and if the jump takes her to a lower point, she backs 
up to where she was and takes a shorter jump. If ridge stabilization [the 
Levenberg-Marquardt idea] is used, the kangaroo also adjusts the direction of 
her jump to go up a steeper slope. If the algorithm isn't stabilized, the kanga
roo may mistakenly jump to Shanghai and get served for dinner in a Chinese 
restaurant [divergence]. 

In steepest ascent with line search, the fog is very dense, and the kangaroo 
can only tell, which direction leads up most steeply [only first order derivative 
information]. The kangaroo hops in this direction until the terrain starts go
ing down. Then the kangaroo looks around again for the new steepest ascent 
direction and iterates. 

Using an ODE (ordinary differential equation) solver is similar to steep
est ascent, except that kangaroo crawls on all fives to the top of the nearest 
mountain, being sure to crawl in steepest direction at all times. 

The following description of conjugate gradient methods was written by 
Tony Plate (1993): 

The environment for conjugate gradient search is just like that for 
steepest ascent with line search - the fog is dense and the kangaroo 
can only tell, which direction leads up. The difference is that the kan
garoo has some memory of the direction it has hopped in before, and 
the kangaroo assumes that the ridges are straight (i. e., the surface 
is quadratic). The kangaroo chooses a direction to hop that is up
wards, but that does not result in it going downwards in the previous 
directions it has hopped in. That is, it chooses an upwards direction, 
moving along which will not undo the work of previous steps. It hops 
upwards until the terrain starts going down again, then chooses an
other direction. 

In standard backprop, the most common NN training method, the kangaroo 
is blind and has to feel around on the grounds to make a guess about, which 
way is up. If the kangaroo ever gets near the peak, she may jump back and 
forth across the peak without ever landing on it. If you use a decaying step 
size, the kangaroo gets tired and makes smaller and smaller hops, so if she 
ever gets near the peak she has a better chance to actually landing on it 
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28 2. Introduction to Optimization 

before the Himalayas erode away. In backprop with momentum the kangaroo 
has poor traction and can't make sharp turns. With online training, there are 
frequent earthquakes, and mountains constantly appear and disappear. This 
makes it difficult for the blind kangaroo to tell whether she has ever reached 
the top of a mountain, and she has to take small hops to avoid falling into 
the gaping chasms that can open up at any moment. 

Notice that in all the methods discussed so far, the kangaroo can hope at 
best to find the top of a mountain close to where she starts. In other words 
these are local ascent methods. There's no guarantee that this mountain will 
be Everest, or even a very high mountain. Many methods exist to try to find 
the global optimum. 

In simulated annealing, the kangaroo is drunk and hops around randomly 
for a long time. However, she gradually sobers up and the more sober she is, 
the more likely she is to hop up hill [temperature decreases according to the 
annealing schedule]. 

In a random multi-start method, lots of kangaroos are parachuted into the 
Himalayas at random places. You hope at least one of them will find Everest. 

A genetic algorithm begins like random multi-start. However, these kan
garoos do not know that they are supposed to be looking for the top of a 
mountain. Every few years, you shoot the kangaroos at low altitudes and 
hope that the ones that are left will be fruitful, multiply, and ascend. Current 
research suggests that fleas may be more effective than kangaroos in genetic 
algorithms, since their faster rate of reproduction more than compensates for 
their shorter hops [crossover is more important than mutation]. 

A tunneling algorithm can be applied in combination with any local ascent 
method but requires divine intervention and a jet ski. The kangaroo first finds 
the top of any nearby mountain. Then the kangaroo calls upon her deity to 
flood the earth to the point that the waters just reach the top of the current 
mountain. She get on her ski, goes off in search of a higher mountain, and 
repeats the process until no higher mountains can be found. 

2.3 Loss Functions for Supervised Methods 

Before starting with any optimization algorithm, a criterion needs to be de
fined that is the exact mathematical description of what has to be optimized. 
In supervised learning the error e( i) is usually computed as the difference 
between the measured process output y(i) and the model output y(i) for a 
given number N of training data samples i = 1, ... , N: the so-called training 
data set (see Fig. 2.3). Usually the measured process output y(i) is corrupted 
with noise n(i). So the actually desired output yu(i) is unknown. The most 
common choice for a criterion is the sum of squared errors or its square root, 

N 

I(fl.) = I: e2(i) with e(i) = y(i) - y(i) . (2.1) 
i=l 
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2.3 Loss Functions for Supervised Methods 29 

y(i) 

e(i) 

Fig. 2.3. Process and model for data sample i 

Since the objective is to find the minimum ofthis function I(fl), it is called 
a loss function. Linear and nonlinear optimization problems applying this 
special kind of loss function are called least squares (LS) and nonlinear least 
squares (NLS) problems. The reasons for the popularity of this loss function 
are the following. To achieve the minimum of a loss function, its gradient has 
to be equal to zero. With (2.1) this leads to a linear equation system if the 
error itself is linear in the unknown parameters. Thus, for linear parameters 
the error sum of squares leads to an easy-to-solve linear optimization problem; 
see Chap. 3. Another property of this loss function is the quadratic scaling 
of the errors, which favors many small errors over a few larger ones. This 
property can often be seen as an advantage. Note, however, that this property 
makes the sum of squared errors sensitive to outliers. 

The sum of squared errors loss function can be extended by weighting the 
contribution of each squared error with a factor, say qi, 

N 

I(fl) = L qi e2 (i). (2.2) 
i=l 

This offers the additional advantage that knowledge about the relevance of or 
confidence in each data sample i can be incorporated in (2.2) by selecting the 
qi appropriately. Problems applying this type of criterion are called weighted 
least squares (WLS) problems. 

Even more general is the following loss function definition: 

( 
N ) lip 

I(fl) = tt qi Ile(i)IIP (2.3) 

Besides p = 2 common choices for pare p = 1 (that is, the sum of absolute 
errors) and p = 00 (that is, the maximum error)l. Figure 2.4 shows the fit 
of a second order polynomial through 11 data samples by minimizing three 
different loss functions of type (2.3) with p = 1,2, and 00, respectively. 

1 Note that taking the pth root in (2.3) just scales the absolute value of the loss 
function. It is important, however, to let (2.3) converge to the maximum error 
for p -+ 00. 
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2.s.---~---------, 

2 

u 

Fig. 2.4. Fit of second order polynomials through 11 data samples for loss function 
(2.3) with p = 1,2, and 00. Higher values of p yield a higher sensitivity with respect 
to the outlier at (5,2) 

2.3.1 Maximum Likelihood Method 

It seems as if the loss functions introduced above do not make any explicit 
assumptions about the properties of the corrupting noise n. However, it can 
be shown that a sum of squared errors loss function implicitly assumes un
correlated noise n(i) (i.e., E {n(i)n(j)} = 0 for i 'I j when E{n(i)} = 0) 
with a Gaussian distribution that has zero mean and constant variance 0'2. 
Therefore, since e(i) follows the same distribution as n(i), the probability 
density function (pdf) of the error e( i) is assumed to be 

. 1 ( 1 e2 (i)) 
p (e(z)) = v'21TO'(i) exp -2" 0'2 (i) . (2.4) 

Because the errors are assumed to be independent, the maximum likeli
hood function is equal to the product of the pdfs for each sample: 

L (e(I), e(2), . .. ,e(N)) = p (e(I)) . p(e(2)) ..... p(e(N)) . (2.5) 

The optimal parameters are obtained by maxirp.izing (2.5). Utilizing the neg
ative (since the minimum, not the maximum, of the loss function is sought) 
logarithm of the maximum likelihood function in (2.5) as a loss function leads 
to 

I(!l) = -In (p(e(l))) -In (p(e(2))) - ... -In (p(e(N))) . (2.6) 

It is easy to see that for the Gaussian noise distribution with zero mean 
in (2.4), (2.6) results in the weighted sum of squared errors loss function (by 
ignoring constant factors and offsets) 

1 2 1 2() 1 2() 
I(!l) = 0'2(1) e (1) + 0'2(2) e 2 + ... + O'2(N) eN. (2.7) 

Therefore, it is optimal in the sense of the maximum likelihood to weight 
each squared error term with the inverse noise variance 0'2 (i). If furthermore 
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2.3 Loss Functions for Supervised Methods 31 

equal noise variances (T2(i) are assumed for each data sample, the standard 
sum of squared errors loss function is recovered: 

(2.8) 

In most applications the noise pdf p( n) and therefore the error pdf p( e) 
are unknown and the maximum likelihood method is not directly applica
ble. However, the assumption of a normal distribution is very reasonable and 
often at least approximately valid in practice, because noise is usually com
posed of a number of many different sources. The central limit theorem states 
that the pdf of a sum of arbitrary2 distributed random variables approaches 
a Gaussian distribution as the number of random variables increases. Thus, 
the assumption of Gaussian distributed noise can be justified and the error 
sum of squares loss function is of major practical importance. Then, the least 
squares estimate that minimizes the error sum of squares and the maximum 
likelihood estimate are equivalent. For different noise distributions other loss 
functions are obtained by the maximum likelihood principle. For example, as
sume uncorrelated noise n( i) that follows the double exponential distribution 
[73] 

p(e(i)) = 2~ exp (-,e~)I) . (2.9) 

Then the loss function obtained by the maximum likelihood principle is the 
sum of absolute errors 

I([D = le(l)1 + le(2)1 + ... + le(N)I· (2.10) 

It can also be shown that for equally distributed noise 

(e(i)) _ { 1j2c for le(i)1 ::; c 
p - 0 for le(i)1 > c 

(2.11) 

the optimal loss function in the sense of maximum likelihood is 

l(fD = max (e(l), e(2), ... , e(N)) . (2.12) 

It is intuitively clear that for noise distributions with a high probability 
of large positive or negative values ("fat tail" distributions), the optimal loss 
function should have a low sensitivity to outliers and vice versa. So for equally 
distributed noise as in (2.11) an error e(i) larger than c cannot be caused 
by noise and therefore no further outliers exist (if the noise assumption is 
correct). 

2 Some "exotic" distributions (e.g., the Cauchy distribution) exist that do not meet 
the so-called Lindeberg condition, and therefore their sum is not asymptotically 
Gaussian distributed. But these exceptions are without practical significance in 
the context of this book. 
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32 2. Introduction to Optimization 

2.3.2 Maximum A-Posteriori and Bayes Method 

It is of mainly theoretical interest that the maximum likelihood method can 
be derived as a special case from the maximum a-posteriori or from the Bayes 
method. This is because the Baysian approach requires even more knowledge 
(which usually is not available) about the process than the maximum likeli
hood method. The idea of the maximum a-posteriori and the Bayes methods 
is to model the observed process outputs y = [Yl Y2 ... YNjT and the pa
rameters f!. = [(:It B2 ... Bn]T by a joint p~obability density function (pdf) 
[81]. Thus, the parameters are also treated as random variables. The obser
vations Y are known from the measurement data. The maximum a-posteriori 
estimate is given by the parameters that maximize the conditional pdf 

(2.13) 

This pdf is known as a-posteriori pdf because it describes the distribution 
of the parameters after taking measurements y. Therefore, this estimate is 
called the maximum a-posteriori (MAP) estim-ate. It can be calculated via 
the Bayes theorem if the a-priori pdf p(f!.) is given. This a-priori pdf has to 
be chosen by the user on the basis of prior knowledge about the parameters. 
Furthermore, the conditional pdf p(ylf!.) has to be known. It describes how 
the measurements depend on the parameters. This conditional pdf is "sharp" 
if little noise is present because one can conclude with little uncertainty from 
the parameters f!. to the output y. 

The a-posterior pdf p(f!.IJL) can be calculated via the Bayes theorem 

p(f!.IJL) p(JL) = p(JL, f!.) = p(JLIf!.) p(f!.) 

to be equal to 

p(ylf!.) p(f!.) = -::-==-:----.--J p(y,f!.)df!. . 

(2.14) 

(2.15) 

With this formula the a-priori probability p(f!.) of the parameters, that is, 
the knowledge before taking measurements y, is converted to the a-posteriori 
probability p(f!.ly) by exploiting the information contained in the measure
ments. The more measurements are taken the "sharper" the a-posteriori pdf 
becomes, i.e., the more accurately the parameters f!. are described. 

The Bayes method extends the MAP approach by incorporating a cost 
function C (f!.). This cost function allows one to take into account different 
benefits and risks associated with the solutions. Note that contrary to the 
loss function J(B) the cost function C(f!.) operates directly on the parameters 
and not on the process and model outputs. Thus, with the Bayes method the 
a-posteriori pdf is not maximized. Instead the a-posteriori pdf is weighted 
with the cost function, and the Bayes estimate is obtained by 

(2.16) 
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AJaumpdou 

Prior kDOwledge available about 

th .. parameters in form oCa pdf of6 

and the cost C(6) 

No kDOwledge about the cost C(fJ) 

6 is equally diJ1ributed 

Noise hu an iDdepcDdeDt nonna1 disttibution 

Noise is white with constant variance 

Fig. 2.5. The Bayes method is the most general approach but requires detailed 
knowledge about the probability density distributions (pdfs). The maximum a
posteriori, maximum likelihood, weighted least squares and least squares methods 
follow from the Bayes method by making special assumptions [81) 

If no knowledge about the cost function CaD is available, it is reasonable 
to choose the cost function constant. Then (2.16) simplifies to the MAP 
estimate. 

In some cases the a-priori pdf p(fl.) can be chosen on the basis of previ
ous modeling attempts or prior knowledge about the process. Some model 
parameters might be known more accurately than others. This can be ex
pressed at least qualitatively in differently "sharp" a-priori pdfs. The MAP 
or Bayes estimates then preserve this prior knowledge in the sense that uncer
tain parameters are influenced more strongly by the measurements than more 
certain parameters. Therefore the MAP or Bayes estimates are methods for 
regularization, a framework explained in Sect. 7.5. Unfortunately, for many 
problems no or very little prior knowledge about the probability distribution 
of the parameters is available. Consequently, it is often reasonable to assume 
a constant a-priori pdf p(fl.), i.e., all parameters are assumed to be equally 
likely before measurements are taken. It can be shown that in this case the 
MAP and Baysian approach reduce to the maximum likelihood method. For 
more details see [301]. 

The relationships between the Bayes, maximum a-posteriori, maximum 
likelihood, weighted least squares, and least squares methods are shown in 
Fig. 2.5 [172]. If not explicitly stated otherwise, in this book the loss function 
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34 2. Introduction to Optimization 

is always chosen as the most commonly applied (possibly weighted) sum of 
squared errors. 

2.4 Loss Functions for Unsupervised Methods 

For unsupervised learning the loss functions presented above are not suitable, 
since no measured outputs y(i) are available. Therefore, the optimization 
criterion can evaluate the inputs y.(i) only. Usually the criterion is based 
on neighborhood relations. For example, in a two-dimensional input space a 
clustering algorithm may search for circles, ellipses or rectangulars of given 
or variable proportion and size. Thus, the loss function is usually a distance 
measure of the training data input samples to some geometric form, e.g., 
in the simplest case the center of their nearest cluster (Le., group of data 
samples). 
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3. Linear Optimization 

If the error between process and model output is linear in the parameters 
and the error sum of squares is applied as a loss function, a linear optimiza
tion problem arises. Also, a linear optimization problem can be artificially 
generated if the error is a nonlinear function g(.) of the parameters but the 
loss functions is chosen as a sum of those inverted nonlinearities gO-l of the 
errors. Note, however, that this loss function may not be suitable for the un
derlying problem. This approach will be discussed in more detail in Chap. 4. 
Linear optimization techniques have the following important properties: 

• a unique optimum exists, which hence is the global optimum; 
• the surface of the loss function is a hyperparabola (Fig. 3.1) of the form 

~ flT H fl + l! T fl + ho with the n-dimensional parameter vector fl, the n x n
dimensional matrix H, the n-dimensional vector l!, and the scalar ho; 

• a one-shot solution can be computed analytically; 
• many numerically stable and fast algorithms exist; 
• a recursive formulation is possible; 
• the techniques can be applied online. 

Those features make linear optimization very attractive, and it is a good 
idea to first attack all problems with linear methods before applying more 
complex alternatives. For a linear optimization problem with an error sum of 

100 
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~ 40 
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Fig. 3.1. Loss function surface of a linear optimization problem with two paramo 
eters 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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36 3. Linear Optimization 

squares loss function, the model output y depends linearly on the n param
eters ()i: 

n 

y = ()lXl + (J2 X 2 + ... + (Jnxn = L (JiXi 

i=l 

with Xi = gi (y) . (3.1) 

In statistics the Xi are called regressors or independent variables, the (Ji are 
called regression coefficients, y is called the dependent variable, and the whole 
problem is called linear regression. Note that there are as many regressors 
as parameters. The parameters (Ji in (3.1) will be called linear parameters to 
emphasize that they can be estimated by linear optimization. 

As can be seen in (3.1), only the parameters (Ji have to enter linearlyj 
the regressors Xi can depend in any nonlinear way on the measured inputs 
y. Therefore, with some a-priori knowledge, many nonlinear optimization 
problems can be transformed into linear ones. For example, with voltages 
and currents as measured inputs Ul, U2 and the knowledge that the output 
depends only on the electrical power, a linear optimization problem arises by 
taking the product of voltage and current as regressor X = Ul U2. Intelligent 
preprocessing can often reduce the complexity by simplifying nonlinear to 
linear optimization problems. 

In this chapter, first the standard least squares solution and some exten
sions are extensively discussed. Then the recursive least squares algorithm 
is introduced and the issue of constraints is briefly addressed. Finally, the 
problem of selecting the important regressors is treated in detail. 

3.1 Least Squares (LS) 

The well known least squares method was first developed by Gauss in 1795. 
It is the most widely applied solution for linear optimization problems. In 
the following, it will be assumed that i = 1, ... , N data samples {y(i), y(i)} 
have been measuredj see Fig. 2.3. The process output y may be disturbed 
by white noise n. For a detailed discussion of the assumed noise properties 
refer to Sect. 3.1.5. The number of parameters to be optimized will be called 
nj the corresponding n regressors Xl, ... ,Xn can be calculated for the data. 
The goal is to find the model output y that best approximates the process 
output y in the least squares sense, i.e., with the minimal sum of squared error 
loss function value. According to (3.1) this is equivalent to finding the best 
linear combination of the regressors by optimizing the parameters (Jl, ... , (In. 

Following this, an expression for the optimal parameters will be derived. 
First, some vector and matrix definitions are introduced for a least squares 

problem with n parameters and N training data samples: 
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y 

u e 

model 

Fig. 3.2. Polynomial model with fj = Co + Cl U + C2U2 + ... + Cm um 

[ e(l) 1 [ .(1) 1 [ .(1) 1 [ n(l) 1 e(2) y(2) y(2) n(2) 
(3.2) §.= l!..= : Q= : 11= . , 

e(N) y(N) y(N) n(N) 

[ XI (1) x,(I) ... Xn (I) 1 
~~ [~J Xl (2) X2 (2) ... Xn (2) 

(3.3) X= .. . .. . .. . 
x1(N) x2(N) ... xn(N) 

Note that the columns of the regression matrix X are the regression vec
tors 

[ 
xi(l) 1 xi(2) 

2<.i = . 

xi(N) 

for i = 1, .. . , n . 

Consequently, the regression matrix can be written as 

X = [2<.1 2<.2 . . • ~nl· 

(3.4) 

(3.5) 

The following examples illustrate how different problems can be formu
lated in this way. 

Example 3.1.1. Least Squares for Polynomials 
The common problem of fitting a polynomial of order m to data is discussed 
as a simple least squares example. The model output y is (see Fig. 3.2) 

Accordingly, the error e(k) = y(k) - y(k) becomes (see Fig. 3.3) 

e(k) = y(k) - Co - C1 U - C2 u2 - ... - Cm um . 

(3.6) 

(3.7) 
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)l(k) 

){k) 

Fig. 3.3. Linear finite impulse response filter with fj(k) = bou(k) + b1u(k - 1) + 
.. . + bmu(k - m) . q-l is the delay operator, i.e., q-1x(k) = x(k - 1) 

The regression matrix X for N measurements and the parameter vector U. 
are 

[

1 u(l) u2 (1) ... um(l) 1 
1 u(2) u2 (2) . .. um(2) 

X= . .. . . .. . . .. . 
1 u(N) u2(N) . .. um(N) 

(3 .8) 

Example 3.1.2. Least Squares for Linear FIR Filters 
Another important basic LS problem is the identification of a time-discrete 
linear dynamic process by a finite impulse response (FIR) filter . The model 
output for a one-step predictor (Sect. 16.6.1) of dynamic order m is 

fj(k) = bou(k) + b1u(k - 1) + ... + bmu(k - m). 

Accordingly, the error e(k) = y(k) - fj(k) becomes (see Fig. 3.3) 

e(k) = y(k) - bou(k) - b1u(k - 1) - ... - bmu(k - m). 

(3.9) 

(3.10) 

The regression matrix X for N measurements and the parameter vector U. 
are 

[

u(m + 1) u(m) . . . u(l) 1 
X = u(m:+ 2) u(m:+ 1) ... U~2) 

u(N) u(N - 1) . .. u(N - m) 

(3.11) 

This regression matrix is only (N - m) x n, not N x n as in the previous 
example. The reason for this is that the regressors have to be constructed 
from the inputs with time delays between 0 and m. An additional row in 
the regression matrix would require measurements of u(k) either for k > N 
(lower left entry of X) or for k < 1 (upper right entry of X), but the data 
set contains only u(k) for k = 1, . . . , N. 
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y(k) 

u(k) 

Fig. 3.4. Linear infinite impulse response filter for one-step prediction with 
B(q-l) = b1q-l+b2q-2+ .. . +bmq-m and A(q-l) = l+alq-l+a2q-2+ . . . +amq-m 

Example 3.1.3. Least Squares for Linear IIR Filters 
A more complex LS problem is the identification of a time-discrete linear dy
namic process by an infinite impulse response (IIR) filter. The model output 
for a one-step predictor (Sect. 16.5.1) of dynamic order m is 

y(k) = b1u(k-I)+ . .. +bmu(k-m) -a1y(k-I)- ... -amy(k-m) .(3.I2) 

Obviously, in contrast to the previous examples, some regressors (the y(k - i), 
i = 1, ... , m) depend on the process output. Therefore, it violates the as
sumption (3.1) that the regressors depend only on the inputs. This fact 
has important consequences; see the warning below. Accordingly, the error 
e(k) = y(k) - y(k) becomes (see Fig. 3.4)1 

e(k) = y(k) + .. . + amy(k - m) - b1u(k -1) - ... - bmu(k - m) .(3.I3) 

The regression matrix X for N measurements and the parameter vector !l 
are 

[ 

u(m) . . . u(I) -y(m) -y(I) 1 
u(m + 1) ... u(2) -y(m + 1) ... -y(2) 

u(N:- 1) ... u(N ~ m) -y(~ - 1) ... -y(tJ - m) 

X= (3.14) 

!l = [b1 ... bm a1 .. . am)T . (3.15) 

For the same reasons as in the FIR filter example above, the regression matrix 
is only (N - m) x n. 

Warning: Although it seems at first sight as if the above IIR filter ex
ample is a standard least squares problem, it possesses a special property 
that makes an analysis much harder. The regression matrix X contains mea
sured process outputs, which usually are disturbed by noise. Therefore, the 

1 This error is called the equation error, and is different from the output error 
(difference between process and model output) used in the other examples. The 
reason for using the equation error here is that for IIR filters the output error 
would not be linear in the parameters; see Chap. 16. 
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40 3. Linear Optimization 

regression matrix contains random variables and cannot be treated as de
terministic anymore. All proofs relying on a deterministic regression matrix, 
such as those leading to (3.34) and (3.35), cannot be applied since E{X} =I X. 
For a thorough discussion of this subject refer to Chap. 16. 

In the vector/matrix notation the model output can be written as fj = X fl. 
and the least squares problem becomes -

I(fl.) = ~fTf ~ mJn with f = Y. - Q = y. - X fl.. (3.16) 

Note that for convenience the loss function is multiplied by 1/2 in order 
to get rid of the factor 2 in the gradient. In some books the loss function 
is defined as -k f T f or 2~ f T f, which simply realizes a normalization by the 
number of data samples and makes the loss function equal to (half) the error 
variance. 

The loss function (3.16) is a parabolic function in the parameter vector 
fl.: 

I(fl.) 

with the quadratic term 

H=XTX, 

the linear term 

ll. = _XTy', 

and the constant term 

ho = y'Ty'. 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

The quadratic term H is the Hessian, i.e., the second derivative of the 
loss function (see below). 

Considering (3.16), the gradient of I(fl.) with respect to the parameter 
vector fl. has to be equal to zero. This leads to the famous orthogonal equa
tions, which express that at the optimum, the error f is orthogonal to all 
regressors {fi (columns of X): 

8I(fl.) = = _ XT e = - XT ( - X ()) = O. 8fl. fl - - - y. -- - (3.21) 

Figure 3.5 illustrates the orthogonal equations as a projection for the general 
n-regressor problem (a) and in more detail for a two regressor problem (b). 

The orthogonal equations lead to the least squares estimate 
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£. =l-X!!. 

x!!. ~I 

Fig. 3.5. At the optimum X fl. is closest to y and therefore the error §. is orthogonal 
to all columns (regressors) in X: a) projection of an n-regressor problem, b) a two 
regressor problem 

(3.22) 

The difference ~ between the measured output '!L and the LS estimates 

output y = X ~ is called the residual. In the ideal case (perfect model struc
ture, optimal parameters, no noise) the residuals should be zero. In practice, 
examination of the residuals can reveal many details about the estimation 
quality. Residuals close to white noise indicate a good model, since then all 
information is exploited by the model, that is, the model fully explains the 
output. For a more detailed discussion refer to Sect. 7. 

It is interesting to note that the LS estimate in (3.22) can be formulated 
in terms of correlation functions. By computing XT X = 

n ~ E;:l ~2 (i)Xl (i) ~ E;:.l x~ (i) : .. ~ Ei=l ~2 (i)xn (i) (3.23) [ 
~ E;:l x~(i) ~ E;:l Xl (i)X2(i) ... ~ E;l Xl(i)xn(i)] 

. .. . . .. . 
~ E;:l Xn(i)Xl(i) ~ E;:l Xn(i)X2(i) ... ~ E;:l x;(i) 

and computing XT'!L = 

[ 
~ E;l Xl (i)Y(i)] 
~ Ei=l X2(i)y(i) 

n . , 

~ E;:l xn(i)y(i) 

the LS estimate can be written as 

~ = corr{~, d -1 . corr{~, y} , 

(3.24) 

(3.25) 

where corr{~,~} denotes the auto-correlation matrix, which is composed of 
the auto- and cross-correlations between all regressor combinations Xi and 
Xj, 
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42 3. Linear Optimization 

[ 

corr{ Xl, xd corr{ Xl, X2} ... corr{ Xl, Xn} j 
corr{x2,xd corr{X2,X2} ... corr{X2,Xn} 

corr{~,~} = . .. . , . ... . . . . 
corr{xn, xd corr{xn, X2} ... corr{xn, xn} 

(3.26) 

and corr{~, y} denotes the cross-correlation vector, which is composed of the 
cross-correlations between all regressors Xi and the output y, 

corr{~,y} = [::l::::lj. 
corr{xn,y} 

(3.27) 

Therefore, the LS estimate can be interpreted as the cross-correlation of 
input and output divided by the auto-correlation of the input. Note that 
if the cross-correlation vector corr{~, y} is equal to zero (Q), the parameter 
estimate is zero (Q) independent of the auto-correlation matrix. Such a case 
occurs if all regressors ~i are orthogonal to the output vector y. This property 
is obvious, because the output y is approximated by a linear-combination of 
all regressors X fl., and if all these regressors are orthogonal to the output, 
the smallest possible modeling error is ~ = '!!. (see Fig. 3.5) which can simply 

be achieved by ~ = Q. 
In the least squares solution (3.22), the expression (XT X) -1 XT is called 

the pseudo inverse of the matrix X, and is sometimes written as X+. If X 
has full rank n, which of course requires at least as many measurements as 
unknown parameters (N ~ n)2, the matrix inversion can be performed. In 
practice, the data is noisy and thus the regression matrix is (almost) never 
exactly singular. Rather the condition number of the matrix XT X is decisive 
for the accuracy of a numerical inversion; see Example 3.1.4 below. Usually, 
the matrix inversion is not carried out in the form of (3.22). Rather one of the 
following, more sophisticated, approaches is used to avoid the bad numerical 
properties of a direct matrix inversion: 

• solving the normal equations XT X fl. = XT Y by Gaussian elimination or 
by forming the Cholesky decomposition of XT X, 

• forming an orthogonal decomposition of X by Gram-Schmidt, modified 
Gram-Schmidt, Householder or Givens transformations, 

• forming a singular value decomposition of X. 

For more details on these numerically advanced algorithms refer to [122]. 

2 Strictly speaking, the regression matrix must have at least as many rows as 
columns. (Recall that for the FIR and IIR filter examples the number of rows is 
smaller than N.) Moreover, this condition is not sufficient since additionally the 
columns must be linearly independent. 
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a) 
8, 

b) 

8, 8, 

Fig. 3.6. Contour lines of loss functions with diagonal Hessians. For a Hessian with 
equal eigenvalues (X = 1) the contours are perfect circles. For an eigenvalue spread 
of a) X = 2 or b) X = 5 the contours become elliptic. The gray shaded areas are 
the regions of parameter uncertainty for an optimization accuracy represented by 
the innermost contour line 

It is important to note that the matrix XT X is identical to the Hessian 
(see Appendix A) of the loss function 

H = fJ2l(fl) = XTX. 
- 8fl2 - - (3.28) I 

Thus, the Hessian has to be well conditioned in order to obtain accurate 
parameter estimates. The condition of a matrix, X, can be defined by the 
eigenvalue spread of the matrix, that is, the ratio of the largest to the smallest 
eigenvalue of H3: 

Amax x=--· 
Amin 

Example 3.1.4. Loss Function, Contour Lines and Hessian 

(3.29) 

Figure 3.6 shows the contour lines of loss functions with diagonal Hessians 
with the eigenvalue spreads Xa = 2 and Xb = 5. The corresponding loss 
functions are la(fl) = 108i + 58~ and lb(fl) = 108i + 28~, respectively. 

Note that the loss functions laUt.) and h(fl) are very special and simple 
cases but valid realizations of the general loss function form IJ..T AIJ.. + !llJ.. + c 
with a diagonal A and Q = Q, and c = 0. 

Owing to numerical errors the optimal parameter value 'lopt (here at (0,0)) 
can not be expected to be reached exactly. However, some loss function value 
close to the minimum will be reached, e.g., the most inner contour line. While 
81 can be determined quite accurately for any point within the most inner 
contour line (gray shaded area), the parameter (h is estimated J2 or V5 

3 Note that the Hessian H is symmetric and therefore all eigenvalues are real. 
Furthermore, the eigenvalues are non-negative because the Hessian is positive 
semi-definite since H = XT X. If X and thus H are not singular (Le., have full 
rank), the eigenvalues are strictly positive. 
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44 3. Linear Optimization 

times more inaccurately. The ratio of the achieved accuracy for ()2 and ()l is 
given by ..;x. A redundant parameter could not be determined at all, since 
the corresponding ellipse axis expands to infinity and the Hessian is rank 
deficient (has rank n -1), i.e., is singular and therefore not invertible. In that 
case the condition number would be X = 00 because the smallest eigenvalue 
Am in = O. The solution would be a line instead of a point in the parameter 
space. 

3.1.1 Covariance Matrix of the Parameter Estimate 

As shown above, the parameters may be estimated with different accuracy. 
It is possible to describe the accuracy of the estimated parameters by its 
covariance matrix 

where 

~ = (XT Xr 1 XT'}L and E{~} 
when E{X} = X, i.e., X is deterministic. 

Therefore 

~ - E{~} = (XT Xr1 XT ('}L - E{'}L}) . 

(3.30) 

(3.31) 

(3.32) 

Since from Fig. 3.13 y - E{y} = y - E{y + rr} = y - y = rr, the 
- - - -u --u 

parameter estimate is related to the noise properties. Thus, (3.30) becomes 

cov{~} = E { ((XT X) -1 XTrr) ((XT X) -1 XTrr) T} 

= (XT X)-l XTE{rrrrT}X(XTX)-l (3.33) 

because the Hessian is symmetric: (XT X) T = XT X. If n is white noise with 
variance a2 , then E{rrrrT} = a21 (E{n(i)n(i)} = a2 and E{n(i)n(j)} = 0 for 
i -:j:. j. Finally, the covariance matrix of the estimated parameters becomes 

(3.34) I 

Note that the diagonal entries ofthis symmetric matrix give the variances 
of the parameter estimates. Hence, good models are obtained if the regressors 
{fi are large and the noise variance a is small, that is, the signal to noise ratio 
is large. Note that the covariance matrix of the parameters is proportional 
to liN if the entries in XT X increase linearly with N. Thus, by collecting 
"enough" data any noise level can be compensated. FUrthermore, - X is the 
derivative of the error ~ with respect to the parameters fl. representing the 
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3.1 Least Squares (LS) 45 

sensitivity with respect to fl.. Consequently, the variance of the parameters is 
smaller the more sensitive the error is to these parameters. If the error tends to 
be independent of some parameter, this parameter cannot be estimated, that 
is, its variance will tend to infinity. The practical benefit of (3.34) lies more in 
the obtained feeling for the relative accuracy of the parameter estimates than 
in the absolute values within cov{~}. It allows one to compare the accuracy 
of different parameters of one estimation or of different estimations. 

If one is interested in the absolute values of cov{~} an estimate of 0'2 is 
required. Because the noise variance is usually unknown, it must be estimated 
from the residuals with the following unbiased estimator of 0'2 [360]: 

~T~ 2I@ 
= N-n N-n' (3.35) I 

The denominator in the above formula represents the degrees of freedom 
of the residuals, that is, the number of data samples minus the number of 
parameters. It is wise to use these estimates carefully since they are based on 
the assumption of additive white measurement noise and a correctly assumed 
model structure. These assumptions can be quite unrealistic. Especially, con
siderable errors due to a structural mismatch between process and model can 
be expected for almost any application. 

Example 3.1.5. Parameter Variances 
In Example 3.1.4 presented above, the Hessians were chosen to 

H =[100] 
=-a 0 5 [10 0] and Hb = 0 2 . 

With (3.34) this leads to parameter variance estimates of vara{Od = 
1 2 {OA } _ 1 2 d {OA } _ 1 2 {OA } _ 1 2 t' I 
10 0' , varb 1 - 10 0' an vara 2 -"5 0' , varb 2 - 2" 0' , respec 1ve y. 
Due to the diagonal structure of the Hessians (indicating orthogonal regres-
sors), the covariances COV{Ol,02} and cov{02,Od are equal to zero. 

3.1.2 Errorbars 

The concept of errorbars is very important because it allows one to estimate 
the accuracy of a linear parameterized model. From a practical point of view, 
a model is virtually useless without an estimate of its accuracy. An indica
tor that qualifies the model's precision for a given input is highly desirable. 
Such information can be exploited in various ways. For example, a controller 
can be designed in such a way that it acts strongly in operating regimes and 
frequency ranges where the model is good and acts weakly (carefully) where 
the model is inaccurate. The prediction of a model can be discarded if it is 
too inaccurate. For predictive control, an optimal prediction horizon may be 
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46 3. Linear Optimization 

determined in dependency on the model quality. For each input the most 
accurate model can be chosen from a bank of models with different architec
ture or complexity. Many active learning algorithms that add further training 
data in order to gain a maximum amount of new information on the process, 
are based on the estimated model quality. 

The concept of error bars takes the input data applied for training into 
account. Generally speaking, a model that was estimated from data can be 
expected to be good in regions where the data was dense and to be poor 
in regions where the data was sparse. As described by (3.34), the linear 
parameters of a model can be estimated only with a certain variance, given 
finite and noisy data. Obviously, the parameter covariance matrix cov{&} 
determines the accuracy of the model output for a given input: 

cov{Q} E { (Q - E{Q}) (Q - E{Q}) T} 
= E { (X (& - E{&} )) (X (& _ E{&} ) ) T} 
= X E { (& - E{&}) (& _ E{&} ) T} XT . 

Thus, the covariance matrix of the model output Q is 

cov{Q} = X cov{&} XT . 

(3.36) 

(3.37) 

Since the diagonal entries of cov{y} represent the variances of the model 
output E{y2(i)} for each data sampl; in X, the errorbars can be defined as 
Q plus and minus the standard deviation of the estimated output, that is, 

Q ± Vdiag (cov{Q}). (3.38) I 

These error bars allow the user to compare the expected model accuracy 
for different input data. Therefore, they can serve as a tool for designing a 
good training data set. The errorbars represent just a qualitative measure of 
the parameter and model accuracy. In order to compute quantitative confi
dence intervals, i.e., intervals in which the parameters and outputs lie with 
some given probability, the noise distribution must be known. Usually a Gaus
sian pdf is assumed and then (3.38) would represent the one-sigma interval, 
which covers the model output with 52% probability. Typically, a 1.96 times 
wider interval is considered, which covers the model output with about 95% 
probability; see [73). 

Example 3.1.6. Errorbars and Missing Data 
In order to illustrate the effect of missing data on the error bars , the following 
function 
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25~------------~------~ 

-S(k---_-----:l----z----.r----r·o 
u 

Fig. 3.7. Approximation of the function y = 0.5u2 + 5u + 2 by a second order 
polynomial. The training data is equally distributed in [0, 10J. The dotted curves 
represent the errorbars. Note that the estimated model error increases close to the 
boundaries of the training data. This effect is due to missing training data left from 
o and right from 10. For extrapolation these errorbars increase further 

B) b) 
2SOr-------~------------_, 2S~------------~------~ 

-5,1I'I---_-----1,---z---;-----('0 -S(k---_-----:l----z----.r---To 
u u 

Fig. 3.8. a) No training data is available in the interval (3, 7). b) No training data 
is available in the interval (7, 1OJ. The estimated model error increases in those 
regions where no training data is available; see Fig. 3.7. Note that the errorbars 
in (b) are much larger than in a although more data is missing in a. The reason for 
this is that extrapolation occurs in (b) for u > 7 

y = 0.5u2 + 5u + 2 (3.39) 

will be approximated by a second order polynomial from 1000 noisy data 
samples equally distributed in [0, 10]. Figures 3.7 and 3.8 demonstrate three 
different cases with all data available (Fig. 3.7), missing data in the middle 
region (Fig. 3.8a), and missing data at the boundary (Fig. 3.8b) . Obviously 
missing data in the middle region is not so problematic as close to the bound
ary, since global approximators (such as polynomials) are able to fill these 
data holes by interpolation. Note that local approximators (such as fuzzy sys
tems) are much more sensible in this respect, and their errorbars in Fig. 3.8a 
would be much larger. 

The error bars allow the estimation of the model accuracy for a given 
input. It is important to note that these estimations are calculated under 
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48 3. Linear Optimization 

the assumption of a correct model structure. The model errors are solely 
due to the fact, that the estimated parameters do not correspond to their 
(theoretically) optimal values, which could be estimated from infinite noise
free data. In practice, however, large modeling errors may also occur due to 
a structural mismatch between process and model. These errors are not (and 
cannot be) included in the errorbars. They have to be taken into consideration 
by the user. Essentially, only knowledge about the process allows a reasonable 
assessment of the model quality. 

3.1.3 Orthogonal Regressors 

An important special case of the least squares solution (3.22) results for 
mutually orthogonal regressors, Le., ~T{fj = 0 for i"l- j. Then the Hessian H 
becomes 

(3.40) 

because in the matrix H = XT X all off-diagonal terms are inner products 
between two distinct regressors {f[ {fj (i "I- j), which are equal to zero when 
the regressors are mutually orthogonal; see also (3.23). 

Therefore, the inversion of the Hessian is trivial: 

-1 (T) -1 . (1 1 1 ) H = X X = d1ag -T-' -T-' "', -T-
{f1 {f1 {f2 {f2 {fn {fn 

(3.41) 

For orthonormal regressors (Le., {f[ {fi = 1), (3.40) and (3.41) even simplify 
to the identity matrix H = H-1 = L From (3.41) it is obvious that for 
orthogonal regressors no matrix inversion is necessary. This property is used 
quite often (see Sect. 3.4); it is illustrated in Fig. 3.9. The optimal parameter 
estimate then becomes 

a) b) 

Fig. 3.9. Contour lines for loss functions with a) non-orthogonal and b) orthog
onal regressors. If the regressors are orthogonal (i.e., the Hessian has orthogonal 
columns) the minimum can be reached by performing subsequent single parameter 
optimizations. This significantly reduces the complexity of the problem. For non
orthogonal regressors, subsequent single parameter optimization steps approach the 
minimum but do not reach it. The closer to orthogonality the regressors are, the 
better conditioned the Hessian is, and the faster such a staggered parameter opti
mization procedure will converge to the minimum 
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~ = (XTX)-l XTlL = diag (-i--, -i--, ... , -i-) XTy. (3.42) 
Ji.l Ji.l Ji.2 Ji.2 Ji.n Ji.n -

Consequently, each parameter (}i in fl. can be determined separately by 

A Ji.[ Y 
(}i = ~ . (3.43) 

Ji.i Ji.i 

The optimal parameter estimate Bi depends only on the single regressor 
Ji.i and the measured output y. There is no correlation between the different 
regressors. Therefore, it can be concluded that for non-orthogonal regressors 
the inverse Hessian H- 1 decorrelates the correlated regressors. 

Besides the obvious computational advantages of orthogonal regressors 
another benefit emerges. Since each parameter can be estimated separately, 
one can include or remove regressors without affecting the other parameter 
estimates. This allows one to incrementally build up complex models with 
many parameters from simple models with only a few parameters in a very 
efficient manner; see Sect. 3.4. 

From local basis function approaches (see Sect. 11.3) often nearly orthog
onal regressors arise, that is, the scalar product of two regressors is close 
but not identical to zero. Although such problems do not simplify as shown 
above, at least the Hessian be can expected to be well conditioned owing to 
the approximate orthogonality. It is apparent from Fig. 3.9 that subsequent 
single parameter optimization steps approach the minimum rapidly if the 
regressors are close to orthogonal. In these cases, the standard least squares 
solution may be computationally more expensive than iterative single pa
rameter optimization steps, in particular when it is sufficient to reach the 
minimum roughly. Also, other iterative linear optimization schemes such as 
the LMS benefit from almost orthogonal regressors by increased convergence 
speed. 

3.1.4 Regularization / Ridge Regression 

The problem of poorly conditioned Hessians often becomes severe if the num
ber of regressors is large. It is well known that the probability of poor condi
tioning increases with the matrix dimension. Therefore, the variance of the 
worst estimated parameters increases with increasing model flexibility. There 
exists a fundamental tradeoff between the benefits of additional regressors 
due to higher model flexibility and the drawbacks due to increasing estima
tion variance; see Chap. 7. Also, poorly conditioned Hessians may arise if 
the process is not properly excited. It is obvious that the input data must 
be chosen in such a way that the influence of all regressors shows up in the 
output, otherwise they cannot be separated from each other. 

Since neural networks and fuzzy systems usually utilize a large number 
of parameters, serious variance problems must be tackled. Methods for con
trolling the variance are called regularization techniques. Some of them are 

co
nt

ro
len

gin
ee

rs
.ir



50 3. Linear Optimization 

discussed in Chap. 7. In the context of least squares approaches, the following 
regularization method is very common. The loss function is extended to 

(3.44) 

The idea behind the additional penalty term Qlfll2 is remarkably simple. 
Those parameters that are not important for solving the least squares prob
lem are driven toward zero in order to decrease the penalty term. Therefore, 
only the significant parameters will be used, since their error reduction effect 
is larger than their penalty term. The level of significance is adjusted by the 
choice of Q. For Q ~ 0 the standard least squares problem is recovered, while 
Q ~ 00 forces all parameters to zero. The loss function (3.44) will (for posi
tive Q) always lead to a biased least squares solution with smaller variances 
than (3.22). This approach is called ridge regression in statistics. Following 
the derivation as in (3.16)-(3.22), the regularized LS problem leads to the 
following parameter estimate: 

(3.40) I 

Since Q is added to all diagonal entries of the Hessian XT X, its eigenvalues 
Ai, i = 1, ... ,n, are changed. While the addition of Q influences the significant 
eigenvalues (Ai» Q) negligibly, the small eigenvalues (Ai « Q) are virtually 
set to Q. Therefore, the condition of the Hessian can be directly controlled 
by Q via 

Amax 
Xreg ~ --. 

Q 
(3.46) 

A parameter is said to be significant or effective if its corresponding eigen
value is larger than Q, and it is non-significant or spurious for eigenvalues 
smaller than Q. 

Example 3.1.7. Ridge Regression: Matrix Condition 
The eigenvalue spread of the Hessian 

[ 100 0 ] 
H = 0 0.01 

is X = 10000. With Q = 1 the modified Hessian becomes 

[ 100 0] [1 0] [101 0 ] H reg = 0 0.01 + 1 0 1 = 0 1.01 

with an eigenvalue spread of only Xreg ~ 100. 
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Fig. 3.10. Contour lines for loss the function (3.48) with different regularization 
parameters 0. Higher regularization parameter values lead to more "circle-like" 
contour plots with a minimum closer to the origin 

Example 3.1.8. Ridge Regression: Contour Lines 
This example illustrates the influence of ridge regression on the shape of the 
loss function. The following loss function is considered: 

(3.47) 

The contour lines of this loss function are depicted in Fig. 3.lOa. The 
minimum is at fl ~ [0.86 0.29jT. Ridge regression with the regularization 
parameter a leads to the following loss function: 

I(fl, a) = {fh - 1)2 + 2 ((h - 0.5)2 + (h(h + a ((J~ + (J~) . (3.48) 

Figures 3.lOb-d show the effect that a has on the shape of the contour 
lines. As a increases, the minimum of the loss function tends to [0 0] and the 
lines of constant loss function values change from ellipses to circles, that is, 
the Hessian becomes better conditioned. 

Since for problems with many regressors the Hessian is usually poorly 
conditioned, ridge regression is a popular method for the reduction of the 
estimation variance. It is a very simple and easy to use alternative to the 
subset selection methods described in Sect. 3.4. The price to be paid for 
this approach is an increasing estimation bias with increasing a (similar to 
subset selection with a decreasing number of regressors) and the necessity 
for an iterative approach in order to find good values for a. Various studies 
discuss the determination of an optimal a [73]. Note, however, that it will 
be computationally prohibitive to handle very large problems (i.e., with very 
many regressors) with ridge regression, since the matrix inversion has cubic 
complexity. In these cases, subset selection techniques have to be applied. 
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Example 3.1. 9. Ridge Regression for Polynomial Modeling 
In order to illustrate the benefits gained by ridge regression, the approxima
tion of the following function by a polynomial from a small, noisy data set is 
considered: 

(3.49) 

Figure 3.11a shows the true function and the equally distributed 40 train
ing data samples corrupted by white Gaussian noise with variance 0.1. Under 
the assumption that no knowledge about the special structure of (3.49) is 
available, it is reasonable to start with a first order polynomial and then to 
increase the polynomial order step by step. Finally, a fourth order polynomial 
leads to good results; see Fig. 3.11b. The estimated coefficients are summa
rized in Table 3.1. Since the data set is small and quite noisy, the estimated 
coefficients deviate considerably from their true values. It might be possible 
to detect that the original function does not depend on u l ; however, the es
timation of the quadratic term C2 = -0.3443 certainly does not reveal the 
independence from u2 • 

Applying ridge regression to this approximation problem leads to better 
or worse solutions depending on the regularization parameter u. Figure 3.12a 
shows the obtained error sum of squares for different values of u. Starting 
from the least squares solution with u = 0 first, for increasing u the variance 
decrease overcompensates the bias increase. The minimum is realized for u ::::J 

0.1, and represents the best bias/variance tradeoff; see Sect. 7.2. A further 
increase of the regularization parameter degrades the approximation quality 
again. Table 3.1 summarizes the estimated coefficients for the optimal value of 
u. They are much closer to their true values than in the least squares case, and 
consequently the obtained loss function is much smaller; see also Fig. 3.12b. 
Moreover, the structure of the original function can be guessed, because Cl ::::J 

C2 ::::J O. Therefore, the model complexity (Le., number ofregressors) could be 
reduced by a second standard least squares estimation procedure that takes 
only the three significant regressors [1 u3 u4 ] into account. Such an approach 
is an alternative method for regressor selection. A comparison with a subset 
selection technique is presented in Sect. 3.4. 

Regularization with ridge regression is a special case of the so-called 
Tikhonov regularization where instead of the identity matrix 1. a general 
matrix L.. is used in (3.44) and (3.45) [376]. As discussed above, the choice 
L.. = 1. drives the non-significant parameter toward zero. Often L.. is chosen as 
a discrete approximation of the first or the second derivative of the model. 
Then the Tikhonov regularization drives the parameters toward values that 
represent a constant (zero gradient/first derivative) or linear model (zero cur
vature/second derivative). By this strategy it is thus possible to incorporate 
prior knowledge on the model into the optimization procedure [188]. 
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Table 3.1. Comparison of standard least squares and ridge regression 

True value Least squares Ridge regression 

with Q = 0.1 

Co 1.0000 1.0416 0.9998 

Cl 0.0000 -0.0340 0.0182 

C2 0.0000 -0.3443 0.0122 

C3 1.0000 1.0105 0.9275 

C4 1.0000 1.4353 1.0475 

Error sum of squares 0.0854 0.0380 

a) b) 
3.S 3. 

3 

model 

O.S true function 

Olf __ -------L~------~ 
-O.SI.---*-r---jr--_.,.---l 

u u 

Fig. 3.11. a) True function (3.49) and noisy data used for training. b) Approxi
mation of (3.49) by a fourth order polynomial estimated by standard least squares 

a) 

8 

JIO >1 

J 

10 >20!--A'"::---,.'-,------,...,...-.,..,.----J 
0.2 0.4 0.6 0.8 

a 

b) 

u 

Fig. 3.12. a) Loss function obtained by ridge regression in dependency of the 
regularization parameter Q. The optimal value 0.1 represents the best bias/variance 
tradeoff. b) Approximation of (3.49) by a fourth order polynomial estimated by 
ridge regression with the optimal regularization parameter Q = 0.1 
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3.1.5 Noise Assumptions 

Up to now the role of the noise n in Fig. 2.3 has not been thoroughly discussed. 
It is obvious that the optimal estimate ~ is dependent on the noise properties. 
It can be shown that the least squares estimate in (3.22) is the best linear 
unbiased estimate (BLUE) of the true parameters ftopt if the noise is white. 
This means that the covariance matrix of the estimated parameters (3.34) is 
the smallest of all possible linear unbiased estimators. If the white noise is also 
Gaussian then there does not even exist a better nonlinear unbiased estimator 
[360]. Note, however, that generally there may exist better nonlinear or biased 
estimators. 

If the noise is not white, it is intuitively clear that the noise properties 
have to be considered in the estimation. Indeed, the LS estimator in (3.22) is 
only the BLUE if the noise signal contains no exploitable information, i.e., n 
is white noise, or the process output can be measured undisturbed (n = 0). 
Otherwise the BLUE is 

(3.50) I 

with the covariance matrix of the noise D = cov{nl For white noise with 
variance (J2 the covariance matrix of the noise signal is (J2 I and therefore 
(3.50) equals the linear least squares approach (3.22). By (3.50) information 
about the noise signal is exploited for the parameter estimation. Intuitively 
(3.50) can be interpreted as follows. Data corrupted with large noise levels, 
i.e., high values in the covariance matrix, is regarded as less reliable than data 
corrupted with small noise levels. Therefore, the more disturbed the data is, 
the less it contributes to the estimation due to the inversion of D in (3.50). 
This concept becomes clearer under the assumption of a diagonal structure 
of the noise covariance matrix: 

D = [n~, n~, ::: ~ 1 
o 0··· DNN 

(3.51) 

Then each measurement i (i = 1, ... , N) is weighted with 1/ Dii . 

Although (3.50) can improve the estimation quality considerably if the 
noise is highly correlated, the major problem in practice is to determine the 
noise covariance matrix D. Very often no a-priori knowledge about noise prop
erties is available. Usually either simply white noise is assumed, which leads 
to (3.22), or the noise is modeled by a linear dynamic filter with unknown 
filter coefficients driven by a white noise signal; see Fig. 3.13. The filter pa
rameters may be estimated by the LS residuals, and subsequently the noise 
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e 

" y 

Fig. 3.13. Modeling of noise n by a filtered white noise signal v 

covariance matrix can be computed. The extra effort with this approach, 
however, is usually justified only for highly disturbed measurements. 

Example 3.1.10. Noise Assumptions 
This short example will illustrate which benefits can be obtained by taking 
knowledge about noise properties into account. The task is to estimate the 
coefficients of a second order polynomial y = Co + Cl U + c2u2 based on 21 
disturbed, equally distributed measurements between u = 0 and u = 10. The 
disturbance is a white noise signal with a standard deviation proportional to 
u; see Fig. 3.14. 

Table 3.2 compares the estimated coefficients obtained by three estima
tors. The first one is a standard least squares estimator that ignores the noise 
distribution. Consequently, all data samples are weighted equally. The sec
ond estimator follows (3.50), where n is a diagonal matrix that reflects the 
correct standard deviations of the disturbance. Therefore, the data samples 
with small values of u are weighted higher than those with large values of 
u. As Table 3.2 reveals, this leads to a significant improvement in parameter 
estimation quality. The last column in the table demonstrates what happens 
in the worst case, that is, the noise assumptions are totally wrong (the as
sumed matrix n is the inverse of the true matrix). Obviously, the parameter 
estimate is very poor because the estimation is based primarily on the highly 
distributed measurements. 

This example clearly has a very artificial nature. In practice, good es
timates of n will be hard to obtain. However, any assumption on the noise 
properties that is closer to reality than the assumption that all measurements 
are equally disturbed, will improve the estimation quality. 

3.1.6 Weighted Least Squares (WLS) 

As mentioned in Sect. 2.3, a weighted least squares (WLS) criterion can be 
applied. The most general sum of weighted squared errors loss function is 
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u 

Fig. 3.14. Second order polynomial y = -3 + u - 0.01u2 and disturbed measure
ments. The disturbance is a white noise signal with a standard deviation propor
tional to u 

Table 3.2. Comparison of least squares estimates with correct, wrong, and no noise 
assumptions 

Coefficients True values Without noise With correct noise With wrong noise 

Co -3.0000 

1.0000 

-0.0100 

1 
l(ft) = "2 ~TQ~ 

assumptions 

-2.8331 

0.9208 

-0.0913 

assumptions 

-2.9804 

1.0138 

-0.0106 

assumptions 

-2.0944 

0.6283 

-0.0674 

(3.52) 

with the weighting matrix Q. In most cases the weighting matrix has a diag-
onal structure -

Q = [Q~' Q~, ::: ~ 1 
o 0··· QNN 

(3.53) 

and (3.52) becomes equal to (2.2). Then each single squared error value e(i) 
is weighted by the corresponding matrix entry Qii in Q. The general solution 
to the weighted least squares optimization problem is 

(3.54) I 

For Q = qI, (3.54) recovers the standard least squares solution (3.22). 
The weighted least squares approach is used in all situations where the data 
samples and therefore the corresponding errors have different relevance or im
portance for the estimation. Assume, for example, a function approximation 
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problem with small tolerances in one region and lower precision requirements 
in some other region. This task can be solved with WLS by choosing high 
weighting factors for all data samples in the small tolerance region and small 
weights in the other region. 

Since many program packages provide sophisticated algorithms for nu
merical calculation of the pseudo inverse (XT X) -1 XT, it is useful to note 
how (3.54) can be expressed in this form. If Q is a diagonal matrix, its square 
root can be computed by taking the square root of all entries, and the matrix 

can be written as Q = R vq" since QT = Q. Then with the transforma-

tion X = ~X and therefore XT = XT R and with M, = /'Q1!.., (3.54) 
A ( _ T _ ) -1 - T 

can be written as fl. = X X X M,. 
The covariance matrix of the estimated parameters cannot be obtained 

directly by replacing X in (3.34) with X because the weighting in y has to be 
considered in the derivation (3.31-3.33); see Sect. 3.1.1. Rather the covariance 
matrix of parameters estimated with WLS becomes 

(3.55) 

Comparing (3.50) with (3.54) leads to the conclusion that a weighted least 
squares approach with white noise assumption is identical to a standard (non
weighted) least squares approach with colored noise assumptions if Q = n-1 , 

that is, the weighting matrix is equal to the inverse of the noise covariance 
matrix. This relationship becomes intuitively clear by realizing that it must 
be reasonable to give highly disturbed data (large values in n) small weights 
and vice versa. Thus, the relevance of data (how important is it?) and the 
reliability of data (how noisy is it?) are treated in exactly the same way by 
the LS estimation. 

3.1. 7 Least Squares with Equality Constraints 

Sometimes some of the parameters of a linear optimization problem are 
known to be dependent on each other. Then the parameters cannot be esti
mated directly by LS because the optimal parameters obtained by (3.22) do 
not necessarily meet these constraints. If inequality constraints are consid
ered, the optimization problem becomes more difficult; see Sect. 3.3. However, 
for equality constraints it can be solved easily. Equality constraints are, for 
example, fh = fh or (h = O2 + 03 or 01 - O2 = 5 or combinations of such 
equations. Each of these equations reduces the degrees of freedom of the 
model. Thus, the number of free parameters is equal to the number of nom
inal parameters minus the number of constraints. Thus, in order to be able 
to solve such a linearly constrained linear optimization problem, the num
ber of constraints must be smaller than the number of nominal parameters 

co
nt

ro
len

gin
ee

rs
.ir
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n. If the number of constraints is equal to the number of nominal parame
ters, all parameters are fully determined by the constraints, and actually no 
optimization problem remains to be solved. 

A linear optimization problem with linear equality constraints can be 
formulated as the following linear optimization problem [360]: 

with the linear equality constraints 

A~=Q. 

(3.56) 

(3.57) 

Each equation in the linear equation system (3.57) represents one con
straint. Thus, the number of rows of A. and the dimension of Q must be 
smaller than n. There exist two alternative solution strategies for this kind 
of problem. 

The indirect way is to substitute the linear dependent parameters in (3.56) 
by the equations (3.57). Then an unconstrained linear optimization problem 
with n - rank{A} parameters arises, which can be solved directly by L8. 

The identical result can be obtained with the direct solution by performing 
the constrained optimization with Lagrange multipliers. This leads to the 
following parameter estimate [360]: 

~ ~ -1 T ( -1 T) -1 ( ~ ) ~onstr = ~unconstr - H A A H A A ~unconstr - Q • (3.58) 

where ~unconstr is the unconstrained L8 estimate in (3.22) and H-1 = XT X is 
the inverse Hessian. For a linearly constrained weighted least squares ~¥,!constr 
is the weighted L8 estimate in (3.54), and correspondingly H- 1 = X Q x. 

3.1.8 Smoothing Kernels 

So far the model has been described as a linear combination of the regres
sors. The regressors are the columns in the regression matrix X j they are 
weighted with the parameters in ~ and finally summed up to compute the 
model output. In matrix/vector formulation the model output is thus: 

Q=X~. (3.59) 

It is interesting to eliminate the parameter vector in (3.59) with optimal 

LS solution ~ = (XT Xr1 X T'!!.. in order to obtain the direct relationship 
between the measured process outputs and the model outputs 

(3.60) 
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5 

Fig. 3.15. The linear function to be approximated by the models (a) and (b) 

While in (3.59) the measured process outputs enter only indirectly via 
the optimal parameter vector~, their influence is more obvious in (3.60). The 
relationship between y and y is linear since both the model and the estimator 
are linear. The N x N matrix s.. determines the contribution of each measured 
output value to each model output value. To clarify this relationship it is 
helpful to analyze a single row of (3.60): 

y(j) = Sjly(1) + sj2y(2) + ... + sjNy(N) = §.]'!L, (3.61) 

where Sji denote the entries of s.., and the vector §.] is the row in s.. represent
ing the jth measurement. Obviously, the model output can be interpreted as 
a filtered or smoothed version of the process output measurements. For this 
reason the §.f (rows of s..) are called the smoothing kernels. The model output 
is a smoothed version of the measured output because usually the number of 
parameters is smaller than the number of measurements (n < N), and thus 
the degrees of freedom are reduced. 

The smoothing kernels are of considerable interest because they allow one 
to analyze the effect of each measurement on the model. An often desired 
property of the smoothness kernels is that they are local, i.e., the influence of 
two measurements decreases with increasing distance of the two correspond
ing inputs. The following example illustrates the insights that can be gained 
by an analysis of the smoothing kernels. 

Example 3.1.11. Global and Local Smoothing Kernels 
Two different one-dimensional models y = f(u) will be considered for 31 
input values equally distributed in [-5,5]. The task is to approximate the 
simple linear function 

y = u/l0 + 0.5 , (3.62) 

which transforms the input in [-5, 5] to output values between 0 and 1; see 
Fig. 3.15. 

Example (a) is a simple linear model, 
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Fig. 3.16. The regressors for a) the linear model and b) the RBF network model 

fj = (h + (hu, (3.63) 

with the regressors 1 and u shown in Fig. 3.16a. Example (b) is a Gaussian 
radial basis function (RBF) network with ten neurons placed equidistantly 
in the input space (see Sect. 11.3) 

10 

fj = 2:(J; exp (-(u - i + 5.5)2) (3.64) 
i=l 

with the regressors shown in Fig. 3.16b. 
The most important difference that can be observed from Fig. 3.17 is that 

the smoothing kernels of the linear model possess global character while the 
RBF network's smoothing kernels are local in the sense that the influence 
of measurements decreases with increasing distance between y and fj. The 
interpretation of the smoothing kernels is as follows. 

The thick line in Fig. 3.17a2 represents the influence of measurements of 
y between 0 and 1 (corresponding to u = -5 ... 5) on the model output fj = 0 
(corresponding to u = -5). If the measurement is made in the neighborhood 
of u = -5 it effects the model positively, i.e., a larger measurement value 
for y increases the model output fj, too. However, right of y ~ 0.65 the 
effect becomes negative, i.e., a larger measurement value for y decreases the 
model output fj. This is because a larger measurement far to the right tends 
to increase the slope of the line, and such an increased slope decreases the 
model output far to the left. Because the smoothing kernels are global, all 
measurements influence the model output everywhere. For online adaptive 
systems such a property is usually not desirable, and local smoothing kernels 
as for the RBF network are better suited. 

3.2 Recursive Least Squares (RLS) 

In the previous section it was assumed for derivation of the least squares 
solution that all the data samples {1!( i), y( in entering X and '!L had been 
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Fig. 3.17. The smoothing kernels for a) the linear model and b) the RBF network 
model. The upper plots (al and bl) show the entries of the smoothing matrix $... 
The lower plots (a2 and b2) show two smoothing kernels (rows of $..) corresponding 
to different model outputs 

previously recorded. When the L8 method is required to run online in real 
time, a new algorithm needs to be developed, since the computational effort of 
the L8 method grows with the number of data samples collected. A recursive 
formulation of the L8 method, the so-called recursive least squares (RLS), 
calculates a new update for the parameter vector ~ each time new data comes 
in. The RL8 requires a constant computation time for each parameter update, 
and therefore it is perfectly suited for online use in real time applications. 

The basic idea of the RL8 algorithm is to compute the new parame
ter estimate ~(k) at time instant k by adding some correction vector to 
the previous parameter estimate ~(k - 1) at time instant k - 1. This cor
rection vector depends on the new incoming measurement of the regressors 
~(k) = [xl(k) x2(k) ... xn(k)]T and the process output y(k). Note that in 
the previous and following text, ~i denotes an N-dimensional vector that 
represents the ith regressor (ith column in the regression matrix X). In con
trast, here ~(k) denotes the n-dimensional vector of all regressors at time 
instant k. 

It can be easily shown (see e.g. [171]) that the RL8 update is 

~(k) = ~(k - 1) + P(kk(k)e(k) (3.65) 

co
nt

ro
len

gin
ee

rs
.ir
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with P-1(k) = P-1(k - 1) + ;£(k)J?(k), 

where P-1(k) = XT(k)X(k) is an approximation of the Hessian iI based 
on the already processed data, and thus P-1(k) is proportional to the co
variance matrix of the parameter estimates; see (3.34). The vector ;£(k) is 
the new measurement for all regressors and e(k) = y(k) - ;£T(k)~(k - 1) is 
the one-step prediction error, that is, the difference between the measured 
process output y(k) and the predicted output y(klk - 1) = ;£T(k)~(k - 1) 
with a parameter vector based on all old measurements. Thus, the amount 
of correction is proportional to the prediction error. After starting the RLS 
algorithm, usually the initial parameter vector ~(O) is a poor guess of the op
timal one, flopt, and a large parameter correction takes place. The algorithm 
then converges to the optimal parameter values. The initial value of P(k) is 
usually chosen as P(O) = aI with large values for a (say 100 or 1000), be
cause this leads to high correction vectors and therefore to fast convergence. 
Another interpretation of P(O) is that it represents the uncertainty of the 
initial parameter values gathered in ~(O), because P is proportional to the 
parameter covariance matrix. Consequently, a should be chosen large, if little 
prior knowledge about the initial parameters is available and ~(O) is assumed 
to be considerably different from flopt. 

There is another intuitive way of examining the RLS algorithm in (3.65). 
As will be seen in Chap. 4, (3.65) has the same form as any gradient-based 
nonlinear optimization technique. The term -;£(k) e(k) is the gradient for the 
new measurement; it is equivalent to the gradient expression in (3.21) for a 
single data sample. Therefore, the RLS correction vector is the negative of 

~ -1 
the (approximated) inverse Hessian P(k) = H (k) times the gradient. As 
will be seen in Chap. 4, this is equivalent to the Newton optimization method. 
Since the loss function surface is a perfect hyperparabola, the Newton method 
converges in one single step. Thus, the RLS can be seen as the application 
of Newton's method in each time instant, and it reaches the global minimum 
of the loss function within each iteration step (provided that the influence of 
the initial values is negligible). 

While the RLS is a recursive version of Newton's method applied to a 
linear optimization problem, what corresponds to the famous steepest descent 
method (see Chap. 4)? Since steepest descent follows the opposite gradient 
direction it can be obtained by simply replacing the (approximated) inverse 
Hessian in (3.65) by a step length 'f/ (strictly speaking by 'f/I). This results in 
Widrow's least mean squares (LMS) method: 

~(k) = ~(k - 1) + 'f/;£(k) e(k). (3.66) 

The relationship between the linear optimization algorithms RLS, LMS 
on the one hand and the nonlinear optimization techniques of Newton and the 
steepest descent type on the other hand are summarized in Table 3.3. First 
order methods use only gradient (first derivative) information, while second 
order methods also use curvature (second derivative) information. The LMS 
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Table 3.3. Relationship between linear recursive and nonlinear optimization tech
niques 

Derivative information Linear optimization Nonlinear optimization 

First order 

Second order 

LMS 

RLS 

Steepest descent method 

Newton's method 

algorithm (3.66) converges much slower than the RLS, since all information 
about the surface curvature available in iI is not exploited. A similar state
ment holds in the nonlinear optimization case for the steepest descent and 
Newton methods; see Sect. 4.4. However, it is of much lower computational 
complexity and therefore can be applied for faster processes in real time. 
Sometimes even ;f(k) is replaced by sign (;f(k)) to save the multiplication 
operation in (3.66). 

3.2.1 Reducing the Computational Complexity 

The RLS in (3.65) requires the inversion of the Hessian iI or P, respectively. 
Therefore, the complexity ofthis algorithm is O(n3 ), with n being the number 
of parameters. Thus, it is not feasible for fast processes or many parameters 
in real time. By applying a matrix lemma (see e.g., [171]) the RLS in (3.65) 
can be replaced by the following algorithm: 

~(k) = ~(k - 1) + 1(k)e(k) , e(k) = y(k) - ;fT(k)~(k - 1) (3.67a) 

1 
1(k) = ;fT(k)£(k -I);f(k) + 1 P(k - I);f(k) (3.67b) 

P(k) = (I -1(k) ;fT(k)) P(k - 1). (3.67c) 

The recursive weighted least squares (RWLS) where the weighting of data 
;f(k) is denoted as q(k) becomes 

~(k) = ~(k -1) + 1(k)e(k) , (k) = y(k) - ;fT(k)~(k -1) 
1 

1(k) = ;fT(k)£(k -I);f(k) + I/q(k) P(k -I);f(k) 

P(k) = (I -1(k);fT(k)) P(k -1). 

(3.68a) 

(3.68b) 

(3.68c) 

This algorithm is of complexity O(n2 ), and is most widely applied in 
control engineering applications for online system identification. Some nu
merically improved versions of (3.67a-3.67c) such as UD-composition-based 
algorithms or discrete square root filtering in information form (DSFI) are 
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also popular; see e.g. [176]. Note that in all those algorithms, P does not 
need to be inverted explicitly since it is computed directly in (3.67c). How
ever, because the complexity of (3.67a-3.67c) depends on the square of the 
number of parameters it is still out of reach for fast signal processing ap
plications in telecommunications, such as adaptive filters in mobile digital 
phones with sampling times around 1 ms and large moving average filters 
with about 1000 parameters. In recent years extensive research has been car
ried out on so-called fast RLS algorithms. An RLS algorithm is called fast 
if it has a linear complexity in n, i.e., O(n). It is very impressive that even 
the O(n2 ) algorithm in (3.67a-3.67c) contains enough redundancy to allow 
such a speed-up. The problem with fast RLS algorithms is that, by removing 
all (implicitly existing) redundant information from (3.67a-3.67c), numerical 
instabilities increase dramatically. Most fast RLS algorithms are numerically 
unstable. But recently, robust fast lattice and QR-decomposition-based RLS 
algorithms have been developed that exploit internal feedback for numeri
cal stabilization; see [140] for a detailed description of fast RLS algorithms. 
Nevertheless, these fast RLS algorithms are 6-7 times computationally more 
demanding than the simple LMS algorithm. This is the price to be paid for 
much faster convergence. 

3.2.2 Tracking Time-Variant Processes 

The discussed RLS algorithm generally converges to the optimal parameter 
vector. For long times (k --t 00) the rate of convergence will slow down as 
P approaches zero. This is no problem when dealing with stationary envi
ronments, i.e., time-invariant processes. However, the RLS is often applied 
to non-stationary systems, as e.g. in adaptive control. Then not convergence 
to (constant) optimal parameters is of interest but rather tracking of time
varying parameters. Good tracking capability can be ensured by preventing 
that P becomes too small. This is done by the introduction of a forgetting fac
tor A $ 1. Data, j samples ago, is weighted by Ai, i.e., exponential forgetting 
is applied, by changing the RLS algorithm to 

~(k) = ~(k - 1) + -y(k)e(k) , e(k) = y(k) - ~T (k)~(k - 1) (3.69a) 

1 
'1(k) = ~T(k)E.(k _ 1)~(k) + A P(k -1)~(k) (3.69b) 

P(k) = ~ (L - '1(k) ~T (k)) P(k - 1) . (3.69c) 

The recursive weighted least squares with exponential forgetting where 
the data ~(k) is weighted with q(k) becomes 

co
nt

ro
len

gin
ee

rs
.ir



3.2 Recursive Least Squares (RLS) 

~(k) = ~(k - 1) + 'Y(k)e(k) , e(k) = y(k) - {fT (k)~(k - 1) 
1 

'1(k) = !f?(k)E(k _ 1){f(k) + >./q(k) P(k - 1){f(k) 

P(k) = X (I - '1(k) {fT(k)) P(k -1). 

65 

(3.70a) 

(3.70b) 

(3.70c) 

The forgetting factor>' is usually set to some value between 0.9 and 1. 
While>. = 1 recovers the original RLS without forgetting where all data 
is weighted equally no matter how far back in the past, for>. = 0.9 new 
data is 3, 8, 24 and 68 times more significant than old data 10, 20, 30 and 
40 samples back, respectively. The adjustment of >. is a tradeoff between 
high robustness against disturbances (large >.) and fast tracking capability 
(small >.). This tradeoff can be made dynamically dependent on the quality 
of the excitation. If the excitation is "rich," that is, provides significant new 
information, >. should be decreased and otherwise increased. For more details 
on adaptive tuning of the forgetting factor refer to [86, 92, 101, 207]. By 
this procedure a "blow-up" of the P matrix can also be prevented as it may 
happen for constant>. and low excitation, since then P(k-l){f(k) approaches 
zero and therefore in (3.69c) P(k) ~ t P(k - 1). 

3.2.3 Relationship between the RLS and the Kalman Filter 

The Kalman filter is very closely related to the RLS algorithm with forgetting. 
Usually the Kalman filter is applied as an observer for the estimation of states 
not parameters. However, formally the parameter estimation problem can be 
stated in the following state space form: 

fl(k + 1) = fl(k) 
y(k) = {fT(k)fl(k) + e(k) 

where e(k) is a white noise signal disturbing the model output. 

(3.71a) 

(3.71b) 

Thus, (3.71a) is only a dummy equation generated in order to formally 
treat the parameters as states. Since the parameters are assumed to be time 
variant, this property has to be expressed in some way. This can be done by 
incorporation of a noise term in (3.71a): 

fl(k + 1) = fl(k) + Q(k) 
y(k) = {fT(k)fl(k) + e(k) 

(3.72a) 

(3.72b) 

where Q(k) is an n-dimensional vector representing white noise with an n x n
dimensional covariance matrix V (n is the number of parameters). Thus, the 
time variance of the parameters is modeled as a random walk or drift [360]. 
The covariance matrix V is typically chosen diagonal. The diagonal entries 
can be interpreted as the strength of time variance of the individual parame
ters. Thus, if a parameter is known to vary rapidly, the corresponding entry 
in V should be chosen to be large and vice versa. This procedure allows one to 
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control the forgetting individually for each parameter, which is a significant 
advantage over the RLS, where only a single forgetting factor A can be chosen 
for the complete model. If no knowledge about the speed of the time-variant 
behavior is available, the covariance matrix V can be simply set to G. A 
forgetting factor A = 1 is equivalent to V = Q (no time-variant behavior). 
Generally, small values for A correspond to large entries in V and vice versa. 
This relationship becomes obvious from the Kalman filter algorithm as well: 

~(k) = ~(k -1) + l(k)e(k) , e(k) = y(k) - ;r,T(k)~(k -1) (3.73a) 
1 

l(k) = ;r,T(k)£.(k _ l);r,(k) + 1 P(k - l);r.(k) (3.73b) 

P(k) = (I -l(k) ;r,T(k)) P(k - 1) + V. (3.73c) 

With weighting the Kalman filter is 

~(k) = ~(k - 1) + l(k)e(k) , e(k) = y(k) _;r,T (k)~(k - 1) 
1 

l(k) = ;r,T(k)£.(k _ l);r,(k) + l/q(k) P(k - l);r,(k) 

P(k) = (I - 'Y(k);r,T (k)) P(k - 1) + V. 

(3.74a) 

(3.74b) 

(3.74c) 

Indeed for A = 1 and V = Q, the RLS and the Kalman filter are equiv
alent. In the Kalman filter algorithm the adaptation vector 'Y(k), which de
termines the amount of parameter adjustment, is called the Kalman gain. In 
the Kalman filter algorithm the P matrix does not "blow up" exponentially 
as with the RLS but according to (3.73c) only linearly P(k) ::::i P(k - 1) + V 
in the case of non-persistent excitation (Le., ;r,(k) = Q). 

3.3 Linear Optimization with Inequality Constraints 

Linear optimization problems with linear inequality constraints can be for
mulated as 

-21eHfl. + l?fl. + ho -+ min (3.75) 
~ 

with the linear inequality constraints 

(3.76) 

Note that this is the same type of problem as considered in Sect. 3.1.7 
except that in (3.76) inequality not equality constraints have to be satisfied. 
Such problems arise for example in linear predictive control, where the loss 
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a) b) 

Fig. 3.1S. Linear optimization with linear inequality constraint. a) Constraint is 
not active since the minimum of the unconstrained optimization problem can be 
realized. b) Constraint is active and the minimum lies on it 

function represents the control error and possibly the actuation signal power. 
The constraints may represent bounds on the actuation signal and its deriva
tive and possibly operating regime restrictions of the process. Such linear 
optimization problems can be efficiently solved with quadratic programming 
(QP) algorithms [117]. 

For the optimization of (3.75), (3.76) two phases can be distinguished [43]. 
First, a feasible point must be found, i.e., a point that meets all constraints. 
Second, this point is taken as the initial value in an iterative search proce
dure for the minimum. Most quadratic programming algorithms are so-called 
active set methods. This means that they estimate the active constraints at 
the minimum. Figure 3.18 shows one example for an active and inactive con
straint. If more constraints are involved, usually some of them are active at 
the feasible minimum and some are not. In each iteration of the QP algo
rithm the parameter vector and the estimate of the active constraints are 
updated. See [43, 117] for more details. Linear optimization problems with 
linear inequality constraints can be solved so robustly and efficiently that 
they are utilized in real-world predictive control applications in the chemical 
and process industry. 

3.4 Subset Selection 

Up to now linear least squares problems have been discussed in the context of 
parameter optimization. The n regressors, which are the columns in matrix 
X, were assumed to be known a priori, and only the associated n parameters 
were unknown. This section deals with the harder problem of structure or 
subset selection, that is, the determination of the proper ns regressors out 
of a set of n given regressors. The monograph [246] and the article [57] treat 
this subject extensively. 

The measured output '!!. can be described as the sum of the predicted 

output 'P.. = X ~ and the prediction error ~ (see Sect. 3.1) 

(3.77) 
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68 3. Linear Optimization 

or in expanded form 

[:m] = [::m ::m ... ::gl] [~:] + [:gl] 
y(N) Xl (N) x2(N) ... xn(N) On e(N) 

(3.78) 

Now, (3.78) will be examined more closely. The task is to model the mea
sured output 11 by a linear combination of regressors!Ki (X = [!Kl!K2 ... !KnD. 
The output y can be seen as a point in an N-dimensional space, and the 
regressors !Ki -are vectors in this space that have to be combined to approach 
y as closely as possible; see Fig. 3.5. In general it will require n = N (that is, 
one regressor for each measurement) linear independent regressors to reach y 
exactly. Such an interpolation case, where the number of parameters equals 
the number of measurements, is not desirable for various reasons; see Chap. 7. 
Rather the goal of modeling is usually to find a set of regressors that allows 
one to approximate y to a desired accuracy with as few regressors as possible. 
This means that the most important or most significant regressors out of a 
set of given regressors are searched. These type of problems arise, e.g., for 
finding the time delays in a linear dynamic system, finding the degree of a 
polynomial or the basis functions in an RBF network. From these examples, 
the importance and wide applicability of subset selection methods becomes 
obvious. 

There are only two restrictions to the application of the subset selection 
techniques described below. First, the model has to be linear in the param
eters. Second, the set of regressors from which the significant ones will be 
chosen must be precomputed. This means that all regressors are fixed during 
the selection procedure. There exists an important case, namely the search 
for fuzzy rules, where this second restriction is violated; see Chap. 12. If 
these restrictions are not met, a linear subset selection technique cannot be 
applied. Nevertheless, other approaches (e.g., genetic algorithms) can be uti
lized; refer to Sect. 5.2. However, these other techniques do not reach by far 
the computational efficiency of the linear regression-based methods discussed 
below. 

3.4.1 Methods for Subset Selection 

The subset selection problem is to select ns significant regressors out of a set 
of n given regressors. The most obvious solution is to examine all candidate 
regressor combinations. However, this requires one to estimate 2n -1 different 
models, which is such a huge number for most applications that this brute 
force approach is not feasible in practice except for very simple problems. 
In the following, the three main strategies for efficient subset selection are 
discussed: 
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3.4 Subset Selection 69 

• forward selection, 
• backward elimination, 
• stepwise selection. 

The most common approach to subset selection is the so-called forward 
selection. First, each single regressor out of all n possible ones is selected and 
the performance with each of these regressors is evaluated by optimizing the 
associated parameters. Then the regressor that approximated y best, i.e., the 
most significant one, is selected. This regressor and its associated parameter 
will be denoted as!!i.A and e A, respectively. Second, the part of JL not explained 

bY!!i.A can be calculated as '!LA = '!L -!!i.A eA. Next, each of the remaining (not 
selected) n - 1 regressors is evaluated for explaining '!LA' Again this is done 
by optimizing the associated parameters. This second selected regressor and 
its associated parameter will be denoted as !!i.B and eB , respectively. Now, 
'!LB = '!LA - !!i.BeB has to be explained by the non-selected regressors. This 
procedure can be performed until ns regressors have been selected. It is very 
fast, since only n - i + 1 times a one-parameter estimation is required at step 
i. However, the major drawback of this approach is that no interaction be
tween the regressors is taken into account. So the parameters of the selected 
regressors are estimated by subsequent one-parameter optimizations while 
the correct solution would require to optimize all parameters simultaneously; 
see Figs. 3.9 and 3.19. Only if all regressors are orthogonal no interactions 
will take place and this approach would yield good results. Since orthogonal
ity of the regressors cannot be expected (not even approximately) in most 
applications the above algorithm usually yields poor results. A solution to 
these difficulties would be to estimate all parameters simultaneously. How
ever, this would require n one-parameter estimations for the first step, n - 1 

a) 

~ ~ /~ 
YJ?) -- --------~ 

.!l .!lof1) .!lof2) 

b) 

~ ~~ -- i~ 
.!l .!lOl .!lo f) 

Fig. 3.19. Non-orthogonal and orthogonal regressors!!1.l and !!1.2: a) If the regressors 
are non-orthogonal the optimal parameter °11) for !!1.l as the only regressor and IW) 
for !!1.l and !!1.2 as joint regressors are not identical. This implies that selecting a 
new regressor requires the recomputation of all parameters. b) If the regressors are 
orthogonal the optimal parameters IW) and tW) are identical, that is, the regressors 
do not interact with each other and therefore the parameters of all regressors can 
be calculated independently 
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70 3. Linear Optimization 

two-parameter estimations for the second step, n - 2 three-parameter esti
mations for the third step, and so on. The required computational effort for 
this approach becomes unacceptable for a large number of selected regressors 
ns· 

A logical consequence of the difficulties discussed above is making the 
regressors orthogonal to eliminate their interaction. This approach is called 
forward selection with orthogonalization. However, since the number of given 
regressors n is usually quite large and the number of selected regressors ns is 
small, it would be highly inefficient to orthogonalize the full regression matrix 
X. An efficient procedure is as follows. First, the most significant regressor is 
selected. Next, all other (not selected) n - 1 regressors are made orthogonal 
to the selected one. In the second step of the algorithm, the most significant 
of the remaining n - 1 regressors is again selected and all n - 2 non-selected 
regressors are made orthogonal with respect to the selected one, and so on. In 
contrast to the approach described above, owing to the orthogonalization, the 
regressors no longer interact. This means that the optimal parameter values 
associated to each selected regressor can be determined easily; see Sect. 3.1. 
Since all remaining regressors are made orthogonal to all selected ones in 
each step of the algorithm, the improvement of each selectable regressor is 
isolated. This orthogonal least squares algorithm is the most common strategy 
for subset selection. Therefore, a mathematical formulation is given in the 
following paragraph. 

Example 3.4.1. Illustration of the Forward Subset Selection 
This simple example will illustrate the structure selection problem. Given are 
N = 3 data samples and a three column regression matrix X: 

[ ~g~l = [:~g~ ::~g ::g~l' [:~l + [:g~l· 
y(3) Xl (2) X2 (2) X3 (2) (h e(3) 

(3.79) 

Because the desired output y can be reached exactly with the three inde
pendent regressors in X the error ~ is equal to Q. For y and X the following 
numerical values are assumed: -

(3.80) 

Figure 3.20 depicts the vector of desired outputs y. Now, the task is to 
select one regressor in X and to optimize the corresponding parameter 8i in 
order to approximate y as closely as possible. As Fig. 3.20b shows, regressor 
3 with 83 = 3 is the most relevant for modeling y. The second important 
regressor is given by column 2 with 82 = 2; see Fii 3.20c. Finally, the least 
relevant regressor is number 1 with 81 = 1; see Fig. 3.20d. This analysis is 
so simple because the regressors are orthogonal to each other. Therefore, it 
is possible to determine the influence of each regressor and its corresponding 
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a) . __ .- """ 

<., 1 .---'- ~",'~ 

r~4" 0 0 

Fig. 3.20. Illustration of the subset selection problem for N = 3 data samples and 
three orthogonal regressors 

optimal parameter separately. Because, in practice, usually the regressors 
are not orthogonal, most linear structure selection techniques are based on 
an orthogonalization of the columns in X. In this toy example, the number 
of data samples was chosen as N = 3 to allow a visualization. In practice, 
however, the number of data samples is usually much larger than the number 
of selected regressors. Then an over-determined linear equation system has to 
be solved, and the desired output y cannot be reached exactly by the linear 
combination of the selected regressors. 

An alternative to forward selection is the so-called backward elimination. 
Instead of increasing the number of selected regressors step by step, in back
ward elimination the algorithm starts with all n regressors and removes the 
least significant regressor in each step. Such an approach may be favorable 
for problems where ns ~ n. It is, however, not reasonable if ns ~ n, as is the 
case in most applications. 

Another possibility is to combine forward selection and backward elimi
nation into the so-called stepwise selection. At each iteration, before a new 
regressor is selected, all already selected regressors undergo some statistical 
significance test, and those regarded as insignificant are removed from the 
model. Of course, stepwise selection is much more advanced and complex 
than simple forward selection or backward elimination. However, in [73] it 
is the recommended subset selection technique owing to its superior perfor-
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72 3. Linear Optimization 

mance. Note that precaution must be taken in order to avoid cycling, that 
is, the selection and elimination of the same regressors over and over again. 

The forward selection method (the same is valid for backward elimina
tion) is based on the selection of the most significant regressor in each step. 
This means that in each step the performance improvement is maximized. It 
is important to note that such an approach does not necessarily lead to the 
optimal choice of regressors. In general the solution will be suboptimal. The 
only way to guarantee the global optimum is by exhaustive search, which has 
already been ruled out owing to its excessive computational demand. There 
exist two common extensions to the discussed selection methods that address 
this suboptimality problem. One possibility is to check at each step in the 
algorithm the significance of all previously selected regressors by some statis
tical test. A very simple idea is to remove a previously selected regressor if it 
degrades the performance less than the improvement by the newest selected 
regressor. Another alternative that extends these ideas is the use of sequential 
replacement algorithms. At each step all regressors are systematically checked 
for replacement with another (not already selected) regressor. Such a replace
ment is carried out if it improves the performance. At the point where no 
further improving replacement can be found a new regressor is added, and 
the procedure starts again. Although these algorithms often select a superior 
set of regressors, in many applications the simple orthogonal least squares for 
forward selection will be a good choice with a reasonable tradeoff between 
performance in terms of model accuracy and computational complexity, in 
particular for large n and ns. 

3.4.2 Orthogonal Least Squares (OLS) for Forward Selection 

The following description of the orthogonal least squares (OLS) approach for 
forward selection is taken mainly from [57, 58]. Note that in the literature 
OLS is sometimes the abbreviation for ordinary least squares (in contrast to 
weighted least squares etc.), but here it will be used only as orthogonal least 
squares. The starting point is 

(3.81) 

The OLS method involves the transformation of the set of regressors <f.i 
into a set of orthogonal basis vectors, and thus makes it possible to calculate 
the individual contribution to the desired output variance from each basis 
vector. The regression matrix X can be decomposed into X = V R, where R 
is an n x n triangular matrix of the following structure: 

1 Tl2 T13 ... TIn 

0 1 T23 ... T2n 

R= 0 0 (3.82) 

Tn-In 

0· .. 0 1 
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3.4 Subset Selection 73 

and V is an N x n matrix with orthogonal columns :!Li (V = [:!Ll :!L2 ••. :!LnD 
such that VTV = S. where S. is diagonal with entry Si = :lLiT:!Li' 

The space spanned by the set of orthogonal basis vectors :!Li is the same 
as the space spanned by the set of f!;.i' Therefore, (3.81) can be written as 

(3.83) 

with a transformed parameter vector 'l2. that is related to the original param
eter vector !l. by satisfying the following triangular system: 

R!l. = 'l2.. (3.84) 

The solution of (3.83) is given by 

'l2. = (VTVr1 VT~ = s.-lVT~ (3.85) 

or 

with i = 1, ... , n. (3.86) 

Any orthogonalization method like Gram-Schmidt, modified Gram
Schmidt, Householder, or Givens transformations [122] can be used to derive 
(3.84). The simplest but numerically least sophisticated Gram-Schmidt or
thogonalization method is applied in the following. The numerical robustness 
of the implemented algorithm is not of major importance for this problem, 
since only the significant ns regressors should be selected, which usually leads 
to well conditioned matrices. Solving the full n-dimensional system (3.84), 
however, would generally require numerically more robust techniques. Before 
the explicit algorithm is introduced, note that the output variance (assuming 
zero mean) is given by 

~ ~ T ~ = ~ t 19~ :!Li:!Li + ~!2 T!2, 
i=l 

(3.87) 

since :!Li and :!Lj are orthogonal (and certainly :!Li and !2 are orthogonal). The 
above equation for the output variance can be derived by multiplying (3.83) 
with itself and dividing by the number of measurements N. It can be seen 
from (3.87) that -k 19~ :!Li:!Li is the part of the output variance explained by 
regressor :!Li' A regressor is significant (important for modeling the output) if 
this amount is large. Therefore, the error !2 is reduced by regressor :!Li by the 
following error reduction ratio: 

19? v'! v· 
erri = I "'4 -I 

~T~ 
(3.88) 

Utilizing the conventional Gram-Schmidt orthogonalization, the forward 
subset selection procedure can be summarized as follows. In the first step, 
for i = 1, ... ,n compute (the iteration index is denoted as (.) (i) 
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74 3. Linear Optimization 

V(i) = X. 
-1 -., 

(i) T 
(i) _ 1!.1 Y 

191 - (i) T (i) , 
1!.1 1!.1 

( i») 2 (i) T (i) 
(i) 191 1!.1 1!.1 

err1 = T 
~ ~ 

Find the largest error reduction ratio 

with i = 1, ... ,n 

and select the regressor associated with the number i1 

(ill 
1!.1 = 1!.1 = ;[.il . 

(3.89) 

(3.90) 

(3.91 ) 

(3.92) 

(3.93) 

At the kth step (k = 2, ... , ns), for i = 1, ... , n with ii-i1, ... , ik-1 compute 
T 

(i) 1!.j ;[.i 
rjk =~ 

1!.j 1!.j 

k-1 

with j = 1, ... ,k - 1, 

(i) _ '" (i) 
1!.k -;[.i - ~ r jk 1!.j , 

j=l 

(i) T 
(i) _ 1!.k Y 

19k - (i) T (i) , 
1!.k 1!.k 

(19(i»)2 V(i) T V(i) 
(i) k -k -k 

errk = T 
~ ~ 

Find the largest error reduction ratio 

(3.94) 

(3.95) 

(3.96) 

(3.97) 

erriik ) = mrx (errii») with i = 1, ... ,n and i i- i 1 , ... ,ik-1 (3.98) 

and select the regressor associated with the number i k : 

k-1 
_ (ik) _ '" (ij) 

1!.k - 1!.k - ;[.ik - ~ r jk 1!.j. 
j=l 

(3.99) 

The basis vectors are orthogonalized in (3.95), where the original regressors 
;[.i are transformed to the new ones 1!.i. This is done according to the Gram
Schmidt method by subtracting a linear combination of all previously or
thogonalized regressors. The same idea is utilized in the so-called innovation 
algorithms known from statistics and system identification. For every newly 
incoming piece of data the actual information content (the innovation) is cal
culated: innovation = new data - prediction of the new data based on the 
existing data. For example, an innovation is equal to zero if the newly incom
ing data can be perfectly predicted by the already existing data, that is, the 
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3.4 Subset Selection 75 

new data contains no useful information. Dealing with innovations simplifies 
the algorithms since all innovations are mutually uncorrelated (orthogonal 
when interpreted as vectors). 

There exist several ways to terminate this subset selection algorithm. 
Either the number of regressors to be selected (n s ) can be predetermined, or 
the algorithm can be stopped if the amount of unexplained output variance 
drops below some limit c: 

n. 

1 - Lerr;i;) < c. 
j=1 

(3.100) 

Another alternative is to stop when the improvement for selecting a new 
regressor is below some threshold. Then it must be taken into account that 
the error reduction ratios for k = 1, ... , ns are not necessarily monotonically 
decreasing. Furthermore, some information criterion (Chap. 7) can be chosen 
to terminate the algorithm. 

Example 3.4.2. OLS for Polynomial Modeling 
For a simple demonstration of the OLS algorithm, the ridge regression ex
ample 3.1.9 can be utilized. The following function has to be approximated 
by a fourth order polynomial (see Fig. 3.11) 

(3.101) 

The OLS has to select the significant regressors out of the set of pos
sible regressors [1 u u2 u3 u4J. This also includes the task of deciding how 
many regressors are significant, i.e., ns is not given a priori. Figure 3.21 de
picts the convergence of the unexplained output variance in dependency on 
the number of selected regressors. The five regressors were selected in the 
sequence 1, u3 , u4 , u, u2 • Obviously, selecting more than three regressors 
cannot further improve the model quality significantly. Therefore, only the 
first three regressors were selected. Figure 3.22 shows the accuracy of the 
function approximation. Table 3.4 summarizes the estimated coefficients and 
the obtained loss function values. These results are compared with the stan
dard least squares and the ridge regression approach from Example 3.1.9. 

3.4.3 Ridge Regression or Subset Selection? 

How does subset selection compare with ridge regression? As shown in Ex
ample 3.1.9, ridge regression can also be utilized to select the significant 
regressors by pursuing the following procedure. First, a ridge regression is 
performed (possibly for different regularization parameters a). Second, the 
regressors corresponding to parameters with estimated values close to 0 are 
decided to be nonsignificant (here the user has to choose some threshold). 
In order to make the comparison between the parameter values sensible, 
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76 3. Linear Optimization 

Table 3.4. Comparison between subset selection, standard least squares, and ridge 
regression 

Coefficients True value 

Co 1.0000 

Cl 0.0000 

C2 0.0000 

C3 1.0000 

C4 1.0000 

Error sum of squares 

10°r-----------~----__ ----< 

.j 
> 10-1 

:l 
~ o 
il 
.~ 10-2 

1 
optimal model complexity 

10 -3j-____ ~----+_-----+-----_> 

regressors 

Least Ridge Subset 

squares regression selection 

1.0416 0.9998 0.9987 

-0.0340 0.0182 0.0000 

-0.3443 0.0122 0.0000 

1.0105 0.9275 0.9652 

1.4353 1.0475 1.0830 

0.0854 0.0380 0.0443 

Fig. 3.21. Non-explained output variance computed by (3.100) after selection of 1, 
2, ... , 5 regressors. Note that selecting more than three regressors virtually yields 
no further improvement. Obviously, this level (= 0.0043) of output variance is due 
to noise 

3.Jr-----------~----~----__, 

2. 

yl. 
model 

o. true function 
error 

-0.5'.. ----___;,...------,o,__----,r-..------j 

u 

Fig. 3.22. Approximation of (3.101) by subset selection with the orthogonal least 
squares algorithm applied to a fourth order polynomial; see Fig. 3.21 for the selec
tion procedure 
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3.5 Summary 77 

the regressors have to be normalized before optimization. Third, these non
significant regressors are discarded and a standard least squares estimation 
is performed with the remaining regressors. Steps 2 and 3 are useful since the 
final model can be of considerably lower complexity than the original one. Al
though one cannot expect a better performance of the final model, since the 
ridge regression has already realized a good bias/variance tradeoff, simpler 
models are generally preferred in terms of interpretation and computation 
time. 

In many applications this regressor selection based on ridge regression 
yields better results than simple OLS subset selection. This is because the 
ridge regression utilizes the information of all regressors simultaneously. In 
contrast, the simple OLS selects one regressor at each iteration and cannot 
discard regressors if they become insignificant. The OLS algorithm is handi
capped by its step-by-step selection. However, it is exactly this step-by-step 
approach that makes the OLS so efficient. For problems with many potential 
regressors ridge regression becomes infeasible owing to the high computa
tional effort (a matrix inversion is of O(n3 )). Subset selection methods as 
discussed in this section can then be the only practical alternative. 

3.5 Summary 

The linear optimization techniques discussed in this chapter are very mature 
and thoroughly analyzed methods. When dealing with a specific modeling 
problem, it is advisable to search for linear parameterized models first in 
order to exploit the following features: 

• The unique global optimum can be found analytically in one step. 
• The estimation variance of the parameters and errorbars for the model 

output can be calculated easily. 
• Robust and fast recursive formulations exist. 
• Ridge regression and subset selection techniques are powerful tools for a 

bias/variance tradeoff. 
• Subset selection techniques allow an efficient model structure determina

tion. 

All these advantageous properties vanish for the nonlinear optimization 
problems that are treated in the next chapter. However, some basic results 
and insights gained in this chapter are very useful in the context of nonlinear 
optimization schemes as well. This comes from the fact that any smooth 
nonlinear function can be locally approximated by a second order Taylor 
series expansion and consequently can be described by the gradient and the 
Hessian in a local neighborhood around any point. 
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4. Nonlinear Local Optimization 

If the gradient of the loss function I(fl.) is nonlinear in the parameters fl., a 
nonlinear optimization technique has to be applied to search for the optimal 
parameters fl.opt. These problems are very common in all engineering disci
plines. The parameters will be called nonlinear parameters. For example, the 
hidden layer weights in a neural network or the membership functions' po
sitions and widths in fuzzy systems are nonlinear parameters. Even in the 
context of linear system identification nonlinear parameters can arise if, e.g., 
the output error of a dynamic model is minimized; see Sect. 16.5.4. It is 
important to understand the basic concepts of the different nonlinear opti
mization techniques in order to decide which one is the most suitable for a 
particular problem. Because most algorithms are available in common opti
mization toolboxes as in [43], no implementation details are addressed. 

Nonlinear optimization problems generally have the following properties: 

• many local optima exist (see Fig. 4.1), 
• the surface in the neighborhood of a local optimum can be approximated 

(using a second order Taylor series expansion) by a hyperparabola of the 
form fl.T Afl. + !lfl. + c, 

• no analytic solution exists, 
• an iterative algorithm is required, 
• they can hardly be applied online. 

This chapter deals with approaches for nonlinear local optimization, that 
is, the iterative search is started at one initial point and only the neighbor
hood of this point is examined. Usually with local optimization algorithms 
one of the local optima closest to the initial point is found. However, a search 
of global character can be constructed by restarting a local method from 
many different initial points (multi-start technique) and finally choosing the 
best local solution. 

Example 4.0.1. Banana Function 
The purpose of this example is to illustrate the nonlinear local optimization 
schemes discussed in the following for the minimization of the so-called "ba
nana" function (also called Rosenbrock's function) depicted in Fig. 4.2. This 
example is partly taken from the MATLAB optimization toolbox [43]. The 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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Fig. 4.1. Loss function for a nonlinear optimization problem with multiple local 
minima 

function (here denoted as I(It)) of two inputs (here denoted as parameters (h 
and (}2) is 

I(fl) = 100 ((}2 - (}i)2 + (1 - (}d2 . (4.1) 

It is called the banana function because of the way the curvature bends 
around the origin. It is notorious in optimization examples because of the slow 
convergence that most methods exhibit when trying to solve this problem. 
This function has a unique minimum at the point fl.cPt = [1.0 1.0F with 
I(!l.opt) = O. Figure 4.2b shows the contour lines of the banana function with 
its minimum and the two starting points at [-1.9 2.0lT and [0.0 2.oF used 
as initial values for a nonlinear optimization. 

The goal of this example is to find the minimum of the banana function 
with a parameter accuracy of at least 0.001. The number of iterations and 
function evaluations required from both initial values are listed for all nonlin
ear local optimization techniques. Furthermore, for the first initial value the 
rate of convergence and the path followed towards the minimum is shown. 
Thus, some insight can be gained into how these algorithms actually behave. 
It should be noted that the steepest descent method is poorly suited for min
imizing the banana function. No generally valid conclusions can be drawn 
based upon the performance of the algorithms on this specific function. How
ever, some advantages and drawbacks of the algorithms become obvious. The 
results achieved for the different nonlinear local optimization techniques are 
summarized in Sect. 4.7. 

The gradient of the banana function is required by all gradient-based local 
methods, and computes to 

((}) _ [(}d()? - (}2) + 2 ((}l -1)] 
fl - - 200 ((}2 - (}n ' (4.2) 

and the Hessian (see Appendix A), required by the Newton method, is 

H((}) - [1200 ()~ - 400 (}2 + 2 -400 (}l ] (4.3) 
- - - -400(}1 200· 
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4.1 Batch and Sample Adaptation 81 

Fig. 4.2. a) Banana function. b) Contour lines of the banana function with its 
minimum at [1.0 1.0jT and two starting points at [-1.9 2.0jT and [0.0 2.0jT, which 
are used as initial values for a minimum search 

4.1 Batch and Sample Adaptation 

The goal of all optimization techniques is to find the minimum of a given 
loss function with respect to the parameters !t; see Sect. 2.3. Thus, a natural 
procedure is to evaluate this loss function and possibly its derivatives for 
different parameter values !tk' At each iteration k, a new parameter value 
can be computed from the past parameter values, the previous loss function 
values, and possibly its derivatives 

!tk = f (!tj, I(!tj ), 8~j I(!tj ), ... ) with j = k - 1, k - 2, ... , O. (4.4) 

Usually in (4.4) only the previous iteration step j = k-I is utilized, guided 
by the idea that the computation of !tk-l already includes the information 
about the past (j < k - 1) 

!tk = f (!tk-l' I(!tk-l)' 8~_1 I(!tk-l)' '' .) . (4.5) 

A direct consequence of (4.5) is that between two parameter updates 
the loss function and possibly its derivatives have to be evaluated. This ap
proach is called batch adaptation or somewhat misleadingly "offline" learning 
in neural network terminology, since each update requires a sweep through 
the whole training data. Hence, for problems with huge training data sets the 
computational effort for each parameter update is very high, and the whole 
algorithm becomes prohibitively slow. A common solution to this problem 
is to divide the training data into S subsets and apply (4.5) successively 
to all these training data subsets; see Fig. 4.3. The advantage of this ap
proach is that S times more parameter updates are computed for the same 
amount of data. The drawback is that S different loss functions, each based 
on a 1/ S part of the data, are optimized. Hence, the quality of each update 
will decrease with increasing S, since smaller training data subsets are less 
representative than the whole data set. 

co
nt

ro
len

gin
ee

rs
.ir



82 4. Nonlinear Local Optimization 

all training data , , 1. subset of 1raining data 
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2. subset of training data 
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~ L;;;J 
s. subset of1raining data 
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~ 

Fig. 4.3. a) In batch adaptation all training data is processed and then on-e,pa
rameter update is performed. b) For large data sets it can be reasonable to updates 
the parameters S times with a 1/ S part of the training data. If S is chosen equal 
to the number of training data samples N, this is called sample adaptation 

An extreme realization of this idea is to choose S = N subsets (with 
N being the number of training data samples), that is, one subset for each 
training data sample. Then the iteration in (4.5) simplifies to (assuming a 
squared error loss function) 

Ilk = f (Ilk-I' e2 (llk_d, a~_l e2(~_I)' .. .) . (4.6) 

This approach is called sample adaptation or instantaneous learning. In 
the neural network terminology it is known as "online" learning. Again this 
terminology is somewhat misleading because it is not related to "online" in 
the sense of "in real time with the process." Usually nonlinear optimization 
techniques are not suitable for online use owing to their iterative nature. 

There is a big difference between iterative and recursive algorithms. Re
cursive algorithms can be used online, since they represent an exact solution. 
They are just formulated to cope with sample-wise incoming data. A truly 
recursive algorithm would not gain any information by sweeping through the 
same data several times. By contrast, iterative algorithms necessarily require 
many sweeps through the data, and consequently convergence is orders of 
magnitude slower. Although running an iterative algorithm in sample mode 
and online is (in principle) possible, it would usually exhibit poor perfor-
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mance, slow convergence, and non-robust behavior with regard to the order
ing of the data. 

Sample adaptation historically stems from the backpropagation algorithm 
to train multilayer perceptrons, and since then has become very popular for 
all optimization tasks within the neural network community. Batch adapta
tion is the standard approach in statistics and engineering. It is the basis for 
all sophisticated algorithms. The major problem of the sample adaptation 
in (4.6) is that the actual error measure is based on a single data sample 
and thus gives only very vague information about the whole loss function. 
Therefore, each update in (4.6) is of very poor quality. However, since all data 
samples are presented after one sweep of (4.6) through the training data (and 
hence after N parameter updates), these effects will average out. The batch 
and sample adaptation approaches can be seen intuitively in the following 
way. In batch adaptation, a lot of information (N samples) is gathered to 
determine a good next parameter update that eventually is performed. In 
sample adaptation, after each single piece of new information (one sample) 
a parameter update is performed. In Fig. 4.4 the two approaches are com
pared. It is easy to see that in batch adaptation one big step towards a good 
direction (in the sense of making the loss function smaller) is carried out, 
while in sample adaptation many small steps in bad directions but a good 
mean direction are made. 

Applying sample adaptation can be interpreted as adding noise on the 
parameter update. This reduces the probability of getting stuck in a local 
optimum, since noise can move the parameter point out. However, this also 
means that a sample adaptation algorithm will never converge to a single 
point. Remedies are to reduce the step size or to switch to batch adaptation 
for the last iterations. Other difficulties with sample adaptation are that all 
advanced nonlinear optimization schemes applying line search algorithms and 
exploiting second order derivative information cannot be utilized reasonably. 
Furthermore, the results obtained with sample mode adaptation are highly 
dependent on the ordering of the incoming data. The parameters will always 
fit the last data samples in the training data set better than the first ones. 
Owing to these drawbacks, in recent times batch adaptation has become more 
and more popular in combination with neural networks [21, 22, 55, 131]. At 
least, when applying sample adaptation, the last few iterations should be 
performed in batch mode to get rid of the data ordering dependence. 

4.2 Initial Parameters 

Since nonlinear optimization techniques are iterative, at the first iteration 
k = 1 some initial parameter vector flo has to be determined. It is obvi
ous that a good initial guess flo of the optimal parameters flopt leads to fast 
convergence of the algorithm and a high probability of converging to the 
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initial value 

Fig. 4.4. Schematic illustration of three iterations of a nonlinear optimization 
algorithm in a) batch and b) sample mode. In batch mode one large parameter 
update is performed each iteration, while in sample mode many small parameter 
adaptations are performed, each based on one single data sample. Although the 
average direction of the sample updates is close to the batch update direction, both 
approaches may end in different local optima and usually have different convergence 
speeds 

global optimum. If the parameters fl. represent physical variables or other in
terpretable quantities, usually enough prior knowledge is available to choose 
a reasonable flo. Often previous experience and simple experiments can yield 
a good guess for flo or at least give range limits for fl.opt ' Particular model 
architectures induce certain initial values, e.g., for fuzzy systems typically 
rules developed by experts yield a good initialization. A different situation 
occurs for black box models such as neural networks, since the parameters 
have no direct physical relevance and allow no interpretation. However, even 
in these cases parameter initializations that are better than random are pos
sible, speeding up the learning procedure considerably; see Chap. 11. 

Figure 4.5 shows a possible loss function dependent on one parameter B. 
Generally for a nonlinear local optimization technique only with an initial 
parameter value smaller than Be, convergence to the global optimum at BA 
can be expected. Typically, for initializations with B ~ Be the local optimum 
at BD will be found. Saddle points like B usually do not cause practical 
problems since it is virtually impossible to end up in BB exactly, and so the 
algorithm will have a good chance of escaping from saddle points. 

co
nt

ro
len

gin
ee

rs
.ir



4.2 Initial Parameters 85 

8 

Fig. 4.5. Loss function dependent on one parameter for a nonlinear optimization 
problem 

Fig. 4.6. Multilayer perceptron neuron with M inputs 

Another approach for determination of proper initial parameters is the 
transformation of the nonlinear into a linear optimization problem. Figure 4.6 
shows an example that may occur at the output node of a multilayer percep
tron with a sigmoidal activation function (see Sect. 11.2) 

1 
'0=--= 

1 +e-Y 

with M hidden nodes and one bias node (xo = 1) 

M 

y= LWiXi. 

i=O 

(4.7) 

(4.8) 

Owing to the nonlinear activation function it is a nonlinear optimization 
problem to adapt the parameters Wi in order to minimize the error sum of 
squares loss function when the errors are calculated at the output (e = y-'o). 
However, if the desired output at the input of the activation function were 
known, a simple linear least squares problem would arise. The idea is now to 
transform the measured output behind the nonlinearity y to a desired output 
before the nonlinearity Ytrans by inverting (4.7): 

Y 
Ytrans = In -1-- . 

-Y 
(4.9) 
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The new error before the nonlinearity becomes etrans = Ytrans -fj. The cor
responding optimization problem is linear in the parameters Wi and thus can 
be easily solved. Note, however, that the optimal parameters of this trans
formed, linear problem are in general different from the optimal parameters 
of the original problem. In the example above, all outputs that are in the 
saturation of the sigmoid will be scaled by high factors. Therefore, the loss 
function based on etrans will be dominated by those data samples. Never
theless, the LS estimated parameters may be a reasonable initial value for 
a subsequent iterative nonlinear optimization technique, especially for weak 
nonlinearities. Note that many complex nonlinearities cannot be transformed 
to linear problems as shown above. 

4.3 Direct Search Algorithms 

Direct search algorithms are based on the evaluation of loss function values 
only. No derivatives are required. Consequently, it is not reasonable to ap
ply these methods if the derivatives of the loss function are easily available 
with low computational effort. Although the direct search methods do not re
quire the derivatives to exist, higher performance can be expected on smooth 
functions. Advantages of direct search methods are that they are easy to un
derstand and to implement. Their application is recommended to problems 
where gradients are not available or tedious to evaluate. It should be clearly 
stated that the direct search methods usually have slow convergence and are 
popular mainly because they are the simplest choice. A more complex but 
also more powerful alternative for the case of unavailable gradients is to ap
ply a gradient-based method in connection with finite difference techniques to 
compute the gradients numerically. The following introduction of the simplex 
and Hooke-Jeeves methods is a summary of the more extensive treatment in 
[323]. Both approaches utilize different strategies for the generation of the 
search directions. 

4.3.1 Simplex Search Met40d 

The direct search strategy called simplex search or S2 method has no rela
tionship to the simplex method for linear programming, which will not be 
discussed here. The goal of the search algorithm is to find the n-dimensional 
parameter vector that minimizes the loss function. It is based on a regular 
simplex, that is, in n dimensions a polyhedron composed of n + 1 equidistant 
points, which form its vertices. For example, in two dimensions a simplex is 
an equidistant triangle; see Fig. 4.7a. The basic idea of simplex search is to 
compute the loss function at each vertex. The vertex with the largest loss 
function value is regarded as the worst point and is therefore reflected at 
the centroid; see Fig. 4.7b. The worst point is deleted and the new point 
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a) b) 
c c 

B 

B' 

A 

Fig. 4.7. a) A simplex (equidistant triangle) in a two-dimensional parameter space. 
b) The vertex with the highest loss function value (here B) is reflected at the 
centroid (becoming B') to create a new simplex 

is used to generate a new simplex. By iterating this algorithm the simplex 
"roles" downhill until a local minimum is reached. Thus, each iteration of 
this algorithm requires only one loss function evaluation. However, several 
additional precautions must be taken to ensure convergence. For example, 
cycling between two or more identical simplices has to be avoided. This can 
be achieved by choosing not the worst but the second worst vertex for re
flection and by reducing the size of the simplex if cycling is detected. The 
size of the simplex is conceptionally close to the step size 'f/ in gradient-based 
techniques; see Sect. 4.4. Usually the search is started with a large simplex 
to enable fast convergence, and while the algorithm progresses, the simplex 
is shrunk whenever cycling is detected. 

The basic simplex search introduced above was extended by NeIder and 
Mead to partially eliminate the following drawbacks: 

• All directions (Le., parameters) are scaled by the same factor if the simplex 
size is reduced. 

• The size of the simplex can only be reduced and therefore no acceleration 
of the convergence speed is possible. 

• Contracting the simplex requires the recomputation of all vertices. 

The regularity of the simplex (Le., equidistant vertices) is no longer de
manded by the NeIder and Mead algorithm. This enables stretching and 
shrinking of the simplex in each reflection procedure. First, a normal reflec
tion is checked. If this reflection yields a loss function decrease, an expanded 
reflection is performed. If the normal reflection yields a loss function increase, 
a contracted reflection is performed; see Fig. 4.8. The expansion and contrac
tion procedures allow a significant convergence speed-up. 

Example 4.3.1. Simplex Search for Function Minimization 
In this example the banana function is minimized by applying the simplex 
search technique due to NeIder and Mead. This method makes no explicit use 
of the gradient and Hessian but only evaluates the loss function values. Taking 
this into account, the rate of convergence shown in Fig. 4.9 is surprisingly fast. 
Note that the convergence curve in Fig. 4.9 is not monotonically decreasing 
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c 

A B' 

Fig. 4.8. The algorithm due to NeIder and Mead allows a) contraction and b) ex
pansion of the simplex to adapt the step size of the search procedure and to speed 
up convergence 

a) 
lOs 

b) 

i 10° 

c:I 

.~ 

Jl 
10·S 

j 10.10 

1O.IS 

iteration 61 

Fig. 4.9. Simplex search method for minimization of the banana function. The 
rate of convergence a) over the iterations, b) in the parameter space (the circles 
mark the function evaluations) 

because the reflection procedure may yield a higher loss function value. The 
total number of function evaluations, which is equivalent to the number of 
iterations, is equal to 200 and 221 when starting from the first and second 
initial value, respectively. Although the convergence of simplex search is quite 
fast, it will be by far outperformed by the gradient-based methods discussed 
in Sect. 4.4. Consequently, simplex search is only recommended for problems 
with unavailable gradients. 

Note that simplex search was the only method that converged prema
turely when starting at initial value 2. It converged to fl.. ~ [DOlT instead 
of the minimum at ~pt = [lIlT. This effect is due to a missing line search 
procedure. However, convergence to the correct minimum could be achieved 
by setting the desired accuracy temporary from 0.001 to 0.00001. 

4.3.2 Hooke-Jeeves Method 

The concept of the Hooke-Jeeves algorithm is to search the n-dimensional 
parameter space in n independent fixed search directions. Usually orthogonal 
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Fig. 4.10. Hooke-Jeeves algorithm. Searches are performed in each coordinate axis 
direction followed by a step into the overall search direction that approximates the 
negative gradient 

search directions are chosen, for example along the coordinate axes. The 
idea is to start at a so-called base point ~ and search for the minimum 
in one direction with a given step size. If the loss function value increases, 
the opposite direction is checked. If no decrease in the loss function can be 
obtained, the step size is reduced. Next, the search is performed in the second 
search direction, and so on. When all search directions have been investigated 
a new base point fl.l is set. From this base point the procedure is iterated. 
Note that different step sizes can be selected for each search direction. 

The above algorithm can be significantly improved by searching in the 
direction fl.k - fl.k- 1, since this vector is a good overall direction at iteration 
k. It approximates the opposite gradient direction. Thus, after a new base 
point is set, the Hooke-Jeeves algorithm searches in this direction with step 
size one; see Fig. 4.10. If the loss function value decreases, this new point 
becomes a base point. Otherwise the search along ~ - fl.k- 1 is discarded and 
the next search starts at the old base point. 

Example 4.3.2. Hooke-Jeeves for FUnction Minimization 
The performance of the Hooke-Jeeves method on the banana function min
imization problem is depicted in Fig. 4.11. Like the simplex search, Hooke
Jeeves makes no explicit use of the gradient and Hessian but only evaluates 
the loss function values. The rate of convergence of Hooke-Jeeves is similar to 
that of the simplex search. From the two initial values the algorithm required 
230 and 175 function evaluations, respectively. Nevertheless, simplex search 
is generally considered to be superior to Hooke-Jeeves [323]. 
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~ ~ 
lOs r---~--~----~--~~ 

iteration 

Fig. 4.11. Hooke-J eeves method for minimization of the banana function. The rate 
of convergence a) over the iterations, b) in the parameter space (the circles mark 
the function evaluations) 

4.4 General Gradient-Based Algorithms 

Gradient-based algorithms are the most common and important nonlinear lo
cal optimization techniques. In the following, it is assumed that the gradient 
9 = 8I(ft) /8ft of the loss function I(ft) with respect to the parameter vector 
~ is known by analytic calculations or approximated by finite difference tech
niques; see Sect. 4.4.2. The principle of all gradient-based algorithms is to 
change the parameter vector ftk - 1 proportional to some step size 71k-l into a 
direction l!.k-1 thta is the gradient direction !1.-1 rotated and scaled by some 
direction matrix Rk - 1 : 

with l!.k-l = Rk - 1 fl.k-l • (4.10) I 

Clearly, the goal of optimization is that each iteration step should decrease 
the loss function value, i.e., I(ftk ) < I(ftk - 1 ). This is the case for positive 
definite direction matrices Rk - 1 • The simplest choice Rk - 1 = I leads into 
the steepest descent direction exactly opposite to the gradient fl.k-l' 

The existing algorithms can be distinguished by different choices of the 
scaling and rotation matrix R and the step size 71. In the following, first the 
determination of the step size 71 is discussed. Then the steepest descent, New
ton, quasi-Newton (or variable metric), and conjugate gradient methods are 
introduced. For an excellent book on these methods refer to [339]. Although 
this chapter deals with nonlinear optimization techniques, it will sometimes 
be helpful for gaining some insights to analyze the convergence behavior of 
these algorithms on a linear least squares problem, i.e., for the case of a 
quadratic loss function. The reason for this is that close to an optimum each 
nonlinear function can be approximated by a hyperparabola. 
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B fA 

Fig. 4.12. Interval reduction [339J: a) Starting from the interval [A, BJ one loss 
function evaluation is not sufficient to reduce the size of the interval, since the 
local minimum can be located to the left or right side of this point C. b) Two loss 
function evaluations, however, can reduce the interval (here to [A, DJ). Note that 
the minimum could not be achieved in [D, BJ because only a single minimum is 
assumed to exist in [A, BJ. Intelligent search methods such as Golden Section search 
utilize the loss function evaluation at C in the next iteration 

4.4.1 Line Search 

In order to compute the iteration (4.10), a step size "l has to be chosen. 
Some algorithms fix the step size at a constant value. It is far more pow
erful, however, to search for the optimal step size "lk-l that minimizes the 
loss function in the direction l!.k-l' This is a univariate (single parameter) 
optimization task. It can be divided into two procedures. First, an interval 
that contains the loss function minimum along l!.k-l must be found (inter
val location). Second, the minimum within this interval must be searched by 
interval reduction. 

Interval Reduction. The interval reduction methods can be divided into 
function comparison and polynomial interpolation methods. Starting from 
some interval [A, B] the comparison methods compute the loss function values 
at points within the interval; see Fig. 4.12. The optimal method is called 
Fibonacci search; in this, at each iteration the interval is divided by the ratio 
of two subsequent Fibonacci numbers. The difficulty of Fibonacci search is 
that the number of iterations has to be determined a priori. Almost as efficient 
is the Golden Section search, which asymptotically approaches Fibonacci 
search but does not suffer from its drawbacks. Hereby, the interval is divided 
with the ratio of the Golden Section. All function comparison methods have 
only first order convergence, and they are independent of the specific shape 
of the loss function. 

The polynomial interpolation methods estimate the minimum within the 
interval by fitting a (usually second or third order) polynomial through known 
loss function values and possibly the derivatives. Since these methods use ab
solute loss function values, and not just ratios as function comparison meth
ods do, their convergence behaviour is dependent on the loss function's shape. 
However, they usually achieve a higher rate of convergence than function 
comparison methods do. 
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I 

AB C D 

Fig. 4.13. Interval location [339]: To locate an interval that brackets a local mini
mum in the search direction 1/, the loss function I(f1.) is evaluated at points (here A, 
B, C, D, and E) until it starts increasing. To guarantee fast speed of this algorithm, 
the step size is doubled at each iteration, ensuring exponentially fast progress 

Interval Location. The interval location methods can also be divided into 
function comparison and polynomial extrapolation methods. The first inter
val bound is simply the old parameter vector flk - 1 . Function comparison 
methods find the other interval bound usually by starting with an initial 
step size and then double this size each iteration until the loss function value 
increases in the search direction; see Fig. 4.13. Polynomial extrapolation basi
cally works in an equivalent way to the interpolation for the interval reduction 
methods. The advantages and drawbacks of both approaches are similar to 
those for interval reduction. 

The interaction between the line search algorithm and the nonlinear opti
mization technique is an important but difficult topic. The desired accuracy 
of the interval reduction certainly depends on the chosen optimization tech
nique. It has to be determined by a tradeoff between fewer iterations with 
higher computational effort each (due to more exact line search) and more 
iterations with lower computational effort each (due to less exact line search). 
For example, it is known that for quasi-Newton methods a very rough line 
search is sufficient and computationally advantageous, while conjugate gra
dient methods require a much more accurate line search. 

4.4.2 Finite Difference Techniques 

For all optimization methods discussed in this and the following section the 
gradient, i.e., the first derivative, of the loss function is required in order to 
calculate the search direction p. For many problems it is possible to find an 
analytical expression for the gradient, as in the banana function example. 

The gradient of the loss function always requires calculation of the first 
derivative of the model output f) with respect to the parameters fl. For exam
ple, for the most commonly applied sum of squared errors loss function the 
gradient can be computed as follows: 

N 

8I(fl.) 8! i~ e2 (i) 1 N 8e2(i) N . 8e(i) 
fl = ae = 80 = '2 L ---ao = Le(z)ao 

- - i=l - i=l -
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=_~ (.)8f)(i) 
L..J e z 8() , 
i=l -

(4.11) 

where the errors e(i) = y(i) - f)(i) are the difference between the measured 
outputs y(i) and the parameter dependent model outputs f)(i), and N is the 
number of data samples. For the model structures analyzed in Parts II and III 
that possess nonlinear parameters, the analytical expression for the gradient 
of the model output with respect to its parameters is given. Note that if 
(4.11) is used as the gradient in (4.10) the minus signs cancel. 

In some cases it might be impossible to derive an analytical expression 
for the gradient, or it might be computationally too expensive to evaluate 
[339]. Then so-called finite difference techniques can be used for a numerical 
calculation of the gradient. 

The gradient component i at point fi can be approximated by the differ
ence quotient 

(4.12) 

where !J.()i is a "small step" into the ith coordinate axis direction. This means 
that for approximation of the full gradient 9 at point fi the expression (4.12) 
has to be evaluated for i = 1,2, ... , n, that is, for all search space directions. 
Consequently, the computational effort required for gradient determination 
is equal to n loss function evaluations at the points I(fi + !J.()i), where n is 
the number of parameters. Thus, the computation of the gradient by finite 
differences can easily become the dominating factor in optimization. 

In principle, it is also possible to approximate the Hessian by applying 
finite difference techniques to the gradient. The ith column ll.i of the Hessian 
H can be calculated by 

g(fi + !J.()i) - g(fi) 
ll.i (fi) ::::i - !J.() i - , (4.13) 

In practice, this is feasible only if the gradients are available analytically; 
otherwise the computational effort would be overwhelming. 

A practical problem in the application of finite difference techniques is how 
large to choose the "small step" !J.()i. On the one hand, it should be chosen as 
small as possible to make the approximation error small. On the other hand, 
the step size has to be chosen large enough to avoid large quantization errors 
resulting from the subtraction of two nearly equal values on a real computer. 
For more details refer to [339]. 

4.4.3 Steepest Descent 

Steepest descent is the simplest version of (4.10), since the direction matrix 
R is set to identity I: 

(4.14) 
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Fig. 4.14. "Zig-zagging": Typical behaviour of steepest descent on a loss function 
with a Hessian with large eigenvalue spread. From most points in the parameter 
space the gradient does not point to the minimum 

Hence, the search direction is the opposite gradient direction. This guarantees 
a decreasing loss function value for each iteration, if the line search algorithm 
finds the minimum along p = -g. The strategy to follow the opposite gra
dient direction is quite natural aiid gives acceptable results for the first few 
iterations. When converging to the minimum, however, it faces the same diffi
culties as the LMS algorithm for linear least squares problems (see Sect. 3.2), 
if the Hessian has a large eigenvalue spread X, i.e., is badly conditioned. Fig
ure 4.14 shows the typical behavior of a steepest descent algorithm in such 
a case, the so-called "zig-zagging." This behavior follows from the orthogo
nality of successive search directions in steepest descent. Orthogonal search 
directions are a consequence of the line search procedure, since at each iter
ation the minimum in the opposite gradient direction is found. The gradient 
in this minimum is orthogonal to that in the previous iteration. Owing to 
this "zig-zagging" effect a steepest descent algorithm will only optimize (in 
reasonable time) the parameters that correspond to dominant eigenvalues 
in the Hessian. Even for a linear optimization problem the steepest descent 
algorithm (then equivalent to the LMS) would need an infinite number of 
iterations to converge. Owing to these drawbacks steepest descent is not usu
ally applied for nonlinear optimization. To summarize, steepest descent has 
the following important properties: 

• no requirement for second order derivatives; 
• easy to understand; 
• easy to implement; 
• linear computational complexity; 
• linear memory requirement complexity; 
• very slow convergence; 
• affected by a linear transformation of the parameters; 
• generally requires an infinite number of iterations for the solution of a 

linear optimization problem. 

It is interesting to note how the training of multilayer perceptrons fits 
into the concept of nonlinear optimization techniques. Werbos discovered 
the so-called backpropagation algorithm for multilayer perceptron training 
in 1974 [401], and in 1986 Rummelhard, Hinton and Williams rediscovered 
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it [328] and started the modern boom in neural networks (together with the 
results of Hopfield's research in 1982 [155]). Strictly speaking, backpropaga
tion of errors is nothing else but the calculation of the gradients by applying 
the chain rule for a multilayer perceptron. However, commonly the whole 
optimization algorithm is referred to as backpropagation. Sometimes even 
multilayer perceptrons (which are special neural network architectures) are 
called "backpropagation networks." Mixing up network architectures with 
training methods certainly underlines the disordered situation under which 
this algorithm was discovered. 

The backpropagation algorithm is a simplified version of steepest descent 
utilizing sample adaptation. No line search is performed for determination 
of the step size "lk-l in each iteration. Rather some heuristic constant value 
"l is chosen by the user. Such a primitive approach certainly leads to the 
difficulty of how to determine "l. A large "l may lead to oscillatory divergence, 
while a small "l slows down the algorithm. Furthermore, the optimal value of 
"l varies from one iteration to the next. Starting in the late 1980s and up to 
now, countless suggestions such as adaptive learning rates, momentum terms, 
etc. have been made to overcome or at least reduce the problem of choosing 
"l. Since the early 1990s multilayer perceptrons have been increasingly seen 
as a special kind of approximator with nonlinear parameters in the neural 
network community. Hence, backpropagation loses its importance, and more 
sophisticated nonlinear optimization techniques as described in this chapter 
are applied. In retrospect it appears very strange that these widely known 
and mature algorithms were not utilized right from the beginning of the 
development of neural networks. 

Example 4.4.1. Steepest Descent for Function Minimization 
In this example, the banana function is minimized by applying the steepest 
descent technique. This method uses the gradients directly in order to per
form a line search in this direction within each iteration. No second derivative 
information is exploited. The numbers of function evaluations and iterations 
are 3487 and 998, respectively, when starting at the first initial value, and 
10956 and 3131, respectively, for the second initial value. This means that for 
each iteration on average about three function evaluations are required for the 
line search procedure. Line search in this and all following banana function 
examples is implemented as a mixed cubic and quadratic polynomial extrap
olation/interpolation method; see Sect. 4.4.1. Figure 4.15 shows the rate of 
convergence. Note that in contrast to all other banana function examples, 
the circles in Fig. 4.15b mark only every tenth iteration because the rate of 
convergence is so slow. The performance of steepest descent is catastrophic 
on the banana function, and can certainly not be generalized to all extent. 
However, it is quite realistic that steepest descent requires significantly more 
iterations than techniques that utilize second derivative information. 
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Fig. 4.15. Steepest descent method for minimization of the banana function. The 
rate of convergence a) over the iterations, b) in the parameter space (the circles 
mark every tenth function evaluation) 

4.4.4 Newton's Method 

In Newton's method the direction matrix R in (4.10) is chosen as the inverse 
of the Hessian Hk21 of the loss function at the point flk - 1 

() = () _ H-1 . 
-k -k-l 'T/k-l -k-lf!.k-l (4.15) 

Hence, for Newton's method all second order derivatives of the loss func
tion have to be known analytically or estimated by finite difference tech
niques. In the classical Newton method the step size 1} is set to 1, since this 
is the optimal choice for a linear optimization problem where the optimum 
would be reached after a single iteration. This follows directly from a second 
order Taylor series expansion of the loss function. For nonlinear optimization 
problems, however, the optimum generally cannot be reached with a single 
iteration. Then a constant step size equal to 1 can be too small or too large 
owing to the non-quadratic surface of the loss function. To improve the ro
bustness of Newton's method the step size 'T/ is usually determined by line 
search (damped Newton method). 

A problem with Newton's method is that (4.15) will decrease the loss 
function value (go "downhill") only for a positive definite Hessian H k-l' This 
is always true in the neighborhood of the optimum, but a positive definite 
Hessian cannot necessarily be expected for the initial point flo and the first 
iterations. To avoid this problem a modified Newton method is often applied 
in which the Hessian is replaced by a matrix if k-l that is guaranteed to be 
positive definite but is close to H k-l' 

The fundamental importance of Newton's method comes from the fact 
that its rate of convergence is of second order if H k-l is positive definite 
[339]. This is the fastest rate normally encountered in nonlinear optimization. 
The drawbacks of Newton's method are the requirement for the second order 
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4.4 General Gradient-Based Algorithms 97 

derivatives and the high computational effort for inverting the Hessian. This 
restricts the application of Newton's method to small problems. 

Newton's method is widely known and probably more familiar for the 
numerical search of the zero of a given function y = f(x). The iteration then 
becomes Xk = Xk-l - f(Xk-r} / f'(Xk-r}. If the minimum of the function f(x) 
is searched, the zero of the first derivative of the function has to be found 
by iterating Xk = Xk-l - f'(Xk-r} / !"(Xk-r). This is equivalent to (4.15) for 
the single parameter case and 'T] = 1. 

To summarize, Newton's method has the following important properties: 

• requirement for second order derivatives; 
• cubic computational complexity owing to matrix inversion; 
• quadratic memory requirement complexity, since the Hessian has to be 

stored; 
• fastest convergence normally encountered in nonlinear optimization; 
• requires a single iteration for the solution of a linear optimization problem; 
• unaffected by a linear transformation of the parameters; 
• suited best for small problems (order of ten parameters). 

Example 4.4.2. Newton for Function Minimization 
In this example, the banana function is minimized by applying the New
ton method. It multiplies the inverse Hessian with the gradient in order to 
perform a line search in this direction within each iteration. The second 
derivatives are given analytically; see Example 4.0.1. The numbers of func
tion evaluations and iterations are 54 and 17, respectively, when starting at 
the first initial value, and 36 and 11, respectively, for the second initial value. 
Figure 4.16 shows the rate of convergence from initial value 1. The Newton 
method is outperformed only by the Gauss-Newton method on the banana 
function. Note, however, that it is the only technique that requires knowledge 
of the Hessian. Compared with the quasi-Newton methods that are discussed 
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Fig. 4.16. Newton's method for minimization of the banana function. The rate of 
convergence a) over the iterations, b) in the parameter space (the circles mark the 
function evaluations) 
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98 4. Nonlinear Local Optimization 

in the following subsection, the Newton algorithm has significantly faster con
vergence close to the minimum, because in this region a second order Taylor 
expansion is very accurate. 

4.4.5 Quasi-Newton Methods 

The main drawback of Newton's method is the requirement for second or
der derivatives. If they are not available analytically, the Hessian has to be 
found by finite difference techniques, which requires O(n2 ) gradient calcu
lations. Therefore, Newton's method becomes impractical even for medium 
sized problems if the Hessian is not available analytically. But even if the 
second order derivatives are computationally cheap to obtain, the required 
inversion of the n x n Hessian strongly limits the size of problems that can be 
tackled. The idea of quasi-Newton methods (also known as variable metric 
methods) is to replace the Hessian or its inverse in (4.15) by an approximation 

(4.16) 

with either iI k = iI k-1 + Q k-1 
,-1 '-1 -

or Hk =Hk- 1+Qk_1' (4.17) 

The approach of approximating the inverse Hessian directly has the im
portant advantage that no matrix inversion has to be performed in (4.16). 
Hence, this approach is by far the most common one. The approximation of 
the Hessian or its inverse is usually started with lIo = I, that is, the search 
is started in the opposite gradient direction. 

The most widely known quasi-Newton methods are based on the Broyden
Fletcher-Goldfarb-Shanno (BFGS) formula with .1flk- 1 = flk - flk- 1 and 
.1flk_1 = flk - flk- 1 [339), 

( .1flk-1 .1flr_1) ,-1 ( .1flk- 1 .1flr_1) T 
I - H k 1 I - -=-----"~ 
- .1flL1 .1flk_1 - - - .1flL1 .1flk_l 

.1flk- 1 .1flL1 
+ T ' .1flk- 1 .1flk_1 

(4.18) 

or on the Davidon-Fletcher-Powell (DFP) formula [339). However, practical 
experience of both algorithms has made it clear that the BFGS formula is 
superior in almost all cases [339). Numerous studies show that it is sufficient 
and even more efficient to carry out the line search for 'f/ only very roughly 
[339). Note that there exist equivalent formulations of BFGS and DFP that 
update iI k instead of the inverse Hessian. The kind of formula for Q or 

Q in (4.17) distinguishes all quasi-Newton methods. The most important 
properties of quasi-Newton methods are: 
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4.4 General Gradient-Based Algorithms 99 

• no requirement for second order derivatives; 
• quadratic computational complexity owing to matrix multiplication; 
• quadratic memory requirement complexity, since the Hessian has to be 

stored; 
• very fast convergence; 
• requires at most n iterations for the solution of a linear optimization prob

lem; 
• affected by a linear transformation of the parameters; 
• suited best for medium sized problems (order of 100 parameters). 

Example 4.4.3. Quasi-Newton for Function Minimization 
In this example, the banana function is minimized by applying the BFGS 
quasi-Newton method. It exploits only gradient information and accumulates 
knowledge about the Hessian according to (4.18). The numbers of function 
evaluations and iterations are 79 and 24, respectively, when starting at the 
first initial value, and 55 and 17, respectively, for the second initial value. 
Figure 4.17 shows the rate of convergence from initial value 1. Because the 
information about the Hessian matrix is not used, the quasi-Newton methods 
converge slower than the Newton technique. For many applications, however, 
the Hessian may not be available analytically. In these cases the application 
of Newton's methods would require finite difference techniques for determi
nation of the Hessian. From the number function evaluations given above, it 
is clear that a Newton method with these additional finite difference compu
tations will be much slower than a quasi-Newton method. Even if the Hessian 
is computationally cheap to obtain, the Newton method falls behind quasi
Newton methods in terms of computational demand as the dimensionality 
of the problem increases. Since each iteration of Newton's method is O{n3 ) 

and of quasi-Newton methods is O(n2 ), there exist a number of parameters n 

a) b) 

lOS r-~--~--~--~--~--' 

iteration 

Fig. 4.17. Quasi-Newton method for minimization of the banana function. The 
rate of convergence a) over the iterations, b) in the parameter space (the circles 
mark the function evaluations) 
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100 4. Nonlinear Local Optimization 

at which quasi-Newton methods have a lower overall computational demand 
although they require more iterations. 

4.4.6 Conjugate Gradient Methods 

All quasi-Newton methods have quadratically increasing memory require
ments and computational complexity with the number of parameters n. For 
large problems it often does not payoff to approximate the Hessian. Con
jugate gradient methods avoid a direct approximation of the Hessian and 
therefore are linear in their memory requirements and computational com
plexity with respect to n. A conjugate gradient method results if the Hk~l 
matrix BFGS formula (4.18) is reset to I in each iteration. Then it is possible 
to update the search direction p directly, which makes the handling of n x n 
matrices superfluous. Because the conjugate gradient methods can be seen 
as rough approximations of the quasi-Newton methods, generally the search 
directions will be worse and conjugate gradient methods will require more 
iterations for convergence than quasi-Newton methods. However, the over
all computation time of the conjugate gradient methods will be smaller for 
large problems, since each iteration is much less computationally expensive. 
Conjugate gradient algorithms can be described by 

flk = flk- 1 - "lk-l E.k-l 

with E.k- 1 = flk- 1 - f3k-l E.k-2 

(4.19a) 

(4.19b) 

with a scalar f3k-l that distinguishes different conjugate gradient methods. 
The most popular choices are due to Fletcher and Reeves with 

gT 9 
f3 - -k-l-k-l 
k-l - T 

flk - 2flk - 2 

(4.20) 

or due to Hestenes and Stiefel or Polak and Ribiere [339]. The scalar factor 
f3 represents the knowledge carried over from the previous iterations. Thus, 
the conjugate gradient methods can be seen as a compromise between steep
est descent, where no information about the previous iterations is exploited, 
and the quasi-Newton methods, where the information about the approxi
mation of the second order derivatives in form of the whole Hessian matrix 
is exploited. It can also be seen as a sophisticated batch mode version of 
backpropagation with momentum, where the learning rate is determined by 
line search and the momentum is determined by the choice of f3 [34]. Note 
that for fast convergence, in contrast to quasi-Newton methods, conjugate 
gradient algorithms generally require an accurate line search procedure for "l 
[339]. 

On a linear optimization problem all choices for f3k-l are equivalent, and 
the conjugate gradient converges to the optimum in at most n iterations. In 
fact, conjugate gradient methods are also used to solve linear least squares 
problems, in particular if they are large and sparse. 
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4.4 General Gradient-Based Algorithms 101 

In (4.19b) conjugate search directions are created. Two search directions 
p. and p. are conjugate if pT H p. = O. This implies that p. and p. are 
-t -J -t -J -. -J 
independent search directions. The geometric interpretation of a conjugate 
gradient method is as follows. At each iteration k the search is performed 
along a direction that is orthogonal to all previous (maximally n) gradient 
changes iJ.g., i = 0, ... , k - 1. By taking into account the information about 

-t 

the previous search directions the "zig-zagging" effect known from steepest 
descent can be avoided. As pointed out in [34], during the running of the 
algorithm the conjugacy of the search directions tends to deteriorate, and so 
it is common practice to restart the algorithm after every n steps by resetting 
the search vector p to the negative gradient direction. To summarize, the most 
important properties of conjugate gradient methods are: 

• no requirement for second order derivatives; 
• linear computational complexity; 
• linear memory requirement complexity, since no Hessian has to be stored; 
• fast convergence; 
• requires at most n iterations for the solution of a linear optimization prob

lem; 
• affected by a linear transformation of the parameters; 
• suited best for large problems (order of 1000 and more parameters). 

Example 4.4.4. Conjugate Gradient for Function Minimization 
In this example, the banana function is minimized by applying the conjugate 
gradient algorithm due to Fletcher and Reeves. It exploits only gradient in
formation but utilizes information about the previous gradient directions. In 
contrast to quasi-Newton methods, no complete approximation of the Hes
sian is performed. Therefore, the computational effort in each iteration is 
smaller than for quasi-Newton methods but the total number of iterations 
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Fig. 4.18. Conjugate gradient method for minimization of the banana function. 
The rate of convergence a) over the iterations, b) in the parameter space (the circles 
mark the function evaluations) 
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102 4. Nonlinear Local Optimization 

is usually larger. For the banana function problem the numbers of function 
evaluations and iterations are 203 and 36, respectively, when starting at the 
first initial value, and 261 and 44, respectively, for the second initial value. 
Figure 4.18 shows the rate of convergence from initial value 1. In comparison 
to the quasi-Newton method, conjugate gradient algorithms are much more 
sensible to inaccurate line search. For the more accurate line search procedure 
more function evaluations (about 6 instead of 3) are necessary in each itera
tion. If the same (inaccurate) line search technique as for the quasi-Newton 
method is applied in combination with conjugate gradient, 561 function eval
uations and 187 iterations are required from the first initial value. 

4.5 Nonlinear Least Squares Problems 

In the previous section general gradient-based nonlinear optimization algo
rithms were introduced. These algorithms do not make any assumptions 
about the loss function except its smoothness. However, as discussed in 
Sect. 2.3 a (possibly weighted) quadratic loss function of the form 

N 

I(fl.) = LQie2 (i,fl.) (4.21) 
i=1 

is by far the most common in practice. If the parameters are linear, a least 
squares problem arises. For nonlinear parameters, the optimization of the loss 
function 

N 

I(fl.) = L f2(i,fl.) (4.22) 
i=1 

is known as a nonlinear least squares problem. Note that (4.21) is a special 
case of (4.22). In this section, effective methods are introduced that exploit 
this information on the loss function's structure. In vector form (4.22) be
comes 

(4.23) 

where here and in the following the argument "(fl.)" is dropped for brevity. 
In the following, the gradient and the Hessian of this loss function will be 

derived [339]. The jth component of the gradient is 

. = 2 8I(fl.) = 2 ~f(') 8f(i) 
9 J 80 . L....J a 80 . . 

J i=1 J 

(4.24) 

Therefore, with the Jacobian 

J..= [ 
8f(1) /801 8f(1) /80n 1 
8f(N) /801 .•• 8f(N) /80n 

(4.25) 
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4.5 Nonlinear Least Squares Problems 103 

the gradient can be written as 

fl. = 2J..T L. (4.26) 

The entries of the Hessian of the loss function are obtained by calculation of 
the derivative of the gradient (4.24) with respect to parameter 01: 

Hlj = 82 I (D.) = 2 t (8 f (i) 8f(i) + f(i) 82 f(i») . 
80j801 i=l 801 80j 80/80j 

(4.27) 

The first term in the sum of (4.27) is the squared Jacobian of f, and the 
second term is f(i) multiplied by the Hessian of f(i). Denoting the entries 
of the Hessian ~f f(i) as T/j(i) = 82 f(i) /80/80j, the Hessian of the loss 
function in (4.27) becomes 

N 

H = 2J..T J... + 2 Lf(i)1:(i). (4.28) 
i=l 

If the second term in (4.28) is denoted as s.., the Hessian of the loss function 
can be written as 

H = 2J...TJ... + 2s... (4.29) 

The nonlinear least squares methods introduced below exploit this struc
ture of the Hessian to derive an algorithm that is generally more efficient 
than the general approaches discussed in the previous section. The nonlinear 
least squares algorithms can be divided into two categories. 

Methods of the first category neglect s.. in (4.29). The approximation 
of the Hessian H ~ J...T J... is justified only if s.. ~ O. This condition is met 
for small f(i) in (4.28). Since the f(i) usually represent residuals (errors) 
these methods are called small residual algorithms. The big advantage of 
this approach is that the Hessian can be obtained by the evaluation of first 
order derivatives (Jacobian) only. Since for most problems the gradients ofthe 
residuals are available analytically, the approximate Hessian can be computed 
with low computational cost. The two most popular algorithms are the Gauss
Newton and Levenberg-Marquardt methods described below. 

The approaches of the second category are called large residual algorithms. 
They do not neglect the s.. term but spend extra computation on either ap
proximating s.. or switching between a universal Newton and the nonlinear 
least squares Gauss-Newton method. Note that, in principle, it is possible 
to compute s.. exactly. However, this would require the evaluation of many 
second order derivative terms. As for the general Newton method this would 
be practical only if the second order derivatives were analytically available 
and the dimensionality of the optimization problem was low. Therefore, such 
an approach would lead directly to the general Newton method, annihilating 
the advantages of the nonlinear least squares structure. Owing to the extra 
effort involved the large residual algorithms are recommended only if s.. is 
significantly. For a more detailed treatment see [339]. 

co
nt

ro
len

gin
ee

rs
.ir



104 4. Nonlinear Local Optimization 

4.5.1 Gauss-Newton Method 

The Gauss-Newton method is the nonlinear least squares version of the gen
eral Newton method in (4.15). Since the gradient can be expressed as 9 = J? f 
and the Hessian is approximated by H ~ J? I, the Gauss-Newton algorith; 
becomes 

B = B - (JT J ) -1 JT f -k -k-1 'T/k-1 -k-1-k-1 -k-1_k-1 . (4.30) 

It approximately (as s.. -t Q) shares the properties of the general Newton 
algorithm, but no second order derivatives are required. As with the classical 
Newton algorithm, in its original form, no line search is performed and 'T/k-1 

is set to 1. However, a line search makes the algorithm more robust and 
consequently Gauss-Newton with line search, the so-called damped Gauss
Newton, is widely applied. 

In practice, the matrix inversion in (4.30) is not usually performed explic
itly. Instead the following n-dimensional linear equation system is solved to 
obtain the search direction l!.k-1: 

(4.31) 

This system can either be solved via Cholesky factorization or it can be 
formulated as the linear least squares problem IIIk-1l!.k_l + Lk-111 -t min 
and then be solved via orthogonal factorization of I k - 1 [122]. However, no 
matter how the search direction is evaluated, problems occur if the matrix 
J..L1J..k - 1 is poorly conditioned or even singular. The smaller the least eigen
value of II-1Ik- 1 is, the slower is the rate of convergence of the Gauss
Newton method. The Levenberg-Marquardt algorithm discussed next deals 
with these problems. 

Example 4.5.1. Gauss-Newton for Function Minimization 
In this example, the banana function is minimized by applying the Gauss
Newton method. In order to apply a nonlinear least squares technique for 
function minimization, the function has to be a sum of squares as in (4.22). 
The banana function I(ft) = 100 (B2 -Bi)2 + (1-Bd 2 has this form. It consist 
of two quadratic terms. Consequently, L in (4.22) is given by 

(4.32) 

and the Jacobian becomes 

I(ft) = [-~0/1 1;] (4.33) 

The Gauss-Newton method approximates the Hessian of the loss func
tion by 2 IT I as explained above. Since the banana function actually is zero 
at its minimum this approximation is justified. The damped Gauss-Newton 
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Fig. 4.19. Gauss-Newton method for minimization of the banana function. The 
rate of convergence a) over the iterations, b) in the parameter space (the circles 
mark the function evaluations) 

method requires 40 and 12 function evaluations and iterations, respectively, 
when starting at the first initial value, and 21 and 7, respectively, for the 
second initial value. Figure 4.19 shows the rate of convergence from initial 
value 1. Therefore, this method is the fastest on the banana function ex
ample. On most problems, however, a Newton method will give superior 
performance because it utilizes exact second derivative information. If the 
Hessian is not available analytically, nonlinear least squares methods have 
an advantage over quasi-Newton approaches because they do not need to 
accumulate second order information. Thus, the Gauss-Newton or the more 
robust Levenberg-Marquardt algorithm discussed in the next subsection is 
recommended whenever the problem can be formulated in nonlinear least 
squares form. 

4.5.2 Levenberg-Marquardt Method 

The Levenberg-Marquardt algorithm is an extension of the Gauss-Newton 
algorithm. The idea is to modify (4.30) to 

(4.34) 

where again the matrix inversion is not performed explicitly but by solving 

(lLd.k-l + Qk-d) Ek-l = lLdk_1 . (4.35) 

The addition of Qk-d in (4.34) to the approximation of the Hessian 
lL1lk-l is equivalent to the regularization technique in ridge regression 
for linear least squares problems; see Chap. 3.1. It solves the problems of a 
poorly conditioned lL1lk-l matrix. 

The Levenberg-Marquardt algorithm can be interpreted as follows. For 
small values of Qk-l it approaches the Gauss-Newton algorithm, while for 
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106 4. Nonlinear Local Optimization 

large values of llk-l it approaches the steepest descent method. Close to the 
optimum the second order approximation of the loss function performed by 
the (Gauss)-Newton method is very good, and a small llk-l should be chosen. 
Far away from the optimum the (Gauss)-Newton method may diverge, and a 
large llk-l should be chosen. For sufficiently large values of llk-l the matrix 
J..Lvl.k-l + llk-d is positive definite, and a descent direction is guaranteed. 
Therefore, a good strategy for determination of llk-l is as follows. Initially 
some positive value for llk-l is chosen. Then at each iteration llk-l is de
creased by some factor, since the parameters are assumed to approach their 
optimal values where the Gauss-Newton method is powerful. If the decrease 
of llk-l leads to a bad search direction (Le., the loss function value increases) 
then llk-l is again increased by some factor until a downhill direction results. 

Note that although the Levenberg-Marquardt algorithm is a nonlinear 
least squares technique, its regularization idea can also be applied to the 
general Newton or quasi-Newton methods. 

Example 4.5.2. Levenberg-Marquardt for Function Minimization 
In this example, the banana function is minimized by applying the Levenberg
Marquardt method. The advantages are basically the same as for the Gauss
Newton method. However, owing to the modified search direction the Leven
berg-Marquardt algorithm is more robust. The numbers of function evalu
ations and iterations are 63 and 18, respectively, when starting at the first 
initial value, and 17 and 6, respectively, for the second initial value. Fig
ure 4.20 shows the rate of convergence from initial value 1. The Levenberg
Marquardt algorithm is slower than Gauss-Newton from initial value one and 
slightly faster from initial value 2. Owing to its fast convergence and robust
ness, the Levenberg-Marquardt algorithm is applied to most nonlinear local 
optimization problems treated within this book. Note that a lot of exper-

a) b) 
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iteration 

Fig. 4.20. Levenberg-Marquardt method for minimization of the banana function. 
The rate of convergence a) over the iterations, b) in the parameter space (the circles 
mark the function evaluations) 
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4.6 Constrained Nonlinear Optimization 107 

tise in determining the regularization parameter a is necessary for a good 
implementation [43]. 

4.6 Constrained Nonlinear Optimization 

Techniques for nonlinear local optimization with constraints are much newer 
and mathematically more complicated than the unconstrained methods dis
cussed above. For an extensive treatment of such techniques refer to [389]. 
Constraints emerge from available knowledge or restrictions about the param
eters. This implies that usually only interpretable parameters are constrained. 
A typical example is a control variable that is bounded by its minimum and 
maximum value (e.g., valve open and valve closed). Another less direct ex
ample is the position of membership functions in a fuzzy system. They are 
also constrained to the range of the physical variable that they represent in 
order to keep the fuzzy system interpretable. From these examples it can 
be concluded that controller optimization and fuzzy membership function 
optimization are characteristic applications of constrained optimization tech
niques. 

Obviously, knowledge about constraints gives valuable information about 
the parameters. It reduces the size of the search space, and therefore should 
lead to a speed-up in optimization. But constraints are not easy to incorporate 
into the optimization technique and certainly require extra effort. However, 
if a constrained optimization technique is chosen, each additional constraint 
generally improves the convergence of the algorithm. 

A general constrained nonlinear optimization problem may include in
equality and equality constraints. Thus, the task can be formulated as fol
lows: 

I (D.) --t mjn 

subject to 

9i(D.) ~ 0 

hj(D.) = 0 

i = 1, ... ,m, 
j = 1, ... ,1. 

(4.36) 

(4.37a) 

(4.37b) 

This leads to the following Lagrangian, which is the unconstrained loss 
function plus the weighted constraints: 

m I 

L(D.,~) = l(ft.) + ~::>i9i(D.) + :EAj+mhj(D.). (4.38) 
i=l j=l 

The famous Kuhn-Tucker equations give the following necessary (and of
ten sufficient) conditions for optimality [389] 

flopt is feasible, i.e., meets the constraints, (4.39) 
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108 4. Nonlinear Local Optimization 

i = 1, ... ,m (4.40) 

(4.41) 

Equation (4.39) demands that the parameters meet the constraints (4.37a) 
and (4.37b). Equation (4.40) imposes that the Lagrange multipliers of those 
inequality constraints with 9i(flopt) < 0 are zero. (4.41) requires the first order 
derivative of the Lagrangian to be equal to zero. 

Most modern constrained nonlinear optimization algorithms take the La
grange multipliers into account or even approximate (linear or quadratic) the 
Kuhn-Tucker equations. Perhaps the most powerful of these algorithms is se
quential quadratic programming (SQP), which utilizes second order deriva
tive information. It is included in many optimization packages; see, e.g., [43]. 
On the other hand there are some very simple and easy-to-use approaches, 
that are very widely applied, although they are regarded as being obsolete 
[389]. Nevertheless, they are of significant practical importance, and thus 
these methods are discussed briefly in the following. 

The simplest and most straightforward way to deal with the constraints 
is to modify the loss function in order to incorporate the constraints. Then 
a conventional unconstrained optimization algorithm can be applied to solve 
the problem. The loss function is extended by an additional penalty term to 
limit constraint violations: 

Ip(D.,p) = 1(D.) + pP(D.). (4.42) 

The penalty function P(D.) should be large for constraint violations and 
small for feasible parameters D.. This penalty function is weighted with a factor 
p. For p = 0 the loss function of the unconstrained problem is recovered, and 
constraint violations are not penalized. For p = 00 constraint violations are 
prevented but the original loss function is extremely distorted. Consequently, 
large penalty values p lead to numerical ill-conditioning of the optimization 
procedure. Therefore, some tradeoff for the choice of p is required. Usually 
this tradeoff is performed by changing p while the optimization progresses. 

Two different approaches must be distinguished: the exterior and interior 
penalty function methods. For an exterior approach, the penalty function 
may be defined as (see Fig. 4.21) 

m l 

Pexterior(D.) = L (max (0, 9i(D.)))2 + L (hj (D.))2 . (4.43) 
i=l j=l 

Thus, if all constraints are satisfied (9i(D.) :S 0 and hj(D.) = 0), the penalty 
function is equal to zero (P(D.) = 0). The reason for the quadratic form of 
(4.43) is that this guarantees a smooth transition from the regions where the 
constraints are satisfied to the regions where they are violated. This smooth 
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Fig. 4.21. Penalized loss functions with the external penalty function method for 
different penalizing factors p. The curve associated to p = 0 represents the non
penalized loss function I(®. The constraints are () $ 7 and () 2: 4. According to 
(4.37a), these constraints can be formulated as () - 7 $ 0 and 4 - () $ 0 

transition is important to ensure acceptable convergence of the applied non
linear optimization technique. Note, however, that only loss function values 
and first order derivatives are continuous at the constraints boundary, while 
all higher order derivatives are discontinuous. This fact causes problems with 
all sophisticated optimization methods that utilize second order information 
such as Newton, quasi-Newton and conjugate gradient methods. Although 
these penalty function methods generally have poor performance they can 
be effectively applied for problems with simple constraints, such as shown in 
Fig. 4.22. This kind of constraint arises in control, for example, where the 
manipulated variable is always bounded by the upper and lower limits of the 
actuator. Since in Fig. 4.22 the region of feasible parameters is convex and 
the initial parameters typically are within this region, the degradation of the 
loss function by the penalty function is of minor importance. For the con
troller optimization example, the exterior penalty function approach usually 
causes no problems at all. For example, if any constraint due to the actuator 
is violated during the optimization of the manipulated variable the process 
performs exactly as it would work on the constraints. Therefore, the loss 
function is constant in the infeasible regions. Thus, a small value of p (pre
venting ill-conditioning) is sufficient to drive the parameters (manipulated 
variables) into the feasible region. 

As discussed above, the choice of p requires a tradeoff between minimal 
distortion of the original loss function and maximum constraint violation 
penalty. This tradeoff is usually performed by starting with small values 
for p in order to obtain a good conditioned optimization problem. As the 
optimization process progresses p is increased in order to drive the parameters 
out of the constraint violation regions. Experiments are necessary to find a 
good schedule for increasing p. 

While the exterior methods start with parameters that possibly violate the 
constraints and then iteratively increases the penalty, the interior methods 
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Fig. 4.22. Constraints on the parameter optimization. In many problems, e.g., 
controller optimization, the parameters are limited by upper and lower bounds. 
The dark shaded area is the feasibility region 
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Fig. 4.23. Penalized loss functions with the internal penalty function method for 
different penalizing factors p. The curve associated to p = 0 represents the non
penalized loss function I(!l.). The constraints are 8 ~ 7 and 8 ~ 4. According to 
(4.37a), these constraints can be formulated as 8 - 7 ~ 0 and 4 - 8 ~ 0 

follow the opposite philosophy. The penalty function approaches infinity as 
the parameters approach the constraint boundaries (see Fig. 4.23) : 

mIL 

~nterior(fl) = L ~(()) + L (h j (fl))2 . 
i=l gt - j=l 

( 4.44) 

Therefore, if the initial parameters are satisfying the constraints, they are 
forced to stay feasible during the optimization procedure. Thus, the strategy 
for the choice of p is exactly opposite to the exterior method. The interior 
penalty function method starts with large values of p and decreases p until 
zero as the optimization progresses. 

4.7 Summary 

To clarify the somewhat confusing naming of the unconstrained nonlinear 
local optimization algorithms, Table 4.1 shows the relationship between those 
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4.7 Summary 111 

Table 4.1. Relationship between nonlinear local optimization techniques for gen
eral loss functions and for nonlinear least squares problems 

General loss functions Nonlinear least squares 

Search methods 

Steepest descent 

Newton 

Regularized Newton 

Quasi-Newton 

Conjugate gradient 

Gauss-Newton 

Levenberg-Marquardt 

Table 4.2. Overview of general nonlinear local optimization techniques 

Technique No. of para. Remarks 

Search methods 1-10 For non-available analytic first derivative 

Steepest descent 100- Only reasonable for sample adaptation 

Newton 1-10 For available analytic second derivatives 

Quasi-Newton 10-100 Approximation of second derivatives 

Conjugate gradient 100- Best suited for large problems 

techniques based on general loss functions and those that solve nonlinear least 
squares problems. 

Table 4.2 gives a rough orientation to the problems which for which gen
eral nonlinear local optimization technique may be best suited. It is important 
to note that in batch mode optimization steepest descent is generally out
performed by conjugate gradient algorithms on any problem size (number 
of parameters). However, in sample mode optimization the performance of 
steepest descent is not as catastrophic since line search techniques cannot be 
reasonably applied [21]. 

Table 4.3 summarizes the results obtained by minimization of the banana 
function with the nonlinear local optimization techniques. The number of 
function evaluations and the number of iterations required in order to find 
the minimum with a parameter accuracy of at least 0.001 are shown. For 
the simplex and Hooke-Jeeves search the two numbers are the same because 
no line search is performed. For all gradient-based methods the number of 
function evaluations is larger than the number of iterations since the line 
search procedure performed in each iteration requires additional function 
evaluations. Note that the Newton, quasi-Newton, and nonlinear least squares 
techniques require only three to four function evaluations in each iteration 
because the line search is carried out roughly, while the conjugate gradient 
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112 4. Nonlinear Local Optimization 

Table 4.3. Number of function evaluations / number of iterations for the banana 
function minimization with nonlinear local optimization techniques. Note that both 
the number of function evaluations and the number of iterations required do not 
correspond exactly to the necessary computation time because the effort for evalu
ation of the search direction l? is different for each technique 

Technique Initial value 1 Initial value 2 

Simplex search 200/200 221 /221 

Hooke-Jeeves 230/230 175/175 

Steepest descent 3487 / 998 10956/3131 

Newton (with line search) 54/17 36/11 

Quasi-Newton (BFGS) 79/24 55/17 

Conjugate gradient (Fletcher-Reeves) 203/36 261 /44 

Gauss-Newton (damped) 40/12 21/7 

Levenberg-Marquardt 63/18 17/6 

method demands accurate line search and consequently requires more func
tion evaluations per iteration. 

Note that steepest descent does not always perform so poorly in com
parison with the other techniques. Its performance is highly dependent on 
the shape of the specific function, as illustrated by the zig-zagging effect in 
Fig. 4.14. Especially close to the minimum, where the other (higher order) 
methods exploit the almost quadratic shape of the loss function, steepest de
scent performs very poorly. If the goal is not to reach the minimum exactly 
but only approximately, steepest descent is more competitive than Table 4.3 
indicates. In the context of neural networks or other very flexible model struc
tures, where early stopping is usually applied as a regularization technique 
(see Chap. 7) and sample adaptation is very common, steepest descent (with
out line search) may still be a reasonable technique. 

The reason why simplex and Hooke-Jeeves search perform significantly 
better than steepest descent and about the same as conjugate gradient on 
the banana function, although neither search method utilizes first derivative 
information, is as follows. The valley of the banana function is so flat that the 
gradient is almost zero. Thus, the step size for steepest descent is very small. 
The step size of the search methods, however, starts with an initial value, 
and is reduced only if the algorithm is not able to go downhill. Therefore, 
as can be seen by comparing Fig. 4.15 with Figs. 4.9 and 4.11, the step size 
of the search methods is significantly larger, leading to faster convergence on 
this specific problem. 
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5. Nonlinear Global Optimization 

The distinction between local and global techniques is only necessary in the 
context of nonlinear optimization, since linear problems always have a unique 
optimum; see Chap. 3. The nonlinear local optimization techniques discussed 
in the previous chapter start from an initial point in the parameter space and 
search in directions obtained by neighborhood information such as first and 
possibly second order derivatives. Obviously, such an approach leads to an 
optimum that is close to the starting point and in general not the global one. 
The methods discussed in this chapter search for the global optimum. Al
though for some methods convergence to the global optimum can be proved, 
this usually cannot be claimed within finite time. Thus, one cannot expect 
those global methods to find the global optimum, especially for large prob
lems. Rather the intention is to find a good local optimum. Since in most 
applications the loss function value of the global optimum is not known, it 
is difficult to assess the quality of an optimum. However, comparisons with 
results obtained by truly local techniques can justify the use of global ap
proaches. 

The simplest strategy for searching a good local optimum is a multi-start 
approach. It simply starts a conventional nonlinear local optimization tech
nique from several different initial parameter values. Each local optimization 
run discovers a local optimum, and the best one is chosen as the final result. 
Assessing the quality and number of different local optima achieved in this 
procedure reveals some information about the possible benefits that can be 
expected from a global search. It is advisable to start any global optimization 
with such a strategy in order to get a "feeling" of sensitivity on the initial 
parameters and the difference in quality of different local optima. Besides 
their simplicity the multi-start methods have the advantage of intrinsic par
allelization, that is, each local method can be run on a different computer. 
The big drawback of multi-start methods is the difficulty of how to choose 
the different initial parameters reasonably. 

Another common strategy for extending local methods to a more global 
search is to add noise on the parameter update (4.10). The additional noise 
deteriorates the convergence speed of the algorithm, but it can drive the pa
rameters out of local optima. As shown in Sect. 4.1, sample adaptation is 
similar to adding noise on the parameter update, and therefore it can also 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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114 5. Nonlinear Global Optimization 

escape from shallow local optima. Typically, the noise level is reduced as 
the optimization progresses in order to speed up convergence. With sample 
adaptation this corresponds to a decreasing step size. These noise addition 
methods, however, due to their local orientation can only search in the neigh
borhood of the initial parameters. 

If these approaches fail to reach satisfactory results, one of the global 
techniques described in the following may succeed. They should be applied 
mainly if one (or several) of the following conditions is (are) met: 

• search for a good local or even global optimum is required; 
• loss function's surface or its derivative is highly non-smooth; 
• some parameters are not real but integer or binary or even of mixed types; 
• combinatorial optimization problems. 

The main drawback of all global approaches is the huge computational de
mand. The most obvious way to search for the global optimum is to cover the 
input space of the loss function with a grid. If each parameter is discretized 
into Ll - 1 intervals, then Lln loss function evaluations have to be computed 
(n is the number of parameters, i.e., the dimension of the parameter space). 
Clearly, this effort grows exponentially with the number of parameters. Thus, 
such a strategy is hopeless even for moderately sized problems. The expo
nential increase of complexity with the number of parameters is a fact that 
does not depend on the specific algorithm applied for global optimization. It 
simply follows from the problem and is a typical manifestation of the curse of 
dimensionality; see Sect. 7.6.1. The way most algorithms solve this dilemma 
is to examine more closely those regions of the parameter space that are more 
likely to contain good local optima. Parameter values in the other regions are 
evaluated with lower probability. This idea can only be successful if the un
derlying loss function contains some "regularity" , a property that fortunately 
can be expected from all real-world problems. 

Most nonlinear global optimization techniques incorporate some stochas
tic elements. In order to let the algorithm more easily escape from local op
tima it must be allowed to forget the corresponding parameter values. Thus, 
the loss function is not guaranteed to be monotonically decreasing over the 
iterations. However, when the optimization procedure is finally terminated 
it is reasonable to choose the best overall solution, not the best solution in 
the final iteration. Therefore, it is advisable to store the best solution over 
all iterations, if this information is not transferred from one iteration to the 
next by the algorithm itself. 

Since the global methods have to examine the whole parameter space (al
though with non-uniform density) their convergence to any optimum is pro
hibitively slow. Therefore, it is a good idea to use the estimated parameters 
from any global method as initial values for a subsequent local optimization 
procedure in order to converge to the optimum fast and accurately. 

Loosely speaking, global methods are good at finding regions while local 
methods are good at finding points. 
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5. Nonlinear Global Optimization 115 

b) Nested optimization 

nonlinear global 

nonlinear local 
or linear 

e) Staggered optimization 

Fig. 5.1. Combinations of different optimization techniques: a) global optimization 
of all parameters and a subsequent local optimization of all parameters, b) global 
optimization of some parameters or structures and within (in each iteration) a 
nonlinear local or linear optimization of the other parameters, c) repeated global 
optimization of some parameters and subsequently nonlinear local or linear opti
mization of the other parameters 

Because nonlinear global, nonlinear local, and linear optimization tech
niques each have their specific advantages and drawbacks, in practice it is 
often effective to combine different approaches. Figure 5.1 depicts some com
mon combinations of different optimization approaches. The already men
tioned idea to first run a global search and subsequently start a local search 
is shown in Fig. 5.1a. 

Figure 5.1b illustrates a nested optimization approach. This is a good 
alternative if some parameters are easy to optimize, e.g., linear parameters, 
and others are hard to optimize, e.g., structural parameters. Typical examples 
are neural networks, fuzzy systems, or polynomials, where the outer loop may 
optimize the model structure (number of neurons, fuzzy rules, or polynomial 
terms), which is a combinatorial optimization problem, and the inner loop 
estimates the (often linear) parameters. Thus, each calculation of the loss 
function value by the global technique involves the solution of a linear or 
nonlinear local optimization problem. Consequently, the computational effort 
of each iteration is considerable. However, such a strategy usually speeds up 
convergence compared with a nonlinear global optimization of all (even the 
linear) parameters because significantly fewer iterations are required. 

Figure 5.1c shows an alternative approach for the same type of problem. 
The structural parameters may be optimized by a global technique with all 
other parameters fixed, and subsequently all other parameters are optimized 
keeping the structure fixed. These steps are repeated until convergence. This 
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116 5. Nonlinear Global Optimization 

staggered optimization approach is particularly successful if the structural 
parameters and all other parameters are not closely linked, i.e., they are 
almost orthogonal; see Sect. 3.1.3. 

All these approaches try to exploit the different character of different 
parameters by applying individually well suited optimization techniques. 
Whether the enhanced performance is worth the additional implementation 
effort is highly problem dependent. Nevertheless, as a rule of thumb one 
should always try to optimize linear parameters with a linear optimization 
technique since their advantages are overwhelming. 

5.1 Simulated Annealing (SA) 

Simulated annealing (SA) is a Monte-Carlo (stochastic) method for global 
optimization. Its name stems from the following physical analogy that de
scribes the ideas behind the algorithm: A warm particle is simulated in a 
potential field. Generally, the particle moves down toward lower potential 
energy, but since it has a non-zero temperature, i.e., kinetic energy, it moves 
around with some randomness and therefore occasionally jumps to higher 
potential energy. Thus, the particle is capable of escaping local minima and 
possibly finding a global one. The particle is annealed in this process, that 
is, its temperature decreases gradually, so the probability of moving uphill 
decreases with time. It is well known that the temperature must decrease 
slowly to end up at the global minimum energy; otherwise the particle may 
get caught in a local minimum. In the context of optimization the parti
cle represents the parameter point in search space and the potential energy 
represents the loss function. 

Simulated annealing was first proposed by Kirkpatrick [206] in 1983. In the 
following, the general form of a simulated annealing algorithm is discussed. 

1. Choose an initial "large enough" temperature To. 
2. Choose an initial parameter vector flo, that is, a point in search space. 
3. Evaluate the loss function value for the initial parameters I(flo). 
4. Iterate for k = 1,2, ... 
5. Generate a new point in search space flnew , which has the deviation Llflk = 

flnew - flk- 1 from the old point with the generation probability density 
function g(Ll~, Tk). 

