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s(t): Signd Lobo) dwgn puicio j (o (o2

@jle o (Lol oy a5 S(1) 51 o udgi JUSw Z(1)
Z(t) = g(s(t), v(t),t)

:}‘ Sl

v(t) : noiseor disturbance

bansgs (1) JUiopms 31 0ok (5 35 0310 y330in by Jims (55 (0 (1) Jko sl &

z(t) = g(s(t), v(t),1)

= measurement of s(t)
o

5(t) = signal

————3 Sensor
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Z(t) = s(t) +v(t)
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3(t) = g(s(t), v(t), 1)
s(t) = signal = measurement of s(t)
——3= Sensor -
v(t) I
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Z(t) = s(t) +v(t)

ol e o ol JUSKw 2 3295 5| mogi' gy o yioden okigid qor 195 4z S|
L 398 olod Ol g 009 (g, Ldd (Sdg Cumdld Judoxi 55 Cd g (1 gione |
g0l G gi (lgi (o0d gy (w4 3 1)

W plly 2o 39 Oy (o0 JUKaw p 2o Sl ogi Gleaby) Y590 3

2(t) = s(t) v(t)
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z(t) = g(s(t), v(t), ) Esti $(t) = estimate of s(t)
stimator/
=1 Filter
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(Estimator ) ySouwoss
S0l a0 (A5 ek 39y (atien 3 09, yo 4T Hekilen
tolos 50 Z(t) 31 ool 2ol & Wyguo art ylo 30 §(t) ousih 03 oty lukdie .
Wbl oo T ol 03b ST 0 Z(7) polio I (ml Suesd Hlade asly
Causal Estimator:

§t)=a({z(r): o <T<t},t)

Non-Causal Estimator:
§t)=a({z(r):—o<r<t+a},t)
Where, a>0
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Causd Linear Estimator:

t

&) = j h(t, ) z(z)dr

—0

Al (o0 foaoasd U 4 po Fwly h(t,7) &

Non-Causal Estimator:

t+a . " = . .
&) = J' h(t, ) z(r)dr real time &g a4 Aol o Koo
e Olawloro jo hadd g widius colasw! LB
Where, a>0 Ayl 8 5 off-line
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h(t,7) = h(t—7) P ek &

120 5 5(t) arpd @b Jlos! T3l a1t ol 55 Consl yRisons 415 Gewly (1) 45

Linear Causal Time-invariant Estimator:

t

&) = j ht-7)z(z)dr = h(t)* (1)
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§(t) = j h(t, 7)[s(z) +V(z)]dz

—o0

= T h(t,7)s(z)dz + T h(t,7)v(z)dr
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S(w) = H(0)S(w) + H (0)V ()
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o3 figod 1555 O jlus 41 03 y9uc |y S(0) Jiiw 3 08,5 @80 1, V() 319
a5 09l b (gl digS A Wil )8 0385 0 Conl

H (@) S(®) = S(w)
H(o)V(0)=0
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z(nT) =g(s(nT),v(nT),nT) — z(n)=g(s(n),v(n),nT)
.Sl p diged o) il cawl wyle T as

8(N) oS wlg 3l o9t walss e (aesd (g a1 Lo 4 5590 luse I (1l 5o
§ e yolio 31 sl o3 o Z(i) 31 oolizl b S(N) 3

19g0d (Byxo ) p13 (M5 p 8 lgine (e Fomed S (i 4 a5
8(n) = a({z(i): —0 <i <n},n)
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8 =3 h(n.i)z(i) (115)
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The noncausal discrete-time counterpart estimator:

8(n) = f h(n,i)z(i) (1.16)
q; positive integer
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asb Nl gl b h(n,i) KU 51 ki g 51 canl LTI Soowss G (1.10) JSwesd
S

h(n,i) = h(n—i)

el ABlgs 40 ) O ygeo Ay OYolee cdl> ol 4o

&(n) = Z h(n—i)z(i) = h(n)* z(n) (1.18)

Estimation Theory 18
by: Dr B. Moaveni




el WM‘M‘

-v—_i— |

mntrnlcn gineers.ir
Q(a u)ntrolcn,,mu rs

solu ySisass Sy ) Jlio

s(n)=s ieSileo yiled
z(n)=s+v(n), n=12,...

eeSlen yiled 31 0sliul

&) =%[z(1) 122+t 2()] = s+%[v(1) V(D) + ()]

}
M= hndzi) - h(n,i) =% b A Sl ’;”
|
ROW RN PE R FISUF CON ¥ FPRSCT IV
Estimation Theory 19

by: Dr B. Moaveni

controlengineers.ir
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DTFT: S(e”)= > s(n)e "

(1.18) S(e"”) = H(e")Z(e")

tJUSKaw (5 yio by (o

il y23 )0 a4 by BB duenS JUSw SO oo 1,15 5 g5k 5o

q
s(n) = ZQJ 7;(n) (1.20)
= 0,,0,,...,0,: constant as parameters of signal
71(n),7,(n),...,7,(n): known function of n
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If s(n)=s — O=s
y(n)=1

Q.
Ity (m=n" . sn)=6n" (1.20)
=1

l

G5 03Il yolio wluwl 3 6,,0,,...,0, byl (s Lxisl 5o (ol dluwo
z(n) = g(s(n),v(n),nT) o

l

(Least Square) s iz yo oy 28z sS b3 1 J> ol
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Ll Sl
Xy, (1) = AX(t) + B, , (1) (1.21)  State model
Z,,(t) = Cx(t) +Vv,,,(t) (1.22) M easurement equation

w(t): processnoise
v(t): measurement noise

o3listw! b ol b cdlo 31 Swodts oylaie 4 X(1) adgi 9,5, ol 5o Lol Aluce
07 <t @y Z(7) ouis plowil gl (g5 031051 5

Kalman-Bucy filter: % = AR(t) + K (t)[ z(t) - CX(1)]
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w:[o 1}x(t) where: x(t):{),(l(tq
d |0 O %, (t)

a5 55 03l g5 (1H10 yurio S Wyguo w5 CaxBgo Hloly S ol 4o
wled (oo &yl 5 &g
2(r) =% ) +v(t) =[1 O] x(t)+v(t)
l Fl(t)
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(Tracking an Object) Jlw
Y oleo Cawl o3 1 s lod (o0 Joe ylo) 0 S O g0 a4 b (oo el
g Ayl lo 3O A O g0 4 LI
@ — eAT
T
{Xle(t) = A1)+ B, () TI'= j eV Bdr x(N+1) = dx(N) + T w(n)
Z,4 (1) = CX(t) + V4 (1) 0 z(n) = Cx(n) +v(n)
iJBo (ol 6l a4z 5o
17T
X(n+1) = x(n
(n+1) [0 J (n)
z(n) = Cx(n) +v(n)
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WD) e lgl o0 Cdls glad Jow i soluwl LTy by JUSew 1 asews ¢yl

sV (t)+a,  s" V() +--+asP (t) +a,s(t) =0

(1) = s(t) o)

x®=s"0 __ g =0

: s(t)=Cx(t) ——— Z(t) =Cx(t) +v(t)
%, (t) =" (1)

: o - :
A= , C=[1 0 - 0
0o - 0 1
—8 & v
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O Ao 4 (ylgi (o0 1y 0l Zskae ol 51 ey 45 L o by (et Allane
2,5 Jo googed Jow cdlo gy o

(1.20) « s(n)=zq:l9,-7j(n)

= x=0, i=12...,q

it Sl gl b aSCal 4y 4z

X(N+1)=x(n) - =1,

—  s(n)=y(mx(n) — z(n)=y(n)x(n)+v(n)
S N sv.gl.'f 60U 00 (yaosid ol o Sl Q.ﬂ 30 Sl PSR as M,fdl.o.b
il Wples ;Ko 2Bly wolio Coow 4 ylo) CbdS L as
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Olas o (1 305 (w9 31 eolisiwl b JUSw (sl yiol )y (oo
4 2 35 515 o | Wi JUiSss Sy
@20) o s =30y,m = s =70
0,,0,,...,0,: constant and unknown =

71(N), 7,(n),..., 7,(n): known function of n

) =[nm) - y,M]

M easurments of signal: z(n) = s(n) + v(n)

31 oolistwl LNT yloj 3 Coml @ cyoddd ylgie 41 O(N) 8l Buw b alie
Z(l)! 2(2)1 R Z(n)
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Olas po (99 05 (g 3l eoliiwl b JUSw b yol sy (poss

Iy 8(N) olee b gosas JuSuw olgino O(N) oo 68 cymodes lodio 31 oolisu! U
il oo S(N) 28y JUSw I a5 c L
s(n)=y(no(n),  (1.34)
39 Olgiso A(n) 3 ool b 1< 63 58 1y JUSw I (Snads p3lio (yuizmad
bl HLas
&) =r@0(n), i<n (1.35)
Sl b O(N) comeds (145 39 &)l 15 yguo & 1y i laspo £ 900 ylgins Jl>

(1.YF) alasly 50 Sl po ggomo wbl v(()=0, 1=12,,n g0o9 »ly ¢
LS walgs Jao

SS.=[2) -8 +[2(2 - 8] +--+[2(N) - &n)]’ (1.36)
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1 ygeo (o 50 .0g0s soliiwl O(N) A S (55 G

o(SS 5 ;
5S) _ ar[z,-r,dm]=0 — rrém=rz, (1.38)
06(n)

ol 51 0(N) dsmwlxo (sly B byl l
eSre ;530 & las 4 by g akal,

a5 conl ol TUT, o092 iy é(n)=[rr ]ferz (1.39)
,A..:)L! q ﬁ‘ﬁ rn w.)-."u Mb..) n n n n
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Slay yo 1 yioS g 3l eolasw! b JUSKuw (s yiol yly oo

(Recursive Least Square) wle wo ¢y yoS o9y ouind 3k o 39
SHp N Hlado a5 Sl 50 Glawlre Sufoww (1) 0 de po a5 g3 b
Slay o o1 yioS gy Lo il sy ONNINE asslono 43 5L (V) 9 99 (o0

ol 4l &1 (RLS) i3

el (g 3 BB (SOl s sl (Jwyo 4 5 ¥ oleo 3l ooliiul b

1—IJrlszrl = rl Zn + }/T (n +1) Z(n +1) (140)
F-I'I;Jrlrml = FIFn + 7/T (n +1)}/(n +1) (141)

ol (63w woSire dmdd 3l ool b

[rLlFM]l=[rﬁrn]l—[r"r"} ! (n+1);/(njl)[l“nl"n} (1.42)
L+y(n+D[T70, ] 7" (n+1)

Estimation Theory 33
by: Dr B. Moaveni

controlengineers.ir

RLS Gba 5 ool b Jims (sla yholyly crmocts
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n+l n+1

on+)=[T1I,.] Th.Z

(il pualss (LFY) 55 (1.F) 5 (LFY) ol b
A(n+1) = 6(n) + K () [z(n +1) - y(n+1)é(n)] (1.44)

[T, ] 7" (n+D)
1+y(n+)[TIr, | 7 (+D)

K(M)ga = (1.45)

Estimation Theory 34
by: Dr B. Moaveni

17



£ controlengineers.ir
© @controlengineers

RLS gy 3l eolasiw! b JUSKuw b yiol sl o

]
ol [T000] 5 K (n) ol olyine (1Y) 5 (1) dlal 4 agi b
Sl plil  SUiS 5U

o SR 1 o R L IS VI S LY
e mr 1+ p(n+ [T, ] 7" (n+D)

=[rTr, ] - KM)y(+[Tr, ] =(1 -KM)y(n+D)[TIT, ]

B PR ALY
R =[rar,] T Trp(n+ DRy (n+1)

A(n+1) = (n) + K(n)[z(n+1) - y(n+l)é(n)]
P..=(1-K()y(n+D)P,

n

3
7

Estimation Theory 35
by: Dr B. Moaveni

controlengineers.ir

RLS gy 3l eolasiw! b JUKuw b yiol 5l o

oSS dg 50 (LS) Wlasyo 995 51 35 590 jlows (RLS) (i 5L wlay o b
Dy (o0 4185, &

:RLS (g, 3l eoliiw! pauas 30 mbo G

Hlado 51 (Ml g )S51.0,10 5L 0 (o5 adyl jlaie 4 RLS by —
Cd,S G 30 Jho plp |y ol Hlade e & b allas 0g2g adgl

r )‘A.ﬁ.n MT Cawas I A.L'>).o 3o M‘g.u.o u.wl.m ‘5& u.».n:u Q"J" —
RRLER l—‘-rrl—‘r owylo QT Gl &S Canl o Hlado (p BSgS
WSl (oo gy

45 29 (PO o vty 55N £9 040 50 el @3 5 Foomsile lade —
- B=al, a>0 3l el Ojyle ol Gl cewbio Slpaciiy

Estimation Theory 36
by: Dr B. Moaveni

18



# controlengineers.irj
© @controlengineers

Jle
y(n)=1
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w, 0 O
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Q(a )controlengineers'

(WLS) suis salo 039 ©lrs po (99 oS o9,

Weighted L east Square: A .
o(m)=[Tw,r, | Tz,

Weighted Recursive Least Square:

™ 0 0
n-2 .

If W, = 0 ao .0 0 O<a <1 forgetting factor
0 0 1

[riw,r, ] 7 (n+1)
a+y(n+[TIW,L, ] 7" (n+Y)

|:F-|:+1Fn+1:|71 :(I - K(n)}/(n'*'l))':rlwnrn:rl

K(n)qxl =

Estimation Theory 39
by: Dr B. Moaveni
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(WL S) couis 0013 39 lay po 43 yi0S o9

Recursive L east Square with Forgetting Factor:

(n) = Py (n+1) O<a <1 forgetting factor
a+y(n+YPyT(n+1)

O(n+1) = 6(n) + K(n)[z(n+1)— y(n+1)é(n)]

I -K(M)y(n+1))P,
_( y )4

P

n+l

Estimation Theory 40
by: Dr B. Moaveni
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LS (o9, 3 eoliiuw! b b el (yunsks
X(N+1) = @y, X() (1.54)
z(n) =C,  x(n)+v(n) (1.55)
B (515 031031 31 oolisiwl b Cowl b o (moss Bud b aslivo
2D, %2, -, zn)

S 39 Olg (o0 1) (1LOF) doleo owl pdy (woSro @ (o yilo aSCul (03 L
10g0d Jo ) Wjgo 4 wSs

x()=®d "x(n), i=12--,n (1.56)

Estimation Theory 41

by: Dr B. Moaveni

controlengineers.ir

LSu»”)l oéLb.w‘bLbs.Jl} u..uo:u

:1.05) G (1.0F) Lalg,y 31 soliiwl b

z() Cx(1) v(2) cCo ™ v(1)

2(2) _ Cx(2) .\ v(2) _ Cp "2 X() + v(2) (L57)
z(.n) Cx'(n) v(.n) C v('n)

—>  Z =Uxn)+V, (1.58)

gl ) Dyge0 A oled (o |y Ol po & goxo @b Azl yo

SS.=[Z,-Ux(M] [Z,-UxN)] (1.59)

Estimation Theory 42
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LS gy 3 eolasimwl b b Cdl> ok

3918 31,8 5o sobwo g X(N) a3 s (1.09) aoleo 31 S5 Gion 38,5 b
1wl dwlzo BB 3 Gygo 0 Sl b o pos

x(n=[uju,] vz, (1.61)

edls pudlgs O pdy cody g il jl (b wjgo s Uy o yilo (omagiil b

C
Co
O,=| . |: observability matrix = U,=0,®""
C(anl
— x(n=o"'[0lo,] Oz, (1.67)
Estimation Theory 43

by: Dr B. Moaveni
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LSu»”)l oéLb.w‘bLbs.Jl} u..uo:u

1 g ol ouls ol @t doleo ool jo a5 wdd o LS (1.PY) doleo @ a4 g
Lo D (5 9Sx0 0SS guxe (f 50 4 (5L

x(n)=o"*[0]0,] 0z, (1.67)

w5z O Lt plo 4 Cal ol (15Y) dslee pgas y5 dogi ol 4SS
Wyle 4l gadl pdy weSao O[O0, il 51k g Sl iy
Al iy Cady (1.00) 9 1.0F) o slas Juo 550
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RLS gy 3 eolasiw! b b Cdl> puoki

X(n+1) = ®X(n) + K(n)[ z(n+1) - CDX(n)]

PC’
K(n)=——_——
" 1+CPCT
P..=®[I -K(n)C]Ra®"

7, =ar[0]o, (o7

Estimation Theory 45
by: Dr B. Moaveni
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10,5 (o0 g 315 L ygeo 1 (e glas
X(n) = x(n) - X(n)
(2P )
Z, =U x(n)+V, =0,0""x(n)+V,

x(n) =@™[0]0, ] O [ 0,0 "x(n) +V, ]
= () =x(n) +®"*[0]0, ] OV,
— X(n)=x(n)-(n)=-0"*[0]0,] "QlV,
V(N) 3395 aold b 318 pudtsuns bLI | cpmodts sllas diols 45 wbS oo oL abasly oy
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oAt

ad
u'/'.;Jf, KA

gy S ol g o (65950
Lecture 2

Sola b JUSww
obai (69959 b (sl puw g

controlengineers.ir

40 A0

2(n) = g(s(n), v(n),nT) 35 03Il jlade 31 s(n) JUSw (pmocd dlluo yo @
Gibw Joo 100 (SS (o0 et (SOl g0 4 Ygoro v(n) S oy
Oaxed . Cawl (Solai la JUSuw (0905 Algo 5 Wi jld v(n) 295
@ 5L ol a5 abl 3olai (b e Jold s(n) JUSauw 3,15 Sl
B (o0 LS (gl 31 e 1 (Bl JUSw (g5 Joo 9 o gi

TS asgazeo 31 GiulojT Sy (Koo gl olusl r (Hobai piio Sy @
D9 (g0 iy p5 S
bl (0 S rolasy asgezmo 35 A dlaygy S 0

S: Probability Space

Estimation Theory 2
by Dr B. Moaveni
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ol b o
dcgozo & S dacgozmo jl (Ul Cawl Oyl x (Solai o S ¢
i slue]

aeS - X(@)eR
X#0
X(a)=0
:oo)f ooliiw! i ) g bg LSl Cawl (Sow I @

o, < i"trid = x(i)=x(¢) where,i=12,...

sample redlization

S
} of random variable x
sample values

Estimation Theory 3
by Dr B. Moaveni
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ola b o
owles P(A) L1, S sasls Fy acgozxo 31 A axdly yols &y Jloxs! @
ROV R <P
P(A) eR"
1w §olo gy OYoleol g WYOlo AcS lp ®
0<P(A<L1 (2.2)
P(S) =1 (2.2
AcS ’
BcS P(AuB)=P(A) + P(B) (2.3)
AnB=0J
Estimation Theory 4
by Dr B. Moaveni
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obai b o

AcS
BcS P(AU B) = P(A) + P(B)— P(AN B) .
ANnB=J
{P(@) =0 .
23 = _
P(A)=1-P(A)

L S (Probability Space) Jled! glad jo X Holai juiie S °
03,5 o0 asieo OT Jia! 20395 &b 3l solawl

F.(X)=P{aeS:x(a)<x}

L 5858 X Holai i jlade a50s] Jlosis| )l cawl O y)le Fi(X)
Sl X i ylade (gglues

Estimation Theory 5
by Dr B. Moaveni
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(olai sl o

FB LT 3590 50 pj O¥olroe Jlodio| aeje8 @il iy i dazgi by
Aol (o0 Az gd

(2.4)

F,(-0)=0
F (0)=1 }

0<F,(x)<1 forall x (2.5

If x, <% = F(x)<F(X) (2.6)

R e U S Jlosiol 20595 @b a5 a0 (o0 (LAS (V.7) bl
.Cw! (non-decreasing)

Estimation Theory 6
by Dr B. Moaveni
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ola b o
B 3 bl Jloas! JBEs ab 5 ooliswl b X Bolad piio ,»
OT Jea! 20395 @b Godeo 31 ol O y)le &bl a5 Cowl o g
d (olai i
f.(x)= = F (X) (2.7)
X
27 = F(X= j f (xdx  (2.8)

1099 wlgs rlociw!l bB p) OYolw (Y.A) g (YY) Wilgyasg b @

T f (X)dx=1

Estimation Theory 7
by Dr B. Moaveni
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Solai b yuxio

109 wodles zlociwl B pj OYolee (Y.A) g (YY) lulgyaases b @

If X, <x,eR = P(Xx <x< xz):FX(xz)—FX(xl)zf f, (x)dx
X

Most likely value of RV x:

X| max[xr fx(x)dx} - %:0

X=&

Estimation Theory 8
by Dr B. Moaveni
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S={working normally, not working normally}
P(working normally) = 0.9, P(not working normally)=0.1
10ged L p1i ) Wyge dl) X (HBOLaT e el (o0

x (working normally) =0,  x(not working normally) =1

= The Probability Distribution Matrix:

0, x<0
F.(X)=P{aeS:x(a)<x}=409, 0< x<1
1, x=1

= f,(X)=0.90(x)+0.16(x-1

Estimation Theory 9
by Dr B. Moaveni
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(olai sl o

S=[-1,1] SIS &i9 b (Bolad o 1 Jlio ©

X(a)=a
(diwgn) Jloo!l 2595 20

x<-1

=0.5(x+1), -1< x<1

1<x
0.5, 1< x<1
= f (x)= .
0, otherwise
Estimation Theory 10

by Dr B. Moaveni
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>obad 5o piio

X(a)=a
(x-)? e .. . o
f (x)= 1 e 2:2 (WP &Y PAL e
* O 04 , . . .
n . real number
o positive number

X=n=2: most Iikelyvalué

11
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P B 9 b 2598

X: RV
S: probability Space
Ac S: Aisanevent
teb b 2 @b

P({a eS:x(a)< X}m A)
P(A)

by S

F (I A)=P({aeSix(@)<x}|A)=

dr, (x| A)

f (X[ A) = ™

Estimation Theory 12
by Dr B. Moaveni
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b i B 9 Db 20598

0, x<-1 JLM, °
F.(X)=P{a e S:x(a) < x} =10.5(x+1), -1< x<1
1 1<x

A={xeS:0<x<1 = P(A)=05

0, x<0
P({aeS:x(a)<x}nA)={05x, 0< x<1
0.5, 1<x
0, x<0
= F.(X|A)=1X, 0< x<1
1 1< X
Estimation Theory 13
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olai o 3l &b

V¥ : rea valued function
y=¥(x) = Y(@)=¥(x(@))

:Jbo ©
y(a) =¥ (x(@))=ax(a)

F(Y)=P{aeS:y(@)<y} = F/(y)=P{aecS:ax(a)<y}

= F,(y)= P{a eS:x(a)< %} =F, (%)

Estimation Theory 14
by Dr B. Moaveni
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olad o SO HglllS

X: RV
f, (X) : probability density function

i moment of x E| X |= T X £, (X)dx

Sl b (ilee Hludio [y (Solai piio S Jgl abidS @ ool 5 vl @
o8 Jlodo| JB &l J 55 40 b puiito o (L,

E[x]= T x f (x)dx

l N
X%y > E[]==D X
i=1

Estimation Theory 15
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x: Uniformly Distributed RV Jle o
1
X <X<X, = L (X)=——
X=X
= E[x]:jxfx(x)dx:_[x 1 dx=2"%
S N X 2

95 (Bl e Sy (pSSleo o Lo

(x=n)?
e 202

x~N(n,6%): f(X)= \/%G

Estimation Theory 16
by Dr B. Moaveni
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G.eaLwW Y bovi 3

EIIC R NI SUPTIRE P < T RV-IR EPW I

— E(X)=7n: most likely value

109 4 yo jolidS

E[x]= j x*f (x)dx >0  : mean of the square/ mean square

N
XX, Xoreo iy Xy E[xz]z%;ﬁ

Estimation Theory 17
by Dr B. Moaveni
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SHolal o S Hlao Bl il g il g

Byt Sy il g
2
Var[x] = E| (x-7)’| el o § alold ygimo (0l 5 ol

n: mean of X

Var[x] = T(x—ry)2 f, (X)dx= E[xz]—(E[x])2

2ol o SO Hlo Bl il @
o= ‘/Var[x] ‘ss.bl.a.: o &) uMJ'L.’.)‘S )‘3".

