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In the Name of Allah
Multivariable Control Systems
Homework # 6 Due: 86/9/27

NASA F-8 Aircraft/Navy

Horizontal

Ve—

Velocity

&

Figure 1




F-8 Longitudinal Dynamics

I-Introduction

In this problem, we pfesent a very simple model of the longitudinal dynamics of an F-8 aircraft,
modified so as to include a flaperon control surface in addition to the elevator. The introduction of
an extra control surface gives the control system designer a second degree of freedom which can be
exploited to independently control two distinct outputs. We shall formulate several control

problems in the future using these questions, so keep the problem statement in a safe place.

2-Modeling Overview

Figure 1 shows a representative view of an aircraft with a Cartesian coordinate frame fixed to its
center of gravity (cg). This coordinate system, which is the so-called “ stability axes” coordinate
frame, has its x-axis pointed toward the nose of the aircraft, its y-axis out the left side and its z-axis
downward through the aircraft underbelly. The aircraft is flying in a vertical plane with its wings
level, i.e., without banking for tuning. The pitch angle @ is the angle of the nose with respect to
horizontal. The pitch rate g is its rate of change, ¢ = 9. The angle of attack a is the angle of the
nose with respect to the velocity vector of the aircraft. Holding the wings at this angle a with
respect to oncoming wind, which necessitates a tail, is what provides the lift needed to fly, i.e., to
just balance gravity, but it also produces drag. Both lift and drag are approximately proportional
to a for small @. The normal acceleration n_ is just the acceleration of the cg along the z-axis,
hence normal to the x-axis. The flight path angle, y , defined by:

y=0-a
is the angle between the aircraft velocity vector and the horizontal. As its name implies, it describes
the motion of the aircraft in the vertical plane.

This aircraft is controlled in pitch by two hinged aerodynamic control surfaces: the elevator on
the horizontal tail and the flaperon( from combining “flap” and * aileron”) on the wings with

deflection angles &, and J, , respectively, as shown in Figure 1. Deflecting either of these surfaces

downward causes the air flow to be deflected downward and hence produces a force that leads to a
nose-down moment about the cg. The equations of motion for the aircraft can be linearized at a
particular flight condition including airspeed, altitude, cg location and trimmeda. The
perturbations in vertical and horizontal velocity tend to occur slowly over 10 or more seconds and
they can be neglected to yield the “short period” model of the typical longitudinal or pitch

dynamics of a swept-wing fighter aircraft.




The numerical coefficients in the equations to follow are drived from the so-called stability
derivatives of the aircraft. For example, the second term in the 4 (#) equation represents the effect
of angle of attack on pitch moment normalized by inertia and shows that the aircraft tends to nose
into the oncoming wind and hence is “statically stable” not all present-day aircraft are, thereby

providing jobs for control engineers.

3.Linearized Longitudinal Dynamics

The following equations model the “fast” longitudinal motion of the F-8 in the vertical plane.
These were obtained by linearizing the aircraft nonlinear dynamic equations for straight and level
equilibrium flight at the following conditions:

Altitude: 20,000 ft (6095 meters)
Speed: Mach 0.9 (281.58 m/sec = 916.6 ft/sec )
Dynamic Pressure: 550 lbs/ft* (26,429 N/M?)

The trim (equilibrium) pitch angle is 2.250 degrees as is the trim angle of attack. To balance the
aerodynamic moments, the trim elevator setting is at -2.650 degrees. The elevator deflection angle
0. (t) represents its deviation from the trim value of -2.650 degrees.

q (¢): pitch rate (rad/sec)

a(t): perturbation from trim of angle of attack (rad)
6(t): perturbation from trim of pitch attitude (rad)

The two control variables are:
d, (t ): elevator deflection from trim (rad)

6;(¢): flaperon deflection (rad) (trim value is zero)

We neglect for the time being any actuator dynamics, and we assume no limits on actuator motion.

The linearized state dynamics for this flight condition are:

qgt)=-0.8¢(@)-12a@)—-196,(t)-26,()

at)=q@)-1.5a()—-0.165,()—0.255,(¢) )
0t)=q@)

Outputs of interest are the state variables themselves. Also the flight path angle, y(¢):
y)=0@)-a) 03]

and the normal acceleration, n_, measured at the cg in units of g (32.2 ft/sec’):

n (t)=42a()+4.45,0)+6.50,@) 3)

Note: If a(t) , 6,(t) ,and J,(t) are expressed in degrees, the coefficients in (3) must be modified.




4-Modeling Wind Disturbance

Now we shall describe how to incorporate, in a simple way, the impact of random wind
disturbances in the F-8 longitudinal dynamics. A very simple mathematical model is to define a

fictitious wind disturbance state, w () , with units of radians, which is the output of a simple first

order system driven by zero mean white noise of unit intensity, (¢ ). Thus, the model is:

w)y=—aw@)+bi(t) 4)

The wind state enters the longitudinal equations in the same manner as the angle of attack, a(’),

because they represent changes in the direction of the oncoming wind.
The constant @ and b in Eq. (4), depend on the altitude, Mach number, and weather conditions:

For this flight condition reasonable values are:

a=0.73

5
b =0.0224 ©)

corresponding to severe turbulence typical of flying through thunderstorm. Thus, the disturbance

dynamics are:
w(t)=-0.73w (t)+0.02244(?) 6)
The following state equations capture the impact of the wind disturbances upon the ¥-8 dynamics:

(G (t)=-0.8¢ ()~ 12a()-12w (t)-195,(t) 25, ()

a(t)=q@)-15a@)-1.5 @¢)-0.165,(¢ )~ 0.255, ()
] ' ©)
6e)=q()

W @) =—0.73w () +0.0224£ 1)




