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Setting out core theory and reviewing a range of new methods, theoretical
problems, and applications, this handbook shows how hybrid dynamical sys-
tems can be modeled and understood. Sixty expert authors involved in the
recent research activities and industrial application studies provide practical
insights on topics ranging from the theoretical investigations over computer-
aided design and verification tools to applications in several domains.

Structured into three parts, the book opens with a thorough introduction
to hybrid systems theory, illustrating new dynamical phenomena through nu-
merous examples and showing novel modeling, analysis, and design tech-
niques that have been elaborated recently for this new system class. Part II
then provides a survey of key tools and tool integration activities. Finally, Part
III is dedicated to applications, implementation issues, and system integra-
tion, considering applications to energy management, the process industry,
automotive systems, and digital networks.

Three running examples are referred to throughout the book, together
with numerous illustrations, helping both researchers and industry pro-
fessionals to understand complex theory, recognize problems, and find
appropriate solutions.
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Preface

Hybrid systems are dynamical systems that consist of components with continuous
and discrete behavior. Modeling, analysis, and design of such systems raise severe
methodological questions, because they necessitate the combination of continuous-
variable system descriptions like differential and difference equations with
discrete-event models like automata or Petri nets. Consequently, hybrid systems
methodology is based on the principles and results of the theories of continuous and
discrete systems, which, until recently, have been elaborated separately, with contri-
butions coming from different disciplines, such as control theory, computer science,
and mathematics.

This handbook reviews the new phenomena and theoretical problems brought
about by the combination of continuous and discrete dynamics and surveys the main
approaches, methods, and results that have been obtained during the last decade of
research in this field. It is structured into three main parts:

• Part I: Modeling, analysis, and control design methods: The first part gives a
thorough introduction to hybrid systems theory. The material is classified by the
modeling approaches used to represent hybrid systems in a form that is con-
venient for analysis and control design. Hybrid automata and switched systems
are well-studied system classes, which are extensively described, but other ap-
proaches like mixed logical dynamical systems, complementarity systems, quan-
tized systems, and stochastic hybrid systems are also explained.

• Part II: Tools: The second part is concerned with computer-aided systems analy-
sis, control design, and verification. After a survey of the variety of relevant tools,
selected tools are described in more detail. This part concludes with a presenta-
tion of current tool integration activities.

• Part III: Applications: The third part is devoted to applications, implementation
issues, and system integration. Concentrating on energy management, industrial
control, automotive control, and networked control systems, important applica-
tion domains are considered.
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xiv Preface

This bridge from the theory over the tools towards applications shows the ad-
vances made in hybrid systems theory over the last 10 years as well as the main
gaps that have to be closed in the near future to improve the multidisciplinary de-
sign of modern technological systems. Due to its restricted size, the handbook has
to concentrate on the most successful lines of current research and on the fields of
applications where hybrid systems theory has facilitated significant progress.

This handbook is considerably different from the increasing number of publi-
cations that have recently appeared. Monographs and paper collections concerning
specific types of hybrid systems focus on the theoretical background and place little
importance on applications. The handbook fills the current lack of a basic introduc-
tion to hybrid systems from a control perspective, gives a survey of the field as a
whole, and indicates the importance of recent theoretical developments using exam-
ples of applications.

Readership and structure The handbook has been written for all those who re-
quire an overview of the theory of hybrid systems. Potential readers are researchers
in academia and industrial professionals who are engaged in the development of con-
trol systems for complex applications, as well as graduate and PhD students. They
are assumed to be familiar with dynamical systems theory and should have some
knowledge of both continuous and discrete-event systems.

For this readership, the handbook provides basic introductory information, de-
tailed descriptions of selected topics, and extensive references to the rapidly growing
literature. In each chapter, the first section gives a broad introduction to the subject
followed by sections that provide a more detailed development of important sub-
topics. Three running examples are used for the illustration of the methods and
tools described in Parts I and II. Each chapter ends with bibliographical notes.

There is no uniform theory of hybrid systems yet, but the development of this
field has been guided by different modeling approaches, which have in turn led to
corresponding analysis and design methods. Although some relations among these
approaches have been established, each approach is particularly suitable for its spe-
cific class of hybrid systems. The handbook, in particular Part I, is structured ac-
cordingly. As hybrid automata and piecewise affine systems have gained particular
interest in research, a whole chapter is devoted to each of them, whereas further
modeling ideas are summarized in additional theory chapters.

In addition, the field does not yet have a uniform terminology and notation, but
instead has a mixture of notions and symbols with their origins in control theory
and computer science. An important aim of this handbook is to bring them closer
together.

Hybrid systems research, training, and innovation This handbook is a re-
sult of four years of cooperation within the FP6 Network of Excellence HYCON–
“Hybrid Control: Taming Heterogeneity and Complexity of Networked Embedded
Systems” (EU project IST-2004-511368, http://www.ist-hycon.org), gathering 26
partners from European academic institutions, industry, and private and public re-
search agencies. It summarizes the research interests and common expertise of more

co
nt

ro
len

gin
ee

rs
.ir

http://www.ist-hycon.org


Preface xv

than 60 authors in this network and gives, in this sense, a European view on the field
with emphasis on the research results of the participating institutions and groups. All
sections are co-authored by researchers who have contributed to the corresponding
topic during recent years. They are mentioned in alphabetic order with the responsi-
ble author first.

The Network of Excellence will end in the spring of 2009. The goals of the
HYCON Network include the coordination of the efforts of the European scientific
community through the creation of a common research program on the control of
networked embedded systems, the creation of a research infrastructure shared among
the members of the network in order to facilitate long-term scientific collaborations,
and the implemention of new working methodologies and improving the research
efficiency by several coordination, education, and mobility programs. A further im-
portant aspect of HYCON is the collaboration of academic research institutions with
industrial partners in the fields of process and energy control, automotive applica-
tions, and communication networks, the result of which is presented in Part III of
this handbook.

As a tangible and durable result of HYCON, the European Embedded Con-
trol Institute (EECI) was incorporated (under the French Association Law 1901)
in 2006 to provide a sustainable structure to support the research community in this
field (http://www.eeci-institute.eu). EECI is rapidly becoming a worldwide leading
focal point in hybrid systems research and is helping to attract the brightest minds
in the field to the European research area. After the HYCON Network of Excellence
has finished, the EECI will remain and will continue to attract young and senior re-
searchers and practitioners, thus yielding strong long-term collaborations among the
participating members. EECI is currently located in Gif-sur-Yvette, France, and has
a networked embedded control laboratory in L’Aquila, Italy.

Acknowledgement Several organizations and persons have helped to make this
handbook idea a reality. The funding of the HYCON Network of Excellence by the
European Union created the organizational environment. Mr. Daniel Lehmann has
structured the writing process by creating guidelines and templates and by retaining
the communication among the co-authors. Ms. Andrea Marschall has drawn and re-
drawn many figures and Ms. Hannelore Hupp has helped to give the book a uniform
layout.

Finally, the close cooperation of the editors with Cambridge University Press, in
particular with Dr. Phil Meyler, is gratefully acknowledged.co
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Notation

The symbols are chosen according to the following conventions. Scalar values or
signals are denoted by lower-case letters such as x, a or t, vectors by boldface letters
such as x or y and matrices by boldface upper-case letters such as A, B. Accord-
ingly, the elements x1, . . . , xn of a vector x or a11, a12, . . . , amn of a matrix A are
represented by italics. Sets are symbolized by calligraphic letters such as F and Z .

Unless the current literature uses other notations, q is the discrete state and x
the continuous state of a hybrid system. u and y denote the continuous input or
continuous output, respectively, of the system.

The inequality P > 0 is interpreted in two different ways, which is explicitly
mentioned. In connection with optimal control or linear matrix inequalities, it states
that the matrix P is positive definite. Alternatively, the sign > has to be interpreted as
an elementwise relation saying that all elements of the matrix P are positive (pij > 0
for all i, j).

Book homepage See book homepage at http://www.rub.de/atp→Books for further
information and computer programs for the animation of important hybrid systems
phenomena.
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Theory
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1

Introduction to hybrid systems

W. P. M. H. Heemels, D. Lehmann, J. Lunze, and B. De Schutter

This chapter gives an informal introduction to hybrid dynamical systems
and illustrates by simple examples the main phenomena that are encoun-
tered due to the interaction of continuous and discrete dynamics. References
to numerous applications show the practical importance of hybrid systems
theory.

Chapter contents

1.1 What is a hybrid system? page 4

1.1.1 Three reasons to study hybrid systems 4
1.1.2 Behavior of hybrid systems 6
1.1.3 Hybrid dynamical phenomena 9

1.2 Models of hybrid systems 14

1.2.1 Model ingredients 14
1.2.2 Model behavior 16
1.2.3 Hybrid automata 17

1.3 Running examples 17

1.3.1 Two-tank system 17
1.3.2 Automatic gearbox 22
1.3.3 DC-DC converter 26

Handbook of Hybrid Systems Control: Theory, Tools, Applications, ed. Jan Lunze and
Françoise Lamnabhi-Lagarrigue. Published by Cambridge University Press.
c© Cambridge University Press 2009.
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4 W. P. M. H. Heemels, D. Lehmann, J. Lunze, and B. De Schutter

1.1 What is a hybrid system?

Wherever continuous and discrete dynamics interact, hybrid systems arise. This is
especially profound in many technological systems, in which logic decision making
and embedded control actions are combined with continuous physical processes. To
capture the evolution of these systems, mathematical models are needed that com-
bine in one way or another the dynamics of the continuous parts of the system with
the dynamics of the logic and discrete parts. These mathematical models come in
all kinds of variations, but basically consist of some form of differential or differ-
ence equations on the one hand and automata or other discrete-event models on
the other hand. The collection of analysis and synthesis techniques based on these
models forms the research area of hybrid systems theory, which plays an important
role in the multi-disciplinary design of many technological systems that surround
us.

1.1.1 Three reasons to study hybrid systems

The reasons to study hybrid systems can be quite diverse. Here we will provide three
sources of motivation, which are related to (i) the design of technological systems,
(ii) networked control systems, and (iii) physical processes exhibiting non-smooth
behavior.

Challenges of multi-disciplinary design When designing a technological sys-
tem (Fig. 1.1) such as a wafer stepper, electron microscope, copier, robotic system,
fast component mounter, medical system, etc., multiple disciplines need to make
the overall design in close cooperation. For instance, the electronic design, mechan-
ical design, and software design together have to result in a consistent, function-
ing machine. The designs are typically made in parallel by multiple groups of peo-
ple, where the communication between these groups is often hampered by lack of
common understanding and common models. The lack of common models compli-
cates the making of cross-disciplinary design decisions that may have advantages
for one discipline, but disadvantages for others. To make a good trade-off, the over-
all effect of such a design decision has to be evaluated as early as possible. As the
complexity of a technological system with typically millions of lines of codes and
tens of thousands of mechanical components gives rise to many cross-disciplinary
design decisions, a framework is required that supports efficient evaluation of de-
sign decisions incorporating quantitative information and models from multiple
disciplines.

Hybrid systems theory studies the behavior of dynamical systems, including
the technological systems mentioned above described by modeling formalisms
that involve both continuous models such as differential or difference equations
describing the physical and mechanical part, and discrete models such as finite-
state machines or Petri nets that describe the software and logical behavior.
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1 Introduction to hybrid systems 5

Fig. 1.1 Example of a technological system with hybrid dynamics (courtesy
of Daimler).

This theory is one of the few scientific research directions that aim at approaching
the design problem of technological systems in a rigorous manner and at developing
a complete design framework. As such, hybrid systems theory combines ideas origi-
nating in the computer science and the software engineering disciplines on one hand,
and systems theory and control engineering on the other. This mixed character ex-
plains the terminology “hybrid systems,” which was used in this context for the first
time by Witsenhausen in 1966 [665].

Hybrid systems theory is a relatively young research field as opposed to the more
conventional mono-disciplinary research areas such as mechanical, electrical, or soft-
ware engineering. The urgent need for multi-disciplinary design and development
methods for technological systems has spurred the growth of hybrid systems theory
in recent years. However, due to the inherent complexity of hybrid systems, many
issues still remain unsolved at present, at least at the scale needed for industrial
applications. The current status of hybrid systems theory is surveyed in this hand-
book, which can be used as a starting point for future developments in this appealing
and challenging research domain.

Adding communication: networked control systems Besides merging software
(discrete) and physical (continuous) aspects of systems, another important aspect
of many technological systems is communication. Within one single system, many
subsystems interact through communication networks. For systems-of-systems the
coordination plays an even larger role, resulting in extremely complicated networks
of communication. One might think of examples such as automated highways [426]
and air-traffic management [629]. As the many control, computation, communica-
tion, sensing, or actuation actions take place through shared network or processor
resources, another dimension is added to the design of these systems. Within the con-
text of these networked control systems (Chapter 15), the asynchronous and event-
driven nature of the data transmission caused by varying delays, varying sampling
intervals, package loss, etc., and the implementation of the networks and protocols
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6 W. P. M. H. Heemels, D. Lehmann, J. Lunze, and B. De Schutter

complicate their analysis and design even further. Also in this domain hybrid systems
theory plays an essential role as a foundation to understand the behavior of these
complex systems.

Physical processes modeled as hybrid systems In the technological and net-
worked systems mentioned above, the digital and logic (embedded control) aspects
are typically brought in by design in order to control the physics and mechanics of
the system. However, hybrid system theory is not only useful within these domains.
Many physical processes, exhibiting both fast and slow changing behaviors, can of-
ten be well described by using (simple) hybrid models. For instance, in non-smooth
mechanics [123], the evolution of impacting rigid bodies can be captured in hybrid
models. Indeed, as the impacts occur at a much smaller time scale than the uncon-
strained motion, the behavior can be described well by introducing discrete events
and actions in a smooth model. The bouncing ball presented in Example 2.4 is a sim-
ple demonstration of this. Also the vector fields defining the behavior of the system
might be different over time as they depend crucially on the fact whether a contact
is active or not. The dynamics of a robot arm moving freely in space is completely
different from the situation in which it is striking the surface of an object. Other
examples in mechanics with hybrid behavior include motion systems with friction
models that distinguish between stick and slip modes, backlash in gears, and dead
zones in cog wheels.

Examples are not only found in the mechanical domain. Nowadays, switches
such as thyristors and diodes are used in electrical networks for a wide variety of
applications in both power engineering and signal processing. Examples include
switched-capacitor filters, modulators, analog-to-digital converters, power convert-
ers, and choppers. In the ideal case, diodes are considered as elements with two
(discrete) modes: the blocking mode and the conducting mode. Mode transitions for
diodes are governed by state events, where currents or voltages change their sign.
This indicates that hybrid modeling and analysis offer an attractive perspective on
these switched circuits [306]. The DC-DC converter discussed in Section 1.3.3 forms
a simple example of this.

Also many biological and chemical systems can often be efficiently described by
hybrid models. For example, simulating moving bed processes, which are a special
kind of chromatographic separation processes, have to be switched regularly among
different structures in order to avoid that the separation process will eventually stop.
Like in DC-DC converters, the switching is an integral part of the physical principle
utilized in such processes. For the analysis of these systems and for control design,
the model has to be switched accordingly, which demonstrates the necessity to extend
continuous models towards hybrid models.

1.1.2 Behavior of hybrid systems

The previous section indicates that multi-disciplinary design of technological systems
and the study of several non-smooth physical processes require the understanding of
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1 Introduction to hybrid systems 7

the complex interaction between discrete dynamics and continuous dynamics. To
provide some insight in this interaction, let us consider the following example.

Example 1.1 Thermostat

As a textbook example of a simple hybrid system consider the regulation of the temperature
in a house. In a simplified description, the heating system is assumed either to work at
its maximum power or to be turned off completely. This is a system that can operate in two
modes: “on” and “off.” In each mode of operation (given by the discrete state q ∈ {on, off})
the evolution of the temperature T can be described by a different differential equation. This
is illustrated in Fig. 1.2 in which each mode corresponds to a node of a directed graph, while
the edges indicate the possible discrete state transitions. As such, this system has a hybrid
state (q, T ) consisting of a discrete state q taking the discrete values “on” and “off” and a
continuous state T taking values in the real numbers.

T(t) ≥ T
max

T(t) £ T
min

q(t) = on

T(t) = f
on

 (T(t))
T(t) £ T

max

q(t) = off

T(t)  = f
off

 (T(t))
T(t) ≥ T

min

Fig. 1.2 Model of a temperature control system.

Clearly, the value of the discrete state q affects the evolution of the continuous state
T as a different vector field is active in each mode. Vice versa, the switching between the
two modes of operations is controlled by a logical device (the embedded controller) called
the thermostat and depends on the value of the continuous state T . The mode is changed
from “on” to “off” whenever the temperature T reaches the value Tmax (determined by the
desired temperature). Vice versa, when the temperature T reaches a minimum value Tmin,
the heating is switched “on.”

This example already shows some of the main features of hybrid systems:

• The thermostat is a hybrid system, because its state consists of a discrete state q and a
continuous state T .

• The continuous behavior of the system depends on the discrete state, i.e. depending on
whether the mode is “on” or “off” a different dynamics Ṫ (t) = fon(T (t)) or Ṫ (t) =
foff(T (t)), respectively, governs the evolution of the temperature T .

• The changes of the discrete state q are determined by the continuous state T and differ-
ent conditions on T might trigger the change of the discrete state (e.g. when the discrete
state is “on,” T = Tmax triggers the mode change, while T = Tmin triggers the change
when the discrete state is “off.”) �

Although the thermostat example is rather simple, it already contains some of
the basic ingredients that are needed to properly model hybrid systems. A proper
modeling format must involve (at least) the description of the evolution of both
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8 W. P. M. H. Heemels, D. Lehmann, J. Lunze, and B. De Schutter

continuous-valued signals (temperatures, positions, velocities, currents, voltages,
etc.) and discrete-valued signals (operation mode, position of switch, alarm on or
off, etc.) over time and their mutual influence, see Fig. 1.3 for an abstraction of this
perspective.

Fig. 1.3 Hybrid dynamical system.

The system depicted in Fig. 1.3 has six types of signals:

• y(t) is a continuous output signal;
• w(t) is a discrete output signal;
• x(t) is a continuous (n-dimensional) state vector;
• q(t) is a discrete state;
• u(t) is a continuous input signal;
• v(t) is a discrete input signal.

The input and output signals may be scalar or vector-valued, but for explaining the
main idea of hybrid systems this distinction is not important.

Whereas the discrete signals (such as the “on” and “off” modes of the thermostat
example) are typically piecewise constant, the continuous signals may change their
value continuously or discontinuously. In the thermostat example the continuous sig-
nal representing the temperature is only changing continuously. There are no jumps
(discontinuities) in the temperature. The state of the hybrid system is described by
the pair (x, q) consisting of the continuous state vector x and the discrete state q.
An important characteristic of hybrid systems lies in the fact that this pair influences
the future behavior of the system. Moreover, the evolution of the system may also be
influenced by a continuous as well as a discrete input, which are denoted by u and v,
respectively, and one may receive some information on the hybrid state (x, q) from
the discrete and continuous outputs w and y, respectively.

Figure 1.4 displays the typical behavior of an autonomous hybrid system (i.e. a
hybrid system without an input), where the scalar continuous state x and the discrete
state q are identical to the outputs. It shows that the evolution consists of smooth
phases in which the discrete state remains constant and the continuous state changes
continuously. At the transition times t1, t2, t3, . . . the discrete state changes from
its current value to a new value. Simultaneously, the continuous state may jump as
shown in the figure for the time t1. At time t1 the state changed abruptly from x(t−1 )
to x(t+1 ), where x(t−1 ) and x(t+1 ) denote the (limit) values of x just before and just
after the state jump, respectively. It is important to realize that the transition times are
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1 Introduction to hybrid systems 9

Fig. 1.4 Behavior of an autonomous hybrid system.

not necessarily prescribed by some clock (time events), but usually depend on both
the discrete and the continuous state. For instance, in the thermostat example these
transition times were determined by the temperature T reaching the values Tmin or
Tmax (state events). In summary:

The trajectories of hybrid systems are partitioned into several time intervals. At
the interval borders, the discrete state changes and/or jumps of the continuous
state occur, whereas within all intervals the continuous signals change smoothly
and the discrete state remains constant.

For a hybrid system with inputs, the behavior also depends upon the input sig-
nals. In this case the time instant at which the discrete state jumps, the new discrete
and continuous states that are assumed afterwards as well as the continuous state
evolution are all affected by these inputs.

1.1.3 Hybrid dynamical phenomena

Appropriate models for hybrid systems are often obtained by adding new dynamical
phenomena to the classical description formats of the mono-disciplinary research
areas. Indeed, continuous models represented by differential or difference equa-
tions, as adopted by the dynamics and control community, have to be extended to
be suitable for describing hybrid systems. On the other hand, the discrete models
used in computer science, such as automata or finite-state machines, need to be ex-
tended by concepts like time, clocks, and continuous evolution in order to capture the
mixed discrete and continuous evolution in hybrid systems. The hybrid system mod-
els explained in Part I of this handbook combine both ideas. Here we will describe
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10 W. P. M. H. Heemels, D. Lehmann, J. Lunze, and B. De Schutter

the phenomena one has to add to the continuous models based on the differential
equations

ẋ(t) = f(x(t)). (1.1)

Roughly speaking, as also argued in the previous discussion, four new phenom-
ena that are typical for hybrid systems are required to extend the dynamics of purely
continuous systems as in (1.1):

• autonomous switching of the dynamics;
• autonomous state jumps;
• controlled switching of the dynamics;
• controlled state jumps.

These phenomena are first explained for autonomous hybrid systems.

Autonomous switching of the dynamics This reflects the fact that the vector field
f that occurs in (1.1) is changed discontinuously. The switching may be invoked by
a clock if the vector field f depends explicitly on the time t:

ẋ(t) = f(x(t), t).

For instance, if periodic switching between two different modes of operation is used
with period 2T , we would have

ẋ(t) = f (x(t), t) :=

{
f1(x(t)), if t ∈ [2kT, (2k + 1)T ) for some k ∈ N,

f2(x(t)), if t ∈ [(2k + 1)T, (2k + 2)T ) for some k ∈ N.

This is an example of time-driven switching.
The switching can also be invoked when the continuous state x reaches some

switching set S. As the situation x(t) ∈ S is considered to be a state event, this
kind of switching is said to be event-driven. The thermostat example provided an
illustration of event-driven switching as the transition from the “on” mode to the
“off” mode was triggered by the temperature reaching the value Tmax.

The following example also illustrates event-driven switching.

Example 1.2 Hybrid tank system

The tank systems shown in Fig. 1.5 illustrate two situations in which the dynamics of a
process changes in dependence upon the state (liquid level). The tank in the left part of the
figure is filled by the pump, which is assumed to deliver a constant flow QP, and emptied
by two outlet pipes, whose outflows Q1(t) and Q2(t) depend upon the level h(t). As the
flow Q2(t) vanishes if the liquid level is below the threshold hp given by the position of
the upper pipe, the dynamical properties of the tank change if the level h(t) exceeds this
threshold.

The dependence of the vector field upon the state can be simply written down. For
h(t) < hv , the differential equation is given by

ḣ(t) =
1

A
(QP −

√
2gh(t)) = f1(h(t)),
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1 Introduction to hybrid systems 11

Fig. 1.5 Hybrid tank systems.

where g denotes the gravity constant. For h(t) ≥ hv this equation changes into

ḣ(t) =
1

A
(QP −

√
2gh(t) −

√
2g(h(t) − hv)) = f2(h(t)).

Hence, the model can be written as

ḣ(t) =

{
f1(h(t)) if h(t) < hv,
f2(h(t)) if h(t) ≥ hv,

which shows that the vector field switches between two different functions f1 and f2 in
dependende upon the state h(t) with the switching surface

S = {h ∈ R |h = hv}.

Now assume that the pump is switched on and off at different time instances t1 and t2.
Then the function f occurring in the differential equation changes at these time points but
this switching does not depend upon the state h(t), but is time-driven.

The tank in the right part of Fig. 1.5 illustrates that autonomous switching is a typi-
cal phenomenon introduced by safety measures. In the tank system the level controller is
equipped with a safety switch-off. If the liquid level is below the corresponding threshold,
the dynamics is given by the controlled tank. If the level exceeds the threshold, the pump is
switched off, which brings about a corresponding switching of the differential equation of
the tank. �

Switching among different dynamics has important consequences for the behav-
ior of the hybrid system. For instance, Example 2.3 shows that switching between
two linear stable vector fields can result in an unstable overall system.
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12 W. P. M. H. Heemels, D. Lehmann, J. Lunze, and B. De Schutter

Autonomous state jumps These constitute the second hybrid phenomenon. At
some time t̄, the state may jump from the value x(t̄−) towards the value x(t̄+).
An illustrative example is a bouncing ball (see also Example 2.4 later). If the ball
touches the ground at time t̄, then its velocity is instantaneously reversed.

S

Fig. 1.6 Autonomous state jump.

A simple representation of state jumps is given as follows. An autonomous jump
set is a set S on which a state jump is invoked (Fig. 1.6). Some relation R, which
often is called a reset map, determines where the state jumps goes to:

(x(t̄−),x(t̄+)) ∈ R.

Here t̄ is the time instant at which the trajectory x(·) reaches the set S:

x(t̄) ∈ S.

The reset map may depend on the discrete state q(t̄−) of the hybrid system just
before the reset. Including such state jumps in a continuous system described by the
differential equation (1.1) results in the extended model

ẋ(t) = f (x(t)), for x(t) �∈ S,
(x(t−),x(t+)) ∈ R(q(t̄−)), for x(t) ∈ S.

Example 1.3 Reset oscillator

Consider the reset oscillator described by the affine state space model

d

dt

(
x1(t)

x2(t)

)
=

(
0 1

−1 2δ

)(
x1(t)

x2(t)

)
+

(
0

1

)

together with the reset map defined by

x1(t̄
+) = −x1(t̄

−),

where t̄ denotes any time instant at which the state is on the switching set
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1 Introduction to hybrid systems 13
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Fig. 1.7 Behavior of the reset oscillator.

S = {x ∈ R
2 | x1 = 0, x2 < 0}.

Such reset systems find application, for instance, in data transmission over highly disturbed
communication channels and reset control systems.

Figure 1.7 shows the behavior of the reset oscillator for δ = 0.1. Fig. 1.7(a) includes the
trajectory in the state space for the short time interval t ∈ [0, 10]. The trajectory starts in the
initial state x(0) = (0.2 0)T depicted by the small circle. The switching surface S is hit
in the point (−0.504, 0)T as indicated by the left diamond. Next, a state jump occurs that
brings the state to the right diamond. Fig. 1.7(b) shows the oscillator behavior for a longer
time horizon.

−1

0

1

2

x
1

x
1

0 20 40 60 80 100
0

0.5

1

t

(a)

(b)

Fig. 1.8 Trajectory of the reset oscillator: (a) state trajectory x1(t) and
(b) destination state sequence x1(t̄

+
k ) of the state jumps.

The state jump has two consequences:

• Although the oscillator has an affine state space model, the behavior of the reset oscil-
lator is chaotic.

• Although the oscillator without state jump is an unstable system (with eigenvalues
λ1,2 = 0.1 ± j0.995) the reset oscillator state remains bounded.
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14 W. P. M. H. Heemels, D. Lehmann, J. Lunze, and B. De Schutter

The irregular (chaotic) behavior can be seen in Fig. 1.8, where in part (a) the state trajectory
x1 is shown. Figure 1.8(b) extracts the state jumps from the evolution. The circles depict
the points x1(t̄

+
k ) just after the occurrence of the state jumps at the time instants t̄+k , (k =

0, 1, ...). Neither the temporal distance t̄+k+1 − t̄+k between these jumps nor the endpoints
x1(t̄

+
k ) show a regular behavior. �

The above example shows that state jumps may considerably change the dynam-
ical properties of a system in comparison to the same system without state jumps.

Controlled switching This occurs if the system has a discrete input v that is used
to invoke the switching among different continuous dynamics. If the value of the dis-
crete input is changed at time t̄, then the vector field f(x(t), v(t)) changes abruptly
at time t̄ as well.

Systems with discrete control inputs represent a relevant system class from a
practical point of view. The DC-DC converter is a simple example of such systems
that will be used as running example throughout this handbook (Section 1.3.3).

Controlled state jumps These are discontinuities in the state trajectory that occur
as a response to a control command. An example in which such a state jump is nec-
essary for satisfying performance requirements is the automatic gearbox described
in Section 1.3.2. A state jump in the gearbox controller must be invoked whenever
the gearing is changed in order to avoid a jump in the acceleration of the vehicle.

1.2 Models of hybrid systems

Although many different models have been proposed in literature, as will be seen
in the following chapters, the model ingredients (including the main dynamical phe-
nomena as seen in the previous section) are basically the same.

1.2.1 Model ingredients

The structure of hybrid systems introduced so far shows that every model of a hybrid
system has to define at least the following elements (Fig. 1.9):

• X is the continuous state space, for which often X = Rn holds;
• Q is the discrete state space, for example Q = {0, 1, 2, ..., Q};
• f is a set of vector fields describing the continuous dynamics for all q ∈ Q;
• Init is a set of initial values (q0,x0) of the hybrid state;
• δ is the discrete state transition function;
• G is a set of guards prescribing when a discrete state transition occurs.

To simplify the considerations, hybrid systems without external inputs will be inves-
tigated here.
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1 Introduction to hybrid systems 15

The model elements lead to a graphical representation of the hybrid system,
which will later be extended to get the hybrid automaton representation dealt with in
Chapter 3. The discrete part of the dynamics is modeled by means of a graph whose
vertices represent the discrete states (also called operation modes or locations) and
whose edges represent state transitions. Every vertex is associated with the vector
field

f : Q× R
n → R

n

that belongs to the corresponding value q of the discrete state. It describes the evolu-
tion of the continuous state if the discrete state is q(t):

ẋ(t) = f(q(t),x(t)).

The trajectories that can be obtained for all possible initial continuous states is also
called the set of activities. As the discrete state q(t) remains constant over some time
interval (q(t) = q), the vector field f (q,x(t)) is alternatively denoted by f q(x(t)),
which shows that the q-th vector field is valid in the operation mode q.

q1

ẋ  = f (q1, x)
x Î Inv (q1)

(q0, x0) Î Init

G(q0 ,q1)

G(q1,q0)

G(q2,q0)

G(q2,q1)

G(q1,q2)
G(q0,q2)

R(q0 ,q1)

R(q1,q0)

R(q2,q0) R(q2,q1)

R(q1,q2)
R(q0,q2)

q0

ẋ  = f (q0, x)
x Î Inv (q0)

q2

ẋ  = f (q2, x)
x Î Inv (q2)

Fig. 1.9 Schematic representation of a hybrid automaton with three discrete
states. Each node of the directed graph represents a mode (operating point)
given by a system of differential (or difference) equations. The arrows indicate
the possible discrete transitions that correspond to a change of the mode.

Whereas the discrete state q influences the continuous dynamics by selecting a
specific vector field f(q, .), the influence of the continuous dynamics on the discrete
state evolution is represented by a set of guards. A guard describes a region in the
state space X . If the state x is in this region, a discrete state transition may occur. For
example, in Fig. 1.9, the guard G(q0, q1) poses a condition on the state x that has to
be satisfied in order to invoke the discrete state transition q0 → q1.
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16 W. P. M. H. Heemels, D. Lehmann, J. Lunze, and B. De Schutter

The change of the discrete state is described by the state transition function δ,
which determines the discrete successor state q′ if the system is in a given discrete
state q. This function is graphically represented by the arrows among the discrete
states in Fig. 1.9. As the figure shows, the question of which successor state is as-
sumed depends upon the guard condition G that is satisfied by the continuous state x
at the switching time.

The model explained above can be extended by the following elements in order
to include state jumps and to complete the representation of the interaction between
the continuous and the discrete dynamics:

• R is a reset map defining the state jumps;
• Inv denotes the invariants.

Each mode has an invariant associated to it, which describes the conditions that the
continuous state has to satisfy at this mode. Invariants and guards play complemen-
tary roles: whereas invariants describe when a transition must take place (namely
when otherwise the motion of the continuous state would lead to violation of the
conditions given by the invariant), the guards serve as “enabling conditions” that
describe when a particular transition may take place.

The reset map is, in general, a set-valued function that specifies how new contin-
uous states are related to previous continuous states for a particular transition.

1.2.2 Model behavior

To provide insight in the evolution of the dynamical system defined above, we give a
short, rather informal description. The initial hybrid state (q0,x0) of “trajectories” of
a hybrid automaton lies in the initial set Init . From this hybrid state the continuous
state x evolves according to the differential equation

ẋ = f(q0,x) with x(0) = x0

and the discrete state q remains constant: q(t) = q0. The continuous evolution can go
on as long as x stays in Inv(q0). If at some point the continuous state x reaches the
guard G(q0, q1), we say that the transition (q0, q1) is enabled. The discrete state may
then change to q1, and the continuous state jumps from the current value x− to a new
value x+ with (x−,x+) ∈ R(q0, q1). After this transition, the continuous evolution
resumes according to the mode q1 and the whole process is repeated. Note that the
invariants and guards are related to the switching sets and jumps sets introduced
earlier, as all these concepts are related to triggering discrete actions such as resets
of the continuous states or changes in the discrete state.

This framework leads to the behavior of a hybrid system as depicted in Fig. 1.4:
continuous phases separated by events at which maybe multiple discrete actions
(jumps of the continuous state x and/or changes in the discrete state q) take place. It
is obvious that these systems may switch between many operating modes where each
mode is governed by its own vector field (Fig. 1.9). Mode transitions are triggered
by variables crossing specific thresholds (state events) and by the elapse of certain
time periods (time events) due to the invariants and guards. With a change of mode,
discontinuities in the continuous variables may occur as given by the reset map.
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1 Introduction to hybrid systems 17

1.2.3 Hybrid automata

The model ingredients introduced above lead directly to one of the main model-
ing formalisms used in hybrid systems theory: the hybrid automaton. The formal
definition given and explained in Section 3.1 summarizes the modeling elements
introduced here in the following form, where 2X denotes the power set of X , i.e. the
collection of all subsets of X :

A hybrid automaton H is an 8-tuple

H = (Q,X ,f , Init , Inv , E ,G,R),

where

• Q = {q1, . . . , qk} is a finite set of discrete states (control locations);
• X is the continuous state space;
• f : Q× Rn → R

n is a vector field;
• Init ⊂ Q× Rn is the set of inital states;
• Inv : Q → 2R

n

describe the invariants of the locations;
• E ⊆ Q×Q is the transition relation;
• G : E → 2R

n

is the guard condition;
• R : E → 2R

n × 2R
n

is the reset map.

The hybrid state of the system H is given by (q,x) ∈ Q×X .
Based on the description of this general hybrid system model various ramifica-

tions and extensions can be created as well as other more specific models of hy-
brid systems such as piecewise affine systems, mixed logical dynamical systems,
complementarity systems, and so on. This handbook will provide an overview of
the available results for all these model classes and will also pinpoint various open
issues for future research. Before doing so, we will introduce some running examples
that will be used throughout the handbook to illustrate the main ideas.

1.3 Running examples

This section introduces three simple examples that illustrate the main new phenom-
ena that are introduced by the interaction of continuous and discrete dynamics. These
examples will be referred to frequently throughout this handbook.

1.3.1 Two-tank system

Process description The two-tank system is a hybrid system with autonomous
switching. The main control task is to stabilize its state. The system represents a
simplified version of systems that are widely used in the process industry to provide
a costumer with a continuous liquid flow by maintaining the liquid levels of the tanks
at prescribed values.

This example consists of two coupled cylindrical tanks T1 and T2 connected
by pipes (Fig. 1.10). The water flow between the tanks and out of the tanks can
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18 W. P. M. H. Heemels, D. Lehmann, J. Lunze, and B. De Schutter

h1
h2

Fig. 1.10 Two-tank system.

be controlled by the valves V1, V2, V3, V1L, and V2L, each of which can only be
completely opened or closed (on/off valves). The connection pipes between the tanks
are placed at the bottom of the tanks (with valve V2) and at the height h0 above the
bottom (with valve V1).

The maximum water level of each tank is denoted by hmax. All tanks have the
same cross-sectional area A and are located at the same level.

In a typical situation, the valves V1, V2, and V3 are opened and the valves V1L

and V2L closed. Liquid is filled into the left tank by the pump P1. Measurements
concern the levels h1(t) and h2(t) in tanks T1 and T2 respectively. Discrete sensors
(denoted by L in the figure) yield a qualitative characterization of the liquid levels as
low, medium, and high.

The system has both continuous and discrete inputs. The continuous input is the
inflow through the pump uP1(t) = QP1(t) and the discrete inputs are the positions
of the valves V1, V2, and V3, so that

u(t) = (uP1(t) u1(t) u2(t) u3(t))T

holds. Disturbances affecting the system can be induced by changing the positions
of the valves V1L and V2L.

Hybrid phenomena The two-tank is a typical hybrid system, as it has a continu-
ous dynamics with state-dependent and controlled switching. If the valve positions
remain constant the continuous dynamics switches autonomously between four dis-
crete modes q(t) depending on whether or not the liquid levels exceed the height
h0 of the upper connection pipe. The discrete system behavior is represented by the
automaton shown in Fig. 1.11, where each node represents one discrete operation
mode.
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1 Introduction to hybrid systems 19

Fig. 1.11 Discrete behavior of the two-tank system.

Dynamical model The two-tank system has two continuous state variables

x(t) = (h1(t) h2(t))T , hi ∈ R,

and four discrete states
q(t) ∈ {1, 2, 3, 4}

that depend on the levels as shown in Table 1.1. The nonlinear dynamics follows
from Torricelli’s law:

Table 1.1 Discrete modes in dependence of the continuous states.

q(t) h1(t) h2(t)

1 < h0 < h0

2 ≥ h0 < h0

3 < h0 ≥ h0

4 ≥ h0 ≥ h0

QVl

ij (t) = c · sgn(hi(t)− hj(t)) ·
√

2g· | hi(t)− hj(t) | · ul(t),

where QVl

ij (t) is the water flow from tank Ti into tank Tj through the pipe with valve
Vl, c the flow constant of the valves, ul(t) ∈{0,1} the position of valve VL (0 means
the valve is closed and 1 the valve is opened), and g the gravity constant.
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The change of water volume V (t) in a tank can be described by

V̇ (t) = ḣ(t) · A =
∑

Qin(t)−
∑

Qout(t),

where
∑

Qin(t) is the sum of all inflows into the tank and
∑

Qout(t) is the sum
of all outflows. By applying this equation to the two tanks, the following nonlinear
differential equations are obtained:

ḣ1(t) =
uP1(t)−QV1

12 (t)−QV2
12 (t)−QV1L

L (t)
A

,

ḣ2(t) =
QV1

12 (t) + QV2
12 (t)−QV2L

L (t)−QV3
N (t)

A
.

The flow QV1
12 (t) depends on the mode q(t) as follows:

QV1
12 (t) =

⎧⎪⎪⎨⎪⎪⎩
0, q(t) = 1,
c · sgn(h1(t)− h0) ·

√
2g· | h1(t)− h0 | · u1(t), q(t) = 2,

c · sgn(h0 − h2(t)) ·
√

2g· | h0 − h2(t) | · u1(t), q(t) = 3,
c · sgn(h1(t)− h2(t)) ·

√
2g· | h1(t)− h2(t) | · u1(t), q(t) = 4.

The following equations hold in all four modes:

QV2
12 (t) = c · sgn(h1(t)− h2(t)) ·

√
2g· | h1(t)− h2(t) | · u2(t),

QV3
N (t) = c ·

√
2g · h2(t) · u3(t),

QViL
L = c ·

√
2g · hi(t) · di(t), i = 1, 2,

where QV3
N (t) is the water flow exiting from tank T2 through the pipe with valve V3,

and QViL
L is the water flow exiting from tank Ti through the pipe with valve ViL.

If these differential and algebraic equations are associated with the discrete model
shown in sec1.2:fig:tank2, a hybrid automaton results as overall model.

All relevant parameter values are given in Table 1.2.

Hybrid behavior Figure 1.12 shows the behavior of the two-tank system with
the initial state x0 = (0.25 0.45)T and constant inflow uP1(t) = 0.03 m3 s−1.
Fig. 1.12(a) shows the trajectories of the tank levels and Fig. 1.12(b) the related
modes demonstrating the autonomous switching of the system, when the height h0

is reached.
The two-tank system offers various possibilities to illustrate the main analysis

and design concepts presented in the handbook. One potential question is whether or
not the system state depicted in Fig. 1.13 can be reached by an appropriate control
input. This example will be used throughout the book to illustrate different modeling
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1 Introduction to hybrid systems 21

Table 1.2 Parameter values and ranges of the two-tank system.

Parameter Value

c 3.6 × 10−5 m2

h0 0.3 m
hmax 0.6 m
A 0.0154 m2

g 9.81 m s−2

Qmax 0.1 × 10−3 m3 s−1

Qualitative value Range

low [0...20] cm
medium [20...25] cm
high [25...60] cm

State Value

h1, h2 ∈ R cm
q ∈ {1, 2, 3, 4}

Input Possible value/range

u1, u2, u3 ∈ {0,1}
uP1 = QP1 ∈ [0, Qmax] m3 s−1

Disturbance Value

d1, d2 ∈ {0,1}

Fig. 1.12 Simulation results of the two-tank system.

paradigms, reachability analysis, and abstraction-based modeling methods. In Ex-
ample 3.1 the system is represented as a hybrid automaton, in Example 5.2 as a lin-
ear complementarity system. Example 3.3 develops optimal control for this system,
whereas Example 11.1 uses this system to illustrate simulation tools. More complex
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22 W. P. M. H. Heemels, D. Lehmann, J. Lunze, and B. De Schutter

Fig. 1.13 Is this a potential state of the two-tank system?

technological processes, which likewise have a hybrid dynamics, are considered in
Chapter 14.

1.3.2 Automatic gearbox

Process description The automatic gearbox is a switched system with a discon-
tinuous evolution of the continuous state. State jumps occur together with controlled
switching.

Automatic gearboxes are used to change gear ratios automatically. This exam-
ple presents an automatic transmission with four gears. It consists of the gearbox
and a controller comprised of a continuous and a discrete-event part as depicted in
Fig. 1.14.

Continuous

controller

(and motor)

Discrete-

event

controller

Fig. 1.14 Automatic gearbox.
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1 Introduction to hybrid systems 23

The gearbox and its controller interact dependent on the vehicle velocity v(t).
The continuous inputs of the gearbox are the torque u(t) = T (t) and the angular
velocity ω(t) of the motor. Disturbances d(t) are induced by the road, e.g. by differ-
ent coefficients of friction.

Hybrid phenomena and dynamical model The automatic gearbox has four dis-
crete modes q(t)

q(t) ∈ {1, 2, 3, 4},

which affect the continuous dynamics by changing the transmission ration pr(q).
Table 1.3 presents all modes with their specific parameters pr(q) and kr(q), where
pr(1) > pr(2) > pr(3) > pr(4) holds. The mode is automatically changed by the
discrete inputs selected by the controller.

Table 1.3 Modes and specific parameter.

q(t) Transmission ration Controller gain

1 pr(1) kr(1)
2 pr(2) kr(2)
3 pr(3) kr(3)
4 pr(4) kr(4)

The continuous part of the controller consists of a PI-controller with the integra-
tor state TI(t). To obtain a comfortable ride, restrictions are imposed on the derivative
of the acceleration v̈(t), which make it necessary to switch the controller parameters
kr(q) dependent on the gearing q(t) and to impose state jumps in the integrator state
whenever the gear is changed. In Fig. 1.15 the switching scheme of the automatic
gearbox is depicted.

Fig. 1.15 Hybrid automaton of the automatic gearbox.
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Dynamical model The gearbox is modeled here with only the velocity as a con-
tinuous state variable

x(t) = (v(t) TI(t))T.

The transmission influences the torque T (t) and the angular velocity ω(t) of the
motor according to

Tw(t) = p(q) T (t) = p(q) u(t),

ωw(t) =
1

p(q)
ω(t),

where Tw(t), ωw(t) are respectively the torque and the velocity of the wheels, and
p(q) denotes the transmission ratio of the gearbox, which is obtained from the ratio
pr(q) used in Table 1.3 by

pr(q) =
p(q)
r

,

where r is the wheel radius.
The relations between the torque and the force F (t) accelerating the vehicle and

between the velocity of the vehicle and the angular velocity are given by

F (t) =
Tw(t)
r

,

v(t) = r ωw(t).

Applying Newton’s law of motion leads to the vehicle dynamics

mv̇(t) = F (t)− Fl(t)

and

v̇(t) =
pr(q)u(t)

m
− c

m
v(t)2sign v(t) − g sin(d(t)),

where m is the mass of the vehicle and the latter two terms represent the load force
Fl(t) which is assumed to be proportional to the square of the velocity. The distur-
bance d(t) is considered as the road angle.

Control tasks A gear change should occur if ω(t) reaches a high or low limit
ωhigh and ωlow, respectively (Fig. 1.15). According to the relation ω(t) = pr(q)v(t)
the limits correspond to certain velocities of the vehicle. The mode shifts are given
by the switching sets

Sq,q+1 = {v ∈ R | v =
1

pr(q)
ωhigh},

Sq+1,q = {v ∈ R | v =
1

pr(q + 1)
ωlow},

where Sq,q+1 denotes a mode shift from mode q to q + 1 and Sq+1,q a mode shift
from mode q + 1 to q.
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1 Introduction to hybrid systems 25

The continuous PI-control law with a compensation of the nonlinearities is given by

u(t) = TP(t) + TI(t) +
c

pr(q)
v(t)2sign v(t),

with

TP(t) = kr(q)(vref(t)− v(t)),

ṪI(t) =
kr(q)
TR

(vref(t)− v(t)),

where TR is the integration time constant. Every time a new value of the set point
vref(t) is fixed by the driver, the integrator state TI(t) is put to zero (controlled state
jump).

The ride is comfortable if the acceleration is limited, which causes a restriction
on the gain kr(q), and if restrictions on the derivative of the acceleration are imposed.
If kr(q) takes a value out of the set

kr(q) ∈ {kr(1), kr(2), kr(3), kr(4)},

no abrupt changes of v̈(t) and v̇(t) occur due to a mode shift if

pr(q)kr(q) = pr(q + 1)kr(q + 1)

pr(q)TI(t̄−) = pr(q + 1)TI(t̄+), mode change q→ q + 1,

pr(q)TI(t̄−) = pr(q − 1)TI(t̄+), mode change q→ q − 1.

This is called bumpless transfer.

Hybrid behavior Figure 1.16 illustrates a trajectory in the state space including
jumps in the integrator state at the time the gear changes. The desired velocity vref(t)
is set to 30 m/s and the limits ωhigh and ωlow are equal to 500 rad/s or 230 rad/s,
respectively. Table 1.4 contains all relevant parameter values.

Fig. 1.16 Trajectory in the continuous state space.
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Table 1.4 Parameter values of the automatic gearbox.

Parameter Value

pr(1), pr(2), pr(3), pr(4) 50, 32, 20, 14
c 0.7 kg m−1

m 1500 kg
g 10 m s−2

kr(1), kr(2), kr(3), kr(4), 3.75, 5.86, 9.375, 13.39 N s
TR 40 s

State Value

v, TI ∈ R m s−1, Nm
v(0), TI(0) 14 m s−1, 0 Nm
q ∈ {1, 2, 3, 4}
q(0) 2

Input Value

u ∈ R Nm
vref 30 m s−1

ωhigh 500 rad s−1

ωlow 230 rad s−1

Disturbance Value

d ∈ [−π
2
, ..., π

2
] rad

Analysis and control design methods for hybrid systems are necessary to cope
with discontinuities in the continuous state evolution of the gearbox. This example
will be used in the handbook in Example 3.4, where an optimal control strategy is
developed. More automotive applications are investigated in Chapter 15.

1.3.3 DC-DC converter

Process description The DC-DC converter is a switched system, where the con-
trolled switching is necessary for retaining its function of stabilizing the output volt-
age. The system has to be stabilized at a limit cycle rather than in an equilibrium state.

Power converters are widespread industrial devices used, for example, in variable-
speed DC motor drives, computer power supply, cell phones, and cameras. The main
functional principle lies in switching an electrical circuit among different structures
in order to transform a constant or slowly varying DC voltage into a DC voltage that
is independent of the load.

This example deals with a boost converter, whose output voltage is higher than
the input voltage. The topology of a DC-DC boost converter is depicted in Fig. 1.17.
The circuit consists of a loadR, a capacitorC, an inductorL, a diode D, and a switch
S. It has a fixed input voltage E and a variable output voltage v(t). In addition, RC

and RL represent the series resistors of the capacitor and the inductor.
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1 Introduction to hybrid systems 27

Fig. 1.17 Boost converter.

In the on-state the switch is closed, resulting in an increase of the inductor current
iL(t). In the off-state the switch is open. The only path for the current is through the
flyback diode, the capacitor and the load, and then the current ramps down. This sit-
uation results in transferring the energy accumulated in the inductance during the on-
state into the capacitor. The process repeats cyclically, whereas the boost converter
operates with the switching period TS and the duty cycle d1(t), which corresponds
to the ratio of activation duration of an on-state mode to the period. The duty cycle
is considered as the system input u1(t) = d1(t) ∈ [0, 1].

Hybrid phenomena The boost converter is a hybrid system with the three opera-
tion modes

q(t) ∈ {1, 2, 3}

summarized in Table 1.5. It is a second-order system with the continuous state
variables iL(t) and v(t)

x(t) = (iL(t) v(t))T.

The switching scheme of the converter expressed by an automaton is shown in
Fig. 1.18, where n denotes the cycle index.

If the current through the inductor never falls to zero the boost converter operates
in continuous conduction mode (CCM), in which the switch and the diode are turned
on and off in a cyclic and complementary manner and merely the modes q = 1 and

Table 1.5 Modes of the boost converter.

q(t) S iL(t)

1 closed iL > 0
2 opened iL > 0
3 opened iL = 0
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Fig. 1.18 Hybrid automaton of the boost converter.

q = 2 are accessible. Switching to the third mode occurs autonomously if the current
falls to zero (discontinuous conduction mode (DCM)).

Dynamical model The affine state-space model of the converter

ẋ(t) = A(q)x(t) + B(q) (1.2)

is given with the following matrices:

• q(t) = 1 :

A(1) =
(
−RL

L 0
0 − 1

(R+RC)C

)
,

B(1) =
(

1
L
0

)
E.

• q(t) = 2 :

A(2) =

(
− 1

L

(
RL + RCR

R+RC

)
− R

(R+RC)L
R

(R+RC)C − 1
(R+RC)C

)
,

B(2) =
(

1
L
0

)
E.

• q(t) = 3 :

A(3) =
(

0 0
0 − 1

(R+RC)C

)
,

B(3) =
(

0
0

)
E.

Hybrid behavior Figure 1.19(a) shows the stationary behavior of iL(t) and v(t) of
the boost converter operating in CCM with a fixed input u1(t) = 0.5 and a constant

co
nt

ro
len

gin
ee

rs
.ir



1 Introduction to hybrid systems 29

(a) (b)

Fig. 1.19 Stationary behavior of the boost converter (a) and limit cycle (b).

disturbance R(t) = 10 Ω. In Fig. 1.19(b) the stationary behavior represented by a
limit cycle is shown. All parameter values of the converter are listed in Table 1.6.

Table 1.6 Values of circuit components.

Component Value

E 20 V
L 1 mH
RL 0.1 Ω
C 10μF
RC 0.06 Ω
TS 0.1 ms

State Value

iL, v ∈ R A, V
q ∈ {1, 2, 3}

Input Value/range

u1 ∈ [0, 1]

Disturbance Values/ranges

R ∈ R Ω (10 Ω)

Alternative models are considered in Example 5.1 where a DC-DC converter
is represented as a complementarity system. One main focus on studying DC-DC
converters is the controller synthesis. To stabilize the converter at a desired limit
cycle new controller design methods are necessary. In Example 6.6 the design of
the switching surfaces by means of an embedded map representing the converter at
the switching time instances is explained. More application examples in the field of
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power systems are discussed in Chapter 13, where the DC-DC converter is treated in
detail in Section 13.2.

Bibliographical notes

There are several excellent introductions explaining the phenomena of hybrid dynamical
systems, e.g. [112].

Hybrid systems are dealt with in monographs that all consider particular subclasses of
hybrid systems, such as [571] focussing on complementarity systems, [342] on piecewise
linear systems, [576] on quantized systems, and [401] on switched systems. Collections of
papers on hybrid systems, other than the proceedings of the annual conferences on hybrid
systems, can be found in [145, 224, 326, 344].

1.3 illustrates hybrid system behavior by means of a chaotic oscillator, which is de-
scribed, for example, in [564, 636].

The running examples represent rather simplified descriptions of real-world applications
of hybrid systems, which are developed on the basis of the references [84] for the two-tank
system, [451] for the DC-DC converter, and [517] for the automatic gearbox.
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Survey of modeling, analysis, and control
of hybrid systems

B. De Schutter, W. P. M. H. Heemels, J. Lunze, and C. Prieur

An overview of various modeling frameworks for hybrid systems is given
followed by a comparison of the modeling power and the model complex-
ity, which can serve as a guideline for choosing the right model for a given
analysis or control problem with hybrid dynamics. Then, the main analysis
and design tasks for hybrid systems are surveyed together with the meth-
ods for their solution, which will be discussed in more detail in subsequent
chapters.
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2.1 Models for hybrid systems

2.1.1 Overview

As models are the ultimate tools for obtaining and dealing with knowledge, not only
in engineering, but also in philosophy, biology, sociology, and economics, a search
has been undertaken for appropriate mathematical models for hybrid systems. This
section gives an overview of the modeling formalisms that have been elaborated in
hybrid systems theory in the past.

Structure of hybrid systems Many different models have been proposed in liter-
ature, as will be seen in following chapters. These models can be distinguished with
respect to the phenomena that they are able to represent in an explicit form. Conse-
quently, these models have different fields of applications. The main idea of these
models is described by the block diagram shown in Fig. 2.1, which is often used in
literature as a starting point of hybrid systems modeling and analysis, although not
all models use this structure in a direct way.

Continuous input u(t)

Discrete input v(t) Discrete output w(t)

Continuous output y(t)

Fig. 2.1 Structure of hybrid systems.
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The hybrid character of the system is reflected in this structure by the combi-
nation of a continuous-variable system shown in the upper part of the figure and
a discrete-event system below. The continuous input and the continuous output are
associated with the continuous subsystem and the discrete signals with the discrete
subsystem. The continuous subsystem describes how the continuous state x(t) of the
hybrid system develops over time. The discrete subsystem characterizes the evolu-
tion of the discrete state q(t).

As the signals occurring in both subsystems have different signal spaces, an in-
terconnection between both model parts necessitates two interfaces, which are called
the discrete-to-continuous interface or the continuous-to-discrete interface, respec-
tively. The discrete-to-continuous interface associates with a discrete signal value
that is generated by the discrete-event subsystem a continuous-valued signal that
acts as an input of the continuous subsystem. This interface is also called an injector.
The continuous-to-discrete interface transforms a continuous-variable signal into a
signal with discrete signal space. It typically tests whether the continuous signal has
exceeded a given threshold or, more generally, whether the continuous state x(t) has
reached a switching surface. The result is an event, which is described by the event
name and the event time instant. Therefore, this interface is often called an event
generator and are formed by guards and invariants in hybrid automata.

The models described below distinguish with respect to the way in which they
represent the two kinds of subsystems shown in the figure and the interfaces.

Models for hybrid systems A whole range of possible model structures for hybrid
systems has already been proposed, of which we present a partial list below:

• hybrid automata (Chapters 3);
• switched systems (Chapters 4);
• piecewise linear or piecewise affine models (Chapters 4);
• timed automata and timed or hybrid Petri nets (Section 2.1.8);
• differential automata;
• mixed logical dynamical models (Section 5.1);
• real-time temporal logics and timed communicating sequential processes;
• complementarity systems (Section 5.2);
• hybrid inclusions (Section 5.3).

This list of model classes is by no means exhaustive and we will not discuss them
all here, but will only focus on the most well-known, which will also be treated in
more detail in the following chapters. Additional references to other hybrid modeling
formalisms not discussed here will be provided in the bibliographical notes at the end
of the chapter.

The common feature of all the modeling paradigms and in fact of hybrid sys-
tems in general is the interaction of different dynamics. This also indicates that the
model structure should mix two modeling formalisms. Typically, one might think of
the interaction of time-driven models (governed by differential or difference equa-
tions) on one hand, and event-driven systems (described by, e.g., temporal logic,
automata, finite-state machines, etc.) or logic rules on the other hand. In some way
these features should be combined in one model structure. One generally accepted

co
nt

ro
len

gin
ee

rs
.ir
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manner of looking at hybrid systems is via hybrid automata, which have already
been introduced in Section 1.1 and which can be seen as a cross product of finite-
state machines and differential or difference equations (depending one whether a
discrete-time or continuous-time formalism is used).

2.1.2 Hybrid automata

Hybrid automata result as an extension of finite-state machines by associating with
each discrete state a system of differential or difference equations that describe how
in this discrete state the continuous state evolves. The underlying modeling philos-
ophy has already been explained in Section 1.2 and will be formally introduced in
Chapter 3.

We would like to stress that it can be a nontrivial task to rewrite a physical model
description in terms of a hybrid automaton. In particular, the definition of the guards,
invariants, and reset maps (i.e. switching and re-initialization rules) can be really
involved.

2.1.3 Switched systems

A quite general class of hybrid systems concerns switched systems given by

ẋ(t) = fq(t)(x(t)), (2.1)

where x ∈ R
n denotes the state and q : R+ → {1, . . . , N} is the switching signal

that determines which vector field fq with q ∈ {1, . . . , N} is active at time t ∈ R+.
For a fixed q, (2.1) describes a nonswitched system, which is sometimes called the
subsystem of a switched system. In this context, switching means the currently active
subsystem is changed to another one.

The switching can depend on time only as above, but it can also be a function of
the state x(t) at time t or of an external input, and it can even have memory in it.

In particular, when the switching only depends on the state variable x(t) at the
present time t, one speaks of discontinuous dynamical systems or piecewise smooth
systems. An example is the system below, which switches between two dynamics as
a result of inequalities in the state variable:

ẋ(t) = f(x(t)) =

{
f−(x(t)), if φ(x(t)) < 0 ,

f+(x(t)), if φ(x(t)) > 0 .
(2.2)

The state space is separated into two parts by a hyper-surface defined by φ(x) =
0 (Fig. 2.2). On one side of the surface C+ := {x ∈ R

n | φ(x) > 0} the dynamics
ẋ = f+(x) holds, on the opposite side C− := {x ∈ Rn | φ(x) < 0} the dynam-
ics ẋ = f−(x) is valid. Hence, one can also consider this system as a differential
equation with a discontinuous right-hand side [237].

As the choice of whether the vector field f− or f+ is active at time t only de-
pends on the state x(t), no discrete state is necessary to describe such systems. In the
light of the description of hybrid systems given in Chapter 1, systems of this class
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Fig. 2.2 Switching dynamics.

are not “real” hybrid system. However, they cannot be analyzed by standard meth-
ods elaborated for nonlinear systems, because the Lipschitz continuity of the vector
field f is lost at the switching surface and, consequently, the definition of solutions
and well-posedness have to be extended with respect to nonlinear systems. There-
fore, new methods for dealing with such systems have been developed in the field
of hybrid dynamical systems, and q is said to be the discrete state or the operation
mode of the system. The behavior of such a system will be discussed in more detail
in Chapter 4.

2.1.4 Piecewise affine systems

If the discontinuous dynamical system has affine dynamics in each region and the
regions are polytopic, we obtain the well-studied class of piecewise affine (PWA)
systems, which can be considered both in discrete or continuous time. Discrete-time
PWA systems are described by

x(k + 1) = Aqx(k) + Bqu(k) + fq

y(k) = Cqx(k) + Dqu(k) + gq
for

[
x(k)
u(k)

]
∈ Cq, (2.3)

for the operation modes q = 1, . . . , N , where C1, . . . , CN are convex polyhedra (i.e.
given by a finite number of linear inequalities) in the input/state space with non-
overlapping interiors. The variables u(k) ∈ Rm, x(k) ∈ Rn, and y(k) ∈ Rl denote
the input, state, and output, respectively, at discrete time step k with k ∈ IN.

PWA systems have been studied extensively as they form the “simplest” exten-
sion of linear systems that can still model many nonlinear and non-smooth processes
with arbitrary accuracy and that are capable of handling some hybrid phenomena.
Chapter 4 gives a thorough survey of the results obtained for such systems.

Many authors also study the continuous-time variant of the above model, which
is given by

ẋ(t) = Aqx(t) + Bqu(t) + fq

y(t) = Cqx(t) + Dqu(t) + gq
for
[
x(t)
u(t)

]
∈ Cq,

for q = 1, . . . , N , where C1, . . . , CN are convex polyhedra, and the time t now
evolves on the real line R. In this chapter we will mostly focus on the discrete-
time version as one can establish some relations to other well-known hybrid model
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2 Survey of modeling, analysis, and control of hybrid systems 37

classes, such as mixed logical dynamical models and linear complementarity models
(Section 5.3). In the following chapters the continuous-time PWA models will play

a more dominant role.

Example 2.1 Integrator system with saturation

As a very simple example of a PWA model we can consider an integrator with upper satu-
ration:

x(k + 1) =

{
x(k) + u(k) if x(k) + u(k) � 1,

1 if x(k) + u(k) � 1,

y(k) = x(k).

(2.4)

If we rewrite (2.4) as in (2.3) then we get

C1 =
{
(x(k), u(k))T ∈ R

2
∣∣ x(k) + u(k) � 1

}
,

C2 =
{
(x(k), u(k))T ∈ R

2
∣∣ x(k) + u(k) � 1

}
,

A1 = 1, A2 = 0, B1 = 1, B2 = 0,

f 1 = 0, f 2 = 1, C1 = C2 = 1,

D1 = D2 = 0, g1 = g2 = 0 .

The system has two operation modes (q = 1 and q = 2) for which two sets of parameter
matrices are described above. �

More details on PWA systems and additional results involving the control of
PWA systems are presented in Chapter 4.

2.1.5 Mixed logical dynamical systems

In [62] a class of hybrid systems has been introduced in which logic, dynamics, and
constraints are integrated. This resulted in the description

x(k + 1) = Ax(k) + B1u(k) + B2δ(k) + B3z(k), (2.5a)
y(k) = Cx(k) + D1u(k) + D2δ(k) + D3z(k), (2.5b)

E1x(k) + E2u(k) + E3δ(k) + E4z(k) � g5, (2.5c)

where x(k) can contain both real and boolean (i.e. 1 or 0) components (y(k) and
u(k) have a similar structure), and where z(k) and δ(k) are respectively real-valued
and boolean auxiliary variables. The inequalities (2.5c) have to be interpreted com-
ponentwise. Systems of the form (2.5) are called mixed logical dynamical (MLD)
systems.

More detailed information on MLD systems is provided in Section 5.1.

co
nt

ro
len

gin
ee

rs
.ir



38 B. De Schutter, W. P. M. H. Heemels, J. Lunze, and C. Prieur

2.1.6 Complementarity systems

Complementarity systems arise when differential equations

ẋ(t) = f(x(t),w(t),u(t)), (2.6a)
z(t) = g(x(t),w(t),u(t)) (2.6b)

are coupled to “complementarity conditions”

0 ≤ z(t) ⊥ w(t) ≥ 0, (2.6c)

where the inequalities are interpreted componentwise and ⊥ indicates the orthogo-
nality between the vectors z(t) and w(t), i.e. zT(t)w(t) = 0. In the above descrip-
tion x(t) is the state, u(t) is the control input, and w(t), z(t) are the complementar-
ity variables. The complementarity conditions (2.6c) constitute a particular system
of equalities and inequalities, which are related to the well-known relations between
the constraint variables and Lagrange multipliers in the Karush–Kuhn–Tucker con-
ditions for optimality, the voltage–current relationship of ideal diodes, the conditions
between unilateral constraints and reaction forces in constrained mechanics, etc. As
such, the complementarity framework includes mechanical systems with unilateral
constraints, constrained optimal control problems, switched electrical circuits, piece-
wise linear systems, etc.

To reveal the hybrid nature of complementarity systems, observe that (2.6c) im-
plies that wi(t) = 0 or zi(t) = 0 for each i ∈ {1, . . . ,m}. As a consequence,
the system (2.6) has 2m modes. Each mode can be characterized by the active in-
dex set J ⊆ {1, ,̇m}, such that zi = 0, if i ∈ J , and wi = 0, if i ∈ Jc, where
Jc := {1, . . . , n} \J . For the mode corresponding to J the dynamics is given by the
following system of differential and algebraic equations (DAEs):

ẋ(t) = f(x(t),w(t),u(t)), (2.7a)
z(t) = g(x(t),w(t),u(t)), (2.7b)

zi(t) = 0 if i ∈ J and wi(t) = 0 if i ∈ Jc, (2.7c)

The evolution of system (2.6) will be governed by (2.7) for the mode corresponding
to J as long as the remaining inequalities (the “invariant” in the terminology of
hybrid automata) in (2.6c)

zi(t) ≥ 0 if i ∈ Jc and wi(t) ≥ 0 if i ∈ J (2.8)

are satisfied. Impending violation of (2.8) will trigger a mode change. As a conse-
quence, during the evolution in time of the system several mode dynamics will be
active successively and resets of the state vector might be necessary (think of con-
strained mechanical systems with impacts).

A particular class of complementarity systems, viz. linear complementarity sys-
tems, will be discussed in Section 5.2.
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2.1.7 Discretely controlled continuous systems

In an important application of switched systems the switching signal is determined
by a controller in dependence of the state x. The structure of discretely controlled
continuous systems is shown in Fig. 2.3. The control input q(t) is a discrete signal
that prescribes the operation mode of the plant. This class of systems will be consid-
ered in detail in Section 6.5.

Plant

Controller

q x

Fig. 2.3 Discretely controlled continuous system.

The difference between the switching schemes used in PWA or discretely con-
trolled continuous systems is illustrated in Fig. 2.4. For PWA systems, the continuous
state space R

n is partitioned into sets Cq (q ∈ Q) and the q-th vector field f q is valid
as long as the state x remains in the set Cq . Hence, the operation mode q(t) at time
t depends only on the current continuous state x(t). In the figure, the trajectory x(.)
first goes through the partition C2 and, hence, the vector field f2 is valid. After cross-
ing the boundary between the sets C2 and C1, the future state trajectory is governed
by the vector field f1.

Fig. 2.4 Comparison of the switching schemes of piecewise affine and dis-
cretely controlled continuous system.
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Contrary to this, discretely controlled continuous systems use a switching scheme
that is usually described by switching surfaces Si, which are hyperplanes in the state
space Rn. If the state trajectory x(.) crosses such a surface at time t̄, the discrete state
is changed (q → q′), where the successor state is determined by the switching surface
touched at time t̄. Whether the trajectory crosses the surface Si or not depends on
the vector field that becomes active at time t̄. In the figure, the new vector field f2

moves the state back into the region from which it came. In the region “below” the
surfaces S1 and S2 the state trajectory is first governed by f1 and later by f2. Hence,
the current discrete state q depends on the whole trajectory x(.) and not only on the
current state x(t). It is a “true” discrete state.

2.1.8 Timed automata

Timed automata are a class of hybrid automata that involve particularly simple con-
tinuous dynamics: all differential equations are of the form ẋ = 1, and all the invari-
ants, guards, etc. involve comparison of the real-valued states with constants (e.g.
x = 1, x < 2, x ≥ 0, etc.). Clearly, timed automata are somewhat limited when it
comes to modeling physical systems. They are very suited, however, for encoding
timing constraints (such as “event A must take place at least 2 seconds after event
B and not more than 5 seconds before event C”, etc.). For some applications, such
as multimedia, internet, and audio protocol verification, this type of description is
sufficient for both the dynamics of the system and the properties that we want the
system to satisfy. Readers interested in the details of timed automata are referred
to [13].

2.1.9 Hybrid inclusions

Hybrid inclusions form a natural extension of differential inclusions ẋ ∈ F (x) in the
sense that invariants, guards, and resets are added. Hybrid inclusions are given by the
data of two subsets C (the flow set) and D (the jump set) of R

n, and two set-valued
mappings F : C → Rn and G : D → R

n. The hybrid inclusion is then written as

ẋ ∈ F (x) if x ∈ C ,

x+ ∈ G(x) if x ∈ D .

Clearly, this description provides compact models with a clear structure, which
encompasses many hybrid phenomena. The hybrid inclusions turned out to be useful,
e.g., in the general study of hybrid systems, and in the domains of networked control
systems and reset control systems in particular.
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2 Survey of modeling, analysis, and control of hybrid systems 41

2.2 Comparison of the models

2.2.1 Equivalence of model classes

It is of interest to know which type of model classes are equivalent or which model
classes encompass others, as this can assist in transforming analysis and synthesis
results and tools obtained for one class to another.

In [305] relationships between some classes of discrete-time hybrid models are
presented, which will be summarized in Section 5.3. There it will be shown that
under mild assumptions discrete-time PWA systems are equivalent to some other
classes of hybrid systems such as MLD systems and discrete-time linear comple-
mentarity systems. Specific analysis or design problems might be easier to solve
using the formulation of one of the subclasses than that of another subclass. As a
result, each system class has its own analysis and synthesis tools. As a consequence,
it really depends on the problem and application at hand, which of these classes is
best suited.

In the continuous-time framework, such broad equivalence relations are out of the
question for the mentioned classes. However, there are relations between linear com-
plementarity systems and other specific classes of non-smooth systems such as the
“normal cone differential inclusions” and projected dynamical systems [124, 303].

Also for many simulation and verification tools it is of interest to transform model
structures into others. The interchange format that is discussed in Chapter 12 forms
the means to transform models into certain basic formats, which can be used for
various simulators and model checkers.

2.2.2 Modeling power versus decisive power

The choice of a suitable modeling framework is a trade-off between two conflicting
criteria: the modeling power and the decisive power. The modeling power indicates
the size of the class of systems allowing a reformulation in terms of the chosen model
description. The decisive power is the ability to prove quantitative and qualitative
properties of individual systems in the framework. A model structure that is too broad
(like the hybrid automaton) cannot reveal specific properties of a particular element
in the model class. The size of a model class is often taken too large for analysis
purposes. As indicated by [92] and summarized in Section 4.6, even for the easiest
hybrid systems analysis and control problems are often undecidable, which means
that, roughly speaking, there does not exist an algorithm that solves the problem and
for which finite termination can be guaranteed. Even if the problems are decidable,
then often the problems require a very high computational load to be solved (NP-
complete or NP-hard, see [260] for details on these terms). Also for many classes
of hybrid and timed automata the reachability problem (i.e. determining whether
some of the trajectories of the system can attain a specific set of desired states) is
undecidable [315].
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Example 2.2 NP-hard analysis problem

As an example of an NP-hard problem, [92] considers the elementary hybrid system given
by

x(k + 1) =

{
A1x(k) if cTx(k) ≥ 0 ,

A2x(k) if cTx(k) < 0 ,

where A1, A2 are matrices and c is a (column) vector of appropriate dimensions. The prob-
lem of deciding whether this switching system is stable is shown to be NP-hard. Loosely
speaking, this means that there is no algorithm that answers the question of stability in
polynomial time (as function of the size of A1, A2, and c). �

In conclusion, one can state that in certain cases it is useful to have some addi-
tional structure on the model class that one considers, as the hybrid automaton model
is too broad for detailed analysis.

2.3 Problems resulting from hybrid phenomena

Hybrid systems are inherently nonlinear and non-smooth, and therefore many of the
results available from the vast literature on linear systems and smooth nonlinear sys-
tems do not apply. As a consequence, many basic system-theoretic problems like
well-posedness, stability, controllability, observability, safety, etc. and many design
methods for controllers and observers have to be reconsidered within the hybrid con-
text. Next, we will discuss several particular problems that complicate the resolution
of these issues.

2.3.1 Inadequacy of mono-disciplinary approaches

Hybrid system already exist for a long time and engineers have managed to analyze
and to design them. So, how did they manage to do so and what is new in hybrid
systems theory?

(a) (b)

Fig. 2.5 Two ways of simplifying hybrid systems analysis and design: (a) con-
tinuous representation, (b) discrete-event representation.

Figure 2.5 shows two ways to deal with hybrid systems by avoiding the com-
bination of continuous and discrete model parts. These approaches either abstract
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from the discrete state evolution and end up with a purely continuous representation,
or abstract from the continuous movement and represent the system by a discrete-
event model. In both cases, either the methods elaborated in the theory of continuous
systems or the theory of discrete-event systems alone are sufficient for analysis and
design.

As an example of the approach presented in Fig. 2.5(a), consider the DC-DC con-
verter described in Section 1.3.3. A discrete controller switches the operation mode
in a very high frequency (usually measured in MHz), so that the voltage control prob-
lem can be solved by using an average model that describes the continuous evolution
of an average state approximating the highly oscillating voltage.

On the other hand, if only the discrete-event behavior of the system is important,
then the continuous state evolution can be ignored or reduced to its influence on
the discrete state changes. The model that represents the discrete state transitions
of a hybrid system is called a discrete abstraction. Methods used to obtain such
abstractions are described in Section 6.3–6.5.

In both situations, the hybrid character of the system under consideration is ig-
nored (or “abstracted away”). This may be reasonable under specific practical cir-
cumstances, because any model should not represent a system in the best possible
way, but in a way suitable for solving the given task. However, the important conse-
quence of the abstraction is the fact that typical phenomena of hybrid systems such
as switching dynamics and state jumps can no longer be represented by the model
and are, thus, excluded from the analysis and control design.

The main aim of hybrid systems theory is to elaborate analysis and design meth-
ods for technological systems for which both the continuous and the discrete state
evolution play an important role and for which neither an abstraction from the con-
tinuous movement nor the exclusion of the discrete state transitions from the consid-
erations is possible or suitable, and for which the interaction between both system
parts thus has to be taken into account.

The following subsections describe phenomena that cannot be adequately mod-
eled and analyzed by analysis methods purely tailored for continuous systems or for
discrete-event systems. So methods for both system classes have to be combined in
a suitable manner to deal with these phenomena.

2.3.2 Instability of hybrid systems resulting from switching

The fact that hybrid techniques have to be developed is evidenced by the study of
stability of hybrid systems. Stability is a real “hybrid problem,” that cannot be tack-
led by studying, e.g., only the stability of the subsystems (except for some trivial
examples). This is illustrated by the following switched system taken from [113].
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Example 2.3 Unstable hybrid system with stable operation modes

Consider the hybrid system with two operation modes

ẋ =

{
A1x if x1x2 ≤ 0 ,

A2x if x1x2 > 0 ,
(2.9)

with

A1 =

(
−1 10

−100 −1

)
and A2 =

(
−1 100
−10 −1

)
.

By inspection of the eigenvalues of A1 and A2, which for both matrices are λ1/2 ≈ −1 ±
31.62 j, one can see that both of the dynamics are stable (cf. the phase portraits in Fig. 2.6),
but the switched system (2.9) is not (Fig. 2.7).

−2 0 2
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x
2

x
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x
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−2 0 2
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Fig. 2.6 Behavior of the stable linear submodels.
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↓

Fig. 2.7 Unstable switched system (2.9).

Indeed, the switched system activates dynamics 1 if the state lies in the second and the
fourth quadrant, and dynamics 2 if the state is in the first or the third quadrant. As one can
see from the trajectory shown in Fig. 2.7, the switched system is unstable. �
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Also converse examples exist where the subsystems are all unstable and the cor-
responding switched system is stable (e.g. consider the time-reversed version of the
system above).

As a consequence, it is not sufficient to study only the stability properties of the
subsystems, as the switching structure has to be taken into account as well. For many
other properties (observability, controllability, etc.), this is also the case and hence,
hinging on the available results for continuous and discrete-event models, a hybrid
systems theory is needed.

2.3.3 Zeno behavior

The evolution of a hybrid system typically consists of smooth phases in which the
discrete mode remains constant, separated by discrete events and actions. In the ter-
minology of hybrid automata, the discrete events are often given by guards being
enabled or invariants about to be violated and the discrete actions are mode switches
and/or resets of the continuous part of the hybrid state variable.

Zeno behavior is the phenomenon that for a dynamical system an infinite number
of events occur in a finite length time-interval.

This phenomenon is named after the ancient Greek philosopher Zeno of Elea.

Example 2.4 Bouncing ball

A famous example of a simple model of a mechanical system that exhibits Zeno behavior is
the bouncing ball (Fig. 2.8).

x
1
= 0

x
2
=−g
x

1
=x

2

x
1
> 0

x
2 

< 0 x
2
:= −ex

2

(a)

0 2 4 6 8
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−5

0
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1

x
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t

(b)

Fig. 2.8 Bouncing ball: hybrid automaton (a) and simulation (b) with x = x1

and ẋ = x2.
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The height of the ball above the surface is denoted by x1 with dynamics ẍ1 = −g and
the constraint x1 ≥ 0. The velocity ẋ1 of the ball will be denoted by x2. To complete the
model we include Newton’s restitution rule x2(τ+) = −αx2(τ−) when x1(τ−) = 0 and
x1(τ−) < 0 (0 < α < 1). The reset or event times {τi}i∈IN can be easily computed and
are given by

τi+1 = τi +
2αix2(0)

g
, for i ∈ IN,

assuming that x1(0) = 0 and x2(0) > 0. Hence, {τi}i∈IN has a finite limit equal to
τ∗ = 2x2(0)/(g − gα) < ∞. So the continuous state (x1(t), x2(t)) converges to (0, 0)
when t ↑ τ∗. The physical interpretation is that the ball is at rest within a finite time span,
but after infinitely many bounces. By extending the model (the complementarity frame-
work presented above is quite natural for this) a continuation beyond τ∗ can be defined by
(x1(t), x2(t)) = (0, 0) for t > τ∗.

This is a specific example of Zeno behavior, i.e. a infinite number of events in a finite
length time interval. In this case we have an infinite number of state re-initializations and
the set of event times for the bouncing ball contains a so-called right-accumulation point.
�

This kind of Zeno behavior often prevents the existence of global solutions
(i.e. defined for all times t ∈ R+) and, hence, is directly related to the well-
posedness issue: the existence and uniqueness of solutions given an initial condition.
In Section 5.4 it is also demonstrated that the definition of a solution trajectory can
either allow for specific kind of Zenoness or not. Of course, depending on the choice
of solutions, the well-posedness issue differs. Some interesting examples of this are
presented in Section 5.4.

Also for the simulation of hybrid systems, Zenoness is a difficult problem. Imag-
ine that one tries to determine a trajectory of a system like the bouncing ball by iter-
atively integrating over the smooth phases, estimating the event times (by detecting
zero crossings), resetting the states, etc. Of course, this natural integration scheme
(sometimes called “event-driven integration”) would get stuck at or before the right-
accumulation point as the interval lengths are decreasing to arbitrary small positive
numbers. Some limiting procedure would be necessary to determine the accumula-
tion point, which would be numerically hard to detect and to implement. Also the
detection of zero crossings is crucial (as they determine the next mode for instance).
As numerical simulators always produce approximation errors, the fact that hybrid
systems do not generally have the property of continuous dependence on initial con-
ditions (Section 2.3.5), the slightest error might lead to approximating a completely
different trajectory. For certain specific classes of hybrid systems, so-called time-
stepping schemes [3, 154] might be more suitable.

Not only for well-posedness or simulation issues, but also for analysis one has
to be careful as certain properties of a system may only be true for trajectories that
are defined on finite-length time intervals due to Zeno behavior. This might imply
that the property does not hold true for all times (beyond the Zeno point). As a
consequence, in case of verification of certain system properties, it is crucial which
type of trajectories to include in the model of the plant (and hence, in the analysis).
Definitely the mathematical behavior of the model should be “rich enough” to reflect
the real plant or system behavior. What one often sees, is that, e.g., Zeno solutions are
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excluded in the analysis of system’s properties. In this case one has to realize that the
property holds only for “non-Zeno” trajectories, while the actual system might have
solutions beyond Zeno points and the system might fail in practice. One (in)famous
example consisting of two tanks is given in [14]. There a controller is designed that
keeps the fluid level for both tanks above a desired minimal level and this is proven
to work for non-Zeno trajectories. As the (real) system has Zeno trajectories, this
analysis is useless and it turns out that both tanks do get below the minimal level.
Hence, this demonstrates that one has to be careful with excluding these type of
phenomena, or stated differently, with the choice of solution concept used for the
analysis.

The above aspects indicate that the Zeno phenomenon is a major problem in
hybrid systems analysis and it is one of the challenges that the system and control
theory for hybrid systems has to face. Hence, it is important to develop conditions
that either exclude Zenoness or indicate when it is present. As the Zeno behavior can
be seen as a modeling artifact that never can occur in reality, these conditions should
be used to avoid Zeno behavior of the model.

2.3.4 Chattering or infinitely fast switching: sliding modes

For hybrid systems in general and the switched systems described in Section 2.1.3 in
particular, also the presence of infinitely fast switching resulting in sliding behavior
around switching surfaces can complicate the analysis (Section 5.4 for more details
about sliding behavior). As Fig. 2.9 shows, chattering occurs if the vector fields f−
and f+ that hold on either side of the surface S both point to the switching surface.
Hence, the trajectory is forced to remain on S. Consequently, the surface is called a
sliding surface. In practice, however, the state will not remain on this surface, but a
fast switching will occur (that may overload the actuators).

Fig. 2.9 Chattering and sliding modes.

Properties that might be true for the constituting dynamics (e.g., ẋ = f−(x) and
ẋ = f+(x) in (2.2)) do not necessarily hold for the sliding modes induced by these
dynamics. For instance, two stable systems might yield an unstable sliding mode
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(even if there is a continuous piecewise quadratic Lyapunov function corresponding
to each of the individual dynamics), as was indicated by Example Section 2.3.2 in
[401] and is evidenced by the following example.

Example 2.5 Chattering of piecewise linear system

Consider the piecewise linear system (taken from [301])

ẋ =

{
A1x if x1 ≥ 0

A2x if x1 ≤ 0
with A1 =

(
−3 1
−5 1

)
, A2 =

(
−3 −1
5 1

)
.

This system allows a continuous piecewise quadratic Lyapunov function of the form
V (x) = xTP1x when x1 ≥ 0 and V (x) = xTP2x when x1 ≤ 0 with

P1 =

(
3.9140 −2.0465
−2.0465 1.5761

)
and P2 =

(
3.9140 2.0465
2.0465 1.5761

)
,

which are computed via the procedure outlined in [343]. These results prove the exponential
stability of the system along “ordinary” solutions (without sliding motions).

However, the sliding mode dynamics at x1 = 0 is given by ẋ2 = x2, which is unstable,
in spite of the presence of a continuous piecewise quadratic Lyapunov function (satisfying
AT

q Pq + PqAq < 0 and Pq > 0 for q = 1, 2). �

Hence, the presence of possible sliding motions has to be detected and included
in a proper manner in analysis or synthesis methods.

2.3.5 Sensitivity and nondeterminism of the system behavior

The qualitative behavior of hybrid systems can be very sensitive to changes in the
continuous initial state. As a consequence, the discrete behavior, which is represented
by the sequence of discrete states, can be nondeterministic in the sense that for a
small change in the initial continuous state x0 it is unknown whether the discrete
state sequence remains the same or changes drastically.

(a) (b)

Fig. 2.10 Sensitivity of the hybrid system behavior.
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2 Survey of modeling, analysis, and control of hybrid systems 49

The reason for this is illustrated in Fig. 2.10. Figure 2.10(a) shows two continuous
state trajectories that start in nearby initial states x0. As one trajectory crosses the
switching surface S and the other does not, the continuations of the continuous state
trajectories differ considerably. In particular, the hybrid system changes its discrete
state in the first case, whereas it remains in the current discrete state in the second
case. Note that for any given switching surface one can in general find a point at
which the surface is tangential to the vector field. Consequently, the phenomenon
shown here is not specific for this example, but occurs in many hybrid systems (for
an example see [304]).

Another situation where this sensitivity becomes obvious is illustrated in
Fig. 2.10(b), which shows state trajectories with state jumps. The jumps are invoked
when the continuous state trajectory crosses one of the switching surfaces S1 or S2.
As the reset map R introduced in Section 1.2 associates quite different state sets to
the jumps that start at S1 or at S2, respectively, the continuation of the continuous
and the discrete state trajectories depends severely on which switching surface has
been reached. Furthermore, there is an initial state x0 for which the continuation of
the behavior after the state jump cannot be unambiguously predicted (at least if the
usual model uncertainties are taken into account, cf. the dotted line in the figure).

2.4 Overview of solution approaches

2.4.1 Necessity for a novel theory on hybrid dynamical systems

In this section we survey the main approaches that have been developed to deal with
the new phenomena occurring in hybrid systems. The consequences for control sys-
tem analysis and design are also explained.

A first look at hybrid systems raises a very basic question:

Does the class of hybrid systems necessitate a new theory?

This question is reasonable, because a mixture of continuous and discrete effects
have been dealt with in control engineering for long. Think, in particular, of opti-
mal control, where a time-optimal solution represents a “bang-bang” type control
input or where inequality constraints can switch between an active and an inactive
status. In control practice, gain scheduling methods or fuzzy control are used with
some success and these methods are based on switching among different control laws
in dependence upon the current operating conditions. Finally, programming logic
controllers often use binary or multi-valued signals to switch between continuous
processes.

The main difference between these methods and hybrid systems theory lies in the
fact that the traditional methods mentioned above deal with specific control aspects
where the co-existence of continuous and discrete dynamics can be tackled by spe-
cific analytical methods, whereas hybrid systems theory tries to elaborate methods
that allow the introduction of combined continuous-discrete phenomena in a quite
more general sense. The new theory starts with the hybrid phenomena explained in
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Section 1.1.3 and aims at creating modeling formalisms and analysis methods that
allow such phenomena to occur in arbitrary combinations.

The result of this approach is twofold. On the one hand, a very general class
of hybrid systems can be dealt by the models that will be introduced in the follow-
ing chapters. This class not only includes continuous models that are equipped with
some discrete elements like inequality constraints, or discrete-event models that have
been extended by some continuous properties like clocks. This system class is gen-
eral enough to cover systems with intrinsic continuous and discrete phenomena. In
particular, state jumps or vector fields with discontinuities cannot be dealt with by
continuous systems theory or the methods mentioned above, which start from the
basic assumption of a (Lipschitz) continuous vector field. For them, a new theory
has to be elaborated.

On the other hand, as the price for this general approach, the modeling and de-
sign problems become very complex with many problems proved to be undecidable
or at least NP-hard. Even if the problems are classified as “efficiently solvable” the
computational complexity of real-world applications often exceeds the thresholds
given by the available computing resources. In hybrid systems theory, the analyti-
cal complexity of continuous systems merge with the combinatorial complexity of
discrete-event systems. Hence, the generality of the models has to be reduced sys-
tematically to end up with really applicable methods.

The difference between the classical control theory and its extensions and the
more general approach of hybrid systems theory becomes obvious by the new prob-
lems explained above. Phenomena like Zeno behavior, instability occurring from
stable systems, sensitivity and nondeterminism of the system behavior, etc., cannot
be detected without using this general approach. Furthermore new challenges in-
clude the creation of reliable numerical methods for the reachability analysis and
simulation of hybrid systems, the elaboration of verification methods for mixed
continuously–discretely controlled systems or design procedures for event genera-
tors, and interfaces between continuous and discrete subsystems. These and further
problems necessitate a new theory and the following chapters will show how far this
theory is already developed.

2.4.2 Solution concepts and well-posedness

The new phenomena occurring in hybrid systems necessitate the definition of what
a solution of a hybrid system is. Different solution concepts have been defined for
the various model formats proposed, and even for a given model several solution
concepts can be applied.

To illustrate the necessity of new solution concepts, remember that for continuous
systems

ẋ(t) = f (x(t)), x(0) = x0 (2.10)

the classical solution is a continuously differentiable function x : [0,∞) → R
n

that satisfies the differential equation (2.10) for all times t. That is, the derivative
ẋ(t) points into the direction of the vector field f (x) in all points x ∈ Rn. Many
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existence conditions have been derived. In particular, a unique solution to (2.10)
exists for all initial states x0 if the function f is Lipschitz-continuous, which is a
standard assumption in nonlinear systems theory.

For hybrid systems, the vector field f changes discontinuously as, for instance,
in the scalar example

f(x) =
{
−a for x > 0,
a for x ≤ 0, (2.11)

with some a > 0. Then a solution in the classical sense may not exist for all initial
conditions. In the example, there is no such solution for x0 = 0.

New solution concepts have to release the requirement that the function x(t) sat-
isfies eqn. (2.10) for all times t. The Carathéodory solution is a solution that follows
the vector field f for almost all times t but may violate the differential equation for
a set of time points of measure zero. Alternatively, the Filippov solution is defined in
terms of the vector field f , which is evaluated in a neigborhood of the point x and
which leads to the set-valued function F : Rn → 2R

n

. For the example (2.11) this
function is

F(x) =

⎧⎨⎩
{−a} for x > 0,
[−a, a] for x = 0,
{a} for x < 0,

which associates with x = 0 the interval [−a, a]. Then the solution of the original
discontinuous differential equation is defined as a solution to the differential inclu-
sion

x ∈ F(x), x(0) = x0.

For the example, such a solution exists for x0 = 0 and is given by x(t) = 0.
As a further illustration of the necessity of introducing new solution concepts,

remember the discussion at the end of the section on Zeno behavior above. Studying
a two-tank system with non-Zeno type of solutions might lead to the erroneous con-
clusion that the fluid levels in the tanks stay above specified target values, which is
not the case in reality. Also the exclusion of specific solutions, e.g. by proving that
Zeno behavior cannot occur in a system, might be beneficial for subsequent analysis.

In general a fundamental problem of interest is the well-posedness property of a
system.

A system is said to be well-posed if a solution of the system exists and is unique
given an initial condition (and possibly input signals).

The well-posedness property indicates that the system does not exhibit deadlock be-
havior (no solutions from certain initial conditions) and that determinism (uniqueness
of solutions) is satisfied. In particular, when the hybrid models represent physical
systems well-posedness is of interest. For certain other hybrid systems, the deter-
minism may actually be too strong a requirement and one might focus only on the
existence of solutions given initial conditions and inputs.

The topics of solution concepts and well-posedness will be explored in more
detail in Section 5.4.
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2.4.3 Controllability, observability, and stability

Notions such as controllability, stabilizability, observability, and detectability have
played a central role throughout the history of modern control theory. Conceived by
Kalman, the controllability concept has been studied extensively in the context of
finite-dimensional linear systems, nonlinear systems, infinite-dimensional systems,
hybrid systems, and behavioral systems. One may refer to, e.g., Sontag’s book [600]
for historical comments and references.

Outside the linear context, characterizations of global controllability have been
hard to obtain. In the setting of smooth nonlinear systems, results have been obtained
for local controllability, but there is no hope of obtaining general algebraic charac-
terizations of controllability in the large. The complexity of characterizing controlla-
bility and stabilizability has been studied in [92] for some classes of hybrid systems,
and the authors show that even within quite limited classes there is no algorithm to
decide the controllability status of a given system. Hence, this indicates that there is
no hope of finding complete conditions for general hybrid systems. The best that can
be obtained seems to be characterizations for some specific classes of hybrid systems.

Controllability problems for piecewise linear systems and various related model
classes have been studied in [65, 92, 160, 291, 394]. A similar story holds for
observability and detectability [30, 65, 159, 183].

It has already been indicated that stability for hybrid systems is a very com-
plex problem. For some classes of hybrid systems such as switched systems and
PWA systems methods have been developed to analyze stability through various
types of Lyapunov functions such as common quadratic Lyapunov functions, con-
tinuous piecewise quadratic Lyapunov functions, discontinuous piecewise quadratic
Lyapunov functions, etc. These and other stability results for hybrid systems are pre-
sented in [169, 343, 401, 403, 452, 554, 676] and in Section 4.4, Section 4.5, and
Section 6.2.

2.4.4 Control design

Several control methods have been developed for hybrid systems, or, more specifi-
cally, for special classes of hybrid systems.

For switched systems a wide body of literature exists on the development of
stabilizing controllers using Lyapunov arguments and linear matrix inequalities (cf.
[342, 452, 659] and Section 4.4, 4.5, and 6.2).

For a class of hybrid systems appearing in the context of manufacturing a control
approach based on optimal control has been developed in [147, 170, 512] (Sec-
tion 3.5).

Another important stream of control results for hybrid systems involves model-
predictive control (MPC). MPC has originally been developed for linear systems in
the pioneering work by Richalet, Cutler, and Ramaker [191, 556]. Recently it has also
been extended to some classes of hybrid systems. MPC uses (on-line) optimization in
combination with a prediction model and a receding horizon approach to determine
control inputs that optimize the performance of the system over a given prediction

co
nt

ro
len

gin
ee

rs
.ir



2 Survey of modeling, analysis, and control of hybrid systems 53

horizon subject to various operational and functional constraints on the inputs, states,
and outputs of the system.

In [62] an MPC approach is presented for mixed logical dynamical (MLD) sys-
tems and thus also for PWA systems due to existing equivalence relations mentioned
before. Additional results on MPC for MLD and PWA systems can be found in
[63, 103, 388, 447] and Section 5.1. For related classes of hybrid systems MPC
approaches have been developed in [484, 579].

2.4.5 Observer design

Observer design for hybrid systems is also a topic of interest. In many practical situ-
ations the full state is not available for feedback, while most control design methods
mentioned so far are based on state feedback. As such, it is of interest to use out-
put feedback controllers using, e.g., a “certainty equivalence principle” in which the
state feedback will be based on an estimated state coming from an observer or an-
other estimation scheme.

Fig. 2.11 State observation of hybrid systems.

Several interesting papers are available on observer design for hybrid systems,
especially in the context of switched and piecewise linear systems. Nevertheless, the
problem is still of interest as it turns out to be rather complicated, especially when
the mode q of the system is not known or cannot be directly reconstructed on the
basis of the measurements. This situation occurs, for example, if only the continuous
input u(t) and continuous output y(t) are measurable and the discrete state q has to
be estimated by means of this information (Fig. 2.11).

The situation becomes even more complicated when resets of the continuous
state variable occur. A good starting point for investigating hybrid observer design
are the following references: [9, 35, 41, 235, 350, 510, 516].
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2.4.6 Identification

Models of hybrid systems typically contain parameters that cannot always be deter-
mined using a first-principles modeling approach. In such cases the parameters have
to be determined based on input/output data. This process is called identification.
Some results on identification of hybrid systems are described in [70, 236, 348, 559,
651] and Section 4.2. A comparison between various identification procedures is
given in [347]. This comparison paper also presents interesting problems that hybrid
identification approaches have to face.

2.4.7 Model checking and verification

The process of automatically analyzing the properties of systems by exploring their
state space is known as model checking. This problem is only decidable for a few
classes of hybrid systems, among which are timed automata [17, 315].

Timed automata were the first class of hybrid systems that were shown to be
amenable to model checking methods [13]. Since then a number of other classes of
hybrid systems with this property have been established: classes of multi-rate au-
tomata [16], classes of systems with continuous dynamics governed by constant
differential inclusions [312], and classes of systems with continuous dynamics gov-
erned by linear differential equations [376]. It has also been shown that a very wide
class of hybrid systems can be approximated arbitrarily closely by such “decidable”
hybrid systems [545] (albeit at the cost of exponential computational complexity).
For overview of the developments in this area see [17]. Additional results are pre-
sented in Chapter 9 and Section 10.3.

2.4.8 Robust stability

To indicate some of the robustness problems that can occur in hybrid systems, let us
consider the following example taken from [355]:

x(k + 1) =

{
0, if x(k) ≤ 1 ,

1, if x(k) > 1 .

This system is exponentially stable (actually every trajectory converges to the ori-
gin within two steps). However, the system has no robustness in the sense that the
perturbed system

x(k + 1) =

{
w(k), if x(k) ≤ 1,
1 + w(k), if x(k) > 1

has solutions with |x(k)| ≥ 1 no matter how small the bound ε on the disturbances
|w(k)| ≤ ε is taken, indicating that robust stability is not present. It is well-known
that for linear and smooth systems such a situation cannot arise.
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In [543] it is precisely proved that, under some regularity assumptions, the stabil-
ity of hybrid systems is robust with respect to sufficiently small vanishing perturba-
tions. This fact reflects what has long been appreciated for continuous time systems
[177, 390].

This “robustness for free” result is particularly important in the context of the
design of hybrid stabilizers for nonlinear systems since in [543] it is claimed that
any stabilizing hybrid feedback, with a discrete logic variable, meeting some basic
regularity assumptions is robust, even if the logic variable does not converge to a
finite set. This is a general result addressing robustness of such hybrid feedbacks;
in [317, 319, 474, 540, 541, 542] robustness was established for particular hybrid
feedbacks.

2.4.9 Simulation

Finally, note that in practice the most widely used technique for hybrid systems is
computer simulation, via a combination of discrete-event simulation and differen-
tial algebraic equation (DAE) solvers. Some computer simulation and verification
tools that are (also) used for hybrid systems are BaSiP, Modelica, HyTech, KRO-
NOS, Hybrid Chi, 20-sim, and UPPAAL (cf. Chapter 11). Simulation models can
represent the plant with a high degree of detail, providing a close correspondence
between simulated behavior and real plant behavior. This approach is, for any large
system, computationally very demanding, and moreover it is difficult to understand
from a simulation how the behavior depends on model parameters. This difficulty
is even more pronounced in the case of large-scale hybrid systems that consist of
many interacting modules. Fast simulation techniques based on variance reduction,
and perturbation analysis techniques [144] have been developed in order to partially
overcome these limitations.

Bibliographical notes

References that can be used as a starting point of a study of hybrid system models are for
hybrid automata [115, 428], for switched systems [401], for piecewise linear or piecewise
affine models [598, 599], for timed automata [13, 73], for the duration calculus [166], for
timed or hybrid Petri nets [201, 324, 607], for differential automata [540, 617, 617], for
mixed logical dynamic models [62], for real-time temporal logics [14, 527], for timed com-
municating sequential processes [202, 322], for complementarity systems [304, 572, 573],
for hybrid inclusions [133, 271], for the max-min-plus scaling (MMPS) systems [577], for
stochastic hybrid models [329, 533], and for Brockett’s model [120].

2.3 was first published in [113].
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Hybrid automata

S. Kowalewski, M. Garavello, H. Guéguen, G. Herberich, R. Langerak,
B. Piccoli, J. W. Polderman, and C. Weise

Hybrid automata is a modeling formalism for hybrid systems that results
from an extension of finite-state machines by associating with each discrete
state a continuous-state model. Conditions on the continuous evolution of
the system invoke discrete state transitions. A broad set of analysis meth-
ods is available for hybrid automata including methods for the reachability
analysis, stability analysis, and optimal control.
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3 Hybrid automata 59

3.1 Definition

A hybrid automaton is a transition system that is extended with continuous dynam-
ics. It consists of locations, transitions, invariants, guards, n-dimensional continuous
functions, jump functions, and synchronization labels. Various definitions exist in
the literature which differ only in details. The following definition covers all of the
aspects needed for the purpose of this handbook. A hybrid automaton consists of:

• a finite set of locationsQ, q ∈ Q;
• a finite transition relation Θ ⊆ Q×Q

for the specification of the discrete dynamics. The locations can be seen as discrete
states (also called control modes), in other words as the discrete part of the hybrid
state space H. Transitions from one control mode to the next are often called control
switches. The continuous dynamics is described by:

• a finite and indexed set of continuous variables V = {x1, x2, ..., xn}, often writ-
ten as a vector x = (x1, . . . , xn);

• a real-valued activity function f : Q×R
n → R

n, often defined by a continuous
differential equation ẋ = dx/dt = f(q,x).

For each control location, the activity function defines a vector field describing the
behavior of each variable xi over time. The variables are often identified with the
continous functions or with their valuation, i.e. the values of the function in a given
point. Note that in the general case the activity function can be nondeterministic, i.e.
a relation instead of a function, but this is omitted for clarity in the following. The
hybrid state space is the set of all possible values for the control location and the
variables: H := Q × Rn. A hybrid state s = (q,x) is a pair of a location q and a
valuation x of the continuous variables. Obviously the hybrid state space is infinite.

Definition 3.1 (Hybrid Automaton) A hybrid automaton H is a tuple

H = (Q,V ,f , Init , Inv , Θ,G,R, Σ, λ),

where:
• Q = {q1, . . . , qk} is a finite set of discrete states (control locations);
• V = {x1, . . . , xn} is a finite set of continuous variables;
• f : Q× Rn → R

n is an activity function;
• Init ⊂ Q× Rn is the set of inital states;
• Inv : Q → 2R

n

describe the invariants of the locations;
• Θ ⊆ Q×Q is the transition relation;
• G : Θ → 2R

n

is the guard condition;
• R : Θ → 2R

n × 2R
n

is the reset map;
• Σ is a finite set of synchronization labels;
• λ : Θ → Σ is the labeling function.
The automatonH describes a set of (hybrid) states (q,x) ∈ H = Q×Rn.
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A graphical representation of a hybrid automaton has already been given in
Fig. 1.9. It uses the automaton graph known as a representation of nondeterminis-
tic automata and extends it by the continuous dynamics and the interaction between
the continuous and the discrete dynamics.

To model synchronization between several hybrid automata running in parallel,
the definition of a hybrid automaton usually also includes:

• a finite set of synchronization labels Σ with a labeling function λ : Θ → Σ.

The behavior over time of a hybrid automaton is defined as follows. Time is passing
while the system is in a specific location whereas the discrete transitions are sup-
posed to happen instantaneously; there is no continuous evolution of the variables
during a discrete transition. In order to specify the continuous evolution in a loca-
tion, the activity function associates a vector field with each location. The vector
field may differ for different locations. After a discrete transition, continuous evolu-
tion proceeds according to the vector field defined for the new location. The system
behavior is further modeled more precisely by means of:

• a finite set of initial states Init ⊆ H
• an invariant mapping Inv : Q → Rn;
• a guard mapping G : Θ → 2R

n

;
• a reset mappingR : Θ × 2R

n → 2R
n

.

The invariant Inv is the domain of the vector field f . It restricts the continuous evolu-
tion within a location and specifies a set of admissible valuations for the continuous
variables. As soon as the invariant condition is violated–that is, the boundaries of
this set are hit–the system is forced to leave the current location by taking a discrete
transition.

Fig. 3.1 Transition semantics of a hybrid automaton.

The discrete dynamics can be restricted using guards. A discrete transition is
enabled if the guard condition is true, i.e. the valuation of the continuous variables
must fulfill the guard. During the transition the continuous variables are reinitialized
according to the reset mapping. If R(q, q′,x) = x′, then the variables are set to x′

after taking the transition from q to q′, if their value was x before. For a given set B
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of valuations, the result of R(θ) is the set {x′ | ∃x ∈ B.(x,x′) ∈ R(θ)}. We will
abuse notation and write R(θ,B) for this set.

Whenever both invariant and guard condition are simultaneously true, there is a
choice between continuous and discrete evolution. A transition is therefore said to
be deterministic, if (1) it has a unique destination and (2) whenever this transition
is possible, continuous evolution is impossible. Determinism or nondeterminism of
transitions is hence a modeling issue.

The transition semantics of a hybrid automaton is illustrated by a two-dimensional
example as shown in Fig. 3.1: the initial hybrid state is h0 = (q,x(t0)) ∈ Init . In
order to model admissible behavior, the continuous part of the set of initial states
should be a subset of the invariant of the corresponding initial location. The system
now starts evolving continuously until x(t−1 ) ∈ G(θ), where θ = (q, q′), is reached.
For any x ∈ Inv(q) ∩ G(θ) there is a choice between further continuous evolution
or discrete transition. Here, the discrete transition θ is taken at x(t−1 ). The state vec-
tor x is then reinitialized instantaneously during the transition. In this example, x
is reset non-deterministically to the valuation x(t1) that lies inside a specified range
of possible reset values. x(t1) has to be a subset of the invariant of the successor
location q′. (The whole set of possible entry states is obtained by applying the reset
to the guard.) Then, continuous evolution is restarting from x(t1) according to the
vector field of q′. (Note that from a dense-time point of view, t−1 ≡ t1 as the discrete
transition is supposed to occur instantaneously. t−1 and t1 are only used in order to
distinguish between the moment before the reset and the one after the reset.) Note
that in the literature, a combination of a guard and a reset function is often used under
the name of jump function. It is also common practice to include the functionality of
guard and reset in the specification of the transition set.

Example 3.1 Hybrid automata representation of the two-tank system

We use the example of the two-tank system described in Section 1.3.1 to illustrate the
modeling of hybrid systems using hybrid automata.

Remember that the two-tank system has two continuous variables describing the liquid
levels. The values of continuous variables such as liquid level or temperature cannot jump.
As the two-tank system is an autonomously switched system, the location graph and the
invariants naturally emerge from the switching behavior of the system (as can be seen in
Fig. 1.1 of the running example). Furthermore it follows that the discrete transitions between
the four modes are deterministic and guards are therefore not needed. Moreover, a reset
mapping of continuous variables without jump can only be an identity function and is thus
negligible here. What remains to be specified are the vector fields associated with the four
modes. The vector fields are given by ḣ1 and ḣ2 depending both on the flow QV1

12 which
depends in turn on the four modes. The vector fields (and thus the activity function) are
therefore fully determined. It can easily be verified that for, e.g., location 1, the vector fields
are given by

ḣ1 =
uP1(t) − QV2

12 (t) − QV1L
L (t)

A
,

ḣ2 =
QV2

12 (t) − QV2L
L (t) − QV3

N (t)

A
�
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3.2 Abstractions in hybrid automata

In the previous section, we have defined a general formal model for hybrid systems.
In this section we are looking at the applicability of this model to formal methods
such as verification [173] or synthesis. These methods involve a search over the state
space of the model. However, the state space of hybrid automata can be (and usually
is) infinite (it is often even uncountable). We can nevertheless apply a computational
verification or synthesis procedure that has originally been developed for finite-state
machines, if we can construct a finite-state quotient transition system of the hybrid
automaton. Finite-state quotients of hybrid automata fall mainly into two classes:

• property-preserving abstractions: equivalences w.r.t. a given property;
• abstractions which are sufficient for drawing conclusions about the originating

model: approximations.

If a property-preserving abstraction cannot be constructed, abstractions with suffi-
cient property preservation can be used for approximations. In the latter case, con-
clusions often work one-way only: if the abstraction shows that a property is fulfilled,
then this is true for the original model, but if the property is not fulfilled, then noth-
ing can be said about the original model. If in contrast we are able to construct an
abstraction that preserves all properties of interest, then verifying a property for the
abstraction is equivalent to verifying that property for the original model. If the ab-
straction can be effectively constructed, and the property can be checked on finite
state systems, then the problem is decidable. How to find that abstraction depends
on the properties one wants to preserve. These are frequently related to the temporal
behavior of a system. Reasoning about this kind of properties can be done by means
of temporal logics [12] such as linear temporal logic (LTL) or computation tree logic
(CTL) and their timed extensions. The corresponding property-preserving abstrac-
tions are given by language-equivalence relations for linear temporal properties and
bisimulations for branching temporal properties respectively [605]. Notice that finite
language-equivalence quotients are coarser than bisimulations. In the following we
present some suitable abstractions.

3.2.1 Linear hybrid automata

The most general abstraction of hybrid automata that is still subject to push button
verification methods are the so-called linear hybrid automata. The use of the attribute
“linear” has often caused misunderstandings. Note that in this context linear is not
refering to the activity function but only to the bounds on the dynamics. In order to
define a linear hybrid automaton formally, we use the following notions:

• linear term: k0 + k1X1 + ...+ knXn (ki: integer constants, Xi: formal variables
for the elements of x);

• linear inequality: t1 ◦ t2, ◦ ∈ {≤, <,>,≥} (t1, t2: linear terms);
• convex predicate: finite conjunction of linear inequalities.
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3 Hybrid automata 63

A linear hybrid automaton is then defined such that the flow function f , the invariant
Inv and the guard G are convex predicates. The geometric representation of a convex
predicate is a convex polyhedron in Rn. One can imagine a set of continuous states
to be grouped inside a polyhedron. The polyhedron for the guard includes all states
for which the guard condition is true. The same holds for the polyhedron represent-
ing the invariant. Concerning the flow function, the polyhedron defines bounds on the
derivatives of the continuous variables such that an over-approximation of the contin-
uous dynamics (a differential inclusion as a generalization of the concept of ordinary
differential equation) is specified and usually not the the exact flow function itself.
In the literature one can find slightly different definitions of linear hybrid automata,
e.g. using rational constants instead of integer constants. However, rational constants
can easily be converted into integer constants by multiplication with a suitable con-
stant. In the literature, there are many variants of linear hybrid automata [309] which
mostly coincide with the above definition. Some versions are substantially different,
e.g. [16] where a linear hybrid system is defined to be a system restricted to linear
functions, i.e. constant flows.

3.2.2 Rectangular hybrid automata

A special case of a linear hybrid automaton is the so-called rectangular hybrid au-
tomaton: the geometric representation of a set of continuous states is here a hyper-
rectangle instead of a convex polyhedron. This implies that no comparison between
continuous variables is allowed in linear inequalities and therefore mutual indepen-
dence of the continuous variables. The flow function f , the set of initial states Init ,
the invariant Inv , the guard G, and the reset R are consequently restricted to inter-
vals. Formally, a rectangle R of dimension n is defined as the product of n intervals
Ii ⊆ R, each with rational endpoints (including +,−∞): R =

∏
i Ii.

Initialized rectangular hybrid automata For initialized rectangular hybrid au-
tomata, whenever the flow interval of a continuous variable changes along a dis-
crete transition, i.e. the successor location has a different flow interval than the orig-
inating location, then the variable has to be reinitialized. This means it is set non-
deterministically to a new value within a given finite range of possibilities. It can be
shown that for initialized rectangular hybrid automata, a finite language-equivalence
quotient can be constructed. By this important result, reachability can be reduced to
finitary time-abstract trace inclusion [309, 380] and is therefore decidable for this
class of automata. However, already slight generalizations of initialized rectangular
hybrid automata lead to undecidabilty of the reachability problem. Initialized rect-
angular hybrid automata therefore characterize a boundary between decidability and
undecidability for reachability.

3.2.3 Timed automata

A further specialization of linear hybrid automata are timed automata [13]–a model
suited for the formalization of real-time systems. Here, the continuous variables–
called clocks–all evolve at a constant rate ẋ = 1. They can only be reset to zero
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64 S. Kowalewski, M. Garavello, H. Guéguen, et al.

and are then restarted immediately. The clock constraints used to specify invariants,
guards and initial states are convex predicates as for linear hybrid automata, restricted
to a comparison of a maximum of two clocks.

The infinite state space of a timed automaton can be partitioned into so-called
regions [13]. The equivalences for the construction of regions are based on the fact
that, for two states with the same location, the runs starting from them are similar, if
the clocks have the same integral part (needed to specify if a clock constraint is met)
and agree on the ordering of their fractional parts (in order to decide which clock
will first change its integral part).

It can be shown that this finite region graph is a timed bisimulation of the originat-
ing timed automaton. The extension of CTL by clocks is called Timed CTL (TCTL)
and the region graph is TCTL-preserving. As long as only two clocks are compared
in a linear inequality, TCTL-model checking is decidable. However, comparing three
clocks x, y, z in a clock constraint such as x− y < z already leads to undecidability
of reachability.

Stopwatch automata If the continuous variables are also allowed to be stopped,
i.e. their slope can be either 1 or 0, we speak of a stopwatch automaton. This is an
important distinction to a timed automaton because adding one single stopwatch to
a timed automaton already leads to undecidability of reachability.

For a theoretical background, [17, 315] is recommended. Note that the abstrac-
tions introduced in the sections above are all built by restricting the continuous dy-
namics. Another approach of abstraction is to restrict the discrete dynamics as is the
case for the so-called o-minimal hybrid systems [376]. For these systems, a finite
bisimulation can be guaranteed. However, this applies only to very restrictive classes
of continuous dynamics. On the algorithmic side, a good overview is given in [73].
Algorithms for timed automata are complex, but speed up can be achieved, see, e.g.,
[54, 656].

3.3 Reachability analysis

3.3.1 Problem statement

The aim of reachability analysis is to consider the regions of the hybrid state space
that are reachable by the hybrid automaton from the initial region. A state belongs
to this reachable space if there exists a trajectory starting in one point of the initial
region that eventually passes through this state. However the number of potential ini-
tial points may be infinite and the hybrid automaton is not necessarily deterministic.
For example when the flow is defined by differential inclusion, then admitting an
infinity of trajectories for one initial point. It is, therefore, impossible to compute all
the trajectories of the automaton and set computations have to be considered.

As stated in Section 3.1, a trajectory of a hybrid automaton is a succession of
continuous and discrete transitions. It is possible to define the set of continuous suc-
cessors SuccC(R) of a set of regionR as the set of points that are reachable from the
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3 Hybrid automata 65

states in R by continuous transitions while remaining in the same location. It is also
possible to define the set of discrete successors SuccD(R) of a set of regions R as
the hybrid states that are reachable from these regions by a discrete transition. If we
consider a given location q and a given transition θ = (q, q′) the state set reachable
from the region (q,D) (where D ⊂ Inv(q)) is the image of the reset function of the
intersection of the guard of the transition with the domain D:

SuccD((q,D), θ) = (q′,R(θ, (G(θ) ∩ D))). (3.1)

The set SuccD(R) is then the union for all situations, relevant with R, of the union
for all transitions of these sets.

From the sets of discrete and continuous successors it is possible to define a
hybrid successor set of a region as the continuous successor set of its discrete suc-
cessor set:

SuccH(R) = SuccC(SuccD(R)). (3.2)

The reachable space from the initial region Init then appears as the smallest
set of hybrid regions such that it includes the continuous successor set of the initial
region and is equal to its hybrid successor set:

SuccC(Init) ⊂ Reach(Init), (3.3)
SuccH(Reach(Init)) = Reach(Init).

Reachability analysis for hybrid systems is then based on the analysis of discrete
and continuous successors sets. Relative to the nature of theR functions the discrete
part may be difficult. However, the main difficult point is the continuous successors
set. If we consider a hybrid region (q,D), the continuous reachable space from D
while q remains active is specified by (3.4), where Φ(t) denotes a continuous trajec-
tory specified by the flow that starts in one point of the domain and that is included
in the invariant of the location:

SuccC ((q,D)) = {(q,x)|∃x0 ∈ D ∃t0 ≥ 0 (Φ(0) = x0) ∧ (Φ(t0) = x) (3.4)
∧ (∀t ∈ [0, t0] (Φ(t) ∈ Inv(q)) ∧ (Φ̇(t) ∈ f(q, Φ(t))))}.

This set is specified by two existential quantifiers that are to be eliminated to use it,
e.g., to compute an intersection. This elimination, and especially time elimination, is
the core problem in continuous reachability analysis.

Example 3.2 Simple continuous dynamics

Let us consider a system with a location specified by its invariant (3.5) and its flow (3.6) and
let us analyze the continuous reachable space from the domain specified by (3.7):
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Inv(q) = {x | (x1 ≥ 0) ∧ (x2 ≥ 0) ∧ (x1 + x2 ≤ 2)} , (3.5)

ẋ =

(
0 −1
1 0

)
x, (3.6)

X0 = {x | (x1 ∈ [1, 2]) ∧ (x2 = 0)} . (3.7)

From (3.6) it is possible to compute the transition matrix of the continuous system and then
to characterize, for the continuous system without constraints, the set T (x0) of states on
the trajectories starting in the initial state x0 by (3.8). From this equation it is then possible
to eliminate time and get the explicit characterization of T (x0) given by (3.9):

T (x0) =

{
x|∃t ≥ 0, x =

(
cos t − sin t
sin t cos t

)
x0

}
, (3.8)

T (x0) =
{
x|x2

1 + x2
2 = x2

0,1 + x2
0,2

}
. (3.9)

From the analysis of T (x0), it is possible to determine that, for the points in X0, if
x1,0 ∈]

√
2, 1] the trajectory hits the boundary of the invariant. So the reachable space is

specified by (3.10) shown in Fig. 3.2:

SuccC(q,X0) =
{
(q, x)|(x2

1 + x2
2 ≥ 1) ∧ (x1 ≥ 0) ∧ (x2 ≥ 0) (3.10)

∧
[(

x2
1 + x2

2 ≤ 2
)
∨ ((x1 + x2 ≤ 2) ∧ (x1 ≥ 1))

]}
. �

Fig. 3.2 Reachable space for Example 3.2.

This simple example illustrates the main activities that are necessary to compute
the continuous reachable space:

1. solve the differential equation or inclusion;
2. eliminate time;
3. analyze the trajectories to determine the borders of the reachable domain.

This is only one step of the global hybrid reachability analysis and intersections
of the obtained domains with guards and images of these intersection by “reset”
functions are also to consider. It is then mandatory to have representation of the
continuous domain that can be used to perform the needed operations. Generally
domains such as polyhedrons, zonotopes, or ellipsoids are used because they offer
compact representations and computation capacities.
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Reachability analysis is generally not an objective on its own but a step in a more
general analysis. Such activities are, e.g., safety analysis or controller synthesis for
safety requirements. The aim of the reachability analysis is then to help to determine
whether it is possible to reach a forbidden region or not. As illustrated in Fig. 3.3 the
exact reachable space Reach(Init) is not necessary to answer to this question and an
over-approximation O_Reach(Init) may be sufficient and is then considered.

Reach(Init) Reach(Init)
Forbidden

area

O_Reach(Init)

Fig. 3.3 Reachable space and over-approximation.

3.3.2 Characterizing reachable space

As stated above, reachability analysis is often used to decide whether a region is
reachable or not and the exact value of the reachable space is not needed. It is, there-
fore, possible to search for a characterization of the reachable space that leads to the
expected conclusion.

If the continuous dynamics of Example 3.2 is considered, (3.11) holds. There-
fore, it is possible to state that (3.12) characterizes the reachable space from x0 and
then that a domain such as, for example xT

0 x > xT
0 x0, is not reachable.

xT
0 x(t) = xT

0 x0 cos(t), (3.11)
−xT

0 x0 ≤ xT
0 x ≤ xT

0 x0. (3.12)

This example is specific, but for some classes of hybrid systems it is possible to
find generic means to derive constraints. This is the case for linear systems when the
matrix A that defines the dynamics have some real left eigenvectors w. For all points
x of a trajectory starting in x0 the product wTx is given by

wTx = eλtwTx0. (3.13)

The norm of this product then increases or decreases according to the sign of
the associated eigenvalue λ. From considerations on the greater and smaller initial
value of the product on the domain it is then possible to deduce a constraint that
characterize the reachable space. For example in Fig. 3.4 if the eigenvalue associated
to the left eigenvector w is negative the reachable space is characterized by wTx ≤ a
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w
Reach(Init)

D
wTx = a

Fig. 3.4 Constraints on reachable space.

where a is the greater value of the product on Init , leading to the conclusion that D
is not reachable.

This notion of border that separates the initial region from the forbidden one and
that can not be crossed by trajectories may be generalized by the notion of barrier
certificate. As shown in Fig. 3.5, the idea to prove that the domainD is not reachable
from the domain Init is to search for a function B such that it is negative on the
domain Init , positive on the domain D, and vanishing on the border. Furthermore,
it should have a gradient on the border, that is in the opposite direction of the flow
defined by the dynamics (3.14). With some assumptions on the dynamics specified
by f and the sets Init and D it is possible to search for B in some given families of
function, e.g. polynomial, by optimization methods:

∀x ∈ InitB(x) < 0,
∀x ∈ DB(x) > 0,

∀x s.a. B(x) = 0
∂B(x)
∂x

f (x) ≤ 0. (3.14)

Reach(Init)

D

B(x)<0

B(x)>0

B(x)=0

Fig. 3.5 Barrier certificate.
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3.3.3 Reachable space computation

It may be useful to compute the reachable space and the computation is then based
on an iterative algorithm such as Algorithm 3.1. Starting from the initial region and
its continuous successor set, it computes at iteration n + 1 the hybrid successor set
of the reachable space estimate obtained at iteration n. Actually as SuccH(A∪B) =
SuccH(A) ∪ SuccH(B), it is not necessary to compute the hybrid successor of the
global estimate but only of the new part of it which has not been considered in the
previous iterations. This is achieved in the proposed algorithm at step 2 where the
New (R,Reach(Init)) operator is assumed to compute the regions of R that do not
belong to Reach(Init).

Algorithm 3.1 Reachable space computation
Given: the initial region (Init)
Init: Reach(Init) ⇐ Init, R ⇐ SuccC(Init)
1: while R ⊂ Reach(Init) do
2: R∗ ⇐ New (R, Reach(Init))
3: Reach(Init) ⇐ Reach(Init) ∪ R
4: R ⇐ SuccH(R∗)
5: end while

Result: Reach(Init)

One critical point of this approach is that this algorithm may not converge:

The reachability problem for hybrid automata has been proved to be undecidable.

Hence, there does not exist any algorithm that is guaranteed to converge in every
case. It may then be useful to use operators that approximate the various sets and may
help to converge while guaranteeing that the given result is an over-approximation. It
is also necessary to introduce a maximum number of iterations, thus computing the
reachable space with this given number of discrete transitions.

As already stated, the other crucial point in this algorithm is the computation of
the continuous successors that is embedded in step 2. Two main approaches may
generally be used to perform this computation. The first one uses numerical integra-
tion to get a finite-time reachability computation that can be sufficient. The second
one uses abstraction concepts to get an over approximation of the reachable space.

Numerical integration The principle of this approach is illustrated in Fig. 3.6
when polyhedra are chosen to represent sets in the continuous space. Starting from
the initial domain (I0), a numerical integration methods is used to compute the im-
age (I1) of this initial region after a given time step Δ (Fig. 3.6(a)). Then, a specific
procedure is used to determine a set (P1) that can be proved to include all trajectories
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from the initial set during the first time step (Fig. 3.6(b)). Next, time steps are then
considered (Fig. 3.6(c)). This can be done with the same procedure (first computation
of In from In−1 then computation of Pn from In−1 and In) or with a new proce-
dure that computes Pn from Pn−1 (without explicit computation of In) according to
considerations that take into account the computational simplicity and the effects of
wrapping.

I0

I1

I1

I2

(a) (b) (c)

P1 P1

P2

Fig. 3.6 Discrete time integration.

The important point in this approach is to use numerical methods that guarantee
that the exact sets are included in the computed sets especially during the integration
step. This can be achieved with set computations methods such as interval analysis
or ellipsoidal computation.

The set of sets that is the result of the computation is an over-approximation of
the reachable space. Its accuracy is linked to the value of the time step Δ. A trade-off
has then to be found between the accuracy of the result and the number of time steps
and sets to compute.

The characteristics of this approach is that its result is a finite time reachability
analysis. This can be sufficient, for example when after some time all trajectories
have crossed the invariant boundaries, but it may happen that some trajectories never
cross the invariant boundaries, thus leading to infinite time trajectories in the same
location that have to be considered.

(a) (b)

dx2

dx1

dt

dt

x
2

x
1

Fqγ
1

γ
1

γ
2

γ
2Init

Inv(q)

SuccC(q,Init)

Fig. 3.7 Time elimination.

Time elimination and abstraction As illustrated in Fig. 3.7, when the dynamics
of a location is specified by a linear differential inclusion it is possible to determine
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maximal linear constraints that are satisfied by the flow (Fig. 3.7(a)). From these
constraints it is possible to determine the reachable domain for example with convex
hull operators (Fig. 3.7(a)).

When the continuous dynamics is not specified by a linear differential inclusion
it is possible to build an abstraction of this dynamics (Fig. 3.8). A polyhedronF ∗

q that
is guaranteed to include the image of the invariant of the location by the dynamics
function Fq , is computed. All trajectories of the initial systems are then also trajecto-
ries of the new one so the reachable domain of the first system is included in the one
of the second system. Of course, this may lead to a very coarse approximation and
it is often necessary to partition the invariant in order to associate to each element of
the partition a tighter inclusion.

dx2

dt
x2

x1

Inv(q)

dx1

dt

Fq(Inv(q))

F*q

Fig. 3.8 Linear abstraction.

The accuracy of the result depends on the size of the element of the partition
but also on their shape. The complexity of the abstraction step and the reachability
step depends on the number of elements of the partition, so a trade-off between ac-
curacy and complexity has to be found. For some families of systems it is possible
to use structural properties, such as left eigenvectors for affine systems, to guide the
partition in order to simplify the computation while keeping accuracy reasonably
good.

3.3.4 Uncertainty

All the above approaches have been extended to take into account uncertainties. In
most cases uncertainties are modeled by an input vector that takes its value in a
bounded set. Reachability is then performed by considering that the input can vary
and take any value of the set at each instant leading to an infinite number of trajec-
tories from one initial state. The properties used to characterized or to compute the
reachable space must then remain valid for all points of the input domain or, if it is a
polytope, for its vertices.
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3.4 Stability analysis

3.4.1 Stability analysis using gain automata

The main difficulty in the stability analysis of hybrid systems is the complicated in-
terplay between discrete and continuous dynamics. One way to get this complication
under control is by viewing a hybrid automaton as a discrete system in which the
continuous dynamics has been eliminated by abstraction. Indeed, from a stability
point of view all that matters is the continuous state behavior at the transition times.

For a specific class of hybrid automata this may be accomplished as described
below. Consider hybrid automata where all locations share the same continuous state
space and moreover in each location the zero state is an equilibrium with respect to
the continuous dynamics in that location. The feature of interest is the stability of
the zero state. With each pair of consecutive transitions a gain is associated that ex-
presses the amplification of the norm of the continuous state from the first transition
to the second. A gain automaton is then defined. The states of the gain automaton are
the transition of the original hybrid automaton. Transitions in the gain automaton are
pairs of consecutive transitions in the original hybrid automaton. The transitions of
the gain automaton are labeled with the associated gains.

The stability analysis then amounts to the analysis of the gain automaton.

The hybrid automaton is asymptotically stable if in all cycles the product of the
gains along that cycle is strictly less than one, stable if these products are less
than or equal to one, and unstable if there is one cycle for which the product of
the gains along that cycle exceeds one.

For general, possibly nonlinear, continuous dynamics, and general invariants and
guards, the exact computation of the transition gains is a difficult problem.

In [204] the above ideas are applied to hybrid automata with linear dynamics in
each location. The dimension of the continuous state space is two and the guards are
lines passing through the origin. For this case all gains can be computed exactly so
that for this case necessary and sufficient conditions for (asymptotic) stability of the
origin are obtained.

As soon as the dimension of the state space is larger than two, the situation be-
comes more complicated. In [378] the same setup as in [204] is considered except
that the condition on the dimension of the state space is dropped. The guards are
now represented by hyperplanes. Furthermore it is assumed that in each location the
continuous dynamics is asymptotically stable. Exact computation of the transition
gains is no longer possible and, therefore, estimates are used. The gain estimates
are based on quadratic Lyapunov functions associated with each consecutive pair of
transitions. To reduce conservatism, the choice of Lyapunov functions is optimized
with respect to the gains. The main result in [378] is that using the gain automa-
ton analysis transition delays may be quantified in order to guarantee (asymptotic)
stability.
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3.4.2 Region stability

A region is a subset of the set of states of a hybrid automaton. An important property
is whether all the trajectories of a hybrid automaton eventually end up in a certain
region.