Estimation Theory 18
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SHolal o S Hlaeo Sl il g il g

x: Uniformly Distributed RV Jlo ©
1
X <X<X > f (X)=——
-X%
© Xo > 2
= E[Xszj.Xzfx(x)dxzj'x2 1 dx = XXX
—0 X X, =X 3
> Varl] = E¢]~(EX)’ =X ”23X1+X2 X +2Xixz+x2 (x112x2>

9 CS 1Py &9 mogi (5l il ylg 9 (il Hlado (092 polro td>gi ©
WS 08 Co S aasin 90 ool (LS Sl o (Sdg conl S Gw,f &5

Estimation Theory 19
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S o 22598 b (Bolai o 90

X, y: Jointly Distributed RV's

Joint Distrbuted Function: ~ F,(x,y) =P({x<x,y<y})

O%F, (%)

Joint Density Function:  f, (X, y) =
y oy (% Y) ox0y

= P({x<xy<y})=[ [ f,,(xy) dxdy

—00 —00

f,00=] ., (0 ) dy

)= [ f, 00y o

Estimation Theory 20
by Dr B. Moaveni
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Sy 22398 b (Bolad piio 90
S yldio 22598 b (Polai piiio 90 (L8l ) del @
EDy]= | [ %y f.,00y) dxdy

X, y: Uncorrelated RVs <« E[xy] = E[X]E[Y]

Y 9 X il ylges

Covix, y] = E[ (x—E[X])(y-E[Y]) |~

X, y: Uncorrelated RVs «> Cov[x,y]=0

Estimation Theory 21
by Dr B. Moaveni
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S o 22598 b (Bolai o 90

Jowo  Solai o go ©
S Al o0 odilgs o (Holai purio 9o

F,(xY)=FXF(y) = f  (xy)=fXf(y)

(uncorrelated) diumod e bl o Solai it g0 )51 :as g5
. : * . n .ﬁ.‘

 sholal yuiiie 9 3l omlb @

z=¥Y(x,y) —— E[z]:J'j‘P(x,y) f., () dxdy

—00 —00

Estimation Theory 22
by Dr B. Moaveni
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S o 22598 b (Bolai o 90
:Jlo
Z=X+Yy = E[z]=E[x]+E[y]

— Ifx,y areuncorrlated = Var[z]=Var[x]+Var[y]

—, If x, y areindependent

= 1= [ LZ-NT,MY =" 1,0

x: N(1,,0?) A
. 2 H H . 2 2

y: N(n,,07) = z=x+YyisGaussian: N(7, +7,,0, +0,)

X, y areindependent

Estimation Theory 23
by Dr B. Moaveni
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S yino 258 b (Polad purio g0

: & o e ‘ . °
x, y: Jointly Distributed RV's P b @i &l

{&S&

where, are real numbers

Conditional Distrbuted Function:
P{y<y,x <X<X}

F (Y4 <x<x)=P({y<y}x <x<x,)=

P{x <X <X}
Xy
where, P{y< y,)(l<X£X2}=II f,.,(%y) dxdy
¥ —o0
P{x <X <X} :f f () dx
X
Estimation Theory 24

by Dr B. Moaveni
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S o 22598 b (Bolai o 90
brh S8 il e

f, (X y) dx
OF, (Y% <x< X)) Jl ’

(Y% <x<x)=

2 Ifx(x) dx
X
X+AX
X =X J oo ) ax
If cinx f(Y[X< X< X+ AX) =2 — ~ fy .
X2_ J‘ fx(X) dX x(x) X
f (X
_&x=>0 f(ylx=x)= lim fy(y|x<x£x+Ax):%
Estimation Theory 25
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J).uw.o ca)ga bgsﬁ.bbaa JaRo0 9O
:Bayes akl,
xy (X Y)
= BP0 G £y =01,
= fylx=x=
N YY) f,(
similarly: fx(x|y_y)_W
Estimation Theory 26
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S o 22598 b (Bolai o 90

Z=X+Yy rJl
X,y areindependent ; — f,(z| x=x) ="
y~N(0,07)
P{z<z,x=x}=P{x+y<z,x=x} =P{y<z-xx=x}
independence

= P{y<z-x}P{x=x}

1 o
= f(z|x=x)=f,(z-X)= e % 2.45

(2] )= f.( ) x/ﬂoy ( )
Estimation Theory 27

by Dr B. Moaveni

controlengineers.ir

S yien 2395 Ut (HLaT puicio 93

Z=X+y (Byaes akl, ;I sslaswl) : Jlwo

X, y are independent
- f,(x|z=2)="?

X~ N(ledf)
y~N(,,0})
1 _(zn)?
z=x+yisGaussian: N(, +7,,0. +02) — f,(2)= o Aot
27r(af+0'f)
(@x0)?
1 202
(2.45) — f,(z|x=x)= e 29

\/27z0'y

2 7 (2% (zn)® (z-n)?
f(zIx=x)f (X _ \Jox T 0o, o 29 2% ddkeo])
f,(2) V2o 0,

Estimation Theory 28
by Dr B. Moaveni
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S o 22598 b (Bolai o 90
(b (2L 5wl

E[yIx=x]= [ ¥f,(y1x=%) dy=¥(x)

—00

E[®(0]=E[E[y[x]]= [ [ ¥F,(y]x=x)f,(x) dydx

—00 —00

—00

= [ [ ¥, (x.y) dyd= jyf (y) dy=E[y]

—00 —0

—  [E[E[yIx]]=E[y]

Estimation Theory 29
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Slop (Bolad b yuxie

Xps Xy ey Xy . N jointly dsitributed RVson S

% Xy(@)
vectro RV x =| *? | ess, x(g)=| 2
X'N Xy (@)
E[x,]
E[x]= E[:XZ]
—> E[xx]
COV(X) e = E[(X_ E[x])(x- E[X])TJ - Symmetric and P.D.

Estimation Theory 30
by Dr B. Moaveni
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Siloyp Polai oyt

Xy, Xy,..., Xy - N jointly dsitributed RVson S

F () = P{X, S X, X, S %,000, Xy < Xy}

aN
f)=—2% F
«(%) OX,0X, - - OXy, < (%)

Estimation Theory 31
by Dr B. Moaveni
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Ay Sy 90 41 g8 o0 1) (BT 3lo 33 Al JUS o S
810 i led goue
e X(=2), X(=D, X(0), X(@), X(2),...  —> x(n) :ne[-ow,00]

B9 i lod b g diiwd S yilion 2939 b (Bolai (sl o L X(N) a5
Wi (o0 aill ad )b g0 Solai JUSw SO

3905 4yl 5195 (50 13 3900 41 1y Ad o Sy F0lts JUispms 31 Jlio

x(0), (1), x(2),... — X(@i):i=0

Estimation Theory 32
by Dr B. Moaveni
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solai by o Ao sl JUSow

Slasin I oolisuwl b ol oo 1y (Bobas (ylo) 30 dwns JUKw S
Sg0d 8 2o ] (Autocorrelation function)  Kiwwed 395 &b

R (1, 1) = E[X0),X(D]= | [ XOX(D) fpnq (X0, X(D)) () ax()

—00 —00

i,j: integer value

O Lo (Sotumnod oyl e 31 (g )lre (JUSomw S ‘;v-w:w S9> 149

Estimation Theory 33
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olai b jo dwns b LW
x(n+1) =ax(n) b
a0
aeR R(i,))="2
x(i) = a' x(0) . I ,
X(j):ajx(o)}:Rx(u,J)—E[x(u)x(n]—a E[x(0)° ]

a<0 .

| i+j:odd}:> R(.1)<0

17
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solai by o Ao sl JUSow

x(n) : random signa . Jb.o
X(i),X(]): areindependent for al i, j
E[x(i)]=0, Vi
. o E| x(i)* =]
R.(,j)=E[x()x(j)]= [ _ ) R
E[xM)]E[x(])] i#]
= R(i,j)=0, i#]j
= thereisno correlation between the samples of signal
— Random Signal is Purely Random

If E[x(i)]=c #0, ¥i = Thereiscorrelation between the samples.

Estimation Theory 35
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‘Wide-Sense Stationary b JUKew

5105 WSS b 50 duwens SBolai JUSw S

(- E[x(n)]=c (aconstant value) Vne[-wx,x]
(29— E[x()x(j)]=E[x(i+Kk)x(j+k)], Vi, j,k: integer

2 = j=i: E[x(n)z]zcte = Var[x(n)]=cte
bl ol N e 6l3l 4 X(N) il g 9 il

Estimation Theory 36
by Dr B. Moaveni
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Wide-Sense Stationary sl JUSww

b s 397 b (H0LaT o it 31 JSeiio JUSoms S 1425
ol owille 9 (eiilee 1 dails g 51wl WSS e leisy 24598
b el

o S 30 B 29595 plw 5l p g L5 Il jo byl ol

‘WSS sl JUSw (pl9s
R, J) = E[x()x(})] = E[x(Q)x(j -1)] = R.(0, j =)

- lfk=j-i = R(K)=R(0,k) k=0,+1+2,...

R.(k) =R (=k)

Estimation Theory 37
by Dr B. Moaveni
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‘Wide-Sense Stationary b JUKew

(Db 3.99) :JLo

Wiy yhuo (eSilen b Jiaune (S3Lai glo yein 5 JSlite (JLSor ST
;‘b.ﬁgjbﬂ w‘WSSJbﬁ.w&

E[ x(n)* | =Var [x(n)] = 0 = cte

= R (k) = ?5(K)

1 k=0

where, 5(k)={0 0
#

S (o0 B poi |y §98 Slasio b JUSuw tam g

Estimation Theory 38
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Wide-Sense Stationary sl JUSww

WSS JlSww : JLw

x(n) = w(n)+ w(n-1)

where, w(n): white noise

E[a)(n)] =0
E[a)(n)z} =o?

= E[x(n)]=E[w(n)]+E[@(n-D)]=0 vn

= E[x(i)x(j)]:E[(a)(i)+a)(i—1))(a)(j)+a)(j—1))]
= E[a)(i)a)(j)+a)(i)a)(j “D+o(i-Dao(j)+o(i -Dao(] —1)]
= E[a)(i)a)(j)] + E[a)(i)a)(j —1)]+ E[a)(i —1)a)(j)] + E[a)(i D] —1)]
= X iIsWSS

Estimation Theory 39
by Dr B. Moaveni

controlengineers.ir

‘Wide-Sense Stationary b JUKew

x(n) = (n) + o(n-1) WSS JU&w : JLwe aols!

= E[x()x(j)]=

= E[o()o(j)]+ E[oi)o(j -]+ E[ol -Da(j)]+ E[(i -Da(j D]
=c?[25(j—i)+0(j —i—1)+5(j—i +1)] = 62 [25(K) + S (k—1) + S(k+1)]

551 St Ao X(]) g X(i) SOl (G puiiiordznis

j=i
j=i-1
j=i+l
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X(1),x(2),...,x(N): samplevauesof RV x(n)

N-k

R(k):%_ x(i)xi+k),  k=012..,N-1

*  R(K)=R(-k), k=-1-2..-N+1
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(Autocorrelation) SKowwes 995 &b cposks

1gu oo o8 ) Dygeo 4y R (K) (peed Caaridg U3yl Hokieo 49
N-k

R(k):-_zx(u)x(wk) k=012,..,N-1

EAN
N i=1

r

= E[R(k)] E[x({)x(i +k)] =—E[F§(k)]

el R(K) 31 ousds bl cmosd S R (K) dazid 5o

* E[RM]#E[R®)]

U | E SRR RIS
= (If Nowx) = (F@(k);Fg(k))
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100 )5 (o0 L 2 1) Wygo d g ol plo) Ho AwenS

s(e) =3 R (ke (267)
k=—0
WS (o0 ol il s ) JUSw (g (il 8 20595 @b
S(e”)>0
S,(€°) e

properties: e . . .
S, (e'”) is periodic fuction of @ with period 27

S, (e/”) is symmetric about @ =0
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x(n) : white noise
— R (K)=0%5(k)

k=—c0 k=—x

= 5= Y RKe* =a{ > 6(k>eikw}

o2 2y b awld 6yl st gl UK lgF b azxus jo
5 19 ole ol 4 45 !
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olai JUSew g0

kil g99 y» 51 asssSjointly distributed Iy Jdolai JUSKuw g0
bl ool s 23 S Jlesal Lad SO s,

Cross Correlation function:
R, (. j)=E[x@),y(j)] i, j: integer values

R, (i) &b olST wiblb WSS ol yusio 9o Y(N) ¢ X(N) S
Sy udles j-i Jols 3l b

S.(2)= i Fiy(k)Z‘k:% (2.69)
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s 6999 L (deterministic) dolai wme v Sl
g S0 Sl 50 gy s ) (Solad
y(n) =.Z h(n,i)u(i) (2.73)

Ay o i 45 oy T a5
ygo & Gl | (VYY) adaaly il o b pdols o (21 55
Sgod (i 933l )

() = 3 hin-i)u() (2.74)
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Holas JUSK w0l () (PHOUas (63959 S o (12 (6399 55
5l ol @jlae (29,5

y(n) = i h(n,i)a(i) (2.75)

Al (50 s 43306 Gl N(NT) a5
S y0 42 Sl y (Y.Y0) Aty ably slo b yeiial iamses 21 51
i} Sgoi g3l 3

Y = Y h(n-i)e(i) (2.76)

S G 308 5 9 el (Bolai puitio Sy @(N) 4Tyl 49 4z g b
Al o5 dwlo LB Y(N)  Ggd ulg,
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y(n) = > h(n.i)a() (2.77)

Ay o i 45 oy T a5
Wygee & Glginn 1) (VYY) alaly ol (ylo b ool pononn o3 55

] SYPSI
y(n) = Z h(n—1)aw(i) (2.78)
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Estimation Theory 49
by Dr B. Moaveni

controlengineers.ir

olai s 699,9 L yloj 50 dwnS b i

& 295 Bolal o Solal Gluogas awlxo pieo 456 Ll
Lol @(n) (PBolai o Oleogas | b Oye0

29 Lol Sy @30 49 (S 015 9929 (Sl (! IS <> 50 Ll
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® =Y hin-iof) > E[y(m)] - E[i h(n—i)a)(i)}

NGE [zhm ojE[wo)]

—lisBiBosale , F[y(n)]= Ay = constant
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e E[y(i)y(j)]=EK_i h(n—r)w(r)j(_i h(j—l)w(l)ﬂ

i h(i — 1h(j ~)E[w(r)e()]

ih(. Nh(j - I)E{w(r+k)w(l+k)}

Ms “ [\”48 i MS

i h(i T +K)h(j ~T + K E[ a(M)eo() ]

(Z h(i — r+k)w(r)j[i h(i—F + k)a)(l_)ﬂz E[y(+k)y(j+K)]
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R (k)= E[y(n)y(n+Kk)]=E[y(0)y(K)] = EK i h(—r)w(r)j(i h(k—l)w(l)ﬂ

—nh(k=1)E[m(r)eo()]

P
i i h(-r)h(k-1) E[@(0)e(l - 1)] (2.80)

=3 3 hnhk—DR, (1 —r)=h(k)* h(-K)*R () (281)

[=—0 |=—0
blo )l casS Cuwogd aluly (ol 9 0091 (gl ails a3l pl oaddd (LS # oS
ol (Holai (6599 U ot SO (2956999
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=i h(k—i)E[w(0)ex(i)]

:i h(k-i)R, (k) = h(k)* R, (k) (2.86)
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h(n)=a", n>0
h(n)=0, n<0
|a|<1

E[y(n)] [Zh(n I)j w(l)]:ﬁE[a)(n)]

28) > R(K)=3 3 a 'R (-r)

r=—o0|=—0
Sl 0% il )lg g pho (eRleo b dads 3299 (69959 45 Ogd (255 5]
108
R,(K) = o?5(K)
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(281) > S,(e")=H(e")H(e*)S,(€)
- §,(e")=|H(E")[ S,(") (2.88)

ol bl 07 il ylg b owdes 3295 639,39 551

2
2
O

S, () =|H (")
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§,2=2[RK]
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(2955 (Smod 595 23U dwlxo) 1 Jlo
y(n) =ay(n—-1)+w(n)

R, (k) = E[y(n)y(n+Kk)]
=E[ay(n)y(n+ k-1 + y(n)o(n+k)]
=aE[y(n)y(n+k-1)]+E[y(n)o(n+k)]

Py 21 lp o(n+ j)a (Kl gup y(n) el 4 ax g8 b

E[y(nNo(n+k)]=E[y(n)]E[e(n+k)]=0
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R, (k) =aE[y(n)y(n+k-1]=aR (k-1)
=R (k)=a‘R (0)

) ) - B2
R,(0)= E[y*() ] = E[ (ay(n-D)+ &(n)’ | = &R (0)+ R, (0) o
1
= R/(O)ZERW(O)

=R(K)=r"=R,0)
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X(N+1) =@y X(N) + Ty, m@(n)
y(n) =C,x(n)

> gl o il 995 9 (Sl HLiciil 0950 b Y goro b i (12
A gl (o0 (aZien (57955 9

E[x(n+D)]= @ E[X(N]+T \mE[@(n)]

E[x(n)] = O E[x(©)]+ 5 0™ T [w(n)]

i=0

= E[y(n)]=Co"E[x(0)]+ ZCCD” T [@()]
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:0bLE[o(n)]=0 51 as

= E[x(n)] = ®"E[x(0)] = ®"x(0)
= E[y(n)] = CO"E[x(0)] = CD"x(0)

ol lasS Sl 0325 yogad asio ysliia & Jlo

P(n+1) = Cov[x(n+1)]=Cov[®x(n)+ T e(n)]
= Cov[®x(n)]+Cov[Tw(n)]
=®Cov[x(n)]®" +T'Cov[ew(n)|T"
=PP(n)®" +I'Cov[w(n)]T"
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P(n) = ®"P(O)(®")’ +§q>‘r00v[w(n)]rT (o )i , forn=12,...

i=0

(2.106)

Gl Ojlee B (29,5 il lgg5 sLaiil 02 piazed o

Cov[y(n)]=C®"P(0) (CDT )n C'+ niCcDil“Cov[a)(n)]FT (CDT )i C', forn=12,...

i=0

(2.107)
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z(n) = Cx(n) +v(n)

O]

Cov[z(n)] = C®"P(0) (CDT )n C'+ ni CO'T'Cov[a(n)|I" (CDT ) CT +Cov|[v(n)]

(2.108)
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E[s()] = E[s(n)]
1—
= §(n) is perfect estimate of s(n)
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j=1
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1< .
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S, = values of s that maximizes f,(z|S=19)

where, f,(z|s=s): likelihood function

Estimation Theory 14
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(Maximum Likelihood Estimation)
s wyle @

of,(z|s=9)
oS

CS ey ok U Sy (b o ) @b 4ol 4 a2 95 L (piaro
553 3 D ygeo 4 1y(T.2) abuly olgi oo I ol (iing] 38
Dei oo a>Ll log-likelihood function ¢ylgae b g o409

Sy = values of s for which =0 (3.9)

S = values of s for which =0=a(2) (3.10)

Oln f,(z|s=9)
0s
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(Maximum Likelihood Estimation)

ML . e . ) L;.o
Lis+ze, 0<s<y, 0<z<am ME ope):(F.T)]
f.(52)=112
0, otherwise

Z Olodlie 3l Cawl SIML fposd 8L Bun

f Z
f(z|s=9)= 2($2)
f(s)
f _°°f d_°°1 ‘Zd—l _ , . S+l
S(s)__[o S,Z(s,z) z_£E S+2)e Z—E[—Se —-72e°—-¢e ]O —?
Estimation Theory 16
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(Maximum Likelihood Estimation)
(ML p055) 1 JLio dol

f,(z| s=s)=ﬂe’z, 0<s<4, 0<z<w
S+1

afz(z|s=s)_£s+ze_z_ -z _,

0s os s+l (s+1)
z>1, @<0 = {s=0 > max f,(z|s=s)}
S
0<z<l, W>O = {s=4—max f,(z|s=9)}
S
_, o0f,(z]s=5s) P 7
z=1, T_O = {s—arbltrarlly value= A}
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(Maximum Likelihood Estimation)
(ML ywa55) zJLio dolo]
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(Maximum Likelihood Estimation)

Z=S+V (g5 29 LML (o) (Y.¥) Jls

e 2067

1
f (v)=
A5 Cowl ool 0010 OL’”‘ O{‘}‘qﬁu.thSSJBG.LJ uo;ﬁb

(z-9)
2
f,(z|s=9)=f,(V) |, = e ¥

V2no

= Sy =<2
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(Maximum Likelihood Estimation)

(ML o5 31 oolisiw! b JUSw (g5l ,l50T) :(Y.F) J Lo
- { S+v, the signal is present

v,  the signal is not present
sve§
JUSws ygua pus g yguan (6 LwlSsl Bua V39S il (5,8 b
ML cyosd 31 ooliiaw! b JUSKaw jouas 5 5lw, 01 akaio 4 .l
g g Sluysy 99 Jalis S, Jlaso! gl 0 € 3ol yiia

& . g
3 {l, the signal is present JUSw jgua

0, the signal is absent

=>Z=CS+V e€J§xS§

Estimation Theory 20
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(Maximum Likelihood Estimation)

(ML (o 31 03 Liiwl b JUSuw (5L, ST) 2(F.F) Lo acls!