Problems

Problem # 1: The purpose of this problem is to let you get a “feel” for the F-8 open loop

dynamics and familiarize yourself with the software.
a)Unforced Transient Response without Disturbances
In Eq. (1) set:
5,t)=06,()=0
atz =0, let:

q(0)=1 deg/sec
a(0)=0
6(0)=0

Plot the natural transient response, 0 <t <5 sec, of the aircraft, i.e., plot g(t), a(), 6¢) , y¢) ,

and n_(¢) . Your plots should be in degrees, degrees/sec, and g’s.

kkkkhkhkhhhhdrhhkhkhhkhhbhbkbhhhhdhhdhhhkhkkhhhkhdhkkhhkkhrhhhddrrhhthirhdhdhdrdbrdrbidrhddds

b)Repeat (a) for:
q(0)=0
a(0)=1 deg
6(0)=0

khkkkhkkhkrhrhkhdhbhhbhbhhdhhhohhbbhkhbhbhhhhhbhdhhkhhrhhbbhbbhhddhbrbrbhhbdrbhhbbhdbrhrds

¢)Qualitatively summarize your conclusions.
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d) Forced Transient Response without Disturbances
In Eq. (1) set:
q(0)=a(0)=6(0)=0
Set §,(t)=0,and let J, () be a unit step in degrees.
For 0<t <5 sec plot in the units of (a) ¢(¢), a(t), 6(¢) , y() ,and n, (t). Now you should have a

feel of what the elevator alone can do.

*¥hkhdkhhhdhkhhkkrdhbhhhhhdhkhbhddbhhhkhhrhhkhhhhhhhhkhbhhbhhbhkdhkhhkkhhhkhhhhhhddbhkrdrrhrbidri
e)Repeat (d) by setting J,(¢)=0 and 5, () be a unit step in degrees. Now you should have a feel

of what the flaperons alone can do.

dhhhhhhhhkkhohhkhhkdhddhkbrdhhhbbhhbdhbdhbbhbhbdhbbdbbhbhbbhobhhbbdhhbhbbhhbhbbdd bbbk ki td

f)Briefly, summarize your conclusions.
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Problem # 2: In this problem we present more realistic longitudinal dynamics for the F-8

aircraft. We have added another state variable u, (f) which represents the deviation of the

forward velocity (ft/sec) from its equilibrium value. We have also increased the flaperon
effectiveness. All other variables are as defined in problem#1. The new state dynamics are as

follows:

(4 (t)=-0.8¢ ()—0.0006u,, (t)-12a(t)-195,(t)—46,()
h, @)=-0.014u,, (t)-16.64a(t )—32.26()-0.665,( )—0.55, ()

@) =q@)-0.0001x,, ¢ )—1.5a()-0.165,( )~ 0.55, ()

8¢)=q(¢)

Thus the control vector is:

)= J,(t) N Elevator Angle (rad)
= o,@) " | Flaperon Angle (rad)

Define the output vector:

o) Pitch Angle (rad)
r0-|ao)3| |

- alt) P Attak Angle (rad)

Change all angles into degrees and ¢q (f) into deg/sec. Leave u, (t) in ft/sec.

K

a)Compute the multivariable poles and zeros of the open loop aircraft dynamics.
kdekhkhdhhhhkhkkkhkkhhhkdhkhkkkkhkhkkhkrbrhhhkdhdhhhhhhbhhhbkhhkhhhkhhxkhhkkdkkkkrhhkkkhkkkhhkkkk

b)Plot the singular values of G (s) for —10’ <@ <10°, Y (s)=G (s U (s).

khkkkhhhkhkhhhdkhkkdkkhkhkrhhhddhdkdhkhhhhhhhhdbhhhbhRhhbdbdbhhikhdhkdhbhhhhhhrdhddbhhddhhdhrhrd

¢)Do a SVD of G (jw)at @=0. Discuss all pertinent directional information. Apply constant

controls along the max and min right singular vector directions, run transient responses, and verify
the theoretical predictions of output magnitudes and directions as predicted by the SVD. Discuss

physically what the airplane is doing.

hhkkhkhhhkkhkhkhhrrhrrhhhrhrhkhbdhbhhhhhrkdhhbbrhhbhhhhhhkhrbbhhhhbhhbhhbhhhhbhhdbbhhhobhbid




d) Do a SVD of G (j @) at @ = 0.03 rad/sec. Apply sinusoidal controls at that frequency(including

correct phase shift and amplitude) corresponding to the max and min right singular vector
directions, run output transient responses until you reach steady state, and verify the predictions of
the output sinusoids amplitude and phase shifts predicted by the SVD. Plot each control and output
separately and adjust scales so that even small signals show up. Discuss physically what the
airplane is doing.
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e)Now let us use the modified F8 aircraft in a simple feedback configuration as shown in Figure 2.

Note that we use the same constant gain £ in both error channels. Use the MIMO Nyquist criterion

(trial and error) to find the value of & >0 Which will just make the closed loop system unstable.
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f)Set the gain k to 0.75 of the value that destabilizes the closed loop system found in part (e).

Compute the closed loop poles and zeros. Also, plot the singular values of the resulting sensitivity

and closed loop transfer function matrices. Comment upon the performance that you would expect

from this closed loop system from the shapes of the singular values of the sensitivity and closed loop

transfer function matrix. Would you say that this is a good design? Explain.

Note: To be sure that you made the unit conversion correctly in part (a). You should get the
eigenvalues to be approximately:

—5.77x107 +j 2.64x 107
~1.15+3.45

o,
rl(t)=0c(t)__-:@ k . (i )= F 38 __.’._—OKL_}

-A
rt)=a.@)

.| Aircraft at)
_J:CD——' k 15e) W
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Figure 2
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