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Preface

Control of uncertain nonlinear dynamic systems has been a challenging topic in the
last few decades. For nonlinear systems with parametric uncertainties, adaptive
nonlinear control combined with backstepping, feedback linearization, sliding
model control techniques has been extensively studied and applied to solve many
practical problems successfully. For nonlinear systems with functional uncertain-
ties, adaptive approximation-based control designs, using neural networks, fuzzy
systems, and traditional adaptive approximators, have attracted much research
interest in the last two decades and evolved to create powerful approaches which
can help achieve stability and tracking results for a wide class of uncertain nonlinear
systems.

In adaptive approximation-based control designs, neural networks, fuzzy sys-
tems, or other traditional function approximators such as polynomials, splines, and
wavelets are employed to approximate unknown nonlinear functions. From a
mathematical perspective, those function approximators can be used in a similar
way when their role is to approximate some static nonlinear functions in dynamic
nonlinear systems. Actually, most adaptive approximation-based control designs
have used neural networks or fuzzy systems in this way: for some classes of
nonlinear systems (strict-feedback, pure feedback, feedback linearizable, etc.),
suitable nonlinear control techniques, such as backstepping and feedback lin-
earization, are applied to develop nonlinear controllers where the unknown non-
linear functions are approximated by neural networks or fuzzy systems. The
parameters or weights of neural networks/fuzzy systems are adaptively adjusted to
compensate the nonlinear effects to achieve desirable control performance.

When not only some nonlinear functions but also the structure of a nonlinear
dynamic system are unknown, dynamic neural networks and dynamic fuzzy sys-
tems provide effective tools to represent the whole unknown dynamic nonlinear
system. Based on some available qualitative (i.e., experience, expert knowledge)
and quantitative (i.e., input—output data) information on the nonlinear system, the
initial structure and parameters of the dynamic neural networks or fuzzy system can
be determined through some offline identification methods. When those models are
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used in online control, their structures and parameters can be further adjusted
through evolutionary and adaptive algorithms.

Among various dynamic approximation models, the fuzzy dynamic system,
usually called Takagi—Sugeno (T-S) fuzzy system, has been widely studied.
Different from conventional Mamdani fuzzy systems, the rule consequents of a T-S
fuzzy system are represented by local linear models rather than fuzzy sets. The
overall T-S fuzzy system is a nonlinear dynamic model by smoothly blending all
the local linear models using fuzzy membership functions. Compared with dynamic
neural networks, T-S fuzzy modeling is intuitively easier to understand since each
of its local models represents the local behavior of a nonlinear dynamic system in
certain operating region defined by the fuzzy sets in the rule premise: From the
control synthesis and analysis perspective, T-S fuzzy systems are very suitable for
systematic control designs and stability analysis.

From the 1990s to 2000s, extensive studies were carried out on T-S fuzzy
systems, leading to many fundamental theoretical results on identification, stability
analysis, and control synthesis of T-S fuzzy systems. Since there exist uncertain
parameters in real-life nonlinear systems, when T-S fuzzy Systems are used to
represent real-life nonlinear systems, they have uncertain parameters as well, which
motivated the adaptive control designs for T-S fuzzy systems. Since T-S fuzzy
systems can be viewed as a class of nonlinear dynamic systems, adaptive control of
T-S fuzzy systems is not only an important branch of T-S fuzzy-model-based
control synthesis and analysis but also provides solutions for adaptive control of a
more general class of uncertain nonlinear systems.

This book aims at providing a systematic and unified framework for identifi-
cation and adaptive control of fuzzy systems, especially T-S fuzzy systems. It is
well-known that adaptive control algorithms for both linear and nonlinear systems
are related closely to the system structures, which determines the design conditions,
the controller structure, the estimation error model, the parameter adaptive laws, etc.
In literature, T-S fuzzy systems appear in different forms: state-space form, input—
output form, continuous-time form, discrete-time form, single-input—single-output
(SISO) form, multi-input—multi-output (MIMO) form. On the other hand, from the
perspective of control objective, it can be state tracking or output tracking; from the
perspective of available information for control designs, one can choose state
feedback control or output feedback control. Different system forms, control
objectives, and available information lead to different adaptive control design
methodologies for T-S fuzzy systems, which will be carefully considered and
rigorously addressed within a sound analytical framework in this book.

This book has been written at the first-year graduate level with prerequisite
knowledge of linear algebra, dynamic systems, and feedback control. This book can
be used as a textbook for graduate students in a course of fuzzy modeling and
control, and also a technical reference for graduate students, scholars, engineers in
the fields of mechanical engineering, electrical engineering, aerospace engineering,
computer science, applied mathematics, and others who have some basic knowl-
edge of linear feedback control.
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Preface ix

Organization. With 10 chapters, this book systematically presents identifica-
tion, adaptive state tracking control and output tracking control algorithms for T-S
fuzzy systems of different forms and with unknown parameters.

Chapter 1 introduces some background knowledge. The basic concepts of fuzzy
sets, fuzzy logic, and fuzzy inference system are presented. Some typical fuzzy
systems including Mamdani fuzzy system and T-S fuzzy system are briefly
introduced. A literature review on fuzzy system identification and T-S fuzzy
model-based adaptive nonlinear control is also given.

Chapter 2 aims at giving readers a clear and concise description on some
important features and properties of T-S fuzzy systems, which relate closely to the
problems of T-S fuzzy system identification and control designs, including different
system architectures, approximation capability, stability conditions, stabilization
control, and tracking control.

Chapter 3 reviews basic concepts and design methodologies of adaptive control.
Since T-S fuzzy systems are locally linear models and semi-globally nonlinear
models, their adaptive control designs can be carried out using both adaptive linear
control and adaptive nonlinear control approaches. The goal of this chapter is to
help readers who are not familiar with adaptive control to understand the basic
ideas, classical design methods, and key issues of adaptive linear control and
adaptive nonlinear control.

Chapter 4 presents the identification methods for T-S fuzzy systems. Both lin-
earization based and data-based methods are provided. In the data-based methods,
both offline identification and online identification approaches are studied, where
fuzzy clustering methods are used to identify the model structure and linear and
nonlinear parameter learning methods are adopted to estimate model parameters.

Chapter 5 deals with adaptive state tracking for continuous-time T-S fuzzy
systems in state-space forms. This chapter presents an extensive study on how state
tracking can be achieved for T-S fuzzy systems via various controller structures
and reference model structures. Actually, the control design for T-S fuzzy systems
can be very flexible due to their structure features. It is revealed in this chapter that
by choosing suitable controller structure and reference model, the necessary
plant-model matching conditions for state tracking control can be relaxed. State
tracking control problems for both single-input and multi-input T-S fuzzy systems
are handled with detailed design and analysis. The issue on how to guarantee the
input matrix with estimated parameters nonsingular in the adaptive controller for
multi-input T-S fuzzy systems is also addressed.

Chapter 6 develops a solution framework for adaptive state feedback output
tracking control of general discrete-time state-space T—S fuzzy systems. A normal
form is derived for a global T-S fuzzy model, which has an explicit relative degree
structure and a proper causality property. Such a model is an approximation of a
discrete-time nonlinear system with a general relative degree, based on which an
adaptive state feedback control scheme can be developed with desired stability and
output tracking performance.
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Chapter 7 considers adaptive output feedback control for discrete-time SISO
T-S fuzzy systems described by input—output models. A key advantage of using an
input—output approach over a state-space approach is that desired system tracking
performance can be characterized and achieved based on much relaxed design
conditions for adaptive control, in the presence of system parameter uncertainties.
Two nonlinear prediction models for T-S fuzzy systems with multiple input—output
delays are developed and for each of them, adaptive control schemes with complete
stability and convergence analysis are presented.

Chapter 8 extends the results in Chap. 7 to adaptive control of MIMO
discrete-time T-S fuzzy systems with general delay matrices. The results of this
chapter include the derivation of a global prediction fuzzy system model with a
general delay structure, parametrization and parameter estimation, development of
an adaptive control scheme, stability and tracking analysis of such an adaptive
control system, and illustration of new features and concepts of adaptive control for
MIMO fuzzy systems.

Chapter 9 considers discrete-time input—output multiple-delay T-S fuzzy sys-
tems with unknown membership function parameters and consequent parameters,
and derived a solution for it. A fuzzy system with such uncertain parameters leads
to a nonlinearly parametrized estimation error model, for which the gradient
algorithm can be applied to derive an adaptive law to adaptively update the esti-
mates of both the membership function parameters and rule consequent parameters.
The properties of the parameter adaptive laws and closed-loop stability have been
studied with some key design conditions specified and established for the Gaussian
membership functions.

Chapter 10 presents two adaptive actuator fault compensation scheme for non-
linear systems represented by T—S fuzzy systems with redundant actuators.
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Chapter 1 ®)
Introduction Check for

This book presents fuzzy system identification and fuzzy system based adaptive
control methodologies that employ fuzzy systems as dynamic approximation models
of nonlinear systems. Fuzzy system identification can be carried out using offline
input/output (I/O) data collection or in an online mode. Dynamic fuzzy systems are
treated as the design models of nonlinear systems, whose structure and parameters
serve as a foundation for adaptive control designs. This book aims at providing a
systematic and unified framework for identification and adaptive control of fuzzy
system, especially Takagi—Sugeno (T-S) fuzzy systems.

This introductory chapter presents some basic knowledge related closely to other
chapters in this book, such as basics of fuzzy sets, fuzzy inference system, and typical
fuzzy systems. We also provide an overview of fuzzy system identification and fuzzy
system based adaptive control and make it clear to readers what this book is about.

1.1 Basic Concepts of Fuzzy Systems

In this section, a self-contained yet succinct introduction to the basic concepts in
developing a fuzzy system is presented. We mainly focus on the basic knowledge
necessary for understanding the concepts and techniques in other chapters of this
book. The main references for this section are Lilly (2010), Farrell and Polycarpou
(2006), Passino and Yurkovich (1998), and Wang (1994).

1.1.1 Fuzzy Sets

The foundation of fuzzy logic system is fuzzy set. The concept of fuzzy set was first
introduced by Prof. Lotfi A. Zadeh in his paper published in Information and Control
(Zadeh 1965). Fuzzy set is a generalization of the classical set which has clear and

© Springer Nature Switzerland AG 2019 1
R. Qi et al., Fuzzy System Identification and Adaptive

Control, Communications and Control Engineering,
https://doi.org/10.1007/978-3-030-19882-4_1
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2 I Introduction

crisp boundaries. For a classical set, an element can either belong to or not belong
to it, that is, the truth value of the belongingness is either 1 or 0. In contrast with
classical sets, a fuzzy set does not have crisp boundaries and an element can belong
to it with a membership degree between 0 and 1.

Definition 1.1 (Zadeh 1965) A fuzzy set is a class of objects with a continuum of
grades of membership. Such a set is characterized by a membership function which
assigns to each object a grade of membership ranging between 0 and 1.

Mathematically, consider a real number x in a universe of discourse 2~ C R. Let
A denote a fuzzy set defined on 2. A membership function p4(x) of x in A is a
function that maps 2 into a membership value € [0, 1], which characterizes how
much x belongs to A. Usually, a fuzzy set A is described as

A={(x,pa(0) |x € 2}. (L.

The universe of discourse can be either discrete or continuous, as shown in the
following two examples.

Example 1.1 Consider a university of discourse: 2™ ={1, 2, 3, 4, 5}. Let A denote
a fuzzy set “about 3”. Then, the fuzzy set A can be represented by

A ={(1,0.1),(2,0.5),3,1), (4,0.5), (5,0.1)}, 1.2)

in which each pair consists of a member and its degree of membership.

Example 1.2 Let M denote a fuzzy set “fast” defined on the universe of discourse
Z = [0, 100](m/s) for the variable x (which represents speed). The membership
function of M for x € Z can be defined as

0, x <30
wy(x) = 3)‘—0 -1, 30<x <60 (1.3)
1, x > 60,

which is shown in Fig. 1.1.

Fuzzy singleton. A special fuzzy set which contains only a single point x with
w(x) = 1is called a fuzzy singleton.

Fuzzy singleton plays an important role for fuzzification in Mamdani fuzzy sys-
tems and Takagi—Sugeno (T-S) fuzzy systems.
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Fig. 1.1 Membership function of fuzzy set “fast”

1.1.2 Fuzzy Logic Operations

For classical sets, there are some logic operations such as AND, OR, and NOT.
For fuzzy sets, typically, most fuzzy logic applications make use of the following
operations:

e fuzzy intersection (AND)
e fuzzy union (OR)
e fuzzy complement (NOT)

Consider two fuzzy sets A and B defined on the universe of discourse 2, whose
membership functions are w4 (x) and wpg(x), respectively, for x € 2.

Fuzzy intersection (AND). The intersection of two fuzzy sets A and B, that is,
“A AND B’ is represented as “A N B”. The membership function for the fuzzy set
A N B is denoted by wanpg(x). ang(x) is specified in general by a binary mapping
T, aggregating 14 (x) and g (x) as follows:

manB(x) = pa(x) * up(x) = T (ua(x), up(x)), (1.4

where T (-) is called a T-norm operator.
Two typical T-norm operators for fuzzy intersection are minimum:

Tin (e a(x), pp(x)) = min(ua (x), wp(x)) (1.5

== %/, L=
© @controlengineers
3
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and algebraic product:
Tap(pea(x), mp(x)) = pa(x)pp(x). (1.6)

Fuzzy union (OR). The union of two fuzzy sets A and B, that is, “A OR B” is
represented as “A U B”. The membership function for the fuzzy set A U B is denoted
by paus(x). paup(x) is specified in general by a binary mapping S, aggregating
na(x) and ppg(x) as follows:

Hau(x) = pa(x) @ up(x) = S(ua(x), up(x)), (1.7

where S(-) is called a S-norm operator.
Two typical S-norm operators for fuzzy union are maximum:

Smax (4 (x), wp(x)) = max(ua(x), up(x)) (1.8)

and algebraic sum:

Sas(a(x), p(x)) = pa(x) +pup(x) = pa(x)ppx). (1.9)

Fuzzy complemgnt (NOT). The complement of a fuzzy set A, tklat is, “NOT A”
is represented by “A”. The membership function for the fuzzy set A is defined as

pip(e) =1 — pa(x). (1.10)

The fuzzy intersection and union operations introduced above are performed on
fuzzy sets with the same variable and defined on the same universe of discourse. When
we want to perform some operations on fuzzy sets defined on different universes of
discourse, we need to introduce another important concept called fuzzy Cartesian
product.

Definition 1.2 (Cartesian Product) A Cartesian product is a mathematical operation
that returns a set (or product set or simply product) from multiple sets. That is, for
sets Zand ¢, the Cartesian product 2~ x # is the set of all ordered pairs (x, y)
where x € Z and y € %

X XYW ={x,xeX, ye¥}. (1.11)

Definition 1.3 (Fuzzy Relation) A fuzzy relation R between the university of dis-
courses Z and ¥ is a fuzzy set defined on 2~ x % with ordered pairs (x, y) whose
membership function is wg(x, y) € [0, 1]:
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R={(x,y), ur(x,y)lx € ', y e #}. (1.12)

Definition 1.4 (Fuzzy Cartesian Product) The Cartesian product between two fuzzy
sets A forx € 2 and B for y € % results in a fuzzy relation defined on .2~ x ¥

Q=AxB={(xy), polx, lx e ', ye ¥}, (1.13)
where the membership function

mo(x,y) = maxp(x,y) = pna(x) * up(y), (1.14)

with the x operation taking the T-norm operator minimum or algebraic product.

Definition 1.5 (Linguistic Variable) A linguistic variable is characterized by a quin-
tuple

(x, 2, Z, G, M), (1.15)

where

the name of variable

the universe of discourse of x

a term set, i.e., the set of linguistic values of x

a way for generating linguistic values of x

a way for making each linguistic value associate with its meaning.

ﬁmm&g

Example 1.3 1f outdoor temperature denoted by T is interpreted as a linguistic vari-
able defined on the universe of discourse &~ = [—20, 45](°C), then its term set could
be

Y. ={Verycold, Cold, Cool, Warm, Hot, Very hot} (1.16)

with Very cold, Cold, Cool, Warm, Hot, and Very hot being linguistic values of T.
The meaning of each linguistic value may be interpreted as follows:

“Very cold” means “temperature below about —5 °C”,
“Cold” means “temperature around 0 °C”,

“Cool” means “temperature around 10°C”,

“Warm” means “temperature around 20 °C”,

“Hot” means “temperature around 30 °C”,

“Very hot” means “temperature above about 35 °C”.

Each linguistic value can be characterized by a fuzzy set. For example, fuzzy sets
Ay, Ay, A3, A4, As, and Ag represent linguistic values Very cold, Cold, Cool, Warm,
Hot, and Very hot, respectively, whose membership functions are shown in Fig. 1.2.
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1.1.3 Fuzzy Inference System
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Fuzzy inference system is an important application of fuzzy sets and fuzzy logic.
Figure 1.3 depicts a typical fuzzy inference system which consists of four essential
components: fuzzy rule base, fuzzification, fuzzy inference, and defuzzification.

Fuzzy rule base. Fuzzy rule base is the foundation of the whole fuzzy inference
system, which consists of a group of “IF-THEN" rules.
For instance, a fuzzy rule base with four rules has the following form:

R': IF % is A, and %, is By,
R*: IF &, is A, and %, is B,
R¥: TF X is A, and X, is By,
R*: IF % is A, and %, is Ba,

Crisp Input

Y

Fuzzy Rule
Base

Fuzzification

A

Y

Y

Fuzzy Inference

THEN
THEN
THEN
THEN

is

<

is

<

is

=i
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~<1

o
Ca
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o

Crisp Output

4

A

Defuzzification

4

A

Fig. 1.3 A typical fuzzy inference system

(1.17)
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where X1, X, and y are lmguzstlc variables on the universe of discourses 21, 25,
and %/, respectively; A, and A, are two lzngmstzc values for X1, B; and B, are two
linguistic values for x;, and C, C,, C3, and C; are four linguistic values for y.

The first part of the statement, “x| is Ajand ¥ X2 is B,” is called the premise of the
rule, and the second part of the statement, “y is C1 is called the consequent of the
rule.

Define two fuzzy sets A; and A, to characterize the two linguistic values A, and
Ay, two fuzzy sets B, B, for B, and B,, and four fuzzy sets C; for Cii=1,2,3,4.

Fuzzification. Since X, is a linguistic variable, it can only take linguistic values
(fuzzy sets), and if the input to the fuzzy inference system is a crisp value xi, it
needs to be fuzzified first, that is, to make the crisp value into a fuzzy set. A most
popular fuzzification method is to assign a fuzzy singleton to the crisp value xy, that
is, {(x1, u(x1) = 1)}. Throughout this book, we use fuzzy singleton in fuzzification
in a fuzzy system or fuzzy controller.

Fuzzy inference. Each premise in (1.17) defines a fuzzy relation, e.g.,
P = A x B (1.18)

on 27 x £, whose membership function is determined once the T-norm and
S-norm representations of the “and” and “or” operations are selected. Therefore,
the confidence or firing strength of the rule R! can be calculated by

mp (X1, X2) = wa,ng, (X1, X2) = pa, (X1) * g, (X2), (1.19)

where x can be implemented as minimum or algebraic product. Using fuzzy singleton
in fuzzification and choosing x operation as minimum, the firing strength for two crisp
values x; and x; is computed as

P (X1, X2) = fa,ng, (X1, X2) = min(pa, (x1), wp, (x2)). (1.20)

Now, we have completed the interpreting work of the premise of the rule R!. Inter-
preting the premises of the other rules can be similarly done, which gives w p, (x1, x2),
wp,(x1,x2) and pp, (x1, X2).

Next, we consider how to interpret the whole rule R'. The fuzzy IF-THEN rule
of the form

R': IF % is A, and &%, is B;, THEN ¥ is C, (1.21)

forx; € 21, x; € 2> and y € % can be interpreted as a fuzzy relation (implication)
represented by

11 = A1 X Bl — Cl
=P1 — Cl. (122)
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Definition 1.6 (Fuzzy Implication) Let A and B be two fuzzy sets for two variables
u and v on the universe of discourses % and ¥/, respectively. A fuzzy implication is
defined as a fuzzy relation on the Cartesian product %7 x ¥  denoted by

I=A— B, (1.23)

and the membership function . (#, v) can be calculated from w4 (1) and pp(v).

The membership function corresponding to the fuzzy relation (implication) I can
be derived by various fuzzy implication methods such as

Larsen implication:  py(u,v) = pa(m)ug(v)
Kleene-Dienes implication:  p; (4, v) = max(l — ps(u), ug(v))
Mamdani implication:  p;(u, v) = min(ua(u), wg(v)).

If the T-norm operator for (1.19) is selected as minimum and the fuzzy implication
method for (1.22) is selected as Mamdani implication, then the membership function
for the fuzzy implication I; = P; — C; can be calculated as

wr (X1, X2, y) =min(up, (X1, X2), e, ()
=min(u4, (x1), i, (%2), tc, (). (1.24)

Similarly, we can obtain the membership functions for wy, (x1, X2, ¥), r, (x1, X2, ),
and py, (x1, x2, ).

Till now, each crisp input value has been converted into a fuzzy singleton and
each fuzzy rule has been converted into a fuzzy implication. There still remain two
questions. How can the fuzzy set'in & inferred from a single rule be determined?
How can the fuzzy set in % inferred from a group of rules be determined?

Definition 1.7 (Compositional Rule of Inference) Consider a fuzzy rule
IF x is A, THEN y is B, (1.25)

where A and B are two fuzzy sets defined on 2" and %/, respectively. Given a fact
“x is A””, the consequence is “y is B"”, where A’ and B’ are two fuzzy sets on 2~
and %, respectively. B’ is determined as a composition of the fact and the fuzzy
implication operator

B =A0o(A— B) (1.26)
and the membership function of B’ is determined by

up(y) = sug T(pua(x), paspx,y), ye¥, (1.27)
xeZ

where “sup” denotes the least upper bound.
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Based on the compositional rule of inference, given two specific crisp input values
x{ and xj which are fuzzified as fuzzy sets A} and By, the inferred fuzzy set C| in
% from the rule R! is determined by

Ci= (A xB)ol (1.28)
and the membership function of C| is determined by

wey(y) = sup T (payxp;(x1, X2), pr, (x1, %2, ), y €. (1.29)
(x1,X2)€Z1x 2

If A} and B are selected as fuzzy singletons and minimum is used as the T-norm
operator in (1.27), the membership function of C; can be determined by

pe; (v) = min(ua, (x7), up, (x3), e, (y), y € %, (1.30)

which is also the way to obtain the output fuzzy set in a Mamdani fuzzy system.

Now we have answered the first question: how can the fuzzy set in % inferred
from a single rule be determined? The output fuzzy set C; = {(y, uc;(y)|y € Z'}
corresponding to each individual rule is determined according to (1.30). The overall
output of the fuzzy inference system can be obtained by either

C'=CiUCiU---UCy (1.31)
or
c'=Ccinc,n---NCy, (1.32)

where N is the number of rules.

When each rule is treated as an independent conditional statement that can work for
all possible operational situations, the overall output fuzzy set is obtained by (1.31).
When the rule base represents a strongly coupled set of conditional statements that
all of them should be taken into account for a given operating situation, the overall
output fuzzy set is obtained by (1.32).

In a Mamdani fuzzy system, the overall output fuzzy set is inferred by (1.31). If
maximum is selected as the fuzzy union operator, the membership function of C’ is
calculated by

Ho () = max (e, (), v e . (1.33)

Now we have finished the procedure of fuzzy inference and obtained the overall
output fuzzy set C' = {(y, uc'(y))|y € ¢'}. However, the output fuzzy set cannot
be directly used in applications. It is necessary to convert the fuzzy sets into crisp
values for further processing.
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Defuzzification. Defuzzification means the fuzzy-to-crisp conversion, which is a
process to select a representative element (unique single-valued quantity) from the
fuzzy output inferred from a fuzzy rule-based system. In literature, there are many
defuzzification approaches such as maximum defuzzificaton, center of gravity (COG)
defuzzification, center-average (CA) defuzzification, etc.

1. Maximum defuzzification

Qy) ={yeZluc(y) = SUE(MC'()’))}
yed

y'o=g(21)), (1.34)

where “sup” denotes the least upper bound, §2(y) is a set containing all the values of
y that achieve the maximum membership function value of C’ in %/, and the function
g represents a way to determine the unique crisp output y* from $2(y). For instance,
g could be used to select the maximum, mean, or minimum value of yin £2(y).

2. Center of gravity (COG) defuzzification

The center of gravity method is also called the center of area method. The crisp
output y* is chosen as the center of area for the membership function of the overall
output fuzzy set C’:

o Sy ncydy

- : 1.35
Lo te (y)dy (13

3. Center-average (CA) defuzzification
Define the center of area of the ith output fuzzy set C; as a point y; satisfying

y,-* 00
/ e (y)dy = / pe;(y)dy. (1.36)
oo W
The crisp output of the overall fuzzy system can be calculated as
L i Y sup,ey (e ()
Yo, sup, ey (i (1))

(1.37)

1.2 Typical Fuzzy Systems

In the area of fuzzy system identification and fuzzy logic control, there are two types
of fuzzy systems that are most popular in many identification and control applications.
One is Mamdani fuzzy system and the other is Takagi—Sugeno (T-S) fuzzy system.
The main difference between them lies in the consequent of the rule. The consequent
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of a Mamdani fuzzy rule is a fuzzy set while the consequent of a T-S fuzzy rule is a
crisp function.

1.2.1 Mamdani Fuzzy Systems

With x; € Z1,x2 € 23, ...,,xp € 21 and y € %', a Mamdani fuzzy system is a
nonlinear mapping from 2" = 2] x ... x 2 to %, which admits the following
form:

R': 1IF % is A] and %, is A% and ... and %, is A}, THEN 3 is C;, (1.38)
wherei € [1,..., N], A{ represents the jth linguistic value of X, A’; represents the
kth linguistic value of x;, and so on.

For the simplicity of notation, in the rest of this book, we will dispense with the
bar over the linguistic variables and values, resulting in the fuzzy rule described by

R': 1IF xis A] and x, is A% and ... and x is A}, 'THEN y is C;, (1.39)

where x| is deemed as a linguistic variable by default, A‘{ represents both the jth
linguistic value A{ and the fuzzy set associated with A{ , and so on.
Using singleton fuzzification and minimum for the “and” operation, the firing
strength of each rule denoted by A; (x) is calculated by
3 () = min(g (3, g (52), - gy (61)). (140)

Using the Mamdani implication method, the output fuzzy set C; of the ith rule is
characterized by the membership function

we (y) = min(d; (x), uc, (y), y €. (1.41)

Interpreting the relation among different rules as “or” and using maximum for the
“or” operation, the overall output fuzzy set is obtained as

N
¢ =Jq (1.42)
i=1

whose membership function ¢ (y) is computed by

Ho () = max (e, (), v e . (1.43)
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Using the center of gravity (COG) defuzzification method, the overall crisp output
is computed by

o Sy o ()ydy

=y e 1.44
Lo e (n)dy (149

1.2.2 Takagi-Sugeno (1-S) Fuzzy Systems

Takagi—Sugeno (T-S) fuzzy systems are one important class of fuzzy systems, which
were proposed by Takagi and Sugeno (1985). Compared with Mamdani fuzzy sys-
tems, T-S fuzzy systems are more suitable systematic control design and synthesis
and their parametric form makes it convenient to employ various parameter estima-
tion algorithms. In this section, we present a brief introduction to TS fuzzy systems,
including their rule structure and inference method.

The main difference between T-S fuzzy systems and Mamdani fuzzy systems is
in the form of the consequent parts of their rules. The consequents of T-S fuzzy rules
are usually real-valued functions instead of fuzzy sets. T-S fuzzy systems have the
following general form:

R': IF x; is F} and x, is F§ and ... and x is F}
THEN y = g;(x1,x2, ..., X1), (1.45)

where R’ denotes the ith fuzzy rule, x1, x5, ..., x; are premise (input) variables on
the universe of discourses 21, 23, .«., 21, respectively; g;(-) is a crisp function,
and F; denotes a fuzzy set associated with which there is a membership function
IFi (xj)i=1,2,...,N,j=1,..., L, Nis the number of fuzzy rules, and L is the
number of premise variables.

The consequent part y = g;(-) of T-S fuzzy system can represent either a static
mapping or a dynamic relation, which leads to two kinds of T=S fuzzy systems: static
T=S fuzzy system and dynamic T-S fuzzy system, which will be presented in details
in Chap.2.

Using singleton fuzzification and product for the “and” operation, the firing
strength of each rule is calculated by

L
2 = [T ur @y, (1.46)
j=1

where x = [x1, x2, ..., x.]7.
The overall output of the fuzzy model (1.45) is inferred by taking the weighted

average of all local models:
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N
y= Lzt 2 (081 (x) (1.47)

YL A

which can be further formulated into

N
y= Zm(x)gi (x), (1.48)

i=1
where w; (x) is the normalized firing strength

Ai(x)
ZIN=1 Ai(x)

A more extensive introduction to T-S fuzzy systems including static and dynamic
T-S fuzzy systems, their universal approximation property, stability conditions, sta-
bilization control, and state and output tracking control designs will be presented in
Chap.2.

1.3 Fuzzy System Identification

In the early approaches, most of fuzzy identification problems were dealt with by
preselecting structures and then adjusting membership functions by trial-and-error.
A landmark approach on synthesizing an algorithm that tackles structure and param-
eter identification of T-S fuzzy models was made by Takagi and Sugeno (1985).
Since then, a number of algorithms for structure and/or parameter determination
from I/O data have been proposed. A successive identification for synthesizing a
T-S fuzzy model was proposed by Sugeno and Kang (1988), which determined the
model structure by combining least-square estimation (LSE) with an unbiasedness
criterion and adjusted parameters using a weighted recursive least-square estimation
(WRLSE). In the early 1990s, the idea of tuning the parameters of fuzzy models using
I/O data attracted much research interest. Inspired by the award winning paper on the
identification of neural networks using static or dynamic back propagation gradient
descent (BP/GD) learning algorithm (Narendra and Parthasarathy 1990), a BP/GD
algorithm for training fuzzy models was developed based on the basic concept that the
BP algorithm can be applied to any feedforward networks (Wang and Mendel 1992).
Jang (1993) proposed a fuzzy-neuro method for tuning parameters of T-S fuzzy
models. Yager and Filev proposed a unified structure and parameter identification
approach to identify fuzzy models (Yager and Filex 1993) and the mountain cluster-
ing method for fuzzy rule generation (Yager and Filex 1994). Following Yager and
Filev’s work, Chiu (1994) proposed a modified mountain clustering (MMC) method
for fuzzy model identification. Jang (1993) proposed an adaptive network-based
fuzzy inference system (ANFIS). Sun (1994) extended Jang’s ANFIS algorithm to
identify structure using the concept of binary box tree. In Barada and Singh (1998), a
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method to generate optimal adaptive T=S fuzzy models from I/O data was described.
This method achieved structure determination by a combination of MMC algorithm,
RLSE and GMDH. Parameter adjustment is achieved by training the initial T-S fuzzy
model using ANFIS. An algorithm to improve the interpretability of T-S fuzzy mod-
els by combing global learning and local learning was proposed in Yen et al. (1998).
A novel framework for fuzzy modeling with multivariate membership functions and
model-based control design was described in Abonyi et al. (2001).

More recent research shows more interest in supervised fuzzy clustering, proba-
bilistic fuzzy clustering, and online identification of fuzzy models. Supervised fuzzy
clustering uses the class label of each data point to identify the optimal set of clusters
that describe the data. A supervised fuzzy clustering method for the identification
of fuzzy classifiers was proposed in Abonyi and Szeifert (2003). In Liu and Huang
(2003), an evolution semi-supervised fuzzy clustering algorithm was described for
learning classifier from labeled and unlabeled data. Some drawbacks exist in classi-
cal fuzzy clustering algorithms such as fuzzy c-means (FCM) (Bezdek 1976, 1981).
When applying standard FCM into fuzzy modeling with Gaussian distributions, the
application of Euclidean distance usually equalizes the effect of mean and standard
deviation and leads to some rather medium results. A modified FCM algorithm was
proposed in Nefti and Oussalah (2004) which used a probabilistic distance struc-
ture in standard FCM. In Abonyi et al. (2002), a modified Gath-Geva (MGG) fuzzy
clustering, which interpreted the Gath-Geva (GG) clustering algorithm (Gath and
Geva 1989) in the probabilistic framework, was proposed to construct interpretable
T-S fuzzy models based on the expectation—maximization (EM) identification of
Gaussian mixture of models.

Most of the above methods suppose that all the data is available at the start
of training process and are appropriate for offline applications only. This form of
learning sounds easy to guarantee its success in reaching an optimal solution based
on its learning objective function. Furthermore, it has the flexibility in recalling the
stored training data to.improve the quality of learning. However, the offline learning
algorithms often take a long time and need a large amount of memory. The whole set
of rules have to be generated from the scratch when new data are coming. Besides,
they cannot be applied to an environment where data are acquired online, such as
closed-loop control and adaptive systems. Online learning methods, on the other
hand, consider training data one by one. Clusters are built up incrementally. Kasabov
et al. (2002) proposed an evolving, distance-based connectionist clustering method
to partition the input space for the purpose of creating fuzzy inference rules. Lee
and Ouyang (2003) designed a self-constructing rule generation algorithm (SCRG)
to extract fuzzy rules based on similarity measures.

In Angelov (2002), evolving Rule-based (eR) models used the informative poten-
tial of the new data (accumulated spatial proximity information) as trigger to update
the rule base, which ensured greater generality of the structure changes. In Angelov
and Filev (2004), the concept of eR was further developed with respect to online
identification of T-S fuzzy models. Recursive procedures for calculation of the infor-
mation potential of the new data and of the consequent parameters were introduced,
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which are vitally important for real-time applications. This method was extended to
identify MIMO T-S fuzzy models in Angelov et al. (2004).

In recent decade, more researches have been done on evolving T-S fuzzy models
(Kalhor et al. 2013; Lin et al. 2013; Baruah and Angelov 2014; Rastegar et al. 2017).
Several approaches based on clustering technique have been proposed for optimal
structure selection of the T-S fuzzy models, such as a unified min-max approach to
fuzzy clustering, estimation, and identification which attempts to minimize worst-
case effect of data uncertainties and modeling errors on estimation performance
(Kumar and Stoll 2006), an online local learning with generic fuzzy input T-S fuzzy
framework for nonlinear system estimation (Quah and Quek 2006), a structure iden-
tification algorithm using dual kernel-based learning machines (Li and Yang 2008), a
fuzzy c-regression model clustering algorithm (Li et al. 2009), a hyperplane-shaped
clustering (HPSC) model based on the gravitational search algorithm was proposed in
Lietal. (2012), and a supervised, hierarchical clustering algorithm whichis effective
in solving the problem of global model accuracy, together with the interpretability
of local models as valid linearizations of the modeled nonlinear system (Hartmann
etal. 2011). Besides, Hou et al. (2007) proposed a method using fuzzy average with
fuzzy cluster distribution to identify the key variables for complex systems with
high-dimensional input space. Li et al. (2017) designed a hyperplane-shaped fuzzy
membership function to match HPSC for T-S fuzzy model identification. Tasi and
Chen (2018) proposed an identification method for the T-S fuzzy model based on
the Xie-Beni index and an improved particle swarm optimization algorithm.

The parameter identification of fuzzy systems can be carried out by either series—
parallel configuration or parallel configuration. Banakar and Azeem (2011) made a
comparative study on them. Liu et al. (2014) developed a novel cost function which
is the combination of these terms constituted of decomposing least-square support
vector machine (LS-SVM) and error terms for the identification of TS fuzzy system.

Most fuzzy identification algorithms consider multiple-input single-output
(MISO) fuzzy systems. Multi-input multi-output (MIMO) fuzzy systems are usu-
ally treated as a.group of MISO systems. Luo et al. (2014) took into account the
block structure information in the MIMO T-S fuzzy system and cast the problem of
multidimensional output fuzzy model identification as a joint structure sparse opti-
mization problem, where the consequent parameters are estimated with a common
block structured sparsity pattern over all dimensions of the output variable.

1.4 Fuzzy System Based Adaptive Control

Control design and analysis for nonlinear systems is always a challenging task,
especially when there exist uncertainties in a nonlinear system. Adaptive control
provides effective methodologies to deal with parametric uncertainties in linear and
nonlinear systems (Goodwin and Sin 1984; Astrom and Wittenmark 1995; Krsti¢ et
al. 1995; Ioannou and Sun 1996; Tao 2003; Landau and Lozano et. al. 2011).
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Approximation-based adaptive control provides an effective way for control
designs for nonlinear systems with functional and parametric uncertainties (Far-
rell and Polycarpou 2006). Fuzzy systems, as a class of universal approximators
(Buckley 1993; Kosko 1994; Zeng and Singh 1994, 1995; Castro 1995; Castro and
Delgado 1996; Ying 1998b; Cao et al. 1997a; Robatti 1998; Ying 1999a; Zeng et al.
2000; Rastegar et al. 2017), can represent static nonlinear functions or dynamic non-
linear systems. The former employs fuzzy systems as static nonlinear mapping from
input space to output space while the latter treats fuzzy systems, especially dynamic
T-S fuzzy systems, as dynamic models of nonlinear systems.

In this section, we give an overview of both static fuzzy system approximator
based adaptive control and dynamic T-S fuzzy system based adaptive control.

1.4.1 Fuzzy Systems as Static Function Approximators

In order to deal with the uncertainties of nonlinear systems, in the fuzzy control
system literature, a considerable amount of adaptive approximation-based control
schemes have been suggested (Wang 1994; Spooner et al. 1997; Chai and Tong 1999;
Ordéiiez and Passino 1999; Wang and Lin 1999; Chen and Zhang 2000; Jagannathan
et al. 2000; Zhang and Bien 2000; Han et al. 2001; Yu and Sun 2001; Gao and Er
2003; Golea et al. 2002a, b; Li and Lee 2003; Li and Tong 2003, 2016; Nounou and
Passino 2004; Chiu 2005; Cheng and Chien 2006; Lin and Xu 2006; Phan and Gale
2007; Wang et al. 2007, 2010; Choi 2008; Moustakidis et al. 2008; Zou et al. 2008;
Shi 2008; Chiang et al. 2009; Chen et al. 2009, 2010, 2012; Boulkrounea et al. 2010;
Hojati and Gazor 2010; Li et al. 2010; Nekoukar and Erfanian 2011; Pan et al. 2011;
Theodoridis et al. 2011; Gao et al. 2012; Lin and Li 2012; Tong et al. 2012; Lin et al.
2013; Qi et al. 2013; Shi 2014; Liu and Tong 2014, 2015; Chwa 2015; Long and
Zhao 2016; Wu and Yang 2016; Lai et al. 2017; Wiktorowicz 2017; Wu et al. 2017;
Zhang et al. 2017).

In the studied approaches, depending on the structure features of the nonlinear
systems (e.g., feedback linearizable, strict feedback, pure feedback), different non-
linear controllers (e.g., feedback linearization control, backstepping control, sliding
mode control, etc) can be designed based on nonlinear control theory (Nijmeijer and
Van der Schaft 1990; Isidori 1995; Khalil 2002). Since there exist unknown nonlin-
ear functions in those nonlinear systems, the nonlinear controllers designed based
on those nonlinear functions cannot be implemented in reality. Under such circum-
stances, fuzzy systems are employed as static function approximators to approximate
the unknown nonlinear functions such that nonlinear controllers can be implemented
using the approximated values. Depending on whether the fuzzy systems are used to
approximate the nonlinear functions in the nonlinear systems or the whole nonlinear
controllers, the adaptive fuzzy system approximation-based control can be classified
as indirect adaptive fuzzy control and direct adaptive fuzzy control.
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The role of fuzzy systems as static function approximators in adaptive
approximation-based control schemes is similar to that of other function approxima-
tors, such as polynomials, B-Splines, neural networks, etc (Farrell and Polycarpou
2006).

1.4.2 Fuzzy Systems as Dynamic Systems

For dynamic fuzzy system based control designs, the dynamic fuzzy system is treated
as a dynamic nonlinear system rather than a static nonlinear mapping function. As
a class of nonlinear systems, dynamic T-S fuzzy systems have their own structure
features, e.g., each subsystem in a rule is a linear system while the overall T-S fuzzy
system is a nonlinear system due to the participation of membership functions. For
dynamic T-S fuzzy systems, it is convenient to apply mature linear control theory to
design local linear controllers that can stabilize each local linear system. However,
how to prove the overall nonlinear controller constructed from local linear controller
can make the overall T-S fuzzy system stable is a problem. In the past two decades,
massive research work has been done on the stability of T-S fuzzy systems (Tanaka
and Sugeno 1992; Cuesta et al. 1999; Johansson et al. 1999; Chadli et al. 2000;
Chou and Chen 2001; Liu and Zhang 2003; Pang and Guu 2003; Feng 2004; Sun
and Wang 2006; Kalhor et al. 2013; Liu et al. 2014). Besides, stabilization control of
T=S fuzzy systems (Tanaka et al. 1996; Wang et al. 1996; Feng et al. 1997; Cao et al.
1995, 1997a,b, 1999; Li and Li 2004; Xiu and Ren 2005; Zhou et al. 2005; Ting
2006) also attracts much attention. In Feng (2006) and Feng (2010), a comprehensive
overview is given on stability conditions and stabilization control of dynamic T-S
fuzzy systems. In the Lyapunov-based stability analysis and stabilization control
designs of T=S fuzzy systems, the selection of Lyapunov functions plays a critical
role in relaxing the stability conditions, which usually requires finding solutions to a
group of linear matrix inequalities (LMIs). In Chap. 2, we will present some results on
stability conditions and stabilization control of T-S fuzzy systems based on single
quadratic Lyapunov function, piecewise quadratic Lyapunov functions, and fuzzy
quadratic Lyapunov function.

For output tracking control of dynamic TS fuzzy systems, it is important to derive
the relative degree, zero dynamics and define the minimum phase property of T-S
fuzzy systems such that feedback linearization control techniques can be applied. The
relative degrees of discrete-time T-S fuzzy systems and continuous-time T-S fuzzy
systems are derived in Qi et al. (2013b) and Zhang et al. (2017), respectively, where
the corresponding zero dynamics and minimum phase property are also defined.

When there exist uncertain parameters in T-S fuzzy systems, T-S fuzzy system
based control designs can be combined with adaptive control methodologies to handle
parametric uncertainties (Cho et al. 2002; Feng 2002; Feng et al. 2002; Park and Cho
2004; Lin and Xu 2006; Qi and Brdys 2005, 2008; Hyun et al. 2010; Wang et al.
2010; Khanesar etal. 2011; Qietal. 2011, 2012a,b, 2013b, 2014; Huang et al. 2014;
Zhang et al. 2017).
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1.5 What This Book Is About

This book is about identification and adaptive control of T-S fuzzy systems.

Identification of T-S fuzzy systems. The identification algorithms introduced
in Chap.4 can be applied to identify either static T-S fuzzy systems or dynamic
discrete-time T-S fuzzy systems. Both offline and online identification algorithms
will be presented which enable one to obtain the system structure (premise variables
and number of rules) and parameters (membership function parameters and conse-
quent parameters) completely from input—output (I/O) data. The T-S fuzzy system
identified offline can serve as an initial model for control design whose structure and
parameters can be further tuned using online data in closed-loop control.

It is not our intention to give a comprehensive overview on the identification
methods for fuzzy systems. We want to present this topic in a tutorial way that is
concise and easy to follow for graduate students to construct a T-S fuzzy system
from I/O data of a nonlinear plant, which can be used in T-S fuzzy system based
adaptive control design.

Adaptive control of T-S fuzzy systems. T-S fuzzy systems are widely used
in adaptive approximation-based control, which serve as static nonlinear function
approximators. The underlying technical issues of such approaches are similar to
other adaptive approximation-based control approaches, such as adaptive neural con-
trol approaches.

In this book, we specifically consider adaptive control designs of dynamic T-S
fuzzy systems. Dynamic T-S fuzzy systems can be deemed as a class of dynamic
nonlinear systems with a special structure. It is well known that the control design
for nonlinear systems is related closely to system structure. Dynamic T-S fuzzy sys-
tems have several forms: continuous-time state-space form, discrete-time state-space
form and discrete-time input—output form and they may be single-input single-output
(SISO) systems or multi-input multi-output (MIMO) systems. Different forms of
T-S fuzzy systems own different structure characteristics which should by analyzed
carefully such that suitable control schemes can be designed.

This book provides a systematic study on how adaptive control schemes can
be designed for different forms of dynamic T-S fuzzy systems, covering both
continuous-time and discrete-time T-S fuzzy system, both state-space form and
input—output form T-S fuzzy systems, both SISO and MIMO T-S fuzzy systems,
to achieve both state tracking and output tracking. Some important issues such as
relative degree and zero dynamics of T-S fuzzy systems, minimum phase property
of T-S fuzzy systems are discussed and defined. Parametrization models of T-S
fuzzy systems are developed based on which parameter adaptive laws are derived.
Closed-loop stability and tracking performance analysis are provided. The effects
of modeling errors and disturbances are also addressed and parameter adaptive laws
are modified to guarantee the robustness of parameter adaptation.
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This book builds a framework for adaptive control of uncertain nonlinear sys-
tems based on dynamic T-S fuzzy systems with rigorous theoretical formulation and
detailed design techniques, which is a stimulating text for researchers and graduate
students in the area of nonlinear system control and a valuable reference for practical
control engineers.
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Chapter 2 ®)
T-S Fuzzy Systems e

This chapter presents an overview of ideas and techniques of Takagi—Sugeno
(T=S) fuzzy systems. In Chap. 1, we have introduced the basic concepts of fuzzy sets,
fuzzy logic, and fuzzy inference mechanism. This chapter aims to present a neces-
sarily selective review on T-S fuzzy systems including their architectures, important
properties, and applicability in the field of nonlinear system identification and control
with particular emphasis on the issues which are directly related to the main topics
addressed in the following chapters.

For readers who want to know more on fuzzy sets, fuzzy logic, fuzzy inference
system, and fuzzy control, here are some good reference books. An introductory-
level exposure to fuzzy set, fuzzy logic, fuzzy modeling, and control can be gained
by reading the book Lilly (2010), which is very suitable for beginners. A pragmatic
engineering approach to the design, analysis, performance evaluation, and imple-
mentation of fuzzy control systems can be found in the book (Passino and Yurkovich
1998). A unique reference devoted to the systematic analysis and synthesis of model-
based fuzzy control systems is offered by Feng (2010).

2.1 Static T-S Fuzzy Systems

In Sect.1.2.2, we have presented a brief introduction to general T-S fuzzy systems
in the form (1.45), that is,

R : IF & is Fl and & is Fy and ... and & is F!
THEN y = gi(§1, &2, ..., &), 2.1)

where R’ denotes the ith fuzzy rule, &, &, ..., & are premise (input) variables on
the universe of discourses 27, 23, ..., 21, respectively, y is an output variable on
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26 2 T-S Fuzzy Systems

the university of discourse %/, g; is a crisp function, and FJ‘ denotes a fuzzy set for
gonZj,i=1,2,...,N,j=1,...,L

Remark 2.1 In order to distinguish premise variables and state variables in a fuzzy
system, from now on, we use &;, &, . . . to denote premise variables and x, x3, . . . to
denote state variables.

In a static T-S fuzzy system, the function g; is a static mapping from 27 x 2, X
-+ X 27 to %, which usually takes the following form:

R : IF& is Fl and & is Fyand ... and & is F}
THEN y = 0;0 + 6,181 + - + 0 180, (2.2)
where 6, 9, 6; 1, . . ., 0; 1 are coefficients of the ith function. If §; o = 0, the consequent

part represents a linear mapping and if 6; o # 0, the mapping is called “affine”.
Using singleton fuzzification, product inference, and weighted average, the fuzzy
model (2.2) can be transformed into the following global model:

N
Y=Y i) Oro + 011 + -+, 1E1). 2.3)

i=1

where £ = [£], &, ..., &7, ni(€) is the normalized firing strength of the ith rule:

Ai®)
i) = =y 24
> hil®)
which is calculated from the firing strength 1;(§):
L .
%@ =[]F&. 2.5)
j=1

Remark 2.2 To maintain notational simplicity, for the rest of this book, we use F ]’
to represent a fuzzy set and F/’ (&) to represent its membership function.

The membership functions F}(éj) can be chosen as typical fuzzy membership
functions such as triangular, trapezoidal, Gaussian functions, etc. For example, a
Gaussian membership function has the following form:

i
Fi(§) = exp [—u} , 2.6)

2012
j

where cj and crji are the center and radius of Gaussian function, respectively.
From the definition of y; in (2.4), it can be concluded that w;, i =1,2,...,N
satisfy the following properties:
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2.1 Static T-S Fuzzy Systems

It can be observed that the global T-S fuzzy system (2.3) essentially performs
a nonlinear interpolation between the linear/affine mappings. u;(§) plays a role to
determine the weight of each linear/affine mapping in the overall nonlinear mapping.

Example 2.1 Consider two variables & € [—1, 1] and &, € [—2, 2]. For each vari-
able, two fuzzy sets are defined on their universe of discourses, that is, [—1, 1] and
[—2, 2] respectively. Specifically, the fuzzy sets for & are F| and F? and for &, are
F 21 and F. 22 Then, a static T-S fuzzy system with four rules (N = 4) can be formed:

R': IF & is F| and & is F;, THENy = 1 +2& + &,

R?: IF & is F| and & is F7, THEN y =2+ & — 0.5&,

R*: IF & is F? and & is FJ, THEN y =3 — 2§ + &,

R*: IF & is F{ and & is F7, THEN y =2 +0.5& — &., (2.8)

where the fuzzy sets F}, F?, F,, and F; are characterized by the following Gaussian
membership functions:

1 (E+1)2] ;
exp|—5 (%) |, if & > —1
Fley = o2 G) | i &2 2.9)
1, otherwise
(L1 a=1\2]
Faey = {02 (Gm) ] i & =1 (2.10)
1, otherwise
[Z1 at2)2] _
Fley={ o[-z (G5) ] if 22 -2 @2.11)
1, otherwise
[_1a=2y?]
R = |2 (GF) ] if & =2 2.12)
1, otherwise

which are shown in Figs.2.1 and 2.2.
The firing strengths of the four rules are calculated by

AM(E) = FlEDFI (&), M) = Fl(E)F3 (&),
A3(8) = FLEDFL(E), M(§) = FE(E)F3 (&) (2.13)

The normalized firing strength w; can be obtained using

X&)
SN nE)

The overall output of the static T-S fuzzy system is obtained as

1i(€) = i=1,234. (2.14)
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Fig. 2.2 Membership functions of le and F22

y= €)1 +28 + &) + u2(5)(2+ & — 0.58)
+u3(§)(3 — 28 + &) + na(6)(2+ 0.56 — &). (2.15)
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2.1 Static T-S Fuzzy Systems

Given a particular crisp input (£{, £5), the corresponding overall crisp output can
be calculated through (2.9)—(2.15).

The static T-S fuzzy system with the form (2.2) represents a static nonlinear map-
ping from input space to output space, which is usually used for function approxima-
tion. Its universal approximation capability has been proven and will be presented in
Sect.2.3.

In the following section, we will introduce the dynamic T-S fuzzy system which
is more suitable for systematic control system analysis and synthesis.

2.2 Dynamic T-S Fuzzy Systems

If the consequents of the fuzzy rule are designed as linear dynamic systems, the T-S
fuzzy system can represent a dynamic system, which is also called dynamic fuzzy
system (Cao et al. 1995; Feng 2010).

2.2.1 Continuous-Time State-Space Form

Consider a continuous-time nonlinear dynamic system

X(@)'= f(x(@), u))
y(#) = h(x(1)), (2.16)

where x(f) € R" is the state vector, u(¢) € R" is the input, y(¢) € R’ is the output,
f :R" x R" — R" is an n-dimensional nonlinear vector function, and 4 : R" — R!
is an /-dimensional nonlinear vector function. Let xp; and ug; be a set (constant)
operation points of interest, i = 1,2, ..., N, at some representative (and properly
separated) points in the (x, u) space, and set x = xo; + éx; and u = ug; + du;, i =
1,2, ..., N. Using Taylor series expansion of f (x, ), we obtain

x(1) & f (xoi, uoi) + Aidx; (1) + Bidu;(1), 2.17)

where A; = % , Bi = % , and the high-order terms are neglected.
(o1 Uo0i) (o1 Uoi) . . .
If (xoi, uoi), i=1,2,...,N, are the equilibrium points of the system, i.e.,
f (xoi, uoi) = 0, we have
x(1) =~ A;éx;(t) + B;iSu;(1). (2.18)
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For the output equation y = h(x), letting y = yo; + dy; with yo; = h(xo;, uo;), we
have
Syi(t) = Cidx;(t), i=1,2,...,N, (2.19)

where the Jacobian matrices C; are C; = % | Corton)
For simplicity of presentation and development, we will consider the generic form
linear models:
x(t) = Aix(t) + Biu(t), y(t) = Cix(t) (2.20)

at each operation point, fori = 1,2,..., N.

Remark 2.3 If (xo;, uo;), i = 1,2, ..., N, are not equilibrium points, f (xo;, ug;) 7% O
in (2.17). The effect of (x¢;, up;) and the neglected high-order terms will appear as
an additional term in (2.20), which can be treated with an additional compensation
signal in an adaptive control design.

Based on the derivation (2.17)—(2.20), the nonlinear system (2.16) can be approx-
imated by the dynamic T-S fuzzy system with the following rule:

R': TF & (¢) is F| and &(¢) is F5 and ... and &.(¢) is F}
THEN (1) = A;x(r) + Bu(t),
y() = Cix(1), (2.21)

where &, &, .. ., &, are some measurable system signals which are used to determine
the operating area of the ith subsystem, x € R" is the state vector, u € R™ is the input
vector, y € R' is the output vector, and A; € R™", B; € R™™, and C; € R"" are the
matrices of the ith subsystem, Fi, Fi, ..., F} are fuzzy sets.

Using singleton fuzzification, product inference, and weighted average introduced
in Chap. 1, we obtain the following global dynamic T-S fuzzy system:

N
X)) =) (&) Ax(t) + Bu(1)), (2.22)

i=1

N
YO =Y wiECix(), (2.23)

i=1

where £ = [£1, &, ...,&]", ni(§) is the normalized firing strength given by (2.4)
of the ith rule.

Example 2.2 Suppose &, = x;. A dynamic T-S fuzzy system with two rules is given
by
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R': IF x,(r) is F}, THEN x(r) = A\x(t) + Biu(t), y(t) = Cix(¢)
R*: IF x;(¢) is F?, THEN x(1) = Ayx(t) + Bou(z), y(t) = Cox(1),

2.2 Dynamic T-S Fuzzy Systems

where x(¢) = [x; (), x2()]7 and
1 -2 21 1 2
o[ 3] a2 2 ol
Ci=GC =11, 1] (2.24)

and F 11 and F 12 are two fuzzy sets defined on x; € [—1, 1] with the corresponding
membership functions:

_ Ll (atl 2] i —
Floa) = exp | =3 (51)°] . if Nzl (2.25)
1, otherwise
_1(u=ty? -
Floa) = P [ : (%) ] if x <l (2.26)
1, otherwise.