Gy = values of i that maximizes the likelihood function f,(z|c=1)

1l (092 0)ludo 90 4 dxgi b

6 I, f(zlc=D>f,(z|]c=0)
j— =
Moo, otherwise
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(Maximum Likelihood Estimation)

s(n)=s (duxio Wlualico JIML yosd) 1 JLio
z(n) =s+v(n)
v(n) ~ N(0,57)

N Hlade IV eS Pl o8 L

z(1) V(1)
7,- 7P|y, @
z(n) v(n)

ML (ppodid’ g 25 &y a5 b
§uu : value of s that maximizes the likelihood function f, (Z,[s=5)
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(Maximum Likelihood Estimation)
(Sumino Oloalive JIML o) 1 Jlo dolol

30,5 dmwlxe fy (Vo) cawl o3y 7 (Z,15=9) awlxe jobivwo
bl maplgSV(N) o 4 a2 g b a5

e

1
f, (V)= ——r—
N e
P, =Cov[V,]

|Pn| : determinant of P,

1990 (o 993l 33 ©ygo A (g (oo 1y Clualiceylo g >

Z, =|.|s+V,=ps+V,

n

Estimation Theory 23
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(Maximum Likelihood Estimation)
(Suxio Wlaalive JIML (o) 1 JUwo anolsl

o dlyl iy (g jo azpil a4y azgi b

f,(Z,]5=9)= o al2rss) 72

1
(27)2|R)?

of, (Z,1s=9)
B e (RN
0s

s.=[A'R'8] pPZ,
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(Maximum Likelihood Estimation)
(Sumino Oloalive JIML o) 1 Jlo dolol

~ n O@T GML? Pn:0'2| ;‘
ﬂTPnlﬂ=?

FRI=Z 1 ]

n

= éML: Z(j)

1
n j=1

Estimation Theory 25
by Dr B. Moaveni

controlengineers.ir

(Maximum Likelihood Estimation)

At 9 S iy £,(9) Jloin! JB @ 4 ML (fog) 100 g
o=l 50 Wyl @090 o0 4L NON-Bayesian g, olge
= oy o=l 100yl 5l JUSemw bl 4 (o (b9
@ylae 4 .00, (0 Dgmmo o (e G (9 (2 (S
dcgomo p) (lgF (o0 1) ke e luilges 1 K0 (55l K0
JUSKamw 3590 )3 (6 ity i1 g eI aSikoy cumilo ML o
| S yo

o (19 (] cdoe axd A lalls 4S5 ! 53 a0 o) %
i g9y el Sl a5 a5 cuwl likelihood function
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Maximum a posteriori Estimation

T o9bse &S ylado (p ¥ Jodzxo « Z=0(S V) Wlualine 3929 (29 b

Iy z=f(s|z=2) P4 & &b T o9 wles g lade yold
o lad oy 35o

diz=g _,, (3.16)

§,ap = values of s for which o

Iy (YA%) abaly S ylado 31 F,(2) (g9 Jiiwmo g BAyeS aluly 4y agi b
10909 (ot 833l 1) Wyse 4 le (o0

o (2] 5= 9 f,(9) _

§,ap = values of s for which .

0 (3.17)
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Maximum a posteriori Estimation

b fs(S)JLo.I.>| ‘SJL§.> B (odd o9y ol jo Aol A asgi b

=0 o YolS ML Jig, U (g o) soee wglis bl palro
200 ,8

w09y o= MAP ez sog, yo Bayes akul, jl solaw!| 4y azgi b =
03,5 0 oo Bayesian Estimation by p,8 51 SO oleie @
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Maximum a posteriori Estimation

Z=S+V S ¥o yea> ULMAP oz (Y.9) L
v~ N(0,07)
_(sns)’

s~N#.,0)) - f()=—0r—e =

V27o,

(9

e 20’5

1
V2ro,

Ex-2.14—» f,(z|s=9)=

(29 (sn5)’

= f(z|s=9)f (9= g v
2700,
of (z|s=9)f(9) . ol
z si2 =7+ z-1,
s = S\AAP n O': +O'5 ( n )
Estimation Theory 29
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Maximum a posteriori Estimation

(Y.2) b anlol

) ) Ex-3.3
O-v <<O—s :>SVIAP:Z = SML

S5 JUSw ()l o )0 g ()l &5 (Fhge 50 K00 O ke &
o 3l 3 ML g MAP g0z ool

S5m0 dt g JUSw Bz @l o0 o0 ST K5 g 5l
imilad ol cdls pploel walgs j8 Co eSS JBs b SO
el S0y90 50 S Cledbl
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Maximum a posteriori Estimation

7 StV JUSw (5 )T 30 MAP (posi 8 4,1 :(Y.V) J Lo
f.(c) is known

Cyap © Values of ¢ that maximise f,(z| c=c) f,(c)

c=1— probability= p
c=0— probability= 1-p

N SAC T ife=1
= Jzle=D)f. ()= f.(z|c=0)1-p) ifc=0

Lo - I, if f,(zlc=1)p>f,(z|c=0)1-p)
AP 0, otherwise

Estimation Theory

31
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Maximum a posteriori Estimation

Z=CS+V JUS o 6, 5iT J0 MAP pasii 8 31,8 :(Y.¥) Jlio aol
f.(c) is known

fzlc=D) _1-p
= G = ’ f,(zlc=0)" p
0, otherwise

.l o likelihood ratio 1, fzlocn) e

Estimation Theory

32
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Minimum Mean-Square Error Estimation

z=g(s,V) 1 58 o3Il g Wlaalin 3929 28 L

00,5 o0y § Wygo Ay e glks (g owl yo
3l ol &yl (s Sl yo cyuSilae) MSE T ool
MSE = E[(s-9) | =E[ E[(s-9)|z]|=E[E[$’|7]]

u.a.oau ‘SUG.‘; ulx).o u.«ifl.w Gy 909 WJ‘ oo lawl

Estimation Theory 33
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Minimum Mean-Square Error Estimation

S JLXww MM SE peosni < Z Wloalice ‘;ol..a oz (gl =YY aad
s s 0l 5 31 Cansl 5yl

§MM$ = E[S| Z]

S a5 L O i 2395 b Solad puiio 997 9S ,51 L]
ST wsly  f (52 Jlo

MSE = E[(s-8" | =E|(s-a(2)’]

(s—a(2)) f,,(s 2)dsdz

Le—38 {3
—38 é'—;S

(s—o:(z))2 f.(s| z=2)f,(2)dsdz= T ]Z [sz —23a(z)+a2(z)J f.(s| z= 2)dsf,(2)dz

—00 —00

8
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Minimum Mean-Square Error Estimation
oS Glgne A a(2) Cowl Y Aol @ Az g L VL) sl GlSl aolsl
i S IS0l badd g 00 )5 awle Z Slualie I3l 4 S
ol @13l A J1Sl (nl ST g w80 (o0 gl 095 50 1,15 3590
D91 uwdlgS nows 0 MSE jlado 80,5 poud (0 i
(f,(s]2=2)20 go0gs &l PDF G JI1,5851 a5 cal 53 s o 3Y)

—> minimize: ®= j (S —2s2(9)+a’(2) ] f,(s| 2= 2)ds
oD
oa(z)

=0 = T[—23+2a(z)] f.(s|z=2)ds=0

= a(Z)Tfs(s|z=z)ds=fsfs(s|z=z)ds = |$v|MSE=a(z)=E[s|z]|

1 E[52]
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Minimum Mean-Square Error Estimation

Ol 4 b wled (oo 4yl 08 4 pamin (e SO Juole yKes )
sl 4425 HEMSE g0 4 yo o3 &1 4255 b

Sl 40 Caols () .cawl unbiased (yosd SO MM SE (yoses - Y
(Cawl 138 0l oo jui Wlaalice Slows

E[Sws] = E[a(2)]= E[E[S| Z]] =E[s]

Bayesian Estimation a— gosxo 3| p590 & 9 SO MM SE peosi - Y
Pl d oS ys) Bayes alaly 3l solisuwl 43 d g5 b aS > .ol
S50 5L S 5 SleMbl
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Minimum Mean-Square Error Estimation
(swss 29 194> LMMSE (prosi) :¥.A Ui
Z=S+V
v~ N(0,0))
we require knowledge of s, so we assume S~ N(S,07)
Also, assume that s and v are uncorrelated

:{E[ -E[s)=5

z
Var [z]=Var [s]+Var[v]=o; + 0,

1 (=3
_ 2, 2
=2z~NG,0l+0)) = f(D)=—F——— g 2=t
27\ og + 0o,
Estimation Theory 37
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Minimum Mean-Square Error Estimation

(w85 g y9a5 LMMSE poss) :¥.A Jlio aolo!

7(S_§MAP)2
(z-5)* (z-9)* (s-5)* olol
1 . 2(UZ+02)“ 20 “ 207 1 2525+UVZ
= fJ(s|z=2)= ——e ST o ClE=———e "
OO, OO,
2” 25 \ 5 2” 2S i 3
o, +o, o, +o,
. _ ol 4
= Sums =St+t—3 5(2=35)= Sy
O-S + \

o= 3o bl uncorrelated Solai o 9oV 9 S 51,500 whle &
ewl MAP oz Joleo S 5IMMSE (pwosxi JLio
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Minimum Mean-Square Error Estimation

3! ‘_s.:.al_: 29 MMSE (o 50 s glas (sl Jol) (V.Y anasd
L] Dg0s (Z) Oloalic

E[(s-E[s|Z])»(2)]=0

:oldl
E[(s-Els| 2)7(2)|=E[ E[(s-Els| 21) (2| z]|
= E[E[(s-Es|2)| 2]y |= E[(E[( )| z]-E[s|Z] )y(z)}
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Minimum Mean-Square Error Estimation

=51hid g 51 Cwwl S IIMMSE (posi SOS=a(2) oymodnd Y.V anad
Db dg0e 7(2) bl Wlaalin j b 2w cposs glas

§=a(2):MMSE < E[(s-a(2)r(2)]=0

% Ol

30 dmled (o0 z 5o HMMSE (uess (plgs 51 (SS9 V.V andd: azgi
ool g a5 WSS o0 Ayl 1y (B g p3Y b o S YLY andd aSIl>
U [y MMSE sl cpmosti (498 o0 o]
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Minimum Mean-Square Error Estimation
g0 & Oladlice jl dguxo gl s goze WL Z ,S1:Y.F awad

Z ={z(n),n <n<n,}
13 093 wdlgs & ylie MMSE yos oSST alisly

8 =E[s(n|Z]

s ol
E[ (stm-a(@))’ 12 |- E| (sm~E[sm)| 2]+ E[s(m) | 2]-a(2))'| Z
~€[ (sm-E[sm2])'1Z |
+2E[(s(m-E[s(n)| Z])(E[s(n) | 2]-(2)) | Z |
+E[(E[s(n)| Z]-a(z))| ZJ
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Minimum Mean-Square Error Estimation

E|(sm-E[sm| Z])(E[sm| Z]-a(2)) 1 Z | = WP ands il aslol

=E[(s(m-E[s(m|Z])| Z](E[s(n)| Z]-a(2))

{E[s)|Z]-E[E[s(m)|Z] |Z]}(E[s(n)|z]—a(2))
{E[s()|Z]-E[s() | D)]}(E[s(n)| Z]-a(2))
0

E[(sm-a@))' |2]= E[(s(n)— E[sin)|2])’| z} E[(E[s(n)| z]-a(z)) | z}
2E[(s(n)—E[s(n)|Z])2|ZJ
4 MSE=E| (s(n)-a(2))’ |> E[(s(n)— E[s(m)| z])zJ

= |§MMSE = E[S(n)| Z]|
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Linear MM SE Estimation
fs(S12=2) anuwlxo 4 aiuuslg MMSE (yodi dswlono 4SSyl 43 a9 b

Wby S8l jloy Wilgio (b pls (B @l o dwlno g ol
LG et b &l 5 (pols WS La(n) &b el s & 1d
23,5 &Iyl (S Jo SO Alluo (g0 g0y dguo

39 Aty (B (g 4 iyl (oo o Bilgi 5l (G yu g et O
S=a(z)=

Cdls 50 9!l Cawl MMSE 3l 45 ool jlws LMMSE postd’ dcwlxo
s wlgdn S8l Gl m Koo o Slos a5

Estimation Theory 43
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Linear MM SE Estimation
Ll 1 duswlxo g (nri Sud LMMSE oz jo

oo o0 3 o0liiwl b ] e duwle 4 comxi s Vg5 31 S
4S5 y9kas el MSE (g5l

MSE = E[ (s-22)" | = E[§ ~2252+ 277’

s A & o i G 385

a\g%=—2E[sz]+2/1E[22]=0 = A:LSZZ]
E[7]
3l 091 wdlgs L yle LMMSE (yodtd axad 40 g
S wvse (ﬂlz (3.43) o
E[Z] P “

22



el Wyﬂ!@"

e

mntrnlm gineers.ir]
Q(a umtrolcn,,mu rs

Linear MM SE Estimation

LMMSE (o dawlxo 45 020 (o0 yLid (Y.FY) doleo 4 a5 gf
dslzn 3 5l g0 4Ly )15 Jlaio! IS algd 51 eI 4 (63L
905 05l E[ 7] g E[S2] 095 awi yo (sl ygbciS (yunsii

1 M
e[~ 25

M

E[2]~> 7

m=

—_
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Linear MM SE Estimation

(LMMSE (posxi j0 dolai Jol) :¥.0 anad
oLT Z wlaslino 3l ooliiaw! Ly uisl S JILMMSE (pezsa(2) ,51
Ll 0g0e7(2) Jos il olod g S—a(2) o llas

E[(s-a(2)y(2)]|=0

LS|
E[(w(z))r(zﬂ—EHS EE[[SZ]] H ’ E[ EE[[SZ]] }
:ﬂE[SZ]_ﬂEE[[:]] |7 )= pE[s]- pE[<]
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Linear MM SE Estimation and Vector RVs

30 Rl I o 29395 b (6510 9 (SBolad b jurio Zy g Sia )5
Wyg—o & (leF (o0 §= Mz £2 4 LMMSE (rosd dnlno (pgas
Og0d Jos y )

Let P=E[(s-8)(s-9) |

P oyl trace gl 1 eolisiaw! b oylgi (o0 1y Uas ilas po (ouSilieo
1090l R0 g
MSE = trace[ P] = E[(s— é)T (s— é)} = E[(s— Mz)T (s— Mz)}

oyl as Cams trace[P] 31 ylgine M s yilo duwlns joliio 4y Jl>
.w; w0 N M
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Linear MM SE Estimation and Vector RVs

P = E[ (s-Mz2)(s-M2)" |
=E[ss" |-E[&Z' [MT-ME[ =" |+M. E[ zZ' M7
= trace(P) = trace( E[ssT J) —trace( )

—trace(ME[st])Hrace(M E[ ]MT)

- 3|
atrace( ABAT) ok
—— 7 -2AB

OA
otrace( AB) atrace( BT AT)

= =B
oA oA
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Linear MM SE Estimation and Vector RVs
xSy
otrace(P
rz;Me()_ “2E[«' |+2ME[Z" =0 (3.50)
=M=E[<"|(E[Z]) (3.51)
=s=E[< |(E[Z]) z (3.52)
atrace( ABAT )
=2AB
atrace( ) atrace( BTAT) _gr
oA oA -
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Linear MM SE Estimation

(Gylop Bolai b oo gLMMSE (posi 50 vwlei’ Jool) :¥.F aas
oS g dimly S o 2 59 b (Bolai b i Zy 9 S S
oo sllas oLSST caiil Z lualine 3l ooliiw! LS 5I LMMSE
Cow! Sgos Z g
E[(s—é) zT]:Oqu
ol
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Linear MM SE Estimation

NV aad
ol il Z Slasline 3 osliiwl LS jl s cress K3 @(2) 51
—a(2) oS Glas 51 haid g )51 wles (oo o (o0 |y MSE o

Db dgee Z Oloalic
E[(S—a(Z))ZT]:Oqu

Olojl pials (o 1 Sooesd ylgine andd (pl 5l ooliiwl b iaz g
Dg0d 2l 5 oolw |yMMSE
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Linear MM SE Estimation
E[(s-42)pz]=0

= pPE[s]=pIE[7] = z:%

Wbl yho plpZ9S (el Sl (258 L
_ E[sz]-E[s]E[z] Cov][s, 7]
E[Z]-(E[z) o

& ygue 4 Correlation Coefficient <y 25 b

Cov[s, 7]

ps,z - )
050,
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Linear MM SE Estimation

B E[sz]—E[s]E[z]:Cov[s,z]: A

S,z

E[z2]—(E[z])2 o, T o,

. o,
= Swms = ps,za_ z (3.55)

z

P9 9 JUSw o o (gl dijlgn 0,10 wuald (Y.00) aluly j0 (F)9 < yé
g lod 51,8
ot s wepd (oo (Lt 1) Z Olaaline 53 JUSKw oolg5 31 (5 5kxe O
A2 oo gl Z Oloalic 39 09 Syp
I—bd oo gL 1y o8 (lgF (Fole 4 b olaaliv (il ylgo; (b
HBS (i 610 Z Olaalie 0l S ei lgf &5 (Fyge j0 &5
Wl (o0 G (39w pd 9 Ogr wiblas Slois]
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Linear MM SE Estimation

ol 0 90 Z g S Sl A S add —o LS (Y.00) adolee
5l wlealiiw g Jl:i,_w S50 wyle 4 b/ g ol uncorrelated
oG il s po g dliieo 90 i yo (gl gliis 31,0

Psz = 0 = s.MM$ =0
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Linear MM SE Estimation
LMMSE s 8 ,Shos Julexs
Wbl o plpZ9S (Sl aSCul (23 L

E[s—&§uwe|=E[s—42]=0 = unbiased estimation

2
E[ (s~ &we) |- E[sz]—2%pS,ZE[sz]+%p;ZE[zz]

z

2 2

o Os 2 250, Os 2 2

= E[Sz:l_z_sps,zcov(s’ Z)+_zps,zo-z =0 _2_3105,2 (ps,zo-saz)_'__szps,zo-z
o, o, o o

:052 (l_pszz)
If p,,=0 = MSE will be maximaized
If p,,=t1 = MSE=0 = z=us
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Linear MM SE Estimation
MMSE 9, o g0

L goo S oo » E[g7] (b (28b ) asol awlne 4 MM SE o
LS & it 5 Alane SO & lino (] dwlimo gy JSbin 43 42 g5

o %S"}JJ{J‘LMMSE ’“ oo

(o3 il S e 295 Ly (oS Sl puiin 29 S ST ian g
g1 walys MM SE aigs comoii' slos LM M SE
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0uls 7yl dionter (oS (Glaeitg y A Lo

b waldd Sy wuT (oo wline 5 4 MAP g ML (et sl
23,19 3929 Ll s bo (65l

SV Josa!l as < I g lade Z Oloalin cpbls b: ML Soooss
WSS o0 adgi [ Z Oloalie as o)yl

0f,(z|s=s)

§,. = values of s for which 5
S

=0 (3.9)

YL Jlis!l a5 S 5l (g lade Z Gloalic (pbilo b : MAP JUSTOT 3}
.(Bayesian oz 3l ASD)0 510 yolo &5 sl

&, = values of s for which % =0 (3.16)
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WOg0d dlgs oS 1) MSE Hlude MM SE

Gilbw aig oy b gl axdlao j1 cowl O yle LMMSE (o tas gi
Lo poldo dmlme am (g (il oo (8L (092 (S 9 JolS
dommlo g 4y 04105 g 3Ls (lTKely value) Jlus! oy
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50 Sy 1y VLY Jle (Bolai it

1
—(s+2)€? 0<s<4, 0<z<w
fs,z(saz)z 12( )

0, otherwise

= fz(Z)=Ifs,z(s,Z)dS=(Z+2)e’z = f(s|z=2)=153T2 <s<40<z<w
0 3 4z+4+2
o 4
= MSE@{,)=[[(s-5.) f,.(s 2)dsdz
00
14 w 4
= [[(s-4)> 2 e dsdz+ [ [(s-0) =% e “dsdz= 4.8636
)] 12 /) 12
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(ML g MMSE cymass) :¥.)e Jlio dalsl

6z2+16
3z+6

4
S = E[S] z]:fsfs(s| z=7z)ds=
0

=  MSE(§ye) =

O ey 8
O C—

(s—8me ) fs (S 2)dsdz=1.1192

Cdy oo HU! a5 aisilon
il Walgs gl jluie 99 MMSE g ML (yeass —
el ML (0 4 S 6 52295 MSE o lyls MM SE - (e’ —
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40 0