6. Evaluate the loss function value for the new parameters I(flnew). 
7. Accept this new point with an acceptance probability h(Lllk,Tk) where 

Lllk = I(flnew) - I(flk_1), that is, set flk = flnew , or otherwise keep the 
old point, that is, set flk = ~-l' 

8. Decrease the temperature according to the annealing schedule Tk. 
9. Test for the termination criterion and either go to Step 4 or stop. 

The algorithm starts with an initial temperature and an initial param
eter vector. A choice for To is not easy, and since all nonlinear problems 
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5.1 Simulated Annealing (SA) 117 

are different, a trial-and-error approach is required. To determines the ini
tial tradeoff between globality and locality of the search. If it is chosen too 
high, convergence is very slow, and if is is chosen too small, the algorithm 
concentrates too early on the neighborhood around the initial point. Then 
at Step 5 a new point in search space is generated by a generation probabil
ity density function g(-). This generation pdf has two properties: (i) smaller 
parameter changes have higher probability than larger ones, (ii) large pa
rameter changes are more likely for higher temperatures than for lower ones. 
Thus, the algorithm starts with a very wide examination of the parameter 
space, and as time progresses and the temperature decreases it concentrates 
to an increasingly focused region. The loss function value of the newly gen
erated point can either be better (Le., smaller) or worse (Le., higher) than 
for the old point. A typical descent approach would accept any better point 
and would discard any worse point. In order to enable the escape from local 
minima, SA accepts the new point with a probability of h(·) (Step 7). This 
acceptance probability function has the following properties: (i) acceptance 
is more likely for better points than for worse ones, (ii) acceptance of worse 
points has a higher probability for larger temperatures than for smaller ones. 
The acceptance probability in standard SA is chosen as [164] 

h(l1Ik Tk) _ exp (-h/Tk) 
, - exp(-h/Tk)+exp(-Ik-dTk) 

1 
(5.1) 

where l1Ik represents the difference ofthe loss function value between the new 
and the old parameters. Figure 5.2 shows this acceptance probability function 
for different temperatures. In Step 8 the temperature is decreased according 
to some predefined annealing schedule. It is of fundamental importance for 

0.8 

~ 0.6 

::;;" 0.4 

0.2 

0 

-6 -2 0 2 4 6 
M 

Fig. 5.2. Acceptance probability in simulated annealing for high, medium, and 
small temperature T. Points that decrease the loss function (Lll < 0) are always 
accepted with a probability higher than 0.5, while points that increase the loss 
function (Lll > 0) are less likely to be accepted. For very high temperatures (T -+ 
00) all points are accepted with equal probability, while for very low temperatures 
(T -+ 0) only points that improve the loss function are accepted 
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Fig. 5.3. Gaussian probability density function for different annealing tempera
tures T. The lower the temperature, the more likely points around "0" are to be 
generated. Points around "0" are close to the old point and therefore represent local 
search 

the convergence of the algorithm to the global optimum that this annealing 
schedule decreases the temperature slowly enough. 

The traditional choice of the generation probability density function 
g(Ll!l., T) is a Gaussian distribution; see Fig. 5.3. It can be shown that the 
algorithm is statistically guaranteed to find the global optimum (annealing 
proof), if the following annealing schedule is applied: 

To 
Tk = Ink' (5.2) 

Simulated annealing with these choices for the generation pdf and an
nealing schedule is known as Bolzmann annealing (BA). It is important to 
understand that the proof of statistical convergence to the global optimum re
lies on the annealing schedule (5.2). No such proof exists for BA with faster 
annealing. Although this proof basically states that the global optimum is 
found in infinite time, it is of practical significance, since it guarantees that 
the algorithm will not get stuck in a local minimum. Also, if the parame
ter space is discretized (as it always is for digital representations) it may be 
possible to put some finite upper bounds on the search time. 

The problem with BA is that its annealing schedule is very slow. Thus, 
many users apply faster schedules such as an exponential decrease of temper
ature (quenching). While this might work on some problems it will, however, 
not work on others, since the conditions of the global convergence proof are 
violated. In order to allow faster annealing without violating these conditions 
fast annealing (FA) was developed [164]. In FA the Gaussian generation pdf 
is replaced by a Cauchy distribution; see Fig. 5.4a. Since it has a "fatter" 
tail it leads to a more global search. Fast annealing statically finds the global 
optimum for the following annealing schedule: 

To 
Tk = k' (5.3) 
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b) 
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Fig. 5.4. a) Cauchy probability density function for different annealing tempera
tures T. The Cauchy distribution has a "fatter" tail than the Gaussian in Fig. 5.3 
and therefore it permits easier access to test local minima in the search for the 
desired global minimum. b) Probability density function for VFSR and ASA. It is 
non-zero only for [-1,1] and can be transformed into any interval [A, B]. This pdf 
has a "fatter" tail than the Cauchy pdf in Fig. 5.4a, and therefore it permits easier 
access to test local minima in the search for the desired global minimum 

Thus, it is exponentially faster than BA. Although with the Cauchy distri
bution the probability of rejected (non-accepted) points is higher, the faster 
annealing schedule usually over-compensates this effect. 

In the late 1980s Ingber developed very fast simulated reannealing (VFSR) 
[163], which was continuously extended to adaptive simulated annealing 
(ASA) [164, 165]. In contrast to BA and FA, which (theoretically) sample in
finite ranges with the Gaussian and Cauchy distributions respectively, these 
algorithms are designed for bounded parameters. Figure 5.4b shows the gen
eration pdf applied in ASA for the generation of random variables in [-1,1]. 
They can be linearly transformed into any interval [A, B]. This approach 
meets the requirements of most real-world problems. Indeed, ASA has been 
applied in many different disciplines, ranging from physics over medicine to 
finance. As can be seen in Fig. 5.4b, this pdf favors global sampling over 
local sampling even more than the Cauchy distribution. Thus, the number 
of accepted points will be lower. However, the statistical convergence to the 
global optimum can be proven for an exponentially fast annealing schedule 

Tk = To exp (_ckl/n) , (5.4) 

where n is the number of parameters and c is a constant that can be chosen 
for each parameter, that is, each parameter may have its individual anneal
ing schedule. The term lin in (5.4) is a direct consequence of the curse of 
dimensionality. An increasing number of parameters has to slow down the 
annealing schedule exponentially in order to fulfill the global optimum proof, 
since the problem's complexity increases exponentially with the number of 
parameters. Thus, for high dimensional parameter spaces ASA will become 
very slow. Experience shows that faster annealing schedules that violate the 
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annealing proof often also lead to the global optimum. Changing the anneal
ing schedule to Tk = To exp (-ckQ/n) with Q > 1 is called quenching, where 
Q is called the quenching factor. For example, the quenching factor can be 
chosen as Q = n in order to make the speed of the algorithm independent of 
the number of parameters. Although quenching violates the annealing proof, 
it performs well on a number of problems [164]. 

Some special features such as reannealing and self optimization justify 
the term "adaptive" in ASA [164]. Whenever performing a multidimensional 
search on real-world problems, inevitably one must deal with different chang
ing sensitivities of the loss function with respect to the parameters in the 
search space. At any given annealing time, it seems reasonable to attempt 
to "stretch out" the range over which the relatively insensitive parameters 
are being searched, relative to the ranges of the more sensitive parameters. 
Therefore, the parameter sensitivity, that is, the gradient of the loss function, 
has to be known or estimated. It has been proven fruitful to accomplish this 
by periodically (each 100 iterations or so) rescaling the annealing tempera
ture differently for each parameter. By this reannealing ASA adapts to the 
underlying loss function surface. Another feature of ASA is self optimization. 
The options usually chosen by the user based on a-priori knowledge and trial 
and error can be incorporated into the loss function. This means that ASA 
may optimize its own options. Although this feature is very appealing at first 
sight, it requires huge computational effort. In [166] ASA is compared with 
a genetic algorithm (GA) and is shown to perform significantly better on a 
number of problems. 

5.2 Evolutionary Algorithms (EA) 

Evolutionary algorithms (EAs) are stochastic optimization techniques based 
on some ideas of natural evolution, just as simulated annealing (SA) is based 
on a physical analogy. The motivation of EAs is the great success of natural 
evolution in solving complex optimization problems such as the development 
of new species and their adaptation to drastically changing environmental 
conditions. All evolutionary algorithms work with a population of individuals, 
where each individual represents one solution to the optimization problem, 
i.e., one point in the parameter space. One difference from simulated anneal
ing is that for SA usually a single particle corresponding to a single parameter 
point is considered, while for EAs typically a population of many (parallel) 
individuals are considered, which makes EAs inherently parallel algorithms. 

As in nature this population of individuals evolves in generations (i.e., 
iterations) over time. This means that individuals change because of muta
tion or recombination or other genetic operators. By the application of these 
genetic operators new individuals are generated .that represent a different 
parameter point, consequently making it possible to search the parameter 
space. Each individual in the population realizes a loss function value. By 
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Table 5.1. Comparison of terminology of evolutionary algorithms and classical 
optimization 

Evolutionary algorithm 

Individual 

Population 

Fitness 

Fitness function 

Generation 

Application of genetic operators 

Classical optimization 

Parameter vector 

Set of parameter vectors 

Inverse of loss function value 

Inverse of loss function 

Iteration 

Parameter vector update 

selection the better performing individuals (smaller loss function values) are 
more likely to survive than the worse performing ones. The performance index 
is called fitness and represents some inverse l of the loss function value. Se
lection ensures that the population tends to evolve toward better performing 
individuals, thereby solving the optimization problem. Table 5.1 compares 
the terminology of evolutionary algorithms with the corresponding classical 
optimization expressions. Evolutionary algorithms work as follows [245]: 

1. Choose an initial population of S individuals (parameter points) fto = 
[ttl,o tt2 ,0 ..• tts,o]· 

2. Evaluate the fitness (some inverse of the loss function) of all individuals 
of the initial population Fit(fto). 

3. Iterate for k = 1,2, ... 
4. Perform selection enew = Select(ek _ l ). 

5. Apply genetic operators ek = GenOps(enew ) (mutation, recombination, 
etc.). 

6. Test for the termination criterion and either go to Step 3 or stop. 

One feature of all evolutionary algorithms is that they are inherently 
parallel because a set of individuals (the population) is evaluated in each 
iteration. This can be easily implemented on a parallel computer. Evolution 
in nature itself is an example of a massive parallel optimization procedure. 

The evolutionary algorithms differ in the type of selection procedure and 
the type of genetic operators applied. Usually a number of strategy parameters 
such as mutation and recombination rates or step sizes have to be fixed by 
the user or optimized by the EA itself, which again distinguishes different 
EA approaches. Furthermore, substantial differences lie in the coding of the 
parameters or structures that have to be optimized. 

In engineering typically very simple selection procedures and genetic oper
ators (mostly only mutation and recombination) are applied, trying to imitate 

1 e.g., 1/1(fJ.) or -1('1.). 
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a) Evolution strategy (ES) b) Genetic algorithm (GA) 

transform 

solve 

Fig. 5.5. Comparison of evolution strategies and genetic algorithms: a) the genetic 
algorithm is modified into an evolution strategy that can solve the problem directly, 
b) the genetic algorithm can only solve the modified problem [245] 

the essential features of nature without becoming too complicated. The engi
neer's goal is to design a well performing optimization technique rather than 
imitate nature as closely as possible. The same pragmatic approach is pur
sued in the context of artificial neural networks inspired by the brain, fuzzy 
logic inspired by rule-based thinking, and many others. All these approaches 
have their roots outside engineering, but as their understanding progresses 
they typically move away from their original motivation and tend to become 
mathematically analyzed and improved tools. 

Evolutionary algorithms can be distinguished into evolution strategies 
(ES) (Sect. 5.2.1), genetic algorithms (CA) (Sect. 5.2.2), genetic program
ming (GP) (Sect. 5.2.3), evolutionary programming, and classifier systems 
[145]. The last two are beyond the scope of this book. 

While evolution strategies and genetic algorithms are mainly used as pa
rameter optimization techniques, genetic programming operates on a higher 
level by optimizing tree structures. Figure 5.5 compares the approaches of 
evolution strategies and genetic algorithms. Genetic algorithms operate on a 
binary level and are very similar to nature, where the information is coded in 
four different bases on the DNA. In order to solve a parameter optimization 
problem with real parameters, these parameters must be coded in a binary 
string. The genetic algorithm then operates on this modified coding. In con
trast, evolution strategies do not imitate nature as closely but operate on 
real parameters, which allows them to solve parameter optimization prob
lems more directly. A huge number of variations of all types of evolutionary 
algorithms exist. A phase of almost separate development of evolution strate
gies (mainly in Germany) and genetic algorithms (mainly in the USA) ended 
in the 1990s, and many ideas were exchanged and merged in order to create 
hybrid algorithms. For the sake of clarity, this section focuses on the classi
cal concepts of evolution strategies and genetic algorithms; almost arbitrary 
combinations of these ideas are possible. 
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5.2 Evolutionary Algorithms (EA) 123 

In the following sections evolution strategies, genetic algorithms, and 
genetic programming are briefly summarized. For further details refer to 
[16, 69, 11~ 121, 145, 152, 245, 321, 35~. 

5.2.1 Evolution Strategies (ES) 

Evolution strategies (ESs) were developed by Rechenberg and Schwefel in 
Germany during the 1960s. For ESs the parameters are coded as they are. 
Continuous parameters are coded as real numbers, integer parameters are 
coded as integer numbers, etc. 

In ESs mutation plays the dominant role of all genetic operators. The 
parameters are mutated according to a normal distribution. In the simplest 
case, all parameters are mutated with the same Gaussian distribution (see 
Fig.5.6a) 

B~new) = Bi + .dB , (5.5) 
where .dB is distributed according to the following pdf: 

p( .dB) = _1_ exp (_ ~ .d(2
) . 

.;21ra 2 a2 
(5.6) 

Because (5.6) has zero mean the parameters are changed with equal prob
abilities to smaller and larger values. Furthermore, (5.6) generates smaller 
mutations with a higher probability than larger mutations. The standard 
deviation a of the pdf controls the average step size .dB of the mutation. 

If (5.6) is not flexible enough it can be extended in order to allow indi
vidual step sizes (standard deviations) for each parameter (see Fig. 5.6b) 

(5.7) 

a) Equal step sizes b) Different step sizes c) Different step sizes and correlations 

Fig. 5.6. Mutation in an evolution strategy is usually based on a normal distribu
tion: a) all parameters are mutated independently with equal standard deviations 
of the Gaussian distribution, b) all parameters are mutated independently but with 
individual standard deviations, c) the mutations of all parameters have individual 
standard deviations and are correlated (all entries of the covariance matrix in the 
Gaussian distribution are non-zero) 
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~'------~~----~~'------~~-------
parameters strategy parameters 

Fig. 5.7. The individual for an evolution strategy contains the parameters to be 
optimized and so-called strategy parameters (or meta parameters) which control 
the internal behavior of the evolution strategy. These strategy parameters are also 
subject to the optimization 

where f).(}i are distributed according to the following pdfs: 

1 (1 f).(}2) p(f).(}i) = -- exp ---2 . 
v'2iiai 2 ai 

(5.8) 

This is the most common implementation. Furthermore, it is possible to 
incorporate correlations between the parameter changes. This allows one to 
specify search directions that are not axis-orthogonal similar to the Hooke
Jeeves algorithm; see Sect. 4.3.2. Then the joint pdf of all step sizes f).~ = 
[f).(}1 f).(}2 ... f).(}nF becomes (see Fig. 5.6c) 

1 (1 T ) 
p( f).~) = 271" det (12) exp - "2 f).~ X; f).~ , (5.9) 

where X;-I is the covariance matrix that contains the information about 
the standard deviations and rotations of the multidimensional distribution. 
The two previous mutation pdfs are special cases of (5.9) where X;-I = 
d · (2 2 2) t"'-I 2j . I lag aI' a2 ,···, an or ~ = a _, respectIve y. 

If the parameters are not real but integer or binary the mutation approach 
described above has to be altered slightly. Integers may be utilized to code 
structural parameters such as the number of neurons in a neural network, the 
number of rules in a fuzzy system, or the number of terms in a polynomial. 
For these parameters the normal distributed step size f).fl can be rounded to 
ensure that (}~new) stays integer. For binary parameters a normal distribu
tion of the mutation does not make any sense. Rather some fixed mutation 
probability can be introduced as for genetic algorithms; see the next section. 

From the above discussion it becomes clear that it is hard for the user to 
choose reasonable values for the step sizes (standard deviations). In local op
timization techniques the step size is optimized by line search; see Sect. 4.4.l. 
A similar strategy is pursued here. The step sizes are coded in the individ
uals and thus also subject of optimization. A typical individual in an ES is 
depicted in Fig. 5.7, where the {)i denote the so-called strategy parameters, 
which represent the standard deviations. For example, if individual standard 
deviations are used the individual contains n parameters (}i and additionally 
n strategy parameters {)i. The optimization of strategy parameters that in
fluence the optimization algorithm is called self adaptation or second level 
learning. 

co
nt

ro
len

gin
ee

rs
.ir



5.2 Evolutionary Algorithms (EA) 125 

a) Averaging recombination b) Discrete recombination 

() offspring 2 

ct0ffspring 1 ~t 2 

Fig. 5.S. Recombination in an evolution strategy is performed either by a) aver
aging or b) discrete combination 

The idea behind this approach is that individuals with well adapted step 
sizes have an advantage in evolution over the others. They are more successful 
because they tend to produce better offspring. Thus, not only do the param
eters converge to their optimal values but so do the strategy parameters as 
well. Note that well suited strategy parameters should reflect the surface of 
the loss function. As the optimization progresses the strategy parameters 
should adapt to the changing environment. For example, assume that the 
optimization starts in a deep valley in the direction of one parameter. There
fore, only one parameter should be changed, and individuals with high step 
sizes for this parameter and small step sizes for the other parameters are 
very successful. At some point, as the optimization progresses, the character 
of the surface may change and other parameters should be changed as well in 
order to approach the minimum. Then the step sizes should gradually adapt 
to this new environment. 

The mutation of the strategy parameters does not follow the normal dis
tribution. One reason for this is that step sizes are constrained to be posi
tive. Rather strategy parameters are mutated with a log-normal distribution, 
which ensures that changes by factors of F and 1/ F are equally probable. 

Besides mutation, the recombination plays a less important role in evo
lution strategies. Figure 5.8 shows two common types of recombination. In 
the averaging approach the parameters (including strategy parameters) are 
simply averaged between two parents to generate the offspring. This follows 
the very natural idea that the average of two good solutions is likely to be 
a good (or even better) solution as well if the loss function is smooth. An 
alternative is discrete recombination, in which the offspring inherits some pa
rameters from one parent and the other parameters from the second parent. 
Both approaches can be extended to more than two parents. 

Selection is typically performed in a deterministic way. This means that 
the individuals are ranked with regard to their fitness (some inverse of the 
loss function value), and the best individuals are selected. This determin
istic selection has different consequences depending upon which of the two 
distinct variants of evolution strategies is applied: the "+"-stmtegy or the 
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It, "-strategy. In general, evolution strategies are denoted by (JL+>') and (JL, >'), 
respectively, where JL is the number of parents in each generation and >. is 
the number of offspring they produce by mutation and recombination. The 
selection reduces the number of individuals to JL in each generation by picking 
to best individuals. IT JL = 1 the algorithm can hardly escape from a local 
optimum, while larger values for JL lead to a more global search character. A 
ratio of 1/7 is recommended in [219] for JLI>' as a good compromise between 
local and global search. 

In the "+" -strategy the parents compete with their offspring in the selec
tion procedure. This means that the information about the best individual 
cannot be lost during optimization, i.e., the fitness of the best individual 
is monotonically increasing over the generations (iterations). This property 
is desirable for fast search of a local optimum. However, if one good solu
tion is found the whole population tends to concentrate in this area. The 
"+" -strategy can be applied either with self adaptation of the strategy pa
rameter or alternatively with the simple 1/5-rule, which says that the step 
size should be adjusted such that one out of five mutations is successful [145]. 

For a more global search, the ","-strategy is better suited. All parents 
die in each generation and the selection is performed only under the off
spring. This strategy sacrifices convergence speed for higher adaptivity and 
broader search. In a "+"-strategy the strategy parameters (step sizes) tend 
to converge to very small values if a local optimum is approached. So the 
"+" -strategy is not capable of global search any more, and cannot track pos
sibly time-variant optimization objectives (changing fitness functions). In the 
","-strategy possibly successful parents are forgotten in order to keep the ES 
searching and adapting its strategy parameters. The price to be paid for this 
is that an ES with "," -strategy never really converges, similarly to the sample 
mode adaptation; see Sect. 4.1. 

The optimal number of parents and offspring is very problem specific. 
More complex problems demand larger populations and more generations. 
Typical population sizes for evolution strategy are around 100; e.g., the 
(15,100)-strategy is common. Fortunately, all evolutionary algorithms are 
quite insensitive with respect to the choice of these meta-parameters, i.e., a 
rough adjustment according to a rule of thumb is usually sufficient. 

Table 5.2 summarizes the main 'properties of evolution strategies and com
pares them with genetic algorithms, which are discussed in the next subsec
tion. 

5.2.2 Genetic Algorithms (GA) 

Genetic algorithms (GAs) have been developed independently and almost 
concurrently with the evolution strategies by Holland in the USA [152]. In 
contrast to evolution strategies, GAs represent all types of parameters (real, 
integer, binary) with a binary coding. Thus, an individual is a bit-string; 
see Fig. 5.9. The number of bits used for the coding of each parameter is 
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Table 5.2. Comparison of evolution strategies and genetic algorithms 

Evolution strategy Genetic algorithm 

Coding Real (problem oriented) Binary (nature oriented) 

Mutation Important Minor 

Recombination Minor Important 

Selection Deterministic Probabilistic 

Strategy parameters Adapted Fixed 

chosen by the user. Of course, the accuracy doubles with each additional 
bit that is spent for the coding of a parameter. Because the complexity of 
the optimization problem increases with the length of the bit-string, coding 
should be chosen to be as coarse as possible. In many applications the highest 
reasonable accuracy for a parameter is given by the resolution of the AID and 
D I A converters. Often a much rougher representation of the parameters may 
be sufficient, especially if the GA optimization is followed by a local search 
for fine tuning. Note that some parameters may require a higher accuracy 
than others. 

The motivation for the binary coding of GAs stems from the natural 
example. In nature the genetic information is stored in a code with four 
symbols, the "A", "G", "C", "T" bases of the DNA. The binary code with 
its symbols "0" and "I" is a simplified version of the natural genetic code. 

Compared with the real coding of ESs, the binary coding of GAs creates 
much larger individuals and seems less rational if the original parameters are 
real numbers. In structure optimization problems, however, where each bit 
may control whether some part (e.g., neuron, fuzzy rule, polynomial term) 
of a model is active (switched on) or not (switched off), the binary coding of 
GAs is very rational and straightforward. 

As a consequence of the binary coding of parameters, upper and lower 
bounds represented by "00 ... 0" and "11 ... 1", respectively, have to be fixed 
by the user. If the parameters are easily interpretable (mass of a car, tem
perature inside a room, control action of a valve) these limits are typically 
known. Then the GA has the advantage of an automatic incorporation of 
minimum and maximum constraints, i.e., the parameter in the individual is 
guaranteed to be feasible. With a clever coding even more complicated con
straints can be easily incorporated into the GA. For example, it might be 

111011101111101010111 10 11101 

Fig. 5.9. The individual for a genetic algorithm contains the parameters to be 
optimized in binary code 

co
nt

ro
len

gin
ee

rs
.ir



128 5. Nonlinear Global Optimization 

offspring II 10 10 10 II II II 10 10 II I 1111 101 

Fig. 5.10. Mutation in a genetic algorithm inverts randomly determined bits in 
the individual 

desirable that a set of parameters is monotonically increasing because they 
represent centers of fuzzy membership functions such as very small, small, 
medium, large, very large. Then each center (parameter) can be coded as the 
positive distance from the previous center (parameter) . This ensures that 
during the whole optimization procedure very small is less than small, small 
is less than medium, etc. On the other hand, the automatic incorporation 
of a lower and upper bound on the parameters runs into severe problems 
if the numerical range of the parameters is not known beforehand. This is 
typically the case for non-interpretable parameters, as they occur in black 
box models. The only solution for this difficulty is to choose a very large 
interval for these parameters. Then the expected resolution and accuracy of 
these parameters are very low. So the binary coding of GAs can be either an 
advantage or a drawback depending on the type of the original parameters. 
For a deeper discussion about the practical experiences with binary coding 
refer to [69, 114]. It seems that a binary coding is usually much worse than 
a coding that represents problem-specific relationships. 

Mutation does not play the key role in GAs as it does for ESs. Figure 5.10 
illustrates the operation of mutation in GAs. It simply inverts one bit in the 
individual. The mutation rate, a small value typically around 0.001 to 0.01, 
determines the probability for each bit to become mutated. Mutation imitates 
the introduction of (not repaired) errors into the natural genetic code as they 
may be caused by radiation. The main purpose of mutation is to prevent a 
GA from getting stuck in certain regions of the parameter space. Mutation 
has a similar effect as adding noise on the parameter update, a strategy 
for escaping from local optima that is well known from local optimization 
techniques; see Sect. 4.1. 

A closer look at mutation in GAs reveals a weakness of genetic algorithms 
compared with evolution strategies. In a standard GA all bits are mutated 
with equal probability but not all bits have the same significance. For exam
ple, an integer parameter between 0 and 15 may be coded by the bit-strings 
"0000" (=0) to "1111" (=15) . A mutation in the first (most significant) bit 
changes the value of the parameters by +8 or -8 while a mutation in the last 
(least significant) bit leads to changes of only + 1 or - 1. This means that huge 
changes are equally probable as tiny ones. In most cases this is no realistic 
model of reality, and the normal distribution chosen for mutation changes 
in ESs seems much more reasonable. To circumvent this problem either the 
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10 11 10 1) 
1111101 

10 1110 I 
Fig. 5.11 . Recombination in a genetic algorithm is called crossover because the 
parent individuals are cut at one (or more) point(s), and the information of one 
side of this cut is exchanged 

mutation rate can be adjusted to the significance of the corresponding bit or 
a Gray coding of the parameters can be implemented [245). 

Recombination is the major genetic operator in GAs. The bit-strings of 
two (or more) parents are cut into two (or more) pieces and the parts of the 
bit-string are crossed over; see Fig. 5.11. Therefore, this type of recombina
tion is called crossover. Both offspring contain one part of information from 
one parent and the rest of the other parent, as in the discrete recombination 
strategy for ESs shown in Fig. 5.8. The crossover rate, a large value typically 
around 0.6 to 0.8, determines the probability with which crossover is per
formed. The point where the parents are cut is determined randomly, with 
the restriction that it should not cut within one parameter but only between 
parameter boundaries. Crossover imitates the natural example where an off
spring inherits half of its genes from each parent (at least for humans and 
most animals) . 

The standard genetic operators as described above work for simple prob
lems. Often, however, not all parameter combinations or structures coded in 
the individual make sense with respect to the application. Then the standard 
mutation and crossover operators may probably lead to nonsense individuals, 
which cannot be reasonably evaluated by the fitness function. Consequently, 
application specific mutation and crossover operators must be developed that 
are tailored to the requirements of the application. The development of an 
appropriate coding and the design of these operators are typically the most 
important and challenging steps toward the problem solution. For examples 
refer to [69, 114, 245). 

Selection in GAs works stochastically, contrary to the deterministic ES 
selection. This means that no individual is guaranteed to survive. Rather, 
random experiments decide which individuals are carried over to the next 
generation. Again, this is very close to nature, where also the fittest individ
uals have the high probabilities but no guarantee of surviving. Different GA 
selection schemes can be distinguished. The most common one is the so-called 
roulette wheel selection. Each individual has a probability of surviving that is 
proportional to its fitness. An individual that is twice as good as another one 
has twice the chance of surviving. Figure 5.12 shows how this selection scheme 
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selection 

Fig. 5.12. In roulette wheel selection each individual has a probability of surviving 
that is proportional to its fitness. Here, this is illustrated for eight individuals 

can be illustrated as a spinning roulette wheel. The probabilities Pi(select) for 
each individual can be calculated by normalizing the (positive!) fitness values 
of all individuals: 

p.(select) = F~ti 
• ""pop. sIze F·t . 

L..Jj=l Z 3 

(5.10) 

The fitness of each individual is required to be positive in order to evaluate 
(5.10). This can be achieved by, e.g., inverting the loss function I/I(fl.) or 
changing the sign of the loss function C - I(Q) with a C larger than the 
largest loss function value. One problem with roulette wheel selection becomes 
obvious here. The selection process depends on the exact definition of the 
fitness function and not only on the ranking of the individuals as is the 
case for ESs. Any nonlinear transformation of the fitness function influences 
the selection process. Therefore, the following problem typically arises with 
roulette wheel selection. During the first generations the population is very 
heterogeneous, i.e., the fitness of the individuals is very different. As the GA 
starts to converge, the fitness of all individuals tends to be much more similar. 
Consequently, all individuals survive with almost the same probability; in 
other words the selection pressure becomes very small; see Fig. 5.13. Then 
the GA degenerates to random search. In order to avoid this effect, several 
methods for scaling the fitness values have been proposed. A simple solution 
is to scale the fitness values such that the highest value is always mapped 
to 1 and the lowest fitness value is mapped to O. With such a scaling, the 
selection pressure can be kept constant over all generations. For more details 
refer to [121]. 
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Fig. 5.13. Ten individuals are selected out of 100. The selection pressure is high if 
better individuals are highly favored over worse ones. The lowest possible selection 
pressure would be an identical probability for all individuals to survive independent 
of their ranking. Then the GA would degenerate to inefficient random search 

Alternatives to roulette wheel selection are the ranking based selection 
schemes such as tournament selection. They base the selection on the ranking 
of each individual in the whole population rather than on its absolute fitness 
value. The relationship between roulette wheel selection and ranking based 
selection is similar to the relationship between the mean and the median. For 
more details about selection schemes refer to [121]. 

Because the selection is probabilistic, GAs tend to sample the parame
ter space more stochastically than ESs. Since in GAs good individuals can 
die, they are similar to the "," -strategy in ESs. The convergence behavior is 
controlled by the selection pressure. This corresponds to the inverse of the 
annealing temperature in simulated annealing; see Sect. 5.1. Figure 5.13 il
lustrates that for very high selection pressures the diversity of the population 
decreases, since only the very best individuals have a significant probability 
of surviving. This may lead to premature convergence, i.e., the GA loses its 
capability of exploring new regions of the parameter space and the search be
comes too locally focused. On the other hand, for selection pressures that are 
too low the GA deteriorates to inefficient random search, which is too global. 
This means that by designing the fitness function (and possibly scaling al
gorithms) and choosing a selection scheme, the user decides on the selection 
pressure and thus carries out a problem-specific tradeoff between a global 
and local character of the search. 

As for evolution strategies, the choice of the number of parents and off
spring in GAs is very problem specific. Typical population sizes are around 
100. Table 5.2 summarizes the properties of GAs and ESs. For GAs a clever 
coding of the parameters utilizing prior knowledge is probably the most de
cisive step toward a successful solution of complex optimization problems. 

In the following an extension of GAs, genetic programming, is described 
that applies the genetic operators on a higher structural level than bit-strings. 
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5.2.3 Genetic Programming (GP) 

Genetic programming (GP) proposed by Koza [213, 214, 215] is very simi
lar to genetic algorithms but it operates on tree structures rather than on 
binary strings. Trees are flexible structures that allow one to represent rela
tionships efficiently. Figure 5.14 shows two examples of how logic expressions 
and mathematical equations can be realized with trees. The leaves of a tree 
typically represent variables or constants, while the other nodes implement 
operators. The user specifies a set of variables, constants, and operators that 
may be used in the tree. 

Clearly, the GA mutation and crossover operators have to be modified 
for GPs. Figure 5.15 illustrates how mutation can be performed. Parts of the 
tree (variables, constants, or operators) can be randomly changed, deleted, 
or newly generated. Figure 5.16 shows how crossover can be realized for GPs. 
Parts (subtrees) of both parents are randomly cut and exchanged to generate 
the offspring. As the example in Fig. 5.16 shows, the trees can grow and shrink 
in this procedure. For selection basically the same schemes as for GAs can 
be applied. 

One important issue in genetic programming is how to deal with real 
parameters. If, for example, the function y = 2Ul + 3.5u~ + 1. 75 is to be 

b) 

B a b a c d 

A B 

Fig. 5.14. The individual for genetic programming is represented in a tree struc
ture. Tree structures allow one to realize a) logic expressions (here: XOR), b) math
ematical equations (here a+acd in a redundant manner), and many other structures 

parent offspring 

a b ace 

Fig. 5.15. Mutation in genetic programming changes parts of the tree structure, 
like operators or variables 
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parent 1 offspring 1 

a b a c d a b 

pamlt2 offspring 2 

a a 

a c d 

Fig. 5.16. Recombination in genetic programming exchanges parts of the tree 
structure between the parents. Trees can grow and shrink due to the application of 
this genetic operator 

searched by GP, the task is to find not only the correct (or a good approx
imate) structure of the problem but also the numerical values 2, 3.5, and 
1. 75. One approach is to code and optimize the parameters as bit-strings, as 
is done in GAs. A much more promising alternative, however, is to optimize 
all parameters within each fitness function call by local (if possible linear) 
optimization techniques [237, 238]. This corresponds to the nested optimiza
tion strategy, as illustrated in Fig. 5.1b. Such a decomposition of the problem 
into a structural part solved by GP and a parameter optimization part solved 
by local search or linear regression reduces the complexity significantly and 
speeds up convergence. 

5.3 Branch and Bound (B&B) 

Branch and bound (B&B) is a tree-based search technique that is very pop
ular for the solution of combinatorial optimization problems. For a restricted 
class of problems, it can be applied to parameter optimization as well. Then 
the parameters have to be discretized, i.e., real parameters are mapped to, 
say, B different values similar to GAs where B = 2L with L being the length 
of the binary code. The idea of branch and bound is to build a tree that 
contains all possible parameter combinations (see Fig. 5.17), and to search 
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1. branch 

2. branch 

Fig. 5.17. Illustration of the branch and bound method with B alternatives 

only the necessary part of this tree. Branch and bound employs tests at each 
node of the tree, which allows one to cut parts of the tree and thus save 
computations compared with an exhaustive search. 

In B&B it is assumed that upper and lower bounds for the loss function 
are known (or can be easily derived). This information can be utilized to 
prune away whole subtrees. For example, in a traveling salesman problem the 
optimal route through a number of given cities is sought. The best existing 
solution to this problem represents an upper bound on the loss function, i.e., 
the length of the route or its required time. Only solutions that can be better 
than the existing one are relevant. In the B&B tree each node would represent 
one city. If the B&B algorithm branches several times, i.e., subsequently visits 
several cities, the current loss function value for this route may exceed the best 
existing solution. If this happens the whole subtree can be pruned since all 
routes in this subtree are known to be worse than the best existing solution. 
If during the search procedure a better solution is discovered, its loss function 
value becomes the new upper bound. The more restrictive the bounds are, 
the more subtrees can be pruned and the faster the search becomes. 

It is very easy to incorporate various kinds of constraints into a B&B 
technique. At each node the constraints can be checked. If they are violated 
this part of the tree can be deleted. 

For the practical application of branch and bound techniques, a number 
of characteristics have to be specified that influence the performance of the 
algorithm significantly. For example, the search can be performed in depth, 
broadly, or based on the best bounds. For complex problems, various heuris
tics and rules can be incorporated to further prune the tree, although this 
gives up the guarantee of finding the globally best solution. 

The difficulty for an extension of the B&B ideas for optimization of real 
parameters is that it is not easy to make a reasonable comparison with the 
lower and upper bounds during the tree search. For example, a model with 
three parameters is to be optimized. Each parameter is discretized into B 
values. Then the tree has three levels and B3 final nodes (leaves), which 
represent the final models. The difficulty now is that it is usually not possible 
to evaluate the model performance when only one (after the first branch) 
or two (after the second branch) parameters out of three are determined. 
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The third parameter (which is unknown in the first two levels of the tree) 
may have fundamental importance for the model performance. Thus, it may 
be not possible to prune subtrees, and B&B becomes senseless or at least 
ineffective. In [10] a strategy is proposed that demonstrates how B&B can be 
applied for optimization in nonlinear predictive control. This strategy is based 
on the fact that each parameter (here: control action) causes a minimum 
fixed contribution to the loss function (here: control error). Thus, the upper 
bound may be exceeded during the B&B search, and subtrees can be pruned. 
The key to a successful application of branch and bound techniques is the 
decomposition of the whole problem into subproblems whose performance 
can be evaluated individually. For a deeper analysis of branch and bound 
methods refer to [59, 223, 251]. 

5.4 Tabu Search (TS) 

Tabu search (TS) is a promising new alternative to the established simulated 
annealing and evolutionary algorithms. It is especially applied to combina
torial optimization problems in the operations research area (traveling sales
man, routing, scheduling, etc. problems). The philosophy of tabu search is to 
utilize the efficiency of local search techniques in the global search strategy. 
The simplest and ad hoc version is the multi-start approach in which local 
search is performed, starting from different (typically randomly chosen) ini
tial values; compare the introduction to this chapter. This approach is not 
very efficient because it may happen that the same (or similar) initial values 
are investigated several times. In contrast, tabu search is memory based, i.e., 
it stores the history of the investigated points and tries to avoid consider
ing them twice (already investigated points are tabu). In order to search the 
parameter space globally while avoiding getting stuck in local minima, it is 
necessary to temporarily allow a deterioration (a step back) in performance. 
In simulated annealing and evolutionary algorithms the decision whether a 
new parameter vector is accepted or not is made in a probabilistic manner. In 
contrast, tabu search typically accepts a performance deterioration (increase 
of the loss function) only if further local search is not expected to yield better 
results and the subsequent search region to investigate has not been visited 
before (for a given number of iterations). Tabu search is currently the subject 
of active research, and as for all global search methods, a large number of 
different variants exist. For more detailed information refer to [23]. 

5.5 Summary 

Nonlinear global optimization techniques are suited for problems that cannot 
be satisfactory solved by nonlinear local optimization methods. These prob
lems typically fulfill one or more of the following properties: multi-modal, 
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non-continuous derivatives of the loss function, non-continuous parameters, 
structure optimization problems. All nonlinear global optimization methods 
require some tradeoff between the extent of the global character and the 
convergence speed. No method can guarantee to find the global solution for 
complex practical applications (in finite time). However, in most practical 
cases the user will be satisfied if the obtained solution meets the specifica
tions even without knowing whether a better solution exists or not. It is 
highly recommended to combine global search methods with nonlinear local 
or linear optimization approaches, as described in the introduction of this 
chapter. It is very hard to give general guidelines, which global optimization 
method is expected to work best on which class of problems. Probably for 
practical considerations, the experience of the user with the (not few!) fiddle 
parameters of each algorithm such as annealing schedule, quenching, muta
tion or crossover rates is more important than the actual used method. The 
careful application of global search techniques requires more experience and 
trial and error than other optimization methods. It has often been reported 
in the literature that the incorporation of prior knowledge into the algorithm 
is decisive not only for good performance but also for practical feasibility of 
the solution [69, 245]. 
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6. Unsupervised Learning Techniques 

In so-called unsupervised learning the desired model output y is not known 
or is assumed to be not known. The goal of unsupervised learning meth
ods is to process or extract information with the knowledge about the input 
data {:!!( in, i = 1, ... , N, only. In all problems addressed in this book the 
desired output is known. However, unsupervised learning techniques can be 
very interesting and helpful for data preprocessing; see Fig. 6.1. Preprocessing 
transforms the data into another form, which hopefully can be better pro
cessed by the subsequent model. In this context, it is important to keep in 
mind that the desired output is actually available, and there may exist some 
efficient way to include this knowledge even into the preprocessing phase. 

The following example illustrates the typical use of unsupervised learning 
techniques for a simple classification problem. Figure 6.2 shows the distri
bution of the input data in the UI-U2-input space. Assume that Ul and U2 

represent two features that have to be mapped to classes represented by in
teger values of the output y. For example, the correct classification for an 
XOR-like problem is to assign the upper left and lower right groups of data 
(clusters) to class 1 and the other two clusters to class O. In a supervised 
learning problem each training data sample would consist of both the input 
values Ul and U2 and the associated output value y, being either 1 or O. With 
such training data information this classification problem can be solved easily. 
For an unsupervised learning problem the outputs are unknown, that is, the 
training data consists only of the input data without any information about 

original 
inputs 

transformed, compressed 
inputs 

preprocealiag 

(obtained by 
IIDSUpervised leaming) 

model 

(obtained by 
supervised leaming) 

outputs 

y, 

Fig. 6.1. Data preprocessing units are often trained by unsupervised learning. The 
original p inputs UI, U2, .•• , up are not mapped directly to the outputs by the model. 
Rather, in a preprocessing step the inputs are transformed to Xl, X2, ••• , X q • The 
number of transformed inputs q is typically smaller than the number of original 
inputs p since they usually represent the input space in some compressed form. 
The goal of preprocessing is to reduce the required complexity of the model 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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138 6. Unsupervised Learning Techniques 

", 
Fig. 6.2. Four clusters in a two-dimensional input space. Without information 
about the associated outputs, an unsupervised method would discover four groups 
of data 

the associated classes. Therefore, the best an unsupervised learning technique 
can do is to group or cluster the input data somehow. For example, an algo
rithm may find four clusters with their centers at approximately (0.25,0.25), 
(0.75,0.25), (0.25,0.75), and (0.75, 0.75) in the form of circles with an ap
proximate radius of 0.25 each. Next, in a second step, these four clusters can 
be mapped by a supervised learning technique to the associated two classes. 
Thus, the clustering performed by the unsupervised learning technique has 
transformed the problem of mapping a vast amount of input data samples to 
their associated class to the problem of mapping four clusters to two classes. 
Thereby the complexity of the second mapping step is considerably reduced. 

The above example is typical in that a single supervised learning approach 
can be replaced by a two-step procedure consisting of an unsupervised learn
ing preprocessing phase followed by a supervised learning phase. Often the 
two-step approach is computationally much less demanding than the orig
inal single supervised learning problem. The first phase in such a two-step 
strategy can be considered as information compression or dimensionality re
duction. It naturally is most promising and regularly applied for problems 
with a huge amount of data and/or high-dimensional input spaces. 

The above example is somewhat misleading about the performance that 
can be expected from such unsupervised learning techniques. There is no 
guarantee that the input data distribution is related to the corresponding 
output values of the underlying problem. Although unsupervised learning 
methods are standard tools for preprocessing, their benefits are highly prob
lem specific. 

In the following section, principal component analysis is introduced as 
a tool for coordinate axis transformation and dimensionality reduction. Sec
tion 6.2 addresses popular clustering techniques, starting from the classical k
means and its fuzzy version through the Gustafson-Kessel algorithm to neural 
network inspired methods such as the famous self-organizing map or neural 
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6.1 Principal Component Analysis (PCA) 139 

gas network. Finally, Sect. 6.2.7 discusses possible strategies for incorporating 
the information about the output values into the clustering framework. 

6.1 Principal Component Analysis (PCA) 

Principal component analysis (peA) is a tool for coordinate axis transforma
tion and dimensionality reduction [325]. With a peA a new set of orthogonal 
coordinate axes is calculated by maximizing the sample variance of the given 
data points along these axes. The idea behind peA is that the direction where 
the data variance is highest is the most important one and the direction with 
the smallest data variance is the least significant. 

Figure 6.3 shows a simple two-dimensional example. By looking at the 
data distribution one can discover that both inputs are highly correlated. It 
seems very likely that input U2 is a linear function of input UI (U2 = CUI), and 
the deviations from the exact linear dependency are due to noise. However, 
with certainty such a conclusion can never be drawn solely from data without 
process knowledge. If the assumption of the linear dependency of UI and U2 

is true, the input data can properly be described by just one new input 
along ~l = !!l + C!!2' where !!l = [UI of and !!2 = [0 u2F. This direction 
~l is the one with the highest data variance. The (orthogonal) second new 
input axis then is ~2 = !!2 - C!!1> which is the direction with the lowest 
data variance. If the axes !!l and !!2 are transformed to the new ones ~l 
and ~2 the underlying problem is simplified considerably. Since ~l contains 
most information on the data and ~2 basically describes the noise, a two
dimensional problem formulated in the !!1-!!2-input space can be transformed 
into a one-dimensional problem in the ~l-input space by discarding ~2' Again, 
note that discarding ~2 relies on the linear dependency of UI and U2, which 
is only assumed, not known . 

O.S 

"2 0 

. . . ~ ." 

-lr---~~--~----~--~ 

Fig. 6.3. Principal component analysis for a two-dimensional input space. The 
first axis (~l) points into the direction with the highest input data variance. If U2 

is assumed to be linearly dependent on Ul, the input dimension can be reduced by 
utilizing ~l and discarding ~2 
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140 6. Unsupervised Learning Techniques 

For the general p-dimensional case the peA can be formulated as fol
lows [325]. The goal is to maximize the variance along the new axes ;r.i = 
[Xi! Xi2 •.• Xip]T, i = 1, ... , p, where each axis is a linear combination of 
the original axes. Since there exists an infinite number of vectors pointing in 
equal directions, in order to obtain a unique solution the variance maximiza
tion is constrained by normalizing the vectors, i.e., ;r. T;r. = 1. The data can be 
written in an N x p matrix U, where N is the number of data points and p is 
the dimension of the input space. It is assumed that the data has zero mean 
(this can be enforced by subtracting the mean). Then the variance of the data 
along direction ;r. is found by calculating the square of the projection of the 
data on the new axis U ;r.. Therefore, the following constrained maximization 
problem arises: 

(6.1) 

where A is the Lagrangian multiplier. The first term represents the variance 
of the data along direction ;r. and the second term represents the constraint 
;r.T;r. = 1. The solution of (6.1) leads to the following eigenvalue problem: 

(UTU) ;r. = A;r.. (6.2) 

The eigenvectors ;r.i are the optimal axes, and the corresponding eigenval
ues Ai are the data variances along these directions (i = 1, ... ,p). Note that 
the eigenvectors and eigenvalues of UT U can be computed by the singular 
value decomposition (SVD) of U [122]. Thus, if the eigenvalues of UTU are 
arranged in descending order, a dimensionality reduction can be performed 
by selecting the first Psel axes, that is, the directions with the highest data 
variance. 

The peA is an unsupervised learning technique. Only input data vari
ances are evaluated for the axes' transformations. Thus, extreme care must 
be taken when a peA is applied for dimensionality reduction. There is gen
erally no reason why low input data variance should imply low significance of 
the corresponding input. This can be clearly seen in Fig. 6.4, which depicts a 
typical input data distribution for a dynamic system identification problem. 
It shows the process outputs delayed by one and two time instants, respec
tively. Figure 6.4 thus represents the measured data with input u(k) and 
output y(k) in the input y(k - 1) - y(k - 2)-subspace for an identification of 
a second order process, e.g., y(k) = f (u(k - 1), u(k - 2), y(k - 1), y(k - 2)). 
Since the sampling time must be chosen in order to cover all significant dy
namics of the process, two subsequent process outputs (y(k -1) and y(k - 2)) 
necessarily are highly correlated. Nevertheless, the information of two pre
vious process outputs is required for building an appropriate model. In this 
example, a dimensionality reduction would discard a considerable amount of 
information. 

Often therefore a peA is applied only for coordinate axis transformation 
and not for dimensionality reduction. But even in this case it is by no means 
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)(k-l) 

Fig. 6.4. Correlation between the two subsequent process outputs y(k - 1) and 
y(k - 2) of a dynamic process with y(k) = f (u(k - 1), u(k - 2), y(k - 1), y(k - 2)). 
Although a PCA suggests eliminating one of these variables, the information of 
both is required for an appropriate process description. Note that a PCA without 
any dimensionality reduction that performs only an axes transformation may lead 
to a better process description or may not, depending on the specific shape of the 
function f (.) and the model architecture applied for approximation of f (. ) 

guaranteed that the transformed axes are a better description with respect 
to the output values than the original ones. 

A better measure for the significance of each input is the complexity 
of the output y. Methods that take the output into account belong to the 
class of supervised learning techniques. Although this chapter does not deal 
with supervised approaches, the basic ideas will be discussed briefly in the 
following to point out the connection and relationship between these methods. 

It will be assumed that the output y can be written as a function of the 
inputs Ui, i = 1, ... ,p, that is, y = f(ut, U2, ... , up). Obviously, if 8f/8ui = 0 
for all Ui the output y does not depend on input Ui. This redundant input 
can then be discarded without any information loss. The problem, however, 
is more complicated, since not only redundant inputs but also their redun
dant linear combinations are searched. If the function f(·) is assumed to be 
linear this problem can be solved analogously to a PCA by a partial least 
squares regression (PLS). Instead of the data matrix U the covariance (cross-

correlation) matrix (UTy)T has to be used in (6.1) and (6.2), where y is 
the N-dimensional output data vector. However, for nonlinear fO the PLS 
does not work properly, since the covariance matrix can only represent lin
ear dependencies. Finding the optimal directions in nonlinear problems is 
a very complicated task. It obviously becomes more important, the higher 
dimensional the input space is. Since the linear combinations (directions) of 
inputs Ui, i = 1, ... ,p influence the output in a nonlinear way, necessarily 
nonlinear optimization techniques are required to solve this problem. Com
mon algorithms are projection pursuit learning (PPL) [162], originated from 
statistics, and the multilayer perceptron (MLP) network in the context of 
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142 6. Unsupervised Learning Techniques 

neural networks. It can be shown that the MLP is a special kind of PPL. 
Section 11.2.8 addresses this matter more extensively. 

6.2 Clustering Techniques 

Clustering techniques search for groups of data. A cluster can be defined as a 
group of data that are more similar to each other than data belonging to other 
clusters [29]. Figure 6.5 shows four examples. The user has to define what 
kinds of clusters will be sought by defining a similarity measure. The most 
common cluster shapes are filled circles or (in higher dimensions) spheres, 
respectively. Then the similarity measure may be the distance of all data 
samples within a cluster to the cluster center. In this case, the cluster center 
represents the cluster, and thus it is called the prototype of the cluster. For 
other similarity measures the cluster prototype can be different, e.g. a line in 
Fig. 6.5b or a circle'sjellipses' center and its radius in Fig. 6.5c and d. 

The user specifies what the clusters will look like, and chooses a suit
able clustering algorithm for this task. The clustering techniques treated in 
this section require the user to choose the number of clusters a priori. More 
advanced methods can determine the number of clusters automatically in de
pendency on a granularity measure given by the user. Only non-hierarchical 
clustering approaches are considered here, i.e., methods in which all clusters 
have a comparable interpretation. Hierarchical clustering techniques generate 
clusters that can again include clusters and so on. 

Classical clustering methods such as k-means (Sect. 6.2.1) assign each 
data sample fully to one cluster (hard or crisp partition). Modern clustering 
techniques generate a fuzzy partition. This means that each data sample is 
assigned to each cluster with a certain degree of membership f1(Y} For each 
data sample all degrees of membership sum up to 1. For example, one data 
sample !!.(i) may be assigned to cluster 1 with f1(y,(i)) = 0.7, to cluster 2 with 
f1(y,(i)) = 0.2, to cluster with f1(y,(i)) = 0.1, and to all other clusters with 
f1(y,( i)) = O. 

Since the loss functions minimized by clustering techniques are typically 
nonlinear, the algorithms operate iteratively starting from initially chosen 
clusters. Generally, convergence to the global optimum cannot be guaranteed. 
The sensitivity on the initial values depends on the specific algorithm. If the 

a) . . . .. . . . . .. . ., . . ..... .. . . .. . .. . 

b) 

. . 
. . 

c) . . .' . .. " . 
e •• _ • 

. . 
' .. 

d) .. -. 
.... .' . . .... . . 

e •• _ 

Fig. 6.5. Examples for different shapes of clusters: a) filled circles, b) lines, c) hollow 
circles, d) hollow ellipses [10] 

co
nt

ro
len

gin
ee

rs
.ir



6.2 Clustering Techniques 143 

initial clusters are chosen reasonably by prior knowledge instead of randomly, 
convergence to poor local optima can usually be avoided. 

Another important issue related to the choice of the similarity measure is 
the normalization of the data. Most clustering algorithms are very sensitive 
to the scale of the data. For example, a clustering technique that looks for 
filled circles in the data is strongly influenced by the scaling of the axes, since 
that changes circles to ellipses. Non-normalized data, say two inputs in the 
ranges 0 < Ul < 1 and 0 < U2 < 1000, can degrade the performance of a 
clustering technique because for the calculation of distances the value of Ul 

is almost irrelevant compared with U2. Thus, data should be normalized or 
standardized before applying clustering techniques. An exception to this rule 
is methods with adaptive similarity measures that automatically rescale the 
data, such as the Gustafson-Kessel algorithm described in Sect. 6.2.3. But 
even for these rescaling algorithms, normalized data yields numerically better 
conditioned problems. 

In order to summarize, clustering techniques can be distinguished accord
ing to the following properties: 

• type of the variables they can be applied to (continuous, integer, binary); 
• similarity measure; 
• hierarchical or non-hierarchical; 
• fixed or self-adaptive number of clusters; 
• hard or fuzzy partitions. 

For a more detailed treatment of clustering methods refer to [6, 10, 156, 
326]. 

6.2.1 K-Means Algorithm 

The k-means algorithm discussed in this section is the most common and 
simple clustering method. It can be seen as the basis for the more advanced 
approaches described below. Therefore, some illustrative examples are pre
sented to demonstrate the properties of k-means, while the other algorithms 
are treated more briefly. In the name k-means clustering, also known as c
means clustering [6], the "k" or "c" stands for the fixed number of clusters, 
which is specified by the user a priori. 

K-means clustering minimizes the following loss function: 

c 
1= L L Illl(i) - f j ll2 -+ ~in, 

j=l iESj -3 

(6.3) 

where the index i runs over all elements of the sets Sj, C is the number of 
clusters, and fj are the cluster centers (prototypes). The sets Sj contain all 
indices of those data samples (out of all N) that belong to the cluster j, 
i.e., which are nearest to the cluster center fj' The cluster centers fj are the 
parameters that the clustering technique varies in order to minimize (6.3). 
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Therefore, the loss function (6.3) sums up all quadratic distances from each 
cluster center to its associated data samples. It can also be written as 

C N 

1= L L JLjilly(i) - ~j112 , (6.4) 
j=l i=l 

where JLji = 1 if the data sample y( i) is associated (belongs) to the cluster j 
and JLji = 0 otherwise. 

The k-means algorithm by MacQueen to minimize (6.4) works as follows 
[6]: 

1. Choose initial values for the C cluster centers ~j' j = 1, ... , C. This can 
be done by picking randomly C different data samples. 

2. Assign all data samples to their nearest cluster center. 
3. Compute the centroid (mean) of each cluster. Set each cluster center to 

the centroid of its cluster, that is, 

E y(i) 
iES; 

~j = (6.5) 

where i runs over those Nj data samples that belong to cluster j, Le., 
are in the set Sj, and Nj is the number of the elements in the set Sj 

(Ef=l Nj = N). 
4. If any cluster center has been moved in the previous step go to Step 2; 

otherwise stop. 

Figure 6.6 illustrates the convergence behavior of k-means with C = 3 
clusters. Figure 6.6a shows the two-dimensional data set. Figure 6.6b depicts 
the three cluster centers for the five iterations required for convergence. The 
initial cluster centers were chosen randomly from the data set. Although 
these initial values lie quite poorly, k-means converges fast to the final cluster 
centers. 

Figure 6.7 illustrates the importance of normalization of the data. Fig
ure 6.7a shows which data samples belong to which cluster for the normalized 
data from Fig. 6.6a. Figure 6.7b shows the clusters for the non-normalized 
data set where Ul lies between 0 and 100 and U2 lies between 0 and 1. The dis
tance in (6.4) is dominated by the ul-dimension, and the cluster boundaries 
depend almost solely on Ul. 

An alternative to normalization of the data is changing the distance metric 
used in (6.4). The quadratic Euclidean norm 

D~j = Ily(i) - ~j112 = (y(i) - ~j)T(Y(i) - ~j) (6.6) 

can be extended to the quadratic general Mahalonobis norm 

D~j,ld. = Ily(i) - ~jlli: = (y(i) - ~j)T E(y(i) - ~j). (6.7) 
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Fig. 6.6. a) Clustering of the data with k-means leads b) to convergence in five 
iterations. The black filled circles represent the final cluster centers 
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Fig. 6.7. a) Comparison of normalized data and b) non-normalized data and its 
effect on k-means clustering. Although the cluster centers in (b) are still reasonably 
placed, the data is assigned almost solely to the cluster that is closest in the Ul

dimension because this coordinate dominates the distance measure 

The norm matrix E scales and rotates the axes. For the special case where 
the covariance matrix is equal to the identity matrix (E = D the Mahalonobis 
norm is equal to the Euclidean norm. For 

E= 
~ 11(7~··· 0 [

ll(7f 0 0 1 
o 0 > l/~~ 

(6.8) 

where p denotes the input space dimension, the Mahalonobis norm is equal 
to the Euclidean norm with the scaled inputs u}scaled) = uz/ (7l. In the most 
general case, the norm matrix scales and rotates the input axes. Figure 6.8 
summarizes these distance measures. Note that an choice in (6.4) is equivalent 
to the Euclidean norm with transformed input axes. One restriction of k
means is that the chosen norm is fixed for the whole input space and thus for 
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a) b) c) 
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Fig. 6.S. Lines with equal distance for different norms: a) Euclidean (E = D, 
b) diagonal (E = diagonal), and c) Mahalonobis norm (E = general) 

all clusters. This restriction is overcome with the Gustafson-Kessel algorithm, 
which employs individual adaptive distance measures for each cluster; see 
Sect. 6.2.3. 

6.2.2 Fuzzy C-Means (FCM) Algorithm 

The fuzzy c-means (FCM) algorithm is a fuzzified version of the classical 
k-means algorithm described above. The minimized loss function is almost 
identical: 

C N 

1= L L Jl.'jill!!(i) - ~jlli: 
j=1 i=1 

C 

with LJl.ji = 1. 
j=1 

(6.9) 

So, the degree of membership Jl.ji of one data sample !!( i) to cluster j is 
not required to be equal to one for one cluster and zero for all others. Rather 
each data sample may have some degree of membership between 0 and 1 for 
each cluster under the constraint that all these degrees of membership sum 
up to 1, i.e., 100%. The degree of membership is raised to the power of v that 
determines the fuzziness of the clusters. This weighting exponent v lies in 
the interval (1,00), and without prior knowledge the typically chosen value 
is v = 2. If the clusters are expected to be easily separable then low values 
close to 1 are recommended for v since this reduces the fuzziness and drives 
the degrees of membership close to 0 or 1. On the other hand, if the clusters 
are expected to be almost not distinguishable, high values for v should be 
chosen. 

The degree of membership Jl.ji of one data sample !!(i) to cluster j is 
defined by [10, 29, 156] 

1 
Jl.ij = c;;!-r (6.10) 

( 2 2) ,,-E Di·E/DilE 
1=1 3,_ '-

with 

(6.11) 
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Fig. 6.9. Illustration of the distances in the fuzzy c-means algorithm. In the most 
general formulation the Dij have to be replaced by the Dij,l2. that measure the 
distance in the Mahalonobis norm 

Figure 6.9 illustrates the definition of the distances for one data sample 
and two cluster centers and the Euclidean distance measure E = L Then 
(6.10) becomes 

1 
(6.12) 

with the distances in Fig. 6.9. Obviously, as the data sample approaches 
the cluster center (Drj,I2 -+ 0), the degree of membership to this cluster 
approaches 1 (J.Lij -+ 1), and as Drj,I2 -+ 00, J.Lij -+ O. Clearly, (6.10) auto
matically fulfills the constraint that the sum of J.Lij over all clusters is equal 
to 1 for each data sample. 

When calculating the degree of membership according to (6.10), the fol
lowing two special cases must be taken into account: 

• If in (6.10), (6.11) the data sample 1!(i) lies exactly on a cluster center 54 
that is not cluster j (l :f: j) then one denominator in (6.10) (Drl E) becomes 
zero and J.Lij = O. ,-

• If in (6.10), (6.11) the data sample :If(i) lies exactly on the cluster center 
{;.j then J.Lij can be chosen arbitrarily if the constraint E~=l J.Lij = 1 is met. 

The fuzzy c-means algorithm that minimizes (6.9) works as follows [10, 
29, 156]: 

1. Choose initial values for the C cluster centers {;.j' j = 1, ... ,C. This can 
be done by picking randomly C different data samples. 

2. Calculate the distances Drj,I2 of all data samples to 1!( i) to each cluster 
center {;.j according to (6.11). 

3. Compute the degrees of membership for each data sample 1!(i) to each 
cluster j according to (6.10). 

4. Compute the centroid (mean) of each cluster. Set each cluster center to 
the centroid of its cluster, that is, 

N 
'" II~·U· L.... '-tJ -t 
i=l 

{;.j = .:........:N:-:----

EJ.L'i-
i=l J 

(6.13) 
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In an extension to (6.5) in the classical k-means algorithm, the data 
samples are weighted with their corresponding degrees of membership 
(weighted sum). 

5. If any cluster center has been moved significantly, say more than €, in 
the previous step then go to Step 3; otherwise stop. 

Like the k-means algorithm, this fuzzified version searches for filled circles 
(17 = I), axes-orthogonal ellipses (17 = diagonal), or arbitrarily oriented 
ellipses (17 = general). The shape of the cluster has to be fixed by the user 
a priori. It can neither be adapted to the data nor be different for each 
individual cluster. 

6.2.3 Gustafson-Kessel Algorithm 

The Gustafson-Kessel clustering algorithm [10, 156] is an extended version of 
the fuzzy c-means algorithm. Each cluster j possesses its individual distance 
measure 17j : 

(6.14) 

Furthermore, not only the cluster centers r.j but also the norm matrices 
17j are subject to the minimization of the loss function (6.9). The p x p norm 
matrices 17 j can be calculated as the inverse fuzzy covariance matrix of each 
cluster 

with 

17. =F-:-l 
-J -J (6.15) 

(6.16) 

One difficulty is that the distance (6.14) and consequently the loss func
tion (6.9) can be reduced by simply making the determinant of 17j small. 
To prevent this effect, the norm matrices or the fuzzy covariance matrices 
have to be normalized. Typically, the determinant of the norm matrices is 
constrained to a user-defined constant: 

det(17j ) = Vj . 

Thus, the norm matrices are defined by 

17j = Fjl . (Vj det(Fj))l/P , 

(6.17) 

(6.18) 

with p being the dimensionality of the input space. By this normalization, 
the volume of the clusters is restricted to Vj' Thus, the Gustafson-Kessel al
gorithm searches for clusters with given and equal volume. If prior knowledge 
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Fig. 6.10. Interpretation of the eigenvalues AI and eigenvectors L, l = 
1, ... ,p, of the fuzzy covariance matrix Ej • The ellipse is a contour line of 
(1!(i) - fj)E(1!(i) - fj)T = 1 with E according to (6.18). The area (for higher 
dimensions, the volume) of the cluster is fixed but its orientation and shape are 
determined by the eigenvectors and eigenvalues of Ej , which is adapted by the 
algorithm 

about the expected cluster volumes is available, the Vj can be chosen indi
vidually for each cluster. However, in practice, typically all cluster volumes 
are chosen as Vj = 1. 

Figure 6.10 illustrates the relationship between the distance measure 
(6.14) and the eigenvectors and eigenvalues of the fuzzy covariance matrix 
F j' A large eigenvalue spread Amax/ Amin indicates a widely stretched ellipse, 
while for an eigenvalue spread close to 1 the ellipse has spherical character. In 
[10] the Gustafson-Kessel algorithm is applied for detecting linear functions 
(hyperplanes), which results in one very small eigenvalue that is orthogonal 
to the corresponding hyperplane. 

The Gustafson-Kessel algorithm is basically identical to the fuzzy c-means 
algorithm described in the previous section. However, for the calculation of 
the distance D~j,12j in Step 2 the equations (6.16), (6.18), (6.14) must be 
evaluated subsequently. Thus, each iteration involves the inversion of C p x p 
matrices according to (6.18). Since a matrix inversion has quadratic complex
ity for symmetric matrices this restricts the applicability of Gustafson-Kessel 
clustering to relatively low-dimensional problems. 

Besides the computational demand, the only major drawback of the 
Gustafson-Kessel algorithm is the restriction to clusters of constant volume. 
This restriction is overcome in fuzzy maximum likelihood estimates cluster
ing (also known as Gath-Geva algorithm [156]). The price to be paid is a 
much higher sensitivity to the initial clusters and thus a higher probability 
of convergence to poor local minima of the loss function [10]. 

6.2.4 Kohonen's Self-Organizing Map (SOM) 

Kohonen's self-organizing map (SOM) [209] is the most popular neural net
work approach to clustering. It is an extension of the vector quantization (VQ) 
technique, which has also been developed by Kohonen. Vector quantization 

co
nt

ro
len

gin
ee

rs
.ir



150 6. Unsupervised Learning Techniques 

is basically a simplified version of k-means clustering (Sect. 6.2.1) in sample 
adaptation, i.e., it updates the parameters not after one sweep through the 
whole data set (batch adaptation) as k-means does, but after each incoming 
data sample; see Sect. 4.1. Vector quantization operates with C "neurons," 
which correspond to the clusters in k-means. Each neuron has p (the input 
dimension) parameters or "weights" corresponding to the p components of 
each cluster center vector ~. Since the distinction between neurons and cluster 
is solely terminological, the parameters of each neuron will also be denoted 
as ~. 

The algorithm for vector quantization is as follows: 

1. Choose initial values for the C neuron vectors ~j' j = 1, ... , C. This can 
be done by picking randomly C different data samples. 

2. Choose one sample for the data set. This can be done either randomly 
or by systematically going through the whole data set (cyclic order). 

3. Calculate the distance of the selected data sample to all neuron vectors. 
Typically, the Euclidean distance measure is used. The neuron with the 
vector closest to the data sample is called the winner neuron. 