Definition 3.2 (Region stability) A hybrid automaton H is called stable
w.r.t. a region φ if for every trajectory τ there exists a time t0 such that from
then on the trajectory is in the region:

∀τ ∃t0 ∀t ≥ t0 : τ(t) ∈ φ.

The analysis of region stability makes use of the following concept:

Definition 3.3 (Sequence of snapshots) Given a hybrid automaton H and
a region φ, a sequence of snapshots is a sequence of states such that (i) all
states of the sequence lie on the same trajectory τ of H , (ii) all states are
not in the region φ, and (iii) all pairs of consecutive states have a minimum
time distance δ where δ is an arbitrary constant greater than 0.

If we restrict the regions to interval regions, i.e. regions that are given by
φ = [xmin, xmax], there is a sufficient and necessary condition in terms of snapshot
sequences.

States that occur just after a jump are called entry points; states where the flow
reaches a local extremum are called extremal points.

Theorem 3.1 A hybrid automaton H is stable w.r.t. interval region φ if
and only if the following conditions hold:

1. There is no infinite snapshot sequence such that no entry point or
extremal point lies between two states of the sequence.

2. There is no infinite snapshot sequence such that all states are entry
points.

3. There is no infinite snapshot sequence such that all states are
extremal points.

These conditions can be checked by a proof system that uses a reachability
checker. For proofs and details see [529, 530, 531], where it is also shown that the
result can be extended to n-dimensional box regions, which are regions that can be
expressed as the cartesian product of interval regions.

Theorem 3.2 A hybrid system H is stable w.r.t. an n-dimensional box re-
gion φ = φ1 × φ2 × · · · φn if and only if H is stable w.r.t. each interval
region φi.
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3.4.3 Structural stability

A smooth dynamical system is structurally stable if it is topologically equivalent to
every system which is sufficiently close to it. If a system is structurally stable, its
qualitative properties are insensitive to small perturbations of the system.

This idea can be generalized to hybrid automata that are regular, i.e. determinis-
tic, nonblocking, and with piecewise smooth dynamics in the locations. The precise
mathematical formulation is quite involved and can be found in [590]; here we just
sketch the basic idea.

Definition 3.4 (Topological equivalence) Two regular hybrid automata
without branching H and H ′ are called topologically equivalent if their
hybrid flows are topologically equivalent.

Next, a topology has to be defined on the space of regular hybrid automata with-
out branching. Relative to this topology a hybrid automaton H is close to H ′ if they
have exactly the same locations, transitions, invariants, and guards; furthermore, vec-
tor fields and reset maps of H and H ′ should be close.

Recall that an equilibrium point of a hybrid automaton H is a point that does not
move under the hybrid flow.

Definition 3.5 (Local structural stability) For a hybrid system H , an
equilibrium x is called locally structurally stable if there exists a neighbor-
hood of H such that every H ′ in this neighborhood is topologically equiva-
lent at x.

A Zeno state is a limit point of an execution with an infinite number of discrete
transitions in a finite amount of time. A Zeno sink x is a Zeno state which locally
attracts orbits, i.e. there is a neighborhood W of x such that x is the Zeno state for
every execution starting in W .

In [590] the following theorem has been proved:

Theorem 3.3 Let x be a Zeno sink. Then x is locally structurally stable.

The fact that Zeno sinks are locally structurally stable means that it is difficult to
remove them by perturbing the system.

3.4.4 LaSalle’s invariance principle

A powerful method for the analysis of stability of dynamical systems is LaSalle’s
invariance principle, which provides conditions for an invariant set to be attracting.
In [427] this result is extended to hybrid automata. Here we sketch the basic result.

Assume that a hybrid automaton H is nonblocking and deterministic, and that
the set of initial states and all invariants of H are closed. Let ReachH be the set
of all reachable states of H . Let OutH be the set of states from which continuous
evolution is impossible. For a transition e = (q, q′) let R(e,x) be the reset map of e.
Let d be the Euclidean metric extended to states.
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Definition 3.6 (Lyapunov function) V (q,x) is a Lyapunov function for
H if:

1. V (q,x) is a Lyapunov function in each location q, so

LfV (q,x) ≤ 0,

2. for all (q,x) ∈ Outh, e = (q, q′): V (q′, R(e,x)) ≤ V (q,x).

Theorem 3.4 (LaSalle’s invariance principle) Let Ω be a compact invariant
set. Let Ω1 = Ω ∩OutcH and Ω2 = Ω ∩OutH . Assume V is a Lyapunov
function for H . Let

S1 = {(q,x) ∈ Ω1 | LfV (q,x) = 0},
S2 = {(q,x) ∈ Ω2 | ∀e : V (q′, R(e,x)) = V (q,x)}.

Let M be the largest invariant subset of S1 ∪S2. Then for all trajectories τ
starting in some (q0,x0) ∈ Ω:

lim
t→|τ |

d(τ(t),M) = 0

In [427] this theorem is proved, and an elaborate example of the application of
LaSalle’s invariance principle is given.

3.4.5 Lyapunov’s indirect method

In [427] an extension of Lyapunov’s indirect method to hybrid automata has been ex-
plored. The procedure involves linearizing all vector fields, guards, and reset images
in the neighborhood of an equilibrium point.

For an equilibrium point x∗ ∈ X , let

Q∗ = {q ∈ Q | (q,x∗) ∈ ReachH}.

First, conditions are developed to ensure that the states inQ∗ are visited cyclically. In
this case, the combined linearizations are used to calculate a number η representing
the Lipschitz constant of the return map after one cycle. This Lipschitz constant can
be used to estimate if this map is contracting: if η < 1, it can be concluded that the
equilibrium point is locally asymptotically stable. The results are not easy to sum-
marize; details can be found in [427]. The approach seems to have some similarity
to the approach in [379] and [378].

3.4.6 Stability analysis using formal methods

In [456, 457] the stability analysis of hybrid automata is proposed using formal meth-
ods. Roughly, the idea is to associate with the given hybrid automaton a new one
so that stability of the original automaton translates into a verification problem for
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the associated automaton. The verification problem can then be solved using formal
methods.

In [456] this idea is worked out for checking the average dwell time property,
[318]. The dwell time is the duration that the automaton remains in a single location
before switching to the next location. If this time is long enough, then the stabil-
ity properties of the continuous dynamics defined for every location determine the
stability property of the overall system.

Suppose that the continuous dynamics in each discrete location is stable. If the
intervals during which no discrete transitions occur are sufficiently long, then overall
hybrid automaton is stable. In other words, if the dwell time in each location is suf-
ficiently long then the hybrid automaton is stable. A weaker and more general form
of this statement expresses that it is sufficient that the average dwell time is small
enough. The average dwell time is defined as follows.

Denote the number of discrete transitions for a given continuous state trajectory
by N(x(t)). A hybrid automaton has average dwell time equals τa if there exists
N0 > 0 such that

N(x(t)) ≤ N0 +
t

τa
. (3.15)

The following theorem ([456]) formalizes this statement:

Theorem 3.5 Consider a hybrid automaton with vector fields fp in location
p, with fp(0) = 0. Suppose that in each pair of locations p, q there exist a
positive definite, radially unbounded, continuously differentiable function
Vp, with Vp(x) = 0, and positive numbers λ0, μ such that

∂Vp

∂x
≤ −λ0Vp(x)

Vp(x) ≤ μVq(x)

holds. Then the zero solution is globally uniformly asymptotically stable if
the average dwell time τa satisfies the inequality

τa >
logμ
2λ0

.

To use the above result, a Lyapunov function Vp and the constants μ and λ0 have
to be found. But more importantly, the lower bound on the average dwell time needs
to be checked. To this effect the original hybrid automaton is extend so that checking
the lower bound in the original automaton amounts to checking an associated invari-
ant property in the extended automaton. The obvious advantage of this approach is
that invariant properties may be checked using existing tools.

An invariant property of a hybrid automaton is a condition on its continuous
variables that remains true in all its reachable states. To check the average dwell time
property the hybrid automaton is extended as follows. Two variables are added: a
counter Q that is stepped after each switch of discrete state and a timer t. Both are
initialized at 0. Q is stepped up after each discrete transition and is stepped down
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every τa (the average dwell time) time units in between discrete transitions. The
invariant property that is to be checked in the extended automaton then is whether Q
does not exceed N0 in (3.15).

Theorem 3.6 [456] The hybrid automaton has average dwell time τa if and
only if in the extended automaton the inequality Q ≤ N0 holds for all reach-
able states.

3.5 Optimal control

3.5.1 Control problem

This section deals with the optimal control of hybrid systems that are described by a
hybrid automaton in the time interval [0, T ] with the following properties:

1. the continuous state space x(t) belongs to R
n (n ∈ IN);

2. the discrete state q(t) belongs to a finite set Q;
3. U is a subset of Rm (m ∈ IN);
4. the input or control function u belongs to U , which is a subset of measurable

functions from [0, T ] to U ;
5. the vector field f : Rn × U → R

n is smooth and depends on the discrete state
q(t);

6. the target set T is a closed subset of Rn;
7. the switching set S is a subset of Q× R

n ×Q× R
n;

8. the projected switching set Sq,q′ is

Sq,q′ = {(x,x′) ∈ R
n × R

n : x′ ∈ G(q, q′)} .

Assuming that continuous dynamics is described by the state-space model{
ẋ(t) = f(x(t),u(t)), t ∈ [0, T ],
x(0) = x0,

(3.16)

with T > 0 and x0 ∈ R
n, we want to minimize the cost functional

J(u) =
∫ T

0

L(x(t),u(t)) dt + ψ(x(T )) (3.17)

over all u ∈ U , where the Lagrangian L : Rn ×U → R and the final cost ψ : Rn →
R are smooth functions, which depend on the discrete set q(t).

If x is a solution to (3.16), then we denote with t0 = 0, tν = T and t1, . . . , tν−1

the switching times for x.

Remark 3.1 If ti (i ∈ {1, . . . , ν−1}) is a switching time for x, then (q(ti−),x(t−i ), q(t+i ),
x(t+i )) ∈ S and x(t+i ) ∈ G

q(t−i ),q(t+i )
.
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3.5.2 The classical Pontryagin’s Maximum Principle

A brief review of the main ideas behind Pontryagin’s Maximum Principle is in order.
We put the accent on the main issue of needle variations whose generalization to the
hybrid setting is the key point to prove necessary conditions for optimality of hybrid
systems.

We consider the system{
ẋ(t) = f(x(t),u(t)), t ∈ [0, T ],
x(0) = x0,

where x(t) belongs to Rn and u ∈ U . Given a class U , which contains the constant
controls and finite concatenations of restrictions of admissible controls, one can state
the optimal control problem

min
u∈U

ψ(x(T )),

where T ⊂ R
n is the target and, for simplicity, the Lagrangian function L is equal to

0. Such reduction can always be obtained by introducing an augmented vector field.
Assume that a bounded control u∗ ∈ U is candidate optimal. We can produce

some variations of u∗ and of the corresponding trajectory x∗ in the following way
(Fig. 3.9):

T t0

U

ττ−ε

ω

Fig. 3.9 Needle variation.

Definition 3.7 (Needle variation) Let τ be a Lebesgue point for

t �→ f(x∗(t),u∗(t)).

Given ω ∈ U , define a family of inputs uε, ε ∈ [0, τ [, as

uε(t) =

⎧⎨⎩
u(t), if t ∈ [0, τ − ε[,
ω, if t ∈ [τ − ε, τ [,
u(t), if t ∈ [τ, T ],

(3.18)
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and let xε be the trajectories corresponding to uε with xε(0) = x0. The
family xε is a needle variation of (x∗,u∗).

Given a needle variation, define, for every time t ∈ [τ, T ], the tangent vector v(t)
to the curve xε(t) at ε = 0, i.e. v(t) = (d/dε)xε(t)|ε=0 (Fig. 3.10). The optimality
of u∗ implies that the inequality

x*(τ)

xε(τ)
e

v(τ)
v(T)

x*(τ–ε)

x*(T)

Fig. 3.10 Trajectories xε and tangent vector v.

0 ≤ d
dε

ψ(xε(T ))|ε=0 = ∇ψ(x∗(T )) · v(T )

holds. From classical theory of ODEs, we know that v solves the linear system{
v̇(t) = ∇xf(x∗(t),u∗(t)) · v(t), t ∈ [τ, T ],
v(τ) = f(x∗(τ), ω)− f(x∗(τ),u∗(τ)).

Therefore, defining λ to be the solution to{
λ̇(t) = −λ(t) · ∇xf(x∗(t),u∗(t)), t ∈ [τ, T ],
λ(T ) = ∇ψ(x∗(T )),

we have (d/d)t (λ(t) · v(t)) = 0 and so

0 ≤ λ(T ) · v(T ) = λ(τ) · v(τ) = λ(τ) · (f(x∗(τ), ω) − f(x∗(τ),u∗(τ))),

or otherwise stated, for the arbitrariness of ω,

min
ω∈U

λ(τ) · f(x∗(τ), ω) = λ(τ) · f(x∗(τ),u∗(τ)),

which is precisely the Hamiltonian minimization condition of Pontryagin’s Maxi-
mum Principle.

The main difficulty in bringing the above reasoning to the hybrid setting is the
possibility of producing the analogous of needle variations. As long as a trajectory
remains in the same location, then the variation can be done in the same way.
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3.5.3 Extension to a hybrid maximum principle

The hybrid maximum principle gives the necessary conditions for a trajectory x to be
a solution of the minimization problem (3.16)–(3.17). The set of variations involves
trajectories having the same history as the optimal candidate, i.e. having the same
location switching strategy. If there is a finite number of possible switching strategies
for the optimization problem, then the Maximum Principle can sometimes single out
the optimal trajectory.

As explained in Section 3.5.2, the main difficulty is the extension of a needle vari-
ation after a location switching. More precisely, consider the situation in Fig. 3.11.
Assume that t1 ∈]τ, T [ is a switching time. The value of v(t1+) must be cho-
sen in such a way that the corresponding trajectory jumps are in the switching set
Sq(t1−),q(t1+). In turn this imposes some restrictions on the corresponding values of
the covectors.

x*(t)

x (t)ε
v(t)

*(T)x

x (T)ε

v(t −)1

x*(t −)1

*(t−ε)x

v
1(t +)

x*(t +)1

Fig. 3.11 Jump of vector v after a location switching time.

Definition 3.8 (Adjoint pair) The couple (λ, λ0) is an adjoint pair along a
trajectory x if:

1. for every i ∈ {1, . . . , ν}, λ :]ti−1, ti[→ Rn is an absolutely continuous
function satisfying

λ̇(t) = −λ(t) · ∇xf(x(t),u(t))− λ0∇xL(x(t),u(t))

for a.e. t ∈]ti−1, ti[;
2. λ0 ∈ R+.

In order to formulate the hybrid maximum principle, the following notions have
to be introduced:

• Switching condition: The adjoint pair (λ, λ0) along a trajectory x satisfies the
switching conditions if (−λ(ti−),λ(ti+)) ∈ K⊥

i for every i ∈ {1, . . . , ν − 1},
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where K⊥
i denotes the polar set to the tangent cone Ki to the set Sq(ti−),q(ti+) at

the point (x(ti−),x(ti+)).

• Transversality condition: The adjoint pair (λ, λ0) along a trajectory x satisfies
the transversality condition if −λ(T−) − λ0∇ψ(x(T )) ∈ K⊥

e , where K⊥
e de-

notes the polar set to the tangent cone Ke to the set T at the point x(T ).

• Nontriviality condition: The adjoint pair (λ, λ0) along a trajectory x satisfies the
nontriviality condition if either λ0 �= 0 or λ is not identically zero.

• Hamiltonian: Consider an adjoint pair (λ, λ0) along a trajectory x. For almost
every t ∈ [0, T ], define the Hamiltonian functions as

H(t) = λ(t) · f(x(t),u(t)) − λ0L(x(t),u(t)) , (3.19)
H̃(t) = sup {λ(t) · f(x(t), u)− λ0L(x(t), u) : u ∈ U} . (3.20)

We say that the adjoint pair (λ, λ0) satisfies the Hamiltonian maximization prop-
erty if H(t) = H̃(t) holds a.e. in [0, T ].

We state the hybrid maximum principle:

Theorem 3.7 (Hybrid maximum principle) Let x be a solution for the
minimization problem (3.16)–(3.17). Then there exists an adjoint pair
(λ, λ0) along x that satisfies the switching conditions, the Hamiltonian
maximization, and the nontriviality condition.

Example 3.3 Optimal control of the two-tank system

Let us consider the two-tank system introduced in Section 1.3.1 with the following param-
eters:

1. h0 = 1;

2. hmax = 2;
3. A = 1;

4. g = 1;

5. c = 1.

Two-tank system with one control input Assume that the only control is u2 ∈ [0, 1], i.e.
u1 = u3 = uP1 = 0, and assume that the disturbances d1 and d2 are equal to 0. Consider
the following optimal control problem:⎧⎪⎪⎨⎪⎪⎩

ẋ(t) = f (x(t),u(t)),

x(0) =
(

5
4
, 0
)
,

minu∈U {−h2(T )} ,

(3.21)
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with x(t) = (h1(t), h2(t)) and

f (x(t),u(t)) =

(
−
√

2 (h1(t) − h2(t))u2(t)√
2 (h1(t) − h2(t))u2(t)

)
. (3.22)

We show that the trajectory with control u2(t) ≡ 1 satisfies the hybrid maximum principle.
First of all, note that the trajectory associated to this control function is given by⎧⎪⎪⎨⎪⎪⎩

h1(t) = 5
8

+ 1
4

(√
5
2
− 2t

)2

,

h2(t) = 5
8
− 1

4

(√
5
2
− 2t

)2

,

(3.23)

if 0 ≤ t ≤ 1
2

√
5
2

, while {
h1(t) = 5

8
,

h2(t) = 5
8

(3.24)

if t ≥ 1
2

√
5
2

. Moreover, we have

q(t) = 2 if 0 < t <
1

2
√

2

(√
5 −

√
3
)

q(t) = 1 if
1

2
√

2

(√
5 −

√
3
)

< t <
1

2

√
5

2
,

i.e. the switching time t1 is 1

2
√

2

(√
5 −

√
3
)
. Without loss of generality we put T = 1

2

√
5
2

.
If λ(t) = (λ1(t), λ2(t)), then the transversality condition implies

−λ(T ) + (0, λ0) = 0.

Moreover we have⎧⎪⎨⎪⎩
λ̇1(t) = λ1(t)

1√
2(h1(t)−h2(t))

− λ2(t)
1√

2(h1(t)−h2(t))
,

λ̇2(t) = −λ1(t)
1√

2(h1(t)−h2(t))
+ λ2(t)

1√
2(h1(t)−h2(t))

,

and so ⎧⎪⎪⎪⎨⎪⎪⎪⎩
λ1(t) = λ0

2

(
1 − exp

(∫ t

T
2√

2(h1(s)−h2(s))
ds

))
,

λ2(t) = λ0
2

(
1 + exp

(∫ t

T
2√

2(h1(s)−h2(s))
ds

))
.

Note that the nontriviality condition implies λ0 > 0 and the function λ1(t)−λ2(t) < 0
for every t. We have

H̃(t) = sup
{
(λ2(t) − λ1(t))

√
2(h1(t) − h2(t))u2 : u2 ∈ [0, 1]

}
= (λ2(t) − λ1(t))

√
2(h1(t) − h2(t)) ;

hence the Hamiltonian maximization property implies that the control u2 is equal to 1.
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Two-tank system with two control inputs Let us consider now a tank system with control
inputs u1 ∈ [0, 1] and u2 ∈ [0, 1]. The disturbances d1 and d2 are equal to 0. Consider the
following optimal control problem⎧⎪⎪⎨⎪⎪⎩

ẋ(t) = f (x(t),u(t)),

x(0) =
(

5
4
, 0
)
,

minu∈U {−h2(T )} ,

(3.25)

with x(t) = (h1(t), h2(t)),

f (x(t), u(t)) =

(
−
√

2 (h1(t) − 1) u1(t) −
√

2 (h1(t) − h2(t))u2(t)√
2 (h1(t) − 1) u1(t) +

√
2 (h1(t) − h2(t))u2(t)

)
,

if h1(t) > 1 while

f (x(t),u(t)) =

(
−
√

2 (h1(t) − h2(t))u2(t)√
2 (h1(t) − h2(t))u2(t)

)

if h1(t) ≤ 1. We show that the trajectory with controls u1(t) = u2(t) ≡ 1 satisfies the
hybrid maximum principle.

Call t1 the switching time, i.e. the time satisfying h1(t1) = 1. If λ(t) = (λ1(t), λ2(t)),
then the transversality condition implies

−λ(T ) + (0, λ0) = 0.

Moreover we have⎧⎪⎪⎨⎪⎪⎩
λ̇1(t) =

(
1√

2(h1(t)−1)
+ 1√

2(h1(t)−h2(t))

)
(λ1(t) − λ2(t)) ,

λ̇2(t) = − 1√
2(h1(t)−h2(t))

(λ1(t) − λ2(t)) ,

if 0 ≤ t ≤ t1 and⎧⎪⎨⎪⎩
λ̇1(t) = λ1(t)

1√
2(h1(t)−h2(t))

− λ2(t)
1√

2(h1(t)−h2(t))
,

λ̇2(t) = −λ1(t)
1√

2(h1(t)−h2(t))
+ λ2(t)

1√
2(h1(t)−h2(t))

,

if t ≥ t1. Note that λ1(t) − λ2(t) < 0, λ1(t) ≥ 0 and λ2(t) > 0 for every t ∈ [t1, T ],
since the nontriviality condition implies λ0 > 0. If t ∈ [t1, T ], then we have that H̃(t) is
equal to

H̃(t) = sup
{(√

2(h1(t) − h2(t))u2

)
(λ2(t) − λ1(t)) : u2 ∈ [0, 1]

}
= (λ2(t) − λ1(t))

√
2(h1(t) − h2(t)) ;

hence u2(t) = 1 if t ∈ [t1, T ] satisfies the hybrid maximum principle. The switching
condition at t = t1 implies that λ2(t1−) = λ2(t1+) and does not give any condition on
λ1(t1±). Therefore we can choose λ1(t1−) = λ1(t1+). In this way, λ1(t) − λ2(t) < 0
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for every t ∈ [0, t1]. If t ∈ [0, t1], then H̃(t) is equal to

sup
{(√

2(h1(t) − 1) u1 +
√

2(h1(t) − h2(t))u2

)
(λ2(t) − λ1(t))

}
,

where the supremum is taken over u1, u2 ∈ [0, 1]. Hence u1(t) = u2(t) for every t ∈
[0, t1] satisfies the HMP. Note that the value of the control u1 in the time interval [t1, T ]
does not affect the validity of the hybrid maximum principle. �

Example 3.4 Automatic gearbox

Let us consider the automatic gearbox system described in Section 1.3.2 with the following
parameters:

1. r = M = c = 1;
2. d = 0.

Assume that the control is u ∈ [0, 1] and the switching sets are

S1,2 = {(v1,2, v1,2)}, S2,3 = {(v2,3, v2,3)}, S3,4 = {(v3,4, v3,4)},

S2,1 = {(v2,1, v2,1)}, S3,2 = {(v3,2, v3,2)}, S4,3 = {(v4,3, v4,3)},

where 0 < v2,1 < v1,2, 0 < v3,2 < v2,3, and 0 < v4,3 < v3,4. Consider the following
optimal control problem: ⎧⎪⎪⎨⎪⎪⎩

ẋ(t) = f (x(t),u(t)),

x(0) = (0) ,

minu∈U {−v(T )} ,

(3.26)

with x(t) = v(t) and
f (x(t),u(t)) = p(q)u(t)− v2(t). (3.27)

We show that the trajectory with control u(t) ≡ 1 satisfies the hybrid maximum principle.
First, note that the equation for the adjoint pair is{

λ̇(t) = 2v(t)λ(t),
λ(T ) = λ0,

and so the solution is given by

λ(t) = λ(T )e
∫ t
T 2v(s)ds.

The nontriviality condition implies that λ0 > 0 and so λ(t) > 0 for every t ∈ [0, T ].
Moreover,

H̃(t) = sup

{
λ(T ) exp

(∫ t

T

2v(s) ds

) (
p(q)u − v2(t)

)
: u ∈ [0, 1]

}
= λ(T ) exp

(∫ t

T

2v(s) ds

) (
p(q) − v2(t)

)
;

hence the Hamiltonian maximization allows to conclude. �
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Switched and piecewise affine systems

J. Daafouz, M. D. Di Benedetto, V. D. Blondel, G. Ferrari-Trecate, L. Hetel,
M. Johansson, A. L. Juloski, S. Paoletti, G. Pola, E. De Santis, and R. Vidal

Switched systems are described by a set of continuous state-space models
together with conditions that decide which model of this set is valid for the
current continuous state. As an extension of the classical linear or affine
state-space representations of dynamical systems, this modelling formalism
has been thoroughly investigated, as this chapter shows. The identification of
the model parameters, observability, and stability analysis as well as meth-
ods for stabilization and control of switched systems are surveyed. As shown
in the last section, many analysis and design problems for switched systems
have a high computational complexity or are even undecidable.
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4.1 Definition of the system class

Switched systems represent a type of model of hybrid systems that has been stud-
ied extensively. The reason for this research activity is given by the fact that this
class of systems is very close to “non-hybrid” systems and an extension of the theory
of continuous systems towards hybrid systems is, therefore, rather straightforward.
Nevertheless, this system class already exhibits several important phenomena of
hybrid dynamical systems.

The basic representation format is the state-space model

ẋ(t) = f(x(t), q(t),u(t)), x(0) = x0, (4.1)
y(t) = g(x(t), q(t),u(t)), (4.2)

which describes the dynamical behavior of the system for the input u ∈ R
m and the

operation mode q ∈ Q. The vector field f and the output function g are assumed to
be Lipschitz continuous with respect to x and u so that for a fixed operation mode q
solutions to the state-space model exist.

For autonomous systems (systems without input) the model simplifies to

ẋ(t) = f(x(t), q(t)), x(0) = x0, (4.3)
y(t) = g(x(t), q(t)), (4.4)

which is usually written as

ẋ(t) = fq(t)(x(t)), x(0) = x0, (4.5)
y(t) = gq(t)(x(t)), (4.6)

where the operation mode is indicated as an index of the vector field f and the output
function g.

x = f (x, q, u)

y = g (x, q, u)

x (t) ∈ Sq

q x

?

u . y

Fig. 4.1 Switched system.

There are two situations to be investigated:

• Controlled switched system: The switching signal q(t) is an input to the sys-
tem (4.2). Hence, the system has to be investigated for arbitrary switching func-
tions q : R+ → Q.
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• Autonomously switched system: The switching signal depends upon the contin-
uous state x. Then the overall system is a hybrid system with continuous input
u(t) and output y(t) (Fig. 4.1), whose analysis has to take into account the rules
for selecting the switching signal.

The second case, the feedback of the state x towards the switching input q(t), in-
cludes the continuous-to-discrete interface shown in Fig. 2.1 as an important element
of hybrid systems. Usually, the switching signal changes its value if the continuous
state reaches a surface S in the state space Rn. There may be several such surfaces
Sq′ q′ ∈ Q. If the relation

x(t) ∈ Sq′

is satisfied at time t, then the switching signal changes its value at this time instant
towards q′. Hence, the situation that the state touches a surface determines at which
time instant and towards which successor value the switching signal changes.

In a more elaborate version, the switching surface also depends upon the current
mode q and may explicitly depend upon the time t. When dealing with switched
systems of this kind, the switching surfaces are usually given. This distinguishes
these systems from the class of discretely controlled continuous systems described
in Section 6.5 where the choice of the switching surface is a problem of control
design.

The terminology with respect to switched systems is not unique in literature.
Besides the term “switched system” also the notion of a switching system is used,
which is particularly appropriate for autonomously switched systems defined above,
because these systems switch among different operation modes without being forced
to do so by an external signal. Hence, these systems can be characterized by the out-
side observer as a switching system. However, in order to simplify the terminology,
only the term “switched system” is used in this handbook.

Piecewise affine systems If the vector field f and the function g are affine for all
values of q, the system is piecewise affine and described by the equations

ẋ(t) = Aq(t)x(t) + Bq(t)u(t) + eq(t), x(0) = x0, (4.7)
y(t) = Cq(t)x(t) + Dq(t)u(t) + fq(t), (4.8)

where the dependency of the model parameters upon the switching signal is usu-
ally indicated by the indices of the matrices. This system class is studied in the
continuous-time version given here or in discrete time.

If autonomously switched systems are considered, the regions Cq in which the
q-th parameter set (Aq,Bq, . . . ,Dq) hold, are usually assumed to be convex poly-
hedra, which can be defined by a set of linear inequalities. Then the model reads as

ẋ(t) = Aqx(t) + Bqu(t) + eq, for x(t) ∈ Cq, (4.9)
y(t) = Cqx(t) + Dqu(t) + fq. (4.10)

The operation condition need not only depend on the current state x(t), but also on
the input u(t). Then (4.9), (4.10) hold for the index q for which (x(t), u(t))T ∈ Cq

holds.
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As the operation mode q can be determined by the relation x(t) ∈ Cq for a given
state x(t), q does not include any additional information about the current state of
the system. Hence, piecewise affine systems are not “real” hybrid system, because
the system state is completely described by the continuous state x(t). Nevertheless,
the operation mode q is often referred to as the discrete state of the system.

The main reason for considering piecewise affine systems as hybrid systems is
the fact that such systems are represented by differential equations with discontinu-
ous right-hand side. When crossing a switching surface, the vector field f(x) given
by the right-hand side of (4.9) changes discontinuously and, hence, does not sat-
isfy the standing assumption of nonlinear systems theory that the vector field under
investigation is Lipschitz-continuous.

Discrete-time piecewise affine systems The discrete-time version of the model
(4.9), (4.10) is given by

ẋ(k + 1) = Ãqx(k) + B̃qu(k) + ẽq, for x(k) ∈ Cq, (4.11)

y(k) = C̃qx(k) + D̃qu(k) + f̃ q. (4.12)

It is an important fact that a piecewise affine system (4.9), (4.10), which is equipped
with a zero-order hold at the input and a sampling device at the output (or the state)
can generally not be described by a discrete-time piecewise affine system (4.11),
(4.12), as the following example shows.

Example 4.1 Sampled-data piecewise affine system

Consider the first-order system

ẋ(t) = λ1x(t), for x(t) ≤ x̄,

ẋ(t) = λ2x(t), for x(t) > x̄.

It is known from linear systems theory that, as long as the system does not switch its
dynamics, the continuous state trajectory yields the sampled states

x(k + 1) = eλ1T x(k), for x(k), x(k + 1) ≤ x̄,

x(k + 1) = eλ2T x(k), for x(k), x(k + 1) > x̄,

where T denotes the sampling time. Hence, state sequences at the sampling moments of the
linear continuous-time system is represented by a linear discrete-time model.

The linearity of the representation is lost if the system is switched between two suc-
ceeding sampling instants. To understand this phenomenon assume that the system is in the
second operation mode at time tk = kT and switches to the first operation mode at time τ :

x(t) > x̄, for tk ≤ t ≤ τ,

x(t) ≤ x̄, for τ ≤ t ≤ tk+1.

Then the movement is governed by the second continuous state equation for the time interval
tk ≤ t ≤ τ and by the first equation for the interval τ ≤ t ≤ tk+1 with tk+1 = (k + 1)T .
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0 1 2 3 4

0

1

2

3

4

x(k)

x(
k+

1
)

Fig. 4.2 Nonlinear state-transition function f of a sampled-data linear
switched system.

Since τ depends upon x(tk), a nonlinear relation between x(k) and x(k+1) occurs, which
for a first-order switched system can be written down explicitly:

x(k + 1) =

(
x̄

x(k)

)− λ2
λ1

eλ2T x̄. (4.13)

Figure 4.2 shows the state transition function f of the nonlinear system

x(k + 1) = f(x(k)),

which represents the discrete-time version of the continuous switched system given above
with λ1 = −0.4, λ2 = −0.7, T = 1 and x̄ = 2. The function f is given by the right-hand
side of (4.13) for 2 ≤ x(k) ≤ 2.98 where the upper bound is given by the fact that the
system jumps in one sampling step over the region bound x̄ = 2. �

As a consequence, discrete-time linear affine models are usually approximations
of the sampled-data system under consideration. As the example shows, the approx-
imation may be bad near the border of the state-space partitions whereas inside the
partitions the affine model correctly describes the affine continuous system at the
sampling points.

4.2 Identification

4.2.1 Identification problem

Most analysis and synthesis procedures for hybrid systems assume that a hybrid
model of the process at hand is available. In some situations it is possible to obtain
models starting from first principles. However, in many practical situations first-
principle modeling is too complicated to apply and models have to be reconstructed
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from experimental data, what is referred to as parameter identification. This route is
also mandatory when first principles are not available as often happens in fields like
biology or economics.

The aim of this section is to provide an overview of methods for the identifica-
tion of hybrid systems. Most of the results available in the literature focus on the
reconstruction of input/output descriptions of switched affine and piecewise affine
systems that are introduced in Section 4.2.2. In particular, we will focus on the fol-
lowing identification procedures:

• Methods that are capable to reconstruct discontinuous models. Indeed, disconti-
nuities play a major role in hybrid systems since they allow logic conditions to
be represented by abrupt changes in the system dynamics.

• Methods that do not assume any knowledge on the shape of the regions charac-
terizing PWA systems.

4.2.2 Models in input/output form

Instead of the state-space model (4.7), (4.8), identification methods result in an in-
put/output model with u(k) ∈ Rp and y(k) ∈ Rq denoting the input and the output
of the system at time k ∈ N. For fixed model orders na and nb, consider the regres-
sion vector

r(k) = [ y(k−1)T . . . y(k−na)T u(k)T u(k−1)T . . . u(k−nb)T ]T. (4.14)

A switched affine autoregressive exogenous (SARX) model is defined by the equation

y(k) = θ(q(k))T
[

r(k)
1

]
+ e(k), (4.15)

where q(k) ∈
{
1, . . . , s

}
is the discrete state, s is the number of modes, θi,

i = 1, . . . , s, are the matrices of parameters defining each mode, and e(k) ∈ Rq

is a noise/error term. Note that each mode has an affine dynamics and q(k) can
be viewed as an additional, possibly unknown, input. In the following, the vector
ϕ(k) =

(
r(k)

1

)
will be called the extended regression vector.

Piecewise affine autoregressive exogenous (PWARX) models are identical to
SARX models except that the switching mechanism is determined by a polyhedral
partition of the regressor domain R ⊆ Rd, where d = q · na + p · (nb + 1). This
means that for these models the discrete state q(k) is given by

q(k) = i iff r(k) ∈ Ri, i = 1, . . . , s, (4.16)

where {Ri}s
i=1 is a partition ofR. Each regionRi is a convex polyhedron described

by
Ri =

{
r ∈ R

d : Hi [ r
1 ] �[i] 0

}
, (4.17)

where Hi ∈ Rμi×(d+1), i = 1, . . . , s, μi is the number of linear inequalities defining
the ith polyhedral region Ri and the symbol �[i] denotes a μi-dimensional vector
whose elements can be the symbols ≤ and <. In general, the shape of R reflects the
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physical constraints on the inputs and the outputs of the system. For instance, typical
constraints on the output can be ‖y(k)‖∞ ≤ ymax or ‖y(k)−y(k−1)‖∞ ≤ Δymax,
where ‖ · ‖∞ is the infinity norm of a vector, and ymax and Δymax are fixed bounds.

By introducing the piecewise affine map

f(r) = θT
i ϕ if Hiϕ �[i] 0, i = 1, . . . , s, (4.18)

with ϕ = [ r
1 ], r ∈ R

d, the model defined by (4.15), (4.16) and (4.17) can be
written as

y(k) = f(r(k)) + e(k). (4.19)

The PWA map (4.18) can be discontinuous along the boundaries defined by the poly-
hedra (4.17), as shown in Fig. 4.3. Though, for the sake of simplicity, in the following
the subscript [i] will be removed from the notation �[i], one must always take care
of the definition of the regions to avoid that the PWA map is multiply defined over
common boundaries of the regionsRi.

Fig. 4.3 Discontinuous PWA map of two variables with s = 3 regions.

4.2.3 Hybrid system identification problems

In this section, the identification problem will be stated for input/output models. For
the sake of clarity, single input-single output systems (i.e. p = q = 1) are considered
with scalar signals y(k), u(k), and e(k), but the discussion can be straightforwardly
extended to multi-input single-output systems (p > 1 and q = 1). Multi-input multi-
output systems (i.e. p > 1 and q > 1) can be handled by identifying a model for each
output while considering the other outputs as additional inputs. Note, however, that
for PWARX models this approach may lead in general to a larger number of regions
than necessary, since the overall partition is obtained by intersecting the partitions of
individual models.
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Identification problem for SARX models For the SARX model (4.15), the gen-
eral identification problem reads as follows:

Problem 4.1 Given a collection of N input/output pairs (y(k), u(k)), k =
1, . . . , N , estimate the model orders na and nb, the number of modes s, and
the parameter vectors θi, i = 1, . . . , s. Moreover, estimate the discrete state
q(k) for k > max{na, nb}.

If the system generating the data has the structure (4.15), an exact algebraic solu-
tion to Problem 4.1 is presented in [431, 648] for the case of noiseless data (though
the approach can be amended to work also with noisy data). The algorithm that is
described in Section 4.2.5, only requires to fix upper bounds n̄a, n̄b, and s̄ on the
model orders and the number of modes, respectively.

If the model orders are fixed, the problem is to fit the data to s hyperplanes.
This problem is addressed in the field of data analysis, and several approaches are
proposed where s is either estimated from data or fixed a priori. One way to estimate
s is by solving the following problem:

Problem 4.2 Given δ > 0, find the smallest number s of vectors θi, i =
1, . . . , s, and a mapping k �→ q(k) such that

|y(k)− ϕ(k)Tθ(q(k))| ≤ δ, (4.20)

for all k = n̄, . . . , N , where n̄ = max{na, nb}+ 1.

Problem 4.2 consists of finding a partition of the system of inequalities

|y(k)− ϕ(k)Tθ| ≤ δ , k = n̄, . . . , N, (4.21)

into a minimum number of feasible subsystems (MIN PFS problem). The bound δ in
(4.21) is not necessarily given a priori (e.g. if the noise is bounded, and the bound
is known), rather it can be adjusted in order to find the desired trade-off between
number of modes and accuracy. In fact, the smaller δ, the larger typically the number
of modes needed to fit the data, while on the other hand, the larger δ, the worse the fit,
since larger errors are allowed. The MIN PFS problem is NP-hard, and a suboptimal
greedy randomized algorithm to solve it is proposed in [18].

If s is fixed, the well-known optimization approach used in linear system identi-
fication (i.e. choose the parameters of a linear model such that they minimize some
prediction error norm) can be generalized to the identification of SARX models.
Given a nonnegative function �(·), such as �(ε) = ε2 or �(ε) = |ε|, the estimation
of θi, i = 1, . . . , s, and of the discrete state q(k) can be recast into the optimization
problem: ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

min
θi, χk,i

N∑
k=n̄

s∑
i=1

�
(
y(k)− ϕ(k)Tθi

)
χi(k)

s.t.
s∑

i=1

χi(k) = 1 ∀ k

χi(k) ∈ {0, 1} ∀ k, i.

(4.22)
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In (4.22), each binary variable χi(k) describes whether the data point (y(k), r(k)) is
associated to the ith mode, under the constraint that each data point must be associ-
ated to only one mode. The discrete state q(k) can be finally reconstructed according
to the rule:

q(k) = i iff χi(k) = 1. (4.23)

The optimization problem in (4.22) is a mixed-integer program that is computation-
ally intractable, except for small instances. It is shown in [479] that (4.22) can be
transformed into a smooth constrained optimization problem by relaxing the integer
constraints, i.e. by requiring χi(k) ∈ [0, 1], ∀ k, i. The global optimum of the relaxed
problem coincides with the global optimum of (4.22).

Identification problem for PWARX models For PWARX models defined by
(4.15), (4.16), and (4.17), the general identification problem reads as follows:

Problem 4.3 Given a collection of N input/output pairs (y(k), u(k)), k =
1, . . . , N , estimate the model orders na and nb, the number of modes s, the
parameter vectors θi and the regionsRi, i = 1, . . . , s.

All techniques specifically developed for the identification of PWARX models,
assuming fixed orders na and nb. The estimation of the model orders can be based
on preliminary data analysis, and carried out by algebraic techniques such as [431,
648], or classical model order selection techniques [411]. Hence, in the following
the orders na and nb are given, and n̄ = max{na, nb}+ 1.

The considered identification problem consists in finding the PWARX model that
best matches the given data according to a specified criterion of fit. It involves the
estimation of

• the number of modes s;
• the parameters θi, i = 1, . . . , s, of the affine modes;
• the coefficients Hi, i = 1, . . . , s, of the hyperplanes defining the partition of the

regressor set.

This issue also underlies a classification problem such that each data point is as-
sociated to one region, and to the corresponding mode. The simultaneous optimal
estimation of all the quantities mentioned above is a very hard, computationally in-
tractable problem. One of the main concerns is how to choose s in a sensible way.
An additional difficulty is how to express efficiently the constraint that the collection{
Ri

}s

i=1
must form a partition of R.

The problem becomes easy if the number of discrete states s is fixed, and the
regions (4.17) are either known or fixed a priori. In that case each regression vector
r(k) can be associated to one mode according to (4.16) and the dynamics of each
mode can be reconstructed using linear identification techniques.

Most of the heuristics and suboptimal approaches that are applicable, or at least
related, to the identification of PWARX models, either assume a fixed s, or adjust
s iteratively (e.g. by adding one mode at a time) in order to improve the fit. A few
techniques allow for the automatic estimation of s from data.
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y = ϕTq
1

r

y

y = ϕTq
2

Fig. 4.4 Example showing the problem of intersecting modes. The data point
denoted by the black circle could be, in principle, attributed to both modes.
Wrong attribution yields two nonlinearly separable clusters of points.

4.2.4 Data classification and region estimation

A class of approaches for the identification of PWARX models, including those de-
scribed in Section 4.2.5, share the idea to tackle the identification problem by firstly
classifying the data and estimating the affine modes, and then estimating the parti-
tion of the regressor domain. In this section, the data classification step is discussed.
Moreover, a brief overview of linear separation techniques is given, and issues related
to the estimation of the partition from a finite number of points are highlighted.

Data classification Methods for the identification of PWARX models that firstly
classify the data points and estimate the affine modes, and then estimate the partition
of the regressor domain, split in practice the identification problem into the identi-
fication of a SARX model, followed by the shaping of the regions to the clusters of
data. In this respect, such methods can be also considered as methods for the iden-
tification of SARX models, if the final region estimation step is not addressed. Vice
versa, methods developed for the identification of SARX models, such as [431, 648],
can be used to initialize the procedures for the identification of PWARX models.

However, in view of the subsequent step of region estimation, data classification
for the identification of PWARX models needs to be carefully addressed. The main
problem to deal with is represented by data points that are consistent with more than
one mode, namely data points lying in the proximity of the intersection of two or
more modes. Wrong attribution of these data points may lead to misclassifications
when estimating the polyhedral regions.

In order to clarify this point, Fig. 4.4 shows a data set obtained from a one-
dimensional PWA model with s = 2 discrete modes. It is assumed that the param-
eter vectors θ1 and θ2 have been previously estimated, no matter which method has
been used. If each data point (y(k), r(k)) is associated to the mode i∗ such that the
prediction error is minimized, i.e. according to the rule
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i∗ = arg min
i=1,...,s

|y(k)− ϕ(k)Tθi|, (4.24)

the point denoted by the black circle is attributed to the first mode. This yields two
nonlinearly separable clusters of points. If data classification is performed solving
Problem 4.2 for a given δ > 0, still the black circle can be attributed to the first mode.
Indeed, the gray area in Fig. 4.4 represents the region of all data points satisfying

|y(k)− ϕ(k)Tθi| ≤ δ (4.25)

for both i = 1 and i = 2. These data points are termed undecidable, because they
could be in principle attributed to both modes.

The identification procedures [70, 236, 348, 482] deal with the problem of inter-
secting modes in different ways. For instance, an ad-hoc refinement procedure based
on the certainly attributed closest neighbors is proposed in [70], weights for mis-
classification are introduced in [348], and clustering in a feature space is pursued in
[236]. These three approaches will be described in Section 4.2.5.

Region estimation After the data classification step, providing the estimates of
the discrete state q(k) ∈ {1, . . . , s}, it is possible to form s clusters of regression
vectors as

Ai =
{
r(k) : q(k) = i

}
, i = 1, . . . , s. (4.26)

The problem of region estimation consists in finding a complete polyhedral partition{
Ri

}s

i=1
of the regressor domain R such that Ai ⊆ Ri for all i = 1, . . . , s. The

polyhedral regions (4.17) are defined by hyperplanes. Hence, the considered prob-
lem is equivalent to that of separating s sets of points by means of linear classifiers
(hyperplanes). This problem can be tackled in two different ways:

1. Construct a linear classifier for each pair (Ai,Aj), with i �= j.
2. Construct a piecewise linear classifier which is able to discriminate between s

classes simultaneously.

In the first approach, a separating hyperplane is constructed for each pair
(Ai, Aj), i �= j. This amounts to solve s(s− 1)/2 two-class linear separation prob-
lems. Approach 1 is computationally appealing, since it does not involve all the data
simultaneously. A major drawback is that the estimated regions are not guaranteed
to form a partition of the regressor domain when d > 1, as shown in Fig. 4.5(a).
This drawback leads to PWA models that are not completely defined over the whole
regressor domain.

If the presence of “holes” in the partition is not acceptable, one can resort to ap-
proach 2. Multi-class linear separation techniques construct s classification functions
such that, at each data point, the corresponding class function is maximal. Classical
two-class separation methods such as support vector machines (SVM) and robust
linear programming (RLP) have been extended to this multi-class case [75, 117].
The resulting methods are called multicategory SVM (M-SVM) or multicategory
RLP (M-RLP), to stress their ability of dealing with problems involving more than
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(a) (b)

Fig. 4.5 Separation of a data set formed by four linearly separable sets.
(a) Pairwise linear separation yielding a gray area that is not covered by any
region. (b) Multi-class linear separation.

two classes (Fig. 4.5(b)). Multi-class problems involve all the available data, and,
therefore, approach 2 is computationally more demanding than approach 1.

The previous algorithms for linear separation hinge on the idea of minimizing an
error measure related to data points that are wrongly classified by a hyperplane. An
alternative approach for solving point 1 is to find a hyperplane that minimizes the
number of misclassified data points. Even if algorithms for solving this problem are
NP-hard, several heuristics have been developed which work well in practice [18].

4.2.5 Four procedures for the identification of SARX/PWARX models

In this section, four procedures for the identification of SARX/PWARX models are
briefly discussed, namely the algebraic procedure [431, 648], the clustering-based
procedure [236], the Bayesian procedure [348], and the bounded-error procedure
[70].

While the algebraic procedure focuses on the identification of SARX models, the
other three procedures are designed for the identification of PWARX models, and are
able to deal with discontinuous dynamics. The basic steps that each method performs
are the estimation of the discrete state q(k), and the estimation of the parameter
vectors {θi}s

i=1.

Algebraic procedure The method proposed in [431, 648] approaches the identifi-
cation of SARX models as an algebraic geometric problem. It provides a closed-form
solution to the identification problem that is provably correct in the absence of noise.

The key idea behind the algebraic approach is to view the identification of mul-
tiple ARX models as the identification of a single, “lifted” ARX model that simulta-
neously encodes all the ARX modes and does not depend on the switching sequence.
The parameters of the “lifted” ARX model can be identified through standard linear
identification techniques after applying a polynomial embedding to the regression
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vectors. The parameters of the original ARX modes are then given by the derivatives
of this polynomial.

Assuming for simplicity that the number of modes s and the model orders na

and nb are known (these assumptions will be subsequently removed), the algebraic
procedure works as follows. If the data are generated by model (4.15) with e(k) = 0
(noiseless case), each data pair (y(k), r(k)) satisfies

y(k)− θT
i ϕ(k) = 0, (4.27)

for some θi, i = 1, . . . , s. Hence, the following equality holds for all k

s∏
i=1

(
bT

i z(k)
)

= 0, (4.28)

where bi = [ 1 θT
i ]T and z(k) = [ −y(k) ϕ(k)T ]T. Equation (4.28) is called the

hybrid decoupling constraint, since it is independent of the switching sequence and
the mechanism generating the transitions. In view of (4.28), the hybrid decoupling
polynomial is defined as

ps(z) =
s∏

i=1

(
bT

i z
)

= hTνs(z), (4.29)

which is a homogeneous polynomial of degree s in z = [ z1 · · · zK ]T, K = na +
nb + 3. Note that (4.29) can be written as a linear combination of all the Ms(K) .=
( s+K−1

s ) monomials of degree s in K variables. Such monomials are stacked in the
vector νs(z) according to the degree-lexicographic order. The vector h ∈ RMs(K)

contains the so-called hybrid model parameters, and encodes the parameter vectors
of the s modes. Since (4.28) holds for all k, the vector h can be estimated by solving
the linear system (in a least-squares sense in the noisy case)

Ls(K)h = 0, (4.30)

where Ls(K) = [ νs(zn̄) νs(zn̄+1) · · · νs(zN ) ]T. Once h has been computed, the
vectors bi can be reconstructed as

bi =
Dps(zki)

[ 1 0 · · · 0 ]Dps(zki)
, (4.31)

where Dps(z) = ∂ps(z)/∂z, and zki is a data point generated by the ith ARX
mode, which can be chosen automatically once ps(·) is known [650]. Given the
bi’s (and consequently the θi’s), the discrete state is estimated according to the rule
q(k) = i∗, with i∗ given by (4.24). As discussed in Section 4.2.4, enhanced classifi-
cation rules can be used by incorporating additional knowledge about the switching
mechanism (e.g. PWARX models), when available.

The linear system (4.30) has a unique solution (requiring that the first component
of h is equal to 1) when the data are sufficiently exciting, and s, na and nb are known
exactly. If s is not known, it is shown in [650] that it can be estimated as
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s = argmin{i : rank(Li(K)) = Mi(K)− 1}. (4.32)

Evaluation of (4.32) in the noisy case requires to introduce a threshold for elim-
inating the rank of Li(k). The algebraic procedure described above can be amended
when only upper bounds s̄, n̄a, or n̄b for s, na, or nb, respectively, are available. In
those cases, the procedure allows for the estimation of all the unknown quantities.
More details can be found in [431, 648].

Clustering-based procedure The clustering-based procedure [236] exploits the
fact that the PWA map (4.18) is locally linear. If the data are generated by (4.19),
there likely exist groups of neighbor regression vectors belonging to the same region
(and the same mode). Parameter vectors computed for these small local data sets
should resemble the parameter vector of the corresponding mode. Hence, informa-
tion about the modes can be obtained by clustering the local parameter vectors.

The clustering-based procedure works as follows. The positive integer c is a fixed
parameter.

• Local regression: For k = n̄, . . . , N , a local data set C(k) is built by collecting
(y(k), r(k)) and the data points (yj , rj) corresponding to the c − 1 regression
vectors rj that are closest (according to the Euclidean norm) to r(k). Local pa-
rameter vectors θLS(k) are then computed for each local data set C(k) by least
squares. For analysis purposes, local data sets containing only data points gener-
ated by the same mode are referred to as pure, otherwise they are called mixed.

• Construction of feature vectors: Each data point (y(k), r(k)) is mapped onto the
feature vector

ξ(k) = [ (θLS(k))T m(k)T ]T, (4.33)

where m(k) = 1
c

∑
(y,r)∈C(k) r is the center of C(k).

• Clustering: Feature vectors are partitioned into s groups {Fi}s
i=1 by applying

a “K-means”-like algorithm exploiting suitably defined confidence measures on
the feature vectors. The confidence measures make it possible to reduce the in-
fluence of mixed feature vectors and poor initializations.

• Parameter estimation: Since the mapping of the data points onto the feature space
is bijective, data points are classified into clusters {Di}s

i=1 according to the rule

(y(k), r(k)) ∈ Di iff ξ(k) ∈ Fi. (4.34)

A parameter vector θi is estimated for each data cluster Di by weighted least
squares.

The clustering-based procedure requires that the model orders na and nb, and the
number of modes s are fixed. The parameter c, defining the cardinality of the local
data sets, is the main tuning knob. In practical use, the method is expected to perform
poorly if the ratio between the number of mixed and pure local data sets is high. The
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number of mixed local data sets increases with c. Hence, it is desirable to keep c as
small as possible. On the other hand, when the noise level is high, large values of c
may be needed in order to filter out the effects of noise.

An important feature of the clustering-based procedure is its ability to distin-
guish modes characterized by the same parameter vector, but defined in different
regions. This is possible because the feature vectors contain also information on the
location of the local data sets. A modification to the clustering-based procedure is
proposed in [232] to allow for the simultaneous estimation of the number of modes.
The clustering-based procedure is analyzed in [233], where it is shown that opti-
mal classification can be guaranteed under suitable assumptions in the presence of
bounded noise. A software implementation of the clustering-based procedure is also
available [231].

Bayesian procedure The Bayesian procedure [348] is based on the idea of ex-
ploiting the available prior knowledge about the modes and the parameters of the hy-
brid system. The parameter vectors θi are treated as random variables, and described
through their probability density functions (pdfs) pθi(·). A priori knowledge on the
parameters can be supplied to the procedure by choosing appropriate prior parame-
ter pdfs. Various parameter estimates, such as expectation or maximum a posteriori
probability estimate, can be easily obtained from the parameter pdfs. The data clas-
sification problem is posed as the problem of finding the data classification with the
highest probability. Since this problem is combinatorial, an iterative suboptimal al-
gorithm is derived. It is assumed that the probability density function pe(·) of the
additive noise term e(k) is given.

Data classification and parameter estimation are carried out by sequential pro-
cessing of the collected data points. In each iteration, the pdf of one of the parameter
vectors is updated.

Let pθi(·; k) denote the pdf of θi at iteration k, when the data point (y(k), r(k))
is considered. The conditional pdf p((y(k), r(k)) | q(k) = i) is given by

p((y(k), r(k)) | q(k) = i) =
∫
Θi

p((y(k), r(k)) | θ̃) pθi(θ̃; k − 1) dθ̃, (4.35)

where Θi is the set of possible values for θi, and

p((y(k), r(k)) | θ) = pe(y(k)− θTϕ(k)). (4.36)

The discrete state corresponding to (y(k), r(k)) is estimated as q(k) = i∗, where

i∗ = arg max
i=1,...,s

p((y(k), r(k)) | q(k) = i). (4.37)

Then, the assignment of (y(k), r(k)) to mode i∗ is used to update the pdf of θi∗ by
using Bayes’ rule

pθi∗ (θ; k) =
p((y(k), r(k)) | θ) pθi∗ (θ; k − 1)∫

Θi∗
p((y(k), r(k)) | θ̃) pθi∗ (θ̃; k − 1) dθ̃

. (4.38)
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Pdfs of the other parameter vectors remain unchanged, i.e. pθi(·; k) = pθi(·; k − 1)
for i �= i∗. For the numerical implementation of the described algorithm, particle
filtering algorithms are used [22]. After the parameter estimation phase, each data
point is finally attributed to the mode that most likely generated it.

To estimate the regions, a modification of the standard multicategory RLP
(MRLP) method [75] is proposed in [348]. If a regression vector attributed to mode i
ends up in the region Rj (this may happen, e.g., in the case of intersecting modes,
Fig. 4.4), and the probabilities that the corresponding data point is generated by
mode i and mode j are similar, misclassification should not be penalized highly. To
this aim, for each data point (y(k), r(k)) attributed to mode i, the price for misclas-
sification into mode j is defined as

νi,j(r(k)) = log
p((y(k), r(k)) | q(k) = i)
p((y(k), r(k)) | q(k) = j)

, (4.39)

where p((y(k), r(k)) | q(k) = �) is the likelihood that (y(k), r(k)) was generated
by mode �. Note that the price for misclassification is zero if the probabilities are
exactly equal. Prices for misclassification are plugged into the MRLP method.

The Bayesian procedure requires that the model orders na and nb, and the num-
ber of modes s are fixed. The most important tuning parameters are the prior param-
eter pdfs pθi(·; 0), and the pdf pe(·) of the error term. In [345] the Bayesian approach
has been extended to the identification of piecewise output error models.

Bounded-error procedure Inspired by ideas from set-membership identification
([453] the main feature of the bounded-error procedure [70, 503] is to impose that
the error e(k) in (4.19) is bounded by a given quantity δ > 0 for all the samples
(y(k), r(k)) in the estimation data set, i.e.

|y(k)− f(r(k))| ≤ δ, ∀k = n̄, . . . , N. (4.40)

Hence, the bounded-error procedure fits a PWARX model satisfying (4.40) to the
data, without any assumption on the system generating the data.

Since any PWARX model satisfying the bounded-error condition (4.40) is feasi-
ble, an initial guess of the number of modes s is obtained by addressing Problem 4.2.
The solution of Problem 4.2, computed using the algorithms in [18] or their en-
hanced version proposed in [70], provides also a raw data classification. However,
this classification procedure suffers from two drawbacks. The first one is related to
the suboptimality of the method used to tackle Problem 4.2, implying that it is not
guaranteed to yield the minimum number of modes. The second one is related to the
problem of undecidable data points (Section 4.2.4), implying that the cardinality and
the composition of the feasible subsystems may depend on the order in which they
are extracted from (4.21).

To deal with the aforementioned drawbacks, an iterative refinement procedure is
applied. The refinement procedure alternates between data reassignment and param-
eter update. If needed, it enables the reduction of the number of modes. For given
positive thresholds α and β, modes i and j are merged if αi,j < α, where
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αi,j =
‖θi − θj‖

min{‖θi‖, ‖θj‖}
, (4.41)

and ‖ · ‖ is the Euclidean norm. Mode i is discarded if the cardinality of the set Di

of data points classified to mode i is less than βN . Data points that do not satisfy
(4.40) are discarded as infeasible during the classification process, making it possible
to detect outliers. In [70] parameter estimates are computed by the �∞ projection
estimator, i.e.

θi = arg min
θ

max
(y(k),r(k))∈Di

|y(k)− ϕ(k)Tθ|, (4.42)

but any other projection estimate, such as least squares, can be used [453].
The bounded-error procedure requires that the model orders na and nb are fixed.

The main tuning parameter is the bound δ. As discussed in Section 4.2.3, the larger δ,
the smaller the required number of modes at the price of a worse fit of the data. The
optional parameters α and β, if used, also implicitly determine the final number
of modes returned by the procedure. Another tuning parameter is the number c of
closest neighbors used to attribute undecidable data points to modes in the refinement
step.

4.2.6 Comparison of the identification procedures

The four identification procedures described in Section 4.2.5 are compared and dis-
cussed in [347, 349]. There, specific behaviors of the procedures with respect to
classification accuracy, noise level, and tuning parameters are pointed out using sim-
ple one-dimensional examples. The procedures are also tested on the experimental
identification of the electronic component placement process in pick-and-place ma-
chines.

From the comparison, it comes out that the algebraic procedure is well suited
when the system generating the data can be accurately described as a switched affine
model, and moderate noise is present. The main features of the algebraic procedure
are that it can handle the cases with unknown model orders and an unknown number
of modes, and it does not require any form of initialization. However, noise and/or
nonlinear disturbances affecting the data may cause poor identification results. When
trying to identify a PWARX model using the data classification obtained from the
algebraic procedure, one must be aware that the minimum prediction error classifi-
cation rule (4.24) may lead to wrong data association. In such cases, it is advisable
to use one of the classification methods employed by other procedures.

The clustering-based procedure is well suited when there is no prior knowledge
on the physical system, and one needs to identify a model with a prescribed structure
(i.e. the number of modes and the model orders are given). Identification using the
clustering-based procedure is straightforward, as only one parameter has to be tuned.
However, poor results can be obtained when the model orders are overestimated,
since distances in the feature space become corrupted by irrelevant information.

The Bayesian procedure is designed to take advantage of prior knowledge and
physical insight into the operation modes of the system (like in the pick-and-place
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4 Switched and piecewise affine systems 105

machine identification [348]). Another interesting feature is the automatic computa-
tion of misclassification weights to be plugged into the linear separation techniques
used for region estimation. As a major drawback, poor initialization may lead to poor
identification results.

The bounded-error procedure is well suited when no prior knowledge on the
physical system is available, and one needs to identify a model with a prescribed
accuracy (e.g. to approximate nonlinear dynamics in each operation mode). Tuning
parameters allow the model accuracy to be traded off against the model complexity,
expressed in terms of the mean squared error and the number of modes, respectively.
However, finding the right combination of the tuning parameters is seldom straight-
forward, and several attempts are often needed to get a satisfactory model.

It is stressed that mixing the features of the four procedures could still enhance
their effectiveness, particularly in the following way:

• The algebraic procedure can be used to initialize the other three procedures by
providing estimates of the model orders and the number of modes.

• By exploiting the idea of clustering the feature vectors, the clustering-based pro-
cedure is able to distinguish modes characterized by the same parameter vector,
but defined in different regions. This is a pitfall of both the Bayesian and the
bounded-error classification procedures. Since these procedures do not exploit
the spatial location of the modes, data points generated by the same parameter
vector in different regions are classified as a whole. This may lead to nonlinearly
separable clusters. Clustering ideas contained in the clustering-based procedure
can be extended to the other two procedures in order to detect and split the clus-
ters corresponding to such situations.

• The Bayesian procedure includes the computation of misclassification weights
to be plugged into the linear separation techniques used for region estimation.
This feature can be extended to the clustering-based and the bounded-error pro-
cedures. In the latter case, for each data point (y(k), r(k)) attributed to mode i,
the price for misclassification into mode j could be defined as

νi,j(r(k)) = λ log max{1,
|y(k)− θT

j r(k)|
δ

}, (4.43)

where λ > 0 is a scale factor.

• The bounded-error procedure can be used to guess the number of modes, espe-
cially when the dynamics in each operation mode of the true system is nonlinear,
and more modes than the true system are thus required to accurately approximate
all the nonlinear dynamics.
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4.3 Observation of linear switched systems

In many application domains, hybrid controller synthesis problems are addressed by
assuming full hybrid state information, although in many realistic situations state
measurements are not available. Hence, to make hybrid controller synthesis relevant,
the design of hybrid state observers is of fundamental importance. A step towards
a procedure for the synthesis of these observers is the analysis of observability of
hybrid systems.

This section defines observability for linear switched systems as the possibil-
ity of reconstructing the hybrid state of the system from the knowledge of the
output for a suitable choice of the control input. A general notion of observabil-
ity is introduced for the class of linear switched systems, though this definition
applies to more general classes of hybrid systems, since it involves only dynam-
ical properties of the executions that are generated by the hybrid system. Fur-
ther, a computable necessary and sufficient condition for assessing observability is
proposed.

4.3.1 Preliminaries and basic definitions

Notation The symbols IN, R, R+, and R
+
0 denote the natural, real, positive, and

nonnegative real numbers, respectively. The symbol I denotes the identity matrix of
appropriate dimensions. The symbol ‖.‖ denotes the Euclidean norm of a vector in
the linear space Rn. Given a linear subspace H of Rn, the symbol dim(H) denotes
its dimension. Given a matrix M ∈ Rn×m, the symbol ρ(M) denotes the rank of
M and the symbols Im (M) and ker (M) denote respectively the range and the null
space of M ; given a set H ⊆ Rn the symbol M−1(H) denotes the inverse image of
H through M , i.e. M−1(H) = {x ∈ R

m|∃y ∈ H : y = Mx}. Given a countable
set H the symbol card(H) denotes the cardinality of H.

Switched systems We consider the class of linear switched systems. The hybrid
state ξ is composed of two components: the discrete state q belonging to the finite
set Q, called the discrete state space, and the continuous state x belonging to the
linear space Rn. The hybrid state space of S is then defined by Q×R

n. The control
input of S is a function u ∈ U , where U denotes the class of piecewise continuous
functions u : R → Rm. The output function of S belongs to the set Y of piecewise
continuous functions y : R → Rl. The evolution of the continuous state x and of the
output y of S is determined by the linear control systems:

S(q) :
{

ẋ = A(q)x + B(q)u,
y = C(q)x, (4.44)

whose matrices A(q),B(q),C(q) depend on the current discrete state q ∈ Q. The
evolution of the discrete state of S is governed by a finite-state machine (FSM), so
that a transition from a state q ∈ Q to a state p ∈ Q may occur if e = (q, p) ∈ E ,
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where E ⊆ Q×Q is the set of (admissible) transitions in the FSM. A linear switched
system S is then specified by means of the tuple:

S = (Q,Rn,S, E) . (4.45)

The evolution in time of linear switched systems can be defined by means of
the notion of execution. We recall that a hybrid time basis τ is an infinite or finite
sequence of sets Ij = [tj , tj+1), j = 0, 1, ..., card(τ) − 1, with tj+1 > tj ; let
card(τ) = L. If L <∞, then tL = ∞. Given a hybrid time basis τ , time instants tj
are called switching times. Let T be the set of all hybrid time bases and consider a
collection:

χ = (ξ0, τ,u, ξ,y) , (4.46)

where ξ0 ∈ Q×Rn is the initial hybrid state, τ ∈ T is the hybrid time basis, u ∈ U
is the continuous control input, ξ : R → Q × Rn is the hybrid state evolution and
y ∈ Y is the output evolution. The function ξ is defined as:

ξ (t0) = ξ0, ξ (t) = (q(t),x(t)) ,

where (q(tj−1), q(tj)) ∈ E for any j = 1, 2, ..., L, and at time t ∈ Ij , q(t) = q(tj),
x(t) is the (unique) solution of the dynamical system S(q(tj)), with initial time tj ,
initial state limt→t−j

x(t) and control law u. The output evolution y is defined for
any j = 0,1, ...,L− 1 by:

y(t) = Cq(tj)x(t), t ∈ [tj , tj+1).

A tuple χ of the form (4.46), which satisfies the conditions above, is called an exe-
cution of S [427]. We assume the existence of a minimum dwell time [475] before
which no transition occurs, and of a maximum dwell time [567] before which a tran-
sition certainly occurs.

Assumption 4.1 (Minimum and maximum dwell time) Given the linear
switched system S, there exist δm ∈ R

+
0 and δM ∈ R

+
0 ∪ {+∞}, called

respectively minimum and maximum dwell time, so that any execution χ =
(ξ0, τ,u, ξ,y) has to satisfy the condition

δm < t′j − tj < δM , ∀j = 0, 1, · · · , L− 1. (4.47)

The existence of a minimum dwell time is a widely used assumption in the anal-
ysis of switched systems (e.g. [401, 475] and the references therein), and models
the inertia of the system to react to an external (discrete) input. The existence of a
maximum dwell time is related to the so-called liveness property of the system and is
widely used in the context of discrete-event systems (e.g. [496]). Moreover, as shown
in [569], minimum and maximum dwell times offer a method for approximating
hybrid systems by means of switched systems.
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4.3.2 Observability of switched systems with arbitrary switching

In this section we introduce a notion of observability for switched systems which
ensures the (exact) reconstruction of the hybrid state. We start by reviewing some
notions of observability introduced in the literature of hybrid systems and by show-
ing that, for the class of switched systems, these definitions do not allow the recon-
struction of the state of the system.

Survey of observability notions The observability of jump-linear systems is con-
sidered in [649], which are autonomous switched systems (i.e. B(q) = 0, ∀q ∈ Q)
having a minimum dwell time δm > 0 and no maximum dwell time, i.e. δM = +∞.
A notion of observability is proposed, which is based on the concept of indistin-
guishability of continuous initial states and discrete state evolutions. This notion of
observability is rather strong since it considers only the free response to reconstruct
the state.

Consider a switched system S = (Q,Rn,S, E) and letX0 ⊆ Rn be a set of initial
states such that, for any x0 ∈ X0, all systems S(q) have the same free continuous
output. (The set X0 is nonempty since it contains at least the origin.) Assume that all
systems S(q) are observable and that there exists an input u ∈ U and Δ ∈ (0, δm)
such that

Δ∫
0

‖y1(s)− y2(s)‖ ds > 0, ∀q1, q2 ∈ Q, q1 �= q2,

where y1(t) and y2(t) are the outputs at time t of systems S(q1) and S(q2), re-
spectively, starting from initial states in X0, under the same input function u. Then,
even though S is not observable in the sense of [649], at time tj + Δ the discrete
state q (tj) can be determined, ∀j = 0, 1, ..., L, and the continuous state x(t) can be
reconstructed ∀t ∈ (tj + Δ, t′j ], ∀j = 0, 1, ..., L, for a suitable input function.

The forced response of the system is used in [65] where, for the class of piece-
wise affine (PWA) systems, incremental observability, is introduced. Informally, a
PWA system is said to be incrementally observable if for any pair of continuous ini-
tial states in a given state set and for any input sequence in a given input set, the
output trajectories are sufficiently different. In other words, incremental observabil-
ity implies that different initial states always give different outputs independently of
the applied input. The definition of incremental observability of [65] can be trivially
extended to the class of linear switched systems. To better analyze the consequences
of such a definition, consider a switched system S = (Q,Rn,S, E) with minimum
dwell time δm > 0 and no maximum dwell time, i.e. δM = +∞. Assume that the
systems S(q) in operation modes q are controllable, Rm = Rn, and suppose that for
any q ∈ Q the matrices C(q) are nonsingular and are such that ρ (C(q1)−C(q2)) =
n, ∀q1, q2 ∈ Q, q1 �= q2. In that case, for any x ∈ R

n\{0}, Cq1x �= Cq2x. There-
fore, for any pair of initial states (q1, x1), (q2, x2) ∈ Q × (Rn\{0}) and for any
input function, the output functions of the switching system S do not coincide, for
any execution of S. Hence, S is incrementally observable for any set of initial states
Q0×X0 ⊂ Q×(Rn\{0}). However, there exist input functions such that the discrete
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state evolution of S cannot be reconstructed. In fact, since the systems S(q) are con-
trollable, for all x belonging to any subset of Rn\{0} and for any t̂ ∈ (t0, t0 + δm)
there exists an input function such that x(t) = 0, ∀t ≥ t̂. As a consequence, it is not
always possible to reconstruct the discrete state evolution, even if the state q(0) were
known. This shows that, for switching systems, incremental observability, based on
a distinguishability property that holds for any input, does not guarantee state recon-
struction.

Consider now a definition of observability based on distinguishability of initial
states from the output, for a suitable input function. The following example shows
that this notion has problems too for state reconstruction. Consider the switched sys-
tem S = (Q,Rn,S, E) with δm > 0 and δM < +∞, where Q = {q1, q2, q3}, E =
{(q2, q1), (q3, q1), (q1, q1)}, the system S(q1) is observable, and S(q2) = S(q3).
Any pair of initial states (q2,x0), (q3,x0), is indistinguishable, since for any input
function u ∈ U , the same output functions are observed. However, after the first
switching (which is guaranteed to happen since δM < +∞), the discrete state evolu-
tion is uniquely determined and the continuous state evolution can be reconstructed
for any continuous input function, since S(q1) is observable.

Consequently, observability notions based on state indistinguishability do not im-
ply state reconstructability. One of the concepts introduced in [597] based on state
reconstruction is the so-called generic finite-state determinability. Generic finite-state
determinability implies that any input/output experiment allows the determination of
the state. In [36], this property was extended to hybrid systems and testable sufficient
conditions were given. In this paper, following [567], we modify the notion of ob-
servability given in [597] for switched systems by focussing on state reconstruction.

Definition 4.1 (Observability of linear switched system) A linear
switched system S is observable if there exist a control input û ∈ U ,
a time t̂ > 0 and a function ξ̂ : Y × U → Q× Rn such that

ξ̂(y|[t0,t] , û|[t0,t)) = ξ (t) , ∀t ≥ t̂, t �= tj , j = 0, 1, ..., L, (4.48)

for any execution χ with control input û.

By specializing Definition 4.1 to linear systems, the classical observability no-
tion is recovered. Note that the reconstruction of the current hybrid state is required
at every time t ≥ t̂ with t �= tj . Time instants tj are ruled out as it is for observ-
able linear systems, where the current state may be reconstructed only at every time
strictly greater than the initial time. However, observability for linear systems is de-
fined independently from the control function, while here we assume that a suitable
control law can be chosen. The two definitions coincide for linear systems but not for
linear switched systems. In fact, if the observability property were required for any
input function, then any linear switched system would never be observable [31, 567].
However, we will show in the next section that if a switched system is observable in
the sense of Definition 4.1, then it is observable for “almost all” input functions.
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4.3.3 Observability of switched systems with minimum dwell time

In this section we characterize observability of switched systems with no maximum
dwell time δM = +∞, which occur in many applications. We start by focussing on
the reconstruction of the discrete component of the hybrid state only. By specializing
Definition 4.1, we have:

Definition 4.2 (Location observability) A linear switched system S is lo-
cation observable if there exist a control input û ∈ U , a time t̂ > 0 and a
function q̂ : Y × U → Q such that

q̂(y|[t0,t], û|[t0,t)) = q(t), ∀t ≥ t̂, t �= tj , j = 0, 1, ..., L− 1, (4.49)

for any execution χ with control input û.

A linear switched system S is said to be location observable for a control input
û ∈ U if there exists a function q̂ : Y × U → Q such that condition (4.49) is sat-
isfied. For later use, given q, p ∈ Q, define the following augmented linear system
S(q, p):

ż = A(q, p)z + B(q, p)u, y(q, p) = C(q, p)z, (4.50)

where

A(q, p) =
(

A(q) O
O A(p)

)
, B(q, p) =

(
B(q)
B(p)

)
, C(q, p) =

(
C(q) −C(p)

)
.

Let V(q, p) ⊆ R2n be the maximal controlled invariant subspace [47] for system
S(q, p) contained in ker (C(q, p)), i.e. the maximal subspace F ⊆ R2n satisfying
the following sets inclusions:

A(q, p)F ⊆ F + �(B(q, p)), F ⊆ ker (C(q, p)). (4.51)

Define Q̂ = {(q, p) ∈ Q ×Q : q �= p} and consider the set

U∗ =
{

u ∈ U : u �= ũ, a.e., ∀ũ ∈ Ũ
}
,

where
Ũ =

⋃
(q,p)∈Q̂ U(q, p),

U(q, p) =
{

u ∈ U : u(t) = K(q, p)z(t) + v(t),
t ≥ t̂ for some t̂ ∈ R

}
,

(4.52)

the gain K(q, p) is such that

(A(q, p) + B(q, p)K(q, p))V(q, p) ⊆ V(q, p),

v(t) ∈ B(q, p)−1 (V(q, p)) , ∀t ≥ t̂ and z(t) is the state of system S(q, p) at time t,
under control u with z(t̂) ∈ V(q, p). The set U∗ is composed of the control inputs
u such that after a finite time t̂ the output y(q, p) of S(q, p) with any initial state
x0 ∈ R2n and the control input u is not identically zero for any choice of (q, p) ∈ Q̂.
We will show that control inputs in U∗ ensure the reconstruction of the discrete state.
The following result identifies conditions for the nonemptyness of U∗:
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Lemma 4.1 Given a linear switched system S, the set U∗ is nonempty if

∀ (q, p) ∈ Q̂, ∃k ∈ N, k < 2n : C(q)A(q)kB(q) �= C(p)A(p)kB(p).
(4.53)

The proof of the above result requires some technicalities and is, therefore, not
given here. We now have all the ingredients for characterizing the location observ-
ability of switched systems.

Theorem 4.1 A linear switched system S is location observable if and
only if condition (4.53) holds.

Proof (Necessity) Suppose by contradiction that ∃ (q, p) ∈ Q̂ such that con-
dition (4.53) is not satisfied and consider any u ∈ U and any executions χ1 =
((q, 0), τ,u, ξ1, y1) and χ2 = ((p, 0), τ,u, ξ2, y2) with τ = {I0} and I0 = [0,∞).
It is readily seen that y1 = y2 and, therefore, the discrete state cannot be recon-
structed.

(Sufficiency) By Lemma 4.1, condition (4.53) implies that U∗ �= ∅; choose any
u ∈ U∗ and consider any execution χ = (ξ0, τ,u,x,y). Consider any j < L and let
ξ(t) = (q,x(t)), t ∈ [tj , tj+1). Given any p ∈ Q, denote by y(q, p)(t, tj , z, u|[tj ,t))
the output evolution at time t of system S(q, p) with initial state z ∈ R

2n at ini-
tial time tj and control law u|[tj ,t). Since u ∈ U∗ then for any ε > 0, for
any q �= p and for any w ∈ R

n there exists a time t ∈ (tj , tj + ε) such that
y(q, p)(t, tj , (x(tj) w )′,u) �= 0. This implies that y(t) �= y′(t), where y′(t) is
the output associated with the execution (ξ′0, τ,u, ξ′,y′) with ξ′(t) = (p,x′(t)), t ∈
[tj , tj+1). Hence, the discrete state can be reconstructed for any t ∈ (tj , tj+1), and
the statement follows. �

It is seen from the above result that if a linear switching system S is location
observable then it is location observable for any input function u ∈ U∗. If the set
of control inputs is the set C∞(Rm) of smooth functions u : R → Rm (instead
of the set U of piecewise continuous functions), then U∗ contains all and nothing
but the control inputs which ensure location observability. Definition 4.1 implies the
following corollary:

Corollary 4.1 A linear switched system is observable if and only if it is lo-
cation observable and S(q) is observable for any q ∈ Q.

The intuitive algorithm for the reconstruction of the (current) hybrid state of an
observable linear switched system S, processes the output y ∈ Y and the input
u ∈ U∗. It first reconstructs the current discrete state, by looking for the unique
q ∈ Q such that

Y (n)(t) ∈ �(O(q)) + F(q)u(t), (4.54)

where Y (n)(t) = (y(t)′ ẏ(t)′ · · · y(n−1)(t)′ )′, O(q) is the observability matrix
associated with S(q) and
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F(q) =

⎛⎜⎜⎝
C(q) O · · · O

C(q)A(q) C(q)B(q) · · · O
· · · · · · · · · O

C(q)A(q)n C(q)A(q)n−1B(q) · · · C(q)B(q)

⎞⎟⎟⎠ .

Then, on the basis of the knowledge of q, it reconstructs the current continuous state
x(t), by computing:

{x(t)} = O(q)−1
(
Y (n)(t)−F(q)u(t)

)
. (4.55)

Note that if the switched system S is location observable and u ∈ U∗, Theorem 4.1
guarantees that discrete state q is unique. Moreover if the switched system S(q) is
observable then the state x(t) is unique.

The combination of (4.54) and (4.55) is a hybrid observer. However, such an
observer requires an infinite precision in the computation of the vector Y (n)(t). Fur-
ther work will identify appropriate conditions on linear switching systems, for the
existence and design of hybrid observers.

4.4 Stability analysis

4.4.1 Stability problems

This section presents stability criteria for switched systems. As Example 2.3 has
shown, the stability of the system in every operation mode q is neither necessary nor
sufficient for the stability of the switched system. Hence, new stability criteria have
to be derived for hybrid systems.

The section focuses on continuous-time switched linear systems

ẋ(t) = Aq(t)x(t), x(0) = x0, (4.56)

for which the most important stability notions are available. The particularities of
the discrete-time case will be summarized in Section 4.4.8. Time domain restric-
tions, such as dwell time conditions, will be addressed in Section 4.5 dedicated to
stabilization and control.

There are two important stability analysis problems, which refer to the two situ-
ations introduced in Section 4.1 (Fig. 4.6):

• Stability of controlled switched system: Under what condition is the switched sys-
tem stable for arbitrary switching, i.e. for all switching functions q : R+ → Q?

• Stability of autonomous switched system: Under what condition is a switched
system stable for a given switching rule?

This section focuses on the first problem, which is relevant for all systems that un-
derlie an unknown discrete input changing the operation mode of the system in an
arbitrary way. The following systems belong to this class:
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A2

A1

AQ

∫

..
.

x(t)

q(t)

x(0)

Fig. 4.6 Stability of piecewise affine systems.

• Multi-controller schemes: If several controllers are designed and implemented
for the same plant and one of them is selected at any time with respect to the
current disturbance or operating conditions, then the overall system is a switched
system with arbitrary switching function. The stability of the overall system has
to be ensured for all switching functions.

• Networked control systems: If open communication networks are used for the
information links between the controller and the plant, package drop-out may
occur at arbitrary time instants. Then the system virtually acts with non-uniform
sampling intervals, which in turn leads to different discrete-time models. The
stability of the system has to be ensured for arbitrary switching.

The stability problem for autonomous switched systems is investigated in Section 4.5,
which deals with the problem to restrict the switching function such that the overall
system is stable.

4.4.2 Stability notions

First, some fundamental concepts from stability theory are recalled. Intuitively, sta-
bility is a system property that corresponds to returning to its equilibrium position
when it is punctually disturbed. Let’s recall the classical stability definition for a
nonlinear time-invariant autonomous system

ẋ(t) = f(x(t)), (4.57)

with f : Rn → R
n a locally Lipschitz function.

Definition 4.3 (Stability) The equilibrium point of the system (4.57) is
• stable if ∀ ε > 0 ∃δ = δ(ε) > 0 such that

‖x(0)− x∗‖ < δ ⇒ ‖x(t)− x∗‖ < ε, ∀t ≥ 0;
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• asymptotically stable if x∗ is stable and δ may be taken such that

‖x(0)− x∗‖ < δ ⇒ lim
t→∞x(t) = x∗;

• exponentially stable if there exist three positive real scalars c, K , and λ
such that

‖x(t)− x∗‖ ≤ K ‖x(0)− x∗‖ e−λt, ∀ ‖x(0)− x∗‖ < c;

• globally asymptotically stable if x∗ is stable and ∀ x(0) ∈ Rn

lim
t→∞x(t) = x∗.

Very often, for simplicity reasons, the term stable system is used to describe a system
that has a stable equilibrium point.

The concept of stability leads to the Lyapunov stability theory, which establishes
the fact that a system whose trajectories are attracted toward an asymptotically stable
equilibrium point is progressively loosing its energy, in a monotone fashion. Lya-
punov generalized the energy notion by using a function V (x) which depends on the
system state. This function is usually a norm.

Theorem 4.2 Considering the nonlinear system (4.57) with an isolated
equilibrium point (x∗ = 0 ∈ Ω ⊂ R

n). If there exist a locally Lipschitz
function V : Rn → R that has continuous partial derivatives and two K
functions1 α and β such that

α (‖x‖) ≤ V (x) ≤ β (‖x‖) , ∀ x ∈ Ω ⊂ R
n,

the origin x = 0 of system (4.57) is
• stable if

dV (x)
dt

≤ 0, ∀x ∈ Ω, x �= 0;

• asymptotically stable if there exists a K function ϕ such that

dV (x)
dt

≤ −ϕ (‖x‖) , ∀x ∈ Ω, x �= 0;

• exponentially stable if there exist four positive constant scalars ᾱ, β̄, γ, p
such that

α (‖x‖) = ᾱ ‖x‖p
, β (‖x‖) = β̄ ‖x‖p

, ϕ (‖x‖) = γ ‖x‖ .

These local properties are globally valid ifK∞ functions are used in Theorem 4.2
instead of K functions. A function V (x) that verifies the properties given in the in
Theorem 4.2 is called a Lyapunov function for the system.
1 A function ϕ : [0, a) → [0,∞) is a K function, if it is strictly decreasing and ϕ(0) = 0. It

is a K∞ function if a = ∞ and limt→∞ ϕ(t) = ∞.

co
nt

ro
len

gin
ee

rs
.ir



4 Switched and piecewise affine systems 115

Extensions of this theorem for the case of non-autonomous systems (a smooth
nonlinear system with explicit dependence upon time) is given in [359]. The main
new notion is uniformity, i.e. the stability properties are re-defined in order to guar-
antee that these properties are not dependent on the initial time t0. In the case of
switched linear systems, which is the main subject of this section, we are mainly
concerned with the following definition:

Definition 4.4 (Stability of switched systems) The switched system

ẋ = fq(t)(x(t)), x(0) = x0 (4.58)

is called locally uniformly exponentially stable if there exist positive con-
stants M , c, and μ such that for any switching signal q the solution of
(4.58) with ‖x(0)‖ ≤M satisfies

‖x(t)‖ ≤ ce−μt‖x(0)‖, ∀t ≥ 0.

The term “uniform” is used here to describe uniformity with respect to switching
signals. If there exist positive constants c and μ such that the definition holds for any
switching signal q and any initial condition x(0), then the switched system is called
globally uniformly exponentially stable. Similarly, one can also define the property
of uniform asymptotic stability as local or global. For switched linear systems, uni-
form exponential stability is equivalent to the weaker property of asymptotic stability
for any switching signal [461]. From now on, for simplicity reasons, we will use the
term “stable” if we design globally uniformly exponentially stable switched systems.

4.4.3 Stability of differential inclusions

The stability of switched systems under arbitrary switching signals is closely related
to a well-known stability problem discussed in the literature for ordinary differential
equation with discontinuous right side member, and more precisely for the case of
differential inclusions.

Consider the linear differential inclusion described by

ẋ ∈ F(x) = {y : y = Ax,A ∈ A} , (4.59)

where A is a compact set. A switched linear system under the form

ẋ(t) = Aq(t)x(t),

with Aq(t) ∈ {A1,A2, . . . ,AN} , ∀ q(t) ∈ Q, can be considered as a differential
inclusion (4.59) with A = {A1,A2, . . . ,AN} .

Stability analysis of the linear differential inclusion (4.59) is connected to the
analysis of its convex hull coA of the set A.
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Theorem 4.3 [461] The inclusion (4.59) is stable if and only if the convex
differential inclusion

ẋ ∈ {y : y = Ax,A ∈ coA} (4.60)

is stable.

When the set A is a convex polyhedron, an algebraic criteria can be deduced:

Theorem 4.4 For the stability of the origin x = 0 of the convex linear
differential inclusion

ẋ ∈ F(x) = {y : y = Ax,A ∈ co {A1, . . . ,AM}} (4.61)

it is necessary and sufficient that there exists a number m > n, a rank n
matrix L and M row diagonal negatives matrices (m×m)

Γs =
(
γ

(s)
ij

)m

i,j=1
, ∀ s = 1, . . .M,

with

γ
(s)
ii +

∑
i�=j

∣∣∣γ(s)
ij

∣∣∣ < 0, ∀ i = 1, . . . ,m, s = 1, . . . ,M,

such that the relation

AT
s L = L ΓT

s , ∀ s = 1, . . . ,M

is verified.

This stability condition is closely related with the auxiliary stable differential
inclusion

ż ∈ G(z) = {y : y = Λz, Λ ∈ co {Λ1, . . . , ΛN}} (4.62)

in the augmented space Rm whose solutions contain the trajectories of the original
inclusion. The L matrix, with z = LTx, represents the associated transformation
matrix. The proof is based on the existence of a quasi-quadratic Lyapunov function
V (x) = xTP (x)x.

4.4.4 Stability analysis of switched linear systems by means
of a common Lyapunov function

The two theorems given in the last paragraph can be directly applied to switched
linear systems. The main idea is the construction of a common Lyapunov function
for all subsystems.
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Consider the system

ẋ(t) = Aq(t)x(t), q(t) ∈ Q = {1, 2, ..., Q}, (4.63)

which is subject to an arbitrary switching function q(t). For all operation modes q,
the system has the equilibrium x = 0. The asymptotic stability of this equilibrium
can be proved by constructing a Lyapunov function V (x) that possesses the property

dV (x)
dt

< 0

along the trajectory x(.) of the system (4.63) as long as x �= 0 holds.

Fig. 4.7 Common Lyapunov function of a switching linear system.

The main idea of using a common Lyapunov function is illustrated in Fig. 4.7.
The ellipsoidal lines show the states x with V (x) = const. Along the state tra-
jectory x(.) shown the value of V (.) decreases and, hence, the state asympotically
approaches the equilibrium x = 0 in the center of the figure. To construct a common
Lyapunov function a function V (.) has to be found such that V (.) decreases along
all state trajectories that can be obtained by starting in any initial state x0 ∈ Rn and
by considering all possible swiching functions q(t).

If a quadratic Lyapunov function V (x) = xTPx is used, a sufficient stability
condition can be expressed as a linear matrix inequality (LMI).

Theorem 4.5 Consider the system (4.61). If there exists a matrix P , P =
P T > 0 as a solution of the LMIs

AT
i P + P Ai < 0, ∀ i = 1, . . . , Q, (4.64)

then the quadratic function V (x) = xTP x is a Lyapunov function for
the system (4.61), and the origin x = 0 is stable.

When a common quadratic Lyapunov function exists, we may say that the system
is quadratically stable and the term quadratic stability is used. This implies that there
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exists a scalar ε such that
dV (x)

dt
< −ε ‖x‖ .

4.4.5 Lie-algebraic stability criteria

This paragraph extends the idea of using a common Lyapunov function and pro-
vides further stability criteria for switched linear systems (4.63). The system dy-
namics is described by the matrix set A = {A1,A2, . . . ,AN}. The Lie algebra
g = Lie{Ai : i ∈ Q} corresponds to the set of matrices Ai, ∀ i ∈ Q and all the
iterative commutators obtained using the Lie operator,

[Ai,Aj ] = AiAj −AjAi, ∀ i, j ∈ Q.

Several algebraic stability criteria in relation with this Lie algebra have been pre-
sented in the literature.

If all the state matrices Ai, ∀ i ∈ Q are pairwise commutative, i.e. if the Lie
operator [Ai,Aj ] is zero for all the pairs Ai,Aj , i, j ∈ Q, the switched system
(4.63) is asymptotically stable [4, 483]. Moreover, if the Lie algebra g is nilpotent,
then the system is asymptotically stable. In addition, it can be shown that if the
Ai, ∀ i ∈ Q matrices simultaneously accept an upper / lower triangulation, then
there exists a common quadratic Lyapunov function.

Theorem 4.6 [473] Consider the switched linear system (4.63). If all the
Ai, i ∈ Q matrices are Hurwitz stable and if there exists an invertible
matrix T ∈ Rn×n such that all the matrices

Λi = T−1AiT , ∀ i ∈ Q

are upper (or lower) triangular, then there exists a common quadratic Lya-
punov function

V (x) = xTPx

for the family of systems {ẋ = Aix, ∀ i ∈ Q} and the switched system
(4.63) is stable.

The previous results can be generalized for complex transformation matrices T ∈
Cn×n and a sufficient condition for a simultaneous upper triangulation of a matrix
set in terms of solvable Lie algebra can be obtained. If

g = Lie{Ai : ∀ i ∈ Q}

is a solvable Lie algebra, then the system family

{ẋ = Aix, ∀ i ∈ Q}

simultaneously accepts an upper/lower triangulation and the switched linear
system (4.63) is stable.
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When all the matrices of the set {Ai, ∀i ∈ Q} are pairwise commutative, or
they generate a nilpotent Lie algebra g, they also generate a solvable Lie algebra.
However, this represents only a sufficient condition for simultaneous triangulation.
The approach is important from a theoretical point of view since it establishes the
connection between the Lie algebra based stability conditions and the simultaneous
triangulation criteria [401, 405, 473]. However, all of these criteria represent suffi-
cient conditions for the existence of a common Lyapunov function, which implies
some conservatism.

4.4.6 Necessary and sufficient stability criteria

In order to reduce the conservatism of the previous results, necessary and sufficient
conditions for the existence of a common quadratic Lyapunov function can be ob-
tained for a pair of second-order systems. Consider the convex envelope described
by the matrices A1,A2 ∈ R

n×n:

co {A1,A2} � {λA1 + (1− λ)A2 : λ ∈ [0, 1]} .

The set of systems

{ẋ = A1x, ẋ = A2x} , A1,A2 ∈ R
2×2

has a common quadratic Lyapunov function if and only if all the matrices of the two
convex envelopes co {A1,A2} and co

{
A1,A

−1
2

}
are Hurwitz stables.

The extension to the general case is very difficult. One can show that for sym-
metric matrices

Ai = AT
i , ∀ i ∈ Q

and normal systems
Ai.A

T
i = AT

i .Ai, ∀ i ∈ Q,

a necessary and sufficient condition for both the existence of a common quadratic
Lyapunov function and the stability is that all the subsystems are Hurwitz stable.
More details on these particular cases can be found in [360, 585, 679].

4.4.7 Multiple Lyapunov functions

The existence of a common quadratic Lyapunov function is only a sufficient stability
condition, not a necessary one. We can show analytically that there exist switched
linear systems that are asymptotically stable for which no common quadratic Lya-
punov function exists [205]. This means that looking for such a function may be too
conservative. This motivates the search for other types of Lyapunov functions.

In the literature, we can find several types of Lyapunov functions that may be
classified, in a generic framework, under the name of multiple Lyapunov functions.
The multiple Lyapunov functions describe a family of functions of the form

V (x) = xTP (q,x)x,
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where the Lyapunov matrix may depend on the state vector and/or the switching law.
The concatenation of these functions forms one common, non-quadratic, Lyapunov
function.

Piecewise linear Lyapunov functions In the context of switched systems, one can
notice that it is necessary and sufficient to have a quasi-quadratic Lyapunov function
V (x) = xTP (x)x, whose Lyapunov matrix is varying according to the system
state. Based on these ideas, the concept of piecewise linear Lyapunov functions has
been derived. This concept denotes a set of functions which when placed side by side
results in an overall non-quadratic common Lyapunov function.

The first approach for deriving such function was to approximate the level func-
tions of the quasi-quadratic Lyapunov function V (x) = xTP (x)x by a piecewise
linear Lyapunov function:

Vm(x) = max
1≤i≤m

|〈li,x〉| . (4.65)

The operator 〈, 〉 denotes the classical scalar product and the elements li ∈ R
n,

i = 1, . . . ,m, represent constant vectors called generator vectors. For a sufficiently
large numberm of generator vectors, it is possible to show that the existence of such a
function is necessary and sufficient for the stability. Few methods exist for verifying
the existence of such functions. The difficulty lies in the a priori specification of
generator vectors li. The existence of such a piecewise linear Lyapunov function
may be verified by analyzing the spectrum of all the matrices in the convex hull
generated by Ai, ∀i ∈ Q [461, 491, 670].

Multiple Lyapunov-like functions Another approach is based on the concept of
Lyapunov-like functions. These are families of piecewise continuous and piecewise
differentiable functions that concatenated together produce a single non-traditional
Lyapunov function. The discontinuous structure of switched systems suggest the
use of discontinuous Lyapunov functions. A family of Lyapunov-like functions{
Vi(x) = xTP ix, i ∈ Q

}
such that each vector field Aix, i ∈ Q has its own

Lyapunov function is used (Fig. 4.8). The particularity of Lyapunov-like functions is
that the decay of the function is required only when the system is active. A multiple
Lyapunov-like function satisfies the following conditions:

• Vi(x) = xTP ix is positive definite ∀ x �= 0 and Vi(0) = 0;
• the derivative of each Vi(x) = xTP ix function satisfies the relation

V̇i(x) =
∂Vi

∂x
Aix(t) ≤ 0 ∀ i ∈ Q (4.66)

when the i-th subsystem is active.
The stability results developed in this context are based on the decay of the

Lyapunov function at any successive instants for which a subsystem is switched-in.
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Fig. 4.8 Multiple Lyapunov functions.

Theorem 4.7 [511] Consider a family of Lyapunov-like functions Vq ,
each associated with a vector field Aqx. For i < j, let ti < tj be the
switching times for which q(ti) = q(tj). If there exists a γ > 0 such that

Vq(tj)(x(tj+1)) − Vq(ti)(x(ti+1)) ≤ −γ ‖x(ti+1)‖2 ,

then the switched system is stable

A more general result, assuming a so-called weak Lyapunov function, can be
obtained [676]. In this case the condition (4.66) is replaced by

Vi(x(t)) ≤ α (Vi(x(tj))) , ∀t ∈ [tj , tj+1] ,

where [tj , tj+1] is the time interval for which a subsystem i is active, tj , is any
switching instant for which the system i is activated and α : R+ ∪ {0} → R+ ∪ {0}
is a continuous function that satisfies α(0) = 0. This allows defining Lyapunov
functions that may occasionally increase, but their growth is bounded.

The results are difficult to apply to the case of arbitrary switching sequences, be-
cause the theorem requires the system trajectory to be known at least at the switching
instants. Another problem is that no analytical or numerical method for the construc-
tion of such a Lyapunov-like function is given. These problems can be solved for
particular cases, for example if the switching sequence is a priori known or when the
switching law depends on a partition of the state space as it is the case for piecewise
affine systems. For an extension to nonlinear systems [113, 206].

4.4.8 Stability of discrete-time systems

In the discrete-time case, the continuous time approach for stability analysis of
switched linear systems can be extended but some particularities should be men-
tioned. The most important particularity is related to necessary and sufficient
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conditions for stability analysis or for the existence of multiple Lyapunov functions.
While in the continuous time setting only specific cases lead to necessary and suffi-
cient conditions, as those presented in Section 4.4.6, some general problems admit a
more interesting solution in the discrete-time case.

Necessary and sufficient conditions for stability analysis In discrete time, the
concept of the joint spectral radius gives a necessary and sufficient condition for the
stability of switched linear systems. The joint spectral radius refers to the maximal
growing rate which may be obtained using long products of matrices from a given
set and is discussed in Section 4.6. When the admissible switching sequences are
known, a necessary and sufficient condition can be obtained using quadratic Lya-
punov functions.

Theorem 4.8 [393] The discrete-time switched linear system is uniformly
exponentially stable if and only if there exist an indexed family of symmetric
positive definite matrices Xj ∈ Rn×n and m > 0 such that

AT
im

X(i0,...,iM )Aim < X(i0,...,iM−1), ∀(i0, . . . , iM) ∈ N (m),

where N (m) is the set of admissible switching sequences of length m.

Necessary and sufficient conditions for the existence of multiple Lyapunov
functions In contrast to the continuous-time case, it can be shown in discrete-time
that there is equivalence between different kind of quadratic Lyapunov functions.

Definition 4.5 (Parameter-dependent quadratic stability) We say that a
switched linear discrete-time system is parameter-dependent quadratically
stable (PD-quadratically stable) if there exist three positive constants α0,
α1, α2 and a Lyapunov function

V (x, q) = xTP (q)x, (4.67)

such that
α1‖x‖2 ≤ V (x, q) ≤ α2‖x‖2,

and whose difference along the system’s solutions is negative definite de-
creasing, that is, for every x(0) ∈ Rn, every {q(k)}k∈N ⊂ Q, and every
k ∈ N , we have

V (x(k + 1), q(k + 1))− V (x(k), q(k)) ≤ −α0‖x(k)‖2.

Definition 4.6 (Parameter and time-dependent quadratic stability) We
say that a switched linear discrete-time system is parameter- and time-
dependent quadratically stable (PTD-quadratically stable) if there exist
three positive constants α0, α1, α2 and a Lyapunov function

V (k,x, q) = xTP (k, q)x, (4.68)

such that
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α1‖x‖2 ≤ V (k,x, q) ≤ α2‖x‖2, (4.69)

and for every x(0) ∈ Rn, every {q(k)}k∈N ⊂ Q, and every k ∈ N , we
have

V (k + 1,x(k + 1), q(k + 1))− V (k,x(k), q(k)) ≤ −α0‖x(k)‖2.

Definition 4.7 (Quadratic stability) We say that a switched linear discrete-
time system is poly-quadratically stable if a Lyapunov function V can be
found with P (·) linear with respect to q.

Theorem 4.9 [442] A switched linear discrete-time system is PTD-
quadratically stable if and only if it is PD-quadratically stable if and
only if it is poly-quadratically stable.

The previous theorem deserves some comments. The most classical and viable
way of studying the uniform stability is to check for the existence of a quadratic
Lyapunov function. It is known from the literature that letting the Lyapunov function
depend on the time-varying dynamics improves the chance that a quadratic Lyapunov
function exists. Theorem 4.9 proves that the dependence on the dynamics can be
actually assumed to be linear, with no prejudice on the effectiveness of the method.
Moreover, no gain in the sensibility is obtained if we allow the Lyapunov function to
depend on the time as well. However, Lyapunov quadratic stability still is a strictly
stronger notion than uniform asymptotic stability.

Tractable necessary and sufficient conditions of the existence of a multiple
quadratic Lyapunov function can be obtained in discrete-time framework. These con-
ditions ensure that the switched linear discrete-time system is PD-quadratically sta-
bleand are expressed in terms of linear matrix inequalities [193].

Theorem 4.10 The following statements are equivalent:
1. There exists a poly-quadratic Lyapunov function

V (k,x(k), q(k)) = xT(k)P q(k)x(k),

strictly decreasing along the system trajectories ∀ q ∈ Q.
2. There exist N symmetric matrices P i = P T

i > 0, ∀ i ∈ Q, satisfying
the LMIs: (

P i AT
i P j

P jAi P j

)
> 0, ∀(i, j) ∈ Q×Q. (4.70)

3. There exist N symmetric matrices Si = ST
i > 0, and N matrices Gi

∀ i ∈ Q, satisfying the LMIs:(
Gi + GT

i − Si GT
i AT

i

AiGi Sj

)
> 0, ∀(i, j) ∈ Q ×Q. (4.71)
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4.5 Stabilization and control

4.5.1 Stabilization problems

Three stabilization problems are discussed in this section:

Problem A: Design of a stabilizing switching law by state space restrictions,
when the switching law is a control signal.

Problem B: Design of a stabilizing switching law by time domain restrictions,
when it is possible to control only the dwell time of each mode, and the switch-
ing law is arbitrary.

Problem C: Design of a control law for arbitrary switching signals.

The search for a stabilizing switching law (Problems A and B) is motivated by the
following question: what restrictions should we consider for the switching law in
order to guarantee the stability of the switched system? The problem of stabilization
of switched systems with arbitrary switchings signals is closely related to robust
stabilization problems.

4.5.2 State-space restrictions

The design of a stabilizing switching law may be obtained by dividing the state space
into several regions such that the obtained piecewise linear system is stable. The
problem is trivial when at least one of the Ai matrices is Hurwitz stable: the stable
system is always activated. A more delicate stabilization problem occurs when all
the Ai, i ∈ Γ matrices are unstables. A necessary condition for the stabilization by
switching law has been proposed in [612]:

Theorem 4.11 If there exists a stabilizing switching sequence, then there
exists a subsystem ẋ(t) = Aix(t), i ∈ Q such that at least one of the
eigenvalues of Ai + AT

i is negative.

Also, the results of [660] are based on the fact that the trajectory of any convex
combination {A1x,A2x} can be approximated by fast switchings among the two
subsystems. The first result is given as follows:

Theorem 4.12 [230] Consider a pair of unstable systems with the as-
sociated matrices {A1,A2} (M = 2). If there exists a stable convex
combination, i.e. if there exists a scalar α ∈ (0, 1) such that the matrix
Aeq = αA1 + (1 − α)A2 has all of its eigenvalues in the left side of
the complex plane, there exists a switching sequence such that the system
ẋ(t) = Aq(t)x(t), q(t) ∈ {1, 2} is stable.

There are classes of systems for which no stable convex combination exists, yet a
stabilizing switching law may be obtained. Necessary and sufficient conditions exist
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for the particular case of second order systems where the existence of a stabilizing
switching law may be verified by analyzing the vectors fields [673]. Moreover, the
results presented here are based on the existence of a stable convex combination
Aeq. However, in general, finding a stable convex combination is a NP-hard problem
[87, 591]. In some particular cases, the construction of the matrix Aeq is possible as
shown in the following example.

Example 4.2 Stabilization by switching

We consider the continuous-time switched system

dx

dt
= Aqx(t), q ∈ {1, 2} ,

where

A1 =

(
0.1 0.3
0.6 −0.2

)
, A2 =

(
−0.13 −0.16
−0.33 0.03

)
.

For this both A1 and A2 have positive eigenvalues, that is each subsystem is unstable. The
phase portraits of each subsystem are given in Fig. 4.9.

-6 -4 -2
-6

-4

-2

(a)

-2-4-6

-4

-6

-2

(b)

Fig. 4.9 Phase portraits for each subsystem and examples of evolution from
arbitrary initial positions. (a) q = 1, (b) q = 2.

We can remark that both AT
1 +A1 and AT

2 +A2 have a negative eigenvalue, therefore
the necessary stabilizability condition is verified.

In order to find a stabilizing switching sequence we look for a stable convex combina-
tion Aeq(α) = αA1 + (1− α)A2, α ∈ (0, 1). The Aeq(α) matrix can be found by using
a tight griding of the domain of variation of α and by verifying the eigenvalues of Aeq(α)
for all the values of the grid. Using a discretization step of 0.01 we can notice that Aeq(α)
is stable for α ∈ [0.29, 0.42]. For α = 0.35 we obtain

Aeq =

(
−0.052 −0.003
−0.006 −0.05

)
.

for which the positive definite matrix
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P =

(
2.3706 0.0079
0.0079 2.3652

)
verifies the linear matrix inequality

AT
eqP + P Aeq < 0.

This condition can be expressed as :

α(AT
1 P + P A1) + (1 − α)(AT

2 P + P A2) < 0,

which is the same as

α · xT(AT
1 P + P A1)x + (1 − α) · xT(AT

2 P + P A2)x < 0,

∀ x ∈ R
n\ {0} . The terms xT(AT

1 P + P A1)x and xT(AT
2 P + P A2)x are weighted

by positive coefficients (α ∈ (0, 1)). This means that, for any value of the state vector, at
least one of the terms should be negative, i.e. xT(AT

1 P + P A1)x < 0 or xT(AT
2 P +

P A2)x < 0. This implies that the state space is covered by the conic regions:

Xi =
{

x ∈ R
n : xT(AT

i P + P Ai)x < 0
}

, i = 1, 2.

Namely,

X1 =

{
x ∈ R

n : xT

(
0.48 2.13
2.13 −0.94

)
x < 0

}
and

X2 =

{
x ∈ R

n : xT

(
−0.64 −1.18
−1.18 0.15

)
x < 0

}
,

such that V (x) := xTP x is strictly decreasing in the region X1 for any solution of ẋ =
A1x and in the region X2 for the solutions of ẋ = A2x. Then the system is stabilized
using the switching law

q(t) = arg min
i∈{1,2}

(
AT

i P + P Ai

)
.

(See Fig. 4.10) �

4.5.3 Time domain restrictions

The concept of dwell time is of first importance for the switched system stabilization.
The dwell time represents the time interval between two instances of switch.

The basic idea is very simple. Consider that all the subsystems ẋ = Aqx, with
q ∈ Q, are asymptotically stable. It is natural to think that the switched system is
exponentially stable provided that the dwell time is sufficiently large to allow each
subsystem to reach the steady state. The problem is to compute the minimum time
τD between two successive switch instants that ensures the stability of the switched
system [475, 683]. Let Φq(t, τ) denote the fundamental matrix of the q-th subsystem
ẋ = Aqx, q ∈ Q. Since all the subsystems are asymptotically stable, one can find
two scalars μ > 0 and λ0 > 0 such that

‖Φq(t, τ)‖ ≤ μe−λ0(t−τ), t ≥ τ ≥ 0, ∀q ∈ Q.
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(a) (b)

Fig. 4.10 (a) Phase portraits for the obtained piecewise linear system and an
example of evolution from an arbitrary initial position. The points in the state
space where q = 1, 2 are marked by a dot and a circle, respectively. (b) Zoom
on the sliding mode from (a).

The scalar λ0 may be interpreted as a common decay rate for the family of sub-
systems. Actually the scalars μ and λ0 may be computed, μ � maxq∈Q μq and
λ0 � maxq∈Q λq , where μq and λq are the constants that define the convergence of
each subsystem ẋ = Aqx, ∀ q ∈ Q. Consider t1, t2, . . . , tk, the switching instants
in the time interval (τ, t), such that ti− ti−1 ≥ τD . Then the value of the state vector
at a given instant of time t is given by

x(t) = Φq(tk)(t, tk)Φq(tk−1)(tk, tk−1) · · ·Φq(t1)(t2, t1)Φq(t1)(t1, τ)x(τ).

The transition matrices between two successive switching times satisfy the relation:∥∥Φq(tl−1)(tl, tl−1)
∥∥ ≤ μe−λ0(tl−tl−1) ≤ μe−λ0τD , ∀ l ∈ {2, 3, . . . , k} .

Then the system is asymptotically stable if μe−λ0τD ≤ 1. This condition may be
satisfied for

τD ≥ logμ
λ0 − λ

(4.72)

∀ λ ∈ (0, λ0).

Theorem 4.13 [475, 683] Consider the switched linear system

ẋ = Aqx, q ∈ S(Q, τD),

where all the subsystems ẋ = Aix, ∀i ∈ Q are asymptotically stable
with the stability margin λ0. Here S(Q, τD) denotes the set of switching
sequences for which the dwell time is greater then τD. For any scalar λ ∈
(0, λ0), the system is stable with the stability margin λ if the minimum dwell
time τD satisfies the condition (4.72).

co
nt

ro
len

gin
ee

rs
.ir



128 J. Daafouz, M. D. Di Benedetto, V. D. Blondel, et al.

A more general result is given in [318] with the concept of average dwell time,
τmoy. The idea is that the system is asymptotically stable if in average the switching
intervals are less than τmoy. This allow the system, occasionally, to switch “faster”
than the rate corresponding to the average dwell time τmoy.

4.5.4 Control design for arbitrary switching

When the switching signal is arbitrary, the switched system stabilization problem
is closely related to the stabilization of uncertain systems if the switching signal
is unknown. When the switching signal is arbitrary but available in real time, the
problem is related to the well-known gain scheduling problem studied in the context
of a linear system with time-varying parameters (LPV).

Consider the following polytopic system :

ẋ(t) = A(λ(t))x(t) + B(λ(t))u(t), (4.73)

where

A(λ(t)) =
N∑

i=1

λi(t)Ai, B(λ(t)) =
N∑

i=1

λi(t)Bi

and

λ(t) ∈ Λ =

{
λ = [λ1 . . . λN ] ∈ R

N : λi ≥ 0,
N∑

i=1

λi = 1

}
.

The switched linear system

ẋ(t) = Aq(t)x(t) + Bq(t)u(t), q(t) ∈ Q (4.74)

can be expressed as a particular case of a polytopic system with λi parameters
restricted to two discrete values λi ∈ {0, 1}, such that λi = 1 when q(t) = i. There
exist a large variety of approaches for the polytopic system stabilization. For exam-
ple, when the switching law is not known, a design method for a LMI static state
feedback has been proposed in [109]. The result is based on the existence of a com-
mon quadratic Lyapunov function for the closed-loop system. It requires the exis-
tence of a symmetric positive definite matrix S and of a matrix Y that verify the LMI

SAT
i + AiS + BiY + Y TBi < 0, ∀ i ∈ Q.

In this case, the common quadratic Lyapunov is given with the Lyapunov matrix
P = S−1. The state feedback is described by

u(t) = Kx(t),

with K = Y S−1.
If the switching signal is available in real time then we can look for a switched

state feedback:
u(t) = Kq(t)x(t). (4.75)
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The solution depends on the existence of several matrices Y i and the previous LMI
is replaced by

SAT
i + AiS + BiY i + Y T

i Bi < 0, ∀ i ∈ Q. (4.76)

The state feedback is given by the equation (4.75) with Ki = Y iS
−1, ∀ i ∈ Q.

More efficient stabilization criteria can be derived when a priori knowledge
about the switching function is used. A notable result in this context is the work
of Johansson [342] for switched systems with state space dependent switching laws.
The author uses multiple Lyapunov-like functions in order to obtain a switched state
feedback for piecewise linear systems. The controller is derived via optimal control
methods.

4.5.5 Stabilization of discrete-time switched linear systems

As mentioned for stability analysis, many approaches followed for stabilization in
continuous time can be extended in the discrete-time case. The one related to the
dwell time notion is particularly interesting since it leads in the case of discrete-time
switched linear systems to an interesting result.

Theorem 4.14 [262] Consider the system x(k+1) = Aq(k)x(k), q(k) ∈
Q. For a given τD ≥ 1 if there exists a set of positive definite matrices
{P 1, . . .P Q} such that

AT
q P qAq − P q < 0, ∀ q ∈ Q

and
AT

q

τD
P q′AτD

q − P q < 0, ∀ q, q′ ∈ Q, q �= q′

then the system is stable for a dwell time greater than τD.

In this theorem, posing τD = 1, one recovers the LMI stability condition pro-
posed in [194]. Note that in the continuous-time framework, multiple Lyapunov
function cannot be used for arbitrary switching laws. The main difference with the
discrete-time case states in the fact that arbitrary switching means switching with
a minimum duel time τD = 1 and that’s why multiple Lyapunov functions can be
used in discrete time. In this case, the design of switched control laws reduces to
the design of feedback gains such that the closed-loop switched system is uniformly
exponentially stable.

Theorem 4.15 [194] The switched system

x(k + 1) = Aqx(k) + Bqu(k), ∀ q ∈ Q
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can be stabilized using the switched state feedback u = Kqx if there exist
positive definite matrices Si, Ri, and Gi, ∀ i ∈ Q, such that the LMIs⎛⎝ Gq + GT

q − Sq

(
AT

q Gq + BqRq

)T

AT
q Gq + BqRq Sq′

⎞⎠ > 0, ∀(q, q′) ∈ Q×Q

(4.77)
are satisfied ∀ q, q′ ∈ Q. The state feedback is given with Kq = RqG

−1
q

and the Lyapunov matrices are P q = S−1
q .

4.6 Complexity issues

This section gives a survey of computational complexity results for switched and
piecewise affine systems. There is a large literature on these topics and we will not
try to be exhaustive. In particular, we have chosen to concentrate our attention to
discrete-time systems (as opposed to continuous-time systems), and to analysis prob-
lems rather than design problems. System design is computationally more difficult
than system analysis and so the computational complexity results that we describe
for system analysis have natural counterparts for system design. For more extensive
lists of references and a more detailed survey (including continuous-time systems
and system design) we refer the reader to the survey papers [91] and [586].

4.6.1 Decidability and NP-hardness

Some of the problems that we describe are algorithmically undecidable (or, simply,
undecidable), others are NP-hard. In this subsection, we briefly describe the meaning
of these two terms. Interested readers are referred to [506] for more details.

A problem is algorithmically undecidable if there exists no algorithm that al-
ways halts with the correct answer for all instances of the problem. One may won-
der whether this definition depends on the choice of the computation model. Ac-
cording to the Church–Turing thesis, all reasonable models of digital computation
lead to the same class of algorithmically decidable problems. This thesis is sup-
ported by the fact that all reasonable models that have been proposed and stud-
ied lead indeed to the same class of decidable problems. Proving a problem to
be algorithmically undecidable is thus a strong result. It implies in particular that
the problem cannot be solved with, say, a MATLAB routine or a C++ program
that have access to unbounded memory and have finite but unlimited computation
time.

There are many decidable problems of practical interest for which no polynomial-
time algorithm is known, despite intensive research efforts. Many of these prob-
lems belong to a class known as NP (Nondeterministic Polynomial time), which
includes the class P of problems for which polynomial-time algorithms are possible.
A decision problem is said to belong to NP if every positive instance to the prob-
lem has a “certificate” of being a positive instance whose validity can be verified
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with a polynomial amount of computation. Some problems in NP turn out to be a
hardest problems within the class NP in the sense that every problem in NP can be
reduced to them in polynomial time. Such problems are said to be NP-complete.
If we had a polynomial-time algorithm for some NP-complete problem, then all
problems in NP could also be solved in polynomial time and it would then fol-
low that NP is the same as the class P. Whether this is the case or not is a major
open problem in theoretical computer science. It is widely believed that P �=NP and
if this is indeed true, then none of the NP-complete problems are polynomial-time
solvable.

By now, NP-completeness has been established for thousands of problems. If a
problem A is at least as hard as some NP-complete problem B we say that A is NP-
hard. NP-hardness of a problem therefore means that it is about as difficult as any
NP-complete problem, and this is often interpreted as an indication of inherent in-
tractability. Assuming that the conjecture P �=NP is true, an NP-hardness result elim-
inates the possibility of algorithms that run in polynomial time and that are correct
for all problem instances.

4.6.2 Switched systems and the joint spectral radius

A discrete-time switching linear system generates trajectories of points

x(k + 1) = A(k)x(k), x0 ∈ Rn, (4.78)

with the matrices A(k) taken in some uncertainty set A ⊂ Rn×n. These systems
can also be thought of as discrete-time linear inclusion

x(k + 1) ∈ A x(k), x0 ∈ R
n.

The worst-case growth rate of the trajectories over all possible switching sequences
can be characterized by a joint spectral radius.

The joint spectral radius of the set of matricesA is the smallest value ρ ≥ 0 such
that for every trajectory there is some constant C for which

‖x(k)‖ ≤ C ρk,

for all k. This optimal ρ provides valuable information about the stability of switch-
ing linear system.

The trajectories of the system all converge to the origin if and only if ρ < 1.

The joint spectral radius can thus be associated with the stability properties of
time-varying linear systems in the worst case over all possible time variations. The
joint spectral radius can also be defined as the measure of the maximal asymptotic
growth rate that can be obtained by forming long products of matrices. The stabil-
ity condition ρ < 1 is thus equivalent to the condition that all infinite products of
matrices taken in A converge to zero.
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The joint spectral radius can also be defined with matrix norms. Let ‖ · ‖ be a
matrix norm. The spectral radius of the matrix A is defined by

ρ(A) = lim
k→+∞

‖Ak‖1/k. (4.79)

The spectral radius of a matrix does not depend on the chosen matrix norm and it
is also equal to ρ(A) = max{|λ| : λ is an eigenvalue of A}. The definition (4.79)
easily extends to sets of matrices:

ρ(M) = lim sup
k→∞

max{‖A‖1/k : A is a product of length k of matrices in A}.
(4.80)

A definition analogous to the one given in (4.80) is possible by replacing the
norm appearing there by a spectral radius. The quantity defined in this way is
the generalized spectral radius introduced in [200]. In [77], the joint and gener-
alized spectral radii of finite (or bounded) sets of matrices are proved to be equal
(see also [653] for an elementary proof), which reinforces the status of the joint
spectral radius as a legitimate generalization of the spectral radius of a single
matrix.

Computation of the joint spectral radius Questions related to the computability
of the joint spectral radius and to the existence of efficient approximation algorithms
have been posed more than a decade ago [377, 634]. Despite the interest generated
by these questions, there are only few matrix sets for which exact computation al-
gorithms are available. The list includes the case where A contains only symmetric
matrices, only triangular matrices of identical orientation, two symmetric matrices
A = {A,AT} (in this case the joint spectral radius is given by the singular value of
A), or nonnegative matrices that have row or column uncertainties.

As it has clearly emerged over the last decade, the joint spectral radius of general
sets of matrices is quite difficult to compute and to approximate. In fact, even for the
case of two matrices of dimension 47×47 that have nonnegative rational entries, the
problem of checking the inequality ρ ≤ 1 is algorithmically undecidable [88, 90].

It is still unknown whether the problem ρ < 1 is algorithmically decidable.

Thus, the stability problem of switched systems is very complex and it is still not
known whether one can find an algorithm that checks whether all infinite products
of matrices taken from a given set converge to zero. On the other hand, the related
problem of determining whether the set of all matrix products is bounded is known
to be undecidable. From a practical viewpoint, this result means that the structure
of the matrices occurring in an application has to be utilized to find a stability test
that can be accomplished with finite effort. Another way of stability analysis is to
use approximations, which, however, yield either necessary or sufficient stability
conditions, as will be shown below.

The problem of finding an algorithm to decide ρ < 1 is related to the so-called
finiteness property for sets of matrices. A set of matrices is said to have the finiteness
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property if its joint spectral radius is given by an average spectral radius of some
finite product of matrices in the set. Stability is decidable for all sets of matrices
that satisfy the finiteness property and this property was conjectured to hold for all
sets of matrices in [377]. This conjecture has since then been proved to be false (see
[108] and [94]), but the counterexamples that have been provided so far are all non-
constructive. In particular, it is yet unknown if a counterexample is possible with
matrices that have only rational entries. In the recent contribution [351] it is shown
that the finiteness property holds for all sets of matrices with nonnegative entries if
and only if it holds for all sets of matrices with binary entries.

Approximations of the joint spectral raius In recent years most research efforts
have concentrated on finding reasonable approximations for the joint spectral radius
(see, e.g., [89, 509, 544]). In principle, the joint spectral radius can be approximated
to any desired accuracy by computing converging sequences bounds. The following
upper and lower bounds, proved in [377],

max
q∈{1,...,Q}k

ρ(Aq)1/k ≤ ρ(A1, . . . ,AQ) ≤ max
q∈{1,...,Q}k

‖Aq‖1/k (4.81)

can be evaluated for increasing values of k and lead to arbitrary accurate approxima-
tions of ρ (see, e.g., [199] or [282]).

However, approximations that are directly based on these inequalities are expen-
sive to compute. In [433], the exponential number of products that appear in the
direct and naive computation of the bounds in (4.81) is reduced by avoiding dupli-
cate computation of cyclic permutations. The total number of products to consider
remains exponential, however. Thus, approximations of arbitrary degree of accuracy
can be computed, but at a price that may be prohibitive.

There are in fact intrinsic limitations for the rate at which the joint spectral radius
can be approximated. Let us say that the value ξ approximates the value ρ with
relative accuracy μ ∈ [0, 1] (or 100 μ %), if μ ξ ≤ ρ ≤ ξ. It is known that, unless
P=NP, there is no algorithm that can compute the joint spectral radius of two matrices
with relative accuracy 1 − ε in time polynomial in the size of the matrices and in
1/ε.

For any fixed desired accuracy, there exists a polynomial-time algorithm that com-
putes the joint spectral radius of the matrices with that accuracy.

It is proved in [89] that the joint spectral radius of m matrices of size n can be
approximated with relative accuracy 1/

√
m by computing the spectral radius of a

single matrix whose size is less than n2. This procedure can be applied in a recursive
way and in general a relative accuracy of (1/

√
m)1/k can be obtained by computing

the spectral radius of a single matrix of size less than n2k. As an illustration, the
spectral radius of two matrices of size n can be computed with an accuracy of 70%
by computing the spectral radius of a single matrix of size n2, and an accuracy of
95% can be obtained for the joint spectral radius of three matrices by computing the
spectral radius of a single matrix of size n11.
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4.6.3 Piecewise affine systems

We start with a partition of Rn into finitely many disjoint subsets C1, C2, . . . , Cm. We
assume that different affine systems are associated with each subset, and the overall
system is described by

x(k + 1) = Ai x(k) + bi, if x(k) ∈ Ci. (4.82)

When the subsets Ci are defined in terms of a finite number of linear inequalities, the
systems of the form (4.82) are the piecewise affine systems introduced in Section 4.1.
When the vectors bi are equal to zero, the system is said to be piecewise linear.

Stability and boundedness The stability and boundedness analysis poses again
unsolvable problems:

The problems of determining whether all trajectories of a given piecewise affine
system go to the origin, or whether all trajectories remain bounded, are both un-
decidable [93].

Undecidability persists even if the state space has dimension 2. The proof pro-
vided in [93] makes use of 2-counter machines, a model of computation equivalent
to Turing machines and relies on the fact that the problem of determining whether a
given 2-counter machine halts for every initial configuration of the machine is unde-
cidable.

Piecewise affine systems do not need to be continuous, the mapping x(k + 1) =
f (x(k)) resulting from a piecewise affine system may exhibit discontinuities at the
boundaries between partitions. If the function f is piecewise affine but continuous,
the problems related to stability are decidable in dimension 1, undecidable in dimen-
sion 3 [93], and open in dimension 2.

For piecewise affine systems there is a trade-off between the number of partitions
and the dimension of the state space. Problems are already undecidable in state-space
dimension 2 but what about the number of partitions? The systems (4.83) with two
partitions and with linear updates are of the form

x(k + 1) =
{

A+x(k) when cTx(k) ≥ 0,
A−x(k) when cTx(k) < 0. (4.83)

These are systems of the form x(k + 1) = A(k)x(k) where each A(k) belongs to
the set {A−,A+}. This is a situation similar to the one considered in the previous
section, except that now the sequence of matrices is not arbitrary, but is determined
by the state sequence. Still, this does not help in reducing complexity as we now
argue using an example taken from [92].
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Example 4.3 Switched system with undecidable stability property

Consider a system described by a state vector (v(k), y(k),z(k)), where v(k) and y(k) are
scalars and z(k) is a vector in Rn, and the dynamics is of the form⎛⎝ v(k + 1)

y(k + 1)
z(k + 1)

⎞⎠ =

⎛⎝ 1/4 0 0
−1/4 1/2 0

0 0 A+

⎞⎠⎛⎝ v(k)
y(k)
z(k)

⎞⎠ if y(k) ≥ 0,

and ⎛⎝ v(k + 1)
y(k + 1)
z(k + 1)

⎞⎠ =

⎛⎝ 1/4 0 0
1/4 1/2 0
0 0 A−

⎞⎠⎛⎝ v(k)
y(k)
z(k)

⎞⎠ if y(k) < 0.

This system consists of two linear systems, each of which is enabled in one of two half-
spaces, as determined by the sign of y(k). Given that y0 can be any real number, it can
be verified that the sequence sign(y(k)) is completely arbitrary, which then implies that
the matrices A− and A+ can be multiplied in an arbitrary order. Clearly, all trajectories
converge to zero if and only if z(k) always converges to zero and so this problem is at
least as hard as the corresponding question in which arbitrary products were allowed. If the
latter problem is ever shown to be undecidable, the same will be automatically true for the
problem on two partitions considered here. On the other hand, since the boundedness of
all products of A− and A+ is undecidable, it follows that the uniform boundedness of the
trajectories of the system (4.83), for all initial states in a bounded set, is also undecidable.
�

Turing machine simulation Let us fix a scalar function σ : R �→ R, and consider
systems of the form

x(k + 1) = σ(Ax(k)), (4.84)

with the function σ applied componentwise. When the scalar function σ is piecewise
affine, then the resulting dynamical system is also piecewise affine. It is easy to show
that such systems with σ(x) = max(0, x), which we call saturated linear systems,
are capable of simulating Turing machines [587, 588]. Such simulations are done by
suitably encoding the transition rules of the Turing machine in the matrix A, while
the tape contents and the machine’s internal state are encoded on some of the states
of the saturated linear system. Thus,

as computational devices, linear saturated systems are as powerful as Turing ma-
chines.

From this it follows that the problem of determining if the trajectory emanating from
a given state ever reaches the origin is undecidable.

By using a universal Turing machine,2 one can in fact prove that, for saturated
linear systems, the problem of determining if the trajectory emanating from a given
2 A universal Turing machine is a Turing machine M that receives as input the description

of another machine M ′ and a string s, and then simulates the operation of machine M ′ on
input s.
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state ever reaches the origin is undecidable for some particular matrix A. More
concretely, there exists a particular integer matrix A (of size approximately equal
to 1000 × 1000) for which there exists no algorithm that takes an initial state x0

(with rational components) as input and decides whether the state will eventually
hit the origin [587]. The problem of finding the smallest possible such matrix is a
difficult open problem that is related to the smallest possible size of universal Turing
machines [558].

From these results we deduce that piecewise linear systems can simulate Turing
machines and that it is undecidable for piecewise linear systems to determine if the
trajectory emanating from a given state ever reaches the origin. Using a different en-
coding it is possible to show that simulation of Turing machines is already possible
by using piecewise affine systems in state dimension two [469], but not in dimension
one [361]. Similar to saturated linear systems, one can use a universal Turing ma-
chine to prove that there exists a particular piecewise linear system in R3 (with the
state space being partitioned into fewer than 800 subsets) for which the problem of
determining if the trajectory emanating from a given state ever reaches the origin is
undecidable [361].