Syl JUSKw 0310 5 9 JyS jo a5 Canl LTI ol G g yild
51,0 YU 31 LMMSE (o S yilled cpo] consl 3l 0 & 2,5
.A&Sso

131 9 yles 4 ol o 9 5 Sl L d G110y g yilud

— Finite Impulse Response (Wiener-Hopf Equation)
— Infinite Impulse Response
— Causal Wiener Filter
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 LTI-MMSE gl yilid

Fad ol o)l LTI [ SO Lo yhai v JSoowos asol 290 @
y 25oaedd (] 0lg5 (o0 1 (a6 500 iy (8L Lo &
10905 Ayl 03 O ygee ) Wigdgils uwogi l solawl b

§(n) =h(n)*z(n) = i h(n-i)z(i) = i h(i)z(n—i) 4.2)

3o ided (T 4 a8 Kot 4y 0 Fwly 3 sl plas N T o a5
g8 (o0

Sl 51 a5 WT 0 99291 30l ol ¢ S Koods (3 LTI 2,91
Sg0i oolistwl (lgis (41598 Jooud 9Z Jrowd aiilo) (uils 58 059>
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 LTI-MMSE gyl

H ={n: h(n) 0} g By &y ygo 4 H ST e

19903 (o 953l OleF (o0 2 oz Ty (F.Y) alal ) oSST

8(n)=>_h(i)z(n-i)
ieH
&9 b (Holai b JUSw g0 a1 2Z(n) g S(n) (8,5 Hhijo bas
g wplg by BB 05 ©jyge 4 §(n) (HBolai iie I piieo

8(n)=>_h(i)z(n—i) (4.4)

ieH
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 LTI-MMSE gl yilid

A ek h(n) el Sowodd @36 Fwly (st lxa] )0 (2l Bua o
o9 Lo o < I,MSE

MSE = E[ (s(m)-3(n))’ |
MSE = EKS(H) 2. hhz(n- |)j(s(n) Zh(])z(n J)H

=E[S()]- ZZh(l)E [s(mz(n-D)]+>. > h(Oh()E[z(n-i)z(n- |)] (4.6)

ieH jeH
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Feasld wuplgsh(i)205,8 b gh(i) 43 Comi MSE 3 6,5 i b ®

%:—E[s(n)z(n—i)]uz h(j))E[z(n-i)z(n—})]=0
jeH
FAZRA 5O
Zh(j)E[z(n—i)z(n—j)]=E[s(n)z(n—i)] 4.7
jeH
= Zh(J)Rz(J )= Rsz(l) ieH (4.8)
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SO, & o0 A4S ol o g yilid A, gloo (F.A) dloles asCul 4 azgi U

P j0 ol ko plgs | 00,5 o MMSE LTI il

FB 5 OlS paas (pl j0 .clld wales [, LMMSE by ooz

. . 2 C)'b

st 03 Aoty LT 3ilid (s’ S 90 4l po (Gl yglilS” Laiid

ol a5 Cawl h(N) 43 S qUAAT ALIC 48 43 dolro S (F.F) Alolzo @
1Cls aalgs ol pod s 1y pj zu G ol

Wt g LT1 yild amesss 50 g Coml 08 1 pazio o (o0 S 1)l MSE —

| doleo 18 %20 3! oéu;w‘lgwgs.oﬂ».\b’.o —
|
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: LTI-MMSE sl olld gl vwolei fol

Dg0d o933l p1 ) Cgo a4 (lei (0 1) (F.Y) doleo
2 N(DE[zn-Dz(n- )] =E[s(z(n-i)] (4.7)

jeH

= E[«n-D)| s(m- X h(j)z(n-j) ||=0

§(n)

= E[z(n-i)(s(m-&n))|=E[z(n-Dam]=0  (4.9)

S Koo (5l ol dolss Juol oyl Loyl ,55LkS aloleo oyl a5 @
LTI-MMSE
slbs a5 a2 o oLt (FA) alaly  Z={zn-i)ieH] il °

8
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Cawl LTI yilid SO a9 30 Gl g(n) asCol (059 b g ol ol 23
2 oed gz ol ogh oy pai H 5l gl dcgoxo ) (59 45

D91 walgS dgac GM* AN (o295
E[(s(n)-5n)g(m*z(n) |=0

wbl H dcgomo (59 p LTI yidd SO as 08 gowly hn) ,S1:F.Y anad
bl H 69y p LTI b yidd olod 1 gl deg00 G )ST (rizmod g
MMSE (o SO §n)=h(n*z(n) «G b i olod leo yo NEH]
g(n) &5 abb dges gN*Z(N) g e glas 51 kdd o 51 el
ol G o oud Cy g gl il 5l ST 2 w58 Fly
E[(s(m—h(m*z(n)) g(n)*z(n) | =0
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(F.V) andd 4y a9’ U
g =8(n-i) = g(n*z(n)=2zn-i)

§(n) = h(n)* z(n) is MMSE estimation < E[(s(n)—h(n)*z(n))z(n-i)|=0
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The FIR Wiener filter

LTI-MMSE j5uess ¢yi8l dlluo ol &l 0908 U azuil 4 amgi b
! &4 o0 bol
Cowl (gl 39 (258 00,5 o0 Ayl acldl yo S yug b il olod gl
yo (S5l LIWSS Jdolai s pisio 2(N) g V(D) ¢ S() &S
RV
E[zi)z(D]=R>j-D=R(K)
E[shz(D]=R.(j-)=R.(K)
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The FIR Wiener filter

Ly g pdid Yol il

S35 h(n) ©)ge 4 gl pd gewly ghyld i o s assul (28 L e
03l SO 30 W o Fwly oSN bl H={0,1,2,.. N1} 4Sgexe
oS FIR pikid ¢ il £9i ol 4 a5 Cuwl 992 90 dguxo Sl

b Job N 4 N (Gloj o3k yo CaUSAl g FIR yilid 5 &1y1 40 @
Wy g8 yiled i po ) N-1 g 09 (oo asS

Wiener-Hopf aoleo 31 4y g mdd &Y oleo zl piw! jolido ay
o L0 32 5148 dwle Lo 4y 9 09 o0 o0 law]
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The FIR Wiener filter

- ol e
é(n):Zh(i)z(n—i) (4.13)

MSE = E[(s(n)—é(n))z} (4.14)

N-1

h(HR.(j—1) =R, (i), 0<i<N-I (4.15)

i=0

R.(0) RM - R(N-D | h(0) R.(0)
—| RO RO RONSDR) RO
[R(N=1) R(N=2) - R(0) J[h(N-D| |R(N-1)]
R, h Is
solaiwl R (k) =R (—k) 31 (F.1F) doleo (ypligh jo a5 aulil alllo a>gd
Estimation Theory w‘ OTM
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The FIR Wiener filter

AxS HO
(4.16) — Rh=r, (4.17)
= h=R'r, (4.18)|
h(0) R,(0) R(M - R(N-DT'[ R,(0)
hgl) _ Rz:a) R250> 5 Rz(hf—Z) RSZ:a) 19)
h(N-1| |[R(N-1) R(N-2) - R(0) | |R,(N-1)

o Pl (lgne b aS Conl (o8 0,8 SO ilo R ylotazgd
w09y 3 (FIQ) adaly awlxo Cgr 1 0980 o0 4Ll Toeplitz
Sg0d sdlawl ylgs oo Levinson-Durbin sb GMS,;
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The FIR Wiener filter
‘M SE dawwlxo

MSE = E{é(n)(s(n)—ih(i)z(n—i)ﬂ = E[s(n)s(n)]—fh(i)iﬁcnﬂm—\i)
= E[8(ms(n)] = E[sz(n)]—_NZ‘jh(i)E[s(n)z(n—i)]

: Ft(@—Zh(i)&(i) (421)

f||ter I1(0) hT (422)
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The FIR Wiener filter

ST a0 aid,S Jli o SM=2zn) S

MSE,, ue = E[(SV-2(0))" |=R(O)-2R,(O+R(0)  (223)

PIGygod asll yug pild 50 Jb )l jekie 4 (wlel (pl »
10,5 (o0 Ay

. . _ Mszno— filter dB
reduction in MSE =10log, | ———— (2.24)
MSE

filter

MSE [iblS curgo wilgh (oo yild dud yo (49 0 YU &5 aubly ails az g
Wb alllod ol (S Slase il gl (el FIR juilld j0 (Sdg 80,5
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The FIR Wiener filter
o gazr 3199 s3> s (605 03I

W|QMJMJAGow9ﬂ@9U)9¢“fy4SMb .o )f|

LIV

z(n) =s(n)+v(n) >
s(n),v(n): uncorrelated, zero mean & JWSS

Al yo

R,(k) = E[z(mz(n—kK)] = E[(s()+Vv(n))(s(n—k) +V(n-Kk))]
= E[s(m)s(n-k)]+ E[v(nVv(n-k)] = R (k) + R, (k) (4.25)
R, (k) = E[s(n)z(n-k)] = E[ s(n)(s(n—k) +v(n-k))]
= E[s(n)s(n—k)]+ E[s(nv(n-k)] = R,(k) (4.26)
Estimation Theory 17
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The FIR Wiener filter

3 Wyl owigds o b yeam b pidd cul s 1N
h=(R+R) 1,

a8
R.(0) RO - R(N-=-D R.(0) RM - R(N-D
R - R® RO - R(N-2) _| RO R©) - R(N-2)
R(N-1) R(N-2) ---  R(0) R(N-1) R(N-2) - R(0)
R.(0) h(0)
_| RO pe| O
R(N-1) h(N-1)
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The FIR Wiener filter

signal s(n), R.(k) = 0.95" (F.Y) Jlw
Additive noise v(n), o. =2 — R(K)=25(K)
s(n),v(n): uncorrelated, zero mean & JWSS
led BV ad o 5l (Jas adogy il SO
N-1=2=
{Rz(k) =R (K)+ R (k) =0.95" +25(k)
R, (k) = R (k) =0.95"

RO RO R(2)|[h0)| |R,(0) 3095 0.9025][h(0) 1
RO RO RO hD)|=|RD|—| 095 3 095 | ha)|=| 095
R(2) RO RO h2)] [R.(2) 0.9025 095 3 || h2)| |0.9025

= h:[0.2203 0.1919 0.1738]
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The FIR Wiener filter
2(.Y) Jlo anlol
MSE,,, = R(0)—h'r_ =0.4406
<2 !
MSEno—filter =2
= reduction in MSE = 6.56 ®®
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The FIR Wiener filter
tFIR yug md jleolaiwl b JUKuw S o

ot A S b cpmosid 4 Gl JUSKaw (St i, (o (321 51 S
13905 Algoyd ) Wy 4 olgi (o FIR yug wikd wlul wly Sow

é(n+1)=Nih(i)z(n—i) 4.31)
MSE = E[(s(n+1)— §(n+1))2} (4.32)

hid a5 upd o LS (FIF) 9 (FIY) O¥oleo b (599 WY olao dus o
Jols WY olro ylgi (o0 100wl 00,5 i N+l 4y n 5l Sboy sl
0g0d (o 935k alieo jok 1) N (gla ol dwlmo
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The FIR Wiener filter

FIR yug ydad 3l oolaiw! b JUSuw S iy yo N Cul o

RO) RO - RN-D| ho) | [RO)
RO RO RN-D| W) | RO
RIN-D R(N-2) = RO JlhN-n] [R(N)

3l 0gr wdlgs & yle MSE axii o

MSE = RS(O)-’E h(iHR, (i +1) (4.35)
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The FIR Wiener filter
b))y wod yea> yo (S i (F.Y) JU

S 50wl (G oy 4> 50 S LY A o pild S (b o
ol (a5 03151 Jlo 38 dws banzxo S 50 S SstwgST JUKw

The signal is generated via | s(n)=0.4s(n—-1)+ a)(n)|

w(n): white noise with zero mean and unit variance

HB 325 ©ygo a5 05l ugi Ay bumo 50 (pilig)) 4 azgi b
o] i Jauxo j1 LB by 3l (Jao X Jao (pl yo .l 55Ldoe

2950 295 45 ) il )lg 9 yho (1SSl b uiw 298 5l Cenl W,lie d

o Los f
X(n) = 0.5X(N—1) +0.35(n) wlod (o0 Joo
v(n) = Xx(n)+d(n)
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d(n), w(n) are uncorrelated

(F.Y) Jlw aolol
all processes are JWSS

.owilig)y 9929 Judo 4 uicws COrrelation lyls v ¢ S asdl> 4o
g0l Joo 3 jge 4 olei (oo 1y asulyd S 398 lulgy 4 azei b

w(n) s(n)
- | H®@ " z(n)
+
H.(2)
xm " i
d(n)
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(F.Y) Jlo aolsl

RO conl o33 N 5o tolyly aralone ysliin sy (FY'F) alaly &y a2
13355 dmnzzo R, (K) 9

R,(k) = E[2(n)z(n—k)] = E[ (s(n) + V(M) (S(n- k) +v(n—K)) |
=E[(s(m+0.5x(n=1)+0.3s(n—1)+d(m)(s(n- k) +0.5x(n—k—1) +0.3s(n—k - 1)+ d(n-k))]
=R (K)+0.5R, (k+1)+0.3R (k+1)+0.5R (k—1)+0.25R (k) +0.15R, (k) + 0.3R (k- 1)
+0.15R, (k) +0.09R (k)
=0.3R (k+1)+1.09R (k) +0.3R (k1)
+0.5R, (k+1)+0.15R, (k) +0.5R (k1)
+0.25R (k) +0.15R (k)
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The FIR Wiener filter

adyb g0 g ad )b S Z Joud LPSD bl

00 -1
Syx(Q) = Z Ryxlmle 7" = Z Ryxlmle 7 4 ZRXX[m]( —Jam

m=—00 m=—oc m=0

= ZRXX[ k](fgk + Z Ry x[m]e/sm

m=0

XX[—k]C*ka + Z Rxx[mle™" + Rxx[0]

H_MB |

m=1
T22(0] 2 |rea(k]|
Tez|—k] = 722k}
rey(—k] = rylk].
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The FIR Wiener filter

(F.Y) Jlwo aolol
238,5 awlxe R(K) g R((K) « R(K) g o5 Cowl p3¥ azuis 4o

(2.89) > S.(2) = H.(9H.(z)S,(2) : R(K) dwwlxo
1 125 z 25 z

H.(2)= _ 2 25
1-04z" 1-04z 21z-04 21z-25

=S(2=

1-0.4z"
S,(2)=1

- |R(K) =§(o.4)‘k‘

: R(K) dmwloo

03z' 03z 1 1
1-0.52"'1-0.521-0.42"' 1-0.4z

(2.89) > S (2)=H,(2)H,(z"HS.(2

. =5,(2)=
ey }

—|R (k)= %[?(0.5)‘“ - 122—15(0.4)‘“}
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The FIR Wiener filter

(F.Y) Jlw aolsl
(2.90) > S, (2)=H, (z")S.(2) 037 1 1 : R alxo
03z =S,(9)=— -
H.(2)= —~ 1-0.521-04z 1-0.4z
1-0.52
52k 128 kel _ o ayK
N &x(k)_7[4 2¢(~k-1) > [2(0,4) (0.4) ﬂ

i b il el R =R(-k) B,
R.(K) = E[s(mz(n-k)] = E[ s(n)(s(n—k) +0.5x(n—k 1)+ 0.35(n—k—1)+ d(n-k))]
=0.3R (k+1)+ R (k)+0.5R, (k+1)
Ao 05Lo] Ao YU 0 4,5 olxsil Slwloo 43 a5 b 13
Ll h g oyl
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The FIR Wiener filter P Jlin sl

¥ A o (00isS (S ) SRaesd S 6l
2.8172 1.2129 0.7567 0.4385 || h(0) 0.5503
1.2129 2.8172 1.2129 0.7567 || h(l) 3 0.2201
0.7567 12129 2.8172 1.2129 || h(2)| | 0.0881
0.4385 0.7567 1.2129 2.8172 || h(3) 0.0352

A 5O
[h(0) h(1) h2) h@3)]=[0.2010 0.0029 -0.0191 —0.0113]
Dl Gl Oyle ol 9l (6l MSE Hlado a5
MSE =1.0813
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The FIR Wiener filter (P o aalo
Y s yo yiled ) S yibd Al 35 YU (oS
’ | s
e Y
| I
2 ]j /A /\\\ /”‘ A “‘ | \ | _
o—’ al \\ “, \f . a -
| v \\v W I
S A L \ /\ \ )
- ‘f | :
% 20 20 60 80 100 120
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The FIR Wiener filter

pure prediction:(f.¥) Jtw

1 0,18 g5 9 Wladlie 50 59 diglomd &Sl B9 L
_ CR(K) = M oK
R.(K) = Ry (k) = R (k) = 0.5 (k) +0.9 cos(<)
1.5 08315 0.57287[h(0)] [0.8315
=[08315 1.5 0.8315|| h(l) [=]0.5728

0.5728 0.8315 1.5 h(2) 0.2790

=[h(0) h(l) h(2)]=[0.5045 0.1528 -0.0914]
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The Non-causal Wiener filter

iy H sgummols acgormo (59, N(N) Jihid a1 00 Gy « iled (21 )3 ST
g o0 axiS (IIR) Infinite Impulse Response ylud o 4 o9
B0 Bua b g el 53 (Sdg wiyls 3929 (53L 5 Sgumeli (glb acgocro
a,&@w;#)owﬂuluwﬁlﬁH acgozxo IR gl oillis
H=2)
Non-causal IR Wiener jlsg aalgs wile yild iz Lasice ®
e o0 ax5-Lis Non-causal Wiener filter ylsie b ¥ gozo as filter
S 3,5 45 (Sdg 9,1 (ON1TNE) PR a3 5 )5 (5 pidud > Loodas ¢
ARlg3 (6315 4 B Jlws 0,10 3929 (g0b j Wlwalin px> a5 Off-line
g
S 3 ooliiwl b oy cpes oy yigs NON-causal Wiener filter :as o
D188 oo jlasl o ) LTI yld
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The Non-causal Wiener filter

t Yol Zl yEiwl
it LT Sooss S &1,y Jlis & aSoyl 4y as g5 b

() =Z h(iyz(n—i)

31 093 wlgs & le Wiener-Hopf akul, 14
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The Non-causal Wiener filter

r Yol zl yauiw!

Jrod 38 5 ol (090 JWSS g (1Kilo (991 yoo (0,8 @ az g b (59
Azs 50 9 0,18 g2 g alwly (pl 51 Z

(4.41)—2= S (2)=S,(2H(2)

= H(2= zﬂ((zz)) (4.42)

z
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The Non-causal Wiener filter
‘M SE Ao Lo

‘5|J.3MSE as ol L oylgine (F.YY) 4.‘9.3|)9F|R s vl
iCew] dwlxo BB 3 & y90 4 NON-causal Wiener Filter

MSE = R (0) —Ai h(HR, (1) (4.43)

ails 3929 H(2) ywesro Z Jsuui 31 ooliswl b D) aculxo Sl L5
&30 31 6yl 30 Sudg dgei ooliiw! (F.FY) aluly 51 ylgine [y MSE (ol
00,5 dledudy (5,50 gy Coml p3Y 1A 080 (20 oz sl Al (12
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The Non-causal Wiener filter
M SE awslo asls!

355 25 4l 3 olisnl b 1, MSE el lg8 (g0 o oo 4 &y 4255 L
10909 A.A.wl.‘&o

; 95[3(2) H(2)S,(z")]z'dz  S,(2) rational
27 ¢ (4.47)
2

[S(2-H@S.(2)]z"dz otherwise
h(i)

S 39 ylud £9 2 50 MSE dslxo (gl g5 (o0 ) alily (o 14z g5
Dgod ool
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The Non-causal Wiener filter
ouigls g0 o g ;0 MSE : L

(4.25) > S,(9=%(9+3,(2
(4.26) > S,(2) = S,(2)

S,(2)
= H(z
(2= 5.2
4.47 () —1 —1 S(Z)
—u4D M$_— S dz=—¢S d
43[ 50 (Z)} o 95(){ (JZ ’
S.(2 _ 1 "
c]5 (){S(J —jzﬁfw)H(z)z dz
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The Non-causal Wiener filter
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R (k) =0.95" + 25(K)

R,(2)=0.95"
Z oo 18,5 b Azl yo
1-0.952 (1-0.79312")(1-0.79312)
S,(2)= 2=23955
() (1-0.952 )(1-0.952) (1-0.952)(1-0.952)
S.(2)- 1-0.95>

(1-0.952)(1-0.952)

Estimation Theory 38
by Dr B. Moaveni

19



TZW

mntmlcnﬂlnecrq |1y

o(a controlengineers

The Non-causal Wiener filter
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R (k) =0.95" + 25(k)
R,(2)=0.95"

Z o (185 b A 5o
Hiz)= 5@ _ 0.0975
S,(2) 2.3955(1-0.7931z")(1-0.79312)

1-(0.7931’ )
((:7931) > h(n) =0.1097(0.7931)"
(1-0.79312")(1-0.79312)

=0.1097
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MSE =(0.95)" - > 0.1097(0.7931)"(0.95)"

The Non-causal Wiener filter

Non-Causal g FIR yug yild dus lio :(F.0) Lo anls!

N=-o

=1- 0.1097{i(0.793 1)"(0.95)" + f: (0.793 1)”(0.95)“}

n=0 n=-1

=1- 0.1097{22 (0.7931)"(0.95)" —1}
n=0

=0.2195
HAY)
MSE_ .
reduction in MSE—lOlog[ﬂJ 1010g( ) 9.5960%
NC _ wiener
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The Non-causal Wiener filter
Non-Causal s FIR yug yld duw lio :(F.0) JLo aols!