4. Update the vector of the winner neuron in a way that moves it toward 
the selected data sample :g: 

~~~w) = ~~i~) + 77 (:g - ~~~») . (6.19) 

5. If any neuron vector has been moved significantly, say more than 1:, in 
the previous step then go to Step 2; otherwise stop. 

In Step 4 the step size (learning rate) 77 must be chosen appropriately. 
The step size 77 = 1 would move each neuron vector exactly on the actual 
data samples and the algorithm would not converge. In fact, as for all sample 
adaptation approaches, the step size 77 is required to approach zero for con
vergence. Thus, for fast convergence speed it is recommended to start with a 
large step size, say 0.5, which is decreased in each iteration of the algorithm. 
Learning vector quantization is essentially the same as a sample adaptation 
version of k-means clustering [6, 335]. In k-means, however, the step size is 
normalized by the number of data samples that belong to the winner neuron. 
This ensures that the vector of the winner neuron converges to the centroid 
(mean) of these data samples. 

The neural network approaches to clustering are often referred to as com
petitive learning because in Step 3 all neurons of the network compete for 
the selected data sample. The strategy in VQ is called "winner takes it all" 
since only the neuron that best matches the data sample is updated. 

Kohonen's self-organizing map (SOM) is an extension of the vector quan
tization algorithm described above [112, 209, 326, 335]. In an SOM the 
neurons are not just abstract structures that represent the cluster center. 
Rather, neurons are organized in one-, two-, and sometimes higher dimen
sional topologies; see Fig. 6.11. For most applications a two-dimensional 
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Fig. 6.11. Different topologies of self-organizing maps: a) linear, b) circular, c) two
dimensional grid. The black neuron is the winner for an incoming data sample, and 
the gray neurons represent its neighborhood 

topology with hexagonal or rectangular structure (as in Fig. 6.11c) is used. 
The neurons' weight vectors (cluster centers) are p-dimensional as for VQ or 
k-means independent of the chosen topology of the SOM. 

The idea of the self-organizing map is that neurons that are neighbors in 
the network topology should possess similar weight vectors (cluster centers). 
Thus, the distance of the different cluster centers in the p-dimensional space 
is represented in a lower (typically two-) dimensional space. Of course, this 
projection of a high-dimensional onto a low-dimensional space cannot be per
formed perfectly, and involves information compression. The two-dimensional 
SOM is an excellent tool for the visualization of high-dimensional data dis
tributions. 

In order to ensure that neighbored neurons represent similar regions in 
the p-dimensional input space, the VQ algorithm is extended as follows. A 
neighborhood function is introduced that defines the activity of those neu
rons that are neighbors of the winner. In contrast to VQ, not only is the 
winner neuron updated as in (6.19) but also its neighbors. The neighborhood 
function h(D usually is equal to 1 for the winner neuron and decreases with 
the distance of the neurons from the winner. The neighborhood function is 
defined in the topology of the SOM. For example, the SOMs in Fig. 6.11a 
and b have one-dimensional neighborhood functions, e.g., 

. _ (l(i(Win)_i)2) 
h(z) - exp -2 a2 ' (6.20) 

where i(win) denotes the index of the winner neuron, and i denotes the index 
of any neuron. The SOM in Fig. 6.11c has a two-dimensional neighborhood 
function, e.g., 

(6.21) 

where i~win) and i~win) denote the indices of the winner neuron, and i l and 
i2 denote the indices of any neuron. The black, dark gray, and light gray 
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neurons in Fig. 6.11 indicate the value (i.e., the neuron activity) of such 
a neighborhood function. As long as the neighborhood function has local 
character its exact shape is not crucial. For the SOM learning algorithm, 
(6.19) in Step 4 of the VQ algorithm is extended to 

(new) _ (old) + h{') ( (Old») (6.22) 
~j - ~j "I! Y. - ~j , 

where h{!) is the neighborhood function of the dimension of the SOM's topol
ogy. Note that (6.22) is evaluated for all active neurons j = 1, . .. , C, not just 
the winner neuron. By (6.22) a whole group of neighboring neurons is moved 
toward the incoming data sample. The closer to the winner a neuron is, the 
larger is h{!) and thus the step size. 

To illustrate the effect of the neighborhood function, it is helpful to con
sider the two cases of an extremely sharp {O' -+ 0 in (6.20) or (6.21)) and 
wide (O' -+ 00) neighborhood function. In the first case, the SOM network 
reduces to VQ and no relationship between neighbored neurons is generated. 
In the second case, all neurons identically learn the centroid of the whole 
data set and the SOM is useless. The SOM learning algorithm starts with a 
broad neighborhood function and shrinks it in each iteration. By this strat
egy, in the first iterations, the network learns a rough representation of the 
data distribution and refines it as the neighborhood function becomes more 
and more local. This is the same strategy as taken for the step size "I. If the 
shrinking process is implemented slowly, the danger of convergence to a local 
minimum reduces. 

6.2.5 Neural Gas Network 

The strength of the SOM for visualization of high-dimensional data in a one
or two-dimensional network topology is also its weakness. There is no reason 
for the low-dimensional configuration of neurons other than the limited capa
bilities of humans to see and think in high-dimensional spaces. The neural gas 
network gives up the easy interpretability of the SOM for better performance. 
In [240] the neural gas network is proposed, and it is shown that it compares 
favorably with other clustering techniques such as k-means, Kohonen's SOM, 
and maximum entropy clustering. 

For the neural gas network the neighborhood function is defined in the 
p-dimensional input space. First, all neurons ~j' j = 1, ... , C, are ranked 
according to the distance of their cluster centers to the incoming data sample 
y.. Then the neighborhood function is defined as 

. ( ranking{~j) - 1) 
h{J) = exp - . 

0' 
(6.23) 

For the neuron with the cluster center ~losest that is closest to y., 
ranking{~losest) = 1, for the neuron with the most distant cluster center 
ranking{~arthest) = C. Thus, the neighborhood function is equal to 1 for the 
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most active neuron and decays for less active neurons to (almost) zero. How 
fast the neighborhood function decreases with the ranking of the neurons 
is determined by (J'. As for the SOM, the neural gas network starts with a 
large value for (J' and shrinks it in each iteration. This approach is closely 
related to simulated annealing (see Sect. 5.1), in which a slowly decreasing 
temperature ensures convergence to the global optimum. By analogy, the 
neural gas network converges to the global minimum if (J' is decreased slowly 
enough. In practice, no guarantee for convergence to the global minimum can 
be given in finite time. However, the neural gas network is significantly less 
sensitive to the initialization of the cluster centers. As (J' -t 0, basically only 
the most active neuron is updated, and the neural gas network approaches 
vector quantization. 

6.2.6 Adaptive Resonance Theory (ART) Network 

Adaptive resonance theory (ART) networks have been developed by Car
penter and Grossberg [53, 54]. ART is a series of network architectures for 
unsupervised learning, from which ART2 is suitable for clustering continuous 
data and thus will be discussed here. So everything that follows in this section 
is focused on the ART2 architecture, even if the abbreviation ART is used for 
simplicity. The main motivation of ART is to imitate cognitive phenomena in 
humans and animals. This is the main reason why most publications on the 
ART architecture use a totally different terminology than in engineering and 
mathematics. Here, ART is discussed in the clustering framework following 
the analysis in [112, 335]. 

ART networks have been developed to overcome the so-called stabil
ity/plasticity dilemma coined by Carpenter and Grossberg. In this context 
"stability" does not refer to dynamic systems. Rather, "stability" is used as 
a synonym for convergence. The stability/plasticity dilemma addresses the 
following issue. A learning system has to accomplish at least two tasks: (i) 
it has to adapt to new information, (ii) it has to converge to some optimal 
solution. The dilemma is how to design a system that is able to adapt to new 
information (being plastic) without forgetting or overwriting already learned 
relationships (being stable). In ART networks this conflict is solved by the in
troduction of a vigilance parameter. This vigilance controls whether already 
learned relationships should be adapted (and thus partly forgotten) by the 
new incoming information or whether a new cluster should be generated that 
represents the new data sample. 

The ART algorithm is similar to vector quantization. However, an ART 
network starts without any neurons and builds them up as the learning pro
gresses. In each iteration, the winner neuron is determined and the distance 
between the cluster center of the winner and the considered data sample is 
calculated. If this distance is smaller than the vigilance parameter p, i.e., 

(6.24) 
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then the winner neuron is updated as in the vector quantization algorithm in 
Step 4; see Sect. 6.2.4. If (6.24) is not fulfilled (or no neuron exists at all, as 
is the case in the first iteration), a new neuron is generated with its cluster 
center on the data sample: 

~new =:!!. (6.25) 

Clearly, the behavior of ART networks depends strongly on the choice of 
the vigilance parameter p. Large values of p lead to very few clusters, while 
too small values for p may create one cluster for each data sample. Since this 
choice of p is so crucial, the user must determine a good vigilance parameter 
for each specific application by a trial-and-error approach. Furthermore, in 
[335, 336] ART networks are criticized: they do not yield consistent estimates 
of the optimal cluster centers, they are very sensitive to noise, and the algo
rithm depends strongly on the order in which the training data is presented. 
All these are undesirable properties of adaptive resonance theory networks. 

6.2.7 Incorporating Information about the Output 

The main restriction of all unsupervised learning approaches for modeling 
problems is that the available information about the process output is not 
taken into account. At least two strategies exist to incorporate this informa
tion into the clustering procedure without explicitly optimizing a loss function 
depending on the output error (which would lead to a supervised learning 
approach): 

• A scheme consisting of an unsupervised preprocessing phase is followed 
by a model obtained by supervised learning (see Fig. 6.1) can be applied 
iteratively. In the first iteration the unsupervised learning technique does 
not utilize any information about the output. In all following iterations it 
can exploit the information about the model error obtained in the previous 
iteration. For example, the error can be used to drive the clusters into those 
regions of the input space where the error is large. This error is expected 
to be large in regions where the process behavior is complex, and the error 
is probably small where the process behavior is simple. Consequently, the 
clustering does not rely solely on the input data distribution but also takes 
the complexity of the considered process into account. For applications of 
this idea see Sect. 11.3.3 and [130, 287] . 

• Product space clustering is an alternative way to incorporate the output, 
which is extensively applied in the area of fuzzy modeling [10]. Instead of 
applying clustering to the input space spanned by :!! = [Ui U2 ••• upF, it 
is performed in the product space consisting of the inputs and output 

l!. = [Ui U2 .•. up y]T. (6.26) 

All clustering techniques can be applied to the product space by simply 
replacing :!! with p. In [10] it is demonstrated how product space clus
tering with the Gustafson-Kessel algorithm (Sect. 6.2.3) can be used for 
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discovering hyperplanes y = Wo + Wl Ul + W2U2 + ... + wpup in the data. 
Furthermore, it is shown how the parameters Wi of the hyperplane can 
be extracted from the corresponding covariance matrix F j' and that these 
parameters are equivalent to those obtained by a total least squares (TLS) 
optimization; see Sect. 13.3. 

Some of the unsupervised learning techniques can be extended to super
vised learning methods. Examples are the learning vector quantization (LVQ) 
based on the VQ approach discussed in Sect. 6.2.4 and ARTMAP based on 
the ART network (Sect. 6.2.6). 

6.3 Summary 

Unsupervised learning techniques extract compressed information about the 
input data distribution. They are typically used as preprocessing tools for a 
subsequent supervised learning approach that maps the extracted features to 
the model output. Since the only source of information utilized by unsuper
vised learning techniques is the input data distribution (for exceptions and 
extensions see Sect. 6.2.7) they are not optimal with respect to the final goal 
of modeling of a process. They do not take the complexity of the process into 
account. Nevertheless, since most unsupervised methods are computationally 
inexpensive compared with supervised learning techniques, their application 
can improve performance and reduce the overall computational demand. The 
unsupervised learning techniques can be distinguished into the following two 
categories . 

• Principal component analysis (PCA) can be used for transformation of the 
input axes, which may be better suited than the original ones for repre
senting the data. Often PCA is utilized for dimensionality reduction by 
discarding those axes that appear to contain the least information about 
the data. However, for some applications this dimensionality reduction step 
may lose significant information because it is based solely on the input data 
distribution. Nevertheless, for very high-dimensional problems, a PCA with 
dimensionality reduction is a promising and perhaps the only feasible strat
egy. 

• Clustering techniques find groups of similar data samples. A user-chosen 
similarity measure defines the shape of the clusters that a clustering 
method searches for. The most popular techniques are the classical k
means, the fuzzy c-means, and the Gustafson-Kessel algorithms. Also sev
eral neural networks are used for clustering tasks, such as vector quantiza
tion, Kohonen's self-organizing map, the neural gas network, and adaptive 
resonance theory networks. Clustering techniques allow the incorporation 
of information about the output, which in many cases can make them more 
powerful. 
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7. Model Complexity Optimization 

This chapter does not focus on special optimization techniques. Rather it is 
a general discussion about the fundamental importance to all kinds of data
driven modeling approaches, independent of their specific properties, such as 
whether the models are linear or nonlinear parameterized etc. This chapter 
deals with questions of the following type: "How complex should the model 
be?" The terms "overfitting" and "underfitting" are very well known in this 
context and describe the use of too complex and too simple a model, re
spectively. Surprisingly, part of this question can be analyzed and answered 
independently of the particular type of model used. Thus, understanding of 
the following sections is important when dealing with identification tasks in
dependent of whether the models are linear or nonlinear, classical or modern, 
neuro or fuzzy models. 

After a brief introduction into the basic ideas of model complexity op
timization, the bias/variance dilemma is explained in detail. It gives some 
insight into the effect that model complexity has on the model performance. 
Next, the importance of different data sets for identification and validation 
is analyzed, and some statistical approaches for measuring the model per
formance are introduced. The subsequent two chapters describe explicit and 
implicit strategies for model complexity optimization. While the explicit ap
proaches influence the model complexity by, e.g., increasing or decreasing 
the number of neurons, rules etc. of the model, the implicit approaches con
trol the model complexity by regularization, e.g., by restricting the degrees 
of freedom in the model. Finally, several modeling approaches are presented 
that reduce the complexity of the modeling problem by making assumptions 
about the structure of the process. 

7.1 Introduction 

What is model complexity? There is no need for a strict definition. The term 
"model complexity" certainly can hardly be defined uniquely. There might 
be a type of model that looks simple from an engineering point of view but 
complex in the eyes of a biologist, or vice versa. What is meant here with 
the term "model complexity" is not related to such subjective assessments. 
It is also not equivalent to the computation time that might be required for 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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evaluating the model, or the length of its mathematical formula. (Although 
these would be very reasonable definitions for model complexity in another 
context!) Rather, here, the model complexity will be related to the number 
of parameters that the model possesses. A model becomes more complex if 
additional parameters are added, and it becomes simpler if some parameters 
are removed. Model complexity consequently expresses the flexibility of the 
model. Here the terms complexity and flexibility are used as synonyms. This 
definition does not imply a one-to-one relationship between the model com
plexity and the number of parameters since each parameter is not necessarily 
equally important; refer to Sect. 7.5. Thus it is not necessarily correct to 
say that of two models the one with more parameters is more complex (al
though this is very often the case). Nevertheless, the number of parameters 
is tentatively used as a measure for model complexity until this relationship 
is formulated more precisely in Sect. 7.5. 

The fundamental idea of this chapter can be briefly summarized as follows. 
A model should not be too simple, because then it would not be capable of 
capturing the process behavior with a reasonable degree of accuracy. On 
the other hand, a model should not be too complex because then it would 
possess too many parameters to be estimated with the available finite data 
set. Thus, it is clear that somewhere in between there must exist something 
like an optimal model complexity. Of course the optimal model complexity 
depends on the available data, the specific model, etc. But some very helpful 
and surprisingly general analysis can be carried out. 

7.2 Bias/Variance Tradeoff 

This section analyzes the influence of the number of parameters on the 
model's performance. It is shown that the model error can be decomposed 
into two parts: the bias error and the variance error. This decomposition 
helps us to understand the influence of the number of parameters on the 
model. First, a mathematical derivation of this decomposition is presented. 
Then, in the subsequent sections, this expression is intuitively explained in 
greater detail. 

Consider Fig. 7.1, which depicts a process with its true output Yu dis
turbed by the noise n, resulting in the measurable process output y. The 
model with output fj will describe the process. This is achieved by minimiz
ing some loss function depending on the error e with respect to the model 
parameters. 

In a probabilistic framework the expectation of the squared error may be 
used as a loss function. This is analogous to the sum of squared errors that is 
used in a deterministic setting. Initially, the loss function will be composed 
into two parts, 

E{e2 } = E{(y - fj)2} = E{(yu + n - fj)2} = E{(yu - fj)2}+E{n2}, (7.1) 
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y 

" 

Fig. 7.1. Process and model. The error e can be decomposed into a noise part and 
a bias and a variance part 

since the cross terms E{ (Y ... - fj) n} vanish because the noise is uncorrelated 
with the process and model outputs. (Note that actually e, Y ... , and fj are 
functions of the input Uj this argument is omitted here for better readability.) 
The first term on the right side of (7.1) represents the model error between the 
true (unmeasurable) process output and the model output, and the second 
term represents the noise variance. The loss function is minimal if the model 
describes the process perfectly, i.e., y = y .... In this case, the first term vanishes 
and the minimal loss function value is equal to the noise variance. Since 
the noise variance cannot be influenced by the model, only the first term is 
considered in the following. 

The model error y ... - fj can be further decomposed as follows: 

E{(y ... - fj)2} = E{[y ... - E{y} - (Y - E{y} )]2} 

= E{[y ... - E{y}]2} + E{[y - E{y}]2} 

= [y ... - E{fj}]2 + E{[y - E{fj}]2} (7.2) 

since the first term on the right hand side is deterministic and all cross terms 
vanish. This decomposition can also be expressed as 

(model error)2 = (bias error)2 + variance error. (7.3) 

The intuitive meanings of the bias error and variance error are explained 
in the following sections. The number of parameters decisively influences this 
decomposition. As will be shown, the bias and variance error are in conflict. 
A compromise - the so called bias/variance tradeoff - has to be realized 
in order to find the optimal model complexity. Good references concerning 
this bias/variance tradeoff are [34, 113, 399]. 

For a better understanding of the following it is important to distinguish 
between two types of data: the training data and the test data. The training 
data is used for training the model, i.e., estimating or optimizing its param
eters. The test data is used for measuring the performance of the model, 
i.e., evaluating the quality of the model. In practice, often two distinct data 
sets are used for training and testing. The reason for this becomes obvious 
from the following discussion. It is important to realize that one is primarily 
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interested in a good model performance on new, fresh data: that is, on the 
test data. For a more detailed discussion refer to Sect. 7.3.1 

7.2.1 Bias Error 

The bias error is that part of the model error that is due to the restricted 
flexibility of the model. In reality most processes are quite complex, and the 
class of models typically applied are not capable of representing the process 
exactly. Even if the model's parameters were set to their optimal values (which 
are not known in practice, of course, but have to be estimated from data) and 
no noise were present, an error between process and model would typically 
occur. This error is called the bias error. It is due purely to the structural 
inflexibility of the model. 

As an example, assume a linear fifth order process that will be modeled 
by a linear third order model. Then even if the parameters of the model 
were set to their optimal values the model would not be capable of an exact 
description of the process, and the error due to this process/model mismatch 
is called the bias error. If, however, the model was of fifth order as well, the 
bias error would be zero. This means that for flexible models a small bias 
error can be expected. However, if the real process was nonlinear (which in 
reality all processes are more or less) and of fifth order, then with any linear 
model there would be a non-zero bias error since no linear model is capable of 
an exact description of a nonlinear process. Nevertheless, for weak nonlinear 
processes the bias error may be negligible. 

From the above discussion it is clear that linear processes can be described 
by linear models without any bias error if the model order is "high enough." 
In the literature, this assumption is often made for proofing theorems. A 
nonlinear process usually cannot be modeled without a bias error. The only 
exception occurs when the true nonlinear structure of the process is known, 
e.g., from first principles modeling. More commonly, nonlinear structures 
are only approximated by some universal approximator (polynomial, neural 
network, fuzzy system, etc.). In this case, an approximation error can always 
be expected, which makes the bias error non-zero. Typically, the best one can 
hope for is that with increasing model complexity (degree of the polynomial, 
number of neurons, number of rules, etc.) the bias error approaches zero. If 
this property is fulfilled by an approximator for all (smooth) processes, it is 
called a universal approximator. 

From the above discussion it is clear that the bias error describes the 
systematic deviation between the process and the model that in principle 
exists due to the model structure. The model error is always at least as big 
as the bias error. In a probabilistic framework the bias error can be expressed 
as (see Sect. B.7 and (B.27)) 

bias error = Yu - E{y} , (7.4) 
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Fig. 7.2. Typical relationship between the bias error and the number of parameters 
of the model 

where Yu is the noise-free process output and y is the model output. The 
model output can be seen as a random variable owing to the stochastic char
acter of the data with which the model's parameters were estimated. From 
(B.27) the reason of the term bias error in (7.4) is obvious. 

The bias error is large for inflexible models and decreases as the model 
complexity grows. Since the model complexity is related to the number of 
parameters, the bias error qualitatively depends on the number of parameters 
of the model, as shown in Fig. 7.2. It is typical that the bias error decreases 
strongly for simple models (few parameters) and saturates for complex models 
as the number of parameters increases. For the example mentioned above with 
the linear fifth order process the bias error curve would be similar to the one 
in Fig. 7.2, but a linear model with ten parameters (fifth order model) would 
be capable of an exact process description. Consequently, the bias error would 
drop to zero at n = 10 and stay at zero for all even more complex models. 

One goal of modeling is to make the bias error small, which implies making 
the model very flexible. As the number of parameters increases, however, the 
benefit of an incorporation of additional parameters reduces. Nevertheless, 
if the model error was dominated by the bias error, the model should be 
made as flexible as possible, that is, the number of parameters should be 
chosen as high as the available computational possibilities allow. Thus, the 
tradeoff would simply be between computational demand and model quality. 
This, however, is usually not the case because the model error is decisively 
determined by a second part, the variance error. 

7.2.2 Variance Error 

The variance error is that part of the model error that is due to a deviation 
of the estimated parameters from their optimal values. Since, in practice, the 
model parameters are estimated from a finite and noisy data set, these pa
rameters usually deviate from their optimal values. This introduces an error, 
which is called the variance error. In other words, the variance error describes 
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162 7. Model Complexity Optimization 

that part of the model error that is due to uncertainties in the estimated pa
rameters. For linear parameterized models these parameter uncertainties can 
be calculated explicitly by (3.34) (see Sect. 3.1.1), and the variance error is 
represented by the size of the confidence intervals or the errorbars in (3.38); 
see Sect. 3.1.2. 

For an infinitely sized training data set the variance error will be equal 
to zero if a consistent estimator is used, i.e., the estimated parameters (in 
the mean) are equal to the optimal ones. In contrast, if the training data 
contains only as many data samples as there are parameters in the model, 
the variance error reaches its maximum. In such a case, the degrees of freedom 
in the model allow one to fit the model perfectly to the training data, which 
of course means that the parameters precisely represent the noise contained 
in the training data. Consequently, such a model can be expected to perform 
much worse on the test data set (which contains another noise realization). 
For even smaller training data sets, the degrees of freedom in the model 
exceed the number of data samples and the model parameters cannot be 
determined uniquely, which may result in an arbitrarily large variance error. 
From this discussion it becomes clear that the number of parameters in the 
model should always be smaller than the number of training data samples. 

The variance error can be expressed as 

variance error = E{[g - E{gW} . (7.5) 

This expression can be interpreted as follows. Assume that the identical in
put sequence is applied to the same process several times. Then, different 
data sets will be gathered owing to the stochastic effects caused by the noise 
n. If models are estimated on these different data sets then (7.5) measures 
the mean squared deviation of these different model outputs from the mean 
model output. Obviously, without any noise and a purely deterministic pro
cess behavior all data sets and consequently all models would be identical 
and thus the variance error would be zero. 

The fewer parameters the model possesses the more accurately they can 
be estimated from the training data. Thus, the variance error increases with 
the number of parameters in the model. Directly from this fact follows the 
parsimony principle, or Occam's razor which states that from all models 
that can describe a process accurately, the simplest one is the best [233]. 
This statement can be generalized by saying that in any context the simplest 
of comparably performing solutions shall be preferred. It can be shown [233] 
that for large training data sets the variance error increases approximately 
linearly with the number of parameters in the model: 

2 n 
variance error '" (J" -

N 
(7.6) 

.. number of parameters 
nOlse vanance . . . . 

number of trammg data samples 

This expression holds approximately regardless of the special type of 
model used! Note, however, that it is exactly valid only for infinitely large 
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Fig. 7.3. Typical relationship between the variance error and the number of pa
rameters of the model 

training data sets. Nevertheless, in most practical cases (7.6) it is a good 
guideline unless the number of parameters in the model approaches the num
ber of training data samples. So some care is recommended when dealing 
with very small data sets or very complex models. 

Figure 7.3 shows how the variance error depends on the number of pa
rameters in the model. Note that the slope of this line is determined by the 
noise variance (T and the number of the training data samples N. Higher noise 
levels lead to higher variance errors. Larger training data sets lead to smaller 
variance errors. Thus, by collecting huge amounts of data, any noise level can 
be "compensated". Intuitively, more data allows the estimator to average out 
the noise in the data better. Note that the noise variance (T2 cannot be easily 
estimated in practice. Formulas such as (3.35) in Sect. 3.1.1, which allow one 
to estimate the noise variance (T2 for linear parameterized models, cannot 
generally be applied directly for nonlinear processes. The reason for this is 
that the residuals are often dominated by the bias error, while (3.35) implies 
that the residuals are solely due to the variance error. 

For very flexible models, the bias error can be neglected, and the total 
model error is dominated by the variance error. Then the squared model error 
is about equal to the variance error; see are (7.2). Thus, the squared model 
error is proportional to l/N and the model error is proportional to l/VN. 
The generality of this relationship is remarkable. To summarize, for flexible 
enough models the model error decreases with the inverse square root of the 
number of training data samples: 

model error ~ v'variance error'" (T ~ • (7.7) 

Even in the more realistic case where the model error is significantly 
influenced by the bias error, the above expression underlines the importance 
of the amount of data. It clearly shows the fundamental limitations imposed 
on the model performance by the available amount (N) and quality ((T2) of 
data. 
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7.2.3 Tradeoff 

Figure 7.4a summarizes the effect of the bias and variance error on the model 
error. Obviously, a very simple model has a high bias but a low variance er
ror, while a very complex model has a low bias, but a high variance error. 
Somewhere in between lies the optimal model complexity. Figure 7.4a clearly 
shows that models, that are too simple, can be improved by the incorpora
tion of additional parameters, because the increase in the variance error is 
overcompensated by the decrease in the bias error. Contrary, a model, that is 
too complex, can be improved by discarding parameters, because the increase 
in the bias error is overcompensated by the decrease in the variance error. 
The fact that the bias and variance error are in conflict (it is not possible to 
minimize both simultaneously) is often called the bias/variance dilemma. 

One important goal in modeling is to realize the optimal model complex
ity, or at least to get close. Sometimes the optimal model complexity may 
be so huge that it is impossible in practice to estimate such a model. Then 
computational restrictions do enforce the choice of a model that is too simple. 
However, in most real-world applications the data set is so small and noisy 
that the increase in variance error restricts the model complexity rather than 
the computational aspects. 

Figure 7.4b depicts the bias/variance tradeoff for a training data set that 
is two times larger than in Fig. 7.4a. This leads to variance error that is two 
times smaller. Consequently, the optimal model complexity is higher than in 
Fig. 7.4a. Intuitively, one might express this relationship by saying that more 
data allows one to estimate more parameters. Note that the same effect is 
caused by a lower noise variance instead of an increased amount of data or a 
combination of both. 

It is important to understand that the points of optimal model complexity 
in Fig. 7.4 do not represent the best overall solution. They just give the best 
bias/variance tradeoff for this specific model class. There might exist other 
model architectures that are better suited for describing the process. Another 
model architecture might be structurally closer to the process, which would 
mean that the bias error could be significantly reduced without increasing 
the number of parameters. 

The difficulty with the bias/variance tradeoff in practice is that the bias 
and variance error are unknown. The most straightforward approach would 
be to estimate many models of different complexity, and to compare the 
resulting errors evaluated on the test data set. This approach works fine if 
the estimation of a model requires little computational effort, as is usually 
the case for linear models. If the estimation of a model is computationally 
expensive, other less time-consuming strategies must be applied. These other 
strategies can be divided in two categories: explicit and implicit structure 
optimization, which are discussed in Sects. 7.4 and 7.5, respectively. 

Finally, it is important to make some comments on the use of training data 
and test data. If the training data were used for measuring the performance of 
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Fig. 7.4. Bias/variance tradeoff. The model error can be decomposed into a bias 
and variance part: a) relatively high variance error, b) lower variance error due to 
more data or less noise than in a 

the model, the variance error could not be detected. The error on the training 
data consists only of the bias part. The variance error is detected only if a data 
set with a different noise realization is used. The reason for this is as follows. 
The variance error is due to the uncertainties in the model parameters, which 
are caused by the particular noise realization in the training data. If the same 
data set is used for training and evaluation of the model performance the 
parameter uncertainties cannot be discovered, since the parameters represent 
exactly this noise realization in the training data. 

This means that the error on the training data (which is approximately 
equal to the bias error) decreases with the model complexity, while the error 
on the test data (which is equal to the bias error plus the variance error) 
starts to increase again beyond the point of optimal complexity. If this effect 
is ignored one typically ends up with overly complex models, which perform 
well on the training data but poorly on the test data. This effect is often called 
over fitting (low bias, high variance). In contrast, under fitting characterizes 
the use of too simple a model (high bias, low variance). 

Figure 7.5 illustrates the effect of underfitting and overfitting. All the 
figures on the left hand side show the training data while all the figures on 
the right hand side show the test data. Figure 7.5al depicts the true function 
to be modeled and 11 training data samples, which are distributed equally 
over the input space and disturbed by noise. Figure 7.5a2 shows the same 
function and the test data set, which has the same inputs as the training 
data but a different noise realization. 

Figure 7.5bl and b2 show a first order polynomial whose coefficients have 
been fitted to the training data. Obviously, the model is not flexible enough 
to represent the underlying function with reasonable accuracy. This is called 
underfitting. The error on the test data is slightly higher than on the training 
data because it includes a (small) variance error. Nevertheless, the model 
error is dominated by a systematic deviation and thus the variance error is 
almost negligible. 
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Fig. 7.5. Illustration of underfitting and overfitting: a) original function to be 
approximated, b) first order polynomial model (underfitting: large bias, small vari
ance), c) tenth order polynomial model (overfitting: small (here: zero) bias, large 
variance), d) fourth order polynomial model (good bias/variance tradeoff: medium 
bias and variance) 

Figures 7.5c1 and c2 show a tenth order polynomial whose coefficients 
have been fitted to the training data. On the training data the error is zero. 
Obviously, the bias error is zero since the model is flexible enough to describe 
the underlying function exactly. Nevertheless, there exists a large deviation of 
the model from the underlying function. In practice, the underlying function 
is unknown; however, this effect can be discovered by analyzing the model's 
performance on the test data set. A look at the test data reveals a signifi
cant variance error, which cannot be detected on the training data. Such a 
behavior is called over fitting . It is even more dangerous than underfitting, 
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Fig. 7.6. Training and test error. The training error does not contain the variance 
part of the model error decomposition, while the test error represents the whole 
model error 

since underfitting is always obvious to the user while overfitting cannot be 
observed on the training data but only on the test data. 

Figure 7.5bl and b2 represent too simple a model and Fig. 7.5c1 and 
c2 represent too complex a model. Figure 7.5dl and d2 depict the best 
bias/variance tradeoff, here given by a fourth order polynomial. Figure 7.6 
summarizes the behavior of the training and test error. Obviously, the dis
tinction between training and test data is of fundamental importance. Up to 
this point it has been assumed that these data sets are somehow given. The 
following section discusses the choice of training and test data sets by the 
user. 

7.3 Evaluating the Test Error and Alternatives 

As mentioned in the previous section, the observed performance of a model 
on the training data does not contain the variance part of the error. Thus, 
the performance of the model is overestimated by evaluating it on the train
ing data. The goal of modeling is to build a model that performs well on 
fresh, previously unseen, data. The most straightforward way to determine 
the expected model performance on fresh data is to evaluate the model on 
a separate test data set that has not been used for training; see Sect. 7.3.l. 
Cross validation is a more sophisticated strategy that refines this idea; see 
Sect. 7.3.2. 

Alternatives to the direct evaluation of the test error are treated in the 
second part of this section. In Sect. 7.3.3, instead of evaluating the model 
on test data, the test error is approximated by the training error plus a 
complexity penalty term. Section 7.3.4 discusses the alternative approach of 
multi-objective optimization strategies for complexity optimization. Finally, 
in Sect. 7.3.5 and 7.3.6 some statistical tests and correlation-based meth-
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168 7. Model Complexity Optimization 

ods are introduced that help us to determine the optimal model complexity 
without explicitly considering the test error. 

7.3.1 Training, Validation, and Test Data 

The simplest way to estimate the quality of a model on fresh data is to train 
it on a training data set and evaluate its performance on a different test data 
set. In order to realize this approach the available data has to be split up into 
separate training and test data sets. If the amount of available data is huge 
this causes no difficulties and is the most straightforward approach. Care 
must be taken that both the training and the test data are representative, 
i.e., cover all considered operating regimes of the process equally well. This 
requirement becomes increasingly difficult to fulfill as the amount of available 
data becomes smaller. If the training set lacks data from some regimes, the 
model cannot be expected to perform well in these regimes. On the other hand 
if important data is missing in the test set, the evaluation of the model per
formance becomes unreliable. While too small a training data set inevitably 
leads to a low quality model, too small a test data set may allow good models 
but there is no way to prove this because the performance estimation is unre
liable. From this discussion it is obvious that more sophisticated approaches 
must be pursued for model performance evaluation if the amount of available 
data is small; see Sect. 7.3.2. 

For the remaining section it is assumed that the amount of available data 
is large enough to allow splitting it up into different sets. For determination of 
the optimal model complexity the following strategy seems to be simple and 
effective: Train, say T, differently complex models with the training data and 
evaluate their performance on the test data. Finally, choose the model with 
the lowest error on the test data (test error). This strategy, however, itself 
leads to an optimistic estimation of the performance of the chosen model since 
the data utilized for selection is identical with the data used for performance 
evaluation. Thus, to be exact, a third data set, the validation data, has to be 
utilized for model selection, as shown in Fig. 7.7. 

Why, in addition to training and test data, is the validation data neces
sary? The answer to this question becomes intuitively clear if a very large 
number T of investigated models is considered. Obviously, the larger T is, the 
higher is the probability that just by chance one of these models performs 
well on a separate validation data set. In an extreme (hypothetical) example, 
the training may do almost nothing at all (because the number of iterations 
of the optimization algorithm used may be too small). Then the randomly 
initialized parameters of the model decide the quality of the model. In such a 
case the validation error solely determines which of the T models is selected. 
Thus, the validation data cannot give a realistic estimate of the model per
formance on fresh data, and a third separate data set, the test data set, is 
required. 
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-

Fig. 7.7. Model training, validation, and test. Different models are trained with 
the training data. Next, the quality of these models is investigated with a separate 
validation data set and the best model is selected. Finally, the quality of this model 
is evaluated with a separate test data set 

In practice, splitting up the data into three parts is rarely realized because 
it seems to waste the available data. If the number of investigated models T is 
small and the size of the validation data set is large the performance estimate 
on the validation data may be reasonably realistic and an additional test data 
set is not absolutely necessary. Nevertheless, it should be kept in mind that 
using the same data for validation and test tends to yield overly optimistic 
estimates of the model quality. 

Note that the T investigated models in Fig. 7.7 can be models with in
creasing complexity, e.g., neural networks or fuzzy systems with an increasing 
number of neurons or rules, respectively. They can also represent the same 
neural network structure that is trained for, say 100, 200, 300, etc., itera
tions, since the number of iterations of the optimization algorithm can also 
be related to the effective network complexity. Of course the number of iter
ations does not influence the nominal network complexity. This relationship 
is explained further in Sect. 7.5. 

7.3.2 Cross Validation 

In the previous section it was assumed that the available amount of data 
would be large enough to allow a split into training, validation, and test data 
sets. This situation rarely occurs in practice. Usually, data is scarce and the 
user may be rather willing to spend higher computational effort for a better 
exploitation of the available data rather than a simple split into separate sets. 
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Fig. 7.8. For cross validation the data is split into S distinct parts [34] . In each 
run S - 1 parts are used for training and the remaining part is used for validation. 
After an S runs are finished the validation errors are averaged 

A commonly applied improvement is to split the data set containing N 
samples into S parts. Then S - 1 of theses parts are used for training and the 
single remaining part is used for testing. This procedure is repeated with all 
S different possible combinations of these data set parts; see Fig. 7.8. With 
this strategy it is possible to exploit a much larger fraction of the original 
data set for training while the test data set is very small. However, since 
training and testing is repeated S times with different parts of the original 
data set, it is possible to average all test errors in order to obtain a reliable 
estimate of the model performance on new data. This technique is called 
cross validation. Note that cross validation is just used to obtain a good 
estimate of the expected model performance on fresh data. For the final use, 
the model can be trained on the whole available data set in order to exploit 
all information. 

A typical value for S is 10. Compared with an equal split into training 
and test data, S = 10 allows one to utilize 9/10 instead of 1/2 of the available 
data for training, and requires ten t imes the computational effort. Note that 
cross validation with S = 2 is still better than the simple approach with 
training on one half and testing on the other half of the data set, because in 
cross validation the complete data set is always utilized for validation since 
all S runs are taken into account. If data is very scarce the most extreme 
case of cross validation with S = N can be applied. This is called the leave
one-out method because in each run only one sample is used for testing and 
thus left out for training. Clearly, the leave-one-out method is feasible only 
for small data set, because it requires N times the computational effort. 

Even more powerful and computationally expensive alternatives to cross 
validation are the jackknife and bootstrapping. For details refer to FAQs of 
the neural network newsgroup [335] and the references therein. 

co
nt

ro
len

gin
ee

rs
.ir



7.3 Evaluating the Test Error and Alternatives 171 

7.3.3 Information Criteria 

A widely applied alternative to the computationally expensive cross valida
tion is the use of information criteria. The data is not split up in different 
parts. Rather training is performed on the whole data set. In order to avoid 
overfitting a complexity penalty is introduced, which grows with an increas
ing number of model parameters. An information criterion is introduced, that 
reflects the loss function value and the model complexity: 

information criterion = IC (loss function, model complexity) . (7.8) 

Then the "best" model is defined as the model with the lowest informa
tion criterion (7.8). By taking into account the model complexity in (7.8), 
the variance part of the error will be considered. Since the variance part is 
proportional to liN only for an infinite data set, no "correct" function (7.8) 
can be determined for the general case. All reasonable complexity penalties 
should increase with the number of model parameters n and should decrease 
with an increasing amount of data N. In the limit N -+ 00 the,-complexity 
penalty should tend to zero because the variance error vanishes. 

Starting from different statistical assumptions, a number of proposals for 
the complexity term have been made. The most prominent are briefly de
scribed in the following. All of them are monotonically increasing with the 
number of parameters in the model. Thus, all models that realize the opti
mal criterion (7.8) have a finite number of parameters. It is important to note 
that the parameters of the models are still determined by minimizing the sum 
of squared errors. The criterion (7.8) is just utilized for model comparison 
instead of the validation on a separate data set. Since it is not clear which 
information criterion is the "best" one (no "best" term exists for all kinds 
of problems), the model complexity yielded by this approach must be more 
carefully supervised by the user than for the approaches in the previous two 
sections. Furthermore, some criteria contain a tuning parameter, p, which 
cannot be easily determined. 

Typical choices for the information criterion in (7.8) are [2, 125]: 

• Akaike's information criterion (AIG): 

AIC(p) = N In(I(fl)) + pn. 

The most common choice for p is 2. 
• Bayesian information criterion (BIG): 

BIC = N In(I(fl)) + In(N)n. 

• Khinchin's law of iterated logarithm criterion (LILG): 

LILC(p) = Nln(I(fl)) + 2pln (In(N)) n. 

• Final prediction error criterion (FPE): 

FPE = Nln(I(fl)) + Nln (Z ~ :) . 

(7.9) 

(7.10) 

(7.11) 

(7.12) 
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• Structural risk minimization (SRM): 

nln(2N) -In(n!) + P2 
N 

(7.13) 

If SRM is smaller than zero it is set to 00, i.e., the maximum possible model 
complexity is exceeded. 

N is the number of data samples, n is the number of parameters, and the 
loss function 1 (fl.) is defined as 

1 N 
1(fl.) = N L e2 (i) 

i=l 

with e(i) = y(i) - y(i) . (7.14) 

Note that in all these criteria the number of parameters n must be replaced 
by the number of effective parameters neff if any regularization technique is 
applied. For more details about effective parameters refer to Sect. 7.5. 

7.3.4 Multi-Objective Optimization 

For practical application of the information criteria one important issue is 
the proper choice of the user-defined parameter(s). This problem emerges in 
almost all engineering applications. At a certain point in the design procedure 
one has to make a decision on a tradeoff between model performance and 
model complexity. Often this can be reformulated as 

criterion(a) = f(model error) + a· g(complexity), (7.15) 

where the penalty factor a controls the tradeoff between (some function of) 
the model error and complexity. The information criteria take this or a similar 
form as well as ridge regression (Sects. 3.1.4 and 7.5.2) and other regulariza
tion approaches. Furthermore, optimization problems similar to the type in 
(7.15) emerge for the tradeoff between control performance and control ac
tion in controller design, between fast tracking performance and good noise 
attenuation in recursive estimator design, between the efficiency of a com
bustion engine and its amount of NOx exhaust gas, between product quality 
and production cost, between expected profit and risk of an investment etc. 
The additive combination of the model error term and complexity penalty in 
(7.15) is the most common but not the only possible realization. For example, 
the product of both terms represents an alternative [28]. 

In modeling, the complexity term can represent an approximation of the 
expected variance error as it is realized by the information criteria. Then (in 
the ideal case) the model complexity with the best bias/variance tradeoff min
imizes the criterion. Often, however, additional restrictions to the variance 
error increase force the user to implement simpler models: 
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solution 3 

model error (loss function) 

Fig. 1.9. Multi-objective optimization for two criteria: model error and model com
plexity. Each solution of the multi-objective optimization represents a model with 
a certain error and complexity. The solutions 1, 2, and 3 are all pareto-optimal, 
Le., they are not dominated by other solutions. In contrast, for a dominated solu
tion, solutions with smaller model error and identical complexity or solutions with 
smaller complexity and identical model error exist. A dominated solution is always 
sub optimally independent of the tradeoff between the criteria 

• computation speed, 
• computer memory, 
• development time and cost, 
• model interpretation and transparency, 
• industrial acceptance. 

All these restrictions may be incorporated in the penalty term. 
Two alternative approaches exist for optimization of (7.15). On the one 

hand, (7.15) can be optimized several times for different penalty factors 0: 

and finally the user chooses the solution which realizes the most appealing 
tradeoff. The difficulty with this approach is that it is usually hard to get 
some feeling for reasonable penalty factor values 0:, and thus a lot of trial 
and error is necessary to find a good tradeoff. 

On the other hand, problem (7.15) can be solved by a multi-objective 
optimization method. In particular, evolutionary algorithms are popular for 
this approach; see Sect. 5.2 and [99, 100]. Figure 7.9 illustrates that the set 
of pareto-optimal solutions represents all possible tradeoffs between model 
error and model complexity. Each solution on this curve represents one spe
cific penalty value 0:. Multi-objective optimization techniques do not try to 
perform this tradeoff. Rather they generate a set of pareto-optimal solutions. 
Then the user can compare the models that are represented by these solu
tions and can choose one. Note that the curve of pareto-optimal solutions is 
not necessarily as smooth as depicted in Fig. 7.9, and thus the number of 
generated solutions should not be too small; otherwise the user may not have 
enough information to perform a good tradeoff. 

Note that the main motivation for such a tedious tradeoff between differ
ent objectives arises from the fact that users are usually not able to exactly 
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quantify the priorities for these objectives, at least not before they have 
gained some experience by considering alternative models. Essentially, multi
objective optimization techniques present a number of alternative models at 
the same time and thus reduce user interaction compared with a trial-and
error approach. 

7.3.5 Statistical Tests 

An alternative to the application of information criteria is the use of statis
tical tests. Close relationships exist between some of the information criteria 
mentioned above and the chi-squared test and F-test, which are described 
in this subsection. The following discussion is based on the dissertations of 
Sjoberg [358] and Kortmann [210]. For more details refer also to [73]. 

The main idea for the application of statistical tests to model complex
ity selection is to assume two models with different complexity and decide 
whether the more complex model makes significant use of its additional pa
rameters. The first, simple model has nsimple parameters and the second, 
more complex model possesses ncomplex parameters. It is assumed that the 
simple model is contained in the complex model as a special case. For the 
sake of simplicity, it is assumed that the complex model is identical to the 
simple model if the additional ncomplex - nsimple parameters are set equal to 
zero. 

Now, the following hypothesis is formulated: 

Ho: fladd = 0 simple model OK 
HI: fladd"l- 0 simple model not OK 

(7.16) 

where fladd denotes the vector of the additional parameters in the complex 
model compared with the simple one. The so-called null hypothesis Ho ex
presses the fact that the additional parameters are zero. If this is correct the 
complex model does not make any use of its additional parameters and thus 
the simple model should be selected. A statistical test will decide whether 
the null hypotesis should be accepted or rejected. 

It is necessary for the user to decide upon the significance level 0:, also 
called the first type of risk, which determines the probability of rejecting 
Ho when it is actually true. Typical values for 0: are 0.01 to 0.1. The first 
type of risk should not be made too small (especially for small training data 
sets) because then the second type of risk increases, namely the probability 
of accepting Ho when it is false. The selection of 0: is the critical issue in all 
statistical tests, and corresponds to the choice of the parameter in information 
criteria such as the AIC in (7.9). 

This decision can be based on the performance comparison between both 
models measured by the difference of their loss function values [simple and 
[complex defined as sum of squared errors. The higher the improvement due 
to the additional parameters is, the larger is this difference. It can be shown 
that, if Ho holds and N -t 00 [358], 
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Fig. 7.10. Chi-squared distribution with a-percentile. If the null hypothesis holds, 
T is asymptotically chi-squared distributed. The pdf shows that very large values 
for T have a low probability. If the value of T is larger than the a-percentile it is 
unlikely (with a probability of 1 - a) that T indeed follows this distribution. As 
a -+ 00, the a-percentile tends to infinity and almost all values of T are below this 
threshold: consequently Ho is accepted 

T - N [simple - [complex dist. 2 ( .) 
- 1 --t X ncomplex - nSlmple , 

complex 
(7.17) 

where N is the number of training data samples and x2(ncomplex - nsimple) is 
the chi-squared distribution with ncomplex - nsimple degrees of freedom. The 
null hypothesis Ho is accepted with significance a if [358] 

T ::; x~(ncomplex - nsimple), (7.18) 

where X~O denotes the a-percentile (see Fig. 7.10) of the chi-squared distri
bution. This is the case if T is small "enough," i.e., the more complex model 
performs only insignificantly better than the simple one. If the significance 
level a is chosen to be very small, almost any T will fulfill (7.18), and thus 
Ho will almost always be accepted. However, then the second type of risk 
increases dramatically. So the first type of risk must be chosen reasonably. 
Since T increases with the number of training data samples N, the first type 
of risk can be chosen the smaller the more data is available. 

Note that the above chi-squared test is based on the assumption that 
N is large because only then T approximately is chi-squared distributed. In 
the case of linear regression, an exact distribution valid for any number of 
training data samples N can be derived. If Ho holds and the noise is Gaussian 
distributed, then [358] 

T= N - ncomplex [simple - [complex 

ncomplex - nsimple [complex 
(7.19) 

is F(ncomplex - nsimple, N - ncomplex)-distributed with the two degrees of 
freedom ncomplex - nsimple and N - ncomplex. Corresponding to the chi-squared 
test the null hypothesis is accepted with the significance a if [358] 

T ::; Fa(ncomplex - nsimple, N - ncomplex) (7.20) 

co
nt

ro
len

gin
ee

rs
.ir



176 7. Model Complexity Optimization 

holds. Equation (7.20) is called the F-test. 
The chi-squared test can be applied for any type of model under the 

assumption that the number of training data samples N is large enough (the 
accuracy increases as N grows). The F-test can be applied for any N but the 
models have to be linearly parameterized. For both tests the first type of risk 
Q should not be chosen too small, especially if N is small. 

Note again that in all these tests the number of parameters n must be 
replaced by the number of effective parameters neff if any regularization tech
nique is applied. For more details about effective parameters refer to Sect. 7.5. 

7.3.6 Correlation-Based Methods 

Another strategy for testing whether a model is appropriate is to check 
whether it captures all information contained in the data. The optimal model 
extracts all relationships within the data. Consequently, the model error e 
should not be correlated with the model inputs Ui, i = 1, ... ,p: 

corr{ui,e} = O. (7.21) 

In practice the correlation is not exactly zero, and a statistical test can 
reveal whether (7.21) holds with a user-specified probability [31, 33, 361]. If 
the model is linear and static (7.21) is sufficient. However, nonlinear static, 
linear dynamic, or even nonlinear dynamic models require additional cor
relation tests. For nonlinear models, correlations between powers (or other 
nonlinear transformations) of the inputs and the error should be used as 
well, i.e., high order correlations between u~, u~, etc. and e. For dynamic 
models different time lags should be checked as well, e.g., correlations be
tween ui(k -1), ui(k- 2), etc. and e(k) and additionally correlations between 
y(k - 1), y(k - 2), etc. and e(k) if the previous process outputs y(k -l) are 
utilized by the model's prediction. In [31, 33] a number of correlation tests 
are proposed for nonlinear dynamic models that combine both extensions. 
One drawback of correlation tests is that the required maximum power and 
time lag are unknown. The major disadvantage of all approaches based on 
statistical tests and many other validation strategies is that they are not con
structive. They tell the user whether a given model is adequate, but not how 
to change the model in order to make it adequate. 

7.4 Explicit Structure Optimization 

This section discusses some common strategies for explicit model complexity 
optimization. The term "explicit" means that the bias/variance tradeoff is 
carried out by examining models with different numbers of parameters. By 
contrast, Sect. 7.5 focuses on implicit structure optimization where the nom
inal number of model parameters does not change but nevertheless the model 
complexity varies. 
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Structure optimization can operate directly at the parameter level, i.e., it 
can compare models with 1,2, ... ,n parameters, e.g., polynomials of zero-th, 
first, ... , n - 1 order. Alternatively, structure optimization can operate at a 
higher structural level, such as the number of neurons in a neural network, the 
number of rules in a fuzzy system, or the order of a linear dynamic system. 
Each neuron, rule, or dynamic order is typically associated with more than 
one parameter. In black box models it may be reasonable to operate at a 
parameter level. In gray and white box models it is often not possible to 
remove or add a single parameter because the model interpretation would be 
lost. Then it is more reasonable to operate on whole substructures. Another 
reason for performing the structure optimization at a higher structural level 
is that the number of possible models is significantly reduced. For example, it 
may be feasible to determine whether the optimal neural network complexity 
possesses 1,2, ... , 10 neurons, but it may be computationally too expensive to 
compare all networks with 1,2, ... ,50 parameters (assuming that each neuron 
is associated with five parameters). Clearly, the lower computational effort 
of the first alternative results from a coarser coding, but often in practice a 
rough determination of the optimal model complexity is sufficient. 

The explicit structure optimization methods can be distinguished into the 
following four categories (see Sect. 3.4): 

• Geneml methods: Models with different complexity are compared. There 
has to be no specific relationship between these models. Usually a combina
torial optimization problem of finding the globally best solution arises. Con
sequently, these general methods are computationally demanding. Com
mon techniques are as follows: 
- A comparison of all models from a minimal to a maximum complexity 

can be carried out. Comparing all possible models leads to the best 
solution but requires huge computational effort even for small problems. 

- A genetic algorithm (GA) or other structure search methods can be 
applied; see Sect. 5.2. 

- Genetic programming (GP) or similar strategies can be followed; see 
Sect. 5.2.3. In comparison with GAs, GPs structure the problem in a 
tree that structures the search space by a proper coding and may yield 
a more focused search. 

• Forward selection: Starting with a very simple model, in each iteration 
the model's complexity is increased by adding either parameters or whole 
substructures. In many cases the initial, very simple model is empty. These 
approaches follow the philosophy "try simple things first!" They are called 
incremental tmining or construction because they increase the complexity 
by one unit (parameter or substructure) within each iteration. This has the 
advantage that unnecessarily complex models do not have to be computed, 
since the algorithm can be stopped if an increase in model complexity does 
not yield better performance. This feature makes the forward selection 
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approaches the most popular and widely applied. Typical representatives 
are as follows: 
- The orthogonal least squares (OLS) algorithm for forward selection is 

one of the best approaches if the model is linearly parameterized; see 
Sect. 3.4.2. It exploits the linear parameter structure of the model. 

- The additive spline modeling (ASMOD) algorithm constructs additive 
fuzzy models of the singleton type. It can make the fuzzy model more 
complex by (i) increasing the number of membership function for one 
input, (ii) adding new inputs to the model, or (iii) combining inputs in 
order to model their interaction. This algorithm also benefits from the 
linear parameters in singleton fuzzy systems. For more details refer to 
Chap. 12. 

- The local linear model tree (LOLIMOT) algorithm trains fuzzy models 
of Takagi-Sugeno type. It operates at the rule level, i.e., it adds one rule 
in each iteration. This approach exploits the linear and local properties 
of Takagi-Sugeno fuzzy models. For more details refer to Chap. 13. 

- The projection pursuit (PP) algorithm builds up multilayer perceptron 
neural networks. It also works at the neuron level, i.e., it adds one neuron 
in each iteration. For more details refer to Chap. II. 

- Growing is the generic term for all kinds of neural network training tech
niques that increase the network complexity by adding either parameters 
or neurons. Mostly, growing methods are applied to multilayer percep
tron networks. A well known approach is the so-called cascade-correlation 
network [83]. Often growing is combined with a regularization technique; 
see Sect. 7.5 . 

• Backward elimination: In opposition to forward selection, backward elim
ination starts with a very complex model and removes parameters or sub
structures in each iteration. Since this approach starts with very complex 
models, it is usually more time consuming than forward selection. Typical 
applications are as follows: 
- An OLS can be used if the model possesses linear parameters. 
- After a forward selection method is used a backward elimination may be 

performed in order to discover and discard redundant parameters or sub
structures. Thus, a backward elimination component can be appended 
to ASMOD, LOLIMOT, PP, etc. 

- Pruning is the generic term for all kinds of neural network training 
techniques that decrease the network complexity by removing either pa
rameters or neurons. Like growing, pruning is most often applied to 
multilayer perceptron networks [201, 322]. Typically, it is combined with 
a regularization technique; see Sect. 7.5. 

• Stepwise selection: If in each iteration forward selection and backward elim
ination steps are considered, this is called stepwise selection. Because unim
portant parameters or substructures can be discarded in each iteration, 
stepwise selection usually leads to better results than pure forward selec-
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7.5 Regularization: Implicit Structure Optimization 179 

tion or backward elimination. On the other hand it requires significantly 
higher computational effort. The computational demand can be reduced 
by splitting the training procedure into separate forward selection and 
backward elimination phases instead of considering both in each iteration. 
Typical algorithms that implement stepwise selection are as follows: 
- The classification and regression tree (CART) is proposed in [46], which 

incrementally builds up and prunes back a tree structure. 
- Multivariate adaptive regression splines (MARS) are proposed in [105]. 

7.5 Regularization: Implicit Structure Optimization 

Regularization techniques allow one to influence the complexity of a model 
although the nominal number of parameters does not change. When regular
ization techniques are applied a model is not as flexible as it might appear 
from considering the number of parameters alone. Thus, regularization makes 
a model behave as thought it possesses fewer parameters than it really has. 
Consequently, in the bias/variance tradeoff, regularization increases the bias 
error (less flexibility) and decreases the variance error (fewer degrees of free
dom). Obviously, the application of regularization techniques is reasonable 
only if the model complexity is high before regularization is applied, i.e., to 
the right hand side of the optimal model complexity in Fig. 7.4a. This is the 
reason why regularization techniques are most frequently applied to neural 
networks, fuzzy systems, or other models with many parameters as they are 
typically used for modeling nonlinear systems. 

Regularization ideas, especially the curvature penalty approaches de
scribed in Sect. 7.5.2, can be applied also in contexts other than dealing with 
overparameterized models. In Sect. 11.3.6 regularization theory is briefly dis
cussed. By using the calculus of variations it allows one to determine which 
model architecture is the best one under given smoothness assumptions. An
other application of regularization ideas can be found in ridge regression for 
linear optimization (Sect. 3.1.4) and the Levenberg-Marquardt algorithm for 
nonlinear optimization (Sect. 4.5.2). 

7.5.1 Effective Parameters 

Loosely speaking, regularization works as follows. Not all parameters of the 
model are optimized in order to reach the minimal loss function, e.g., the sum 
of squared errors. Rather some other criteria or constraints are taken into ac
count. Because some degrees of freedom of the model must be spent on these 
other criteria or constraints, the model flexibility for solving the original prob
lem reduces. Those parameters that are still used for minimizing the original 
loss function are called the effective parameters since only they have an effect 
on the original loss function. The parameters that have only an insignificant 
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influence on the original loss function are called spurious parameters. These 
spurious parameters are utilized to fulfill other criteria or constraints. Since a 
regularized model behaves similarly to a nonregularized model that possesses 
only the number of effective parameters, the approximate expression for the 
variance error in (7.6) must be replaced by 

model error ~ ..j variance error rv (j v:;; , (7.22) 

where neff represents the number of effective parameters. If the regularization 
effect is weak neff approaches the nominal number of model parameters n. 
If the regularization effect is strong neff approaches zero. Depending on the 
specific regularization technique it may not be possible to draw a clear line 
between the effective and spurious parameters. The transition from spurious 
to effective parameters can be fuzzy, or parameters may be exchangeable. 
For example, consider the model y = (h + (}2U + (}3U 2 with the constraint 
(}l + (}2 + (}3 = 1. Obviously, this model possesses three nominal parameters, 
but since the constraint determines one of them completely by the other 
two, the number of spurious parameters is one and the number of effective 
parameters is two. Nevertheless, it is impossible to say which of the three 
parameters is the spurious one. Because the model structure is very simple 
one parameter can be directly substituted; this is not usually as easy for 
complex nonlinear models. 

In the following the most common regularization techniques are explained. 

7.5.2 Regularization by Non-Smoothness Penalties 

Since regularization reduces the number of effective model parameters all 
types of regularization smooth the model output. Smoothness is a property 
that is usually desirable because almost no real-world phenomena lead to 
steps, instantaneous changes, or nondifferentiable relationships. 

One regularization method explicitly penalizes nonsmooth behavior and 
therefore forces the model to be smooth. Instead of minimizing the original 
loss function, e.g., the sum of squared errors, the following objective function 
is optimized: 

criterion = sum of squared errors + nonsmoothness penalty. (7.23) 

Curvature Penalty. If the model is y = f(!!,~), a typical choice for the 
nonsmoothness penalty would be the second derivative of the model output 
with respect to the model inputs. With i = I, ... ,N samples in the training 
data set this becomes 

N la2f(U(i),(}) 12 
nonsmoothness penalty = a ~ a;;(i)2 - (7.24) 

A tradeoff has to be performed between the original loss function (a = 0) 
and the pure nonsmoothness penalty without taking the model performance 
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7.5 Regularization: Implicit Structure Optimization 181 

into account (a -+ 00). The value for the regularization parameter a must 
either be chosen by the user or it can be roughly estimated by some proba
bility considerations based on Baysian statistics [34, 38]. The penalty factor 
in (7.24) drives the model toward linear behavior since the second derivative 
of a linear model is zero everywhere. 

On the one hand, (7.24) can be seen as a curvature penalty, i.e., smooth
ness is defined as low curvature (many different definitions are possible). On 
the other hand, (7.24) can be understood as the incorporation of the prior 
knowledge that linear models are preferable over others. With any defini
tion of smoothness, a special type of model that matches these smoothness 
properties is favored over all others. For example, the (very unusual) non
smoothness penalty a . 8j(yJl)/8y, i.e., the first derivative of the model, 
prefers constant models because they possess a zero gradient. Owing to this 
relationship between the nonsmoothness penalty and the incorporation of 
prior knowledge, it is sometimes called the prior. 

Ridge Regression. In practice, often an approximation of the nonsmooth
ness penalty is used because the evaluation of the exact derivatives is compu
tationally expensive and can make the optimization problem more complex. 
For example, for linear parameterized models the penalty term is typically 
chosen such that the regularized problem stays linear in the parameters. 

The simplest form of nonsmoothness penalties is the ridge regression for 
linear optimization problems (see (3.44) in Sect. 3.1.4): 

I(fl,a) = ~T~ + alfll2. (7.25) 

This penalty drives all parameters in the direction of zero. Thus, the pre
ferred model is a constant. If prior knowledge is available that the parameters 
should not be close to zero but close to flprior, (7.25) can be changed to 

I(fl, a) = f? ~ + alfl - flpriorl2 . (7.26) 

Weight Decay. The idea of ridge regression can be extended to nonlinear 
optimization problems. In the context of neural networks, especially multi
layer perceptrons, the parameters fl are called weights and the ridge regres
sion type of regularization is called weight decay. Intuitively, the operation 
of weight decay can be understood as follows (see Sect. 3.1.4). The penalty 
term tries to push the network weights toward zero while the error term ~ T ~ 
tries to move the weights toward their optimal values for the nonregularized 
neural network. Some compromise is found, depending on the choice of the 
regularization parameter a. Clearly, those network parameters that are very 
important for the reduction of the error term will be scarcely influenced by 
the penalty term because the decrease in ~ T ~ overcompensates for alfll2. In 
contrast, those network parameters that are not very important for the net
work performance will be driven close to zero by the penalty term. Thus, 
after training, the unimportant parameters are close to zero. In a second step 
these parameters (or even whole neurons) can be removed from the neural 
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network. This is a typical combination of a regularization technique (weight 
decay) with an explicit structure optimization technique (pruning). 

The ridge regression or weight decay regularization can be analyzed by 
evaluating the eigenvalues of the Hessian matrix (the second derivative of the 
model output with respect to its parameters). This is illustrated in Sect. 3.1.4 
for linear parameterized problems but can be extended to nonlinear optimiza
tion problems too; see [34]. It turns out that the regularization parameter 0: 

marks a threshold that allows one to determine which model parameters are 
effective. Each eigenvalue in the Hessian corresponds to one parameter. All 
parameters with eigenvalues larger than the regularization parameter 0: are 
effective, while the others are not. The larger the eigenvalue the higher is 
the influence of the associated parameter on the loss function and the more 
accurately this parameter can be estimated. Parameters with very small cor
responding eigenvalues are insignificant and cannot be estimated accurately. 
These parameters contribute very little to the decrease in the error term and 
are affected most by the penalty term. Regularization virtually sets their 
eigenvalues to 0: and consequently improves the conditioning of the Hessian. 
This leads to fewer stretched contour lines of the loss function and thus to 
faster convergence of a training with the regularized loss function compared 
with the original one. 

7.5.3 Regularization by Early Stopping 

Another important regularization technique is early stopping. It can be ap
plied when iterative optimization methods are used. Training is not performed 
until the model parameters have converged to their optimal values. Rather 
during the iterative training algorithm the model performance on a validation 
data set is monitored. Training is stopped when the validation error reaches 
its minimum. Typically, the convergence curves on training and validation 
data behave as shown in Fig. 7.11. The relationship of early stopping to 
weighted decay is formally shown in [358]. Here, just an informal explanation 
will be given. 

At the minimum of the validation error the best bias/variance tradeoff 
is realized. At the left hand side of this minimum the model would underfit, 
while to the right hand side it would overfit the data. During the iterations, 
the number of effective model parameter increases. IT the training continued 
until convergence, all model parameters would become effective, resulting in 
a large variance error. 

During the training procedure more and more model parameters converge 
to their optimal values. The more important a parameter is the faster it moves 
toward its optimum. Thus, it can be concluded that early stopping allows all 
important parameters to converge and to become the effective parameters 
of the model, while the others basically stay close to their initial values. 
Consequently, if the initial values are zero (or close to zero), early stopping 
has the same effect as weight decay. 
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Fig. 7.11. With the early stopping regularization technique, training does not 
continue until all model parameters have converged. Rather, it is stopped early when 
the error on the validation data reaches its minimum. As the training proceeds, in 
each iteration the number of effective model parameters increases slightly 

92 

Fig. 7.12. The convergence speed of different parameters depends on the strength 
of their influence on the loss function. During the first iterations of a gradient-based 
optimization technique mainly the important parameters (here 82 ) are driven close 
to their optimal values while less relevant parameters (here 8t) are hardly changed 

The parameter importance is represented by their associated eigenvalue 
of the Hessian matrix. The loss function is very sensitive in the direction 
of important parameters (large eigenvalues) and flat in the direction of less 
relevant parameters (small eigenvalues). This explains why the importance 
of parameters determines their convergence speed; see Fig. 7.12. 

The main reason for the popularity of early stopping is its simplicity. Fur
thermore, it reduces the computational demand since training does not have 
to be completed. It is important to understand that for very flexible models, 
convergence of all parameters is not desired! This is the reason why poorly 
converging optimization algorithms such as steepest descent (Sect. 4.4.3) can 
still work reasonably well in connection with large neural networks and early 
stopping. 

Note, however, that during the previous discussion of this topic an overpa
rameterized model has been assumed, i.e., a model with too many parameters. 
Only then is the best bias/variance tradeoff reached before all parameters 
have converged. If the considered model is close to the optimal complexity, 
the minimum of the validation error in Fig. 7.11 moves far to the right since 
no overfitting is possible. Then convergence of all parameters is necessary for 
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Table 7.1. Comparison of early stopping and pruning 

Early stopping Pruning 

Training speed Fast Slow 

Type of training Parameter opt. Structure and parameter opt. 

Final model size Large n Small n 

No. of parameters neff < n neff ::;:::: n 

best model performance and the application of more sophisticated optimiza
tion algorithms (Sect. 4.4) is strongly recommended. 

Table 7.1 compares early stopping regularization with pruning. Pruning 
methods try to find the optimal model structure explicitly. One major draw
back of this approach compared with regularization is the higher computa
tional demand for training. One major benefit is that the resulting model 
is simpler. This reduces the model evaluation time, lowers the memory re
quirements, and makes interpretation easier. Note, however, that although 
the nominal number of parameters may be much larger for the regularized 
model than for the pruned model, the number of effective parameters and 
consequently the bias and variance errors may be comparable. 

Training with noise and parameter (weight) sharing are other regulariza
tion techniques that are frequently applied in connection with neural net
works; for more details refer to [34). 

7.5.4 Regularization by Constraints 

Constraints restrict the flexibility of a model. Therefore, they increase the bias 
error and reduce the variance error without changing the nominal number 
of parameters, Thus, they exhibit a regularization effect. Different types of 
constraints can be distinguished: 

• Hard constraints must be met. If not all hard constraints can be met simul
taneously no solution to the parameter optimization problem exists. With 
hard constraints exact prior knowledge can be incorporated into the model. 
The following two categories of hard constraints can be distinguished: 
- Equality constraints reduce the flexibility of the model by one parameter. 

Examples are (h = 4 or ()l + ()2 = 1. In these cases one parameter of the 
model is fully determined by all others and can be removed from the 
model. With equality constraints, e.g., knowledge about the gain or a 
time constant of a linear dynamic process can be incorporated into the 
model. 
A typical application is the estimation of a transfer function (bo+b1q-l + 
... + bmq-m)/(l + alq-l + ... + amq-l) with a fixed gain equal to 1, 
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Fig. 7.13. Regularization effect of inequality constraints: a) The constraint (h > 
fh,prior is not active at the optimum. b) The constraint prevents the parameters 
from taking their optimal values, and the best solution is realized on the constraint 
boundary (h = fh,prior. This results in a regularization effect because the constraint 
reduces the model's flexibility 

i.e., the constraint is bo + b1 + ... + bm = 1 + al + ... + am. Clearly, a 
solution to the parameter optimization problem can be obtained only if 
the number of equality constraints is smaller than the number of model 
parameters. 

- Inequality constraints reduce the flexibility of the model only if they are 
active. They typically take the form 01 > 0 or 01 + O2 > 5. It can happen 
that the optimal parameters for the unconstrained problem meet all 
these constraints, i.e., no constraint is active. Then the flexibility of the 
model is not affected at all (no regularization). If, however, the optimum 
of the unconstrained problem lies in an infeasible region of the parameter 
space, the inequality constraints prevent some parameters from realizing 
their optimal values; see Fig. 7.13. This effect regularizes the model. 
Inequality constraints can be derived from prior knowledge such as, e.g., 
the gain of a linear process must always be positive. This knowledge 
about the process under consideration can be transferred to the fol
lowing inequality constraint: bo + b1 + ... + bm > 1 + al + ... + am. 

Inequality constraints can also be used to ensure such properties as the 
monotonicity of some nonlinear function. Guaranteed monotonic behav
ior of a model can be very important in the context of feedback control 
since it determines the sign of the process gain [231]. 

• Soft constraints allow one to incorporate qualitative, non-exact knowledge 
into the model. Since soft constraints must not be met exactly, in principle, 
an arbitrary number of them can be implemented. Usually, soft constraints 
are realized by incorporation of a penalty function in the loss function (see 
Sect. 4.6): 

(7.27) 

In the simplest case, the soft constraints penalty function fscO can be 
chosen as the Euclidean distance between the parameters fl. and the prior 
knowledge about the parameters fl.prior> as is done in the ridge regression or 
weight decay approach in (7.26), Sect. 7.5.2. Because the soft constraints 
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on different parameters may be of different importance, in extension to 
(7.26) an additional weighting of the constraints can be introduced, e.g., 

fse (fl, flprior) = (fl- flprior) T Q (fl- flprior) . (7.28) 

Thus, the tradeoff between the model performance f<. T f<. and the soft con
straints fse (.) is controlled by 0: while the tradeoff between the soft con
straints themselves is controlled by the entries in the matrix Q. The penalty 
factor 0: allows one to balance the data and the expert knowledge [231]. 
In [231] it is proposed to express the soft constraints fseO by a linguis
tic fuzzy system in order to fully exploit the qualitative character of the 
available prior knowledge. Soft constraints offer a powerful tool for incorpo
rating prior knowledge in the model. They can be combined with virtually 
every type of model. 

7.5.5 Regularization by Staggered Optimization 

Usually, all model parameters are optimized simultaneously. In staggered 
optimization this is not the case. Rather the parameters are divided into 
different subsets, and only the parameters within one subset are optimized 
concurrently. Then in succession all subsets are subject to optimization. Fig
ure 7.14 illustrates this approach for a model with two parameters, which are 
divided into two subsets containing one parameter each. IT the influence on 
the loss function of the parameters of different subsets is only weakly coupled, 
one cycle of staggered optimization can approach the optimum closely. IT the 
parameter subsets are fully decoupled, as is the case for orthogonal regres
sors (see Fig. 3.9 in Sect. 3.1.3), then one cycle of staggered optimization is 
sufficient for convergence to the optimum. In practice, usually all parameters 
are more or less coupled, and thus staggered optimization can be more or 
less efficient depending on the conditioning of the problem. IT only one or a 
few cycles are carried out, a regularization effect similar to the one for early 
stopping occurs. 

The application of staggered optimization is reasonable whenever the 
model parameters can be grouped naturally into different subsets. For exam
ple, many neural networks possess one or more hidden layers with nonlinear 
parameters and an output layer with linear parameters. Consequently, the 
nonlinear parameters can be collected in one subset and the linear ones in 
another. In this case, staggered optimization offers the advantage that the 
linear parameter subset can be optimized very efficiently by a least squares 
technique. This can speed up the neural network training. IT all parameters 
are optimized simultaneously a nonlinear optimization technique would have 
to be applied to all parameters instead of only the nonlinear ones. Clearly, 
in order to obtain convergence, the number of required iterations for stag
gered optimization is larger. However, if special properties of the different 
parameter subsets are exploited each iteration may be computationally less 
expensive, leading to a reduced overall computational demand. 
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Fig. 7.14. Regularization by staggered optimization. Starting from an initial value, 
the parameters (h and (J2 are not optimized simultaneously. Rather, each parame
ter is optimized separately. Usually, after separate optimization of each parameter 
(here steps 1 and 2) the optimum is not reached, and a regularization effect com
parable to early stopping is obtained. However, this procedure can be iterated until 
convergence is accomplished and the regularization effect diminishes 

Another example of staggered optimization is the so-called back fitting 
algorithm for additive model structures (Sect. 7.6.4), which is proposed in 
[106] for projection pursuit regression; see also Sect. 11.2.S. For backfitting the 
parameter subsets correspond to the parameters of each additive submodel. In 
each iteration one parameter subset, i.e., one additive submodel, is optimized 
while all others are kept fixed. The optimization of the jth parameter subset 
operates on a loss function that is based on the following error: 

s 
(j) _ _ '" ~(submodel) 

e - Y L...J Yi , (7.29) 
i=l, i#i 

where S is the number of additive submodels. Obviously, one difficulty with 
backfitting is that the error in (7.29) becomes more nonlinear and irregular 
the more submodels are utilized; so the (relatively simple) submodels are 
decreasingly able to describe the unmodeled part of the process. 

7.5.6 Regularization by Local Optimization 

A special quite common form of staggered optimization is local optimization. 
In this context, "local" refers to the effect of the parameters on the model; 
there is no relation to the expression "nonlinear local" optimization, where 
"local" refers to the parameter search space. Local optimization is utilized, 
for example, in the LOLIMOT algorithm described in Chap. 13. Several types 
of nonlinear models generate their output by a combination of locally valid 
submodels. Important examples are fuzzy systems and basis function net
works. All model parameters can be divided into subsets, each containing the 
parameters of a locally valid submodel. Following the staggered optimiza
tion approach, the parameters of each locally valid submodel are optimized 
separately. 

The extent of the regularization effect with local optimization depends on 
the coupling between the local submodels. If the submodels are strictly sepa-
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rated no regularization effect occurs, since then local and global optimization 
are identical. The larger the coupling between different local submodels is, 
the higher is the regularization effect. 

Example 7.5.1. Local Versus Global Optimization 
A data set consisting of only two samples will be approximated by the fol
lowing model: 

(7.30) 

The shapes of the basis functions <PI (.), <P2 (.) and the two data samples 
are shown in Fig. 7.15. Two different cases are analyzed. One the left of 
Fig. 7.15 the results for barely overlapping basis functions are shown, while 
on the right the overlap is much larger. 

If the parameters of this model are optimized locally, the overlap between 
the basis functions is neglected. This means that the parameters (h and ()2 

are optimized separately without taking the effect of the other basis func
tion into account. For local optimization of the parameters only local data 
is considered, i.e., for the basis function <PI (u) the data sample at (3,5) is 
relevant, while (7,2) is assigned to <P2(U). The parameter (h of the first basis 
function is adjusted such that (h <PI (u) lies on the data sample (3, 5), and ()2 is 
determined such that ()2<P2(U) lies on the data sample (7,2). For global opti
mization both parameters are estimated simultaneously with a least squares 
algorithm. The optimized parameter values are summarized in Table 7.2. 

As can be observed from Fig. 7.15 (left) the local and global optimiza
tion yield similar results for barely overlapping basis functions. The reason 
for this lies in the fact that the basis functions are almost orthogonal. In
deed, orthogonal basis functions would yield identical results for local and 
global optimization. Nevertheless, in this example, with global optimization 
the model fits both data samples perfectly, while this is not the case for local 
optimization owing to the error introduced by neglecting the basis function's 
overlap. The right part of Fig. 7.15 demonstrates that for basis functions with 
larger overlap, this error becomes significant. Again, locally both model com
ponents ()I <PI (u) and ()2<P2 (u) describe the local data. In contrast to Fig. 7.15 
(left), the resulting model performs poorly. Owing to the larger overlap the 
regularization effect is larger and model flexibility decreases, which leads to 
a higher bias error. 

Table 7.2. Comparison of the parameters obtained by local and global optimization 

Parameters (h / (h 

Local optimization 

Global optimization 

Small overlap 

5.0041 / 2.0016 

5.0024 / 1.9976 

Large overlap 

5.8451 / 2.3380 

5.6102 / 1.3898 
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Fig. 1.15. Regularization by local optimization. A model Y = (:It PI (u) + (}2P2 (u) 
approximates the data {(Yi, Ui)} = {(3, 5), (7, 2)}. The first and second column 
represent the basis functions Pl('), P2(-) with small and large overlap, respectively. 
They are depicted in the first row. The second row shows the model output (solid 
line) and the contribution of both basis functions (dashed lines) if the parameters 
are optimized locally. The results shown in the third row are obtained with global 
optimization. The crosses mark the data samples that should be approximated by 
the model 

7.6 Structured Models for Complexity Reduction 

This section discusses strategies for model complexity reduction which try to 
reduce or overcome the so-called curse of dimensionality. The term "curse 
of dimensionality" has be introduced by Bellman [25]. Basically it expresses 
the intuitively clear fact that in general problems become harder to solve as 
the dimensionality of the input space increases. 

In the next section, the curse of dimensionality is analyzed in greater 
detail. The subsequent sections are concerned with different strategies that 
scale up moderately with an increasing input dimension. 
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7.6.1 Curse of Dimensionality 

The curse of dimensionality can be explained by considering the approxima
tion of the following process: 

(7.31) 

Many tasks from classification to system identification can be transformed 
into such a function approximation problem. In order to approximate the un
known function f(·) from data, the whole p-dimensional input space spanned 
by [UI U2 ••• up] must be covered with data samples. The smoother the 
function fO is, the fewer data samples are required for its approximation to 
a given degree of accuracy. 

Example 7.6.1. Curse of Dimensionality 
If it can be assumed that the function fO in (7.31) is very smooth, it may 
be sufficient to cover each input with only four data samples. Thus, if the 
function is one-dimensional (p = 1) the required number of data samples is 
four. For two- and three-dimensional input spaces 16 and 64 data samples are 
required, respectively. This is illustrated in Fig. 7.16. Obviously the necessary 
amount of data grows exponentially with the input space dimensionality. 
For approximation of a ten-dimensional function already over 1 million -data 
samples would be required. 

It is important to notice that the curse of dimensionality is an intrinsic 
property of the problem, and is independent of the specific model employed. 
At first sight, the situation looks hopeless. Indeed, it is almost impossible 
to approximate a general nonlinear function in high-dimensional space (say 
p > 10). Luckily, in practice, the curse of dimensionality is much less severe 
because in real-world problems typically some of the following statements are 
fulfilled, thereby restricting the complexity of the problem . 

• Non-reachable regions in the input space exist. Very often not all input 
combinations are feasible, e.g., high pressure and low temperature may be 
contradictory in a physical system, or high interest rates and high stock 
market indices may not be realistic at the same time. Especially in dynamic 
systems typically large regions of the input space cannot be reached with 

I I I I I ~ 

Fig. 7.16. Illustration of the curse of dimensionality. The necessary amount of data 
grows exponentially with the input space dimensionality 
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Fig. 7.17. The correlation between inputs reduces the complexity of the problem 
since regions of the input space cannot be reached 

the available power or energy. Of course, all non-reachable regions of the 
input space do not have to (and indeed cannot) be covered with data. This 
can reduce the necessary amount of data considerably. 

• Inputs are correlated or redundant. Redundant inputs can be removed from 
the model without loss of any information. Thereby the dimensionality of 
the problem is reduced. Correlated inputs usually lead to non-reachable 
regions in the input space, as in Fig. 7.17 (see Sect. 6.1). 

• The behavior is very smooth in some regions of the input space. The non
linear function 10 may be very simple, e.g., almost constant or linear, in 
some regions of the input space. In these regions a reasonable model can 
be obtained even for extremely sparse data. This can reduce the required 
amount of data significantly. 

• Although the function might be very complex in some regions, it depends 
on the specifications whether the model must possess a similar complexity 
in all these regions. In practice, a quite inaccurate model behavior might 
be acceptable in some regions. Each specific application demands different 
model accuracies in different operating conditions. 

Owing to the properties listed above the amount of required data for the 
solution of real-world problems typically does not increase exponentially with 
the input space dimensionality. 

Another important issue is how the complexity of a model increases with 
the input space dimensionality. This issue is independent of the complexity 
of the real problem. Several types of models suffer from the curse of dimen
sionality, i.e., their complexity scales up exponentially with the number of 
inputs. Clearly, such a behavior strongly restricts the application of these 
model architectures to very low-dimensional problems. Typical models that 
suffer from the curse of dimensionality are conventional look-up tables and 
fuzzy models. Both are so-called lattice-based approaches, i.e., they cover the 
input space with a regular grid. 
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Lattice-based methods cannot cope with moderate to high-dimensional 
input spaces because they are unable to exploit the relationships that lead to 
complexity reduction (see the list above). A lattice covers all regions of the 
input space equally well. Non-reachable areas and areas where the function 
10 is very smooth are all covered with the same resolution as the important 
regions in the input space, as shown for the data in Fig. 7.16. 

In the following sections, different strategies are briefly introduced that 
allow one to exploit the reduced complexity of a problem. None of these 
strategies works well on all types of problems. Therefore, it is important to 
incorporate as much prior knowledge in the model as possible, since this is the 
most efficient way to reduce the complexity of the problem; see Sect. 7.6.2. 
Prior knowledge does not only help to design the appropriate model structure; 
it also allows the user to generate a good data distribution that gathers as 
much information about the function 10 as possible. 

Finally, an important aspect of the relationship between the curse of di
mensionality and the bias/variance tradeoff will be discussed. Each additional 
input makes the model more complex. Although each additional input may 
provide the model with more information about the process this does not 
necessarily improve the model performance. Only if the benefit of the addi
tional information exceeds the variance error caused by the additional model 
parameters, will the overall effect of this input be positive. Thus, discarding 
inputs can improve the model performance. 

7.6.2 Hybrid Structures 

Hybrid structures are composed of different (at least two) submodels that are 
of different types. Typically, one submodel is based on theoretical modeling by 
first principles (physical, chemical, biological, etc. laws), or is the currently 
used state-of-the-art model obtained by any combination of modeling and 
identification techniques. Often this prior model does not fully reflect all 
properties of the process. In many cases the prior model may be linear, or its 
nonlinear structure may be inflexible. Then the prior model can be improved 
by combining it with a new, more general submodel such as a fuzzy system, 
neural network, etc. which may be generated from data. 

The major advantage of a combination of a prior model and another data
driven model compared with the solely data-driven model is that the already 
available model quality is exploited and improved instead of starting from 
scratch and throwing away all knowledge. Typically, the incorporation of prior 
knowledge improves the extrapolation capabilities (without prior knowledge 
extrapolation is highly dangerous) and the robustness with respect to missing 
or low quality data. Furthermore, industrial acceptance and confidence are 
usually much higher if an already existing model is the basis for the new 
model. 
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Parallel Model. The prior model can be combined with an additional data
driven model by different strategies. Figure 7.18 shows the parallel configu
ration. This is a reasonable approach if the prior model describes the whole 
process under consideration from its inputs to its output. By far the most 
common approach is to supplement the prior model by an additive data
driven model; see Fig. 7.18a. An alternative is a multiplicative correction 
model as shown in Fig. 7.18b. Clearly, it depends on the process and model 
structure whether the additive or multiplicative approach is better suited. 

When an additive supplementary model is used it can be trained very 
simply as follows. The overall model output is 

Y = Ysupplement + Yprior , (7.32) 

which leads the model error 

e = Y - Y = y - (iJsupplement + Yprior) = (y - Yprior) - Ysupplement ,(7.33) 

where y denotes the process output. Thus, the desired output for the supple
mentary model is 

~(desired) ~ 
Ysupplement = Y - Yprior . (7.34) 

According to (7.34), the supplementary model is trained to compensate the 
error of the prior model Y - Yprior' 

When a multiplicative correction model is used, it can be trained with 
the following procedure. The overall model output is 

supplementary 
model 

prior model 

correction 
model 

prior model 

" Youpplemeat 

" Y 

" Yprior 

" Y 

Fig. 7.18. The modeling errors in the prior model can be compensated by a) an 
additive supplementary model or b) a multiplicative correction model 
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Y = Ycorrection . Yprior , (7.35) 

which leads the model error 

e = Y - Y = Y - Ycorrection . Yprior = Yprior . (~ - YcOrrection) . (7.36) 
YprlOr 

Thus, the desired output for the correction model is 

A (desired) _ Y 
Ycorrection - -A-- . 

Yprior 
(7.37) 

So the multiplicative model is trained to realize the correction factor 
Y/Yprior' Since the error in (7.36) is weighted with the term Yprion a suitable 
loss function should reflect this property. The most straightforward approach 
is a weighted least squares optimization with the weights 

qi = Y;rior(i) , (7.38) 

where qi denotes the ith weight; see (2.2) in Sect. 2.3. Such a weighted least 
squares approach also reduces the possible problems that would occur when 
Yprior approaches zero. Nevertheless, owing to the division in (7.37) the mul
tiplicative approach is much more sensitive to noise than the additive alter
native. Thus, if there exists no indication that the parallel model should be 
multiplicative, an additive structure is generally preferable. 

Series Model. Figure 7.19 shows a configuration in which the data-driven 
submodel is in series with the prior submodel. Such a series configuration can 
be applied if the prior model is incomplete. Then the data-driven submodel 
can describe those effects that are unmodeled in the prior model. A very 
simple example may be a prior model that computes the electrical power 
p = U . I from the input voltage U and current I, because it is known that 
the process behavior depends directly on the power rather than on voltage or 
current. By supplying the refinement model with this quantity the difficulty 
of the modeling problem may be significantly reduced. On the one hand, the 
configuration in Fig. 7.19 covers applications where the prior model may be 
almost trivial (as in the example above), and can be seen as a kind of data 
preprocessing. On the other hand, Fig. 7.19 also represents applications where 
the prior model is just marginally refined, e.g., by a filter realizing unmodeled 
dynamics. Training of the refinement submodel is straightforward since its 
output is the overall model output. 

="====-1, prior submodel 1=1 ==="==~'L_~_fin_nem_ode_en_lt---JI--Y:""'" •• 

Fig. 7.19. A refinement model in series with the prior model can compensate for 
modeling errors 
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Fig. 7.20. A data-driven model schedules the parameters of the prior model 

Parameter Scheduling Model. Figure 7.20 shows a third category of com
binations of prior and data-driven models. The data-driven model schedules 
some parameters within the prior model. As for the parallel configuration 
the prior model cannot be partial; it must describe the process from the in
put to the output. In contrast to the parallel and serial configurations, the 
outputs of the data-driven model are not signals but the parameters of the 
prior model. These prior model parameters are denoted as p in Fig. 7.20 to 
distinguish them from the internal parameters of the experimental model fl.. 
This approach is often applied in the chemical process industry. It is very suc
cessful if the structure of the prior model matches the true process structure 
well. Since only the parameters are influenced by the data-driven model, the 
overall model behavior can be well understood, and some model character
istics can be ensured. This advantage of the parameter scheduling approach 
turns into a drawback if the structure of the process is not well understood. 
Structural mismatches in the prior model cannot be compensated by the 
data-driven model at all. Another difficulty with the parameter scheduling 
approach is that the desired values for the outputs of the data-driven model 
(the prior model parameters) are not known during training. Thus a nonlin
ear optimization with gradient calculations is necessary in order to train the 
data-driven model. 

The parallel, serial, and parameter scheduling configurations shown in 
Figs. 7.18, 7.19, and 7.20, respectively, represent general concepts that can be 
realized with any type of data-driven model. For special model architectures 
it is possible to directly build in prior knowledge (or parts of it), which usually 
is more easily interpretable and more effective than the standard parallel and 
serial configurations. 

1.6.3 Projection-Based Structures 

Projection-based structures are the most radical way of overcoming the curse 
of dimensionality. The input space is projected onto some axes that represent 
the important information within the data. This will be illustrated in the 
following example. 

Example 7.6.2. Projection-Based Approach 
The following process is considered: 
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", 
"2 projection 

further A ", on weight 
processing 

Y 
", vectors 
"s 

Fig. 7.21. A projection-based structure. The inputs are projections on some weight 
vectors. These projections are processed further 

(7.39) 

If both inputs Ul and U2 are highly correlated it might be sufficiently 
accurate to construct a model based on a single input: 

(7.40) 

where the "weights" Wl and W2 must be determined appropriately. The argu
ment ~ = Wl Ul + W2U2 can be interpreted as the projection (scalar product) 
of the input vector :!f. = [Ul u2jT on the vector of weights 1Q = [Wl W2jT. If the 
inputs are not only correlated but redundant the model in (7.40) can even 
be exact if the weights are chosen correctly. Thus, a high-dimensional prob
lem can often be approximated by low-dimensional ones. This is extensively 
discussed in the context of multilayer perceptron networks; see Sect. 11.2. 

Projection-based approaches compute a set of relevant directions by 
p 

~j = LWjiUi, (7.41) 
i=l 

and process these directions further; see Fig. 7.21. 
Several ways exist to determine these weights. Principle component analy

sis is the most common unsupervised learning technique; see Sect. 6.1. Projec
tion pursuit learning and multilayer perceptron networks are widely applied 
supervised techniques; see Sect. 11.2. These methods have been very success
fully applied to high-dimensional problems, and indeed there exist almost no 
generally working alternatives if the number of inputs is huge (say more than 
50). 

7.6.4 Additive Structures 

Additive approaches split the high-dimensional problem into a sum of lower
dimensional problems; see Fig. 7.22. The justification of the additive structure 
can be drawn from a Taylor series expansion of the process: 

Y = eo+Cl Ul + .. . +cpup+cu Ui+Cl2Ul U2+ . • . +cppu~ +C111 u~ + .... (7.42) 

This is an additive structure. Thus, any (smooth) process can be approx
imated by an additive model structure. The important issue in practice is, 
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" y 

Fig. 7.22. An additive structure. The process y = !(Ul,U2,Ua,U4,U5) is modeled 
by the sum of lower-dimensional submodels: fJ = el + e2 + 6 with 6 = /I (Ul, U2), 
6 = h(ua,u4), and ea = !a(U5) 

of course, how fast the additive approximation converges to the true pro
cess behavior if the model complexity increases. This depends on the usually 
unknown structure of the process and the particular construction algorithm 
applied for building the additive model. 

The major advantage of additive structures is that they can be quite easily 
constructed from data. Typically, simple submodels are chosen that are linear 
in the parameters, since then the overall model still is linear in all the sub
model parameters. Considering the Taylor series expansion in (7.42) the most 
straightforward way to generate an additive model is to select the relevant 
polynomial terms in (7.42) by a subset selection technique; see Sect. 3.4. One 
of the most prominent representatives of additive construction algorithms is 
ASMOD (additive spline modeling) as proposed by Kavli [202]. It can also 
be interpreted in terms of fuzzy models, and is one standard approach to 
overcome the curse of dimensionality in fuzzy systems [35]. 

The interpretation of the additively structured model is certainly easier 
than of a single black box structure. In particular, each submodel can be ex
pected to be easy to understand because they are relatively simple. However, 
the additive structure can introduce unexpected effects since it is usually not 
possible for humans to understand the superimposition of submodels that 
have different input spaces. By analyzing each submodel the overall effect of 
all submodels can hardly be grasped. 

Instead of summing up the contributions of all submodels they can be 
multiplied (or any other operator may be used). Such an approach can be 
reasonable if it matches the structure of the process (which assumes that 
structural process knowledge is available). Since this introduces strongly non
linear behavior and consequently requires nonlinear optimization techniques 
these approaches are rarely applied in practice. 

7.6.5 Hierarchical Structures 

Hierarchically built models as shown in Fig. 7.23 can describe the inner struc
ture of the process. Typically, modeling with first principles leads to a set 
of coupled equations. Often, however, different subsystems (e.g., a chemical, 
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" y 

Fig. 1.23. A hierarchical structure. The process y = f( Ul, U2, U3, U4, U5) is modeled 
by a hierarchy of lower-dimensional submodels fj = f5(6,e4) with e3 = /3(6,6) 
with el = !t(Ul,U2) and 6 = /2(U3,U4) and e4 = f4(U5) 

mechanical, and electrical subsystem) are organized hierarchically. The sub
systems' outputs correspond to states of the process. The interpretability of 
hierarchical models is excellent because each submodel is low-dimensional, 
and hierarchical structures are close to human reasoning. It is possible to 
build up complex models step by step and utilizing already available sub
models. A hierarchical organization has proven useful in almost any context 
ranging from software engineering to user interfaces. 

The big drawback of hierarchically structured models is that no satisfac
tory algorithms are available for constructing such models from data. First, 
the optimization of the hierarchical structure is a complex structure opti
mization task. Second, the parameters of the submodels influence the overall 
model output in a nonlinear way. Finally, it is usually not possible to guaran
tee that the submodel outputs (~i'S in Fig. 7.23) correspond to a state in the 
real-world process (or anything else meaningful). The latter disadvantage is 
the most severe one because it destroys the model interpretation completely. 
Nevertheless, some algorithms exist that try to build hierarchical models. 
Typically, they rely on genetic algorithms or genetic programming in order 
to solve the complex structure optimization problem; see [232, 319] for an 
application to fuzzy systems. A promising approach based on the integration 
of various sources of prior process knowledge with genetic programming is 
proposed in [238]. 

7.6.6 Input Space Decomposition with Tree Structures 

Input space decomposition concepts accept the high dimensionality of the 
problem as the projection-based methods do. Their concept is to decompose 
or partition the input space according to the complexity of the process. No 
low-dimensional submodels are generated as for additive or hierarchical struc
tures. Rather, the complexity is decreased by splitting up the whole problem 
into smaller subproblems. Note that here "smaller" refers to the size of the 
regions in the input space and not to its dimensionality. Typically, the input 
space decomposition is implemented in a tree structure. Thus, most input 
space decomposition strategies are hierarchically organized. In contrast to 
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I--

r- rr 
Fig. 7.24. A lattice structure (left) compared with a k-d tree (center) and a quad 
tree (right). Compared with the lattice, tree structures allow one to partition the 
input space with different resolutions (granularity) in different regions 

the hierarchical structures discussed in the previous subsection, the charac
teristic feature here is the type of the input space decomposition. Whether 
the algorithm and the model are implemented as a hierarchical tree structure 
or otherwise is not decisive. Figure 7.24 compares a lattice partitioning with 
two commonly applied tree partitioning approaches for input space decom
position. 

The key idea is to decompose the input space in such a manner that each 
local region can be described with a simple submodel. Often these simple 
submodels are chosen to be constant or linear, or at least linearly parame
terized. In regimes where the process is strongly nonlinear, many different 
regions must be generated by the decomposition algorithm in order to make 
the model sufficiently accurate. However, in regimes where the process be
havior is very smooth, only few partitions are required. By this strategy, the 
curse of dimensionality can be reduced. 

The k-d tree and quad tree structures illustrated in Fig. 7.24 partition 
the input space orthogonally with respect to the input axes. Most decompo
sition algorithms do so, because this reduces the complexity of the structure 
optimization problem significantly. Note, however, that axis-orthogonal splits 
tend to become less effective as the input space dimensionality increases. Al
ternative, more flexible decomposition algorithms are usually based on axis
oblique partitioning or clustering strategies (Sect. 6.2). Refer to Chaps. 13 
and 14 for a typical axis-orthogonal strategy, and to Sect. 14.8 for a compar
ison with an axis-oblique strategy. 

Basically two different strategies exists to combine all submodels together. 
Either, depending on the incoming data sample, the output of the corre
sponding submodel is used, or the neighboring submodels are also taken into 
account. The first method switches between the submodels, which results in 
noncontinuous behavior, and therefore it is reasonable only for classification 
problems or in other cases where smoothness is not required. The second 
method interpolates (weights) between submodels, which can lead to smooth 
behavior and consequently is usually preferred for function approximation. 

As in additive structures, linear parameterized submodels are usually cho
sen for decomposition algorithms, because the overall model preserves this 
advantageous property. In addition to the possible exploitation of linear re-
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200 7. Model Complexity Optimization 

lationships, the locality properties can be utilized. Since each submodel rep
resents a local region of the input space it may be optimized with local data 
almost independently of all other submodels. Such an approach is called local 
optimization, and can reduce the complexity of the parameter optimization 
problem significantly. 

Commonly applied algorithms for input space decomposition based on 
tree structures are classification and regression trees (CART) [46], ID3 and 
C4.5 from Quinlan [318], which all switch between the submodels. Basis func
tion trees [331, 332], multivariate adaptive regression splines (MARS) [105], 
and local linear model trees (LOLIMOT) [286] implement interpolation be
tween the submodels; see also the Chaps. 13, 14, and 20. 

7.7 Summary 

The characteristics of the process, the amount and quality of the available 
data, the prior knowledge, and the type of model imply an optimal model 
complexity. Each additional parameter on the one hand makes the model 
more flexible, on the other hand it makes it harder to accurately estimate 
the optimal parameter values. The model error can be split into two parts: 
the bias and the variance error. The bias error is due to insufficient model 
flexibility, and decreases with a growing number of parameters. The variance 
error is due to inaccurately estimated parameters, and increases with a grow
ing number of parameters. The best bias/variance tradeoff marks the point 
of optimal model complexity. At this point the decrease of the bias error is 
balanced with the increase in variance error. 

In order to discover the best bias/variance tradeoff the expected model 
quality on fresh data must be determined. This cannot be done by examining 
the model error on the training data set. Otherwise overfitting cannot be 
detected, i.e. an overly complex model, which adapts well to the training data 
(and the noise contained in it) but generalizes much worse. Rather a separate 
test set must be used, or some complexity penalty must be introduced. 

One way to realize a good bias/variance tradeoff is explicit structure op
timization. The model complexity is varied by varying the number of param
eters or whole substructures in the model such as neurons, rules, etc. Explicit 
structure optimization is usually computationally expensive but yields small 
models where each parameter is significant. This offers advantages in terms 
of model evaluation times, memory requirements, and model interpretation. 

An alternative is implicit structure optimization by regularization. Instead 
of varying the model complexity by the number of nominal parameters, this 
is done by choosing a relatively complex model in which not all degrees of 
freedom are really used. Although the model may look complex, and may 
possess a large number of parameters, the effective complexity and the ef
fective number of parameters can be significantly smaller than the nominal 
ones. This is achieved by regularization techniques such as the introduction 
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7.7 Summary 201 

of nonsmoothness penalties or constraints, training with early stopping, and 
staggered or local optimization. 

The required model complexity is strongly influenced by the dimension 
of the input space of the problem. Often the complexity of the problem or 
the model increases exponentially with the number of inputs. This is called 
the curse of dimensionality. One has to distinguish between the complexity 
of the problem and that of the model. Luckily, restrictions prevent many 
real-word problems from becoming too complex. However, some model archi
tectures scale up exponentially with the number of inputs. All lattice-based 
approaches belong to this category. So it is no coincidence that many of the 
existing algorithms for overcoming or reducing the curse of dimensionality 
deal with fuzzy systems. The construction of additive, hierarchical, or tree 
structures are the most common approaches. The utilization of prior knowl
edge, e.g., in the form of hybrid models, almost always reduces the model 
complexity and consequently the curse of dimensionality. Finally, projection
based structures are the most radical and consequent approach dealing with 
high-dimensional spaces. Their excellent properties for handling large input 
spaces come at the price of nonlinear parameters and black box characteris
tics. 
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8. Summary of Part I 

The goal of this part on optimization techniques was to give the reader a 
"feeling" for the most important optimization algorithms. No implementation 
details have been discussed. Rather the focus was on the basic properties of 
the different categories of techniques and the advantages and drawbacks of 
the particular algorithms. These insights are of fundamental importance when 
trying to choose an appropriate algorithm from a provided toolbox. To give 
a brief review, the optimization techniques can be divided into the following 
categories: 

• Linear optimization: These are the most thoroughly understood and best 
analyzed techniques. Linear optimization offers a number of highly desir
able features such as an analytic one-shot solution, a unique optimum, and 
a recursive formulation that allows an online application. Furthermore, the 
accuracy of the estimated parameters and the model output can be assessed 
by the covariance matrix and errorbars. Powerful and very efficient struc
ture optimization techniques are available, such as the orthogonal least 
squares (OLS) forward selection method. 
Linear optimization techniques are very fast, simple, and easy to apply; 
many numerically robust implementations are available in toolboxes. Con
sequently, a problem should be addressed with linear parameterized ap
proaches first, and only if the obtained solutions are not satisfactory may 
one turn to more complex approaches requiring nonlinear optimization 
methods . 

• Nonlinear local optimization: Nonlinear optimization problems often have 
multiple local optima. The nonlinear local techniques start from an ini
tial value in the search space and find a local optimum by evaluation of 
loss function values (direct search methods) and possibly first and sec
ond derivatives of the loss function. The most popular general purpose 
algorithms are the conjugate gradient (> 100 parameters) and the quasi
Newton « 100 parameters) methods. The simple steepest descent algo
rithm usually converges very slowly, and consequently cannot be recom
mended. However, for sample adaptation where no line search can be per
formed, this algorithm is a reasonable choice. 
In many problems the loss function is a sum of squares. Then nonlinear 
least squares methods such as the Gauss-Newton or Levenberg-Marquardt 
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204 8. Summary of Part I 

algorithm can be applied. They effectively exploit the special form of the 
loss function and approximate second derivatives from gradient information 
only. Generally, these algorithms are recommended if the loss function is 
of the required type. 
Nonlinear local optimization techniques are also thoroughly studied and 
well analyzed. Many toolboxes make robust and efficient implementations 
of these algorithms easily available. The main restriction is that these tech
niques perform a local search. No attempt is made to escape from local op
tima in order to search for the global one. For many problems local search 
is sufficient, especially if good initial parameter values are available. One 
may start from different initial parameters to get a "feeling" for the quality 
and number of the different local optima. However, if it is not possible to 
achieve a satisfactory solution, a global method can be applied . 

• Nonlinear global optimization: If local search methods do not yield a sat
isfactory solution to a nonlinear optimization task, one reason can be con
vergence to a poor local optimum. The simplest possible remedy for this 
problem is to start a local search several times from different initial values 
(multi-start technique). The difficulty with this approach, however, is how 
to choose the initial values reasonably. 
Nonlinear global optimization techniques try to find the global optimum or 
(more realistically speaking) at least a good local optimum. Typically, ran
dom components are introduced into global search algorithms in order to 
allow them to escape from local optima. The incorporation of randomness 
makes the search robust against particular properties of the optimization 
problems (i.e., the algorithm is very universal and not tailored to a special 
class of problems) at the price of low performance. The most prominent 
global search techniques are simulated annealing and evolutionary algo
rithms, of which the latter can be further classified into the categories 
evolutionary strategies, genetic algorithms, and genetic programming. 
A fundamental dilemma that has to be solved for any nonlinear global op
timization technique is the tradeoff between the degree of global character 
and convergence speed or in other words between diversification (explo
ration of new regions) and intensification (convergence in local regions) . 

• Unsupervised learning: The goal of unsupervised learning approaches is 
to analyze or compress the information contained in a data set. Typically, 
only the distribution of the input data is considered. Unsupervised learning 
techniques are often utilized for preprocessing of the data and for extracting 
features which can be used as inputs for a subsequent supervised learning 
technique. The most common unsupervised learning approaches are the 
principal component analysis (PCA) and clustering methods. PCA can be 
used for transformation of the data onto new axes and for dimensionality 
reduction. Clustering techniques allow one to search for similar groups or 
objects in the data set. For clustering, classical, fuzzy, and neural network 
based approaches can be used. 
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8. Summary of Part I 205 

• Complexity optimization: Finding the optimal model complexity requires 
optimization of the model structure, and not just of its parameters. For 
each application an optimal model complexity exists that is characterized 
by a tradeoff between the bias and the variance error. The overall model 
error can be decomposed into a bias and a variance part. The bias part 
describes the systematical error due to the restricted model flexibility. The 
variance part describes the stochastic error due to inaccurately estimated 
parameters. The bias error decreases and the variance error increases for 
growing model complexity. Thus, both error parts are in conflict and a 
compromise must be found. This is called the bias/variance dilemma. 
To measure the performance of a model, it should not be evaluated on the 
same data used for parameter estimation (training data) because it does 
not reveal the variance part of the error. The error on the training data can 
be arbitrarily decreased by making the model more and more complex. In 
the extreme case, when a model possesses as many parameters as the num
ber of available training data samples, the training error would be zero 
(interpolation). Thus, an objective evaluation of the model performance 
must be measured on a test data set that was not used for training. Alter
native strategies to the use of a separate test data set are the application 
of complexity penalties in information criteria or statistical tests. 
The optimal model complexity can be found by either explicit or implicit 
structure optimization. Explicit strategies approach the problem directly 
as a structure optimization task, which may be solved by a nonlinear global 
search technique. Implicit structure optimization or regularization does not 
influence the model structure. Rather, not all nominal parameters of the 
model are really utilized. Only a smaller number, the so-called effective 
parameters, are really estimated from data. All others are kept at their 
initial values or are constrained in some way. Regularization techniques 
reduce the flexibility of a model and thus reduce the variance error at 
the price of a higher bias error. So an adjustment of the strength of the 
regularization effect allows one to control the bias/variance tradeoff. 
One fundamental issue in model complexity optimization is the curse of 
dimensionality. It describes the fact that the amount of data and the re
quired model complexity grow strongly with the input dimensionality of 
the problem. For all lattice-based approaches the complexity increases ex
ponentially, which makes high-dimensional models infeasible in practice. 
Different strategies for reduction of the model's sensitivity to the input 
space dimension are available, such as projection-based approaches, hy
brid, additive, hierarchical structures and input space decomposition by 
trees. 

For a more extensive study of linear optimization techniques [73] is rec
ommended, while a well-written treatment about the required linear algebra 
can be found in [122]. Excellent books for nonlinear local optimization are 
[323, 339, 389]. References for the other techniques can be found in the cor-
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Static Models 
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9. Introduction to Static Models 

This part deals with the most frequently used static model architectures. 
It is organized as follows. In Chap. 10 common classical model architec
tures are reviewed. These are linear, polynomial, and look-up table models. 
Owing to their large industrial significance look-up tables in particular are 
discussed thoroughly. The most common neural networks are analyzed in 
Chap. 11. Chapter 12 treats three different categories of fuzzy and neuro
fuzzy approaches. Chapters 13 and 14 introduce and extend the local linear 
neuro-fuzzy model architectures and in particular the local linear model tree 
(LOLIMOT) training algorithm. Finally, the main results of this part are 
summarized in Chap. 15. 

This section gives an introduction to some foundations of nonlinear static 
models. Section 9.1 analyzes the handling of multivariable systems. A basis 
function formulation of static models is given in Sects. 9.2 and 9.3. A simple 
static nonlinear test processes is introduced in Sect. 9.4. It is used to illustrate 
the behavior of the different static model architectures discussed in Part II. 
For comparison, a few criteria for evaluation of the properties of the different 
model architectures are given in Sect. 9.5. 

9.1 Multivariable Systems 

Nonlinear static models perform a mapping from p inputs Ui gathered in a rr 
dimensional input vector y. = [UI U2 •.• up]T to r outputs Yj gathered in an r
dimensional output vector Y = [YI Y2 ... Yr]T. Such a general model is called 
a multiple-input multiple-output (MIMO) model; see Fig. 9.1. Typically, such 
a MIMO model is decomposed into r different multiple-input single-output 
(MISO) models (see Fig. 9.2) for the following reasons: 

• Each MISO model is simpler than an overall MIMO model and thus easier 
to understand, to validate, and to apply in practice. 

• The required accuracy of each of the r model outputs can be adjusted 
separately. There is no need for a single loss function that weights the r 
output errors and thus performs an accuracy tradeoff between the different 
model outputs. 

O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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210 9. Introduction to Static Models 

~:=Cl=~: 
IIP~Y' Fig. 9.1. A general MIMO model 1I1E-~ model I YI 

lip 

1I1E-"2 : model 2 Yz ... 

lip 

1I1E-~2 model r y, 

lip 

Fig. 9.2. A MIMO model can be decomposed into MISO models 

• Different model architectures, structures, and optimization techniques can 
be applied to each MISO subproblem, which makes the modeling and iden
tification approaches more appropriate, flexible, and powerful. 

In opposition to these advantages, a MIMO model usually offers faster 
evaluation speed, i.e., the time required to calculate to model outputs for 
given model inputs. Even though the MIMO model can be expected to be 
significantly more complex than each of the MISO models, its complexity is 
usually less than r times higher. Several parts of the structure and parameters 
of the MIMO model are typically useful for modeling of more than one output. 
These common structures and parameters cannot be exploited by the separate 
MISO models. Nevertheless, the advantages of a MIMO model decomposition 
according to Fig. 9.2 are significant in most real-world situations. Thus in all 
that follows only MISO models and single-input single-output (8180) models 
are addressed. So a static MISO model can be described by the following 
mapping from the p-dimensional input to the one-dimensional output: 

Y = f(y,)· (9.1) 

9.2 Basis Function Formulation 

From all possible realizations of this function f (.) almost all alternatives of 
practical interest can be written in the following basis function formulation: 

M 

Y = L O~l) 4ii (!!, fl~nl)) • (9.2) 
i=l 

The output y is modeled as a weighted sum of M basis functions 4ii (·). 

The basis functions are weighted with the linear parameters O~l), and they 

depend on the inputs!! and a set of nonlinear parameters gathered in fl~nl) . In 
order to realize a nonlinear mapping, the basis functions have to be nonlinear. 
Thus, the parameters ~nl) on which the basis functions depend are necessarily 
nonlinear. 
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9.2 Basis Function Formulation 211 

Fig. 9.3. A network of basis functions. Each node represents one basis function 
that depends on its nonlinear parameter vector fl.}nl). Depending on the specific 
model, the offset og) may exist or not 

Often models incorporate an offset parameter (sometimes called "bias") 
that adjusts the operating point. Such an offset can be included in the basis 
function formulation by the introduction of a "dummy" basis function <po(·), 
which is always equal to 1. Its corresponding linear parameter t9~I) implements 
the offset 

M 

, = '" t9~1) <p. (u t9~nl)) y ~. • -'- with <Po 0 = 1. (9.3) 
i=O 

The basis function formulations (9.2) and (9.3) can be illustrated as the 
network shown in Fig. 9.3. Generally, the basis functions <PiO can be of dif
ferent type for each node. If all basis functions are of the same type and 
differ only in their parameters the network is called an artificial neural net
work (ANN) or, for short, a neural network (NN) (since no biological issues 
are addressed in this book). Then the nodes of the network in Fig. 9.3 are 
called neurons. This class of model architectures is discussed in Chap. 11. 

9.2.1 Global and Local Basis Functions 

In general, the basis functions <PiO can take any form. In many cases, how
ever, especially for fuzzy systems and neural networks, they are chosen as ele
mentary functions or are constructed by elementary functions; see Sect. 11.1. 
Common one-dimensional basis functions are depicted in Fig. 9.4 and 9.5. 
They can be distinguished into the following: 

• Global basis functions significantly contribute to the model output globally, 
i.e., in an infinitely sized region of the input space; see Fig. 9.4. Global 
behavior exists if a change in the associated linear parameter t9~I) of the 
basis function formulation significantly influences the model output over a 
wide operating regime. Strictly global basis functions additionally possess 
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Fig. 9.4. Common choices for global basis functions. A basis function is called 
strictly global (left) if its derivative is global too, e.g., a sine function (top) or a 
polynomial (bottom). Otherwise it is called (non-strictly) global, e.g., a sigmoid 
function (top) or a tanh-function (bottom) 

a global derivative, while non-strictly global basis functions have a local 
derivative. Models with non-strictly global basis functions can construct 
true nonlinear behavior only in those regions where the derivative of the 
basis functions varies significantly; outside these regions the basis functions 
are approximately constant. So, in fact, models with (non-strictly) global 
basis functions operate virtually locally, although changes in the linear 
parameters result in global effects. 

• Local basis functions significantly contribute to the model output locally, 
i.e., in an finitely sized region of the input space; see Fig. 9.5. Local be
havior exists if a change in the associated linear parameter O~l) of the basis 
function formulation significantly influences the model output only in a 
small region of the input space. Strictly local basis functions are exactly 
equal to zero outside their activation region (they are said to have compact 
support), while (non-strictly) local basis functions possess an insignificant 
contribution. 

9.2.2 Linear and Nonlinear Parameters 

Independent of the specific model architecture, the basis function formulation 
allows one to draw some conclusions about the fundamental properties of this 
wide model class. 
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Fig. 9.5. Common choices for local basis functions. A basis function is called strictly 
local or has compact support (left) if it is exactly equal to zero outside its activity 
region, e.g., a triangular function (top) or third order B-spline (bottom). Other
wise it is called (non-strictly) local, e.g., a Gaussian (top) or a double exponential 
function (bottom) 

• The model is linear in its weighting parameters e?). If the basis functions 
are fully specified, i.e., the nonlinear parameters are determined somehow, 
the linear parameters can be estimated by an efficient linear optimization 
technique, e.g., least squares; see Chap. 3. The regression matrix X and 
parameter vector fl.(l) are 

X= [

1 4'1(!!(1)) 4'2(!!(1)) 4'M(!!(l)) 1 
~ 4'1 (~(2)) 4'2 (~(2)) ... 4' M (~(2)) 

1 4'l(!!(N)) 4'2(!!(N)) ... 4'M(!!(N)) 

e(I) 
o eil ) 

fl.(l) = e~l) , (9.4) 

e~ 
where N is the number of data samples utilized for training, and the de
pendency of the basis functions on the nonlinear parameters is omitted 
for briefness. The first column in X and the first entry in fl.(l) is optional 
for those approaches that implement an explicit offset value. Furthermore, 
fast linear structure selection techniques, e.g., the orthogonal least squares 
method, can be utilized to optimize the model structure . 

• The optimization of the nonlinear parameters ~nl) is much more diffi
cult since it requires nonlinear local or global optimization schemes; see 
Chaps. 4 and 5. Therefore, it can be reasonable not to optimize these 

co
nt

ro
len

gin
ee

rs
.ir



214 9. Introduction to Static Models 

nonlinear parameters by supervised learning but to determine them differ
ently. So the following approaches for the determination of the nonlinear 
parameters are common: 
- nonlinear optimization techniques, 
- unsupervised learning techniques, e.g., clustering, 
- exploitation of prior knowledge. 
The nonlinear parameters influence the basis functions. Typically, they 
specify the positions of the basis functions in the input space spanned by 
!!, and possibly some nonlinear parameters determine the smoothness or 
the widths of the basis functions. Thus, the nonlinear parameters allow an 
adjustment of the basis functions' positions and shapes in order to make the 
model more flexible. If nonlinear optimization is to be applied the gradient 
of the model output with respect to the parameters is of fundamental 
importance. This can be seen by considering as an example the sum of 
squared errors loss function: 

N N 

J = ~ L e(i)2 = ~ L(y(i) - y(i))2 
i=l i=l 

(9.5) 

where N denotes the number of measurements, e is the model error, and y 
and y are the process and model output, respectively. For the application of 
any gradient-based optimization technique the gradient of the loss function 
with respect to each parameter (J is required: 

oJ = ~ (.)oe(i) = _ ~ (.)oY(i) 
o(J L..J e Z {)(J L..J e Z {)(J • 

i=l i=l 

(9.6) 

Thus, the gradient of the model output with respect to the parameters 
{)y(i)/{)(J is required. Consequently, in the following, these derivatives are 
given for those model structures whose nonlinear parameters are usually 
optimized. 

The advantages and drawbacks of different model architectures are often 
strongly related to the suitable methods for parameter optimization or de
termination. An especially interesting issue is whether it is better to (i) use 
models without or with fixed nonlinear parameters and to optimize only linear 
parameters, or (ii) to optimize models with nonlinear parameters. In the au
thor's experience low-dimensional problems, say p ~ 4, can usually be solved 
more efficiently by the first alternative, while high-dimensional problems gen
erally require the explicit optimization of the basis function's positions and 
widths in order to cope appropriately with sparsely covered input spaces and 
correlated inputs. 
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9.3 Extended Basis Function Formulation 215 

9.3 Extended Basis Function Formulation 

The basis function formulation in (9.2) can be extended to a more flexible 
structure by replacing each linear parameter by a (typically linear parame
terized) function L i (·): 

M 

YA = '"' L· (u 8~1») {J. (u 8~nl») . L...J '-,.:.oz 1. -'--t (9.7) 
i=l 

As long as L i (·) is linear parameterized, the parameters ~l) can be es
timated with linear optimization techniques if the basis functions {JiO are 
known. This extended basis function formulation is the foundation of models 
discussed in Sect. 12.2.3 and Chap. 13. In the simplest case, Li = 8~1) and the 
original basis function formulation is recovered. Another common alternative 
is to choose Li ( .) as a linear function of y. This leads to 

M 

Y = L (WiO + Wi! Ul + Wi2U2 + ... + WipUp ) {Ji (y, ~nl») , (9.8) 
i=l 

where 

~l) = [WiO Wi! Wi2 .. , wiplT. (9.9) 

So the basis functions are not weighted with constants but with a lin
ear submodels. In principle, the submodels LiO can be chosen arbitrarily 
complex. This issue is discussed in detail in Chap. 13. 

Any extended basis function formulation with linear parameterized LiO 
can be rewritten in the standard basis function form. For example, (9.8) can 
be written as 

M·(p+1) 
A _ '"' li(1)~. ( ll(nl») Y - L....J (li~' y,2.i , 

i=l 

where 

~iO = {JiO 

~i(-) = Ul{Ji(-) 

~i(-) = U2{Ji(') 

for i = 1, ... ,p 

for i = p + 1, ... , 2p 

for i = 2p + 1, ... , 3p 

for i = (M - 1) . p + 1, ... , M . p. 

(9.10) 

(9.11a) 

(9.11b) 

(9.11c) 

(9.11d) 

With these newly defined basis functions ~i{')' the standard formulation 
can be recovered. However, an interpretation of these model architectures is 
based on the extended formulation in (9.7), and thus for easier understanding 
the transformations in (9.11a-9.11d) are generally not carried out. 
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Fig. 9.6. a) Static test process and b) its derivative 

9.4 Static Test Process 

In order to illustrate the functioning of the different nonlinear model archi
tectures introduced in this Part II, the following simple static 8I80 process 
will be utilized: 

1 
y = 0.1 + u . (9.12) 

This function is depicted in Fig. 9.6a. As can be dearly observed from its 
derivative in Fig. 9.6b, its curvature increases strongly (in absolute value) for 
u -t O. It can be expected that most model architectures will require more 
parameters to describe the region around u ~ 0 than the region around u ~ 1. 
For approximation of this function, 100 equally distributed data samples in 
the interval [0, 1] are generated. If not explicitly stated differently the data 
is not disturbed by noise. 

Note that this simple example is not sufficient to assess and compare the 
properties of the different model architectures. Its sole purpose is to gain 
some insights into how these models approximate a function. 

9.5 Evaluation Criteria 

The introduced models will be evaluated according to the following proper
ties: 

• Interpolation behavior: What is the character of the model output between 
training data samples? 

• Extrapolation behavior: What is the character of the model output outside 
the region where the training data lies? 

• Locality: Are the basis functions global, strictly global, local, or strictly 
local? 

• Accuracy: How accurate is the model with a given number of parameters? 
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9.5 Evaluation Criteria 217 

• Smoothness: How smooth is the model output? 
• Sensitivity to noise: Noise causes a variance error, i.e., the model parame

ters cannot be estimated to their (theoretically) optimal values. How does 
noise affect the model behavior? 

• Parameter optimization: How can the linear and nonlinear model param
eters be estimated? 

• Structure optimization: How can the structure and complexity of the model 
be optimized? 

• Online adaptation: How can the model be adapted online, and how reliable 
is on-line adaptation? 

• Training speed: How quickly can the model parameters and possibly the 
model structure be trained from data? 

• Evaluation speed: How quickly can the model be evaluated, i.e., what is the 
computational demand for an evaluation of the model for a given input? 

• Curse of dimensionality: How does the model scale up to higher input 
space dimensions? 

• Interpretation: Can the model parameters and possibly the model structure 
be interpreted in a way that is related to the properties of the process? 

• Incorporation of constraints: How easily can constraints be incorporated 
into the model? 

• Usage: How widespread is the model architecture? 

At the end of each chapter a table summarizes the advantages and draw-
. backs of each model architecture. Note that this simplified summary of the 
models' properties cannot reflect all details, and necessarily is quite crude. 
Furthermore, many properties depend on the combination of model and train
ing strategy rather than solely on the model itself. Nevertheless, these tables 
may be helpful in roughly assessing the strengths and weaknesses of the dif
ferent model architectures. The character of all major model architectures is 
illustrated with some simple static examples. Clearly, not all features of the 
models can be demonstrated by the means of some simple examples. Their 
purpose is just to give the user some "feeling" for the behavior of the models. 
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10. Linear, Polynomial, and Look-Up Table 
Models 

This chapter analyzes some classical or traditional model architectures for 
nonlinear static processes. These model architectures are widely used in the
ory and practice. The simplest approach pursued in Sect. 10.1 is to approxi
mate the nonlinear process behavior with a linear model. In the subsequent 
section, the polynomial approximator is discussed. Finally, in Sect. 10.3 the 
standard grid-based look-up table with linear interpolation is analyzed. 

10.1 Linear Models 

A linear model may be able to approximate a nonlinear process with rea
sonable accuracy if its nonlinear characteristic is weak. A linear model is 
simple, and possesses a small number of parameters. Especially if only very 
few, noisy measurements are available a linear model may be a good descrip
tion of the nonlinear process behavior compared with other more complex 
nonlinear models that have a much higher variance error. In other words, if 
the available data is sparse and noisy and the input dimensionality is high, 
the data may be not informative enough to estimate model that are more 
complex than linear. 

or 

A linear model can be written as 

p 

f) = LWiUi 

i=O 

with Uo = 1. 

(10.1) 

(10.2) 

Figure 10.1 shows that a linear model for two inputs represents a plane. 
For higher dimensions a linear model represents a hyperplane where the offset 
parameter Wo determines the ordinate value at y. =.Q, and the parameters Wi, 

i > 0, determine the slope of the hyperplane in the direction of Ui. In the basis 
function formulation the inputs Ui are the basis functions, the coefficients Wi 

are the linear parameters, and no nonlinear parameters exist. 
The parameters of a linear model can be estimated by least squares 

(Sect. 3.1) with the following regression matrix X and parameter vector fl.: 

O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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o 

q) 0.2 0.4 O. 
u, 

Fig. 10.1. A linear model for two inputs and its contour lines. The model is 
y = 2 - Ul + 3U2 

[I U, (I) u2(1) up(l) 1 Wo 

~ UI i2) U2i2) ... UP:(2) 
WI 

X= !!..= W2 (10.3) 

1 UI (N) U2 (N) ... up(N) 
wp 

The most important properties of linear models are as follows: 

• Interpolation behavior is linear. 
• Extrapolation behavior is linear, i.e., the slopes stay constant. 
• Locality does not exist. A linear model possesses a fully global character

istic. 
• Accuracy is typically low. It is the lower the stronger the nonlinear char

acteristics of the process is. 
• Smoothness is high. The derivative of the model output stays constant over 

the whole operating range. 
• Sensitivity to noise is very low since all training data samples are exploited 

to estimate the few model parameters (global approximation characteris
tics). 

• Parameter optimization can be performed very rapidly by a least squares 
algorithm; see Sect. 3.1. 

• Structure optimization can be performed efficiently by a linear subset se
lection technique such as the orthogonal least squares (OLS) algorithm; 
see Sect. 3.4. 

• Online adaptation can be realized efficiently with a recursive least squares 
algorithm; see Sect. 3.2. 

• Training speed is fast. It increases with cubic complexity or even only 
with quadratic complexity if the Toeplitz structure of the Hessian XT X is 
exploited. 

• Evaluation speed is fast since only p multiplications and additions are re
quired. 

• Curse of dimensionality is low because the number of parameters increases 
only lil)early with the input dimensionality. 
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10.2 Polynomial Models 221 

• Interpretation is possible if insights can be drawn from the offset and slope 
parameters. 

• Incorporation of constraints for the model output and the parameters is 
possible if a quadratic programming algorithm is used instead of the least 
squares; see Sect. 3.3. 

• Incorporation of prior knowledge about the expected parameter values is 
possible in the form of the regularization technique ridge regression; see 
Sect. 3.1.4. 

• Usage is very high. Linear models are the standard models. 

10.2 Polynomial Models 

Polynomials are the straightforward classical extension to linear models. The 
higher the degree of the polynomial the more flexible the model becomes. A 
p-dimensional polynomial of degree 1 is given by 

p p p 

fj = Wo + L WiUi + L L Wil i2 Uil Ui2 + ... 
i=l', il =1 i2=il 

P P 

+ L ... L Wil···i,Uil··· Ui,· (10.4) 
il=l i,=i,_l 

The offset and the first sum describe a linear model, the second sum 
describes the second order terms like ui, U1 U2, etc., and the last sum describes 
the lth order terms like ui, Ui-1U2, etc. It can be shown that the p-dimensional 
polynomial of degree 1 possesses 

M = (l + p)! -1 
l!p! 

(10.5) 

terms excluding the offset (M is the number of basis functions, M + 1 is the 
number of parameters) [210]. Thus, this polynomial can also be expressed as 

M 

fj = L(hxi with Xo = 1, (10.6) 
i=O 

where the fhxi, i = O, ... ,M, correspond to the ith term in (10.4). In the 
formulation (9.2) the basis functions Pi(-) correspond to the Xi, the linear 
parameters correspond to the ()i, and no nonlinear parameters exist. For 
example, a second degree polynomial of three inputs becomes 

fj = ()o + ()1 U1 + ()2 U2 + ()3 U3 

+ ()4 Ur + ()SU1 U2 + ()6 U1U3 + ()7U~ + ()SU2U3 + ()9U~, 
Figure 10.2 illustrates the characteristics of this polynomial. 

(10.7) 
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y 

o 0 

Fig. 10.2. A second degree polynomial model for two inputs and its contour lines. 
The model is y = 20 + Ul + Uz + 15ur + 20Ul Uz - 20u~ 

The polynomial model parameters can be estimated by least squares. The 
regression matrix X and the parameter vector fl. for a polynomial model of 
degree l for p inputs become 

[

1 ul(l) up(l) uH1) uf(l) 1 
X = ~ Ul ~2) ... UPi2) Uii2) ... Up~2) 

1 ul(N) . . . up(N) ui(N) . . . u~(N) 

(10.8) 

with M as the number of basis functions according to (10.5). 
Considering (10.5), it is obvious that the number of parameters and thus 

the model complexity grows strongly with an increasing number of inputs p 
and/or polynomial degree l . Therefore, even for moderately sized problems 
the estimation of a full polynomial model is beyond practical feasibility, with 
respect to both the huge variance error and the high computational demand. 
Consequently, for almost all non-trivial problems, polynomial models can 
only be applied in combination with a structure selection technique. These 
structure selection schemes can automatically select the relevant terms from 
a full polynomial and lead to a reduced polynomial model with significantly 
fewer parameters. Efficient algorithms such as the orthogonal least squares 
can be utilized for structure selection since polynomials are linear param
eterized. Although the application of structure selection techniques makes 
polynomial models powerful, the huge number of terms of full polynomials is 
a severe drawback because it makes the structure selection computationally 
demanding. 

Another drawback of polynomial models is their tendency to oscillatoric 
interpolation and extrapolation behavior, especially when high degree polyno
mials are used. Figures 1O.3a and 10.3b illustrate this effect for a polynomial 
with degree 5 and 20. The strange interpolation behavior is unrealistic for 
most applications. Furthermore, the extrapolation of polynomials tends to 
+00 or -00 as for linear models, but with a much faster rate. The extrapola
tion behavior is basically determined by the highest order terms, which results 
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a) b) 
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iDtapoiation 

II 

Fig. 10.3. a) A polynomial model of degree 5 approximating a sine wave. b) A 
polynomial model of degree 20 approximating the same sine wave. The 100 noisy 
data samples are marked as "x" . The dotted lines represent the interval [0, 211") 
within which the training data is distributed 

in strongly increasing or decreasing model outputs with huge derivatives. This 
is also unrealistic for most applications. Moreover, the extrapolation behav
ior can be non-monotonic and is unrelated to the tendency (e.g., the slope) 
of the model at the extrapolation boundary. Although the interpolation and 
extrapolation behavior of polynomials is usually not desirable, in some cases 
the polynomial model can be advantageous because it may match the true 
(typically unknown) process structure. 

The weaknesses of polynomials have led to the development of splines, 
which are locally defined low degree polynomials. Splines are not further 
discussed here since they fit into the neuro-fuzzy models with singletons ad
dressed in Chap. 12; refer to [50] for an extensive treatment of these models. 

The properties of polynomials can be summarized as follows: 

• Interpolation behavior tends to be non-monotonic and oscillatoric for poly
nomials of high degree. 

• Extrapolation behavior tends strongly to +00 or -00, with a rate deter-
mined by the highest order terms. 

• Locality does not exist. A polynomial possesses a fully global characteristic. 
• Accuracy is limited since high degree polynomials are not practicable. 
• Smoothness is low. The derivative of the model output often changes sign 

owing to the oscillatoric interpolation behavior. 
• Sensitivity to noise is low since all training data samples are exploited 

to estimate the model parameters (global approximation characteristics). 
However, this means that training data that is locally very noisy can sig
nificantly influence the model behavior in all operating regimes. 

• Parameter optimization can be performed very fast by a least squares al
gorithm; see Sect. 3.1. However, the number of parameters grows rapidly 
with increasing input dimensionality and/or polynomial degree. 
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• Structure optimization can be performed efficiently by a linear subset se
lection technique such as the orthogonal least squares (OLS) algorithm; see 
Sect. 3.4. However, owing to the huge number of potential regressors, struc
ture selection can become prohibitively slow for high-dimensional problems. 

• Online adaptation can be realized efficiently with a recursive least squares 
algorithm; see Sect. 3.2. However, owing to the nonlinear global charac
teristics of polynomials their online adaptation is unreliable since small 
parameter changes in one operating regime can have a strong impact on 
the model behavior in all other operating regimes. 

• Training speed is fast for parameter optimization but slows down consid
erably for structure optimization. 

• Evaluation speed is medium. The higher order terms can be computed from 
the low order ones to save computations: e.g., u6 can be computed with 
one multiplication only, if u5 is known. 

• Curse of dimensionality is high. The number of parameters grows strongly 
with increasing input dimensionality. 

• Interpretation is hardly possible. Only if the polynomial model matches 
the true structure of the process may its parameter values be meaningful 
in some physical sense. 

• Incorporation of constraints for the model output is possible if a quadratic 
programming algorithm is used instead of the least squares; see Sect. 3.3. 

• Incorporation of prior knowledge is hardly possible since the interpretation 
of the model is very limited. 

• Usage is high. Polynomial models are commonly used since interpolation 
polynomials are a standard tool taught in mathematics. 

10.3 Look-Up Table Models 

Look-up tables! by far are the most common type of nonlinear static mod
els in real-world implementations, at least for problems with one- or two
dimensional input spaces. The reason for this lies in their simplicity and 
their extremely low computational evaluation demand. Furthermore, in most 
applications where look-up tables are utilized, the "training" procedure is 
a mere storage of the training data - no real optimization techniques are 
used. All these features make look-up tables the state-of-the-art models for 
low-dimensional static mappings. One particularly important field for the 
application of look-up tables is the automotive area. The motor electron
ics and other devices in a standard passenger car of the late 1990s contain 
about 50 to 100 look-up tables; trucks contain even more. The reason for the 
vast amount of look-up tables and the immense increase in complexity over 
the last years is mainly a consequence of the exclusive application of one-

1 For the sake of brevity, the term "look-up table" is used instead of "grid-based 
look-up table" which would be the more exact expression. 
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10.3 Look-Up Table Models 225 

and two-dimensional mappings. The main reasons for the restriction to these 
low-dimensional mappings are: 

• One- and two-dimensional mappings can be visualized; higher-dimensional 
ones cannot . 

• Low-dimensional mappings can be realized with grid-based look-up ta
bles; higher-dimensional ones cannot, since look-up tables severely suffer 
from the curse of dimensionality. So, if the true relationships are higher
dimensional, typically many low-dimensional look-up tables are combined 
in an additive or multiplicative manner. 

The second point can be overcome by the use of more sophisticated mod
els. The first issue, however, is of fundamental character and can only be 
weakened by the application of interpretable models with well-understood 
interpolation and extrapolation behavior. 

10.3.1 One-Dimensional Look-Up Tables 

The upper part of Fig. lOA shows a one-dimensional look-up table with six 
points (CI' WI) to (ct;, W6). For six input values CI to C6 the corresponding 
output values or heights WI to W6 are stored in this look-up table. Often these 
values stem directly from input/output measurements of the process: that is, 
they represent the training data. The output of such a look-up table model 
output is determined by the closest look-up table points to the left and to the 
right of the model input. It is calculated as the linear interpolation of both 
corresponding heights. Thus, for a one-dimensional look-up table the output 
becomes 

y = Wleft (Cright - u) + Wright (u - Cleft) (10.9) 
Cright - Cleft 

where (Cleft, Wleft) and (Cright, Wright) are the closest points to left and right 
of u, respectively. Thus, for u = Cleft ==? Y = Wleft and for u = Cright ==? 
Y = Wright· This linear interpolation behavior is also shown in Fig. lOA. 
For extrapolation, e.g., if u possesses either no left or no right neighbor, the 
output of a look-up table is not defined. However, any kind of extrapolation 
behavior can be artificially introduced. Usually the look-up table height is 
kept constant for extrapolation. For the example in Fig. IDA this means for 
u < CI ==? Y = WI and for u > ct; ==? Y = W6. 

The one-dimensional look-up table model can be described in the ba
sis function framework by the introduction of the triangular basis functions 
shown in Fig. lOAb as 

M 

Y = L wi4ii(U,~), (10.10) 
i=l 
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a) 
y 

Fig. 10.4. a) A one-dimensional look-up table with six points and b) its corre
sponding basis functions 

where ~ = [CI C2 ... CM]T contains the input values of the M look-up table 
points. The Ci represent the positions or centers of the basis functions. Un
der the assumption that these centers Ci are monotonic increasing, the basis 
functions can be written as 

{ 
(u - Ci-d/(Ci - ci-d for Ci-l ::; U ::; Ci 

Pi(U,~) = (u - Ci+l)/(Ci - cHd for Ci < U ::; CHI . 

o otherwise 
(10.11) 

Note that the ith basis function Pi(U,~) actually depends only on the 
centers Ci-l, Ci, and Ci+l, and not on the whole vector ~. These basis functions 
realize the linear interpolation behavior of the look-up table. They form a so
called partition of unity, which means that they sum up to 1 for any input 
U: 

M 

L Pi(U,~) = 1. (10.12) 
i=1 

Considering (10.10), it is obvious that the heights Wi of the points are 
linear parameters while the input values Ci of the points (positions, basis 
function centers) are nonlinear parameters. This relationship does not mat
ter as long as both the Wi and the Ci are directly set to measured data values. 
However, when look-up tables are to be optimized this issue becomes impor
tant; see Sects. 10.3.3-10.3.5. 

If nothing else is explicitly stated the term "look-up table" will always 
refer to a look-up table with linear interpolation, as shown in Fig. 10.4, 
or to its higher dimensional extensions; see Sect. 10.3.2. In principle, the 
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10.3 Look-Up Table Models 227 

basis functions can be modified from simple triangular ones to higher order 
splines or Gaussian functions in order to make the interpolation behavior 
smoother. Although there exists no fundamental difference, these approaches 
are computationally more involved and are discussed in the context of fuzzy 
models and neural networks in Chaps. 11 and 12. In fact, as demonstrated in 
Chap. 12, the look-up table in Fig. 10.4 can be interpreted as a fuzzy system. 

For many real-world applications the points of the look-up tables are 
uniformly distributed over the input. Then the basis functions are symmet
rical triangles. This equidistant choice of the points allows one to access the 
neighboring points directly by fast address calculations. However, then the 
flexibility of the look-up table is restricted because the resolution (accuracy) 
is independent of the input. In general, the grid does not have to be equidis
tant. 

10.3.2 Two-Dimensional Look-Up Tables 

The extension of one-dimensional look-up tables to higher-dimensional input 
spaces is classically done by a grid-based approach. Alternatives to grid-based 
approaches are discussed in the context of neural networks; see Chap. II. 
If not explicitly stated otherwise, look-up tables are assumed to be grid
based. Figure 10.5 shows the input values for points of an equidistant two
dimensional look-up table with 10 x 7 points. The number of points in each 
dimension can be chosen differently according to the accuracy requirements 
and process characteristics. In principle, this grid-based approach can be 
extended to arbitrary dimensional mappings. However, the number of data 
points for a p-dimensionallook-up table is 

p 

M= IIMi, (10.13) 
i=l 

where Mi is the number of points for input dimension i. Obviously, the num
ber of data points M, which is equal to the number of basis functions, in
creases exponentially with the number of inputs p. Consequently, grid-based 
look-up tables underlie the curse of dimensionality, and thus in practice they 
cannot be used for problems with more than three inputs. In [380] an exten
sion of look-up tables based on a rectangular rather than a grid input space 
decomposition is proposed. This overcomes the exponential relationship in 
(10.13). Consequently, the curse of dimensionality is substantially weakened 
and up to four or five inputs can be handled; see also [381]. 

The output of a two-dimensional look-up table model is calculated as 
follows; see Fig. 10.6. The model output is determined by the closest points 
to the bottom left, bottom right, top left, and top right of the model input. 
Thus, for the example in Fig. 10.6 the model output is 

f) = wl,la2,2 + Wl,2 a 2,1 + w2,lal,2 + W2,2 a l,1 

al,l + al,2 + a2,1 + a2,2 
(10.14) 
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U2 

1 
61 62 63 64 65 66 67 68 69 70 

Cz. • 57 58 59 60 
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11 12 13 14 
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1 2 3 4 5 6 7 8 9 10 

C C C C C C C C C C U 1.1 1.1 1,3 1.' 1,$ 1.. 1.1 I.' I" 1.10 I 

Fig. 10.5. Grid-based placement of the look-up table points with Ml = 10 and 
M2 = 7 points for the two inputs Ul and U2 

Fig. 10.6. Bilinear or area interpolation for a two-dimensional look-up table 

with the areas 

al,l = (Ul - Cl,t}(U2 - C2,1) , 

al ,2 = (Cl,2 - Ut}(U2 - C2 ,1) , 

a 2 ,1 = (Ul - Cl,t}(C2 ,2 - U2), 

a2,2 = (Cl,2 - Ul)(C2,2 - U2) • 

(10.15a) 

(1O.15b) 

(1O.15c) 

(1O.15d) 

According to (1O.14)-(10.15d), each height W i j is weighted with the op
posite area. The equations (1O.14)-(1O.15d) perform a so-called bilinear in
terpolation or area interpolation. A pure linear interpolation cannot be real
ized since in general all four surrounding points cannot be guaranteed to lie 
on a linear function (a plane) . Rather the bilinear interpolation in (10.14)
(1O.15d) can be seen as the fit of the following quadratic function through all 
four surrounding points: 

f) = 80 + 81 Ul + 82U2 + 83U l U2 • (10.16) 

This is a restricted two-dimensional polynomial of degree 2 where the 
terms ui and u~ are discarded. With appropriate parameters 8i (10.16) 
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y lIZ 

00 0.2 0 .4 0 .6 0 .8 

'" 
Fig. 10.1. Surface and contour lines of bilinear interpolation. The stored look-up 
tables points are placed in the corners of the shown input space 

is identical to (1O.14)-(1O.15d). This bilinear interpolation is illustrated in 
Fig. 10.7. 

An interesting property of the bilinear interpolation is that it reduces to 
one-dimensional linear interpolation if one input is fixed. In other words, all 
axis-parallel cuts through the interpolation surface are linear functionsj see 
Fig. 10.7. In contrast, all non-axis-parallel cuts can be described by quadratic 
functions. 

The two-dimensional (and also any higher-dimensional) look-up table can 
be described in a basis function formulation similar to the one-dimensional 
look-up table. One basis function corresponds to each point in the look-up 
table and possesses the same dimensionality as the input space. Figure 10.8 
illustrates the shape of these basis functions for a 5 x 5 look-up table. For 
the basis function formulation, the linear parameters (heights) have to be 
re-indexed such that all Wij (i = 1, . . . , M1 , j = 1, . .. ,M2) are mapped to (Jl 

(l = 1, ... , M1M2)j see Fig. 10.5. 
Extension to more than two input dimensions is straightforward. The 

area interpolation rule can be extended to a volume and hypervolume inter
polation rule. The look-up table model output is calculated by a weighted 
average of the 2P heights of the surrounding points, where p is the input space 
dimensionality. 

The subsequent subsections discuss the identification of look-up table 
models from data. The look-up table points are not considered as measure
ment data samples but as height and center parameters that can be opti
mized. 

10.3.3 Optimization of the Heights 

If the measurement data does not lie on a grid or the number of points stored 
in the look-up table should be smaller than the number of available data 
samples then the points of the look-up table have to be estimated from data. 
The simplest approach to solve this task is to fix the positions of the points 
(the centers of the basis functions), since these are the nonlinear parameters, 
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Fig. 10.8. Surfaces (top) and contour lines (bottom) of two-dimensional basis 
functions of a 5 x 5 look-up table. Only the basis functions of the fifth row (left) 
and third row (right) are shown for the sake of clarity 

and to optimize the heights from data. For a p-dimensionallook-up table the 
number of heights is equal to the number of stored points 

p 

IIMi' (10.17) 
i=l 

where Mi is the number of points for input dimension i. 
The heights are linear parameters, and they consequently can be esti

mated by least squares. The regression matrix and parameter vector are 

[ 

4>l(u(I),~) 4>2(u(I),~) 4>M(u(I),~) 1 [ Wl 1 
4>l(u(2),~) 4>2(u(2),~) ... 4>M(u(2),~) W2 

· . . !l. = . ,(10.18) · . . . · . . . 
4>l(u(N),~) 4>2(u(N),~) ... 4>M(u(N),~) WM 

X= 

where N is the number of data samples and M is the number of look-up 
table points. The regression matrix X is typically sparse. Each row of X 
contains only 2P non-zero entries, where p is the input space dimension. For 
example, in a two-dimensional look-up table each data sample activates only 
four basis functions; see Figs. 10.6 and 10.8. If the measurement data does 
not fill the whole input space, some basis functions will not be activated 
at all and X will contain columns of zeros. Thus, the regression matrix X 
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10.3 Look-Up Table Models 231 

may become singular. In order to make the least squares problem solvable 
the corresponding regressors and their associated heights have to be removed 
from X and!l. 

It may happen that an optimized height is out of the range of physically 
plausible values if no (or few) data samples lie close to the center of its basis 
function. Section 10.3.6 discusses how this effect can be prevented. 

The accuracy of a look-up table with optimized heights depends decisively 
on how well the placement of the basis functions, e.g., the grid, matches the 
characteristics of the process. If no prior knowledge is available the most 
natural choice would be an equidistant grid. However, such an equidistant 
distribution of basis function centers is suboptimal for most cases. Thus, 
the next subsection discusses the optimization of the grid according to the 
measurement data. 

10.3.4 Optimization of the Grid 

Optimization of the basis function centers cannot be carried out individually 
in order to maintain the grid structure. In fact, only 

p 

L:Mi (10.19) 
i=l 

nonlinear parameters, i.e., the sum of the number of points per input, have 
to be optimized. Thus for look-up tables the number of nonlinear parameters 
grows only linearly with the input space dimensionality while the number of 
linear parameters grows exponentially. This is due to the constraints imposed 
by the grid-based structure. 

In principle, any nonlinear optimization technique can be applied to es
timate the grid; refer to Chaps. 4 and 5. The initial values can either be 
determined by prior knowledge (when available) or they can be chosen in an 
equidistant manner. 

If linear interpolation is used, the gradients of the loss function with 
respect to the basis function centers are non-continuous functions and even 
do not exist at the centers of the basis functions. Nevertheless, gradient-based 
optimization schemes can be applied by explicitly setting the gradient to zero 
at the center points. The gradients are usually not calculated analytically 
because quite complex equations result. Instead finite difference techniques 
can be applied for gradient approximation (Sect. 4.4.2), which do not run into 
difficulties at the center points. The gradients for a one-dimensional look-up 
table can be calculated as follows: 

ay a~i-l a~i a~i+1 -a = Wi-l-a- + Wi -a + Wi+1-a-- , (10.20) 
Ci Ci Ci Ci 

since all other basis functions do not depend on i. In (10.20) it is assumed 
that 1 < i < M; for the cases i = 1 and i = M the first and the last term 
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respectively of the sum in (10.20) must be discarded. The derivatives of the 
affected basis functions in (10.20) are (see (10.11)) 

{ 
0 

{)q;i-l· 2 -{)-.- = (U - Ci-l)/(Ci-l - Ci) 
c. 0 

-' = -(U - Ci+d/(Ci - Ci+1)2 
{)q;. { -(U - ci-d/(Ci - Ci_l)2 

{)Ci 0 

{)q;i+1 = 0 { 
(U - Ci+l)/(Ci+1 - Ci)2 

{)Ci 0 

for Ci-2 ::::; U ::::; Ci-l 

for Ci-l < U ::::; Ci 
otherwise 

for Ci-l ::::; U ::::; Ci 

for Ci < U ::::; Ci+1 , 
otherwise 

for Ci ::::; U ::::; Ci+1 

for Ci+1 < U ::::; Ci+2 
otherwise 

(1O.2la) 

(10.2lb) 

(1O.2lc) 

For higher-dimensional look-up tables the gradient calculation becomes 
even more involved since more basis functions are activated by a data sample 
and more different cases have to be distinguished. 

In contrast to the linear optimization of the heights, the centers can be 
optimized with respect to loss functions other than the sum of squared errors. 
Common alternatives are the sum of absolute errors or the maximum error; 
see Sect. 2.3. 

When performing nonlinear optimization of the grid, special care must 
be taken to avoid the following problems. During optimization the centers 
may overtake each other, or they may drift outside the range of physical 
meaning. These complications can be avoided by imposing constraints on the 
optimization problems as discussed in Sect. 10.3.6. 

10.3.5 Optimization of the Complete Look-Up Table 

Nonlinear optimization of the grid with fixed heights is quite inefficient. Thus, 
it is advised to optimize both the grid and the heights simultaneously. The 
most straightforward way to do this is to follow the nested optimization ap
proach depicted in Fig. 10.9; see also Fig. 5.1. This guarantees optimal val
ues for the heights in each iteration of the nonlinear optimization technique. 
Compared with a nonlinear optimization of all look-up table parameters the 
nested strategy is much more efficient, since it exploits the linearity in the 
height parameters. 

10.3.6 Incorporation of Constraints 

Two motivations for the incorporation of constraints into the optimization 
task must be distinguished: 

• constraints that ensure the reliable functioning of the optimization algo
rithm; 

• constraints that are imposed in order to guarantee certain properties of the 
look-up table model that are known from the true process. 
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nonlinear optimization of the grid 

11inear optimization of the heights I 

Fig. 10.9. Nested optimization of a look-up table. In an outer loop the iterative 
nonlinear optimization scheme optimizes a loss function, e.g., the sum of squared er
rors. Each evaluation of the loss function (inner loop) by the nonlinear optimization 
algorithm involves a linear optimization of the heights 

The first alternative affects only the nonlinear optimization of the grid, 
and the second alternative is typically relevant only for the optimization of 
the heights. 

Constraints on the Grid. The following three difficulties can occur during 
nonlinear optimization of the grid: 

• A center can overtake a neighboring center. 
• A center can drift outside the range of physical meaning. 
• A center can converge very closely to a neighboring center, which practi

cally annihilates the effect of this center completely. This can occur only 
with local optimization schemes that may converge to a local optimum, 
since a better solution must exist which utilizes all centers. 

All these possible difficulties can be overcome by taking the following 
countermeasures. First it will be assumed that all 2P centers in the corners 
of the p-dimensional input space are fixed, i.e., they are not subject to the 
nonlinear optimization. The center coordinates for each input are constrained 
to be monotonic increasing. For example, for a two-dimensional Ml x M2 
look-up table the following constraints are applied (see Fig. 10.6) : 

Cl .l + €l < CI.2 

C2.l + €2 < C2 .2 

CI.2 + €l < CI.3 

C2.2 + €2 < C2 .3 

... , 

. . . , 
Cl.M1-l + €l < Cl .Ml' 

C2.M2-l + €2 < C2.M2' 

(1O.22a) 

(1O.22b) 

where €i should be defined as a fraction of the range of operation Ci .M. - Ci.l 
of input i . This guarantees a minimum distance of €i between all center 
coordinates. 

Second, it can be assumed that the "corner" centers Cl.l, Cl.M1, C2.1, and 
C2 .M 2 are also subject to the optimization. Then the additional constraints 

min(ul) < CI .l CI.Ml < max(uI) (1O.23a) 

min(u2) < C2.l C2.M2 < max{u2) (1O.23b) 

have to be taken into account. These constraints can be met be applying one 
of the following strategies: 
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• addition of a penalty term to the loss function, see Sect. 4.6; 
• application of direct methods for constrained optimization such as sequen

tial quadratic programming, see also Sect. 4.6; 
• coding of the parameters by an appropriate transformation that creates an 

optimization problem where the constraints are automatically met. 

Independent of the method used, it is the experience of the author that 
the problem of optimization of the grid is usually rich in local optima. So 
prior knowledge utilized for a good initialization of the grid is necessary to 
reach a good or even the global optimum. Starting from an equidistant grid 
initialization typically results in convergence to a poor local optimum. 

The last of the strategies listed above for constrained optimization will 
be explained a little bit further since it is the easiest, most stable, and most 
efficient of the three alternatives. It possesses the big advantage that a con
strained optimization problem is transformed to an unconstrained one that 
is much simpler. Furthermore, no "fiddle" parameters are introduced as with 
the penalty function approach. The transformed centers will be denoted by 
Ci,j' They are subject to optimization. In the loss function, the transformed 
centers Ci,j first have to be converted back to the original centers Ci,j' With the 
original centers the look-up table is evaluated. The transformation from Ci,j 

to Ci,j is explained in the following. The development of the transformation 
back from Ci,j to Ci,j is then straightforward. For the sake of simplicity, it is 
assumed that the data is normalized such that min(ui) = 0 and max(ui) = 1. 

A sigmoid can be utilized to transform a number from the interval 
(-00, (0) to the interval (0, 1). It is calculated by 

. ( ) 1 SI V = . 
g 1 + exp(-v) 

(10.24) 

Thus, any real number v within (-00, (0) can be transformed in a number 
v within (lb, ub) (lb = lower bound, ub=upper bound) by 

v = (ub -lb) . sig(V) + lb. (10.25) 

This mapping is essential for the transformation from Ci,j to Ci,j' Two cases 
have to be distinguished: (i) all centers are optimized; (ii) only the inner 
centers are optimized while the corner centers Ci,1 and Ci,Mi are kept fixed. 

For case (i), the following transformation is carried out (see Fig. 10.10): 

• Ci,l -+ Ci,l: lb = 0, ub = 1 - 10 • (Mi - 1). 
• Ci,j -+ Ci,j for j = 2, ... ,Mi : lb = Ci,j-l + 10, ub = 1 - 10 • (Mi - j). 

For case (ii), the following transformation is carried out (see Fig. 10.10): 

• Ci,l -+ Ci,l: Ci,l = O. 
• Ci,j --+ Ci,j for j = 2, ... , Mi - 1: lb = Ci,j-l + 10, ub = 1 - 10 • (Mi - j). 
• Ci,Mi -+ Ci,Mi: Ci,Mi = 1. 
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case (i) case(jj) 

I.) e C,., I.)~C'. ' 
<Ie 

I IIIII • • 
0 1 II, 0 II, 

2.) e/C1.l 2.) 

C CU 3e t 3e 

I II IIII • II IIII ~ 

0 c~, 1 II, 
C'.I I II, 

s.) C');J s.) C~~ 
I I • . .. 
0 cl.I ct,l Co c4' I II, ct.' Cu Co ct.' 1 II, 

Fig. 10.10. Parameter transformation for meeting the constraints. In case (i) all 
centers are optimized. In case (ii) only the inner centers are optimized while the 
corner centers are kept fixed. Note that the minimal and maximum values for Ui 

are here assumed to be 0 and 1, respectively 

With these transformations it is guaranteed that the constraints on the 
original centers Ci,j are met. The lower bound lb is chosen in such a manner 
that the minimum distance t to the adjacent centers is ensured. The upper 
bound ub is chosen in order to leave enough space to the 1 for all centers still 
to be placed while meeting the minimum distance t. Figure 10.10 illustrates 
this transformation strategy for Mi = 5. 

Constraints on the Heights. Constraints on the heights are typically re
quired if the output of a look-up table is to be guaranteed to lie in a certain 
interval. For example, the output may be given in percent and thus lies in 
[0, 100], the output may be an efficiency that always is in [0, 1], or the output 
may be an angle that lies in [0°, 90°]. This leads to lower and upper bounds 
on the heights 

lb S Wi ~ ub (1O.26) 

for i = 1, ... , M . Similarly, other constraints can be incorporated in order to 
ensure other properties such as monotonic behavior, bounded derivatives, etc. 
All these kinds of linear constraints can be achieved by replacing the least 
squares with a quadratic programming algorithm; see Sect. 3.3. Quadratic 
programming is still fast enough to realize the nested optimization approach 
proposed in Sect. 10.3.5. 

10.3.7 Properties of Look-Up Table Models 

The properties of grid-based look-up table models with linear interpolation 
can be summarized as follows: 
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• Interpolation behavior is piecewise linear, and thus the model output can
not be differentiated at the center points. This problem can be overcome 
by using higher order interpolation rules (or basis functions, respectively). 
The output of the model is guaranteed to stay between the minimum and 
maximum height, i.e., within the interval [min(wi), max(wi)). This prop
erty ensures that the output of a look-up table is always in the range of 
physical meaning if all heights are. Furthermore, look-up tables with linear 
interpolation reproduce their stored points exactly. This is a drawback if 
the stored points are noisy measurements but it can be seen as an advan
tages otherwise. In most standard applications of look-up tables the stored 
points are measurements that have been averaged to reduce the noise. 

• Extrapolation behavior does not exist. However, any kind can be defined 
by the user. Typically, constant extrapolation behavior is defined, i.e., the 
height of the nearest center determines the model output. 

• Locality is strong. The basis functions have strictly local support, i.e., they 
are non-zero only in a small region of the input space. A training data 
sample affects only its neighboring points in the look-up table. 

• Accuracy is medium since a large number of parameters are required to 
model a process to a given accuracy. This is due to the fact that the points 
are placed on a grid, which makes the look-up table model less flexible. 
It does not allow one to spend more parameters in those input regions 
where the process is complex and fewer parameters in the regions where 
the process is almost linear. 

• Smoothness is very low since the model output is not even differentiable. 
• Sensitivity to noise is very high since only few training data samples are 

exploited to estimate the parameters owing to the strictly local basis func
tions. If the stored points are measurements the noise contained in them 
enters the model directly without any averaging effect. 

• Parameter optimization of the heights can be performed very fast by a 
least squares algorithm; see Sect. 3.1. For incorporation of constraints, 
quadratic programming can be used; see Sect. 3.3. The grid has to be 
optimized nonlinearly by either a local or a global technique; see Chaps. 4 
and 5. Constraints have to be imposed in order to guarantee a meaningful 
grid; see Sect. 4.6. 

• Structure optimization is very difficult to realize. No standard approaches 
exist to optimize the structure of a look-up table. Of course, global search 
techniques can be applied for structure optimization but no specific well
suited approach exists; see Chap. 5. 

• Online adaptation is possible. In order to avoid unpredictable difficul
ties with the convergence only the linear parameters (heights) should be 
adapted online. This can be done by a recursive least squares (RLS) al
gorithm; see Sect. 3.2. Convergence is usually slow because only the few 
active points are adapted. Thus, the new information contained in the 
online measured data can be shared only by the neighboring points, and 
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does not generalize more broadly. On the other hand, the local charac
ter prevents destructive learning effects, also known as unlearning or data 
interference [7], in different operating regimes. 

• Training speed is high if only the heights are optimized. For a complete 
optimization of a look-up table model the training speed is low. Compared 
with other model architectures, the number of linear parameters is high 
while the number of nonlinear parameters is low. 

• Evaluation speed is very high since extremely few and cheap operations 
have to be carried out, especially for an equidistant grid. This is one main 
reason for the wide application of look-up tables in practice. 

• Curse of dimensionality is extremely high owing to the grid-based ap
proach. The number of inputs is thus restricted to three or four (at most). 

• Interpretation is poor since the number of points is usually high and noth
ing especially meaningful is attached to them. However, a look-up table 
can be converted into a fuzzy model and consequently interpreted corre
spondingly; see Chap. 12. Note that interpretation as a fuzzy rule base is 
reasonably helpful only if the number of points is low! Otherwise the huge 
amount of rules leads to more confusion than interpretation. 

• Incorporation of constraints on the grid and the heights is easy; see 
Sect. 10.3.6. 

• Incorporation of prior knowledge in the form of rules can be done in the 
fuzzy model interpretation. Typically, however, the number of points is so 
large that the lack of interpretability does not allow prior knowledge to be 
incorporated easily except with range constraints. 

• Usage is very high for low-dimensional mappings. 

10.4 Summary 

The properties of linear, polynomial, and look-up table models are summa
rized in Table 10.1. A linear model should always be the first try. It can be 
successfully applied if the process is only slightly nonlinear and/or only very 
few data samples are available, which does not allow one to identify a more 
complex nonlinear model. A linear model offers advantages in almost all cri
teria; see Table 10.1. However, for many applications significant performance 
gains can be expected from the use of nonlinear models. Nevertheless, a linear 
model can often be advantageously utilized in a hybrid modeling approach; 
see Sect. 7.6.2. 

Polynomials are the classical nonlinear approximators. However, com
pared with other nonlinear models they possess some important drawbacks. 
So their application is recommended only in some specific cases where the 
true structure of the process can be assumed to be approximately polynomial. 
The main disadvantages of polynomials are their oscillating interpolation and 
extrapolation behavior. 
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Table 10.1. Comparison between linear, polynomial, and look-up table models 

Properties Linear Polynomial Look-up table 

Interpolation behavior + + 
Extrapolation behavior + 
Locality ++ 
Accuracy 0 0 

Smoothness ++ 
Sensitivity to noise ++ + 
Parameter optimization ++ ++ ++·1--·· 
Structure optimization ++ 0 

Online adaptation + 0 

Training speed ++ + +·1-·· 
Evaluation speed ++ 0 ++ 
Curse of dimensionality ++ 
Interpretation + 0 

Incorporation of constraints 0 ++ 
Incorporation of prior knowledge 0 0 

Usage ++ + ++ 
• = linear optimization, •• = nonlinear optimization, 
+ + I - - = model properties are very favorable I undesirable. 

Look-up tables represent the most widely implemented nonlinear models 
for low-dimensional input spaces. Their main advantage is the simple im
plementation and the low computational demand for evaluation. Also, con
straints can be incorporated efficiently. The main drawbacks are their re
striction to low-dimensional mappings, the non-smooth behavior for linear 
interpolation, and the inflexible distribution of the height parameters over 
the whole input space. 

The severe shortcomings of the classically used models, polynomials and 
look-up tables, motivate the search for model architectures with better prop
erties, resulting in neural networks and fuzzy models. co
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11. Neural Networks 

This chapter deals with artificial neural networks for static modeling. Arti
ficial neural networks were originally motivated by the biological structures 
in the brains of humans and animals, which are extremely powerful for such 
tasks as information processing, learning, and adaptation. Good overviews 
on the biological background can be found in [326, 328]. The most important 
characteristics of neural networks are 

• large number of simple units, 
• highly parallel units, 
• strongly connected units, 
• robustness against the failure of single units, 
• learning from data. 

These properties make an artificial neural network well suited for fast 
hardware implementations [141, 242]. Two main directions of neural network 
research can be distinguished. On the one hand, the physician's, biologist's, 
and psychologist's interests are to learn more about and even model the still 
not well understood fundamental properties and operation of the human and 
animal brain. On the other hand, the engineer's interest is to develop a uni
versal tool for problem-solving inspired by the impressive examples of nature 
but without any pretension to model biological neural networks. This book 
addresses only the latter pursuit. In fact, most artificial neural networks used 
in engineering are at least as closely related to mathematics, statistics and 
optimization as to the biological role model. In the following, artificial neural 
networks are simply called "neural networks" or "NNs" since no biological 
issues are addressed. Because of their biological background many neural net
work publications use their own terminology. Table 11.1 gives a translation 
for the most important expressions into system identification terminology, 
which is partly taken from [335]. 

Sometimes it is hard to draw a clear line between neural network and 
non-neural network models. Here, from a pragmatic point of view, a model 
will be called a neural network if its basis functions are of the same type; see 
Sect. 9.2. This definition includes all neural network architectures that are 
addressed throughout this book. In neural network terminology the network 
in Fig. 11.1 is described as follows. The node at the output is called the 
output neuron, and all output neurons together are called the output layer 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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Table 11.1. Translations from neural network into system identification language 

Neural network terminology 

Mapping or approximation 

Classification 

Neural network 

Neuron 

Weight 

Bias or threshold 

Hidden layer 

Input layer 

Input 

Output 

Error 

Learning or training 

Generalization 

Overfitting or overtraining 

Underfitting or undertraining 

Errorbar 

Online learning 

Offline learning 

System identification and statistics terminology 

Regression 

Discriminant analysis 

Model 

Basis function 

Parameter 

Offset or intercept 

Set of basis functions 

Set of inputs 

Independent variable 

Predicted value 

Residual 

Estimation or optimization 

Interpolation or extrapolation 

High variance error 

High bias error 

Confidence interval 

Sample adaptation 

Batch adaptation 

Fig. 11.1. A neural network is a basis function network according to Fig. 9.3 where 
all basis functions are of the same type 
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" y 

Fig. 11.2. The output neuron of most neural networks is simply a linear combiner 

(here only a single output is considered, so the output layer consists only of 
one neuron). Each of the M nodes in the center that realizes a basis function 
is called the hidden layer neuron, and all these neurons together are called 
the hidden layer. Finally, the inputs are sometimes denoted as input neurons, 
and all of them together are called the input layer. However, these neurons 
only fan out the inputs to all hidden layer neurons, and do not carry out any 
real calculations. Because the literature is not standardized on whether the 
inputs should be counted as a layer or not, the network in Fig. 11.1 can be 
called a two- or a three-layer neural network. In order to avoid any confusion 
it is sensible to call it a neural network with one hidden layer. There exist 
other neural network architectures that cannot be described by the scheme in 
Figure 11.1. For example, the number of hidden layers may be larger, or the 
whole structure may be different. However, the architectures discussed here 
all match the standard (or extended) basis function formulation in Sects. 9.2 
and 9.3 and the network structure depicted in Fig. 11.1. 

For a neural network, the linear parameters associated with the output 
neuron(s) are called output weights: 

(11 .1) 

The output neuron is usually a linear combination of the hidden layer 
neurons (basis functions) 4'i(-) with an additional offset wo, which is some
times called "bias" or "threshold"; see Fig. 11.2. Each hidden layer neuron 
output is weighted with its corresponding weight. Since the hidden layer out
puts lie in some interval (e.g., [0 1] or [-1 1]) the output neuron determines 
the scaling (amplitudes) and the operation point of the NN. The neural net
work architectures addressed here - in fact all models described by the basis 
functions formulation (9.2) - can be distinguished solely by their specific type 
of hidden layer neurons. 

The two most common neural network architectures - the multilayer per
ceptron (MLP) and the radial basis function (RBF) network - are introduced 
in Sects. 11.2 and 11.3. The third very frequently applied class of archi
tectures are the neuro-fuzzy networks, which are treated in Chap. 12. Sec
tion 11.4 gives a brief overview of some other interesting but less widespread 
neural network approaches. Before these specific architectures are analyzed, 
Sect. 11.1 starts with a discussion of different construction mechanisms that 
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242 11. Neural Networks 

allow one to generalize one-dimensional mappings to higher input space di
mensionali ties. 

Good neural network literature for a more detailed discussion is briefly 
summarized in the following. Haykin [141] gives an extensive overview, rang
ing from the biological background to most neural network architectures and 
learning algorithms to hardware implementation. The book is written from 
a signal processing viewpoint. Bishop [34] focuses on multilayer perceptrons 
and radial basis function networks for the solution of pattern recognition 
and classification problems. He analyzes the neural networks deeply in the 
framework of classical Bayesian statistics. He reveals and clarifies many often 
unnoticed links and relationships. Similar in concept to Bishop's is Ripley's 
book [325] but with an even stronger statistical and mathematical perspec
tive. A good historical review, especially from the hardware point of view, is 
given by Hecht-Nielsen [143]. Brown and Harris [50] have written an excellent 
neural network book from an engineering point of view that bridges the gap 
to fuzzy systems. It focuses on neuro-fuzzy models and associative memory 
networks; other network architectures are hardly discussed. 

An excellent source for neural network literature is the answers to the 
frequently asked questions (FAQs) of the neural network news group on the 
Internet [335]. 

11.1 Construction Mechanisms 

The basis functions PiO in (9.2) are generally multidimensional, i.e., their 
dimensionality is defined by the number of inputs p = dim{y}. For all neural 
network approaches and many other model architectures, however, the multi
variate basis functions are constructed by simple one-dimensional functions. 
Figure 11.3 illustrates the operation of such construction mechanisms. In the 
neural network context, the one-dimensional function is called the activation 
function. Note that the activation function that maps the scalar x to the 
neuron output y is denoted in the following by g(.). In contrast, the basis 
function p(.) characterizes the multidimensional mapping from the neuron 
inputs to the neuron output, and thus depends on the construction mecha
nism. The three most important construction mechanisms are introduced in 
the following subsections: ridge, radial, and tensor product construction. 

11.1.1 Ridge Construction 

Ridge construction is based on a projection mechanism as utilized for mul
tilayer perceptrons (MLPs); see Sect. 11.2. The basis functions operate on a 
scalar x, which is generated by projecting the input vector on the nonlinear 
parameter vector; see Fig. 11.3. This can be realized by the scalar product 

_ (}(nl) - _ (}(nl) + (}(nl) + + (}(nl) (11.2) x - _ if. - 0 Uo 1 Ul . • . p up 
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JC 

Fig. 11.3. Operation of a construction mechanism that maps the input vector 11: 
to a scalar x with the help of some nonlinear parameters. The activation function 
nonlinearly g(x) transforms the scalar x to the neuron output y . The gray box 
realizes one basis function 4>(-) 

y 

Fig. 11.4. A basis function obtained by ridge construction (left) varies only in 
one direction. The contour plot of the basis function (right) shows the direction 
of nonlinearity. The nonlinear parameters associated to the inputs determine this 
direction and the slope of the basis function 

with the augmented input vector 

(11.3) 

that contains the dummy input Uo = 1 in order to incorporate an offset value 
into (11.2). So, if the nonlinear parameter vector and the augmented input 
vector have the same direction the activation x is maximum, if they have 
opposite direction x is minimal, and if they are orthogonal x is zero. 

This means that the multivariate basis functions constructed with the 
ridge mechanism possess only one direction in which they vary - namely the 
direction of the nonlinear parameter vector. In all other orthogonal directions 
the multivariate basis functions stay constant; see Fig. 11.4. This projection 
mechanism makes ridge construction well suited for high-dimensional input 
spaces; see Sect. 7.6.2. 
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11.1.2 Radial Construction 

The radial construction is utilized for radial basis function networks. The 
scalar x is calculated as the distance between the input vector and the center 
of the basis function: 

x = II!! - £11 = V(!! - £)T(!! - rJ 

(11.4) 

where the nonlinear parameter vector contains the center vector of the ba
sis function £ = [ei C2 • •• cpjT. Figure 11.5 illustrates a one- and two
dimensional example of a triangular radial basis function. 

If, instead of the Euclidean norm in (11.4), the Mahalonobis norm is used, 
the distance is transformed according to the norm matrix E (see Sect. 6.2.1) : 

(11.5) 

where the nonlinear parameter vector additionally contains the parameters 
in the norm matrix E. The norm matrix E scales and rotates the axes. For 
the special case where the covariance matrix is equal to the identity matrix 
(E = I), the Mahalonobis norm is equal to the Euclidean norm. For 

E = [1/;11/~1 ::: ~ l' 
o 0··· 1/17; 

(11.6) 

where p denotes the input space dimension, the Mahalonobis norm is equal 
to the Euclidean norm with the scaled inputs u}scaled) = uti 17/. In the most 
general case, the norm matrix scales and rotates the input axes. Figure 11.6 
summarizes these distance measures. Note that no matter which norm is 
chosen, it can be replaced by the Euclidean norm by transforming the input 
axes. Therefore, the function in Fig. 11.7 is still called a radial basis func
tion. Despite the fact that it is not radial (not even symmetric) with respect 

y 

o.s 

o.s 1 u 

Fig. 11.5. A one- and two-dimensional radial basis function 
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a) 

"1 ... 

~-. 
'" 

b) 

'" 

c) 

~ 

'" 
Fig. 11.6. Lines with equal distance for different norms: a) Euclidean (17 = I), 
b) diagonal (JZ = diagonal) , and c) Mahalonobis norm (17 = general) 

'" 
Fig. 11.1. A Gaussian radial basis function 

to the original inputs Ul and U 2 , it is radial with respect to appropriately 
transformed input axes. 

11.1.3 Tensor Product Construction 

The tensor product is the construction mechanism utilized for many types 
of neuro-fuzzy models, spline models, and look-up tables; see Chap. 12. It 
operates on a set of univariate functions that are defined for each input 
Ul , . . . , up. The parameters of these univariate functions are gathered in the 
nonlinear parameter vector. The basis functions are calculated by forming the 
tensor product of these univariate functions, i.e., each function is multiplied 
with each function of the other dimensions. For example, Mi may denote the 
number of univariate functions defined for input Ui, i = 1, .. . ,p; then the 
basis functions are constructed by 

It (-) = g11 (-) . g21 (-) ..... gpl (-) 

h (-) = g12 (.) . g21 (-) .. • .• gpl (-) 

IMl (-) = glMl ( .) • g21 (-) .... • gpl (-) 

I Ml +1 (-) = g11 (-) . g22 (-) ..... gpl (-) 

(11.7a) 

(11.7b) 

(11.7c) 

(11.7d) 
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Fig. 11.8. Tensor product construction of a single two-dimensional basis func
tion by two one-dimensional functions. The construction from univariate functions 
always yields an axis-orthogonal basis function 

(11.7e) 

(11.7f) 

(11.7g) 

where gij (-) denotes the jth univariate function of input Ui. Thus, the number 
of basis functions is (see (10.17)) 

P 

IIMi . (11.8) 
i=l 

The tensor product construction is suitable only for very low-dimensional 
mappings, say p ::; 4, since the number of basis functions grows exponen
tially with the input space dimensionality. The tensor product construction 
partitions the input space into a multidimensional grid and therefore fully 
underlies the curse of dimensionality. Figures 11.8 and 11.9 illustrate the 
operation of the tensor product construction for a simple two-dimensional 
example. 

11.2 Multilayer Percept ron (MLP) Network 

The multilayer perceptron (MLP) is the most widely known and used neu
ral network architecture. In many publications the MLP is even used as a 
synonym for NN. The reason for this is the breakthrough in neural network 
research that came with the very popular book by Rumelhart, Hinton, and 
Williams in 1986 [328]. It contributed significantly to the start of a new neu
ral network boom by overcoming the restrictions of perceptrons pointed out 
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Fig. 11.9. Tensor product construction of basis functions from a set of one
dimensional membership functions. All combinations between the membership func
tions of the two inputs Ul and U2 are constructed. The circles and ellipses represent 
a contour line of each two-dimensional basis function. This example illustrates why 
the tensor product construction always results in a grid-like partitioning of the 
input space 

by Minsky and Papert in 1969 [249]. Although modern research has revealed 
considerable drawbacks of the MLP with respect to many applications, it is 
still the favorite general purpose neural network. 

This section is organized as follows. First, the MLP neuron is introduced 
and its operation is illustrated. Second, the MLP network structure is pre
sented. In Sect. 11.2.3 the famous backpropagation algorithm is discussed, 
and it is extended to a more generalized approach for training of MLP net
works in Sect. 11.2.4. Next, the advantages and drawbacks of the MLP are 
analyzed. Finally, Sects. 11.2.7 and 11.2.8 introduce some extensions of the 
standard MLP network architecture. 

11.2.1 MLP Neuron 

Figure 11.10 shows a hidden neuron of a multilayer perceptron. This sin
gle neuron is called a perceptmn. The operation of this neuron can be 
split into two parts. First, ridge construction is used to project the inputs 
!! = [UI U2 .• , upjT on the weights. In the second part, the nonlinear activa
tion function g(x) transforms the projection result. Typically, the activation 
function is chosen to be of saturation type. Common choices are sigmoid 
functions such as the logistic function 
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Fig. 11.10. A perceptron: the ith hidden neuron of a multilayer perceptron 

loPti< taIIh 

0.8 0.5 

O. 
g(x) g(%) 0 

0.4 

0.2 -0.5 

0 
-1 

-4 -2 0 2 4 -4 -2 0 2 
% % 

Fig. 11.11. Typical activation functions for the perceptron 

g(x) = logistic(x) = 1 1 ( ) 
+exp -x 

and the hyperbolic tangent 

g(x) = tanh(x) = exp(x) - exp(-x) = 1- exp(-2x) . 
exp(x) + exp( -x) 1 + exp( -2x) 

4 

(11.9) 

(11.10) 

Both functions are shown in Fig. 11.11. They can be transformed into each 
other by 

1 - exp( -2x) 2 -1 - exp( -2x) 
tanh(x) = = . + -----":-'----,,-:.. 

1 + exp( -2x) 1 + exp( -2x) 1 + exp( -2x) 
= 2Iogistic(2x) - 1 . (11.11) 

The two functions share the interesting property that their derivative can be 
expressed as a simple function of their output: 

d{?i dlogistic(x) exp( -x) 1 + exp( -x) - 1 
dx = dx = (1 + exp( -X))2 = -:-(-1 -+-=ex:.....:p'-;(--~x ):-:-)2=-

1 1 2 = () ( ())2 = {?i - {?i = {?i(1 - {?i) . 1 + exp -x 1 + exp -x 
(11.12) 

d{?i d tanh (x) _ 1 _ cosh2 (x) - sinh2(x) 
dx dx - cosh2(x) - cosh2(x) 

= 1 - tanh2(x) = 1 - {?~ • (11.13) 

These derivatives are required in any gradient-based optimization technique 
applied for training of an MLP network; see Sect. 11.2.3. 
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Fig. 11.12. Influence of the hidden layer parameters on the ith hidden neuron with 
a single input u. While the offset weight WiQ determines the activation function's 
position, the weight Wi! determines the activation function's slope 

The perceptron depicted in Fig. 11.10 depends on nonlinear hidden layer 
parameters. These parameters are called hidden layer weights: 

(11.14) 

The weights WiO realize an offset, and sometimes are called "bias" or "thresh
old". Figures 11.12 and 11.13 illustrate how these hidden layer weights de
termine the shape of the basis functions. 

11.2.2 Network Structure 

If several perceptron neurons are used in parallel and are connected to an 
output neuron the multilayer perceptron network with one hidden layer is 
obtained; see Fig. 11.14. In basis function formulation the MLP can be written 
as 

with qio(') = 1 and Uo = 1 (11.15) 

with the output layer weights Wi and the hidden layer weights Wij. The total 
number of parameters of an MLP network is 

M(p+ 1) +M + 1, (11.16) 

where M is the number of hidden layer neurons and p is the number of 
inputs. Since the inputs are given by the problem, the number of hidden 
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Fig. 11.13. Influence of the hidden layer parameters on the ith hidden neuron 
with two inputs Ul and U2. While the offset weight W iO determines the activation 
function's distance to the origin, the weights W i l and Wi2 determine the slopes in 
the Ul- and u2-directions. The vector [Wi l Wi2jT points toward the direction of 
nonlinearity of the basis function. Orthogonal to [Wil Wi2jT the basis function stays 
constant 
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output layer 

Fig. 11.14. A multilayer perceptron network 

layer neurons allows the user to control the network complexity, i.e., the 
number of parameters. 

An MLP network is a universal approximator [157]. This means that an 
MLP can approximate any smooth function to an arbitrary degree of accu
racy as the number of hidden layer neuron increases. The universal approx
imation capability is an important property since it justifies the application 
of the MLP to any function approximation problem. However, virtually all 
other widely used approximators (polynomials, fuzzy models, and most other 
neural network architectures) are universal approximators too. Furthermore, 
the proof for the universal approximation ability is not constructive in the 
sense that it tells the user how many hidden layer neurons would be required 
to achieve a given accuracy. 

The reason why the universal approximation capability of the MLP has 
attracted such attention is that, in contrast to many other approximators, the 
MLP output is computed by the combination of one-dimensional functions 
(the activation functions). This is a direct consequence of the ridge construc
tion mechanism. In fact, it is not intuitively understandable that a general 
function of many inputs can be approximated with arbitrary accuracy by a 
set of one-dimensional functions. Note that the approximation abilities of the 
MLP have no direct relationship to Kolmogorov's theorem, which states that 
a multidimensional function can be exactly represented by one-dimensional 
functions [119]. The famous theorem by Kolmogorov from 1957 disproved 
a conjecture by Hilbert in context with his 13th problem from the famous 
list of Hilbert's 23 unsolved mathematical problems in 1900. Girosi and Pog
gio [119] point out that in Kolmogorov's theorem highly non-smooth and 
problem specific one-dimensional functions are required in order to exactly 
represent a multidimensional function, while an MLP consists of smooth and 
standardized one-dimensional functions that are sufficient to approximate a 
multidimensional function. 