Since there is only one premise variable in this example, we have 1 (x;) = F 11 (x1)
and Ay (x)) = F ]2 (x1), and the normalized firing strength

) = =y ) o)
Fi(x) 4+ Fi @) Fi(x) + Ff(x) '
The overall dynamic T-S fuzzy system is derived as
x(t) = p1 (x)Agx (@) + Bru(r)) + pa(x1) (A2x(1) + Bau(r))
y(@) = piGxn)Crx(r) + pa(x1) Cox(2). (2.28)

It can be seen that the overall T-S fuzzy system (2.28) performs nonlinear inter-
polation between two linear systems. When the value of x; (#) changes, 1 (x;) and
12 (x1) also change, which determine the contribution of the two linear systems in
the overall nonlinear system.

In practice, we usually can build a group of linear models of a nonlinear plant
that are accurate enough in certain local regions. When the nonlinear plant works
in different local regions, we can pick different linear models to represent it. The
current local operating region can be characterized by some key signals. In Example
2.2, the state variable x| can be viewed as the key signal, whose value determines
the current operating region. If we want to obtain the global nonlinear model of the
nonlinear plant, the T-S fuzzy system provides a very intuitive representation of a
nonlinear plant as a nonlinear interpolation between a group of linear models.
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2.2.2 Discrete-Time State-Space Form

Consider a discrete-time nonlinear dynamic system

x(t+1) = f(x@), u(®))
(@) = h(x(1)), (2.29)

with ¢ being the discrete-time sequence, where x(¢) € R" is the state vector, u(¢) € R"
is the input, y(¢) € R is the output, f : R" x R™ — R" is an n-dimensional nonlinear
vector function, and g : R" — R! is an [-dimensional vector function.

Consider a set of operation points of interest: (xo;, Uo;), and set §x; = x = xo; and

du; =u —ug;, i =1,2,...,N. Using Taylor series expansion of f (x, u), we obtain
Ox;(t + 1) ~ f (xoi, uo;) + A;dx;(t) + B;du;(1), (2.30)
where A; = g—{c % B; = g—’; , and the high-order terms are neglected.
(xoi > toj (xo;, ;)

For the output equation y = h(x), letting 8y; = y — yo; with yo; = h(xo;, up;), we
have
Syi(t) =~ Cidx; (1), i=1,2,...,N, (2.31)

where the Jacobian matrices C; are C; = % ] oo
For simplicity of presentation and development, we will consider the generic form
linear models:
x(t 4+ 1) = Aix(¢) 4+ Biu(r), y(t) = Cix(t) (2.32)

at each operation point, for i = 1,2,..., N. We note that the offset term f (xo;, ;)
in (2.30) and the effect of xy;, up;, not included in (2.32), can be treated with an
additional compensation signal in an adaptive control design.

Based on the derivation (2.30)—(2.32), the discrete-time nonlinear system (2.29)
can be approximated by the the dynamic T=S fuzzy system with the following rule:

R": TF & (t) is F! and &(¢) is Fi and ... and £.(¢) is F}.
THEN x(r 4+ 1) = Aix(t) + Bu(t),
y(t) = Cix(1), (2.33)

where &1, &, . . ., & are some measurable system signals which are used to determine
the operating area of the ithe subsystem, x € R" is the state vector, u € R™ is the
input vector, and y € R is the output vector, A; € R*", B; € R"™, and C; € RIxn
are matrices of the ith subsystem. F i Fé, L F i are fuzzy sets defined as before.
Using the standard technique of singleton fuzzification, product inference, and
weighted average, we obtain the following global dynamic T-S fuzzy system



i i

| -

=
& controlengineers.ir]
© @controlengineers

2.2 Dynamic T-S Fuzzy Systems

N
xt+1) = Z,ui(é‘)(AiX(t) + Biu(1)), (2.34)

i=1

N
Y =) i) Cix (), (2.35)

i=1

where £ = [£1, &, ..., &7, ui(€) is the normalized firing strength (2.4) of the ith
rule.

2.2.3 Discrete-Time Input—Qutput Form

If the consequent of each rule is a linear single-input single-output (SISO) dynamic
system in discrete-time input—output form, the dynamic T-S fuzzy system has the
following form:

R': TF & (¢) is Fi and &(¢) is Fi and ... and & (¢) is F}.
THEN y(1) + ai1y(t — 1) + - -+ + a;ny(t = n) = b ou(t — d)
+biqu(t —d — 1) + -+ -+ biygu(t —n), bio #0, (2.36)

where &1, &, . . ., & are some measurable system signals which are used to determine
the operating area of the ithe subsystem, and-# € R and y € R are the input and
output variables, respectively. a; 1, ..., ain, bio, ..., bi n—q are coefficients of the
ith subsystem, where d > 1 denotes the input—output delay.

For the case d = 1, the consequent of (2.36) becomes

y@) +aiy(t —1)+ - Fa;,yt —n) = bjou(t—1)+bju@—2)+---
+bi n—qu(t — n), (2.37)

which leads to the following one step prediction model:

ya+1) Fainy@®+---+ainyt—n+1) = biou(®) + bijut —1)+---
+bi p—qu(t —n+1). (2.38)

Using the standard technique of singleton fuzzification, product inference, and
weighted average, we obtain the following global dynamic T-S fuzzy system:

N
Y+ 1) =Y wi®) (—aiy® — - — @iyt —n+1)

i=1

+biou(t) + biju(t — 1) + -+ + by yqu(t —n+1))), (2.39)
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where £ = [£), &, ..., £&]7 and u;(£) is the normalized firing strength (2.4) of the
ith rule.

If Zivzl wi(E)b; o # 0, it means the relative degree of the fuzzy system (2.39) is
one. Based on (2.39), it is easy to select a control signal u(¢) to achieve the output
tracking of a bounded reference signal y,,(r + 1) by y(z + 1), e.g., solving u(¢) from
the following equation:

Yt +1) =" pil®) (—aiy(®) — - — @iyt —n+1)
i=1

+biou(t) + bigut — 1) + -+ by y_qu(t —n+ 1)) . (2.40)

For the general case d > 1, how to derive a global fuzzy prediction model is
crucial for the control design, which will be elaborated in Chap. 7:

In practice, when a collection of input—output (I/O) data can be obtained from
a nonlinear plant, the T-S fuzzy model (2.36) can be identified from the I/O data,
including the premise variables §;, the number of rules N, the parameters of the
membership functions, and the parameters of the consequents. In Chap. 4, we will
present how to identify a T-S fuzzy system from I/O data systematically.

2.3 Universal Approximation Property

When T-S fuzzy systems are used to represent nonlinear plants, a fundamental
question is “Are T-S fuzzy systems universal approximators?” This question means
whether T-S fuzzy systems are capable of approximating any real continuous func-
tions on a compact set to arbitrary degree of accuracy. The universal approximation
property of T-S fuzzy systems is the basis for identification and control designs
based on TS fuzzy systems. The studies on the universal approximation property of
fuzzy systems have been extensively conducted in the 1990s, covering both Mam-
dani fuzzy systems and T-S fuzzy systems—the most popular two classes of fuzzy
systems. Important results on proving Mamdani fuzzy systems are universal approx-
imators can be found in Wang and Mendel (1992), Wang (1994, 1998), Zeng and
Singh (1994, 1995), Ying (1994), Castro (1995), Castro and Delgado (1996), Robatti
(1998).

Compared with Mamdani fuzzy systems, T-S fuzzy systems are more suitable for
nonlinear identification and control synthesis. Buckley (1993) proved that two-input
single-output T-S fuzzy systems with linear defuzzifier instead of the commonly
used centroid defuzzifier are universal approximators. Ying (1998a) proved that the
general single-input single-output (SISO) T-S fuzzy systems are universal approxi-
mators, which use any continuous input fuzzy sets, T-S fuzzy rules with affine conse-
quents, and a generalized defuzzifier containing the widely used centroid defuzzifier
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2.3 Universal Approximation Property

as a special case. Then, the result was extended to general multi-input single-output
(MISO) T-S fuzzy systems in Ying (1998Db).

For general MISO, T-S fuzzy systems with L premise (input) variables, that is,

R : IF& is Fl and & is Fy and ... and & is F
THEN y = 6,0+ 0161 + - - - + 0 181, (241

the following universal approximation theorem has been proven.

Theorem 2.1 (Ying 1998b) (Universal Approximation Theorem) The general MISO
T-S fuzzy systems with linear rule consequent can uniformly approximate any mul-
tivariate continuous function on a compact domain to any degree of accuracy.

It should be noted that the “linear” in Theorem2.1 actually. means both affine
and linear. The proof of Theorem?2.1 consists of two steps. First, it is proven that
the general MISO T-S fuzzy models can approximate any multivariate polynomial
to any degree of accuracy. Second, it is proven that the general T-S fuzzy mod-
els can uniformly approximate any multivariate continuous function with arbitrary
precision by utilizing the fact that any multivariate continuous function can always
be approximated by a multivariate polynomial arbitrarily well with the Weierstrass
approximation theorem (Bronshtein and Semendyayev 1985).

Furthermore, Ying (1998b) also derived a formula of sufficient conditions for the
fuzzy approximation that can compute the minimal upper bound on the number of
input fuzzy sets and rules needed for any given continuous function and specified
approximation error bound.

An important application of Theorem 2.1 is to use a T-S fuzzy system to approxi-
mate an unknown function of a nonlinear system on a compact set. Consider a general
class of nonlinear discrete-time system described by the following state space model:

x(t+ 1) =f(x(0), u®)), (2.42)
where x(f) € R" and u(t) € R™ are state and input vectors, respectively, and the
function f (x, u) is unknown by satisfying the following assumption.

Assumption 2.1 There exists an equilibrium xy = 0 € R" such that f (0, 0) = 0 and
fecC 2 that is, the function f (x, u) has a second-order continuous derivative with
respect to x and u.

Let X and U be two compact sets in R” and R™, respectively. Forx € X andu € U,
a discrete-time TS fuzzy system (2.34)

N
xX(t+1) =) i€ (Ax(®) + Bu(t))

i=1

=f(x,u) (2.43)
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is employed to approximate f (x, u) on the compact set X x U C R" x R™. It has
been proven that the T-S fuzzy system (2.43) is universal approximator in the sense
that it can approximate any smooth nonlinear function f (x) on a compactset X x U.

Let ), be the set of all nonlinear functions satisfying Assumption 2.1. The univer-
sal approximation capability of the T-S fuzzy system (2.43) is given by the following
theorem.

Theorem 2.2 (Cao et al. 1997a) For any given f (x, u)iny_, on the compact set
X x U C R" x R" and arbitrary ¢ > 0, there exists a fuzzy system f (x, u) such that

sup |If (x, u) —f(x, ul < e. (2.44)

xeX,uel

Remark 2.4 In Theorem?2.2, x and u of the functions f and f are assumed to be the
same and the approximation accuracy can only be guaranteed under this condition.
In practice, when a TS fuzzy system is employed to represent a dynamic plant, the
state of the T-S fuzzy system, X, is usually different from that of the plant, x. Hence,
the approximation error between f (X, u) and f (x, u) may grow with the evolution of
X and x, which should be carefully considered.

2.4 Stability and Stabilization Control

Since the consequent of each rulein a T-S fuzzy system is usually a linear system,
it is natural to apply mature linear control theory to design local linear controllers
for each subsystem. Two important questions are: how can the overall controller for
the overall T-S fuzzy system be calculated from the local linear controllers? can the
overall controller make the closed-loop T=S fuzzy system stable? In this section, we
will present some basic yet important results on the stability and stabilization control
of T=S fuzzy systems.

2.4.1 Stability of T-S Fuzzy Systems

By setting u(¢) = 0, the continuous-time T-S fuzzy system (2.22) becomes an
autonomous system:

N
X(0) =Y wiE)Ax(@), (2.45)

i=1
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and the discrete-time T-S fuzzy system (2.34) becomes the following autonomous
system:

N
xX(t+1) =Y wiE)Ax(). (2.46)

i=1

Single quadratic Lyapunov function. Based on (2.46) and using a single
quadratic Lyapunov function

V(x) = x" Px, (2.47)

Tanaka and Sugeno (1992) proposed an important criterion for checking the stabil-
ity of the T-S fuzzy systems in the early 90s. The stability criterion for (2.46) is
formulated in the following theorem.

Theorem 2.3 (Tanaka and Sugeno 1992) The equilibrium state of the fuzzy system
(2.46) (namely, x = 0) is globally asymptotically stable if there exists a common
positive definite matrix P such that

AT'PA; — P <0, for all i=1,2,...,N. (2.48)

Using the same single quadratic Lyapunov function V (x) = x! Px, the stability
criterion for continuous-time T-S fuzzy systems (2.45) can also be derived.

Theorem 2.4 The equilibrium state of the fuzzy system (2.45) (namely, x = 0) is
globally asymptotically stable if there exists a common positive definite matrix P
such that

ATP4+ PA; <0, for all i=1,2,...,N. (2.49)

The stability criteria in both Theorems 2.3 and 2.4 require a common symmetric
positive definite matrix P to satisfy all the inequalities (2.48) or (2.49). However,
both theorems do not provide a systematic way to find such a common matrix P.
A systematic way of searching the common matrix P was suggested in the paper
(Joh'et al. 1998) assuming that all the A;, i = 1,2, ..., N, are Schur and pairwise
commutative. However, the assumption on A; is not easy to be satisfied for general
T-S fuzzy systems. Based on this approach, Li and Li (2004) provided a systematic
way to find P for T-S fuzzy systems with simplified linear consequent parts of
rules without the assumption on A;. The subsystem matrix A; is decomposed into a
pairwise part A; and an additional part AA;. Hence, the iteration method in (Joh et al.
1998) can be applied to find a common matrix P for pairwise commutative matrices
Ai ,i=1,2,...,N. The stability of the global system is guaranteed if AA; satisfies
certain conditions.

Theorem 2.3 is for discrete-time T-S fuzzy models with linear consequent part
of rules. It is extended to T-S fuzzy models with affine consequent parts of rules in
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(Kim and Kim 2001):

N
x(r+1) = Z i () (Aix (1) + vi), (2.50)

i=1

where v; is the affine term in the ith rule.

Finding the common matrix P in the above approaches can be stated numerically
as a convex optimization problem involving linear matrix inequalities (LMIs) (Boyd
etal. 1994). Such problems can be solved efficiently using publicly available software
such as LMI Toolbox (Gahinet et al. 1995).

Example 2.3 Consider the T-S fuzzy system

R': IFx(r)isF|, THEN x(t + 1) = A;x(¢)
R*: IFx (1) is F}, THEN x(t + 1) = Ayx(#),

where x(¢) = [x; (), x2(1)]7 and

~06 03 0502
Al:[ 0.1 —0.5] Az:[o.s —0.5] @31

The membership functions of the two fuzzy sets F ! and F? are illustrated in Fig. 2.3.
Since the eigenvalues of A; are —0.7303 and —0.3697, of A, are —0.2551 and
—0.7449, the two linear subsystems are stable. However, the stability of the linear
subsystems cannot ensure the stability of the overall T-S fuzzy system:

x(t 4+ 1) = pre)Ax(r) + pa(x)Axx(1). (2.52)

To verify the stability of the overall T-S fuzzy system (2.52) using Theorem 2.3,
we need to find a common positive matrix P satisfying the following two inequalities:

ATPA, —P <0
ATPA, —P < 0. (2.53)

With the assistant of MATLAB LMI toolbox, we find the solution
88.0594 —10.9344
b= [—10.9344 87.8949 } : (2.54)

Then, we can conclude that the overall T-S fuzzy system is stable based on
Theorem2.3.

It should be noted that since Theorems 2.3 and 2.4 only provide sufficient condi-
tions for the stability of T-S fuzzy systems, we cannot conclude the T-S fuzzy system
is unstable even we cannot find a common positive matrix P to solve the LMIs (2.48)
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Membership Degree

Fig. 2.3 Membership functions of F' 11 and F' 12

or (2.49). Actually, the standard LMIs conditions for quadratic stability are often
found to be conservative when applied to fuzzy systems. One drawback is the fact
that the state is dependent on the membership functions is disregarded. Another major
restriction is that Lyapunov function should be quadratic. Many exponentially stable
systems do not admit a globally quadratic Lyapunov function.

Piecewise quadratic Lyapunov functions. To reduce these restrictions men-
tioned above, Johansson et al. (1999) proposed stability conditions for continuous-
time T-S fuzzy systems based on piecewise quadratic Lyapunov functions:

Vx)y=x"Px, £€€8;, i=1,2,...,N, (2.55)

where P;;i= 1,2, ..., N are positive definite matrices and S; defines a region in the
space of the premise variable &:

Si={Elwi€) > wi€), j=1,2,....N, j#i}, i=12_....N. (2.56)

The stability results for continuous-time T-S fuzzy systems were extended to
discrete-time T-S fuzzy systems by Feng (2004). Johansson et al. (1999) and Feng
(2004) also considered T-S fuzzy systems with affine subsystems:
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N
() =) miE)Ax() + a;)

i=1

N
x(r+1) = Z wi(§)(Aix(r) + a;), (2.57)

i=1

where a;,i = 1, 2, ..., N are additional offset terms, and developed stability condi-
tions for them based on piecewise quadratic Lyapunov functions.

Fuzzy quadratic Lyapunov function. In single quadratic Lyapunov function
based approaches and piecewise Lyapunov functions based approaches, the: mem-
bership functions are not used in the Lyapunov functions. One way to include the
membership functions is to build the Lyapunov function by following the way similar
to building the overall T-S fuzzy fuzzy system. Chadli et al. (2000) proposed the
following fuzzy rules:

R': TF & (t) is F| and & () is F5 and ... and &.(z)is F}
THEN V (x(1)) = x(t)T P;x(1), (2.58)

where P;,i = 1,2, ..., N are positive definite matrices.
Using the same fuzzy inference method as we obtain the overall T-S fuzzy system,
a fuzzy quadratic Lyapunov function is constructed as

N
V) =) miE)x" Pix (2.59)

i=1

based on which the following stability conditions are derived for continuous-time
T-S fuzzy systems (2.45).

Theorem 2.5 (Chadli et al. 2000) Suppose there exist positive definite matrices Q
and P; such that the following LMIs hold:

AP, +PA; < —Q, i=1,2,...,N, (2.60)
Al Pj+ PA; + AT P + PiA;
2

<-0, i,j=1,2,...,N, i#j (261

Jor ni(¢)u;(€) # 0. Then, the global model (2.45) is globally exponentially stable
if the following constraint on the variation of the state is satisfied:

Au (Q)

Ix®O < ———,
14 va=1 Ay (Py)

(2.62)

where Ay (-) represents the largest eigenvalues of the corresponding matrix, y is
defined as y = maxl_, ||a“a;f)||.
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For the discrete-time T-S fuzzy system (2.46), based on the fuzzy quadratic Lya-
punov function, Zhou et al. (2005) developed the following stability conditions.

Theorem 2.6 (Zhou et al. 2005) The T-S fuzzy system (2.46) is globally exponen-
tially stable if there exists a set of positive definite matrices P; such that the following
LMIs are satisfied:

ATPA; —P; <0, i,j=1,2,...,N. (2.63)

Compared with the stability conditions in Theorem?2.3, 2.6 does not require a
common positive definite matrix P but a group of positive definite matrices P;, which
relaxes the conditions.

T-S fuzzy systems with time-varying linear subsystems. All the above
approaches assume that all the subsystems of T-S fuzzy system are linear time-
invariant (LTT). However, if the real nonlinear plant is time-varying, when a T-S
fuzzy system is employed to approximate the time-varying nonlinear plant, its sub-
systems will be time-varying as well (Jin 2003), thatis, A;, i ='1,2, ..., N in (2.46)
are not deterministic but varying with 7. The T-S fuzzy system (2.46) becomes

N
X(t+1) =Y wEAXQ), (2.64)

i=1

where A! is the system matrix of the ith local T=S model at time step ¢. It is important
to investigate the stability properties of the T-S fuzzy system in the form (2.64).
Jin (2003) derived stability conditions of (2.64) by employing a single quadratic
Lyapunov function.

Theorem 2.7 (Jin 2003) Fuzzy system (2.64) is exponentially stable at x = 0, if
1. There exist two constants a and b and a symmetric matrix P, for all Al such that
0 <al <P, <bl holds for all ¢ (2.65)
2. There exists a common matrix H, such that
AN'P Al — P, = —HH] (2.66)

3. There exist a constant C and a function S,(t), for a certain n and for all t such
that

p—1
S, (1) = Zq)(z +i,0THEG+DHG+DTd @ +i,1) > CI >0, (2.67)

i=0

where ® (-) is the transfer matrix of system A!.
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Theorem?2.7 can be viewed as an extension of Theorem 2.3 to time-varying T-S
fuzzy systems. At each time step ¢, a common positive definite matrix solution of
Lyapunov functions needs to be found. However, it is computationally incontinent
to use the conditions in Theorem?2.7 to check the stability of T-S fuzzy models in
practice. Chou and Chen (2001) proposed stability criteria that do not need solving
any Lyapunov equation. In their approach, the time-varying system matrix of the ith
rule A! is splitinto a constant nominal system matrix A’ and a time-varying matrix AA!
representing the time-varying uncertainty. With an assumption on the boundedness of
these uncertainty matrices AA’ i=1,2,..., N, stability criteria are derived, which
enable one to analyze the stablhty of the dlscrete T-S fuzzy model whose rules do
not have a common positive definite matrix solution of Lyapunov equations.

2.4.2 Stabilization Control of T-S Fuzzy Systems

Since each subsystem of a T-S fuzzy system is linear, it is natural to design a linear
controller for each subsystem first, and then build the overall controller. Such an idea
is called parallel distribution compensation (PDC) (Tanaka and Sano 1994; Wang
et al. 1996).

Parallel distributed compensation (PDC). For the T-S fuzzy system (2.21), its
PDC controller shares the same fuzzy sets with it in the IF parts of the rules:

R': TF & (¢) is F| and &(¢) is F5 and ... and £.(¢) is F}
THEN u(r) = Kix(¢), i=1,2,...,N, (2.68)

where K;,i = 1, 2, ..., N-are feedback gain matrices. K; can be chosen using mature
state feedback control design methods, such as pole placement, linear quadratic
regulator (LQR), etc, as long as the subsystem is controllable.

(1) Fuzzily blended controller

Following the similar way to derive the overall T-S fuzzy system (2.34), the
overall T-S fuzzy controller is obtained as

N
u() = Y wi@Kix(0) (2.69)

i=1

which is a nonlinear controller in general.

Although the local state feedback gain K; designed based on linear state feedback
control theory can guarantee the stability of the local linear subsystem, there is no
guarantee that the overall T-S fuzzy controller (2.69) can stabilize the overall T-S
fuzzy system (2.34). In the following study, we will derive the closed-loop TS fuzzy
system and analyze under which conditions it is stable.
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By substituting (2.69) into (2.34), we obtain the closed-loop T-S fuzzy system:

N N

X+ 1) =Y wiE) i) (A; + BK)x (). (2.70)

i=1 j=1
which can be further formulated as
N N
x(t+1) =Y wE @A+ BK)x() +2 ) @) €)Gyx(t),  (2.71)
i=1 i<j
where

(Ai + BiK;) + (A; + BjK;)
ij = .
2

(2.72)

Using a single quadratic Lyapunov function V (x) = x” Px, the following sufficient
condition can be derived for the closed-loop T-S fuzzy system (2.70).

Theorem 2.8 (Wang et al. 1996) The equilibrium of a fuzzy control system (2.70) is
asymptotically stable in the large if there exists a common positive definite matrix P
such that the following two conditions are satisfied:

(A; + BiK)"P(A; + BK;)) — P < 0, (2.73)
GiPGy—P <0, i<]j (2.74)

foralli,j=1,2,..., N exceptthe pairs (i, j) such that 1;(§);(§) = 0.

Remark 2.5 The PDC controller (2.68)—(2.69) is also applicable for continuous-time
T-S fuzzy system. With a single quadratic Lyapunov function V (x) = x” Px, the
stability condition for the closed-loop continuous-time T-S fuzzy system becomes
(Tanaka et al. 1998)

(A; + BiK)"P + P(A; + BiK;) < 0, (2.75)
GiP+PG;<0, i<j (2.76)

foralli,j =1,2,..., N except the pairs (7, j) such that w;(§)u;(§) = 0.

The conditions (2.73)—(2.74) and (2.75)—(2.76) require finding a common definite
matrix P. The control design task is formulated into solving a group of LMIs. If
the solution P can be found, it means the stabilization constraints are met and the
local state feedback gains K; can be obtained simultaneously. However, there is
no guarantee that such a solution exists. With the increase of the number of fuzzy
rules, leading to a massive number of LMIs, it may become infeasible to find a
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common solution P. Many research efforts have been made around how to relax the
stabilization control design conditions.

(2) Switched controller

In this approach, the overall controller switches among different local linear con-
trollers according to certain conditions, rather than fuzzily blending all the local
linear controllers together.

The switching controller is defined as

ut) =Kix(t), £€e8;, i=1,2,...,N, (2.77)
where S; defines a region in the space of the premise variable &:
Si={Iwi€) > w6, j=1,2,...,N, j#i}, i=1,2,...,N. (2.78)

By substituting (2.78) into (2.34), we obtain the closed-loop T-S fuzzy system:

x(t+1) =Aux(n), § €S, (2.79)

where A,; = A; + AA; () + (B; + AB;())K;, with AA; (i) and AB;(u) defined as

N
AL = Y my(E) A — A,
Jj=Lj#i
N
AB;i() = Y (&) (Bj — By). (2.80)
J=1j#

Based on piecewise quadratic Lyapunov functions

V) =x"X""x, €S, i=1,2,...,N, (2.81)
the stability condition of the closed-loop system (2.79) is derived by Feng (2010),
which requires finding a set of positive definite matrices X;,i = 1, 2, ..., N to satisfy
a group of LMIs.

2.5 Tracking Control of T-S Fuzzy Systems

In this section, we consider the tracking control designs for the T-S fuzzy systems
(2.22) and (2.34). Generally, there are two kinds of tracking control: state tracking
control and output tracking control. The state tracking control objective is to design
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a control law that generates the control input u(¢) such that u(#) and x(¢) remain
bounded and x(¢) tracks a bounded reference x,,(#). The output tracking control
objective is to design a controller u(¢) to make u(f) and x(¢) bounded and the output
y(t) track a bounded reference y,, ().

2.5.1 State Tracking Control

In state tracking control, the reference x,,(¢) is usually generated by a stable reference
model, which produces desired state trajectories. The reference model canbe a linear
model or a T-S fuzzy model.

Linear reference model. We start by considering a linear reference model:
-xm(t) = ApXxu(t) + B,r(1), (282)

where x,, € R" is the state vector, r € R’ is the bounded input vector, A,, € R"*"is a
Hurwitz matrix, and B; € R™..
Based on the idea of PDC, the local controller for each subsystem can be designed
as
R': TF & (¢) is Fi and &(¢) is F3 and ... and &.(¢) is F}.
THEN u(t) = Kix(t) + Kir@@), i=1,2,...,N, (2.83)
where K! € R™" and K} € R™".

By fuzzily blending all the local controllers, the overall fuzzy controller is obtained
as

N N
w(t) = Y w@EKx0) + Y wi@Kir@). (2.84)
i=1 i=1
Substituting (2.84) into (2.22) yields the closed-loop fuzzy system:
N N ) )
20 =YY wiE wiE)[A + BiKDx(t) + BiKyr(n)]. (2.85)

i=1 j=1

Since p; satisfies (2.7), if the matrices K{ and Ké meet the following matching
conditions:

A +BK, =A,, BK,=B,, i,j=1.2,...,N, (2.86)

the fuzzy system (2.85) becomes
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X(1) = Apx (1) + Bur (1), (2.87)

which has the same dynamics as the reference model (2.82). After some transient pro-
cess, the state x(¢) will approach the reference x,,(#) and the state tracking objective
is achieved.

From the matching conditions (2.86) and withj = 1,2, ..., N, we have

Ai + BzKll = Ama BLKQI = Bma
Ai +BlK]2 =Ama BIK22 = Bm’

A +BK) =A,, BK) =B,, (2.88)
which lead to
BK| =BK} =...=BK) =A, — A,
BiK) = BK; = ... = BK) =B, (2.89)

foralli=1,2,...,N.

It can be observed from (2.89) that except for some matrices A;, B;, A,;,, and B,
with very special structures, it is almost impossible to design K7 and K’ to meet the
matching conditions (2.86).

Another way to design a state tracking controller is to use a fuzzy reference model
instead of a linear reference model.

Fuzzy reference model. A fuzzy reference model has the following rules:

R': IF & (t)is F} and &(t) is F5 and ... and &.(t) is F}
THEN (1) = Apixn (t) + Bpir(t), i=1,2,...,N, (2.90)

where x,, € R"is the state vector, r € R is the bounded input vector, A,,; € R™",
and B,,; € R"™'. The fuzzy reference model has the same premise variables and
membership functions as the T-S fuzzy system (2.21). The overall fuzzy reference
model is inferred as

N
X (1) = Z Wi (§) (Amixim (1) + Bpir (1)) (2.91)

i=1

To ensure the stability of the fuzzy reference model (2.91), the matrices A,,; should
be chosen to satisfy the following conditions:

AP+ PA,; <0, for all i=1,2,...,N, (2.92)

which is a sufficient condition for the stability of (2.91) based on Theorem 2.4.
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Based on (2.85) and (2.91), we can derive the new matching conditions for the
fuzzy system (2.22) to track the states of the fuzzy reference model (2.91):

A +BiK, = A, BK,=B,, i.j=12...N. (2.93)

Comparing (2.93) with (2.86), we can see A,,; and B, on the right side of the
matching conditions (2.93) instead of A,, and B,,, which gives us more design free-
dom. However, it is still not easy to meet the matching conditions (2.93) since the
coupling between the jth controller and the ith subsystem still exists.

In summary, for general T-S fuzzy systems, it is difficult to achieve state tracking
since it is almost impossible to select the controller parameters to meet the stringent
matching conditions. For certain T-S fuzzy systems with special structures, such as
A; and B; in Canonical form or the number of inputs equals the number of states, i.e.,
m = n, the state tracking problem can be solved successfully under some feasible
design conditions, which will be discussed in details in Chap. 5.

2.5.2 Output Tracking Control

Consider the output tracking control for the continuous-time T-S fuzzy system
(2.22)—(2.23):

N
£ =) " wiE)Aix + B (2.94)
i=1

N
Y=Y w0, (2.95)

i=1

where it is assumed y € R and u € R here.
Since the premise variables §;,j = 1, ..., L are usually selected from system state
variables, we can define

N N
fO) =) wi@Ax, gx) =Y w(Bi (2.96)
i=1

i=1

N
h() =) wi(§)Cix. 2.97)

i=1
The fuzzy system (2.94)—(2.95) can be written into the following form:

x=f(x) 4+ gx)u (2.98)
v = h). (2.99)
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In the following study, we assume the membership functions are designed as
smooth functions, e.g., Gaussian functions, such that the f, g, and & are smooth
vector functions.

Feedback linearization. One of the powerful methods for nonlinear tracking
control design is feedback linearization, which employs a change of coordinates and
feedback control to transform a nonlinear system into a system whose dynamics
are linear. Feedback linearization techniques have been extensively studied in the
nonlinear control literature (Isidori 1995; Khalil 2002; Marino and Tomei 1995;
Nijmeijer and Van der Schaft 1990). In this subsection, we only briefly review some
basic techniques of feedback linearization that are related to the output tracking
control of T=S fuzzy systems.

Our goal is to design a state feedback control law such that the output y tracks a
given reference y,,. To achieve this goal, a direct relationship between the output y
(or its derivative) and the input u is desirable. From (2.98) to (2.99), the derivative
of y is given by

oh oh
y= a—(x)f x) + — (@) g(x)u. (2.100)
X 0x

If we have % (x0)g(x0) # 0, then the system (2.98)—(2.99) is said to have relative

, 3% (x0)g (x0) # Oimplies there
exists a neighborhood By of xyp on which %(x)g(x) # 0. The system with relative
degree one means its output and input are separated by one integrator only.

If %(x) g(x) = 0, then we compute the second derivative of y:

degree one at x(. Since the functions f, g, h are smooth

. d (oh 9 [oh
Y =3 (—(X)f(x))f(X) + — <—(x)f(x)> g(xX)u. (2.101)
x \ dx dx \ ox

If 2 (%8 (x)f (x)) g) # O for any x € By, then the system (2.98)—(2.99) is said
to have relative degree two on By.

If 2 (%(x)f (x)) g(x) = 0, we keep on computing the derivatives of y until u
appears explicitly. The following definition on relative degree p is introduced (Krstié

et al. 1995).

Definition 2.1 The system (2.98)—(2.99) is said to have relative degree p if there
exists a neighborhood By of xy on which

d d o0, _

%(x)g(x) = ﬁ(x)g(x) =...= M(x)g()c) =0, (2.102)
X ox 0x

0

%(x)g(x) 0, (2.103)

where
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W,

Yi(x) = hx), ¢ix) = i=2,...,p. (2.104)

If (2.102) and (2.103) are valid for all x € R", then the relative degree of (2.98)—(2.99)
is said to be globally defined.

According to Definition 2.1, the pth derivative of y can be written as

y (o) — wﬂ I/IP

s o () + —— oy HeWu, (2.105)

where %(x) g(x) # 0 on By. By choosing a state feedback control law

u= aw; ( w”( )f (%) +v> (2.106)
L 0gx)

the nonlinearities in (2.105) can be canceled, leading to the following linear input—
output mapping:

y o =y, (2.107)

where v is an auxiliary signal to be designed. It is easy to design v to achieve output
tracking.

It should be noted that the linearized input—output dynamics (2.107) is equivalent
to a chain of p integrators. Since the original'nonlinear system (2.98)—(2.99) has
dimension 7, there are another n — p states. Using differential geometric tools, it can
be shown that for a system with relative degree p, there always exist n — p functions

Vi1 (X), ..., Yu(x) satisfying

M() x)=0, i=p+1,...,n (2.108)

such that the change of coordinates

G=y=9i(0), L=y =v2(x), ..., § =y""D =y, (x)
n = Werl(x)’ cees Nn—p = WY () (2.109)

is locally invertible.
Define ¢ = [¢1, 825+, 8ol s =01, m2s +« s Nu—p]” and

¢p+1( x)

$1(8. ) = ———(Of (),

Gnp (&, 1) = %( )( )f (x). (2.110)



L IS
£ controlengineers.ir;
© @controlengineers

50 2 T-S Fuzzy Systems

Then, the nonlinear system (2.98)—(2.99) can be transformed into

=20
¥ 2.111)
é:p—l : CP
£, = %(x)f(x) + %(x)g(x)uv
771 = ¢l(§7 77)

E (2.112)
ﬁn—p = ¢n—p(§v 77)

The first p Eq.(2.111) related to ¢ represent dynamics that are input—output lin-
earizable. The last n — p Eq.(2.112) related to n are called the internal dynamics of
the system, which cannot be directly manipulated by u. When ¢{ = 0, the internal
dynamics become so-called zero dynamics (in literature, the internal dynamics are
sometimes called zero dynamics even when ¢ # 0). If the zero dynamics are stable,
the nonlinear system is said to be minimum phase. For a minimum phase system, it
is only necessary to design a control law for the dynamics of ¢. For bounded ¢, n
would be bounded as well.

To apply feedback linearization techniques to design an output tracking controllers
for a T=S fuzzy system, it is important to transform the T-S fuzzy system into an
input—output feedback linearizable canonical form, i.e., (2.111)—(2.112). Since the
membership functions and the forms of A; and B; in each subsystem are different for
different T-S fuzzy systems, it is difficult to determine the relative degree and the
internal dynamics for general T—S fuzzy systems.

However, for a specified T-S fuzzy system, it is possible to derive its relative
degree and internal dynamics. We will show how to obtain them by the following
example.

Example 2.4 Consider the following T-S fuzzy system with two rules:

X(t) = Ax(t) + Byu(r)
() = Cix(®)
X(t) = Axx(1) + Bou(t)
y(1) = Cox(2),

R' :TF x,(¢) is F|, THEN {

R? :TF x,(¢) is F}, THEN {

where the membership functions for F| and F} are chosen as

(x1 —c})?

a2
Fll(xl) = exp [_W M}
1

} i) = e [_ 207)?
1

To simplify the problem, let us consider the case C; = C, = C. Then, we have
the overall T-S fuzzy system



Le IS
@ controlengineers.ir
© @controlengineers

2.5 Tracking Control of T-S Fuzzy Systems

X = w1 (x))(A1x 4+ Biu) + o (x1)(Azx + Bou) (2.113)
y=Cx

with p(x1) = F] (x1) and pa(x1) = F}(x)).
By taking the first derivative of y, we obtain

¥ =Cx = (u1CA1 + 12CA2)x + (11 CB1 + 12CBo)u.

If u1CBy + u,CBy # 0, the relative degree is 1. If u;CBy + u>,CB; = 0, we
continue to compute the second derivative of y:

. dur, . Oug, )
V= a—xCAlx + w1 CAx + a—xCAzx + urCArx
x X

3 3
= (CAlx% + CAzx% 4 1 CA| + 2 CALR. 2.114)
X X

F(x)

Substituting (2.113) into (2.114) yields
V= F@) (1A + n2A2)x + F (x) (1 By + waBr)u. (2.115)

If F(x)(u1B1 + uaBy) # 0, the relative degree is 2. If F(x)(i1B1 + w2B;) =0,
we continue to compute the third derivative of y. Since the membership functions are
usually nonlinear functions of states, the calculation of the high-order derivatives of
y can be very complicated.

For general continuous-time TS fuzzy systems, the topic on how to define their
relative degrees was addressed by Zhang et al. (2017).

For general discrete-time T-S fuzzy systems described by

N
X(t+ 1) =Y i) (Ax(0) + Biu(®))

i=1
N

YO =) wE)Cx (), (2.116)
i=1

a normal form for them will be derived in Chap. 6, which has an explicit relative
degree structure and a specific input—output signal causality relationship desired for
a feedback control design.
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2.6 Summary

T-S fuzzy systems have some special features that make them become a powerful
tool for nonlinear control system designs. T-S fuzzy systems have been proven to
be universal approximators that enable them to serve as function approximators in
approximation-based nonlinear control designs. When dynamic T-S fuzzy systems
are used to represent dynamic nonlinear systems, the control design is based on the
structure and parameters of T-S fuzzy systems.

In this chapter, we have studied three forms of dynamic T-S fuzzy systems:
continuous-time state-space form, discrete-time state-space form, and discrete-time
input—output form. Based on the three forms of T-S fuzzy systems, we have reviewed
some important results on their stability conditions, stabilization control designs and
tracking control designs, and some key design problems.

With different Lyapunov functions, i.e., single quadratic Lyapunov function,
piecewise quadratic Lyapunov functions, and fuzzy quadratic Lyapunov function,
different stability conditions of T-S fuzzy systems can be derived, which require
finding either a common positive definite matrix or several positive definite matrices
by solving a group of LMIs. It should be noted that all those conditions are only
sufficient conditions for the stability of T-S fuzzy systems.

For the control designs for T-S fuzzy systems, generally there are two approaches.
One approach is to design a local controller for each local linear subsystem first and
then obtain the global controller for the overall fuzzy system with certain aggregating
or switching mechanism. This approach is usually called parallel distributed compen-
sation (PDC). The other approach is.to design the global controller directly based on
the overall T-S fuzzy systems. The PDC control design can use mature linear control
theory when designing the local linear controllers. The difficulty lies in how to prove
that the global controller can ensure the stability of the overall closed-loop systems.
The parameters of the local controllers can also be obtained by solving a group of
LMIs. However, there is no guarantee that the solutions can be found all the time.
Research efforts are still being made on how to relax those design conditions.

For the tracking control design based on the global T-S fuzzy system, the T-S
fuzzy systems are treated as a class of nonlinear systems with certain structure and
parameters. If we want to employ popular nonlinear control design techniques such
as feedback linearization, important questions include how to determine the relative
degree of aT-S fuzzy system and how to define its internal dynamics and its minimum
phase property. This problem has been discussed in this chapter and will be further
addressed in Chap. 6.

All the designs in this chapter are assumed that the parameters of T-S fuzzy sys-
tems are known. However, in reality, there exist parameter uncertainties in nonlinear
systems. Correspondingly, the T-S fuzzy systems used to represent such nonlinear
systems will also have parameter uncertainties. As is well known, adaptive control
is effective in dealing with parametric uncertainties. In Chap. 3, we will first give a
tutorial introduction on the basic ideas and design techniques of adaptive control.
Then in Chaps.5-10, we will present a systematic study on the adaptive control
designs and analysis of T-S fuzzy systems.
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Chapter 3 ®)
Adaptive Control: A Tutorial e
Introduction

Adaptive control is a well-established and powerful methodology to deal with sys-
tems with unknown constant or slowly time-varying parameters. The basic idea
of adaptive control is to employ a parameter adaptation scheme to estimate those
unknown parameters and replace the unknown parameters in the feedback controller
with their estimates. Adaptive control is essentially nonlinear control due to the
involvement of dynamic parameter adaptive law, no matter it is applied to linear
systems or nonlinear systems.

Traditionally, there are two approaches in adaptive control design. One approach
is called direct adaptive control, which estimates the controller parameters directly,
and the other is called indirect adaptive control, which estimates the plant parameters
and the controller parameters are calculated from the plant parameter estimates.

When designing the parameter adaptive law, there are also two approaches.
One approach is Lyapunov-based design and the other is estimation-based design
(Kirsti¢ et al. 1995). The major difference between the two approaches resides in the
way to derive the parameter adaptive laws and the corresponding stability and con-
vergence proof. In Lyapunov-based designs, usually a Lyapunov function containing
tracking error and parameter estimation error is chosen first, and then the derivative of
the Lyapunov function along the tracking error dynamics is derived, based on which
the parameter adaptive law is designed such that the derivative of the Lyapunov
function is nonpositive. Estimation-based designs treat the parameter estimation as
a separate module and guarantee the properties of parameter estimation independent
of the controller module. Various parameter identification algorithms such as gra-
dient and least-squares optimization algorithms can be applied in estimation-based
designs.

In adaptive control, there is an important design principle called certainty equiv-
alent principle (Astrom and Wittenmark 1995). The controller is first designed
by assuming all the plant parameters were known. When the plant parameters are
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unknown, the control law is computed from the parameter estimates by treating them
as if they were the true parameters, which is called a certainty equivalence controller.
The certainty equivalent controllers have been proven to be satisfactory for adaptive
control of linear systems.

This chapter is aimed at providing an introductory overview of adaptive linear and
nonlinear control, to help readers understand the basic ideas and design approaches
of adaptive control. We use simple single-input single-output (SISO) linear and
nonlinear systems as design examples to illustrate the basic ideas of adaptive
control. For readers who want to get a deeper understanding of adaptive control,
there are many elegant books in this area (Goodwin and Sin 1984; Astrom and
Wittenmark 1995; Krsti¢ et al. 1995; Ioannou and Sun 1996; Tao 2003; LLandau and
Lozano et. al. 2011).

3.1 Adaptive Linear Control

In this section, we introduce the basic ideas of indirect and direct adaptive control,

and model reference adaptive control for linear systems. We try to make it easier for

beginners to understand how an adaptive control system is designed and what are

the key properties it can achieve. We employa simple SISO linear plant with two

unknown parameters as a demonstration example in the following designs.
Consider the following SISO linear plant:

y =ay + bu, (3.1

where y € R is the output and u € R is the input; a and b are two plant parameters. It
is assumed that b # 0, which means the relative degree of (3.1) is one. The control
design objective is to make y track a reference signal y,, when a and b are unknown
under the following assumption.

Assumption 3.1 The reference signal y,, and its first derivative y,, are bounded.

We first present the basic methodology of indirect and direct adaptive control for
the plant (3.1).
3.1.1 Indirect Adaptive Control

Let us first consider the nominal case that a and b are known. One simple choice of
uis

1
u= E[_ay +5’m_k(y_))m)]v (3.2)

where k is a positive constant, which is a design parameter chosen by the user.
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Define the tracking error e = y — y,,. Substituting (3.2) into (3.1) yields
e = —ke, (3.3)

which implies that e approaches zero asymptotically (the convergence speed depends
on the value of k) and the design objective is achieved.

Now we consider the case that ¢ and b are unknown. In this case, the nominal
controller (3.2) cannot be implemented. .

Suppose that we can obtain the parameter estimates (a, b) for (a, b), then the
controller (3.2) can be implemented by the following indirect adaptive controller:

1 .
U= Z[—ay+ym — k(G =y, (3.4)
a= yiey, (3.5)
b= yreu, 3.6)

where y;, y» > 0 are two design parameters. The adaptive control scheme (3.4)—(3.6)
is called indirect adaptive control because the controller is calculated based on the
estimates (a, b) of the plant parameters (a, b).

Applying (3.4) into (3.1), we obtain

é = —ke —ay — bu, (3.7)
where @ =4 —aand b = b — b.

The stability of the error dynamics (3.7) can be checked by examining the deriva-
tive of the Lyapunov function

- 1 1 1 -~
Ve, a,b) = —e* + —a* + —1b?, (3.8)
2 2y 2y,

where y1, y» > 0 are two design parameters. The derivative of (3.8) along the error
dynamics (3.7) follows

. ~ 1 . 1 ~2
V = —ke* — @ey — beu + —aa + —bb. (3.9)
V1 V2

Since a and b are two constants, we have @ = b= 0, and from (3.5)—(3.6), we obtain

which are used in (3.9), leading to
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V = —ké*, (3.10)

which indicates V (e, &.l;) evaluated along (3.7) is a nonincreasing function of time.
This proves e, a, be Lo, 1.e., bounded fgr all7 > 0, which also indicates y, a, b €
L. From (3.4), we have u € Lo, when b # 0 (which can be guaranteed by using
various parameter projection algorithms). Then, from (3.7), we have ¢ € L. By
integrating both sides of (3.10), we have

/OO Adt = %(V(O) — V(00)) < o0, @3.11)
0

whichmeanse € L>. Withe, ¢ € Ly and e € Ly, it canbe concluded from a corollary
of Barbalat’s lemma thatlim,_, o, e(¢#) = 0, which means the design objective has been
achieved using the indirect adaptive control scheme (3.4)—(3.6).

Barbilat’s lemma and its corollary are widely used in proving the signal conver-
gence of an adaptive control system, which are given as follows (Popov 1966).

Lemma 3.1 (Barbilat) Consider the function ¢ : Ry — R. If ¢ is uniformly contin-
uous and lim,_, o, fol ¢ (t)dt exists and is finite, then

lim ¢(1) = 0. (3.12)

Corollary 3.1 Consider the function ¢ R, — R. If ¢, ¢ € Loo, and ¢ € L, for
some p € [1, 00), then

tl_i)r&d)(t) =0. (3.13)

Parameter projection. The parameter estimate b can be guaranteed bounded
away from zero by using various parameter projection algorithms (Ioannou and Sun
1996; Tao 2003). To employ a parameter projection algorithm, some knowledge of
the control gain b is needed.

Assumption 3.2 The sign of b is known and b € [by, b,] for some known constants
by and b;,.

Without loss of generality, itis assumed b > 0 in the following design. The param-
eter adaptive law (3.6) for updating b is modified as

b= yreu+£(t), (3.14)

where f () is a projection signal defined as
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0 if be (b, by)
£ = or b=>b; and yreu >0

or b= by and yreu <0,
—y,eu  otherwise,

which for I;(O) € [by, by] guarantees that l;(t) € [by, by].
Consider the same Lyapunov function (3.8), whose derivative along (3.21), (3.5)
and (3.14) is

—ke? it be (by,b)
or l;=b1 and eu >0
or i):bz and eu <0,
—ke* — beu  otherwise.

(3.15)

When b = by amj eu < 0, we have beu = (l; — b)eu > 0; when b= b, and eu >
0, we have beu = (b — b)eu > 0 as well. Therefore, from (3.15), we can conclude

V < —ke* <0. (3.16)

By following the similar analysis for the case without parameter projection, it can
be obtained that all the closed-loop signals-are bounded and lim,_, , e(¢) = 0 under
the adaptive control law (3.4), (3.5) and (3.14).

3.1.2 Direct Adaptive Control

In Sect.3.1.1, the parameters of the adaptive controller (3.4) are obtained from the
estimates (a, l;) of plant parameters (a, b), which is called indirect adaptive control.
In this section, we try to estimate the parameters of the adaptive controller directly,
which leads to the direct adaptive control approach.

First, we parameterize the control law (3.2) as

u=—01y+0ym — kbse, (3.17)

where ), = 7 and6, = % . With the new parametrization, the plant (3.1) can be written
as

y=—y+ —u. (3.18)

When 6; and 6, are known (from the knowledge of a and b), applying (3.17) into
(3.18) yields
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e = —ke, (3.19)

which leads to lim;_, , e(¢) = 0.
When 6, and 6, are unknown, their estimates 6; and 6, are used to build an adaptive
controller

u=—01y + 0y — kbre. (3.20)

To implement (3.20), we need to develop parameter update laws for 6 and 6,.
Generally, there are two approaches to obtain the parameter update laws: one is
Lyapunov-based design and the other is estimation-based design. The Lyapunov-
based design chooses a Lyapunov function of the tracking error and the parameter
estimation error. Then the parameter update laws are designed to make the derivative
of the Lyapunov function nonpositive. The estimation-based approach is to design
a parameter identifier with guaranteed parameter estimation properties, such as the
gradient algorithm and the least-squares algorithms.

Here, we use the Lyapunov-based design to obtain the parameter adaptive laws
for 6, and 6,. First, we need to develop the tracking error dynamics subject to the
controller (3.20). Applying (3.20) into (3.18) and with some simple mathematical
manipulations, we obtain

. 1 . W, ,
e=—ke— —(6h — 01y + —(62 = 02) hm — ke). (3.21)
0, 0,

Define 6, = 6, — 6, 6, = 6, — 0 and w = Vm — ke, then the error dynamics
(3.21) can be written as

|
o= —ke — —01y + —bro. (3.22)
0, 0,

The error dynamics (3.22) builds the relation between the tracking error and the
parameter estimation etrors, which is crucial for the Lyapunov-based design.

It can be noticed that the signals e(z), y(t) and w(¢) are all available at time 7.
Our parameter adaptive laws will be developed using these signals. Besides, the
information on the sign of 6, that is, the sign of control gain b, is also needed.

Assumption 3.3 The sign of the control gain b is known.

Assumption 3.3 means the control direction of the linear system (3.1) is known,
which can be satisfied in many control applications.
Consider the following Lyapunov function:

- - 1 1 ~ 1 ~
Ve, 0,0, = —¢® 62 62, 3.23
(€00 0) =3¢+ e 2 629

where y;, y» > 0 are two design parameters.
The derivative of (3.23) along (3.22) is
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. 1 -~ 1 -~ -~ s 1 .=
V = —ke* — e—zeley + e—zezew + 0,10; + ——0:0,

71162 72162
é 1z é 1 2
= —ke® + —— (—@1 - sign(@z)ey) + = (—02 - sign(ez)ew>
1621 \ »1 1621 \ y2
6 1 x 6. 1 x
= —ke? + <—91 - sign(b)ey) + = <—92 - sign(b)ew) . (3.24)
1621 \ »1 162] \ y2
If the parameter adaptive laws are designed as
b = yisign(b)ey, (3.25)
6, = yrsign(b)ew, (3.26)
from (3.24), we have
V = —ke, (3.27)

based on which we can conclude e, 51 and 52 are bounded. By following the similar
analysis as we have done in Sect.3.1.1, it can be obtained that all the closed-loop
signals are bounded and lim;_, o e(¢) = 0.

Since no parameter estimate appears in the denominator of the control law (3.20),
no parameter projection is required for the parameter adaptive laws (3.25)—(3.26). It
can be observed that the information of sign(b) is required in the parameter adaptive
laws (3.25)—(3.26) for the direct adaptive control scheme, while the same information
is also required in the modified parameter adaptive law (3.14) for the indirect adaptive
control scheme.

3.1.3 Model Reference Adaptive Control

In model reference adaptive control, the expected output is generated by a reference
model. For the plant (3.1), suppose the reference model is given by

ym = —anYm + bur, (3.28)

where y,, € Rand r € R are the output and input of the reference model, respectively;
a,, and b, are the model parameters. To make the reference model stable, a,, satisfies
a, > 0. The control objective is to make the plant output y track the reference model
output y,, as closely as possible.

First, we consider the nominal case that @ and b in (3.1) are known. The nominal
controller has the following structure:

u=kyy+kyr, (3.29)
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where k; and k; are two parameters to be designed. Applying (3.29) into (3.1) results
in the following closed-loop dynamics

y = (a+ bk))y + bkyr. (3.30)
If k; and k; are chosen to satisfy the following matching conditions:
a+ bk; = —a,,, bk, = b, (3.31)
then the closed-loop system becomes
V= —auy + byr. (3.32)

Define the output tracking error e = y — y,,. Subtracting (3.28) from (3.32) yields
the following tracking error dynamics:

e = —ape, (3.33)

which implies e converges to zero asymptotically.
In this case, the matching conditions (3.31) can be easily satisfied with

ki s (3.34)

Il
»
[ 5]
I

Thus, the control objective can be achieved perfectly when a and b are known.

Now we consider the case that a and b are unknown. In this case, the controller
parameters k; and k; cannot be calculated from the matching conditions (3.31) and
their estimates k; and k, are used to form an adaptive control law

u=ky+kr. (3.35)
To develop adaptive laws for ki and k,, we need to obtain the tracking error
dynamics for the plant (3.1) subject to the adaptive control law (3.35).

Applying (3.35) into (3.1), we have

}'I =ay+ bl;ly + bl;zl”
= (a + bky)y + bkr + bkyy + bor, (3.36)

where ];1 = ]21 — kl and ];2 = ]22 — kz.
Using the matching conditions (3.31), from (3.36), we have

V= —any + bur + bkyy + bkor. (3.37)
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3.1 Adaptive Linear Control
Subtracting (3.28) from (3.37) yields the following closed-loop error dynamics:
¢ = —ape + bkyy + bkor. (3.38)

It can be noticed that the control gain b appears on the right side of (3.38). To
develop parameter adaptive laws through Lyapunov-based approach, we need the
information of the sign of b, that is, Assumption 3.3.