Control systems Let us now introduce a control variable and consider systems of
the form

x(k + 1) = Aix(k) + Bu(k), if x(k) ∈ Ci. (4.85)

When B = O, these systems are equivalent to autonomous piecewise linear systems
and so the problem of determining whether a given initial state can be driven to
the origin is undecidable. This result is also obtained in [92], with a different proof
technique that has the advantage that it can be used to derive sharper estimates of the
decidability limit (see also [625] for a similar proof).

There is an obvious trade-off in piecewise linear systems between the state space
dimension n and the number of subsets m. When there is only one subset, or when
the state dimension is equal to one, most properties are easy to check. On the other
hand, the problem of determining whether a given initial state can be driven to the
origin is undecidable a soon as nm ≥ 44 (with n the state dimension and m the
number of partitions). In particular, this problem is undecidable for piecewise linear
systems of state dimension 22 and with as few as two subsets.

Bibliographical notes

A survey of different switched system classes and the associated problems is given in [206,
401, 611] and [586]. More details on differential inclusions can be found in the references
[25, 109, 205, 403, 437, 461]. The phenomena occuring in sampled-data switched systems
are illustrated in [323].

Identification of switched systems The identification methods considered here have been
successfully exploited in several real applications, such as the identification of the electronic
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4 Switched and piecewise affine systems 137

component placement process in pick-and-place machines [70, 346, 348], the modeling of
a current transformer [236], traction control [106], and motion segmentation in computer
vision [652]. However, we highlight that other effective techniques for the identification
of hybrid models both in input/output and state-space forms are available and defer the
interested reader to the paper [505] for a tutorial. Generalizations of the bounded-error pro-
cedure to the case of multi-input multi-output models are discussed in [70, 503]. A software
implementation of the bounded-error procedure is also available [504].

Observability and state observation Observability has been extensively studied both
in the continuous and in the discrete domains and various researchers investigated observ-
ability of hybrid systems. In particular, Sontag in [597] defined a number of observability
concepts and analyzed their relations for polynomial systems. More recently, incremental
observability was introduced in [65] for the class of piecewise affine systems. Incremental
observability implies that different initial states always give different outputs independently
of the applied input. A characterization of observability and the definition of a hybrid ob-
server for the class of autonomous piecewise affine systems can be found in [183]. In [214]
the observability of autonomous hybrid systems was analyzed by using abstraction tech-
niques. In [36], the notion of generic final-state determinability proposed in [597] was ex-
tended to hybrid systems and sufficient conditions were given for linear hybrid systems.
The work in [649] considered autonomously switched systems and proposed a definition
of observability based on the concept of indistinguishability of continuous initial states and
discrete state evolutions from the outputs in free evolution. In [31, 567] the observability of
switched systems (with control) was investigated. Critical observability for safety-critical
switched systems was introduced in [568], where a set of "critical" states must be recon-
structed immediately since they correspond to hazards that may yield catastrophic events.

The problem of observer design was studied, for example, in [65]. For the stochastic
case, [98] investigates the stability and performance of switched Kalman filters.

Stability The joint spectral radius has proved useful not only for switched and hybrid
systems, but also for a number of other applications, including "asynchronous" [635] or
“desynchronised” [365] systems, wavelets [181], iterated function systems, capacity of
codes [95, 460], numerical solutions to ordinary differential equations [289], sensor net-
works [352], combinatorics on words, autoregressive models, Markov chains, etc.

The stability analysis of switched systems is mainly based on the use of common Lya-
punov functions as presented, for example, in [360, 585, 679] and of multiple Lyapunov
functions [461, 491, 670]. The discrete-time version of such results is given in [393]. Input-
to-state stability is likewise considered in terms of Lypunov functions in, for example, [320].
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Further switched systems

A. Bemporad, M. K. Çamlıbel, W. P. M. H. Heemels, A. J. van der Schaft,
J. M. Schumacher, and B. De Schutter

Mixed logical dynamical systems and linear complementarity systems are
representations of switched systems, which under the conditions described
here are equivalent to the model used in Chapter 4. They are particularly use-
ful for model-predictive control. The equivalences of several hybrid system
models show that different models, which are suitable for specific analysis
and design problems and have been investigated in detail, cover the same
class of hybrid systems. The analysis of the well-posedness of the models
leads to conditions on the model equations under which a unique solution
exists.

Chapter contents

5.1 Model-predictive control of hybrid systems page 141

5.1.1 Linear model-predictive control 141
5.1.2 Discrete hybrid automata 143
5.1.3 Mixed logical dynamical systems 145
5.1.4 Hybrid model-predictive control 148

5.2 Complementarity systems 151

5.2.1 Modeling aim 151
5.2.2 Definition 152
5.2.3 Examples 153
5.2.4 Preliminaries 159
5.2.5 Existence and uniqueness of solutions 161

5.3 Equivalence of piecewise affine systems, mixed logical dynamical
systems, and linear complementarity systems 167

5.3.1 Summary of the five classes of hybrid models 167
5.3.2 Systems equivalence 169

Handbook of Hybrid Systems Control: Theory, Tools, Applications, ed. Jan Lunze and
Françoise Lamnabhi-Lagarrigue. Published by Cambridge University Press.
c© Cambridge University Press 2009.
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5.4 Solution concepts and well-posedness 173

5.4.1 Problem statement 173
5.4.2 Model classes 174
5.4.3 Solution concepts 175
5.4.4 Well-posedness notions 178
5.4.5 Comparison of some solution concepts 189
5.4.6 Zenoness 191
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5.1 Model-predictive control of hybrid systems

Model-predictive control (MPC) is a widely used technology in industry for control
design of highly complex multivariable processes. The idea behind MPC is to start
with a model of the open-loop process that explains the dynamical relations among
system’s variables (command inputs, internal states, and measured outputs). Then,
constraint specifications on system variables are added, such as input limitations
(typically due to actuator saturation) and desired ranges where states and outputs
should remain. Desired performance specifications complete the control problem
setup and are expressed through different weights on tracking errors and actuator
efforts (as in classical linear quadratic regulation). At each sampling time, an open-
loop optimal control problem based on the given model, constraints, weights, and
with initial condition set at the current (measured or estimated) state, is repeatedly
solved through numerical optimization. The result of the optimization is an optimal
sequence of future control moves. Only the first sample of such a sequence is actu-
ally applied to the process; the remaining moves are discarded. At the next time step,
a new optimal control problem based on new measurements is solved over a shifted
prediction horizon.

After quickly reviewing the basics of MPC based on linear models, in this sec-
tion we introduce two hybrid model classes useful for MPC design, discrete hybrid
automata (DHA) and mixed logical dynamical systems, and review the main ideas
of hybrid MPC.

This section is based on the paper [58] for reviewing the basics of model-
predictive control (MPC), and on [632] for DHA and MLD models used in MPC
of hybrid systems.

5.1.1 Linear model-predictive control

The simplest MPC algorithm is based on the linear discrete-time prediction model

x(k + 1) = Ax(k) + Bu(k) (5.1)

of the open-loop process, where x(k) ∈ Rn is the state vector at time k, and u(k) ∈
Rm is the vector of manipulated variables to be determined by the controller, and on
the solution of the finite-time-optimal control problem

min
U

xT
NP xN +

N−1∑
k=0

xT(k)Qx(k) + uT(k)Ru(k), (5.2a)

s.t. x(k + 1) = Ax(k) + Bu(k), k = 0, . . . , N − 1, (5.2b)

x0 = x(k), (5.2c)
umin ≤ u(k) ≤ umax, k = 0, . . . , N − 1, (5.2d)
ymin ≤ Cx(k) ≤ ymax, k = 1, . . . , N, (5.2e)

where N is the prediction horizon, U � [ uT(0) ··· uT(N−1) ]T ∈ RNm is the se-
quence of manipulated variables to be optimized, Q = QT ≥ 0, R = RT > 0, and

co
nt

ro
len

gin
ee

rs
.ir



142 A. Bemporad, M. K. Çamlıbel, W. P. M. H. Heemels, et al.

P = P T ≥ 0 are weight matrices of appropriate dimensions defining the perfor-
mance index, umin,umax ∈ Rm, ymin,ymax ∈ Rp,C ∈ Rp×n define constraints
on input and state variables, respectively, and “≤” denotes component-wise inequal-
ities. By substituting x(k) = Akx(k)+

∑k−1
j=0 AjBu(k−1−j), (5.2) can be recast

as the quadratic programming (QP) problem

U∗(x(k)) � argmin
U

1
2
UTHU + xT(k)CTU +

1
2
xT(k)Y x(k), (5.3a)

s.t. GU ≤ W + Sx(k), (5.3b)

where U∗(x(k)) = [ uT∗(0)(x(k)) ... uT∗(N−1)(x(k)) ]T is the optimal solution, H =
HT > 0 and C, Y , G, W , S are matrices of appropriate dimensions [57, 67, 69].
Note that Y is not needed to compute U∗(x(k)), as it only affects the optimal value
of (5.3a).

The MPC control algorithm is based on the following iterations: at time k, mea-
sure or estimate the current state x(k), solve the QP problem (5.3) to get the optimal
sequence of future input moves U∗(x(k)), apply

u(k) = u∗
0(x(k)) (5.4)

to the process, discard the remaining optimal moves, and repeat the procedure again
at time k + 1.

In the absence of constraints (5.2d)–(5.2e), for N → ∞ (or, equivalently, for
N < ∞ and by choosing P as the solution of the algebraic Riccati equation associ-
ated with matrices (A,B) and weights (Q,R)), the MPC control law (5.3)–(5.4) co-
incides with the linear quadratic regulator (LQR) [67]. From a design viewpoint, the
MPC setup (5.2) can therefore be thought of as a way of bringing the LQR method-
ology to systems with constraints.

The basic MPC setup (5.2) can be extended in many ways. In particular in track-
ing problems usually one has to make a certain output vector y(k) = Cx(k) ∈ Rp

track a reference signal r(k) ∈ Rp under constraints (5.2d)–(5.2e). In order to do so,
the cost function (5.2a) is replaced by

N−1∑
k=0

(y(k)− r(k))TQy(y(k)− r(k)) + ΔuT(k)RΔu(k), (5.5)

where Qy = QT
y ≥ 0 ∈ R

p×p is a matrix of output weights, and the increments of
command variables Δu(k) � u(k) − u(k − 1) are the new optimization variables,
possibly further constrained by Δumin ≤ Δu(k) ≤ Δumin. In the above tracking
setup vector [xT(k) rT(k) uT(t − 1)]T replaces x(k) in (5.3b) and the control
law (5.4) becomes u(k) = u(k − 1) + Δu∗

0(x(k), r(k),u(k − 1)).
The standard way of computing the linear MPC control action, which is imple-

mented in most commercial MPC packages, is to solve the QP problem (5.3) on-line
at each time k (for example in the MPC Toolbox for MATLAB [69]).
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Event
generator
(EG)
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de(k)

de(k)
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uc(k)ul(k)

i(k)ul(k)

xl(k)

Finite state
machine
(FSM)

Switched affine
system (SAS)

Mode
selector
(MS)

...

Fig. 5.1 Discrete hybrid automaton (DHA) as the connection of a finite-state
machine (FSM) and a switched affine system (SAS), through a mode selector
(MS) and an event generator (EG). The output signals are omitted for clarity.

Besides MPC schemes based on linear prediction models, several formulations
of MPC based on general smooth nonlinear prediction models (as well as on un-
certain linear models) exist. Most of them rely on nonlinear optimization methods
for generic nonlinear functions/constraints to compute the control actions, and are
therefore more rarely deployed in practical applications.

MPC based on hybrid dynamical models has emerged as a very promising ap-
proach to handle switching linear dynamics, on/off inputs, logic states, as well as
logic constraints on input and state variables [62]. Here below we review a modeling
framework for hybrid systems that is tailored to the synthesis of MPC controllers.

5.1.2 Discrete hybrid automata

Discrete hybrid automata (DHA) [632] are the interconnection of a finite-state ma-
chine and a switched linear dynamical system through a mode selector and an event
generator (Fig. 5.1).

In the following we will use the fact that any discrete variable α ∈ {α1, . . . , αj},
admits a Boolean encoding a ∈ {0, 1}d(j), where d(j) is the number of bits used to
represent α1, . . . , αj . From now on we will refer to either the variable or its encoding
with the same name.

Switched affine system (SAS) A switched affine system is a collection of linear
affine systems:
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xc(k + 1) = Ai(k)xc(k) + Bi(k)uc(k) + f i(k), (5.6a)
yc(k) = Ci(k)xc(k) + Di(k)uc(k) + gi(k), (5.6b)

where k ∈ Z+ is the time indicator, xc ∈ Xc ⊆ R
nc is the continuous state vec-

tor, uc ∈ Uc ⊆ R
mc is the exogenous continuous input vector, yc ∈ Yc ⊆ R

pc

is the continuous output vector, {Ai,Bi,f i,Ci,Di, gi}i∈Q is a collection of ma-
trices of opportune dimensions, and the mode i(k) ∈ Q � {1, . . . , s} is an input
signal that chooses the affine state update dynamics. An SAS can be rewritten as the
combination of linear terms and if-then-else rules: the state-update equation (5.6a) is
equivalent to

z1(k) =
{

A1xc(k) + B1uc(k) + f1, if (i(k) = 1),
0, otherwise, (5.7a)

...

zs(k) =
{

Asxc(k) + Bsuc(k) + fs, if (i(k) = s),
0, otherwise, (5.7b)

xc(k + 1) =
s∑

i=1

zi(k), (5.7c)

where zi(k) ∈ R
nc , i = 1, . . . , s, and (5.6b) admits a similar transformation.

Event generator (EG) An event generator is a mathematical object that generates
a logic signal according to the satisfaction of a linear affine constraint

δe(k) = fH(xc(k),uc(k), k), (5.8)

where fH : Xc × Uc × Z≥0 → D ⊆ {0, 1}ne is a vector of descriptive functions
of a linear hyperplane, and Z≥0 � {0, 1, . . .} is the set of nonnegative integers. In
particular threshold events are modeled as [δi

e(k) = 1] ↔ [aTxc(k)+bTuc(k) ≤ c],
where the superscript i denotes the i-th component of a vector. Time events can be
also modeled as: [δi

e(k) = 1] ↔ [t(k) ≥ t0], where t(k + 1) = t(k) + Ts denotes
time, Ts is the sampling time, and t0 is a given time.

Finite state machine (FSM) A finite-state machine (or automaton) is a discrete
dynamical process that evolves according to a logic state update function:

x�(k + 1) = fB(x�(k),u�(k), δe(k)), (5.9a)

where x� ∈ X� ⊆ {0, 1}n� is the Boolean state, u� ∈ U� ⊆ {0, 1}m� is the ex-
ogenous Boolean input, δe(k) is the endogenous input coming from the EG, and
fB : X� × U� × D → X� is a deterministic logic function. (Here we will only re-
fer to synchronous finite-state machines, where the transitions may happen only at
sampling times. The adjective “synchronous” will be omitted for brevity.) An FSM
can be conveniently represented using an oriented graph. An FSM may also have an
associated Boolean output
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y�(k) = gB(x�(k),u�(k), δe(k)), (5.9b)

where y� ∈ Y� ⊆ {0, 1}p� and g� : Xc × Uc ×D → Y�.

Mode selector (MS) The logic state x�(k), the Boolean inputs u�(k), and the
events δe(k) select the dynamical mode i(k) of the SAS through a Boolean function
fM : X� × U� × D → Q, which is therefore called a mode selector. The output of
this function

i(k) = fM(x�(k),u�(k), δe(k)) (5.10)

is called the active mode. We say that a mode switch occurs at step k if i(k) �=
i(k − 1). Note that, in contrast to continuous-time hybrid models, where switches
can occur at any time, in our discrete-time setting a mode switch can only occur at
sampling instants.

DHA are related to hybrid automata (HA) [15], the main difference is in the
time model: DHA admit time in the natural numbers, while in HA the time is a
real number. Moreover, DHA models do not allow instantaneous transitions, and are
deterministic, as opposed to HA where any enabled transition may occur in zero time.
This has two consequences: (i) DHA do not admit live-locks (infinite switches in zero
time), (ii) DHA do not admit Zeno behaviors (infinite switches in finite time). Finally,
in DHA models, guards, reset maps, and continuous dynamics are limited to linear
affine functions. Moreover, contrarily to HA, in DHA the continuous dynamics is not
a property of the state of the automaton but is selected by the mode selector (MS)
according also to discrete inputs and events. For equivalence results between linear
hybrid automata and continuous-time piecewise affine systems see [136]. Reset maps
in DHA can be dealt with as described in [632].

5.1.3 Mixed logical dynamical systems

This section describes how to transform a DHA into an equivalent hybrid model
described by linear mixed-integer equations and inequalities, by generalizing sev-
eral results that have already appeared in the literature [62, 331, 455, 553, 664].
The hybrid systems modeling language HYSDEL introduced in [632] and also de-
scribed in Chapter 10 was developed to describe DHA and to automatically operate
the transformations.

Logical functions Boolean functions can be equivalently expressed by inequali-
ties [165].

In order to introduce our notation, we recall here some basic definitions of
Boolean algebra. A variable X is a Boolean variable if X ∈ {0, 1}. A Boolean
expression is inductively defined (for the sake of simplicity, we will neglect prece-
dence) by the grammar

φ ::= X |¬φ1|φ1 ∨ φ2|φ1 ⊕ φ2|φ1 ∧ φ2|
φ1 ← φ2|φ1 → φ2|φ1 ↔ φ2|(φ1),

(5.11)
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where X is a Boolean variable, and the logic operators ¬ (not), ∨ (or), ∧ (and), ←
(implied by),→ (implies),↔ (iff) have the usual semantics. A Boolean expression is
in conjunctive normal form (CNF) or product of sums if it can be written according
to the following grammar:

φ ::= ψ|φ ∧ ψ, (5.12)
ψ ::= ψ1 ∨ ψ2|¬X |X, (5.13)

where ψ are called the terms of the product, and X are the terms of the sum ψ. A
CNF is minimal if it has the minimum number of terms of product and each term has
the minimum number of terms of sum. Every Boolean expression can be rewritten
as a minimal CNF.

A Boolean expression f will be also called a Boolean function when is used to
define a literal Xn as a function of X1, . . . , Xn−1:

Xn = f(X1, X2, . . . , Xn−1). (5.14)

In general, we can define relations among Boolean variables X1, . . . , Xn through a
Boolean formula

F (X1, . . . , Xn) = 1, (5.15)

where Xi ∈ {0, 1}, i = 1, . . . , n. Note that each Boolean function is also a Boolean
formula, but not vice versa. Boolean formulas can be equivalently translated into a
set of integer linear inequalities. For instance, X1 ∨X2 = 1 is equivalent to X1 +
X2 ≥ 1 [664]. The translation can be performed either using an symbolical method
or a geometrical method (see details in [632]). In particular, the symbolical method
consists of first converting (5.14) or (5.15) into its CNF

m∧
j=1

⎛⎝∨
i∈Pj

Xi

∨
i∈Nj

¬Xi

⎞⎠ ,

with Nj, Pj ⊆ {1, . . . , n} ∀j = 1, . . . ,m. Then, the corresponding set of integer
linear inequalities is ⎧⎪⎨⎪⎩

1 ≤
∑

i∈P1
Xi +

∑
i∈N1

(1−Xi),
...
1 ≤

∑
i∈Pm

Xi +
∑

i∈Nm
(1−Xi).

(5.16)

Continuous-logic interfaces By using the so-called “big-M” technique, events of
the form (5.8) can be equivalently expressed as

f i
H(xc(k), uc(k), k) ≤M i(1− δi

e), (5.17a)

f i
H(xc(k), uc(k), k) > miδi

e, i = 1, . . . , ne, (5.17b)
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where M i, mi are upper and lower bounds, respectively, on f i
H(xc(k), uc(k), k). As

we will point out in Section 5.19e, sometimes, from a computational point of view,
it may be convenient to have a system of inequalities without strict inequalities. In
this case we will follow the common practice [664] of replacing the strict inequal-
ity (5.17b) by

f i
H(xc(k), uc(k), k) ≥ ε + (mi − ε)δi

e, (5.17c)

where ε is a small positive scalar, e.g. the machine precision, although the equiva-
lence does not hold for 0 < f i

H(xc(k), uc(k), k) < ε, as the numbers in the interval
(0, ε) cannot be represented in a computer.

The most common logic to continuous interface is the if-then-else construct

IF δ THEN z = aT
1 x + bT1 u + f1 ELSE z = aT

2 x + bT2 u + f2, (5.18)

which can be translated into [66]

(m2 −M1)δ + z ≤ a2x + b2u + f2, (5.19a)
(m1 −M2)δ − z ≤ −a2x− b2u− f2, (5.19b)

(m1 −M2)(1 − δ) + z ≤ a1x + b1u + f1, (5.19c)
(m2 −M1)(1 − δ)− z ≤ −a1x− b1u− f1, (5.19d)

where Mi, mi are upper and lower bounds on aix + biu + fi, i = 1, 2, δ ∈ {0, 1},
z ∈ R, x ∈ Rn, u ∈ Rm. Note that when a2, b2, f2 are zero, (5.18)–(5.19) coincide
with the product z = δ · (ax + bu + f) described in [664].

Continuous dynamics As already mentioned, we will deal with dynamics de-
scribed by linear affine difference equations

xc(k + 1) =
s∑

i=1

zi(k). (5.20)

Mixed logical dynamical systems In [62] the authors proposed discrete-time hy-
brid systems denoted as mixed logical dynamical (MLD) systems. An MLD system
is described by the following relations:

x(k + 1) = Ax(k) + B1u(k) + B2δ(k) + B3z(k) + B5, (5.21a)
y(k) = Cx(k) + D1u(k) + D2δ(k) + D3z(k) + D5, (5.21b)

E2δ(k) + E3z(k) ≤ E1u(k) + E4x(k) + E5, (5.21c)

Ẽ2δ(k) + Ẽ3z(k) < Ẽ1u(k) + Ẽ4x(k) + Ẽ5. (5.21d)

where x ∈ Rnc × {0, 1}n� is a vector of continuous and binary states, u ∈
Rmc × {0, 1}m� are the inputs, y ∈ Rpc × {0, 1}p� the outputs, δ ∈ {0, 1}r� ,
z ∈ Rrc represent auxiliary binary and continuous variables, respectively, and A,
B1, B2, B3, C, D1, D2, D3, E1,. . . ,E5, and Ẽ1,. . . ,Ẽ5 are matrices of suitable
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dimensions. Given the current state x(k) and input u(k), the time-evolution of (5.21)
is determined by solving δ(k) and z(k) from (5.21c)–(5.21d), and then updating
xT(k) and y(k) from (5.21a)–(5.21b). Since the problems of synthesis and analysis
of MLD models are tackled using optimization techniques, we have replaced strict
inequalities as in (5.17b) by non-strict inequalities as in (5.17c). (One may also ex-
plicitly include in (5.21) strict inequalities, as well as equalities.) A formal definition
of well-posedness for MLD systems and a test to assess the well-posedness have
been presented in [62].

For equivalence results between MLD systems and PWA systems, see
Section 5.3.

5.1.4 Hybrid model-predictive control

MPC based on hybrid dynamical models has emerged in recent years as a very
promising approach to operate switching linear dynamics, on/off inputs, and logic
states, subject to combinations of linear and logical constraints on input and state
variables [62]. Hybrid dynamics are often so complex that a satisfactory feedback
controller cannot be synthesized by using analytical tools, and heuristic design pro-
cedures usually require trial and error sessions and extensive testing, and are time
consuming, costly, and often inadequate to deal with the complexity of the hybrid
control problem properly.

As for the linear MPC case, hybrid MPC design is a systematic approach to meet
performance and constraint specifications in spite of the aforementioned switching
among different linear dynamics, logical state transitions, and more complex logical
constraints on system’s variables. The approach consists of modeling the switch-
ing open-loop process and constraints as a discrete hybrid automaton using the lan-
guage HYSDEL [632], and then automatically transforming the model into the MLD
form (5.21).

The associated finite-horizon optimal control problem based on quadratic costs
takes the form (5.3) with

U = [ uT(0) ... uT(N−1) δT(0) ... δT(N−1) zT(0) ... zT(N−1) ]T ,

subject to the further restriction that some of the components of U must be either 0
or 1. The problem is therefore a mixed-integer quadratic programming (MIQP) prob-
lem, for which both commercial [198, 334] and public domain solvers (such as the
one in [61]) are available. When infinity norms ‖Qx(k)‖∞, ‖Ru(k)‖∞, ‖Px(k)‖∞
are used in (5.2a) in place of quadratic costs, the optimization problem becomes a
mixed-integer linear programming (MILP) problem [57, 63], which can be also han-
dled by efficient public domain solvers such as [434], as well as by commercial
solvers [198, 334].

Unfortunately MIPs are NP-complete problems. However, the state of the art in
solving MIP problems is growing constantly, and problems of relatively large size
can be solved quite efficiently. While MIP problems can always be solved to the
global optimum, closed-loop stability properties can be guaranteed as long as the
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optimum value in (5.3) decreases at each time step. Usually, MIP solvers provide
good feasible solutions within a relatively short time compared to the total time re-
quired to find and certify the global optimum. In the worst-case the complexity of
optimally computing the control action u(k) on-line at each time k depends expo-
nentially on the number of integer variables [553]. In principle, this limits the scope
of application of the proposed method to relatively slow systems, since the sampling
time should be large enough for real-time implementation to allow the worst-case
computation.

In general, an MIP solver provides the solution after solving a sequence of re-
laxed standard linear (or quadratic) problems (LP, QP). A potential drawback of MIP
is (1) the need for converting the discrete/logic part of the hybrid problem into mixed-
integer inequalities, therefore losing most of the original discrete structure, and (2)
the fact that its efficiency mainly relies upon the tightness of the continuous LP/QP
relaxations. Such drawbacks are not suffered by techniques for solving constraint sat-
isfaction problems (CSP), i.e. the problem of determining whether a set of constraints
over discrete variables can be satisfied. Under the class of CSP solvers we mention
constraint logic programming (CLP) [439] and satisfiability (SAT) solvers [287], the
latter specialized for the satisfiability of Boolean formulas. The approach of [60]
combines MIP and CSP techniques in a co-operative way. In particular, convex pro-
gramming for optimization over real variables, and SAT solvers for determining the
satisfiability of Boolean formulas (or logic constraints), are combined in a single
branch and bound solver.

Another approach for reducing the complexity of on-line computations is to look
for suboptimal solutions. For instance in [337] the authors propose to suitably con-
strain the mode sequence over the prediction horizon, so that on-line optimization
is solved more quickly. Although closed-loop stability is still guaranteed by this ap-
proach, clearly in general the overall tracking performance of the feedback loop gets
deteriorated.

In the last decade, explicit model-predictive control has been proposed as a way
to completely get rid of the need of on-line solvers (see [11] for a survey on explicit
MPC).

For linear MPC, to get rid of on-line QP an approach to evaluate the MPC
law (5.4) was proposed in [67]. Rather then solving the QP problem (5.3) on-line
for the current vector x(k), the idea is to solve (5.3) off-line for all vectors x within
a given range and make the dependence of u on x explicit (rather than implicitly
defined by the optimization procedure (5.3)). The key idea is to treat (5.3) as a multi-
parametric quadratic programming problem, where x(k) is the vector of parameters.
It turns out that the optimizer U∗ : R

n → R
mNu is a piecewise affine and continuous

function, and consequently the MPC controller defined by (5.4) can be represented
explicitly as

u(x) =

⎧⎪⎨⎪⎩
F 1x + g1 if H1x ≤ k1

...
...

F Mx + gM if HMx ≤ kM .

(5.22)
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It turns also out that the set of states X ∗ for which problem (5.3) admits a solution is
a polyhedron, and that the optimum value in (5.3) is a piecewise quadratic, convex,
and continuous function of x(k). The controller structure (5.22) is simply a look-up
table of linear gains (F i, gi), where the i-th gain is selected according to the set of
linear inequalities H ix ≤ ki that the state vector satisfies. Hence, the evaluation
of the MPC controller (5.4), once put in the form (5.22), can be carried out by a
very simple piece of control code. In the most naive implementation, the number of
operations depends linearly in the worst case on the number M of partitions, or even
logarithmically if the partitions are properly stored [630].

An alternative way of solving MIP problems on-line is to extend explicit MPC
ideas to the hybrid case. For hybrid MPC problems based on infinity norms, [63]
showed that an equivalent piecewise affine explicit reformulation–possibly discon-
tinuous, due to binary variables–can be obtained through off-line multiparametric
mixed-integer linear programming techniques.

Thanks to the possibility of converting hybrid models (such as those designed
through HYSDEL) to an equivalent piecewise affine (PWA) form [56], an explicit hy-
brid MPC approach dealing with quadratic costs was proposed in [105], based on dy-
namical programming (DP) iterations. Multiparametric quadratic programs (mpQP)
are solved at each iteration, and quadratic value functions are compared to possi-
bly eliminate regions that are proved to never be optimal. A different approach still
exploiting the PWA structure of the hybrid model was proposed in [446], where all
possible switching sequences are enumerated, an mpQP is solved for each sequence,
and quadratic costs are compared on-line to determine the optimal input (in this re-
spect, one could define the approach semi-explicit). To overcome the problem of
enumerating all switching sequences and storing all the corresponding mpQP solu-
tions, backwards reachability analysis is exploited in [10] (and implemented in the
Hybrid Toolbox). A procedure to post-process the mpQP solutions and eliminate
all polyhedra (and their associated control gains) that never provide the lowest cost
was suggested in [10]. Typically the DP approach provides simpler explicit solu-
tions when long horizons N are chosen, but on the contrary tends to subdivide the
state space in a larger number of polyhedra than the enumeration approach for short
horizons.

For closed-loop convergence results of hybrid MPC the reader is referred to [62,
138, 386, 387, 388] and to the PhD thesis [385]. Extensions of hybrid MPC to
stochastic hybrid systems was proposed in [59], and to event-based continuous-time
hybrid systems in [71].

The Hybrid Toolbox for MATLAB [57] provides a nice development environ-
ment for hybrid and explicit MPC design. Hybrid dynamical systems described
in HYSDEL are automatically converted to MATLAB MLD and PWA objects.
MLD and PWA objects can be validated in open-loop simulation, either from the
command line or through their corresponding Simulink blocks. Hybrid MPC con-
trollers based on MILP/MIQP optimization can be designed and simulated, either
from the command line or in Simulink, and can be converted to their explicit form
for deployment. Several demos are available in the Hybrid Toolbox distribution.
The toolbox can be freely downloaded from http://www.dii.unisi.it/hybrid/toolbox.
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Similar functionalities are also included in the Multi Parametric Toolbox [375]. The
reader is referred to Chapter 10 for a more detailed description of these tools.

In conclusion, hybrid MPC control can deal with very complex specifications
in terms of models and constraints by using mixed-integer programming solvers.
Explicit versions of hybrid MPC are possible, but still limited to small systems with
few binary variables. Examples of applications of hybrid MPC to industrial control
problems arising in the automotive domain are reported in Chapter 15.

5.2 Complementarity systems

5.2.1 Modeling aim

In many areas, especially in the domain of physical systems or in economic ap-
plications, continuous-time hybrid systems usually arise in specific forms. The
continuous-time dynamics corresponding to the different modes, as well as their lo-
cation invariants and guards, are often closely related. Indeed, in many cases the
dynamics corresponding to the different modes all share a part that can be called the
core dynamics of the system.

The theory of complementarity hybrid systems, as originally put forward in
[572, 573], aims at providing a compact representation of many of such systems.
It combines location invariants and guards in the form of complementarity condi-
tions such as 0 ≤ z ⊥ w ≥ 0, where z and w are equal-dimensioned vectors, and
the inequalities hold componentwise. It is not without reason that many hybrid sys-
tems can be formulated in this manner, since complementarity conditions are closely
related with variational and optimal formulations, which are known to be underly-
ing many systems in physics and economical applications. Furthermore, it can be
shown that, roughly speaking, all piecewise-linear characteristics can be modeled by
complementarity conditions.

In addition to the rather broad applicability of complementarity modeling there
are two other important advantages of complementarity models. First, comple-
mentarity models often provide a very compact description of hybrid systems, es-
pecially in comparison with hybrid automata. Furthermore, the complementarity
model usually remains to the physics of the system, and physical system prop-
erties (such as passivity) are naturally reflected in the representation. Secondly,
complementarity modeling offers powerful methods for analysis. Using the well-
developed theory of the linear complementarity problem (LCP) from optimiza-
tion theory [189] one may prove strong results concerning well-posedness (ex-
istence and uniqueness of solutions), stability and controllability. Also the the-
ory of the LCP offers a wealth of computational methods, e.g. for the efficient
computation of the next location at an event time. We refer to, e.g., [149, 300]
for a detailed description of these results, especially for linear complementarity
systems.

In this section we will mainly concentrate on indicating the modeling power of
complementarity hybrid systems by discussing a list of appealing examples from
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different application areas, including the running examples in this handbook. Fur-
thermore, we will briefly sketch some of the main results which have been obtained
on the well-posedness, stability, controllability, and stabilizability of linear comple-
mentarity systems.

5.2.2 Definition

Complementarity systems can be constructed as follows [572, 573]. Start from a
nonlinear input/output system, with k inputs and k outputs:

dx

dt
(t) = f(x(t),u(t)), (5.23a)

y(t) = h(x(t),u(t)), (5.23b)

where x(t) is an n-dimensional state variable, u(t) ∈ Rk is the input vector and
y(t) ∈ Rk is the output vector. To the system (5.23a)–(5.23(b)), add the relation

0 ≤ y(t) ⊥ u(t) ≥ 0. (5.23c)

A relation of the form (5.23c) are called a complementarity relation in mathematical
programming; whence the name complementarity systems for dynamical systems of
the form (5.23). Note that (5.23c) is equivalent to the componentwise requirement
that, for each i = 1, . . . , k, the following holds: yi(t) ≥ 0, ui(t) ≥ 0, and at least
one of these two inequalities is satisfied with equality.

In view of the particular role of the input and output variables in the formulation
of complementarity systems, the notations y and u are sometimes replaced by w
and z, to steer away from the interpretation of the input as a control and the output
as an observation and also to be in line with notational conventions in mathematical
programming. In addition, the formulation in (5.23) can be made more general by
allowing the functions f and h to depend directly on time.

Implicit in (5.23c) is the choice of an “active index set” α(t) ⊂ {1, . . . , k}which
is such that yi(t) = 0 for i ∈ α(t) and ui(t) = 0 for i �∈ α(t). Any such index set is
said to represent a mode of operation. In a fixed mode, the system above behaves as
the dynamical system described by the differential equation (5.23a) and the algebraic
relations (5.23b) together with the equalities that follow from the choice of the active
index set in (5.23c). A change of mode occurs when continuation within a given
mode would violate the nonnegativity constraints associated with this mode. The
description format of complementarity systems is such that the nonsmoothness is
made canonical, and specific properties, therefore, must be expressible in terms of
the functions f(·, ·) and h(·, ·) occurring in (5.23a) and (5.23b), and possibly in
terms of an initial condition.

A subclass of particular interest arises when the functions f and h in (5.23) are re-
quired to be linear; the resulting linear complementarity systems [304] are described
by relations of the form
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ẋ(t) = Ax(t) + Bu(t), (5.24a)
y(t) = Cx(t) + Du(t), (5.24b)

0 ≤ y(t) ⊥ u(t) ≥ 0, (5.24c)

where A, B, C, and D are linear mappings. In some applications it is natural to
allow an external input (forcing term) in a complementarity system. The equations
(5.23a) and (5.23b) are then replaced by equations of the form

ẋ(t) = f(x(t),u(t),v(t)), (5.25a)

y(t) = h(x(t),u(t),v(t)), (5.25b)

where v(t) denotes the forcing term; the equation (5.23c) is unchanged. In linear
complementarity systems we require that the forcing term also enters linearly, so
that the system (5.24) is replaced by

ẋ(t) = Ax(t) + Bu(t) + Ev(t), (5.26a)
y(t) = Cx(t) + Du(t) + Fv(t), (5.26b)

0 ≤ y(t) ⊥ u(t) ≥ 0, (5.26c)

where A, B, C, D, E, and F are linear mappings. Another useful generalization
of (5.23) is obtained when the complementarity relation (5.23c) is replaced by the
relation

C  y(t) ⊥ u(t) ∈ C∗, (5.27)

where C is a cone in Rk and C∗ is the dual cone defined by

C∗ = {u | 〈y,u〉 ≥ 0 for all y ∈ C}.

In particular, this format allows the incorporation of both equality and inequality
constraints; a typical choice of the cone C is R

k1
+ × {0}, which implies C∗ = R

k1
+ ×

Rk2 .

5.2.3 Examples

This section shows by means of several examples how complementarity relations can
be obtained when modeling physical systems of different nature.

Example 5.1 DC-DC converter

The DC-DC converter shown in Fig. 1.17 consists of an inductor L, a capacitor C, resis-
tances RL, RC , and a resistance load R, together with a diode D and an ideal switch S. The
diode is modeled as an ideal diode, and its constitutive relation can be succinctly expressed
by the complementarity condition

0 ≤ vD ⊥ iD ≥ 0, (5.28)
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with iD, respectively vD , the current through the diode and the voltage across the diode.
Furthermore, the constitutive relation of the ideal switch S can be simply expressed as

vS ⊥ iS, (5.29)

with iS , vS the current through the switch and the voltage across the switch.
Taking as continuous state variables the voltage vC across the capacitor and the cur-

rent iL through the inductor, we obtain the following dynamical equations of the DC-DC
converter:

d

dt

[
vC

iL

]
=

[− 1
C(R+RC)

0

0 −RL
L

] [
vC

iL

]
+

[ R
C(R+RC)

0

0 1
L

] [
iD
vS

]
+

[
0
1
L

]
E, (5.30a)[

vD

iS

]
=

[
R

R+RC
0

0 1

] [
vC

iL

]
+

[ RRC
R+RC

1

−1 0

] [
iD
vS

]
. (5.30b)

Here, E is the voltage of the input source.
Defining the switching function π as

π(t) =

{
−1 if the switch S is off at time t,

1 if the switch S is on at time t,

and the cones
C−1 = R+ × {0} C1 = R+ × R,

one can represent the relations (5.28) and (5.29) as

Cπ(t) �
[
vD

iS

]
⊥
[
iD
vS

]
∈ C∗

π(t). (5.30c)

Systems of the form (5.30) are called switched cone complementarity systems. As shown
in [157, 158, 307], this class provides a compact representation of any type of power
converters.

Note that certain properties of the DC-DC converter are immediately obtained as a direct
consequence of the complementarity modeling. For example, it is readily verified that the
total energy H(vc, iL) := 1

2
Cv2

C + 1
2
Li2L stored in the circuit satisfies

d

dt
H = −RLi2L − RC i2C − RI2 + EIE,

where I denotes the current though the resistive load R, and IE is the current through the
voltage source with voltage E. Hence passivity of the obtained model is directly established.
(In fact, this becomes even more transparant by writing (5.30) into a port-Hamiltonian form,
thus obtaining a port-Hamiltonian complementarity system.) �

Example 5.2 Two-tank system

The discrete states of the two-tank system, introduced in Section 1.3.1 are determined by
inequalities involving the continuous states and by external switches. The system can be
modeled in a switched complementarity framework. The main issues are: (i) modeling of
the mode-dependent flow through the valve V1, and (ii) modeling of the opening and closing
of the valves.
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Consider first item (i). The flow equations can be described in terms of the positive-part
operator which is defined, for x ∈ R, by

x+ = max(x, 0).

Indeed, we can write

QV1
12 (t) = u1(t)T

(
(h1(t) − h0)

+ − (h2(t) − h0)
+), (5.31)

where T (x) is the Torricelli characteristic

T (x) = c sgn(x)
√

2g|x|, (5.32)

which may be considered to be a smooth function even though its derivative at x = 0 is
infinity. The positive-part operator in its turn can be described in terms of a complementary
characteristic, since the relations

w = x+, z = x− = (−x)+

are equivalent to
x = w − z, 0 ≤ w ⊥ z ≥ 0.

Therefore, the relation (5.31) can alternatively be formulated as

QV1
12 (t) = u1(t) T (w1(t) − w2(t)), (5.33)

together with the complementarity relations

0 ≤ w1(t) ⊥ z1(t) ≥ 0, (5.34)

0 ≤ w2(t) ⊥ z2(t) ≥ 0, (5.35)

and the algebraic relations

w1(t) = h1(t) − h0 + z1(t), (5.36)

w2(t) = h2(t) − h0 + z2(t). (5.37)

The Torricelli characteristic (5.32) could be replaced by a nonsmooth function; for instance
a relay characteristic might be an alternative. Complementarity modeling is then still possi-
ble by using the techniques described below in the discussion of relay systems.

The switching of the valves can be modeled as in (5.31) by means of a multiplicative
factor, but an alternative is to use the setting of switched cone complementarity systems as
proposed in [157]. One then introduces to the flow variable Q12 another variable λ12, which
relates to pressure drop across the valve V1. The modeling (5.31) (or equivalently (5.33)) is
then replaced by

QV1
12 (t) = T (w1(t) − w2(t)) + λ12(t), (5.38)

together with the complementarity relation

C∗
u1(t) � λ12(t) ⊥ Q12(t) ∈ Cu1(t), (5.39)

where C is the cone-valued function defined by

C0 = {0}, C1 = R.

This models an on/off switch. One could also describe switches that admit flow in one
direction only by making use of the cones R+ and R−. �
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Example 5.3 Relay systems

Consider a dynamical system of the form

ẋ(t) = f(x(t), u(t)), (5.40)

together with the following nonsmooth relation that specifies the dependence of the input
variable u(t) on the state x(t):

u(t) = 1 if h(x(t)) > 0, (5.41a)
0 ≤ u(t) ≤ 1 if h(x(t)) = 0, (5.41b)

u(t) = 0 if h(x(t)) < 0. (5.41c)

Such a system is called a differential equation with discontinuous right-hand side or a relay
system. The latter terminology is derived from the fact that, if one introduces an output
variable y(t) = h(x(t)), the relation between u(t) and y(t) given by (5.41) is known as a
relay characteristic. The system can of course also be viewed as a hybrid system with three
different modes.

Relay systems can be modeled as cone complementarity systems. For this purpose,
introduce two input variables, say v(t) and z(t), in addition to u(t). Corresponding to the
three input variables u(t), v(t), and z(t), introduce three output variables p(t), q(t), and
r(t), which are defined in terms of the state and input variables by

p(t) = z(t),

q(t) = z(t) + h(x(t)),

r(t) = u(t) + v(t) − 1.

A cone complementarity system is formed by taking the equation (5.40) together with the
following cone complementarity relations:

0 ≤ p(t) ⊥ u(t) ≥ 0,

0 ≤ q(t) ⊥ v(t) ≥ 0,

0 = r(t) ⊥ z(t) ∈ R.

This is of the form (5.27) with C = R
2
+ × {0}. The third relation is equivalent to the

requirement that u(t) + v(t) = 1 for all t. As a consequence, the number of modes implied
by the first two relations is reduced from four to three, since the mode corresponding to
u(t) = 0 and v(t) = 0 is eliminated. The three remaining votes can be described as
follows:

1. u(t) = 0, p(t) ≥ 0, q(t) = 0, v(t) ≥ 0. The relations p(t) ≥ 0 and q(t) = 0 imply
that in this case we must have h(x(t)) ≤ 0.

2. u(t) ≥ 0, p(t) = 0, q(t) = 0, v(t) ≥ 0. The relations p(t) = 0 and q(t) = 0 imply
that h(x(t)) = 0. From the relations u(t) ≥ 0, v(t) ≥ 0, and u(t) + v(t) = 1 it
follows that 0 ≤ u(t) ≤ 1.

3. u(t) ≥ 0, p(t) = 0, q(t) ≥ 0, v(t) = 0. The relations p(t) ≥ 0 and q(t) = 0 imply
that in this case we must have h(x(t)) ≥ 0. From v(t) = 0 and u(t) + v(t) = 1 it
follows that u(t) = 1.

It is seen that the cone complementarity system describes the same dynamics as the relay
system. In this specific case, where we have a single relay characteristic, the reformulation
in cone complementarity form may appear to be artificial and perhaps even awkward. How-
ever, the cone complementarity form simplifies substantially the description of multi-regime
dynamics in more complicated situations. This is demonstrated below. �
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Example 5.4 Filippov systems

Consider the dynamics

ẋ(t) =

k∑
i=1

λi(t)fi(x(t)), w(t) = H(x(t)), (5.42a)

where H is a smooth mapping from R
n to R

k, together with the linear constraint

k∑
i=1

λi(t) = 1 (5.42b)

and the complementarity conditions

0 ≤ λ(t) ⊥ w(t) − a(t)11 ≥ 0, (5.42c)

where a(t) is an additional unknown, and where 11 denotes the k-vector whose entries are
all equal to 1. To explain the meaning of these equations, consider a time t at which the state
vector x(t) is located in the open set Hi defined by

Hi = {x | Hi(x) < Hj(x), for all j = i}. (5.43)

To ensure that the i-th component of w(t) − a(t)11 is nonnegative, we must have a(t) ≤
wi(t) = Hi(x(t)). If the strict inequality a(t) < wi(t) was valid, then all components of
the vector w(t)−a(t)11 would be strictly positive, which by the complementarity condition
would imply that all coefficients of the vector λ would be zero. This would contradict the
constraint (5.42b). It follows that, for x(t) ∈ Hi, we must have a(t) = wi(t). Since
wj(t) − a(t) > 0 for j = i, the complementarity conditions implies then that λj = 0 for
j = i, and from the constraint (5.42b) it follows that λi = 1. Therefore, we find that for all
i = 1, . . . , k,

ẋ(t) = fi(x(t)), if x(t) ∈ Hi. (5.44)

In this way we see that the equations (5.42) describe a multi-regime system with state-
dependent switching. Moreover, the equations define a convex relaxation on the boundaries
between these regions. Systems of this type have been studied extensively [237].

To write the system in the cone complementarity form (5.23a)–(5.23b)–(5.27), define

C = R
k
+ × {0}, u =

[
λ
a

]
, y =

[
H(x) − a11
11Tλ − 1

]
. � (5.45)

Example 5.5 A Leontiev economy

A model for a continuous-time Leontiev economy may be constructed as follows. Let xi(t),
ui(t), and vi(t) respectively denote the inventory, production rate, and net exogenous de-
mand associated with commodity i at time t. Furthermore, let qij denote the amount of
commodity i required for the production of one unit of commodity j. A balance equation
for the evolution of the inventory may then be written in the form

ẋ(t) = (I − Q)u(t) − v(t), (5.46a)

where Q is the matrix formed from the elements qij . It is natural to impose that inventory
should be nonnegative, but this is by no means sufficient to determine a solution uniquely.
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However, if we furthermore impose that the economy is efficient in the sense that it produces
the lowest amounts of commodities that are sufficient to meet demand, then commodities
are not produced when there is still a positive inventory, and are otherwise produced in
just sufficient amounts to prevent inventory from becoming negative. In other words, the
complementarity relation

0 ≤ x(t) ⊥ u(t) ≥ 0 (5.46b)

must hold for all t. The system (5.46) is in the form of the forced linear complementarity
system (5.26) with A = O, B = I − Q, C = I , D = O, E = −I , and F = O. �

Example 5.6 A user-resource model

Many models for network usage can be described in terms of users who have access to
several resources. For instance, users may be origin-destination pairs in a traffic network
model, and in this case resources are the links between crossings. In the context of produc-
tion planning, users may be products and resources may be machines. The use of a given
resource generates a certain cost for the user, for instance in terms of incurred delay; this
cost depends in general on the load that is placed on the resource by all users. A typical
purpose of modeling is to describe the behavior of users in determining their demand for
services from the resources available to them.

To set up a general model in mathematical terms, suppose that we have p users and m
resources. Introduce the following quantities:
• lij(t) = load per unit of time placed by user i on resource j at time t;

• qij(t) = cost incurred at time t by user i when applying to resource j;

• di(t) = total demand of user i at time t;

• ai(t) = cost accepted by user i at time t.
The above quantities are summarized in a load matrix L(t) ∈ R

p×m
+ (load is taken to be

nonnegative), a cost matrix Q(t) ∈ R
p×m, a demand vector d(t) ∈ R

p, and an accepted
cost vector a(t) ∈ R

p. Moreover we introduce a state vector x(t) ∈ R
n in terms of which

the dynamics of the system is described, and which moreover determines the cost matrix:

dx(t)

dt
= f(x(t), L(t)), (5.47a)

Q(t) = h(x(t), L(t)). (5.47b)

To describe the behavior of users, we assume that the Wardrop principle holds at every time
instant t. In other words, given a demand level, each user distributes its load over resources
in such a way that all resources that are used generate the same cost (this is the accepted
cost), and there is no resource that is not used and that would generate a lesser cost. This
behavioral principle, together with the nonnegativity of the load, can be expressed in matrix
terms by

0 ≤ L(t) ⊥ Q(t) − a(t) · 11T ≥ 0, (5.47c)

where the “perp” relation is understood in the sense of the inner product 〈A, B〉 =
tr(ATB) for A, B ∈ R

p×m. To close the model, we furthermore need the accounting
relation

L(t)11 = d(t) (5.47d)
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as well as a “constitutive relation” between the demand and the accepted cost, which we
take to be of the form

R(d, a) = 0, (5.47e)

where R is a mapping from R
p × R

p to R
p. The system (5.47) can be rendered as a cone

complementarity system (5.23a) – (5.23b) – (5.27) by means of the identifications

u = (L, a),

y =
(
h(x, L) − a · 11T, R(L11, a)

)
, (5.48)

C = R
p×m
+ × {0} ⊂ R

p×(m+1).

As a specific case, consider a situation where the resources consist of m noninteract-
ing queues and the state variables are the queue lengths. Ignoring the situations in which
buffers are empty or full (which in fact could be naturally modeled in a complementarity
framework), we write simple queue dynamics

dxj

dt
(t) = (11TL)j − cj (5.49)

where cj is a constant that represents the processing speed of queue j. A possible expression
for cost is

Qij = kjxj + mij ,

where kj is a proportionality constant, and the constants mij represent a fixed cost that may
be user-specific. Finally assume that demand is constant, say, d(t) = d0 irrespective of the
actual cost a(t). We then arrive at the following dynamical model:

ẋ(t) = LT(t)11 − c, (5.50a)

Q(t) = 11 · (Kx(t))T + M , (5.50b)

L(t)11 = d0, (5.50c)

0 ≤ L(t) ⊥ Q(t) − a(t) · 11T ≥ 0. (5.50d)

This is a linear (actually affine) cone complementarity system. The constant terms can be
treated as external inputs, analogously to (5.26). �

5.2.4 Preliminaries

For the sake of completeness, we review the linear complementarity problem of
mathematical programming and the notion of passivity of systems theory.

Linear complementarity problem Given an m-vector q and an m × m matrix
M , the linear complementarity problem LCP(q,M ) is to find an m-vector z such
that

z ≥ 0, (5.51a)
q + Mz ≥ 0, (5.51b)

zT(q + Mz) = 0. (5.51c)

If such a vector z exists, we say that z solves (is a solution of ) LCP(q,M ). We say
that the LCP(q,M ) is feasible if there exists z satisfying (5.51a) and (5.51b).
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We define the sets

LCP− Im(M ) := {q ∈ R
m | LCP (q,M) admits a solution} (5.52)

and
LCP− ker(M ) := {z ∈ R

m | z solves LCP (0,M)}. (5.53)

The LCP is a well-studied subject of mathematical programming. An excellent
survey of the topic can be found in the book [189]. For the sake of completeness, we
quote the following two theorems. The first one can be considered as the fundamental
theorem of LCP theory. It states necessary and sufficient conditions for the unique
solvability of the LCP for all vectors q.

Theorem 5.1 [189] The LCP(q,M ) has a unique solution for all q if and
only if all the principal minors of the matrix M are positive.

Matrices with the above-mentioned property are known as P-matrices. It is well-
known that every positive definite matrix is in this class. Besides positive definite
matrices, the nonnegative definite matrices will appear in the LCP context in the
sequel. If the M matrix is nonnegative definite then the LCP does not necessarily
have solutions for all vectors q. For example, the LCP(q, 0) admits solutions only if
q ≥ 0.

The following theorem characterizes the conditions under which an LCP with a
nonnegative definite matrix M has solutions:

Theorem 5.2 [189] Let M be a nonnegative definite matrix. Then,

LCP− Im(M ) = (LCP− ker(M))∗. (5.54)

Linear passive systems Having roots in circuit theory, passivity is a concept that
has always played a central role in systems theory. A system is passive if for any
time interval the difference between the stored energy at the end of the interval and
at the beginning is less than or equal to the supplied energy during the interval.

Definition 5.1 (Passive system) [663] A linear system Σ(A,B,C,D)
given by

ẋ(t) = Ax(t) + Bz(t), (5.55a)
w(t) = Cx(t) + Dz(t) (5.55b)

is called passive if there exists a nonnegative function V : Rn → R+ such
that for all t0 ≤ t1 and all trajectories (z, x, w) of the system (5.55) the
following inequality holds:

V (x(t0)) +
∫ t1

t0

zT(t)w(t) dt ≥ V (x(t1)). (5.56)

If it exists the function V is called a storage function.
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Passivity property can be characterized in terms of the state space representation or
the transfer matrix of the system as follows.

Proposition 5.1 Consider the following statements:
1. The system Σ(A,B,C,D) is passive.
2. The linear matrix inequalities

K = KT ≥ 0 and
[
ATK + KA KB −CT

BTK −C −(D + DT)

]
≤ 0 (5.57)

have a solution K.
3. The function V (x) = 1

2x
TKx defines a storage function.

4. The transfer matrix G(s) = D + C(sI −A)−1B is positive real, i.e.,
u∗[G(λ) + G∗(λ)]u ≥ 0 for all complex vectors u and all complex
numbers λ such that Re(λ) > 0 and λ is not an eigenvalue of A.

5. The triple (A,B,C) is minimal.
6. The pair (C,A) is observable.
7. The matrix K is positive definite.

The following implications hold:
(i). 1 ⇔ 2 ⇔ 3.

(ii). 2 ⇒ 4.
(iii). 4 and 5 ⇒ 2.
(iv). 2 and 6 ⇒ 7.

5.2.5 Existence and uniqueness of solutions

Consider the system

ẋ(t) = Ax(t) + Bz(t) + Eu(t), (5.58a)
w(t) = Cx(t) + Dz(t) + F u(t), (5.58b)

0 ≤ z(t) ⊥ w(t) ≥ 0, (5.58c)

where the state x takes values from Rn, the input u from Rk, the complemen-
tarity variables (z,w) from Rm+m. We call these systems linear complemen-
tarity systems and denote (5.58) by LCS(A,B,C,D,E,F ). When the sextuple
(A,B,C,D,E,F ) is clear from the context, we use only LCS.

We say that a triple (z,x,w), where x is absolutely continuous and (z,w) is
locally integrable:

• is a Carathéodory solution of (5.58) for the initial state x0 and the input u if
x(0) = x0 and (5.58a) is satisfied for almost all t ≥ 0 and (5.58b)–(5.58c) are
satisfied for all t ≥ 0;

• is a forward solution of (5.58) for the initial state x0 and the input u if (z,x,w)
is a solution and for each t̄ ≥ 0 there exist an index set α(t̄) ⊆ {1, 2, . . . ,m},
and a positive number εt̄ such that
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ẋ(t) = Ax(t) + Bz(t) + Eu(t), (5.59a)
w(t) = Cx(t) + Dz(t) + Fu(t), (5.59b)

zα(t̄)(t) ≥ 0 wα(t̄)(t) = 0, (5.59c)

zαc(t̄)(t) = 0 wαc(t̄)(t) ≥ 0 (5.59d)

holds for all t ∈ (t̄, t̄ + ε). Here αc denotes the complement of the set α in
{1, 2, . . . ,m}.

Throughout the chapter, we will be mainly interested in Bohl-type inputs. A func-
tion f : R+ → Rp is said to be a Bohl function if f(t) = Z exp(Xt)Y holds for all
t ≥ 0 and for some matrices X , Y , and Z with appropriate sizes.

Existence and uniqueness of forward solutions The following theorem provides
sufficient conditions for the existence and uniqueness of forward solutions:

Theorem 5.3 [153] Let G(s) = D + C(sI −A)−1B. Suppose that
• for all π ⊆ {1, 2, . . . ,m}, Gππ(s) is invertible as a rational matrix and

s−1G−1
ππ(s) is proper; and

• G(σ) is a P-matrix for all sufficiently large real numbers σ.
Then, the following statements are equivalent:

1. There exists a forward solution of the LCS (5.58) for the initial state x0

and the Bohl input u.
2. Cx0 + Fu(0) ∈ LCP− Im(D).

Moreover, if a forward solution exists it is unique.

Existence and uniqueness of Carathéodory solutions Theorem 5.3 presents con-
ditions for the existence and uniqueness of forward solutions. However, the unique-
ness of Carathéodory solutions is not guaranteed by those conditions in general as
illustrated by the following example.

Example 5.7 Complementarity system with multiple solutions

The LCS(A, B, C , 0, 0, 0) with

A =

⎡⎢⎢⎣
0 0 0 −1
0 0 0 −1
0 0 0 −1
0 0 0 0

⎤⎥⎥⎦ , B =

⎡⎢⎢⎣
1 3 0
0 1 3
3 0 1
0 0 0

⎤⎥⎥⎦ , C =

⎡⎣1 0 0 0
0 1 0 0
0 0 1 0

⎤⎦
has multiple Carathéodory solutions for the initial state x0 = col(0, 0, 0, 1) [78, 584].
Note that CB is a P -matrix and hence all the conditions of Theorem 5.3 are satisfied.
Consequently, there exists a unique forward solution. �

The following theorem provides conditions for uniqueness of Carathéodory so-
lutions. It follows from the standard existence and uniqueness results of ordinary
differential equations with Lipschitzian right-hand sides.
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Theorem 5.4 Suppose that D is a P -matrix. Then, the following statements
are equivalent:

1. There exists a Carathéodory solution of the LCS (5.58) for any initial
state x0 and any locally integrable input u.

2. There exists a forward solution of the LCS (5.58) for any initial state x0

and any locally integrable input u.
Moreover, if (zi,xi,wi) i = 1, 2 are solutions with the initial state x0, and
the input u, then (z1,x1,w1) = (z2,x2,w2).

The P -matrix condition of this theorem is somewhat restrictive. It turns out that
passivity of the underlying linear system is sufficient in order to guarantee unique-
ness of Carathéodory solutions as stated next.

Theorem 5.5 [161] Suppose that the system Σ(A,B,C,D) is passive and
the LMIs (5.57) have a positive definite solution. Then, the following state-
ments are equivalent for a given positive real number T , an initial state x0,
and an input u:

1. There exists a Carathéodory solution of the LCS (5.58) for the initial
state x0 and the Bohl input u.

2. There exists a forward solution of the LCS (5.58) for the initial state x0

and the Bohl input u.
3. The relations

Fu(t) ∈ (LCP− ker(D))∗ + Im C, for all t ≥ 0, (5.60a)
Cx0 + Fu(0) ∈ (LCP− ker(D))∗ (5.60b)

hold.

Moreover, if (zi,xi,wi) i = 1, 2 are solutions with the initial state x0, and
the input u, then the relations

1. x1 − x2 = 0;

2. z1 − z2 ∈ ker
[

B

D + DT

]
;

3. w1 −w2 ∈ Dker
[

B

D + DT

]
hold.

Zeno phenomena Consider the input-free LCS

ẋ(t) = Ax(t) + Bz(t), (5.61a)
w(t) = Cx(t) + Dz(t), (5.61b)
0 ≤ z(t) ⊥ w(t) ≥ 0. (5.61c)

Let (z,x,w) be a Carathéodory solution of the LCS (5.61). Define the index sets
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α(t) = {i | zi(t) > 0 = wi(t)}, (5.62)
β(t) = {i | zi(t) = 0 = wi(t)}, (5.63)
γ(t) = {i | zi(t) = 0 < wi(t)}, (5.64)

for t ≥ 0. We say that a time instant t∗ > 0 is:

• a nonswitching time instant with respect to the solution (z,x,w) if there exist a
positive real number ε and index sets (α∗, β∗, γ∗) such that (α(t), β(t), γ(t)) =
(α∗, β∗, γ∗) for all t ∈ (t∗ − ε, t∗) ∪ (t∗, t∗ + ε);

• a switching time instant if it is not a nonswitching time instant.

Let Γ be the set of all switching time instants with respect to the solution (z,x,w).
We say that the solution (z,x,w) is

• left-Zeno free if the set Γ has no left accumulation points, i.e. for each t ≥ 0
there exists a positive real number ε such that Γ ∩ (t, t + ε) = ∅;

• right-Zeno free if the set Γ has no right accumulation points, i.e. for each t > 0
there exists a positive real number ε such that Γ ∩ (t− ε, t) = ∅;

• Zeno free if it is both left- and right-Zeno free.

Four theorems that provide sufficient conditions that exclude certain types of Zeno
behavior are in order. The first one rules out both left and right Zeno behavior under
a restrictive condition:

Theorem 5.6 [583] Suppose that D is a P -matrix. Then, all solutions of
the LCS (5.61) are Zeno free.

The second rules out only left-Zenoness under a less restrictive condition, namely
the passivity assumption:

Theorem 5.7 [306] Suppose that the system Σ(A,B,C,D) is passive and
col(B,D+DT) is of full column rank. Then, all solutions of the LCS (5.61)
are left-Zeno free.

The third result rules out Zeno behavior in case the underlying system is passive and
D matrix satisfies certain conditions:

Theorem 5.8 [149, 152] Suppose that the system Σ(A,B,C,D) is passive
and col(B,D + DT) is of full column rank. If there exists an index set
α ⊆ {1, 2, . . . ,m} such that
• Dαα is positive definite;
• Dααc = O and Dαcα = O; and
• Dαcαc is skew-symmetric.
Then all solutions of the LCS (5.61) are Zeno free.
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The final result relaxes the passivity requirement:

Theorem 5.9 [162] Suppose that m = 1, D = O, and CB > 0. Then, all
solutions of the LCS (5.61) are Zeno free.

Stability To study stability, we introduce a stronger version of passivity:

Definition 5.2 (Strictly passive system) The system Σ(A,B,C,D) is
called strictly passive , if the matrix inequalities

K = KT > 0 and
[
ATK + KA + εK KB −CT

BTK −C −(D + DT)

]
≤ 0 (5.65)

have a solution K for some ε > 0.

Lyapunov stability of linear complementarity systems is established by the following
theorem under the passivity assumption:

Theorem 5.10 [155] Consider the LCS (5.61). Suppose that the linear sys-
tem Σ(A,B,C,D) is strictly passive. Then the LCS (5.61) is globally ex-
ponentially stable. In case Σ(A,B,C,D) is passive only, then the system
is Lyapunov stable.

In general, obtaining necessary and sufficient conditions for stability is a hard task.
Only in the planar case, one can provide such conditions as stated in the next
theorem:

Theorem 5.11 [156] Consider the LCS (5.61) with m = 1, n = 2, and
(C,A) is an observable pair. The following statements hold:

1. Suppose that D > 0. The LCS (5.61) is asymptotically stable if and
only if
(a) neither A nor A − BD−1C has a real nonnegative eigenvalue,

and
(b) if both A and A−BD−1C have nonreal eigenvalues then σ1/ω1+

σ2/ω2 < 0 where σ1 ± iω1 (ω1 > 0) are the eigenvalues of A and
σ2 ± iω2 (ω2 > 0) are the eigenvalues of A−BD−1C.

2. Suppose that D > 0. The LCS (5.61) has a nonconstant periodic solu-
tion if and only if both A and A−BD−1C have nonreal eigenvalues,
and σ1/ω1 + σ2/ω2 = 0 where σ1 ± iω1 are the eigenvalues of A and
σ2 ± iω2 are the eigenvalues of A − BD−1C. Moreover, if there is
one periodic solution, then all other solutions are also periodic. And,
π/ω1 + π/ω2 is the period of any solution.

3. Suppose that D = O and CB > 0. The LCS (5.61) is asymptoti-
cally stable if and only if A has no real nonnegative eigenvalue and
[I − B(CB)−1C]A has a real negative eigenvalue (note that one
eigenvalue is already zero).
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Controllability and stabilizability Let (zx0,u,xx0,u,wx0,u) denote the solu-
tion of the LCS (5.58) for the initial state x0 and the input u. We say that the LCS
(5.58) is

• controllable if for any pair of states (x0,xf) ∈ Rn+n there exists a locally inte-
grable input u such that the trajectory xx0,u satisfies xx0,u(T ) = xf for some
T > 0;

• stabilizable if for any initial state x0 there exists a locally integrable input u such
that limt↑∞ xx0,u = 0.

The following theorem presents algebraic necessary and sufficient conditions for
the controllability of an LCS:

Theorem 5.12 [150] Suppose that D is a P -matrix and the transfer matrix
F +C(sI−A)−1E is invertible as a rational matrix. Then, the LCS (5.58)
is controllable if, and only if, the following two conditions hold:

1. The pair (A,
[
B E

]
) is controllable.

2. The system of inequalities

η ≥ 0, (5.66a)[
ξT ηT

] [A− λI E
C F

]
= 0, (5.66b)

[
ξT ηT

] [B
D

]
≤ 0 (5.66c)

admits no solution λ ∈ R and 0 �= (ξ,η) ∈ Rn+m.

It turns out that stabilizability can also be characterized in the same way:

Theorem 5.13 Suppose that D is a P -matrix and the transfer matrix F +
C(sI − A)−1E is invertible as a rational matrix. Then, the LCS (5.58) is
stabilizable if, and only if, the following two conditions hold:

1. The pair (A,
[
B E

]
) is stabilizable.

2. The system of inequalities

η ≥ 0, (5.67a)[
ξT ηT

] [A− λI E
C F

]
= 0, (5.67b)

[
ξT ηT

] [B
D

]
≤ 0 (5.67c)

admits no solution 0 ≤ λ ∈ R and 0 �= (ξ,η) ∈ Rn+m.
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5.3 Equivalence of piecewise affine systems, mixed logical
dynamical systems, and linear complementarity systems

In this section we discuss equivalences among five classes of discrete-time hybrid
systems, viz. mixed logical dynamical (MLD) systems, linear complementarity (LC)
systems, extended linear complementarity (ELC) systems, piecewise affine (PWA)
systems, and max-min-plus-scaling (MMPS) systems. Some of the equivalences
can be established under (rather mild) additional assumptions. These results are of
paramount importance for transferring theoretical properties and tools from one class
to another, with the consequence that for the study of a particular hybrid system that
belongs to any of these classes, one can choose the most convenient hybrid modeling
framework. The proofs of all the equivalence results reported in this section can be
found in [305].

5.3.1 Summary of the five classes of hybrid models

In the previous chapters of this handbook it has already been indicated that, as
tractable methods to analyze general hybrid systems are not available, several authors
have focussed on special subclasses of hybrid dynamical systems for which analysis
and/or control design techniques are currently being developed. Some examples of
such subclasses are: linear complementarity (LC) systems, mixed logical dynami-
cal (MLD) systems, first-order linear hybrid systems with saturation, and piecewise
affine (PWA) systems. Each subclass has its own advantages over the others. For
instance, stability criteria were proposed for PWA systems (Section 4.4), control
and verification techniques for MLD hybrid models (Section 5.1), and conditions
of existence and uniqueness of solution trajectories (well-posedness) for LC systems
(Section 5.4).

In this section we will show that several of such subclasses of hybrid systems are
equivalent when considered in their discrete-time formulation. Some of the equiv-
alences are obtained under additional assumptions related to well-posedness and
boundedness of input, state, output, or auxiliary variables. These results allow to
transfer all the above analysis and synthesis tools to any of the equivalent subclasses
of hybrid systems.

First we briefly recapitulate the five classes of hybrid systems considered in this
section. The variables u(k) ∈ IRm, x(k) ∈ IRn and y(k) ∈ IRl denote the input,
state and output, respectively, at time k.

Piecewise affine (PWA) systems PWA systems are described by

x(k + 1) = Aix(k) + Biu(k) + fi

y(k) = Cix(k) + Diu(k) + gi
for
[
x(k)
u(k)

]
∈ Ωi, (5.68)

where Ωi are convex polyhedra (i.e. given by a finite number of linear inequalities) in
the input/state space. PWA systems form the “simplest” extension of linear systems
that can still model nonlinear and non-smooth processes with arbitrary accuracy and
are capable of handling hybrid phenomena.
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Mixed logical dynamical (MLD) systems As introduced in Section 5.1.3, an inte-
gration of logic, dynamics, and constraints results in the description

x(k + 1) = Ax(k) + B1u(k) + B2δ(k) + B3z(k), (5.69)
y(k) = Cx(k) + D1u(k) + D2δ(k) + D3z(k), (5.70)

E2δ(k) + E3z(k) � E1u(k) + E4x(k) + E5, (5.71)

where x(k) = [xT
c (k) xT

b (k)]T with xc(k) ∈ IRnc and xb(k) ∈ {0, 1}nb. z(k) ∈
IRrc and δ(k) ∈ {0, 1}rb are auxiliary variables. The inequalities (5.71) have to be
interpreted componentwise.

Remark 5.1 It is assumed that for all x(k) with xb(k) ∈ {0, 1}nb , all u(k) with
ub(k) ∈ {0, 1}mb , all z(k) ∈ IRrc and all δ(k) ∈ {0, 1}rb satisfying (5.71) it
holds that x(k + 1) and y(k) determined from (5.69) – (5.70) are such that xb(k +
1) ∈ {0, 1}nb and yb(k) ∈ {0, 1}lb . This is without loss of generality, as we can
take binary components of states and outputs (if any) to be auxiliary variables as well
(see the proof of Proposition 1 of [65]). Indeed, if, for instance, yb(k) ∈ {0, 1}lb

is not directly implied by the (in)equalities, we introduce an additional binary vector
variable δy(k) ∈ {0, 1}lb and the inequalities

[Cx(k) + D1u(k) + D2δ(k) + D3z(k)]b − δy(k) ≤ 0,

[−Cx(k) − D1u(k) − D2δ(k) − D3z(k)]b + δy(k) ≤ 0,

which sets δy(k) equal to yb(k). The notation [ ]b is used to select the rows of
the expression (5.70) that correspond to the binary part of y(k). Hence, yb(k) =
δy(k) ∈ {0, 1}lb . Similarly, we can deal with ub(k) and xb(k + 1).

Linear complementarity (LC) systems In discrete time these systems are given
by the equations

x(k + 1) = Ax(k) + B1u(k) + B2w(k), (5.72)
y(k) = Cx(k) + D1u(k) + D2w(k), (5.73)
v(k) = E1x(k) + E2u(k) + E3w(k) + g4, (5.74)

0 ≤ v(k)⊥w(k) ≥ 0, (5.75)

with v(k),w(k) ∈ IRs and where ⊥ denotes the orthogonality of vectors (i.e.
v(k)⊥w(k) means that vT(k)w(k) = 0). We call v(k) and w(k) the comple-
mentarity variables.

Extended linear complementarity (ELC) systems Several types of hybrid sys-
tems can be modeled as extended linear complementarity (ELC) systems:

x(k + 1) = Ax(k) + B1u(k) + B2d(k), (5.76)
y(k) = Cx(k) + D1u(k) + D2d(k), (5.77)
E1x(k) + E2u(k) + E3d(k) � g4, (5.78)

p∑
i=1

∏
j∈φi

(
g4 −E1x(k)−E2u(k)−E3d(k)

)
j

= 0, (5.79)
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where d(k) ∈ IRr is an auxiliary variable. Condition (5.79) is equivalent to∏
j∈φi

(
g4−E1x(k)−E2u(k)−E3d(k)

)
j

= 0 for each i ∈ {1, 2, . . . , p}, (5.80)

due to the inequality conditions (5.78). This implies that (5.78)–(5.79) can be con-
sidered as a system of linear inequalities (i.e. (5.78)), where there are p groups of
linear inequalities (one group for each index set φi) such that in each group at least
one inequality should hold with equality.

Max-min-plus-scaling (MMPS) systems In [578] a class of discrete-event sys-
tems has been introduced that can be modeled using the operations maximization,
minimization, addition, and scalar multiplication. Expressions that are built using
these operations are called max-min-plus-scaling (MMPS) expressions.

Definition 5.3 (Max-min-plus-scaling expression) A max-min-plus-scaling
expression f of the variables x1, . . . , xn is defined by the grammar

f := xi|α|max(fk, fl)|min(fk, fl)|fk + fl|βfk, (5.81)

with i ∈ {1, 2, . . . , n}, α, β ∈ IR, and where fk, fl are again MMPS ex-
pressions. (The symbol | stands for OR and the definition is recursive.)

An MMPS expression is, for example

5x1 − 3x2 + 7 + max(min(2x1,−8x2), x2 − 3x3).

Consider now systems that can be described by

x(k + 1) = Mx(x(k),u(k),d(k)), (5.82)
y(k) = My(x(k),u(k),d(k)), (5.83)

Mc(x(k),u(k),d(k)) � c, (5.84)

where Mx, My , and Mc are MMPS expressions in terms of the components of
x(k), the input u(k), and the auxiliary variables d(k), which are all real-valued.
Such systems will be called MMPS systems.

5.3.2 Systems equivalence

In this section we prove that MLD, LC, ELC, PWA and MMPS systems are equiv-
alent (although in some cases additional assumptions are required). The relations
between the models are depicted in Fig. 5.2.

MLD and LC systems

Proposition 5.2 Every MLD system can be written as an LC system.
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Fig. 5.2 Graphical representation of the links among the classes of hybrid sys-
tems considered in this paper. An arrow going from class A to class B means
that A is a subset of B. The number next to each arrow corresponds to the
proposition that states this relation. Moreover, arrows with a star (
) require
conditions to establish the indicated inclusion.

As mentioned before, all proofs of the equivalence results presented here can be
found in [305].

Proposition 5.3 Every LC system can be written as an MLD system, pro-
vided that the variables w(k) and v(k) are (componentwise) bounded.

Proposition 5.3 assumes that upper bounds on w and v are known. This hypothesis
is not restrictive in practice, as these quantities are related to continuous inputs and
states of the system, which are usually bounded for physical reasons.

LC and ELC systems

Proposition 5.4 Every LC system can be written as an ELC system.

PWA and MLD systems
A PWA system of the form (5.68) is called well-posed, if (5.68) is uniquely solvable
in x(k + 1) and y(k), once x(k) and u(k) are specified. The following proposition
has been stated in [65] and is an easy extension of the corresponding result in [62]
for piecewise linear (PWL) systems (i.e. PWA systems with fi = gi = 0):

Proposition 5.5 Every well-posed PWA system can be rewritten as an MLD
system assuming that the set of feasible states and inputs is bounded.

Remark 5.2 As MLD models only allow for nonstrict inequalities in (5.71), in rewrit-
ing a discontinuous PWA system as an MLD model strict inequalities like x(k) < 0
(where assume here for the sake of simplicity of the exposition and without
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5 Further switched systems 171

loss of generality that x(k) is a scalar) must be approximated by x(k) ≤ −ε for some
ε > 0 (typically the machine precision), with the assumption that −ε < x(k) < 0
cannot occur due to the finite number of bits used for representing real numbers
(no problem exists when the PWA system is continuous, where the strict inequality
can be equivalently rewritten as nonstrict, or ε = 0). See [62] for more details and
5.8 for an example. From a strictly theoretical point of view, the inclusion stated
in Proposition 5.5 is therefore not exact for discontinuous PWA systems, and the
same clearly holds for an LC, ELC or MMPS reformulation of a discontinuous PWA
system when the route via MLD is taken. One way to circumvent such an inexactness
is to allow part of the inequalities in (5.71) to be strict. On the other hand, from a
numerical point of view this issue is not relevant. The equivalence of LC and MLD
systems (cf. Proposition 5.2 and 5.3) implies that all continuous PWA can be exactly
written as LC systems as well. A similar result for continuous PWA systems can be
derived from [217].

The MLD system (5.69) is called completely well-posed, if x(k+1), y(k), δ(k) and
z(k) are uniquely defined in their domain, once x(k) and u(k) are assigned [62]. The
reverse statement of Proposition 5.5 has been established in [65] under the condition
that the MLD system is completely well-posed:

Proposition 5.6 A completely well-posed MLD system can be rewritten as a
PWA system.

Constructive procedures for converting MLD systems into PWA form were pro-
vided in [55, 56] (and implemented in the Hybrid Toolbox [57], see Chapter 10) and
in [265]. Equivalences between PWA systems and other hybrid model classes have
been also investigated in [136], where the authors examine a relationship existing
among linear hybrid automata (LHA) and piecewise affine (PWA) systems, showing
in a constructive way that a LHA can be equivalently represented as a continuous-
time PWA system.

MMPS and ELC systems

Proposition 5.7 The classes of MMPS and ELC systems coincide.

MLD and ELC systems

Proposition 5.8 Every MLD system can be rewritten as an ELC system.

Remark 5.3 Note that the condition δi(k) ∈ {0, 1} is also equivalent to the MMPS
constraint max(−δi(k), δi(k) − 1) = 0 or min(δi(k), 1 − δi(k)) = 0.

Proposition 5.9 Every ELC system can be written as an MLD system, pro-
vided that the quantity g4−E1x(k)−E2u(k)−E3d(k) is (componentwise)
bounded.

Note that (just as for Proposition 5.3) the boundedness hypothesis in Proposi-
tion 5.9 is not restrictive in practice, since the inputs and states of the system are
usually bounded for physical reasons.
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Example 5.8 Equivalent hybrid systems

To demonstrate the equivalences proven above, we consider the example [62]

x(k + 1) =

{
0.8x(k) + u(k), if x(k) ≥ 0,

−0.8x(k) + u(k), if x(k) < 0,
(5.85)

with m ≤ x(k) ≤ M . In [62] it is shown that (5.85) can be written as

x(k + 1) = −0.8x(k) + u(k) + 1.6z(k),
−mδ(k) ≤ x(k) − m, x(k) ≤ (M + ε)δ(k) − ε,

z(k) ≤ Mδ(k), z(k) ≥ mδ(k),
z(k) ≤ x(k) − m(1 − δ(k)), z(k) ≥ x(k) − M(1 − δ(k)),

(5.86)

and the condition δ(k) ∈ {0, 1}. Note that the strict inequality x(k) < 0 has been replaced
by x(k) ≤ −ε, where ε > 0 is a small number (typically the machine precision). In view of
Remark 5.2 observe that ε = 0 results in a mathematically exact MLD model. In this case
the model is well-posed, but not completely well-posed as x(k) = 0 allows both δ(k) = 0
and δ(k) = 1. (An MLD model is called well-posed, if x(k + 1) and y(k) are uniquely
determined, once x(k) and u(k) are given. Note that there are no requirements on δ(k) and
z(k).)

One can verify that (5.85) can be rewritten as the MMPS model

x(k + 1) = −0.8x(k) + 1.6 max(0, x(k)) + u(k), (5.87)

as the LC formulation

x(k + 1) = −0.8x(k) + u(k) + 1.6z(k), (5.88)

0 ≤ w(k) = −x(k) + z(k)⊥ z(k) ≥ 0, (5.89)

and as the ELC representation

x(k + 1) = −0.8x(k) + u(k) + 1.6d(k),

− d(k) ≤ 0,

x(k) − d(k) ≤ 0,

0 =
(
x(k) − d(k)

)(
−d(k)

)
.

While the MLD representation (5.86) requires bounds on x(k), u(k) to be specified (al-
though such bounds can be arbitrarily large), the PWA, MMPS, LC, and ELC expressions
do not require such a specification.

Note that we only need one max-operator in (5.87) and one complementarity pair in
(5.88)–(5.89). If we would transform the MLD system (5.86) into, e.g., the LC model as
indicated by the equivalence proof, this would require nine complementarity pairs. Hence,
it is clear that the proofs only show the conceptual equivalence, but do not result in the most
compact models. �

Outlook In this section we have discussed the equivalence of five classes of
discrete-time hybrid systems: MLD, LC, ELC, PWA, and MMPS systems. For some
of the transformations additional conditions like boundedness of the state and in-
put variables or well-posedness had to be made. These results allow one to transfer
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properties and tools from one class to another. So for the study of a particular hy-
brid system that belongs to any of these classes, one can choose the most convenient
modeling framework.

In the continuous-time framework, which is the natural habitat for most of the
applications for LC systems, such broad equivalence relations are out of the question.
There are relations though of LC systems to other specific classes of nonsmooth
systems such as specific differential inclusions based on the normal cones of convex
analysis and so-called projected dynamical systems. The reader may consult [124,
303] for these relationships.

5.4 Solution concepts and well-posedness

This section considers the fundamental system-theoretic property of well-posedness
for hybrid dynamical systems. We intend to provide an overview on the available
results on existence and uniqueness of solutions for given initial conditions in the
context of various description formats for hybrid systems and their corresponding
solution concepts.

5.4.1 Problem statement

On an abstract level, scientific modeling may be defined as the process of finding
common descriptions for groups of observed phenomena. Often, several description
forms are possible.

Example 5.9 Flying ball

To take an example from not very recent technology, suppose we want to describe the flight
of iron balls fired from a cannon. One description can be obtained by noting that such balls
approximately follow parabolas, which may be parametrized in terms of firing angle, cannon
ball weight, and amount of gun powder used. Another possible description characterizes
the trajectories of the cannon balls as solutions of certain differential equations. The latter
description may be viewed as being fairly indirect; after all it represents trajectories only
as solutions to some problem, rather than expressing directly what the trajectories are, as
the first description form does. On the other hand, the description by means of differential
equations is applicable to a wider range of phenomena, and one may, therefore, feel that it
represents a deeper insight. Besides, interconnection (composition) becomes much easier
since it is in general much easier to write down equations than to determine the solutions of
the interconnected system. �

There are many examples in science where, as above, an implicit description
(that is, a description in terms of a mathematical problem to be solved) is useful and
possibly more powerful than explicit descriptions. Whenever an implicit description
is used, however, one has to show that the description is a “good” one in the sense
that the stated problem has a well-defined solution. This is essentially the issue of
well-posedness.
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Many different description formats have been proposed in recent years for hy-
brid systems. Some proposed forms are quite direct, others lead to rather indirect
descriptions. The direct forms have advantages from the point of view of analysis,
but the indirect forms are often preferable from the perspective of modeling (speci-
fication); examples will be seen below. The more indirect a description form is, the
harder it becomes to show that solutions are well-defined. This section intends to
provide a survey on the available results on existence and uniqueness of solutions for
given initial conditions in the context of the description formats for hybrid systems
as considered in this handbook.

5.4.2 Model classes

This section summarizes the models of hybrid systems that will be investigated later
with respect to the existence and well-posedness of a solution.

Hybrid automata Hybrid automata were already defined in Section 1.2 and
Section 2.1 and we refer to the formal definition of this model class based on the
8-tuple H = (Q,X ,f , Init , Inv , E ,G,R) given there.

Differential equations with discontinuous right-hand sides During the past
decades, extensive studies have been made of differential equations with discontinu-
ous right-hand sides (cf. in particular [237] and [639, 640]). For a typical example,
consider the following specification:

ẋ =

{
f1(x), when h(x) > 0,
f2(x), when h(x) < 0,

(5.90)

where h is a real-valued function. A system of this form can be looked at either as
a discontinuous dynamical system or as a hybrid system of a particular form. The
specification above is obviously incomplete since no statement is made about the
situation in which h(x) = 0. One way to arrive at a solution concept is to adopt a
suitable relaxation. Specifically, Filippov [237] proposed rewriting the equations in
a convex relaxation (5.90) as

ẋ ∈ F(x), (5.91)

where the set-valued function F(x) is defined by

F (x) =

⎧⎪⎨⎪⎩
{f1(x)}, when h(x) > 0,
{f2(x)}, when h(x) < 0,
{y | ∃a ∈ [0, 1] s. t. y = af1(x) + (1− a)f2(x)}, when h(x) = 0,

(5.92)
where it is assumed (for simplicity) that f1 and f2 are given as continuous functions
defined on {x | h(x) ≥ 0} and {x | h(x) ≤ 0}, respectively.

The discontinuous dynamical system has now been reformulated as a differential
inclusion, and so solution concepts and well-posedness results can be applied that
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have been developed for systems of this type [26]. Other methods to obtain differen-
tial inclusions are proposed by Utkin (“control equivalent definition”) and Aizerman
and Pyatnitskii (Sect. 5.4.4). In case the vector fields f i(x) are linear (i.e. of the form
Aix for some matrix Ai) and the switching surface is given by a linear function h,
then the system (5.90) is called a piecewise linear system. These systems will receive
special attention below.

Hybrid inclusions A conceptually simple model, but still powerful to model many
classes of interest, was developed recently in [133, 271, 273]. It extends the differen-
tial inclusion (5.91) by restricting its “flow region” to a set C and including resets of
the state variable in the “jump set” D. As such, the model consists of the data of two
subsets C and D of Rn, and two set-valued mappings F and G, from C, respectively
from D, to Rn. The hybrid system is written as

ẋ ∈ F(x) if x ∈ C, (5.93a)
x+ ∈ G(x) if x ∈ D, (5.93b)

The state variable is now given by x(t) ∈ Rn for time t ∈ R, but some parts of the
state vector are also allowed to take only integer values.

Complementarity systems Complementarity systems have been discussed already
in detail in Section 5.2. The reader is referred to that section for an exposition on this
class of hybrid systems.

5.4.3 Solution concepts

A description format for a class of dynamical systems only specifies a collection of
trajectories if one provides a notion of solution. Actually the term “solution” already
more or less suggests an implicit description format; in computer science terms, one
may also say that a definition should be given of what is understood by a run (or
an execution) of a system description. Formally speaking, description formats are
a matter of syntax: they specify what is a well-formed expression. The notion of
solution provides semantics: to each well-formed expression it associates a collection
of functions of time. In the presentation of description formats above, the syntactic
and semantic aspects have not been strictly separated, for reasons of readability. Here
we review in a more formal way solution concepts for several of the description
formats that were introduced.

Solution concepts for hybrid automata We will use the (autonomous) hybrid
automata formulation as in Section 1.2 and Section 2.1 based on the 8-tuple H =
(Q,X ,f , Init , Inv , E ,G,R). To formalize the solution concept based on this model
syntax, we will use the following definitions.

Definition 5.4 (Hybrid time trajectory) [427] A hybrid time trajectory
τ = {Ii}N

i=0 is a finite (N <∞) or infinite (N = ∞) sequence of intervals
of the real line, such that:

co
nt

ro
len

gin
ee

rs
.ir



176 A. Bemporad, M. K. Çamlıbel, W. P. M. H. Heemels, et al.

• Ii = [τi, τ
′
i ] with τi ≤ τ ′i = τi+1 for 0 ≤ i < N ;

• if N <∞, either IN = [τN , τ ′N ] or IN = [τN , τ ′N ] with τN ≤ τ ′N ≤ ∞.

A hybrid time trajectory does not allow left accumulation points . Indeed, the
event times set E := {0}∪{ 1

n | n ∈ N} and the corresponding sequence of intervals
cannot be rewritten in terms of a hybrid time trajectory. Hence, the above definition
excludes implicitly specific Zeno behavior and that this concept has a “preferred di-
rection of time.” This is caused by the fact that it assumes that the set of event times
is well-ordered by the usual order of the reals, but not necessarily by the reverse
order; in other words, event times may accumulate to the right, but not to the left.
(An ordered set S is said to be well-ordered if each nonempty subset of S has a least
element.) This lack of symmetry with respect to time can be removed by allowing
the set of event times E to be of a more general type. Similar asymmetries in time
are also the case for the solutions of hybrid inclusions and the forward solutions of
complementarity systems as discussed below. Interestingly, Filippov solutions for
discontinuous dynamical systems do have a more symmetric notion of time, which
guarantees that time-reversed solutions remain to be solutions of the time-reversed
system. This property is lost for the executions of hybrid automata, solutions to hy-
brid inclusions and forward solutions to complementarity systems (see also [532] for
a further discussion).

We say that the hybrid time trajectory τ = {Ii}N
i=0 is a prefix of τ ′ = {Ji}M

i=0

and write τ ≤ τ ′, if they are identical or τ is finite, M ≥ N , Ii = Ji for i =
0, 1, . . . , N − 1, and IN ⊆ JN . In case τ is a prefix of τ ′ and they are not identical,
τ is a strict prefix of τ ′.

Definition 5.5 (Execution) An execution χ of a hybrid automaton is a col-
lection χ = (τ, λ, ξ) with:
• τ = {Ii}N

i=0 a hybrid time trajectory;
• λ = {λi}N

i=0 with λi : Ii → Q; and
• ξ = {ξi}N

i=0 with ξi : Ii → X
satisfying
• initial condition (λ(τ0), x(τ0)) ∈ Init;
• continuous evolution for all i:

• λi is constant, i.e., λi(t) = λi(τi) for all t ∈ Ii;
• ξi is the solution to the differential equation ξ̇ = f(λi(t), ξ(t)) on

the interval Ii with initial condition ξi(τi) at τi;
• for all t ∈ [τi, τ

′
i) it holds that ξi(t) ∈ Inv(λi(t));

• discrete evolution for all i, e = (λi(τ ′i), λi+1(τi+1)) ∈ E , ξ(τ ′i ) ∈ G(e)
and (ξi(τ ′i), ξi+1(τi+1)) ∈ R(e).

Solution concepts for differential equations with discontinuous right-hand side
As we have seen above, some differential equations with discontinuous right-hand
side can be considered from the perspective of differential inclusions. The standard
solution concept for differential inclusions is the following. A vector function x(t)
defined on an interval [a, b] is said to be a solution of the differential inclusion
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ẋ ∈ F(x), where F(·) is a set-valued function, if x(·) is absolutely continuous
and satisfies ẋ(t) ∈ F(x(t)) for almost all t ∈ [a, b]. The requirement of absolute
continuity guarantees the existence of the derivative almost everywhere. One may
note that the solution concept for differential inclusions does not have a preferred
direction of time, as opposed to the notion of an execution for hybrid automata.

Solution concepts for hybrid inclusions For the hybrid inclusions (5.93) a solu-
tion concept (cf. [133, 271, 273]) is used that shows similarities with the one adopted
for the hybrid automata. It is based upon the notion of a hybrid time domain, which
is tightly connected to hybrid time trajectory as in Definition 5.4, because the hybrid
time trajectory includes the “event counter j” into the hybrid time domain.

Definition 5.6 (Hybrid time domain) A compact hybrid time domain is a
set D ⊂ R≥0 × N given by :

D =
J−1⋃
j=0

[tj , tj+1]× {j},

where J ∈ N and 0 = t0 ≤ t1 · · · ≤ tJ . A hybrid time domain is a set
D ⊂ R≥0 ×N such that, for each (T, J) ∈ D, D ∩ ([0, T ]× {0, . . . , J}) is
a compact hybrid time domain.

Also the hybrid time domains have a “preferred direction of time” as left accu-
mulations of the reset times {tj} are not allowed.

Definition 5.7 (Hybrid trajectory) A hybrid trajectory is a pair (dom x, x)
consisting of hybrid time domain dom x and a function x defined on dom
x that is locally absolutely continuous in t on (dom x) ∩ (R≥0 × {j}) for
each j ∈ N.

Now we are ready to formally introduce a solution to (5.93).

Definition 5.8 (Hybrid arc) A hybrid trajectory x : dom x → Rn is a
solution sometimes called a hybrid arc to (5.93) if:

1. for all j ∈ N and for almost all t ∈ Ij := dom x ∩ (R≥0 × {j}), we
have x(t, j) ∈ C and ẋ(t, j) ∈ F(x(t, j));

2. for all (t, j) ∈ dom x such that (t, j+1) ∈ dom x, we have x(t, j) ∈ D
and x(t, j + 1) ∈ G(x(t, j)).

Solution concept for complementarity systems Section 5.2 introduced the con-
cepts of Carathéodory and forward solutions for complementarity systems. These
two notions are only valid for absolute continuous solutions implying that the x-part
of the solutions cannot jump across events (mode switches). For (linear) comple-
mentarity systems of a higher index such as mechanical systems with unilateral con-
straints that induce impacts, this requirement is too strong and one has to add jump
rules that connect continuous states before and after an event has taken place. Under
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suitable conditions (specifically, in the case of linear complementarity systems and
in the case of Hamiltonian complementarity systems), a general jump rule may be
given [302, 304, 572].

5.4.4 Well-posedness notions

In the context of systems of differential equations, the term well-posedness roughly
means that there is a nice relation between trajectories and initial conditions (or,
more generally, boundary conditions). There are various ways in which this idea can
be made more precise, so the meaning of the term may in fact be adapted to the
particular problem class at hand. Typically it is required that solutions exist and are
unique for any given initial condition. Both for the existence and for the uniqueness
statement, one has to specify a function class in which solutions are considered. The
function class used for existence may be the same as the one used for uniqueness,
or they may be different; for instance, one might prove that solutions exist in some
function class and that uniqueness holds in a larger function class. In the latter situa-
tion one is able to show specific properties (the ones satisfied by the smaller function
class) of solution trajectories in the larger class. In case one is dealing with a system
description that includes equality and/or inequality constraints, it may be reasonable
to limit the set of initial conditions to a suitably chosen set of “feasible” or “consis-
tent” initial conditions.

If solutions exist and are unique, a given system description defines a mapping
from the set of initial conditions to trajectory set. In the theory of smooth dynam-
ical systems, it is usually taken as part of the definition of well-posedness that this
mapping is continuous with respect to suitably chosen topologies. In the case of non-
smooth and hybrid dynamical systems, it frequently happens that there are certain
boundaries in the continuous state space separating regions of initial conditions that
generate widely different trajectories. Therefore, continuous dependence of solutions
on initial conditions (at least in the sense of the topologies that are commonly used
for smooth dynamical systems) may be a requirement too strong for hybrid systems.
See, for instance, the mechanical example in [304] consisting of two carts connected
by a hook and a spring, where the motion of the first cart is constrained by a block.
This simple example illustrates the discontinuous dependence on initial conditions
nicely.

One may also distinguish between various notions of well-posedness on the basis
of the time interval that is involved. For instance, in the context of hybrid automata,
one may say that a given automaton is nonblocking [427] if for each initial con-
dition either at least one transition is enabled or an a smooth evolution according
to the dynamics of one of the modes is possible on an interval of positive length.
If the continuation is unique (the automaton is deterministic [427]), one may then
say that the automaton is initially well-posed. This definition allows a situation in
which a transition from location 1 to location 2 is immediately followed by a tran-
sition back to location 1 and so on in an infinite loop, so that τ ′i = τi for all i in
the hybrid time trajectory corresponding to this execution indicating that this solu-
tion does not make progress in the continuous time direction t (live-lock). A stronger
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notion is obtained by requiring that a solution exists at least on an interval [0, ε) with
ε > 0; system descriptions for which such solutions exist and are unique are called
locally well-posed. In computer science terminology, such systems “allow time to
progress.” Finally, if solutions exist and are unique on the whole half-line [0,∞),
then one speaks of global well-posedness. Local and global well-posedness can be
seen to be asymmetric in their consideration of time in the sense that it considers
“continuous” time t to be dominant over the “discrete time” j (in the terminology of
hybrid time domains). For “physical” hybrid systems this asymmetry is useful as we
are interested in the actual progress of real time t and less interested in the number
of events. Initial well-posedness is from this point of view more symmetric.

Well-posedness of hybrid automata Necessary and sufficient conditions for well-
posedness of hybrid automata have been stated in [427]. Basically these conditions
mean that transitions with non-trivial reset relations are enabled whenever contin-
uous evolution is impossible (this property is called nonblocking) and that discrete
transitions must be forced by the continuous flow exiting the invariant set, no two
discrete transitions can be enabled simultaneously, and no point x can be mapped
onto two different points x′ �= x′′ by the reset relation R(q, q′) - this property is
called determinism. We will formally state the results of [427] after introducing some
necessary concepts and definitions.

An execution χ = (τ, λ, ξ) as defined in Definition 5.5 is called finite, if τ is a
finite sequence ending with a closed interval; infinite, if τ is an infinite sequence or
if
∑

i(τ
′
i − τi) = ∞; and maximal if it is not a strict prefix of any other execution of

the hybrid automaton. We denote the set of all maximal and infinite executions of the
automaton with initial state (q0,x0) ∈ Init by HM

(q0,x0)
and H∞

(q0,x0)
, respectively.

Definition 5.9 (Nonblocking automaton) A hybrid automaton is called
nonblocking if H∞

(q0,x0)
is nonempty for all (q0,x0) ∈ Init. It is called de-

terministic if HM
(q0,x0)

contains at most one element for all (q0,x0) ∈ Init.

These well-posedness concepts are similar to what we called initial well-posed-
ness as they do not say anything about live-lock or the continuation beyond accumu-
lation points of event times.

To simplify the characterization of nonblocking and deterministic automata, the
following assumption has been introduced in [427]:

Assumption 5.1 The vector field f(q, ·) is globally Lipschitz continuous for
all q ∈ Q. The edge (q, q′) is contained in E if and only if G(q, q′) �= ∅ and
x ∈ G(q, q′) if and only if there is an x′ ∈ X such that (x,x′) ∈ R(q, q′).

The first part of the assumption is standard to guarantee global existence and
uniqueness of solutions within each location given a continuous initial state. The
latter part is without loss of generality as can easily be seen [427].

A state (q̂, x̂) is called reachable if there exists a finite execution (τ, λ, ξ) with
τ = {[τi, τ

′
i ]}N

i=0 and (λN (τ ′N ), ξN (τ ′N )) = (q̂, x̂). The set Reach ⊆ Q×X denotes
the collection of reachable states of the automaton.
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The set of states from which continuous evolution is impossible is defined as

Out = {(q0,x0) ∈ Q× X | ∀ε > 0∃t ∈ [0, ε) xq0,x0(t) �∈ Inv(q0)},

in which xq0,x0(·) denotes the unique solution to ẋ = f(q0,x) with x(0) = x0.

Theorem 5.14 [427] Let Assumption 5.1 be satisfied.
1. A hybrid automaton is nonblocking if, for all (q,x) ∈ Reach ∪ Out,

there exists (q, q′) ∈ E with x ∈ G(q, q′). In case the automaton is
deterministic, this condition is also necessary.

2. A hybrid automaton is deterministic if and only if for all (q,x) ∈
Reach
• if x ∈ G(q, q′) for some (q, q′) ∈ E , then (q,x) ∈ Out;
• if (q, q′) ∈ E and (q, q′′) ∈ E with q′ �= q′′, then x �∈ G(q, q′) ∩

G(q, q′′); and
• if (q, q′) ∈ E and x ∈ G(q, q′), then there is at most one x′ ∈ X

with (x,x′) ∈ R(q, q′).

As a consequence of the broad class of systems covered by the results in this
section, the conditions are rather implicit in the sense that for a particular example
the conditions cannot be verified by direct calculations (i.e. are not in an algorithmic
form). Especially, if the model description itself is implicit (e.g. piecewise affine sys-
tems or complementarity models) these results are only a start of the well-posedness
analysis as the hybrid automaton model and the corresponding sets Reach and Out
have to be determined first. In the next sections, we will present results that can be
checked by direct computations.

The extension of the initial well-posedness results for hybrid automata to local or
global existence of executions are awkward as Zeno behavior is hard to characterize
or exclude, and continuation beyond Zeno times is not easy to show. This is one of the
motivation to derive conditions that guarantee the existence or absence of Zeno be-
havior (see, e.g., [19, 159, 272, 341, 532, 583, 619, 680]) To guarantee continuation
beyond Zeno times the hybrid model is sometimes extended or modified by using,
e.g., relaxations [341]. As another example of an extension, consider the the bounc-
ing ball model (Section 2.3.3) in which “global solutions” defined for all t in [0,∞)
can be obtained by adding the “constrained mode” ẋ1 = ẋ2 = 0. Note that in case of
complementarity modelling of the bouncing ball by ẍ1 = −g + w, 0 ≤ w⊥x1 ≥ 0
(completed with the elastic reset map), where w represents the constraint force ex-
erted by the ground on the ball, this constrained mode with x1 = 0 follows naturally.
For complementarity systems, but also for differential equations with discontinuous
right-hand sides such as piecewise affine systems or other switched systems, one has
the advantage that the location or mode can be described as a function of the con-
tinuous state. Of course, in this case one is able to define an evolution beyond the
Zeno time by proving that the (left-)limit of the continuous state exists at the Zeno
point (e.g. show for the bouncing ball as in Section 2.3.3 that limt↑τ∗ x1(t) = 0

co
nt

ro
len

gin
ee

rs
.ir
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and limt↑τ∗ x2(t) = 0, and that from (0, 0)� continuation in the constrained mode
is clearly possible). Continuation from this limit follows then from initial or local
existence.

Well-posedness of piecewise linear systems A problem of considerable impor-
tance is to find necessary and sufficient conditions for well-posedness of piecewise
linear systems

ẋ =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
A1x, when x ∈ C1,

A2x, when x ∈ C2,
...

Arx, when x ∈ Cr,

(5.94)

where Ci are certain subsets of Rn having the property that

C1 ∪ C2 ∪ · · · ∪ Cr = R
n

int Ci ∩ int Cj = ∅, i �= j.
(5.95)

This situation may naturally arise from modeling, as well as from the application of a
switching linear feedback scheme (with different feedback laws corresponding to the
subsets Ci). Of course, even more general cases may be considered, or, instead, extra
conditions may be imposed on the subsets Ci. Note that the first condition in (5.95)
is a necessary (but not sufficient) condition for existence of solutions for all initial
conditions and the second one is necessary (but again not sufficient) for uniqueness
(unless the vector fields are equal on the overlapping parts of the regions Ci).

A particular case of the above problem, which has been investigated in depth, is
the bimodal linear case

ẋ =

{
A1x, when Cx ≥ 0,
A2x, when Cx ≤ 0,

(5.96)

under the additional assumption that both pairs (C,A1) and (C,A2) are observable.
The solution concept that will be employed is the extended Carathéodory solu-

tion, which is a function x : [t0, t1] → Rn, which is absolutely continuous on [t0, t1],
satisfies

x(t) = x(t0) +
∫ t

t0

f(x(τ))dτ, (5.97)

where f (x) is the (discontinuous) vector field given by the right-hand side of (5.96),
and there are no left-accumulation points of event times on [t0, t1].

Note that Filippov solutions involving sliding modes are not extended Carathéo-
dory solutions. Moreover, note that if f(x) is continuous then necessarily there ex-
ists a K such that A1 = A2 + KC, and f is automatically Lipschitz continuous,
implying local uniqueness of solutions by classical results on ordinary differential
equations.
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Before stating the main result we introduce some notation. First we define the
n× n observability matrices corresponding to (C,A1), respectively (C,A2):

W 1 :=

⎛⎜⎜⎜⎝
C

CA1

...
CAn−1

1

⎞⎟⎟⎟⎠ , W 2 :=

⎛⎜⎜⎜⎝
C

CA2

...
CAn−1

2

⎞⎟⎟⎟⎠ (5.98)

(by assumption they both have rank n). Furthermore we define the following subsets
of the state space Rn:

S+
i = {x ∈ Rn|W ix " 0}

S−
i = {x ∈ Rn|W ix � 0}

i = 1, 2, (5.99)

where " denotes lexicographic ordering, that is x = 0 or x " 0 if the first com-
ponent of x that is nonzero is positive. Furthermore, x � 0 iff −x " 0. Then the
following result from [335] can be stated:

Theorem 5.15 The bimodal linear system (5.96) is well-posed if and only
if one of the following equivalent conditions are satisfied:
(a) S+

1 ∪ S−
2 = Rn;

(b) S+
1 ∩ S−

2 = {0};
(c) W 2W

−1
1 is a lower-triangular matrix with positive diagonal ele-

ments.

Possible extensions to noninvertible observability matrices, the situation of more
than two modes, as well as to modification of the sets Cx ≥ 0, Cx ≤ 0, are
discussed in [335, 336].

Complementarity systems Several well-posedness results were already presented
in Section 5.2. These results focussed on Carathéodory and forward solutions that
applied to absolutely continuous trajectories only. However, in various application
domains of complementarity systems the restriction to continuous trajectory is too
stringent. This is the case in the context of unilaterally constrained mechanical sys-
tems (cf. [122, 123, 302, 413, 462]) in which impacts cause discontinuities in the
velocities of the impacting bodies. In this section we will provide a result that ap-
plies to linear complementarity systems of the form

ẋ(t) = Ax(t) + Bu(t), (5.100a)
y(t) = Cx(t) + Du(t), (5.100b)
0 ≤ u(t) ⊥ y(t) ≥ 0, (5.100c)

in which impacts are allowed. Before doing so, we will present a result for a class
of nonsmooth dynamical systems consisting of linear saturation systems and linear
relay systems, which are based on “complementarity reasoning,” see [149, 151].
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5 Further switched systems 183

Linear saturation and linear relay systems As is well-known [217], piecewise
linear relations may be described in terms of the linear complementarity problem. In
the circuits and systems community (cf. [395, 641]) the complementarity formula-
tion has already been used for static piecewise linear systems; this subsection may be
viewed as an extension of the cited work in the sense that we consider dynamic sys-
tems. For the sake of simplicity, we will focus on a specific type of piecewise linear
systems, namely linear saturation systems, i.e. linear systems coupled to saturation
characteristics. They are of the form

ẋ(t) = Ax(t) + Bu(t), (5.101a)
y(t) = Cx(t) + Du(t), (5.101b)

(u(t),y(t)) ∈ saturationi, (5.101c)

where x(t) ∈ R
n, u(t) ∈ R

m, y(t) ∈ R
m, A, B, C and D are matrices of ap-

propriate sizes, and saturationi is the curve depicted in Fig. 5.3 with ei
2 − ei

1 > 0
and f i

1 ≥ f i
2. We denote the overall system (5.101) by SAT(A,B,C,D). Note

that relay characteristics can be obtained from saturation characteristics by setting
f i
1 = f i

2.

�

�

�
�

�
�

�
�

�
�

v

u

ei
2

ei
1

f i
2

f i
1

Fig. 5.3 Saturation characteristic.

One may argue that the saturation characteristic is a Lipschitz continuous func-
tion (provided that f i

1 − f i
2 > 0) and hence the existence and uniqueness of the

solutions follow from the theory of ordinary differential equations. The following ex-
ample shows that this is not correct in general if the feedthrough term D is nonzero:

Example 5.10 Linear saturation system

Consider the single-input single-output system

ẋ = u, (5.102)
y = x − 2u, (5.103)
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where u and y restricted by a saturation characteristic with e1 = −f1 = −e2 = f2 = 1/2
as shown in Fig. 5.3. Let the periodic function ũ : R+ → R be defined by

ũ(t) =

⎧⎪⎨⎪⎩
1/2, if 0 ≤ t < 1,

−1/2, if 1 ≤ t < 3,

1/2, if 3 ≤ t < 4,

and ũ(t − 4) = ũ(t) whenever t ≥ 4. By using this function define x̃ : R+ → R as

x̃(t) =

∫ t

0

ũ(s) ds,

and ỹ : R+ → R as
ỹ = x̃ − 2ũ.

It can be verified that (−ũ,−x̃,−ỹ), (0, 0, 0), and (ũ, x̃, ỹ) are all solutions of SAT(0, 1,
1, −2) with the zero initial state. �

As illustrated in the example, the Lipschitz continuity argument does not work
in general when f i

1 > f i
2. Also in the case, where f i

1 = f i
2 this reasoning does not

apply. The following theorem gives a sufficient condition for the well-posedness of
linear systems with saturation characteristics. Recall that a P -matrix is a matrix with
all its principal minors being positive.

Theorem 5.16 [149, 151] Consider SAT(A, B, C, D). Let R =
diag(ei

2 − ei
1) and S = diag(f i

2 − f i
1). Suppose that G(σ)R − S is

a P -matrix for all sufficiently large σ∈ R, where

G(σ) = C(σI −A)−1B + D.

Then, there exists a unique forward solution of SAT(A, B, C, D) for all
initial states.

Linear complementarity systems with jumps Up to this point, the results on
well-posedness for complementarity systems concerned solutions of which the x-
part is continuous. As mentioned before, for applications such as constrained me-
chanical systems (e.g. the bouncing ball) discontinuities in the state variables are re-
quired. For linear complementarity systems as in (5.100) a distributional framework
was used to obtain an extension of the forward solution concept (see [304] for de-
tails). The work [304] presented also sufficient conditions for local well-posedness.
In case of one complementarity pair, these conditions are also sufficient for global
well-posedness.

Consider the LCS(A,B,C,D) as in (5.100) with Markov parameters H0 = D
and Hi = CAi−1B, i = 1, 2, . . . and define the leading row and column indices by

ρj := inf{i ∈ N | H i
j• �= 0}, ηj := inf{i ∈ N | H i

•j �= 0},
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where j ∈ {1, . . . , k} and inf ∅ := ∞. The leading row coefficient matrix M and
leading column coefficient matrixN are then given for finite leading row and column
indices by

M :=

⎛⎜⎝Hρ1
1•
...

Hρk

k•

⎞⎟⎠ and N := (Hη1
•1 . . .H

ηk

•k).

Theorem 5.17 [304] If the leading column coefficient matrix N and the
leading row coefficient matrix M are both defined and P-matrices, then
LCS(A,B,C,D) has a unique local forward solution (with jumps) on
an interval of the form [0, ε) for some ε > 0. Moreover, live-lock (an
infinite number of events at one time instant) does not occur.

Differential equations with discontinuous right-hand sides Differential equa-
tions of the form

ẋ(t) = f(t,x(t)) (5.104)

with f being piecewise continuous in a domain G and with the set M of discon-
tinuity points having measure zero, received quite some attention in the literature.
Major roles have been played in this context by Filippov [237] and Utkin [640]. An
example of such a system with two “modes” was given in (5.90). As mentioned in
Subsection 5.4.2, solution concepts have been defined by replacing the basic differ-
ential equation (5.104) by a differential inclusion of the form

ẋ(t) ∈ F(t,x(t)), (5.105)

whereF is constructed from f . The solution concept is then inherited from the realm
of differential inclusions [26].

Definition 5.10 (Solution of differential inclusion) The function x : Ω →
Rn is called a solution of the differential inclusion (5.105) if x is absolutely
continuous on the time-interval Ω and satisfies ẋ(t) ∈ F(t,x(t)) for almost
all t ∈ Ω.

There are several ways to transform f into F and we will restrict ourselves to the
two most famous ones and briefly discuss an alternative transformation proposed by
Aizerman and Pyatnitskii [6]. For further details see [237].

In the convex definition [237], as already briefly mentioned in Section 5.4.2 the
set Fa(t, x) is taken to be the smallest convex closed set containing all the limit
values of the function f(t̄, x̄) for x̄ −→ x, t̄ = t and (t̄, x̄) �∈M .

The control equivalent definition proposed by Utkin [640] (see also page 54 in
[237]) applies to equations of the form

ẋ(t) = f(t,x(t), u1(t,x), . . . , ur(t,x)), (5.106)
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where f is continuous in its arguments, but ui(t,x) is a scalar-valued function being
discontinuous only on a smooth surface Si given by φi(x) = 0. We define the sets
Ui(t,x) as {ui(t,x)} when x �∈ Si and in case x ∈ Si by the closed interval
with end-points u−

i (t,x) and u+
i (t,x). The values u−

i (t,x) and u+
i (t,x) are the

limiting values of the function ui on both sides of the surface Si which we assume
to exist. The differential equation (5.106) is replaced by (5.105) with Fb(t,x) =
f (t,x, U1(t,x), . . . , Ur(t,x)).

Remark 5.4 In case Fc(t, x) is chosen as the smallest convex closed set containing
Fb(t, x), then the general definition of Aizerman and Pyatnitskii [6] is obtained. In
case f is affine in u1, . . . , ur and the surfaces S1, . . . , Sr are all different and at
the point of intersection the normal vectors are linearly independent, all the before
mentioned definitions coincide, i.e. Fa = Fb = Fc.

The well-posedness results of the differential equation (5.104) or (5.106) can
now be based on the theory available for differential inclusions (cf. [26, 237] and the
references therein). A set-valued function F is called upper semicontinuous at p0, if
for all ε > 0 there is a δ > 0 such thatF(p+δB) ⊆ F(p0)+εB, where B denotes the
unit ball. F is called upper semicontinuous on a set D, if F is upper semicontinuous
in each point of the set D.

Definition 5.11 (Basic condition) We say that the set-valued map F(t,x)
satisfies the basic conditions, if:
• for all (t,x) ∈ G the set F(t,x) is nonempty, bounded, closed, and

convex
• F is upper semicontinuous in t, x.

The following result is described on page 77 of the monograph [237].

Theorem 5.18 (Theorems 2.7.1 and 2.7.2 in [237]) If F(t,x) satisfies
the basic conditions in the domain G, then for any point (t0,x0) ∈ G
there exists a solution of the problem

ẋ(t) ∈ F(t,x(t)), x(t0) = x0. (5.107)

If the basic conditions are satisfied in a closed and bounded domain G,
then each solution can be continued on both sides up to the boundary of
the domain G.

In combination with the following result Theorem 5.18 proves the existence of
solutions for the differential inclusions related to Fa, Fb, and Fc:

Theorem 5.19 (Page 67 in [237]) The sets Fa(t,x), Fb(t,x) and Fc(t,x)
are nonempty, bounded, and closed. Fa(t,x) and Fc(t,x) are also convex.
Fa is upper semicontinuous in x, and Fb and Fc are upper semicontinuous
in t, x.
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Theorem 5.18 and 5.19 together show the existence of solutions when Filippov’s
convex definition is used under the condition that f is time-invariant. In case f is
not time-invariant, additional assumptions are needed to arrive at F being upper
semicontinuous in t as well (cf. page 68 in [237]). For the definition of Aizerman
and Pyatnitskii (i.e. using Fc) existence of solutions is guaranteed. In case Fb(t,x)
is convex for all relevant (t,x) (e.g. if the conditions mentioned in Remark 5.4 are
satisfied), then existence follows as well. If the convexity assumption is not satisfied,
the existence result still holds if upper semicontinuity is replaced by continuity (cf.
page 79 in [237]). In fact, the two major cases studied in Chapter 3 of [26] are related
to these two situations: (i) the values of F are compact and convex and F is upper
semicontinuous; and (ii) the values of F are compact, but not necessarily convex and
F is continuous.

Now we will discuss the issue of uniqueness. Right uniqueness (in the Filippov
sense) holds for the differential equation (5.104) at the point (t0,x0), if there exists
t1 > t0 such that each two solutions of this equation satisfying the initial condition
x(t0) = x0 coincide on the interval [t0, t1] or on the interval on which they are both
defined. Right uniqueness holds for a domain D if from each point (t0,x0) ∈ D
right uniqueness holds.

Not too many uniqueness results are available in the literature. The most useful
result given in [237] is related to the following situation. Let the domain G ⊂ Rn

be separated by a smooth surface S into domains G− and G+. Let f and ∂f/∂xi

be continuous in the domains G− and G+ up to the boundary such that f−(t,x)
and f+(t,x) denote the limit values of the function f at (t,x), x ∈ S from the
regions G− and G+, respectively. We define h(t,x) = f+(t,x) − f−(t,x) as the
discontinuity vector over the surface S. Moreover, let n(x) be the normal vector to
S at point x directed from G− to G+.

Theorem 5.20 Consider the differential equation (5.104) with f as
above. Let S be a twice continuously differentiable surface and suppose
that the function h is continuously differentiable. If for each t ∈ (a, b)
and each point x ∈ S at least one of the inequalities n(x)Tf−(t,x) > 0
or n(x)Tf+(t,x) < 0 (possibly different inequalities for different x and
t) is fulfilled, then right uniqueness holds for (5.104) in the domain G for
t ∈ (a, b) in the sense of Filippov.

The criterion above clearly holds for general nonlinear systems, but needs to be
verified on a point-by-point basis. Alternatively, the results on complementarity sys-
tems, piecewise affine systems or linear saturation systems are more straightforward
to check as it requires, for instance, the computation of the determinants of all princi-
pal minors of the transfer function of the underlying linear system, or determine the
signs of the leading Markov parameters. However, the latter theory applies to specific
classes of hybrid systems and uses a different solution concept. Hence, uniqueness is
not proved in the Filippov sense, but in a forward sense.
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Hybrid inclusions Adding reset maps and restricting the “flow region” for the
above differential inclusions (5.105) leads to the hybrid inclusions (5.93). In [271]
the following basic conditions are adopted:

• C and D are closed sets;
• F is outer semicontinuous in the sense that for all x ∈ Rn and all sequences

{xi} with xi → x, yi ∈ F(xi) such that yi → y, it holds that y ∈ F(x);
• F is locally bounded (i.e. for any compact set K ⊆ Rn there exists m > 0 such

that for all x ∈ K it holds that F(x) ⊆ mB, where B is the unit ball) and F(x)
is nonempty and convex for all x ∈ C;

• G is outer semicontinuous and and G(x) is nonempty for all x ∈ D.

Note that in the case of locally bounded set-valued mappings with closed values,
outer semicontinuity agrees with upper semicontinuity. In general this is not true
[271].

Based on these basic conditions, Proposition 2.4 in [271] states existence results
for these hybrid inclusions. Actually, [271] follows here closely the lines of [27],
where a similar result was obtained for so-called impulse differential inclusions. To
formulate the existence result we will use the following concepts. The tangent cone
TC(x) to a set C at the point x ∈ C consists of all v ∈ R

n for which there exist
real numbers αi > 0 with αi → 0 and vectors vi → v such that for i = 1, 2, . . .
x + αivi ∈ C. A solution (in the form of a hybrid arc as defined in Definition 5.8) to
(5.93) is called maximal if it cannot be extended and is called complete if its domain
is unbounded (either in the “j” and/or “t” directions). The notions of maximal and
complete solutions are similar in nature as maximal and infinite executions of hybrid
automata in Section 5.4.4.

Theorem 5.21 Consider the system (5.93) with the above basic condi-
tions are fulfilled. If x0 ∈ D or x0 ∈ C and for some neighborhood
U of x0 it holds that

x′ ∈ U ∩C implies that TC(x′) ∩ F(x′) �= ∅, (5.108)

then there exists a hybrid arc x of the hybrid inclusion with x(0, 0) = x0

and dom x �= (0, 0). If (5.108) holds for any x0 ∈ C \ D, then for any
maximal solution x at least one of the following is true:
(i) x is complete;
(ii) x eventually leaves every compact subset of Rn;
(iii) for some (T, J) ∈ dom x with (T, J) �= (0, 0) we have x(T, J) �∈

C ∪D.
Case (iii) does not occur if additionally we have for all x0 ∈ D that
G(x0) ⊆ C ∪D.

This result can be considered as an initial well-posedness result. In particular, it
does not give any guarantees that a solution can be defined on a domain containing
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some (t, J) with t > 0 (as live-lock is not excluded) nor for t → ∞ (due to finite
escape times or right-accumulations of reset times). Uniqueness of trajectories is not
considered in the context of hybrid inclusions. Note that statement (ii) above ex-
presses a kind of “finite escape time” condition, which is similar as in Theorem 5.18
for differential inclusions only.

5.4.5 Comparison of some solution concepts

The difference between Filippov and forward and extended Carathéodory solutions
will be discussed in the context of the class of systems for which all these concepts
apply. In particular, we will study the plant

ẋ(t) = Ax(t) + Bu(t); y(t) = Cx(t), (5.109)

in a closed loop with the relay feedback

u(t) = −sgn(y(t)). (5.110)

Note that, in the context of Theorem 5.16, we are dealing with the situation in which
R = 2I and S = 0. Note also that Fa = Fb = Fc for such linear relay systems and
that the corresponding solution concepts coincide and will therefore be referred to as
“Filippov solutions” from now on.

Example 5.11 Difference between Filippov and forward concepts

The difference between the forward solutions and Filippov solution is related to Zeno behav-
ior and is nicely demonstrated by an example constructed by Filippov (page 116 in [237]),
which is given by

ẋ1 = −u1 + 2u2, (5.111a)

ẋ2 = −2u1 − u2, (5.111b)
y1 = x1, (5.111c)

y2 = x2, (5.111d)
u1 = −sgn(y1), (5.111e)

u2 = −sgn(y2). (5.111f)

This system has, besides the zero solution (which is both a Filippov and a forward solution),
an infinite number of other trajectories (being Filippov, but not forward solutions) starting
from the origin. The nonzero solutions (Fig. 5.4) leave the origin due to left-accumulations
of the relay switching times and are Filippov solutions, but are not forward solutions. How-
ever, this example does not satisfy the conditions for uniqueness given in Theorem 5.16
in Section 5.4.4. Hence, it is not clear if the conditions in Section 5.4.4 are sufficient for
Filippov uniqueness as well. �

The latter problem mentioned in the example is studied in [532] for the case
where (5.109) is a single-input-single-output (SISO) system. Theorem 5.16 states
that the positivity of the leading Markov parameter Hρ with Hi = CAi−1B, i =
1, 2, . . . and ρ = min{i | Hi �= 0} implies existence uniqueness in forward sense.
What about uniqueness in Filippov’s sense?
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Fig. 5.4 Trajectory in the phase plane of (5.111).

Theorem 5.22 [532] Consider the system (5.109)–(5.110). The following
statements hold for the relative degree ρ being 1 or 2:
ρ = 1: The system (5.109)–(5.110) has a unique Filippov solution for all

initial conditions if and only if the leading Markov parameter Hρ is
positive.

ρ = 2: The system (5.109)–(5.110) has a unique Filippov solution for initial
condition x(0) = 0 if and only if the leading Markov parameter Hρ is
positive.

Moreover, in the case H1 = CB > 0, Filippov solutions do not have left-
accumulations of relay switching times.

Interestingly, the above theorem presents conditions that exclude particular types of
Zeno behavior.

Up to this point, one might hope that the positivity of the leading Markov param-
eter is also sufficient for Filippov uniqueness for higher relative degrees. However,
in [532] a counter-example is presented of the form (5.109)–(5.110), with (5.109)
being a triple integrator.

Example 5.12 Linear relay example

This relay system has one forward solution (being identically zero) starting in the origin
(as expected, as the leading Markov parameter is positive), but has infinitely many Filippov
solutions of which one is the zero solution and the other starts with a left-accumulation
point of relay switching times [532]. This example can also be considered in the light of the
piecewise linear systems (5.96) considered in Section 5.4.4, which are of the form{

mode 1 : ẋ = A1x, if y = Cx ≥ 0,

mode 2 : ẋ = A2x, if y = Cx ≤ 0,
(5.112)
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with

A1 =

⎛⎜⎜⎝
0 1 0 0
0 0 1 0
0 0 0 −1
0 0 0 0

⎞⎟⎟⎠ , A2 =

⎛⎜⎜⎝
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

⎞⎟⎟⎠ , C = (1 0 0 0). (5.113)

An extended Carathéodory solution concept (5.97) for this type of systems and necessary

and sufficient conditions for existence and uniqueness are presented in [335] (see Theo-
rem 5.15). As this solution concept does not allow for sliding modes and left-accumulation
points of event times, the above system does not have any extended Carathéodory solution
starting from the initial state (0, 0, 0, 1)T as can easily be seen (cf. also Theorem 5.15).

In summary, the triple integrator connected to a (negative) relay forms a nice comparison
between the three mentioned solution concepts; for the system (5.112) with (5.113) and
x0 = (0, 0, 0, 1)T, there exist [532]
• no extended Carathéodory solution;
• one forward solution; and
• infinitely many Filippov solutions. �

For specific applications in discontinuous feedback control the Filippov solution
concept allows trajectories, which are not practically relevant for the stabilization
problem at hand. So-called Euler (or sampling) solutions seem to be more appropri-
ate in this context [176, 178]. Also in this case the discontinuous dynamical system is
replaced by a differential inclusion with the difference that a particular choice of the
controller is made at the switching surface. This choice determines which trajecto-
ries are actually Euler solutions by forming the limits of certain numerical integration
routines (cf. [176, 178] for more details).

In Section 2.4.2 of [237] some further results can be found on uniqueness. The
most general result in [237] for uniqueness in the setting of Filippov’s convex defini-
tion uses the exclusion of left-accumulation points as one of the conditions to prove
uniqueness. Unfortunately, it is not clear how such assumptions should be verified.
As a consequence, Theorem 5.22 is quite useful. In Section 2.4.2 of [237] one can
also find some results on continuous dependence of solutions on initial data. See also
the recent survey of [188] on discontinuous dynamical systems.

5.4.6 Zenoness

The above examples, and also the discussion in Chapter 2, indicate that the Zeno
phenomenon in all its forms complicates simulation and many analysis and design
problems, including the well-posedness issue. Depending on which type of Zenoness
is allowed in the solution concept, the answer to the well-posedness problem differs.
So, conditions stating the existence or absence of certain variants of Zenoness are of
interest. Such conditions are generally hard to come by, but some rather recent works
provide some interesting insights in this difficult problem. The reader might want to
consult [19, 159, 272, 341, 532, 583, 619, 680] and the references therein. Some of
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these works also indicate possibilities on how to proceed (define solutions) beyond
Zeno points.

Bibliographical notes

Introductions to model-predictive control are given in [58, 140, 432, 470, 555].
A tutorial overview on the mathematical aspects of discontinuous differential equations

is given in [188]. Impulsive systems are considered in the monograph [292].
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Hybrid systems: quantization and abstraction

J. Lunze, A. Bicchi, T. Moor, L. Palopoli, B. Picasso, J. Raisch, and A. Schild

Several control and supervision problems for hybrid systems are posed in
terms of abstract information. If the reduction of the measurement resolution
leads to quantized signals, the problem to stabilize a continuous or hybrid
systems by quantized feedback has to be solved. For process supervision
with abstract design specifications, it is reasonable to reduce the complexity
of analysis and design tasks by using abstract models that ignore the con-
tinuous movement of the hybrid systems. This chapter shows how abstract
models like automata or embedded maps can be set up and used for the
diagnosis and supervisory control of hybrid systems.
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6 Hybrid systems: quantization and abstraction 195

6.1 Quantization and model abstraction

The subject of this chapter is a class of hybrid systems that have to be analyzed
and controlled in terms of their symbolic dynamics. Only the sequence of symbolic
inputs and outputs associated with the hybrid state trajectory is accessible for mea-
surement and, hence, provides the on-line information to be used in fault diagnosis
and feedback control.

The way of dealing with abstract measurement and modeling information is ex-
plained by considering quantized systems that consist of a continuous-variable sys-
tem whose input, state, and output are accessible only through quantizers. The hybrid
character of such systems becomes obvious from the fact that internally the system
behavior is described by the continuous state x(t) whereas the outside observer only
sees the quantized version [x(t)] of the state and of the input and output, which jumps
between discrete (symbolic) values.

The chapter is divided into four parts. (Section 6.2) shows important properties
of quantized systems and how such systems can be stabilized by feeding back the
quantized state or output information. This section investigates the consequences of
quantization for feedback control.