The MLP network as described so far represents only the most commonly 
applied MLP type. Different variants exist. Sometimes the output neuron 
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is not of the pure "linear combination" type but is chosen as a complete 
perceptron. This means that an additional activation function at the output is 
used. Of course, this restricts the MLP output to the interval [0,1] or [-1,1]. 
Furthermore, the output layer weights become nonlinear, and thus training 
becomes harder. Another possible extension is the use of more than one 
hidden layer. Multiple hidden layers make the network much more powerful 
and complex; see Sect. 11.2.7. In principle, an MLP can have an arbitrary 
number of hidden layers, but only one or two are common in practice. 
. An MLP network consists of two types of parameters: 

• Output layer weights are linear parameters. They determine the amplitudes 
of the basis functions and the operating point. 

• Hidden layer weights are nonlinear parameters, and determine the direc
tions, slopes, and positions of the basis functions. 

An MLP network is trained by the optimization of these weights. Sev
eral MLP training strategies are discussed in Sect. 11.2.4. First, the famous 
backpropagation algorithm is reviewed as a foundation for the application of 
optimization techniques. 

11.2.3 Backpropagation 

Strictly speaking, the backpropagation algorithm is only a method for the 
computation of the gradients of an MLP network output with respect to 
its weights. In fact, there is nothing special about it since backpropagation 
is identical to the application of the well-known chain rule for derivative 
calculation. Nevertheless, it took a very long time until it was realized within 
the neural network community how simply the hidden layer weights can be 
optimized. One important stimulus for the neural network boom in the late 
1980s and throughout the 1990s was the rediscovery of backpropagation by 
Rumelhart, Hinton, and Williams in 1986 [328]. It was first found by Werbos 
in 1974 [401]. Backpropagation solves the so called credit assignment problem, 
that is, the question of which fraction of the overall model error should be 
assigned to each of the hidden layer neurons in order to optimize the hidden 
layer weights. Prior to the discovery of backpropagation it was only possible 
to train a simple perceptron that possesses no hidden layers and thus is, of 
course, no universal approximator [249]. The importance of backpropagation 
is so large that in the literature it is often is used as a synonym for the 
applied training method or even for the neural network architecture (namely 
the MLP). Here, the term backpropagation is used for what it really is, a 
method for gradient calculation of a neural network. 

The derivatives of the MLP output with respect to the ith output layer 
weight are (i = 0, ... , M) 

By _ A'<. • h A'< 1 
-~, WIt ~o = . 

BWi 
(11.17) 
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The derivatives of the MLP output with respect to the hidden layer 
weights are (i = 1, ... , M, j = 0, ... ,p) 

By dg(x) 
--=Wi--Uj 
BWij dx 

with Uo = 1 (11.18) 

for the weight at the connection between the jth input and the ith hidden 
neuron. In (11.18) the expressions (11.12) or (11.13) for the derivatives of the 
activation functions g(x) can be utilized. For example, with g(x) = tanh(x) 
(11.18) becomes 

By 2 - = w·(I- p·)u· B ', J 
Wij 

with Uo = 1. (11.19) 

Note that the basis functions Pi in the above equations depend on the network 
inputs and the hidden layer weights. These arguments are omitted for better 
readability. 

Since the above gradient expressions can be thought to be constructed 
by propagating the model error back through the network the algorithm is 
called backpropagation. This becomes more obvious if multiple hidden layers 
are considered; see Sect. 11.2.7. 

11.2.4 MLP Training 

Basically three different strategies for training of an MLP network can be 
distinguished. 

• Regulated activation weight neural network (RA WN); Initialization of the 
hidden layer weights and subsequent least squares estimation of the output 
layer weights. 

• Nonlinear optimization of the MLP; All weights are simultaneously opti
mized by a local or global nonlinear optimization technique. 

• Staggered training of the MLP; A combination of both approaches. 

In any case, a good method for initialization of the hidden layer weights 
is required. This issue is discussed first. 

Initialization. Unfortunately, the hidden layer parameters are not easily 
interpreted since humans are not able to think in and visualize directions 
in high-dimensional spaces. Thus, they can hardly be initialized by prior 
knowledge. Of course, the optimal hidden layer weights are highly problem 
dependent but some generally valid guidelines can be given. 

The simplest approach for initialization of the hidden layer weights is to 
choose them randomly. This, however, will generate a number of neurons 
whose activation functions are in their saturation for all data because some 
hidden layer weights will be large. These saturated neurons give virtually 
the same response for all inputs contained in the data. Thus, they basically 
behave like constants, which is totally useless since the output layer weight 
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Wo already realizes an offset value. All saturated neurons are (almost) re
dundant, do not improve the approximation capabilities of the network, and 
even make the training procedure more poorly conditioned and more time
consuming. Furthermore, it is very difficult for any optimization technique 
to move saturated neurons in regions where they are active, since the model 
error is highly insensitive with respect to the saturated neuron's weights. So 
the goal of a good initialization method must be to avoid highly saturated 
neurons. 

In order to do so, it is important to recall how the input of the activation 
function of the ith hidden layer neuron is calculated: 

(11.20) 

If Xi = 0 then the activation function operates in its almost linear re
gion, while Xi -+ -00 or Xi -+ 00 drives it into saturation. Thus, a rea
sonable initialization should take care that the activations Xi lie in some 
interval around 0, say [-5,5). This can be accomplished by choosing very 
small weights [102, 226). It is important, however, that all inputs are simi
larly scaled. Otherwise, a huge input Uj in (11.20) would dominate all others, 
which would make the network's output almost solely dependent on Uj. To 
avoid this effect, either the data should be normalized or standardized, or 
the initial values of the weights should reflect the amplitude range of the 
associated input so that the products WijUj are all within the same range for 
the given data. In more advanced initialization schemes it may be possible to 
control the distribution of the weight vector directions, slopes, and distances 
form the origin. 

Regulated Activation Weight Neural Network (RAWN). The sim
plest way to train an MLP network is to initialize the nonlinear hidden layer 
weights and subsequently estimate the output layer weights by least squares. 
This approach, proposed in [374), is called regulated activation weight neu
ral network (RAWN). Since the LS estimation of the output layer weights 
is very efficient the only obvious problem with the RAWN approach is that 
the hidden layer weights are not adapted to the specific problem. Thus the 
RAWN approach requires many more hidden layer neurons than the nonlin
ear optimization discussed in the next paragraph. 

Since the importance of an appropriate choice of the projection directions 
becomes more severe as the input dimensionality increases, the RAWN ap
proach becomes less efficient. For very high-dimensional problems the RAWN 
idea is not feasible. 

A possible extension and improvement 1 of the RAWN approach is to 
replace the least squares by a linear subset selection technique such as or
thogonalleast squares (OLS); see Sect. 3.4. Then it is possible to initialize a 
large number of hidden neurons and to select only the significant ones. This 

1 These ideas originally stem from Susanne Ernst, Institute of Automatic Control, 
Darmstadt University of Technology, 1997. 
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strategy allows one to extend the applicability of RA WN, but nevertheless it 
is limited to quite low-dimensional problems. This is due to the fact that the 
number of potential hidden neurons has to increase with input dimensionality 
in order to cover the input space at equal density and the OLS computational 
demand grows strongly with an increasing number of potential regressors. 

Nonlinear Optimization of the MLP. By far the most common approach 
for training an MLP network is nonlinear local optimization of the network 
weights. In the early days of MLP training (late 1980s), typically simple 
gradient-based learning rules were used, such as 

() _ () _ {)Jk 
-k - -k-I 'TJ {)() , 

-k-I 
(11.21) 

where 

fl. = [WO WI ... WM WlO Wu •.. WIp W20 W2I •.• WMp]T (11.22) 

is the weight vector containing all network weights, 'TJ is a fixed step size 
called the learning rate, and J is the loss function to be optimized. For the 
loss function J the actual squared error was normally used: 

Jk = e% = (Yk - Yk)2 , (11.23) 

which corresponds to sample adaptation in contrast to batch adaptation 

N N 

J = LeT = L(Yi - Yi)2, (11.24) 
i=l i=l 

where the sum of squared errors over the whole training data set is used; see 
Sect. 4.1. In either case, backpropagation is utilized for the calculation of the 
loss function's gradient. 

Since the weight update in (11.21) is primitive, several problems can occur 
during training. Owing to the first order gradient nature of (11.21), conver
gence is very slow. Furthermore, the fixed step size 'TJ may be chosen too large, 
leading to oscillations or even divergence; or it may be chosen too small, yield
ing extremely slow convergence. Often it leads to the "zigzagging" effect; see 
Sect. 4.4.3. A large number of remedies, extensions, and improvements to 
(11.21) exist, such as an adaptive learning rate, weight or neuron individ
ual learning rates, the introduction of a momentum term proportional to 
..1flk- I = flk- I - flk- 2, the Rprop and QUickprop algorithms, etc. [141, 335]. 
In essence, all these approaches are advanced optimization techniques com
pared with (11.21), which is a fixed step size steepest descent algorithm; see 
Sect. 4.4.3. 

State-of-the-art training of an MLP network is performed by the Leven
berg-Marquardt nonlinear least squares (Sect. 4.5.2) [131] or a quasi-Newton 
(Sect. 4.4.5) optimization technique for small and medium sized networks, 
and a reduced memory version of the Levenberg-Marquardt or quasi-Newton 
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techniques or a conjugate gradient algorithm (Sect. 4.4.6) for large net
works ("small", "medium", and "large" refer to the total number of network 
weights). 

Global search techniques are rarely applied for optimization of the MLP 
network weights because convergence is very slow and the local optima prob
lem is not very severe for MLP networks. This is due to the fact that in most 
applications MLP networks are trained with regularization, i.e., a network 
that is too complex is trained in order to guarantee high model flexibility, 
and overfitting is avoided by means of early stopping, weight decay, or the ap
plication of any other regularization technique; see Sect. 7.5. This means that 
the global optimum of the original loss function in (11.23) or (11.24) is not 
the goal of optimization any more, and thus difficulties with convergence to 
local optima are of smaller importance. Global optimization techniques are, 
however, frequently applied in the context of network structure optimization; 
see Sect. 7.4. 

Combined Training Methods for the MLP. One weakness of the non
linear optimization approach for MLP training discussed in the previous 
paragraph is that the linearity of the output layer weights is not explic
itly exploited. This weakness can be overcome by estimating the output layer 
weights by least squares. Basically, the following two alternative strategies 
exist; see the introduction to Chap. 5 . 

• Staggered training of the MLP; The hidden layer weights and the output 
layer weights can be optimized subsequently, i.e., first, the output layer 
weights are optimized by LS while the hidden layer weights are kept fixed; 
second, the hidden layer weights are optimized by a nonlinear optimization 
technique while the output layer weights are kept fixed. These two steps 
are repeated until the termination criterion is met . 

• Nested training of the MLP; The LS estimation of the output layer weights 
is incorporated into the loss function evaluation of a nonlinear optimiza
tion technique that optimizes only the hidden layer weights. Thus, in each 
iteration of the nonlinear optimization technique the optimal output layer 
weights are computed by LS. 

It depends on the specific problem whether one of these combined approaches 
or the nonlinear optimization of all weights converges faster. 

11.2.5 Simulation Examples 

The simple examples in this section will illustrate how an MLP network func
tions. The same examples are utilized for a demonstration of RBF and fuzzy 
model architectures. The results obtained are not suited for benchmarking 
different network architectures because they are only one-dimensional and 
thus may not transfer to real-world problems. 

In the following example, MLP networks with logistic activation functions 
in the hidden layer and a linear activation function in the output layer are 
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used. The simple backpropagation algorithm (first order method) is applied 
for training the networks. All parameters are initialized randomly in the 
interval [-1,1], which avoids saturation of the activation functions because 
the input lies between 0 and 1. 

The function approximation results for an MLP network with one hidden 
neuron shown in Fig. 11.15a and b demonstrate that even for such a simple 
network two equivalent optima exist. While in Fig. 11.15a the output layer 
offset and weight are negative (WOl = -4.4, W11 = -6.4) and the hidden layer 
offset and weight are positive (wo = 1.2, Wl = 635), it is vice versa for the 
solution in Fig. 11.15b (WOl = 4.2,W11 = 6.4,wo = 552,Wl = -551). Further
more, an examination of the network parameters reveals a small sensitivity 
with respect to some weights. In other words, the loss function possesses 
a very flat optima and relatively large changes in some network parame
ters around their optimal values affect the quality of the approximation only 
insignificantly. Consequently, major differences arise, depending on the op
timization technique used. While second order methods converge to the op
timum, first order methods converge only to a relatively large area around 
the optimum within a reasonable amount of computation time. Thus, the 
obtained network parameters may vary significantly depending on the ini
tialization and the utilized optimization technique, although they yield a 
comparable approximation accuracy. This important observation for such a 
simple example implies that no "meaning" can be associated with the MLP 
network parameters. Therefore, it makes no sense to build any kind of system 
that processes these values of these parameter values further. 

Figure 11.15c-d shows two approximations with an MLP with two hidden 
neurons. In Fig. 11.15c an excellent approximation accuracy is reached where 
one basis function (Pl) has been optimized more for describing the right part 
of the nonlinearity and the other basis function (P2), which is multiplied by 
a negative output layer weight is devoted mainly toward the left part of the 
nonlinearity. However, depending on the initialization the reached network 
basis functions may also look as shown in Fig. 11.15d. The second basis 
function was driven to virtually zero during the optimization procedure and 
cannot recover since it is highly saturated, and thus the gradient of the loss 
function with respect to this basis function's parameters is virtually zero. 
Note that the situation in Fig. 11.15d does not represent a local optimum. 
If the optimization algorithm was run for long enough then the network 
would eventually converge toward the solution shown in Fig. 11.15c. The loss 
function is just so insensitive with respect to one neuron that in practice it 
has the same effect as a local optimum. 

The approximation problem shown in Fig. 11.16 seems to require more 
neurons for a reasonably accurate approximation than in the previous exam
ple in Fig. 11.15. Astonishingly this is not the case, as Fig. 11.16a demon
strates. This example clearly underlines the benefits obtained by the global 
approximation characteristics and the adjustment of the basis function shapes 
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Fig. 11.15. Approximation of the function y = l/(u + 0.1) with an MLP network 
with one hidden neuron (upper plots) and two hidden neurons (lower plots). Two 
possible training results, depending on the parameter initialization for the one and 
two neuron(s) case, are shown in a, band c, d, respectively 
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Fig. 11.16. Approximation of the function y = sin(27ru)+2u with an MLP network 
with two hidden neurons. Four possible training results, depending on the parameter 
initialization, are shown in a-d 

due to the optimization of the hidden layer parameters. However, not all tri
als are as successful. Rather most network trainings result in one of the three 
unsatisfactory solutions shown in Fig. 1l.16b-d. While Fig. 1l.16c represents 
a local optimum, the situations in Fig. 11.16b and d are similar to that in 
Fig. 11.15d discussed above. This example nicely illustrates the strengths and 
weaknesses of MLP networks. On the one hand, MLP networks possess an 
extremely high flexibility, which allows them to generate a wide variety of 
basis function shapes suitable to the specific problem. On the other hand, 
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the risk of convergence to local optima and saturation of neurons requires 
an extensive trial-and-error approach, which is particularly difficult and te
dious when the problems become more complex and an understanding of the 
network (as in the trivial examples presented here) is scarcely possible. 

11.2.6 MLP Properties 

The most important properties of MLP networks can be summarized as fol
lows: 

• Interpolation behavior tends to be monotonic owing to the shape of the 
sigmoid functions. 

• Extrapolation behavior is constant in the long range owing to the satura
tion of the sigmoid functions. However, in the short range extrapolation 
behavior can be linear if a sigmoid function has a very small slope. A 
difficulty is that it is not clear to the user at which amplitude level the net
work extrapolates, and thus the network's extrapolation behavior is hard 
to predict. 

• Locality does not exist since a cha,nge in one output layer weight signifi
cantly influences the model output for a large region of the input space. 
Nevertheless, since the activation functions are not strictly global, an MLP 
has approximation flexibility only if the activation functions of the neurons 
are not saturated. So the approximation mechanism possesses some local
ity. 

• Accuracy is typically very high. Owing to the optimization of the hidden 
layer weights the MLP is extremely powerful and usually requires fewer 
neurons and fewer parameters than other model architectures to achieve a 
comparable approximation accuracy. This property can be interpreted as a 
high information compression capability, which is paid for by long training 
times and the other disadvantages caused by nonlinear parameters; see 
below. 

• Smoothness is very high. Owing to the tendency to monotonic interpolation 
behavior the model output is typically very smooth. 

• Sensitivity to noise is very low since, owing to the global character, almost 
all training data samples are exploited to estimate all model parameters. 

• Parameter optimization generally has to be performed by a nonlinear op
timization technique and thus is slow; see Chap. 4. 

• Structure optimization requires computationally quite expensive pruning 
or growing methods; see Sect. 7.4. 

• Online adaptation is slow and unreliable owing to the nonlinearity of the 
parameters and the global approximation characteristics. 

• Training speed is very slow since nonlinear optimization techniques have to 
be applied and perhaps repeated for several network weight initializations 
if an unsatisfactory local optimum has been reached. 
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• Evaluation speed is fast since the number of neurons is relatively small 
compared with other neural network architectures. 

• Curse of dimensionality is very low because the ridge construction mech
anism utilizes projections. The MLP is the neural network for very high
dimensional problems. 

• Interpretation is extremely limited since projections can be hardly inter
preted by humans. 

• Incorporation of constraints is difficult owing to the limited interpretation. 
• Incorporation of prior knowledge is difficult owing to the limited interpre

tation. 
• Usage is very high. MLP networks are still the standard neural networks. 

11.2.7 Multiple Hidden Layers 

The multilayer perceptron network depicted in Fig. 11.14 can be extended 
by the incorporation of additional hidden layers. The use of more than one 
hidden layer makes the network more complex, and can be seen as an al
ternative to the use of more hidden layer neurons. The question which of 
two MLP networks with the same number of parameters, one with several 
hidden layers but only a few neurons in each layer, the other with a single 
hidden layer but more neurons, is superior cannot be answered in general; 
rather it is very problem dependent. Clearly, more hidden layers make the 
network harder to train since the gradients become more complicated and 
the parameters become more strongly nonlinear. 

In practice, MLPs with one hidden layer are clearly most common, and 
sometimes two hidden layers are used. The application of more than two 
hidden layers is exotic. Figure 11.17 depicts an MLP network with two hidden 
layers. Its basis function representation is more involved since the neurons of 
the second hidden layer are themselves composed of the neuron outputs of 
the first hidden layer. With Ml and M2 as the number of neurons in the first 

input layer 1. hidden layer 2. hidden layer output layer 

Fig. 11.17. A multilayer perceptron network with two hidden layers (the weights 
are omitted for simpliCity) 
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and second hidden layer, respectively, Wi as output layer weights, and w;~) 
and w~;) as weights of the first and second hidden layer, the basis function 
formulation becomes 

y ~ ~ w,~, (t, wi]) {; ) with 4>0 (-) = 1 , (11.25) 

and with the outputs of the first hidden layer neurons 

f.j = lJij (t W;:)UI) with lJio(-) = 1 and Uo = 1. 
l=O 

(11.26) 

Usually the activation functions of both hidden layer 4>i and lJij are chosen 
to be of saturation type. 

The gradient with respect to the output layer weights of an MLP with 
two hidden layers does not change (i = 0, ... ,M) (see Sect. 11.2.3): 

{)y - Ai. • h Ai 1 
- ~t WIt ~O = . 

{)Wi 
(11.27) 

The gradient with respect to the weights of the second hidden layer 
and tanh(·) activation function is similar to (11.19) (i = 1, ... , M 2 , j = 
O, ... ,Md: 

{)y ( 2) -m = Wi 1 - 4>i lJij 
{)Wij 

with lJio = 1. (11.28) 

The gradient with respect to the weights of the first hidden layer and 
tanh(·) activation function is (j = 1, ... ,M1 , l = 0, ... ,p) 

{)A M2 

----%> = L Wi (1 - 4>nw~;) (1 - lJiJ)UI with Uo = 1 . (11.29) 
{)wjl i=O 

Note that the basis functions 4>i in the above equations depend on the network 
inputs and the hidden layer weights. These arguments are omitted for better 
readability. 

The number of weights of an MLP with two hidden layers is 

(11.30) 

Owing to the term MIM2 the number of weights grows quadratically with 
an increasing number of hidden layer neurons. 

11.2.8 Projection Pursuit Regression (PPR) 

In 1981 Friedman and Stuetzle [106, 158] proposed the projection pursuit 
regression (PPR), which is a new approach for the approximation of high
dimensional mappings. It can be seen as a generalized version of the multilayer 
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perceptron network. Interestingly, PPR is much more complex and advanced 
than the standard MLP, although it was proposed five years earlier. This 
underlines the lack of idea exchange between different disciplines in the early 
years of the neural network era. Basically, PPR differs from an MLP in the 
following two aspects: 

• The activation functions are flexible functions, which are optimized indi
vidually for each neuron. 

• The training of the weights is done by a staggered optimization approach. 

The one-dimensional activation functions are typically chosen as cubic 
splines or non-parametric smoothers such as a simple general regression neu
ral network; see Sect. 11.4.1. Their parameters are also optimized from data. 

PPR training is performed in three phases, which are iterated until a stop 
criterion is met. First, the output layer weights are estimated by LS for fixed 
activation functions and fixed hidden layer weights. Second, the parameters 
of the one-dimensional activation functions are estimated individually for 
each hidden layer neliron while all networks weights are kept fixed. This 
estimation is carried out separately for each neuron, following the staggered 
optimization philosophy. Since the activation functions are usually linearly 
parameterized, this estimation can be performed by LS, as well. Finally, the 
hidden layer weights are optimized for each neuron individually by a nonlinear 
optimization technique, e.g., the Levenberg-Marquardt algorithm. Since the 
activation functions and the hidden layer weights are determined for each 
neuron separately by staggered optimization this procedure must be repeated 
several times until convergence. 

Note that the additional flexibility in the activation functions of PPR 
compared with the MLP is a necessary feature in combination with the stag
gered optimization approach. The reason for this is as follows. The first few 
optimized neurons capture the main coarse properties of the process, and 
the remaining error becomes more nonlinear the more neurons have been 
optimized. At some point a simple relatively inflexible neuron with sigmoid 
activation function will not be capable to extract any new information if 
its parameters are not estimated simultaneously with those of all other neu
rons. High frequency components (in the space, not the time domain) can be 
modeled only by the interaction of several simple neurons. Thus, staggered 
optimization can be successful only if the activation functions are sufficiently 
flexible. 

Since the optimization is performed cyclically, neuron by neuron, it can be 
easily extended to a growing and/or pruning algorithm that adds and removes 
neurons if necessary. More details of PPR in a neural network context can 
be found in [162, 167]. 
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11.3 Radial Basis Function (RBF) Networks 

In contrast to the MLP network, the radial basis function (RBF) network 
utilizes a radial construction mechanism. This gives the hidden layer param
eters of RBF networks a better interpretation than for the MLP, and there
fore allows new, faster training methods. Originally, radial basis functions 
were used in mathematics as interpolation functions without a relationship 
to neural networks [313]. In [48] RBFs are first discussed in the context of 
neural networks, and their interpolation and generalization properties are 
thoroughly investigated in [103, 235]. 

This section is organized as follows. First, the RBF neuron and the net
work structure are introduced in Sects. 11.3.1 and 11.3.2. Next, the most 
important strategies for training are analyzed. Section 11.3.5 discusses the 
strengths and weaknesses of RBF networks. Finally, some mathematical foun
dations of RBF networks are summarized in Sect. 11.3.6 and the extension 
to normalized RBF networks is presented in Sect. 11.3.7. 

11.3.1 RBF Neuron 

Figure 11.19 shows a neuron of an RBF network. Its operation can be 
split into two parts. In the first part, the distance of the input vector 
!! = [Ul U2 ••• up]T to the center vector ~i = [Cil Ci2 ... Cip]T with respect 
to the norm matrix E i is calculated. This is the radial construction mecha
nism already introduced in Sect. 11.1.2. In the second part, this distance x (a 
scalar) is transformed by the nonlinear activation function g(x). The activa
tion function is usually chosen to possess local character and a maximum at 
x = O. Typical choices for the activation function are the Gaussian function 

g(x) = exp (_~X2) (11.31) 

and the inverse multi-quadratic function (see Fig. 11.18) 

1 
g(x) = "';x2 + a2 

with the additional free parameter a. 

(11.32) 

Figure 11.19 shows, for a Gaussian activation function, how the hidden 
layer parameters influence the basis function. 

The distance Xi is calculated with help of the center ~i and norm matrix 
E i' which are the hidden layer parameters of the ith RBF neuron 

Xi = II!! - ~ill£ = V(!! - ~i)T Ed!! - ~i)' (11.33) 

Thus, the basis functions 4'i(-) of a Gaussian RBF network are 

4'i (!!,~nl») = exp ( -~II!! - ~ill~) , (11.34) 

co
nt

ro
len

gin
ee

rs
.ir



11.3 Radial Basis Function (RBF) Networks 265 

0.8 

g(x)0.6 

0.4 

0.2 

~r-~~--~'---~~~4 

x 
4 

Fig. 11.18. Typical activation functions for the RBF neuron: (left) Gaussian, 
(right) inverse multiquadratic with a = 1 

Up 

Fig. 11.19. The ith hidden neuron of an RBF network 

~~JiL 
·3 ° 3.. ·3 0 3.. ·3 0 3 .. 

Fig. 11.20. Influence of the hidden layer parameters on the ith hidden RBF neuron 
with a single input u. The center determines the position and the standard deviation 
the width of the Gaussian 

where the hidden layer parameter vector !l~nl) consist of the coordinates of 
the center vector ~i and the entries of the norm matrix E i . Figure 11.20 
illustrates the effect of these parameters on the basis function for the one
dimensional case. Note that, for a single input, the norm matrix Ei simplifies 
to the standard deviation a. 

Often the E matrix is chosen to be diagonal; so it contains the inverse 
variances for each input dimension. Then the distance calculation simplifies 
to 

(UI - C.I)2 (u -Ci )2 = t + ... + P P 
ail aip 

(11.35) 
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where 

E·= -. [
1/al1 0 0 

o 1/al2 0 

000 

Cn - 0.5. Co - 0.5 

un - 0.2, 170 - 0.2 

1 

41, 

Cn ~ 0.5, Co - 0.5 

!. - ... 
1 

o 0 

o 0 

(11.36) 

iiI 

"I 

" I 

Fig. 11.21. Influence of the hidden layer parameters on the ith hidden RBF neu
ron with two inputs Ul and U2. The basis functions are shown on the left, the 
corresponding contour lines on the right 
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IT identical variances are chosen for each input dimension this result be
comes even simpler. Figure 11.21 illustrates the effect of different norm ma
trices on the shape of the basis function. The top of Fig. 11.21 shows that 
identical standard deviations for each dimension lead to a true mdial basis 
function with circle contours: 

E = [(1/0.2)2 0 ]. 
- 0 (1/0.2)2 

(11.37) 

The center of Fig. 11.21 shows that different standard deviations for each 
dimension lead to a symmetric basis function with elliptic contours: 

[ (1/0.1)2 0 ] 
E = 0 (1/0.2)2. (11.38) 

The bottom of Fig. 11.21 illustrates the use of a complete covariance 
matrix, which additionally allows for rotations of the basis functions: 

E = [(1/0.1)2 (1/0.2)2] 
- (1/0.2)2 (1/0.2)2 

(11.39) 

11.3.2 Network Structure 

IT several RBF neurons are used in parallel and are connected to an output 
neuron the radial basis function network is obtained; see Fig. 11.22. In basis 
function formulation the RBF network can be written as 

M 

Y = L: wi4>dll!! - ~&,~J with 4>00 = 1 (11.40) 
i=O 

with the output layer weights Wi. The hidden layer parameters contain the 
center vector ~i' which represents the position of the ith basis function, and 

input layer hidden layer output layer 

Fig. 11.22. A radial basis function network 
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the norm matrix E i , which represents the widths and rotations of the ith 
basis function. The total number of parameters of an RBF network depends 
on the flexibility of E i . The number of output weights is M + 1, the number 
of center coordinates is Mp, and the number of parameters in Ei is equal to 

• M: for identical standard deviations for each input dimension, i.e., Ei is 
diagonal with identical entries, 

• Mp: for different standard deviations for each input dimension. Le., Ei is 
diagonal, and 

• M(p + l)p/2: for the general case with rotations, i.e., Ei is symmetric. 

Since the general cases requires a huge number of parameters, commonly 
E i is chosen diagonal and then the total number of parameters of an RBF 
network becomes 

2Mp+M +1, (11.41) 

where M is the number of hidden layer neurons and p is the number of 
inputs. Since the inputs are given by the problem, the number of hidden 
layer neurons allows the user to control the network complexity, i.e., the 
number of parameters. 

Like the MLP, an RBF network is a universal approximator [138, 294, 
295]. Contrary to the MLP, multiple hidden layers do not make much sense 
for an RBF network. The neuron outputs of a possible first hidden layer would 
span the input space for the second hidden layer. Since this space cannot be 
interpreted, the hidden layer parameters of the second hidden layer cannot 
be chosen by prior knowledge, which is one of the major strengths of RBF 
networks. 

An RBF network consists of three types of parameters: 

• Output layer weights are linear parameters. They determine the heights of 
the basis functions and the offset value. 

• Centers are nonlinear parameters of the hidden layer neurons. They deter
mine the positions of the basis functions. 

• Standard deviations (and possibly off-diagonal entries in the norm matri
ces) are nonlinear parameters of the hidden layer neurons. They determine 
the widths (and possibly rotations) of the basis functions. 

These parameters have somehow to be determined or optimized during train
ing of RBF networks. 

Figure 11.23 illustrates the interpolation and extrapolation behavior of 
RBF networks. Obviously, it is very sensitive to the choice of the basis func
tion widths. The interpolation behavior may have "dips" if the standard 
deviations are too small and may "overshoot" if they are too large. The 
extrapolation behavior decays toward zero, the slower, the wider the basis 
functions are. 
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Fig. 11.23. Interpolation and extrapolation behavior of an RBF network without 
offset, i.e., Wo = O. The basis functions are shown on the left; the network outputs 
are shown on the right. The standard deviations are chosen identically for each 
neuron in each network as: top: a = 0.4, center: a = 0.8, bottom: a = 1.6. The 
network interpolates between the three data points marked as crosses 

11.3.3 RBF Training 

For training of RBF networks different strategies exist. Typically, they try 
to exploit the linearity of the output layer weights and the geometric inter
pretability of the hidden layer parameters. Thus, most strategies determine 
the hidden layer parameters first, and subsequently the output layer weights 
are estimated by least squares; see Sect. 9.2.2. These strategies correspond to 
the RAWN approach for MLP training; see Sect. 11.2.4. Alternatively, an or
thogonalleast squares algorithm or any other subset selection technique can 
be applied for combined structure and parameter optimization, or nonlinear 
optimization techniques can be used for the hidden layer parameters. Sample 
mode (online) training algorithms for RBF networks are not discussed here; 
refer to [104]. 
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Random Center Placement. Selecting the centers randomly within some 
interval is the most primitive approach, and certainly leads to inferior perfor
mance. A little more advanced is the random choice of training data samples 
as basis function centers, since this at least guarantees that the basis func
tions lie in relevant regions of the input space. The first approach corresponds 
to the random initialization of hidden layer weights for the MLP network. 
The second approach corresponds to an advanced initialization technique 
that guarantees that all neurons are not saturated. Neither alternative is 
applied owing to their inferior performance, but they are reasonable initial
ization methods for more advanced techniques. Basically, any random choice 
of the basis function centers ignores the interpretability advantage of RBF 
over MLP hidden layer parameters. 

Clustering for Center Placement. The straightforward improvement of 
the random selection of data samples as basis functions centers is the ap
plication of clustering techniques; see Sect. 6.2 for an overview of the most 
important clustering algorithms. The most commonly applied clustering tech
nique is the k-means algorithm; see Sect. 6.2.1 and [252]. Alternatively, more 
complex unsupervised learning methods can be applied, such as Kohonen's 
self-organizing map (SOM) (Sect. 6.2.4) or other neural network based ap
proaches, but their superiority over simple k-means clustering with respect 
to basis function center determination has not been demonstrated up to now. 

Clustering determines the basis function centers according to the train
ing data distribution in the input space. Thus, many RBFs are placed in 
regions where data is dense, and few RBFs are placed in regions where data 
is sparse. On the one hand, this data representation is partly desired since it 
guarantees that enough data is available to estimate the heights (output layer 
weights) of the basis functions. So the variance error of RBF networks tends 
to be uniformly distributed over the input space. On the other hand, the 
complexity of the process that has to be approximated is not considered by 
the clustering technique because it operates completely unsupervised. This 
has the consequence that, in contrast to supervised learning of the hidden 
layer parameters, the RBFs are not automatically moved toward the regions 
where they are required for a good approximation of the process. Thus, the 
expected performance of an RBF network with clustering for center determi
nation is relatively low, and therefore more neurons are required. Although 
this can be a strong drawback with respect to evaluation speed this is not 
necessarily so for the training speed, since the clustering and LS algorithms 
are both very fast, even for relatively complex networks. 

After clustering is completed, the standard deviations (or possibly the 
complete norm matrices) have to be determined before the output layer 
weights can be computed by LS. The most common method for this is the 
k-nearest neighbor rule, which assigns each RBF a standard deviation pro
portional to the (possibly weighted) average distance between its center and 
the centers of the k nearest neighbor RBFs. The value for k is typically 
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chosen between 1 and 5, and the proportionality factor has to be chosen in 
order to guarantee a desired overlap between the basis functions. With the 
standard k-nearest neighbor method only a single standard deviation can 
be assigned to each RBF, as in (11.37). However, it can be extended to al
low for different standard deviations in each input dimension by considering 
the distances individually for each dimension, as in (11.38). If the full norm 
matrix as in (11.39) is to be used, elliptic fuzzy clustering algorithms that 
generate a covariance matrix for each cluster may be utilized similar to the 
Gustafson-Kessel algorithm in Sect. 6.2.3; for more details refer to [29]. The 
last alternative, however, is rarely applied in practice since the estimation of 
the covariance matrix is computationally expensive and involves a large num
ber of parameters, which makes this approach very sensitive to overfitting. 

In summary, clustering is a good tool for determination of the basis func
tion centers. It generates a reasonable coverage of the input space with RBFs 
and scales up well to higher-dimensional input spaces. However, it suffers from 
the fundamental drawback of unsupervised methods, that is, ignorance with 
respect to the process complexity. Furthermore, the choice of the standard 
deviations is done in a very ad hoc manner. The hidden layer parameters are 
chosen heuristically and thus sub optimally. Therefore, typically more hidden 
layer neurons are required than in other approaches and network architec
tures where the hidden layer parameters are optimized. Nevertheless, this 
approach can be very successful since even networks with many hidden layer 
neurons can be trained rapidly. If the number of neurons and consequently 
the number of output layer weights becomes very large, efficient regulariza
tion techniques such as ridge regression can be employed in order to realize 
a good bias/variance tradeoff; see Sects. 3.1.4 and 7.5.2 and [291]. 

Complexity Controlled Clustering for Center Placement. The most 
severe drawback of clustering is that it does not take into account the com
plexity of the process under investigation. On the one hand, the data distri
bution should be reflected to avoid the generation of basis functions in regions 
without or with too sparse data. On the other hand, it would be desirable to 
generate many basis functions in regions where the process possesses com
plex behavior (i.e., is strongly nonlinear) and few RBFs in regions where the 
process is very smooth. This requires the incorporation of information about 
the process output into the unsupervised learning procedure. Section 6.2.7 
discusses how such output information can be utilized by a clustering tech
nique. 

In [287] the following strategy is proposed to incorporate output informa-
tion into the clustering technique: 

1. Estimate a linear model by least squares. 
2. Calculate the error of this linear model, i.e., elin = Y - Ylin. 

3. Train an RBF network to approximate the error of the linear model by 
the following steps, i.e., use elin as the desired output for the network 
training; see Sect. 7.6.2. 
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Fig. 11.24. In standard k-means clustering (left) all data samples are equivalent. 
In error sensitive clustering (ESC), proposed in [287] (right), data samples that lie 
in poorly modeled regions of the input space are associated with a larger "mass" 
to drive the basis functions toward these regions 

4. For determination of the centers: Perform an extended version of k-means 
clustering that is sensitive to the errorSj see below for details. 

5. For determination of the standard deviations: Use the k-nearest neighbor 
method. 

6. Estimate the output layer weights with least squares. 

The final model has a hybrid character since it is obtained by the sum 
of the linear model and the RBF network. The decisive issue of this algo
rithm, however, is the error sensitive clustering (ESC) in Step 4. It drives 
the RBF centers toward regions of the input space with high approximation 
error of the linear model. ESC operates as follows. To each data sample a 
"mass" is assigned. This "mass" is equal to the squared error (or some other 
error measure) of the linear model for this data sample. So data samples 
in input regimes that are well modeled by the linear model possess small 
"masses," while data in regimes with high modeling errors possess large 
"masses." The k-means clustering is performed by taking into account these 
different "masses." Thus, the centroid (mean) of each cluster is calculated by 
the center of gravity 

L !!(i) ·e~n(i) 
iES; 

~j = ---N-j--- (11.42) 

where i runs over those Nj data samples that belong to cluster j, this is 
the set Sj, and the following property L~l Nj = N holds. The standard k
means clustering is extended by weighting the data samples with the "mass" 
e~n(i)j see Sect. 6.2.1. The computation of the centroid for ESC is illustrated 
in Fig. 11.24. 

The linear model in the above algorithm is the simplest way to generate 
modeling errors that can be assigned to the data samples. More sophisticated 
but computationally more expensive strategies may perform several iterations 
of RBF network training instead of using a simple linear model: 
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1. Train an RBF network with conventional clustering. 
2. Calculate the modeling error. 
3. Train an RBF network with error sensitive clustering utilizing the mod

eling error from the network of the previous iteration. 
4. If significant improvements could be realized go to Step 2; otherwise stop. 

Although it is shown in [287] that error sensitive clustering is superior to 
conventional clustering for basis function center determination, it still is a 
heuristic approach and necessarily suboptimal. 

Grid-Based Center Placement. One of the major difficulties of cluster
ing based approaches for center placement is the determination of the stan
dard deviations. Generally, the nearest neighbor method cannot guarantee 
to avoid "holes" in the space, i.e., regions where all basis functions are al
most inactive. These "holes" lead to "dips" in the interpolation behavior, 
as demonstrated in Fig. 11.23. For low-dimensional mappings, an alternative 
to clustering is to place the centers on a grid. This allows one to determine 
the standard deviations dependent on the grid resolution in each dimension, 
which guarantees regular overlapping of all basis functions. Furthermore, the 
grid-based approach provides close links to neuro-fuzzy models with single
tons; see Chap. 12. 

One major difficulty of the grid-based approach is that it suffers severely 
from the curse of dimensionality, and thus can be applied only for very low
dimensional problems; see Sect. 7.6.1. The curse of dimensionality can be 
weakened by exploiting the input data distribution. Those basis functions on 
the grid that are activated less than a given threshold by the data can be 
discarded [82, 198]. Figure 11.25 demonstrates that this strategy can reduce 
the number of neurons significantly. An alternative or additionally applied 
method is principal component analysis (PCA), which transforms the input 

o 0 0" ~ 

o 0 0 0 0 0 : : ~ )iI II 
0.8 0 0 0 0 0 0 XI _.x xl. r't Jl 

x • ~,JP<x x 
0000 -.-':.,.';;I"\'_.e 

0.6 x xt,.· •• x " . ).~"'x .,.. • 0 
u" .1 * x 

o • • 1'. • xX.x • 0 0 0 

0.4 x ~: "I':xxol'x • 
• x ,: .. I x. .-. 0 0 0 0 

" •• MaCx III 
I .. ~. -", 'I' x. 0 0 

0.2 ~ • I 0 0 0 0 0 0 0 •• , I 0 0 0 0 0 0 0 0 

00 0.2 0.4 0.6 0.8 
"\ 

Fig. 11.25. Reduced grid for RBF center determination. The whole input space is 
covered by a grid of potential RBF centers (circles), but only those centers are used 
(filled circles) that lie close to data (crosses). If the data is correlated, as in this 
example, many potential centers can be discarded. This reduction effect increases 
with the input space dimensionality 
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axes in order to decorrelate the input data; see Sect. 6.1. Note, however, that 
peA leads to a new coordinate system that typically is less interpretable. 

Another difficulty of the grid-based approach is that it fully ignores the 
complexity of the process. Large modeling errors can be expected in regions 
where the process possesses complex behavior, while many neurons may be 
wasted in regions where the process behaves smoothly (leading to an unneces
sarily high variance error without any payoff in terms of bias error reduction). 
On the other hand, the grid-based approach has the advantage of being very 
simple, and it allows a good choice of the standard deviations. 

Subset Selection for Center Placement. An efficient supervised learn
ing approach for choosing the basis function centers is proposed in [58]. It is 
based on the orthogonal least squares (OLS) algorithm, but can be extended 
to any other subset selection technique as well; see Sect. 3.4 and in particular 
Sect. 3.4.2. The subset selection strategy is as follows. First, a large number 
of potential basis functions are specified, i.e., their centers and standard de
viations are fixed (somehow). Second, a subset selection technique is applied 
in order to determine the most important basis functions of all potential ones 
with respect to the available data. Since for the potential basis functions only 
the linear output layer weights are unknown, an efficient linear subset selec
tion technique such as OLS can be applied. Note that the optimal weights 
and the relevance of each selected basis function are automatically obtained 
by OLS during subset selection; see Sect. 3.4.2. 

In [58] one potential basis function is placed on each data sample with one 
fixed user-defined standard deviation for all dimensions. Thus, the number 
of potential basis functions is equal to the number of potential regressors 
for OLS. Because the computational demand for OLS grows strongly with 
the number of potential regressors, this strategy is feasible only for relatively 
small training data sets, say N < 1000. If more data is available, the training 
time can be limited by choosing only every second, third, etc. data sample 
as potential RBF center. As an alternative, a clustering technique with a 
relatively large number of clusters, say some 100, can be applied for the 
determination of the potential RBF centers. This would reduce the number 
of potential centers in order to allow additionally the definition of several 
potential basis functions on each center with different standard deviations. 
Then the subset selection technique optimizes not only the positions but also 
the widths of the RBFs. This is an important improvement, since the a-priori 
choice of a standard deviation for all basis functions is the main drawback 
in the strategy originally proposed in [58]. 

There are several strong benefits of the subset selection approach for cen
ter selection compared with the previously introduced methods. First, it is 
supervised and therefore selects the basis functions in those regimes where 
they are most effective in terms of modeling error reduction. Second, the OLS 
algorithm operates in an incremental manner: that is, it starts with one RBF 
and incorporates a new basis function into the network in each iteration. 
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This allows the user to fix some error threshold or desired model accuracy 
in advance, and the OLS algorithm automatically generates as many basis 
functions as are required to achieve this goal. This is a significant advantage 
over grid-based or clustering approaches, which require the user to specify 
the number of basis functions before training. 

Drawbacks of OLS training for RBF networks are the heuristic and thus 
suboptimal choice of the standard deviations and the higher computational 
demand. The user can, however, easily influence the training time by choosing 
the amount of potential basis functions correspondingly. This allows a tradeoff 
between model accuracy and computational effort. Note that there is no 
guarantee that the linear subset selection techniques do realize the global 
optimum, i.e., select the best subset of basis functions from the potential 
ones; see Sect. 3.4. However, in the experience of the author this restriction 
is usually not severe enough to justify the application of computationally 
much more involved global search techniques; see Chap. 5. Rather, for better 
results, the application of stepwise selection is recommended instead of the 
simpler forward selection proposed in [58]; see Sect. 3.4. In [291] a regularized 
version of the OLS subset selection technique is presented in order to reduce 
the variance error. 

For training of RBF networks the OLS algorithm is currently one of the 
most effective tools. It is the standard training procedure in the MAT LAB 
neural network toolbox [71]. 

In [308] another incremental approach called a resource allocating net
work (RAN) is proposed, which is extended in [199], and further analyzed 
in [407]. It incorporates new neurons when the error between process and 
model output or the distance to the nearest basis function center exceeds a 
given threshold. The distance threshold is decreased during training accord
ing to an exponential schedule that leads to denser placement of the RBFs as 
training progresses. The RAN algorithm mixes supervised (error threshold) 
and unsupervised (distance threshold) criteria for center selection. However, 
it works only for low noise levels since it is based on the assumption that the 
model error is dominated by its bias part while the variance part is negligible. 
Otherwise, the error threshold could be exceeded by noise even in the case 
of a negligible systematical modeling error, and a single outlier can degrade 
the performance. 

Nonlinear Optimization for Center Placement. All the above intro
duced approaches for determination of the hidden layer parameters in RBF 
networks have heuristic characteristics. They exploit the interpretability of 
these parameters to find good values without an explicit optimization. There
fore, the chosen centers and standard deviations are suboptimal, and the 
number of required neurons can be expected to be higher than for an MLP 
network with optimization of all parameters. Clearly, the nonlinear optimiza
tion of the centers and standard deviations is the most powerful but also the 
most computationally demanding alternative. With such an approach, how-
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ever, the advantage of significantly faster training of RBF networks compared 
with MLP networks basically collapses. Nevertheless, the determination of 
good initial parameter values for a subsequent nonlinear optimization is eas
ier for RBF networks because any of the methods described above can be 
applied in order to generate a good initialization. 

For nonlinear optimization, the same strategies exist as for MLP networks; 
see Sect. 11.2.4. For efficient implementation they require the derivatives of 
the network output with respect to its parameters. 

The derivative with respect to the output layer weights is trivial. Note 
that it is required only if the staggered optimization strategy is not taken. 
The derivatives of the RBF network output with respect to the ith output 
layer weight are (i = 0, ... ,M) 

oil _ Ai. h Ai - ~, wit ~o = 1. 
OWi 

(11.43) 

The derivatives with respect to the hidden layer parameters depend on the 
specific type of activation function. For the most common case of a Gaussian 
RBF network with individual standard deviations for each dimension, the 
hidden layer weight gradient can be calculated as follows. The basis functions 
are 

Ai () _ (1 ~ (Uj - Cij )2) 
~i • - exp -- L...J 2 • 2 a .. 

j=l '3 

(11.44) 

The derivative of the RBF network output with respect to the jth coor
dinate of the center of the ith neuron is (i = 1, ... ,M, j = 1, ... ,p) 

oil _ . Ui - Cij Ai.(.) 
- W, 2 ~, • 

OCij a ij 
(11.45) 

The derivative of the RBF network output with respect to the standard 
deviation in the jth dimension of the ith neuron is (i = 1, ... , M, j = 1, ... ,p) 

O
Oil = Wi (Ui -3Cij )2 Pi(')' (11.46) 
aij a ij 

It is not recommended to use nonlinear optimization techniques for an 
RBF network with full norm matrices Ei since the number of parameters 
grows quadratically with the input space dimensionality (see Sect. 11.3.2), 
implying long training times and substantial overfitting problems. 

In [235] and [403] it is demonstrated that nonlinear optimization of the 
hidden layer parameters in RBF networks can improve the performance sig
nificantly. However, the same performance may be achieved with unsuper
vised learning methods for the centers and standard deviations and least 
squares optimization of the output layer weights if more neurons are used 
[141]. Often this combined unsupervised/supervised learning approach can 
be faster in terms of training time although more neurons are required. So 
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it depends on the specific application whether nonlinear optimization of the 
hidden layer weights pays off. As a rule of thumb, nonlinear optimization is 
favorable if the model evaluation speed is crucial because the obtained net
work is much smaller. Note that in terms of the bias/variance dilemma the 
number of optimized parameters is decisive, not the number of neurons. 

11.3.4 Simulation Examples 

Both approximation example problems already discussed in Sect. 11.2.5 in 
the context of MLP networks will be considered here again. In order to allow 
some comparison between the MLP and RBF networks, the same number of 
parameters are used. The MLP networks with one and two neurons possess 
four and seven parameters, respectively. As RBF network training strategies 
the grid-based and the OLS-based center selection schemes are compared. 
The standard deviations are fixed to a reasonable value, and the output layer 
weights are estimated by least squares. 

Figure 11.26 shows, as expected, that the OLS training procedure (b, d) 
yields superior results compared with the grid-based approach (a, c). The 
OLS selects more basis functions in the left half of the input space because 
the nonlinear behavior is more severe in this region. Obviously, several basis 
functions that lie closely together are selected. This indicates compensation 
effects between the neighbored RBFs, i.e., the RBFs do not reflect the under
lying function locally. Indeed, an analysis of the corresponding output layer 
weights reveals basis function heights of opposite sign. Thus, with the ap
plication of the OLS algorithm the local interpretation gets lost. The same 
is true for the grid-based approach in the case of large standard deviations 
(right). On the other hand, small standard deviations (left) yield "dips" in 
the network output and realize only inferior approximation accuracy. The 
reason for the latter is that for large standard deviations the optimization 
can balance all RBFs since all RBFs contribute significantly to the network 
output everywhere. For small standard deviations, however, the network is 
less flexible since the local behavior has to be described by the local RBFs. It 
is remarkable that the character of the RBF network approximation is quite 
different for small (left) and large (right) widths although the standard de
viations differ only by a factor of 2. Consequently, the RBF network is very 
sensitive with respect to the basis function widths, which makes their choice 
difficult in practice. 

Thus, with RBF networks one has to choose between either local charac
teristics, good conditioned optimization problem, low accuracy, and "dips" in 
the interpolation behavior, or global characteristics, poorly conditioned op
timization problem, good accuracy, and smooth interpolation behavior. The 
poor conditioning in the case of large widths results from the less indepen
dent basis functions (for 0' -+ 00 the RBFs become linearly dependent, while 
they become orthogonal for 0' -+ 0). It manIfests itself by huge (positive and 
negative) optimal weights, which clearly lead to non-robust behavior with 
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Fig. 11.26. Approximation of the function y = l/(u + 0.1) with an RBF network 
with 4 (a, b) and 7 (c, d) neurons. The grid-based center placement is pursued in a 
and c while the OL8 training method is used in b and d. The standard deviations 
of the basis functions are chosen equal to 0.1 (left) and 0.2 (right), respectively 
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respect to small changes in the training data. Thus, for the large widths case, 
the parameters of RBF networks are non-interpretable, similar to those of 
MLP networks. For the small width case, however, the weights represent the 
local process characteristics. 

Figure 11.27 confirms the findings from Figure 11.26 and additionally 
demonstrates that wave-like shapes are well suited for Gaussian RBF net
works. The four-neuron RBF networks manage to approximate the func
tion quite well where the four-parameter (one-neuron) MLP network fails. 
The RBF network with seven-neurons performs better and much more reli
able (without any random influences) than the seven-parameter (two-neuron) 
MLP network. 

11.3.5 RBF Properties 

The most important properties of RBF networks are as follows: 

• Interpolation behavior tends to possess "dips" when the standard devia
tions of some RBFs are chosen too small, and it thus has a tendency to be 
non-monotonic. 

• Extrapolation behavior tends to zeros because the activation functions are 
typically local. 

• Locality is guaranteed when local activation functions are employed. 
• Accuracy is typically medium. Because the hidden layer parameters of the 

RBF network are usually not optimized, but determined heuristically, many 
neurons are required to achieve high accuracy. If the hidden layer param
eters are optimized, accuracy is comparable with that of MLP networks -
perhaps slightly worse owing to the local character. 

• Smoothness depends strongly on the chosen activation function. For the 
interpolation case, the definition or type of smoothness can be determined 
by regularization theoryj see Sect. 11.3.6. Local basis functions that have 
too small widths lead to "dips" and thus to non-smooth behavior. 

• Sensitivity to noise is low since basis functions are usually placed only in 
regions where "enough" data is available. Furthermore, small variations in 
the network parameters have only local effect. 

• Parameter optimization is fast if the combined unsupervised/supervised 
learning approach is taken, e.g., the centers and standard deviations are 
fixed by clustering and the k-nearest neighbor method and the output layer 
weights are optimized by least squares. In contrast, nonlinear optimization 
is very slow, as for MLP training. The computational demand for subset 
selection is medium, but grows strongly with the number of potential basis 
functions. 

• Structure optimization is relatively fast, since it can be performed with a 
linear subset selection technique like OLSj see Sect. 3.4. 

• Online adaptation is robust and efficient if only the output layer weights 
are adapted. This can be done by a linear recursive least squares (RLS) 
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Fig. 11.27. Approximation of the function y = sin(21ru)+2u with an RBF network 
with 4 (a, b) and 7 (c, d) neurons. The grid-based center placement is pursued in a 
and c while the OL8 training method is used in b and d. The standard deviations 
of the basis functions are chosen equal to 0.1 (left) and 0.2 (right), respectively 
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algorithm; see Sect. 3.2. Owing to the locality of the basis functions, online 
adaptation in one operating regime does not (or only negligibly) influence 
the others. 

• Training speed is fast, medium, and slow for the combined unsuper
vised/supervised learning, the subset selection, and the nonlinear opti
mization method, respectively. 

• Evaluation speed is medium because, compared with approaches where the 
hidden layer parameters are optimized, usually more neurons are required 
for the same accuracy; see the property accuracy. 

• Curse of dimensionality is medium to very high, depending on the training 
strategy. The grid-based approach severely underlies the curse of dimen
sionality, while clustering decreases this problem significantly, and subset 
selection is even less sensitive in this respect. However, owing to the local 
character of RBFs the curse of dimensionality is, in principle, more severe 
than for global approximators. 

• Interpretation of the centers, standard deviations, and heights is possible 
if the basis functions are local and their widths are chosen small. However, 
the interpretability in high-dimensional spaces is limited, especially if the 
full norm matrix is utilized. 

• Incorporation of constraints is possible because the parameters can be in
terpreted. 

• Incorporation of prior knowledge is possible because the parameters can be 
interpreted, and the local character allows one to drive the network toward 
a desired behavior in a given operating regime. 

• Usage is medium. RBF networks became more popular in the late 1990s. 

11.3.6 Regularization Theory 

Radial basis function networks have a strong foundation in mathematics. 
Indeed, under some assumptions, they can be derived from regularization 
theory. This subsection will illustrate this relationship without going into too 
much mathematical detail. For a more extensive discussion on this topic refer 
to ~4, 118, 141, 310, 31~. 

Regularization theory deals with the ill-posed problem of finding the func
tion that fits given data best. The interpolation case is considered, that is, 
the function possesses as many parameters (degrees of freedom) as there ex
ist data samples, i.e., n = N. Of course, there exist an infinite number of 
different functions that interpolate the data with zero error. All these func
tions differ in the way they behave between the data samples, although they 
all go exactly through each data point. What is the best function to use? 
In order to be able to answer this question (transforming the ill-posed to a 
well-posed problem) some additional criterion has to be defined that assesses 
the behavior of the functions between the data points. A natural requirement 
for the functions is that they should be smooth in some sense. The criterion 
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can express an exact definition of smoothness in a mathematical form. Thus, 
in regularization the following functional is minimized: 

N 

IcJ(·)) = L (Y(i) - j(Yb))) 2 +a f 1Pj(·Wd:!! 
i==l 

(11.47) 

where j(:!!) is the unknown function, :!!(i) and y(i) are the input/output data 
samples, a is the regularization factor, and P is some differential operator 
[34]. Equation (11.47) represents a functional, which is a function of a func
tion. So the minimum of (11.47) is an optimal function j*(). The first term 
in (11.47) is the sum of squared errors. The second term is called regularizer 
or prior since it introduces prior knowledge about the desired smoothness 
properties into the functional. It penalizes non-smooth behavior of the func
tion jo by integrating the expression 1Pj(·W over the input space spanned 
by:!!. The influence of this penalt;y is controlled by the regularization param
eter a. For a -t 0 the function f(·) becomes an interpolation function, i.e., 
fits all data samples exactly. So a allows a tradeoff between the quality of fit 
and the degree of smoothness. Basically, (11.47) is the same formulation as 
in ridge regression; see Sect. 7.5.2. The only difference is that ridge regression 
represents a parameter optimization problem while in (11.47) a function has 
to be optimized. 

The differential operator P mathematically defines smoothness. A typical 
choice of P would be the second derivative, that is, the curvature of the 
function jo (\72 is the Laplacian operator2): 

Pjo = \72jo = t (J2j~.). au. 
i=l ' 

(11.48) 

Equation (11.47) can be minimized by using the calculus of variations. 
Depending on the smoothness definition, i.e., the choice of P, different op
timal functions result. For example, for the curvature penalty in (11.48) the 
minimization of (11.47) leads to a cubic spline. The following, more complex 
operator also takes higher order derivatives into account [34]: 

Pjo = f 2;.i·iIDijO 
,=0 

(11.49) 

where Di = (\72)i/2 for even i and Di = \7(\72)(i-l)/2 for odd i, with the 
gradient operator \7 and Laplacian operator \72. The optimal function for 
the regularizer (11.49) is a radial basis function network (without offset). Its 
centers are placed at all data samples, the standard deviations are equal to a 
in all dimensions and identical for all neurons, and the optimal output layer 
weights become 

2 The Laplacian operator sums up the second derivatives with respect to all inputs: 
\72 = 82 / 8ui + 82 / 8u~ + ... + 82 / 8u~. The symbol is based on the gradient 
operator \7 = [8/8ul 8/8u2 ... 8/8up JT. 
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:!Q = (X + aD- I lL, (11.50) 

where y = [y(l) y(2) ... y(N)]T, I is an N x N identity matrix, PiO are 
the baSis functions, and 

X= l 
PI(1!(l)) P2(1!(1)) PN(1!(l)) 1 
PI (1!(2)) P2 (1!(2)) P N (1!(2)) 

PI(~(N)) P2(~(N)) ::: PN(~(N)) 
(11.51) 

Note that the regression matrix X here is quadratic, and thus (11.50) 
contains the inverse matrix instead of the pseudo-inverse. This is because for 
the interpolation case the number of basis functions equals the number of 
data samples. Hence, in contrast to the approximation problem treated in 
Sect. 9.2.2, which is usually encountered in practice, the equation system is 
not over-determined. Note that (11.50) represents the ridge regression solu
tion for the output layer weights; see Sect. 7.5.2. For a --+ 0 it simplifies to 
the least squares solution. 

In summary, regularization theory gives a justification for radial basis 
function networks. An RBF network is the optimally interpolating function 
for a specific smoothness definition. Note, however, that in practice most fre
quently approximation not interpolation problems arise because the number 
of data samples is usually much higher than the number of neurons. 

11.3.7 Normalized Radial Basis FUnction (NRBF) Networks 
, 

One of the undesirable properties of RBF networks is the "dips" in the in
terpolation behavior that occur for standard deviations that are too small. 
They are almost unavoidable for high-dimensional input spaces, and cause 
unexpected non-monotonic behavior. Furthermore, the extrapolation behav
ior of standard RBF networks, which tends to zero, is not desirable for many 
applications. These drawbacks are overcome by the normalized RBF (NRBF) 
network. The NRBF network output is calculated by 

(11.52) 

So the output of an RBF network is normalized by the sum of all (non
weighted) hidden layer neuron outputs. In the standard basis function for
mulation (9.2), this becomes 
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M 

Y = LWi~i(-) 
i=1 

with ~i(-) = M ifJi (Ily - ~ill12J . 
~ ifJj (Ily - ~jll12i) 

3=1 

Thus, the sum over all basis functions ~i(-) is equal to 1: 

i=1 

(11.53) 

(11.54) 

This property is called the partition of unity. In [402] it is shown that net
works that form a partition of unity possess some advantages in function 
approximation. In contrast to RBF networks, typically NRBF networks are 
employed without offset, i.e., Wo = 0, ifJo(·) = 0, because the normalization 
allows one to fix an output level without any explicit offset value. Obviously, 
the basis functions ~i (.) depend on all neurons. This fact is of great impor
tance for the training and interpretation of these networks because a change 
in one neuron (in the center or standard deviations) affects all basis func
tions. Figure 11.28 illustrates the interpolation and extrapolation behavior 
of normalized RBF networks. Comparison with the result of a standard RBF 
network in Fig. 11.23 clearly shows that the characteristics of a normalized 
RBF network are less sensitive with respect to the choice of the standard 
deviations. No "dips" or "overshoots" can occur, and the extrapolation be
havior is constant. Furthermore, it can be guaranteed that the NRBF network 
output always lies in the interval 

m~n(wi) :::; Y :::; m~(wi). (11.55) 
t t 

Another appealing feature of NRBF networks is that under some con
ditions they are equivalent to fuzzy models with singletons [159]. All issues 
concerning these fuzzy models are discussed in Chap. 12. In the following, 
some other differences between RBF and NRBF networks are pointed out. 

Training. All combined unsupervised/supervised learning strategies de
scribed in Sect. 11.3.3 can be applied for NRBF networks as well. For nonlin
ear optimization, the gradient calculations become more complicated owing 
to the normalization denominator. The only training method for RBF net
works that cannot be applied directly to NRBF networks is linear subset 
selection techniques such as OLS. The reason for this is the dependency of 
each basis function on all neuron outputs. During the incremental OLS selec
tion procedure the number of selected basis functions (regressors) increases 
by 1 in each iteration. At iteration i of the OLS the selected basis functions 
whose indices may be gathered in the set Si take the form 

for j = 1,2, ... , i. (11.56) 

co
nt

ro
len

gin
ee

rs
.ir



11.3 Radial Basis Function (RBF) Networks 285 

0.8 

4>,0.6 

0.4 

0.2 

0.8 

4>,0.6 

0.4 

0.2 

0'~~-----'~~----~6 

0.8 

4>,0.6 

0.4 

0.2 

0~~----~~--~--~6 

u 

4.------------------, 

3 

2 
Y 1~ __ _ 

o 

-1'---0----~2 -u---4-----'6 

4.------------------, 

3 

2 
Y 

1 

o 

-1'--~0,------=-2-u----4':-------'6 

4.------------------, 

3 

2 
Y 

1 

o 

-11......-~0:------=-2 ----~4~--~6 
u 

Fig. 11.28. Interpolation and extrapolation behavior of a normalized RBF net
work. The basis functions are shown on the left; the network outputs are shown on 
the right. The standard deviations are chosen identically for each neuron in each 
network as: top: u = 0.4, center: u = 0.6, bottom: u = 0.8. The network inter
polates between the three data points marked as crosses. Note that "reasonable" 
standard deviations for NRBF networks are smaller than for RBF networks; see 
Fig. 11.23 

The normalization denominator changes in each iteration since Si is sup
plemented by the newest selected basis function. Owing to this change in 
the basis functions the orthogonalization procedure of the OLS becomes in
valid. Several remedies have been proposed to overcome this problem; see 
Sect. 3.4.2 for more details. Nevertheless, it is fair to say that linear subset 
selection loses much of its advantage in both performance and training time 
when applied to NRBF networks. So global search strategies may be an at
tractive alternative. All these topics are thoroughly analyzed in the context 
of fuzzy models because interpretability issues play an important role too; 
see Sect. 3.4.2. 

Side Effects of Normalization. The normalization can lead to some very 
unexpected and usually undesirable effects, which are discussed in detail in 

co
nt

ro
len

gin
ee

rs
.ir



286 11. Neural Networks 

the context of fuzzy models in Sect. 12.3.4; refer also to [354]. These effects 
do not occur if all basis functions possess identical standard deviations for 
each dimension, i.e., 

(11.57) 

The side effects are caused by the fact that for all very distant inputs the 
activation of the Gaussian RBF with the largest standard deviation becomes 
higher than the activation of all other Gaussian RBFs. The normalization 
then results in a reactivation of the basis function with the largest width. This 
reactivation makes the basis functions non-local and multi-modal- both are 
properties usually not intuitively assumed in such networks. These side effects 
are typically not very significant for the performance of an NRBF network, 
but they are of fundamental importance with regard to its interpretation; 
therefore more details can be found in Sect. 12.3.4. 

Properties. In the following, those properties of normalized RBF networks 
are listed that differ from those of non-normalized RBF networks: 

• Interpolation behavior tends to be monotonic, similar to the MLP. 
• Extrapolation behavior is constant, similar to the MLP. However, owing to 

the side effects of normalization the basis function with the largest width 
determines the extrapolation behavior that is, the model output tends to 
the weight associated to this basis function. 

• Locality is ensured if no strong normalization side effects occur. 
• Structure optimization is not easily possible because linear subset selection 

techniques such as the OLS cannot be applied owing to the normalization 
denominator; see Sect. 3.4. 

• Interpretation is possible as for the standard RBF network. However, care 
has to be taken with respect to the normalization side effects. 

11.4 Other Neural Networks 

This section gives a brief overview of other neural network architectures for 
function approximation. These networks have close relationships with conven
tionallook-up tables (Sect. 10.3), and try to avoid some of their more severe 
drawbacks. Clearly, this chapter cannot treat all existing neural network ar
chitectures. Additionally, some architectures with links to fuzzy models are 
discussed in Chap. 12 and approaches based on local linear models are treated 
in Chaps. 13 and 14. 

11.4.1 General Regression Neural Network (GRNN) 

The general regression neural network (GRNN) proposed in [365] and equiva
lent approaches in [343, 364] are re-discoveries of the work in [259, 297, 397] on 
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non-parametric probability density estimators and kernel regression [34, 335]. 
With Gaussian kernel functions a GRNN follows the same equation as a nor
malized RBF network with identical standard deviations in each dimension 
and for each neuron: 

N 

E y(i)PiO 
(11.58) 

The basis functions are positioned on the data samples !!(i); thus the 
network possesses as many neurons as training data samples. Instead of the 
weights Wi the measured outputs y(i) are used for the heights of the basis 
functions. The standard deviation that determines the smoothness of the 
mapping can either be fixed a priori by the user or optimized (by trial and 
error or automatically). 

The GRNN can be derived via the following statistical description of the 
process. The relationship between the process output y and the process input 
!! can be described in terms of the joint probability density function pC!!, y). 
This pdf is the complete statistical representation of the process. If it were 
known, the expected output could be computed for any given input!! as 
follows: 

00 

00 J yp(!!,y)dy 

Y = E{yl!!} = f Y p(yl!!)dy = _-00=00---

-00 J pC!!, y)dy 
(11.59) 

-00 

Since pC!!, y) is unknown, the task is to approximate this pdf by means of 
measurement data. With Gaussian kernel functions the (p + 1 )-dimensional 
pdf can be approximated as 

A(U ) = ~ ~ 1 ex (_~II!!-!!(i)112+(y_y(i))2) .(11.60) 
p -, y N 6 (v'21fa)P+1 p 2 172 

Substituting (11.60) into (11.59) gives the GRNN equation in (11.58). 
For a GRNN, the centers and heights can be directly determined from 

the available data without any training. Hence, a GRNN can be seen as a 
generalization of a look-up table where also the data can be stored directly 
without any optimization. Thus, the GRNN belongs to the class of memory
based networks, that is, its operation is dominated by the storage of data. In 
fact, the GRNN also belongs to the class of just-in-time models discussed in 
Sect. 11.4.4. These memory-based concepts are opposed to the optimization
based networks, which are characterized by high optimization effort for strong 
information compression like the MLP. Instead of linear interpolation as is 
usually used in look-up tables (Sect. 10.3), smoother normalized Gaussian 
interpolation functions are utilized. Furthermore, the GRNN is not grid-based 
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but deals with arbitrarily distributed data. Owing to these properties the 
GRNN is an extension of conventional look-up tables for higher-dimensional 
spaces. 

The two major drawbacks of GRNNs are the lack of use of any optimiza
tion technique, which results in inefficient noise attenuation, and the large 
number of basis functions, which leads to very slow evaluation times. The lat
ter disadvantage can be partly overcome by neglecting the contribution of all 
basis functions whose centers are far away from the current input vector. For 
such a nearest neighbor approach, however, sophisticated search algorithms 
and data structures are required in order to find the relevant basis functions 
in an efficient way. 

The advantages of the GRNN over grid-based look-up tables with linear 
interpolation are the smoother model output, which can be differentiated 
infinitely often, and the better suitability for higher-dimensional problems. 
The price to be paid is a much higher computational effort, owing to the huge 
number of exponential functions that have to be evaluated. 

In comparison with a normalized RBF network, the GRNN trains much 
faster (almost in zero time) since training consists only of storing the data 
samples for the centers and the heights of the basis functions. However, the 
least squares optimization of the weights in normalized RBF networks allows 
one to achieve the same performance with considerably fewer neurons, which 
results in a much faster evaluation speed. Besides these important differences, 
the GRNN shares most properties with the normalized RBF network; see 
Sect. 11.3.7. 

11.4.2 Cerebellar Model Articulation Controller (CMAC) 

The cerebellar model articulation controller (CMAC) network originally was 
inspired by the (assumed) functioning of the cerebellum, a part of the brain 
[50]. It was proposed by Albus in 1975 [4, 5], and thus represents one of 
the earliest neural network architectures. CMAC also belongs to the class of 
memory-based networks like the GRNN, although the optimization compo
nent is more pronounced and the memory requirements are much smaller. 
Owing to their good online adaptation properties, CMAC networks are 
mainly applied for nonlinear adaptive or learning control systems [247, 378]. 

The CMAC network can also be seen as an extension of conventional 
look-up tables; see Sect. 10.3. Like look-up tables, CMAC networks are grid
based and usually possess a strictly local characteristic. In contrast to look-up 
tables, the CMAC network output is calculated as the sum of a fixed, dimen
sionality independent number of basis functions. Hereby two major drawbacks 
of look-up tables are overcome (or at least weakened): the bad generalization 
capability (see the properties "sensitivity to noise" and "online adaptation" 
in Sect. 10.3.7) and the exponential increase of the number of basis functions, 
that contribute to the model output, with the input dimensionality. 
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4. overlay 

3. overlay 

2. overlay 

1. overlay 
'----

II 

Fig. 11.29. Illustration of the overlays of a one-dimensional CMAC for the gen
eralization parameter p = 3 (left) and p = 4 (right). The light gray cells indicate 
the support of the basis functions. The dark gray cells are activated by all inputs 
within the dark shaded interval 

The basis functions of CMAC networks are chosen to be strictly local, and 
typically simple binary basis functions are used, which have constant output 
when they are active and zero output otherwise [50, 378). Each network input 
Ui is discretized into Mi intervals, and the whole input space is uniformly 
covered by these basis functions, which are placed on the Ml x M2 X ••• x Mp 
grid. With binary basis functions for each input only one basis function would 
be active. Hence, in order to achieve an averaging and generalization effect, 
several overlays are used, and each of these overlays contains a set of basis 
functions covering the whole input space. These overlays differ from each 
other in the displacement of the basis functions. The number of overlays p is 
selected by the user. Figures 11.29 and 11.30 illustrate the structure of the 
overlays for a one- and two-dimensional CMAC. From these figures it becomes 
clear that the number of overlays is chosen equal to the support of the basis 
functions. Therefore, p is called the generalization parameter. It determines 
how many basis functions contribute to the network output and how large the 
contributing region in the input space is. If the generalization parameter p is 
increased, fewer basis functions are required, the averaging and generalization 
effect of the network is stronger, and the network output becomes smoother. 
Thus, for CMAC networks the choice of p plays a role similar to the choice of 
the standard deviation a in GRNNs; see Sect. 11.4.1. In practice, p is chosen 
as a tradeoff between model accuracy and smoothness and between memory 
requirements and learning speed; see [50) for more details. Typical values for 
pare 8, 16, or 32. 

The CMAC output is calculated by the weighted sum of all M basis 
functions: 

M 

Y = L WiPi (1!,~nl)) (11.61) 
i=l 
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Fig. 11.30. Illustration of the overlays of a two-dimensional CMAC for the gen
eralization parameter p = 3. The light gray cells indicate the support of the basis 
functions. The overlays are displaced relative to each other in both inputs. The 
dark gray shaded cells are activated by all input vectors within the dark shaded 
area 

where ~~nl) contains the centers of the basis functions that form a partition 
of unity (see Sect. 11.3.7), and the overall number of basis function and 
parameters is approximately [50] 

p 

M ~ II(Mi _1)/pp-l. (11.62) 
i=l 

This number increases exponentially with the input space dimensionality. 
Thus, for high-dimensional mappings usually p is chosen large, and addition
ally hash coding strategies are applied to reduce the memory requirements 
[50, 378]. Nevertheless, CMAC networks are only well suited for low- and 
moderate-dimensional problems with, say, p < 10. 

Since the basis functions are strictly local (11.61) simplifies considerably 
to 

Y = L Wi 4ii (!!,~nl)) , 
iESactive 

(11.63) 

where the set Sactive contains the indices of all basis functions that are ac
tivated by the current input !!. Hence, in (11 .63) only the weighted sum of 
the p active basis functions has to be evaluated since all other basis functions 
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<1>i(·) = O. With binary basis functions that are equal to lip when they are 
active, (11.63) becomes simply the average of the weights: 

. 1 '" Y = - L.....J Wi· 

P iESactive 

(11.64) 

In contrast to the GRNN (Sect. 11.4.1), for the CMAC the p active basis 
functions can be easily determined owing to the grid-based coverage of the 
input space. Furthermore, (11.63) represents the exact network output, not 
just an approximation, since the CMAC's basis functions are strictly local. So 
the CMAC network is based on the following trick. Although the number of 
basis functions (11.62) becomes huge for high-dimensional mappings owing to 
the curse of dimensionality for grid-based approaches, the number of required 
basis function evaluations for a given input is equal to p. This means that 
the evaluation speed of CMAC networks depends only on p and is virtually 
independent of the input space dimensionality (neglecting the dimensionality 
dependent part of effort for one basis function evaluation). In contrast, a 
conventional look-up table requir~s the evaluation of 2P basis functions, which 
becomes infeasible for high-dimensional problems. 

Training of CMAC networks is a linear optimization task because only 
the weights Wi have to be estimated. This can be performed by least-squares. 
However, since the number of parameters is huge and the basis functions 
are strictly local the Hessian (see Sect. 3.1) contains mostly zero entries. 
Thus, special algorithms for inversion of sparse matrices are needed. CMAC 
networks are typically trained in sample adaptation mode, i.e., each data 
sample is processed separately; see Sect. 4.1. These algorithms can be directly 
applied online. Usually the least mean squares (LMS) or normalized LMS are 
applied because the recursive least squares (RLS) would require the storage 
of the huge covariance matrix; see Sect. 3.2. The strict locality of the CMAC 
networks' basis functions makes these approaches unusually fast since for 
each training data sample only the p parameters associated to the active basis 
functions have to be updated. Locality implies that most basis functions are 
orthogonal, which is an important property for fast convergence of the LMS 
and similar first order algorithms; see Sect. 3.1.3. 

In summary, the most important advantages of CMAC networks are 
(i) fast training owing to the linear parameters and the strictly local charac
teristics, (ii) high evaluation speed owing to the small number (p) of active 
basis functions and restriction to computationally cheap operations (e.g., no 
exponential functions or other complex activation functions have to be eval
uated), (iii) favorable features for online training, and (iv) good suitability 
for hardware implementation [250]. 

The drawbacks of CMAC networks are as follows. First, the grid-based 
approach results in high memory requirements. Hash coding can weaken but 
not overcome this disadvantage, and comes at the price of increased imple
mentation and computation effort. Furthermore, high memory compression 
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rates decrease the network's performance owing to frequent collisions. Sec
ond, the grid-based approach implies a uniform distribution of the network 
flexibility over the input space. This means that the maximum approximation 
accuracy is fixed by the discretization of the input space (the choice of the 
Mi). The CMAC is unable to incorporate extra flexibility (basis functions 
with weights) in regions where it is required because the process behavior 
is complex and wastes a lot of parameters in regions with extremely smooth 
process behavior. Third, the discretization of the input space requires a-priori 
knowledge about the upper and lower bounds on all inputs. An overestima
tion of these bounds reduces the effective network flexibility since fewer basis 
functions are utilized than assumed; the others are wasted in unused regions 
of the input space. 

Fourth, the displacement strategy that guarantees that only p basis func
tions are superimposed and thus avoids the curse of dimensionality comes at 
a price. The CMAC network structure may cause significant approximation 
errors for non-additive functions [50]. Fifth, all network complexity optimiza
tion strategies discussed in Sect. 7.4 cannot really be applied to the CMAC 
because after the selection of p, no further basis functions can be added 
or deleted. Finally, the CMAC with binary basis functions produces a non
differentiable network output. Smoother basis functions such as B-splines of 
higher order can be used, but they slow down training and evaluation times. 

Nevertheless, the relatively short adaptation times and the high evalua
tion speed make CMACs especially interesting for online identification and 
control applications with fast sampling rates. For a more extensive treatment 
of CMAC networks refer to [50, 378]. 

11.4.3 Delaunay Networks 

Another possible extension of conventional look-up tables is so-called scat
tered data look-up tables, which replace the grid-based partitioning of the 
input space by a more flexible strategy that allows an arbitrary distribution 
of the data points. The most common strategy is the Delaunay triangula
tion, which partitions the input space in simplices, i.e., triangles for two
dimensional input spaces; see Fig. 11.31. 

Compared with a grid-based partitioning of the input space, this offers 
the following three major advantages. First, the arbitrary distribution of the 
points allows one to adapt the complexity of the model with respect to the 
data distribution and the process behavior, and weakens the curse of dimen
sionality. Second, the interpolation between the data points can be realized 
linearly since a (hyper )plane can be fitted exactly through the p+ 1 points of a 
simplex for a p-dimensional input space. Third, online adaptation capabilities 
of scattered data look-up tables are superior since points can be arbitrarily 
moved, new points can be generated, and old points can be deleted. This is 
not possible for grid-based look-up tables because the grid structure must be 
maintained. 
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Fig. 11.31. Partitioning of the input space by a grid (left) and by Delaunay tri
angulation (right) 

Compared with conventional look-up tables, Delaunay networks signifi
cantly reduce the memory requirements at the price of higher computational 
effort in training and evaluation. So the tradeoff between these two conflicting 
resources decides which of these two model architectures is more appropri
ate for a specific application. If online adaptation is required and more than 
two input dimensions have to be considered Delaunay networks are clearly 
favorable. 

These features make Delaunay networks especially attractive for auto
mobile and all other applications where severe memory restrictions exist 
and cheap, low performance micro-controllers do not allow the use of more 
sophisticated neural network architectures. An extensive analysis of scat
tered data look-up tables and especially Delaunay networks can be found in 
[346, 379, 385]. 

Although Delaunay networks and other scattered data look-up tables 
overcome some of the drawbacks of conventional grid-based look-up tables, 
they share some important restrictions. The model output is not differentiable 
owing to the piece-wise linear interpolation. Note that smoother interpola
tion rules (or basis functions) would be more computationally demanding 
and thus somewhat against the philosophy of look-up table models. Finally, 
although Delaunay networks are less sensitive to the curse of dimensional
ity with respect to memory requirements, the computational effort for the 
construction of the Delaunay segmentation increases sharply with the input 
dimensionality. Thus the application of these models is also limited to rela
tively low-dimensional problems with, say, p ~ 4. 

11.4.4 Just-in-Time Models 

For an increasing number of real-world processes a huge amount of data is 
gathered in databases by the higher levels of process automation systems. Old 
data from other, identical plants may be available, and new data is collected 
during the operation of the process. So there arises a need for automated 
methods that exploit the information contained in such a huge amount of 
data. For this purpose, so called just-in-time models are a promising alterna
tive to standard models. They are also called instance-based learning or lazy 
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Fig. 11.32. Comparison between the training and evaluation phases in standard 
and just-in-time models 

learning methods in the machine learning terminology. These names char
acterize their main feature: The actual model building phase is postponed 
until the model is needed, i.e., until the model output for a given input is 
requested; before that the data is simply gathered and stored. 

Figure 11.32 illustrates the differences between the application of stan
dard and just-in-time models. Standard models are typically trained offline, 
and for evaluation only the fixed model is used. Thus, all training data is 
processed a priori in a batch-like manner. This can become computationally 
expensive or even impossible for huge amounts of data, and therefore data 
reduction techniques may have to be applied. Another consequence of this 
standard approach is that training is the computationally demanding step, 
while evaluation is very fast. Additionally, online adaptation can be imple
mented, which adapts the model (usually by changing its parameters) during 
the evaluation phase in order to track time-variant behavior of the process. 

For just-in-time models the training phase consists merely of data gather
ing and effective storage in a database. The computationally involved model 
optimization part is performed in the evaluation phase. First, the relevant 
data samples that describe similar operating conditions as the incoming in
put data are searched in the database. This data selection is typically based 
on nearest neighbor ideas; see Fig. 11.33. Next, with these relevant data sam
ples a model is optimized. Finally, this model is used to calculate the output 
for the given input. The GRNN described in Sect. 11.4.1 is a very simple 
representative of a just-in-time model since all data samples are stored in 
the training phase. In the evaluation phase the GRNN computes the model 
output as the weighted average of the neighboring points, i.e., the GRNN is 
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Fig. 11.33. Neighbor selection for just-in-time models. For a given input (marked 
by the cross) the neighboring data samples (filled circles) are used for model op
timization while all others (hollow circles) are ignored. The size of the region of 
relevant data is determined by a tradeoff between noise attenuation on the one 
hand and local approximation accuracy of the model on the other hand. It is in
fluenced by the available amount of data and the strength of nonlinear behavior 
of the modeled process. Large regions are chosen if the local data density is sparse 
and the process behavior is locally almost linear, and vice versa 

a trivial case of just-in-time models because no actual optimization is carried 
out. 

Just-in-time models are only locally valid for the operating condition char
acterized by the current input. Thus, a very simple model structure can be 
chosen, e.g., a linear model; see Chap. 13. It is important to understand that 
the data selection and model optimization phase is carried out individually 
for each incoming input. This allows one to change the model architecture, 
model complexity, and the criteria for data selection online according to the 
current situation. It is possible to take into consideration the available amount 
and quality of data, the state and condition of the plant, and the current con
straints and performance goals. Obviously, just-in-time models are inherently 
adaptive when all online measured data is stored in the database and old data 
is forgotten. 

An example of a just-in-time model is the McLain-type interpolating as
sociative memory system (MIAS) [378,379]. In MIAS a linear local model is 
estimated from the relevant data samples weighted with the inverse of their 
quadratic distance from the input. This can be seen as a just-in-time version 
of the local model approaches discussed in Chap. 13. 

The major drawbacks of just-in-time models are their large memory re
quirements, the high computational effort for evaluation, and all potential 
difficulties that may arise from the online model optimization such as, e.g., 
missing data and guarantee of a certain response time. With increasing pro
cessing capabilities, however, just-in-time models will probably become more 
and more interesting alternatives in the future. 
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Table 11.2. Comparison between MLP and RBF networks 

Properties MLP RBF normalized RBF 

Interpolation behavior + + 
Extrapolation behavior 0 + 
Locality ++ + 
Accuracy ++ 0 0 

Smoothness ++ 0 + 
Sensitivity to noise ++ + + 
Parameter optimization ++*/--** ++* /--** 
Structure optimization + 
Online adaptation + + 
Training speed +* /--** +* /--** 
Evaluation speed + 0 0 

Curse of dimensionality ++ 
Interpretation 0 0 

Incorporation of constraints 0 0 

Incorporation of prior knowledge 0 0 

Usage ++ 0 

* = linear optimization, ** = nonlinear optimization, 
+ + / - - = model properties are very favorable / undesirable. 

11.5 Summary 

Table 11.2 summarizes the advantages and drawbacks of MLP, RBF, and 
normalized RBF networks. Probably the most important lesson learned in 
this chapter is that the curse of dimensionality can be overcome best by 
projection-based mechanisms as applied in MLP networks. However, this 
ridge construction in principle requires time consuming nonlinear optimiza
tion techniques in order to determine the optimal projection directions. This 
computational effort can be avoided by combining unsupervised or heuristic 
learning methods with linear optimization techniques as is typically realized 
for RBF network training. Although the curse of dimensionality is stronger 
than in projection-based approaches, it can be weakened sufficiently in order 
to solve a wide class of real-world problems. The next two chapters intro
duce further strategies for reduction of the curse of dimensionality without 
nonlinear optimization. 

Figure 11.34 gives a rough overview of the memory requirements and 
training efforts for the neural network architectures discussed. It shows that 
there exists a tradeoff between these two properties, which in the ideal case 
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Fig. 11.34. Memory requirement versus training effort for some neural network ar
chitectures. Typically, the training effort corresponds to the amount of information 
compression and thus is inversely proportional to the number of parameters 

would both be small. Linear models are the only exception from this rule, 
but they are not able to represent any nonlinear behavior. 

Note that this diagram gives only a crude idea of the characteristics of the 
networks. For a more detailed analysis the specific training strategies would 
have to be taken into account. For example, an RBF network with grid-based 
center selection would be positioned closer to the lower right corner, while 
an RBF network trained with nonlinear optimization would be closer to the 
upper left corner and thereby would overtake a RAWN (MLP with fixed 
hidden layer weights). 
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12. Fuzzy and Neuro-Fuzzy Models 

This chapter first gives a short introduction to fuzzy logic and fuzzy systems, 
and then concentrates on methods for learning fuzzy models from data. These 
approaches are commonly referred to as neura-fuzzy networks since they ex
ploit some links between fuzzy systems and neural networks. Within this 
chapter only one architecture of neura-fuzzy networks is considered, the sa
called singleton approach. Neura-fuzzy networks based on local linear models 
are extensively treated in the next two chapters. 

This chapter is organized as follows. Section 12.1 gives a brief introduction 
to fuzzy logic. Different types of fuzzy systems are discussed in Sect. 12.2. The 
links between fuzzy systems and neural networks and the optimization of such 
neura-fuzzy networks from data are extensively treated in Sect. 12.3. Some 
advanced neura-fuzzy learning schemes are reviewed in Sect. 12.4. Finally, 
Sect. 12.5 summarizes the essential results. 

12.1 Fuzzy Logic 

Fuzzy logic was invented by Zadeh in 1965 [409] as an extension of Boolean 
logic. While classical logic assigns to a variable either the value 1 for "true" 
or the value "0" for "false," fuzzy logic allows one to assign to a variable 
any value in the interval [0, 1]. This extension is motivated by the obser
vation that humans often think and communicate in a vague and uncertain 
way - partly because of insufficient information, partly due to human na
ture. There exist many possible ways to deal with such imprecise statements; 
perhaps the most obvious one is by using probabilities. However, in order to 
deal with such statements in a rule-based form new approximate reasoning 
mechanisms based on fuzzy logic had to be developed [410]. This chapter 
introduces fuzzy logic and approximate reasoning mechanisms only so far 
as they are necessary for a clear understanding of fuzzy and neura-fuzzy 
models. For more information on the fundamentals of fuzzy logic refer to 
[14,39, 74, 75, 180,200,205,218,224,225,244,300,314,413]. A collection 
of the fuzzy logic terminology is given in [27]. 

In order to illustrate how fuzzy logic works, a simple example will be 
introduced. Fuzzy logic allows one to express and process relationships in 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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form of rules. For example, the following rule formulates the well-known wind
chill effect, i.e., the temperature a person senses does not depend solely on 
the true environment temperature but also on the wind: 

IF temperature = low AND wind = strong THEN sensation = very cold 

where the components of this rule are denoted as: 

temperature, wind, sensation 
low, strong, very cold 
AND 
temperature = low, wind = strong 
temperature = low AND wind = strong 
sensation = very cold 

linguistic variables, 
linguistic terms / labels, 
operator, here: conjunction, 
linguistic statements, 
premise, 
consequent. 

The linguistic variables temperature and wind are often simply denoted 
as inputs and the linguistic variable sensation as output. With a complete 
set of rules all combinations of temperature and wind can be covered: 

Rl : IF temp. = low AND wind = strong THEN sens. = very cold 

R2 : IF temp. = medium AND wind = strong THEN sens. = cold 

R3 : IF temp. = high AND wind = strong THEN sens. = medium 

R4 : IF temp. = low AND wind = weak THEN sens. = cold 

Rs : IF temp. = medium AND wind = weak THEN sens. = medium 

R6 : IF temp. = high AND wind = weak THEN sens. = warm. 

The overall number of rules (here 6) depends on the chosen fineness or 
resolution of the fuzzy sets. Clearly, the accuracy of the fuzzy system de
pends on this property, which is called granularity. It can be shown that a 
fuzzy system can approximate any smooth input/output relationship to an 
arbitrary degree of accuracy if the granularity is decreased; in other words 
fuzzy systems are universal approximators [212, 396]. 

The components of fuzzy rules are briefly discussed in the following. 

12.1.1 Membership Functions 

In fuzzy rules the linguistic variables are expressed in the form of fuzzy sets. 
In the above example, the linguistic input variables temperature and wind 
are labeled by the linguistic terms low, medium, high and weak, strong. These 
linguistic terms are defined by their associated membership functions (MSFs). 
Figure 12.1 shows a possible definition of these membership functions. These 
MSFs define the degree of membership of a specific temperature or wind 
to the fuzzy sets, e.g., the temperature T = 3°C is considered low with 
0.7, medium with 0.3, and high with 0 degree of membership. This procedure, 
which calculates from a crisp input such as T = 3°C the degree of membership 
for the fuzzy sets, is called fuzzification. MSFs are usually functions of a 
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Fig. 12.1. Membership functions for the linguistic variables temperature T (left) 
and wind W (right) 

1l!..T) freezing boiling 
low medium high 1 point point 
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Fig. 12.2. Membership functions can be smooth (left), which reduces information 
loss and is better suited for learning, or they can deteriorate to singletons (right), 
which describes crisp fuzzy sets 

single variable, e.g., J.Li(T) or J.Li(W), where i stands for low, medium, high 
or weak, strong, respectively. So fuzzy systems typically deal with each input 
separately, and the inputs are combined in the rules by logic operators such 
as AND and OR; see Sect. 12.1.2. 

In the fuzzy system only the degrees of membership are further pro
cessed. This can be seen as a nonlinear transformation of the inputs. Often 
information is lost during this procedure. For example, with the MSFs in 
Fig. 12.1 it does not matter whether the temperature is lOoe or 15°e or 
some value in between, because the degrees of membership are not affected. 
Another interesting property of the MSFs in Fig. 12.1 is that they sum up 
to 1, Le., they fulfill the property J.Llow(T) + J.Lmedium(T) + J.Lhigh(T) = 1, and 
J.Lweak(W) + J.Lstrong(W) = 1, or more generally 

M 

LJ.Li(U) = 1 for all u, (12.2) 
i=l 

where M denotes the number of MSFs for the linguistic variable u. Although 
it is not required that the MSFs are normalized this property is often em
ployed because it makes the interpretation easier; see Sect. 12.3.4. 

In Fig. 12.1 the membership functions are of triangular and trapezoidal 
type. As discussed above this leads to an information loss in regions where 
the slope of the MSFs is equal to zero. FUrthermore, these types of MSFs are 
not differentiable, and thus learning from data may run into problems; see 
Sect. 12.3. Alternatively, smoother MSFs such as normalized Gaussians can 
be used, as depicted in Fig. 12.2, to avoid these difficulties. 

Sometimes linguistic terms are not really fuzzy. They are either com
pletely true J.L = 1 or completely false J.L = O. In this case the MSF becomes 
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a rectangle. If it is true for just a single value and false otherwise this deteri
orates to a singleton as demonstrated in Fig. 12.2(right) . Singletons possess 
the value 1 at their position (here at O°C and 100°C) and are equal to 0 
elsewhere. 

After the degrees of membership for each linguistic statement have been 
evaluated, the next step is to combine these values by logic operators such 
as AND and OR. 

12.1.2 Logic Operators 

FUzzy logic operators are an extension of the Boolean operators. This implies 
that fuzzy logic operators are equal to the Boolean ones for the special cases 
where the degrees of membership are only either zero or one. The negation 
operator for a linguistic statement such as T = low is calculated by 

NOT(J-ti(T)) = 1 - J-ti(T). (12.3) 

For the conjunction of two linguistic statements such as T = low and 
W = strong several alternative logic operators exist, the so-called t-norms. 
The most common t-norms are (see Fig. 12.3): 

Min: J-ti(T) AND J-tj(W) = min[J-ti (T),J-tj(W)]. 

Product: J-ti(T) AND J-tj(W) = J-ti(T)J-tj(W). 

Bounded diff.: J-ti(T) AND J-tj(W) = max[O,J-ti(T) + J-tj(W) -1]. 

(12.4a) 

(12.4b) 

(12.4c) 

For the disjunction of two linguistic statements also several alternative 
logic operators exist, the so-called t-conorms. The most common t-conorms 
are: 

Max: J-ti(T) OR J-tj(W) = max[J-ti(T),J-tj(W)]. 

Algebraic sum: J-ti(T) OR J-tj(W) = J-ti(T) + J-tj(W) - J-ti (T)J-tj (W) . 

Bounded sum: J-ti(T) OR J-tj(W) = min[l,J-ti(T) + J-tj(W)] . 

(12.5a) 

(12.5b) 

(12.5c) 

For classification tasks the min and max operators are popular. For ap
proximation and identification tasks the product and algebraic product op
erators are better suited, owing to their smoothness and differentiability. For 

Min Product BOUDded diff=nce 

Fig. 12.3. Illustration of different t-norms (operators for conjunction) 
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12.1 Fuzzy Logic 303 

some neuro-fuzzy learning schemes the bounded difference and sum operators 
offer several advantages. 

All t-norms and t-conorms can be applied to an arbitrarily large number 
of linguistic statements by nesting the operators in either of the following 
ways: 

A AND BAND C = (A AND B) AND C = A AND (B AND C). 

Often, especially for neuro-fuzzy networks, the linguistic statements are 
combined only by AND operators, like the rules R1-R6 in the above example. 
With this conjunctive form all input/ouput relationships can be described 
since disjunctive dependencies can be modeled by the introduction of addi
tional rules. Although the conjunctive form is sufficient, it may not always 
be the most compact or easiest to understand representation. 

12.1.3 Rule Fulfillment 

With the logic operators it is possible to combine the degrees of member
ship of all linguistic statements within the rule premise. For example, the 
temperature may be T = 3°C and the wind W = 11 m/s. This gives the fol
lowing degrees of membership: J-llow(T) = 0.7, J-lmedium(T) = 0.3, J-lhigh(T) = 0, 
J-lweak(W) = 0.4, and J-lstrong(W) = 0.6; see Fig. 12.1. Thus, in rule Rl the con
junction between J-llow(T) = 0.7 and J-lstrong(W) = 0.6 has to be calculated. 
This results in 0.6 for the min operator, 0.42 for the product operator, and 
0.3 for the bounded difference operator. Obviously, the outcome of a fuzzy 
system is strongly dependent on the specific choice of operators. 

The combination of the degrees of membership of all linguistic statements 
is called the degree of rule fulfillment or rule firing strength, since it expresses 
how well a rule premise matches a specific input value (here T = 3°C and 
W = llm/s). 

For the whole fuzzy system only rules with a degree of fulfillment larger 
than zero are relevant. All others are inactive. For strictly local MSFs like 
the triangular ones in Fig. 12.1 only a subset of all rules is activated by an 
input. For example, with the input T = 3°C and W = 11 m/s the rules R3 
and R6 have a zero degree of rule fulfillment because J-lhigh (T) = O. Care must 
be taken that the whole feasible input space is covered by rules in order to 
avoid the situation where all fuzzy rules are inactive. When non-strictly local 
MSFs are chosen, as in Fig. 12.2(left), automatically all rules are active for 
any input, although the degree of rule fulfillment may be arbitrary small. So 
non-covered regions in the input space cannot arise even if the rule set is not 
complete. 

12.1.4 Accumulation 

After the degree of rule fulfillment has been calculated for all rules the con
sequents have to be evaluated and accumulated to generate one output of 
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304 12. Fuzzy and Neuro-Fuzzy Models 

the fuzzy system. Finally, for most applications this fuzzy system output, 
which generally is a fuzzy set, has to be defuzzified in order to obtain one 
crisp output value. Note that defuzzification is not necessary if the output of 
the fuzzy system is used as an input for another fuzzy system (rule chaining 
in hierarchical fuzzy systems) or if it is directly presented to a human. For 
example, the output sensation cannot be easily quantified because it is a 
subjective, qualitative measure, and thus defuzzification to a crisp value is 
not necessarily reasonable. 

Since the exact procedure for these last steps in fuzzy inference depends on 
the specific type of the fuzzy rule consequents, it is described in the following 
section. 

12.2 Types of Fuzzy Systems 

This section presents three different types of fuzzy systems: linguistic, sin
gleton, and Takagi-Sugeno fuzzy systems. For reasons given below only the 
latter two are investigated further in terms of neuro-fuzzy models. The sin
gleton fuzzy models are analyzed in this chapter while Takagi-Sugeno fuzzy 
models are extensively treated in Chaps. 13 and 14. Relational fuzzy systems 
are not discussed; for more information refer to [300]. 

12.2.1 Linguistic Fuzzy Systems 

Linguistic fuzzy systems, also known as Mamdani fuzzy systems [236], possess 
rules in the form 

Ri: IF Ul = Ail AND U2 = Ai2 AND .. . up = A ip THEN Y = Bi , 

where Ul, ••• ,up are the p inputs of the fuzzy system gathered in the input 
vector y, y is the output, the index i = 1, ... , M runs over all M fuzzy rules, 
Aii denotes the fuzzy set used for input ui in rule i, and Bi is the fuzzy 
set used for the output in rule i. The example fuzzy system introduced in 
Sect. 12.1 is of this type. A comparison with this example illustrates that 
typically many Aii are identical for different rules i (the same is valid for the 
Bi). 

On a first sight, such linguistic fuzzy systems are the most appealing be
cause both the inputs and the output are described by linguistic variables. 
However, the analysis of the fuzzy inference will show that quite complex 
computations are necessary for the evaluation of such a linguistic fuzzy sys
tem. The following steps must be carried out: 

Fuzzification -+ Aggregation -+ Activation -+ Accumulation -+ Defuzzification 

The fuzzification uses the MSFs to map crisp inputs to the degrees of 
membership. The aggregation combines the individual linguistic statements 
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12.2 Types of Fuzzy Systems 305 

sensationS output activation of rule R, 

/l,(S) very 
cold cold medium wann 

-1 -0.5 0 0.5 1 S S 

Fig. 12.4. Membership functions for the linguistic variable sensation S (left) and 
the calculation of the output activation (right). The black area represents the output 
activation of rule Rl and is obtained by cutting the output MSF at the degree of 
rule fulfillment 0.42 

to the degree of rule fulfillment. Both steps are identical for all types of fuzzy 
systems discussed here, and have been explained in the previous section. The 
last three steps depend on the fuzzy system type considered. 

In the fuzzification phase the degrees of membership for all linguistic 
statements are calculated. They will be denoted by f..Lij(Uj), i = 1, ... ,M, 
j = 1, ... ,p. 

In the aggregation phase these degrees of membership are combined ac
cording to the fuzzy operators. When the fuzzy system is in conjunctive form 
and the product operator is applied as t-norm the degree of fulfillment of 
rule i becomes 

(12.6) 

In the activation phase these degrees of rule fulfillment are utilized to 
calculate the output activations of the rules. This can, for example, be done 
by cutting the output MSFs at the degree of rule fulfillment, i.e., 

f..Lict(y', y) = min[f..Li(y.), f..Li(Y)], (12.7) 

where f..Li(Y) is the output MSF belonging to the fuzzy set B i , and f..Li(Y.) is 
the degree of fulfillment for rule i. Figure 12.4 shows output MSFs and the 
output activation of rule Rl of the example in Sect. 12.1.3, where the degree 
of fulfillment of the first rule was 0.42. 

In the accumulation phase the output activations of all rules are joined 
together. This can be done by computing the maximum of all output activa
tions, that is 

(12.8) 

The accumulation yields one fuzzy set, which is the fuzzy output of the fuzzy 
system. If no crisp output is required the inference mechanism stops here. 

Otherwise, a crisp output value can be calculated by a final defuzzification 
step. The most common strategy for extraction of a crisp value from a fuzzy 
set is the center of gravity method, that is, 
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fuzzification aggregation activation accumulation defuuification 

-, 
, "" 
L_r=I ~~/\r 
:~~~--~ 
: y 

max center of 
"I 

L..---'--____ -=-_---'-_---"_--j k p,. "",;. 
AND u., = large THEN y = me<!. y 

u., !.-EJ-~~'" .. -, 
, y 

fuzzy values 

Fig. 12.5. Inference for a linguistic fuzzy system with two inputs and two rules1 

Yrnax 

J Y JLacc('ll., y) dy 
.... Ymin 
y = ::..:y=m=-ax----- (12.9) 

J JLacc('ll., y) dy 
Yrnin 

where JLacc('ll., y) is the fuzzy output set, i.e., the accumulated output activa
tion. 

Other defuzzification methods can yield substantially different results. For 
an extensive comparison refer to [329) . 

Figure 12.5 summarizes the complete inference procedure for linguistic 
fuzzy systems with min and max operators for conjunction and disjunction, 
max operator for the accumulation, and center of gravity defuzzification. 

There are reasons why linguistic fuzzy systems are not pursued further 
here, although they are quite popular. First, the defuzzification according 
to (12.9) is complicated and time-consuming, since the integrals have to be 
solved numerically. Second, in the general case, learning of linguistic fuzzy 
systems is more complex than that of singleton and Takagi-Sugeno fuzzy sys
tems. Usually, the higher complexity does not payoff in terms of significantly 
improved performance. Third, the better interpretability, commonly seen as 
a major advantage of linguistic fuzzy systems, is in some cases questionable, 
as the following simple example demonstrates. 

1 This figure was kindly provided by Martin Fischer, Institute of Automatic Con
trol, TV Darmstadt. 
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12.2 Types of Fuzzy Systems 307 

When human experts are asked to construct a fuzzy rule base with the 
corresponding membership functions, they tend to define output MSFs with 
small widths when they are certain about a relationship, and to define very 
broad output MSFs when they are insecure. This is quite natural, because 
the membership functions express the degree of uncertainty. For example, an 
MSF approaches a singleton as the uncertainty decreases. Unfortunately, the 
output MSFs' widths have just the opposite effect on the fuzzy inference to 
that expected. A larger width gives an MSF a higher weight in the center 
of gravity defuzzification, and thus drives the fuzzy system output toward 
the most uncertain rule activation. To avoid these difficulties additional con
fidences can be introduced for each rule that express the expert's certainty 
about the correctness of the rule [50]. 

12.2.2 Singleton Fuzzy Systems 

The complex defuzzification phase in linguistic fuzzy systems can be simpli
fied considerably by the restriction to singleton output membership functions. 
This also reduces the computational demand for the evaluation and learning 
of the fuzzy system significantly since no integration has to be carried out 
numerically. Therefore, singleton fuzzy systems are most widely applied in 
industry. 

A rule of a singleton fuzzy system has the following form: 

~: IF Ul = Ail AND U2 = Ai2 AND ... up = Aip THEN Y = Si , 

where Si is a real value called the singleton of rule i. It determines the posi
tion of the trivial output MSFj see Fig. 12.2. With such singleton type rules 
several activation, accumulation, and defuzzification methods yield identical 
results. For example, it does not matter whether the singletons are cut at 
or multiplied with the degree of rule fulfillment in the activation calculation. 
In the center of gravity calculation, the integration simplifies to a weighted 
sum since the output MSFs do not overlap. The fuzzy system output can be 
calculated by 

M 

LSi J.ti(Y.) 
ii = .:...i=-:=~,:-__ 

L J.ti(Y.) 
i=l 

(12.10) 

where M denotes the number of rules, and J.ti (y.) is the degree of fulfillment of 
rule i according to (12.6). This means the fuzzy system output is a weighted 
sum of the singletons, where the "weights" are given by the degrees of rule 
fulfillment. The normalization denominator in (12.10) forces the fuzzy system 
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308 12. Fuzzy and Neuro-Fuzzy Models 

Fig. 12.6. A singleton fuzzy system is a special case of a linguistic and of a Takagi
Sugeno fuzzy system 

to a partition of unity. This property holds for all types offuzzy systems, and 
is required for a proper interpretability of the rule consequents. 

Note that the denominator in (12.10) is equal to 1 when the membership 
functions themselves sum up to 1 (see (12.2)), and the rule set is complete. 
The set of rule is called complete, if each combination of all input fuzzy sets 
is represented by one rule premise. Under these conditions, which are often 
fulfilled, the calculation of a singleton fuzzy system further simplifies to 

M 

Y = L Si/.Li(!!). (12.11) 
i=l 

These equations already indicate a close relationship between singleton 
fuzzy systems and normalized radial basis function networks, which is dis
cussed in more detail in Sect. 12.3. In addition, the operation of singleton 
fuzzy systems is identical to grid-based look-up tables; see Sect. 10.3. The 
basis functions in Fig. 10.4 can equivalently be interpreted as MSFs, and the 
weights Wi correspond to the singletons Si. Indeed, a singleton fuzzy system 
is nothing else but a rule-based interpretation of grid-based look-up tables. 
The input MSFs determine the type of interpolation. Triangular MSFs re
sult in linear interpolation; see Fig. 10.4. Smoother MSFs lead to smoother 
interpolation rules. Furthermore, a singleton fuzzy system can be seen as a 
special case of both linguistic and Takagi-Sugeno fuzzy systems, as Fig. 12.6 
illustrates; see also Sect. 12.2.3. 

One drawback of singleton fuzzy systems is that generally each rule pos
sess, its individual singleton as output MSF. This means that there exist as 
many singletons as rules, which makes large fuzzy systems very hard to inter
pret. Alternatively, the singleton fuzzy system can be transformed to a lin
guistic fuzzy system with fewer output MSFs but additional rule confidences. 
The reduced number of MSFs for the output may improve the interpretabil
ity, and the rule confidences introduce additional weights of the rules, which 
retain the fuzzy system's flexibility. In [50) the necessary conditions are given 
that allow a transformation from singleton fuzzy systems to linguistic ones 
with confidences. 
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12.2 Types of Fuzzy Systems 309 

12.2.3 Takagi-Sugeno Fuzzy Systems 

In 1985 Takagi and Sugeno [369] proposed a new type of fuzzy system with 
rules in the following form: 

Ri : IF U1 = Ail AND ... AND up = Aip THEN Y = fi(U1,U2, •.• ,up). 

It can be seen as an extension of singleton fuzzy systems. While singletons 
can still be seen as a special type of MSF, the functions hO are definitely not 
fuzzy sets. Rather, only the premise of Takagi-Sugeno fuzzy systems is really 
linguistically interpretable. Note, however, that this restricted interpretation 
holds only for static models. For modeling of dynamic processes, Takagi
Sugeno fuzzy models possess an excellent interpretation, which is superior to 
most if not all alternative approaches; see Chap. 20. 

If the functions fiO in the rule consequents are trivially chosen as con
stants (Si) a singleton fuzzy system is recovered. This case is often called a 
zero-th order Takagi-Sugeno fuzzy system, since a constant can be seen as 
a zero-th order Taylor series expansion of a function fi(')' Commonly, first 
order Takagi-Sugeno fuzzy systems are applied. This means that the rule 
consequent is a linear function of the inputs: 

(12.12) 

The output of a Takagi-Sugeno fuzzy system can be calculated by 

M 
L fi (y,) I-ti (y,) 
i=1 ii = .:.-::.-:-;----

M 
(12.13) 

L l-ti(yJ 
i=l 

which is a straightforward extension of the singleton fuzzy system output in 
(12.10). Figure 12.7 illustrates the operation of a one-dimensional Takagi
Sugeno fuzzy system with the following two rules: 

R1 : IF u = small THEN y = U 

R2 : IF u = large THEN y = 2u - 0.2 . 

Basically all issues discussed in the context of singleton fuzzy systems in 
the remaining parts of this chapter can be extended to Takagi-Sugeno fuzzy 
systems by replacing Si with WiO + Wil U1 + Wi2U2 + ... + WipUp . However, a 
number of learning methods that are especially tailored for Takagi-Sugeno 
fuzzy systems are further discussed and analyzed in Chaps. 13 and 14. 
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310 12. Fuzzy and Neuro-Fuzzy Models 

12.3 Neuro-Fuzzy (NF) Networks 

This and the subsequent section discuss neuro-fuzzy networks based on sin
gleton fuzzy models. Chapters 13 and 14 focus on Takagi-Sugeno neuro-fuzzy 
models. Neuro-fuzzy networks are fuzzy models that are not solely designed 
by expert knowledge but are at least partly learned from data. The close links 
between fuzzy models and neural networks motivated the first approaches for 
data-driven fuzzy modeling. Typically, the fuzzy model is drawn in a neural 
network structure, and learning methods already established in the neural 
network context are applied to this neuro-fuzzy network. The contemporary 
point of view is that fuzzy models can be directly optimized or learned from 
data without having to be drawn in a neural network structure. Many learning 
methods are applied that have no relationship to neural networks. Neverthe
less, the original name "neuro-fuzzy networks" has survived for all types of 
fuzzy models that are learned from data. 

This section analyzes which components of a singleton fuzzy system can 
be optimized from data, how efficiently this can be performed, and in which 
way the interpretability of the obtained model is affected. Incorporation of 
prior knowledge into and interpretation of fuzzy models are (or should be) 
primary concerns in experimental fuzzy modeling since these are the major 
benefits compared with other model architectures. TypicallXJ there exists a 
tradeoff between interpretability and performance. In order to keep a model 
interpretable, it must be restricted in some way: that is, flexibility has to 
be sacrificed. This drawback can usually be compensated by the incorpora
tion of prior knowledge. If no prior knowledge is available, the application 
of a fuzzy model does not make any sense from the model accuracy point 
of view. However, if accuracy is not the only ultimate goal and rather an 
understanding of the functioning of the process is desired, then fuzzy models 
are an excellent choice. In summary, the two major motivations for the use 
of neuro-fuzzy networks are: 

• Exploitation of prior knowledge. This may allow one to improve the model's 
accuracy, to reduce the requirements on the amount and quality of data, 

a) 

0.8 

Il,O.6 

0.4 

0.2 

°O!;-~'---;;:"'---.:c~.---', 

y, 
o. 

c) 2,---------, 

0.2 0.4 0.6 0.8 1 -0. 0 0.2 0.4 0.6 0.8 1 
u u 

Fig. 12.1. One-dimensional Takagi-Sugeno fuzzy system with two rules: a) mem
bership functions, b) linear functions of both rule consequents, c) fuzzy system 
output (solid) and linear functions (dotted). Note that the denominator in (12.13) 
is equal to 1 since the MSFs already form a partition of unity 
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and to define a model behavior in operating regimes or conditions where 
no data can be measured. 

• Improved understanding of the process. This may allow one to utilize the 
model with higher confidence, especially in safety critical applications, or 
even to extract information about the process that may be helpful with 
regard to a variety of goals. 

12.3.1 Fuzzy Basis Functions 

A singleton fuzzy model can be written in basis function formulation. When 
the fuzzy model is in conjunctive form and the product operator is used as 
t-norm the degrees of rule fulfillment become 

p 

J1-i(yJ = II J1-ij(Uj). (12.15) 
j=1 

Since J1-i (y) combines the information of the one-dimensional MSFs J1-ij (Uj) 
it is also called multidimensional membership function. Figure 12.8 illus
trates how univariate triangular and Gaussian MSFs are combined into two
dimensional MSFs by the product and min operators. As demonstrated in 
Fig. 12.8d, the multidimensional MSFs are only smooth if both the univariate 
MSFs and the logic operator are smooth. 

According to (12.15), fuzzy models with complete rule sets follow the ten
sor product construction mechanism; see Sect. 11.1.3. This means that the 

Fig. 12.8. Construction of multidimensional membership functions: a) triangular 
MSFs with min operator, b) Gaussian MSFs with min operator, c) triangular MSFs 
with product operator, d) Gaussian MSFs with product operator 

co
nt

ro
len

gin
ee

rs
.ir



312 12. Fuzzy and Neuro-Fuzzy Models 

rules realize the basis functions based on the conjunction of all combinations 
of univariate MSFs; see Fig. 11.9. Thus, fuzzy models with complete rule set 
are grid-based and fully underlie the curse of dimensionality. This property 
is obvious because complete fuzzy models with singletons are just rule-based 
interpretations of look-up tables; see Sect. 10.3. However, generally, the mul
tidimensional MSFs ILi(Y) in (12.15) are not directly identical to the basis 
functions. Rather the basis function formulation is (see (12.10)) 

with iJ.(u) = ILi(Y) ,- M 

M 

Y = L SiiJi(Y) (12.16) 
i=l E ILj(Y) 

j=l 

The denominator in (12.16) guarantees that the fuzzy model output is 
always a weighted sum of singletons, where the "weighting factors" iJi(y) 
sum up to 1 for any y. When the fuzzy model has a complete rule set and 
the univariate MSFs form a partition of unity individually for each dimen
sion, then the basis functions iJi(y) naturally form a partition of unity since 
E~l ILj (y) = 1. Otherwise, this normalization denominator enforces basis 
functions iJi(y) that form a partition of unity, which can result in unexpected 
and undesired normalization side effects; see Sect. 12.3.4. 

12.3.2 Equivalence between RBF Networks and Fuzzy Models 

Under some conditions singleton neuro-fuzzy systems are equivalent to nor
malized radial basis function networks [134, 183, 203, 315]. The singletons Si 
correspond to the NRBF network output layer weights Wi. This result can 
be further extended to Takagi-Sugeno neuro-fuzzy systems, which are equiv
alent to local model networks [159]. From the basis function formulation, an 
NRBF network and a singleton neuro-fuzzy model are identical if Gaussian 
MSFs are used and the product operator is applied as t-norm. This follows 
since the product of several univariate Gaussian MSFs is equivalent to one 
multidimensional Gaussian RBF. So for each neuron i the following identity 
holds: 

IT exp (-! (Uj -2Cij )2) = exp (-! t (Uj -2Cij )2) . 
j=l 2 uij 2 j=l uij 

(12.17) 

A neuro-fuzzy neuron with Gaussian MSFs is shown in Fig. 12.9. Com
pared with the RBF neuron in Fig. 11.19, the neuro-fuzzy neuron first pro
cesses each input individually and finally combines them with a t-norm. Al
though for other types of MSFs and logic operators no exact equivalence 
between NRBF and neuro-fuzzy networks holds, a strong similarity is main
tained. 

Two additional restrictions apply to the NRBF network in order to allow 
a reasonable interpretation in terms of a fuzzy system: 
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" t - -<>----+1 

Fig. 12.9. A neuro-fuzzy neuron with Gaussian MSFs 

• The RBFs have to be placed on a grid. In Fig. 12.lOa six RBFs are shown 
that do not lie on a grid. The equivalent neuro-fuzzy model consisting of six 
rules requires six MSFs for each input. Each MSF is used only once, and no 
clear linguistic interpretation is possible because many MSFs are almost 
indistinguishable. Therefore, the NRBF network in Fig. 12.9a does not 
allow a reasonable interpretation in the form of fuzzy rules. A possible way 
out of this dilemma is to merge close MSFs;csee [10] for more details. Note 
that merging of MSFs reduces their number and makes an interpretation 
easier but, of course, loses approximation accuracy . 

• The RBFs have to be axis-orthogonal, i.e., the norm matrix E has to be 
diagonal. Figure 12.lOb illustrates that RBFs with non-axis-orthogonal 
orientation cannot be correctly projected onto the inputs. Again, an inter
pretable fuzzy system can be constructed by the projections at the price 
of reduced accuracy [10]. 

Both the above issues underline the general statement that a tradeoff exists 
between interpretability and approximation accuracy. 

12.3.3 What to Optimize? 

In neuro-fuzzy networks different components can be optimized from data. As 
a general guideline all components that can be determined by prior knowledge 
should not be optimized ("Do not estimate what you already know!" [233]). 
The interplay between interpretation, prior knowledge, and estimation from 
data is discussed in the two next sections. 

Optimization of the Consequent Parameters. The rule consequent pa
rameters correspond to the output weights in the basis function formulation 
and thus are relatively easy to estimate. For a singleton fuzzy model (and 
any Takagi-Sugeno type with linear parameterized hO), these parameters 
are linear. Therefore, they can simply be optimized by a least squares tech
nique; see Chap. 3 and [50, 302, 315]. Note, however, that linear subset selec
tion techniques such as OLS cannot be applied directly; see Sect. 12.4.3 for 
details. 

co
nt

ro
len

gin
ee

rs
.ir



314 12. Fuzzy and Neuro-Fuzzy Models 
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Fig. 12.10. Projection of multidimensional membership functions (RBFs) to uni
variate MSFs: a) If the multidimensional MSFs do not lie on a grid, then generally 
the number of univariate MSFs for each input is equal to the number of rules. 
b) If the multidimensional MSFs are not axis-orthogonally oriented then their pro
jections on the input axes cannot exactly reproduce the original multidimensional 
MSF (RBF) 

Fuzzy models are often optimized according to a philosophy similar to 
that of RBF and NRBF networks. The premise parameters (hidden layer pa
rameters) are fixed on a grid, and only the linear singletons (output layer pa
rameters) are optimized. As demonstrated in Fig. 12.10, determination of the 
premise parameters with clustering techniques causes significant difficulties 
for the interpretation of the resulting rule base, and thus is not recommended 
if the strengths of fuzzy systems in transparency are to be exploited. 

Optimization of the Premise Parameters. The premise parameters are 
those of the input membership functions such as positions and widths. They 
correspond to the hidden layer paraineters in NRBF networks, and are non
linear. They can be optimized by either nonlinear local (Sect. 12.4.1) or non
linear global (Sect. 12.4.2) optimization techniques. For two reasons it is 
much more common to optimize only the rule consequent parameters instead 
of the premise parameters or both. First, optimization of the singletons is a 
linear regression problem, with all its advantages. Second, the input MSFs 
can be interpreted much more easily and thus incorporation of prior knowl
edge is more straightforward. The number and positions of the input MSFs 
directly determine the local flexibility of the neuro-fuzzy model. Their widths 
are responsible for the smoothness of the model. So, optimization of the rule 
premises is recommended only if little prior knowledge is available. 

The question arises whether nonlinear local or global optimization tech
niques should be applied. Global methods, such as genetic algorithms, pre
vent the optimization from becoming trapped in a poor local optimum. The 
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price to be paid is a much higher computational demand. It seems to be 
reasonable to select a global method if the prior knowledge is very vague or 
even not available at all. If, however, the expert-developed input membership 
functions reflect quite accurate knowledge about the process then a solution 
close to this initialization is desired by the user and any global optimization 
approach is not appropriate. In such a case, a local method can start with 
good initial parameter values and will converge quickly. Additional care has 
to be taken to preserve prior knowledge during the optimization procedure; 
see Sect. 12.3.5. No matter how the input membership functions are chosen 
(by prior knowledge or optimized) special care should be taken concerning 
the normalization effects discussed in Sect. 12.3.4. 

Optimization of the Rule Structure. Rule structure optimization is an 
important approach for fuzzy model learning because it allows one to deter
mine the optimal complexity of the fuzzy model, and by that it weakens the 
curse of dimensionality. Only with some kind of rule structure optimization 
are fuzzy models feasible for higher-dimensional mappings. 

Optimizing the rule structure is a combinatorial optimization problem. 
One can try to solve it either by modified linear subset selection schemes 
such as the OLS (Sect. 12.4.3) or by nonlinear global search techniques such 
as GAs (Sect. 12.4.4). Although linear subset selection schemes are much 
more efficient, nonlinear global search methods play a dominating role for 
rule structure selection. This is in contrast to RBF networks, where OLS 
algorithms are commonly applied. The reason for this is the normalization 
denominator in the basis function formulation, which prevents an efficient 
application of standard linear subset selection methods; see Sect. 12.4.3. 

An alternative to direct rule selection is to impose a certain structure 
on the fuzzy model; see Sect. 7.6.2. Common approaches are additive and 
hierarchical fuzzy models; see Sect. 12.4.5 and [232, 319]. 

Optimization of Operators. The optimization of input and output mem
bership functions and the rule base can be combined in various ways. Sec
tion 12.4 introduces some combinations. Depending on the specific applica
tion, a compromise must be found between flexibility of the fuzzy system and 
computational complexity. 

Besides the possibilities already discussed, other components of fuzzy sys
tems can be adapted as well. For example, the defuzzification method can 
be optimized either by choosing the one best suited for the specific applica
tion [329] or by enhancing it with an additional parameter (inference filter) 
[205]. Another possibility is to optimize the fuzzy logic operators. An inter
esting approach is introduced in [272], where the linguistic statements are not 
combined by a pure conjunction or disjunction operator but by an ANDOR 
operator. During training the degree of AND and OR, respectively, is learned 
from data by a neuro-fuzzy network. This provides additionally flexibility but 
raises questions about the interpretability. 

co
nt

ro
len

gin
ee

rs
.ir



316 12. Fuzzy and Neuro-Fuzzy Models 

12.3.4 Interpretation of Neuro-Fuzzy Networks 

The major difference between fuzzy systems and other nonlinear approxi
mators is the possibility of interpretation in terms of rules. Therefore, it is 
of major importance to discuss the circumstances under which a fuzzy sys
tem is really interpretable. Clearly, this depends on the specific application. 
For example, as noted above, Takagi-Sugeno fuzzy systems are easily inter
pretable when applied to the modeling of dynamic processes but they are 
poorly interpretable when applied to static modeling. In spite of the many 
specific application-dependent issues, some general interpretation guidelines 
can be given. Certainly good interpretation does not automatically follow 
from the existence of a rule structure as is sometimes claimed. When opti
mizing fuzzy systems, interpretation issues should always be considered. The 
following factors may influence the interpretability of a fuzzy system: 

• Number of rules: If the number of rules is too large, the fuzzy system can 
hardly be understood by the user. Especially for systems with many in
puts the number of rules often becomes overwhelmingly large if all possible 
combinations of the linguistic statements are realized. Thus, it is often nec
essary to restrict the complexity of the fuzzy model from an interpretation 
point of view. For higher-dimensional mappings this can be realized only 
by discarding the pure grid-based partitioning of the input space, e.g., by 
structural assumptions (Sect. 12.4.5) or by the use of rule premises that 
do not contain all linguistic statement combinations (Sect. 12.4.4). 

• Number of linguistic statements in the rule premise: Rules with premises 
that possess many, say more than three or four, linguistic statements are 
hard to interpret. In human languages most rules include only very few 
linguistic statements even if the total number of inputs relevant for the 
problem is large. These kind of rules can either be realized directly or can 
be generated by introducing "don't care" dummy MSFs. For example, for 
a fuzzy system with five inputs only rules with two linguistic statements 
may be used: 

IF Ul = Ail AND U4 = Ai4 THEN ... 

or equivalently with de = "don't care" fuzzy sets 

IF Ul = Ail AND U2 = de AND U3 = de AND U4 = Ai4 AND U5 = de ... 

• Dimensionality of input fuzzy sets: One way to avoid or at least to reduce 
the difficulties with high-dimensional input spaces and to decrease the num
ber of rules is to work directly with high-dimensional input fuzzy sets; see 
e.g. [217]. These approaches discard the grid-based partitioning of the in
put space that is typical for fuzzy systems. They are equivalent to NRBF 
networks where the centers are not determined by a grid approach. How
ever, it is exactly the conjunction of one-dimensional input fuzzy sets that 
makes a fuzzy system easy to interpret. Multidimensional input fuzzy sets 
with more than two inputs are certainly beyond human imagination. Since 
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the use of multidimensional fuzzy sets does make sense only if they cannot 
be projected to univariate ones, almost any rule based interpretation dis
appears; see Fig. 12.10. Therefore, approaches with multidimensional fuzzy 
sets are discussed in the context of NRBF networks . 

• Ordering of fuzzy sets: Fuzzy sets should be ordered such that, e.g., 
very small is followed by small, which is followed by medium and large etc. 
If a fuzzy system is developed with expert knowledge such an ordering of 
fuzzy sets is intuitive. In a successive optimization procedure, however, this 
ordering can be lost if no precautions are taken; see Sect. 12.3.5. Although 
it is, in principle, possible to re-label the fuzzy sets, this will lead to dif
ficulties in the rule interpretation, and the expert knowledge incorporated 
into the initial fuzzy system may get lost to a large extent . 

• Normalization of input membership functions (partition of unity): Often 
the membership functions are chosen such that they sum up to 1 for each 
input, e.g., a 30 year old person may be considered young with a degree of 
membership of 0.2, be of middle age with 0.7, and old with 0.1. This prop
erty is intuitively appealing. If all membership functions sum up to 1 for 
each input and a complete rule base (all linguistic statement combinations) 
is implemented, it can be shown that the denominator in (12.16) is equal 
to 1. It does not hold if only a subset of the complete rule base is realized. 
The user of rule selection algorithms should always be aware of "strange" 
effects that might be caused by a modified denominator in (12.16). Thus, 
discarding or adding rules may change the fuzzy system in a fashion that 
is not easy to understand. 

a) 

/I, 

There are two ways to achieve normalized input fuzzy sets. One way is to 
choose membership functions that naturally employ this property, such as 
triangles with appropriate slopes. More generally, B-splines of order m can 

1 b) 
I \ ,,- ...... , 

0.8 ' , 0.8 
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I \ I 
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Fig. 12.11. a) Gaussian membership functions with different standard deviations. 
b) Normalized Gaussian membership functions that sum up to 1. The second mem
bership function (solid line) has the largest standard deviation and therefore be
comes dominant for u ~ -00 and u ~ 00. Thus, the normalized membership 
functions become multi-modal and non-local. Rules that include the second mem
bership function do not only influence regions around its center u = 4 but also have 
a dominant effect around u = O. This behavior is usually not expected by the user. 
Note that owing to the normalizing denominator in (12.16) the same effects takes 
place even if the non-normalized membership functions in (a) are used 
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be used [50] . Another way is to normalize arbitrary membership functions, 
e.g., Gaussians. Figure 12.11 shows an undesirable effect that can occur 
if Gaussian membership functions do not have identical width. Owing to 
the normalization, the rules may have non-local influence, which can be 
regarded as a highly unexpected and undesirable property. FUrthermore, 
the basis functions can become multi-modal even when the MSFs were 
uni-modal. Note that if no explicit normalization is performed for all input 
fuzzy sets, this normalization is automatically carried out by the denom
inator in (12.16). Figures 12.12 and 12.13 illustrate that the normaliza-

o. 
"" ,;f o. 
:i o. 

o. 

~I 
eo 

o. 
~o. 

C! 
'I. 0.4 

O. 

! tensor product 

! nonnalization 

Fig. 12.12. Normalization side effects occur when the multidimensional MSFs are 
normalized to obtain the basis functions 
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tion side effects can occur equivalently for non-normalized and normalized 
MSFs. For non-normalized MSFs, they can easily go unnoticed because the 
multidimensional are rarely plotted (and indeed cannot be visualized for 
higher dimensional input spaces). 
As shown in [354] the reactivation of basis functions occurs for input Uj 

when 

go. 
:t o. 

o. 

0.8 

,.:fO.6 

(j.- 0.4 

! nonnalization 

0.2 

O~~r-~~r=~~, 

0.8 

4: o. 
"l0.4 

! normalization 

! tensor product 

Fig. 12.13. Normalization side effects also occur when the univariate MSFs are 
normalized to obtain normalized univariate MSFs. These effects are maintained 
when the tensor product is formed. This result is identical to the one in Fig. 12.12. 
It does not matter in which order the normalization and tensor product operations 
are carried out when the input space is partitioned grid-like and a complete rule 
set is used 
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MSFs b) 
normalized MSFs 

~l-uJ) 
1+---____. 

Fig. 12.14. Reactivation of basis functions occurs if (12.18) is fulfilled [354]: 
a) Gaussian MSFs with different widths, b) normalized MSFs 

(12.18) 

Figure 12.14 illustrates this effect. Consequently, reactivation cannot oc
cur if all MSFs have identical widths. Furthermore, it occurs outside the 
universe of discourse (those regions of the input space that are considered) 
and thus is harmful only for the extrapolation behavior, when the widths 
of the MSFs are chosen according to the distances between the MSFs. 
From the above discussion it seems as if Gaussian and other not strictly 
local MSFs would be inferior to B-splines or other strictly local MSFs,x 
which naturally fulfill the partition of unity property. In terms of normal
ization side effects this is indeed the case. However, only non-strictly local 
MSFs allow a rule structure optimization that results in incomplete rule 
sets. This is due to the fact that discarded rules create holes in the grid 
which are undefined when strictly local MSFs are used. These holes also 
exist when MSFs without strictly compact support are applied, but be
cause all MSFs are everywhere larger than zero these holes are filled by 
interpolation. 

All these issues discussed above impose restrictions on the fuzzy model. 
These restrictions are the price to be paid for the interpretability of fuzzy 
systems. If neuro-fuzzy networks are optimized from data, several constraints 
must be imposed to guarantee the fulfillment of the above issues (Sect. 12.3.5); 
otherwise interpretability of neuro-fuzzy models can fade away the more these 
restrictions are violated. 

12.3.5 Incorporating and Preserving Prior Knowledge 

One issue in the optimization of fuzzy systems that needs more attention 
in future research is how to incorporate prior knowledge into the fuzzy sys
tem and how to preserve it during the optimization procedure. Usually, first a 
fuzzy model (or components of it) is developed by expert knowledge, and sub
sequently an optimization phase follows that will improve the performance of 
the original fuzzy model or complete the missing components based on data. 
The following discussion gives some ideas on this topic. A more extensive 
analysis can be found in [231J. 
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The order of the input membership functions can be considered as hard 
knowledge, that is, it can either be violated or not. This order can be preserved 
by performing a constrained optimization subject to 

Ibj < Clj < C2j < ... < CMij < ubj (12.19) 

for all inputs j = 1, ... ,p, where lbj and ubj represent the lower and up-
per bound respectively of the universe of discourse of input j. IT genetic 
algorithms are applied these constraints can be elegantly incorporated by a 
relative coding, that is, the position of each membership function is coded 
not with its absolute value but as a (always positive) distance from the neigh
boring membership function. 

Further restrictions can be considered as soft knowledge. The expert may 
like to restrict the membership functions in such a way that they do not differ 
"too much" from their initial values chosen by prior knowledge. "Too much" 
is defined in some way by the expert, e.g., by the incorporation of penalty 
terms in the loss function. An interesting approach is suggested in [231]. The 
expert specifies the degree of confidence (certainty) in the prior knowledge 
(assumptions) in the form of fuzzy rules. These rules are then utilized to 
compute the penalty function. 

In [231] it is demonstrated that constrained rather than unconstrained 
optimization may not only lead to an easier interpretation of the fuzzy sys
tem. The performance may be higher as well because a better local optimum 
can be found. Furthermore, fuzzy systems are often overparameterized, i.e., 
have more parameters than can reasonably be estimated from the available 
amount of data (see the discussion of the bias/variance dilemma in Sect. 7.2). 
Constraining the flexibility of such a fuzzy system can be advantageous with 
respect to performance as well, because it has a regularization effect; see 
Sect. 7.5.4. However, in some applications unconstrained optimization of a 
fuzzy system will yield better performance since the constraints may limit 
the flexibility of the fuzzy model too severely; see Sect. 12.4.4 and [353]. 

All constraints impose restrictions on the search space, that is, they re
duce its size. Therefore the rate of convergence of the applied optimization 
technique will usually increase with the number of constraints. 

12.3.6 Simulation Examples 

The approximation example problems already discussed in Sects. 11.2.5 
and 11.3.4 in the context of MLP and RBF networks will be considered here 
again. These examples illustrates the functioning of singleton neuro-fuzzy 
models, which are equivalent to normalized RBF networks; see Sect. 12.3.2. 

The membership functions are equally distributed over the input space 
according to the grid-based approach. Note that the OLS algorithm cannot 
be directly applied to neuro-fuzzy systems as argued in the next section. The 
neuro-fuzzy results shown in Fig. 12.15 are obtained for four and seven rules 
and with membership functions of different widths. They are clearly superior 
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Fig. 12.15. Approximation of the functions y = 1j(u + 0.1) (a, b) and y = 
sin(21ru) + 2u (c, d) with a neuro-fuzzy network with four (a, c) and seven (b, d) 
rules. The standard deviations of the membership functions before normalization 
are chosen equal to 0.1 (left) and 0.2 (right), respectively 
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to the RBF network results obtained with the grid-based center placement 
strategy. The "dips" either do not exist or are at least less pronounced, and 
the sensitivity with respect to the basis function width is significantly smaller. 
Thus, the choice of the membership functions' widths becomes less decisive 
and so this parameter is easier to adjust for the user. Basically, the choice of 
too small a width results only in an approximation behavior that is not very 
smooth. This may be acceptable, while for RBF networks it results in "dips" 
that change the whole characteristic of the approximation, which usually is 
unacceptable. 

12.4 Neuro-Fuzzy Learning Schemes 

This section discusses more sophisticated neuro-fuzzy learning schemes than 
a simple least squares optimization of the singletons. These more complex ap
proaches should be applied only when the simple LS estimation with fixed in
put membership functions does not yield satisfactory results. This is typically 
the case when insufficient prior knowledge is available in order to make a good 
choice for the input MSFs and the rule structure. Also, higher-dimensional 
problems, say p > 3, usually require either structural knowledge or an auto
matic structure search to overcome the curse of dimensionality. 

When combining the optimization of different fuzzy system components, 
two alternative strategies can be distinguished: Several components may be 
optimized simultaneously or separately, e.g., in a nested or staggered proce
dure as suggested in Sects. 12.4.4 and 12.4.5. While the first strategy offers a 
higher flexibility, the second one is more efficient in terms of computational 
demand; see Chap. 5 and Sect. 7.5.5. 

This section is organized as follows. First, some principal features of 
the nonlinear local and global optimization of input MSFs are analyzed. 
In Sect. 12.4.3 the application of an orthogonal least squares algorithm for 
rule structure selection is discussed. Finally, two structure optimization ap
proaches are introduced; one is based on genetic algorithms for rule selection, 
the other builds an additive model structure. 

12.4.1 Nonlinear Local Optimization 

Often it is said that gradient-based methods would require differentiable 
membership functions. This is not quite true, however [231]. For example, 
triangle membership functions are differentiable except at a finite number of 
points. If the gradients at these points are artificially set the derivative of 
one neighboring point or to zero any gradient-based method can be success
fully applied. The only real restriction for the use of gradient-based methods 
is that min- or max-operators should not be applied for realizing the con
and disjunction because they may lead to objective functions with whole 
zero-gradient areas. 
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The gradient for a singleton neuro-fuzzy network can be calculated· as 
follows. The derivative of the neuro-fuzzy network output with respect to the 
ith singleton is (i = 1, ... , M) 

8U _~._~ 
8W i - ,- M • 

~f-Ll 

(12.20) 

1=1 

The derivatives of a neuro-fuzzy network output with respect to its non
linear parameters - the positions and widths of the input MSFs - are more 
complex. The reason for this is that all basis functions depend on all nonlin
ear parameters through the normalization denominator, which contains all 
multidimensional MSFs. The derivative with respect to a nonlinear parame
ter (}ij (can be a position or width) that influences the ith multidimensional 
MSF f-Li is (i = 1, ... , M, j = 1, ... ,p) 

M 

8f-Ld8(}ij ~ (Si - Sl)f-Ll = ______ ~1~=~1~~ __ __ 

8(}ij C~ f-Ll) 2 

8U 
(12.21) 

Usually more than just one multidimensional MSF is affected by a non
linear parameter because they lie on a grid. Then in (12.21) the contributions 
of all affected multidimensional MSFs have to be summed up. 

With univariate Gaussian MSFs, the multidimensional MSFs are 

rrp (1(U.-Ci.)2) ( 1~(U.-Ci.)2) 
f-Li = exp - - 3 2 3 = exp - - L...J 3 2 3 • (12.22) 

j=1 2 O'ij 2 j=1 O'ij 

Thus, the derivative of a neuro-fuzzy network with respect to the jth 
coordinate of the center of the ith rule is (i = 1, ... , M, j = 1, ... ,p) 

8f-Li Ui - Cij 
-8 = 2 f-Li· 

Cij O'ij 
(12.23) 

The derivative of a neuro-fuzzy network with respect to the standard 
deviation in the jth dimension of the ith rule is (i = 1, ... , M, j = 1, ... ,p) 

8f-Li (Ui - Cij)2 
-8 = 3 f-Li· (12.24) 

O'ij O'ij 

Equations (12.23) and (12.24) can be inserted in (12.21) for (}ij = Cij and 
(}ij = O'ij, respectively. 

Since the gradient calculations are so complex, and additional case dis
tinctions have to be made for interval defined MSFs such as B-splines, direct 
search methods that do not require explicit gradients are quite popular for 
nonlinear local optimization of neuro-fuzzy networks; see Sect. 4.3. 
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As Sect. 12.4.4 points out further, the following issues should be taken 
into account when optimizing the input MSFs in order to maintain the in
terpretability of the optimized model: 

• MSFs should not overtake each other during training. 
• MSFs should stay in the universe of discourse. 
• MSFs should be sufficiently distinct in order to be meaningful; otherwise 

they should be merged. 
• MSFs should stay local. 
• Normalization side effects should be kept as small as possible. 

12.4.2 Nonlinear Global Optimization 

Nonlinear global optimization of the input membership function parameters is 
quite common because it is a highly multi-modal problem and the constraints 
can be easily incorporated. However, for many applications the number, po
sitions, and widths of the input MSFs can be chosen by prior knowledge. 
In these cases, a global optimization does not make any sense because the 
desired solution can be expected to be close to the prior knowledge. Rather 
either the chosen input MSFs should be fixed, optimizing only the output 
MSFs and the rule base, or a fine-tuning of the initial settings by a local 
optimization technique should be carried out. 

Therefore, nonlinear global optimization techniques should be mainly ap
plied when very little prior knowledge is available. They are also recom
mended for approaching fuzzy rule structure selection problems and for a 
combined optimization of rule structure and input MSFs. A more detailed 
overview about these approaches is given in Sect. 12.4.4. 

12.4.3 Orthogonal Least Squares Learning 

Linear subset selection with an orthogonal least squares (OLS) algorithm is 
one of the most powerful learning methods for RBF networks; see Sects. 11.3.3 
and 3.4. So it is fair to assume that this also holds for fuzzy models. How
ever, since fuzzy models are (under some conditions) equivalent to normalized 
RBF networks this is not the case. Linear subset selection techniques can
not be directly applied to rule selection in fuzzy systems. The reason lies 
in the normalization denominator in (12.16). This denominator contains the 
contribution of all multidimensional MSFs· computed from the correspond
ing rules. During a possible rule selection procedure the number of selected 
rules changes. Consequently, the denominator in (12.16) changes and thus the 
fuzzy basis functions change. The orthogonalization in the OLS algorithm, 
however, is based on the assumption that the basis functions stay constant. 
This assumption is not fulfilled for fuzzy models. 

The only way in which the OLS algorithm can be applied directly is to 
completely discard any interpretability issues and to fix the denominator 
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as the contribution of all potential (also the non-selected) rules. This ap
proach in [395, 396] is not really a rule selection procedure since all (also 
the non-selected) fuzzy rules have to be evaluated when using the obtained 
fuzzy model. Furthermore, the normalization denominator does not match 
the rule structure, and indeed the obtained approximator is no true fuzzy 
model. These severe drawbacks are partly overcome in [151], where a sec
ond processing phase is suggested in order to restore some interpretability. 
An additional drawback of the approaches in [151, 395, 396] is that they are 
based on multidimensional membership functions without a grid-like parti
tioning of the input space. As Fig. 12.10 demonstrates, a fuzzy system loses 
interpretability with such an approach. 

The following example will illustrate the difficulties encountered in fuzzy 
rule structure selection. A fuzzy model with two inputs !! = [Ul U2]T and 
output y is to be constructed incrementally. Each input will be represented 
by three MSFs, say small, medium, large. Thus, a complete rule set would 
contain nine rules corresponding to all combinations of the MSFs. The nine 
multidimensional MSFs and basis functions are denoted by J1.i(!!) and 4>i(!!) 
with i = 1, ... ,9, where i = 1 represents the combination (Ul = small, 
U2 = small), i = 2 stands for (Ul = small, U2 = medium) and so on. 

A selection procedure will be used to find the, say, three most relevant 
rules out of the set of all nine rules. In the first iteration the following 
nine fuzzy basis functions can be selected (the arguments !! are omitted for 
brevity): 

... , J1.9 4>9 = - = 1 . 
J1.9 

(12.25) 

This means that all basis functions and thus all rules are equivalent as 
long as only a fuzzy model with a single rule is considered. This is a direct 
consequence of the partition of unity property. Therefore, the choice of the 
first rule is arbitrary. It is assumed that (for whatever reason) rule 2 is selected 
in the first iteration. In the second iteration the following eight basis functions 
are available: 

4>1 = J1.1 , 4>3 = J1.2 , ••• , 4>9 = J1.9 (12.26) 
J1.1 + J1.2 J1.2 + J1.3 J1.2 + J1.9 

Owing to the selection of 4>2 in the first iteration, all denominators have 
changed and thus the shape of all basis functions is altered. Now, all eight 
basis functions are different and the most significant one can be chosen, say 
4>9. In the third iteration the following seven basis functions are available: 

J1.1 J1.2 4>1 = , 4>3 = , . .. , 
J1.1 + J1.2 + J1.9 J1.2 + J1.3 + J1.9 

4>s = J1.s . (12.27) 
J1.2+J1.S+J1.9 

Again the character of all basis functions has changed. Note that the same 
is true for the basis functions already selected. These observations have two 
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major consequences. First, the changes of the already selected basis functions 
can make previously important rules superfluous. (This can also happen with 
fixed basis functions, where newly selected basis functions can reduce the rel
evance of previously chosen ones. However, the effect is much more dominant 
when additionally the characteristics of the basis functions change.) Second, 
the change of the basis functions in each iteration prevents the direct ap
plication of the OLS algorithm as described in Sect. 3.4. It is based on an 
orthogonalization of all potential regressors (basis functions) with respect to 
the already selected ones. In a new iteration, the potential regressors are 
only made orthogonal to the newly selected regressor. Orthogonality to all 
previously selected regressors is maintained. This feature makes the OLS so 
computationally efficient. For fuzzy models, however, the change of the ba
sis functions in each iteration destroys this orthogonality. Therefore, in each 
iteration the potential regressors must be orthogonalized with respect to all 
selected regressors. This causes considerable additional computation effort 
compared with the standard OLS. 

Nevertheless in [211] this approach is pursued. The first difficulty is reme
died by the application of an OLS-based stepwise selection scheme that also 
removes insignificant rules in each iteration; see Sect. 3.4. With these tech
niques it is possible to apply linear subset selection to fuzzy models success
fully. The price to be paid is a much higher computational demand, which 
reduces the gap to genetic algorithms or other global search techniques con
siderably. This is the reason for the popularity of global search approaches 
for fuzzy model structure optimization. 

12.4.4 Fuzzy Rule Extraction by a Genetic Algorithm (FUREGA) 

An interesting approach for fuzzy rule extraction by a genetic algorithm 
(FUREGA) is proposed in [279] and extended in [266]. It is based on a genetic 
algorithm for selection of the fuzzy rule structure that avoids the difficulties 
encountered by the OLS or other linear subset selection algorithms as dis
cussed in Sect. 12.4.3. Nested within the GA a least squares optimization of 
the singletons is performed. Optionally, a subsequent nonlinear optimization 
of the input MSFs can be included. 

First, appropriate codings of a fuzzy system for optimization with an 
GA are discussed. Next, a strategy for overcoming or at least weakening the 
curse of dimensionality is proposed. Then a combination of the GA with least 
squares optimization for the singletons and constrained nonlinear optimiza
tion for the input membership functions is introduced. Finally, an application 
example illustrates the operation of FUREGA and demonstrates its effective
ness. 

Coding of the Rule Structure. Figure 12.16 shows how the rule structure 
of a fuzzy system is coded in an individual for the FUREGA approach. Each 
gene represents one rule, where "I" stands for a selected rule, and "0" stands 
for a non-selected rule. For details on GAs refer to Sect. 5.2.2. 

co
nt

ro
len

gin
ee

rs
.ir



328 12. Fuzzy and Neuro-Fuzzy Models 

individual = fuzzy system 

rule 1 ruleM 

Fig. 12.16. Coding of the rule base of a fuzzy system: Each gene corresponds to 
one rule 

A very similar coding of the rule base is applied in [178] for a fuzzy classifi
cation system. Since in [178] two classes have to be distinguished the authors 
propose the following coding: "I" = class A, "-I" = class B, and "0" = 
non-selected. Such an approach requires some extensions of the standard GA 
because each gene has to take more than the standard two realizations: ("-1" , 
"0", "I"). In this case, the mutation operator cannot be simply implemented 
as an inversion. However, it may be modified such that it randomly changes 
each gene to any permitted value. A further extension is made in [154], where 
each gene takes an integer value between "I" and "Mo" that codes the output 
fuzzy set that corresponds to each rule. Thus, both the rule structure and 
the output membership functions are represented by the individual. Such a 
coding is reasonable only for linguistic fuzzy systems because it relies on a 
small number of output fuzzy sets Mo that are shared by several rules. In 
[154] no real structure selection is performed because all rules are used by 
the fuzzy system. This approach, however, could be easily extended to a rule 
selection procedure by using integer values between "0" and "Mo" where "I" 
to "Mo" code the output fuzzy sets and "0" switches off the rule. 

All these co dings share one important property. They represent one rule 
by one gene. This means that the individual's size is equal to the number of 
potential rules. Consequently, the mutation and crossover operators perform 
operations such as switching rules on or off and combining rules from different 
fuzzy systems. Since these operations are meaningful on the fuzzy rule level, 
GAs can be expected to be more efficient than for problems where the bits do 
not possess a direct interpretation; see Sect. 5.2. The choice of an appropriate 
coding is always the crucial step in the application of genetic algorithms. 

Especially for high-dimensional input spaces, the number of potential 
rules M may be huge, compared with the expected number of selected rules 
Ms. Then the evolution process will drive the population toward very sparse 
individuals, i.e., individuals with genes that have a much higher probability 
for "O"s than for "1"s. The evolution pressure toward sparse individuals can 
be supported by a non-symmetric mutation rate that has a higher probability 
to change bits from "I" to "0" than vice versa. 

An alternative coding for such sparse problems is to numerate the poten
tial rules from 1 to M and to represent only the selected Ms rules in each 
individual by its integer number. Two difficulties arise with this kind of cod
ing. First, two subsequent numbers do not necessarily represent related rules. 
Second, either the number of selected rules Ms must be fixed and specified a 
priori, or individuals of variable length have to be handled. 
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So far, only the coding of the rule structure and possibly the output fuzzy 
sets have been discussed. Several authors [146, 154, 293] have proposed opti
mizing the input membership functions by means of a GA as well. While in 
[154] the parameters of the membership functions are coded as integers, in 
[146] and [293] real-value coding is used for parameter optimization. These 
approaches support the views and comments in [69] that binary coding for 
parameters is often not the best choice. As pointed out in [154], the advantage 
of optimizing rule structure and input fuzzy sets simultaneously is that the 
relationship between the rule structure and the input fuzzy sets can be taken 
into account. Both components of a fuzzy system are highly interdependent. 
The price to be paid is a much higher computational effort compared with 
approaches that keep the input fuzzy sets fixed. Therefore, those simulta
neously optimizing approaches seem to be a good choice only if little prior 
knowledge is available. Otherwise, a two-step procedure with separate struc
ture optimization and fuzzy set tuning components as proposed below in the 
paragraph "Constrained Optimization of the Input Membership Functions" 
might be more efficient. 

In all these methods as much a-priori knowledge as possible should be 
incorporated into the fuzzy system. The initial population of the GA should 
contain all available information about rule structure and fuzzy sets. This 
can be done in various ways. If, for example, information about smoothness 
of the underlying function or about the accuracy or importance of the input 
variables is available this can be exploited in order to guess the required num
ber and widths of membership functions. It is shown in [293] that initializing 
the GA with prior knowledge leads to superior results and to much faster 
convergence. 

Certainly, many combinations of the discussed strategies are possible. A 
final evaluation and comparison of all these approaches is open to future 
research. Furthermore, there are some interesting approaches, such as GA
based training of hierarchical fuzzy systems in [232]' that have not been 
discussed here. A vast amount of references on combinations of GAs and 
fuzzy systems can be found in [3, 68]. 

Overcoming the Curse of Dimensionality. For the sake of simplicity, 
the rule extraction process will be demonstrated for a system with only two 
inputs Ul and U2, output y, and three membership functions for each input 
An, ... ,A31 and A12 , ... ,A32 , respectively. The set of all possible conjunctive 
rules from which the extraction process will select the most significant ones 
contains 15 rules, i.e., three rules with Ul in the premise only, three rules 
with U2 in the premise only, and nine rules with all combinations of Ul and 
U2 in the premise. It is important to notice that rules with a reduced number 
of linguistic statements in their premises such as (see Fig. 12.17) 

Rl : IF Ul = A21 THEN Y = ? 

cover the same area as the three rules 
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D IF '" = A,! AND ... - Az2 

IF '" = Al1 AND "1 = A32 .IF ",- Azl 

Fig. 12.17. Rules with a reduced number of linguistic statements cover larger 
regions of the input space and thus help to overcome the curse of dimensionality 

R2 : IF UI = A2I AND U2 = AI2 THEN Y =? 

R3 : IF UI = A2I AND U2 = A22 THEN Y = ? 

R4 : IF UI = A2I AND U2 = A32 THEN Y = ? . 

The singletons "?" will be optimized by a least-squares technique. If the 
singletons of the rules R2, R3, and R4 are almost equivalent, then those 
three rules can be approximated by R I . This is a mechanism to overcome the 
curse of dimensionality. Generally speaking, one rule with just one linguistic 
statement in the premise can cover the same area as MiP - 1 rules with P 
linguistic statements in the premise, where Mi is the number of membership 
functions for each input. Therefore, the number of rules required can be 
drastically reduced, and this reduction effect increases exponentially with the 
input dimension p. For the case of p inputs and Mi membership functions 
per input (of course they are in general allowed to be different in shape and 
number for each input) the number of possible rules is equal to 

M= + ... + (:) Mf (12.29) 

~ 
I ling. statement 2 ling. statements p ling . statements 

Many neuro-fuzzy and GA-based fuzzy models consider only the last term 
of the sum in (12.29), which is dominant for Mi > p. This last term represents 
the number of rules required for a full coverage of the input space with a 
complete rule set containing only rules with p linguistic statements. With the 
proposed approach it is, in principle, possible for the GA to detect whether 
an input Uj is irrelevant, since then Uj will not appear in the optimal rule 
set. 

Under some conditions, a fuzzy system is equivalent to a normalized RBF 
network (see Sect. 12.3.2) if all p linguistic statements appear in all premises. 
It is interesting to ask for an interpretation of premises with less than p 
linguistic statements from the neural network point of view. In [137J so-
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called Gaussian bar units are proposed for radial basis function networks to 
overcome the curse of dimensionality. Those Gaussian bar units correspond 
to p premises with just one linguistic statement as proposed here from the 
fuzzy point of view. This means that the Gaussian bar approach represents 
a special case of fuzzy models with reduced linguistic statements in their 
premises. In [137] experimental results are given to show that this semi-local 
approach is much less sensitive than a pure local method to the curse of 
dimensionality. However, the approach in [137] includes only premises with 
exactly one linguistic statement and is a non-normalized RBF network, i.e., 
gives no rule interpretation. The method presented here allows any number 
of linguistic statements in each rule premise ranging from 1 to p. This enables 
FUREGA to optimize the granularity or coarseness of the fuzzy model. The 
degree of locality decreases as the number of linguistic statements in the 
premises decreases. A rule with one linguistic statement in the premise covers 
IIMi part of the input space; a rule with two linguistic statements in the 
premise covers 11M?, and a rule with p linguistic statements in the premise 
covers only IIMf. Therefore, the GA can also control the degree of locality 
of the fuzzy model for all input regions separately. 

Nested Least Squares Optimization of the Singletons. The philos
ophy behind FUREGA is as follows. It is assumed that enough knowledge 
about smoothness properties and the required resolution for each input vari
able is available in order to specify reasonable values for number, positions, 
and widths of the input membership functions. With these a-priori defined in
put fuzzy sets, rules with all possible combinations of linguistic statements are 
computed, following the reduced linguistic statements strategy for overcom
ing the curse of dimensionality, which is described in the previous paragraph. 
The task of rule selection is performed by a GA, while within each fitness 
evaluation the singletons in the rule consequents are estimated from training 
data by a least squares technique; see Chap. 3. 

For rule extraction, all possible rules are coded in a binary string. The 
length of this binary string is equal to the number of all possible rules. Se
lected rules are represented by setting the corresponding gene to "1," while 
non-selected rules are symbolized by a "0". Thus, the number of "1"s in each 
binary string is equal to the number of selected rules. For the examples pre
sented in the following, a population size of 30 and a crossover probability 
of 0.9 was used. The mutation rate was determined not for each bit, but for 
each individual. Each rule set on average was mutated with a probability of 
0.2. The mutation probability can be calculated by dividing the individual 
mutation probability by the number of possible rules M. As selection method 
the roulette wheel selection was chosen. 

The fitness of each individual was evaluated in the following way. First, 
the rules are extracted from the binary string by finding the rule numbers that 
are set to "1." For these rules, a least squares optimization of the singletons 
is performed. Then the normalized mean square error of this fuzzy system is 
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evaluated. A penalty function that is proportional to the number of selected 
rules is added as well as another penalty function for singletons that have no 
physical meaning because they violate output constraints. The inverse of this 
loss function value is the fitness of the corresponding rule set. The penalty 
factor that determines how strongly large rule sets should be penalized is 
chosen by the user. Large penalty factors will lead to small rule sets, while 
small penalty factors will lead to large rule sets. The penalty for the singletons 
is calculated in the following way: A range is given for every output by the 
minimum and maximum values of the corresponding output data. This range 
is expanded by a factor determined by the user. In the following this factor is 
chosen equal to 1.2, so that the singletons are allowed to exceed the output 
range by ±20%. Singletons that exceed these bounds automatically introduce 
an additional penalty term. This penalty term is equal to the distance of the 
singletons from the violated bound. This procedure ensures the conformity 
of the learned structure with the given data. 

Although a least squares optimization for each fitness evaluation is time
consuming, that approach guarantees a linear optimized fuzzy rule set for 
each individual and therefore leads to fast convergence. Coding the single
ton positions within the GA would ignore the information about the linear 
dependency of the model output on these parameters. In order to further 
accelerate the fitness evaluation, a maximum number of rules can be deter
mined by the user. Rule sets with a larger number of selected rules than this 
maximum are not optimized by least squares. Owing to the cubic complexity 
of the least squares optimization this strategy saves a considerable amount 
of computation time. Instead, a low fitness value is returned. The GA will 
find a good or even the optimal rule set corresponding to the penalty value 
with a rule set size between one and the maximum number of rules. 

Constrained Optimization of the Input Membership Functions. Af
ter selecting the significant rules out of the set of all possible rules by a 
GA, in a second step the input membership functions are optimized. This 
is done by sequential quadratic programming (SQP), a nonlinear gradient
based constrained optimization technique, with an embedded least squares 
(LS) optimization of output fuzzy sets (singletons). Figure 12.18 illustrates 
the strategy behind FUREGA. The motivation behind this approach is to 
apply those optimization techniques that are most efficient for the specific 
task. That is (in the opinion of the author) a GA for the solution of the 
combinatorial rule selection problem, a nonlinear local constrained optimiza
tion technique for the optimization of the input membership functions, and 
a linear least squares technique for determining the output MSFs. 

As input membership functions, normalized Gaussians are chosen since 
they guarantee a smooth and differentiable approximation behavior. In order 
to tune the input MSFs, a nonlinear optimization problem has to be solved. 
The parameters of the optimization are the centers and widths (standard 
deviations) of the Gaussian MSFs. If the approximation quality is the only 
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initialization 

prior Il1Iowkdge: nUlllber. poIitiaDa 

IIId widlbs of input membership 
fimctioua tOr each input nriable 

preproces.sing 

CODSIruction of poII:DIial 
rules with all pouib1c 
Hnguistic staIemeDt combinaIioos 

1. phase 

OA forru1e se1ecIiOll 

I LS for singletons I 
2. phase 

SQP for input fuzzy sets 

I LS for singletons I 
Fig. 12.18. Scheme of FUREGA. In a first phase a GA selects the significant rules 
for fixed input membership functions. In a subsequent second phase these MSFs 
are optimized by SQP, a constrained nonlinear local optimization technique, for the 
selected rule base. In both nonlinear search techniques, the GA and SQP, an LS 
optimization of the singletons is nested 

objective of optimization, the search space of the parameters to be optimized 
is not limited. Although a good approximation quality can be expected for 
such an approach, the interpretability of the fuzzy rules may get lost. This is 
due to the fact that if the range of the MSFs is not restricted, often widely 
overlapping MSFs give good numerical results. Fuzzy membership functions 
as shown in Fig. 12.21b can result. They lack any physical interpretation, 
and the locality is lost. To avoid this, different kinds of constraints should 
be imposed on the optimization: equality constraints, inequality constraints, 
and parameter bounds. Another strategy is to add a penalty measure to 
the objective function. However, this normally reduces the efficiency of the 
optimization algorithm [389]. 

In order to efficiently solve this constrained nonlinear optimization prob
lem in which the loss function and the constraints may be nonlinear func
tions of the variables, a sequential quadratic programming (SQP) algorithm 
as presented in [43] is applied; see also Sect. 4.6. It iteratively solves the 
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Kuhn-Tucker equations and builds up second order information for fast con
vergence. 

After the G A has selected the significant rules, the performance of the 
fuzzy system can further be improved by the following strategy: The input 
MSFs are optimized by an SQP algorithm in which a least squares optimiza
tion of the output membership functions is embedded. The loss function of 
the optimization is the normalized mean square error. To prevent a large 
overlap Or even coincidental membership functions, different strategies are 
implemented: 

1. Minimum distance of membership functions: The center of each mem
bership function must have a minimum distance to the centers of the 
adjoining membership functions. 

2. Parameter bounds: The center and the width of each membership func
tion are restricted to a given range. 

3. The sum of the optimized membership functions for each input should be 
around 1: The original membership functions are normalized, i.e., they 
sum up to 1. This is an appealing property that makes human interpre
tation easier. Thus, the squared difference between 1 and the sum of the 
optimized membership functions is integrated. This value is used as a 
penalty, which is weighted with a "sum penalty" factor and then added 
to the objective function. An alternative approach would be to keep the 
input MSFs normalized during optimization so that they automatically 
form a partition of unity. Then, however, normalization side effects be
come mOre likely. 

Strategy 3 has turned out to be the most powerful one in terms of in
terpretation quality but also the most restrictive. To further increase the 
interpretation quality, a penalty factor for the singletons violating the out
put bounds is used; see above. In almost every combination of the different 
strategies, this singleton penalty factor leads to faster convergence of the 
optimization algorithm. 

Application Example. Figure 12.19 shows the relationship of the exhaust
gas pressure to the engine speed and the injection mass for a Diesel engine. 
The 320 (32 x 10) data points have been measured at a Diesel engine test 
stand and are stored in a look-up table. Since the relationship seems to be 
quite smooth, only four (very small, small, high, very high) normalized Gaus
sian membership functions with considerable overlap were placed on each 
input axis. In order to ensure a smooth approximation behavior, the product 
operator is used as the t-nOrm. The resulting rule set contains 24 (4 + 4 + 16) 
possible rules. For a high rule penalty factor FUREGA leads to the following 
rule set of only four rules: 

IF speed = small 

IF speed = high 

THEN exhaust = 1.113 bar 

THEN exhaust = 1.696 bar 
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Fig. 12.19. Measured relationship between exhaust-gas pressure, engine speed and 
injection mass 

Fig. 12.20. Approximation of the characteristic map in Fig. 12.19 with four rules 
selected by FUREGA (left). Approximation after an unconstrained nonlinear opti
mization of the membership functions of these four rules (right) 

IF speed = very small AND injec. = very small THEN exhaust = 1.0l2 bar 

IF speed = very high AND injec. = very high THEN exhaust = 2.566 bar 

It has to be stated clearly that this rule set is the best result obtained dur
ing a few runs of the GA, and it could not always be reached. It is very easy to 
interpret, and has the nice property that the more relevant input engine speed 
is included in all rules, while the less relevant input injection mass appears 
only in two rules in combination with the other input. Figure 12.20{left) shows 
the mapping generated by those four selected fuzzy rules with a normalized 
mean square error of 0.0243, and Fig. 12.21a depicts the corresponding fuzzy 
membership functions for the input engine speed. 

The subsequent tuning of the membership functions by SQP without con
straints leads to a much better normalized mean square error of 0.0018; see 
Fig. 12.21b. The upper curve in Fig. 12.21a-d represents the sum of all mem
bership functions for this input. The approximation quality corresponding to 
the MSFs depicted in Fig. 12.21b is shown in Fig. 12.20. Obviously, with this 
unconstrained optimization, interpretability gets lost because the member-
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~~ ~~ 
1.4 

1.2 
1~ ______ ~mm~ ______ _ 

0.8 very small very high 

c) ~ 
1.4 

engine speed [I/min] 

engine speed [I/min] 

d) ~ 
1.4 

Fig. 12.21. Membership functions for the input engine speed: a) before optimiza
tion, b) after unconstrained nonlinear optimization, c) after nonlinear optimization 
with constraints and a "sum penalty" factor of 0.01, d) as in c but with a "sum 
penalty" factor of 0.1 

Table 12.1. Normalized mean squared errors (NMSE) for fuzzy models trained 
with FUREGAj see Fig. 12.21 

Optimization method 

a) Before nonlinear optimization (GA and LS only) 

b) Unconstrained optimization 

c) Constrained optimization with "sum penalty" factor of 0.01 

d) Constrained optimization with "sum penalty" factor of 0.1 

NMSE 

0.0243 

0.0018 

0.0077 

0.0144 

ship functions small and high lose locality. Furthermore, the optimized sin
gleton for the first rule is at 0.390 bar. This value violates the output range 
of the look-up table, which varies approximately between 1 bar and 2.5 bar. 
Obviously, by balancing very small and large singletons with non-local in
put membership functions, a good overall approximation can be achieved. 
However, a linguistic interpretation is impossible. 

The two remaining Figs. 12.21c-d show examples of the tuned member
ship functions of the input engine speed. All the above listed constraints are 
active. Only the "sum penalty" factor for strategy 3 is varied. Figure 12.21b 
shows the optimized membership functions for a "sum penalty" factor of 0.01. 
The singletons vary between 1.032 bar and 2.542 bar. Figure 12.21d shows the 
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optimized membership functions for a larger "sum penalty" factor of 0.1. Here 
the singletons vary between 1.047bar and 2.537bar. The normalized mean 
square error is 0.0077 and 0.0144, respectively; see Table 12.1. This is a con
siderable improvement compared with the result obtained with the GA only. 
As the range of the singletons and the centers and widths of the Gaussian 
input MSFs show, the fuzzy models obtained by constrained optimization 
are easy to interpret. These results clearly demonstrate that it might be nec
essary to pay for increasing interpretability by decreasing performance. In 
this example, nonlinear optimization without constraints could improve the 
approximation accuracy by a factor of 3.5, while the improvement with con
straints was between 1.8 and 1.3 depending on the sum penalty factor (these 
values correspond to the normalized root mean square error ratios). 

12.4.5 Adaptive Spline Modeling of Observation Data (ASMOD) 

The adaptive spline modeling of observation data (ASMOD) algorithm by 
Kavli [202] can be used for training neuro-fuzzy networks when B-splines 
are used as fuzzy sets. For an extensive treatment refer to [35, 36, 37, 202]. 
The ASMOD algorithm constructs additive model structures; see Sect. 7.4. 
This means that the overall model is a summation of fuzzy submodels. This 
additive structure imposes structural assumptions on the process, and by 
these restrictions the curse of dimensionality can be overcome. In order to 
reduce the restrictions on the model, a very flexible algorithm for model 
structure construction is required. ASMOD fulfills this task. 

ASMOD starts from an initial model (Fig. 12.22a) that can be empty if 
no prior knowledge about the rule base is available. Then the following three 
growing and optionally pruning steps are usually considered during ASMOD 
training: 

1. Add/discard an input variable: As demonstrated in Fig. 12.22b a new 
input variable can be incorporated into the model. 

2. Form/split a tensor product: In order to incorporate correlations between 
two or more inputs, a tensor product can be formed; see Fig. 12.22c. 
Note that the tensor product can also be formed between submodels 
that are already combined by tensor products. If too many, say more 
than three or four, inputs are combined by a tensor product, the curse 
of dimensionality becomes severe owing to the grid-like partitioning. The 
philosophy of ASMOD is based on the observation that such high-order 
tensor products are rarely necessary. 

3. Insert/remove a knot: An additional knot can be incorporated; see 
Fig. 12.22d. This includes an additional MSF for an input variable, and 
thus increases the resolution for this input. 

With these steps, candidate models are built that are accepted if they pass 
a validation test; see Sect. 7.3.1. The exact sequence in which the growing 
and pruning steps are carried out can vary. Typically, first a growing phase 

co
nt

ro
len

gin
ee

rs
.ir



338 12. Fuzzy and Neuro-Fuzzy Models 

.) Initial model b) Aclditioaal input '" 

c) Teosor produc:t for "I and I/o d) KDOt insertion for .., 

Fig. 12.22. Illustration of the growing steps in the ASMOD algorithm: a) Starting 
from the initial model, b) an additional input can be incorporated into the model, 
c) two submodels can be combined by a tensor product, d) additional knots can be 
inserted 

is performed, which subsequently carries out the steps 1, 2, and 3. Then a 
pruning phase can be performed in the same sequence. 

The steps 1, 2, and 3 possess the nice property that any more complex 
model obtained through a growing step can exactly reproduce the simpler 
model. This guarantees that any growing step improves the model's perfor
mance as long the bias error dominates, i.e., no overfitting occurs. A possible 
fourth growing and pruning step is usually not applied which changes the 
order of the B-splines, that is, the polynomial order of the MSFs [37, 202]. 

An appealing property of additive models is that linear parameterized 
submodels can still be optimized by linear least squares techniques. Since 
the input MSFs and the rule structure are fixed a priori and/or manipu
lated by the ASMOD algorithm, only the output MSFs (the singletons) re
main to be optimized. This can be carried out by LS or, for large structures, 
where the complexity of LS may become too high, by an iterative conjugate 
gradient algorithm [37, 202]. Furthermore, each candidate model generated 
during training can be trained on the current residuals following the stag
gered optimization approach instead of re-estimating all model parameters; 
see Sect. 7.5.5. This simplification is successful since growing steps incorpo
rate components that are almost orthogonal to the existing submodels; see 
Fig. 3.9 in Sect. 3.1.3. 

Finally, it is important to analyze some interpretability issues. Owing to 
the additive structure, ASMOD does not really generate fuzzy models. So 
no direct interpretation in the form of rules exists. It is possible, however, 
to analyze each of the submodels individually as a fuzzy model. Although 
this allows one to gain some insights, the overall effect of each submodel is 
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obscure for the user. It can happen, for example, that two submodels with 
an almost opposite effect are generated. Then tiny differences between these 
two submodels may decide whether an overall effect is positive or negative. 
Since fuzzy models usually support only a coarse interpretation, the overall 
effect cannot be assessed by roughly examining the submodels. Therefore, 
additive models are not really interpretable in terms of fuzzy rules. However, 
the additive structure offers other advantages (independent of the realization 
of the submodels) in terms of interpretability. Typically, high-dimensional 
problems are broken down to lower-dimensional ones. Often only one- and 
two-dimensional (and possibly three-dimensional) submodels are generated 
by ASMOD. These simple submodels can be easily visualized and thus are 
very transparent to the user. This is one of the major advantages of ASMOD 
and other additive structure construction algorithms. 

12.5 Summary 

Fuzzy models allow one to utilize qualitative knowledge in form of rules. 
Three major types of fuzzy systems can be distinguished. Linguistic fuzzy 
systems possess a transparent interface to user because both the input and 
the output variables are described in terms offuzzy sets. In contrast, singleton 
and Takagi-Sugeno fuzzy systems realize their rule output as equations. While 
in singleton fuzzy systems each rule output is a simple constant, Takagi
Sugeno type fuzzy systems use (usually linear) functions of the system inputs. 
Table 12.2 compares the properties of the three types of fuzzy systems. 

Typically, qualitative expert knowledge is not sufficient in order to build 
a fuzzy model with high accuracy. Therefore, often measurement data is 
exploited for fuzzy model identification. Data-driven fuzzy models are com
monly referred to as neuro-fuzzy models or networks. Many combinations of 
expert knowledge and identification methods are possible: from an (almost) 
black box model that is completely trained with data to a fuzzy model that is 
fully specified by an expert with an additional data-driven fine-tuning phase. 
The two main motivations for the application of neuro-fuzzy models are: 

• incorporation of prior knowledge into the model before and during identi
fication; 

• interpretation of the model obtained by identification. 

Only if these issues are explicitly considered can a benefit from the appli
cation of neuro-fuzzy models be expected. A list of criteria for a promising 
employment of fuzzy and neuro-fuzzy models is given in [303]. If these cri
teria are not fulfilled, neuro-fuzzy models usually yield inferior performance 
compared with other nonlinear models such as neural networks. The reason 
for this observation is that a price has to be paid for interpretability. As 
discussed in the Sects. 12.3.2 and 12.3.4, several restrictions and constraints 
must be imposed on the fuzzy model in order to keep it interpretable. The 

co
nt

ro
len

gin
ee

rs
.ir



340 12. Fuzzy and Neuro-Fuzzy Models 

Table 12.2. Comparison between linguistic neuro-fuzzy models, neuro-fuzzy mod
els with singletons, and those of Takagi-Sugeno type 

Properties Linguistic Singleton Takagi-Sugeno 

Interpolation behavior 0 + 0 

Extrapolation behavior + + ++ 
Locality 0 + + 
Accuracy 0 ++ 
Smoothness + + 0 

Sensitivity to noise + + ++ 
Parameter optimization ++* /--** ++* /--** 
Structure optimization 0 ++ 
Online adaptation + ++ 
Training speed +* /--** ++* /--** 
Evaluation speed 

Curse of dimensionality 0 

Interpretation ++ + 0 

Incorporation of constraints 0 0 0 

Incorporation of prior knowledge + 0 0 

Usage + ++ 0 

* = linear optimization, ** = nonlinear optimization, 
+ + / - - = model properties are very favorable / undesirable. 

most severe example for this is probably the grid-like partitioning of the input 
space, which is required to obtain linguistically meaningful univariate mem
bership functions. All restrictions and constraints reduce the approximation 
capabilities of the neuro-fuzzy model in comparison with a normalized RBF 
network. 
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13. Local Linear Neuro-Fuzzy Models: 
Fundamentals 

This chapter deals with local linear neuro-fuzzy models, also referred to as 
Takagi-Sugeno fuzzy models, and appropriate algorithms for their identifica
tion from data. The local linear modeling approach is based on a divide-and
conquer strategy. A complex modeling problem is divided into a number of 
smaller and thus simpler subproblems, which are solved (almost) indepen
dently by identifying simple, e.g., linear, models. The most important factor 
for the success of such an approach is the division strategy for the original 
complex problem. Therefore, the properties of local linear neuro-fuzzy mod
els crucially depend on the applied construction algorithm that implements a 
certain division strategy. This chapter focuses on the local linear model tree 
(LOLIMOT) algorithm proposed by Nelles [267, 271, 286]. 

The basic principles of local linear neuro-fuzzy models have been more 
or less independently developed in different disciplines in the context of neu
ral networks, fuzzy logic, statistics, and artificial intelligence with different 
names such as local model networks, Takagi-Sugeno fuzzy models, operating 
regime based models, piecewise models, and local regression [192]. There are 
also close links to multiple model, mixtures of experts, and gain scheduling 
approaches. In [192] Johansen and Murray-Smith give a nice overview of the 
various existing approaches. The local modeling approaches can be distin
guished according to the manner in which they combine the local models. 
Here only the soft partitioning strategies that, e.g., arise from a fuzzy logic 
formulation are discussed. Other strategies are hard switching between the 
local models [32, 149, 261, 289, 304, 305, 312], utilizing finite state automata 
that generate a continuous/discrete state hybrid system [135, 243, 412], and 
probabilistic approaches [179, 196, 377]. 

This chapter is organized as follows. Section 13.1 introduces and illustrates 
the basic ideas of local linear neuro-fuzzy models. Sections 13.2 and 13.3 
present and analyze parameter and structure optimization algorithms, re
spectively. The local linear model tree (LOLIMOT) algorithm is pursued in 
the remaining parts. A brief summary is given in Sect. 13.4. Chapter 14 con
tinues this chapter with more advanced aspects. It extends the features of 
local linear neuro-fuzzy models and of the LOLIMOT algorithm. 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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342 13. Local Linear Neuro-Fuzzy Models: Fundamentals 

Fig. 13.1. Network structure of a static local linear neuro-fuzzy model with M 
neurons for p inputs 

13.1 Basic Ideas 

The network structure of a local linear neuro-fuzzy model is depicted in 
Fig. 13.1. Each neuron realizes a local linear model (LLM) and an associated 
validity function that determines the region of validity of the LLM. The 
outputs of the LLMs are l 

(13.1) 

where Wij denote the LLM parameters for neuron i . 
The validity functions form a partition of unity, i.e., they are normalized 

such that 
M 

L 4'i{!!) = 1 (13.2) 
i=l 

for any model input!! = [Ul U2 up]T. This property is necessary for a 
proper interpretation of the 4'i (-) as validity functions because it ensures that 
the contributions of all local linear models sum up to 100%. 

The output of a local linear neuro-fuzzy model becomes 

M 

Y = L~WiO + WilUl + Wi2U2 + .. . + WipUp)" 4'i{!!)' (13.3) 
i=l '" 

Yi 
Thus, the network output is calculated as a weighted sum of the outputs 
of the local linear models where the 4'i{') are interpreted ru: the operating 

1 Strictly speaking, owing to the existence of an offset term, the LLMs are lo
cal affine not local linear. Nevertheless, "local linear models" is the standard 
terminology in the literature. 
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point dependent weighting factors. The network interpolates between differ
ent LLMs with the validity functions. The weights Wij are linear network 
parameters; see Sect. 9.2.2 and 9.3. Their estimation from data is discussed 
in Sect. 13.2. 

The validity functions are typically chosen as normalized Gaussians. If 
these Gaussians are furthermore axis-orthogonal, the validity functions are 

(13.4) 

with 

(13.5) 

The normalized Gaussian validity functions qii(-) depend on the center co
ordinates Cij and the dimension individual standard deviations a ij. These 
parameters are nonlinear; they represent the hidden layer parameters of the 
neural network. Their optimization from data is discussed in Sect. 13.3. The 
validity functions are also called activation functions since they control the 
activity of the LLMs or basis functions in consideration of the basis function 
formulation (9.7) in Sect. 9.3 or interpolation functions or weighting func
tions. 

In the next section, the functioning of local linear neuro-fuzzy models is 
illustrated. Section 13.1.2 addresses some issues concerning the interpretation 
of the offset values WiO in (13.3). In Sect. 13.1.3 the equivalence between 
local linear neuro-fuzzy models and Takagi-Sugeno fuzzy models is analyzed. 
Section 13.1.4 discusses the link to normalized radial basis function (NRBF) 
networks. 

13.1.1 Illustration of Local Linear Neuro-Fuzzy Models 

Figure 13.2 demonstrates the operation of a local linear neuro-fuzzy model. 
The nonlinear function in Fig. 13.2a(left) is to be approximated by a network 
with four neurons. Each neuron represents one local linear model, which is 
shown in Fig. 13.2a(right). Three alternative sets of validity functions are ex
amined. All sets possess the same centers but have different standard devia
tions. Obviously, small standard deviations as in Fig. 13.2b lead to a relatively 
hard switching between the LLMs with a small transition phase. The network 
output becomes non-smooth (although it is still arbitrarily often differen
tiable). A medium value for the standard deviations as in Fig. 13.2c smooths 
the model output. However, if the standard deviation is chosen too high, the 
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<w 

Fig. 13.2. Operation of a local linear neuro-fuzzy model: a) function to be approx
imated (left) and local linear models (right), b) small, c) medium, d) large standard 
deviations of the validity functions 4ii 

validity functions become very wide and their maximum value decreases; see 
Fig. 13.2d. For example, the second validity function in Fig. 13.2d(right) is 
smaller than 0.6 for all inputs u. Consequently, the corresponding local linear 
model contributes always less than 60% to the overall model output. Thus, 
when the validity functions' overlap increases, locality and interpretability 
decreases. 

It is interesting to consider the following two special cases: 

• (j -+ 0: As the standard deviation tends to zero, the validity functions 
become step-like. For any input!! only a single local linear model is active. 
No smooth transition from one LLM to another exists. The overall model 
output is non-continuous and non-differentiable. 
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a) 10 10 

8 

" y, 

---." 
00 0.2 0.4 u 0.6 0.8 0.8 

b) 10 

8 
0.8 

4>,0.6 

0.4 

0.2 

00 0.2 0.4 u 0.6 0.8 00 

Fig. 13.3. Local lineax neuro-fuzzy model compaxable to Fig. 13.2c but with 
equidistant validity functions 

• 0' -t 00: As the standard deviation tends to infinity, the validity functions 
become constant with an amplitude of 11M. All local linear models are 
equally active for all inputs 1!. The overall model output is the average of 
all LLMs and thus it is globally linear. 

Obviously, a compromise between these two cases must be found. Note that 
each validity function possesses its individual standard deviations, and there
fore the tradeoff between smoothness and locality can be performed locally. 

The validity functions in Fig. 13.2 are well positioned. In regions close to 
0, where the curvature of the function to be approximated is high, the ~i are 
placed denser than in regions close to 1, where the function is almost linear. 
For comparison, Fig. 13.3 shows a model with equidistant validity functions. 
Its approximation performance is considerable lower than with the model 
in Fig. 13.2c, which possesses comparable smoothness properties. The two 
LLMs in Fig. 13.3 in the interval 0.5 < u < 1 are very similar and may be 
merged without a significant performance loss. On the other hand, the two 
LLMs in the interval 0 < u < 0.5 are very different and thus allow only a 
rough approximation. It is a major challenge for any identification algorithm 
to automatically construct well positioned validity functions from data. 

Finally, Fig. 13.4 will illustrate how local linear neuro-fuzzy models oper
ate for two inputs. The validity functions become two-dimensional; the LLMs 
become planes. The extension to higher dimensions is straightforward. 
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a) 

1 

c) 

d) 

"I 0 0 

"-
1, 

o 0 

Fig. 13.4. Operation of a local linear neuro-fuzzy model: a) function to be approx
imated (left) and local linear models (right), b) small, c) medium, d) large standard 
deviations of the validity functions Pi 

13.1.2 Interpretation of the Local Linear Model Offsets 

The offsets WiO in (13.3) are not directly interpretable because they are not 
equal to the output of the ith local linear model at the center ~i of the ith 
validity function <Pi, The offsets WiO can even be out of the range of physically 
reasonable values for the output y . In order to be able to interpret the offset 
values directly, the local linear neuro-fuzzy model in (13.3) can be rewritten 
in the following form [217]: 
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Fig. 13.5. Interpretation of the local linear model offsets WiO and WiO for a model 
with a single input Ul 

M 

Y = L (WiO + Wil{Ul - Cit) + ... + Wip{Up - Cip)) ~i{Y) (13.6) 
i=l 

with the new, transformed offsets WiO. Figure 13.5 illustrates the interpreta
tion of these offsets as 

WiO = 1li{y. = ~i) (13.7) 

with Yi as the output of the ith local linear model. The relationship between 
WiO in (13.6) and WiO in (13.3) is as follows: 

(13.8) 

Both formulations in (13.3) and (13.6) are equivalent. However, it is usually 
numerically more robust to utilize (13.6) for parameter estimation since the 
equations become better conditioned; refer to Sect. 13.2 for details on the 
parameter estimation procedure. 

13.1.3 Interpretation as Takagi-Sugeno Fuzzy System 

As shown in [159] under some assumptions the network depicted in Fig. 13.1 
and given by (13.3) is equivalent to a Takagi-Sugeno fuzzy model; see 
Sect. 12.2.3. These assumptions are basically the same as those required for 
an equivalence between an RBF network and singleton fuzzy systems. The 
membership functions (MSFs) must be Gaussian and the product operator 
has to be used for conjunction [159]. If these restrictions do not hold then a 
strong similarity is still preserved. Furthermore, the validity functions should 
be axis-orthogonal in order to allow a projection onto the input axes for which 
the univariate MSFs are defined. Refer to Sect. 12.3.2 for more details. 

Figure 13.6 demonstrates that a Takagi-Sugeno fuzzy system with the 
following three rules describes the model in Fig. 13.4c: 

Rl : IF Ul = small AND U2 = don't care THEN y = W10 + WllUl + W12U2 

R2 : IF Ul = large AND U2 = small THEN y = W20 + W21 Ul + W22U2 

R3 : IF Ul = large AND U2 = large 

This rule base covers the whole input space, although it is not complete, i.e., 
it does not contain a rule for all possible membership function combinations 
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Fig. 13.6. a) By a t-norm (here the product operator) univariate Gaussian MSFs 
JLi j are combined to multidimensional MSFs JLi. b) By normalization, validity func
tions <Pi are obtained from the multidimensional MSFs 

{small/small, small/large, large/small, large/large}. The first rule effectively 
contains only one linguistic statement since the fuzzy set don't care represents 
the whole universe of discourse of input U2. This can be verified by the shape 
of the corresponding validity function in Figure 13.6b. It does depend only on 
UI and is insensitive to U2. Although it is not exactly equivalent {see below} 
this rule can also be interpreted as 

RI : IF UI = small THEN y = WlO + Wl1UI + W12U2. 

With such rules that contain fewer linguistic statements in their premise than 
the number of inputs, the curse of dimensionality {Sect. 7.6.1} can be over
come or at least be weakened. The same strategy is pursued in the FUREGA 
algorithm in Sect. 12.4.4. The rule RI covers the same region of the input 
space as the following two rules in a grid partitioning approach with complete 
rule set: 

RIa: IF UI = small AND U2 = small THEN y = WlaO + Wlal UI + Wla2U2 

RIb: IF UI = small AND U2 = large THEN y = WlbO + Wlbl UI + Wlb2U2. 

In Fig. 13.6 it is demonstrated that a Takagi-Sugeno fuzzy model with uni
variate Gaussian MSFs can yield the validity functions q,i' This relationship 
is also obvious from {13.5}, which builds the multidimensional MSFs from 
the univariate ones. Figure 13.7 illustrates that normalized Gaussian MSFs 
yield very similar but not identical results. The deviation between Fig. 13.7b 
and Fig. 13.6b becomes larger for less uniformly distributed MSFs. Both 
approaches are identical if a complete rule base {full grid partitioning of the 
input space} is used; see Sect. 12.3.1. Consequently, a local linear neuro-fuzzy 
model, which corresponds to a fuzzy system with a complete rule base can be 
interpreted with either Gaussian or normalized Gaussian MSFs. In the first 
case, the normalization is carried out in the defuzzification step {13.4} when 
fuzzy basis functions are calculated; see Sect. 12.3.1. In the second case, the 
normalization is already incorporated into the MSFs themselves. 

In the Takagi-Sugeno fuzzy model interpretation the validity functions 
depend on the centers Cij and standard deviations (Jij of the input MSFs 
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Fig. 13.7. With normalized Gaussian MSFs a similar but not identical result to 
Fig. 13.6b is achieved 

I localliDear i 
under SOme restrictions J Takagi-Sugeno I 

. 1 fuzzy model neuro-fuzzy model 1 
always 

CI CI 

CI 
0 0 

.~ . ., 
.~ 

'1 
5 
'" ::§ j ~ 

.~ .§ 

I 
NRBF t always J singleton 

I networio: 
1 J fuzzy model 
1 under some restrictions "I 

Fig. 13.8. Relationships between local neural networks and fuzzy models 

and on the rule structure. The optimization of the premise structure and 
the premise parameters is discussed in Sect. 13.3. The parameters of the 
local linear models Wij are also called rule consequent parameters, and their 
estimation from data is addressed in Sect. 13.2. 

In the following, the presented model is compared with similar model
ing approaches. Local linear neuro-fuzzy models are (under some conditions) 
equivalent to Takagi-Sugeno fuzzy ~ystems. Analogously, normalized RBF 
networks are (under some conditions) equivalent to singleton fuzzy systems. 
FUrthermore, the local linear neuro-fuzzy and Takagi-Sugeno fuzzy models 
represent extensions of NRBF networks and singleton fuzzy systems, respec
tively. These links are depicted in Fig. 13.8. 

13.1.4 Interpretation as Extended NRBF Network 

Local linear neuro-fuzzy models are a straightforward extension of normalized 
RBF (NRBF) networks (Fig. 13.9); see Sect. 11.3.7. Herewith the normalized 
Gaussian basis functions are weighted with a constant Wio rather than with 
a local linear model WiO + Wil Ul + ... + WipUp ' In other words, a local linear 
neuro-fuzzy model in (13.3) degenerates to an NRBF network if 

Wio ::J 0 and Wi! = Wi2 = ... = W ip = o. (13.12) 

It is interesting to notice that the structure of a local linear neuro-fuzzy 
model can be interpreted in two different ways: 
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a) b) 

Fig. 13.9. Normalized radial basis function (NRBF) network: a) in local model 
network representation, b) in standard NRBF network representation. Note that 
both schemes are equivalent 

• Extension of an NRBF network: The validity functions are weighted with 
their local linear models . 

• Extension of a (global) linear model: The local linear models are weighted 
with their validity functions. 

Both interpretations are correct; they just take a different point of view. 
In Fig. 13.lOa the same function as in Fig. 13.4 is approximated by an 

NRBF network. The standard deviations are chosen comparable to those in 
Fig. 13.4c, which represented a good smoothness tradeoff for the local linear 
neuro-fuzzy model. Because one NRBF network neuron is less flexible than 