Consider the following Lyapunov function:

b b
Ve, kl, kz) = —¢* + uk b1 k (3.39)
2y 2J/2

The derivative of (3.39) along (3.38) is

V =ee+ uklkl + u/zziéz
V2

V1
- 1= - 1=
= —ape’ + |blk <sign(b)ey + —k1> + |blk; <Sign(b)er + —k2> . (3.40)
4! V2

If the parameter adaptive laws are chosen as

121 = I;I = —yisign(b)ey

kz =Ky = —yzsign(b)er, (341)
from (3.40), we have
V = —a,e’ <0, (3.42)

which means V(e, I;] , 122) is  nonincreasing such that e, 121, 122 €
L. Hence, y, 121, 122 € Ly, as well. Then, from (3.35), we obtain u € Ly,. Thus,
all the closed-loop signals are bounded.

Furthermore, from (3.38) we have ¢ € L. By integrating both sides of (3.42),
we obtain

/ooezdt = i(V(O) — V(00)) < 00, (3.43)
0

m

which means e € L,. With ¢, é € L, and e € L,, it can be concluded based on the
Corollary of Barbilat’s Lemma that lim,_, o, e(f) = 0.
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3.1.4 Discrete-Time Adaptive Linear Control

Consider the following discrete-time linear plant:
y+1) = ay@) + bu(), (3.44)

where y € R and u € R are output and input, respectively; a and b (b # 0) are plant
parameters. Our design objective is to make y track a bounded reference signal y,,.

First, we consider how to design a nominal control law for known a and b. Design-
ing the control law as

1
u(r) = E[—ay(t) +ym(+ DI, (3.45)

which, when applied to the system (3.44), brings y(t + 1) to y,;(t + 1) in one step
and leads to the closed-loop dynamics

y(@) = ym(®),Ve > 1. (3.46)

Remark 3.1 The nominal control law for known a and b can also be designed as

1
u(t) = [—ay(®) +ym(t £ D'+ kO@ = yu®)], (3.47)

where the parameter k is chosen to satisfy |k| <'1. Applying (3.47) into (3.44) yields
the closed-loop dynamics

y(e+1) =y + 1) + k(@) = yn). (3.48)

Define the tracking error e(t) = y(t) — y,,(¢). From (3.48), we have the tracking
error dynamics

e(t+1) =ke(t), (3.49)

which, due to |k| < 1, leads to lim,_, », e(¢) = 0.

When a and b are unknown, their estimates a(¢) and l;(t) at time ¢ are used to
construct an adaptive control law

1
u(t) = =——[=a@)y@) +ya(t + D], (3.50)
b(t)

where b should be ensured nonzero.
Applying (3.50) into (3.44) and with some simple mathematical manipulations,
we obtain the following error dynamics:
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3.1 Adaptive Linear Control
e(t+1) = —a(n)y(t) — b(u(), (3.51)

where (f) = a(f) — a and b(t) = b(t) — b.

In Sect.3.1.1, we derive the parameter adaptive laws through a Lyapunov-based
design. However, a major difference between discrete-time adaptive control and
continuous-time adaptive control is that the Lyapunov-based design is not applicable
to the discrete-time case. For discrete-time systems, it is more convenient to derive
the parameter adaptive law through an estimation-based approach, that is, employing
a parameter identifier to estimate the unknown parameter.

The plant (3.44) can be parameterized as

y(t+1) =0T (), (3.52)

where 6 = [a, b]” is a vector of unknown plant parameters and ¢ (t) = [y(t), u(t)]”
is a regressor vector.
Define the estimation error with 6(t) as

e() =y(t+ 1) — 0" (), (3.53)

where é(t) = [a(p), l;(t)]T. In view of (3.52), the estimation error (3.53) can be
formulated into

() =—-0"Np@1), 6(t) =6() —0, (3.54)

which is a linear parametric error model (linear in the parameter error ).

Remark 3.2 The linear parametric model (3.54) is a key model in adaptive control
and system identification, which builds the relation between the parameter error 8 and
estimation error . Based on the measurable signals y(f 4+ 1) and ¢ (¢), an adaptive
law for updating 6 can be derived to ensure 6 has some desirable properties, such as
gradient and least-squares methods.

Based on (3.53), a normalized gradient algorithm can be applied for updating the
parameter vector 6 to minimize a normalized quadratic cost function

, (3.55)

where m(¢) is a normalizing signal which does not explicitly depend on 6(1). A

preferred choice of m(¢) is the one which ensures the boundedness of ¢ W00 [y thig

m2(r)
example, we choose

m(t) =+/c+ TP (1), (3.56)

where ¢ > 0 is a small design parameter.
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~ ~ t t)e(t
b+ 1) = by + L0200 (357)
m* (1)

where 0 < Yy < y(f) < 2 — yp is an adaptation gain for some constant y, € (0, 1).
The parameter adaptive law (3.57) has the following properties.

Lemma 3.2 The parameter adaptive law (3.57) guarantees that

(i) 6(t) and E(’) are bounded;

(ii) 9([ +1) — G(I) and % belong to L,; and
e(1) — 0

(i) 1imy_ o0 05
Proof (i) Consider the following Lyapunov function candidate:
V(@) =6"4. (3.58)
The time increment of V(é) along (3.57) is

VE@E+1))—VE@E@®) =10 +1) — 01> — 16 — 6>

y(t)qu(t)rb(t)] e*(1)
=— 2— - . (3.59
V(t)[ oo cr et O
Since
AQLOIION
—y() [2 —+¢T(t)¢(t)] y[2-y®]
<=2 - ), (3.60)
we have the inequality
e%(1)
V@@ +1) — V@) < =12 — ) prypds <0, (3.61)

which means V() is a nonincreasing function. Thus, 6 and 6 are bounded. From
(3.61), we have

H0)
m*(t) ~

Y02 = vo) <VEO®) - VEE+1) < o0 (3.62)

which gives El((t)) € Ly
(i) It follows from (3 61) that

2
( )) =V@©B(0) - V@®) < VE©0), (3.63)
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3.1 Adaptive Linear Control

which means 24 ¢ L, and from (3.57) that 6(1 + 1) — 6(1) € L.

(iii) With ;((tt)) € Loo [ L, it is straightforward to obtain

I3 (t)

im
t—00 m(z‘)
which completes the proof. \Y

To avoid singularity in the adaptive control law (3.50), b should be guaranteed
nonzero. Similar to the continuous-time case, parameter projection can be applied to
make b bounded away from zero. Without loss of generality, the following assumption
is made on b.

Assumption 3.4 It is assumed that 0 < by < b < b, for some known constants b,
and b,.

The parameter adaptive law (3.57) is modified as

ar+1) =al) + M (3.64)
m?(t)
bt + 1) = b(r) + M FF), (3.65)
m* (1)
where l;(O) € [by, by], f (¢) is a projection signal which is defined as
0 h(t) € [b1, bs]
f@® ={b,—h@) h@) >b (3.66)

—h() h@t) < by,

where h(t) = b(t) + LLUDD

m2(t)

The modified parameter adaptive laws (3.64)—(3.65) guarantee for Z)(O) € [b1, by]
that b(t) € [b1, br] and the desired properties of Lemma 3.2 are still valid, which can
be checked by evaluating the increment of the Lyapunov function V (a, b) = a% + b*
along (3.64)—(3.65).

Now we consider the property of the tracking error e(f). Based on Lemma 3.2,
we have the following desired closed-loop properties.

Theorem 3.1 The adaptive controller (3.50) with the parameter adaptive laws
(3.64)—(3.65), applied to the plant (3.44), can guarantee that all the closed-loop
signals are bounded and the tracking error lim,_, o e(t + 1) = 0.

Proof Substituting (3.50) into (3.44), we obtain the closed-loop system

yi+1) =0T¢p@) — 0 (1) + ym(t + 1), (3.67)
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from which we have
e(t+1) = =0T () (1).
From (3.54), we have
e(t+1) =¢(),
which, divided by m(#) on both sides, gives

e(t+1) . <9(_t)
m)  m@)’

Define £(t) = ’f% Then from (3.70), we have

e(t+1) = e(t)m(z).
From (3.56), we have

m(t) < Ve +1p@).
With ¢ (1) = [y(t), u(t)]” , we have

eIl < Iy@!+ [ul®)].

From (3.50) and Assumption 3.7, we obtain

@] < c1ly®] + c2,

where c¢; and ¢, are two positive constants.
With (3.72)—(3.74) and e(t) = y(t) — y(2), it can be derived that

m(r) < csle(r)| + ca,

where c3 and ¢4 are two positive constants.
With (3.69) and (3.75), it can be derived that

le(t + DI < c3le@]]e(®)| 4 cale(D)].

E el
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(3.68)

(3.69)

(3.70)

3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

From Lemma 3.2, we have lim,_, o, £(t) = 0. Therefore, it can be concluded from

(3.76) that e(t) € L. Hence, y(t), u(t), ¢(t) € Ly as well.

With ¢ (¢) € Lo and 20 ¢ L,, it can be concluded from (3.69) thate(¢ + 1) € L,.

m(t)

With e(t + 1) € Lo () L, we finally have lim,_, o, e(t + 1) = 0.
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3.2 Adaptive Nonlinear Control

In this section, we mainly consider adaptive feedback linearization control for non-
linear systems. We employ a continuous-time example and a discrete-time example
to illustrate the use of adaptive control methodology in nonlinear feedback control.

3.2.1 A Continuous-Time Design Example

In this example, we consider the tracking control design problem for the following
nth-order continuous-time nonlinear plant:

)'Cl =X2

)'Cz = X3

G =0"f () + g()u
y =Xy, (3.77)

where x = [x;, x2, ..., x,]7 € R" is the state vector, u € R is input, y € R is output,
f:R"— R'and g : R" — R are sufficiently smooth in adomain D C R",6 € R'isa
constant parameter vector. The design objective is to find an adaptive controller such
that the output y(¢) tracks a bounded reference signal y,,(¢#) for unknown param-
eter vector 0. It is assumed that the reference signal y,,(¢) satisfies the following
assumption.

Assumption 3.5 y,,(1), y,(f), ..., y"(¢) are bounded.
Without loss of generality, we make the following assumption on g(x).
Assumption 3.6 g(x) > go > 0, where g is a positive constant.

Assumption 3.6 implies the relative degree of (3.77) is n.
We first consider the nominal case that 6 is known. Define the tracking error
e(t) = y(t) — yw(?), then the nominal control law can be designed as

u= (=07F () + 3 — kg™ D — o — ke — koe) (3.78)
g(x)
where the parameters k;, k, ..., k,—; are chosen such that the polynomial
" hys" N+ ksH+ k=0 (3.79)

is Hurwitz, i.e., all roots of (3.79) lie in the left-half complex plane.
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Applying (3.78) into (3.77) results in the following tracking error dynamics
e” 4+ ky1e" V4 f ke +koe =0, (3.80)

which leads to lim,_, , e(¢) = 0. .
When 6 is unknown, its estimate 6 is used to implement the following adaptive
control law:

" (—éTf(x) Fy® D — ke —koe). (3.81)

RE)

Substituting (3.81) into (3.77) yields the following tracking error dynamics:

e™ 4+ k16" D 4o f ke + koe +07f (x) =0, (3.82)
where 6 =6 — 6.
Define e = [e, ¢, ..., e"D]7. Then (3.82) can be formulated as
é=Ae+ BOTf(x), (3.83)
where
0 10 0 0
0 01 0 0
A= : . w of, B=|:|. (3.84)
0 1 0
—ko —ki__+-- —ky—1 1

Since A is a Hurwitz matrix, for a positive definite matrix Q, there exists a positive
matrix P such that

ATP+PA=—-0Q. (3.85)
Consider the following Lyapunov function candidate:
5 1 lor i

Ve, 0) = € Pe + 59 r—'o, (3.86)

where I is a diagonal matrix with its diagonal elements being positive constants.
The derivative of (3.86) along (3.82) is given by

. 1 - - 2
V= —EgTQg +0Te"PBf (x) + 6710

= —%gTQg +07 (" PBf () +T710). (3.87)
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Selecting the parameter adaptive law as
6 = —Ire" PBf (x), (3.88)

it can be obtained from (3.87) that

. -
V=-5e0e=0, (3.89)

which implies e, 6 € Lo. Since e = x; — Yy, & = X3 — Yy . . . €™ = x, — ¥y with
Assumption 3.5, we have x € Ly,. Based on Assumption 3.6 and (3.81), it can be
concluded that i are bounded. From (3.82), we obtain ¢ € L. Integrating both sides
of (3.89), it can be obtained that fooo e’ Qe < oo, that is, e € L,. With Barbilat’s
lemma, we finally obtain lim,_, o, e(t) = 0.

3.2.2 A Discrete-Time Design Example

In this example, we consider a nonlinear plant described by the following discrete-
time model:

x1(t+1) =x()
X+ 1) =x3(0)

Xu—1(t + 1) =x,()
X+ 1) =07 (x(1)) + g(x(0))u(?)
(8 = x,(2), (3.90)

where x(f) = [x1(t), x2(), . .., x,(t)]7 € R" is the state vector, u € R is input,y € R
isoutput, f : R" — R' and g : R" — R are sufficiently smooth in a domain D C R",
and 6 € R' isa constant parameter vector. The control objective is to design a control
law u(¢) to make the output y(¢) track a reference signal y,,(t) when the parameter
vector 6is unknown and under the following assumptions:

Assumption 3.7 y,,(¢) is bounded for any ¢ > 0.

Assumption 3.8 Forx € D C R",f (x) satisfies ||f (x)|| < L||x||, where Lis apositive
constant.

Assumption 3.9 g(x) > go > 0, where g is a positive constant.

Assumption 3.9 implies the relative degree of (3.90) is one. The plant (3.90) can
be formulated as
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Yt +1) = 07f (x(0) + gx())u(®). (3.91)

When 6 is known, the nominal control law

u(t)

= GO (—07F (x() + yu(t + 1)), (3.92)

applied to (3.91), leads the closed-loop system to
y@) =yn@), > 1 (3.93)

When 6 is unknown, its estimate 6 is used to implement the following adaptive
control law:

(o) (=87 @F @)+l + D). (3.94)

1

g(x())
which results in the closed-loop dynamics described by

Y+ 1) =yt + 1) — 67 (Of (x@)), (3.95)

where 8(1) = 6(1) — 6.

Unlike the continuous-time example, the discrete-time parameter adaptive law
cannot be derived from Lyapunov-based design. Various parameter identification
algorithms such as gradient algorithms and least-squares algorithms can be applied

to update 6.
Define the estimation error with 6(t) as

e(t) =yt 4+ D)= 0" (Of (1)) — g(x(t)u (), (3.96)
which, in view of (3.91), can be expressed as
e(t) = =0T (N ), (3.97)
where the regressor ¢ () £ fx@)).
It can be noted that (3.97) has the same form as (3.54). BaseAd on (3.96) and
(3.97), the parameter adaptive law (3.57) can be applied to update 6§ and the desired

properties given by Lemma 3.2 also hold.
From (3.95), we have

e(t+1)=—=0T()p(). (3.98)
In view of (3.97) and (3.98), we have

et+1) = &), (3.99)
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which, divided by m(#) on both sides, gives

e(t+1) @)
m@t)  m()

(3.100)

From (3.56), we have

m(t) = e+ T (0 1) < e+ O, (3.10D)

where, under Assumption 3.8, ¢ (¢) satisfies
eI = IIf x)l = Lllx(®)|l. (3.102)

Since x(t) = [yt —n4+1),...,yt —1),y®]" and e(t) = y(t) — yu(t), with
Assumption 3.7, we have

n—1

Ix@l < ) le¢ =Dl +er <n max je@=1) e, (3103
=0

where c; is a positive constant.
With (3.101)—(3.103), we obtain

m(t) <nLmax0 <t <n—lle(t —1)| + 3, (3.104)

where c; is a positive constant.
Then from (3.100), we have

e(t) < |Q| (t)_nL|Q| max. |e(t—t)|+czlﬁl (3.105)

m(t) m(t) 0 m(r)
With Lemma 3.2, we have lim,_, % = 0. Therefore, the inequality (3.105) implies
e(t) € Ly. Hence, y(7), u(t), x(t) € Ly as well.

With x(z) € Lo, and Assumption 3.8, we have ¢(¢) € Ly, and m(t) € Lo,. Fur-
thermore, E(( t)) € L, by Lemma 3.2. Therefore, it can be concluded from (3.100) that
e(t+1) € L. With e(t + 1) € Ly () L2, we finally obtain lim,_, e(z + 1) = 0.

3.3 Summary

Adaptive control is a sophisticated methodology to deal with parametric uncertain-
ties. Parameterization is the foundation of adaptive control designs, which transforms
the uncertain part of a system into a vector of unknown parameters and a regressor
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with measurable signals. Based on the certainty equivalent principle, the estimates
of unknown parameters are used to compute the control signal.

The adaptive law for updating the parameter estimates can be derived either
through Lyapunov-based design or estimation-based design. The Lyapunov-based
design is based on a Lyapunov function containing both tracking error and parame-
ter estimate error, and the parameter adaptive law is selected such that the Lyapunov
function is nonincreasing. The estimation-based design utilizes various parameter
identification algorithms, such as least-squares and gradient algorithms, which can
ensure certain desirable properties of parameter adaptation that are independent of
control. For discrete-time systems, it is difficult to employ the Lyapunov-based design
and the parameter adaptive laws are usually derived through the estimation-based
design.

When the adaptive law updates the plant parameter estimates and the controller
parameters are calculated from the plant parameter estimates, the corresponding
adaptive control scheme is called indirect adaptive control. When the adaptive law
directly updates the controller parameters, the corresponding adaptive control scheme
is called direct adaptive control.

The sign of the control gain is usually assumed to be known in adaptive control,
which is required when designing the parameter adaptive law. The model reference
adaptive control requires certain plant-model matching conditions.

Since there may exist modeling error and disturbances in an adaptive control
system, the parameter adaptive law designed for the ideal case with no modeling
error and disturbances need to be modified to avoid parameter drift. Interested readers
may refer to the books (Ioannou and 'Sun (1996), Tao (2003)) for more knowledge
on robust adaptive control.
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Chapter 4 ®)
T-S Fuzzy System Identification Using e
I/0 Data

4.1 Introduction

In this chapter, we consider the identification of T-S fuzzy models based on input—
output (I/O) data. The identification of T-S fuzzy models includes two major tasks:
structure identification and parameter identification (Takagi and Sugeno 1985). Struc-
ture identification determines the premise (input) variables, the number of fuzzy
rules, and the initial positions of membership functions. Parameter identification
determines a feasible set of parameters including antecedent (membership function)
parameters and consequent parameters-under a given structure.

If an I/O data collection can be obtained in advance, the fuzzy system identifi-
cation can be carried out using offline identification algorithms. If the data come in
an online mode, the fuzzy system can also be identified using online identification
algorithms. In this chapter, both offline identification and online identification algo-
rithms will be presented. We intend to give a self-contained and succinct description
of the identification algorithms, which is easy to understand and apply for a first-year
graduate student. By following the offline fuzzy system identification procedure and
online fuzzy system identification procedure in this chapter, one can obtain a T-S
fuzzy model totally based on I/O data that is good enough for prediction or control
design.

Fuzzy system identification is aresearch field in progress. There are many research
results regarding fuzzy clustering, selection of key premise variables, robust param-
eter estimation, etc., that are not covered by this chapter. Interested readers may also
refer to the books on the topic of fuzzy system identification (Babuska 1998; Nelles
2001; Angelov 2002; Abonyi 2003; Oviedo et al. 2005; Lilly 2010).
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4.2 Offline Identification of T-S Fuzzy Systems

Consider a general single-input single-output (SISO) nonlinear plant represented by
the following discrete-time nonlinear difference equation:

ye+1)=f0@),...,yt—n+1D,u®),...,u(t —n+1)), 4.1)

where f (-, ..., ) is an unknown nonlinear function, y(-) is the output, u(-) is the
input, t =0, 1, 2, ..., is the discrete time variable, and n is the system order.

Denote £(t) = [£,(1), &(2), ..., E.(1)]T, where &, j=12,...,L; are
premise variables selected from {y(z), y(t — 1), ..., y(t —n+ 1), u(t), ..., u(t —
n + 1)} representing the structure information of the nonlinear plant. Then the non-
linear plant (4.1) can be approximated by the following T-S fuzzy model with a
group of fuzzy rules and a set of parameters:

R': TF & (¢) is F} and &(¢) is F5 and ... and &.(¢) is F}
THEN y(t + 1) = 00 + 0,161 (t) + - - -+ 6; L), (4.2)

where R’ denotes the ith fuzzy rule, 0:0,06i1, ..., 01 are coefficients of the ith sub-
system, and F; denotes a fuzzy set associated with which there is a membership
function F;(%(r)) to indicate the membership degree of (1) in Fi,i =1,2,..., N,
j=1,...,L

Using singleton fuzzification, product inference, and weighted average, the fuzzy
model (4.2) can be transformed into the following global model:

N
Ya+1) =" w®E 0o, (4.3)
i=1

where é(t) =[Le®TT, 6 = [60,0,...,0]7, ni(€) is the normalized firing
strength of the ith rule, satisfying

2i(E) SN
&) =—=—— n@&=[[F&
S S REWT) E 7
N
wi®) =0, Y piE) =1. (44)

i=1

The membership functions Fj’ can be chosen as typical fuzzy membership functions
such as triangular, trapezoidal, Gaussian functions, etc.

The objective of offline identification is to identify a T-S fuzzy model described
by (4.2) from a collection of input/output (I/O) data.

Identification of a T-S fuzzy model requires both structure identification and
parameter identification, which includes the following four tasks:
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identification of premise variables;
identification of number of rules;
estimation of consequent parameters; and
adjustment of membership parameters.

Hwn e

The first two tasks belong to structure identification while the last two belong to
parameter identification. In principle, structure identification and parameter identi-
fication are not totally independent since to identify the model structure, we need an
initial group of parameters for model evaluation. On the other hand, the number of
parameters to be identified relies on the model structure.

4.2.1 Identification of Premise Variables

In mostidentification methods, the input and output variables of the plant are assumed
known (Ljung 1987). However, if no a prior knowledge can be obtained about the
structure of the plant, including its order, the premise (input) variables can be selected
from a group of candidates. The complexity of the problem is exponential, that is,
if there are p possible candidates, 27 possibilities need to be evaluated. In reality,
the exhaustive search of 27 possibilities is not practical. Some shortcuts to guide the
search have been proposed such as the search tree method (Sugeno and Yasukawa
1993) and the genetic selection method (Espinosa et al. 2005). Here, the search
tree (ST) method is employed to identify the premise variables. The ST method is a
heuristic search method which is easy to understand and can greatly reduce the search
complexity. Figure 4.1 shows an ST example, where there are three nodes in Level 1
which represent three candidate premise variables x;, x, x3. Each branch starting

Fig. 4.1 An example of search tree
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from each node in Level 1 forms a new node in Level 2 by combining two candidate
premise variables. Following the similar way, Level 3 is formed by combining three
candidate premise variables. If there are p nodes in Level 1, the ST would have a total
of 27 — 1 nodes. In the ST algorithm, all the nodes in Level 1 are first evaluated and an
optimal node is selected. Then, the search would go along the branches starting from
the optimal node in Level 1 and the branches from other nodes would be neglected.
Through this way, the search complexity is greatly reduced and at most p(p 4 1)/2
nodes are evaluated.

In the following study, we will use a simple example to show how to apply the
ST method to select premise variables.

Example 4.1 Consider a motor-driven single robotic link described by the following
equation (Lilly 2010):

Y = —64sinyr — 5¢ + 400u, (4.5)

where € [—m/2, /2] is the angle of link from the vertical-down position and u
is the current input to the motor. The output is the measured link angle y = . The
problem is to identify a T-S fuzzy model (4.2) using the I/O data from (4.5).

Collecting I/0 data. Using MATLAB/Simulink, the differential equation (4.5)
is solved with a fourth-order Runge—Kutta (RK4) integration algorithm by a fixed
step size of 0.001s. The input signal u is chosen as a uniform random sequence
within [—0.5, 0.5]. The input and output signals are shown in Fig. 4.2. The I/O
data pairs {u(kT), y(kT)} are collected with a sampling time 7 = 0.01s for ¢ =
1,2, ..., 1000, that is, the input and output signals are saved every 10 steps through
the RK4 integration routine. The input and output data are shown in Fig.4.2.

Constructing a search tree. In this example, the candidate premise variables are
selected as u(t), y(t), y(t — 1), which are the nodes in Level 1 of the search tree (ST),
as shown in Fig. 4.3.

To select an optimal node from Level 1, we need to evaluate the approximation
capability of the fuzzy models formed from each node. For example, with y(f) being
the premise variable, the fuzzy rule has the following form:

R :TF y(t) is Fi, THEN $(t + 1) = 6,9 + 6,1y(t), (4.6)

wherei=1,2,..., N, y(t + 1) is the model output.

Building a simplest fuzzy model. To evaluate its approximation capability, we
also need to determine the rule number N and the membership functions F} for
the fuzzy sets F|. Since there is only one premise variable y(r), the number of
membership functions will determine the number of rules. From the I/O data, we
know the value of y is within [—1.57, 1.57]. To form a simplest fuzzy model, we
need at least two membership functions F 11 and F 12 on [—1.57, 1.57], as shown in
Fig. 4.4, where the membership function type is chosen as triangular. Then, the
simplest fuzzy model has the following two rules:
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Fig. 4.2 Output and input data

Fig. 4.3 Search tree of Example 4.1

R': IFy(t)is F!, THEN $(t 4+ 1) = 0,0+ 01.1y(1),
R?: TF y(t) is F}, THEN $(t + 1) = 65,0 + 62.1y(2). 4.7)

The overall output of the fuzzy model is
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Y+ 1D = i ®)Or0+011y@) + u2((®)) (20 + O21y(1),  (4.8)

where 11 (y(1)) = F| (y(1)) and ua (y(1)) = F (v ().

Estimating consequent parameters. Equation (4.8) can be formulated into the
following parameterized model:

+1) =" (18, (4.9)
where
w1 (y(2)) 01,0
e I R
2 (y(2))y(2) 2.1

The parameter vector 8 can be identified using either the batch least squares (BLS)
algorithm (4.26) or recursive least squares (RLS) algorithm (4.27).

Now, we have finished the identification task with y(#) being the premise variable.
Following the similar procedure, we can identify the T-S fuzzy model with the other
two nodes, y(t — 1) and u(#) in Level 1. The membership functions of y(t — 1) are
chosen the same as those of y(¢), as shown in Fig. 4.4. The membership functions
of u(t) are given in Fig. 4.5. Each model has two rules, with y(# — 1) and u(¢) being
the premise variables, respectively.

Calculating RC value. To compare the model quality with different premise
variables, we split the I/O data into two groups A and B, which are used for model
identification and crossover checking. The identification and crossover checking
procedures are shown in Fig. 4.6. Models A and B are identified by data from groups
A and B, respectively, and then their approximation capability is evaluated by feeding
them with input data from the other group, which is called crossover checking.

In crossover checking, the following regularity criterion (RC) is introduced
(Barada and Singh 1998):

NA NB
RC= | D (v = V"2 Ny + ) (rf = VPO Ng | | (4.11)
j=1 j=1

where

N4 number of data in group A

Np  number of data in group B

YA  the jth output data in group A

Y2 the jth output data in group B

the jth output of model B subject to the jth input in group A
YA the jth output of model A subject to the jth input in group B.
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Fig. 4.5 Membership functions of u(¢)
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Identification
Group A Group B
data data
Model A Model B

Crossover checking

Group A Group B
input input
Model B Model A
¢ y48 i y 84

Fig. 4.6 Identification and crossover checking using two data groups A and B

Determining the optimal node. By calculating the RC values of all the nodes of
Level 1 in Fig. 4.3, we find the local optimal node y(¢) with the minimum RC value, as
shown in Table 4.1. Then we continue to calculate the RC values of the nodes starting
from y(z) on Level 2. For each node in Level 2, there are two candidate variables.
For example, the first node in Level 2 is {y(#), y(f — 1)}. The membership functions
of y(¢) and y(¢z — 1) are chosen the same as those for the nodes in Level 1. Since each
premise variable has two membership functions, the rule number is 22 = 4:

R': TF y(¢) is F} AND y(t — 1) is Fj,
THEN $(t + 1) = 60 + 0i.1y(t) + 0,0yt = 1), i=1,2,3,4. (4.12)



e S 4
ontrolengineers.ir;
© @controlengineers

4.2 Offline Identification of T-S Fuzzy Systems 83
Table 4.1 RC calculation in Tree level Input No. of rules |RC
Level 1 of Example 4.1 variables
Level 1 y(t) 2 2.80 x 1073*
yie—1) 2 0.011
u(t) 2 0.523
Table 4.2 RC calculation in Tree level Input No. of rules |RC
Levels 2 and 3 of Example 4.1 variables
Level 2 y@®),y@t—1) |4 1.30 x
10 4%
y(1), u(t) 4 2.70 x 1073
Level 3 y(@®), y(t — 8 6.55 x
D), u() 1073k

The overall T-S fuzzy model can also be formulated into a parametrized model
in the form similar to (4.9) and the consequent parameter vector 6 can be identified
by the BLS algorithm (4.26) or RLS algorithm (4.27).

The two T-S fuzzy models constructed from the nodes in Level 2 are compared
through crossover checking and it turns out that the node {y(#), y( — 1)} has the
minimum RC value. Then, we move to Level 3 from the node {y(¢), y(r — 1)}.

Finally, we find the node with the minimum RC value is {y(¢), y(t — 1), u(?)}.
The RC calculation results of Levels 2 and 3 are shown in Table 4.2. Therefore, the
premise variables are selected as {y(¢), y(t — 1), u(¢#)}, and at the same time we have
obtained an initial fuzzy model with the premise variables {y(¢), y(t — 1), u(¢)}.

In Example 4.1, the number and parameters of membership functions for each
premise variable are chosen manually, which also determine the number of fuzzy
rules. Actually, the number and parameters of membership functions can also be
identified from I/O data through fuzzy clustering methods. In the following section,
we will introduce how to apply offline fuzzy clustering methods to identify the
number of fuzzy rules and the parameters of membership functions.

4.2.2 Identification of Number of Rules

Fuzzy clustering is a way to partition the data space into a number of overlapped
subspaces based on similarities between data. Fuzzy clustering algorithms can be
employed to obtain the number of rules and the parameters of membership func-
tions simultaneously. Various offline fuzzy clustering algorithms have been proposed
depending on the assumed model structure of the identification. Popular fuzzy clus-
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tering algorithms include fuzzy c-means (FCM) algorithm (Bezdek 1976, 1981),
Gustafson—Kessel (GK) algorithm (Gustafson and Kessel 1979), and Gath—Geva
(GG) algorithm (Gath and Geva 1989), subtractive clustering algorithm (Chiu 1994).

The identification of the number of rules and membership functions from I/O
data corresponds to the partition of I/O data into a set of subspaces. The number
of subspaces determines the number of rules. The centers of the subspaces and the
overlap among subspaces determine the parameters of the membership functions.

In the following study, as a representative, Gaussian function is employed as
membership function, which has the following form:

i (& —ci)?
E@»=em{——z;%—, (4.13)
J
where c; and crji,j =1,2,...,L,i=1,2,...,N,arethecenters andradii of Gaussian

functions, respectively. cj denotes the center for the Gaussian function of the jth

premise variable in the subspace defined by the ith rule, and oji denotes the radius of
Gaussian function of the jth premise variable in the subspace defined by the ith rule.
Recall the general T-S fuzzy model (4.2) with the following rules:

R': IF & (t) is F} and &(t) is F5 and ... and &.(t) is F}
THEN y(t + 1) = 9,',0 + 9,',1%'1 O+ + Qi,LsL(t)- 4.14)

Define £(t) = [£,(t), &(1), ..., £.(t)]7 e R" as the vector of the premise variables.
In Example 4.1, the premise variables are identified as u(¢), y(t), y(t — 1), and then
we have &(r) = [u(r), y(1),y(t = D]".

Suppose the I/O data are given by

£ Y 2)
|7 | e s
ENp)! Yo + 1)

where X € R¥*L and Y € R represent the input and output data, respectively, and
Np is the number of data.

Subtractive clustering. Define z(¢) = [£7 (¢), y(t + 1)]” € RE*! as the tth 1/O
data point. The subtractive clustering approach considers each data point z(¢) as a
candidate cluster center. The capability of a data point z(¢) to be a cluster center
is evaluated through its potential. The subtractive clustering algorithm includes the
following steps (Chiu 1994):
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(1) The potential of the data point z(#) is computed as

Np
P(z(n) = Z exp{—allz(t) — z(D]*}, (4.16)
1=1,1#t

where o = 4/ rﬁ, Ty =T H\'/ -V ||, v and v are vectors consisting of the upper and
lower bounds of each component in z(¢), t € [1, Np], r effectively defines the radius
of a neighborhood and determines the number of the cluster centers. r needs to be
carefully chosen to avoid averaging (7 is too large) or over-fitting (r is too small). A
recommended choice is r € [0.3, 0.5].

(2) After computing the potentials of all the data points, the data point with the
highest potential is selected as the first cluster center v} and

POV = rﬁe[flx P(z(1)), 4.17)

where P (v{) denotes the potential of the first cluster center.

(3) The potential of the data point z(¢) is updated by subtracting an amount pro-
portional to the potential of the chosen center v} and inversely proportional to the
distance to this center:

P(z(t) := P(z(t)) — P() expl—B |z(1) — vi |}, (4.18)

where g =4/ rlf, rp 1s a positive constant and arecommended choice is r, = 1.57,.
(4) Define P;,,, as the highest potential of all existing cluster centers. With the
updated potential (4.18), the following criteria are used to determine whether a data

point should be accepted as a new cluster center:

1. If P(z(t)) > 1P}, » 2(t) is accepted as a new cluster center.
2. If P(z(t)) <.&2Pp, » 2(t) is rejected as a new cluster center:

3. If &2Pr, < P(z(t)) < &P}, letdmin = miny_, ||z(t) — v}|| be the shortest dis-
tance betweenz(t) to all the previously found c cluster centers and if
P t mm
&) | din (4.19)
Pmax Ta

thenz(t) is accepted as a new cluster center.

The two positive constants £, and &, define the boundaries for potential evaluation.
The recommended values for them are ¢; = 0.5 and &, = 0.15.

With the above procedure, a set of ¢ cluster centers {v{,v;,..., v’} can be
found in the (L + 1)-dimensional space. The number of the obtained cluster cen-
ters determines the number of fuzzy rules (N = c¢). The obtained cluster centers
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can be used to form the membership functions. For example, the first L elements

inv =, v, .., H]T can be directly taken as the estimates of the centers
¢ =1[¢t, ¢, ..., ¢ " in the Gaussian membership functions (4.28), that is

ALk

&=, (4.20)

and the estimates of the radii c}ji can be calculated from

&l =1/V2a, 4.21)

wherej=1,2,...,L;i=1,2,...,N.

The subtractive clustering algorithm can be used as an independent clustering
approach or used to provide the estimation of the initial values of cluster centers in
iterative optimization-based clustering algorithms such as fuzzy C-means. It relies
on the idea that each cluster center is representative of a characteristic behavior of the
plant so that the resulting cluster centers can be used as parameters of the membership
functions defining the focal points of the rules of the T-S model.

4.2.3 Estimation of Consequent Parameters

Once the membership functions and number of rules are fixed, the model (4.8) can
be formulated into the following linearly parameterized model:

Y+ 1) =¢" (18, (4.22)
where £(1) = [1, £()T]T € RETY, 60, = (610, 611, ..., 00, L]T € RLH!
i€ )E (1) o,
() = M(s@)ém RNEAD g = 9.2 e RVEAD, (4.23)
i EWDED) on

The parameter vector 6 can be identified from the I/O data. Define

p(D! y(2)
p)" y(3)

€ RNo*N(L+1D)

e RV, (4.24)

$(Np)T YN + 1)
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where Np is the number of training data. Then, the parameter estimation problem
can be formulated into solving the following least squares problem:

min [|Y — ®0|°. (4.25)

Batch least squares (BLS). If the matrix @7 @ is invertible, the solution can be
derived by the following batch least squares (BLS) algorithm:

6=@"®) '@y, (4.26)

which shows that we can directly calculate the least square estimate 6 from the batch
of Np data given by @ and Y. If the inputs to system can make the system “sufficiently
excited” (Ljung 1987), then it can be guaranteed that @7 @ is invertible.

The BLS algorithm can successfully provide the parameter estimates as long as
there are enough I/O data. However, it needs all the data are collected before the
algorithm can be applied. In addition, if the number of data Np is very large, the
computation of the inverse of @7 @ may become prohibitive. To deal with those
problems, a recursive version of BLS is derived which allows the parameter estimate
6 to be updated recursively when a new data point comes, and does not need to
compute the inverse of @7 ®.

Recursive least squares (RLS). The consequent parameters can also be estimated
by the following recursive least squares (RLS) algorithm (Takagi and Sugeno 1985):

0(t) =00t — 1)+ Cp(t— Dy(1) — p(r — DOz — 1))

_ _ 1\T
C=cC, = Coip(t = Dot - 1) Ct—l’ 4.27)
L+¢@—DTCagp@t—1)

where 6 (1) € R“*! is the parameter estimate based on the data at time ¢, C; is a
N(L+ 1) x N(L+ 1)-dimensional covariance matrix. The initial conditions are set
as é(O) = 0and Cy = §21, where §2 is a large positive number, / is an identity matrix.

For linearly parametrized consequent parameters, it is possible to use BLS or
RLS to estimate them in a batch or recursive mode. However, for those parameters
in membership functions, which cannot be formulated into a linearly parametrized
form, cannot be tuned by BLS or RLS. In the next section, we will introduce how to
tune the membership parameters based on gradient method.

4.2.4 Adjustment of Membership Parameters

In Sect.4.2.2, we determine the centers and radii of Gaussian functions using the
information generated from the clustering procedure, which does not guarantee those
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parameters have achieved their best approximation. The estimates of those parameters
can be further tuned. In this section, we will derive update laws for membership
parameters using gradient method.

The membership functions used in this section are still chosen as Gaussian func-
tions, as a representative. Recall that

4 (& —ch)?
Fl(&) = exp {—’—izf , (4.28)
20j
where c; andzfji,j =1,2,...,Li=1,2,...,N,arethe centers and radii of Gaussian

functions, respectively. Recall that cj’: denotes the center for the Gaussian function of
the jth premise variable in the subspace defined by the ith rule, and O’ji denotes the
radius of Gaussian function of the jth premise variable in the subspace defined by
the ith rule.

Consider the training data given by (4.15) and suppose you are given the tth
training data pair (£ (¢), y(t + 1)). Let y(z + 1) be the predicted output with the input
£(t) based on the TS fuzzy model (4.3) and using the parameter estimates ¢, 5! and

> 7
6;, that is
N o PR A
ya+1) = Zm(é(t)léj-, 6)ET(1)6;. (4.29)
i=1
Recall that £ = [1, £(r)7]7 and
2i(8) =
wi€) = ———=—, n@& =||Fl&) (4.30)
YA€) ,1] Y

satisfying w;(§) > 0 and Zi\;l wi(€) = 1.
Let e(r + 1) be the error between the model output y(¢ + 1) and the plant output
y(t + 1) and define the following objective function:

Jit+1) = %8(t + 1= %@(H 1) —y@+ D> 4.31)

Our goal is to minimize (4.31) by tuning the parameters 8; and &ji in (4.29).
First, let we consider how to tune the parameter E; to minimize J. One effective
way is to use the following update formula:

aJ(t+1)

8’]’:(t +1) = 5}(1‘) - J/CT@, (4.32)
J
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which is a gradient descent approach. Gradient descent is a first-order iterative opti-
mization algorithm for finding a minimum of a function by taking steps proportional
to the negative of the gradient. The parameter y, > 0 characterizes the step size,
which determines how big a step to take down the J surface. A small y, indicates
a slow tuning speed of E]’ A big y,. will lead to fast convergence. However, if y, is
chosen too big, the minimum value of J may be skipped. In practice, y, should be
carefully selected to give moderate convergence speed yet avoid missing a minimum.

With (4.29)—(4.31), the gradient term aé%n in (4.32) can be derived using the
J

following chain rule:

e+ 2+ D(EOAO -yt + D) g6

. = . 4.33
0¢(1) S k(€@ 9 (1) i
) _ BSOS e (434)
9¢; () CHO%
Similarly, the update law for tuning 8} can be derived as follows:
i i aJ(r+1)
a1 fe+DEOIO -3+ D) 5k w6
26{(0) S hi(ED) 867 (1) '
ni 2
IE@®)  (§O) =) AED, @37

05/ @Gl

where Y, > 0 determines the step size for adjusting 6‘

The initial values ¢ ¢ 1(0) and & o; /(0) in the parameter update laws (4.32)—(4.37) can
be set as those values obtamed from the initially manually designed membership
functions or offline clustering.

The parameter update laws (4.32)—(4.37) are derived for Gaussian membership
functions. If other types of membership functions are employed, the parameter update
laws can also be derived by minimizing the objective function (4.31) using the gra-
dient descent approach.
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The gradient method can be used to tune the consequent parameters as well.
However, compared with RLS, the gradient method has a slower convergence speed.
Therefore, RLS is usually applied to estimate the consequent parameters while the
gradient method is employed to estimate the membership parameters in the identifi-
cation of TS fuzzy models.

4.2.5 Procedure for Offline Identification

In the previous sections, we have presented how to identify a T-S fuzzy model by
identifying the premise variables, the number of rules, the consequent parameters, and
the membership parameters based on offline I/O data. In this section, the procedure
for offline identification of T-S fuzzy model is summarized as follows.

Step I: Select a set of candidate premise variables and build up an ST.

Step 2: Choose the type of membership function and determine the range of each
candidate premise variable.

Step 3: Start from the first node in the ST, construct a T-S fuzzy model by manually
designing the membership functions and determining the number of rules, or using
subtractive clustering to obtain the number. of rules and membership parameters
simultaneously.

Step 4: Split the data into two groups: training data and checking data; estimate
the consequent parameters using BLS (4.26) or RLS(4.27); calculate the RC value
of each node in Level 1 according to(4.11) to find the node with the minimum RC
value.

Step 5: Start from the node with the minimum RC value and continue to calculate
the RC values of the nodes in the next level. Repeat this step until finding the node
with the minimum RC value in the last level.

Step 6: Compare the minimum RC values of different levels, find the node with
the minimum RC value of the whole ST, which determines the premise variables.

Step 7: With the identified premise variables, vary the radius r in subtractive
clustering to find a suitable number of rules.

Step 8: With fixed premise variables and number of rules, further adjust the con-
sequent parameters using RLS and the membership parameters using the gradient
method.

Till now, we have finished the task of offline identification of T-S fuzzy models
based on I/O data collection. The offline identification method assumes that all the
I/O data are available before the identification. If the offline data are rich enough
to cover all the important dynamic characteristics of the plant to be identified, we
can obtain a good model through offline identification. In reality, however, the data
collection is usually limited, which can only partially reflect the dynamic behaviors
of the plant to be identified. When the plant works online, new data are produced
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Table 4.3 MSE and no. of

r No. of Rules MSE
rules in Simulation 1
0.5 1 1.2119e-05
04 1 1.2119¢-05
0.3 2 1.0672e-05
0.2 2 1.0817e-05
0.15 3 1.1412e-05
0.14 4 1.0296e-05*
0.13 6 1.1469¢-05
0.1 8 1.1188e-05

which may contain some new dynamic characteristic of the plant. In Sect. 4.3, we
will study how to identify TS fuzzy models when the data are collected continuously
online.

4.2.6 Simulation Study

In this section, we use two simulation examples to demonstrate the performance of
the offline identification algorithm. The first example is Example 4.1. In Example
4.1, we manually set the membership function parameters and the number of rules.
In this section, the number of rules and the membership function parameters will be
obtained from offline subtractive clustering. The second example is a discrete-time
second-order nonlinear plant (Narendra and Parthasarathy 1990).

Simulation 1. The offline I/O data have been collected from Example 4.1. With
the identified premise variables u(t), y(¢), y(t — 1), the number of the cluster centers
will be affected by the parameter r which defines the radius of a neighborhood.

With a specific r, after identifying the whole T-S fuzzy model based on the
offline I/O data, select another input u;(t) = 0.02sin 0.1zt + 0.15sin(;r¢) + 0.2
sin(107¢) + 0.2 sin(1007r¢), which consists of sinusoidal signals of four frequen-
cies. Then we can obtain the output from the differential equation (4.5) and the
output from the T-S fuzzy model within 20s separately. To choose a suitable r, the
errors between y and y under different situations need to be calculated and compared.
The following mean squared error (MSE) is introduced:

Y 00 —50)
_ o .

MSE (4.38)

As can be seen in Table 4.3, we find that when r is set as 0.14, the MSE index
is smallest and the number of rules is suitable. With this value of r, the input and
output signals are shown in Fig. 4.7.

91
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Fig. 4.7 Estimated and true outputs in Simulation 1

Simulation 2. In this simulation example, a discrete-time second-order nonlinear
plant is identified based on offline collected I/O data.

Consider a second-order nonlinear plant described by the following difference
equation (Narendra and Parthasarathy 1990):

Y+ 1) =gly®,yt — D] +u), (4.39)
where the nonlinear function

YOy = Dy +2.5]

g[y(t)s y(t - l)] = 1 —|—y(t)2 +y(t — 1)2

(4.40)

is assumed to be unknown. A T-S fuzzy model is employed to approximate g[y(z),
y(t — 1)] and our task to identify this T-S fuzzy model based on the I/O data col-
lected from the plant. 1000 data points are simulated from the discrete nonlin-
ear function, using a compound sinusoidal input signal u(f) = 0.3 sin(2¢/25) +
0.3 sin(27r¢/250). The parameter r is selected as r = 0.3. By following the offline
procedure summarized in Sect.4.2.5, we obtain a T-S fuzzy system with three rules.
The comparison between the estimated output and the true output is shown in Fig. 4.8.
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Fig. 4.8 Estimated and true outputs in Simulation 2

4.3 Online Identification of T-S Fuzzy Systems

In online identification, the data are collected continuously, rather than being a fixed
set. Some of the new data reinforce and confirm the information contained in the old
data. Other data, however, bring new information, which could indicate a change in
operating conditions, development of a fault or simply a more significant change in
the dynamics of the process. These data may possess enough new information to add
a new rule or to modify an existing rule.

In this section, we assume the premise variables and the type of membership func-
tions are fixed and try to identify other parts (number of rules, consequent parameters
and membership parameters) in an online mode. The subtractive clustering algorithm
(Chiu 1994) used in Sect.4.2.2 will be developed into an online version, which can
add a new rule, replace an existing rule, or delete a redundant rule based on the
online data, leading to a self-evolving T-S fuzzy model. The parameter learning
algorithms are also modified so that they can adjust parameters online. This online
clustering algorithm uses the concept of evolving rule-based (eR) modeling proposed
in Angelov (2002). This evolution mechanism ensures greater generality of structural
changes and inheritance of the structure information.
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4.3.1 Online Fuzzy Clustering Algorithm

In the following study, as a representative, Gaussian functions are employed as mem-
bership functions, which are given in (4.28).

Define & = [£, &, ..., &]" as the vector of the premise variables and define
20 =[z1(6), 22(6), ..., 221 O] = [ET(t — 1), y(¢)]" as a data point at time ¢. Each
data point can be considered as a candidate prototype cluster center. The online
clustering algorithm can start with an existing group of cluster centers or start with
the first data point.

If the online clustering algorithm starts with the first data point z(1), z(1) is treated
as the first clustering center v and its potential is set as 1:

vi=z(1), Piv})=1. (4.41)

If the online clustering algorithm starting with a group of ¢ cluster centers,
{v{,v;,...,v¥}, which can be obtained through a priori knowledge or from offline
fuzzy clustering algorithms such as subtractive clustering introduced in Sect.4.2.2,
their initial potentials are set as

PvH =1, i=12. ¢ (4.42)

Attimet (t > 2), when the new data z(#) comes, the potential of z(¢) is calculated
through a potential function (Angelov and Filev 2004):

-1
t—1 L+1

1 .
P =1+ -— Y@ (4.43)

m=1 j=I1

where dﬁn = |zj(m) —z;(¢)| denotes the projected distance between the data z(m)
and z(#) on the z; axis.

The reason to choose the potential function (4.43) is that it can be formulated into
the following recursive form:

t—1

PO = 5 T D 10— 20

(4.44)

where 19,=Zf=+11(zj(t))2, o=y f:ll(z,-(m))z, vtzz,if z(np] and

/3{ = Z;n;l1 zj(m). The two terms ¢, and v, can be calculated from the new data
z(¢) at time ¢ while the other two terms o, and 8/ can be recursively updated by

L+1
o =01+ Y (5 — 1),
j=1

Bl =B +z1—1). (4.45)
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The new data z(#) also changes the potentials of all the existing cluster centers v},
which are updated as

(t = DP_1 ()
k=24 Py (f) + (t = DP ) 2 (@)

P = (4.46)

where P,;(v}') denotes the updated potential of v} at time ¢.

The potential of the new data point P(z(¢)) is compared with the updated potentials
of the existing cluster centers P;(v}) to determine whether to accept this new data
point as a new cluster center according to the following criterion.

If the potential of the new data point is higher than the potential of all existing
cluster centers and the new data point is not very close to any existing cluster center:

P((0)) > max{P,(v})} (4.47)
P®)  minl, [z() — ]| L, (448)
max$_, P,(v}) Ta ’

then the data point z(t) is accepted as a new cluster center and added to the set of
cluster centers.

If only the condition (4.47) is satisfied while the condition (4.48) is not satisfied,
the data point z(t) replaces the cluster center that is closest to it.

In (4.48), the parameter r, = ry [V —v|, ¥ = [, V2, ..., Va7, v = [v), vy,
sy )’, vy and v; represent the upper bound and lower bound of z;(7), respec-
tively,j =1,2,...,L+ 1, r; > 0 effectively defines the radius of a neighborhood
and determines the number of the cluster centers. 7| needs to be carefully chosen to
avoid averaging (r is too large) or over-fitting (r; is too small). If any element of
z(t), zj(t), exceeds the range of [gj, vil, v; or vjisreset as zj(t) and r, = r||[v — v
is recalculated using the new boundaries.

To make the rule base compact and to improve the computation efficiency, redun-
dant rules need to be deleted. In clustering, it means deleting redundant cluster
centers.

Let dy;. be the shortest distance between two existing cluster centers and vj’." be
the center with a smaller potential. If the following condition is satisfied:

* P,(v})
i L (4.49)
T maxj_; P,(v})

then v} isdeleted from the set of cluster centers.

In (4.49), r, = 12 |V — v|| with r» € (0, 1).

The above online clustering approach provides a dynamic and evolving rule base
by upgrading it when incoming new data bring new information. The number of the
cluster centers determines the number of the fuzzy rules, and the values of them are
used to construct the membership functions of the input variables.
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96 4 T-S Fuzzy System Identification Using I/O Data

Determining membership parameters. Based on the obtained cluster centers,
the parameters of Gaussian membership functions are set as follows:

ik i 13
G=vi, §=—0—v) (4.50)
wherei=1,2,...,¢c,j=1,2,...,L, where r; € (0, 1) is a design parameter.

4.3.2 Estimation of Consequent Parameters

For a fixed number of rules, N = ¢, and membership parameters, (c}, 8}), the esti-
mation of consequent parameters can be transformed into a least squares problem by
transforming the overall T-S model (4.3) into a linearly parametrized form (4.22):

yit+1)=0T¢(@). 4.51)
Recall that

o=10l,067 ... 601"
¢ =1[d] (1), 81 (), ... 95 ®]
¢i(t) = [, ik (1), wiba @), .., it (01"
0; = [6i0, i1, .o 0i] . (4.52)

The Eq. (4.51) with 6 unknown and ¢ (¢) known is a regression form with a linear
parametrization for which many parameter estimation algorithms can be adopted,
such as the RLS algorithm (4.27) in Sect.4.2.3. The initial estimation 0 (0) takes the
value obtained from offline identification.

Evolution of rule base. At time ¢, when a new cluster center is generated, a new
rule is added to the rule base as well. The estimated parameter vector at time ¢ — 1
is expanded by

Ot —1):=[0] (¢t —1),-- 65— 1,00t —DI" (4.53)
withd] . (t — 1) = 0and 67 (r — 1), - - , 6] (t — 1) inherited from the previous time
step. The covariance matrix for RLSE are reset as

| nCG O
Q”’[o m] (4.54)

where 1 > 1 is a positive coefficient and a recommended choice of 7 is n = (N2 +
1)/N? . Then, with the expanded 6 (¢t — 1) and C,_;, the parameter estimate at time
t is calculated by (4.27).
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When an existing cluster center is replaced by a new cluster center, the mem-
bership function parameters of the corresponding rule are updated using the updated
cluster center based on (4.50) while its consequent parameters are inherited from the
replaced rule.

When an existing cluster center is deleted, the corresponding rule is deleted as
well. The parameter estimate é(t — 1) and the covariance matrix C;_; are modified
by deleting the corresponding elements in them and then updated by (4.27).

4.3.3 Procedure for Online Identification

The procedure of online identification includes the following steps:

Step 1: Initialize the rule-base structure, including premise variables, the mem-
bership function type, and the number of rules. The premise variables are obtained
from a prior knowledge or identified by the offline identification approach. The
membership function type is set as Gaussian function. The initial number of rules
(cluster centers) can be determined from offline identification. The initial potentials
of existing cluster centers are set by (4.42). If the online clustering algorithm starts
with the first data point, it is treated as the first clustering center and its potential is
set according to (4.41).

Step 2: At time ¢, when the rth new data point comes, its potential is calculated
by (4.43) and the potentials of existing cluster centers are updated by (4.46). The
potential of the new data point is compared with the potentials of old cluster centers
and the set of clusters centers is updated based on the criteria (4.47)—(4.49).

Step 3: Update the rule-base structure based on the updated set of cluster centers
(if a new rule is added, its membership parameters are determined by (4.50)), and
modify the consequent parameter estimate vector if needed (if a new rule is added,
the consequent parameter estimate vector is expanded according to (4.53)).

Step 4: Update the consequent parameters according to (4.27).

Step 5: Repeat Step 2-4 fort := 1t + 1.

4.3.4  Simulation Study

In this section, the online identification algorithms are applied to two simulation
examples, which have been used in offline identification. The first example is a
motor-driven single robot link introduced in Example 4.1, and the second example
is a discrete-time second-order nonlinear plant (Narendra and Parthasarathy 1990).

Simulation 1. Different from the offline identification, the online identification
starts from the first data point, and the I/O data are collected with a sampling time T =
0.01s. RLS is employed to update parameter estimates recursively and the parameter
£2 is set as £2 = 1000. The parameter r3 for calculating the membership function
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Fig. 4.9 Evolution of the number of rules in Simulation 1

parameters is set as r3 = 0.9. The parameters »; and r, affect the criteria for adding
or deleting rules, which play critical roles in rule-base evolution. By trying various
values of r; and r,, finally, we select r; = 0.95 and r, = 0.95 which produce good
approximation performance and a compact rule base. The evolution of the number
of rules is shown in Fig. 4.9. The comparison between the true and estimated outputs
is shown in Fig.4.10. The estimated parameters are shown in Figs.4.11 and 4.12.