MSErn ioe_i
reduction in MSE=10log| ——n-wener- fiter :1010g(w) =3.0251%®
M 0.2195

NC_ wiener

Non-causal Wiener Filter as puil acils ;L cowl p3Y 14z
03138 HLast o LTH glayidd (lao 50 1y (Koo (s oy it
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The Causal Wiener filter

Pz 3l eoliiwl 00,8 0wz go os Pl j0 S Oledbl 34
Sl Gy g0 48 1 (il ySow yué NON-causal Wiener Filter

ron) b .l 55 0590 Causal g LTI s G (idly Jo
am =3 hi)zn-i)  (4.50)
i=0
ol aBlgs 38 45 O yge & Wiener-Hopf aolee azs o
D h(HR(j-i)=R,() ieN (4.51)
i=0

355 3l ool (aglgils S @ yg0 @ lgF (o0 T I (FFY) dolao B35 s a5
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The Causal Wiener filter
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ol s el 3l 0590 Causal g LTI pid G o8l Jo
am=Yhizn-i) (450
i=0
rawl adlgs 40 55 & yge 4 Wiener-Hopf aolee azs 4o
D2 NHR(j-H=R, () ieN (4.51)
=0

355 3L ool gl gilS Sy & yguo 1 ylgi (05 oo 31 (F.FY) dlolro BB 5 a5
D,l0 0929 e gl JSound olb oSSl solasiw! ol azxs 40 9
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The Causal Wiener filter

99 Sl p3Y 55,5 slpgudioy e yilid (2l)b (gl (ST a0l 5l iy

* Spectral factorization theorem
 Causal-part Extraction: The plusoperation

Estimation Theory 44
by Dr B. Moaveni

22



S = y
£ controlengineers.ir
© @controlengineers

The Causal Wiener filter

Spectral factorization theorem:
U LWSS 5 jh0 (5Sbe b ki slado b o Bolai aiylb o XM 5
g0 41y @b o olST .ol S(D @ yg0 4y b oF @l Sy o (b S
1090 41320 (3185 (o0 12

S(2=S(2S.(2) (4.52)
oS

o Z 31 b oS 2l 98 S (2) 9 S(2) °
Ip|<1 o&T wiilS{(2) slocdas s P 51 o
2] <1 ol&T il S{(2) b oo b Z STe
Ip[21 o wiil S (2) gle b p ,S1e
|Z] 21 oKTwiil S (2) b oo L Z 510

S(9=S(z") .
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The Causal Wiener filter

Spectral factorization theorem:
U LWSS 5 yi0 xSbo b Adi> slado b o Bolai aiylb o XM 5
@ g0 43 1y @6 ol olSST .ol S(D wyg0 4y b oS @l Sy o (b SIS
10g0d &35 Glef (20 )

S(2)=S;(2)S,(2) (4.52)
o5
s Z 51 LS &l g8 S (2) g S[(2)
1P| <1 o&T it S[(2) o cdad o P )51 »
2] <1 ol&T il S{(2) o yoo 5 )STe
Ip[21 o&T il S(2) s chilp 51
2|21 oST sl S (2) b Joo b Z 51
S (2=S.(z") .
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The Causal Wiener filter
b S @b @ i (F.Y) Jlo
bl 5 ol dloleo b oyl BB (Bolai uul b Sy S ST
s(n) =1.1s(n—1)—0.24s(n—2) + 2e(n) + 3 (n—1)
{zero mean, WSS
w(n):
R,(n)=5(0.6)"

o1
S(2)=1.12"'S(2) - 0.2427>S(2) + 2W(2) + 32 'W(2)
1 ~1
~  H.(2)-= S(2) _ 2j3z - 21+1.5Z27)
W(2) 1-1.12"+0.242° (1-03z")(1-0.82")
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The Causal Wiener filter
Sab & b a5 (PY) Lo aols]
0.64 el

%(2)=3 (1-0.62")(1-0.62)

I

= S(2=H,@H(z"S,(2
2(1+1.527") 2(1+1.52) 3.2

=S = (1-032")(1-0.82") (1-0.32)(1-0.82) (1-0.62") (1-0.62)
L s 2(1+1.52)V3.2

(1-0.3z")(1-0.82")(1-0.62")
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The Causal Wiener filter

The Causal-Part Extraction: The plus operation

<l plus-operator . e gisw gilwlas 1o 3L 5,90 b ygilpl 31 S
H(2) g0 & dincnS GlisS Jrowd @b b (s LT s S D() 51
e rd g e S g0 Wige wly h(N) e (o0 ploj 0392 5o .0l

h(n) = causal part of h(n) + anticausal part of h(n)
causal part of h(n) 2[h(n)], = h(n)1(n)
anticausal part of h(n) 2[h(n)]_ = h(n)l(-n-1)
= H(2=[H (z)]+ +[H(2)].
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The Causal Wiener filter

The Causal-Part Extraction: The plus operation

[H(2)], =Z{h(n)I(n)}: plus operator or causal — part extraction
[H(2)] =Z{h(m1(-n-1)}:  minus operator

H(@ Lgs ab lp Causal s gl s
Zﬁ 4 +Z,b’ z" ] . > bz"
=0

H(z)="—; = Zcﬁnz” + Z C.z"+X——  (4.60)
Z—n n=1 n=0 Z—n
n=1 an PAfZ) Pcfz) ; aﬂ
Anti —Causal  Causal Q2
Proper
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The Causal Wiener filter
The Causal-Part Extraction: The plus operation

G310 &b ol oS 2,8 STl chaB N g ya0 N-1 gos 35 (51,10 Q(2)
w953k 25 @y a1y o lgf (o0 oSST (KN a8) adly Iyzmo i K

D03
N-1 N-1 9‘0‘
Y bz" . b,z" Py : pole position
Q(Z) — n;o — [_j - n=0
2.az" [Ta-pzH™ m, : pole degrees
n=1 k=1
3 Loy &1 Gy

(Z) ZZ ka ZQK(Z)
klml( —pk )
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The Causal Wiener filter

The Causal-Part Extraction: The plus operation

ABS 0 s [y plK Cdad T oasms i Q(2)as

Qk (Z) — i qk,m — qk,l + i qk,m
w(1-pz')" (1-p2') #(1-pz")"
(2
[ #u, ROC={z:|Z>|ul} (4.63)

1-uz

Z—l [Q&(Z)] — Z—l |: qk,l l } —
—p"u(-n-1)  ROC={z:|7<|u|} (4.64)
Jolis 15 H(Z) gL o5 2o ROC a5 00,5 Cloiil ! p3¥ o0l azii 50

) 9.w
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Extraction for Stable Rational H(2)

O wlgs 45 eolw CAUSAl Licky gl ol wislyd aiily sy H(2) L5
|) ..\.‘>|9 o).g.b ‘ QIZ(Z) LY bs.g).o ROC éé; 0 S0 H(2) Sy )|..\.1L;
20,5 Jol

FSLLG a5 09l oolasw! (F.2Y) alaly 5l cawl p3¥ Q(2) o9yl b dN
anti-causal Q. (2) wil bl P, 51 9 .cwwl CaUsAl JlSuw S

WS¢ dples
N,+N.=N
N, : order of the poles of H(Z) outside the unit circle
Nc : order of the poles of H(Z) inside the unit circle
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Extraction for Stable Rational H(2)

Na-1 1D 4O
K z //Ln an
Q.(2)= Z Q((2) = —""——— : Anti-causal, proper, rational part of H(2)
b1 [Ta-pzH™
K=
‘ka>1
Ne-1
« HoZ"
Q.(2)= Z Q) =—" : Causal, proper, rational part of H(2)
0<T:1\<1 H (1 ka l)fT’k
O<I\<p:kl‘<1

1) Gl @yl CAUSAl gidy azacis yo
= [H(2],=R®+Q(2
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Extraction for Stable Rational H(2)

ST TS

Ngo Slowndts 1 ooliiwl b Pa(2) ¢ P(2) 1yl -)
(53> GBS & by b Q,(2) 9 Qu(2) &l yFiw! =Y

[H(2)] =R(2+Q.(2)
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Extraction for Stable Rational H(2)

52—1+52‘1 —éz‘2
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F.A Jlo

H(2) = Roc={z:l<|z|<oo}
l—lz’1 4
4
Sz—l+521—§z’2 l—lz1
2 4 4
—(sz—fj 524 =Q,(2 83
4 _c,,. 3,16 4
3 s H(z)=5z+—+ I
457 -7 4 1-- 7"
4 4 4
57
-|=-=z
4 16
ﬁ 1S
16~ 4
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Extraction for Stable Rational H(2)
sz- L5712 77 . F.A JLo aolol
H(2) = ROC={Z:—<|2|<00}
1 4
1--—z
4
*%Z’2+§Z’1 —%z’1+1 3 . 3
s - H(z)=52+—+52"—i+ ;‘
—(—Zzz+52'j sz**f;;:de) 4 4 I_ZZ_I
3 ., 3
T6° n
=5z:5, +—4
(3 4 3) 1,
6% 32 -~z
6 4) 4
3
4
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Extraction for Stable Rational H(2)
F.A Jlo dolol

3
=[H(2)] =52"+—2 = h(n)=5(n—1)+%(%) u(n)

: [H(2)], damolxo o9 (9,

H(z)=cC,z+C, +¢z " +—L0

1-=-z"
4
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Extraction for Stable Rational H(2)

F.A Jlo alsl

clz+( c1+c0+;10)+(—41‘c0+cl)z‘1+(—cljz2

H(2) = I
1--z!

4

s7- L5100

_ 4
LS
4
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Extraction for Stable Rational H(2)
F.A Jlo dolol

C 1zj{ c, +co+y0)+(—ico+cljz 1+(—iq)z ?
H(2) = I
1--2z"
4
57— L5710
_ 4
l—lz’l
4
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Extraction for Stable Rational H(2)
A Lo

62" —51z+128-109z" +1972° -2322" +80z"

H(z)=
@ 2-177"'+40z7%-162"

ROC={Z:%<|Z|<4}

7z +372%-1682"° +80z*
2-17z2"'+40z7%-162"°

H(z)=3Z +4+

4-177"+3277
2-177"'+40z7% -162"

H(2)=3Z +4+(-2)- 52"+

17 -
2—-—27 +16Z | 1

(1-0.52")(1-4z"') T(-0sz) (1-42")
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Extraction for Stable Rational H(2)
P4 Jlio dolol

62> —51z+128-109z2" +19722 -2327" + 807"
2-177"'+40z7% =162

H(2)= ROC—{Z:%<|Z|<4}

[H(2)], =2-5z +m
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Derivation of the Causal Wiener Filter
Jo el p3¥ CaUSAl g yilid aswlxo (gl (F.0Y) alusly 4 a5 b
:.b,.&
Y hDR(j-D=R.() 20 (4.51)
j=0
>0 glp hid doleo a5 1y 0,105 0929 Z o 31 soliiw! Sl X g
Ogd o0 Gy ) g (i) Al (pl o jekiio 4ol Cawyo
h'<i>=&(i)—ih(j)&(i—n:&(i) ieZ (4.65)
j=0
0 i>0
R.() - N(DR( - =R,  i<0
j=0
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Derivation of the Causal Wiener Filter

azi 33,519 09297 o 3l eoliswl el () Gy ya5 4 295 b J1>
Wl edlgs 2 Juwd 3l eoliiwl b

H'(2)=S,(2-H(2S,(2)=S,(2-H(2)S (DS, (2)
il edlas S, (2) 51 by o b

H@ _S.2 .
S S %2

:causal iz g sl jgkiiw 4

H] [s.0] .
[S;(zi_[sg(z)l [H@s:2],
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Derivation of the Causal Wiener Filter

ol Jolis ki 3.5 H'(2) 130 c0gs anti-causal St () a5 ol mslg
opld 5 50 3 S, (2) S als ) g el aslgopls 3l )b )6 b

FE SRR KRN SIS
[H'(z)} X )0 0,10 )1 8 d>lg

S, (2)

5 S/(2) b kb g cowl CAUSAl H(D Gy y5 oy amgi L S50 o0
Ll aslg o pwls 310 50
S.(2) "
== | ~H(2)S;(2)=0
{32(2)1 (2S,(2)
:Causal Wiener Filter axcs yo

= H(2) L{%} (4.68)

"S(|S©2
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Properties of the Causal Wiener Filter

w>lg oyl 59y S (2) b adiny 92 g pus (P9 9 (FFA) dlolro 4 azgi b
Lol Gl Ml H(Z) a5 ols Lis ylgs (o0

:Causal yug pld MSE jluie

&l 1y 25 4l lsine NON-caUSAl sl yilid (sl MSE alaly & a5 b

. 19905 431, causal gl ydud M SE apwlxe

MSE = R,(0)~ > h()R. (i)
i=0

% q‘D[Sg(Z) -H(2S,(z"' ):I Z'dz= Z[Rcsidues of integran inside unit circle] S, (2) rational

me=!’ 1” ¢ 4.75)
—Ys@-Has.@|z'e otherwise
Jem g
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The Causal Wiener Filter

W 5o i jo louxo 1) F.O 9 F.Y Lo :FY e JL
0.0975
(1-0.952")(1-0.952)

S.(2)=

S(2)=2
= S,(2)=5(2)

0952 1-0.7931z2")(1-0.7931z
S,(2)= ! 7(1)'95 +2=2.3955( 71)( )
(1-0.9527")(1-0.952) (1-0.952")(1-0.952)

(1-0.7931") (1-0.79312)
= S,(2)=1.5477————x1.5477——
(1-0.95z7) (1-0.952)
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The Causal Wiener Filter
o _15477(1—0.79312*1)
(D)= L34TT = 557y Fe Jleo aols!
o (1-0.79312)
S (z)= 1.5477—(1 ~0952)
0.0975
S.(2) (1-0.952")(1-0.952) B 0.0630
S(D |54, (12079312)  (1-0.79312)(1-0.952"")
(1-0.952)
_ —0.07947""
(1-1.2608z")(1-0.952")
S/ 02555 02555 _ |S, (2| _ 02555
S(2 (1-095z") (1-12608z") | S, (2], (1-0.95z")
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The Causal Wiener Filter
¥ JLo aolol

0.2555
L o [s@] (1-095z") 01651
Si(2]|S(2) ], (1-0.7931z")  (1-0.7931z"")
1.5477~
(1-0.952")
— h(n)=0.1651x(0.7921)"u(n)
MSE =1-0.1651x)_(0.7531)'(0.95)' =1- 0.1651 =0.3302
L 1-0.7531x0.95
MSEno—fiIter |VISEFIR—fiIter MSENC MSEC
2 0.4405 0.2195 0.3302
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Signal Prediction

Mojlasl 4 g yug ybid 31 ooliiwl b JUSww SO (S iy ST 22
WClS pudlgs Al g0
S(n+ m):ih(i)z(n—i)
i=0

o] aplgs 38y & ygue 4 Wiener-Hopf asles azss o

S ()R- =R.(msi) 120

= =l z"S,(2)
S @ S |,

B3,5 o0 Al Jwosd aslice i MSE jluie
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—FIR Wiener filter

— Non-Causal Wiener filter
— Causal Wiener filter

s 5l eolawl ol Joe jo g wiylo 1y 895 o OISl SO o oS
FIR lé [Slin (Sdg.cubils anles 0929 oy wlw 31 yiiew FIR
Cmo 0 |y Glodlico 51 (g09axo dluxi als jo 32 40 a5 Cawl oy 0
2950 4 L oold jI s a5 00 )5 oo cge yol (3] 90 S (0 45 A
Oy, Slaalien )50 Oyl 4 .030,5 (0 Jil (o ey (4o

WO WS B>
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WL (e 53 (asd (o gy &1 ol &5 (LIS 3L 8 S A1) .2
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Estimation Theory 3
by Dr B. Moaveni

controlengineers.ir
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LMMSE Estimation

by b il LMMSE olld G oYolo @
3(n) = nZh(i)z(n—i), (5.1)
i=0

S a5 ably (2o S0e0sd 4y Lo (rmostd Allino )0 A jg0 )09 °
(D.Y) doleo &yguo a1y (B.)) dolro ylgi o0 10 (0 yurio 3oy @

n-1 . . ne
§(n) = h(zn-i), (5.2) Sged (o 933l

Wiener- aslzo 43y MSE oucl8 3l oolisiw! b ] Jo> a5 @
199 (20 313 Wygo & Sloj b o Hopf
Zm(n&(n i,n—])=R,(nn-i), 0<i<n (53
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LMMSE Estimation

20 ol ) Oygee e dluo H0 (B.Y) doleo jl oolaiwl @
n 1099 wplgs>
> h()R(n=i,n—j)=R,(nn-i), 0<i<n (3
j=0

Cowl oY ol o doleo N Jolls (B.Y) dloleo <N loj o y0 —
Wgls Jo yidnd Cull iy g N dlno (sl
{h,():0<i<n-1}

H(D.Y) dlolee ol ol g j ooliiwl b —

{Z(|) 1S | < n} Causal Wiener Filter N é(n)

Estimation Theory 5
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LMMSE Estimation

0 3 Oladlivno olod Cawl o3V pilld (ol jo a5 Canl mdlg o ©

N Cawl 0¥ mod g 050 )5 0 > d Lol o (olod Cawl p3¥ (i0 )5
ol all SHp N &S (Jyg0 50 &5 Ws 5 Jo (s dlolee
Al wiojle yild (g5l 00ly Al 53 .30 ,5 (o0 heliae
growing-Memory yld (b b 51 aws oyl @ )eew! 6005

.é)‘& 4.5"3‘9 ‘sjl.w oéLfg’ u&o‘ 9 (Mgf ® LMMSE
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Estimation based on a State model
e ML estimators: f (z|s=5s)

* MAP estimators: f_ (s|z=2)

bl ALl 3929 S(N) JUSKow wdgi (g o S Oledb| 5]
90,0929  f(s|z=2) g f,(zZ]s=9) damwlxe il
0,18 3959 3w MAP g ML sla fosi 31 ooliiw! oS0l dazxusi

19909 ol o (gLad Joo S wyge & plgr 1y S(N) JUSow 51 —

X(n+1) =Ddx(n) + a(n)
s(n) =Cx(n),

Estimation Theory
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40 0

Estimation based on a State model

e ML estimators: f,(z]s=9)

e MAP estimators: f.(s|z=2)

bl Al 3929 S(N) JUSKow vdgi (paas o S Oledb! 5]
P9, ogmg  f(S|z=2) 4 f,(z|s=5) amwlxe Kl
0,15 3829 3 MAP s ML sl posi 31 oolisiw! S0l azxudii

10908 ol Sl (gLad Juo S Wy @ lgn 1) S(N) JUSw ST
X(N+D) g =Py X(N) + XN

S(n) =CuX(N)

2r) =S(n) + () 8
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Estimation based on a State model

ol ol }|f.>Lé.‘f.w| L a5 Canl x(N)edls pisio yodtd dyus alluco
g & ol (S 08 a5 0,15 3929 (Solw a1 s(n) JUSew (e
R 1w ).’)
X(n) = a, (X(0),P(0),Z,) (5.4)
where,
X(0) =aguessof E[x(0)]
I5(O)= aguess of Cov[x(0)]

Z(2)
;|42 SO A Cawl () oS (8L San W e
" led (oo diange |y aluls
z(n)
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do M0
ML Estimation
. 3 x(n+1) = dx(n) (5.5
Forsnmplidty: o(n)=0 = {S(n):Cx(n) (5.6)

D g Flo (092 2y S P9 b
x(N)=d'x(n+1) and x(n-1)=d'x(n) (5.7)

= 2() = (i) + V(i) = CO ™ x(n) +V(i), i=1,2,....N.

Z(2) CcCo ™ v(D)
—-n+2
L o7 - z(:2) _ CCD. () + v(:2) oz —U X4V,
ri(y) C v(n)
Estimation Theory 10
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ML Estimation

1Al )0 Wl o (5SSl b (oS i 3995 V(N) A yau0 50
1

fL M) =
@R

eXp(_%VnT R;l Vn)’ (58)

R, =Cov(V,) ol yo a5

Vp=2,—-UpX

f. (2,

x(n)=x) =1, (V)

1 1
=/2Mexp[—(zn -U x)"RY(Z, —Unx)} (5.9)
(27)"?|R|| 2 R,

max f, (Z,[x(n) = X)| = min[(Z,-U,X)"R*Z,-U,x)]

—EEEES R () =[U R, T'URZ,. (5.10)
11
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do Ao
ML Estimation

GleMb! w3l ML pos ol oo (B.)¢) abasly 31 a5 4igSilon
| Oloalio 31 0L )
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do Mo
MAP Estimation
) . _ B x(n+1) = dx(n) (5.5)
SmilatoML edimator: o(n)=0 = {s(n) _ ox(n) (5.6)

= z(i)=s(i)+v() i=12,...,n.

1 1
f,(V,)=—————exp(-=V, R'V,), (598
h (272,) n/2 | R1| 2 R1

P(n) b ,l9s5 9 X(n) (;uKleo b (oS 21385 (28 b I (6l
Do (o0 4,5 Hla 4o

1 1 s N\T -
f o (X) =—————exp| —=(x=%X(n)) P*(n)(x—X(n } 5.11
o p| 50X P (x-%() | (52
13
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do M0
MAP Estimation

il o0 4S5 MAP o5 0590 50 9 51 iy a6l @y 4> g5 L

f,, (Z|X(M) =X,y ()
f, (Z)

fx(n) (X‘Zn = Zn) =

1

= fzn(Zn 7 77 &
2)"|R||p(n)

X(n) = X) f><(n) (X) =

ISR
1 <r\T 1 7

_E(X_X(n)) p (n)(x—x(n))}

bl o (o0 325 95l ol 3Y (T (13903 oz Lo (512 oS

¥=(Z,-UX) RY(Z,~Ux)+(x=x()" p(n)(x—x(n)

14
Estimation Theory

by Dr B. Moaveni




S = y
£ controlengineers.ir
© @controlengineers

Ao 0
MAP Estimation

S ) g ke
~UTR'Z + U RU x—2P*(n)x(n)+2P*(n)x =0

= X () =[U RV, +, P PH(MX(M)+U R'Z,]  (512)

2 #95%0 0)lg0B UTR U, +, P () om yle &5 Cawl 155 45 p3¥
PN >0 &5 |y Cowl

X(N)=0"x(0)  (5.13) Fyaasrod
P(n) = ®"P(O)(®")" (5.14)

X . 15
Estimation Theory
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do M0
MAP Estimation

1
Zee () =[UTRU, + 0"PO)(@7)" | <[ (@) "PHOX(0) +UIR'Z,]  (5.15)

510 jle aLtdS Olosliv colod a1 b MAP o a5 Cowl dlg

16
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S5l (a3 00liias] § ol Jipus Sy (pp02 41 ks (3l o
ooy Jo ] 50 growing-Memory aluw a5 <15y pudlgs
]
s(n)=s
Oyle 2(D,2(2)...,2(n)  oloalic jl eolaw! LLMMSE (s 1)
T 1yl ol
S(n) :Zhn(i )z(n—i)
i=0
n-1 2
MSE =E Ks(n)—Zhn(i Yz (n—i )j }
i=0
17
Estimation Theory
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E[s]=P>0, S 58

R(-j)=E[s()s())]=E[s"]=P,  Vi,jeZ
0P ] ua.‘&w.ob P «5"3‘9 Hlado oS

z(n) = s(n)+v(n) = s+v(n)

s(n) & v(n): WSS

v(n) : white noise with known variance &

R(-1)=ENGN()]=050~]),
= R(i-))=R(-D+R(i-])=P+oys(-]).