one local linear model, 12 instead of 3 neurons are used. Nevertheless the ap
proximation in Fig. 13.lOa is poor. It clearly reveals that the local constant 
models are a much worse local approximation than local linear models. The 
approximation performance of the NRBF network can be enhanced consid
erably if basis functions with wider overlap are chosen. This is illustrated 
in Fig. 13.lOb, where the local constant regions are completely smoothed 
out by the basis functions with large standard deviations. Obviously, the 
optimal basis function overlap is larger for NRBF networks than for local 
linear neuro-fuzzy models. Furthermore, the difference between Fig. 13.IOa 
and 13.lOb is much larger than the difference between Fig. 13.4c and 13.4d. 
Therefore, it can be concluded that NRBF networks are much more sensitive 
with respect to the chosen overlap of the basis functions than are local linear 
neuro-fuzzy models. This fact has important consequences for the design of 
an identification method; see Sect. 13.3. 
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a) 

" y 

o 0 

Fig. 13.10. Approximation of the function in Fig. 13.4 with an NRBF network 
with 12 neurons: a) medium standard deviations, b) large standard deviations 

13.2 Parameter Optimization of the Rule Consequents 

Estimating the local linear model parameters is a linear optimization problem 
under the assumption that the validity functions are known. Throughout this 
section it is assumed that the validity functions are fully specified, i.e., their 
centers and standard deviations are known. In the next section data-driven 
methods for determination of the validity functions are presented. 

Two different approaches for optimization of the local linear model pa
rameters can be distinguished: global and local estimation. While global es
timation represents the straightforward application of the least squares al
gorithm, local estimation neglects the overlap between the validity functions 
in order to exploit the local features of the model [63, 255]. The following 
two subsections introduce both approaches, and Sect. 13.2.3 compares their 
properties. Finally, Sect. 13.2.4 extends this analysis to differently weighted 
data samples. 

13.2.1 Global Estimation 

In the global estimation approach all linear parameters are estimated si
multaneously in a single LS optimization. The parameter vector contains all 
n = M(p+ 1) parameters of the local linear neuro-fuzzy model in (13.3) with 
M neurons and p inputs: 

ill = [WlO Wu ... Wlp W20 W21 ... W2p ... WMO WMI .. . WMp]T.{13.13) 

The associated regression matrix X for N measured data samples becomes 

X = [ X~sub) X~sub) ... xtub) ] (13.14) 

with the regression submatrices ~sub) = 

[ 

4>i(Y(1)) ul(1)4>i(y(1)) u2(1)4>i(y(I)) up(I)4>i(Y(I)) 1 
4>i (~(2)) Ul (2)4>;i (y(2)) U2(2)4>;i (y(2)) ... Up (2)4>;i (y(2)) . 

4>i(y(N)) ul(N)4>i(y(N)) u2(N)4>i(y(N)) ... Up(N)4>i(y(N)) 
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The model output 'D. = [11(1) y(2) ... y(N)]T is then given by 

'D.=Xw. (13.15) 

If the parameters are to be estimated in the form (13.6), where the offsets 
are directly interpretable as operating points, all Uj in X have to be replaced 
by Uj - Ci,j. 

In global estimation, the following loss function is minimized with respect 
to the parameters: 

N 

1= L:e2 (j) ---+ min (13.16) 
j=1 

where e(j) = y(j) - y(j) represent the model errors for data sample 
{!!(j) , y(j)}. 

The globally optimal parameters can be calculated as (for N ~ M(p+ 1» 
(see Sect. 3.1): 

(13.17) 

where y = [y(1) y(2) ... y(N)]T contains the measured process outputs. 
Although the global LS estimation is a very efficient way to optimize 

the rule consequent parameters its computational complexity grows cubically 
with the number of parameters and thus with the number of neurons M: 

(13.18) I 
The local estimation described next offers a much faster way to compute the 
rule consequent parameters. 

13.2.2 Local Estimation 

The idea behind the local estimation2 approach is to consider the optimiza
tion of the rule consequent parameters as individual problems. The param
eters for each local linear model are estimated separately, neglecting the in
teractions between the local models. As discussed below, this increases the 
bias error of the model. The motivation for this approach stems from the 
case u -t 0 in which no interaction between the different local models takes 
place. The output of the model for a given input!! is determined solely by a 

2 In this context, "local" refers to the effect of the parameters on the model; there 
is no relation to the expression "nonlinear local" optimization, where "local" 
refers to the parameter search space. 
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single local linear model, while all others are inactive. In this case the local 
estimation approach is exactly equivalent to the global one. As (j is increased 
the interaction between neighbored local models grows, and the error caused 
by their neglect increases. 

Instead of estimating all n = M(P + 1) parameters simultaneously, as is 
done in the global approach, M separate local estimations are carried out for 
the p + 1 parameters of each local linear model. The parameter vector for 
each of these i = 1, ... , M estimations is 

Wi = [WiO Wi! .•• WiP]T • (13.19) 

The corresponding regression matrices are 

[

1 ul(1) u2(1) ... up(1) 1 
1 ul(2) u2(2) ... up(2) 
... . ... . ... . 
1 ul(N) u2(N) ... up(N) 

(13.20) 

If the parameters are to be estimated in the form (13.6), where the offsets 
are directly interpretable as operating points, all Uj have to be replaced by 
Uj-Cij· 

Note that here the regression matrices of all local linear models i = 
1, ... , M are identical since the entries of Xi do not depend on i. However, 
as discussed in Sect. 14.3, this can be generalized to local models of different 
structure; thus it is helpful to maintain the index i in Xi. A local linear model 
with the output (y. = [Yi(1) Yi(2) ... Yi(N)jT) 

-I 

(13.21) 

is valid only in the region where the associated validity function !l'i(·) is close 
to 1. This will be the case close to the center of !l'i(·). Data in this region is 
highly relevant for the estimation of :lQi. As the validity function decreases 
the data becomes less relevant for the estimation of Wi and more relevant for 
the estimation of the neighboring models. Consequently, it is straightforward 
to apply a weighted least squares optimization where the weighting factors 
are given by the validity function values, i.e., 

N 

Ii = L !l'i(y(j)) e2 (j) -t ~i~ 
j=l -1 

(13.22) 

where e(j) = y(j) - y(j) represent the model errors for data sample 
{y(j), y(j)}. For the extreme case (j -t 0, !l'i(y(j)) is equal to either 0 or 1, 
that is, only a subset of the data is used for the estimation of Wi. For (j > 0 
all data samples are exploited for estimation but those whose validity value 
is close to 0 are virtually ignored. 

With the following diagonal N x N weighting matrix 
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Q
i 
= [(/;j~(I» (/;j~(2» ::: ~ 1 

o 0 ... clii(!!(N» 

(13.23) 

the weighted LS solution for the parameters of the rule consequent i is given 
by (for N ~ p + 1) 

(13.24) I 
This estimate has to be computed successively for all i = 1, ... , M local linear 
models. 

The major advantage of local estimation is its low computational complex
ity. In contrast to global estimation, only p+ 1 parameters must be estimated 
with the local LS optimization independently of the number of neurons. Since 
such a local estimation has to be performed individually for each local linear 
model the computational complexity grows only linearly with the number of 
neurons, that is, 

(13.25) I 

Consequently, the computational effort for the local estimation is significantly 
lower than for the global approach (see (13.18» and this advantage increases 
quadratically (O(M2» with the size ofthe neuro-fuzzy model. The price to 
be paid for this extremely efficient local optimization approach is the intro
duction of a systematic error due to the neglected interaction between the 
local models. It is important to understand the effect of the local estimation 
on the model quality in order to be able to assess the overall performance of 
this approach. 

It is shown in [255, 257] that the local estimation approach increases 
the bias error, that is, the flexibility of the model. On the other hand, as 
expected from the bias/variance dilemma (Sect. 7.2), it reduces the variance 
error. Hence, local estimation reduces the number of effective parameters neff 

of the model although the nominal number of parameters n does not change. 
The number of effective parameters is a measure of the true model flexibility. 
It is smaller than the number of nominal parameters when a regularization 
technique is applied. For more details about the bias error, variance error, 
regularization, and the number of effective parameters refer to Sects. 7.2 
and 7.5. The number of effective parameters for a local linear neuro-fuzzy 
model with local estimation is [257] 

number of effective parameters = neff = trace(~T ~) , (13.26) 
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where 8. is the smoothing matrix of the model that relates the desired outputs 
y to the model outputs fj = 8.y; see Sect. 3.1.8. The smoothing matrix can 
be calculated by the sum of the local smoothing matrices 

M 

8.= L8.i (13.27) 
i=1 

with 

(13.28) 

It can be shown that the number of effective parameters neff of the overall 
model can be decomposed in the sum of the effective parameters of the local 
models neff,i [258, 257]: 

with 

M 

neff = L neff,i 
i=1 

neff,i = 

(13.29) 

(13.30) 

ftrace (QiXi (X;QiXi) -1 X;Q8jXj (XiQjXj) -1 XiQj). 
3=1 

With increasing overlap the number of effective parameters decreases. The 
following two extreme cases can be analyzed: 

• No overlap (u -+ OJ: The validity functions become step-like and the local 
estimation approach becomes equivalent to the global one (no overlap is 
neglected because the overlap is equal to zero). Therefore, the number of 
effective parameters becomes equal to the nominal number of parameters: 

neff = n . (13.31) 

• Full overlap (u -+ oo): The validity functions become constant 4>i(·) = 
11M and thus all local linear models become identical. In fact, M times 
the same local linear models are estimated because all validity functions 
are identical. In (13.30) Qi -+ LIM where I is an N x N identity matrix 
and consequently neff = n 1M. Because the number of parameters for global 
estimation is n = M(P + 1), the number of effective parameters in local 
estimation is identical to the number of parameters of a linear model: 

neff = p+ 1. (13.32) 

Since local estimation decreases the number of effective parameters it 
reduces the degrees of freedom of the model and thus it is a regularization 
technique; see Sect. 7.5. Consequently, the additional bias error that is caused 
by the local estimation may be compensated or even over-compensated by a 
reduction in the variance error. Because of this effect the overall performance 
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of local estimation can be equal to or even higher than for global estimation, 
at least if no explicit regularization technique is used in combination with 
the global approach. 

13.2.3 Global Versus Local Estimation 

A simple example will illustrate the properties of the global and local pa
rameter estimation approaches. The nonlinear function in Fig. 13.11a will be 
approximated by a local linear neuro-fuzzy model with M = 6 neurons and 
equidistantly positioned normalized Gaussian validity functions. As train
ing data 300 equally distributed data samples are generated. Three differ
ent normally distributed, white disturbances with the standard deviations 
O'n = 0, 0.1, 0.3 are considered; see Fig. 13. lla-c. Three different stan
dard deviations for the validity functions 0' = 0.125jM,0.25jM,0.5jM with 
M = 6 are considered; see Fig. 13.12a-c. 

Table 13.1 summarizes the results obtained with global and local estima
tion. Obviously, global and local optimization perform about equally when 
the validity functions have little overlap; see Fig. 13.13. Also, the estimated 
parameters of the local linear models are very similar. However, as the over
lap of the validity functions increases the two approaches behave increasingly 
distinctly. 

For low noise levels, global estimation by far outperforms the local ap
proach, as demonstrated in Fig. 13.14. This effect is intuitively clear, since the 
interaction between the local models that is taken into account by the global 

a) ,----------, 

2 

b) ,--------, 

2 j 

YI r~ ... .1'1: 
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Fig. 13.11. Training data generated from the function y = sin(21l'u) + 2u with 
different noise levels: a) O'n = a, b) Un = a.1, c) Un = a.3 
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Fig. 13.12. Validity functions of the neuro-fuzzy model with different overlaps: 
a) 0' = a.125IM, b) 0' = a.25IM, c) 0' = a.51M with M = 6 
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Table 13.1. Comparison of global and local estimation for different noise levels 
and different overlaps between the validity functions 

100 . RMSE: global I local U = 0.1251M U = 0.251M U = 0.51M 

noise Un = 0.0 2.84 12.85 2.92 I 3.06 0.67 I 3.81 

noise Un = 0.1 3.35 I 3.33 3.39 13.43 2.00 I 3.69 

noise Un = 0.3 6.04 I 5.92 5.94 I 5.69 5.70 I 4.46 

nominal no. of parameters 12 112 12 I 12 12 I 12 

no. of effective parameters 12 I 10.8 12 I 8.4 12 I 5.1 

RMSE = root mean square error 
The mean square error can be calculated as -k E~l e2 (i) if the error e(i) = y(i) -
f)( i) is evaluated on the test data. If the error is evaluated on the training data 
N-~eff E~l e2 (i) has to be used, where neff is the number of effective parameters. 
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Fig. 13.13. The process and model output (left) and the local linear models for 
a) global and b) local estimation (right) with Un = 0 and U = 0.1251M 

estimation becomes stronger for increasing (J'. Local estimation neglects this 
interaction and thus performs much worse. Although the approximation error 
with local estimation is much higher it possesses a significant advantage in 
the interpretation of the model. The local linear models still represent the 
local behavior of the underlying function. By analyzing the LLM parameters 
the user can draw conclusions about the process. This is not the case for 
global estimation, where the individual LLMs do not allow an interpretation. 
For example, the third and fourth LLMs have positive slopes, although the 
process possesses a large negative slope in this region. Only if the interactions 
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Fig. 13.14. The process and model output (left) and the local linear models for 
a) global and b) local estimation (right) with Un = 0 and U = O.5/M 
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Fig. 13.15. The process and model output (left) and the local linear models for 
a) global and b) local estimation (right) with Un = 0.3 and U = 0.5/M 

with the neighboring LLMs are taken into account can information about the 
process behavior be extracted. 

For high noise levels, global estimation may perform more poorly than 
local estimation owing to overfitting effects. The inherent regularization ef
fect in local estimation makes it much less sensitive with respect to noise; see 
Fig. 13.15. So even for widely overlapping validity functions two important 
issues are in favor for local estimation (besides the significantly lower com-
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Fig. 13.16. Dependency of the different properties of global and local estimation on 
the overlap of the validity functions: a) Parameter variance. b) Number of effective 
parameters. The gray shaded area represents the extent of overlap that is typical 
for most applications. c) Ratio of the nominal number of parameters to the number 
of effective parameters 

putational demand): the bettet interpretability and the robustness against 
noise. 

In Fig. 13.16 the regularization effect of local estimation is illustrated. The 
variance of the globally estimated parameters increases sharply (note the log
arithmic scaling) with the overlap of the validity functions; see Fig. 13.16a. 
In contrast, the locally estimated parameter variances even decrease be
cause more data samples are considered with higher weighting factors in the 
weighted LS optimization (13.24) . Figure 13.16b shows the number of effec
tive parameters for different validity function overlaps. For global estimation 
it is constantly equal to 12, while for local estimation it decreases from 12 
(0' ~ 0) to 2 (0' ~ 00) . 

Figure 13.16c shows the ratio of the nominal number of parameters to 
the number of effective parameters for local estimation in dependency of 
the model complexity. Obviously, the regularization effect increases with the 
model complexity. For most applications, medium overlaps are realistic, and 
thus as a rule of thumb the number of effective parameters is 1.5 to 2 times 
less than their nominal number. 

Clearly, the question arises: Which approach is better, global or local 
estimation? The answer depends on the specific problem under consideration, 
but some general guidelines can be given. In terms of computational demand 
the local estimation approach is superior to the global one, and this advantage 
becomes stronger the more complex the neuro-fuzzy model is. In terms of 
performance the global estimation approach is favorable with respect to the 
bias error. It exploits the full model flexibility. Thus, whenever a large amount 
of high quality data is available the global estimation approach should be 
utilized. 

In many (if not most) practical situations, however, the variance error 
plays a dominant role since very flexible nonlinear models are actually over
parameterized. In these cases local estimation can become superior because it 
possesses an inherent regularization effect. It is a nice feature of local estima-
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tion that the strength of the regularization effect is coupled with the overlap 
of the validity functions; see (13.30). Thus, the strength of the regulariza
tion effect is intuitively understandable. Alternatively, the global estimation 
approach can be combined with a user-defined regularization technique to 
obtain a better bias/variance tradeoff. 

Finally, depending on the specific application, many different criteria be
sides the approximation accuracy may be important for a decision between 
the global and the local approach. Often the interpretability of the obtained 
local linear models is a highly relevant issue. As has been demonstrated in 
the above examples, local estimation is strongly advantageous in this respect. 

In summary, local estimation seems to be superior to global estimation in 
most applications. The following benefits can be expected: 

• Fast training: Owing to the significantly lower computational complexity 
of local estimation in (13.25) compared with (13.18), training becomes very 
fast. This advantage increases quadratically with the number of neurons. 

• Regularization effect: The number of effective parameters with local esti
mation is decreased according to (13.30). The conditioning, i.e., the eigen
value spread, of the Hessian of the loss function is smaller and thus the 
parameter variances are reduced. The bias error of the model is increased 
but the variance error is decreased in comparison with global estimation. 
These properties are advantageous when the available training data is noisy 
and/or sparsely distributed, which is always the case for high-dimensional 
input spaces. 

• Interpretation: The locally estimated parameters can be individually in
terpreted as a description of the identified process behavior in the regime 
represented by the corresponding validity function. The parameters of the 
local linear models are not sensitive with respect to the overlap of the va
lidity functions. These properties easily allow one to gain insights into the 
process behavior. Globally estimated parameters can be interpreted only 
by taking the interaction with the neighboring models into account. 

• Online learning: As will be shown in Sect. 14.6 the local estimation ap
proaches offers considerable advantages when applied in a recursive algo
rithm for online learning. Besides the lower computational complexity and 
the improved numerical stability due to the better condition of the Hessian, 
local online learning allows one to solve the so-called stability/plasticity 
dilemma [53]; see Sect. 6.2.6. 

• Higher flexibility: Local estimation permits a wide range of optimization 
approaches that are not feasible with the global estimation approach. For 
example, some local models may be linearly parameterized while others 
are nonlinearly parameterized. Then local estimation allows one to apply 
a linear LS estimation to the first type of local model and a nonlinear 
optimization to the latter one. Another example is the use of differently 
structured local linear models, as will be introduced in Sect. 14.3. Lo
cal estimation allows one to specify and realize individually desired local 
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model complexities. Furthermore, different loss functions can be specified 
individually for each local model. 

13.2.4 Data Weighting 

In practice, the training data that is used for parameter optimization is of
ten not well distributed. For example, the data may be distributed densely 
within a small operating region because the process has been operated at 
one set point for a long time. Since a sum-of-squared-errors loss function 
then accumulates a large number of model errors representing this operating 
region the parameters will be estimated in order to fit the process particu
larly well in this region. Thus, the model tends to specialize in the region in 
which the training data is most dense. Global model architectures are espe
cially sensitive in this respect because all parameters can influence the model 
in the respective region and thus all parameters will be deteriorated. Local 
model architectures cope better with this difficulty; mainly the parameters 
of those local models that are significantly activated in the respective region, 
i.e., !Pi » 0, are affected. 

Nevertheless, Fig. 13.17a demonstrates that some local linear models 
of the neuro-fuzzy model can degenerate significantly because in the white 
marked area the training data is very dense. The training data for this exam
ple consists of 100 equally distributed data samples in [0, 1], and additional 
100 data samples concentrated in the white marked interval. Six local linear 
models with equidistant validity functions are estimated. As a consequence 
of the unequal data distribution, the model accuracy is high in this white 
marked area and declines to the left and right. Two alternative strategies can 
reduce the difficulties occurring with poorly distributed data. One option is 
to discard so much data in the densely covered regions that the emphasis 
vanishes. This of course discards information that might be valuable in or
der to attenuate noise. The second and more sophisticated approach is to 
weight the data for the parameter estimation. This weighting can be chosen 
anti-proportional to the data density in order to compensate for the data 
distribution3 • Figure 13.17b illustrates the effect of this weighting. 

The data weighting matrix 

[ ~ ~ ::: ~ 1 
o 0 ... rN 

R= (13.33) 

weights data sample i with rio The weighted global parameter estimate be-
comes 

w.= (XTRX)-l XTR'}L. (13.34) 

3 Note that an equal data distribution is not always desirable; see Sect. 14.7. 
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o 0.2 0.4 0.6 0 .8 
II II 

Fig. 13.17. Compensation of poorly distributed data by weighting: a) many train
ing data samples are distributed in [0.2, 0.251 (gray shaded area), b) weighting of 
the data can compensate this effect 

In the weighted local parameter estimate the combined weighting factor 
QiR of the data weighting and the validity function values are taken into 
account: 

(13.35) 

13.3 Structure Optimization of the Rule Premises 

The linear parameter estimation approaches discussed in the previous section 
are based on the assumption that the validity functions have already been 
determined a priori. Basically two strategies for determination of the validity 
functions can be distinguished: prior knowledge and structure identification 
from data. The two strategies can also be combined in various ways. 

The number of validity functions and their parameters, the centers Cij 

and the standard deviations (fij, define the partitioning of the input space. 
For example, the three validity functions in Fig. 13.6 partition the input 
space in the three rectangular regions depicted in Fig. 13.18. The extension 
to higher-dimensional input spaces is straightforward; the rectangles just be
come hyperrectangles. When normalized Gaussian validity functions are used, 
their centers Cij determine the centers of the rectangles, and their standard 
deviations (fij determine the extensions of the rectangles in each dimension. 
A proportionality factor kq relates the standard deviations of the validity 
functions to the extensions of the rectangles by 

(fij = kq • .dij . (13.36) 

Via the link to Takagi-Sugeno fuzzy systems the validity functions or the 
partitioning of the input space represent a specific rule premise structure 
with corresponding input membership functions; see Sect. 13.1.3. Thus, the 
determination of the number and the parameters of the validity functions 
completely fixes the number of fuzzy rules, their premise structures, and the 
input MSFs with all their parameters. 
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of 

Fig. 13.18. A unique relationship between the input partitioning and the validity 
functions ~i can be defined. The circles and ellipses represent contour lines of the 
multidimensional membership functions IJi (i.e., before normalization); see Fig. 13.6 

The identification of the validity functions' parameters is a nonlinear op
timization problem. Basically the following strategies exist for determination 
of the parameters; see also [13]: 

• Grid partitioning: The number of input MSFs per input is typically cho
sen by prior knowledge. This approach suffers severely from the curse of 
dimensionality. To weaken its sensitivity to the input space dimensionality, 
the grid can be reduced to the regions where enough data is available (see 
Sect. 11.3.3), or a multiresolution grid can be used [178]. All grid-based 
approaches are restricted to very low-dimensional problems and do not 
exploit the local complexity of the process. 

• Input space clustering: The validity functions are placed according to the 
input data distribution [366]. Since the local process complexity is ignored 
this simple approach usually does not perform well. 

• Nonlinear local optimization: Originally, the input MSFs and the rule con
sequent parameters have been optimized simultaneously. The current state
of-the-art method, however, is to optimize the rule premise parameters by 
nonlinear local optimization and the rule consequent parameters by glob?J. 
least squares in a nested or staggered approach as in ANFIS (adaptive 
neuro-fuzzy inference system) [181, 182, 184]; see also Chap. 4. This ap
proach is computationally expensive but typically yields very accurate re
sults. However, a huge number of parameters is optimized, and overfitting 
often becomes a serious problem. 

• Orthogonal least squares: As for singleton fuzzy systems the OLS algo
rithm can be utilized for subset selection. However, the same severe re
strictions apply owing to the normalization, which changes the regressors 
during their selection [211, 395]; see Sect. 12.4.3. Because of the normal
ization, the OLS cannot unfold its full efficiency, and thus this approach 
is computationally demanding. Furthermore, the fuzzy logic interpretation 
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diminishes since the projection to univariate membership functions is not 
possible; see Sect. 12.3.4. 

• Genetic algorithms: In order to circumvent the difficulties connected with 
the OLS algorithm, genetic algorithms can be applied for structure search 
[26, 372]. Evolutionary algorithms offer a wide spectrum of different ap
proaches. All of them, however, suffer from extremely slow convergence 
compared with the alternative methods; see Chap. 5. 

• Product space clustering: One of the most popular approaches applies the 
Gustafson-Kessel clustering algorithm to find hyperplanes in the product 
space, i.e., the space spanned by [Ul U2 ••• up y]; see Sect. 6.2.3 and [10]. 
More details on product space clustering approaches for the construction 
of local linear neuro-fuzzy models can be found in [10, 15, 14, 139, 217, 260, 
296], [408]. Although product space clustering is a widely applied method 
it suffers from a variety of drawbacks: (i) The computational effort grows 
strongly with the dimensionality of the problem. (ii) The number of clusters 
(i.e., rules) has to be fixed a priori. (iii) For an appropriate model interpre
tation in terms of fuzzy logic the multivariate fuzzy sets must be projected 
with accuracy losses onto univariate membership functions [10, 12]. (Note 
that the more flexible input space partitioning generated by product space 
clustering can also be seen as an advantage of the method as far as approxi
mation capabilities are concerned. It can turn to a drawback only if a fuzzy 
logic interpretation with one-dimensional fuzzy sets is desired.) (iv) The 
rule premises and consequents must depend on the same variables. This is a 
severe restriction, which prevents many advanced concepts such as premise 
or consequent structure optimization or some simple ways to incorporate 
prior knowledge; see Sect. 14.1. (v) The local models are restricted to be 
linear. 

• Heuristic construction algorithms: Probably the most widely applied class 
of algorithms increases the complexity of the local linear neuro-fuzzy model 
during training. They start with a coarse partitioning of the input space 
(typically with a single rule, i.e., a global linear model) and refine the 
model by increasing the resolution of the input space partitioning. These 
approaches can be distinguished into the very flexible strategies, which 
allow an (almost) arbitrary partitioning of the input space [255, 258] or 
the slightly less flexible axis-oblique decomposition strategies [78], on the 
one hand and the axis-orthogonal strategies, which restrict the search to 
rectangular shapes [186, 187, 194, 367, 368, 369] on the other hand. 

In the remaining part of this chapter the local linear model tree (L01l
MOT) algorithm is introduced, extended, and analyzed. It is an axis-ortho
gonal, heuristic, incremental construction algorithm, and thus belongs to the 
last category. LOLIMOT is similar to the strategies in [186, 187, 367, 369] and 
utilizes some ideas from other tree-based structures as proposed in [46, 105, 
168, 196, 290, 318, 331, 332]. The advantages and drawbacks ofthe LOLIMOT 
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algorithm and its extensions over other approaches will be summarized in 
Sect. 13.4 after all features have been introduced. 

13.3.1 Local Linear Model Tree (LOLIMOT) Algorithm 

LOLIMOT is an incremental tree-construction algorithm that partitions the 
input space by axis-orthogonal splits. In each iteration a new rule or local 
linear model (LLM) is added to the model. Thus, LOLIMOT belongs to the 
class of incremental or growing algorithms; see Sect. 7.4. It implements a 
heuristic search for the rule premise structure and avoids a time-consuming 
nonlinear optimization. In each iteration of the algorithm the validity func
tions that correspond to the actual partitioning of the input space are com
puted, as demonstrated in Fig. 13.18, and the corresponding rule consequents 
are optimized by a local weighted least squares technique. The only "fiddle" 
parameter that has to be specified a priori by the user is the proportionality 
factor between the rectangles' extension and the standard deviations. The 
optimal value depends on the specific application, but usually the following 
value gives good results: 

1 
kq = 3' . (13.37) 

This value is also chosen in Fig. 13.6. The standard deviations are calculated 
as follows: 

(13.38) 

where Llij denotes the extension of the hyperrectangle of local model i in 
dimension Uj; see Fig. 13.18. 

The LOLIMOT Algorithm. The LOLIMOT algorithm consists of an 
outer loop in which the rule premise structure is determined and a nested 
inner loop in which the rule consequent parameters are optimized by local 
estimation. 

1. Start with an initial model: Construct the validity functions for the ini
tially given input space partitioning and estimate the LLM parameters 
by the local weighted least squares algorithm. Set M to the initial num
ber of LLMs. IT no input space partitioning is available a priori then set 
M = 1 and start with a single LLM, which in fact is a global linear model 
since its validity function covers the whole input space with !Pl (y) = 1. 

2. Find worst LLM: Calculate a local loss function for each of the i = 
1, ... , M LLMs. The local loss functions can be computed by weighting 
the squared model errors with the degree of validity of the corresponding 
local model according to (13.22): 

N 

Ii = L e2 (j)!pi(y(j)) . (13.39) 
j=l 
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Find the worst performing LLM, that is, m?X(Ii ), and denote l as the , 
index of this worst LLM. 

3. Check all divisions: The LLM l is considered for further refinement. 
The hyperrectangle of this LLM is split into two halves with an axis
orthogonal split. Divisions in all dimension are tried. For each division 
dim = 1, ... ,p the following steps are carried out: 
a) construction of the multidimensional MSFs for both hyperrectanglesj 
b) construction of all validity functions4 j 
c) local estimation of the rule consequent parameters for both newly 

generated LLMs; 
d) calculation of the loss function for the current overall model; see 

Sect. 13.3.2 for more details. 
4. Find best division: The best of the p alternatives checked in Step 3 is 

selected. The validity functions constructed in Step 3a and the LLMs 
optimized in Step 3c are adopted for the model. The number of LLMs is 
incremented M --+ M + 1. 

5. Test for convergence: If the termination criterion is met then stop, else 
go to Step 2. 

For the termination criterion various options exist, e.g., a maximum model 
complexity, that is, a maximum number of LLMs, statistical validation tests, 
or information criteria. These alternatives are discussed in Sect. 7.3. Note 
that the number of effective parameters must be inserted in these termination 
criteria. 

In Step 2 the local sum of squared errors loss function (13.39) and not 
their mean is utilized for the comparison between the LLMs. Consequently, 
LOLIMOT preferably splits LLMs that contain more data samples. Thus, the 
local model quality depends on the training data distribution. This conse
quence is desired because more data allows one to estimate more parameters. 

Note that the parameter estimation in Step 3c can be performed reliably 
only if the number of considered data samples is equal to or higher than the 
number of estimated parameters. For validity functions without overlap the 
following relationship must hold: p+ 1 ~ Nloe, where Nloe denotes the number 
of data samples within the activity region of the estimated local linear model. 
This condition represents the minimum number of data samples ensuring that 
the parameters can be estimated, i.e., XiQiXi in (13.24) is not singular. In 
the case of disturbances, more data is required to attenuate the noise. For 
validity functions with overlap this condition can be generalized to 

N 

p + 1 ~ L ~i(y.(j)), (13.40) 
j=l 

4 This step is necessary because all validity functions are changed slightly by the 
division as a consequence of the common normalization denominator in (13.4). 
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where «Pi(Y) is the validity function associated with the estimated local lin
ear model. It is possible to estimate the parameters with less data than in 
(13.40) owing to the regularization effect of the local estimation approach. 
Nevertheless, (13.40) gives a reasonable bound in practice. 

Figure 13.19 illustrates the operation of the LOLIMOT algorithm in the 
first five iterations for a two-dimensional input space. In particular, two fea
tures make LOLIMOT extremely fast. First, at each iteration not all possible 
LLMs are considered for division. Rather, Step 2 selects only the worst LLM 
whose division most likely yields the highest performance gain. For example, 
in iteration 4 in Fig. 13.19 only LLM 4-4 is considered for further refinement. 
All other LLMs are kept fixed. Second, in Step 3c the local estimation ap
proach allows one to estimate only the parameters of those two LLMs that 
are newly generated by the division. For example, when in iteration 4 in 
Fig. 13.19 the LLM 4-4 is divided into LLM 5-4 and 5-5 the LLMs 4-1, 4-2, 
and 4-3 can be directly passed to the LLMs 5-1, 5-2, and 5-3 in the next 
iteration without any estimation. 

Computational Complexity. The computational complexity of LOLIMOT 
can be assessed as follows. In each iteration the worst performing LLM is di
vided into two halves along p different dimensions. Thus, in each iteration 
the parameters of 2p LLMs have to be estimated, which gives the following 
computational complexity (see (13.25)) 

o (2p(P + 1)3) ~ 0 (2p4) . (13.41) 

It is very remarkable that (13.41) does not depend on the iteration number 
which is a consequence of the local estimation approach. This means that 
LOLIMOT virtually5 does not slow down during training. As a consequence 
even extremely complex models can be constructed efficiently. For the whole 
LOLIMOT algorithm M iterations have to be performed, i.e., 

(13.42) 

Hence, the computational demand grows only linearly with the model com
plexity, that is, with the number of LLMs. This is exceptionally fast. Fur
thermore, the computational demand does not grow exponentially with the 
input dimensionality, which avoids the curse of dimensionality. 

In [186, 187] a more general class of construction algorithms is pro
posed. Instead of selecting the best alternative under all divisions in Step 4, 
the consequences of one division for the next iteration(s) can be examined. 
LOLIMOT can be seen as a one-step-ahead optimal strategy, i.e., only the 
improvement from one iteration to the next iteration is considered. More 
generally, a k-step-ahead optimal strategy can be applied, where the division 

5 Some slow-down effect can be observed because the loss function evaluations in 
(13.39) and Step 3d become more involved as the number of LLMs increases. 
However, for most applications the computational demand is dominated by the 
parameter optimizations, and this slow-down effect can be neglected. 
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Fig. 13.19. Operation of the LOLIMOT structure search algorithm in the first five 
iterations for a two-dimensional input space (p = 2) 

is carried out that yields the best overall model after the next k iterations. If 
the final model should possess M rules, the optimal strategy would be to look 
k = M steps ahead. This, however, would require one to consider and opti
mize all possible model structures with M rules. As pointed out in [186, 187] 
the computational complexity grows exponentially with an increasing predic
tion horizon k. Therefore, only values of k :s 3 are realistically feasible. The 
philosophy pursued here focuses on approaches that allow fast training, and 
therefore LOLIMOT implements k = 1. The price to be paid is possibly a 
suboptimal model structure, which implies that more local linear models are 
needed for the same approximation accuracy. This is an example of a general 
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tradeoff between the computational demand and the amount of information 
compression. 

An Example. Figure 13.20 illustrates the operation of LOLIMOT for the 
test process introduced in Sect. 9.4. The function possesses a strong nonlin
earity (high curvature) in regions close to u = 0 and becomes more linear 
when approaching the u = 1. Thus, it can be expected that more LLMs are 
required the smaller u is. Indeed, LOLIMOT constructs a local linear neuro
fuzzy model with this property. In the first iteration, a linear model is fitted 
to the data. Its validity function is constantly equal to 1 j so this LLM is a 
global linear model. In the second iteration, LOLIMOT has no alternative 
but to split this LLM into two halves because this is an univariate example 
(p = 1). In the third iteration, the left LLM is divided since it describes 
the process worse than the right LLM. Up to the sixth iteration always the 
leftmost LLM is further divided since the local model error is highest in 
this region. However, in the seventh iteration the approximation for small u 
has become so good that a division of the rightmost LLM yields the highest 
performance improvement. 

It is important to note that in each iteration all LLMs are considered 
for further refinement. So the algorithm is complexity adaptive in the sense 
that it always constructs new LLMs where they are needed most. In correla
tion with the growing density of the local models the widths of the validity 
functions are reduced because they depend on the hyperrectangles' (here: in
tervals') extensions according to (13.38). Hence the resolution can vary from 
arbitrary coarse to arbitrary fine. This automatic complexity adaptation of 
LOLIMOT ensures a good bias/variance tradeoff since additional parame
ters (of newly generated LLMs) are estimated from data only if the expected 
reduction in the bias error is large and overcompensates the increase in the 
variance error. The complexity adaptivity is a good mechanism in order to 
overcome or at least weaken the curse of dimensionality. As pointed out in 
Sect. 7.6.1, a crucial issue for reducing the sensitivity of an algorithm with 
respect to the input space dimensionality is to distribute the complexity of 
the model according to the complexity of the process. LOLIMOT meets this 
requirement. 

Convergence Behavior. Since LOLIMOT is a growing algorithm it au
tomatically increases the number of rules steadily. Thus, if a neuro-fuzzy 
model with M rules is trained in M iterations, all models with 1,2, ... , M-l 
rules are also identified during training procedure. The convergence curves as 
shown in Fig. 13.21a reveal useful information about the training procedure. 
They easily allow one to choose the optimal, or at least a good, model com
plexity, which is a hard task for standard neural networks. This can either be 
done directly by the user or it can be automated by the use of information cri
teria such as Akaike's information criterion (AIC)j see Sect. 7.3.3. Note, how
ever, that then the number of effective parameters in (13.30) or (13.30) must 
be utilized in the information criteria. The convergence curves in Fig. 13.21a 
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Fig. 13.20. Illustration of LOLIMOT for one-dimensional function approxima
tion. The function (top, left) is approximated by a local linear neuro-fuzzy model 
constructed with LOLIMOT. The first seveniterations are shown 

are obtained with the function approximation example in Fig. 13.20. The 
output is disturbed by additive white Gaussian noise with the standard de
viations (Tn = 0, (Tn = 0.01, and (Tn = 0.1. While for undisturbed data, 
LOLIMOT can construct models with virtually6 arbitrarily good approxima
tion capabilities, for noisy data the convergence curves saturate. For the noise 

6 At some point the number of training data samples will not suffice to estimate the 
parameters. Note that because of the regularization effect of the local estimation 
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Fig. 13.21. Convergence behavior of LOLIMOT on a) noisy training data and 
b) noise-free test data. The root mean squared error is shown in dependency on 
the iterations of LOLIMOT, that is, the number of rules, neurons, or LLMs. The 
convergence curves are obtained with 300 equally distributed training data samples 
generated by the function in Fig. 13.20 with three different noise levels 

level an = 0.01 no significant improvement can be achieved for more than 
M = 17 rules, and for an = 0.1 more than M = 5 rules are not advantageous. 
Following the parsimony principle [233) these model complexities should be 
chosen. 

Interestingly, the root mean squared errors achieved for the cases an = 
0.01 and an = 0.1 are not much higher than the standard deviations of the 
noise. Hence, the bias error is already relatively small. Figure 13.21b depicts 
the convergence curves for the model error on the test data in contrast to 
the training data error in Fig. 13.21a. Note that the test data is chosen 
noise-free in order to represent the true behavior of the function. It reveals 
a small overfitting effect for the case an = 0.1. Nevertheless, for all cases the 
test error is equal to 7 or smaller than the training data error. This highly 
unusual behavior is due to the obviously very advantageous regularization 
effect. Thus, choosing the models with M = 5 and M = 17, respectively, is 
conservative with respect to a possible overfitting effect. The actually optimal 
model complexities (which, of course, would not be known in a real problem) 
are at M = 11 and M = 29, respectively (Fig. 13.21b). The optimal model 
complexity for the case an = 0 lies beyond M > 150. 

Figure 13.22 demonstrates the first three iterations of LOLIMOT for the 
two-dimensional example from Fig. 13.4. It is shown how the multidimen
sional Gaussian MSFs J-Li develop (first row), and which normalized Gaussian 
validity functions ~i are obtained (second row). The overall model output 
(last row) is computed by weighting the LLMs (third row) with their validity 
functions and summing up their contributions. 

this point is far beyond M = 150 where the nominal number of parameters is 
equal to the number of data samples. 

7 Both curves for an = 0 are, of course, identical since the training data is equal 
to the true process behavior. 
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I. iteration 2. iteration 3. iteration 

Fig. 13.22. Illustration of LOLl MOT for two-dimensional function approximation. 
The first three iterations are shown. First row: multidimensional Gaussian MSFs 
J.Li. Second row: validity functions tPi . Third row: local linear models. Fourth row: 
overall model output 

13.3.2 Different Objectives for Structure and Parameter 
Optimization 

The LOLIMOT algorithm utilizes a loss function of the type sum of weighted 
squared errors in order to estimate the LLM parameters. Parameter opti
mization should be based on such a loss function to be able to exploit all 
advantages of the linear weighted least squares method. In (13.39), which is 
used in Step 2 and in Step 3d, however, arbitrary measures of the model's 
performance can be employed. These performance measures determine the 
criteria for structure optimization; special loss function types do not offer 
any advantage here. Consequently, the loss function utilized for structure op
timization should reflect the actual objective of the user. This combination 
of different objectives for parameter and structure optimization is a major 
advantage of the LOLIMOT algorithm. 
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Fig. 13.23. a) Function to be approximated under the constraint f) > 0.9. b) To 
meet this constraint the input space decomposition must concentrate on the regions 
of large inputs u first 

For example, constraints on the model output can be easily incorporated 
into the identification procedure without influencing the computational com
plexity (in contrast to a possible application of a constraint optimization 
technique). Figure 13.23a shows the function from Fig. 13.20 that is to be 
approximated under the constraint y > 0.9, which is indicated by the dashed 
line. The loss function for structure optimization can be defined as 

N 

I;constr) = L constrj . Pi(Y,(j» , 
j==l 

(13.43) 

where constrj = 1 when the model violates the constraint for data sample j 
and constr j = 0 otherwise. 

With this criterion LOLIMOT discovers after the second iteration that 
the right LLM, although its modeling error is very small, is responsible for 
more constraint violations than the left one. Thus, in contrast to the results 
in Fig. 13.20, LOLIMOT divides the right LLM. The same happens in the 
third iteration. The local linear neuro-fuzzy model with four rules is the first 
that fully meets the constraint; see Fig. 13.23b. This can also be observed 
from the convergence curve in Fig. 13.24. If LOLIMOT is run further then in 
the subsequent iterations only divisions of the left LLMs are carried out to 
improve the model quality. In order to enable LOLIMOT to discover which 
divisions are the best when (13.43) is equal to zero the structure optimization 
criterion should be modified to 

N 

Ii(structure) = I;constr) + 0: L e2 (j)pi(Y,(j» , (13.44) 
j==l 

where 0: is a small constant that allows a tradeoff between the importance of 
the constraint and the model quality. 

Note that the approach described above to constraint optimization is 
suboptimal because the rule consequent parameters are still estimated by 
LS ignoring the constraints. However, in many applications the proposed 
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Fig. 13.24. Convergence curves for a) the number of constraint violations and 
b) root mean squared error. Algorithm (i) is identical to the one used in Fig. 13.20, 
that is, a sum of squared errors loss function is used for parameter and structure 
optimization. Algorithm (ii) utilizes the same loss function for parameter optimiza
tion but (13.44) for structure optimization. Algorithm (i) requires 16 rules to meet 
the constraint, while algorithm (ii) needs only 4 rules. The price to be paid is a 
slower improvement in the model error. Note that iteration 1 and 2 are identical 
for both algorithms because LOLIMOT offers no degrees of freedom in structure 
search for one-dimensional problems in the first two iterations 

approach might be sufficient. Even, because of the sub optimality, a model 
with higher complexity is required it may be identified faster than with the 
application of constraint parameter optimization techniques. 

A different loss function for structure optimization can also be utilized in 
order to meet a given tolerance band with the model; refer to the approx
imation of a driving cycle in Sect. 22.1. Another application is to prevent 
overfitting by the use of an information criterion objective or the use of vali
dation data for structure optimization. Furthermore, the different objectives 
strategy is very useful in the context of dynamic systems; see Sect. 20.1. 

13.3.3 Smoothness Optimization 

The only "fiddle" parameter that has to be chosen by the user before start
ing the LOLIMOT algorithm is the smoothness ktT of the model's validity 
functions; see {13.37}. It is important to understand the influence of this pa
rameter on the model quality. From Fig. 13.4 it can be assumed that for local 
linear neura-fuzzy models the smoothness of the validity functions is not cru
cial in terms of the model performance. This is a very appealing observation 
since it suggests that a rough choice of a reasonable value for ktT is sufficient. 
Indeed, the following discussion demonstrates that an optimization of the 
model's smoothness is not necessary. 

Figure 13.25a shows the approximation of a sine-like function by a 10-
cal linear neura-fuzzy model with M = 8 rules constructed by LOLIMOT. 
The smoothness parameter was a-priori chosen as ktT = 0.33. A subsequent 
univariate nonlinear optimization of ktT with a nested re-computation of the 
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Fig. 13.25. Smoothness optimization: a) before optimization, b) after optimization 

validity functions and a local linear estimation of all rule consequent param
eters yields the optimal smoothness parameter k~oPt) = 0.53. The root mean 
squared error of the model drops from 0.18 to 0.13; see Fig. 13.25b. The same 
performance gain can be achieved if a model with ten instead of eight rules 
is used without any nonlinear optimization. For some specific applications 
where only very little, noisy data is available the smoothness optimization 
may be worth the additional effort. In most cases iUs more efficient to accept 
slightly more rules and avoid the nonlinear optimization of kIT' Of course, this 
tradeoff between model complexity and training time is problem dependent. 

Interestingly, when global estimation of the LLM parameters is applied the 
optimal smoothness parameters typically tend to be much larger. In the above 
example shown in Fig. 13.25, the optimal kIT is more than ten times larger 
than for the local estimation approach. This means that locality and inter
pretability are completely lost. In most applications, the optimal smoothness 
for global parameter estimation even tends to infinity. The reason for this 
strange effect is that widely overlapping validity functions make the model 
more flexible because all "local" (actually they are not local any more) models 
contribute everywhere to the model output. Thus, smoothness optimization 
is not recommended in connection with global estimation. 

With local estimation the smoothness optimization also does not work 
satisfactorily in most cases. The example in Fig. 13.25 is especially well suited 
because its sine-like form highly favors a certain smoothness factor. For other 
more monotonic functions the optimal smoothness parameter is very close to 
zero when local estimation is applied. The reason is simply that a small value 
for kIT also minimizes the error caused by neglecting the overlap between 
the validity functions. However, even if optimal performance is achieved by 
kIT -+ 0 such small values should not be realized in practice where the model 
is usually required to be smooth. 

Considering the low sensitivity of the model quality on the smoothness 
and all the difficulties arising during nonlinear optimization of the smoothness 
parameter kIT, it can be generally recommended to fix kIT a priori by the rule 
of thumb (13.37). 
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13.3.4 Splitting Ratio Optimization 

The question arises: Why should LOLIMOT split the local linear models into 
two equal halves? What improvement can be expected if various different 
splitting ratios such as rc = 1/3, 2/3 or rc = 1/4, 2/4, 3/4 are considered 
instead of checking only rc = 1/2? Many tree-construction algorithms such as 
CART even optimize the splitting ratio rc [46]. One justification of the split 
into two equal halves is that if a sufficiently large number of local models 
are generated, any other splitting ratio can be approximated arbitrarily well. 
However, the number of required rules may be large; so a splitting ratio of 
1/2 may be very suboptimal. 

The optimization of r c demands the solution of a univariate nonlinear 
optimization problem with two nested local LS parameter estimations of the 
newly generated LLMs. Typically, about ten loss function evaluations are 
required in order to optimize rc. Consequently, LOLIMOT's computational 
demand is about ten times higher compared with the utilization of rc = 1/2. 
Figure 13.26a demonstrates the benefit that can be expected from the split
ting ratio optimization. The optimal splitting ratio in the first division is 
r~oPt) = 0.22. Compared with the standard LOLIMOT approach with split
ting ratio r c = 0.5 the root mean squared model error is reduced by a factor of 
3! This improvement is remarkably large because the approximated function 
is strongly nonlinear. When models with more rules are applied, however, 
this improvement fades. Figure 13.27a depicts the convergence curves for 
neuro-fuzzy models with up to ten rules. This clearly demonstrates that the 
improvement realized by the approach with nonlinear optimized splitting ra
tio vanishes as the model becomes more complex. The reason for this effect 
is that, as the model becomes more complex, the local linear models describe 
smaller operating regions of the process. The smaller these regions get, the 
weaker the nonlinear behavior becomes in these regions. Consequently, the 
expected improvement of the splitting ratio optimization reduces. Both mod
els with and without splitting ratio optimization do not differ significantly, 
neither in model quality nor in the validity functions. This argumentation is 
underlined by the comparison of the validity functions in Fig. 13.27b, which 
indeed are quite similar. 

The only way to achieve a sustainable improvement is to optimize all 
splitting ratios simultaneously. This is equivalent to a nonlinear optimization 
of all input MSF centers. Only with such an approach can all splitting ratios 
be kept variable during the whole learning procedure and their interaction 
be taken into account by the optimization technique. A similar approach is 
proposed by Jang [181, 182, 184], but for a neuro-fuzzy model of fixed com
plexity. The difficulty with such an approach is the immense computational 
demand, which usually does not allow the application of a model complexity 
search in a higher level like LOLIMOT performs it. 

Besides the high computational demand, a splitting ratio optimization 
possesses another drawback. As Fig. 13.26a shows, the left validity function 
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Fig. 13.26. Model quality and the corresponding validity functions with a) the 
optimized splitting ratio r£opt) = 0.22 and b) the heuristically chosen splitting ratio 
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Fig. 13.27. a) Convergence curves with and without splitting ratio optimization. 
b) Validity functions without (top) and with (bottom) splitting ratio optimization 

starts to decrease again for u -t O. This is an undesirable normalization side 
effect; see Sect. 12.3.4. It is caused by the extremely different (about a factor 
of 5) standard deviations of both validity functions. Thus, for small inputs 
u < 0.1 the right validity function starts to reactivate. Although this is no 
big problem in the above example it can become more severe if even more 
extreme splitting ratios are used. If splitting ratios or centers (and possibly 
widths) of input MSFs are optimized, possible normalization side effects must 
be carefully taken into account. Note that the only reliable way to avoid nor
malization side effects is to choose identical widths for all validity functions. 
However, as Fig. 13.28a illustrates, resolution adaptive standard deviations 
are required in order to obtain reasonable results. Identical widths can lead 
to deformed validity functions with too small or too large smoothness; see 
Fig. 13.28b. 
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Fig. 13.28. Validity functions a) with and b) without resolution adaptive widths 

In summary, the larger computational effort and the difficulties with nor
malization side effects make the benefits of a splitting ratio optimization 
questionable. Thus, the heuristically chosen division into two equal halves, 
that is, rc = 1/2, is justified. Typically, a performance comparable to split
ting ratio optimization can be achieved without this optimization by the use 
of a few more local linear models. Nevertheless, splitting ratio optimization 
may be beneficial in some particular cases, e.g., if one is limited to a simple 
model with very few rules. 

13.3.5 Merging of Local Models 

LOLIMOT belongs to the class of growing strategies (see Sect. 7.4) because 
it incorporates an additional rule in each iteration of the algorithm. Dur
ing the training procedure some of the formerly made divisions may become 
suboptimal or even superfluous. However, LOLIMOT does not allow one 
to undo these divisions. By extending LOLIMOT with a pruning strategy, 
which is able to merge formerly divided local linear models, this drawback 
can be remedied. Pruning algorithms are typically applied at the end of a 
growing phase or after a prior choice for an overparameterized model struc
ture in order to remove non-significant model components [46, 105, 290, 322]. 
These approaches possess the disadvantage that they first build an unneces
sarily complex model, which generally is quite time-consuming. In contrast, 
LOLIMOT favorably allows one to incorporate a possible pruning step within 
each iteration of the growing algorithm, thereby avoiding unnecessarily com
plex model structures. 

Besides the more sophisticated complexity control, pruning possesses an
other feature. With subsequent mergers and splits, various splitting ratios r c 

can be generated. Thus, similar effects as with a splitting ratio optimization 
can be achieved. As a consequence, however, the same difficulties can arise 
with respect to the normalization side effects. 

It is proposed to include an additional step between Step 4 and 5 into 
the LOLIMOT algorithm presented in Sect. 13.3.1. In this step the following 
tasks are carried out: 

1. Find all LLMs that can be merged. 
2. For all these LLMs, perform the following steps. 

a) construction of the multidimensional MSF in the merged hyperrect
angle; 
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b) construction of all validity functions; 
c) local estimation of the rule consequent parameters for the merged 

LLM; 
d) calculation of the loss function for the current overall model. 

3. Find the best merging possibility. 
4. Perform this merger if it yields an improvement compared with the model 

in the previous iteration with the same number of rules, i.e., one rule less 
than before the merger. 

Step 1 is easy for a one-dimensional input space since simply all neighbored 
LLMs can be merged. In higher-dimensional spaces additionally the (hy
per)rectangles that two adjoined LLMs share at their common boundary 
must possess the same extensions in order to guarantee that a merger of the 
two LLMs can be described by a single (hyper )rectangle. For example, in 
the model obtained after the fifth iteration of LOLIMOT in Fig. 13.19 only 
LLMs 5-2 and 5-3 or LLMs 5-4 and 5-5 can be merged. 

The computational demand of this merging procedure is low since again 
the local estimation approach can be exploited. However, the software imple
mentation becomes relatively involved; especially since care must be taken 
in order to avoid an infinite loop caused by cycles. The easiest way to avoid 
cycles is to store the complete history of selected partitions and to prohibit 
divisions and mergers that would yield a previously selected structure. These 
issues require further research in the future. 

Figure 13.29 compares the standard LOLIMOT algorithm (a) with the 
extended version (b) that contains the merging capabilities described above. 
The pruning strategy allows one to merge LLMs where they are not required, 
and thus more LLMs are available in the important region around u ~ O. 
Consequently, a performance increase of more than a factor of the two is 
possible. 

The convergence curves in Fig. 13.29 compare both learning procedures. 
Five times two local linear models are merged, and new divisions improve 
the performance significantly. Thus 20 instead of 10 iterations are carried out 
(five merging and five additional division steps), which requires more than 
about twice the computation time. A comparable model error can be achieved 
when the standard LOLIMOT algorithm constructs a model with 12 rules, 
which requires only a 20% higher computational demand. Therefore, merging 
is an attractive extension only if (i) the training time is not important, (ii) the 
primary objective is a low model complexity, or (iii) the data is very noisy 
and/or sparse and thus overfitting problems are severe. 

Note that this example is especially well suited for a demonstration of 
the merging capabilities. In the experience of the author, the merging op
tion, similarly to the splitting ratio optimization, typically does not improve 
the performance significantly. For the example in Figs. 13.26 and 13.27, the 
behaviors of merging and splitting ratio optimization are very similar. 
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Fig. 13.29. Comparison of LOLIMOT a) without and b) with merging. The top row 
shows the function to be approximated, the model outputs, and the model errors. 
The middle row shows the validity functions of the final models. The bottom row 
shows the convergence curves 

13.3.6 Flat and Hierarchical Model Structures 

Although the LOLIMOT tree-construction algorithm is hierarchical, the gen
erated models are "flat" in the sense that they are non-hierarchical. As 
Fig. 13.1 shows, the local linear neuro-fuzzy models are of parallel structure 
and thus can be efficiently implemented in hardware. A truly hierarchical 
model structure is an interesting alternative. Such an approach is also pur
sued with CART [46], MARS [105], hinging hyperplane trees [78], and the 
hierarchical local model network [255]. As an example, the model with five 
rules generated by LOLIMOT in Fig. 13.19 will be constructed in a hierar
chical manner. Figure 13.30 depicts the hierarchical model structure. It is a 
binary tree (independent from the input dimension), which partitions the in
put space into two regions in each level. The root node of the tree represents 
the whole input space. It is partitioned into two halves by the validity func
tions ih and P2 = 1 - P1' The regions with small values U2 are represented 
by the left half of the tree, while large input values U2 are represented by the 
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Fig. 13.30. Hierarchical model structure based on the fiat neuro-fuzzy model with 
five rules in Fig. 13.19. The leaves contain the local linear models. The validity 
functions pass their contribution to the next higher node (parent) 

right half. The left half is further subdivided into the regions for tiny U2 and 
small U2 by the validity functions q;u and q;12 = 1 - q;u, respectively. These 
nodes are leaves in the tree, which means that they implement the local linear 
models for the operating regimes described by the validity functions. In the 
right part of the binary tree the hierarchical structure is one level deeper, 
leading to a finer partitioning. 

The overall model output is calculated by summing up the contributions of 
the five local linear models, i.e., the leave nodes, weighted with their validity 
function values: 
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o 0 

Fig. 13.31. Validity functions for a) a Bat and b) a hierarchical model 

where 'Oi (i = 1, .. . ,5) are the individual outputs of the local linear models 
at the leave nodes. The interpretation of the validity functions is as follows. 
4»11 gives the contribution of the regime "1.£2 is tiny" {O ~ 1.£2 ~ 0.25)8 to 
the regime "1.£2 is small" (O ~ 1.£2 ~ 0.5). 4»1 gives the contribution of the 
regime "1.£2 is small" to the whole operating regime (O ~ 1.£2 ~ 1). Thus, the 
overall contribution of '01 to the model output is given by 4»14»11, Generally, 
the overall contribution of a local linear model (leaf node) can be calculated 
by multiplying all validity functions of the higher levels (parent nodes) up to 
the root node. 

The hierarchical structure in (13.45) can be unfolded into the "pseudo
flat" structure 

- - - - -
'0 = 4»1'01 + 4»2'02 + 4»3'03 + 4»4'04 + 4»5'05 (13.46) 

with 

~1 = 4»14»11, ~2 = 4»14»12, ~3 = 4»24»21 , - -
4»4 = 4»24»224»221, 4»5 = 4»24»224»222 . (13.47) 

Since the ~i become more and more complex as the hierarchy increases, 
(13.46) cannot be efficiently parallelized. The behavior of the hierarchical 
model structure is very similar to the flat one. Figure 13.31 shows the validity 
functions for both cases. Although the results are very similar here, they can 
differ considerably when more extreme division ratios are used. 

The nonnalization side effects are less severe and much easier to under
stand for hierarchical models. This also translates to the extrapolation be
havior; compare Sect. 14.4. The normalization side effects reveal themselves 
fully in each split. In contrast to the flat model, the normalization of the va
lidity functions is carried out separately for each split in only one dimension. 
This makes normalization side effects extremely unlikely. When they arise 
nevertheless, owing to an extreme division ratio (see Fig. 13.26a), they can 
easily be prevented by a simple adjustment of the standard deviations. 

8 These intervals are, of course, not hard but soft since the validity functions are 
smooth. The intervals are just given for the sake of clarity. They are exact only 
if the widths of the validity functions tend to zero. It is assumed that the overall 
operating regime is within 0 ::; 1.£1 ::; 1, 0 ::; 1.£2 ::; 1. 
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The hierarchical model structure also realizes a partition of unity because 
each node uses normalized validity functions, that is, 4"1 + 4"2 = 1, 4"11 + 
4"12 = 1, etc. Thus, from a practical point of view the differences between the 
flat and hierarchical structures in Fig. 13.31a and b are not very significant 
if reasonable splitting ratios are used. From a mathematical point of view, 
hierarchical structures have the appealing property of being fractal or self
similar in the sense that each node itself can be interpreted as a root for a 
hierarchical submodel9 • This is a nice feature because if a specific modeling 
approach is considered to be good at a high level, that is, the partitioning 
of the whole input space, then it should also be good at all lower levels that 
partition subregimes. 

Although the hierarchical model structure offers some advantages with 
respect to the normalization side effects, this approach is not pursued further 
here because it is more complex to implement and the fuzzy logic interpre
tation is less straightforward. Hierarchical local linear model structures and 
an extension of the LOLIMOT algorithm for their construction are clearly 
promising topics for future research. 

13.3.7 Principal Component Analysis for Preprocessing 

One of the most severe restrictions of LOLIMOT is the axis-orthogonal par
titioning of the input space. This restriction is crucial for interpretation as a 
Takagi-Sugeno fuzzy system and for the development of an extremely efficient 
construction algorithm. The limitations caused by the axis-orthogonal parti
tioning are often less severe than assumed at first glance because the premise 
input space dimensionality may be reduced significantly; see Sect. 14.1. Nev
ertheless, the higher dimensional the problem is the more this restriction 
limits the performance of LOLIMOT. 

Basically, there are two ways to solve or weaken this problem. Both al
ternatives diminish much of the strengths of LOLIMOT in interpretability. 
On the one hand, an unsupervised preprocessing phase can be included. On 
the other hand, an axis-oblique decomposition algorithm can be developed. 
The first alternative is computationally cheap, easy to implement, and will be 
considered in this subsection. An outlook on the second alternative, which is 
much more universal and powerful but also computationally more expensive, 
is given in Sect. 14.8. 

Principal component analysis (peA) is an unsupervised learning tool for 
preprocessing that performs a transformation of the axes; refer to Sect. 6.1. 
Figure 13.32 shows for a two-dimensional example how a peA can be ad
vantageously exploited. If the inputs Ul and U2 are linearly correlated, the 
data samples are distributed along the diagonal in Fig. 13.32a(left). A peA 
transforms the data as depicted in Fig. 13.32a(right). If the nonlinear be
havior of the process indeed dominantly depends on one of the transformed 

9 This property allows an elegant recursive software implementation. 
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Fig. 13.32. Approximation with LOLIMOT before (left) and after (right) a PCA: 
a) data samples, b) function to be approximated, c) LOLIMOT convergence curves, 
d) partitioning of the input space performed by LOLIMOT. Note that this example 
represents the "best case" where a PCA yields the maximum performance gain 
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input axes, the problem complexity can be significantly reduced. While the 
nonlinear behavior in the original input space (see Fig. 13.32b(left)) stretches 
along a diagonal direction it becomes axis-orthogonal in the transformed in
put space; see Fig. 13.32b{right). In fact, in this example the second input 
X2 even becomes redundant and could be discarded without any loss of infor
mation, thereby reducing the dimensionality of the problem. Note, however, 
that such favorable circumstances cannot usually be expected in practice. 

Because of the axis-orthogonal nonlinear behavior in the transformed in
put space, a model with only six rules is required to achieve a satisfactory 
approximation performance. Figures 13.32c{right) and d{right) show the con
vergence curve and the input space partitioning obtained by LOLIMOT. 
For a comparable performance without PCA 15 rules are necessary and 
the partitioning of the input space is carried out in both dimensions; see 
Fig. 13.32c{left) and d{left). 

It is important to note that the above example only demonstrates how 
effective PCA possibly can be. Although highly correlated inputs such as UI 

and U2 may sometimes arise from (almost) redundant measurements of the 
same physical cause (here Xl) this can definitely be concluded only from in
sights into the process and not from the input data distribution alone. In the 
above example, the nonlinearity was along the direction of Xl' IT it had been 
along UI, all advantages of the PCA would have turned into drawbacks (in 
Fig. 13.32b, c, d the left and right sides would have changed). Thus, PCA is a 
good option especially for high-dimensional problems but its successful appli
cation cannot be guaranteed. The supervised approach discussed in Sect. 14.8 
overcomes this severe limitation at the price of a much higher computational 
effort. 

13.3.8 Models with Multiple Outputs 

As explained in Sect. 9.1, systems with multiple outputs can be realized either 
by a single SIMO or MIMO model or by a bank of several SISO or MISO 
models, each representing one output. When a separate model is implemented 
for each output Yl (l = 1, ... , r) an individual number of neurons Ml can be 
chosen for each model, depending on the accuracy requirements for each 
output. The model structure, that is, the positions and widths of the validity 
functions, can also be optimized for each output individually. Consequently, 
a modeling problem with r outputs possesses r times the complexity of a 
problem with a single output (l = 1, ... , r): 

M, 

fil = .E ( w~~ + w~!) UI + w~~ U2 + ... + w~~ up ) g;~') (!!) . 
i=l 

(13.48) 

Alternatively, the neurons of the local linear neuro-fuzzy network can 
be extended to the MIMO case. Figure 13.33 shows that each neuron can 
realize individual local linear models (LLMs) for each output Yl. In contrast 

co
nt

ro
len

gin
ee

rs
.ir



386 13. Local Linear Neuro-Fuzzy Models: Fundamentals 

neuron I - 1, ... , M 

Fig. 13.33. A neuron of a local linear neuro-fuzzy model extended to the MIMO 
case 

to (13.48), only one network structure exists, that is, a single set of validity 
functions ~i (i = 1, .. . , M), for the complete model (I = 1, .. . , r): 

M 

ih = L (wr~ + W~!)U1 + W~~U2 + ... + w~~up) ~i {!!)' (13.49) 
i=1 

In order to train the MIMO model, a loss function of the following type 
can be employed for global parameter estimation: 

r N 

1= Lql Le2(j) (13.50) 
1=1 j=1 

with individual weighting factors ql of the outputs that reflect the de
sired accuracy for each Yl and compensate for possibly different scales. The 
loss function for local parameter estimation can be defined accordingly; see 
Sect. 13.2.2. For structure optimization (see Sect. 13.3.2) either (13.50) can be 
used or the following, different loss function can be utilized in order to ensure 
that LOLIMOT partitions the input space in a manner that the currently 
worst modeled output improves most: 

(13.51) 

With (13.51) the structure optimization is formulated as a problem of min
max type. 

Which of the two alternative ways (13.48) and (13.49) to model processes 
with multiple outputs is favorable? One distinct advantage of the multiple 
MISO models approach is its better interpretability, which also allows an 
easier incorporation of prior knowledge. The model structures obtained reflect 
the nonlinear behavior of each output separately by the partitioning of the 
input space. This allows one to analyze and incorporate available knowledge 
for each output individually. In contrast, the partitioning of the input space 
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Fig. 13.34. The two outputs in a) are approximated by SIMO models. The validity 
functions constructed by LOLIMOT are shown in b) 

in the MIMO approach mixes the effects of all outputs and thus is difficult 
to interpret. 

A possible advantage of the MIMO approach is that often fewer neurons 
are required than in the multiple MISO model case, that is, 

r 

M<LM, . (13.52) 
1=1 

Consequently, model evaluation with the MIMO approach is faster if the 
calculation of the validity functions is the dominant factor. Note that the 
training time is usually larger for the MIMO approach, since even for M = M, 
the number of local parameter estimations is identical for both approaches 
since r LLMs have to be determined for each neuron in the MIMO case; see 
Fig. 13.33. The extent of the reduction effect on the number of neurons in 
(13.52) depends on the nonlinear characteristics of the outputs. If they possess 
similar nonlinear behavior all MISO models would have a similar optimal 
partitioning of the input space. Therefore, a MIMO model can efficiently 
exploit the common characteristics. In the best case M = M" and thus a 
MIMO model may require r times fewer neurons than the multiple MISO 
models. However, in the worst case the reduction effect can be zero or even 
negative, especially for higher-dimensional problems (see example below). 

Figure 13.34 shows examples with one input u and two outputs Yl and 
Y2. In Fig. 13.34a the nonlinear characteristics of Yl and Y2 are similar in 
the sense that they share regions of large curvature (small u) although the 

co
nt

ro
len

gin
ee

rs
.ir



388 13. Local Linear Neuro-Fuzzy Models: Fundamentals 

c) 

Y. 

00 ". 
I 

8 0.8. O • . . O. 

o. 6 0,6 O. .. . . "1 '1- "1 
,4 O. O. . . 

o ,1 0 . 
01-

0.5 I 0.5 0 0.5 

". ". 
Fig. 13.35. The required number of neurons grows with the dissimilarity of the 
nonlinear characteristics of the outputs. The first two rows show the two process 
outputs Yl and Y2 . The last row shows the partitioning of the input space obtained 
with LOLIMOT in order to reach a root mean squared error of 0.1 

two outputs are quite different in other respects. When both outputs are 
approximated by LOLIMOT with separate SISO models, eight neurons are 
required to achieve a root mean squared error of less than 0.03, Le., Ml = 8 
and M2 = 8. With a SIMO model only M = 8 neurons are required as well; 
see Fig. 13.34a(bottom). This means that 50% of the neurons can be saved. 
The number of local linear models is equal to 16 in both cases. If, however, the 
outputs possess different nonlinear characteristics, as depicted in Fig. 13.34b, 
a SIMO model requires 12 LLMs. The fine partitioning for large u is necessary 
for a sufficiently accurate description of Yl, while Y2 requires many validity 
function for small u. This leads to an overparameterized model and thus to 
an unnecessarily large variance error because too many LLMs are estimated 
for Yl in the region of small u and for modeling of Y2 in regions of large u. 
Although the number of neurons M = 12 of the MIMO model is smaller than 
of the two 8180 models with Ml + M2 = 16, the number of LLMs and thus 
the number of estimated parameters is 50% larger. 

An example with two inputs is illustrated in Fig. 13.35. As the three 
cases in Fig. 13.35a, b, and c demonstrate, there are many more possible 
directions for the major nonlinear behavior than in the univariate example. 
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The more highly dimensional the problem is, the less likely it is that the non
linear behavior of the different outputs will share common characteristics. 
This implies that multiple MISO models become more advantageous than a 
single MIMO model as the input dimensionality increases. When the nonlin
ear characteristics of Yl and Y2 are similar only M = 5 neurons are required 
in order to achieve a root mean squared error of 0.1 (Fig. 13.35a). However, 
as the direction of the nonlinear behavior becomes more and more distinct, 
the number of required neurons grows sharply to M = 9 (Fig. 13.35b) and 
M = 20 (Fig. 13.35c), respectively. Note that this example overpronounces 
this effect since the original nonlinearities are axis-orthogonal. 

The above examples illustrated the multiple output problems with only 
two outputs. The extension to more than two outputs is straightforward, and 
all insights can be transferred. All effects become more pronounced as the 
number of outputs increases. 

13.4 Summary 

Local linear neuro-fuzzy models and the local linear models tree (LOLIMOT) 
identification algorithm have been introduced. The linear model parame
ters are estimated by a local linear least squares technique, which has been 
shown to possess some clear advantages over a global parameter estimation. 
The nonlinear model parameters are determined by an incremental tree
construction algorithm in a heuristic manner in order to avoid the application 
of nonlinear optimization techniques. Various extensions of the LOLIMOT 
algorithm have been examined. Different objectives for structure and param
eter optimization have been proven very useful. Optimization of the approx
imator's smoothness and of the splitting ratios, and merging of local linear 
models increase the flexibility of the algorithm but have been demonstrated 
to enhance the overall performance only insignificantly. Nevertheless, these 
can be powerful tools for particular applications. The advantages and draw
backs of flat and hierarchical model structures were examined. An optional 
principal component analysis preprocessing step has been investigated in or
der to overcome some disadvantages due to the axis-orthogonal input space 
partitioning of LOLIMOT. Finally, the extension to models with multiple 
outputs was discussed. 
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14. Local Linear Neuro-Fuzzy Models: 
Advanced Aspects 

This chapter continues Chap. 13 and deals with the more advanced issues 
of local linear neuro-fuzzy models and the LOLIMOT algorithm. It is or
ganized as follows. Section 14.1 discusses the possibility of different input 
spaces for rule premises and consequents, which is a unique feature of local 
neuro-fuzzy models. Section 14.2 introduces the use of models that are more 
complex than local linear. An extension of the LOLIMOT algorithm that 
allows one to optimize the structure of the rule consequents is proposed in 
Sect. 14.3. Section 14.4 analyzes the interpolation and extrapolation behav
ior of local linear neuro-fuzzy models. This investigation reveals undesirable 
effects in the linearization of the model, which are demonstrated and reme
died in Sect. 14.5. Methods for online identification by means of recursive 
algorithms are discussed in Sect. 14.6. The estimation of the reliability of the 
model output with errorbars, their application to the design of excitation sig
nals, and active learning are discussed in Sect. 14.7. An outlook for a further 
extension of the LOLIMOT algorithm and a link to ridge construction based 
approaches such as MLP networks are given in Sect. 14.8, which deals with 
hinging hyperplanes. Finally, a brief summary is given and some conclusions 
about this and the preceding chapter are drawn in Sect. 14.9. 

14.1 Different Input Spaces for Rule Premises and 
Consequents 

The local linear neuro-fuzzy models discussed up to now possess identical in
put spaces in the rule premises and consequents, that is, they utilize the same 
variables 1! = [Ul U2 .•. up]T. In (13.3) and Fig. 13.1 the local linear models 
and the validity functions both depend on 1!. One of the major strengths of 
local linear neuro-fuzzy models is that premises and consequents do not have 
to depend on identical variables. Rather (13.3) can be extended to 

M 

fj = L (WiO + WilXl + Wi2 X2 + ... + Wi,nzXnz) 4iiC~), 
i=l 

(14.1) 

where the local linear models (consequents) depend on ~ = [Xl X2 ••• xnz]T 
and the validity functions (premises) depend on ~ = [Zl Z2 •.• znz]T. Fig-
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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Fig. 14.1. Network structure of a local linear neuro-fuzzy model with M neurons 
for nx consequent inputs if. and nz premise inputs ~ 

ure 14.1 depicts this extended network architecture; see Fig. 13.1. The fol
lowing three cases can be distinguished: 

1. Identical input spaces: This case has been discussed up to here. The 
consequents and premises depend on the same variables, i.e., J!. = ~ = y. 
If this condition is met the model is a universal approximator. 

2. Disjunct input spaces: This is a scheduling approach in which the local 
linear models are interpolated by "external" variables in the premises that 
do not appear in the consequents. For example, the model may depend 
on UI, U2, and U3 but the consequents may depend only on UI and U3 

while the premises depend only on U2, i.e., J!. = [UI u3F and ~ = U2. 

Such a model is no universal approximator because it cannot generate 
nonlinear behavior with respect to those inputs that are not contained 
in .£. 

3. Input spaces with common variables: The consequents and premises share 
some variables and possess some separate variables. For example, the 
model may depend on UI, U2, and U3 but the consequents may depend 
only on UI and U3 while the premises depend only on UI and U2, i.e., J!. = 
[UI U3]T and.£ = [UI u2F. If the premises contain all variables, i.e., .£ = y, 
the model is a universal approximator independent of the choice of J!. since 
even for an empty consequent space (J!. = [ ]) the model deteriorates to an 
NRBF network that is already a universal approximator; see Sect. 13.1.4. 

The distinction between the input spaces for the rule premises and conse-
quents allows one to reduce the curse of dimensionality by the incorporation 
of prior knowledge about the structure of the process. In .£ only those variables 
should be gathered that are assumed to influence the process in a nonlinear 
way. All variables that are assumed to possess a linear effect on the process 
should be gathered in J!.. In many applications (especially in dynamic sys
tems; see Chap. 20) the number of model inputs with a significant nonlinear 
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Fig. 14.2. a) A general model with p inputs can typically significantly simplified 
when a local linear neuro-fuzzy model is utilized. b) The input vector y. can be 
separated into the nonlinearly influencing inputs ~ in the premises and the linearly 
influencing inputs if. in the consequents, where nz :5 p and nx :5 p and often nz « p 

influence is much smaller than the overall number of inputs, i.e., nz « p. 
Furthermore, qualitative knowledge about the strengths of the nonlinear ef
fects caused by each input is often readily available or can be easily obtained 
by simple nonlinearity tests; see Sect. 1.1.1 and [123]. Thus, the choice of ~ 
and ~ is relatively easy in practice. 

Breaking down the general p-dimensional approximation problem y = 
f(y.) with y. = [Ul U2 ••• upjT shown in Fig. 14.2a into its nonlinear (de
scribed by~) and linear (described by~) dependencies as shown in Fig. 14.2b 
can yield a significant problem complexity reduction since typically nz < p. 
With the dimensionality reduction from dimh] to dim{y.}, the curse of di
mensionality is reduced; see Sect. 7.6.1. 

In principle, LOLIMOT is able to find the inputs with nonlinear influence 
by itself, so that it is not necessary to impose a reduced premise space vector 
~; rather one can start with a complete premise space vector ~ = y. After 
LOLIMOT has converged, those inputs without any splits apparently do not 
contain any significant nonlinear influence. From the fuzzy logic point of view 
only "don't care" membership functions are associated with these non-divided 
inputs. Consequently, they can be removed from the premises space vector 
~ afterwards without affecting the model's performance. Nevertheless there 
are two important reasons why the premise space should be prestructured by 
the choice of ~ whenever possible: 

• LOLIMOT operates faster the lower the dimensionality of ~ is. Each dis
carded premise space input reduces the number of alternative splits that 
have to be examined by LOLIMOT. 

• Artifacts do not occur owing to the imperfect nature of the training data 
set. Because of noisy and/or insufficiently exciting data, LOLIMOT may 
perform splits that do not match the true process characteristics. Incor
poration of prior knowledge prevents these artifacts and makes the model 
smaller, more easily interpretable, and more robust with respect to param
eter estimation and extrapolation behavior. 
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b) 

--!---M----~-I~=~partitioniDg 1-1 ___ _ __ 1 __ 

Fig. 14.3. Premise input selection by a) both prior knowledge and LOLIMOT or 
b) LOLIMOT only 

y 

Fig. 14.4. Consequences of wrongly chosen premise inputs: a) process, b) approx
imation with &: = [UI U2]T, c) &: = UI, d) &: = U2 

Figure 14.3 compares the selection of the premise variables with and with
out prior knowledge, where ~ represents the final vector of premise inputs. 
Figure 14.4 shows how much the performance of the model is affected if the 
(assumed) prior knowledge about the nonlinearly influencing inputs is wrong. 
The process in Fig. 14.4a is nonlinear in both inputs UI and U2 . This process 
is approximated by LOLIMOT with 15 neurons. With the choice ~ = [UI u2F 
and ~ = [UI u2F the model works fine with an RMSE of 0.006; see Fig. 14.4b. 
When the input U2 is excluded from the premise space, i.e., ~ = UI, the ap
proximation error increases to an RMSE of 0.02 since the nonlinear behavior 
in U2 cannot be modeled any more; see Fig. 14.4c. The main characteristics 
of the process, however, are still covered because the process is only slightly 
nonlinear in U2. In contrast, the exclusion of UI , i.e., ~ = U2, deteriorates to 
an RMSE of 0.09; see Fig. 14.4d. 

For the sake of simplicity, the premise and consequent input spaces are 
chosen to be equal in the remaining part of this chapter, i.e., ~ = ~ = 11:. except 
in those cases where their distinction is important for a proper understanding. 
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14.1.1 Identification of Processes with Direction Dependent 
Behavior 

Many processes possess direction dependent behavior. Often it is caused by 
a Coulomb type of friction but other causes are also possible. As a simple 
example, the following equation of motion of an undamped mass-spring sys
tem with external force F, displacement u, mass m, spring constant c, and 
Coulomb friction coefficient Fo will illustrate this effect: 

F = mu + c(u)u - Fo sign(u). (14.2) 

If the displacement u changes slowly m u ~ 0, and if the nonlinear charac
teristics of the spring in (14.2) are progressive, the process may possess the 
behavior shown in Fig. 14.5a with y == F. Note that this hysteresis effect 
depends on the direction of u, i.e., on sign(u). Other physical effects such as 
re-magnetization can cause a hysteresis type that is much more complex than 
the one discussed here. In such a hysteresis the state of the system depends 
on all previous states of the system. Modeling such hysteresis effects is a very 
difficult problem. 

The process shown in Fig. 14.5a follows the equation 

_ {u + u3 + 1 for u < 0 
y - u + u3 - 1 for u ~ 0 . (14.3) 

Obviously, it is not possible to find a function that describes the following 
relationship 

y=f(u) (14.4) 

since the mapping from u to y is not unique. However, it is easy to find the 
following function: 

a) 4 

2 

Y 0 

-2 

-4 

y=f(u,u). 

·1 ..o.S o 
u 

o.s 

(14.5) 

b) 4 

2 

Y 0 

·2 

-4 
·1 ..o.s 0 O.S 

u 

Fig. 14.5. a) Hysteresis generated by (14.3). b) Comparison between process out
put y and output y of a local linear neuro-fuzzy model trained with LOLIMOT 
with ten neurons and ~ = u, ~ = [u tilT 
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a) 4 b) 4r-~-~-~--~-~--' 
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Fig. 14.6. Comparison between the two alternative premise input spaces a) ~ = 
[u ulT and b) ~ = [u sign(u)lT for noisy input data u 

Indeed, LOLIMOT can easily identify the hysteresis when the premise space 
is chosen as £ = [u uFo Alternatively, £ = [u sign(u))T can be used because 
the absolute value of u is irrelevant. The decision whether u < 0 or u > 0 is 
made in the rule premises. Rules of the following two types are constructed 
by LOLIMOT (see Fig. 14.7a) 

IF u = . .. AND u = negative THEN y = Wio + Wil u 

IF u = ... AND u = positive THEN y = WjO + Wjl u. 

The consequents do not have to contain any information about U, that is, 
;:r = u. In comparison with the more black box like approach ;:r = £, fewer 
parameters have to be estimated, which makes LOLIMOT faster and the 
parameter estimates more reliable. The result of a local linear neuro-fuzzy 
model with ten neurons is shown in Fig. 14.5b. 

In the noise-free case there is no significant difference between the alter
natives £ = [u U)T and £ = [u sign(u)F. If, however, u is noisy then this 
disturbance is amplified by the differentiation and a considerable discrep
ancy between both alternatives arises; see Fig. 14.6. The choice £ = [u uF 
is more robust against large disturbances because a wrong sign of u may 
cause only a limited model error when lui is small. In contrast, the approach 
£ = [u sign(u))T is extremely sensitive to large disturbances that make the 
model jump to the wrong hysteresis branch. However, the overall model error 
with the "sign" approach is smaller in this example since the "sign" opera
tion filters out all small disturbances which keep the sign of u unchanged. In 
practice, the latter solution can only be used in combination with a low pass 
filter that avoids undesirable sign changes. In Fig. 14.7b and c the input data 
distribution of both approaches is compared for better clarity. 
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a) b) c) 
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Fig. 14.7. a) Input partitioning generated by LOLIMOT. Training data distribu
tion for b) .&: = [u ujT and c) .&: = [u sign(u)]T for the undisturbed case 

14.2 More Complex Local Models 

This section discusses the choice of more complex local models than linear 
ones. First, the relationship of local neuro-fuzzy models to polynomials is 
pointed out. Section 14.2.2 demonstrates the usefulness of local quadratic 
models for optimization tasks. Finally, the possibility of mixing different types 
of local models in one overall model is discussed. 

14.2.1 From Local Neuro-Fuzzy Models to Polynomials 

Section 13.1.4 showed that NRBF networks can be understood as local con
stant neuro-fuzzy models, Le., as a simplification of local linear neuro-fuzzy 
models. Clearly, in general, arbitrary local models can be utilized. Then a 
local neuro-Juzzy model is given by 

M 

Y = L /i(y)4'i(Y) (14.7) 
i=l 

with nonlinear functions fi(') and the input vector!! = [UI U2 up]T. In 
Fig. 13.1 nonlinear functions fi(') replace the "LLM" blocks. If the /i(-) are 
constant an NRBF network results. For linear fi(') a local linear neuro-fuzzy 
model is obtained. The functions fi(') can be seen as local approximators of 
the unknown process that is to be modeled. In this context, constant and 
linear local models can be interpreted as zero-th and first order Taylor series 
expansions. The local models can be made more accurate by using higher 
order Taylor series expansions leading to polynomials of higher degrees. Fig
ure 14.8 illustrates the approximation of a nonlinear process by a local neuro
fuzzy model with a) 12 zero-th degree, b) 5 first degree, c) 2 second degree, 
and d) 1 third degree local polynomial models. The first row in Fig. 14.8 
confirms the observation already made in Sect. 13.1.4 that less powerful 10-
cal models require relatively smoother validity functions to ensure a smooth 
overall model output. 

Clearly, the more complex the local models are the larger is the region 
of the input space in which the process can be described by a single local 
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Fig. 14.8. Approximation with a local polynomial neuro-fuzzy model with a) con
stant, b) linear, c) quadratic, d) cubic local models. The left side shows the process 
and its approximation. The right side shows the local models and their correspond
ing validity functions 
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Table 14.1. From local neuro-fuzzy models to polynomials 

Order Parameters per local model M Name 

Constant 1 -t 0(1) Huge NRBF network 

Linear p+1 -t O(P) Large Local linear NF model 

Quadratic (p + 2)(P + 1)/2 -t 0(p2) Medium Local quadratic NF model 

lth order (p + l)!/(P! I!) -t O(pl) 1 Polynomial 

p = number of inputs, M = number of neurons, rules, or local models. 
The complexity orders 0(-) are derived under the assumption I « p. 

model with a given degree of accuracy. This means the fewer local models 
are required the more complex they are. At some point the local models 
become so powerful that only a single local model can describe the whole 
process. Then the only remaining validity function !Pi (y) is equal to 1 for 
all :!! owing to the normalization. In fact, the local model deteriorates to a 
pure high degree polynomial. This case is illustrated in Fig. 14.8d. Thus, 
polynomials can be seen as one extreme case of local neuro-fuzzy models, 
while NRBF networks can be seen as another extreme case; see Table 14.l. 

The overall model complexity depends on the number of required neurons 
M and the number of parameters per local model. As Table 14.1 shows, an 
NRBF network possesses only a single (linear) parameter for each neuron, 
namely the weight or height of the basis function, but a huge number of 
neurons is required. In contrast, a high degree polynomial possesses a huge 
number of parameters, but only a single neuron is necessary. In the experience 
of the author, local linear models are often a good compromise between these 
two extremes. The number of local model parameters still grows only linearly 
with the input space dimensionality p but the required number of neurons 
is already significantly reduced compared with an NRBF network. For most 
applications the next complexity step to local quadratic models does not pay 
off. The quadratic dependency of the number of local polynomial parameters 
on input space dimensionality p is usually not compensated by the smaller 
number of required neurons, especially for high-dimensional mappings. Of 
course, the choice of the best model architecture is highly problem dependent 
but local linear models seem to be a well-suited candidate for a good geneml 
model architecture. 

Although the extension of local constant and local linear models to higher 
degree polynomials is straightforward, in principle the nonlinear local func
tions hO can be of any type. It is convenient to choose them linearly pa
rameterized in order to exploit the advantages of linear optimization. Sec
tion 14.2.3 discusses other choices for fi(·). 
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It is not necessary to choose all local models of the same type. Typically, 
different types of functions Ii (.) are employed if prior knowledge about the 
process behavior in different operating regimes is available. This issue is also 
discussed further in Sect. 14.2.3. Additionally, in Sect. 14.3 a method for 
data-driven selection of the local models' structures is proposed. In [327] 
local polynomial neuro-fuzzy models are pursued further. 

14.2.2 Local Quadratic Models for Input Optimization 

An example where local quadratic models are very advantageous is presented 
in the following. The task may be to find the input u* that minimizes the 
(unknown) function y = I(u), which is approximated by estimating a local 
neuro-fuzzy model from data. In a more general setting, the problem can be 
formulated as follows: 

Y = I (yJ --t min 
.!!(var) 

with y,(fix) = constant (14.8) 

where y,(var) and y,(fix) are the variable and fixed inputs taken from the input 
vector y, = [y,(var) y,(fix)]T. For example, y, = [Ul U2 U3 u4jT with the constant 
inputs defining the operating point y,(fix) = [Ul U2jT, and the variable input 
to be optimized y,(var) = [U3 U4jT. Such types of optimization problems occur 
frequently in practice. For example, in automotive control of combustion 
engines a four-dimensional mapping may describe the functional relationship 
between the inputs engine speed Ul, injection mass U2, injection angle U3, 

exhaust gas recirculation U4, and the output engine torque y. Then for any 
operating point defined by the first two inputs, the last two inputs need to 
be optimized in order to achieve the maximum engine torque or a minimal 
exhaust gas, e.g., NOx , or some tradeoff between both goals. For these types 
of problems it is advantageous to utilize local models whose outputs are 
quadratic in the variable inputs. In the above example the local models thus 
should be chosen as 

Yi = WiO+Wil Ul +Wi2U2+Wi3U3+Wi4U4 +Wi5U~ + Wi6U~ + Wi7U3U4 .(14.9) , , 
'" quadratic terms 

The benefits obtained by the quadratic shape with respect to the variable 
inputs are illustrated in Fig. 14.9 with a simple one-dimensional example. In 
many situations the function to be minimized possesses a unique optimum 
and thus has a V-shaped character with respect to the variable inputs, similar 
to that depicted in Fig. 14.9a. In some cases the optimum may be attained 
at the upper or lower bounds, and thus the function may be not V-shaped. 
Then the use of local quadratic models described below is not necessarily 
beneficial. 

The approximation performance of local linear and local quadratic neuro
fuzzy models is comparable if the number of parameters of both models (local 
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Fig. 14.9. Local quadratic models for input optimization: a) function to be approx
imated with a minimum at u· = -1/3; b) zoom of the white area in (a) comparing 
the process output with a local linear and a local quadratic neuro-fuzzy model with 
ten and three neurons, respectively; c) convergence of the approximation error; 
d) convergence of the error of the model minimum 

linear: two parameters per local model, local quadratic: three parameters per 
local model) is taken into account; see Fig. 14.9c. 

Contrary to the approximation performance, the local quadratic models 
are superior in the accuracy of the minimum, i.e., the minimum of the model 
is closer to the true minimum of the process; see Fig. 14.9d. The reason for 
this superiority is illustrated in Fig. 14.9b, which compares the process output 
with the local linear and local quadratic models. Although the neuro-fuzzy 
model with ten local linear models is much more accurate than the one with 
only three local quadratic models (compare also Fig. 14.9c), the minimum 
estimate of the local quadratic approach is much better than that of the 
local linear approach. Around the optimum a quadratic shape is a very good 
description of any smooth function. The derivative is equal to zero at the 
minimum, which leads to poor performance of local linear models. 

The superiority of the local quadratic approach for optimum determina
tion is similar to the fast convergence of Newton's method in nonlinear local 
optimization. Newton's method is also based on a quadratic model of the 
function to be optimized; see Sect. 4.4. Note that the additional number of 
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parameters in each LLM due to the quadratic terms can be kept relatively 
small because the LLMs have to be extended by quadratic terms only in 
the variable inputs. For example, in (14.9) only eight regressors are required 
compared with 15 regressors for a complete quadratic local model. 

14.2.3 Different Types of Local Models 

Up to here the use of polynomial type local models hO has been addressed. 
From the discussion in Sect. 14.2.1 first degree polynomials, that is, local 
linear models, generally seem to offer some favorable properties and thus are 
most widely applied. Therefore, for all that follows, the focus is on local linear 
neuro-fuzzy models. However, local neuro-fuzzy models in principle allow the 
incorporation of arbitrary local model types. 

So, one neuro-fuzzy model may include different local model structures 
and even architectures such as: 

• linear models of different inputs; 
• polynomial models of different degrees and inputs; 
• neural networks of different architectures, structures, and inputs; 
• rule-based systems realized by fuzzy logic; 
• algebraic or differential equations obtained by first principles. 

The idea is to represent each operating regime by the model that is most 
appropriate. For example, theoretical modeling may be possible for some op
erating conditions while the process behavior in other regimes might be too 
complex for a thorough understanding and thus a black box neural network 
approach may be the best choice. Furthermore, it may be easily possible 
to formulate the desired extrapolation behavior in the form of fuzzy rules 
because for extrapolation qualitative aspects are more important than nu
merical precision. Since local neuro-fuzzy models allow such an integration 
of various modeling approaches in a straightforward manner, they are a very 
powerful tool for gray box modeling [384]. In particular, the combination of 
data-driven modeling with the design of local models by prior knowledge in 
regimes where data cannot be measured owing to safety restrictions or for 
productivity reasons is extremely important in practice. 

As demonstrated in Sects. 13.2.2 and 13.2.3, local models can be opti
mized individually. This feature allows one to break down difficult model
ing problems into a number of simpler tasks for each operating regime; this 
is called a divide-and-conquer strategy. If, for example, a local neuro-fuzzy 
model consists of three local models - an MLP network, a theoretical model 
with unknown nonlinear parameters, and a polynomial model- then the MLP 
network may be trained with backpropagation, the nonlinear parameters of 
the theoretical model may be optimized by a Gauss-Newton search, and the 
coefficients of the polynomial can be estimated by a linear least squares tech
nique. 
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Fig. 14.10. Integration of knowledge-based and data-driven modeling: a) parame
ter dependent, b) operating point dependent, c) knowledge-based initialization with 
subsequent data-driven fine-tuning 

An interesting situation occurs when the local models themselves are 
again chosen as a local neuro-fuzzy model. This is a quite natural idea be
cause if a certain model architecture is favorable (for whatever reasons) it 
is logical to employ it for the submodels as well. It yields a self-similar or 
fractal model structure since each model consist of submodels of the same 
type, which again consist of sub-submodels of the same type etc. , until the 
maximum depth is reached. Such hierarchical model structures are analyzed 
in Sect. 13.3.6. 

Next, data-driven methods for determination of the rule consequents 
(Sect. 13.2) and premises (Sect. 13.3) are presented and analyzed. Fig
ure 14.lO illustrates various ways in which the information from prior knowl
edge and measurement data can be integrated in local linear neuro-fuzzy 
models. One common approach is to determine the rule premises by prior 
knowledge since this requires information about the nonlinear structure of 
the process, which is often available, at least in a qualitative manner. The 
rule consequents are then estimated from data; see Fig. 14.10a. An alterna
tive is that some local models are fully chosen by prior knowledge and some 
others are fully optimized with regard to the training data; see Fig. 14.lOb. 
This is a particularly appropriate approach when first principles models can 
be built for some operating regimes while prior knowledge does not exist for 
the process behavior in other regimes. Finally, Fig. 14.lOc shows a two-stage 
strategy in which first rule premises and consequents are chosen by prior 
knowledge and subsequently a fine-tuning stage improves this initialization 
by an optimization method that utilizes data. Care must be taken in order 
to preserve the prior knowledge in the second stage; for more details refer to 
Sect. 12.3.5. 
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14.3 Structure Optimization of the Rule Consequents 

The LOLIMOT algorithm allows one to extract those variables from the 
premise input vector !f that have a significant nonlinear influence on the 
process output by analyzing the generated premise input space partitioning. 
In analogy to Fig. 14.3, a method for structure selection of the local linear 
models in the rule consequents would be desirable. As proposed in [282] and 
extended in [270, 281, 283], a linear subset selection technique such as the 
orthogonal least squares (OLS) algorithm can be applied instead of the least 
squares estimation of the consequent parameters described in Sect. 13.2. For 
the same reasons as discussed in Sect. 13.2 it is usually advantageous to 
apply this structure optimization technique locally. Additionally, the benefit 
of lower computational demand becomes even more pronounced since the 
training time of the OLS grows much faster with the number of potential 
regressors than in case of the LS. Similar to the premise structure selection in 
LOLIMOT, the OLS can be applied either directly to all potential regressors 
;!i. = 1! or after a preselection based on prior knowledge; see Fig. 14.11. A 
detailed description of the OLS and other linear subset selection schemes 
can be found in Sect. 3.4. These standard OLS algorithms cannot be applied 
directly for local estimation because the weighting of the data has to be taken 
into account. This can be done by carrying out the following transformations 
on the local regression matrices Xi and the output vector It 

(14.10) 

with the diagonal weighting matrices Q.; see Sect. 13.2.2. When Xi and 11 
~ -

are used in the OLS instead of Xi and y, a local weighted orthogonal least 
squares approach results. -

If all LS estimations in the LOLIMOT algorithm are replaced with an 
OLS structure optimization, the obtained LOLIMOT +OLS algorithm can 
optimize the structure of the rule consequents locally. This means that dif
ferent consequent structures and even consequents of different complexity 
can be automatically constructed. This feature is especially attractive for 
the identification of dynamic systems; see Chap. 20. Consequently, models 

prior knowledge 
about linear structure 

OLS 
f----+lconsequent space selection 

b) :! 
--!-=-~------+l'!~equent space selectiOn!f--------.. 

Fig. 14.11. Consequent input selection by a) both prior knowledge and OLS or 
b) OLS only 
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14.3 Structure Optimization of the Rule Consequents 405 

that are easier to interpret, faster to estimate, and more parsimonious can be 
generated by the LOLIMOT+OLS algorithm than with standard LOLIMOT. 

The operation of the LOLIMOT+OLS algorithm will be illustrated with 
the following example. The function 

1 2 
Y = 01 +U2 (14.11) 

Ui + . 
will be approximated (Fig. 14.13a) utilizing five inputs Ui, ... ,U5, assuming 
that the relevance of these inputs is not known a priori. 625 training data 
samples are available in which the first two inputs Ui and U2 are equally 
distributed in the interval [0, 1], the third input U3 = Ui + 2U2 depends 
linearly on the first two inputs, U4 is a nonlinear function of the first two 
inputs that is unrelated to (14.11), and U5 is a normally distributed random 
variable. If no prior knowledge about the relevance of these inputs is available 
LOLIMOT +OLS starts with the following premise and consequent input 
spaces: 

~ = [Ui U2 ••• U5]T, ~ = [Ui U2 ••• U5]T • (14.12) 

The task of the OLS is to select the significant regressors from the set of six 
potential regressors, i.e., all inputs gathered in ~ plus a constant for modeling 
the offset. In the first LOLIMOT iteration, the OLS estimates a global linear 
model. Its convergence behavior is depicted in Fig. 14.12a. This plot shows 
how the amount of unexplained output variance of the process varies over 
the selected regressors; for details refer to Sect. 3.4.2. The OLS selected the 
regressors in the order U2, U3, 1, U4, U5, Ui. While for the first three iterations 
of the OLS each additionally selected regressor improves the model quality, 
no further significant improvement is achieved for more than three regressors. 
Similar to the convergence behavior of LOLIMOT the OLS algorithm can be 
terminated if the improvement due to an additional regressor is below a user 
determined threshold. Note, however, that Fig. 14.12a illustrates an artificial 
example, and in practice the convergence curve typically is not that clear. 
In particular, a situation may occur where a selected regressor improves the 
model quality only insignificantly but the next selected regressor yields a 
considerable improvement. Then the termination strategy described above is 
not optimal. In the experience of the author it is very difficult for the user to 
find a suitable threshold that is appropriate for the whole training procedure. 
Therefore, it is recommended to fix the number fiX of regressors to be selected 
instead of a variance threshold. In the context of dynamic systems additional 
difficulties arise for finding a suitable termination criterion; see Chap. 20. 

As Fig. 14.12a shows, the regressor U3 is selected instead of Ui. Since 
Ui, U2, and U3 are linear dependent it is equivalent to select any two out of 
these three regressors. For this reason (when U2 and U3 are already chosen) 
Ui is redundant and thus would be selected at last. After ten iterations the 
training with LOLIMOT is terminated. The OLS optimization of one local 
linear model in this final LOLIMOT iteration is depicted in Fig. 14.12b. 

co
nt

ro
len

gin
ee

rs
.ir



406 14. Local Linear Neuro-Fuzzy Models: Advanced Aspects 

a) b) 
0.1 0.151..---~-----~----, 

0.1 

"4 115 ". 0.05 
"2 

~ "4 115 UJ 

2 3 4 5 6 
01 2 3 4 5 6 

selected regressors selected regressors 

Fig. 14.12. Convergence behavior of the local OLS algorithm for regressor selection 
in a) the first and b) the tenth LOLIMOT iteration 

Compared with Fig. 14.12a, the level of unexplained output variance is much 
smaller because the linear model is valid only for a small region of the input 
space according to the partitioning constructed by LOLIMOT. In a smaller 
region the process can be approximated more accurately by a linear model 
and thus the curve in Fig. 14.12b is closer to zero. Note that the unexplained 
output variance depends on both the mismatch due to the nonlinear process 
characteristics and the local disturbance level (which is equal to zero in this 
example). 

It is interesting to note that during the whole training procedure of 
LOLIMOT U2 is the most significant regressor for all local linear models. The 
reason for this lies in the input space partitioning constructed by LOLIMOT. 
Many more splits are carried out in the ul-dimension, which decreases the 
importance of Ul in the rule consequents since the LLMs possess a larger 
extension in the U2- than in the ul-dimension. 

In the final model generated by LOLIMOT+OLS all rules have one of the 
following two forms: 

Ri: IF Ul = ... AND U2 = ... THEN y = WiO + WilUl + Wi2U2 

or 

Rj: IF Ul = ... AND U2 = ... THEN y = WjO +WjlU2 +Wj2US' 

The irrelevant inputs U4 and U5 and the redundant input (either Ul or us) 
are successfully not selected for any rule. LOLIMOT discovered that the 
nonlinear characteristics are determined only by Ul and U2, and does not 
perform a split in any other input. Thus, in subsequent investigations with 
the same process this knowledge can be utilized by discarding the obviously 
irrelevant variables from the premise and consequent input spaces. 

Figure 14.13 demonstrates how the model quality improves with the num
ber of selected regressors nx per local linear model. The original function in 
Fig. 14.13a is approximated with a neuro-fuzzy model with ten rules. The 
RMSE decreases from 0.7 for nx = 1 to 0.4 for nx = 2 and 0.25 for nx = 3. 
As illustrated in Fig. 14.12 a further increase of nx would incorporate irrel-
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Fig. 14.13. a) Original function (14.11). Local neuro-fuzzy models constructed by 
LOLIMOT+OLS with ten rules and b) one, c) two, and d) three selected regressors 

evant regressors into the model, which would not further improve the per
formance. Note that the input space partitioning created by LOLIMOT for 
Figs. 14.13b, c, and d is different. FUrthermore, it is interesting to realize that 
the model in Fig. 14.13b is similar to an NRBF network in the sense that it 
also utilizes only a single parameter (weight) for each validity function. How
ever, the LOLIMOT+OLS approach is much more flexible and thus performs 
much better because the optimal regressor is selected for each LLM, while an 
NRBF network always utilizes a constant; see Sect. 13.1.4. 

Since the computational demand of the OLS algorithm grows strongly 
with the number of potential regressors, their number should be limited by 
exploiting prior knowledge whenever it is available. An extension of the above 
described LOLIMOT+OLS approach may be advantageous for many practi
cal problems. Often some variables are known a priori to be relevant for the 
rule consequents. Then these variables should be chosen as regressors before 
a subsequent OLS phase can be used to select additional regressors. 

In the proposed LOLIMOT+OLS approach the OLS is nested within the 
LOLIMOT algorithm, that is, in each iteration of LOLIMOT the OLS is 
utilized for structure optimization of rule consequents. An alternative, sim
plified strategy in order to save computation time is to run the conventional 
LOLIMOT without structure optimization of rule consequents and to subse
quently apply the OLS only to the final model. In particular, this strategy 
is beneficial for models with many rules (large M) and not too many po
tential regressors (nx ?;:. nx) . (For a large number of potential regressors 

co
nt

ro
len

gin
ee

rs
.ir



408 14. Local Linear Neuro-Fuzzy Models: Advanced Aspects 

nx compared with the selected regressors, the least squares estimation can 
become more time-consuming than the OLS.) Note that compared with the 
LOLIMOT+OLS approach such a simplified two-stage LOLIMOT and OLS 
strategy usually generates inferior models since the tree-construction algo
rithm constructs a different premise structure based on the assumption that 
all nx regressors are incorporated into the rule consequents. 

14.4 Interpolation and Extrapolation Behavior 

The interpolation and extrapolation behavior of local linear neuro-fuzzy mod
els are determined by the type of validity functions used. Although the whole 
chapter focuses on normalized Gaussian validity functions some examples 
in this section use a triangular type to illustrate some effects more clearly. 
The validity functions can be mainly classified according to the following two 
properties: 

• Differentiability: The smoothness of the model depends on how many times 
the validity functions are differentiable. The smoothness also depends on 
the utilized local models. The higher the polynomial degree of the local 
models is, the smoother the overall model becomes . 

• Strict locality: The normalization side effects (see Sect. 12.3.4) are strongly 
dependent on whether the validity functions are local or strictly local, i.e., 
have compact support and thus decrease exactly to zero. 

Some undesirable extrapolation properties of local linear neuro-fuzzy 
models are caused by the normalization side effects and thus can be over
come or weakened by the utilization of a hierarchical model structure; see 
Sect. 13.3.6. The interpolation properties discussed in the next section, how
ever, are of fundamental nature and apply equivalently for flat and hierarchi
cal structures. 

14.4.1 Interpolation Behavior 

In order to illustrate the fundamental interpolation properties, an example 
with Olily two rules as shown in Fig. 14.14 is considered. The triangular and 
normalized Gaussian validity functions are depicted in Fig. 14.14c(left) and 
(right), respectively. Two alternative scenarios are investigated. The local lin
ear models ih and Y2 in Fig. 14.14a possess similar slopes, and their point 
of intersection lies beyond the interpolation region!. In contrast, the local 
linear models in Fig. 14.14b intersect within the interpolation region, and 

1 Strictly speaking the interpolation region of the normalized Gaussians is infinitely 
large. However, for the degree of accuracy required in any practical consideration 
it is virtually equivalent to the interpolation interval [1/3, 2/3] of the triangular 
validity functions. 

co
nt

ro
len

gin
ee

rs
.ir



14.4 Interpolation and Extrapolation Behavior 409 

0.2 0.4 0.6 0.8 
u u 

b) 8:..---~-~-~-~--, 

" y 

6 6 

4 4 

" y 

2 ___ ....::::::::? 2 __ -=::::::7 

o 

0.2 0.4 0.6 0.8 
u 

o 

02 0.4 0.6 0.8 
u 

~ x ~ 1 ·":1 ~ )( 
0.2 0.4 0.6 0.8 1 °0'l..--0-.2-.... 0:::....4--0..".6--0~.8---' 

u u 

Fig. 14.14. Model characteristics for a) S-type and b) V-type interpolation with 
c) triangular (left) and normalized Gaussian (right) validity functions 

their slopes are highly different. In [11] these two cases are called S-type and 
V-type interpolation, respectively. While the interpolation behavior in the 
S-type is as expected, the V-type characteristics are unexpected and thus 
undesirable. The basic interpolation characteristics are similar for triangu
lar and normalized Gaussian validity functions. However, Fig. 14.14(left)a 
and b reveals that the model outputs are non-differentiable at the edges of 
the triangles u = 1/3 and u = 2/3, while the behavior is very smooth in 
Fig. 14.14(right)a and b. The example in Fig. 14.14 can be extended to more 
than two triangular validity functions in a straightforward manner if they 
are defined such that only two adjacent validity functions overlap. In con
trast, for the normalized Gaussian case all validity functions always overlap. 
Thus, the analysis becomes more complex when the standard deviations of 
the Gaussians are large; otherwise it still approximately holds because only 
the contributions of two validity functions are significant. 

Two strategies have been proposed to remedy the undesirable behavior 
for the V-type interpolation. Both ideas are based on the assumption of tri
angular validity functions and, cannot be easily extended to other types such 
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as normalized Gaussians. Note that any method that solves the interpolation 
problem necessarily degrades the interpretation of the model as a weighted 
average of local models. Either the partition of unity or the local models 
themselves have to be modified. Babuska et al. [10, 11] suggest modifying 
the inference of Takagi-Sugeno fuzzy models. The standard approach is to 
weight the individual rule consequent outputs Yi (i = 1, ... , M) with their 
corresponding degree of rule fulfillment J.Li; see (12.13) in Sect. 12.2.3,: 

M 

L: J.Li Yi 
i=l Y = --:--

M 

L: J.Li 
i=l 

(14.15) 

In [10, 11] this operation is replaced by another smooth averaging opera
tor. The basic idea behind this new operator is that the undesirable interpo
lation behavior would not occur for a model output calculated as Y = max(Yi) 
or Y = min(Yi), respectively. Such a crisp switching between the rules, how
ever, would ignore the smooth membership functions and would lead to a 
non-continuous model output. Therefore, smoothed versions of the max- or 
min-operators are utilized that depend on the shape of the membership func
tions. The main drawbacks of this approach are that its complexity increases 
strongly with the dimensionality of the membership functions and that it is 
limited to cases with only two overlapping fuzzy sets. 

An alternative solution to the interpolation problem is proposed by Run
kler and Bezdek in [330]. It is based on a modification of the membership 
functions. The originally triangular membership functions are replaced by 
third order polynomials. The parameters of these polynomials are determined 
according to the following two conditions: 

• At the centers of the membership functions (cores) the output of the new 
model shall be identical to the output of the old model. 

• The first derivative of the new model at the centers of the membership 
functions shall be identical to the slopes of the associated local linear mod
els. 

The main drawback of this approach is that the membership functions may 
become negative. This severely restricts the interpretability. Both strategies 
destroy the partition of unity, at least locally. 

Another strategy is pursued by Nelles and Fischer in [277]. It is motivated 
by some observations that can be made from Fig. 14.15. The undesirable 
interpolation effects decrease as the number of rules increases because neigh
bored local linear models tend to become more similar. Thus, the undesirable 
interpolation effects may be tolerably small for most applications. However, 
major difficulties arise when the derivative of the model is required since dif
ferentiation magnifies the interpolation effects. Therefore, it is proposed in 
[277] to keep the interpolation behavior but modify the differentiation of the 
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Fig. 14.15. The undesirable interpolation effects decrease with an increasing num
ber of local linear models: model with a) two, b) three, and c) four rules for nor
malized Gaussian validity functions 

model output by carrying out a local linearization. For more details refer to 
Sect. 14.5. 

14.4.2 Extrapolation Behavior 

Extrapolation is a difficult task, which has to be carried out with extreme 
caution for any model architecture. If possible, extrapolation should be com
pletely avoided by incorporating measurements from all process condition 
boundaries into the training data. However, in practice it is hard to realize 
such a perfect coverage of all boundaries of the input space. Consequently, 
the extrapolation behavior of a model becomes an important issue. As further 
pointed out in Chap. 20 this is especially the case for dynamic models. "Rea
sonable" extrapolation properties can ensure some robustness with regard to 
data that lies outside the training data range. 

It is not possible to define what type of extrapolation behavior is good 
or bad in general. Rather, it is a matter of the specific application to decide 
which extrapolation properties might be suitable. Prior knowledge about the 
process under consideration can be exploited in order to define the desired 
extrapolation properties. For example, the extrapolation behavior of an ad
ditive supplementary model (see Sect. 7.6.2) should tend to zero in order to 
recover the original first principles model in regimes where no data is avail
able. For a multiplicative correction model the extrapolation behavior should 
tend to 1 for exactly the same reason. If no prior knowledge is available at 
least some smoothness assumptions on the process can be made. Common 
model architectures exhibit the following extrapolation behaviors: 

• None: Look-up table, CMAC, Delaunay network. 
• Zero: RBF network. 
• Constant: MLP, NRBF, GRNN networks, linguistic, singleton fuzzy sys

tems. 
• Linear: Linear model, local linear neuro-fuzzy model. 
• High order: Polynomial. 
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The local neuro-fuzzy model extrapolation behavior depends on the kind of 
local models employed. The focus here is on local linear models that extrap
olate with a linear function. However, some unexpected effects may occur. 
Their explanation and a remedy are discussed in the subsequent paragraph. 
Finally, a strategy for enforcing an arbitrary user-defined extrapolation char
acteristic in local linear neuro-fuzzy models is proposed. 

Ensuring Interpretable Extrapolation Behavior. Owing to normaliza
tion side effects (see Sect. 12.3.4) the normalized Gaussian validity function 
with the largest standard deviation reactivates for u -t -00 and u -t 00. 

Only for two special cases is it guaranteed that the outermost validity func
tions maintain their activity for extrapolation: 

• The standard deviations of all validity functions are equivalent in each 
dimension . 

• The standard deviations of the outermost validity functions are equivalent 
and larger than the standard deviations of all inner validity functions. 

Otherwise, the normalization side effects lead to undesirable extrapolation 
behavior because the local model that is closest to the boundary is always 
expected to determine the extrapolation characteristics. Figure 14.16(left) 
illustrates this effect for a model with three rules. The local linear model as
sociated to the validity function ~3 determines the extrapolation behavior for 
u > 1, which is expected, and for u < -0.5, which is totally unexpected. The 
Gaussian membership functions in Fig. 14.16a(left) are shown in logarithmic 
scale in Fig. 14.17a, where it can be seen why ~3 reactivates for u < -0.5. 

A solution to this problem is proposed in [267, 286], and is illustrated 
in Fig. 14.16(right). The degree of membership of all MSFs is frozen at the 
interpolation/extrapolation boundary, i.e., here at u = 0 and u = 1. Then 
no reactivation can occur. This remedy becomes even more important as 
the number of rules increases. Figure 14.17b demonstrates that otherwise the 
reactivation can occur very close to the interpolation/extrapolation boundary 
if the width of the validity function at the boundary is very small. 

Incorporation of Prior Knowledge into the Extrapolation Behavior. 
With the strategy proposed in the previous paragraph it can be guaranteed 
that the extrapolation behavior is determined by the local model that is 
closest to the boundary. For various applications prior knowledge about the 
process output within the extrapolation regions is available in the form of 
lower or upper bounds or slopes. This knowledge should be exploited by in
corporating it into the model. A straightforward way to do this is to define 
additional hyperrectangles in the input space and to construct the corre
sponding validity functions that describe the extrapolation regimes. The lo
cal linear models in these extrapolation regimes can be defined by the user 
according to the available prior knowledge. Thus, the local linear neuro-fuzzy 
model is extended to 
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Fig. 14.16. Undesirable extrapolation effects: a) original local linear neuro-fuzzy 
model with reactivation of <P3 for u < -0.5; b) remedy of the reactivation by freezing 
the membership function values at the interpolation/extrapolation boundaries 
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Fig. 14.11. a) Logarithmically scaled membership functions from Fig. 14.16a(left). 
For u < -0.5, P3 dominates. b) The reactivation (here of <P7) is close to the bound
ary u = 0 since the width of <PI is small (top), no reactivation takes place due to 
frozen membership functions (bottom) 

M M.x 

y = LLiPi(1!) + LLjex)pjex)(1!) ' (14.16) 
i=l j=l 

where the first sum represents the conventional neuro-fuzzy model with the 
local linear models Li and the second term summarizes Mex extrapolation 
regimes. The extrapolation validity functions pjex) are defined such that the 
partition of unity holds for the overall model: 
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M Mex 

:E 4'>i(Y) + :E 4'»ex)(y) = 1. (14.17) 
i=1 j=1 

While the determination of the local extrapolation models L)ex) is di
rectly dependent on the desired extrapolation behavior, the choice of the 
corresponding validity functions 4'»ex) is not straightforward. The following 
difficulties arise for the choice of the extrapolation regime sizes: 

• Large extrapolation regimes implying large widths of the extrapolation va
lidity functions can prevent the reactivation of all interpolation validity 
functions and thus allow one to approach 4'»ex) -+ 1 as U -+ -00 or U -+ 00, 

respectively. However, wide extrapolation validity functions may strongly 
influence the interpolation behavior of the model and thus degrade its in
terpolation accuracy. 

• Small extrapolation regimes implying small widths of the extrapolation 
validity functions avoid this problem. However, the extrapolation validity 
function values must be frozen according to the strategy in the previous 
paragraph in order to avoid reactivation of an interpolation validity func
tion. The drawback of the freezing procedure is that the 4'»ex) do not ap-

proach 1 arbitrarily closely. If, for example, a 4'»ex) is frozen at 0.9 then 
the extrapolation behavior is not solely determined by the user-defined lo
cal extrapolation model L)ex) since 10% is influenced by the other local 
interpolation models. 

Figure 14.18 illustrates the dilemma discussed above. It is assumed that 
the following prior knowledge about the desired extrapolation behavior is 
available: y = 10 for u < 0 and y = 0 for u > 1. Then the two additional 
extrapolation validity functions 4'>~ex) and 4'>~ex) shown in Fig. 14.18 are intro
duced with the local linear extrapolation models L~ex) = 10 and L~ex) = o. 
In Fig. 14.18a the widths of the extrapolation validity functions are chosen 
to be large; in Fig. 14.18b they are chosen to be small. Obviously, the de
sired extrapolation behavior is realized in Fig. 14.18a but the interpolation 
behavior is degraded. In contrast, the interpolation properties in Fig. 14.18b 
are not affected. However, the desired extrapolation behavior can be achieved 
only for u < 0, while in the regime u > 1 the model still extrapolates with a 
negative slope since max(4'>~ex») is significantly smaller than 1. 

A possible solution to the dilemma described above is to add more than 
one extrapolation regime at each boundary to the model. With this strat
egy the advantages of both the approaches discussed above can be combined 
while their drawbacks are overcome. Figure 14.19a demonstrates that the in
troduction of multiple extrapolation regimes with small widths successfully 
prevents a nearby reactivation of an interpolation validity function and fur
thermore ensures that the extrapolation validity functions approach 1. The 
price to be paid is a higher model complexity owing to the larger number 
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Fig. 14.19. New strategy for incorporation of prior knowledge into the extrapo
lation behavior: a) one-dimensional example of Fig. 14.18 with eight extrapolation 
validity functions to the left and right; b) two-dimensional example with four ex
trapolation regimes to the left, right, bottom, and top 

of local models. The number of extrapolation regimes that are necessary de
pends on the width ratio of the neighboring validity functions, which can be 
easily assessed by the user. 

The straightforward extension of this strategy to higher-dimensional 
premise input spaces is illustrated in Fig. 14.1gb. The extrapolation (hy
per)rectangles in all but one dimension extend over the whole input space. 
In the extrapolation dimension their extension is chosen equal to the width 
of the interpolation regime with the smallest width in this dimension. 
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14.5 Global and Local Linearization 

As analyzed in Sect. 14.4.1, the interpolation behavior of local linear neuro
fuzzy models may reveal undesirable effects. These effects can either be ex
plicitly compensated or neglected when "enough" local models are estimated. 
If, however, the derivative of the model output is calculated these interpola
tion effects are magnified, and usually cannot be neglected any more. Since 
the models's derivative is required in many applications, a remedy to this 
problem is of fundamental importance. Derivatives are for example needed 
for calculating the gradients in an optimization problem; see the last para
graph in Sect. 14.2.1. In the context of dynamic models (see Chap. 20), a wide 
range of linear design strategies for optimization, control, fault detection, etc. 
can be extended to nonlinear dynamic models in a straightforward manner 
by utilizing linearization. All these applications require a reliable calculation 
of the model's derivatives. 

Figure 14.20a shows the derivatives of the models from the example in 
Fig. 14.14. While the local linear neuro-fuzzy model with triangular validity 
functions (left) possesses a non-continuous derivative, the derivative is smooth 
for the normalized Gaussian case (right). Independent of the type of validity 
function, however, the undesirable interpolation effects cause a partly negative 
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Fig. 14.20. a) Global and b) local derivatives of a local linear neuro-fuzzy model 
with c) triangular (left) and normalized Gaussian (right) validity functions; with 
compare Fig. 14.14 
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14.5 Global and Local Linearization 417 

derivative in the interpolation region although the slopes of both local linear 
models are positive. This behavior can have dramatic consequences since it 
means that the gain of a linearized model may have the wrong sign. Hence, 
unstable closed-loop behavior may result from a controller design that is 
based on such a linearized model. This effect can be overcome by calculating 
the derivative locally. Instead of differentiating the complete model equation 

M M 

Y = L (WiO + WilXl + " . + Wi,nzXnz) q;i(~) = L Li(~)q;i(~) (14.18) 
i=l i=l 

analytically, i.e., globally, with respect to some input Uj 

ay M a 
-a . = L -a . {Li(~)q;i(e)} 

U J i=l uJ 

(14.19) 

only the local models are differentiated individually, i.e., locally, 

ay I M a -a. = L ~ {Li(~)}q;i(e). 
UJ local i=l U J 

(14.20) 

This can be interpreted as an interpolation of the local model derivatives 
by the validity functions q;i(e). Similar to the relationship between local and 
global parameter estimation (Sect. 13.2.3), the local derivative in (14.20) of
fers some important advantages over the global one in (14.19) although the 
global derivative is the mathematically correct one. The local derivative re
tains the monotony of the local linear models' slopes. As shown in Fig. 14.20b, 
it ensures that the derivative is monotonically increasing in the interpolation 
region. In particular, this property implies that the undesirable interpola
tion effects are overcome. In comparison to the approaches of Babuska et al. 
[10, 11] and Runkler and Bezdek in [330] discussed in Sect. 14.4.1, the local 
derivative approach by Nelles and Fischer [277] offers the following important 
advantages. It is 

• simple, 
• interpretable, 
• easy to compute, 
• and can be applied to all types of membership or validity functions and all 

types of local (not only linear) models. 

However, it solves the difficulties in the interpolation behavior only for the 
model derivatives, not for the model output itself. Figure 14.21 demonstrates 
how the local differentiation compares with the global analytic one for the 
example introduced in Fig. 14.15. This comparison clearly confirms that the 
characteristics of the local derivative are not only more intuitive but also 
possesses a higher accuracy. 

It is interesting to investigate the mathematical differences between an 
analytic and a local derivative. According to (14.19), the calculation ofthe an
alytic derivative with respect to an input Uj depends on whether the premise 
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Fig. 14.21. Global and local derivatives of the local linear neuro-fuzzy models 
dfj/du with a) two, b) three, and c) four rules as introduced in Fig. 14.15 and 
derivatives of the original function dy/du 

input vector ~ and/or the consequent input vector ~ contain Uj; see Sect. 14.1. 
The following three cases can be distinguished: 

M 84>.(z) L Wi k4>i(Z) + Li(X) ~ for Xk = Uj, Zl = Uj 
i=l' - - 8Z1 
M 
L Wi,k4>i(~) for Xk = Uj, Uj f/ ~ 

8y 
(14.21) 

i=l 

~ L •. (~) 84>i(~) £ d L... or ZI=Uj, Ujl"~ 
i=l 8z1 

With (14.20) the local derivative becomes 

I f wi,k4>i(~) for Xk = Uj, Zl = Uj 

8'0 I i=l 

8Uj local = i~ wi,k4>i(~) for Xk = Uj, Uj f/ ~ 
o for Zl = Uj, Uj f/ ~ 

(14.22) 

Obviously, the local and the analytic derivative are almost equivalent for 

8~~;-) ~ O. (14.23) 

This condition is met for inputs close to the centers of the validity func
tions and close to the extrapolation boundary. Between two validity functions 
where the undesirable interpolation effects occur (14.23) does not hold since 
the slope of the validity functions is considerable. If the standard deviations 
of the normalized Gaussians are decreased the regions for which (14.23) is met 
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Fig. 14.22. Global and local derivatives in dependency on the model smoothness: 
a) small, b) medium, c) large smoothness 

are extended, i.e., analytic and local derivatives coincide for larger regions in 
the input space. Note, however, that then aipi(~)/aZI can become huge in 
the remaining small interpolation regions. This relationship is illustrated in 
Fig. 14.22. With the analytic (global) derivative either large deteriorations 
occur for small regions of the input space (Fig. 14.22a) or small deteriorations 
occur for large regions of the input space (Fig. 14.22c). 

If the local models Li (;f) are linear, another derivation of the local differ
entiation can be carried out that underlines its fundamental importance. The 
output of a local linear neuro-fuzzy model in (14.18) can be reformulated as 

M M M 

Y = L wiOipi(~) + L Wi1ipi(~)· Xl + ... + L Wi,na;ipi(~)· Xna;· (14.24) 
i=l i=l 
~' .. 

wO(~) Wl(~) 

This is a pseudo-linear relationship between the rule consequent inputs Xi 

and the model output y with the parameters Wi (~) that depend on the op
erating point ~, i.e., the premise inputs. Equation (14.24) is called a local 
linearization of the model. The operating point dependent parameters are 
equivalent to the local derivatives in (14.22) with respect to the inputs Xi. 

The local linearization can be efficiently utilized to exploit mature linear de
sign methods for nonlinear models. The system in (14.24) is called linear 
parameter varying (LPV)j see the parameter scheduling approach discussed 
in Sect. 17.4. 
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14.6 Online Learning 

The following major motivations for the application of online adaptation or 
learning2 can be distinguished: 

1. The process possesses time-variant behavior that would make a time
invariant model too inaccurate. 

2. The model structure is too simplistic in order to be capable of describing 
the process in all relevant operating regimes with the desired accuracy. 

3. The amount, distribution, and/or quality of measurement data that is 
available before the model is put to operation is not sufficient to build a 
model that would meet the specifications. 

The first point is the classical reason for the application of an adaptive 
model. Truly time-variant behavior is often caused by aging or wearing of 
components. Since the size of these effects is sometimes difficult to assessed a 
priori, an adaptive model may be necessary in order to track the time-variant 
process behavior. In signal processing or control systems often disturbances 
occur that can be neither modeled nor directly measured, and thus the process 
behavior appears to be time-variant as well. Therefore, adaptive models are 
widely applied in these areas. Local linear neuro-fuzzy models are particularly 
well suited for online learning since they are capable of solving the so-called 
stability/plasticity dilemma [53]; see Sect. 14.6.1. 

The second issue also addresses an important motivation for online adap
tation or learning. If, for example, a linear model is utilized for modeling a 
strongly nonlinear process it has to be adapted online to the current operating 
point. The need for online adaptation fades as more suitable nonlinear models 
are employed. In fact, a good nonlinear model should make this motivation 
superfluous. 

The third point covers a large number of realistic situations. If the amount 
of data that can be measured before the model goes into operation is small 
or the data is very noisy only a rough model can be trained offline. (In 
the most extreme case no offline measured data is available at all, which 
implies that no offline trained model exists.) Owing to the bias/variance 
tradeoff (see Sect. 7.2) both the bias and the variance error might be decreased 
with a subsequent online learning phase utilizing new data. A decrease in 
the variance error can be achieved in a relatively easy way by parameter 
adaptation. This approach is pursued in Sect. 14.6.1. A reduction in the 
bias error, however, requires an online increase of the model's flexibility, i.e., 
the incorporation of additional neurons into the model. This is clearly a 
very complex topic for future research. Some first ideas are introduced in 
Sect. 14.6.2. 

2 The term "learning" is used if the model possesses a memory in the sense that it 
does not forget previously learned relationships when the operating conditions 
change. Thus, here "learning" implies "adaptive nonlinear" plus a mechanism 
against arbitrary forgetting, e.g., locality. 

co
nt

ro
len

gin
ee

rs
.ir



14.6 Online Learning 421 

In many applications the distribution of the offline collected data is not 
perfect. Often the data might not cover all operating conditions of interest 
because the time for experiments is limited and the process characteristics 
may not be well understood a priori. Furthermore, some inputs, e.g., an envi
ronment temperature, may be measurable but cannot be actively influenced 
and thus excited. Therefore, the training data often cannot cover all operat
ing conditions. Then it is important to distinguish between two cases. If the 
weakly excited model inputs are assumed to influence the process behavior 
in a mainly linear way, the approach in Sect. 14.6.1 can be pursued. If the 
process is assumed to depend on these inputs in a strongly nonlinear way, a 
complex strategy as discussed in Sect. 14.6.2 should be applied. Note that 
the advantageous distinction between linear and nonlinear influence of the 
model inputs is a feature of local neuro-fuzzy models that is not shared by 
most other model architectures; see Sect. 14.1. 

For online learning in real time, the LOLIMOT algorithm is difficult to 
utilize directly since its computational demand grows linearly with the num
ber of training data samples. Thus, a recursive algorithm is required that 
possesses constant computation time in order to guarantee execution within 
one (or a fixed number of) sampling interval(s). Such approaches are dis
cussed in the following sections. 

14.6.1 Online Adaptation of the Rule Consequents 

In [265] a new strategy for online learning with local linear neuro-fuzzy models 
is proposed. It is based on the following assumptions: 

1. A local linear neuro-fuzzy model has been trained offline a priori, e.g., 
with the LOLIMOT algorithm, and the model structure represents the 
nonlinear characteristics of the process sufficiently well. 

2. The process is not or only negligibly time-variant in its nonlinear struc
ture, i.e., the operating regions for which the process possesses strongly 
nonlinear behavior do not change significantly. 

Both assumptions are necessary because the online learning strategy 
keeps the nonlinear structure of the model, which is represented by the rule 
premises, fixed, and adapts only the linear parameters in the rule conse
quents. The reason for this restriction is that nonlinear parameters cannot 
easily be adapted online in a reliable manner. Difficulties with local optima, 
extremely slow convergence, choice of step sizes, etc. usually rule out an on
line adaptation of nonlinear parameters in real applications. In contrast, an 
online adaptation of linear parameters in linear models is state-of-the-art 
in adaptive signal processing and adaptive control applications. A number 
of robust recursive algorithms and supervision concepts are well developed; 
see Sects. 3.2 and 16.8. As demonstrated in the following, the step from the 
adaptation of linear parameters in linear models to local linear neuro-fuzzy 
models is still realistic even for industrial application. 
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The second assumption is not crucial; it is just relevant with respect to 
the model accuracy that can be achieved. The more a process changes its 
nonlinear structure the less optimal the offline obtained partitioning of the 
input space will be. Nevertheless, even in such cases an adaptive local linear 
neuro-fuzzy model can be expected to outperform a simple adaptive linear 
model. In contrast to an adaptive linear model, an adaptive local linear neuro
fuzzy model "memorizes" the process behavior in different operating regimes. 
A linear model has to be newly adapted after any operating point change, 
and thus is very inaccurate during and right after the change even if the 
process is time-invariant or only slowly time-variant. A local linear neuro
fuzzy model has only to adapt to true time-variance of the process and can 
accurately represent any operating point change without any adaptation pe
riod in which the model might be unreliable. This feature solves the so-called 
stability/plasticity dilemma coined by Carpenter and Grossberg [53]. This 
dilemma states that there exists a tradeoff between the speed of learning new 
relationships that requires fast adaptation to new data (called "plasticity"), 
and good noise attenuation that requires slow adaptation to new data (called 
"stability"). In other words, the dilemma expresses the fact that adaptation 
to new data involves the danger of destructive learning effects, also known 
as unlearning or data interference [7] for already learned relationships. By 
adapting locally, new relationships can be learned in one operating regime 
while the old information is conserved in all others. As will be shown, these 
benefits can be realized with very little additional computational effort in 
comparison with an adaptive linear model. 

Local Recursive Weighted Least Squares Algorithm. For an online 
adaptation of the rule consequent parameters the local estimation approach 
is chosen because the global version possesses additional drawbacks to those 
already discussed in the context of offline use in Sect. 13.2.3. So the numer
ical robustness becomes a critical issue since the number of parameters in 
global estimation can be very large. In fact, for a large number of local lin
ear models, global estimation cannot usually be carried out with a standard 
recursive least squares (RLS) algorithm [171, 233]; even numerically sophis
ticated algorithms can run into trouble because of the poorly conditioned 
problem. Assuming that the rule premises and thus the validity functions 
Pi are known, the following local recursive weighted least squares algorithm 
with exponential forgetting can be applied separately for each rule consequent 
i= I, ... ,M: 

Y2.i(k) = Y2.i(k - 1) + 1ik)ei(k), (I4.25a) 

ei(k) = y(k) - ~T (k)Y2.i(k - 1), 
1 

'1/k) = -T _ Ai Pi(k - I)~(k), (I4.25b) 
~ (k)Pi(k - I)~(k) + Pi(~(k)) 

co
nt

ro
len

gin
ee

rs
.ir



14.6 Online Learning 423 

(14.25c) 

Compared with~, the augmented consequent input vector ~ = [1 Xl ... xnzJT 
additionally contains the regressor "I" for adaptation of the offsets WiO. If 
prior knowledge is available, different forgetting factors Ai and initial covari
ance matrices Pi(O) can be implemented for each LLM i. 

How Many Local Models to Adapt. For the application of (14.25a-
14.25c) to online learning of local linear neuro-fuzzy models two strategies 
can be distinguished: 

1. Adapt all local linear models at each sampling instant. 
2. Adapt only those local linear models for which ~i > ~thr holds, e.g., with 

~thr = 0.1. 

The first strategy is the straightforward counterpart to the local offline 
estimation. All rule consequent parameters are adapted with each incoming 
data sample. The degree of adaptation is controlled by the value of the validity 
function ~iC~.(k)) in (14.25b). So nearly inactive local models are scarcely 
adapted. 

The second strategy is a simplified version of strategy 1. For a large activ
ity threshold ~thr a few or even only the most active of the local linear models 
are adapted at each sampling instant. For a small threshold, the second strat
egy approaches strategy 1. As discussed in greater detail below, strategy 2 
possesses some important advantages besides the obviously lower computa
tional demand. However, a reduction in convergence speed is the price to be 
paid for these benefits. 

As an example, the function in Fig. 14.23a is approximated by a neuro
fuzzy model with six rules; see Fig. 14.23b. Next, the parameters of the rule 
consequents are set to zero (Wi(O) = [0 oJT) in order to be able to assess 
the convergence behavior. In a subsequent online learning phase 1000 data 
samples equally distributed in [0,1] are generated. All covariance matrices 
Pi(O) are initialized with 1000I, and the forgetting factors are chosen as 
Ai = 0.98. 

y 

0.2 0.4 0.6 0.8 
u 

·'ID I o 0.2 0.4 u 0.6 0.8 1 

Fig. 14.23. The function in a) is approximated with b) six local linear models 
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Fig. 14.24. Online adaptation with strategy 1 of the model initialized with the 
correct structure but wrong consequent parameters YLi = [0 OjT 

Convergence Behavior. Figure 14.24 illustrates the way in which the 
model adapts to the process behavior. For strategy 1, Fig. 14.25a shows the 
convergence of the parameters of the rules representing the smallest input 
values (LLM 1) and the largest input values (LLM 6). All rule consequent 
parameters converge within the 1000 data samples to their optimal values 
(gray lines). Obviously, the convergence is much slower for the parameters 
of the first LLM than for the sixth LLM. This can be easily explained with 
the local model's activities shown in Fig. 14.25c. Since LLM 6 covers half of 
the input space it is active for about half of the data samples. In contrast, 
LLM 1 covers a regime that is 16 times smaller and thus is correspondingly 
less excited. This demonstrates that the theoretically optimal data distri
bution depends on the partitioning of the input space and therefore on the 
nonlinear characteristics of the process; see Sect. 14.7.3 for more details. 

Strategy 2 is pursued in [265] and is also mentioned in [189]. As expected, 
it yields slower convergence behavior. The threshold in Fig. 14.25b is chosen 
to be Pthr = 0.5, which means that only the most active local linear model 
is adapted. 

Robustness Against Insufficient Excitation. The benefits of strategy 2 
are illustrated in Fig. 14.26. A model with optimal consequent parameters is 
adapted online with 1000 data samples. In contrast to the above example, the 
data samples are not "well" distributed over the whole input space. Rather all 
data samples lie at u = 0.016, which is the center of validity function Pl. This 
example imitates the very realistic situation where the process constantly 
stays at one operating condition for a long time, e.g., a car that is driven at 
a constant speed on a flat highway. 
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Fig. 14.25. Parameter convergence for a) strategy 1 and b) strategy 2 with c) the 
activations of the corresponding local linear models 

Figure 14.26a shows the model after adaptation (before adaptation the 
approximation was very good). Obviously, the parameters of all local linear 
models have been adapted such that they decrease their error at u = 0.016. 
So all lines (LLMs) go through the point (0.016,8.5). This demonstrates 
that even local models with very small activations Pi « 1 are considerably 
adapted when the process is operated long enough in one operating regime. 
This effect is, of course, highly undesirable because it degrades all non-active 
local models. It is a direct consequence of the fact that the normalized Gaus
sian validity functions are not strictly local, i.e., do not have compact support. 

Figure 14.26b shows how fast the parameters of LLM 6 converge from their 
initially optimal to "wrong" values. The parameters of the other LLMs adapt 
even faster since their corresponding validity function values are larger than 
P6(U = 0.016). For strategy 2 only the most active LLMs, Le., LLM 1 and 
perhaps LLM 2 depending on the choice of Pthr, are adapted while all others 
are kept fixed. Thus, no such destructive learning effect as in Fig. 14.26a 
can occur. Therefore, in practice, strategy 2 is much more robust and should 
be preferred even if the convergence speed is slightly lower. The threshold 
Pthr can be chosen so that the most active and its neighboring LLMs are 
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Fig. 14.26. Destructive learning effect for insufficient excitation: a) process and 
model output (with six LLMs) after adaptation with strategy 1 with non-exciting 
data; b) convergence of the parameters of LLM 6 from their optimal values to 
"wrong" values 

-2 
100~-2=00~-400~~600~~SOO=-~1~000 

data samples 
200 400 600 SOO 1000 

data samples 

Fig. 14.21. a) Convergence of the model error with strategy 1 (all) and 2 (most 
active). b) Diagonal entries of the covariance matrix ~ for both strategies 

adapted. Then virtually no differences in convergence speed to strategy 1 
can be observed. 

Parallleter Variances and Blow-Up Effect. Figure 14.27a compares the 
convergence behavior of both strategies for the original example with equally 
distributed online data. Obviously, the loss in convergence speed of strategy 2 
(adaptation of the most active LLM) compared with strategy 1 (adaptation 
of all LLMs) is not very significant. In Fig. 14.27b the diagonal entries of 
the covariance matrix ~ are shown for both strategies. With strategy 2 the 
parameter variances decrease, while with strategy 1 a blow-up effect can be 
observed; see Sect. 3.2.2 for details. This effect can be prevented by controlling 
the forgetting factor dependent on the current excitation of the process. This 
issue is particularly important for dynamic models; see Sect. 24.2 and [84, 
92, 101, 208]. 

It is interesting to note where even in the case that only a single pa
rameter is adapted for each LLM, e.g., only the offset, the parameter vari
ances can become very large although no blow-up effect can occur. This 
can be understood by investigating the simple case i. = 1. In steady state 
1/k) = '])k - 1) and Pi(k) = Pi(k - 1). With (14.25b) and (14.25c) this 
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Fig. 14.28. Adaptation of the local linear models with wrong premise structure 

yields Pi(oo) = (1- >'i)/~h where <Pi is the activation of LLM i. Thus, as the 
activation approaches zero, Pi(oo) -t 00 without any exponential blow-up 
due to the forgetting factor. This is a further reason for the use of strat
egy 2, which prevents this effect because the less active local models are not 
updated. 

Computational Effort. The computational demand of online learning is 
small when the local adaptation scheme is chosen. Already for strategy 1 the 
computational complexity grows only linearly with the number of local linear 
models. This means that the adaptation of a local linear neuro-fuzzy model 
requires only M times the operations needed for an adaptive linear model plus 
the evaluation time for the neuro-fuzzy model. When the more robust and 
thus recommended strategy 2 is followed, the complexity of the parameter 
update in fact becomes comparable with the linear model case. Consequently, 
an online learning local linear neuro-fuzzy model can be employed in almost 
any application where computer technology would allow one to run an online 
adaptive linear model. 

Structure Mismatch. The online learning strategies discussed in this sec
tion are based on a fixed rule premise structure. What model accuracy can 
be expected if the nonlinear structure of the process changes, that is, as
sumption 2 does not hold? In order to assess this effect, a worst case scenario 
is considered. The model structure is optimized for the function shown in 
Fig. 14.23a. Then this model will be adapted online to the function shown in 
Fig. 14.28 (dashed line). After 1000 data samples the model converged to its 
optimal consequent parameters (gray line in Fig. 14.28). Although the parti
tioning of the input space is not suitable for the new nonlinear characteristics 
of the process, the local linear neuro-fuzzy model is still significantly better 
than the adaptive linear model. Thus, an online learning philosophy with 
fixed premise structure and adaptive consequent parameters is even justified 
for structurally time-variant processes. 
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14.6.2 Online Construction of the Rule Premise Structure 

If an initial model cannot be trained a priori or the available amount and/or 
quality of data is so low that only a rough model with very few rules 
can be trained, because of the bias/variance dilemma (see Sect. 7.2) or a 
non-representative data distribution, then an online construction of the rule 
premise structure would be desirable. Another motivation for an online con
struction of the rule premise structure is a process with strongly time-variant 
structure. Some ideas addressing this complex task are discussed in this sec
tion. 

The LOLIMOT philosophy of dividing operating regimes into two halves 
can be extended to a recursive online version as follows; see Fig. 14.29. A 
local linear neuro-fuzzy model that has been trained offline is assumed as an 
initial model. If no such prior model is available the initial model is chosen 
as a global linear model with the parameters :!Ql = Q. It is assumed that the 
operating range of the process is known, i.e., that lower and upper bounds 
are given. This information is essential for the subsequent partitioning of the 
input space. For a better illustration of the online construction strategy, the 
initial local linear neuro-fuzzy model with three rules shown in Fig. 14.29 is 
considered. 

The existing local linear models are updated by a local recursive weighted 
least squares algorithm as proposed in Sect. 14.6.1. In the background, for 
each operating regime two virtual local linear submodels are generated for all 
potential divisions. Thus, for each existing LLM, nz different constellations 
(each consisting of two submodels) are monitored, where nz is the number of 
premise inputs. In Fig. 14.29, horizontal and vertical divisions are possible, 
i.e., nz = 2. For all these constellations local recursive weighted least squares 
algorithms are run in order to update the models' parameters. Note that 
the computational effort can be kept low if only the most active local model 

~ (' , , 

Fig. 14.29. In the background of each local linear model a set of virtual con
stellations consisting of two submodels and representing all possible divisions is 
monitored 
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is considered for adaptation (strategy 2 with large 4it hn Sect. 14.6.1). Then 
only one actual operating LLM and 2 nz virtual LLMs in the background 
have to be updated within each sampling period. The initial parameters of 
the virtual LLMs in the background can be set equal to the parameters of 
their "parent" LLM. 

If the process behaves almost linearly within an operating regime de
scribed by one LLM then no significant difference between this LLM and its 
virtual background LLMs will develop during online learning. If, however, the 
process is nonlinear within such a regime then the virtual background LLMs 
will develop to a better process description than the single existing LLM 
in this regime. Depending on the nonlinear characteristics of the process, a 
particular virtual background constellation, i.e., division in one dimension, 
will outperform the others. The best virtual background constellation of two 
submodels replaces the existing LLM if a significant accuracy improvement 
can be obtained. The whole procedure can be described as follows. At each 
time instant the most active local linear model is determined: 

a = argm~ (4ii(Y)) with i = 1, ... , M . (14.26) , 
Then the local loss function Ia of the most active LLM is compared with 

the sum of the local loss functions Idj (one submodel) and r;:; (other sub
model) of the best performing virtual background constellation with a divi
sion in dimension j, i.e., 

Ia > (Idj + I~) kimprove 

with kimprove ~ 1 and :with 

j = argm~n (I! + I~) with i = 1, ... ,nz. 
t 

(14.27) 

(14.28) 

If the condition in (14.27) is true, a significant improvement can be 
achieved by dividing LLM a into two new LLMs along dimension j where 
the significance level is determined by kim prove . Therefore, the background 
constellation j replaces the original LLM, that is, an online growing step is 
carried out. Next, new virtual background constellations are generated for 
the two new local linear models. Thus, the algorithm can construct an ar
bitrarily fine input space partitioning. In addition to this division strategy, 
merging of two existing LLMs can be considered with the same criteria; see 
Sect. 13.3.5. 

The choice of the parameter kim prove is crucial for the behavior of this 
algorithm. For kimprove = 1, the algorithm tends to perform a huge number 
of divisions, while for large values the algorithms stops splitting up LLMs 
when the local process nonlinearity is so weak that a further division cannot 
achieve a sufficient accuracy improvement. Another influence factor for an 
appropriate choice of kimprove is the noise level. The more noisy the data is, 
the larger must kim prove be selected to avoid a division caused by random 
effects instead of process/model mismatch. 
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Although this online structure construction algorithm works fine in theory, 
various difficulties may arise in practice. In the experience of the author 
the choice of kimprove is crucial but hard to accomplish without extensive 
trial-and-error experiments. Thus, online learning is not very robust against 
variations of the noise level. Another important difficulty arises if the initial 
model is very rough, e.g., just linear. Then the process must run through a 
wide range of operating conditions in order to initiate any model division. 
Since the divisions are only carried out in the middle of the operating regimes 
a split into two halves cannot be beneficial when a process operates only in 
the lower left corner quarter (for the example with nz = 2) of a regime. 
This is an inherent drawback of the LOLIMOT decomposition philosophy; 
see also [197]. It can be overcome by approaches that place the centers of the 
validity functions on data samples, as in [255]. Such algorithms have also been 
proposed in the context of RBF networks [107, 108]. Grid-based approaches 
can be successfully applied to online learning [198, 333] as well. For offline 
learning these strategies are computationally intensive or severely suffer from 
the curse of dimensionality, respectively. For online learning with little prior 
information and highly non-uniform data distributions, however, they offer 
some advantages. 

14.7 Errorbars, Design of Excitation Signals, and 
Active Learning 

Any model is almost worthless without information about its accuracy. Only 
with sufficient confidence in the accuracy of a model can it be utilized in an 
application. It is possible to assess the achieved model accuracy by an exam
ination of the model error on a test data set; see Sect. 7.3.1. However, the 
average error does not reveal any information about the model accuracy that 
can be expected for a given model input y. A model may be very accurate in 
some operating regions and inaccurate in others; thus an estimate of the av
erage error is not sufficient. Ideally, a model should provide its user not only 
with a model output Y but also with an interval [Ymin Ymax] within which the 
process output is guaranteed to lie with a certain probability. Close inter
vals then would indicate a high confidence in the model output while large 
intervals would alarm the user that the model output might be uncertain. 
Such an information can be exploited in many applications. For simulation 
a number of different models may be utilized, e.g., a first principles model, 
a qualitative fuzzy model, and a black box neural network or several mod
els with identical architecture but different complexity (number of neurons, 
rules, etc.). For each input a decision level can assess the expected model 
accuracies and can use the model with the most confident output or weight 
between all models with confidence dependent weights. In model-based pre
dictive control, information about the model accuracy can be exploited to 
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determine the prediction and control horizons or to constrain the nonlinear 
optimizer to operating regions in which the model can represent the process 
with sufficient accuracy. (A well known problem with nonlinear predictive 
control is that the optimizer might excite the model in untrained operating 
regions and thus might lead to inferior performance since the optimal control 
with the model is not realized with the process [255].) 

Unfortunately, it is a very difficult problem to estimate the expected 
model accuracy. The major reason for the difficulties is that the model error 
consists of a bias and a variance part; see Sect. 7.2. The bias part represents 
the error due to the structural mismatch between the process and the model. 
Since in black box or gray box modeling the true structure of the process 
is unknown3 the bias error can generally not be assessed. Usually, the best 
that can be done is to estimate the variance error of the model. At least this 
gives some information about the model accuracy. In some cases good argu
ments can be found that the bias error can be neglected and thus the total 
model error can be assessed by the variance error. In Sect. 14.7.1 an expres
sion is derived for the variance error of a local linear neuro-fuzzy model. It 
can be utilized to detect extrapolation (Sect. 14.7.2) and can serve as a very 
helpful tool for the design of good excitation signals (Sect. 14.7.3). Finally, 
Sect. 14.7.4 gives a brief overview of the field of active learning, which can 
be seen as an online design of excitation signals. 

14.7.1 Errorbars 

An estimate of a model's variance error allows one to draw so-called error
bars. These errorbars represent a confidence interval in which the process 
output lies with a certain probability (say 95%) under the assumption that 
the bias error can be neglected. Because the variance error is proportional to 
the noise variance a; (assuming uncorrelated Gaussian noise) the calculation 
of absolute values for the errorbars requires either knowledge about the noise 
variance or an estimate. If indeed the bias error were equal to zero, the noise 
variance could be estimated as Ij(N - neff), where I is the sum of squared 
errors loss function value, N is the number of data samples, and neff is the 
number of effective parameters; see (3.35) in Sect. 3.1.1. However, for nonlin
ear models the bias error typically cannot be neglected because of a structural 
mismatch between the process and the model. Thus, the noise variance can
not be estimated with sufficient accuracy. Furthermore, for nonlinear models 
it is not sufficient to estimate a global value of the noise variance. Rather, the 
noise level may depend on the operating condition of the process. Because 
of all these difficulties, the errorbars are usually utilized only as a qualita
tive or relative measure. This means that the model accuracy for different 
model inputs and of different models can be compared but no probability is 
assigned to the interval of absolute errorbar values, i.e., they do not represent 

3 Otherwise a superior white box model could be used. 
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a certain confidence interval. The calculation of a confidence interval would 
require assumptions about the noise probability density function, e.g., the 
normal distribution assumption. Previous work in this field in context with 
neural networks can be found in, e.g., [216, 227]. 

When can the bias error be neglected? In first principl!3 models the bias 
error can often be neglected since the model structure is assumed to match the 
true process structure. In contrast, black box models are based on the idea of 
providing a flexible model structure that approximates the unknown process 
structure. If the model structure is indeed rich enough, its bias error can be 
neglected. However, a good bias/variance tradeoff (Sect. 7.2.1) typically leads 
to a significant bias error for nonlinear models. Either the model complexity 
is optimized (Sect. 7.4) or a regularization technique is applied (Sect. 7.5). 
Thus, it is important to keep in mind that the following errorbar results do 
not include the bias error, which may be significant. 

The variance error of a model can be measured by the variances of the 
model output. Therefore, the errorbars can be written as 

±V diag (cov{Q}) . (14.29) I 

The covariance matrix of the model output can be derived from the pa
rameter and noise covariance matrices. If uncorrelated noise is assumed its 
covariance matrix is simply cov{rr} = u~L In order to evaluate the covari
ance matrix of the parameters, linear and nonlinear parameters have to be 
distinguished. While for linear parameters an analytic expression can be de
rived, numerical approximations have to be used for the nonlinear parameters. 
Therefore, in all that follows it is assumed that no nonlinear parameter opti
mization has been utilized for building the model. Strictly speaking, the rule 
premises have to be fixed, and only the linear rule consequent parameters 
are allowed to be estimated from data. Nevertheless, the results may also be 
used for models trained with LOLIMOT because the variance of the premise 
parameters is negligibly small owing to their limited degrees of freedom. In 
contrast, the results do not apply, e.g., for the training method ANFIS pro
posed by Jang [181, 182, 184] which is based on nonlinear optimization of the 
membership functions, because then the variance contribution of the nonlin
ear parameters becomes significant. 

Errorbars with Global Estimation. The variances and covariances of the 
globally estimated parameters are given by (see (3.34) in Sect. 3.1.1) 

cov{1Q} = u; (XT X) -1 , (14.30) 

where u; is the noise variance. The covariance matrix of the model outputs 
is thus given by (see Sect. 3.1.2) 

cov{Q} = X cov{1Q}XT. (14.31) 
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Errorbars with Local Estimation. The variances and covariances of the 
parameters obtained by local estimation are given by (see (3.55) in Sect. 3.1.6) 

COV{Wi} = a; (XiQiXi)-l XTQiQiX (XiQiXi)-l (14.32) 

with i = 1, ... , M. The covariance matrices of the local linear model outputs 
are thus given by (see Sect. 3.1.2) 

COV{~i} = X COV{Wi}XT. (14.33) 

These local covariances can be superimposed to the overall model output 
covariances: 

M 

cov{~} = L Qicov{~i} . (14.34) 
i=l 

As an example, the function shown in Fig. 14.23a is approximated by a 
local linear neuro-fuzzy model with six rules by the LOLIMOT algorithm, 
which yields the local linear models and the validity functions depicted in 
Fig. 14.23b. The training data consists of 300 equally distributed samples in 
[0,1]. The errorbars of the local models according to (14.33) are shown in 
Fig. 14.30a. They are combined by (14.34) to the overall model errorbar in 
Fig. 14.30b. The errorbars of the individual local linear models possess their 
minimum close to the centers of their validity functions because the data 
samples in these regions are highly relevant for parameter estimation. The 
amount of data that effectively is utilized decreases with increasing distance 
from the centers because the weighting factors in the weighted LS estimation 
tend to zero. The only exception is the two local models next to the bound
aries, but they suffer from the fact that no training data is available for u < 0 
and u > 1. The overall model errorbar also contains these properties, and the 
interpolation regions between two local linear models are clearly visible as 
errorbar maxima. Furthermore, Fig. 14.30b reveals increasing variance errors 
for smaller inputs u. This effect is caused by the finer partitioning of the 
input space for small u. Thus, less data is available for the estimation of the 
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Fig. 14.30. Errorbars of a) the local linear models and b) the overall neuro-fuzzy 
model for 300 equally distributed training data samples 
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local linear models for small U than for large u . This makes the model output 
less accurate for small inputs. 

14.7.2 Detecting Extrapolation 

For all models without built-in prior knowledge, extrapolation is dangerous; 
see Sect. 14.4.2. Thus, it is important to warn the user when the model is 
extrapolating. If the input data is just a little bit outside the region covered 
by the training data no serious difficulties may arise; however, the model 
might not be capable of performing reasonably well if the input is far away. 
Therefore, it is not sufficient to detect whether the model is extrapolating or 
not; a confidence measure is required. As Fig. 14.31 demonstrates, errorbars 
are an appropriate tool for that task. The errorbar is monotonically increasing 
in the extrapolation regions. For an extrapolation to the right (u > 1) a large 
number of training data samples support the rightmost local linear model 
since its corresponding validity function stretches from 0.5 to 1. Based on this 
information the model may extrapolate reasonably well for u > 1. However, 
the leftmost local linear model stretches only from 0.03125 to 0 and thus is 
estimated with only a few training data samples. Consequently, the errorbar 
tends sharply to infinity for u < O. Note that a second reason for the sharp 
increase in the errorbar for extrapolation to the left is the large slope of the 
active local linear model, which makes the model output highly sensitive to 
parameter variations. 

Figure 14.32 illustrates a two-dimensional errorbar example. The function 
in Fig. 14.32a is approximated with a local linear neuro-fuzzy model with six 
rules trained by LOLIMOT. Since the function is nonlinear only in Ul the 
constructed input space partitioning does not contain any splits in the U2-

dimension. This fact leads to more accurate estimates of the slopes Wi2 in the 
u2-dimension than of the slopes W i l in the ul-dimension. As a consequence, 
the errorbar increases less in the U2- than in the ul-dimension; see Fig. 14.32b. 

2~----~----~----, 

1.5 

Fig. 14.31. Errorbars indicate extrapolation; see example from Fig. 14.30 
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o 0 ", 

Fig. 14.32. The errorbar in b) of the model of the function in (a) indicates a more 
reliable extrapolation in the U2- than in the ul-dimension 

14.7.3 Design of Excitation Signals 

The errorbars depend on the training data distribution and on the model, 
and in particular on the partitioning of the input space. Therefore, they 
can serve as a valuable tool for the design of excitation signals. Errorbars 
allow one to detect data holes and regions that are covered too densely with 
data so that they might dominate the loss function. Figure 14.33 illustrates 
the relationship between data distribution and local model complexity for 
the example discussed above. The error bar in Fig. 14.33a is calculated for 
a training data set consisting of 300 equally distributed data samples. In 
regions of higher model complexity (small u) the errorbar is larger since 
the same amount of data has to be shared by several local linear models. 
Knowing this relationship, a better excitation signal can be designed that 
contains the same number of data samples for each local linear model, i.e., 
the data density decreases with increasing u. With training data generated 
correspondingly, the errorbar in Fig. 14.33b can be achieved with an identical 
number of data samples. Consequently, the variance error in Fig. 14.33b is 
almost independent of u in the interpolation range. The significant variance 
error decrease for small inputs has to be paid for only with a minor error bar 
increase for large inputs. 

Data holes can be easily discovered by errorbars, as demonstrated in 
Fig. 14.33c, where the training data in the interval [0.4 0.6] has been re
moved from the original set used in Fig. 14.33a. Missing data is especially 
harmful to the boundary of the input space (Fig. 14.33d) because it extends 
the extrapolation regions. Therefore, a good excitation signal should always 
cover all types of extreme process situations. 

Note that the importance of these tools grows with increasing input space 
dimensionality. For models with one or two inputs the training data distribu
tion can be visually inspected by the user. Such a powerful visualization and 
the imagination capabilities of humans fade for higher dimensional problems. 

The design of excitation signals for nonlinear dynamic processes is a much 
more complex topic. Nevertheless, the tools proposed here can be applied as 
well; see [95] for more details. 
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Fig. 14.33. Relationship between data distribution, model complexity, and er
rorbars: errorbar for a) equal training data distribution (300 samples), b) higher 
training data density in regions ofsmall u (300 samples), c) missing data in [004,0.6] 
(240 samples), d) missing data in [0.8,1.0] (240 samples) 

14.7.4 Active Learning 

If prior knowledge is available it should be exploited for the design of an 
appropriate excitation signal. Without any information a uniform data dis
tribution is optimal. Next, a model can be trained with the gathered data 
and the errorbar for this model can be evaluated. This error bar gives hints 
for an improved redesign of the excitation signal. Thus, the design of the 
excitation signal is an iterative procedure, which may converge to an optimal 
solution. The iterative nature of this problem arises naturally from the inter
dependency of the two tasks: modeling and identification on the one hand and 
design of the excitation signal on the other hand. This is closely related to 
the iterative identification for control approaches described in Sect. 16.11.3. 

The difficulty with an iterative design of the excitation signal is that the 
process must be available for measurements during a long time period, which 
can be quite unrealistic in a concrete industrial situation. Active learning 
strategies try to overcome this dilemma by actively gathering new informa
tion about the process while it is in operation. Instead of collecting the whole 
data set at once and subsequently utilizing it for modeling and identification, 
decisions about which data to collect are already made within the measure
ment phase. Active learning strategies typically try to optimize the amount 
of new information that can be obtained by the next measurement. Errorbars 
serve as an excellent tool for the determination of the most informative data 
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sample. IT the model input with the largest errorbar is chosen as the next 
process input then the variance error can be maximally decreased. A danger 
of such active learning methods is that they can get stuck in one operating 
region since locally more data allows one to construct a locally more complex 
model, which in turn asks for more data [255]. More details on active learning 
and all its variations can be found in [64, 65, 66, 309, 375] and the references 
therein . 

. Active learning can also be carried out during the normal operation phase 
of the process in order to further improve the model. During normal opera
tion, however, two goals are in conflict: to operate the process optimally and 
to gather the maximum amount of new information. In adaptive control this 
problem has led to a dual strategy that takes both components into account 
in a single loss function. Thus, the "curiosity" component that tries to acquire 
new information must be constrained. Active learning clearly is a promising 
topic for further future research. 

14.8 From Local Linear Neuro-Fuzzy Models to Hinging 
Hyperplanes 

The local linear neuro-fuzzy model architecture is based on an axis-orthogonal 
partitioning of the input space that enables a fuzzy logic interpretation 
with univariate membership functions; see Sect. 13.1.3. Furthermore, efficient 
structure and parameter learning schemes like LOLIMOT (Sect. 13.3) can be 
exploited. In opposition to these major advantages, the axis-orthogonal par
titioning restricts the model's flexibility, as can be observed from Fig. 14.34. 
The function in Fig. 14.34a is nonlinear in Ul + U2, i.e., its nonlinear char
acteristic stretches along the diagonal of the input space. As Fig. 14.34b 
demonstrates, this is the worst case scenario for an axis-orthogonal decom
position technique such as LOLIMOT since a relatively large number of local 
linear models are required for an adequate modeling. For an axis-oblique de
composition strategy a partitioning as shown in Fig. 14.34c may result that 
grasps the character of the process nonlinearity and thus requires significantly 
fewer local linear models. In practice, hardly any process will possess an ex
actly axis-orthogonal or diagonal nonlinear behavior. Therefore, the possible 
benefit of an axis-oblique decomposition method is smaller than indicated in 
the above example. However, with increasing dimensionality of the problem 
the limitations of an axis-orthogonal partitioning become more severe. As 
pointed out in the context of ridge construction in Sect. 11.1.1 and MLP 
networks in Sect. 11.2, the capability of following the direction of the pro
cess' nonlinearity is essential for overcoming the curse of dimensionality; see 
Sect. 7.6.1. 
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a) 

y 

b) 

o. 
Uz J_--L._-+---'---I 

o. 

c) 

Fig. 14.34. Approximation of the function in (a) with b) an axis-orthogonal and 
c) an axis-oblique decomposition strategy 

14.8.1 Hinging Hyperplanes 

The development of efficient axis-oblique decomposition algorithms is an in
teresting topic of current research. Some new ideas are based on a recently 
proposed model architecture, the so-called hinging hyperplanes [45]. Hinging 
hyperplanes can be formulated in the basis functions framework, that is, 

M 

Y = L hi(y.). (14.35) 
i=l 

The basis functions hi take the form of an open book; see Fig. 14.36a. Each 
such hinge function hi consists of two lines (one-dimensional), planes (two
dimensional), or hyperplanes (higher dimensional). The edge of a hinge func
tion at the intersection of these two linear functions is called the hinge. The 
linear parts of a hinge function hi can be described as 

A+ _ -T + _ + + + + 
Yi - y':lQ - wiO + Wil Ul + W i2 U 2 + ... + WipU p 

Y; = i?:lQ- = wiO + WiiUl + Wii U 2 + ... + wi;,up 

(14.36a) 

(14.36b) 

with the augmented input vector 1! = [1 Ul U2 ... up]T. These two hyper
planes intersect at yt = y; , which gives the following equation for the hinge: 

-T (+ -) - 0 Y.hinge W -:lQ - . (14.37) 

Finally, the equations for the hinge functions are 

hi(y') = max (yt,y;) or hi(y') = min (yt,y;) (14.38) 

One characteristic feature of a hinge function is that it is nonlinear only 
along one direction, namely orthogonal to the hinge. According to (14.37) 
the nonlinearity is in the direction w+ - W-. 

Hinging hyperplanes have a close relationship to MLP networks and to 
local linear neuro-fuzzy models. With MLPs they share the ridge construc
tion. Like the sigmoidal functions used in MLPs, the hinge functions possess 
one nonlinearity direction. It is determined by the weight vectors w+ and 
:lQ-, which describe the slopes and offsets of both linear hyperplanes. In all 
directions orthogonal to :lQ+ - :lQ-, hinging hyperplanes are linear while the 
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Radial CODitruetiOD Ridge CODItruetiOD 

Fig. 14.35. Relationship between MLP network and hinging hyperplanes on the 
one hand and NRBF network and local linear neuro-fuzzy model on the other hand 

sigmoidal functions used in MLPs are constant. This makes hinging hyper
planes much more powerful than MLP networks. Owing to the piecewise lin
ear models, hinging hyperplanes are also similar to local linear neuro-fuzzy 
models. Figure 14.35 illustrates these relationships. Note that the model in 
(14.35) possesses 2M local linear models since each hinge function consists 
of two linear parts. 

Hinging hyperplanes can be seen as an attempt to combine the advantages 
of MLP networks for high-dimensional problems and the advantages of local 
linear neuro-fuzzy models in the availability of fast training schemes. Indeed, 
when assessing hinging hyperplanes with respect to several criteria ranging 
from training speed to interpretability they always lie somewhere between 
MLP networks and local linear neuro-fuzzy models. Originally in [45] an 
incremental construction algorithm similar to projection pursuit regression 
(Sect. 11.2.8) has been proposed for hinging hyperplanes. The parameters 
of the hyperplanes are estimated by a local least squares technique similar 
to LOLIMOT. The hinge directions are not optimized by a gradient descent 
type of algorithm as in MLPs since they depend on the parameters of the 
hyperplanes. Rather, it can be shown that an iterative application ofthe least 
squares method for estimation of the hyperplanes, with a subsequent recal
culation of the new hinges, converges rapidly to a (possibly local) optimum 
[45]. 

14.8.2 Smooth Hinging Hyperplanes 

A severe drawback of the original hinging hyperplanes is that they are not 
differentiable. Therefore, in [316] smooth hinge functions are proposed to 
overcome this problem. The min- or max-operators in (14.38) are replaced 
by a weighting with sigmoidal functions 9i(YJ known from MLP networks: 

(14.39) 

where 
1 

9i(yJ = ( ) . 
1 + exp -/'i, fi? (Yd.; - Yd.i) 

(14.40) 

The quantity ikT (Yd.; - Yd.i) measures the distance of an input from the 
hinge. For all points on the hinge, i.e., with ikT (Yd.; - Yd.:;) = 0, 9i(Y.) = 1/2, 
which means that both hyperplanes are averaged. The 9i (.) play the role of 
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Fig. 14.36. a) A hinge function and b) the smoothed version with c) the corre
sponding validity functions 9i (-) and 1 - 9i(-) 

validity functions for the hyperplanes. The parameters Yl.t and Yl.i appear 
in the local linear models and in the validity functions as well. Thus, they 
determine both the slopes and offsets of the hyperplanes and the slopes and 
directions of the corresponding validity functions. The parameter", addition
ally allows one to adjust the degree of smoothness of the smooth hinge func
tion (14.39) comparable to the standard deviations of the validity functions 
in local linear neuro-fuzzy models. For", -+ 00 the original hinging hyper
planes are recovered. Figure 14.36 shows one- and two-dimensional examples 
of smooth hinge functions with their corresponding validity functions. 

Similarly to the product space clustering approach for construction of 10-
cal linear neuro-fuzzy models described in Sect. 13.3, the hinging hyperplanes 
tie validity function parameters to the LLM parameters. The parameters Yl.t 
and 114- enter the LLMs and the validity functions. The reason for this is that 
the validity functions are determined by the hinges that are the intersections 
of the two associated LLMs. This link between the intersection of two LLMs 
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and the validity functions is the foundation for the efficient iterative least 
squares training algorithm [45]. However, this link also restricts the flexibil
ity of the model structure and causes disadvantages similar to those for the 
product space clustering approach; see Sect. 14.8.4. 

These difficulties can be overcome by an extension of the original hinging 
hyperplane approach. The validity function and LLM parameters of such an 
extended hinging hyperplanes approach are independent. This increases the 
number of parameters and consequently the flexibility of the model. The 
validity functions can be placed and oriented arbitrarily, independent from 
the local linear models. For training, the validity function parameters have 
to be determined by nonlinear optimization, and the LLM parameters can be 
optimized by linear regression pursuing either the global or local estimation 
approach; see Sect. 13.2. The price to be paid for this extended version of 
the hinging hyperplanes is a higher computational training effort than for the 
iterative least squares algorithm. 

14.8.3 Hinging Hyperplane Trees (HHT) 

A new tree-construction algorithm for smooth hinging hyperplanes has been 
proposed by Ernst [78, 79]. It builds a hinging hyperplane tree (HHT) based 
on the same ideas as LOLIMOT. However, the generated model is hierarchical 
rather than flat; see Sect. 13.3.6. Since the hinge direction must be determined 
by an iterative procedure, which is computationally more expensive than the 
axis-orthogonal decomposition performed by LOLIMOT, the HHT algorithm 
is about one order of magnitude slower. This is the price to be paid for a more 
parsimonious model representation, i.e., the need for fewer local linear models 
to achieve comparable accuracy. 

A hinge function can be represented as depicted in Fig. 14.37a. Then 
the hinging hyperplane tree can be described by a binary tree as shown 
in Fig. 14.37a. Each node corresponds to a split of input space into two 
parts. (This are "soft" splits for smooth hinging hyperplanes, i.e., they mark 
the area where the gi(-) are equal.) Each leaf in the tree corresponds to a 
local linear model, and two leaves with the same parent belong to one hinge 
function. The overall model output is calculated in exactly the same manner 
as for hierarchical local linear neuro-fuzzy models; see Sect. 13.3.6. The overall 
validity functions g)i(-) for LLM i are obtained by mUltiplying all gj(-) from 
the root to the leaf; see (13.45) in Sect. 13.3.6 for more details. 

For construction of a hinging hyperplane tree an algorithm similar to 
LOLIMOT can be used. Figure 14.38 illustrates three iterations of such an 
algorithm, which incrementally builds up the HHT shown in Fig. 14.37b. 
Note that in contrast to LOLIMOT, the HHT construction algorithm starts 
with two rather than with one LLMs, which of course is a direct consequence 
of the definition of a hinge function. Refer to [78, 79] for more details. 
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Fig. 14.37. a) Representation of a hinge function . b) In a hinging hyperplane 
tree each node represents a split of the input space into two parts, and each leaf 
represents a local linear model. Note that Ll = !Q+ - !Q- , Ll+ = !Q++ - !Q+-, and 
Ll+- = !Q+-+ - !Q+--

a) b) c) 
u,l u,l 
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Fig. 14.38. Input space partitioning performed by the construction algorithm in 
three iterations as it incrementally builds the hinging hyperplane tree shown in 
Fig. 14.37b co
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14.8.4 Local Linear Neuro-Fuzzy Models Versus Hinging 
Hyperplane Trees 

As pointed out above, hinging hyperplanes are a promising new approach for 
overcoming two major drawbacks of local linear neuro-fuzzy models: the re
striction to an axis-orthogonal input space partitioning and, as a consequence, 
the ineffectiveness for very high-dimensional problems. FUrthermore, an axis
oblique decomposition leads to a more parsimonious model than an axis
orthogonal decomposition. Owing to the bias/variance dilemma (Sect. 7.2) 
this parsimony is particularly beneficial if the process nonlinearity is strong 
and the data is sparse. Another favorable property of hinging hyperplane 
trees is that no normalization side effects (Sect. 12.3.4) can occur because 
the sigmoid functions are inherently normalized. These advantages of hing
ing hyperplanes, however, must be opposed to the following drawbacks: 

• Higher computational effort: Since the nonlinear hinge directions must be 
optimized, an iterative training procedure is required that, although much 
more efficient than MLP network training, is about one order of magnitude 
slower than LOLIMOT. FUrthermore, some numerical difficulties can be 
encountered during training, and convergence is ensured only to a local 
optimum. 

• No true fuzzy logic interpretation: Although some authors always speak of 
neuro-fuzzy systems when a model is evaluated according to fuzzy infer
ence equations, no true interpretation is possible if the multivariate fuzzy 
sets cannot be projected to the inputs; see Sect. 12.3.4. With an axis
oblique partitioning of the input space as with hinging hyperplanes uni
variate membership functions cannot be constructed. Thus, interpretability 
is degraded for this model architecture. 

FUrthermore, the original but not the extended hinging hyperplane ap
proach suffers from the following disadvantages: 

• Restriction to local linear models: Hinging hyperplanes, like the product 
space clustering approaches [10, 15, 14, 139, 217, 260, 296, 408], require the 
local models to be linear because their construction is based on this fact. 
Other types of local models cannot be used, nor is an exploitation of various 
knowledge sources by an integration of different local model architectures 
easily possible; see Sect. 14.2.3. 

• No distinction between the inputs for the validity functions and the local 
linear models: The loss of this distinction can cause severe restrictions. Note 
that some construction algorithms, such as product space clustering [10, 15, 
14, 139, 217, 260, 296, 408], share this drawback, although they operate 
on local linear neuro-fuzzy models. In hinging hyperplanes the validity 
functions depend on the hinge, and the hinge depends on the parameters 
of the local linear models. Thus, there exists an inherent union between 
the inputs for the validity functions and the local linear models of the 
hinging hyperplanes, while they can be distinguished in rule premise inputs 
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.& and rule consequents inputs ;r for local linear neuro-fuzzy models. With 
this union various nice features of LOLIMOT and its extensions cannot be 
transferred to hinging hyperplane construction algorithms. For example, nO 
OLS structure search can be carried out for the local linear models since 
their parameters are coupled with the hinge. Furthermore, nO structure 
selection like LOLIMOT can be performed for the rule premise variables for 
exactly the same reaSOn. Also, the incorporation of prior knowledge in the 
form of different input spaces for the rule premises and consequents is not 
possible. This feature, however, is essential for model complexity reduction, 
training time reduction, and improved interpretation; see Sect. 14.1. 

It is possible to overcome the drawbacks listed under the last two points by 
taking the extended hinging hyperplanes approach, but the first two disadvan
tages are fundamentally tied to the axis-oblique input space decomposition. 
As explained above, the idea for overcoming the last two drawbacks is to give 
up the one-to-one relationship between the input space partitioning and the 
intersection of the two planes of a hinge function. Basically, such an extended 
HHT would be identical to a hierarchical local linear neuro-fuzzy model but 
with axis-oblique instead of axis-orthogonal input space partitioning. The di
rection orthogonal to the intersection of the planes does not coincide with the 
direction of nonlinearity any more. Since the LLM parameters and the weight 
vectors are then decoupled, the flexibility of this approximator is significantly 
higher than for the original version. 

In the opinion of the author the above drawbacks of hinging hyperplanes 
should be accepted only when the dimensionality of the problem is so high 
that local linear neuro-fuzzy models do not perform well enough or when 
very little prior knowledge is available and an interpretation of the obtained 
model is not very important so that a more black box-like approach can 
be taken. In comparison with other neural network architectures, hinging 
hyperplanes still offer excellent convergence properties, and when they are 
applied to dynamic systems most of the advantages of local linear modeling 
schemes can be utilized; see Chap. 20. 

14.9 Summary and Conclusions 

Advanced aspects of static local linear neuro-fuzzy models and of the LOLI
MOT training algorithm have been discussed in this chapter. Different input 
spaces Can be utilized for the rule premises and consequents. This enables 
the user to incorporate prior knowledge into the model. More complex local 
models can be advantageous for specific applications compared with local lin
ear Ones. The structure of the rule consequents can be optimized efficiently 
with a local OLS subset selection algorithm. The interpolation and extrap
olation behavior has been studied, and possibilities for an incorporation of 
prior knowledge were pointed out. Different strategies for linearization of the 
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local neuro-fuzzy models have been introduced. An efficient and robust on
line learning scheme that solves the so-called stability/plasticity dilemma has 
been proposed. The evaluation of error bars allows one to assess the model ac
curacy and thus serves as a valuable tool for the design of excitation signals 
and the detection of extrapolation. Finally, an outlook on hinging hyper
plane models was given, the similarities to local linear neuro-fuzzy models 
were pointed out, and the properties of both approaches were compared. 

The most important features of local linear neuro-fuzzy networks can be 
summarized as follows: 

• Interpolation behavior is as expected for the S-type situations where neigh
bored local linear models have a similar characteristics. For V-type situ
ations, however, the interpolation behavior is not as intuitively expected; 
see Sect. 14.4.1. In some cases this can cause strange model behavior, and 
must be seen as a serious drawback of local linear neuro-fuzzy models. The 
smoothness of the interpolation behavior can be easily controlled by ad
justing the overlap between the validity functions. The simpler the local 
models are chosen, the smoother the validity function should be chosen. 

• Extrapolation behavior is linear, i.e., the slope of the model is kept constant. 
In many real-world problems such a behavior is desirable. Furthermore, the 
user can specify a desired extrapolation behavior that is different from the 
standard characteristics; see Sect. 14.4.2. 

• Locality is guaranteed if the validity functions Pi(-) are local. This is en
sured if the membership functions !-li(-) are chosen local and reactivation 
due to normalization effects is prevented. A local choice (e.g., Gaussians) 
for the membership functions is natural in order to obtain a reasonable 
interpretation, and thus this requirement typically is fulfilled. Reactiva
tion can occur in the normalization procedure; see Sect. 12.3.4. It can be 
mostly prevented if the LOLIMOT algorithm is utilized. Typically, algo
rithms that do not carry out an axis-orthogonal input space partitioning 
and/or generate very differently sized neighbored operating regimes are 
much more sensitive to reactivation effects. For hinging hyperplane trees 
locality can be ensured by the hierarchical structure when the HHT algo
rithm is applied. This is not the case for the standard hinging hyperplanes 
training methods; see Sect. 14.8. For the very flexible construction algo
rithm proposed in [255] or for product space clustering approaches locality 
generally cannot be ensured. 

• Accuracy is typically high. Although the validity function parameters are 
usually not truly optimized but rather roughly determined heuristically, 
only a few neurons are required to achieve high accuracy. The reason for 
this is that, in contrast to standard neural networks, each neuron is already 
a relatively good representation in quite a large operating region. 

• Smoothness can be defined by the user. In contrast to other architectures 
(e.g., RBF networks), the smoothness has no decisive influence on the 
model performance or the approximation characteristics. 
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• Sensitivity to noise depends on the specific training algorithm. Local linear 
neuro-fuzzy models tend to require more parameters than other model 
architectures because the validity functions are typically chosen according 
to a heuristic and thus are suboptimal. With global estimation of the LLM 
parameters the model often tends to be over-parameterized, and thus is 
sensitive to noise; with local estimation the opposite is true owing to its 
considerable regularization effect. 

• Parameter optimization is fast if global estimation is used, and it is ex
tremely fast if the local estimation approach is followed. By avoiding non
linear optimization and exploiting local relationships, local linear model 
architectures are very efficient to train. 

• Structure optimization is very fast for the LOLIMOT algorithm, fast for 
the hinging hyperplane tree and product space clustering algorithm, and 
of medium speed for the flexible search proposed in [255]. The architecture 
allows one to construct several efficient structure optimization algorithms. 

• Online adaptation is very robust and very efficient if only the LLM pa
rameters are adapted. This can be done by a local linear recursive least 
squares (RLS) algorithm. Owing to the locality of the validity functions, an 
appropriate online adaptation scheme can adapt the local model in one op
erating regime without the risk of degrading the performance in the other 
regimes. 

• Training speed is very fast, fast, and medium for the LOLIMOT, hing
ing hyperplane tree or product space clustering, and the flexible search 
algorithm proposed in [255], respectively. 

• Evaluation speed is medium. In general, the number of neurons is rela
tively small since each neuron is very powerful, but the normalized validity 
functions can be quite tedious to evaluate. 

• Curse of dimensionality is low for LOLIMOT and very low for hinging hy
perplane trees, product space clustering, and the flexible search algorithm 
proposed in [255]. 

• Interpretation is especially easy when modeling dynamic systems; refer to 
Chap. 20. However, for static models the rule premise structure and the 
parameters of the local linear models can reveal details about the process 
in a straightforward manner as well. 

• Incorporation of constraints is possible because the parameters can be in
terpreted. In particular, LOLIMOT, which allows different objectives for 
parameter and structure optimization, is well suited for the incorporation 
of constraints; see Sect. 13.3.2. 

• Incorporation of prior knowledge is easily possible owing to the local char
acter of the architecture. As pointed out in Sect. 14.2.3, various alternatives 
to integrate different kinds of knowledge can be realized. 

• Usage is high for dynamic models but low for static problems. Histori
cally, local linear model architectures for modeling and control of dynamic 
systems boomed in the late 1990s. This was caused by the favorable fea-
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Table 14.2. Comparison between different algorithms for construction of local 
linear neuro-fuzzy models 

Properties LOLIMOT Hinging hyper- Product space 

plane tree clustering 

Interpolation behavior 0 + 0 

Extrapolation behavior ++ + 0 

Locality ++ ++ + 

Accuracy + ++ ++ 

Smoothness + + + 

Sensitivity to noise ++ + + 

Parameter optimization ++ + + 

Structure optimization ++ ++ ++ 

Online adaptation ++ ++ ++ 

Training speed ++ + + 

Evaluation speed + 0 0 

Curse of dimensionality 0/+ +/++ + 

Interpretation ++ + + 

Incorporation of constraints ++ + + 

Incorporation of prior knowledge ++ + + 

Usage 0 + 

* = linear optimization, .* = nonlinear optimization, 
+ + / - - = model properties are very favorable / undesirable. 

tures that these architectures offer in particular for dynamic systems; see 
Chap. 20. It is the opinion of the author that, in the future, local linear 
neuro-fuzzy models will also be more frequently used for static approxi
mation problems owing to the very efficient training algorithms available 
nowadays. 

These advantages and drawbacks of local model architectures trained by 
LOLIMOT and product space clustering and of hinging hyperplane trees 
are summarized in Table 14.2. Note that these algorithms are continuously 
improved and many different versions exist. Thus, this list can only give a 
tendency and may be inaccurate in particular cases. 

Compared with many other model architectures, local linear neuro-fuzzy 
models offer the following features: 

1. very efficient and highly autonomous, incremental training algorithm 
(Sects. 13.2 and 13.3); 

2. interpretation as Takagi-Sugeno fuzzy model (Sect. 13.1.3); 
3. efficient structure selection of the rule premises (Sect. 13.3); 
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4. efficient structure selection of the rule consequents (Sect. 14.3); 
5. distinction between premise and consequent inputs (Sect. 14.1); 
6. capability of integration of various knowledge sources (Sect. 14.2.3); 
7. ensuring certain extrapolation behavior (Sect. 14.4.2); 
8. efficient and robust online learning scheme (Sect. 14.6.1); 
9. easy to calculate expressions for the model accuracy (variance error) 

(Sect. 14.7); 
10. various additional advantages for modeling and identification of dynamic 

processes (Chap. 20). 

Compared with alternative algorithms such as product space clustering, 
LOLIMOT and its extensions offer the following advantages: 

1. The algorithm is extremely fast because of the exploitation of linear 
least squares optimization techniques, the local parameter estimation ap
proach, and the axis-orthogonal decomposition algorithm, which allows 
one to utilize information from the previous iteration. The computational 
complexity of LOLIMOT grows very moderately with the input dimen
sionality and the number of rules (model complexity). LOLIMOT is the 
fastest construction algorithm for local linear neuro-fuzzy models avail
able to date. 

2. Since LOLIMOT is an incremental growing algorithm it is easy to deter
mine the optimal model complexity without additional effort. 

3. The distinction between rule premise and consequent inputs can be fa
vorably exploited for the incorporation of prior knowledge and automatic 
structure selection techniques. 

4. Different objectives for structure and parameter optimization can be ex
ploited in order to incorporate constraints indirectly into the modeling 
tasks without sacrificing convergence speed. 

5. LOLIMOT+OLS allow a computationally cheap structure optimization 
of the rule consequents. 

6. The consequent structure selection is local. This permits a separate struc
ture selection for each local model. Therefore, the consequents must not 
contain all variables in !f. (while already dim {;d :S dim {!!} ). This allows 
one to further reduce the number of estimated parameters. Hence, the 
variance error or the necessary amount of data decrease and the inter
pretability of the model is improved. 

7. The LOLIMOT input space decomposition strategy avoids strongly dif
ferent widths of neighbored validity functions. This fact and the axis
orthogonal partitioning reduce (and in most cases totally avoid) undesir
able normalization side effects. 

8. The idea of freezing the validity function values at the boundaries of the 
input space avoids undesirable extrapolation behavior. Furthermore, a 
strategy to incorporate prior knowledge in the extrapolation is proposed. 

9. Various additional advantages exist for modeling and identification of 
dynamic processes; refer to Chap. 20. 
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14.9 Summary and Conclusions 449 

The drawbacks of the LOLIMOT algorithm are mainly as follows: 

1. The axis-orthogonal input space decomposition is suboptimal, and can 
become very inefficient for high-dimensional problems. This is particu
larly true if no or little knowledge is available that can be exploited for 
reducing the premise input space dimensionality or if the problem dimen
sionality cannot be reduced in principle. 

2. The incremental input decomposition strategy is inferior in accuracy even 
when compared with other axis-orthogonal approaches such as ANFIS 
[181, 182, 184], because the centers (and less crucially the standard de
viations) are not optimized. Therefore, LOLIMOT generally constructs 
models with too many rules. 

These drawbacks are the price to be paid for obtaining the advantages above. 
Although the list of advantages is much longer than the list of the drawbacks, 
there are many applications where these drawbacks can outweigh the advan
tages. This is especially the case for high-dimensional problems with little 
available prior knowledge and whenever the evaluation speed of the model 
(basically determined by the number of rules) is more important than the 
training time. 

LOLIMOT has been successfully used for modeling and identification of 
static processes in the following applications: 

• nonlinear adaptive filtering of automotive wheel speed signals for improve
ment of the wheel speed signal quality and its derivative [348, 349, 350, 351]; 

• nonlinear adaptive filtering of a driving cycle for automatic driving control 
with a guaranteed meeting of tolerances [345] (Sect. 22.1); 

• modeling and multi-criteria optimization of exhaust gases and fuel con
sumption of Diesel engines [127, 128, 129]; 

• modeling and system identification with physical parameter extraction of 
a vehicle suspension characteristics [132]; 

• online learning of correction mappings for an optimal cylinder individual 
fuel injection of a combustion engine [254]; 

• modeling of the static characteristics of the torque of a truck Diesel engine 
in dependency on the injection mass, engine speed, and air/fuel ratio A; 

• modeling of a static correction mapping to compensate errors in a dynamic 
first principles roboter model [1]; 

• modeling of the charging temperature generated by an intake air cooler 
that follows a turbocharger. 
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15. Summary of Part II 

The main properties of the most common nonlinear static model architectures 
discussed in this part are briefly summarized in the following. They all can 
be described within the basis functions framework introduced in Sect. 9.2. 

• Linear models represent the simplest approach, and should always be tried 