Simulation 2. In this example, we identify the discrete-time second-order non-
linear plant (4.39) in_an online mode. The input signal is selected as u(t) =
0.3sin(27¢/50) + 0.3 sin(27¢/250). The online clustering algorithm starts with the
first data point with £2 = 1000 and r3 = 0.9. For each value of r; from 0.9 to 0.1,
we vary the value of r, from 0.9 to 0.1 and observe the corresponding MSE. For
each value of r, the value of r, with the minimum MSE is shown in Table 4.4. It can
be observed that when r; is set as 0.8 and r, as 0.2, the MSE index is the smallest.
However, the maximal number of rules is 20. When ry is set as 0.4 and r, as 0.9, the
MSE index is small and the number of rules is suitable.

With r; = 0.4 and r, = 0.9, the online evolution of the rule number is shown in
Fig. 4.13. The comparison between the estimated output from the T-S fuzzy system
and the true output from the plant is shown in Fig. 4.14. The estimated parameters
are shown in Fig. 4.15.

In online identification, the parameters r; and r, greatly affect the procedure of
rule-base evolution. Currently, we use trial-and-error to select the values of r; and
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Fig. 4.10 True and estimated outputs in Simulation 1

Rule 1

Rule 2

T ey mm

Rule 3

Fig. 4.11 Estimated parameters of rules 1-3 in Simulation 1
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Fig. 4.12 Estimated parameters of rules 4-6 in Simulation 1
Tgble 4j4 MSE in 1 ) Maximal no. MSE
Simulation 2 of rules
0.9 0.1 23 0.0146
0.8 0.2 20 0.0124
0.7 0.2 17 0.0368
0.6 0.7 7 0.0925
0.5 0.1 30 0.0126
0.4 0.9 4 0.0141
0.3 0.9 9 0.0158
0.2 0.8 9 0.0170
0.1 0.8 9 0.0170

r, which are not very efficient. Further study should be done on how to optimize the
values of r; ‘and r, through certain well-designed mechanism.

4.4 Summary

Identification of T-S fuzzy systems consists of four tasks: (1) identification of premise
variables; (2) identification of the number of rules; (3) estimation of consequent
parameters; and (4) adjustment of membership parameters. The first two tasks belong
to structure identification and the last two belong to parameter identification.

In practice, the structure identification and the parameter identification cannot
be completely separated. To identify premise variables and the number of rules,
the evaluation of the identification performance relies on a group of consequent
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Fig. 4.15 Estimated parameters in Simulation 2

parameters and membership parameters. To optimize parameters, we need to fix the
premise variables and the number of rules.

Identification of T-S fuzzy systems can be carried out in either an offline mode
or an online mode. In the offline mode, based on the data collection, the premise
variables are identified using a search tree algorithm and the model quality subject
to different premise variables is compared based on the RC value. The number of
rules can be manually selected or determined through offline fuzzy clustering. The
consequent parameters can be estimated using either the batch least squares estima-
tion algorithm or the recursive least squares estimation algorithm. The membership
parameters can be adjusted based on gradient methods.

In the online mode, the data come recursively. A potential function is defined to
evaluate the potential of a new data point as a cluster center, which can be calculated
in a recursive way. The potentials of all existing cluster centers are also updated when
a new data point comes. Then the potential of the new data point is compared with
the updated potentials of existing cluster centers to determine whether the new data
point can be accepted as a new cluster center or replace an existing cluster center,
and whether any existing cluster center should be deleted from the set of cluster
centers. The number of rules is determined by the number of cluster centers, and the
parameters of membership functions are determined from the coordinates of cluster
centers. The consequent parameters are estimated using the recursive least squares
estimation algorithm.

By following the offline and online identification procedures introduced in this
chapter, it is easy for a graduate student to obtain a T-S fuzzy model using I/O
data. However, more advanced topics in system identification such as how to handle
the noise in the I/O data, how to conduct closed-loop identification, etc., are not
addressed in this chapter. The obtained fuzzy model can serve as an initial model
for control design and the model parameters can be further adjusted by parameter
adaptive laws developed from adaptive control schemes which will be presented in
the following chapters.



S

,
£ controlengineers.ir;

© @controlengineers

References 103

References

Abonyi J (2003) Fuzzy model identification for control. Birkhduser, Boston

Angelov PP (2002) Evolving rule-based models: a tool for design of flexible adaptive systems.
Springer, Heidelberg

Angelov PP, Filev DP (2004) An approach to online identification of Takagi-Sugeno fuzzy models.
IEEE Trans Syst Man Cybern - Part B: Cybern 34(1):484-498

Babuska B (1998) Fuzzy modeling for control. Kluwer Academic Publishers, Boston

Barada S, Singh H (1998) Generating optimal adaptive fuzzy-neural models of dynamical systems
with applications to control. IEEE Trans Syst Man Cybern - Part C: Appl Revi 28(3):297-313

Bezdek J (1976) A physical interpretation of fuzzy isodata. IEEE Trans Syst Man and Cybern
387-389

Bezdek J (1981) Pattern recognition with fuzzy objective function. Plenum Press, New York

Chiu SL (1994) Fuzzy model identification based on cluster estimation. J Intell Fuzzy Syst 2:267—
278

Espinosa J, Vandewalle J, Wertz V (2005) Fuzzy logic, identification and predictive control.
Springer, London

Gath I, Geva AB (1989) Unsupervised optimal fuzzy clustering. IEEE Trans. Pattern Mach Intell
7:773-781

Gustafson DE, Kessel WC (1979) Fuzzy clustering with a fuzzy covariance matrix. In: Proceedings
of IEEE CDC, San Diego, CA, pp 761-766

Lilly JH (2010) Fuzzy control and identification. Wiley, Hoboken

Ljung L (1987) System identification: theory for the user. Prentice-Hall, Englewood Cliffs

Narendra KS, Parthasarathy K (1990) Identification and control of dynamical systems using neural
networks. IEEE TransNeural Netw 1:4-27

Nelles O (2001) Nonlinear system identification: from classical approaches to neural networks and
fuzzy models. Springer, Berlin

Oviedo JJE, Vandewalle JPL, Wertz V (2005) Fuzzy logic, identification and predictive control.
Springer, London

Sugeno M, Yasukawa T (1993) A Fuzzy-logic-based approach to qualitative modeling. IEEE Trans
Fuzzy Syst 1:7-31

Takagi T, Sugeno M (1985) Fuzzy identification of systems and its applications to modeling and
control. IEEE Trans Syst Man Cybern 15(1):116-132



& controlengineers.ir]
© @controlengineers

Chapter 5 ®
Adaptive T-S Fuzzy State Tracking oo
Control Using State Feedback

In this chapter, we will focus on adaptive state tracking control designs for T-S fuzzy
systems. As is well-known, for model reference adaptive control of linear systems,
there are some matching conditions between the plant and the reference model which
should be satisfied such that state tracking can be achieved. For T-S fuzzy systems,
there also exist such plant-model matching conditions which will be developed in this
chapter. The reference model for a linear system is usually a stable linear system. For
aT=S fuzzy system, the reference model can be chosen as either a stable linear system
or a stable T-S fuzzy system, which leads to different matching conditions. On the
other hand, for T-S fuzzy systems with different system structures (the forms of A;
and B;), different controller structures can be proposed which also lead to different
plant-model matching conditions. We will carry out detailed studies on these issues.

When the parameters of T-S fuzzy systems are unknown, the controller parame-
ters cannot be calculated directly from the matching conditions. A parameter estima-
tion scheme is essential for developing an adaptive controller for a T-S fuzzy system.
We will study how to parametrize the T-S fuzzy system and the state tracking con-
troller and how to derive a key estimation model that can be used for developing
parameter adaptive laws.

We will also discuss some other important issues in adaptive state tracking con-
trol of T-S fuzzy systems, i.e., how to guarantee the input matrix with estimated
parameters nonsingular in the adaptive controller.

5.1 Problem Statement

In this section, we describe the state tracking control problem for T-S fuzzy systems
in a canonical form and in a general form.
Consider the following nonlinear dynamic system:

X(t) = fx(0), u(®), (5.1
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106 5 Adaptive T-S Fuzzy State Tracking Control Using State Feedback
where x = [x1,x2,...,x,]7 € R" is the state vector, u € R™ is the input, and

f (-, -) is an n-dimensional smooth nonlinear function. As described in Sect.2.2.1, a
T-S fuzzy system is capable of representing a nonlinear system by fuzzily blending
a group of linearized models and enables more convenient analysis and controller
design by employing sophisticated linear control techniques.

Consider a T-S fuzzy system representation for the nonlinear system (5.1) with
the following rules:

IF &(t) is F| and ... and £.(t) is Fj,
THEN x(t) = A;x(t) + Biu(?), (5.2)

wherei =1,2,..., N, FJ’ is a fuzzy set associated with which there is a membership
function F ; (&;(1)) to indicate the degree of membership of £;(¢) in F J‘ .

Using the standard technique of singleton fuzzification, product inference and
weighted average, we obtain the following global T-S fuzzy model:

N
X(¢)=Zui(AiX(t)+Biu(t)), (5.3)

i=1
where ; is the normalized firing strength:

N

L
4 A
r=[Fj& @), m= S >0, Y mi=1 (5.4)

j=1 i=17i i=1

Control objective. The control objective is to design a state feedback controller
u(t) for the global version of the fuzzy system (5.3) with unknown parameters
(A;, B;) to ensure closed-loop signal boundedness and asymptotic tracking of a ref-
erence state signal x,, (#) provided by a reference model by the system state x (¢).

It is well-known that some matching conditions between the plant model and the
reference model are needed so that state tracking can be achieved for linear systems.
For T=S fuzzy systems, such matching conditions are also required. We will show in
the following sections what the matching conditions are and how the conditions can
be relaxed by choosing different reference models and different controller structures.

We will start with the adaptive state tracking design for T-S fuzzy systems in a
canonical form, and then develop our adaptive state tracking control schemes for T-S
fuzzy systems in a general form.

5.2 Design for T-S Fuzzy Systems in Canonical Form

Many practical systems have certain special structures and their dynamic equations
have certain canonical forms. When T=S fuzzy systems are used to approximate such
nonlinear systems, they are also in certain canonical forms. This section considers
state tracking control design for T-S fuzzy systems in a canonical form.
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5.2 Design for T-S Fuzzy Systems in Canonical Form

5.2.1 Plant Model and Reference System

If the nonlinear dynamic system (5.1) can be formulated into the following canonical
form:

x; (1) =)C,'+1(l‘), i=1,2,...,n—1
{fcn(r) = o), u(r), (5
where x = [x1, x2, ..., x,]7 € R"is the state vector, u € R istheinput,and f,(x, u)

is a smooth function, the T-S fuzzy system to approximate the nonlinear system«(5.5)
also has the canonical form.

T=S fuzzy system in canonical form. In this case, the system matrices A; and B;
in (5.2) are in the following canonical form:

01--- 0 0 0

A= ot = (5.6)
00--- 0 1 0
aial---a_ a b

Linear reference model. Consider the following linear reference model:
Xy (t) = Ap X (t) + Byr (1), (5.7

where x,, = [Xm1, Xm2, - - - XmnlL € R%, 7 € R, A,, € R™" is a Hurwitz matrix and
B,, € R" with the following forms

0O 1 .- 0 0 0

Ap | T | Ba=| . (5.8)
0O 0 --- 0 1 0
Aml Qm2 *** Am.n—1 Amn bm

The control objective is to make the T-S fuzzy system states track the states of
the reference model (5.7).

5.2.2 Nominal Controller and Matching Conditions

Before developing an adaptive control scheme for (5.3) with unknown parameters, it
is important to make sure there exists a solution to meet the desired control objective
when all the parameters are known. For each local linear model, the local controller
is designed as
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IF & (t) is F,’ and ... and &, (¢) is Fi,
THEN u(t) = ki x(t) + Kyr (1), (5.9)

wherei = 1,2, ..., Nk} = [k}, ki,, ..., ki T € R"andk) € R are design param-
eters.

It can be noted that we use the similar state feedback controller structure for linear
systems to design each local controller. This is a natural choice since each local system
in a T=S fuzzy system is a linear system. However, how to form the overall controller
from the local controllers is an interesting problem. Actually we have many different
choices which may lead to different design conditions. For example, a usual choice
is to build the overall controller by combining all the local controllers in the same
way to build the overall T-S fuzzy system, as given in (5.3). That is,

N
w(t) =Y ki x (@) + Kor (1)). (5.10)

i=1
Substituting (5.10) into (5.3) yields

N N

50 = 33 iy [ A + B (0 + Bikdr ] (5.11)

i=1 j=1

Comparing (5.11) with (5.7), it can be obtained that if k{ and k{ satisfy the
following matching conditions:

A+ Bikl" =A, Bkl =B, i,j=12,....N, (5.12)
then the closed-loop fuzzy system (5.11) becomes
X() = Apx () + Byr(t), (5.13)

which leads to lim;., o (x () — x,,(¢)) = 0. However, it can be observed that the
matching conditions (5.12) are rather difficult to satisfy since they require that for
the ith subsystem parameters (A;, B;), not only ith controller parameters k’i and
ké but also all the other controller parameters k{ and ké, Jj #1i,j €[l, N]need to
satisfy the matching conditions (5.12).

To remove the coupling between the system parameters and controller parame-
ters for different local models, we propose a different method to build the overall
controller from local controllers based on the following assumptions:

Assumption 5.1 The signs of b’ in B; are known and the same for all i =
1,2,..., N,and |b'| > b}, where b} > 0.
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Remark 5.1 Assumption 5.1 requires the control direction of each local system is
known and the same, which is reasonable for many practical systems. With the
properties of w; in (5.4), Assumption 5.1 indicates Z,N=1 wib' #£ 0.

If the signs of b, i =1,2,..., Narenotthe same for each local system, Assump-
tion 5.1 can be replaced by the following one.

Assumption 5.2 The signs of b’ in B; are known and there exist known lower and
upper bounds b' and b’ such that for ' € [b', b'], ZIN wib' # 0.

With Assumption 5.1 or 5.2, we propose the following nominal controller.

Nominal controller. The nominal controller can be designed as

i wib! (K x(®) + Kyr (1))
Z;\]=1 pib'
where the overall controller is a weighted-average of all the local controllers using

w;b; rather than p;. The benefit to use the controller structure as (5.14) will be clearly
shown by the following much more relaxed matching conditions.

u(t) = , (5.14)

Matching conditions. To achieve perfect state tracking, the parameters in (5.14)
should satisfy the matching conditions given in the following proposition.

Proposition 5.1 For the fuzzy system (5.3) subject to the controller (5.14), if there
exist ki € R", kj € R satisfying the following matching conditions:

b +a'l =al, bk =b,, (5.15)
wherei =1,2,...,N,a =[al,db, ..., al 1" and ay = [am1, Gpas - - -, Gunl’, then

the closed-loop fuzzy system becomes
xX() = Apx(t) + Byr (). (5.16)
Proof Substituting (5.14) into (5.3) yields

N
Ea(0) =Y i@ + Bk () + pab Ky (1). (5.17)

i=1
With (5.15) and (5.4), the Eq. (5.17) becomes
% (t) = alx(t) + br(t), (5.18)
which can be equivalently written as

x(t) = Apx(t) + B,r(t). (5.19)
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Remark 5.2 Comparing (5.15) with (5.12), there is no coupling between (A;, B;)
and (k’ , kz) for j # i in (5.15). Therefore, the matching conditions (5.15) can be
satisfied for achieving state tracking in reality, which means the controller (5.14)
is more practical than the controller (5.10) which requires very strong matching
conditions for state tracking.

With A; and B; known, the nominal controller parameters ki and & in (5.14) can
be solved from (5.15). If A; and B; are unknown, an indirect adaptive scheme will
be introduced to estimate the controller parameters.

5.2.3 Adaptive Control Scheme

In this section, we design an adaptive parameter estimation algorithm to estimate the
unknown controller parameters, develop an indirect adaptive control law and analyze
the closed-loop system performance.

First, we use the matching conditions (5.15) to transform the nominal control law
(5.14) into the following form:

L (a0 = @) + byr (1)

u(t) =
Z 1U«zbl

(5.20)

which only contains the plant parameters ¢’ and b'.

Adaptive control law. Since @’ and b’ are unknown, the controller (5.20) cannot
be implemented. Using parameter estimation, an indirect adaptive control law as the
adaptive version of (5.20) can be implemented as

YN mialx(t) — @ x(t) + by, r(t))

u(t) = Zl lu,b’ (5.21)
where &' and b are the estimates of @’ and b', respectively.
Define the state tracking error
e(t) = x(t) — xu(1). (5.22)
Then the reference model (5.7) can be written as
Xm(t) = —Ape(t) + Apx(t) + Byr(t), (5.23)

which gives

Y (1) = —ale(t) +al x(t) + b,r(t). (5.24)
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It can be obtained from (5.3) and (5.6) that
Fn(t) = aTx(t) +bu), (5.25)
which can be formulated as
N N N
dn(t) = ) T x (@) = Y wib'u() + 3 wib'u), (5.26)
i=1 i=1 i=1
where b = b’ — b'.
Applying the adaptive controller (5.21) into (5.26), we have
N N
da(0) = =Y wid x () = Y b u() + agx (@) + bur@)., - (527)
i=1 i=1

where @' = a' — a'.

Subtracting (5.24) from (5.27) produces

N N
én(t) = ape(t) = ) puid'x(0) = uib'u). (5.28)

i=1 i=1

Tracking error dynamics. From (5.28), we have the tracking error dynamics

N
ét) = Ae()y — Y wi(A'x(t) + B'u(1)). (5.29)

i=1
where Ai = A,- — A, éi &= l-}i — B;, with Ai and éi being the estimates of A; and
B;, respectively.

Parameter adaptive laws. To obtain the parameter estimates a' and b’ in (5.21),
we design the following parameter adaptive laws:

i = yipix e, (5.30)
yaupiliPee if |bi] > b,
b = or |b'| =bi and sign(b))iiP,e >0 (5.3
otherwise,

where yi;, y» > 0 are design parameters, b7, is the lower bound of |b'|, which is
assumed to be known, and &' (0) satisfies 5 (0)sign(b’) > 0, P, is the last row of a
positive definite symmetrical matrix P € R"*", which is the solution of the following
equation:
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ATP + PA, = -0, (5.32)

m

where Q € R™" is a positive definite symmetrical matrix.

Based on the adaptive control law (5.21) and the parameter adaptation laws (5.30)—
(5.31), the closed-loop stability and asymptotic tracking results are proved and sum-
marized in the following theorem.

Theorem 5.1 For the T-S fuzzy system (5.3), under Assumptions 5.1-5.2, the adap-
tive controller (5.21) with the parameter adaptive laws (5.30)—(5.31) guarantees:

(i) all closed-loop system signals are bounded; and
(ii) the state tracking error e(t) — 0 whent — oo.

Proof Consider the following Lyapunov function candidate

N
Ve,a,b)y=e Pe—i—Zylll iTgi —i—Zyzjl(Ei)z, (5.33)
i=1 1

where @' = a' —a' and b = b' — b'.
The differentiation of V along the error dynamics (5.29) is

N
V—eTPe+eTPe+ZZy_1 ’Ta’+22y271555i
i=1 i=1
N N
:eTA,ZPe+eTPAme—ZZ;LixTAiTPe—2ZMiﬁT§iPe
i=1 i=1

+2thl i +2Zyzllb’b’ (5.34)

i=1

Applying (5.32) into (5.34) and with simple manipulations, we have
N N
V=—elQe—-2 Z,u,-&’TxP,,e -2 Z wib'iP,e

+2th‘ 7 +2Zyzj‘b b, (5.35)
i=1
Using the parameter adaptive laws (5.30)—(5.31), we can obtain from (5.35) that

V=—eQe<0, (5.36)

which means e, a;, l;i € L. From (5.22) and (5.21), we can have x, u € L, as
well.
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From (5.29), we have é(¢) € L. It follows from (5.36) and the boundedness of
V that

/ el (1) Qe(r)dt = —/ Vdt = V(0) — V(o) < 0o, Vt=>0, (5.37)
0 0
thatis, e(t) € L,. With Barbalat’s lemma, we have the desired convergence property:

lim,_, ooe(t) = 0. v

Thus far, we have considered the adaptive state tracking control for a T-S fuzzy
system in a canonical form. We have designed a nominal controller structure (5.14)
which leads to matching conditions (5.15) that can be easily satisfied in practice.
Next, we will consider the adaptive state tracking control for T-S fuzzy systems in
a general form.

5.3 Design for T-S Fuzzy Systems in General Form (m < n)

In this section, we consider the case when A; and B; are general matrices and the
number of inputs m is less than or equal to the number of states .

5.3.1 Plant Model and Reference System

Consider the T-S fuzzy system (5.2) with the following rules:

IF &(t) is Fi and ... and £.(t) is Fj,
THEN x(f) = A;x (1) + Biu(t), (5.38)
wherex €e R", u e R",i=1,2,...,N.

T-S fuzzy system in general form. The system matrices A; and B; in (5.38) are
in the following general form:

i i i i i i
ay Ay Ay Ay by by - by m
i i i i i
as, ah, -+ a a by, b, --- b
21 92 2.n—1 42 21 P2 2.m
A; = ] ; ) ) , B = ’ . (5.39)
i i i i
an,l an,Z e an,nfl an,n bn 1 b e bn,m

The global T-S fuzzy model is the same as (5.3):

N
(0= wi(Aix(t) + Biu(), (5.40)

i=l1

where u; has the same meaning as in (5.4).



td WW'

e

u)ntrulm gineers.i p
Q @ Lnntrnlcn gineers
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In this section, we consider two kinds of reference models: linear reference model
and T-S fuzzy reference model.

Linear reference model. The linear reference model is given by
X (1) = Apx (1) + Bur (1), (5.41)

where x,, € R",r € R", A,, € R"™" is a Hurwitz matrix and B,, € R"*".

T-S fuzzy reference model. The T-S fuzzy reference model is defined by the
following rule:

IF &(t) is Fl and ... and &.(t) is F,
THEN %, (t) = Apixm(t) + Buir(t), i =1,2,..., N; (5.42)

where x,, € R",r € R", A,;; € R and B,,; € R"*".
The overall TS fuzzy reference model is inferred as

En (1) =Y 1 (Apixn (1) + Buir (@), (5.43)
i=1

where p; has the same meaning as in (5.4).

In (5.42), the matrices A,,; are chosen to satisfy the following condition:

(C.1). A common positive definite symmetrical matrix P exists for some chosen
Q0 = QT > 0, which is the solution of the following linear matrix inequalities:

A,{,iP-FPAmiS_Qa i=1,2,...,N. (5.44)

The condition (C.1) is a sufficient condition that ensures that the T-S fuzzy ref-
erence system (5.43) is stable (Tanaka and Sugeno 1992).

5.3.2 Nominal Controller and Matching Conditions

Based on the idea of parallel distributed control (PDC), we can use linear control
techniques to design a local linear state feedback controller for each rule:

IF &(t) is F| and ... and £.(t) is F,
THEN u(t) = K1;x(t) + Kxr (1), (5.45)

where Ki; € R™*" and K,; € R™ ™.

The PDC controller shares the same fuzzy sets with the fuzzy model (5.38) to
construct its premise parts. The resulting overall controller, which is nonlinear in
general, is a fuzzy blending of each individual linear controller. The overall output
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of the fuzzy controller is inferred by integrating the local controllers (5.45) using the
weighted-average method:

N
() =y wi(Kyx(6) + Kyr (1)), (5.46)

i=I

where ; is the normalized firing strength defined in (5.4).
Applying (5.46) to the fuzzy system (5.40) and with some manipulations, we can
have the closed-loop fuzzy control system:

N N

£(6) =YY winil(Ai + BiKi)x(t) + BiKar(n)]. (5.47)
i=1 I=1

Matching conditions for linear reference model. To meet the state x(¢) of the
system (5.47) tracking the state x,,(#) of the reference model (5.41), the following
matching conditions need to be satisfied:

A+ BKj=A,, BKy =28, (5.48)

forvi,j=1,2,...,N
Applying (5.48) into (5.47) results in the closed-loop fuzzy system:

X = Aux(t)+ Byr(t), (5.49)

which has the same dynamics as the reference model (5.41).

Remark 5.3 The matching conditions (5.48) for the T-S fuzzy system (5.40) to
achieve state tracking control under the controller (5.46), however, are difficult to
satisfy even when all the system parameters are known. There are two ways to relax
the matching conditions: (i) change the reference model; (ii) change the controller
structure. We will try to choose a different reference model to relax the matching
conditions first, and then try to choose a different controller structure.

Matching conditions for T-S fuzzy reference model. With the T-S fuzzy ref-
erence model (5.43), the matching conditions for state tracking control become

A; +BiKij = A, B Kyj =By (5.50)
forVvi,j=1,2,...,N.
With (5.40), we have

N N
B(1) =) wiAix (@) + ) wiBiu ). (5.51)

i=1 i=1
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With (5.46) and (5.50), and after some simple mathematical manipulations, we
obtain

ZM:BMU =

wiBi Zuz(Kux(t) + Kajr (1))
j=1

i[(Apni — ApDx () + Byir(1)]. (5.52)

e

Substituting (5.52) into (5.51) yields

N
x(t) = Z Wi (Apix (t) + Byir (1)) (5.53)

i=1
which has the same dynamics as the fuzzy reference model (5.43).

Remark 5.4 Comparing the matching conditions (5.50) with (5.48), we can see that
in (5.48) for Vi, j =1,2,...,N, A;, B;, K;; and K,; need to satisfy the quite
conservative relationship with respect to a common A,, and a common B,,, while in
(5.50), the relationship is less conservative since one can choose different A,,; and
B,,; now. Therefore, using a T-S fuzzy reference model, the matching conditions
can be relaxed. However, it should be noted that the relaxed matching conditions
(5.50) still requires that the T-S fuzzy system and the T-S fuzzy reference model
have some special structures and only when they have such structures, state tracking
by the controller (5.46) can be achieved.

Till now, we have developed the nominal controller for state tracking control of
T=S fuzzy systems when all the parameters are known. In the next section, we will
solve state tracking problem for unknown system parameters.

5.3.3 Adaptive Control Scheme

In this section, we shall design an adaptive parameter estimation algorithm to estimate
the unknown controller parameters, develop an adaptive control law, and analyze the
closed-loop system stability and tracking performance.

For an adaptive control design for the fuzzy systems, it is crucial to parametrize
the controlled plant in terms of its input signal u(¢) and state vector x (¢).

Plant parametrization. The T-S fuzzy system (5.40) can be formulated into the
following form:

N N
£ =Y pwiAmix(®) + Y wil(Ai = Ap)x () + Biu®)].  (5.54)

i=1 i=1



I e bl

] \/ L
u)ntmlm gineers.ir]
O’a Lnntrnlcn gineers

i

5.3 Design for T-S Fuzzy Systems in General Form (m < n) 117

With the matching conditions (5.50), we have B; = B,,; K,; LAy — A =B
Ky = B, K;; 'K i, with which we can obtain from (5.54) that

=

N
20 = piAwix(®) + Y pi(BuiKy' Kiix(6) + By Ky;'u(t))

i=1 i=1

=z

Z ilAmix (1) + Bpi (©1;x(1) + Onu(1))], (5.55)
i=1

where @1,‘ = Kz_[]Kli € R™*" and @2,‘ = Kz_ll € R™mxm,

The parametrized model (5.55) is indeed in terms of the input u(¢) and the state
vector x (¢), crucial for constructing an estimator with u(¢) and x(¢), used for design-
ing parameter adaptive laws.

Estimation model. Let @” and ézi be the estimates of @;; and ®@»; in (5.55).
Then we can construct the following estimation model:

N
2(0) =) il Apif () + Bui(Orix () + Ot (1))]. (5.56)
i=1
Define the estimation model state error
e (1) =X@) =x(@). (5.57)

With (5.56) and (5.55), we can derive the estimation model state error dynamics:

=

N
& (1) Z Apiex () + Y wiBuil(O1; — O1)x(t) + (O — O)u(1)]
= i=1
N
Anier(t) + Y i BpilOnix (1) + Oy (b)), (5.58)
i=1

Il
i Mz |

where @” = @1,‘ — @n and @2,‘ = @2,' — @2,‘.

Parameter adaptive laws. Based on the estimation model state error dynamics
(5.58), we design the parameter adaptive laws for estimating ©,; and O as

Ori(t) = — i 11 BT, Pey (1)x (1) (5.59)
éZ[(t) = —w B Pe,(Hu®)”, i=1,2,...,N (5.60)

where I'}; € R™*™ and I; € R™*™ are two diagonal matrices with their diagonal
elements being positive constants, P = PT > 0 is chosen as the solution of linear
matrix inequalities (5.44).
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Adaptive controller. With the parameter estimates ©y; and O;, we propose the
following adaptive controller

N N
u(t) = Q") (—QT D wiBuiOnx(t) + 27 ZmBm,»rm) . (5.61)

i=1 i=I

where 2 = Zf\/:, (i Bini @, which is is an n x m matrix.
Multiplying £27 on both sides of (5.56) and applying (5.61) to it yield

N
QT3 = 27 wi(Apik () + Buir (1)). (5.62)
i=1

Introducing é(f) = X(t) — x,,(r), with (5.43) and (5.62), we have S?Te(t) =0T
Z,N | Wi Apié(r). Multiplying £2 on both sides of (5.63), we have QR = Q0T
Zi:l wiAmié ). If 2827 is nonsingular which can be guaranteed by the parameter

projection algorithm (see (5.64)—(5.65)), it can be guaranteed that 2827 is nonsin-
gular. Therefore, it can be obtained that

N
o) = ) i é(): (5.63)

i=1

With the condition (C.1), we obtainé(r) € Ly, and lim,_, o, () = 0.

To 1mplement the adaptive control law (5.61), it should be guaranteed that the
227 and 27 §2 are nonsingular.

Define §2 = Z::l Wi Bpi @5;, which is an n x m matrix. Let &, = (Offk)mxm.
We have the following assumption on ©,;.

Assumption 5.3 227 and 27 2 are nonsingular for 67/ € [67, 6 g '7 1, where 67,

and §§fk are the known lower and upper bounds of 67 .

Parameter projection. If the parameter estimate 92 ", could be restricted within
the interval [Q%fk, gifk], it can be guaranteed that .Q.QT and 272 are nonsingular.
We apply parameter projection method to make éﬁik € [Q?fk, §§Tk]. The projection
algorithm for ®,; is designed as

Oi(t) = —p; Iy B Per (Hu ()" + Fy(t), (5.64)
where F»; (1) = ( jz”)((t))mxm, Jj.k=1,2,..., misthe projection operator with jzk

defined as
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State Estimation Model

: %= g,u, |:Am,.£+Bm,. ((:)ix + (:)g,u)} —)%:@—et

A

v
—»| Fuzzy Adaptive Controller > X= (Ax+ Bu
o 2 u(Ax+Bu) =
Plant Model

A
(:)n =-puTl, B, Pex" B

(e}
@

1i>

®, = Proj(- 4T ,B" Peu") |«

mi

Parameter Adaptive Laws
. = X e
%, =2 4 (4,x,+b,r) (3

> ) >

Reference Model

Fig. 5.1 Block diagram of overall control scheme

7
0 if 0% €[03,.0,,]
A or 02’ _02’ and gz’ # >0
fhn = U (5.65)
or Gi’k = 6j7k and g?fk(t) <0

—&j k(t) otherwise
with g7/, (r) being an element in the following matrix:

Gai(1) = — ;i Do By Pe (Du(1)" = (8551 mm- (5.66)

The paramter pI‘O_]eCthIl algorlthm (5.64)—(5.65) ensures that for any ¢ > 0, the

parameter estimates 0 ’k € [0% 07 _, ] and with Assumption 5.3, Q07 and 272
are nonsingular.

Now, we have finished the design of our fuzzy adaptive control scheme. The
overall control scheme is shown in Fig. 5.1.

Define the state tracking error

e(t) =x@) — x,(1). (5.67)

The properties of the proposed control scheme are given in the following theorem:

Theorem 5.2 For the T-S fuzzy system (5.40), under Assumption 5.3, the adaptive
controller (5.61) with the adaptive laws (5.59) and (5.64)—(5.65) guarantees:

(i) all closed-loop system signals are bounded;
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(ii) the state tracking error e(t) — O whent — oo.

Proof Consider the following Lyapunov function candidate:

N N
Ve, @1, 01) = el Pe, + Ztr(éﬁrglél,-) +1tr (Z é§r2;1é2[> , (5.68)

i=1 i=1

where tr(A) denotes the trace of a matrix A. We obtain the time derivative of V
along the error dynamics (5.58) under the condition (C.1): A,{”. P+ PA,; <—0as
follows:

N N
V=2¢lPe,+ el Pé, +2 Ztr(éﬁr;‘é“) +2 Ztr(@;FZ,TIQZi)
i=1 i=1

N
=Y wilel (A1, P + PApi)e, +2e] PByiOyix +2el PB,i O]
i=1

N . N .
+2> (O I O) +2) (O Iy @yf)

i=1 i=I

N N
< —el Qer +2) piel PBpui@yx+2)  piel PBiOnu
i=1 i=1

N . N .
+2) w(@f ;' 6) +2) w(@hry 6y). (5.69)

i=1 i=1

Using (5.59) and (5.64) with fﬁ’}{ = 01in (5.65), (5.69) becomes

N N
1% < —ef Qe +2 Z ;Lie;PBm,-@lTix +2 Z /LiefPBmi@Ziu
i=1 i=1
N N
=2 Z tr(/L,-erPBmi O)+2 Z tr(/LiuefPBmiQZi)
i=1 i=1
N N
= —ez Qe, +2 Z MieIPBmi@lTix +2 Z u,-eZPBm,-@giu

i=l1 i=1

N N
—2) “tr(uie] PBpi@1ix) +2 ) tr(pie) PByiOu)

i=1 i=1

=—e! Qe,. (5.70)

Using (5.59) and (5.64) with fﬁk = —gjz.fk in (5.65), (5.69) becomes
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N
V<—el Qe +2 Z piel P By Osiu
i=1

m

=—¢! Qe, — ZZZZFI 2 8% (5.71)

i=1 j=1 k=1

Since 67, € [67,0 ‘fk] when 6% = 0%, eflk = 0%, — 0% <0, with g%, <0, we
have V < —e! Qe, from (5.71); when 6%/, = 6?] k,@f’k = 0% — 0% > 0,withg¥, >

0, we have V < —e! Qe, from (5.71) as well.
Hence, with (5.70) and (5.71), we have

V < —el Qe, <0. (5.72)

With (5.68) and (5.71), we can obtain that e, (7), @,; and &,; are all bounded, which
indicates ®y; and @,; are bounded as well. Since the state tracking error

e(®) =x(t) —xu (1) =x@) —X() + X(@) — x,(1) = —ex (1) + &(t), (5.73)

with e, (t) € Lo and é(f) € L, we can have e(t) € L. With the boundedness of
e(r) and x,, (1), we can have x(f) € L. From (5.61), we can obtain u(r) € L

Hence, from (5.59) and (5.64), we obtain éli, éli € L, and from (5.58), we obtain
é,(t) € L. It follows from (5.35) and the boundedness of V that

/oo ef(r)Qex(r)dr < _/oo Vdt = V(0) — V(o0) < 00, (5.74)
0 0

which means e, (¢) € L;. Then with Barbilat’s lemma, we have the desired conver-
gence property: lim,_ o, e () = 0. Since it has been proven that lim; ., €(t) = 0
based on (5.63), from (5.73), we obtain e(t) — 0 ast — oo. \Y

Remark 5.5 The closed-loop stability and asymptotic state tracking properties given
in Theorem 5.2 are the basic adaptive system properties only for the case when
there are only parameterized uncertainties. Those properties are important since the
most important feature (advantage) of adaptive control is its ability to deal with
parameterized uncertainties. In the presence of unparameterized errors (modeling
errors), the adaptive laws (5.59) and (5.64) need to be modified with robustifying
signals (Ioannou and Sun 1996; Tao 2003).

5.4 Design for T-S Fuzzy Systems in General Form (m = n)

In Sect.5.3, we have designed an adaptive state tracking controller for T-S fuzzy
systems in a general form. The controller is designed based on the PDC idea and
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a T-S fuzzy reference model is introduced to help relax the needed plant-model
matching conditions for achieving state tracking. However, the matching conditions
(5.50) are still quite strong, which requires the T-S fuzzy system and the fuzzy
reference model have certain special structures and parameters.

In this section, we consider the case when the system has the same number of
inputs as states, i.e., m = n and present a controller structure which can further relax
the matching conditions for achieving state tracking.

5.4.1 Nominal Controller and Matching Conditions

For the T-S fuzzy system (5.40) with m = n, the following assumption is made:

Assumption 5.4 The input gain matrix ZIN=1 wi(§)B; is nonsingular for & € £2,
where £2; is a compact set representing the operating region of the fuzzy system
(5.40).

Based on Assumption 5.4, we propose the following nominal controller structure
for state tracking.

Nominal controller. The nominal controller is constructed by integrating all the
local controllers (5.9) in the following way:

N -L/wN N
u(r>=(ZmBi) (Zm&Km(r)+Zu,-3,-1<2,-r<r)>, (5.75)
i=1

i=1 i=1
where Ki; € R"" and Ky € R"*".

Remark 5.6 Comparing (5.75) with (5.46), we can notice that (5.75) uses u; B; in
the weighted-average integration while (5.46) uses ;. Such a modification will lead
to much more relaxed matching conditions for model reference state tracking.

Matching conditions for linear reference model. For the linear reference model
(5.41), the needed matching conditions for state tracking are

Ai + BiKy = Ay, BiKy = By, (5.76)

forVi=1,2,...,N.

Matching conditions for T-S fuzzy reference model. For the T-S fuzzy refer-
ence model (5.43), the needed matching conditions for state tracking are

A; + B;Ky; = Ani, BiKy = By, (5.77)

forVi=1,2,..., N
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Remark 5.7 Comparing (5.76) and (5.77) with (5.48) and (5.50), it can be observed
that the matching conditions (5.76) and (5.77) are much easier to satisfy since there
are no couplings between local models (represented by (A;, B;)) and local controllers
(represented by (K, K»;), j # i), and one can compute K ; and K»; independently
for each local model represented by A; and B; from (5.76) or (5.77).

One can easily verify that with the matching conditions (5.76) or (5.77), the T-S
fuzzy system (5.40) under the controller (5.75) has the same dynamics as the linear
reference model (5.41) or the T-S fuzzy reference model (5.43).

5.4.2 Adaptive Control Scheme

Now we develop an adaptive control scheme for the system (5.40) with unknown
parameters A; and B;. Here we only consider adaptive state tracking using a T-S
fuzzy reference model. The adaptive state tracking control scheme using a linear
reference model can be similarly derived by following the same design idea.

Using the matching conditions (5.77), the nominal controller can be formulated
as

N -1 N N N
u(t) = (Z MiBi> <— ZMiAix(l‘) 7= ZMiAmix(l‘) + ZMiBmir(f)) .
i=1

i=1 i=1 i=1
(5.78)

Adaptive controller. When the system parameters A; and B; are uncertain, we
cannot implement the nominal controller (5.78) directly. By replacing A; and B; by
their estimates A; and B;, we design the adaptive controller as

N i —1 N ) N N
u(t) = (Z m&) (— D wiAix(®) + Y i Amix () + Y i Bmir(r)) :
i=l

i=1 i=1 i=1

(5.79)

It can be seen from (5.79) that to make the adaptive controller nonsingular, the
parameter adaptation process for B must ensure that Zl 1 Mi B is nonsingular.

Applying the adaptive controller (5.79) to (5.40), we obtain the closed-loop system
as

N N N N
() =) wiAwix () + ) wiBuir () = ) wiAix(0) = ) i Biu(), (5.80)
= i=1 i=1 i=1

where Ai = AA,' — Ai and éi = é,‘ — Bi-

Tracking error dynamics. Subtracting (5.43) from (5.80) yields the state tracking
error dynamics:
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N N N

) =) miAwie() = ) widix(t) = Y wiBu(r), (5.81)
i=1 i=1 i=1

where e(t) = x(t) — x,, ().
Before we develop the parameter adaptive laws, the following assumption on
B; = (bljk)mxmai € [1, N1, j, k € [1, m], is made:

Assumption 5.5 There exist known upper and lower bounds for each element of B;
such that for l_)’jk < b‘jk < b’jk, Z,N=1 wi(§)B; is nonsingular for & € £2¢, where £2¢
is a compact set representing the operating region of the fuzzy system (5.40).

Parameter adaptive laws. Based on the tracking error dynamics (5.81), we design
the parameter adaptive laws:

Ai(0) = ypiex®)" (5.82)

Bi(t) = P [yaimie@u®)’], i=1,2,... /N (5.83)

where yy;, v2i > 0, Pl},- is a projection operator to ensure that each element of éi =

(l;;k)mxm remains within [l_)i.k, l;;k]. The projection operator P (-) can be designed
by following the similar idea used in (5.64).

With the adaptive controller (5.79) and the parameter adaptive laws (5.82)—(5.83),

we establish the following theorem, which shows the properties of the adaptive
control scheme.

Theorem 5.3 For the T-S fuzzy system (5.40) and the T-S fuzzy reference model
(5.43), the adaptive controller (5.79) with the parameter adaptive laws (5.82)—(5.83)
guarantees that all the closed-loop signals bounded and lim,_, , e(t) = 0.

Proof Consider the following Lyapunov function candidate:

N T i N =T b5
AT P A, BT PB;
V=e'Pet+> tr (—) +Y ot <—) , (5.84)

i=I Vai

where P = PT > 0 is the solution of (5.44)
We obtain the derivative of V along the trajectory of the tracking error dynamics
(5.81) as

N ~ ~ ~ ~ N = ~ ~ ~
. AT P A, ATPA; BT PB; BTPB;
V:éTPe—l—eTPé—i—Ztr( ! + - )—I—Ztr( ! + - )
Yii Yii V2i V2i

i=1 i=1

N N N
= Z,u,ieT(A,ﬁiP + PA,i)e—2 ZmeTPAix — 2ZMieTPgiu
i=1 i=1 i=1
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() o[

Vai

N
:Z,u,,-eT(A;iP—i-PAm,)e—{—ZZtr( —,uiAiTPexT)
i= Yii
+2 tr — [L,B Peu (5.85)
Z ( Y2i )
Using (5.44) and (5.83), we obtain from (5.85) that
vV <—eQe <0, (5.86)

which means the tracking error e(¢) and the parameter estimates A;and B; are all
bounded. Since e(t) = x(t) — x,,(t) and x,,(t) € Lo, wehave x(t) € Ls. Then with
(5.79), we have u € L. From (5.81), we have ¢ € L,. Hence, all the closed-loop
signals are bounded. From (5.86), we also have

/Oo e’ (1) Qe(v)dt < — foo Vdr = V(0) — V(c0) < oo, (5.87)
0

0

which means e(t) € L,. Then with Barbidlat’s lemma, we have the desired conver-
gence property: lim,_, e(t) = 0. \Y

Remark 5.8 Due to the existence of w; (&) in Zl | i (§) B;, it may be difficult to
specify the upper and lower bounds b « and b, '« to satisfy Assumption 5.5 in practice.

For B; in a general form, how to guarantee the nonsingularity of Z il Mi B; during the
parameter adaptation process with more relaxed conditions is still an open problem.
For B; with some special forms, this problem can be handled effectively without
requiring strong conditions.

5.4.3 ‘Adaptive Control Design: Special Cases

In this subsection, we consider the adaptive control design for two special cases. Each
of them can represent a class of nonlinear systems and special design procedures can
be developed to guarantee the control gain matrix nonsingular during parameter
adaptation.

Special Case 1: B; = B, i = 1,2, ..., N. In this case, all the local models have
different system matrices A; but the common input matrix B. The overall T-S fuzzy
system (5.40) becomes

5(t) = Z wiAix(t) + Bu(t)., (5.88)
i=1
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126 5 Adaptive T-S Fuzzy State Tracking Control Using State Feedback

where B € R™*™ is nonsingular. This kind of T-S fuzzy system (5.88) can be used
to approximate a class of nonlinear systems described by x(¢) = f(x(¢)) + Bu(t)
where the input matrix is a constant matrix.

In the following design, it is assumed that B satisfies the following assumption:

Assumption 5.6 All the leading principle minors A;, i =1,2,...,m, of B are
nonzero and their signs are known.

With Assumption 5.6, the matrix B has the following SDU decomposition.

SDU decomposition of B. The matrix B € R™*™ with all its principal minors
A; #0,i =1,2,...,m, has a nonunique decomposition

B =SDU, (5:89)

where S € R™*™ is a symmetric and positive definite matrix, U € R™*" is an upper
triangular matrix, and

D= dlag {dl, d2, ey dm}

% A 9 Am
= diag {s1gn[A1]d , sign [ ]dz, £..,s1gn |:A

m—1

] d;;} (5.90)

withdf > 0,i =1,2,...,m
For D, we have the following assumption:

Assumption 5.7 Some lowerboundsd; > 0ofd}, thatis,d > d;,i =1,2,...,m
are known.

Remark 5.9 1f the matrix B satisfies Assumption 5.6, B has a nonunique SDC
decomposition. Based on the SDU decomposition of B, the design conditions for
adaptive control can be relaxed. By following certain design procedure to be pre-
sented, the nonsingularity of the adaptive controller can be guaranteed in practice.

Design Based on SDU Decomposition of B. Using the SDU decomposition
(5.90), the model (5.88) can be formulated as

N
5(t) = Z wiAix(t) + SDUu(t). (5.91)
i=1

Multiplying S~! on both sides of (5.91) yields
N
STk =S5 wiAix(t) + DUu(t)
i=1

N
=51 ZuiAix(t) + Du — D(I — U)u. (5.92)
i=1
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Multiplying S~! on both sides of (5.43) yields

N N
S () =57 i Apixn () + ST i Buir (1), (5.93)
i=1 i=1

Based on (5.92) and (5.93), the nominal controller structure is designed as

i=1 i=1 i=1

+(I = Du(), (5.94)

N N N
u(t)=D"" (—Sl D o wiAx@ + ST i Auix @) + ST Y mBmir(o)

which can be parameterized as

N N
u(t)=D"" (— D i Pux () + Y i ®ur(n) + %u(t)) . (599

i=1 i=1
where
& =SYA —Api), Py =SB, i=12,....N (5.96)
and @ is in a special form

0¢?2¢§3~-~ ¢gm
0 O ¢23'“ ¢2m

®y=D( =U)= (5.97)

Let 13, (50, <131 ;and 932,- be the estimates of D, @, @1; and &,;, respectively. From
the parameterized nominal controller (5.95), we propose the adaptive controller

N N
u(t)=D""' (— D wi®ux(t) + Yy wibar () + ‘f’ou(l)> . (5.98)
i=1 i=1
where D has the same structure as D, that is, Disalsoa diagonal matrix; <130 has the
same structure as @, that is, @ is an upper triangular matrix with all the diagonal
elements being 0.

With (5.96), the system model (5.92) and the reference model (5.93) can be
formulated as
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N N
ST = Y @ux(t) + ) piAwix (1) + Du(t) = Pou()  (5.99)

i=1 i=1

and

N N
ST (1) = ST i Apixn (1) + Y 1 Poir (1), (5.100)

i=1 i=1

respectively.
Subtracting (5.100) from (5.99) results in

N N N
STty =) i @ux(@) + 57Ny piAmie(t) = Y i bair(0)
i=1 i=1 i=1
+Du(t) — Poul(r). (5.101)

Applying (5.98) into (5.101) yields

N N N
ST'e() =571 piAmie(t) = Y wix () + Y i ®yir (1)
i=1 i=1 i=1
—Du(r) + Pou(r), (5.102)
which can be equivalently written into the following tracking error dynamics
N N N
ey = wiAniet)y ="y  wiSPix(t) + Y ju;Sbor (1)
i=1 i=1 i=1
~SDu(t) + Sou(t), (5.103)

where &y = Py — Py, D); = Dy; — Pyi, By = Sy — Py, D= D — D.
With the error model (5.103), the parameter adaptive laws are designed as

Bo(1) = Py [~ yo Pe(u()] (5.104)
B1;(1) = ysi i Pe(D)x (D) (5.105)
By (1) = — st Pe()r (1) (5.106)
D) = Pylyp Pe(tu()1, (5.107)

where Yo, ¥3i, Yai-vp > 0,i = 1,2, ..., N,quo[~] and Py [-] are parameter projection
operators. Since qSO = (q@?k)mxm and D = (aAV ik )mxm should keep the same structures
as @y and D, the following parameter projection operations for Pg [-] and P[] are
applied:
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. 0 . .
R oy )o@ if j<k
Pu(0) = { 0 otherwise (5.108)
. v i 1dj; 0] > d,
dj;(t) = or |djj(t)] =d; and sign[d;(1)]v;;(t) =0 (5.109)

0 otherwise

di(t)=0 for j#k, (5.110)

where <p§.)k (¢) is the jkth element in the matrix —y Pe(t)u(t)7, vj;(t) is the jth diag-
ona} elemerlt in the matrix yp Pe(Hu(t)T, Jj.k=1,2,...,m.Theinitial parameters
of @y and D are set as

$5(0) =0 for j=k

dix(0)=0 for j #k. (5.111)

With the parameter projection scheme (5.108)—(5.110), we can ensure 430 and D
keep the same structures as @, and D, and D is nonsingular.

Let
50 20 50
0¢1 ¢35 Pl . »
uy () 00 ¢% - 45 ¢ o'
ua (1) . . L @3
u(t) = . s Po=|: 1o : , Py = P =|
tn (1) 0 0 i 0 4y, )n i
0 e 4 0 0
D = diag{d, d», ..., A} (5.112)

where ', ¢% € RU™ i =1,2,....N,j =1,2,..., m.Then the controller (5.98)
can be implemented as

N N
(1) = dy, "' (— > widpix(t) + Zméi"r(r))

i=1 i=1

N N
um—1 () =d, ! (— Y wiba_x(0)+ > widd_ i) +¢3,%1,,,,um<r>)

i=1
| (

N N m
up(t) =dp! ( D widlix) + Y pmidtr + ) é?kuk(w) . (5.113)
i=1

i=1 k=2

Mz

uj(t) =dy ¢"x<t>+2u,¢2'r<r)+ Z ¢,kuk(r>)

i=1 k=j+1
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With the controller (5.98) (which is implemented by (5.113)) and the parameter
adaptive laws (5.104)—(5.111), we have the following results.

Theorem 5.4 Consider the T-S fuzzy system (5.88), the adaptive controller (5.98)
and the parameter adaptive laws (5.104)—(5.111) guarantee that all the closed-loop
signals bounded and lim,_, , e(t) = 0.

Proof Consider the following Lyapunov function candidate

éTSéO N qBTSé], al éTSéZ
V=l Pe+tr 0 + tr | =) 4+ | 22—
( Yo ; V3i ; V4i

<éTSD)
Tt . (5.114)

YD

The derivative of V along the error dynamics (5.103) is obtained as

ol's Tsd
V=TPete Pe+2tr( )+2Ztr( )+2Zu( 2’)
DpTshH
+ 2tr
YD
N

i (ALiP+ PApide =2 qije" PS®1ix+2 " pie’ PSoir —2e" PSDu
i=1 i=1

Sé
+2e PS¢0u+2tr( )+22t ( )+22tr( 2')
pTSH
+ 2tr
YD

N
uieT(AZ,;iP + PAyi)e — ZZtr (MixeTPSQSU) + ZZtr (;LireTPSégl)
1 i=1 i=1

—2tr(ueTPs[))+2tr(ueTPsa30)+2tr(¢ ) Z ( 115‘1’11)
LT ~

+22tr( @2’)+zu<Dy§D>. (5.115)
D

Using (5.44) and (5.104)~(5.111) in (5.115), we have

-

M-

V < —el(1)Qe(t) <0 (5.116)

vyhich means the tracking error e(¢) and the parameter estimates dgo, <1315, <132[ and
D are all bounded. Since e(t) = x(t) — x,,(¢) and x,,(t) € Lo, we have x(t) € Lo,
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Then with (5.113), we have u € L. From (5.103), we have é € L. Hence, all the
closed-loop signals are bounded. From (5.116), we also have

/oo e’ (1) Qe(v)dr < — foo Vdr = V(0) — V(o) <00,  (5.117)
0 0

which means e(t) € L,. Then with Barbilat’s lemma, we have the desired conver-
gence property: lim,_, » e(t) = 0. \Y%

Special Case2: B;,i = 1,2, ..., N,areupper or lower triangular matrices. In this
case, Assumption 5.5 can be replaced by the following assumption which requires
less knowledge on B;.

Assumption 5.8 There exist known upper and lower bounds on the diagonal ele-
ments of B; such that forl_);j < b;j < l;;j,j =1,2,....,m YN, ,ui(S)bj-j # 0 for
& € §2; where §2¢ is a compact set representing the operating region of the fuzzy
system (5.40).

For the special case 2, the adaptive controller is designed the same as (5.79), that
is,

N R -1 N R N N
u(t) = (Z Mi3i> (- Z wiAix(t) + Z Wi Apix (1) + Z MiBmir(f)) ,
i—1 i—1 i—1 i—1

and the parameter adaptive laws for updating A; and B; also have the same forms as
(5.82)—(5.83):

A = yimie)x () (5.118)
Bi(t) = Py [yaipie@u®’], (5.119)

where the projection operator Py [-]is to make éi = (I;’] )mxm Keep the same structure

as B, = (b; Jmxm» 1.€., lower triangular or upper triangular.
To facilitate the derivation of the parameter projection algorithm, define

Gi(t) = yauptie@u(®)’ = (g5 (). (5.120)

where gj- «(t) represents the jkth element in G, (¢).

If B; is a lower triangular matrix, i.e., b;k = 0 for j < k, the projection operator
Py [] works in the following way:
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b’k =0, Vj<k

bjk=gjk(t), Vj>k
gj‘j(t) if bl E[bu’ JJ]

'y or b..=0b". and g'.(1) >0

bo— i g{’( )z (5.121)
or b’jj = bjj and g;j(t) <0

0 otherwise.

If B; is an upper triangular matrix, i.e., bj. ¢ = O0for j > k, the projection operator
Py [-] works in the following way:

b’k =0, Vj>k

ghi () if bl e[b]
2 or b, =b'. and g.i(t)>0
b — iy = b 0 8O (5.122)
or b‘jj =b;; and g;.j(t) <0

0 otherwise.

Ik ]]]

Based on Assumption 5.8 and usmg the parameter projection algorithm (5.121) or
(5.122), it can be guaranteed that Z, LM Byis nonsingular. The closed-loop stability
and tracking performance analysis can be carried out by following the way similar
to that in proving Theorem 5.3 and is omitted here.

5.5 Simulation Study

In this section, we present simulation study on the state tracking control of a magnetic
suspension system.