The other three sections concern the use of abstract models representing the sys-
tem behavior in terms of the symbolic information. The main modeling idea of these
sections is depicted in Fig. 6.1. Analysis and control design concern the discrete-
event behavior of the hybrid system, which is symbolized by the upper right box.
The usual way of finding these data is first to determine the hybrid behavior consist-
ing of continuous and discrete trajectories and second to ignore the continuous part
to get the discrete-event behavior. This way follows the arrows from the lower left to
the lower right block and then to the upper right block in the figure.

Fig. 6.1 Abstraction-based modeling of hybrid systems.

Abstraction-based modeling uses the alternative way, which is shown by the ar-
rows from the lower to the upper left blocks and then to the upper right block. Here
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the abstraction step is carried out in the modeling step, resulting in a purely discrete-
event model of the hybrid system. Then, the analysis only concerns the discrete-event
dynamics of the hybrid system.

In (Section 6.3) it is shown that both modeling and analysis methods yield the
same result only for a very specific class of systems. As an important consequence
in general, the discrete-event model cannot be a precise, but only a complete repre-
sentation of the hybrid system. This model includes sufficient information for fault
diagnosis and for supervisory control design as shown in (Section 6.4). In (Sec-
tion 6.5) the embedded map is introduced as another model that concerns only the
time instances at which the hybrid system changes its discrete state.

The term of a discrete-event model is used in this chapter synonymously to a
symbolic model. Such models refer to symbolic, in particular quantized, information.
In the discrete-time setting adopted in Sections Section 6.2 and Section 6.3 the time
instant at which the model should represent the hybrid system is described by a clock.
In contrast to this, in the modeling approaches described in Sections Section 6.4 and
Section 6.5 the time instant at which the model should describe the symbolic dy-
namics of the hybrid system is given by the moments at which the input, state, or
output signals cross a quantization border or, more generally, some surface in the
signal space.

6.2 Stabilization of quantized systems

6.2.1 Systems with quantized feedback

In this section, we consider the stabilization of quantized control systems, which are
a particular class of hybrid systems. Even though some of the results shown below
refer to continuous-time or nonlinear systems, our main focus is on discrete-time
strictly proper quantized linear systems described by the following model:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(k + 1) = Ax(k) + Bu(k),
z(k) = Cx(k),
u(k) = φu(w(k), k),
y(k) = φy(z(k), k),
x ∈ Rn, w ∈ Rm, z ∈ Rp,
φu : Rm × IN → U ⊆ Rm,
φy : Rp × IN → Y ⊆ Rp,

(6.1)

where U and/or Y are typically discrete sets (Fig. 6.2). Here, w(k) and z(k) are
continuous variables. The input of the system is w(k), and the output is y(k). φu

and φy are the input and output quantization maps, respectively. We will refer to
quantization maps as static maps if they are not explicitly depending on time k and
as dynamical maps otherwise. If C = I, then φy is referred to as a state quantizer,
and denoted by φx. The quantized system is the cascade connection of the input
quantizer φu, of the linear system Σ(A,B,C) and of the output quantizer φy .

In this framework, a controller is a dynamical system mapping the system outputs
into inputs for the system. Depending on the problem, the input and/or the output
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Σ(A,B,C)
w z

Controller

φu(·,k) φy(·,k)
u y

Fig. 6.2 Quantized control loop.

quantizers may be assigned or be a design objective. Accordingly, the quantizers
may be considered as part of the plant (in which case, the control law would map
y(·) into w(·)), or as part of the controller mapping z(·) into u(·).

The hybrid nature of the model is caused by the co-existence of continuous state
variables with discrete input and output variables. In particular, when the controller is
regarded as a system that maps sequences of outputs in a finite set Y into sequences
of inputs in a finite set U , the mixed logical dynamical nature of the overall system
clearly appears.

Motivation for introducing quantizers The presence of quantization is tradition-
ally believed to play adversely on control performance. However, its introduction has
profound practical and technological motivations deeply rooted in the following two
classes of problems.

Case 1: Control under communication constraints Consider the control of a sys-
tem whose input and output variables take values in continuous spaces (e.g. u ∈ Rm

and z ∈ R
p), but where the flow of information between the various components of

the loop is subject to communication constraints. In this case, the input and output
variables have to be quantized and encoded into discrete-valued variables, which are
suitable for the transmission. In this framework, the quantizers φu and φy as well as
the discrete sets U and Y are design parameters to be chosen to accomplish the de-
sired goals and to satisfy the communication constraints. Motivated by the spreading
of technological applications involving complex and distributed networked systems,
this has been one of the most active research areas on quantized control, and also
appears to be the predominant trend for the near future.

Case 2: Control with discrete sensors and actuators Digital controllers interact
with the environment by means of analog-to-digital converters or digital-to-analog
converters that have a finite resolution, which may even be very coarse (e.g. think of
a stepper motor or a low- resolution camera). In these cases, the input and/or output
variables are inherently quantized. As a result, the set of control actions U in the sys-
tem (6.1) and the output quantizer φy modeling the sensors are fixed, while φu can
be chosen as part of the controller. Prominent issues are in this case to sort out the
achievable control goals and to synthesize a controller for maximizing performance.

These two classes of problems offer a good classification of the main avenues
taken by the researchers that in the past years have coped with the problems of
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quantized control (see [481] and some of the most significant references listed in
the bibliography). The complexity of these problems requires a multi-disciplinary
approach merging the traditionally separate expertise of the control, communication,
and theoretic computer science communities.

Table 6.1 and 6.2 provide a list of the problems faced in this section, along with
a pointer to the part of the section where each problem is analyzed and to the related
reference. The meaning of the symbols in the tables are as follows: ∨ = or; ∧ =
and; D = discrete-time; C = continuous-time; (nl) = nonlinear; X = state quanti-
zation; Y = output quantization; X̂ = quantization of the state estimation x̂; E =
quantization of the innovation Cx−Cx̂; U = input quantization; Dyn = dynamical
quantizer; St = static quantizer; (h) = topic only hinted to in the chapter.

Table 6.1 Quantizers to be designed.

Reference Time Type Quantization In this handbook

[119, 401] D∨C MIMO X ∨ Y ∨ U Dyn Sec. 6.2.3, Part 1
[402, 515] C MIMO (nl) X Dyn Sec. 6.2.3, Part 1 (h)
[615] D MIMO X ∨ E Dyn Sec. 6.2.3, Part 1 (h)
[480] D MIMO X̂ Dyn Sec. 6.2.3, Part 1 (h)
[408] D MIMO X Dyn Sec. 6.2.3, Part 1 (h)
[219] D∨C SISO U ∨ E St Sec. 6.2.3, Part 2
[255] D MIMO U ∨ Y St Sec. 6.2.3, Part 2
[338] C SISO X St Sec. 6.2.3, Part 2 (h)
[163] C SISO (nl) U St Sec. 6.2.3, Part 2 (h)
[132] C MIMO X St Sec. 6.2.3, Part 2 (h)
[208, 225, 226] D SISO U ∨ X St∨Dyn Sec. 6.2.3, Part 3
[32] C SISO U St Sec. 6.2.3, Part 3 (h)

Table 6.2 Assigned quantization.

Reference Time Type Quantization In this handbook

[520] D SISO U ∧ (X ∨ Y) Sec. 6.2.4, Part 1
[519] D MIMO U Sec. 6.2.4, Part 1 (h)
[207] D MIMO X Sec. 6.2.4, Part 1 (h)
[521, 546] D SISO U Sec. 6.2.4, Part 2 (h)
[610] D MIMO U Sec. 6.2.4, Part 2 (h)
[522] D SISO U Sec. 6.2.5

The rest of this section is organized as follows: in (Section 6.2.2) the main is-
sues on the stabilization problem for quantized systems are introduced and illus-
trated through simple examples. The overview on the literature and some of the most
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significant stabilization techniques are illustrated in the subsequent sections. (Sec-
tion 6.2.3) deals with the control under communication constraints, (Section 6.2.4)
is on the control with discrete sensors and/or actuators, whereas in (Section 6.2.5) a
problem where the two frameworks are combined is presented.

6.2.2 Issues on the stabilization problem for quantized systems

The input and output quantizers Instrumental to a description of the main issues
related to stabilization of quantized linear systems is a precise mathematical charac-
terization of input and output quantizers. The input quantizer φu is supposed to take
values in a quantized set U ⊂ Rm:

Definition 6.1 (Quantized set) A set U ⊂ R
m is said to be quantized iff it

is a closed set and U \ {0} is made of isolated points. If also 0 is an isolated
point, then U is said to be strictly quantized.

A strictly quantized set U is such that any bounded subset of Rm contains only a
finite number of elements of U (i.e. it is a locally finite set).

Example 6.1 Quantized sets

1. Any finite set U ⊂ R
m is a strictly quantized set.

2. U = ZZm ⊂ R
m is a strictly and uniformly quantized set.

3. U = {0} ∪ {±u0θ
h |h ∈ ZZ} ⊂ R, for some u0 > 0 and θ > 1, is a logarithmi-

cally quantized set of parameter θ. If h ∈ IN, then U is a strictly and logarithmically
quantized set. �

A special type of static input quantizer is the so-called nearest-neighbor quan-
tizer: let U ⊂ Rm be a quantized set, φu : Rm → U is said to be a nearest neighbor
quantizer iff ∀w ∈ Rm, φu(w) is an element of U minimizing the Euclidean dis-
tance from w. The nearest-neighbor quantizer is well-defined because U is a closed
set.

As for the output quantizer φy , ∀k ∈ IN, let {Cy,k}y∈Y be the output-space
partition induced by φy(·, k) (that is, Cy,k := {z ∈ R

p |φy(z, k) = y}). We assume
that ∀k ∈ IN, any bounded subset of Rp intersects only a finite number of elements
of the output-space partition (i.e. {Cy,k}y∈Y is a locally finite partition).

Practical stabilization A first important issue related to the stabilization of sys-
tem (6.1) emerges when the control law u( · ) takes values in a strictly quan-
tized set (either because U is strictly quantized or as a consequence of the output
quantization). In this case, the Lyapunov stabilization of x = 0 is not possible [207]
for open-loop unstable systems. Indeed, if 0 ∈ U is an isolated point and 0 ∈ Rn is
a stable equilibrium for the closed-loop system, then u( · ) must be zero whenever
the state of the system is in a suitable neighborhood of the equilibrium. Therefore,
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x(k+1)

x(k)

1
2

− 1
2

Fig. 6.3 Closed-loop dynamics in case 1 of Example 6.2 (a = 2).

in such a neighborhood, the closed-loop dynamics coincides with the unstable open-
loop dynamics. This simple consideration inspires a weaker notion of stability for
quantized systems: the so-called practical stability.

Example 6.2 Practical stability of quantized feedback systems

Consider a scalar system ⎧⎪⎪⎨⎪⎪⎩
x(k + 1) = ax(k) + u(k),
y(k) = x(k),
|a| > 1,
u ∈ U ⊂ R,

(6.2)

where U is an assigned and strictly quantized set. Let the control law be u(x) = φu(w(x)),
where φu is a nearest-neighbor quantizer and w(x) = −ax holds. That is, u(x) is a quan-
tized version of the classical deadbeat controller. The corresponding closed-loop dynamics
is

x(k + 1) = φe(−ax(k)),

where φe(w) := φu(w) − w is the quantization error. Let us analyze this dynamics for
three different strictly quantized sets:

1. If U = ZZ, then ∀x(k) ∈ R, |x(k + 1)| ≤ 1/2 (Fig. 6.3). Namely, for k ≥ 1, all the
trajectories are confined inside the interval Ω1 := [−1/2, 1/2].

�

�

x(k+1)

x(k)

y=|a|     x

1
2

− 1
2

q–1
q+1

Fig. 6.4 Closed-loop dynamics in case 2 of Example 6.2 (a = 2 and θ = 7/3).
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x(k+ 1 )

x(k)

y=x

x=6/(|a|–1)

1
2

− 1
2

Fig. 6.5 Closed-loop dynamics in case 3 of Example 6.2 (a = 2).

2. If U is a strictly and logarithmically quantized set of parameter θ, with u0 = 1 and θ
such that |a|(θ−1)/(θ+1) < 1, then: for |x(k)| ≤ 1/2, it holds that |x(k+1)| ≤ 1/2;
whereas for |x(k)| > 1/2, |x(k + 1)| ≤ |a| θ−1

θ+1
|x(k)| (Fig. 6.4). Thus, for Ω1 :=

[−1/2, 1/2], it holds that ∀x(k) ∈ Ω1, x(k + 1) ∈ Ω1 and ∀x0 ∈ R, ∃k ∈ IN such
that x(k) ∈ Ω1: also in this case all the trajectories eventually enter a neighborhood
Ω1 of the equilibrium and remain confined therein.

3. If U = {0} ∪ {±1,±2,±4,±6} and a < 3, then: for |x(k)| ≤ 1/2, it holds that
|x(k + 1)| ≤ 1/2; for 1/2 < |x(k)| < 6/(|a| − 1), |x(k + 1)| < |x(k)| and for
|x(k)| ≥ 6/(|a| − 1), |x(k + 1)| ≥ |x(k)| (Fig. 6.5). Thus, with Ω1 := [−1/2, 1/2]
and Ω0 := [−χ0/2, χ0/2] (for any χ0 ∈ [0, 12/(|a| − 1)[), it holds that ∀x(k) ∈ Ω1,
x(k + 1) ∈ Ω1 and ∀x0 ∈ Ω0, ∃k ∈ IN such that x(k) ∈ Ω1. That is, all the
trajectories starting from Ω0 eventually enter a neighborhood Ω1 of the equilibrium
and remain confined therein. �

As shown in the example, although x = ∅ is an unstable equilibrium for the
closed-loop dynamics, it is possible to make the trajectories nondivergent (in the fi-
nite control set case, this is possible only starting from a sufficiently small neighbor-
hood Ω0 of the equilibrium), and, even better, to make them convergent to a bounded
neighborhoodΩ1 of the equilibrium. This is the closest behavior to stability that one
can obtain by the strictly quantized control of an unstable linear system and it is an
example of the typical behavior of the socalled practically stable systems.

The following definition, stated for discrete-time and time-invariant systems,
subsumes many notions of practical stability introduced for quantized systems in
the literature:

Definition 6.2 (Practical stability) Consider a discrete-time time-invariant
system

x(k + 1) = f(x(k)). (6.3)

A set Ω ⊆ Rn is said to be invariant iff ∀x(k) ∈ Ω, x(k + 1) ∈ Ω. Let
Ω1 ⊂ Ω0 ⊆ Rn be such that Ω1 is a bounded neighborhood of 0. The
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202 J. Lunze, A. Bicchi, T. Moor, et al.

system (6.3) is said to be (Ω0,Ω1)-stable iff both Ω0 and Ω1 are invariant
and ∀x0 ∈ Ω0, ∃k̄ ∈ IN such that ∀k ≥ k̄, x(k) ∈ Ω1.

Lyapunov stabilization In a different situation in which U is not a strictly quan-
tized set, we can overcome the limitations described above and achieve asymptotic
Lyapunov stabilization. For instance, let u(x) be a quantized controller for sys-
tem (6.1) ensuring that the closed-loop dynamics is (Ω0,Ω1)-stable with Ω1 = δΩ0,
for some 0 < δ < 1. Assume that, as soon as the trajectory enters Ω1, the control
set U (as well as the control law) can be scaled so that the invariance of Ω1 is still
guaranteed but convergence to a smaller Ω2 is ensured. For instance, within Ω1, the
control law is defined by u(1)(x) := δu(x/δ). Such a law is (Ω1,Ω2)-stabilizing
with Ω2 = δΩ1. The iteration of this control policy results in a signal u(k) taking
values in a quantized set having 0 as an accumulation point and it provably achieves
closed-loop stability of the system. Such a technique is known in the literature as the
“zooming-in” [119] or “nesting” technique [226], according to the way it is imple-
mented.

Stabilization through a “zooming-in” technique can be usefully studied in terms
of small-gain theorems [404].

The usefulness of small-gain conditions for the stabilization of quantized systems
is shown in the following example.

Example 6.3 Small-gain condition for the stability of quantized feedback systems

Consider system (6.2), where U is a logarithmically quantized set of parameter θ (the value
of u0 is not relevant). Let the control law be u(x) = φu(w(x)), where φu is a nearest-
neighbor quantizer and w(x) = Kx, K ∈ R such that |a + K | < 1 holds and, conse-
quently, w(x) is the quantized version of a stabilizing control law. The closed-loop dynam-
ics is

x(k + 1) = (a + K)x(k) + φe(Kx(k)).

This is the feedback interconnection of the asymptotically stable linear system Σ(a +
K , 1, K) with the nonlinearity φe representing the quantization error.

If K is such that ∀x(k) = 0, |x(k + 1)| < |x(k)|, then x = 0 is a globally asymptoti-
cally stable equilibrium for the closed-loop system. Simple geometric arguments (Fig. 6.6)
allow one to prove that a tight condition on K ensuring that this property holds is

|a + K | + θ − 1

θ + 1
|K | < 1. (6.4)

With γe(θ) := θ−1
θ+1

and γs(K) := |K |
1−|a+K | , under the assumption that |a + K | < 1,

condition (6.4) is equivalent to

γs(K) · γe(θ) < 1. (6.5)

This inequality is a small-gain condition [359]. Indeed, γs(K) is the �2-gain (or, equiva-
lently, the H∞-norm) of the linear system Σ(a + K , 1, K), whereas γe(θ) is the �2-gain
of the nonlinearity φe .

The set of gains K ensuring that the small-gain condition is satisfied is strictly contained
in the set of the stabilizing gains for the linear system Σ(a,1, 1) (see condition (6.4)). If θ
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x(k+1)

x(k)

y=x
y=( |a+K|+     |K|)xq–1

q+1

y=|a+K|x

Fig. 6.6 Closed-loop dynamics in Example 6.3 (a = 2, K = −3/2 and
θ = 3/2).

is too large (i.e. if γe(θ) is too close to 1), such a set may be empty. Indeed, the minimum
of γs(K) in the set of the gains K ∈ R such that |a + K | < 1 is attained for K = −a,
yielding γs(−a) = |a|. Hence, a sufficient condition for the existence of K ∈ R ensuring
closed-loop Lyapunov stability is |a| θ−1

θ+1
< 1, that is

θ <
|a| + 1

|a| − 1
.

If one has the freedom to choose both the quantized set U and the control gain K , then,
∀|a| > 1, there exists a logarithmically quantized set, constructed using a parameter θ with
θ ∈]1, |a|+1

|a|−1
[, such that the system is stabilizable. Since |a|+1

|a|−1
is decreasing with |a| > 1 ,

strongly unstable systems require dense quantization (corresponding to small feasible values
for θ). �

Nonlinear behaviors in quantized linear systems Because of the presence of
discrete variables, the closed-loop dynamics of a quantized linear system is nonlinear
and may exhibit such features as multiple isolated equilibria, limit cycles and chaotic
behaviors. For instance, referring to Remark 6.3, when K is chosen so that γs(K) ·
γe(θ) = 1, the closed-loop dynamics has multiple isolated equilibria and/or limit
cycles depending on the sign of a and a + K . Whereas, if a ∈ ZZ, the closed-loop
behavior within Ω1 in case 1 of Example 6.2 is the prototype of discrete-time chaotic
dynamics.

6.2.3 Control under communication constraints

This section deals with quantized feedback systems where the quantizers are intro-
duced to cope with communication constraints. An important field of application is
provided by networked control systems where the components of the control loop
are connected by a digital communication network.

Part 1: Joint design of the control law and of the communication protocol One
of the most important methodological results of the recent literature states that, for
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204 J. Lunze, A. Bicchi, T. Moor, et al.

control problems under communication constraints, the two issues of control syn-
thesis and communication protocol design have to be jointly considered [668]. We
show this fact by an example that is illustrative of a methodology applicable to more
general cases.

Example 6.4 Control of moving agents over a wireless connection

Consider a continuous-time version of system (6.1) and assume that the controller is em-
bedded into the plant but receives its sensor data transmitted through a channel capable of
transmitting at rate R (namely, only 2Rτ symbols can be exchanged during the time interval
τ ). As a reference example for this model, consider the feedback control of some agents
moving in an environment whose current state is detected by remote sensors like a video
camera that can communicate the state of the system to the controller through a finite rate
digital communication bus or through a wireless connection.

A stabilizing control law can be constructed as follows. The system is sampled at times
kτ (k ∈ IN, τ > 0 is fixed) at which the controller receives a quantized measurement of the
state. Therefore, we are in the quantized state framework (φy = φx) but the set U is not
quantized. The control law u(t) and the communication protocol are defined below.

Control law
1. Consider K ∈ R

m×n such that A + BK is a Hurwitz matrix.
2. Fix M ∈ IN, M ≥ 2, such that N := Mn ≤ 2Rτ (assume this can be done).
3. Assume that x0 ∈ B

(0)
∞ (0, E0) := {x ∈ R

n | ‖x‖∞ ≤ E0}, E0 > 0. Divide each
edge of this set (box) into M equal segments so that B

(0)
∞ (0, E0) turns out to be divided

into N equal square sub-boxes. Let

φx(x, 0) := x̂0,

where x̂0 is the center of the sub-box containing x0 (Fig. 6.7). It holds that ‖x0 −
x̂0‖∞ ≤ E0/M .

4. For t ∈ [0, τ [, let x̂(t) := e(A+BK)tx̂0 and

u(t) := Kx̂(t).

5. Let
Λ := max

0≤t≤τ
‖eAt‖∞

and c(1) := limt→τ− x̂(t): it holds that x(t) − x̂(t) = eAt(x0 − x̂0), thus

∀t ∈ [0, τ [, ‖x(t) − x̂(t)‖∞ ≤ Λ‖x0 − x̂0‖∞ ≤ Λ

M
E0 := E(1).

In particular, x(τ ) ∈ B
(1)
∞ (c(1), E(1)) := {x ∈ R

n | ‖x − c(1)‖∞ ≤ E(1)}.
6. Iterate the procedure, that is

(a) Assume that at time kτ the state of the system belongs to the box

B(k)
∞ (c(k), E(k)) := {x ∈ R

n | ‖x − c(k)‖∞ ≤ E(k)},

for some c(k) ∈ R
n and E(k) > 0, divide this box into N equal square sub-boxes

and let φx(x, k) := x̂(kτ ), where x̂(kτ ) is the center of the sub-box containing
x(kτ ). It holds that ‖x(kτ ) − x̂(kτ )‖∞ ≤ E(k)/M .
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B∞
(k)(c(k),E (k))

2E(k)

c(k)

x̂(kt)

x(kt)

Fig. 6.7 State quantizer φx with n = 2 and M = 2 (N = 4).

(b) For t ∈ [kτ, (k + 1)τ [, let x̂(t) := e(A+BK)(t−kτ)x̂(kτ ) and

u(t) := Kx̂(t).

(c) Let c(k + 1) := limt→(k+1)τ− x̂(t): it holds that

∀t ∈ [kτ, (k + 1)τ [, ‖x(t) − x̂(t)‖∞ ≤ Λ

M
E(k) := E(k + 1). (6.6)

In particular, x((k + 1)τ ) ∈ B
(k+1)
∞ (c(k + 1), E(k + 1)).

Communication protocol If the controller knows E0, Λ, and the updating rule of the
boxes, then, at each time kτ , the controller knows the N possible values taken by φx(x, k).
Therefore, once a rule for the enumeration of the sub-boxes has been established, to im-
plement the control law the controller only needs to know the index corresponding to the
sub-box where the current state is. Namely, only one symbol among {1, . . . , N} is to be
transmitted to the controller at each sampling time. �

The correctness of the procedure given in the example is shown in the following:

Proposition 6.1 [401] In the above setting, if

Λ

M
< 1, (6.7)

then x = 0 is a locally asymptotically stable equilibrium point for the
closed-loop system and ∀x0 ∈ B

(0)
∞ (0, E0), limt→+∞ x(t) = 0.

Proof Let us prove convergence: with the control law defined above, the closed-
loop dynamics is ẋ(t) = (A + BK)x(t) + e(t), where e(t) = BK(x̂(t)− x(t)).
If inequality (6.7) is satisfied, then limk→+∞ E(k) = 0 and, by inequality (6.6),
limt→+∞ e(t) = 0. Since A + BK is a Hurwitz matrix and an asymptotically
stable linear system is input-to-state stable, then also limt→+∞ x(t) = 0.

Lyapunov stability can be proved by considering a quadratic Lyapunov function
V (x) = xTPx for the ideal (i.e. nonquantized) system ẋ(t) = (A + BK)x(t). �
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206 J. Lunze, A. Bicchi, T. Moor, et al.

Remark 6.1 The result above provides only local stability because it requires that the
initial state be contained in the ball B

(0)
∞ (0, E0). We can overcome this limitation

and produce a global stability result by extending the stabilizing control law and
communication protocol with a “zooming-out” phase: if ‖x0‖∞ > E0, then transmit
the symbol N + 1 to the controller and, for t ∈ [0, τ [, let u(t) = 0. Let E(1) :=
αE0, with fixed α > Λ. Repeat until k is found such that ‖x(kτ )‖∞ ≤ αkE0

(such a k exists because α > Λ, that is, the expansion of the box dominates the
divergence rate of the system), then proceed with the control and communication
protocol described above.

Remark 6.2 The presence of a communication constraint in the stabilization of a
continuous-time system has a profound impact. Indeed, if the constraint N ≤ 2Rτ

is not imposed, then condition (6.7), and hence stabilization, can be always achieved
even if M is fixed: it is sufficient to reduce the sampling period (so that Λ � 1).
In other words, it is possible to approximate any continuous-time signal by switch-
ing very fast between discrete values, as it happens with the pulse width modulator
control of an on/off DC motor. On the contrary, the presence of a communi-
cation constraint induces a lower bound on the sampling period inhibiting this
possibility.

The extension of the proposed technique to the discrete-time case is straight-
forward: it is sufficient to replace Λ with ‖A‖∞. Also the extension to the output
quantization case can be derived by the construction of a state observer . Finally, the
crucial property in the proof of Proposition 6.1 is the input-to-state stability of the
ideal (i.e. nonquantized) underlying dynamics: this fact makes for the generalization
of this technique to more general nonlinear systems [402, 515].

Condition (6.7) can be rephrased by saying that closed-loop asymptotic stability
is achievable provided that the expansion Λ due to the instability of the open-loop
system can be outweighed by a sufficiently fine partition of the state space and
this is possible only if the capacity of the channel is sufficient.

The same idea, and suitable adjustments of the technique described above, has
been used to determine the necessary and sufficient condition on the rate R of the
channel so that closed-loop asymptotic stabilization can be achieved [480, 615]. For
discrete-time systems, the condition is

R >
∑

|λi(A)|>1

log2 |λi(A)| := Rmin. (6.8)

In [408], a similar analysis is offered allowing for the possibility of packet losses.

Part 2: Minimum density of quantization to achieve Lyapunov stability Let us
go further inside the problem of understanding the minimum information needed to
carry out a stabilization task. In this respect, the question we want to answer is the
following:
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6 Hybrid systems: quantization and abstraction 207

Stabilization problem with minimum feedback information
For a given stabilizable discrete-time linear system Σ(A,B,C), what is the
minimum density for quantizers φu and φy so that stabilizability is pre-
served for the resulting quantized control system?

It has been proved in [219] that this goal is achieved by logarithmic quantizers. This
result formalizes a natural intuition: if the system state is far away from the equi-
librium we can use a coarse control action, whereas if the state is approaching the
equilibrium we need “fine-grained” corrections. Let us formally state the problem.

Given a quantized set U ⊂ R, for 0 < ε ≤ 1, denote by #U [ε] the cardinality of
U ∩ [ε, 1/ε]. The density of U is defined by

η(U) := lim sup
ε→0+

#U [ε]
− log ε

.

Consider the system (6.1) and assume that y = x, the system is single-input (u ∈
R) and the pair (A,B) is stabilizable. Let V (x) = xTPx be a quadratic control
Lyapunov function for the system and, hence, ∀x ∈ Rn \ {0}, ∃w(x) ∈ R such that
V (Ax + Bw(x)) − V (x) < 0. The problem is to find the least dense quantized
set U such that V remains a quadratic control Lyapunov function also if the control
is forced to take values in U . More precisely, in a first stage a static input quantizer
φu and a state feedback x �→ w(x) ∈ R are to be designed so that ∀x ∈ Rn \ {0},
Δ(V (x)) := V (Ax+Bφu(w(x))−V (x) < 0 and the density of U is minimized.
In a second stage, the problem consists in minimizing this density over all quadratic
control Lyapunov functions, thus providing the coarsest quantization that preserves
stabilizability.

The control sets solving these problems are logarithmically quantized. Speci-
fically, the least dense set U solving the problem for a given V (x) = xTPx is
logarithmic of parameter θ given by

θ =
γs(K) + 1
γs(K)− 1

, (6.9)

with γs(K) = 1/
√

KM−1KT < 1, where

M =
ATPBBTPA− (BTPB)(ATPA− P )

(BTPB)2
> 0

and

K = −BTPA

BTPB
.

Correspondingly, η(U) = 2/ log θ, φu : R → U is a nearest-neighbor quantizer and
a feasible state feedback is w(x) = Kx.

The minimum density of U over all quadratic control Lyapunov functions is at-
tained by a logarithmically quantized set of parameter θ∗ given by

θ∗ =
γ∗ + 1
γ∗ − 1

, (6.10)
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208 J. Lunze, A. Bicchi, T. Moor, et al.

where

γ∗ = Π|λi(A)|>1|λi(A)|
= inf{‖GK‖∞|K such that A + BK is Schur} (6.11)

and GK(z) := K(zI − A − BK)−1B. As before, η(U) = 2/ log θ∗, φu is a
nearest-neighbor quantizer and a feasible state feedback is w(x) = K∗x, where
K∗ is such that ‖GK∗‖∞ is close to the infimum in (6.11).

Remark 6.3 To be really precise, the reported results are such that Δ(V (x)) ≤ 0
(rather than Δ(V (x)) < 0). In other words, the infimum of the considered min-
imization problems is not a minimum. To guarantee the strict decrease of V it is
sufficient to choose a slightly larger density perturbing θ with θ − ε, where ε > 0 is
arbitrarily small. The same for θ∗.

Actually, both equations (6.9) and (6.10) can be interpreted as small-gain condi-
tions in H∞, namely, in terms of the �2-gain of the closed-loop system and of the
quantization error (cf. condition (6.5) in the degenerate case γs(K)·γe(θ) = 1). Tak-
ing advantage of robust control techniques, it is then possible to extend the presented
results to more general cases [255] such as systems with multiple inputs or with
output quantization. Moreover, it is possible to include performance requirements
such as guaranteed quadratic cost under quantized outputs or H∞ performance un-
der quantized inputs.

Results for continuous-time systems The analysis shown above can be applied
also to continuous-time systems as illustrated in [219]. In this case, the problem is to
find the pair (τ, θ), where τ is the sampling period and θ the density of the quantizer
that simultaneously minimizes the densities of sampling and quantization. It turns
out that the optimal pair (τ∗, θ∗) is such that τ∗ is a function of the unstable poles
of the open-loop system, while θ∗ = 1 +

√
2 is independent of the system and may

be referred to as the universal constant of logarithmic quantization for single-input
continuous-time systems.

In [338] some of the basic ideas on logarithmic quantization have been extended
to continuous-time models. In [163] the robust control approach is further extended
to nonlinear models by resorting to the theory of dissipative systems.

A related issue is that considered in [132], where the following problem is stud-
ied: given a continuous-time linear system Σ(A,B), a stabilizing control gain K
and an integer M , find a static state quantizer φx taking M values and such that a
so-called “destabilizing measure” is minimized (thus, ensuring good practical stabil-
ity properties for the closed-loop dynamics ẋ(t) = Ax(t) + BKφx(x(t))). It is
then shown that the quantizer design can be conveniently cast as a locational opti-
mization problem and different algorithms to solve it are discussed.

Part 3: Performance/complexity trade-off Let us go back to condition (6.8) on
the minimum rate of the channel that preserves stabilizability. When R # Rmin,
it has been shown in [32] that chaotic behaviors arise in the closed-loop dynamics.

co
nt

ro
len

gin
ee

rs
.ir



6 Hybrid systems: quantization and abstraction 209

The emergence of chaos in linear systems under quantized control (previously stud-
ied also in [207]) bears an unsuspected design opportunity for constructing efficient
practically stabilizing controllers [225]. The idea is as much brilliant as it is simple:
consider two neighborhoods Ω1 ⊂ Ω0 ⊂ Rn of the equilibrium and two control
laws ki = φu ◦ Ki : Ωi → U (i = 0, 1) for some Ki : Ωi → Rm and static input
quantizer φu (while y = x). Assume that the following properties hold: for i = 0, 1,
ki ensures the invariance of Ωi; the closed-loop system under k0 is such that, for any
open set S ⊆ Ω0 and for almost all initial condition x0, the corresponding trajectory
eventually enters S. This property is implied by the existence of an ergodic measure
defined on Ω0 and absolutely continuous with respect to the Lebesgue measure. It is
then clear that the control law defined by

k(x) :=
{
k0(x), if x ∈ Ω0 \ Ω1,
k1(x), if x ∈ Ω1,

has the property that for almost all x0 ∈ Ω0, ∃k ∈ IN such that x(k) ∈ Ω1. Hence,
the closed-loop system is almost surely (Ω0, Ω1)-stable. Note that the convergence
towards Ω1 only depends on k0, it does not depend on Ω1. Thus, Ω1 can be chosen
to be any arbitrarily small neighborhood of the origin.

For scalar systems and for some cases of higher order, conditions on the matrices
(A,B) have been provided ensuring that a control law k0 can be constructed mini-
mizing the number of control values and guaranteeing both the invariance of Ω0 and
the ergodicity property. Thus, with the effort needed to guarantee the invariance of
Ω0, also convergence towards any neighborhood Ω1 is ensured. As one expects, the
smaller Ω1 is, the larger is the mean time of convergence T taken by the trajectories
to enter Ω1.

In more general terms, there exists a trade-off between performance of the
closed-loop system and complexity of the controller. Let u(x) = φu(w(x)) be a
quantized controller so that the closed-loop dynamics is (Ω0,Ω1)-stable. The per-
formance of the closed-loop system may be measured in terms of transient behavior
and steady state. A good performance metric for the transient behavior is the mean
time of convergence T . On the other hand, for the steady state, we can use as a per-
formance metric the amount of contraction C := Volume(Ω0)/Volume(Ω1). The
complexity of the controller may be measured by the number N of control values
taken by u(x). A triple (T,C,N) is feasible if there exists an (Ω0,Ω1)-stabilizing
controller taking N values and so that the corresponding performance parameters
are T and C. It can be shown that a necessary condition for the feasibility of a triple
(T,C,N) is

logC ≤ T logN.

Such an inequality eloquently points out the trade-off between performance and com-
plexity, since a large contraction C or a low convergence time T entail large values
for N . A more detailed analysis, including sufficient conditions of feasibility, can be
found in [208, 226].
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6.2.4 Control with quantized sensors and actuators

This section considers quantized feedback systems where the quantizers are model-
ing sensors providing discrete measurement information and actuators having dis-
crete inputs.

Part 1: Practical stability We start by illustrating the analysis of the achievable
stability properties as a function of the quantizers resolution. Consider system (6.1)
and assume that a static state quantizer φx is assigned, the system is single-input
with U ⊂ R being a strictly quantized and assigned set, and the pair (A,B) is
reachable. There is no further assumption on the structure of the assigned input and
state quantization.

A controller yielding practical stability and the analysis of the resulting closed-
loop dynamics can be remarkably simplified if we use the state-space model in con-
trollable canonical form. Assume that zn − anz

n−1 − · · · − a2z − a1 is the char-
acteristic polynomial of A. Let α :=

∑n
i=1 |ai| and assume α > 1 (for α ≤ 1 the

open-loop system is stable). For Δ > 0, let

Qn(Δ) := [−Δ/2, Δ/2]n ⊂ R
n

be the hypercube of edge length Δ. If x(k) ∈ Qn(Δ) and u ∈ U , due to the canon-
ical form of (A,B),

x(k + 1) = (x2(k), . . . , xn(k),
∑

i aixi(k) + u)T

and
x(k + 1) ∈ Qn(Δ) ⇔ |

∑
i aixi(k) + u| ≤ Δ/2.

Hence, the invariance analysis for hypercubes is reduced to a scalar problem and
practical stability is conveniently studied in terms of invariant hypercubes. Let

w(y) := KDy = −
n∑

i=1

aiyi

be the deadbeat controller, consider the qdb-controller

u(x) := φu(w(y)),

where y = φx(x) and φu is a nearest-neighbor quantizer. The closed-loop system
is described by

x(k + 1) = (A + BKD)x(k) + B[KDφxe(x(k)) + φue(KDφx(x(k)))],

where φue(w) := φu(w) − w and φxe := φx(x) − x are the input and state
quantization error, respectively. The practical stability properties of the closed-loop
dynamics depend on the properties of the nonlinear functions φue and φxe, which,
in turn, are directly related to the geometric structure of the quantized input set U
and of the state-space partition induced by φx.

co
nt

ro
len

gin
ee

rs
.ir
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The relevant characteristics of the quantization errors can be easily expressed in
terms of scalar functions ρU(Δ) and HY(Δ) as follows. For a given Δ > 0, the
possibility of ensuring the invariance of the hypercube Qn(Δ) only depends on a
bounded subset U(Δ) of the whole control set U . The function ρU(Δ) is defined
as the maximum gap between consecutive elements of U(Δ). Similarly, HY(Δ) is
related to the size of the elements Cy’s of the state-space partition induced by φx

intersecting Qn(Δ). Two auxiliary functions mU(Δ) = minU(Δ) and MU(Δ) =
maxU(Δ) which take the control authority into account are also considered. The
main result is summarized by the following:

Proposition 6.2 [520] In the above setting, let Δ0 > 0 be such that the
following conditions are all satisfied:

ρU(Δ0) + HY(Δ0) < Δ0, (6.12)
mU(Δ0) < −Δ0

2 (α− 1), (6.13)

MU(Δ0) > Δ0
2 (α− 1). (6.14)

Consider Δ1 := max{Δ < Δ0|ρU(Δ)+HY(Δ) = Δ}, then the closed-
loop dynamics under the qdb-controller is (Qn(Δ0),Qn(Δ1))-stable.

This technique can be extended to the case of an assigned output quantization φy

by including a state observer in the controller (cf. [520] for the details). Furthermore,
also inequality (6.12) can be interpreted as a small-gain condition. This fact permits
the presented approach to be extended to systems with assigned multi-input quan-
tized sets U ⊂ R

m, as well as the consideration the quantization of other feedback
laws w(y) = Ky different from the deadbeat controller [519].

Other stabilization methods rely on the adjustment to quantized systems of tra-
ditional techniques based on Lyapunov theory [207]. However, the corresponding
practical stability analysis is often conservative.

Part 2: Optimal control Different approaches are those based on optimal control
techniques. In this case, the control law is derived by the solution of an optimiza-
tion problem. Among these methods, a suitable framework is provided by model-
predictive control techniques (MPC), due to their ability to effectively deal with con-
straints in the control action. A detailed study of this application of MPC techniques
to quantized control can be found in [546], where the practical stabilizing control
law is provided in closed form and analysis methods are included to determine the
invariant sets for the corresponding closed-loop dynamics. The so-called dual mode
MPC scheme is considered in [521]. In this case, the closed-loop invariance of a-
priori determined sets can be enforced and the results on the invariance analysis of
hypercubes presented in Part 1 of this section (see p. 000) can be profitably used.

Another method is that presented in [610], where the design of practically sta-
bilizing controllers is converted into a nonlinear programming problem. Such an
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approach can be applied to a wide class of hybrid systems including quantized input
models as a particular case.

6.2.5 Channel sharing for systems with input constraints

In [522], the two cases of control under communication constraints and control under
assigned quantization are blended and also a shared resource allocation problem is
considered. A set of N linear systems under assigned input quantization is consid-
ered and the N control loops are supposed to be closed over a shared communication
channel of total capacity R. The correct assignment of the shared resource allowing
for stabilization is part of the problem. In this case, quantization is imposed at the
actuators but the designer has the freedom to choose a subset of the assigned con-
trol values to the purpose of bounding the data rate requested by each control loop.
Therefore, quantization is both a physical constraint and a means to enable commu-
nication over a finite capacity shared channel.

Formally, a set of N scalar linear systems is considered:{
ẋj(t) = ajxj(t) + uj(t) + dj(t)
j = 1, . . . , N,

where the control function uj(t) can take values in a uniformly quantized set Uj ⊆
εjZZ (εj > 0 is assigned) while dj(t) represents an exogenous noise term ranging
in the bounded set I(dj) := [−dj/2, dj/2]. The different systems are periodically
sampled with period τj , which is to be properly chosen.

In this scenario, one has to face three different but related problems:

1. How can the performance of the control systems be quantified?
2. How is it related to the resource assignment and to the design parameters?
3. How is it possible to identify the best trade-off in the assignment of the shared

communication capacity between the different loops?

Concerning the first problem, we know from the discussion in (Section 6.2.2) that
the presence of an assigned strict quantization allows for practical stabilization only.
Here we focus on the invariance of a target set I(Δj) = [−Δj/2, Δj/2]. Therefore,
the size Δj of the sets that can be made invariant is a coherent notion of performance.

As far as the second problem is concerned, the main design variable is the fraction
Rj of the shared resource capacity that can be assigned to the different loops. This
parameter is influenced by the sampling period and by the cardinality of the control
set Uj by the obvious relation: #Uj ≤ 2Rjτj�. Therefore, the combined choice of
the sampling period τj and of the control set Uj leads to an allocated rateRj and to a
subsequent performance Δj . More formally, a triple (Rj , τj , Δj) is feasible if there
exists a Uj ⊂ εjZZ so that the interval I(Δj) can be made invariant.

Given this background, it is possible to formalize the design problem as an op-
timization in which decision variables are the vectors  Δ = [Δ1, . . . , ΔN ],  τ =
[τ1, . . . , τN ],  R = [R1, . . . ,RN ]:
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6 Hybrid systems: quantization and abstraction 213{
min( �R,�τ, �Δ) f(  Δ)
subject to:

∑N
j=1Rj ≤ R, (  R,  τ ,  Δ) feasible .

(6.15)

One possibility for the choice of the cost function f is to relate it to the attainment
of a specified vector  Δ(0), e.g. f(  Δ) := ‖  Δ(0) −  Δ‖/‖  Δ(0)‖.

An effective strategy for solving this problem is based on the explicit computa-
tion of the minimal cardinality lj(Δj , τj) of a control set achieving a given perfor-
mance Δj with sampling period τj , for each loop. Based on this computation, it is
possible to identify a function R

(min)
j (Δj), which provides a lower bound for the

rates Rj for which there exists a sampling period τj such that the triple (Rj , Δj , τj)
is feasible:

R
(min)
j (Δj) := aj

/
log

(
1 +

ajΔj

2εj
⌈

ajΔj+dj

2εj

⌉
+ dj

)
.

This expression is related to condition (6.8) and provides insight to the third ques-
tion above. These computations make for a radical simplification of problem (6.15),
which can be solved in two steps. First, a solution  Δ∗ is found to the simplified
problem: {

min �Δ f(  Δ)
subject to:

∑N
j=1 R

(min)
j (Δj) ≤ R,

by using a standard branch and bound scheme (observe that R(min)
j (Δ) is only piece-

wise continuous). In the second step, using the expression for lj(Δj , τj), one can find
the sampling periods  τ and the number of levels attaining the solution  Δ∗.

6.3 Discrete-event modeling and diagnosis

6.3.1 Diagnostic problem

This section presents a method for fault diagnosis of systems whose input u and
output y can only be accessed through quantizers (Fig. 6.8). The quantization is
denotd by [.]. The quantizers generate sequences

[U(0...kh)] = ([u(0)], [u(1)], ..., [u(kh)]), (6.16)
[Y(0...kh)] = ([y(0)], [y(1)], ..., [y(kh)]), (6.17)

of quantized input and output values. This section shows how quantized systems can
be represented by stochastic automata and how the diagnostic problem can be solved
by means of this model. For the diagnostic purposes, the modelM(f) has to describe
the system subject to the faults f ∈ F , where F denotes the set of possible faults.

Problem 6.1 (Diagnostic problem for quantized systems)
Given: Sequences (Eq. (6.16)), (Eq. (6.17)) of quantized input and output values.

Model M(f) of the quantized system subject to faults f ∈ F .
Find: Current fault f̄ .
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Fig. 6.8 Diagnosis of quantized systems.

As in quantized feedback systems, quantizers represent the effect of measure-
ment uncertainties or are deliberately introduced to reduce the information to be
processed by the diagnostic algorithm. Its use follows the guideline to solve fault
diagnostic tasks with reasonable effort by ignoring as much information as possible.

6.3.2 Hybrid model of quantized systems

This subsection introduces the hybrid model consisting of a continuous-variable
state-space model and quantizers.

The core of a quantized system is a nonlinear continuous-variable continuous-
time system

ẋ(t) = gc(x(t),u(t)), x(0) = x0, (6.18)
y(t) = hc(x(t),u(t)), (6.19)

with input vector u ∈ Rm, output vector y ∈ Rr and the vector of the internal
state x ∈ Rn. The quantizers introduce partitions of the signal spaces Rm, Rn and
Rr into a finite number of disjoint sets Qu(v) (v ∈ V = {0, 1, ..., M}) Qx(z)
(z ∈ Z = {0, 1, ..., N}) and Qy(w) (w ∈ W = {0, 1, ..., R}). Qu(v), denotes the
set of input values u, with the same quantized values v. The mapping invoked by the
quantizers is symbolized by brackets [·]:

[u] = v ⇐⇒ u ∈ Qu(v), (6.20)
[x] = z ⇐⇒ x ∈ Qx(z), (6.21)
[y] = w ⇐⇒ y ∈ Qy(w). (6.22)

The numbers v, z, or w are called the quantized input, quantized state, and quantized
output, respectively.
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Leakage

h1

h 2

Fig. 6.9 Quantized tank system.

Example 6.5 Quantized tank system

The right part of Fig. 6.9 shows the partition of the two-dimensional state space of the tank
system depicted in the left part. The grey region includes all states x = (h1, h2)

′ with the
same quantized value [x] = 7. The part of the two-dimensional state space outside the nine
partitions constitutes the unbounded partition Qx(0). As the tank system has discrete level
sensors LS1...LS4, only the quantized level values are accessible for measurement. �

Discrete-event quantized systems vs. discrete-time quantized systems Two al-
ternative view points can be adopted when considering quantized systems. The first
one considers equidistant sampling of the continuous system (6.18), (6.19) at time
points tk = kT , where T denotes the sampling time. The system is called a discrete-
time quantized system, whose continuous subsystem can be described by the sam-
pled version of the model (6.18), (6.19):

x(k + 1) = g(x(k),u(k)), x(0) = x0, (6.23)
y(k) = h(x(k),u(k)). (6.24)

The second view point highlights the fact that as long as a signal does not leave
a partition of the signal space, its quantized value remains the same and a new value
is obtained at time points tk at which the signal crosses a partition border. If the
sequences (Eq. (6.16)), (Eq. (6.17)) concern these time points tk, the system is called
a discrete-event quantized system. Note that the time points tk are not determined by
a clock but by the quantized system itself.

The following investigations concern discrete-time quantized systems but may be
transformed to discrete-event quantized systems as mentioned in the bibliographical
remarks.

6.3.3 Properties of quantized systems

An important issue is the fact that it is impossible to predict the quantized state and
output sequences of a quantized system unambiguously for a given quantized initial
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state and a quantized input sequence. The reason for this is given by the fact that the
system (6.23), (6.24) may start from any initial state x(0) with the given quantized
value z(0) = [x(0)] and may obtain any input sequence U which belongs to the
given quantized sequence [U]. For these sets of initial states and input sequences, a
set of output sequences Y result, which has, in general, more than one element. This
phenomenon is referred to as the nondeterminism of the quantized behavior .

This existence of this nondeterminism is explained now for the autonomous sys-
tem

x(k + 1) = g(x(k)), x(0) = x0 (6.25)

with the quantized state space shown in Fig. 6.10. As only the quantized state infor-
mation [x(0)] = 2 is given, the bundle of all state trajectories that start in the set
X (0) = Qx(2) have to be considered. The set

X (1) = {x′ = g(x) |x ∈ X (0)}

of successor states overlaps with three state partitions Qx(z), (z = 1, 2, 5). Hence,
the quantized value of the state x(1) cannot be unambiguously predicted but is only
known to have one of these three values:

[x(1)] ∈ {1, 2, 5}.

This nondeterminsm occurs because the initial state of the system is not precisely
known. For systems with inputs, the nondeterminsm is further introduced by the fact
that only the quantized value of the input is given.

Fig. 6.10 Sets of states reached by the system for quantized initial state x(0) ∈
Qx(2).

The following theorem shows that only for a very restricted class of systems this
nondeterminism does not occur.
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6 Hybrid systems: quantization and abstraction 217

Theorem 6.1 [415] Linear autonomous systems

x(k + 1) = Ax(k), (6.26)

whose state space Rn is uniformly quantized with resolution qxi in the di-
rection of xi, have a deterministic discrete-event behavior if and only if the
matrix A can be represented in the form

A = diagqxi diag(2zi + 1)−1 P diagq−1
xi , (6.27)

where P is a permutation matrix and zi (i = 1, ..., n) are integer numbers.

Le
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l 1
Le
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l 2

Time

Time
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l 1
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l 2

Time

Time

Fig. 6.11 Two quantized trajectories of the tank system starting in the same
quantized initial state [x0].

Figure 6.11 shows how this nondeterminism becomes obvious in experiments
with the tank system considered in Example 6.5. The black rectangles show the in-
tervalsQxi(z(k)) that correspond to the quantized values z(k) of the two tank levels.
The two parts of the figure concern two experiments, in which the initial liquid lev-
els have the same quantized values, but differ quantitatively. The thin lines show the
quantitative tank behavior. Obviously, the resulting quantized trajectories are differ-
ent because the initial tank levels are different, albeit their quantized values are the
same in both experiments.

This fact has an important consequence for the modeling task considered subse-
quently:

As the quantized behavior is nondeterministic, the discrete-event model of quan-
tized systems has to be nondeterministic.

Consequently, in the next subsection, stochastic automata are used to represent the
behavior of quantized systems.
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Markov property An important property of nondeterministic dynamical systems
is the Markov property, which for autonomous quantized systems (6.25) claims that
the relation

Prob ([x(k + 1)] = z′ | [x(k)] = z) = (6.28)
Prob ([x(k + 1)] = z′ | [x(k)] = z, [x(k − 1)] = zk−1, ..., [x(0)] = z0)

holds for all z0, z1,...,z, z′. Accordingly, the transition probability from the current
quantized state z towards the next quantized state z′ must not depend on the ear-
lier quantized states zk−1,..., z0. If this relation is valid, the probability distribution
Prob ([x(k + 1)] = z′) with z′ ∈ Z can be determined in terms of the probability
distribution Prob ([x(k)] = z) of the predecessor state.

Quantized systems, in general, do not possess the Markov property. For linear
systems (6.26) it has been proved that (6.28) holds if and only if the matrix A has
the property (6.27).

As the quantized system does not possess the Markov property with respect to
the quantized input, state and output signals, every discrete-event model that pos-
sesses the Markov property, can only be an approximate representation of the
quantized system.

Consequently, the modeling problem solved in the next subsection cannot claim to
get a precise discrete-event representation.

6.3.4 Discrete-event modeling of quantized systems

The behavior of the quantized system is the set of all pairs ([U], [Y]) of any length
kh that are consistent with the model (6.18), (6.19) and the quantisers (6.20)–(6.22).
For diagnostic purposes the model has to be complete in the following sense:

Definition 6.3 (Completeness)
A modelM with behavior BM is called complete if it satisfies the relation

BM ⊇ Bqual. (6.29)

From (6.29) it follows that there may exist pairs

(V (0 · · · kh),W (0 · · · kh)) ∈ BM ,

(V (0 · · · kh),W (0 · · · kh)) �∈ Bqual,

which are consistent with the model but not with the quantized system. These
pairs are called spurious. Their existence is a typical phenomenon encountered in
abstraction-based modeling. Spurious solutions occur because the quantized model
has the Markov property whereas the quantized system does not possess this property.
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The importance of the completeness of the model used for fault diagnosis is given
by the following corollary, which will become obvious in the next subsection:

A model is suitable for solving the diagnostic problem if and only if it is complete.

The following part shows how a model can be obtained that satisfies the com-
pleteness requirement (6.29). A stochastic automaton

S = (Z,V ,W , L,Prob(z(0)))

is used whose state, input, and output sets Z , V , and W are identical to the sets of
quantized signal values. The behavioral relation L and the initial state probability
Prob (z(0)) have to be chosen as follows:

Theorem 6.2 (Complete model of the quantized system)
A stochastic automaton is a complete model of the quantized system if
and only if the following conditions are satisfied:

L(z′, w | z, v) > 0
⇔ Prob ([x(1)] = z′, [y(0)] = w | [x(0)] = z, [u(0)] = v) > 0 (6.30)

Prob (z(0)=z) > 0 for all z = [x0] x0 ∈ X0. (6.31)

L is best chosen according to the equation

L(z′, w | z, v) = Prob ([x(1)] = z′, [y(0)] = w | [x(0)] = z, [u(0)] = v).(6.32)

Note that the right-hand side of (6.30) can be determined by means of the state-
space model (6.23), (6.24) and the definitions of the quantisers. The initial state x(0)
and the input u(0) are distributed over the sets Qx(z) or Qu(v) and the task is to
determine the probability that [x(1)] = z′ and [y(0)] = w holds for given z, v, z′

and w. An approximation of L can be obtained by mapping a grid of initial states
for selected input values and “counting” those points x(1) and y(0) that fall into the
sets Qx(z′) or Qy(w), respectively.

To solve the diagnostic problem given in Subsection 6.3.1, the discrete-event
model has to be built for all faults f ∈ F . The result is a behavioral relation
L(z′, w, | z, v, f) that depends on the fault f . For the simplicity of presentation it
is assumed that the fault f does not change during the application of the diagnostic
method.
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6.3.5 Diagnosis of quantized systems

The principle of consistency-based diagnosis, which is applied here to the discrete-
event model of the quantized system, is to test for which fault f the measured se-
quences (Eq. (6.16)), (Eq. (6.17)) are consistent with the behavioral relation L for
v(k) = [u(k)] and w(k) = [y(k)]. That is, it has to be tested whether a state se-
quence

Z(0 · · · kh + 1) = (z(0), ... , z(kh + 1))

exists such that

L(z(k + 1), [y(k)] | z(k), [u(k)], f) > 0 for k = 0, 1, ..., kh

holds. If this requirement is satisfied, the fault probability

p(f | kh) := Prob (F = f | [U(0 · · · kh)], [Y(0 · · · kh)]),

which describes the probability of the presence of the fault f under the condition
that the measured input and output sequences have occurred, can be determined as
shown in the following.

The first step of the diagnostic algorithm is to determine the joint probability
distribution

Prob (F = f |Z(k) = z | [U(0 · · · k)], [Y(0 · · · k)]) =: p(f, z | k)

of the current state Z(k) and the fault F for all time k, which is abbreviated in the
following formulas by p(f, z | k):

p(f, z′ | k − 1) =

∑
z
L(z′, [y(k)] | z, [u(k)], f) · p(f, z | k − 2)∑

z′,z,f

L(z′, [y(k)] | z, [u(k)], f) · p(f, z | k − 2)

(k = 1, 2, ...kh), (6.33)

p(f, z′ | − 1) = Prob (F = f) · Prob ([x(0)] = z). (6.34)

Prob (F = f) is the a priori fault probability and Prob ([x(0)] = z) the probability
distribution of the initial state. Then the fault probability p(f |kh) can be determined
by

p(f | k) =

∑
z′,z

L(z′, [y(k)] | z, [u(k)], f) · p(f, z | k − 1)∑
z′,z,f

L(z′, [y(k)] | z, [u(k)], f) · p(f, z | k − 1)
(k = 0, ..., kh) (6.35)

Theorem 6.3 (Diagnosis of quantized systems)
If the stochastic automaton S is a complete model of the quantized sys-
tem, the fault that occurs in the quantized systems belongs to the set

F(kh) = {f : p(f | kh) > 0}, (6.36)

where p(f | kh) is described by (6.34) and (6.35).
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The interpretation of the formulas is to determine the probability with which
the system has made the state transitions that are necessary to produce the currently
measured output for the measured input.

Corollary 6.1 (Diagnostic results for the quantized system)
• The quantized system is known to be subject to some fault f ∈ F(kh).

• Fault detection: If f0 �∈ F(kh) holds, the quantized system is known
to be faulty (where f0 denotes the faultless system).

• Fault identification: If F(kh) = {fi} is a singleton, the system is
known to be subjected to fault fi provided that the occurring fault
belongs to the set F .

The diagnostic method is summarized in Algorithm 6.1.

Algorithm 6.1 Diagnosis of quantized systems
Given:

Complete model S of the quantized system.
Fault model Sf .
Initial state probability distribution Prob ([x(0)] = z) for all z ∈ Z.
Initial fault probability distribution Prob (F = f) for all f ∈ F .

Init:
p(f, z | − 1) = Prob (F = f) · Prob ([x(0)] = z) for f ∈ F , z ∈ Z
k = 0.

1: Measure [u(k)] and [y(k)].
2: For all f ∈ F and z ∈ Z determine p(f, z′ | k) by (6.33)
3: For all f ∈ F and z ∈ Z determine p(f | k) by (6.35)
4: Determine F(kh) according to (6.36).
5: k := k + 1

Continue with Step 1.
Result: p(f | kh) and F(k) for increasing time horizon k.

6.3.6 Example: Diagnosis of the air path of a diesel engine

The air path of a diesel engine with a single turbo charger is shown in Fig. 6.12. The
hot-wire air flow meter (HFM) measures the incoming air flow, which is compressed
and cooled before it arrives in the container. After the combustion of the fuel, the
exhaust gas may be recirculated through the exhaust gas recirculation (EGR) valve
or drives turbine with a variable geometry (VTG).

The air path is subject to the input signals nE(t) (engine speed), mF(t) (fuel flow
per stroke), AEGR(t) (effective area of the EGR valve) and AVTG(t) (effective area
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of the turbine). The incoming air flow q1(t), the container pressure p2(t) and the
temperature in the container T2(t) can be measured. The continuous-variable state-
space model (6.23), (6.24) has seven state variables, and four input and three output
signals.

Fig. 6.12 Air path of a diesel engine.

Faults that occur in the components of this system influence the emission, which
is subject to legal restrictions. Therefore, the sensor and actuator faults like a block-
age of the EGR valve or offsets of the HFM or T2 sensor have to be found on-board
the car.

The airpath is considered as a quantized system. For all measured signals, a parti-
tion of the signal space is introduced. For example, Fig. 6.13 shows the discretization
of the air flow q1 into six regions starting from “very low” up to “maximum.” The
rectangles indicate in which interval the signal q1 lies at the respective time instant.
As can be seen in the figure, the trajectories of the signal q1(t) for the two fault cases
f0 and f3 can be distinguished easily in spite of the rough discretization.

The quantized model has been determined by (6.32).

Results For the evaluation of the diagnostic method, the input signals from test
series with an experimental car have been used. The diagnostic result describes the
probability for the occurrence of each fault, which is marked by the intensity of the
bars in the following diagram.

If the air path is affected by the fault f1 (HFM offset + 0.02 kg/s), the faults f0

(faultless case), f1, and f3 (the HFM drift) are stated possible when the diagnosis
starts (Fig. 6.14). During the diagnosis the probability of f3 decreases continuously
and the probability of f1 increases accordingly. At 1.9 seconds a measurement has
occurred that is impossible in the faultless case. Therefore, the faultless case is ex-
cluded and the diagnostic system returns the correct result.
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Fig. 6.13 Air flow q1 during faultless operation f0 (black) and during fault f3

(grey).
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100 %

seconds
0 0.5 1 1.5 2 2.5

Fig. 6.14 Identification of the fault f1.

6.4 Abstraction-based supervisory control design

6.4.1 Motivation of abstraction-based design

The motivation for the topic of this section is given by the complexity of the control
design task for hybrid systems. As hybrid systems consist of interacting continu-
ous and discrete-event components, a straightforward application of standard con-
trol synthesis methods from either the continuous or the discrete world are impos-
sible. The situation changes, however, if continuous components are approximated
and “replaced” by discrete ones. This effectively transforms the given hybrid con-
trol problem into a purely discrete one, which can subsequently be addressed using
established methods from the area of discrete-event systems (DES).

Of course, this is only an acceptable strategy if it can be proved that the re-
sulting discrete control scheme will enforce the desired specifications not only for
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the discrete appoximation of the underlying hybrid problem, but also for the hybrid
problem itself. This philosophy is usually called “abstraction-based control design,”
and it is understood that an abstraction is an approximation with a particular set of
properties that facilitates the required proof.

Abstraction-based control of hybrid systems has been a popular topic over the last
ten years, and various approaches have been reported in the literature, e.g. [190, 363,
423, 606]. In this section, we will concentrate on a particular approach developed in
[464, 466, 550], which exhibits a number of convenient properties:

• It employs a special set of abstractions, called l-complete approximations, which
are exclusively defined in terms of (measurable) outputs and inputs of the con-
tinuous system to be approximated.

• The suggested concept allows for systematic approximation refinement–this is
extremely important in practice, as it may well turn out that the currently em-
ployed approximation is too coarse for any controller to achieve the given speci-
fications and, therefore, needs to be “improved,” or refined.

• We choose an exposition which is set within J. C. Willems, behavioral frame-
work, e.g. [661, 662]. Within this framework, the presentation of conceptual and
computational details can be separated to a large extent. It is, therefore, possible
to describe the underlying ideas without “bothering too much” about cumber-
some computations.

This section is organized as follows: we first discribe the supervisory control
problem treated in this section. We then recall some definitions and concepts from
behavioral systems theory (Sect. 6.4.3). In (Section 6.4.4), we discuss supervisory
control in a behavioral setting. In (Section 6.4.5), we explain if and why abstraction-
based control will also work for the underlying hybrid control problem. Finally, in
(Section 6.4.6), we briefly mention how complexity problems may be alleviated

within an abstraction-based control approach.

6.4.2 Control problem

The simplest scenario where our approach applies is shown in Fig. 6.15. The contin-
uous plant communicates with its environment exclusively via discrete events. Input
events from the finite set U may switch the continuous dynamics, and output events
from a finite set Y are typically generated by some sort of quantization mechanism.
We assume the existence of solutions in the following sense: if, in an arbitray initial
plant state x ∈ Rn, a control event occurs, the plant state will evolve over time and
will eventually generate an output event. A typical example for this scenario is when
the plant state x or a continuous output signal ξ produces an output event by “hit-
ting” the boundary of a set associated with the last input symbol (“invariant”). This
is usually referred to as event-driven sampling.
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Quantizer

Fig. 6.15 Continuous plant under discrete control.

Alternatively, sampling could be clock-driven. In this case y(k) would be a quan-
tized version of the plant state (or a continuous plant output signal) at fixed sampling
times kΔ.

Note that we do not need to specify at this point whether sampling is event or
clock-driven. In both cases, the input and the output signal are sequences of discrete
events/symbols, denoted by u and y, respectively. Upon generation of a measure-
ment event by the plant, a new input event or set of input events will be provided
instantaneously by the controller.

The stated assumptions imply that the plant can be realized as a so-called I/
S-machine. Formally this is a state machine with state set X , input and output event
sets U and Y , an initial state set X0 and a transition relation δ with the additional
property that for any reachable state x ∈ X and every μ ∈ U , there exist ν ∈ Y and
x′ ∈ X such that (x, (μ, ν), x′) ∈ δ.

Following the supervisory control philosophy proposed in [551, 552], the control
task is to guarantee that certain events or sequences of events which are deemed to
be dangerous or forbidden will never occur. This is to be achieved by a supervisor
which “sees” the sequence y of events generated by the plant and, in response to each
measurement event y(k), may disable certain input events from the set U .

6.4.3 Behaviors

In the terminology of behavioral system theory, the (external) behavior of a dynam-
ical system is the set of external signals that the system can evolve on. Hence, with
w := (u, y) and W := U × Y , the external plant behavior Bp is a set of maps
w : N0 → W ; i.e. Bp ⊆ WN0 , where N0 is the set of nonnegative integers and
WN0 := {w : N0 → W} represents the set of all sequences in W . From an external
point of view, a dynamical system is completely defined by specifying the notion of
time and the signal space for the external signals, and the (external) behavior. As in
the following discussion time (N0) and external signal space (U × Y) are fixed, we
can use the terms “system” and “behavior” synonymously.
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In the following, we will also restrict attention to time-invariant systems. Fol-
lowing [661] a system with behavior B is called time-invariant, if σB ⊆ B, where
σ represents the backward shift operator, i.e. (σw)(k) = w(k + 1) for all k ∈ N0.

To keep notation as simple as possible, we introduce the restriction operators
( · )|[k1,k2) and ( · )|[k1,k2] that map sequences w ∈ WN0 to finite strings:

w|[k1,k2) := w(k1)w(k1 + 1) · · · w(k2 − 1) ∈ Wk2−k1 ,

w|[k1,k2] := w(k1)w(k1 + 1) · · · w(k2) ∈ Wk2−k1+1,

where W0 := {ε} and ε denotes the empty string. For W = U × Y , the symbols
PU and PY denote the natural projection operators to the respective component, i.e.
PUw = u and PYw = y for w = (u, y), u ∈ UN0 , y ∈ YN0 . Finally, we use
w̃|[0,k] ≈y w|[0,k] as an abbreviation for the two strings w and w̃ to be identical up
to the last output event, i.e. PUw̃|[0,k] = PUw|[0,k] and PYw̃|[0,k) = PYw|[0,k).

To clarify the input/output structure, we use a slightly weakened version of
Willems’ I/O-behaviors:

Definition 6.4 (I/-behavior) A behavior B ⊆ WN0 is said to be a (strict)
I/-behavior with respect to (U , Y), if
(i) the input is free, i.e. PUB = UN0 ; and

(ii) the output does (strictly) not anticipate the input, i.e.

PUw̃|[0,k] = PUŵ|[0,k]

⇒ (∃w ∈ B)PYw|[0,k] = PYw̃|[0,k] and PUw = PUŵ

for all k ∈ N0, w̃, ŵ ∈ B; for the strict case the premise on the l.h.s. is
weakened to PUw̃|[0,k) = PUŵ|[0,k).

Loosely speaking, item (ii) in this definition says that we can change the future (and,
in the strict case, the present) of the input without affecting present and past of the
output.

In the following, we will also need the notion of complete systems:

Definition 6.5 (Complete behavior) [661] A behavior B ⊆ WN0 is com-
plete if

w ∈ B ⇔ ∀ k ∈ N0 : w|[0,k] ∈ B|[0,k] .

Hence, to decide whether a signal w belongs to a complete behavior B, it is sufficient
to look at “finite length portions” of w.

It is easily verified that the external behavior induced by an I/S/-machine is an
I/-behavior. It should be noted however that, in general, it is not complete.

6.4.4 Supervisory control

We now focus on the role of a controller, or supervisor, evolving on the same sig-
nal space as the plant model. Adopting the concepts of supervisory control theory
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[551, 552] to the behavioral framework, the task of a supervisor Bsup ⊆ WN0 is to
restrict the plant behavior Bp ⊆ WN0 such that the closed-loop behavior contains
only acceptable signals. The closed-loop behavior is given by

Bcl = Bp ∩Bsup,

because a signal w ∈ Bp “survives” closing the loop if and only if it is also in Bsup.
We collect all acceptable signals in the specification behavior Bspec and say that the
supervisor Bsup enforces the specification if Bcl ⊆ Bspec.

It is immediately clear that any supervisor must exhibit two additional properties:

• it must respect the I/O structure of the plant, i.e. it may restrict the plant input but
then has to accept whatever output event the plant generates;

• it must ensure that, at any instant of time, there is a possible future evolution for
the closed loop.

This is formalized by the following definition:

Definition 6.6 (Admissible supervisor) A supervisor Bsup ⊆ WN0 is ad-
missible to the plant Bp ⊆ WN0 if:
(i) Bsup is generically implementable, i.e. k ∈ N0, w|[0,k] ∈ Bsup|[0,k],

w̃|[0,k] ∈ Wk+1, w̃|[0,k] ≈y w|[0,k] implies w̃|[0,k] ∈ Bsup|[0,k]; and
(ii) Bp and Bsup are nonconflicting, i.e. Bp|[0,k] ∩ Bsup|[0,k] = (Bp ∩

Bsup)|[0,k] for all k ∈ N0.

This leads to the following formulation of supervisory control problems:

Definition 6.7 (Supervisory control problem) Given a plant Bp ⊆ WN0 ,
W = U×Y , and a specification Bspec ⊆ WN0 , the pair (Bp, Bspec)cp is a
supervisory control problem. A supervisor Bsup ⊆ WN0 that is admissible
to Bp and that enforces Bspec is said to be a solution of (Bp, Bspec)cp.

In [463, 464], we have adapted the set-theoretic argument of [552] to show the
unique existence of the least restrictive solution for our class of supervisory control
problems. Formally, the set of all solutions of (Bp, Bspec)cp is a complete upper
semi-lattice with join operator “∪” and partial order “⊆”, and the supremal element
of the lattice is referred to as the least restrictive supervisor. Clearly, the action of
this supervisor will be least restrictive in the sense of disabling the least number of
input events from the set U at any sampling instant k.

Note that the least restrictive solution may turn out to be trivial, i.e. Bsup = ∅,
as this is admissible to the plant and, because of Bp ∩ ∅ ⊆ Bspec, enforces the
specifications. Obviously, only nontrivial solutions are of interest. Therefore, if ∅
turns out to be the least restrictive solution of (Bp, Bspec)cp, one would conclude
that the specifications are “too strict” for the given plant model.
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6.4.5 Abstraction-based supervisory control

If both Bp and Bspec could be realized by finite automata , we could easily compute
(a realization of) the least restrictive solution of (Bp, Bspec)cp by appropriately
modifying standard DES tools (e.g. [146, 552]). The required modifications would
be straightforward and take into account that in the framework suggested here an
I/O-structure has been employed for plant and supervisor instead of the standard
partition of external events into controllable and uncontrollable events. Details can
be found in [466]. While a finite automaton realization of Bspec ⊆ WN0 is quite
common for finite W , the hybrid plant is, of course, in general not realizable on a
finite state space. In [464, 550], we suggest to approach this problem by replacing
Bp with an appropriate abstraction or, if needed, a sequence of increasingly accurate
abstractions that can be realized by finite automata. This procedure is based on the
notion of l-completeness:

Definition 6.8 (l-complete behavior) [662] A behavior B ⊆ WN0 is l-
complete if

w ∈ B ⇔ ∀ k ∈ N0 : σkw|[0,l] ∈ B|[0,l] .

Hence, whether a signal w ∈ WN0 is contained in a given l-complete behavior can
be decided on the basis of strings of length l + 1. Note that the external signal space
W has been assumed finite. Therefore, B|[0,l] is also a finite set for any l ∈ N0. It is
then a straightforward exercise to realize a given l-complete behavior by a finite-state
machine, where the state memorizes the last l values of the external signal [466].

It is now natural to introduce the notion of a strongest l-complete approximation
of a given system with behavior B ∈ WN0 . Roughly speaking, this is another system
evolving on the same time axis N0 and within the same signal space as the original
system, and with the smallest l-complete behavior that covers B. Formally this is
captured in the following definition [464, 466]:

Definition 6.9 (l-complete approximation) [464] Consider two dynamical
systems with behaviors B and Bl, both evolving on time N0 and within
the external signal space W . Then Bl is said to be a strongest l-complete
approximation for B if:
(i) Bl ⊇ B, Bl is l-complete;

(ii) B′
l ⊇ B, B′

l is l-complete =⇒ B′
l ⊇ Bl.

If only item (i) holds, Bl is referred to as an l-complete approximation.
The motivation for Definition 6.9 is the following: we want to synthesize su-

pervisory control for a system with behavior B on the basis of the approximation
Bl. Clearly, we need condition (i) to hold; otherwise, B could contain unacceptable
trajectories which could not be predicted by the approximation Bl and hence not
be suppressed by a control strategy based on the approximate model. Note that it
has become accepted terminology to call an approximation that covers the behavior
of the system to be approximated as an abstraction. Therefore, by definition, each
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l-complete approximation is an abstraction. It is also obvious that we want condi-
tion (ii) to hold: the smaller Bl, the more “accurate” the approximation, and the
better the chances for a suitable supervisor to exist.

Existence and uniqueness of strongest l-complete approximations are easily es-
tablished within the behavioral framework (for a formal proof cf. [466]). The ap-
proximation behavior is given by

Bl = {w | w ∈ WN0 , σkw|[0,l] ∈ B|[0,l] ∀ k ∈ N0 }, (6.37)

i.e. it consists of all sequences w which, on intervals of length l + 1, coincide with
the underlying system behavior. It is an immediate consequence of (6.37) that for
all l ∈ N

Bl ⊇ Bl+1 (6.38)

i.e. by increasing l we are guaranteed to obtain an approximation which is at least as
accurate as the previous one. This is also referred to as approximation or abstraction
refinement .

Definition 6.9 and property (6.38) suggest the following iterative procedure for
abstraction-based supervisory control:

Algorithm 6.2 Abstraction-based supervisory control
Init: Set l = 1.
1: Compute a (strongest) l-complete approximation Bl for the plant model Bp and realize

it as a finite-state machine.
2: Compute the least restrictive solution Bsup for the supervisory control problem

(Bl, Bspec)cp. As finite-state realizations for both Bl and Bspec are known, this can be
done using slight modifications of standard methods from DES theory (e.g. [146, 552]).
Note that the resulting supervisor Bsup is realized by a finite-state machine and is, there-
fore, complete.

3: If Bsup = ∅ (i.e. a nontrivial solution has been found), terminate. Otherwise increase l
by 1 and go to Step 1; the latter corresponds to the fact that on the basis of the abstraction
Bl a nontrivial solution cannot be found, and, therefore, the abstraction will be refined.

Result: Bsup (or exhaustion of computational resources).

Two main questions remain open at this point:

• How do we compute Bl?
• If a nontrivial solution Bsup for (Bl, Bspec)cp exists, can we guarantee that it is

also a solution for the underlying problem (Bp, Bspec)cp?

We will answer the second question first, which is indeed the central one in the
context of abstraction-based control design.

Suppose Bsup is a nontrivial solution for the control problem (Bl, Bspec)cp.
This implies that Bl ∩ Bsup ⊆ Bspec. Clearly, because of Bp ⊆ Bl the su-
pervisor also enforces the specifications for the underlying plant model Bp, i.e.
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Bp ∩ Bsup ⊆ Bspec. To make Bsup a solution of (Bp, Bspec)cp, it is also re-
quired to be admissible to Bp (Definition 6.7). This, in turn, requires generic imple-
mentability and nonconflictingness of Bsup and Bp (Definition 6.6). Generic imple-
mentability is guaranteed as Bsup is a solution of the approximated control problem
(Bl, Bspec)cp. To establish that Bsup and Bp are nonconflicting, we employ the
following Lemma from [465]:

Lemma 6.1 Let Bp be an I/-behavior and additionally assume that it is
either complete or can be realized by an I/S/-machine. If Bsup is complete
and generically implementable, then Bp and Bsup are nonconflicting.

The central result in our abstraction-based supervisory control synthesis approach
then follows immediately:

Theorem 6.4 Let Bl ⊆ WN0 , W = U × Y , be an l-complete abstrac-
tion of an I/-behavior Bp ⊆ WN0 . Assume furthermore that Bp can be
realized by an I/S/-machine. Let Bsup ⊆ WN0 be a complete nontrivial
solution of the supervisory control problem (Bl, Bspec)cp. Then Bsup is
a nontrivial solution of (Bp, Bspec)cp.

It remains to discuss how Bl is computed. Computing Bl amounts to determin-
ing whether strings (μ0, ν0), . . . , (μl, νl), with μi ∈ U , νi ∈ Y , i = 0, . . . , l, are
contained in the restricted plant behavior Bp|[0,l] (compare (6.37)). As the plant be-
havior Bp cannot be expected to be finite, this problem needs to be settled on the
basis of a realization. Both for the event-driven and the time-driven sampling case,
one then asks whether there is an initial state x ∈ R

n such that applying the string
μ0, . . . , μl of input events will make the plant respond with the string ν0, . . . , νl of
output events.

Clearly, in both cases, this is a reachability problem. Reachability issues for non-
linear continuous systems are in general highly nontrivial, and one may have to settle
for approximate solutions. This is not a fundamental problem in general, if we can
guarantee that all strings contained in Bp|[0,l] are accepted. (Falsely) accepting ad-
ditional strings will enlarge the approximation behavior–we still get an l-complete
approximation, but not the strongest one. On the basis of this approximation we can
carry out our abstraction-based synthesis as before.

6.4.6 Extensions

The basic setup shown in Fig. 6.15 includes a plant with continuous dynamics and
discrete inputs and outputs. Often, the plant to be controlled will additionally con-
tain discrete dynamics. A popular example are plants that are modelled as hybrid
automata with state (x, q), where x(t) ∈ R

n, q(t) ∈ Q and Q is a finite set. Our ap-
proach can easily be extended to cover this case. Using the procedure outlined above,
we “replace” the continuous part of the plant dynamics by a discrete abstraction. In
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combination with the discrete part of the plant dynamics this provides a discrete ab-
straction of the overall hybrid plant, and we can proceed to synthesize a discrete
supervisory controller for this abstraction.

The described approach is conceptually elegant but, as with other aproaches that
involve the use of discrete abstractions, it suffers from the problem of computational
complexity. Roughly speaking, computational effort grows exponentially with |U|
(the number of control events), |Y| (the number of measurement events), and l (the
parameter determining approximation accuracy). Therefore, it may well turn out that
in the iterative procedure outlined in (Section 6.4.5) computational resources are ex-
hausted before a nontrivial solution to a supervisory control problem (Bl, Bspec)cp
(and hence to the underlying problem (Bp, Bspec)cp) is found. Several approaches
to alleviate this problem have been suggested:

• [468] describes how uniform abstraction refinement (by increasing the parameter
l) can be replaced by a more subtle, specification dependent, refinement proce-
dure. Roughly speaking, the suggested algorithm analyzes why supervisory con-
trol synthesis for a specific abstraction and the required specifications fails. It
then refines (only) the aspects of the abstraction that are deemed “too coarse” for
the specification and hence provides an abstraction that is tailored to the supervi-
sory control problem at hand.

• [463] investigates the use of modular and decentralized control architectures
within the abstraction-based supervisory control design framework described
above.

• [467] discusses how the described abstraction-based approach can be extended to
cover hierarchical control architectures. Within this framework, several control
layers, working on different time axes and with different levels of information ag-
greation cooperate to enforce an overall specification for the given plant. Proper
use of hierarchical decomposition allows the successful treatment of problems
that are far beyond the reach of the unstructured basic approach treated within
this section. This hierarchical extension is summarized in (Section 14.3.1) of
this handbook and applied to the control of a multiproduct batch plant.

6.5 Control design by means of embedded maps

6.5.1 Stabilization problem for discretely controlled continuous systems

This section outlines two complementary approaches for stabilizing the periodic op-
eration of discretely controlled continuous systems (DCCS– (Section 1.1.2)). Both
procedures concentrate on the event generator, which is designed on the basis of an
abstract model, which only captures the system behavior at the switching instants.

As depicted in Fig. 6.16, DCCS represent an important class of hybrid systems,
where the control output of a continuous plant is regulated by the control actions of
a purely discrete-event controller. The plant provides a finite number of operation
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Fig. 6.16 Structure of a discretely controlled continuous system.

modes q ∈ Q, with each mode being associated to different dynamical properties
of the plant. While state jumps do not occur, a mode transition typically induces
parameter and structural changes in the plant dynamics, which can be exploited to
shape the output trajectory y(t) as desired.

The discrete controller consists of an event generator, which translates continu-
ous-time signals into discrete events σ ∈ Σ, and a discrete switching logic that
defines all admissible mode transitions.

In contrast to switched systems, the plant does not exhibit an equilibrium, which
is common to all operation modes. This demands for novel controller design con-
cepts, which are particularly not based on the concept of equilibrium stability.

The primary control objective of DCCS is to achieve region stability 3.4.2, i.e. to
drive the continuous state x(t) ∈ Rn or the output y(t) ∈ Rr from an initial region
XI into a terminal set XT of the state space and to maintain it there at stationary
operation (Fig. 6.17) despite the influence of strong disturbances. To successfully
execute this transition, the discrete controller must generate a suitable mode sequence
q(t) with the modes being arranged in the correct order and the transitions occurring
at the right time instants. Since the terminal set XT usually does not contain any
equilibrium state of the plant, the controller must persistently switch the plant among
its modes forever. Consequently, even simple DCCS exhibit a variety of complex
behaviors [79, 167, 444].

Design challenges of DCCS Discretely controlled continuous system appear
throughout many application domains, such as power electronics, process engineer-
ing, robotics, mechatronics, production management, traffic management or even
biology [186, 196, 275, 444]. There, switching between different operation modes
does not only serve the purpose of improving the loop’s performance, but is indeed
fundamental to generate otherwise impossible forms of behavior.
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Fig. 6.17 Control task of DCCS.

A major challenge in the controller design of a DCCS is to systematically derive
an event generator, i.e. a switching law, that translates the evolution of the con-
tinuous and the discrete state into a suitable event sequence σ(t), such that the
system specifications are met.

Example 6.6 DC-DC converter

The working principle of switching power converters relies on switching the circuit topol-
ogy perpetually. The simple boost converter described in (Section 1.3), for instance, only
accomplishes the transformation a low DC input voltage into a high DC output voltage,
because the inductor L can be charged over the source in less time, than it takes for the
capacitor C to discharge over the load R. Hence, only by alternating between the circuit
topologies at very high frequencies, the energy stored in the capacitor accumulates until it
reaches the required level.

A boost converter operating in continuous conduction mode certainly is a very simple
bimodal hybrid systems with alternating modes Q = {on, off}. Here, the only control
influence, by which the average output voltage of the plant can be controlled as desired, is
given by the switching times t̄(k). �

Surprisingly, the latter situation generalizes to many other real-world applica-
tions, even to those, which possess a large number of operation modes. Typically,
the determination of a proper cyclic mode sequence is an essential part of the initial
plant design. If the mode sequence is not fixed a priori, at least all executions, which
evolve in the vicinity of a stationary trajectory, generate the same mode sequence.

Since even at stationary operation, switching the mode is continued infinitely
long, the state x(t) persistently oscillates around an average value. It never con-
verges towards an equilibrium point and its motion may be chaotic. For many ap-
plications, however, maintaining x(t) inside XT is not enough. Additionally, those
applications require the plant to operate periodically in order to comply with switch-
ing frequency restrictions and other essential loop specifications.

co
nt

ro
len

gin
ee

rs
.ir



234 J. Lunze, A. Bicchi, T. Moor, et al.

6.5.2 Modeling the behavior of discretely controlled continuous systems

Hybrid automaton model of a DCCS As illustrated in Fig. 6.16, a DCCS can be
separated into three distinct components:

1. a continuous subsystem, which constitutes the plant;
2. an event generator, which acts as an interface between the continuous-valued

and the discrete-valued signal space (Sect. 1.1.3); and
3. a switching logic, which determines the successor mode to be activated at the

subsequent switching.

The closed-loop behavior can be represented by a hybrid automaton
H = (Q,X ,f , Init , Inv , E ,G,R) defined in (Section 3.1). Q and X ⊆ Rn de-
note the sets of discrete and continuous state variables, q(t) and x(t) represent the
corresponding trajectories.

The continuous subsystem Σc is described by a piecewise-Lipschitz nonlinear
vector field

dx

dt
(t) = f(x(t),d(t), q(t)) , x(t0) = x0, (6.39)

with inputs q(t) ∈ Q and d(t) ∈ Rd being the mode and the disturbance signals.
The set of initial states Init = {(x0, q0)} is usually single valued and the domain
Inv(q) of each mode q is identical to the Rn.

The discrete subsystem Σd is represented by a deterministic transition function

q̄(k+1) = Θ(q̄(k), σ(k+1)) , q̄(0) = q0 , (6.40)

which maps the currently activated mode q̄(k) and the potentially generated event
symbol σ̄(k+1) onto the successor mode q̄(k+1). In the sequel, all signals sampled
at switching instants t̄(k) are indicated by a bar und enumerated by a counter k.

Each edge e ∈ E of the graph is labeled by a unique tuple (q, σ) and the related
guard set G of the extended state space R

n × R is implicitly defined as

g(q, σ) = {(x, t) : Φ(x(t), t, q, σ) = 0} . (6.41)

Definition Eq. (6.41) is based upon the event function

Φ(x(t), t, q(t), σ(t)) =

⎧⎪⎨⎪⎩
Φσ1(x(t), t, q(t)) if σ(t) = σ1,
...
ΦσV (x(t), t, q(t)) if σ(t) = σV ,

(6.42)

which is composed of switching conditions that evaluate to zero, i.e. Φ(•, •, q, σ) =
0, whenever an event σ occurs in mode q. At each time instant the event signal

σ(t) = argmin
σi

|Φ(x(t), t, q(t), σi)| (6.43)

obtains the value σi, for which |Φ| is minimal. The time elapsed in between two
consecutive mode trasitions τ̄(k) = t̄(k+1)−t̄(k) is referred to as a mode’s activation

co
nt

ro
len

gin
ee

rs
.ir



6 Hybrid systems: quantization and abstraction 235

duration or dwell time. Furthermore, the execution of a DCCS starting in (x0, q0) is
denoted by the collection χ(x0, q0, t0) = (t,x(t), q(t)).

Classification of switching laws Concerning the structure of the event func-
tion (6.42), every switching law belongs to one of the three following classes:

Definition 6.10 (Event-driven, clock-driven and mixed switching)
A switching law is called:
• event-driven, if all switching conditions are independent of time, i.e.

Φ(x(t), t, q(t), σ(t)) = Φ(x(t), q(t), σ(t));

• clock-driven, if all switching conditions are independent of the continu-
ous state x(t), i.e. Φ(x(t), t, q(t), σ(t)) = Φ(t, q(t), σ(t));

• a mixed law, if it is neither purely clock-driven nor purely event-driven.

Depending on the type of switching law, it may or may not be possible to explicitly
solve (6.42) for the switching times t̄(k) or the activation durations τ̄ (k). This aspect
essentially determines, whether or not a closed form expression of an execution χ
can be obtained.

Besides the type of switching law, an event function (6.42) may as well be
classified according to the geometry of the guard sets, which it defines. The case
of a piecewise affine function (6.42) in x and t is particularly relevant for many
applications.

Definition 6.11 (Switching plane) The guard sets G(q, σ) represent switch-
ing planes S(q, σ), iff the event function

Φ(x(t), t, q(t), σ(t)) = nT
x (q, σ)x(t) + nT (q, σ) τ − r(q, σ) (6.44)

is piecewise affine, where the vectors
(
nT

x (q, σ) nT (q, σ)
)

coincide with the
planes’ normal directions in the extended state space Rn × R and r(q, σ)
define the planes’ distances to the origin.

Sampling signals at switching instants The hybrid automaton representation of
a DCCS may be well suited for accurately simulating the system’s behavior. Due to
its complexity and generality, however, this model is only of little value for solving
the design task. Instead, this task requires a model, which uniquely relates the event
function parameters nT

x (q, σ) and r(q, σ) to the system’s stationary behavior. As
control actions only affects the system at the switching times t̄(k), it is convenient to
sample an execution exclusively at these instants and obtain the sequence

χ̄(x0, q0, t0) =
(
(x̄(0) q̄(0) t̄(0))T, (x̄(1) q̄(1) t̄(1))T, . . .

)
. (6.45)

of hybrid switch points (x̄(k) q̄(k) t̄(k))T. The model, from which this sequence
can be computed, is called the embedded map of a DCCS.
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Definition 6.12 (Embedded map) The mapping

(x̄(k+1) q̄(k+1) t̄(k+1))T = H(x̄(k), q̄(k), t̄(k)) , (6.46)

which relates the current hybrid switch points (x̄(k) q̄(k) t̄(k))T to the
next one, is called the embedded map of a DCCS.

The mapping (6.46) can be decomposed into three parts H = (Hx Hq Ht)
T, one

for each element of the hybrid switch point vector.

Existence of analytic expressions for the embedded map To obtain a closed
form expression of the embedded map (6.46) requires to solve the switching con-
ditions (6.41) for the switching times t̄(k) symbolically. As a necessary condition
for this, an analytic solution of the continuous vector field (6.39) must be found,
which only exits for a very restricted class of differential equations. Assuming the
event function to be piecewise affine (6.44), the embedded map can be expressed
analytically for the following types of DCCS:

1. DCCS with n-dimensional piecewise integrator dynamics dx/dt = B(q).
2. DCCS with one-dimensional piecewise affine continuous dynamics

(dx/dt) = −ax(t) + b and a purely event- or clock-driven switch law.
3. DCCS with n-dimensional piecewise affine continuous dynamics

dx/dt = A(q)x(t) + B(q) and a clock-driven switching law.

For all other DCCS it highly depends upon the structure and the parameters of the
continuous subsystemΣc as well as the event functionΦ, whether or not it is possible
to obtain an explicit expression of H .

For arbitrary switching laws and arbitrary state space dimensions n > 1, only
the first class of DCCS permits a closed-form representation of the embedded map.
Such systems are referred to as cyclic linear automata (CDLA) [444], if the successor
mode q̄(k+1) = φ(q̄(k)) uniquely follows from the current mode q̄(k).

Theorem 6.5 [444] The embedded map of a cyclic linear automaton (CDLA)
is given by

H(x̄(k), q̄(k), t̄(k))

=

⎛⎜⎜⎜⎝
(
I− B(q̄(k))nT

x(q̄(k))
nT

x(q̄(k))B(q̄(k))+nT (q̄(k))

)
x̄(k) + r(q̄(k))B(q̄(k))

nT
x(q̄(k))B(q̄(k))+nT (q̄(k))

Θ(q̄(k))

t̄(k) + r(q̄(k))−nT
x(q̄(k))x̄(k)

nT
x(q̄(k))B(q̄(k))+nT (q̄(k))

⎞⎟⎟⎟⎠ .

(6.47)

As can be seen from (6.47), the continuous component Hx is an affine expression
of x̄(k), but it already depends nonlinearly on the design parameters nT

x(q̄(k)) and
nT (q̄(k)). Although the second class of systems is still very simple, an explicit ex-
pression of the embedded map can yet only be found for purely clock- or event-driven
switching laws.
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Theorem 6.6 The embedded map of 1-D piecewise linear DCCS with an
event function according to (6.44) and nT = 0 is equal to

H(x̄(k), q̄(k), t̄(k)) =

⎛⎜⎜⎜⎝
r(q̄(k))/nx(q̄(k))

Θ(q̄(k))

t̄(k)−ln
(

r(q̄(k))a−b
nx(q̄(k))x̄(k)a+nx(q̄(k))b

)
1
a

⎞⎟⎟⎟⎠ . (6.48)

Because of the simple dynamics, the first element x̄(k+1) of (6.48) is trivial. How-
ever, the third entry of (6.48) clearly highlights the complex relation between the
design parameters and the switching times, which usually prevents a closed form
representation of H for event-driven switching laws and n > 1.

Linear approximation of the embedded map If the continuous dynamics are
not composed of decoupled integrators, the embedded map can only be evaluated
numerically by simulation. Given two nominal switch points x�(k) and x�(k+1),
which belong to an admissible solution x�(t) of (6.39), a locally valid first-order
approximation of the embedded map [172]

δx̄(k+1) =

(
I −

f (x̄�(k+1), q̄(k)) ∂Φ
∂x

∂Φ
∂xf (x̄�(k+1), q̄(k)) + ∂Φ

∂t

)
∂x̄�(k+1)
∂x̄�(k)

δx̄(k), (6.49)

∂Φ

∂• =
∂Φ

∂• (x̄�(k+1), q̄(k), σ̄(k+1)) (6.50)

can be computed. As illustrated in Fig. 6.18, it maps the current local deviation
δx(k) = x̄(k) − x̄�(k) from the nominal trajectory x�(t) onto the deviation at the
next switching.

Fig. 6.18 Continuous part Hx of the embedded map.

The event σ̄(k+1) is issued at x�(k+1) and ∂x̄�(k+1)/∂x̄�(k) denotes the state
transition matrix Z(t), which is obtained as a solution to the sensitivity equation

dZ

dt
(t) =

∂f

∂x
(x(t), t, q(t)) Z(t), Z(0) = I
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at t = τ̄(k). If the event function (6.42) is piecewise affine, (6.49) becomes

δx̄(k+1) =
(

I − f (x̄�(k+1), q̄(k)) nT
x (q̄(k), σ̄(k+1))

nT
x (q̄(k), σ̄(k+1))f (x̄�(k+1), q̄(k)) + nt(q̄(k), σ̄(k+1))

)
∂x̄�(k+1)
∂x̄�(k)

δx̄(k) , (6.51)

which closely resembles the first element of (6.47).

6.5.3 Stabilization of periodic stationary solutions

Periodic stationary executions An important control objective of DCCS is to sta-
bilize a periodic stationary execution, which is defined as follows:

Definition 6.13 (p-periodic execution) [444] An execution

χ�(x0, q0, t0) = (t,x�(t), q�(t))

of the model (6.39)–(6.42) is called p-periodic, if there exists a time T =∑p−1
k=0 τ̄ (k), such that

q�(t + T ) = q�(t), x�(t + T ) = x�(t)

holds for all t ≥ 0 and T is minimal. A p-periodic solution is called elemen-
tary, if

q̄�(k + l) �= q̄�(k + m), ∀l,m < p

is satisfied.

Definition 6.14 (Isolated closed orbit) [248] A closed orbit Γ traced out
by the continuous component x�(t) of the periodic solution χ�(x0, q0, t0) is
called a limit cycle, if it is isolated, meaning there does not exist any other
periodic solution in its neighborhood.

Without loss of generality, any limit cycle is assumed to be elementary from here on.
Eventually, this requires a re-definition of the plant’s operation modes. To simplify
notation, the switch points x̄�(k+pl), l ∈ N associated to the activation of mode q̄�

k

will be referred to as x̄�(q̄�
k). Likewise, the activation duration of mode q̄�

k is referred
to as τ̄�(q̄�

k).

Proposition 6.3 Any sampled periodic execution χ̄�, which generates an el-
ementary limit cycle Γ , is uniquely represented by the finite sequencesQΓ =
(q̄�

0 , . . . , q̄
�
(p−1)), XΓ = (x̄�(q̄�

0), . . . , x̄�(q̄�
(p−1))) and TΓ = (τ̄�(q̄�

0), . . . ,
τ̄�(q̄�

(p−1))).
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Fig. 6.19 Sample limit cycle of a two-dimensional DCCS of order p = 4.

Proposition 6.3 is intuitively clear, as the evolution of x(t) in between two switching
instants is by definition unique and autonomous. A sample fourth-order limit cycle
of a two-dimensional DCCS is depicted in Fig. 6.19. The closed dashed grey curve
corresponds to x�(t) and the black diamonds indicate the four points x̄�(q̄�

k), at
which a mode switch occurs when the trajectory intersects with the switching planes
g(q, σ).

Stability of a periodic executions To analyze the orbital stability of a periodic
execution χ�, the stability of the associated limit cycle Γ must be determined.

Definition 6.15 (Asymptocal orbital stability) [248] A periodic execution
χ� is called asymptotically orbitally stable, if for any ε > 0 there exists a
δ > 0, such that any execution χ, whose continuous trajectory x(t) starts
at x(0) with ‖x(0)−x�(0)‖ < δ, converges towards χ�. The latter implies
that dist(x(t), Γ ) < ε, ∀t > 0 and limt→∞ dist(x(t), Γ ) = 0.

In this context, the return map, which is obtained by concatenation of the embedded
map over a complete cycle QΓ , provides a powerful analysis tool.

Definition 6.16 (Return map) The mapping

(x̄((k+1)p + l), q̄((k+1)p + l), t̄((k+1)p + l)T (6.52)
= P (x̄(kp+l), q̄(kp+l), t̄(kp+l))
= H ◦ · · · ◦H(x̄(kp+l), q̄(kp+l), t̄(kp+l)) , l ∈ [0, p−1] ,

which relates the hybrid switch point (x̄(kp+ l) q̄(kp+ l) t̄(kp+ l))T to
the hybrid switch point, at which mode q̄(kp+ l) = q̄((k+1)p + l) is first
reactivated, is called the first return map of a DCCS.

Like the embedded map, the return map consists of three components

P = (Px Pq Pt)
T .

The continuous component Px describes how the switch points evolve inside the
switching surface of a particular mode.
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Proposition 6.4 All hybrid switch points (x̄�(q̄�
k) q̄�

k τ̄�(q̄�
k))T of a sampled

periodic execution χ̄� define fixpoints

(x̄�(q̄�
k) q̄�

k τ̄�(q̄�
k))T = P (x̄�(q̄�

k), q̄�
k, τ̄

�(q̄�
k))

of the first return map P .

Since this proposition especially holds for the continuous component Px, asymptotic
orbital stability of a limit cycle Γ implies asymptotic stability of the corresponding
fixpoint of Px and vice versa. As long as this fixpoint x̄�(q̄�

k) is not located in the
intersection of two switching planes, any trajectory starting in this point’s neighbor-
hood returns to the same switching plane after a complete switching cycle QΓ . Then,
the return map is a local diffeomorphism [172], which is continuously differentiable
in a vicinity around the orbit Γ . This property allows conclusions to be made about
local stability from the return map’s Jacobian

dPx

dt
(x̄�(q̄�

k), q̄�
k, τ̄

�(q̄�
k)) =

k+p−1∏
i=k

dHx

dt
(x̄�(q̄�

i ), q̄�
i , τ̄

�(q̄�
i )) , (6.53)

which is computed by taking the product of all approximations (6.49) over a cycle
QΓ .

Theorem 6.7 [248] A periodic trajectory x�(t) is locally orbitally asympto-
tically stable, iff the eigenvalues

mi = λi

(
p−1∏
k=0

dHx

dt
(x̄(k), q̄(k), τ̄ (k))

)
, (6.54)

of the return map’s Jacobian evaluated at any hybrid switch point

(x̄�(q̄�
k) q̄�

k τ̄�(q̄�
k))T

are stable, i.e. |mi| < 1.

Given a completely definded DCCS, all fixpoints of the return map (6.52) can be
retrieved numerically, for instance by application of shooting methods [215]. The
eigenvalues mi of (6.53) are called characteristic multipliers of Γ and are identical
for all hybrid switch points (x̄�(q̄�

k) q̄�
k τ̄�(q̄�

k))T .
Checking for stability of periodic executions χ� is loosely related to checking

stability of common equilibira via Lyapunov’s indirect method ( (Section 3.4.5)) and
gain automata, as introduced in (Section 3.4.1).

Design of stabilizing switching planes Since the return map explicitly relates
the design parameters nx(q, σ), nt(q, σ) to the stability of the limit cycle, it can be
used to solve the inverse problem, namely to determine an event function, which
guarantees orbital stability.
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Design problem. Given a plant with continuous dynamics (6.39) and an admissi-
ble stationary limit cycle Γ represented by the finite sequences QΓ , XΓ , and TΓ ,
find an event function (6.42), such that Γ is orbitally stable.

Except for cyclic linear automata, for which global orbital stability can be
achieved, the linearized return map (6.53) only allows the derivation of locally sta-
bilizing switching planes. To compute such planes, two complementary approaches
are admissible:

1. Dynamically adjust nominal switching planes at run-time to reduce a deviation
from the limit cycle and thereby achieve orbital stability.

2. Determine static switching plane orientations that guarantee at least local orbital
stability.

In both approaches, the discrete controller responds to a deviation from the nominal
trajectory by exclusively adjusting all subsequent switching times, whereas the order
of the modes in the periodic sequence QΓ is preserved.

Dynamic adjustment of switching planes by means of a switching surface
controller The first concept is centered around classical feedback control theory.
To begin with, the nonlinear dynamics, represented by the embedded map (6.46) are
linearized around the desired stationary orbit (all x̄�(q̄�

k) ∈ XΓ ) and the nominal con-
trol inputs τ̄�(q̄�

k) ∈ TΓ . Instead of directly affecting the activation duration, τ̄�(q̄�
k)

is corrected implicitly by adjusting the corresponding switching plane’s orientation
and/or its distance to the origin (Fig. 6.20). Thereby, the event-driven nature of the
switching law is preserved and with it the good disturbance attenuation properties of
the control loop. As a result of the linearization, a local approximation

δx̄(k + 2) =
dH

(2)
x

dx
(x̄�(q̄�

k), x̄�(q̄�
k), τ̄�(q̄�

k),n0(q̄�
k), r0(q̄�

k))δx̄(k)

+
dH

(2)
x

dn
(x̄�(q̄�

k), x̄�(q̄�
k), τ̄�(q̄�

k),n0(q̄�
k), r0(q̄�

k))δn̄(k)

+
dH

(2)
x

dx
(x̄�(q̄�

k), x̄�(q̄�
k), τ̄�(q̄�

k),n0(q̄�
k), r0(q̄�

k))δr̄(k) (6.55)

of the two-step controlled embedded map is obtained [574], where δn̄(k), δr̄(k) de-
note the perturbations of the switching plane parameters from their nominal values
n0(q̄�

k), r0(q̄�
k). From the concatenation of (6.55) over a complete cycle QΓ , the lin-

earized controlled return map is obtained, which provides the model for determining
the feedback law (δn̄(k), δr̄(k))T = −KT(k)δx(k) by application of results from
periodic control systems [23, 602, 643]. The overall procedure of the first control
approach is summarized in Algorithm 6.3.

The nominal switching planes to be determined in the initialization phase of the
algorithm are expected to render the target set XT control invariant, but the continu-
ous trajectory may be either chaotic or periodic. Hence, the limit cycle Γ , which is
subsequently computed in the second step, may or may not be stable. If it is already
orbitally stable, then usually the convergence rate and other important loop properties
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Algorithm 6.3 Dynamic adjust of switching planes
Given:

Vector field f (x, q) of plant and its set Q of operation modes.
Init:

• Determine nominal switching planes G0(q, σ), which account for the system specs.
• Use G0(q, σ) to determine an admissible limit cycle Γ contained in XT and obtain its

sampled representation QΓ , XΓ , and TΓ .
• Parametrize the switching surfaces with respect to δn, δr and compute the controlled

embedded map (6.55).
• Compute the gain KT(k) of the switching surface controller by means of the con-

trolled embedded map and methods from periodic control systems.

1: Sample the current deviation δx̄(k) = x̄(k)− x̄�(q̄(k)) between the execution χ and the
desired limit cycle Γ at the switching instants.

2: Apply a switching surface controller (SSC) to pre- or postpone the next switching instant
t̄(k + 1), i.e. adjust the nominal activation duration τ̄�(q̄�

k) of the currently activated
mode q̄(k) = q̄�

k , by perturbing the orientation and/or the location of the switching plane
g0(q̄

�
k, σ̄�

k+1) to be subsequently intersected (Fig. 6.21).
3: Wait for the next two mode transitions and then repeat procedure at step 1

Result: Event generator that locally stabilizes the limit cycle Γ .

can still be improved by a dynamical adaptation of the switching planes. If it is unsta-
ble, then its stabilization inevitably requires to adjust the nominal planes. The steps
of the dynamical adjustment and their influence on the run of x(t) are illustrated in
Fig. 6.20. In Fig. 6.20(b), the subsequently intersected plane g0(q̄�

k, σ̄
�(k + 1)) is

rotated around the point xRP(q̄�
k), such that the current deviation δx̄(k) is compen-

sated within the next two mode transition. Clearly, the same result can be achieved
by a mere relocation of the plane, while maintaining its nominal orientation.

Computation of static switching planes The stabilization approach explained in
the previous paragraph exhibits two major drawbacks, namely:

Fig. 6.20 Stabilization of a limit cycle by means of dynamical switching
plane adjustments: (a) trajectory evolution without adjustment; (b) rotation
of g0(q̄

�
k, σ̄�

k+1) around xRP(q̄�
k), such that δx̄(k+2) vanishes.
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Fig. 6.21 DCCS augmented by a switching surface controller, which acts on
the parameters of the event function.

1. any control action affects the continuous flow x(t) not earlier than the switching
instant one step ahead, thereby causing a potentially large reaction delay;

2. the planes’ initial nominal orientations nx strongly influence the amplitude of
the control actions, which in turn determines the size of the region in which the
controller performs acceptably.

A remedy to both issues is to compute nominal switching planes, which are in a
sense oriented optimally with respect to the linearized dynamics and a given cost
criterion. It shows that like in the previous approach, the original control problem
can be reformulated as a constrained periodic control problem. Indeed, the switching
plane orientations nx can be interpreted as feedback gains, which properly update
the activation durations τ̄ (k). The following result can be retrieved by enforcement
of the constraints

nT
x

(
q̄�
k, σ̄

�
k+1

)
f
(
x̄
(
q̄�
k+1

)
, q̄�

k

)
= 1 (6.56)

and application of a periodic state transformation to (6.51) [575].

Theorem 6.8 The p-periodic linear system Σ = {Ad(k), bd(k)}

ζ(k+1) = Ad(k)ζ(k) + bd(k)u(k), with (6.57)
Ad(k+p) = Ad(k) = ∂x̄(q̄�

k+2)/∂x̄(q̄�
k+1), (6.58)

bd(k+p) = bd(k) = Ad(k)f
(
x̄(q̄�

k+1), q̄
�
k

)
, (6.59)

under a p-periodic state feedback

u(k) = −kT(k) ζ(k) with kT(k+p) = kT(k), (6.60)

is equivalent to the system (6.53), iff for all k the following is true:

1. |α(k)| =
∣∣nT

x

(
q̄�
k, σ̄

�
k+1

)
f
(
x̄(q̄�

k+1), q̄
�
k

)∣∣ > 0, (6.61)

2. kT(k) = nT
x

(
q̄�
k, σ̄

�
k+1

)
/α(k), (6.62)

3. det
(
Ad(k)− bd(k)kT(k)

)
= 0. (6.63)
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Hence, admissible normal directions nx are once more obtained by solving a
well-known periodic control problem, either by application of explicit pole-placement
algorithms [602, 643] or by application of periodic H2 and H∞ design meth-
ods [23]. According to (6.62) the gain kT(k) and the associated normal nx(q̄�

k)
are colinear vectors, scaled by a factor α(k). Such a scaling does not influence the
multipliers mi.

Theorem 6.9 The piecewise-affine event function

Φ
(
x(t), t, q̄�

k, σ̄
�
k+1

)
= kT(k)/‖kT(k)‖

(
x(t)− x̄(q̄�

k+1)
)
, (6.64)

with kT(k) being a stabilizing periodic state feedback of the equivalent
periodic system Σ, guarantees local orbital stability of the limit cycle Γ .

The steps of the design procedure are summarized in Algorithm 6.4.In contrast to
the dynamic switching plane adjustment, the implementation of such static switch-
ing planes requires less computational power at run-time. Furthermore, the resulting
discrete controller adjusts the activation duration instantaneously, such that the loop
behavior is free of any delay.

Algorithm 6.4 Determination of stabilizing switching surfaces
Given: Vector field f (x, q) of plant and its set Q of operation modes.
1: Compute the periodic matrices Ad(k), bd(k) according to (6.58), (6.59).
2: Verify stabilizability of the equivalent periodic system Σ.
3: Solve the constrained periodic state-feedback problem to obtain gains kT(k).
4: Set the event function parameters to nT(q̄�

k, σ̄�
k+1) = kT(k)/‖kT(k)‖ and compute

r(q̄�
k) = nT(q̄�

k, σ̄�
k+1) x̄(q̄�

k+1).
Result: Event generator that locally stabilizes the limit cycle Γ .

6.5.4 Application: Event generator design of a boost converter

To illustrate the performance of both design approaches outlined in the last sub-
section, each procedure is used to determine an event-driven switching strategy,
which stabilizes a periodic stationary operation of the boost converter described in
(Section 1.3.3). This second order system clearly exemplifies the benefits gained

from a model-based design. In contrast to (Section 13), the emphasis here is put on
the microscopic rather than the macroscopic converter behavior.

The converter is designed to operate in continuous conduction mode meaning
that at stationary operation the modes alternate between 1 and 2. Using the param-
eters from Table 1.6, the converter may execute a limit cycle Γ with an elemen-
tary mode sequence QΓ = (1, 2) and switch points XΓ = ((3.446 A 30.21 V)T,
(4 A 22.82 V)T).
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×10–5

–1.0

–0.1
–2.5

Fig. 6.22 Paraxial switching planes resulting from current-mode control.

Following traditional current-mode control a mixed switching law is obtained,
where the switch S is opened whenever the inductor current iL exceeds an upper
threshold, in this case imax = 4A, and is closed again every T seconds. The cor-
responding switching planes are depicted in Fig. 6.22. This heuristic switching law
already stabilizes the orbit Γ , however, by incorporating more information, i.e. the
values of all state variables in the decision for or against a mode transition, the tran-
sient behavior as well as the robustness of the loop is improved considerably.

Design of static switching planes Static switching planes are computed by appli-
cation of Algorithm 6.4.The design is executed for all edges in between mode one
and two, while the switching conditions of all other edges remain unchanged. Af-
ter computing the equivalent periodic system Σ, the stabilizability of Γ is verified
numerically [603]. The periodic gains kT(k) are chosen to minimize the H2-norm
of Σ [23].

Figure 6.23 shows the resulting switching plane configuration. The hatched
planes are obtained by the model-based design procedure and replace the old paraxial
ones. The sample trajectories of Fig. 6.24, which start in

x0 = (0 A 1 A 32 V)T, q0 = 1,

indicate the fast convergence towards Γ . In this figure, the grey dotted line represents
the trajectory obtained under conventional current mode control. As seen, with the
model-based switching planes the continuous trajectory is forced onto the limit cy-
cle Γ within six mode transitions or approximately 600µs, while for current mode
control, it takes more than 50 mode transitions to achieve something similar.

Dynamic adjustment of paraxial switching planes Using the paraxial switching
planes of Fig. 6.22 as nominal ones, a switching surface controller was designed
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–1.0
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–2.5

×10–5

Fig. 6.23 Stabilizing switching planes for the boost converter.

Fig. 6.24 Signals of the boost converter illustrating the fast convergence to-
wards Γ .

according to Algorithm 6.3and afterwards integrated into the control loop. Compared
to the static plane design, a slightly worse local loop behavior is obtained (Fig. 6.25).
Comparing the transient behavior once more to the one achieved under heuristic
switching (grey dotted curves), a significantly improved convergence rate towards Γ
is observed, despite the fact that all corrections applied by the SSC are small.
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Fig. 6.25 Signals the boost converter obtained by application of a switching
surface controller that adjusts the nominal switching planes at run-time.

Bibliographical notes

Diagnosis of quantized systems Surveys of analysis methods for quantized systems can be
found in [576] and [84]. In [415, 416, 424] it has been shown that quantized systems have,
in general, a nondeterministic quantized behavior and do not possess the Markov property.

Methods for abstracting discrete-event representations of discrete-time or discrete-event
quantized systems have been proposed in [364, 366, 415, 416, 424, 525, 548, 609] all of
which aim at finding complete models in the sense defined in (Section 6.3.4). [548] showed
that, by using different definitions of the model state, a hierarchy of discrete abstractions
can be obtained, which generate different numbers of spurious solutions.

There are only preliminary results concerning the question how to partition the signal
spaces in order to obtain abstractions with a small number of spurious solutions [362, 414,
424]. The problem how to partition the state space in order to avoid the nondeterminsm is
still open [414]. A connection of the stochastic automaton as discrete-event description of
quantized systems and the Frobenius–Perron operator is given in [421].

The complete solution to the diagnostic problem for stochastic automata given in [420]
is the basis for the results reviewed in (Section 6.3.5). First results for quantized systems
have been described in [422]. In [243] it has been shown that discrete-event representations
of quantized systems can be used for diagnosis if and only if they are complete. This refer-
ence also gives an example to demonstrate that different models can be used for the same
quantized system, all of which are complete but differ concerning the number of spurious
solutions and, hence, yield diagnostic results of different precision.

The diagnosis of discrete-event quantized systems has been developed in [243, 419] and
[418], where the latter reference presents a method that takes the temporal event distances
into account. The corresponding abstraction methods are developed in [245] and [417].

The subject of this chapter has interesting connections to the literature on set-oriented
control methods that have been developed as computational methods to evaluate the
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properties of nonlinear dynamical systems. The basic idea of cell-to-cell mapping is de-
scribed in the monograph [327] and the application of this methods for controller design
in [286, 592]. Contrary to the state space partitions induced by quantizers described in this
chapter, cell-to-cell mapping is based on the use of “sufficiently small” cells, such that the
behavior for the whole cell is represented by the single trajectory starting in the center point
of the cell. Hence, it is sufficient to investigate this single trajectory rather than the trajectory
bundle that originates in the cell.

Application examples of fault diagnosis of quantized systems are presented in [422]
(neutralization process), [406] (H2 compressor), [242, 244] (diesel injection system), and
[246, 485] (air path of a diesel motor), which is summarized here in (Section 6.3.6).

Discretely controlled continuous systems Discretely controlled continuous systems have
been extensively investigated over the past decades by various research communities. Trig-
gered by practically observed problems in power electronic devices, bifurcation analysis of
nonsmooth systems has been addresses in many publications dating back as far as the late
70’s. A very exhaustive overview of nonsmooth bifurcation phenomena is presented in [79]
and references therein. Approaches for locating limit cycles and analyzing their local or
global stability properties are discussed in [215, 240, 269, 274, 321, 444, 560]. The mono-
graph [444] provides an excellent and exhaustive treatment of the analysis of a simple class
of DCCS.

Control approaches for DCCS can generally be divided into two groups: one group
of methods focussed on the start-up and the execution of large transitions in the continu-
ous state space and the other group of methods focussed on the stabilization of stationary
solutions. Belonging to the first group, off-line optimal control of DCCS was developed
in [29, 96, 218]. There, the switching times or switching surfaces are optimized off-line for
a given initial state x0 and a desired terminal state xT with respect to a smooth cost func-
tional. Extensions have been elaborated that allow for a dynamical update of the switching
times or surfaces in case of disturbances or uncertainties in x0.

Recent approaches, which deal with the global stabilization of switched (average) equi-
libria, are published in [100, 186, 675]. They all rely on the existence of a quadratic
Lyapunov-like energy function and achieve to drive any trajectory into a neighborhood
of the average equilibrium. Inside this neighborhood, however, the execution may evolve
arbitrarily.

Control of chaotic systems is an ongoing field of research in nonlinear dynamical sys-
tems. The problem of stabilizing unstable periodic orbits embedded in chaotic attractors
has been investigated for many decades, resulting in many different control strategies that
require different amounts of the knowledge about the limit set to be stabilized.
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Stochastic hybrid systems

J. Lygeros and M. Prandini

Stochastic hybrid systems involve the interaction of continuous discrete and
probabilistic dynamics, and thus pose considerable conceptual, theoretical,
and practical challenges. In this chapter an overview of the modeling issues
that arise in the study of stochastic hybrid systems is presented. Based on
this discussion, a study of the problem of reachability analysis for stochastic
hybrid systems is presented.
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7.1 Nondeterminism in hybrid systems

7.1.1 Deterministic and nondeterministic models

Much of the work on hybrid systems has focussed on deterministic models that com-
pletely characterize the future of the system without allowing any uncertainty. In
practice, it is often desirable to introduce uncertainty in the models, to allow, for
example, under-modeling of certain parts of the system, external unmodeled distur-
bances, etc. To address this need, researchers in discrete-event and hybrid systems
have introduced what are known as nondeterministic models. Here the evolution is
defined in a declarative way (the system specifies what solutions are allowed) as op-
posed to the imperative way more common in continuous dynamical/control systems
(the system specifies what the solution must be).

Nondeterministic hybrid systems allow uncertainty to enter in a number of
places: choice of continuous evolution (modeled, for example, by a differential in-
clusion), choice of discrete transition destination, or choice between continuous evo-
lution and a discrete transition. “Choice” in this setting may reflect disturbances that
add uncertainty about the system evolution, but also control inputs that can be used
to steer the system evolution.

Deterministic and nondeterministic hybrid systems are very versatile, can cap-
ture a wide range of behaviors encountered in practice and have proved invaluable
in a number of applications. They do, however, have their limitations. In particu-
lar, nondeterministic systems provide no way of distinguishing between their many
possible solutions. This implies that only worst-case analysis is possible with nonde-
terministic hybrid systems, as one can only pose qualitative, yes–no type questions.
For example, a safety question for nondeterministic hybrid systems admits only one
of two answers: “The system is safe” (if none of the solutions of the system ever
reaches an unsafe state) or “the system is not safe” (if some solution reaches some
unsafe state). In some applications this type of analysis may be too coarse, however,
as the following example indicates.

Example 7.1 Air traffic management

In air traffic management (ATM) the question “Is it possible for an accident to happen in
the ATM system?” is not particularly meaningful. Surely the answer must be “yes,” since
several accidents happen every year. The intuitive notions of safety in air traffic are better
captured by questions like “What is the probability that a fatal accident happens in the ATM
system?” and “How can the probability of a fatal accident be reduced?” This provides the
motivation for developing model classes that can provide quantitative, hence more useful,
answers to questions such as these through stochastic models of hybrid systems. �

In this chapter we survey the main issues and alternatives that arise in the area of
stochastic hybrid systems. Because the coverage is rather wide, the presentation in
this chapter will be by necessity terse and will overlook several important technical
issues. We also provide a more through view of a specific problem in the area of
stochastic hybrid control, the so-called stochastic reachability problem: computing
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(and in the presence of control inputs maximizing or minimizing) the probability that
the system state will remain in a given subset of the state space.

The chapter is arranged four sections. The rest of the present section presents a
brief overview of continuous-time nondeterministic hybrid models. The aim is to out-
line ways in which uncertainty can enter the dynamics of the system and hence relate
the subsequent discussion of stochastic hybrid system to other chapters in the vol-
ume. In Section 7.2 we discuss how these sources of uncertainty can be replaced by
probabilities and outline the different classes of stochastic hybrid models that arise in
the process. In Section 7.3 we establish a connection to discrete-time stochastic hy-
brid models, which still provide a powerful modeling framework without some of the
technical complications associated with their continuous-time counterparts. Finally,
the concluding section presents in detail the problem of reachability for stochastic
hybrid systems.

7.1.2 Hybrid automata

We start by giving a high level overview of a general class of nondeterministic hy-
brid systems. The main aim of the discussion is to outline the different types of
uncertainty that can arise in this class of systems, so that the differences between
nondeterministic and stochastic hybrid systems can be highlighted in the subsequent
discussion. Therefore, we will not enter into questions like how general this class
of systems is and under what conditions are models in this class well-posed. We
will also restrict our attention to nondeterministic hybrid systems that evolve in
continuous-time. We first recall the definition of the hybrid automata introduced in
Chapter 3:

Definition 7.1 (Hybrid automaton) A hybrid automaton is a collection
H = (Q, X , F , Init , Dom, E , G, R), where:
• Q is a finite set of discrete states;
• X = Rn is a set of continuous states;
• F(·, ·) : Q×X → 2X is a differential inclusion;
• Init ⊆ Q×X is a set of initial states;
• Dom(·) : Q → 2X is a domain;
• E ⊆ Q×Q is a set of edges;
• G : E → 2X is a guard condition;
• R : E × X → 2X is a reset map.

Recall that 2X denotes the power set (set of all subsets) of X . The notation of Def-
inition 7.1 suggests, for example, that the function Dom assigns a set of continuous
states Dom(q) ⊆ X to to each discrete state q ∈ Q. We refer to (q,x) ∈ Q × X as
the state of H . The discrete state q ∈ Q is referred to as the mode of H .

Hybrid automata define possible evolutions for their state. Informally, starting
from an initial value (q0,x0) ∈ Init , we select a solution of the differential inclusion
ẋ ∈ F(q0, x) and follow it (continuous evolution). While doing this the discrete state
q remains constant q(t) = q0. Continuous evolution can go on as long as x remains
in Dom(q0). If at some point the continuous state x reaches the guard G(q0, q1) ⊆ X
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of some edge (q0, q1) ∈ E, the discrete state may change value to q1. At the same
time the continuous state gets reset to some value in R(q0, q1,x) ⊆ X . After this
discrete transition, continuous evolution resumes and the whole process is repeated.

Hybrid automata can be visualized as directed graphs (Q, E) with vertices Q
and edges E . With each vertex q ∈ Q, we associate a set of initial states {x ∈
X | (q,x) ∈ Init}, a differential inclusion F(q, ·): X → 2X and a domain
Dom(q) ⊆ X . An edge (q, q′) ∈ E starts at q ∈ Q and ends at q′ ∈ Q. With
each edge (q, q′) ∈ E, we associate a guard G(q, q′) ⊆ X and a reset function
R(q, q′, ·): X → 2X . The directed graphs contain exactly the same information as
Definition 7.1 and can therefore be treated as informal definitions of hybrid automata.

7.1.3 Executions

To formally define the solutions of hybrid automata we recall the definition of a
hybrid time set [27, 427]; effectively equivalent notions of “supper-dense” hybrid
time can be found in [209, 271, 430].

Definition 7.2 (Hybrid time set) A hybrid time set is a sequence of intervals
τ = {I0, I1, . . . , IN} = {Ii}N

i=0, finite or infinite (i.e. N = ∞ is allowed)
such that:
• Ii = [τi, τ

′
i ] for all i < N ;

• if N <∞ then either IN = [τN , τ ′N ] or IN = [τN , τ ′N ); and
• τi ≤ τ ′i = τi+1 for all i.

Notice that the right endpoint, τ ′i , of the interval Ii coincides with the left endpoint,
τi+1 of the interval Ii+1. The interpretation is that these are the times at which dis-
crete transitions of the hybrid system take place. τ ′i corresponds to the time instant
just before a discrete transition, whereas τi+1 corresponds to the time instant just
after the discrete transition.

Discrete transitions are assumed to be instantaneous, therefore τ ′i = τi+1. The
advantage of this convention is that it allows one to model situations where multiple
discrete transitions take place one after the other at the same time instant, in which
case τ ′i−1 = τi = τ ′i = τi+1. Since all the primitives in Definition 7.1 do not
explicitly depend on time, we can without loss of generality take τ0 = 0.

Definition 7.3 (Hybrid automaton execution) An execution, (τ, q, x), of a
hybrid automaton, H , comprises a hybrid time set τ = {Ii}N

i=0 and two
sequences of functions, q = {qi(·)}N

i=0 and x = {xi(·)}N
i=0 with qi(·) :

Ii → Q and xi(·) : Ii → X such that:
• initial condition: (q0(τ0), x0(τ0)) ∈ Init;
• discrete evolution: for all i,

(qi(τ ′i), qi+1(τi+1)) ∈ E , xi(τ ′i) ∈ G(qi(τ ′i), qi+1(τi+1)),

and xi+1(τi+1) ∈ R(qi(τ ′i), qi+1(τi+1), xi(τ ′i));
• continuous evolution: for all i,

1. qi(t) = qi(τi) for all t ∈ Ii;
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2. xi(·) : Ii → X is a solution to the differential inclusion

dxi

dt
(t) ∈ F(qi(t), xi(t))

over Ii starting at xi(τi); and
3. for all t ∈ [τi, τ

′
i), xi(t) ∈ Dom(qi(t)).

As expected several conditions need to be imposed on the elements of Defini-
tion 7.1 to ensure that executions in the sense of Definition 7.3 exist (see, for exam-
ple, [27, 271, 427]. Definition 7.3 imposes a number of restrictions on the behaviors
that the hybrid automaton finds “acceptable.” The first restriction dictates that the
executions should start at an acceptable initial state in Init .

The second restriction determines when discrete transitions can take place and
what the state after discrete transitions can be. The requirements relate the state be-
fore the discrete transition (qi(τ ′i), xi(τ ′i)) to the state after the discrete transition
(qi+1(τi+1), xi+1(τi+1)): they should be such that (qi(τ ′i), qi+1(τi+1)) is an edge,
xi(τ ′i ) belongs to the guard of this edge, and xi+1(τi+1) belongs the the reset map
of this edge. In this context, it is convenient to think of the guard G(e) as enabling a
discrete transition e ∈ E : the execution may take a discrete transition e ∈ E from a
state x as long as x ∈ G(e).

The third restriction determines what happens along continuous evolution, and
when continuous evolution must give way to a discrete transition. The first part dic-
tates that along continuous evolution the discrete state remains constant. The second
part requires that along continuous evolution the continuous state flows according
to the differential inclusion ẋ ∈ F(q, x). The third part requires that along continu-
ous evolution the state must remain in the domain, Dom(q), of the discrete state. In
this context, it is convenient to think of Dom(q) as forcing discrete transitions: the
execution must take a transition if the state is about to leave the domain.

Freedom in the execution of hybrid automata Considerable freedom is allowed
when defining the solution in this “declarative” way:

• There is a choice for the initial condition; any state in the set Init will work.

• The direction of the continuous motion at any point in time is in general not
unique; any direction in F(q, x) will work.

• The mode after a discrete transition may not be uniquely defined. If, for example,
x ∈ G(q, q̂) ∩ G(q, q̂′) then from state (q, x) it is possible to transition either to
mode q̂, or to mode q̂′.

• The continuous state after a discrete transition may not be uniquely defined. If
from state (q, x) a discrete transition to mode q̂ takes place the continuous set
can at the same time change to any value in the set R(q, q̂, x).
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• There may be a choice between continuous evolution and a discrete transition.
For example, if we have x ∈ Dom(q) ∩ G(q, q′), then from state (q, x) it may be
possible either to evolve continuously in mode q, or to take a discrete transition
to mode q′.

Example 7.2 Thermostat

As an example, consider a room being heated by a radiator controlled by a thermostat.
Assume that when the radiator is off the temperature, x ∈ �, of the room decreases expo-
nentially toward 0 degrees with an uncertain rate of decay

ẋ ∈ [ax, bx], (7.1)

for some a < b < 0. When the thermostat turns the radiator on the temperature increases
exponentially towards 30 degrees with an uncertain rate

ẋ = [a(x − 30), b(x − 30)]. (7.2)

Assume that the thermostat is trying to keep the temperature at around 20 degrees. To avoid
“chattering” (i.e. switching the radiator on and off all the time) the thermostat does not
attempt to turn the heater on until the temperature falls below 19 degrees. Due to some
uncertainty in the radiator dynamics, the temperature may fall further, to 18 degrees, before
the room starts getting heated. Likewise, the thermostat does not attempt to turn the heater
off until the temperature rises above 21 degrees. Due to some uncertainty in the radiator
dynamics the temperature may rise further, to 22 degrees, before the room starts to cool
down. Finally, assume that initially the room temperature is somewhere in the range x ∈
[19, 21].

It is easy to write a formal definition of this system in the notation of Definition 7.1:
• Q = {ON, OFF};
• X = R;
• F(ON, x) = [a(x − 30), b(x − 30)] and F (OFF, x) = [ax, bx];
• Init = {ON, OFF} × [19, 21];
• Dom(ON) = (−∞, 22] and Dom(OFF) = [18,∞);
• E = {(ON, OFF), (OFF, ON)};
• G(ON, OFF) = [21,∞) and G(OFF, ON) = (−∞, 19];
• R(ON, OFF, x) = R(OFF, ON, x) = {x}.
It is even more convenient to compactly describe the system using the directed graph nota-
tion as shown in Fig. 7.1.