first. Only if the performance of a linear model is not satisfactory should 
one move on to apply nonlinear model architectures. Linear models also 
mark the lower bound of performance that has to be surpassed to justify 
the use of nonlinear models. These considerations can be quite helpful in 
order to assess whether an iterative training procedure has converged to a 
good or poor local optimum, or whether it has converged at all. 

• Polynomial models are the "classical" nonlinear models, and include a lin
ear model as a special case (polynomial of degree 1). The main advantage 
of polynomials is that they are linear in the parameters. The main draw
backs are their tendency toward oscillatory interpolation behavior as the 
polynomial degree grows and their often undesirable extrapolation behav
ior. Furthermore, they suffer severely from the curse of dimensionality, 
which basically makes high-dimensional mappings infeasible, although lin
ear subset selection techniques can weaken this problem by choosing only 
the relevant regressors, and allowing for higher input dimensionalities than 
with complete polynomials that contain all possible regressors. 

• Look-up table models are the dominant nonlinear models in most indus
trial applications owing to severe restrictions on memory size and compu
tational power. Look-up tables are implement able on low cost electronics 
and thus match this profile very well. They are simple and fast to eval
uate on a micro-controller without a floating point unit. One property 
distinguishes look-up tables from all other model architectures discussed 
here: Their parameters can be chosen directly as measured values without 
the utilization of any regression method for estimation. In fact, typically 
look-up tables are determined in this direct fashion. The advantages of 
look-up tables listed above are paid for by the following severe restric
tions. They suffer severely from the curse of dimensionality, which makes 
them infeasible for more than three to four inputs and already very inef
ficient for more than two inputs. In practice this implies that only one
or two-dimensional mappings can be implemented. This is the reason for 

co
nt

ro
len

gin
ee

rs
.ir



452 15. Summary of Part II 

the existence of many complicated and nebulous design procedures with 
inferior performance to realize higher-dimensional mappings. In addition 
to this restriction, the grid-based structure is already inefficient for two
dimensional problems since the model complexity cannot be appropriately 
adapted according to the process complexity. Finally, look-up tables realize 
non-differentiable mappings owing to their linear interpolation rule, which 
can cause difficulties in optimization and control. (When interpolation rules 
with higher than first order, i.e., linear, are utilized, the computational de
mand grows significantly, which would be against the philosophy of this 
model architecture.) 

• Multilayer perceptron (MLP) networks are the most widely applied neural 
network architecture. They utilize nonlinearly parameterized global ba
sis functions whose parameters are typically optimized together with the 
linear output weights. MLPs can function on a huge class for differently 
characterized problems, although they often might not be a very efficient 
solution. The main feature of MLPs is their automatic adjustment to the 
main directions of the process nonlinearity. This is a particular advantage 
for very high-dimensional problems. This advantage must be paid for by 
the need for nonlinear optimization techniques. Thus, parameter optimiza
tion is a tedious procedure, and structure optimization becomes even more 
complex. Usually this drawback should only be accepted if the advantages 
become significant, i.e., for high-dimensional problems. Otherwise the slow 
training, involving the risk of convergence to poor local optima dependent 
on the user-chosen parameter initialization, is not attractive. 

• Radial basis function (RBF) networks are usually based on local basis 
functions whose nonlinear parameters determine their position and width. 
These nonlinear parameters are typically not optimized but determined 
through some heuristic approach such as clustering. Therefore, RBF net
works are less flexible and not so well suited as MLP networks for high 
input dimensionalities. Depending on the specific training method applied, 
RBF networks underlie the curse of dimensionality in different extent. The 
most robust approaches in this respect are certainly clustering and linear 
(OLS) subset selection techniques. Nevertheless, RBF networks are best 
used for low- and medium-dimensional problems. The major advantage of 
RBFs is their fast and reliable training with linear optimization techniques. 
This is the compensation for fixing the hidden layer parameters a priori. 
Normalized RBF networks overcome the sensitivity of standard RBF net
works with respect to their basis function widths. The interpolation behav
ior of normalized RBF networks is usually superior to that of the standard 
RBFs. However, unfortunately, the advanced subset selection method can
not be directly applied for training normalized RBF networks. 

• Singleton neuro-Juzzy models are (under some restrictions) equivalent to 
normalized RBF networks. They restrict the basis functions to lie on a 
grid in order to be able to interpret them by their one-dimensional pro-
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15. Summary of Part II 453 

jections on each input interpreted as the membership functions. The fuzzy 
rule interpretation can give some insights into the model (and hence into 
the process) behavior as long as the number of rules is small enough. How
ever, the curse of dimensionality limits the usefulness of grid-based fuzzy 
models, as more than three or four inputs are practically infeasible. There
fore, extensions based on additive models or generalized rules have been 
developed together with efficient construction algorithms in order to over
come or weaken the curse of dimensionality while still retaining some rule 
based interpretation . 

• Local linear (Takagi-Sugeno) neuro-Juzzy models have become increasingly 
popular in recent years. This development is due to the efficient training 
algorithms that allow the heuristic determination of the hidden layer pa
rameters, avoiding nonlinear optimization. Furthermore, some algorithms 
such as LOLIMOT are incremental, i.e., they construct a set of simple to 
complex models. This supports the user's decision about the number of 
neurons/rules without the need for any additional structure search. The 
main advantages of local linear neuro-fuzzy models are the availability of 
fast training algorithms, the interpretation as Takagi-Sugeno fuzzy rules, 
the various ways to incorporate many kinds of prior knowledge, and the 
relative insensitivity with respect to the curse of dimensionality compared 
with other fuzzy approaches. Many additional advantages are revealed in 
the context of dynamic systems in Part III. The weaknesses of local linear 
neuro-fuzzy models are the sometimes undesirable interpolation behavior 
and the inefficiency for very high-dimensional problems. Hinging hyper
planes are a promising remedy to the last drawback. In the opinion of the 
author, local linear neuro-fuzzy models should be more widely applied for 
static modeling problems (they are already widely used for dynamic ones), 
since their strengths could be exploited for many applications. 
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16. Linear Dynamic System Identification 

The term linear system identification often refers exclusively to the identifi
cation of linear dynamic systems. In this chapter's title the term "dynamic" 
is explicitly mentioned to emphasize the clear distinction from static sys
tems. An understanding of the basic concepts and the terminology of linear 
dynamic system identification is required in order to study the identification 
of nonlinear dynamic systems, which is the subject of all subsequent chap
ters. The purpose of this chapter is to introduce the terminology, concepts, 
and algorithms for linear system identification. Since this book deals exten
sively with local linear models as a very promising approach to nonlinear 
system identification, most of the methods discussed in this chapter can be 
transferred to this particular class of nonlinear models. It is one of the main 
motivations for the use of local linear model approaches that many existing 
and well-understood linear techniques can be successfully extended for non
linear processes. A more detailed treatment of linear system identification 
can be found in [40,81,171,172,193,233,360]. Practical experience can be 
easily gathered by playing around with the MATLAB system identification 
toolbox [234]. 

This chapter is organized as follows. First, a brief overview of linear system 
identification is given to characterize the models and methods discussed here. 
Section 16.3 introduces the terminology used for naming the different linear 
model structures and explains the basic concept of the optimal predictor and 
prediction error methods for estimating linear models from data. After a brief 
discussion of time series models in Sect. 16.4, the linear models are classified 
into two categories: models with output feedback (Sect. 16.5) and models 
without output feedback (Sect. 16.6). Section 16.7 analyzes some advanced 
aspects that have been omitted in the preceding sections for the sake of 
an easier understanding. Recursive algorithms are summarized in Sect. 16.8. 
The extension to models with multiple inputs and outputs is presented in 
Sect. 16.10. Some specific aspects for identification with data measured in 
closed loop are introduced in Sect. 16.11. Finally, a summary gives some 
guidelines for the user. 

O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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458 16. Linear Dynamic System Identification 

least squares 

nonlinear optimization 

repeated least squares 

linear system identification 

least squares 

nonlinear optimization 

impulse response analysis 

transient response analysis 

correlation analysis 

frequency response analysis 

Fourier analysis 

spectral analysis 

Fig. 16.1. Overview of linear system identification methods. Only the methods 
within the dark shaded box are discussed in this chapter. Note that the methods not 
the models are classified into parametric and non-parametric ones. Non-parametric 
models, such as a finite impulse response model, may indeed be estimated with 
a parametric method if the infinite series is approximated by a finite number of 
parameters 

16.1 Overview of Linear System Identification 

Figure 16.1 gives an overview of linear system identification methods. They 
can be distinguished into parametric and non-parametric approaches. It is 
helpful to distinguish dearly the model and the type of method applied to 
determine the degrees of freedom of the model. The model can be parametric 
or non-parametric: 

• Parametric models can (or are assumed to be able to) describe the true 
process behavior exactly with a finite number of parameters. A typical 
example is a differential or difference equation model. Often the parameters 
have a direct relationship to physical quantities of the process, e.g., mass, 
volume, length, stiffness, viscosity. 

• Non-parametric models generally require an infinite number of parameters 
to describe the process exactly. A typical example is an impulse response 
model. 

Furthermore, parametric and non-parametric methods can be distinguished: 

• Parametric methods determine a relatively small number of parameters. 
Usually these parameters are optimized according to some objective. A 
typical example is parameter estimation by linear regression. Parametric 
methods can also be used for determination of approximate non-parametric 
models whose number of parameters have been reduced to a finite number. 
A typical example is a finite impulse response (FIR) model that approxi
mates the infinite impulse response of a process. 

• Non-parametric methods are more flexible than parametric methods. They 
are used if less structure is imposed on the model. A typical example is 
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16.2 Excitation Signals 459 

Fourier analysis, which yields functions of frequency and thus is not de
scribable by a finite number of parameters. Although eventually, in their 
actual implementation, non-parametric methods exhibit a certain (finite) 
number of "parameters" (e.g., for a discrete time Fourier analysis, the 
complex amplitudes for all discretized frequency intervals), this number is 
huge and independent of any model structure. Rather the number of "pa
rameters" depends on factors such as the number of data samples or the 
quantization. 

This chapter focuses on parametric models and methods for linear system 
identification. For a detailed discussion of non-parametric approaches refer to 
[81, 171]. Furthermore, this chapter considers only time-domain approaches. 

16.2 Excitation Signals 

The input signal u(k) of the process under consideration plays an important 
role in system identification. Clearly, the input signal is the only possibility 
to influence the process in order to gather information about its behavior. 
Thus, the question arises: How should the input signal be chosen? 

In most real-world applications there exist a large number of constraints 
and restrictions on the choice of the input signal. Certainly for any real 
process the input signal must be bounded, i.e., between a minimum Umin and 
maximum value umax . Furthermore, the measurement time is always limited. 
Besides these basic restrictions in the ideal case the user is free to design the 
input signal. This situation may arise for pilot plants or industrial processes 
that are not in regular operation. However, most often the situation is far from 
ideal. Typically safety restrictions must be obeyed, and one is not allowed to 
push the plant to its limits. If the plant is in normal operation, usually no 
or only slight changes to the standard input signal are allowed in order to 
meet the process goals, e.g., the specifications of the produced product. In 
the following, some guidelines for input signal design are given, which should 
be heeded whenever possible. 

Figure 16.2 shows a process in which all disturbances are transferred to 
the output in the noise n(k). Disturbances that in reality affect the input 
or some internal process states can be transformed to the process output 
by a proper frequency shaping by means of a filter. Because the noise n(k) 
cannot be influenced, the input signal is the user's only degree of freedom to 
determine the signal-to-noise ratio. Thus, the input amplitudes should exploit 
the full range from Umin to Umax in order to maximize the power of the input 
signal and consequently the signal-to-noise ratio. Therefore, it is reasonable 
to switch between Umin and umax . 

The spectrum of the input signal determines the frequencies where the 
power is put in. Obviously, the identified model will be of higher quality for 
the frequencies that are strongly excited by the input signal than for those 
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n(k) 

y(k) 

identification 

Fig. 16.2. Input and disturbed output of a process are measured and used for 
identification 

that are not. If the input signal is a sine wave, only information about one 
single frequency is gathered, and the model quality at this frequency will be 
excellent at the cost of other frequency ranges. So, for input signal design 
the purpose of the model is of fundamental importance. If the emphasis is on 
the static behavior the input signal should mainly excite low frequencies. If 
the model is required to operate only at some specific frequencies an additive 
mixture of sine waves with exactly these frequencies is the best choice for the 
input signal. If the model is utilized for controller design a good match of the 
process around the Nyquist frequency (-1800 phase shift) is of particular 
importance. An excitation signal for model-based controller design is best 
generated in closed loop [116] . If very little is known about the intended use 
of the model and the characteristics of the process, a white input signal is the 
best choice since it excites all frequencies equally well . Note, however, that 
often very high frequencies do not play an important role, especially if the 
sampling time To is chosen very small. Although in practice it is quite common 
to choose the sampling frequency as high as possible with the equipment 
used, it is advisable to choose the sampling time at about one twentieth to 
one tenth of the settling time of the process [170]. If sampling is performed 
much faster the damping of the process typically is so large at high frequencies 
that it makes no sense to put too much energy in these high frequency ranges. 
Furthermore, most model structures will be a simplified version of reality and 
thus independent of the excitation signal; structural errors will inevitably be 
large in the high frequency range. 

Example 16.2.1. Input Signals for Excitation 
The following figures illustrate some typical input signals and the correspond
ing output of a first order system with gain K = 1 and time constant T = 88 
sampled with To = Is that follows the difference equation 

y(k) = 0.1175u(k - 1) + 0.8825y(k - 1). (16.1) 

This process is excited with each of the input signals shown in Figs. 16.3-
16.7, and 100 measurements are taken. These samples are used for identifi
cation of a first order ARX model; see Sect. 16.3.1. The process is disturbed 
with filtered white noise of variance 0.01 . Note that the noise filter is chosen 
equal to the denominator dynamics of the process 1/ A in order to meet the 
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Fig. 16.3. Excitation with a constant signal (left) and the undisturbed process 
output (right) 
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Fig. 16.4. Excitation with an impulse signal (left) and the undisturbed process 
output (right) 

assumption of the ARX model. Because the model structure and the process 
structure are identical the bias error (Sect. 7.2) of the model is equal to zero, 
and all errors are solely due to the noise. 

The results of the identification are given in each figure and summarized in 
Table 16.1. The comparison of the input signals demonstrates the following: 

• Constant: Only suitable for identification of one parameter, here the static 
gain K, which is given by bI/(l-at). Not suitable for identification because 
no dynamics are excited. The parameters b1 and al cannot be estimated 
independently; only the ratio bI/ (1 - at) is correctly identified. 

• Impulse: Not well suited for identification. In particular, the gain is esti
mated very inaccurately. 

• Step: Well suited for identification. Low frequencies are emphasized. The 
static gain is estimated very accurately. 

• Rectangular: Well suited for identification. Depending on the frequency of 
the rectangular signal a desired frequency range can be emphasized. For 
the signal in Fig. 16.6 the time constant is estimated very accurately. 

• PRBS (pseudo random binary signal): Well suited for identification. Im
itates white noise in discrete time with a deterministic signal and thus 
excites all frequencies equally well. 
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Fig. 16.5. Excitation with a step signal (left) and the undisturbed process output 
(right) 
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Fig. 16.6. Excitation with a rectangular signal (left) and the undisturbed process 
output (right) 

o. 
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-0. 
20 40 1 60 80 100 

Fig. 16.7. Excitation with a PRBS (pseudo random binary signal) (left). The 
PRBS is an deterministic approximation of white noise in discrete time [171]. The 
undisturbed process output is shown at the right 

16.3 General Model Structure 

In this section a general linear model structure is introduced from which 
all linear models can be derived by simplifications. This general model is 
not normally used in practice; it just serves as a unified framework. The 
output y(k) of a deterministic linear system at time k can be computed by 
filtering the input u(k) through a linear filter G(q) (q denotes the forward shift 
operator, i.e., q-1x(k) = x(k-l), and thus it is the time domain counterpart 
of the z = eiw-operator in the frequency domain): 
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16.3 General Model Structure 463 

Table 16.1. Identification results for different excitation signals 

Input signal bl al K T [s1 

Constant 0.2620 -0.7392 1.0048 3.3098 

Impulse 0.0976 -0.8570 0.6826 6.4800 

Step 0.1220 -0.8780 0.9998 7.6879 

Rectangular 0.1170 -0.8834 1.0033 8.0671 

PRBS 0.1201 -0.8796 0.9980 7.7964 

True process 0.1175 -0.8825 1 8 

y(k) = G(q)u(k) = ~(q) u(k) . 
A(q) 

(16.2) 

In general, the linear transfer function G(q) may possess a numerator B(q) 
and a denominator A(q). In addition to the deterministic part, a stochastic 
part can be modeled. By filtering white noise v(k) through a linear filter H(q) 
any noise frequency characteristic can be modeled. Thus, an arbitrary noise 
signal n(k) can be generated by 

n(k) = H(q)v(k) = ~(q) v(k) . 
D(q) 

(16.3) 

A general linear model describing deterministic and stochastic influences 
is obtained by combining both parts (see Fig. 16.8a) 

y(k) = G(q)u(k) + H(q)v(k). (16.4) 

The filter G(q) is called the input transfer junction, since it relates the 
input u(k) to the output y(k), and the filter H(q) is called the noise transfer 
junction, since it relates the noise v(k) to the output y(k). These transfer 
functions G(q) and H(q) can be split into their numerator and denominator 
polynomials; see Fig. 16.8b. For future analysis it is helpful to separate a pos
sibly existent common denominator dynamics A(q) from G(q) and H(q); see 
Figs. 16.8c and 16.8d. Thus, F(q)A(q) = A and D(q)A(q) = D. If A(q) and 
D(q) do not share a common factor then simply A(q) = 1. These notations 
of the transfer functions in Fig. 16.8a and the polynomials in Fig. 16.8d have 
been accepted standards since the publication of Ljung's book [233]. So the 
general linear model can be written as 

B(q) C(q) 
y(k) = F(q)A(q) u(k) + D(q)A(q) v(k) (16.5) 

or equivalently as 

B(q) C(q) 
A{q)y(k) = F(q) u(k) + D(q) v(k) . (16.6) 
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a) 

n(k) 

y(k) 

b) 

n(k) 

y(k) 

c) 

n(k) 

y(k) 

d) 

n(k) 

Fig. 16.8. A general linear model 
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16.3 General Model Structure 465 

By making special assumptions on the polynomials A, B, C, D, and F 
the widely applied linear models are obtained from this general form. Before 
these simpler linear models are introduced it is helpful to make a few general 
remarks on the terminology and to discuss some general aspects that are 
valid for all types of linear models. 

16.3.1 Terminology and Classification 

Unfortunately the standard terminology of linear dynamic models is quite 
confusing. The reason for this is the historic development of these models 
within different disciplines. Thus, some expressions stem from time series 
modeling in economics. Economists typically analyze and try to predict time 
series such as stock prices, currency exchange rates, and unemployment rates. 
A common characteristic of all these applications is that the relevant input 
variables are hardly known and the number of possibly relevant inputs is 
huge. Therefore, economists started by analyzing the time series on its own 
without taking any input variables into account. Such models result from 
the general model in Fig. 16.8 and (16.6) by discarding the input, that is, 
u(k) = O. Then the model becomes fully stochastic. Such a time series model 
is depicted in Fig. 16.9, opposed to the purely deterministic model shown in 
Fig. 16.10. From this time series point of view the terminology used in the 
following is logical and straightforward. Ljung's book [233] established this 
as the now widely accepted standard in system identification. 

A time series model with just a denominator polynomial (Fig. 16.11) 

1 
y(k) = D(q) v(k) (16.7) 

is called an autoregressive (AR) model. 
A time series model with just a numerator polynomial (Fig. 16.11) 

y(k) = C(q)v(k) (16.8) 

is called a moving average (MA) model. 

4L..._lli_(q_) ---'~ 
Fig. 16.9. A general linear time series model. The model input v(k) is a white 
noise signal. There is no deterministic input u(k) 

Fig. 16.10. A general linear deterministic model. The model input u(k) is a de
terministic signal. There is no stochastic influence such as a white noise v(k) 
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AR MA ARMA 

~,--_D(_lq_) --..J~ ~,--_C(_q_) --..J~ ~'--_~_:_~ --..J~ 
Fig. 16.11. An overview of time series models: autoregressive (AR), moving average 
(MA), and autoregressive moving average (ARMA) models 

A time series model with a numerator and denominator polynomial 
(Fig. 16.11) 

C(q) 
y(k) = D(q) v(k) (16.9) 

is called an autoregressive moving average (ARMA) model. 
It is obvious that a model based on the time series only, without taking 

any relevant input variable into account, cannot be very accurate. Therefore, 
more accurate models are constructed by incorporating one (or more) input 
variable(s) into the model. This input u(k) is called an exogenous input. With 
these considerations, the time series models in Fig. 16.11 can be extended by 
adding an "X" for exogenous input. To extend a moving average time series 
model with an exogenous input is highly uncommon. Thus, something like 
"MAX" is rarely used. 

Figure 16.12 gives an overview of the most important linear input/output 
models, which are briefly discussed in the following. All models on the left 
hand side of Fig. 16.12 are denoted by AR. .. and belong to the class of 
equation error models. Their characteristic is that the filter l/A(q) is common 
to both the deterministic process model and the stochastic noise model. All 
models on the right hand side of Fig. 16.12 belong to the class of output error 
models, which is characterized by a noise model that is independent of the 
deterministic process model. 

The autoregressive with exogenous input (ARX)l model (Fig. 16.12) is an 
extended AR model: 

l1(q) 1 
y(k) = A(q) u(k) + A(q) v(k) . (16.10) 

Here the term "autoregressive" is related to the transfer function from the in
put u(k) to the output y(k) as well as to the noise transfer function from v(k) 
to y(k) . Thus, the deterministic and the stochastic part of the ARX model 
possess an identical denominator dynamics. For a more detailed discussion 
refer to Sect. 16.5.1. 

1 In a considerable part of the literature and in older publications in particular, 
the ARX model is called an "ARM A" model to express the fact that both a 
numerator and a denominator polynomial exist. However, as discussed above, 
this book follows the current standard terminology established in [233], where 
ARM A stands for the time series model in (16.9) . 
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gcnc:ral model 

ARX OE 

~k) ~k) 

Xl) 

ARMAX BJ 

Xk) 

ARARX FIR. 

\l(k) 

Xl) 

Fig. 16.12. An overview of common linear dynamic models 
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468 16. Linear Dynamic System Identification 

The autoregressive moving average with exogenous input (ARMAX) model 
(Fig. 16.12) is an extended ARMA model: 

l1(q) <7(q) 
y(k) = A(q) u(k) + A(q) v(k) . (16.11) 

As for the ARX model, the ARMAX model assumes identical denominator 
dynamics for the input and noise transfer functions. However, the noise trans
fer function is more flexible owing to the moving average polynomial. For a 
more detailed discussion refer to Sect. 16.5.2. 

The autoregressive autoregressive with exogenous input (ARARX) model 
(Fig. 16.12) is an extended AR model: 

l1(q) 1 
y(k) = A(q) u(k) + D(q)A(q) v(k) . (16.12) 

This is an ARX model with additional flexibility in the denominator of the 
noise transfer function. Thus, instead of an additional moving average filter 
<7(q) as in the ARMAX model, the ARARX model possesses an additional au
toregressive filter 1/ D(q). For a more detailed discussion refer to Sect. 16.5.3. 

Just to complete this list the autoregressive autoregressive moving average 
with exogenous input (ARARMAX) model can be defined as 

l1(q) <7(q) 
y(k) = A(q) u(k) + D(q)A(q) v(k) . (16.13) 

Because this model type is hardly used it is not discussed in more detail. 
All these AR. .. models share the A(q) polynomial as denominator dynam

ics in the input and noise transfer functions. They are also called equation 
error models. This corresponds to the fact that the noise does not directly 
influence the output y(k) of the model but instead enters the model before 
the 1/ A( q) filter. These model assumptions are reasonable if indeed the noise 
enters the process early, so that its frequency characteristic is shaped by the 
process dynamics. IT, however, the noise is primarily measurement noise that 
typically directly disturbs the output, the so-called output error models are 
more realistic. 

The output error models are characterized by noise models that do not 
contain the process dynamics. Thus, the noise is assumed to influence the 
process output directly. The terminology of these models does not follow 
the rules given above for an extension of the time series models. Rather, 
the point of view changes from time series models (where the noise model 
is in the focus) to input/output models (where the attention turns to the 
deterministic input). 

The most straightforward input/output model is the output error (OE) 
model (Fig. 16.12): 

l1(q) 
y(k) = F(q) u(k) + v(k) . (16.14) 
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This OE model is one special model in the class of output error models. 
Unfortunately it is difficult to distinguish between the class of output error 
models and this special output error model in (16.14) by the name. Therefore, 
it must become clear from the context whether the special model or the model 
class is referred to. To clarify this confusion a little bit, the abbreviation OE 
always refers to the special output error model in (16.14). In contrast to the 
ARX model, white noise enters the OE model directly without any filter. For 
a more detailed discussion refer to Sect. 16.5.4. 

This OE model can be enhanced in flexibility by filtering the white 
noise through an ARMA filter. This defines the Box-Jenkins (BJ) model 
(Fig. 16.12): 

B(q) C(q) 
y(k) = F(q) u(k) + D(q) v(k). (16.15) 

The BJ model relates to the ARARMAX model as the OE model relates 
to the ARX model. The input and noise transfer functions are separately 
parameterized and therefore independent. The special cases of a BJ model 
C(q) = 1 or D(q) = 1 do not have special names. For a more detailed 
discussion refer to Sect. 16.5.5. 

Finally, a quite different model belongs to the output error model class, 
as well. The finite impulse response (FIR) model is defined by (Fig. 16.12) 

y(k) = B(q)u(k) + v(k). (16.16) 

The FIR model is an OE or an ARX model without any feedback, that is, 
F(q) = 1 or A(q) = 1, respectively. As an extension of the FIR model the 
orthonormal basis functions (OBF) model is also of significant practical in
terest. However, the OBF model does not fit well in the framework presented 
here. The FIR and OBF models are described in detail in Sect. 16.6. 

At a first sight all these different model structures may be quite con
fusing. However, it is sufficient to remember the ARX, ARMAX, OE, FIR, 
and OBF models for an understanding of the rest of this book. Nevertheless, 
all concepts discussed in this chapter are of fundamental importance. Fig
ures 16.13-16.16 illustrate the described linear models from different points 
of view. Table 16.2 summarizes the simplifications that lead from the general 
model to the specific model structures. 

Note that for the sake of simplicity the processes and models are assumed 
to possess no dead time. However, in any equation a dead time dTo can 
easily be introduced by replacing the input u(k) with the d steps delayed input 
u(k - d). Furthermore, it is assumed that the processes and models have no 
direct path from the input to the output (i. e., they are strictly proper), so 
that u(k) does not immediately influence y(k). Thus, terms like bou(k) do 
not appear in the difference equations. This assumption is fulfilled for almost 
any real-world process. 
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470 16. Linear Dynamic System Identification 

Fig. 16.13. Classification of linear models according to finite impulse response 
(FIR) and infinite impulse response (IIR) filters 

Fig. 16.14. Classification of linear models according to equation error and output 
error models 

Fig. 16.15. Classification of linear models according to input/output and time 
series models 

Fig. 16.16. Classification of linear models according to noise properties. The box 
entitled "process dynamics" refers to noise filter, which include the process denom
inator dynamics I/A(q) 
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Table 16.2. Common linear models 

Model structures 

MA 
AR 
ARMA 
ARX 
ARMAX 
ARARX 
ARARMAX 
OE 
BJ 

FIR 

Model equations 

y(k) = C(q) v(k) 

y(k) = 1/ D(q) v(k) 

y(k) = C(q)/D(q) v(k) 

y(k) = B(q)/A(q) u(k) + 1/A(q) v(k) 

y(k) = B(q)/A(q) u(k) + C(q)/A(q) v(k) 

y(k) = B(q)/A(q) u(k) + 1/D(q)A(q) v(k) 

y(k) = B(q)/A(q) u(k) + C(q)/D(q)A(q) v(k) 

y(k) = B(q)/F(q) u(k) + v(k) 

y(k) = B(q)/F(q) u(k) + C(q)/D(q) v(k) 

y(k) = B(q) u(k) + v(k) 

16.3.2 Optimal Predictor 

Probably the most common application of a model is forecasting the future 
behavior of a process. Two cases have to be distinguished: simulation and 
prediction. If the response of the model to an input sequence has to be cal
culated while the process outputs are unknown, this is called simulation. If, 
however, the process outputs are known up to some time instant, say k - 1, 
and it is asked for the model output 1 steps in the future, this is called pre
diction. Very often one is interested in the one-step prediction, i.e., 1 = 1, 
and if nothing else is explicitly stated in the following prediction will mean 
one-step prediction. Figures 16.17 and 16.18 illustrate the difference between 
simulation and prediction; see also Sects. 1.1.2 and 1.1.3. 

Simulation. It is obvious from Fig. 16.17 that simulation is fully determin
istic: 

i}(k) = G(q)u(k). (16.17) 

Thus, the noise model H(q) seems irrelevant for simulation. Note, however, 
that the noise model H(q) influences the estimation of the parameters in 
G(q) and therefore it affects the simulation quality although H(q) does not 
explicitly appear in (16.17). 

Because the process output is unknown, no information about the distur
bances is available. In order to get some "feeling" how the disturbed process 
output qualitatively may look, it is possible to generate a white noise signal 
w(k) with proper variance by a computer [233], to filter this signal through 
the noise filter H ( q), and to add this filtered noise to the deterministic model 
output 

i}(k) = G(q)u(k) + H(q)w(k) . (16.18) 
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n(k) 

? 

y<k) 

Fig. 16.17. For simulation, only the inputs are known. No information about the 
real process output is available 

Note, however, that (16.18) is just a better qualitative output than 
(16.17). The smaller simulation error can be expected from (16.17) since 
w(k) is a different white noise signal than the original but not measurable 
v(k). 

Prediction. In contrast to simulation, for prediction the information about 
the previous process output can be utilized. Thus, the optimal predictor 
should combine the inputs and previous process outputs in some way. So 
the optimal linear predictor can be defined as the linear combination of the 
filtered inputs and the filtered outputs 

y(klk - 1) = sou(k) + slu(k - 1) + ... + snsu(k - ns) 
+ hy(k - 1) + ... + tnty(k - nt) (16.19) 

or 

y(klk - 1) = S(q)u(k) + T(q)y(k). (16.20) 

Note that the filter T(q) does not contain the term to since of course the 
value y(k) is not available when predicting y(klk - 1). For most real-world 
processes So = 0 as well, because the input does not instantaneously influence 
the output, i.e., the model is strictly proper. 

The term S(q)u(k) contains information about the deterministic part of 
the predictor while the term T(q)y(k) introduces a stochastic component into 
the predictor since only y(k) is disturbed by noise. 

The following question arises: What are the best filters S(q) and T(q)? 
More exactly speaking, which filters result in the smallest squared prediction 
error (prediction error variance)? It can be shown that the optimal predictor 
is [233] 

A G(q) ( 1) 
y(klk - 1) = H(q) u(k) + 1 - H(q) y(k) (16.21) 
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b) 

1I(k) 

Fig. 16.18. a) One-step prediction and b) two-step prediction. The expression "Ik-
1" means "on the information available at time instant k -1" . For prediction, besides 
the inputs the previous process outputs are known. Note that if the prediction 
horizon 1 becomes very large the importance of the information about the previous 
process outputs decreases. Thus, as 1 -+ 00 prediction approaches simulation; see 
Fig. 16.17 

or 

H(q)y(klk - 1) = G(q)u(k) + (H(q) - 1) y(k) . (16.22) 

Thus, S(q) = G(q)/H(q) and T(q) = 1-I/H(q). 
It is very helpful to discuss some special cases in order to illustrate this 

optimal predictor equation . 

• ARX model: G(q) = B(q)/A(q) and H(q) = I/A(q). Therefore, the optimal 
predictor for an ARX model is 

y(klk - 1) = B(q)u(k) + (1 - A(q)) y(k) . (16.23) 

Thus, the inputs are filtered through the B(q) polynomial and the process 
outputs are filtered through the 1 - A(q) polynomial. Consequently, the 
predicted model output y(klk - 1) can be generated by applying simple 
moving average filtering. Because an ARX model implies correlated dis
turbances, namely white noise filtered through I/A(q), the process output 
contains valuable information about the disturbances. This information al
lows one to make a prediction on the actual disturbance at time instant k, 
which is implicitly performed by the term ((1 - A(q))y(k) . 

• ARMAX model: G(q) = B(q)/A(q) and H(q) = C(q)/A(q). Therefore, the 
optimal predictor for an ARMAX model is 

y(klk -1) = B(q) u(k) + (C(q) - A(q)) y(k). 
C(q) C(q) 

(16.24) 

This equation is much more difficult than the ARX predictor. A charac
teristic is that both the input and the process output are filtered through 
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474 16. Linear Dynamic System Identification 

filters with the same denominator dynamics C(q). Note that the ARMAX 
predictor contains the ARX predictor as the special case C (q) = 1 . 

• OE model: G(q) = B(q)/A(q) and H(q) = 1. Therefore, the optimal pre
dictor for an OE model is 

y(klk - 1) = ~~:~ u(k) . (16.25) 

This, however, is exactly a simulation; see (16.17)! No information about 
the process output enters the predictor equation. The reason for this ob
viously lies in the noise filter H(q) = 1. Intuitively this can be explained 
as follows. The term T(q)y(k) in (16.20) contains the information about 
the stochastic part of the model. If the process is disturbed by unfiltered 
white noise, as is assumed in the OE model, there is no correlation between 
disturbances n(k) at different times k. Thus, knowledge about previous dis
turbances that is contained in y(k) does not help to predict into the future. 
Thus, the simulation of the model is the optimal prediction in the case of 
an OE model. At first sight, it seems strange to totally ignore the knowl
edge of y(k). However, an incorporation of the white noise corrupted y(k) 
into the predictor would deteriorate the performance. 

16.3.3 Some Remarks on the Optimal Predictor 

It is important to make some remarks on the optimal predictor which have 
been omitted above for easier understanding . 

• Equation (16.21) for the optimal predictor can be derived as follows. The 
starting point is the model equation 

y(k) = G(q)u(k) + H(q)v(k) . (16.26) 

The optimal predictor should be capable of extracting all information out 
of the signals. Thus, the prediction error, i.e., the difference between the 
process output y(k) and the predicted output y(klk -1), should be equal 
to the white noise v(k), since this is the only unpredictable part in the 
system: 

v(k) = y(k) - y(klk - 1) . (16.27) 

This equation can be used to eliminate v(k) in (16.26). Then the following 
relationship results: 

y(k) = G(q)u(k) + H(q) (y(k) - y(klk - 1)) . (16.28) 

If in this equation y(klk - 1) is isolated the optimal predictor in (16.21) 
results. The optimal predictor thus leads to white residuals. Therefore, an 
analysis of the spectrum of the real residuals can be used to test whether 
the model structure is appropriate. 
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Fig. 16.19. OE and ARX predictor for a process with integral behavior. An OE 
model of the process q/(q - 1) disturbed by white output noise is assumed to be 
identified to q/(q-O.995). The optimal OE predictor in (16.25) simulates the process 

• It has been demonstrated above that the optimal predictor for ARX models 
includes previous inputs and process outputs while the optimal predictor 
for OE models includes only previous inputs. This statement is correct if 
the transfer functions G(q) and H(q) are identical with the model. However, 
if the model only approximates the process, as is the case in all real-world 
applications, this statement is not necessarily valid any more. Consider, 
for example, a process with integral behaviour G(q) = Kq/(q -1) and ad
ditive white measurement noise at the output. Assume that an OE model 
is applied, which indeed is the correct structure for these noise properties, 
and the parameter K is not estimated exactly. Then, for this OE model, 
the ARX predictor may yield better results than the OE predictor. The 
explanation for this fact is that the error of the simulated output obtained 
by the OE predictor increases linearly with time proportional to the esti
mation error in K, while the ARX predictor is based on process outputs 
and thus cannot "run away" from the process. Figure 16.19 compares the 
behavior of an OE and an ARX predictor for this process. 
Because the model parameters have not been identified exactly the model 
implements no integrator but a first order time lag behavior (with a large 
time constant). Thus, the OE predictor quality becomes worse as time 
proceeds. In contrast, if the ARX predictor in (16.49) is utilized for the 
OE model the prediction always remains close to the true process because 
it is also based on process outputs. The price to be paid is the introduction 
of the disturbances into the prediction since the process output is corrupted 
by noise. 
Note that this example illustrates an extreme case since the investigated 
process is not stable. Nevertheless, in practice even for stable processes it 
can be advantageous to use the ARX predictor for models belonging to 
the output error class. This is because non-modeled nonlinear effects can 
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lead to significant deviations between the process and the simulated model 
output, while a one-step prediction with the ARX predictor will follow the 
operating point better. Generally, the ARX predictor can be reasonably 
utilized for output error models if the disturbances are small. Thus, there 
exists some kind of tradeoff between the wrongly assumed noise model when 
using the ARX predictor and the model/process mismatch when using the 
OE predictor . 

• The optimal predictor in (16.21) is only stable if the noise filter H(q) is 
minimum phase. Stability of the predictor is a necessary condition for the 
application of the prediction error methods (see next section). If H ( q) were 
non-minimum phase, 1/ H(q) and thus the predictor would be unstable. 
However, then the noise filter could be replaced by its minimum phase 
counterpart, i.e., the conjugate complex H*(q) = H(q-l), because the 
purpose of the filter H(q) is merely to shape the frequency spectrum of the 
disturbance n(k) by filtering v(k). But the spectrum of the disturbance 
n(k) is determined only by IH(q)12, which is equal to IHI2 = H(q)H*(q) 
(spectral factorization). Thus, both filters H(q) and H*(q) result in the 
same frequency shaping, and therefore the filter that is stable invertible 
can be selected for the optimal predictor . 

• Another assumption not yet mentioned is made in the optimal predictor 
equation (16.21). The influence of the initial conditions is neglected. Con
sider, for example, an OE model 

y(k) = b1u(k - 1) + ... + bmu(k - m) 

- aly(k - 1) - ... - aTny(k - m) . (16.29) 

For this model m initial conditions have to be assumed; at time k = 0 
these are the values of y( -1), ... , y( -m). Typically, these initial conditions 
are set to zero. This assumption is reasonable since for stable systems 
the initial conditions decay exponentially with time. Strictly speaking, the 
optimal predictor in (16.21) is only the stationary optimal predictor. If 
the initial conditions were to be taken into account the optimal predictor 
would become time-variant and would asymptotically approach (16.21). 
This relationship is well known between the Kalman filter, which represents 
the optimal time-variant predictor considering the initial conditions and its 
stationary solution, the Luenberger observer, which is valid only as time -+ 
00. Nevertheless, since the initial conditions decay rapidly, in practice the 
stationary counterpart, i.e., the optimal predictor in (16.21), is sufficiently 
accurate and much simpler to deal with. 

16.3.4 Prediction Error Methods 

Usually the optimal predictor is used for measuring the performance of the 
corresponding model. The prediction error is the difference between the de
sired model output (= process output) and the one-step prediction performed 
by the model 

co
nt

ro
len

gin
ee

rs
.ir



16.3 General Model Structure 477 

e(k) = y(k) - y(klk - 1) . (16.30) 

In the following, the term prediction error is used as a synonym for one
step prediction error. With the optimal predictor in (16.21) the prediction 
error becomes 

1 Cl(q) 
e(k) = H(q) y(k) - H(q) u(k) . (16.31) 

For example, an OE model has the following prediction error: e(k) = 
y(k) - Cl(q)u(k). Most identification algorithms are based on the minimiza
tion of a loss function that depends on this one-step prediction error. Al
though this is the most common choice it can be reasonable to minimize 
another error measure. For example, predictive control algorithms utilize a 
model to predict a number of steps, say I, into the future. In this case, the 
performance can be improved by minimizing the error of an I-step prediction 
e(k) = y(k) - y(klk -I) where I is the prediction horizon [230, 340, 341, 411]. 
Because the computation of such a multi-step predictor becomes more and 
more involved for larger prediction horizons I, even for model-based pre
dictive control typically the one-step prediction error in (16.30) is used for 
identification. 

For reasons discussed in Sect. 2.3, the sum of squared prediction errors is 
usually used as the loss function, i.e., with N data samples 

N 

J = Le2 (i). (16.32) 
i=l 

It is discussed in Sect. 2.3.1 that this choice is optimal (in the maximum 
likelihood sense) if the noise is Gaussian distributed. Another property of the 
sum of squared errors loss function is that the parameters of the ARX model 
structure can be estimated by linear optimization techniques; see Sect. 16.5.1. 

Note that a sensible minimization of the loss function in (16.32) requires 
the predictor to be stable, which in turn requires that Cl(q) is stable and H(q) 
is minimum phase. Otherwise, the mismatch between process and model due 
to different initial values would not decay exponentially (as in the stable 
case); rather they would influence the minimization procedure decisively. 

The loss function in (16.32) can be extended by filtering the prediction 
errors through a linear filter L(q). Since the unfiltered prediction error is, 
(see (16.31» 

1 
e(k) = H(q) (y(k) - Cl(q)u(k» , (16.33) 

the filtered prediction error eF can be written as 

eF(k) = ~~~ (y(k) - Cl(q)u(k» . (16.34) 

Obviously, the filter L(q) has the same effect as the inverse noise model 
1/ H(q). Thus, the filter L(q) can be fully incorporated into the noise model 
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H(q) or vice versa. The understanding of this relationship is important for 
some of the identification algorithms discussed in the following sections. For 
more details about this relationship refer to Sect. 16.7.4. 

16.4 Time Series Models 

A time series is a signal that evolves over time2 , such as the Dollar fEuro 
exchange rate, the Dow Jones index, the unemployment rate in a country, 
the world's population, the amount of rain fall in a particular area, or the 
sound of a machine received with a microphone. A characteristic of all time 
series is that the current value is usually dependent on previous values. Thus, 
a dynamic model is required for a proper description of a time series. Fur
thermore, typically the driving inputs, i.e., the variables that influence the 
time series, are not known, are not measurable, or are so huge in number 
that it is not feasible to include them in the model. It is no coincidence that 
the typical examples for time series listed above are mostly non-technical. 
Often in engineering applications the relationships between different quanti
ties are quite well understood, and at least some knowledge about the basic 
laws is available. Then it is more reasonable to build a model with deter
ministic inputs and possibly additional stochastic component. In economy 
and social sciences the dependencies between different variables are typically 
much more complex, and thus time series modeling plays a greater role in 
these disciplines. 

Because time series models (as defined here) do not take any deterministic 
input into account, the task is simply to build a model for the time series with 
the information about the past realization of this time series only. Because 
no external inputs u(k) are considered, it is clear that such a model will be of 
relatively low quality. Nevertheless it may be possible to identify a model that 
allows short term predictions (typically one-step predictions) with sufficient 
accuracy or which allows to gain insights about the underlying process. 

Since no inputs are available, time series models are based on the following 
idea. The time series is thought to be generated by a (hypothetical) white 
noise signal, which drives a dynamic system. This dynamic system is then 
identified with the time series data. The main difficulty is that the input of 
this system, that is, the white noise signal, is unknown. Since this chapter 
deals with linear system identification the dynamic system is assumed to be 
linear, and the following model of the time series results (see also Fig. 16.9): 

y(k) = H(q)v(k) = ~~:~ v(k) , (16.35) 

where y(k) is the time series and v(k) is the artificial white noise signal. In 
the following three sections two special cases of (16.35) and finally the general 

2 In some cases the signal may not depend on time but rather on space (e.g. in 
geology) or some other quantity. 
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time series model in (16.35) are briefly discussed. The model (16.35) can be 
further extended by an integrator to deal with non-stationary processes. For 
more details refer to [47]. 

16.4.1 Autoregressive (AR) 

The autoregressive time series model shown in Fig. 16.20 is very common 
since it allows one to shape the frequency characteristics of the model with a 
few linear parameters. In many technical applications of time series model
ing one is interested in resonances, i.e., weakly damped oscillations at certain 
frequencies which may be hidden under a high noise level. Then an AR (or 
ARMA) model of the time series is a powerful tool for analysis. An oscillation 
is represented by a weakly damped conjugate complex pole pair in 1/ D(q). 
Compared with other tools for frequency analysis such as a Fourier trans
form, an AR (or ARMA) model does not suffer from leakage effects due to 
a discretization of the frequency range. Rather, AR (or ARMA) models, in 
principle, allow one to determine frequencies and amplitudes with arbitrary 
accuracy. In practice, AR (or ARMA) models are usually preferred if the 
number of considered resonances is small or a smoothed version of the spec
trum is desired because then the order of the models can be chosen reasonably 
low and the parameters can be estimated accurately. 

The time series is thought to be constructed by filtering white noise v(k): 

1 
y(k) = D(q) v(k) . (16.36) 

The difference equation makes the linear parameterization of the AR model 
obvious 

y(k) = -d1y(k - 1) - ... - dmy(k - m) + v(k) . (16.37) 

The prediction error simply becomes 

e(k) = D(q)y(k) . (16.38) 

By taking the prediction error approach, the parameter estimation is a 
least squares problem, which can be easily solved. It corresponds to the esti
mation of an ARX model without numerator parameters, i.e., B(q) = 1 (see 
Sect. 16.5.1 for details). Another common way to estimate an AR model, is 
to correlate (16.37) with y(k - It). For It > 0 this results to 

(16.39) 

because the previous outputs y(k - It} do not depend on the current noise 
v(k}, i.e., E{y(k - It}v(k)} = O. For It = 0, -1, ... additional, increasingly 

Fig. 16.20. AR model 
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480 16. Linear Dynamic System Identification 

complex terms like (T2, d1 (T2, etc. appear in (16.39) where (T2 is the noise 
variance. Usually only the equations for K. ~ 0 are used to estimate the noise 
variance and the parameters di . For these different values of K., (16.39) are 
called the Yule- Walker equations. In a second step, these Yule-Walker equa
tions are solved by least squares; compare this with the COR-LS approach 
in Sect. 16.5.1. 

The Yule-Walker equations are the most widely applied method for AR 
model estimation. Generally, most time series modeling is based on the esti
mation of the correlation function. This is a way to eliminate the fictitious 
unknown white noise signal v(k) from the equations. The correlation function 
represents the useful information contained in the data in a compressed form. 

16.4.2 Moving Average (MA) 

For the sake of completeness the moving average time series model (Fig. 16.21) 
will be mentioned here, too. It has less practical significance in engineering 
applications because a moving average filter does not allow one to model oscil
lations with a few parameters like an autoregressive filter does. Furthermore, 
in contrast to the corresponding deterministic input/output model (the FIR 
model), the MA model is nonlinear in its parameters if the prediction error 
approach is taken. 

The MA model is given by 

y(k) = C(q)v(k) . (16.40) 

The difference equation makes the nonlinear parameterization of MA model 
more obvious: 

y(k) = v(k) + clv(k - 1) - ... + cmv(k - m). (16.41) 

Since v(k-i) are unknown, in order to estimate the parameters Ci, the v(k-i) 
have to be approximated by a previously built model. Thus, the approximated 
v(k - i), which replace the true but unknown v(k - i) in (16.37), themselves 
depend on the parameters of a model estimated a priori. This relationship 
can also be understood by considering the prediction error 

1 
e(k) = C(q) y(k) (16.42) 

or 

e(k) = -cle(k - 1) - ... - cme(k - m) + y(k) . (16.43) 

More clever algorithms exist to estimate MA models more efficiently than via 
a direct minimization of the prediction errors; see [47]. 

~,-_C(_q)--,~ Fig. 16.21. MA model 

co
nt

ro
len

gin
ee

rs
.ir



16.4 Time Series Models 481 

16.4.3 Autoregressive Moving Average (ARMA) 

The combination of an autoregressive part and a moving average part en
hances the flexibility of the AR model. The resulting ARMA model shown 
in Fig. 16.22 is given by 

C(q) 
y(k) = D(q) v(k) . (16.44) 

The difference equation is 

y(k) = - d1y(k - 1) - ... - dmy(k - m) 

+ v(k) + clv(k -1) - ... + cmv(k - m). (16.45) 

The prediction error becomes 

e(k) = D(q) y(k) 
C(q) 

(16.46) 

or 

e(k) = - cle(k - 1) - ... - cme(k - m) 

+ y(k) + d1y(k - 1) + ... + dmy(k - m). (16.47) 

For estimation of the nonlinear parameters in the ARMA model, the 
following approach can be taken; see Sect. 16.5.2. In the first step, a high 
order AR model is estimated. Then the residuals e(k) in (16.38) are used 
as an approximation of the white noise v(k). With this approximation the 
parameters Ci and di of an ARMA model are estimated by least squares. 
Then iteratively the following two steps are repeated: (i) approximation of 
v(k) by (16.47) with the ARMA model obtained in the previous iteration, 
(ii) estimation of new a new ARMA model utilizing the approximation for 
v(k) from step (i). This two-step procedure avoids the direct nonlinear opti
mization of the parameters and it is sometimes called the Hannan-Rissanen 
algorithm [47]. Other advanced methods are again based on the correlation 
idea introduced in Sect. 16.4.1, leading to the innovations algorithm or the 
Yule-Walker equations for ARMA models. The best (asymptotically efficient, 
compare Sect. B.7) estimators of AR, MA, and ARMA models are based on 
the maximum likelihood method [47]. However, this requires the application 
of a nonlinear optimization technique such as the Levenberg-Marquardt al
gorithm; see Chap. 4. Good initial parameter values for a local search can be 
obtained by any of the above strategies. 

Fig. 16.22. ARM A model 
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482 16. Linear Dynamic System Identification 

16.5 Models with Output Feedback 

This section discusses linear models with output feedback. The models in 
this class by far are the most widely known and applied. Alternative linear 
models are described in the subsequent section and either do not employ 
any feedback or the feedback path is independent of the estimated parame
ter. In the following subsections on model with output feedback, the model 
structures are introduced together with appropriate algorithms for parame
ter estimation. To fully understand these algorithms, knowledge of the linear 
and nonlinear local optimization techniques discussed in Part I is required. 

16.5.1 Autoregressive with Exogenous Input (ARX) 

The ARX model is by far the most widely applied linear dynamic model. 
Usually an ARX model is tried first and only if it does not perform satis
factory are more complex model structures examined. This is not the case 
because the ARX model would be especially realistic and would match the 
structure of many real-world processes. Rather, the popularity of the ARX 
model comes from its easy-to-compute parameters. The parameters can be 
estimated by a linear least squares technique since the prediction error is lin
ear in the parameters. Consequently, a reliable recursive algorithm for online 
use, the RLS, exists as well; see Sect. 16.8.1. 

The ARX model is depicted in Fig. 16.23, and is described by 

A(q)y(k) = B(q)u(k) + v(k) . (16.48) 

The optimal ARX predictor is 

y(klk - 1) = B(q)u(k) + (1 - A(q»y(k) , (16.49) 

which can be written as 

y(klk - 1) = b1u(k - 1) + ... + bmu(k - m) 
- aly(k - 1) - ... - amy(k - m) . (16.50) 

assuming deg(A) = deg(B) = m. Note that contrary to the continuous time 
process description, in discrete time the numerator and denominator polyno
mials usually have the same order. 

The ARX predictor is stable (it possesses no feedback!) even if the A(q) 
polynomial and therefore the ARX model is unstable. This fact allows one to 
model unstable processes with an ARX model. However, the plant has to be 
stabilized in order to gather data. It is a feature of all equation error models 

v(k) 

Fig. 16.23. ARX model 
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16.5 Models with Output Feedback 483 

that the A(q) polynomials only appear in the numerator of their predictors, 
and thus the predictors are stable even if A(q) is unstable. 

With (16.49) the prediction error of an ARX model is 

e(k) = A(q)y(k) - B(q)u(k) . (16.51) 

The term A(q)y(k) acts as a whitening filter on the correlated disturbances. 
The measured output y(k) can be split into two parts: the undisturbed process 
output yu(k) and the disturbance n(k), where y(k) = yu(k) + n(k). Since 
n(k) = I/A(q)v(k) with v(k) being white noise A(q)y(k) = A(q)Yu(k) +v(k). 
Thus, the filter A(q) in (16.51) makes the disturbances and consequently e(k) 
white. 

As can be seen from Fig. 16.23, one characteristic of the ARX model 
is that the disturbance, i.e., the white noise v(k), is assumed to enter the 
process before the denominator dynamics A(q). This fact can be expressed 
in another way by saying that the ARX model has a noise model of I/A(q). 
So the noise is assumed to have denominator dynamics identical to those of 
the process. This assumption may be justified if the disturbance enters the 
process early, although even in this case the disturbance would certainly pass 
through some part of the numerator dynamics B(q) as well. However, most 
often this assumption will be violated in practice. Disturbances at the process 
output, as assumed in an OE model in Sect. 16.5.4, are much more common. 

Figure 16.24 shows three different configurations of the ARX model. Note 
that all three configurations represent the same ARX model, but they suggest 
a different interpretation. The true process polynomials are denoted as B(q) 
and A(q), while the model polynomials are denoted as B(q) and A(q). 

Figure 16.24a represents the most common configuration. The prediction 
error e(k) for an ARX model is called equation error because it is the dif
ference in the equation e(k) = A(q)y(k) - B(q)u(k); see (16.31). The term 
"equation error" stresses the fact that it is not the difference between the 
process output y(k) and B(q)/A(q)u(k), which is called the output error; 
see also Sect. 16.5.4. Considering Fig. 16.24a, it is obvious that if the model 
equals the true process, i.e., B(q) = B(q) and A(q) = A(q), the equation er
ror e(k) = A(q)n(k) = A(q)n(k). Thus, if the assumption made by the ARX 
model, namely that the disturbance is white noise filtered through I/A(q), is 
true, then the equation error e(k) is white noise since n(k) = I/A(q)v(k). For 
each model structure the prediction errors have to be white if all assumptions 
made are valid because then all information is exploited by the model. 

Figure 16.24b depicts another configuration of the ARX model based on 
the predictor equation. With the ARX predictor in (16.49) the same equation 
error as in Fig. 16.24a results. Figure 16.24b can schematically represent any 
linear model by implementing the corresponding optimal predictor. 

Figure 16.24c relates the ARX model to the OE model; see Sect. 16.5.4. 
This representation makes clear that the equation error e(k) is a filtered ver
sion of the output error eOE(k). Note that eOE(k) and YOE(k), respectively, 
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a) 
II(k) 

u(k) y(k) 

e(k) 

b) process II(k) 

u{k) J B{q) 1 y(k) 

"I A(q) 1 
e(k) 

-Y on~.~ I 
" I predictor I y<k) 

c) 
,,(k) 

u(k) y(k) 

ros(k) 

Fig. 16.24. Different representation schemes for the ARX model: a) equation er
ror configuration, b) predictor configuration, c) pseudo-parallel configuration with 
filtering of the error signal [81]. All configurations realize the same ARX model 

denote the output error and the output of an OE model; thus they are differ
ent from the prediction error e(k) and the predicted output f}(k) of an ARX 
model. Figure 16.24a, band c represent just different perspectives of the 
same ARX model, and shall help us to better understand the relationships 
between the different model structures. 

Least Squares (LS). The reason for the popularity of the ARX model is 
that its parameters can be estimated by a linear least squares (LS) technique. 
For N available data samples the ARX model can be written in the following 
matrix/vector form with N - m equations for k = m + 1, ... , N where f} is 
the vector of model outputs while'!!.. is the vector of process outputs that are 
the desired model outputs: 
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16.5 Models with Output Feedback 485 

i = X fl. (16.52) 

with 

i= [

Y(m + 1)] 
y(m + 2) 

. , 

y(N) 

[

Y(m + 1)] 
y(m + 1) 

y = . , - . 
y(N) 

fl.= (16.53) 

[ 

-y(m) . .. -y(l) u(m) U(I)] 
-y(m + 1) . .. -y(2) u(m + 1) ... u(2) 

-y(~ - 1) ... -y(~ - m) U(N:- 1) ... u(N ~ m) . 

X= (16.54) 

If the quadratic loss function in (16.32) is minimized, the optimal param
eters of the ARX model can be computed by LS as (see Chap. 3) 

~ = (XT X) -1 X T'!!... (16.55) 

For an computation of the estimate in (16.55) the matrix XT X has to be 
non-singular. This is the case if the input u(k) is persistently exciting. The 
big advantage of the ARX model is its linear-in-the-parameters structure. 
All features of linear optimization techniques apply, such as a fast one-shot 
solution that yields the global minimum of the loss function. The main draw
back of the ARX model is that its noise modell/A(q) is unrealistic. Additive 
output noise is much more common. The difficulties arising from this fact are 
discussed next. For more details concerning the least squares solution refer 
to Chap. 3. 

Consistency Problem. The ARX model and a more realistic process de
scription are compared in Fig. 16.25. Because often the real process is not 
disturbed, as assumed by the ARX model, some difficulties can be expected. 
Indeed it can be shown that if the process does not meet the noise assump
tion made by the ARX model, the parameters are estimated biased and non
consistent. A bias means that the parameters systematically deviate from 
their optimal values, i.e., the parameters are systematically over- or underes
timated. Non-consistency means that this bias does not even approach zero 
as the number of data samples N goes to infinity; see Sect. B.7 for more 
details on the bias and consistency definitions. 

Even worse, the errorbars calculated from the estimate of the covariance 
matrix of the parameter estimate (see Chap. 3) may indicate that the esti
mate is quite accurate even if the bias is very large [81]. The reason for this 
undesirable behavior is that the derivations of many theorems about the LS 
in Chap. 3 assume a deterministic regression matrix X. However, as can be 
seen in (16.54), the regression matrix X contains measured process outputs 
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ARXmodel 

, I""L..--'------, ~'-_B_(q_) --,r-{_~~) ~ 
Real process , I"'~ 
~L._B_(q_)----IHL._A_(~_)----I~ 

Fig. 16.25. An ARX model assumes a noise model1/A(q), while more realistically 
a process is disturbed at the output by a noise n(k), which can be white noise v(k) 
or colored noise, e.g., n(k) = C(q)/ D(q)v(k) 

y(k) that are non-deterministic owing to the disturbances. Thus, the covari
ance matrix cannot be calculated by (3.34) and consequently the errorbar 
cannot be derived as shown in Sect. 3.1.2. 

Because consistency is probably the most important property of any es
timator, several strategies have been developed to avoid the non-consistent 
estimation for an ARX model. The idea of most of these approaches is to 
retain the linear-in-the-parameters property of the ARX model since this is 
its greatest advantage over other model structures. 

Next, two such strategies are presented. The first strategy offers an al
ternative to the prediction error method, and the parameters are estimated 
with the help of instrumental variables. The idea of the second method is to 
work with correlation functions of the measured signals instead of the signals 
themselves. 

Another alternative is to choose more general model structures such as 
ARMAX or OE that are nonlinear in their parameters and to develop algo
rithms that allow one to estimate the nonlinear parameters by the repeated 
application of a linear least squares technique. These approaches are discussed 
in the sections on the corresponding model structures. 

Instrumental Variables (IV) Method. A very popular and simple rem
edy against the consistency problem of the conventional ARX model estima
tion is the instrumental variables (IV) method. It is an alternative to the 
prediction error methods. The starting point is the difference ~ of the process 
output y and the ARX model output y for all data samples in matrix/vector 
form (see (16.52)) -

(16.56) 

The least squares estimate that results from a minimization of the sum 
of squared prediction errors (~T~ --t min) is 

(16.57) 
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16.5 Models with Output Feedback 487 

The idea of the IV method is to multiply (16.56) with a matrix Z that has 
the same dimension as the regression matrix X. The columns of Z are called 
instrumental variables and are chosen by the user to be uncorrelated with the 
noise, and therefore if all information is exploited they are also uncorrelated 
with ~. This means that ZT ~ = Q because each row in ZT is orthogonal to ~ 
(since they are uncorrelated and ~ has zero mean). Multiplying (16.56) with 
Z? from the left yields 

Q = ZT 11.. - ZT X fl. (16.58) 

and consequently 

(16.59) 

If ZT X is non-singular, which is the case for persistent excitation and a 
proper choice of Z, the IV estimate becomes 

(16.60) 

Obviously, the IV estimate is equivalent to the LS estimate if ZT = XT. Note, 
however, that the columns in X cannot be used as instrumental variables since 
the columns containing y(k - i) regressors are disturbed by noise. Thus, X 
is correlated with ~, i.e., XT ~ 'f:. Q. 

If the instrumental variables in Z. are uncorrelated with the noise the IV 
estimate is consistent. Although all choices of Z. that fulfill this requirement 
lead to a consistent estimate, the variance of the estimate depends strongly 
on Z. Recall that the parameter variance is proportional to (z.T X) -1; see 
Sect. 3.1.1. Thus, the variance error is the smaller the higher is the correlation 
between the instrumental variables in Z. and the regressors in X. 

Now, the question arises, how to choose z..? The answer is that the instru
mental variables should be highly correlated with the regressors (columns in 
X) in order to make the variance error small. For an easier understanding 
of a suitable choice of Z. it is convenient to reconsider the ARX regression 
matrix in (16.54): 

[ 

-y(m) . . . -y(1) u(m) u(1) 1 
-y(m + 1) ... -y(2) u(m + 1) ... u(2) 

-y(~ - 1) ... -y(; - m) u(N:- 1) ... u(N ~ m) 

X= (16.61) 

The second half of X consists of delayed input signals, which are undisturbed. 
Consequently, the best instrumental variables for these regressors are the 
regressors themselves. However, for the first half of X the y(k - i) regressors 
cannot be used in z.. because the uncorrelation conditions have to be met. 
Good instrumental variables for the y( k - i) would be an undisturbed version 
of these regressors. They can be approximated by filtering u(k) through a 
process model. Thus, the following four-step algorithm can be proposed: 
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488 16. Linear Dynamic System Identification 

1. Estimate an ARX model from the data {y(k)'lL(k)} by 

~ARX = (XT X) -1 XT lL . 

2. Simulate this model: 

y .. (k) = ~(q) u(k) 
A(q) 

where B(q) and A(q) are determined by ~ARX. 
3. Construct the following instrumental variables: 

(16.62) 

(16.63) 

-y .. (m + 1) ... -y .. (2) u(m + 1) . . . u(2) 
[ 

-y .. (m) . . . -y .. (l) u(m) u(l) 1 
Z ~ _Y'(~ -1) ... _Y'(~ _ m) U(N:-1) ... u(N ~ m) . 

4. Estimate the parameters with the IV method by 
A T -1 T fl.IV = (Z X) Z lL. (16.64) 

Because the ARX model parameters estimated in the first step are biased 
the ARX model may not be a good model of the process. Nevertheless, the 
simulated process output y .. (k) can be expected to be reasonably close to the 
measured process output y(k) so that the correlation between Z and X is 
high. The IV method can be further improved by repeating Steps 2-4. Then 
in each iteration for the simulation in Step 2 the IV estimated model from 
the previous Step 4 can be applied. This procedure converges very fast and 
experience teaches that more than two or three iterations are not worth any 
effort. 

Ljung proposes performing the following additional five steps after going 
through Steps 1-4 [233]. 

5. Compute the residuals: 

elv(k) = A(q)y(k) - B(q)u(k) (16.65) 

where B(q) and A(q) are determined by ~IV. 
6. Estimate an AR time series model for the residuals to extract the remain

ing information from elv(k). The AR filter acts as a whitening filter, i.e., 
it is supposed to decorrelate the residuals. Remember that the residuals 
should be as close to white noise as possible since then the process out
put is fully explained by the model besides the unpredictable part of the 
noise. The dynamic order of the AR time series model is chosen as 2m 
(or na + nb if na = deg(A) and nb = deg(B) are not identical). Thus, the 
following relationship is postulated: 

1 
elv(k) = L(q) v(k) or L(q)elv(k) = v(k) (16.66) 

with the white noise v(k). Refer to Sect. 16.4.1 for a more detailed de
scription of the estimation of AR time series models. 
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16.5 Models with Output Feedback 489 

7. Filter the instruments calculated in Step 3 with the filter L(q) estimated 
in Step 6: 

and uL(k) = L(q)u(k). (16.67) 

Filter the process output yL(k) = L(q)y(k) and the regressors (columns 
in X) denoted as XL. 

8. Construct the following instrumental variables: ZL = 

[ 

-yf:t(m) .. . -yf:t(l) uL(m) uL(l) 1 
-yf:t(m + 1) ... -yf:t(2) uL(m + 1) ... uL(2) 

(16.68) 

-yf:t(~ - 1) ... -yf:t(~ - m) uL(~ - 1) ... uL(N: - m) . 

9. Estimate the parameters with the IV method by 

~~v = (ZL)T XLr l (ZL)T'!J.L. (16.69) 

Note that the instrumental variables introduced above are model depen
dent, i.e., they are calculated on the basis of the actual model; see (16.63). A 
simpler (but less effective) approach is to use model independent instruments. 
This avoids the first LS estimation step, which computes a first model to gen
erate the instruments. A typical choice for model independent instrumental 
variables is 

&: = [u(k - 1) ... u(k - 2m)f . (16.70) 

For more details about the IV method, the optimal choice of the instru
mental variables, and its mathematical relationship to the prediction error 
method, refer to [233, 360]. 

Correlation Functions Least Squares (COR-LS). The correlation func
tion least squares (COR-LS) method proposed in [172] avoids the consistency 
problem by the following idea. Instead of computing the LS estimate directly 
from the signals u(k) and y(k) as is done in (16.52), the COR-LS method cal
culates correlation functions first. The starting point is the linear difference 
equation 

y(k) = b1u(k-1)+ ... +bmu(k-m)-aly(k-1)- ... -amy(k-m) .(16.71) 

This equation is multiplied by the term u(k - 11:): 

u(k - lI:)y(k) = b1u(k - lI:)u(k - 1) + ... + bmu(k - lI:)u(k - m) 

-alu(k - lI:)y(k - 1) - ... - amu(k - lI:)y(k - m). (16.72) 

Now the sum over N -II: data samples, e.g., k = 11:+1, ... , N, can be calculated 
in order to generate estimates of correlation functions (see Sect. B.6) 
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N 

E u(k - K,)y(k) = (16.73) 
k=lt+l 

N N 

b1 E u(k - K,)u(k - 1) + ... + bm E u(k - K,)u(k - m) 
k=lt+l k=lt+l 

N N 

-al E u(k - K,)y(k - 1) - ... - am E u(k - K,)y(k - m). 
k=lt+l 

Thus, this equation can be written as 

corruy(K,) = b1 corruu(K, - 1) + ... + bm corruu(K, - m) 

- al corruy(K, - 1) - ... - am corrUY(K, - m). (16.74) 

Obviously, (16.74) possesses the same form as (16.71), only the signals 
u(k) and y(k) are replaced by the auto-correlation functions corruu(K,) and 
the cross-correlation functions corruy(K,). Thus, the least squares estimation 
in (16.55) can be applied on the level of correlation functions as well by 
changing the the regression matrix and the output vector to Kcorr = 

[ 

corruu(O) ... corruu(l- m) -corruy(O) ... -corruy(1 - m)] 
corruu(1) ... corruu(2 - m) -corruy(l) ... -corruy(2 - m) 

. . . . (16.75) 

corruu'(l - 1) ... corruu(l - m) -corru~(l- 1) ... -corru~(l- m) 

'!!.corr = [::::gl] , (16.76) 

corruy(l) 

where it is assumed that the correlation functions are used from K, = 1 - m 
to K, = l. Note that the number of terms in the sum that approximates the 
correlation functions decreases as the time shift IK,I increases. Therefore, as 
1 in (16.75) increases, the effect of the correlation decreases; in the extreme 
case the sum contains only one term. Nevertheless, the full range of possible 
correlation functions can be utilized, and then the number of rows in Kcorr 

becomes N - 1. 
Figures 16.26 and 16.27 show examples for the auto- and cross-correlation 

functions. The simulated process follows the first order difference equa
tion y(k) = O.lu(k - 1) + O.9y(k - 1). In Fig. 16.26 the input signal is 
white. Therefore the auto-correlation function corruu(K,) is a Dirac impulse. 
In Fig. 16.27 the input signal is low-pass filtered and therefore the auto
correlation function is wider. The cross-correlation functions of both figures 
look similar; the one in Fig. 16.27 is smoother owing to the lower frequency 
input signal. For non-positive time shifts the cross-correlations are about 
zero since y(k) (for a causal process) does not depend on the future inputs 
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b) 0.12r-----------. 
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-,:: 0.08 J! 0.06 

~ ~ 0.04 
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Fig. 16.26. a) Auto-correlation and b) cross-correlation functions for a white input 
sequence {u(k)} of 1000 data samples and time shifts K between -50 and 50. The 
process used is y(k) = O.lu(k - 1) + 0.9y(k - 1) 

a) 0.2r-----------. 

::it" 
'S' O.IS 
'S J 0.1 
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o 

time shift" 

b) 
0.08r----------, 

~ 0.06 

·fB O. 
.!I::it" 

ij} 0.02 

! j 0 

-O·~:\"SO.-------;Ort------i, 

time shift" 

Fig. 16.27. a) Auto-correlation and b) cross-correlation functions for a low fre
quency input sequence {u(k)} of 1000 data samples and time shifts K between 
-50 and 50. The process used is y(k) = O.lu(k - 1) + 0.9y(k - 1). Compare with 
Fig. 16.26 

u(k - K), K ::; O. Thus, the cross-correlation function in Fig. 16.26 jumps at 
K = 1 on its maximum value and decays as the correlation between y(k) and 
inputs r;, time steps in the past decreases. As the number of samples increases, 
the random fluctuations in the correlation functions decrease. For an infinite 
number of data samples the cross-correlation function in Fig. 16.26 would be 
identical to the impulse response of the process. This makes the relationship 
between the signals and the correlation functions obvious. 

The drawback of the COR-LS method is the higher computational effort. 
However, the correlation functions can possibly be exploited for estimation of 
the dynamic process order as well; see Sects. 16.9 and B.6. So the additional 
effort may be justified. The advantage of this COR-LS compared with the 
conventional ARX method is that the regression matrix X consists of virtu
ally deterministic values since the correlation with u(k - r;,) eliminates the 
noise in y(k) because u(k) is uncorrelated with n(k). Consequently, the COR
LS method yields consistent estimates. Experience shows that the COR-LS 
method is well capable of attenuating noise, and it is especially powerful if 
the noise spectrum lies in the same frequency range as the process dynamics 
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and thus filtering cannot be applied to separate the disturbance for the signal 
[172]. 

16.5.2 Autoregressive Moving Average with Exogenous Input 
(ARMAX) 

The ARMAX model is probably the second most popular linear model after 
the ARX model. Some controller designs such as minimum variance control 
are based on an ARMAX model and exploit the information in the noise 
model [176]. Compared with the ARX, the ARMAX model is more flexible 
because it possesses an extended noise model. Although with this extension 
the ARMAX model becomes nonlinear in its parameters, quite efficient multi
stage linear least squares algorithms are available for parameter estimation, 
circumventing nonlinear optimization techniques. Furthermore, a straightfor
ward recursive algorithm (RELS) exists; see Sect. 16.8.1. 

The ARMAX model is depicted in Fig. 16.28, and is described by 

A(q)y(k) = B(q)u(k) + C(q)v(k) . (16.77) 

The optimal ARMAX predictor is 

A B(q) (A(q)) 
y(klk - 1) = C(q) u(k) + 1- C(q) y(k). (16.78) 

The ARMAX predictor is stable even if the A(q) polynomial and therefore 
the ARMAX model is unstable. However, the polynomial C(q) is required to 
be stable. 

With (16.78) the prediction error of an ARMAX model is 

A(q) B(q) 
e(k) = C(q)y(k) - C(q) u(k). (16.79) 

Studying the above equations reveals that the ARMAX model is an ex
tended ARX model owing to the introduction of the filter C(q). If C(q) = 1 
the ARMAX simplifies to the ARX model. Owing to the additional filter 
C(q) the ARMAX model is very flexible. For example, with C(q) = A(q) the 
ARMAX model can imitate an OE model; see Sect. 16.5.4. 

Fig. 16.28. ARMAX model 
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II{k) 

u(k) y(k) 

b) 

II(k) 

uCk) y(k) 

Fig. 16.29. ARMAX model in equation error configuration 

Because the noise filter C(q)jA(q) contains the model denominator dy
namics, the ARMAX model belongs to the class of equation error models. 
This is also obvious from the ARMAX configuration depicted in Fig. 16.29; 
see Fig. 16.24. If A(q) = A(q), B(q) = B(q), and C(q) = C(q) the residuals 
e(k) are white. Thus A(q)jC(q) acts as a whitening filter. 
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Estimation of ARMAX Models. The prediction error (16.79) of an AR
MAX model is nonlinear in its parameters owing to the filtering with 1JC(q). 
However, the prediction error can be expressed in the following pseudo-linear 
form: 

C(q)e(k) = A(q)y(k) - B(q)u(k) , (16.80) 

which can be written as 

e(k) = A(q)y(k) - B(q)u(k) + (1 - C(q)) e(k) . (16.81) 

This results in the following difference equation: 

e(k) = a1y(k - 1) + ... + amy(k - m) 

- b1u(k -1) - ... - bmu(k - m) 

- c1e(k - 1) - ... - cme(k - m) . (16.82) 

The above equation formally represents a linear regression. However, because 
the e(k - i) that estimate the unknown v(k - i) (compare the first point in 
Sect. 16.3.3) are not measured but have to be calculated from previous resid
uals, the corresponding parameters are called to be pseudo-linear. Therefore, 
(16.81) and (16.82) allow two approaches for parameter estimation. The most 
straightforward approach is based on nonlinear optimization, while the sec
ond strategy exploits the pseudo-linear form of the prediction error. 

Nonlinear optimization of the ARMAX model parameters. 

1. Estimate an ARX model A(q)y(k) = B(q)u(k) + v(k) from the data 
{y.(k) , !{(k)} by 

A T -1 T 
!lARX = (X X) X!{. (16.83) 

2. Optimize the ARMAX model parameters with a nonlinear optimiza
tion technique, e.g., with a nonlinear least squares method such as the 
Levenberg-Marquardt algorithm; see Chap. 3. The ARX model param
eters obtained in Step 1 can be used as initial values for the ai and bi 

parameters. 
An efficient nonlinear optimization requires the computation of the gradi
ents. The gradient of the squared prediction error e2(k) = (y(k) - y(k))2 
is -2 e(k) oY(k)Jo(). Thus, the gradients of the predicted model output 
have to be calculated. It is convenient to multiply (16.78) by C(q) in 
order to get rid of the denominators: 

C(q)y(klk - 1) = B(q)u(k) + (C(q) - A(q))y(k). (16.84) 

Differentiation of (16.84) with respect to ai yields [233] 

C(q) oy(klk - 1) = -y(k - i) , 
oai 

(16.85) 

which leads to 
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8y(klk -1) ___ 1_ (k _ .) 
8ai - C(q)Y l. 

Differentiation of (16.84) with respect to bi yields [233] 

C(q) 8Y(k~:i- 1) = u(k - i), 

which leads to 

8y(klk - 1) __ 1_ (k _ .) 
8bi - C(q) U l. 

Differentiation of (16.84) with respect to Ci yields [233] 

y(k - ilk - i-I) + C(q) 8y(klk - 1) = y(k - i) , 
8Ci 

which leads to 

8y(klk - 1) = _1_ (y(k _ i) _ y(k - ilk - i-I)) . 
8Ci C(q) 

495 

(16.86) 

(16.87) 

(16.88) 

(16.89) 

(16.90) 

Thus, the gradient can be easily computed by filtering the regressors 
-y(k - i), u(k - i), and e(k - i) = y(k - i) - y(k - ilk - i-I) through 
the filter I/C(q). The residuals e(k) approach the white noise v(k) as the 
algorithm converges. 

The drawbacks of the nonlinear optimization approach are the high com
putational demand and the existence of local optima. The danger of con
vergence to a local optimum is reduced, however, if the initial parameter 
values are close to the optimal ones. In [233] experiences are reported that 
the globally optimal parameters of ARMAX models are "usually found with
out too much problem", while for OE and BJ models "convergence to false 
local minima is not uncommon" . 

Multistage least squares for ARMAX model estimation. This algorithm is 
sometimes called extended least squares (ELS)3. 

1. Estimate an ARX model A(q)y(k) = B(q)u(k) + v(k) from the data 
{y(k)'1L(k)} by 

A (T )-1 T flARX= X X X y. 

2. Calculate the prediction errors of this ARX model: 

eARX(k) = A(q)y(k) - B(q)u(k) , 

where B(q) and A(q) are determined by ~ARX' 

(16.91) 

(16.92) 

3. Estimate the. ARMAX model parameters ai, bi , and Ci from (16.82) with 
LS by approxiinating the ARMAX residuals as e(k - i) ~ eARX(k - i). 

3 Often ELS denotes the recursive version of this algorithm. Here, for the sake of 
clarity the recursive algorithm is named RELSj see Sect. 16.8.3. 
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496 16. Linear Dynamic System Identification 

Steps 2-3 of the ELS algorithm can be iterated until convergence is 
reached. Then, of course, in Step 2 the residuals from the previously (in 
Step 3) estimated ARMAX model are used and in Step 3 the ARMAX resid
uals are approximated by the residuals of the ARMAX model from Step 2. 
The ARMAX prediction error should approach white noise as all information 
is going to be exploited by the model and then e(k) approaches the white 
noise v(k). Note that the prediction error of the ARMAX model can be ob
tained by filtering either the ARX model error or u(k) and y(k) in (16.92) 
with I/C(q) as shown in Fig. 16.29. The speed of convergence with the ELS 
algorithm may be somewhat faster than with nonlinear optimization. How
ever, the (mild) local optima problem can, of course, not be solved. 

In [233) an ARX model of higher order than m is proposed for Step 1 to 
obtain a better approximation of the white noise v(k). Ideally, e(k) converges 
to v(k). 

The ARMAX model can be extended to the ARIMAX model, where 
"I" stands for integration. The noise model is extended by an integrator 
to C(q)/(1 - q-l )A(q). This allows for drifts in the output signal. Alter
natively, the data can be filtered with the inverse integrator 1 - q-l (see 
Sects. 16.3.4 and 16.7.5), or the noise model can be made flexible enough 
that the integrator is found automatically [233). 

16.5.3 Autoregressive Autoregressive with Exogenous Input 
(ARARX) 

The ARARX model can be seen as the counterpart of the ARMAX model. 
While the disturbance is filtered through an MA filter C(q)v(k) for the AR
MAX model, it goes through an AR filter I/D(q)v(k) for the ARARX model. 
The ARARX model is not as common as the ARX or ARMAX model since 
the additional model complexity often does not payoff. 

The ARARX model is depicted in Fig. 16.30 and is described by 

1 
A(q)y(k) = B(q)u(k) + D(q) v(k) . (16.93) 

The optimal ARARX predictor is 

y(klk - 1) = D(q)B(q)u(k) + (1 - D(q)A(q)) y(k) . (16.94) 

Fig. 16.30. ARARX model 
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The ARARX predictor is stable even if the A(q) or D(q) polynomials and 
therefore the ARARX model itself are unstable. 

With (16.94) the prediction error of an ARARX model is 

e(k) = D(q)A(q)y(k) - D(q)B(q)u(k). (16.95) 

Studying the above equations reveals that the ARMAX model, like the 
ARMAX model, is an extended ARX model owing to the introduction of the 
filter D(q). If D(q) = 1 the ARARX simplifies to the ARX model. Owing to 
the additional filter D(q) the ARARX model is more flexible than the ARX 
model. However, because D(q) extends the denominator dynamics compared 
with the extension of numerator dynamics in the ARMAX model, the de
nominator dynamics A(q) cannot be (partly) canceled in the noise model. 

Because the noise filter 1/ D(q)A(q) contains the model denominator dy
namics, the ARARX model belongs to the class of equation error models. 
This is also obvious from the ARARX configuration depicted in Fig. 16.31; 
see Fig. 16.24. If A(q) = A(q), B(q) = B(q), and D(q) = D(q) the residuals 
e(k) are white. Thus D(q)A(q) acts as a whitening filter. 

The parameters of the ARARX model can be estimated either by a non
linear optimization technique or by a repeated least squares and filtering 
approach [172). 

Nonlinear optimization of the ARARX model parameters. 

1. Estimate an ARX model A(q)y(k) = B(q)u(k) + v(k) from the data 
{y(k),1[(k)} by 

• (T )-1 T ~ARX = X X X 1[. (16.96) 

2. Optimize the ARARX model parameters with a nonlinear optimization 
technique. The ARX model parameters obtained in Step 1 can be used as 
initial values for the ai and bi parameters. The gradients of the model's 
prediction (16.94) can be computed as follows. 
Differentiation of (16.94) with respect to ai yields [233) 

8fj(klk - 1) = -D(q)y(k _ i). 
8ai 

Differentiation of (16.94) with respect to bi yields [233) 

8fj(kJ:
i
- 1) = D(q)u(k - i). 

Differentiation of (16.94) with respect to di yields [233) 

(16.97) 

(16.98) 

8fj(klk - 1) = B(q)u(k _ i) - A(q)y(k-i) = -eARx(k -i).(16.99) 
8di 
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a) 

II{k) 

lI(k) y(k) 

b) 

n(k) 

u(k) y(k) 

e(k) 

Fig. 16.31. ARARX model in equation error configuration 
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16.5 Models with Output Feedback 499 

Repeated least squares and filtering for ARARX model estimation (generalized 
least squares (GLS)). 

1. Estimate an ARX model A(q)y(k) = B(q)u(k) + v(k) from the data 
{!!(k),~(k)} by 

~ARX = (XTX)-l XT~. 

2. Calculate the prediction errors of this ARX model: 

eARx(k) = A(q)y(k) - B(q)u(k) , 

where B(q) and A(q) are determined by ~ARX. 

(16.100) 

(16.101) 

3. Estimate the di parameters of the following AR model by least squares 
(see Sect. 16.4.1) 

1 
eARx(k) = D(q) v(k). (16.102) 

Compare (16.93) and Fig. 16.31a for a motivation of this AR model. The 
prediction error e(k) in Fig. 16.31a becomes white, i.e., equal to v(k), if 
eARx(k) in (16.101) is filtered through D(q). 

4. Filter the input u(k) and process output y(k) through the estimated 
filter: D(q) 

uD(k) = D(q)u(k) and yD(k) = D(q)y(k). (16.103) 

5. Estimate the ARARX model parameters ai and bi by an ARX model es
timation with the filtered input uD(k) and output yD(k)j see Fig. 16.31b. 

Steps 3-5 of the GLS algorithm can be iterated until convergence is 
reached. 

16.5.4 Output Error (OE) 

Together with the ARX and ARMAX model the OE model is the most widely 
used structure. It is the simplest representative of the output error model 
class. The noise is assumed to disturb the process additively at the output, 
not somewhere inside the process as is assumed for the equation error models. 
Output error models are often more realistic models of reality, and thus they 
often perform better than equation error models. However, because the noise 
models do not include the process denominator dynamics l/A(q), all output 
error models are nonlinear in their parameters and consequently they are 
harder to estimate. 

The OE model is depicted in Fig. 16.32, and is described by 

B(q) 
y(k) = F(q) u(k) + v(k) . (16.104) 

It is standard in linear system identification literature to denote the de
nominator of process models belonging to the output error class as F(q), 
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v(k) 

}(k) 

Fig. 16.32. OE model 

Process n(k) 

u(k) J B(q) I }(k) 

I F(q) I 
e(k) 

J B(q) I 
I Fcq) j y<k) 

Fig. 16.33. OE model in parallel to the process 

while the denominators of equation error models such as ARX, ARMAX, 
and ARARX are denoted as A(q) [233). Of course, these are just notational 
conventions to emphasize the different noise assumptions; a model denoted 
as B(q)jA(q) can be exactly identical to a model denoted as B(q)jF(q). 

The optimal OE predictor is in fact a simulator because it does not make 
any use of the measurable process output y(k): 

y(klk - 1) = y(k) = ;~:~ u(k) . (16.105) 

Note that the notation "lk-1" can be discarded for the OE model because 
the optimal prediction is not based on previous process outputs. 

Furthermore, note that the OE predictor is unstable if the F(q) poly
nomial is unstable. Therefore the OE model cannot be used for modeling 
unstable processes. The same holds for all other models belonging to the 
class of output error models. 

With (16.105) the prediction error of an OE model is 

B(q) 
e(k) = y(k) - F(q) u(k). (16.106) 

Figure 16.33 depicts the OE model in parallel to the process. The prediction 
error of the OE model is the difference between the process output and the 
simulated model output. The disturbance n(k) is assumed to be white. 

Figure 16.34 relates the residuals of an OE model to the residuals of an 
ARX model. Owing to the equation error configuration of the ARX model 
(see Fig. 16.24c) the ARX model residuals can be interpreted as filtered OE 
residuals: 

(16.107) 
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eoE(k) ~ I F(q) I eARJ<!..k). 

Fig. 16.34. Relationship between ARX model residuals and OE model residuals. 
The ARX model residuals can be obtained by filtering the OE model residuals 
through F(q) 

Assume that F(q) = F(q) and B(q) = B(q). If the process noise is white 
(n(k) = v(k)) then eOE(k) = v(k) is white as well, while eARx(k) = F(q)v(k) 
is correlated. If, however, the process noise is correlated such that n(k) = 
l/F(q)v(k) then eOE(k) = l/F(q)v(k) is correlated, while eARx(k) = v(k) is 
white. This relationship allows an output error parameter estimation based 
on repeated linear least squares and filtering, although the parameters are 
nonlinear. In the above discussion F(q) and F(q) can be replaced by A(q) 
and A(q) if the argumentation is starting from the ARX model point of view. 

It is helpful to illuminate why the predicted output of an OE model is 
nonlinear in its parameters (see (16.105)) 

y(k) = b1u(k - 1) + ... + bmu(k - m) 

- hy(k - 1) - ... - fmy(k - m). (16.108) 

Compared with the ARX model, the measured output in (16.50) is replaced 
with the predicted (or the simulated, which is the same for OE) output 
in (16.108). Here lies the reason for the nonlinearity of the parameters in 
(16.108). The predicted model outputs y(k - i) depend themselves on the 
model parameters. So in the terms Ii y(k - i) both factors depend on model 
parameters, which results in a nonlinear dependency. To overcome these dif
ficulties one may be tempted to approximate in (16.108) the model outputs 
y(k - i) by the measured process outputs y(k - i). Then the OE model sim
plifies to the ARX model, which is indeed linear in its parameters. 

The parameters of the OE model can be estimated either by a nonlinear 
optimization technique or by a repeated least squares and filtering approach 
exploiting the relationship to the ARX model [193]. 

Nonlinear optimization of the DE model parameters. 

1. Estimate an ARX model F(q)y(k) = B(q)u(k) + v(k) from the data 
{!!(k),1{(k)} by 

A (T) -1 T flARX = X X X y, (16.109) 

where the parameters in ~ are now denoted as fi and bi instead of ai and 
bi · 

2. Optimize the ARARX model parameters with a nonlinear optimization 
technique. The ARX model parameters obtained in Step 1 can be used as 
initial values for the fi and bi parameters. The gradients of the model's 
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prediction (16.105) can be computed as follows. First, (16.105) is written 
in the following form: 

F(q)y(k) = B(q)u(k). (16.110) 

Differentiation of (16.110) with respect to bi yields 

ay(k) . 
F(q) Obi = u(k - z), (16.111) 

which leads to 

F~q) u(k - i) . (16.112) 

Differentiation of (16.110) with respect to Ii yields 

A' ay(k) 
y(k-z)+F(q) ali = 0, (16.113) 

which leads to 

ay(k) = __ 1_ A(k _ .) 
ali F(q)Y z. (16.114) 

Repeated least squares and filtering lor OE model estimation. 

1. Estimate an ARX model F(q)y(k) = B(q)u(k) + v(k) from the data 
{1!(k),1L(k)} by 

A T -1 T ftARX = (X X) X 1L, (16.115) 

where the parameters in & are now denoted as Ii and bi instead of ai and 
bi · 

2. Filter the input u(k) and process output y(k) through the estimated filter 
F(q): 

1 
uF(k) = -A -u(k) 

F(q) 
F 1 and y (k) = -A -y(k). 

F(q) 
(16.116) 

3. Estimate the OE model parameters Ii and bi by an ARX model estima
tion with the filtered input uF(k) and output yF(k); see Fig. 16.34. 

Steps 2-3 of this algorithm can be iterated until convergence is reached. 
This algorithm exploits the relationship of the ARX and OE model prediction 
errors. It becomes intuitively clear from another point of view as well. In 
Sects. 16.3.4 and 16.7.4 it is shown that a noise model and filtering with the 
inverse noise model are equivalent. Thus, the ARX noise model l/A(q) has 
the same effect as filtering ofthe data through A(q). The filtering with 1/ F(q) 
in (16.116) tries to compensate this effect, leading to the noise modell, which 
corresponds to an OE model. 
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16.5.5 Box-Jenkins (BJ) 

The Box-Jenkins (BJ) model belongs to the class of output error models. It is 
an OE model with additional degrees of freedom for the noise model. While 
the OE model assumes an additive white disturbance at the process output, 
the BJ allows any colored disturbance. It may be generated by filtering white 
noise through a linear filter with arbitrary numerator and denominator. 

The BJ model is depicted in Fig. 16.35, and is described by 

B(q) C(q) 
y(k) = F(q) u(k) + D(q) v(k). (16.117) 

Thus, the BJ model can be seen as the output error class counterpart 
of the ARARMAX model, which belongs to the equation error class. For 
the equation error models the special case D(q) = 1 corresponds to the 
ARMAX model and the special case C (q) = 1 corresponds to the ARARX 
model. These special cases for the BJ model do not have specific names. For 
C(q) = D(q) the BJ simplifies to the OE model. Note that the BJ model 
can imitate all equation error models if the order of the noise model is high 
enough. Then the denominator of the noise model D(q) may (but of course 
does not have to) include the process denominator dynamics F(q). 

Of all linear models discussed so far the BJ model is the most general and 
flexible. It allows one to estimate separate transfer functions with arbitrary 
numerators and denominators from the input to the output and from the 
disturbance to the output. However, on the other hand the flexibility of the 
BJ model requires one to estimate a large number of parameters. For most 
applications this is either not worth the price or not possible owing to data set 
that are too small and noisy. Consequently, the BJ model is seldom applied 
in practice. 

The optimal BJ predictor is 

A(klk _ 1) = B(q)D(q) (k) + C(q) - D(q) (k) 
y F(q)C(q) U C(q) Y . (16.118) 

Note that the notation "Ik -1/1 cannot be discarded as for the OE model 
because the optimal prediction of a BJ model utilizes previous process out
puts in order to extract the information contained in the correlated distur
bances n(k) = C(q)jD(q)v(k). 

y(k) 

Fig. 16.35. Box-Jenkins model 
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With (16.118) the prediction error of a BJ model is 

l)(q) 13(q)l)(q) 
e(k) = C(q) y(k) - F(q)C(q) u(k). (16.119) 

Typically, a BJ model is estimated by nonlinear optimization, where first 
an ARX model is estimated in order to determine the initial parameter val
ues for bi and Ii- The gradients of the model's prediction (16.118) can be 
computed as follows. First, (16.118) is written in the following form: 

F(q)C(q)y(klk -1) = 13(q)l)(q)u(k) + F(q)(C(q) -1)(q))y(k).(16.120) 

Differentiation of (16.120) with respect to bi yields 

F(q)C(q) OY(kJ:i- 1) = l)(q)u(k - i), 

which leads to 

oy(klk - 1) 
obi 

l)(q) . 
F(q)C(q) u(k - z). 

Differentiation of (16.120) with respect to Ci yields 

(16.121) 

(16.122) 

F(q) (Y(k - ilk - i-I) + C(q) OY(kJ:i- 1)) = F(q)y(k - i), (16.123) 

which leads to 

oy(klk - 1) = _1_ (y(k _ i) _ y(k - ilk - i-I)) . 
OCi C(q) 

Differentiation of (16.120) with respect to di yields 

F(q)C(q) OY(kJ~i- 1) = 13(q)u(k - i) - F(q)y(k - i) , 

which leads to 

13(q) (k.) 1 (k .) 
F(q)C(q) u - z - C(q)Y - z . 

Differentiation of (16.120) with respect to Ii yields 

(16.124) 

(16.125) 

(16.126) 

C(q) (Y(k - ilk - i-I) + F(q) OY(kJ~i- 1)) = -1)(q)y(k-i),(16.127) 

which leads to 

OY(kJ~i- 1) = - F~q) (~i:j y(k - i) + y(k - ilk - i-I)). (16.128) 
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16.5.6 State Space Models 

Instead of input/output state space models can also be considered. A state 
space OE model takes the following form: 

;£(k + 1) = A;£(k) + Qu(k) 

y(k) = r7 ;£(k) + v(k). 

(16.129a) 

(16.129b) 

The easiest and most straightforward way to obtain a state space model 
from data is to estimate an input/output model, e.g., an OE model (see 
Sect. 16.5.4), 

y(k) = ;i:~ u(k) + v(k) (16.130) 

and use these parameters in a canonical state space form, e.g., 

;£(k + 1) = [~ ~ .: 1 ;£(k) + [~l u(k) o 0 ". 1 0 
-fm-fm-l,,·-JI 1 

(16.131a) 

y(k) = [bm bm- l ". bd ;£(k) + v(k). (16.131b) 

The major advantage of a state space representation is that prior knowl
edge from first principles can be incorporated in the form equations and 
can be utilized to pre-structure the model [186]. Furthermore, the number 
of regressors is usually smaller in state space models than in input/output 
models. For a system of mth order a state space model possesses m+ 1 regres
sors (Xl (k), ... , xm(k) and u(k)) while an input/output model requires 2m 
regressors (u(k - 1), ... , u(k - m) and y(k - 1), ... , y(k - m)). The smaller 
number of regressors is not very important for linear systems. However, for 
nonlinear models this is a significant advantage since the number of regressors 
corresponds to the input dimensionality; see Sect. 17.1. Finally, for processes 
with multiple inputs and outputs the state space representation is well suited. 
For a direct identification of state space models the following cases can be 
distinguished: 

• If all states are measurable the parameters in A, Q, and ~ can be esti
mated by a linear optimization technique. Unfortunately, the true states 
of the process will seldom lead to a canonical state space realization as in 
(16.131a) and (16.131b). Thus, without any incorporation of prior knowl
edge all entries of the system matrix and vectors must be assumed to 
be non-zero. For an mth order model with such a full parameterization 
m2 + 2m parameters have to be estimated. Usually this can only be done 
if a regularization technique is applied to reduce the variance error of the 
model; see Sects. 7.5 and 3.1.4. 
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506 16. Linear Dynamic System Identification 

• If the initial values J«O) for the states are known but the states cannot 
be measured over time the parameter estimation problem becomes more 
difficult. This situation may occur for batch processes where many variables 
can be measured before the batch is started (initial values) but only a few 
variables can be measured while the process is active [342]. Since J«k) 
is unknown for k > 0 the states must be determined by a simulation of 
the model with fixed parameters. Thus, the model can be evaluated for 
a given input signal u(k), the initial state J«O), and given A, Q, and ~. 
The parameters can be iteratively optimized with a nonlinear optimization 
technique with regularization (for the same reasons as stated above). 

• If no states are measurable the problem can be treated similarly to the case 
where J«O) is available. Some initial state can be assumed, say J«O) = Q, 
and the error induced by the wrong initial values decays exponentially fast 
and thus can be neglected after a reasonable number of samples if the 
system is stable. 

An alternative is the application of modern subspace identification methods; 
see Sect. 16.10.3. 

16.5.7 Shnulation Example 

Consider the following second order process with gain K = 1 and the time 
constants Tl = 10 sand T2 = 5 s: 

1 
G(s) = (lOs + 1)(5s + 1) . (16.132) 

It will be approximated with a first order ARX and OE model in order to 
illustrate an important property of these two most commonly used model 
structures. The input signal is chosen as a PRBS with 255 data samples, 
which excites all frequency ranges equally well, and the process is sampled 
with To = 1 s. No disturbance is added in order not to obscure the effect of 
order reduction from the second order process to the first order models. The 
effect of disturbances on ARX and OE models is illustrated in the example 
in Sect. 16.6.3. 

Figure 16.36 shows the loss functions for the ARX and OE models. For 
the ARX model according to Sect. 16.5.1 the one-step prediction errors are 
used and thus the loss function is a parabola. This can be observed immedi
ately from the elliptic shape of the contour lines. For the OE model according 
to Sect. 16.5.4 the simulation errors are used, making the loss function non
linearly dependent on the parameters. The reason for the strong increase of 
the OE model loss function for al -+ 1 is that al = 1 represents the stability 
boundary where the model becomes unstable. Therefore, the estimation of 
an OE model guarantees a stable model even in the case of strong distur
bances, while an ARX model can well become unstable because, for one-step 
prediction, stable and unstable models are not fundamentally different. Be
sides the distinct characteristics of the ARX and OE model loss functions, 
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Fig. 16.36. ARX and OE model loss functions (top) and their contour plots (bot
tom) 

their absolute values are very different because one-step prediction is a much 
simpler task than simulation, and consequently the errors are smaller. 

The optimal parameters for the ARX and OE models are significantly 
different . Besides the difference in their values they will also be estimated 
with different accuracy (in the case of noisy data) since the loss functions' 
shapes around the optimum are very different. For the OE model, both pa
rameters can be estimated with about the same degree of accuracy because 
the loss function at the optimum is about equally sensitive with respect to 
both parameters. This can be clearly observed from the contour lines, which 
are roughly circles around the optimum. For the ARX model, however, the 
contour lines are stretched ellipses, illustrating that the loss function is very 
sensitive with respect to bI but barely sensitive with respect to al . Thus, for 
the ARX model, bI can be expected to be estimated with a high degree of 
accuracy and al with a low one. For a proper understanding of the following 
discussion, note that in this example the optimal values are exactly reached 
because undisturbed data is used for identification. 

The reasons for the different optimal parameter values for ARX and OE 
models can be best understood in the frequency domain; see Fig. 16.37(top). 
Obviously, the ARX model sacrifices a lot of accuracy in the low and medium 
frequency range in order to describe the process better in the high frequency 
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Fig. 16.37. Frequency characteristics of ARX and OE models for different sampling 
times To. The gray lines represent the process, the black lines represent the models 

range. Indeed it can be shown that the ARX model over-emphasizes high 
frequencies in the model fit while the OE model gives all frequencies equal 
weight; for more details refer to Sect. 16.7.3. Because a reduced order model 
is necessarily inaccurate at high frequencies this slight improvement does not 
usually payoff. Thus, an OE model in most cases will be a significantly better 
choice. 

For faster sampling rates, the ARX model's emphasis on high frequencies 
increasingly degrades its accuracy at low and medium frequencies. The simple 
reason for this fact is that faster sampling pushes the Nyquist frequency in 
Fig. 16.37 to the right, and thus the ARX model focuses its model fit toward 
even higher frequencies. In the bottom of Fig. 16.37 the sampling rate is 
increased by a factor of 2.5, demonstrating the further deterioration of the 
ARX model fit. For example, the gains of the OE models for To = 1 sand 
To = O.4s are 1.15 and 1.25, respectively. The gains of the ARX models are 
1.2 and 1.5, respectively (the true process gain is K = 1). 

Note that in this simple example, of course, a second order model could 
have been chosen. However, the goal of this example is to illustrate the prop-
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16.6 Models without Output Feedback 509 

erties of ARX and OE models for order reduction. In reality (almost) any 
model will be of lower order than the real process. 

16.6 Models without Output Feedback 

In the previous section linear models with output feedback have been dis
cussed, which are by far the most common model types. They are character
ized by transfer functions where the parameters of both the numerator and 
the denominator polynomials are estimated. By the estimation of the param
eters for the A(q) or F(q) polynomials, respectively, the poles of the process 
are approximated and therefore its dynamics can be usually described with 
rather low polynomial degrees and consequently few parameters. 

In contrast, this section focuses on models that do not incorporate output 
feedback. Clearly, this restriction makes those model types less flexible and 
often leads to a higher number of required parameters. On the other hand, 
some interesting advantages can be expected from the finite impulse response 
(FIR) (Sect. 16.6.1) and orthonormal basis functions (OBF) (Sect. 16.6.2) 
models discussed in this section: 

• They belong to the output error class and are linear in their parameters. 
In the previous section only the ARX model was linear in the parame
ters, which is the main reason for its popularity. However, the assumptions 
about the noise model inherent in the ARX model are usually not fulfilled, 
and consequently a non-consistent estimation of the parameters can be 
expected. All these problems are avoided with FIR and OBF models. 

• Stability is guaranteed. Since the estimated parameters do not determine 
the poles of the model, stability of the model can be guaranteed indepen
dently of the estimated parameter values. In contrast, the models discussed 
in Sect. 16.5 may become unstable depending on the estimated parameters. 
Note that the advantage of guaranteed stability of FIR and OBF models, 
of course, turns into a drawback if the process under investigation itself is 
unstable and the model is required to be unstable as well. FIR and (with 
some restrictions) OBF models are not suited for identification of an unsta
ble process. Nevertheless, in the overwhelming majority of applications the 
systems4 are stable and a stability guarantee can be seen as an advantage. 
Since the stability of linear models can be easily checked by calculation 
of the poles, one may wonder about the relevance of this stability issue. 
However, the above discussion becomes increasingly important when these 
linear model types are to be adapted online, or when they are generalized 
to nonlinear dynamic models in Chap. 17. 

4 Often for unstable processes a simple stabilizing controller is designed and sub
sequently the resulting stable closed-loop system is identified to design a second, 
more advanced controller for the inner closed-loop system. 
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510 16. Linear Dynamic System Identification 

• They are quite simple. The model structure is much simpler than for models 
with output feedback. Consequently, these models are especially attractive 
if the accuracy requirements are not very tight but simplicity is an impor
tant issue. Especially for signal and image processing applications the FIR 
or OBF models are extensively used. In particular, FIR models are widely 
utilized in adaptive filtering applications, e.g., for channel equalization in 
digital mobile phone communication. 

In the next two sections the FIR and OBF models are discussed. 

16.6.1 Finite Impulse Response (FIR) 

The finite impulse response (FIR) model is the simplest linear model. All 
other models possess an infinite impulse response since they incorporate 
some kind of feedback: output feedback in the case of all models discussed 
in Sect. 16.5 and a kind of internal feedback in the case of the OBF model 
analyzed below. 

The FIR model is simply a moving average filtering of the input. Thus, 
the model output is a weighted sum of previous inputs (see Fig. 16.38) 

y(k) = b1u(k - 1) + b2u(k - 2) + ... + bmu(k - m) + v(k). (16.133) 

In polynomial form it becomes (see Fig. 16.39) 

y(k) = B(q)u(k) + v(k). (16.134) 

The terminology is very inconsequential here, since "FIR" (finite impulse 
response) is the counterpart to "IIR" (infinite impulse response). So, "FIR" 
represents another level of abstraction than "ARX", "ARMAX", etc.; see 

u(l) 

\1(1) 

)'(1) 

Fig. 16.38. FIR model in filter representation 

\1(1) 

)'(1) 

Fig. 16.39. FIR model in polynomial representation 
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Fig. 16.14. Note that "MA" is reserved for the moving average time series 
model y(k) = C(q)v(k); see Sect. 16.4.2. 

The white noise enters the output in (16.134) additively, and consequently 
an FIR model belongs to the class of output error models. The optimal pre
dictor is simply 

y(klk - 1) = B(q)u(k) (16.135) 

and thus linear in the parameters. Because feedback is not involved it is 
possible to have a linear parameterized model that is of output error type. 
Since the predictor utilizes only the input sequence u(k), as for the OE model 
the optimal one-step prediction is equivalent to a simulation. 

The motivation for the FIR model comes from the fact that the output 
of each linear system can be expressed in terms of the following convolution 
sum: 

00 

y(k) = L9iU(k-i) = 91U(k-l)+92U(k-2)+ ... , (16.136) 
i=l 

where 9i is the impulse response. The term 9ou(k) is missing because the 
system is assumed to have no direct feedthrough path from the input to 
the output, i.e., it is strictly proper. Obviously, the FIR model is just an 
approximation of the convolution sum in (16.136) with the first m + 1 terms 
of the infinite series. Since for stable systems the coefficients 9i decay to 
zero as i ~ 00, such an approximation is possible. However, for marginally 
stable or unstable systems a reasonable approximation is not possible since 
the 9i tend to a constant value or infinity, respectively, as i ~ 00. Thus, an 
FIR model can only be applied to model stable processes (although it can 
represent an unstable process for the first m sampling instants in a step or 
impulse response). On the other hand, the inherent stability of FIR models 
can be considered as an advantage in the overwhelming majority of cases 
where indeed the process is stable. 

Like the ARX model the FIR model is linear in the parameters. They can 
be estimated by least squares. The parameter vector and regression matrix 
are 

x= [ 

u(m) u(m - 1) .. . u(l) 1 
u(m + 1) u(m) ... u(2) 

U(N:-l) U(N:- 2) ... u(N ~ m) . 

(16.137) 

So far a number of advantages of the FIR model have been mentioned. 
It is linear in the parameters, it belongs to the class of output error models 
(thus the noise model is more realistic than for ARX), and it is simple. 
However, there is one big drawback of the FIR model that severely restricts 
its applicability. The order m has to be chosen very large. It is clear from 
(16.136) that m must be chosen large enough to include all 9i (modeled by 
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512 16. Linear Dynamic System Identification 

the bi) that are significantly different from zero. Otherwise the approximation 
error would become too large and the dynamic representation of the model 
would be poor. 

In order to get an idea how large m has to be chosen, assume the following 
case. The sampling time is chosen reasonably, say 1/5 of the slowest time 
constant T of the process. Then during the approximate settling time T95 
(the time required for the process to reach 95% of its final value) the process 
is sampled 15 times. This means that a reasonable choice for m is 15. If 
the model is utilized only for controller design, m may be chosen smaller 
because the accuracy requirements for the model's static behavior, which the 
last coefficients (bi with large i) mainly influence, are not so important. If 
the purpose of the model is simulation much smaller values than m = 15 
would significantly degrade the model's performance. Since m = 15 means 
that 15 parameters have to be estimated, typically the degrees of freedom of 
an FIR model are considerably larger than for, e.g., an ARX model with a 
model order that yields the same accuracy. To make things worse, in practice, 
usually the sampling rate is chosen much higher than 1/5 of the slowest time 
constant. (The reason for this lies in the fact that the drawbacks of a sampling 
rate that is too large are less severe than those of one that is too small. So 
in a quick-and-dirty approach often the sampling rate is chosen very high.) 
Of course higher sampling rates (for the same process) proportionally require 
larger orders m. Thus, in practice, FIR models are often overparameterized. 

This main drawback of FIR models may be overcome or at least weakened 
by the OBF models discussed next. 

16.6.2 Orthonormal Basis Functions (OBF) 

Orthonormal basis functions (OBF) models can be seen as a generalization 
of the FIR model. Alternatively the FIR model is a special type of OBF 
model. In order to illustrate this relationship the FIR model in (16.133) can 
be written in the following form: 

y(k) = b1q-1u(k) + b2q-2U(k) + ... + bmq-mu(k) + v(k). (16.138) 

Thus, the model output can be seen as a linear combination of filtered versions 
of the actual input u(k), where the filters are q-l, q-2, ... , q-m, respectively. 
These filters have all their poles at zero, that is, in the exact center of the 
unit disk. Because the impulse responses of these filters (see Fig. 16.40) are 
orthonormal this is the simplest form of an orthonormal basis function model. 

Two signals Ul (k) and U2 (k) in discrete time are said to be orthogonal 
if 

00 

L Ul (k)U2(k) = 0 and (16.139a) 
k=-oo 
00 00 

L u~(k) = constant and L u~(k) = constant. (16.139b) 
k=-oo k=-oo 
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Fig. 16.40. Impulse and step responses of the first three orthonormal filters used 
for the FIR model 

Two signal ul(k) and u2(k) in discrete time are said to be orthonormal 
if 

00 

L ul(k)U2(k) = 0 and (16.140a) 
k=-oo 

00 00 

L ui(k) = 1 and L u~(k) = 1. (16.140b) 
k=-oo k=-oo 

In the time domain the output signal y(k) can be represented as a 
weighted (with the bi) sum ofthese basis functions, namely the filters' impulse 
responses. In the FIR model this weighted sum is especially simple because 
the basis functions are Dirac impulses and consequently do not overlap. In 
the previous subsection it was discussed that the order m of FIR models must 
be chosen very high. In the light of OBFs there exists a new interpretation of 
this fact. The basis functions of the FIR model are delayed Dirac impulses. 
This may be not a very realistic description of the expected output. If other, 
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u(1) 

11(1) 

y(1) 

Fig. 16.41. OBF model 

more realistic, basis functions can be chosen, it could be expected that fewer 
basis functions would be required for a satisfactory approximation. So, in 
the OBF model the trivial filters q-i are replaced by more general and com
plex orthonormal filters Li(q). The OBF model consequently becomes (see 
Fig. 16.41) 

y(k) = b1Ll (q)u(k) + b2L2(q)u(k) + ... + bmLm(q)u(k) + v(k)(16.141) 

with the orthonormal filters L1(q), L2(q), ... , Lm(q). The OBF model in 
(16.141) is an approximation of the following series expansion (see (16.136)) 

00 

y(k) = L giLi(q)u(k). (16.142) 
i=l 

The goal is to find filters Li(q) that yield fast converging coefficients gi, so 
that this infinite series expansion can be approximated to a required degree 
of accuracy by (16.141) with an order m as small as possible. 

The FIR model is retained for Ll(q) = q-l, L2(q) = q-2, ... , Lm(q) = 
q-m. The choice of the filters Li(q) is done a priori, i.e., before the bi pa
rameters are estimated. So the OBF model stays linear in the parameters. 
The choice of Li(q) can be seen as the incorporation of prior knowledge. For 
example, the choice of the FIR basis functions is optimal if nothing about 
the process dynamics is known but its stability. If a process is stable its poles 
can lie anywhere within the unit disk. Then the FIR model filters q-i with 
poles at zero are (in the mean) the best choice. However, often more infor
mation about the process is available. From step responses of the process it 
is usually known if it exhibits oscillatory or aperiodic behavior. Additionally, 
some rough knowledge about the time constants of the process is typically 
available. (Otherwise there would not even be enough information about how 
to choose the sampling rate.) This prior knowledge about the approximate 
process dynamics can be incorporated into the Li(q) filters. The more precise 
the knowledge is, the higher is the accuracy that can be expected from the 
approximation, and consequently the order m can be decreased. Thus, the 
main drawback of the FIR approach can be overcome with the help of prior 
knowledge about the process dynamics. It can be shown [387] that the qual-
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ity of the OBF model increases rapidly as the dynamics built into the Li(q) 
filters approaches the true process dynamics. 

The following paragraphs discuss different choices of the Li(q) filters. 
Laguerre filters allow the incorporation of one real pole for processes with 
aperiodic behavior, Kautz filters allow the incorporation of one conjugate 
complex pole pair for processes with oscillatoric behavior, and finally the 
generalized OBF approach includes the Laguerre and Kautz approaches as 
special cases and allows the incorporation of an arbitrary number of real and 
conjugate complex poles. The following possible sources of prior knowledge 
about the approximate process dynamics exist: 

• First principles: Fundamental analysis of laws or experience of experts 
usually allow one to estimate an upper and lower bound on the major time 
constant. 

• Step responses: Even if the order of the process is not known a step response 
gives a rough approximation of the dominant time constant and of the 
damping if the process has oscillatory behavior. 

• Correlation analysis: The impulse response can be recovered in quite good 
quality with correlation methods [171]. This allows a good approximation 
of the major time constant of the process. 

• Previous identification of a model with output feedback: In a first step a 
model with output feedback, sayan ARX or OE model, as discussed in 
Sect. 16.5 may be estimated from data. Then in a subsequent step the poles 
(roots of the A(q) or F(q) polynomials, respectively) can be estimated. 
Finally, these poles can be incorporated into an OBF model. 

The last alternative may appear a little far fetched at first sight. What 
would be the advantage of transforming an ARX model into an OBF model? 
Clearly, this increases the effort (by a factor of about 2, depending on the 
order of the ARX and OBF model). One advantage is that the OBF model 
belongs to the output error class, and consistent parameter estimation of the 
OBF model may be possible while the ARX model parameters are biased. 
Second, the OBF models are infinite impulse response models without out
put feedback. In contrast to all models described in Sect. 16.5, for simulation 
OBFs models feed back not the model output y but the individual filter out
puts. This property becomes important when the linear model structures are 
generalized to nonlinear ones. Then OBF models have a significant advan
tage compared with output feedback models with respect to their stability 
properties; see Chap. 17. 

Laguerre Filters. The term "Laguerre filter" stems from the fact that in 
continuous time the impulse responses of Laguerre filters are equal to the or
thonormal Laguerre polynomials. Laguerre filters allow the incorporation of 
knowledge about one real pole. Consequently, they are suited for the identi
fication of well-damped processes. The first filter L1 (q) is a simple first order 
time lag system with a pole at p: 
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>{1) 

b, )o{1) 

b, 

+ lb_ ~ 
~ 

Fig. 16.42. OBF model with Laguerre filters that have a real pole at p 

(16.143) 

This real pole p is the only degree of freedom of Laguerre filters . The 
higher order filters are generated by cascades of the following all-pass filter 
with a pole at p and a zero at lip: 

1- pq 

q-p 
(16.144) 

So, the ith Laguerre filter is computed by 

y'1- p2 (1_ pq )i-1 
Li(q,p) = --

q-p q-p 
(16.145) 

Alternatively, the ith Laguerre filter can be computed recursively by 

1- pq 
Li(q,p) = -- Li- 1(q). (16.146) 

q-p 

A scheme of the OBF model with Laguerre filters is depicted in Fig. 16.42. 
Note that for the pole p = 0 the Laguerre filters simplify to Li(q) = q-i and 
the FIR model is recovered. The impulse and step responses for the first three 
Laguerre filters L1 (q,p), L 2 (q,p), and L3 (q,p) with a pole pat 0.8 are shown 
in Fig. 16.43. 

The estimation of the parameters of a Laguerre OBF model works basi
cally as for the FIR model. The regressors (columns in X) in (16.137) are the 
input u(k) filtered with q-i. It is clear from Fig. 16.42 that for the estimation 
of a Laguerre OBF model these regressors are simply the input u(k) filtered 
with the more complex filters Li(q) in (16.145) . Thus, the regression matrix 
for an OBF model is 
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Fig. 16.43. Impulse and step responses of the first three Laguerre filters with the 
pole p = 0.8 

[ 

uLl(m) u L2 (m-1)··· uL"'(l) 1 
u L1 (m + 1) u L2 (m) . . . u L", (2) 

uLl(~ - 1) uL2(~ - 2) ... u L", (~ - m) 

X= (16.147) 

where uLi(k) = Li(q,p)u(k) are input u(k) filtered with the corresponding 
orthonormal filters Li(q,p). The parameter estimation according to {16.147} 
is directly applicable to all types of OBF models. The Laguerre filters Li(q,p) 
simply have to be replaced by Kautz or generalized orthonormal filters. For 
a thorough theoretical analysis of the approximation behavior of Laguerre 
filters refer to [393]. 

Kautz Filters. If the process possesses weakly damped oscillatoric behavior, 
any Laguerre filter based approach will require a large number of parameters. 
The required number of basis functions will be high since all real poles are 
far away from the weakly damped conjugate complex poles that describe the 
process. Kautz filters can be seen as an extension of Laguerre filters and 
allow the incorporation of knowledge on one conjugate complex pole pair. 
Consequently, they are well suited for the identification of resonant processes. 
The first two Kautz filters Ll(q) and L2(q) can be calculated by 

vf(l -a2 )(1 - b2 ) 

L 1 (q,a,b) = q2+ a(b-1)q-b 

vf(l - b2 )(q -a) 
L 2(q, a, b) = q2 + a(b _ l)q _ b 

(16.148a) 

(16.148b) 
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518 16. Linear Dynamic System Identification 

with -1 < a < 1 and -1 < b < 1. The real and imaginary parts of the conju
gate complex pole Pl/2 = Pr ± iPi are related to the Kautz filter coefficients 
a and b as follows: 

and (16.149) 

This conjugate complex pole pair Pl/2 = Pr ± iPi are the only degrees of free
dom of the Kautz filters. The higher order filters are generated by cascading 
all-pass filter with a pole pair at Pl/2 and zeros at I/Pl/2: 

V(I- a2)(I- b2) (-bq2 + a(b -1)q + l)i-l 
L 2i- 1 (q, a, b) = q2 + a(b _ l)q _ b q2 + a(b _ l)q _ b (16.150a) 

V(I- b2)(q - a) (-bq2 + a(b -1)q + l)i-l 
L 2i(q, a, b) = q2 + a(b _ 1)q _ b q2 + a(b _ 1)q _ b . (16.150b) 

Alternatively, the Kautz filters can be computed recursively by 

( _bq2 + a(b - 1)q + 1) 
L 2i- 1 (q,a,b) = L2(i-l)-I(q, a, b) q2 + a(b -1)q - b (16.151a) 

( -bq2 + a(b - 1)q + 1) 
L 2i (q,a,b) =L2(i-l)(q,a,b) q2+ a(b-1)q-b . (16.151b) 

A scheme of the OBF model with Kautz filters is depicted in Fig. 16.44. 
The impulse and step responses for the first three Kautz filters Ll (q, a, b), 
L2 (q, a, b), and L3 (q, a, b) with a = 0.70 and b = -0.72, which corresponds to 
a conjugate complex pole pair at Pl/2 = 0.6 ± iO.6, are shown in Fig. 16.45. 

For a thorough theoretical analysis of the approximation behavior of 
Kautz filters refer to [394]. 

Generalized Filters. Although for many applications Laguerre and Kautz 
filter based OBF models may be sufficiently accurate, high order processes can 
require the consideration of more than just one pole or pole pair. However, 
note that in principle all OBF models (including FIR) are able to model 
all stable linear systems independent of their dynamic order. Laguerre and 
Kautz filter based approaches are not only suitable for first and second order 
systems. Nevertheless, for processes with many distinct poles the necessary 
model order m may become infeasible in practice for FIR, Laguerre, and 
Kautz OBF models. In these cases it is useful to exploit information on more 
than one pole (pair) in order to build a good model. 

The simplest and most straightforward strategy is to add Laguerre and 
Kautz models for different poles [231]: 

l=1 i=1 

lK mlK ) 

+ I: I: b~~) L"i(q, a" b,)u(k) , (16.152) 
l=1 i=1 
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Fig. 16.44. OBF model with Kautz filters, which have a conjugate complex pole 
pair at Pl/2 = pr ± iPi 
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Fig. 16.45. Impulse and step responses of the first three Kautz filters with poles 
Pl/2 = 0.6 ± iO.6 
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Fig. 16.46. a) Optimal bi parameter values of a tenth order Laguerre model with 
time constant T = 10 s. b) Step responses of the process and Laguerre models of 
first, second, and third order (T = 10 s) 

where l runs over the lL Laguerre and lK Kautz models that represent differ
ent dynamics, m~L) and m~K) are the orders of these models, and b~:) and 

b~~) are the corresponding linear parameters. The drawback of this ap~roach 
is that by using several OBF models in parallel the basis functions of the 
overall model in (16.152) are no longer orthonormal. 

An alternative approach is taken in [147, 148,387] where the OBF mod
els are extended. These generalized OBF models allow the incorporation of 
knowledge on an arbitrary number of real poles and conjugate complex pole 
pairs. The Laguerre and Kautz filters represent special cases of this approach. 

16.6.3 Simulation Example 

Consider the following third order process with gain K = 1 and time con
stants Tl = 20 s, T2 = 10 s, and T3 = 5 s: 

1 
G ( 8) - -;-::-:--,..-:-;--:--:----:-:-:-::::----:-:

- (208 + 1)(108 + 1)(58 + 1) 
(16.153) 

sampled with To = 1 s. As excitation signal a PRBS 255 samples long is used, 
which excites the whole frequency range equally well. The goal of this example 
is to illustrate the functioning of Laguerre OBF models and to compare them 
with ARX and OE models. 

The discrete-time process is identified with a Laguerre model with m = 10 
filters whose time constant T is chosen equal to 10 s (corresponding to a 
pole at p = 0.9048). The optimal parameters bi (i = 1, ... ,10) are shown 
in Fig. 16.46a. Obviously, the series expansion converges exponentially; the 
influence of the higher order filters becomes insignificant. 

Figure 16.46b depicts the step responses of the process and a first, second, 
and third order Laguerre model. The second order model already captures 
the main dynamics of the process although it exhibits non-minimum phase 
behavior. The third order model is minimum phase and has only a slight d.c. 
error and a negligible error in the slow dynamics range. Figure 16.47(left) 
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Fig. 16.47. Left: Bode plot of the process (gray) and the first , second, and third 
order Laguerre models with time constant T = 10 s. Right: Bode plot of the process 
(gray) and sixth order Laguerre models with time constants T = 5 s, 10 s, 20 s 

illustrates the model fit for these three Laguerre models in the frequency 
domain. Obviously, the low frequencies are emphasized corresponding to the 
prior knowledge (or assumption) built into the model that the process time 
constant is close to T = 10 s. The major approximation error is in the high 
frequency range, and it decreases as the order m of the Laguerre model 
increases. 
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522 16. Linear Dynamic System Identification 

An important issue for OBF models is how sensitive the obtained results 
are on the chosen filter parameters, e.g., the time constant T (or equivalently 
the pole p) for Laguerre models. Figure 16.47(right) demonstrates for sixth 
order Laguerre models with different time constants that the performance 
deterioration is moderate, and consequently a very approximate choice of T 
is sufficient. No effort has been made to determine the optimal value for T. 
Furthermore, a poorly chosen time constant can always be compensated by 
selecting a higher model order. Of course, one will face severe problems due to 
a high variance error with model orders that are too high, which in practice 
restricts the required accuracy on T. 

The sixth order Laguerre model with T = 10 s will be compared with 
an ARX and an OE model of correct (Le., third) order. For an illustration 
of reduced order ARX and OE models refer to the example in Sect. 16.5.7. 
Note that all models have six parameters to be estimated. While the ARX and 
Laguerre models are linearly parameterized, the OE model is nonlinear in its 
parameters, and thus it is much harder to identify since it is computationally 
more demanding and possibly difficulties with local optima may arise. If the 
data is not disturbed by noise, both ARX and OE models yield exactly the 
process while the Laguerre model possesses some small approximation error; 
see Fig. 16.47(right, center). 

Figure 16.48 compares the ARX, OE, and Laguerre models for weakly 
and strongly disturbed processes. For the weak disturbance the signal-to
noise amplitude ratio is chosen equal to 1000, for the strong disturbance 
it is 10. The noise is chosen white, and it is added to the process output. 
Although for the weakly disturbed case all three models look very good (owing 
to the low resolution) a closer examination of the ARX model's frequency 
characteristics reveals significant errors in the low and medium frequency 
range. The step responses shown in Fig. 16.49(1eft) confirm this observation. 
In fact, the gain of the ARX model is 20% inaccurate, and (strongly damped) 
conjugate complex poles are estimated. In contrast, the OE and Laguerre 
models perform very well. The reason for the poor quality of the ARX model 
is its biased parameter estimates in the presence of the white disturbance; 
see Sect. 16.5.1. 

For the strongly disturbed case the ARX model yields totally unaccept
able results. Interestingly, the Laguerre model performs better than the OE 
model. Of course, these results depend on a reasonably good choice for the 
Laguerre model's time constant, and in practice the OE model may be supe
rior if little knowledge about the process dynamics is available. Furthermore, 
significant improvements of the ARX model results can be achieved by fil
tering the data5 . Nevertheless, it is impressive to observe that a linearly 
parameterized OBF model can perform better than an OE model with the 

5 Filtering requires the choice of a filter bandwidth, and with this choice certain 
frequency ranges are emphasized in the model fit; see Sect. 16.7.4. Note that a 
reasonable choice of the filter bandwidth also requires prior knowledge of the 
process dynamics. 
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Fig. 16.48. Comparison between the ARX and OE models of correct order and 
a sixth order Laguerre model with T = lOs for weak (left) and strong (right) 
disturbances in the frequency domain. The gray lines represent the process, the 
black lines represent the models 
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Fig. 16.49. Comparison between step responses of an ARX and OE model of 
correct order and a sixth order Laguerre model with T = lOs for weak (left) and 
strong (right) disturbances 

correct model order. In practice, the OE model will be of lower order than 
the process, and this introduces an additional bias error. In this light, the 
approximation error introduced by a finite Laguerre series seems to be only 
a slight disadvantage. 

16.7 Some Advanced Aspects 

This section briefly addresses some more advanced aspects that have been 
omitted in the previous sections for the sake of simplicity. 

16.7.1 Initial Conditions 

In practice, only a finite amount of data is available, say for k = 1, ... , N. For 
a simulation of a model with infinite impulse response, however, all previous 
values back to minus infinity are (theoretically) required: 

f)(k) = G(q)u(k) (16.154) 

or 
00 

f)(k) = :L9iU(k - i). (16.155) 
i=l 

The easiest solution to this problem is to assume all unknown data for 
k = -00, ... ,0 to be equal to zero: 

k-l 

f)(k) ~ :L9iU(k - i). (16.156) 
i=l 
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Obviously, these unknown initial conditions degrade the simulation per
formance. However, if the model is stable, the initial conditions decay ex
ponentially with time k. Thus, y(k) is reasonably accurate for k > 3T ITo, 
where T is the dominating time constant of the model and To is the sampling 
time. 

The same difficulties with the initial conditions can occur for prediction. 
The optimal predictor i (see (16.20) and [233]) 

y(klk - 1) = S(q)u(k) + T(q)y(k) (16.157) 

or 
00 00 

y(klk - 1) = L siu(k - i) + L tiy(k - i) (16.158) 
i=l i=l 

with S(q) = G(q)IH(q) and T(q) = 1 - I/H(q). Again, by summing up to 
k - 1 instead of 00, (16.158) can be evaluated approximately in practice. 
This approximation may become too inaccurate if the available data set is 
very short, i.e., not significantly longer than 3T ITo samples. Then it might be 
worth performing the prediction with the optimal time-variant predictor that 
takes into account the uncertainty of the (assumed) initial conditions. This 
optimal time-variant predictor is realized by the Kalman filter, and converges 
to the optimal time-invariant predictor (16.158) as k -t 00; see Sect. 3.2.3 
and [233] for more details. 

Of course, the inaccuracies caused by the unknown initial values transfer 
to the parameter estimation utilizing the prediction error method. A special 
is are the ARX and ARARX model structures. Their predictor transfer func
tions S(q) and T(q) possess only a numerator polynomial. For example the 
ARX predictor is (the ARARX predictor is simply multiplied with D(q); see 
(16.49) ) 

y(klk - 1) = B(q)u(k) + (1 - A(q))y(k) (16.159) 

or 
m m 

y(klk - 1) = L biu(k - i) + L -aiy(k - i) . (16.160) 
i=l i=l 

Consequently, S(q) = B(q) and T(q) = 1-A(q) are finite impulse response 
filters, and the optimal predictor (16.158) can be calculated exactly since 
the sums runs only up to the model order m. Therefore, for these model 
structures the initial conditions can be described exactly by omitting the 
first m samples in the parameter estimation. This idea has been pursued in 
the LS estimation of an ARX model in (16.54); see Sect. 16.5.1. The equations 
start with k = m + 1 since the first m samples k = 1, ... , m are required to 
determine the initial values for u(k) and y(k). Note again that this approach 
is feasible only if the data set contains significantly more than m samples. For 
all other model structures the effect of the initial conditions on the parameter 
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estimates can be neglected by ignoring the first 3T jTo data samples in the 
loss function. 

The issue of initial conditions arises quite often in practice when differ
ent data sets are merged together. Usually, owing to several restrictions such 
as limited available time or memory, it is not possible to measure all re
quired data in a single measurement. Typically, different measurements are 
tied together offline, and jumps can occur at the transitions. To avoid any 
difficulties it is advisable to start and end each measurement with a defined 
constant operating condition. Otherwise the first part of each data set has to 
be "wasted" for the adjustment to the new initial conditions. 

16.1.2 Consistency 

For consistency of the parameter estimates the transfer function model G(q) 
must in principle be able to describe the true process G(q). This means that 
the model has to be flexible "enough"; in other words G (q) has to be of suffi
ciently high order. In the consistency analysis it is assumed that this condition 
is fulfilled. Otherwise the best one can hope for is a good approximation of 
the process behavior with a model that is "too simple." 

In Sect. 16.5.1 the consistency problem for ARX models has been an
alyzed. The parameters or the ARX model are estimated consistently (see 
Sect. B.7) only if the true measurement noise is properly modeled by the 
noise model1jA(q). This restriction is rarely fulfilled in practice. If the noise 
model structure is correct, i.e., if it is capable of describing the real measure
ment noise, then all models discussed here are estimated consistently. How
ever, since reliable knowledge about the noise properties is rarely available in 
practice the question arises: Which model structures allow a consistent esti
mation of their parameters even if the noise model structure does not match 
the reality? 

All model structures that have an independently parameterized transfer 
function G(q) and noise model H(q) allow one to estimate the parameters of 
the transfer function consistently even if the noise model is not appropriate 
[233]. "Independently parameterized" means that G(q) and H(q) do not con
tain common parameters. The class of output error models is independently 
parameterized, e.g., OE and BJ, while the class of equation error models, e.g., 
ARX and ARMAX, is not since G(q) and H(q) share the polynomial A(q). 
This is a fundamental advantage of OE and BJ models over ARX and AR
MAX models. Unfortunately, the parameters for OE and BJ models are more 
difficult to estimate than those for ARX and ARMAX models; see Sect. 16.5. 

16.1.3 Frequency-Domain Interpretation 

When a model is fitted to data by minimizing a quadratic loss function with 
respect to the model parameters, the following question arises: How well can 
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the model be expected to describe the process in different frequency ranges? 
An answer to this question should allow the user to design a model that is 
better suited for the intended application. For example, a model utilized for 
controller design should be especially accurate around the crossover frequency 
while low frequency modeling errors can be compensated by the integrator in 
the controller and high frequency modeling errors are usually less significant 
since the typical low-pass characteristic damps these errors highly anyway. 
For other applications such as fault detection the model error at low frequen
cies may be more significant. 

In order to understand how the expected model quality depends on the 
frequency, a frequency-domain expression of the loss function has to be de
rived. The loss function I(ft) is related to the spectrum of the prediction error 
~e by the inverse z-transform [233] 

1 r 
E{I(!D} = 411' 1-1< ~e(w,nJ dw. (16.161) 

The spectrum of the prediction error ~ e (w, fl.) describes the prediction 
error in the frequency domain. Under ideal conditions, that is, the model 
(the transfer function G(q) and the noise model H(q)) matches the process 
perfectly, this spectrum is white, i.e., ~e(w,fl.) = constant. 

By substituting the prediction error in (16.161) with (16.31), the expec
tation of the loss function can be expressed as [233] 

(16.162) 

where ~u and ~n are the spectra of the input and the measurement noise, 
respectively, and G, G, and H are the true process transfer function, the 
model transfer function, and the noise model. Note that, since the right side 
of the equation is in the frequency domain, G, G, and H are written as 
functions of the z-transform variable z = eiw and not of q. 

If the process and model transfer functions are identical, that is, the 
transfer function of the model has the same structure (zero bias error) and the 
same parameters (zero variance error) as the true process, then the expression 
under the integral in (16.162) simplifies to 

~n(w) 
(16.163) 

This is exactly white noise if the noise model is identical to the true process 
noise, since ~n(w) = 0'2IH(eiw )12, where H describes the true process noise 
and 0'2 is the variance of the white noise that drives it. In this case, the 
loss function realizes its smallest possible value. A process/model mismatch 
for the noise description increases the loss function value, and the prediction 
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error becomes colored. Nevertheless, the transfer functions G and G may be 
identical; see Sect. 16.7.2. 

If the noise can be neglected the expression under the integral becomes 

( IG(ejW ) - G(eiw ())12) A pu(W) . 
,- IH(eiW ,Q)12 

(16.164) 

G(ejW)-G(ejW ,Q) measures the difference between the process and the model 
in dependency on the frequency w. The second factor can be interpreted as 
a frequency dependent weighting factor. It shapes the accuracy of the model 
in the frequency domain. For example, a model can be made more accurate 
around the frequency w* if 

• the input signal contains a high energy in this frequency, i.e, pu(w*) is 
large, and/or 

• the amplitude of the noise model's frequency response for this frequency is 
small, i.e., IH(ejw' ,Q)I is small. 

If the input signal is white, that is, pu(w) = constant, the effect of the 
noise model on the fit of the transfer functions becomes more obvious. For 
example, the OE model with H(ejW ) = 1 weights all frequencies identically. 
In contrast, the ARX model with H(eiw ) = 1/A(ejW ) weights the model 
error with A(ejW )! Since 1/A(ejW ) has a low-pass characteristic, A(ejW ) is 
high-pass and the high frequencies are emphasized. This is the reason why 
ARX models usually have larger d.c. (w = 0) errors as OE models. It is 
important to understand that the noise model allows one to shape the model 
transfer function accuracy in the frequency range. Noise models with low-pass 
characteristics result in transfer function models with good accuracy in high 
frequencies and vice versa. 

Note that even if the weighting factor p u (w)/IH(ejw ,Q)12 is constant, as 
would be the case for a white input signal and an OE model, very high 
frequencies are less significant since G and G are typically well damped for 
high frequencies (low-pass characteristic) [233]. 

Of course the overall accuracy of the model also depends on the structure 
of G. If a high order process G is to be approximated by a low order transfer 
function model G, the accuracy for high frequencies is in principle limited. 

16.7.4 Relationship between Noise Model and Filtering 

The previous section showed that the noise model influences the frequency 
weighting of the model fit. Another possibility for frequency weighting is 
to filter the prediction errors. Indeed, pre-filtering and incorporation of an 
appropriate noise model are equivalent. If the prediction error is filtered with 
L(q) it becomes (see (16.34)) 

L(q) 
eF(k) = H(q) (y(k) - G(q)u(k)) . (16.165) 
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Thus, instead of using the noise model H(q) the prediction error can be 
filtered with 

L(q) = 1/ H(q) . (16.166) 

This relationship can be intuitively explained as follows. For frequencies 
where the noise model amplitudes are small, low noise levels are expected; so 
the signal-to-noise ratio is high. Consequently, this frequency range is strongly 
exploited for fitting the model since the data quality is good. On the other 
hand, for frequencies where large noise amplitudes are expected, the data is 
utilized more carefully, i.e., with less weight. Instead of using the noise model, 
a filter can be used to emphasize and deemphasize certain frequency ranges. 
If the noise model is low-pass the corresponding filter is high-pass and vice 
versa. 

To summarize, instead of using a noise model H(q), a filter according to 
(16.166) can be employed with exactly the same effect. On the other hand, 
the effect of an existing noise model H(q) can be canceled by additionally 
filtering the prediction error with 

L(q) = H(q). (16.167) 

This relationship helps us to understand algorithms such as, for example, the 
"repeated least squares and filtering" for OE model estimation in Sect. 16.5.4. 
It can be explained as follows. The ARX model prediction error is 

e(k) = A(q) (y(k) - G(q)u(k)) . (16.168) 

Filtering with L(q) = H(q) = I/A(q) cancels the effect of the ARX noise 
model and leads to the OE model prediction errors 

eF(k) = (y(k) - G(q)u(k)) . (16.169) 

Of course the procedure of ARX model estimation and filtering with L(q) 
must be repeated several times until convergence. The initial ARX model 
denominator A(q) converges to the OE model denominator F(q). 

16.7.5 Offsets 

Data for linear systems is typically measured around an equilibrium point 
(; and Y. Figure 16.50 shows a equilibrium point lying on the static non
linearity of the process. In order to obtain data that can be approximately 
described by a linear model, the deviations u and y from this equilibrium 
point must stay small enough, depending on the strength of the nonlinear 
behavior of the process around the equilibrium point (; and Y). For linear 
system identification the difficulty arises that U(k) and Y(k) are measured 
but u(k) and y(k) are required for identification. With the deviations from 
the equilibrium u(k) = U(k) - (; and y(k) = Y(k) - Y the following linear 
difference equation results [171]: 
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y 

---------""'--

u u 

Fig. 16.50. Data for linear system identification is required around an equilibrium 
point U, Y 

(Y(k) - Y) + al(y(k -1) - Y) + ... + am(Y(k - m) - Y) = 
bl (U(k - 1) - U) + ... + bm(U(k - m) - U) , (16.170) 

which can also be written as 

Y(k) = - alY(k -1) - ... - amY(k - m) 

+ blU(k - 1) + ... + bmU(k - m) 

+ (1 + al + ... + am)Y - (bl + ... + bm)U . (16.171) 
, Vi ' 

C 

The offset C incorporates the information about the equilibrium point U, Y. 
There exist three possibilities to take this offset into account: 

• removal of the offset by explicit preprocessing of the data, 
• estimation of the offset, 
• extension of the noise model. 

From the following five approaches for dealing with offsets [233] the first two 
belong to category one, the third belongs to the second category, and the last 
two realize the third idea. 

1. If the equilibrium is known the deviations can be calculated explicitly as 

u(k) = U(k) - U, y(k) = Y(k) - Y, (16.172) 

and u(k), y(k) can be used for identification. 
2. If the equilibrium is unknown it can be approximated by means of U(k) 

and Y(k) 

_ 1 N 

Y = N LY(i), 
i=l 

(16.173) 

and this approximated equilibrium can be used for approach 1. 
3. The offset can be estimated explicitly by basing the parameter estima

tion on (16.171). Then for an ARX model the extended regression and 
parameter vectors become 

~ = [U(k-l) ... U(k-m) -Y(k-l)··· -Y(k-m) I]T,(16.174) 
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(16.175) 

An extension to other linear model structures is straightforward. In com
parison to approach 2, an additional parameter must be estimated. This 
extra effort cannot usually be justified. However, approach 3 has the ad
vantage of being less sensible to the data distribution. This can payoff 
if the data contains significant nonlinear behavior. 

4. The offset can be eliminated by differencing the data. This can be done 
either by prefiltering U(k) and Y(k) with 

L(q) = 1 - q-l , (16.176) 

which generates U(k) - U(k - 1) and Y(k) - Y(k - 1) from U(k) and 
Y(k), respectively, or equivalently by extending the noise model with an 
integrator (e.g., ARIMAX model; see Sect. 16.7.4) 

- 1 
H(q) = 1 _ q-l H(q) . (16.177) 

The main drawback of this simple approach is that this high-pass filter 
or low-pass noise model emphasizes high frequencies in the model fit; see 
Sects. 16.7.3 and 16.7.4. 

5. The dynamic order of the noise model can be extended to allow the 
parameter estimation method to find the pole at q = 1 automatically. 
Compared with approach 4 this requires the estimation of additional 
parameters and thus is computationally more demanding. 

These approaches can be extended to cope with disturbances such as drifts 
or oscillations [233]. 

16.8 Recursive Algorithms 

The algorithms for linear system identification that have been discussed so 
far are based on least squares, repeated least squares, or nonlinear optimiza
tion methods. These methods operate on the whole data set, and their com
putational complexity typically increases linearly with the number of data 
samples. Thus, they are not well suited for online application where a new 
model will be identified within each sampling instant exploiting the informa
tion contained in the new measured data sample. If windowing of the data 
is used, i.e., only the last (say N) data samples are taken into account for 
identification, it is possible to guaranteed that an LS estimation is carried out 
within one sampling interval. Owing to the iterative character of the repeated 
LS and nonlinear optimization techniques this guarantee cannot usually be 
given. If all data is to be used for identification none of these methods can 
be applied online since at some point their computation time will exceed the 
sampling time. 
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Recursive algorithms compute the new parameters at time k in depen
dency on the parameters at the previous sampling instant k - 1 and the 
newly incoming information. Thus, their computational demand is constant 
and they are well suited for online identification. In the following sections 
the most common recursive methods are briefly summarized. For a more de
tailed analysis of the recursive least squares method refer to Sect. 3.2 and 
[171, 172, 193,233,360]. The algorithms discussed here are simple and easy 
to understand. However, their numerical robustness is quite low, i.e., they 
are sensitive to round-off errors. For a detailed discussion of more robust and 
faster algorithms refer to [140]. 

Section 16.8.1 briefly summarizes the recursive least squares algorithm, 
which can be used for online identification of ARX models. The recursive 
version of the instrumental variable method is presented in Sect. 16.8.2. For 
identification of ARMAX models a recursive variant of the ELS (Sect. 16.5.2) 
algorithm is treated in Sect. 16.8.3. Finally, Sect. 16.8.4 deals with a general 
recursive prediction error method that can be applied to all linear model 
structures. In [172, 174, 334] a comparison of six recursive algorithms can be 
found. 

16.8.1 Recursive Least Squares (RLS) Method 

The recursive least squares (RLS) algorithm with exponential forgetting as 
discussed in Sect. 3.2 can be utilized directly for identification of ARX models 
since they are linear in their parameters (see (3.69a-3.69c»: 

~(k) = ~(k - 1) + '1.(k) e(k), e(k) = y(k) - ~T (k)~(k - 1), (16.178a) 

1 
'1.(k) = ~T(k)£.(k -1)~(k) + A P(k -1)~(k), (16.178b) 

P(k) = ~ (I - '1.(k) ~T (k») P(k - 1). (16.178c) 

The regressors and parameters are 

~(k) = [u(k -1) .. , u(k - m) - y(k -1) - y(k - m)]T , (16.179) 

~(k) = [b1(k) .. , bm(k) ih(k) ... ltm(k)r. (16.180) 

16.8.2 Recursive Instrumental Variables (RIV) Method 

The RLS algorithm generally yields inconsistent estimates of the true process 
parameters as the LS does; see Sect. 16.5.1. One common solution to this 
problem is the introduction of instrumental variables (IV s). With the IV s ~(k) 
the recursive version of the instrumental variable (RIV) method becomes 
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~(k) = ~(k - 1) + 1(k) e(k), e(k) = y(k) - ;&? (k)~(k - 1), (16.181a) 
1 

1(k) = ;&.T(k)£.(k -lh.(k) +,\ P(k -1).~(k), (16.181b) 

P(k) = ~ (I -1(k);&.T (k)) P(k - 1). (16.181c) 

A typical choice of model independent IV s is 

~(k) = [u(k - 1) ... u(k - 2m)]T . (16.182) 

It is also possible to use model dependent instruments, which offer the ad
vantage of being more highly correlated with the regressors ;&.(k) , for example 

~(k) = [u(k - 1) ... u(k - m) - yu(k - 1) ... - yu(k - m)]T (16.183) 

with 

yu(k) = ~(q, k) u(k) . 
A(q, k) 

(16.184) 

Note that the exact realization of these instruments would require one to 
filter the input completely with the current model B(q, k)/ A(q, k), that is, 
not using yu(k - i) for i > 0 from previous recursions. This, of course, is not 
practicable since the computational effort increases linearly with the length 
of the data set. Therefore, instead of using (16.184) the IVs can be generated 
by calculating the following difference equation with the current parameter 
estimates: 

yu(k) = b1(k)u(k - 1) + ... + bm(k)u(k - m) 

- 0,1 (k)yu(k - 1) - ... - o'm(k)Yu(k - m). (16.185) 

In contrast to (16.184), in (16.185) the delayed filtered outputs yu(k - i) for 
i > 0 are used from the previous recursions. As long as bi and o'i change 
slowly, both approaches yield similar results. 

The use of model dependent IV s can cause stability problems because 
they are based on the parameter estimates and thus represent a loop within 
a loop. Nevertheless the application of RIV methods is quite successful in 
practice. During the first few iterations of the RIV, the parameter estimates 
bi(k) and o'i(k) are unreliable. Therefore, the RLS algorithm is used in the 
starting phase. The RLS is run for the first few, say 4m, iterations until the 
parameter estimates are somewhat stable. This start-up procedure is also 
used for the RELS and RPEM described below. 

16.8.3 Recursive Extended Least Squares (RELS) Method 

ARMAX models can be estimated online by the recursive extended least 
squares (RELS)6 algorithm. Formally it takes the same form as the RLS. 

6 Sometimes denoted only as extended least squares (ELS) [233]. 
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However, the regression and parameter vectors are different (see (16.82) in 
Sect. 16.5.2 and Fig. 16.28): 

;£(k) = [u(k - 1) ... u(k - m) - y(k - 1) ... - y(k - m) 

e(k - 1) ... e(k - m)]T , (16.186) 

~(k) = [b1 (k) ... bm(k) tll(k) ... tlm(k) i\(k) ... cm(k)r ,(16.187) 

where e(k-i) denote the previous residuals. Note that these previous residuals 
in (16.186) are approximations for the unknown white noise v(k) that drives 
the noise filter, i.e., e(k - i) ~ v(k - i). The residual e(k) is also called the 
a-posteriori error, defined by 

e(k) = y(k) - ;£T(k)~(k) (16.188) 

since it utilizes the information about ~(k), i.e., after (a posteriori) the pa
rameter update. In contrast, the prediction error is also called the a-priori 
error because it is based on the old parameter estimate: 

e(k) = y(k) - ;£T(k)~(k - 1). (16.189) 

The a-posteriori error is known at time k because the regression vector 
;£( k) requires knowledge of the residuals only up to time k -1; see (16.186). It 
usually speeds up the convergence of the RELS algorithm if the a-posteriori 
rather than the a-priori errors are used [360]. 

The RELS is also called recursive pseudo-linear regression (RPLR) be
cause formally it is identical to the linear RLS algorithm although the AR
MAX model is nonlinear in its parameters. The influence of this nonlinear 
character becomes obvious in a convergence analysis of the RELS algorithm 
[233, 360]. The RELS converges much more slowly than the RLS. In par
ticular, the noise model parameters C; converge slowly. Intuitively this can 
be explained by the fact that within the parameter estimation procedure an 
approximation of the white noise v(k) is required. In particular, during the 
first few iterations where the parameter estimates tli and bi are unreliable 
the approximation of the white noise v(k) is poor, which slows down the 
convergence of the algorithm. As for the RIV, the RELS is started with an 
RLS. 

16.8.4 Recursive Prediction Error Methods (RPEM) 

The recursive prediction error method (RPEM) allows the online identifica
tion of all linear model structures described in this chapter. Since all model 
structures except ARX and FIR/OBF are nonlinearly parameterized, no ex
act recursive algorithm can exist; rather some approximations must be made. 
In fact, the RPEM can be seen as a nonlinear least squares Gauss-Newton 
method with sample adaptation. Refer to Sect. 4.1 for a discussion of sample 
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and batch adaptation and to Sect. 4.5.1 for a description of the Gauss-Newton 
algorithm with line search for batch adaptation. 

The Gauss-Newton technique is based on the approximation of the Hes
sian by the gradients (strictly speaking the Jacobian). Thus, the RPEM re
quires the calculation of the gradients of the loss function, which in turn 
requires the calculation of the gradients fl(k) of the model output with re
spect to its parameters: 

8y(k) [ 8y(k) 8y(k) 
fl(k) = 8fl.(k) = 801 (k) 802 (k) (16.190) 

With these gradients the RPEM becomes 

~(k) = ~(k - 1) + 1.ck) e(k), e(k) = y(k) - ~?(k)~(k - 1), (16.191a) 
1 

1(k) = flT(k)J:(k _ l)fl(k) + A P(k - l)fl(k), (16.191b) 

P(k) = ± (I - 1(k) flT(k)) P(k - 1), (16.191c) 

which is identical to the RLS except that in (16.191b) and (16.191c) the 
model gradients fl(k) replace the regressors ~(k) in (16.178b) and (16.178c). 

Example 16.8.1. RPEM for ARX models 
For ARX models the gradients are 

8y(k) 8y(k) ]T 
8b1(k) 8bm (k) 

= ruCk - 1) ... u(k - m) - y(k - 1) ... - y(k - m)]T (16.192) 

Obviously, the gradients are identical to the regressors, i.e., g(k) = ~(k). 
Thus, the RPEM for ARX models is equivalent to the RLS. -

Example 16.8.2. RPEM for ARMAX models 
The application of the RPEM to ARMAX models is also known as the re
cursive maximum likelihood (RML) method [233]. For ARMAX models the 
gradients are (see (16.86), (16.88), (16.90) in Sect. 16.5.2) 

1 
fl(k) -A-- luCk - 1) ... u(k - m) - y(k - 1) ... - y(k - m) 

C(q, k) 

e(k - 1) '" e(k - m)]T. (16.193) 

Obviously, the gradients are identical to the regressors filtered with 1jC(q, k), 
i.e., g(k) = 1jC(q, k)~(k). Thus, the RPEM for ARMAX models is very 
similar to the RELS. The additional filtering of the regressors usually speeds 
up the convergence since it has a decorrelating effect. 

The application of the RPEM to other model structures is straightforward 
utilizing the given gradient equations in the corresponding subsections in 
Sect. 16.5. As for the RIV and the RELS, the RPEM is started with an RLS. 
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The gradients g(k) cannot be evaluated exactly in practice because the 
computational effort increases linearly with the length of the data set if 
nO windowing is used. As for the model dependent instruments in the RIV 
method in Sect. 16.8.2, the gradients are evaluated approximately. For exam
ple, the gradients for the ARMAX model given in (16.193) can be approxi
mate by the following difference equation: 

fl.{k) = ~(k) - clfl.{k - 1) - ... - cmfl.{k - m) . (16.194) 

If the parameters do not change during adaptation (16.194) is exact. If the 
parameters change (16.194) is an approximation for the following reason. 
g{k - i) has been evaluated with the parameters at time instant k - i, not 
;'ith the actual ones. Thus, the approximation 

oy{k) oy{k) 
o~{k) :::::l o~{k - i) 

(16.195) 

is made. In the context of dynamic neural networks this strategy is called real 
time recurrent learning,; see Sect. 17.5.2. It is approximate only if sample 
adaptation is applied. For batch adaptation the parameters are kept fixed 
during a sweep through the data set, and the adaptation is carried out only 
at the end of each batch. Then (16.195) is exact since ~(k) = ~(k - i). 

16.9 Determination of Dynamic Orders 

A simple and probably the most widely applied approach to order selection 
is to identify several models with increasing orders and to choose the best 
one with respect to some model validation technique such as testing on fresh 
data or evaluation of information criteria; see Sect. 7.3. 

The utilization of correlation functions is a powerful tool for order de
termination since it exploits the linear relationships assumed by choosing 
a linear model. Thus, the cross-correlation function between u{k) and y{k) 
gives a clear indication about the dead time d. Since the dead time is the 
smallest time delay with which u{k - d) influences y{k) directly, the cross
correlation function corruy{l\":) is expected to possess a peak at I\": = d, while 
it is expected to be close to zero for all I\": < d. Similarly, the correlation 
function between the input u{k) and the model error e{k) = y{k) - Y can 
reveal missing terms. Ideally, it should be close to zero when all information 
is exploited by the model. Peaks indicate missing input terms u{k - i) while 
smaller but consistent deviations from zero stretching over many time lags I\": 

indicate missing output terms y{k - i). 
An indication for a model order that is too high is given by approximate 

pole/zero cancellations, i.e., if 0 zeros of the estimated transfer function (al
most) compensate 0 of its poles then it is likely that the model order m is 
chosen too high and the true order of the system is merely m - o. 

co
nt

ro
len

gin
ee

rs
.ir



16.10 Multivariable Systems 537 

16.10 Multivariable Systems 

Up to here only single input, single output (SISO) models have been dis
cussed. In many real world situations the output of a process is not influenced 
solely by a single input. Rather it depends on multiple variables. The user 
has to decide how these variables shall be incorporated into the model. At 
least the following three different situations have to be distinguished: 

1. A variable is measured and can be manipulated, e.g., a control signal. 
2. A variable is measured but cannot be manipulated, e.g., an external 

disturbance such as the environment temperature. 
3. A variable is not measured and cannot be manipulated, e.g., an external 

disturbance such as wind. 

Variables of the first category should be incorporated into the model as 
inputs. Variables of the second category can be difficult to incorporate into 
a black box experimental model since they cannot be excited, and thus it 
sometimes may not be possible to gather data, which reflects the influence 
of this variable in a representative way. Alternatively, if this knowledge is 
not available, the variable's influence can be taken into account by the noise 
model. A variable of the third category can only be considered by properly 
structuring the noise model. Note that the distinction between variables of 
types 2 and 3 can be caused by fundamental reasons, e.g., in principle it may 
not be possible to measure a variable, or it can be caused by a benefit/cost 
tradeoff, e.g., the information about a signal may not be worth the cost for 
the sensor. The latter issue is by far the more common one. It typically arises 
if the influence of the variable is not very significant or the cost for a reliable 
sensor is extremely high (possibly owing to the environmental conditions). 

A multiple input, multiple output (MIMO) model can be decomposed into 
several multiple input, single output (MISO) models, one for each output; 
see Fig. 16.51. Such a decomposition offers a number of advantages over 
handling the full MIMO model. Each output does not necessarily depend on 
all inputs Ul, ..• ,Up, Thus, each MISO model can be simpler if it utilizes only 
the relevant inputs for the corresponding output. Each MISO model can be 
structured separately with respect to model structures, dynamic orders, dead 
times, etc. The design of excitation signals can be performed independently 
for each output. Finally, the system analysis is easier for the user when the 
MIMO structure is broken down into several MISO structures. 

Ul=E]-
~2 model I Yl 

Up 

Ul=E]-
~2 modelr Y, 

Up 

Fig. 16.51. A MIMO model can be decomposed into MISO models 
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u\ u\ 

up 

Y2 model I Y\ model 2 Y2 ... Y\ modelr Yr 

y, Y2 

Yr Yr 

Fig. 16.52. A MIMO model can be decomposed alternatively to Fig. 9.2 into MISO 
models by also considering the other process outputs 

Fig. 16.53. Simulation of two coupled MISO models of the type shown in Fig. 16.52 

Alternatively to Fig. 16.51, the MIMO structure can be decomposed as 
shown in Fig. 16.52. Using other process outputs as model inputs is not nec
essary. Nevertheless it can improve the model accuracy because it may allow 
one to apply models of lower order. Whether the approach in Fig. 16.52 is 
favored over that of Fig. 16.51 depends on the specific application. Clearly, 
it is reasonable to utilize the other process outputs (or some of them) as 
model inputs only when their influence is significant, e.g., if MISO model 
outputs are correlated. The intended use of the model also plays a crucial 
role in the decision about which approach is preferable. For example, a one
step prediction with the model in Fig. 16.52 can be performed with previous 
measurements of the other process outputs, while for simulation the previous 
model outputs have to be fed back. Feeding back the model outputs to the 
inputs of other MISO models which again feed back their model outputs as 
shown in Fig. 16.53 can cause stability problems and an accumulation of mod
eling errors. No such difficulties arise with the MIMO model decomposition 
according to Fig. 16.51. 

In the following three sections the most important modeling and identifi
cation methods are briefly presented. The p-canonical model and the simpli
fied matrix polynomial model represent input/output approaches, while the 
more sophisticated and increasingly popular subspace methods are based on 
a state space representation. 
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16.10.1 P-Canonical Model 

The most straightforward approach to MISO or MIMO modeling is to de
scribe the relationship between each input and each output by a SISO linear 
dynamic model, as depicted in Fig. 16.54. This is the so-called p-canonical 
structure into which other structures such as the v-canonical one can be 
transformed [176). The models Gjj(q) are called the main models and the 
Gji(q) with i :/; j are called the coupling models. If the gains of the coupling 
models are very small they may be neglected and the MIMO model simplifies 
to several SISO models. The p-canonical model can be described by 

l =:~~l j = 19:: ~:l g:~ ~:l : g::~:l j 'l~: ~~l j 
Yr(k) Gr1 (q) GrZ(q) . .. Grp(q) up(k) 

(16.196) 

Thus, output Yj(k) is modeled by 

Yj(k) = Gj1 (q)Ul (k) + Gjz(q)uz(k) + ... + Gjp(q)up(k). (16.197) 

This model is linear in its parameters and thus easy to determine if the trans
fer functions Gji(q) are modeled by FIR or OBF structures. The regression 
vector is simply extended by the filtered additional inputs; see Sect. 16.5. 
However, the more common models with output feedback (Sect. 16.5) result 
in a nonlinear parameterized model (see Fig. 16.55) 

(16.198) 

This can be seen as a multivariable OE model, and its parameters have to 
be estimated with nonlinear optimization techniques; see Sect. 16.5.4. The 
generalization to a multivariable BJ model is possible via an explicit incor
poration of a noise model H(q) = C(q)/D(q) in (16.198); see Sect. 16.5.5. 

In order to be able to utilize efficient, linear parameter estimation tech
niques, (16.198) can be modified to the matrix polynomial model, which is 
discussed in the next section. 

Fig. 16.54. For the p-canonical MISO model the relationship between each output 
and each input is described by a SISO linear dynamic model 
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540 16. Linear Dynamic System Identification 

Fig. 16.55. For a p-canonical MISO model each transfer function can be described 
by an output feedback model, e.g., ARX, ARMAX, OE, etc. 

16.10.2 Matrix Polynomial Model 

If it is assumed that all denominator polynomials in (16.198) are identical 
(Aj(q) = Aji(q) for all i) the matrix polynomial model is obtained (see 
Fig. 16.199): 

Aj(q)Yj(k) = Bjl (q)Ul (k) + Bj2 (q)U2(k) + . .. + Bjp(q)up(k). (16.199) 

This can be seen as a multi variable ARX model, and its parameters can be 
identified by linear regression techniques; see Sect. 16.5.1. The assumption 
of identical denominator polynomials in (16.198) is highly unrealistic. Only 
if the dynamics from all inputs to output j are similar, can (16.199) yield a 
reasonable approximation of (16.198) . For many processes this is condition 
is not fulfilled. 

However, there is an alternative way to obtain the model structure in 
(16.199). When (16.198) is multiplied by its common denominator the fol
lowing model results (assuming no common factors in the denominator poly
nomials Aji(q)) : 

or 

Aj1(q)· . . , ·AjpYj(k) = Bjl (q)Aj2 (q) . ... . Ajp(q)Ul(k) + 
Bj2 (q)Aj1 (q)· Aj3 (q)· . .. · Ajp(q)U2(k) + ... + (16.200a) 

Bjp(q)Ajt{q) . ... . Ajp- 1 (q)up(k) 

Fig. 16.56. A MISO model simplifies to the matrix polynomial model when a single 
common denominator polynomial is assumed for all transfer functions in Fig. 16.55 
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Aj(q)Yj(k) = Bjl (q)Ul (k) + Bj2 (q)U2 (k) + ... + Bjp(q)up(k) , (16.201) 

where the orders of the polynomials Aj(q) and Bji(q) are equal to p. m with 
m being the order of all original transfer functions in (16.198). Since (16.201) 
is linear in its parameters it can be estimated easily. However, because the 
polynomials are of much higher order than the original ones, significantly 
more parameters have to be estimated. This causes a higher variance error, 
and is the price to be paid for the linearity in the parameters. 

Ideally, it should be possible to calculate the original polynomials Aji(q) 
and Bji(q) by pole-zero cancellations from Bji(q) and Aj(q). In practice, how
ever, this is rarely possible owing to disturbances and structural mismatch. 
If the process has a large number of inputs (p is large) the model (16.201) 
possesses a huge number of parameters and often becomes too complex for 
its intended use, or the high variance error makes a parameter estimation 
infeasible. Then one can try to estimate a model of structure (16.201) with 
an order somewhere between m and p . m. It is important to realize that all 
models of type (16.198) can be transformed to (16.201) but not vice versa, 
because (16.201) is more flexible than (16.198). 

16.10.3 Subspace Methods 

State space based approaches (see Sect. 16.5.6) are typically better suited to 
model MIMO systems. The main difficulty for the application of prediction 
error methods to state space models is to find a numerically robust canonical 
realization, since the alternative, a full parameterization of the state space 
model, would involve a huge number of parameters. 

In the recent years the class of subspace identification methods has at
tracted much attention. The most prominent representatives of these ap
proaches are the so-called 4SID, pronounced "foursid" (state space system 
identification), algorithms. They extract an extended observability matrix 
either directly from input/output data or via the estimation of impulse re
sponses [391]. From this extended observability matrix the state space de
scription of the system can be recovered. 

The main advantages of subspace identification methods are (i) their low 
cor.lputational demand since they are based on linear algebra tools (QR and 
singular value decomposition), (ii) their ability to deal with systems with 
many inputs and outputs, and (iii) their good numerical robustness. For 
an overview and more details on subspace identification methods refer to 
[241, 388, 390, 391]. 

16.11 Closed-Loop Identification 

Up to now it has been implicitly assumed that the identification data is 
measured in open loop. There are, however, many reasons why the user may 
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542 16. Linear Dynamic System Identification 

Fig. 16.57. In closed-loop identification the process input u is correlated with the 
noise n [386] 

like to or has to use data for model identification that is measured in closed 
loop, i.e., in the presence of a feedback controller [386]: 

1. The process is unstable. Thus, data can be collected only if a feedback 
controller stabilizes the process. 

2. Safety, product quality, or efficiency considerations do not allow the pro
cess to be run in open loop. 

3. The system may inherently contain underlying feedback loops that can
not be manipulated or removed. 

4. The excited frequencies in closed-loop operation are better suited than 
the frequency band in open-loop operation. 

5. The linearization effect of the controller is desired in order to employ 
linear models even for (weakly) nonlinear processes. 

6. The model is to be used for the design of an improved controller. 

Figure 16.57 shows the process G(q) in closed-loop control with the con
troller C(q). The typical difficulty in closed-loop identification is that the 
process input u is correlated with the output noise disturbance n. The exci
tation Tl and the reference T2 are external signals that may be utilized for 
identification. 

For closed-loop identification standard methods for open-loop identifi
cation can be applied directly, ignoring the correlation between u and n. 
These approaches are called direct or classical methods, and are addressed 
in Sect. 16.11.1. An alternative is to utilize the external signals Tl and/or 
T2. These modern approaches are called indirect methods; see Sect. 16.11.2. 
This section ends with some remarks about identification for control, which 
focuses on the intended use of the model solely as a basis for controller design 
(Sect. 16.11.3). This section is based on the overview paper by Van den Hof 
[386]. 

16.11.1 Direct Methods 

Direct approaches apply a standard identification method utilizing the pro
cess inputs and outputs u and y as if the measurement were taken in open 
loop. Owing to the ignored correlation between u and n all methods, which 
are based on correlations such as correlation analysis, spectral estimation, 
and the instrumental variable method are not suited. Typically they estimate 
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16.11 Closed-Loop Identification 543 

a weighted average of the process G(q) and the negative inverse controller 
-l/C(q) [360]. 

However, prediction error methods can be used directly for closed-loop 
identification. Compared with open-loop identification the following restric
tions apply: 

• For consistent estimation of G(q) the external signals rl and r2 must be 
sufficiently exciting and the controller must be of sufficiently high order 
or switching between different settings during operation (the controller 
may be nonlinear and/or time-varying). Furthermore, the transfer function 
model G(q) and the noise model H(q) must be flexible enough to describe 
the true process behavior. In open-loop identification this is not required for 
the noise model if different parameterizations for G(q) and H(q) are chosen 
as for OE and BJ model structures; see Sect. 16.7.2. Thus, in contrast to 
open-loop, closed-loop identification with too simple a noise model results 
in inconsistently estimated transfer function parameters even in the case 
of separate parameterization. This is the most important drawback of the 
direct methods. 

• The frequency-domain expression for closed-loop identification becomes 
(see (16.161) and (16.162) in Sect. 16.7.3): 

IG - G(fl) 12 11 + CG(fl) 12 
q)e(w,fl) = IH(fl)1211 + CGI 2 q)r(w)+ IH(fl)1211 + CGI 2 q)n(w)(16.202) 

where q)r is the spectrum of the collected external signals r = rl + C(q)r2' 
q)n is the spectrum of the noise, and the argument (e- iw ) is suppressed for 
better readability. It is important to see that the minimum of q) e (w, fl) is 
not necessarily obtained for a consistent estimation, i.e., for G(fl) = G, be
cause the G(fl) appears also in the second term of (16.202). Consequently, 
some tradeoff between both terms will be performed, resulting in an incon
sistent estimate of G. This also makes it difficult to adjust the frequency 
characteristics of G(fl) when a low order model is used for approximation 
of the process. 
Only if the noise model is flexible enough so that H(fl) = H does the 
second term become (1'211 + CG(fl)N /11 + CGI2 since q)n = (1'2 H with 
(1'2 as the variance of the white noise v. Then a consistent estimate of G 
minimizes (16.202) to (1'2. This also holds when the noise variance (1'2 is 
small compared with the signal power [386]. 
Furthermore, it is interesting to note that the transfer function model error 
G - G(fl) in (16.202) is weighted not only with the inverse noise model as 
in the open-loop case but also with the control loop sensitivity function 
1/(1 + CG). This typically deemphasizes the weight (and thus decreases 
the model accuracy) for low frequencies. 

• Unstable processes can be estimated with equation error model structures 
such as ARX or ARMAX. Output error models cannot be utilized since 
unstable filters would appear in the prediction error: 
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544 16. Linear Dynamic System Identification 

1 Ci(q) 
e(k) = H(q) y(k) - H(q) u(k). (16.203) 

For equation error models the denominator A(q) in Ci(q) is canceled by 
the noise model H(q), which is proportional to l/A(q), and the prediction 
error can be calculated from u(k) and y(k) by stable filtering. 

16.11.2 Indirect Methods 

Indirect methods rely on the information about the external excitation signals 
rl and/or r2. In the following it is assumed that rl is used as external signal. 
However, by replacing rl with C(q)r2 the extension to r2 as external signal 
is straightforward. In [386] a lot of different indirect approaches are analyzed 
and compared with respect to the following criteria: 

• consistent estimation of the transfer function Ci(q) if both G(q) and H(q) 
are flexible enough to describe the true process; 

• consistent estimation of the transfer function Ci(q) if only G(q) is flexible 
enough to describe the true process; 

• free choice of the model order by the user; 
• easy tuning of the frequency characteristics of the model; 
• identification of unstable processes; 
• guarantee of closed-loop stability with the identified model G(q) with the 

present controller C(q); 
• necessity of the knowledge of the implemented controller C(q); 
• the accuracy (variance error) of the estimated model. 

Here, as examples, only the two-stage and the coprime factor method are 
discussed [386]. 

Two-Stage Method. The two-stage method is based on the idea of replac
ing the process input u, which is correlated with noise n, by a simulated 
u(r) that is uncorrelated with n. This is the same idea as in the instrumental 
variable method; see Sect. 16.5.1. Then the standard prediction error method 
can be utilized with the prediction errors 

e(r)(k) = 1 (Y(k) - Ci(q)u(r)(k)) . (16.204) 
H(r)(q) 

The estimated noise model H( r) (q) describes the influence of the distur
bance in closed-loop H(r)(q) = H(q)/(l + C(q)Ci(q)). Thus, the noise model 
can be obtained by 

H(q) = H(r) (q) (1 + C(q)G(q)) . (16.205) 

Since u(r) is not correlated with n, all properties from open-loop identi
fication hold. The simulated process input u(r) can be obtained as follows. 
First, the transfer function S(q) = l/(l+C(q)Ci(q)) from rl to u is estimated. 
Second, the simulated process input is calculated as u(r)(k) = S(q)rl(k). Fi
nally, u(r)(k) is used in (16.204). 

co
nt

ro
len

gin
ee

rs
.ir



16.11 Closed-Loop Identification 545 

Coprime Factor Identification. The idea of coprime factor identification 
is to identify the transfer functions from rl to Y and from rl to u: 

y(k) = G(q)S(q)rt{k) + S(q)n(k) = G(Y)rl(k) + Sn(k), 

u(k) = S(q)rt{k) + C(q)S(q)n(k) = G(u)rl(k) + C Sn(k) 

(16.206) 

(16.207) 

with the sensitivity function S(q) = 1/(1 + C(q)G(q)). First, the transfer 
function G(Y) (q) from rl to Y is estimated. Second, the transfer function 
G(u) (q) from rl to u is estimated. Finally, the transfer function for the process 
can be calculated as 

A C;(Y)(q) 
G(q) = A() • 

G U (q) 
(16.208) 

Both C;(Y)(q) and C;(u) (q) contain an estimate of S(q), which ideally should 
cancel in (16.208). In practice, however, the two estimates will be slightly 
different, and the order of C;(q) will be equal to twice the order of C;(Y)(q) or 
C;(u)(q) since S(q) does not cancel exactly. This drawback can be overcome 
by considering the more advanced approach discussed in [386]. 

16.11.3 Identification for Control 

Identification for control deals with the question of how to identify a model 
that serves as a basis for controller design. The simulation or prediction accu
racy of a model may not be a reliable measure of the expected performance 
of the controller. Simple (artificial) examples can be constructed where a 
controller based on a low order model with poor simulation or prediction 
performance works much better than a controller based on a more accurate 
high order model. Thus, in identification for control the goal is not a very ac
curate model but good control performance. It can be shown that the model 
accuracy around the crossover frequency is most important for model-based 
control design [169]. This is intuitively clear since the amplitude margin (ab
solute value of the open-loop frequency response at the crossover frequency) 
determines the stability properties of the control loop. 

It can be shown under some conditions that the best model for control de
sign is identified in closed loop with an indirect identification method [386]. 
The best controller for doing the closed-loop measurements is the (unknown) 
optimal controller. This leads to the so-called iterative identification and con
trol schemes, which work as follows. First, closed-loop measurements are 
gathered with a simple stabilizing controller whose design is possibly based 
on heuristics and does not require an explicit model. Second, a model is iden
tified with this data. Third, a new controller is designed with this model. 
Then all steps are repeated with the new controller until the model and thus 
the controller have converged. For more details on identification for control 
and optimal experimental design refer to [116, 150], respectively. 
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546 16. Linear Dynamic System Identification 

16.12 Summary 

As a general guideline for linear system identification, the user should re
member the following issues: 

• If little knowledge about the process is available then start with an ARX 
model, which can be easily estimated with LS. 

• If the available data set is small and/or very noisy then try filtering and/or 
the COR-LS or the IV method to reduce the bias of the ARX model's 
parameters. 

• If this does not give satisfactory results try the ARMAX or the OE model. 
• Try other model structures only if necessary since their estimation is more 

involved. 
• Make use of prefiltering or specific noise models to shape the frequency 

characteristics of the model. 
• If knowledge about the approximate process dynamics is available then try 

an OBF model. In particular, processes with many resonances can be well 
modeled with an OBF approach based on Kautz filters. 

• Do not use correlation-based methods for closed-loop identification. 
• Identify the model with closed-loop data when the only goal of modeling 

is controller design. 

For the extension to nonlinear model structures the ARX and OE models 
are particularly important. FIR and OBF models are also used for nonlinear 
system identification. More advanced noise models as included in ARMAX, 
ARARX, BJ models are rarely applied for nonlinear system identification. 
This is mainly due to the fact that nonlinear models are much more complex 
than linear ones. The flexibility and thus the variance error tend to be a 
considerable restriction in the nonlinear case. Thus, simple dynamics repre
sentations are more common for nonlinear models. For models with limited 
flexibility a tradeoff has to be found between approximation errors due to 
unmodeled nonlinear behavior and those due to unmodeled dynamics. 
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17 . Nonlinear Dynamic System Identification 

This chapter gives an overview of the concepts for identification of nonlin
ear dynamic systems. Basic approaches and properties are discussed that are 
independent of the specific choice of the model architecture. Thus, this chap
ter is the foundation for both classical polynomial based and modern neural 
network and fuzzy based nonlinear dynamic models. 

First, in Sect. 17.1 the transition from linear to nonlinear system identifi
cation is discussed. Next, two fundamentally different approaches for nonlin
ear dynamic modeling are presented in Sects. 17.2 and 17.3. Then Sect. 17.4 
introduces a parameter scheduling approach that is a special case of the local 
linear model architectures analyzed in Chap. 20. The necessary extensions to 
deal with multivariable systems are discussed in Sect. 17.6. In the Sect. 17.7 
some guidelines for the design of excitation signals are given, and in Sect. 17.8 
the topic of dynamic order determination is addressed. Finally, a brief sum
mary is given in Sect. 17.9. 

17.1 From Linear to Nonlinear System Identification 

For the sake of simplicity, the following equations are formulated for SISO 
systems. The extension to multivariable systems is straightforward; see 
Sect. 17.6. Furthermore, in order to keep the notation simple it is assumed 
that all inputs and outputs possess identical dynamic order m, that the sys
tems have no direct path from the input to the output (so that u(k) does not 
immediately influence y(k)), and that no dead times exist. All these assump
tions are in no respect essential; they just simplify the notation. 

The simplest linear discrete-time input/ouput model is the autoregressive 
with exogenous input (ARX) or equation error model; see Sect. 16.5.1. The 
optimal predictor of an mth order ARX model is 

y(k) = b1u(k-l)+ ... +bmu(k-m)-aly(k-l)- ... -amy(k-m).(17.1) 

This can be extended to a NARX (nonlinear ARX) model in a straightforward 
manner by replacing the linear relationship in (17.1) with some (unknown) 
nonlinear function !(.), that is, 

y(k) = !(u(k-l), ... ,u(k-m),y(k-l), ... ,y(k-m)). (17.2) 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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548 17. Nonlinear Dynamic System Identification 

This is the standard approach pursued in most engineering applications. If 
the model is to be utilized for controller design, often the less general form 

y(k) = b1u(k -1) 
+ i (u(k - 2), ... ,u(k - m),y(k -1), ... ,y(k - m)) (17.3) 

is chosen (assumed) because it is affine (linear plus possibly an offset) in the 
control input u(k - 1). Then the control law of an inverting controller can be 
directly calculated as 

u(k) = [r(k + 1) 

- i(u(k -1), ... ,u(k - m + I),y(k), ... ,y(k - m + I))]/b1 , (17.4) 

where r(k + 1) denotes the desired control output (reference signal) in the 
next time instant. 

The transition to other, more complex model structures well known from 
linear system identification (Chap. 16) is discussed in Sect. 17.2. A compar
ison between the identification of linear and nonlinear input/output models 
shows that the problem of estimating the parameters bi and ai extends to 
the problem of approximating the function f(·). This class of nonlinear in
put/output models are called external dynamics models and are discussed in 
Sect. 17.2. 

Although the NARX model approach in (17.2) and other input/output 
model structures with extended noise models cover a wide class of nonlinear 
systems [56], [228], some restrictions apply; for details refer to Sect. 17.2.4. 
A more general framework is given by state space approaches. A linear state 
space model 

~(k + 1) = A!!«k) + Qu(k) 
y(k) = ~T !!«k) 

(I7.5a) 

(I7.5b) 

can also be extended to nonlinear dynamic systems in a straightforward man
ner: 

~(k + 1) = II (!!«k), u(k)) 

y(k) =g(!!«k)). 

(I7.6a) 

(I7.6b) 

If all states of the process !!< can be measured, the identification of a non
linear state space model is equivalent to the approximation of the functions 
l!(.) = [h1 (-) h2 (-) ••• hm(-)F that describe the m state updates and the 
function g(.) that represents the output equation. In the case where the state 
is measurable, a nonlinear state space model is to be preferred over an in
put/output model since the identification of an mth order process requires 
only the approximation of the m + I-dimensional (m states plus one input) 
functions hi ( .) for each state i (i = 1, ... , m) and an m-dimensional function 
g(.), while for input/output modeling the function f(-) is 2m-dimensional. 
Since the model complexity, the computational demand, and the required 
amount of data for function approximation increase strongly with the input 
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17.2 External Dynamics 549 

space dimensionality (see the curse of dimensionality in Sect. 7.6.1), state 
space models are typically superior in these respects for m ~ 2. For a more 
extensive analysis on nonlinear state space models refer to [358]. 

Unfortunately, complete state measurements are rarely realistic in prac
tice. Therefore, at least some states are unknown and thus the nonlinear state 
space model in (17.6a-17.6b) cannot be applied directly in reality. The states 
have to be considered as unknown quantities, and must be estimated as well. 
This leads to modeling approaches with internal states. They are subsumed 
under the class of so-called internal dynamics models; see Sect. 17.3. The high 
complexity involved in the simultaneous estimation of the model states and 
parameters is the reason for the dominance of the much simpler input/ouput 
approaches. 

17.2 External Dynamics 

The external dynamics strategy is by far the most frequently applied nonlin
ear dynamic system modeling and identification approach. It is based on the 
nonlinear input/ouput model in (17.2) . The name "external dynamics" stems 
from the fact that the nonlinear dynamic model can be clearly separated into 
two parts: a nonlinear static approximator and an external dynamic filter 
bank; see Fig. 17.1. In principle, any model architecture can be chosen for 
the approximator f(·). However, from the large number of approximator in
puts in Fig. 17.1 it is obvious that the approximator should be able to cope 
with relatively high-dimensional mappings, at least for high order systems, 
i.e., for large m. Typically, the filters are chosen as simple time delays q-l. 
Then they are referred to as tapped-delay lines, and if the approximator f (.) 
is chosen as a neural network the whole model is usually called a time-delay 
neural network (TDNN) [229, 262]. Many properties of the external dynamics 
approach are independent of the specific choice of the approximator. These 
properties are analyzed in this section. 

nonlinear dynamic model 

y<k) 

Fig. 17.1. External dynamics approach: the model can be separated into a static 
approximator and an external filter bank, which here is realized as a tapped-delay 
line 
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550 17 . Nonlinear Dynamic System Identification 

17.2.1 Illustration of the External Dynamics Approach 

From a thorough understanding of the external dynamics approach, various 
important conclusions can be drawn with respect to the desirable features of 
a potential model architecture for the static approximator in Fig. 17.1. 

Relationship between the Input/Output Signals and the Approxi
mator Input Space. It is helpful to understand how a given input signal 
u(k) and output signal y(k) over time k correspond to the data distribution 
in the input space of the approximator 10 spanned by previous values of 
the input and output. For a first order system it is possible to visualize this 
input space. As an example, the following Hammerstein system consisting of 
a static nonlinearity in series with a first order time-lag system 

y(k) = 0.1 arctan(u(k - 1)) + 0.9y(k - 1) (17.7) 

will be considered; see Fig. 17.4a{left). For a step-like input signal as shown 
in Fig. 17.2a the input space of the approximator is covered along lines with 
constant u(k). For sine-like excitations of low and high frequency the data 
distribution is illustrated in Figs. 17.2b and 17.2c. The following observations 
can be made: 

• The approximator inputs cannot all be directly influenced independently. 
Rather, only u(k) is chosen by the user, and all other delayed approximator 
inputs and outputs follow as a consequence. 

• The lower the frequency of the input signal the closer the data will be to 
the static nonlinearity (equilibrium) of the system. 

• Naturally, the data distribution is denser close to the static nonlinearity 
than it is in off-equilibrium regions since systems with autoregressive com
ponents approach their equilibrium infinitely slowly. 

• Highly dynamic input excitation is required in order to cover wide regions 
of the input space with data. 

All these points make it clear that the excitation signal u(k) has to be 
chosen with extreme care in order to gather as much information about the 
system as possible. This issue is analyzed in detail in Sect. 17.7. 

For higher order systems the input space becomes higher dimensional 
but the data distribution characteristics basically stay the same. However, it 
is worth mentioning that for systems of order m ~ 2 the previous outputs 
y(k - i) for i = 1,2, ... , m are highly correlated, as Fig. 17.3a demonstrates. 
Although for increasing sampling times the correlation decreases, the data is 
always distributed along the diagonal of the y(k - 1)-y(k - 2)-.. . -y(k - m)
space; see Fig. 17.3b. This follows directly from the fact that the sampling 
time has to be chosen small enough to capture variations in the system out
put, and consequently y(k - i) ~ y(k - i-I). A similar property holds for 
the inputs except at the time instants where steps take place. Therefore, in 
the external dynamics approach wide regions of the input space are empty. 
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Fig. 17.2. Correspondence between the input/output signals of a system (left) 
and the input space of the approximator in external dynamics approaches (right): 
a) step-like excitation, b) sine excitation oflow frequency, c) sine excitation of high 
frequency. Note that the far off-equilibrium regions for small u(k - 1) and large 
y(k - 1) or vice versa can only be reached by large input steps. The region above 
the static nonlinearity represents decreasing inputs (steps @) and @) and the region 
below the equilibrium can be reached by increasing inputs (steps 0, @, and ®) 

In principle, they cannot be reached, independent of the choice of u(k). This 
property can be exploited in order to weaken the curse of dimensionality; see 
Sect. 7.6.1. Obviously, model architectures that uniformly cover the input 
space with basis functions (grid-based partitioning) are not well suited for 
modeling dynamic systems with the external dynamics approach. 

Principal Component Analysis and Higher Order Differences. The 
external dynamics approach leads to diagonal data distributions for higher 
order (m ~ 2) systems, as shown in Fig. 17.3. This may motivate the applica
tion of a principal component analysis (peA) as a preprocessing technique in 
order to transform the input axes; see Sect. 6.1 and 13.3.7 The dilemma with 
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a) 2 b) 2 

" "./ 
2'0 2'0 

• wc·"" 
- •• 1: 

" " X X 
" " 

-1 -1 /."" 
-~ -1 0 2 -~ -1 0 2 

y(k-l) y(k-l) 

Fig. 17.3. Correlation between subsequent system outputs of a second order system 
for a) small and b) large sampling times 

unsupervised methods such as PCA is that they generate a more uniform 
data distribution, which is particularly important for grid-based approaches, 
but there is no guarantee that the problem is easier to solve with the new 
axes. It rather depends on the (unknown) structure of the process nonlinear
ity. For dynamic systems a PCA yields similar results as the utilization of 
higher order differences which are explained in the following. 

The external dynamics approach in (17.2) is based on the mapping of 
previous inputs and outputs to the actual output. Instead the output can 
also be expressed as 

y(k) = I (u(k - 1), .1u(k - 1), ... , .1m-1u(k - 1), 

y(k - 1), .1y(k - 1) ... , .1m-1y(k - 1)) , (17.8) 

where .1 is the difference operator, i.e., .1 = 1 - q-l, .12 = (1 _ q-l)2 = 
1 - 2q-l + q-2, etc. Thus, a second order system would be described as 

y(k) = I (u(k -I),u(k -1) - u(k - 2),y(k -I),y(k -1) - y(k - 2)). (17.9) 

In comparison to (17.2), this approach may yield two advantages. First, the 
input data distribution is more uniform. Second, the differences can be in
terpreted as changes and changes of changes, that is, as the derivatives of 
the signals. In particular, when a fuzzy or neuro-fuzzy model architecture 
is used for approximation of the function I, this interpretation can yield a 
higher transparency of the rule base. On the other hand, noise effects become 
larger with increasing order of the differences. Nevertheless, as for PCA it can 
well happen that the approximation problem becomes harder owing to the 
higher differences approach. These ideas are not yet examined completely 
and require future research. 

One-Step Prediction Surfaces. The question arises: What does the func
tion f(-) in (17.2), which has to be described by a nonlinear static approx
imator, look like? For first order systems, it can be visualized as y(k) = 
f(u(k -I),y(k -1)). The function f(·) is a one-step predictor since it maps 
previous inputs and outputs to the actual model output. Figure 17.4 com
pares these one-step prediction surfaces of a first order Hammerstein and 
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Fig. 17.4. Hammerstein (left) and Wiener (right) systems: a) block scheme of the 
systems, b) one-step prediction surfaces with static nonlinearity as bold curves, 
c) difference surfaces representing the nonlinear system parts 

Wiener system. The Hammerstein system depicted in Fig. 17.4a(left) is the 
same as that described in (17.7). The Wiener system is obtained by swapping 
the static nonlinearity and the dynamic block as shown in Fig.17.4a(right), 
and follows the equation 

y(k) = arctan [0.1 u(k - 1) + 0.9tan(y(k - 1))] . (17.10) 

The one-step prediction surface of a linear system would be a (hyper)plane 
where the slopes are determined by its linear parameters bi and -ai. For 
the Hammerstein and Wiener systems the one-step prediction surfaces are 
shown in Fig. 17.4b. They represent all information about the systems. At 
any operating point (uo, Yo), a linearized model 

(17.11) 

with Llu(k) = u(k) -Uo and Lly(k) = y(k) -yo can be obtained by evaluating 
the local slopes of the one-step prediction surface: 

8f(u(k -1),y(k -1)) I ' 
8u(k - 1) (uo, Yo) 

8f(u(k - 1), y(k - 1)) I . 
8y(k -1) (uo,Yo) 

(17.12) 
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554 17. Nonlinear Dynamic System Identification 

Although both systems possess strongly nonlinear character, with a gain 
varying from 1 at Uo = 0 to 1/25 at Uo = ±5, the one-step prediction surfaces 
are only slightly nonlinear. Note that this is no consequence of the special 
types of systems considered here. Rather, almost all nonlinear dynamic sys
tems possess relatively slightly nonlinear one-step prediction surfaces. The 
next paragraph on the effect of the sampling time analyzes this issue in more 
detail. The one-step prediction surface of the Wiener system is more strongly 
nonlinear than that of the Hammerstein system. Both surfaces are equivalent 
at the static nonlinearity (bold curves in Fig. 17.4b), but differ significantly 
in the off-equilibrium regions. 

If the one-step prediction surface of the linear dynamic block y(k) = 
0.1 u(k - 1) + 0.9 y(k - 1) of the Hammerstein and Wiener systems are sub
tracted from Fig. 17.4b, the difference surfaces in Fig. 17.4c result. They 
represent the "nonlinear part" of the systems. Obviously, for the Hammer
stein system, this difference surface is nonlinear only in u(k - 1) but linear in 
y(k - 1), while for the Wiener system it is nonlinear in both inputs u(k - 1) 
and y(k -1). These observations are in agreement with (17.7) and (17.10). 

From the above discussions it is clear that Hammerstein systems generally 
are much easier to handle than Wiener systems because they possess a weaker 
nonlinear one-step prediction surface and depend only on the previous system 
inputs u(k - i), i = 1,2, ... , m, in a nonlinear way, while they are linear in 
the previous system outputs y(k - i). 

Another important conclusion can be drawn from this paragraph. The 
one-step prediction surfaces and thus the function 10 possess relatively slight 
nonlinear characteristics even if the underlying system is strongly nonlinear. 
This observation is a powerful argument for the utilization of local linear 
modeling schemes. 

Effect of the Sampling Time. The question arises: Why are the one
step prediction surfaces only slightly nonlinear even if the underlying system 
is strongly nonlinear? The answer to this question is closely related to the 
equation error and output error discussion in the next sections. The function 
I (.) describes a one-step prediction. In order to predict many steps into the 
future several subsequent one-step predictions have to be carried out. For 
example, for a first order system the one-step prediction is given by 

y(k + 11k) = I (u(k), y(k)) . (17.13) 

The two-step prediction becomes 

y(k + 21k) = I (u(k + 1), y(k + 1)) = I ruCk + 1), I (u(k), y(k))).(17.14) 

This means that the functions are nested. With increasing prediction hori
zon the functions are nested more and more times. For simplicity it will 
be assumed that the input is constant as it would be in case of a step ex
citation, i.e., u(k) = u(k + 1) = ... = u(k + h). Then (17.14) becomes 
y(k + 21k) = l(f(u(k), y(k))) , and the system output can be calculated h 
steps into the future by nesting the function 10 h times: 
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a) b) c) 

u(t- I) 

Fig. 17.5. One-step prediction surface of the Wiener system in Fig. 17.4(right) for 
different sampling times: T95/TO = a) 15, b) 30, c) 60 

y(k + hlk) = f( · ·· f(f(u(k),y(k))) ... ). 
'-v----' 

h times 

(17.15) 

In order to evaluate a step response of the system approximately, h = 
T95/To steps have to be predicted into the future (T95 = settling time of the 
system, To = sampling time). By nesting a function so many times, even 
slightly nonlinear functions fO yield significantly nonlinear system behav
ior. The smaller the sampling time To is chosen the more the one-step pre
diction surface approaches a linear function. This relationship is illustrated 
in Fig. 17.5, where the one-step prediction surfaces of the Wiener system 
from the above example are compared for three different sampling times. 
The relationships are similar for other systems. 

17.2.2 Series-Parallel and Parallel Models 

In analogy to linear system identification (Chap. 16), a nonlinear dynamic 
model can be used in two configurations: for prediction and for simulation. 
Prediction means that on the basis of previous process inputs u(k - i) and 
process outputs y(k-i) the model predicts one or several steps into the future. 
A requirement for prediction is that the process output is measured during 
operation. In contrast, simulation means that on the basis of previous process 
inputs u(k - i) only the model simulates future outputs. Thus, simulation 
does not require process output measurements during operation. Figure 17.6 
compares the model configuration for prediction (a) and simulation (b). In 
former linear system identification literature [81] and in the context of neural 
networks, fuzzy systems and other modern nonlinear models the one-step 
prediction configuration is called a series-parallel model while the simulation 
configuration is called a parallel model . 

Typical applications for prediction are weather forecast and stock market 
predictions, where the current state of the system can be measured; for an 
extensive discussion see, e.g., [398] and Sect. 1.1.2. Also, in control engineer
ing applications prediction plays an important role, e.g., for the design of a 
minimum variance or a predictive controller. 

Simulation is required whenever the process output cannot be measured 
during operation; see Sect. 1.1.3. This is the case when a process is to be 
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a) 

u{k) 

n(k) 

e ... (k) 

).(k) 

b) 

u(k) 

model 

n(k) 

y(k) 

Fig. 17.6. a) One-step prediction with a series-parallel model. b) Simulation with 
a parallel model 

simulated without coupling to the real system, or when a sensor is to be re
placed by a model. Also, for fault detection and diagnosis the process output 
may be compared with the simulated model output in order to extract infor
mation from the residuals. Furthermore, as explained in the next section, the 
utilization of prediction or simulation is connected with special assumptions 
on the noise properties. 

The two configurations shown in Fig. 17.6 can not only be distinguished 
for the model operation phase but also during training. The model is trained 
by minimizing a loss function dependent on the error e(k). For the series
parallel model esp (k) is called the equation error and for the parallel model 
ep(k) is called the output error; see also Sect. 17.2.3. This corresponds to the 
standard terminology in linear system identification; see Figs. 16.24 and 16.33 
and Sect. 16.3.1. 

For a second order model, the one-step prediction is calculated with the 
previous process outputs as 

fj(k) = f(u(k -l),u(k - 2), y(k - l),y(k - 2)), (17.16) 

while the simulation is evaluated with the previous model outputs as 

fj(k) = f(u(k -l),u(k - 2), fj(k -l),fj(k - 2)). (17.17) 

The one-step prediction is purely feedforward while the simulation is re
current. Thus, (17.16) is called a feedforward model and (17.17) is called a 
recurrent model. The case of multi-step prediction can be solved in two differ
ent ways; see Fig. 17.7. The standard approach is shown in Fig. 17.7a, where 
two one-step predictors are used in series. The second predictor is a hybrid 
between (17.16) and (17.17) because one process output y(k - 1) is utilized 
but also a model output fj(k) has to be used since y(k) is not available. For 
a three-step predictor only the model outputs can be used by the last pre
dictor since no process outputs would be available. Generally, for an h-step 

co
nt

ro
len

gin
ee

rs
.ir



17.2 External Dynamics 557 

a) b) 

Fig. 17.7. Two-step prediction with a) subsequent application of a one-step pre
dictor and b) an extended predictor with an additional input that performs the 
two-step prediction at once 

predictor the last prediction step is fully based on model outputs if h > m. 
Thus, for long prediction horizons h the difference between prediction and 
simulation fades. The alternative prediction configuration shown in Fig. 17. 7b 
predicts two steps at once. However, this requires a different approximator 
fexO with an additional input for u(k). The larger the prediction horizon is 
the higher dimensional fex(·) becomes. Furthermore, a separate predictor has 
to be trained for each prediction horizon. These drawbacks make approach (b) 
usually impractical. 

In this book it is assumed that the goal for a model is to perform simula
tion, i.e., it will be used in parallel configuration as shown in Fig. 17.6b. This 
is a much harder task than one-step prediction since feedback is involved. 
Note that a model that is used in parallel configuration does not necessarily 
have to be trained in parallel configuration as well. 

17.2.3 Nonlinear Dynamic Input/Output Model Classes 

In analogy to linear dynamic models (Chap. 16) nonlinear counterparts can 
be defined. In order to distinguish between nonlinear and linear models it is a 
common notation to add an "N" for "nonlinear" in front of the linear model 
class name. 

All nonlinear dynamic input/output models can be written in the form 

y(k) = f (~(k)) (17.18) 

where the regression vector cp(k) can contain previous and possibly current 
process inputs, previous process or model outputs, and previous prediction 
errors. It can be distinguished between models with and without output feed
back. A more detailed overview can be found in [358, 359]. 

Models with Output Feedback. As for linear systems, models with out
put feedback are the most common ones. The regression vector cp(k) contains 
previous process or model outputs and possibly prediction errors. The three 
most common linear model structures are ARX, ARMAX, and OE models; 
see Sect. 16.5. Their nonlinear counterparts possess the following regression 
vectors (with e(k) = y(k) - y(k)): 
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NARX: I£.(k) = [u(k - 1) u(k - m) y(k - 1) 

NARMAX: I£.(k) = [u(k - 1) u(k - m) y(k - 1) 

e(k - 1) e(k - m)]T 

y(k - m)]T 

y(k - m) 

NOE: I£.(k) = [u(k - 1) ... u(k - m) y(k -1) ... y(k - m)]T 

Thus, the NARX model is trained in series-parallel configuration (Fig. 17.6a) 
and the NOE model is trained in parallel configuration. The NARMAX model 
requires both, process outputs y(k - i) and model outputs y(k - i) contained 
in e(k-i). Note that explicit noise modeling as for NARMAX models implies 
additional inputs for the approximator fO for the e(k - i). Since for nonlin
ear problems the complexity usually increases strongly with the input space 
dimensionality (curse of dimensionality) the application of lower dimensional 
NARX or NOE models is more widespread. More complex noise models like 
NBJ or NARARX structures are uncommon because the increase in input 
space dimensionality does not usually payoff in terms of additional flexibility. 

One drawback of models with output feedback is that the choice of the 
dynamic order m is crucial for the performance and no really efficient methods 
for its determination are available. Often the user is left with a trial-and-error 
approach. This becomes particularly bothersome when different orders n u , ny 
instead of m are considered for the input and output and also a dead time d 
has to be taken into account. For a discussion of more sophisticated methods 
than trial and error refer to Sect. 17.8. 

Another disadvantage of output feedback is that in general stability can
not be proven for this kind of models. For special approximator architectures 
such as local linear modeling schemes, special tools are available that might 
allow one to prove the stability of the model; refer to Sect. 20.4. Generally, 
however, the user is left with extensive simulations in order to check stability. 