5.5.1 Simulation System

First, we construct a T-S fuzzy model to approximate the simplified magnetic sus-
pension system. Then a fuzzy adaptive controller is designed based on the T-S fuzzy
model. Finally, the controller is applied to the T-S fuzzy model and the original
plant to illustrate the desired system performance under the proposed fuzzy adaptive
scheme. Consider the following magnetic suspension system (Tanaka and Abuelenin
2009):
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.fC]ZXQ

. C (%)
Xpr=g——|—
2 & aM X1

. X3X2 ZRX1X3 2x1
=— - —+ —u, 5.123
X3 o C + ol ( )

where x; and x; represent the position and velocity of the floater of the magnetic
suspension system with respect to the stator, x3 represents the current, u is the input
voltage, M is the mass of the floater, C and R are the parameters of the magnetic
suspension system, and g is the acceleration due to gravity. In the simulation, R = 5,
C=72m x107°, M =3kg, g = 9.8m/s>

The dynamic equations are approximated by the following two-rules T-S fuzzy
model:

IF xi(r) is F| THEN x(1) = Ax(t) 4+ Bu(z),
IF x;(t) is F? THEN i(r) = Ayx(t) 4 Bou(r), (5.124)

where x = [x1, x2, x3]7, and Fl' and F ]2 are two fuzzy sets representing “about
0.004m” and “about 0.008m”. Membership functions for fuzzy sets F| and F} are
shown in Fig. 5.2. The system matrices A, A,, By and B, are as follows:

0 1 0 0
Ar=]49001 0o =21 ), B = 0
0 2280.1 =1768.4 353.6777
0 1 0 0
Ar=124500 0 —1.1 |, B,= 0 . (5.125)
0. 2280.1 —3536.8 707.3553

The T-S reference model is chosen as

IF x;(t) is F! THEN X,(t) = Amx(t) + Buir (),
IE x;(t) is F? THEN i,(1) = Auox(t) + Bor(t),  (5.126)

0 1 0 0
Am =1 4900.1 o —21], Bu=|[ o
1.64 x 10° 2838.5 —70 35.37
0 1 0 0
Am=| 24500 0 -1.1], Bwn= o |. G127

1.69 x 10° 3396.9 —70 70.736



Le IS
@ controlengineers.ir
© @controlengineers

134 5 Adaptive T-S Fuzzy State Tracking Control Using State Feedback

-

o
©
T
~
-
I

Membership Degree
o o o o o o o
N w E= (¢, [e)} ~ oo
1 1 1 1 1 1 1

o
py
T
~
(8

o

0 0.002 0.004 0.006 0.008 0.01
x, (m)

Fig. 5.2 Membership functions for x|

Using LMI toolbox in MATLAB, the following common P can be found to make
the condition (C.1) fulfilled:

0.0001 0 0.1035
P = 0 0.0046 —0.1113 (5.128)
0.1035 —0.1113 244.1140

which ensures the T-S reference model is globally asymptotically stable.

5.5.2 Simulation Results

The reference model has the input r(#) = —0.4. The initial states of the refer-
ence model and T-S fuzzy model are x,, (0) = [0.002, 0, 117, x(0) = [0.004, 0, 1]7.
The initial values of parameters are @, (0) = [—464, —1.57, —4.8], ©,;(0) = 0.1,
O12(0) = [—235, =3, —4.9], @ (0) = 0.08. The parameter learning rates I =
2 x 10_3, I'; =5x 10_7, I = 10_8, I = 10-9.

The control law is designed based on the T-S fuzzy system and applied to both
the T=S fuzzy system and the original plant. The state tracking responses are shown
in Figs.5.3, 5.4 and 5.5. It can be observed that the T-S fuzzy system states track the
reference model states asymptotically under the proposed adaptive fuzzy controller.
The states of the original plant also can track the reference model states with desirable
performance. A small position tracking error can be seen in Fig. 5.3 which is caused by
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Fig. 5.5 State tracking response of x3
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Fig. 5.7 Parameter adaptation of O

the modeling error which exists when a T-S fuzzy system is employed to approximate
anonlinear plant. The modeling error can be reduced through introducing more fuzzy
rules and choosing more suitable membership functions. The adaptive control input
is shown in Fig. 5.6 and the parameter adaptation of @, is shown in Fig. 5.7. Both
the control input and the parameter estimates are bounded.

5.6 Summary

In this chapter, we have conducted detailed studies on adaptive state tracking con-
trol of T=S fuzzy systems and found there are several key factors that affect the
adaptive state tracking control designs: the forms of system matrices A; and B;, the
types of reference models and the way to construct the overall controller from local
controllers.

For T-S fuzzy systems in canonical form, we proposed a state tracking controller
with which feasible plant-model matching conditions can be derived for tracking the
states of a stable linear reference model. The overall controller is constructed using
a new weighted-average method that is different from conventional fuzzy weighted-
average method, which can decouple the relationship between local controller param-
eters and local system parameters for different rules, leading to easy-to-fulfill plant-
model matching conditions for state tracking control. For multi-input T-S fuzzy
systems in general form, we have shown that by choosing a stable fuzzy system as
the reference model, the restrict plant-model matching conditions for state track-
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ing can be relaxed. As a key role for parameter estimation, an estimation model is
designed based on which the estimation model state error dynamics is derived. Then
an appropriate adaptive law for updating the parameters is designed and analyzed
using Lyapunov theory.

For multi-input TS fuzzy systems which have the same number of inputs as states,
a state feedback controller is designed with feasible plant-model matching conditions
for state tracking. The control singularity problem which may be caused due to the
inversion of Z,N=1 Wi B; in adaptive state tracking control is discussed. Although this
problem is generally difficult to solve, for some special forms of B;, solutions have
been provided by using matrix decomposition and parameter projection.

The results in this chapter can provide a technical foundation of stability and
tracking properties for adaptive state tracking control of T-S fuzzy systems. Further
studies can be carried out regarding to the robustness issue of adaptive state tracking
of T=S fuzzy systems and how to solve the control singularity problem for B; in a
general form.
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Chapter 6 ®)
Adaptive T-S Fuzzy Output Tracking oo
Control Using State Feedback

In Chap.5, we have addressed the adaptive state tracking control problem for T-S
fuzzy systems, which shows that under some restrictive structural conditions on the
system matrices (A;, B;), the state tracking control objective can be achieved. In this
chapter, we consider the output tracking control problem for discrete-time T-S fuzzy
systems, which does not need any restrictive structural conditions on the system
matrices (A;, B;, C;), except for the knowledge of the T-S fuzzy system relative
degree and a causality condition which will be introduced in this chapter.

In this chapter, we will develop a solution framework for adaptive state-feedback
output tracking (SFOT) control of general discrete-time state-space T-S fuzzy sys-
tems with a relative degree p (1 < p/< n), including (i) the derivation of a normal
form of a global noncanonical form state-space T-S fuzzy system model, which has
an explicit relative degree structure and a specific input—output signal causality rela-
tionship desired for a feedback control design, (ii) the development of an adaptive
control scheme for such a general T-S fuzzy system, and (iii) the simulation evalua-
tion of the adaptive control system performance on an aircraft flight control system
model.

The chapter is organized as follows. Section 6.1 formulates the problem addressed
in this paper. In Sect. 6.2, a normal form of a global T-S fuzzy system is constructed
with an explicit relative degree structure and causality. Section 6.3 develops an adap-
tive state-feedback output tracking scheme for the relative degree p = 1 and proves it
has desired stability and tracking performance properties. Section 6.4 further consid-
ers the general case with p > 1 and solves the adaptive SFOT problem. In Sect. 6.5,
a T=S fuzzy system model is constructed based on the linearized local models of
a transport airplane and simulation results demonstrate the developed concepts and
verify the desired performance of the new type of adaptive fuzzy control systems.
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6.1 Problem Statement

In this section, we describe the adaptive control problem of noncanonical form state-
space T=S fuzzy systems with general relative degrees.
In Chap. 2, we have shown that a discrete-time nonlinear

x(t+1) = fx@), u)),
y(t) = h(x(1)) (6.1)

can be approximated by a discrete-time T-S fuzzy system described by the following
rule:

IF &(t) is F| and ... and &.(t) is F,
THEN x(t+ 1) = A;x(t) + B;ju(t),
y(t) = Cix(t) (6.2)

with 7 being the discrete-time sequence, where x (¢) € R" is the state vector, u(t) €
R is the input, y(#) € R is the output, &(¢), & (¢), ..., & (1) are some measurable
system signals which are used to determine the operating area of the ithe subsystem,
F; " is a fuzzy set associated with which there is a membership function F; [(&; () to
1ndlcatethe degree of membership of & (t)mF A; € R”X" B; € R", andC € R
are system matrices, i = 1,2,..., N, j =1, 2

The system matrices (A;, B,~, C,~) in the local system (6.2) are in a noncanonical
form, unlike most adaptive T-S fuzzy control scheme in literature which deal with
special classes of systems whose matrices are in a canonical form. Furthermore,
while from the linear local system models, a global T-S fuzzy system model can be
constructed, the relative degree of a global T-S fuzzy system with general parameter
matrices, which is crucial for adaptive control of such systems, was seldom addressed
in literature.

Using the standard technique of singleton fuzzification, product inference and
weighted average, we can obtain the following global T-S fuzzy model from (6.2):

N
xX(t+ 1) =Y wiEO)Ax () + Bu(t)),

i=1

N
y() =Y wiE®)Cix(t), (6.3)

i=1

where 1;(£(?)) is the normalized firing strength:
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Xi(E(1) =
(EW) = ———— LED) =[] FiE 0,
g SN () ,11 s
N
i) =0, Y wiE®n) = 1. (6.4)

i=1

Control objective. The control objective is to design an adaptive state-feedback
controller to generate the control input u(¢) for the fuzzy system (6) with noncanoni-
cal (A;, B;, C;) and parameter uncertainties to ensure all the signals in the closed-loop
system are bounded and the output y(¢) asymptotically tracks a given bounded ref-
erence Yy, (t).

In Chap.2, it has been shown that state tracking control design requires certain
restrictive structural conditions on the system matrices (A;, B;, C;). In reality, it
is usually unnecessary to make all the states track specific trajectories. For most
practical problems, an output tracking control law can be designed with the system
relative degree information, without the need of any restrictive structural conditions
on the system matrices (A;, B;, C;). However, the problem on the relative degree
of a T-S fuzzy system was seldom discussed in literature, especially for T-S fuzzy
systems in a noncanonical form. Moreover, the causality of the global T-S fuzzy
model needs to be addressed for state feedback output tracking control design. In
the following section, we will show how to.derive a global TS fuzzy system with
an explicit relative degree structure and causality, which is critical for state-feedback
output tracking control design. We will-also develop a solution to the adaptive state-
feedback output tracking problem.

6.2 Modeling of T-S Fuzzy Systems with Relative Degree
and Causality

For nonlinear systems, feedback linearization is a popular control design method-
ology. To employ feedback linearization techniques for T-S fuzzy system control
design, it is important to derive the relative degree of the T-S fuzzy system and clar-
ify its minimum-phase property. In this section,! we shall study the relative degree
and minimum-phase property of noncanonical form state-space T-S fuzzy systems.

6.2.1 Relative Degree of a Dynamic System

In this subsection, we introduce the relative degree concept for a dynamic system. For
a SISO continuous-time system with input # € R, state x € R" and output y € R:

IParts of Sect. 6.2 are reprinted from Qi et al. (2013), Copyright 2012, with permission from Elsevier.
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X = fx,u), y=h(x), (6.5)

its relative degree is an integer p such that the pth time derivative y*)(¢) of y(¢)
depends on the input u explicitly, while all lower order time derivatives y® () of
y(@),i =1,2,..., p — 1,donotdepend on the input u explicitly. The system relative
degree thus depends on the functions f and s and its detailed theory has been
developed (Isidori 1995). The specification of the relative degree of a nonlinear
system is based on a feedback linearization procedure, and it is also crucial for a
feedback linearization control design, which is popular and powerful for control of
nonlinear systems.

As an example, consider a linear time-invariant (LTT) system: X = Ax + Bu, y =
Cx with a transfer function G(s) = C(sI — A)"'B = %. Its relative degree is
the difference between the degree of the denominator polynomial D(s) and the
degree of the numerator polynomial N (s), that is, it is the difference between the
number of system poles and the number of system zeros. This definition can be
expressed in a different form: the system has a relative degree p if CA’B = 0 for
i=0,1,...,p—2and CA?~' B # 0. Forexample, for arelative degree two system,
we have CB = 0 and CAB # 0, and thus y = Cx = CAx + CBu = C Ax which
does not contain u explicitly, and j = CAx = CA’x + C ABu which contains u
explicitly.

Such a relative degree concept can also be developed for a discrete-time system:

x(t+1) = fx@),u®), y@) = h(x@)), (6.6)

whose relative degree is the integer p such that y(r + p) contains u(t) explicitly,
while y(r +1i),i =1,2,..., p— 1, do not contain u(¢) explicitly. For a LTI sys-
tem: x(r + 1) = Ax(¢t) + Bu(t), y(¢) = Cx(t), its relative degree is the relative
order of the system transfer function G(z) = C(zI — A)~' B, and it can be defined
as the integer p such that CA’B =0 for i =0,1,...,p—2 and CA*"'B #0.
For example, for a relative degree p = 3 system, we have CB = CAB =0 and
CA’B # 0, and hence y(t + 1) = Cx(t + 1) = CAx(t) + CBu(t) = CAx(t) and
y(t +2) =CAx(@t+1) = CA?x(t) + CABu(t) = CA%x(t) (both do not depend
on u(t) explicitly), and y(t + 3) = CA%x(t + 1) = CA3x(t) + CA?>Bu(t) which
depends on u(?) explicitly.

For the global fuzzy system (6.3), its relative degree can be defined in a similar
way: the system has relative degree p if y(r + p) contains u(¢) explicitly, while
yt+i),i=1,2,...,p—1, do not contain u(t) explicitly. The detailed relative
degree conditions and feedback linearization procedure will be given in the next
subsection.
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6.2 Modeling of T-S Fuzzy Systems with Relative Degree and Causality

6.2.2 Relative Degree of T-S Fuzzy System

Considering the global fuzzy system (6.3), if its relative degree is one (p = 1), we
have

=4

Y+ 1) =Y w4+ 1)Cixt +1)

i=l1

I
Mz

i€t +1))C; ZM,(E(I))(A x(1) + Biu(1))

i=1

Il
.MZ

wi (6@ + D)C; Zm () Aix (1)

i=1 i=1

N
+Zm($(r + )G Y i E(1)) Biu), ©6.7)
i=1

i=1

which requires u; (§(¢ + 1)) available at time ¢. If p = 2, which means

N N
D wiEE+1D)C Y i EN)B; =0 (6.8)
i=1 i=1
in (6.7), we have
N N
Yt +2) = Z JEE+NC Y piEE+ 1) Aix(t + 1) (6.9)

i=1

N N N
Z iEU+H2NCY i EE+ DAY | i€ D) (Aix (D) +Biu (1)),

i=1 i=1

which requires u; ((¢ 4+ 2)) and u; ((t 4 1)) are available at time ¢.

Following the similar procedure, we can derive that for a general relative degree
p, itis required w; (E(t + p)), ni(E(t + p — 1)), ..., and w; (§(t + 1)) are available
at time 7 to connect y(t + p) explicitly with u(¢).

Since the premise variables &;, j = 1,2, ..., L, are usually related to the state
vector x, i.e.,

E=[6,5, .., &1 =[50, 60),.... 501, (6.10)

the values of the vector £ at time ¢ should only depend on the values of x at/before
time t — p, i.e.,



td WW'

e

u)ntrulm gineers.i p
Q @ Lnntrnlcn gineers

144 6 Adaptive T-S Fuzzy Output Tracking Control Using State Feedback

E(t) = [E:(1), &), ..., E.(D]"
=[E(x(t — ), E2x(t — p)), ..., EL(x(t — p)]T, (6.11)

where x(t — p) = [x(t — p), x(t —p—1),...,x(t —p — N7, and Ny is deter-
mined by how many past steps the values of x are used in §;(¢) = & (x(t — p)),
i=1,2,..., L. Note that, N; = 0 for the case when the premise variables &; are
related to the state variable x statically, as commonly seen in the literature, and a
choice of N; > 1 can provide more flexibility in modeling a dynamic system using T—
S fuzzy functions. With the definition in (6.11), u; (§(t + p)), i (E(t +p — 1)), ...,
and w; (§(t + 1)) are available at time ¢ for a fuzzy system with a relative degree p.

Therefore, in order to obtain a global T-S fuzzy system with an explicit relative
degree p and causality for state-feedback output tracking control design, the premise
variable vector £ () should only include the values of states at/before time ¢t — p as
shown in (6.11). The firing strength of the ith rule in (6.3), u; (£(¢)), is calculated as

wi(E(0) = i (G1(x(t — p)), &2(x(t — p)), ..., EL(X(T — p))). (6.12)

To show the relative degree information clearly and to simplify the notation, here
we replace 1 (€(t)) by u(t — p)) in (6.12), that is,

it — p) = wi(€@) = wi (& (x(t — p)), Ea(xe.— p)), ..., EL(x( — p))).
(6.13)
As discussed and analyzed above, we know that the global T-S fuzzy system
(6.3) cannot be directly used for state-feedback output tracking control design since
it does not have an explicit relative degree structure and the choice of &£(¢) may
cause non-causality problem when deriving the normal form of the global T-S fuzzy
system. To ensure the causality fora T-S fuzzy system with a relative degree p, £(t)
can only include states/outputs values at/before time # — p. One possible choice of
&(t) is given in (6.11). Based on such a choice and with the definitions in (6.12) and
(6.13), a global state-space form T-S fuzzy system is derived as

N
X4+ 1) =) it — p)(Ax(t) + Biu(®)),

i=l1

N
YO =Y it = p)Cix (D), (6.14)

i=I

which can be further formulated into a normal form with an explicit relative degree
structure, as will be shown in the following.

Relative degree conditions. Before deriving the normal form of the global T-S
fuzzy system, we have specified the relative degree conditions for the global fuzzy
system (6.14) as the assumption:
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Assumption 6.1 The global fuzzy system (6.14) satisfies the general relative degree
conditions:
CiAj - A;B=0,1,ji,....J,, 1 =12,...,N, (6.15)

fork=0,1,...,p—2,and forall t > 0,

N N
Zm(t)ci Zuj,(t — DA, -
i=1

Ji=1

N N
D i =P+ DAY it = p)By # 0. (6.16)

Jo1=1 =1

The condition (6.15) in Assumption 6.1 implies that when we derive the expres-
sions for y(t + 1), y(t +2), ..., y(t + p — 1), all the terms multiplying the input
u(t) are zeros. And the condition (6.16) ensures that u(¢) appears explicitly in the
expression of y(¢t 4 p), thus ensures the system has a relative degree p. Introducing
new state variables: z1(t) = y(t), zo(t) = y(t + 1), ..., and z,(t) = y(t + p — 1),
we can derive the normal form of the global fuzzy system (6.14) as

Zi(t+ D) =z, j=1,2,...,p—1,
Zp,(t+ 1) = R(O)x(t) + G@)u(1), (6.17)

where

N N
R(t) =) _pi@Cry )yt = DA, -
i=1

J1=1

N N
Yo owj t—p+ DALY wy (= p)A,. (6.18)

]lp71=1 jp=1

N N
G() =Y wOC; Y pjt = DA -
i=1

s1=1

N N
D i = p+ DAY, (t—p)B;,. (6.19)

j/kl:l j/;=1

From this derivation, we also have formed a set of parametrizations for the signals
zi(t),i =2,3,..., p, which are useful for adaptive control design with estimates of
those signals which are not available when the system parameters are unknown. The
system model (6.17) has the explicit relative degree p (thatis, z,(t + 1) = y(t + p)
is related to u(¢)) and causality (thatis, y(t + p) = z,(t + 1) depends on p; (¢) (not
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w;(t + j) with j > 0) and x(¢) and u(¢). In particular, the coefficients G(¢) and R(t)
depend on w; (¢t — j) (j > 0) available at time ¢, which is crucial for control design.

Thus far, we have developed a new global T-S fuzzy system model (6.14). The
developed global fuzzy system model has several key features: (i) generality, (ii)
relative degree, (iii) causality, (iv) relaxed matching conditions for adaptive control,
and (iv) time-varying system feature.

We summarize the development of the T-S fuzzy system model for a set of general
local system models as:

Proposition 6.1 Following a standard fuzzy modeling procedure, a nonlinear
dynamic system (6.1), via the local fuzzy system models (6.2) under the relative
degree conditions in Assumption 6.1, can be approximated by a global fuzzy system
model (6.14) which can be further transformed into the normal form (6.17) with an
explicit relative degree structure and involves only causal membership functions.

For the adaptive control problem to be solved in the next section, we make the
following assumptions:

Assumption 6.2 The coefficient G (¢) satisfies: G(¢) # 0 forall'z > 0.
Assumption 6.3 The fuzzy system (6.14) is minimum phase.

A regular input—output linear time-invariant system
A O = 27 B Hul(0) (6.20)

with A ) =14+az7' +apz 2+ anz_i1 and Bz D) =by+biz7 4+ +
bu_qz~", is minimum phase if all zero of B(z~') are in |z| < 1. For the equiv-
alent system expression

yt+n)+ayt+n—1)+---+a,y()
=but+n—d)+but+n—d—1)+--+b,_qut —d), (6.21)

this condition implies that

t—1

ut —d)| < crly®)] +c2 Y ANyl £ = d, (6.22)
=0

for some constants ¢; > 0, ¢, > 0 and A € (0, 1). This minimum-phase condition
can also be used for an input—output T-S fuzzy system model (Qi et al. 2012).

In our study, the fuzzy system (6.14) is a nonlinear state-space model, and its
minimum-phase property needs to be defined through the zero dynamics subsystem
of (6.14), leading to a condition similar to that in (6.22).

As in the literature, the minimum-phase condition may be specified based on a
zero dynamics subsystem: for some state variables z? (1) = [z,11(t), ..., z,()]" €
R"~* and a vector function Q(-, -; t) € R~ the global zero dynamics subsystem
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22+ 1) =0V, 2200 (6.23)

withz V(1) = [z1(2), ..., z,(t)]T € R”,isbounded-input bounded-state (BIBS) sta-
ble (with z(V(¢) being the input), that is,

12O < kg max (120D + (1), (6.24)

for some k, > 0 and some exponentially decaying signal €, (¢) related to the initial
conditions of z?(¢), where || - || is any chosen vector norm.

Remark 6.1 We note that the construction of such a global zero dynamics subsys-
tem for the global system models (6.14) and (6.17) is still an open issue under
investigation. The complementary state variables 7220 = [2p+1(t)y ey 2n OV e
R"~* are functions of the original state variables x(1): z?(t) = To(x(¢); t) for
some matrix function 7»(-; t) € R”~”*" such that the state transformation z(¢) =
[P )T, @®@)T]" = T(x(t); t) is an invertible and one-to-one mapping (dif-
feomorphism) so that the boundedness of z(#) implies that of x(¢) and vice versa
(that is, the minimum-phase condition means that the boundedness of z(V(¢), to be
ensured by a feedback control law, implies the boundedness of x(¢) (Isidori 1995)).

Finally, we note that a global normal form. T-S fuzzy model, similar to that in
Proposition 6.1, can be derived for the system (6.14) with x(r + 1) = Z,N: it —
p + D(Aix(t) + Biu(1)).

In this section, we have presented the analysis for state-space T-S fuzzy systems
with a general relative degree p. In the next section, we will start with the case of
p = 1 to show the basic adaptive control design ideas and then address the general
case with p > 1 to develop the complete design procedure and stability theory.

6.3 Designs for T-S Fuzzy Systems with Relative Degree
p=1

In this section,” we consider the adaptive control design for the T-S fuzzy system
with relative degree p = 1.
For the special case when p = 1, the model (6.14) reduces to

N N
X+ 1) =Y wilt = DAxX@) + Y it = DBiu ),
i=1 i=1

N
Y6 =) it = DCix (1), (6.25)

i=1

ZParts of Sect. 6.3 are reprinted from Qi et al. (2013), Copyright 2012, with permission from Elsevier.
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which is similar to many T-S system models commonly seen in the literature but
with the difference that u;(r — 1) is presented in the output equation, to specify the
relative degree p = 1.

This formulation is necessary for an output tracking design which is applicable
to systems for which a state tracking design is impossible due to some restrictive
state-space plant and reference model matching conditions as presented in Chap. 5.
For output tracking, we show that the plant model matching is always possible.

6.3.1 Nominal Controller

For the control design, the model (6.25) can be written as

N
Ya+1 =) wOCix(t + 1)
i=1

= R(®)x(t) + G(t)u(r), (6.26)

where R(t) = Z,N=1 i ()C; Z?’:l pit—1)A; € RV™is a row vector gain and
G(t) =YL, wi(t)Ci Y0 wj(t — 1)B; € Ris ascalar gain.

For a given reference output signal y,, (#) to be tracked by the output signal y(z),
to generate a control signal for (6.26), we can use the deadbeat nominal control law:

u(t) = m( R(@Ox (1) + ym (1 + 1)), (6.27)

which can bring the output y(# + 1) to y, (f + 1) in one step (that is, y(r + 1) =
Ym(t + 1), t > 0), to ensure the tracking of y,,(¢) by y(¢) and thus the boundedness
of y(¢). With (6.26) and (6:27), we have the boundedness of y(¢), and from the
definition of (" (#) we have the boundedness of V) (¢). Then, from the BIBS stability
property of (6.23), that is, (6.24), we have the boundedness of z(¢), and from the
diffeomorphism of z(¢#) = T (x(¢); t), we have the boundedness of x(#) and that of
u(t), sothat all closed-loop system signals are bounded.

Remark 6.2 In discrete-time control theory, the dead beat control problem consists
of finding what input signal to be applied to a system in order to bring the output to
the steady state in the smallest number of time steps (Dorf and Bishop 2005).

Remark 6.3 The nominal control law can also be design as

u(t) = ( ) (=R@®)x (@) + ym(t + 1) — kie(t) — kae(t — 1)

—~~~—kqe(t—q+l)), (6.28)
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where e(t) = y(t) — y,(¢) and the parameters ki, k3, ..., k, are selected such that
the zeros of the polynomial 1 + kjz 7! + - - - + k,z 74 lie strictly inside the unit circle.
With (6.28), y(¢t + 1) will approach y,, (¢ + 1) after some transient process deter-
mined by the values of ki, k>, ..., kg.

A nominal control law provides the basic controller structure which can be
parametrized for parameter adaptation when the system parameters are unknown.

6.3.2 Adaptive Control Design

For simplicity of expression and without loss of generality, we consider the case of
N = 2 in developing a parametrized model for adaptive control. With some manip-
ulations on (6.25), we obtain the parametrized model:

y(t + 1) =kl wi (@) + kI wy(2), (6.29)
where

ki = [C1A}, C1Ay, C2 Ay, CrA5]", (6.30)
ks = [C\ By, C1 B, C2 By, C2B,]", (6.31)

wi(t) = [ (Opr(t — Dx" (@), @ pa — Dx’ (@),
(O pa(t = Dx" (@), o) pa(t — Dx" (D17, (6.32)

wo(t) = [ (®)p (t — Due), pi1 (O pa(t — Du(t),

1 (Opa(t — Du(t), o)t — Du(n)]”. (6.33)

The model (6.29) can be further formulated as
yt+1)=0"¢(), (6.34)

where 6 = [k], k11" and ¢ () = [w] (1), w] ()]

Parameter adaptive law. The formulation (6.34), with the parameter vector 0
unknown and vector signal ¢ () known, is a standard regression form with a linearized
parametrization for which many parameter adaptation laws can be adopted to estimate
the unknown parameters in 6. As a choice, the following gradient type adaptive law
is employed to obtain the estimate 6 of 0

y(Der — De()

9(t)=9(t—1)+C+¢T(t_1)¢(t_1),

(6.35)

where y (t) € (o, 2 — o) is an adaptation gain for some constant y, € (0, 1),c > 0
is a small design parameter, and
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e(t) = y(t) =07t — Dt — 1). (6.36)

We note that for adaptive control, the second and third components of k; and k; in
(6.30) and (6.31) can also be combined as one parameter to be adaptively estimated,
as their corresponding regressor components are the same.

Adaptive control law. With ki (t) and /220) being the estimates of k; and k; at
time ¢, the adaptive version of the nominal (deadbeat) control law (6.27) can be
implemented as

u(t) = Be )( kT (ywi () 4 ym(t + 1)), (6.37)

where

G =ky Ol @Ot = 1, i Opat = D), @O pat — 1), papa(t — DI

(6.38)
For this adaptive control law, parameter projection can be used for the parameter
estimation algorithm (6.35) to ensure that |é(t)| > go for some constant gy > 0
(Tao 2003).

6.4 Designs for T-S Fuzzy Systems with Relative Degree
p=1

In this section,® we develop an adaptive control scheme based on the global normal
form system (6.17), apply it to the global T-S fuzzy system (6.14), and evaluate its
performance. Based on (6.17) and (6.14), our goal is to derive and study a desired
baseline adaptive control design for control of nonlinear systems using the T-S fuzzy
system approach.

6.4.1 Nominal Control Law

A nominal control law is designed for the case when the parameters of the fuzzy
system (6.14) are known. Recall from Sect.6.2.2 that the fuzzy system (6.14) with
relative degree 1 < p < n can be transformed into

zi(t+ D) =z4(), i=1,...,p—1,
Zp(t+1) = R(O)x (@) + G)u(?) (6.39)

with 200 = [21(1), 22(0), ..., 2, (O] = [y(®), y(t +2),...,yt +p— DI,
plus a possible zero dynamics subsystem P +1) =000, z2P@); 1) (see

3Parts of Sect. 6.4 are reprinted from Qi et al. (2013), Copyright 2012, with permission from Elsevier.
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(6.23)), where R(t) and G(t) are given in (6.18) and (6.19) respectively, and are
known when the system parameters are known.

Nominal control law. For a given reference output signal y,, (¢) to be tracked by
the output signal y(#), to generate a control signal for (6.39), we can use the deadbeat
nominal control law:

1
1) = ——(—R()x(t m (¢ , 6.40
u(r) G(t)( @)x(@) + ym(t + p)) (6.40)
which can bring the output y(t + p) to y,, (¢ + p) in one step (that is, y(r + p) =
Y (t + p), t > 0), to ensure the tracking of y,,(¢) by y(¢) and thus the boundedness
of y(t) (and that of z(¢)), and, under Assumptions 6.2 and 6.3, the boundedness

of z¥(¢) and x (), and finally, that of u(¢), so that all closed-loop system signals are
bounded.

6.4.2 Adaptive Control Design

The model (6.39) can be written as
y(t + p) = R()x(@)+ G@)u(t). (6.41)

Following the similar procedure as presented for the special case p = 1, we can
formulate (6.41) into the linearly parametrized form:

Yyt + p) =kl w1(t) + k) wa(t), (6.42)

wherek; € R',1 = n x N**! isavector consisting of N*! basic vectors (C; A}, - - -
A;)" € R", andk; € RY™" consisting of N**! elements CiAj ---Aj,_1Bj,.i, ji,
.y Jp €1{1,2,..., N}. The two regressors w;(t) and w;(¢) have the same dimen-
sions as k;-and ky, respectively, with w;(t) consisting of N**! basic vectors
wi@pj =D (¢ —2) -y (¢ — p)x(t) and wy(7) of N**! elements wi(tp,
(= Dpjp (e =2) -, (¢ — pu(?).
With 0 =[k], k11" and ¢ (1) = [@! (1), @] (1)]", the model (6.42) can be further
formulated as

y(t+p) =0T (). (6.43)

Parameter adaptive law. Based on (6.43), the following gradient type adaptive
law is employed to obtain the estimate 6 of 6:

y (D¢ — p)e(t)

0@)=60@—1)+ 0

, (6.44)
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where y (t) € (o, 2 — o) 1s an adaptation gain for some constant y, € (0, 1) and

m(t) = e+ ¢T(t — p)p(t — p), (6.45)
e(t) = y(t) — 07 (t — D (r — p) (6.46)

with ¢ > 0 being a small design parameter.

. Adapti\ie control law. With the estimated parameters, we can have the estimates:
G(t) and R(t), so that the nominal control law (6.40) can be implemented in the
following adaptive way:

1 A
u(t) = ——(=R(@)x () + yu(t + p)). (6.47)
G(1)

6.4.3 Stability and Tracking Properties

For this parameter estimation algorithm(6.44), we have the following properties.

Lemma 6.1 The parameter adaptive law (6.44), when applied to the parametrized
fuzzy system (6.43), ensures that

(i) 116(t) — 61 < 16(t — 1) — 0]| < 116(0) =8|}, for the I>-vector norm | - |;
I () .

(ii) letf) e L

(iii) 1im,_ 0 % =0;

(iv) 110(t) —0(t —1)|| € L* and

(vi) lim; [|0(t) —O(t — 11)|| = O, for any finite t; > 0.

Proof Defining the parameter error § = 6 — 0 and with (6.44), we have

Yo —,0)8(l).

0() =6 —1) + D) (6.48)
Considering the following positive definite function:
V) =676,
the time increment of V (@) along (6.48) is
V@) — VAL — 1) = —p@) (2 = ’”(’)¢T(tn;(pt;¢(t — m) ,izz((t,))
< 0@y S0 < 2T g4

m2(t) — O m2(@t)’
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for y () € (vo.2 — yv), which implies (1) — 0] < [6(t — 1) — 0[] < 6(0) — 0|
and 6(t) € L. 3
It follows from (6.49) and the boundedness of V (9) that

t 2 B B
% ;2((?) = VB(©0) — VW) < VEO)). (6.50)
=0
that is, % e L2
From (6.44), we have
Hh—1
é(z):é(r—tlHZ’/(t_t)"s(t_p_r)g(t_r), 6.51)

2 _
= m?(t — 1)

and with £& € L2, we obtain 01t) — 0@t — 1) € L2, lim; 0 [|0@) — Ot — 1))|| =

0. \%

Based on the desired properties of the parameter adaptation law (6.44), the following
closed-loop stability and asymptotic tracking results can be proved.
We first present a desired property for ¢ ().

Lemma 6.2 Under Assumptions 6.2 and 6.3, the regressor ¢ (t) defined in (6.43)
satisfies
I$ )1l < p1 4 pp max le(x + p)l, (6.52)

for some positive constants p and p.

Proof From the definition of ¢ (z) in (6.43) whose components w; (t) and w,(t) are
the products of u; at various time instants and x(¢), and products of u; at various
time instants and u(#), and the property of u; in (6.4), we have

lp @)1l < wolllx" (), u(®]Il, (6.53)

for some constant ¢ > 0.
With y(¢) = e(t) + v, (t), the system Eq. (6.41) can be formulated as

et + )+ yu(t+p) = R@®)x(t) + G@)u(t). (6.54)
With Assumption 6.2, we obtain
lu(@®)] < kile( + p)| + r2llx (O] + &3, (6.55)
where k;, i1 = 1,2, 3, are some positive constants.

Since z(1) = [zPT (1), zPT(@)]" = T(x(¢); t) is an invertible and one-to-one
mapping (diffeomorphism) so that the boundedness of z(¢) implies that of x(¢) and
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vice versa. With the minimum-phase property assumed in Assumption 6.3, the bound-
edness of z(V(¢) implies that of x(¢) and vice versa. Hence, from (6.24), ignoring

the effect of the exponentially decaying ¢, (¢), we have

eI < kallzV Ol + x4 max 2P (@), (6.56)

for some constant x4 > 0.
From (6.53), (6.55) and (6.56), we have

6@ < wslet + p) + k6l VOl + 16 max N2V @I +u7,  (657)

where k;, i =5, 6, 7, are some positive constants.
As defined previously: zV(t) = [y(¢), y(t + 1), ..., y(t + p — 1)], and again
with y(¢) = e(t) + v, (), we have

V@) =le), et +1),...,et+p—DIT

A @)y Yt + 1), o, YA p— DT (6.58)
Then, we have
Iz2V @)l < ks Jnax Je(z +.p)l + ko, (6.59)
<t<t-—

where ;, i = 8,9, are some positive constants.
Finally, using (6.57) and (6.59), we obtain

@ II'< o1 + p2 max le(r + p)l, (6.60)
o<t<t
where p; and p, are some positive constants. \Y

We now show the desired closed-loop system properties.

Theorem 1 The adaptive controller (6.47) with the adaptive law (6.44), applied to
the system (6.14) under Assumptions 6.2 and 6.3, guarantees that all closed-loop
system signals are bounded and lim,_, »,(y(t) — v, (t)) = O.

Proof From(6.43) and (6.46), we have
s0)=—06@ -1 —0"9¢ - p), (6.61)
and from (6.43) and (6.47), we have

G(1)

G(1)

G(t)— G(t)+ G()
G(1)

y(t + p) = R(Hx(t) + (—ROx(t) + yu(t + p))

= R(x() + (—R(®)x(t) + yu(t + p))
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= R()x(t) = ROx(t) + yu(t + p) (6.62)
G(t) G

(—=R@Ox(t) + yu(t + p)).
(}(t)

With e(r) = y(¢) — y,, (¢) and (6.47) again, we obtain

e(t +p) = ROx(t) — ROx (1) + (G(1) — G®)u(t)
=yt +p) =3+ p)
=0"¢(t) - 0" (P (1)
=0T (1), (6.63)

where 8(t) = 0(1) — 6. i
With (6.63), we have e(t) = —07 (t — p)¢(t — p), which can be expressed as

e(t) = (M) + @7t — p)p(t — p) — Ot —p) =
0t — 1) ¢t — p)ve+ 9"t — Pp(t = p), (6.64)

where with Lemma 6.1, 8(r — p) — O(t — 1) € L*A L%,

() = £0) eL>N L™,
Vet oTt —p)pt—p)
Bt — p) = =) <1 (6.65)
Je+¢Tt—p)pt —p) ~

Using the inequality: \/c + L (t=p)p(t — p) < Jc+ 16T (t — p)|l, we express
e(t) from (6.64) as

le()] < ci + [E@] 167 — p)I + 106G — p) — 6@ = DIl I¢"¢ = p)],

for some constant ¢y > 0. Using Lemma 6.2: | (t — p)|| < p1 + pr maxo<.<; |e(T)],
we obtain

e(] = 2+ cal&()] max le(o)|

+eallf(t — p) —B(r — 1)) max |e(7)], (6.66)

for some constants ¢; > 0,i = 2, 3, 4.

From Lemma 6.1, we have that lim,_, ., £(¢) =0 and lim,_, o, ||é(t) — é(z —
p)|| = 0, and with these results, it follows from (6.66) that e(¢) is bounded, which
implies y(#) is bounded, and in turn from the system’s minimum-phase property that
u(t) is bounded. Hence, all signals in the closed-loop system are bounded, based on
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which, from (6.64) in which 2(t) € L> and §(t — p) — O(t — 1) € L2, we have that
e(t) € L? so that lim,_, o e(t) = 0. \Y

Remark 6.4 In practice, there may exist modeling errors between original nonlinear
systems and T-S fuzzy systems. To deal with modeling errors, a robust adaptive
control law is commonly used in the adaptive control literature. Various methods
have been developed to modify the adaptive law such as dead-zone modification and
o-modification in Tao (2003) to ensure the robustness of adaptive control systems,
that is, the closed-loop system signal boundedness and a tracking error bounded
by the modeling error in an average sense. Adaptive control system robustness can
be achieved for any bounded external disturbances and for general state variable-
dependent uncertainties, which satisfy some smallness properties (this is in general
the case for many adaptive control systems). This conclusion is also applicable to
the adaptive fuzzy control design of this paper.

Design procedure for adaptive state-feedback output tracking control. We
now summarize the adaptive state-feedback output tracking control design procedure
for the general case of systems with N > 0 and 0 < p < n, as follows:

Step 1: determine the relative degree p of the global fuzzy system (6.14) based
on the conditions in Assumption 6.1;

Step 2: derive the normal form (6.17) of the system (6.14);

Step 3: parametrize the normal form (6.17) with z,,(z + 1) = y(¢ + p) into the
forms (6.42) and (6.43): y(t + p) = 60T ¢ (1);

Step 4: estimate the parameters y(t 4+ p) = 67 ¢ (¢) by an adaptive law (6.44);

Step 5: implement an adaptive control law (6.47) with the parameter estimates.

6.5 Simulation Study

In this section,* we verify the desired performance of the adaptive control scheme
for a global T-S fuzzy system model, designed based its normal form, by simulation
results. A TS fuzzy model constructed from the linearized longitudinal dynamics
models of a transport airplane is used as the controlled plant to test the adaptive
control algorithm.

6.5.1 Simulation System

The linearized longitudinal dynamics model has the form

x(t) = Aix(t) + Biu(t),
y(@) = Cix(1), (6.67)

4Parts of Sect. 6.5 are reprinted from Qi et al. (2013), Copyri ght2012, with permission from Elsevier.



td WW'

e

u)ntrulm gineers.i p
Q @ Lnntrnlcn gineers

6.5 Simulation Study 157

where x(¢) = [Uy, Wy, Qp, 017 (Uy: forward velocity (x-axis), W,: vertical velocity
(z-axis), Qp: pitch rate (y-axis), 6: Euler pitch angle (y-axis)), u(t) = §,. is the
deflection angle of the elevator, and A;, B;, and C;,i = 1, ..., N, represent system
matrices at different operating points for linearization.

In the case of climb with Uy = 454 ft/s, W, = 27.21ft/s, Qo = Orad/s, and 6y =
0.147rad, the linearized dynamics matrices for the model (6.67) are (A, B;). In
the case of descent with Uy = 454 ft/s, Wyo = 28.1ft/s, Qo = Orad/s and Gy =
0.0443 rad, the linearized dynamics matrices for the model (6.67) are (A, B>). The
output matrices are C; = C, = C = [0, 0, 0, 1].

Choosing the sampling time 7 = 0.1 s, we obtain the corresponding discrete-time
state-space model of the above continuous-time model, with the matrices (Ag1, Bg1):

0.999 0.00994  —-2.53 -3.18
—0.00750 0.901 412 —-0.439

3.51 x 1075 —7.04 x 107 0.891 1.75 x 10=*
1.74 x 107% —3.64 x 1073 0.0947 1

[0.0124 —0.207 —0.00700 —0.000357]"

and (Adz, de)l

0.999 0.0102 —2.61 —-3.21
—0.00686 0.901 41.2 —0.123
6.18 x 107> —7.02 x 10=* 0.891 —5.95 x 1073
3.10 x 107% —3.63 x 1075 0.0947 1

[0.0129'-0.207 —0.0070 —0.000357 ]"

with Cy; =Cpo =C.

A T-S fuzzy model constructed from linearized models. From the above two
local linearized dynamics models, we can construct a T-S fuzzy model with two rules.
Choosing the pitch angle 6 as the premise variable &) and assuming 6 € [0, 0.3] rad,
which covers the operating points for the two linearized model, we obtain:

IF & is F!, THEN x(t + 1) = Agix(t) + Byu(r)
y(@) = Cgix(1), (6.68)

where the membership function F; characterizing the membership degree of &;(¢)
in the fuzzy set F; is chosen as Gaussian function: F}(§,(1)) = exp{—%},
j=1i=1,2, with ci and oi being the center and radius of the chosen Gaussian
function and [cl, crl , cl, ] =[0.147, 0.1, 0.0443, 0.1].

Since C;B; # 0,i, j = 1, 2, we have the relative degree p = 1. The global T-S

fuzzy model is obtained as (6.25).
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Following the procedures in Sect.4.2, we obtain the parametrized model in the
form of (6.29) with

ki = [Ca1Aar, CarAar, CarAar, CaxAan]” € R,
ky = [Ca1Bai, Ca1Baz, CaxBaiCarBa2)” € R*. (6.69)

6.5.2 Simulation Results

In the simulation, we set the initial values of 121 and 122 as: 121 (0) = 80%k;, 122 ) =
80%k,, and the initial states x(0) = [22.7, 1.5, 0, 0.0025]". The parameters for the
adaptive law (6.35)—(6.36) are chosen as : y(t) = 0.2 and ¢ = 0.01.

The adaptive tracking response and control signal for a constant reference signal
Ym(t) = 0.15 are shown in Fig.6.1. We can see that with the adaptive controller,
the output converges to the constant reference signal quickly and smoothly. The
adaptations of &, and k, are demonstrated in Figs.6.2 and 6.3.4; € R'® and k, € R*
are the estimates of k| and k; in (6.69), respectively. Due to the space limit, only eight
parameter estimates in ki are shown in Fi g.6.2, which have effectively demonstrated
the adaptation of k1. From Fig.6.2, it can be observed that the parameter estimates
converge to constant values after some initial transient responses. If the simulation
is run for longer time, the parameter estimates in Fig. 6.3 will also approach constant
values. The parameter adaptation process is in accordance with Lemma 6.1.

0.2

0.1

Output

o ym(t)
0.05 —y(t) |7

0 50 100 150 200 250 300
Time t (steps)

1000

500

Control input
o

-500

-1 000 1 1 !
0 150 200 250 300

Time t (steps)

Fig. 6.1 Adaptive tracking response and control signal. Reprinted from Qi et al. (2013), Copyright
2012, with permission from Elsevier
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Fig. 6.2 Adaptation of parameters of ki.
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Reprinted from Qi et al. (2013), Copyright 2012, with
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Fig. 6.3 Adaptation of parameters of k.
permission from Elsevier

Reprinted from Qi et al. (2013), Copyright 2012, with
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Fig. 6.4 Adaptive tracking response and control signal. Reprinted from Qi-et al. (2013), Copyright
2012, with permission from Elsevier

For a time-varying reference signal y,, (f) = 0.09 4 0.06 sin(0.01¢), which covers
both operating regions of the two linearized local models, the adaptive tracking results
are presented in Fig. 6.4. The adaptations of ky and k, are shown in Figs.6.5and 6.6. It

0.0758

0.0758

0.0758 |l

0.0758

0'07580 200 400 600 800 1000

Time t (steps)

0.8 s

0o8f F—m————=— - - - - - - -

0.8

0 200 400 600 800 1000
Time t (steps)

Fig. 6.5 Adaptation of parameters of k. Reprinted from Qi et al. (2013), Copyright 2012, with
permission from Elsevier
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0 200 400 600 800 1000
Time t (steps)

Fig. 6.6 Adaptation of parameters of ka. Reprinted from Qi et al. (2013), Copyright 2012, with
permission from Elsevier

can be seen that for a time-varying reference, those parameter estimates also converge
to certain constant values under the adaptive law (the parameter estimates of ky will
show such convergence for longer simulation time).

The simulation results verify the effectiveness of the desired closed-loop system
performance. As shown from the simulation results, at the beginning of the simula-
tion, there is a large transient response in both the control and tracking error signals,
due to the initial parameter errors. As time elapses, the tracking error decreases with
the adaptation of parameters. While this simulation study is for verifying the devel-
oped adaptive T=S control theory, the improvement of system transient responses for
adaptive fuzzy control systems is an important issue to be further studied.

6.6 Summary

In this chapter, we have formulated a solution framework for adaptive control of T-S
fuzzy systems with their local state-space models in noncanonical form. A normal
form has been derived for a global T-S fuzzy model, which has an explicit relative
degree structure and a proper causality property. Such a global T-S fuzzy model is
an approximation of a discrete-time nonlinear system with a general relative degree,
based on which an adaptive state-feedback control scheme has been developed with
desired stability and output tracking performance. The key design conditions for the
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proposed adaptive output tracking control scheme are much relaxed as compared with
that for a state tracking design. Simulation results on a T-S fuzzy system of a transport
airplane example have also verified the desired performance of the developed adaptive
fuzzy control systems.
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Chapter 7 ®
Adaptive T-S Fuzzy Control Using Gzt
Output Feedback: SISO Cases

In Chaps.5 and 6, we have presented adaptive state feedback control designs for
state-space T-S fuzzy systems with unknown parameters to achieve state tracking
and output tracking, respectively. However, in reality, many systems may have states
that are unmeasurable. For this situation, output feedback designs are more practical
than state feedback. In this chapter, we consider adaptive output feedback control
for discrete-time single-input single-output (SISO) TS fuzzy systems described by
input—output models. A key advantage of using an input—output approach over a
state-space approach is that desired system tracking performance can be character-
ized and achieved based on much relaxed design conditions for adaptive control, in
the presence of system parameter uncertainties. As presented in Chap. 5, for non-
canonical state-space T-S fuzzy systems, some restrictive matching conditions were
assumed for state tracking designs.

For tracking control design using input—output T-S fuzzy models, several
approaches have been proposed in the literature. An input—output T-S fuzzy model
structure with single delay was developed by Ying (1999), based on which a feedback
linearization controller was designed to achieve perfect tracking and a necessary and
sufficient condition was derived to check the stability of the controller. Using the
same system and controller structure and considering parameter uncertainties, an
adaptive feedback linearization control scheme for T-S fuzzy systems was rigor-
ously developed in Feng (2010). Other studies within the similar framework can be
found in Shi (2008), Tseng (2006), and Qi and Brdys (2008). In those studies, the
delay from the input to the output was assumed to be one.

In reality, plants may have multiple input—output delays so that the T-S fuzzy sys-
tems to approximate such plants may have multiple delays as well. To enable feedback
linearization design for such systems, usually a prediction model is required. T-S
fuzzy systems have the feature that their overall models are nonlinear models but
local models in each rule are linear models, which motivates two ways to develop
their prediction models: one is to derive local prediction models from local linear
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models first and then obtain the global prediction model by fuzzily blending all the
local prediction models; the other is to derive the global prediction model directly
through the overall nonlinear system model. The former approach was developed by
Qi et al. (2012a) while the latter was resolved by Qi et al. (2012b).

This chapter is organized as follows. In Sect.7.1, we formulate the output feed-
back and output tracking adaptive control problems for SISO nonlinear systems via
T-S fuzzy modeling and prediction. Next, in Sect.7.2, we develop a d-step predic-
tion model for a T-S fuzzy system with multiple input—output delays through local
predictions, design an adaptive output feedback control law, and establish the basic
stability and tracking properties as the foundations for this adaptive fuzzy control
method. Then, in Sect.7.3, a d-step prediction model is developed through global
T-S fuzzy prediction, based on which an adaptive output feedback control scheme
is proposed with rigorous stability and tracking performance analysis.

7.1 Problem Statement

Consider a SISO nonlinear system in its discrete-time input—output form

where f(-,...,-) is some nonlinear function, y(-) is the system output signal, u(-)
is the system input signal, t = 0, 1, 2, ..., is the discrete-time time variable, n is the

system order, and d is the number of system input—output delays. We are interested
in the general case with d > 1 (especially, d > 1).

For the feedback control design of (7.1) with d-step delays, it is crucial to derive
a prediction model of the form

ye+d)= fay@),yt—1,...,y¢ —n+1),
u(®),u(t—1),...,u(t —n+1)), (7.2)

in terms-of the current and past system input u(t) and output y(r), v <1, for
some function f;(-,..., ). Then a nominal control law can be chosen for u(t) to
satisfy y,,(t+d) = fa(y@),y¢t — 1), ...,y —n+ D, u@),u —1),...,ut —
n + 1)) where y,, (¢t + d) is a bounded reference signal.

In this chapter, we consider the system (7.1) in the form of a global T-S system
model for approximation and control of nonlinear dynamic systems. Such a global
T-S fuzzy system model can be derived based on a set of general local system models
of the form

y®) +ai1yt -1+ +a,yt—n)
=bjou(t —d)+bjjut —d—1)+---+ b y_qut —n) (7.3)
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7.1 Problem Statement

for the system (7.1) operating at different points.

To be more precise, let&;(¢), j = 1,2, ..., L, be the premise variables for fuzzy
rules which are chosen from y(t — 1), ..., y(t —n) and u(t — d), ..., u(t — n) for
specific systems and applications. When the values of &;(¢) are set to be in some
given intervals, they define certain regions for the variables y(r — 1), ..., y(t — n)
and u(t —d), ..., u(t —n). With the variables y(t — 1), ..., y(t —n) and u(t —
d),...,u(t —n) being in each of such regions, the system function f(y(z —
1),....,y(t —n),u(t —d),...,u(t —n)) can be approximated by a linear system
model.

This motivates the following discrete-time input—output T-S fuzzy system model:

R': IF & (t)is F| and &(¢) is Fi and ... and &,(t) is F
THEN y(#) + ai1y(t = 1) + -+ ainy(t —n) = b; pu(r — d)
—|—b,<,1u(t —d—1)+---+b; n_qu —n), b,"() #0, (7.4)

where R, i = 1,2, ..., N, denotes the ith fuzzy rule defining the ith subsystem,
N is the number of fuzzy rules, a; 1, ..., @i, bio, - - ., bi.n—q are coefficients of the
ith subsystem, d > 0 denotes the system delay, and “&; (1) is F jl ” is a part of the ith
fuzzy rule, with the premise variables £(7) = [£,(¢), & (2),+ .., £.(¢)]" being some
measurable system signals or their functions and F' j’ being typically an interval of real
numbers, called a fuzzy set associated with-which there is a membership function
F j‘ (§j (1)) to indicate the membership degree of &;(¢) in FJ’

In this chapter, we shall obtain the global T-S fuzzy prediction model (7.2) for
(7.1) through two approaches:

Approach I: Obtain the prediction models for local linear subsystems in (7.4)
first and then construct the overall nonlinear prediction model by fuzzily blending
all the local prediction models.

Approach II: Obtain the overall nonlinear fuzzy model from (7.4) first and then
derive the nonlinear prediction model directly from it.

These two approaches represent two different ways to use T-S fuzzy system
modeling theory to approximate a nonlinear dynamic system (7.1).

In the following sections, we will show how to derive these two different predic-
tion models by Approach I and Approach II. Different approaches lead to different
parameterized models, based on which adaptive controllers are designed to ensure
closed-loop signal boundedness and asymptotic tracking of a bounded reference
signal y;, (¢) by the system output y(¢#) when there exist unknown parameters.

7.2 Approach I: Design Based on Linear Prediction Models

Each equation in (7.4) defines a local linear model for the original nonlinear system
(7.1). To derive a global fuzzy system model for (7.1), we will first derive a d-step
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prediction model for each local linear model and then use them to construct a global
fuzzy (nonlinear) system model.!