Estimation Theory
by Dr B. Moaveni
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tydid Gl o dwlxo aliio @

OMSE _ 2E[s(m)z(n-i)] +ZZhn(J)E z(n—i)z(n-j)]=0

on,()

n-1
h(DR(j-1)=R,()=R()=P, i=01,..,n-1

j=0

Pig? P .. P h( ] [p] ‘wetrilbps e
P P+o’ -+ P h,@ |_|P
P P .. P+o’|h,(n-D]| |P

L 19
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rafoleo JSb g ol o (o ylo (yogs oyl a am i b

h(Q)=h@=--=h(n-)=h  (516)

P 1
= = 5.17
nP+c? n+o’/P (17

é(n):_nZhﬂz(n—i):miz(n—i) (5.18)

3yg0 alidlo (N0 )N ial38l L 4 ass o Lis (8.9A) doleo
Dgod wdlgs heo Culyd (o Coow 4 jL0

20
Estimation Theory

by Dr B. Moaveni

10



T Y
e '

£ controlengineers.ir;

© @controlengineers

R —
Py *e * ARl
. . X3 =3

Sn+)=h,, > z(n+1-i), (5.19) iyl (B.9A) dolzo

i=0
. 1 (5.20) o
" (n+)P+o? n+l+c?/P '

)L ) ©ogo 4 olg (oo 1y (BI) alaly ull j=i-1 S

19909
S(n+1)= hmlz z(n-j)=h.,z(n+D+ hMZ z(n—j)  (5.21)

(bl audlgs (B.Y)) 9 (B.1A) alasly duns i 3!

z(n+1). (5.22)

n+1

S(n+1) :%é(n) +h

L 21
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. & P * oo
w *
* *” * *

o] slade d §(N+D) e 43 A4S Wb oo LS (B.YY) abul,
Gilw 033 4 53l (6,595 9 Sl 3L oudline o )51 g pmes
(S e S (DY) alaly ;500 Ol o Oledb

.Q)‘«;\f‘so )Lu..‘>‘ )é ‘)

dwlno (S Gygeo 4 g |y pld el pd 05 (2w lg (0 JI>
~>9.o$
h=t =L (5.17)
nP+o;, n+o,/P h., n+c’/P 1-h
> — = =1
P 1 h, ~—n+l+o?/P "
hn+l: 2: 2 (520)
(n+)P+o;, n+l+o,/P

22
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h xSy
h ,=—"—=h (1+h )™ 5.24
n+l 1+h n( n) ( )

n

10903 oann 993l 313 i yguo a1y (B.YY) abayly ylgi (o0 T 3l oolaiwl b g

N+ =38+ h., [2(n+1)—-§n)] (5.25)
‘MSE duwlno

MSE(N)  peylo 10 .00 8 duwlxo 1800 cyuodd 5L 32 (o)

23
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MSE(n) = E[ (s—3(n))’ |

=E[s" |- 2E[s8(n)]+ E[ §(n) | (5.26)
=P- 2hn§ E[sz(n-i)]+ thKni z(n—i))[i z(n— j)ﬂ
as

E[sz(n-i)] = E[s(s+V(n—i))] = E[s*]+ E[sv(n—i)]
=P+ E[S|E[v(n—1)] =

Estimation Theory
by Dr B. Moaveni
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E[z(n-i)z(n-])]=E[(s+v(n-i)) (s+v(n-))]=p+adli —]),

RELPPPPT FpLy

thHni z(n— i)j(i z(n— j)ﬂ =h?(n*P+nc?)

:4%':‘;)05

MSE(n) = P—2nh P+h?(n°P+nc?) (5.27)

L 25
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(BY) 3l ooliwl b g P o9 poleo 2,8 L

P02

MSE (n) = =h,o? (5.28)
nP +0'
dowlixo (£iiS 3U W g0 4 3 [y MSE jlade olgi o0 dxui 50 9
:.59.03
MEE+0=hyuer = % M3E(n) = (1-h,.,)MSE(n) (5.29)
26
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1l JUSaw (pod jodiio dy (ST 3L ol 5951 SO &l

E[s]
n=0 §(0)=1v
0

adgl B0 Hlado -

\
P=V :aguess ho=? MSE(0) =V

zZ(n+1)  ovdlico cdl o -Y

L 27
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rCol JUS o (o jeliio a4y (S5 5L o 5951 SO 1

(B.YR) 5 (B.YD) (B.YF) Laslgy dusloxo —F
h.,=h@+h)™
S(n+)=38(n)+h,.,[z(n+1)-35(n)],
MSE (n+1) = (1—h_,)MSE (n).
¥ alo yo 4 3L g N ladio i35l -F

-1

/L hn+l /L z
- +
z(n+1) ) /g + S(n+1)

& N\

Estimation Theory 28
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1l JUSaw (pod jodiio dy (ST 3L ol 5951 SO &l

(B.YR) 9 (B.YD) (B.YF) Lulgy dusle -

h..=h (@+h)®
S(n+)=s(n)+h,.,[z(n+1)-35(n)],
MSE (n+1) = (1- ., )MSE (n).

X alo po 4y iS5l o N ladio iul581 —F

—1

/L hn+l /L z
- +
z(n+1) =) /L\ + S(n+1)

XY N\
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RS Caaridg (o y 3

n-1

E[S(n)]= E{h]_niz(n—i)} = h"z E[z(n-i)]

=h 3 (Els+ V- =h, 3 El
n
= nhnE[S] ZWE[S] (531)

oSdg Cuns UNDIASEd 5 cl> 5o ySses ol 45 Cawl adiin

lim E[§(n)] = El$] (5.32)
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RA —_—
* b’ * * o0
. e .. ..

eSS Card g (o)
MZE(n) = P—(2nP)h, + (P P+nc?)iY

+(n P+nc72)( e O'ZJ

_ (nV+o§)2P—2nPV(nV+aV2)+(n P+no?) V2 Ve’ +Po?
B (nV+0?)’ - (Wol)

=p—(2nP
P )nV+

. . nVZc? + Po? nVZo o
IIMMSE(N) =Ilim v v =lim _I|m—:0 5.33
oo () =Jim V2 +20Wo?2 + ¢ e N2 now (5:33)

! J.olfu.o.o."u uSa n— o 6‘,304.& 45‘)|£5"""5)b QMAM)&
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S 3l (o

Zn+1) Slaalive 3l eoliwl b §(N+1) dmwlxe (S b (mosts Al

el §N) g
s(n+1) =«,,,(S(n), z(n+1)). (5.34)
bl a3 byt ] g (o pud Wilgien ol ;Siadtd 45 WS az gl

MMSE ¢;bw auge b i b s crosd JL3o & aolsl 4o
S92 padles
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Slaaliv [ JUKww Jow

58 oolisw! gl Olaalivne g JUSww gl p3Y ©lud b s oyl 4o

9 Il b pitio W yge0 4 Wludline g JUKw s ol jo0 °
g o0 a3 )5 Hai 4o cdlo lad Jaw Sl 29,5
WS P Sladl b (oL slosulyd jley A g SIS 2 o

s(n) z(n)
s(n) = szfn) , and z(n)= szn) . (5.35)
s,(n) z,(n)
Estimation Theory 33
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Oloaliv / JUw Jow

Sl s g5 yeae b A Cowl () g5 SO s(n) (LS jek

X(N+1) =D\ X(N)+ Ty, @(n), X(0) =X, (5.36)

s(n) =C,,yx(n), (5.37)
z(n) = s(n) + v(n) (5.38)
, . &S
w(n): zero mean white noise
E[@()0" (]) | = Quad(i— i); (5.39)
where, Q: covariance matrix
Estimation Theory 34
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w(n): zero mean white noise
E[VOV'(D]=R,p0(-1);  (540)

where, R: covariance matrix
M‘;LO.».MQQ»LQ)M v(in) gao(n) <% RIVE TV I

Omro oo 9 ¢y )liko (pily 51985 (5o o o (R 9 Q slo yw jlo @
n

S5 Slaalie g JUSww (pgas j0 398 Oludyd g plgs tamgd
Sl pug sl a5 uiS 15 b CounBgn jo 5 pild S
.é)‘u\.; ‘) ﬁ}y

Estimation Theory 35
by Dr B. Moaveni

controlengineers.ir

Oloaliv / JUw Jow

9 0 (piileo b usyly8 5995 g WSS JUSw ol yiu g i

S Codgume i (pllS Jilld Al 50 .0l (o0 Hlasl ol
i S (519 WilgT (o0 (ol s 5500 GHlee 40,100 9929
09 J yoo jf (ko b sl Cll> (6l (pizmod g 5l LU

L obo) b o pmmw S (5l yidad (ool 51 oLl (ol (puiaron
0,18 3929 5 NON-stationary j g

I e g JUSw Siliwl lasuio 4y o g yild 550 g 3l 1azgd
b 03 b JES L g Siwod sl b Laiid g o5l0

Slad O g0 @ piwns Jow Jol5 € bl 4 (adl5 olld jo &SIl o
Lol 3l s

Estimation Theory 36
by Dr B. Moaveni

18



T Y
e '

£ controlengineers.ir;

© @controlengineers

apriori g a posteriori  ymoey

apriori a posteriori
Available measurements: Available measurements:
Z" ={z(2),...,z(n-1)} Z" ={z(1),...,z(n)}
Estimate of x(n): X (n) 2 \| Estimate of x(n): X(n)
Estimation Error: % (n) become | Estimation Error: X(n)
Error covariance: P (n) valable | Error covariance: P(n)
MSE: E[X’(n)(f((n))q MSE: E[x(n)(x(n))T]
=trace(P () = trace( P(n))
P~ (n) = Cov[ % (n) ] = E[f((n)(f((n))T] P(n) = Cov[X(n)] = E[X(n)(i(n)ﬂ

X () = x(n)-Xx"(n) Estimation Theory %(n) = x(n) — X(n) 37
by Dr B. Moaveni

controlengineers.ir

oodl mlld SYoleo 2l pain!

S (P8

X(n—1): asaLMMSE is available
GOAL : X(n)=7? from Z~

oo 3l eslawl b % (n) (@prior) cyeeses (8L JLos 4 o axs jo
e R(n-1) (aposteriori)

Estimation Theory 38
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The apriori Estimate

Wb 1 Wil LMMSE diagy (s S Cawl 03¥ X(N) a5 ol
JJLM oé)g‘iﬁ ‘) Jwoley b).w

E[(X(n)-%X(n)Z'()]=0 i=12..,n-1 (5.45)
z(D) Gy by
2(2)
n-1 = :
z(n-1)
10ged (o 993l ) Dygo ]y (B.FD) abaly ¢lgine
E[ (x(n)-% ())Z], | =0y (5.46)
Estimation Theory 39
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The apriori Estimate

(5.36)
X(n=1) = X(n-1)+ X(n-1)

(546) > E[(®X(n-D-% (n)Z +®|A!\1)Z +%)z;l]_
0

Orthogonal Independency and
principle Zero mean Noise

} — X(n) =®X(n-1)+dX(n-1) +T'w(n-1)

= E[(d))“((n—l)—f((n))zrll}:o = X (N)=0x(n-1) (547

Estimation Theory 40
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The apriori Error Covariance

P (n) b P(N-1) ib,lges sl s yile bLI,| ] youiwl jelio 4
:ﬁ,.g.)b
P (n) = Cov| x(n)— X () ]
= Cov[Dx(n—1) + T w(n—1) - PX(n—1)]
= Cov[DX(n—1) +Tw(n—-1)] (5.48)

P X(N-1) 9 w(n-1) JHikwl 4 azgi b poaen
E[x(n-Do' (n-1)] =

Estimation Theory 41
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The apriori Error Covariance

A 9O

P (n)=®P(n-1)d" +TI'QI" (5.49)

% (n) = dX(N-1) (5.47)

— time update
P (n)=®P(n-)d" +I'Qr"’ (5.49)

Estimation Theory 42
by Dr B. Moaveni
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Measurement Update
39 Z(N) sublice 3l ooliiw! 092 gt Jo sl 3 45 (65553 alluno

X(N) sl g 595 4 09585 S35 ©)lae & awl X(N) (s gusnad
P(N) 55l ymo o) 53 45 .33 )5 &1 ol p3¥Z(N) 51 eolisiwl b

100 ,8 dwlxo &5 (sl (o0 3
The a posteriori Estimation
X(n—1) : knwon
E[(X(n-1)-%(n-1))Z],|=0 (5.50)
Estimation Theory 43
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The a posteriori Estimation

LMMSE estimation x(n-1) = nz H. .(Dz(j))=3d(n-DZ_, (5.51)

j=0

where
‘](n_l):[Hn—l(l) Hn—l(z) Hn—l(n_l) ]

:X() b sl p Jl
R =3 H,(1)2() (5.52)
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The a posteriori Estimation
100 s lod 63597 4 1y dolas' b s Gl 3Y a5
E[(x(n)-%(n)Z'(i)|=0 i=12,..,n
Ly
E[(x(n)-%(n)Z, |=0, (5.53)
)
z(2 Z
where  Z = (, ) :{ ”1}.
; z(n)
1 2(2) ]
Estimation Theory 45
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The a posteriori Estimation

Syl p ) Dy & (gl (o0 1) (B.0Y) akuly a0

X(n)=K(n)z(n)+G(n)Z, , (5.54)
where
K(n)=H,(n)

G(N)=[H,®, H,(2), ... H,(n-D].

ol K(N) 5 G(N) dmtlno & 56 Sl
X(n)=K(n)z(n)+G(n)Z, , (5.54)
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The a posteriori Estimation
(5.54) —B30 G 5 g(n) = K(n)[Cx(n) + V()] +G(NZ, ,
=K(n)CPx(n-1)+K(N)CT'w(n-1)  (5.55)
+K(n)v(n)+G(n)Z, ,

X(N=1) = X(N=1) + X(N=1) 9 (B.¥F) akul, 3l ooliiw! b (yuizzod

Xx(N)=®dX(n-1)+dX(n-1)+Tw(n-1). (5.56)

Estimation Theory 47
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The a posteriori Estimation

(5.55)}

(5.56) —>  X(n) = x(n) —X(n)

=[1 -K(n)C]®X(n-1) +[I - K(n)C]dX(n—-1) (5.57)
+[I =K(N)C]Tw(n-1) - K(n)v(n)-G(n)Z,,

(5.51)

(5 57) X(n-1)=d(n-1)Z,,

%(n) =[I -K(NC]®JI(n-1)Z,_, +[I —-K(n)C]DX(n-1)
+[I =K(N)C]To(n-1)- K(n)v(n)-G(n)Z,_,. (5.58)
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The a posteriori Estimation
L (D.OF) by 3 oozl b Jl>

(553): E[x(n)z; |= {x(n){ . )” 0

_ [Exmz1=0 (5.59)
E[%(n)Z" (n)] = (5.60)
xS o

E[x(n)Z],]=[I —-K(nC]®I(n-DE[Z,,Z],]|-G(NE[Z,,Z],]=0

= G(NE[Z,,Z7,]=[I-K(nC]oI(n-DE[Z,.,Z],] (561)
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The a posteriori Estimation
148
R>0— E[ZMZL] isinvertible
= G(n) =[I - K(n)C]®I(n-1) (5.62)
1AZS O
X(n) = ®X(n-1)+ K(n)[z(n) -CPX(n-1)] (5.63)
— B4 5 %(n) = X () + K (m)[ z(n) - Cx () |. (5.64)
|
?
o O . Vioaven, ”
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The Kalman gain

822;} — X(n) = ®x(n—1) + Tw(n—-1) - ®X(n—1) — K(n)z(n) + K(n)CDX(n-1)
(5.65)

5.37

25_38;} — z(n) = Cox(n—-1)+Cr o(n—-1) +v(n) (5.66)

=CDOX(n—-1) + COX(n—1) + CT' w(n—1) +v(n) (5.67)
(D.£0) ,5 (0.£5) dolro 5,10 L
%(n) = ®x(n-1) + T'w(n-1) — dX(n-1) + K(n)CdX(n—-1)
—K(n){CdX(n—1)+ COX(n—1) + Cl w(n—1)+v(n)}

Estimation Theory 51
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The Kalman gain

%(n) =[I -K(NC]ox(n-1)+[I -K(N)C]Tw(n-)-K(n)v(n)  (5.68)

1Cai|d puplas (B.8¢) by ;0 (B.FA) 9 (B.FY) dobeo S0 30> L

E[X(n)z' (n) |=®P(n-Dd'C" +IQI'C’
—K (N)COP(n-)D'CT —K (N)CTQI'C™ —K (n)R =0, (5.69)

(5.49) - P (n)C" = K(n)[CP(n)C" +R,

= Kalman Gain: K(n)=P (n)C'[CP"(n)C" +R]* (5.70)|
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The a posteriori Error Covariance
P~ (n)«~—P(n-1) P(n) «—<— P (n)
P(n)=Cov [x(n)-X(n)].
1Cld pudlgs (B.Y+) g (B.YA) 9 (B.YY) &Y oleo 3l coliw! b
P(n) = COV[x(n) — % (n) = K(n)[ Cx(n) +v(n) —Cf((n)]]
= COV[[U ~K(mC)% (n)]- K(n)v(n)]

=P (n)—K(n)CP (n)— P (nN)C'K" (n) (5.71)
+K(n)[ CP~(n)C" +R|K™(n)
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The a posteriori Error Covariance

(1S mudlgS (DY) 5o (B.V+) abayly 29350l b

(5.70)

~P~(NC'K™(n)+K(n)| CP (NC" +R|K"(n) = 0

= PMn)=P (n)—K((n)CP (n) (5.72)
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The a posteriori Error Covariance

s pudlas (B.VY) H0 (B.Y) aly S0 L

—P~()CK™(n)+ K (n)[ CP~(N)C" +R|K"(n) o

= Pn)=P (n)—K(n)CP (n) (5.72)

Estimation Theory 55
by Dr B. Moaveni

controlengineers.ir

ol yidd OYolre gus 2o

S il adgl wolio Cawl o 3¥ Tocol (podS milld Y oleo 3l solaswl Ho
Hyodaio opl a4 .ais )5 ol WS

% (0) = E[x(0)] (5.73)
P (0)=E[(x(0)-X (0)(x(0)-X"(O))' |, (5.74)

s Lo JLS1 50 (10 (o8l 5 o) G99 y23lie 4Kl & 493

X" (0) = guess of thevalue of X" (0) or of E[x(0)] (5.75)
P (0) = guess of E[( X(0) - (0))(x(0) - (0)) } (5.76)
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ol il O ol oy o

O o ko P(0) Lol .oaw! (g s 31 590 (6090l (B.YF) (g
el (oo CulaS y 5 Ll @8lge 31 (g ke )0 g Cowl o Sl g
P (0)=A A1>0, (5.77)
L
P (0)=diag(4 4, - 4,)), 4 >0 fori=12..,m (5.78)

Estimation Theory 57
by Dr B. Moaveni

controlengineers.ir

cyodlS ild Yo lee

Measurement Update:

K(n)=P (NCT[CP (NC +R]" (5.80)
&(n) =% (n) + K (n)] z(n)—CX (n) | (5.81)
P(n)=P~(n)— K(n)CP(n) (5.82)
Time Update:
% (n+1) = dX(n) (5.83)

P (n+1) =®P(n)®" +TQIr"  (5.84)

prediction al> o S (X(N)) filtering gl eoss 451, plud cpodls
D (o0 aiSUl oI5 s pB L S 4o 4 a5 <l (X7 ()
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255 (o0 L3 )
X(0) = guess of X(0) (5.87)
P(0) = guess of E[(x(O) —~%(0))(X(0) - X(0) )T] (5.88)
set: n=1
Time Update:
X (n) = dX(n-1) Measurement Update:

P(M=®P(n-D®"+TQI"  K(n)=P (nC'[CP (C" +R]"

&(n) =% (n)+ K (n)[ z(n) - C& ()]
P(n)=P" (n)— K(n)CP (n)

Estimation Theory 59
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cyodlS ild Yo lee

& 900 43 adgl byl s U (ool 52l (63 o0l 1 5,500 £ 9

DS (0 )30 )
%(0) = guess of %(0) (5.87)
P(0) = guess of E[(X(O) ~ %(0))(x(0) - X(0) )TJ (5.89)
set: n=1
Time Update:
X (n) = ®X(n-1) Measurement Update:

PUM=®P(n-1@"+TQr"  K(n)=P (NC'[CP (C" +R]"
&(n) =% (n) + K (n)] z(n)—C& (n) |
P(n)=P~ (n)— K(n)CP(n)

Estimation Theory 60
by Dr B. Moaveni

30



o _— L
£ controlengineers.ir
© @controlengineers

| ool s ples
General Properties:
el (Lol putio i SO (pod 5 pilds )
o |y Jiuo dlolao aiwd 90 ((poll5 mlld WY oleo gy aws L -Y
estimate recursion: 10908 d5ly1 oylgs
K(n) =P~ (n)CT[CP (NCT +R]" (5.80)
K(n) =% (n)+ K (n)[ z(n)—Cx () | (5.81)
£ (n+1) = dX(n) (5.83)
Covariance Recursion:
K(n)=P (nC"[cP-(C" +R]" (5.80)
P(n)=P(n)— K (n)CP~(n) (5.82)
P~ (n+1) = OP(N)®" + TQI" 3 0aon e (5,84) o

controlengineers.ir
b s (polgs

General Properties:

a5 Sl 5G] oo LS Recursion Estimate oY oleo 4 as g5 -V
duswlro oy (B0l 9 wociwad Ol live 4 aiwsly WY sleo ¢y
20,10 3929 (ol cudline 4iglmd (y9y (0l 0 4t g U il lges

Riccati Equation:

(5.84)

(5.82)} - P (n+)= CI)l:)7(|'1)CI)T —CDK(n)CP’(n)q)T +1"Q(n)rT

Riccati Equation:
(5.80)

s P (n+])= <D{P’(n) —P(C'[CP-(C" +R]" CP’(n)} T +TQMIT  (5.89)
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Error Systems

0 oLl (pmosd (glas (o) 3l (Pl S (sl ly oy 1 yelie 4
JRUBKYWW
E[x(n)] = E[x(n) —X(n)]
=E[Dx(n-1)+T(n-Da(n-1) - dX(n-1) - K(n)[z(n) -COX(n-1)]]
= E[®x(n-1)+T(n-1)w(n-1) - dX(n-1) (5.90
—K(n){C[®x(n-1) + T (n-Da(n-1)]+v(n) - COX(-1)} |
=[I =K (n)C]PE[%(n-1)]

—68 5 E[x(n)] =[I - K(n-)C]E[X (n)] (5.92)
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oIS il Jolas 3

aly ool yild Yol (lg8 (o0 e il 5l (wgSae o jl eoliwl b
oslw I, Kalman Smoother g ol wlw! y 45 8403 &51y) 558 g0

Dgos GOSN w5 J5lld g5laul g 00,5 by
Matrix Inversion Lemma:

(AL + AP ) " = As— AL (AL AA, + Ay) T ALA, (5.99)

K(n) =[1 =k(n)CIP" (N)(P" (M) X" (n) + K (n)z(n)
= P(n)( P’(n))(l)f((n—l)) +K(n)z(n) (5.94)
=P()[ (P~ (N)®X(N-1)+ P (MK (n)z(n) |
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(b
P(n)=P (n)—P (N)C'[CP (n)CT + R]™*CP (n)
i Flo gilw weSao o 3l oolaiwl b
P™(n) = (P ()™ + (P (n)"P (nNC" x
[~CP ()P (M) *P~(N)CT +(CP~(NICT +R) | CP~(M)(P~(m) -
t K(n) 0 @9d doleo Lo b
P(n)K (n)=[(P" () *+C"RC]P (n)C" [CP (n)C" +R]"
=C'[I +RCP (n)CT][CP (N)CT +R]™*
=CTR[R+CP (n)CT][CP (N)CT +R]™*
=C'R™.