The system exhibits several types of nondeterministic uncertainty: in its initial condi-
tion, continuous evolution, and choice between continuous and discrete evolution. One can
pose several yes/no type questions for this system. For example, it is easy to show that the
set Q× [18, 22] is an invariant set for the system: all executions of the system always stay
in this set [27]. On the other hand, the set Q× [19, 21] is not an invariant set: all executions
start in it, but, given any arbitrarily small time horizon, there exist executions that leave the
set during that horizon. One can see, however, that the set Q × [19, 21] is viable: from all
initial conditions, there exist executions that stay in the set for ever [27]. Finally, sets of the
form Q× [19 + ε, 21 − ε] are neither viable nor invariant for any small ε > 0.

Notice that the above statements are “all-or-nothing” in spirit. In the nondeterministic
framework it is impossible to argue about how likely it is that the state will remain in a set;
either it does, or it does not. In the following section we introduce a class of hybrid systems
that aims to alleviate this drawback. �
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OFF ON

ẋ  Î [a, b](x – 30)ẋ  Î [a, b]x

x ≥ 21

x ≤ 19 x := x

x := x

x Î [19, 21] x Î [19, 21]

x ≥ 18 x ≤ 22

Fig. 7.1 Directed graph notation for the thermostat system.

7.2 Continuous-time stochastic hybrid systems

What the nondeterministic framework outlined in the previous section cannot ac-
commodate is randomness. All the choices listed above are possible under the non-
deterministic framework, but there is nothing to distinguish between them. Selecting
among these choices leads to different system executions, but there is no implica-
tion that some of these executions are more likely than others. As a consequence,
all analysis and control problems formulated for nondeterministic systems are of the
“yes-or-no,” “worst case” type, which, as we have seen, may be too coarse for some
applications.

To show how this difficulty can be alleviated we introduce in this section a class
of stochastic hybrid systems. By necessity this introduction will be terse and over-
look most of the important technical challenges that stochastic hybrid systems pose.
For a more thorough treatment, as well as an overview of several application areas of
stochastic hybrid methods the interested reader is referred to [86, 145]. We again start
with continuous-time stochastic hybrid systems; a brief introduction to discrete-time
stochastic hybrid systems is given in Section 7.3.

7.2.1 Stochastic hybrid automata

Given a finite set Q, X = R
n and a set valued map Dom(·) : Q → 2X assigning to

each q ∈ Q an open subset of Rn we define the state space of our stochastic process
by

S =
⋃

q∈Q
{q} × Dom(q) ⊆ Q×X.

Assuming that Q is endowed with the discrete topology (all subsets are open) one
can see that the set S is an open subset of the topological space Q×X . Indeed, it is
even possible to define a metric (equivalent to the Euclidean metric on Dom(q) for
each q) such that S becomes a metric space [203]. We use B(S) to denote the Borel
σ-algebra of S, i.e. the σ-algebra generated by all open subsets of S in this metric
topology. Let also S denote the closure of the set S in Q×X .
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Definition 7.4 (Stochastic hybrid automaton) A stochastic hybrid au-
tomaton is a collection H = (Q,X ,Dom, f, g, Init , λ, R) where:
• Q is a finite set of discrete states;
• X = Rn is a set of continuous states;
• Dom(·) : Q → 2X is a set valued map assigning to each q ∈ Q an

open subset of Rn. We define S =
⋃

q∈Q{q}×Dom(q) and endow S
with its Borel σ-algebra as above;

• f : S → R
n is a vector field;

• g : S → Rn×m is a diffusion coefficient;
• Init : B(S) → [0, 1] is an initial probability measure on (S,B(S));
• λ : S → R+ is a transition rate function;
• R : S × B(S) → [0, 1] is a transition measure.

Informally, the idea is similar to nondeterministic hybrid systems, with all
choices being replaced by probabilistic events. Assume without loss of generality
that the system evolution starts at time t = 0. We start by extracting an initial state
(q(0), x(0)) = (q0, x0) according to the probability measure Init , i.e.

P{(q0, x0) ∈ A} = Init(A), for all A ∈ B(S).

We then let the continuous state evolve along a continuous solution of the stochastic
differential equation

dx(t) = f(q0, x(t))dt + g(q0, x(t))dw(t), (7.3)

where w(t) denotes the standard m-dimensional Wiener process. While this is going
on, the discrete state is assumed to remain constant:

q(t) = q0.

The discrete state can only change value when a discrete transition takes place. Dis-
crete transitions can come about in one of two distinct ways:

1. When the continuous state x(t) attempts to leave the set Dom(q0). Since x(t) is
assumed to be continuous as a function of time and the set Dom(q0) is assumed
to be open, such a transition will take place at the time instant

Tf = inf{t ≥ 0 | (q0, x(t)) �∈ S}.

This is a well-defined stopping time for the diffusion process (7.3). Discrete tran-
sitions of this type are known as forced transitions.

2. Spontaneously, in the interior of the set S. The easiest way to think of such transi-
tions is as those of a Poisson arrival process, with a time varying rate λ(q0, x(t))
which depends on the value of the continuous state x(t). Discrete transitions of
this type are known as spontaneous transitions.
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7 Stochastic hybrid systems 257

In either case, once the discrete transition takes place the state (both continuous and
discrete) is reset according to the transition kernel R. In other words, given that a
transition (either forced or spontaneous) takes place at time T1,

P{(q(T1), x(T1))∈A | q(T−
1 ), x(T−

1 )} = R(q(T−
1 ), x(T−

1 ), A), for all A ∈ B(S),

where, as usual,
(q(T−

1 ), x(T−
1 )) = lim

t↗T1

(q(t), x(t)).

Once the state (q(T1), x(T1)) after the first discrete transition has been selected,
the process is repeated to the second transition time T2. Notice that the resulting
stochastic process is defined over the usual time axis t ∈ '+ and not over the “super-
dense” time sets of Definition 7.2.

Clearly several assumptions need to be introduced for the above intuitive discus-
sion to make mathematical sense: Lipschitz continuity of the vector fields, measur-
ability of the transition rates and transition kernels, etc. For details, the interested
reader is referred to [129, 368].

There are several ways in which the above informal definition of the stochastic
process can be formalized. Recall that (under some mild assumptions) forced transi-
tions can be characterized in terms of a well defined stopping time for the diffusion
process defined by

dx(t) = f(q(t), x(t))dt + g(q(t), x(t))dw(t),

namely the exit time from the set Dom(q(t)). A trick one can use to account for
spontaneous transitions in a similar fashion is to introduce an auxiliary continuous
state variable xn+1 ∈ ' and turn them into exit times as well. To see how this can be
done, consider again the first discrete transition of the stochastic process. Consider a
random variable z uniformly distributed in [0, 1], set xn+1(0) = ln(z), and define

dxn+1

dt
(t) = λ(q0, x(t)).

Notice that xn+1(0) < 0 and xn+1(t) is nondecreasing as a function of time (since
by assumption λ(q, x) ≥ 0 for all (q, x) ∈ S). Let

Ts = inf{t ≥ 0 | xn+1(t) ≥ 0}.

Under mild assumptions, this is also a well-defined stopping time. Moreover, for
each solution x(t) of the stochastic differential equation

P{Ts > t} = e−
∫

t
0 λ(q0,x(s))ds

as required. The next transition time can then be defined as

T1 = min{Tf , Ts},

which is again a well-defined stopping time for the extended system.
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More compactly, consider the extended state system with discrete state q ∈ Q
and continuous state (x, xn+1) ∈ Rn+1. For each q ∈ Q define ˆDom(q) = Dom(q)×
(−∞, 0) (notice that this is an open subset of Rn+1 as required); then

Ŝ = S × (−∞, 0) ⊆ Q×'n+1.

Initialize x(0) according to the measure Init and xn+1(0) = ln(z) for z uniform in
[0, 1]. On the extended state space, consider the continuous solution of the stochastic
differential equation(

dx(t)
dxn+1(t)

)
=
(
f(q(t), x(t))
λ(q(t), x(t))

)
dt +

(
g(q(t), x(t))

0

)
dw(t).

When the exit time

T1 = inf{t ≥ 0 | (q(t), x(t), xn+1(t)) �∈ Ŝ} (7.4)

is reached, extract (q(T1), x(T1)) according to the transition kernel R, re-extract z
uniform in [0, 1] independently, set xn+1(T1) = ln(z) and repeat the process.

Definition 7.5 (Stochastic hybrid automaton execution) A stochas-
tic process (q(t), x(t)) is called an execution of the stochastic hybrid
automaton H = (Q,X ,Dom, f, g, Init , λ, R) if there exists a sequence
of stopping times T0 = 0 < T1 < T2 ≤ · · · and an auxiliary stochastic
process xn+1(t) such that:
• (q0, x0) is an S-valued random variable extracted according to the

probability measure Init ;
and, for all i = 0, 1, . . . ,
• For all t ∈ [Ti, Ti+1), q(t) = q(Ti), x(t) is a continuous solution of

the stochastic differential equation

dx(t) = b(q(Ti), x(t))dt + g(q(Ti), x(t))dw(t) (7.5)

starting at x(Ti), and

xn+1(t) = xn+1(Ti) +
∫ t

Ti

λ(q(Ti), x(s))ds;

• Ti+1 = inf{t ≥ Ti | (q(t), x(t), xn+1(t)) �∈ Ŝ};
• x(Ti+1) is distributed according to R(q(Ti), x(T−

i+1)), ·) and
exn+1(Ti) is uniform in [0, 1].

All random extractions in the above definition are assumed to be mutually in-
dependent. Under relatively mild assumptions, it can be shown that this defines a
strong Markov process on the hybrid state space S, whose sample paths are contin-
uous from the right with left limits [129]. Moreover, using methods from stochastic
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7 Stochastic hybrid systems 259

analysis, existence and uniqueness conditions for this Markov process can be estab-
lished [368].

7.2.2 Special cases and systems with inputs

The class of stochastic hybrid systems defined above is very general and encom-
passes a very wide range of stochastic phenomena. Naturally at this level of gen-
erality detailed analysis of the properties of a model is difficult. Over the years re-
searchers have been able, however, to establish subclasses of stochastic hybrid sys-
tems whose special structure allows the development of sophisticated analysis and
control methods. Many of these classes differ in the way that stochasticity enters the
process. For example:

• If the stochastic differential equation is replaced by an ordinary differential equa-
tion, the resulting stochastic process exhibits deterministic continuous evolution,
but has a rich random structure in its discrete transitions. Both spontaneous and
forced transitions are possible, as well as a random destination for the discrete
and continuous states after the discrete transition. This class of stochastic pro-
cesses are known as piecewise deterministic Markov processes [203].

• If Dom(q) = X for all q ∈ Q and
∑

q′∈QR(q, x, {q′, x}) = 1 for all (q, x) ∈ S,
the resulting stochastic process exhibits no forced transitions and is such that
the continuous state does not change when discrete transitions take place. This
class of processes are known as switching diffusion processes [266] or stochastic
differential equations with Markovian switching [438] (often under the further
assumption that λ(q, x) is constant as a function of x for each q ∈ Q).

The situation gets even more complicated if one considers inputs in addition to
the stochastic terms. Input variables are necessary in many applications to allow for
the introduction of control, or nondeterministic (as opposed to stochastic) distur-
bances, such as an adversary in a stochastic game. Input variables essentially intro-
duce an extra element of choice into the system and require a modeling formalism
that can accommodate both stochastic and nondeterministic features. Similar to the
stochastic terms, input variables can enter the continuous motion and the timing and
destination of discrete transitions. For an indication of how input variables can be
introduced see the discrete-time discussion in Section 7.3.

Table 7.1 attempts to summarize the modeling choices made in some of the key
references in the literature on continuous-time stochastic hybrid systems. The table
does not, of course, tell the whole story. The fact that one modeling framework sub-
sumes another in terms of the phenomena it can capture does not make it more useful
in practice, since more powerful modeling formalisms generally lead to models that
are more difficult to analyze. For example, even though optimal control methodolo-
gies have been developed for the models of [203, 266] and stability results for the
models of [438] very little is known about these issues when it comes to the models
of [129, 368].
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Table 7.1 Overview of stochastic hybrid models. A [203], B [266], C [76, 449],
D [438], E [316], F [329], G [129, 368].

Characteristics A B C D E F G
Stochastic differential equation

√ √ √ √ √

Probabilistic resets
√ √ √ √ √

Spontaneous transitions
√ √ √ √ √

Forced transitions
√ √ √ √

Continuous control
√ √ √

Transition rate control
√ √

Forcing transition control
√ √

Continuous reset control
√ √

Example 7.3 Thermostat

To illustrate the various elements that enter the definition of stochastic hybrid automata
we consider a stochastic variant of the thermostat system defined in Example 7.2. Let
again Q = {ON, OFF} and X = R and as before define Dom(ON) = (−∞, 22) and
Dom(OFF) = (18,∞). The state space of the stochastic hybrid automaton then becomes

S = {ON × (−∞, 22)} ∪ {OFF × (18,∞)} .

Notice that the system will exhibit forced transitions whenever the heater is on and the
temperature rises above 22 degrees, or whenever the heater is off and the temperature falls
below 18 degrees.

For the continuous evolution consider instead of the differential inclusion, the stochastic
differential equations

dx(t) =

{
a+b
2

x(t)dt + dw(t) if q(t) = OFF,
a+b
2

(x(t) − 30)dt + dw(t) if q(t) = ON,

where w(t) denotes the standard one-dimensional Wiener process; in other words for x ∈ X
set f(ON, x) = a+b

2
x, f(OFF, x) = a+b

2
(x − 30), and g(ON, x) = g(OFF, x) = 1.

For the initial condition set q(0) = ON with probability 0.5 (else set q(0) = OFF)
and extract x(0) uniformly on [19, 21]; in other words let Init be the uniform measure on
{ON, OFF} × [19, 21] ⊆ S.

For the spontaneous transitions, let

λ(q, x) =

{
0 if (q, x) ∈ {OFF × [19,∞)} ∪ {ON × (−∞, 21]} ,
1 otherwise.

In this way (and keeping in mind the definition of S given above), with probability 1 no
transitions will take place when the heater is off and the temperature is above 19 degrees or
when the heater is on and the temperature is below 21 degrees. At all other times sponta-
neous transitions will take place at a fixed rate of 1.

Finally, whenever a discrete transition takes place the continuous state is reset determin-
istically: the heater switches its discrete state from on to off or vice versa and the continuous
state remains the same. In other words, the transition measure R(ON, x, ·) is the Dirac mea-
sure concentrated on (OFF, x) ∈ S defined as
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7 Stochastic hybrid systems 261

R(ON, x, A) =

{
1 if (OFF, x) ∈ A
0 otherwise for all A ∈ B(S), x ∈ X .

Likewise

R(OFF, x, A) =

{
1 if (ON, x) ∈ A
0 otherwise for all A ∈ B(S), x ∈ X .

Even though it is easy to infer certain properties of this system by intuition, the formal
analysis of the resulting stochastic process is far from trivial. For example, one can see that
the set Q × [18, 22] is no longer an invariant set for the system. Even over finite horizons
there is a nonzero probability that the system execution will exit this set. This is because, due
to the uncertainty introduced by the stochastic differential equation, the temperature in the
room may fall below 18 degrees even though the heater is on, or rise above 22 degrees even
though the heater is off. Indeed one can argue that over an infinite horizon the probability
that the state remains in the set Q× [18, 22] for ever is zero!

Formalizing such statements is not a trivial matter, however. In general it is not even
clear whether questions like “what is the probability that (q(t), x(t)) ∈ Q× [18, 22] for all
t ∈ [0, T ]?” are mathematically well-posed. To ask this question one needs to ensure that
the set of executions that have this property form an event (measurable set) in the underlying
probability space. This is by no means obvious, since the definition of this set of executions
involves taking an intersection over the uncountable set [0, T ]. This turns out to be the
case for several important classes of stochastic hybrid automata [131], although technical
conditions need to be imposed. Moreover, even assuming that the questions are well-posed
mathematically, finding the answers is generally very difficult. The reader is referred to
the last section of this chapter for a treatment of methods that can be used to address this
problem. �

7.3 Discrete-time stochastic hybrid systems

We conclude this chapter with a brief treatment of stochastic hybrid systems in
discrete-time. The main aim of the section is to show that in discrete-time stochastic
hybrid systems can be thought of as a special case of discrete-time, Markov chains
on general state spaces. Hence the powerful machinery that has been developed for
discrete-time Markov chains in terms of tools for stability analysis, optimal control,
etc., can be deployed. In the process we will also give an indication of how con-
trol variables can enter stochastic hybrid processes. Again this is only one of many
possible ways one can think of discrete-time stochastic hybrid systems; comparable
modeling frameworks can be found for example in [1, 59].

We define a discrete-time stochastic hybrid automaton (DTSHA for short) as the
discrete-time counterpart of the continuous-time stochastic hybrid automaton model
described in Section 7.2. The state of a DTSHA again comprises a discrete compo-
nent taking values in a finite set of modes Q and a continuous component taking
values in X = 'n. The hybrid state space is thus

S =
⋃

q∈Q
{q} × X .
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262 J. Lygeros and M. Prandini

As before, S can be turned into a metric space; let again B(S) denote the Borel σ-
algebra generated by the corresponding open sets. Let also B(X ) denote the Borel
σ-algebra of X with the standard Euclidean topology.

Definition 7.6 (Discrete-time stochastic hybrid automaton (DTSHA))
A discrete-time stochastic hybrid automaton is a collection

H = (Q,X , U,Σ, Init , Tx, Tq, R),

where:
• Q is a finite set of discrete states;
• X = R

n is a set of continuous states. Define S = ∪q∈Q{q} × X ;
• U is a compact Borel space representing the transition control space;
• Σ is a compact Borel space representing the reset control space;
• Init : B(S) → [0, 1] is an initial probability measure on (S,B(S));
• Tx : B(X )× S ×U → [0, 1] is a Borel measurable stochastic kernel

on X given S × U , which assigns to each (q, x) ∈ S and u ∈ U a
probability measure Tx(·|(q, x), u) on the Borel space (X ,B(X ));

• Tq : Q × S × U → [0, 1] is a discrete stochastic kernel on Q given
S × U , which assigns to each (q, x) ∈ S and u ∈ U , a discrete
probability distribution Tq(·|(q, x), u) over Q;

• R : B(X ) × S × Σ × Q → [0, 1] is a Borel measurable stochastic
kernel on X given S × Σ × Q, that assigns to each (q, x) ∈ S,
σ ∈ Σ, and q′ ∈ Q, a probability measure R(·|(q, x), σ, q′) on the
Borel space (X ,B(X )).

As for continuous-time stochastic hybrid automata, the execution semantics of a
DTSHA can be algorithmically defined.

Definition 7.7 (Discrete-time stochastic hybrid automaton execution)
A process {q(k), x(k)}N

k=0 is an execution of a stochastic automaton

H = (Q,X , U,Σ, Init , Tx, Tq, R)

over the horizon {0, 1, . . . , N} associated with an input sequence
{u(k), σ(k)}N−1

k=0 if it takes values in S = ∪q∈Q{q} × X and its sample
paths are obtained according to Algorithm 7.1.

It is easy to see that by appropriately defining the discrete transition kernel Tq,
it is possible to model spontaneous transitions that may occur during the continuous
state evolution, as well as forced transitions that must occur when the continuous
state exits some prescribed domain. For the spontaneous transitions, if a discrete
transition from q to q′ �= q is enabled at (q, x) ∈ S by the control input u ∈ U ,
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7 Stochastic hybrid systems 263

Algorithm 7.1 DTSHA execution
Given: Automaton H = (Q,X , U, Σ, Init , Tx, Tq, R),
1: Extract (q(0), x(0)) ∈ S according to Init , and set k = 0;
2: while k < N do
3: extract q(k + 1) ∈ Q according to Tq(· |(q(k), x(k)), u(k));
4: if q(k + 1) = q(k) then
5: extract x(k + 1) ∈ X according to Tx(· |(q(k), x(k)), u(k));
6: else
7: extract x(k + 1) ∈ X according to R(· |(q(k), x(k)), σ(k), q(k + 1));
8: end if
9: end while

10: increment k.
Result: Automaton execution.

then this can be encoded by the condition Tq(q′|(q, x), u) > 0 (cf. λ(q, x) > 0 for
continuous-time stochastic hybrid automata). For the forced transitions, the domain
set Dom(q) associated with mode q ∈ Q can be expressed in terms of Tq by forcing
Tq(q|(q, x), u) to be equal to zero for all x �∈ Dom(q), irrespective of the value of
the control input u ∈ U . Thus, while the system evolves in mode q, a jump from q to
some q′ �= q is forced as soon as x /∈ Dom(q).

The above discussion suggests that the definition of DTSHA allows one to cap-
ture in discrete-time the same qualitative features as continuous-time stochastic hy-
brid automata. We now show how DTSHA can be written more compactly as con-
trolled Markov chains. Introduce a stochastic kernel T : B(X )×S×U ×Σ×Q→
[0, 1] on (X ,B(X )) given S × U ×Σ ×Q defined by

T (· |(q, x), u, σ, q′) =

{
Tx(·|(q, x), u), if q′ = q,

R(·|(q, x), σ, q′), if q′ �= q.

T can be used in the DTSHA algorithm to randomly select a value for the continuous
state at time k + 1, given the values taken by the hybrid state and the control input at
time k, and that of the discrete state at time k + 1. Based on T we can introduce the
Borel measurable stochastic kernel P : B(S) × S × U × Σ → [0, 1] on (S,B(S))
given S × U ×Σ as

P ((dx′, q′) |(q, x), (u, σ)) = T (dx′ |(q, x), u, σ, q′)Tq(q′|(q, x), u), (7.6)

Then, the DTSHA algorithm in Definition 7.7 can be rewritten in a more compact
form as Algorithm 7.2.

We have thus shown that a DTSHA can be described as a controlled Markov pro-
cess with state space S = ∪q∈Q{q} × X , control space A = U ×Σ, and controlled
transition probability function P : B(S) × S × A → [0, 1] defined in (7.6). Hence
the extensive literature on discrete-time (controlled) Markov processes that has de-
veloped over the years can be utilized to address questions such as stability (see, for
example, [450]), optimal control (see, for example, [81]), or reachability [1].
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Algorithm 7.2 Simplified DTSHA execution
Given: Automaton H = (Q,X , U, Σ, Init , Tx, Tq, R).
1: Extract s(0) ∈ S according to Init, and set k = 0;
2: while k < N do
3: extract s(k + 1) ∈ S according to P (· |s(k), u(k), σ(k));
4: end while
5: increment k.

Result: Automaton execution.

7.4 Reachability analysis

7.4.1 Reachability problem

In general, reachability analysis deals with the problem of evaluating whether a given
system will reach a certain region of the state space during a possibly infinite time
horizon, starting from some set of initial conditions. By encoding the correct/safe
behavior for a system as a reachability specification, system verification can be re-
duced to reachability analysis; if the outcome of the analysis is unsatisfactory, some
action will be taken to modify the system.

Recall that while reachability for deterministic systems is a problem with a qual-
itative, yes/no-type answer, for stochastic systems a continuous spectrum of “soft”
reachability problems with quantitative answers, such as the hitting probability, the
expected hitting time, and the hitting distribution, can be formulated. Posing a reach-
ability problems in quantitative terms makes sense in the verification of those sys-
tems for which a misbehavior is quite unlikely to occur, but cannot be ruled out.

Example 7.4 Reachability analysis of stochastic automata

Consider the stochastic finite automaton with state space V = {1, 2, 3} represented by
the graph in Fig. 7.2(a). The nodes in the graph are the different states of the automaton.
The labels on the oriented arc are the values taken by the transition probability function
p(·|·) : V × V → [0, 1], which assigns to each v ∈ V a probability distribution over V:
p(·|v) with

∑
v′∈V p(v′|v) = 1.

The execution of the stochastic finite automaton associated with the initial condition
v0 ∈ V is a Markov chain stochastic process {vk, k ≥ 0}, satisfying Prob(v0 = v0) = 1
and Prob(v(k + 1) = v′|vk = v) = p(v′|v), v, v′ ∈ V , k ≥ 0. The trajectories of the
automaton starting from v0 are the realizations of this Markov chain.

Now, suppose that D = {3} represents an unsafe set for the system and that the system
is initialized at v0 = 2. There are two possible kinds of realizations starting from v0 = 2:
(i) 2 followed by all 1’s, and (ii) 2 followed by a number of 3’s and then all 1’s. Only the
latter kind leads to the unsafe set D and the event where this occurs is easily seen to have
probability 10−3. Thus, the answer to the qualitative, worst-case, question “Is the system
always operating safely?” is “No...,” but the probability that the system eventually enters
the unsafe set is actually small. �

Most of the effort and progress in the study of reachability of hybrid systems
concerns deterministic hybrid systems. Reachability analysis of stochastic hybrid
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7 Stochastic hybrid systems 265

systems is generally much more challenging: analytical solutions are difficult if not
impossible to obtain, and few effective general algorithms exist for the numerical
simulation of stochastic hybrid systems, especially compared with the many software
packages for deterministic hybrid systems.

In this section we discuss reachability analysis for stochastic hybrid systems with
reference to the probabilistic safety analysis problem of estimating the probabil-
ity that the state of a given system will enter some unsafe region during a certain
time horizon, starting from an arbitrary safe state. This allows to identify the set
of initial conditions that guarantee a certain safety level. As a preliminary step, we
start by describing an iterative reachability computation algorithm for probabilistic
safety analysis of stochastic finite automata. This algorithm is indeed a key ingredient
for the numerical solution to the probabilistic safety analysis problem of stochastic
hybrid systems.

7.4.2 Probabilistic safety analysis of stochastic finite automata

Consider a stochastic automaton with finite state space V and transition probability
function p(·|·) : V × V → [0, 1], and let D ⊂ V be an unsafe set for the system. Our
objective is determining the probability that the Markov chain generated as execution
of the automaton for the initial condition v0 will enter D within the time horizon
[0, kf ], for any v0 ∈ V \ D.

To this purpose, we modify the automaton by making all the unsafe states in D
absorbing, so that, once the system enters the unsafe set, it stays there forever. The
probability of interest can then be written as follows:

Pv0 := Prob(ṽk ∈ D for some 0 ≤ k ≤ kf ) = Prob(ṽkf
∈ D), (7.7)

where {ṽk, k ≥ 0} is the Markov chain generated by the modified automaton with
state space V and transition probability function p̃(·|·) : V × V → [0, 1]

p̃(v′|v) =

⎧⎪⎨⎪⎩
p(v′|v), v ∈ V \ D,

1, v ∈ D, v′ = v,

0, v ∈ D, v′ �= v,

(7.8)

v′ ∈ V , initialized with v0 ∈ V \ D.

Example 7.5 Modified automaton for probabilistic safety analysis

Consider the stochastic automaton in Fig. 7.2(a) and the unsafe set D = {3}. The modified
automaton for probabilistic safety analysis is represented in Fig. 7.2(b). �

We now describe an algorithm to compute the probability Pv0 in (7.7).
Let P(k) : V → [0, 1] with

P(k)(v) := Prob
(
ṽkf

∈ D | ṽkf−k = v
)

(7.9)
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(a) (b)

Fig. 7.2 Graphs representing a stochastic finite automaton (a) and the modified
stochastic automaton when D = {3} (b).

be a set of probability maps defined on V , indexed by k = 0, 1, . . . , kf . Note that
P(k)(v) represents the conditional probability that a Markov chain execution of the
automaton that takes the value v at time kf − k will enter D during the residual
time horizon [kf − k, kf ]. Clearly, P(0)(v) = 1D(v), v ∈ V , where 1D(·) is the
indicator function of set D. Moreover, the quantity of interest Pv0 can be expressed
as Pv0 = P(kf )(v0).

Fix a time k such that 0 ≤ k < kf . It is easily seen that the map P(k) : V → [0, 1]
satisfies the following recursive equation

P(k+1)(v) = Prob
(
ṽkf

∈ D | ṽkf−(k+1) = v
)

=
∑
v′∈V

Prob
(
ṽkf−k = v′|ṽkf−(k+1) = v

)
Prob

(
ṽkf

∈ D | ṽkf−k = v′
)

=
∑
v′∈V

p̃(v′|v)P(k)(v′), v ∈ V .

Recalling the definition of p̃(·|·) : V × V → [0, 1] in (7.8), the fact that any v ∈ D is
an absorbing state and that, for each k ∈ [0, kf ], P(k)(v) = 1 if v ∈ D, we get

P(k+1)(v) =

⎧⎨⎩
∑
v′∈V

p(v′|v)P(k)(v′), v ∈ V \ D,

1, v ∈ D.
(7.10)

In the finite horizon case (kf < ∞), the probability map P(kf ) can then be com-
puted by iterating (7.10) kf times starting from k = 0 with P(0)(v) = 1D(v), v ∈ V .
The probabilities of reaching the unsafe set D are propagated backwards in time
through the transition probability function starting from the indicator function of D.

As for the infinite horizon case, by arranging the sequence {P(k)(v), v ∈ V \D}
into a column vector P (k) according to some fixed ordering of the points in V\D, the
iterative equation (7.10) relating P(k+1) to P(k) can be rewritten in a more compact
matrix form as

P (k+1) = AP (k) + b, (7.11)
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Algorithm 7.3 Probabilistic safety analysis
Given: the state space V and the transition probability function p(·|·) : V × V → [0, 1]; the

unsafe set D ⊂ V; the time horizon length kf .
Init: P(0)(·) ⇐ 1D(·); k ⇐ 0
1: while k < kf do
2: if v ∈ D then
3: P(k+1)(v) ⇐ 1;
4: else
5: P(k+1)(v) ⇐

∑
v′∈V p(v′|v)P(k)(v′);

6: end if
7: k ⇐ k + 1;
8: end while

Result: P(kf )(·)

where the square matrix A and column vector b are chosen appropriately. Matrix A
is a sparse positive matrix with the property that the sum of its elements on each row
is smaller than or equal to 1, where equality holds if and only if that row corresponds
to a state v ∈ V \ D not communicating with D, which is such that p(v′|v) = 0, for
all v′ ∈ D. As for b, it is a positive vector with nonzero elements on exactly those
rows corresponding to states v ∈ V \ D communicating with D.

Equation (7.11) can be interpreted as the dynamical equation of a discrete-time
system with state P (k), dynamical matrix A, and constant input equal to b, evolving
over the time horizon [0, kf ] starting from k = 0. As a consequence of the asymptotic
stability of this system, the solution to (7.11) converges to some (unique) P value,
irrespectively of the initialization. The probability map P(kf ) of interest in the infinite
horizon case is exactly that P , and can then be determined by solving the fixpoint
equation associated with (7.11).

Proposition 7.1 Consider equation

P (k+1) = AP (k) + b. (7.12)

(i) There is a unique P satisfying P = AP + b.
(ii) Starting from any initial value P (0) at k = 0, the solution P (k) to (7.12)

converges to the fixpoint P as k →∞.

Example 7.6 Probabilistic safety analysis

We now compute the probability Pv0 that the execution of the stochastic finite automaton in
Fig. 7.2(b) associated with v0 = 1 and v0 = 2 eventually ends up in the unsafe set D = {3}.
To this purpose we introduce the bidimensional column vector P (k) = [P(k)(1) P(k)(2)]′,
and iterate equation (7.11) starting from P (k) = [0 0]′, with

A =

(
p(1|1) p(2|1)
p(1|2) p(2|2)

)
=

(
1 0

0.999 0

)
, b =

(
p(3|1)
p(3|2)

)
=

(
0

0.001

)
.
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We then get: P (1) = AP (0) + b = b, P (2) = AP (1) + b = b = P (1), and, hence,
P (k+1) = P (k) = b, ∀k > 0.
The fixpoint of (7.11) is given by P = b and, in this case, convergence to the fixpoint is
obtained in a finite number of iterations (one time step). As is actually easy to see directly
from the graph in Fig. 7.2(b), the probability Pv0 of reaching D starting from v0 ∈ V is
independent of the finite horizon length, and equal to Pv0 = 0, if v0 = 1, and Pv0 = 0.001,
if v0 = 2. �

As a final remark, note that, in both the finite and infinite horizon cases, one
can directly refer to the transition probability function of the original stochastic au-
tomaton to compute the probability of interest Pv0 . The introduction of the modified
automaton is just instrumental to the derivation of the reachability computation pro-
cedure.

7.4.3 Probabilistic safety analysis of stochastic hybrid systems

Consider a switching diffusion system whose state s = (x, q) takes values in the
hybrid state spaceH = X×Q,Q = {1, 2, . . . ,M}, and is governed by the stochastic
differential equations

dx(t) = a(x(t), q(t))dt + b(x(t), q(t))Σ dw(t),

dq(t) =
∫

Γ

rq(x(t−), q(t−), γ)p(dt, dγ),
(7.13)

where w(·) is a standard n-dimensional Brownian motion with variance modulated
by the diagonal positive definite matrix Σ ∈ Rn×n, and p(·, ·) is a Poisson random
measure of intensity h(dt, dγ) = λdt ×Π(dγ), where λ is a positive constant and
Π is the uniform distribution over the set Γ = [0, λ). The Brownian motion and the
Poisson random measure are independent.

The Poisson random measure generates two sequences of random variables: the
sequence {ti, i ≥ 1} of jump times of a standard Poisson process with intensity λ,
and the sequence {γi, i ≥ 1} of independent random variables distributed according
to Π and independent of {ti, i ≥ 1}. p(dτ, dγ) assigns unit mass to (τ, γ) if there
exists i ≥ 1 such that ti = τ and γi = γ. As a result, q solving (7.13) is a pure
jump process characterized by piecewise constant and right continuous realizations,
given by

q(t) = q0 +
∑

i≥1: ti≤t

rq(x(t−i ), q(t−i ),γi).

The function rq : X ×Q× Γ → {0,±1,±2, · · · ±M − 1}

rq(x, q, γ) =

{
q′ − q, if γ ∈ Γqq′(x),
0, otherwise,

(7.14)

determines the entity of the jump in q starting from (x, q) ∈ X × Q, for γ ∈ Γ .
Γqq′ (x) ⊆ Γ appearing in (7.14) is an interval of length 0 ≤ λqq′ (x) ≤ λ.
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7 Stochastic hybrid systems 269

For each x ∈ X , {Γqq′(x) : q′, q ∈ Q, q′ �= q} is a partition of Γ (x) :=
[0,
∑

q′,q∈Q,q′ �=q λqq′ (x)) ⊆ Γ .
Since a jump of zero entity occurs at time ti when rq(x(t−i ), q(t−i ),γi) = 0,

then, the actual jump rate is different from the intensity λ of the Poisson process
generating the jump times, and depends on the value taken by (q(t−i ), x(t−i )). More
specifically, the jump rate from s = (x, q) ∈ H is given by the jump intensity
function Λ : H → [0,+∞)

Λ(s) = λ

∫
{γ∈Γ : rq(x,q,γ) �=0}

Π(dγ) =
∑

q′∈Q,q′ �=q

λqq′ (x) ≤ λ. (7.15)

Also, when a jump occurs from s = (x, q) ∈ H such that Λ(s) �= 0, the probability
distribution of the discrete state q overQ\ {q} is given by the reset functionR:H×
Q → [0, 1]:

R((x, q), q′) =

∫
{γ∈Γ : rq(x,q,γ)=q′−q} Π(dγ)∫
{γ∈Γ : rq(x,q,γ) �=0}Π(dγ)

=
λqq′ (x)
Λ(s)

, q′ �= q. (7.16)

During each time interval [ti, ti+1) when the discrete state component q is
constant, the continuous state component x evolves according to the first equa-
tion in (7.13), initialized with x(t−i ) = limh→0+ x(ti − h) at time ti, with local
properties determined by the drift and diffusion terms a(·, q(ti)) : X → X and
b(·, q(ti)) : X → R

n×n.
Under the assumption that a(·, q), b(·, q), and λqq′(·), q′, q ∈ Q, q′ �= q, are

bounded and Lipschitz continuous, then the switching diffusion system initialized
with s0 = (x0, q0) ∈ H admits a unique strong solution s(t) = (x(t),q(t)), t ≥ 0,
which satisfies the Markov property and has continuous trajectories of the x compo-
nent. The stochastic process s(t), t ≥ 0, is the execution of the switching diffusion
system associated with the initial condition s0.

Probabilistic safety analysis problem
Given an open safe set A ⊂ H, the problem is to estimate the probability
that the execution of the switching diffusion system associated with s0 ∈ A
will enter the unsafe set D := H \ A during the time interval [0, tf ]:

Ps0 := Prob
(
s(t) ∈ D for some t ∈ [0, tf ]

)
. (7.17)

Based on Ps0 , one can compute the set S(ε) of initial conditions s0 for the system
that guarantee a safety level 1− ε, ε ∈ (0, 1):

S(ε) :=
{
s0 ∈ V : Ps0 ≤ ε

}
.

Here, we suppose that the probability (7.17) is well-defined, without discussing the
conditions for the event “s(t) ∈ D for some t ∈ [0, tf ]” to be measurable.

For ease of explanation, we consider the case when A = A×Q. The probability
(7.17) can then be rewritten as
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270 J. Lygeros and M. Prandini

Ps0 = Prob
(
x(t) ∈ D, for some t ∈ [0, tf ]

)
, (7.18)

with D := X \ A, and the evolution of x in (7.13) initialized with s0 ∈ A can be
confined to the open domain A with stopping on the boundary ∂A of A. We assume
that A ⊂ X is bounded. If this were not the case, the system evolution would be
anyway confined to some bounded region for numerical computation purposes.

The probability (7.18) can be estimated by a numerical approximation scheme
that is based on the introduction of a stochastic finite automaton which approximates
the switching diffusion system: the reachability probability for the Markov chain ex-
ecution {vk, k ≥ 0} of the automaton converges to the corresponding probability
for the execution {s(t), t ≥ 0} of the switching diffusion system as the gridding pa-
rameter δ determining the quality of the approximation tends to zero. We distinguish
two components of the Markov chain execution vk = (zk,mk), k ≥ 0, correspond-
ing to the two components of the switching diffusion execution s(t) = (x(t), q(t)),
t ≥ 0. We now describe how to build the approximating automaton.

Fix a value δ > 0 for the space gridding parameter.
The state space of the approximating stochastic automaton is given by Vδ :=

Zδ × Q, where Zδ is a finite set obtained by gridding A. More precisely, Zδ =
A ∩ Zn

δ , where Zn
δ denotes the integer grids of X scaled according to δ and the

positive diagonal entries of matrix Σ = diag(σ1, σ2, . . . , σn) as follows Zn
δ =

{(m1η1δ,m2η2δ, . . . ,mnηnδ)| mi ∈ Z, i = 1, . . . , n}, with ηi = σi/maxk σk,
i = 1, . . . , n. The interpolation time interval Δδ is a positive function of δ which
tends to zero faster than δ: Δδ = o(δ).

The transition probability function pδ(·|·) : Vδ × Vδ → [0, 1] of the approx-
imating automaton is defined so as to mimic the characteristics of the switching
diffusion system over A. To this purpose, observe that the instantaneous behavior of
a switching diffusion execution depends on the fact whether a jump in the discrete
component q occurs or not. In the former case, the continuous component x remains
constant and, if the jump is of nonzero entity, q changes value according to the re-
set function (7.16). In the latter case, q remains constant and x evolves according
to (7.13) with absorption on the boundary of A. To account for this, the transition
probability function pδ is chosen as the weighted sum of the probabilities pz,δ(q′|q)
and pq,δ(z′|z) respectively governing the transitions of the Markov chain execution
vk = (zk,mk), k ≥ 0, when a jump (possibly of zero entity) occurs in the state
component mk, and when no jump occurs in mk, from v = (z, q):

pδ((z′, q′)|(z, q)) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(1− e−λΔδ )pz,δ(q′|q) + e−λΔδpq,δ(z′|z), z′ = z, q′ = q,

(1− e−λΔδ )pz,δ(q′|q), z′ = z, q′ �= q,

e−λΔδpq,δ(z′|z), z′ �= z, q′ = q,

0, z′ �= z, q′ �= q,

for all (z, q), (z′, q′) ∈ Zδ ×Q.
The weight 1 − e−λΔδ = λΔδ + o(Δδ) represents the probability of a jump

(possibly of zero entity) for the mk component of the approximating automaton
execution, which tends as δ → 0 to the probability of a single jump (possibly of
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7 Stochastic hybrid systems 271

zero entity) within a time interval of length Δδ for the q component of the original
switching diffusion execution.

Fix v = (z, q) ∈ V . We set

pz,δ(q′|q) =

{
λq q′ (z)

λ , q′ �= q,

1− 1
λ

∑
q∗∈Q,q∗ �=q λq q∗(z), q′ = q,

so that the probability distribution governing jumps of nonzero entity in mk from v
is equal to the reset functionR(·, ·) in (7.16), while, at the same time, the probability
of a jump of nonzero entity (q′ �= q) from v is given by Λ(v)Δδ + o(Δδ) where Λ(·)
is the jump intensity function in (7.15).

To define pq,δ(z′|z), we introduce the immediate neighbors set Nq,δ(z) of
z ∈ Zn

δ as an appropriate subset of the grid points in Zn
δ whose distance from

z along the coordinate axis xi is at most ηiδ, i = 1, . . . , n, i.e. Nq,δ(z) =
{z + (i1η1δ, . . . , inηnδ) ∈ Zn

δ | (i1, . . . , in) ∈ I}, where I ⊆ {0, 1,−1}n \
{(0, 0, . . . , 0)}. The interior Z◦

q,δ of Zδ for the given q consists of all those points in
Zδ which have all their neighbors in Zδ . The boundary ∂Zq,δ = Zδ \ Z◦

q,δ of Zδ is
the set of points with at least one neighbor outside A. The probability pq,δ(z′|z) is
such that:

• each state z in ∂Zq,δ is an absorbing state;
• only transitions to Nq,δ(z) are allowed from any state z in Z◦

q,δ , according to
probabilities determined by its current location:

pq,δ(z′|z) =

{
πq,δ(z′|z), z′ ∈ Nq,δ(z) ∪ {z}
0, otherwise

z ∈ Z◦
q,δ. (7.19)

An example is shown in Fig. 7.3 for n = 2. This figure refers to the case when the
safe set A is ellipsoidal, η1 = η2 = η, and the immediate neighbors set Nq,δ(z) is
confined to the set of points along the x1 and x2 directions whose distance from q is
ηδ. Each grid point has four immediate neighbors, say z1− , z1+ , z2− , z2+ : two (z1−
and z1+) at a distance ηδ along direction x1, and two (z2− and z2+ ) at a distance ηδ
along direction x2.

For each v = (z, q) ∈ Z◦
q,δ × {q}, the immediate neighbors set Nq,δ(z) and

the probability distribution {πq,δ(z′|z), z′ ∈ Nq,δ(z) ∪ {z}} are chosen based on
the drift and diffusion terms a(·, q) and b(·, q) in (7.13), so that the evolution of
the zk component of the Markov chain when no jump occurs in the mk component
resembles the evolution of the x component of the switching diffusion execution
when no jump occurs in q. More specifically, for each q ∈ Q, the following local
consistency property should hold

1
Δδ

mq,δ(z) → a(x, q),
1
Δδ

Vq,δ(z) → b(x, q)Σ2b(x, q)T, as δ → 0,

for all x ∈ A, where, for any δ, z is a point in Z◦
q,δ closest to x, and
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272 J. Lygeros and M. Prandini

Fig. 7.3 Approximating stochastic automaton: grid points belonging to ∂Zq,δ

and Z◦
q,δ , with the immediate neighbors set Nq,δ(z), for an ellipsoidal safe

region A.

mq,δ(z) =
∑

z′∈Nq,δ(z)

(z′ − z)πq,δ(z′|z), Vq,δ(z) =
∑

z′∈Nq,δ(z)

(z′ − z)(z′ − z)Tπq,δ(z′|z)

represent the conditional one-step mean and variance of the zk component of the
Markov chain execution when no jump occurs in the mk component from v = (z, q).
Different choices are possible that satisfy the local consistency property.

Example 7.7 A possible choice for local consistency

Suppose that the diffusion matrix b : X × Q → R
n×n in (7.13) has the following form:

b(x, q) = β(x, q)I , where β : X ×Q → R and I is the identity matrix of size n. The first
equation in (7.13) then takes the form: dx(t) = a(x(t), q(t))dt + β(x(t), q(t))Σdw(t).
Since each component of the n-dimensional Brownian motion w(·) directly affects a single
component of x(·), the immediate neighbors set Nq,δ(z) can be taken as the set of points
along each one of the xi, i = 1, . . . , n, directions whose distance from z is ηiδ, i =
1, . . . , n, respectively. For each z, Nq,δ(z) is then composed of the following 2n elements:

z1+ = z + (+η1δ, 0, . . . , 0), z1− = z + (−η1δ, 0, . . . , 0),
z2+ = z + (0, +η2δ, . . . , 0), z2− = z + (0,−η2δ, . . . , 0),
...

...
zn+ = z + (0, 0, . . . , +ηnδ), zn− = z + (0, 0, . . . ,−ηnδ).

Figure 7.3 refers to the case when n = 2.
As for the probability distribution {πq,δ(z

′|z), z′ ∈ Nq,δ(z) ∪ {z}}:

πq,δ(z
′|z) =

⎧⎪⎨⎪⎩
cq(z)ξ0

q(z), z′ = z,

cq(z)e+δξi
q(z), z′ = zi+ , i = 1, . . . , n,

cq(z)e−δξi
q(z), z′ = zi− , i = 1, . . . , n,

(7.20)

where
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7 Stochastic hybrid systems 273

ξ0
q(z) =

2

ρσ2β(z, q)2
− 2n,

ξi
q(z) =

[a(z, q)]i
ηiσ2β(z, q)2

, i = 1, . . . , n,

cq(z) =
(
2

n∑
i=1

csh(δξi
q(z)) + ξ0

q (z)
)−1

with σ := maxk σk. ρ is a positive constant that has to be chosen small enough such that
ξ0

q (z) defined above is positive for all (z, q). In particular, this is guaranteed if 0 < ρ ≤
(nσ2 maxs∈A β(s)2)−1. As for Δδ , Δδ = ρδ2. �

Weak approximation of the switching diffusion execution by the (interpolated)
Markov chain execution of the automaton can be proved as δ → 0. In turn, weak
convergence implies convergence with probability one to the probability of interest
Ps0 of the corresponding quantity for the approximating Markov chain. Technically
speaking, this result requires some regularity conditions to hold in order to avoid
situations where the trajectory of the process x touches the absorbing boundary ∂Aq

without leaving Aq , for some q ∈ Q. Such pathological situations are known to be
critical also for the discrete-time approximation schemes used in the simulation of
stochastic hybrid systems, and are studied in the related literature.

Proposition 7.2 Consider the stochastic finite automaton approximation of
the switching diffusion system corresponding to a certain gridding scale pa-
rameter δ. Let {vk, k ≥ 0} be the Markov chain execution of the automaton
initialized at a point v0 ∈ V◦

δ := ∪q∈QZ◦
q,δ × {q} closest to s0 ∈ A, and

kf := (tf/Δδ) be the largest integer not exceeding tf/Δδ (kf = ∞ if
tf = ∞). Then, the probability

P̂s0 := Prob
(
vk ∈ ∂Vδ for some 0 ≤ k ≤ kf

)
, (7.21)

where ∂Vδ = Vδ \ V◦
δ , converges to the probability of interest Ps0 in (7.17)

with probability one as δ → 0. *+

By Proposition 7.2, probabilistic safety analysis of switching diffusion systems is
reduced to probabilistic safety analysis of stochastic automata.

The numerical approximation scheme for probabilistic safety analysis over the
finite time horizon [0, tf ] of a switching diffusion system consists of the following
steps: co
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274 J. Lygeros and M. Prandini

1. Fix the gridding scale parameter δ > 0 and the interpolation time interval
Δδ, and determine the state space Vδ and the transition probability function
pδ(·|·) : Vδ × Vδ → [0, 1] of the approximating stochastic automaton corre-
sponding to δ.

2. Determine the probability map P(kf ):Vδ → [0, 1] by executing Algorithm 7.3
with V = Vδ , p(·|·) = pδ(·|·), D = ∂Vδ, kf = (tf/Δδ).

3. Compute an estimate of the probability of interest Ps0 as P̂s0 = P(kf )(v0),
where v0 ∈ V◦

δ is a grid point closest to s0, and an estimate of the set of
initial conditions S(ε) with safety level 1 − ε, ε ∈ (0, 1), as Ŝ(ε) =

{
s0 ∈

A : P̂s0 ≤ ε
}

.

In the model checking approach to safety analysis of deterministic hybrid sys-
tems, safety is verified by constructing backward reachable sets starting from the
unsafe set. Here, probabilities rather than sets are propagated backwards through the
system dynamics. For each safe state s0 ∈ A an estimate of the probability Ps0 that
the switching diffusion system will enter the unsafe setH\A starting from s0 is com-
puted by appropriately propagating the transition probabilities of the approximating
automaton backwards in time starting from the unsafe set during the time horizon of
interest, according to Algorithm 7.3in Section 7.4.2. The issue of representation and
propagation of probabilities is solved by approximating the stochastic hybrid system
through a stochastic automaton. Similarly, abstraction to deterministic automata is
adopted for reachability computations of deterministic hybrid systems.

Barrier certificate method An interesting alternative approach to address proba-
bilistic safety analysis of switching diffusion systems consists in computing an upper
bound on the probability Ps0 by means of the introduction of an appropriate func-
tion called barrier certificate. A set of initial conditions has to be specified, and the
certified upper bound on Ps0 is valid for s0 belonging to that initial set.

A main advantage of this approach is that one does not have to compute and
propagate probabilities through the system dynamics, which eliminates the need to
approximate the system by a stochastic automaton and, consequently, the scalability
issue caused by gridding. However, a computational procedure to construct a barrier
certificate is currently available only for the case when the switching diffusion system
is polynomial and all the sets involved are described by polynomial inequalities. As
the complexity of the (polynomial) barrier certificate is increased, the upper bound
gets tighter.

7.4.4 Extensions

Uncertain initial state and time-varying safe set If the initial state s(0) is uncer-
tain and independent of the other random quantities involved in the system evolution,
the probability of entering the unsafe region can be computed by integrating numer-
ically the estimate P̂s0 with respect to the initial state probability distribution.
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7 Stochastic hybrid systems 275

If the safe set is time-varying during the finite time horizon of interest, the system
dynamics should be confined to the union of the sets obtained as time varies along
the time horizon, and Algorithm 7.3should be simply adapted by considering at each
iteration the corresponding set and initializing the recursion with the appropriate
indicator function.

Control problems Besides safety analysis, the described approach is actually well-
suited for assessing the efficacy of a control system whose objective is steering the
state of the system close to some operating condition. In this case, the “safe” set
should be constructed as a time-varying region shrinking to a small neighborhood
around the desired operating condition and accounting for the admissible deviations
from that condition in the transient.

Further classes of stochastic hybrid systems The described approach to reach-
ability analysis can be extended to the class of switching diffusion systems with
hybrid jumps. The modeling power of switching diffusions systems, however, is lim-
ited by the fact that only spontaneous transitions (transitions that occur according
to a probabilistic rate) are allowed. In a quite recent study, general stochastic hy-
brid systems (GSHS) models allowing also forced transitions (transitions that are
driven by a boundary hitting times) are approximated by switching diffusion systems,
replacing forced transitions with spontaneous transitions characterized by properly
defined state-dependent transition intensities. As a result, the described approach to
reachability computations for switching diffusions appears to be useful for more gen-
eral classes of continuous-time stochastic hybrid systems. Interestingly, the iterative
procedure for probabilistic safety analysis in Algorithm 7.3 remains valid also for
discrete-time stochastic hybrid systems, and for this class of systems has been ex-
tended to address the case when a control input is available and can be chosen so as
to maximize the safety level. This is obtained by applying dynamic programming to
an optimal stochastic control reformulation of the problem.

Bibliographical notes

The described scheme for reachability analysis was first introduced in [328], and further de-
veloped in [537], for systems described by stochastic differential equations with coefficients
changing value at a-priori known time instants. The methodology was extended in [538] to
the stochastic hybrid setting. The theoretical issues regarding the measurability of the reach-
ability event are addressed in [131]. The conditions for weak convergence of the Markov
chain approximation to imply convergence with probability one of the probability of enter-
ing the unsafe set are studied in, e.g., [367] and [372]. Approximation of general stochastic
hybrid systems by switching diffusion systems is discussed in [2]. Model checkers for veri-
fying probabilistic reachability specifications of stochastic automata are described in [354].

In [130], an upper bound on the probability of reachability events is derived theoretically
based on the theory of Dirichlet forms associated with a right-Markov process. In [536],
barrier certificates are used to derive an upper bound. Differently from [130], a computa-
tional technique is provided, though only for a specific class of stochastic hybrid systems.
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A “mean-square” notion of reachability is introduced in [213]. Motivated by air traffic con-
trolapplications, in [425, 539] randomized algorithms are used for estimating the probability
of entering some unsafe set starting from some given initial condition. In [1] reachability
is studied for a quite general class of discrete-time stochastic hybrid systems whose dy-
namics can be influenced by a control input. A methodology to compute and minimize the
probability that the system enters an unsafe region is developed.
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8

Overview of tools development and open problems

D. A. van Beek and S. Engell

For specific classes of hybrid formalisms, powerful algorithms and tools
for analysis and synthesis have been developed in the recent years. This
chapter gives a brief overview of the functionality of tools for control design,
verification, simulation, optimization, and model transformation. The tools
are presented in more detail in the next chapters
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In the last decade, many tools for the design and control of hybrid systems have been
developed. This chapter gives an overview of some important classes of such tools.
The classes are ordered according to the expressivity of the underlying mathematical
model. In the end, the interconnection of tools by means of a compositional inter-
change format is sketched and open issues are discussed. The tools are discussed in
more detail in Chapter 9–12.

8.1 Control of switched linear systems

The MATLAB/Simulink-based tools discussed in Chapter 10 are based on (deter-
ministic) discrete-time piecewise affine (PWA) mathematical models of hybrid sys-
tems. These tools offer the following support for the design and analysis of control
systems:

• Modeling: Two modeling languages with associated tools are presented: HYS-
DEL and MLD. HYSDEL models are based on interconnections of linear dy-
namical systems that are specified by means of finite-state discrete-time au-
tomata, IF-THEN-ELSE rules, and propositional logic statements. HYSDEL
models can be transformed into MLD (mixed logical dynamical) models, which
in turn can be transformed into discrete-time PWA models.

• Identification: For inferring PWA models based on data, the hybrid identification
toolbox (HIT) and the piecewise affine system identification toolbox (PWAID)
are available.

• Control design: For control design, two toolboxes are available: the multi-
parametric toolbox and the hybrid toolbox. The multi-parametric toolbox can be
viewed as a unifying repository of hybrid systems design tools utilizing optimiza-
tion packages. It allows users to design optimization-based controllers. The hy-
brid toolbox supports the design of model-predictive controllers (MPC) based on
on-line mixed-integer linear or quadratic programming (MILP/MIQP) for hybrid
systems in MLD form.

• Simulation and verification: Both toolboxes support simulation, verification, and
code generation for the developed control systems. Verification in this con-
text is different from the verification of linear hybrid automata as discussed in
Section 8.2. Since PWA models are deterministic, reachability properties of a
model with given initial values, input functions, and horizon length can be veri-
fied by executing one simulation run. Verification in this context means to assess
the validity of a property for a given (finite) set of initial conditions and/or input
functions.

For control system design based on continuous-time PWAs, see the tool ConPAHS
[184].
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8.2 Verification of linear hybrid automata

The tools PHAVer and HyTech that are discussed in Chapter 9 are tools based on
(nondeterministic) linear hybrid automata (LHA) models. They support modeling
and verification of hybrid systems:

• Modeling: The tools support modeling of networks of linear hybrid automata.
Networks are defined as a parallel composition of automata, based on the syn-
chronous execution of shared action labels and the interleaving execution of non-
shared action labels. In this context, linear refers to the specification of the dy-
namics by bounds on linear combinations of derivatives, e.g. ẋ + 2ẏ ≤ 1.

Hybrid automata with non-LHA dynamics can be over-approximated arbi-
trarily close by LHA using phase-portrait approximation. This, however, may
lead to a large number of discrete states.

• Verification: Linear hybrid automata are in general nondeterministic. The speci-
fication by linear constraints over derivatives in principle admits infinitely many
solutions for the continuous dynamics (time-dependent behavior). The linear
constraints over the values of the variables before and after a jump may admit
infinitely many solutions for the discrete dynamics (action-dependent behavior).
The verification of the properties of LHA is based on reachability analysis for a
given set of initial states.

8.3 Modeling, simulation, and optimization of general
hybrid systems

Traditionally, the dominant industrial tool for computer-based system analysis and
design has been simulation. It still is the dominant tool of choice since complex and
large hybrid systems with possibly nonlinear continuous dynamics often cannot be
analyzed in a rigorous fashion. In comparison to the tool support for hybrid opti-
mal control or for the verification of hybrid systems, the tool base for simulation is
rather large and mature, mostly because hybrid simulation is comparatively straight-
forward and can directly be applied to many systems of practically relevant size.
Requirements that are posed on hybrid simulation tools range from the support of
hierarchical and reusable models to intuitive user interfaces and facilities for tool
integration.

Dynamic optimization tools are often integrated into simulation tools. There are
two reasons for this. First, simulation forms the basis of many dynamic optimization
techniques. Second, the most time-consuming task in the formulation of a dynamical
optimization problem is the definition of the dynamic simulation model.

Since dynamical optimization of general hybrid systems is considerably more
demanding than simulation from both the theoretical and the computational point
of view, the tool support for dynamical optimization is considerably smaller and
less mature. However, due to significant improvements of optimization techniques,
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several tools are now available that are capable of optimizing large and complex
systems.

Chapter 11 gives a comprehensive overview of the challenges and concepts of
hybrid systems simulation and optimization and describes a large variety of tools that
have been developed for this purpose. After the introduction of the major modeling
approaches for hybrid simulation and optimization, many of the often intricate issues
that arise in the joint execution of the possibly very complex continuous dynamics
and the discrete dynamics are discussed in detail.

Over twenty different hybrid simulation tools and environments are discussed
and compared. The presented tools cover the complete spectrum of hybrid systems
simulation and range from rather prototypical academic tools that mostly serve as
test beds for hybrid systems research, to integrated modeling and simulation envi-
ronments that are capable of real-time simulation of highly complex models with
hundreds of thousands of equations on modern computing hardware. The major
modeling concepts are illustrated by two commercial tools. The de-facto industrial
standard tool set MATLAB/Simulink with the toolboxes Stateflow and SimEvents
is used to clarify the block-diagram-based modeling approach, which is a form of
causal modeling, and the modeling and simulation environment gPROMS is used to
illustrate equation based (acausal) modeling.

8.4 Model transformation

The current state of technology with respect to tool support for the integrated design
of complex controlled systems is characterized by islands of support. This means
that the tools mentioned above can be used to analyze properties of parts of the over-
all system on some level of detail (and accuracy) of the models, but abstraction and
refinement of models, as well as the interconnection of heterogenous models, are not
supported and require manual transformations. One step towards tool-based support
of the design of larger and more complex systems is the precise definition and im-
plementation of interchange formats, and in particular the compositional interchange
format for hybrid systems (CIF), as described in Chapter 12. The purpose of an inter-
change format is to establish the interoperability of a wide range of tools by means of
model transformations. In this way, the implementation of many bilateral translators
between specific formalisms can be avoided. The compositional interchange format
has the following characteristics:

• Modeling: The basic element of the CIF is an interchange automaton with an op-
erator for parallel composition. Parallel composition provides synchronization by
means of shared action labels, and communication by means of shared variables
and CSP channels. Different forms of urgency are available, so that that execu-
tion of actions can have priority over passage of time. Furthermore, the concepts
of inputs and outputs are defined, and scoping of variables, channels, and actions
is available to allow modular and hierarchical specifications.
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• Semantics: The semantics of the CIF is compositional, allowing property pre-
serving model transformations. Parts of a model can be replaced by equivalent
parts without changing the meaning of the model.

• Transformations: Transformations between the CIF and several other languages
(UPPAAL, PHAVer, Chi, MATLAB/Simulink, gPROMS, Modelica, and Se-
quential Function Charts) will be defined in the European Multiform project
(www.ict-multiform.eu).

8.5 Concluding remarks and open issues

Tool support for the analysis and synthesis of hybrid systems has improved consid-
erably in the last decade. Systems of moderate complexity in terms of the number
of continuous state variables can be rigorously analyzed and large, complex hybrid
systems can be simulated faithfully in reasonable computing times. Dynamic opti-
mization is feasible even for nonlinear DAE systems as long as the number of discrete
variables is moderate and no autonomous switches occur.

More development is required, inter alia, in the following areas:

• Compositional analysis of systems that consist of several subsystems for which
properties can be proven rigorously.

• Over-approximation of fine-grained models by more abstract ones, e.g. by timed
automata.

• Rigorous, global analysis of systems with nonlinear dynamics and of systems
described by differential-algebraic equations.

• Optimization of systems with discrete inputs and autonomous switches over long
horizons.

• Robust analysis and optimization, taking into account the fact that models are
only approximations of the behaviors of real systems and that safety and opti-
mality are demanded for the real system, not for the model.
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9

Verification tools for linear hybrid automata

G. Frehse

Linear hybrid automata are of interest in verification because sets of suc-
cessor states can be computed exactly and efficiently using integer arith-
metic. This fact is exploited in a number of formal verification algorithms
that upon termination give a mathematically sound answer on whether a
property holds or not. This chapter gives an overview of verification algo-
rithms for safety properties of linear hybrid automata, and some of the over-
approximation techniques that help to make the tools applicable in practice.
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9.1 Formal verification and linear hybrid automata

Formal verification tries to establish with absolute certainty, in the sense of being
mathematically provable, whether or not a given property is satisfied or violated by a
system. In this chapter we consider algorithmic approaches to verification of safety
properties such as whether a set of forbidden states is reachable. If a verification algo-
rithm is exact (no over-approximations, no floating point computations, no rounding
of any kind, etc.) and terminates, it gives the provably correct answer: safe or unsafe.
Exact verification algorithms are of limited use for hybrid systems in general, since
the solution of a differential equation can only be computed up to some accuracy. One
may have to resort to an over-approximative algorithm, i.e. use over-approximations
in the sense that when the algorithm terminates with result safe, the system really
is safe. If the algorithm finds a violation, one might not know whether the violation
is real or an artifact of over-approximations. Nondeterministic models and set-based
computations can be used when inputs, initial conditions or model parameters are
only known up to a certain range.

Linear hybrid automata (LHA) [309] are characterized by piecewise constant
bounds on the derivatives. They are of interest in formal verification because their
dynamics are so simple that basic operators such as discrete and continuous suc-
cessor states can be computed with exact integer arithmetic, and relatively efficiently
over an infinite time horizon. This has led to tools such as HyTech [310] and PHAVer
[250], which use exact polyhedral computations to obtain the set of reachable states,
synthesize controllers [669], and verify equivalence and abstraction between au-
tomata using assume/guarantee reasoning [252]. Other verification approaches for
LHA try to avoid polyhedral computations altogether. They exploit the fact that for
LHA reachability along a given path can be formulated as satisfiability of a con-
junction of linear constraints, and can therefore be computed very efficiently using
linear programming techniques. This approach has been taken in counter example
guided abstraction refinement [369] and to synthesise parameters [253]. With a sim-
ple model transformation (introducing a variable for the time that elapses in each
location), a LHA can be modeled and verified by any model checker able to han-
dle linear constraints over the rationals. This approach has been used to verify LHA
using abstraction refinement with the tool ARMC [528].

From a theoretical point of view, exact algorithms for LHA suffer from the fact
that even basic properties such as reachability are in general undecidable, so termina-
tion can not be guaranteed. In practice, slow convergence and computation costs that
increase explosively with the size of the system are limiting exact approaches to rela-
tively small problems. Over-approximation techniques such as those used in PHAVer
have pushed the envelope, but it remains a challenge to find over-approximations
for which reachability algorithms terminate in acceptable time and are yet accurate
enough to show the safety of the system.

co
nt

ro
len

gin
ee

rs
.ir



9 Verification tools for linear hybrid automata 287

9.2 Modeling systems using linear hybrid automata

Hybrid automata are modeling formalism in which the state consists of a discrete
component, called location, and a set of continuous variables, whose evolution with
time is governed by differential equations (or inclusions) associated with each loca-
tion. The system can jump instantaneously from one location to another according to
a set of transitions, which can also modify the continuous variables (for details, see
Section 3.1).

The class of Linear hybrid automata (LHA) is syntactically defined: the contin-
uous dynamics are given by flow constraints, which are conjunctions of (strict or
nonstrict) linear constraints over the derivative ẋ,

aTẋ ≤ b, a ∈ Z
n, b ∈ Z, (9.1)

(n being the number of continuous variables of the automaton); the discrete dynamics
(jumps) are given by conjunctions of linear (strict or nonstrict) constraints over the
values x before the jump, and the values x′ after,

aTx + a′Tx′ ≤ b, a,a′ ∈ Z
n, b ∈ Z. (9.2)

The set of pairs (x,x′) that satisfy these constraints is called the jump relation μ.
Invariants and initial states are given for each location by conjunctions of linear con-
straints over the variables.

Various nondeterministic types of dynamics can be expressed in the above form,
e.g. differential inclusions such as ẋ ∈ [const1, const2], and conservation laws such
as ẋ1 + ẋ2 = 0. If a transition is defined in terms of a guard condition G and a reset
map R, its jump relation is

μ = {(x,x′) | x ∈ G ∧ x′ = R(x)}. (9.3)

The discrete states of a hybrid automaton can be used to model abrupt changes
such as a collision, but they are also useful in building abstractions. In the following
example, we use discrete states to abstract some complex dynamics, which we know
little about, with very simple LHA dynamics. By using differential inclusions with
conservative bounds (similar to interval analysis), we can assure that the actual, com-
plex behavior is contained in the range of behaviors of our nondeterministic model.

Example 9.1 Model of Lake Mead

The water level of the Lake Mead/Lake Powell system is decreasing every year, and it could
completely dry up with the next two decades [42]. We take a (grossly simplified) look at
the problem and compare a worst-case estimate based on constant rates with an estimate
based on a hybrid model with switching rates. Lake Mead is fed by the Colorado River at
an average rate of rin = 15 million acre feet per year (maf/yr), a figure which is expected to
decrease by up to 30% over a timespan of tdec = 50 years. Water is taken out of the lake at
a rate of 14 maf/yr, plus 1.7 maf/yr due to evaporation and infiltration, resulting in a constant

co
nt

ro
len

gin
ee

rs
.ir



288 G. Frehse

Fig. 9.1 Linear hybrid automata model of the lake level.

loss of rout = 15.7 maf/yr. Let x be the water level. As of June 2007, the reservoir contains
xini = 25.7 maf. For an average-rate estimate we assume a fill rate reduced to 70% and
obtain a net rate of ẋ = 0.7rin − rout = −5.2maf/yr, which means that Lake Mead
could be dry in (0 − xini)/ẋ = 4.94 years. However, the feed from the Colorado River is
varying strongly with the seasons. In the rainy season, April to June, rin,r = 30 maf/yr,
while in the rest of the year, dry season, rin,d = 10maf/yr. This variation in feed causes
a corresponding seasonal variation in Lake Mead’s water level, so Lake Mead might dry up
sooner than the average-rate estimate suggests. Assuming as worst case the constant rate of
the dry season, i.e. ẋ = 0.7rin,d − rout, yields a very conservative estimate of 2.95 years.

To obtain a refined estimate, we use the hybrid automaton model in Fig. 9.1, which
includes the seasonal switch in dynamics. The dry and rainy season are each represented by
a location. In each location the dynamics are given by a differential inclusion, which models
the net rate to be in the interval between today’s rate and the rate with inflow reduced to 70%.

Since the change of season depends on the time of year, we introduce a clock variable c,
i.e. a variable with ċ = 1/yr. Another clock d is used to measure the time that elapses until
x reaches zero. The change from dry to rainy season is modeled by a transition whose guard
c ≥ 9/12 means that the change is possible after 9 months. The system can also remain in
location dry as long as its invariant is satisfied. The invariant being c ≤ 9/12, guard and
invariant overlap only on c = 9/12. Since ċ = 0, c takes this value only at a single instant
in time, and the system transitions immediately from dry to rainy when the clock reaches
this boundary. The values of c and x do not change during the transition, so its reset map
is simply the identity map. The change from rainy back to dry season is modeled with a
similar transition, except that it resets the clock c to zero in order to restart the cycle when
a full year has elapsed. �

9.3 Run semantics and path constraints

We formally define the behavior of a LHA in terms of runs, and show how the exis-
tence of a run can be reduced to satisfiability of a conjunction of linear constraints.
This satisfiability can be checked by linear programming, for which very powerful
standard methods and tools are available.

A run is an alternating series of continuous trajectories and jumps of the automa-
ton, i.e. a (finite or infinite) sequence

(q0,x0)
δ0,ξ0(t)−−−−−→ (q0,x′

0)
α0−→ (q1,x1)

δ1,ξ1(t)
−−−−−→ (q1,x′

1) · · · ,
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9 Verification tools for linear hybrid automata 289

where first state (q0,x0) is an initial state of the automaton, δi is a real value speci-
fying the time spent in location qi, ξi(t) is the trajectory of x for t ∈ [0, δi], and αi is
the label of the transition taken. During the timespan [0, δi], the trajectory ξi(t) with
ξi(0) = xi, ξi(δi) = x′

i must be in the invariant of qi and d
dtξi(t) must satisfy the

flow constraints of qi. For each jump, (x′
i,xi+1) must be in the jump relation μ of a

corresponding transition, and xi+1 must be in the invariant of qi+1. A state (q,x) is
reachable if there exists a run with (qi,xi) = (q,x) for some i.

As we will see in the following, these conditions can be simplified to a set of lin-
ear constraints [399]. While the definition of a run admits trajectories that can be ar-
bitrarily curved within the bounds imposed by the flow constraints and the invariant,
the straight line from xi to x′

i also satisfies these constraints [15]. As a consequence,
the question whether

(q0,x0)
δ0,ξ0−−−→ (q0,x′

0)
α0−→ (q1,x1)

is a run reduces to finding an x′
0 such that (x′

0 − x0)/δ0 ∈ Flow , x′
0 ∈ Inv(q0),

(x′
0,x1) ∈ μ0, and x1 ∈ Inv(q1). Since Inv(q0), Inv(q1), and μ0 are given by

linear constraints, the latter three expressions correspond to checking satisfiability of
a linear program. To achieve the same with the first expression, it is reformulated as
follows.

Recall that Flow (q) is given by a conjunction of linear constraints, which we
may write in matrix form as

Aflow
q ẋ ≤ bflow

q .

Because we need only consider straight lines as trajectories, we may substitute ẋ =
(x′

0 − x0)/δ0. Multiplying the result with δ0 we get

Aflow
q x′

0 −Aflow
q x0 − bflow

q ≤ 0, (9.4)

which is a linear constraint over the variables x0, x′
0, and δ0. The argument can be

extended to runs of arbitrary length, resulting in a conjunction of linear constraints
over the variables xi, x′

i, and δi, with i ranging over the length of the run. These
constraints are called path constraints. For a given sequence of locations and transi-
tions, deciding whether there exists a corresponding run from an initial to a final set
of states can therefore be reduced to checking satisfiability of the corresponding path
constraints.

9.4 Reachability analysis

We describe the basic operators for computing the set of reachable states using poly-
hedra, and present over-approximation techniques that ensure termination and help
reduce the computational complexity.
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9.4.1 Polyhedral computations

A polyhedron P can be described in matrix form as

P = {x | Ax ≤ b},

which is referred to as the constraint representation of the polyhedron. An alternative
form is the generator representation, which describes the polyhedron as the convex
hull of a finite set V ⊆ Rn of vertices and a finite set S ⊆ Rn of rays, i.e.

P =

⎧⎨⎩∑
vi∈V

λivi +
∑

ri∈R
μiri | λi, μi ≥ 0,

∑
i

λi = 1

⎫⎬⎭ . (9.5)

A matrix representation is advantageous for operations such as intersection, while the
generator representation is more suitable for checking emptiness, convex hull, and
time elapse. The conversion from one representation to the other has a complexity
exponential in n.

Recall from Section 3.3 that the set of reachable states Reach(Init) can be com-
puted by recursively adding the successor states of time elapse, SuccC , and of dis-
crete transitions, SuccD. Formally, Reach(Init) is the smallest fixed-point of the
equation

R = R∪ SuccC(R) ∪ SuccD(R), Init ⊆ R.

In the following we write the invariant of a location q as AInv
q x ≤ bInv

q , and the
jump relation for the transition (q, q′) in matrix form as Aq,q′x + A′

q,q′x′ ≤ bq,q′ .
Using the results of Section 9.3, the successor operators are

SuccC(R) = {(q,x′) | ∃(q,x) ∈ R, δ ∈ R
≥0 :

Aflow
q x′ −Aflow

q x− bflow
q δ ≤ 0 ∧AInv

q x′ ≤ bInv
q }, (9.6)

SuccD(R) = {(q′,x′) | ∃(q,x) ∈ R :

(q, q′) ∈ E ,Aq,q′x + A′
q,q′x′ ≤ bq,q′ ∧AInv

q x′ ≤ bInv
q }. (9.7)

Polyhedra are closed with respect to conjunction and existential quantification, so if
R is a set of polyhedra, then so is are its timed and discrete successors. The corre-
sponding geometric operations, intersection and projection, are of exponential com-
plexity with respect to the number of variables in the constraints (2n+1 for SuccD).

The timed successor operator can be implemented more efficiently by using the
generator representation of polyhedra [294]. Let (V ,S) be the generator represen-
tation of R, and (Vflow

q ,Sflow
q ) be the generator representation of Flow (q), then its

timed successors in generator representation are

SuccC(q × (V ,S)) = q × (V ,S ∪ (Vflow
q ,Sflow

q )) ∩ Inv . (9.8)
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(a) (b)

Fig. 9.2 Time elapse using generator representations: (a) derivatives, (b) states.

Example 9.2 Time elapse using generator representation

We compute the time elapse for the states R = q×{x1 = x2 = 0}, with Flow(q) = {1 ≤
ẋ1 ≤ 3 ∧ 1 ≤ ẋ2 ≤ 2} and Inv(q) = {x1 ≤ 3, x2 ≤ 3}. The generator representation of
the flow is

Flow(q) = ({(1, 1), (3, 1), (3, 2), (1, 2)}, {}),
as shown in Fig. 9.2(a). To apply time elapse, the vertices of F in the derivative space are
reinterpreted as rays in the state space, shown as dashed arrows in Fig. 9.2(b). These rays
are added to the generator representation of R = q × ({(0, 0)}, {}) and we obtain

SuccC(R) = q × (({(0, 0}, {(1, 1), (3, 1), (3, 2), (1, 2)}) ∩ {x1 ≤ 3 ∧ x2 ≤ 3}),

which is the shaded region in Fig. 9.2(b). �

Example 9.3 Reachable states of Lake Mead

The above successor operators are implemented in the tools HyTech and PHAVer, as well
as an enhanced version of the reachability algorithm 3.1. Figure 9.3 shows the reachable
states projected onto the variables x and d. To find the earliest time at which the lake is dry,
we intersect the reachable states with the states {dry, rainy} × {x = 0}, and use linear
programming to find the smallest value of d in the set. According to the result, Lake Mead
could be dry in as little as 4.6 years, which is 4 months earlier than the estimate based on
the average feed and 20 months later than the worst-case estimate based on the dry season
feed. �

9.4.2 Over-approximating polyhedra

The successor operators from the previous section can be computed exactly for poly-
hedra with rational or integer coefficients. In principle, this suffices to run a fixed-
point computation that returns the exact set of reachable states if it terminates. In
practice, this computation is often fatally slow. As it turns out, the polyhedra pro-
duced by the successor operators increase in complexity with each iteration. For each
polyhedron, this manifests itself in two ways: (i) the number of constraints keeps
growing, and (ii) the coefficients of each of the constraints get bigger and bigger,
often at an exponential rate. The latter problem would not occur if standard floating
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(a) (b)

Fig. 9.3 Reachable states of the Lake Mead model with constant bounds:
(a) water level x over clock d, (b) clock c over clock d.

point computations were used, but then it is very difficult to guarantee that the result
is an over-approximation, and checking emptiness or containment are very sensitive
to computation errors.

In the following we present two heuristics, one for each of the above problems.
Both take as input a complex polyhedron, and return a simplified polyhedron that is a
guaranteed over-approximation of the input. In experiments, they have been used to
solve problems that are intractable for exact reachability algorithms. Their downside
is that the over-approximation error can be unbounded, and may slow down conver-
gence of the fixpoint computation. It remains a challenge to find the right parameters
for both methods such that the fixpoint compution terminates fast while being accu-
rate enough so that the properties of interest can still be shown.

Limiting the number of constraints The method presented in this section assumes
that redundant constraints have already been eliminated. The basic idea is to reduce
the number of constraints of a polyhedron to some number z by classifying the con-
straints according to an estimate of their importance, and keeping only the z most
important ones. Exact measures of the importance of a constraint, such as comparing
the volume of the polyhedron with and without the constraint, are rather expensive.
A very fast approximative measure is to compare the angle between the constraints.
Consider two constraints, aT

1 ẋ ≤ b1 and aT
2 ẋ ≤ b2. Intuitively speaking, the angle

is a measure of importance because if the two constraints point into nearly the same
direction, removing one of them will not change the volume of the polyhedron much,
depending on their position and the other constraints in the polyhedron. Under this
measure, a constraint is important if it is most opposite, or has the largest angle to,
the other constraints. Recalling that aT

1 a2 = cosφ, where φ is the angle between
the constraints, it suffices to rank the constraints by their respective scalar products
instead of computing the angle itself.

Using this measure of importance, the polyhedron is reconstructed from scratch
as follows. We start with some initial constraint, e.g. the one with the smallest
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Fig. 9.4 Limiting the number of constraints: (a) original, (b) reduced to 5,
(c) reduced to 4.

coefficients. Then we iteratively add the constraint that is most opposite to the ones
already selected. We stop when z constraints have been added.

Example 9.4 Reduction of the constraint set

Consider the polyhedron shown in Fig. 9.4(a). It has six constraints A–F. The angle-based
reconstruction with C as the initial choice adds constraints in the order F, B, A, D, E. Stop-
ping after five constraints yields the polyhedron shown in Fig. 9.4(b). Note that in terms of
volume, a better choice of five constraints would have been C, F, B, D, E. Stopping after
five constraints yields Fig. 9.4(c). The polyhedron is unbounded, which illustrates the fact
that the approximation error of this method is unbounded, too. �

Limiting the size of coefficients The size of integer coefficients is relevant because
the reachability algorithm can only iterate indefinitely without terminating if the co-
efficients grow unbounded. The proof is simple: if the coefficients are bounded in
size, the number of possible combinations of coefficients, and therefore the number
of possible polyhedra, is finite, and will eventually be enumerated by the algorithm
in finite time.

Bounding the coefficients limits the possible directions of the constraints to a
relatively small number, and thus possibly accelerates the computation. Of course,
if a polyhedron has large coefficents, the only valid over-approximation with coef-
ficients smaller than a given limit might be the entire space Rn. The challenge is to
find a limit on the size that is small enough for fast calculations, but large enough so
that the accuracy is sufficient. We illustrate the method intuitively with the following
example.

Example 9.5 Limiting the size of coefficients

Consider the triangular polyhedron shown in Fig. 9.5(a), which has a constraint with 7-bit
coefficients. Rounding the coefficients to 3 bits gives the slightly tilted constraint shown in
Fig. 9.5(b). Linear programming is used to push the constraint towards the outside of the
polyhedron, see Fig. 9.5(c), thus making the approximation conservative. Further rounding
yields the final constraint, and the resulting polyhedron is outlined in Fig. 9.5(d). �
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Fig. 9.5 Limiting the size of coefficients in a constraint.

9.5 Over-approximation of affine dynamics

Hybrid automata with non-LHA dynamics, invariants and initial states can be over-
approximated with a LHA up to arbitrary accuracy by constructing a LHA that is
a phase-portrait approximation [314]. This method exploits the fact that modifying
a hybrid automaton by over-approximating its invariants, jump relations or Flow
only adds more behavior, and so the modified automaton is a conservative overap-
promation of the original. To increase the accuracy, one can partition the state space
(representing each partition by a separate location) and apply the over-approximation
separately in each of the partitions. The smaller the partitions, the more accurately
the modified automaton reflects the behavior of the original.

If the dynamics are of the form ẋ = Ax + b or Mẋ = Ax + b, a general-
ized form of affine dynamics, a tight LHA-over-approximation can be obtained using
quantifier elimination. More generally, we consider Flow to be given as a conjunc-
tion of constraints of the form

aT ẋ + âT x ≤ b, a, â ∈ Zn, b ∈ Z. (9.9)

Applying quantifier elimination over x to a flow of the form (9.9) yields LHA-
style flow constraints. To obtain a more accurate result, one may include a-priori
knowledge about the possible values of x by constraining x to some bounded set S
before the elimination. By definition, the variables must always satisfy the invariant,
so one may choose S = Inv . Similarly, S can be the corresponding partition created
by the phase-portrait approximation, and further refinement of S is possible [250].
The over-approximated flow is

Flowpr(S) = {ẋ | ∃x : ẋ ∈ Flow (x) ∧ x ∈ S} . (9.10)

When Flow is given as a conjunction of constraints of the form (9.9) and S is given
by linear constraints, (9.10) involves only standard operations on polyhedra in the
space of x and ẋ, and is, therefore, straightforward to implement. When Flow pr(S)
is too complex to be useful, a construction based on finding bounds for each con-
straint individually may help [250].
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(a) (b)

Fig. 9.6 Reachable states of a LHA-over-approximation of a Lake Mead model
with affine dynamics: (a) water level x over clock d, (b) feed v over clock d.

Example 9.6 Behaviour of Lake Mead

In the LHA model of Lake Mead, we assumed that the feed of the Colorado river has
a constant lower bound corresponding to a feed rate rin reduced by 30%. The reduction
actually takes place gradually over tdec = 50 years. We refine our estimate by replacing the
constant rate rin with a new state variable v, and letting v decrease linearly over time:

ẋ = v − rout, (9.11)
v̇ = −0.3rin/tdec, (9.12)

with initial values x0 = 25.7 and v0 = 2/3 · 15 since the system is initially in dry sea-
son. A change to rainy season can be modeled by tripling v in a discrete transition, and a
change back to dry season by dividing it by 3, preserving the original ration between wet
and dry season feeds. The resulting hybrid automaton model thus needs only one location.
However, (9.11) is not a LHA-style flow constraint, but affine. It contains both a variable
and a derivative of a state variable, while LHA-style flow constraints can only be over the
derivatives alone.

The affine dynamics of (9.11) can be over-approximated with LHA dynamics by ex-
istential quantification over the state variables. The derivative of the feed, v̇, already has
a constant bound in (9.12). To obtain constant bounds on the derivative of x we partition
the state space along the v-axis into K segments in some interval, say [0, 32]. In the i-th
segment, v is restricted by the constraints 32i/K ≤ v ≤ 32(i + 1)K, which substituted in
(9.11) yields the bounds

32i/K − rout ≤ ẋ ≤ 32(i + 1)K − rout,

Figure 9.6 shows the reachable states for K = 256. Increasing K improves the precision to
an arbitrary degree. �

Bibliographical notes

The fundamentals of linear hybrid automata are presented in [309]. Their algorithmic
analysis is discussed in [15], and its application to nonlinear hybrid systems in [314].
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Tools for modeling, simulation, control, and
verification of piecewise affine systems

A. Bemporad, S. Di Cairano, G. Ferrari-Trecate, M. Kvasnica,
M. Morari, and S. Paoletti

Tools for mixed logical dynamical and piecewise affine systems based on the
model description language HYSDEL are described. They concern various
modeling, identification, analysis, control design, and verification tasks. The
data exchange format explained in this chapter facilitates the combination of
these tools.
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This chapter describes MATLAB/Simulink tools for modeling, identifying, simulat-
ing, analyzing, and controlling discrete-time hybrid systems with piecewise affine
dynamics, described in mixed logical dynamical (MLD) or piecewise affine (PWA)
form. Such tools include:

• modeling and identification tools for describing the hybrid model in a high-level
user-friendly way, or for identifying hybrid models from data;

• simulation tools for open-loop simulation and validation of hybrid models;

• analysis tools for characterization of stability and reachability properties of
hybrid models;

• control design tools for designing hybrid model-predictive controllers, simulat-
ing closed-loop performances, and generating real-time control code.

(Section 10.1) describes the modeling language HYSDEL, which ease the process
of formulating a hybrid model. Sections 10.2 and 10.3 describe two toolboxes for
analysis, simulation, and control of hybrid systems, the Multi-Parametric Toolbox
and the Hybrid Toolbox. (Section 10.4) describes two tools for identification of
hybrid piecewise-affine models from data, the Hybrid Identification Toolbox and
the PieceWise Affine Identification Toolbox. Finally, (Section 10.5) describes an
interchange format for transferring models among all the aforementioned tools.

10.1 HYSDEL

10.1.1 Modeling aim

HYSDEL (HYbrid System DEscription Language) [632] allows modeling a class
of hybrid systems described by interconnections of linear dynamical systems, finite-
state automata , IF-THEN-ELSE rules, and propositional logic statements. It
allows hybrid models to be formulated in a manner appealing to the application engi-
neer. HYSDEL uses simple, natural language statements to model complex relations
between continuous and discrete elements of the model. Based on the textual descrip-
tion provided by the user, a compiler associated with HYSDEL creates an appropriate
mathematical representation of the plant using linear relations involving both contin-
uous and discrete decision variables. The generated mathematical model can either
take the form of mixed logical dynamical (MLD) models, which can be subsequently
converted into an equivalent piecewise affine (PWA) representation [56, 265]. Both
these models can be readily used for plant optimization or verification. HYSDEL
also generates a MATLAB simulator of the described hybrid dynamics.

Unlike general-purpose optimization modeling languages (such as AMPL), HYS-
DEL is specifically tailored for modeling dynamical systems. Therefore, the HYS-
DEL compiler can exploit the specific problem structure to derive higher quality
models, compared to high-level tools. As a consequence, the optimization problems
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formulated using HYSDEL models can be solved more efficiently compared to other
approaches.

HYSDEL is currently available in version 2.0.5. Version HYSDEL 3.0 is under
development as a joint project of the Automatic Control Laboratory at ETH Zürich,
Switzerland, and ABB, Switzerland.

10.1.2 The HYSDEL language

The HYSDEL language allows to model hybrid systems using difference equations,
on/off switches, IF-THEN-ELSE rules, and finite-state automata. The modeling prin-
ciple is based on so-called discrete hybrid automata (DHA) [632], which are the
interconnection of a finite-state machine and a switched linear dynamical system
through a mode selector and an event generator.

The textual representation of the HYSDEL model consists of an INTERFACE
part, where state, input, and output variables of the model are declared, and an IM-
PLEMENTATION part, which describes relations between the declared variables.
The syntax of the model is, therefore, as follows:

SYSTEM name {
/* example of {\sl HYSDEL} file structure */
INTERFACE {

/* declaration of variables */
}
IMPLEMENTATION {

/* relations between declared variables */
}

}

Declared variables are distinguished by their type (state, input, output) and by their
kind (real or binary). In addition, real-valued or symbolic parameters can be also
declared in the INTERFACE part.

The IMPLEMENTATION part is composed of specialized sections describing the
relations among the declared variables. The IMPLEMENTATION part starts with
an optional AUX section which contains the declarations of the internal signals of
the hybrid system, called also auxiliary variables. The declaration follows the gen-
eral syntax of the variable declaration. Linear relations between real-valued variables
can be captured in the LINEAR section, while the CONTINUOUS section serves to
describe linear state-update equations (continuous dynamics). Similarly, logic state-
ments involving purely Boolean variables can be captured in the LOGIC section.
State update equations involving Boolean state variables can be similarly described
in the AUTOMATA section. Moreover, IF-THEN-ELSE rules can be defined in a DA
(discrete-to-analog) section, while the AD (analog-to-discrete) section serves to de-
fine the switching conditions as linear constraints. The OUTPUT section allows one
to specify static linear and logic relations for the output vector of the hybrid model.
Finally, HYSDEL allows one more section: the MUST section. This section specifies
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arbitrary linear and logic constraints on continuous and Boolean states, inputs, and
outputs.

A complete description of the syntax of HYSDEL is available in the manual
accompanying the compiler [633].

The hybrid models automatically generated by HYSDEL can be used for solv-
ing several analysis (stability, observability, safety/reachability) and design (control,
state estimation) tasks. An example of a hybrid system modeled in HYSDEL is pro-
vided in (Section 10.3).

10.1.3 HYSDEL 3.0 enhancements

HYSDEL has been used in hundreds of engineering applications and is a very sta-
ble and reliable tool. However, some improvements on HYSDEL can be done. For
instance, one of the main limitations of the HYSDEL 2.0.5 language is its scalar
orientation, which means that all state, input, and output variables of the model have
to be declared and used separately. This renders the modeling of systems with sev-
eral variables time consuming and error prone. Another limitation of the HYSDEL
2.0.5 language, and one closely related to its scalar orientation, is the lack of support
for FOR-loops. Finally, HYSDEL 2.0.5 does not allow multiple independent models
to be merged together in order to utilize existing models as building blocks when
creating more complex models.

To address the main limitations of HYSDEL 2.0.5 as described in (Section 10.1.2),
HYSDEL 3.0 extends the prior version by the following new features:

1. Variables of the model can be declared as vectors or matrices.
2. Iterations through vectorized signals can be achieved by means of nested FOR-

loops.
3. Models of complex systems can be obtained by defining interconnections

between subsystems.
4. The compiler uses optimization packages to improve quality of the generated

models.

As mentioned earlier, HYSDEL 3.0 also allows the use of (nested) FOR-loops
to iterate through certain elements of a vector variable. To illustrate this feature, we
again consider a state vector with three elements, where the task is to model the
following relation: x(k + 1) = Ax(k) where the index k takes integer values from
the interval 1, . . . , N . In HYSDEL 3.0 this can be easily achieved as follows:

SYSTEM model {
INTERFACE {
STATE { REAL x(3, N); }
PARAMETER { REAL A, N; }
}

IMPLEMENTATION {
AUX { INDEX k; }
LINEAR {
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FOR (k = 1:N-1) {
x(k+1) = A*x(k);

}
}

}
}

Important to notice is that even the dimensions of the declared variables can be de-
fined by means of symbolic parameters, the value of which is only known at the time
the model is compiled into a corresponding mathematical representation.

HYSDEL 3.0 also allows one to split the textual description of the plant model
into several independent files, which can be subsequently interconnected on a higher
level.

Example 10.1 HYSDEL model of a tank system

The task is to model the dynamical behavior of a system which consists of two liquid tanks,
where the liquid flowing out of tank no. 1 enters directly into tank no. 2. This task can be
easily solved if the behavior of a single tank is captured by a standalone HYSDEL file,
say single_tank.hys. The user then creates a so-called “master” file, where she first
creates two instances of the single_tank object (T1 and T2), and then, in the second
step, connects respective input and output variables according to the configuration of the
tanks:

SYSTEM two_tanks {
INTERFACE {
MODULE { single_tank T1, T2; }
INPUT { REAL u; }
OUTPUT { REAL y; }
}

IMPLEMENTATION {
LINEAR {

T1.inflow = u;
T2.inflow = T1.outflow;

}
OUTPUT {

y = T2.outflow;
}

}
}

�

In HYSDEL 2.0.5 the compiler, which parses the input source file to generate the
MLD mathematical model, is written in C++. The HYSDEL 3.0 compiler has been
rewritten in MATLAB, which ease maintenance and extensions, and the access to
external optimization packages needed to improve the quality of the generated math-
ematical models. In particular, the HYSDEL 3.0 compiler is based on the YALMIP
[412] optimization toolbox, which takes care of the generation of the MLD model.
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During the MLD generation procedure, YALMIP automatically optimizes parame-
ters of the mathematical equivalents of individual HYSDEL language statements.

Example 10.2 Representation of logic statements by inequalities

To illustrate the idea, consider a propositional logic statement of the following form:

[f(x) ≤ 0] ↔ [δ = 1]. (10.1)

When f : Rn �→ R is a linear function in the real variable x, it is well known [62] that the
statement (10.1) can be captured by the following two linear inequalities in the continuous
variable x and in the binary variable δ:

f(x) ≤ M(1 − δ), (10.2)

f(x) ≥ ε + (m − ε)δ. (10.3)

where ε ≥ 0 is an arbitrarily small number (e.g. the machine precision), and M and m
denote, respectively, the maximal and minimal values the function f(x) can take on a certain
domain x ∈ X . �

In HYSDEL 2.0.5, the M and m bounds are calculated by assuming known
min/max boundaries of the variable x. However, if the domain X which limits the
admissible values of x is a generic polyhedron, tighter M and m can be calculated
through linear programming, which improves the quality of the mixed-integer pro-
gramming models generated for control and verification purposes [373].

10.2 Multi-Parametric Toolbox

10.2.1 Functionality of the toolbox

Optimal control of constrained linear and hybrid systems has garnered great inter-
est in the research community due to the ease with which complex problems can
be stated and solved. The aim of the Multi-Parametric Toolbox (MPT) is to pro-
vide efficient computational means to obtain feedback controllers for these types of
constrained optimal control problems in a MATLAB programming environment. By
multi-parametric programming a linear or quadratic optimization problem is solved
off-line. The associated solution takes the form of a piecewise affine state feedback
law. In particular, the state space is partitioned into polyhedral sets and for each of
those sets the optimal control law is given as an affine function of the state. In the
on-line implementation of such controllers, computation of the controller action re-
duces to a simple set-membership test, which is one of the reasons why this method
has attracted so much interest in the research community.

As shown in [67] for quadratic objectives, a feedback controller may be ob-
tained for constrained linear systems by applying multi-parametric programming
techniques. The linear objective was tackled in [64] by the same means. The multi-
parametric algorithms for constrained finite time-optimal control (CFTOC) of linear
systems contained in the MPT are based on [39] and are similar to [631].
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It is current practice to approximate the constrained infinite time optimal control
(CITOC) by receding-horizon control (RHC) – a strategy where the CFTOC prob-
lem is solved at each time step, and then only the initial value of the optimal input
sequence is applied to the plant. The main problem of RHC is that it does not, in gen-
eral, guarantee stability or constraint satisfaction. In order to obtain these properties,
certain conditions have to be added to the original problem [448]. The extensions to
guarantee these properties are a part of the MPT. It is furthermore possible to impose
a minimax optimization objective which allows for the computation of robust con-
trollers for linear systems subject to polytopic and additive uncertainties [68, 356].
As an alternative to computing suboptimal stabilizing controllers, the procedures to
compute the infinite time optimal solution for constrained linear systems [277] are
also provided.

Even though the multi-parametric approaches rely on off-line computation of
a feedback law, the computation can quickly become prohibitive for larger prob-
lems. This is not only due to the high complexity of the multi-parametric pro-
grams involved, but mainly because of the exponential number of transitions be-
tween regions which can occur when a controller is computed in a dynamic pro-
gramming fashion [104, 357]. The MPT, therefore, also includes schemes to obtain
sub-optimal controllers of low complexity for linear and PWA systems as presented
in [276, 278, 279, 281].

In addition to control tools, the toolbox provides extensive functionality for poly-
tope manipulation: convex hulls, convex unions and envelopes, Minkowski sums,
and Pontryagin differences, as well as many other operations, can be performed ef-
ficiently by MPT. Most of the functionality supports both single polytopes as well
as non-convex unions thereof. Other commercial software, such as the Geometric
Bounding Toolbox (GBT) [647], provides similar functionality on the level of poly-
tope manipulation. MPT, however, explicitly takes advantage of object-oriented pro-
gramming to provide a transparent and easy to use interface.

MPT can be viewed as a unifying repository of hybrid systems design tools from
international experts utilizing state-of-the-art optimization packages. The included
software packages concern linear programming (CDD, GLPK), quadratic program-
ming (CLP), mixed-integer linear programming (GLPK), and semi-definite program-
ming (SeDuMi). In addition, MPT ships with a dedicated solver for computing pro-
jections of convex polytopes, a Boolean optimization package ESPRESSO, as well
as with the HYSDEL modeling language [632].

The main factor which distinguishes this toolbox from other alternatives is the
emphasis on efficient formulation of the problems which are being solved. This
means that the toolbox provides implementation of novel control design and anal-
ysis algorithms, but also offers the user an easy way to use them without the need
to be an expert in the respective fields. MPT aims at providing tools which can be
used in the whole chain of the process of successful control design. It allows users
not only to design optimization-based controllers, but also to formally verify that
they behave as desired, investigate the behavior of the closed-loop system, and to
post-process the resulting feedback laws in order to simplify them without loosing
prescribed design properties.
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In the following sections we describe the main building blocks which MPT offers
for the modeling, control, analysis, simulations, and deployment of optimization-
based control strategies.

10.2.2 Modeling of linear and hybrid systems

MPT can design control laws for discrete-time constrained linear, switched linear
and hybrid systems. Hybrid systems can be described in piecewise-affine or mixed
logical dynamical representations and an efficient algorithm is provided to switch
from one representation to the other form and vice-versa. To increase user’s comfort,
models of dynamical systems can be imported from various sources:

• models of hybrid systems generated by the HYSDEL [632] and language;
• state-space and transfer function objects of the Control System Toolbox;
• system Identification Toolbox objects;
• MPC toolbox objects.

Models of dynamical systems can be imported into MPT using the following
function call:

model=mpt_sys(object, Ts)

where object can be either a string (in which case the model is imported from
a corresponding HYSDEL source file), or it can be a variable of one of the above
mentioned object types. The second input parameter Ts denotes sampling time and
can be omitted, in which case Ts = 1 is assumed.

In addition, MPT allows to define different types of constraints which the user
wishes to impose on certain model variables. These include, but are not limited to

• Min/Max or polytopic constraints on system outputs;
• Min/Max or polytopic constraints on system states;
• Min/Max or polytopic constraints on manipulated variables;
• Min/Max or polytopic constraints on slew rate of manipulated variables.

The obtained models can then be used either for control design or, alternatively, for
analysis and simulation.

10.2.3 Control of constrained systems

Once the model of the controlled system is available, MPT can be used to synthesize
optimal and sub-optimal control laws either in implicit form, where an optimization
problem of finite size is solved on-line at every time step and is used in a receding
horizon control (RHC) manner or, alternatively, solve the optimal control problem in
a multi-parametric fashion. If the latter approach is used, an explicit representation
of the control law is obtained.

Solutions to the following problems can be obtained depending on the properties
of the system model and the optimization problem:
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• constrained finite time-optimal control (CFTOC) problem;
• constrained infinite time-optimal control problem (CITOC);
• constrained minimum time-optimal control (CMTOC) problem;
• low complexity setup.

The problem that will be solved depends on the parameters of the system model
and the problem setup. Specifically, different algorithms are used for different types
of models (linear or hybrid), prediction horizon (finite or infinite), and the level of
optimality which is desired (optimal solution or suboptimal solutions with reduced
complexity).

In addition, users can freely modify the underlying optimization problem. This
can be done either by adding custom constraints (such as constraints involving logic
decisions, norms, move blocking, collision avoidance constraints, etc.), or by modi-
fying the objective function.

Once a particular form of the optimization problem to solve has been chosen
by the user, the optimal control problem can be solved by calling a single function
mpt_control. If the problem should be solved in a parametric fashion, the user
calls the function as follows:

controller = mpt_control(model, problem)

On-line MPC controllers can be generated by calling

controller = mpt_control(model, problem, ’online’)

Here, the variable model describes the model of the controlled system and the vari-
able problem represents the parameters of the optimization problem. Once the
problem is solved, the resulting solution is returned in the variable controller.
The returned control law can be subsequently used either for analysis or for simula-
tion purposes.

10.2.4 Analysis of hybrid systems

The MPT toolbox offers broad functionality for analysis of hybrid systems and verifi-
cation of safety and liveliness properties of explicit control laws. In addition, stability
of closed-loop systems can be verified using different types of Lyapunov functions.

In particular, MPT can compute forward N -steps reachable sets for linear and
hybrid systems assuming the system input either belongs to some bounded set of
inputs, or when the input is driven by some given explicit control law. These sets are
calculated using exact polytopic operations.

Reachability computation can be directly extended to answer the following ques-
tion:

Do the states of a dynamical system (whose inputs either belong to some set
of admissible inputs, or whose inputs are driven by an explicit control law)
enter some set of “unsafe” states in a given number of steps?
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MPT gives an answer to this question by either calculating a subset of the admissible
state space, which enter the set of unsafe states in, at most, N steps, or provides a
certificate that no such states exist.

In terms of stability analysis, MPT offers functions which aim at identifying
quadratic, sum-of-squares, piecewise quadratic, piecewise affine or piecewise poly-
nomial Lyapunov functions. If such a function is found, it can be used to show sta-
bility of the closed-loop systems even in cases where no such guarantee can be given
a-priori based on the design procedure.

MPT also addresses the issue of complexity reduction of the resulting explicit
control laws. Although the effort of evaluating look-up table styled solution on-line
is usually small, it can become prohibitive for complex controllers with several thou-
sands or even more regions. Therefore, MPT allows to reduce this complexity by
simplifying the controller partitions over which the control law is defined. This sim-
plification is performed by merging regions which contain the same expression of
the control law. By doing so, the number of regions may be greatly reduced, while
maintaining the same performance as the original controller [263].

10.2.5 Simulations and code generation

MPT provides simple, yet powerful, capabilities to simulate optimization-based con-
trollers, regardless whether in implicit or in an explicit form. The simulation can
either be carried out directly in MATLAB, or the Simulink modeling tool can be
used in connection with Multi-Parametric Toolbox. If the latter approach is used, the
MPT Simulink library provides several building blocks, which allow control laws
and models of dynamical systems to be used in Simulink.

In particular, the MPT Controller block supplies the control action as a function
of the measured state. If the controller is an explicit one, it is possible to directly
compile a Simulink model which includes one or more of the MPT Controller blocks
using the Real Time Workshop.

The Dynamical System block serves for simulations of constrained linear and
hybrid systems described by the system model. The user must specify initial values
of the state vector in a dialog box.

Finally, the In polytope block returns true if a input point lies inside of a given
polytope, false otherwise. If the polytope variable denotes a polytope array, the out-
put of this block will be the index of a region which contains a given point. If no
such region exists, 0 (zero) will be returned.

10.2.6 Summary

Over the past 3 years, MPT has attracted the attention of important industrial
and government entities, such as ABB, DaimlerChrysler, Ford, Honeywell, and
NASA. Successful applications include control of DC-DC converters, driver assis-
tance systems, control of electronic throttles, or identification of wing movements in
experimental aircrafts. More than 20 universities world-wide use our toolbox either
in their research, or directly utilize MPT’s building blocks to create their own
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tools. The popularity of the Multi-Parametric Toolbox is demonstrated by more
than 12,000 downloads over the last 3.5 years. The toolbox can be obtained from
http://control.ee.ethz.ch/~mpt/.

10.3 Hybrid Toolbox

The Hybrid Toolbox [57] is a MATLAB/Simulink toolbox for modeling, simulat-
ing, and verifying hybrid dynamical systems, for designing and simulating model-
predictive controllers for hybrid systems subject to constraints, and for generating
linear and hybrid MPC control laws in piecewise affine form that can be directly
embedded as C-code in real-time applications.

The toolbox was developed at the Department of Information Engineering of
the University of Siena and can be freely downloaded for non-commercial use from
http://www.dii.unisi.it/hybrid/toolbox.

10.3.1 Toolbox features

The toolbox offers the following features:

Hybrid model design, simulation, and reachability analysis Hybrid models can
be conveniently described in HYSDEL. HYSDEL models are converted to MLD
models that are handled as MATLAB objects. MLD objects can be automatically
converted into PWA objects, using an implementation of the conversion algorithm
described in [56]. MLD and PWA objects can be simulated in open loop for valida-
tion purposes through command-line functions or MATLAB scripts, or in Simulink.
Safety properties can be verified through reachability analysis based on mixed-
integer programming.

Control design Model-predictive controllers (MPC) based on on-line mixed-
integer linear or quadratic programming (MILP/MIQP) can be designed for hy-
brid systems converted to MLD form. MPC performance functions based on both
quadratic and infinity norms are supported.

Explicit control design The toolbox provides a multi-parametric quadratic pro-
gramming (mpQP) solver based on the algorithm described in [631], a multi-
parametric linear programming (mpLP) solver based on a similar implementation,
and a multi-parametric hybrid optimal control solver based on the method described
in [10]. Several functions for manipulation and visualization of polyhedral objects
and polyhedral partitions are provided by the toolbox.

MPC controllers designed for hybrid systems and for constrained linear systems
can be converted to their equivalent explicit piecewise affine form via off-line op-
timization (multiparametric programming). Linear MPC controllers designed with
the Model-Predictive Control Toolbox for MATLAB [69] can be also converted into
piecewise affine form via multiparametric quadratic programming.
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C-code generation Explicit controllers can be easily exported as C-code for direct
implementation and rapid prototyping, by either simply running Real Time Work-
shop or by embedding the generated C code in the application.

Simulink library The toolbox provides Simulink blocks for controllers based
on on-line optimization (MILP/MIQP or QP), explicit piecewise linear controllers
(for hybrid or linear systems), and for simulation and validation of MLD and PWA
models.

Solver support The Hybrid Toolbox supports several solvers for linear, quadratic,
and mixed-integer optimization. The list of supported solvers includes the GNU Lin-
ear Programming Kit for LP/MILP [434] through the GLPKMEX MATLAB inter-
face, the QP solver of the MPC Toolbox, the LP/QP/MILP/MIQP solvers of Cplex
[334] through the CPLEXMEX interface, the LP/QP/MILP/MIQP solvers of Xpress-
MP [198] through the MEXPRESS interface, the LP/QP solvers of the NAG Foun-
dation Toolbox, the LP/QP solvers of the Optimization Toolbox, and the free MIQP
solver MIQP.M [61]. The source code of the MEX interfaces can be downloaded
from http://www.dii.unisi.it/hybrid/tools.

Demos Several demos are provided to highlight different functionalities of the tool-
box. In the following section we briefly describe the features of the toolbox through
simple illustrating examples.

Example 10.3 Temperature control

Consider the problem of regulating the temperatures T1 and T2 of two bodies in a room (see
demo heatcool.m in the demos/hybrid/ directory of the Hybrid Toolbox). The room
is equipped with a heater and an air conditioning system, which are automatically activated
according to the following rules:
• body #1 turns the heater on whenever its temperature T1 is below a certain threshold

Tcold,1, and similarly turns the air conditioning system on when T1 is above a certain
threshold Thot,1;

• body #2 turns the heater on whenever its temperature T2 is below a certain threshold
Tcold,2, unless body #1 is hot (T1 ≥ Thot,1); similarly, body #2 turns the air condition-
ing system on whenever T2 is above a certain threshold Thot,2, unless body #1 is cold
(T1 ≤ Tcold,1);

• otherwise, both the heater and the air conditioning system are off.
The dynamics can be interpreted as a double thermostat, with thermostat #2 having lower
priority than thermostat #1.

By letting uhot be the amount of heat produced by the heater, and ucold the amount of
heat subtracted by the air conditioner, the dynamics of T1, T2 is

Ṫ1 = −α1(T1 − Tamb) + k1(uhot − ucold), (10.4)

Ṫ2 = −α2(T2 − Tamb) + k2(uhot − ucold), (10.5)

where the ambient temperature Tamb is treated as a continuous input to the system (assume
for instance that the ambient temperature of the room can be changed by opening a window),
and k1 = 0.8, k2 = 0.4, α1 = 1, α2 = 0.5, Uc = Uh = 2, Tcold,1 = 15, Thot,1 = 30,
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/* Heat and cool example - (C) 2003 by A. Bemporad */
SYSTEM heatcool {
INTERFACE {

STATE { REAL T1 [-10,50];
REAL T2 [-10,50];

}
INPUT { REAL Tamb [-50,50];

}
OUTPUT {REAL y1;

REAL y2;}
PARAMETER {

REAL Ts, alpha1, alpha2, k1, k2;
REAL Thot1, Tcold1, Thot2, Tcold2, Uc, Uh;

}
}
IMPLEMENTATION {

AUX { REAL uhot, ucold;
BOOL hot1, hot2, cold1, cold2;

}
AD { hot1 = T1>=Thot1;

hot2 = T2>=Thot2;
cold1 = T1<=Tcold1;
cold2 = T2<=Tcold2;

}
DA { uhot = {IF cold1 | (cold2 & ~hot1) ...

THEN Uh ELSE 0};
ucold = {IF hot1 | (hot2 & ~cold1) ...
THEN Uc ELSE 0};

}
CONTINUOUS { T1 = T1+Ts*(-alpha1*(T1-Tamb)+...

k1*(uhot-ucold));
T2 = T2+Ts*(-alpha2*(T2-Tamb)+...

k2*(uhot-ucold));
}
OUTPUT {y1=T1;

y2=T2;
}

}
}

Fig. 10.1 HYSDEL 2.0.5 model for the hybrid thermal system
(heatcoolmodel.hys).

Tcold,2 = 10, Thot,2 = 35 (no physical units are provided here as the model is a toy
example with little physical significance).

To obtain a HYSDEL model of the system, we sample the continuous dynamics with
sampling time Ts = 0.5, by replacing Ṫ with T (k+1)−T (k)

Ts
in (10.5) (Euler approximation).

The overall hybrid dynamics is described by the HYSDEL model heatcoolmodel.hys
reported in Figure 10.1.
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Fig. 10.2 PWA equivalent of thermal system. Note that the partition does not
depend on the input variable Tamb.

The corresponding MLD model is simply obtained through the MATLAB command

>> S=mld(’heatcoolmodel’,Ts);

which returns the MLD object S containing all MLD matrices, dimensions of system vari-
ables, etc. In this case the system has 2 continuous states, 1 continuous input, 2 continuous
auxiliary variables, 6 binary auxiliary variables, and consists of 20 mixed-integer linear
inequalities.

The PWA equivalent P of S is obtained as follows:

>> P=pwa(S);

and consists of five regions in the three-dimensional space (T1, T2, Tamb), as depicted in
Fig. 10.2

The MLD system S or its equivalent PWA system P can be now simulated in open loop
for inspecting the dynamical behavior of the hybrid system and for validation purposes. For
example, given the initial condition T1(0) = 30, T2(0) = 20 and input signal Tamb(t) =
20 + 10 cos(t/10), t ∈ R, the command

>> [X,T,D,Z,Y]=sim(S,[30;20],Tamb);

generates the trajectories of state, auxiliary, and output vectors of the MLD system, and
similarly

>> [X,T,I,Y]=sim(P,[30;20],Tamb);

generates state, mode, and output trajectories of the PWA system. Clearly, the state and
output trajectories generated by the MLD and PWA system coincide. �

10.3.2 Verification of safety properties

Simulation tools allow probing a model for a certain initial condition and input ex-
citation. Reachability analysis aims at detecting whether a hybrid model will even-
tually reach unsafe state configurations for all possible initial conditions and input
excitations within a prescribed set.
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For MLD systems the problem is to test whether a certain terminal unsafe set
Xf = {x : Sxx ≤ Tx} can be reached after exactly N steps, starting from a set of
initial states X0 = {x : S0x ≤ T0} for some input sequence u(0), . . . , u(N−1) with
umin ≤ u(k) ≤ umax, ∀k = 0, . . . , N − 1. Such a sequence exists if the following
set of mixed-integer linear inequalities is feasible:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

S0x(0) ≤ T0,
x(k + 1) = Ax(k) + B1u(k) + B2δ(k) + B3z(k), k = 0, 1, . . . , N − 1,
E2δ(k) +E3z(k) ≤ E1u(k) + E4x(k) + E5, k = 0, 1, . . . , N − 1,
umin ≤ u(k) ≤ umax, k = 0, 1, . . . , N − 1,
Sxx(N) ≤ T x,

(10.6)

with respect to the unknowns u(0), δ(0), z(0), . . . , u(N − 1), δ(N − 1), z(N − 1),
x(0). Complex conditions can be posed in the reachability analysis by adding con-
straints (such as linear constraints, logical constraints, and combinations of both) in
the MUST section of the HYSDEL file that defines the MLD model.

Example 10.4 Temperature control problem

Consider again the thermal example. We want to test if the set of states Xf = {(T1, T2) :
10 ≤ T1, T2 ≤ 15} can be reached after N = 10 steps from an initial state x(0) in the
set X0 = {(T1, T2) : 35 ≤ T1, T2 ≤ 40} with a bounded input 10 ≤ Tamb ≤ 30} The
reachability analysis question is answered through the following code:

>> Xf.A=[eye(2);-eye(2)];
>> Xf.b=[15;15;-10;-10];
>> X0.A=[eye(S.nx);-eye(S.nx)];
>> X0.b=[40;40;-35;-35];
>> umin=10;
>> umax=30;
>> [flag,x0,U,xf,X,T]=reach(S,N,Xf,X0,umin,umax);

�

The answer is flag=1, which means that the set of states Xf is reachable from
X0 under the above dynamics and input bounds. The code also returns an example of
initial state x(0) = x0, sequence of inputs [u(0) u(1) . . . u(N − 1)] = U , and the
corresponding final state x(N) = xf and state sequence [x(0) x(1) . . . x(N−1)] =
X , satisfying the reachability analysis problem. With the lower bound Tamb ≥ 20,
the MILP problem (10.6) is infeasible, meaning that no input exists driving x0 to
Xf .

A more extended “safety” question is whether the state can never reach Xf at
any time k, 1 ≤ k ≤ N , can be also tested. Instead of solving this extended problem
by solving the MILP (10.6) for all horizons between 1 and N , the Hybrid Toolbox
provides the answer with one MILP, by introducing an auxiliary binary variable as
described in [57]. The corresponding command is

>> [flag,x0,U]=reach(S,[1 N],Xf,X0,umin,umax);
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10.3.3 Hybrid model-predictive control design

The design of a model-predictive controller for a hybrid system is demonstrated by
the following example.

Example 10.5 MPC design

Consider the problem to command Tamb so that T2 tracks a given reference trajectory r(t) =
15 sin( 2

5
t) under the constraint T1(t) ≥ 25, ∀t ≥ 0. To this end we design the hybrid MPC

controller based on the optimization problem

min
{u,δ,z}N−1

0

N−1∑
k=1

|Qx(T2(t + k|t) − r(t))|, (10.7)

s. t. x(t + k|t) ≥ 25, k = 1, . . . , N. (10.8)

Using the Hybrid Toolbox the problem is formulated as

>> refs.x=2; % only state x(2) is weighted
>> Q.x=1; % weight on state x(2)
>> Q.rho=Inf; % hard constraints
>> Q.norm=Inf; % infinity norm
>> N=2; % prediction horizon
>> limits.xmin=[25;-Inf];
>> C=hybcon(S,Q,N,limits,refs);

where C is now an MPC controller object of type @hybcon. A closed-loop simulation over
a time interval of Tstop = 100 time units from the initial condition T1(0) = 30, T2(0) = 30
is obtained through the commands

>> r.x=30+15*sin(2/5*(0:Ts:Tstop-Ts)’/5);
>> [X,U,D,Z,T,Y]=sim(C,S,r,[30;20],Tstop);

producing the closed-loop trajectories reported in Fig. 10.3 The closed-loop control system
can also be simulated in Simulink using the “Hybrid Controller” block reported.

In case we want to use the quadratic penalty (T2(t+k|t)− r(t))2 and the MIQP solver
of CPLEX, it is enough to set

>> Q.norm=2; % use quadratic costs
>> C=hybcon(S,Q,N,limits,refs);
>> C.mipsolver=’cplex’;

�

10.3.4 Explicit hybrid model-predictive control

The hybrid MPC controller C can be converted to its equivalent explicit PWA form
through the following command:

>> E=expcon(C,range,options);
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Fig. 10.3 Closed-loop hybrid MPC simulation.

where range is a structure defining the bounds of interest for measured states and
references, and options is a structure defining parameters for the multiparamet-
ric solvers. The output is an explicit @excpon controller object consisting of 12
affine gains, defined over the polyhedral partition depicted in Fig. 10.4. The closed-
loop system containing the explicit controller can be either simulated in MATLAB
through command sim or in Simulink using the “Explicit Hybrid Controller” block.
In the latter case Real-Time Workshop can be employed to rapidly prototype the
controller.

The Hybrid Toolbox handles constrained linear MPC designs @lincon and
their explicit counterparts @expcon in a similar fashion.

10.3.5 Applications

Since its first release at the end of 2004 the toolbox has been requested from the
author by approximately 2000 users to date, and employed in several industrial
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Fig. 10.4 Equivalent explicit MPC controller.

applications in numerous different domains. The modeling and control tools pro-
vided by the Hybrid Toolbox are mainly useful for the following areas [58]:1

• MPC of complex dynamical plants that cannot be handled by linear models due
to logical states, switching dynamics, nonlinearities, and to the enforcement of
logical rules and other constraints. A hybrid MPC controller can be designed
through the toolbox and embedded in existing Simulink diagrams for realistic
simulation based on mixed-integer programming solutions. Real-time implemen-
tation was successfully carried out through both the xPC-Target and OPC Tool-
box for MATLAB (sampling time in the second to hour range). Typical applica-
tions include on-line rescheduling of production plants and supervisory control
of industrial processes.

• MPC of small-size fast dynamical processes without on-line optimization. Thanks
to the capabilities of the toolbox to convert linear or hybrid MPC laws into
a lookup-table of linear gains and automatically generate the corresponding C
code, MPC can be smoothly embedded in any real-time application (sampling
frequency up to 100 kHz, depending on the control platform). Typical appli-

1 The Ford Motor Company is acknowledged for continuous support for the development of
the Hybrid Toolbox, and in particular D. H. Hrovat, I. V. Kolmanovsky, and H. E. Tseng.
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cations are in the automotive industry, as testified by numerous successful test
cases, as described in Chapter 15.

10.4 Tools for identification

10.4.1 Hybrid Identification Toolbox

The use of real data for inferring models and parameters characterizing hybrid dy-
namics calls for software for hybrid identification. This was the main motivation un-
derlying the development of HIT [231], a public available, GNU-licensed MATLAB
toolbox for hybrid identification. The choice of developing the Hybrid Identification
Toolbox (HIT) within the MATLAB environment has been dictated by two factors.
The first one is that MATLAB is a powerful language for scientific computing and
provides many built-in functions for matrix manipulation, statistical computations,
and plotting. The second one is the availability of the MPT toolbox [375], a free
MATLAB toolbox that provides routines for polyhedral computations and easy-to-
use interfaces for accessing various Linear Programming (LP) and quadratic pro-
gramming solvers. All these tools play a prominent role in hybrid identification
software and hence HIT has been linked with some of the functionalities of MPT.
Currently, HIT is shipped as part of the most recent versions of MPT.

HIT has been designed for the reconstruction of PWA maps and PWARX mod-
els that, as described in (Section 4.2), provide input/output descriptions of PWA
systems. Moreover, HIT implements the clustering-based procedures described in
the papers [232, 233, 236]. At a more conceptual level, HIT performs the follow-
ing basic tasks underlying the reconstruction of PWA maps composed by s affine
submodels:

• the classification of the data points that is the attribution of each data point to a
submodel;

• the reconstruction of the polytopic regions on which submodels are defined;
• the estimation of the parameter vectors for all submodels;
• an optional refinement of the results.

In addition, HIT provides facilities for plotting and validating the identified model.
In clustering-based procedures, classification is performed through a clustering

algorithm. To this purpose, HIT provides two methods: one based on K-means [236]
and one based on single-linkage clustering [232]. K-means is the most powerful
method but requires the user to specify the number s of submodels composing the
system. When s is not known, HIT offers the possibility to identify a number of mod-
els for different values of s and select the best one using cross-validation. Single-
linkage clustering estimates automatically the number of modes on the basis of a
parameter related to the minimal distance of parameter vectors characterizing differ-
ent submodels. However, when this piece of information is not available a priori this
method can not be applied.
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Estimating the polyhedral regions amounts to find region boundaries that are
given by hyperplanes. As discussed in (Section 4.2) this can be done using linear
or piecewise linear classifiers. Methods based on linear classifiers are computation-
ally less demanding, but also less accurate, than methods based on piecewise linear
classifiers. In particular, linear classifiers produce regions that are not guaranteed to
cover the whole regression set and HIT provides a routine for checking whether this
happens or not. More in details, HIT offers the following three methods for region
estimation, each one achieving a different balance between accuracy and computa-
tional complexity:

• Multicategory Robust Linear Programming (MRLP) [75] MRLP is based on
piecewise linear classifiers and is the most precise algorithm. However, MRLP
requires to solve a single linear program whith a number of variables that scales
linearly with the number of data points. Hence, for large data sets the procedure
becomes computationally demanding.

• Support Vector Machines (SVM) [642] SVMs are linear classifiers that estimate
a single boundary between two regions at each time. In HIT, each SVM problem
requires the solution to an LP with a number of unknown that scales linearly with
the number of data attributed to the two considered submodels. Hence, compared
with MRLP, multiple LPs of smaller size are solved in order to estimate the re-
gions. This makes possible to estimate regions even when the total number of
data is too large for using MRLP.

• Proximal SVM (PSVM) [258] Differently from SVM, PSVMs are linear classi-
fiers that do not require to solve an optimization problem. On the one hand, the
computational burden of PSVM is much less than the one of SVM and hence
PSVMs can be run even on very large data sets. On the other hand, one must
bear in mind that the results of PSVM might be less accurate than those of SVM.

As explained in [233], once the identified model is available, it is possible to
conduct an a posteriori analysis of the classified data points in order to improve the
identification results. HIT offers the possibility of performing this step automatically,
at the price of runnning the whole identification procedure one more time.

Finally, when the underlying model is nonlinear and smooth one can use HIT for
getting a data-based piecewise linear approximation of the system. In this case, it
might be desirable to obtain a continuous PWA map. To this aim, HIT offers the op-
tion of enforcing continuity constraints among submodels on the region boundaries
during the estimation of parameter vectors.

10.4.2 Piecewise Affine System Identification Toolbox

The Piecewise Affine System Identification Toolbox (PWAID) is a MATLAB toolbox
for identification of piecewise affine models that has been developed at the University
of Linköping, Sweden and the University of Siena, Italy in the framework of the
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Network of Excellence HYCON. The toolbox is free software, and is distributed
at http://www.dii.unisi.it/∼paoletti/PWAID under the terms of the
GNU General Public License (version 2 or later) as published by the Free Software
Foundation.

PWARX model structure PWAID provides functions for fitting to input/output
data a piecewise affine ARX model (PWARX) of the following form:

y(t) = f(φ(t)) + e(t),

f(φ(t)) = θT
i

[
φ(t)
1

]
if Hi

[
φ(t)
1

]
�[i] 0, i = 1, . . . , ns,

(10.9)

where y = (y1, . . . , yny) ∈ R
ny is the system output, u = (u1, . . . , unu) ∈ R

nu is
the system input, e ∈ Rny is the error term, and φ ∈ R

nr is the regression vector
composed by past outputs and inputs as follows:

φ(t) = [ y1(t − 1) . . . y1(t − na(1))

y2(t − 1) . . . y2(t − na(2))

...

yny (t − 1) . . . yny (t − na(ny))

u1(t − nk(1)) . . . u1(t − nk(1) − nb(1) + 1)

u2(t − nk(2)) . . . u2(t − nk(2) − nb(2) + 1)

...

unu(t − nk(nu)) . . . unu(t − nk(nu) − nb(nu) + 1) ]T.

(10.10)

In (10.10), na(j) is the number of yj lags in φ(t), nb(j) is the number of uj lags
in φ(t), and nk(j) is the delay for the first uj term in φ(t). It turns out that nr =∑ny

j=1 na(j) +
∑nu

j=1 nb(j). Moreover, in (10.9), ns is the number of submodels
(or modes), θi ∈ R(nr+1)×ny is the matrix of parameters of the i-th submodel, and
Hi ∈ R

μi×(nr+1) is the matrix of coefficients of the μi linear inequalities defining
the i-th polyhedral region Xi. Note that �[i] denotes a μi-dimensional vector whose
elements can be the symbols ≤ and < in order to avoid that the regions Xi overlap
over common boundaries.

Hinging-hyperplane ARX models (HHARX) form a subclass of (10.9) for which
the piecewise affine map f is continuous. Considering the j-th output, we have:

yj(t) = fj(φ(t)) + ej(t)

fj(φ(t)) = ϑT
j,0

[
φ(t)
1

]
+

M∑
i=1

σj,i max{ϑT
j,i

[
φ(t)
1

]
, 0},

(10.11)

where ϑj,0, . . . , ϑj,M ∈ R
nr+1 are parameter vectors, and σj,i ∈ {−1, 1} are fixed a

priori to allow for both convex and nonconvex functions. The number of submodels
ns of (10.11) is bounded by the quantity

∑nr

j=0

(
M
j

)
, which only depends on the

length nr of the regression vector, and the number M of hinge functions.
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Identification algorithms implemented in PWAID PWAID implements two iden-
tification algorithms. The mixed-integer programming algorithm, presented in [559],
is an algorithm for optimal identification of the HHARX models (10.11). Given the
pairs (y(t), φ(t)), t = 1, . . . , N , the optimal model for the j-th output is selected by
solving:

(ϑj,0, . . . , ϑj,M) = arg min
ϑ0,...,ϑM

N∑
t=1

|yj(t)− fj(φ(t))|p, (10.12)

where p = 1 or 2. Assuming a priori known bounds on ϑ0, . . . , ϑM (which can
be taken arbitrarily large), (10.12) can be reformulated as a mixed-integer linear or
quadratic program that can then be solved for the global optimum. The optimality of
the described approach comes at the cost of a theoretically very high worst-case com-
putational complexity. For this reason, the mixed-integer programming algorithm is
suitable in situations when it is of importance to get a model which is as good as
possible and relatively few data are available (e.g. when it is very costly to obtain
data).

The bounded-error algorithm, presented in [70], allows the user to impose a
bound δ > 0 on the norm of the identification error e(t) in (10.9), and then searches
for a PWARX model with minimum number of modes such that the following
bounded-error condition is satisfied:

‖y(t)− f(φ(t))‖∞ ≤ δ , ∀ t = 1, . . . , N, (10.13)

where ‖ · ‖∞ is the infinity norm of a vector. The bounded-error algorithm can only
guarantee suboptimal solutions, but can cope with large data sets. It is well suited
when no prior knowledge on the physical system is available, and one needs to iden-
tify a model with a prescribed accuracy.

Description of the toolbox PWAID has been designed as a stand-alone toolbox.
A minimum requirement is the availability of at least one solver for (mixed-integer)
linear and quadratic programs. Given the input/output data, the user is only asked to
select the model structure, choose the identification algorithm, and set the parameters
of the selected algorithm, if any. The identified model is then automatically returned.