7.2.1 T-S Fuzzy Prediction Model via Linear Prediction

n

Introducing the polynomials in 7 A H=1+ ai,lz’l +---4a;,z7" and
B; zh= bio+ b[,lz’l + -4 b,-,,,,dz’”*d,i =1,2,...,N,withz! and z being
the time-delay and time-advance operators: 7' x]@) = x(@ — 1) and z[x](z) =
x(t + 1), we express the local linear system (7.4) as

Az DIy = 2Bz HIul @), (1.5)
where, as a notation, for a polynomial P(z™") = pg + p1z~' 4 «++ + p,,2 "7 and a
signal x(t) € R, we define P(z~")[x](t) = pox(t) + pix(t =1) 4+ + p, x(t —

n,). Following the procedure proposed by Goodwin and Sin (1984), and solving the
polynomial equation

1=F@EHAGEHY+29G e, (7.6)
we obtain the polynomials

Fiz Y= 1+ fiaz b+ + fiaaz M
Giz )= giot gz ++giniz " (7.7

with fi = — Y520 fijais_jok =102, ... d — Land g = — Y92} fi i ksa—j-
k=0,1,...,n—1,fora; ny1 =aint2 = -+ - = ainra—1 = 0. Then, operating both
sides of (7.6) on y(¢), we obtain
y(t +d) ="Fi YA OO + G HIyl). (7.8)
Substituting (7.5) into (7.8) yields the local d-step prediction equation
y(t +d) = F;(z"")Bi(z Hlul() + Gi(z~HIyl@), (7.9)
which can be written as
Yt +d) = a;(z OV + B DIl @), (7.10)

where o;(z7") = G;(z" ") and Bi(z™") = F;(z ") B;(z™"):

'© [2012] IEEE. Parts of Sect.7.2 are reprinted, with permission, from Qi et al. (2012a).
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7.2 Approach I: Design Based on Linear Prediction Models

iz D =aoFaiz iz (7.11)
Bi(z™Y =Bio+Biaz o Bz (7.12)

with B, 0 = b; o # 0.
Based on the above derivation, we have the following proposition.

Proposition 7.1 The local linear system (7.4) can be equivalently represented by
the local d-step prediction model (7.10).

Different from what has been done by Goodwin and Sin (1984), in our study,
we will now use the local models in (7.10) to form a global d-step prediction fuzzy
system model. To proceed, based on (7.10), using the standard technique of singleton
fuzzification, product inference, and weighted average, we obtain the following global
d-step prediction nonlinear fuzzy dynamic system model (Qi et al. 2012a).

Proposition 7.2 Following a standard fuzzy modeling procedure, a nonlinear
dynamic system (7.1), via the local fuzzy system model (7.4), can be approximated
by a global d-step SISO prediction fuzzy system model:

N N
Ya+d) =) oY@+ i @), (7.13)

i=1 i=1

where w; is the normalized membership function satisfying

3 (6) -

Wi = ——— M@E=[]FiE)
S M) U Y

i€ =0, Zm@)zl. (7.14)

i=1

The fuzzy system model (7.13) is an approximate model for the original nonlinear
system model (7.1). It has been shown that T-S fuzzy systems with linear rule con-
sequents can uniformly approximate any continuous function on a compact domain
to any degree of accuracy (Tanaka and Wang 2001). Given a specific approximation
accuracy, a sufficient condition on calculating the minimal number of fuzzy sets and
fuzzy rules is also provided, which is independent of the shape of membership func-
tions, fuzzy logic operators, and the defuzzifier type so that the computed number
may be very large. In practice, a smaller number of fuzzy sets and rules may be
found to meet the desired approximation accuracy depending on the function to be
approximated and the type of membership functions chosen.

Remark 7.1 Choosing a suitable number of fuzzy rules and proper membership
functions plays a critical role in constructing T-S fuzzy models. In the literature,
various methods have been developed to determine the number of fuzzy rules and the
position and distribution of membership functions (Barada and Singh 1998; Angelov
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and Filev 2004). Usually, if the T-S fuzzy model is constructed from linearizing a
nonlinear plant at N different operating points represented by &' = [El , 52, L E L]

i=1,2,..., N, there will be N rules and the ith membership function for the
premise variable §;, j =1,2,..., L, can be designed as a triangular or Gaussian
function with its maximum placed at the corresponding ith operating point & ]’ The
neighboring membership functions for &; should overlap each other with some degree
and the combination of all the membership functions should cover the whole universe
of discourse of &}, that is, there is at least one positive membership degree for any
allowed value of &;. If the T-S fuzzy model is identified from input—output data, the
number of fuzzy rules and the centers of membership functions can be obtained by
fuzzy clustering methods such as fuzzy c-means and subtractive clustering algorithms
(Barada and Singh 1998).

Remark 7.2 Another important technical issue is the robustness of feedback control
system properties with respect to modeling errors in a system model used for con-
trol design. When applied to a realistic system, the system models (7.13) and even
(7.17) are subject to certain modeling error A(y(-), u(-); t), especially for the fuzzy
system model (7.13) which involves approximations to-a regular nonlinear system.
For example, in the presence of modeling errors, the system fuzzy model (7.13) may
become

N N
Y +d) = e WO+ Y i @)

+AG®), vyt — Dy ult — 1), ult —2),...50). (7.15)

It is well-known that for a regular system model with modeling errors A, the robust-
ness issue can be dealt with by robust adaptive control laws (Ioannou and Sun 1996;
Tao 2003). We note that for adaptive control of the fuzzy system model (7.13),
the robustness issue can be addressed, in a similar way to that for regular (non-
fuzzy) systems, by using robust adaptive control designs (e.g., such a design is
given in Feng 2010). More specifically, for A(y (), y(t — 1), ..., u(t — 1), u(t —
2),...,1) eL? anormal adaptive control law is robust with respect to such A;
for Ay@),y(t=1),...,u(t — D,u(t —2),...,t) € L*, an adaptive law with an
additional modification term is able to ensure adaptive control system robustness;
and for A(y(), vy —1),...,u(t —1),u(t —2),...,t) whose boundedness can-
not be guaranteed a priori, an adaptive law with normalization and robustifica-
tion can ensure closed-loop system boundedness stability provided the normalized
Ay@),yt —1),...,ut — 1), u(t —2),...,t)is small (Tao 2003). O

Control objective. The control objective is to find a control signal u(¢) for the
system (7.13) with unknown parameters «; o, @i 1, .-, ®%.n, Bi0s Bils---s Bion—d>
i =1,..., N, toensure closed-loop signal boundedness and asymptotic tracking of
a bounded reference output y,, (¢) by the system output y(¢), under the assumptions:

Assumption 7.1 The fuzzy system (7.13) is minimum phase.
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Assumption 7.2 Z,N=1 wi(E())Bio # 0, forall t > 0.

The exact definition of a minimum phase T-S fuzzy system (7.13) is to be defined later
on. The uncertainty of the parameters o; o, @ 1, - -, %> Bi0s Bils -+« » Bin—d> | =
1, ..., N,isequivalent to that of the parameters a; 1, . . ., @i n, bi0, bi,1, - - ., bi n—q Of
the local fuzzy systems (7.4). From (7.12), we have 8; 0 = bjo #0,i = 1,2, ..., N
Since b;o, i =1,2,..., N, are the (high-frequency) gains of the linear subsys-
tems which approximate the original nonlinear system, their signs can be practi-
cally assumed to be known. Without loss of generality, we assume ;o = b; o > 0,
i =1,2,..., N.Under this practical assumption, due to the properties of i; in (7.14):
wi(€) > 0and Z,N=1 wi (&) = 1, we actually do have Assumption 7.2 satisfied.

However, for adaptive control, we will need to have the following condition sat-
isfied:

N
D miEW)Pio #0, Vi =0, (7.16)
i=1

where ,3,',0, i =1,2,..., N, are the estimates of ;. This condition can be ensured

by using parameter projection (Ioannou and Sun 1996) on the parameter estimates

Bio, i =1,2,..., N, using the knowledge of the positive upper and lower bounds

of Bio,i=1,2,...,N.
Minimum phase condition of a regular LTI system. A regular linear time-
invariant (LTI) system

A HIYI@) =z B Hul(r) (7.17)

with A ) =14+az7"4az %« + anz™" and l_?(z") =by+biz7 "'+ +
bp—_qz~"" is minimum phase if all zeros of B(z ') are in |z| < 1. For the equivalent
system expression

@+ a4 a)yl0)
= (boz" + 012" 4 by_azDu]l(t - d), (7.18)

this condition implies that

t—1

u(t — d)| < crlyO] +c2 Y ATyl 1 2 d, (7.19)
=0

for some constants ¢; > 0, ¢, > 0,and A € (0, 1).
Minimum phase SISO fuzzy system. Based on this analogue, we propose the
following minimum phase definition for the global SISO fuzzy system model (7.13).

Definition 7.1 The fuzzy system (7.13) is minimum phase if the condition (7.19) is
satisfied.
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Fig. 7.1 Adaptive control structure for T-S fuzzy systems with general delay. © [2012] IEEE.
Reprinted, with permission, from Qi et al. (2012a)

Unlike the case with aregular (LTT) system (7.17) whose minimum phase property
can be checked using the knowledge of the zeros of B(z™!), the fuzzy system (7.13)
is nonlinear and time-varying in nature and its zeros cannot be simply defined (they
are only partially related to the zeros of each B;(z~') but largely related to s ()
and their combined effect). Moreover, after fuzzy modeling, the explicit role of the
polynomials B; (z ") of the original subsystems (7.4)in contributing to the minimum
phase property of the fuzzy system (7.13) becomes less clear.

In the following section, we design a fuzzy adaptive controller for a minimum
phase fuzzy system which can guarantee boundedness of all the closed-loop signals
and the convergence of the tracking error based on the d-step prediction fuzzy system
model derived in Sect.7.2:1 and the minimum phase fuzzy system definition given
in Definition 7.1.

The layout of the approach is presented in Fig.7.1. After the above derivation the
T-S prediction model (which captures the system order and delay information and
gives a reasonable approximation of a nonlinear dynamic system), a parameterized
model of the T=S system will be derived, an adaptive law will be developed to update
the estimates of the unknown system parameters, and an adaptive controller will be
constructed based on the estimated T-S model.

7.2.2 Nominal Controller

If the system parameters are all known, the control problem can be solved by the
following nominal prediction-based control scheme .

The global T-S system (7.13), based on the local fuzzy system (7.4), can be written
as




i i

| -

=
& controlengineers.ir]
© @controlengineers

7.2 Approach I: Design Based on Linear Prediction Models 171

N N N
Y +d) = eIV + Y pwiBi@HIul@) + Y piBiou(t)(7.20)

i=1 i=1 i=1

where B;(z7!) = Binz '+ -+ Bin1z7"FL If those local system parameters

i1y o ins bigy ..o bin_g, i =1,2,..., N, are known, one can calculate the
parameters ai,()vai,h Y ai,nfla ﬂi,()’ ﬂi,l, oo 9ﬁi,n71 Of ai(z_l)s and ﬁi(Z_l)s
i=1,2,..., N, from (7.10). Then, for a given bounded reference output signal

Yy (t) to be tracked by the system output y(#), the fuzzy control law for the global
system (7.13) can be obtained as

1 N
ut) = —— [ =) i @Hy1@)
Z,N=1/'Liﬂi,0< ;
N —_
=Y wiBi@ @) + Yt + d)) (7.21)
i=1

which, when applied to the system (7.13), brings y(t + d) to y,,(t + d) in one step
and leads the closed-loop system to

y(@) = ym(0), t>d, (7.22)

N N
D wiBiE ) = yult +d) =Y pici @y,
i=1 i=1

t>d+n. (7.23)
Hence, y(¢) is bounded, and with Assumption 7.1, u(¢) is bounded.

This nominal control law provides the basic controller structure which can be
parameterized for parameter adaptation when the system parameters are unknown.

7.2.3 Adaptive Control Scheme

To estimate the system parameters, we need to develop a parameterized model. With
the knowledge of n and d, the fuzzy system (7.13) can be expressed as

y(t+d)=0T¢@), (7.24)
where, fori =1,2,..., N,

P(0) =[] (1), b3 (1), ..., Py (D]
6=10],6],....001" (7.25)

@i (1) = [wiy@®), wiy(@ — 1), ..., uiy(t —n+1),
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pin (), i — 1), ..., wu(t —n+ D"
01' = [ai,07 ai,l» ey ai,nfls ﬁi,Oa ﬂi,ls ey ﬂi,l‘t*l]T'

The expression (7.24), with 6 unknown and ¢ (¢) known, is a regression form
with a linear parametrization for which many parameter adaptation algorithms can
be adopted to estimate these unknown parameters in 6.

Parameter adaptive law. As a choice, the following parameter adaptive law is
employed to obtain the estimate (1) of :

y (¢t — d)e(r)
c+ Tt —d)pt—d)’

Ot)=0(—1)+ (7.26)

where y () € (o, 2 — o) is an adaptation gain for some constant y5 € (0, 1), ¢ > 0
is a small design parameter, and the estimation error is

e(t) = y(t) =07 (t = Dt — d) (7.27)

with an initial estimate é(O) (chosen to be as close as possible to 9).
For the parameter adaptive law (7.26), the following results have been established
(Qi et al. 2012a).

Lemma 7.1 The parameter adaptive law (7.26), for the fuzzy system (7.24), has the
following properties:

(i) 16() — 0| < 16(r — 1) — 8l < 16(0) — O], for the I (Euclidean) norm || - ||;
(i) —= ¢ [2;
e+l (t—d)p (t—d)

e l N E(t) A O,’
(i) Timy— o0 et ot —d)p(—d)

(iv) 10@t) — 0@ — 1) € L% and

(vi) lim,_, |0(@) — 6(t — t1)|| = O, for any finite t; > O.

Similar to that in Goodwin anq Sin (1984), the proof of this lemma follows from the
linear error equation &(t) = —(A(t — 1) — 0)T¢(t — d) (as from (7.24) and (7.27))
and the adaptive law (7.26), which lead to the squared error norm equation

16@) — 01> — 16 — 1) — 6]
_ vt —d)¢(r —d)
=—y(@) [2 C+¢>T(t—d)¢(t—d)i|
, 2 (1)

c+ Tt —d)p(t —d)’

(7.28)
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where
7o [2 ) ?(ffi:g =~ et :jﬂ - [2 YO+ e d)]
> 92—y >0. (7.29)
Hence, we have the desired inequality
6@ — 61> — 190G — 1) — 6|
< w2 - W) 0 (1:30)

c+ Tt —d)p@ —d)

from which the lemma’s properties can be readily derived.

This adaptive law generates online estimate 6(r) of the unknown parameter 6,
with desired stability and L, properties, to be used for implementing an adaptive
control law.

Adaptive control law. For the system (7.4) with unknown parameters, one may
choose the following adaptive fuzzy control law based on the certainty equivalence
principle:

R':IF & is F| and & is Fj ‘and...and & is F;

1 =~
THEN u(t) = ——— (—&i(z_l)[y](t) — B Hlul®)

> iz MiBio
(i d)), (7.31)
where &;(z7") = @0 + &z -+ Gipaz" and B;(z™") = Biaz '+ +

Bin_1z " are the estimates of a; (z"Yand B;(z~")in (7.11) and (7.12), with param-
eter estimates &; ; and ,8,7 j=We then choose the global fuzzy control law as

1
wt) = —y——5— i (21
Z, 1,“1/310 ( 121:
- Z wiBi (O + vt + d)) : (7.32)
i=1

For this adaptive control law, parameter prO]eCthIl (Tao 2003) may be used for the
parameter adaptive law (7.26) to ensure that Zl . ,u,,B, o > Po for some constant
Bo > 0, and all ¢+ > 0 (see the discussion on Assumption 7.2 in Sect.7.2.1).

Stability Analysis. We now show that the adaptive control system has desired
stability and tracking properties. Substituting (7.32) into (7.20), we obtain the closed-
loop system as
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N N
Yi+d) =) e HIYIE) = Y iz HIyIe)
i=1 i=1

N N ~
+ Y B Ol = Y i)
i=1

i=1

N N
+ <Z wiBio — Zﬂi.éi,o) u(t) + ym(t +d)
i=l1 i=l

= 0Tp(t) =0T () (t) + yu(t +d). (7.33)

Defining the output tracking error e(t) = y(¢) — y,,(¢) and é(t) = é(t) -0, we
obtain 5
e(t+d)=—-6T 1) ). (7.34)

First, an upper bounding property for the regressor ¢ (¢)-is established in the
following lemma (Qi et al. 2012a).

Lemma 7.2 Under Assumption 7.1, the regressor ¢ (t) defined in (7.25) satisfies

16 = Il < o1 +p2 max |e@)] (7.35)

for some positive constants p and ps.

Proof From the definition of ¢ (¢) in (7.25) and y; in (7.14), we have

eIl = <1 llv O, (7.36)

for some constant «; >0, where ¥ (¢) = [y(¢), y(t — 1), ...,y —n+ 1), u(t),
ut —1),...,u(t —n+1)]7, satisfying

YOI <k, max |e(r)|+x3 max |u(t)|+ ks, (7.37)
t—n+1<t<t t—n+1<t=<t

with «;,7 = 1, 2, 3, being some positive constants.
With Assumption 7.1 and Definition 7.1, we obtain from (7.13) that

-1
)| < kslet +d) +r6 Y AN e(r +d)| + k7
=0
< kg 0Inax le(t + d)| + k7, (7.38)
<t<t

where k;,i =5, 6,7, 8, are some positive constants.
Finally, using (7.36)—(7.38), we obtain

I6 )1l < p1 + p2 max le(z +d)l. (7.39)
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where p; and p, are some positive constants. \Y

Based on the results of Lemmas 7.1 and 7.2, we have the desired closed-loop
system properties (Qi et al. 2012a).

Theorem 7.1 All signals in the closed-loop system, with the plant (7.13) satisfying
Assumptions 7.1 and 7.2, the controller (7.32) and the adaptive law (7.26), are
bounded, and lim,_, o (y(t) — y(t)) = 0.

Proof From (7.24) and (7.27), we have ¢(t) = —(é(t — 1) —=0)T¢(t — d) and from
(7.95), we have

e(t) =5()c+ ¢T (1 — d)p(t — d)
—bt—d) =0t — 1)t —d)c+¢T(t —d)p(t —=d), (7.40)

P _ e(r) Iy _ ¢ (t—d) ShE
where £(t) = m and ¢(t — d) = m, with g(t) € Lo, N
Loo,0(t —d)—6(t —1) € Ly N Lo, and [|¢p(t — d)|| < 1.
With the inequality: \/c +¢T(t —d)p(t —d) < Je+ Tt — d)||, we express
e(t) in (7.40) as

le)] < c1 +ED] 67 ¢ =)+ 10¢ —d)— 6 — DI ¢" ¢ = d)ll, (7.41)

for some constantc; > 0. UsingLemma7.2: |¢(# — d)|| < p1 + p2 maxg<;< |e(7)],
we obtain

e()] = €2 +3[8(0)] max le(o)|

Feall(r —d) — 6@t — 1) max |e(7)], (7.42)

for some constants ¢; > 0,1 = 2, 3, 4.

From Lemma 7.1, we have that lim,_, ., £(¢) =0 and lim,_, o, ||é(t) — é(t —
d)|| = 0, and with these results, it follows from (7.42) that e(¢) is bounded, which
implies y(z) is bounded, and in turn from the system’s minimum phase property that
u(t) is bounded. Hence, all signals in the closed-loop system are bounded, based on
which, from(7.40) in which &(t) € L, and 6(t — d) — 6(t — 1) € L, we have that
e(t) € Ly so that lim, ., e(t) = 0. \Y

Remark 7.3 The closed-loop stability and asymptotic output tracking properties
given in Theorem 1 are the basic adaptive system properties only for the case when
there are no modeling and approximation errors in the system (7.13). In the presence
of such errors as described in Remark 7.2, the adaptive law (7.26) needs to be mod-
ified with a robustifying signal such as dead-zone, o-modification, and parameter
projection (Ioannou and Sun 1996; Tao 2003), for robust parameter adaptation. While
the closed-loop signal boundedness can be ensured globally or locally for small nor-
malized modeling and approximation errors, the tracking error e(t) = y(t) — y,, (¢t)
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can be shown to be bounded by normalized modeling and approximation errors in a
mean sense. O

7.2.4 Simulation Study

In this section, we show the simulation results from a flexible-joint manipulator
system, with details of control design and system responses.

Simulation system. Consider a flexible-joint manipulator system described by
the following equations (Ghorbel et al. 1989):

14y + Mglsin(q1) + k(qy —g2) =0
Jgr + Bgr — k(q1 — q2) = u, (7.43)

where ¢, and g, are the angle positions (in radius) of the link and the rotor, M denotes
the mass, I and J are the link and rotor inertia, respectively, k is the elasticity constant
of the joint spring, M and [ represent the mass and the position of the center of the
gravity of the link, B is the rotor friction constant, and u is the force (in Newtons)
applied to the link. For simulation, the parameters are set as Mgl = 0.8 N-m, I =
0.031 kg - m?, J = 0.004 kg - m?, k = 31 N - m/rad; and B = 0.007 N - m - s/rad.
The nonlinear system (7.43) can be written into the following state-space form:

)231 = X2

i = =M5in(x)) — £ (x) — x3)

)‘C3 = X4 (744)
Xy= =B+ 5 —xa3) + Ju

y =X

by selecting the state vector: x = [x1, X2, X3, x4]1” = [¢1. g1, g2, ¢2]7 and the output:
Yy =4

In this example, a T-S fuzzy model is constructed by linearizing the nonlinear
plant (7.43) at five equilibrium points for x; € (—x/3, 7/3) and x3 € (—7/3, 7/3).
The ith rule of the T-S fuzzy model has the following form:

R':TF x; is F| and x; is FJ,
THEN x = A;x + Bju, (7.45)

wherei = 1,2,...,5, A; and B; are the local state-space matrices corresponding to
the ith linearized model, and F’ 1’ and F} are fuzzy sets for the two premise variables
x1 and x3 in the ith rule. The membership functions characterizing the fuzzy sets
F! and F} are selected as Gaussian functions, which have their maximum values at
their corresponding linearizing points and decrease toward their neighbor linearizing
points, as shown in Fig.7.2.
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] 7 3 i

0.4F A
0.2} o S

-1 -0.5 0 0.5 1
link angle

Degree of membership

Degree of membership

rotor angle

Fig. 7.2 Membership functions for link angle x; and rotor angle xo. © [2012] IEEE. Reprinted,
with permission, from Qi et al. (2012a)

Selecting the sampling time as 7 = 0.6 s and using a zero-order-hold discretiza-
tion method, a discrete-time T-S fuzzy model can be obtained from (7.45) with its
ith rule as

R : IF x(2) is Ff and x3(t) is F2i,
THEN x(t + 1) = Agix(t) + Bgiu(t), (7.46)

where (Ay;, Bgi),i = 1,2,...,5, can be found in Qi et al. (2012a).
The state-space model (7.46) can be then expressed in the input—output T=S fuzzy
model:

Ri: IF x.(t) is FI’ and x3(r) is in,
THEN y(¢) +a; 1yt — 1) +--- +a;4y(t — 4)
=biou(t —1)+---+bult —4)

with output y(#) = x; (). While this model with d = 1 itself can be simulated with
our adaptive control scheme, in out study, we introduce one additional delay at the
input to model the finite computation time delay of digital control and actuator delay
of operation (Franklin et al. 1998), to obtain the following discrete-time T-S fuzzy
model with delay d = 2:



@ controlengineers.ir]
© @controlengineers'

178 7 Adaptive T-S Fuzzy Control Using Output Feedback: SISO Cases

R': IF x,(t) is F| and x3(t) is Fi,
THEN y(t) +a; 1 y(t — 1) + -+ a;4y(t — 4)
= bhou(l‘ -2+ 4+ b,»,3u(t —5).

With Proposition 7.2, we obtain the following global 2-step prediction fuzzy
system model:

5 5
Y +2) =) w0 + Y i Hiulo),

i=1 i=1

where

aiz ) =0tz iz
=a}, —aix+ (@100 — a;3)7""
+(@i a3 — ai )z + a; ;a7
Biz™") = Bio+ Bz + Biaz > + Biza T + Baz?
= bio+ (biy — ainbio)z ' +(bis— airbi)z?
+(bis — ai1bin)z = anybisz

Simulation results. For simulation, we chose y(t) =1, ¢ =0.01, y, () =
0.5sin(0.2¢), and the initial parameter values 6(0) = 65% x 6. The system out-

S ym(t) ——y(0)

Output

0 50 100 150 200 250 300
Time t (steps)

Control input

0 50 100 150 200 250 300
Time t (steps)

Fig.7.3 Adaptive system response and control signal. © [2012] IEEE. Reprinted, with permission,
from Qi et al. (2012a)



—mr—
& controlengineers.ir]
© @controlengineers

7.2 Approach I: Design Based on Linear Prediction Models 179

0.4

0.2F. 1

50 100 150 200 250 300

0 50 100 150 200 250 300
Time t (steps)

Fig. 7.4 Parameter adaptation of Rule 2. © [2012] IEEE. Reprinted, with permission, from Qi
et al. (2012a)

put y(¢) and the reference y,,(¢), and the control signal u(¢) are shown in Fig.7.3. It
can be observed from Figs. 7.3 and 7.4 that with the designed adaptive fuzzy control
law, the system output tracks the reference accurately after some initial transient and
the parameters tend to converge to some constant values, which verifies Lemma 7.1
and Theorem 7.1.

7.3 Approach II: Design Based on Nonlinear Prediction
Model

In this section,? we derive a prediction model of the global discrete-time input—output
T-S fuzzy system with multi-delays and employ it for adaptive control design in the
presence of parameter uncertainties.

Introduce the polynomials in z~':

A = —anz = — a7, (7.47)
Bi(z™) =big+ bz + -+ bz (7.48)

ZParts of Sect.7.3 are reproduced from Qi et al. (2012b) by permission of John Wiley & Sons Ltd.
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We express the local linear system (7.4) as
YO = A OO + 27 B Hul@). (7.49)
Applying the z¢ operator on both sides of (7.49) yields
Yt +d) = Az DY +d) + Bi (" Hul@). (7.50)

We then use the local models in (7.50), based on a standard fuzzy system modeling
technique of singleton fuzzification, product inference, and weighted average, to form
a global T-S fuzzy system model as

N N
Y +d) = wEO)A I +d) + Y wiEO) Bz Hul@), (7.51)

i=1 i=1

where ; is defined in (7.14).

Control objective. The adaptive control objective is to find a control signal u ()
for the system (7.51) with unknown parameters, to ensure closed-loop signal bound-
edness and asymptotic tracking of a bounded reference output y,,(¢) by the system
output y(¢), under the following assumptions:

Assumption 7.3 The fuzzy system (7.51) is minimum phase.
Assumption 7.4 Z,N=1 wi(E())bio # 0, forall r > 0.

In this section, we conduct a study for a general global discrete-time T-S fuzzy
system, to derive a prediction model for the global T-S fuzzy system (7.51) and use
it for the design of an adaptive predictor for T-S fuzzy systems.

Prediction is to forecast the future values of the system output signal y using the
current and past values of y and the system input signal u. A predictor for (7.51)
with delay d is an equation for y(¢ + d) in terms of u(t) and y(t) for  <t¢. An
adaptive predictor uses the adaptive estimates of the unknown system parameters for
prediction.

In the following sections, we use u;(t) to denote w;(£(¢)),i =1,2,..., N, for
the simplicity of expression.

7.3.1 T-S Fuzzy Prediction Model via Nonlinear Prediction

Since the model (7.51) contains y(t +d — 1), y(t +d —2),..., y( + 1), y(@),
yit—=1),...,y@t+d—n),of which y(t +d — 1), y(t +d —2),..., y(t + 1) are
not available at time #. We use (7.51) backward to derive their expressions in terms

of available signals. By using 1(¢) to denote u(£(¢)) for simplicity, we can rewrite
(7.51) as
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N N
Y +d) = wmOAGCHYIC+d) + Y w@) B Hul@),  (7.52)

i=1 i=1

in which w;(1)A;(z~)[yl(t + d) contains u;(t), y(t +d —1), y(t +d —2), ...,
Y+ 1), y(@0), ¥t = 1), ..y y(t +d — n), and ;) B;(z~H[u] (1) contains 1, (1),
u(t), u(t — 1), ..., u(t +d — n). Replacing ¢ with t — 1 in (7.52), we can express
y(t+d—1)as

N
Ye+d—1) =Y it — DA Iy +d—1)

i=l

N
+ ) it — DBzl — 1), (7.53)

i=1

in which u; (t — 1)A;(z )[y](t +d — 1) contains u;(t — 1), y(t +d —2), y(t +
d—=3),..,yt+0D, y@®), y¢t—=1,...,y@t+d—n—1),and u;(t — DB;(z™")
[](t — 1) contains w;(t — 1), u(t — 1), u(t —2),...,u(t +d —n — 1). Replacing
t with r — 2 in (7.52), we express y(t +d — 2) as

N
Yi+d—2) = it —2)AE I +d—2)

i=1

N
+ ) Wit =2)Bi(z Ol - 2), (7.54)

i=1

in which p; (f — 2)A; (z M)[y](t + d — 2) contains u;(t —2), y(t +d — 3), y(t +
d—4), ...yt +1D,y@),yt—1), ...yt +d—n—2),and u;(t — 2)B;(z " [u]
(t — 2) contains w; (f — 2), u(t —2), u(t —3), ..., u(t +d — n — 2). Similarly, for
j=3,4,...,d =2, replacing t with t — j in (7.52), we express y(t +d — j) as

N
Y +d—j)=Y it —HAG I +d - j)
i=1

N
+ Y it — B Hul — j), (7.55)

i=1

in which w;(t — j))A;(z"HIyl(t +d — j) contains w;(t — j), y(t +d — j— 1),
ye+d—j=2),...y¢+ 1D, y@), y¢—1,....,yt+d—n—j), and p;(r —
D Bi(z7H[ul(r — j) contains w; (t — j),u(t — j),u(t —j—1),...,u(t+d —n—
Jj). Finally, replacing ¢ with ¢t — d + 1 in (7.52), we express y(t + 1) as
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N
Y+ 1) =) it —d+ DA I+

i=1

N
+Y it —d+ DBl —d + 1), (7.56)

i=1

inwhich u; (t —d 4+ 1)A; (z~)[y](z + 1) contains u; (t —d + 1), y(t), y(t = 1),. ..,
y(t —n+1), and p;(t —d + 1)B;(z )[ul(t — j) contains u;(t —d + 1), u(r —
d+ 1D,u(t—4d),..,u(t—n+1).

We now replace y(t+d — 1), yt+d—2),..., y(t+1) in (7.51) by their
expressions in (7.53), (7.54), . . ., (7.56), to obtain an expression of y(¢ + d) in terms
of {ui(®), pi@ = 1), ..., it —d + D} {y@), y¢ —1),..., y¢+d —n), y(t +
d—n—1,..,y¢—n+DL{u@®),ut—1),..,ut+d—n),u@t+d—n-—1),
..., u(t —n+ 1)}, and the parameters a;; and by, i =1,2,...,N,j=1,2,...,n,
k=0,1,...,n —d. Such an expression can be denoted as

y+d) = fy(ui(), y()) + fulpi()sul)) (7.57)

for some functions

fy(“i(')v y()) = fy(,lL,'(t), ey H’i(t _d + 1)7 )’(f)» .. '?y(t —n+ ]))’ (758)
Jului (), u()) = fulpi(@), ..o i@ —d + D, u@),...,ut —n+1), (7.59)

which are linear in the products of ; and y, or products of ; and u; in particular,

Ju(i @)oo it =d + D, u(@),...,ut —n+1))
= YN i Objou() + futGui@), ..., it —d + 1), ut=1), ..., u(t—n+1)) (7.60)

for some function fi,1(u; (#), ..., ui(t —d+1),u(t—1),...,u(t —n+ 1)) inde-
pendent of u(r).

Thus, we have reached a general prediction equation (7.57) for the global T-S
fuzzy system (7.51), which expresses y(t 4+ d) in terms of signals independent of
yit+d—1),...,y@+1).

Remark 7.4 We can also choose a stable polynomial P,,(z) = z¢ +a;z¢ ' +--- +
aq-12+ aq and define y(t + d) = P,,(z)[y](¢) as a signal to be predicted. Using the
above procedure, we can derive the prediction equation for y(t + d):

F+d) = [, yO) + fulti (), u()), (7.61)

for some functions f_y (i (), y(-)) and fu (wi (+), u(-)) which have the same properties
as that of fy,(u;(-), ¥(-)) and f, (i (-), u(-)) such as (7.60). O
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7.3.2 Adaptive Predictor

To derive an adaptive version of the prediction equation, we parameterize (7.57) as

Yt +d) = 0] ¢, (1) + 0,00u0(t) + 6,,0u1 (1), (7.62)

where, in view of (7.60),

07 ¢y (1) = (i (), (), (7.63)
N

Oobuo (1) = i (D)biou (1), (7.64)
i=1

O bur () = fur (i (), (), (7.65)

for some parameter vectors 6, € R™, 6,9 € R",and 6,; € R™', and vector signals
@y (1), duo(t), and ¢, () whose components are the products of j; and y at various
time instants, and products of u; and u, respectively, in particular,

640 = [b10, bao, - .. byol” (7.66)
Buo = [p1Ou), pa()ut), ... unOu®)]”. (7.67)

Remark 7.5 The vector functions ¢y (¢) and ¢, 1(¢) in (7.62) (which may be of a high
dimension and a complicated expression) are both linear functions of the products
w;y and p;u of different combinations of w;, y, and u. Since 0 < u; < 1, the norms
of the functions ¢, (¢) and ¢, (¢) are bounded by the norms of their corresponding
forms with | y| and |u| only. This is an important property useful for stability analysis.

O
Define

0 =16, 6,.00,1" € R, (7.68)
o) = [¢) (1), pho(). dy (D] € R™, (7.69)

where ng = n, + N + n,;, then the Eq.(7.62) can be reformulated into
y(t+d) =0"¢(1), (7.70)

or equivalently,

yit) =0Tt —d). (7.71)

Let éy t=1), éuo(t —1),and éul (t — 1) be the estimates of the unknown param-
eter vectors 6y, 0,9, and 6,1 at time ¢ — 1, and introduce the estimation error at time
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t as

e(t) = y(t) — 0] (t = Depy(t —d) — O}y (t = Dpuo(t —d) — 0t — Dpa (t — d)

=y =07t - Dot —d), (7.72)
where

0(t) =10] (1), 050(). 6, (O1" (7.73)

ot —d) =[¢] (1 —d), pio(t —d), ¢y, (t — )] (1.74)

Then, with (7.71), we have
ety = =0T — Dot —d), (7.75)

where §(r — 1) = A(t — 1) — 6.
Parameter adaptive law. Based on the estimation error Eq.(7.72), the following
adaptive law can be employed to update the parameter estimate 6(¢):

y(@) ot — d)e(t)

0@)=0@—-1)+ pCT

, (7.76)

where

m@t) =+c+¢T (t—d)p(r — d), (7.77)

and y (¢) € (v, 2 — yo) is an adaptation gain for some constant yy € (0, 1),andc > 0
is a small design parameter.

To ensure ZZN:I wi (€ (t))l;[()(t) > by to avoid the singularity problem in calcu-
lating the control signal, the parameter adaptive law (7.76) is modified by using
parameter projection:

y (0@t —d)e(r)

0@)y=0(@—1)+ —yo

+ f(1), (7.78)

where f(¢) is a projection function.
It is assumed that b; belongs to a known interval [b,, biol,i =1,2,..., N, and
a base adaptation vector is defined as

_ye —de)

m2(1)

g (7.79)

Denoting the jth component of 6(7) € R™, f (1), g(t) as 0;(t), f(1), g; (1), j =
1,2,...,ng,with bg € [b;, biol, we have 0; € [b;, bjo] for j = n, +i. We choose
the initial estimates for0;, j =n, +1,n, +2,...,n, + N as
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0; € by biol, j=ny,+i, i=12,...,N, (7.80)

and set the projection function components as

fi®)y =0, for j<ny, or j>n,+N (7.81)
o if O+ () + gn,+i (1) € [y, bio]
Juy+i(®) = 3 bio = Ony4i (0) = &ny4i (1) if Oy yi (1) + gny4i (1) > big (7.82)

big = Ony4i (1) = gny4i (1) if By yi (1) + gnyi (1) <byg. i=1,2,....N.

Stable adaptation. For this parameter estimation algorithm, we have the follow-
ing properties (Qi et al. 2012b).

Lemma 7.3 The parameter adaptive law (7.78), when applied to the fuzzy system
(7.51), has the standard properties:

(i) ||é(t> —0l < 16(t — 1) — 61l < 116(0) —0l;
(ii m(t)
(iii) lim,_, o % =0

(iv) 110(t) —0(t —t)|| € L* and
(vi) im0 [[0(t) — 6 —11)[| =0, V1, > 0.

Proof Defining the parameter error 6 = 6 — 6 and with (7.78), we have

Yot = d)e(t)
m?(t)

Consider the following positive definite function

() =0@t — 1)+ + (). (7.83)

V@) =679,

then the time increment of V(é) along (7.83) is

VEW) “v @t — 1) = —y () (2 (et —d)g( —d)) eX(1)

m2(t) m2(t)
247 (é(r gy YO De@) f(t)>
m=(t)
-0 f. (7.84)

With the parameter projection functions (7.81) and (7.82), we have

Yy (D¢t — d)e(r)

e
f <9(t—1)+ s

+ f(t)>

N
Z Figti @nyi = Ouyi + i + Fuy4i) <0, (7.85)
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which, together with

YTt —d)ypt —d)\ &*(1) 0]
—y(® <2 - . > A S rOC—yo) S
2
2 :1 2((’;) (7.86)
for y (t) € (yo, 2 — yy), ensures
2
V@) — VA —1) < =22 — T (@) f(1) <0, (7.87)

2(t)

which implies |A(r) — 0| < 6t — 1) — 6]l < 6(0) — ]| and 6(r) € Lo
It follows from (7.87) and the boundedness of V (6) that

(L€ g i ; ;
Z Yo 5~ T (@Of(@|=V©e0)—-VE®D)=VE©0), (7.88)

=0 n (T)

that is, mm € Lyand f(t) € L.
From (7.78), we have

n-1

bty = —ryy + Y ALZDIU—d =Dl 2 T)

2(4 —
- m>(t — 1)

n—1
+> M- fa -1, (7.89)
=0

with 20 ¢ L, and f (1) €L,, we obtain 6(1) —0(t — 1) € Ly, lim, .0 |0(1) —

0(t —t1)|| = 0. v

From Lemma 7.3, we can derive the following two proEerties: @) s(t)A € L, and
lim;se(®) =0if ¢(t —d) € Lo, and (i) lim; o |6(t +d — 1) —O0(t)| = 0.
The first property means that if all system signals are bounded, then lim,_, o, £(¢ +
d) = 0, that is,

Yot +d) = 9 (t +d — Dy(t) + 0t +d — Dpuo(1)
+0(t +d = D () (7.90)

is an adaptive prediction of y(¢ 4+ d) such that lim,_, o (3o(t + d) — y(t +d)) = 0.
The second property implies that if ¢ (t) € L, the signal

F(t +d) = 0] (1py (1) + Ol (Dbuo (1) + 0,1 (i (1) (7.91)
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is also an adaptive prediction of y(¢ + d) such that lim,_, .o (y(t + d) — y(t +d)) =
0. Note that the signal y(¢ + d) is available at time 7, while yo (¢ + d) is not ford > 1.
Thus, we have developed an adaptive predictor (7.91) updated by (7.78), for the T-S
fuzzy system (7.51).

This adaptive prediction theory also provides the basis for adaptive control of the
T=S fuzzy system (7.51). In the adaptive prediction equation (7.91), we have

N
0o (Dpuo(t) = <Z m(é(ﬂ)&o(ﬂ) u(t). (7.92)

i=I

The control signal u(¢) at time ¢ has direct influence on the prediction signal $(¢ + d).
It would be desirable to choose u(z) to make y(t +d) = y, (¢t + d) for a given
reference output signal y,,(¢) for the system output y(¢) to track. This is the main
idea to be developed in the next section.

7.3.3 Adaptive Control Scheme

In this section, we design and analyze an adaptive control scheme for the T-S fuzzy
system (7.51).
Adaptive control law. We then choose the adaptive fuzzy control law as

1 2 ~
u(t) = —— (Yt +d) = 0 )y (1) =61, (1)1 (1)) . (7.93)
Zf\]:lﬂi(f(f))bio(l)( ’ ’ ! ! )

For this adaptive control law, the parameter projection component (7.81) has been
added in the parameter adaptation algorithm (7.78) to ensure that Zf\': i€ (t))l;,-o(t)
> by for some constant by > 0.

Stability analysis. We now show that the adaptive control system has desired
stability and tracking properties. Substituting (7.93) into (7.51), we obtain the closed-
loop system as

yi4+d)=0"¢@) — 0T ()P (1) + ym(t + d). (7.94)
Withe(t) = y(t) — y,(t) and é(t) = é(t) — 6, we obtain
et +d) = =0T ) (1). (7.95)

We first present a desired property for ¢ () (Qi et al. 2012b).

Lemma 7.4 Under Assumption 7.3, the regressor ¢ (t) defined in (7.69) satisfies

1601l < p1 + p2 max le(r +d)| (7.96)
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for some positive constants p and ps.

Proof From the definition of ¢ (¢) in (7.69) whose components are the products of
w; and y at various time instants, and products of w,; and u, and the property of u;
in (7.14), we have

g < killy @, (71.97)

for some constant x; > 0, where

V() =[y@), yt —1), ...yt —n+ 1), u(), u@ —1),...,u¢t —n+ 117, (7.98)

With y(t) = e(t) + yn (t), ¥ (¢) can be expressed as
Yt) =le®), et —1),...,e(t —n+ D, u),ut —1),...,.u¢t =n+ D]’
Y @), Yyt = 1), ..,y —n +1),0,...,0]".
Then, we have
YOI <k max le(r)|+ k3 max |u(r)| + ks, (7.99)
t—n+1<t<t t—n+l1<t<t

where k;, i = 2, 3, 4, are some positive constants.

Again with y(t) = e(t) + y,,(¢), the system Eq.(7.51) can be formulated as
N N
et +d) + yu(t +d) =Y iz Hlelt) + ) pici @yl @)
i=1 i=1
N
+ 3 i@ Hul). (7.100)

i=1
With Assumption 7.3 and Definition 7.1, we obtain
()} < ksle(t + )| +xs Y

t=0,1,...,t—1
< kg max |e(t +d)| + «7,
0<t<t

AT et +d)] + k7

(7.101)
where «;,i = 5, 6,7, 8, are some positive constants.
Finally, using (7.97), (7.99), and (7.101), we obtain
@I < p1 + p2 [nax le(t +d)], (7.102)
where p; and p, are some positive constants. \Y%

We now show the desired closed-loop system properties (Qi et al. 2012b).
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Theorem 7.2 All signals in the closed-loop system, with the plant (7.51) satisfying

Assumptions 7.3 and 7.4, the controller (7.93) and the adaptive law (7.78), are
bounded, and lim,_, oo (y(t) — ym (1)) = 0.

Proof From (7.75), we have
e =—0O@C—-1)—-0"¢p@ —d), (7.103)

and from (7.95), we have e(t) = —éT(t —d)¢(t — d), which can be expressed as

e(t) = EDVe+ 9Tt —d)pt —d) — Bt —d)
—0(t — 1)) ¢t —d)e+¢T(t —d)p(t — d), (7.104)

where 8(t —d) —0(t — 1) € Ly N Ly,
e(t) c
Ve+¢T(t —d)g(t —d)

ot —d)
1. 7.105
Vet Tt —dygt =d) X (7109

E(t) = LyN Lo,

ot —d) =

Using the inequality: \/c +¢T(t —d)p(t —d) < Jc+ |7 (t — d)|, we express
e(t) from (7.104) as

le()] < 1 + E@] 167t — D+ 116G —d) — 6t — D 16"t — D),

for some constantc; > 0. Using Lemma7.4: ||¢p(t — d)|| < p1 + p2 maxo<c< |e(T)],
we obtain

[e(OI'S ca#esle )] max Je(r)]

+eallf(r —d) — 6@t — 1) max le(7)]. (7.106)

for some constants ¢; > 0,i = 2, 3, 4.

From Lemma 7.3, we have that lim,_,« £(f) = 0 and lim,_. [|0(t) — O(t —
d)|| = 0, and with these results, it follows from (7.106) that e(¢) is bounded, which
implies y(¢) is bounded, and in turn from the system’s minimum phase property that
u(t) is bounded. Hence, all signals in the closed-loop system are bounded, based on
which, from (7.104) in which #(7) € L, and 8(t — d) — (t — 1) € L,, we have that
e(t) € L? so that lim,_,  e(t) = 0. \Y

A system may have two kinds of uncertainties: parameterized uncertainties (the
error-free case) and unparameterizable uncertainties (the modeling errors includ-
ing the approximation errors in the fuzzy control case). The most important feature
(advantage) of adaptive control is its ability to deal with parameterized uncertainties,
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which is the key component of all adaptive control designs making up the adaptive
control theory seen in adaptive control literature. Thus, it is important to develop the
adaptive control design and analyze its desired properties for the error-free case, like
what is about Theorem 7.2. The modeling errors can be dealt with using robust adap-
tive control (Ioannou and Sun 1996). The closed-loop stability and asymptotic output
tracking properties given in Theorem 7.2 are the basic adaptive system properties
only for the case when there are no modeling and approximation errors in the system
(7.51). In the presence of such errors as described in (7.15), the adaptive law (7.76)
needs to be modified with robustifying signals such as dead-zone, o-modification,
and parameter projection (Goodwin and Sin 1984; Ioannou and Sun 1996; Tao 2003),
for robust parameter adaptation. While the closed-loop signal boundedness can be
ensured globally or locally for small normalized modeling and approximation errors,
the tracking error e(t) = y(t) — y,,(t) can be shown to be bounded by normalized
modeling and approximation errors in a mean sense similar to that seen in the liter-
ature for robust adaptive of non-fuzzy systems, as an extension of the Lj tracking
property in Theorem 7.2 (see its proof at the end), for the no modeling/approximation
erTor case. (]

Remark 7.6 About the constants ¢; in Theorem 7.2, only the constant c¢ is used in

the parameter adaptation in (38), which can be selected as a small positive number
to ensure the boundedness of %W. All the other constants ¢; in the proof of
Theorem 7.2 are not directly used in the implementation of the adaptive controller.
They are just used to describe how the tracking error e(¢) is bounded. Therefore, it is
enough for us to know the existence of such constants, but we do not need to select

the exact values for them. O

7.3.4 Simulation Study

In this section, we present an illustrative example with simulation results to show the
control design and evaluation, based on the mass—spring—damper mechanical system
(Tanaka et al. 1996).

Simulation system. The mass—spring—damper mechanical system is described
by the following equation:

M3+ c1x + cax = (1 + e3xdHu, (7.107)

where M denotes the mass, x is the displacement (in meters) of the mass, u is the force
(in Newtons) applied to the spring, c; is the damping constant, c; is the spring con-
stant, and c3 is a constant related to the nonlinear term x%3. For simulation, the param-
eters are setas M = 1 kg, ¢; = 15 N - s/m, ¢; = 20 N/m, and ¢3 = 0.13 N/(m/s)3.
Choose the output y = x. To use the method developed in Sect.7.3, we need a
discrete-time T-S fuzzy system to approximate the dynamics of the nonlinear plant
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(7.107). Assuming y € [—1.5, 1.5]m/s and using the same approach as that in Tanaka
et al. (1996), a two-rule continuous-time T-S fuzzy system to approximate (7.107)
is given as

IF yis F/, THEN j = —15y — 20y + 1.4387u,
IF yis F{, THEN j = —15y — 20y + 0.5613u,

with the membership functions describing “F|” and “F?” chosen as
Fl () =0.543%/6.75, F}(y) =0.5—3°/6.75. (7:108)

If the sampling time T is chosen small enough, we can approximate y and ¥
with y = [y(t + 1) — y(®)]/T and = [y(t +2) — 2y(t + 1) + y(t)]/T?. Then, a
discrete-time model can be obtained as

R': IF &) is F|, THEN
Yt +2)+ai 1yt +1)+ay(t)=b;ou®), (7.109)

where &(t) = [y(t+ 1) —y®OI/T, a;y = 15T =2, aip=1—- 15T + 2072, =
1,2 and by o = 1.4387T2, by = 0.5613T>.

Based on a standard fuzzy modeling technique, we obtain the global fuzzy model
of (7.109) as

2 2
Y +2) =) pi®l=any+ 1) —aiy®Ol+ Y wi®biou(t),  (7.110)

i=l1 i=1

where ;(¢) is the normalized membership function:

1
Ai(51(1)) r@) =[] Fic). (7.111)

0=,
SR S EPHEI) i

Since y(# + 1) in (7.110) is not available at time ¢, we need to develop a predic-
tion model in the form (7.57) for the control design by following the procedures in
Sect.7.3.1. With (7.110), we can express y(t + 1) as

2
Y+ 1) =" it = Di—ai1y(t) — ainy(t — 1]
i=1

2
+ )it = Dbjou(t — 1), (7.112)

i=1
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Replacing y(t 4+ 1) in (7.110) by (7.112), we obtain the following global 2-step
prediction fuzzy system model:

Yt +2) = 6] ¢y (1) + 6,50u0(1) + 6,11 (1), (7.113)

where

Ou0 = [b1,0, 201", Buo(t) = [ (Ou(t), a2 (Ou(®)]”
0.1 = [—ai.1b1.0, —ai1b20, —az1b1.0, —az.1b201"
Oy1 = [Clil,al,ﬂl,z, ay a1, a1, —ai2]"

2 T
Oy2 = [a5 1, a2 1022, az1a1,1, 2,101 2, —a22]

G (1) = [ (i (t = 1), pr (Opa(t — 1), o (¢ = 1), pa@Opae— DI ult — 1)

Gy1 (1) = Ol pr (¢ = Dy @), i (¢ = Dy = 1), pa(t = Dy(@), po@— by — 1), y01"

G2 (1) = pa (2t — Dy @), pa(t — Dyt — 1), pi (¢ = Dy @), i @e="1y@ — 1), y(n)1"
Oy = 16)1,001", ¢y(1) =[], (1), o)D"

Based on (7.113), we choose the adaptive global fuzzy control law as

1 4 ~
w0 = = (3l +2) = 07 B, () ~0L OB D). (7.114)
Zi:1 Wi ()bio(t) ? !
1 T
Ty v |
H
=}
(@]
-05 : : : ‘ ‘
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Time t (steps)
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= 4000
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Fig. 7.5 Adaptive T-S fuzzy system response and control input
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Parameter adaptation of 6,
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Fig. 7.6 Parameter adaptation of éy
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Fig. 7.7 Parameter adaptation of éuo and éul
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and the parameter estimates 6 (¢) = [évT (1), 65,(t), 61, (1)]" are updated by (7.76).
Simulation results. The initial parameter values are set as 65% of their true val-
ues. Other parameters are chosen as T = 0.1s, y(¢) = 0.8, and ¢ = 0.01. The T-S
fuzzy system response for tracking a sinusoidal signal y,,(#) = 0.25sin(0.15¢) +
0.15 cos(0.25¢) with the adaptive controller (7.114) is shown in Fig. 7.5, which veri-
fies the desired system performance with an adaptive controller based on the general
prediction model (7.113). The parameter adaptation results are given in Fig.7.6 and
7.7. All the parameters remain bounded under the designed adaptive control scheme.

7.4 Summary

In this chapter, we have developed two approaches for adaptive fuzzy control for
T-S fuzzy systems with multiple input—output delays. In particular, we have derived
two nonlinear prediction models for T-S fuzzy systems with- multiple input—output
delays and developed stable adaptive control schemes with complete stability and
convergence analysis. Those results are along the direction of adaptive fuzzy control
using an input—output approach for output tracking control of systems (with relative
degree one and with general relative degree).

For adaptive control of a dynamic system with d-step delays (relative degree d),
it is crucial to derive a global prediction model. For a T-S fuzzy system with d-step
delays, naturally there are two ways to obtain its prediction model: (i) deriving a
local prediction model from the local linear model and then constructing the global
prediction model by fuzzily blending all the local prediction models as we did in
Sect.7.2 and (ii) deriving the global prediction model directly from the global T-S
fuzzy system as we did in Sect. 7.3. This second way of deriving a global prediction
model considers the effects of the time-varying firing strength u; (¢) and reduces the
modeling error between the prediction model and the T-S fuzzy system, leading to
more effective feedback control of the T-S fuzzy system. We have developed desired
adaptive feedback control schemes for both approaches, providing a solution frame-
work for adaptive control of dynamic systems with multiple input—output delays
through T=S fuzzy input—output modeling.
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Chapter 8 )
Adaptive T-S Fuzzy Control Using Gzt
Output Feedback: MIMO Case

In Chap. 7, we developed adaptive output feedback fuzzy control schemes of single-
input single-output (SISO) discrete-time nonlinear systems with multiple input—
output delays based on their T-S fuzzy approximation models. The goal of this
chapter is to extend the results in Chap. 7 to multiple-input multiple-output (MIMO)
nonlinear systems. We will develop a solution framework for adaptive fuzzy control
of MIMO discrete-time nonlinear systems, by modeling them using discrete-time
T-S fuzzy systems, parameterizing T-S fuzzy systems with uncertain parameters,
designing and analyzing an adaptive control scheme for such systems, and establish-
ing and evaluating desired adaptive control system properties.

The results of this chapter include the derivation of a global prediction fuzzy sys-
tem model for MIMO systems, parametrization and parameter estimation of MIMO
fuzzy systems, development of an adaptive control scheme for MIMO fuzzy systems,
stability and tracking analysis of such an adaptive control system, and illustration of
new features and concepts of adaptive control for MIMO fuzzy systems. The design
and analysis of this chapter are not only for MIMO fuzzy systems but also appli-
cable to a class of time-varying MIMO dynamic systems with characterizable time
variations extended from the fuzzy membership functions (Qi et al. 2014).

We will describe the main problems in Sect. 8.1, give the solutions including the
derivation of a MIMO T-S fuzzy system prediction model in Sect. 8.2 and the design
and analysis of the adaptive control scheme in Sect. 8.3, and present a simulation
study in Sect. 8.4.
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8.1 Problem Statement

Consider a MIMO nonlinear system in its discrete-time input—output form

y@O) = fye—1,...,y(¢ —n),ut —do), ..., u(t —n)), (8.1)
where f(-,...,:) € R" is a vector of nonlinear functions, y(-) € R” is the system
output signal, u(-) € R" is the system input signal, r = 0, 1, 2, .. ., is the discrete-

time time variable, and dj is the number of nominal system input—output delays.
In this chapter, we will address the general case with dy > 1, for the MIMO case
characterized by a general system delay structure.

A MIMO prediction model of (8.1), in the form

y(t+d0) = fd()’(f),)’(f_ 1)’,Y(1—”+1),
w(), u(t — 1), ..., ut —n+ 1)), (8.2)

for some function f;(-,..., "), is useful, as shown in the literature, for feedback
control. If the function f is known, such a prediction model may be directly derived
by iterations for the SISO case. For the MIMO case, the situation is more complicated,
because of the interactions between system inputs and outputs. In Sect. 8.2, using
a fuzzy system modeling method, we derive one such model and demonstrate that
such a model has a sophisticated form for MIMO systems.