Estimation Theory 65
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0g0d (o 993l ) g A lgi (o0 1y (BAF) Aolro 4z jo

&(n) = P(n)[ (P () "@X(n-1) + C"R'z(n) | (5.95)
P(n)=P (n)—P (n)C'[CP (n)C" + R]*CP (n)
i yle gilw weSao o 5l oolawl b

P(n)=[(P (n))*+C"R'C]™* (5.96)
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% (n) = dX(n-1) (5.97)
P(M)=[(P () *+C"RC]" (5.99)
&(n) = P(n)[ (P~ (n)) "@X(n-1)+C"R'z(n) | (5.99)
P (n+1) =®P(n)®" + QNI (5.100)
Estimation Theory 67
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The Steady State Kalman Filter (SSKF)

GI5 K(n) g P() P (Mo 595 4 g ydd & drgi b (odl5” yild
33,5 (50 395 4 al>p0 p 50 Gl o b ke s S

519 ool saiial laplie] JUSpw sl Juto ol &Sl 50
steady state g o) 0 5F0b > & polio (| stationary
09,5 0 ol kalman filter

PP ki pas gy wile cl> 4y oy (29 b
P~ = limP (n) (5.102)

Algebraic Riccati Equation(ARE)

(5.89) — P, = @[Pw’ -P.CT(CP.C" + R)’l CP;}DT +IQrT  (5.103)
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The Steady State Kalman Filter (SSKF)
9 ool oy (S0 sy Aol S 3l o> P (gl azal o
1393 WBleS 5 Wygo 4y s (il lges s yile
K,=P.C'(CP.C" +R) (5.104)
P =P —-K_CP, (5.105)
=P, -P,C"(CP,C" +R)'CP; (5.106)
Estimation Theory 69
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The Steady State Kalman Filter (SSKF)

(el glad Juw (x80)(0.)) Jle
L Smmmod g5 26 L S(N) WSS Sl
R.(n) =0.55(n +1) +&(n)+0.55(n —1), (5.107)

bower specral densy_, S, (2) = 0.5z+1+0.52°" (5.108)

o2=2 wlylal () swbw 3gi jauas b jud JUSomw (g 5 031wl
A Ao il 3 95 g JUS o (paiirod O dy (0 plel

b (JBs U 5l eoliviw! cedl> sLad Jowo (s s g9y 51 S
e A
S(9=S (S (zY
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The Steady State Kalman Filter (SSKF)

H(edl slad Juw (38L)(8.)) JLw aoldl

b s 3265 69959 b LTT s S @390 41 1,50(2) plgs (o0 9
bad Juo S 4 plg (o0 o) GRRT g <85 I 50wy i)l

qRY}
S.(2)=05z+1+05z" =a(l-bz)a(l-bz ") = a’[-bz+ (1+b*)-bz"].
AT 4O
a22(1+ o) :1} S 4at—da?+1=0 Lg(motZ 1,1,
-a’b=0.5 2 2 2
Estimation Theory 71
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The Steady State Kalman Filter (SSKF)

(el slas Joe o8l) (8.9) Lo aols!
P89 Bl esliswl b

X'(n+1) =0x'(n) + ico’(n)

V2

s(n) = x'(n) + 1 @'(N)

V2

AbS o b 1) usly il ylg g bl Sl b sudiw 3195 @'(N) a5

A S(n) ] :Q)B'p 4‘.’ ‘J"’"\'? b“JL’, )‘O).? “‘6‘1)&;‘ l€
z(n)= ,
(n) {x’(n +1) |
0 1] 1/42
x(n+1):{ x(n)+ V2 ®'(n+1)
0 0 1/~/2
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The Steady State Kalman Filter (SSKF)

(edl las Jow (386)(8.Y) JLo aolo

0 1/42 L o(n) = w/(n+1) 3
x(n+1) = {0 O} (n )+[ /\/,]a)( )
s(n)=[1 0]x(n).

z(n)=[1 0]x(n)+v(n)

Adwd dwodl V(M) 9 @(n) «ewl R(N)=26(n) a5

Estimation Theory 73
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The Steady State Kalman Filter (SSKF)
(Y-l glad Juo 58L)(B.Y) Jli
OleMb! 3l soliw! b el sLas Joo S gl oul pgd gy Ll 4o
08,5 (o0 &l (oS (Gl e (55555 9 (Smnod 395 &b
R,(n)=0.56(n+1+5(n)+0.55(n-1), (5.107)

o'(n) s(n)

h(n) : impulse response

, _{white noise

2 _
o, =1

= R((n)=h(n)*h(-n)
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The Steady State Kalman Filter (SSKF)
(Y-l glas Juw 58L)(B.Y) Jlo aols!
B¢ aales 2N-1 4 5o 51 R (N)casb N as o 310(N) 51

(5.107) >N=2 = h(n)=aw'(n)+bw'(n-1)

a’+b’=1 n=0 .
= R()=7ab=1/2 n=x1 —~ a=b=—F1
- NE

0 otherwise

x(n)é{s(n)}: X(n+1) = [g 1/\/7} (n)+{ i/é o'(n+1)
o' s(n)=[1 0]x(n).

Estimation Theory 75
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The Steady State Kalman Filter (SSKF)
(Y-cdls slad Jowo (580)(8.Y) JLwo aolsl

assume: o'(n+1) = w(n)

X(n+1) = {g 1 f} X() {1/ f}w(n} (5.109)

s(n)=[1 0]x(n) (5.110)
2(n)=[1 0]x(n)+Vv(n) (5.111)

76
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The Steady State Kalman Filter (SSKF)
:(SSKF 5 &lwlxo)(d.Y) Jlw
(0.Y) Jlw SMM Sl
x(n+1) = {0 Y \/E} x(n) + {1/ \/ﬂ w(n)  (5.109)
0 0 1
s(n)=[1 0]x(n) (5.110)
z(n)=[1 0] x(n)+v(n) (5.111)
R.(n) =25(n)
2
P;:[a C} a ¢] |8r2b-c of [vz 142]
cC b= c bl= 2(a+2) N
(5.103) o o Lz
Estimation Theory 77
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The Steady State Kalman Filter (SSKF)
:(SSKF 5 &lwlxo)(8.Y) Jlw anls!

2)Q) - (1/+/2)?
_|_

R0 ,3-_05+2

I 0.5
- 0.9142 0.7071
}{f {o 7071 1 } (5112)
1 .
1 e
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The Steady State Kalman Filter (SSKF)
:(SSKF 5 &lwlxo)(8.Y) Jlw anls!
J2-1/2

0.3137
Lo, | V24302 . (5.113)
1/2 0.2426
\/E +3/2 1 \\ -
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The Steady State Kalman Filter (SSKF)

:(SSKF ;5 csluwlxo) (8.F) Jlo aclo!

— - X
xhat [

1
11
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Input-Output form of Kalman Filter

w‘s.‘aawc_ﬁt\f‘SSKF ‘5|ﬁ

(583) =1 A
S (n) =Cx (n). (5.115)

(5.81) {)A(—(n+1):q>[|—KwC]>“<‘(n)+d>KwZ(n) (5.114)
(5.86)

= Hge (2)=C(2d -@[I -K,C]) " ®K_. (5.116)

Estimation Theory 81
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Causal Wiener filter and SSKF

ol 3,8 & pazio caUsal g s Kvosi SO a5 Cawl S5 @ p3Y
o9 i SO Lo i YL e g0 cdS oyl o0 )

SKF: (5.115) — & (n) = CX (n) + 0z(n),

—§(n) =) b(i)z(n-i) (5.117)
i=1
Causal Wiener Filter: §(n) =Za(i)z(n—i). (5.118)
i=0

b(0)=0
(5.117) a(0)=0
(5.118) SXKF: one-step prediciotn

C. Wiener F. filtering
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Causal Wiener filter and SSKF

H g Gt 39 oS 99 do o) (8.0) JLio

Causal Wiener Filter g SSKF oz g0 (0.Y) Jlo SMM ! 5
19 WBlg 5§ &30 &

:SSKF -

(5.114) > S (n+1) =Cx (n+1) =CP[l - K_C]x (n) + COK_z(n).

= Hogr prea (2 =CO(1 =K, C)[2 —D(I - K, C)|'®K_+CDK

0.1716
(5.112) _
513 HSSKF,pred (2)= 1+ 017162
Estimation Theory 83
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Causal Wiener filter and SSKF

o i, 90 S 90 du o) (8.0) JLo 4wl
:Causal Wiener Predictor-Y

HV\Aener pred (Z) = 1 |:ZS§(Z):|
‘ SS9 s |,

S:(2) =1.7071(1+0.1716Z %)

zS,(2)| | 05z+1+05z*
S, (2 . 1.7071(1+0.17162) .

11714 } _ 0.2929

=10.2929+1.70292 - ——————
z°+0.1716],

Estimation Theory 84
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Causal Wiener filter and SSKF

H P i, 9O pam0Bt 9 danny o) (8.08) JLio ol
:Causal Wiener Predictor-Y

1 929 0.1716

= H 7) = x0.2929=———"— _
e pr (2 1.7071(1+0.17162°%) 1+0.1716Z

Jél&o )‘ QL'”" HV\Aener,pred (Z) 9 HSSKF,pred (Z) J‘M &b 99 Mm
D5l JSovoxi g0 (pl o9

Estimation Theory 85
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Causal Wiener filter and SSKF
:(filtering cdl> o JFvwosd 99 dmw o) (0.8) Jlw
SSKF-
(5.83)

(5.114)} = X(n) = (I =K, C)X"(n) + K z(n).

= §(n) = Cx(n) =C(I —K_C)X (n) +CK_z(n),

= Hogr pea (2 =C(I =K, C)[Z - (I - K, C)'®K,_ +CK,

0.6863
Example(5.3) %’ H s e (2) =1— 110171671
Estimation Theory 86
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Causal Wiener filter and SSKF

:(filtering cdl> ;o SKoowxi 99 amulie) (8.7) Jlio
:Causal Wiener Filter-)

1 |S,(29] 1 0.5z+1_0.5z"
S:(2)[ s:(2) 1.7071(1+0.17162) |,

H e e (2) = = S 2)
0.2010 }

= 1 [0.292921+0.5355+

S.(2)

z1+0.1716
~ 1
1.7071(1+0.1716Z %)
0.6863
1+0.17167°"

x (0.2929z* + 0.5355)

Estimation Theory 87
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The SSKF estimator:

39 1y SSKF jl ooliiw! oSl i )8 0 &l doldl jo a5 gl anad 90
1SS o0 gy Stationary poi jeas b g lojb ol b SMM

(©.5VQ) Z959 VOVR =Q>0a5 Wil (o yilo |G ,51:0.) anii
ST Lk g 51051 aiblgs 2y, IST (0.C) g3 olST bl ;g lagly
9,15 3959 SSKF
S92 anlgs bl g1 SSKF
oleo (5lp (rare Ao Cudo 9,8 & pazmin dguzme Jo S B e
Sg aples (0.)Y) S,
Sg 2le> P(0) 20 Jhwo P Hlude ©

Estimation Theory 88
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The SSKF estimator:

0 225 ©ge 4 ol 3l eolinwl jo (Solw joline 4yl 599 anad amis
18,5 oolawl (yled

(@.C) 959 ably iy IS (PIVQ) zg59 Q>0 ,S1:0.Y s
ST wlly iy Cug)

9,15 3959 SSKF

Sgr wales Wl (90 SSKF o

Wolro (gly (o Ao Cuao 0 )8 & pazie dguzme Jor Sy P
Dg wples (B.)Y) S,

g walgs P (0) >0 Jiuwo P Hlado
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40 0

0,5 (SBaxe (LS g pild SO lgie 4 S S S ad jo 0

iJuad ol 5o o
INNovation lge s oo glas Sy (8 o —
oS pgas 33 ol 38 39340 ledbl g lNNOVALioN s 5 —
INNOVation iy x5 wle! p S il cw93L 5ol —
ooy b sicie g SMM gly pallS il 51 o0lius! o2 —
ool yid (1,519 byl —

Estimation Theory 2
by Dr B. Moaveni




£ controlengineers.ir
© @controlengineers

The lnnovations

ol s 5o o
Z ={z() --- z(n-1 X (n .
{2 -~ zn-plox@| o
z(n)
Al o INNOVALION 1yZ(N) sudline 392 g0 Wiz wiledb! *

JUSKw SO Sl cualin 2 0 35290 s GleMb| pozxon  ©
Ay g5 INNOVALIONS Ll 4 a5 s oo Solas

Iy guos sBuss g wiciwmd 4> 98 Al plgs glyls iNnovations o

Estimation Theory 3
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The lnnovations

:innovations iy yx5 ©

g(n) = z(n)—CX (n) (6.1)
=2z(n)—Z (n) (6.2
L Z(N) sualine I LMMSE (st jl cowl wylie Z7(N) Gy p25 ol 5o
27 51 ool
Z (n) =Cx (n) (6.3)
aSCyl a4 azgi b
z(n) = Cx(n) +v(n) o B
Z (n)=Cx (n) +\7‘(n)} —vin= E[v(n)] =0

Estimation Theory 4
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The lnnovations

:iNNovations o wsus wledbl ©
& yguo 43 45 Cewl Z(N) sualine 31 guyus wledb! g9l> I NNOVations
L 77 51 oS S e B s

: Orthogonality e
ol Sgose Wlualine w iNNOVations
E[eZ'()]=0, i=12..n-1  (64)

z(n) =2 (n) +&(n)

Proof : Ié[g(n)zT (i)] = E[(Z(n) -z (n)Z' (i)]
:E[Cx(n) —v(n)-CX (n)Z' (i)]
=CE[ (x(n)- X (M)Z' (i) |-E[v(mZ () |=0  (6.8)

Estimation Theory 5
by Dr B. Moaveni
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The lnnovations

:Uncorrelatedness’White Noise
El@)e'(j)|=0 =] (6.5)

Proof:
E[ ()" (n) = E[ (z()-2 ()" (n) |
=E[ z()e" () |-E[ (2 ())e" (") |

:E[(z(i)eT(n)]—iiA,-(j)E[(z(J)eT(n)]:o (6.14)

Estimation Theory 6
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Thelnnovations
dnd Sladlie wledbl Jolee wleMb| g9l> iNNOVations o
{z(1) --- z(n)}: Linear Combinationof {(1) --- &(n)}

: Orthogonality e
ol Sgos Wlaalie w iNNOVations

E[s(nZ'()]=0, i=12..n-1  (64)
:Uncorrelatedness’White Noise ¢
E[«()e (j)]=0 %] (6.5)

Estimation Theory 7
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The lnnovations
LMMSE R TR
kS pled 3l 6l Azt Glgie
K(n) = Z E[xme" () ](E[(e” (1)]) " ¢(i) (6.6)
LMMSE i3l oo ©
&(n) =% (n) + E[ x(n)e" (n)](E[g(n)gT (n)])_lg(n) (6.7)

~ilge Sledbl ol {Z(0),..., 2(n)] acgaze 45 sl 453 4 p3¥ #
{£(0),....e(M)} JiNNOVALioNS acgamo 35 a5l 43 ! (g5 S5
Dyl0 8929 (bl i
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Lh? ‘sw)).g

dinnovations a> ¢ Il 5,5 @
Hleslaiwl b ool illd o )Sloe 095 (w32 g o lio (Sl
INNOVations JUSows (4893 dubw Camols-

e(N)=2z(n)—z (n)
=x(n) - CX (n)
(n) should be zero mean white noise |

(6.28)

oS (082 (bl o9 B adl 57(0) = E[x(0)] wow! p3¥ 4l
0,5 ymoud

louzmo yiad (215 Conl oY wbls ddow 3299 () JUSw ST
03925 3285 Juo a5 3,10 3929 (Lol (pl S8 Wyle 0y ©)jge
b correlated b/ g Ky v(n) 9 o(n) gL g b wibl
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Time-varying State Modeled and
Non-stationary Noises

olo3 b i <> Jao ®

x(n+1) = d(n+1n)x(n) + C(N)w(n), X(0) = X,, (6.29)

s(n) = C(n)x(n), (6.30)

z(n) = s(n) +v(n), (6.31)
Add Solai gl polro lgd C(N) g I(N) « d(N+LNn) &
Elo@)o (j)]=Q)5i - j), (6.32)
E[v(iN(1)]=R0)3G - 1)), (6.33)

i N 5l cogkzo @lgi R(N) 5 Q(N)as
Estimation Theory
by Dr B. Moaveni
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Time-varying State M odeled and
Non-stationary Noises
Olo) & yuitio i (511 yid (oS ¢
Measurement Update:

K (n)=P~(n)C™ (n)[C(n)P"(n)CT (n)+ R(n)]’1 (6.34)
K(n) =% (n) + K (n)] z(n)—C(n)X () | (6.35)
P(n)=P (n)—K(N)C(n)P (n) (6.36)
Time Update:
X (n+1) = d(n+1,n)x(n) (6.37)

P (n+D)=®(n+Ln)P(N)®" (n+1,n)+T(nN)Q(MI" (n) (6.38)

Estimation Theory 11
by Dr B. Moaveni
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Time-varying State M odeled and
Non-stationary Noises

-02 O 1 0.4 1 02 05 JLo.o
o=|12 04 -03|, TI=|05|, C=|01 01 01
0 04 02 0.3 0O 0 2

Q=4, R=diag([80 66 25])
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Time-varying State M odeled and
Non-stationary Noises

-02 O 1 04 1 02 05 Jl.m
®=12 04 -03|, I=|05|, C=|01 01 01
0O 04 02 0.3 0O 0 2

Q=4, R=diag([80 66 25])
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40 A0
S (B yro b sl SMM gl (podlS yilad (3 (sl (ks ) @
& Ol (b el ©yg0 4 b SMM s)lg0 5 (6 ke yo (59
wplgs Extended Kalman Filter 8 e 4 g ol o 100 @
1S
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The Extended Kalman Filter
b 7t SMM (520 @
{x(n +1) = g(x(n)) + To(n) (8.1)

z(n) = y(x(n)) +v(n) (8.2)
w(n): " zeromean whitenoise | vV(): zero mean white noise|
E[oi)o ()]=Quaol-i)x  E[VOV()]=R.,(- )
§where, Q: covariance matrix ﬁwhere, R: covariance matrix |

v(n) and @(n): uncorrellated

Estimation Theory 3
by Dr B. Moaveni
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The Extended Kalman Filter

b 28 SMM (6520 @

Xma (N+1) = 4,4 (x(n)) + T x(n) (8.1)
254 (N) = 7pa (X()) +v(N) (8.2)
(X)) | [, (x)]
H(X) = ¢2(:X) y(x) = 72SX)
_¢m (X )_ _79 (X )_

¢,(x), 7;(x) : scalar valued functions

Estimation Theory 4
by Dr B. Moaveni
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SMM oy g5t Jas oo 31 (ylg5 (o0 35 (o0 5 0 oS
RUSCTVERRI F LW
#(x (n)) = (X (n))+3,(X(N)[x (N) =X (n)] +.. (8.3)
#(x) O Op o9, |
| (x) X O,
4 (x) = J,()=| & o o, (8.4)
. 0Py 0P O,
x=| 2 EC
Xn Estimation Theory 5
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lad Lo/ JUmw Joko (g jlw s