The main function of the toolbox is the following:

[model,status,details] = pwaid(y,u,modelstruct,algopts)

where y is a matrix containing the output data, u is a matrix containing the input
data, modelstruct defines the model structure through the following fields (see
also Table 10.1):

• na: number of y lags in (10.10);
• nb: number of u lags in (10.10);
• nk : delays for the first lag of each u element in (10.10),

and algopts is a structure containing the identification algorithm chosen and
the corresponding options. For instance, algopts.name = ’hhopt’ selects

co
nt

ro
len

gin
ee

rs
.ir



320 A. Bemporad, S. Di Cairano, G. Ferrari-Trecate, et al.

Table 10.1 Fields defining the PWARX model structure in PWAID.

ns (1 × 1) number of submodels
ny (1 × 1) number of outputs
nu (1 × 1) number of inputs
na (1 × ny) vector of y lags
nb (1 × nu) vector of u lags
nk (1 × nu) vector of delays for the first u terms
nr (1 × 1) dimension of the regression vector: nr=sum(na)+sum(nb)
theta (1 × ns) cell array of parameter matrices
H (1 × ns) cell array of region coefficients
indSTR (1 × ns) cell array of indexes of strict inequalities

the mixed-integer programming algorithm, and additional fields algopts.Mp and
algopts.Mm fix the number of positive (σj,i = 1) and negative (σj,i = −1)
hinges, respectively. On the other hand, algopts.name = ’pwaid’ selects the
bounded-error algorithm, and the additional field algopts.delta specifies the
bound δ on the identification error. If no error occurs during the computation (i.e.
status = 1), the output argument model contains the identified PWARX model.
By default, the model is reported as a structure with the fields listed in Table 10.1.
Note that

• theta{i} is the (nr + 1)× ny matrix of parameters of the i-th submodel;
• H{i} is the matrix of coefficients of the linear inequalities defining the i-th poly-

hedral region (H{i} has nr + 1 columns);
• indSTR{i} contains the indexes of strict inequalities in the definition of the i-th

polyhedral region.

However, the data interchange format developed within HYCON (cf. (Section 10.5))
is also supported to facilitate the data exchange with other tools (e.g. tools for anal-
ysis, verification and control of hybrid systems). If an error occurs during the com-
putation, it is captured by the flag status, while the structure details provides
additional information on the identification result.

PWAID provides also interfaces to several LP/MILP/MIQP solvers, and func-
tions for model conversion. The software is compatible for joint use with the Multi-
Parametric Toolbox ( (Section 10.2)), the Hybrid Toolbox ( (Section 10.3)), and the
Hybrid Identification Toolbox ( (Section 10.4.1)). Some functionalities of the men-
tioned toolboxes can be accessed directly from PWAID. More details can be found
in the toolbox manual available with the software.

10.5 Data interchange format

10.5.1 Interchange architecture

In order to allow to exchange of models of hybrid systems among various tools and
environments, we have implemented a three-layer model interchange architecture
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consisting of a global readable format, a platform-specific format and a tool-specific
format. The interchange architecture uses as the base model PWA systems because
as discussed in [136, 305] several hybrid models can be automatically converted to
PWA systems (cf. Chapter 4).

The interchange architecture based on the PWA model was chosen in order to
allow the developer of each tool to obtain full integration by providing only two
conversion functions. The developer only needs to implement a fromPWA function
that converts from the common PWA model to its internal tool representation, and a
toPWA function that converts from the internal tool representation to the common
PWA model. The layered architecture allows the developer to write the conversion
function in the platform-dependent language that is the language the developer is
more familiar with. The conversion from the platform format to the global format
and from the global format to the platform format is expected to be implemented
by an expert in the platform language. Thus, if M platforms are given, each with
ni tools, i = 1, . . . ,M , the proposed architecture requires in total 2M + 2

∑M
i=1 ni

conversion functions, instead of
(∑M

i=1 ni

)2

.
The purpose of the global readable format is to pass model descriptions among

different environments in a format which is easy to understand and to recognize.
Therefore, we aim for the XML (eXtensible Markup Language) format, which allows
data to be stored in a self-describing way. The XML format internally stores all
data in a text file and adds markup elements which describe the type and logical
interconnections of stored data.

The platform-specific format describes a given object in a form which is directly
understandable by a given platform. We consider as platforms those environments
that allow developer to build their own toolboxes, such as MATLAB and Dymola. In
the case of MATLAB, the architecture-specific layer is represented by a MATLAB
object, which can be viewed as a structure with various fields. The advantage of
the architecture-specific layer is that it allows one to access various elements of the
objects in a way which is convenient for a given platform. To convert objects from
an architecture-specific format to the global readable format, the XML Toolbox for
MATLAB can be used [239].

The tool-specific layer consists of an interface from individual tools to the
architecture-specific format and vice-versa. The implementation of this layer is left
to individual tools. Therefore its description is not included in this report. A typical
work flow based on this three-layer structure as shown in Fig. 10.5 is as follows:

• the origin tool on platform P1 converts the tool-specific format into the platform-
specific format of P1;

• a unified set of tools converts the platform-specific format of P1 into the global
format;

• the global format is converted to the platform-specific format of P2;
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Universal format

MATLAB interface MODELICA interface

MATLAB MODELICA

MPT interface HT interface

MPT Hybrid Toolbox

Global layer

Platform layer

Tool layer

Fig. 10.5 Schematic of the interchange architecture.

• the destination tool on platform P2 converts from platform-specific format to its
tool-specific format.

Obviously, only two steps are needed if the origin and destination tools are on the
same platform, as for the conversion from the Hybrid Toolbox [57] to the Multi-
Parametric Toolbox [375] schematized in Fig. 10.5.

10.5.2 Platform-independent format for dt-PWA systems

This section defines the information which a platform-independent format needs to
store in order to fully describe piecewise affine systems in discrete-time (dtPWA).
The description of dt-PWA systems consists of following blocks of information: Sys-
tem dynamics and guards, system constraints (for control design and optimization),
information about nature of system inputs and system states, possible additional in-
formation.

We consider an extended model of a PWA system

x(k + 1) = Ai(k)x(t) + Bi(k)u(t) + Pi(k)w(t) + fi(k), (10.14a)
y(k) = Ci(k)x(t) + Di(k)u(t) + Qi(k)w(t) + gi(k), (10.14b)
i(k) : Hi(k)x(t) + Ji(k)u(t) + Mi(k)t + Ri(k)w(t) ≤ Ki(k), (10.14c)

where the terms Pi(k)w(k) and Qi(k)w(k) represent the uncertainties in the state and
output update equations, while the term Ri(k)w(k) represents the uncertainty in the
partitions, i.e., the possibility that the operation mode is not a deterministic func-
tion of the state and input vectors, as required formodeling linear hybrid automata
[136].
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A dt-PWA system as given by (10.14d) is defined by the following elements
which will be stored in the interchange format: A, B, C, D, f , g, H , J , M , and K .
Since some of the guardlines (10.14c) may be defined by strict inequalities, a vector
t is introduced, whose elements describe the type of respective constraints. Matrices
Q, P , and R modeling the uncertainties are stored as well. In addition, as an option,
various constraints can be defined for PWA systems for control design, constraints on
states, inputs, and outputs in the form αmin ≤ α(k) ≤ αmax; slew-rate constraints
on states, inputs, and outputs in the form Δαmin ≤ α(k) − α(k − 1) ≤ Δαmax.
To fully describe the behavior of PWA systems, information about the nature (i.e.
continuous/discrete) of system inputs, states and outputs has to be kept as well. This
are described in the additional fields inputtype, statetype, or outputtype,
respectively.

10.5.3 XML scheme of the platform-independent format for PWA systems

XML documents are capable of encapsulating arbitrary data in a self-describing way.
The description is composed of so-called tags, which are special sequences of char-
acters which denote the type of the data described. The data itself is then provided
in a textual representation which is inserted into the tags. The XML format used to
describe PWA models has the following form:

<pwa>
<ident>$string$</ident>
<field>
<ident>$string$</ident>
<matrix>

<row>
<column>$float$<column>

</row>
</matrix>

</field>
<dimensions>
<state>$integer$</state>
<input>$integer$</input>
<output>$integer$</output>

</dimensions>
<inputtype>$matrix$</inputtype>
<statetype>$matrix$</statetype>
<outputtype>$matrix$</outputtype>

</pwa>

Here, pwa denotes the root element of the XML file. The ident tag describes the
name of the system, provided as a string argument (type $string$). The PWA
system is composed of several field, where each field connects the corresponding
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variable name (e.g. Ai) to its numerical value. The value is provided as a matrix,
which is further composed of several rows and columns. The values in each row-
column pair are given as floating point numbers (type $float$). In addition, the
dimensions tag encapsulates the dimensions of the state, input, and output vec-
tors, respectively. The value of each such parameter is provided as an integer.

Finally, the inputtype, statetype, and outputtype tags define, re-
spectively, the hybrid nature of system inputs, states, and outputs. Such informa-
tion is stored by means of the $matrix$ datatype, which is a shortcut to the
<matrix><row><column></column></row></matrix> syntax. We al-
low three possible types of variables:

1. If variable i is Boolean, then variabletype{i} = [0, 1].
2. If variable i is from a finite alphabet, then variabletype{i} = [a1,

a2, ..., am] enumerates all possible values which the given signal can
take.

3. If variable i is continuous, then variabletype{i} = [-Inf, Inf].

The right-hand-side values are further encoded as matrices using the matrix, row,
and column tags as described above.

10.5.4 Implementation of the architecture-specific format in MATLAB

In the MATLAB environment the architecture-specific format is implemented as an
object which can be viewed as an abstraction of structures with various fields. Each
element of the platform-independent format described earlier is stored in one field of
the object. Because of this, it is easy for individual tools to read data from, or write
data to the object directly, without the need of implementing a conversion from/to
the platform-independent format in every single tool.

The object-oriented implementation of the interchange format in MATLAB al-
lows one to easily import, validate, and export PWA models into the XML repre-
sentation. To import a PWA model from a given XML file, the user can call the
constructor function as follows

>> obj = hycpwa(’filename.xml’);

where filename.xml is the name of the XML file. The hycpwa constructor will
automatically parse the XML file and create an internal representation of the PWA
model. The user can now change the model, e.g. by altering the numerical data of
certain fields. The following command will set the type of the 1st control input to
binary:

>> obj.inputtype{1} = [0, 1]

After each user-invoked modification, the object automatically validates all modifi-
cations and prompts the user if he/she entered invalid data. Once the object has been
modified according to the user’s needs, he can then export the modified PWA model
back to an XML representation. This is achieved by calling the xml() method as
follows:

>> xml(obj, ’newfilename.xml’)

co
nt

ro
len

gin
ee

rs
.ir



11

Modeling, simulation, and optimization environments

C. Sonntag

This chapter gives an overview of tools and environments for the modeling,
simulation, and optimization of hybrid systems. These tasks are based on
different modeling formalisms some of which have already found their way
to applications.
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11.1 Introduction and overview

Although the techniques and tools for the algorithmic analysis and design of hybrid
systems that have been presented in the previous chapters have already been applied
successfully to a variety of industrial case studies, to this day the dominant industrial
tool for computer-based system analysis and design is simulation. The main rea-
son for this lies in the large complexity of many sophisticated technological systems
such as cars or chemical plants – an accurate model of a large chemical plant often
consists of tens of thousands of nonlinear equations. In addition, such systems may
contain hundreds of low-level continuous and logic-based controllers that ensure ef-
ficient operation or system safety, and that implement sequential procedures such as
production recipes, start-up, or shut-down. For such large-scale hybrid systems, suf-
ficiently accurate piecewise linear or affine abstractions or approximations can often
not be determined, or the resulting models are too complex for the application of the
techniques described above.

In the last decades, a large number of modeling and simulation tools and envi-
ronments for hybrid systems have been developed, ranging from rather prototypical
academic tools that mostly serve as test beds for hybrid systems research to integrated
modeling and simulation environments that are capable of the real-time simulation
of highly complex models with tens or even hundreds of thousands of equations
using modern computing hardware. However, advanced simulation capabilities are
only one requirement that an industrially successful modeling and simulation envi-
ronment must fulfill. Additional requirements are:

• Support of hierarchy, modularity, and re-usability: Most complex technologi-
cal systems can be decomposed into smaller and simpler sub-components which,
in turn, may again be decomposable into smaller components. The most comfort-
able (and the least error-prone) way to model such systems is compositional or
object-oriented modeling: first, the modeler designs (relatively simple) models
of the basic sub-components of the system. The dynamic equations of the sub-
components are encapsulated within these model components, and the interaction
with the environment and other model components occurs only via well-defined
interfaces. Subsequently, the modeler interconnects these basic model compo-
nents into larger sub-components of the overall system which, in turn, can be in-
terconnected with other components until the overall system model is obtained.
This approach has several advantages:
• the correctness of the basic components can be verified independently;
• the model structure can be chosen to reflect the physical structure of the sys-

tem which simplifies the modeling process considerably;
• the model components can be assembled in model libraries so that they can

be re-used in different models and settings. Many of the modeling environ-
ments presented in this chapter even provide such libraries that contain large
varieties of pre-defined model components for different application domains.
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• Usability: A modeling environment should offer an intuitive user interface that
supports the user in the modeling process. This might include an intuitive but
powerful modeling language as well as graphical editors for model composition.

• Expressiveness: Although ordinary differential equations (ODEs) can be used
to model the continuous dynamics of most technological systems accurately,
they often do not allow for a comfortable and “natural” description of the un-
derlying physical properties. To simplify the modeling process for the user, an
environment should support the expression of model behaviors with algebraic
constraints, e.g. to comfortably describe the interconnection of different model
components or the thermodynamic properties of a chemical compound (see, e.g.,
Section 14.2). This approach results in continuous dynamics that are described by
systems of differential-algebraic equations (DAEs). In particular in the process
industries, it is advantageous to support even more complex model structures,
such as integral equations or partial differential equations which leads to systems
of integral-partial-differential-algebraic equations (IPDAEs) that allow to define
continuous dynamics that vary not only with time, but also in non-temporal do-
mains (e.g. along the length of a reactor).

• Model integration: While some modeling environments have been designed for
multi-domain modeling, i.e. the creation of heterogeneous models from physi-
cal components of different domains (e.g. mechanics, electronics, biology, ther-
modynamics, or control), many environments were developed for a specific do-
main and possess specific strengths in this domain. To create models of complex
heterogeneous systems, it is thus often necessary to allow for co-simulation of
models (i.e. the synchronized simulation of distinct model components that have
been created in different modeling environments). In addition, co-simulation ca-
pabilities are necessary to enable hardware-in-the-loop simulation that is often
employed in industry. In this setting, a part of the system (e.g. an embedded
controller) that is available as a hardware prototype is tested in real time with a
simulation model of the remainder of the system.

Several of the modeling environments presented in this chapter provide facil-
ities to integrate and export models from/to other modeling environments, mostly
from/to MATLAB/Simulink which is currently the de-facto industrial standard
environment. In addition, several initiatives exist that aim at the standardization
of modeling formats for co-simulation, such as the CAPE-OPEN initiative [180].
An alternative approach to achieve model interoperability is to implement trans-
lations between different modeling formalisms. This has been an integral part
of the research within HYCON (see, e.g., Chapters 10 and 12) and is an essen-
tial part of the emerging field of computer-automated multi-paradigm modeling
[478].

Although the dominant industrial tool is simulation, technologies for the dynamic
optimization of nonlinear continuous and hybrid systems have made an increas-
ing impact in industrial engineering in recent years. The industrial interest stems
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mainly from the potential for the maximization of the economic benefit, from the
significant improvements of the optimization approaches and algorithms in the last
years, and from the increase of the available computing power that today enables the
optimization of large and complex systems. Dynamic optimization is employed to
solve a variety of tasks, such as optimal process design [241], open-loop design of
transition procedures such as start-up or shut-down (Section 14.4), safety analysis
(Section 14.2), optimal closed-loop control (Section 14.4), or state and parameter
estimation of dynamic models from real-world data.

In principle, the requirements on dynamic optimization tools are similar to those
for modeling and simulation environments, such as the support of systems with rich
nonlinear continuous dynamics and the provision of intuitive user interfaces. In com-
parison to the large number of tools and environments that is available for the mod-
eling and the simulation of hybrid systems, the tool base for dynamic optimization
is still rather small. The main reason for this is that many of the optimization ap-
proaches that are suitable for large-scale optimization have only been developed very
recently – the ongoing research effort on dynamic optimization techniques will most
likely lead to further significant advances in the coming years. Since in general, the
most time-consuming task in the formulation of a dynamic optimization problem is
the generation of the dynamic (simulation) model, most of the optimization tools
that are presented here employ the powerful modeling facilities that are offered by
the available modeling and simulation environments.

The remainder of this chapter is organized as follows: Section 11.2 provides
an overview of the capabilities of more than 20 different environments and tools
for hybrid systems modeling and simulation. Although the selection of tools is by
no means exhaustive which is not possible within the scope of this chapter due to
the sheer number of different modeling approaches and tools, the overview covers
many different modeling formalisms and areas of hybrid systems simulation. After
a general classification of the considered tools and environments in Section 11.2.1,
Section 11.2.2 introduces the concepts and challenges of hybrid systems simulation
to enable the reader to better judge and compare the capabilities of the presented tools
and environments. The overview focuses on the illustration of the main concepts
employed by modern advanced modeling and simulation environments that fulfill
all or most of the requirements described above. The concepts of the two currently
dominating modeling approaches, the causal block-diagram-based approach and the
noncausal equation-oriented approach, are illustrated with the implementation of
the two-tank example (Section 1.3.1) in the tool sets MATLAB/Simulink/Stateflow
(Section 11.2.3) and gPROMS (Section 11.2.4). In Section 11.2.5, the capabilities

and concepts of a large variety of other tools and environments are described.
Subsequently, a detailed overview of some of the available techniques and tools

for the optimization of hybrid systems is given in Section 11.3. The chapter con-
cludes with a comprehensive list of references and online resources that provides
pointers to further reading material on the concepts of hybrid systems modeling and
simulation as well as to several extensive and detailed surveys on tools for hybrid
systems. Finally, a list of online resources and texts is given that provides more de-
tailed information and modeling examples for the tools presented in this chapter.
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11.2 Modeling and simulation tools and environments

11.2.1 Overview

Table 11.1 gives an overview of the environments and tools that are presented in
this section. Many of the environments are based on the object-oriented model-
ing paradigm introduced in [220], which advocates the creation of structured and
reusable model components with concepts such as encapsulation, modularity, hierar-
chy, and instantiation of model templates or classes.

The tools can be classified into three groups: tools that are based on the exten-
sion of finite-state formalisms with continuous dynamics (see Chapter 2), such as
UPPAAL, χ (Chi), or SHIFT, tools that are inherently continuous and have been
extended with finite-state concepts, such as MATLAB/Simulink/Stateflow, 20-sim,
or Scilab/Scicos, and tools and languages that were designed specifically for hybrid
systems, such as Modelica, gPROMS, ABACUSS II, Omola/Omsim, or BaSiP.

While some of the tools have clear and formally defined execution semantics, the
semantics of other tools (such as Simulink and Stateflow) are not clearly defined, are
hidden within the simulation engine, and may vary with configuration parameters of
the engine. A dangerous error source is the execution priority in block-diagram-based
simulation models. It is easy to construct block diagrams in which the result value
depends on the order of execution of the blocks. Thus, if the execution priority is
not clearly defined or, in the worst case, depends on the position of the blocks within
the window of the graphical editor, a model may compute unexpected results. Such
errors are difficult to track, particularly if the semantical behavior of the simulation
engine is not known in detail.

11.2.2 Numerical simulation of hybrid systems

The numerical simulation of hybrid systems poses two major challenges: the numer-
ical integration of possibly very complex systems of DAEs, and the synchronized ex-
ecution of the continuous and discrete model dynamics. This section presents some
of the requirements that hybrid simulators must fulfill and some of the problems that
are introduced by the hybrid dynamics.

Most numerical simulation tools for hybrid systems employ one of the following
two modeling approaches:

1. Noncausal modeling: In the noncausal (or equation-oriented, implicit, declar-
ative) modeling approach, the causality (i.e. the input/output relation) of the
model components is not defined a priori. This approach is advantageous if a
physical system is modeled because most physical laws are inherently implicit.
For example, a resistor can be modeled with Ohm’s law as u = R ·i, where u, R,
and i are the voltage, the resistance, and the electrical current. This equation is
declarative because it only defines a relation between u, R, and i, but it does not
specify which variable causes a change of the other variables. In general, implicit
systems of DAEs can be described as 0 = f(x(t), ẋ(t),y(t),u(t),v(t),p).
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Table 11.1 Overview of the tools and environments described in this section.

Name Brief description
20-sim Bond-graph-based graphical modeling and simulation environ-

ment.
ABACUSS II Object-oriented noncausal modeling and simulation environ-

ment for hybrid systems with continuous IPDAE dynamics.
BaSiP Modeling and simulation environment for recipe-driven chemi-

cal batch processes.
Charon Graphical modeling, simulation, and verification tool for the

modular specification of interacting hybrid systems.
CheckMate MATLAB/Simulink-based toolbox for the modeling, simula-

tion, and verification of nonlinear hybrid systems.
χ (Chi) Modular modeling formalism and tool set for general hybrid

systems based on process algebra.
EcosimPro Object-oriented noncausal modeling and simulation environ-

ment for hybrid systems with DAE dynamics.
gPROMS Object-oriented noncausal modeling and simulation environ-

ment for hybrid systems with continuous IPDAE dynamics.
HyBrSim Modeling and simulation tool for hybrid bond graphs.
Jacobian Commercial offspring of ABACUSS II.
Modelica Object-oriented multi-domain noncausal modeling language for

hybrid systems with DAE dynamics. The tools Dymola, Open-
Modelica, and MathModelica are based on the Modelica lan-
guage.

Omola/Omsim Object-oriented noncausal modeling and simulation environ-
ment for hybrid systems with continuous semi-explicit DAE dy-
namics.

Ptolemy II/HyVisual Graphical modeling and simulation environment for hybrid and
embedded systems.

Scilab/Scicos Open-source alternative of the MATLAB/Simulink tool set.
SHIFT Modeling and simulation environment for dynamically chang-

ing networks of hybrid automata.
Siconos Tool for the modeling, simulation, analysis, and controller syn-

thesis of nonsmooth dynamic systems (NSDS).
SimEvents MATLAB/Simulink-based tool for discrete-event systems.
Simulink MATLAB-based graphical multi-domain modeling environ-

ment for nonlinear dynamic systems.
Stateflow Simulink-based modeling environment for discrete-event reac-

tive systems that implements an extended version of the State-
charts formalism.

UPPAAL Integrated graphical environment for modeling, simulation, ver-
ification, and design of real-time systems.
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Here, x(t) are the state variables and ẋ(t) are the corresponding time deriva-
tives, y(t) are the algebraic variables, u(t) and v(t) are the continuous and the
discrete inputs, and p are time-invariant parameters. An important subclass of
implicit DAEs are semi-explicit DAEs in which the equations are solved ex-
plicitly for the time derivatives of the state variables. Semi-explicit DAEs are
of the form ẋ(t) = f(x(t),y(t),u(t),v(t),p) with the algebraic constraints
0 = g(x(t),y(t),u(t),v(t),p). Note that for simulation purposes, partial or
integral equations must be discretized (either automatically or manually) along
the non-temporal domains. The resulting equations are included into the overall
DAE system. Most noncausal modeling environments employ a textual model-
ing language in which the systems of DAEs can be implemented directly.

2. Causal modeling: In the causal (or explicit, imperative) modeling approach, the
causality, i.e. the input/output relation, of the model components is clearly de-
fined. Modeling environments that implement this approach usually employ a
graphical modeling language in which the model components are represented
by blocks that are interconnected by signal paths. Causal models are advanta-
geous if the modeled behavior is an explicit objective of the model design, e.g.
if the model represents a control system.

In a noncausal model, all of the implicit continuous model equations must be fulfilled
at all times. The numerical simulation of the resulting (often very large) DAE system
may require one or several symbolic pre-processing steps:

• The integration of DAE systems involves the simultaneous solution of large sys-
tems of nonlinear equations which is very time-consuming. The computation
time can be reduced drastically by a symbolic reformulation of the DAE system
such that all or most of the model variables can be computed explicitly. This re-
formulation is called BLT partitioning. The corresponding algorithms attempt to
reformulate equations and to reorganize variables such that the incidence matrix
(i.e. the matrix that indicates which variables appear in which equations) of the
system equations is transformed into a block-lower-triangular (BLT) form. Often,
this reformulation yields that subsets of the equations cannot be solved explicitly
for the variables. These subsets are called algebraic loops and must be solved
simultaneously. To reduce the size of these equation systems and thus speed up
the solution, a variable-substitution technique called tearing can be applied.

• Standard numerical DAE solvers, such as, e.g., DASSL [518], can only solve
DAE systems that have a differential index of 1 or less. The differential index
indicates how often the algebraic equations (or parts thereof) have to be dif-
ferentiated with respect to time until an explicit ODE system can be obtained
by algebraic reformulation (note that several other definitions of the index of a
DAE exist, e.g. see [141]). General high-index DAEs, i.e. DAEs with an index
that is larger than 1, contain hidden constraints that restrict the initial condi-
tions of the DAE, and such DAEs cannot be solved directly by the existing nu-
merical DAE solvers. To simulate high-index DAEs, symbolic index reduction
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techniques based on, e.g., the Pantelides algorithm [501] and the dummy deriva-
tive method [443] must be applied to derive a DAE of index 1.

If hybrid elements are added to the simulation model, such as conditional equations,
discontinuous resets of the state variable values, or even full-blown discrete-event
systems that run concurrently with the continuous model, the situation becomes even
more involved. In hybrid systems, the continuous-time dynamics usually interact
with the discrete components via events that are often triggered if some continu-
ous quantity crosses a threshold value (e.g. if a bouncing ball hits the ground, see
Chapter 2).

A hybrid simulation engine must be able not only to detect, but also to exactly
localize the time of occurrence of such events, e.g. by backtracking the continuous
trajectory if the threshold was crossed. While a discontinuous reset of a state variable
in an explicit ODE system is not problematic since the new value does not affect the
values of the remaining state variables directly, the situation is much more difficult
if a state or an algebraic variable is reset in a DAE system. In DAEs, a reset of a
variable usually leads to values that do not fulfill the algebraic constraints. Thus, the
hybrid simulator must support the automatic computation of consistent initial vari-
able values after a discontinuity which is a non-trivial task. In addition, a simulator
should be able to perform event iteration, i.e. to handle several events that occur at
the same point in time. This phenomenon may for example occur if the action that is
associated with the first event immediately triggers a second event.

Zeno behavior (see Chapter 2) can lead to adverse effects during numerical sim-
ulation. For clarification, consider again the bouncing ball example. If the value with
which the vertical acceleration is reset becomes smaller than the numerical tolerance
of the simulator, the reset may be missed and, in consequence, the ball falls below
the floor (see [143] for examples of this phenomenon). However, systems that ex-
hibit Zeno behavior can often be reformulated. For example, if the bouncing ball
model is extended with a second discrete location that represents the case x1 = 0,
ẋ1 = 0, and the transition conditions are changed accordingly, the Zeno behavior is
removed. While chattering does not lead to such drastic effects, it severely reduces
the simulation performance. However, since numerical simulation engines operate
with nonzero time steps, the simulation often actually progresses in time.

While all of the tools presented in this chapter support the basic concepts of
hybrid systems simulation such as state event detection, tools that offer facilities to
deal with chattering or Zeno behavior are extremely rare, particularly since these
phenomena are still subject to research.

11.2.3 MATLAB, Simulink, Stateflow, and SimEvents

The interactive tools Simulink and Stateflow are part of the very popular technical
computing environment MATLAB (Matrix Laboratory) that provides powerful and
easy-to-use facilities for technical programming, computation, and visualization. The
MATLAB tool set is currently the academic and industrial standard for the model-
based design and analysis of technical systems in many engineering domains. This
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dominance is also reflected in this book (many of the presented tools and techniques
have been implemented in MATLAB or Simulink, e.g. see Chapter 10 and 14–17)
and is responsible for the large number of tools that provide interfaces to MAT-
LAB/Simulink. Another major strength of the MATLAB/Simulink tool set is the
availability of a large number of commercial and free tool boxes and model libraries
that extend the basic tool set with specialized functionalities for e.g. optimization,
distributed computing, symbolic computation, mechanics, control, signal and image
processing, biology, financial mathematics, statistics, or real-time code generation.

Simulink is a tool for the modeling and simulation of nonlinear dynamic sys-
tems from different domains. It employs a graphical, block-diagram-based modeling
language. An outstanding Simulink feature is the possibility to combine continuous-
time and discrete-time components (even with different sampling rates) within a sin-
gle model. With Stateflow, complex hierarchical state machines and flow diagrams
can be developed in a graphical environment. The modeling formalism of Stateflow
is an extended variant of Statecharts [295]. Stateflow blocks can be integrated into
Simulink models as subsystems. Thus, hybrid systems can be modeled by combin-
ing Simulink and Stateflow blocks. It is also possible to model hybrid systems with
very simple continuous dynamics directly in Stateflow.

A Simulink model is assembled by the interconnection of blocks from the (exten-
sible) Simulink model library. The basic Simulink blocks are classified in different
categories, such as signal sources, sinks, and routing blocks, basic continuous-time
and discrete-time models (e.g. transfer functions and integrators), blocks that pro-
vide logic and mathematical operations and look-up tables, and blocks that imple-
ment more advanced functionalities such as linearization. Since Simulink employs
a causal modeling approach, it can only simulate models in which the computa-
tional causality is clearly defined, i.e. which do not contain algebraic loops. How-
ever, Simulink provides an Algebraic Constraint block that can be used to resolve
algebraic loops.

One of the reasons for the large popularity of Simulink is its s-function interface.
This interface defines which functionality must be implemented by external software
components so that they can be integrated into Simulink models. The s-function in-
terface enables the integration of a large variety of third-party components, e.g. mod-
els that were created in other environments such as gPROMS or the Modelica-based
tool Dymola (see below). In addition, arbitrary MATLAB functions can be invoked
in Simulink models so that the complete MATLAB functionality is available.

Example 11.1 Two-tank system

In the following, the basic concepts of hybrid systems modeling with Simulink and State-
flow are illustrated using the two-tank example that is described in Section 1.3.1. Like many
other object-oriented modeling environments, Simulink offers the possibility to define basic
model components that can be interconnected into larger components. These components
can be assembled in user-defined model libraries so that they can be re-used. The first mod-
eling step for the two-tank system could be to create a dynamic model of a single tank. Such
a model is shown in Fig. 11.1. This model implements the following differential equation:
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Fig. 11.1 Generic Simulink model of a tank of the two-tank system.

ḣ(t) =
uP1(t) + QV1

12 (t) + QV2
12 (t) − QL(t) − QN(t)

A
. (11.1)

Note that this equation is a generalized version of the differential equations given in
Section 1.3.1 and that it can represent the volume flow equations of both tanks. During
simulation, the model is evaluated from left to right. The five blocks on the leftmost side of
Fig. 11.1 are the input ports of the model, and the three blocks on the rightmost side are the
output ports. The central part of the model is the integrator block that integrates the signal
that enters at the upper left port (ḣ). The right-hand side of (11.1) is implemented by the
addition block and the triangular multiplier block, and the integrator is initialized at the start
of the simulation using a sixth input port (h_init).

An essential component for the modeling of hybrid systems in Simulink is the hit cross-
ing block, which detects and localizes a zero crossing of its input signal. This block indicates
a zero crossing by the change of its output value from 0 to 1. The block can be configured
to detect zero crossings from below, from above, or in both directions. The configuration is
indicated by the arrows in the blocks in Fig. 11.1. Before state event detection, the constant
height h0 of the valve V1 at which the continuous dynamics of the system changes must
be subtracted from h. This value is obtained directly from a variable h0 in the MATLAB
workspace. This approach is very convenient since all constant parameters of a Simulink
model can be defined by simply running a MATLAB script before the simulation.

The overall model of the two-tank system can now be constructed hierarchically by in-
cluding two instances of the tank model as submodels, i.e. as single blocks, as is shown in
Fig. 11.2. The overall model contains two additional subsystems, a Stateflow chart, which
models the discrete dynamics, and another (algebraic) submodel, which computes the flow
rates in the system based on the current levels in the tanks, the values of the discrete inputs
u1, u2, u3, d1, and d2, which are obtained from the MATLAB workspace, and the current
state of the system, which is obtained from the Stateflow chart. Note that MATLAB vari-
ables that are used as inputs in Simulink models do not have to be constant, but can also
define varying time trajectories of the input variables.

Since Stateflow charts are subsystems of Simulink models, their execution is controlled
by the simulation engine of Simulink. Stateflow charts can communicate with the parent
Simulink model either via data sharing or via events. Events are also used to trigger the
execution of a Stateflow chart.
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Fig. 11.2 The hierarchical Simulink model of the two-tank system.

The Stateflow implementation of the finite-state automaton that models the discrete
behavior of the two-tank system is shown in Fig. 11.3. The automaton has been implemented
in the Moore syntax, i.e. the active state uniquely determines the output value state. The
interface to Simulink is implemented using events: the four output signals of the hit crossing
blocks of the tank submodels are multiplexed into a single multidimensional signal that is
transmitted to the trigger port of the Stateflow chart. Within the chart, the events h1_rising,
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Fig. 11.3 Finite-state automaton of the two-tank system in Stateflow.

h1_falling, h2_rising, and h2_falling are triggered if the corresponding external signal has
a rising edge (i.e. changes from 0 to 1). These events achieve two feats: they trigger the
execution of the chart, and they serve as transition conditions. If a transition is enabled, it
is taken immediately. Upon entering a new discrete state, the chart executes an entry action
that assigns the correct value to the output variable state. To correctly initialize the chart at
the start of the simulation, each of the four states is equipped with a default transition. The
conditions of these transitions are defined as logical expressions on the initial values of the
tank levels and of the height h0 that are passed to the chart as input variables. To enforce an
initial execution of the chart, a fifth event is defined that is triggered by a step signal in the
parent Simulink model (Fig. 11.2).

Only a very small subset of the Stateflow modeling formalism is necessary to implement
this finite-state automaton. In general, Stateflow charts support all concepts of state charts
such as superstates, AND and OR states, and history junctions. Furthermore, Stateflow sup-
ports several concepts that go beyond state charts, such as (simple) continuous dynamics,
the inclusion of MATLAB functions or flow diagrams, and the definition of complex actions
that can be assigned to both, the discrete states and the transitions of a chart.

The Simulink subsystem that models the flow rates within the two-tank system is shown
in Fig. 11.4. In this model, the value of the input variable state is translated into the flow
rates that result in the corresponding discrete mode using the Multiport switch block. The
first input of this block serves as an index that determines which of the input signals is
transmitted to the only output port. Since the representation of complex equations with the
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basic Simulink blocks is tedious and leads to large block diagrams, the flow rate equations
are implemented in MATLAB functions that are invoked within the model via the MATLAB
Fcn block. �

Although Stateflow offers a very powerful modeling formalism for discrete-event
reactive systems, it suffers from the drawback that it is integrated into the Simulink
simulation engine which is based in the continuous-time semantic domain. Thus,
Stateflow charts are essentially executed in a time-driven fashion. This can lead to
adverse effects, such as the dependence on the time step size of the Simulink engine
or the possibly inaccurate execution of several events that are supposed to occur at
the same point in time. If, for example, the Stateflow chart resets the value of an
Integrator block in Simulink, the Simulink engine performs a simulation step even
if events are still waiting to be executed at the same point in time. For an illustrative
example, refer to [143].

The recently introduced MATLAB-based toolbox SimEvents implements a “true”
discrete-event model of computation that is independent of the Simulink simula-
tion engine. With SimEvents, activity-based models can be developed to evaluate
system parameters such as congestion, resource contention, and processing delays.
SimEvents does not replace Stateflow since it was developed with a different goal in
mind, but it can be used to trigger the execution of Stateflow at accurate event times.
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Fig. 11.4 Simulink subsystem for the computation of the flow rates.
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The two-tank example has shown that Simulink models of physical systems can
become very large and complicated even for simple systems. The following section
shows that the noncausal modeling approach is suited much better for this task.

11.2.4 gPROMS

The object-oriented noncausal modeling and simulation environment gPROMS (Gen-
eral PROcess Modeling System) is the successor of the simulation tool
SPEEDUP [502] and was one of the first simulation environments for general hy-
brid systems. It was developed with a focus on the simulation and optimization of
large-scale processing systems that are modeled by (possibly discontinuous) IPDAEs
(although it can in principle be used to model general large-scale hybrid systems
from different domains). The textual gPROMS modeling language is type-safe and
supports the definition of hybrid models via language elements that allow for, e.g.,
conditional equations or resets of state variables at discrete event times. For model
composition, a graphical flow sheet editor is included, and the gPROMS Results
Management Service (gRMS) provides facilities for the visualization of simulation
results.

gPROMS contains an advanced engine for the symbolic preprocessing of the
simulation model (which does, however, not support automatic index reduction of
high-index DAE models). An outstanding feature of this engine is the support for the
automatic discretization of partial differential equations so that they can be solved
with standard numerical DAE solvers. Several disretization techniques are available,
such as the approximation by finite differences and orthogonal collocation on finite
elements. gPROMS comes with the Process Model Library (PML) that provides
models of basic components of many processing systems, such as reactors, heat ex-
changers, or separation stages. Furthermore, gPROMS simulation models can be
integrated into CAPE-OPEN-compliant tools and into Simulink models.

In the gPROMS framework, model components with autonomous switching of
the continuous dynamics are represented as MODEL entities while sequential pro-
cedures or components that exhibit forced (i.e. external) switching are represented
as TASK entities. This distinction reflects the structure of most processing systems:
While the physical behavior of process components often exhibits only autonomous
switching that stems from discontinuities in the physicochemical behavior (such as a
phase change of a chemical compound), external switching is usually introduced by
the interaction of the process components with the environment, e.g. with the con-
trol actions of sequential or safety controllers (see Chapter 14 for examples of such
systems).

The most straightforward way to model the two-tank system from Section 1.3.1
in gPROMS is to implement it in a single MODEL entity. While this approach is
certainly feasible, it contradicts the concepts of modularity and re-usability that are
advocated by the object-oriented modeling approach. Thus, a more generic simula-
tion model of the two-tank system will be developed in the following example that
illustrates the main concepts of the noncausal object-oriented modeling approach in
general and gPROMS in particular.
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Fig. 11.5 A graphical representation of the two-tank system in the flow sheet
editor of gPROMS.

Example 11.2 Two-tank system

The two-tank system can be decomposed into four physical components: the tanks them-
selves, the pump, the pipes connecting the tanks, and the drain pipes. Thus, an object-
oriented approach to modeling this system is to first create generic submodels of these four
components that are subsequently interconnected via well-defined interfaces to yield the
overall system. The flow sheet of the resulting model is shown in Fig. 11.5. The physi-
cal components are implemented as MODEL entities, and the interfaces are represented
as PORT entities in gPROMS. In the flow sheet, these ports are shown as squares (bi-
directional ports) and triangles (inlet/outlet ports) on the boundaries of the physical compo-
nents.

Since the flow rates within the two-tank system depend on the heights of the liquid
levels within the tanks above the height of the connection pipe (h0) and are computed ac-
cording to Torricelli’s law, first a PORT entity TorriFlow is defined that is equipped with
the three variables h, h0, and vol_flow. An interconnection of two models via ports of type
TorriFlow is translated into equalities of the port variables in both models.

A basic MODEL entity consists of three sections: a PARAMETER section that contains
declarations of constant model parameters, a VARIABLE section that holds declarations of
the quantities that are computed in the model equations, and an EQUATION section that
contains the model equations. Note that since gPROMS is a noncausal modeling environ-
ment, the order of the equations is irrelevant. All model equations must be fulfilled at all
times.

The following code fragment shows the MODEL HYCONTank that represents each
of the tanks that are shown in Fig. 11.5. Note that gPROMS ignores all text in a line that
follows the # symbol, and that paths in the object hierarchy are specified using a dot. For
example, flowUpperLeft.h refers to the entity h that is encapsulated in the PORT entity
flowUpperLeft.
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# MODEL HYCONTank

PARAMETER # model parameters
A AS REAL # cross-sectional area
h0_left AS REAL DEFAULT 0 # height of upper left outlet
h0_right AS REAL DEFAULT 0 # height of upper right outlet

PORT
flowUpperLeft AS TorriFlow
flowLowerLeft AS TorriFlow
flowLowerRight AS TorriFlow
flowUpperRight AS TorriFlow
flowBottom AS TorriFlow
flowTop AS TorriFlow

VARIABLE # model variables
h AS height # state variable

EQUATION
# ensure that the height is transmitted to the ports
flowUpperLeft.h=h;
flowUpperRight.h=h;
flowLowerLeft.h=h;
flowLowerRight.h=h;
flowBottom.h=h;
flowTop.h=h;

flowUpperLeft.h0=h0_left;
flowUpperRight.h0=h0_right;
# at the bottom of the tank -> set to 0
flowLowerLeft.h0=0;
flowLowerRight.h0=0;
flowBottom.h0=0;
# set to maximum value of the variable type "height"
flowTop.h0=100000;

# the only differential equation
$h = (flowTop.vol_flow + flowUpperLeft.vol_flow +

flowLowerLeft.vol_flow + flowLowerRight.vol_flow +
flowUpperRight.vol_flow + flowBottom.vol_flow)/A;

The model contains six ports (i.e. external interfaces) of type TorriFlow that are de-
clared in an additional PORT section and that represent the inlets and outlets at the top,
at the bottom, and at the left and right sides of the tanks shown in Fig. 11.5. The cross-
sectional area A and the heights h0_left and h0_right of the upper left and the upper right
connection pipes are constant real-valued model parameters. The height parameters default
to the value 0 if they are not assigned before a simulation run (see below). The only model
variable (h) is of the real-valued type height that is defined in the PML. In gPROMS, the
modeler can also define custom variable types to restrict the possible values to physically
reasonable ranges and to assign units to variables that can be used for consistency checks.

The first 12 model equations ensure that the port variables are equal to the internal model
variables and parameters. Since the flow rates and their signs are modeled in the connection
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and drain pipes (see below), the only differential model equation simply sums up the flow
rates from all ports. Here, the operator $h represents the time derivative of h.

The hybrid dynamics of the two-tank system is implemented in the model of the con-
nection valve:

# MODEL ConnectionValve

PARAMETER # model parameters
g AS REAL DEFAULT 9.81 # gravitational constant
c AS REAL DEFAULT 3.6e-5 # valve constant

PORT # connector ports
port1 AS TorriFlow
port2 AS TorriFlow

VARIABLE # variables
u AS valve_setting

SELECTOR # discrete state
state AS (q1,q2,q3,q4) DEFAULT q4

EQUATION # model equations

CASE state OF
WHEN q1:
port1.vol_flow = 0;
port2.vol_flow = 0;
SWITCH TO q2 IF port1.h >= port1.h0

AND port2.h < port2.h0;
SWITCH TO q3 IF port1.h < port1.h0

AND port2.h >= port2.h0;
WHEN q2:
port1.vol_flow = -c*SQRT(2*g*ABS(port1.h-port1.h0))*u;
port2.vol_flow = -port1.vol_flow;
SWITCH TO q1 IF port1.h < port1.h0

AND port2.h < port2.h0;
SWITCH TO q4 IF port1.h >= port1.h0

AND port2.h >= port2.h0;
WHEN q3:
port1.vol_flow = -port2.vol_flow;
port2.vol_flow = -c*SQRT(2*g*ABS(port2.h-port2.h0))*u;
SWITCH TO q1 IF port1.h < port1.h0

AND port2.h < port2.h0;
SWITCH TO q4 IF port1.h >= port1.h0

AND port2.h >= port2.h0;
WHEN q4:
port1.vol_flow = -c*SGN(port1.h-port2.h)*

SQRT(2*g*ABS(port1.h-port2.h))*u;
port2.vol_flow = -port1.vol_flow;
SWITCH TO q2 IF port1.h >= port1.h0

AND port2.h < port2.h0;
SWITCH TO q3 IF port1.h < port1.h0
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AND port2.h >= port2.h0;
END # end of CASE

In gPROMS, hybrid dynamics are represented by state-transition networks (STNs). In
STNs, the discrete states represent different sets of active continuous equations, and the
transitions between the discrete states are governed by logical expressions that are defined
on the model variables. gPROMS offers two language constructs to define these STNs:
implicit conditional equations using IF expressions (i.e. no discrete variable that models
the discrete state is needed), and explicit conditional equations that are implemented using
CASE expressions.

The model of the connection valve determines the flow rates between the two con-
nected tanks by implementing the flow rate equations given in Section 1.3.1 for the variable
values that are transmitted via the two TorriFlow ports. Here, the intrinsic mathematical
gPROMS functions ABS (absolute value) and SQRT (square root) are used. The opening
degree of the valve is represented by the variable u that is of the self-defined real-valued
type valve_setting. Note that since discrete variables are not supported in gPROMS, u must
be set to a discrete value manually before simulation (see below).

The discrete state of the connection valve is encoded in the SELECTOR variable state
that can assume four different values (q1, q2, q3, or q4) which correspond to the dis-
crete states shown in Section 1.3.1. The CASE construct that is shown in the EQUA-
TION section activates different sets of equations depending on the value of state. Tran-
sitions between the discrete states are modeled using the SWITCH TO <new_state> IF
<transition_condition> expression.

The continuous models for the pump and for the drain valve are implemented in a
similar fashion. Two additional, very simple models HYCONNoFlowIn and HYCON-
NoFlowOut are created that represent the case that the inflow/outflow through a Torri-
Flow port is zero. These models are the templates for the components Closed1–Closed4
in Fig. 11.5.

The model components can now be integrated into a more complex hierarchical model
using the gPROMS language or via the graphical flow sheet editor. The textual equivalent
of the configuration shown in Fig. 11.5 is:

# MODEL HYCONTanks

UNIT
Tank1 AS HYCONTank
Tank2 AS HYCONTank
V1 AS ConnectionValve
V2 AS ConnectionValve
...

TOPOLOGY
Tank1.flowUpperRight = V1.port1;
V1.port2 = Tank2.flowUpperLeft;
Tank1.flowLowerRight = V2.port1;
V2.port2 = Tank2.flowLowerLeft;
...

The UNIT section contains the declarations of all submodels of the model, and the TOPOL-
OGY section describes their interconnections (note that not all unit definitions and topology
equations are shown in the above example for reasons of brevity). This model might also
include additional equations, parameters, or (selector) variables and can be included as a
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UNIT into an even larger model. Furthermore, the model components can now be used to
create arbitrarily large networks of interconnected tanks.

Simulation activities for MODEL entities are defined in PROCESS entities using basic
or user-defined TASKs. The following PROCESS entity defines a simulation scenario for
the two-tank model in which the values of all input variables are held constant. The execu-
tion of this PROCESS generates the simulation results that are shown in Section 1.3.1.

# PROCESS HYCONTwoTanks_simple

UNIT # models in this process
Tanks AS HYCONTanks

SET # set parameters
WITHIN Tanks DO
Tank1.A := 0.0154;
Tank1.h0_right := 0.3;
Tank2.A := 0.0154;
Tank2.h0_left := 0.3;
END # end of WITHIN

ASSIGN # input variable values
WITHIN Tanks DO
P1.flowrate := 0.03e-3;
V1.u := 1;
V2.u := 1;
V3.u := 1;
V1L.u := 0;
V2L.u := 0;
END # end of WITHIN

INITIAL # initial values
WITHIN Tanks DO
Tank1.h = 0.25;
Tank2.h = 0.45;
END # end of WITHIN

SCHEDULE # simulation schedule
SEQUENCE # simulation sequence
CONTINUE FOR 100 # 100 seconds
END # end of SEQUENCE

Like all gPROMS entities, a PROCESS contains several sections. In the UNIT section, the
model that is to be simulated is declared, and the values of the constant model parameters
are defined in the SET section. The WITHIN <entity> DO · · · END construct is helpful to
avoid long path names. All assignments within this construct refer to the hierarchical level
that is defined in <entity>. All model parameters that are not SET are automatically assigned
their default values. In the ASSIGN section, the values of the input variables are defined.
These values can be constant or functions of time. For example, to specify a time-varying
flow rate for the pump P1, the constant assignment shown above must be replaced by

P1.flowrate := 0.1e-3/2*(SIN(TIME)+1);
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This function varies the flow rate between 0m3s−1 and the maximum value 0.0001 m3s−1.
The initial values of the state variables are defined in the INITIAL section.

In DAE models, not only differential but also algebraic variables can be initialized, and
the gPROMS simulation engine automatically determines consistent initial values for the
DAE system. Note that in the SET and ASSIGN sections, the assignment operator (:=) is
used while the initial values are specified in equations (=) that are included into the overall
simulation model, but that are only valid at t = 0.

Finally, the simulation sequence is defined in the SCHEDULE section using the el-
ementary TASK CONTINUE FOR that stops the simulation when the specified time is
reached. gPROMS provides several additional elementary TASKs that can be used in a
simulation sequence to re-assign the input variables (task RESET), to change the value of
a SELECTOR variable, i.e. to change the discrete state of a model (task SWITCH), to re-
place an input variable (which can then vary freely) with another one (task REPLACE),
to stop the simulation (task STOP), and to re-assign the values of differential or algebraic
model variables (task REINITIAL). The latter task allows to define jumps of the continuous
state variables. In response to such a jump, gPROMS automatically re-initializes the DAE
system consistently before resuming the simulation.

In PROCESSes, very complex sequential operation procedures can be implemented us-
ing self-defined TASK entities. In the following, this concept is illustrated by the extension
of the two-tank system with a simple discrete level controller.

User-defined TASK entities consist of three sections, a PARAMETER section, a VARI-
ABLE section in which local variables are declared, and a SCHEDULE section in which
the sequential behavior is defined. First, a TASK that implements a simple level controller
for a single tank is defined as:

# TASK LevelController

PARAMETER
contrTank AS MODEL HYCONTank # model type
V AS MODEL DrainValve # controlled valve
# switching thresholds
t_upper AS REAL
t_lower AS REAL

SCHEDULE
SEQUENCE
WHILE TRUE DO
PARALLEL
SEQUENCE
CONTINUE UNTIL contrTank.h >= t_upper;
RESET
V.u := 1;

END # end of RESET
END # end of first inner SEQUENCE
SEQUENCE
CONTINUE UNTIL contrTank.h <= t_lower;
RESET
V.u := 0;

END # end of RESET
END # end of second inner SEQUENCE

END # end of PARALLEL
END # end of WHILE
END # end of outer SEQUENCE
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In the PARAMETER section, the MODEL entities are specified on which the TASK oper-
ates. The level controller developed here controls the liquid level in a HYCONTank via a
DrainValve. In addition, upper and lower switching thresholds are defined that indicate the
maximum and minimum values of the liquid level.

The SCHEDULE section implements the control logic. The level controller operates in
an infinite WHILE loop in which two concurrent operation sequences are executed. Con-
current actions can be implemented in gPROMS using the PARALLEL construct. Each
sequence continuously monitors the height of the liquid in the tank and compares it with
the upper and lower thresholds. If the upper threshold is exceeded, the drain valve is opened
using the RESET task, and if the lower threshold is reached, the drain valve is closed.

The level controller for the two-tank system can now be constructed hierarchically by
the concurrent execution of the two level controller TASKs:

# TASK TwoLevelControllers

PARAMETER
contrTanks AS MODEL HYCONTanks

SCHEDULE
PARALLEL
LevelController
( contrTank IS contrTanks.Tank1,

# tank 1 is controlled via the valve V1L
V IS contrTanks.V1L,
t_upper IS 0.5, # h_max = 0.5 m
t_lower IS 0.2) # h_min = 0.2 m

LevelController
( contrTank IS contrTanks.Tank2,

# tank 1 is controlled via the valve V3
V IS contrTanks.V3,
t_upper IS 0.5, # h_max = 0.5 m
t_lower IS 0.2) # h_min = 0.2 m

END # end of PARALLEL

This task takes a two-tank model as a parameter and invokes the suitably parameterized
level controller TASKs within a PARALLEL construct.

To simulate the controlled two-tank system, the SCHEDULE section of the PROCESS
entity HYCONTwoTanks_simple that is described above must be modified slightly:

# PROCESS HYCONTanks_controlled

...

SCHEDULE # simulation schedule
PARALLEL # level controllers and termination criterion

TwoLevelControllers ( contrTanks IS Tanks )

SEQUENCE # stop simulation after 100 seconds
CONTINUE FOR 100
STOP

END # end of SEQUENCE

END # end of PARALLEL
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Again, two sequential procedures are executed concurrently. The first sequence simply in-
vokes the TASK TwoLevelControllers, and the second sequence stops the simulation after
100 seconds. �

11.2.5 Other tools and environments

20-sim The modeling and simulation package 20-sim, which is named after its
origin, the University of Twente (“twente”-sim), is a derivative of the now defunct
simulation environment TUTSIM that was developed at the University of Twente
in the 1970s, and of its successor CAMAS. Its modeling formalism is based on a
combination of hierarchical bond graphs, block diagrams, and noncausal equations.
20-sim provides basic facilities to model discrete-continuous systems, although this
concept is not an integral part of the environment [477]. Furthermore, 20-sim models
can be exported into the Modelica language.

ABACUSS II/Jacobian Since the modeling and simulation tool ABACUSS (Ad-
vanced Batch And Continuous Unsteady State Simulator) and its successor ABA-
CUSS II are academic derivatives of gPROMS, their modeling framework and
language are very similar. ABACUSS II relies on the numerical software library
DAEPACK (Differential-Algebraic Equation Package) for symbolic and numeri-
cal computations. Among others, DAEPACK provides advanced algorithms for the
consistent initialization of DAEs, for automatic index reduction, for numerical sim-
ulation and dynamic optimization, and for the efficient integration of FORTRAN
subroutines and the model export into the CAPE-OPEN standard. In contrast to
gPROMS, ABACUSS II supports the object-oriented concept of inheritance (key
word INHERITS), i.e. the refinement of a basic model (class) into a more specialized
class. The modeling and simulation environment Jacobian is a commercial offspring
of ABACUSS II.

BaSiP BaSiP (Batch Simulation Package) is a modeling and simulation environ-
ment for flexible recipe-driven chemical batch plants. The modeling language is
graphical, and the BaSiP environment provides several graphical editors for the spec-
ification of hierarchical plant models and of hierarchical production recipes in the
form of Sequential Function Charts (SFCs). The plant model can be formulated on
different levels of abstraction, and the simulation engine of BaSiP employs algo-
rithms that are tailored for the efficient simulation of batch plants. Furthermore, an
interface to gPROMS is included.

Charon Charon is a modeling formalism for the modular specification of interact-
ing hybrid systems. Like χ (see below), it is equipped with formally defined compo-
sitional semantics that make it very suitable for systems analysis by modular reason-
ing. Charon defines two kinds of hierarchy: architectural hierarchy that reflects the
composition of distinct concurrent (i.e. parallel) processes (which are called agents),
and behavioral hierarchy that reflects the composition of components that act sequen-
tially (called modes). Communication between the model components is realized via
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shared variables and via message passing, and the supported continuous dynamics
are DAEs. The Charon tool set provides a graphical modeling language that is inte-
grated into a graphical user interface, a simulator, and an embedded type checker.

CheckMate The MATLAB/Simulink-based toolbox CheckMate supports the
modeling, the simulation, and the verification of special class of nonlinear hybrid
systems, threshold-event-driven hybrid systems (TEDHS). In this formalism, the
continuous dynamics are modeled by ordinary differential equations for which pla-
nar switching surfaces can be defined, and the discrete dynamics are represented as
finite-state machines. The models are created using a custom graphical user interface
within the MATLAB/Simulink environment. The editor offers different Simulink
blocks for the definition of the switched continuous dynamics while the finite-state
machine is implemented in Stateflow. CheckMate offers a simulation algorithm for
TEDHS models that is based on the MATLAB simulation engine.

χ (Chi) χ was initially developed for the simulation of manufacturing plants, but
has been extended into a multi-disciplinary modular modeling formalism that in-
tegrates concepts from dynamics and control theory with concepts from computer
science, in particular from process algebra. χ is a very powerful modeling formalism
that supports many concepts such as continuous DAE dynamics, discrete, continu-
ous, and algebraic variables, urgent and nonurgent actions, and stochastic operators.
An outstanding feature of χ is its mathematically well-defined compositional seman-
tics that enables formal modular reasoning about the properties of large complex χ
models. Modular reasoning here means that properties of the complex overall system
can be proven based on properties of the (simpler) submodels.

χ is related to the Compositional Interchange Format (CIF) that is described
in Chapter 12. However, it is grained finer: while an automaton is the smallest ele-
ment in the CIF, in χ the elements of an automaton, such as differential-algebraic
equations, assignments, and sending and receiving of information are the atomic el-
ements.

The χ tool set provides three different simulators: a very fast simulator for a
subset of χ that contains only clocks (timed χ), a simulator for hybrid χ models
that supports variable-structure systems and that solves algebraic loops using the the
mathematical computing environment Maple, and a simulator that can be included
into Simulink using the s-function interface. In addition, formal translations into
UPPAAL models and linear hybrid automata have been defined.

EcosimPro The EcosimPro tool project was initiated in 1989 by the European
Space Agency (ESA) to simulate environmental control and life support systems
for Hermes manned spacecraft. The multidisciplinary nature of this object-oriented
noncausal modeling tool gave rise to its use in many other disciplines such as fluids,
chemical, control, energy, propulsion, and others (see Section 14.4 for examples).
The EcosimPro environment provides an intuitive graphical user interface, a power-
ful symbolic pre-processing engine, model libraries for different areas, and facilities
to model hybrid systems, such as continuous and discrete variables and language
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constructs that enable the implementation of discontinuous equations, sequential be-
havior, and discrete events.

HyBrSim HyBrSim (Hybrid Bond gRaph Simulator) is a modeling and simula-
tion tool for hybrid systems that is based on the hybrid bond graph formalism (with
continuous DAE dynamics) which extends the continuous (graphical) bond graph
model with switching dynamics that are represented by finite-state machines. Hy-
BrSim employs an interpretative simulation approach, i.e. it does not solve a single
global system of equations, but propagates the variable values through the model
topology. Although this approach is relatively slow, it allows for a flexible treatment
of variable-structure systems. HyBrSim provides a block diagram editor for model
composition.

Modelica The goal of the freely available Modelica language specification is to
provide a standardized and powerful object-oriented noncausal modeling language
for multi-domain modeling. Modelica was (and still is) designed in a joint effort by
computer scientists, dynamic model practitioners, and the developers of the object-
oriented modeling languages Allan, Dymola, NMF, ObjectMath, Omola, SIDOPS+,
and Smile.

Modelica closely follows the concepts of the object-oriented modeling paradigm
and, in this respect, goes beyond most of the other object-oriented languages that are
presented in this chapter: almost all objects within Modelica are instances of classes,
and Modelica supports advanced object-oriented concepts such as inheritance, re-
stricted classes or generic classes. Sequential procedures can be implemented in al-
gorithm sections or functions and thus enable the integration of high-level discrete-
event formalisms, as is e.g. done in the DES/M environment [514].

Besides its clear object-oriented structure, one of the major reasons for the in-
creasing popularity of Modelica is the large number of free and commercial model
libraries that provide model templates for many technical areas, such as thermody-
namics, mechanics, control, electronics, and automotive.

Up to now, two commercial tools are available that implement the Modelica lan-
guage: Dymola and MathModelica. In addition, an open-source tool, OpenModelica,
is currently under development. The most mature of these tools, Dymola, comes with
a very powerful symbolic and numerical simulation engine that e.g. supports auto-
matic index reduction of high-index DAE systems and tearing of algebraic loops,
and that provides specialized numerical solvers for large-scale DAE systems.

Omola/Omsim Omola (Object-oriented Modeling Language) is an object- and
equation-oriented modeling language that supports mixed continuous (semi-explicit
DAE) dynamics and discrete events. Similar to Modelica, all models are regarded as
classes in Omola. Omola supports single inheritance, and the basic constructs that
are used to describe discrete events enable the implementation of high-level discrete-
event systems such as Petri Nets. Omola comes with the modeling and simulation
environment Omsim that provides a graphical model editor, symbolic pre-processing
of the model equations, and a hybrid simulation engine.
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Ptolemy II/HyVisual The Ptolemy II project focuses on the heterogeneous mod-
eling, simulation, and design of concurrent embedded systems. The main motiva-
tion behind Ptolemy II is to generate executable models that can be implemented
in a large variety of computational models such as discrete-event and continuous-
time systems, communicating sequential processes, or finite-state machines. HyVi-
sual (Hybrid System Visual Modeler), which is based on the Ptolemy II software
framework, is a block-diagram-based tool for the modeling and simulation of hier-
archical continuous and hybrid dynamic systems with continuous dynamics that are
modeled by ODEs.

Scilab/Scicos The development of the powerful technical computing environment
Scilab (Scientific laboratory) began in 1990. It is an open-source alternative to MAT-
LAB that provides a large set of tool boxes for different application domains, and the
block-diagram-based simulation tool Scicos (Scilab Connected Object Simulator) is
the corresponding open-source equivalent of Simulink. Although Scilab/Scicos lacks
an equivalent of the Simulink-based Stateflow tool and can thus not directly repre-
sent finite-state machines, it provides specialized blocks that can be used to model
hybrid systems (see [143] for examples). Like Simulink, Scicos supports the integra-
tion of external functions and programs. These can be implemented in C, Fortran, or
in the Scilab programming language. In addition, Scicos directly supports a subset
of the Modelica language.

SHIFT SHIFT (the name is a permutation of HSTIF, Hybrid Systems Tool In-
terchange Format) is a textual modeling language for dynamically reconfigurable
hybrid systems with continuous ODE dynamics. It employs networks of hybrid au-
tomata in which model components may be created, interconnected, and destroyed
during simulation. Thus, SHIFT is suited particularly for hybrid systems in which
the model structure changes dynamically, such as air traffic control systems or high-
way systems. SHIFT models can be simulated in the SHIFT runtime environment
that also provides a graphical environment for the visualization of simulation runs.
Alternatively, SHIFT models can be compiled into stand-alone C programs using a
dedicated compiler.

Siconos The Siconos (Simulation and Control of Non-smooth Dynamic Systems)
platform was initiated within a European project of the same name and is dedicated
to the modeling, simulation, analysis, and control of a special class of hybrid sys-
tems, non-smooth dynamic systems (NSDS), in which continuous dynamic systems
interact with non-smooth laws. Since Siconos models are very abstract, they can be
used to model systems from various application areas, such as mechanics, robotics,
or electronics. The Siconos tool set is capable of simulating NSDS models in both,
a time-driven and an event-driven fashion and provides interfaces to MATLAB and
Scilab.

UPPAAL UPPAAL is an integrated graphical environment for modeling, simula-
tion, verification, and controller synthesis of real-time systems and is currently the
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standard tool for the analysis, simulation, and design of timed systems. UPPAAL
models are represented as networks of timed automata that support variables and
communicate via channels or shared variables. The basic UPPAAL tool encom-
passes a graphical editor for model creation, a graphical simulator, and an efficient
model checker, and several variants of UPPAAL have been developed that provide
extended functionality such as cost-optimal reachability analysis (UPPAAL CORA),
black-box testing (UPPAAL TRON), and controller synthesis based on timed games
(UPPAAL TIGA).

11.3 Dynamic optimization

11.3.1 Optimization problem

The problem formulation that is employed by many tools for the optimization of
nonlinear hybrid systems is similar to that given in Section 3.5, i.e. the goal is to
minimize a cost function over a time interval [t0, tf ], where t0 and tf are the initial
and the final time, and the hybrid model serves as a dynamic constraint. However, due
to the requirements mentioned above, most tools support a more general formulation
than that given in Section 3.5. For example, the continuous dynamics in each mode
can often be defined as implicit systems of differential-algebraic equations (DAEs)
of the form

∅ = f(x(t), ẋ(t),y(t),u(t),v(t),p),

or as semi-explicit systems of DAEs or the form

ẋ(t) = f(x(t),y(t),u(t),v(t),p),
∅ = g(x(t),y(t),u(t),v(t),p).

Here, the vectors x(t) represent the state variables and ẋ(t) are the corresponding
time derivatives, y(t) are the algebraic variables, u(t) and v(t) are the continuous
and the discrete inputs, and p are time-invariant parameters. The cost function can
then be written as:

min
x(t),y(t),u(t),v(t),p,tf

Ω(x(t),y(t),u(t),v(t),p, tf ). (11.2)

For simplicity, the discrete modes of the hybrid system are not considered here. Many
tools support the specification of additional constraints, such as equality and inequal-
ity path constraints

0 ≤ gp(x(t),y(t),u(t),v(t),p) ∀ t ∈ [t0, tf ], (11.3)

which must be fulfilled over the complete time horizon [t0, tf ], initial and endpoint
constraints

0 ≤ gi(x(t0),y(t0),u(t0),v(t0),p), (11.4)

0 ≤ ge(x(tf ),y(tf ),u(tf ),v(tf ),p), (11.5)
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which only have to be fulfilled at t0 and tf , or interior-point constraints

0 ≤ gip(x(ti),y(ti),u(ti),v(ti),p), (11.6)

which only have to be fulfilled at a particular time point ti ∈ [t0, tf ].
The available optimization approaches for such dynamic optimization problems

can be categorized into three classes. The first class is based on variational princi-
ples, i.e. on the solution of the optimality conditions that are derived from hybrid
extensions of Pontryagin’s Maximum Principle. These methods are also called indi-
rect methods, and they are described in Section 3.5. A second branch of approaches
is based on the extension of dynamic programming principles to the hybrid setting,
e.g. see [115, 126, 298]. The major drawback of these approaches is that they are
only applicable to relatively small hybrid systems. In consequence, most of the ex-
isting tools are based on the third class of numerical approaches which are called
the direct optimization methods and which have already been applied successfully
to systems with thousands of variables. These techniques have in common that they
directly transform the infinite-dimensional optimization problem that is stated above
into a finite-dimensional representation that is amenable to the application of (mixed-
integer) nonlinear optimization algorithms.

11.3.2 Numerical optimization of nonlinear hybrid systems

While the derivation of a finite-dimensional representation of hybrid systems with
linear or affine dynamics is rather straightforward as was shown in the previous chap-
ters, the finite-dimensional reformulation of optimization problems for systems with
nonlinear dynamics is more involved. The existing approaches can be divided into
two categories: the first class of approaches is based on a finite-state representation
of the control profiles, i.e. on control (vector) parameterization. In these sequential
or single-shooting techniques, the optimization horizon is divided into time stages of
varying duration, and in each stage the profiles of the continuous inputs are repre-
sented by suitable functions, such as piecewise constant functions, piecewise linear
functions, or polynomials. The dynamics of the hybrid system and the cost function
are evaluated by integration of the dynamic model, and an optimization algorithm,
such as a mixed-integer nonlinear programming (MINLP) solver, determines opti-
mal values for the control parameters, for the discrete inputs, for the time-invariant
parameters, and for the lengths of the time intervals.

In the second class of direct approaches, the simultaneous techniques, both the
control profiles and the dynamic equations are discretized. One possibility to dis-
cretize the dynamic equations is to employ a multiple-shooting approach: similar to
the sequential technique, the optimization horizon is divided into stages, the contin-
uous control profiles are represented by parameterized functions, and the dynamics
are evaluated by integration. In contrast to the sequential method, the initial val-
ues of the state variables in each stage are assumed to be unknown and are chosen
by the optimizer, and additional equality constraints ensure that the solution that is
determined in the final iteration of the optimization algorithm fulfills the dynamic
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equations of the system over the complete time horizon. In the full-discretization or
collocation-based technique, the optimization problem is converted into a purely al-
gebraic (MI)NLP problem by the approximation of the control and dynamic profiles
with suitable functions, e.g. polynomials, using collocation on finite elements.

Sequential approaches lead to relatively small (MI)NLP problems and are partic-
ularly suitable for systems with few time-varying controls and many dynamic equa-
tions. However, these approaches can lead to problems if the dynamic system exhibits
instabilities since in this case, it may be difficult to determine feasible solutions for
given sets of control parameters. Furthermore, path constraints cannot be integrated
directly into the problem formulation. In [645, 646], a sequential algorithm for the
dynamic optimization of multi-stage systems is presented. In multi-stage systems,
the number of time intervals and the sequence of the discrete modes of the hybrid
system is fixed. In this approach, path constraints are included by the penalization
of the constraint violation that is computed over the optimization horizon. A disad-
vantage of this approach is its restriction to systems of DAEs with an index of 1 or
less. This problem is overcome by the sequential approach presented in [45, 229] that
supports high-index DAEs and that employs an algorithm for constrained dynamic
simulation to deal with path constraints.

Simultaneous approaches that are based on multiple shooting lead to consider-
ably larger (MI)NLPs than sequential methods. However, a tailored solution algo-
rithm for these problems has been developed in recent years [397, 398] that supports
multi-stage systems (i.e. systems with differing continuous dynamics in the time
stages) and that is sufficiently fast for real-time applications. Recently, this algo-
rithm has been extended to handle binary controls [563] and autonomous switchings
of the continuous dynamics [111].

The collocation-based simultaneous methods lead to very large but usually sparse
optimization problems that can be solved efficiently using specialized large-scale
NLP solvers. These methods have the advantages that path constraints can be con-
sidered directly in the problem formulation and that systems with instabilities can be
handled in a well-conditioned manner. In [28], a full-discretization technique for a
general class of hybrid systems is presented that yields a MINLP problem formula-
tion. Other approaches, such as those presented in [547] and [604], reformulate the
mixed-integer optimization problem into a purely continuous NLP problem using
suitable continuous complementarity constraints.

To counteract the combinatorial complexity that arises in the optimization of hy-
brid systems with many discrete modes or discrete inputs, several approaches have
bee developed that decompose the optimization problem into simpler subproblems.
For example, in [672] a hierarchical approach is presented that separates the compu-
tation of the optimal sequence of the discrete modes and the computation of optimal
control inputs and event times. In another approach [596, 608], the possible trajec-
tories of the discrete inputs are encoded in an acyclic graph. Optimal values for the
continuous inputs are computed by embedded nonlinear optimization, the result of
which is used to prune the search graph based on upper and lower cost bounds.

Many of the approaches presented above lead to MINLP formulations, and a va-
riety of techniques is available to solve these problems. Many methods are based
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on extensions of the branch-and-bound algorithms for mixed-integer linear program-
ming (MILP) problems to the nonlinear case. In these algorithms, the discrete deci-
sions are encoded in a tree, and in each node continuous NLP problems (with fixed
or relaxed discrete variables) are solved. The tree is pruned based on lower and upper
cost bounds, or on more advanced techniques based, e.g., on cutting planes that are
determined from MILP subproblems. Another branch of algorithms employs an outer
approximation in which the solutions of a master MILP problem and of NLPs with
relaxed or fixed discrete decision variables is iterated. Here, the MILP solutions pro-
vide lower cost bounds and are used to determine promising values for the discrete
variables.

While several powerful methods for the dynamic optimization of nonlinear
hybrid systems and suitable optimization algorithms have been developed in the
last decades, there are still many formidable challenges. For example, many opti-
mization problems that arise in hybrid systems optimization are non-convex, and
the optimization algorithms described above do not guarantee that the globally op-
timal solution is found for such problems. In consequence, much research effort is
currently focussed on the development of global nonlinear optimization techniques.
Global methods can be divided into stochastic approaches (using, e.g., evolutionary
algorithms or simulated annealing techniques) and deterministic approaches that are
usually based on convex relaxations of the optimization problem. In hybrid systems
optimization, a stochastic approach has for example been applied in [596, 628]. In
this approach, the mixed-integer nonlinear problem is solved using a tailored evolu-
tionary algorithm. An additional advantage of stochastic algorithms is that they are
not adversely affected by discontinuities in the sensitivity equations of the optimiza-
tion problem. Gradient-based methods, such as SQP algorithms, require continuity
of the sensitivity equations, and this problem is currently also subject to research.

11.3.3 Tools for the optimization of nonlinear hybrid systems

As already mentioned above, it is often advantageous to employ the facilities of ex-
isting modeling and simulation environments in dynamic optimization tools. One
possibility to equip modeling and simulation environments with optimization facili-
ties is to integrate the optimization algorithms as external software components. As
an example, the hybrid nonlinear model-predictive control algorithm that is used to
optimize the start-up of the evaporation system in Section 14.4 was integrated into
the environment EcosimPro via its external software interface, and the optimization-
based safety analysis scheme that is described in the same chapter was implemented
in MATLAB using the MATLAB-based optimization package TOMLAB which pro-
vides a variety of high-end optimization algorithms.

Furthermore, several modeling environments directly provide facilities for the
dynamic optimization using single-shooting or multiple-shooting techniques. The
simulation environment gPROMS offers dynamic optimization facilities via the
integrated tool gOPT. gOPT is described in more detail in the next section. The
sequential approach described in [45, 229] was implemented in the environment
ABACUSS and its free and commercial successors, and the Modelica-based tool
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Dymola has recently been extended with optimization capabilities employing a
sequential approach.

The multiple-shooting algorithm that is described in [397, 398] has been imple-
mented in the optimization package MUSCOD II. The dynamic simulation model
can be specified in the gPROMS language or in the programming languages Fortran
or C, and MUSCOD II uses an efficient partially reduced sequential quadratic pro-
gramming (PRSQP) optimization algorithm that enables optimization in real time,
e.g. in nonlinear model-predictive control (NMPC) applications.

Several powerful environments for general algebraic mixed-integer nonlinear op-
timization problems are available, such as AMPL and GAMS. These environments
provide intuitive modeling languages, graphical user interfaces and debugging fa-
cilities, and interfaces to a large variety of optimization algorithms. However, the
tool support for the automatic discretization and subsequent optimization of dynamic
systems using collocation-based methods is still very small. Recently, the Optimica
compiler has been introduced that extends the Modelica specification with language
constructs for the formulation of dynamic optimization problems. Optimica has been
designed as an open architecture into which different discretization algorithms can
be integrated. Optimica is still under development – the current implementation sup-
ports the generation of an AMPL-based algebraic optimization problem by automatic
collocation-based discretization of continuous dynamic optimization problems.

Example 11.3 Start-up optimization of the two-tank system in gPROMS

The optimization tool gOPT that is part of the the gPROMS environment provides single-
shooting and multiple-shooting techniques for the optimization of hybrid systems with
index-1-DAE dynamics that are modeled in the gPROMS language. The methods of gOPT
are based on the software package DAEOPT that is described in [645, 646]. gOPT employs
different mixed-integer and continuous optimization algorithms, such as the freely available
large-scale NLP solver HQP that is used in the multiple-shooting approach. Optimization
problems with discrete decision variables are solved using an outer-approximation MINLP
algorithm that is based on a single-shooting technique and that uses an SQP algorithm for
the solution of the continuous subproblems. Optimization problems with purely contin-
uous decision variables can be solved using single-shooting and multiple-shooting NLP
techniques. gOPT supports initial and endpoint constraints as well as interior-point con-
straints. Path constraints can be included using suitable endpoint constraints, as is shown
below. In the following, the formulation and solution of dynamic optimization problems in
gPROMS/gOPT is illustrated using the example of a time-optimal start-up of the two-tank
system. In this setting, the tanks are initially almost empty (h1 = h2 = 0.01 m), and the
objective is to determine a start-up strategy that drives the heights of the liquid levels in both
tanks into the range [0.5 m, 0.6 m] in minimum time.

For optimization purposes, the dynamic model that was presented above has to be modi-
fied slightly. In gPROMS/gOPT, the cost function value corresponds to the value of a single
variable. Thus, an equation that represents the cost function must be included into the dy-
namic simulation model. Since the optimization goal is to minimize the start-up time, a new
variable t of the self-defined real-valued type optvar is included into the model of the two-
tank system, and the corresponding equation ensures that this variable measures the elapsed
time:
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# MODEL HYCONTanks_opt

UNIT # As before
...
Tank1 AS HYCONTank_opt # extended tank model
Tank2 AS HYCONTank_opt # extended tank model
...

VARIABLE
t as optvar # time

TOPOLOGY # As before
...

EQUATION
$t = 1;

To ensure that the liquid levels do not fall below the minimum height of 0m and do not ex-
ceed the maximum height of the tanks hmax = 0.6 m, suitable path constraints must be in-
cluded. Since gOPT does not support path constraints, the constraints must be reformulated
as endpoint constraints. This approach requires that the constraint violation is determined
during simulation. Thus, the dynamic model of a single tank is extended as:

# MODEL HYCONTank_opt

PARAMETER # As before
...
h_max AS REAL DEFAULT 0.6 # maximum height

PORT # As before
...

VARIABLE # Model Variables

h AS height # state variable
hv AS optvar # path constraint violation

EQUATION # As before
...
# compute violation of minimal/maximal height
$hv = MAX(0,h-h_max,-h);

Here, the equation for the new variable hv integrates the constraint violation over the opti-
mization horizon [t0, tf ]. Thus, the path constraints can now be implemented using endpoint
equality constraints of the form hv(tf ) = 0.

In gPROMS/gOPT, an optimization problem is specified using a PROCESS entity and
an OPTIMISATION entity. The PROCESS entity is used to define the model under con-
sideration and the initial parameter and variable values while the OPTIMISATION entity is
used to specify the number of time intervals, the cost function variable, the constraints, the
control variables and their types, and the function types that are used for the parameteriza-
tion of the continuous control vector. The PROCESS entity for the two-tank system is very
similar to that of a normal simulation activity, as is shown in the following:
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# PROCESS HYCONTwoTanks_opt

UNIT # Models in this process
Tanks AS HYCONTanks_opt

SET # As before
...

ASSIGN # As before
...

INITIAL # initialization of the variables
WITHIN Tanks DO

Tank1.h = 0.01;
Tank1.hv = 0;
Tank2.h = 0.01;
Tank2.hv = 0;
t = 0;

END

SOLUTIONPARAMETERS
DOSolver := "CVP_SS";

In optimization problems, the SCHEDULE section that is needed for simulation activities
is ignored because the optimizer controls the simulation. Since the optimization problem
contains discrete degrees of freedom (the settings of the discrete valves V1, V2, and V3), the
single-shooting solver CVP_SS is employed. The OPTIMISATION entity can be defined
via a graphical user interface or directly in the gPROMS language. For the two-tank sys-
tem, the optimization horizon is separated into five time intervals. The degrees of freedom
of the optimization are the lengths of these time intervals, the parameters that represent
the continuous input uP1 (i.e. the flowrate through the pump P1), and the settings of the
discrete valves V1, V2, and V3 that are here modeled as binary piecewise constant signals.
Alternatively, discrete inputs can be specified as integer values or as enumerated values.
The continuous inputs can be parameterized using piecewise constant or piecewise linear
functions. Note that more complex control profiles can easily be implemented by the intro-
duction of an additional algebraic equation (e.g. a polynomial) that models the profile of the
continuous input. In this case, the coefficients of this algebraic function can be chosen as
the continuous degrees of freedom in the optimization. For the two-tank system, a piecewise
linear profile is chosen.

Finally, endpoint inequality constraints are defined for the heights of the liquid levels as
0.5 m ≤ h1, h2 ≤ 0.6 m, and interior-point constraints are specified for the time interval
boundaries. These constraints ensure that the heights h1 and h2 remain within the range
[0 m, 0.6 m]. Although these constraints are not necessary due to the path constraints that
were described above, their specification can lead to an improved numerical performance
since they can be handled directly by the optimizer.

Figure 11.6 shows the optimized time trajectories of the continuous and discrete control
inputs and of the resulting heights of the liquid levels. The start-up is achieved in 171.9
seconds, and the optimization took 3.9 seconds on an AMD Opteron processor with 2.4
GHz. As expected, the valve V3 is kept closed throughout the start-up, and the flow rate
through the pump P1 is kept at its maximum value. The liquid distribution between the
tanks is controlled solely using the valve V2. �
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Fig. 11.6 Optimization results for the two-tank system. (a) Continuous input
pP1. (b) Heights of the liquid levels h1 and h2. (c) Discrete inputs V1, V2,
and V3.

Bibliographical notes

The Handbook of Dynamic System Modeling [238] gives an excellent overview of all as-
pects of continuous and hybrid modeling and provides detailed introductions to several
of the tools that are also presented in this chapter, such as χ, MATLAB with Simulink/
Stateflow/SimEvents, and Modelica. The freely available book [143] investigates in de-
tail the syntactical and semantical properties of the tool sets MATLAB-Simulink-Stateflow,
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Modelica-Dymola, Ptolemy II-HyVisual, Scicos, SHIFT, and Charon. In addition, the mod-
eling capabilities of these tools are analyzed and illustrated with different examples. In
[477], a comparison of the support of several hybrid simulation phenomena by tool sets is
presented, and numerous surveys, e.g. [44, 211, 222, 513], provide additional information
on hybrid systems simulation.

More information about the current state and the major challenges of the dynamic op-
timization of large-scale continuous and hybrid systems can be found in [44, 46, 82, 164,
284, 285], and [221] details the current state and the future challenges of nonlinear real-time
optimization in feedback control systems.

Furthermore, several online resources that are dedicated to the provision and collection
of information on hybrid systems tools have been created in recent years [333, 507].

Tool-specific references The main point of reference for detailed information about a
specific tool (and in many cases, for links to installation packages of the tool itself) is the
tool website. Table 11.2 provides references to the websites of all tools that have been
described in this chapter.

In addition, some explanatory articles and tools that have been written for virtually all
tools. Some of these documents are referenced in the following:

The text [121] provides detailed information about 20-sim, and the text book [107] gives
an introduction to bond-graph-based modeling using 20-sim. Detailed information about
DAEPACK and ABACUSS II is given in [626, 627], and BaSiP is described in [223, 666].
The article [332] is dedicated to Charon, and an introduction to CheckMate is presented in
[589]. The articles [43, 490] give an overview of gPROMS, and χ is described in [50]. The
article [476] explains in detail the concepts behind HyBrSim.

Many comprehensive text books and articles are available that cover all aspects Model-
ica and provide ample information about the simulation environments Dymola, MathMod-
elica, and OpenModelica. Some of these are [254, 495, 623]. Additional information about
Modelica developments can be found in the proceedings of the Modelica conferences (refer
to the website of Modelica).

The by far best documented tool set is MATLAB with Simulink and Stateflow. The
MATLAB provider claims that more than 1000 MATLAB-related books are available that
range from introductory texts on MATLAB [293] and Simulink/Stateflow [195] to more
specialized books that cover virtually all engineering areas. More detailed information on
SimEvents can be found in [148, 179].

Detailed information about Omola/Omsim can be found in [20, 114], and the concepts
and capabilities of Ptolemy II/HyVisual are described in a large variety of publications
such as [125, 391, 392]. The book [142] gives a comprehensive overview of modeling and
simulation in Scilab and Scicos, SHIFT is described in detail in [210], and the concepts of
UPPAAL are presented in [381].

The optimization framework TOMLAB is described in [325], and detailed information
on the tool MUSCOD II is given in [212]. More information on AMPL can be found in
[247], IPOPT is described in [655], and the Optimica compiler is treated in [7, 8]. In ad-
dition, [296] presents the applicability of the Optimica compiler using the example of a
chemical reactor. In this paper, the Modelica model of a chemical reactor is discretized
automatically, and the resulting large-scale NLP problem is solved using IPOPT.
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Interchange formats and tool integration

D. A. van Beek, M. A. Reniers, J. E. Rooda, and R. R. H. Schiffelers

To facilitate an integration of tools that have been developed separately and
are based on different modeling approaches, an interchange format has been
developed, which is described in this chapter together with the possible tool
combinations that are enabled by this format.

Chapter contents

12.1 Overview of interchange formats for hybrid systems page 362

12.2 Concepts in the compositional interchange format 365

12.2.1 Differential algebraic equations 365
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12.2.3 Urgency 366
12.2.4 Closed and open scopes 368
12.2.5 Input and output variables 369

12.3 Example: Bottle filling system 370
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12.1 Overview of interchange formats for hybrid systems

The purpose of interchange formats is to establish interoperability of a wide range of
tools by means of model transformations. In this way, the implementation of many bi-
lateral translators between specific formalisms can be avoided as shown in Fig. 12.1
and 12.2.

Fig. 12.1 Multiple model transformations without an interchange format.

Work on interchange formats for hybrid systems has been carried out in dif-
ferent projects: in the MoBIES project, the Hybrid System Interchange Format
(HSIF) [458] is defined, and in [526] an abstract semantics of an interchange for-
mat based on the Metropolis meta model is defined (this work is a continuation of
the COLUMBUS project [185]). Finally, in the HYCON network, two interchange
formats have been defined: the interchange format for switched linear systems (Sec-
tion 10.5) in the form of piecewise affine systems (PWAs), and the more general
compositional interchange format (CIF), which is discussed in more detail in this
chapter.

Fig. 12.2 Multiple model transformations using an interchange Format.

In HSIF, a network of hybrid automata is used for model representation. The net-
work behaves as a parallel composition of its automata, without hierarchy or mod-
ules. Variables can be shared or local, and the communication mechanism is based
on broadcasting of Boolean “signals,” where signals are partitioned into input and
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output signals. Each signal is required to be either a global input to the network or
to be modified by exactly one automaton. The semantics is defined only for “acyclic
dependency graphs” with respect to the use of signals. The time dependent behavior
is specified by means of ordinary differential equations (ODEs), together with alge-
braic relations of the form x = f(x1, . . . , xn), and invariants. The equation ẋ = 0 is
assumed for each shared variable. Circular dependencies of the algebraic equations,
i.e. algebraic loops, are not allowed. To provide for “synchronous execution” of dis-
crete steps, each automaton has a default transition. There are no algebraic variables,
and there is no form of specification of urgency, such as urgency predicate or urgent
action. Execution of the network is defined as an alternating sequence of continuous
steps followed by discrete steps, where each discrete step of the network is the result
of a sequence of discrete steps of each of the automata taken in an order that respects
automata dependencies [458].

The basis of the syntax of the interchange format according to [526] is a hybrid
system defined as a 9-tuple that can be composed by means of parallel composi-
tion. Parallel composition is associative. It is not commutative, however, because the
equation ordering depends on the position of the hybrid systems in the composition.
The structure of a hybrid system is defined by a pair of a rooted tree of components
and a rooted tree of schedulers. The abstract semantics takes several implementation
considerations into account, such as equation sorting, iterations that may be required
for state-event detection, and iterations for reaching a fixed-point in case of alge-
braic loops. The semantics is defined in terms of functions and algorithms, such as
init, markchange, and solve.

The application domain of the compositional interchange format, consists of lan-
guages and tools from computer science and from dynamics and control for model-
ing, simulation, analysis, controller synthesis, and verification in the area of hybrid
and timed systems. The CIF aims to be more general than HSIF, and does not incor-
porate tool limitations, such as restrictions on circular dependencies, or restrictions
on shared variables or algebraic loops, in its compositional formal semantics.

The semantics of the CIF, as defined in [51, 52], is different from the seman-
tics presented in [526]. The semantics of the CIF aims at defining the mathematical
meaning of models, independently of implementation aspects such as equation sort-
ing or state-event detection. For example, the semantics defines the mathematical
meaning of a switched system of equations, such as a PWA system, but an imple-
mentation may choose to implement such switching behavior with or without state-
event detection. Furthermore, in the CIF, parallel composition is both associative
and commutative. The formal semantics of the CIF defines all possible behaviors of
a CIF model in terms of a hybrid transition system. The semantics defines a standard
against which implementations, such as simulation or verification implementations
can be evaluated. To use the CIF for verifications, translations from models to the
interchange format, and vice versa, should preserve essential properties, that is, veri-
fication results obtained for a derived model should also be valid for the original
model specified in another language.

The different languages may have different features and semantics, complicating
translations between them. To keep the translations between the CIF and the other
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languages manageable, in terms of complexity, it is important that transformations
between parts of specifications within the interchange format itself can be defined.
To allow such transformations, it is essential that the semantics of the CIF is compo-
sitional. Parts of a model can then be replaced by equivalent parts without changing
the meaning of the model.

The purpose of the CIF is:

• to establish interoperability of a wide range of tools by means of model transfor-
mations to and from the CIF (see Fig. 12.3 for an example);

• to provide a generic modeling formalism and simulator for a wide range of hybrid
systems (see Fig. 12.4 for an example).

Fig. 12.3 Using CIF transformations for simulation and Verification.

In principle, a CIF model can be specified in three different formats. The first
one is an abstract format, which facilitates the definition of the formal semantics.
The second is a concrete format that provides user friendly syntax and can be used
for modeling directly in the interchange format. Its semantics is defined by means
of a translation to the abstract format. Third, a transfer format facilitates the file
generation and parsing process. This format can, for example, be specified in an
extensible markup language (XML) format that is supported by means of libraries
in many different languages. The syntax and semantics of the abstract and concrete
formats are defined in [52].

Fig. 12.4 Modeling directly in the CIF.
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The remainder of this chapter is organized as follows: Section 12.2 discusses the
concepts present in the CIF, and Section 12.3 presents a CIF model of a bottle filling
system.

12.2 Concepts in the compositional interchange format

The basic element of the abstract format of the CIF is an interchange automaton with
operators for parallel composition, including synchronization by means of shared la-
bels and communication by means of shared variables and CSP channels, and oper-
ators for action hiding, variable hiding, and urgent actions. The concrete format [53]
adds inputs, outputs and different forms of scoping to enable modular and hierar-
chical specifications. The concepts of the CIF are discussed in more detail in the
following sections.

12.2.1 Differential algebraic equations

Modeling of physical systems, such as mechanical or chemical systems frequently
leads to DAEs. Algebraic constraints can also be the result of stateless components
such as proportional controllers. DAEs can be modeled and simulated using lan-
guages such as Modelica [623] and EcosimPro [216]. DAEs can be specified in
the invariants of an interchange automaton, since such invariants are predicates over
all variables, including the dotted variables. Flow clauses are supported for reasons
of compatibility with existing hybrid automata. The reason for not enforcing a sep-
aration between invariants (over non-dotted variables) and flow clauses (over dotted
variables), as in existing hybrid automata, is that such a separation is absent in the
mathematical theory of dynamical systems, including control theory. In many cases,
fully implicit DAEs, such as f(ẋ,x,y, t) = 0, cannot even be rewritten to a form
where the algebraic constraints and the differential constraints are separated, such as
the semi-explicit form ẋ = g(x,y, t), h(x,y, t) = 0, where x and y are the con-
tinuous and algebraic variables, respectively. The generalized invariant allows us to
consider the four expressions x = 1∧x = 2, ẋ = 1∧ ẋ = 2, ẋ = y∧ ẋ = 2y∧y = 1
and “false” to be equivalent (bisimilar): no behavior is possible.

The initialization clause of the interchange automaton is also defined as a predi-
cate over all variables, including the dotted variables. This allows more general ini-
tializations than usually allowed in hybrid automata. In particular, steady state initial-
ization, as available in Modelica and EcosimPro, is supported. For example, by defin-
ing ẋ = 0 as initialization predicate for a location with invariant f(ẋ,x,y, t) = 0,
the initial state is defined as the “steady state,” that is, the solution of the set of DAEs
such that all derivatives are zero: f(0,x,y, t) = 0.

12.2.2 Discrete, continuous, and algebraic variables

The interchange automaton defines three classes of variables: the discrete and con-
tinuous variables, and in addition the algebraic variables. Continuous variables are
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the only variables for which dotted variables (derivatives) can be used in models.
The values of discrete variables remain constant when model time progresses, the
values of continuous variables may change according to a continuous function of
time when model time progresses, and the values of algebraic variables may change
according to a discontinuous function of time. The values of the discrete and contin-
uous variables do not change in action transitions unless such changes are explicitly
specified, for example by assigning a new value to such a variable. The values of
algebraic variables can change arbitrarily in action transitions, unless such changes
are explicitly restricted, for example by assigning a new value to such a variable.

There is a difference between the different classes of variables with respect to
how the starting values of the variables in a transition relate to the resulting values
of the variables of the previous transition. For a discrete or continuous variable, the
starting value of a transition always equals the resulting value of the previous transi-
tion. For algebraic variables there is no such relation, because algebraic variables are
not part of the state. This means that the starting value of the trajectory (the values of
a variable as a function of time when time passes) of a discrete or continuous vari-
able equals its value in the state. The starting value of the trajectory of an algebraic or
dotted variable can be any value that is allowed by the invariant and flow conditions
(and possible also the initial condition) of the automaton.

The state of an interchange automaton consists of the discrete and continuous
variables. The values of the dotted variables and the algebraic variables are not con-
tained in the state. The reason for this is that the state of an interchange automaton
represents all information needed to determine future behavior, i.e. the state of a sys-
tem makes the system’s history irrelevant. The dotted and algebraic variables are not
needed in the state, because their values are determined by the predicates of the in-
terchange automaton: in particular by the initial conditions, the flow conditions and
the invariants.

The different semantics of the variable classes lead to different use. In most mod-
els, the values of discrete variables are defined by assignments, whereas the values
of algebraic variables are defined by invariants (equations). The values of continuous
variables are usually defined by invariants or flow conditions, in combination with
assignments for (re-)initialization.

In most languages that allow (implicit) DAEs, such as Modelica, EcosimPro, and
Simulink [621], the distinction between continuous and algebraic variables is im-
plicitly made by considering all continuous variables that do not occur differentiated
as algebraic. EcosimPro also implicitly makes the distinction between discrete and
continuous variables: variables of type real that occur differentiated are continuous
(unless the variable is prefixed by the DISCR qualifier, in which case it is discrete).
Variables of other types (such as integer, Boolean and string) are discrete.

12.2.3 Urgency

The concept of urgency allows the passing of time up to a certain point. There are
essentially two kinds of urgency:
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1. Urgency that is defined for an atomic automaton by means of one or more pred-
icates. Such predicates can be associated to a location, or to outgoing edges of
the location.

2. Urgency that is defined as an operation on a composition of one or more au-
tomata. Such an operation defines a set of actions as urgent for the composition.
The operation allows the passing of time up to the point when one or more of
the urgent actions can be executed.

By means of urgency, the execution of actions can be given priority over the
passing of time. Urgency, however, is not used to give the execution of “urgent”
actions priority over “nonurgent” actions. Urgency only restricts the passing of time
until a certain point of time. When such a point of time is reached, in principle all
enabled actions can be executed.

The first kind of urgency is defined in many different forms. The tcp (time can
progress) predicate [486], is a predicate over the variables of the automaton and time.
The predicate is associated to a location. It allows passing of time in a location for as
long as the predicate is true. Related to the tcp predicate is the stopping condition
[261], which is a predicate on the variables of the automaton, also associated to a
location, and which allows passing of time in a location for as long as the stopping
condition is false, or, in other words, until the time point when the stopping condition
is true. Deadline predicates [101] and urgency predicates [261] are associated to the
edges of an automaton. Deadline predicates allow passing of time in a location until
the time point that one or more deadline predicates of the outgoing edges of the
location become true. Whenever a deadline predicate of an edge becomes true, the
guard associated to that edge must also be true: the deadline predicate must imply
the guard. Urgency predicates are similar to deadline predicates; the only difference
is that they do not have the restriction that the urgency predicate should imply the
guard. Urgency predicates allow passing of time in a location until the point of time
that for one or more of the outgoing edges, the guard and the urgency predicate are
both true.

Restricting a tcp predicate as a predicate over the variables of an automaton
makes it equal to the negation of a stopping condition. Deadline predicates and ur-
gency predicates are less expressive. They can both be expressed in terms of stopping
conditions [261], or as tcp predicates. For example, the stopping condition of a lo-
cation corresponds to the disjunction of all deadline predicates of the outgoing edges
of the location. Note that a flow condition which is false in a hybrid automaton is
equivalent to a stopping condition that is true, or a tcp predicate that is false. The
interchange automaton format adopts the tcp predicate.

In simulation languages, such as Modelica, EcosimPro, and HyVisual [392],
usually a triggering or urgent guard semantics is used, meaning that the passing of
time in a location is allowed until the time point that any of the guards of the out-
going edges becomes true. This is equivalent to a stopping condition associated to
the location that is the disjunction of the guards of all outgoing edges, or to a tcp
predicate associated to the location that is the conjunction of the negated guards of
all outgoing edges.
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The second kind of urgency, as for example defined in [99] and [50], is often
available with restrictions only. For example, in HyTech [313], edges can be de-
fined as urgent. The composition of urgent actions is required to be well-formed:
“whenever two components synchronize on a label, if one transition is urgent then
the other must either be urgent, or have a jump condition expressible as a guarded
command with its guard being either the predicate true or the predicate false” [311].
A second restriction is that “if there exists an urgent transition from a location v to
a location v′, then for all valuations satisfying the invariant of v, an urgent transition
to v′ should exist.”

The timed automaton language UPPAAL [381] defines urgent communication by
allowing the definition of channels either as urgent or nonurgent, but the semantics
can be defined in terms of stopping conditions: time can pass in a location for as long
as (1) none of its edges synchronize via an urgent channel, and (2) for all edges that
synchronize via an urgent channel the guards remain false [638].

The interchange automaton format defines the second kind of urgency by means
of the urgent action operator. Note that defining this kind of urgency by means of
labeling certain edges or actions as urgent may lead to bisimulation not being a con-
gruence for parallel composition, as described in [97]. Another example is the ASAP
flag that can be attached to an edge in HyTech . In such cases, replacing a part of a
specification by another part with the same behavior may lead to different behavior
of the complete system. Straightforward translations of such languages to and from
the interchange format is in principle possible if each action (or edge with a certain
action) is either always urgent or never urgent in a model. If the same action (or
edge with a certain action) occurs both as urgent and nonurgent, it may be neces-
sary to eliminate parallel composition before translation to the interchange format is
possible.

12.2.4 Closed and open scopes

The building blocks that support hierarchy and modularity are the closed scope
|[ scopeDecls :: automaton ]| and open scope |( scopeDecls :: automaton )|.
Here, the double colon acts as a separator between the declarations of variables, ac-
tion labels, and channels on the one hand, and the specification of the behavior on
the other hand. Declarations can be internal (intern keyword) or external (extern,
input or output keyword). The main difference between closed and open scopes is
that open scopes may have free variables, that is, variables that are not bound in the
open scope itself, but in an outer, more global, encompassing scope. A closed scope,
on the other hand, may not contain free variables: all variables must be bound in the
closed scope.

Both concepts of scoping can be found in modeling languages. The concept of
open scopes is often used in different syntactic forms, such as the “for loop” used in
many programming and modeling languages. It uses a local iterator that can be used
in the body of the for loop together with the variables that are declared at a more
global level. This local iterator is essentially a local variable declared in an open
scope in which the body of the for loop is executed. The concept of closed scopes can
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be found in many modeling languages, such as Modelica, where interfaces specify
the interaction points (ports) of components explicitly, and connectors are used to
connect these ports. The ports and connectors can be mapped to the external variables
and connect sets, respectively, of the CIF.

When scopes are nested, inner scopes may declare variables using a name (iden-
tifier) that is already used in a variable declaration in an outer scope. A variable used
in an automaton binds to the declaration of that variable in the smallest enclosing
scope that declares the variable. The search for this variable declaration starts in the
smallest enclosing scope of the automaton. If the variable declaration is not found in
an open scope, the search proceeds one level up in the scope hierarchy. If it is not
found in a closed scope, the model is erroneous, because closed scopes may not have
free variables.

By means of connect sets, variables from different (!) closed scopes may be con-
nected such that the connected variables refer to the same variable. The following
connections are possible:

• Hierarchical connections: The internal and external variables of a closed scope
can be connected to external variables of the contained closed automata.

• Parallel connections: In a parallel composition of closed scopes, the external
variables of each closed scope can be connected to external variables of the other
closed scope.

Variables x and y are connected if they both occur in a connect set {x, y} or
if they occur in different connect sets for which the intersection is nonempty, for
example {x, z}, {y, z}. Within a connect set declaration, it is not allowed that two
or more variables that are declared in the same scope are connected. Action labels
and channels can be connected to other action labels and channels, respectively, in a
similar way as connections between variables are specified.

Section 12.3 presents several examples of the use of open and closed scopes,
together with examples of the use of connect sets, internal and external variables,
and channels.

12.2.5 Input and output variables

Input variables and output variables are special classes of external variables. Input
variables are by definition algebraic. For each input variable, restrictions in the form
of an allowed range of values and trajectories can be assumed. The level of a tank,
for instance, must have a nonnegative value, and is trajectory is usually assumed
to be continuous. The assumption for an input variable of an automaton is that the
automaton allows any behavior for the input variable within its allowed range of
values and trajectories in action and time transitions, respectively. This corresponds
to the use of input variables in the automata of [16] and [251].

Note that specification of the allowed range of values and trajectories for an input
variable is currently not syntactically supported by the CIF. Also, the requirement
that an automaton should allow behavior of each input variable within the restrictions
defined for that input variable is not enforced by the semantics of the CIF nor by the
semantics of the automata of [16] and [251]. The semantics of the CIF does ensure
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that under the assumption that an automaton does not restrict the behavior of its own
input variables, the input variables can also change arbitrarily in action and time
transitions when that automaton is composed in parallel with another automaton, as
long as the inputs are unconnected, or connected to other input variables only. In this
way, when input variables are connected to an output variable, the behavior of the
connection is completely determined by the output variable. Output variables cannot
be connected to output variables of parallel automata. An output variable can be
connected to an output variable of an outer block.

12.3 Example: Bottle filling system

The bottle filling system as shown in Fig. 12.5 consists of a liquid storage tank, two
identical bottle filling lines, and a bottle supply [436].

Fig. 12.5 The bottle filling system.

The bottles are filled with liquid from the storage tank. A control system keeps
the volume VT in the storage tank between 2 and 10, and the pH level (acidity) of the
liquid in the storage tank between 7 and 7.1. The liquid in the storage tank slowly
becomes less acidic (pH level increases). To correct this, a strong acid is dribbled
into the storage tank when the acidity of the liquid becomes too low (pH ≥ 7.1).

The acid and liquid supply processes are not modeled, since we consider the acid
and liquid always to be available, and we are not interested in the amount of acid or
liquid that is used.

The storage tank and the two bottle filling lines are connected by means of the
variables QFl, and QFr, respectively. The volume of the storage tank is available in
both bottle filling lines (variable VT) to prevent filling of the bottles when the storage
tank is empty.

The molar quantity and molar concentration of the acid in the storage tank are
denoted by n and c, respectively, where n = cV . The incoming flows of liquid and
acid of the liquid storage tank T are denoted by Qu and Qa, respectively. Acid leaves
the tank in outgoing flows QFl and QFr. The gradual reduction of the acidity of the
liquid is modeled by means of a constant Kloss, which leads to ṅ = cuQu + caQa −
cQFl − cQFr − KlossV , where cu and ca denote the concentrations of acid in the
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12 Interchange formats and tool integration 371

flows Qu and Qa. Taking into account that the units of c are in [mol/m3] instead of
[mol/l], the pH is given by pH = − log c/1000.

In the CIF specification of the liquid storage tank, symbols Qseta, Qsetu, ca,
cu, and Kloss denote constants. The behavior of the liquid storage tank is explained
as follows. Initially, the pH of the liquid in the storage tank equals 7. It is assumed
that the pH level of the incoming liquid is 7 or more, since the acidity controller
can only make the acidity of the storage tank increase, causing the pH to decrease.
If the pH value exceeds the maximum value (pH >= 7.1), the acid valve is opened
(alpha:=1) so that acid is dribbled into the tank. Dribbling of the acid continues
until the pH value comes back at 7, and the valve is closed (alpha:=0). In a similar
way, the controller tries to keep the level of the storage tank between 2 and 10.

The behavior of the filling controller is explained as follows. When a new crate of
bottles arrives, (bottles?n), where n denotes the number of bottles in a crate) the
bottle volume is reset to 0, and filling a bottle is started ((VB,gamma) := (0,1)).
The valve switching the flow QF is modeled by means of the discrete variable gamma.
Filling stops when the volume in the storage tank drops below 0.5 (when VT<=0.5

now do gamma:=0). Filling resumes when the volume in the storage tank is at least
0.7. Filling also stops when the bottle is full (when VB>=1 now do (gamma,n)

:= (0,n-1)).

model Bottle_Filling_System =
|[ connect {tank.V, left.VT, right.VT}

, {tank.QFl, left.QF}
, {tank.QFr, right.QF}
, {bs.bottles, left.bottles, right.bottles}

:: tank:
|[ output var V: cont real = 10

extern var QFl, QFr: alg real
intern var alpha, beta: disc nat = (0,0)

; n: cont real
; pH: alg real = 7
; c, Qa, Qu: alg real

:: |( mode physics =
inv dot V = Qu + Qa - QFl - QFr
& dot n = cu*Qu + ca*Qa - c*QFl

- c*QFr - Kloss*V
& n = c*V
& pH = - log(c/1000)
& Qa = alpha*Qseta
& Qu = beta*Qsetu

:: physics
)|

|| |( mode closed = when pH >= 7.1
now do alpha := 1 goto opened

, opened = when pH <= 7
now do alpha := 0 goto closed

:: closed
)|

|| |( mode closed = when V <= 2
now do beta := 1 goto opened
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, opened = when V >= 10
now do beta := 0 goto closed

:: closed
)|

]|
|| left : Bottle_Filling_Line
|| right : Bottle_Filling_Line
|| bs : Bottle_Supply
]|

automaton Bottle_Filling_Line =
|[ input var VT: real

extern var QF: alg real
chan bottles?: nat

connect {QF, fp.QF},
{VT, fc.VT},
{fp.VB, fc.VB},
{fp.gamma, fc.gamma},
{bottles, fc.bottles}

:: fp : Filling_Physics
|| fc : Filling_Controller
]|

automaton Filling_Physics =
|[ input var gamma: nat

output var VB: cont real
extern var QF: alg real

:: |( mode m = inv dot VB = QF
& QF = gamma*QsetF

:: m
)|

]|

automaton Filling_Controller =
|[ input var VB, VT: real

output var gamma: disc nat = 0
extern chan bottles?: nat
intern var n: disc nat = 0

:: |( mode start =
when n = 0 act bottles?n
do (VB,gamma) := (0,1) goto filling

when n > 0
now do (VB,gamma) := (0,1) goto filling

, filling =
when VT <= 0.5
now do gamma := 0 goto stopped

when VB >= 1
now do (gamma,n) := (0,n-1) goto start

, stopped =
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when VT >= 0.7
now do gamma := 1 goto filling

:: start
)|

]|

automaton Bottle_Supply =
|[ extern chan bottles!: nat

intern clock t
:: |( mode m = when t >= 2 act bottles!24

do t:= 0 goto m
:: m
)|

]|

Bottle_Filling_Line

left

VT

bottles?

QF

Bottle_Supply

bs

bottles!

Bottle_Filling_Line

right

VT

bottles?

QF

physics

inv
n=c*V,

dot V = Qu+Qa - QFl - Q_Fr,
dot n = cu*Qu + ca*Qa - c*QFl

- c*QFr - Kloss*V,
pH = -log c/1000,
Qa = alpha*Qseta,
Qu = beta*Qsetu

closed opened

when V >= 10
do beta:= 0

do beta:= 1
when V <= 2
do

closed opened

when pH >= 7.1
do alpha:= 1

do alpha:= 0
when pH <= 7

tank

var alpha,beta: disc nat=(0,0),
n:cont real,
pH: alg real=7
c, Qa, Qu: alg real

QFl  :alg real QFr:  alg real
V:  cont real

Bottle_Filling_System

Fig. 12.6 Graphical representation of the CIF model representing the bottle
filling system.
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Figure 12.6 shows a graphical representation of (a part of) the CIF model of the
bottle filling line. Solid (dashed) boxes represent closed (open) scopes, where the in-
ternal declarations are listed in the upper left corner, and the external declarations are
represented as boxes (for variables) or triangles (for channels) on the borders of the
box. Modes are visualized by means of circles, edges are represented as arrows be-
tween modes, and labelled with their guard, action, and update. Furthermore, urgent
edges are labelled with the keyword now.
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Energy management

M. Morari, A. G. Beccuti, S. Mariéthoz, and G. Papafotiou

Energy management is an issue in many applications ranging from con-
sumer electronics to power systems. The operation of energy management
systems involves many severe hybrid phenomena, mostly due to the pres-
ence of switches. As a consequence, control and optimization play a crucial
role to enable increased performance and reliability, as illustrated by two
examples: the control of DC-DC converters and the model-predictive super-
vision of the voltage stability of power networks.
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13.1 Introduction to energy management

Three different categories of applications can be distinguished in the area of energy
management depending on the time scale at which these systems evolve:

• Power generation involves rotating machines that are used for electricity gener-
ation and for which the physical phenomena that determine the system behavior
occur in the millisecond range for the magnetic part of the machine and in the
range of a second for its mechanical part.

• Power transmission is done through a network and the state of the system is
characterized by the voltages at the nodes and active and reactive power flows
between the nodes. Such a system typically evolves at time scales varying from
seconds to minutes.

• Power conversion involves power electronics devices for which the switching
frequency is typically between kilohertz and megahertz.

The first category is not considered in this chapter, the focus will be on the last two.
The description of the dynamical evolution of a power transmission network typi-
cally requires a large number of states (typically tens or even hundreds), while power
conversion involves smaller systems with a reduced number of states (typically two
to ten).

A large amount of computational power is generally available to control power
systems and a relatively long sampling time is sufficient. On the other hand, power
converters are usually controlled at a high switching frequency, using only a simple
microcontroller or digital signal processor. As a consequence of these scale differ-
ences, the control schemes that are used for these two categories of systems are
generally different in type and complexity.

Complex optimization tools are generally required for the control of power sys-
tems, while methods that are fast and simple to implement are generally used for the
control of power converters. One common aspect of power transmission networks
and power converters is that they feature switched elements, which make their dy-
namical behavior hybrid.

In Section 13.2, several control schemes from optimal and hybrid control are
applied to the control of a DC-DC boost converter.

In Section 13.3, the application of on-line model-predictive control to the voltage
control of a power system is presented.
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13.2 DC-DC converter control

13.2.1 Survey of the control methods used

This section describes the high-performance control of a fixed-frequency synchro-
nous boost (step-up) DC-DC converter. Boost converter control presents a number
of challenges, starting with the switched nature of the system dynamics that di-
rectly accounts for its hybrid characteristics. Even if the classic averaging approach
[451] were to be applied, the resulting expression would still be nonlinear, and the
non-minimum phase behavior and input/state constraints additionally complicate the
controller design process. In the recent past, we have seen the emergence of digital
control [435] as an increasingly viable option for power electronics, and the avail-
ability of computational power has created interest in the investigation of alternative
innovative control methods.

Four different control methodologies are presented by four research groups, iden-
tified according to their affiliations. The methods that are presented in this section
have been investigated on the same benchmark problem by four research groups re-
spectively affiliated to ETH Zúrich, KTH, LTH, and SUPELEC Rennes and have
been presented in [49, 471, 472]. ETH utilizes a (hybrid) piecewise affine (PWA)
approximation of the converter dynamics within an explicit model-predictive con-
trol framework including duty cycle and inductor current constraints. The KTH team
uses an extension of sampled-dataH∞-control theory to pulse-width modulated sys-
tems. An outer feedback loop takes care of state and control constraints and averaged
sampling is used in order to achieve robust tracking. LTH employs the relaxed dy-
namical programming formulation from [657], where it is possible to take state and
control constraints into account. The approximate optimal controller provides guar-
anteed robustness and stability margins. Finally, SUPELEC employs a stabilizing
approach using a Lyapunov function, deduced from energetic considerations. The
three first methods generate the switch control signal through a pulse width modu-
lator (PWM), the control signal being a duty cycle bounded between 0 and 1, while
the last directly controls the switch state, where the control variable is boolean.

13.2.2 System description and control model derivation

The system schematic is shown in Fig. 13.1. The converter is supplied by an un-
regulated DC voltage source and it provides a regulated DC voltage to a variable
ohmic load. The converter comprises the inductor L and capacitor C and a switching
cell composed of the MOSFET switch TL and the diode DH . The coil value and the
minimum load current are such that the coil current does not reach zero in normal op-
eration and the converter always operates in continuous conduction . The switching
cell, therefore, only presents two modes of operation.

The control model used for synthesis is shown in Fig. 13.2. By defining x(t) =
[i�(t) vc(t)]T as the state vector, where i�(t) is the inductor current and vc(t) the
capacitor voltage, and with a given duty cycle d(k) for the k-th period, the system is
described by the following pair of affine continuous-time state-space equations:
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Fig. 13.1 Boost converter.

Fig. 13.2 Lumped parameter circuit used for control synthesis.

ẋ(t) =

{
F1x(t) + fvs, kTs � t < (k + d(k))Ts,

F2x(t) + fvs (k + d(k))Ts � t < (k + 1)Ts.
(13.1)

where the first equation holds when s is in the L position and the second when it is
in the H position, and where F1, F2, f are given by

F1 =
(− r�

x�
0

0 − 1
xc(ro+rc)

)
, (13.2a)

F2 =
(− 1

x�
(r� + rorc

ro+rc
) − 1

x�

ro

ro+rc
1
xc

ro

ro+rc
− 1

xc

1
ro+rc

)
, (13.2b)

f =
[

1
x�

0

]
. (13.3)

The output voltage vo(t) across the load ro is expressed as a function of the states
through {

vo(t) = gT
1 x(t), kTs � t < (k + d(k))Ts,

vo(t) = gT
2 x(t) (k + d(k))Ts � t < (k + 1)Ts.

(13.4)

where
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g1 =
(
0 ro

ro+rc

)T
, (13.5a)

g2 =
( rorc

ro+rc

ro

ro+rc

)T
. (13.5b)

13.2.3 Control problem

The main objective is to steer the DC component of the output voltage to its refer-
ence value vo,ref . This is achieved through an appropriate selection of the duty cycle
with the exception of the method presented in Section 13.2.7, which should be kept
constant during steady-state operation in order to avoid undesired phenomena (such
as subharmonic oscillations) and which must be maintained in the face of measurable
voltage source variations and unmeasurable load changes. Hard constraints are also
present since the duty cycle is physically bounded between 0 and 1 and a limit i�,max

is imposed on the inductor current as a safety measure to avoid saturation. The con-
trol problem is further complicated by the uncertainty and variation of the component
values on which the controller synthesis process is based and by the nonminimum
phase behavior of the output voltage with respect to the duty cycle.

Recapitulating, the goal is to develop synthesis methods subject to the following
conditions:

1. Only one switch per period is allowed and the duty cycle must satisfy the con-
straint d(k) ∈ [0, 1].

2. The inductor current must satisfy the constraint i� ≤ i�,max, where i�,max is the
pre-set bound.

3. The output voltage regulation should be maintained with an accuracy of ±3%
unless the current-limit constraint is active.

4. The design must be robust to variations in the voltage source and load and to
parametric uncertainty. The load can even be more complex than purely resistive.

5. The controller must be simple to implement and should not require excessive
computation times.

Voltage regulation is well suited to achieve robustness to uncertainty and dis-
turbances in the load and in the supply voltage, which suggests the use of output
feedback. It is, however, relatively well known that the dynamical behavior can be
improved if the inductor current is also present in the feedback control law. The
dynamical behavior can further be improved if the supply voltage is also measured.
The quantities that can be measured and used for control feedback are the source and
output voltages and the current of the inductor. Some of these variables can be ob-
tained through a state observer (inductor current) or a disturbance estimator (supply
voltage or load current).

13.2.4 Explicit model-predictive control

Prediction model derivation From an implementation point of view, it is prefer-
able that all states used in the prediction model be directly measurable. Thus, the
capacitor voltage is replaced by the output voltage in the state vector which leads to
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setting x(t) = [i�(t) vo(t)]T by correspondingly reformulating (13.1). Additionally,
to account for variations in the voltage source vs directly, the optimal control law (to
be derived) would need to be parametrized by vs. To obviate this requirement as fur-
ther explained below, the voltage source vs is removed from the model equations by
redefining the scaled state vector x′(t) = [i′�(t) v

′
o(t)]=[ i�(t)

vs

vo(t)
vs

]. Next, a discrete-
time model is formulated by employing a sampling interval equal to the switching
period Ts. The exact discrete state update is given by the nonlinear expression

x′(k + 1) = Φ(d(k))x(k)] + Γ (d(k)), (13.6)

where Φ(d(k)) and Γ (d(k)) are matrices that depend on the duty cycle d(k), calcu-
lated by integrating the converter equations from t = k Ts to t = (k + 1)Ts. This
nonlinear model cannot directly be employed to derive the explicit controller and a
PWA approximation of the form

x′(k + 1) = Āix
′(k) + B̄id(k) + f̄i, (13.7a)

if d(k) ∈ Di i = 1, . . . , ν, (13.7b)
0 ≤ d(k) ≤ 1 (13.7c)

is sought, where matrices Āi, B̄i, and f̄i are obtained by using a direct least squares
fitting approximation over each region Di of the control input of (13.6), such that the
sum of quadratic error terms (between the exact system update and the sought PWA
approximation){

Φ(d(k))x(k) + Γ (d(k))−
(
Āix(k) + B̄id(k) + f̄i

)}2 (13.8)

is minimized over a grid of points x′(k) in the state space [0, i′�,lim] ×[0, v′o,lim],
where Di are the ν intervals [0, 1

ν ], ..., [ν−1
ν , 1], and i′�,lim, v′o,lim are the limit values

of the scaled inductor current and output voltage over the considered range.

Optimal problem formulation The major advantage of model-predictive control
(MPC) is its straight-forward design procedure [432]. Given a model of the system,
including constraints, one only needs to set up an objective function that reflects the
control objectives.

The control objectives are to regulate the output voltage to its reference as fast
and with as little overshoot as possible, or equivalently, to minimize the absolute
scaled output voltage error v′o,err(k) = |v′o(k) − v′o,ref |, where v′o,ref = vo,ref

vs
.

Let Δd(k) = d(k) − d(k − 1) indicate the value of the difference between two
consecutive duty cycles. This term is introduced in the objective in order to re-
duce the presence of unwanted chattering in the input when the system has almost
reached stationary conditions by penalizing any additional variations in the duty cy-
cle. Define the penalty matrix Q = diag(q1, q2) with q1, q2 ∈ R+ and the vector
ε(k) = [vo,err(k)], Δd(k)]T. Consider the objective function

J(D(k),x(k), d(k − 1)) =
N−1∑
n=0

‖Q ε(k + l|k)‖1 (13.9)
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penalizing the predicted evolution of ε(k + l|k) from k over the horizon N using
the 1-norm. The control input at time-instant k is then obtained by minimizing the
objective function (13.9) over the sequence of duty cycles D(k) = [d(k), . . . , d(k+
N−1)]T subject to the model equations and constraints (13.7a), (13.7b), (13.7c) and
the current limitation i′�(k + 1) ≤ i′�,max, where i′�,max = i�,max

vs
;

The resulting optimization program is referred to as the constrained finite time-
optimal control (CFTOC) problem.

To account for the nonminimum phase behavior of the converter, the horizon N
should be chosen to be relatively long in order to capture the inverse step-response
[48]. As this would increase the complexity of the problem considerably, a simple
move-blocking scheme is used whereby d(k) = d(k + 1) = . . . = d(k + N − 1)T

throughout the horizon.

Explicit controller synthesis Multi-parametric programming is employed to solve
the optimization problem off-line for a range of parameters. In [103] it is shown how
to reformulate and solve a discrete-time CFTOC problem for a PWA system as a
multi-parametric program featuring the state vector as a parameter, yielding an ex-
plicit state-feedback controller. Note that the CFTOC problem is not only a function
of the parameter x′(k), but also of the last control move d(k − 1); furthermore, as it
is necessary to solve the CFTOC problem for all possible values of v′o,ref and i′�,max,
the scaled output voltage reference and inductor current maximum limit also enter
the augmented state vector, which becomes five-dimensional. Again, it should be
noticed that normalizing the system equations over vs allows us to define a model
independent of the voltage source and, therefore, to obtain an explicit state-feedback
law that depends on one less parameter [263].

As proven in [103] the optimal state-feedback control law d∗(k) is a PWA func-
tion of the (augmented) state vector defined on a polyhedral partitition of the fea-
sible (augmented) state space. As a result, such a state-feedback controller can be
implemented on-line, since computing the control input amounts to determining the
polyhedron in which the measured state lies and then simply evaluating the corre-
sponding affine control law. Additionally, the derived feedback controller allows us
to derive an explicit representation of the closed-loop system, for which a Lyapunov
function certifying exponential stability can be sought through the method presented
in [234].

External integration loop To account for load resistance variations, the derived
controller is embedded within an elementary integration loop which measures the
error between the output voltage and its desired values and correspondingly adjusts
the reference fed into the controller, thus compensating the prediction error resulting
from the fact that the derived state-feedback controller has been obtained for a time-
invariant and nominal load.
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13.2.5 Sampled data control for robust tracking

The control synthesis is based on a sampled-data (SD) model of the boost converter.
The SD model provides a precise description of the system dynamics at the switch-
ing instances and it allows the effect of continuous time disturbances and model
uncertainty to be accounted for exactly in an equivalent discrete-time model.

Within the SD framework we consider H∞-synthesis and we, therefore, include
an external disturbance w in the dynamics. The disturbance is chosen as an indepen-
dent current source at the output to model disturbances and uncertainty in the load
(Fig. 13.3).

Fig. 13.3 Boost converter with load disturbance.

To derive the SD model two types of sampling are introduced. First, the ideal
sampler S is defined according to (Sf) (k) := f(kTs) Second, the averaging sampler
Sav is defined according to

(Savf) (k) :=
1
Ts

∫ kTs

(k−1)Ts

f(t) dt.

The quantities that are sampled are the inductor current i� and the output voltage vo

(Fig. 13.3). We define

ψ1(k) = (Savvo)(k), ψ2(k) =
(
S

[
i�
vo

])
(k) =

[
i�(kTs)
vo(kTs)

]
. (13.10)

The control objective is to ensure asymptotic convergence to a nominal periodic
solution (x0, d0) of the nominal system (i.e. the system with w ≡ 0) that satisfies
the tracking condition

lim
k→∞

1
Ts

∫ kTs

(k−1)Ts

vo(t) dt =
∫ Ts

0

v0
o(t) dt = vo,ref , (13.11)

where v0
o is the periodic output corresponding to (x0, d0). We want (13.11) to be

satisfied robustly in the presence of parameter uncertainties and the disturbance w,
and this motivates us to introduce the integrator state
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ed(k) :=
k−1∑
i=0

(ψ1[i]− vo,ref)

and consider the objective of satisfying∫ t

0

∥∥ξ(t) − ξ0(t)
∥∥2

2
dt +

∞∑
k=0

q‖ed(k)‖2 ≤ γ2

∫ t

0

‖w‖2
2 dt, (13.12)

for all t ≥ 0 and for all solutions to the dynamics in (13.1). Here, ξ is an auxil-
iary output that is chosen to tune the controller and ξ0 corresponds to the stationary
periodic solution (x0, d0).

To solve the problem of satisfying (13.12) subject to the dynamics in (13.1) we
derive an equivalent lifting representation of the system. The lifted system has a
finite dimensional discrete-time state (describing the converter state at the switching
instants kTs) and a continuous-time output that gives a complete description of the
converter output (cf. [256, 257] for details).

As was mentioned in Section 13.2.3, the output voltage is nonminimum phase
with respect to the duty cycle. This problem and the problem of multiple steady-state
equilibria can be bypassed by formulating a current (rather than voltage) regulation
problem. However, in the current regulation approach one must choose an inductor
current reference that necessarily depends on the load which must be estimated.

The lifted system discussed above depends on d(k) in a highly nonlinear fash-
ion. Thus we linearize the system around d0 and consider a quadratic approximation
of the design criterion (13.12). The result is a new type of sampled-data H∞ con-
trol problem which is solved using loop shifting [257] to obtain a state feedback
vector K .

The full state is not measured, but a nominal estimate of the state is obtained by
linear transformation of the measured quantities i� and vo.

The sampled-data controller is surrounded by an outer loop, which, if necessary,
will adjust the duty cycle and system state. The outer loop is motivated by a number
of reasons. First, the SD controller has integral action and we therefore add an anti-
windup structure. If the linear feedback saturates, then the term

Δ = d0 + K(x(k)− x0)− dk

is used to modify the integrator state in a linear fashion;

ed(k + 1) = ed(k) + (ψ1(k)− vo,ref) + cΔ,

where c > 0. Second, the state constraint i� ≤ i�,max is not considered in the SD
synthesis and needs to be dealt with by some additional control structure. We add
an algorithm which determines the maximum admissible duty cycle by inverting a
nonlinear system approximation. The duty cycle is saturated (if necessary) by this
value, see [471] for details. Finally, the SD controller is designed for a fixed nominal
input voltage. Changes in the input voltage are handled by the integrator state, but the
response is made faster by using measurements of the input voltage in a feed forward
fashion. We note that the outer loop remains inactive under normal operation.
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13.2.6 Relaxed dynamical programming

Except for special cases, the computations required to solve a synthesis problem
by means of exact dynamical programming are prohibitive. The only possibility is
to resort to approximations. In this section, we will use the algorithms proposed
by [658], which are extensions of the Relaxed Dynamic Programming techniques
proposed by [407]. This choice was made for several reasons. First, important design
criteria for the problem considered in this section are constraints on system variables.
This can be accounted for in the method we use. Moreover, the controller we design
will approximate a stationary optimal controller. As such, it will inherit robustness
margins from the optimal controller.

Since the algorithms of [658] require the system dynamics to be affine, we need
to approximate the converter dynamics (13.1) with such a system. The modeling
technique presented below, which may be referred to as a robust affine approxima-
tion, is proposed in order to take into account, at the modeling stage, the switched
nature of the converter and the fact that the converter is parametrized by unknown
parameters (such as the load ro).

Robust affine model approximation The exact state propagation between time
kTs and (k + 1)Ts is obtained by integrating (13.1):

x((k + 1)Ts) = Φ(d(kTs), ro)x(kTs) + Γ (d(kTs), ro). (13.13)

The load parameter ro has been appended to emphasize that the matrices depend on
the load. We need to approximate this nonlinear system with an affine system

x((k + 1)Ts) = Φ̂x(kTs) + Γ̂ d(kTs) + ν̂. (13.14)

When the model (13.13) is approximated with the model (13.14) the largest point-
wise error can be expressed as

J = sup ||Φ̂x + Γ̂ d + ν̂ − (Φ(d, ro)x + Γ (d, ro))||

where the supremum is taken over (x, d, ro) ∈ X × D × L, where D = [0 1]
and X = [0 i�,lim] × [0 vo,lim] is the set of states on which the model should be
approximated. L is the set of values that the load can assume. Naturally, we would
like minimize J. The robust approximation problem is to compute

min J(Φ̂, Γ̂ , ν̂)

over (Φ̂, Γ̂ , ν̂). Our ability to solve this problem depends on the choice of norm and
the description of the set X × D × L, the candidates are those that correspond to a
finite dimensional convex optimization problem. We shall consider a simple choice.
Define a finite grid of points G ⊂ X × D × L, for each g = [xT

g dg rg] ∈ G
define

b(g) = Φ(ug, rg)xg + Γ (dg, rg), and A(g) = g ⊗ I,
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where ⊗ denotes the Kronecker product of two matrice. If we also define y =
vec([Φ̂ Γ̂ ν̂]), i.e. the decision variables are stacked in the vector y using the
vectorization operation denoted by vec, the approximation problem becomes

min
y

max
g∈G

||A(g)y − b(g)||,

which is the same as

min
y,t

t

||A(g)y − b(g)|| ≤t, ∀g ∈ G.

If the norm is either || · ||∞ or || · ||1 this is an LP, if norm is || · ||2 the problem is
a second order cone problem. In any case, it is an easily solvable finite-dimensional
convex optimization problem.