To handle the nonlinearity and uncertainty of f in deriving a parameterized model
of (8.1), an effective method is to approximate the nonlinear plant (8.1) by some
well-defined approximation functions. In this chapter, we employ the fuzzy sys-
tem approximation theory, to develop such an approximate system model, using the
following MIMO local T-S fuzzy model with the ith rule:

R':IF & is F| and ... and & is F;,
THEN A'(z”)[yl() = B'(zH[u] @), (8.3)

where i = 1,..., N, N is the number of fuzzy rules, FJ’f being typically an interval
of real numbers, called a fuzzy set associated with which there is a membership
function F; (§j (1)) to indicate the membership degree of &;(¢) in F ]’f, and the system
dynamics matrices are

A =T+Aj + A (8.4)
B )=z%B+Bz"+ - + B:lb—déz—nb‘f‘d(’))
2 BRI, di<ny,<n (8.5)

with A; € R™" and B;. € R™*" being constant matrices, and dé > 1 being the nom-
inal delay of the system (8.3).
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8.1 Problem Statement

Remark 8.1 1t should be noted that in the MIMO case, the matrix Bé is nonzero but
may be singular (that is, det[Bé] = 0). Hence, the delay d(i) is only a nominal delay
of the system and the essential delay of a MIMO system is characterized by a delay
structure called an interactor matrix defined in Lemma 5.2.3 in Goodwin and Sin
(1984). For a SISO system, there is no difference between the nominal delay and the
essential delay. One can simply consider the delay d/, so that the leading coefficient
of Bi(z™!) is nonzero, as we considered in Chap.7.

In this chapter, we will solve the following two problems:

Problem I: Derive a MIMO T-S fuzzy system prediction model with a general
input—output delay structure, based on the fuzzy rules (8.3), for a MIMO nonlinear
system.

Problem II: Design an adaptive control scheme for the MIMO T-S fuzzy pre-
diction model, to achieve the control objective: closed-loop stability and asymptotic
tracking of a desired bounded output y,, (¢) by the plant output y(z).

8.2 MIMO T-S Fuzzy System Prediction Model

In this section,! we shall first derive a MIMO fuzzy system prediction model by
using MIMO system interactor matrix.

8.2.1 Interactor Matrix

Consider the transfer matrix 7%(z) = (A’ (z~"))~!Bi(z™!) of the local system model
in (8.3). Since d} > 1, the transfer matrices T'(z), i = 1,..., N, are all strictly
proper. For output tracking control, it is assumed that

Assumption 8.1 Ti(z),i =1, ..., N, all have full rank.

The above condition means that there is a delay of at least one unit between each
input and each output, and, by Assumption 8.1, that the output function controllability
of each local model is ensured.

We first present the following MIMO system characterization which plays an
important role in MIMO system parametrization and control and will be used for
MIMO fuzzy systems.

Proposition 8.1 (Goodwin and Sin 1984) For any r x r strictly proper full rank
rational transfer matrix T (z) there exists a unique lower triangular polynomial
matrix £4(2), defined as the interactor matrix of T (z), of the form

IParts of Sect. 8.2 are reprinted from Qi et al. (2014), Copyright 2014, with permission from Elsevier.
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74 0 ces e 0
hy(@ 0 e 0
a@=| . _ , (8.6)
2N he (@) 2%ha(2) - 2 he i (2) 2
where h;;(z) are polynomials divisible by z, and d; > 1 are integers, j =1, ...,r —
1,i=2,...,r, such that
lirgo §a()T(2) = K, (8.7)
—>

is finite and nonsingular.

An important property of §;(z) is that§ Y(2) is astrictly proper and stable transfer
matrix. In the above MIMO characterization, K, is called the high frequency gain
matrix of 7' (z), and the inverse of the interactor matrix £;(z) can be seen as the delay
structure of 7 (z). For example, when &,(z) is diagonal:

£4(z) = diag{z?, 2%, ..., 2%}, (8.8)

we have
£71(2) = diagl{z™, 27 .., 70, (8.9)

which represents the r delays in the r input—output channels.
This chapter considers the local prediction models (8.3) with a general (non-
diagonal) interactor matrix (input—output delay structure), and assumes the following.

Assumption 8.2 The local model transfer matrices 7/(z), i = 1,..., N, have a
common known interactor matrix £;(z).

The high frequency gain matrices associated with each T?(z) are

lim & (2)T'(2) = K, (8.10)
Z—> 00
which are finite and nonsingular, i = 1,2, ..., N. Note that it does not require all
T'(z),i =1,..., N, to have a common high frequency gain matrix.

8.2.2 Prediction Model

We now derive a MIMO T-S fuzzy system prediction model based on a general plant
interactor matrix (delay structure). Following the procedure in deriving Theorem
5.2.4 of Goodwin and Sin (1984), with the interactor matrix &,(z), we define a new
variable

y() = &4(D[y1@), (8.11)
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and express y(¢) in the predictor form:

F(1) = @OV + B (2 HIul@), (8.12)

where
d@ Y=otz el Y, (8.13)
B =p+Biz + B, ™Y, (8.14)

with Bj = K, being nonsingular. In this expression,
oz =G, B =F@r 4B ™, 8.15)
where Fi(z) and G'(z~!) are the unique polynomial matrices satisfying
§4(2) = Fl@QA' @)+ G (8.16)
with, for £,(z) = K4z +--- + Kiz,

Fi()=F+Fz '+ +F_z, (8.17)
G'(z")=Gi+ Gz ' 4. Gz (8.18)

whose coefficient matrices, with Fé = K, can be computed as follows:

F;‘:Kd,_ZFA, =1 d—1, (8.19)
G;Z_ZF;Aéﬂifj’ZZO’“"n_l’ (8'20)
with A’ =0 for k > n. We first express ' ‘(z7h = F! (z)z_dOB iz h= ’ dzd_dé

CHBLZH B BT B, 2T Since T (2) = (§a(2) — ' (2) 7
/g (Z) and lim,_, o £;(2)T" (Z) = K;] = B} is nonsingular, it follows that ﬂi,-_d =
0

-+ =%, = 0 so that we have g/ (z~") as shown in (8.14).

In our study, we will use the local models (8.12) to form a global fuzzy sys-
tem prediction model. To proceed, based on (8.12), using the standard technique
of singleton fuzzification, product inference, and weighted average, we obtain the
following global MIMO T-S fuzzy system prediction model (Qi et al. 2011).

Proposition 8.2 Following a standard fuzzy modeling procedure, a nonlinear
dynamic system (8.1), via the local fuzzy system model (8.3), can be approximated
by a global fuzzy system prediction model:
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N
¥ = wiE@) @ @I + B Hul @), (8.21)

i=1

where w; (£(t)) is the normalized firing strength:

A (E(1)) 4 L
(60 = — 5D iemy) =TT FiE @) (8.22)
a SV AEWD) ,1:[1 s
with £(t) = [£,(1), ..., £.(D)]T, such that
N
0<m@Em) <1, Y wiEw) =1. (8.23)

i=1

In this following study, we treat the fuzzy system prediction model (8.21) as an
approximation model of the original nonlinear system (8.1), based on which the
feedback control law is designed. The control objective is to find an adaptive control
law to generate the input signal u(¢) for the system (8.21) with unknown parameters
in ao, al, .oy, ,30, ,31, . ﬁ;n Li=1, ; N, to ensure closed-loop signal
boundedness and asymptotic tracking of a given bounded reference signal y,, (¢) by
the system output signal y(¢), under the following assumptions:

Assumption 8.3 The system (8.21) is minimum phase.
Assumption 8.4 ZlN: . ,lL,'ﬁ(i) is nonsingular, for all possible p;.
Assumption 8.5 The system order 7 _is known.

Assumption 8.3 assumes the minimum phase property of the system (8.21), which
will be further clarified in Sect. 8.2.3.

Assumption 8.4 is necessary to ensure the controllability of the system (8.21).

Assumption 8.5 assumes the knowledge of n. However, the knowledge of an upper
bound of n would be sufficient. Here, for simplicity, we assume n is known.

Remark 8.2 Tt should be noted that there are naturally approximation and modeling
errors A(y(-),u(+), t) in representing the original nonlinear system (8.1) by the fuzzy
system prediction model (8.21):

N N
¥y =Y et @O0 + Y wiB @ HIul@)
i=1 i=1
+AG®@), yt=1),...,ut—D,ut—2),...,1).

Robust adaptive control and nonlinear damping/bounding design tools can be used to
deal with approximation and modeling errors. In this study, the focus is on the design
and analysis of some baseline adaptive control scheme for discrete-time MIMO fuzzy
systems with general delay matrices in the form (8.21).
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8.2.3 Minimum Phase Property

The control design is based on the assumption that the fuzzy system prediction model
(8.21) is minimum phase. To clarify the minimum phase property of a fuzzy system,
we first recall the minimum phase property for a regular SISO linear time-invariant
(LTT) system.

Minimum phase SISO LTI system. Consider the following SISO LTI system :

A YY) = z79B HIul(r), B(0) = by # 0, (8.24)

where A(z~") and B(z’l)_being polynomials in z~!. The system (8.24).is mini-
mum phase if all zeros of B(z~!) are within a unit circle |z| < 1, which implies the
minimum phase property:

t—1

it —d)| < clly®Ol+ 2 YA y(@) 2 d, (8.25)
=0

for some constants ¢; > 0, ¢, > 0,and A € (0, 1).
Minimum phase MIMO LTI system. For a regular MIMO LTI system

A HIYIE) = 7B H[ul(), BO) #0 (8.26)

with A(z~") and B(z~") similarto A’ (z=") and B’ (z~") in (8.5) and with an interactor
matrix &;(z) for T(z) = A7 (z7)z B (z™): lim, 00 £4(2) T (z) = K, is finite and
nonsingular. Under the condition that 7'(z) has full rank (and so does B(z™Y)), the
values of z such that det[ B(z~')] = 0 define the zeros of T (z).

Under the assumption that all zeros of 7'(z) are in |z| < 1 and with d being the
maximum degree of £;(z), we can derive some similar relationship between u(¢)
and y(#) to that given in (8.25) but, due to the MIMO system nature, different from
(8.25), that is, based on the expression

u(®) = G @10 = G T (@) E&@Iy10) (8.27)

and for y(¢) = &;(z)[y](t) and with (£;(z)T (z))~' being proper transfer matrix, we
have

t—1

lu(t =)l < carlly —d)ll +c2 ZKH_I Ily(z =, t>d, (8.28)
=0
for some constants ¢; > 0, ¢, > 0,and A € (0, 1), where || - || is the 12 vector norm.

Since z79£,(z) is a proper transfer matrix, the inequality (8.28) implies that
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t—1
—r—1
lu(t — )|l < cslly@l +ca Y Ay, Ve = d, (8.29)
=0

for some constants c3 > Oandc4 > 0. The property (8.29) has the same form as that in
(8.25) for the SISO case but is different from the property (8.28) which characterizes
the MIMO system in terms of its delay structure £;(z) and thus is more relevant as
a system property than (8.28).

Minimum phase MIMO fuzzy system. Analogous to this nature of minimum
phase regular MIMO LTI systems, we use the following minimum phase definition
for the general MIMO fuzzy system (8.21) (Qi et al. 2011).

Definition 8.1 The fuzzy system (8.21) is minimum phase if the condition (8.29) is
satisfied.

While the minimum phase condition of a regular LTI system (8.26) can be checked
using the knowledge of the zeros of B(z~"), the fuzzy system (8.21) is'nonlinear in
nature and the zeros of B'(z~') cannot completely determine its minimum phase
property which also depends on the normalized firing strength ;.

In this following study, we use a simple illustrative example to show how the
zeros of the fuzzy system are affected by w;.

Example 8.1 Consider the system (8.21) withn =2, N =2 andr = 2:

Poo—1\ _ 10 ail 0 -1 aél 0 _2
A'(z )—[01 + Oa’i4 0+ Oa£4 V4 (8.30)

i1y =1 bf)] bé)z bﬁlbaz -1
B'(z7 )=z ([O 0 + Ob’i4 Z (8.31)

with bj); # 0 and bi, # 0. Its transfer matrix is

T'(2) = (A" 'B'z™h
bz ' + b1z bz 4 bzt
e faue Lhan 4o 83
0 142

I+ajz! +ayz?

whose interactor matrix is selected as
z 0
§a(z) = |:O 22] , (8.33)

which leads to the high frequency gain matrices

[ i — b61b62 P —
K,,—ggosm)T(z)—[o 2| i=12. N
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which is nonsingular. With this &;(z), the local prediction equation (8.12) can be
derived as follows. For &,(z) in the form

Ed(Z)=KzZZ+Klz=[8(1)}12+[(1)8]z, 8.34)

we have F} = K>, and from (8.17)—(8.20), we have

F"<z):[8ﬂz2+[l 0 ]z (8.35)

0 —ajy
-1y _ | —ai -0 —aj, AU
G )‘[ 0 —aa4+<aa4>2]+[ 0 aha&JZ '

Finally, with (8.15), we obtain

i1 —aj, 0 —ay 0 :| -1
a = i i + i i
@ [ 0 —ay+ (314)2} |: 0 alyd, |©

- bi b b b [

Bz 1):[ b ?z}L[ no b }Z . (8.36)
0 by 0 —ajuby,

The zeros of B(z™') are those values of z making det[B(z7")] = (b)), + bi,z7 1)

(b%, — al,bi,z7") = 0, which can be calculated by

T, 75 =ai,. (8.37)
bO]

For each local system with B7(z™') to be stable, we need |z}] < 1 and |z5| < 1.
Due to the nonlinear nature (characterized by the presence of w; = u;(&£(¢))) of
the global system model (8.21), the condition that all zeros of 8/ (z~!) are in |z| <
1 foralli =1,2,..., N does not necessarily mean that the global system model
(8.21) is minimum phase. However, for this simple system example with first-order
and triangular 8/ (z="),i = 1,2, ..., N, this condition is sufficient for (8.21) to be
minimum phase, given that u; € [0, 1],i =1,2,..., N. |

8.3 Adaptive Control Design and Analysis

In this section,” we will present a nominal controller parameterized with the system
parameters, develop an adaptive scheme to update the estimates of the nominal
controller parameters, and analyze the stability and tracking performance of the
adaptive control scheme for the fuzzy system with unknown parameters.

ZParts of Sect. 8.3 are reprinted from Qi et al. (2014), Copyright 2014, with permission from Elsevier.
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8.3.1 Nominal Controller

The control objective is to make the output y(¢) of the fuzzy system (8.21) track a
given bounded reference signal y,, (). When all the parameters in (8.21) are known,
the feedback control law can be derived from the following equation:

N N
D B @O = u ) = Y wie @ HIYIO), (8.38)

i=1 i=1

or equivalently,

N -1 N N
u(t) = (Z mﬂé) (ym(t) =) e (2 HIyI0) - ZuiB"(z-l)[u](t)) ,
i=1 i=1 i=1

where 81 (z7") = Biz ' +--- + ﬁ,ib_lzf("”fl),)_’m(f) = £,(2)[ym] (). Solvability for
u(t) is guaranteed by Assumption 8.4, in which the coefficient matrix Z,N: | i B is
nonsingular.

The resulting closed-loop system with (8.38) is

y(@) = ym(@). (8.39)

With Assumption8.3 and &, 1(z) being a stable operator, the closed-loop system
characterized by (8.38) and (8.39) is stable in the sense that all signals are bounded,
and lim,_, o (y(t) — y,, (¢)).= 0, with a transient response produced by the dynamics
of £;(z) and the initial conditions.

For the case of unknown system parameters, we shall employ a parameter esti-
mation algorithm to generate adaptive estimates of the parameters in (8.38), based
on which an adaptive controller is implemented.

8.3.2 Parameter Estimation

For parameter estimation, the first step is to derive a parametrized model of (8.21).
Then, certain adaptive parameter laws can be designed.
The fuzzy system model (8.21) can be parametrized as

y(t) =0T, (8.40)

where the parameter ® and regressor ¢ (¢) are defined as
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$(1) =[] (1). 93 (1), ... o501 (8.41)
eo=[0,6e] . .. 0" (8.42)

¢i () = [y, iyt =D iy —n+ 17, (8.43)

wiuT, it = DT, i —np + DT (8.44)

O = [af.af,....o_y, By Blo - Bh 1 (8.45)

Define the estimation error
ety =yt —d) — @T(t — Dot —4da), (8.46)

where @ (¢ — 1) is the estimate of the unknown parameter ® at¢ — 1.
Recall that for &;(z) = Kyz¢ + --- + K.z,

V() =8a(y1(t) = Kay(t +d) + - -+ Kiy(t + 1), (8.47)

which means y(f — d) and all the components in the regressor ¢ (t — d) are available
at time ¢. Thus, the estimation error ¢(¢) can be calculated by (8.46) at time ¢.

Parameter adaptive law. Based on (8.46), the parameter estimate @ can be
updated by the following recursive algorithm:

Yyt —d)e(r)
c+oTt—d)pt —d)’

O =0 —1)+ (8.48)

where y (¢) : Rt — (v, 2 — o) is anadaptation gain, for some constant yo € (0, 1),
¢ > 0 is a small design parameter, and an initial estimate @ (0) is chosen to make
the matrix Y | w; (£(0))Ai(0) nonsingular.

This parameter adaptive law (8.48) has the following desired properties:

Lemma 8.1 The parameter adaptive law (8.48), when applied to the fuzzy system
(8.40), has the properties:

(i) 10@) -0 <10 —1)— O] < 6(0) — O, for the matrix norm ||
(1)~ O1=y/tlO 1) ~ OO 1) - O));

. e(t) 00 2.

(i) o (t—d)p (t—d) €L®L%

see 1 N E(t) — O"
() Mmoo JetoT —d)g(—d)

(iv) 10() -0 —n)l € L?; and

(v) lim,_o |O@) — O —t1)]| = O, for any finite t; > 0.

The proof of this lemma is standard, based on the positive definite function
V(@) =ul®'6], 6=0-0 (8.49)

whose time increment satisfies
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V(O@®) —VO@E—1) =t )O@)] -7t — 1O —1)]

L awlelP 550
c+ Tt —d)pt—d) — '

for some ay > 0. The details of the proof is given in Appendix A.

It should be noted that Assumption 8.5 ensures the nonsingularity of Z,N: L i Bh.
However, the estimated parameters are used to implement the controller (8.38), where
the inverse of ZlN: 1 u,-/%(t) is used. Particular attention should be given on how
to ensure the nonsingularity of Z,N: | M Bé(t) while the parameter adaptive laws
generate the online estimate @(t).

In the following section, we shall discuss on how to ensure ZlN: 1 Mi 360) is
nonsingular during parameter adaptation.

8.3.3 Nonsingularity of Y"1, jui Bi(t)
From the parameter estimate matrices

o= é{,é{,...,ég]T (8.51)
&b ool B Bl B (8.52)

we form the matrix Y, 1, 8 (t) which will be the coefficient matrix of the control
signal u(¢) in the adaptive control law to be designed. Such a matrix needs to be
ensured nonsingular for all ¢, so that an adaptive control equation can be solved
online, to avoid control singularity.

A similar issue was encountered in Goodwin and Sin (1984) and Tao and Ioannou
(1989) for the case of adaptive control of a regular MIMO linear system with N = 1
and ;= 1 so that 3N | i Bi(r) = B4 (r) as the coefficient matrix of u(r). For this
case, as shown in Goodwin and Sin (1984) and Tao and Ioannou (1989), some suitable
choice of y (¢) can be made for the parameter adaptive law to ensure that ﬁé (1) is
nonsingular for any ¢ > 0, if ﬁé (0) is nonsingular.

In our current new problem of dealing with MIMO fuzzy systems, the issue with
the nonsingularity of Z,N=1 Mi,éé (#) is more complicated than that in Goodwin and
Sin (1984) and Tao and Ioannou (1989), due to the presence of w; (£(¢)) and multiple
parameter estimates B{)(r). The main difficulty is caused by the time variations of
i (€(¢)) in determining the parameter estimates 35(t), i=1,2,..., N, to make
vazl Wi (E(t)),éé(t) nonsingular for all # > 0.

To make the notions in the following discussions more concise, we use u;(f) to
represent the value of p; (€(¢) at time ¢ in the following discussion.

For example, under the condition (C1): the nonsingularity of Z,N: (i —=1) ,3(’) (1)
implies the nonsingularity of ZlN=1 wi(t) ,é(’) (t) for any ¢, the nonsingularity of
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ZiN=1 Wi (t),éé(t) can be ensured by the adaptive law (8.48) for all # > 0. To see
this, from (8.45) and (8.48), we have

y it = dyut — d)e" (1)

o) = Folt =) + =~ o7 (t — d)p(r — d)

(8.53)

Introducing the matrix

u(t —d)el ()

$0 D= et —d)

(8.54)

multiplying (8.53) by w;(+ — 1), and summing up the resulting equation for i =
1,2,..., N, we obtain

N N
D wit = DB = it — DB — 1)
i=1 i=1

N
YO )it = Dt — dyglt = 1). (8.55)

i=1

Given that the initial coefficient matrix ZlN: M (O)ﬁé(O) is nonsingular, from (8.55),
we have

N N N
D OB =" i OB0) + (1) Y i) (1 — d)g(0), (8.56)

i=1 i=1 i=1

which can be written in the form:

X (1) =Y¥(0) + y(1)Z(0)
=YO)y(HIy ' (1) + Y~ '(0)Z(0)), (8.57)

with X (1) =3, w OB, Y(0) =YL, 1(0)i0) and Z(©0) =37,
wi(0)ui (1 —d)g(0). Hence, the matrix X (1) is nonsingular as long as y‘l(l) is
notan eigenvalue of —Y ~!(0) Z(0), which can be easily satisfied by some y (1) with
Yo < y(l) <2 —1,0 <y < 1, that is, a suitable choice of y (1) can be made to
ensure that the matrix Z,N: | i (0) ,36(1) is nonsingular. With the above condition
(C1), the matrix ZlN:] ui(l)/_‘}é(l) is then also nonsingular, and the process can be
continued to ensure that Z,N: L i (2) ﬁé(t) is nonsingular, for all # > 0. Without the
condition (C1), a search of y (1) € (yy, 2 — y) would be needed to ensure the non-
singularity of ZZN=1 ;L,-(I)B(")(l).

Such aresult can be similarly derived, under the condition (C2): the nonsingularity
of ZlN:l Wit — l)ﬁé(t — 1) implies that of Z,N:] Wi (t),é(")(t — 1). In this case, the
related matrix equation is
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N A N A
Y w@B 0 =Y B — 1)

i=1 i=1

N
+y () Z,ui(l)m(t —d)g(t =1, (8.58)

i=1

obtained from multiplying (8.53) by u;(¢), and summing up the resulting equation
fori=1,2,..., N

The above conditions (C1) and (C2) would require either that the time variation of
wi(t), thatis, p; (#) — p;(t — 1), is small, or that the parameter matrices /§6(t) have
some additional properties. Smallness of time variations has been an assumption
commonly used in the literature when dealing with time-varying systems. It should
be noted that u; (¢) € [0, 1] for all time 7 based on its definition. Therefore, the time
variation |u;(t) — wu;(t — 1)| is actually bounded by 1. In addition, if the sampling
time is set small enough, the different between £(¢) and £(+ — 1) will be small, which
results in small time variation w; () — u; (t — 1).

Remark 8.3 Under the framework developed in this chapter, the condition (C1)
or (C2) is needed only when dealing with the uncertainty of the gain matrix
Z,N= | i (1) By, not the uncertainties of other parameters.

Next, we will focus our attention on some classes of systems with which the
parameter matrices ,3(’) (t) have some useful properties for ensuring the nonsingularity
of ZlN: L i (@) 360), and also develop a general parameter projection algorithm to
ensure such a key property.

A simple case. Consider the case when all parameter matrices ﬂé are the same, that
is, ,86 = Bo,i = 1,2, ..., N,while other system matrices can all be different for dif-
ferent i. This corresponds to the system (8.21): y(¢) = Z,N=1 wi(EO) (@ (ZHy1@)
+ﬂ'(z*1)[u](t)), with &/ (z7 ) =) +aiz '+ 4+ _z7"D and gi(z7") =
By +Biz ™+ o4 B2 for B = fo.i =1,2,....N

In this case, there is only one parameter estimate 350) = 30(t) whose nonsingu-
larity can be ensured by some choice of y (¢) from (8.53) with ZlN: | i (0) ﬁé(O) =
50(0) being nonsingular. Then, the matrix ZZNZI Wi (t)Bé(t) = ﬁo(t) is ensured to be
nonsingular for all ¢ > 0.

General case with parameter projection. In general, additional information
would be needed for ensuring Z,N=1 wi(t) /§6 (#) being nonsingular, without requiring
that the time variations u; (f) — u;(t — 1) of w;(¢) are small. Such information can
be given in a form suitable for performing parameter projection on the adaptive law
(8.48) to make /§(’) (t) stay in some desired intervals.

To add the parameter projection function, the adaptive law (8.48) is modified as

YOt —d)e (1)

@(t):@(t_1)+C~I—¢T(t—d)¢(t—d)

+ F(1), (8.59)
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where F (1) is the projection matrix whose other elements are all zeros except for
those (denoted as F'(t) € R"™*") corresponding to By(t) € R™ in ©;(t) of O(t).
More precisely, in terms of (8.53), the parameter projection adaptive law for ﬁé(t) is

y(Opi(t —dyut — d)e (1)

T — Dt —d + Fi(1). (8.60)

Bit) = Bit — 1) +

The specification of F(¢) depends on the needed property of the true parameters ,8("),
and in this case, the nonsingularity of Z,N: L i (1) ,36, for all possible w;(¢) and any
t > 0 (see Assumption 8.4).

Let the jkth element of ,36 € R be ﬁéjk, j.k=1,2,...,r, and, based on
Assumption 8.4, assume the following.
Assumption 8.6 B, K € (8% Bl for some known constants Boik and Bl such
that for any ﬁ(’)jk S [ﬂé‘;k, ﬂojk] with B, € R"™*" whose jkth element is ,B(‘)jk, j. k=
1,2,...,r, the matrix 25:1 Wi (t)ﬁé is nonsingular, for all possible u;(¢) and any
t>0.

Under this assumption, we can construct a desired parameter projection algorithm.

Denoting the jkth element of % in(8.60) as g§. () and that of F i(t)

as f }k (#), and choosing the initial parameter estimates as

B(i)jk(o) < [ﬂé‘jk, :30,k (8.61)

the projection function components can be set as

0 if hlk(t) € [,3()}1(’ :B(l)lj)k],
Fi@) = 4 B — (@) i ho (6) > B (8.62)
Box — 1y () if 1Y, (1) < By,

where h;k(t) = /%jk(t -1+ g;k(t), for j,k=1,2,...,r,andi =1,2,...,N
This algorithm has the key properties: (i) ,3(") ik (1) e [,Bé‘j 0 ,30 Tk ] for any ¢ > 0,

Jok=1,2,...,r,sothat ZZNZI Wi (t),éé(t) is nonsingular, for all possible u; (¢) and
any ¢ > 0, by Assumption 8.6, and (ii)’

C]j‘k(f) = f;k(t)(lé(i)jk(t -1 - ,B(i)jk —i—gj»k(t) + f;k(t)) <0,
k=12, ...,ri=12,...,N (8.63)

so that the desired properties of Lemma 8.1 are still valid. To see this, we obtain the
time increment of the positive definite function V' defined in (8.49) as

3From (8.62), if h’k(t) > ﬂ()jk then fj’k(t) = ﬂ()/k - h’k(t) < 0 so that qjk(t) = fjk(t)(ﬁojk
ﬁojk) <O0as 'Bojk 'Bojk > 0 by definition 0f,8 (it is similar when Al k(t) < ’BOJk)



td WW'

e

u)ntrulm gineers.i p
Q @ Lnntrnlcn gineers

212 8 Adaptive T-S Fuzzy Control Using Output Feedback: MIMO Case

V(O@®) - V(O —1)

aolle()|)? LG
ST er e u—det—a T Z::Z < 45u(0)

N r r
=333 A (8.64)

i=1 j=I k=1

so that the desired adaptive law property (8.50) holds.

While in general the needed parameter bounds ﬂ{)‘jf , and ,8(")? ¢ 1In Assumption 8.6
may be difficult to specify (while their existence is based on Assumption 8.4), they
may be figured out specifically for individual cases. For systems whose control gain
parameter matrices S, have some special form, the specification of such bounds can
be carried out without difficulty.

A special case with parameter projection. We consider the case when the control
gain submatrices ,86 are all lower triangular, that is, their elements ,36 ji are such that
/S(i)jk =0 for k > j. Since ,36 is nonsingular, ﬂéjj #0 for j=1,2,...,r. In this
case, Assumption 8.4 holds if and only if ZIN=1 ui(t)ﬂéjj #0forallt>0, j=
1,2, ..., r,and for parameter projection, one can simply set E(’) () =0fork > j,
anyt > 0, let ,é(’) 4 (1) free fork < j, that is, let the corresponding f7, (1) = 0,any 1 >
0, and only specify the needed f; I.(1), that is, the needed parameter bounds B}% ¢; and

ﬂé’;j for Assumption 8.6 based on Assumption 8.4, to make Zi:l Wi (t),BOjj ) #0
forallt >0, j=1,2,...,r.This can be fulfilled, as it is a scalar case individually.
(The case when the control gain submatrices /3 are all upper triangular can be dealt
with through the similar way.)

In summary, the nonsingularity of Z,N=1 wi(t) ,3(’) (t) (the control coefficient matrix)
is a new technical issue of parameter estimation for adaptive control of MIMO fuzzy
systems. In this subsection, we have clarified this issue, conducted several case
studies, and proposed some solution schemes.

8.3.4 Adaptive Control Scheme

With the parameter estimation algorithm (8.59), we use the following adaptive feed-
back control law:

N N
D w @B @ @) = I () = > w0 2 HIyI@), (8.65)

i=1 i=1

or equivalently,
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N -1 N N
u(t) = (Z uiﬁé) (ymm = il (@ HIyIe) - Zuiﬁf(z—l)[u]m) ,
i=1

i=1 i=1

where Bi(z7 1) = iz ' .-+ B

np—
The control law (8.65) can be formulated in terms of é (1):

IZ*(";}*I).

O Pt) = Fn(®), In(t) = £ ym](0). (8.66)

The coefficient matrix of u(¢) in (8.65) is Z,N=1 wi(t) ,3(’) (t) whose nonsingularity,
addressed in Sect. 8.3.3 and ensured by special designs of parameter adaptation, is
crucial for solving the control Eq. (8.65).

Before establishing the stability and tracking properties of the adaptive control
system, we first prove the following bounding property for the regressor vector ¢ (¢).

Lemma 8.2 Under Assumption8.3 and with e(t) = &;(z)[el(t) for e(t) = y(t) —
Ym (t) and &;(z) having degree d, the regressor ¢ (t) defined in (8.41) satisfies

16 = DIl < o1 + o2 max |e(x =), (8.67)
for some positive constants p and ps.
Proof For ¢(¢) in (8.41) and u; satisfying va:l u; = 1, we have
e =< «1lly @l (3.68)
for some constant k; > 0, where ¥ (t) = [yT (), yT(t —=1),....,yT¢t —n+1),
ut @, u’¢t - 1,...,ul @t =ny+ D'

Since y(t) = e(t) + ym(¢), ¥ (¢) can be expressed as

V() =[elt),....,elt —n+1),ul(0), ..., ul ¢t —n,+1D]"

@), ... yh(t —n+1),0,0,...,0]", (8.69)
we have
WO <. max le(@)l +x3  max _[lu(e)ll + ks, (8.70)
t—n+1<t=<t t—np+1<t<t

where ki, i =2, 3,4, are some positive constants. Since e(t) =&, L)[el(r) with
& '(z) being stable and strictly proper, we have from (8.70) that

WO =k, max fle(t)l +,3  max |lu(o)] + ks, (8.71)
t—n+1<t<t t—np+1<t<t

for some constant ki, > 0.



E el

Sl

L IS
& controlengineers.ir]
© @controlengineers

=0

214 8 Adaptive T-S Fuzzy Control Using Output Feedback: MIMO Case

The system (8.21) under Assumption 8.3 and (8.28) satisfies

lut —d)l < wsllét —d)l +xs Y A HE(w — )l + k7
t=0,1,...,r—1
< ks max lo(r — d)|| + k7, (8.72)
<t<t

where k;, 1 = 5, 6,7, 8, are some positive constants.
Finally, using (8.68), (8.70), and (8.72), we obtain

16 = D)l < p1 + p2 max 12z — ). (8.73)

where p; and p, are some positive constants. \Y

We now establish the stability and asymptotic tracking properties of the closed-
loop control system.

Theorem 8.1 The adaptive feedback control law (8.65), updated by the parameter
adaptive law (8.59) and applied to the system (8.21) subject to Assumptions 8.1-8.5,
ensures that all the closed-loop signals are bounded andlim;_, oo (y(¢) — y;u(2)) = 0.

Proof From (8.40) and (8.46), we have
£(t) = —(O@ — 1) — O p(r — d), (8.74)
and from (8.40) and (8.66), for e(¢) = y(¢) — y,u(¢), we have

et—d)y=—(O0@ -d)— '@t —d)
=)= (O —d)— 0@t — 1) ¢t — d)
=8 c+¢T(t —d)p(t — d)
—(O@ —d) —O@ — 1)) gt — dymy (1), (8.75)

(under the solvability of (8.66)), where

mg(t) = e+ oT(t —d)p(t — d),
5(1) = £0) ,
Vet oT(t —d)gt —d)
¢t —d)

Vet Tt —dyg(t —d)’

¢t —d) =

(8.76)

With&(f) € Ly N Log, O(t —d) — O(t — 1) € Ly N Lo, and |¢(t — d)| < 1.Using
the inequality
mg(t) < e+ llo" (¢ — D), (8.77)
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we express e(t — d) from (8.75) as

lett —ad)ll < er + I1EDNlIP" ¢ — )|
+HIO@ —d) =@ = D] lI¢" (¢ = d)l, (8.78)

for some constant ¢; > 0. Using Lemma 8.2, we obtain
le(t — )l < e+ c3lle@)|l max |le(r — )|
o<t<t

+ellO(t —d) — 6@ — 1) max [je(r — d)|. (8.79)

for some constants ¢; > 0,i = 2, 3, 4.

From Lemma8.1, we have that lim,_,« £(f) = 0 and lim,_, |@(t) —O(t —
d)|| = 0, and with these properties, it follows from (8.79) that e(¢) is bounded,
which implies that e(f) and in turn y(#) are bounded, and from the system’s
minimum phase property that u(¢) is bounded. Hence, all signals in the closed-
loop system are bounded, based on which, from (8.75) in which &(¢) € L, and
Ot —d) — O(t — 1) € Ly, we have that &(t) € L; so that lim,_, , &(r) = 0. With
e(t)y=£&; : (z)[el(t) and &, ! (z) being a strictly proper and stable transfer function,
we have lim,_, o, e(t) = 0. \Y

Thus far, we have solved Problem II, the adaptive control problem formulated
in Sect. 8.1, for the system (8.21) with uncertain parameters. Next, we present an
illustrative example with simulation results to_show the key steps of the adaptive
control design and the desired adaptive control system performance.

8.4 Simulation Study

In this section, we present a numerical example to show the proposed system mod-
eling and parametrization and the feedback control designs, and to demonstrate the
effectiveness of the proposed adaptive control scheme.

8.4.1 Simulation System

Considering the two-input-two-output T-S fuzzy model:

R : IF y(t) is F| and y,(t) is Fj,
THEN A'(z H[y1(t) = B (z”H[ul@), (8.80)

“#Parts of Sect. 8.4 are reprinted from Qi et al. (2014), Copyright 2014, with permission from Elsevier.
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where, in the same form as that of Example 8.1 introduced in Sect. 8.2.3, the system
dynamics matrices are

o 107,207 - [10] -
A'(z )—[01_+[00.5:|z +[03:|z
oo f[r2],]0527 -
B (z7) =z (_00_+_01:|z)
o o [107. 7407 5,207 -
A(z)—[01_+00.21 +O4Z

B*z ) =z""! (_3(3)_ + _éf]z1> (8.81)

and the membership functions for .| and .7} are

0 yi(t) < —6
Flom) =105+22  —6<y() <6 (8.82)
1 yi(t) =6
1 yi(t) <=6
FEomi(0)=105-22° 6<y(1) <6 (8.83)
0 yilt) = 6
0 0 < —4
FY(32(0) = 1 0.54 294 < y,(1) <4 (8.84)
1 () =4
1 (1) < —4
F}() =105 - 20 _4<y0) <4 (8.85)
0 »() = 4.

As derived in Sect. 8.2.3, with the interactor matrix
_1z0
£4(2) = [o Zz], (8.86)
from (8.36) and (8.81), we have

o _[-2 0 -107
@@=19 2757 0 15)°
PN (12 05 2 _1
FE=lo1]"| 0 -05]°

[—40 -20
20 —1y _ ~1
a’(z )—_0 O}jL[O 8}2

oo 237,71 2 7.
B (z )—_01]+[0_0.2i|z .




958 spniie ot

L (G
£ controlengineers.ir;
© @controlengineers

8.4 Simulation Study 217

Asin (8.21) with u; () = u,;(£(¢)), we obtain the global fuzzy system prediction
system model:

2
50 = 3 mEO)@ @OV + B @O, (8.87)

i=1

where p; (£(¢)) is the normalized firing strength:

MED) o
wiE®) = ———— NEW) =|| Fi¢i@®) (8.88)
Y MED) ]1:[1 7
with £(t) = [£1(1), &1 = [y1(1), (O]
From the expressions of 8'(z~!) and g%(z~!) below (8.86), we can calculate the
zeros of B (z™") and B%(z7") as

71 =05, 73=05, z1=05, z3=02. (8.89)

Since in this case, 8/(z "), i = 1, 2, are first order and triangular, it can be verified
that the condition that all the zeros of 8/ (z™!), i = 1, 2, are in the unit circle |z| < 1
which ensures that the global fuzzy system prediction model (8.87) is minimum
phase, given that u;(£(¢)) € [0, 1],i = 1,2.

If the parameter of o’ (z~') and B (z=') are known, the nominal control law (8.38)
can be applied and the control signal u(¢) can be derived from

2 2
D B @O = Fu () = Y i @ HIYIO). (8.90)

i=1 i=1

If the parameters of o’ (z=1) and B’ (z ') are unknown, the adaptive control scheme
(8.65) is applied with the parameter estimation (8.59).

8.4.2  Simulation Results

In the simulation, the initial parameter values are set as 50% of the true values and
the adaptive gain y(¢) is chosen as 0.5 (in this simulation, there was no need to
adjust y (¢) for solving (8.65)). The control objective is for the system output y(z)
to track the reference signal y,, (t) = [2sin(0.2¢), sin(0.2¢)]7. The adaptive system
responses and control signals are shown in Figs. 8.1 and 8.2, respectively. Figures 8.3,
8.4, 8.5, and 8.6 present the parameter adaptation results.

The simulation results show that the developed MIMO adaptive fuzzy control
scheme can achieve the desired system performance: closed-loop system stability
and asymptotic tracking of y,, (t) by y(¢), despite the system parameter uncertainties.
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y1(t)

Output

0 50 100 150 200 250 300
Time t (steps)

““““ Ym2 (t) Y2 (t)

Output

0 50 100 150 200 250 300
Time t (steps)

Fig. 8.1 Adaptive system responses. Reprinted from Qi et al. (2014), Copyright 2014, with per-
mission from Elsevier
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Time t (steps)

Control input

50 100 150 200 250 300
Time t (steps)

Fig. 8.2 Control signals. Reprinted from Qi et al. (2014), Copyright 2014, with permission from
Elsevier
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Fig. 8.3 Parameter estimation of o' (z~!). Reprinted from Qi et al. (2014), Copyright 2014, with
permission from Elsevier
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Fig. 8.4 Parameter estimation of a?(z7h. Reprinted from Qi et al. (2014), Copyright 2014, with
permission from Elsevier
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0 50 100 150 200 250
Time t (steps)
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Fig. 8.5 Parameter estimation of ,36 and ﬂg. Reprinted from Qi et al. (2014), Copyright 2014, with
permission from Elsevier

2 T T

154 Bt 5112 ‘_‘_3521 _szz E
e il ) i
B[ 1
O == = e R e

05 . | . . .
0 50 100 150 200 250

Time t (steps)

“““““ 1 — _ _ A — = A1 Al
15F 5111 5112 ﬂ121 5122 h

A - - - -

0.5} b

05 . . . . .
0 50 100 150 200 250 300

Time t (steps)

Fig. 8.6 Parameter estimation of ,311 and S8 12 Reprinted from Qi et al. (2014), Copyright 2014, with
permission from Elsevier
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8.5 Summary

In this chapter, we have studied an adaptive fuzzy control scheme for nonlinear MIMO
systems in the input—output form based on discrete-time MIMO T-S fuzzy models
with general delay matrices. Similar to that for a regular adaptive control problem, a
prediction model is crucial for solving a fuzzy adaptive control problem, which has
been derived as a fuzzy prediction model with a general delay structure. A model-
based adaptive controller is then designed and closed-loop stability and tracking
performance analysis have been given. Simulation results have demonstrated the
desired stability and tracking performance of the developed adaptive fuzzy control
systems.
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Chapter 9 ®)
Adaptive T-S Fuzzy Control with e
Unknown Membership Functions

In the previous chapter, the T-S fuzzy dynamic systems were formulated into lin-
early parametrized models, based on which parameter adaptive laws were designed
and closed-loop system stability was analyzed. However, there are two group of
parameters in a T-S fuzzy system: consequent parameters and membership func-
tions parameters. The former are usually linearly dependent parameters while the
latter are usually nonlinearly dependent, i.e., parameters of Gaussian or Sigmoidal
membership functions. Most adaptive control approaches assume the parameters of
membership functions are accurate enough so that only the uncertainties in con-
sequent parameters are considered. However, in practice, it is difficult to set the
membership function parameters accurately in advance. Thus, it is of major interest
to develop effective schemes to deal with membership parameter uncertainties.

In this chapter, we address such an issue using an adaptive estimation method
with a gradient algorithm derived based on a nonlinearly parameterized error model
resulted from the parameter nonlinearity of membership functions. Our study is
conducted based on a discrete-time input—output multiple-delay prediction T-S fuzzy
dynamic system model. Such a model has been used in Sects. 7.2 and 7.3, for adaptive
fuzzy control, and their designs make use of the knowledge of the membership
parameters. In this section, we solve the adaptive control problem without using such
membership parameter knowledge, and our adaptive control design use adaptation
to estimate the membership parameters, in addition to local system parameters.
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9.1 Problem Statement

Consider the fuzzy system model (7.13), that is

N N
Y +d) =) e IO + Y i), ©.1)

i=1 i=1

where ; is the normalized firing strength satisfying

2i(E) Ch

6 =——— M@ =[]FiE),

SRS S WE) ]1:[1 s
N

wi€) =0, Y i) =1 ©.2)
i=1

The goal of this chapter is to address the issue of parameter uncertainties of the
membership functions F ]’ (& (1)) for adaptive control of the fuzzy system (9.1).

Parameters in 1; (§). The normalized firing strength 14, (§) depends on the selec-
tion of the membership functions F;(Ej), i=1,2,...,N, j=1,2,...,L. For
example, for the Gaussian membership function

(& —c))? }

F;ﬁ (&) =exp {— 73 (9.3)
J

the parameters are o ;2 and c;, and for the sigmoidal-shape membership function

1
1+ exp{—«h(&; — )}

Fi) = 94

the parameters are cj. and K; In the adaptive control design of Chap. 7, those mem-
bership function parameters are assumed known. In this chapter, we consider the
adaptive control design with unknown membership function parameters under the
following assumptions:

Assumption 9.1 The fuzzy system (9.1) is minimum phase.

The minimum phase property of a fuzzy system is defined in Definition 7.1.

We will first derive an adaptive parameter estimation algorithm for the system
(9.1) with uncertain parameters in u; (£(¢)), ; (z~'), and B;(z~"), and then design
an adaptive control law and analyze its baseline and robustness properties.


https://doi.org/10.1007/978-3-030-19882-4_7
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https://doi.org/10.1007/978-3-030-19882-4_7

958 spniie ot

L (G
£ controlengineers.ir;
© @controlengineers

9.2 Parameter Estimation Algorithm 225

9.2 Parameter Estimation Algorithm

In this section, we develop a solution to the adaptive parameter estimation problem
involving a nonlinearly parameterized prediction system model when the parameters
in the membership functions p; are unknown. We first derive an error model based
on an estimation error signal introduced from the nonlinear parametrization, and
then design a parameter adaptive law based on a gradient algorithm to estimate the
prediction system parameters.

9.2.1 Nonlinearly Parameterized Model

To estimate the system parameters in both 1; (§(t)) = w;(0,; t) (for some parameter
vector 6, to be defined) and (; (z7'), Bi(z™")), we need to develop a parameterized
model. With the knowledge of n and d, the fuzzy system (9.1) can be expressed as

N
Y +d) = F6,.6,:0) =Y £T(6:. 0, Do (1), (9.5)

i=1

where
Ji0:, 0,5 1) = i (§@))0; = i (O; ), 9.6)
do(t) =[y@®), yt = 1), ..., y(t=n+1),

u(@),ut=1,...,ut —n+ D17, 9.7)
0, =10],05,....001", 9.8)
60 = [0y @ity - s Lint1, Bios Bits - s Bin-1l", 9.9

and the parameter vector 6, depends on the selection of the membership functions
Fj’f("g‘j), i=1,2,...,N,j=1,2,..., L. For the Gaussian membership functions
in (9.3), with v} =02, for ; in (9.2), we have

11 11 N N N _ NqT
O, =1lci vy, o Cps Vs Cp Ve, cp v 1 (9.10)

For the sigmoidal membership functions in (9.4), we have
1 1 1 N N N N]T . (9 1 1)

1
Op =[clakyy ey CLy Ky ooy €L KL 5 ee s C L KL

In both cases, 6,, is an n,, = 2N L-dimensional vector.
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Remark 9.1 The model (9.5) is a nonlinearly parameterized model when 6, is
unknown. When the parameters of 6,, are known, this model reduces to the following
linearly parameterized model (as given in Sect.7.2.3)

y(t+d)=6/p®), (9.12)
where
(1) =¢] (1), P37 (1), ..., o5 D], 9.13)
@i (t) = [y (@), iyt — 1), ..., iyt —n+1), ©.14)
win(t), piu( — 1), ..., piu( —n+ DI, (9.15)

In this linearly parameterized model, 6 is unknown and ¢ (¢) is known, for which
linear parameter estimation algorithms (such as a gradient algorithm or least squares
algorithm), can be used to estimate 6. A key step is to introduce an estimation error

e(t) =y() — éST(t - Do —a), (9.16)

where és (t — 1) is the estimate of 6, at time ¢ — 1. For the linear parametrization
case with (9.12), this estimation error £(¢) leads to a linear error model

e(t) = -0t — 1) — 0" p(r — ). (9.17)

For the nonlinearly parameterized model (9.5),a gradient algorithm can still be used
but it needs to be designed in a nonlinear parametrization form. O

9.2.2 Estimation Error Model

Let é(t) and éﬂ (t) be the estimates of the unknown parameter vectors 6 and 6,
respectively. Then we introduce the estimation error signal

N
e)=y®) = Y [T@:it = 1), 0, = );t —d)po(t —d)

i=1
=y(t) — F@,(t = 1),0,(t — 1);t — d). (9.18)

From (9.5) and (9.18), we obtain the estimation error model


https://doi.org/10.1007/978-3-030-19882-4_7
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N
o= (fi6. 01—

i=1

A N T
—fiGi(t —1),6,( — 1);t—d)) Po(t —d). 9.19)

Note that, (9.18) gives a “physical” expression (in the sense that all of its signals
are available) of e(¢) useful for implementation, while (9.19) gives a mathematical
expression (with  and 6,, unknown) of &(¢) useful for analysis.

For the nonlinear parametrization case with (9.5), an approximation is needed to
reach an approximated linear error model suitable for adaptive law development. To
proceed, using Taylor series expansion, we express

0,0t —d) = fi(6;(t — 1),0,(t — 1); 1 —d)
3f, ~
89 ol Ga-1.6,0—s—ay) @ — iz = 1))

af, .
39 |(9 (t—1), 9“(; 1);t— d)(e eu(t _ 1)) +5i(t), (9~20)

where §; (¢) includes all “higher order partial derivative or error terms” in a standard
Taylor series.
For f;(6;,6,; 1) = ni(6,; t)0; in (9.6) with 1;(8,;t) € Rand §; € R*", we have

i

30, |(9 (=10, (t—1);t—d) = Mz(e (=Dt —d) by, 9.21)
af; oW
30, G- 1.0, —1)it—d) = =6 ® 30, G- 1).0, (t—1);t—d)
~
L4 oK (9.22)
89
where ® is the Kronecker product, and
d i d i a i
S _ | (9.23)
20, 90,1 00,n,,
for 6, = [0,1, .. MH]T that is, the jth row of 6; ® 33" is 6;; [00 o , 330"::# ],
Jj= 1,2,...,2n for
6 = 161,62, .., 6] (9.24)
Moreover, from the linearity of f;(6;, 6,; t) in 6;, we have
3" f;
—f =0, k>1, (9.25)

Bl
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okt f,

fl. =0, k>1, j>0. (9.26)
39000,

Hence, the higher order terms in §; (¢) only include (6;; — éi VO — OA,L;)", k> 1,and
(Our — 6,0)%, k > 1, etc., that is, no (6;j — 6;;)* (k > 1) related terms are included,
where 6;; and 6, are the components of ¢; and 6,,, with their estimates 6; ; and é,d in
6; and éﬂ.

To simplify the notation, we denote

afi _ of
é = 96 o G-, 6, (t—1);1—d)* (9.27)
i _ofi
00, 90, YR 1.6, (t—1);t—d)* (9.28)
"
Assuming §;(t) = 0in (9.20), we have
[i0:, 0,5t —d) = fi(@:(t = 1),0,(t — )it =d) + ag’ O — 0:(t — 1)
af; A
Af O — 0, (t —1)). (9.29)
BGH
Then, ¢(¢) in (9.19) can be expressed as
A\ T
N / (of
e)=Y | O—bt = 1) [ =) ot —d)
i=1 90;
A\ T
5 r [ 9fi
+6, —0,(—1)) = Po(t —d) | . (9.30)
96,

This is alinearly parameterized model as the basic error equation for the adaptive
parameter estimation problem, with which a baseline adaptive algorithm can be
designed.

9.2.3 Adaptive Law

Based on the estimation error model (9.30), we design the adaptive law for updating
the parameter estimates ¢; and 6, as
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aANT
y(0) (3£) dott = ey

0;(1)=6;t — 1) + e , (9.31)
A ) y () YL 1(”‘) po(t — d)e(t)
Ou(t) =6,(r = 1) + 20 , (9.32)

where y (¢) is the adaptation gain which, based on the linear-like error model (9.30),
should satisfy: y (t) € (yo, 2 — o) for some constant y, € (0, 1), and

i Y (af: '
m<r>—c+2||( ) ¢0(t—d)||2+||2(8g> ot —d)||* (9:33)
i i=1

"

with ¢ > 0 and || - || being the /2 vector norm.

This adaptive law is a gradient algorithm of the form

é(t):é(t—l)—yAa—J, (9.34)
00 —1)
for J being a quadratic function of ¢ (Ioannou and Sun 1996), applied to our T-S
fuzzy control case with a nonlinear parametrization (9.5). For the adaptive laws (9.31)
and (9.32), we have used J = 2 mz 0 and such a normalized cost function J enables
us to choose an adaptation gain y (¢) to ensure the stability of parameter adaptation,
as shown next.

9.2.4 Stability Analysis

Stability analysis for error model (9.30): §;(r) = 0. We first analyze the stability
of the adaptive laws (9.31) and (9.32) for the approximated estimation error model
(9.30) without §; (¢). Define the parameter errors

=6;(t)—6;, i=1,2,...,N
=0,(1)— 0, (9.35)

Then, the error model (9.30) can be written into

N
ey=-Y_ |6 (t—1)<a£l> po(t —d) -6, (t—1)<a£l> $o(t —d) | (9.36)

i=1 i "
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which can be further formulated as
e(t) = —éT(t — Dy —d), (9.37)
where

06— =[]t —1),....00¢—1.,0l¢—DI",

w<t—d>=[¢o(r—d)<fl> ¢0(r—d>< )
391 N

N Bf
Tt—d 2! . 9.38
;:1 ¢yt —d) (ae (9.38)

w

Choose the Lyapunov function V() = 9~T(t)9~ (1) and define AV () =V (t) —
V (¢t — 1). Then, we have

AV(@) =0T 0@ — 0T — DO@E = 1)

N
= (éf(t)é,»(t) 8Tt — DGt — 1))
i=1

+0, (100, (1) =0 (€ — 1B, (1 — 1). (9.39)

Subtracting ; from both sides of (9.31) and 6, from both sides of (9.32), we obtain

v ) (%) g0t — e
m?(t)

o X (3) gt — ey
m? (1) '

0:(t) =0;(t —1) + , (9.40)

0, (1) =0, — 1) +

(9.41)
Substituting (9.40) and (9.41) into (9.39) yields

~ AN\T
v 2y @87 =1 (5 gott — e
m? (1)

AV(t) =
i=1
y20eT 007« —d) () (1) 9o — et

* (1)

208~ DT, () gott — ey
" (0




I g ki G -
= - (=)
. A

& controlengineers.ir

O@ controleng gineers

9.2 Parameter Estimation Algorithm 231

+y(n&v>z;1@)0ﬁ)z” €3 s

() (9.42)
With (9.38), the above equation can be written as
T 3
AV(1) = 2y ()07 (¢ 12)();)#0 d)e(1)
T _ _
4 e’ (Y (t4 )yt d)S(t). (9.43)
()
Making both sides of (9.37) multiplied by &(¢) produces
2(t) = =07 (t — Dy (r — d)e (). (9.44)
Substituting (9.44) into (9.43) yields
—2y()eX(1) | Y Oy =d)Pe* (1)
AV(t) < () + Y . (9.45)
For m?(t) and ¥ (¢t — d) in (9.33) and (9.38); we have
1@t —d)||> < m?@). (9.46)
Hence, it follows that
_ 2 204\ 02
AV(E) < ZV(Zt)S (1) | y ()&= (1)
m2(t) m2(t)
= 0@ yan D (9.47)
=—y y 20 .
With y (¢) € (o, 2 — yo) for a constant yy € (0, 1), we have
(1) _
AV(E) = =12 —y)—F < 20) = (9.48)

From this inequality, we can derive the following properties (Qi et al. 2011):

Lemma 9.1 The parameter adaptive laws (9.31) and (9.32), when applied to the
error model (9.30), have the properties:

(i) 16() =01 <116t — 1) = 6| < [6(0) — 8], for the I>-vector norm || - ||;

(il) € Lo
e(t)

(iii) lim;— 00 me 0;
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(iv) 116@) — 0@ —t)| € Lo, t1 > 0; and
(i) limy oo 10(t) — 0t — 1) =0, 1 > 0.

These are the baseline properties of the designed adaptive parameter estimation
scheme with the estimation error (9.18), under the condition that the approximation
error §; = 0.