A further inconvenience caused by the feedback is that the static nonlinear 
behavior of the model has to be computed iteratively by solving the following 
nonlinear equation: 

Yo = f(uo, ... , uo, Yo, ... , Yo) -------~ m times m times 

where (uo,Yo) is the static operating point. 

(17.20) 

In opposition to these drawbacks, models with output feedback compared 
with those without output feedback have the strong advantage of being a very 
compact description of the process. As a consequence, the regression vector 
cp(k) contains only a few entries and thus the input space for the approxima
tor f (.) is relatively low dimensional. Owing to the curse of dimensionality 
(Sect. 7.6.1) this advantage is even more important when dealing with non
linear than with linear systems. 

The advantages and drawbacks of NARX and NOE models are similar 
to the linear case; see Sects. 16.5.1 and 16.5.4. On the one hand, the NARX 
structure suffers from unrealistic noise assumptions. This leads to biased pa-
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Table 11.1. Type of optimization problem arising for NARX and NOE models 
when the approximator 10 is linear or nonlinear parameterized 

Linear parameterized 10 

Nonlinear parameterized 10 

NARX NOE 

Linear Nonlinear 

(LS, no gradients required) (dynamic gradients) 

Nonlinear 

(static gradients) 

Nonlinear 

(dynamic gradients) 

rameter estimates in the presence of disturbances, to a strong sensitivity with 
respect to the sampling time (too fast sampling degrades performance), and 
to an emphasis of the model fit on high frequencies. On the other hand, 
the NARX structure allows the utilization of linear optimization techniques 
since the equation error is linear in the parameters. This advantage, how
ever, carries over to nonlinear models only if the approximator is linearly 
parameterized like polynomials, RBF networks, or local model approaches. 
For nonlinearly parameterized approximators such as MLP networks, non
linear optimization techniques have to be applied anyway. In such cases, the 
NARX model training is still simpler because no feedback components have 
to be considered in the gradient calculations, but this advantage over the 
NOE approach is not very significant. These relationships are summarized in 
Table 17.1. Note that the nonlinear optimization problems arising for NOE 
models are more involved owing to the dynamic gradient calculations required 
to account for the recurrency; see Sect. 17.5 for more details. 

Table 17.2 illustrates the use of NARX or NOE models from the perspec
tive of the intended model use. Clearly, the NARX model should be used 
for training if the model is to be applied for one-step prediction. The NARX 
model minimizes exactly this one-step prediction error, and is simpler to train 
than NOE. If the intended model is simulation, the situation is less clear. On 
the one hand, the NOE model is advantageous because it yields the optimal 
simulation error, which is exactly the goal of modeling. On the other hand, 
the NARX model is simpler to train, in particular if f(-) is linearly parame
terized; see Table 17.1. Thus, both model structures can be reasonably used. 
NOE matches the modeling goal better; NARX is only an approximation, 
since it minimizes the one-step prediction error, but as a compensation it 
offers other advantages such as simpler and faster training. A recommended 
strategy is to train an NARX model first and possibly utilize it as an initial 
model for a subsequent NOE model optimization. 

As mentioned above, training of an NOE model independently of the 
chosen approximator always requires nonlinear optimization schemes with 
a quite complex gradient calculation due to their recurrent structure; see 
Sect. 17.5. This disadvantage may be compensated by the more accurately 
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Table 17.2. Training of N ARX and NOE models, depending on the intended model 
use 

NARX (series-parallel) NOE (parallel) 

Model used for one-step prediction 

Model used for simulation 

x 

as approximation 

not sensible 

x 

estimated parameters. In contrast to NARX models, an NOE model can 
discover an error accumulation that might lead to inferior accuracy or even 
model instability. This can occur when small prediction errors accumulate to 
larger ones owing to the model output feedback (the model is fed with the 
already predicted and thus inaccurate signals). This effect can be observed 
and diminished with an NOE model during training. In contrast, an NARX 
model that is fed with previous process outputs during training experiences 
this effect due to feedback the first time when it is used for simulation. 

As demonstrated in [263, 264], the error accumulation is a serious prob
lem for NARX models. The one-step prediction error (on which the NARX 
model optimization is based) may decrease, while simultaneously the output 
error (on which the NOE model optimization is based) increases. In extreme 
situations, the model can become unstable but nevertheless can possess very 
good one-step prediction performance. 

It is especially important to avoid the error accumulation effect in the 
extrapolation regions since there the danger of instability is large. This can 
be avoided by ensuring stable extrapolation behavior, which can easily be 
realized with a local linear modeling approach; see Sect. 20.4.3. 

Models without Output Feedback. When no output feedback is in
volved, the regression vector cp(k) contains only previous or filtered inputs. 
The number of required regressors for models without output feedback is 
significantly higher than for models with output feedback. This drawback is 
known from linear models (Chap. 16) but because of the curse of dimension
ality it has more severe consequences in the nonlinear case. Therefore, only 
approximators that can deal well with high-dimensional input spaces can be 
applied. 

Nonlinear Finite Impulse Response (NFIR) Models. As discussed in the pre
vious paragraph, the output feedback leads to various drawbacks. These prob
lems are circumvented by a nonlinear finite impulse response (NFIR) model 
because it employs no feedback at all. The regression vector of the NFIR 
model consists only of previous inputs: 

NFIR: ,:£(k) = [u(k - 1) u(k - 2) ... u(k - m)]T . (17.21) 

The price to be paid for the missing feedback is that the dynamic order 
m has to be chosen very large to describe the process dynamics properly. 
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Theoretically, the dynamic order must tend to infinity (m -+ 00). In practice, 
m is chosen according to the settling time of the process, typically in the 
range of T95 = 10 To - 50 To, where To is the sampling time. Since NFIR 
models are not recurrent but purely feedforward their stability is ensured 
(although an NFIR model can represent an unstable process for the first 
m sampling instants in a step or impulse response). Furthermore, the static 
nonlinear behavior can be calculated simply by setting u(k - i) = Uo in 
(17.21). Although these advantages are appealing, NFIR models like FIR 
models, find only few a applications because of the required high dynamic 
order m. This leads to a high-dimensional input space for the function f(·), 
resulting in a large number of parameters for any approximator. However, 
for some applications an NFIR approach is useful, e.g., in signal processing 
applications [141] or if inverse process models are required, which usually 
possess highly differentiating character [126]. 

Nonlinear Orthonormal Basis Function (NOBF) Models. The main draw
back of the NFIR model is the need for a large dynamic order m. The NOBF 
model reduces this disadvantage by incorporating prior knowledge about the 
process dynamics into the linear filters. Typically, orthonormal Laguerre and 
Kautz filters are utilized; see Sect. 16.6.2. These filters are called orthonor
mal because they have orthonormal impulse responses. For processes with 
well-damped behavior (real pole) Laguerre filters are applied, while for pro
cesses with resonant behavior (dominant conjugate complex poles) Kautz 
filters are used. Information about more than one pole or pole pair, if avail
able, can be included by generalized orthonormal basis functions introduced 
in [147, 148,387]. The Laguerre and Kautz filters are completely determined 
by the real pole and complex pole pair, respectively. With these filters the 
regression vector of the NOBF model becomes 

(17.22) 

where Li(q) denote the orthonormal filters. 
The choice of the number of filters m depends strongly on the quality of 

the prior knowledge, i.e., the assumed poles; see Sect. 16.6.2 for more details. 
The more accurate the assumed poles are, the lower m can be chosen. In the 
special case, where the assumed pole p lies in the z-plane origin (p = 0), the 
NOBF model recovers the NFIR model (Li(q) = q-i). Because p = 0 lies in 
the center of the unit disk the NFIR model is optimal under all non-recurrent 
structures if nothing about the process is known but its stability. 

For NOBF models all advantages of the NFIR structure are retained. Sta
bility is guaranteed if the assumed poles for the Laguerre and Kautz filters 
design are stable. The most severe drawback of NFIR models, i.e., the high 
dynamic order, can be overcome with NOBF models by the incorporation 
of prior knowledge. This knowledge can for instance be obtained by phys
ical insights about the process, or it can be extracted from measured step 
responses; see Sect. 16.6.2. However, if the prior knowledge is very inaccurate 
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a high dynamic order m, as for NFIR models, might be required in order to 
describe the process dynamics sufficiently well. 

While it is sufficient for linear OBF models to assume one pole or pole 
pair of the linear process, NOBF models may have to include various poles 
since the nonlinear dynamics can be dependent on the operating point. This 
is not the case if only the process gain varies significantly with the operating 
point, as for Hammerstein and Wiener systems. But for processes with sig
nificant dynamics that depends on the operating point a number of different 
orthonormal filter sets may have to be incorporated in the NOBF model, 
or m must be increased. Then, however, the number of regressors can be
come huge, as in the NFIR approach. A possible solution to this dilemma is 
proposed in Sect. 20.7 on the basis of a local linear model architecture. 

17.2.4 Restrictions of Nonlinear Dynamic Input/Output Models 

As already mentioned in Sect. 17.1, nonlinear dynamic input/output models 
can describe a large class of systems [228] but are not so general as nonlinear 
state space models. In particular, limitations arise for processes with non
unique nonlinearities such as hysteresis and backlash, where internal non
measurable states play a decisive role, and partly for processes with non
invertible nonlinearities. 

The latter restriction will be illustrated for the example depicted in 
Fig. 17.8. This process is of Wiener type with a non-invertible static non
linearity. This type of process cannot be described in terms of nonlinear 
dynamic input/output models when the state x(k) cannot be measured. For 
example, consider a first order dynamic system as shown in Fig. 17.8. Then 
the Wiener process follows the equation 

x(k) = b1u(k - 1) - alx(k - 1), y(k) = 9 (x(k)) . (17.23) 

The Wiener process output can be written as 

y(k) = 9 (b1u(k -1) - alx(k - 1)) 
= 9 (b1u(k -1) - alg-1 (y(k - 1))) , (17.24) 

where g-1(.) is the inverse of g(.). If g-1(.) exists, (17.24) can be written as a 
nonlinear first order dynamic input/output model according to (17.2). Other
wise, it cannot be formulated as an input/output model. However, note that 
an input/output model can still be capable of approximating the system; the 
approximation error depends on the specific choice of g(.). Furthermore, no 
processes that contain such Wiener subsystems can be properly modeled. De
manding the invertibility of g(.) is a strong restriction. It necessarily implies 
the monotonicity of g(.). 

The somewhat formal discussion above be can easily verified by the fol
lowing intuitive argument. Suppose gO is non-invertible (i.e., g(x) = x2 for 
both positive and negative x). It is impossible to unequivocally conclude from 
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Fig. 17.S. A Wiener system cannot be modeled as input/output model if g(.) is 
not invertible 

measurements of y(k) to x(k). However, a model has to be able to implicitly 
reconstruct x(k) in order to properly identify the dynamic system between 
u(k) and x(k). If the input of the static nonlinearity x(k) could be measured 
those problems would vanish. 

From this discussion it is obvious that the NFIR and NOBF approaches 
are more general and will be successful in describing the system in Fig. 17.8 
since they are based on filtered versions of u(k) only. 

17.3 Internal Dynamics 

Models with internal dynamics are based on the extension of static models 
with internal memory; see Fig. 17.9. Models with internal dynamics can be 
written in the following state space representation: 

i.(k + 1) = 11 (i.(k) , u(k)) 
y(k) = g (i.(k)) , 

(17.25a) 

(17.25b) 

where the states i. describe the internal model states, which usually have no 
direct relationship to the physical states of the process. The number of the 
model states is typically related to the model structure, and is often chosen 
to be much larger than the assumed dynamic order of the process. Thus, the 
process order determination (Sect. 17.8) is not as crucial an issue as it is for 
external dynamics approaches. 

In contrast to models with external dynamics, the use of past inputs and 
past outputs at the model input is not necessary. Therefore, the application 
of internal dynamic models leads to a desirable reduction of the input space 
dimensionality. Since internal dynamic models possess no external feedback, 
only the parallel model approach in Fig. 17.6b can be applied. Consequently, 

Fig. 17.9. Symbolic scheme of an internal dynamic model. Filters F;(q) (in the 
simplest case delays F;(q) = q-l) are used inside the model structure to introduce 
dynamics. Typically, neural networks (mostly MLPs) are utilized for the model 
architecture 
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~k) operating point 

Fig. 17.10. A nonlinear dynamic model can be generated by scheduling the pa
rameters in dependency on the operating point 

these models are not well suited for one-step prediction tasks. The internal 
dynamics approach is discussed further in Chap. 21. 

17.4 Parameter Scheduling Approach 

Another possibility for modeling nonlinear dynamic systems is by scheduling 
the parameters of a "linear" model in dependency on the operating point; 
see Fig. 17.10. This approach with operating point dependent parameters of 
linear models is for example pursued in [124, 385]. The model output can be 
written as (see Fig. 17.10): 

y(k) = blC~)u(k -1) + ... + bmC~.)u(k - m) 

- al(~)y(k - 1) - ... - am(~)y(k - m), (17.26) 

where £ denotes the operating point. The system in (17.26) is said to be 
linear parameter varying (LPV). Interestingly, as pointed out in Sect. 20.3, 
(17.26) is equivalent to the external dynamics local linear modeling approach 
with (j = 1,2, ... ,m): 

M M 

bj(~) = L bijq;i(~)' aj(£) = L aijq;i(~) , (17.27) 
i=l i=l 

where bij , aij are the parameters of the local linear models and q;i(~) are 
the validity functions defining the operating regimes. In fact, the parameter 
scheduling approach in (17.26) is the special case of a local modeling scheme 
that possesses local linear models of identical structure (same order m), refer 
to Chap. 20. 

17.5 Training Recurrent Structures 

From the internal dynamics approach recurrent structures always arise. From 
the external dynamics approach NARX, NOBF, and NFIR models are feed
forward during training but NOE models are recurrent since they apply the 
parallel model configuration. NARMAX models and models with other more 
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complex noise descriptions are also recurrent because a feedback path exists 
from the model output fj(k) to the prediction errors e(k) to the model inputs. 

Training of feedforward structures is equivalent to the training of static 
models. However, training of recurrent structures is more complicated be
cause the feedback has to be taken into account. In particular, training re
current models is always a nonlinear optimization problem independent of 
whether the utilized static model architecture is linear or nonlinear in the 
parameters. This severe drawback is a further reason for the popularity of 
feedforward structures such as the N ARX model. Basically, two strategies for 
training of recurrent structures can be distinguished. They are discussed in 
the following paragraphs. 

In opposition to static models, the gradient calculation of recurrent mod
els depends on past model states. There exist two general approaches: the 
backpropagation-through-time algorithm and the real time recurrent learn
ing algorithm [298, 299, 405]. Both algorithms calculate exact gradients in 
batch mode adaptation. However, they differ in the way in which they pro
cess information about past network states. The backpropagation-through
time algorithm and the real time recurrent learning algorithm are first order 
gradient algorithms and therefore are an extension of the backpropagation 
algorithm for static neural networks. Their principles can be generalized to 
the calculation of higher order derivatives as well. They can be utilized in a 
straightforward manner for sophisticated gradient-based optimization tech
niques such as conjugate gradient or quasi-Newton methods; see Sect. 4.4. 

17.5.1 Backpropagation-Through-Time (BPTT) Algorithm 

The backpropagation-through-time (BPTT) algorithm has been developed by 
Rummelhardt, Hinton, and Williams [328]. It is an extension of the stan
dard (static) backpropagation algorithm, which is discussed in Sect. 11.2.3, 
to recurrent models. In [328] BPTT has been introduced for MLP networks. 
However, it can be generalized to any kind of model architecture. 

The basic idea of BPTT is to unfold the recurrent model structure. Fig
ure 17.11 illustrates this idea for a first order NOE model. The extension 
to higher order models is straightforward. The nonlinear dynamic model in 
Fig. 17.11 at time instant k can be written as 

fj(k) = f(~(k), u(k - 1), fj(k - 1» , (17.28) 

where ~ denotes the parameter vector containing all model parameters. In or
der to train the model these parameters have to be optimized. For an efficient 
training, the gradient of the loss function with respect to the parameters is 
required. This loss function gradient depends on the derivative of the model 
output fj(k) with respect to the parameters ~(k); see (9.6) in Sect. 9.2.2. The 
evaluation of this derivative leads to 
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... 

Fig. 17.11. The backpropagation-through-time algorithm unfolds a recurrent 
model back into the past until the initial values for the model inputs at time k = 0 
are reached 

8y{k) 
8fl{k) 

81(-) 81(-) 8y{k - 1) 
= 8fl{k) + 8y{k - 1) 8fl{k) 
~ ~'------~v~------J 
static dynamic 

(17.29) 

The first term in (17.29) is the conventional model output gradient with 
respect to the parameters, which also appears in static backpropagation. The 
second term, however, arises from the feedback component. If the model input 
y{k - 1) was an external signal, e.g., the measured process output y{k - 1) 
as is the case for the series-parallel configuration, then no dependency on the 
model parameters would exist and this derivative would be equal to zero. 
For recurrent models, however, y{k -1) is the previous model output, which 
depends on the model parameters. For higher order recurrent models and 
internal dynamics state space models an expression like the second term in 
(17.29) appears for each model state~. 

The evaluation of the second term in (17.29) requires the derivative of 
the previous model output with respect to the actual parameters. It can be 
calculated from 

y{k - 1) = 1{fl{k), u{k - 2), y{k - 2)) , (17.30) 

which corresponds to (17.28) shifted one time step into the past. Note that 
(17.30) is written with the actual parameters fl{k), which differs from the 
evaluation of the model output carried out one time instant before since this 
was based on the previous parameters fl{k - 1). With (17.30) the derivative 
in (17.29) becomes 

8y(k - 1) 81(-) 
8fl{k) = 8fl(k) + 

81(-) 
8y{k - 2) 

8'O(k - 2) 
8fl{k) 

(17.31) 

The second term in (17.31) again requires the derivative of the model 
output one time instant before. This procedure can be carried out until time 
k = 0 is reached with the initial value (see Fig. 17.11): 

'O{O) = Yo, 

which does not depend on the parameters 

8'0(0) 
8fl{k) = O. 

(17.32) 

(17.33) 
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Thus, the BPTT algorithm calculates the exact model derivatives by pur
suing all k steps back into the past. The gradient calculation with BPTT is 
exact for both sample and batch mode; see Sect. 4.1. The BPTT procedure 
involved has to be repeated for all time instants k = 1,2, ... , N where N is 
the number of training data samples. This means that for the last training 
data sample N derivatives have to be calculated for each parameter. Note 
that this whole procedure must be carried out many times because nonlinear 
gradient-based optimization techniques are iterative. Since N usually is quite 
large the computational effort and the memory requirements of BPTT are 
usually unacceptable in practice. 

In order to make BPTT feasible in practice an approximate version can 
be applied. Since the contributions of the former model derivatives become 
smaller the more BPTT goes into the past, the algorithm can be truncated 
at an early stage. Thus, in approximate BPTT only the past K steps are un
folded. A tradeoff exists between the computational effort and the accuracy 
of the derivative calculation. In the extreme case K = 0 the static backprop
agation algorithm is recovered since the second term in (17.29) is already 
neglected. This method is called ordinary truncation. For 0 < K < N, the 
method is called multi-step truncation, while for K = N the BPTT algorithm 
is recovered. 

17.5.2 Real Time Recurrent Learning 

Owing to the shortcomings of BPTT the real time-recurrent-leaming algo
rithm, also known as simultaneous backpropagation, has been proposed by 
Williams and Zipser [406]. It is much more efficient than BPTT since it avoids 
unfolding the model into the past. Rather, a recursive formulation can be de
rived that is well suited for a practical application. Real time recurrent learn
ing is based on the assumptions that the model parameters do not change dur
ing one sweep through the training data, that is, H,(k) = H,(k-1) = ... = H,(1). 
This assumption is exactly fulfilled for batch adaptation, where the parame
ters are updated only after a full sweep through the training data. It is not 
fulfilled for sample adaptation, where the parameters are updated at each 
time instant. However, even for sample mode real time recurrent learning 
can be applied when the step size (learning rate) is small, since then the 
parameter changes can be neglected, i.e., H,(k) ~ H,(k - 1) ~ ... ~ H,(1). With 
this assumption the following derivatives are (approximately) equivalent: 

8:]2(k - 1) 8:]2(k - 1) 
8H,(k) - 8H,(k - 1) . 

With the identity (17.34), (17.29) can be written as 

8y(k) 
8H,(k) 

8/0 8/0 8y(k -1) 
8H,(k) + 8y(k - 1) . 8~(k - 1) . 

(17.34) 

(17.35) 
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The property exploited by real time recurrent learning is that the expres
sion oy(k - 1)loD.(k - 1) is the previous model gradient, which has already 
been evaluated at time k - 1 and thus is available. Consequently, (17.35) 
represents a dynamic system for the gradient calculation; the new gradient 
is a filtered version of the old gradient: 

fl.(k) = Q + ,B fl.(k - 1) . (17.36) 

Care has to be taken during learning that lo!Oloy(k - 1)1 < 1 because 
otherwise the gradient update becomes unstable. Equivalently to the BPTT 
algorithm, the model derivatives are equal to zero for the initial values, i.e., 
oy(O)loD.(O) = O. For higher order recurrent models and internal dynamics 
state space models an expression like the second term in (17.35) appears 
for each model state ~. Thus, the dynamic system of the gradient update 
possesses the same dynamic order as the model. 

Compared with BPTT, real time recurrent learning is much simpler and 
faster, it requires less memory, and most importantly its complexity does not 
depend on the size N of the training data set. In comparison with static 
backpropagation, however, it requires significantly higher effort for both im
plementation and computational demand. 

In the case of complex internal dynamics models, the gradient calculation 
can become so complicated that it is not worth computing the derivatives 
at all. Alternatively, zero-th order direct search techniques or global opti
mization schemes as discussed in Sect. 4.3 and Chap. 5, respectively, can be 
applied because they do not require gradients. 

17.6 Multivariable Systems 

The extension of nonlinear dynamic models to the multi variable case is 
straightforward. A process with multiple outputs is commonly described by 
a set of models, each with a single output; see the Figs. 16.52 and 16.53 in 
Sect. 9.1. Multiple inputs can be directly incorporated into the model. In 
internal dynamics approaches and in external dynamics approaches without 
output feedback no restrictions apply. However, for external dynamics struc
tures with output feedback the model flexibility is limited. For example, the 
NOE model for p physical inputs extends to 

y(k) = !(ul(k-l), ... ,ul(k-m), ... ,up{k-l), ... ,up {k-m), 
y{k - 1), ... , y{k - m)) . (17.37) 

As demonstrated in the following, this model possesses identical denomi
nator dynamics for the linearized transfer functions of all inputs to the output. 
The linearized NOE model is 

Lly{k) = b~l) LlUl (k - 1) + ... + b~) LlUl (k - m) + ... 
+ b~p) Llup{k -1) + ... + b~) Llup{k - m) (17.38a) 
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- a1Lly(k - 1) - ... - amLly(k - m) . 

In transfer function form this becomes 
A B(l)(q) B(p)(q) 

Lly(k) = A(q) LlUl(k) + ... + A(q) LlUp(k) (17.39) 

with A(q) = 1 + alq-l + ... + amq-m and B{i)(q) = bii)q-l + ... + b~q-m. 
In opposition to linear dynamic models, where only equation error models 
are restricted to identical denominator dynamics (Sect. 16.10), for nonlinear 
dynamics input/output models this is the case for both equation and output 
error structures. Thus, in order to avoid restrictions in the model dynamics 
for multi variable systems, the dynamic order m of the model may have to be 
chosen higher than the true process order; see Sect. 16.10.2. These difficulties 
do not arise for internal dynamics models and for external dynamics models 
without output feedback such as NFIR and NOBF because they possess no 
common output feedback path. 

17.7 Excitation Signals 

One of the most crucial tasks in system identification is the design of appro
priate excitation signals for gathering identification data. This step is even 
more decisive for nonlinear than for linear models (see Sect. 16.2) because 
nonlinear dynamic models are significantly more complex and thus the data 
must contain considerably more information. Consequently, for identification 
of nonlinear dynamic systems the requirements on a suitable data set are very 
high. In many practical situations, even if extreme effort and care has been 
taken, the gathered data may not be informative enough to identify a black 
box model that is capable of describing the process in all relevant operat
ing conditions. This fact underlines the important role that prior knowledge 
(and model architectures that allow its incorporation) play in nonlinear sys
tem identification. 

Independently of the chosen model architecture and structure, the quality 
of the identification signal determines an upper bound on the accuracy that 
in the best case can be achieved by the model. For linear systems, guide
lines for the design of excitation signals are presented in Sect. 16.2. Quite 
frequently, the so-called pseudo random binary signal (PRBS) is applied; see 
e.g., [171, 233, 360]. The parameters of this signal, whose spectrum can be 
easily derived, are chosen according to the dynamics of the process. For non
linear systems, however, besides the frequency properties of the excitation 
signal, the amplitudes have to be chosen properly to cover all operating con
ditions of interest. Therefore, the synthesis of the excitation signal cannot 
be carried out as mechanistically as for linear processes (although even for 
linear systems an individual design can yield significant improvements); each 
process requires an individual design. Nevertheless, the aspects discussed in 
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the following should always be considered because they are of quite general 
interest. 

First, it will be illustrated why a PRBS is inappropriate for nonlinear 
dynamic systems. Consider a first order system of Hammerstein structure 
whose input lies in the interval [-4, 4] with a time constant of 16 s following 
the nonlinear difference equation 

y(k) = 0.06arctan(u(k-1))+0.94y(k-1) (17.40) 

when sampled with To = 1 s. Figure 17.12a shows a PRBS in the time do
main and the resulting input space (spanned by u(k - 1) and y(k - 1))1 data 
distribution. Clearly, this data would be well suited for estimating a plane, 
which is the task for linear system identification. Note that, to estimate the 
parameters b1 and a1 of a linear model y(k) = b1u(k - 1) - a1y(k - 1), the 
data should stretch as widely as possible in the u(k - 1) and y(k - 1) direc
tions. Such a distribution yields the smallest possible parameter variance in 
both estimates for b1 and a1. Exactly this property is achieved by the PRBS 
since it alternates between the minimum and maximum value (here -4 and 
4) in u(k - 1) and also covers the full range for y(k - 1) between -1.4 and 
1.4. Although a PRBS is well suited for linear system identification, i.e., if 
the one-step prediction function is known to be a plane, it is inappropriate 
for nonlinear systems. No information about the system behavior for input 
amplitudes other than -4 and 4 is gathered. 

An obvious solution to this problem is to extend the PRBS to different 
amplitudes. The arguably simplest approach proposed in [284, 285] is to 
give each step in the PRBS a different amplitude, leading to an amplitude 
modulated PRBS (APRBS). First, a standard PRBS is generated. Then, 
the number of steps are counted and the interval from the minimal to the 
maximum input is divided into as many levels. Finally, each step in the PRBS 
is given one of these levels by random. Such an APRBS and the resulting 
input space data distribution are illustrated in Fig. 17.12b. In general the 
input space is well covered with data. Some "holes" may exist, however, and 
their location depends on the random assignment of the amplitude level to 
the PRBS step. Clearly, here is some room for improvements. Nevertheless, 
the holes disappear or at least become smaller as the length of the signal 
increases. 

Besides the minimal and maximum amplitudes and the length of the signal 
(controlled by the number of registers; see [171, 233, 360]) one additional 
design parameter exists: the minimum hold time, i.e., the shortest period of 
time for which the signal stays constant. Given the length of the signal, the 
minimum hold time determines the number of steps in the signal and thus 

1 This analysis is carried out for the external dynamics approach because it al
lows us to gain some important insights about the desirable properties of the 
excitation signals. Although with the internal dynamics approach the one-step 
prediction function is not explicitly approximated, this analysis based on infor
mation content considerations is also valid for this class of approaches. 
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Fig. 11.12. Excitation signals for nonlinear dynamic systems: a) binary PRBS, 
b) APRBS with appropriate minimum hold time, c) APRBS with too short a 
minimum hold time, d) APRBS with too large a minimum hold time 

it influences the frequency characteristics. In linear system identification the 
minimum hold time is typically chosen equal to the sampling time [171]. For 
nonlinear system identification it should be chosen neither too small nor too 
large. On the one hand, if it is too small the process will have no time to settle 
and only operating conditions around Yo ~ (umax + Umin) /2 will be covered; 
see Fig. 17.12c. A model identified from such data would not be able to 
describe the static process behavior well. On the other hand, if the minimum 
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hold time is too large only a very few operating points can be covered for a 
given signal length; see Fig. 17.12d. This would overemphasize low frequencies 
but, much worse, it would leave large areas of the input space uncovered with 
data, and thus the model could not properly capture the process behavior in 
these regions since the data simply contains no information on them. 

In the experience of the author it is reasonable to choose the minimum 
hold time of the APRBS about equal to the dominant (largest) time constant 
of the process: 

(17.41) 

A similar situation as in Fig. 17.12d occurs if multi-valued PRBS signals 
according to [60, 72, 172, 383] are designed. These signals retain some nice 
correlation properties similar to those of the binary PRBS. However, as il
lustrated in Fig. 17.12d, they cover only a small number of amplitude levels 
if the signal is required to be relatively short. Note that besides the lack of 
information about the process behavior between these amplitude levels some 
model architectures are not robust with respect to such a data distribution. In 
particular, the training of local modeling approaches such as RBF networks 
or neuro-fuzzy models can easily become ill-conditioned for such data distri
butions. Global approximators such as polynomials and MLP networks are 
more robust in this respect but nevertheless they will show a strong tendency 
to overfitting in the u(k-i)-dimensions. From this discussion it becomes clear 
that besides the properties of the process, the properties of the applied model 
architecture also play an important role for excitation signal design. In [95] 
some guidelines are given for local linear neuro-fuzzy models. 

In addition to the more general guidelines given above, the following issues 
influence the design of excitation signals: 

1. Purpose of modeling: First of all, the purpose of modeling should be 
specified, e.g., is the model used for control, for fault diagnosis, for pre
diction, or for optimization. Thereby, the required model precision for the 
different operating conditions and frequency ranges is determined. For ex
ample, a model utilized for control should be most accurate around the 
crossover frequency, while errors at low frequencies may be attenuated 
by the integral action of the controller and errors at high frequencies are 
beyond the actuator and closed-loop bandwidth anyway. 

2. Maximum length of the training data set: The more training data can be 
measured the more precise the model will be if a reasonable data distri
bution is assumed. However, in industrial applications the length of the 
signal depends on the availability of the process. Usually, the time for 
configuration experiments is limited. Furthermore, the maximum length 
of the signal might be given by memory restrictions during signal pro
cessing and/or model building. 

3. Characteristics of different input signals: For each input of the system, 
it must be checked whether dynamic excitation is necessary (e.g., for the 
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manipulated variables in control systems) or if a static signal is sufficient 
(e.g., slowly changing measurable disturbances in control systems). 

4. Range of input signals: The process should be driven through all operat
ing regimes that might occur in real operation of the plant. Unrealistic 
operating conditions need not be considered. It is important that the 
data covers the limits of the input range because model extrapolation is 
much more inaccurate than interpolation. 

5. Equal data distribution: In particular for control purposes, the data at 
the process output should be equally distributed in order to contain the 
same amount of information about each setpoint. 

6. Dynamic properties: Dynamic signals must be designed in a way that 
they properly excite variant dynamics in different operating points. 

From this list of general ideas, it follows that prior knowledge about the 
process is required for the design of an identification signal. In fact, some 
basic properties of the plant to be identified are usually known, namely the 
static mapping from the system's inputs to the output, at least qualitatively, 
as well as the major time constants. If the system behavior is completely 
unknown some experiments such as recording of step responses can provide 
the desired information. 

In practice, the operator of a process restricts the period of time and the 
kind of measurements that can be taken. Often one will be allowed only to 
observe the process in normal operation without any possibility of actively 
gathering information. In this case, extreme care has to be taken to make 
the system robust against model extrapolation, which is almost unavoidable 
when available data is so limited. Several strategies for that purpose can be 
pursued: incorporation of prior knowledge into the model (e.g., a rough first 
principles model or qualitative knowledge in the form of rules to describe 
the extrapolation behavior), detection of extrapolation, and switching to a 
robust backup model, etc. 

Finally, it is certainly a good idea to gather more information (Le., collect 
more data) in operating regimes that are assumed (i) to behave more complex 
and/or (ii) to be more relevant than others. The reason for (i) is that the less 
smooth the behavior is in some region, the more complex the model has to 
become there and thus the more parameters have to be estimated requiring 
more data. The reason for (ii) is that more relevant operating conditions 
should be modeled with higher accuracy than others. 

It is important to understand that a high data density in one region 
forces a flexible model to "spend" a great part of its complexity on describing 
this region. As this effect is desirable owing to reasons (i) and (ii) it can 
also be undesirable whenever the high data density was not generated on 
purpose but just accidentally exists. The latter situation almost always occurs 
if the data was not actively gathered by exciting the process but rather was 
observed during normal process operation. Then, rarely occurring operating 
conditions are under-represented in the data set although they will be given 
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as much importance as the standard situations. In such a case, the data can 
be weighted in the loss function in order to force the model to describe these 
effects accurately and to prevent the model from spending almost all degrees 
of freedom on the regimes that are densely covered with data; see (2.2) in 
Sect. 2.3. 

17.8 Determination of Dynamic Orders 

If the external dynamics approach is taken, the problem of order determina
tion is basically equivalent to the determination of the relevant inputs for the 
function f(·) in (17.18). Thus, order determination is actually an input selec
tion problem, and the algorithm given below can equally well be applied for 
input selection of static or dynamic systems. It is important to understand 
that although the previous inputs u(k - i) and outputs y(k - i) can formally 
be considered as separate inputs for the function f(·), they possess certain 
properties that make order determination in fact a much harder problem than 
the selection of physically distinct inputs. For example, y(k -1) and y(k - 2) 
are typically highly correlated (indicating redundancy) but nevertheless may 
both be relevant. Up to now no order determination method has been de
veloped that fully takes into account the special properties arising from the 
external dynamics approach. 

The problem of order determination for nonlinear dynamic systems is still 
not satisfactorily solved. Surprisingly, very little research seems to be devoted 
to this important area. It is common practice to select the dynamic order of 
the model by a combination of trial and error and prior knowledge about the 
process (when available). Some basic observations can support this procedure. 
Obviously, if oscillatory behavior is observed the process must be at least of 
second order. Step responses at some operating points can be investigated and 
linear order determination methods can be applied; see Sect. 16.9. By these 
means an approximate order determination of the nonlinear process may be 
possible. This is, however, a tedious procedure, and a reliable automatic data
based determination method would certainly be desirable. In [31, 33] methods 
based on higher order correlations are proposed. But these approaches are 
merely model validation tools that require building a model with a specific 
order first and then indicating which information may be missing. 

He and Asada [142] proposed a strategy which is based directly on mea
surement data and does not make any assumptions about the intended model 
architecture or structure. It requires only that the process behavior can be 
described by a smooth function, which is an assumption that has to be made 
anyway in black box nonlinear system identification. The main idea of this 
strategy is illustrated in Fig. 17.13a, and is explained in the following. In the 
general case, the task is to determine the relevant inputs of the function 

(17.42) 
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relevant inputa 
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number of inputa 

Fig. 17.13. a) Two data points that are close in CPI but distant in CP2 can have very 
different output values y(i) and y(j) if the function depends on both inputs, while 
y(i) ~ y(j) if the function only depends on CPl. b) The Lipschitz indices indicate 
the case where all relevant inputs are included 

from a set of potential inputs CPl, CP2, .•. , CPo (0 > n) that is given. If the CPi 
are distinct physical inputs, (17.42) describes a static function approxima
tion problem; if they are delayed inputs and outputs it describes an external 
dynamics model; see Sect. 17.2. 

The idea is as follows. If the function in (17.42) is assumed to depend on 
only n - 1 inputs although it actually depends on n inputs, the data set may 
contain two (or more) points that are very close (in the extreme case they can 
be identical) in the space spanned by the n - 1 inputs but differ significantly 
in the nth input. This situation is shown in Fig. 17.13a for the case n = 1. 
The two points i and j are close in the input space spanned by CPl alone but 
they are distant in the CPl -CP2-input space. Because these points are very close 
in the space spanned by the n - 1 inputs (cpt} it can be expected that the 
associated process outputs y(i) and y(j) are also close (assuming that the 
function f(-) is smooth). If one (or several) relevant inputs are missing then 
obviously y(i) and y(j) are expected to take totally different values. In this 
case, it is possible to conclude that the n - 1 inputs are not sufficient. Thus, 
the nth input should be included and the investigation can start again. 

In [142] an index is defined based on so-called Lipschitz quotients, which 
is large if one or several inputs are missing (the larger the more inputs are 
missing) and is small otherwise. Using this Lipschitz index a curve as shown 
in Fig. 17.13b may result for n = 5 and 0 = 8 when the following input 
spaces are checked: 1. CPl, 2. CPl-CP2, ... ,8. CPl-CP2-" .-CPs. Thus, the correct 
inputs (n = 5) can be detected at the point where the Lipschitz index stops 
to decrease. 

The Lipschitz quotients in the one-dimensional case (input cp) are defined 
as 

I ·· - Iy(i) - y(j)1 £ N N d..J. ( 4) 
' 3 -lcp(i)_cp(j)1 ori=I, ... , ,j=I, ... , an irj, 17.3 
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where N is the number of samples in the data set. Note that N(N - 1) such 
Lipschitz quotients exist but only N(N -1)/2 have to be calculated because 
lij = lji. Since (17.43) is a finite difference approximation of the absolute 
value of the derivative df ('P) / dIP, it must be bounded by the maximum slope 
of f (-) if f (.) is smooth. For the multidimensional case, the Lipschitz quotients 
can be calculated by the straightforward extension of (17.43): 

l(r:) = Iy(i) - y(j) I (17.44) 

OJ V('PI(i) - 'PI(j))2 + ... + ('Pn(i) - 'Pn(j))2 

for i = 1, ... ,N,j = 1, ... ,N and i =I j and the superscript "(n)" in l~j) 
stands for the number of inputs. 

The Lipschitz index can be defined as the maximum occurring Lipschitz 
quotient 

l(n) = max (l~r:)) (17.45) 
i,j,( ii'j) OJ 

or as proposed in [142] as the geometric average of the c (with c being a 
design parameter) largest Lipschitz quotients in order to make this index less 
sensitive to noise. As long as n is too small and thus not all relevant inputs 
are included, the Lipschitz index will be large because situations as shown 
in Fig. 17.13a will occur. As soon as all relevant inputs are included, (17.45) 
stays about constant. 

This strategy requires an ordering of the inputs. For example, for a nonlin
ear dynamic system the inputs may be chosen as 'PI = u(k-l), 'P2 = y(k-l), 
'P3 = u(k - 2), 'P4 = y(k - 2), etc. That would allow one to find the model 
order but it would not be able to yield a possible dead time since all input 
regressors starting from u(k - 1) are automatically included. Thus, such an 
ordering severely restricts the flexibility of the method. It can be extended 
to overcome this limitation by comparing the Lipschitz indices for all in
put combinations. However, then the number of Lipschitz indices grows in a 
combinatorial way with the number of potential inputs. 

Two drawbacks of this method are its sensitivity with respect to noise 
and the data distribution. The noise sensitivity can be reduced by choosing a 
c > 1 but this also decreases the order detection sensitivity since it averages 
between different data points. Nevertheless the Lipschitz index method is a 
valuable tool and requires only moderate computational effort, at least for 
small data sets and a small number of potential inputs if the combinatorial 
version is used. 

17.9 Summary 

External and internal dynamics approaches for the generation of nonlinear 
dynamic models can be distinguished. The external dynamics approach rep
resents the straightforward extension of linear dynamic input/output models 
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17.9 Summary 577 

and is more widely applied. For training, the NARX and NOE (and other 
less widespread) model structures can be distinguished. For the NARX model 
the one-step prediction error is minimized, which allows one to utilize linear 
optimization techniques if the model architecture employed is linear in the 
parameters. For the NOE model, the simulation error is minimized, which 
requires the application of recurrent learning schemes. 

The internal dynamics approach represents a nonlinear state space model. 
The model possesses its own internal states, which are generated by dynamic 
filters built into the model structure. In particular, neural networks of MLP 
architecture are used for this approach. Owing to their recurrent structure 
these models are always trained by minimizing the simulation error. 
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18. Classical Polynomial Approaches 

This chapter gives an overview of some common classical approaches for non
linear system identification. A shared characteristic of all these approaches is 
that they are based on polynomials for the realization of the nonlinear map
ping. As analyzed in Sect. 10.2, polynomials possess some usually undesirable 
properties with respect to their interpolation and extrapolation behavior, and 
they suffer severely under the curse of dimensionality. The following section 
evaluates the consequences arising from these properties for dynamic poly
nomial models. 

The most straightforward way to utilize polynomials for nonlinear sys
tem identification is to apply a polynomial for approximation of the one-step 
prediction function f(·) in (17.2); compare also Fig. 17.1 in Chap. 17. This 
NARX modeling approach is known as the Kolmogorov-Gabor polynomial, 
and is treated in Sect. 18.2. When polynomial NFIR and NOBF models are 
identified this leads to the non-parametric Volterra-series; see Sect. 18.3. 
These general approaches, in which the polynomials are utilized as universal 
approximators, can be simplified by making specific assumptions about the 
nonlinear structure of the process. It is important to note that these sim
plified models like the parametric Volterra-series, NDE, Hammerstein, and 
Wiener structures are suitable only for a restricted classes of processes; see 
Sects. 18.4-18.7 and [30]. However, even when there exists some structural 
process/model mismatch these simplified models may be sufficiently accurate 
for many applications, and thus some of them, in particular the Hammerstein 
structure, are widely utilized in practice. 

Strictly speaking, the assumptions about the process structure made for 
Hammerstein and Wiener models and the choice of a specific approximator 
are two separate issues. For example, it is possible to decide on a Hammer
stein structure and utilize a neural network for approximation of the static 
nonlinearity. Nevertheless, historically polynomials played the dominant role 
for these model structures and therefore they are covered in this chapter. 

In order to keep the notation in this chapter as simple as possible only 
SISO systems are addressed. An extension to MIMO is straightforward. The 
user should be aware, however, that each additional input increases the input 
space dimensionality. In the following, a pragmatic point of view is taken, and 
the theory on functionals and Volterra kernels is omitted. For an extensive 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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580 18. Classical Polynomial Approaches 

treatment including more theory about dynamic polynomial models and their 
historic developments refer to [125, 176]. 

18.1 Properties of Dynamic Polynomial Models 

The properties of static polynomial models have already been discussed in 
Sect. 10.2. In the context of dynamic systems some additional considerations 
are necessary. One weakness of polynomials is that they fully underlie the 
curse of dimensionality. This makes them an inferior candidate for the ex
ternal dynamics approach, which easily leads to relatively high-dimensional 
mappings. A second drawback of polynomials is their tendency to oscillatory 
interpolation behavior as the polynomial degree increases. This is especially 
problematic for dynamic systems, as such a spatial "oscillation" can lead to 
a model gain with wrong sign if it takes place in a u(k - i)-direction, and it 
can lead to totally wrong dynamics (changing the signs of the denominator 
coefficients of a linearized model) with a high risk of instability if it is in a 
y(k - i)-direction. Note, however, that these effects typically occur only for 
polynomials with a high degree, and that because of the curse of dimension
ality the polynomial degree must be chosen low, e.g., at maximum 3. Thus, 
these difficulties may be not so important in practice. A third drawback of 
polynomials is their more than linearly increasing or decreasing extrapolation 
behavior. This means that for extrapolation the gain of the model is unlimited 
(i.e., its absolute value increases to 00), and furthermore the model certainly 
becomes unstable. This first property reflects the extrapolation behavior in 
the u(k - i)-directions; the second property corresponds to the extrapola
tion in the y(k - i)-directions. Therefore, extreme care has to be taken to 
avoid any type of extrapolation, which together with the other shortcomings 
makes polynomials highly unattractive for modeling dynamic systems. Note, 
however, that the above analysis addresses the case where the one-step pre
diction surface is approximated by a polynomial, as introduced in Sect. 18.2. 
For the less general, simplified structures this analysis holds only partly. Al
though according to these fundamental considerations polynomials seem to 
be poorly suited for identification of dynamic systems, at least in their most 
general form, in some cases their application might be justified by the un
derlying process structure. In particular, bilinear terms (i.e., the product of 
two state variables or a state variable and an input) arise quite often. Then a 
polynomial approach with degree 2 is highly favorable over most alternatives 
because it matches the true process structure. 
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18.2 Kolmogorov-Gabor Polynomial Models 581 

18.2 Kolmogorov-Gabor Polynomial Models 

The Kolmogorov-Gabor polynomial represents a nonlinear model with output 
feedback (NARX, NOE, NARMAX, ... ). The most straightforward way to use 
polynomials is to directly approximate the one-step prediction function, i.e., 

y(k) = f (u(k - 1), ... , u(k - m), y(k - 1), ... , y(k - m)) . (18.1) 

Therefore, all properties discussed in Sect. 18.1 apply. For a second order 
model (m = 2) and a polynomial with degree l = 2 the following function 
results: 

y(k) = Bl + B2U(k - 1) + B3U(k - 2) + B4y(k -1) + B5y(k - 2) + 
B6U2(k - 1) + B7U2(k - 2) + BSy2(k - 1) + B9y2(k - 2) + (18.2) 

BlOU(k - l)u(k - 2) + BllU(k -1)y(k - 1) + BI2U(k - l)y(k - 2) + 
BI3U(k - 2)y(k - 1) + BI4U(k - 2)y(k - 2) + Bl5y(k - l)y(k - 2). 

According to (10.5) in Sect. 10.2, the number of regressors increases 
strongly as the dynamic order m or the polynomial degree l grow (note that 
the number of inputs for the approximator in (10.5) is p = 2m). The over
whelming number of parameters even for quite simple modeling problems is 
the main motivation for the simplified approaches in Sects. 18.4-18.7. 

Owing to the huge model complexity of Kolmogorov-Gabor polynomials 
even for moderately sized problems, the utilization of linear subset selection 
techniques is proposed in [210]; refer also to Sect. 3.4 for an introduction 
to subset selection methods. They allow one to construct a reduced poly
nomial model that contains only the most relevant regressors. Although this 
extends the applicability of Kolmogorov-Gabor polynomials to more complex 
problems, two limitations have to be mentioned: 

• The computational effort for subset selection increases strongly with the 
number of potential regressors, i.e., with the complexity of the full polyno
mial model. Thus, this approach is still feasible only for moderately sized 
problems . 

• The selection is based on the one-step prediction error (series-parallel 
model error). Therefore, it is extremely sensitive with respect to noise and 
too fast sampling. It is demonstrated in Sect. 20.8 that subset selection 
does not work satisfactorily in practice if the set of candidate regressors 
contains autoregressive terms such as y(k - i). 

Consequently, Kolmogorov-Gabor polynomials should be applied with ex
treme care. 
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582 18. Classical Polynomial Approaches 

18.3 Volterra-Series Models 

In contrast to the Kolmogorov-Gabor polynomial, the Volterra-series model 
represents a nonlinear model without output feedback (NFIR). Thus, the 
following function 

y(k) = f (u(k - 1), ... , u(k - m)) (18.3) 

is approximated by a polynomial. For example, for a second order model 
(m = 2) and a polynomial with degree l = 2 the following function results: 

y(k) = fh + 92u(k - 1) + 93u(k - 2) 

+ 96u2 (k - 1) + 97u2 (k - 2) + 91OU(k - l)u(k - 2) . (18.4) 

It is important to note, however, that (18.4) is completely incapable of 
describing any realistic process. As discussed in Sect. 17.2.3, the dynamic 
order m for NFIR model structures has to be chosen in relation to the set
tling time of the process. Since the settling time typically is 10-50 times the 
sampling time (T95 = 10 To - 50 To) a realistic choice for m lies between 10 
and 50. Clearly, the number of regressors for a Volterra-series model of this 
order is exorbitant, e.g., for a polynomial of degree l = 2 and a dynamic 
order m = 30 already 496 regressors exist according to (10.5) in Sect. 10.2 
with p = m. Thus, the Volterra-series model is feasible only for simple prob
lems, even in combination with a subset selection technique; compare with 
the comments in the previous section. On the other hand, the advantages of 
the Volterra-series model are quite appealing; see Sect. 17.2.3. 

• The Volterra-series model belongs to the class of output error models. This 
implies that both parameter estimation and subset selection are based On 
the simulation error, not on the one-step prediction error. 

• All drawbacks of dynamic polynomial models mentioned in Sect. 18.1 as
sociated with y(k - i)-directions are not valid for the Volterra-series model 
because the input space is spanned solely by the u(k - i). 

• Since nO feedback is involved the Volterra-series model is guaranteed to be 
stable. 

Motivated by these attractive features some effort has been made in order 
to overcome the Volterra-series model's most severe drawback by reducing the 
overwhelming number of regressors. In [220, 221, 400] it is proposed to ap
proximate the Volterra kernels l by basis functions with far fewer parameters, 
that is, with a model within a model approach. Another idea is to extend the 
approach (18.3) from an NFIR to an NOBF model structure, which would al
low One to reduce the order m significantly [67, 392], compare also the NOBF 
paragraph in Sect. 17.2.3. 

1 The Volterra kernels are the coefficients associated to the regressors u(k - i), 
u(k - i)u(k - j), u(k - i)u(k - j)u(k - h), etc. as 1-, 2-, 3-, etc. dimensional 
functions dependent on i and i, j and i, j, h, etc. For example, for a linear model 
the first kernel (corresponding to u(k - i)) is the impulse response. 
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18.4 Parametric Volterra-Series Models 

The parametric Volterra-series model is a simplified version of the Kolmogorov
Gabor polynomial. It realizes a linear feedback and models a nonlinearity only 
for the inputs: 

y(k) = f (u(k - 1), ... , u(k - m)) -aly(k-l) - ... -amy(k-m).(18.5) 

For example, for a second order model (m = 2) and a polynomial with degree 
l = 2 the following function results: 

y(k) = (h + (}2u(k - 1) + (}3u(k - 2) + (}4y(k - 1) + (}5y(k - 2) + 
(}6U2(k - 1) + (}7U2(k - 2) + (}lOu(k - l)u(k - 2) . (18.6) 

With this simplification the model leads to a reduced number of regressors, 
and avoids all drawbacks discussed in Sect. 18.1 that are associated with 
the y(k - i)-directions. Also, stability can be easily proven by checking the 
dynamics of the linear feedback. Thus, the parametric Volterra-series model 
avoids several disadvantages of the Kolmogorov-Gabor polynomial. The price 
to be paid for this is a restriction of the generality. Systems whose nonlinear 
behavior strongly depend on their output cannot be described by (18.5) if the 
order m is chosen small, i.e., comparable to the order of a Kolmogorov-Gabor 
polynomial. The parametric Volterra-series model, however, can also be seen 
as an extension of the Volterra-series model if the order m is chosen large. It 
can be argued that in this case the additional linear feedback would help to 
reduce the dynamic order compared with the non-parametric Volterra-series 
model. 

18.5 NDE Models 

The nonlinear differential equation (NDE) model structure arises frequently 
from modeling based on first principles. It can be considered as the counter
part of the parametric Volterra-series model since it is linear in the inputs 
but nonlinear in the outputs: 

y(k) = b1u(k-l) + .. . +bmu(k-m)+ f (y(k - 1), ... , y(k - m)) .(18.7) 

For example, for a second order model (m = 2) and a polynomial with degree 
l = 2 the following function results: 

y(k) = (}l + (}2u(k - 1) + (}3u(k - 2) + (}4y(k - 1) + (}5y(k - 2) + 
(}sy2(k - 1) + (}9y2(k - 2) + (}15y(k - l)y(k - 2) . (18.8) 

The NDE model possesses restrictions that are contrary to the parametric 
Volterra-series model. However, it does not share its benefits because all draw
backs associated with the y(k - i)-directions hold. Consequently, the NDE 
model should be applied only if its structure matches the process structure 
really well. 
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18.6 Hammerstein Models 

The Hammerstein model is probably the most widely known and applied 
nonlinear dynamic modeling approach. It assumes a separation between the 
nonlinearity and the dynamics of the process. The Hammerstein structure 
consists of a nonlinear static block followed by a linear dynamic block (see 
Fig. 18.1a), and can be described by the equations 

x(k) = 9 (u(k)) , (18.9a) 

y(k) = b1x(k - 1) + ... + bmx(k - m) 

- aly(k - 1) - ... - amy(k - m) . (18.9b) 

In order to avoid redundancy, the gain of the linear system may be fixed 
at 1, which gives the following constraint (reducing the number of effective 
parameters by one): 

m 

E bi 
i=1 --':--=::m=--- = l. 

1+ Eai 
i=1 

(18.10) 

The structure describes (besides others) all systems where the actuator's 
nonlinearity, for example the characteristics of a valve, the saturation of an 
electromagnetic motor, etc., is dominant and other nonlinear effects can be 
neglected. For this reason Hammerstein models are popular in control engi
neering. Furthermore, it is easy to compensate the nonlinear process behavior 
by a controller that implements the inverse static nonlinearity g-1(.) at its 
output2 • Another advantage ofthe distinction into nonlinear and linear blocks 
is that stability is determined solely by the linear part of the model, which 
can be easily checked. Thus, the Hammerstein model has many appealing 
features. However, the structural assumptions about the processes are very 
restrictive, and therefore it can be applied only to a limited class of systems. 

The static nonlinearity is classically approximated by a polynomial. Any 
other static approximator can also be utilized, which indeed is a good idea 
in order to avoid the inferior interpolation and extrapolation capabilities of 
polynomials. For an efficient identification it is recommended that a linearly 
parameterized approximator is used. Note that for systems with multiple 
inputs the static nonlinearity g(.) becomes a higher-dimensional function. 

For a polynomial of degree 1 = 2 the static nonlinearity becomes 

x(k) = Co + clu(k) + C2u2(k). (18.11) 

For a second order model (m = 2) the input/output relationship then is 

y(k) = b1Co + b1C1U(k -1) + b2Co + b2C1U(k - 2) (18.12) 

+ b1C2U2(k - 1) + b2C2U2(k - 2) - a1y(k - 1) - a2y(k - 2). 

2 If the inverse exists. 
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18.7 Wiener Models 585 

Fig. IS. 1. a) Hammerstein model structure. b) Wiener model structure 

Obviously, although both the polynomial and the linear dynamic model are 
linearly parameterized, the Hammerstein model is nonlinear in the param
eters because products between parameters such as b1Cl appear in (18.12). 
In order to avoid the application of nonlinear optimization techniques the 
Hammerstein model is usually not identified directly. Rather the generalized 
Hammerstein model structure is introduced. The generalized Hammerstein 
model is constructed by summarizing identical terms and re-parameterizing 
the model in a manner that yields linear parameters. For example, in (18.12) 
the terms blCo and b2 Co both represent offsets and can be summarized. Then 
one independent parameter is assigned to each regressor. For l = 2 and m = 2 
this procedure yields the generalized Hammerstein model 

y(k) = (h + (hu(k - 1) + 03u(k - 2) + 04y(k - 1) + 05y(k - 2) + 
06U2(k - 1) + 07U2(k - 2) , (18.13) 

whose parameters can be estimated by linear optimization. This model can 
also be seen as a simplified parametric Volterra-series model without the cross 
terms between regressors that depend on different time delays. 

For the original Hammerstein model the number of parameters is l + 2m 
(one less than the number of nominal parameters due to the constraint 
(18.10)), while for the generalized version it is m(l + 1) + 1. For the above 
example, the generalized Hammerstein model has only one parameter more 
than the original one (7 compared with 6). However, as the polynomial de
gree l and the dynamic order m grow, the generalized Hammerstein model 
possesses significantly more parameters than the original one. Therefore, no 
one-to-one mapping between both model structures can exist. However, it is 
possible to calculate the parameters of a Hammerstein model that approxi
mates a generalized Hammerstein model. 

18.7 Wiener Models 

The Wiener model structure is the Hammerstein structure reversed, that is, 
a linear dynamic block is followed by a nonlinear static block; see Fig. 18.Ib. 
Only a few processes match these structural assumptions. A prominent exam
ple is the pH titration process. Also, control systems whose major nonlinearity 
is in the sensor can be described by a Wiener model. It follows the equation 
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x(k) = b1u(k - 1) + ... + bmu(k - m) 

- a1x(k - 1) - ... - amx(k - m) 

y(k) = 9 (x(k» 

with the same constraint (18.10) as for the Hammerstein model. 

(18.I4a) 

(18.14b) 

It is interesting to note that it is not necessarily possible to write a Wiener 
model structure in an input/output form. Elimination of x in (I8.14a), 
(18.I4b) yields 

y(k) = g(b1u(k - 1) + ... + bmu(k - m) 

-a1g-1(y(k - 1» - ... - amg-1(y(k - m))) , (18.15) 

where g-1(.) is the inverse of g(.), i.e., x = g-1(g(x». The input/output 
relationship (18.15) does exist only if the static nonlinearity g(.) is invertible. 
This issue has already been addressed in Sect. 17.2.4. As can be observed 
from (18.15) for Wiener model structures no straightforward linear parame
terization exists. This means that nonlinear optimization methods have to be 
applied for parameter estimation. As for Hammerstein models, polynomials 
are classically used for approximation of g(.) but any other approximator can 
be applied as well. 

co
nt

ro
len

gin
ee

rs
.ir



19. Dynamic Neural and Fuzzy Models 

This chapter discusses the use of static neural network and fuzzy model archi
tectures for building nonlinear dynamic models with the external dynamics 
approach described in Chap. 17. The emphasis is on the following three model 
architectures, although many observations generalize to other neural network 
and fuzzy model architectures as well: 

• multilayer percept ron (MLP) networks, 
• radial basis function (RBF) networks, 
• singleton fuzzy models and normalized RBF networks, which are equivalent 

under some conditions; see Sect. 12.3.2. 

Again, a special chapter is devoted to dynamic local linear neuro-fuzzy models 
(Chap. 20) because they possess various interesting features that require a 
more extensive study. 

In this chapter those properties of the above listed model architectures 
will be addressed that have important consequences for the resulting dynamic 
model. The properties of the static model architectures have been already 
discussed in Chaps. 11 and 12. 

This chapter is organized according to the addressed model features rather 
than the model architectures in order to facilitate understanding and com
parison between the different approaches. The topics covered range from the 
curse of dimensionality in Sect. 19.1 to interpolation and extrapolation issues 
(Sect. 19.2) and the training algorithms in Sect. 19.3. The idea of using a lin
ear model in parallel to the nonlinear approximator, which has already been 
mentioned in Sect. 1.1.1, is analyzed in Sect. 19.4. Finally, some simulation 
examples are presented in Sect. 19.5 to assist a better understanding of the 
different architectures' characteristics. 

All comments concerning the one-step prediction and the simulation er
ror assume that the intended use of the model is simulation rather than 
prediction. 

19.1 Curse of Dimensionality 

As illustrated in Fig. 17.1, the external dynamics approach results in a high
dimensional mapping that has to be performed by the static approximator, 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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588 19. Dynamic Neural and Fuzzy Models 

in particular for high order and multivariable systems. This basically rules 
out all model architectures that fully underlie the curse of dimensionality; 
see Sect. 7.6.1. Thus, other than for some trivial problems, model architec
tures such as look-up tables and other grid-based approaches cannot really 
be utilized. Delaunay networks suffer from shortcomings in their training 
algorithm generating the triangulation since its complexity and numerical 
ill-conditioning increases strongly with the input dimensionality. Thus, De
launay networks are restricted by their training algorithm rather than by 
their model structure. The assessment of the main three model architectures 
addressed here with respect to the curse of dimensionality is as follows. 

19.1.1 MLP Networks 

Since MLP networks are able to find the main directions of nonlinearity of 
a process they avoid the curse of dimensionality. The number of parameters 
(input layer weights) increases only linearly with the number of inputs if 
the number of hidden layer neurons is fixed. Thus, MLP networks are well 
suited for the external dynamics approach. Furthermore, they are relatively 
insensitive with respect to too high a choice of dynamic orders because they 
can cope well with redundant inputs by driving the corresponding hidden 
layer weights towards zero. Also, the uneven data distribution that typically 
arises with the external dynamics approach (see Fig. 17.3 in Sect. 17.2.1) 
can easily be handled by MLP networks because the optimization of the 
hidden layer weights transforms the input axes in a suitable coordinate system 
anyway. Altogether, many of the drawbacks of MLP networks that make them 
quite unattractive for most static approximation problems are compensated 
for by their features when dealing with dynamic systems. 

19.1.2 RBF Networks 

The extent to which RBF networks underlie the curse of dimensionality de
pends on the training method chosen, and can be somewhere between high 
and medium. Random and grid-based center placement are not suitable for 
the external dynamics approach; see the comments above. Clustering-based 
methods are better suited because they allow one to represent the uneven 
data distribution in the input space. The OLS structure selection probably 
yields the best results for training RBF networks since the center selection is 
done supervised, compared with the (at least partly) unsupervised clustering 
approaches. 

19.1.3 Singleton Fuzzy and NRBF Models 

As for RBF networks the degree to which singleton fuzzy systems and 
NRBF networks underlie the curse of dimensionality depends on the train
ing method. The difficulty with regard to fuzzy systems is that a grid-based 
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approach has to be avoided (see above), but it is exactly the grid-based struc
ture that makes fuzzy systems so easily interpretable in terms of rules formed 
with just one-dimensional membership functions; see Sect. 12.3.4. However, 
with additive, hierarchical or other complexity reducing strategies (compare 
with Sects. 7.4 and 7.5) some parts of the interpretability in terms of fuzzy 
rules can be recovered. Algorithms for solving that task include FUREGA 
and ASMOD described in Sects. 12.4.4 and 12.4.5, respectively. Unfortu
nately, the OLS structure selection algorithm cannot be applied in a direct 
and efficient way to singleton fuzzy models and NRBF networks owing to 
the normalization or defuzzification denominator; see Sect. 12.4.3. Although 
these complexity reduction algorithms allow the construction of fuzzy mod
els with a medium number of inputs they usually sacrifice either accuracy or 
interpretability in trying to find the most appropriate tradeoff between these 
two factors. This procedure becomes more difficult as the input space dimen
sionality increases. Thus, singleton fuzzy models usually offer interpretability 
advantages over other model architectures only for small to moderately sized 
problems. 

19.2 Interpolation and Extrapolation Behavior 

The interpolation and extrapolation behavior of the applied static model ar
chitecture has important consequences for the dynamic characteristic. It is 
essential to recall from Sect. 17.2 that with the external dynamics approach 
the slopes ofthe model's one-step prediction surface in the u(k-i)-dimensions 
determine the gains and zeros of the model when linearized around an op
erating condition while the slopes in the y(k - i)-dimensions determine the 
poles. The most intuitive understanding of these relationships is obtained by 
examining a first order system for which the static approximator has the two 
inputs u(k - 1) and y(k - 1). It can be seen directly that the bl coefficient is 
equal to slope in u(k - 1) while the -al coefficient is equal to the slope in 
y(k -1) assuming a linearized transfer function G(q) = bl q-l/(1 + alq-l) 
or equivalently the difference equation y(k) = blu(k - 1) - aly(k - 1); see 
Sect. 17.2 for a more detailed analysis. 

As a consequence of these observations, the following conclusions can be 
drawn: 

• If the slope in a u(k - i)-dimension changes its sign the model may change 
its gain (certainly for first order). 

• If the slope in a y(k - i)-dimension changes its sign the model may totally 
change its dynamic characteristics (it becomes oscillatory for first order). 

• If the slope in a y(k - i)-dimension becomes large the model may become 
(locally) unstable (certainly if the slope becomes larger than 1 for first 
order). 
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The first two points are particularly problematic for RBF networks. While 
MLP and NRBF networks and singleton fuzzy systems tend to have mono
tonic interpolation behavior, it is very sensitive with respect to the widths of 
the basis functions in RBF networks; see Sect. 11.3.5. If the widths are too 
small then "dips" will occur in the interpolation behavior. If the widths are 
too large then locality may be lost and numerical difficulties will emerge. In 
practice, it will be hardly possible to find widths that avoid both effects in 
all dimensions. Thus, "dips" can be expected in the interpolation behavior of 
RBF networks. This is a significant drawback for dynamic RBF networks. It 
can be weakened, however, if the RBF network is used in parallel to a first 
principles or linear model; see Sect. 19.4 and 7.6.2. 

It is interesting to see how the extrapolation behavior influences the model 
dynamics. The following types of extrapolation behavior can be distinguished. 

• None: 1 This occurs for look-up tables2 , CMAC and Delaunay networks. 
For these model architectures extrapolation must be avoided at all or some 
backup system has to become active to cope with the situation. In practice, 
extrapolation can hardly be avoided when dealing with complex dynamic 
systems because it is rarely possible to cover all extreme operating condi
tions with the training data. 

• Zero: This occurs for RBF networks. A model output approaching zero 
can hardly be considered a realistic or reasonable behavior for most ap
plications. It is a nice feature, however, when the model is run in parallel 
(additively) to a first principles or linear model. Then the extrapolation 
behavior of this underlying model is recovered; see Sect. 19.4 below. It 
guarantees that the underlying model is not degraded outside a certain 
region influenced by the RBF network. That makes RBF networks an at
tractive choice for additive supplementary models in those situations where 
already existing models should be improved; see also Sect. 7.6.2. 

• Constant: This occurs for MLP, NRBF, GRNN networks and linguistic, 
singleton fuzzy systems. Constant extrapolation is a quite reasonable be
havior for many static modeling problems. For dynamic models, however, 
this means static extrapolation since all ai coefficients of the transfer func
tion of a linearized model tend to zero (constant behavior implies slope 
zero). This is clearly unrealistic. 

• Linear: This occurs for linear models and local linear neuro-fuzzy models. 
Because the dynamic behavior is preserved this can be considered as the 

1 It is assumed here that the upper and lower bounds are chosen corresponding to 
the minimal and maximal values within the training data set. If they are defined 
as the theoretical maximal and minimal values of the inputs (and outputs) the 
CMAC network extrapolates with zero while the Delaunay network would require 
training data in all corners of the input space, which is an assumption that 
frequently cannot be fulfilled. 

2 Look-up tables can be extended so that they possess constant extrapolation 
behavior. 
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19.3 Training 591 

most reasonable extrapolation behavior for dynamic models. Section 20.4.3 
discusses this issue in greater detail. 

• High order: This occurs for polynomials. Because the slopes of the model's 
one-step prediction surface are unbounded and grow severely in the ex
trapolation regions, extrapolation must be avoided at all costs to ensure a 
reasonable model behavior; see Chap. 18. 

19.3 Training 

For static model architectures, it is helpful to distinguish between linear 
and nonlinear parameters and optimization techniques. For dynamic mod
els an additional distinction between the optimization of the simulation per
formance (NOE representation) and of the one-step prediction performance 
(NARX representation) is important. The NARX representation is the only 
one that keeps the parameterization of the static model. That is, with the 
NARX representation linear parameters stay linear parameters. All other 
dynamic model representations, i.e., NOE or those with more complex noise 
descriptions such as NARMAX or NBJ, make all parameters nonlinear by 
introducing feedback. The only way to exploit the advantages of linear op
timization techniques for nonlinear dynamic models is to (i) choose a linear 
parameterized model architecture and (ii) choose the NARX representation. 
The reason for the frequent employment of NARX models is more their com
putational benefits than their realistic process description. As was pointed 
out in Chap. 16 on linear system identification, (N)OE representations typi
cally offer a superior process description because of their more realistic noise 
assumptions. 

To summarize, the following cases can be distinguished (see Table 17.1): 

• NARX representation and parameters linear in the static model: The dy
namic model is linear in the parameters. 

• NARX representation and parameters nonlinear in the static model: The 
dynamic model is nonlinear in the parameters, and the gradients can be 
calculated as for static models. 

• NOE (or other) representation and parameters linear in the static model: 
The dynamic model is nonlinear in the parameters, and the gradients have 
to be calculated taking the feedback into account, e.g., with BPTT or real 
time recurrent learning (Sect. 17.5). 

• NOE (or other) representation and parameters nonlinear in the static 
model: The dynamic model is nonlinear in the parameters, and the gradi
ents have to be calculated taking the feedback into account. 

Thus, for NARX models the training is equivalent to the static case while for 
NOE (or other) models training becomes more complicated and the distinc
tion between (in the static case) linear and nonlinear parameterized models 
is lost. This means that for the NOE representation all advantages of certain 
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592 19. Dynamic Neural and Fuzzy Models 

model architectures that are a consequence of their linear parameterization 
(in the static case) are lost. Thus, as a rule of thumb, one tends to use nonlin
ear parameterized architectures such as MLP networks together with an NOE 
representation, and linear parameterized architectures such as RBF networks 
together with a NARX representation. Therefore, in nonlinear system iden
tification, the choice of the dynamic representation is highly interconnected 
with the choice of the model architecture. 

19.3.1 MLP Networks 

From the above discussion it is clear that the MLP networks can fully play 
out their advantages compared with alternative linear parameterized model 
architectures when the NOE representation is chosen. Most of the MLP draw
backs stem from the nonlinear parameterization, which is a property shared 
with the alternatives when the NOE representation is used. In the NARX rep
resentation, however, the MLP network still suffers from serious drawbacks 
compared with the alternatives, and typically becomes interesting only for 
high order and/or multivariable systems that lead to very high-dimensional 
input spaces; compare the advantages explained in Sect. 19.1.1. 

19.3.2 RBF Networks 

For RBF networks, the assessment is opposite to that for MLP networks. For 
the NARX representation, RBF networks offer the same favorable properties 
as in the static case, while for the NOE representation most of the advantages 
are lost and the drawbacks are retained. 

When used together with the NARX representation some important pos
sibilities and restrictions will be pointed out with regard to the construction 
algorithms. In particular, the complexity controlled clustering algorithms are 
promising since they advantageously allow one to incorporate other objec
tives into the clustering process. For dynamic models, a good strategy is 
to choose an objective that depends on the simulation performance (output 
error) rather than one-step prediction performance. 

However, when using a subset selection technique, the structure and pa
rameter optimizations are both based on the one-step prediction performance, 
which does not necessarily ensures good simulation capabilities of the model 
[263]. Thus, the OLS algorithm (or any other subset selection algorithm) 
should be extended by monitoring the model's simulation performance and 
avoiding the construction of models that are unstable (which would not nec
essarily be noticed in the one-step prediction error). 

19.3.3 Singleton Fuzzy and NRBF Models 

For singleton fuzzy and NRBF models, basically the same comments can be 
made as for RBF networks. Also, fuzzy model construction algorithms are 
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19.4 Integration of a Linear Model 593 

typically organized into a structure optimization and a parameter optimiza
tion part, which often are nested within each other. Then the simulation 
performance can advantageously be used as an objective in the structure 
optimization part while the parameter estimation is preferably based on the 
one-step prediction error to allow the application of linear regression schemes. 

19.4 Integration of a Linear Model 

As explained in Sect. 19.2, the extrapolation behavior of most model ar
chitectures is generally not well suited for modeling dynamic systems with 
the external dynamics approach, and the interpolation behavior of RBF net
works is particularly problematic. One simple strategy to overcome or at leaSt 
weaken this disadvantage is to use the nonlinear model in parallel to a linear 
model, as shown in Fig. 19.1. The linear model can be obtained either by 
identification or by first principles modeling. 

The advantages of this approach are that for extrapolation the slopes of 
the linear model are recovered, and for interpolation the "dips" caused by 
an RBF network may be avoided in the overall model. A condition for this 
latter feature is that the "dips" are not too severe, i.e., the slopes of the linear 
model must be (in absolute value) larger than the maximal derivative of the 
RBF network output with the opposite sign. 

Two alternative strategies for identification of a model as shown in 
Fig. 19.1 can be distinguished: 

• First, estimate the parameter of the linear model. Second, train the supple
mentary model with the error of the linear model keeping the linear model 
fixed. 

• Train the supplementary and the linear model together. 

The second strategy is more flexible because the number of effective param
eters equals the sum of the number of parameters of both models. Thus, it 
will generally lead to a higher model accuracy (at least on the training data). 
However, the linear model is identified only in combination with the nonlin
ear one. Therefore, it is not necessarily a good representation of the process 
on its own, and its extrapolation behavior cannot be expected to be realistic. 
In fact, it can easily happen that the linear model is unstable. 

nonlinear model 

linear model 

Fig. 19.1. The nonlinear model is used supplementary in parallel to a linear model 
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594 19. Dynamic Neural and Fuzzy Models 

The first strategy is less flexible because the number of effective param
eters is smaller than those of both models combined. It can be seen as the 
first iteration of a staggered optimization approach in which the parameters 
of submodels are iteratively estimated separately; see Sect. 7.5.5, where it 
is explained why this is a regularization technique. In contrast to the sec
ond strategy, the linear model usually captures something like the average 
dynamics of the nonlinear process and thus can be expected to be stable 
(although this is not guaranteed). Consequently, the first approach is much 
more reliable in producing realistic extrapolation behavior. 

One limitation of the idea of putting a linear model in parallel to a non
linear model and letting the linear model take care of the extrapolation is 
that the extrapolation behavior in all input space dimensions is equivalent. 
The straightforward extension of this idea toward different behaviors for dif
ferent extrapolation regimes is given by the local linear neuro-fuzzy model 
architecture discussed in the next chapter. 

19.5 Simulation Examples 

To illustrate the functioning of the three model architectures discussed in 
this chapter the following simple first order nonlinear dynamic process of 
Hammerstein structure will be considered: 

y(k) = 0.1 arctan(u(k - 1)) + 0.9y(k - 1) . (19.1) 

The choice for the arctan(·)-nonlinearity is motivated by the observation 
that many real processes exhibit such a type of saturation behavior. The 
Hammerstein structure arises for example when the actuator of a plant in
troduces the dominant nonlinear effect to the overall system and possesses 
a saturation characteristics. The input u will vary between -3 and 3, and 
the process is excited by an APRBS; see Sect. 17.7. The one-step predic
tion surface of this process is shown in Fig. 19.2a. The training data lies 
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Fig. 19.2. a) One-step prediction surface of the first order Hammerstein test 
process. b) Nonlinear component of the one-step prediction surface, Ylin(k) = 
O.1u(k - 1) + O.9y(k - 1) 
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19.5 Simulation Examples 595 

in the filled part of the surface while the outer parts represent extrapola
tion areas. Because the nonlinear characteristics of the one-step prediction 
surfaces sometimes can hardly be observed, it can be useful to examine the 
difference between the one-step prediction of the nonlinear model and the lin
ear model Ylin(k) = O.lu(k -1) +O.9y(k -1). Figure 19.2b shows the one-step 
prediction surface for the nonlinear component y(k) - Ylin(k) of the process. 

In order to illustrate the intrinsic properties of the different model archi
tectures the training data is not disturbed by noise. The goal for the models 
shall be good simulation performance. Since models with low complexity are 
chosen and the training data is noise-free no overfitting can occur, and the 
simulation performance of the models can be assessed directly on the training 
data. 

19.5.1 MLP Networks 

MLP networks can be assumed to be well suited for the given process because 
their sigmoid activation functions are very close to the arctan(·) function in 
(19.1). Indeed, a network with just two hidden neurons and thus nine parame
ters yields very good approximation results. Figure 19.3 shows the simulation 
performance of the network on the training data and the accuracy of the static 
model characteristics for interpolation (gray) and extrapolation (white). For 
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Fig. 19.3. MLP network with two hidden neurons: a) comparison of the process 
output with the simulated MLP network output; b) static behavior of the MLP 
network compared with the process equilibrium. The results on the left represent a 
local optimum; for the results on the right the global optimum is attained 
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a) 
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Fig_ 19.4. a) One-step prediction surfaces of the MLP networks with two hidden 
neurons. b), c) Weighted basis functions of the network. Note that the absolute 
values of the network output are adjusted by the offset parameter in the output 
neuron. The results on the left represent a local optimum; for the results on the 
right the global optimum is attained 

the results shown on the right, the optimization technique converged to the 
global optimum. For the results shown on the left, obtained with a differ
ent parameter initialization, the optimization got stuck in a local optimum. 
The global optimum was reached in about 30% of the trials. Note that this 
number can go down considerably if it is not ensured that the parameters 
are initialized in a manner that avoids saturation of the sigmoid functions. 
Nevertheless, even the local optima results are remarkably good. 

Figure 19.4 shows the nonlinear part of the one-step prediction surfaces 
of both MLP networks and their weighted basis functions wi4>i(')' While the 
one-step prediction surface corresponding to the globally optimal solution 
(right) very accurately describes the true process in Fig. 19.2b, the locally 
optimal solution possesses a significant nonlinear behavior that does not de
scribe the process, particularly in the extrapolation areas. Interestingly, both 
solutions generate one basis function that basically represents the linear part 
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19.5 Simulation Examples 597 

of the process Ylin while the other basis function introduces the major non
linear characteristics. This observation is one motivation for the a-priori in
tegration of a linear model as proposed in Sect. 19.4. The shape of the basis 
function 4>1 ensures a very good extrapolation behavior. 

19.5.2 RBF Networks 

RBF networks can be expected to perform worse than the MLP networks on 
the test process because their local basis functions do not match well its non
linear characteristics. Indeed, it proves to be difficult to choose the standard 
deviations of the Gaussian RBFs. In fact, satisfactory results can be obtained 
only with relatively large RBF widths; otherwise "dips" in the interpolation 
behavior deteriorate the model performance (Sect. 11.3.4). While for one-step 
prediction these "dips" cause only minor accuracy deteriorations, they can 
be catastrophic for simulation because they can cause a model gain with a 
wrong sign. 

An RBF network with nine basis functions corresponding to the nine pa
rameters of the MLP network was trained with the grid-based and the OLS 
center selection strategy. Figure 19.5 shows the simulation performance and 

a) I.S 1.5 

II 
,., 

A 11 
,., 

~ 1 1 

0.5 
1\ 

0.5 

Y 0 ~ Y 0 r 

d 
~ 

-0.5 

~ 
-0.5 

~ -I~ -I 
Y 

-1.S 0 200 400 600 800 1000 1200 
-1.S 0 200 400 600 800 1000 1200 

timclc timclc 

b) 1.5 1.5 

0.5 

Yo 0 

-0.5 -0.5 

-I -I 

- 1.~5 0 
II() 

Fig. 19.5. RBF network with nine neurons: a) comparison of the process output 
with the simulated RBF network output; b) static behavior of the RBF network 
compared with the process equilibrium. The results on the left were obtained by 
placing the RBF centers on a grid; for the results on the right the OLS algorithm 
was used 
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Fig. 19.6. a) One-step prediction surfaces of the RBF networks with nine neurons. 
b) Centers and contour plots of the RBFs. The results on the left were obtained by 
placing the RBF centers on a grid; for the results on the right the OLS algorithm 
was used 

the static model characteristics in comparison with the process. Obviously 
the accuracy is significantly worse than with the MLP network. Neverthe
less the results obtained with the OLS approach (right) are satisfactory. The 
static model behavior reveals a severe weakness of RBF networks when ap
plied for dynamic systems: the extrapolation behavior tends toward zero. The 
danger of "dips" and the unrealistic extrapolation behavior are motivations 
for the a-priori integration of a linear model, especially with RBF networks, 
as proposed in Sect. 19.4. The extrapolation behavior with the OLS approach 
is particularly poor because the basis functions centers are more unequally 
distributed and optimized with respect to the interpolation behavior. 

Figure 19.6 shows the one-step prediction surfaces of the RBF networks 
(not their nonlinear components because the model errors are large enough 
to be investigated on the original surface) . It is obvious that the locality 
of the basis functions becomes a clear drawback when the function to be 
approximated has such a "plane" -like characteristics. The one-step prediction 
surface realized with the grid-based approach is symmetric. The selection of 
the basis functions by the OLS algorithm emphasizes the regions close to the 
equilibrium because the training data distribution is inherently denser in this 
region. 
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19.5 Simulation Examples 599 

The main problem with RBF networks is finding a good choice for the 
basis function widths. If the advantages of linear optimization are to be fully 
exploited these widths have to be chosen by the user. This requires some 
trial and error. Thus, the question arises whether one advantage of RBF 
compared with MLP networks still exists. The advantage of not requiring 
several runs with different initializations (to avoid poor local optima) seems 
to be compensated by the trial-and-error approach required for finding good 
basis function widths. 

19.5.3 Singleton Fuzzy and NRBF Models 

The singleton neuro-fuzzy or normalized RBF model architecture possesses 
better suited basis functions for the test process. Furthermore, it has already 
been demonstrated in Sect. 12.3.6 that the "dips" in the interpolation behav
ior can usually be avoided, and the choice of the basis functions' widths is 
not as crucial for performance as it is for the standard RBF network. On the 
other hand, the advantageous OLS algorithm does not allow a direct center 
selection for this neuro-fuzzy model architecture; see Sect. 12.4.3. 

Here, the grid-based approach is taken, which is required in order to en
able a true fuzzy rule interpretation in terms of one-dimensional membership 
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Fig. 19.7. Singleton neuro-fuzzy network with nine rules: a) simulation perfor
mance; b) static characteristics; c) one-step prediction surface; d) centers and con
tour plots of the non-normalized basis functions 
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functions; see Sect. 12.3.4. Figure 19.7a demonstrates a significant perfor
mance gain compared with the standard RBF network with the grid-based 
approach but inferior performance compared with the RBF network with 
OLS center selection. The static model characteristics are comparable with 
both RBF networks for interpolation but considerably better for extrapola
tion. This is a clear benefit of the normalization. 

19.6 Summary 

The curse of dimensionality is a critical problem for dynamic systems be
cause the external dynamics approach leads to additional inputs for the 
static approximator. The MLP network is best suited to deal with the high
dimensional input spaces that result for multivariable and high order systems. 

The interpolation behavior of RBF networks may include "dips" which 
can cause undesirable effects in the model dynamics, and all main model 
architectures discussed in this chapter possess a static extrapolation behavior. 

When a N ARX representation is chosen the features of the static model 
architectures are retained for the dynamic models. The NOE or other rep
resentations with more complex noise models, however, lead to nonlinear 
parameterized dynamic models independent of the static model architecture. 
Thus, for NOE (or more complex noise models) structures the advantages of 
linear parameterized static approximators vanish. 

A linear model can be used additively in parallel to a nonlinear model ar
chitecture. Such a strategy can overcome some of the nonlinear model archi
tecture's drawbacks with regard to interpolation and extrapolation behavior. 
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Chapters 13 and 14 demonstrated that local linear neuro-fuzzy models are 
a versatile model architecture, and LOLIMOT is a powerful construction 
algorithm with many advantages over conventional approaches and standard 
neural networks or fuzzy systems. In this chapter, this model architecture and 
training algorithm will be applied to nonlinear dynamic system identification 
by pursuing the external dynamics approach introduced in Chap. 17. It will 
be shown that local linear neuro-fuzzy models offer some distinct advantages 
over other architectures, in particular for modeling of dynamic systems. 

This chapter is structured as follows. After an introduction to dynamic 
local linear neuro-fuzzy models, Sect. 20.1 addresses the different goals of 
prediction and simulation. Section 20.2 shows how LOLIMOT can extract 
information about the process structure from data and how prior knowl
edge can be exploited to reduce the problem complexity. Special features for 
the linearization of dynamic neuro-fuzzy models are treated in Sect. 20.3. 
Sect. 20.4 discusses some stability issues. The operation of the LOLIMOT 
algorithm for dynamic systems is illustrated with some simulation studies 
in Sect. 20.5. Sections 20.6 and 20.7 extend advanced methods known from 
linear system identification literature to local linear neuro-fuzzy models and 
integrate them into the LOLIMOT algorithm. The specific difficulties aris
ing from an extension of the OLS rule consequent structure optimization to 
dynamic models are analyzed in Sect. 20.8. Finally, a brief summary is given 
and some conclusions are drawn. 

First, the extension from static to dynamic local linear neuro-fuzzy model 
will be explained. A static local linear neuro-fuzzy model is defined as (see 
(14.1) in Sect. 14.1): 

M 

fj = L (WiO + WilXI + Wi2 X 2 + ... + WipXnx ) Pi(~)' 
i=l 

(20.1) 

where in the most general case the rule consequent input vector 2i. = 
[Xl X2 ... xnx]T and the rule premise input vector ~ = [Zl Z2 ... znzF, 
both are equivalent to a vector containing the p physical inputs 1! = 
[UI U2 ••• upF. Pursuing the external dynamics approach introduced in 
Sect. 17.2 a dynamic local linear neuro-fuzzy model for p inputs and of order 
m is obtained by setting 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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(20.2) 

with 

up(k - 1) ... up(k - m) 

y(k -1) ... y(k - m)]T. (20.3) 

The choice of different input vectors for the rule consequents {f and the rule 
premises £ is of even greater practical significance for dynamic models than 
for static ones (Sect. 14.1). This topic is discussed in Sect. 20.2. 

With the regressors in (20.2) and (20.3) a single-input local linear neuro
fuzzy model in parallel configuration can be written as 

M 

y(k) = L (bilU(k - 1) + ... + bimu(k - m) 
i=l 

(20.4) 

where bij and aij represent the numerator and denominator coefficients and 
(i is the offset l of the local linear model i. The extension to the multiple-input 
case is straightforward. 

Figure 20.1a illustrates for a simple example how such a dynamic lo
cal linear neuro-fuzzy model operates during simulation, that is, in parallel 
configuration. The predicted output of all local linear models (LLMs) are 
calculated as 

Yi(k)=bilu(k-1)-ail y(k-1) +(i. -----global state 

(20.5) 

The outputs of the LLMs Yi are weighted with their corresponding validity 
function values Pi, and these contributions are summed up to generate the 
overall model output y. This overall model output then is fed back to external 
dynamics filters. In this context, the external dynamics approach is sometimes 
called the global state feedback approach to stress that the overall model 
output (whose delayed versions represent the global state of the model) is fed 
back [256]. 

In opposition, Fig. 20.1b depicts an internal dynamics approach also called 
the local state feedback. The fundamental difference from Fig. 20.1a is that 
the individual states of the local linear models (filters) are fed back locally, 
that is, 

Yi(k) = bil u(k - 1) - ail Yi(k - 1) + (i. 

---------local state 

(20.6) 

The model in Fig. 20.1b is similar to a normalized version of an internal 
dynamic RBF network that is proposed in [8, 9]. Since the validity functions 

1 The offsets are not denoted as "Ci" in order to avoid confusion with the validity 
function centers. 
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20. Dynamic Local Linear Neuro-Fuzzy Models 603 

Fig. 20.1. a) External dynamics approach for a local linear neuro-fuzzy model of 
first order with a single input and M neurons: The model output is fed back to the 
model input (global state feedback). b) Internal dynamics approach for a local linear 
modeling scheme: The outputs of the local models (filters) are fed back individually 
(local state feedback) 

depend only on u(k) such an architecture can only model systems that are 
solely nonlinear in their input, i.e., Hammerstein structures. This limitation 
severely restricts the applicability of that approach and makes it practically 
ineffective. Therefore, other, more general local state feedback architectures 
have been proposed; see [8] and Chap. 21. Some fundamental differences 
between the global and local state feedback strategies should be mentioned: 

• For global feedback, the dynamic order of the model is equal to the order 
of the LLMs. For local feedback, it is equal to the sum of the orders of all 
LLMs. 

• If all LLMs are stable then the overall model is stable when local feedback 
is applied, while this is not necessarily true for global feedback; refer to 
Sect. 20.4. 

• If at least one LLM is unstable then the overall model is unstable when 
local feedback is applied, while this is not necessarily the case for global 
feedback; refer to Sect. 20.4. 

• Complex nonlinear dynamic phenomena such as limit cycles require locally 
unstable models and thus can only be realized with global feedback. 

• The global feedback approach can be utilized for both one-step prediction 
and simulation, and can be trained as a NARX or NOE structure (or with 
other more complex noise models). The local feedback approach can only 
be trained as an output error model and can only be used for simulation. 

• As a consequence of the previous point, the LLM parameters are linear 
with global feedback when trained in series-parallel (NARX) structure. 
With local feedback the LLM parameters are nonlinear except for the 
special (and restricting) case where the denominator dynamics of all LLMs 
are identical. 

• With global feedback unstable processes can be modeled because the iden
tification of a NARX model is possible (the one-step NARX predictor is 
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always stable, even for unstable models; see Sect. 16.3.3). Local feedback 
always implies an output error model that cannot be used for identification 
of unstable processes because the optimal predictor would become unstable 
(Sect. 16.3.3). 

In the sequel only the external dynamics approach will be pursued. Inter
nal dynamics approaches are discussed further in Chap. 21. The static global 
and local parameter estimation formulas in Sect. 13.2 can be extended to 
dynamic local linear neuro-fuzzy models in a straightforward manner. For 
example, the regression matrix and parameter vector for the local estimation 
change from (13.24) and (13.19), respectively, to 

u(m + 1) . .. u(2) -y(m + 2) . .. -y(2) 1 [ 

u(m) ... u(l) -y(m) -y(l) 1] 
Xi = (20.7) 

u(N:-1) ... u(N:- m) -y(; -1) ... -y(; - m) ~ 
and 

(20.8) 

20.1 One-Step Prediction Error Versus Simulation Error 

The high computational efficiency of the LOLIMOT algorithm is to a great 
part a consequence of the utilization of linear parameter estimation methods. 
For dynamic models this requires the estimation of local linear ARX models 
because only the equation error is linear in the parameters. Therefore, the 
NARX neuro-fuzzy model is trained for optimal one-step prediction rather 
than simulation performance. From the discussion in the context of linear 
systems in Sect. 17.2.3 it is clear that this implies some drawbacks when the 
intended use of the model is simulation. The drawbacks are the emphasis 
of high frequency components in the model fit and the non-detection of a 
possible error accumulation, which is an effect of the low model accuracy in 
the low frequency range. These drawbacks can be expected to carryover to 
the nonlinear case. 

In order to weaken these drawbacks of the NARX approach and simul
taneously to avoid the application of nonlinear optimization techniques that 
would be required for a NARMAX or NOE approach, the following strategy 
is proposed [267, 271, 286] (see Sect. 13.3.2): 
Strategy I: 

• The local linear models in the rule consequents are estimated as ARX 
models by minimizing the one-step prediction error in series-parallel model 
configuration with a local linear least squares technique. 
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20.1 One-Step Prediction Error Versus Simulation Error 605 

• The criterion for structure optimization is based on the simulation per
formance of the model in parallel configuration. Structure optimization 
consists of two parts: the choice of the worst performing LLM, which is 
considered for further subdivision, and the selection of the best splitting 
dimension. 

With this combination of equation error and output error based optimiza
tion criteria some advantages of both approaches can be combined. However, 
note that the undesirable frequency weighting of the parameter estimation 
still remains. Also, this combined strategy, of course, cannot be applied for 
the identification of unstable processes. Other choices for the structure op
timization criterion may be favorable depending on the specific application 
of the model. If the model is used as a basis for the design of a controller 
or a fault diagnosis system the control or fault diagnosis performances may 
be utilized directly as structure optimization criteria. Such strategies allow 
one to make the complete modeling procedure more goal oriented. (It is, for 
example, well known that a good simulation model does not guarantee the 
design of a good controller; see Sect. 16.11.3.) This topic is open for future 
research, and in particular for the nonlinear case. 

The combined strategy described above for construction of dynamic local 
linear neuro-fuzzy models possesses another important advantage. The eval
uation of the simulation error for the structure optimization requires one to 
feed back the model output. Since the model output differs from the process 
output, this feedback generates new values at the model inputs fj(k - i) that 
are not contained in the training data set. Thus, the evaluation of the simula
tion error involves a generalization of the model. Consequently, the combined 
strategy is also suitable to detect over fitting (which scarcely occurs owing to 
the regularization effect of the local parameter estimation; see Sect. 13.2.2). 

In order to cope with the remaining shortcomings of the N ARX model 
identification the following two-stage procedure is proposed: 
Strategy II: 

• First, develop a model according to the combined criteria in Strategy 1. 
• Second, tune the obtained model by replacing the local ARX models with 

local OE, ARMAX, etc. models. The ARX model parameters can be uti
lized as initial values for the required nonlinear optimization. 

This two-stage strategy offers a great reduction in computational demand 
compared with the complete construction of an NOE model with LOLIMOT. 
The tree construction is carried out with local ARX models, and only at the 
final stage are the local models improved by an advanced and computation
ally more expensive approach such as the estimation of local OE or ARMAX 
models. Although this strategy may lead to a slightly inferior decomposition 
of the input space by LOLIMOT compared with a complete NOE, NARMAX, 
etc. approach, this is usually overcompensated by smaller computational de
mand. Strategy II is utilized in Sects. 20.6 and 20.7. 
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606 20. Dynamic Local Linear Neuro-Fuzzy Models 

20.2 Determination of the Rule Premises 

In the most general case the rule premise and the rule consequent inputs 
contain all regressors, Le., ~ = <p(k) and 'f. = <p(k) with <p(k) according to 
(20.3). The dimensionality of <p(k) and thus of the input spaces for the rule 
premises and consequents can be quite high, and in particular for multivari
able systems and for high dynamic order m. Therefore, external dynamics 
approaches require the application of model architectures that can deal with 
high-dimensional problems. The LOLIMOT algorithm can automatically de
tect those inputs that have a significant nonlinear influence on the output 
and so the premise input space spanned by ~ can be reduced. In combination 
with the OLS algorithm a structure optimization of the rule consequents is 
possible in order to reduce the input space of the rule consequents spanned by 
'f.. Besides these automatic algorithms for structure selection the user may be 
able to restrict the complexity of the problem a priori by exploiting available 
knowledge. The distinction between rule premise and consequent inputs is an 
important feature of LOLIMOT that allows one to prestructure the model in 
various ways. For example, the following situations can be distinguished: 

• Full operating point ~ = <p(k): This represents a universal approxima
tor. The operating point can represent the full dynamics of a process. 
H, for example, ~ contains the process input with several delays (~ = 
[u(k - 1) u(k - 2) ... ]T) then complex dynamic effects can be modeled. 
This includes direction dependent behavior (Sect. 14.1.1) or behavior that 
depends on the change of the input signal because the operating point 
implicitly contains information about the derivative of the model input 
it f'oJ u(k - 1) - u(k - 2). This approach is e.g. pursued in Sect. 23.1 for 
modeling a cooling blast. 

• Low dynamic order operating point: In many applications the nonlinear 
effects are simpler. Often it may be sufficient to realize an operating point 
of low order, say ~ = [u(k -1) y(k _1)]T, while the local linear models in 
the rule consequents possess higher order. 
Another important situation where a reduced operating point is very ad
vantageous occurs if the model is to be utilized for controller design. In 
this case many design methods require a model of the following form (see 
(17.3) in Sect. 17.1): 

y(k) = b1u(k -1) 
+ j (u(k - 2), ... , u(k - m), y(k - 1), ... , y(k - m)) . (20.9) 

LOLIMOT can be forced to generate a model similar to type (20.9) that is 
affine in u(k - 1) by simply excluding u(k - 1) from the operating point, 
Le., ~ = [u(k - 2) ... u(k - m) y(k -1) ... y(k - m)]T. Since different 
b1 parameters can be estimated for each LLM such a local linear neuro
fuzzy model does not exactly fulfill the property (20.9), but nevertheless 
it is possible to solve the model symbolically for u(k - 1) in an operating 
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20.2 Determination of the Rule Premises 607 

point dependent manner by pursuing the local linearization approach. This 
leads to the following control law for an inverting controller (see (17.4) in 
Sect. 17.1): 

u(k) = [r(k + 1) - (b1(&:)u(k - 2) + ... + bm(&:)u(k - m + 1) 

-al(&:)y(k) - ... - am (&:)y(k - m + 1) + ((&:))] /b1(z) (20.10) 

with &: = [u(k - 1) ... u(k - m + 1) y(k) ... y(k - m + l)jT (time is 
shifted by one sampling instant, i.e., k -+ k + 1), where r(k + 1) denotes 
the desired control output, that is, the reference signal. Note that it is 
crucial that &: does not depend on u(k) (or without time shift on u(k -1)), 
otherwise (20.10) would not solve for u(k). The only structural difference 
between (20.10) and (17.4) is that b1 (z) is not constant but operating point 
dependent. 

• Operating point includes only inputs: For the Hammerstein systems dis
cussed in Sect. 17.2.1 (see Fig. 17.4) and a much wider class of nonlin
ear dynamic systems, the nonlinear behavior depends only on the inputs 
&: = [u(k - 1) u(k - 2) ... u(k - m)]. This e.g. is the case for the Diesel 
engine turbocharger discussed in Sect. 23.2. 

• Operating point includes only outputs: For nonlinear differential equation 
(NDE) models that arise quite often [176], [222], the nonlinear behavior 
depends only on the outputs &: = [y(k - 1) y(k - 2) ... y(k - m)]. 

• Static operating point: A further simplified approach that nevertheless is 
quite often successful in practice is to assume a static operating point, i.e., 
&: = u(k) or for multivariable systems &: = [ul(k) u2(k) ... up(k)jT. This 
approach is pursued e.g. in [160] for modeling the longitudinal dynamics 
of a truck. 

• Operating point includes only external variables: For a large class of systems 
the nonlinearity depends on an external signal that does not have to be 
contained in the local linear models in the rule consequents. For example, 
the dynamics of a plane depend on its flight height, or transport processes 
depend on the speed of the medium; see Sects. 20.8 and 23.3.2. In these 
situations, the rule premise input vector &: and the consequent vector ;f do 
not possess common variables. This represents a pure scheduling approach. 
The external variable(s) in &: schedule the local linear models. This is known 
as parameter scheduling [176]. In the special case where all LLMs have 
identical dynamics and just different gains the well known gain scheduling2 
approach is recovered. 

2 "Gain scheduling" is the commonly used terminology for parameter scheduling 
as well. The term "parameter scheduling" is seldom used although it is more 
exact. 
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608 20. Dynamic Local Linear Neuro-Fuzzy Models 

20.3 Linearization 

A linearization of nonlinear dynamic models allows one to exploit the huge 
variety of linear design techniques for the development of all kinds of model
based methods for the design of controllers, fault diagnosis systems, etc. For 
local linear neuro-fuzzy models, basically two practicable ways exist to make 
use of linear design techniques. This is illustrated for the example of controller 
design. For a comparison of these two approaches refer to [85]. 

• Local model individual design: For each local linear model an individual 
design step is carried out; see Fig. 20.2a. The local controllers are merged 
operating point dependently to a single controller [185, 186, 369]. This 
concept is often called parallel distributed compensation. The advantage of 
this strategy is that only once M controllers have to be designed, which 
can be done offline. During operation only the local controllers have to be 
combined. Furthermore, powerful methods for proving closed-loop stability 
via solving linear matrix inequalities (LMls) are available [371]. 

• Local linearization of the overall model: By linearization, an operating point 
dependent linearized model is generated from all local linear models [86]. 
This linearized model is the basis for the controller design; see Fig. 20.2b. 
A drawback of this strategy is that the linearization and controller design 
step has to be carried out online. An advantage of this strategy is its higher 
flexibility and slightly superior performance. 

20.3.1 Static and Dynamic Linearization 

For linearization of local linear neuro-fuzzy models, local linearization should 
be employed in order to avoid the magnification of undesirable interpolation 

a) b) 

operating point dependent 

Fig. 20.2. Two strategies for the application of linear design techniques with lo
cal linear neuro-fuzzy models: a) Controllers can be designed for each local linear 
model and subsequently merged to one operating point dependent controller. b) A 
linearized model with operating dependent parameters can be obtained from all 
LLMs by linearization, and subsequently a controller can be designed on the basis 
of this linearized model 
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20.3 Linearization 609 

u(k) 

Fig. 20.3. A model can be linearized on its static nonlinearity (static linearization) 
or in off-equilibrium regions (dynamic linearization) 

effects; see Sect. 14.5. The local linearization of (20.4) becomes (see (14.24) 
in Sect. 14.5): ,---

f)(k) = bl(.&)u(k -1) + ... + bm(.&)u(k - m) 

- al (.&)f)(k - 1) - ... - am(.&)f)(k - m) + ((.&) (20.11) 

with 
M M M 

bj (.&) = LbijPi('&), aj(,&) = LaijPi('&), ((.&) = L(iPi('&). (20.12) 
i=l i=l i=l 

When linearizing a model two alternatives can be distinguished . 

• Static linearization: The operating point (uo, Yo) is at the equilibrium and 
thus lies on the static nonlinearity; see small dark gray ellipses in Fig. 20.3 . 

• Dynamic linearization: The operating point (u(k), y(k» represents a tran
sient and thus lies in the off-equilibrium regions; see large gray ellipses in 
Fig. 20.3. 

As Fig. 20.3 illustrates, the validity functions determine whether the cor
responding local linear models describe the process behavior around the static 
nonlinearity or for transients. When the center of a validity function is placed 
on the static nonlinearity, e.g., ~ = [uo yoF for a first order system, and ad
ditionally possesses a small width, then the corresponding local linear model 
is activated only for low frequency excitation with u(k) ~ uo. In contrast, 
the local linear model that corresponds to the upper left operating regime in 
Fig. 20.3 is activated only in the early phase of a transient when the input 
steps from a very large u(k) to a very small u(k). 

In order to explain the major importance of the transient operating 
regimes the Hammerstein and Wiener systems shown in Fig. 17.4 in Sect. 17.2.1 
will be considered again. The two systems behave quite differently although 
they possess identical static behavior. They just differ in the off-equilibrium 
regions. Consequently, it is fundamentally important to allow off-equilibrium 
regimes in modeling by choosing the rule premise input space rich enough. 
For example, for a first order system .& = luCk - 1) y(k - 1)] is required in 
order to describe the whole space shown in Fig. 20.3. 
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610 20. Dynamic Local Linear Neuro-Fuzzy Models 

For an extensive theoretical discussion of off-equilibrium linearization in 
the context of local linear model architectures refer to [191, 190, 355]. 

20.3.2 Dynamics of the Linearized Model 

The local linearization in (20.11), (20.12) (and the global linearization simi
larly) interpolate with the validity functions between the parameters of the 
local linear models. What does this mean for the dynamics of the resulting 
linearized model? In order to keep the analysis simple a model with only two 
LLMs is considered. With an extension to more than two LLMs no qualita
tively new aspects are involved. 

Figure 2004 illustrates how the interpolation between two LLMs affects the 
poles of the linearized model. An equivalent analysis can be performed for the 
zeros of the linearized model. However, the zeros can hardly be interpreted 
in the z-domain. Each cross represents a pole of the linearized model. For 
simplicity, the interpolation between the two LLMs is performed linearly, 
as would occur for piecewise linear validity functions. A first order model 
is shown in Fig. 2004a. The pole of the linearized model changes uniformly 
between the poles of the individual LLMs. This behavior is obvious because 
in first order systems the denominator parameter al is equal to the pole since 
the interpolated model becomes (with PI + P2 = 1) 

f)(k) = (PI bu +(I-pt}b21 )U(k-l) - (PI au +(I-pt}a21)f)(k-l).(20.13) 

Thus, a linear interpolation between the parameters implies a linear interpo
lation between the poles. These simple characteristics change for higher order 
systems. 

The other plots in Fig. 2004 represent different pole configurations for a 
second order system, which follows 

f)(k) = (Plbu + (1- pI)b2t}u(k - 1) + (Pl bl2 + (1- Pt}b22 )U(k - 2) 
- (PIaU + (1- pt}a21)f)(k - 1) - (Plal2 + (1- pt}a22)f)(k - 2). 

In Fig. 2004b each LLM possesses a fast and a slow real pole. Again the poles 
of the linearized system behave as expected. In Figs. 2004c and done LLM 
possesses two slow poles while the other LLM possesses two fast poles. In 
Fig. 2004c the poles of each LLM are distinct; in Fig. 2004d they are identical. 
In both cases the poles of the linearized model can become complex. It is 
highly unexpected that the combination of two aperiodic LLMs can yield an 
oscillatory model behavior. The interpolation between one local linear model 
with two real poles and another LLM with a conjugate complex pole pair in 
Fig. 2004e is as expected. Finally, the poles of the linearized model obtained 
by an interpolation of two LLMs with a conjugate complex pole pair each are 
also as anticipated. 

The undesirable behavior in Figs. 2004c and d can be overcome by directly 
interpolating the poles of the LLMs rather than the LLMs' parameters. This 
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b) 1.--==--------, 
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Fig. 20.4. Poles of a linearized model obtained by the linear interpolation of two 
local linear models: 
a) P = 0.2 ~ P = 0.9 
b) PI/2 = 0.2/ 0.9 ~ PI/2 = 0.4 / 0.8 
c) Pl/2 = 0.2/ 0.4 ~ Pl/2 = 0.8/0.9 
d) Pl/2 = 0.2/ 0.2 ~ Pl/2 = 0.9/0.9 
e) Pl/2 = 0.2/ 0.9 ~ Pl/2 = 0.7 ± iO.5 
f) Pl/2 = 0.2 ± iO.7 ~ Pl/2 = 0.7 ± iO.3 

approach is suggested in [61]. However, this strategy requires the local models 
to be linear and of identical structure. This restriction is quite severe because 
the possibility of incorporating different types of local models into the overall 
model is one of the major strengths oflocal modeling schemes; see Sect. 14.2.3. 
Moreover, for higher order systems it is not quite clear between which poles 
the interpolation should take place. An alternative is based on the fact that 
the situation shown in Figs. 20.4c and d rarely occurs in practice since two 
neighbored LLMs represent similar dynamic behaviors if the overall model 
is sufficiently accurate, i.e., enough local linear models are constructed. This 
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612 20. Dynamic Local Linear Neuro-Fuzzy Models 

might allow one to neglect the imaginary parts of the poles because they 
decrease as the poles of the LLMs approach each other. 

20.3.3 Different Rule Consequent Structures 

What happens if the structures of the interpolated local linear models are 
not identical? Such a situation may occur for processes that possess second 
order oscillatory behavior in one operating regime and first order dynamics 
in another regime, such as the cooling blast investigated in Sect. 23.1. In such 
case, the interpolation operates on the first order model as if it were of second 
order. This means that the first order system is treated as 

G.( ) _ bi1q-l + Oq-2 ( ) 
t q - 1+ailq-l +Oq-2' 20.14 

which in practice introduces a "dummy" zero and pole at O. This usually 
leads to reasonable model dynamics. 

More frequently, different rule consequent structures arise from operating 
point dependent dead times. As an example, a first order local linear neuro
fuzzy model with two LLMs will be considered. Each LLM describes its own 
operating regime with individual gains, dynamics, and dead times: 

1.LLM: ih(k) 

2. LLM: ih(k) 

bll u(k - d1 - 1) + ally(k - 1) 

b21 U(k - d2 - 1) + a21y(k - 1) 

(20.15a) 

(20.15b) 

Figure 20.5a shows which behavior is expected from the model. When 
only LLM 1 is valid the dead time should be equal to d1 . When only LLM 2 
is valid the dead time should be equal to d2 • When both LLMs are inter
polated the dead time should be in between, i.e., d1 ~ d ~ d2 (assuming 

a) 1 1 1 1 

!J7l tJiI !J71 i{i] 
~ ~ ~, ~ ~ 

timek timek timek timek 

Fig. 20.5. Interpolation of local linear models with different dead times: a) ex
pected behavior, b) model behavior with the standard interpolation method. From 
left to right the validity function values of the two local linear models are Pl/P2 = 
0.0/1.0, 0.3/0.7, 0.7/0.3, and 1.0/0.0 
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20.4 Model Stability 613 

d1 < d2 ). However, Fig. 20.5b shows what really happens when the standard 
interpolation method is used. An interpolation of the two LLMs (20.15a) and 
(20.15b) yields 

y(k) = 1P1bl1u(k - d1 - 1) + 1P2b21U(k - d2 - 1) 

+ (lPlal1 + 1P2a21) y(k - 1) , (20.16) 

where 1P1 and 1P2 are the validity function values with 1P2 = 1 - 1P1' Thus, for 
1P1 "I- 0 the dead time of the model is always equal to d1 • Although in many 
applications the undesirable effect is not as drastic as shown in Fig. 20.5b, 
this behavior often is not acceptable. It can be overcome by altering the 
interpolation method for dead times such that the dead times are directly 
interpolated rather than the linear parameters. This approach leads to the 
expected result 

with 

(20.18) 

The major benefit from this dead time adjusted interpolation method is 
not the improved model accuracy. More importantly, the qualitative model 
behavior is correct, which can be a significant advantage when the model is 
further exploited, e.g. for control design. 

20.4 Model Stability 

This section will discuss some stability issues in an informal manner. In 
Sect. 20.4.1 the basic properties are addressed. Section 20.4.2 briefly intro
duces numerical tools for proving Lyapunov stability for local linear neuro
fuzzy models. Finally, the practically very important topic of stable extrap
olation behavior is addressed in Sect. 20.4.3. 

As an illustrative example for the sometimes non-intuitive nature of the 
problem the Wiener system introduced in Fig. 17.4 in Sect. 17.2.1 will be 
considered again. Figure 20.6a shows the one-step prediction surface of this 
first order system y(k) = f(u(k - 1), y(k - 1». The local poles ofthis Wiener 
system, or more correctly the poles of the linearized system, are shown in 
Fig. 20.6b. They can be calculated from the one-step prediction surface as 
(see (17.12) in Sect. 17.2.1): 

( (k -1) (k -1» = 8f(u(k -1),y(k -1» 
pu ,y 8y(k-l)' (20.19) 

Along the static nonlinearity shown as the thick line in Fig. 20.6 the 
local poles are equal to the pole of the linear block of the Wiener system in 
Fig. 17.4a: 
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614 20. Dynamic Local Linear Neuro-Fuzzy Models 

Fig. 20.6. First order Wiener system: a) one-step prediction surface, b) local poles 

p(Uo,Yo) = 0.9 . (20.20) 

For the transient regions the Wiener system possesses different local poles. 
In particular, it is very interesting to observe that in some off-equilibrium 
regions unstable linearized models occur with P > 1 although the Wiener 
system is stable, of course. For a local linear modeling scheme this obser
vation means that stable overall models can result even if some unstable 
local linear models exist in off-equilibrium regimes. Indeed, an identification 
of this Wiener system with LOLIMOT yields unstable off-equilibrium local 
models if sufficiently many neurons are generated. Note that this is a critical 
issue in practice since inaccurately identified operating regimes can make the 
model unstable, and an interpretation of the LLM poles is not necessarily as 
straightforward as one might assume. 

20.4.1 Influence of Rule Premise Inputs on Stability 

The stability analysis depends on the inputs contained in the rule premises. 
If no model outputs are fed back to the rule premises then a local linear 
neuro-fuzzy model can be seen as a simple parameter scheduling approach 
with the premise inputs as scheduling variables. If, however, the previous 
model outputs are used as premise inputs then the stability analysis becomes 
more involved owing to this feedback component. 

Rule Premise Inputs without Output Feedback. It is assumed that 
the rule premises depend only on the process inputs and possibly on external 
signals, i.e., ~ does not contain any f)(k-i). Then it is sufficient to investigate 
the stability of all linearized models that may occur by the interpolation of 
the local linear models. The following three cases can be distinguished. 

• First order dynamics: The parameters ail directly represent the poles. 
Thus, an interpolation of the parameters is equal to an interpolation of the 
poles; see Sect. 20.3.2. An interpolation between stable poles -1 < Pi < 1 
yields a stable pole again. Consequently, if all local linear models are stable 
then the neuro-fuzzy model is stable as well. 
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20.4 Model Stability 615 

Fig. 20.7. Stability regions for a) second order systems and b) third order systems 
with al = a2 

• Second order dynamics: As Fig. 20.4 demonstrates, unexpected effects may 
occur when interpolating between second order local linear models. Nev
ertheless, it can be guaranteed that the neuro-fuzzy model is stable when 
all LLMs are stable. This can be explained with Fig. 20.7a, which depicts 
the stability region in the a2-al-plane according to the Schur-Cohn-Jury 
criteria. The denominator of a local linear model can be represented by 
a point in the a2-al-plane. Figure 20.7a shows two stable LLMs, and the 
thick line represents all possible models that can arise by an interpolation 
between these two LLMs. Obviously, as long as the two LLMs lie inside the 
stability region any interpolation does so as well. This is a consequence of 
the convexity of the stability region . 

• Higher than second order dynamics: According to the Schur-Cohn-Jury 
criteria the stability regions are not convex for third and higher order 
systems. Figure 20.7b depicts the stability region for a third order system in 
the a3-al-plane for the special case al = a2 as an example. As illustrated in 
this figure, it is possible to obtain an unstable linear model by interpolating 
two stable ones. Although this is not very likely to happen in practice 
because the two LLMs must either possess quite different dynamics or 
they must be very close to the stability boundary, stability of all LLMs 
does not guarantee the stability of the neuro-fuzzy model for higher order 
systems. 

Rule Premise Inputs with Output Feedback. When the model output 
is fed back to the rule premises, i.e., £ contains y(k - i) regressors, the overall 
model can become unstable even when it is of low order and all local linear 
models are stable. Intuitively, this can be understood by imagining that it is 
possible to generate an unstable system by switching between two stable lin
ear systems in an appropriate manner. Since the rule premises are just "soft" 
switches for the rule consequents (local linear models) this example extends 
to neuro-fuzzy models. An in-depth analysis can be found in [371], where it 
is shown that the smoothing realized by the non-crisp validity functions has 
a stabilizing effect. Although a stability proof for a local linear neuro-fuzzy 
model with output feedback to the rule premises is a difficult task, efficient 
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616 20. Dynamic Local Linear Neuro-Fuzzy Models 

tools are available that are capable pf proving stability in many cases. These 
tools are briefly discussed in the next subsection. 

20.4.2 Lyapunov Stability and Linear Matrix Inequalities (LMIs) 

The stability of a local linear neuro-fuzzy model might be proven by Lya
punov's direct method. This general and widely applied approach to prove 
the stability of nonlinear dynamic systems is based on a state space formula
tion of the system under investigation. One tries to find a Lyapunov function 
and since this is a very hard problem it is common to restrict this search to 
the class of quadratic Lyapunov functions 

(20.21) 

where P is a positive definite matrix and ~(k) is the state of the model. For a 
simple linear model or equivalently for a local linear neuro-fuzzy model with 
a single rule, the following stability condition can be derived. For stability, 
the Lyapunov function must be monotonically decreasing over time k, that 
is, 

V(k + 1) - V(k) = ~T(k + I)P~(k + 1) - ~T(k)P~(k) 

= (A~(k»T P A~(k) - ~T(k)P~(k) 
= ~(k)T (AT P A - P) ~(k) < 0, (20.22) 

since ~(k+ 1) = A~(k), ignoring the input u(k) that is irrelevant for stability 
considerations [98]. Thus, the linear model is stable if the following matrix is 
negative definite: 

AT P A - P -< O. (20.23) 

As shown by Tanaka and Sugeno in [371], stability of a local linear neuro
fuzzy model with M rules is guaranteed by fulfilling 

for i = I,2, ... ,M (20.24) I 
with a positive definite P, where the Ai represent the system matrices of the 
local linear models. Note that in (20.24) a common P matrix must be found 
for all local linear models Ai. This is a much stronger condition than the 
individual stability of the local linear models, for which only Ai PiAi-Pi -< 0 
with individual Pi would be required. The system matrices Ai of the LLMs 
required for the evaluation of (20.24) can be easily obtained from the local 
linear input/output models by a transformation to a canonical state space 
form, e.g., the observable canonical form [51, 52]. 

The stability condition (20.24) is remarkably simple, and follows from 
the local linear model architecture. For other nonlinear dynamic models no 
comparable results exist. This is another strong advantage of local linear 
modeling schemes when dealing with dynamical systems. 
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20.4 Model Stability 617 

How can a positive definite matrix P be found that fulfills (20.24)? For
tunately, this problem can be solved automatically in a very efficient way. 
The stability condition (20.24) represents a so-called linear matrix inequality 
(LM!); for a monograph on this subject refer to [42]. These linear matrix 
inequalities can be solved by numerical optimization. Furthermore, it can 
be guaranteed to find the globally optimal solution because the optimization 
problem is convex. Efficient tools for solving LMIs are available; see e.g. [111]. 
Note that it may not be possible to find a P that meets (20.24), although 
the model may be stable. The condition (20.24) is sufficient but not neces
sary. As an example, consider the stable Wiener system from the beginning 
of Sect. 20.4, which provokes unstable LLMs in off-equilibrium regimes. The 
reasons for a failure in finding a P matrix for a stable system can be twofold. 
First, only quadratic Lyapunov functions are considered. Even if no Lya
punov function of quadratic shape exists, Lyapunov functions of other type 
might exist. Second, (20.24) does not take the specific shape of the validity 
functions into account. It considers the worst case scenario where all LLMs 
can be interpolated in any way. In reality, however, the validity functions are 
structured, and constrain the way in which the LLMs can be interpolated. 
Current research tries to exploit this knowledge to make the stability con
ditions less conservative, in particular for the simple case of piecewise linear 
validity functions. 

The same concepts that have been discussed here in the context of mo
del stability can be extended to prove closed-loop stability when a linear 
controller is designed for each local linear model (parallel distributed com
pensation; see Sect. 20.3). Then each local linear controller in combination 
with each local linear model must meet a stability condition similar to (20.24) 
[371]. This usually leads to very conservative conditions, which do not allow 
one to prove stability for large classes of stable control loops. Also, for the 
closed-loop stability, current research focuses on finding less conservative sta
bility conditions [239, 370]. Note again that no comparable powerful results 
for ensuring closed-loop stability are available for most other general nonlin
ear model-based controller designs. 

20.4.3 Ensuring Stable Extrapolation 

The extrapolation behavior of local linear neuro-fuzzy models is linear. It 
is basically determined by the local linear model at the interpolation/extra
polation boundary; see Sect. 14.4.2. This means that for extrapolation the 
neuro-fuzzy model behaves like a linear dynamic system that is equivalent 
to this "boundary LLM". This behavior is expected and desired by the user. 
Because the value of this LLM's validity function is not exactly equal to 1 
the other LLMs also have a small influence, but these effects can usually be 
neglected. 

The extrapolation behavior plays an important role for the robustness in 
modeling and identification of nonlinear dynamic systems. As pointed out 
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618 20. Dynamic Local Linear Neuro-Fuzzy Models 

in Sect. 17.2.3, models with output feedback underlie the risk of error ac
cumulation, i.e., the error on the predicted output f)(k) increases through 
the feedback. This risk is particularly grave if the prediction error drives the 
model into an extrapolation region where the model is usually more inaccu
rate. Therefore, stable extrapolation behavior is essential for a high robust
ness against poorly distributed training data. For a more detailed discussion 
and an example on this topic refer to [263]. 

For local linear neuro-fuzzy models any desired statics and dynamics can 
be imposed outside the training data range by the incorporation of prior 
knowledge into the extrapolation behavior as proposed in Sect. 14.4.2. By 
pursuing this strategy, stability of the model can be guaranteed. 

The linear dynamic extrapolation behavior is a further strong advantage 
of local linear modeling schemes. Almost all other model architectures ex
cept polynomials extrapolate constantly; see Chaps. 16, 11 and 12. Constant 
extrapolation implies that the local derivatives tend to zero. Consequently, 
according to (20.19) the poles of a linearized model in an extrapolation re
gion tend to zero. This means that these model architectures possess static 
extrapolation behavior, which is certainly an undesirable property. For poly
nomial models the situation is even worse. Their local derivative tends to 00 

or -00 when extrapolating. Thus, polynomials have unstable extrapolation 
behavior, which makes nonlinear dynamic polynomial modeling approaches 
at least questionable for any practical application; see Chap. 18. 

20.5 Dynamic LOLIMOT Simulation Studies 

In this section the LOLIMOT algorithm for construction of dynamic local 
linear neuro-fuzzy models is demonstrated for nonlinear system identification 
of the four test processes introduced in Sect. 20.5.1. The purpose of this 
section is to illustrate interesting features of LOLIMOT and to assess how the 
number of required local linear models depends on the strength of nonlinear 
behavior and the process structure. For all simulations the process output was 
disturbed by white Gaussian noise with a signal-to-noise power ratio of 200. 
This relatively small noise variance was chosen to make the essential effects 
clear and to keep the estimation bias small, which is always present with the 
NARX model structure. Methods for avoiding the inconsistent parameter 
estimates resulting from the (N)ARX model structures are discussed in the 
next section. 

The results obtained are compared in Table 20.1 at the end of this section. 

20.5.1 Nonlinear Dynamic Test Processes 

The four nonlinear dynamic test processes introduced in the sequel serve as 
examples for the illustration of the LOLIMOT algorithm. They cover different 
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20.5 Dynamic LOLIMOT Simulation Studies 619 

types of nonlinear behavior in order to demonstrate the universality of the 
approach. 

1. A Hammerstein system is characterized by a static nonlinearity in series 
with a linear dynamic system. For the static nonlinearity a saturation 
type function described by an arctan(·) is used. For the subsequent linear 
system a second order oscillatory process with gain 1, damping 0.5, and 
a time constant of 5 s is chosen. With a sampling time of To = 1 s this 
system follows the nonlinear difference equation 

y(k) = 0.01867 arctan[u(k - 1)] + 0.01746 arctan[u(k - 2)] 

+1.7826y(k -1) - 0.8187y(k - 2). (20.25) 

The inputs lie in the interval [-3, 3]. 
2. A Wiener system is characterized by a linear dynamic system in series 

with a static nonlinearity, i.e., it is the counterpart to a Hammerstein 
system. The same linear dynamic and nonlinear static blocks as for the 
Hammerstein system are chosen. This Wiener system follows the nonlin
ear difference equation 

y(k) = arctan [0.01867 u(k - 1) + 0.01746 u(k - 2) 

+1.7826tan(y(k - 1)) - 0.8187tan(y(k - 2))] . 

The inputs lie in the interval [-3, 3]. 

(20.26) 

3. Another very important structure of nonlinear dynamic systems is the 
so-called NDE (nonlinear differential equation) model, which often arises 
directly or by approximation from physical laws [176, 222]. A second
order non-minimum phase system with gain 1, time constants 4s and 
lOs, a zero at 1/4s, and output feedback with a parabolic nonlinearity 
is chosen. With sampling time To = 1 s this NDE system follows the 
nonlinear difference equation 

y(k) = -0.07289 [u(k -1) - 0.2y2(k -1)] 

+0.09394 [u(k - 2) - 0.2 y2(k - 2)] 

+1.68364y(k -1) - 0.70469y(k - 2). 

The inputs lie in the interval [-1, 1]. 

(20.27) 

4. In contrast to the previous test processes, as a fourth system a dynamic 
nonlinearity not separable into static and dynamic blocks is considered. 
The eigenbehavior of the system depends on the input variable. This 
process is adopted from [228], and can be described by the following 
difference equation: 

y(k) = 0.133u(k -1) - 0.0667u(k - 2) + 1.5y(k -1) 

-0.7y(k - 2) + u(k)[O.1 y(k - 1) - 0.2y(k - 2)]. (20.28) 

The inputs lie in the interval [-1.5, 0.5]. 
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620 20. Dynamic Local Linear Neuro-Fuzzy Models 
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Fig. 20.8. Excitation and test signals for the dynamic test processes. The left-hand 
side shows the training data, the right-hand side the test data. The excitation and 
test input signals in a are scaled to the interval [-3 3] for the Hammerstein process 
in (b) and the Wiener process in (c). They are not scaled for the NDE process in (d) 
and scaled to [-1.5 0.5] for the dynamic nonlinearity in (e) 

These test processes are excited with an amplitude modulated pseudo 
random binary signal (APRBS) as shown in Fig. 20.8a(1eft); see Sect. 17.7 
and [285]. This sequence excites the processes in various operating conditions 
and thus is suitable for the generation of training data. The signal shown in 
Fig. 20.8a(right) is used for generation of the test data. Note that for the 
Hammerstein and Wiener process these signals are scaled to lie in [-3, 3] 
and for the dynamic nonlinearity process they lie in [-1.5, 0.5]. This is nec
essary in order to create sufficiently strong nonlinear behavior to make the 
identification problem challenging. 

20.5.2 Hammerstein Process 

The second order Hammerstein process with an operating point dependent 
gain between K = 1 and K = 1/10 can be easily identified by a local linear 
neuro-fuzzy model trained with LOLIMOT with the following second order 
nonlinear dynamic input/output approach: 
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Fig. 20.9. LOLIMOT convergence curves and choice of the model complexity 
for the four test processes: a) Hammerstein, b) Wiener, c) NDE, and d) dynamic 
nonlinearity processes 
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Fig. 20.10. Comparison between process and simulated model output on training 
and test data for the four test processes: a) Hammerstein, b) Wiener, c) NDE, and 
d) dynamic nonlinearity processes. (For the input signals refer to Sect. 20.5.1) 
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Fig. 20.11. Input space partitioning generated by LOLIMOT for the four test pro
cesses: a) Hammerstein, b) Wiener, c) NDE, and d) dynamic nonlinearity processes. 
Note that here the Wiener model was identified with a reduced order operating 
point ~ = [u(k -1) y(k - l)]T j with a complete operating point LOLIMOT also 
performs divisions in u(k - 2) and y(k - 2) and with negligibly better performance 

iJ(k) = f (u(k - 1), u(k - 2), y(k - 1), y(k - 2)) . (20.29) 

The convergence curve shown in Fig. 20.9a reveals a rapid performance 
improvement in the first few iterations. Since no further significant improve
ment can be achieved for M > 8 the optimal model complexity, i.e., the 
number of rules, neurons, or LLMs, is chosen as Mopt = 8. Note that this 
choice for the optimal model complexity is a direct consequence of the noise 
level; larger signal-to-noise ratios would allow more complex models and vice 
versa (see Sect. 13.3.1). The simulation performance of the model is extremely 
good on both training and test data; see Fig. 20.lOa. The one-step prediction 
performance is even much better. 

LOLIMOT performed only divisions in the u(k - I)-dimension although 
the process is nonlinear in both previous inputs u(k - 1) and u(k - 2); see 
Fig. 20.11a. The reason for this is that the input signal u(k) possesses rela
tively few steps where u(k - 1) "I u(k - 2); for most training data samples it 
is irrelevant whether LOLIMOT splits in the u(k - 1)- or u(k - 2)-dimension. 
But even when a rapidly varying training input signal like white noise is used, 
the model performance does not crucially depend on which of these two in
put dimensions is split. LOLIMOT correctly recognizes that the previous 
outputs have nO nonlinear influence on the process behavior, i.e., it does not 
partition the y(k -1) and y(k - 2)-dimensions. If this fact were known in ad-
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Fig. 20.12. Comparison between process and simulated model output for the 
static behavior (left) and some step responses (right): a) Hammerstein, b) Wiener, 
c) NDE, and d) dynamic nonlinearity process 
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624 20. Dynamic Local Linear Neuro-Fuzzy Models 

vance these model inputs could be excluded from the premise input vector, 
i.e., ~ = [u(k - 1) u(k - 2)jT but ~ = [u(k - 1) u(k - 2) y(k - 1) y(k - 2)jT. 

The static nonlinearity and the step responses depicted in Fig. 20.12a un
derline the high quality of the obtained model. Moderate deviations between 
the static behavior of the process and the model can only be observed in wide 
extrapolation. 

20.5.3 Wiener Process 

The Wiener process is also modeled with the approach (20.29). The conver
gence curve in Fig. 20.9b demonstrates that the rate of convergence and the 
final model quality are significantly worse than for the Hammerstein process. 
It is not so easy to select the optimal model complexity. Here, Mopt = 12 was 
chosen. The different characteristics in comparison with the Hammerstein 
process can be explained as follows. The one-step prediction function f(·) of 
a Wiener system is nonlinear with respect to all inputs. First, LOLIMOT 
cannot exploit the Wiener structure in a similar way as for the Hammerstein 
structure, and more decompositions are required. Second, the dynamics of 
the linear block are weakly observable from the process output when the 
static nonlinearity is in saturation. Small disturbances on the process output 
can thus cause significant errors in the estimation of the model dynamics 
for those operating regimes associated with the saturation. This effect can
not be observed for progressive static nonlinearities. Nevertheless, the model 
performs satisfactory on training and validation data; see Fig. 20.lOb. 

As expected from the nonlinear difference equation of the process, LOLI
MOT decomposes the input space in all four model inputs. However, com
parable results can be achieved with the simplified reduced operating point 
strategy discussed in Sect. 20.2. If the premise input space is reduced to a 
first order dynamics operating point ~ = [u(k - 1) y(k - l)jT, similar model 
performance can be achieved as indicated by the second (gray) convergence 
curve in Fig. 20.9b. The input space partitioning for this case is shown in 
Fig. 20.11b. Although the one-step prediction surface is symmetric the input 
space partitioning carried out by LOLIMOT is not, because the training data 
is not exactly symmetrically distributed, and it is corrupted with noise. 

The static nonlinearity of the model (Fig. 20.12b(left)) shows larger de
viations from the process statics than for the Hammerstein process. This is 
caused by the rougher decomposition of the u(k - i)-dimensions due to the 
higher-dimensional operating point, which also depends on y (k - i). The step 
responses in Fig. 20.12b(right) clearly underline the above argument that the 
process dynamics cannot be estimated very accurately when the nonlinearity 
is in saturation. 
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20.5 Dynamic LOLIMOT Simulation Studies 625 

20.5.4 NDE Process 

The NDE process can be modeled according to (20.29), as well. The con
vergence curve in Fig. 20.9c reveals that the process is less nonlinear than 
the others since the global linear model (first iteration) performs quite well, 
and no improvement can be achieved for more than four rules. Thus, the 
optimal model complexity is chosen as Mopt = 4. The model performs very 
well (Fig. 20.lOb), and LOLIMOT decomposed the input space only in the 
y(k - 2)-dimension; see Fig. 20.11c. Ad for the Hammerstein model, a de
composition in y(k - 1) would yield comparable results. The NDE process 
which is linear in u(k - i) and nonlinear in y(k - i), can be seen as the 
counterpart of the Hammerstein process, which is linear in y(k - i) and non
linear in u(k - i). Therefore, LOLIMOT can exploit the NDE structure in 
an analogous way. The comparison between process and model statics and 
step responses in Fig. 20.12c shows the high model quality. However, for the 
regime with small output y(k - 2) a considerable static modeling error can 
be observed. It is due to the fact that the static process behavior tends to 
infinite slope for u ~ -1.2, and thus the process becomes unstable. 

20.5.5 Dynamic Nonlinearity Process 

The dynamic nonlinearity process possesses strongly operating point depen
dent dynamics. Because the input instantaneously influences the output, the 
following modeling approach is taken: 

fj(k) = f (u(k), u(k - 1), u(k - 2), y(k - 1), y(k - 2)) . (20.30) 

The strongly nonlinear process characteristics can be recognized by the 
convergence curve in Fig. 20.9d. The linear model in the first iteration per
forms much worse than for the other test processes, and the convergence 
speed is extremely high. The model complexity M opt = 15 is chosen. Fig
ures 20.lOd and 20.12d demonstrate that the oscillatory behavior for large 
inputs and the highly damped behavior for small inputs are accurately mod
eled. The partitioning of the input space indicated an almost solely nonlinear 
dependency on u(k). However, in the last two iterations two splits are carried 
out by LOLIMOT along the y(k - 2)-dimension; see Fig. 20.11d. These arti
facts are due to the noise on the training data. The fine decomposition of the 
input space leaves relatively few data samples for the parameter estimation 
of the local linear models. Thus, the sensitivity with respect to noise grows 
with increasing model complexity; see Sect. 14.7. 

Figure 20.13 compares the poles of the linearized process for various 
operating points with the poles of the 15 local linear models identified by 
LOLIMOT. This shows remarkably good agreement, underlining the excel
lent interpretability of local linear neuro-fuzzy models. 

co
nt

ro
len

gin
ee

rs
.ir



626 20. Dynamic Local Linear Neuro-Fuzzy Models 

a) O.S;r---~---.. __ ~......-----' 

.=~ 
i 0 11=-1.5 ~ 

i -'~=~~,]j 
-O·a.4 0.6 0.8 

i 

real part 

Fig. 20.13. Poles of a) the linearized dynamic nonlinearity process in and of b) the 
15 LLMs of the identified local linear neuro-fuzzy model 

Table 20.1. Comparison of the identification results with LOLIMOT for the test 
processes 

Hammerstein Wiener NDE Dynamic 

system system system nonlinearity 

Number of rules 8 12 4 15 

Nonlinear in u(k -1), all y(k -1), u(k) 

u(k - 2) y(k - 2) 

NRMSE (training) 0.025 0.086 0.018 0.012 

NRMSE (test) 0.017 0.053 0.009 0.012 

Training time 12s 21 s 4s 40s 

20.6 Advanced Local Linear Methods and Models 

Nonlinear system identification with N ARX models has basically the same 
advantages and drawbacks as in the linear case; see Sect. 16.5.1. On the one 
hand, linear regression techniques can be utilized, which makes the parame
ter estimation computationally efficient. On the other hand, the parameters 
cannot be consistently estimated under realistic disturbances, and the bias 
increases with the noise variance. 

Basically two strategies exist to overcome this consistency problem. Ei
ther the prediction error method for parameter estimation (Sect. 16.3.4) is 
replaced by some correlation based approach, or a more realistic noise model 
is assumed. The first strategy is pursued in Sect. 20.6.1 by extending the 
instrumental variables (IV) method to local linear neuro-fuzzy models. The 
second strategy leads to NOE or NARMAX models that require nonlinear op
timization techniques for parameter estimation; see Sects. 20.6.2 and 20.6.3. 
In all that follows, knowledge about the linear variants of the methods is 
presumed. For an introduction to these linear foundations refer to Chap. 16 
and [171, 233, 360]. 
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a) b) 

LOLIMOT LOLIMOT 

estimation of local ARX mode,", with LS estimation of local ARX mode'"' with LS 

estimation ofLLMs with advanced method 

estimation of U.M.s with advanced method 

Fig. 20.14. Advanced local linear estimation methods and models can be incor
porated into LOLIMOT in two ways: a) they are nested into the algorithm, b) the 
final model is tuned 

It is a major advantage of local linear neuro-fuzzy models that these ad
vanced concepts known from linear system identification literature can be 
extended to nonlinear dynamic systems in a straightforward manner. Note, 
however, that the application of these advanced concepts is usually only 
worthwhile when the measurements are significantly disturbed. Utilization 
of an NARX structure with a low-pass prefiltering is an alternative approach 
in order to increase the signal-to-noise ratio and to compensate (at least 
partly) for the high frequency emphasis inherent in the NARX model. A 
main advantage of the advanced concepts discussed below is that they avoid 
the tedious tuning of the low-pass filter. 

Generally, two strategies for the utilization of these advanced methods can 
be distinguished; see Fig. 20.14. They can be applied within the LOLIMOT 
algorithm: that is, after the least squares estimation of each LLM a subse
quent tuning step improves this LLM by the IV method or the optimization 
of local OEj ARMAX models. The parameters of the local ARX models can 
be exploited as initial parameter values. This nested strategy is illustrated in 
Fig. 20.14a. It can become computationally demanding owing to the iterative 
nature of IV, OE, or ARMAX model estimation which is carried out in each 
iteration of the model construction algorithm. Alternatively, a simplified and 
computationally much more efficient strategy is shown in Fig. 20.14b, where 
the LOLIMOT algorithm is run conventionally with a local least squares 
ARX model estimation. Only in a subsequent phase is the final local linear 
neuro-fuzzy model improved by the application of an advanced method. The 
premise structure from the NARX model is retained. The first strategy in 
Fig. 20.14a can be expected to perform better because the improved LLMs 
are taken into account by LOLIMOT during the input space decomposition. 
However, experiments show that the slightly inferior input space partitioning 
of the strategy shown in Fig. 20.14b is usually insignificant. Thus, in practice, 
the second strategy delivers similar results with much lower computational 
demand. 
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20.6.1 Local Linear Instrumental Variables (IV) Method 

The idea of the instrumental variables (IV) method is to correlate the residu
als with so-called instrument variables that are uncorrelated with the distur
bance in the process output. This idea changes the local parameter estimation 
in (13.24) to (see Sect. 16.5.1 and [171, 233, 360]): 

(20.31) 

where the columns in Zi are the instrumental variables. The IV estimate 
(20.31) replaces the standard LS estimate in (13.24). 

The local regression matrix of a single-input mth order model is 

[ 

u(m) . . . u(l) -y(m) -y(l) 1] 
u(m + 1) ... u(2) -y(m + 2) ... -y(2) 1 

. . . .. . (20.32) 

u(N·- 1) ... u(N -- m) -Y(N - 1) ... -Y(N - m) i 
X·= -z 

The instrumental variables should be chosen highly correlated with the 
regressors (columns in X i) but uncorrelated with the noise contained in 
y(k - i). Thus, the instrumental variables (columns in Zi) are usually chosen 
as 

Z·= -z 
[ 

u(m) . . . u(l) -iJ(m) -iJ(l) 1] 
u(m + 1) ... u(2) -iJ(m + 2) . . . -iJ(2) 1 

. . . .. , (20.33) 

u(N·- 1) ... u(N -- m) -iJ(N - 1) ... -iJ(N - m) i 
which is almost equivalent to X, but the measured process outputs y(k - i) 
are replaced by the simulated model outputs iJ(k - i). Therefore, before the 
IV estimate can be evaluated a N ARX model has to be estimated to provide 
a basis model for the simulation of iJ. The application of the non-recursive 
IV method in this simple form requires about twice the computation time as 
the standard LS estimation of local ARX models because two least squares 
estimate have to be calculated (one for the original ARX model and the one 
in (20.31)) [24]. 

It is important to note the following discrepancy between the application 
of the IV method to linear and nonlinear models. During the first LOLIMOT 
iterations the simulated output iJ of the neuro-fuzzy model will hardly be 
close to the process output y because the nonlinear process behavior will not 
be fully described by the model. Consequently, the correlation between the 
simulated model output IV s and the process outputs may be smaller than 
expected, which leads to a higher variance error. Thus, after LOLIMOT has 
converged, the parameters of all LLMs should be re-estimated with the IV 
method based on the actual simulated model output with high accuracy. 

From the four nonlinear dynamic test processes compared above, the dy
namic nonlinearity introduced in Sect. 20.5.5 will be used as an example. 
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Fig. 20.15. Convergence curves for the conventional dynamic LOLIMOT algorithm 
(NARX) and the nested application of the instrumental variables method (NIV): 
a) Un = 0.01 U y, b) Un = 0.04 u ll , where Un = noise standard deviation, UII 
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Fig. 20.16. Step responses of models with ten rules identified with the conventional 
dynamic LOLIMOT algorithm (NARX) and with the nested instrumental variables 
method (NIV) 

The process output is disturbed by white Gaussian noise with signal-to-noise 
amplitude ratios of 100,50, and 25. The performance of an NARX approach 
is summarized in the first row of Table 20.2. The parameter estimates of the 
local ARX models can be expected to be biased [171, 233, 360] and this bias 
increases with a decreasing signal-to-noise ratio. Thus, the benefits of the in
strumental variables method can be expected to grow. Indeed, the LOLIMOT 
convergence curves for a nested IV parameter estimation in Fig. 20.15 under
line the fact that virtually no improvement can be achieved for small noise 
levels (a) but significant benefits are obtained for high noise levels (b). 

The step responses of the models (Fig. 20.16) obtained for the highest 
noise level with the NARX and NIV approaches also show that the nonlinear 
instrumental variables method improves the model performance significantly, 
especially in the dynamics. Owing to unmodeled nonlinear effects, however, 
this improvement cannot be guaranteed for all operating conditions. Note 
that Fig. 20.16a and c represent the boundaries of the interpolation range 
and thus the model quality is worse than in Fig. 20.16b, where the operating 
point is close to the center of a validity function. 
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Table 20.2. Comparison of LOLIMOT on the dynamic nonlinearity test process 
with local equation error models estimated with least squares (N ARX), estimated 
with the instrumental variables method (NIV) , and local output error models 
(NO E) 

100 . NRMSE training / test O'n = 0.01 0'11 O'n = 0.020'11 O'n = 0.040'11 

NARX 2.1 / 1.8 4.3/2.5 9.0/5.2 

NIV 1.8/2.2 2.6/2.9 4.7/5.1 

NOE 1.4 / 1.6 2.4 / 2.6 5.0/3.8 

O'n = noise standard deviation, 0'11 = process output standard deviation. 

20.6.2 Local Linear Output Error (OE) Models 

The consistency problem of NARX models can also be overcome by the opti
mization of NOE models. Since the output error is nonlinear in the parame
ters a nonlinear optimization technique has to be utilized. In order to exploit 
the quadratic form of the loss function a nonlinear least squares optimiza
tion technique, e.g., the Levenberg-Marquardt algorithm, can favorably be 
applied; see Sect. 4.5.2. Nevertheless, this implies an increase of the compu
tational demand compared with the NARX approach of at least one or two 
orders of magnitude. 

Similar to the estimation of local linear ARX models, the optimization 
of local linear OE models can be carried out globally or locally. In contrast 
to the ARX model case, however, the local optimization of the individual 
LLMs cannot be performed independently of each other. Rather the output 
error contains a contribution of all LLMs because the overall model output is 
fed back. Thus, a local parameter optimization of local OE models depends 
on the order in which the LLMs are optimized. In fact, it can be seen as a 
staggered optimization approach; see Sect. 7.5.5. 

The results of the NOE approach are shown in Table 20.2, and the step 
responses are close to those obtained with the NIV method in Fig. 20.16. 
The much higher computational demand required for the optimization of an 
NOE model compared with the NIV method is not justified for this exam
ple; see Table 20.2. However, in some cases it can yield significantly better 
results. Furthermore, the local nonlinear parameter optimization is useful in 
situations where the desired model output is not directly available. If, for ex
ample, an inverse process model is to be trained then the output of the model 
is used as the input for the process, and the loss function is calculated at the 
process output. Thus, the error must be propagated back through the nonlin
ear process behavior, which requires a nonlinear optimization technique for 
estimation of the model parameters. For more details on this topic refer to 
[86, 161, 248]. 
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20.6.3 Local Linear ARMAX Models 

For the estimation of local ARMAX models basically all remarks made in 
the previous subsection hold as well. An additional difficulty arises with the 
approximation of the unknown white disturbance that drives the noise filter; 
see Sect. 16.5.2. This disturbance is approximated by the residuals e(k) = 
y(k) - fj(k), that is, 

e(k) = y(k) - f(u(k - 1), ... , u(k - m), y(k - 1), ... ,y(k - m), 

e(k - 1), ... ,e(k -m)). (20.34) 

In contrast to linear ARMAX models, a significant part of the prediction 
error (residual) of NARMAX models can be expected to be caused by un
modeled nonlinear effects. This means that e(k) is typically not dominated by 
the stochastic effects but rather the systematic model error (bias error) plays 
at least an equally important role. As a consequence, the unknown distur
bance can hardly be well approximated by (20.34) and the benefit achieved 
by the application of NARMAX instead of NARX models can deteriorate. In 
fact, it is the experience of the author that NARMAX models do not reliably 
perform better than NARX models. Therefore, they are not pursued further. 

20.7 Local Linear Orthonormal Basis Functions Models 

A more radical strategy to overcome the consistency problem of NARX mod
els is to discard the output feedback structure. Since NFIR models suffer from 
the problem of requiring huge input space dimensionalities (Sect. 17.2.3), non
linear orthonormal basis function (NOBF) models have recently gained more 
interest [269,337,338,347]. Because linear OBF models are an active topic of 
current research the status for NOBF models is still premature. An overview 
of linear OBF models can be found in Sect. 16.6.2 and [387]. In particular 
the combination of local linear modeling schemes and OBFs promises the 
following important advantages: 

1. low sensitivity with respect to the (typically unknown) dynamic order of 
the process, 

2. linear parameterized nonlinear output error model, 
3. inherent stability of the nonlinear dynamic model, 
4. incorporation of prior knowledge about the process dynamics. 

The first three points are clearly positive. In particular, the second advan
tage solves the dilemma that NARX models are linear parameterized but 
unfortunately rely on the one-step prediction error, and NOE models are 
based on the simulation error, which is the actual modeling goal, but they 
are nonlinear parameterized. With OBFs both advantages can be combined. 
The stability of an NOBF model is ensured because the orthonormal filters 
are designed a priori in a stable manner and thus during training no feedback 
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632 20. Dynamic Local Linear Neuro-Fuzzy Models 

component is adapted. This feature in combination with the linear parame
terization is particularly attractive for online learning with a recursive least 
squares algorithm. The fourth advantage, however, turns into a drawback 
when no such prior knowledge is available. In addition to linear OBF models, 
NOBF models require knowledge about the approximate process dynamics 
for different operating conditions, at least when the process dynamics vary 
strongly with the operating point. One major drawback of NOBF models is 
that as for NFIR models an infinite number of filters is theoretically required. 
In practice, of course, it is approximated with a finite and relatively small 
number of filters in order to keep the number of estimated parameters small. 
This introduces an approximation error. 

Comparing the NOBF model in (17.22) with the NARX model in (17.2), 
the following observations can be made, assuming that the models will be 
used for simulation not for one-step prediction: 

1. Both model structures have an infinite impulse response (IIR). The 
NARX model possesses external feedback, which is determined by the 
approximation of f(·), while the NOBF model has internal feedback, 
which is fixed by the user a priori by choosing the characteristics of the 
filter Li(q). 

2. As a consequence, depending on fO the NARX model can become un
stable, while the NOBF model is guaranteed to be stable for all possible 
f(·)· 

3. NARX models can identify unstable systems, NOBF models cannot be
cause their optimal predictor would be unstable. 

4. The NOBF model can only approximate the process dynamics (the higher 
the order m is chosen the better the approximation), whereas the NARX 
model can exactly capture the process dynamics if the model order is cho
sen equivalent to the process order. The importance of this issue fades if 
one realizes that, in practice, models will usually be low order approx
imations of the process, and that further presumably more significant 
errors are introduced by the approximation of f(·). 

5. The NOBF model requires rough prior knowledge about the process dy
namics3 . As the quality of the knowledge decreases the number of filters 
required for the same accuracy increases, and as a consequence, the input 
space dimensionality of f(·) increases. Owing to the curse of dimension
ality, overly inaccurate prior information about the process dynamics 
may let the NOBF approach fail. Furthermore, processes with weakly 

3 Approaches that are less sensitive to prior knowledge have been proposed. For 
example, the Laguerre pole can be estimated by nonlinear optimization, or from 
an initial NOBF model based on prior knowledge a better choice for the pole can 
be found by model reduction techniques (this idea can be applied in an iterative 
manner). These ideas clearly require further investigation and are not pursued 
here because they are computationally more demanding than the calculation of 
a least squares solution. 
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20.7 Local Linear Orthonormal Basis Functions Models 633 

damped or dispersed poles require Kautz functions or generalized OBFs 
respectively, with an increasing demand on the prior knowledge. 

6. Both model structures are linear in their parameters if a linearly param
eterized function approximator for 1 (.) is selected. 

7. The NOBF model structure represents an output error model; the NARX 
model structure represents an equation error model. Therefore, the es
timates of the NARX model's parameters are biased, while the NOBF 
model's parameters are estimated unbiased in the presence of uncorre
lated additive output noise. Furthermore, an exact expression for the 
variance error of NOBF models can be derived if the approximator of 
10 is linearly parameterized because the regression matrix is determin
istic. This also allows the calculation of the NOBF model's confidence 
intervals (errorbars), whereas this is not (as easily) possible for NARX 
models. 

8. The data distribution in the input space of 10 is different for NOBF and 
N ARX approaches. This can have a significant influence on the achievable 
approximation quality of 1 (.), in particular if axis-orthogonal partitioning 
strategies are applied. 

The standard NOBF approach shown in Fig. 20.17a that also is pursued 
in [347] is based on the following model: 

y(k) = 1 (Ll(q)u(k), L2(q)u(k), ... ,Lm(q)u(k)) (20.35) 

where Li(q) are the orthonormal filters and 10 can be any type of static 
approximator. The parameter(s) of the linear filters Li(q) are not the subject 
of the training; rather they are chosen a priori by the user. The following 
cases can be distinguished: 

• No knowledge about the process dynamics available: The filters are chosen 
to Li(q) = q-i, which is equivalent to the nonlinear finite impulse response 
(NFIR) model. Then the order m has to be chosen huge to describe the 
process dynamics appropriately. As a guideline the model order should be 
chosen as m = int (T95/To) , where T95 is the settling time of the process 
and To is the sampling time. This is infeasible for most applications. 

• The process is well damped: With the approximate knowledge about the 
dominant process pole a bank of orthonormal Laguerre filters [231, 387, 
393] Li(q) can be designed. The required number of Laguerre filters m 
depends on the accuracy of the prior knowledge of the process pole and on 
the operating point dependency of the process dynamics. If the assumptions 
on the process dynamics are reasonable and the process dynamics vary 
only slightly with the operating point then a few filters, say m = 2-6, are 
sufficient. 

• The process is resonant: With rough knowledge about the dominant conju
gate complex pole pair of the process a bank of orthonormal Kautz filters 
[231, 387, 394] Li(q) can be designed. The choice of the number of Kautz 
filters m follows the same criteria as for the Laguerre filters. 
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u(k) 

Fig. 20.17. a) An OBFs filter bank can be used to generate the dynamics for an 
external dynamics approach in combination with any type of approximator fO. 
b) Individual OBF models can be used for each LLM in a local linear neuro-fuzzy 
model 

• The process possesses several dispersed poles: If approximate knowledge 
about several process poles is available then generalized orthonormal basis 
functions can be designed that include Kautz, Laguerre, and FIR filters as 
special cases [147, 148, 231, 387]. This is an excellent approach to identify 
models with several modes stretching over a wide frequency band that 
are approximately known, a common problem in machine dynamics and 
vibration analysis. 

The assumption that approximate prior knowledge about the dominant 
process pole(s) is available is quite realistic. This knowledge may stem from 
first principles, operator experiences, step responses, correlation analysis, etc. 
It is shown in [387] for linear OBF models that even with rough information 
about the process poles an OBF model can outperform an ARX and even 
an OE model, especially for higher order and highly disturbed processes. In 
particular, the dynamic order of the process, which typically is hard to deter
mine, is less relevant for OBF models. FUrthermore, a preceding identification 
of a NARX model can also yield the approximate process dynamics. 

For nonlinear OBF models, however, the additional difficulty arises that 
the process dynamics must not depend strongly on the operating point; oth
erwise the chosen OBF dynamics will deviate significantly from the process 
dynamics for some operating points. The consequence would be either a se
vere dynamic undermodeling or the choice of many filters m, which implies 
a large input space for the approximator f (-). 

This dilemma can be overcome if a local linear modeling scheme is utilized 
for the approximator f(·). In [269] it is proposed to design individual OBF 
models for each local linear model instead of a single global OBF filter bank. 
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Fig. 20.18. Step responses of models with ten rules identified by LOLIMOT with 
a general NOBF approach and an NOBF approach with individual filter design for 
each LLM. Both NOBF models utilize generalized orthonormal filters of order six 
which means that compared with the N ARX model one parameter more has to be 
estimated for each LLM 

This idea is illustrated in Fig. 20.17b. The major advantage of this approach 
is that the poles of the Laguerre or Kautz filters can be specified individually 
for each operating regime. This allows one to cope well with processes that 
possess extremely operating condition dependent dynamics at the price of an 
extra design effort. For example, it is possible to utilize OBFs the of Laguerre 
type for well damped operating regimes and Kautz filter banks for resonant 
regimes. A drawback of the individual design strategy besides the higher 
development effort is that the operating point (premise input space) still 
has to be defined conventionally in terms of previous inputs and outputs; see 
Fig. 20.17b. This diminishes the nice property of inherent stability for NOBF 
models if the premise space includes previous outputs. 

For the dynamic nonlinearity test process, the NOBF model is a com
petitive choice only if the process is highly disturbed; otherwise either the 
approximation error or the number of parameters is very high. For the noise 
standard deviation an = 0.04ay, the step responses of the NOBF models 
with and without individually designed filters are shown in Fig. 20.18. The 
poles of the OBFs are calculated from the local ARX models obtained by 
a preceding identification with LOLIMOT. The NOBF model with LLM in
dividual filter design utilizes generalized OBFs on the basis of Laguerre or 
Kautz filters, depending on the type of poles in the corresponding operating 
regime. The NOBF model with a single OBF filter bank is also based on a 
generalized OBF approach, and incorporates information about the process 
dynamics in several operating regimes. This is necessary because it is not pos
sible to characterize the dynamics of the test process with a single real pole 
or conjugate complex pole pair. Such a simple nonlinear Laguerre or Kautz 
filter based model is not capable of describing this test process appropriately. 
However, note that for other processes that possess only slightly operating 
point dependent dynamics a simple NOBF model based on Laguerre or Kautz 
filters is sufficient. 
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20.8 Structure Optimization of the Rule Consequents 

One difficult and mainly unsolved problem for external dynamics approaches 
is the determination of the dynamic order m and dead time d. It can be benefi
cial to choose different orders for the input and the output, and for multivari
able models the number of possible variants even increases further. A signal 
based method for order determination is proposed in [142] (see Sect. 17.8), 
but because of its shortcomings most commonly a trial-and-error approach is 
pursued, that is, models for some or all reasonable combinations of dynamic 
orders and dead times are identified and compared. A correlation analysis 
can give further hints. For linear system identification such a trial-and-error 
approach is acceptable, but for nonlinear system identification many other 
things have to be determined, such as the number of neurons or the strength 
of the regularization effect, so that the computational effort and the required 
user interaction can easily become overwhelming. 

A combination of a linear subset selection technique such as the orthogo
nalleast squares (OLS) algorithm with LOLIMOT proposed and applied in 
[270, 281, 283] allows one to partly solve the order determination problem by 
a structure optimization of the rule consequents. However, in addition to the 
static version presented in Sect. 14.3, for identification of dynamic systems 
some difficulties arise. In principle, the OLS algorithm can be applied to any 
potential regression vector independently of whether it describes a static or 
dynamic relationship. When dealing with dynamic systems, however, only 
NARX, NFIR, or NOBF models can be estimated, since the OLS is based 
on linear regression; so the model must be linearly parameterized. For mod
els with output feedback this means that the structure selection is based on 
the one-step prediction (equation) error, not on the simulation (output) er
ror. The difficulties caused by this fact will be illustrated with the following 
simple linear example. 

Consider a third order time-lag process with gain 1 and the time constants 
Tl = 10 S, T2 = 5 s, Ta = 3 s, sampled with To = 1 s. The true order of this 
process is assumed to be unknown. An OLS structure selection algorithm 
may be started with the assumption that the process is at most of fifth 
order, which implies the following vector of ten potential regressors: 

~ = [u(k - 1) u(k - 2) u(k - 3) u(k - 4) u(k - 5) 
y(k - 1) y(k - 2) y(k - 3) y(k - 4) y(k - 5)]T . 

The process is excited with a pseudo random binary signal, and the data 
is utilized for structure optimization with an OLS forward selection scheme. 
Figure 20.19a shows the convergence curve of the structure selection for the 
noise-free case. As expected, the first six selected regressors correspond ex
actly to the third order process structure. Furthermore, the significance of 
the seventh regressor drops by many orders of magnitude, indicating the ir
relevance of all regressors selected in the sequel. (Theoretically, the selected 
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20.8 Structure Optimization of the Rule Consequents 637 

regressors 1-6 should explain 100% of the output variance; 10-16 is the nu
merical accuracy of the Gram-Schmidt orthogonalization algorithm.) Thus, 
in principle an automatic order determination is possible with this algorithm. 

Two remarkable effects can be observed in Fig. 20.19a: 

• The first three selected regressors are the delayed process outputs y(k - i), 
i=1,2,3 . 

• The first selected regressor already explains 99.4% of the process output 
variance. 

Both effects are due to the fact that the one-step prediction performance is 
the criterion for the OLS structure optimization. Both effects are undesirable 
when the intended use of the obtained model is simulation. For a simulation 
model the most significant regressor clearly is a delayed input since the pro
cess output is unavailable during simulation. In contrast, for a one-step pre
diction model the previous process output y(k - 1) is very close to the actual 
process output and thus most significant. Consequently, f)(k) = aly(k - 1) is 
usually quite a good one-step prediction model, and particularly if the sam
pling time is small compared with the major process time constant. For this 
reason, the regressor y(k - 1) is able to explain a huge fraction (usually more 
than 99%) of the process output variance. 

As a consequence of these different goals for one-step prediction and sim
ulation, the order determination becomes hard or even infeasible in prac
tice when the model contains an autoregressive part. This can be seen from 
Fig. 20.19b, which illustrates the OLS convergence curve for the same process 
as in Fig. 20.19a disturbed by white noise with a signal-to-noise amplitude 
ratio of 50. The first selected regressor is still y(k - 1), but all others appar
ently change. In particular, irrelevant regressors such as y(k - 4) or u(k - 4) 
are chosen early. Furthermore, the convergence curve does not allow one to 
determine the order of the process. All this follows directly from the fact that 
for one-step prediction y(k - 1) already explains the process output almost 
fully, and thus all other regressors have a very small relevance (for one-step 
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Fig. 20.19. Convergence curves for an OLS structure selection on data generated 
from a linear third order process with the potential regressors u(k - 1), ... , u(k-5), 
y(k - 1), ... ,y(k - 5): a) noise free, b) process output disturbed by noise 
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prediction accuracy). In the noisy case this small relevance is negligible in 
comparison to the random effects caused by the stochastic disturbances, and 
no reasonable structure selection is possible. Currently, no satisfactory so
lution to the order selection problems for nonlinear dynamic processes is 
available. 

It is important to note that these shortcomings are due solely to the 
autoregressive part in the model. They can be avoided with (N)FIR and 
(N)OBF models, which possess no output feedback. Furthermore, it is pos
sible to fix the delays of the autoregressive model part a priori and to select 
only the numerator coefficients. Often additionally prior knowledge about 
dead times caused by transport delays might be available. It can be incorpo
rated into the model as well by ensuring the selection of the corresponding 
regressors. 

Although the above discussion shows that additional care must be taken 
when applying the OLS or any other linear subset selection technique to 
models with autoregressive parts, the LOLIMOT+OLS algorithm is a very 
powerful tool. It can well be applied for the selection of dead times and the 
input delays. This is particularly important for multi variable systems because 
a good selection of the numerator structure can compensate for deficiencies 
occurring from the identical denominator dynamics; see Sect. 17.6. 

The features of the LOLIMOT+OLS algorithm will be demonstrated by a 
simulation example. The process depicted in Fig. 20.20a possesses first order 
time-lag behavior with a dead time. Both the dead time d(neng) and the time 
constant T(neng ), and thus the parameters b(neng ) and a(neng), depend on the 
external signal neng(k); see Fig. 20.20b. Problems of this kind can occur for 
example in transport processes with energy storage (Sect. 23.3.2). They also 
occur in modeling of combustion engines, where the delay between the time 
of fuel injection and maximum effect on the engine torque is proportional 
to the time required for a certain crankshaft angle. For a constant engine 
speed this delay and thus the dead time Tt = dTo and the time constant 
T are constant. For varying engine speed n eng the model becomes nonlinear 
owing to its engine speed dependent parameters. This difficulty has led to the 
development of angle-discrete instead of time-discrete models [204, 344, 356], 
which are sampled at fixed crankshaft angles instead of fixed time instants 
and thus are linear in the new domain. 

LOLIMOT offers an elegant nonlinear dynamic modeling approach in dis
crete time. The local linear models are simple first order dynamic models with 
a dead time". This leads to rule consequent regressors that are not universal 
for the complete model but LLM specific. Since each LLM represents an
other operating point (engine speed), different dead times diTO are used in 
the rule consequent vectors, i.e., !£i = [u(k - di ) y(k - l)F. Note that for 
this example no offset is required in the local linear models so that each LLM 
possesses only two parameters. These local linear models are scheduled by 
the engine speed, which therefore is the only variable for the rule premises, 
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b) !100r--~-~-~~--' 

4000 SOOO 6000 
engine speed n ... [rpm] 

Fig. 20.20. a) Process. b) Process time constant T and dead time Tt = dTo as 
functions of the engine speed neng' The crosses mark the model parameters for the 
six local linear models at the centers of their validity functions 

i.e., £ = neng(k). This is a further nice example of the reduced premise input 
space approach discussed in Sect. 20.2. 

The LOLIMOT +OLS algorithm is required to select the dead times diTO 
if they cannot be determined a priori. Then the rule consequent regres
sion vector must contain all possible dead times ;r, = [u(k - 1) u(k - 2) ... 
u(k - dmax) y(k - l)jT, where dmax has to be supplied by the user. The task 
of the OLS algorithm is to select the two most significant regressors from ;r, 
individually for each LLM and thus for each engine speed operating point. 

In this example the time constant T varies between 4 ms, and 18 ms 
and the dead time Tt varies from 18 ms to 95 ms. With a sampling time 
of To = 4 ms the time delays due to the dead time are in the range 
d = Tt/To = 4, ... ,23. The data shown in Fig. 20.21a is used for train
ing with the LOLIMOT+OLS algorithm. In the first iteration it yields the 
following global linear model: 

Rl IF neng(k) = don't care THEN y(k) = 0.1541 u(k - 4) + 0.8481 y(k - 1) 

In the second iteration the operating point dependent dead times and time 
constants can already be observed: 

Rl IF neng(k) = small THEN y(k) = 0.0922u(k - 6) + 0.9090Y(k -1) 

R2 IF neng(k) = large THEN y(k) = 0.2995u(k - 4) + 0.7035Y(k - 1) 

Finally, the LOLIMOT+OLS algorithm identified the process very accu
rately by constructing the following six rules as demonstrated in Fig. 20.21b 
(the argument "(k)" is omitted for neng): 

Rl IF neng = tiny THEN y(k) = 0.0815 u(k - 15) + 0.9189 y(k - 1) 

R2 IF neng = very small THEN y(k) = 0.1229 u(k - 11) + 0.8785 y(k - 1) 

R3 IF neng = small THEN y(k) = 0.1684u(k - 8) + 0.8331 y(k - 1) 

R4 IF neng = medium THEN y(k) = 0.2620u(k -7) + 0.7347Y(k -1) 

R5 IF neng = large THEN y(k) = 0.3091 u(k - 6) + 0.6925Y(k - 1) 

R6 IFneng=verylarge THEN Y(k)=0.4490u(k-4) +0.5512Y(k-l) 
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Fig. 20.21. a) Training data. b) Comparison between process and model output 
and the output (simulation) error 
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Fig. 20.22. a) Validity functions constructed by LOLIMOT+OLS. b) Step re
sponse of the process in comparison with the model with standard interpolation 
and dead time adjusted interpolation 

The validity or normalized membership functions respectively are de
picted in Fig. 20.22a. For a better understanding, the identified dead times 
and the time constants of the six rules are marked as crosses in Fig. 20.20b. 
Obviously, LOLIMOT+OLS can accurately describe the process, and the 
fuzzy rules are very transparent, giving insights into the process behavior. 

Since different dead times are involved the adjusted interpolation method 
according to (20.16) proposed in Sect. 20.3.3 should be used. Figure 20.22b 
illustrates the improvement achieved by the dead time adjusted interpolation 
method compared with the standard interpolation. 

Two application examples of the dynamic LOLIMOT+OLS algorithm are 
presented in Sect. 23.3. 

20.9 Summary and Conclusions 

In this chapter the local linear model tree algorithm was extended to dynamic 
systems. It was shown that local linear neuro-fuzzy models and in particu-
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20.9 Summary and Conclusions 641 

lar the LOLIMOT algorithm offer some important advantages over other 
approaches for identification of nonlinear dynamic processes. The equation 
error can be used for linear estimation of the local linear model parameters, 
while the output error can be utilized for structure optimization. The model 
structure represented by the rule premises allows one to incorporate prior 
knowledge by defining the variables that describe the operating point. Fur
thermore, the partitioning of the input space generated by LOLIMOT allows 
one to gain insights into the process structure. With different linearization 
strategies a large variety of mature linear design techniques can be exploited 
for local linear neuro-fuzzy models in an elegant manner. For proving stability 
of local linear neuro-fuzzy models some powerful tools based on the solution 
of linear matrix inequalities are available, and when the parallel distributed 
compensation controller design strategy is applied even dosed-loop stability 
can be shown. Although these stability tests are conservative they represent 
a distinct advantage over other model architectures where no such results are 
available. The simulation studies in Sect. 20.5 demonstrated the capability of 
LOLIMOT to identify processes of very different nonlinear structures. The 
consistency problem encountered in the equation error based estimation of 
local ARX models can be overcome by the extension of the instrumental vari
ables (IV) method and the output error (OE) and ARMAX models to local 
linear neuro-fuzzy models. With the introduction of orthonormal basis func
tions (OBF) to local linear neuro-fuzzy models, linear parameterized output 
error models can be designed if prior knowledge about the approximate pro
cess dynamics is available. Finally, a local orthonormal least squares (OLS) 
subset selection technique was proposed to automatically select the relevant 
inputs and the dynamic order of the local linear models in the rule conse
quents. 

Additionally to the large number of benefits for static modeling (Sect. 13.4) 
obtained from local linear modeling schemes in general and the LOLIMOT 
algorithm and its extensions in particular, the following particular advantages 
can be stated for dynamic models: 

1. The interpretability of dynamic local linear neuro-fuzzy models is su
perior to that of many other model architectures since the local linear 
models can be understood as transfer functions with local gains, zeros, 
poles, and dead times, and thus analysis and synthesis methods for lin
ear systems can be applied. The computational complexity increase from 
linear models to local linear neuro-fuzzy models is moderate. Local lin
ear neuro-fuzzy models cover linear models, gain scheduled models, and 
parameter scheduled models as special cases. 

2. The distinction between the rule premises and consequents on the one 
hand allows one to incorporate prior knowledge about the nonlinear struc
ture of the process, and on the other hand it allows one to extract in
formation about some unknown parts of the process structure with the 
LOLIMOT+OLS algorithm. 
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3. An automatic order selection is possible (with some limitations for the 
autoregressive regressors) by the combination of the LOLIMOT and the 
OLS algorithms. In contrast to all other sophisticated model structure 
optimization approaches available up to now, the LOLIMOT+OLS algo
rithm possesses the important advantage of local structure selection, i.e., 
the relevant inputs (regressors) are not determined globally for the over
all model but rather in an operating regime dependent manner separately 
for each local linear model. 

4. The capability of using different loss functions for parameter and struc
ture optimization in the LOLIMOT algorithm allows one to combine two 
benefits. Linear optimization techniques can be exploited to estimate lo
cal ARX models and nevertheless the simulation error, which in many 
applications is the actual measure of model quality, is utilized for model 
structure optimization. Furthermore, a generalization effect is involved 
by this strategy, which allows one to detect and avoid error accumulation 
and overfitting. 

5. For dynamic local linear models various sophisticated and mature con
cepts known from linear system identification literature can be applied, 
such as the instrumental variables method and orthonormal basis func
tion approaches. 

6. For online learning with recursive algorithms many concepts that have 
been successfully developed and applied to linear adaptive control, such 
as excitation based control of the forgetting factor or design of a super
visory level [101, 207], can be extended to nonlinear adaptive models. 
The first steps toward online learning of dynamic local linear neuro
fuzzy models can be found in [265]. They are significantly extended in 
[18, 84, 92, 97]; see also Sect. 24.2. 

7. Powerful tools are available to prove the stability of local linear neuro
fuzzy models [371]. Moreover, closed-loop stability can be checked if a 
local linear neuro-fuzzy model based controller is designed according to 
the parallel distributed compensation principle [370]. 

8. The extrapolation behavior is dynamic, and can be chosen by the user to 
be stable. This ensures a high reliability of the model in practice where 
robust extrapolation is a very important issue. 

Note that most of these features do not hold for other model architectures 
pursuing the external dynamics approach. For some internal dynamics ap
proaches the investigation of the model stability is much easier; see Chap. 21. 
This, however, does not extend to control design. All other properties do not 
hold for any internal dynamics model architecture either. 

The dynamic LOLIMOT and the LOLIMOT+OLS algorithms have been 
and currently are utilized for the following applications: 

• Nonlinear system identification of a cooling blast was carried out, which 
possesses strongly operating condition dependent dynamic characteristics 
[276]. 
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• On the basis of this model, nonlinear PID controllers have been designed 
[90], and generalized predictive controllers suitable for fast sampled pro
cesses have been developed [91]. 

• A nonlinear dynamic model has been built for a truck Diesel engine tur
bocharger for a hardware-in-the-Ioop simulation [268, 288, 356]. 

• Concepts have been developed for nonlinear system identification and non
linear predictive control of a tubular heat exchanger [144, 281, 283]. 

• Neural networks with internal and external dynamics are compared theo
retically in [274]. In particular, the LOLIMOT+OLS algorithm is compared 
with an internal dynamics MLP network with locally recurrent globally 
feedforward structure for nonlinear system identification of a turbocharger 
and a tubular heat exchanger [175]. 

• Nonlinear gray box modeling and identification of a cross-flow heat ex
changer can be found in [95, 278]. A complete gray box modeling and iden
tification approach with the utilization of first principles, expert knowledge, 
and data is realized in [89]. 

• Based on these models, various predictive control concepts have been devel
oped for temperature control of a cross-flow heat exchanger [87, 93]. More
over, sophisticated online model adaptation strategies were designed in or
der to make the nonlinear predictive controller adaptive [84, 92, 94, 96, 97]. 

• Furthermore, the nonlinear dynamic models of the cross-flow heat ex
changer were used as a basis for the development of fault detection and 
diagnosis schemes [17, 19, 20]. 

• A combination of online identification, nonlinear model based predictive 
control, and fault detection and diagnosis methods have culminated in the 
integrated control, diagnosis, and reconfiguration of a heat exchanger [18]. 

• For modeling and identification of an electrically driven pump, a local linear 
neuro-fuzzy model trained with LOLIMOT complements a first principles 
model for improved accuracy. 

• For modeling and identification of the dynamics of a vehicle, a hybrid model 
has been developed consisting of a first principles dynamic physical model 
in combination with a dynamic local linear neuro-fuzzy model trained with 
LOLIMOT [132, 153]. 

• A nonlinear dynamic model has been developed for the cylinder individual 
air/fuel ratio A of a spark ignition engine. 

• For the exhaust gas recirculation (EGR) flow of a spark ignition engine 
a nonlinear dynamic model based on the engine speed, the throttle angle, 
and the EGR valve position has been implemented. This model was utilized 
by a newly designed EGR flow feedback controller. 

• A nonlinear dynamic model has been developed for the load of a spark 
ignition engine with and without exhaust gas recirculation. 

• Modeling and identification of a variable nozzle turbocharger has been car
ried out. The nonlinear dynamic local linear neuro-fuzzy model is trained 
with both static and dynamic measurement data and describes the re-
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644 20. Dynamic Local Linear Neuro-Fuzzy Models 

lationship between the charging pressure and the Diesel engine injection 
mass, speed, and the actuation signal for the turbine inlet guide vanes . 

• Finally, LOLIMOT finds a number of applications in industry that are 
realized with the LOLIMOT MATLAB Toolbox [275]. These industrial 
applications are currently mainly in the field of automotive systems. 
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21. Neural Networks with Internal Dynamics 

The internal dynamics approach realizes a nonlinear state space model with
out information about the true process states. Consequently, the model's 
internal states can be seen as a somewhat artificial tool for realization of 
the desired dynamic input/output behavior. Models with internal dynamics 
are most frequently based on an MLP network architecture. A systematic 
overview of internal dynamics neural networks can be found in [382]. Basi
cally, four types can be distinguished: fully recurrent networks (Sect. 21.1) 
[406]; partially recurrent networks (Sect. 21.2) with the particular well known 
Elman [76] and Jordan [195] architectures; nonlinear state space networks 
(Sect. 21.3) proposed by Schenker [342]; and locally recurrent globally feed
forward networks (Sect. 21.4) systematized by Tsoi and Back [382]. Finally, 
the major differences between internal and external dynamics are analyzed 
in Sect. 21.5. An overview of and a comparison between the external and 
internal dynamics approaches on the basis of their fundamental properties is 
given in [80, 273, 274]. For additional case studies refer to [175]. 

Because about 90% of the literature and applications of neural networks 
to nonlinear system identification focuses on external dynamics, the goal of 
this chapter is only to give a brief summary of the state of the art and the 
fundamental features of the internal dynamics approach. 

For training of these neural networks, the backpropagation-through-time 
or the real time recurrent learning algorithms discussed in Sect. 17.5 can be 
applied. The gradient calculations have to be performed individually for each 
network structure. Although the gradients may look quite complicated, and 
their derivation can be tedious, they follow from a straightforward application 
of the chain rule. 

21.1 Fully Recurrent Networks 

Williams and Zipser [406] developed a fully recurrent neural network consist
ing of M fully connected neurons with sigmoidal activation functions (the 
same type of neurons as used in a multilayer perceptron), p inputs, and r 
outputs. Each link between two neurons represents an internal state of the 
model. With reference to Fig. 21.1a the resulting structure is not organized 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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646 21. Neural Networks with Internal Dynamics 

Fig. 21.1. a) Fully recurrent network due to Williams and Zipser. b) Partially 
recurrent network due to Elman 

in layers, and clearly such a network has no feedforward architecture. Origi
nally, the fully recurrent network has been suggested for sequence recognition 
tasks, but because of their nonlinear dynamic behavior these fully recurrent 
networks can be used for the identification of nonlinear dynamic systems, 
too. In [382] the disadvantages of this architecture are denoted by slow con
vergence of the training algorithms and stability problems. In general, this 
architecture seems to be too complex for a reliable practical implementation. 
Furthermore, the fixed relationship between the number of states and the 
number of neurons does not allow one to adjust separately the dynamic or
der of the model and the flexibility of the nonlinear behavior. Therefore, fully 
recurrent networks are rarely used for nonlinear system identification tasks. 

21.2 Partially Recurrent Networks 

Unlike to the fully recurrent structures the architecture of partially recur
rent networks is based on feedforward multilayer perceptrons containing an 
additional so called context layer; see Fig. 21.1b. The neurons of this con
text layer serve as internal states of the model. Elman [76] and Jordan [195] 
proposed partially recurrent networks where feedback connections from the 
hidden or the output layer respectively are fed to the context units. The 
partially recurrent architectures possess the important advantage over the 
fully recurrent ones that their recurrency is more structured, which leads to 
faster training and fewer stability problems. Nevertheless the number of states 
(i.e., the dynamic order of the model) is still related to the number of hidden 
(for Elman) or output (for Jordan) neurons, which severely restricts their 
flexibility. Extended Elman and Jordan networks additionally implement re
current connections from the context units to themselves. The outputs of the 
context neurons represent the states of the model, and they depend on pre-
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21.3 State Recurrent Networks 647 

vious states and previous hidden (for Elman) or output (for Jordan) neuron 
outputs. Partially recurrent networks have first been suggested for natural 
language processing tasks. In comparison with fully recurrent networks they 
possess better convergence and stability problems. However, a lot of trial and 
error is still required to successfully train such an architecture. 

21.3 State Recurrent Networks 

The most straightforward realization of the internal dynamics approach is 
the direct implementation of a nonlinear state space model as proposed by 
Schenker [342]. Figure 21.2 shows that this approach looks similar to an 
external dynamics configuration. The important difference is, however, that 
for external dynamics the outputs are fed back, which are known during 
training, while for the structure in Fig. 21.2 the states are fed back, which 
are unknown during trainingl. As a consequence, a state recurrent structure 
can be trained only by minimizing the simulation error. 

The major advantages of the state recurrent structure over the fully and 
partially recurrent structures discussed above are as follows: 

• The number of states (dynamic model order) can be adjusted separately 
from the number of neurons. Although the networks tend to become more 
complex as the number of states increases, since each state is a network 
input and thus causes additional links, the number of hidden neurons can 
be separately determined by the user. 

• The model states act as network inputs and thus are easily accessible from 
outside. This can be utilized when state measurements are available at some 
time instants, e.g., the initial conditions. This is particularly interesting 
and important for batch processes in chemical industry, as pointed out by 
Schenker [342], but may be unrealistic for other domains. 

• Owing to the state space structure it may be possible, as proposed in [342], 
to incorporate state space models obtained by first principles within the 
neural network and let the neural network learn or compensate only for 
the unmodeled process characteristics. 

• As indicated in Fig. 21.2 any type of nonlinear static approximator can 
be utilized instead of the multilayer perceptron used in [342]. Note, how
ever, that linearly parameterized models offer no distinct advantages here, 
because the state feedback makes the parameter optimization problem non
linear anyway. 

It should be underlined that the state recurrent approach seems to be 
more promising than the fully and partially recurrent structures. However, 

1 If the full state is measurable, the problem simplifies to the approximation of 
the nonlinear state space mappings f(-) and g(.) in (17.6b), and no feedback is 
required at all; see Sect. 17.1. -
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648 21. Neural Networks with Internal Dynamics 

Fig. 21.2. State recurrent network 

in practice many difficulties can be encountered, in particular if no state 
measurements (and no initial conditions) are available: 

• The states of the model do not approach (or even relate to) the true process 
states. 

• Wrong initial conditions deteriorate the performance when only short train
ing data sets are available and/or the dynamics are very slow. 

• Training can become unstable. 
• The trained model can be unstable. 

These drawbacks are characteristic for the internal dynamics approach. 
They can be partly overcome by the architecture discussed in the next section. 

21.4 Locally Recurrent Globally Feedforward Networks 

The architecture of locally recurrent globally feedforward (LRGF) networks 
proposed by Tsoi and Back [382] and also extensively studied by Ayoubi in 
[8] is based on static feedforward networks that are extended with local recur
rency. This means there are neither feedback connections between neurons of 
successive layers nor lateral connections between neurons of one layer. Recur
rency is always restricted to the links (synapses) or to the neurons themselves. 
The dynamics can be introduced in the form of finite impulse response fil
ters (FIR) or infinite impulse response filters (IIR). It is important to note 
here that the gain of the filters should be normalized to 1 in order to avoid 
redundant parameters, because the neural network weights already realize a 
scaling factor (gain) with their weights. One motivation for the LRGF ap
proach stems from the fact that these architectures include Hammerstein and 
Wiener model structures as special cases; see Sects. 18.6 and 18.7. As shown 
in Fig. 21.3 three types of local recurrency can be distinguished: 

• Local synapse feedback: Instead of a constant weight each synapse incorpo
rates a linear filter. 
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"2(k) 

local synapse feedback local activation feedback local output feedback 

Fig. 21.3. Locally recurrent globally feedforward network with three alternative 
strategies for incorporation of the linear filters 

• Local activation feedback: This kind of local recurrency represents a special 
case of local synapse feedback. If the transfer functions of all synapses 
leading to one neuron are identical the resulting structure can be simplified. 
Then all filters in the synapses can be replaced by one filter with the same 
poles and zeros behind the summation of the neuron input. 

• Local output feedback: Local output feedback models possess a linear trans
fer function from the neuron output to the neuron input. 

An important difference between these different types of LRGF recurrency 
is the separation into nonlinear statics and linear dynamics for local synapse 
and activation feedback on the one hand and the non-separable nonlinear 
dynamics for local output feedback on the other hand. 

Typically, multilayer perceptrons are extended to LRGF architectures; 
however, the idea of LRGF can also be applied to radial basis function net
works. The only reasonable way to extend an RBF network (Sect. 11.3) to 
internal dynamics is to replace the constant weights in the output layer by 
linear filters. This internal dynamics RBF network architecture is, however, 
of limited flexibility since the nonlinear mapping is based solely on the static 
network inputs. It is shown in [9] that this internal RBF network is only able 
to identify Hammerstein model structures. 

An advantage of LRGF networks in general is that their stability is much 
easier to check, owing to the merely local recurrency. If all filters within the 
network are stable then the complete network is stable (except when local 
output feedback is applied, which requires one to take the gain of the activa
tion function into account). On the other hand, the local recurrency restricts 
the class of nonlinear dynamic systems that can be represented. Another 
problem with the LRGF approach is that the resulting model will generally 
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650 21. Neural Networks with Internal Dynamics 

be of high dynamic order even when the filters are of low order, since trans
fer functions with different denominator dynamics are additively combined. 
This fact may cause undesirable dynamic effects in the generalization be
havior. Often non-minimum phase models are identified even if the process is 
minimum phase. The choice of the linear filters is generally based on previous 
experience that suggests IIR filters of second order are sufficient. With first 
order filters oscillatory behavior could not be modeled, and for higher than 
second order the required additional parameters usually do not payoff [8]. 

21.5 Internal Versus External Dynamics 

This section compares the external with the internal dynamics approach. 
Of course, such a comparison can only be quite rough, since many details 
depend on the specific type of architecture and training algorithm chosen. 
Nevertheless, some main differences between both approaches can be pointed 
out: 

• Training: The feedback involved in the internal dynamics approach yields 
a nonlinear output error (NOE) model (for LRGF this is only true if IIR 
filters are used); see Sect. 17.2.3. This implies that nonlinear parameter 
optimization techniques have to be applied independent of whether the 
utilized function approximator is linear or nonlinear parameterized. Fur
thermore, the gradient calculations carried out with the real time recurrent 
learning or backpropagation-through-time algorithm can become tedious 
and time-consuming. So some authors employ direct search methods to 
avoid any gradient calculation [342]; see Sect. 4.3. Additionally, the train
ing procedure can become unstable. 
In contrast, with the external dynamics approach, the NARX model struc
ture can be utilized to exploit linear relationships. Thus, the use of linear 
parameterized model architectures does make much more sense in combi
nation with the external dynamics approach. The price to be paid for this 
advantage is that the one-step prediction error rather than the simulation 
error is optimized. This is not identical to the actual objective when the 
intended model use is simulation. 

• Generalization: Owing to the internal feedback, internal dynamics models 
inherently perform simulation. They usually cannot be used for one-step 
prediction since the previous process states cannot be fed into the model 
(with the exception of the state recurrency network if it is able to recon
struct the process states within the network2). Internal dynamics models 
can only represent stable processes, while the external dynamics approach 
would allow unstable when trained in NARX structure. 

• Dynamic order: The choice of the dynamic order for internal dynamics 
models is not as explicit (the state recurrent networks are an exception in 

2 This can hardly be expected if no state measurements are available for training. 
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21.5 Internal Versus External Dynamics 651 

all that follows under this point) as for the external dynamics approach. 
Usually the order of the model is somehow related to the network struc
ture and the number of neurons. Internal dynamics approaches therefore 
possess a drawback if the true dynamic order of the process is known. If 
it is unknown, however, they are able to cope with a variety of process 
orders automatically. In other words, the internal dynamics approach is 
much more robust (or less sensitive) with respect to the information about 
the process order. So the internal dynamics approach does not necessarily 
require an assumption about the order of the process dynamics. It is more 
like a "black box" than the external dynamics approach and thus offers an 
advantage whenever knowledge about the process order does not exist and 
vice versa. 

• Stability: For the fully and partially recurrent and also for the state feed
back structures, stability is as hard to prove as for the external dynam
ics approach (except that of local linear neuro-fuzzy models, which offer 
some advantages in this respect; see Sect. 20.4). The internal dynamics ap
proaches with LRGF, however, allow an easy check for stability by simple 
investigation of the poles of their linear filters. 

• Curse of dimensionality: The curse of dimensionality is much weaker for the 
internal dynamics approach because the network is fed only with the actual 
input signal and possibly with the actual states but not with previous 
inputs and outputs. Thus, the input space is of lower dimensionality. This 
is a clear advantage for the internal dynamics approach, and in particular 
when higher order systems and multi variable systems are handled. 

• Interpretability: Owing to the higher complexity and the interaction be
tween neurons and dynamics any interpretation of internal dynamics neu
ral networks is almost impossible. The LRGF architecture allows one to 
gain some insights into the process dynamics and structure for very sim
ple cases [8]. For the external dynamics approach interpretability depends 
strongly on the chosen network architecture. The local linear neuro-fuzzy 