Control design To simplify notation we define e(x) =
(
xT 1

)T and e(x, d) =(
xT d 1

)T. Our goal is to synthesize a feedback controller

d(kTs) = μ(x(kTs))

such that the total cost V =
∑∞

k=0 l(x(kTs), d(kTs)) is approximately minimized,
under the additional constraint on the inductor current, x1(kTs) ≤ 2.5 and 0 ≤
d(kTs) ≤ 1. The following stage cost was used:

l(x, d) = q1|vo − vo,ref |+ q2|d(kTs)− d((k − 1)Ts)|,

where q1 and q2 are positive weights. The penalty on consecutive control values
was introduced to force the duty cycle to become constant when vo has reached the
output reference. Thus, an extra state xe(kTs) = d((k − 1)Ts) was introduced. We
used relaxed value iteration to solve for a stationary approximate value function V̂
satisfying

βV∗ ≤ V̂ ≤ αV∗,

where β ≤ 1 ≤ α are constants and V∗ is the optimal total cost function. The ap-
proximate value function is given by a max of linear functions V̂ = maxp∈P pTe(x),
where P is a set of vectors. The corresponding explicit piecewise affine feedback
controller is given by μ(x) = Lp(x)T e(x), where p(x) = argmaxp∈P pTe(x).
To compute the controller value μ(x) at a state x we need to take the following
steps:

1. Find p ∈ P such that pTe(x) is maximal.
2. Set μ(x) = LT

p e(x)

Thus, we have to do a linear search over the table P . Consequently, it is important
to keep the table P as small as possible, and for this purpose a reduction algorithm
has been outlined by [658].

Finally, the errors introduced by the model approximation are handled by an
outer integrator loop that adjusts the voltage reference. The integrator is activated
only when the voltage vo is sufficiently close to its reference.
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13.2.7 Stabilizing control approach

The control synthesis described in this section is a stabilizing approach using a com-
mon Lyapunov function candidate. Unlike the indirect approaches presented pre-
viously that use PWM to generate the switch control signal, it directly controls the
switch state using a smaller sampling period. The boolean control variables are deter-
mined so that the system is asymptotically stable. A port control Hamiltonian (PCH)
formulation is used. This formulation enables taking into account considerations

about the system energy. In the case of switched systems its expression is written as

ẋ = [J(ρ) −R(ρ)]Fx + G(ρ)u, (13.15)

where x ∈ Rn in this section is the state vector containing the energy variables
(fluxes in the inductors and charges in the capacitors). ρ ∈ {0, 1}p is the boolean
control variable. Matrix J is skew-symmetric (J = −JT) and corresponds to the
power interconnection in the model. Matrix R is nonnegative and corresponds to the
dissipating part of the system. Matrix G is the power input matrix and u represents
the power sources present in the system. F = F T > 0 and, in the simple cases, it is
a diagonal matrix. The vector z = Fx represents the co-state variables (currents in
the inductors and voltages on the capacitors).

In the case of power converters, the state equation is affine with respect to the
boolean variables [127]. Thus, the matrices J(ρ), R(ρ) and G(ρ) can be written as

J (ρ) = J0 +
p∑
1

ρiJi,R (ρ) = R0 +
p∑
1

ρiRi,

G (ρ) = G0 +
p∑
1

ρiGi,

(13.16)

where ρi are the components of the control vector ρ and p is its dimension.
The approaches in the literature which are based on Lyapunov function consider,

in general, linear systems with a common equilibrium point [206, 403]. In the case
of power converters, each configuration may or may not have a different equilibrium
point and physical considerations enable establishing a common Lyapunov function.
This function depends on the control objective, which has to be defined first. It is
obtained using the same approach as with an average model where the control vari-
able is continuous and bounded. The control objective corresponds to an admissible
reference for the system which is defined by solving (13.15) for ẋ = 0. It is a value
for the co-state variable z0 = Fx0, which must satisfy the constraint

0 = (J (ρ0)−R (ρ0)) z0 + G (ρ0)E, (13.17)

if there is a ρ0 ∈ R
p, 0 ≤ ρ0i ≤ 1. According to the properties of this equation and

the respective dimension or x and ρ, for one ρ0, the equilibrium point can be unique
or not, and for ρ0 any point of the state space can be an equilibrium point or not
[128].
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For a function V to be a Lyapunov function for a system in a point x0 it must be
positive everywhere except in x0 and its derivative must always be negative. If such a
control law is applied, then x will converge asymptotically toward x0. The candidate
Lyapunov function has the following form:

V (x, x0) = 1
2 (x− x0)

T
F (x− x0) . (13.18)

Because the matrix F is unique for all the modes of the system, V is positive and
continuous for every x and it is zero only in x0. Its derivative depends on the control
variable and using (13.15) and (13.16) it can be expressed as

V̇ρ = − (z − z0)
T

R (ρ) (z − z0)

+
p∑
1

(z − z0)
T ((Ji −Ri)z0 + giu) (ρi − ρ0i).

(13.19)

Because R(ρ) is a nonnegative matrix, the first term is always negative. Because
of 0 ≤ ρ0i ≤ 1, the sum can be made negative by choosing an appropriate value for
each boolean ρi such that each product (z − z0)T((Ji − Ri)z0 + giu)(ρi − ρ0i) is
negative.

Multiple state feedback control strategies can be envisaged for attaining this goal
[128]. In the following a steepest descent strategy is used as it yields better results in
terms of computation time due to a simpler expression of the commutation surfaces.
It consists in choosing, at each time, the value of ρ such that all the terms in the sum
are negative or zero. The commutation surfaces are then p hyperplanes defined by

Ti = (z − z0)T((Ji −Ri)z0 + giu) = 0. (13.20)

In the case of the boost converter, as there is only one control variable, the sum
from expression (13.19) has only one term T , which, according to (13.20) becomes

T =
roi�,0
rc + ro

(vo − vo,0)−
rorci�,0 + rovo,0

rc + ro
(i� − i�,0) , (13.21)

where the admissible reference is computed by solving (13.17) for the nominal value
of the output voltage vo,0.

Because this strategy requires an infinite bandwidth a dead zone is created with
the help of a parameter ε. This way the derivative of the Lyapunov function may
take positive values for a limited amount of time. The new commutation surfaces are
thus defined by T = ε. The period and the amplitude of the oscillations around the
reference depend on this parameter.

To ensure the robustness with regard to the parameter variations and to improve
the start-up performance, the admissible reference is modified on-line. A new value
for the current reference, i0n, is computed under the following form:

i0n = i�,0 + (vo,0 − vo)
k

ro
, (13.22)

where k is a parameter. i0n is bounded between 0 and the maximal admissible value
for the current in the inductor.
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Fig. 13.4 Start-up followed by a load transient pulse (nominal 0.25 A to 0.5 A).
Plots for three supply voltages are superimposed: minimum (15 V black),
nominal (20 V dark gray), maximum (25 V light gray).

13.2.8 Case studies

Circuit parameters

We choose x� to be 2 mH, xc to be 100 µF, the nominal load ro to be 200 Ω, and the
sampling and switching periods to be 50 µs. The coil current must not exceed 2.5 A
in order to avoid core saturation.

Synthesis parameters for ETH method described in Section 13.2.4 The explicit
controller model is derived with 3 PWA dynamics, the intervals Di being [0, 0.45],
[0.45, 0.6], and [0.6, 0.9]. The penalty matrix is chosen to be Q = diag([10, 1]) and
the prediction horizon N = 18.
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Fig. 13.5 Start-up followed by a line transient pulse from 25 V to 15 V.

Synthesis parameters for KTH method described in Section 13.2.5 The cost
criterion (13.12) is considered with ξ = [0.5, 1], q = 2 and γ = 3 to synthesize a
controller with the sampled-data control for robust tracking method. As explained in
Section 13.2.5, the feedback was implemented with an anti-windup structure where
the gain was c = 0.5.

Synthesis parameters for LTH method presented in Section 13.2.6 The weights
in the step-cost function were chosen as q1/q2 = 1/5. An approximate cost function
V̂ 38 was found after 38 value function iterations, with relaxation parameters β = 0.4
and α = 3.2. After reduction, the size of the resulting lookup table was 130.

Synthesis parameters for SUPELEC method described in Section 13.2.7 The
equation (13.21) was implemented and throughout the different scenarios a unique
value was used for the ε parameter (fixed at ε = 5). The sampling frequency was
120 kHz.
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Experimental results The two most important tests that allow evaluating the per-
formance of a DC-DC converter are the line transient (supply voltage variation) and
the load transient (output current variation). The output voltage fluctuation must be
minimal during these transients. The start-up transient is also a relevant test as con-
straints such as the current limit or maximum duty cycle are typically reached during
this phase.

In Fig. 13.4, the performance of the controllers is evaluated at start-up for three
different supply voltages ranging from the lowest possible supply voltage to the high-
est (low 15 V, nominal 20 V, high 25 V). If the controller is at steady state, a load vari-
ation from nominal load (0.25 A) to 0.5 A is applied from t = 25 ms to t = 35 ms.
The hard current constraint (i�(t) < 2.5 A) is respected in all cases during the startup
transient. The respect of this constraint imposes a minimum time for the duration of
the capacitor voltage rise time of approximately 3 ms for the highest supply voltage.
All methods are close to this minimum time and the overshoot that can be observed
on some plots is smaller than 3% and is mostly due to the outer integral loop that
some methods feature to be robust to load variations. The magnitude of the ripple
that follows the load transient varies from 1.5% to 4% depending on the methods’
aggressiveness.

The stabilization approach directly control the switch. For the purpose of com-
parison with the other methods, the pseudo duty cycle that corresponds to the ratio of
times during which the switch is on and between two switchings is displayed (instead
of the real control signal which is difficult to interpret).

In Fig. 13.5, the performance of the controllers is evaluated at start-up starting
from maximum voltage (25 V). When the controller is at steady state, a line voltage
variation from the maximum supply voltage (25 V) to the minimum supply voltage
(15 V) is applied from t = 25 ms to t = 35 ms. The ripple that is observed after the
supply disturbance is less pronounced than after the load disturbance (less than 1%)
and this is mostly because it is measured and accounted for by the presented control
schemes.

Future work The controllers that have been presented in this section feature a cur-
rent limitation and present a fast dynamical behavior. The start-up transient duration
is close to the lower limit that is allowed by the maximum current constraint. The
control schemes have also been selected for their reduced complexity, which makes
them suitable to be executed in the short period (typically a few microseconds) re-
quired for power electronics applications when implemented using a microcontroller
or a digital signal processor.

Future research work mainly focuses on further reducing the controller com-
plexity in order to diminish the computational power requirement and increase the
sampling frequency. One research direction is to investigate minimal solutions that
give the desired performance.
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13.3 Supervisory hybrid model-predictive control
for voltage stability of power networks

13.3.1 Control problem

Huge problems in the USA and Canada [227], Italy, and the Netherlands due to
power outages have shown the crucial role of a reliable operation of electricity dis-
tribution and transmission networks. A reliable and efficient operation of these net-
works is not only of paramount importance when the electricity system is pressed
to the limits of its performance, but also under regular operating conditions. Due
to deregulation in the European electricity market, the number and variety of ac-
tors increases. This number will even further increase as also large-scale industrial
suppliers (co-generation (i.e. combined heat and power generation)) and small-scale
individual households (via solar energy or wind energy installations) will start to
feed electricity into the network [339]. With this increasing complexity faults and
disturbances causing voltage instabilities are likely to occur more frequently.

In general, the behavior of power systems is characterized by complex interac-
tions between continuous dynamics and discrete events, i.e. power systems exhibit
hybrid behavior. Components such as generators and loads drive the continuous dy-
namic behavior. They obey physical laws, and are usually represented by coupled
differential and algebraic equations. Discrete events or discrete inputs cause discrete
behavior through, for example, breaking down or connecting of a transmission line,
saturation effects in automatic voltage regulators and power system stabilizers, on
or off switching of a generator, connecting or disconnecting of load, changing of
transformer ratio settings, and connecting or disconnecting of capacitor banks; sea-
sonal variations can also cause changes in power production capabilities as well as
consumption and can modify the direction of power flows and thus cause switch-
ing behavior. The networks moreover typically span a wide range of time scales and
large geographical areas.

To control such complex systems, hierarchical control in which regulation takes
place at different layers based on spatial and/or temporal partitioning or decoupling
is necessary [80]. The controllers at the lowest layer act directly on the actuators
of the physical system. At higher layers, controllers supervise the lower layers by
providing set-points or specifying constraints. The task of each layer is to steer the
underlying lower layer in such a way that the performance of the physical system is
optimal in some sense.

At lower layers, control is faster and more localized. More detailed models of the
dynamics to be controlled can be used. Controllers at this level control only a small
part of the dynamics of the overall system, without explicitly taking into account the
rest of the system. Primary controllers for turbine speed and bus voltage regulation
at power generators are examples of such lower-layer controllers.

At higher layers, control operates at slower time scales and larger geographi-
cal regions. The models used are more abstract and less detailed than the models
used at the lower layers. The models represent the dynamics of the physical system
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Fig. 13.6 Graphical representation of the IEEE nine-bus Anderson–Farmer
network.

combined with the lower-layer controllers. Secondary controllers for voltage and fre-
quency stability are examples of such higher-layer controllers.

In the proposed approach both continuous and discrete values are dealt with in
an integrated way, i.e. a hybrid approach is considered.

The particular control problem under consideration is voltage stability after dis-
turbances. After a disturbance, e.g. the outage of a transmission line, the generation
and transmission network may not have sufficient capacity to provide the loads with
power; voltage instability may be the result. Control actions have to be chosen that
minimize negative effects of this voltage instability. Traditionally, off-line static sta-
bility studies are carried out in order to avert the occurrence of voltage instability. The
proposed approach consists of an online control scheme that takes into account both
the inherent temporal dynamics and that determines the most appropriate control se-
quence required to reach an acceptable and secure operating point. The considered
scheme is used by a higher-layer controller that determines both discrete and contin-
uous set-points for lower-layer controllers in such a way that negative effects due to
voltage instability after disturbances are minimized. It is thus assumed that a lower
layer that accepts set-points at discrete time steps is already present.

In Section 13.3.2 the power network and the lower layer of control are intro-
duced. In Section 13.3.3 the voltage control problem and objectives are introduced.
In Section 13.3.4 a control strategy for the higher layer based on model-predictive
control is presented. Section 13.3.5 contains simulation results obtained on the con-
sidered power network.

13.3.2 Power network system

The case study under consideration is the nine-bus Anderson–Farmer network [228],
depicted in Fig. 13.6.

Components of the reduced network The considered network consists of four
generators G1, G2, G3, and G4 (shown with their nominal apparent power ratings)
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13 Energy management 395

feeding the static loads at buses 5 through 9, where G1 and G4 and the loads con-
nected to buses 5 and 9 are the aggregate representations for neighboring generators
and loads. The synchronous machines are connected to the grid via lossless step-up
transformers featuring a fixed turns ratio; a capacitor bank at node 7 provides addi-
tional reactive power to the system. The following list contains more details:

• Generators: Generators G2 and G3 represent single physical machines, whereas
G1 and G4 denote the aggregate generators comprising several physical units.
Therefore, G2 and G3 are described by a detailed sixth-order model [370] in-
cluding the mechanical equations and the electrical transient and sub-transient
dynamics, whereas G1 and G4 are described by second-order mechanical dy-
namics [370].

• Loads: The employed static load types comprise voltage dependent and constant
impedance types [353]. The loads are described following the classical formula-
tion in terms of active and reactive powers

Ph = shP0hv
α
h , (13.23a)

Qh = shQ0hv
α
h , (13.23b)

where h ∈ {5, 6, 7, 8, 9}, vh is the voltage of bus h, P0h (Q0h) is the active (re-
active) power steady-state value at node h, and sh ∈ {0, 0.02, . . . , 0.98} per unit
(p.u.) represents the discrete load shedding factor applied to a load to relieve the
strain of the power demand on the system. Voltage dependent loads correspond
to α = 1 and constant impedance loads to α = 2.

• Capacitor bank: The capacitor bank locally stabilizes bus voltages by injecting
additional reactive power into the grid. It is represented as a (negative) purely
reactive load of type (13.23b) with α = 2 and thus describes a switched shunt
capacitor.

• Transmission lines: The transmission lines between the buses and components
transfer the power from one location to another. The lines are represented by the
π model for transmission lines [370].

Primary control layer In the network there is a primary control layer that lo-
cally regulates power flows and voltage levels at the bus terminals of generators.
Figure 13.7 shows a schematic representation of the local controllers’ principle of
operation. Feedback variables and corrective actions are depicted for each compo-
nent [370]. The primary control layer consists of the following:

• Turbine governors: All generators feature a turbine governor (TG) controlling
the mechanical power Pm acting on the shaft of the machine in order to sat-
isfy the active power demand of the network and maintain the desired frequency
ωref = 60 Hz. The TG act on a time scale of tens of seconds.
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• Automatic voltage regulators: All generators feature an automatic voltage regu-
lator (AVR) maintaining the level of the excitation field Efd in the rotor windings
at the value required to keep the bus (stator) voltage close to the desired set-point.
Saturation is included in the AVR to account for the maximum allowable current
in the excitation system, i.e. Efd has an upper limit value Emax and a lower limit
value Emin. Once a machine has reached its saturation limit it cannot produce
additional reactive power and can therefore no longer participate in sustaining
the voltages in the network [370]. For all generators the respective AVR voltage
references ri, i ∈ {1, 2, 3, 4}, can be set in the range 0.9–1.1 p.u. with steps of
0.01 p.u. The AVRs act on a time scale of seconds.

• Power system stabilizers: Generators G2 and G3 feature a power system stabi-
lizer (PSS) eliminating the presence of unwanted rotor oscillations by measuring
its rotational speed ω and adding a corrective factor vref,PSS to the bus terminals’
voltage reference vref. Generators G1 and G4 feature no power system stabilizer
since the faster dynamics related to the rotor oscillations are not present in the
related model equations. The PSSs act on a time scale of tenths of seconds.

Controls available to a higher control layer Given the description of the network
and the primary control layer, there is a number of controls available to a higher con-
trol layer in the form of set-point and reference settings. In particular the following
can be adjusted:

Feeds field windings to create rotor flux

and control node voltage v

Automatic voltage
regulator

Synchronous machineTurbine

Regulates mechanical torque to

achieve active power balance

Gives a signal that increases

damping torque

Turbine
governer

Power system
stabilizer

Control input

wref=60 Hz
Tm

Pm

Vref

Efd

Vref, PSS

v

v,i
(network)

w

+

–

+ +
–

Fig. 13.7 Scheme of primary controllers at a generator.
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• the voltage references for the AVRs;
• the mechanical power set-point for the TGs;
• the reference frequency for the TGs and PSSs;
• the amount of load to shed;
• the amount of capacitor banks to connect to the grid.

Depending on the particular control problem a higher-layer controller will adjust the
values of these controls. In particular for the problem at hand the amount of load
shed (defined by the variables sh) and the set-points of the AVRs (defined by the
variables ri) will be taken as the available controls.

13.3.3 Emergency voltage control

A major source of power outages is voltage instability [192]. Voltage instability in
general stems from the attempt of load dynamics to restore power consumption be-
yond the capability of the combined transmission and generation system. Typically,
the capability is exceeded following the outage of one or more components in the
network, such that the system cannot satisfy the load demand with the given inputs
at a physically sustainable voltage profile in the network.

The control problem involves the case of emergency voltage regulation, in which
the power system is initially in steady-state operation and subsequently subjected to
a fault, modeled as the partial or total outage of a line. Due to the reduced trans-
mission capacity of the network the requested load demand together with the given
system configuration place the grid under an excessive amount of strain, so that cor-
rective actions are required to avoid that the induced transients drive the system to
collapse or cause unwanted and hazardous sustained oscillations. More specifically,
the control objectives are the following:

1. Maintain the voltages between 0.9 and 1.1 p.u., i.e. sufficiently close to nominal
values to ensure a safe operation of the system by keeping it adequately distant
from low voltages, which may lead to collapse.

2. Effectively achieve a steady-state point of operation, while minimizing switch-
ing of the control inputs so that a constant and appropriate set of input values is
ultimately applied to the power grid.

For this second objective, the option of load shedding is to be avoided unless abso-
lutely necessary in order to fulfill the primary objective, as load shedding is the most
disruptive countermeasure available.

13.3.4 Model-predictive control

Model-predictive control (MPC) [432] has been traditionally employed in the pro-
cess industry and has shown promising performance also for a variety of other control
problems [470]. The control action is obtained by minimizing an objective function
at each time step over a finite horizon subject to the equations and constraints of
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the employed prediction model. In a receding horizon fashion the control problem is
solved at each control step.

The major advantage of MPC is its straight-forward design procedure. Given a
model of the system, hard constraints can be incorporated directly as inequalities and
one only needs to set up an objective function reflecting the control aim; soft con-
straints can also be accounted for in the objective by using penalties for violations.

Derivation of the prediction model The performance of a predictive controller
relies for a large part on the accuracy of the prediction model of the system. The
prediction model has to describe well how the inputs affect the system behavior.
Ideally a perfect model of the system would be used. However, such a perfect model
can be very complex, thus making the optimization procedure in the controller slow.
Instead, an approximation is determined. If this approximation fits in a suitable form,
relatively efficient optimization techniques can be used to determine the controls (e.g.
linear or mixed-integer programming).

In order for the higher-layer controller to meet its control objectives, it has to be
able to predict how set-point changes influence the dynamics of the network. There-
fore, the controller uses a model that includes both a representation of the physical
network and a representation of the primary control layer.

The network, including the primary control layer, is expressed [370] as a system
of differential-algebraic equations (DAE)

ẋ = f(x,u,v), (13.24a)
0 = g(x,u,v). (13.24b)

where the state variables x are the generator dynamic variables, u denotes the system
inputs (vectors r(k) = [r1(k), . . . , r4(k)]T and s(k) = [s5(k), . . . , s9(k)]T) and the
algebraic output variables v are the bus voltage magnitudes. The differential equa-
tions (Eq. (13.24a)) are the synchronous machines and related primary controllers;
the algebraic equations (13.24b) are the classic load flow equations.

Determining the evolution of the network given an initial state and input trajec-
tory over the horizon thus requires the solution of this DAE. Solving DAEs in general
is a complex task, in particular when dynamics of different time scales are present,
as is the case for the power systems. Variable step size methods, e.g. DASSL [518],
are suitable for these cases, since they automatically choose a larger step size when
no fast dynamics are present, and a smaller step size when they are. These methods,
however, are not particularly fast and using these inside the optimization procedure
of the MPC controller results in very slow control. Therefore, such a DAE model is
not directly suitable as prediction model.

Instead of taking the continuous-time DAE as prediction model, a discrete-time
linearized model derived from this DAE is considered. At each discrete sampling
instant kTs the continuous-time linearization of (13.24a) and (13.24b) around x0 =
x(k), u0 = u(k − 1), can be written as

ẋ = Acx + Bcu + Fc,

v = Ccx + Dcu + Gc,
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where

Ac = ∂f
∂x + ∂f

∂v (− ∂g
∂v )−1( ∂g

∂x ), Bc = ∂f
∂v (− ∂g

∂v )−1 ∂g
∂u ,

Cc = (− ∂g
∂v )−1 ∂g

∂x , Dc = (− ∂g
∂v )−1 ∂g

∂u ,

fc =− ∂f

∂v

(
−∂g

∂v

)−1(
∂g

∂x
x0 +

∂g

∂v
v0 +

∂g

∂u
u0 − g(x0,u0,v0)

)
−
(
∂f

∂x
x0 +

∂f

∂v
v0 − f(x0,v0)

)
,

gc = −
(
−∂g

∂v

)−1(
∂g

∂x
x0 +

∂g

∂v
v0 +

∂g

∂u
u0 − g(x0,v0,u0)

)
holds, if ∂g/∂v is invertible, which is typically the case for power networks. The
required Jacobians can either be derived analytically or computed numerically. The
latter approach is used here.

For the sake of simplicity only small variations of the variables around the
linearization operating point are considered. If the variations are not small, mode
changes have to be considered in the model, e.g. by using piece-wise affine or simi-
lar models.

The continuous-time linearization is discretized with the sampling interval Ts, to
obtain the following control model in the affine expressions of x(k), u(k) and v(k)

x(k + 1) = Ax(k) + Bu(k) + f , (13.25a)
v(k) = Cx(k) + Du(k) + g, (13.25b)

wherein k denotes the discrete time step and

A = eAcTs , B =
∫ Ts

0 eAcτ dτBc, f =
∫ Ts

0 eAcτ dτfc,
C = Cc, D = Dc, g = gc.

The simulation sampling time Ts has to be chosen such that the discrete-time approx-
imation adequately reflects the dynamics of the continuous-time linearized model.

The obtained discrete-time approximation is employed as a prediction model in
the optimal control problem formulation. In this regard, the optimal control for-
mulation must be augmented with the appropriate hard constraints on the inputs
u(k) = [r(k)Ts(k)T]T, which are physically bounded. For r(k) the admissible
range is simply taken to be the continuous relaxation of the discrete physical values,
since adjusting AVR set-points is not invasive. However, load shedding is more in-
vasive and since it is an extremely expensive control action such an approximation
might not be adequate. Therefore, for s(k) the control constraints are taken as the
actual discrete physically feasible values, at the cost of introducing a set of integer
variables in the model. The employed control model is, therefore, by necessity hybrid
in nature.
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Optimal control problem To account for the control objectives mentioned in
Section 13.3.3 with their related order of importance a cost function is formulated
similarly as in [264]. To maintain the voltages v1, . . . , v9 between 0.9 and 1.1, let the
slack variables tj , j = 1, . . . , 9 defined by⎧⎨⎩

0.9− vj(k) ≤ tj(k),
−1.1 + vj(k) ≤ tj(k),
0 ≤ tj(k)

(13.26)

denote the amount of violation of this condition. This formulation leads to nine slack
variables at each sampling instant k, grouped in the vector

t(k) = [t1(k), . . . , t9(k)]T.

To minimize the switching between control actions, define the variation of the ma-
nipulated variables as

Δu(k) = u(k)− u(k − 1) = [ΔrT(k), ΔsT(k)]T

and the diagonal penalty matrices

Qt = diag(qt1, . . . , qt9), QΔu = diag(qΔu1, . . . , qΔu9)

with all penalty weights in R+ and where the entries in Qt and QΔu are correlated
to the corresponding ordering in t(k) and Δu(k). Consider now the expression for
the stage cost

S(k) = ‖Qtt(k)‖∞ + ‖QΔu Δu(k)‖∞

and the formulation of the cost function

J(x(k),u(k − 1),U(k)) =
N−1∑
�=0

S(k + �|k), (13.27)

which penalizes the predicted evolution S(k + �|k) of S(k) at step k + � using
information available at step k from time-instant k on over the finite horizon N
using the ∞-norm.

The control action at each time-instant k is obtained by minimizing the objective
function (Eq. (13.27)) over the sequence of control inputs U(k) = [uT(k), . . . ,uT(k+
N−1)]T subject to the aforementioned input constraints and to inequalities (Eq. (13.26))
for the selected prediction model (Eq. (13.25)). As a simplifying assumption the load
shedding control for only the first prediction step is chosen, after which it is are as-
sumed to be constant throughout the prediction horizon. The first step of the optimal
sequence u∗(k) thus obtained is then applied to the physical network after having
rounded the AVR references to the nearest feasible value. The procedure is then re-
peated at the successive sampling instant k + 1.

Since a linear objective function with linear equality and inequality constraints
are employed, and since the decision variables are both continuous and discrete,
the resulting optimization program amounts to a mixed-integer linear programming
problem.
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13.3.5 Simulation results

Scenarios

Two scenarios have been considered. Scenario 1 starts out from the system in steady-
state, at 0.7 seconds the line connecting G4, representing the largest generation ca-
pacity in the considered grid, to bus 9 changes (possibly due to a partial fault) so that
its impedance increases to 150%. Figure 13.8 shows the resulting open-loop evolu-
tion of the most important bus voltages. If no action is taken, voltages initially tend
to progressively drift from the nominal region of operation until a series of sustained
oscillations arises.

Scenario 2 involves a similar situation, only now the impedance increases to
400%, e.g. due to a forest fire. Figure 13.9 shows the open-loop evolution if the
higher-layer controller does not provide updated set points to the lower-layer primary
controllers. As can be seen the voltages quickly reach a series of fast oscillations .

Controller setup The penalty matrices are chosen such that a weight of 200 is
placed on the violation of each soft constraint. The inputs are weighted with the
penalty coefficients 1 or 20, respectively, for r(k) and s(k). The prediction horizon
is N = 8. At each sampling instant, the linearization point is chosen by taking the
current state x(k) and the input applied at the preceding time instant u(k − 1). The
sampling interval is taken to be equal to Ts = 0.25 seconds.

Results Figure 13.10 depicts for Scenario 1 the evolution of the system when the
proposed higher-layer MPC scheme is inserted in the feedback. As shown the con-
troller prevents the voltages from exceeding the upper and lower bounds by acting
on the reference settings of all the AVRs. No load shedding is necessary. The sys-
tem subsequently enters an acceptable steady-state condition with a constant input
profile.

Figure 13.11 depicts for Scenario 2 the evolution of the system with the MPC
controller installed. Although the fault is significantly larger, the control prevents
the voltages from crossing their limits, by providing set-points for the AVRs and
shedding a minimal amount of load at node 7. After about 20 seconds the system
enters a new steady-state with constant input profile.

Discussion The proposed controller works well for the studied cases, in which
a rather high sampling rate of Ts = 0.25 seconds was taken. Indeed this rate might
have to be decreased in a more realistic setting, since the system is composed of large
high power components that might not allow for such a high actuation frequency. For
the types of faults considered the simulations indicate that the predictions made with
the linearized model are useful and that possible faults introduced due to saturation
of the real system which are not modeled in the linearized system can be neglected.
In fact, when the fault is smaller the sampling rate may be decreased, resulting in
set-point update provided to the lower control layer less frequently. With a smaller
fault, the magnitude and frequency of oscillations occurring in the system decrease
in size.
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Fig. 13.8 Evolution of voltages in open loop for Scenario 1.
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Fig. 13.9 Evolution of voltages in open loop for Scenario 2.
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Fig. 13.10 Simulation results for Scenario 1. (a) Evolution of voltages in
closed loop. (b) Control input sequence.

13.3.6 Conclusions and future research

In the present work, multi-layered control of voltage instability in a particular sub-
network of a large power network has been considered. In this particular subnet-
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Fig. 13.11 Simulation results for Scenario 2. (a) Evolution of voltages in
closed loop. (b) Control input sequence.

work a single higher-layer controller provides set-points to lower-layer controllers
at discrete time steps such that the negative effects of voltage instabilities in the un-
derlying physical system are minimized. The higher-layer controller uses a model-
predictive control strategy to determine its actions. It uses a model based on a
discrete-time linearized model of the continuous-time nonlinear dynamics given by
a set of differential-algebraic equations. The model predicts the effects of changing
set-points for the lower control layer on the evolution of network voltages. Simula-
tions illustrate the potential of the approach.

Future research focuses on investigating the region of validity of the linearized
model and if necessary replacing these with piece-wise affine models; performing
simulations on a network in which the neighboring loads and generators are not ag-
gregated, while the supervisory controller uses an aggregated model; and investigat-
ing decentralized control schemes where the local controllers of several subnetworks
negotiate among them on how they should determine their actions to obtain system
wide optimal performance.

13.4 Summary and outlook

Energy management involves different systems that evolve at completely different
time scales. They require the use of different control methods depending on the di-
mension of the system and the sampling period. Power converters have extremely
short sampling times and the computational power is limited, requiring simple con-
trol schemes. At the other end of the size range, in power system control, the com-
plexity of the plant requires the use of powerful optimization tools, but sampling
times are relatively longer and the computational power available is large. Sev-
eral schemes for which the control law is synthesized off-line have been presented
for the fast control of power converters. They include a scheme based on Explicit
Model-Predictive Control with multiple linearizations, an extension of the Sampled

co
nt

ro
len

gin
ee

rs
.ir



404 M. Morari, A. G. Beccuti, S. Mariéthoz, and G. Papafotiou

Data H∞-control theory to PWM systems and relaxed dynamical programming for
robust control. These methods control the converter switches through a PWM and
the control input consists of one or several duty cycles. Additionally, a stabilization
approach that uses a Lyapunov function deduced from energy considerations and that
directly controls the switch state without requiring a PWM has been described.

An on-line optimization scheme relying on model-predictive control has been
presented for minimizing the effect of network instabilities in the case of emergency
voltage regulation of power grids, where due to an occurred outage the control has to
react quickly to restore the system to an acceptable operating point. For other classes
of problems arising in power systems control the considered sampling times can be
longer, extending into the range of several seconds or even minutes.
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In this chapter, several applications of hybrid systems theory to benchmark
process control problems are described, ranging from logic controller veri-
fication for an evaporation system to controller synthesis and optimization-
based control of multiproduct batch plants and refrigerator systems.
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14.1 Introduction to process control applications

While continuous feedback and feedforward control is certainly crucial for the safe,
economic, and ecologically benign operation of processing plants of all kinds, the
dominant part of the control software for such plants handles and generates signals
and events that are discrete in nature. Logic controllers supervise and filter all inputs
by the operators for their admissibility, trigger process alarms and partial or complete
shut-downs, and switch between control configurations. Sequential controllers gov-
ern the start-up of devices, such as pumps and compressors, and of complete units,
and the execution of batch recipes as well as shut-down sequences. Even inside con-
tinuous controllers, a lot of discrete logic is present, sensors are monitored and their
signals are replaced by substitute values in case of errors, the controllers are switched
between different modes, anti-windup functions are realized, etc. Exception handling
is a major part of all software modules of the control system.

The correct function and economic performance of a plant thus depends on the
correct interaction between a vast number of logic and discrete control functions on
different layers, the continuous dynamics of the plant, and the continuous or quasi-
continuous controllers. While the design of continuous controllers has long been
studied in the scientific literature, and very powerful methods have emerged [221],
tools for the systematic analysis and synthesis of logic controllers have only recently
been applied to real-world problems.

In this chapter, three different areas where the analysis and synthesis of logic
controllers for continuous processing plants is of importance are addressed:

• the verification of the correct function of logic controllers that have to keep cru-
cial state variables of the plant within predefined limits in case of equipment
malfunctions in order to prevent emergency shutdowns (Section 14.2);

• the synthesis of hierarchical controllers that establish an economically optimal
operation of batch plants by scheduling sequences of operations and controlling
the execution of the individual processing steps (Section 14.3), based upon the
theory presented in Section 6.4;

• the development of nonlinear model-predictive controllers for start-up sequences
that involve the discrete switching of streams and for systems with switched
inputs (Section 14.4).

In process control, the models of the dynamic behavior of the plant under control are
usually fairly complex. All examples discussed in this chapter exhibit nonlinear dy-
namics, and in the case of the industrial evaporator which is analyzed in Section 14.2,
a set of complex algebraic equations describes the thermodynamics of the system.
Dynamic models of chemical processes typically are large nonlinear differential-
algebraic systems which makes their analysis particularly challenging.
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14.2 Logic control verification with application to an evaporator

14.2.1 The evaporator system

While current approaches to the safety verification of hybrid systems yield rigorous
proofs for system safety, their applicability is restricted to relatively small systems.
Optimization-based approaches are feasible to analyze large-scale systems. The pro-
cess considered in this chapter represents a part of an industrial-scale multi-stage
evaporation system that is modeled using hybrid automata.

For the analysis of the safety properties of the system, two approaches are ap-
plied. In the first approach, the hybrid system is considered only by its input/output
behavior, and optimization-based techniques are used to compute worst-case sce-
narios. The second approach employs a semi-analytical technique which combines
rigorous theorem proving that is applied to the global dynamical equations of the
model with the computation of worst-case scenarios using global nonlinear opti-
mization techniques.

Evaporation processes are widely used in the process industry to concentrate
liquids in the form of suspensions, solutions, and emulsions. This is achieved by the
evaporation of one or more volatile solvents from the liquid phase which leads to an
enrichment of the non-volatile components.

In cooperation with Bayer Technology Services (BTS), a hybrid process model
was developed in [593]. This model serves as a basis for several case studies. While
the task of computing optimal start-up strategies for this system is tackled in [535,
596], this section deals with the task to analyze the safety of operation of this process.

A simplified flowsheet of the system is shown in Fig. 14.1. It consists of an evap-
oration vessel (A), a heat exchanger (B), a number of pumps (C), and several dis-
cretely switched valve assemblies (VS3, VS4, VV S2) that are used to transfer liquid
and vapor to and from the vessel and the heat exchanger. The term valve assembly
refers to a redundant system of valves which can automatically circumvent a dys-
functional valve. The process is used to concentrate a liquid feed that is injected
through the valve assembly VS3 at low temperature and consists of a non-volatile
organic component (the product), an alcoholic solvent, and water. Via the valve as-
sembly VV S2, hot steam is fed to the heat exchanger, and the condensation of the
steam leads to a transfer of thermal energy to the evaporator. If the liquid in the evap-
orator is at boiling temperature, the volatile components water and alcohol evaporate
and are drained through the pipe PV . Finally, when the product concentration within
the liquid, which is measured online (Q), meets the desired purity specifications, the
liquid can be drained through the valve assembly VS4.

In the setting considered in the following, the process is assumed to be close
to steady-state operation, and the product is continuously drained via VS4. A logic
controller is employed to keep the critical process variables (i.e. the liquid level L,
the temperature T , and the pressure P within the evaporator) within safe bounds
in the face of equipment malfunctions. The valve assemblies can only be switched
discretely between two states (open/closed) by a logic controller that was designed to
keep the critical process variables (i.e. the liquid level L, the temperature T , and the
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Fig. 14.1 Simplified flowsheet of the evaporator system.

Table 14.1 Strategy of the logic controller.

Controller state VS3 VS4 VS2

Nominal operating region open open open
L ≤ Lw,l open close close
L ≥ Lw,u close open open
T ≥ Tw ∧ P ≥ Pw open open close
T ≥ Tw ∧ P ≥ Pw ∧ L ≥ Lw,u close open close

pressure P within the evaporation vessel) within safe bounds. The controller receives
discrete events from the plant if:

• the level, the temperature, or the pressure cross the upper warning thresholds
Lw,u := 90%, Tw := 430 K, and Pw := 4.6 bar from below

• the level crosses the lower warning threshold Lw,l := 20% from above; and
• all measurements have re-entered a subset of the state space designated as the

nominal operating region (L ∈ [30%, 80%], T < 425 K, P < 4.4 bar).

The responses of the discrete controller to the plant events are given in Table 14.1.

14.2.2 Task of safety analysis

Initially, the evaporation system is in steady-state operation, and all process variables
lie within a subset of the nominal operating region, henceforth called the initial set.
It is assumed that within a time interval of [10, 300] seconds, two errors e1 and
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e2–at the time instances te1 and te2–of the following types occur: a valve assembly
is blocked (i.e. the controller cannot influence the valve setting) or the pipe PV (and,
thus, the vapor outflow) is obstructed. Table 14.2 gives an overview of all errors that
can occur. It is assumed that an error is corrected after at most 130 seconds when the
error was detected and the valve assembly has switched to a redundant line or the
pipe is cleared again.

The safety analysis task is to verify that the logic controller keeps the system
within safe bounds for at least 1000 seconds, where the safe region is defined by
critical thresholds on the process measurements.

The time bound was derived from the assumption that the process is at steady-
state again after at most 1000 seconds. The upper critical thresholds are given by
Lc,u := 100%, Tc := 440 K, and Pc := 5 bar, and a lower critical threshold for the
liquid level is defined as Lc,l := 0%.

Table 14.2 List of possible errors.

No. Symbol Explanation

1 PV,c PV is obstructed
2 VS3,o VS3 is blocked in open position
3 VS3,c VS3 is blocked in closed position
4 VS4,o VS4 is blocked in open position
5 VS4,c VS4 is blocked in closed position
6 VV S2,o VV S2 is blocked in open position
7 VV S2,c VV S2 is blocked in closed position

For the described task, the plant model is implemented as a hybrid automaton.
The controller, the valve assemblies, and the pipe are modeled as finite-state au-
tomata, and a set of timed automata represents the occurrence and the correction
of errors. The continuous dynamics of the plant are modeled using two discrete
locations with distinct systems of DAEs (each with 4 differential and 13 algebraic
equations), which are chosen depending on the state of the liquid in the evaporation
vessel (nonevaporating or evaporating).

14.2.3 Safety analysis using optimization-based state-space exploration

The first analysis approach employs continuous nonlinear optimization with em-
bedded simulation of a hybrid process model. The optimizer only considers the
input/output behavior of the system to drive it towards worst-case scenarios. The
continuous decision variables are assembled in a vector d defined as:

d = [wA,0, wB,0, L0, T0, te1, te2]T. (14.1)
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Here, wA,0 (kg/kg), wB,0 (kg/kg), L0 (%), and T0 (K) represent the concentrations
of product and water in the liquid phase, the liquid level, and the temperature in the
evaporation vessel that are used as initial values for the embedded hybrid simulation,
and te1 and te2 are the time instances (in seconds) at which the errors e1 and e2

occur.
The considered optimization problems are nonlinear and nonconvex with possi-

bly discontinuous cost functions. In addition, the embedded simulation employed in
the dynamic optimization problems is computationally expensive since a simulation
run of the hybrid model may take up to 1 second. To maximize the probability of
finding the global optimumum, the four global solvers ego, rbfSolve, glcDirect, and
multiMin are employed that are part of the MATLAB-based optimization framework
TOMLAB [325]. All parameters were kept at default settings.

The findings of the safety analysis using the optimization-based approach, which
result from the solution of 72 optimization problems (4 optimization problems each
for 18 possible error combinations) are as follows:

1. The critical threshold for the pressure is reached when PV is obstructed and
VV S2 is blocked in the open position. It was found that the trajectory of the
pressure that was obtained for the error scenario in which the first error PV,e

causes the system to reach the warning threshold Pw , and the second error VS3,o

blocks the controller action, thus leading to a critical situation.
2. The warning threshold Tw = 430 K is not reached.
3. The warning thresholds Pw = 4.6 bar, Lw,u = 90%, and Lw,l = 20% are only

reached when the pipe PV is obstructed. The corresponding simulation result
(Fig. 14.2) shows that Lw,l is reached at t = 820 s after Lw,u was reached
at t = 110 s. The monotonous decrease of L indicates that the system is not
stabilized by the controller after reaching the nominal region. This behavior is
not safety critical but clearly undesired.

4. The warning thresholds are only exceeded if the nominal controller response
(Table 14.1) is prevented by an error.

14.2.4 A semi-analytical approach to safety analysis

The approach described in Section 14.2.3 is relatively easy to implement and yields
good results for the evaporation system. However, it neither provides a detailed un-
derstanding of the process dynamics nor insights on how to modify the logic con-
troller in the case that it does not meet the specifications. Furthermore, it does not
yield rigorous proofs of safety properties as is for example possible by theorem prov-
ing using the equations that describe the continuous dynamics of the hybrid model.

This section introduces a semi-analytical approach to safety analysis that com-
bines theorem-proving with optimization-based techniques and enables a deeper in-
sight into the dynamical behavior of the controlled evaporation system. The main
idea is to use process insight to determine those error scenarios that will definitely
not drive the process into a critical state. These error scenarios can then be neglected
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in the further investigation which simplifies the analysis problem. Since the continu-
ous dynamics for the nonevaporating and for the evaporating case differ significantly,
the two cases are treated separately.

Three different analysis techniques are employed:

1. Theorem proving: If explicit equations for the time derivatives of the safety-
critical variables can be derived, manual theorem proving is employed to prove
safety-relevant properties of the system rigorously. However, this approach is
only applicable for the nonevaporating case due to the complexity of the dynam-
ics in the evaporating case.

2. Algebraic optimization: In the evaporating case, the time derivatives can only
be represented by an implicit system of equations. Hence, theorem proving is
not applicable. In order to be able to reason about the time derivatives of the
safety-critical variables, algebraic nonlinear optimization problems are solved to
determine maximum or minimum values of the time derivatives. In these prob-
lems, the implicit equation systems that represent the time derivatives appear as
equality constraints. However, if explicit equations for the time derivatives can
be derived, an alternative formulation is used that includes these equations di-
rectly into the cost function.

3. Optimization-based analysis using simulation: If the results of the first two tech-
niques hint at possibly safety-critical behaviors, the optimization-based state
exploration approach is employed to verify the analysis result by simulation of
the hybrid model. The cost function of the optimization problem is chosen such
that the simulated trajectories for temperature, pressure, and level are driven to-
wards a critical state estimating the worst-case evolution of the system. If the
specific worst-case evolution adheres to the safety specifications, it is proved
that the system is safe for the considered error scenario.

From all possible error combinations, all but six (shown in Table 14.3) could
be discarded by the exclusion of noncritical error scenarios determined using the
three analysis techniques mentioned above. Using the semi-analytical approach,
the results of the optimization-based approach could be fully confirmed. Since the

Table 14.3 The final error combinations.

No. Error combination

1 PV,c ∧ VV S2,o may lead to Pc

2 PV,c ∧ VV S2,o may lead to Tc

3–4 PV,c ∧ VS3,o and PV,c ∧ VS4,c may lead to Lc,u

5–6 PV,c ∧ VS3,c and PV,c ∧ VS4,o may lead to Lc,l
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internal structure of the plant model was considered, several additional insights were
obtained. For example, it might be possible that the pressure rises while the tem-
perature falls depending on the concentration of the liquid in the evaporator. Addi-
tionally, the undesired controller response as shown in Fig. 14.2, where the level L
is caused to drop from the upper to the lower warning threshold without the con-
troller switching to the back to nominal state was detected. This is due to the fact
that, by definition, the system is at nominal operation if all process measurements
L, T , and P are within the nominal region. However, the right-hand figure, which
depicts the evolution of the temperature, shows that the nominal operation region is
not reached in the time range t ∈ [170, 850]. Hence, the controller does not switch
back to nominal operation.

14.2.5 Evaluation of the results

The two optimization-based approaches to the safety analysis of an industrial-scale
evaporation system differ with respect to the methods used and the results obtained.

The first approach adapts an input/output view of the hybrid processing system
under consideration and performs an optimization-based search for worst-case sce-
narios based on simulations of a hybrid model. The major advantages of this ap-
proach are:

• that it is relatively easy to implement; and
• that even large-scale complex systems can be analyzed within a relatively short

computation time (5–6 hours for the case study) without the need for a simplified
process model.

However, this approach does not yield any safety proofs nor significant process in-
sight that may be necessary to exactly pinpoint the design flaws of a controller.

The semi-analytical approach exploits the internal structure of the process model
and employs a combination of theorem proving and optimization-based techniques.
The main advantages of this approach are:

• that it provides a deep insight into the system dynamics;
• that it yields rigorous proofs of safety for a subset of the possible process behav-

iors; and
• that shortcomings of the controller that are not safety-critical but undesired, and

situations under which the controller actions do not have the desired effect, are
more likely to be revealed than in the simulation-based approach.

A drawback of the semi-analytical approach is that it is tailored specifically to the
system under consideration and that it cannot be generalized easily. In addition, it
requires more expert knowledge and time for its successful implementation than the
brute-force exploration scheme.

co
nt

ro
len

gin
ee

rs
.ir



14 Industrial controls 413

Vs3

Vs3

Time [s]

Time [s]

T – 

L – 
te1 = te2 = 40 s, L0 = 85, T0 = 420, WA0 = 0.8218, WB 0 = 0.16

te1 = te2 = 40 s, L0 = 85, T0 = 420, WA0 = 0.8218, WB 0 = 0.16

Fig. 14.2 The liquid level decreases from the upper to the lower warning level
(top). The temperature remains above the nominal threshold for the period of
time in question (bottom).

14.3 Hierarchical control of a multiproduct batch plant

14.3.1 Hierarchical abstraction-based control

Complexity represents a major problem in hybrid control. It may be reduced by
abstraction-based control synthesis approaches that aim at replacing continuous dy-
namics by discrete approximations. As demonstrated in the sequel, the concept of
abstractions is particularly useful in combination with hierarchical control structures.

Hierarchical decomposition of large-scale control tasks has been popular in in-
dustrial practice for a long time and, in a heuristic fashion, has been routinely applied.
Unlike heuristic approaches, the hierarchical synthesis framework presented in this
section guarantees that the different control layers interact properly and do indeed
enforce the overall specifications for the considered plant model. It is an extension
of the specific abstraction-based approach from Section 6.4.
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In the context of discrete-event and hybrid systems, a number of hierarchical con-
cepts have been discussed in the literature. Our approach has been inspired by the
hierarchical DES theory developed in [667], but is technically quite different because
we employ an I/O structure to adequately represent both time- and event-driven dy-
namics for hybrid systems. There is also a strong conceptual link to [389], where, as
in [134, 508] and in our work, the preservation of fundamental properties across lev-
els of abstraction is of prime concern. To keep exposition as simple as possible, we
will focus on the case of two control layers. This, however, can be easily extended to
any number of layers.

14.3.2 Hierarchical control architecture

To simplify exposition, we concentrate on the two-level control architecture shown
in Fig. 14.3. Low-level control is implemented by an intermediate layer with behav-
ior Bım, which communicates with the plant via low-level signals wL = (uL, yL)
and with the high-level supervisor via high-level signals wH = (uH, yH). Plant and
high-level supervisor behaviors are denoted by BL

p and BH
sup, respectively (see also

Section 6.4).

Fig. 14.3 Plant perspective (dashed) and supervisor perspective (dotted).

To make notation easier to read, all high-level signals, signal sets, and behaviors
will be indicated by a sub- or superscript “H,” while low-level entities will be char-
acterized by a sub- or superscript “L.” Apart from implementing low-level control
mechanisms corresponding to high-level commands uH, the intermediate layer Bım
aggregates low-level measurement information yL to provide high-level information
yH to BH

sup. Aggregation may be both in signal space and in time, i.e. the time axis
for high-level signals may be “coarser” than for low-level signals. Note that in this
scenario Bım is a behavior on WH×WL, where WH := UH×YH and WL := UL×YL

represent the high and low-level signal sets.
From the perspective of the (low-level) plant BL

p, interconnecting Bım and BH
sup

provides the overall controller. Its external behavior is denoted by BL
ım[BH

sup] and,
as indicated by the dashed box in Fig. 14.3, evolves on the low-level signal space
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WL. The behavior BL
ım[BH

sup] is given by the projection of Bım into WN0
L with the

internal high-level signal restricted to BH
sup:

BL
ım[BH

sup] := {wL| (∃wH ∈ BH
sup)[ (wH, wL) ∈ Bım ]}. (14.2)

Clearly, we require the overall controller BL
ım[BH

sup] to be a (nontrivial) solution of
the original control problem (BL

p, BL
spec)cp, i.e. it needs to be admissible to BL

p and
has to enforce the specification BL

spec:

BL
p ∩BL

ım[BH
sup] ⊆ BL

spec . (14.3)

We now re-examine Fig. 14.3: from the perspective of the high-level supervisor
BH

sup, interconnecting the intermediate layer Bım with the (low-level) plant model
BL

p provides a compound high-level plant model, which, as indicated by the dotted
box in Fig. 14.3, evolves on the high-level signal set WH. Its external behavior is
denoted by BH

ım[BL
p] and given by

BH
ım[BL

p] := {wH| (∃wL ∈ BL
p)[ (wH, wL) ∈ Bım ]} . (14.4)

By the same argument as before, BH
sup is required to be admissible to the com-

pound high-level plant model BH
ım[BL

p] . The above discussion is summarized in the
following definition:

Definition 14.1 (Two-level hierarchical solution) The pair (Bım, BH
sup)tl

is a two-level hierarchical solution of the supervisory control problem
(BL

p, BL
spec)cp if:

(i) BL
p ∩BL

ım[BH
sup] ⊆ BL

spec; and
(iia) BL

ım[BH
sup] is admissible to BL

p; and
(iib) BH

sup is admissible to BH
ım[BL

p].

We remind the reader that B1 is admissible to B2 if the former is generically im-
plementable and if B1 and B2 are nonconflicting. The latter is guaranteed if B1

is complete and generically implementable and if B2 is a complete I/-behavior
(Section 6.4). We will now investigate which properties of Bım will help to enforce
admissibility conditions (iia) and (iib) in Definition 14.1. To structure the discussion,
we will first address the case of uniform time scales on both signal levels.

Uniform time scales–Type I intermediate layer From Fig. 14.3 it is obvious that
uH and yL can be interpreted as inputs of the intermediate layer Bım, while uL and
yH are outputs. It is, therefore, natural to require that Bım is an I/- behavior w.r.t.
(UH × YL, YH × UL). If we add the requirement that Bım is complete and a strict I/-
behavior, it can be shown that I/- and completeness properties are passed from BL

p to
BH

ım[BL
p] and that completeness and generic implementability carry over from BH

sup

to BL
ım[BH

sup] [467, 549]. This can be summarized as:

Lemma 14.1 If the intermediate layer Bım is a complete strict I/-behavior,
if the plant model BL

p is a complete I/-behavior, and if the high-level super-
visor is both complete and generically implementable, then the admissibility
conditions (iia) and (iib) are satisfied.
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Multiple time scales–type II intermediate layer In many cases, high- and low-
level signals will be defined on different time scales. Typically, in technical real-
izations, low-level signals “live” on a discrete time axis that is obtained by (fast)
equidistant sampling. High-level signals mostly live on a time axis that is gener-
ated by low-level signals. A common scenario is that yL produces events, e.g. when
certain thresholds are crossed. The high-level signal yH is then a sequence of these
events. We assume that high-level commands are immediately issued after the occur-
rence of a high-level measurement event, hence uH lives on the same time axis as yH.
This is illustrated in Fig. 14.4.

Fig. 14.4 Two time scales.

We now define the relevant class of operators mapping low-level signals yL ∈
Y N0

L into time transformations (i.e. maps from low- to high-level time):

Definition 14.2 (Dynamic time scale) The operator T : Y N0
L → N0

N0 is
said to be a dynamical time scale if:
• T is strictly causal, i.e. ỹ|[0,k) = ŷ|[0,k) implies T (ỹ)|[0,k] = T (ŷ)|[0,k]

for all k ∈ N0, ỹ, ŷ ∈ Y N0 ; and if
• the time transformation T (yL) : N0 → N0 is surjective and monotoni-

cally increasing for all yL ∈ Y N0
L .

For a fixed low-level signal yL, the time transformation T (yL) maps low-level time
j ∈ N0 to high-level time k ∈ N0. By requiring that T itself is a strictly causal
operator, we ensure that at any instant of time the transformation T (yL) only depends
on the strict past of yL.

We focus on measurement aggregation operators that are causal with respect to a
dynamic time scale:

Definition 14.3 (Causal operator) The operator F : Y N0
L → Y N0

H is said to
be causal w.r.t. T if T is a dynamical time scale and if
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ỹL|[0,j] = ŷL|[0,j] ⇒ F (ỹL)|[0,k] = F (ŷL)|[0,k] (14.5)

for k = T (ỹL)(j) and all j ∈ N0, ỹL, ŷL ∈ Y N0
L .

We still have to link high-level control signals uH to low-level control signals uL.
This is done via a sample-and-hold device that is triggered by the time transformation
T (yL), i.e. successive high-level control actions are passed on to the lower level
whenever a high-level measurement is generated. Formally, this is expressed by uL =
uH ◦ T (yL).

In summary, an intermediate layer Bım mediating between low-level and high-
level time is completely defined by a dynamical time scale T and a measurement
aggregation operator F that is causal w.r.t. T :

Bım := {(uH, yH, uL, yL)| yH = F (yL) and uL = uH ◦ T (yL)} . (14.6)

It can be shown that (14.6) represents a complete behavior and, like the intermedi-
ate layer discussed previously, preserves the input/output structure of the plant and
generic implementability of the supervisor:

Lemma 14.2 If Bım is given by (14.6), BL
p is a complete I/- behavior w.r.t.

(UL, YL), and BH
sup is complete and generically implementable, then the

admissibility conditions (iia) and (iib) are satisfied.

In most practical situations, we will have to combine the two types of interme-
diate layers discussed on the previous pages. It is intuitively clear that for arbitray
combinations of Type I and Type II layers in combination with complete I/- plant be-
haviors and complete and generically implementable high-level supervisors, the ad-
missibility conditions (iia) and (iib) are satisfied (for a formal treatment, see [467]).
While for Bım and BH

sup, as “man-made systems,” the completeness assumption is
not particularly restrictive, it may be argued that this is not the case for the plant BL

p.
However, as shown in [466], the condition that BL

p is a complete I/- behavior can be
replaced by the less restrictive condition that it can be realized by an I/S/- machine.

14.3.3 Bottom-up design procedure

It remains to discuss how to design Bım and BH
sup (subject to the above constraints)

such that BL
p ∩ BL

ım[BH
sup] ⊆ BL

spec. We suggest an intuitive bottom-up procedure
where we first design appropriate low-level control Bım and then proceed to find a
suitable high-level supervisor BH

sup.
In the first step, we formalize the intended relation between high- and low-level

signals by the specification BHL
spec ⊆ (WH ×WL)N0 . Hence BHL

spec denotes the set of
all signal pairs (wH, wL) that represent the desired effect of high-level control actions
on the low-level plant BL

p and, by implication, on the high-level measurement. This
specification needs to be enforced by the intermediate layer Bım when connected to
the low-level plant BL

p, i.e. we require

{(wH, wL) ∈ Bım| wL ∈ BL
p} ⊆ BHL

spec . (14.7)
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Suppose we have designed Bım to enforce (14.7), perhaps based on classical
continuous control methods appropriate for the continuous dynamics of the low-
level plant. In principle, we could then proceed to design BH

sup for the compound
high-level plant BH

ım[BL
p]. However, from a computational point of view–particularly

for hybrid systems–it is preferable to use an abstraction B̃H
p of BH

ım[BL
p] that does

not explicitly depend on the low-level dynamics or the precise nature of the imple-
mented low-level control scheme. A suitable abstraction B̃H

p is given by the projec-
tion of the specification BHL

spec onto its high-level signal components, and a high-level
specification B̃H

spec expressing BL
spec in terms of high-level signals can be easily de-

rived from (14.7):

B̃H
p := {wH| (∃wL)[ (wH, wL) ∈ BHL

spec] } , (14.8)

B̃H
spec := {wH| (∀ wL) [ (wH, wL) ∈ BHL

spec ⇒ wL ∈ BL
spec ] } . (14.9)

As a consequence, the resulting high-level control problem (B̃H
p , B̃H

spec)cp does not
depend on the actual low-level plant under low-level control, BH

ım[BL
p].

It follows immediately that any solution BH
sup of the high-level control problem

(B̃H
p , B̃H

spec)cp will enforce the original low-level specification BL
spec when con-

nected to BH
ım[BL

p], the plant model under low-level control:

B̃H
p ∩BH

sup ⊆ B̃H
spec =⇒ BL

p ∩BL
ım[BH

sup] ⊆ BL
spec . (14.10)

Hence Condition (i) from Definition 14.1 also holds, and the pair (Bım, BH
sup)tl is a

two-level hierarchical solution of the overall control problem (BL
p, BL

spec)cp.
The “degree of freedom” in the proposed bottom-up approach is the specification

BHL
spec. In general, its choice can be guided by the same engineering intuition that we

would use in a hierarchical ad hoc design. However, unlike heuristic approaches, our
method encapsulates intuition in a formal framework where we can prove that the
composition of high-level controller and intermediate layer forms a valid solution of
the original problem.

Minimizing the cost of closed-loop operation In addition to a “hard” specification,
many applications involve minimizing a cost function. From the low-level perspec-
tive, we want to solve the worst-case optimal control problem

min
BLsup

max
wL

γL(wL) s.t. BL
sup solves (BL

p, BL
spec)cp , wL ∈ BL

p ∩BL
sup , (14.11)

where γL : BL
p ∩BL

spec → R is a (typically additive over time and positive) function
to associate the cost γL(wL) with each low-level plant signal wL that satisfies the
“hard” specification BL

spec. Suppose that Bım has been designed as outlined previ-
ously. We then define a pessimistic high-level cost function

γH(wH) := max
wL

{γL(wL)| (wH, wL) ∈ Bım, w
L ∈ BL

p} , (14.12)

and seek an optimal solution BH
sup for the high-level min-max problem
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min
BHsup

max
wH

γH(wH) s.t. BH
sup solves (B̃H

p , B̃H
spec)cp and wH ∈ B̃H

p ∩BH
sup . (14.13)

Note that the overall controller, i.e. the interconnection BL
ım[BH

sup] of Bım and the
optimal BH

sup, does not necessarily form an optimal solution to the original problem
(14.11). This is for two reasons:

• introducing Bım reduces the degrees of freedom;
• in the high-level control problem (14.13), the behavior BH

ım[BL
p] was replaced by

its abstraction B̃H
p , resulting in over-approximation of costs.

However, we expect problem (14.13) to be computationally tractable in situations
where (14.11) is not. We emphasize that our bottom-up design method guarantees
that the “hard” specification BL

spec holds.

14.3.4 Discontinuously operated multiproduct batch plant

Discontinuously operated multiproduct plants are widely used for the production of
fine chemicals. In [549], we describe a specific control example, which is idealized to
a certain extent but general enough to capture most of the problems that characterize
multiproduct batch plants.

The plant is used to produce three kinds of color pigments, using similar pro-
duction methods (Fig. 14.5): from one of the storage tanks B1, B2, or B3, solvent is
pumped into either a large reactor R1 or a small reactor R2. Reactant Ai, i = 1, 2, 3,
is added to start reaction i delivering the desired product: Ai

kP i−→ Pi. It is accom-
panied by a parallel reaction Ai

kW i−→ Wi resulting in the waste product Wi. If, at
the end of the reaction step, concentration of Wi is above a given threshold Wi,max,
product quality is unacceptable and the batch is spoilt.

For the duration of the reaction, there are two control inputs: the feed rate of the
reactant and the heating/cooling rate for the reactor. After the reaction is finished,
the contents of the reactors are filtered through either F1, F2, or F3, and the solvent
is collected in the corresponding tank B1, B2, or B3. The solvent can subsequently
be fed back into either of the two reactors. If, in any of the filters, darker colors are
filtered before lighter ones (say P3 before P1 or P2, and P2 before P1), an additional
cleaning process between the two filtration tasks is needed, taking time tc. The feed
rates into the reactors are discrete-valued control inputs as are the decision variables
(realized by discrete valve positions) that determine whether a particular reactor is
emptied through a particular filter system. Heating and cooling rates for R1, R2 are
continuous-valued control inputs. For simplicity, the following is assumed for the
reactions involved:

• all reactions are first order;
• the volume of reactant Ai, product Pi and waste product Wi, i = 1, 2, 3, is

negligible compared to overall reactor volume.

The latter can, therefore, be considered constant during dosing and reaction. The time
constants for heating and cooling of the reactors are small compared to the reaction
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Fig. 14.5 Example plant.

time constants. The (scaled) reactor temperatures can, therefore, be considered to
be the manipulated variables. With these assumptions, the model equations can be
easily derived from component balances:

d
dt

cAi(t) =
q(t)
V

− (kPi(t) + kWi(t)) cAi(t), (14.14)

d
dt

cPi(t) = kPi(t)cAi(t), (14.15)

d
dt

cWi(t) = kWi(t)cAi(t). (14.16)

V is the volume of the considered reactor, q the corresponding dosing rate (in
kmol/h); cAi , cPi , cWi are reactant, product and waste concentration in the i-th pro-
duction process (in kmol/m3), i = 1, 2, 3. The reaction kinetics

kPi(t) = kPi0e
− EPi

Rθ(t) , kWi(t) = kWi0e
− EWi

Rθ(t) (14.17)

depend on temperature θ. Defining u(t) := kW1(t), βi := EPi/EW1, δi :=
EWi/EW1, αi := kPi0/k

βi

W10
, and γi := kWi0/k

δi

W10
, we can rewrite (14.14)–

(14.16) as

d
dt

cAi(t) =
q(t)
V

−
(
αiu(t)βi + γiu(t)δi

)
cAi(t), (14.18)

d
dt

cPi(t) = αiu(t)βicAi(t), (14.19)

d
dt

cWi(t) = γiu(t)δicAi(t). (14.20)
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Note that, by definition, δ1 = γ1 = 1, and that u is a strictly monotonically increas-
ing function in θ and can, therefore, be considered as scaled temperature with unit
1/h.

The aim is to produce the demanded product volumes with minimal operating
costs while satisfying quality constraints (upper bounds for waste product concen-
trations) and safety constraints (upper bounds for reactor temperatures).

14.3.5 Hierarchical control of multiproduct batch plant

Low-level plant model The low-level plant model represents the continuous dy-
namics of filter and reaction processes in the various modes of operation. We con-
sider low-level signals to evolve with respect to clock time, generated from a suitably
small sampling period Δ > 0. Note that after a reaction is finished, the respective
reactor has to be emptied, i.e., its contents has to be filtered before the reactor can be
reused in another production step.

Neglecting the time required to fill a reactor, there are at most two concur-
rent operations performed by the plant. Thus, our low-level plant model consists
of two subsystems, each of which is being used for one out of three chemical re-
action schemes or a subsequent filtering process. As a low-level signal space we
choose WL = WL1 ×WL2, where each component corresponds to one subsystem.
The possible modes of operation for the subsystem j ∈ {1, 2} consist of the three
chemical reactions and the filtering processes. The latter can use any nontrivial com-
bination of the three filters. Including a filter cleaning mode and an “idle” mode,
this gives a total of 3 + 2 + 7 = 12 possible modes for each subsystem; they
can be conveniently encoded as a discrete-event input uDj , j = 1, 2, with range
UDj = {P1, P2, P3, Clean, Idle, F001, F010, F011, . . . , F111} .

While in one of the reaction modes Pi, low-level dynamics is modelled by a
sampled version of the ODEs (14.18) – (14.20). The parameters are as follows:
β1 = 0.5, α1 = 2.0 h−0.5, β2 = 0.4, α2 = 2.0 h−0.6, β3 = 0.5, α3 = 3.0 h−0.5,
δi = γi = 1, i = 1, 2, 3; the initial concentrations at the beginning of each reac-
tion are all zero: cAi0 = cPi0 = cWi0 = 0, i = 1, 2, 3. The product concentrations
required at the end of each reaction are cP1e = 10 kmol/m3, cP2e = 8 kmol/m3,
cP3e = 12 kmol/m3, and the bounds for the waste concentrations cW1 , cW2 , cW3

are 2 kmol/m3, 1.5 kmol/m3, and 3 kmol/m3. The volumes of reactor R1 and R2
are 5 m3 and 2.5 m3. The (on/off) dosing signal qj can take values in the set
{0, 12 kmol/h}, and the control signal uj is required to “live” within the interval
[0.01h−1, 3.0 h−1], where the upper bound results from safety requirements. The
signal (qj , uj) is seen as an additional low-level input uCj with range UCj ⊆ R2. We
assume the continuous state is measured as a plant output yCj with range YCj ⊆ R3.

For filtering, an integrator models the progress of time, where the integration
constant depends on the number of filters used and the volume of the respective
reactor. The time to empty the smaller of the two reactors through one filter is ctf =
6 h. If two or three filters are being used simultaneously, this time reduces to 3 h and
2 h. For the larger reactor, filtering takes twice as long. The continuous input uCj is
ignored in filtering mode.
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The completion of an operation corresponds to reaching a target region in the
continuous state space. This is indicated by a discrete low-level output yDj taking
values in the set{Busy, Done}. The signal space of subsystem j ∈ {1, 2} is then the
product WLj = ULj × YLj where ULj = UDj × UCj and YLj = YDj × YCj . This is
illustrated in Fig. 14.6, where the two subsystems are shown merged. With the above
parameters, the typical time to finish a reaction step is between 5 h and 10 h, with
filtering taking at least another two hours.

Fig. 14.6 Control architecture (subsystems merged).

Low-level specification and cost function The low-level specification BL
spec in-

cludes the following requirements:

• the mode of operation may only change immediately after the previous operation
has been completed;

• chemical reactions and filtering alternate in each subsystem;
• each filter can only be used by one subsystem at a time;
• the filters have to be cleaned when a lighter color is to be filtered after a darker

one;
• the demanded product volumes are produced.

Note that safety and quality requirements are imposed indirectly–the former via the
restricted range for uCj = (qj , uj), the latter via the completion signals yDj, which
are linked to the yCj reaching their target regions. Therefore, BL

spec contains only
discrete requirements and represents a discrete-event specification, albeit in clock
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time. Formally, we have BL
spec = BD

spec × (UC × YC)N0 for some behavior BD
spec

over UD × YD.
For a finite automaton realization of BD

spec, the state needs to keep track of the
following: the current major mode of operation (52 possibilities for the three reac-
tions, filtering, or cleaning in both subsystems), the current allocation of the filters
(23 possibilities for three filters which can be allocated to either subsystem), the re-
cent usage of the filters (33 possibilities for three filters, each of which could have
been used for either of three products), product volumes produced so far (63 possibil-
ities; this number results from the additional assumption that only integer multiples
of a minimum batch size are allowed and that the maximum demand for each of the
three products is known. For our example we chose 2.5 m3 as minimum batch size
and 12.5 m3 as maximum demand). This amounts to an overall of 1.16× 106 states.

The integral cost function γL only refers to the UCj components of the low-level
signal. It includes energy cost (heating), material cost (feed rates), and an overhead
cost depending on time spent. For a low-level signal wL, let

γL(wL) :=
∫ Tf

0

(u1(t)+
q1(t)
20

)dt +
∫ Tf

0

(u2(t)+
q2(t)
20

)dt +
∫ Tf

0

0.15dt , (14.21)

where Tf denotes the time when all demanded products have been delivered.
Given the low-level plant model, the specification and the cost function, one

could try to solve the optimization problem (14.11) as it stands. This amounts to a
nonlinear mixed discrete-continuous dynamical program with two continuous input
signals (u1, u2), discrete input signals (uDj, qj , j = 1, 2) that altogether can take
(12 × 2)2 = 576 values, six continuous state variables, and a discrete state set with
1.16×106 elements. Over an adequate time horizon (about 50 h), we found this com-
putationally intractable for off-the-shelf optimization software. Instead we apply the
suggested hierarchical procedure.

Hierarchical design–low-level control Recall that low-level control is based on
the specification BHL

spec representing the intended relation between high- and low-
level signals. We introduce high-level control symbols signifying the commands “run
reaction i in subsystem j such that the batch is finished at minimal cost within time
τj ∈ T = {1 h, 2 h, . . . 10 h}”. This is implemented by 3 × 2 × 10 = 60 low-level
controllers selected by BH

sup (Fig. 14.6).
Obviously, low-level controller design is local as it only refers to one reaction

process and one subsystem at a time. The corresponding dynamical program has
one binary input signal (qj), one continuous input (uj) and three continuous state
variables (concentrations). It can be solved numerically by standard optimization
software. As an illustration, the minimal cost γ1,i(τ1) for reactor R1 to produce one
batch of Pi is given in Table 14.4. Obviously, low-level optimization does not depend
on the demanded overall amount of products. Consequently, this design step only
needs to be performed once over the life-cycle of the plant.

Hierarchical design–high-level control As indicated above, high-level control
actions consist of modes from UDi and timing parameters from T . As the timing
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Table 14.4 Minimal cost for reactor R1 to produce one batch.

τ1 < 5 h 5 h 6 h 7 h 8 h 9 h 10 h

γ1,1 ∞ ∞ 3.70 3.42 3.28 3.21 3.17
γ1,2 ∞ 2.81 2.58 2.46 2.40 2.36 2.32
γ1,3 ∞ ∞ 4.16 3.71 3.58 3.51 3.49

for the filter process and the idle operation are determined by the mode, there are
3 × 10 + 9 = 39 relevant high-level control actions per subsystem to be encoded
in UH. As high-level measurement, we choose the completion component from the
low-level subsystems, i.e. YH = {Busy, Done1, Done2}. While low-level signals
“live” on clock time, high-level signals evolve on logic (event-driven) time, where
events are triggered by changes in the YDj-components.

To design a high-level supervisor, we need a discrete abstraction B̃H
p of BH

ım[BL
p],

a high-level “image” of the original specification BL
spec, and a high-level cost func-

tion γH. As pointed out in Section 14.3.3, we can derive B̃H
p directly from BHL

spec.
The specified external behavior of each subsystem under low-level control (w.r.t. the
discrete variables uDj and yDj) can be modelled as a timed discrete-event system
[110], where time is still clock time. To obtain a DES realization of an abstraction
B̃H

p of BH
ım[BL

p], we form the synchronous product of the individual timed discrete-
event systems and remove tick events (which “count” the progress of clock time) by
language projection. Note that a composition of subsystems is only needed after the
individual subsystems have already undergone considerable simplification.

According to (14.9), the high-level-specification B̃H
spec can be directly obtained

from BD
spec by transforming clock time to logic time. Together with the high-level

abstraction B̃H
p , we obtain a transition system with 17× 106 states and an average of

13.1 relevant input events per state. Since every high-level input event corresponds to
a low-level mode (chemical reaction or filtering) that will be completed at a known
cost, the high-level cost function γH is additive over high-level time (i.e. cost per
transitions). Thus, the high-level problem (14.13) can be solved using standard dy-
namical programming methods. On a decent desktop computer this takes about an
hour. For illustration, Fig. 14.7 shows the obtained closed-loop operation to produce
12.5 m3, 12.5 m3 and 7.5 m3 of the products P1, P2, and P3, respectively. The overall
cost amounts to 27.5.

20 h 40 h

Fig. 14.7 Optimal schedule (filter processes grey, cleaning black).

This result shows that an abstraction-based control philosophy in combina-
tion with a hierarchical control architecture has the potential for reducing design
complexity.
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14.4 Model-predictive control of switched systems

14.4.1 Overview

The aim of this section is to show that engineered model-predictive control tech-
niques can successfully solve industrial control problems that involve continuous
and discrete inputs and switched dynamics. Two case studies will be discussed:

The first one is the control of a supermarket refrigeration system. It was provided
by Danfoss, a leading manufacturer of refrigeration, air conditioning and heating
systems as well as of control systems. The system is composed of a set of display
cases, each with an evaporator system and a compressor rack. Here, all decision
elements are discrete (on/off), and the goal is to maintain the temperature of the
goods in the display cases in a certain range with minimum energy consumption and
wear of the compressors.

The second case study concerns a multi-stage set of evaporators and was provided
by Bayer Technology Services. The plant performs an industrial purification process
where volatile components are removed from a liquid stream that contains the desired
product. The control task is the optimization of the start-up procedure, i.e. to generate
a control strategy that drives the evaporators from a shut-down (cold and empty) state
to nominal operation in minimal time and with minimal resource consumption.

These case studies are realistic examples of systems with complex dynamics and
switched inputs that cannot be handled straightforwardly by techniques for switched
(piecewise affine) systems described by ODE models. While the solutions presented
are problem-specific, they provide examples of a general approach to engineered so-
lutions to complex hybrid control problems based upon hierarchical structures and a
suitable parameterization of the degrees of freedom in the finite-horizon optimization
problems.

For each case study, first the process is described and the goals of feedback con-
trol are formulated. Then, hybrid MPC control approaches are presented that result in
optimization problems that can be solved in realistic computation times and provide
good performance, as demonstrated by simulations.

14.4.2 Control of a supermarket refrigeration system

Display cases for refrigerated goods are present in all supermarkets and food stores.
A schematic representation of such a process with two display cases is depicted in
Fig. 14.8, and the cross section of a display case with its evaporation system is shown
in Fig. 14.9.

The temperatures of the goods in the display cases must be kept within a specified
range in order to preserve them for consumption. The temperatures of the air inside
the display cases are used as an indirect measurement of the temperatures of the
goods. The compressor rack creates a low pressure level in the suction manifold
and in the evaporators which increases the rate of evaporation of the refrigerant,
resulting in a transfer of heat from the walls of the display cases to the refrigerant.
This is the basic mechanism for cooling the air around the refrigerated goods. The
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compressed refrigerant is condensed and sent back to the inlets of the evaporators.
The overall system is subject to significant disturbances, e.g. opening of display cases
by customers and for refill, changes in the amount of goods placed in the display
cases, and the transitions from day to night where the ambient temperature varies. In
order to control the temperatures in the display cases, the inlet valves of the display
cases and the state of the compressors (on/off) are used as actuators.

The process dynamics is continuous in nature. The hybrid character of the control
problem results from the fact that the inlet valves of the evaporators are on/off valves
and that the compressors can only be switched on or off, generating an inherent
oscillatory behavior of the overall system. The process is a representative of the
class of continuous or quasi-continuous processes operated with alternating on/off
actions.

A full dynamic model of the system is given in [384]. The number of dynamic
equations depends on the number of display cases that are modeled (four differential
equations per display case, one of which is of variable structure). An additional dif-
ferential equation is used to model the pressure in the suction manifold. Thus, for a
system with two display cases, the model comprises nine nonlinear differential equa-
tions, and with five display cases, the model consists of 21 differential equations.

The control goal is to operate the system such that the temperatures of the air in
the display cases are kept within a prescribed range (2–5◦C) with minimum energy
consumption and a minimum number of switching of the manipulated variables, in
spite of disturbances and the transitions from day to night. Moreover, the pressure in
the suction manifold must not exceed a prescribed value.

The conventional control structure for a supermarket refrigeration system
employs decentralized hysteresis temperature controllers in each evaporator that
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Fig. 14.8 Simplified layout of a supermarket refrigeration system.
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Fig. 14.9 Cross section of a refrigerated display case.

manipulate the on/off inlet valves, and PI-control of the suction pressure, with a
quantifier on the controller output to determine the number of compressors in oper-
ation. This type of control, while cheap and reliable, gives rise to a phenomenon of
synchronization in the operation of the display cases, i.e. the switching of the inlet
valves occurs in a synchronized fashion, leading to frequent switching of the com-
pressors which increases the wear of the compressors and creates peaks in the energy
demand. This is the main problem that motivated research in more sophisticated con-
trol structures.

NMPC formulations for the supermarket refrigeration system Improving the
conventional control by using a model of the hybrid system and optimization criteria
for computing the control actions in a natural way leads to a finite-horizon opti-
mization or MPC formulation. A direct solution of the hybrid problem was obtained
in [383] using a MLD formulation in which binary variables represent the control
actions at every sampling time, and changes in the model structure are translated
into a set of linear constraints involving binary variables. If used with the nonlinear
continuous process dynamics, this approach leads to a mixed-integer nonlinear pro-
gramming problem that grows quickly with the considered look-ahead horizon to a
size where solutions become too time-consuming.

We have, therefore, investigated two different engineered nonlinear model-
predictive control (NMPC) formulations [570, 594, 595]. The “embedded logic” ap-
proach [570] is based upon two key elements:
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Fig. 14.10 Sequence of pulses of an on/off evaporator valve.

• An internal model is formulated in continuous time that integrates the
first-principles-based model of the continuous dynamics, the logic of operation,
and the binary actions. This model incorporates all discontinuities and possibly
a variable structure using the formalism of the simulation environment. Using
state-of-the-art simulation technology ([216], see also Chapter 11), both the val-
ues of the cost function over the prediction horizon and the values of the con-
straint residuals can be computed as a function of a given control policy over this
horizon.

• A parameterization of the binary decision variables in terms of times of the occur-
rence of events is used. This parameterization is illustrated in Fig. 14.10 for the
case of an evaporator inlet on/off valve. The time pattern of the valve is included
in the simulation and the optimizer decides on the duration of the pulses, T i

on,
T i

off , which are real variables. In addition, and extending the concept of control
horizon of standard MPC, the pattern corresponding to the last pulse is repeated
till the end of the prediction horizon, saving decision variables and imposing a
certain regularity in the future behavior of the system. This parameterization has
two advantages: the number of decision variables is usually smaller than in a for-
mulation with binary variables for each sampling interval, and on the other hand,
as all decision variables are continuous, the associated optimization problem can
be formulated as a nonlinear programming problem (NLP), which can be solved
more efficiently than a MINLP.

A similar policy can be applied to the compressor on/off actions but, for the sake
of simplicity, a PI-control of the suction pressure, with a quantifier on the controller
output has been maintained for the compressors in the simulation presented. The
NLP optimization problem is solved in every sampling period using a sequential
approach as depicted in Fig. 14.11.

In the second approach [594, 595], the same general idea is pursued, but the dis-
tribution of the decision variables is different. A hierarchical scheme is employed:
the temperatures in the display cases are regulated by low-level controllers that open
the inlet valves when a temperature threshold is reached. The durations of the open-
ings and the switching strategy of the compressors are determined on a higher layer
by optimization over a finite look-ahead horizon (Fig. 14.12). A branch-and-bound
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Internal model:

DAE equations

Objective function
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Non-linear optimizer
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Fig. 14.11 Hybrid control implementation.
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Fig. 14.12 A scheme of the hierarchical control approach (a) and the operation
of the low-level temperature controllers (b).

technique is employed where patterns of possible compressor switching in the near
future are investigated one-by-one, thus leading to a sequence of optimization prob-
lems with purely continuous degrees of freedom. If a pattern with no or few switches
results in meeting the constraints for optimized inlet valve switching times, the search
is terminated. Otherwise it is continued for a larger number of switches. The opti-
mization horizon is divided into two parts. In the more remote future, the compres-
sor switching is approximated by a real number of active compressors while in the
near future, only integer values of the number of active compressors are considered
(Fig. 14.13). This enables a larger look-ahead horizon for the optimization. An addi-
tional low-level system monitors the process and switches the compressors directly
if fast and large changes in the external disturbances occur.
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Fig. 14.13 Optimization of the switching for four compressors, shown exem-
plarily for a single compressor switching. tp is the prediction horizon, ts,1

and tc,1 are the time points at which the compressors are switched, and uc is
a fictitious continuous compressor capacity.

Simulation results for the supermarket refrigeration system Results obtained
with the first approach [570] for a system with two display cases and two compres-
sors are shown in Fig. 14.14. The hybrid controller was tested in simulations using a
cost function that penalized the deviation of the temperatures and pressure from their
desired ranges. Figure 14.14 shows the simulation results of a four-hour experiment
where the amount of goods in the display cases changed and a day/night transition
took place after two hours. The sampling time was 1 minute, and the controller could
operate in real time. On the right, the time evolution of the settings of two valves and
two compressors can be seen, while the pressure, the air temperatures, and the goods
temperatures appear on the left from top to bottom, showing very good behavior and
no synchronization.

The second approach [594, 595] was applied to a system with five display cases
and three compressors (with relative capacities of 30%, 30%, and 40%). The results
are shown in Fig. 14.15. The controller and the simulation model were implemented
in MATLAB, and the NLP problems were solved using the TOMLAB-based solver
NPSOL [325]. The computation time per iteration of the high-level optimizer was
set to 200 seconds. The controller is capable of keeping all process variables within
the bounds and desynchronizes the air temperatures, which are completely synchro-
nized initially, very quickly. Furthermore, the low-level pressure controller detects
the drastic change in the external disturbances at the transition between day and
night operation and switches off all compressors almost instantaneously.

14.4.3 Start-up of a multiple-effect evaporator system

The evaporator system The multi-stage evaporator case study deals with the start-
up of a triple-effect evaporation system. Figure 14.16 shows a simplified flow sheet
of the evaporation process. It consists of three similar evaporation stages, which are
used to concentrate a feed stream (F1) that contains a non-volatile organic component
A (the product), as well as an alcoholic solvent and water. A stream of cold feed (F1)
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is injected into the first evaporator E1. The pumps (C) together with valves V2 and V3

are used to transfer liquid from one evaporator to the next (by controlling the flows
F2 and F3). In normal operation, the heat supply to the first two stages is provided
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Fig. 14.14 Evolution of the main variables for a system with two display cases
and two compressors using the first approach, before and after a day/night
transient.
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by condensation of the hot vapor from the following evaporator in a heat exchanger.
The last evaporator (E3) is heated by fresh hot steam controlled by the valve VV 2.
The valves VV S,1 and VV S,2 can be used to switch between the supply of fresh steam
to E1 and E2 and vapor from the following evaporator in the start-up phase. Once
the liquid mixture in an evaporator starts to boil, the volatile components (water,
alcohol) evaporate and can be used as heating vapor for the preceding stages. In
order to establish the desired operation, the pressure profile must increase from the
left to the right (i.e. P1 < P2 < P3), since the boiling temperature of the mixture
rises with an increase of pressure. The pressure in the first evaporator, P1, can be
controlled by adjusting the flow rate FC of the cooling water to the condenser CON.
The final product is continuously drained from E3 if the concentration of the product
A meets the specification.

The hybrid nature of the process is due to the fact that the process is operated
using both continuous and discrete inputs: the regulation valves and the two on/off
valves, VV S,1 and VV S,2. During transients, the process exhibits different continuous
dynamics (evaporating, non-evaporating), leading to a variable-structure model. Note
that the structure of the model changes also if the on/off valves are switched. The
control goals are to drive the process from an empty and cold initial state to a final
state where the levels are in the range of 60–64 % and the output concentration of
A in E3 is in the range 0.8–0.84 kg/kg, while respecting constraints on the levels,
the pressures, and the temperatures, and while minimizing the consumption of fresh
steam and the duration of the start-up operation. A nonlinear model of the process
based on first principles, as well as its description as a hybrid automaton, is given in
[593].

FC

FV

VC

VVS,1 VVS,2
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Fig. 14.16 The multi-stage evaporation system.
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Computation of an optimal start-up policy The start-up of a single evaporator
was optimized in [596] using a finite-horizon formulation with branch-and-bound
search over the discrete variables and embedded nonlinear optimization of the con-
tinuous variables. The combinatorial complexity of the resulting problem is such that
only relatively short horizons can be considered, necessitating an engineering of the
cost functions based on knowledge on the global shape of the optimal trajectories.

basic

Fig. 14.17 Optimization architecture for start-up of the evaporators.

The approach taken in the optimization of the start-up of the three-stage system
by [535] takes the logic steps that are used in the start-up operation according to the
physical nature of the system into account, as well as the final control structure that
is required for regulation of the process once the normal regime has been reached.

A key observation is that the control structure for steady-state operation sup-
ports the start-up operation and that the switching of the on/off valves VV S,1 and
VV S,2 can be imposed when a certain pressure is reached. If this logic and con-
tinuous control structure is implemented, the number of degrees of freedom of the
optimization is largely reduced. Consequently, for the optimization, logic and, basic
controllers are embedded in the hybrid nonlinear model of the process, following the
“logic-embedded” approach mentioned above.

The remaining degrees of freedom concern only continuous variables. Thus, the
optimal start-up can be solved as a NLP problem using a sequential method.

The implementation requires a two-layer architecture as shown in Fig. 14.17. The
lower layer includes PI-controllers and logic controllers that act on some process
variables, while the upper layer optimizes a reduced set of key variables.

The normal operation of the evaporation system requires, at least, level control
of all evaporators, pressure control in the vapor space of evaporator E1, and con-
centration control of product A in evaporator E3. Several alternative schematics are
possible. One of them is displayed in Fig. 14.18, where the condenser is considered
as a pressure boundary condition. Note that, if implemented in the initial phase, these
loops will provide the right valve openings as required for the start-up. While the lev-
els are below their set points, the valve at the liquid input of one evaporator will be
open allowing the liquid to flow through the system, and when the level reaches
the target, the controller keeps the level around the set point. In the same way, the
output concentration controller will keep the liquid output valve of evaporator E3
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closed until the product concentration reaches its target, and then it will maintain the
concentration around the set point.

The only degree of freedom that is left in the system is the fresh steam supply
to evaporator E3, which can be manipulated in order to optimize the transition of
the station from the empty and cold state to normal operation. The set point of the
vapor pressure in evaporator E1, or the switching pressure levels of valves VV S,1 and
VV S,2, could be considered as additional degrees of freedom, but the sensibility of
the solution to these variables is quite small.

The optimization problem was formulated as a dynamical optimal control prob-
lem in the NMPC framework where two performance objectives combined in a
cost function with the appropriate weighting. The first one refers to minimizing the
start-up time tf , that is, the time needed to reach the target region, and the second
one is to minimize the amount of fresh steam required for the start-up. The manip-
ulated variable, the fresh steam valve opening that governs the steam flow Fv to the
evaporator E3, is designed for minimizing the start-up cost taking into considera-
tion the nonlinear dynamical model of the plant and its basic control system as well
as constraints on the inputs and the outputs of the process using a suitable control
vector parameterization technique and a sequential approach for computing the cost
function.

A problem with the hybrid control approach is associated with the estima-
tion of the gradients for the NLP optimization. The estimation of the gradients, or
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Fig. 14.18 Basic control loops of the evaporation system.
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equivalently of the sensitivities with respect to the decision variables, can often be
performed in spite of the fact that each time a discontinuity takes place along the
prediction horizon, the sensitivities have to be reset to a new value. In problems
where the discontinuities are due to the on/off nature of the manipulated variables
and where the order and the number of states and of switches does not change along
the prediction horizon, as in the displays cases example, the computation of the gra-
dients can be done safely. In contrast, when the number of switches of the on/off vari-
ables is not fixed or the number of states may change, we can expect difficulties with
single-shooting NLP algorithms due to the discontinuities in the gradients. There-
fore, in the evaporator example, a parameterization of the decision variable (flow of
fresh steam) was used that adapts the intervals where this variable is constant to the
periods between events created by the underlying controllers during start-up.

Simulation results for the start-up of the evaporator system The simulation re-
sults depicted in Fig. 14.19 together with the main constraints show a good behavior.
The optimal start-up takes 3 hours and all variables are maintained within their range
as can be seen in the graphs. The sampling time is 2 minutes. For the computation
of the cost function to be minimized, which depends on the time needed to reach
normal operation conditions, the simulation stops when the target is reached. In case
it is not reached within the prediction horizon length of eight hours, a penalty term
is applied.

14.5 Summary and outlook on further industrial
control applications

The examples dealt with in this chapter highlight the challenges faced in process
control: The continuous dynamics are of high order, usually nonlinear and described
frequently by sets of differential algebraic equations (DAE systems) that cannot eas-
ily be transformed to systems of ordinary differential equations. The time horizon
of the evolution of the systems is quite long, but the temporal resolution has to be
high because different phenomena interact and have to be controlled on different
time-scales. In consequence, brute-force methods for analysis and synthesis or op-
timization quickly reach the limits of the available computing power because of the
resulting large number of discrete variables [622].

The key to successful applications of advanced control methods in this area is the
engineering of solutions: introduction of different control layers that act on dif-
ferent time scales, focussing on the relevant decisions and variables, and suitable
parameterizations of the controlled inputs.

In this fashion, problems of realistic complexity can be solved satisfactorily using
state-of-the-art numerical tools.

In essence, the formulation of verification and optimization problems in hybrid
process control leads to the need to solve (large) dynamic mixed-integer nonlinear
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Fig. 14.19 Evolution of the main variables in the optimal start-up of the
evaporator system.

optimization problems. General tools for this class of problems are not yet avail-
able, but this is becoming an area of very active research (e.g. see
http://egon.cheme.cmu.edu/ibm/page.htm). Alternatively, the structures of dynamic
optimal control problems can be exploited in order to arrive at efficient algorithms.
An example of this route is the work in [563] where dynamic optimization prob-
lems with switched inputs are solved for nonlinear DAE-systems using a multiple-
shooting approach. While in optimization convergence to local optima is not de-
sirable but usually provides acceptable solutions, in verification the lack of global
solutions constitutes a serious problem because then the existence of a counterexam-
ple and hence of an unsafe situation cannot be ruled out. Exact global optimization
algorithms such as, e.g., BARON [618] can currently only handle problems of quite
moderate size and fast improvements in this area seem unlikely. Thus divide-and-
conquer strategies seem indispensable.
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A general conceptual problem with verification in hybrid control systems is the
lack of accuracy of the models that are employed in the process. Models of the sys-
tem dynamics provide approximations of the behavior of the system, thus “exact”
results for the model may or may not be reliable in reality. To worry too much about
the exactness of the computations in this context may not be worthwhile. The deriva-
tion of (simplified) models that are faithful over-approximations of the behavior of
complex processing systems thus far has turned out to be very difficult. Rather than
a true/false safety result for one given model, meaningful measures of the “distance
to unsafe” of the controlled system would be extremely valuable, in particular if they
can be related to measures of the accuracy of the models, similar to the well-known
robustness results for linear systems.
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Automotive control

L. Benvenuti, A. Balluchi, A. Bemporad, S. Di Cairano, B. Johansson,
R. Johansson, A. Sangiovanni Vincentelli, and P. Tunestål

Automotive systems offer a rich opportunity for hybrid models, controls,
and tools. Beyond the traditional use of hybrid models for representing the
behavior of the composition of discrete controller and continuous plants,
automotive mechanical systems exhibit hybrid behavior as demonstrated in
this chapter. In addition, hybrid systems can be used to capture system spec-
ifications at the highest level of abstraction and to model implementation
architectures thus enabling a rich design space exploration.

Chapter contents

15.1 Introduction page 440

15.2 Design methodologies for embedded automotive control systems 441

15.2.1 System integration 441
15.2.2 Design scenario and design flow 442
15.2.3 Control system design 445

15.3 Hybrid model-predictive control in automotive applications 452

15.3.1 Motivation 452
15.3.2 Survey of MPC applications in vehicle dynamics control 453
15.3.3 Survey of MPC applications in powertrain control 454
15.3.4 Example: Hybrid MPC of magnetic actuators 455

15.4 Control of a homogeneous charge compression ignition engine 461

15.4.1 HCCI engine concept 461
15.4.2 Control of ignition timing 463
15.4.3 Properties and model of the HCCI engine 464

Handbook of Hybrid Systems Control: Theory, Tools, Applications, ed. Jan Lunze and
Françoise Lamnabhi-Lagarrigue. Published by Cambridge University Press.
c© Cambridge University Press 2009.

co
nt

ro
len

gin
ee

rs
.ir



440 L. Benvenuti, A. Balluchi, A. Bemporad, et al.

15.1 Introduction

This chapter presents an application of hybrid systems that is of significant industrial
interest: power-train modeling and control for automobiles.

Engine control is a challenging problem that involves many functional and non
functional requirements. The problem is to develop control algorithms and their im-
plementation with guaranteed properties that can substantially reduce emissions and
gas consumption with increased performance.

The introduction of hybrid system modeling and control was motivated by
the need for verifying closed-loop systems where the plant to be controlled are
continuous-time systems and the controller is a digital system. However, hybrid mod-
els are general enough to be useful in other areas of design. In particular, engine
control offers a rich set of application of hybrid systems:

• The power-train itself can be represented as a hybrid system. In fact, an accurate
model of a four-stroke gasoline engine has a “natural” hybrid representation:
• Each cylinder in the engine has four discrete modes of operation correspond-

ing to the stroke it is in (hence, its behavior is well represented by a finite
state machine (FSM)).

• The power-train delivering the torque produced by the engine can be modeled
as a continuous-time process.

The continuous motion of the power-train depends on the torque generated by
the engine and at the same time, it determines the timing of transitions between
the modes of operation of each cylinder so that the behavior of the plant can-
not be decomposed into two independent parts. In traditional design approaches,
the modes of operation of the cylinders are smoothed out by using an average
continuous model thus converting a mixed discrete-continuous time model into
a purely continuous one. This approximation results in control actions that may
perform poorly during the transients caused by the mode changes of the cylin-
der. Hybrid models of course do not suffer from these effects but they do require
more complex control algorithm.

• Hybrid models can be extended to address problems at the boundary between
control algorithm design and hw/sw implementation, since they allow the de-
signer to capture the effects of limited resources and physical constraints on the
performance of the controlled system and check the correctness of the design.

• Hybrid formalisms can be applied to represent system specifications and deploy
them in an architecture of control algorithms and requirements.

This chapter is intended to increase the awareness of the automotive industry to the
currently available methods, tools, and successful applications in the field.

The chapter is divided into three sections: in the first section we present a hybrid
model-based design flow for embedded controllers in automotive control.

In the second section we present the use of hybrid model-predictive control
(MPC) in automotive applications. MPC is an optimization approach that takes into
account a cost function and constraints. Hybrid MPC provides the further capability
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of employing hybrid prediction models. The application of hybrid MPC to vehicle
dynamics control and to power-train control is presented.

In the third section, the behavior of the homogeneous charge compression
ignition engine is described. This engine combines features of the traditional spark
ignited Otto-cycle and compression ignited Diesel-cycle engines. This engine is
indeed a new concept and it has great potential for substantial reduction of energy
consumption and pollution. In this section, we make the case for hybrid modeling of
these engines suitable for control design.

15.2 Design methodologies for embedded automotive
control systems

15.2.1 System integration

Automobile functions such as engine control, gear-box control, anti-lock braking
system (ABS), dashboard controller, and vehicle dynamical control (VDC) are today
enabled by a distributed embedded system.

This system consists of a number of ECUs dedicated to each function yielding the
so-called federated architecture. The trend is towards an integrated modular approach
where the one-to-one correspondence between a function and its implementation
does not hold any longer: a function may be supported by more than one ECUs and/or
one ECU can support more than one function. This evolution offers clear advantages
in terms of cost, extensibility and scalability but does present serious challenges.

Tier-1 suppliers responsible for the subsystems mentioned above, in general,
give scant information about the details of their products causing problems for an
overall understanding of the interplay of subsystems. The difficulties encountered
in integrating complex parts made system integration a nightmare in the automo-
tive industry. To mitigate the integration problems, the AUTOSAR initiative [308],
promoted by leading European original equipment manufacturers (OEMs) and Tier-1
suppliers, was formed to establish an open standard for automotive electric/electronic
architectures that hopefully allows plug-and-play of embedded controllers. Even
in the presence of solidly established standards, the design process for embedded
controllers has to be significantly improved to support the movement towards an
integrated modular architecture.

Successful approaches to the design of control algorithms using hybrid system
methodologies had been presented in the literature, e.g. cut-off control [33], in-
take throttle valve control [40], actual engaged gear identification [38], and adaptive
cruise control [459].

In this section, we analyze a design flow for embedded controllers in the automo-
tive industry with the purpose of identifying challenges and additional opportunities
for hybrid system technology. In particular, in Subsection 15.2.2, an overview of the
typical design flow for embedded controllers adopted by the automotive industry is
presented. The flow is divided into two parts: synthesis and verification/testing. We
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focus on the synthesis flow as it does have the highest potential of improving sub-
stantially design productivity. In Subsection 15.2.3, we present relevant problems
that hybrid system technologies contributed to solve.

15.2.2 Design scenario and design flow

The ECUs interact by asynchronous communication over a communication network
specifically designed for automotive applications, such as CAN ([340, 561]). Typ-
ically, an ECU implements a multirate control system composed of nested control
loops, with frequency and phase drifts between fixed sampling-time actions and
event-driven actions.

A typical ECU (e.g., the one demanded for engine control) may have more than
one hundred I/O signals, implement up to three hundred control algorithms, and
share approximately one hundred signals with the other related ECUs. The com-
plexity of the design of automotive ECUs is further increased by very critical con-
straints on reliability, cost and time-to-market, and constraints on power consump-
tion, weight, and position. As a consequence, a successful design, in which costly
and time consuming re-design cycles are avoided, can only be achieved using ef-
ficient design methodologies that allow for component reuse and for evaluation of
platform requirements at the early stages of the design flow [297].

Design flow The standard design flow for automotive ECUs adopted by OEMs and
Tier-1 companies (subsystem suppliers) consists of two main parts: the synthesis flow
and the integration and testing flow. In particular, the synthesis flow is articulated in
the following steps:

1. System specification: Formalization of system level customer requirements;
completion of under-specified requirements; abstraction at the system level of
customer requirements regarding lower layers (e.g. either a control algorithm or
a piece of software to be integrated in the design).

2. Functional deployment: Decomposition of the system into a collection of inter-
acting subsystems. The specifications for each subsystem are derived from the
overall specifications. For each subsystem, the architecture of control algorithms
and their specifications are also defined.

3. Control system: Synthesis of each control algorithm, according to the specifica-
tion defined in the previous step, and its validation.

4. HW/SW components: Specifications for the implementation of the control algo-
rithms. Design of the hardware and software architectures.

The synthesis flow terminates with the development of the hardware, the software
and possibly some electromechanical components.
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The purpose of the integration and testing flow is the complete testing of the
realization of the ECU and the verification of the compliance with the requirements.
The steps taken in the integration and testing flow are as follows:

1. HW/SW testing: The correct realization of the hardware and software architec-
ture is verified. This step includes testing of real-time implementation require-
ments, electrical power drivers, and communication.

2. Control validation: The correct implementation of each control algorithm with
respect to the given functional description is assessed by testing either its in-
put/output response or its closed-loop behavior.

3. Functional integration: The correct interaction of the implemented control al-
gorithms is tested considering an increasing number of algorithms together, to
verify that their composition exhibit the behavior defined during functional de-
ployment.

4. System testing: The entire ECU is tested against system specification and the
compliance with customer requirements is verified.

Platform-based design The platform-based design methodology proposed in [565]
is a convenient framework to cast the design problems and the flow presented here.
In addition, it provides concepts and techniques to maximize reuse at each design
step and early verification with abstracted information from possible implementa-
tion platforms [358, 566].

A platform is a layer of abstraction that hides the unnecessary details of the un-
derlying implementation and yet carries enough information about the layers below
to prevent design iterations. The choice of the layers of abstraction and of the cor-
responding parameters are essential in the quality of the final solution of the design
problem.

The basic tenets of the platform-based design methodology are:

• ‘regarding design as a “meeting-in-the-middle process’ ” where successive re-
finements of specifications meet with abstractions of potential implementation;

• the identification of precisely defined layers where the refinement and abstraction
process take place.

The layers then support designs built upon them by isolating from lower-level details
but letting enough information transpire about lower levels of abstraction to allow
design space exploration with a fairly accurate prediction of the properties of the
final implementation. The information should be incorporated in appropriate param-
eters that annotate design choices at the present layer of abstraction. These layers of
abstraction are called platforms.

In [21], the application of the platform-based design methodology to the design
of powertrain control systems was described.
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Derivative design Since, in the automotive industry, embedded control system
design is highly dominated by the need to implement an efficient reuse to meet
increasing constraints on cost and time-to-market, a derivative design approach is
commonly adopted [440, 441]. According to this approach, every two or three years
a new generation of products is conceived. The design of a new generation is in-
tended to accommodate the specifications of customers for the near future, so that
for each new customer engagement, the control algorithms as well as the electri-
cal and mechanical components are obtained by (hopefully minor) modifications of
the current product generation. When entering the design phase of a new product
generation, the architecture of control algorithms as well as of their implementation
should be conceived to maximize future re-use, for instance by choosing the correct
granularity of partitioning. The resulting ECUs are then variants of a same originat-
ing design and ideally share the highest number of parts (e.g. algorithms, software
modules, hardware parts, mechanical components).

Model-based design Another standard approach in automotive industry is the so-
called model-based design. In this approach, specifications, functional architectures,
algorithms, and implementation architectures are represented formally by models,
thus allowing, at least in principle, formal analysis and automatic synthesis. Using
block diagram-based modeling tools, control algorithms are designed and initial vali-
dation in off-line simulation is performed. Models of control algorithms are the basis
for all subsequent development stages.

The advantages of model-based design are obvious:

• sharing models reduces the risk of mistakes and shortens the development cycles;
• design choices can be explored and evaluated much faster and more reliably;
• the result of a model-based development process is an optimized and fully tested

system.

While the overall approach is quite powerful, today there is only an incomplete
implementation of it in the development cycle. In fact, model-based design is
widely used for the formal representation of control algorithms, using tools such as
Simulink/Stateflow or ASCET by ETAS, but it is partially and superficially applied
to control algorithm validation. The lack of an extensive model-based validation of
the control algorithms results in major efforts in experimental validation, which is
very expensive, time-consuming, and achieves only a bounded coverage of the sys-
tem behavior. Due to the high cost of experimental validation, the OEMs will provide
less support to Tier-1 companies for it in the future. In the rest of this section, the
part of the synthesis flow regarding control design will be analyzed in detail, showing
the design steps for which hybrid system techniques contributed or may significantly
contribute to provide a more efficient approach.
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15.2.3 Control system design

At the control system level, the algorithms to be implemented in the architecture
defined at the functional level are designed. The design process for each control
algorithm involves:

1. plant modeling;
2. controller synthesis;
3. fast prototyping.

Plant modeling Traditionally, control engineers adopt mean-value models to rep-
resent the behavior of automotive subsystems, which abstract from the hybrid nature.
However, the need for hybrid system formalisms to model the behavior of subsys-
tems in automotive applications is apparent in many cases. To illustrate the relevance
of hybrid modeling in automotive applications, we briefly describe a hybrid model
for a spark ignition engine and an automotive driveline.

Example 15.1 Hybrid model of a four-stroke spark ignition engine.

An accurate model of a four-stroke spark ignition engine has a natural hybrid representation
because the cylinders have four modes of operation corresponding to the stroke they are in,
while driveline and air dynamics are continuous-time processes. In addition, these processes
interact tightly. In fact, the timing of the transitions between two phases of the cylinders is
determined by the continuous motion of the driveline, which in turn depends on the torque
produced by each piston.

In more detail, consider the hybrid model of the torque generation process and the driv-
eline presented in [34]. For a given gear selection and clutch position, the driveline is de-
scribed by a continuous time system whose state includes the driveline torsion angle, the
crankshaft revolution speed, and the wheel revolution speed. The inputs of the model are
the torque T produced by the engine and the load wheel torque Tw.

The engine torque T is given by ΣN
i=1T

i, where T i is the torque generated by each
piston at each cycle. The profile of T i is determined by the phases of the cylinder, the
piston position, the mass of air and the mass of fuel loaded in the cylinder during the intake
phase, and on the spark ignition timing.

The four-stroke engine cycle can be modeled by means of a finite-state machine (FSM)
capturing the sequential nature of the behavior of the cylinders. In fact, each cylinder cycles
through the following four phases:

• Intake (I): The piston goes down from the top dead center (TDC) to the bottom dead
center (BDC) loading the air–fuel mix present in the intake manifold.

• Compression (C): The trapped mix is compressed by the piston during its upward move-
ment from the BDC to the TDC.

• Expansion (E): The combustion takes place, pushing down the piston from the TDC to
the BDC.

• Exhaust (H): During its upward movement, from the BDC to the TDC, the piston expels
combustion exhaust gases.
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However, for spark ignition engines, the torque generated by each piston is related not only
to the phase of the cylinder and the air and fuel charge, but also to the spark generation
process. Intuitively, spark ignition should occur exactly when the piston reaches the TDC
of the compression stroke. Since the combustion process takes nonzero time to complete,
then the pressure in the cylinder reaches its maximum some time after spark ignition. As
a consequence, in order to achieve maximum fuel efficiency, it is convenient to produce
the spark before the piston completes the compression stroke (positive spark advance). On
the other hand, producing a spark after the piston has completed the compression phase
and is in the expansion stroke (negative spark advance) may be used to reduce drastically
(and much faster than using only the throttle valve) the value of the torque generated during
the expansion run. Since spark ignition may occur either during the compression stroke
or during the expansion stroke, a six-state FSM is needed to model the possible behaviors

Fig. 15.1 Finite-state machine describing the behavior of the i-th cylinder.

of the cylinder. The cylinder FSM is shown in Fig. 15.1. The FSM state takes one of the
following values:
• I , denoting intake;
• BS, denoting before spark: the piston is in the compression stroke and no spark has

been ignited yet;
• PA, denoting positive advance: the piston is in the compression stroke and the spark

has been ignited;
• NA, denoting negative advance: the piston is in the expansion stroke and the spark has

not been ignited yet;
• AS, denoting after spark: the piston is in the expansion stroke and the spark has been

ignited;
• H , denoting exhaust.
The cylinder FSM changes its state either when a spark is given or when a dead center
(DC) is reached. The latter event depends on the continuous motion of the driveline and
more precisely on the crankshaft angle, which defines the position of the piston. In turn, the
crankshaft revolution speed depends on the torque T produced by the engine.
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Finally, the torque produced by the cylinder depends on the air–fuel mixture loaded dur-
ing the intake stroke. Since the air–fuel mixture is loaded in the cylinder during the intake
stroke while the torque generation starts after the spark is ignited, then there is a delay be-
tween the time at which the mixture is loaded and the time at which the corresponding active
torque is generated. This delay can be modeled by means of another discrete-event model
that is synchronized with the FSM transitions. The overall model of the torque generation
process for a single cylinder consists then of four communicating submodels:
• an FSM, modeling the four-stroke engine cycle and the spark generation process;
• a discrete model describing the discrete delay on the active torque generation; and
• two continuous-time systems, modeling the air intake process and the profile of the

generated torque. �

Example 15.2 Driveline

A second very interesting automotive subsystem rich of discrete-continuous interactions is
the driveline [37]. An accurate model of the driveline has a natural hybrid representation
because of the discontinuities due to clutch and the gear on the continuous motion of the
driveline.

The clutch can be modeled as a hybrid system with three discrete states: Locked, Slip-
ping, and Unlocked. In Fig. 15.2 an FSM representing the clutch is depicted. When the
clutch is Locked the clutch plate and the flywheel are rigidly connected by static friction, so
that their inertias are collected in a single first-order dynamics.

Locked Slipping Unlocked

|T |>µsPc

we=wc
and

|T |£µsPc

Pc=0

Pc>0

Fig. 15.2 Hybrid model of the clutch.

The highest coupling torque Tmax before incurring in clutch slipping corresponds to
the maximum static friction torque, which is a function of the pressure Pc between the
clutch plate and the flywheel, i.e. Tmax = μsPc. When the transmitted torque T exceeds
Tmax, the system enters the state Slipping, where the clutch plate and the flywheel are no
longer strictly connected but they slip one on the other. In this case the coupling torque is
due to dynamical friction and it is a function of the sliding speed. If the transmitted torque
decreases, then the clutch returns in the state Locked, while if Pc = 0 the clutch enters the
state Unlocked. In the state Unlocked the crankshaft is completely decoupled from the rest
of the driveline and the two systems follow independent dynamics.

For some applications, e.g. actual engaged gear identification [38], it is useful to collect
in a single state the clutch Unlocked and Slipping states. In such cases, the overall system
can be described by a hybrid system with seven discrete states and four continuous-state
variables.
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The FSM describing the discrete dynamics of the model is depicted in Fig. 15.3. The
discrete state qi, for i = 1, . . . , 5, correspond to i-th gear engaged and clutch locked.

The location qRG models reverse gear engaged and the location qN corresponds to the
case of open driveline (idle gear and/or clutch open) or slipping clutch. The continuous
state variables are the driveline torsion angle α, the crankshaft revolution speed ωe, the
clutch plate revolution speed ωc, and the wheel revolution speed ωw. When the clutch is
locked, then ωe = ωc, so that the continuous behavior of the driveline can be described by a
third-order linear system with parameters depending on the selected gear. The hybrid model
has as inputs the position of the gear lever

lever ∈ {1, 2, 3, 4, 5, RG, N}

and the torque generated by the engine while the connection pressure of the clutch plates
Pc and the load wheel torque Tw are considered as disturbances. A more detailed driveline
hybrid model, with 6048 discrete state combinations and 12 continuous state variables, is
presented in [37]. In addition to the clutch and the gear, the proposed hybrid model describes
the discontinuities in the driveline due to engine suspension, elastic torsional characteristic,
tires, frictions and backlashes. This very detailed driveline hybrid model exhibits a behavior
very close to the physical driveline and has been developed to be used for control algorithm
validation. �

q1

qN

qRG

lever = N
or

Pc=0

or

|T| > µsPc

|T| £ µsPc

…  …  .

we=wc
and

and

lever = 1

lever = N
or

Pc=0

or

|T| > µsPc

|T| £ µsPc

we=wc
and

and

lever = RG

Fig. 15.3 Hybrid model of the driveline.

Controller synthesis Control algorithms are often characterized by many oper-
ation modes, that are conceived to cover the entire life-time of the product: start-
ing from in-factory operations before car installation, configuration, first power-on,
power-on, functioning, power-off, connection to diagnostic tools, and so on. During
normal functioning, control strategies can be either in one of the nominal operation
modes or in some recovery mode. A significant number of algorithms are dedicated
to the computation of switching conditions between modes and controller initializa-
tions.

A short and by no-means exhaustive list of control actions for which hybrid
system design is particularly interesting is as follows: fuel injection, spark igni-
tion, throttle valve control (especially with stepper motor), electromechanical in-
take/exhaust valve control, engine start-up and stroke detection, crankshaft sensor
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management, VGT and EGR actuation (hysteresis management), emission con-
trol (cold start-up, lambda on/off sensor feedback), longitudinal oscillations control
(backlash and elasticity discontinuities), gear-box control (servo-actuation in tra-
ditional gear shift systems), cruise control and adaptive cruise control, diagnostic
algorithms (signals and functionalities on-line monitoring), and algorithms for fault-
tolerance, safety, and recovery (degraded mode activation).

Diagnostic algorithms represent a large part of the strategies implemented in au-
tomotive ECUs. For engine control, the implementation of diagnosis algorithms is
enforced by legislation: OBDII (on-board diagnosis II) in USA and EOBD (Euro-
pean On Board Diagnosis) in the EU. In general, these requirements specify that
every fault, malfunction or simple component degradation that leads to pollutant
emissions over given thresholds should be diagnosed and signaled to the driver. This
requirement has a significant impact on ECU design, since it implies the development
of many on-line diagnostic algorithms [168].

Both specifications and accurate models of the plant are often hybrid in automo-
tive applications but the methodology currently adopted for algorithm development
is rather crude and can be summarized as follows: the continuous functionalities to be
implemented in the controller are designed based on mean-value models of the plant,
with some ad hoc solutions to manage hybrid system issues (such as synchronization
with event-based behaviors); if the resulting behavior is not satisfactory under some
specific conditions, then the controller is modified to detect critical behaviors and
operate consequently (introducing further control switching). Nevertheless hybrid
system techniques can significantly contribute to the improvement of control algo-
rithm design as illustrated by the two following algorithms regarding cut-off control
and identification of the actual engaged gear.

Cut-off control A quite critical driveability objective is the control of longitudi-
nal oscillations of the car when fast engine torque variations are requested by the
driver (tip-in and tip-out). Roughly speaking, the control consists of active damping
of powertrain oscillations.

The problem is particularly challenging when the engine is not equipped with
electronic throttle valve, since in this case only fuel injection and spark ignition con-
trols can be used for engine torque modulation to achieve the desired damping of the
oscillations. Most of the proposed approaches are based on mean-value continuous-
time models of the torque generation. As a consequence, since the torque generation
process has a discrete behavior, the implementation of such control strategies on a
real engine may result in very poor closed-loop performance and may give rise to
unpredicted unpleasant behaviors. On the contrary, a design based on a hybrid model
of the engine allows to develop control laws for which closed-loop performances are
guaranteed.

A hybrid approach to the design of a longitudinal oscillation damping control
during tip-out was presented in [33]. The control problem arises when the driver, by
releasing the fuel pedal, requests no torque to the engine. In this case, an obvious
strategy to minimize fuel consumption and emissions is to shut fuel injection, an
operation called cut-off. However, cutting off fuel injection as soon as the gas pedal is
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(a) (b)

Fig. 15.4 Evolutions of the oscillating modes (a) and engine speed, acceler-
ations, and injection signal profiles (b), in an uncontrolled cut-off (top) and
with the proposed hybrid control strategy (bottom).

released, causes a sudden torque reduction that may result in unpleasant oscillations
compromising driving comfort. A more complex control action involves modulating
the engine torque from the present value to the value corresponding to cut-off in an
attempt to prevent oscillations. This control policy is implemented by slowing down
air flow decay and, when air quantity is below a threshold, reducing fuel injection
gradually to zero.

As it is often the case, heuristic rule-based controls need extensive tuning, yield
satisfactory solutions only in a limited range of operations, and are hardly optimal
with respect to the emissions and fuel consumption. In particular, if air reduction
is too slow, when the driver releases the gas pedal and presses the clutch pedal to
change gear, engine speed raises for a while, thus causing a definite reduction in
passengers’ comfort. Moreover, if air and/or fuel reduction is too fast, oscillations
take place anyway.

The hybrid control algorithm presented in [33] is able to steer the evolution of
the system to the fuel cut-off condition, minimizing the amplitude of the undesired
oscillations. Since a hybrid model of the engine has been considered during the de-
sign, the algorithm acts on fuel injection and spark ignition once per engine cycle

co
nt

ro
len

gin
ee

rs
.ir



15 Automotive control 451

for each cylinder taking into account synchronization and actuators’ delay. The hy-
brid approach adopted for synthesis of the cut-off control algorithm guarantees the
correctness of the behavior when applied to the real plant.

The proposed cut-off control strategy was tested at Magneti-Marelli Engine Con-
trol Division on a commercial car, a 16-valve 1400 cc engine car. The experiment was
carried out driving the car in the test ring and measuring the important parameters
and variables that determine the performance of the control strategy. In Fig. 15.4 the
performance achieved by the proposed hybrid cut-off strategy is compared with an
instantaneous uncontrolled cut-off operation. On the left the evolution of the oscil-
lating modes x̂ are reported. The effectiveness of the proposed controller is apparent
from the evolution of the vehicle acceleration and engine speed reported on the right.

Actual engaged gear identification As a second example, consider the problem of
on-line identification of the actual engaged gear. Engine control strategies achieving
high performance and efficient emissions control depend critically on such identi-
fication algorithm. In fact, the knowledge of the actual engaged gear is necessary
in engine torque control to compensate the equivalent inertia of the vehicle on the
crankshaft and, for diesel engines, it is very important to improve emissions control.
In cars equipped with manual gear shift, this information is not directly available
and, at present, it is deduced by comparing the revolution speed of the wheels with
the revolution speed of the crankshaft. However, since both of them are affected by
oscillations due to the elasticity of the driveline and the tires, then this approach im-
plies large time delays in the identification and may produce significant identification
errors.

The identification algorithm presented in [38] is based on a hybrid model of the
driveline (see the driveline model previously presented) where the engaged gear and
connection clutch state are represented as discrete states. The design problem is then
formulated as the identification of the discrete state of the driveline hybrid model
and an on-line identification algorithm is obtained by applying the methodology for
hybrid observer design proposed in [35]. The algorithm is able to detect a change in
the continuous time dynamics and identify the discrete state of the driveline hybrid
model by processing the crankshaft and wheel revolution speed measurements and
an estimate of the engine torque mean-value.

On-line identification is achieved by the generation of appropriate residual sig-
nals, one for each gear, which vanish when the corresponding gear is engaged and
the clutch is locked.

Figure 15.5 shows the results on actual engaged gear identification obtained in
Magneti Marelli Powertrain using an Opel Astra equipped with a diesel engine and a
robotized gearbox SeleSpeed. For the validation of the identification algorithm, the
estimated engaged gear is compared to the signal on actual engaged gear provided
by the control unit of the robotized gearbox. The algorithm was tested on several
maneuvers for a total of 250 gear engagements and it was able to identify correctly
the actual engaged gear within 250 msec, as requested by specification. It proved to
be remarkably robust with respect to parameter uncertainties (e.g. vehicle inertia)
and time-varying unknown disturbances (e.g. wheel torque and road slope).
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Fig. 15.5 Gear identification with experimental data. The maneuver starts with
car at rest, clutch open and first gear engaged (q = qN = 0). After a clutch
slipping phase (q = qN = 0), the clutch is locked (q = q1 = 1); later, second
gear (q = q2 = 2) and then third gear (q = q3 = 3) are engaged, passing
through idle and slipping (q = qN = 0).

15.3 Hybrid model-predictive control in automotive applications

15.3.1 Motivation

Automotive control problems are characterized by fast dynamics, constraints on
manipulated and control variables, performance criteria, and the need for low-
complexity control software. Model-predictive control (MPC) accounts for a cost
function to be optimized, for constraints on system inputs and outputs. Furthermore,
explicit MPC synthesis strategies convert the controller into an equivalent piecewise
affine feedback law, which can be quickly evaluated by a simple control code, hence
allowing the use of MPC for fast systems, and the implementation in simple elec-
tronic control units.

Hybrid model-predictive control provides the further capability of employing hy-
brid prediction models in MPC. Hybrid behaviors appear in automotive systems in
the form of impulsive effects such as impacts [72], different operating modes [106],
and discrete elements such as quantized inputs [268]. Furthermore, hybrid models
with mode-dependent linear continuous dynamics provide a better approximation
of nonlinear dynamics compared to linear models [137]. In the automotive domain,
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hybrid model-predictive control has been successfully applied to vehicle dynamics
control and to powertrain control.

15.3.2 Survey of MPC applications in vehicle dynamics control

The main contributions involve traction control, adaptive cruise control, and semi-
active suspensions. In [106] the problem of traction control has been considered.
Two modes for traction torque on the tire τt have been identified from experimental
data:

τt(Δω, μ) = ki1Δω + ki2μ + ki3, if hiΔω + kiμ ≤ �i, i = 1, 2,

where Δw is the wheel slip (the difference between normalized engine and vehi-
cle speed) and μ is the road adhesion coefficient. As a result, the vehicle dynamics
is formulated as a hybrid system with two modes, that is used for prediction in a
hybrid MPC controller. Experiments on a test vehicle were performed by executing
an explicit MPC controller consisting of 504 regions on a 266-MHz Pentium laptop
connected to the car, showing very good performance and robustness.

In the cruise control problem, the vehicle velocity is regulated to track a user de-
fined reference. In adaptive cruise control, the controller accounts also for the inter-
action with other on-road vehicles, ensuring a safety distance. In [459] the adaptive
cruise control is formulated as a multi-objective problem, in which one objective is
to track the reference velocity, the other is to maintain a safety distance. The second
objective becomes active only when another vehicle is close enough,

Jd(d(k)) =
{

0 if d(k) ≥ dsafe,
wd(d(k) − dsafe)2 otherwise,

where Jd is the cost related to the distance d(t) to the nearest vehicle, dsafe is the
safety distance above where the distance cost is null and wd is a positive weight. The
hybrid character of this control problem appears in the performance criterion, and
hence hybrid model-predictive control techniques are employed.

Another approach for adaptive cruise control was presented in [187] where a
leader-follower problem was considered. In this case an MPC controller regulates
the follower so that it keeps a reference separation distance from the leading vehicle.
The vehicle dynamics have been represented by a piecewise affine model, modeling
nonlinear aerodynamical friction and gear-dependent traction force. The minimum
safety distance is enforced as a hard constraint:

xleader − xfollower ≥ dsafe,

where xleader is the leading car position and xfollower is the following car position.
This application has been also used to compare the performance and the complexity
of different hybrid model-predictive control strategies.

In [267] a hybrid MPC approach has been proposed for control of semi-active
suspensions. As opposed to standard (passive) suspensions, active suspensions are
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devices in which an active controller is used to improve the dynamical response of
the suspension. In semi-active suspensions a controller is still present, but is pas-
sive, that is, it can only regulate the damping coefficient. Even though a semi-active
suspension is significantly simpler and less expensive than an active suspension, the
capability of modifying the parameters results in an increased performance in terms
of driver’s feeling and vehicle handling with respect to passive suspensions. In [267]
the employed dynamical model is linear (quarter car model), and the hybrid systems
framework is necessary to model the passivity constraint

Fcmpv ≥ 0 ↔
{
Fcmp ≤ 0 if v ≤ 0,
Fcmp ≥ 0 if v > 0,

where Fcmp is the compression force applied by the controller to the suspension, and
v is the velocity of extension of the suspension. The passivity constraint limits the re-
sulting controller to only be able to dissipate energy, and hence the whole suspension
system is semi-active.

15.3.3 Survey of MPC applications in powertrain control

In powertrain control, hybrid model-predictive control has been applied for airpath
control in diesel engines, control of electronic throttles, control of magnetic actua-
tors, and control of direct injection stratified charge engines.

In [494] the airpath of turbocharged diesel engines has been controlled by means
of a switched model-predictive controller. The airpath dynamics is controlled by
means of exhaust gas recirculation valves (EGR) and variable geometry turbines
(VGT) and it can impressively reduce the emissions of nitrogen oxides (NOx) and
particulate matter. The approach presented in [494] is based on partitioning the en-
gine speed and the injected fuel into intervals Ii

s, i = 1, . . . , ns, Ij
f , j = 1, . . . , nf ,

and to compute a linear approximation of the airpath dynamics in each of the ns×nf

resulting regions. A linear MPC controller is designed for each one of these regions,
and during the control cycle, depending on the current engine conditions, the appro-
priate controller is activated according to the scheme

u(k) = u
(ij)
MPC(x(k), r(k), u(k − 1)), if speed ∈ Ii

s, fuel ∈ Ij
f .

In [644] hybrid model-predictive control is applied to an electronic throttle. The
electronic throttle is one of the fundamental components in drive-by-wire vehicles,
and it must be controlled to guarantee high tracking performance, which implies
fuel consumption and emissions reduction, while ensuring safety constraints on the
system components. In [644] the authors formulate a piecewise affine model of the
nonlinearities in the throttle dynamics, such as friction, and the spring characteristics

Fsp = −θhx, if x ∈ Ih,

where x is the spring displacement from the neutral position, Fsp is the spring force,
and Ih and θh, h = 1, . . . , nx are intervals that partition the operating range of x. The
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obtained piecewise affine prediction model is used for time-optimal model-predictive
control to achieve high tracking performance and safety constraints satisfaction.

In [137] the authors consider the control of magnetic actuators that are in au-
tomotive applications are used for instance in semi-active suspensions and in fuel
delivery systems. Magnetic actuators are devices in which a moving cursor is dis-
placed using the magnetic force generated by a voltage-controlled coil. The control
objective is to maximize the tracking performance of a reference signal and to re-
duce the excitation of manipulated variables. Meanwhile, several constraints have to
be enforced that avoid impacts of the cursor with the coil, and that bounds the manip-
ulated variables within safe ranges. The magnetic actuator dynamics are nonlinear,
and in [137] the authors have proposed an hybridized model exploited for hybrid
model-predictive control. The hybrid MPC is shown to perform better with respect
to a linear MPC implementation. This example application will be discussed in detail
in Section 15.3.4. The approach was extended in [72] to handle actuators composed
of multiple interacting masses, whose model represents a good example of hybrid
dynamics.

Hybrid MPC has been applied to direct injection stratified charge (DISI) engines
in [268]. DISI engines have two operation modes: homogeneous charge and stratified
charge. Homogenous charge is the standard vehicle operation mode. The stratified
charge mode is activated by late fuel injection. Stratified charge mode reduces fuel
consumption, but it can be only enabled at low to medium engine speeds and loads
and it must be periodically disabled to purge a lean NOx trap. In [268] hybrid MPC
is used to select the discrete operation mode concurrently with the continuous inputs.
The resulting vector of manipulated variables is

uT = [Wth Wf δ ρ],

where Wth is the airflow through the throttle, Wf is the fuel flow, δ is the spark
timing, and ρ is the mode, where ρ = 1 is homogenous charge and ρ = 0 is stratified
charge. The model-predictive controller achieves fuel consumption reduction, while
ensuring torque, air-to-fuel ratio, and spark timing tracking performance and safety
constraints on airflow rate, air-to-fuel ratio, and spark timing.