Hebls males %7 (n) Joo 7 (X(M) U (8l (stelio ysb &

y(x(n) =y(X~(n))+J, (K- ([ x () =X~ (n) ]+... (8.5)

D g0 ®

X (n+1) = (X (n))+3,(X (n))[x (N) =X (n)]+Te(n) (8.6)
z(n)=y(X"(n)+J, (X" ()] x (n)=X"(n) ]+v (n) (8.7)

o ookl (EKF) adly azwgi w5 ikd Jlosl cgz Jowo ol 31 9
O g

Estimation Theory 6
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The Extended Kalman Filter

* Time Update:

1A Prior cpoess als po ol 58 podl5 yid ©Yolro gl o dslice
18,5 -0 &1, X7(n)

Unbiased Estimation E [X(n) _ )?_(n) | Z_} -0

% (n) = E[x(n)\z-} (8.8)
~E[§(%(n-1) + 3, R0-D)[x(n-D -k -D]+Tw(r-1)Z | (89

= %7(n) = #(R(N-1)) + J¢(>2(n—1))E[x(n—1)—>“<(n—1)\z-}
+FE[w(n-1)|z*}

Estimation Theory 7
by Dr B. Moaveni
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The Extended Kalman Filter

* Time Update:

Unbiased Estimation s E |:X(n _1) _ )'z(n _1) ‘Zf:| =0

—E|o(-1|z |=0

= X" (n) =4(X(n-1))

o ,l995 i Fle (o Cwl 03 (Sloj (Sl 95 4 s o
23,5 0 duwlxo
8
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The Extended Kalman Filter

* Time Update:

P (n) =Cov[x(n)—>“<’(n)‘Z’ =Z’J (8.11)

=E[(x(m) =X ()(x(n)~% ()" |2 ] (8.12)
= P~(n)=Cov| §(R(N-1) + 3, -D)X(-D+T (-1 -X (n)[2” |
= P7(n)=Cov[J,R(n-D)X(-D+Te(-nz7]  (8.13)
Heeblo maalys wialy 598 Sl e sl Jliiwl & azgi b

Estimation Theory 9
by Dr B. Moaveni
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The Extended Kalman Filter
* Time Update:
= P*(n):J¢(>2(n—1)cOv[>z(n—1)\z’}J;(i(n-l))+rQ(n-1)rT (8.14)
1S g0 5O
P(n) =Cov[ X(n)[Z ] =Cov[ x(n)—-%(n)|Z ] (8.15)
oK1
P(n)=J,(X(n—DP(n-1)J] (R(n-1)) +TQ(n-HI" (8.16)
Estimation Theory 10
by Dr B. Moaveni
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The Extended Kalman Filter

* Measurement Update:

099 ol g X7(n) uedS (3991 WLL ey (B2 L Al o (il 5o
Jsa  z(n-1),...,2(2),2() wladlice p X(N) coss glas

X (n)=b(n)+K(n)z (n) (8.17)

130 Cansl bl 3991 K(N) (a0 Sl & 425 b

E[ x(n)-%(n)[z]=0

Estimation Theory 11
by Dr B. Moaveni

controlengineers.ir

The Extended Kalman Filter

* Measurement Update:

8 aloleo 45 (ANY) g (AY) e¥slre 2o 35ele b

E[ x(n)=b(n) - K[ (X (m)+3, (X ()X (n)+v(n) ]2 |=

& Sl Aiunslg Z7 a4 il a5 |y Gl Culi XT(N) AT Sl 455 a4 03
razedd 50 osaliv o 5T z(n) &
b(n)=E [b(n)IZ} =—K(n)y(% (n))—K(n)J, (X (n)E[X (n)|Z]
+E[x(n)|Z1-K(n) E[v(n)|Z] (8.18)

Estimation Theory 12
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The Extended Kalman Filter

* Measurement Update:

Unbiased Estimation 5 E[)~(— (n)|z] =0

E[v(n)|Z]=0
=b(n) =-K(n)y(X (n))+E[x(n)|Z]

(8.8)

——— b(n)=x"(n)-K(n)y(xX"(n))

_em ,g(n) =% (n)+ K ()[z(n) -y (X ()] (8.19)

Estimation Theory 13
by Dr B. Moaveni
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The Extended Kalman Filter

* Measurement Update:
109 (o0 ookl wolei ol 51 K(n) o ylo (80 (6l

E[(x(M-%M)z" ()|2]=0, i=1..n. (8.20)

(8.19)

_ 819 E[{x(n)—f(’(n)—K(n)[z(n)—y()“(’(n))}}zT(i)|Z}:0, i=1..n.
E[{i’(n)—K(n)[z(n)—y(f(’(n))]}zT(i)|Z]:O, i=1..n (821)

E[x (nz"(i)|z]=0, i=1,2,...,n-1

Estimation Theory 14
by Dr B. Moaveni
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The Extended Kalman Filter

* Measurement Update:

(AY) ally sleslwl by i=n  (lpIN
E [()”(’ (N)—K()J, (X" ()% (n)—K(n)v(n))
x (7(X () +3, (X ()X () —v(n))T |z}:o (8.22)

12(n) oudliee 3l (409 Jiiumo 9 (ymodd 099 WL e by 4 axoi b

E[x"(n)z=2]=E [x"’(n)|Z =7 *]:0

Estimation Theory 15
by Dr B. Moaveni
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The Extended Kalman Filter

* Measurement Update:
10903 (o 93l 323 Wyge 4 oleF (0 ) (ATY) alul,
P(n)3] (X" (n)) =K (n)J, (X (n))P (n)I] (X" (n)) =K (n)R(n)=0

13 993 wblgs @ ylie EKF 13 cpallS yilid 0 i Az yo

K(n) =P (mJ] & (M)[ I, MP-(MIT (& M)+RM]"  (8.23)

Estimation Theory 16
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The Extended Kalman Filter
* Measurement Update:
bls pples s (b yl (il )lgeS e Flo sl (raion

P(n) = cOv[x(n) —%(n) = K[ J, (& ()% (n) +v(n)]|Z]
=P~ (n)—P~(n)J; (X" ()K" (n)—K(n)J, (X" (n))P~(n)
+K (n) [Jy(f(’(n))P’(n)JyT (X (n) + R(n)] K™ (n) (8.24)

Lesls publys (YY) abaly 5 2 3l

P(n)=P (n)-K(n)J, (X (n))P (n) (8.25)

Estimation Theory 17
by Dr B. Moaveni
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The Extended Kalman Filter

* Measurement Update:

K(n) =P (n)J] (X" (M)II, (X ()P~ (I} (X (n)+R (1"  (8.26)
X(n) = x"(n) + K(m[z(n) -y (X" (n)] (8.27)
P(n)=P (n)—J (X (n)P(n) (8.28)

e Time Update:
P™(n+1) = J,(X(n))P(n)J; (X(n)) + QM) (8.29)
X (n+1) = g(X(n)) (8.30)

Estimation Theory 18
by Dr B. Moaveni
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The Extended Kalman Filter

%, (k +1) = X, (K) + X, (K) + (k) Jte
%00

X, (K +1) = %, (k) +%e’ < X2 (k)X (K) - g + o(K)
X, (K +1) = X, (k) + (k)
y(K) = %, (k) +V(K)

0, =0.0034 1 1 0
_x(k) _x(k) x(k)

g=322 3= e x0) pe ) De ()

x =32000 0 0 1

R =100

Q=0 J =1 0 0]

R 19
Estimation Theory

by Dr B. Moaveni

controlengineers.ir

The Extended Kalman Filter

X 10° J Lo dolo!
0 — — State
| State Estimation ||
s
-2
120
-10000 ‘ ‘ ‘ ‘ ‘
20 40 60 80 100 120
0.2
0 —
02 L L L L L
20 40 60 80 100 120

R 20
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The Extended Kalman Filter

Estimation E ’
1000 stimation Error JL‘-° M‘O‘

500 -

500} | ]
J

-10001 —
\

-1500}, el
) — - e2
\ e3

-2000 b —
|
|

-2500
0 10 20 30 40 50 60 70 8 90 100

Estimation Theory
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The Extended Kalman Filter

1000 T T T

500

-500 - B

-1000 - B

-1500 - B

-2000 - B

-2500

1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
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The Iterated Extended Kalman Filter

* Measurement Update:
X*(n,0) =X"(n)
P"(n,0)=P (n)
K(n) =P~ (n)J; (X (LI, (X" (n, )P (NI} (X" (n,i)) +RM]™
£°(n,i+1) = % (n, i) + K(n)[z(n) - 7 (X" (n,i))]
P*(n,i+1) =P (n)-K(n)J, (X (n))P"(n)
i=N
* Time Update:
P(n)=P*(n,N +1)
%(n)=X"(n,N +1)
P~ (n+1) = J,(X(n))P(n)J; (X(n)) + TQ(N)I""
X (n+1) = ¢(x(n))

Estimation Theory
by Dr B. Moaveni
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The Extended Kalman Filter
%, (k +1) = %, (K) + X, (k) + (k) Jt
% (k)
ok +D) =%, () + 20 Pog™ x X2 (k)% (k) — g + oK)
X, (K +1) = x, (k) + a)(k)
y(k) = x (k) +v(k)
p, =0.0034 1 1 0
=322 3= f—;e'xﬁk)xé(k)xa(k) e * %K) %e’xﬁik)xs(k)
K = 32000 . . .
R =100
Q=0 J =[1 0 0]
Estimation Theory 24
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The Iterated Extended Kalman Filter
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The Iterated Extended Kalman Filter
Estimation Error
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The Unscented Kalman Filter

99 jleolawl b giw s 51 (EKF) adl arwgi opod5 j5ild o
ol (ol a5 3g o0 ooliiw! (raosti jelaio a1 jakid Jauws Jol alos

) oo (s Az O yguo a3 (podlS ild 00,5 (0 g0

P oS S 4 A e Al (IS Sl o g sles A

08,5 (o0 Jrod iy
sy unscented Jsos b » UKF jald JSien o o3 sk
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The Unscented Kalman Filter

Unscented Transformation (UT)
S piio SIliwl olgs dnwlxo gl p (g 3l Cawl <yle UT
ebse (pl 4 .uil edged yome (o pf @il Sy 5l a5 (Sl

X, 2>y =f(x)

mean(x) =X
ol cov(x) = P,

sigma (2L +1 Jold 7 i ylo ¢ ¥ Soilow! plgs o gl &
Do o0 By ) Wy & 4i Vectors
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Unscented Transformation

Unscented Transformation (UT)
Xo=X

2 =X+(J(L+2)P,),, i=1...,L
2 =X—(J(L+2)P,), ., i=L+1...,2L+1

ol pgd a3 ygiw omoll 3l cawl wybe (J(L+A)P), a5
0195 0 o amwlns g1 Cholesky « ju 51 45) (L+2)P,
(oY oo oyl 5o ((g0s solauwl

A=a’(L+x)-L - scailing parameter
10*<a<1 : Determine the spread of sigma point
usually
Kk = 3-L : Secondary scailing parameter
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Unscented Transformation
sugmapmnts\o

g NG

o]
|
y=1(x) y:f(fl’)

P, = A P.A welghied sarnple mean
nd covariance

transformed
sigma points
UT mean % /

uT covariance

(a) (b)

(@ actual; (b) first-order linearization (EFK); (¢) UT.
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Unscented Transformation
. f b s 2l e b 1 eSS b

yi=f(x)
1) Gyl Glei (o0 ) &l eolaiwl LTy y (il slae8 9 (uileo
2L
Y= zwi(m)yi
i=0
2L © _ o
Py zZWi (yi _Y)(yi _Y)
- LY
w.m — A
0 L+4
- +1-a*+p
©L+4
Wi(m’ =Wi(°) = ! , 1=12,..., 2L
2(L+2)
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The Unscented Kalman Filter

a5 UT ;I iS50 o SO 51 ol wyle UKF il

Xy

a H v - a
X; =| @, |—> sigma matrix: y;

|| —

Weighted
sample mean
X : :
i i
+ . Weighted
c

sample
variance

Pooyeimn 1 ] 5

{x,}z[i X+7/P, i—wa]_’,]
Block diagram of the UT.
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The Unscented Kalman Filter

Ll ‘
{Xk+lF(xk,uk,cok) bS5

ysz(Xk’Vk)

5l ol &yl U5 cdls 55 UKF e¥ole s

Initialize with:
X, = E[XO:|
P, = EKK0 —ioj(xo —fxo)T}
X, P, 0 O
—E[x']-E[ 0|, P-E[(xx-%)(x-%) |-| 0 @ o0
0 0 0 R
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The Unscented Kalman Filter
for k=12,...,0
Zea |:Xk1 Xy 1+(\/ L"‘}b ) ﬁk—l_(‘\,(L+]‘)Px):|

Time Update:

Zlfi = F(le—l'uk—llllf)—l)

%=iwmﬂ:

P = iwi“) (25 %) (s %)

Yo =H  2)

2L
Vi =2 WMy,
i=0
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The Unscented Kalman Filter

Measurement Update :

2L R T
Pyk)_’k = Z\Ni(C) (y|;,I _y;)(ylz,l _y;)

i=0

2L ©f e a o
L :Zwi (Zk,i _Xk)(yk,i _Yk)

i-0

-1

Kk = P"k)’k Pf’kyk
X =X, +K (v —¥y)
P =P -K,P . K;

where, x° {

< g ™
I_—I
Nm
Il
PQ< Pﬁe >§><
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The UKF additive zero mean noise

D3] Gl @ ylie odigus g0 i gl UKF wYolze

Initialize with:

X, = E[Xo:|

%:EK“_%M“_%Y}

for k=12,...,0

lk—1:|:ik—1 ik—1+(\,(L+ﬂ’)Pk—l) ’A‘k-l_(\/(l-"”ﬂ)l)k-ﬂ]
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The UKF additive zero mean noise

Time Update:
2 =F(xau, )

2L
I VI
Xy _ZWi Xy

B =2 W (%) (%)

augment sigma point:
%=l L))z - (L))
Yo =H(x)

2L
Yi = ZWi(m)ykfi

i=0
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The UKF additive zero mean noise

Measurement Update :
2L
Ps, = 2 W (vi, =) (veu—Fi) +R
i=0

2L N N

P :Zwi(C)<ll:i _Xk)<yk,i _Yk)
-1

K kaykukYk

X, =X+ K (Vi)

P =P -K,P, K/

Yi¥k

Estimation Theory 39
by Dr B. Moaveni

controlengineers.ir

The UKF

%, (k +1) = X (K) + X, (k) + (k) Jbe
X% (k)

X, (k+1) = xz(k)+”° e ~ X2 (K)X,(K) - g+ (k)
X3 (K +1) = X3 (k) + o(k)
Y(K) = %, (K) + %, (K) + %, (k) + v(K)

0, =0.0034 1 1 0

X (k) (k) % (k)
g=322 3, = 2p°e KX (K) e e X L (K)%, (K) ‘;Oe < x2(K)
x =32000 0 0 1
R =100
Q=0 J,=[1 0 0]
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Estimation Error &
600 J
el
— - e2
400 e3 H
200 4
0 — - - N ,
-200 / i
| |
||
-400f J
|
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The material of this lecture is based on:

[1] E. W. Kamen, J. K. Su, Introduction to Optimal Estimation., Springer, 1999.

[2] Simon Haykin, Kalman Filtering and Neural Networks, John Wiley and Sons,
2001.
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The correlated noise
Identification
Adaptive Kalman filtering
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The Correlated Noises

7899l g geguncorrelated (5,8 b s p)ls 5l gyl 5o ¢
190 )l & Sl (Pt (5 (55 031
v(n) and w(n): correllated

E[a(i)v(j)]=55(i-j)

plod jo JUSw 90 (o] docewd vulw o 0(n) gV(n) &STul d asgi b
correlated sl N s s loj yo asly wicuwws COrrelated b b
1S il ylaeS s yilo b wiunn
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The Correlated Noises
ASS a4 cpallS ild 51 Yoleo

Measurement Update :

K(n) =P (n)CT[cP (n)CT +R|" 5.80

ExV] =0 — (n) =P (MCT[CP (n)CT +R] (5.80)
%(n) =% (n)+ K(n)[z(n) —C>‘<-(n)] (5.81)

P(n)=P~(n)—K(n)CP~(n) (5.82)

g |y 0 gi Cymed

(B.AY) alsly s azgi b
—LB S (n+) =dX(M)+To(n)  (7.18)
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The Correlated Noises

INNOVALIONS 3 ;g5 (o0 XM pmodts dslino Wiglyd 3398 oS joliin 4
S INNOVALIoNS Gy i 45 4> g5 b .0 905 o5 Liiw!

£(n) = 2(n) - C&- (M) - () = 2(n)—C% ()

H((F.XY) Wolro) b el i3l cymods asline

o(n) =\¢§Q(n) +E[ o)’ (n)](cov(g(n)))‘1 e(n)  (6.22)
O p(n) 009 S 5195 4 a9 s g Jod dgliie oo

@ (n)=0
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The Correlated Noises

E[w(n)e" (n)]=E [a)(n) (Cx(n)+v(n) - C)?’(n))]
=E[o(nv' (n)]=$
E[£(n)z' (n)|=CP (n)C" +R Faeed 9
xS )0 g

a(m=s[CP (C +R] [z(n)-Ccx ()] (7.20)
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The Correlated Noises
((VAA) 53 (BAY) 9 (B.A+) ((V.Y+) dlolee o 35sls b
X" (n+1) = ®X(n)+Tw(n)
= ®(& (n)+K(m)[ () -Cx (n)])
+TS[CP (NCT +R] [z(n)-Cx ()]
:(@ priori estimation) azs 4o 9

% (n+1) =% (n)+[ P (N)CT +TS |[CP (M)CT +R] [2(m)-Cx ()]
K¢ (n)

X (n+1) = dX () + K, (n)] z(n)-C& () | (7.22)

K.(n): Kalman gain for correlated noise
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The Correlated Noises

:(@ priori error covariance) asss 49 o

£ (n+1) =[® - K, (n)C]X (n)+Tw(n)— K, (n)v(n)

3l 0g wlgs Wyl osd Gl il 5lgg8 (g yilo sl yo

P~ (n+1) =[® - K, (n)C]P~(n)[® K, (N)C] +TQr" +K_ (nRK/ (n)
-TSK] (n)-K_(n)S'T’
Clls puples K (N) (03506 b

P-(n+1)=®P (n)®" +TQI" K (n)[ CP (n)CT +R K] (n)
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Kalman Filter for the Correlated Noises
3 09 wdlgs O yle podlS uilld OY Ol azxs o

Measurement Update :

K(n)=P ()C[cP (NC +R]" (5.80)

&(n) =% (n) + K (n)[ z(n)-C& ()] (5.81)

P(n)=P~(n)—K(n)CP (n) (5.82)
Time Update :

K.(n)=[®P (n)CT +TS][CP-(n)C" +R]"
& (n+1) = @K (n) + K, ()] 2(n) -Cx () ]
P (n+1)=®P (n)®" +IQI" K (n)[CP-(N)C" +R |K (n)
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03,5 (o0 &)1 (Q) wiulyd 3195 9 (R) Claalio 398 (il ,lgs5 5

(R) wludlice 395 il 1995 (i yilo (o
&(n) =2(n)—CX" (n) = C(x(n) % (n))+v(n) =CX () +Vv(n)

= S,(N)=E|e(n)e'(n)]=CP-(NC"+R  (R.1)
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5195 Sl (55 (0
(B b )
S.(n)= %i(g(k) ~8)(sk)-7) = ”T‘lér(n -1) +%(g(n) S GOEE)
where, &= %Zn:g(k) (R.2)
= ﬁ(n)zér(n)—%zn:CP‘(k)CT
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q(n) =x(n+1) - X" (n+1) = x(n+1) - ®X(n) = ®(x(n) — X(n) )+ w(n)

= 5,(n)=DP(N)®" +Q Q.1)
q(k) = R(k +1) — %~ (k +1)

iq(k) 7)( q(k)—q)T=—s (n-1)++ (q(n) ) (g —q)'

n

2.a(k) (Q.2)

nio

= Om=3, (n)—%zn:QDP(k)d)T
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Adaptive Kalman filtering

Measurement Update :

K(n)=P (n)CT[CP"(n)CT +R(n)|” (5.80)
&(n) =% (n)+ K ()| z(n)-C& (n) | (5.81)
P(n)=P~(n) - K(n)CP~(n) (5.82)
Time Update:
%~ (n+1) = ®K(n) (5.83)

P (n+1) = ®P(N)®" +TOMI"  (5.84)

Rn)=$ () —%zn_:cp(k)cf

S(n) = §q<n)—%i®P(k)®T

16

Estimation Theory
by Dr B. Moaveni




el WM‘

_Ew .

£ controlengineers.ir]
Q(a‘controlcngincers

2y SHLwl Pl (o

-0.8

0.9
x(n+1) = { 0.1 0.5} +w(n)

z(n)=[0.4 0.1]x(n)

16 0
Q_o 4

Estimation of R
50

-150

-200

-250 I I I
0 50 100 150

No. of samples

Estimation Theory
by Dr B. Moaveni

I
200 250

17

controlengineers.ir

2P Sl plgs (resd

200

Estimation of Q(1, 1)

:JCe awlol

-200

-400

-600

-800

-1000

-1200 ! !
0

20 40

L L L L L L
60 80 100 120 140 160 180
No. of samples
Estimation Theory
by Dr B. Moaveni

200
18




# controlengineers.irj
© @controlengineers

’f y’ s ul . ‘ ‘ . . * e
Estimation of Q(2, 2) JL».O dolo!
50 T T T
0 T =
|
|
-50H -
-100 | 4
-150 -
-200 T B
_250 L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200
No. of samples
Estimation Theory 19
by Dr B. Moaveni

controlengineers.ir

& o

The material of this lecture is based on:

[1] E. W. Kamen, J. K. Su, Introduction to Optimal Estimation., Springer, 1999.

[2] Strenge, Optimal Control and Estimation., 1997.
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