models offer by far the best interpretation possibilities; see Chap. 20. The 
missing interpretability is a drawback for internal dynamics. 

• Prior knowledge: The possibility for an incorporation of prior knowledge 
is related to the interpretability of the model. Thus, few such possibilities 
exist for internal dynamics networks (with the partial exception of state 
recurrent networks). co
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22. Applications of Static Models 

This chapter is the first of three that present some real-world application 
examples to illustrate the practical usefulness and wide ranging applicability 
of modern nonlinear system identification approaches. These chapters focus 
on local linear neuro-fuzzy models and the LOLIMOT training algorithm 
because this combination revealed very promising features in the preceding 
analysis. Clearly, a thorough comparison with other model architectures and 
algorithms is an interesting topic for future studies. 

This chapter deals with static modeling problems. In Sect. 22.1 it is 
demonstrated how nonlinear models can be used for adaptive filtering of 
a reference signal. The task is to smooth a driving cycle that is used for stan
dardized exhaust gas tests while meeting given accuracy requirements in the 
form of constraints. Section 22.2 is concerned with modeling and optimization 
of exhaust gases for combustion engines. This is an important topic of current 
research in automotive industry in order to fulfill the ever increasing demand 
to reduce pollution and fuel consumption. The overall problem is empha
sized from a system-wide perspective, and the important role that modeling 
and identification play for the systematic achievement of the ultimate goal is 
illustrated. 

22.1 Driving Cycle 

This section presents the application of local linear neuro-fuzzy models 
trained with LOLIMOT to a one-dimensional static approximation problem. 
The proposed methodology can also be seen as acausal nonlinear filtering 
of signals. This application underlines the following important features of 
LOLIMOT: 

• efficient training of very complex models with more than 100 neurons; 
• incorporation of constraints by means of an appropriate objective for struc

ture optimization; 
• interpretation and information extraction from the local linear models' 

parameters. 

The presented results have been partly published in [345]. 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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time [minl 

Fig. 22.1. FTP 75 driving cycle with tolerance band 

real world 
experiments 

Fig. 22.2. A driver simulation requires a speed profile that is obtained from the 
driving cycle by offline filtering I 

22.1.1 Process Description 

Driving cycles are standardized testing procedures in automotive applications 
to evaluate certain properties of vehicles. For example, the fuel consumption 
and the amount of exhaust gases of different engines and vehicles can be com
pared. In this way, regulations by law enforce an upper bound on emissions. 
Here, the FTP 75 cycle (FTP = Federal Test Procedure) shown in Fig. 22.1, 
which is used for passenger cars worldwide, is considered [70]. 

At present, driving cycles are mostly driven by skilled human drivers, 
who are able to meet the tolerance band that is shown in Fig. 22.1 for the 
FTP 75. In order to automate this procedure and improve the reproducibility 
the human driver has to be replaced by an automatic controller. The scheme 
in Fig. 22.2 illustrates how the driving cycle can be preprocessed and sub
sequently utilized by the automatic speed controller, which controls either a 
real or a simulated car. The preprocessing phase that maps the driving cycle 
to a smoothed speed profile is motivated and explained in the following. 

It is difficult to design a controller that solves this tracking task within the 
tolerance band. Clearly, the a-priori knowledge about the speed reference sig
nal should be exploited, and the derivative of the reference signal is required 
for a feedforward component in the controller. Consequently, the reference 
signal should be as smooth as possible in order to be able to design a fast 
controller that is able to meet the tolerances. Since the smoothed speed signal 
will be used as the reference signal for the control loop, the tolerance band 
for the smoothing has to be tightened in order to allow for some control er-

I This figure was kindly provided by Martin Schmidt, Institute of Automatic Con
trol, TV Darmstadt. 
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22.1 Driving Cycle 657 

rors. Smoothing of the driving cycle by a standard (linear and non-adaptive) 
filter is not successful since the tolerance band requires a time dependent 
filter bandwidth. In the ideal case the maximum smoothing effect should be 
achieved locally with the constraint that the tolerances are met. LOLIMOT 
is a well suited tool for solving this task. 

22.1.2 Smoothing of a Driving Cycle 

A one-dimensional local linear neuro-fuzzy model 

Y=f(u) (22.1) 

with time as the input u = t and speed as the output Y = v is constructed 
with LOLIMOT. 

The iterations of LOLIMOT are terminated when the model meets the 
tolerance band. This ensures the realization of the minimal number of local 
linear models and therefore the maximum smoothing effect. As proposed in 
Sect. 13.3.2 the following objective function may be used for structure opti
mization in order to make the LOLIMOT construction more goal-oriented: 

N 

[iCtal) = L tolj . ~i(y'(j)) (22.2) 
j=l 

where tolj = 1 if the model violates the tolerance band for data sample j and 
tolj = 0 otherwise. The use of (22.2) guarantees that new local linear models 
are generated only where the tolerance band is violated, independent of the 
model quality in terms of model errors. Figure 22.3 compares this approach 
with the standard LOLIMOT algorithm, which employs a sum of squared 
errors loss function for structure optimization. As Fig. 22.3a shows, the root 
mean squared error of the fit is slightly better for the standard approach. 
However, the number of tolerance violations depicted in Fig. 22.3b demon
strates the advantage of using (22.2). While standard LOLIMOT (i) yields a 
model with M = 183 neurons, the algorithm with objective (22.2) for struc
ture optimization (ii) leads in a shorter training time to a significantly simpler 
model with M = 128, which represents a much smoother speed profile. 

The performance of the obtained model (ii) is depicted in Fig. 22.4. The 
local linear neuro-fuzzy model successfully smooths the driving cycle while 
concurrently meeting the tolerance band. In the interval t ~ 1-1.8 min very 
few local linear models have been generated since the speed profile and the 
tolerance band basically allow one to draw a straight line in this area. In 
contrast, for the interval t ~ 0.5 -1 min more local linear models are required 
in order to describe the oscillations. The model smooths the driving cycle in 
a similar fashion as probably a human driver does in his mind. Note that the 
density of local linear models does depend only on the tolerance band and 
not on the approximation error. 
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Fig. 22.3. Convergence behavior for driving cycle approximation: (i) standard 
LOLIMOT, (ii) LOLIMOT with (22.2) as objective for structure optimization 
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Fig. 22.4. Local linear neuro-fuzzy model (ii) for smoothing of the driving cycle 

22.1.3 Improvements and Extensions 

The original driving cycle as shown in Fig. 22.1 is given in samples of To = 1 s 
[70j. For the driver and vehicle simulation, however, much smaller sampling 
times are required. Since the local linear neuro-fuzzy model represents a con
tinuous function it can be generalized at any time instant t, and therefore a 
resampling with a higher sampling frequency can easily be performed. Note 
that this would not be possible with a digital adaptive filter, which would 
require an additional interpolation algorithm of high order to generate data 
points between the original samples. 

It can be observed in Fig. 22.4 that the model does not behave well in 
regions where the original driving cycle possesses idle phases with v = 0 km/h, 
as in the intervals t ~ 2.1-2.7min and t ~ 5.6-5.8min. The model tends to 
oscillate in these regions, and the model output even becomes partly negative 
« 0 km/h). The reason for this undesirable behavior is the abrupt slope 
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Fig. 22.5. Derivatives of the driving cycle (original) and the smoothed speed profile 
(model) 

change of the original cycle. In order to avoid these unwanted effects it is 
reasonable to extract the parts of the driving cycle that lie between idle phases 
and to model those parts separately. In a second step these submodels are 
joined together by including the idle phases from the original cycle between 
them. This procedure ensures that the submodels are not deteriorated from 
the idle phases. 

22.1.4 Differentiation 

As has been mentioned above, the derivative of the driving cycle is re
quired for the feedforward controller, which certainly has differential behavior 
since it (partly) inverts the vehicle dynamics that possess time-lag behavior. 
Figure 22.5 demonstrates the improvement achieved by differentiating the 
smoothed reference signal instead of the original one. Note that the derivative 
of the model can be evaluated according to the local linearization approach 
introduced in Sect. 14.5. This local derivative is equivalent to the slopes of 
the local linear models, which can be directly interpreted as accelerations. 
Figure 22.5 compares the derivative of the original driving cycle and the lo
cal derivative of the neuro-fuzzy model. The accelerations obtained from the 
model are much smoother, and their absolute value is smaller in the mean. 
This leads to more economical control in terms of fuel consumption and ex
haust gases. 

A similar strategy as demonstrated above is utilized online and in real 
time in the automotive application of nonlinear adaptive filtering of wheel 
speed sensor signals [349, 351]. 

22.2 Modeling and Optimization of Combustion Engine 
Exhaust 

This section demonstrates how multivariable nonlinear static models can be 
utilized in automotive electronics to cope with the ever increasing complex
ity of modern combustion engines. The purpose of this section is to illustrate 
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the importance that models have for efficient design procedures. The follow
ing features of local linear neuro-fuzzy models and the LOLIMOT training 
algorithm are addressed: 

• fast training of static approximators with many inputs; 
• usefulness of user-defined extrapolation behavior; 
• smoothness of the model, allowing it to be used successfully for optimiza

tion. 

The presented results have been partly published in [127, 128]2. 

22.2.1 The Role of Look-Up Tables in Automotive Electronics 

The automotive electronics industry is characterized by a huge number of 
units sold (hundred thousands to millions). Therefore, the saving of some 
cents by using a cheaper hardware can be profitable even if it requires a 
man-year of engineering effort. Consequently, the computational possibilities 
are usually severely limited. 

Today, grid-based look-up tables are by far the most common way to de
scribe nonlinear relationships in automotive electronics. These look-up tables 
are restricted to one or two inputs3 , and their parameters (Le., the choice of 
the grid and the heights) are usually not optimized but directly obtained from 
measurement data or by manual manipulation after inspection. The reasons 
for the dominance of look-up tables in this application area are as follows 
(see Sect. 10.3): 

• The measurement data can be directly stored in the look-up table without 
the application of structure or parameter optimization techniques. 

• The evaluation speed (access time) of look-up tables is fast (short). 
• The implementation effort on cheap micro-controllers without floating 

point unit is low. 
• The development and application engineers are used to coping with look

up tables, and utilize a number of specialized tools that are designed to 
support their tasks. 

• The restriction to one or two inputs did not impose severe performance 
limitations on the engine in the past when the complexity of engine con
trol systems was relatively low. Rather it corresponds to the visualization 
capability of humans, which is confined to three dimensions (2 inputs, 1 
output). 

2 Most of the results and figures presented in this section have been taken from the 
research work of Michael Hafner and Matthias SchUler, Institute of Automatic 
Control, TU Darmstadt. 

3 Owing to the curse of dimensionality more than two inputs cannot really be 
handled except in cases where the grid resolution can be chosen very low; see 
Sect. 10.3. It is therefore assumed in the following that grid-based look-up tables 
have either one or two inputs only. 
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Fig. 22.6. Schemes for solving a modeling problem with three inputs shown in (a) 
if the models are restricted to two inputs: b) additive, c) multiplicative, d) hierar
chical. The inputs for the multiplicative correction model in reality may be, e.g., 
Ul = engine charge (cylinder fill), U2 = engine speed, Us = ignition angle efficiency, 
and the output y = engine torque. The output of the basis model is the "ideal" 
engine torque for optimal injection angle and optimal air/fuel ratio oX = 1. The 
input Us accounts for the deviations of the injection angle from its optimal value. 
A similar correction is necessary for the deviation of oX from 1 or for temperature 
dependencies that would require additional inputs U4, U5 

IT a quantity depends on more than two inputs typically the following ap
proach is taken to circumvent the restriction of look-up tables to two inputs. 
The two most important quantities are chosen as inputs for a look-up table 
that yields the desired output keeping the additional, not considered, input 
constant. Then the look-up table output is corrected by an additive or multi
plicative correction model. This scheme is depicted in Fig. 22.6b and c for a 
problem with three inputs; see Sect. 7.6.2. This approach can be regarded as 
a special case of a hierarchical model as shown in Fig. 22.6d; see Sect. 7.6.5. 
Note that all schemes shown in Fig. 22.6b, c, and d are special cases of a 
general model with three inputs (Fig. 22.6a). These special cases can yield 
satisfactory performance only as long as the inputs used for the corrections 
(us) are either not significant or almost decoupled from the primary inputs 
(Ul,U2). 

The limitation of look-up tables to low-dimensional mappings calls for 
such approaches as correction or hierarchical models. Two main difficulties 
arise with these conventional approaches as the complexity of the automo
tive electronics increases. This complexity increase is a consequence of stricter 
laws and regulation with respect to the exhaust gases and the endeavor to 
improve performance and reduce the fuel consumption. First, the number 
of required look-up tables increases dramatically with the dimensionality of 
the modeling problems. For example, in a modern electronic engine control 
unit typically more than 100 look-up tables are implemented. Thus the sheer 
number of look-up tables becomes hardly manageable. Second, more manip-

co
nt

ro
len

gin
ee

rs
.ir



662 22. Applications of Static Models 

ulated variables are introduced to influence the characteristics of the engine 
in a favorable manner. In the past, merely two manipulated variables existed: 
the fuel injection mass and the injection angle for a Diesel engine, or the ig
nition angle for a spark ignition engine, respectively. The fuel injection mass 
is determined by the required engine torque, while the injection/ignition an
gle has to be optimized for each operating point of the engine given by the 
fuel injection mass and the engine speed. Additional manipulated variables 
in current and future engines allow one to control the following: exhaust gas 
recirculation, wastegate (with turbocharging), variable nozzle turbine (Diesel 
with turbocharging), pilot injection (common rail Diesel), variable camshaft 
or variable valve timing (spark ignition engine). Thus, additional inputs arise 
for the models that cannot really be dealt with as depicted in Fig. 22.6b, 
c and d since their influence is significant and they are strongly coupled. 
The higher dimensionality of these problems calls for new solutions and the 
replacement of the dimensionality restricting look-up table models. 

Besides the shortcomings of look-up tables, a further, more fundamental 
difficulty arises as a consequence of the higher dimensionality of the modeling 
problems: the question of data acquisition or experiment design. Currently, 
the inputs are usually varied according to a given grid, and the measured 
outputs are stored in look-up tables. Such grid-based measurement strategies 
underlie the curse of dimensionality, i.e., the measurement time increases 
exponentially with the number of inputs. Since for each measurement the 
responses must settle to their stationary values the time required cannot 
be arbitrarily shortened. The limited capacity of engine test stands and the 
constraints on development time and cost call for new measurement strategies 
in the future. Although the solution to this problem is far from clear, some 
promising new ideas can be pointed out: 

• Take measurements more densely where strongly nonlinear effects are ex
pected and sparingly where mainly linear behavior is expected. Use prior 
knowledge obtained from similar engines to form these expectations. 

• Use models of similar engines and only adapt some different characteristics 
with new measurements. Since fewer parameters have to be estimated, less 
data is required. 

• Replace the step-like input changes with a slow (low frequency) ramp. 
Instead of utilizing only the stationary value of each measurement (and 
wasting all data describing transient behavior) take all measurements into 
account, neglecting the small dynamic error that is introduced by the fact 
that the ramp is not infinitely slow. Improve accuracy by sweeping through 
the input space in both directions and averaging out dynamic errors, i.e., 
change an input from 0% to 100% and back from 100% to 0% and take the 
mean between both measurements. 

• Improve the strategy described above by identifying a nonlinear dynamic 
model. Subsequently, calculate the static characteristics of the nonlinear 
dynamic model. Since the dynamic model can represent the transient be-

co
nt

ro
len

gin
ee

rs
.ir



22.2 Modeling and Optimization of Combustion Engine Exhaust 663 

havior, the ramp can be much faster for equivalent accuracy. A tradeoff 
exists between the measurement time and the expected static model accu
racy because the accuracy of a dynamic model in a given frequency range 
(here around zero) depends on the proportion of this frequency range in 
the excitation signal; see Sect. 16.7.3. Such a tradeoff is very appealing 
because it allows one to adjust the measurement time with regard to the 
desired model accuracy. 

All these ideas lead to a non-uniform sampling of the input space. None of 
them is compatible with look-up table models. Rather they require modern 
nonlinear approximators that can deal with high-dimensional input spaces. 

The following benefits of modern nonlinear models such as neural net
works compared with grid-based look-up tables in automotive electronics can 
be summarized: 

• General models with more than two inputs are possible. 
• Arbitrary distribution of measurement data is possible. 
• Smoothness properties exist, i.e., the model output is differentiable several 

times. This is important if the models are to be used for optimization. 
• A more compact description is possible because one high-dimensional 

model can replace a conglomerate of look-up tables. 
• Trial and error and manual tuning can be reduced because of the unified 

approach. 
• They lead one step further toward nonlinear dynamic models that promise 

to deliver the next performance and flexibility boost. 

As the complexity of automotive electronics grows, the above advantages 
tend to outweigh the advantages of look-up tables. Probably, in a first phase, 
modern nonlinear models such as neural networks will be utilized mainly 
in the development process for modeling and optimization, while the micro
controller will still contain conventional look-up tables. In a second phase, 
more flexible and complex models will also be implemented at the micro
controller level. 

22.2.2 Modeling of Exhaust Gases 

Figure 22.7 shows a steady and rapid decrease of the exhaust gas limits for 
Diesel engines enforced by law within the European Union. In order to be able 
to meet these limits in the future, improvements in various areas are required, 
including constructive mechanical changes of the motor, the introduction of 
additional manipulated variables for higher flexibility, filtering and catalytic 
conversion of the exhaust gases, and optimization of the engine management 
and control systems. Traditionally, many optimization problems have been 
solved by a trial-and-error approach with the knowledge and experience of 
application engineers. The reasons for this are manifold. They range from a 
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Fig. 22.7. Exhaust gas limits enforced by law in Europe 

lack of suitable models and tools to all the difficulties arising in interdisci
plinary fields where mechanical and control engineers have to work together 
in a team. In particular, with the increasing number of manipulated variables, 
appropriate models for the exhaust gases are required in order to carry out 
an exhaust gas optimization that yields optimal engine control. 

It is extremely difficult to derive exhaust gas models from first principles. 
The exhaust is very sensitive with respect to the fuel , temperature, and pres
sure distribution within the cylinders. Small local changes can influence the 
exhaust significantly, and these effects are still not well understood. Numer
ical finite element simulation studies require about 70 hours of computation 
time on the fastest available computers for a single combustion cycle [306] . 
Thus, this approach may be useful for supporting the mechanical construc
tion and design changes, but a different strategy is required for modeling for 
optimization and control. Fortunately, the demand on accuracy is not very 
high because the engine characteristics even after production and clearly after 
wear can vary considerably. 

The following quantities are interesting for Diesel engine control optimiza
tion: 

• Fuel consumption be (or the proportional carbon dioxide CO2 ) : Consumes 
valuable, limited resources and is the major cause of the greenhouse effect, 
i.e., global warming. 

• Nitrogen oxides (NOx ): Form acids, which in the form of acid rain damage 
nature and buildings and cause the dying of forests. 

• Hydrocarbons (HC): Poisonous for humans; may cause cancer. 
• Carbon monoxide (CO): Only 0.3 volume percent in the air can cause 

suffocation for humans and animals. 
• Particles (soot): May promote cancer in humans. 
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Fig. 22.8. Exhaust components as function of the fuel injection mass mb and 
injection angle 8si for a fixed engine speed of neng = 2000 rpm 

A model should be able to predict these quantities from the relevant inputs, 
e.g., for a modern Diesel engine these may be 

• engine speed neng , 

• injection mass mb, 
• injection angle (}si, 

• exhaust gas recirculation (EGR) rate, 
• variable nozzle turbine (VNT) position, 

and possibly injection pressure and pilot injection profile for a common rail 
Diesel. Clearly, that many inputs cannot be reasonably processed with grid
based look-up tables. With neural networks these static relationships, how
ever, can be easily learnt provided that representative measurement data is 
available. 

Figure 22.8 depicts the output of local linear neuro-fuzzy models for the 
four major exhaust components for an older Diesel engine with just the first 
three manipulated variables from the above list. These models possess 15 
neurons each and are trained with LOLIMOT in less than a minute4 . Note 
that these three-dimensional plots represent just one cut through the four
dimensional mapping for a single engine speed. As the number of inputs grows 

4 With a Pentium 100 MHz PC. 
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further, the relationships between the inputs and outputs become increasingly 
difficult to visualize. This is another manifestation of the curse of dimension
ality. Smooth and reliable interpolation behavior of the model architecture is 
extremely important since for more than three5 inputs it is barely possible 
to detect "strange" model behavior visually. Note that these difficulties are 
caused by the exponential complexity increase with the number of inputs. 
The complexity grows only linearly with the number of outputs. 

As the number of model inputs increases the data acquisition problem be
comes harder; see Sect. 22.2.1. At some point it may no longer be possible to 
include measurements from all boundary conditions (all combinations of min
imal and maximum input values) in the training data set. Then a reasonable 
model extrapolation becomes a very important issue. For the processes under 
investigation the principle behavior is known from simple balance considera
tions and experience. This allows one to construct an extrapolation behavior 
that at least does not violate physics. For local linear neuro-fuzzy models the 
user-defined extrapolation design procedure described in Sect. 14.4.2 can be 
used. 

22.2.3 Optimization of Exhaust Gases 

Once a model for the engine fuel consumption and exhaust has been built, 
the question arises: How it should be utilized for optimization? Figure 22.9 
illustrates a possible optimization scheme. Basically, the manipulated vari
ables that are model inputs are varied by the optimization technique until 
their optimal values are found. Optimality is measured in terms of a loss 
function that depends on the fuel consumption and exhaust gases, i.e., the 
model outputs. When the operating point dependent optimal input values 
are found, they can be stored in a static map that represents the feedforward 
controller, which can be realized either as a look-up table (since it has only 
two inputs) or as a neural network. 

The two most straightforward choices for the loss function will be intro
duced in the following. One possibility is to incorporate all relevant model 
outputs directly into a loss function of the type 

J (be, NOx , HC, CO, soot) -+ min . 
8.;,EGR,VNT 

(22.3) 

More concretely the loss function can be chosen as a weighted sum of the fuel 
consumption and the exhaust gases 

I 

J (be, NOx , HC, CO, soot) = 
w1be + W2NOx + W3HC + W4CO + W5s00t (22.4) 

5 Mappings with more than two inputs can be visualized by plotting several 
cuts through the higher-dimensional mapping, e.g., for neng = 1000,2000, ... , 
5000 rpm. However, the number of plots and the information about the overall 
mapping contained in these plots fades as the input dimensionality increases. 
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Fig. 22.9. Optimization scheme for the manipulated variables that yields an opti
mal feedforward controller. The gray lines are optional 

with all weights summing up to 1, i.e., E~=l Wi = 1. It can be extremely 
difficult to normalize the different fuel consumption and exhaust gas compo
nents in such a way that the weights Wi can be chosen in an intuitive fashion. 
Only with a reasonable normalization can the sensitivity of the optimum 
with respect to all weights be adjusted to the same order of magnitude; for 
more details refer to [129) . The advantage of the approach in (22.4) is that 
a good tradeoff can be found between the fuel consumption and the individ
ual exhaust gases components, i.e., the optimum is generally well balanced. 
For example, a huge increase in one exhaust gas for a slight decrease in fuel 
consumption can be avoided unless the weight corresponding to this exhaust 
component is chosen (virtually) zero. 

An alternative approach is to optimize only the fuel consumption and to 
take the exhaust gases into consideration by constraints, i.e., 

J (be) ~ min with NOx < Noimax), HC < Hc(max) , 
8."EGR,VNT 

CO < CO (max) ,soot < soot(max). (22.5) 

This constrained version has the advantage being closer to the real require
ments where the maximum exhaust gas values are given by law. Then (22.5) 
allows one to achieve minimum fuel consumption while all exhaust gases 
are kept at their upper bound. Of course, the upper bounds in (22.5) must 
be chosen somewhat stricter than those given by the regulations to account 
for process/model mismatch. The difficulties involved in the decision for a 
specific loss function type show that this problem is a good candidate for 
the application of multi-objective optimization methods. This certainly is a 
promising undertaking for future research; see Sect. 7.3.4. 
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Fig. 22.10. Illustration of the one-dimensional optimization with respect to the 
injection angle Osi with a fixed engine speed neng and injection mass mb: a) Wl = 0, 
W2 = 0.2, W3 = 0.8; b) Wl = 35, W2 = 0.3, W3 = 0.35. Note the reverse scaling of 
the mb-axis in (b) 

The optimization is carried out with respect to the manipulated vari
ables that can be freely adjusted Note that the injection mass is not free 
because it is determined in order to deliver the demanded engine torque. 
Thus, in the past, merely one variable had to be optimized, the injection 
angle Osi. This could be done manually. However, optimization with respect 
to several variables cannot really be carried out by hand. Therefore, the ap
plication of an automated optimization technique as described in Part I is 
required. Figure 22.lOa illustrates how the optimization is performed in the 
one-dimensional case where only the injection angle is optimized. The loss 
function depends on three quantities: the engine speed neng , the fuel injection 
mass mb, and the injection angle Osi, but only the last one is optimized. Thus, 
a cut through the loss function at a specific engine speed (not shown) and 
a specific fuel injection mass (shown) determines the one-dimensional curve 
that depends solely on the injection angle. The task of optimization is to find 
the optimal value of 0si. In Fig. 22.lOb the same procedure is shown for a dif
ferent choice of the weights in (22.4), yielding a totally different loss function 
shape (although here by chance the optimal injection angle is similar). 

The optimization procedure illustrated in Fig. 22.10 relies on a certain 
smoothness of the loss function. Since the loss function here is just a linear 
combination of the fuel consumption and exhaust gas models, the smoothness 
requirement passes on to the models themselves. For local linear neuro-fuzzy 
models, this motivates the use of relatively large smoothness factors kq (see 
Sect. 13.3) to avoid local optima. Otherwise, local optima may be caused by 
single (or very few) disturbed measurements since usually the total number 
of measurement data samples available for training is small. The application 
of local quadratic neuro-fuzzy models may also improve the reliability and ac
curacy of the optimization results. If look-up tables with linear interpolation 
are utilized the gradients are piecewise constant, which can cause difficul
ties for the optimization technique owing to the abrupt gradient changes. 
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FUrthermore, local optima become much more likely since all measurement 
samples are stored in the look-up tables and no smoothing (averaging) takes 
place. 

It should further be remarked that the manipulated variables cannot take 
any combination of values within their physical boundaries. Rather, large 
areas in the search space may not be allowed because they would damage the 
engine. This leads to additional constraints in the optimization. For example, 
for spark ignition engines the ignition angle must not become too small, to 
avoid knocking of the engine. This knocking limit imposes constraints on the 
search space that vary with the operating point (neng , mb). 

One important aspect of the optimization scheme shown in Fig. 22.9 still 
has to be explained in more detail. The manipulated variables are in fact 
functions of the operating point (neng , mb); see the feedforward controller 
in Fig. 22.9. So the question arises: How exactly are the operating point 
dependent manipulated variables optimized? Basically two strategies can be 
distinguished: 

• Local strategy: The manipulated variables are optimized for each operating 
point separately while an outer loop goes through all operating points lying 
on a grid. Then the optimal manipulated variables are stored in a look-up 
table at their associated operating points . 

• qlobal strategy: The operating points are defined, e.g., by a grid, and the 
manipulated variables of all operating points are optimized concurrently. 
Note that the number of parameters to be optimized is equal to the number 
of manipulated variables (say 3) times the number of operating points (say 
64 for an 8 x 8 grid), i.e., a large number (say 192). The loss function covers 
all operating points and accumulates their effects on a given driving cycle; 
see Sect. 22.1. 

The global strategy is much more straightforward. A driving cycle with 
upper bounds for the various exhaust gases is given by law; thus these bounds 
can explicitly be taken into account. FUrthermore, the driving cycle ideally 
should imitate realistic driving behavior (hopefully future driving cycles do 
so) that an optimization with regard to this driving cycle should give best 
exhaust emissions in practice. In future, dynamic models may make it possible 
to improve the exhaust emission further, which is of course only possible with 
a global strategy since the local strategy separates the operating points and 
thus does not allow the consideration of dynamics at all. Another advantage of 
the global strategy is that the different operating points will contribute with 
different relevance to the driving cycle, and this relevance can be accounted 
for and exploited by the optimization. 

The major drawback of the global strategy is, of course, the huge number 
of parameters that have to be optimized. In addition, difficulties arise if the 
driving cycle does not include all operating points since the values of the 
manipulated variables associated with these non-covered operating points do 
not influence the global loss function and consequently cannot be optimized. 

co
nt

ro
len

gin
ee

rs
.ir



670 22. Applications of Static Models 

Then the local strategy has to be applied. Basically, the local strategy pos
sesses the corresponding disadvantages opposed to all the advantages of the 
global strategy. The most severe drawback of the local strategy is that the 
constraints on the exhaust gases cannot be taken into account in any direct 
manner. Therefore, in case the global strategy yields a too highly dimen
sional optimization problem, it might be reasonable to pursue a compromise 
approach. Such a compromise strategy may extract the most important oper
ating points covered by the driving cycle and then apply the global strategy 
with this problem of reduced size. Somehow the constraints have to be ad
justed to this sub-cycle. All remaining operating points may be handled with 
the local strategy. For the results presented in the following, the local strategy 
together with the loss function in (22.4) was applied, which required some 
tuning with the weights. 

In Fig. 22.11 the fuel consumption and the exhaust gases NOx and soot 
achieved with the standard electronic Diesel control (EDe) unit and the local 
optimization strategy are compared for a driving cycle. The other exhaust 
gases are not considered here for the sake of simplicity but they all stayed 
within their allowable limits. For the optimization (after normalization) the 
weights are chosen identically, i.e., WI = W2 = W5 = 1/3. The comparison 
clearly shows that the settings in the standard EDe unit are suboptimal. 
Fuel consumption and all exhaust gas components can be improved simulta
neously. This underlines the potential improvements that can be realized by 
the consequent application of advanced modeling and optimization tools. 

Figure 22.12 compares two optimization results with the standard EDe 
unit. Only fuel consumption and NOx are considered in this example. In the 
left the weights are chosen as WI = 2/3, W2 = 1/3 while in the right they 
chosen vice versa, i.e., WI = 1/3, W2 = 2/3. As expected, in the left the 
fuel consumption is reduced compared with the EDe while in the right the 
fuel consumption yielded by the optimization and the EDe is indistinguish
able but the NOx exhaust is even more improved. Obviously, the weights 
easily allow a tradeoff between the different. objectives. Meeting of strict ex
haust limits, however, requires some trial-and-error experimentation with the 
weights. 

Table 22.1 demonstrates the effect of the weight choice in (22.4) on the fuel 
consumption and the exhaust gases NOx and soot. Furthermore, it compares 
these results with the performance realized by the settings of the standard 
electronic Diesel control unit. Obviously, as already shown in Fig. 22.11, 
the standard realization is suboptimal because fuel consumption and both 
exhaust gases can simultaneously be reduced. All results yielded by the op
timization approach are pareto-optimal. This means that it is not possible 
to improve all outputs simultaneously; see Sect. 7.3.4. Table 22.1 shows that 
at some point small improvements in fuel consumption must be paid for by 
huge increases in exhaust (third row compared with last row). However, if 
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Fig. 22.11. Comparison between the fuel consumption be and the exhaust gases 
NOx and soot for the standard EDC unit and the locally optimized approach with 
Wi = W2 = Ws = 1/3. The optimized approach improves the standard solution in 
all respects. The average values over the whole cycle are given in parenthesis 

Table 22.1. Comparison of the influence of different loss function weights 

WI W2 Ws be [%] NOx [%] Soot [%] Comments 

100 100 100 Default values from 
standard EDC (suboptimal) 

0.3 0.7 0 100 70 85 Improvement on exhaust 
gases with constant fuel 

0.7 0.3 0 94 102 184 Small decrease in fuel 
yields strong increase in soot 

0.5 0.25 0.25 95 88 68 Lower fuel with 
acceptable exhaust gases 

EDC = electronic Diesel control. 
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Fig. 22.12. Comparison between the fuel consumption be and the exhaust gas 
NOx for the standard EDC unit and the locally optimized approach with (left) 
more emphasis on fuel consumption, i.e., Wi = 2/3, W2 = 1/3 and (right) more 
emphasis on NOx , i.e., Wi = 1/3, W2 = 2/3 

the weights are chosen reasonably, i.e., all Wi > 0, then a good compromise 
between the different objectives can be obtained (last row) . 

All the discussion up to this point has assumed that the optimization is 
carried out offline, and the resulting optimal feedforward controller shown in 
Fig. 22.9 is implemented during production and subsequently is kept fixed. 
If the optimization can be performed in a reliable manner, and sufficiently 
fast hardware6 is available in the car, then the optimization can also be done 
online. It then can adapt to different kinds of drivers (ecologic, moderate, 
sportive, etc.) and different traffic situations (urban, freeway, stop and go, 
etc.) by adjusting the weights of the loss function (22.4). For example, low 
exhaust emissions such as CO and NOx may be more important than fuel 
consumption and CO2 within cities, while the opposite applies on a freeway. 
For a successful adaptation to these situations, they have to be automatically 
detected. In [129] a strategy based on the information of a global position
ing and navigation system and the evaluation of a fuzzy rule-based decision 
making system is proposed; see Fig. 22.13. 

22.2.4 Outlook: Dynamic Models 

In the future, the modeling and optimization approaches described above 
will have to be extended to dynamic models. Although this topic is beyond 

6 The hardware should be powerful enough to carry out an optimization within 
less than a minute or so. 
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Fig. 22.13. Engine management and optimization system 

the scope of this chapter a brief outlook will be given in the following. For 
more details refer to [129]. The reason for the emphasis on static models in 
automotive electronics is not that dynamic effects can be neglected. Rather, 
it is that nonlinear dynamic models have been much too difficult to derive. 
More commonly realized engine features like turbo charging and exhaust gas 
recirculation introduce significant dynamic effects into the engine character
istics that cannot be properly described with static models. With modern 
dynamic neural network architectures the derivation of experimental nonlin
ear dynamic models will be feasible in the future. 

The next chapter presents some nonlinear dynamic modeling and identifi
cation applications in much greater detail. The following figures will just give 
the reader an idea of what dynamic exhaust gas modeling may look like. A 
considerable difficulty with the dynamic experimental data of exhaust gases 
is that the sensors used are generally very slow. Thus, before identification 
can start, the raw data must be processed in order to eliminate most of the 
sensor characteristics. Otherwise the major time constant (in the range of 
several seconds) will be caused by the sensor rather than the process. One 
possible way of eliminating the sensor distortion is to filter the measurement 
data by an inverse of a sensor model. Unfortunately, this procedure cannot 
compensate fully for the sensor behavior because the strongly differentiating 
characteristics of the inverse model would yield an amplification of high fre
quency noise. However, sufficient compensation can be achieved with regard 
to the required accuracy of the exhaust model. 
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Fig. 22.14. Training data for identification of an NOx model 

Figure 22.14 shows the training data used for the identification of a local 
linear neuro-fuzzy model for NOx ' A first order model with 15 neurons is 
identified with LOLIMOT. Its performance is very good on both the training 
data and fresh generalization data, as depicted in Fig. 22.15. Such a dy
namic model allows to extracting the static relationship as a special case; 
see Fig. 22.16. This is an interesting feature for speeding up measurement 
times, i.e., measuring dynamically (fast) and extract the static model behav
ior instead of taking static (slow) measurements; see Sect. 22.2.1. The reason 
for the quite inaccurate approximation of the static behavior in Fig. 22.16 
lies in the relatively fast excitation signal, which forces the identification to 
sacrifice static accuracy for good high frequency accuracy. The results shown 
in Fig. 22.16 can only demonstrate the principal feasibility of the idea and 
can certainly be improved in the future. 

22.3 Summary 

In this chapter some static nonlinear system identification examples have 
been presented. In the driving cycle application it was shown that local lin
ear neuro-fuzzy models with a large number of neurons can be efficiently 
trained with the LOLIMOT algorithm. Also, constraints are taken into ac
count in a very simple and computationally inexpensive way. The second ex
ample on the modeling of fuel consumption and exhaust gases of combustion 
engines illustrated how models can be utilized to systematize and optimize 
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Fig. 22.15. Generalization performance with a local linear neuro-fuzzy model for 
NOx with 15 neurons trained by LOLIMOT with the data shown in Fig. 22.14 
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Fig. 22.16. Static NOx characteristics measured (left) and calculated from the 
dynamic model (right) for engine speed neng = 2500 rpm 

engine control systems. The restrictions caused by the limitations of grid
based look-up tables to low-dimensional mappings have been analyzed, and 
the potential improvements by utilizing neural networks have been pointed 
out. It was demonstrated that multi variable mappings can easily be realized 
by neural networks, and that these models can be used for the multi-objective 
optimization of fuel consumption and exhaust gases. The success of this ap
proach and the achieved improvements compared with the state-of-the-art 
industrial solution motivate to go even one step further by utilizing nonlin
ear dynamic models. This topic is pursued in the next chapter. 
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23. Applications of Dynamic Models 

This chapter presents various case studies for the modeling of nonlinear dy
namic systems with local linear neuro-fuzzy models. In Sect. 23.1, LOLIMOT 
is used for nonlinear system identification of a cooling blast. Section 23.2 de
scribes the experimental modeling of a turbocharger for a hardware-in-the
loop simulation of a truck Diesel engine. Several subprocesses of a thermal 
pilot plant are modeled in Sect. 23.3. Finally, Sect. 23.4 summarizes the re
sults accomplished and the insights gained by the applications. 

23.1 Cooling Blast 

This section demonstrates the application of the LOLIMOT algorithm for 
identification of a single-input, single-output nonlinear dynamic process. This 
application underlines the following important features of LOLIMOT: 

• identification of highly operating point dependent static and dynamic be
havior; 

• identification of nonlinear dynamic behavior with structural changes in the 
dynamics; 

• application of data weighting for compensation of non-uniformly dis
tributed training data; 

• utilization of a low order premise input space; 
• interpretation of the static and dynamic characteristics of the local linear 

models. 

Some of the presented results have been published in [276]. For an exten
sive discussion and the application of nonlinear model-based control design 
methods to the cooling blast refer to [88, 90, 91]. 

23.1.1 Process Description 

The radial industrial cooling blast for ventilation and air conditioning of 
buildings shown in Fig. 23.1a is to be modeled. It is a pilot plant driven by a 
capacitor motor of 1.44kW power, delivering up to 5000m3 of air per hour 
at a maximum speed of 1200rpm (revolutions per minute). The power is 
O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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Fig. 23.1. a) Cooling blast. b) Measured static nonlinearity 

supplied by phase control, and the speed is measured by a light dependent 
resistor, which senses the light reflected from the rotor wings. The speed 
resolution of 4.7 rpm is quite rough owing to the low-cost 8-bit counter used 
for the speed measurement. The sampling time for this process is chosen as 
To = 0.164s. 

Since the plain cooling blast without load is an almost linear process it 
is additionally equipped with a throttle flap. This makes the system strongly 
nonlinear in its statics and dynamics, and yields an extremely challeng
ing identification task. The static nonlinearity of the process is depicted in 
Fig. 23.1b. The nonlinear static behavior can be explained as follows. As 
long as the throttle is closed, the gain of the process is very large since al
most no mechanical work is required to speed up the fan because there is no 
air transported and only some turbulence losses occur. At a speed of about 
1 000 rpm, the throttle opens and the gain abruptly decreases since the fan 
has to accelerate the air. 

The system dynamics illustrated in Fig. 23.2, which is also severely non
linear, can be explained as follows. For an opened throttle flap the process 
exhibits weakly damped oscillatory behavior stemming from the acceleration 
of the flap. As Fig. 23.2a clearly demonstrates, the first two oscillations in 
a step response are reproducible, while the subsequent oscillations are ob
viously different for the three experiments with identical input signals. The 
reason for this stochastic behavior probably lies in the interaction of the air 
flow with the surroundings. Consequently, any model of the cooling blast 
can only be expected to be able to describe the first two oscillations. If the 
throttle flap is closed the dynamic process characteristics change drastically 
to well damped first order time lag behavior; see Fig. 23.2b. Besides this 
change in characteristics the time constants increase by more than one order 
of magnitude. Furthermore, the behavior becomes strongly direction depen
dent since the time constants for decreasing speed are much larger than those 
for increasing speed. This effect is caused by the fact that on the one hand 
an increasing voltage actively accelerates the fan while on the other hand the 
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Fig. 23.2. Measured dynamics of the cooling blast: a) flap opened (measured speed 
for three experiments with the same input signal), b) flap closed (step responses 
u : 30% -t 0% and u : 0% -t 25%) 

fan is not actively braked after a voltage drop. In the latter case it rather 
passively slows down merely due to the air drag losses. 

23.1.2 Experimental Results 

For modeling and identification a black box approach will be adopted. The 
prior knowledge discussed above, however, enters the excitation signal design 
procedure. This is of fundamental importance, since for black box model
ing the major information utilized is contained in the training data. In the 
following the excitation signal design philosophy is described. 

Excitation Signal Design. The high speed (open flap) and medium speed 
(flap about to open or close) regions are excited with an APRBS that covers 
different amplitude levels and a wide frequency range; see Sect. 17.7 and 
[284, 285]. Since the cooling blast changes its static and dynamic behavior 
strongly for fan speeds around 1000 rpm it is important to include enough 
training data within this region. Furthermore, enough training data should 
be generated to enable the identification method to average out the stochastic 
components in the speed signal. Therefore, this part of the training data set 
is chosen as a 2/3 fraction of the whole training data set. 

The low speed region (closed flap) is excited by several steps of various 
heights, taking into account the different rise times of the process for acceler
ation and deceleration. The complete signal is shown in Fig. 23.3. A second 
experiment with a similar signal is made for the generation of a separate 
validation data set. 

Modeling and Identification. From the prior knowledge discussed above 
it is clear that the model has to be at least of second dynamic order to repre
sent the oscillatory behavior of the cooling blast for open flap. In a trial-and
error procedure models higher than second order did not yield a significant 
improvement in performance. Thus, the following approach is taken: 
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Fig. 23.3. Training data 

y(k) = f (u(k - 1), u(k - 2), y(k - 1), y(k - 2)) , (23.1) 

where u(k) represents the control voltage and y(k) represents the fan speed. 
In order to compensate for the over-representation of the high speed regions in 
the training data set a data weighting is introduced as follows; see Sect. 13.2.4. 
All data points within the first 360 s of the training data set are weighted with 
the factor 1/2, while the remaining data samples are weighted with 1. Investi
gations confirm the assumption that this data weighting improves the overall 
model quality. In particular, -the model dynamics for low speeds improve, 
leading to an overall gain in model quality of 30% compared with the non
weighted case. The LOLIMOT algorithm is first run with full premise and 
consequent spaces, i.e., ~(k) = ~(k) = [u(k -1) u(k - 2) y(k -1) y(k - 2)]T. 

The convergence curve of LOLIMOT is depicted in Fig. 23.4a. The strong 
decrease in the model error compared with the linear model obtained in 
the first iteration reveals the highly nonlinear process characteristics. The 
convergence curve gives a clear indication of which model complexity might 
be appropriate. Because no significant further improvement can be obtained 
by choosing more than ten local linear models a neuro-fuzzy model with 
M = 10 rules is selected. 

Figure 23.4b shows the poles of the ten local linear second order models 
identified by LOLIMOT. Obviously, four LLMs possess real poles while six 
LLMs possess conjugate complex pole pairs. LOLIMOT starts with a global 
linear model, and already in the second iteration the fundamental character
istics of the process dynamics are captured by the following two rules: 

R 1 : IFu(k-2) = small THEN K=1O.28-1 , T1 =1.4s, T2=0.7s 

R2 : IF u(k - 2) = large THEN K = 1.98-1 , T = 0.3s2 , D = 0.33, 
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Fig. 23.4. a) Convergence curve of LOLIMOT. b) Poles of the ten local linear 
second order models 

where the LLMs are expressed by their gains and time constants in continuous 
time for the sake of a better understanding, i.e., the first and the second rule 
consequents represent the following continuous-time transfer functions 

K K 
G1{s) = (I + TlS){l + T2S) , G2{s) = 1 + 2DTs + T2s2 . (23.3) 

As Fig. 23.4b shows, the final set of ten rules contains one rule with 
a consequent LLM that has a negative real pole. This does not possess a 
reasonable correspondence in continuous time. Because this pole is very close 
to zero the associated dynamics are several orders of magnitude faster than 
those associated with the other poles. This indicates that the process actually 
might be only of first dynamic order in the corresponding operating regime (as 
prior knowledge already suggested). Indeed, the corresponding LLM is active 
in the operating regime that represents the lowest fan speed and voltage. 
This second order LLM can thus be replaced by a first order LLM without 
a significant loss in model quality. Note that in this case the interpolation 
algorithm in fact introduces a "dummy" pole at zero for this first order LLM; 
see Sect. 20.3.3. 

LOLIMOT partitioned the premise input space spanned by ~(k) only 
along the u{k - 2)- and y{k - 2)-dimensions. The resulting decomposition is 
shown in Fig. 23.5a together with the training data distribution. Obviously, 
the LLMs 3, 5, 8, and 9 represent off-equilibrium regimes that are hardly 
excited by the training data. Nevertheless, owing to the regularization effect 
of the local parameter estimation even these local linear models possess ac
ceptable statics and dynamics, which also ensures a reasonable extrapolation 
behavior. Note that with a global parameter estimation these barely excited 
LLMs could easily become unstable owing to the measurement noise. 

Since LOLIMOT partitions the premise input space only in the two di
mensions u{k - 2) and y{k - 2) the other inputs can be discarded from the 
rule premises: 
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Fig. 23.5. a) Premise input space decomposition created by LOLIMOT. The black 
crosses mark the centers of the validity functions; the gray crosses show the training 
data samples. b) Examples for step responses of the four local linear models 1, 4, 
7, and 10 
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Fig. 23.6. Performance of the local linear neuro-fuzzy model with ten rules 

£(k) = [u(k - 2) y(k - 2)]T, 

!f(k) = [u(k - 1) u(k - 2) y(k - 1) y(k - 2)]T. 

(23.4) 

(23.5) 

This is an example of the practical relevance for a low order premise in
put space in connection with higher order rule consequents as discussed in 
Sect. 20.2. Because the premise input space is only two-dimensional, a vi
sualization is possible allowing an easy understanding of the local models' 
validity regions. 

Figure 23.5b shows some step responses illustrating the strongly nonlinear 
statics and dynamics of the model. Both gains and time constants vary by 
more than one order of magnitude. The behavior of the local linear models 
agrees well with the observed process characteristics. Note that a correspond
ing interpretation of the off-equilibrium regimes is not straightforward. 

Figure 23.6 illustrates the performance of the neuro-fuzzy model obtained 
with ten rules. The model quality is extremely good and could not be repro
duced by any alternative modeling and identification technique so far. As 
expected above the model is not capable of describing more than the first 
two oscillation periods of a step response at high fan speeds. 
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23.2 Diesel Engine Thrhocharger 

This section presents the modeling and identification of an exhaust turbo
charger. The need for this turbocharger model arose within an industrial 
project with the goal of a hardware-in-the-Ioop simulation of truck Diesel 
engines. The objective of this project is to be able to develop, examine, and 
test new engine control systems and their electronic hardware realization with 
a real time simulation rather than with a real engine; see Fig. 23.7. The use 
of hardware-in-the-Ioop simulations makes it possible to save a tremendous 
amount of time and money compared with experiments on expensive and 
often not readily available dynamic engine test stands. Obviously, a hardware
in-the-Ioop simulation of a truck Diesel engine relies strongly on accurate 
dynamic models that can be evaluated in real time on the given hardware 
platform (here an Alpha chip signal processing board) . For more details on the 
concept and realization of the overall hardware-in-the-Ioop simulation refer to 
[177, 356, 357]. This section demonstrates the modeling of the turbocharger, 
which is a decisive component for the engine's dynamics. This application 
underlines the following important features of LOLIMOT: 

• utilization of a reduced and low order premise input space; 
• interpretation of the statics and dynamics of the local linear models; 
• transformation of the identified model to a different sampling time. 

Fig. 23.7. General scheme for the hardware-in-the-loop simulation of a combustion 
engine with vehicle [177P 
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23.2.1 Process Description 

Figure 23.8 shows a picture of an exhaust turbocharger and Fig. 23.9 illus
trates its role in the charging process of a Diesel engine. The operation of 
the turbocharger is as follows. The exhaust enthalpy is utilized by the tur
bine to drive a compressor that aspirates and precompresses fresh air in the 
cylinder. Thus, the turbocharger allows a higher boost pressure, increasing 
the maximum power of the engine while its stroke volume remains the same. 
This is particularly important in the middle speed range. The charging pro
cess possesses a nonlinear static input/output behavior as well as a strong 
dependency of the dynamic parameters on the operating point. This is known 
by physical insights and is confirmed by the poor quality of linear process 
models. 

The static behavior of a turbocharger may be sufficiently described by 
characteristic maps of compressor and turbine. However, if the dynamics 
of a turbocharger need to be considered, first principles modeling based on 
mechanical and thermodynamical laws is required [41, 317, 414J. Practical 
applications have shown that first principles models are capable of reproduc
ing the characteristic dynamic behavior of a turbocharger. The model quality, 
however, depends crucially on the accurate knowledge of various process pa
rameters. They typically have to be laboriously derived, estimated, or in most 
cases approximated by analogy considerations. The tedious determination of 

1 This figure was kindly provided by Jochen Schaffnit, Institute of Automatic 
Control, TU Darmstadt. 

Fig. 23.8. Picture of a turbocharger 
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Fig. 23.9. Scheme of the charging process of a Diesel engine by an exhaust turbo
charger 

the physical parameters makes the development of a turbocharger model 
time-consuming and expensive. Another severe drawback of the first princi
ples modeling approach is the considerable computational effort required for 
the simulation of these models owing to the high complexity of the equations 
obtained. 

For these reasons, such an approach is considered to be inconsistent with 
the usual requirements of control engineering applications such as controller 
design, fault diagnosis, and hardware-in-the-Ioop simulation. Here, simple 
and cost-effective models suitable for real-time simulation are needed. Con
sequently, an experimental modeling approach with LOLIMOT is presented 
in the following [288]. The nonlinear system identification is performed in a 
black box manner. However, the obtained local linear neuro-fuzzy model can 
be easily interpreted, and reveals insights about the process. 

The model will describe the charging pressure P2 generated by the tur
bocharger. As input signals the directly relevant quantities such as pressure 
and temperature at the input of the turbocharger and its speed are not avail
able because they cannot be measured. Therefore, the injection mass mb and 
the engine speed neng serve as input signals for the model. Thus, the model 
includes a part of the engine's behavior as well. The examined motor is an 
8 cylinder Diesel engine with 420kW maximum power and 2200Nm maxi
mum torque. The sampling time is chosen with respect to the approximate 
process dynamics as To = 0.2 s. 

23.2.2 Experimental Results 

For the turbocharger model the charging pressure y = P2 is used as output; 
the injection mass Ul = mb and engine speed U2 = neng are the inputs. 
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Fig. 23.10. Training data for the turbocharger 

Excitation and Validation Signals. The training data shown in Fig. 23.10 
was generated by a special driving cycle to excite the process with all am
plitudes and frequencies of interest. This driving cycle was designed by an 
experienced driver. The measurements were recorded on a flat test track. In 
order to be able to operate the engine in high load ranges the truck was driven 
with the highest possible load. Besides the highly exciting training data two 
additional data sets were recorded that reproduce realistic conditions in ur
ban and interstate traffic. These urban and interstate traffic data sets can be 
used for model validation. 

Modeling and Identification. In a trial-and-error procedure the following 
second order modeling approach with direct feedthrough yielded the best 
results: 

y(k) = f(Ul(k),Ul(k -l),Ul(k - 2), u2(k),U2(k -1),u2(k - 2), 

y(k -l),y(k - 2)). (23.6) 

Since the improvement compared with a first order model is not very 
significant, for many purposes even the first order model 

(23.7) 

might be sufficiently accurate. Both approaches differ mainly only in the 
beginning of their step responses as demonstrated in the next paragraph. 
Interestingly, the first and second order modeling approaches lead to the 
same kind of input space decomposition by the LOLIMOT algorithm. 

It is not quite clear, in terms of first principles, why the incorporation 
of a direct feedthrough, i.e., the regressors ul(k) and u2(k), is advantageous 
with respect to the model quality. When ul(k) and u2(k) are discarded from 
the model its accuracy drops by 20%. One possible explanation for this effect 
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Fig. 23.11. Convergence curve of LOLIMOT 

Fig. 23.12. Performance of the second order model on a) training, b) urban traffic, 
and c) interstate traffic data 

may lie in the relatively long sampling time and some small unknown and 
uncontrollable time delays in the measurement and signal processing units. 

The convergence curve of LOLIMOT is depicted in Fig. 23.11. It does not 
suggest an optimal model complexity as unambiguously as the cooling blast 
application did in the previous section. The choice of M = 10 local linear 
models seems reasonable. This model complexity is justified because for a 
model with 11 rules the number of data samples within the least activated 
local model falls below the threshold given in (13.40). 

As Fig. 23.12 demonstrates, the second order local linear neuro-fuzzy 
model with ten rules performs very well on all three data sets, the training 
data and the validation data. Figure 23.12 compares the measured process 
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Fig. 23.13. a) Premise input space decomposition performed by LOLIMOT and 
training data distribution. b) Validation data distribution 

output with the simulated model output. The maximum output error is below 
0.1 bar. 

Model Properties. Similar to the cooling blast application presented in the 
previous section, LOLIMOT partitioned the premise input space only along 
two input axes, namely Ul (k -1) and U2 (k -1) , which are the delayed injection 
mass mb and the delayed engine speed neng . Obviously, the process is almost 
linear in its output, the charging pressure y = P2 . Consequently, it can be 
seen as an extension of a Hammerstein structure that also is only nonlinear 
in the inputs but of course does not allow for operating point dependent 
dynamics as local linear neuro-fuzzy models do. 

Once the relevance of the eight regressors in (23.6) with respect to the 
nonlinear process behavior is understood, the premise input space can be 
reduced to 

while the regression vector for the local linear models remains 

;&.(k) = [ul(k) ul(k -1) ul(k - 2) u2(k) u2(k -1) u2(k - 2) 

y(k -1) y(k - 2)]T. 

(23.8) 

(23.9) 

This is an example of a reduced and low order premise input space, as dis
cussed in Sect. 20.2. 

Figure 23.13a depicts the input space, which again can be easily visual
ized since it is only two-dimensional. The injection mass seems to influence 
the charging pressure in a more strongly nonlinear manner than the engine 
speed because LOLIMOT performs more splits along mb. The training data 
is also plotted in Fig. 23.13a. This shows that despite all the expertise and 
effort in its design, it is far from being perfectly distributed. In comparison, 
Fig. 23.13b shows the distribution of both validation data sets. Obviously, 
some extrapolation is required for large injection masses and for high engine 
speeds. These extreme cases have not been covered by the training data. This 
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Fig. 23.14. Step responses of some local linear models numbered in Fig. 23.13a: 
a) first order model, b) second order model 

is a situation that typically cannot be completely avoided in real-world ap
plications. It underlines the importance of reasonable extrapolation behavior 
of the nonlinear dynamic model; see Sects. 14.4.2 and 20.4.3. 

Figure 23.14 shows the step responses of some local linear models in which 
the injection mass performs a 1% increase at time k = 0 and the engine speed 
is kept fixed. These types of step responses are realistic because in practice the 
injection mass mb can change stepwise but the engine speed neng cannot. The 
step responses of the first order local linear models are depicted in Fig. 23.14a, 
and those of the second order models are plotted in Fig. 23.14b. The left hand 
side of Fig. 23.14 depicts three step responses with increasing engine speed; 
the right hand side shows five step responses with increasing injection mass. 
As assumed from the fine decomposition of the premise input space with 
respect to the injection mass, this quantity has a stronger influence on the 
local models' time constants and gains. The time constants vary by a factor 
of up to 3; the gains differ by a factor of up to 5. 

The static behavior calculated from the nonlinear dynamic turbocharger 
model is shown in Fig. 23.15a. Unfortunately static measurements from the 
turbocharger can only be gathered with large effort on a test stand, and 
they are currently not available for a comparison. Nevertheless, the static 
mapping looks very reasonable. However, there is one area for low injection 
mass and low engine speed in which the static model characteristic possesses 
negative slope in the mb-direction. This effect is clearly unrealistic. Basically, 
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Fig. 23.15. a) Static behavior of the model. b) Gain of P2/mb according to the 
global derivative. c) Gain of P2/mb according to the local derivative. d) Gain of 
P2/neng according to the local derivative 

two explanations are possible: Either it is an artifact caused by inadequate 
data in this region or it is due to the undesired interpolation effects discussed 
in Sect. 14.4.1. The following analysis shows why the second assumption is 
correct. All local linear models possess a positive gain. Consequently, the data 
and the identified local linear models represent the process properly, and a 
negative gain can result only from undesired interpolation effects. Indeed, 
Fig. 23.15b, which shows the operating point dependent gain with respect to 
the injection mass, reveals the negative gain region and other "oscillations" 
in the gain that are due to interpolation effects. 

As proposed in Sect. 14.5, the method of local differentiation can over
come these undesired effects in the gain calculation. Note, however, that this 
method affects only the gains, not the original static mapping. The gain cal
culated as the local derivative of the static model output with respect to 
the injection mass is shown in Fig. 23.15c; it is a strictly positive function. 
For the sake of completeness, Fig. 23.15d shows the gain with respect to the 
engine speed, also calculated with the local derivative. 

In practice, the local derivative can be used for the calculation of the gains 
and time constants in order to avoid interpolation effects. Controller design 
can also be based either on local linearization or on the parallel distributed 
compensation strategy; see Sect. 20.3. Nevertheless, the interpolation effects 
can still be a serious drawback of local linear modeling schemes. Since the 
suggested remedies for this problem (see Sect. 14.4.1) are still not general 
and convincing enough, this is left as a major issue for future research. 
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23.3 Thermal Plant 691 

Choice of Sampling Time. The sampling time To = 0.2 s for the identifi
cation data was chosen with respect to the process dynamics. However, the 
hardware-in-the-Ioop simulation has to be carried out 20 times faster with 
TO' = 0.01 s since it contains other significant components with much faster 
dynamics. There are several reasons why the identification should not be 
carried out on much faster sampled data, e.g., with TO' = 0.01 s. First, the 
amount of data would increase by a factor of 20 which would make its process
ing tedious. Second, the local linear ARX models obtained by a least squares 
estimation of the parameters are very sensitive to the choice of the sampling 
time. ARX models are known to overemphasize high frequency components 
in the model fit owing to their unrealistic noise model assumptions, and con
sequently their quality deteriorates for overly short sampling times [171, 233]. 
The latter drawback can be overcome by an appropriate prefiltering of the 
data that deemphasizes high frequencies accordingly. 

Thus, it is beneficial to identify the turbocharger model with data sam
pled at To = 0.2 s and subsequently to transform the obtained model to 
the faster sampling time of the hardware-in-the-Ioop simulation TO' = 0.01 s. 
The goal of this procedure is merely to utilize the model directly within the 
hardware-in-the-Ioop simulation. The transformation is roughly possible for 
local linear neura-fuzzy models since each local linear model can be trans
formed separately. This feature is another important advantage of local linear 
neuro-fuzzy models over other external dynamic model architectures. Note, 
however, that the sampling time transformation is strictly speaking incorrect 
since the signals entering the rule premises are also affected and thus the 
interpolation between the LLMs is influenced. In many practical cases this 
effect is negligible, but special care has to be taken if the premise space con
tains previous outputs y(k-i). Furthermore, the transformed model correctly 
describes only the low frequency range up to the half of the original sampling 
frequency 1/2To (Nyquist frequency). Effects faster than 1/2To cannot be 
reflected by the model. 

23.3 Thermal Plant 

In this section, a thermal plant with two heat exchangers of different types 
is considered for modeling. After a description of the complete plant in 
Sect. 23.3.1, three different parts of this process are modeled in what follows. 
The simple transport process of water through a pipe with different flow rates 
is utilized in Sect. 23.3.2 to illustrate the combined LOLIMOT+OLS algo
rithm for dynamic systems. Section 23.3.3 deals briefly with modeling and 
identification of the tubular heat exchanger, and Sect. 23.3.4 discusses the 
cross-flow heat exchanger more extensively. These applications underline the 
following important features of LOLIMOT: 
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692 23. Applications of Dynamic Models 

• automatic OLS structure selection for the dynamic local linear models; 
• incorporation of prior knowledge into the structure of the local linear mod-

els; 
• interpolation between local models with different dead times; 
• combination of a static operating point with dynamic local linear models; 
• interpretation of the obtained input space partitioning; 
• interpretation of the statics and dynamics of the local linear models; 
• utilization of errorbars for excitation signal design. 

23.3.1 Process Description 

The industrial-scale thermal plant as shown in Fig. 23.16 will be considered. 
It contains a steam generator SG, a tubular steam/water heat exchanger 
HEl and a cross-flow air/water heat exchanger HE2 • In the primary circuit 
of the tubular heat exchanger, the steam generator with a power of 54kW 
produces saturated steam at a pressure of about 6 bar. The steam flow rate 
Va can be changed by means of an electric valve. This valve is controlled by 
Gs in an inner loop by a three level controller with integral behavior. The 

secondary circuit primary cicuit 

Fig. 23.16. Scheme of the thermal plant with the steam generator SG and two 
heat exchangers HEl and HE2 
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23.3 Thermal Plant 693 

Table 23.1. Overview of the inputs and outputs of the considered processes in the 
thermal plant 

Process Ul U2 Ua y 

Transport process D~ VW D(l) 
WI 

Tubular heat exchanger Gs -+ V. Vw 
D(2) 

wo 
D{l) 

wo 

Cross-flow heat exchanger F-+Va Vw D(2) 
WI 

D(2) 
wo 

"-+" = "influences directly". 

steam condenses in the tubular heat exchanger, and the liquid condensate is 
pumped back to the steam generator. 

In the secondary circuit, water is heated in the tubular heat exchanger and 
is cooled again in the cross-flow heat exchanger. The water leaves HEI with 
temperature t?~J and enters HE2 with temperature t?~!. In this cross-flow 
heat exchanger, the water is cooled by the air stream Va which is controlled by 
the fan speed2 F. The incoming air stream has environmental temperature t?ai 
and the outcoming heated air stream has temperature t?ao. The water leaves 
HE2 with temperature t?~J and finally enters HEI again with temperature 
t?~!. The water flow rate Vw is changed by an electro-pneumatically driven 
valve controlled in an inner loop by a PI controller with the command signal 
Gw • 

In the next three subsections the following parts of the thermal plant are 
investigated: 1) the transport process from t?~J to t?~!, 2) the tubular heat 
exchanger, and 3) the cross-flow heat exchanger. Table 23.1 summarizes the 
inputs and outputs for these processes. 

23.3.2 Transport Process 

This section illustrates the OLS structure selection for the rule consequents 
with a simple transport process. Modeling by first principles would be quite 
easy for this example when the geometry of the pipe system in the thermal 
plant is assumed to be known. Here, this information will not be exploited, 
to demonstrate the power of the experimental modeling approach. The water 
temperature y = t?~! at the HEI input will be modeled in dependency on the 
temperature Ul = t?~J at the HE2 output and the water flow rate 1.t2 = Vw ' 

Two different measurement data sets, each 120 min long, were acquired 
for training and validation. Figure 23.17 shows the first half of the training 
data set. The sampling time was chosen as To = 1 s. 

2 Note that the air stream cannot be directly measured, but the measurable fan 
speed is an almost proportional quantity. 

co
nt

ro
len

gin
ee

rs
.ir



694 23. Applications of Dynamic Models 

-~ 
u 
t....60 

i 50 

~40~ .!! g(:l) 

300 10 20 30 40 50 60 

~IS~ .';;! 10 

~ 
..:: 5 
~ 

.E! 
~ 00 10 20 30 40 50 60 

time [min] 

Fig. 23.17. First half of the training data set for the transport process 

Modeling and Identification. From simple physical considerations the 
following basic relations are known: 

• The temperature y = -a~{ is, with a certain time delay, about equal to 

the temperature Ul = -aZJ. Thus, the static gain of the process can be 
assumed to be around 1. In fact, a value slightly smaller than 1 has to be 
expected because the water temperature is higher than the environment 
temperature and some energy will be lost to the environment. 

• The flow rate of the water U2 = Vw determines the dead time (large dead 
time at low flow rates, small dead time at high flow rates). These relations 
are also obvious from Fig. 23.17. 

• Especially at low flow rates deviations from a pure dead time behavior can 
be seen, which are probably due to energy storage in the water pipe. Thus, 
a first order time-lag model is reasonable. 

This analysis implies the following modeling structure: 

(23.10) 

with y = -a~i)' Ul = -aZJ, and U2 = Vw ' The current input Ul (k) is not used 
in (23.10) because the dead time is larger than the sampling time for all 
operating conditions Tt > To. 

From Fig. 23.17 the maximum dead time dmax can be estimated to be 
smaller than 100s. The nonlinear behavior of the function 10 is assumed 
to be dependent only on the water flow rate. Therefore, a one-dimensional 
premise input space can be chosen: 

(23.11) 

For the rule conclusions the following 16 terms are presented to the structure 
determination algorithm: 
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Fig. 23.18. a) Convergence curve of LOLIMOT. b) Step responses of the model 
for a change in the input temperature '!9~2 from 45°C to 55 °C 

~(k) = [u,(k - 1) u,(k - 2) u2(k - 4) u2(k - 8) u,(k -16) 

u,(k-24) ... u,(k-96) y(k-1)]T. (23.12) 

In principle, all terms with dead times varying from 1 to 100 could be 
presented to the OLS structure determination algorithm. From previous ex
perience, however, this leads only to very small improvements in the model 
accuracy at the cost of significantly increased training effort. Out of the terms 
given in (23.12), the OLS algorithm was allowed to select two regressors for 
each rule consequent. Therefore only two parameters have to be estimated 
for each rule. Note that no offset is modeled because it is clear from physical 
insights that there exists no offset between y = '!9~( and u, = '!9~2 . 

Figure 23.18a shows the convergence curve of LOLIMOT, indicating that 
a model with five rules is sufficiently accurate. Figure 23.19 summarizes the 
modeling strategy pursued. 

Model Properties. Figure 23.18b depicts three step responses of the neuro
fuzzy model for a change of u, = '!9~2 from 45°C to 55 °e. It can clearly be 
seen that the time constants and dead times decrease for increasing flow rates. 
In the static operating points, y = '!9~i) is slightly smaller than u, = '!9~2 as 
expected owing to a heat loss to the environment during the water transport. 
However, from physical considerations the response for Vw = 1 m3 /h should 
be below that for Vw = 3 m3/h. This small model error is probably caused 
by insufficient static excitation for very low flow rates in the training data 
because the time constant and dead time are very large. Another interesting 
aspect can be noticed by examining the model behavior of the step response 
with Vw = 1 m3/h. From Fig. 23.17 it can be observed that the dead time 
is around 48 s. Because all rules in the model are active (at least to a small 
degree), the model's response is not exactly equal to zero for the first 48 
sampling periods after the step input. Nevertheless, this effect is negligible 
since the validity values of the rules representing larger flow rates are very 
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Fig. 23.19. Construction of the neuro-fuzzy model by prior knowledge and struc
ture optimization 
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Fig. 23.21. Performance of the local linear neuro-fuzzy model on a) training and 
b) validation data 

small. This effect can be overcome by a slight change in the interpolation law 
with respect to the dead times, as explained in Sect. 20.3.3. 

The neuro-fuzzy model comprises the following five rules with the mem
bership functions depicted in Fig. 23.20: 

l.IFu2(k-1)istiny THENy(k) = 0.017ul(k-48) + 0.984y(k-1) 

2.IFu2(k-1)isverysmall THENy(k) = 0.023ul(k-32) + 0.977y(k-1) 

3. IF u2(k -1) is small THEN y(k) = 0.023ul(k -16) + 0.977y(k -1) 

4.IFu2(k-1)ismedium THENy(k) = 0.068ul(k-8) + 0.932y(k-1) 

5. IF u2(k - 1) is large THEN y(k) = 0.121 ul(k - 4) + 0.878y(k - 1) 

This result can easily be interpreted. LOLIMOT has recognized that the 
dead times and time constants of the local linear models change much more 
strongly at low flow rates than at higher ones. This can be seen from the 
membership functions in Fig. 23.20 (fine divisions for low flow rates, coarse 
divisions for high flow rates). For all local linear models the OLS algorithm 
selects one delayed input temperature and the previous output temperature. 
The dead times change in a wide interval and are, as expected, large for low 
flow rates and small for high flow rates. The same holds for the time constants 
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(computed from the poles of the local linear models), which vary between 60 s 
(LLM 1) and 7.7s (LLM 5). For all local linear models a gain slightly smaller 
than 1 was identified, which also corresponds to the physical insights. Figure 
23.21 shows the performance of the model simulated in parallel to the process. 

Finally, it should be remarked that an automatic structure selection of the 
rule consequents is not necessary if the significant regressors can be chosen by 
prior knowledge. For example, the dead time can be calculated from the water 
flow rate if the length and the diameter of the pipe are known. However, in less 
trivial cases, such as those discussed in the following subsections, structure 
selection serves as an important tool. 

23.3.3 Tubular Heat Exchanger 

In this subsection, the tubular steam/water heat exchanger HEl will be mod
eled. The output of the model is the water outlet temperature y = f)~J. It 
depends on the following inputs: the position Ul = Gs of the valve that con
trols the steam flow Va, the water flow rate U2 = Vw , and the inlet temperature 
U3 = f)~J. Previous results in modeling and identification of the tubular heat 
exchanger can be found in [120, 175]. The obtained model can be used for 
controller design where the valve position is the manipulated variable, the 
outlet temperature is the controlled variable, and the water flow rate and the 
inlet temperature are measurable disturbances. For the design of a predictive 
controller refer to [77, 144]. The utilization of the model for predictive control 
also clarifies the question why rather the outlet temperature of HE2 , f)~J, is 
used as model input instead of the much closer inlet temperature f)~? The 
reason is that it is advantageous for the controller to "know" this disturbance 
earlier; in particular if the significant dead time from the actuation signal Os 
to the controlled variable is considered. 

Two different measurement data sets, each about 120min long, were ac
quired for training and validation. Figure 23.22 shows the highly exciting 
training data set. The sampling time was chosen as To = 1 s. 

Modeling and Identification. For modeling the tubular heat exchanger, 
the operating condition dependent dead times from the valve position Ul = 
Gs and the inlet temperature U3 = f)~J to the process output have to be taken 
into account. As demonstrated in the previous section, this can be done by 
supplying several delayed versions of these inputs as potential regressors for 
the local linear models to the LOLIMOT +OLS algorithm. By trial and error 
it can be found that a model of first dynamic order can describe the process 
well. No significant improvement can be achieved by increasing the model 
order. In fact, for a second order model the y(k - 2) regressors are partly not 
selected by the OL8, indicating a low relevance of these terms. Those local 
linear models for which y(k - 2) is selected possess one dominant real pole 
(comparable to the poles of the first order model), and the second pole is neg
ative real. This also indicates that a second order model is overparameterized. 
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Fig. 23.22. Training data for the tubular heat exchanger 

Therefore, the following first order modeling approach is taken: 

y(k) = f (ul(k -1), ... ,udk -18), u2(k -1), 

u3(k - 1), ... , u3(k - 57), y(k - 1)) , (23.13) 

with Ul = Gs , U2 = VW , U3 = 'I9~J, and y = 'I9~J. The maximum dead times 
from the valve position, 18 s, and from the inlet temperature, 57 s, to the 
process output are estimated from prior experiments. In order to reduce the 
computational demand of the OLS algorithm, some of the delayed inputs in 
(23.13) can be discarded, thereby reducing the number of potential regressors. 
For example, only the following terms are considered without a significant 
accuracy loss: Ul (k - i) with i = 1,2,3,4,6,9,12,15,18 and u3(k - i) with 
i = 1,2,3,5,7,11,17,25,38,57. This approach is pursued in the sequel. 

The number of selected regressors is chosen equal to seven in order to al
low the selection of the autoregressive term y(k -1), an offset, one parameter 
for U2 (k - 1), and two parameters for Ul (k - i) and U3 (k - i) each. The selec
tion of two regressors for the inputs Ul and U3 allows some compensation for 
the unavailability of some dead times in the list of potential regressors. Fur
thermore, it gives the model some flexibility to compensate for the common 
"denominator" dynamics for all inputs; see Sect. 17.6. 

The premise input space is chosen as a first order operating point that 
represents a subset of the regressors in (23.13): 
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Fig. 23.23. a) Convergence curve of LOLIMOT. b) Premise input space decom
position performed by LOLIMOT 

(23.14) 

Figure 23.23a depicts the convergence curve of LOLIMOT. A local linear 
neuro-fuzzy model with eight rules is selected. As Fig. 23.24 demonstrates 
this local linear neuro-fuzzy model can describe the process very accurately 
with a maximum error of 1.5 °c. 

Model Properties. Figure 23.23b shows the premise input space partition
ing performed by LOLIMOT. Obviously, the effect of the inlet temperature 
U3 = t?~2 and the outlet temperature y = t?~2 is not significantly nonlinear 
since LOLIMOT does not split along these axes. Thus, the premise input 
space can be reduced to e(k) = [Ut(k -1) u2(k _1)]T without any accuracy 
loss. Furthermore, the water flow rate U2 = Vw has a strongly nonlinear influ
ence on the process model, which causes the fine decomposition of this input. 
The nonlinearity seems to increase with decreasing water flow rates since the 
partitioning becomes finer. 

The static model behavior is shown in Fig. 23.25a. This plot verifies the 
assumption made from the premise input space partitioning that the non
linearity becomes increasingly stronger as the water flow rate decreases. The 
local derivative of the static mapping with respect to the input valve posi
tion Gs yields the gain from this input to the process output; see Fig. 23.25b. 
By first principles considerations it can be shown that the gain should be 
approximately of hyperbolic shape. This is in good correspondence to the 
experimental model. 

Figure 23.26a depicts three step responses of the model for small, medium, 
and large water flow rates to underline the dramatically different gains and 
to illustrate the strongly operating point dependent dynamics. The inlet tem
perature is kept at t?~2 = 45°C, and the valve position Gs is changed in a 
step from 50% to 51%. With decreasing water flow rate it is not only the 
gain that grows; but the time constants and the dead times also increase. 
Owing to the selection of several Gs(k - i)-regressors by the OLS, the step 
responses for small water flow rates are very similar to those of a higher or-
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Fig. 23.24. Performance of the local linear neuro-fuzzy model on a) training and 
b) validation data, c) validation data enlarged 
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Fig. 23.25. a) Static behavior of the model for inlet temperature '!9~2 = 45°e. 
b) Gain of '!9~2 / Gs for '!9~2 = 45 ° e according to the local derivative 

der system. Thus, it is not easy to compare the dead times of the different 
local linear models directly. Note that with several "numerator" coefficients, 
i.e., with more than one selected regressor per input, the dynamics becomes 
some mixture between a first order time-lag system and a finite impulse re
sponse model. This makes the local linear models less interpretable, but this 
effect is well known from linear MISO modeling by matrix polynomial mod
els [172, 233]. Figure 23.26b shows the operating point dependency of the 
model's time constant. 
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Fig. 23.26. a) Step responses of the model for a change of the steam valve position 
Gs from 50% to 51% for the inlet temperature t?~2 = 45°C. b) Time constant of 
t?<.;2/Gs for t?~2 = 45°C according to the local derivative 

23.3.4 Cross-Flow Heat Exchanger 

In this section, the cross-flow air/water heat exchanger HE2 will be mod
eled; see [278) . Some characteristic properties of this process are illustrated 
in Fig. 23.27. Obviously, the process is strongly nonlinear in its static and 
dynamic behavior with respect to the water flow rate Vw . The fan speed F 
has a nonlinear influence mainly for low water flow rates. The output of the 
model is the water outlet temperature y = t?~J . It is influenced by the follow
ing inputs: the air stream Va, which is controlled by the fan speed Ul = F; 
the water flow rate U2 = Vw ; the water inlet temperature U3 = t?~?; and 
the air inlet temperature t?ai. Since the air temperature is equal to the envi
ronment temperature it cannot be actively influenced by the user. It cannot 
be excited and thus is not included as a (fourth) model input. In what fol
lows, it is assumed that the environment temperature stays about constant 
at t?ai ~ 12°C. Clearly, the accuracy of the experimental model will deteri
orate when this assumption is violated. This is a fundamental restriction of 
experimental modeling. The drawback can be overcome by the incorporation 
of prior knowledge obtained by static first principles modeling. For details 
refer to [86), and see also Sect. 24.2. 

Data. In the design of the excitation signals depicted in Fig. 23.28 the prior 
knowledge available from the measurements shown in Fig. 23.27 is used. Fur
thermore, the method of errorbars is utilized; see Sect. 14.7 and [95). Since 
the strength of the process nonlinearity increases with decreasing water flow 
rates, regions with low Vw are covered more densely with data than regions 
with high Vw . The fan speed F is dynamically excited with different APRBS 
sequences; see Sect. 17.7 and [284, 285) . For low water flow rates where the fan 
speed possesses a significant nonlinear influence, several set points are covered 
while for high water flow rates one APRBS covers the whole operating range. 
The minimum hold time of the APRB signals is adjusted with respect to the 
approximate time constants of the process. Thus, the fan speed is excited 
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a) b) 0.25,--.--.--.--.--.--.--, 

Fig. 23.27. Measured cross-flow HE characteristics: a) static behavior, b) gains, 
c) time constants 
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Fig. 23.28. Training data for the cross-flow heat exchanger 

with higher frequencies for higher water flow rates. The inlet temperature is 
changed between two operating points in order to be able to estimate the 
parameters associated with rJ~). For more details on the design of excitation 
signals for nonlinear dynamic processes refer to [86, 95). 

The method of errorbars proposed in Sect. 14.7 can be used as a tool for 
excitation signal design. It allows one to detect regions with insufficient data 
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b) 

i 

Fig. 23.29. Errorbars of the model for a) a well designed excitation signal and 
b) missing excitation around the water flow rate Vw ~ 4 m3/h. The water inlet 
temperature is fixed at f}~/ = 45°e. The crosses mark training data samples 

density in the input space. For example, Fig. 23.29a depicts the errorbars of 
the local linear neuro-fuzzy model as it is identified with LOLIMOT from 
the training data shown in Fig. 23.28. These errorbars are calculated for 
the static operating points, which allows a three-dimensional representation. 
Note that errorbars can also be calculated for dynamic operation. The flat 
shape of the errorbar indicates an appropriate data distribution. If data with 
water flow rates around Vw ~ 4 m3 jh is not included in the training data 
set, the errorbar indicates this, as shown in Fig. 23.29b. Note that in this 
two-dimensional case it would be possible for the user to assess the quality of 
the training data by comparing visually the density of the data distribution 
with the density of the local linear models. In higher dimensional problems, 
however, tools such as the errorbars are clearly most useful. 

Modeling and Identification. For modeling the cross-flow heat exchanger 
HE2, similar to HE l , the dead times from the water inlet temperature and 
the fan speed to the outlet temperature have to be taken into account. The 
model is also chosen to be of first dynamic order because for a second order 
model one pole of each estimated local linear model lies very close to zero 
(IPil < 0.2 for all i = 1,2, ... , M), indicating negligible second order dynamic 
effects. With the minimal and maximum dead times obtained from prior 
experiments these considerations lead to the following modeling approach: 

y(k) = f (ul(k - 3), ... ,ul(k - 9), u2(k -1), 

u3(k - 1), .. . , u3(k - 21), y(k - 1)) , (23.15) 

where Ul = F, U2 = VW , U3 = f}~(, and y = f}~J. 
In contrast to the tubular heat exchanger, here it will be assumed that 

the pipe system geometry is known. Thus, the dead time from the inlet to 
the outlet temperature can be calculated [86] . For each local linear model the 
water flow rate at its center is used for this calculation, and the two regressors 
with the closest time delays are selected automatically. If, e.g., the calculated 
dead time is equal to 8.3s then the two regressors u3(k - 8) and u3(k - 9) 
will be included in the corresponding LLM. Therefore, only the significant 
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Fig. 23.30. a) Convergence curve of LOLIMOT. b) Premise input space decom
position performed by LOLIMOT 

regressors of the fan speed Ui (k - 3), ... ,Ui (k - 9) have to be selected by 
the OLS. The selection of an autoregressive term y(k - 1), an offset, the 
water flow rate u2(k - 1), and two inlet temperature regressors u3(k - i) 
is thus enforced. Therefore, seven parameters have to be estimated for each 
LLM. The task of the OLS is merely to select two fan speed regressors. By 
this strategy the computational demand for the structure selection is reduced 
significantly since its complexity grows strongly with the number of potential 
regressors, which here is reduced to the seven terms Ui (k - 3), ... , Ui (k - 9). 
As an alternative modeling approach, no OLS structure selection is applied 
at all. Rather the inlet temperature regressors are chosen by prior knowledge 
and all seven fan speed regressors are incorporated into the model. This 
strategy increases the number of parameters per LLM to 12. Both modeling 
approaches yield almost identical results. Only the early phases of the step 
responses differ slightly, as demonstrated below. 

Figure 23.30a depicts the convergence curve of LOLIMOT. A local linear 
neuro-fuzzy model with nine rules is selected. Its accuracy on training and 
validation data is shown in Fig. 23.31. The maximum output error of the 
model is smaller than l°e. 

Model Properties. Figure 23.30b shows the premise input space partition
ing performed by LOLIMOT. The results are quite similar to those for the 
tubular heat exchanger; see Fig. 23.23b. The process obviously is significantly 
nonlinear only in the water flow rate and the fan speed. Thus the premise in
put space can be restricted to the two dimensions ~(k) = [Ui (k-3) u2(k-1)]T. 
Since the nonlinear behavior is stronger for smaller water flow rates the par
titioning there becomes finer. Also, as expected, the fan speed affects the 
process in a significant nonlinear way only for small water flow rates. The 
partitioning represents well the shape of the measured static process nonlin
earity shown in Fig. 23.27a. 

The nonlinear static behavior of the model shown in Fig. 23.32a is also in 
agreement with the static measurements shown in Fig. 23.27a. The same is 
true for the operating point dependent gains with respect to the fan speed. 
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Fig. 23.31. Performance of the local linear neuro-fuzzy model on a) training and 
b) validation data 

Fig. 23.32. a) Static behavior of the model. b) Gain of -or;J / F according to the 
local derivative. The water inlet temperature is fixed at -0<:;/ = 45°C 

Figure 23.32b underlines the strong influence of the fan speed on the gain for 
small water flow rates. 

Figures 23.33a and b compare some step responses of the neuro-fuzzy 
model for different water flow rates. Figure 23.33a shows the step responses 
for the structure selection modeling approach, where two fan speed regressors 
are selected by an OLS for each LLM. In contrast, Fig. 23.33b shows the 
step responses for the approach in which all seven fan speed regressors are 
incorporated into the model. Obviously, the two results are very similar. 
They demonstrate the strong dependency of gains and time constants on the 
water flow rate. The step responses in Fig. 23.33b are smoother and look like 
higher order behavior in the beginning. This is a direct consequence of the 
higher model flexibility due to the larger number of parameters. The seven 
"numerator" coefficients give the model the same flexibility as an FIR filter 
in the first samples. 

Figure 23.33c illustrates step responses for three different fan speeds, 
which show that the gain also depends on the fan speed but the time con
stants do not. Indeed, Fig. 23.33d confirms the strong dependency of the 
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Fig. 23.33. Dynamic behavior of the model. a) Step responses for a change in the 
fan speed from 50% to 51 % for different water flow rates and for the modeling ap
proach with OLS structure selection. b) Same as a but with the modeling approach 
that includes all fan speed regressors. c) Step responses for a change in the fan speed 
from 50% to 51 % for different fan speeds and for the water flow rate Vw = 2 m3 /h. 
d) Operating point dependent time constants. The water inlet temperature for all 
figures is constant at tJ~/ = 45°C 

model's time constants on the water flow rate but their independence from 
the fan speed. 

23.4 Summary 

This chapter demonstrated that local linear neuro-fuzzy models trained with 
the LOLIMOT algorithm are a universal tool for modeling and identification 
of nonlinear dynamic real world processes. The following observations can be 
made from the application examples considered: 

• Training times on a standard PC3 are in the range between some seconds 
to some minutes for the cooling blast and turbocharger applications and 
one order of magnitude slower if OLS structure selection is used as for the 
thermal plant applications. 

3 With a Pentium 100 MHz chip. 
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708 23. Applications of Dynamic Models 

• The number of required local linear models for many applications is sur
prisingly low (around ten) compared with the typical complexity of other 
neural networks reported in literature. This emphasizes that each neuron 
or rule with its local linear representation in the neuro-fuzzy model is a 
good description of reality. 

• It is quite realistic for many applications to assume a lower order or a 
reduced operating point in the premise input space. This allows one to 
reduce the complexity of the problem significantly. The premise input space 
partitioning performed by LOLIMOT suggests which regressors may be 
relevant for the nonlinear process behavior. 

• The considered applications indicate that low (first or second) order mod
els can often be sufficiently accurate. In many cases, high order nonlinear 
models are obviously overparameterized. This can be seen, for instance, 
in the heat exchanger applications. The thermal plant is clearly a higher 
than first order process, and in prior investigations linear models for one 
operating point are chosen of third order [176]. Nevertheless, it turned out 
in Sect. 23.3 that higher than first order nonlinear models include local lin
ear models with non-interpretable poles (either negative real or conjugate 
complex). 
The following reasons probably cause this effect. First, in context with the 
bias/variance dilemma (see Sect. 7.6.1) the maximum complexity of a non
linear model is limited more severely than for a linear model, which is much 
simpler by nature. Second, the process/model mismatch due to unmodeled 
nonlinear effects as a consequence of approximation errors typically dom
inates those errors caused by unmodeled dynamics. Third, the operating 
regime covered by one local linear model still possesses nonlinear behavior, 
which can degrade the estimation of the local linear models' parameters. 

• An interpretation of the local linear neuro-fuzzy models identified by 
LOLIMOT is easy. The calculation of the step responses of the local linear 
models and the investigation of their poles and gains allow the user to gain 
insight into the model and thereby into the process. Good interpretability 
of the model also serves as a good tool for the selection of a suitable model 
structure and the detection of overfitting. 

• The partitioning of the premise input space and the evaluation of the error
bars serve as valuable tools for the design or re-design of excitation signals. co
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24. Applications of Advanced Methods 

This chapter gives an overview of the way in which nonlinear dynamic models 
can be utilized for control and fault detection. As an illustrative application 
example, the thermal plant presented in Sect. 23.3 is chosen. Section 24.1 
discusses the design of a predictive controller based on a local linear neuro
fuzzy model. Online adaptation of this model yields a nonlinear adaptive 
controller. It allows an adjustment to time-variant behavior and changing 
environmental conditions - in this particular example to a changing envi
ronment temperature. As pointed out in Sect. 24.2, some precautions must 
be taken to make adaptive control robust against insufficient excitation. Sec
tion 24.3 introduces the topic of model-based fault detection, and Sect. 24.4 
briefly addresses the subject of fault diagnosis, i.e., the determination of the 
fault cause. Finally, a reconfiguration strategy for the controller is discussed, 
based on the fault diagnosis results obtained. This chapter can only offer a 
glimpse of the topics addressed. For a more detailed treatment, the reader is 
referred to the vast literature on nonlinear control and fault diagnosis. 

For a more extensive treatment of integrated gray box modeling ap
proaches to the thermal plant refer to [86, 89, 95]. The predictive controller 
design is thoroughly discussed in [96] and various control strategies are com
pared in [93]. The adaptive predictive control of the cross-flow heat exchanger 
can be found in [87, 94]. In [84, 92, 97] the sophisticated supervisory level 
for the adaptive predictive controller is proposed, a local variable forgetting 
factor is introduced, and the adaptation mechanism is based on prior knowl
edge obtained from static first principles modeling. The tubular and cross
flow heat exchanger models are utilized for fault detection and diagnosis in 
[19, 20, 110, 280]. Finally, the adaptive predictive controller can be com
bined with a fault detection and diagnosis strategy to the integrated control, 
diagnosis, and reconfiguration framework presented in [18]. 

24.1 Nonlinear Model Predictive Control 

In this section!, a nonlinear model predictive controller (NMPC) based on a 
local linear neuro-fuzzy model is introduced. By utilizing the online adapta-

1 This section is based on research undertaken by Martin Fischer, Institute of 
Automatic Control, TV Darmstadt. 

O. Nelles, Nonlinear System Identification
© Springer-Verlag Berlin Heidelberg 2001
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710 24. Applications of Advanced Methods 

reference signal 

/cl-N2 ....-----
actuation signal 

past future 

Fig. 24.1. Key idea of predictive control 

tion scheme for the model as discussed in the subsequent section and depicted 
in Fig. 24.2, the controller becomes adaptive (ANMPC). The key idea of pre
dictive control is illustrated in Fig. 24.1. The model is utilized to predict the 
process response (N2 steps in advance) to a given sequence of process inputs 
generated by the controller. The goal is to find the sequence of process in
puts that yields the optimal process response with respect to some criteria. 
No specific controller structure is chosen. Rather an optimizer searches for 
the best actuation signal sequence. In order to limit the complexity of the 
problem, the actuation signal sequence may be allowed to change only a few 
times, given by the number N u . At each sampling instant an optimization is 
carried out to determine the optimal next Nu actuation values. Then only 
the first value of this sequence is applied. This procedure is repeated at the 
next time instant by shifting everything by one time step k -t k + 1. This 
is called the receding horizon strategy. For more details on predictive control 
refer to [324, 362, 373] and the references therein. 

For the sake of simplicity, a 8180 (single-input, single-output) process 
with the manipulated variable u and system output y is chosen. Disturbances 
can be distinguished into m measurable disturbances 11 = [nl n2 ... nm]T 
and an arbitrary number of unmeasurable disturbances gathered in 1l,. The 
optimizer determines the new actuation signal u(k) = u(k - 1) + Llu(k) by 
finding the optimal control increment Llu(k) in each sampling instant. At the 
current time instant k the sequence of Nu future control increments Llu(k+ j) 
is obtained by minimization of the following quadratic loss function: 

N2 Nu-l 

J = L (r(k + j) - fj(k + j))2 + f3(k) L (Llu(k + j))2 . (24.1) 
j=O 

Here Nl and N2 denote minimum and maximum prediction horizons, and 
f3(k) is the penalty factor for future changes of the manipulated variable 
Llu(k + j). Nl is typically chosen equal to the dead time of the process, 
which is the earliest time instant where the controller can influence the pro
cess output. N2 is usually chosen according to the dominant time constants 
of the process, and must not be chosen too small for non-minimum phase 
processes. The first sum in (24.1) penalizes the control error, which is cal-
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24.1 Nonlinear Model Predictive Control 711 

NMPC 

Fig. 24.2. Adaptive nonlinear model predictive control (ANMPC) 

culated as the difference between the reference values r(k + j) taken from 
the reference vector r. = [r(k + N l ) r(k + Nl + 1) ... r(k + N 2 )jT and the 
(corrected) predicted process outputs y(k + j). If the reference signal is not 
known in advance, r is assumed to keep its current value over the complete 
prediction horizon, i.e. , r(k + j) = r(k) for all Nl :S j :S N2 • For calculat
ing the (corrected) predicted values y(k + j), the fuzzy process model output 
y* (k + j) is utilized and additively corrected by an compensation term e* . 
This correction procedure is described in more detail below. The fuzzy model 
is run in parallel to the process in order to predict the response of the process 
to a given input sequence gathered in the vector y,*. The prediction vector 
y* = [y*(k + N l ) y*(k + Nl + 1) . . . y*(k + N2)jT is calculated by the local 
linear neuro-fuzzy model with the following regression vector: 

p'(k) = [u(k - d - 1) .. . u(k - d - nu) 

nl(k-d1 -1) .. . nl(k-dl-nnt} ... 

nm(k - dm - 1) . . . nm(k - dm - nnm) 

y*(k-1) . . . y*(k-ny)]T, (24.2a) 

where d and nu are the dead time and dynamic order of the manipulated 
variable, di and nni (i = 1, . . . , m) are the dead times and dynamic orders 
of the measurable disturbances, and ny is the dynamic order of the output. 
Note that from the modeling perspective no distinction exists between the 
manipulated variable u and the measurable disturbances n i. Typically, how
ever, the manipulated variable should be excited with fast dynamics within 
the training data set to yield a high model accuracy in the case of tight (high 
performance) control. The disturbances usually have individual characteristic 
patterns in the frequency and amplitude range. 

For future time instants, the actuation signals 

y,* = [u*(k) . . . u*(k + Nu - l)]T 

provided by the optimizer are substituted in the regression vector (24.2a) , 
and the measurable disturbances are assumed to keep their current values 
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712 24. Applications of Advanced Methods 

'!l(k + j) = '!l(k). In contrast to series-parallel mode, where measured out
puts y are used in the predictor, here previously predicted values fj* are fed 
back, that is, the model is used for simulation rather than prediction (in 
spite of the fact that it is called predictive control). In literature both types, 
simulation and prediction models, can be found. One disadvantage of using 
the prediction model is that the process/model mismatch causes a transient, 
which declines over the prediction horizon and disguises the actual model 
dynamics. For an illustration of this effect, it is helpful to assume that the 
process is in steady state. Thus, a fixed manipulated variable should keep the 
process in steady state. Owing to a process/model mismatch (steady state 
levels of the model are not equivalent to those of the process), however, the 
model predicts a transient that leads to the model's steady state (different 
from the steady state of the process). This "artificial" transient causes wrong 
control action by the optimizer. Therefore, the use of a simulation model is 
recommended with this scheme. A simulation model avoids this problem since 
it possesses this process/model mismatch transients just once after initializa
tion. Then the process states are not forced upon the model by feeding it 
with the measured process outputs (series-parallel mode). Rather the model 
feeds back its own predicted outputs (parallel mode). 

The standard formulation of the loss function is extended by the time de
pendent penalty factor (3(k); see (24.1). While for linear processes a constant 
(3(k) = {3o is usually sufficient, for nonlinear processes the changing process 
gain must be taken into consideration. In operating points of relatively low 
process gain larger changes in the actuation signal can be accepted. By con
trast, aggressive control actions are not desirable in regimes of high gain [170]. 
Therefore, the following equation is recommended for nonlinear processes: 

(24.3) 

The current process gain Kp can be determined by dynamic linearization of 
the local linear neuro-fuzzy model; see Sect. 20.3. The gain of the linearized 
model can be easily calculated from the parameters of the local dynamic 
linearization. 

For linear processes, the optimization problem can be solved analytically 
because then the loss function J depends linearly on the control increments 
.:lu; see [362]. If nonlinear process models are utilized or nonlinear constraints 
on any of the variables are to be considered, nonlinear optimization routines 
must be applied; refer to Chaps. 4 and 5. For the experiments shown below, 
a combination of a one-dimensional grid search, a subsequent Hooke-Jeeves 
search and an optimization with Newton's method is used. This staggered op
timization procedure utilizes the advantages of the three different techniques. 
Grid search does not trap into local optima and yields a fairly good start
ing point for the Hooke-Jeeves search. The latter is easy to implement and 
does not require the calculation of gradients. Hence, it works independently 
from the underlying model structure. When the parameters are sufficiently 
close to the optimum, the Newton method guarantees second order conver-
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24.2 Online Adaptation 713 

gence because the loss function is approximately quadratic in this region. 
Alternatively, a Levenberg-Marquardt method may yield similar results. 

The unmeasurable disturbances 1L affect only the real process and cause 
process/model mismatch and thereby deviations between process and model 
output signals. Because of this, the prediction vector f/ should not be directly 
used for the calculation of the loss function. Instead~ a feedback component 
is added to the predictive controller. The current model error 

e(k) = y(k) - y*(k) (24.4) 

is calculated, low-pass filtered with a linear filter F(q), and used for the 
correction of the simulated outputs f 

y(k + j) = y*(k + j) + F(q)e(k) = y*(k + j) + e*(k), (24.5) 

with j = N1 , ... ,N2 . This corresponds to the internal model control (IMC) 
scheme where the difference between the measure process output and the 
simulated model output is fed back through a robustness filter [253]. The 
most obvious improvement is the cancellation of steady-state control errors 
in the case of offset errors in the fuzzy model. The linear filter attenuates mea
surement noise, and it can be heuristically tuned to ensure stability of the 
feedback loop. Note that without such a correction the controller possesses 
only feedforward action (if the model is run in parallel mode) since no infor
mation about the measured process output would enter the optimization. It 
is also possible to introduce feedback indirectly by adapting the model online. 

In the ANMPC scheme a further component is introduced that counter
acts the adverse effects of process/model mismatch. The online parameter 
estimator serves to abolish model errors. The local RLS adaptation strategy 
described in Sect. 14.6.1 operates in series-parallel mode. The model adap
tation acts as an additional feedback component. Therefore, the linear filter 
in (24.5) can be omitted for the special case where the premise input vector 
~ does not contain previous process outputs y(k - i). Then the adaptation 
updates the local models and compensates for process/model mismatch. In 
the general case, however, ~ depends on outputs y(k - i). If the model error 
is large, i.e., y(k - i) are significantly different from y*(k - i), different local 
models are active in the series-parallel estimation and the parallel simulation. 
Thus, the local model that is updated does not necessarily contribute to the 
actual process simulation. Consequently, in this general case, steady-state 
control errors may occur if the linear feedback filter F(q) is not implemented. 

24.2 Online Adaptation 

In Sect. 14.6.1 online adaptation schemes for local linear neuro-fuzzy models 
have already been discussed. It was mentioned that the weighted recursive 
least-squares (RWLS) algorithm requires concepts for a supervision of the 
adaptation, in particular when applied to dynamic systems; see Sect. 16.8. 

co
nt

ro
len

gin
ee

rs
.ir



714 24. Applications of Advanced Methods 

The goal of the supervisory level concept proposed in the sequel is to ensure 
fast parameter tracking while avoiding parameter divergence and thus ensur
ing safe operation of the control loop when applied in the context of adaptive 
control2 • 

In the subsequent section, a variable forgetting factor is computed with 
regard to the information content of the excitation signal. Section 24.2.2 in
troduces an additional adaptation model that prevents the steadily changing 
parameters from degrading the control performance. In Sect. 24.2.3 a method 
for the bumpless transfer of parameters from the adaptation to the control 
model is proposed. The extension to multiple-input systems (with regard 
to the model, that does not necessarily mean that the control is multivari
able since some model inputs can be measurable disturbances; see (24.2a)) 
is discussed in Sect. 24.2.4. Finally, some experimental results illustrate this 
approach in Sect. 24.2.5. 

24.2.1 Variable Forgetting Factor 

It was shown in Sect. 14.6.1 how a forgetting factor A:::; 1 can be implemented 
in the RWLS algorithm (14.25a-14.25c). Usually, a constant forgetting factor 
A is chosen in the range from 0.95 to 0.99. The choice of A represents a tradeoff 
between fast parameter tracking (small A) and good noise attenuation (large 
A). A problem of the exponential forgetting arises during phases of little 
dynamic excitation; see Sect. 16.8. Then the entries of the covariance matrices 
Pi can increase exponentially. This so-called "blow-up" effect is undesirable 
because the parameter estimates become sensitive to measurement noise; see 
Sect. 16.8 and [171, 233] for more details. 

This drawback can be avoided by the introduction of a variable forgetting 
factor. In [101] a method is proposed that performs an automatic tradeoff 
between fast parameter tracking and good noise attenuation based on the 
current excitation of the system. This approach is modified for use with local 
linear neuro-fuzzy models. Since the online adaptation is performed locally, 
for each local linear model i a local forgetting factor is calculated by 

Ai(k) = 1 - (1- !fi(k)T1Jk)) e~:) pi(k) , (24.6) 

where !fi(k) is the regression vector of the rule consequents, l.i is the correc
tion factor, ei(k) = y(k) -iJi(k) is the a-priori model error of the ith LLM, Eo 
is proportional to the assumed noise variance, and Pi is the value of the va
lidity function of the ith LLM. The choice of the tuning factor Eo influences 
the noise sensitivity of the forgetting factor. It can either be determined by 
a trial-and-error approach, or the heuristic guidelines given in [208] can be 
followed. 

2 This section is based on research done together with Alexander Fink and Martin 
Fischer, Institute of Automatic Control, TV Darmstadt. 
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24.2 Online Adaptation 715 

The idea of variable forgetting is as follows. When the process is not ex
cited, the forgetting factor becomes equal to 1, and old data is not forgotten. 
In the case of good process excitation, A decreases and the impact of the 
current data becomes stronger. Including the a-priori model error ei(k) in 
(24.6) slows down the adaptation if the model error is small. In (24.6) the 
quantity (1 - {f[ 1) is the only non-zero eigenvalue of the estimator. It is a 
measure for the current excitation of the plant; see [101]. In comparison to 
the original formulation in [101]' the value of the validity function Pi has 
been incorporated. Since Pi :::::J 0 holds for inactive rules, the forgetting factor 
of the inactive local models is close to l. 

A lower bound Amin is imposed on the forgetting factor in order to prevent 
too fast a forgetting of the past measurements: 

(24.7) 

In experiments Amin = 0.7 turned out to be a suitable value. Besides the 
lower bound, an upper bound is introduced above which the adaptation is 
frozen. This is necessary because even for a forgetting factor of A = 1 non
exciting measurement data influence the estimates and might degrade the 
model performance. An upper bound of Afreeze = 0.9999 is recommended. 

24.2.2 Control and Adaptation Models 

During online model adaptation the following problem can arise even if the 
variable forgetting factor discussed in the previous subsection is applied. As 
long as the parameters have not converged to their final values, they can 
be unreliable and the local model may become unstable. The introduction 
of an additional adaptation model provides a solution to this problem. The 
adaptation model is steadily adapted with variable forgetting factors and its 
parameters are transferred to the model utilized for control (control model) 
only at distinct time instants. This parameter transfer is triggered when 
the adaptation model (AM) performs better than the control model (CM). 
Moreover, model properties such as local or global stability can be checked 
as a transfer condition. The performance comparison is carried out when 
dynamic excitation is detected in the control loop. Clearly, this is the case 
when the reference signal or disturbances change. 

Figure 24.3a explains the model comparison in detail. Two reference 
changes can be observed at t = 50 sand t = 100 s, respectively. The closed
loop response of the process is depicted in comparison with the simulated 
outputs of the CM and the AM. The latter are obtained by feeding the con
trol input into the models in parallel configuration. During the first reference 
step, the AM is worse than the CM and consequently the controller keeps 
the original CM. In the second case, the AM performs better than the CM 
and thus the parameters are transferred. 

The state transition diagram in Fig. 24.3b depicts the operation of the 
supervisory level in detail. As long as dynamic excitation in the form of ref-
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0) b) 

--proccu 
--CCIIIIrOIIIIOdoI(CId) 
-- IdapIIIioD IDIXIoI (AM) 
---- r.r ....... 

110 120 130 140 

Fig. 24.3. a) Comparison of the control model (CM) and the adaptation model 
(AM). b) State transition diagram for operation of the supervisory level 

erence steps has not been detected, the AM is continuously updated (light 
gray ellipse on the left). On reference steps the comparison of the models 
is prepared in the state "Initialization". Memory is allocated to store the 
actuation signal u and the process output y over the next Ncomp samples. 
Ncomp is chosen large enough that settling of the process output in closed 
loop is guaranteed. Over these Ncomp samples, adaptation is still active and 
u, y are recorded (light gray ellipse on the right) . Afterwards, within one time 
instant, the eM and AM simulations are performed with the current param
eter sets. Then the "comparison of the models" is carried out by evaluating 
the following expression: 

Ncomp-l 

L (y(k - i) - YAM(k - i))2 
i=O RAM/CM= ~~~co~m~p~-~l------------------- (24.8) 

L (y(k - i) - YCM(k - i))2 
i=O 

where YAM and YCM denote the outputs of the AM and eM simulations, 
respectively. If RAM/CM < 1 the AM parameters are transferred to the eM 
in state "AM -+ eM". Otherwise, eM remains unchanged. Typically, the 
AM is better than the eM. The bad AM performance in Fig. 24.3a from 
50 s to 80 s is caused by a 50 % change in the process gain at t = 75 s. 
The AM has already grasped the process change during adaptation between 
t = 75, .. . ,80 s. The simulation shown in the left gray area runs with the 
latest available parameter sets from t = 80 s. 

So far, the eM has been changed solely by the parameter transfer from 
the AM. The performance of the controller can be significantly enhanced if a 
limited adaptation is performed on the eM. Only the offset parameters Wi,O 

of the local models are updated. In this case, there is no need for persistent 
excitation because the "blow-up" effect cannot occur. The major benefit of 
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24.2 Online Adaptation 717 

the offset adaptation for the eM is that time-variant static behaviour of the 
process can be partly tracked. 

24.2.3 Parameter Transfer 

In the following, the realization of the parameters' transfer from the control 
model (eM) to the adaptation model (AM) will be discussed. Three different 
approaches are compared: hard switching without further adjustments, con
tinuous fading over a given number of samples, and bumpless switching with 
model adjustment. The example in Fig. 24.4 demonstrates the properties of 
these approaches. A linear first-order system 

y(k) = wuu(k - 1) - W12y(k -1) + WlO (24.9) 

is closed-loop controlled to the reference value r = 1. At t = 200 s, the 
parameters of the adaptation model are transferred to the control model. 
The process gain of the adaptation model is 10 % less than the gain of the 
control model. The hard switching approach can be simply described by 

WfM(k) = wtM(k) . (24.10) 

All parameters of the AM are transferred to the eM at the current time 
instant. It can be seen in Fig. 24.4 that there is a large deviation in the system 

~ l.lt .~. . . j 
II~~ 

ISO 200 250 300 3S0 

.. 

l ~ ; ~ . J 
1 1.0: 

ISO 200 2S0 300 3S0 

0.2 WII 

I""r 0.1 
- - - _. process 
--control model 

O.OS w,. 
0 
150 200 2S0 300 350 

--switching timet[s] 
--fading 
--switching with parameter adjUS1ment 

Fig. 24.4. Parameter transfer from the adaptation model (AM) to the control 
model (eM) 
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718 24. Applications of Advanced Methods 

output. Gradually, the offset parameter WIO is adapted and the steady-state 
error vanishes. 

A straightforward modification is to fade in Nfade steps from one set of 
parameters to the other: 

Llw. = _1_ (w~M(k) - w~M(k)) . (24.11) 
-I Nfade -I -I 

For the next Nfade samples the parameter set of the eM is modified by linearly 
blending over from the AM to the eM: 

!QfM(k) = !QfM(k - 1) + Ll!Qi . (24.12) 

The impact of the parameter transfer is still unsatisfactory. Even if Nfade is 
increased the adverse effects on the control performance cannot be abolished. 

An alternative approach is switching with parameter adjustment. The 
dynamic parameters are simply transferred from the AM to the new eM: 

[ CM,new CM,new CM,new] _ [AM AM AM] 
Wi,l Wi ,2 ... Wi,nx - Wi,l Wi,2 '" Wi,nx . (24.13) 

The offset parameters w~~,new of the new eM are calculated such that the 
new eM model output equals the old eM model output: 

CM,new + [x 
Wi,o I 

[ 

CM,new] Wi,l 

... Xnx] : = 
CM,new 

Wi,nx 

(24.14) 

W~~,Old + [Xl .,. xnxl [W~~'Old]. 
CM,old 

wi,nx 

This guarantees a bumpless transfer from the AM to the eM, because in 
the stationary case the predicted plant outputs do not change abruptly. The 
adjustment is performed in each local model separately following the local 
adaptation strategy discussed in Sect. 14.6.1. A global estimation of the ad
justment would not even be possible since the resulting set of linear equations 
would be underdetermined (M unknown offsets, but only one data sample). 

24.2.4 Systems with Multiple Inputs 

When systems with multiple inputs are adapted, all inputs including the 
measurable disturbances !! must dynamically excite the process. If inputs 
do not excite the system, the estimation problem is ill-conditioned since 
the local RLS algorithm cannot distinguish between the offset parameter 
and the parameters associated with the non-exciting inputs. In practice, 
this occurs for quasi-static disturbances or inputs, respectively. Therefore, 
the excitation of each model input must be supervised individually. Ac
cording to the current excitation, only a subset of !Qi corresponding to the 
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24.2 Online Adaptation 719 

exciting model inputs is adapted. The excitation a; of all model inputs 
s(k) E {u(k), nl(k), ... , nm(k)} will be defined as the windowed variance 

(24.15) 

with 

1 Nexcite- I 

s(k) = -- L s(k - j) , 
Nexcite j=O 

(24.16) 

where Nexcite is the length of the observation window. The expression 
(24.15) allows one to assess the degree of excitation from each input s(k) E 
{u(k), nl(k), ... , nm(k)}. For the same reasons as in the control loss func
tion (24.1) in Sect. 24.1, the variance has to be weighted with the gain Kp,s 
from the input s to the model output y. This gain can be obtained from 
a local dynamic linearization. The parameters associated with the most ex
citing model input s(k) with the excitation max(a;(k)) are always adapted. 
Furthermore, all other model inputs whose excitations are "sufficiently large" 
defined by exceeding a threshold 8 th = Kth max(a;(k)) are adapted, too. A 
typical choice is Kth = 0.5. 

The strategy described above means that only a subset of the parame
ters of a local linear model 1!Li are adapted except in the rare case where 
all inputs are sufficiently exciting. If different subsets of the parameters are 
adapted, only the corresponding entries in the covariance matrices PiCk) 

(i = 1, ... , M) must be manipulated. When the adaptation is initialized, full 
covariance matrices Pi,all representing all parameters are generated. Every 
time the adaptation parameter sets are switched with regard to the exci
tation of the different inputs, new (smaller) covariance matrices Pi,curr are 
initialized, representing only the currently adapted parameter subset. For this 
purpose, the main diagonal entries corresponding to the currently adapted pa
rameters are transferred from Pi,all to Pi,curr' The other entries of Pi,curr are 
set to zero. This procedure saves the variance information about the parame
ters and ensures positive definite matrices Pi,curr" If Pi,curr becomes obsolete 
because a new excitation condition is detected the parameter variances that 
are no longer needed in P i,curr are transferred back to P i,aU' 

24.2.5 Experimental Results 

The thermal plan shown in Fig. 23.16 is considered. The goal is to con
trol the water outlet temperature '!9~2 of the cross-flow heat exchanger by 
manipulating the fan speed F. The model built in Sect. 23.3.4 is used for 
adaptive nonlinear model predictive control. The model inputs are the fan 
speed u = F (actuation signal) which commands the air stream Va, the 
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time t [min] 

Fig. 24.5. Closed-loop online adaptation of the fuzzy model: a) controlled variable 
water outlet temperature t?~J, b) actuation signal fan speed F (which commands 
the air flow Va), c) disturbance water flow rate Vw 

water flow rate nl = Vw (first measurable disturbance), and the water in
let temperature n2 = {J~) (second measurable disturbance). Furthermore, 
the controlled variable depends on the air inlet temperature {Jai, but as ex
plained in Sect. 23.3.4 this quantity cannot be incorporated into a black box 
model because it cannot be actively excited. Variations of the environment 
temperature {Jai thus influence the process behavior but are not reflected by 
the model. If high performance is to be achieved, this calls for control that 
adapts to these changes. 

Figure 24.5 shows closed-loop control with the online adaptation of the 
fuzzy model. The process model was identified offline for an environmen
tal temperature of {Jai = 5°C. The air temperature for the experiment in 
Fig. 24.5, however, is {Jai = 15°C. 

In Fig. 24.5a the controlled variable {J~J and the reference trajectory 
are plotted. The corresponding actuation signal F is shown in Fig. 24.5b. 
The control performance during the experiment is not satisfactory since the 
parameters are to be updated. The disturbance Vw shown in Fig. 24.5c covers 
the complete operating range from 2 m3 /h to 10 m3 /h. The maximum power 

co
nt

ro
len

gin
ee

rs
.ir



validity timction value til, 

0.9 

24.2 Online Adaptation 721 

o 
-4.1 

-4.3 
o 10 20 30 40 50 60 70 80 90 0~10;:-;:;20;-C3~0-;4O~50~6O;-C7~0-;80~90 

OW~~4O~6OW8090 OW~~4O~6OW8090 

o 

0.8 -4.2 

o 10 20 30 40 50 60 70 80 90 0~10;:-;:;20;-C3~0-;4O~50~6O;-C7~0"'8~0 -:t.90 

time t [min] time t [min] 

Fig. 24.6. Characteristic quantities during the local adaptation 

of the heat exchanger limits the range of the reference steps in Fig. 24.5a 
depending on the water flow rate. The flow profiles imply that all local linear 
models are activated during the adaptation process. 

The adaptation of three of these LLMs is illustrated in Fig. 24.6. The 
first column of Fig. 24.6 depicts the validity function values (Pi for the LLMs 
1, 3, and 4, respectively. As can easily be seen in the second column, the 
forgetting factor Ai drops to values less than 1 only if the corresponding local 
model is active. The third column shows the gains of the LLMs from the 
actuation signal u = F to the output y = t?~J, which depend on the adapted 
parameters. (The gains are shown because this is more illustrative than the 
actual parameter values themselves.) They change significantly only if the 
forgetting factor is smaller than 1. In LLM 1 the adaptation is completely 
switched off during t = 30 - 90 min; the same is true for LLM 3 during t = 
50-90 min. ,Note that during the first 30 minutes in LLM 4 the forgetting 
factor is smaller than 1 although this can be hardly discovered from the plot. 
Figure 24.7 shows omine simulation runs for the original model identified 
omine and the online adapted model obtained from the experiment described 
in Fig. 24.5. The input signals F and Vw are identical to the ones in Fig. 24.5b. 

The simulation results for the omine and online estimated models are 
compared with the measured process output. It can be observed that the 
online adapted model performs significantly better than the omine counter
part. Since the reference signal in Fig. 24.5 contains only about two or three 
steps per local linear model, the adaptation obviously is very fast. Further 
improvement can be expected if the online adaptation is continued with more 
data. 
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Fig. 24.7. Simulation of the original and the adapted model 
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Fig. 24.8. Closed loop control with the original and the adapted models: a) con
trolled variable water outlet temperature '!9~2, b) actuation signal fan speed F 

In Fig. 24.8 the original and the adapted models are utilized for predic
tive temperature control. Obviously, the control performance with the online 
adapted model is better than with the omine estimated model. The process 
gain has decreased because the difference between the temperatures 'I9~{ and 
'I9ai has dropped (recall that 'I9a i is now 15°C compared with the 5°C during 
training data acquisition). The original model pretends a gain that is too 
large and therefore the controller acts weakly. Consequently, the controlled 
variable approaches the set point slowly. The adapted model is closer to the 
true process gain, which results in a faster closed-loop response. However, 
the discrepancy is not as dramatic in closed loop (Fig. 24.8) as in the pro
cess/model simulation comparison (Fig. 24.7). The reason for this is that 
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24.3 Fault Detection 723 

the controller is robust against the process/model mismatch, and can abolish 
steady-state errors. 

24.3 Fault Detection 

The task of each process fault detection and isolation (FDI) scheme is to 
monitor the process state, to decide whether the process is healthy, and if 
not to identify the source of the fault3 . Most schemes consist of two levels, 
a symptom generation part and a diagnostic part (Fig. 24.9). In the first 
one, symptoms are generated, which indicate the state of the process. It is 
a major challenge to generate significant symptoms that are robust against 
noise and disturbances. Modern approaches exploit the physical relationships 
between different process signals for the generation of significant symptoms. 
Compared with signal-based approaches, they can be derived from a process 
model (model-based approaches). Therefore deeper insights and understand
ing of the process are required, which in turn provides a higher depth of 
diagnosis, because more process knowledge can be exploited. One typical 
symptom type is the deviation between measured signals and predicted ones, 
the so called output residuals r(k) [62, 115]. They can be calculated indepen
dently from the process excitation, and have the property of being close to 
zero in the fault free case and significantly deviate from zero if a fault affects 
the process or the measurements used: 

• r(k) ~ 0: fault free case (noise effects, uncertainty), 
• Ir(k)1 » 0: a fault has occurred. 

In the case of MISO processes, a set of structured residuals can be de
signed, each dependent on different of inputs. Therefore, some inputs have 
no impact on specific residuals (decoupled residuals), and in the case of a 
faulty measurement the decoupled residuals remain small while all others are 
affected. The pattern of deflected and undeflected residuals indicates the pos
sible source of the fault. Besides signal deviations, symptoms can be defined 
as time constants, static gains or direct physical parameters of the process, 
which can be calculated only if the process is sufficiently excited. 

24.3.1 Methodology 

The supervision of a nonlinear process is often very difficult to achieve owing 
to their complexity. In particular, model-based approaches that provide a 
high depth of diagnosis are difficult to implement and often require laborious 
modeling. Here, a multi-model approach is implemented based on black box 
local linear neuro-fuzzy models. This approach is suitable for all classes of 

3 This section is based on research carried out by Peter Balle, Institute of Auto
matic Control, TU Darmstadt. 
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724 24. Applications of Advanced Methods 

Fig. 24.9. Integrated intelligent control scheme incorporating adaptation, fault 
diagnosis, and reconfiguration 

processes that can be decomposed into several MISO subprocesses. A sepa
rate model for each subprocess is identified and used for the generation of 
symptoms. In this approach only the output residuals (difference between 
measured and simulated or predicted output) for each subprocess are used; 
see Fig. 1.1 and Sect. 1.1.7. 

The task is to generate a set of structured residuals in such a way that each 
residual depends on a different set of inputs and components of the process. 
Therefore, the pattern of deflected and undeflected residuals indicates the 
location of the fault. For the decomposition into different subprocesses, expert 
knowledge can be integrated that provides information about the general 
relations between the different process signals in the form of: ih depends 
on (Ul,U2,U3), ih depends on (U2,U3,U4), '03 depends on (Ul,U3,U4), etc. 
(assuming a system with four inputs) . Depending on the specific process, 
these relationships can be either static or dynamic, linear or nonlinear. In 
the following, nonlinear dynamic processes and subprocesses are investigated. 
The information can be used for the design of an incidence matrix containing 
all relationships between residuals and faults as shown in Table 24.1. 

The interpretable structure of the neuro-fuzzy model provides information 
about the sensitivity of the residuals to different faults . For example, consider 
an additive constant sensor fault Lluj on an input signal Uj that affects a 
residual 

rf = r + Llr = y - (Y + Ll'O) = y - '0 -Lly . 
~ ............... 

r Llr 

(24.17) 
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24.3 Fault Detection 725 

Table 24.1. Example for an incidence matrix 

Fault in -+ Ul U2 U3 U4 

Tl = Yl - iii 1 1 1 0 

T2 = Y2 - i/2 0 1 1 1 

T3 = Y3 - ih 1 0 1 1 

1 = dependent, 0 = independent. 

The deflection of the residual Llr caused by the fault is determined by devi
ations in the validity functions (rule premise part) and by the faulty input 
itself: 

(24.18) 

The deviation Llgii in the validity functions is similar to a change of the 
model operating point that then deviates from the process operating point. 
This means that the fault causes different local linear models to be activated 
than actually should be. This is similar to a process fault in addition to 
a single sensor fault. The possible residual deflection can be evaluated by 
comparing the parameters of different rule consequents. This allows one to 
determine the maximum possible difference between model operating point 
and process operating point; refer to [19] for a more detailed description. 

If the physical input Uj is contained only in the rule consequent vector ~ 
but not in the rule premise vector ~ then Llgii = O. In spite of a fault, model 
and process are then run in the same operating regime. The residual deflection 
is determined by the fault size multiplied by the weighted parameters of the 
rule consequent. For an additive constant fault, the deflection in steady state 
is proportional to Uj multiplied by the coefficients associated with the Uj (k-l) 
regressors. The proportionality factor will be called the fault gain factor K J. 
This fault gain factor can be computed by 

M 

KJ = L (Wi,a + Wi,a+l + ... + Wi,b) Ujgii(~)' (24.19) 
i=l 

where Wi,a, Wi,a+l, • •. ,Wi,b are the weights associated with the u(k-l) regres
sors. Note that (24.19) may hold approximately even if Uj enters the premise 
input space spanned by ~ when the change of operating point is negligible. 
However, (24.19) is in any case valid only in steady state. 

Evaluating the fault gain factors for each residual provides information 
on how sensitive the residuals are. Large KJ lead to sensitive residuals that 
allow the detection of small faults. Small K J indicate a low sensitivity of the 
residual with respect to the considered fault and thus only allow the detection 
of large faults. Note that the factors can be evaluated for each local linear 
model separately: 
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726 24. Applications of Advanced Methods 

Table 24.2. Modified incidence matrix from Table 24.1 

Fault in -+ '1/,1 '1/,2 '1/,3 '1/,4 

T1 = Y1 - iiI 1 1 1 0 

T2 = Y2 - ih 0 1 1 1 

T3 = Y3 - Y3 0 1 1 

1 = dependent, 0 = independent. 

M 

K}i> = (Wi,a + Wi,a+1 + ... + Wi,b) Uj, KJ = L K}i>!Pi(~)' (24.20) 
i=1 

Strongly different K}i> for the same fault indicate that the sensitivity is highly 
dependent on the operating point, i.e., some faults may be easily detectable 
in one operating regime but not in another. 

This information about the Ky> and K J can be exploited to modify the 
incidence matrix. Basically the information content of a residual for detection 
of a specific fault depends on the ratio between its K J and the standard 
deviation of the residual in the fault free case. If this ratio becomes too small 
a reliable detection of the fault cannot be based on this residual. Thus, only 
the most sensitive residuals are used for FDI. If the structure is no longer 
isolating, less sensitive residuals are also evaluated. For example, assume 
the residual Ta in the above example is not very sensitive to faults in U1' 

Then this residual should not be used for fault isolation, and the modified 
incidence matrix is shown in Table 24.2. The structure in Table 24.2 would 
still be suitable for isolation of each sensor fault. 

24.3.2 Experimental Results 

The task is to supervise the temperature and flow-rate sensors of the sec
ondary circuit (cross-flow heat exchanger) of the thermal plant shown in 
Fig. 23.16, the valve position and the fan speed signal. If a fault is detected 
and isolated, the faulty signal is no longer used and the control level is re
configured; see Sect. 24.5. 

The following subprocesses have been selected for the multi-model ap
proach and have been identified with LOLIMOT as local linear neuro-fuzzy 
models: fan -+ T1, pipe 1 -+ T2, pipe 1 + valve -+ TS, pipe 2 -+ T 4, valve -+ T5. 

Tables 24.3 and 24.4 summarize the specification of these five submodels. 
The five output residuals generated by the difference between the mea

sured signals and the output of the corresponding submodels provide suffi
cient analytical redundancy for fault isolation. They are sensitive to faults 
in the sensor signals and also to faults in the respective subprocesses. If, 
for example, the behavior of the valve changes, the residuals TS and T5 are 

co
nt

ro
len

gin
ee

rs
.ir



24.3 Fault Detection 727 

Table 24.3. Summary of the neuro-fuzzy submodels identified for fault detection 
with LOLIMOT 

Model Physical inputs Physical output Train/test error 

1 F / V; / D(2) 
W WI 

D(2) 
wo 0.006/0.020 

2 Vw / D~2 D(l) 
wo 0.002/0.006 

3 Gw / D~2 D(l) 
wo 0.002/0.006 

4 V; / D(l) w WI 
D(2) 

WI 
0.002/0.008 

5 Gw Vw 0.001/0.001 

Table 24.4. Rule premise and consequent regressors for models in Table 24.3 

Model Premises Consequents 

1 

2 

3 

4 

5 

1/1/1/-

1/-/-
1/-/-
1/ - /-
1,2/-

I, 2, 3 / 3, 7, 11, 15 / 2, 4, ... , 22 (OLS) / 1 

- / 2, 4, ... , 34 (OLS) / 1 

- / 2, 4, ... , 34 (OLS) / 1 

- / 2, 4, ... , 26 (OLS) / 1 

1/1 

The numbers represent delays used for the inputs and outputs given in Table 24.3. 
The last entry "/ .. " corresponds to the delays of a possibly fed back output. 
"(OLS)" indicates that structure selection was used for dead time determination. 

Table 24.5. Incidence matrix for heat exchanger 

Gw Vw F D(2) 
WI 

D(l) 
WI 

D(2) 
wO 

D(l) 
wo Valve Pipe 1 HE2 Pipe 2 Threshold 

Tl 0 1 1 1 0 1 0 0 0 1 0 1.5°C 

T2 0 I/- O 0 0 1 1 0 0 0 1 1.1°C 

T3 1 0 0 0 0 1/- 1/- 1 0 0 1 1.1°C 

T4 0 I/- O 1 1 0 0 0 1 0 0 0.9°C 

T5 1 1 0 0 0 0 0 1 1 0 1 0.5m3 /h 

"/-" = excluded for the modified incidence matrix. 

deflected. But it is not possible to make a further decision on whether this 
deflection is caused by corrosion of the valve plug, by partial clogging in the 
pipe, or by a leak in the pneumatic air supply. Hence, process faults can be 
detected but only the faulty components of the process can be isolated. The 
structure of the residuals is shown in the incidence matrix in Table 24.5. 

Faults 4-9 affect only the rule consequent part, while faults 1-3 also affect 
the rule premise part of the fuzzy model. Note that the residuals r3 and r5 

co
nt

ro
len

gin
ee

rs
.ir



728 24. Applications of Advanced Methods 
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Fig. 24.10. Fault detection results. A sensor fault occurs in {)~/ at t = 25 min. The 
residuals rl and r4 are deflected. Thus, the correct fault cause can be concluded 
from Table 24.5. The plots show the true (fault free) signals: a) control performance, 
b) residuals, c) water flow rate, d) true inlet temperature (different from the faulty 
sensor signal) 

both provide information to isolate flow-rate sensor faults and valve position 
faults, and therefore the consideration of one of these two residuals is suffi
cient. Preferably r3 would be omitted because fault gain factors K, are lower, 
as can be seen from the unused entries in the modified incidence matrix "/-" 
in Table 24.5. 

After evaluating the sensitivity and also during the training of the clas
sification algorithm, it turned out that the residual rs is needed for isolation 
of faults Vw and F. Therefore, r3 is not used in the final FDI scheme. Based 
on calculations for different operating points using (24.20) the smallest de
tectable sensor fault size can be determined in all regimes of operation. The 
sensitivity for faults on the temperature sensors is high, and faults as low 
as 2°C can be detected. The sensitivity for flow rate, fan speed, and valve 
position signal is lower. Faults in F must be larger than 10 %, faults in Gw 

higher than 15 %, and faults in Vw higher than 2 m3 /h to be isolated in all 
regimes of operation. Nevertheless, the detection of smaller faults and also 
isolation in certain regimes of operation is still possible. 

Figure 24.10 illustrates the results for a larger fault in {)~{. Table 24.5 

allows one to detect correctly a fault in the {)~{ temperature sensor because 
the residuals rl and r 4 are deflected. The residual r 4 reacts very quickly 
(after a dead time corresponding to the transport from {)~{ to {)~i)) because 

the output of the submodel 4 is directly the "faulty" temperature {)~{ . The 
residual rl reacts slower because one input of the submodel 1 is affected by 
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24.4 Fault Diagnosis 729 

the fault. The effect of this fault thus has to pass the dynamics of the cross
flow heat exchanger until it can be discovered by a comparison between the 
measurement of t?~J and the output of the submodel 1. 

24.4 Fault Diagnosis 

When supervising technical processes, it is common to include a fault diag
nosis that evaluates the generated symptoms; see Fig.24.94 • In some cases 
an explicit symptom generation is actually omitted and process measure
ments act directly as the inputs for the diagnosis. A typical output of the 
diagnosis comprises information about which fault has occurred as well as 
possible alternative fault causes. The diagnostic system serves the following 
purposes: In the existence of noise and model inaccuracies it identifies the 
optimal decision boundaries between the different fault situations. Additional 
external information sources (such as observations from an operator) can be 
exploited. A diagnosis can provide insight into the relevance and performance 
of symptoms that are used. Finally, the system should make the fault deci
sion transparent. This increases the acceptance of the system and allows later 
changes to be easily applied. Common approaches are fault symptom trees 
and fuzzy. rule bases that are constructed manually. Systems based on mea
surement data use multilayer perceptron networks in most cases. Occasionally 
self-organizing maps, ART networks, and simple clustering techniques are im
plemented. Radial basis function networks, regression trees, and neuro-fuzzy 
approaches have also gained more attention. Each of the methods has special 
advantages and disadvantages associated with it, and a selection of the ap
propriate method has to be carefully made. For a comparison and overview 
refer to [363]. 

24.4.1 Methodology 

An approach that combines the learning ability of neural networks with the 
transparency of a fuzzy system is the SElf-LEarning Classification Tree (SE
LECT) proposed by Fiissel [109]. This procedures relies on measured data 
to create a diagnostic tree consisting of neural decision nodes. The resulting 
tree can be augmented with a-priori knowledge, and finally some parameters 
allow fine-tuning by optimization algorithms. The procedure consists of the 
following steps: 

1. Creation of membership functions, e.g., by unsupervised clustering. 
2. Selection of a fuzzy rule for the easiest separable fault. 

4 This section is based on research undertaken by Dominik Fussel, Institute of 
Automatic Control, TU Darmstadt. 
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730 24. Applications of Advanced Methods 

3. All data belonging to the fault situation that can be diagnosed with 
the rule from Step 2 is removed from the training set. Thereby, a new 
data set is created containing one class less than before. The algorithm 
now returns to Step 2 and iteratively selects new rules for the other 
fault classes. This procedure creates a sequential classification tree where 
different fault possibilities are tested one by one. 

4. Adding a-priori known rules to the top of the tree. 
5. Optimization of parameters yielding optimal classification accuracy. 

Figure 24.11a shows an example of the tree structure that evolves from 
the SELECT procedure. The nodes of the tree are conjunctional operators 
(AND operators) that are implemented as artificial neurons. The operator 
performs a weighted sum of the fuzzy membership values Ji,j (j = 1, ... ,p) 
and uses a sigmoidal function to generate the output of the neuron 

1 
~i = ------~------------~~ 

1 + exp (-~ E WijJi,j + Oi) , 
J=1 

(24.21) 

where Wij represents the relative importance of the corresponding rule 
premise, p is the number of inputs to the rule, and 0i is an offset param
eter. Note that (24.21) can be understood as a weighted and "soft" (the 
max-function is replaced by a sigmoid) version of the bounded difference op
erator; see Sect. 12.1.2. Successive outputs down the tree are multiplied by 
1 - ~i. One easily realizes that the AND operator can only perform a linear 
separation in the space of the membership values. This might appear to be 
a strong drawback of the method. One has to consider, nevertheless, that 
this translates into a nonlinear separation in the original feature space, and 
furthermore the sequence of linear decision boundaries in the tree leads to an 
overall nonlinear boundary. The optimization normally involves the relevance 

b) 

Fig. 24.11. a) Structure of the self-learning classification tree (SELECT). b) Upper 
part of the tree built by SELECT for fault diagnosis 
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24.4 Fault Diagnosis 731 

weights Wip only, but the membership functions or other parameters of the 
operator can also be optimized. For that purpose a nonlinear least squares 
approach is chosen (Levenberg-Marquardt); see Sect. 4.5.2. The optimization 
and rule building phases are usually performed offline. The advantages of this 
system are as follows: 

1. Transparency: The decision neuron is implemented in such a way that 
the individual decisions can be interpreted. The use of fuzzy membership 
functions also supports this interpretation. 

2. Speed: The speed of the rule building as well as of the optimization is 
very high. A decreasing data set allows an acceleration of the rule gener
ation. Furthermore, the optimization can be implemented in a sequential 
manner because the weights of each neuron can be trained individually 
instead of in parallel as in most other neural network structures. 

Thereby, the dimensionality of the search space is greatly reduced, and 
also problems associated with the curse of dimensionality are lessened; see 
Sect. 7.6.1. For a detailed discussion of the SELECT procedure refer to [109]. 

24.4.2 Experimental Results 

Different fault events were simulated by adding wrong sensor information of 
varying magnitudes to experimental data. Table 24.6 gives an overview of the 
faults and fault sizes considered. The diagnostic system is activated when at 
least one of the residuals has exceeded its threshold, i.e., a fault has occurred. 
It remains the task to identify which of the fault causes is most likely. The 
classification tree was originally constructed using the residuals TI through 
T4. A mean value of these residuals over a certain range of operations was 
used as inputs for the diagnosis. The system did nevertheless fail to reliably 
distinguish the faults at the fan speed sensor F and flow rate sensor Vw ' 

The overall achievable classification rate was therefore just below 90 %. The 
reason was found to be the low sensitivity of T2 and T4 to the fault at the 
flow rate sensor, which made the residual deflections of the two faults look 
very similar. While in simulation runs the deflection was still visible, it was 
hidden under the normal measurement noise when using real measured data. 
Perceiving that problem lead to the introduction of the additional residual T5. 

The new classification tree was trained with TI, T2, T4, and T5' Figure 24.11b 
pictures the top of the tree. 

Considering the incidence matrix in Table 24.5 makes the rules being 
picked by SELECT understandable. It is also interesting to note that not all 
residuals are used in every decision node. Those chosen seem to be sufficient 
and provide a good separation of the faults. The small rule set, on the other 
hand, makes the system comprehensible. By examining the individual rules 
it can further be seen that the residual TI was most often used. It obviously 
has the most discriminatory power. 
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732 24. Applications of Advanced Methods 

Table 24.6. Investigated faults 

Faults Fault size 

Gw ±20, ... ,50% 
Vw ±2, ... ,5m3/h 
F ±20, ... ,50% 

,?(2) 
WI 

±6, ... ,15°C 
,?(l) 

WI 
±6, ... ,15°C 

,?(2) 
wo ±6, ... ,15°C 

,?(l) 
wO ±6, ... ,15°C 

The resulting tree was able to classify all generalization data correctly. It 
must be said, however, that smaller fault magnitudes than those considered 
will increase the misclassification rate. 

24.5 Reconfiguration 

Autonomous control systems require a reconfiguration module in order to 
cope with undesirable effects such as disturbances, altering process behav
ior or faults. Reference [320] defines control reconfiguration to apply in the 
following three situations: establishment of the system's operating regime, 
performance improvement during operation, and control reconfiguration as 
part of fault accommodation. The reconfiguration of the controller is typ
ically performed by adaptation in the broad sense. It can be divided into 
direct and indirect adaptation [176]. While in the former case the controller 
parameters are directly manipulated, in the latter case a process model is up
dated. Besides continual adaptation of a single model, multiple-model control 
is a common approach [261]. Here, the purpose of applying reconfiguration 
is to maintain safe operation and a reasonable control performance in the 
presence of faults. In particular, it is investigated how the fuzzy model-based 
predictive controller from the previous section can be adjusted to sensor 
faults. Distorted measurements enter the controller in two different ways (see 
Fig. 24.2): via the parameter estimator and via the corrected fuzzy model 
prediction. A fault in the sensor of the process output y influences the online 
parameter estimation of the fuzzy model. Hence, the feedback component of 
the controller will not function properly any more. This also happens if the 
sensors of the measurable disturbances n are faulty. 

Once the fault detection and isolation (FDI) scheme has isolated a sensor 
fault, appropriate reconfiguration actions must be launched. The most obvi
ous approach is the reconfiguration of the respective sensor signal by means of 
an observer-based estimation. Here, the outputs of nonlinear observers replace 
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24.5 Reconfiguration 733 

the sensor information and are fed into the adaptive NMPC. This method 
is highly suitable if observers are already used for fault detection purposes. 
In the sequel, an approach tailored to the local linear neuro-fuzzy models 
and the adaptive NMPC is presented. In the case of an incorrectly sensed 
process output, only the parameter estimator has to be switched off. Since 
the neuro-fuzzy model is run in parallel to the process the measured output 
y is not used for prediction. Hence, the NMPC works as a pure feedforward 
controller. If the diagnosis level recognizes a fault in one of the disturbance 
sensors, the measured value is not reliable any more and therefore it is fixed 
to a value that had been measured before the error occurred. The effect of 
freezing the input depends on whether it is only an entry of the consequents' 
input vector J<. or whether it is also an entry of the premises' input vector 
e. In the parameter estimator the characteristic of the entries of J<. changes 
from a measurable to a non-measurable disturbance, which is from then on 
compensated by the adaptation of the offset parameters Wi,O' In contrast, 
neglecting changes in entries of e degrades the nonlinear approximation ca
pabilities of the model. This can be easily understood from the extreme case 
when the complete vector e is fixed. Then the validity functions ~i have con
stant values, and the fuzzy model acts as a purely linear model whose offset 
is adapted by the parameter estimator. Because of this one might argue that 
it is advantageous to adapt not only the offset parameters of the local linear 
models but also the dynamic parameters. This can clearly be done if persis
tent excitation is guaranteed or the forgetting factors of the estimators are 
adjusted to the current degree of excitation as proposed in Sect. 24.2. 
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A. Vectors and Matrices 

This appendix summarizes some of the basics of derivatives involving vectors 
and matrices. 

A.1 Vector and Matrix Derivatives 

The derivative of an m-dimensional column vector if. = [Xl X2 ••• xmF with 
respect to a scalar () is defined as 

(A.I) 

The derivative of an I x m-dimensional matrix X with respect to a scalar 
() is defined as 

[ 

8Xl1/8() 8XI2 /8() ... 8Xlm /8() 1 
~! = 8X2;/8() 8X2~/8() ::: 8X2~/8() . 

8XIl /8() 8XI2 /8() ... 8Xlm/8() 

(A.2) 

When the derivative of a quantity with respect to an n-dimensional vector 
fl. = [()l ()2 ... ()nF is to be calculated it is helpful to first define the following 
derivative operator vector: 

~ = [~~~:~l 8fl. :. 
8/8()n 

(A.3) 

With (A.3) the derivative of a scalar X with respect to an n-dimensional 
column vector fl. is defined as 

(A.4) 
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736 A. Vectors and Matrices 

The derivative of an m-dimensional row vector 11. T with respect to an 
n-dimensional column vector fl is defined via the outer product as 

[ 

8xl/8(h 8X2/8(h ... 8xm /8(h 1 
811.T = ~. T = 8xl/8(h 8X2/8()2 ... 8xm /8()2 
8fl 8fl 11. • • .: :. 

8xl/8()n 8X2/8()n 8xm /8()n 

(A.5) 

The chain rule can be extended to the vector case by defining the vector 
derivative of a scalar product: 

8 8xT 8yT 
8fl (11. T 1U = 8fl . 1L + 8fl . 11. , (A.6) 

where 11. T is an m-dimensional row vector, y is an m-dimensional column 
vector, and fl is an n-dimensional column vector. 

An interesting special case of (A.6) occurs if one vector does not depend 
on fl and the other one is equivalent to fl (this of course requires m = n): 

~ (zT()) = z (A.7) 8fl - - -
and 

(A.8) 

where the row and column vectors ~T and ~ do not depend on fl. Correspond
ing expressions hold if the vector ~ is replaced by a matrix Z: 

:fl (ZTfl) = Z, 

~ (flTZ) = Z. 

(A.9) 

(A.lO) 

Finally, the derivative of the quadratic form flT Z fl is important where Z 
is a square n x n matrix: 

(A.ll) 

In the first step, (A.6) is applied as indicated. In the second step, 8flT /8fl is 
equal to the identity matrix I according to (A.5). The last term in (A.ll) 
can be further simplified to 2Z fl if Z is symmetric. 
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A.2 Gradient, Hessian, and Jacobian 737 

A.2 Gradient, Hessian, and Jacobian 

The gradient 9 is the first derivative of a scalar function with respect to a 
vector. The gradient of the function f(D.) dependent on the n-dimensional 
parameter vector D. = [llt lh ... onF with respect to these parameters is 
defined as the following n-dimensional vector: 

[ 
gl 1 [ a f (D.) / a01 1 = a f(D.) = g2 = a f(D.) / a02 

f!. aD.: :. 

gn af(D.) / aOn 

(A.12) 

The geometric interpretation of the gradient is that it points into the direc
tion of the steepest ascent of function f (D.). The gradient is zero where f (D.) 
possesses an optimum. 

The Hessian H is the second derivative of a scalar function with respect to 
a vector. The Hessian of the function f(D.) dependent on the n-dimensional 
parameter vector D. = [01 O2 ... onF with respect to these parameters is 
defined as the following n x n-dimensional matrix: 

H = a~~D.) = [~:: ~:: ::: ~::l 
Hn1 Hn2 ... Hnn 

a2 f(D.) / a02a01 a2 f(D.) / ao~ ... a2 f(D.) / a02aon [ 

a2 f (D.) / ao~ a2 f (D.) / a01 a02 ... a2 f (D.) / a01 aOn 1 
= . ... .(A.13a) . .. . . .'. 

a2 f(D.) / aOn801 82 f(D.) /80n8fh ... 82 f(D.) / 80~ 

The geometric interpretation of the Hessian is that it gives the curvature of 
the function f(D.), e.g., for a linear f(fl.) the Hessian is zero and for a quadratic 
f(D.) the Hessian is constant. The Hessian is symmetric. It is positive definite 
at a minimum of f(D.) and negative definite at a maximum of f(D.). 

The Jacobian is the first derivative of a vector function with respect 
to a vector. The Jacobian of the N-dimensional vector function f(D.) = 
[It (D.) h(D.) ... fN(D.)F dependent on the n-dimensional paramet-;r vec-
tor D. = [01 O2 ... OnF with respect to these parameters is defined as the 
following N x n-dimensional matrix: 

1..= [ 
J11 J12 ... J1n 1 
h1 h2 ... hn 
.. . .. . .. . 

JN1 JN2 ... JNn 
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738 A. Vectors and Matrices 

[ 

8 It (H.) / 8fh 8 It (H.) / 8(}2 
8h(H.) /8(}1 8h@ /8(}2 

· . · . · . 
8fN(H.) /8(}1 8fN(H.) /8(}2 

... 81t(H.) /8(}n 1 

. .. 8h(H.) /8(}n 
. . 

8fN@/80n 

(A. 14a) 

The Jacobian is for example used to calculate the entry-wise gradient of an 
error vector ~ = [el e2 ... eN]T, where N is the number of measurements. 
Then the Jacobian contains the transposed gradients of each entry of ~ with 
respect to H., i.e., J = [fll fl2 •.. flN]T, where fli is the gradient of ei· 
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B. Statistics 

This appendix summarizes some useful statistical basics. For a deeper dis
cussion refer to [292]. After a brief introduction to deterministic and random 
variables, the elementary tools for dealing with random variables, such as 
the expectation operator, auto- and cross-correlation, and the variance and 
covariance are introduced. Finally, some important statistical properties of 
estimates and estimators, such as bias, consistency, and efficiency, are dis
cussed. 

B.l Deterministic and Random Variables 

If an experiment, such as feeding data into a process and measuring the 
resulting process output, is carried out several times and the outcome always 
is identical, then the process and the signals involved can be properly modeled 
deterministically. It can be predicted that a specific input value will result in 
a specific output value. However, in practice the outcome of an experiment 
often will not be identical each time it is performed. It is not possible to 
exactly predict the result for a given input. A common example is tossing a 
dice. In the context of feeding input data into a process and measuring the 
output, the reason for non-reproducibility is often described as noise. Under 
"noise" all undesirable effects are summarized that do not have an exactly 
predictable nature. This non-deterministic behavior is described by random 
variables, and the whole non-deterministic signal over time is described by a 
stochastic process; see below. 

Although classical physics is purely deterministic, random variables are 
very important for modeling the real world. Many deterministic effects seem 
to be of random nature to an observer who lacks the amount of necessary 
information in order to gain insights about the truly deterministic origin of 
the effects. These effects are usually caused by many unmeasurable (or at 
least not measured) variables. Thus, the notion of noise depends highly on 
knowledge about the deterministic effects and the measured variables. The 
effects of all non-modeled behavior are often summarized by incorporating a 
stochastic component into a model. 

Owing to the stochastic character of noise it cannot be properly described 
by the signal itself. Rather, random variables and stochastic processes are 
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740 B. Statistics 

y 

e 

A 
Y 

Fig. B.1. Deterministic and random variables in process modeling 

characterized by their stochastic properties, such as expected value, variance, 
etc. To clarify the concept of deterministic and random variables, the example 
in Fig. B.1 will be examined. The (non-measurable) process output Yu is 
assumed to be additively corrupted by noise n, resulting in the measurable 
y. No other stochastic effects are assumed. Such a model of reality is very 
simple and common, although in reality certainly noise will corrupt variables 
inside the process as well. These effects, however, can often be thought to 
be transformed to the process output. The input vector is usually generated 
by the user, and the model is calculated on a digital computer. Therefore, :!! 
and yare not noisy. If the model of the process was perfect in the sense that 
y = Yu then the error e would be equal to the noise n. The model parameters 
~ are estimated in order to minimize some loss function depending on the 
error. 

Which signals in Fig. B.1 should be described in a deterministic and 
which in a stochastic way? It is clear that the input:!! and the process output 
Yu have no relation to the noise nj therefore they are seen as deterministic 
variables. The noise n certainly is a stochastic process, i.e., a random variable 
dependent on time. The measurable process output y and the error e depend 
on the noise and consequently are also described stochastically. At first sight 
the model output, which may be simulated in a computer, has nothing to do 
with noise n. But this statement is wrong! Before the model can be simulated, 
its parameters have to be estimated. And these parameters ~ are estimated by 
minimizing a loss function that depends on the error (a stochastic process). 
Thus, the loss function itself, and consequently the estimated parameters, 
are random variables. Therefore, the model output y is a stochastic process, 
because it is computed with the estimated parameters. All this means that 
it is possible (or necessary) to apply statistical methods in order to analyze 
the properties of parameter estimates and the model output. The expected 
value and the covariance matrix of the estimated parameters and the model 
output reveal interesting properties that allow an assessment of the quality 
of the parameter estimates and the model output. 
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B.2 Probability Density Function (pdf) 741 

B.2 Probability Density Function (pdf) 

In contrast to deterministic variables, random variables are described in terms 
of probabilities. The probability density function (pdf) is the most complete 
type of knowledge that can be derived through the application of statistical 
techniques [81]. As an example, Fig. B.2 depicts a Gaussian pdf p(x) for a 
random variable x. A random variable with a Gaussian pdf is also said to 
have a normal distribution. The interpretation is as follows. The probability 
that x lies in the interval [a, b] is equal to the gray shaded area below the pdf. 
Note that because x is a continuous variable each specific exact value of x 
has probability zero. Since the probability of x being in the interval [-00,00] 
is 1, the area under the pdf must be equal to 1. 

If the width of the Gaussian in Fig. B.2 or of any other continuous pdf 
approaches zero, the interval of highly probable values of the random variable 
becomes very small. In the limit of an infinitesimally narrow pdf it becomes a 
Dirac impulse. Then the value where the Dirac is positioned has a probability 
of 1 while all other realizations of the random variable have a probability of 
zero. Therefore, in this limit a random variable becomes deterministic. 

The pdf determines the probability of each realization of the random vari
able if an experiment is performed. Figure B.3 shows this relationship for a 
Gaussian pdf and 100 experiments. Each experiment forces the random vari
able to a realization. The values around zero are the most frequent since they 
have the highest probability with the given pdf. Note that the experiment 
number has nothing to do with time, e.g., all experiments could be performed 
at once. 

In the case of more than one random variable, a vector of random variables 
~ = [Xl X2 ••. xn]T is constructed, and the pdf p(~) becomes multidimen
sional. Such a multidimensional pdf is called a joint pdf . As an example, 
Fig. BA shows two different two-dimensional Gaussian pdfs with their con
tour lines. Obviously, the pdf on the left is axis-orthogonal, that is, it can 

" 
Fig. B.2. A one-dimensional Gaussian probability density function. The probabil
ity that the realization of the random variable x lies in the interval [a, bJ is equal 
to the gray shaded area 
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~
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Fig. B.3. A random variable with Gaussian pdf yields a (different) realization for 
each experiment. The probability of each realization is described by its pdf. Note 
that the experiment number has nothing to do with time 
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Fig. B.4. Two-dimensional Gaussian probability density functions. The left pdf 
describes two independent random variables. Knowledge about the realization of 
one random variable does not yield any information about the distribution of the 
other random variable. The right pdf describes two dependent random variables. 
Knowledge about the realization of one random variable yields information about 
the other random variable 

be constructed by the multiplication of two one-dimensional (Gaussian) pdfs 
PZ1 (Xl) and PZ2 (X2)' This property does not hold for the pdf on the right. 
The one-dimensional pdfs are called the marginal densities of p(~) . They 
can be calculated by PZ1(XI) = J~oop(~)dX2 and PZ2(X2) = J~oop(~)dXI' 
respectively. 

It is interesting to compare the pdfs in Fig. B.4 in more detail and to 
analyze the consequences of their different shapes for the two random vari
ables Xl and X2. First, the left pdf is considered. If the realization of one 
random variable, say Xl = C, is known, what information does this yield on 
the other random variable X2? In other words, how does the one-dimensional 
pdf change that is obtained by cutting a slice through p(~) at Xl = c? Obvi-
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B.3 Stochastic Processes and Ergodicity 743 

ously, all these "sliced" pdfs are identical in shape (not in scaling); they do 
not depend on c. Knowing the realization of one random variable does not 
yield any information about the other. Two random variables that have this 
property are called independent. 

Two random variables Xl and X2 are independent if a multiplication of 
their marginal densities yields their joint probability density: 

(B.l) 

This implies that independent random variables can be described com
pletely by their one-dimensional pdfs Pz; (Xi). 

The pdf in Fig. B.4(right) describes two dependent random variables. IT 
the realization of Xl is known one gains information about X2. For small 
values of Xl small values of X2 are more likely than large ones and vice versa. 
The pdf "slices" along Xl = C move toward higher values of X2 for increasing 
Xl = c. 

B.3 Stochastic Processes and Ergodicity 

A random variable is described by its pdf and yields a realization if an ex
periment is performed. Often stochastic signals (such as noise) have to be 
modeled. Signals evolve over time. Thus, it is reasonable to make a random 
variable X dependent not only on the experiment but also on time. Such a 
random variable x(k), which is a function of time k, is called a stochastic pro
cess. A stochastic process x(k) is described by its pdf p(x, k), which clearly 
also depends on time k. Thus, a stochastic process can be seen as an infinite 
number of random variables, each for one time instant k [292]. 

Figure B.5 shows several different realizations of a stochastic process. It 
is important to note that it depends on both the experiment realization and 
time. As an illustrative example, assume Fig. B.5 shows measurement noise. 
Then typically in one measurement one realization (one row in Fig. B.5) of 
the stochastic process is measured. IT the statistical properties do not change 
from one measurement to another, in a second measurement a different real
ization of the same stochastic process will be observed. This is the stochastic 
character of random variables. Deterministic variables yield the same values 
in each measurement; they just change as time progresses. 

A typical and widely used type of noise is "Gaussian white" noise. "Gaus
sian" tells something about the amplitude distribution of the stochastic pro
cess at each time instant ko, i.e., it describes the pdf p(x, ko). It determines 
how probable small and large values x(ko) are. In contrast, "white" tells us 
something about the relationship of the stochastic process between two time 
instants, that is, between the pdfs p(x, kt} and p(x, k2). For more details on 
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Fig. B.S. A stochastic process depends on both the experiment realization and 
time [136] 

the property "white" see below. Thus, is important to distinguish between 
the properties related to amplitudes and the properties related to time (or 
equivalently frequency). 

In general, a stochastic process can change its statistical properties with 
time; for this reason it explicitly depends on k. This means that the kind of 
pdf p(x, k) may change with k, e.g., from a Gaussian distribution to a uniform 
distribution (where within an interval all values are equally probable). Or the 
kind of distribution may stay constant over time but some of its characteristic 
properties, such as mean or variance (see below), may change with time. 
However, a special class of stochastic processes does not depend on time. 
These stochastic processes are called stationary. 

A stochastic is called stationary if its statistical properties do not depend 
on time, i.e., if 

(B.2) 

In most applications noise is modeled as a stationary process since there 
is often no reason to assume that the noise characteristics depends on time. A 
counterexample is a sensor that yields more or less noisy results depending on 
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BA Expectation 745 

its temperature. The temperature may be related to time, e.g., monotonically 
increasing from the start of operation. In such a case, the sensor noise can be 
modeled by a non-stationary stochastic process with time-varying properties. 

In most applications even more than stationarity is assumed about the 
process. It is usually assumed that the expectation (see below) over all dif
ferent realizations, that is, from top to bottom of Fig. B.5, is equivalent to 
the expectation of a single realization over time, that is, from left to right 
of Fig. B.5. The main reason for this assumption is practicability. In most 
applications just a single realization over time of the stochastic process is 
known from measurements. Thus, averaging different realizations is impossi
ble. Because the expectation operator is of fundamental importance for all 
statistical calculations it is of great relevance to have some practical method 
for its calculation. If a stochastic process allows one to compute the expec
tation over the realizations as the expectation over time it is called ergodic l . 

A stochastic process is called ergodic if the expectation over its realizations 
can be calculated as the time average of one realization. 

Ergodicity implies that one realization of the stochastic process contains 
all information about the statistical properties as k ---t 00. Thus, for ergodic 
processes one can reach conclusions about typical statistical characteristic 
properties such as mean and variance (see below) by observation of one pro
cess realization over time. 

An ergodic process is stationary. This becomes obvious considering that 
by averaging over time any time dependency is lost. Therefore, the statis
tical properties of an ergodic process cannot be time dependent. Because 
ergodicity is usually assumed without stating this assumption explicitly it 
may be helpful to consider stochastic processes that are not ergodic. First 
of all, any non-stationary process automatically is non-ergodic. See Fig. B.6 
for an example of a non-stationary and consequently a non-ergodic process. 
However, a simple process such as x(k) = c with some p(x, k) is also not er
godic (292). This stochastic process shown in Fig. B.7 is constant (over time), 
that is, x(k) = c for each experiment (i.e., in each row). This value x(k) is 
different in each experiment according to its distribution p(x, k). By picking 
a single realization and calculating the time average one ends up with the 
corresponding value of x(k). This, however, is not (necessarily) equivalent to 
the expected value of the pdf p(x, k). 

B.4 Expectation 

The two most important quantities in order to characterize a random variable 
and a stochastic process are its expected value or mean and its variance. They 

1 More exactly speaking: mean ergodic [292]. 
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-~~ 
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time 

Fig. B.6. A non-stationary and thus non-ergodic stochastic process. The mean 
of the stochastic process increases with time. Therefore, the statistical properties 
depend on time and the process is non-stationary. Obviously, taking the average over 
time (left to right) is totally different from taking the average over the realizations 
(top to bottom) 

are introduced in this and the following section. Other important character
istics, the correlation and covariance, are defined for two random variables 
or stochastic processes. They are discussed in Sect. B.6. 

The basis of all statistical calculation is the expectation operator. Its ar
gument usually is a random variable or a stochastic process, and its result is 
the expected value of this random variable or stochastic process, respectively. 
If the argument of the expectation operator is deterministic E{ x} = x. 

In order to calculate the expected value of a random variable all realiza
tions have to be weighted with their corresponding probability and have to 
be summed up. Thus, the expectation of a random variable x becomes 

mean{x} = J.Lx = E{x} = i: xp(x)dx. (B.3) 

Correspondingly, the expectation of a stochastic process is 

mean{x(k)} = J.Lx(k) = E{x(k)} = i: x(k) p(x, k) dx. (B.4) 
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Fig. B.7. A stationary but non-ergodic stochastic process. Because the statistical 
properties of this process do not depend on time it is stationary. However, this 
process is not ergodic since one realization does not reveal the statistical properties 
of the process 

The equations for calculation of the expected value given above require 
knowledge about the pdf. Usually in practice this knowledge is not available. 
Therefore, the stochastic process is assumed to be ergodic, and averaging over 
all realizations in (B.4) is replaced by averaging over time. If x(k) denotes the 
measurement (i.e., one realization) of the stochastic process for time instant 
k = 1, ... , N the expectation is estimated by 

1 N 
E{x} ~ N Lx(k) = x. 

k=l 
(B.5) I 

Sometimes this estimation of the expected value of x is written as x for 
shortness and in order to explicitly express the experimental determination 
of the mean. Note that in (B.5) E{ x} does not depend on time k since this 
is the variable that is averaged over. Here it becomes clear again that a 
stochastic process must be stationary (not depend on time) in order to be 
able to apply (B.5). If a stochastic process is ergodic the estimation in (B.5) 
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748 B. Statistics 

converges to the true expectation as N -+ 00. Although it is not explicitly 
noted throughout the book, ergodicity is supposed. For all expectations it 
is assumed that they can be calculated according to (B.5). It can be shown 
that (B.5) is an unbiased estimate of the expected value of x if the stochastic 
process is ergodic [292). 

The definition of the expectation operator can be extended to vectors and 
matrices as follows: 

E{~} = E { [~: 1 } = [~l::ll ' 
Xn E{xn} 

(B.6) 

{ [
Xu X12 ... Xln 1 } X21 X22 ... X2n 

E{X} = E . '. . 

X~l X~2 .. : X~n 

[ 

E{xu} E{X12} ... E{Xln} 1 
E{X2d E{X22} ... E{X2n} 

= . .. . . . . . . . . . 
E{Xml} E{Xm2} ... E{xmn } 

(B.7) 

Since all other statistical expressions are based on the expectation operator 
these vector and matrix definitions can be applied to them as well. 

B.5 Variance 

Roughly speaking, the variance of a random variable measures the width of 
its pdf. A low variance means that realizations close to the expected value 
are highly probable, while a high variance implies high probabilities for re
alization far away from the mean2 • The variance of a random variable can 
be calculated as the sum over the squared distance from the expected value 
weighted with the corresponding probability: 

var{x} = O'~ = E {(x - JL:ll} = i: (x - JLx)2 p(x) dx. (B.8) 

Correspondingly, the variance of a stochastic process is 

2 Counterexamples to these qualitative statements can be constructed. However, 
they involve pdfs of strange shapes, e.g., multimodal, which are not very relevant 
in practice. 
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B.6 Correlation and Covariance 749 

var{x(k)} = a;(k) = E {(x(k) - JLx(k))2} 

= i: (x(k) - JLx(k))2 p(x, k) dx. (B.9) 

In practice, as discussed in the previous section, ergodicity is assumed and 
the time average replaces the average over the realizations. Two cases have 
to be distinguished in this context: (i) the mean of the stochastic process is 
known, (ii) the mean of the stochastic process is estimated by (B.5). 

The somewhat unrealistic case (i) with the known (not estimated) mean 
JLx leads to the following unbiased estimate of the variance: 

N 

E{(x - JLx?} ~ ~ L (x(i) - JLx)2 . 
i=l 

(B.1O) 

For case (ii) with an experimentally estimated mean x the unbiased vari
ance estimate becomes 

(B.ll) 

Because the variance a2 is a quadratic distance measure it is often easier 
to think in terms of the standard deviation a, that is, the square root of 
the variance. For example, with a Gaussian pdf with mean JL and standard 
deviation a the following intervals around its mean [JL ± al, [JL ± 2al, and 
[JL ± 3a], which are called the one-, two-, and three-sigma intervals, represent 
68.3%, 95.4%, and 99.7% of the whole area under the pdf. In other words 
only 31.7%, 4.6%, and 0.3% of all realizations of the random variable lie 
outside these intervals. Thus, the standard deviation gives the user intuitively 
clear information about the width of the pdf. For example, the errorbars 
introduced in Sect. 3.1.2 represent the [JL - a,JL + al interval, where a is the 
standard deviation of the noise. Also signal to noise amplitude (power) ratios 
are expressed by the quotient ofthe standard deviation (variance) of the noise 
and of the signal. 

B.6 Correlation and Covariance 

The properties mean and variance are defined for single random variables or 
stochastic processes. In contrast, the correlation and covariance are defined 
for two random variables or stochastic processes, say x and y or x(k) and 
y (k), respectively. The interpretation of correlation and covariance is basi
cally the same; in fact they are identical for random variables or stochastic 
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processes with zero mean. Both, correlation and covariance, measure the sim
ilarity between two random variables or stochastic processes. For two random 
variables x and y the correlation is defined by 

corr{x,y} = corrzy = E{x· y}, (B.12) 

and the covariance is defined by 

cov{x,y} = covzy = E{{x - JJz)· (y - JJy)}. (B.13) 

Obviously, if the means JJz and JJy are equal to zero, correlation and co
variance are identical. Those definitions are quite intuitive because correlation 
and covariance are large (x and yare highly correlated) if the random vari
ables are closely related and they are small (x and y are weakly correlated) 
if the random variables have little in common. An extreme case arises if both 
random variables are identical, i.e., x = y. Then the covariance is equivalent 
to the variance of x: cov{x, x} = var{x}. The correlation corr{x, x} is called 
auto-correlation because it correlates a variable with itself, while corr{ x, y} 
for x i- y is called cross-correlation because it correlates two different vari
ables. 

Two random variables are called uncorrelated if 

E{ x . y} = E{ x } . E{y} = JJz . JJy . (B.14) 

If furthermore the mean of one of the uncorrelated random variables is 
zero, they are called orthogonal, that is, 

E{x·y} = o. (B.15) 

For stochastic processes the correlation and covariance are defined as 

(B.16) 

cov{x,y,k1 ,k2} =covzy (k1,k2) 

= E{{x(kd - JJz(k1» . (y(k2) - JJy(k2»}' (B.17) 

Obviously, the correlation and covariance of stochastic processes depend 
on time kl and k2 . If the stochastic process is stationary the statistical prop
erties do not depend on time. Consequently, only the time shift K, = k2 - kl 
between x(k1 ) and y(k2) matters, and the correlation and covariance simplify 
to (note that owing to stationarity the means no longer depend on time) 

corr{x,y,K,} = corrZY(K,) = E{x(k) ·y(k+K,)}, (B.18) 

cov{x, y, K,} = covzy(K,) = E{{x(k) - JJz) . (y(k + K,) - JJy)}. (B.19) 
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In practice, the pdfs for calculation of the expectations are usually un
knOWD. Therefore, ergodicity is assumed and the correlation and covariance 
are computed as time averages instead of realization averages. H x(k) and 
y(k) denote the measurements (Le., one realization) of the stochastic pro
cesses for time instant k = 1, ... , N the correlation and covarianr,-, can be 
estimated by 

(B.20) 

1 N-IICI 
COVZy(l\:) ~ N _11\:1_ 1 ~ (x(k) - x) (y(k + 1\:) - y) . (B.21) 

The above estimates are unbiased [171] because the factor before the sum 
divides by the number of terms within the sum. (For the covariance estimate 
the denominator is N -11\:1- 1 since it contains the estimated mean values 
x and Yj compare the variance estimation in the previous section.) Because 
only N data samples are available, 11\:1 = N - 1 is the largest possible time 
shift for this formula. Thus, for example, for the estimation of corrzy(N -1) 
only a single term appears under the sum. 

Although the above estimates are unbiased their estimation variance be
comes very large for I\: -+ N because the sum averages only over a small 
number of terms. This often makes the above estimates practically useless. 
Therefore, the following biased estimates with a lower estimation variance 
are much more common: 

1 N-IICI 
corrZy(l\:) ~ N L x(k) y(k + 1\:) , 

k=l 

(B.22) 

N-IICI 
covzy(l\:) ~ N ~ 1 L (x(k) - x) (y(k + 1\:) - y) . 

k=l 

(B.23) 

For a more general discussion about the tradeofi"s between the estimator 
bias and variance refer to Sect. B.7. Note that again the auto-correlation is 
obtained by setting x = y. This auto-correlation corrzz(l\:) tells us something 
about the correlation of a signal x(k) with its time-shifted version x(k - 1\:). 
Certainly, the correlation without any time-shift, that is, corrzz(O), takes the 
largest value. Typically, the more the signal is shifted, Le., the higher I\: is, the 
weaker the correlation becomes. The auto-correlation is always symmetric. 

An extreme case is realized by the so-called white noise. This stochastic 
process has a correlation equal to zero for all I\: =I 0 and corrzz(O) = 1. 
Consequently, for one realization of white noise a measurement at one time 
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instant does not correlate with a measurement at any other time instant. 
This implies that measuring a white noise source at one time instant reveals 
no information about the next. White noise contains no systematical partj 
it is totally unpredictable. Therefore, an error between process and model 
should be as close to white noise as possible because this guarantees that 
all information is incorporated into the model and only "pure randomness" 
remains. White noise does not exist in practice, since its power would be 
infinity. However, white noise is of great theoretical interest since it represents 
the case that is simplest to analyze. Furthermore, any kind of correlated 
and more realistic noise can be generated by feeding white noise through a 
dynamic filter. 

Because the so-called covariance matrix is frequently used in the context 
of parameter estimation this matrix will be defined here. If ~ is a vector of 
random variables [Xl X2 ... xn] the covariance matrix of ~ is defined as 

cov{d = cov{~,~} 

[

COV{Xl,Xl} COV{Xl,X2} ... COV{Xl,xn}] 
cov{x2,xd COV{X2,X2} ... COV{X2,Xn} 

- . .. . . . ... . . . . 
cov{xn,xd cOV{Xn,X2} ... cov{xn,xn } 

(B.24) 

Strictly speaking, the main diagonal entries of the covariance matrix 
contain variances. Therefore, this matrix is sometimes referred to as the 
variance-covariance matrix. Here, the shorter terminology is used for sim
plicity. One example for the use of this covariance matrix is for a quality 
assessment of the parameter estimates ~ = [01 O2 ••• On]T. Then cov{~} 
contains the variances and covariances of the estimated parameter vectorj 
see (3.34). Another example is the the noise covariance matrix cov{n}, where 
!!. = [n(l) n(2) ... n(N)]T is the vector of noise realizations for the measured 
data samples i = 1, ... , Nj see (3.50). 

A covariance vector is obtained by the following definition of the covari
ance between a vector of random variables ~ = [Xl X2 ... xn] and a scalar 
random variable y: 

[
COV{X1!Y}] 
COV{X2, y} 

cov{~,y} = : . 
cov{xn,Y} 

(B.25) 

Correspondingly to these covariance matrices and vectors correlation ma
trices and vectors can also be defined in a straightforward manner. 
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B.7 Properties of Estimators 

It is very interesting to study the properties of an estimator, and consequently 
of the estimates it yields, in order to assess its quality. An estimator takes a 
(usually large) number of measurements denoted by N and maps them to a 
(smaller) number of parameters !l. = [(h (}2 .•• (}njT. It can statistically be 
described in terms of a probability density function p(~, N) which depends 
on the number of measurements N. This pdf describes what parameters are 
estimated with which probability given the data set. Figures B.B and B.9 
depict three examples. Since usually more than just one parameter is esti
mated these pdfs are multivariate and cannot be visualized easily. Therefore, 
the typical properties of these pdfs are of interest. The most significant char
acteristics are the expected value (mean) E{~} and the covariance matrix 
(variance in the univariate case) cov{~}. Many estimators' pdfs approach 
a Gaussian distribution as N -t 00. If the pdf is Gaussian the mean and 
covariance matrix characterize the distribution completely. 

To interpret and analyze the pdf p(~, N) and its characteristics, first 
Fig. B.B is considered, which shows three pdfs for the univariate case n = 1 
(one parameter). The true but in practice unknown parameter to be estimated 
is (}opt. Now, Nl input/output measurements are taken from the process in 
order to estimate the parameter. The output is assumed to be disturbed by 
stationary noise, i.e., noise that does not change its statistical characteristics 
(mean, covariance, etc.) over time. The estimator will yield some estimated 
parameter 8(1). Next, for exactly the same input data, Nl measurements are 
taken again. Although the noise does not change its statistical characteris
tics, it yields a different realization of disturbances and consequently differ
ent output values are measured. Therefore, the estimator (generally) yields 
a different parameter estimate 0(2). Each time this experiment is repeated, 
different parameters are estimated, simply due to different disturbance real
izations by the noise source. The pdf p(~, Nl ) shown in Fig. B.B describes the 
distribution of these estimated parameters. 

A good estimator should yield parameters that are close to the true value 
with a higher probability than parameters that are far away from the true 
value. This means that the maximum of the pdf should be close to the true 
value. Furthermore, the pdf should be "sharp" in order to give poor parameter 
estimates a low probability. The optimal pdf would be a Dirac positioned at 
(}opt. Another desirable feature for an estimator is to become "better" as the 
amount of data increases. 

The three pdfs shown in Fig. B.B correspond to different amounts of mea
surement data Nl , N2, and N3 with Nl < N2 < N3. Figure B.B illustrates 
that the pdf p(~, N) becomes "sharper", i.e., its variance decreases, as the 
amount of data N increases. This property is quite natural because more 
data should allow one to better average out the disturbances and gather more 
information about the true parameters. For N -t 00 the variance should ap-
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Fig. B.S. Probability density function of an unbiased estimator for different 
amounts of data Nl < N2 < Na. The expected value of the estimated parameter 9 
is equal to the true value (Jopt. This means that the estimator neither systematically 
under- nor overestimates the parameter value. This property is independent of the 
amount of data used 

a) 0.4...---~--~--""r-~---' b) 0.4 

0.3 O. 

~ 0.2 ~ 0.2 

0.1 0.1 

10 -s 

Fig. B_9. a) Probability density function of a biased but consistent estimator for 
different amounts of data Nl < N2 < Na. The expected value of the estimated 
parameter 9 is not equal to the true value (Jopt. However, the expected value of the 
estimated parameter approaches the true value as the amount of data used goes 
to infinity. This means the estimator systematically under- or overestimates the 
parameter value. However, this effect can be neglected if a large amount of data is 
used. 
b) Probability density function of a non-consistent (and therefore also biased) esti
mator for different amounts of data Nl < N2 < Na. The expected value of the esti
mated parameter 9 is not equal to the true value (Jopt. Even if the amount of data 
used approaches infinity, there is a systematical deviation between the expected 
value of the estimate and the true parameter value. This property is undesirable, 
since even for an optimal environment (low noise level, vast amount of data) one 
can expect a wrong estimate 

proach zero. For most estimators the variance decreases with l/N because the 
disturbances average out and consequently the standard deviation decreases 
with 1/..[iIi. This relationship is encountered in almost any estimation task. 
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A comparison of the pdfs in Figs. B.8 and B.9 shows that the variance 
decrease for an increasing amount of data is similar. However, the behavior 
of the mean value differs. In Fig. B.8 the mean of the estimated parameter 
is equal to the true parameter Oopt independent of the amount of data used. 
Such an estimator is called unbiased. 

An estimator is called unbiased if for each amount of data N 

E{~} = flopt . (B.26) 

Otherwise the estimator is called biased, and the systematical deviation 
between the expected value of the estimated parameters E{~} and the 
true parameters flopt is called the bias: 

fl = E{~} - flopt . (B.27) 

In contrast to the estimator described by Fig. B.8, Fig. B.9a results from a 
biased estimator. The means of the pdfs reveal a systematical deviation from 
the true parameter value. However, this deviation decreases for an increasing 
amount of data: fl(N1 ) > fl(N2 ) > fl(N3). Moreover, the bias approaches zero 
as N approaches infinity. Such an estimator is called consistent or asymp
totically unbiased (meaning that the bias vanishes as N --t (0). Clearly, all 
unbiased estimators are consistent but not vice versa. Thus, consistency is a 
weaker property than unbiasedness. 

An estimator is called consistent if for an increasing amount of data N --t 
00 

(B.28) 

Although an unbiased estimator is highly desirable for many applications, 
a biased but consistent estimator might be sufficient because a large amount 
of data is available and the resulting bias can be neglected for large N. It can 
be shown that all maximum likelihood estimators are consistent. Figure B.9b 
shows the pdfs of a non-consistent estimator. This means that the estimated 
parameters do not converge to the true value as N --t 00. Non-consistent 
estimators often are not acceptable. 

The above discussion focused on the mean of the estimator's pdf. Now the 
variance (or covariance matrix in the multivariate case) is analyzed in more 
detail. A good estimator should be unbiased or at least consistent. However, 
this property is practically useless if the variance is very large. Then an 
estimator may yield parameter estimates far away from the true value with 
a high probability. Therefore, the estimator should have a small variance. 
Clearly, from all unbiased estimators the one with the lowest variance is the 
best. 
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Fig. B.lO. Biased and low variance versus unbiased and high variance estimators 

From all unbiased estimators the one with the lowest variance is called 
efficient. In the multivariate case this is the estimator with the smallest 
covariance matrix 

cov{~} ::$ cov{~} , (B.29) 

where ~ is the estimate of any unbiased estimator. (B.29) means that 

the matrix (cov{~} - cov{ q}) is negative semi-definite, i.e., has only non
positive eigenvalues. This relationship can also be defined via the deter
minants: 

det ( cov {~}) ::; det (cov {~}) . (B.30) 

Note that although an efficient estimator has the smallest variance among 
all unbiased estimators, there exist biased estimators with lower variance. The 
quality of an estimator is given by its bias and its variance. This is demon
strated for the biased and unbiased correlation and covariance estimators 
discussed in Sect. B.6. Figure B.IO illustrates why a biased estimator with 
low variance can be more accurate than an unbiased estimator with high vari
ance. In that case, the biased estimator is preferred over the unbiased one 
because it produces more reliable estimates. This bias/variance tradeoff is a 
fundamental and very general issue in statistics. In the context of modeling it 
is addressed in Sect. 7.2. When many parameters have to be estimated from 
small, noisy data sets it often pays to sacrifice the unbiasedness in order to 
further reduce the variance. Methods that perform such a tradeoff between 
bias and variance are called regularization techniques; see Sect. 7.5. 
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Extrapolation behavior, 408, 411, 589, 

660 

F-test, 176 
Fast annealing (FA), 118 
Fault detection, 5, 723 
Fault diagnosis, 729 
Fault gain factor, 725 
Feedforward model, 556 
Fibonacci search, 91 
Fiddle parameter, 13 
Filtering, 528 
Final prediction error criterion (FPE), 

171 
Fineness, 300 
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Finite difference techniques, 92 
Finite impulse response (FIR) filter, 

648 
Finite impulse response (FIR) model, 

469, 509, 510 
Fitness, 121 
Flat structure, 380 
Flechter-Reeves, 100 
Forgetting factor, 65 
Forward selection, 69, 177, 275 
Fractal structures, 403 
Frequency domain, 526 
FTP 75, 656 
Fully recurrent network, 645 
FUREGA,327 
Fuzzification, 300, 305 
Fuzzy basis function, 311 
Fuzzy c-means (FCM) clustering, 146 
Fuzzy covariance matrix, 148 
Fuzzy logic, 299 
Fuzzy maximum likelihood estimates 

clustering, 149 
Fuzzy model, 284 
Fuzzy partition, 142 

Gath-Geva clustering, 149 
Gauss, 36 
Gauss-Newton method, 104 
Gaussian, 741 
General linear model, 462 
General regression neural network 

(GRNN), 10, 286 
Generalization, 19, 605, 642 
Generalization parameter, 289 
Generalized Hammerstein model, 585 
Generalized least squares (GLS), 499 
Generation, 120 
Genetic algorithm (GA), 9, 122, 126, 

177, 198 
Genetic programming (GP), 122, 132, 

177,198 
Givens transformation, 42 
Global estimation, 351, 356 
Global function, 212 
Global linearization, 416 
Global optimization, 188 
Global state feedback, 602 
Golden Section search, 91 
Gradient, 62, 79, 737 
Gradient-based, 90 
Gram-Schmidt, 42 
Granularity, 199, 300 
Gray box model, 15 

Gray coding, 129 
Grid,273 
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Growing, 178, 337, 365, 378 
Gustafson-Kessel clustering, 148 

Hammerstein model, 550, 552, 584 
Hannan-Rissanen algorithm, 481 
Hard knowledge, 321 
Hard partition, 142 
Hash coding, 290 
Hessian, 43, 96, 98, 103, 737 
Hidden layer, 241 
Hidden layer neuron, 241 
Hidden layer weight, 249, 252 
Hierarchical structure, 197, 380, 403 
Hilbert's 13th problem, 251 
Hinge, 438 
Hinging hyperplane, 437, 438 
Hinging hyperplane tree (HHT), 441 
Hooke-Jeeves method, 88 
Householder transformation, 42 
Hybrid structure, 192 
Hysteresis, 395, 562 

Identification for control, 5, 545 
Incremental construction, 177 
Incremental training, 177 
Independent variable, 36, 743 
Indirect method, 544 
Individual, 120 
Inequality constraints, 66 
Inference filter, 315 
Infinite impulse response (1m), 632 
Infinite impulse response (IIR) filter, 

648 
Infinite impulse response (IIR) model, 

510 
Information compression, 138 
Information criteria, 171, 369 
Initial conditions, 524 
Initial parameter, 83 
Initialization, 253 
Innovations algorithm, 74, 481 
Input layer, 241 
Input neuron, 241 
Input signals, 460 
Input space, 391 
Input space clustering, 154 
Input space decomposition, 198 
Input transfer function, 463 
Instance-based learning, 293 
Instantaneous learning, 82 
Instrumental variables (IV), 486, 628 
Interior penalty function method, 108 
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Internal dynamics, 563, 650 
Internal model control (IMC), 713 
Interpolation, 19 
Interpolation behavior, 408, 589 
Interpolation function, 343 
Interpretation, 316, 346, 347 
Interval location, 92 
Interval reduction, 91 
Inverse model, 561, 630 
Iterative algorithms, 82 
Iterative identification and control, 545 

Jackknife, 170 
Jacobian, 102, 737 
Joint density, 741 
Jordan network, 645 
Just-in-time model, 293 

K-means clustering, 143, 144 
Kalman filter, 65, 525 
Kalman gain, 66 
Kangaroos, 25 
Kautz filter, 515, 517, 633 
Kernel regression, 287 
Kohonen's self-organizing map (SOM), 

149, 150, 270 
Kolmogorov's theorem, 251 
Kolmogorov-Gabor polynomial, 581 
Kuhn-Tucker equations, 107 

Lagrangian, 107 
Laguerre filter, 515, 633 
Large residual algorithm, 103 
Lattice-based approach, 191 
Lazy learning, 294 
Learning, 19 
Learning rate, 255 
Learning vector quantization (LVQ), 

155 
Least mean squares (LMS), 291 
Least squares (LS), 29, 36, 253, 254, 

256, 269, 271, 272, 276, 313, 323, 
327, 331, 332, 334, 338, 351, 363, 
365, 402, 408, 428, 441, 484 

Leave-one-out method, 170 
Levenberg-Marquardt method, 105, 255 
LlLC,l71 
Line search, 91 
Linear constrained optimization, 57, 66 
Linear dynamic system identification, 

457 
Linear matrix inequality (LMI), 608, 

616,617 
Linear model, 219, 593 

Linear optimization, 35 
Linear parameter, 36 
Linear parameter varying (LPV) 

system, 419, 564 
Linear parameters, 19 
Linear regression, 36 
Linearization, 416 
Linguistic fuzzy model, 304 
Local estimation, 352, 356 
Local function, 212 
Local linear model (LLM), 342 
Local linear model tree (LOLlMOT), 

178, 341, 365, 391, 601, 655, 660, 
677, 683, 691, 726 

Local linearization, 411, 416, 419, 608 
Local minima, 80 
Local optimization, 187, 188, 200 
Local quadratic models, 400 
Local state feedback, 602 
Locally recurrent globally feedforward 

networks, 645, 648 
Logic operator, 302, 315 
LOLIMOT,12 
Look-up table model, 219, 224, 660 
Loss function, 28, 29, 34 
LS estimate, 40 
LS for linear FIR filters, 38 
LS for linear IIR filters, 39 
LS for polynomials, 37 
Lyapunov stability, 616 

MA model, 465, 480 
Mahalonobis norm, 144, 244 
Main model, 539 
Mamdani fuzzy model, 304 
Marginal density, 742 
MARS, 9,179 
Matrix derivative, 735 
Matrix lemma, 63 
Matrix polynomial model, 540 
Max operator, 302 
Maximum a-posteriori (MAP), 32 
Maximum a-posteriori method, 32 
Maximum likelihood method, 30, 481, 

755 
Mean, 745 
Membership function (MSF), 300, 697 
Memory-based network, 287, 288 
Merging, 378 
MIMO model, 209 
Min operator, 302 
MISO model, 209 
Model complexity, 157 
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Modified Gram-Schmidt transforma-
tion,42 

Momentum, 100 
Monte-Carlo method, 116 
Multi-objective optimization, 172 
Multi-step truncation, 567 
Multilayer perceptron (MLP), 10, 141, 

246, 249 
Multivariable systems, 537 
Mutation, 120, 123, 128 

NARX model, 547 
NDE model, 583 
Nearest neighbor, 270, 288 
Nested optimization, 115, 256 
Neural gas network, 152 
Neural network (NN), 19, 211, 239 
Neuro-fuzzy model, 341, 391, 601 
Neuro-fuzzy network, 310, 323 
Neuron, 211 
Newton's method, 96 
Noise assumptions, 54 
Noise model, 463, 528 
Noise transfer function, 463 
Non-parametric methods, 458 
Non-parametric models, 458 
Non-significant parameter, 50 
Non-smoothness penalty, 180 
Nonlinear control, 709 
Nonlinear global optimization, 113, 325 
Nonlinear least squares (NLS), 29, 102 
Nonlinear local optimization, 79, 323 
Nonlinear parameters, 19, 79 
Nonlinearity test, 1 
Normal distribution, 741 
Normal equations, 42 
Normalization side effect, 312, 319, 377, 

378, 382, 443 
Normalized radial basis function 

(NRBF) network, 283, 287, 349 
Null hypothesis, 174 

Occam's razor, 162 
Omine learning, 81 
Offset, 346, 529 
One-step prediction, 2, 604 
Online adaptation, 421, 713 
Online identification, 531 
Online learning, 82, 420 
Optimal predictor, 471 
Optimization, 4, 23, 24 
Ordinary truncation, 567 
Orthogonal decomposition, 42 
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Orthogonal equations, 40 
Orthogonal least squares (OLS), 9, 12, 

72, 178, 220, 224, 254, 274, 279, 286, 
325, 404, 636, 691 

Orthogonal regressors, 48 
Orthogonal variables, 750 
Orthogonalization, 70, 73 
Orthonormal basis functions, 512, 631 
Orthonormal basis functions (OBF) 

model, 469, 509, 512 
Orthonormal regressors, 48 
Outlier, 29 
Output error, 483, 556, 604 
Output error (OE) model, 468, 499, 630 
Output feedback, 482 
Output layer, 239 
Output layer weight, 252, 268 
Output neuron, 239 
Output weight, 241 
Overfitting, 165, 166, 358, 374, 605 

P-canonical model, 539 
Parallel distributed compensation, 608, 

617, 641, 642 
Parallel model, 555, 605 
Parameter optimization, 351, 372 
Parametric methods, 458 
Parametric models, 458 
Parametric Volterra-series, 583 
Pareto-optimal, 173 
Parsimony principle, 162, 371 
Partially recurrent networks, 645, 646 
Partition, 198 
Partition of unity, 226, 284, 290, 308, 

312, 326, 342, 383, 410 
Partitioning, 362 
Penalty function, 108 
Percentile, 175 
Perceptron, 247 
Plant, 18 
Polynomial, 397 
Polynomial model, 219, 221 
Population, 120 
Prediction, 2, 471, 555, 604 
Prediction error, 477 
Prediction error methods, 476 
Prediction horizon, 2 
Predictive control, 477 
Premature convergence, 131 
Premise parameter, 314 
Principal component analysis (PCA), 

8, 139, 273, 383, 551 
Prior, 181, 282 
Prior knowledge, 181, 320, 514 
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Probability density function (pdf), 30, 
741 

Process, 18 
Product operator, 302 
Product space clustering, 154 
Projection pursuit learning, 141 
Projection pursuit regression (PPR), 

262 
Projection-based structure, 195 
Prototype, 142 
Pruning, 178, 184, 337, 378 
Pseudo inverse, 42 
Pseudo-linear, 494 

Quadratic programming (QP), 67 
Quasi-Newton methods, 98,255 
Quenching, 118, 120 
Quenching factor, 120 

Radial basis function (RBF) network, 
264, 267 

Radial construction, 244 
Random variables, 739 
RAWN,254 
Real time recurrent learning, 536, 567 
Receding horizon strategy, 710 
Recombination, 120, 125, 129 
Reconfiguration, 732 
Recurrent model, 556 
Recursive algorithms, 82, 531 
Recursive extended least squares 

(RELS},533 
Recursive instrumental variables (RIV), 

532 
Recursive least squares (RLS), 36, 60, 

236, 279, 291, 422, 428, 446, 482, 
532,632 

Recursive maximum likelihood (RML), 
535 

Recursive prediction error (RPEM), 
534 

Recursive pseudo-linear regression 
(RPLR},534 

Regression coefficients, 36 
Regression matrix, 37 
Regression vectors, 37 
Regressor, 36 
Regularization, 8, 12, 33, 49, 179, 256, 

359,756 
Regularization technique, 355 
Regularization theory, 281 
Regularizer, 282 
Reinforcement learning, 23 
Residual, 41 

Resolution, 199, 300 
Ridge construction, 242 
Ridge regression, 49, 75, 181 
Roulette wheel selection, 129 
Rule consequent, 391, 421, 636 
Rule firing strength, 303 
Rule fulfillment, 303 
Rule premise, 391, 428, 606 
Rule structure, 315 

Sample adaptation, 81, 82, 255, 567 
Sample mode, 81, 567 
Scattered data look-up table, 292 
Schur-Cohn-Jury criteria, 615 
Second level learning, 124 
SELECT, 729 
Selection, 121, 125, 129 
Selection pressure, 130, 131 
Self adaptation, 124 
Self-organizing map (SOM), 149, 150 
Self-similar structures, 403 
Sequential quadratic programming, 108 
Series-parallel model, 555, 604 
Significant parameter, 50 
Similarity measure, 142 
Simplex search method, 86 
Simulated annealing, 116 
Simulation, 3, 471, 555, 604 
Simulation example, 594 
Simultaneous backpropagation, 567 
Singleton, 284, 302, 307 
Singleton fuzzy model, 307 
Singular value decomposition (SVD), 

42, 140 
SISO model, 210, 537 
Small residual algorithm, 103 
Smooth hinging hyperplanes, 439 
Smoothing kernel, 58, 59 
Smoothness, 374 
Soft knowledge, 321 
Spectral factorization, 476 
Splines, 223 
Splitting ratio, 376 
Spurious parameter, 50, 180 
Stability, 509, 533, 558, 560, 603, 613, 

631, 646 
stability, 608 
Stability/plasticity dilemma, 153, 360, 

420, 422, 445 
Staggered optimization, 116, 186, 256 
Standard deviation, 268, 276, 324, 749 
State recurrent networks, 647 
State space model, 505 
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State space system identification 
(4SID), 541 

Static nonlinearity, 550 
Static test process, 216 
Stationarity, 744 
Statistical tests, 174 
Steepest descent, 93 
Stepwise selection, 69, 71, 178, 275 
Stochastic model, 465 
Stochastic optimization, 120 
Stochastic process, 743 
Strategy parameter, 121 
Strategy parameters, 124 
Strictly global function, 211 
Strictly local function, 212 
Structural risk minimization (SRM), 

172 
Structure optimization, 176, 179, 198, 

362, 372, 404 
Subset selection, 67, 68, 70, 75, 220, 

224, 254, 274, 279, 286, 636 
Subspace method, 541 
Supervised learning, 23, 28 
System, 18 

T-conorm, 302 
T-norm, 302 
Tabu search, 135 
Takagi-Sugeno fuzzy system, 309, 347 
Tapped-delay lines, 549 
Tensor product construction, 245 
Terminology, 465 
Test data, 168 
Test error, 167, 168 
Threshold, 241, 249 
Tikhonov regularization, 52 
Time series, 465, 478 
Time variant, 64 
Time-delay neural network (TDNN), 

549 
Total least squares (TLS), 155 
Tracking, 64 
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Training, 19, 253, 269, 591 
Training data, 168 
Training error, 168 
Training with noise, 184 
Tree structure, 198 
Two-stage method, 544 

Unbiasedness, 755 
Uncorrelated variable, 750 
Underfitting, 165 
Universal approximator, 160, 251, 252, 

268, 300, 392 
Unlearning, 237, 422 
Unsupervised learning, 23, 24, 34, 137, 

270 

Validation data, 168 
Validation error, 168 
Validity function, 342, 343 
Variable metric method, 98 
Variance, 745, 748 
Variance error, 161, 163, 431, 527 
Vector derivatives, 735 
Vector quantization (VQ), 149 
Very fast simulated reannealing 

(VFSR),119 
Vigilance, 153 

Weight, 181 
Weight decay, 181 
Weight sharing, 184 
Weighted least squares (WLS), 29, 55, 

353 
Weighting function, 343 
White box model, 15 
White noise, 751 
Wiener model, 553, 585 
Winner neuron, 150 

Yule-Walker equations, 480, 481 
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