15.3.4 Example: Hybrid MPC of magnetic actuators

As an illustrative example of hybrid model-predictive control in automotive applica-
tion we discuss the control of a magnetic actuator which can be potentially used in
fuel delivery systems. The magnetically actuated mass-spring-damper system, whose
schematics are shown in Fig. 15.6, is a heterogenous system composed by a mechan-
ical subsystem and an electromagnetic subsystem that influence each other. A mass
m [kg] moves linearly within a bounded region under the effect of a controlled mag-
netic force F [N] generated by a coil placed at one of the boundary of the region.
Additional forces acting on the mass are generated by a spring and a damper. The
overall equations defining the system are
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Fig. 15.6 Schematics of a magnetically actuated mass spring damper system.

mẍ = F − cẋ− kx, (15.1a)
λ̇ = V −Ri, (15.1b)

λ =
2kai

kb + z
, (15.1c)

F =
kai

2

(z + kb)2
=

λ2

4ka
, (15.1d)

z = d− x. (15.1e)

Equation (15.1a) represents the dynamics of the mass position x [m] under the ef-
fect of the external force F , of a spring with stiffness k [N/m] and of a damper with
coefficient c [N· s/m]. Equation (15.1b) is Faraday’s law for a resistive circuit with re-
sistance R [Ω], subject to magnetic flux variations, where the applied voltage V [V]
is the control input. The relation between the magnetic flux λ [V·s] and current i [A]
is defined by (15.1c), where ka, kb are constants, while (15.1d) defines the magnetic
force either as a function of the current or as a function of the magnetic flux. Finally,
(15.1e) defines the relation between position coordinates in the mechanical (x) and
in the electromagnetic (z) subsystem.

The magnetically actuated mass spring damper is subject to several constraints
related to physical limits and performance. The constraint

− d ≤ x ≤ d [m], (15.2)

where d = 4 × 10−3, prevents the moving mass from penetrating the coil or the
symmetric stop at the other end and avoids undesirable bouncing with consequent
wear of the parts.

The soft-landing constraint

− ε− β(d − x) ≤ ẋ ≤ ε + β(d − x) [m/s], (15.3)

where ε and β are constants avoids high velocities when the mass is positioned
against the coil with (x = d). This reduces collision wear and prevents excessive
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disturbances to the electrical current. When the mass is at the contact position
(x = d), the velocity is constrained in [−ε, ε], ε = 0.1m/s, a range which is pro-
gressively relaxed with rate β as the mass moves away from the coil.

The current in the circuit cannot be negative and, as a consequence of (15.1d),
the magnetic force is able to only attract the mass

i ≥ 0 [A], (15.4a)
F ≥ 0 [N]. (15.4b)

In addition, the constraint on the voltage 0 ≤ V ≤ Vmax [V] is enforced to take into
account the physical limits and the safety of operation of the electrical circuit.

Decoupled hybrid MPC architecture Because of the nonlinearity in (15.1) and
of the constraints, nontrivial control techniques are needed to meet the requested
specifications. As the dynamics of the electrical subsystem are much faster than the
mechanical ones, the control problem can be decoupled by designing an inner-loop
controller acting only on the electrical subsystem, and an MPC controller based on
the reduced system model

ẍ = − c

m
ẋ− k

m
x +

F

m
, (15.5)

where the position (x) and the velocity (ẋ) of the mass are the state components and
the magnetic force F is the controlled input, subject to constraints (15.2), (15.3),
(15.4b), and

F ≤ ka
i2max

(d + kb − x)2
. (15.6)

Constraint (15.6) defines an upper bound on the available force, related to the maxi-
mum available current imax. The value imax is computed from (15.1b) in static con-
ditions, given the maximum voltage Vmax. The set (15.6) in the (x, F )-space is the
nonconvex hypograph of a convex function. The force command generated by the
MPC is used as reference by the inner-loop controller.

Thus, the control system architecture operates as follows:

• the MPC controller computes the force profile rF , based (15.5) and on the mass
reference position rx;

• the current reference profile ri computed from rF is used as the reference by the
inner-loop controller to regulate the electromagnetic subsystem;

• the inner-loop controller actuates the voltage V to make the current i in the elec-
tromagnetic subsystem track ri;

• the current i generates the actual force F .

A simple way to make the current i track the desired reference ri given the
nonlinear dynamics (15.1b), (15.1c), (15.1d) is to design a controller so that the
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closed-loop current dynamics become linear first-order dynamics with a stable pole
pi = −β and steady-state gain γ/β. For the considered actuator dynamics (15.1),
an approach to obtain this is by feedback linearization. The feedback linearization
controller gives good performance in the nominal case, but it is not very robust. Al-
ternative designs may be used to increase robustness.

The overall idea behind the proposed control architecture is to exploit a nonlinear
controller to obtain a linearization of the dynamics, and to use a model-predictive
controller to meet specifications and performance. In the MPC prediction model we
assume that the dynamics of the electrical subsystem in closed-loop with the inner-
loop controller are infinitely fast, hence F = rF . Thus, we will refer to F as the
output of the MPC controller.

A hybrid MPC controller is needed to account for the nonconvex constraint
(15.6). The nonlinear constraint is approximated by a piecewise affine function so
that the prediction model is formulated as a piecewise affine system used in the hy-
brid MPC algorithm.

Actuator model We approximate the upper bound of (15.6) as a piecewise affine
function of the position F̄ (x) = rix + qi, if x ∈ [x̄i, x̄i+1), i = 0 . . . � − 1, where
x̄i < x̄i+1. The points {x̄i}�−1

i=1 are the function breakpoints and define the borders
between regions in which F̄ (x) has different affine terms. Next, we introduce �− 1
binary variables δ1, . . . , δ�−1 ∈ {0, 1} defined by the logical conditions

[δi = 1] ↔ [x ≤ x̄i], i = 1, . . . , �− 1 (15.7)

and �− 1 continuous variables z1, . . . , z�−1 ∈ R defined by

zi =
{

(ri−1 − ri)x + (qi−1 − qi) if δi = 1
0 otherwise i = 1, . . . , �− 2∗, (15.8a)

z�−1 =
{
r�−2x + q�−2 if δ� − 1 = 1
r�−1x + q�−1 otherwise. (15.8b)

Then, the piecewise affine approximation is

F̄ (x) =
�−1∑
i=1

zi. (15.9)

Relations (15.7), (15.8c), (15.9) can be embedded into an MLD system, using for
instance the modeling language HYSDEL [632], along with the logical constraints

[δi = 1] → [δi+1 = 1], i = 1, . . . , �i − 1 (15.10)

which are included to largely simplify the complexity of the MPC optimization prob-
lem associated with the MLD model.

We consider here � = 3, and, as a consequence, two δ and two z auxiliary vari-
ables have been introduced and (15.6) is approximated as

u ≤ z1 + z2. (15.11)
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Model (15.5), (15.7), (15.8c), (15.11), and the mechanical subsystem model (15.5)
sampled with Ts = 0.5 ms can be modelled in HYSDEL to get the equivalent MLD
model

ξ(k + 1) = Aξ(k) + B1u(k) + B2δ(k) + B3z(k), (15.12a)
y(k) = Cξ(k) + D1u(k) + D2δ(k) + D3z(k), (15.12b)
E2δ(k) + E3z(k) ≤ E1u(k) + E4ξ(k) + E5, (15.12c)

with ξT = [x ẋ], yT = [x βx + ẋ − βx + ẋ].

Control design The second and the third output are used to enforce (15.3) as output
constraints. The hybrid MPC optimization problem is formulated as

min
U(k)

‖ξ(N |k)− rξ(k)‖QN

2 +
N−1∑
i=0

‖ξ(i|k)− rξ(k)‖Qξ

2 + ‖u(i|k)‖Qu

2 (15.13a)

s.t. : MLD dynamics (15.2), (15.13b)
ymin ≤ y(i|k) ≤ ymax, i = 1, . . . , N, (15.13c)
umin ≤ u(i|k) ≤ umax, i = 0, . . . , N − 1, (15.13d)
ξ(0|k) = ξ(k), (15.13e)

where ‖a‖Q
2 = aTQa, U(k) = {u(i|k)}N−1

i=0 , rT
ξ = [rx 0] and rx is an externally

generated reference, (15.13c) models (15.2) and (15.3), and (15.13d) models (15.4b).
Here, we choose

Qξ = QN =
(

2·106 0
0 0

)
, Qu = 10−7, N = 3,

ymin =
(

−4·10−3

−∞
−10.2

)
, ymax =

(
4·10−3

10.2∞

)
, umin = 0, umax = +∞,

and the approximation of (15.6), which is embedded into the MLD model, are always
enforced as hard constraints.

Results In Fig. 15.7 the behavior of the system in closed-loop with the hybrid MPC
controller (15.13) is reported. The dashed line shows the behavior of the system in
closed loop with a linear controller that enforces (15.6) by a cascaded saturator in-
stead of in the MPC. The performance improvements are evident in terms of reduced
overshoot and settling time.

Due to the fast sampling time and to the implementation in a simple microcon-
troller, the MPC controller cannot be executed in its on-line form, where an opti-
mization problem has to be solved at every control cycle. Instead, the explicit hybrid
feedback law [10] is computed. The resulting controller is automatically generated
as a C-code through the Hybrid Toolbox [57] and has an average execution time of
0.025 ms and a worst case of 0.3 ms on a 2-GHz Pentium-M, with 1 Gb RAM. The
worst case number of operations to be executed is of about 12 000 multiplications
9000 sums, and 4000 comparisons per control cycle. By an architecture simulator
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Fig. 15.7 Simulation of the system in closed-loop with the hybrid MPC. The
dashed is the position trajectory obtained by a saturated linear MPC [137].

this has been evaluated to be feasible for microcontrollers commonly used in auto-
motive operations within the prescribed sampling period.

Evaluation of the results The automotive control problems considered in this sec-
tion are relatively simple (few states and control variables), yet they exhibit hybrid
features and require small sampling times. Therefore, despite their apparent simplic-
ity, they are quite challenging from a control viewpoint. Hybrid modeling based on
HYSDEL or piecewise affine models is a quite convenient approach to come up with
a compact dynamical model of the open-loop process and its operating and dynami-
cal constraints, capturing the most relevant aspects of the problem.

Regarding the implementation, the hybrid MPC controllers are more computa-
tionally demanding then standard techniques used in automotive applications, such
as feedforward (open-loop) control or PID controllers. The MPC controllers can cer-
tainly take advantage of the increased amount of computational power embedded
in the electronic control units, and ad-hoc computation reduction techniques can be
applied to the MPC controller. Also, the controller complexity can often be tuned
by appropriate selection of the prediction model and of the prediction horizon until
a desired trade-off between performance and hardware cost is found. For instance
in [137] it has been shown that for different MPC controllers for magnetic actuators,
the number of computations is feasible for different classes of automotive hardware.
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15.4 Control of a homogeneous charge compression ignition
engine

The homogeneous charge compression ignition (HCCI) engine with its excellent po-
tential for combining low exhaust emissions with high efficiency gained substantial
interest towards the end of the twentieth century [171]. The HCCI engine combines
features of the traditional spark ignited (SI) Otto-cycle and compression ignited (CI)
Diesel-cycle engines to a new engine concept.

15.4.1 HCCI engine concept

HCCI operation can be two-stroke or four-stroke, and the first studies [489, 493]
were performed on two-stroke engines. Later studies [171, 614] on four-stroke en-
gines show that high efficiency can be combined with low NOx emissions for HCCI
engines running with a high compression ratio and lean operation. This section will
focus exclusively on the four-stroke version of the HCCI engine.

HCCI cycle The four-stroke HCCI cycle can be described by its four strokes: in-
take, compression, expansion, and exhaust. During the intake stroke, a more or less
homogeneous mix of fuel and air is inducted into the cylinder. During the compres-
sion stroke, this charge is compressed by the upward motion of the piston. Towards
the end of the compression stroke, temperature and pressure have reached levels
where pre-combustion reactions start to take place. Somewhere near the TDC (top
dead center), actual combustion starts (Fig. 15.8). During the initial part of the expan-
sion stroke, the bulk of combustion takes place during the course of a few crank-angle
degrees. During the rest of the expansion stroke, the high pressure caused by com-
bustion forces the piston down towards the bottom dead center (BDC). In the exhaust
stroke, the upward motion of the piston forces the exhaust gas to leave the cylinder
through the exhaust valve. Hence, the coexistence of physics-based continuous-time
dynamics with aperiodic four-stroke engine operation determines a clearcut hybrid
system.

Ignition An HCCI engine, unlike to SI and Diesel-cycle CI engines, has no di-
rect means for controlling ignition timing. The SI engine has spark timing, and the
Diesel-cycle CI engine has the start of fuel injection, which both directly control the
onset of combustion. However, for an HCCI engine, ignition timing is dictated by
the conditions of the charge and the cylinder walls at the time when the intake valve
closes. It can only be controlled indirectly through adjustments in the cylinder charge
preparation. This is one of the biggest challenges with practical implementation of
HCCI engine technology. The following paragraphs will describe the most important
variables that control ignition timing for an HCCI engine.

The temperature of the air when it enters the cylinder has a large influence on
the charge temperature towards the end of the compression stroke. With a compres-
sion ratio of 18:1, a change in intake temperature by 30 K will result in a change in
temperature at TDC by almost 100 K. Since temperature is a very important factor
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Fig. 15.8 Pressure trace from experiment at inlet temperature Tin = 373 K,
fuel rate Qin = 1400 J/cycle, for engine speed n = 1200 rpm (—) or
n = 1500 rpm (—), respectively.

in auto-ignition, an increase in intake temperature will have a very strong advancing
influence on ignition timing.

The portion of the exhaust gas that is not expelled during the exhaust stroke
and which is called the residual gas, is particularly important for HCCI operation.
The thermal energy provided by the residual gas contributes to heating the charge of
the following cycle, and affects the crank angle at which ignition takes place. On an
engine with variable valve timing, the residual gas fraction can be controlled by early
closing of the exhaust valve, which will trap a larger amount of exhaust gas in the
cylinder for the following cycle. It is necessary to remember though that exhaust gas
also acts as a diluent, and thereby slows down the combustion chemistry. This will
tend to retard ignition timing, and with a very high residual-gas fraction this effect
will dominate.

Closely related to residual gases is the exhaust gas recirculation (EGR). This
refers to exhaust gas that is routed back from the exhaust manifold to the intake
manifold. Combined with an EGR cooler, this can be used for diluting the charge
and thus lowering the reaction rate. An increase in EGR rate will retard ignition
timing.

Another important factor is the cylinder wall temperature. Hot cylinder walls
will heat the charge throughout the intake and compression strokes, and will advance
ignition timing.

The fuel–air equivalence ratio affects both fuel concentration and oxygen con-
centration. However, since HCCI engines operate lean, the equivalence ratio has a
stronger influence on fuel concentration than on oxygen concentration. The dominat-
ing effect of increasing the equivalence ratio, thus, is an increase in fuel concentration,
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which will result in a higher reaction rate. Thus, increasing the equivalence ratio
serves to advance ignition timing.

Another possible way to control ignition timing is by changing the fuel compo-
sition. Addition of a second fuel with higher reactivity will serve to advance igni-
tion timing. Examples are the addition of hydrogen to natural gas and n-heptane to
iso-octane.

A variable compression ratio provides an effective means of controlling the tem-
perature towards the end of the compression stroke. A higher compression ratio in-
creases the charge temperature near the TDC, and tends to advance ignition timing.

Charge stratification, which means inhomogeneous charge distribution can be
used to locally increase the equivalence ratio, and thus the reaction rate, in order to
advance the ignition timing. Charge stratification can be achieved through late fuel
injection. As a drawback locally high temperatures, result which cause an increase
in NOx production.

Evidently, there are many variables that affect ignition timing, but they all do so
in non-trivial ways. Furthermore, many of the variables affect each other as well.
Actually, some variables are affected by ignition timing itself, for example the cylin-
der wall temperature increases with advanced ignition timing. When ignition timing
is advanced, the peak cylinder temperature increases which, in turn, causes an in-
crease in cylinder wall temperature. It follows that ignition timing is very sensitive
to operating conditions.

15.4.2 Control of ignition timing

It is evident from above that ignition control is much more challenging for an HCCI
engine than for an SI or Diesel-cycle CI engine. The most readily available means of
controlling ignition timing is by adjusting the fuel composition. This does not require
any novel mechanical design like variable valve timing or variable compression ratio.
It merely requires a doubling of the port fuel injection system.

Selection of the feedback structure The sensitivity of ignition timing to operating
conditions does not allow an open-loop solution in the form of a look-up table. Fur-
thermore, the system becomes unstable for some operating conditions at high load.
Thus, closed-loop control is an absolute necessity, which poses the question of which
variables should be fed back.

Cylinder pressure is the natural choice of the control variable, since ignition is
an in-cylinder phenomenon ( Fig. 15.8). What characteristic of the cylinder pressure
trace reflects when combustion takes place, though?

The crank angle of maximum pressure gives some information about when the
bulk of combustion is taking place, but for combustion timing before or near the
TDC, this angle tends to gravitate towards TDC due to its dependence on volume in
the ideal gas law. Furthermore, for very late combustion timing, the pressure max-
imum from compression dominates the one from combustion. Another problem is
that the maximum is flat, which makes the detection of combustion ambiguous.
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The crank angle of maximum pressure derivative suffers from the same prob-
lems as the crank angle of maximum pressure in addition to the inherent noise prob-
lems with numerical differentiation. Another possibility is to search for the inflec-
tion point, where the pressure trace transitions are from negative to a positive second
derivative due to the onset of combustion. This also suffers from the problems with
numerical differentiation.

It turns out that a first-principles analysis based on the pressure measurements
and heat release analysis provides a very robust source of feedback. Heat release
analysis applies the first law of thermodynamics to the combustion chamber during
the entire combustion event in order to estimate the rate at which chemical energy
is converted to thermal energy. If no adjustments are made for heat transfer or flow
into and out of crevices, the net heat release is obtained. Integration with respect to
the crank angle yields the cumulative heat release, which roughly reflects the mass
fraction burned.

Combustion in an HCCI engine is usually very fast. The mass fraction burned
usually goes from 10% to 90% in about 5 crank angle degrees, which means that the
crank angle of 50% heat release, CA50, provides a very accurate measure of when
combustion is taking place. In the following, CA50, combustion timing, and ignition
timing will be used interchangeably to denote the crank angle of 50% heat release.

15.4.3 Properties and model of the HCCI engine

Two fuel injectors and one cylinder pressure sensor per cylinder allows separate con-
trol loops for each cylinder. Thus, the control structure indicated in Fig. 15.9 can
be used for the combustion timing control of each cylinder. Fuel octane number is a
measure of a fuel’s resistance to auto-ignition, and can be used as the control input
for combustion timing control of an HCCI engine cylinder. When using a mixture
of iso-octane and n-heptane, the octane number is, by definition, the percentage of
iso-octane.

Fuel injectors

Controller

Pressure

sensor

Engine

cylinder

CA50

Fig. 15.9 Control structure for combustion timing control. The CA50 based on
cylinder pressure measurements provides feedback about combustion timing,
and octane rating provides a control input.

Processing cylinder pressure measurements Cylinder pressure measurements
are normally performed with either piezoelectric elements combined with charge
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amplifiers or with fiber-optical sensors. Both methods fail to measure the DC com-
ponent of the cylinder pressure. A thermodynamically based method of estimating
the DC component is detailed in [637], and amounts to estimating an initial pressure
and a measurement offset based on pressure measurements during the compression
stroke. It is essential to select the crank-angle interval for estimation between the
intake-valve closing and the start of combustion for the thermodynamical assump-
tions to hold.

The cylinder pressure measurements pm can be decomposed into the actual pres-
sure p and a sensor offset Δp:

pm = p + Δp. (15.14)

The real pressure can be modeled with polytropic compression

p = CV −κ, (15.15)

where V is the combustion chamber volume κ is the polytropic exponent, and C
depends on the initial pressure according to:

C = p0V
κ
0 . (15.16)

In [637], a method of estimating the polytropic exponent is also provided. In cases
where the polytropic exponent is thought to vary significantly from cycle to cycle,
this method can be used. Intake temperature and fuel composition as well as the
equivalence ratio affect the polytropic exponent.
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Fig. 15.10 Definitions of some heat-release based cycle parameters.

Heat release analysis An analysis of the combustion chamber, based on the first
law of thermodynamics, relates the rate at which chemical energy is converted to
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thermal energy to the pressure in the combustion chamber. This type of analysis
is conventionally called heat release analysis, and can be used to determine when
combustion is taking place. This term stems from the simplification that is normally
done, in which the charge composition is assumed to be constant and the increase in
internal energy is interpreted as heat. If the actual heat transfer to the cylinder walls
as well as crevice flow is neglected, (15.17) relates heat release to cylinder pressure:

δQch =
cv

R
V dp +

cp

R
pdV. (15.17)

This equation is integrated over a crank angle interval which includes the whole com-
bustion event. The parameters cv and cp are the specific heats at constant volume and
pressure, respectively, and technically depend on temperature. However, if the only
objective is to determine combustion timing, they can be assumed to be constant. R
is the universal gas constant.

The result of the integration of the heat release equation is the cumulative net heat
release as a function of crank angle Qch(α). A typical heat release trace is plotted
in Fig. 15.10 together with some definitions. The most important definition in this
context is CA50, the crank angle of 50% heat release. Since combustion is very fast,
CA50 can be used as a robust source of feedback for combustion timing.

HCCI engine The sensitivity of CA50 to changes in fuel octane number varies
by orders of magnitude for different operating points (Fig. 15.11). Each line in the
plot represents a specific intake temperature and load. Within each line, the fuel
octane number has been varied to achieve an interval of combustion timings. The
strong nonlinearity of the plant makes a linear controller unsuitable for the task.
The situation can be remedied, however, if the sensitivity is mapped over the multi-
dimensional space of operating conditions. This map can be used for gain-scheduling
the otherwise linear controller. In [492], a multivariable function is fitted to measure-
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Fig. 15.11 Combustion timing versus fuel octane number for various operat-
ing points. Measurements on a Scania D12 six-cylinder engine converted for
HCCI operation. Octane number varied through fueling with a variable mix-
ture of iso-octane and n-heptane.
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ments of the sensitivity of CA50 to changes in octane number for a multitude of
operating conditions. In order to get a simple, computationally inexpensive model,
the sensitivity is modeled as a product of functions of one variable each. This ap-
proach is entirely empirical, but yields a sensitivity model with acceptable residuals
(within 3%). The variables that are included in this model are engine speed, inlet
air temperature, fuel octane number, fuel mass per cycle, and CA50. A later model
revision includes inlet pressure as well.

Figure 15.12 shows the octane number component of the sensitivity function. The
sensitivity model is used for scaling the controller gains, which implicitly assumes
that the dynamical behavior of the plant is independent of the operating point. Only
the DC gain of the plant changes.

A minimum requirement of physical modeling is the explanation of the nature
of the in-cylinder pressure traces ( Fig. 15.8) where adiabatic compression combines
with fuel-dependent auto-ignition [83]. In previous work, modeling choices involved
aspects of chemical kinetics, cycle-to-cycle coupling, in-cylinder concentrations of
reactants, wall temperature dynamics, pressure dynamics, and auto-ignition timing.
Modeling details fell into categories of single-zone model, multi-zone models, multi-
dimensional computational fluid dynamics (CFD) models, sometimes combined with
exosystem simulation on the form of stochastic disturbances, load modeling, sensor
modeling [74].

For each of the approaches investigated, the modeling was based on an open sys-
tem first law analysis, with steady state compressible flow relations used to model the
mass flow through the intake and exhaust valves. The model includes nine states: the
temperature T , the concentrations of propane [C3H8], oxygen [O2], nitrogen [N2],
carbon dioxide [CO2], water [H2O], the mass in the exhaust manifold me, the inter-
nal energy of the product gases in the exhaust ue and carbon monoxide [CO], the
crank angle θ, the cylinder volume V , and for HCCI, an integrated Arrhenius rate
to capture ignition timing [74]. Moreover, Shaver et al. [581] singled out six distinct
stages in modeling of HCCI engine operation: induction, compression, combustion,
expansion, exhaust and residence in the exhaust manifold. As both physical aspects
and operational aspects require attention, hybrid modeling turns out to be instrumen-
tal for HCCI engine control [74].

Open-loop stability An interesting phenomenon that appears in some regions of
the operating space of an HCCI engine is open-loop instability. This phenomenon
results when wall temperature effects dominate the ignition dynamics. Figure 15.13
shows the open-loop behavior at a stable and an unstable operating point, respec-
tively. All control inputs are held constant in both cases.

The cause of instability is the positive thermal feedback provided through the
interaction between ignition timing and cylinder wall temperature. A small increase
in cylinder wall temperature results in a hotter cylinder charge, which advances ig-
nition timing. Advanced ignition timing, however, results in higher gas temperature
and more heat transfer to the walls, thus higher wall temperature. The reversed case
is a small drop in cylinder wall temperature, which results in cooler cylinder charge.
Ignition timing is retarded, which results in lower gas temperature, which in turn
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Fig. 15.12 The octane number component of the sensitivity function.

reduces the heat transfer to the walls, and thus the wall temperature. It is evident that
operating points where this effect dominates are unstable.

The positive feedback mentioned above is always present, but not all operating
points are unstable (Fig. 15.13). The stabilizing negative feedback is closely related
to the destabilizing positive feedback. Early ignition leads to high peak temperature
and heat transfer, but this results in lower gas temperature towards the end of the
cycle, which means both colder residual gas and a larger amount of it. This reduces
the reactivity of the charge for the next cycle, and retards ignition timing. The op-
posite holds for late ignition. Thus, the residual gas provides the stabilizing negative
feedback.
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Fig. 15.13 Repeated open-loop operation at one stable and one unstable
operating point.
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Bibliographical notes

As for stable operation, combustion phasing control design requires appropriate models and
system output variables usable for feedback control. Recently, mode-transition operation
and control of Diesel-HCCI and SI-HCCI engines and other hybrid control aspects have
received attention [582].

In order to avoid difficult conditions of HCCI operation at high loads, mode transi-
tion control is relevant and, thus, hybrid modeling for switching between SI and HCCI (or
Diesel-HCCI) combustion mode [582].

Recently, successful model-based HCCI engine control using conservation principles in
hybrid modeling was reported [85]. Hence, hybrid modeling of HCCI engines suitable for
control design is a key issue for progress in this area.
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Networked control

M. D. Di Benedetto, A. Bicchi, A. D’Innocenzo, K. H. Johansson, A. Robertsson,
F. Santucci, U. Tiberi, and A. Tzes

Control loops which are closed over a digital communication network be-
came a topic of intensive research in the recent years. This chapter surveys
the main problems to be solved and show how hybrid systems theory can
help to solve them. The chapter ends with a case study that was inspired by
a practical application of hybrid systems methods in an ore mine.
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16.1 Introduction to distributed control applications
and networked control systems

In this chapter, we deal with control over networks, i.e. with control implementations
where the control actions and decisions are taken based on measurement, decisions,
and actuations that take place in a distributed environment. The control agents may
rely upon a centralized facility that coordinates and optimizes the overall control
strategy and on a shared communication resource like a bus (distributed control) or
may be acting only on local information and on data exchanged with neighboring
nodes (decentralized control). There are obviously pros and cons for each strategy.
Decentralized control systems have the following characteristics [283]:

• There is no central control node.
• There is no common communication facility; communication is point-to-point.
• The global network topology is unknown to the nodes, which are only aware of

their neighborhood.

These features yield interesting properties:

• The system is scalable: there are no limits imposed by centralized computing
power or global communication bandwidth.

• The system is robust and fault tolerant, because it supports dynamical changes of
the network topology and losses of nodes.

• The system is easy to program and operate, because modular techniques can be
used.

An example of decentralized control is cooperative control, where several agents col-
laborate to solve a problem. Cooperative control is of particular interest in industrial
control and in defense applications where a single agent is clearly unable to deliver
the performance that is typical of these environments.

There are interesting challenges to overcome in distributed and decentralized sys-
tems, called networked systems, which are not typically seen in traditional control
[116, 400, 624, 654, 681, 682]. Phenomena such as packet loss, quantization noise
and variable delays must be taken into consideration since the operation of the sys-
tem depends critically on the communication properties [454]. These phenomena
are always present but appear with more determining effect when communication is
entirely or in part wirelessly.

Networked control systems characterized by fixed delays can be analyzed using
ordinary sampled-data control theory, since they can be considered as linear time-
invariant systems. For variable delays, different methods of analysis have been pro-
posed. They can be cast into a stochastic framework, where variable delay is treated
as a random variable with known probability distribution [488]. Alternatively, we can
use a deterministic framework where lower and upper bounds for the delay are con-
sidered [454]. In the former case, stochastic control techniques are relevant, while in
the latter, robust control offers a potential solution [330, 488]. Synthesis of systems
with time varying delays has not been fully explored although considered to some
extent in the literature.
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A problem of considerable importance in networked systems is optimal resource
utilization. In fact, besides being imperfect, communication and computation re-
sources may be scarce in terms of both communication bandwidth and execution
time. In this case, control techniques can be used to determine the optimal use of the
resources.

There are well-known static techniques to access communication bandwidth,
such as TDMA and FDMA. These schemes require schedulability analysis that re-
lies on worst-case behavior that may be unknown or overly conservative. A more
effective technique may be to allocate communication resources dynamically using
control techniques that can be used to guarantee quality of service (QoS) constraints
that involve consumed power and response time [500]

The importance of considering jointly communication and control system design
was addressed in seminal papers by Goldsmith [409, 410] for the case of sensors net-
works: communication parameters need to be properly chosen to optimize the perfor-
mance of control systems with feedback loops over wireless communication links.
In addition, these papers stressed that the overall performance of a control system
degrades with the introduction of MAC protocols that introduce additional delays
over the ones due to the physical aspects of communications faults (e.g., random de-
lays, packet loss, etc.). Further, these papers showed that optimization of throughput
and packet loss requires cross layer design. The need of cross layer design is due to
the dependence of different communication parameters influencing control system
performance on the link, the MAC layer protocol and routing algorithms [409]. In
addition, network traffic has to be considered when solving the design problem.

In Section 16.1 we discuss bounds and limitation among multi-agent process-
ing. In Section 16.2, we discuss a coordination of mobile multi-agent problem, the
consensus problem and distributed Kalman filtering estimation. Section 16.3 con-
cerns adaptive resource management over a networked control system. Finally, in
Section 16.4 we propose a case study on networked control system, namely a mining
ventilation problem. As a connection to Chapter 3, we will show that distributed and
networked systems often require hybrid models (Section 16.2.1 and 16.3.3), since
they include continuous and discrete dynamics. For this reason, methodological re-
sults for the analysis of properties like reachability, safety, deadlock, liveness etc. are
of direct application to distributed and networked control problems.

Performance bounds and limitations in multi-agent processing When involved
in the study of consensus and coordination problems, and in the study of identifi-
cation problems for agents evolving in networks, both questions can be phrased as
questions concerning long products of matrices.

In the consensus and coordination problems, agents with identical dynamics are
distributed in the plane or in space, they exchange limited information and they aim
to achieve consensus or coordination. Let Xi represent the information state of agent
i. For example, the information state can be the position or velocity of the agent, the
state of the local controller, etc. The consensus problem is that of choosing a control
law for every agent such that the information state Xi of all the agents converge to the
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same value. The problem we consider here is to determine how the communication
influences control performance, namely the rate of convergence to consensus.

The related identification problem for agents evolving in networks is partly mo-
tivated by practical questions for sensor networks. We consider now an agent that
moves on an edge-colored directed graph and we attempt to determine the position
of the agent in the graph after a sufficient long observation of the traversed edge
colors. Graphs for which such an identification can always be performed are said to
be cruisable. In a cruisable graph an agent is able to determine his position in the
graph for all observations of length larger than some T . Some graphs are not cruis-
able in this way but in a weaker sense when, even though the agent is not able to
determine his position at all time, he is able to do so infinitely often. We have exactly
characterized both cruisability properties and shown that they can be checked in time
polynomial in the dimension of the problem. The design question of assigning colors
to a graph so as to make it cruisable remains an unsolved challenging question.

In mathematical terms both the consensus and the identification problems can
be formulated as questions on products of matrices taken from a given finite set.
These sets of matrices either represents different communication topologies, or dif-
ferent color patterns in the graph. In future research we will further investigate how
these problems connect to each other and how general properties on long products
of matrices can be exploited for these particular applications.

16.2 Algorithm and methods in distributed processing

16.2.1 Coordination of multi-agents system

In this section, hybrid control methodolgies for distributed coordination and process-
ing in multi-agent systems are considered. The development of new flexible manu-
facturing and control techniques for future industrial automation and robotics is the
main driving factor of this study, though the research problem is quite generic and
relevant in many other cases of distributed control and networked synchronization.
The considered scenario is rather general and comprises a set of autonomous agents
that are interconnected through a wireless network, and have to cooperate in order to
accomplish either a common task or specific missions with different objectives. Fur-
thermore, it is required that no centralized decision making authority is exploited,
thus each agent must decide on its own motion only based on locally available in-
formation, such as its own state and goal, and limited data exchanged via the finite
bandwidth wireless channel with neighbouring agents. Moreover, agents are assumed
to be collaborative, though non-cooperation among them (e.g. due to malfunction or
tampering) will be considered. Furthermore, the communication topology is either
given by a fixed graph or varying over-time depending on agents’ motion.

One of the main aspects in controlling multi-agent systems is the problem of
the design, verification and implementation of decentralized algorithms for conflict
management of networked multi-agent mobile systems. Decentralized approaches
require that each vehicle plans its own trajectory based only on information limited
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to neighbouring vehicles. A completely decentralized and safe control strategy has
been developed for a very large and dynamically changing number of autonomous
vehicles moving in a shared environment. In the considered framework, each vehi-
cle is assumed to have a different task to accomplish in terms of reaching a target
configuration. However, since the agents act only on local information, global prop-
erties of a decentralized control policy are often hard to establish. In particular the
two fundamental properties of decentralized control strategies are liveness and safety
for which a formal definition has been provided and described in the following. Fur-
thermore, conditions under which both properties are satisfied have been provided.
Unfortunately, formal verification that such conditions are sufficient to ensure live-
ness appears to be overwhelmingly complex. We therefore assessed the correctness
of the conjecture in probability through the analysis of the results of a large number
of randomized experiments. Only main results are reported in this section, whilst
further details can be found in [249] and [497].

Problem formulation Let us consider n mobile agents moving on the plane at
constant speed, along paths with bounded curvature. Let the configuration of the
i-th agent be specified by gi ∈ SE(2), the group of rigid body transformation on
the plane. In coordinates, the configuration of the i-th agent is given by the triple
gi = (xi, yi, θi), where xi and yi specify the coordinates of a reference point on the
agent’s body with respect to an orthogonal fixed reference frame, and the heading θi

is the angle formed by a longitudinal axis on the agent’s body with the y = 0 axis.
Each agent enters the environment at the initial configuration gi(0) = g0,i ∈

SE(2), and it is assigned a target configuration gf,i ∈ SE(2). The agents move
along a continuous path gi : R → SE(2) according to the model

ẋi(k) = vi cos(θi(k)),
ẏi(k) = vi sin(θi(k)),
θ̇i(k) = ωi(k),

(16.1)

where ωi : R → [− 1
RC

, 1
RC

] is a bounded signed curvature control signal. Without
loss of generality, we can scale the control ωi down to range [−1, 1] by considering
RC = 1, and assume the linear velocity vi to be constant and equal to 1 for each
agent.

A collision between two agents occurs at time tc, if the agents become closer
than a specified safety distance ds. Hence, associating to each agent a safety disc of
radius RS = ds/2 centered at the agent position, a collision occurs whenever two
safety discs overlap.

A control policy π is said spatially decentralized if it can be written as a function
of the configurations of the agents that are nearer than a given alert distance da from
the computing agent.

Below, we describe the proposed spatially decentralized cooperative policy for
collision avoidance that is referred to as generalized roundabout policy and has been
introduced in [249].
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Reserved disc The proposed policy is based on the concept of reserved disc,
over which each active agent claims exclusive ownership. Given the agent con-
figuration g, the associated reserved disc has radius R = 1 + RS , is centered
in (xc, yc) = (x + sin(θ), y − cos(θ)), and inherits the agent’s heading θ (see
Fig. 16.1). The configuration gc = (xc, yc, θc) of the reserved disc has the dynam-
ics ġc = ((1 + ω) cos θc, (1 + ω) sin θc, ω). Notice that when the agent has control
ωi = −1, corresponding to a maximum curvature radius clockwise turn, the cen-
ter of the associated reserved disc is fixed, see Fig. 16.1. Hence the reserved disk
can be stopped at any time, by setting ω = −1 and it can be moved in any di-
rection, provided one waits long enough for the heading θ to reach the appropriate
value.

Fig. 16.1 The reserved disc of a nonholonomic vehicle with bounded angular
velocity.

Constraints A sufficient condition that ensures safety is that the interiors of re-
served disks are disjoint at all times since they always contain the agent’s safety
discs. If the reserved disk of agent i is in contact with the reserved disks of
agents with indices in Ji ⊂ {1, . . . , n}, the motion of the agents is constrained as
follows

ẋc
i (x

c
i − xc

j) + ẏc
i (y

c
i − yc

j) ≥ 0, ∀j ∈ Ji. (16.2)
In other words, the velocity of the i-th reserved disk is constrained to remain in
the convex cone Θ, namely admissible cone, determined by the intersection of a
number of closed half-planes (16.2). Θ can be computed assuming that each agent
is aware of the configuration of all agents within an alert distance da = 4 + ds.
Hence, the amount of information needed by each agent to compute Θ is bounded
and independent from the number of agents in the system: in fact, at each instant,
the maximum number of agents with distance less than da from the considered agent
is six.

Holding As previously mentioned, setting ω = −1 causes an immediate stop of
an agent’s reserved disk’s motion. We will say that when ω = −1, the agent is in the
hold state.

Moving in a free space In an obstacle-free environment, an agent can accomplish
the task of reaching an assigned final configuration gf , starting from g0, switching
between the hold state and the straight state associated to the control ω = 0 of
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the agent. The switching policy can be summarized as follows. Let Δf be the vector
from the center of the reserved disc gc to the center gcf of the reserved disc associated
with the final configuration. Furthermore, let φ : R2\0 → S1 be a function returning
the polar angle of a vector. Whenever the heading θ of the agent is equal to φ(Δf) the
agent switches its control to ω = 0 and moves straight toward the final configuration
until gc ≡ gcf . At this point the agent switches its control to ω = −1 until the target
configuration is reached.

Avoiding collision As already mentioned in the properties of the reserved region
motions, by switching in the hold mode, the reserved region stops. Hence, each
agent can switch to this mode whenever its heading does not belong to the admissible
cone generated by possible contacts between reserved discs, i.e. θ /∈ Θ−.

Stationary obstacle If the path of the reserved disk to its position at the target is
blocked by another reserved disk, a possible course of action is represented by rolling
in a pre-specified direction (in our case, the positive direction) on the boundary of
the blocking disk. In order to roll on such disk, without violating safety constraints,
the control input must be set to ω = (1 + RS)−1 as soon as the heading of the agent
is equal to the value of the counterclockwise direction boundary of the admissible
cone, namely θ = max(Θ−), as illustrated in Fig. 16.2. We refer to this mode as
the roll state. While the above condition on θ is not true the agent remains in the
hold state (i.e. ω = 0).

Fig. 16.2 The set of allowable directions in which the center of the i-th re-
served disk can move generated by the contact with reserved discs of vehicles
j, m, and k respectively.

Moving obstacle In general, the reserved disk of an agent will not necessarily re-
main stationary while an agent is rolling on it. While it can be recognized that the
interiors of the reserved disks of two or more agents executing the described ma-
neuver will always remain disjoint, it is possible that contact between two agents is
lost unexpectedly. In this case, we introduce a new state, which we call roll2, in
which the agents turns in the positive direction at the maximum rate, i.e., ω = +1,
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unless this violates the constraints. The rationale for such a behavior is to attempt
to recover contact with the former neighbor, and to exploit the maximum turn rate
when possible. The roll2 state can only be entered if the previous state was roll.
The agent is forced to exit from the roll2 state after at most time 2π.

Generalized roundabout policy: We are now ready to state our policy for coop-
erative, decentralized, conflict resolution; we call it generalized roundabout (GR)
policy. The policy followed by each vehicle is based on four distinct modes of oper-
ation, each assigning a constant value to the control input ω. As a consequence, the
closed-loop behavior of an individual agent can be modeled as a hybrid system.

The states of the hybrid systems are 4 and correspond to constant inputs ωroll =
(1 + RS)−1, ωroll2 = +1, ωhold = −1, and ωstraight = 0, respectively.

The map ΦGR that describes the agents’ dynamic in each node of the system, is
derived from (16.1), substituting the appropriate value for ω, based on the discrete
mode, and by the clock rate τ̇ = 1 (needed only in the roll2 state).

We do not explicitly write down the GR policy and its transition relations, guards,
and invariants, but we refer the reader to Fig. 16.3, which should provide the neces-
sary detail in a clearer fashion.

The multiple-vehicle system (SGR) we are considering is the parallel composi-
tion of n agents of the hybrid system described above. We do not define the operation
of parallel composition here; see, e.g., [429] for details.

Fig. 16.3 A hybrid automaton describing the Generalized Roundabout policy.
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Analysis of the policy The policy described above has provided effective solutions
for large-scale problems, such as, e.g., the 70-agents conflict resolution illustrated in
Fig. 16.4.

Fig. 16.4 A conflict resolution problem with 70 agents in narrow space, for
which the proposed policy provides a correct solution. Initial configurations
are identified by the presence of gray circles, indicating their reserved discs.

In the following, we investigate methods to systematically assess conditions un-
der which the policy is applicable and provides solutions which are guaranteed to be
collision-free (i.e. safe and to ultimately lead all agents to their goals avoiding stalls
(i.e. nonblocking or live).

For a given policy π, the following definitions are used:

• an initial configuration set is safe for the policy π if there exists a set of target
configurations such that application of π leads to a collision;

• a target configuration set is nonblocking for the policy π if there exists a set of
initial configurations from which the application of π allows each agent to reach
the final configuration.

The following propositions have been proved:

Proposition 16.1 If the initial configuration set is safe the hybrid system
(SGR) is well defined.

Proposition 16.2 An initial configuration set is safe if the associated re-
served disks are pair-wise disjoint.

The analysis of the liveness (or nonblocking) property is more complex, and
hinges upon the definition of a condition concerning the separation of reserved discs
associated with target configurations. Let Gc

f denote the set of configurations of the
reserved discs corresponding to Gf , and P c

f be the set of their center coordinates.
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Sparsity condition For all (x, y) ∈ R
2 and for m = 2, . . . , n,

card{(xc
f,i, y

c
f,i) ∈ P c

f : ‖(xc
f,i, y

c
f,i)− (x, y)‖2 < ρ(m)} < m, (16.3)

where

ρ(m) =
{

2(1 + RS) for m ≤ 4,
(1 + cot( π

m ))(1 + RS) for m ≥ 4. (16.4)

In other words, any circle of radius ρ(m), with 1 < m ≤ n, can contain at most
m− 1 reserved disk centers of targets.

Proposition 16.3 If a target configuration set Gf violates the sparsity con-
dition, then Gf is blocking.

(a) (b) (c)

Fig. 16.5 Livelock-generating conditions for the GR policy with m̂ = 6.

An example of livelock-generating conditions is illustrated in Fig. 16.5.
In conclusion, we have proved that the sparsity of target configurations is a neces-

sary condition that rules out the possibility of blocking executions of the GR policy.
Since a proof of sufficiency appears to be very complex, we have adopted a proba-
bilistic approach, based on [620] that exploits a large number of exact simulations.
Refer to [497] and [498] for further detail.

16.2.2 Consensus problems for teams of mobile agents

In this section, we summarize the results of a case study on multi-agent coordination,
with particular reference to cooperative and distributed estimation. The system model
includes a switching communication topology among the agents, and time-varying
measures. We describe a consensus algorithm, which enables the design of decen-
tralized optimal solutions. In particular, the consensus of the estimates is obtained
while minimizing the variance of the estimation error in each agent. The proposed
algorithm is distributed and each agent computes the estimates without any central
coordination.
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Problem formulation Consider a system with N mobile agents communicating
through wireless sensor nodes. Suppose each node samples a common time-varying
scalar signal d(k):

ui(k) = d(k) + vi(k) , k = 0, 1, . . . , i = 1, . . . , N,

where vi(k) is zero-mean white noise. We collect measurements and noise variables
in vectors, u(k) = [u1(k), . . . , uN (k)]T and v(k) = [v1(k), . . . , vN (k)]T, so that

u(k) = d(k)1 + v(k) , k = 0, 1, . . . ,

where 1 = (1, . . . , 1)T. The covariance matrix of v(k) is supposed to be diagonal
Σ = σ2I . Note that the additive noise can be rapidly averaged out only if nodes
communicate measurements and estimates. Indeed, reducing the sampling time, and
averaging on the larger number of samples, would not be beneficial, since the mea-
surements may exhibit a correlated noise. This is the case, for example, of received
signal strength measures [290].

Let us now introduce a model for the wireless communication network. For the
time-varying undirected graph

G(k) = (V , E(k)) , k = 0, 1, . . . ,

the vertices V = {1, . . . , N} represent the fixed set of network nodes and E(k) ⊂
V × V the edges present at time k. The packet losses of the wireless channels are
thus modeled through an on/off binary random variable, having average p, indicating
whether there is a successful communication between two nodes or not at sampling
time k. Let GS = (V , ES) denote the graph sum of G(k), k = 0, 1, . . . . Specifically,
we denote GS the nominal graph and suppose that it is connected. The neighbors of
node i ∈ V at time k is denoted

Ni(k) = {j ∈ V : (j, i) ∈ E(k)} ,

and the corresponding notation for GS isNS
i . For all k = 0, 1, . . . and i = 1, . . . , N ,

we suppose that (i, i) ∈ E(k). Note that, when there are not packet losses, G(k) =
GS , and N (k)i = NS

i , for all k = 0, 1, . . . .
In the consensus algorithm, node i computes an estimate xi of d by taking a

linear combination of neighboring estimates and measures, i.e.,

xi(k + 1) =
∑

j∈Ni(k)

kij(k)xj(k) +
∑

j∈Ni(k)

hij(k)uj(k) . (16.5)

For node i, the algorithm is initialized with xj(0) = ui(0) for all j ∈ N 0
i . In vector

notation, we have

x(k + 1) = K(k)x(k) + H(k)u(k). (16.6)

The matrices K(k) and H(k) can be interpreted as the adjacency matrices of two
weighted time-varying graphs compatible with G(k). The main problem can now be
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stated as follows: Given a WSN modeled by a time-varying graph G(k), find matri-
ces K(k) and H(k) compatible with G(k), such that x(k) is a minimum variance
estimate of d(k) and K(k) and H(k) can be computed from local information.

Remark 16.1 Notice that in this problem we assume the sensor to be static, i.e. they
are not mobile robots. Thus in this context the consensus is not in the physical posi-
tion of the sensors, but on their state variables.

Distributed estimation We show in this section how the problem posed above can
be solved by first presenting the corresponding centralized solution. The dynamics
of the estimation error is given by

e(k + 1) = x(k + 1)− d(k + 1)1 = K(k)e(k)
+ (K(k) + H(k))d(k)1− d(k + 1)1 + H(k)v(k) .

By taking the expected value with respect to v(k), we obtain the following result,
where γmax(·) denote the largest singular value (see [601] for a proof):

Proposition 16.4 If for all k = 0, 1, . . . it holds that γmax(K(k)) < 1,

(K(k) + H(k))1 = 1 , (16.7)

and |d(k + 1)− d(k)| < δ, then e(k) = x(k)− d(k)1 converges in mean
to a hypercube centered in the origin with side length proportional to δ.

The proposition suggests two conditions on the matrices K(k) and H(k). The re-
maining degree of freedom will be used to minimize the variance of the estimates.

Let us introduce the covariance matrix P (k) = E{e(k)eT(k)} and note that

P (k + 1) ≈ K(k)P (k)K(k)T + σ2H(k)H(k)T . (16.8)

where the approximation is done assuming that d(k) is a slowly varying signal, or
equivalently that |d(k + 1)− d(k)| < δ . 1

We would like to choose K(k) and H(k) such that the spectral norm of P (k+1)
is minimized. A centralized solution can be obtained through a semi-definite pro-
gram [601], but that solution is not interesting here since our goal is to find a dis-
tributed algorithm. In the following, we present a distributed algorithm by first char-
acterizing the cases without packet losses, and then expanding the analysis to the
case with losses.

Let Mi denote the number of neighbors of node i for the nominal communication
graph, i.e., Mi is the cardinality of NS

i = {i1, . . . , iMi}. Collect the estimation
errors available at node i in the vector εi(k) ∈ IRMi . The elements of εi are ordered
according to the node indices:

εi(k) = (ei1(k), . . . , eiMi
(k))T, i1 < · · · < iMi .

co
nt

ro
len

gin
ee

rs
.ir
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Similarly, we introduce vectors κi(k), ηi(k) ∈ IRMi corresponding to the nonzero
elements of row i of the matrices K(k) and H(k), respectively, and ordered accord-
ing to node indices. It follows from (16.8) that the variance of ei(k) at k + 1 can be
evaluated as

E{ei(k + 1)2} = κT
i (k)Γi(k)κi(k) + σ2ηT

i (k)ηi(k) ,

where Γi(k) = E{εi(k)εi(k)T}. To minimize the variance of the estimation error in
each node, we propose that κi(k) and ηi(k) are chosen to minimize this expression.
To obtain consensus and convergence as well, the following optimization problem
should be solved at each time k and in each node i:

min
κi(k),ηi(k)

κ(k)Ti Γi(k)κi(k) + σ2ηi(k)Tηi(k) (16.9)

s.t. (κi(k) + ηi(k))T1 = 1 (16.10)
κi(k) ∈ Θi , k = 0, 1, . . . , (16.11)

where

Θi =

⎧⎨⎩(θ1, . . . , θMi) :
Mi∑
j=1

θ2
j < 1/2 and

Mi∑
j=1

|θj | < 1

⎫⎬⎭ . (16.12)

The new optimization problem is tractable since the cost function (16.9) and the
constraint (16.11) are convex and the constraint (16.10) is linear. Furthermore, if the
constraint (16.11) is relaxed, then it is easy to show that we can even find an explicit
solution from the dual formulation of the optimization problem:

κi(k) =
Γi(k)−11

σ−2Mi + 1TΓi(k)−11
(16.13)

ηi(k) =
1

Mi + σ21TΓi(k)−11
. (16.14)

Note that the covariance matrix Γi(k) needs to be estimated, since it depends on the
unknowns d and v. In the implementation, this estimate is computed simply by a
low-pass recursive filter, as further discussed in next section.

The case with lossy links requires only a slight modification to the scheme pro-
posed above. In this case Mi(k) is a function of time and interpreted as the cardi-
nality of Ni(k) (instead of NS

i ). If node i does not receive estimates xj(k) from
some node j ∈ Ni(k − 1), then ej(k) should simply be removed from the def-
inition of εi(k − 1) to form εi(k) and the covariance matrix Γi(k − 1) is punc-
tured accordingly to obtain Γi(k). If node i receives estimates xj(k) from some new
node j ∈ Ni(k − 1), then ej(k) should simply be added to the definition of εi(k).
The covariance matrix Γi(k) is expanded from Γi(k − 1) by adding the covariance
elements i, j and j, i, which are set to the maximum of the elements of Γi(k − 1).
In both cases of establishment of new connections, or lost of existing ones, the opti-
mal vectors κi(k) and ηi(k) can be readily calculated as in (16.13) and (16.14). The
estimate xi(k + 1) is then obtained from (16.5).
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16.2.3 Distributed Kalman filtering using weighted averaging

As in the consensus problem described above, the objective is to estimate a num-
ber of time varying physical quantities or states. The time variation is modeled as a
linear time-invariant system subject to noise. The problem can be solved for a fixed
communication topology using a weighted averaging approach. The fixed communi-
cation topology allows for most of the computations to be done off-line. The on-line
computations consist only of the standard stationary Kalman filter equation plus one
additional step, where estimates from neighbours are used.

Aim and generalities We assume that there’s no centralized computation center
but the full state estimation is done with a decentralized algorithm. Then we assume
that communications take place only between neighbors. Furthermore to reduce the
bandwidth consumption of individual nodes, estimates instead of measurements are
transmitted. A new estimate is formed as a weighted average of the neighboring
estimates. The weights are optimized to yield a small estimation error covariance in
stationarity. We also take account of graphs with possible loops.

Problem formulation Consider the following discrete-time linear system:

x(k + 1) = Ax(k) + v(k), (16.15)

where x(k) ∈ IRn is the state of the system and v(k) ∈ IRn is a stochastic distur-
bance. The disturbance is assumed to be a white zero mean Gaussian process with
covariance defined below.

The process is observed by N agents each with some processing and communi-
cation capability. The agents are labeled i = 1, 2, . . . , N and form the set V . The
communication topology is modeled as a graph G = (V,E), where the edge (i, j) is
in E if and only if node i and node j can exchange messages. The nodes to which a
node communicates are called neighbors and are contained in the set Ni. Note that
node i is also included in the set Ni.

Each node observes the process (16.15) by a measurement yi(k) ∈ IRpi of the
following form:

yi(k) = Cix(k) + ei(k), (16.16)

where ei(k) ∈ IRpi is a white zero mean Gaussian process. The measurement and
process disturbances are correlated according to

E

⎡⎢⎢⎢⎣
v(k)
e1(k)

...
eN (k)

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

v(l)
e1(l)

...
eN(l)

⎤⎥⎥⎥⎦
T

=

⎡⎢⎢⎢⎣
Rv 0 . . . 0
0 Re11 . . . Re1N

...
...

. . .
...

0 ReN1 . . . ReNN

⎤⎥⎥⎥⎦ δkl (16.17)

where δkl = 1 only if k = l. Note that this is a heterogeneous setup where each
agent is allowed to to take measurements of arbitrary size and precision. Further the
disturbances acting on the measurements are allowed to be correlated.
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Each node is only allowed to communicate with its neighbors and only once be-
tween each measurement. Further the only assumption made on the graph structure
is that it has to be connected, other assumptions such as requiring it to be loop free is
not necessary. This setup is somewhat different from the setup used in for example
distributed control problems where each node in the graph also has dynamics asso-
ciated with it. The reader should think of the problem studied here as for example a
network of sensors trying to estimate the position of an external object they observe.

The goal is to make sure the every node in the network has a good estimate x̂i(n)
of the state x(n).

Sharing estimates The first problem that occurs is that estimates are not indepen-
dent, as they contain the same process noise, and possibly also the same measure-
ment information. To optimally combine two estimates the mutual information must
be subtracted.

For a graph with loops, two nodes can not compute the mutual information by
just using local information.

To solve the problem for a general communication topology a global off-line
method will be used. Instead of subtracting the mutual information, the estimates are
weighed so that the covariance of the merged estimate is minimized. This approach
will not give the optimal solution, but is is applicable to graphs with loops.

On-line computations The algorithm consists of the two traditional estimation
steps, measurement update and prediction together with an additional step where the
nodes communicate and merge estimates. We will refer to an estimate after measure-
ment update as local and after the communication step as regional.

1. Measurement update: The local estimate x̂local
i (k|k) is formed by the predicted

regional estimate x̂reg
i (k|k − 1) and the local measurement yi(k):

x̂local
i (k|k) = x̂reg

i (k|k − 1) + Ki[yi(k) − Cix̂
reg
i (k|k − 1)], (16.18)

where Ki is computed off-line. The predicted estimate at time zero is defined as
x̂reg

i (0| − 1) = x̂0, where x̂0 is the initial estimate of x(0).

2. Merging: First the agents exchange their estimates over the communication
channel. This communication is assumed to be error and delay free. The merged
estimate x̂reg

i (k|k) in node i is defined as a linear combination of the estimates
in the neighboring nodes Ni.

x̂reg
i (k|k) =

∑
j∈Ni

W ij x̂
local
j (k|k) (16.19)

The weighting matrices W ij are computed off-line by the procedure described
in Section 16.2.3.
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3. Prediction: Because the measurement and process noises are independent, the
prediction step only includes

x̂reg
i (k + 1|k) = Ax̂reg

i (k|k). (16.20)

Off-line computations To be able to execute the steps described above the param-
eters Ki ∈ IRn×pi and W ij ∈ IRn×n must be chosen. In this section an iterative
algorithm will be developed for this purpose. First let the estimation error in node i
be defined as

x̃i(k) = x(k)− x̂i(k) (16.21)

with covariance
P ij(k) = Ex̃i(k)x̃j(k)T. (16.22)

Now note that the estimation error covariance (16.22) after step 1 above can be writ-
ten as

P local
ij (k|k) = (I −Ki(k)Ci)P

reg
ij (k|k − 1)(I −Kj(k)Cj)T

+ KiReijK
T
j . (16.23)

with P reg
ij (0| − 1) = P 0 where P 0 is the initial estimation error covariance. Mini-

mizing P local
ii with respect to Ki(k) gives

Ki(k) = P reg
ii (k|k − 1)CT

i (Reii + CiP
reg
ii (k|k − 1)CT

i )−1. (16.24)

The goal of the weight selection is to minimize the estimation error covariance
matrix in each node in steady state. That is, to minimize P reg

ii (k|k) for all i given the
constraints (16.26) and (16.27) as k approaches infinity.

To simplify notation the time indexes will be dropped in the following part. The
optimization problem for each node can thus be posed as

minW i·
P reg

ii , (16.25)

subject to ∑
j∈Ni

W ij(k) = In×n (16.26)

and
W ij(k) = ∅ if (i, j) /∈ E , (16.27)

where W i· =
[
W i1 . . . W iN

]
.
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16.3 Adaptive resource management and networking
for control applications

The goal of this section is to derive adaptive frameworks for the joint optimization
of control performance and network operations in time-varying link and networking
contexts. Two specific and complementary items are considered: how to handle un-
certain delays (a major quality of service metric) in a control loop, and how to model
the interaction of application requirements (e.g. safety) with explicit components of
a wireless link (e.g. modulation format and transmission power).

In this context a constrained finite time optimal controller (CFTOC) for net-
worked control systems (NCS) is presented for the case where: (a) the induced net-
work delays are uncertain and bounded, and (b) there are constraints in the magnitude
of the control action and the outputs/states of the system. Based on the assumption
that the round-trip latency time varies within known bounds, the transitions of the
random delays d(k) are modelled as a finite-state Markov process and are embedded
in the system model, resulting in a polytopic uncertain system.

If a static feedback law is employed (which is not the case here), it is then allowed
to lump the delays τs(k) and τa(k) into one “lumped” delay τt(k) = τs(k) + τa(k).
Since the delay τs(k) can be handled assuming “time-stamps” in the packets arriv-
ing from the sensor to the controller [487, 488], our approach focuses on the case
of controller-to-actuator delay (τa(k)). Our current research effort focuses on time-
varying (uncertain) delays with known bounds.

16.3.1 Networked control systems: hybrid modeling issues

Focusing on the time varying delay τa(k) in the actuation path, we consider the
following system model with the following input delays and input constraints to
describe the dynamics of the class of NCS examined in this work:

ẋ(t) = Ax(t) + Bu(t− τ), y(t) = Cx(t), (16.28)
umin ≤ u(t) ≤ umax, ymin ≤ y(t) ≤ ymax, (16.29)

with x ∈ IRn and u ∈ IRm. In the current approach the network-induced delays
are considered to be greater than one sampling period as shown for example in the
recent work [499], where the unknown, time-varying time delay is decomposed into
two parts: one fixed part which is unknown and is an integer multiple of the sampling
time; and a second part which is randomly varying but bounded by one sampling
time. The transitions of the random delays d(k) could be modelled as a finite-state
Markov process [671]. In this case the probabilistic notions of stability can be given
by

Prob [d(k + 1) = j | d(k) = i] = pij , (16.30)

where 0 ≤ i, j ≤ D. This model is quite general and the communication package
loss in the network can be naturally modeled as explained below. The assumption
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here is that the controller will always use the most recent data. Thus if we have
x(k − d(k)) at step k, but there is no new information coming at step k + 1 (data
could be lost or there is a longer delay), then we at least have x(k−d(k)) available for
feedback. So the delay d(k) can increase at most by 1 each step, and so we constrain:

Prob [d(k + 1) > d(k) + 1] = 0. (16.31)

Suppose now that the delay τ is constant and exactly known and smaller than h,
τ < h. Then, following [24], the discretization of (16.28) is quite straightforward
by realizing that between the sampling instances kh and (k+ 1)h, the control action
coming out of the event-driven (zero-order) hold device, changes from u(kh − h)
into u(kh) at the instant kh + τ . The system becomes

x(kh + h) = Φx(kh) + Γ0u(kh− dh + h) + Γ1u(kh− dh), (16.32)

where

Γ1 =

h∫
h−τ

exp(Ar)Bdr, (16.33)

Γ0 =

h−τ∫
0

exp(Ar)Bdr . (16.34)

Complete model with uncertain delay and input constraints Suppose that the
delay is unknown but bounded by τmin ≤ τ ≤ τmax. Following a procedure similar
to the one described in ([624]), the system’s nominal model and the corresponding
control synthesis is intentionally based on the choice of the average delay τavg =
(τmin + τmax)/2 as the nominal value of the uncertain delay. The actual uncertain
delay can now be modelled as

τ = τavg + ατmaxδ, with ‖ δ ‖≤ 1 (16.35)

where the auxiliary constant variable α is defined as α
�
= 0.5 (τmax − τmin). The

nominal and the uncertain part of the plant model can now be derived. From now on
we shall use the simpler notation τa instead of τavg since there will be no confusion
with the controller-to-actuation delay.

It is possible to decompose the matrices Γ0, Γ1 into a constant-known part
Γ0(τa), Γ1(τa) and an uncertain part ΔΓ0(τ), ΔΓ0(τ). It results in

Γ0(τa) =

h−τa∫
0

exp(Ar)Bdr, (16.36)
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ΔΓ0(τ) = exp(A(h− τa))

τa−τ∫
0

exp(Aλ)Bdλ , (16.37)

Γ1(τa) = −Γ0(τa) +

h∫
0

exp(Ar)Bdr , (16.38)

ΔΓ1(τ) = −ΔΓ0(τ) . (16.39)

Equations (16.36), (16.38) define the computable “nominal plant,” whereas (16.37),
(16.39) define the (polytopic) uncertainty. The dynamics of the system can then be
written as:

z(k + 1) = Ad(τ)zk + Bd(τ)uk (16.40)
= (Ad(τa) + ΔAd(τ))zk + (Bd(τa) + ΔBd(τ))uk,

with:

ΔAd(τ) =
[

0n×n ΔΓ1(τ)
0m×n 0m×m

]
, (16.41)

and

ΔBd(τ) =
[
ΔΓ0(τ)

0m

]
. (16.42)

Now we can use the norm bounds of ΔAd(τ), ΔBd(τ) to construct the two vertices
of the polytope and proceed with the control design. Adding the input and output
constraints, the uncertain system in (16.40) becomes a constrained polytopic uncer-
tain system, which can be handled using the CFTOC machinery [68, 374].

16.3.2 Controller synthesis

Assume a discrete-time (possibly polytopic uncertain) system

x(k + 1) = Aix(k) + Biu(k), (16.43)

with state (output) and input constraints expressed via the following “guard func-
tions”: [

x(k)
u(k)

]
∈ P = {Hix + Jiu ≤ Ki, i = 1, . . . ,M}. (16.44)

The CFTOC (“multi-parametric”) approach consists in computing the optimizer vec-
tor UN = {u′

0, . . . ,u
′
N−1}

′
, which minimizes the following cost function:

JN (x0) = min
UN

[
||PxN ||l +

N−1∑
i=0

(‖Ruk‖l + ‖Qxk‖l)

]
, (16.45)

subject to the linear system dynamics and state/input constraints defined before. The
cost (16.45) may be linear (e.g. l ∈ {1,∞}) or quadratic (e.g. l = 2) depending on
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the vector norm employed. x0 is the currently available sample of the state vector,
while xk with k = 0, . . . , N − 1 are the predicted values of the state vector through
(16.43) starting from x0 = x(0) and applying the input sequence UN . Note the clear
distinction made between the current actual state x(k) and the variable xk used in
the cost function. (Analogous comments hold for the system’s input u(k) and the
k-th optimization variable uk.) Moreover, N is the prediction horizon, Q,R, and
P are the full column rank weighting matrices on the corresponding optimization
variables, i.e predicted states, control effort, and the desired final state, respectively.
The predicted final state xN is usually supposed to belong to a predefined set Xset

a choice typically dictated by stability and feasibility requirements especially when
CFTOC is implemented in a receding horizon fashion.

For a given initial state x(0), problem (16.43), (16.44), (16.45) can be solved
as a linear (LP) or quadratic (QP) Program for linear or quadratic cost objectives
respectively. It is well known [68, 102, 280, 374] that the “multi-parametric” CFTOC
optimizer is a continuous piecewise affine state feedback of the following form:

u(k) = F jx(k) + Gj , if x(k) ∈ Rj , (16.46)

defined over convex polyhedra Rj–henceforth referred to as “regions”–which are
also generated by the CFTOC algorithm. The algorithm additionally provides the fea-
sibility set Xf ⊆ IRn which is the set of all initial states x(0) for which the CFTOC
problem is feasible, i.e. Xf = {x(0) ∈ Rn | ∃(u0, ...,uN−1) ∈ IRNm,x(k) ∈
X,u(k − 1) ∈ U, ∀k ∈ {1, ..., N}.

The previous state regulation cost function (16.45) can be easily modified into
an output (set-point) regulation problem using

∥∥Qy(yref − yk)
∥∥ instead of ‖Qxk‖,

with Qy being the output weighting matrix (instead of the state-weighting matrix Q).
Notice that even though the computations of the multi-parametric control law

are carried out off-line, they quickly become prohibitive for larger problems. This
is not only due to the high complexity of the multi-parametric programs involved,
but mainly because of the exponential number of transitions between regions which
can occur when a controller is computed in a dynamic programming fashion [104].
Thus the number of the controller’s regions is not only a measure of the controller’s
complexity but also affects directly its on-line implementation in the form of a look-
up table.

16.3.3 Modeling of adaptive transmission behaviors in control over wireless

Introduction In this section our aim is to develop a hybrid dynamical model for
resource allocation over wireless links, with particular attention to wireless sensor
and actuator networks used in control applications. In this context we try to exploit
the theoretical framework related to the platform-based design (PBD) methodology
[580]. According to the PBD principles, we first map control specifications to com-
munication network specifications involving a set of values of the communication
parameters such as quantization noise, coding, modulation scheme, and power level.
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Then, a communication scheme is chosen according to the communications speci-
fications so that the control specifications are satisfied. To do so, we use a hybrid
system formalism that models the dynamical behavior of the communication scheme
to capture the mixed continuous-discrete characteristics of the configuration param-
eters.

Model We consider a basic feedback digital control scheme, where the controller
and the plant exchange signals by means of a time-varying wireless link. We take
into account a control scheme where the controller C and the plant P share informa-
tion via a wireless link; information coming from the controller is at first quantized
through a uniform quantizer and then sent via a wireless link; information coming
from the plant is at first sampled, then quantized through a uniform quantizer, and
finally sent via the wireless link to the controller.

We associate to P the corresponding exponential discretizationPT with sampling
time T > 0 (e.g. see [139]):

x(t + 1) = Adx(t) + Bdu(t),
x(t) ∈ IRn,u(t) ∈ IRm, t ≥ 0.

16.3.4 Safety problem with wireless networks and the hybrid model

The controller C is a digital controller. The communication system is characterized
by the sampling time T , the quantization threshold M , the quantization width δ,
the modulation scheme mod(e.g. PAM, PSK, FSK), the transmission power p, the
distance between the plant and the controller r, and the channel disturbance n.

We can state the problem as follows: given a plant P and a set of good states
Ω ⊂ IRn within which the state x of the plant P should evolve, find

• a digital controller C;
• a communication system; and
• the set of all initial states in Ω.

such that the closed-loop system satisfies the safety requirements, i.e.

x(t) ∈ Ω, ∀t ≥ 0.

We solve this problem by applying the platform based design methodology and
thus breaking the original controller synthesis problem into two main steps:

1. We consider the synthesis of the controller C subject to bounded disturbances
that capture the non-idealities of the communication channels.

2. Then we design the communication system so that the disturbance bounds are
never violated and to do so we use the hybrid system formalism.

We assume that a corrupted packet is not discarded and nonidealities coming
from the communication system are modeled as additive continuous disturbances d1

and d2 and delays τ1 and τ2 in data transmission, as shown in Fig. 16.6. We assume
that
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d1 ∈ D1, d2 ∈ D2, τ1 ∈ [0, τ1,max], τ2 ∈ [0, τ2,max], (16.47)

where D1 ⊂ IRm and D2 ⊂ IRn are compact sets and 0 ∈ D1 and 0 ∈ D2. Note
that D1 = D1(T,M, δ,mod, p, r, n) and D2 = D2(T,M, δ,mod, p, r, n)

C
d1 d2

PT

Fig. 16.6 Control scheme.

It should be noticed that we only carry out our analysis for the uplink since
the downlink can be similarly treated. Moreover, indicating as Wuplink the space
generated by combinations of the communication parameters, our aim becomes the
association between the set D1 and the set Φ(D1) ⊂Wuplink, i.e. we want to define,
for a given set of disturbances D1 for the value of d1, the set of communication
parameters (T,M, δ,mod, p, r, n) that guarantee d1 ∈ D1.

For the sake of simplicity, we assume here that:

• variables T,M are fixed a priori;
• variables δ, mod can have a finite set of values;
• D1 = [0, D1,max] is mono-dimensional.

Then, we need to define a function ΦT,M,δ,mod from D1 to the space generated
by the triple (p, r, n) for each combination of the parameters T,M, δ, mod. Note that
the number of these combinations is finite.

The function Φ maps the set of allowed disturbance values d1 ∈ D1 to a subset
of Wuplink of allowed communication parameters. The range of ΦT,M,δ,mod(D1) is
a projection of Φ(D1) for fixed parameters T,M, δ, mod on the three-dimensional
space with coordinates (p, r, n).

If an m-PAM modulation is assumed it is possible to demonstrate that the func-
tion Φ can be explicited as follows:

ΦT,M,δ,m−PAM(D1) =
{

(p, n, r) : |n(r(t), t)| ≤ p(2z − 1)
2m

}
,

where z depends on the disturbance bound D1,max, the quantization width δ, and the
quantization threshold M . This equation then translates the specifications given at
the controller-plant level to specifications at the communication system level.

Since we found out relations between the sets Di and the communication pa-
rameters, our problem translates into finding suitable communication parameters for
which the robust safety problem can be solved.

We underline that the set of feasible solutions to our control problem is specified
by means of a set of admissible static configurations of the communication para-
meters (T,M, δ,mod, p, r, n). In a real wireless channel, parameters as the distance
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r between the controller and the plant, and the disturbance n introduced by the chan-
nel, are time-varying. Nevertheless, it is still possible to apply a static approach to
a time-varying scenario, by restricting the maximum distance and disturbance over
time

max
t

(n(r(t), t)),

thus guaranteeing that the control algorithm works. However, using the “strongest”
configuration would lead to a waste of energy. We propose an adaptive configuration
of the communication parameters to minimize the transmission power.

We assume that the sampling time T and the quantization threshold M are fixed,
and the tunable parameters are as follows:

1. quantization width δ can be selected in a finite set of admissible values: Δ =
{δ1, · · · , δ|Δ|};

2. modulation scheme Mod can be selected in a finite set of admissible values:
MOD = {21 − PAM, 22 − PAM, . . . , 2|MOD| − PAM};

3. power level p can be selected in a finite set of admissible values

P = {p1, . . . , p|P |}.

Furthermore, we assume that the evolution of the distance r between the plant and
the controller is described by the (autonomous) dynamics ṙ = f(r).

We use now an hybrid formalism in order to give a rigorous formulation of an
adaptive communication system. This allows us to formally define properties of
an adaptive communication system (e.g. the feasibility and probability of “out-of-
service”).

Recalling that a generic hybrid system can be described by the tuple

H = (Q×X,Y, Sq, Σ,E),

we define the set Q as the set of all tunable parameters in the transmission scheme,
namely:

Q : = Δ× P ×MOD.

A discrete state q ∈ Q is a triple (δ,mod, p) that defines the current configu-
ration of the communication system. We define Σ as the finite set of configuration
commands to the quantizer and the physical layer (configuration of (δ,mod, p)), and
the set of edges E ⊆ Q × Σ × Q such that each arc models an admissible switch-
ing of the communication scheme, and can be triggered by the discrete control input
σ ∈ Σ. For instance, the physical layer can accept configuration commands to set
the current transmission power p by means of either increments and decrements or
power level value. In the first case, the set of arcs E connects only states associated to
neighbor values of power, while in the second case the graph will be fully connected.

The continuous state (n, r) ∈ IR2 is given by the disturbance introduced by the
channel n and by the distance r between the transmitter and the receiver. The dy-
namics of r is given by the differential equation ṙ = f(r). The observed continuous
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KTp

Cc
s(kKTp) SNR

c

Fig. 16.7 Controller of the communication parameters.

output y ∈ Y is the signal-to-noise ratio (SNR), which depends on the current hybrid
state (namely the current communication configuration, the communication channel
status, and the distance) as follows:

SNR = g(δ,mod,p)(n, r, t).

The current discrete state of Hc, i.e. the current communication system configu-
ration, is determined by the discrete input σ ∈ Σ generated by the controller of the
communication system Cc. This controller receives as input the continuous output of
Hc, as shown in Fig. 16.7.

We assume that the controller Cc is not able to generate a control at each time
instant t ∈ IR+: we assume here that a command σ can be generated only after
the transmission of K packets, namely at time instants kKTp, where k ∈ N and
Tp is the transmission time of a packet. Thus, Cc controls the discrete dynamics
of Hc generating output symbols according to a strategy modeled by the function
γ : Y → Σ ∪ {ε}, where σ(kKTp) = γ(y(kKTp)), k ∈ N . When the controller
does not generate any symbol (no control command), γ(kKTp) is equal to the empty
string ε.

Does a control strategy γ of the communication configuration exist for any
disturbance n introduced by the channel and motion ṙ = f(r) of the transmit-
ter/receiver, such that the communication parameters belong for each time instant
to the set Φ(D1)? That is, does a control strategy exist such that the discrete state
q = (δ,mod, p) and the continuous state (n, r) of Hc both belong to Φ(D1)?

This is a safety problem on Hc, and Γ is the set of all control strategies γ on
the system Hc: we define a function Ψ : Γ → Q × X that associates to a control
strategy the safe set that can be guaranteed on the state space Q × X of Hc. Note
that, by definition, Q × X = (Δ × MOD × P ) × (IR × IR) and Wuplink = T ×
M ×Δ×MOD× P × IR× IR with T,M fixed. Thus, following the “meet-in-the-
middle” argument of PBD [580], the space of solutions S of our control problem on
a time-varying wireless channel is defined as follows:

S := {γ : Φ(D1) ⊆ Ψ(γ)}.

Once the space of solutions is defined, it is possible to search for a specific
strategy γ∗ that minimizes a desired cost function, e.g. minimizes the transmission
power p.
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16.4 A case study on networked control:
the mining ventilation process

16.4.1 Description of the mining ventilation process

In this section we provide a description of a mine ventilation process. The main pro-
cesses associated to ore extraction are drilling and blasting, ore transportation, and
ore crushing. One supporting process is the ventilation in tunnels, clearly needed for
the oxygen supply of the personnel and for the combustion process of vehicles (e.g.
loader and dump trucks involved in ore transportation). The ventilation is achieved
by a turbine and a heater on the surface and a vertical ventilation shaft (primary sys-
tem), operated on a clockwise basis. Air pumped in from the surface is usually heated
(in winter time at least), to avoid it to cause freezing down in the mine; moreover,
it is necessary to cool down air at high depths (more than 1100 meters) because of
the geothermal effect. From the primary ventilation shaft, a system of fans at each
depth level of the mine pumps fresh air to the extraction rooms via tarpaulin tubes
(secondary system): the secondary system is currently controlled based on manual
demand by personnel entering a room. Bad quality air naturally flows because of
pressure gradient from the extraction rooms back into the decline (which is a spiral-
ing tunnel down) and to the exhaust ventilation shaft, which is similar but separate
from the primary ventilation shaft.

At the endpoints of tarpaulin tubes, manual clips allow unused rooms to be iso-
lated from ventilation. For these reasons, the secondary system is a typical hybrid
environment, where the continuous variables are given by gas concentrations and air-
flows, and the discrete variables are given by the number of trucks and the status of
clips. It is interesting to note that ventilation represents about 50–60% of the power
consumption cost for the ore extraction process. As we will point out in the next
chapter, the current ventilation control system is either poor or non-existing. More-
over, a continuous monitoring of air quality is absent. The amount of air pumped in
the rooms is controlled in open loop, and safety is guaranteed with a huge margin.
It is clear that investigating automatic control solutions is of great industrial interest:
because of heating and cooling down of air at different depth levels, the amount of
pumped air can be minimized to save energy consumption.

After all accessible ore has been retrieved from a mine level, the extraction rooms
are filled and a new level further down along the decline is bored. All equipments,
including the ventilation, has to be moved and re-configured in the new level. Hence
mining is like a mobile process industry. Obviously there is a clear economic benefit
in fast re-commissioning of the ventilation control system. In this context, the idea
of having wireless access to the sensors as well as fan control inputs is quite natu-
ral. Moreover, wiring is unfeasible in the extraction rooms because of blasting and
drilling operations. In fact, electric power cables (220, 400, and 1000 V) and lighting
are usually available up to the entrance of the rooms.

Wireless networks can be used also for improving the efficiency of other pro-
cesses that are of importance in operating a mine, e.g. equipment (trucks and
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ventilation system) maintenance, people and equipment localization, voice commu-
nication, and security via video surveillance.

The overall objective of the mining ventilation control system is to provide good
air quality in the extraction rooms. For a future wireless system supporting the ven-
tilation control systems, it is also desirable to increase safety by using the wireless
system for personal communication and localization. We specify the objective as
follows:

• Control air quality (O2, NOx and COx) in the extraction rooms at suitable levels.

This is suitable to fulfill a cascade control configuration with the following two ob-
jectives:

• Regulate turbine and heater to provide suitable air flow pressure at the ventilation
fans in the tunnels.

• Regulate ventilation fans to ensure air quality in extraction rooms.

An additional system objective is to obtain:

• Safety through wireless networking for personal communication and localiza-
tion.

It should be noted that today’s control architecture does not enable the fulfillment of
these objectives, since there is no automatic control: in fact, maximum ventilation
power is used during ore extraction. It provides no continuous monitoring of the
air quality, it uses no wireless sensing and hence does not allow for a localization
system to be easily implemented. The proposed wireless control architecture strives
for fulfilling all the objectives listed above.

16.4.2 Today’s control architecture

The ventilation is achieved by a turbine and a heater, operated on a clockwise basis,
and a system of fans, controlled based on demand of air flow in different parts of
the mine thanks to frequency converters. The inflow from the turbine has to provide
air to fans that can be located very far from the ground (up to a kilometer deep) and
that is usually heated (in winter time at least), to avoid it causing freezing down in
the mine. The fresh air is then carried to the extraction rooms thanks to tarpaulin
tubes connected to the fans, which pump the air from the vertical shaft. The actual
automation is operated in a clock-wise way for the turbine and heater (i.e. they are run
at maximum speed for a preset number of hours) and based on the vehicles demand
combined with a timer for the fans. This airflow demand is determined based on
messages sent by the drivers to the control room using walkie-talkies, indicating
their position and which fan needs to be set to its maximum speed, as described in
Fig. 16.8. An additional safety system triggers the fan high-speed operation based on
a motion detector placed at the room’s entrance.

To summarize, the actual control architecture is characterized by:
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Control room

Manual control of ventilation fans over walkie-talkie
Motion detectors to switch on fans for safety
Turbine and heater on-off control based on timers

Frequency converters

Fig. 16.8 Actual automation based on timers and radio communications.

• no automatic control, but maximum ventilation power during ore extraction;
• no continuous monitoring of air quality;
• no wireless sensing;
• no localization system.

16.4.3 Proposed wireless control architecture

The proposed control architecture is depicted in Fig. 16.9, where we introduced net-
worked sensors in the vertical ventilation shaft, in access tunnels, and in the extrac-
tion rooms. The sensors placed in the vertical shaft and in the access tunnels can
make use of the existing wired connections, while those in the extraction rooms have
to be wireless, due to the blasting activities. The exchange of sensor measurements
and control signals can be then carried thanks to wired links as well as wireless
communication. We can consider two control architectures:

1. a centralized strategy, where all the control algorithms are run in the control
room;

2. a decentralized approach, where some intelligence is embedded at the fans loca-
tions and can adjust the fans regulation directly based on the chemical sensors
measurements.

The decentralized approach seems to be more appropriate for its simplicity and the
higher level of performances that is achievable in the presence of limited communi-
cations. Note that the control algorithm set at the fans location has to be relatively
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Fig. 16.9 System description.

simple, due to the limited computation capabilities, while we can develop more ad-
vanced control strategies for the algorithms run in the control room.

Based on this control approach, the ventilation system can be described in
two parts: one fixed installation, which is the primary air supply from the ground
via a vertical shaft, and the secondary system, a mobile network of fans located
underground. This distinction results in the block diagram description proposed
in Fig. 16.10, where both the physical (air flow) and communication (wired and

Primary system Secondary system

Controller Turbine-
heater

Ventilation
shaft

Fan
network

Tubes-
rooms

Mobile
WSN

Controller
network

Pressure
WSN

Fig. 16.10 Block diagram description of the control setup, including commu-
nications (—) and air flows (− · −).
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wireless) interconnections are presented. This description includes the existing sys-
tems as well as key elements of the advanced technological solutions expected in this
project.

16.5 Conclusions and open problems

In this chapter, we addressed topics in control over networks, i.e. control implemen-
tations where the control actions and decisions are taken based on measurement,
decisions, and actuations that take place in a distributed environment. We discussed
bounds and limitation among multi-agent processing, coordination of mobile multi
agents problem, the consensus problem, and distributed Kalman filtering estimation.
Moreover, we proposed some scenarios on adaptive resource management over a net-
worked control system. We finally proposed a mining ventilation problem as a real
case study on networked control system. We showed that distributed and networked
systems require hybrid systems analysis techniques, since they include continuous
and discrete dynamics.

However, many open problems yield difficult industrial implementation of wire-
less networked control systems. An interesting research line is providing novel the-
oretical results in the integration of control theory (stabilization and controller per-
formance guarantee), communication theory (real communication and scheduling
protocols-specifications) and theory of computation (computational complexity anal-
ysis). Given a multi-hop wireless network, a physical plant, and a CPU that imple-
ments a control algorithm, it is not trivial to integrate these different components into
the same mathematical framework. Such a theoretical framework would allow anal-
ysis of optimization problems for minimizing power consumption of the network,
while preserving properties of the closed-loop control system such as (practical) sta-
bility, minimum control performance, safety, etc.
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Solar air conditioning – a benchmark for hybrid
systems control

E. F. Camacho and D. Zambrano

By considering a solar air conditioning plant, the typical steps for analyzing
and controlling hybrid systems under practical circumstances are described
in this chapter.
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17.1 Plant description

The present chapter describes the application and the implementation of a hybrid
control scheme of a solar air conditioning plant. The conditioning plant considered
is a hybrid system characterized by a variable configuration, with discrete and contin-
uous variables, and components that change their dynamics according to the condi-
tions under which the plant operates. Section 17.1 describes the solar air conditioning
plant. Section 17.2 shows briefly the hybrid modeling of the plant. Section 17.3.1
describes the control requirements to operate the plant. Section 17.3.2 develops a
hybrid control strategies for the operation of the plant. Section 17.3.3 shows the ex-
perimental results and discusses them.

17.1.1 Main components

The solar air conditioning plant considered in this chapter is located in Seville
(Spain) and is used to cool down the laboratories of the Department of System En-
gineering and Automation of the University of Seville. It consists of a solar field
producing hot water that feeds into an absorption machine, generating chilled water
and injecting it into the air distribution system, which has a cooling power of 35 kW.

Figure 17.1 offers a general scheme of the plant, and shows its main components:
the solar subsystem, composed of a set of flat solar collectors; the accumulation
subsystem, composed of two tanks storing hot water; and the cooling machine. There
also exist an auxiliary gas-fired heater that can supply energy would solar radiation
not be enough, and a thermal load subsystem composed of a heat pump that allows
testing for different load profiles.

The hybrid nature of the plant stems from the possible use of two different energy
sources, namely solar and gas, which can be either combined or used independently.
In addition, thermal energy coming from a storage tank can be added to the system.
The plant can be reconfigured on-line, by simply manipulating valves and pumps
(on/off) that allow selecting the required energy supply components. The main char-
acteristic of the plant are described below.

Solar subsystem The primary source of energy is solar radiation, which is used
by the solar collectors to increase the temperature of the circulating water. The solar
field is composed of 151m2 of flat collectors, which work in the range of 60◦C to
100◦C and supply a nominal power of 50 kW.

Accumulation subsystem The accumulation subsystem is composed of two tanks,
each of 2500 L, working in parallel. This system acts as a buffer, storing hot water,
which is used in transient situations where solar radiation does not allow the desired
temperature to be obtained at the end of the hot water circuit.

Auxiliary energy subsystem As a complement to the solar energy supplied by
the field, an auxiliary energy system consisting of a gas-fired heater of 68 kW can
be used when solar radiation is not enough. This heater transfers additional thermal
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Fig. 17.1 Plant scheme.

energy to the water coming from the collectors. The existing heater has a built-in
on/off controller, which makes its outlet temperature rather oscillatory.

Cooling subsystem The cooling subsystem is an absorption machine that uses
as cooling fluids water and a water solution of lithium bromide (H2O–LiBr). The
correct operation of the machine requires its inlet temperature to be within a specific
range, for chilled water to be produced. The machine has four different circuits: an
evaporator, a generator, a condenser, and an absorber, where the energy exchanges for
the production of chilled water take place. A refrigeration tower is used to evacuate
the heat.

Thermal load subsystem This subsystem is composed by a heat exchanger and
a heat pump of 54 kW. The subsystem has a PI controller that regulates the output
temperature of the primary circuit of the heat exchanger. This value can be used to
fix several input temperature profiles of the evaporator.
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17.1.2 Signals for controlling the plant

The continuous variables are the pump speed of B1 (uc1) and the mix valve position
of vm3 (uc2).

The logic manipulated variables are the open/close valves and ON/OFF pumps:

• vl21/vl22 (vd1) allows the connection of the solar collectors with the tanks;
• vl23/vl24 (vd2) allows the connection of the solar collectors with the absorption

machine/gas heater;
• vl25/vl26 (vd3) allows the connection of the tanks with the absorption machine/

gas heater;
• vl31 (vd4) allows the circulation of water through the gas heater;
• B4 (vd5) allows the pumping of water from the absorption machine (constant

speed);
• B1 (vd6) allows the pumping of water through solar collectors (variable speed);
• vm1 (vd7) allows the circulation of water to the solar collectors or to the other

components.

The main measured variables are the following:

Temperatures

• Solar collectors inlet and output temperatures.
• Tanks inlet and output temperatures.
• Gas heater inlet and output temperatures.
• Generator inlet and output temperatures of the absorption machine.
• Evaporator output temperature of the absorption machine.

Flows

• Flow through the solar collectors.
• Flow through the generator and condenser of the absorption machine.
• Flow through the gas heater.

The following measurable disturbances occur:

• solar irradiation;
• environmental temperature;
• flow through the evaporator of the absorption machine;
• evaporator input temperature of the absorption machine.

17.1.3 Operating modes of the process

In its daily operation, the plant may follow 13 operating modes. A logic variable “li”
is associated to each operating mode, where li = 1 holds if the i-th operating mode
is active. The operating modes are selected by means of on/off pumps and open/close
valves:
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1. Recirculation: The water of the tanks flows through the solar collectors, in order
to increase its temperature.

2. Loading the tanks with hot water: The water in the solar collectors flows through
the tanks. When too little solar irradiation is available, and if its temperature is
adequate, the stored hot water is used.

3. Using the solar collectors: The water, heated in the solar collectors, feeds into
the generator circuit of the absorption machine.

4. Using the solar collectors and gas heater: The water is heated in the solar col-
lectors and the gas heater. The gas heater is used when the absorption machine
input temperature is inadequate. In any case, its use should be avoided.

5. Using the gas heater: The water is heated in the gas heater, and then it flows
through the absorption machine.

6. Using the tanks and gas heater: The water of the absorption machine is given by
the tanks and gas heater. This operating mode is used when both the absorption
machine inlet temperature and solar irradiation are lows. It is preferable to avoid
having the gas heater too.

7. Using tanks: When solar radiation is low, the heat stored in the tanks is used to
operate the absorption machine.

8. Loading the tanks and using the gas heater: The tanks are loaded with heated
water by the solar collectors. The water of the absorption machine is given by
the gas heater.

9. Recirculation and using the gas heater: The water is re-circulated through the
solar collectors. It is the gas heater only that supplies water to the absorption
machine.

10. Using the solar collectors and loading tank: The water from the solar collectors
is divided between the tanks and the absorption machine.

11. Using the solar collectors and gas heater, and loading tanks: The water from the
solar collectors is divided between the tanks and the absorption machine. The
solar collectors and the gas heater supply water into the absorption machine.

12. Using the tanks and gas heater to feed the absorption machine, and recircu-
lation: The water re-circulates into the solar collectors. The tanks and the gas
heater supply water into the absorption machine.

13. Using the tanks to feed the absorption machine, and recirculation: The water
from the tanks circulates through the generator circuit. The water circulates back
into the solar collectors.

17.2 Plant model

The modeling of the plant is described in [678]. A finite-state machine has been
used to represent the various operating modes of the process, as shown in [677]. The
transition conditions are expressed as a function of the set of discrete manipulated
variables V , v ∈ Z, as is shown in (17.1), to switch to the operating mode n1.
The logic variables associated to each operating mode are used to model the output
temperatures, and to select inlet temperatures and flows, and they must satisfy (17.2):
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c1 = ¬vd1 ∧ ¬vd2 ∧ ¬vd3 ∧ ¬vd4 ∧ ¬vd5 ∧ vd6 ∧ ¬vd7, (17.1)
r∑

i=1

li = 1. (17.2)

The temperatures have been modeled using energy balances, as well as consider-
ing its behavior with and without the water flow. They are written as a mixed logical
dynamical model. The general structure used is

C
d
dt

Tj,out = k1,jMj(Tj,in − Tj,out)li + k2,j(1− li)(Tenv − Tj,out), (17.3)

Mj = m1,j(uc)l1 + m2,j(uc)l2 + · · ·+ mr,j(uc)lr, (17.4)
Tj,in = τ1,j(Tj,out,Mj)l1 + τ2,j(Tj,out,Mj)l2 + · · ·+ τr,j(Tj,out,Mj)lr,

where T is temperature, M is flow, C, k1 and k2 are parameters of the models, “in”
and “out” sub-indexes denote input and output respectively, “env” refers to envi-
ronmental temperature, j indicates the subsystem that is used (i.e. solar collectors,
accumulators, gas heater, generator, and evaporator), and uc = [uc1, uc2] is the con-
tinuous input vector, uc ∈ R.

The flows are modeled as static polynomials functions mi, i = 1, . . . , r with
r = 13 operating modes, where the inputs are the manipulated continuous variables
(17.4). The inlet temperatures are selected according to the logic variable associated
to each operating mode, and are calculated using the functions τ in (17.5).

17.3 Hybrid control

17.3.1 Control objectives

The main control objective is to supply chilled water to the air distribution system,
according to the demanded temperature. The water gets cool when the absorption
machine is working. Experimental tests suggested that the generator inlet tempera-
ture must be set at temperatures higher than 78◦C and lower than 90◦C. The water
can be warmed up using the following energy sources: solar energy from the solar
collectors, the stored energy in the tanks, the auxiliary energy provided by the gas
heater, or by an optimal combination of the mentioned sources. The auxiliary energy
(gas) consumption should be minimized, for environmental and economical reasons.
Another control objective relates to the storage of energy in the tanks at the end day,
given that the solar plant works daily.

Since the primary source of energy of the plant, i.e. solar radiation, cannot be
manipulated, it has to be treated as a measurable disturbance. This implies that the
control system must be able to keep the cooling machine working at the desired
operating point. This is achieved by keeping the machine inlet water temperature at
the given set-point.

A hybrid control strategy is needed to satisfy the control objectives of the plant.
The operating mode must be set in such a way as to keep the absorption machine
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working, and to preferably use solar energy. Doing so, it would achieve both its
cooling effect and its economic saving purposes, since the auxiliary energy would
not used.

17.3.2 Hybrid control algorithm

Several renowned research groups participated in a HYCON’s benchmark exercise
carried out over solar air conditioning plant. Each research group had direct access
to many experimental tests oriented to both identification and control. Various pro-
posals were put forward. The University of Dortmund presented a supervisory con-
trol scheme based on insights gained from a thorough analysis of the energetic and
dynamical features of the system. The scheme allowed selecting among a set of op-
erating modes, and each operating mode used a table to set the continuous manipu-
lated variables. The University of Valladolid instead designed a hybrid control. This
was based on a model-predictive control that incorporated an internal model with
embedded logic control, used to transform the hybrid problem into a continuous-
nonlinear one. The University of Siena worked on a hybrid model-predictive con-
troller, whereas the University of Seville used a conventional flow chart to select the
plant setting. Finally, the University of Los Andes designed a hierarchical control
scheme based on an integer optimization problem, using variable weights that de-
pended upon the current environmental conditions and the actual state of the plant.

A heuristic predictive logic controller (HPLoC) was designed in the proposal of
University of Los Andes, based on a model-predictive control (MPC) and on the
knowledge of the process. The controller was divided in two levels. The operating
mode of the solar plant was obtained using an HPLoC in the higher level. The contin-
uous variables were controlled using an MPC for each operating mode in the lower
level. These control schemes all took into account the disturbances in the prediction
models.

HPLoC formulation The system has multiple operating modes ni (i = 1, . . . , r)
and is composed by D components, D = {d1, d2, . . . , dp}. The configuration ni of
the D components must be selected by means of minimizing an objective function
J in a prediction horizon N . An index δ(dj) with j = 1, . . . , p is defined for each
component, and it depends on its main variables. In the case of the solar plant, they
are expressed in function of the temperatures and the solar irradiation. For each op-
erating mode ni, a valuation function θni is defined depending of the indexes δ(dj).

The problem to solve is an integer optimization problem . The objective function
J is defined as shown in (17.5). The Θ vector has the θni elements, and W is a
weighting matrix. The decision vector n is a binary vector, n ∈ Z. The problem
is subject to a set of constraints meant to avoid overlapping between the operating
modes.

J = ΘTWn (17.5)
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The optimization problem is defined as in (17.6):

min
n∈Z

J (17.6)

s.t.ACn ≤ bC,

where n is a vector of the logic variables associated to the operating modes, and
AC and bC are matrices of adequate dimension that avoid the overlap between the
various operating modes.

The weighting matrix W is a diagonal matrix, and its elements are calculated
using the analytic hierarchy process (AHP). The expert criteria are given by the first
row of the Saaty matrix

A(1, 2, . . . , r) = [a1,1 a1,2 . . . a1,r]. (17.7)

The Saaty matrix has a particular structure, in that it is consistent and reciprocal. The
maximum eigenvalue of the Saaty matrix, λmax, is calculated. Next, the eigenvector
corresponding to the maximum eigenvalue is obtained, ωi. The vector is normalized
in order to avoid scaling problems.

The expert criteria ai,

a1,i = gifi + hi(¬fi) for i = 1, . . . , r, (17.8)
hi . gi, (17.9)

have been defined weighting the logic conditions fi. They are defined by each op-
erating mode, and the weighting gi is selected according to the comparison between
operating modes.

The logic conditions fi indicate for each operating mode when that operating
mode can be used, according to the current state of the environmental conditions and
the temperatures. Therefore, fi takes a binary value equal to 1 if the operating mode
ni can be used while satisfying the control requirements. Else fi is equal to zero.
As fi takes a binary value, and since the a1,1 element must be equal to 1, a hi value
is added when the logic condition fi is zero. When fi is zero, the expert criterion
takes a lower value than when it is true, and therefore the hi coefficient must be
greater than gi. The first row of the matrix A is normalized using the value of the
a1,1 element before completing the other rows of the matrix A.

17.3.3 Experimental results and discussion

The control algorithm has been programmed in MATLAB. An OPC (OLE for Pro-
cess Control) server has been used for the implementation of the controller over the
experimental plant. A server-client scheme was implemented between the SCADA
system of the plant (Simatic IT) and the MATLAB environment. The sample time
was 4 seconds, which allowed for a quick update of the measured disturbances. One
advantage of the algorithm implemented is its short execution time, due to its being
an integer optimization problem and its reduced number of variables.
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Figure 17.2 shows the settings of the plant during the test. The cooling demand
began at 11:00. Before this time, the water circulated through the various circuits to
raise the temperature of pipelines. As the solar irradiation was lower than 200 W/m2,
the plant was set to follow those operating modes using auxiliary energy (n9

and n12).
When the solar irradiation was high, at about 12:30, the plant was set for a short

period to operate according to mode n4. Since the solar irradiation was lower than
400 W/m2, the plant was set to use auxiliary energy again.

After 13:30, the sky got quickly cloudy, and therefore the plant was set to follow
those operating modes using solar energy (n10, for example). At end of the test, the
sky got cleared up and the plant was set again to using solar energy only and energy
stored in the accumulators. When the cooling demand ended at 17:30, the plant was
set to switch between operating modes n1 and n2. Figure 17.3 shows the evaporator
output and inlet temperature. The evaporator inlet temperature was near of 18◦C,
and the chilled water temperature around 15◦C. Therefore, the cooling demand was
satisfied despite of the adverse weather conditions.

10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00 18:00 19:00
0

2

4

6

8

10

12

14

Time (h:min)

Irradiation (W/m2)
Operating mode

Fig. 17.2 Solar irradiation and operating mode of the plant during the test.

Bibliographical notes

Analytic hierarchy process (AHP) is a technique that allows the criteria weights to be found
by means of pairwise comparisons. The decision-maker is asked to give the criteria relative
importance by comparing them two by two [562].

The phrase model-predictive control (MPC) designates a range of control methods.
These make explicit use of a model of the process in order to obtain the control signal
by minimizing an objective function [140].
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Fig. 17.3 Evaporator inlet and output temperatures.
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χ, 55, 347
2-counter machine, 134
20-sim, 55, 329, 346, 358

ABACUSS, 329, 346, 353
ABS, see anti-lock braking system
abstraction, 62, 71, 72, 193, 228, 424, 443

a. refinement, 286
discrete a., 43, 230

abstraction-based control, 224, 413
abstraction-based modeling, 218
accumulation point, 176, 179, 202
activation duration, 27, 235
active damping, 449
active index set, 152
active suspension, 453
activity, 15
activity function, 59
adaptive cruise control, 453
adjoint pair, 80
affine dynamics, 36
agent, 473

autonomous a., 474
aggregation, 414
air traffic control, 276
air traffic management, 250
airpath control, 454
algebraic loop, 363
algebraic optimization, 411
algebraic procedure, 104
AMPL, 299, 354
analysis, 130

controllability a., 52, 166

observability a., 52
reachability a., 64, 249, 264, 299, 308,

312
stability a., 52, 72, 121, 299

anti-lock braking system, 441
anti-windup, 391, 406
application

air traffic control, 276
boost converter, 384
DC-DC converter, 379
Diesel engine, 221
electricity distribution, 393
Lake Mead, 287, 295
mining ventilation, 495
multiproduct batch plant, 419
power network, 393
solar air conditioning system, 502

approximation, 458
discrete-time a., 399
robust affine a., 386

architecture-specific format, 321, 324
ASCET, 444
asynchronous communication, 442
automatic gearbox, 22
automatic voltage regulator, 396
automaton

differential a., 55
cyclic linear a., 236
deterministic a., 178
discrete hybrid a., 300
finite a., 228
gain a., 72
hybrid a., 59
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interchange a., 365
stochastic a., 213, 264
stopwatch a., 64
timed a., 40, 368

AUTOSTAR initiative, 441
auxiliary variables, 300
average model, 440
average spectral radius, 133
AVR, see automatic voltage regulator

BARON, 436
barrier certificate, 274, 275
BaSiP, 55, 329, 346, 358
batch plant, 419
Bayesian procedure, 102, 104
BDC, see bottom dead center
behavior, 225

behavioral framework, 224
chaotic b., 203
complete b., 226
Zeno b., 45

behavioral relation, 219
bisimulation, 62, 368

timed b., 64
block diagram, 329, 444
Bohl function, 162
Bohl-type input, 162
Boolean optimization, 304
Boolean variable, 300
bottle filling system, 370
bottom dead center, 461
bottom-up design, 417
bounded-error procedure, 103, 105
branch-and-bound search, 433
branch-and-bound technique, 429
Brockett’s model, 55
buffer, 159
bumpless transfer, 25

CAPE-OPEN initiative, 327
Carathéodory solution, 51, 161, 181
cardinality, 207

minimal c., 213
causal, 416
causal modeling, 331
CCM, see continuous conduction mode
CDD, 304
certainty equivalence principle, 53

CFTOC, see constrained finite time-optimal
controller

chaotic behavior, 203, 208
characteristic multiplier, 240
charge stratification, 463
Charon, 346
chattering, 332
CheckMate, 347
Chi, see χ
Church-Turing thesis, 130
CI, see compression ignition
CIF, see compositional interchange format
circuit theory, 160
CITOC, see constrained infinite time-optimal

control
classification, 96, 97
clock, 63
clock-driven, 235
closed orbit, 238
CLP, 304
clustering, 101
clustering-based procedure, 101, 104, 316
clutch, 447
CMTOC, see constrained minimum

time-optimal control
co-state variable, 388
collision avoidance, 477
collocation-based technique, 352
communication, 472
communication constraint, 197, 204
communication network, 5, 442
complementarity condition, 151
complementarity system, 151, 152, 177

linear c. s., 151
switched cone c. s., 154

complete behavior, 226
complete model, 218, 220
complexity, 4, 50, 130, 209, 231, 433
complexity reduction, 307
component, 363
compositional interchange format, 347, 362
compression ignition, 461
compression ratio, 461
compression stroke, 461
computation tree logic, 62
computer science, 5
computer-automated multi-paradigm

modeling, 327
conditional equation, 332
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cone, 153
configuration

nonblocking c., 479
safe c., 479

conflict management, 474
consensus problem, 473
consistency-based diagnosis, 220
constrained finite optimal control, 383
constrained finite time-optimal control, 303,

306
constrained finite time-optimal controller,

487
constrained infinite time-optimal control,

304, 306
constrained minimum time-optimal control,

306
constraint, 67, 287, 434
constraint satisfaction, 304
continuous conduction mode, 27, 244, 379
continuous dynamics, 7, 59
continuous evolution, 60, 252
continuous input, 18
continuous state variable, 19
continuous-to-discrete interface, 34
continuous-valued signal, 8
control

abstraction-based c., 413
cooperative c., 472
decentralized c., 472
distributed c., 472
embedded c., 4
finite optimal c., 383
finite time-optimal c., 303, 306
hierarchical c., 414
high-level c., 423
hybrid c., 223, 506
infinite time-optimal c., 304, 306
low-level c., 414, 423
model-predictive c., 52, 381, 397, 452
multirate c., 442
nonlinear model-predictive c., 427
optimal c., 211, 303, 418, 434
optimal state-feedback c., 383
periodic c., 243
PI c., 23, 427
receding-horizon c., 305
rule-based c., 450
spatially decentralized c., 475
supervisory c., 227

control code, 452
control engineering, 5
control mode, 59
control parametrization, 351
control software, 406
control switch, 59
control system, 442
Control System Toolbox, 305
control validation, 443
controllability, 52, 166
controllability analysis, 52
controlled Markov chain, 263
controlled switching, 18
controller

deadbeat c., 210
discrete-event c., 231
predictive logic c., 507
qdb-c., 210
sequential c., 406

controller synthesis, 67
convex hull operator, 71
convex optimization, 386
cooperative control, 472
coordination, 473
core dynamics, 151
cost function, 400, 418, 423
cost matrix, 158
counter, 76
Cplex, 309
crank angle, 461
crankshaft sensor management, 449
cruisable graph, 474
cruise control, 449, 453
current-mode control, 245
cut-off control, 441, 449
cyclic process, 27
cylinder pressure, 464

DAE, see differential-algebraic equation
DASSL, 331, 398
data interchange format, 320
DC-DC converter, 26, 379
DCM, see discontinuous conduction mode
dead zone, 389
deadbeat controller, 210
decentralized control, 472
decentralized hysteresis controller, 426
decidability, 62, 63
decision problem, 130
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delay, 472
density, 207
dependency graph, 363
derivative design, 444
DES, see discrete-event system
design flow, 442
detectability, 52
determinism, 179
DHA, see discrete hybrid automaton
diagnosis, 213

consistency-based d., 220
diagnostic algorithm, 214, 449
diagnostic tool, 448
difference equation, 300
differential equation with discontinuous

right-hand side, 156
differential inclusion, 41, 63, 64, 174, 176,

185
impulse d. i., 188
linear d. i., 70, 115

differential index, 331
differential-algebraic equation, 327, 350,

398
diffusion process, 257
diffusion term, 271
direct injection stratified charge engine, 455
discontinuous conduction mode, 28
discontinuous differential equation, 91
discontinuous dynamical system, 35
discontinuous model, 93
discrete approximation, 413
discrete dynamics, 7, 59
discrete evolution, 252
discrete hybrid automaton, 300
discrete input, 18
discrete sensor, 18, 197
discrete state, 19
discrete successor, 65
discrete-event quantized system, 215
discrete-event simulation, 55
discrete-event system, 223, 332
discrete-time hybrid system, 299
discrete-time piecewise affine system, 41,

322
discrete-time quantized system, 215
discrete-time stochastic hybrid system, 261,

275
discrete-time system, 130
discrete-to-continuous interface, 34

discrete-valued signal, 8
discretely controlled continuous system, 39,

90, 231
discretization, 352
distinguishability, 109
distributed control, 472
disturbance, 234
disturbance attenuation, 241
drift term, 271
drive-by-wire, 454
driveline, 445, 447
dtPWA, see discrete-time piecewise affine

system
DTSHA, see discrete-time stochastic hybrid

automaton
dual cone, 153
duration calculus, 55
duty cycle, 27, 381
dwell time, 76, 107, 126, 235
Dymola, 354
dynamical programming, 275, 386
dynamical time scale, 416
dynamics

continuous d., 7
discrete d., 7, 59

EcosimPro, 347, 365
ECU, see electronic control unit
EECI, see European Embedded Control

Institute
ego, 410
EGR, see exhaust gas recirculation
ELC, see extended linear complementarity

system
electronic control unit, 441
electronic throttle, 454
embedded control, 4
embedded controller, 7, 204, 440
embedded logic, 427
embedded map, 235

controlled e. m., 241
embedded simulation, 410
emission control, 449
energy management, 378
engaged gear identification, 447
engine control, 440
engine start-up, 448
entry point, 73
equilibrium, 72, 74, 114, 199, 233, 388
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equivalence ratio, 462, 463
ESPRESSO, 304
ETAS, 444
European Embedded Control Institute, xv
evaporation system, 407, 425, 430
event, 34

threshold e., 144
event function, 234
event generator, 34, 232, 300
event-driven sampling, 224
event-driven switching, 235
example

automatic gearbox, 22, 84
boost converter, 26, 153, 233, 244
bottle filling system, 370
bouncing ball, 45
flying ball, 173
Leontiev economy, 157
moving agent, 204
quantized tank system, 215
reset oscillator, 12
tank system, 10
thermostat, 7, 254
two-tank system, 17, 61, 81, 154, 354
user-ressource model, 158

execution, 107, 175, 235, 252, 258, 262
finite e., 179
infinite e., 179
maximal e., 179
periodic e., 238
sampled e., 238
stable e., 239
synchronous e., 363

exhaust gas recirculation, 221, 449, 454, 462
exhaust stroke, 461
exhaust valve control, 448
expansion stroke, 461
expressiveness, 327
extended linear complementarity system,

168
extensible markup language, 321, 364
extensible markup language document, 323
extremal point, 73

fault, 397, 401, 449
fault detection

f.d. of quantized system, 221
fault diagnosis, see diagnosis
fault identification

f.i. of quantized system, 221
fault probability, 220
fault tolerance, 449, 472
feasible subsystem, 95
feature vector, 101
feedback linearization, 458
Filippov solution, 51, 189
finite automaton, 228
finite-state automaton, 299, 335
finite-state machine, 106, 445, 505
finiteness property, 132
first-principle modeling, 92
fixpoint, 240
flow function, 63
flow set, 40
flowsheet, 407
forbidden region, 67
forced transition, 257, 262, 275
forward solution, 161, 189
fuel injection, 448
functional development, 442
functional integration, 443

gain, 72
gain automaton, 72
GAMS, 354
GBT, 304
gear-box control, 449
Geometric Bounding Toolbox, 304
glcDirect, 410
GLPK, 304
gOPT, 353
gPROMS, 328, 338, 353
guard, 34, 60, 489
guard set, 234

HA, see hybrid automaton
Hamiltonian, 79, 81

port control H., 388
port-H., 154

HCCI, see homogeneous charge compression
ignition

HCCI engine, 461
heat release, 464
HHARX model, see hinging-hyperplane

ARX model
hierarchical connection, 369
hierarchical control, 414
hierarchical process, 508, 509
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high-level control, 423
high-level supervisor, 414
H∞-synthesis, 384
hinging-hyperplane ARX model, 318
HMP, see hybrid maximum principle
homogeneous charge compression ignition,

461
HW/SW components, 442
HW/SW testing, 443
hybrid automaton, 15, 17, 35, 59, 63, 145,

251, 407
network of h.a., 362
rectangular h.a., 63
regular h.a., 74

hybrid control, 223
hybrid decoupling constraint, 100
hybrid decoupling polynomial, 100
hybrid dynamical phenomenon, 9
hybrid flow, 74
hybrid identification, 316
Hybrid Identification Toolbox, 316, 320
hybrid inclusion, 177
hybrid jump, 275
hybrid maximum principle, 80
hybrid model parameter, 100
hybrid model-predictive control, 452
hybrid state, 59, 106
hybrid state observer, 106
hybrid state space, 59
hybrid switch point, 235
hybrid system, 4, 31

autonomous h. s., 8
continuous-time h. s., 151
phenomena of h. s., 9
structure of h. s., 33

Hybrid System Interchange Format, 362
hybrid system theory, 4
hybrid time basis, 107
hybrid time set, 252
hybrid time trajectory, 175
Hybrid Toolbox, 308, 320, 322, 459
HyBrSim, 348
HYCON, xiv
hyperplane, 72
HYSDEL, 299, 458
HyTech, 55, 286, 368
HyVisual, 367

I/-behavior, 226

I/S-machine, 225
identification, 54, 92

actual engaged gear i., 451
set-membership i., 103

if-then rule, 144, 299
implicit description, 173
impulse differential inclusion, 188
inclusion, 131
inequality constraint, 153, 400
initial state probability, 219
injector, 34
input

Bohl-type i., 162
continuous i., 8, 18
discrete i., 8, 18
quantized i., 214

input quantizer, 199
input/output model, 93
input/output pair, 95

spurious i/o p., 218
input/output system, 152
intake stroke, 461
intake throttle valve control, 441
integer optimization problem, 507
integral-partial-differential-algebraic

equation, 327
integration and testing flow, 442
intensity, 269
interchange architecture, 321
interchange format, 41, 362

compositional i.f., 362
interface, 34
interval region, 73
invariant, 60, 287

i. hypercubes, 210
i. property, 76

IPDAE, see integral-partial-differential-
algebraic equation

Jacobian, 399
joint spectral radius, 122, 131
jump, 10, 287
jump function, 61
jump rate, 269
jump set, 12, 40

KRONOS, 55

l-complete approximation, 228

co
nt

ro
len

gin
ee

rs
.ir



Index 559

l-completeness, 228
labeling function, 60
Lagrangian, 77
language-equivalence relation, 62
LaSalle’s invariance principle, 74
LCP, see linear complementarity problem
least squares, 104
least squares fitting, 382
LHA, see linear hybrid automaton
lifting representation, 385
limit cycle, 203, 238
linear classifier, 317
linear complementarity model, 37
linear complementarity problem, 151, 159
linear complementarity system, 152, 168
linear constraint, 300
linear dynamical system, 299
linear hybrid automaton, 62, 286, 322
linear hybrid system, 63
linear matrix inequality, 52, 117
linear passive system, 160
linear programming, 288, 304
linear quadratic regulator, 142
linear saturation system, 183
linear switched system, 106, 107
linear temporal logic, 62
Lipschitz continuity, 257
live-lock, 178
liveness, 107
LMI, see linear matrix inequality
load shedding, 397
local regression, 101
local stability, 206
location, 15, 59, 287
location observability, 110
locational optimization, 208
logic constraint, 301
logic controller, 406
low complexity setup, 306
low-level control, 414, 423
low-level plant model, 423
LQR, see linear quadratic regulator
LTL, see linear temporal logic
Lyapunov function, 114, 205, 307

common L.f., 116, 388
control L.f., 207
multiple L.f., 119
piecewise linear L.f., 120
poly-quadratic L.f., 123

quasi-quadratic L.f., 120
weak L.f., 121

Lyapunov stability theory, 114
Lyapunov’s indirect method, 75
Lyapunov-like function, 120

magnetic actuators, 455
Markov chain, 264, 487
Markov parameter, 189
Markov property, 218

M.p. of quantized system, 218
mathematical programming, 152
max-min-plus-scaling system, 169
mean-value model, 449
measurement aggregation, 416
MILP, see mixed-integer linear programming
minimax optimization, 304
MINLP, see mixed-integer nonlinear

programming
MIQP, see mixed-integer quadratic

programming
mixed discrete-continuous dynamical

program, 423
mixed logical dynamical model, 37, 506
mixed logical dynamical system, 37, 145,

168, 299, 305, 458
mixed switching, 235
mixed-integer linear programming, 148, 304
mixed-integer linear sequence, 312
mixed-integer nonlinear optimization

problem, 436
mixed-integer nonlinear programming, 351,

427
mixed-integer programming, 96, 303, 308,

398
mixed-integer quadratic programming, 148
MLD, see mixed logical dynamical system
MMPS, see max-min-plus-scaling system
mode

active m., 145
mode of operation, 152, 445
mode selector, 145
mode sequence, 232
model

average m., 43
complete m., 218
decisive power, 41
discrete-event m., 196, 218
input/output form, 93
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modeling power, 41
nondeterministic m., 217
sampled-data m., 384

model checker, 275, 286
model checking, 54, 274
model integration, 327
Model Predictive Control Toolbox, 308
model-based design, 444
model-predictive control, 52, 211, 353, 397,

452, 454
dual mode m.p.c., 211
explicit m.p.c., 379

model-predictive controller, 308, 406, 507,
509

Modelica, 55, 283, 329, 348, 353, 357, 365
modeling framework, 31
modularity, 326
modulation scheme, 493
MPC, see model-predictive control
mpQP, see multi-parametric quadratic

programming
MPT, see Multi-Parametric Toolbox
MRLP, see multicategory robust linear

programming
MS, see mode selector
multi-agent system, 474
multi-controller scheme, 113
multi-disciplinary design, 4
multi-parametric programming, 303, 383
multi-parametric quadratic programming,

308
Multi-Parametric Toolbox, 303, 316, 320,

322
multi-rate automaton, 54
multi-regime system, 157
multicategory robust linear programming,

317
multiMin, 410
multiple shooting, 351, 436
multiple state feedback, 389
multiple time scales, 416
multiple-vehicle system, 478
multiproduct plant, 419
multirate control, 442
MUSCOD, 354

natural gas, 463
natural projection, 226
NCS, see networked control system

nearest-neighbor quantizer, 207
needle variation, 78
networked control system, 5, 113, 203, 472,

487
networked system, 441
NMPC, see nonlinear model-predictive

control
nominal operation, 448
nonanticipating system, 226
nonblocking, 178, 179
noncausal modeling, 329
nonconflicting behavior, 227
nondeterminism, 216, 250
nondeterministic hybrid system, 250
nonlinear differential equation, 20
nonlinear dynamics, 19, 406
nonlinear model-predictive control, 427
nonlinear programming, 211, 428
nonsmooth mechanics, 6
nonsmooth system, 42
nonswitching time, 164
nontriviality condition, 81
NP, 130
NP-complete, 131
NP-hard, 95, 99, 130, 131
NPSOL, 430
numerical simulation tool, 329

object-oriented implementation, 324
observability, 52, 108, 182

incremental o., 108, 137
observer, 53
observer design, 451
obstacle, 477
ODE, see ordinary differential equation
Omola, 329, 348
on-board diagnosis, 449
on/off switch, 300
operating point, 399
operation mode, 15, 18, 232
optimal control, 49, 211, 303, 418, 434
optimal state-feedback control, 383
Optimica, 354
optimization, 350, 410

smooth constrained o., 96
Optimization Toolbox, 309
optimization-based analysis using simula-

tion, 411
optimization-based controller, 307
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orbital stability, 239
ordinary differential equation, 327
oscillation, 401
output

continuous o., 8
discrete o., 8
quantized o., 214

output quantizer, 197
over-approximation, 67, 437

P, 130
P-matrix, 160
p-periodic linear system, 243
p-periodic state feedback, 243
packet loss, 206, 472
parallel composition, 362
parallel connection, 369
particle filtering, 103
passivity, 151, 161, 163
passivity constraint, 454
PCH, see port control Hamiltonian
pdf, see probability density function
performance, 209, 389
periodic control, 243
periodic solution, 384
periodic stationary execution, 238
periodic stationary operation, 233
perturbation, 74
Petri net, 55
phase-portrait approximation, 294
physical process, 4
PI control, 23, 427, 433
piecewise affine ARX model, 318
piecewise affine autoregressive exogenous

model, 93
piecewise affine dynamics, 299
piecewise affine feedback, 303, 452
piecewise affine model, 453, 454
piecewise affine system, 36, 90, 134, 137,

167, 322
continuous-time p.a.s., 379
discrete-time p.a.s., 121

Piecewise Affine System Identification
Toolbox, 317

piecewise linear Lyapunov function, 120
piecewise linear system, 151, 181
piecewise smooth system, 35
platform, 443
platform-based design, 443

platform-dependent language, 321
platform-independent format, 324
platform-specific format, 321
PMP, see Pontryagin’s maximum principle
Poisson process, 269
polyhedral partition, 93, 308, 383
polyhedron, 69, 303
polynomial embedding, 99
polynomial-time algorithm, 130
polytope, 304
polytope manipulation, 304
Pontryagin’s maximum principle, 78, 85
port control Hamiltonian, 388
port-Hamiltonian complementarity system,

154
power conversion, 378
power converter, see DC-DC converter,

boost converter
power generation, 378
power level, 493
power outage, 393
power system stabilizer, 396
power transmission, 378
powertrain control, 454
practical stability, 200
practically stabilizing controller, 209
predicate

convex p., 62
deadline p., 367

prediction model, 398
predictive logic controller, 507
primary controller, 401
priority, 367
probabilistic safety analysis, 265
probability density function, 102
probability map, 274
programming logic controller, 49
propositional logic, 299
PSS, see power system stabilizer
Ptolemy II, 349
pulse width modulator, 379
PWA, see piecewise affine
PWAID, see Piecewise Affine System

Identification Toolbox
PWARX, see piecewise affine autoregressive

exogenous model
PWARX model, see piecewise affine ARX

model
PWM, see pulse width modulator
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qdb-controller, 210
QoS, see quality of service
QP, see quadratic programming
QP solver, 309
quadratic optimization problem, 303
quadratic programming, 142, 304
quality of service, 473
quantization, 193, 197, 198

dense q., 203
input q., 208
output q., 198, 208
q. density, 206
q. error, 200, 208
q. map, 196
q. noise, 472, 490
q. threshold, 491
q. width, 493
state q., 198

quantized behavior, 196
nondeterminism of the q. b., 216

quantized input, 214
quantized model

completeness of q. m., 218, 219
quantized output, 214
quantized state, 214
quantized system, 196

discrete-event q. s., 215
discrete-time q. s., 215
q. linear s., 196

quantized value, 214
quantizer, 214

logarithmic q., 201, 207
nearest neighbor q., 199
output q., 197
state q., 196

quarter car model, 454
quasi-quadratic Lyapunov function, 120
queue, 159

rapid prototyping, 309
raw data classification, 103
rbfSolve, 410
re-usability, 326
reachability, 63, 64, 230, 306
reachability analysis, 64, 249
reachable space, 69
reachable state, 179
Real Time Workshop, 307, 309
real-time system, 349

real-valued variable, 300
receding-horizon control, 304, 305
recovery, 449
refinement, 103, 229, 443
refrigeration system, 426
region, 64, 73
region estimation, 97, 98
region graph, 64
region stability, 73
regression vector, 93
regularity, 55, 273
relaxation, 174
relay characteristic, 156
relay system, 156
reliable operation, 393
reset, 332
reset map, 16, 60
residual gas, 462
residual signal, 451
resolution, 210
resource allocation, 212
resource utilization, 473
return map, 75, 239

controlled r. m., 241
RHC, see receding-horizon control, 305
right-accumulation point, 46
RLP, see robust linear programming
robust controller, 304
robust linear programming, 98
robustness, 54, 245
roundabout policy, 475
rule-based control, 450
run, 175, 288

safety, 437, 449
probabilistic s., 265

safety analysis, 67, 265, 410
sampling

event-driven s., 224
time-driven s., 230

sampling period, 206
saturated linear system, 135
saturation, 37
scheduler, 363
Scilab, 349
scope, 368
SeDuMi, 304
semantics, 175
semi-active suspension, 453
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semi-analytical approach, 410
semi-definite programming, 304
semicontinuous, 186
semicontinuous function, 186
sensor network, 473
separation technique, 97
sequential controller, 406
set-membership identification, 103
set-membership test, 303
SHIFT, 329, 349
shut-down, 406
SI, see spark ignition
Siconos, 349
simulation, 46, 55, 444

block-diagram-based s., 329
simulation tool, 326
Simulink, 307, 309, 444
single-linkage clustering, 316
single-shooting technique, 351
slack variable, 400
sliding behavior, 47
sliding mode, 47, 181
small-gain condition, 202
small-gain theorem, 211
smooth constrained optimization, 96
snapshot, 73
software engineering, 5
solar air conditioning plant, 502
solar energy, 393
solution, 36, 185

Carathéodory s., 51
classical s., 50
Filippov s., 51

spark ignition, 448, 461
specification, 227, 443
spectral radius

generalized s. r., 132
SPEEDUP, 338
spontaneous transition, 257, 262, 275
spurious input/output pair, 218
stability, 43, 72, 113, 131, 165

asymptotic s., 114
exponential s., 114
global asymptotic s., 114
input-to-state s., 137
local s., 206
orbital s., 239
practical s., 200, 201
region s., 73

stability analysis, 72, 121, 307
stabilizability, 52, 166
stabilization, 124, 199
stabilizing switching law, 124
stable system, 114
start-up, 406, 433
start-up performance, 389
start-up time, 434
state, 366

continuous s., 8
discrete s., 8
quantized s., 214

state feedback, 303
state jump, 10, 22

autonomous s.j., 12
controlled s.j., 14

state machine, see automaton
state observer, 206
state quantizer, 196
state space

partitioned s. s., 214
state transition function, 14
state-dependent switching, 157
state-event detection, 363
stationary operation, 233
steady-state operation, 397, 407
steepest descent, 389
stochastic automaton, 219
stochastic hybrid automaton, 256
stochastic hybrid model, 55
stochastic hybrid system, 249
stopping condition, 367
stopping time, 257
stopwatch automaton, 64
strictly passive, 165
stroke detection, 448
structural stability, 74
subharmonic oscillation, 381
supervisor, 225

admissible s., 227
generically implementable s., 227
least restrictive s., 227

supervisory control, 225, 227
supervisory control theory, 226
support vector machine, 317
SVM, see support vector machine
switched affine autoregressive exogenous

model, 93
switched circuits, 6
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switched cone complementarity system, 154
switched linear system, 118, 425
switched model-predictive controller, 454
switched system, 35, 89, 137

autonomous s.s., 90, 112
controlled s.s., 89, 112
discrete-time s.s., 112
linear s.s., 106

switching, 10, 47, 80, 131, 400
autonomous s., 10, 17
clock-driven s., 235
controlled s., 14, 18
event-driven s., 10, 235, 241
fast s., 124
mixed s., 235
stabilizing s., 124
time-driven s., 10

switching behavior, 363
switching condition, 80, 234
switching diffusion system, 270
switching frequency, 233
switching function, 154
switching logic, 232
switching period, 27
switching scheme, 27
switching set, 10, 77, 80
switching structure, 45
switching surface, 47, 90
switching system, 90
switching time, 77, 80, 164
synchronization, 60, 365, 427
synthesis, 406
synthesis flow, 442
system

max-min-plus scaling s., 55
chaotic s., 203
continuous s., 43
discontinuous dynamical s., 35
discrete-event s., 43
discrete-time stochastic hybrid s., 275
hybrid s., 4
mixed logical dynamical s., 37
passive s., 165
piecewise smooth s., 35
switching diffusion s., 270
switching s., 90
timed s., 363

System Identification Toolbox, 305
system integration, 441

system specification, 442
system testing, 443
systems theory, 5

targent vector, 79
target region, 434
target set, 77
TDC, see top dead center
technological system, 4
temporal logic, 62
TG, see turbine governor
theorem proving, 411
thermostat, 7, 254
throttle valve control, 448
tight over-approximation, 294
time scale, 378
time-varying linear system, 131
time-varying parameter, 128
timed automaton, 40, 54, 63, 350, 409
timed computation tree logic, 64
TOMLAB, 353, 410
tool-specific layer, 321
top dead center, 461
traction control, 453
transition function, 234
transition intensity, 275
transition kernel, 262
transition probability, 264
transition relation, 59
transition system, 59
transmission network, 393
transversality condition, 81
turbine governor, 395
Turing machine, 134, 135
two-layer architecture, 433
two-level control architecture, 414
two-level hierarchical solution, 418
two-tank system, 17

uncertainty, 304
uncertainty set, 131
undecidability, 63, 69, 130, 134
uniform time scale, 415
unilaterally constrained mechanical system,

182
uniqueness, 187
unsafe set, 264
UPPAAL, 55, 283, 329, 347, 349, 368
urgency, 363, 366
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urgency predicate, 367
urgent guard semantics, 367
usability, 327

valve assembly, 407
variable, 141

connected v., 369
variable geometry turbine, 221, 454
VDC, see vehicle dynamical control
vector field, 59, 60
vehicle dynamical control, 441
vehicle dynamics, 453
verification, 62, 264, 303, 406
VGT, 449, 454
voltage instability, 393, 397
voltage regulation, 381, 393, 396, 397
VTG, see variable geometry turbine

Wardrop principle, 158
weak Lyapunov function, 121
well-defined solution, 173
well-formed expression, 175

well-posedness, 36, 46, 173, 178
global w., 179
initial w., 178
local w., 179

Wiener process, 256
wind energy, 393
wireless communication, 473
worst-case analysis, 250

XML, see extensible markup language
XML Toolbox, 321

YALMIP, 302

Zeno
left-Zeno free, 164
right-Zeno free, 164
Zeno free, 164

ZENO, 45
Zeno behavior, 45, 180, 189, 332
Zeno phenomenon, 191
zero crossing, 46
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