Robustness with respect to nonlinearity error §; (). To ensure the adaptive law’s
robustness with respect to the nonlinearity approximation errors §; (¢) in (9.20), we
need to modify the adaptive laws with certain design signals (Tao 2003); for example,
a projection design signal to ensure that the parameter estimates (the components of
6; and GA,L) are in certain prespecified ranges. To ensure smallness of the estimation
error signal e(¢) and parameter variations éi (t) — éi (t —1) and éu(t) — GAM (r=1),
relative to the modeling errors §; (¢), important for closed-loop system stability, the
normalized errors fn—g; needs to be small. This can be ensured for é(t) initialized in
a certain neighborhood of 6. Furthermore, certain characterizations of §; (¢) can also
be used to redesign the adaptive laws (9.31) and (9.32) to enhance its robustness. In
Sect. 9.4, asimulation study will be presented to show the desired system performance
despite the presence of §; (7).

9.3 Adaptive Control Design

In this section, we design and analyze an adaptive control scheme for the T-S fuzzy
dynamic system (9.1), to solve the adaptive control problem with unknown member-
ship function parameters. A critical stability condition is that the partial derivatives
2% are bounded. We will establish such a condition for the Gaussian membership

"

functions F j‘ (¢;) in_(9.3), and use it to prove some desired system stability and
tracking properties.

9.3.1 'Nominal Controller

If the system parameters are known, the control problem can be solved by the fol-
lowing nominal control scheme. For designing the nominal control law, we have the
following assumption:

N
Assumption 9.2 Y u;(0,)Bi0 # 0.
i=1

Nominal control law. For a reference signal y,,(¢) to be tracked by the system
output y(¢), the nominal control law for the system (9.1) is
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1 N
u(t) = ———— | =Y mi@ e Hyle)
Zilui@)ﬂm[ ; 8

N
— 3" OB Ol + yu e + d)} , (9.49)

i=1

where Bi(z7") = Bz~ + -+ + Bi.n_1z "+, Similar to that in Goodwin and Sin
(1984) for a regular system, this control law, when applied to the fuzzy system (9.1)
brings y(¢t + d) to y,, (¢ + d) in one step, and ensures closed-loop signal boundedness
under Assumption 9.1 (the minimum phase condition).

The nominal control law (9.49) is a deadbeat control law, which generally requires
large control signals. To reduce the possible deadbeat transient, we propose the
following alternative control law:

An alternative control law. In stead of (9.49), we can also choose a more general
nominal control law:

1 N
wt) = ————— | = Y i@z Hy10)
Z§L1Mi(9u)ﬁi0|: ; 8

N
=Y i) Bi (" HIE) + yut + d))
i=1

+ki (Yt +d— 1) —y@t4+d—1)+---
ka1 (Yt +1) — y(t + 1))

+ka(ym (1) = y(t)))], (9.50)
where k;, i = 1,2, ..., d, are design parameters such that

k() =z + k"' kamiz+ kg (9.51)
is a stable polynomial. To implement this control law, the signals y(¢ + 1), ..., y(t +

d — 1) when d > 1, not directly measured, can be reconstructed from (9.1).

Remark 9.2 For non-minimum phase systems, an adaptive pole placement control
design may be a choice but it needs some extension new study for the T-S fuzzy
dynamic systems. The control law (9.50) can also be applied to non-minimum phase
systems, which may be considered as a kind of pole placement.

This nominal control law (9.49) or (9.50) provides the basic controller structure
which can be adopted for adaptive control using adaptive estimates of the unknown
system parameters, updated from the adaptive laws (9.31) and (9.32).
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9.3.2 Adaptive Control Scheme

Let & (z~") and Bi (z~") be the estimates of o (z™") and B;(z~") (whose expressions
are givenin (7.11) and (7.12)), and j1; = p;(6,) be the estimate of u; = w;(6,,), with
parameters estimates &;;, Bi ; and OA,L. We choose the global fuzzy control law as

1 oo
u(t) = ——————— | — Y i@, HIyle)
Z,Nzllh(eu)ﬁio[ ; ’

N
~ > 1 GBI + yu e+ d)} , 9.52)
i=1
for the system (9.1) with unknown parameters «;;, B;;, and 6,,.

The adaptive version of the alternative nominal control law (9.50) can also be
developed with the estimates of y(t +d — 1), ..., y(¢+ + 1), parameterized in terms
of some unknown parameters and known signals (current and past inputs and outputs).

A signal bounding property. We now show that the adaptive control system has
desired stability and tracking properties. Substituting (9.52) into (9.1), we obtain the
closed-loop system as

N
Yt +d) = [£:0:, 0, 1) — £ 6 (D:0,0): D) ¢o() + yu(t +d), (9.53)
i=1
which can be equivalently written into

N
YO =@ + Y £ 60,51 — dpot — d)

i=1

N
=S ST G —d). 6t — dyit — d)o(t — d). 9.54)

i=1

With e(t) = y(t) — y,(¢) and (9.20), we have

=

e =Y (F1 Gt =1.6u0 = Vit =) = [T Gt = . 0ut = i1 = D) ot — )
i=1

—Z(9T<t—1>( f’) dot —d)+0] (t_l)<a(f> ¢0(t—d))
i i

+ Zs,f (Dot —d)

i=1
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N
= > (wiGut = 08T = 1) = i@t = )] = a))) ot — )

i=1

N
+e(r)+ Y 8] (ot — d) (9.55)
i=1

with £(¢)) defined in (9.37).
We first present a desired property for ¢ (¢) (Qi et al. 2011).

Lemma 9.2 Under Assumption 9.1, the regressor ¢o(t) defined in (9.7) satisfies

ot —d)|l < p1 + p2 max |e(7)], (9.56)
o<t<t
for some positive constants p and ps.

The proof of Lemma 9.2 is based on Assumption 9.1 and Definition 7.1 which is
similar to the proof of Lemma 7.2.

A membership function property. For the adaptive control of (9.1) with uncer-
tain membership function parameters, the property of membership function plays a
key role in the stability analysis of the closed-loop adaptive control system. In the
following proposition, we present the membership function property for Gaussian
membership function.

Proposition 9.1 For the Gaussian membership function (9.3), the partial derivative

vector ?# in (9.22), as a function of time t, has the property:

A
Wiy (9.57)

89

Proof The membership function describing “F ;” is chosen as Gaussian function:

(& —c))? }

Fi(&;) = exp : ———% (9.58)
J

From the normalized firing strength of Rule i:

i (E) L
wiE) = —20 e =[]F. (9.59)
YL hi(®) H
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i2

and with v = o’ , We can calculate 2 ae as follows:

i

o A Z;V:Ll;éi A . 2055 — Aj')

L oL (9.60)
8cj (ZIN=1 )w‘) vy
2(& ¢t
—AiA
Ri it (’Ak ’), i £k (9.61)
ac (lev:1 )‘-1) v;
2
M MY 14 M (Ef B Ct/)
= Lala 7 (9:62)
! (ZlNzl }W) 2
2
p oo B8
P . 5 N7 i # k. (9.63)
(Zha) ()
From (9.58) and (9.59), we have
2(8 ¢ Lo A
)W'Q = l_[ E () - p; (&), (9.64)
Vi I=1,i%)
h
where -2
pi€) = —— (9.65)
exp{ =5 }
j

From the expression of ,o;. (&), we obtain that p(&;) is bounded. Furthermore, con-
sidering YV A% (&) > 0 which ensures there is at least one rule activated for a valid
fuzzy model, we have “‘ € L in (9.60). Following the similar analysis, we can

obtain g“k‘ , ‘;",‘ and 8“‘ are all bounded. Therefore, we conclude that
o[
e (9.66)
89

v

This proposition shows a key property of the Gaussian membership functions,
which is important for establishing the stability of adaptive control of T-S fuzzy
systems with membership function parameter uncertainties leading to a nonlinear
parametrization. Such a property can be similarly shown for the sigmoidal-shape
membership functions. This proved property provides a basic development for the
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application of the linear parameter adaptation technique to nonlinearly parameterized
T-S fuzzy systems. The use of this property will be shown next for stability analysis.

Stability properties for error model (9.30) when §;(#) = 0. We first study the
ideal properties of the adaptive control system under the condition that the approxi-
mation error §;(¢) = 0 as in the error model (9.30).

The following results can be obtained (Qi et al. 2011).

Theorem 9.1 The closed-loop system, with the plant (9.1) satisfying Assumptions
9.1 and 9.2 and the membership function satisfying (9.57), the controller (9.52) and
the adaptation laws (9.31) and (9.32), under the condition that §;(t) =.0, has the
baseline properties: all system signals are bounded and the tracking error e(t) =
y(t) — v (t) converges to zero asymptotically with time.

Proof From (9.55) with §;(¢) = 0, we have

N

e) =Y (mi@ut =10 ¢ = 1)

— i@t = AT = dN) dot —d) +EOMB)  (©.67)

with (1) = % and m(t) defined in (9.33).
From (9.33), we have

N

m(t) < Ve + Z

2 2

8

>

A~ T
af;
—d = —d
) do(t —d) 2 (80H) do(t —d)

%,

N A\ T

(3’> o(l—d)H Z(?ﬁ) ¢o(r—d>H
o

(af’> %(r—d)H Z‘—

From (9.21) and wu; (é ) € (0, 1), we have % € L. With Lemma 9.1 and (9.57),

$o(r — d) H (9.68)

we obtain 3f' € L, from (9.22). Hence,

m(t) < Jc+ci|go(t — (9.69)

where ¢ is a positive constant.
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With Lemma 9.1, we have (1) € L () Looand6(r —d) — 0(t — 1) € Ly () Loo
Then using the inequality (9.69), we can express e(¢) in (9.67) as

N
el = e2 1Y (Gt = 1) ¢ = 1)

i=l
~1i @t = )t = ) | ot = )]
+eilE@] go(r — ), (9.70)

for some constant c¢; > 0. Using Lemma 9.2: |¢o(t —d)| < p1+ 02
maxo<r< |e(t)|, we obtain

N
o] = ¢34+ call 3 (i(Bute = )87 = 1)
i=1

i@t — DO (1 = d)) || max Je(r)]
eslE ()] max le(r)l, ©.71)

for some constants ¢; > 0, iA= 3,4, 5.FromLemma9.1, we have that lim,_, o, £(¢) =
0 and lim,_,  [|0(t — 1) — 6(¢ — d)|| = 0, which, from continuity of u;, means

N
Tim | (1@t = 107 ¢ = 1) = @t = andl = dp) = 0. (9.72)
i=1

With these properties, it follows from (9.71) that e(¢) is bounded, which implies
y(t) is bounded, and in turn from the system’s minimum phase property that u(¢) is
bounded. Hence all signals in the closed-loop system are bounded. The asymptotic
convergence property of the tracking error e(¢) follows from the L, and convergence
properties of &(7) and ||0(t — 1) — 6(t — d)]. \%

Robustness with respect to §; () # 0. Although the above system stability prop-
erties with §; () = 0 are crucial as the baseline properties of an adaptive T-S fuzzy
control system, the robustness of such properties with respect to the nonlinearity
error §; (¢) in (9.55) is an important issue.

We can add robustifying signals in the adaptive laws (9.31) and (9.32) to enhance
their robustness with respect to the nonlinearity error §; (¢). Under the condition that
the normalized errors ’E’ ; is small (which can be ensured in a neighborhood of 8),
the closed-loop system signals can be ensured to be bounded and the tracking error

can be of the order of 21—8 in a mean sense (Tao 2003).

Remark 9.3 To ensure the nonsingularity of the control law (9.52), it should be
guaranteed that Z,N: I ui(éﬂ)ﬁio # 0. This condition can be ensured by using the
parameter projection algorithm (Ioannou and Sun 1996) on the parameter estimates
6, and Bio,i =1,2,...,N.



I i e

] \/ .
umtrnlm gineers.ir]
O’a Lnntrnlcn gineers

i

9.4 Simulation Study 239

9.4 Simulation Study

In this section, we present an illustrative example with simulation results to show the
control design and evaluation, based on a mass—spring—damper mechanical system
(Tanaka et al. 1996).

9.4.1 Simulation System

The dynamic model of this mass—spring—damper system is given in (7.107) in
Sect.7.3.4. Following the same modeling method in Sect. 7.3.4, a discrete-time model
can be obtained as

R :IF &(t) is F|, THEN
Y& +2)+any+1) +apnpy) = bjoulr. 9.73)

The membership functions describing “F|” and “F?2” chosen as
: (& — )’
F;(gj):exp{_’T Jj=1i=1,2 (9.74)
. o!

Wlth[cl,al,cl, o?]=11.5,1.5,—15,1.5].

The discrete- tlme T-S fuzzy system model (9.73) can be equivalently written into
the form of (7.4) with n = 2 and the system delay d = 2. With Proposition 1, we
obtain the following global 2-step prediction fuzzy system model:

Y +2) = Z pici (27 Oy + Z wi B (Ul (@), 9.75)

i=1

where ; (27" = o + ez = a —ap +ananz™!, Bz = B+ Bz =
bio — ajibioz™!
From (9.75), we have

2 2
D B Ol =Y pilbio — ainbioz”HIul(@). (9.76)

i=1 i=l1

To make the global fuzzy system (9.75) be minimum phase, it is required that

< 1. (9.77)

_ ’Mlallblo + 2a21b20

wibio + mabao

Z 1M1azlb10
z ]/’Ll i0
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For T = 0.01s, we obtain a;; = a,; = —0.5, which makes the condition (9.77)
satisfied so that the system (9.75) is minimum phase. We can then use the adaptive
control algorithm in Sect.9.3 to design an adaptive controller that guarantees the
closed-loop boundedness and asymptotic tracking of a bounded reference signal
Vm = 1.5s8in(0.2¢).

The model (9.75) can be further written into the nonlinear parametrization (9.19):

2
YA +2) =Y 76,0, Do), (9.78)

i=1

where, fori = 1,2 and j = 1,

fiO;,0u51) = i (5())6; = i (6, D, 9.79)

do(t) = [y(@®), y(t — 1), u(@®), u(t — D", (9.80)

0; = [0, it Bio, Binl” (9.81)

Ou = lcf. v, i vil", v = (o)), (9.82)

with \
Ai(€) i
i) = ————, M@ =||F;E). (9.83)
Y2 M) U”

To apply the adaptive laws (9.31) and (9.32) to estimate the unknown parameter

af,

vectors 6 and 6,,, we need to calculate % and 3{5 L in the form
n

af R
= =i (0, = 1);t —2)14, (9.84)
36,

af o~ O

fi _ g @ (9.85)
96, 90,

where
i _ [owi i i dpui |
367,4 B 8c1 avl Bc Bv @ut=1);1-2)

Oft; O dji; L
3Al’3 3A2’3\’>12 .

(9.86)

With (9.74) and (9.83), the components of Z% can be calculated as
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where A = 7825316, (- 1yi—2)-

9.4.2 Simulation Results

For the simulation, the initial parameters are set as és (0).=60% x 6 and éu 0) =
[0.7,2.75, —=2.5,2.75]7. Other parameters are set as y(t)'=.0.5 and ¢ = 0.01. The
system outputs y(¢) and y,,(¢), and the adaptive control signal are shown in Fig.9.1.
The tracking error is shown in Fig. 9.2. The adaptations of consequent parameters and
membership parameters are given in Figs. 9.3.and 9.4, respectively. It can be observed
that the tracking error decreases as the parameters adapt online and converge to some
small residual values, despite the initial parameter errors és (0) — 6, and BAM ) —

=
Q.
b=
(o]
0 50 100 150 200
. Time t (steps)
5
Q
£
IS
kS
o]
O
_2 1 ! !
0 50 100 150 200

Time t (steps)

Fig. 9.1 Adaptive system response and control signal
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Fig. 9.2 Tracking error
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Fig. 9.6 Adaptive system response and control signal
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The control law in Fig.9.1 is a deadbeat control law which requires large con-
trol action. The deadbeat transient may be eased by using the adaptive version of
the alternative control law (9.50) with k; '= —0.17 and k, = —0.72, producing the
corresponding tracking results as shown in Fig. 9.5.
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Figures 9.6, 9.7, 9.8 and 9.9 show the adaptive tracking control results for a con-

stant reference signal y,, (r) = 0.2. Similar simulation results were also obtained for
some other larger or smaller initial parameter errors 6,(0) — 6, and 6,,(0) — 6,,.
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Fig. 9.9 Adaptation of membership parameters
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9.5 Summary

In this chapter, we have formulated an adaptive control problem for discrete-time
input—output multiple-delay T-S fuzzy systems with unknown membership function
parameters and consequent parameters, and derived a solution for it. A fuzzy system
with such uncertain parameters leads to a nonlinearly parametrized estimation error
model. For such a nonlinear model, the gradient algorithm can be applied to derive
an adaptive law to adaptively update the estimates of both the local system dynamics
parameters and membership function parameters. Such parameter estimates can be
used to implement the feedback control law for the uncertain T-S fuzzy system.
The properties of the parameter adaptive laws and closed-loop stability have been
studied with some key design conditions specified and established for the Gaussian
membership functions. Simulation results have verified the desired adaptive fuzzy
control system performance.
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Chapter 10 ®)
Adaptive Control of T-S Fuzzy Systems oo
with Actuator Faults

Recently, fault diagnosis (FD) and fault-tolerant control (FTC) have attracted more
and more attentions (Chen and Patton 1999; Tao et al. 2004; Zhang and Jiang 2008).
FD and FTC play an important role in ensuring the closed-loop system stability when
faults occur in the system. When a nonlinear system is represented by a T-S fuzzy
system, its fault-tolerant control design will be conducted based on the T-S fuzzy
system. A number of papers have been published on T-S fuzzy model based FD
(Ballé 1999; Ichtev et al. 2002; Zheng et al. 2006; Nguang Shi et al. 2007) and FTC
(Jiang et al. 2010; Zhang et al. 2010; Jiang et al. 2011; Shen et al. 2012; Qi et al.
2012, 2013; Jiang and Qi 2016).

In the previous chapters, we have presented adaptive control schemes for three
types of T-S fuzzy systems: continuous-time state-space TS fuzzy systems, discrete-
time state-space T-S fuzzy systems and discrete-time input/output form T-S fuzzy
systems. In this chapter, we will develop two adaptive fault compensation schemes for
two types of T-S fuzzy systems. One approach is designed for continuous-time T-S
fuzzy systems subject to actuator faults and the other is for discrete-time input—output
form T-S fuzzy systems. Detailed design and analysis for T-S fuzzy system based
adaptive compensation schemes will be presented to deal with uncertain actuator
faults (with unknown fault patterns, values and time instants) in closed-loop control.
Fuzzy system based control, like most other control methodologies, designs control
laws based on an approximate (nominal) plant subject to approximation errors. It
is crucial to establish the desired stability and tracking properties for an adaptive
control system with parameterized nominal plant model, as the foundations of a
chosen fuzzy control technique, to be applied to a real plant with approximation
errors which can be handled with robustification techniques (using robust adaptive
laws for the adaptive control case).
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10.1 Systems with Actuator Faults

Consider the following nonlinear system with redundant actuators:

Xi =Xxjt1, fori=1,2,...,n—1

X = f(x) + g(x)u, (10.1)
where x = [x1, X2, ..., x,,]7 is the state vector and u = [uy, us, ..., u,,]" represents
the input vector with m actuators, f(x) is a nonlinear function and g(x) = [g;(x),
g(x), ..., gm(x)]T with g;(x), j =1,2, ..., m being nonlinear functions.

Actuator fault model. In presence of actuator faults, the input vector u(¢) to the
plant (10.7) can be described as

u(t) =v()+ o) —v()), (10.2)

wherev = [vi, va, ..., v, ]7 is the vector of applied control signals, u = [uy, us, ...,
it,,]7 is the vector of possible actuator faults, and

o = diag{oy, 02, ..., 04}
o — 1,if u; fails at time ¢, i.e., u;(t) =u;, T >t (10.3)
g . .
0, otherwise
represents the pattern of actuator faults.
The actuator faults can be described by
nj
(1) =itjo+ Y ipfu(t), t =1, (10.4)
=1
for some unknown index j € {1, 2, ..., m}, unknown time instant #; and unknown
constants # jo.and uj;, [ =1, ..., n;, and known bounded signals f;;(z) andn; > 1

(Tao et al..2004). This parameterized actuator fault model can be used to closely
approximate a large class of practical faults, by a proper selection of these “basis”
functions f;(t). The selection of the basis functions of the actuator faults depends
on individual applications; for example, a common fault is that the actuator is stuck
at an unknown constant value i jo, for which those f;;(¢) can be set to zero.

A basic existence assumption for a nominal solution to the actuator fault com-
pensation problem is

Assumption 10.1 The system (10.1) is designed that for any up to m — 1 actuator
faults, the remaining actuators can still achieve a desired control performance.

The key task of adaptive control is to adjust the remaining controls to achieve
the desired system performance when there are up to m — 1 actuator faults, whose
parameters are unknown.
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Remark 10.1 At a given time ¢, there may be p € {0, 1,2, ..., m — 1} malfunc-
tioned actuators with fault values u;(t), j = ji, j2, .-, jp, for {ji, jo, ..., jp} C
{1,2, ..., m}. Different o represents different fault patterns and such a o is thus
called a fault pattern. Let all fault patterns of interest be o), j =1,2,..., Np,
and denote the fault pattern set as ¥ = {o(;), j =1,..., N,} of interest for fault
compensation, where o(;) = diag{0, 0, ..., 0} represents the no-fault case.

10.2 Adaptive Fault Compensation Control Using State
Feedback

When a T-S fuzzy system is employed to represent a nonlinear system; we assume
it has the same actuators as the nonlinear system. Therefore, when an actuator fault
occurs, T-S fuzzy system based adaptive fault compensation control designs provide
solutions to fault compensation control designs for uncertain nonlinear systems.

In this section, we consider a T-S fuzzy system approximation for the canonical
nonlinear system (10.1) with actuator faults and study the adaptive fault compensation
design of the T-S fuzzy system.

10.2.1 Problem Statement

Consider the following T-S fuzzy in canonical form with redundant actuators:

IF &(t) is  Fi and ... and &.(t) is F,

THEN | x(¢) = A;x(t) + Biu(p), (10.5)
where x = [x1, X35 .. s x, 10, u = [ug, ua, ..., uml?,
O1--- 0 O 00---0
A= f S I A e (10.6)
00--- 0 1 00---0
ayds - a,_; a, by b - b,

Using the standard technique of singleton fuzzification, product inference, and
weighted average, we obtain the following global T-S fuzzy system model from
(10.5):

N
x(@t) = ZMi(Aix(t)+Biu(t))a (10.7)

i=1
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where p; is the normalized firing strength satisfying

L N
v ko= [IF @O m=0. ) =1 (108)
j=1 i=1

Control objective. The control objective is to design a feedback control vector
v(t) for the fuzzy system (10.7) with unknown parameter matrices A;, B;, and sub-
ject to unknown actuator faults (10.4) belonging to a fault pattern set Y (which are
characterized by some s = ji, jo, ..., jp, with {ji, jo, ..., jp,} C{1,2,...,m}and
p=0,1,...,9 < mforsomeqg > 0, such that the sth actuator fails: u,(¥) = u,(z),
t > t;), to ensure closed-loop signal boundedness and the state vector x(f) asymp-
totically tracks of a given reference state vector x,, (¢) generated from the reference
model

X (1) = Apxm () + Byr (1), (10.9)

where x,,,(t) € R",r(t) € R, A,, € R"*" is a Hurwitz matrix and B,, € R":

0 1 0 O 0

A =] i SR R T B (10.10)
0 0--- 0 1 0
al' ay ---a; , ay b"

To meet the control objective, the following assumption is also needed:

Assumption 10.2 The signs of bﬁ, bé, e b,’;l in B; are known and the same for all
i=1,2,...,N.
Remark 10.2 Assumption 10.2 requires b%, b%, R b{v have the same sign, but does

not require b} and b} have the same sign. In practice, the control directions from an
actuator to each local model are usually the same, which makes Assumption 10.2 a
practical assumption.

10.2.2  Nominal Controller

In this section, we propose a control design to compensate actuator faults for the T-S
fuzzy system (10.7). For simplicity of presentation and without loss of generality,
we focus our study on the T-S fuzzy systems (10.7) with two actuators (that is,
with m = 2) and then give the main design ideas for the general case of m > 2.
Before developing an adaptive control scheme for (10.7) with unknown parameters
and unknown faults, it is important to make sure there exists a solution to meet the
desired control objective when all the parameters are known.



Le IS
@ controlengineers.ir
© @controlengineers

10.2  Adaptive Fault Compensation Control Using State Feedback 251

Matching conditions. Assuming the sth actuator fails, s = ji, j», ..., jp, we
design the nominal control law for the healthy actuator j, j # ji, ja, ..., jp, as

() = S :

N
Doic i

(10.11)

where o;; satisfies o;; = ‘blj} Ai, Kij € R™" and [;; € R are controller parameters

to achieve state tracking, and k;; € R and g;;;; € R are parameters to compensate
actuator faults.

Lemma 10.1 Consider the fuzzy system (10.7) with m actuators subject to p actua-
tor faults characterized by s = ji, ja, ..., jp withthe actuator fault model described
by (10.4), if the control law (10.11) is applied and the following matching conditions
are satisfied:

[ S im0l M i _ m
EK ijlj_[al ay g —ayy a, —ay |

JFE s Jp
)RTETSD SRR S
J#EJt s p JFETs s dp S=j1seap
nj ]
Yoo > D giat+ Y. B dy=0, i=12....N, (10.12)
JFE s Jp S=J15ees Jp =1 S=J1, 405 Jp =1

the closed-loop fuzzy system becomes x(t) = A, x(t) + B,r(t).
Proof With (10.6) and (10.2), we have

N N .
AiBu(t) =) A; 1 . (10.13)
Nl o

.....

N

S|l DD b+ D bl

i=1 JE iy S= 1oy

N nj
=Z)»z Z bl | —Kijx(t) +lijr(t) + kij + Z Zgijslfsl(l)

i=1 FE iy S= vy 1=1

+ Z b, (ﬁso+2&szfsz(t)> . (10.14)
j j =1

S=J1seenfp
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Using (10.12), Eq. (10.14) can be calculated as

N
==Y aild—ay--dl_ —ar al—ar|x@)+ > ab"r@). (10.15)

i=l1 i=1

Substituting (10.15) and (10.13) into (10.7) yields

N
i) = (ZA Ax(t)—ZA (A; — m>x<r>+ZAier<r>>
Zl 1 i=1 i=1
=A,x + B,r(t). (10.16)
The proof has been completed. \%

If we know which actuators fail and the values of faults, the controller parameters
can be calculated from the matching conditions (10.12). However, when we do not
know the pattern and values of the faults, the controller (10.11) cannot be imple-
mented. In the following study, we will propose a controller structure that is capable
of dealing with different fault situations without knowing the exact fault pattern.

We first present the design procedure for the T-S fuzzy systems with m = 2 actu-
ators by proposing a nominal control law for actuator fault compensation and devel-
oping an adaptive control scheme. Then, the proposed fault compensation scheme is
generalized to m > 2 case.

Nominal control law. For the system (10.7) with m = 2 actuators, there are three
possible situations which we need to deal with: (i) both actuators u; and u, are
healthy, (ii) the actuator u; is healthy while u, fails (that is, u, = u»), and (iii) the
actuator u, is healthy while u fails (that is, u; = u;). Our goal is to develop one
unified controller structure which is suitable for all three situations.

‘We first consider the second case with u,(¢) = 1,(¢). From (10.11), the nominal
control law for u(t) is

SN i (—Kux (@) + () + ki + Y00 g fa (1))
Zf‘vzl il

If both the system parameters and fault parameters are known in this case, with
Lemma 10.1, the controller parameters can be calculated as

ui(t) =vi(1) = (10.17)
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K+ = 1 i m i m i m
il_ﬁ[al_al '“anfl_anflan_an]
1
b btz biydy
lin = —, kin=——"—, gna=——"7. (10.18)
bl bl bl

Applying (10.17) to the system (10.7) with u,(#) = u»(¢) results in the closed-loop
dynamics: x(t) = A,,x(t) + B,,r(t), achieving state tracking objective. The third
case can be similarly handled.

For the first case with no fault, that is, when both actuators u; and u, are healthy,
there is a need of actuator coordination to meet a desired system output performance
(otherwise, for example, u(¢) and u,(¢) are against to each other, there would be
a practical problem). Such an actuator coordination is characterized by the chosen
actuation scheme

u;(t) = 8w, 6; >0,i=1,2 (10.19)

for an applied input signal vy () to be designed. Then the system (10.7) becomes

SN MTAx () 4 (81D 4 82bb)wo(£)]

i) = 5 (10.20)
Zi:l Ai
The control signal vy(¢) can be designed as
N
: (= Kix(t lir(t
vo(t) = iz &€ Nx( ) Fhr@) (10.21)
Dis
where
1 i m i m i m
K; = m[al —ap oy T4y 4, — a4y ]
1 2
b ) )
li = —m, o = (Slbll + 82bl2 )\i. (1022)
11 209

Applying (10.22) into (10.20) also results in the closed-loop dynamics: x(t) =
A, x(t) + B,u(t), achieving the state tracking.

When we do not know which actuator fails, we need to design a controller that
is capable of handling all the above three cases. Under a chosen actuation scheme
(10.19), we propose the following nominal controller v;;(#) to accommodate all the
above three cases:

SB[ hi (=K () + () + kF + g5 (1) + g5(1)
Zz{\;l |b;k| Ai

v (t) = , (10.23)
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where
1 ; b
K= b*[a]—al ceal o —a',a —ar ] lf:F
* b;k2 — b* * *
ki = —Fuzo - b—*mo, 8y = b dzl, 8 = T d11
gh(t) = Zg,u,fy(r) gh(t) = Z g fu(t), (10.24)
and i i
(810 + 8,65, 0, 0) for no failure
r, by, b)) = (81b’i, 0, bé) foru,(t) = uy(t) (10.25)

(8204, b, 0) foru, (1) = uy (1),

which are all piecewise constants that change their values when an actuator fault
occurs.
With (10.19) and (10.25), the fuzzy system (10.7) can be written as

0 0 0 0 0 vy (@)
L ! ) . 1
i) = MAXHY a0 : : : 1
i= l}L zzl Z 0 0 0 0 0 fl(t)
b¥ bjyiing bjyiioo biyd| blydy fa@)
(10.26)
where
= < = = T 5 < = <= T
di=[dndn-dig] o do=[dndn - o, ] (10.27)

AO = [ 1) fo®e- f O], HO = [ 10 @) - far ]

* = k= L% * JT __ % Ixn * JT __ %
Let bijitig +bjux = b7, € R, bjid] =bj; , € R™™, bihdy =b},, €
RY"2 and define

00 0 0 0
Br=|: ottt e =[vi@o 11 fFo Fn]". (10.28)
00 0 0 0
by b¥iig blyito byd blyd

Then equation (10.26) can be formulated as

Z Ail(A; — Ap)x(t) + B w(1)]
PIEPY '

x(t) = Apx(t) + (10.29)
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Applying (10.23) to (10.29) results in the closed-loop fuzzy system:
x(t) = Apx(t) + Bur(t), (10.30)

which is the same as the reference model.

The nominal control law (10.23) provides the basic controller structure, which can
be parameterized for parameter adaptation when the system and fault parameters are
unknown. In the following section, we will develop an adaptive version of (10.23)
for unknown parameters.

10.2.3 Adaptive Control Scheme

In this section, we design an adaptive parameter estimation algorithm to estimate the
unknown system parameters, and develop an adaptive control law and analyze the
closed-loop system performance.

Adaptive control law. Since both the system and fault parameters are unknown,
the nominal control law (10.23) cannot be applied directly. Using parameter estima-
tion, an adaptive control law can be implemented as

bi|hi(—Kix(t) 4 Lir (1) + ki + 811 (0) + 82 (1))
>

N
Zi:l

Vo(t) = ,  (10.31)

bi

Ai

where b;, K, I, k;, 8 (1), 8ia(r) are the estimates of b¥, K, I¥, k', g/ (t), g5 (1),
respectively.
Defining the state tracking error

e(t) = x(t) — x,, (1) (10.32)

and applying (10.31) into (10.29) and using (10.10), (10.24) and (10.30), we have

the tracking error dynamics

Yoy MI=AMx (1) = By (0]
Z;\]=1 Ai ,

where Ai = Ai — A;, Bi = éi — B}, with Ai and é,- being the estimates of A; and
B}, respectively.

e(t) = Ape(t) +

(10.33)
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Parameter adaptive law. To estimate the parameters in (10.31), we design the
following adaptive law:

(1) = Y — x0T O

i=1""

> b,

Vi =i— ZN: PTe(l)Vo(l) if

i

bi(t) = or * and Ple(t)bo(r)sgn(b;) > 0
otherwise
by u (1) M pTe),
iu = i e
D IpY
A Ai T A Ai T T
bit,a) = vai Y Plem) fl (1), bia(t) = ya ; Ple®) f, (1),

i=17

Il
—_

(10.34)

where b}, is the lower bound of b}, which is assumed to be known, and l;i (0) satisfies

l;,- (0)sgn(b;) = 0. P is the first column of a positive definite symmetrical matrix
P € R™", which is the solution of the following equation:

ATP 4+ PA,, = ~I, (10.35)

where I € R™" is an identity matrix.

Based on the adaptive control law (10.31) and the parameter adaptation law
(10.34), the closed-loop stability and asymptotic tracking results are proved and
summarized in the following theorem.

Theorem 10.1 For the T-S fuzzy system (10.7) with two redundant actuators and the
actuator fault model (10.4), under Assumptions 10.1 and 10.2, the adaptive controller
(10.31) with the adaptive law (10.34) guarantees:

(i) all closed-loop system signals are bounded; and
(ii) the state tracking error lim,_, o e(t) = 0.

Proof Consider the following Lyapunov function candidate

N ~T~ ) %2 % 1T % L.xT
; brr b2 by BT+ b b
Ve, &,b) =e Pe+§ aya +§ (—y + y”” + l’dy = 2“’>,
li 2i 3i 4i

o o e - R -
whered; = & —a;,8; = [ay, ay, -+, a,1",bj = bi — bi, by, = biu, — b}, bira =

- L N K
bir.a — b}y 4, biz.a = biz.a — b}, 4.

= ]
2 controleng lll(.(.‘r\ ir
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The differentiation of V along the error dynamics (10.33) is

N -T. < ~ ~ x T z i
bibi  biugbi bi1 qb; bjz,ab;
v =e¢l Pe+e Pe—l-ZZa & 22( + Lug L, ug + il,d%il,d + ! 12,d>
i1 Yii V2i V3i Yai Yai
N T,.Ts N T
_ T, Xzt My ex T Loy b
izt M i Y
N apTl  5%5 T i T i, T
_zzizl [P eb?‘vo—‘:—Pl eb;k,uo + P eb?‘l’dfl )+ Py ebl*dez(t)]
N
2imy ki
N # = N 7 7 N .. iT
bib; b; o bi bi1,4b; 2d
+2Z i I+ZZ L,ugvi,ug +2Z ! tl,d Z bi 12d' (1036)
=1 Y iz V3i im1 Yai O

With the adaptive law (10.34), we have
V()= —ele <0, (10.37)

which means e, 3a;, l;,, l;, "o» 1511 ds E,Zd € Ly
Under the constraint condition b sgn(b}) > blo, the adaptive law for b; in (10.34)
has a projection term. If the initial value of b (¢) satisfies b (0)sgn(b}) = b}, we

have b (t)sgn(b}) = ‘b (t)’ It follows that b (t)b (¢) > 0. Then for all ¢ > 0, we
have ’bi (t)‘ > b},. Thus, from (10.36), we obtain

—eT(e(t) if ’b (t)‘ > b
V= or |b 0] = by and P e)ioOsgn(by) = 0 (10.38)
—eT(te(t) — 2;2 “; Ple(t)vo(r) otherwise.
i=17M

It )13,- (z)‘ = b7y, we have (b (1) — b¥)sgn(b¥) < 0. Furthermore, if |B,- (z)‘ = b},
and Pl e(t)Po(t)sgn(b}) < 0, we have

bi(t) Pl e(0)90(1) = (bi (1) — bY)sgn(b))(PT e(t)o(1)sgn(b})) = 0. (10.39)
With (10.38) and (10.39), we finally obtain
V < —el (e, (10.40)

which means the tracking error e(t) € Loo and parameter errors a;, b b, 1o s bn,d,
b,2 4 € Lo, hence the boundedness ofK,, l,, k,, 8i1, &i»- With (10.32) and (10.10),
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we have x(¢) € L. From (10.22), we obtain () € L. Hence, all the closed-loop
signals are bounded.

From (10.33), we have é¢(t) € L. It follows from (10.40) and the boundedness
of V that

foo el (v)e(v)dt = — /oo Vdtr = V(0) — V(co), V>0, (10.41)
0 0

thatis, e(t) € L,. With Barbalat’s lemma, we have the desired convergence property:
lim,_, e(?) = 0. v

Now we have completed our adaptive actuator fault compensation designs for T-S
fuzzy systems with two actuators (m = 2). In the following section, we will give the
main idea and design outline for the general m > 2 case.

Generalization to m > 2. When the TS fuzzy system (10.7) has more than two
actuators, the nominal control law for the jth healthy actuator can still be designed
as (10.11) and the matching conditions (10.12) in Lemma 10.1 are still needed to
be satisfied to achieve the actuator fault compensation. However, the solutions for
the control parameters Kjj, l;j, kij and gije, i =1,..., N, jel{l,...,m}, j #
JiseesJpS=jts--es jp, I =1,...,n; from (10.12), may not be unique.

With the similar design idea on obtaining (10.22) for the m = 2 case and using
the same actuation scheme (10.19), the nominal controller can be chosen as

S B (K x @) + B O+ K+ Y j, &5 (0)

vy (1) = ~ , (10.42)
2 [B7] A
where
R . . b
K;‘:—*[ai—a?”~-~a;_l—a,’1"_1a,’1—a;"], =
b b¥
b b* "
. o
Ki=— ) i Se=—rde giO= ) ) ghafu®,
J=itsendp ! ! $=j1sees jp [=1
with b = ijj] _____ j,,(l - oj)Sjbj. and b}, = 0,8;bi, s = ji,..., j,, whichareall

piecewise constants changing their values when an actuator fault occurs.

The nominal controller (10.42) provides the basic control structure for the actuator
fault compensation, based on which an adaptive controller can be further developed
by following the similar design procedure as presented for the case m = 2.
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10.2.4 Simulation Study

In this section, we present a simulation study on the proposed adaptive control and
adaptive actuator fault compensation schemes to illustrate the desired system perfor-
mance and the unique advantages of our proposed control schemes.

Simulation system. Consider the following inverted-pendulum system (Wang
et al. 1996):

).C] = X2
gsinx; — amlx3 sin2x;/2 — a cos xju
41/3 — amlcos?x,

dp = , (10.43)

where x; and x, represent the position and velocity of the pendulum with respect
to the vertical line, respectively, u = [uy, u;]” is the input force vector, which is
assumed to be generated by two actuators, a = 1/(m + M), M and m are masses
of the cart and the pole, respectively, [ is the half length of the pole, and g is the
acceleration due to gravity.

In this example, a T-S fuzzy model is constructed by linearizing the nonlinear
plant (10.43) at two operating points for x; € (—7m/2, w/2). The ith rule of the T-S
fuzzy model has the following form (Wang et al. 1996):

R : IF x; is F!, THEN % = A;x + Bju,

where i = 1,2, A; and B; are the local state-space matrices corresponding to the
ith linearized model, and F| and F} are two fuzzy sets representing “about 0" and
“about £ /2”. The membership functions characterizing the fuzzy sets F| and F}
are given in Fig. 10.1.

Simulation results. In the simulation, we use the following system parameters:
M =8.0kg, m =2.0kg, 2] = 1m, g = 9.8m/s%. The reference model is chosen
as A, = [_O { _1 4:| and B,, = [0 I]T with the reference input » = 1. A stuck fault
occurs on up, that is, u(¢) = 1 for ¢ > 30 sec. The parameters and initial condi-
tions used in the simulation are as follows: y;1 = 50, y2; = y3i = y4i = 0.5,x(0) =
[7/6,0]17, x,,(0) = [7/9, 0]" bt ,, =0.1,b5 , = 0.003,3,(0) = [15, 017, 4,(0) =
18, 017, 151(0), 52(0)] = [0.15, ~0.0051, (511, (0). B2, )] = [~0.3, ~0.01], and
[011,4(0), b12,4(0), b21,4(0), b22,4(0)] = [0, 0, 0, O].

The control law is applied to both the T-S fuzzy system and the original plant. The
state tracking responses under a stuck fault are shown in Fig. 10.2. It can be observed
that both the T-S fuzzy system and the original plant can track the states of the
reference model well despite the actuator fault. The adaptive compensation control
signal adjusts itself when the actuator fault occurs at + = 30 sec. The parameter
adaptation of a; is shown in Fig. 10.3.
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Membership

Fig. 10.1 Membership functions for x|

The simulation results verify that all the closed-loop signals are bounded under the
proposed adaptive compensation control scheme and the asymptotical tracking can
still be achieved under actuator faults. The parameters converge to constant values.
The tracking responses of the original plant demonstrate that if the approximation
error is small, the proposed control scheme can be effectively applied to tracking
control of the original plant and produces desirable control performance.

10.3 Adaptive Fault Compensation Control Using Output
Feedback

In this section,' we consider adaptive fault compensation control using output feed-
back. Consider a discrete-time nonlinear system with redundant actuators described
by the following difference equation:

y@) = fOe—D,....,y¢ —n),u1t —d),...,u1(t — n),
o uy(t—d), ..., u,(t —n)), (10.44)

1©[2012] IEEE. Parts of Sect. 10.3 are reprinted, with permission, from Qi et al. (2012).
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Fig. 10.2 State tracking responses under constant fault is (f) = 1

where y € R is the output, u; € R,i = 1,2, ..., m represent m inputs generated by
m actuators.

In Chap.7, an input—output discrete-time T-S fuzzy system (7.4) is employed to
approximate the nonlinear system (10.44) for the case m = 1 and an adaptive control
scheme is developed. In this section, we study the adaptive fault compensation control
design of T=S fuzzy systems with redundant inputs (m > 1).

10.3.1 = Problem Statement

Similar to (7.4) for the case when m = 1 (that is, the nonredundant actuator case),
the following discrete-time T-S fuzzy system model can be used for the case when
m > 1:


https://doi.org/10.1007/978-3-030-19882-4_7
https://doi.org/10.1007/978-3-030-19882-4_7
https://doi.org/10.1007/978-3-030-19882-4_7
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Fig. 10.3 Parameter estimation

R :IF & is F| and & s Fi and ... and & is F]
THEN y(#) +a;1y(t = 1)+ +a;ny(t —n) = by oui(t —d)
+hiaui(t=d =1+ +bripqui(t —n) + -+ by ot —d)
+bp iUt =d — 1) + -+ + by i p—attm(t — 1), (10.45)

withbj;i0#0,j=1,2,...,m,i =1,2,...,N.
The actuator faults can be described by

() =itjo+ Y iy fiu), t =1, (10.46)
=1

for some unknown index j € {1, 2, ..., m}, unknown time instant ¢; and unknown
constantsitjgandu;;,l =1, ..., n;, and known bounded signals f;;(t) andn; > 1
(Tao et al. 2004). This parameterized actuator fault model can be used to closely
approximate a large class of practical fault, by a proper selection of these basis
functions f;,;(¢). The selection of the basis functions of the actuator faults depends
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on individual applications; for example, a common fault is that the actuator is stuck
at an unknown constant value i o, for which those f;;(f) can be set to zero.

The control objective is to find an adaptive control scheme for the global version of
the fuzzy system (10.45) with unknown parameters and subject to failures belonging
to a fault pattern set with unknown fault patterns, values, and time instants, to ensure
closed-loop signal boundedness and asymptotic tracking of a reference output y,, (¢)
by the system output y(z).

10.3.2 Nominal Control Design

In this section, we develop the solution to the adaptive actuator fault compensation
problem. For simplicity of presentation and without loss of generality, we consider
the fuzzy system model (10.45) with two actuators (that is, with m = 2), to construct
a nominal control law for actuator fault compensation and develop an adaptive fault
compensation scheme.

We first derive a global fuzzy system model for the fuzzy system model (10.45)
with two actuators (m = 2). With A;(z~") used in (7.50) and

B;i(z ) =bjio+bjiz "+t bjiaz ", (10.47)
Jj = 1,2, we denote the local system (10.45) as
A OV = 279Bri (@ M 1(®) + 279 Bai (27 Hual (). (10.48)

With (7.8): y(t +d) = 2% Fi(z_ DA (") [y1(t) + Gi(z"")[y](r), and using (10.48),
we obtain

yt+d) = F (@ YBi)Ouil) + Fi(z7 ) Bai(z Hual(®) + Gi(z HIy1)
= B @O 1(0) + Boi (27 Du2](0) + o (7)), (10.49)

where a;(z7') = G;(z™") asin (7.11) and ﬁj,,-(z’l) = F,’(Z’I)Bj,,-(zfl), j=12

Biiz™") =Bjio+ Bz 4+ Bjinmiz "
Bjio =bjio#0, j=1,2. (10.50)

Similar to that described in Proposition 7.2, we have the global fuzzy prediction
system model for the two actuators case (m = 2):


https://doi.org/10.1007/978-3-030-19882-4_7
https://doi.org/10.1007/978-3-030-19882-4_7
https://doi.org/10.1007/978-3-030-19882-4_7
https://doi.org/10.1007/978-3-030-19882-4_7

td WW'

e

u)ntrulm gineers.i
Q @ Lnntrnlcn gineer

¥,

264 10 Adaptive Control of T-S Fuzzy Systems with Actuator Faults

N N
Yi+d) =) i@ IO + Y i @)

i=l1 i=1

N
+ ) iBai D) ). (10.51)

i=1

For this system, there are three possible situations which we need to deal with: (i)
both actuators u, and u, are healthy, (ii) the actuator u, is healthy while u, fails (that
is, uy = uy(t)), and (iii) the actuator u; is healthy while u fails (thatis, u; = u;(¢)).
Our goal is to develop one controller structure which is suitable for all the three
situations.

With B;:(z™) = Bjiaz '+ + Bjin_1z27"FL, j = 1,2, we first consider the
second case with u, = u»). In this case, the nominal control law for u(¢) is

1 N N
() = ———— =Y wiei@HIE) =Y wiBri@Hul@)
1 S wiBrio |: ; : ; e 1

N
- Z /Li:BZ,i(Z_l)[I’_tZ](I) + Ym (+ d)] (1052)

i=1

which, when applied to the system (10.51) with u,(t) = u,(t), brings y(t + d) to
Y (t + d) in one step and leads the closed-loop system stability if the subsystem (u 1,
¥) is minimum phase.

The third case can be similarly handled if the subsystem (5, y) is minimum phase.
Hence, for actuator fault compensation, we need

Assumption 10.3 The individual subsystems (u1, y) and (u#,, y) are minimum phase.

Finally, for the first case with no fault, that is, when both actuators u; and u,
are healthy, there is a need of actuator coordination to meet a desired system output
performance (otherwise, for example, u;(#) and u,(¢) are against to each other, there
would be a problem). Such an actuator coordination is characterized by the chosen
actuation scheme

u;i(t) = 8;vo(t), 8; >0, i=1,2 (10.53)

for an applied input signal vy () to be designed. Then the system (10.51) becomes

N N
Y +d) = oI + Y i vl o), (10.54)

i=1 i=1

where B;(z™) = 81811z + 82824 (27" = Bro + Braz -+ Bz
To ensure the controllability of (10.54) using vy, the following assumption is used.

Assumption 10.4 Z,N:1 wi(E(t))Bio # 0, forall t > 0.
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The control signal vy(¢) can be designed as u(¢) in (9.49), under Assumptions
10.3 and 10.4 for the system (10.54). This brings up the assumption for the redundant
actuator system (10.54):

Assumption 10.5 The coordinated system (10.54) is minimum phase for the chosen
8 >0,i=1,2,.

Nominal control law. Under a chosen actuation scheme (10.53), we propose the
following nominal controller structure for vy (f) to accommodate the above all three
cases:

1 N N _
() = ———— | = Y mioi @ HIYIE) =Y Bz ) vol()

N N
= it @O = Y B DR + v+ d)] :

i=1 i=1

(10.55)
where

B, B, B (10.56)
(81B1.i(z7") + 82821z 1), 0,0) for no failure

=1 G1Briz™), 0, Baiz™h) foruy = u>(t)
(8282, (z7), Bri(z™), 0) foru; = uy(¢)

which are all piecewise time-invariant polynomials which change when an actuator
fault occurs.

Although in the nominal control case ,3; ;(z7") may be zero for some j = 1,2,
for adaptive control when the actuator fault pattern (which actuator fails) is uncer-
tain, they are both treated as parameterized polynomials whose parameters are to be
adaptively estimated.

10.3.3 Adaptive Control Scheme

To develop an adaptive actuator fault compensation scheme, we need to obtain the
estimates of o; (z 1), B¥(z 1), BT (z"") and B, (z~"). In view of (10.56), we express
the system (10.51) as

N N
Ye+d) =) i@ IO + Y wiBl @ vl
i=1 i=1

N N
+ ) wiBr @O + Y B D). (10.57)

i=1 i=1
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In this model, B/ (z~!) is parameterized in the same structure as that of 8 8 ; (z ') +
8282z, 81B1.i(z7") and 8,8,,;(z") (they all have the same structure), and
B (z7" and B3, (z~!) are parameterized in the structures of 8 ; (z~') and B2 (z71),
respectively. For example,

Br) =B+ B+ B (10.58)

The parametrization of S} ; (z~Y[#1](2) involves the parameters of B (z~!) and that
of u;(t), j =1, 2, for which an augmented parametrization using the Kronecker
product of the two sets of parameters is to be employed. Moreover, the parametriza-
tion of ZlN:1 Wi ;‘l (z")[ﬁj](t) is based on combining the known signals p; with the
known basis functions f;,;(t), j =1,2,1=1,...,n;, of the actuator fault model
(10.46).

Parameter estimation. The system (10.57) can be expressed as
2 N
Yt +d) = 0] ¢a(t)+ DY i @I, (10.59)
j=1 i=1

where

0, =161,6%,...,00,1"
Ga(t) = (@)1, ors - Boy]"
Gai (1) = [y (@), wiy(t — 1), ooy —n 4 1), wivo(0), ..., wivo(t —n + D]"

Oui = [0, it - s Qinets Bl Bi1s - s Bint)
The actuator fault i ;(¢) in (10.46) can be parameterized as
ij(t) = pjo+p; fi0, j=12 (10.60)
where pjo =i, pj = i1, 2, ... i, " and fi(6) = [f1(0), fj200), ...,

fj,n,- (t)]T'
Using (10.60), the second term in (10.59) can be written as

N
Y B @O = o) + By, (1), (10.61)
i=1
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where
n—1 n—1
- T N
Pjo= [Z BiixPi0s s Zﬁ;,;v,kpj,o] €R
k=0 k=0

w(t) = [ (1), pa(t), . ..,uN(z)]T e RV
pj =[l37,T1®pJT,.. ﬁ ®pj] c RMmixN
¢f,.(r>=[mf,-T(r>,...,,Lij 0" e RN

fi(t) = M@z HIf1@) € R
Mj(zfl) — [Inja Zillnja o 7n+11n/]T e R(nxn,)xnj

with ® denoting the Kronecker product.
Substituting (10.61) into (10.59) yields

2
Y +d)=0]¢a(t) + Y (Proit(t) + p s (1))
j=1
=0T¢(1), (10.62)

where 0 = [0, , pg. p{. p31" with po = pro+ Pao. and ¢ (1) = [¢7 (1), " (1),
o5 (1), ¢7, (1"

With the closed-loop system in the form (10.62), the estimation of 6 can be
obtained by using the similar parameter adaptation scheme as (7.26):

y (¢t —d)e(r)
c+ Tt —d)pt —d)’

0t) =0 —1)+ (10.63)

where y () € (o, 2 —= ) is an adaptation gain for some constant y € (0, 1),c > 0
is a small design parameter, and e(t) = y(¢) — éT(t — Do —4a).

The parameter adaptation law (10.63) has the similar desired stability properties
as that for (7.26), which have been summarized in Lemma 7.1.

Adaptive control law. With the parameter estimation, the nominal control law
(10.55) can be implemented as

1
vo(t) = ———— it @O = 3 By G HIvel (1)
Zzz'vfl Hi ﬂl 0 |: 121: 121:

- Zu,ﬁl (@Dl — Zuzﬁz,(z_')[uz](t) + ym(t + d)]
i=1 =

(10.64)
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where the parameters of &;(z~!) and ,3;‘(1_1) can be obtained directly from corre-
sponding terms in 6 and the remaining fault-related parts can be calculated as

N N
D Bt OO + Y By Dl 1)

i=1 i=1

=T =T AT
= Do (1) + Py ¢, (1) + Py ¢, (1) (10.65)
with :130, }31 and ;7:2 being the corresponding elements in the parameter estimate

Ar =T =T =T

0 =10 py.p1- 021" (10.66)

Based on the desired properties of the parameter adaptive law (10.63), the follow-
ing closed-loop stability and asymptotic tracking results ~can be proved
(Qi et al. 2012).

Theorem 10.2 The adaptive controller (10.64) with the parameter adaptive law
(10.63), applied to the system (10.57) under Assumptions 10.3—-10.5 and with actu-
ator faults (10.46), guarantees that all closed-loop system signals are bounded and
lim,_, » e(t) = O for the tracking error e(t) = y(t) — Y (?).

Proof The proof of Theorem 10.2 is similar to that of Theorem 7.1 and is sketched
here.

For ¢(1) = [, (1), i” (1), ¢ (1) qbf (0]" in (10.62), ¢,(¢) has the same
signals as that in ¢ (¢) in (7.25) and /L(l‘) oy (t) and ¢, (¢) are all bounded, so that
we also have the result of Lemma 7.2: ||¢(t — d)|| < p1 + p2 maxp<< le(tr + d)|,
for the new signal ¢ (¢) in (10.62). We can also derive the feedback structure of the
closed-loop adaptive control system (as given in (7.106)):

le()| < ¢+ c3es|e(r)| max |e(T)]
0<t<t

+egllft —d)— 0@ — D max le(r)]. (10.67)

inwhiché(¢) € L, N Ly and é(t —d) — é(t — 1) € Ly N Ly as from the properties
of the adaptive law (10.63) (these L, properties ensure that the above feedback system
has a small gain). Then, we can conclude that e(¢) is bounded, and so is u(¢) from
(10.64) (the minimum phase property). From (7.40), we have e(¢) € L,, so that
lim; o e(t) = 0. \%

The above adaptive fault compensation scheme has been designed and analyzed
for fuzzy systems with two redundant actuators. The results obtained can be readily
extended to systems with more actuators.


https://doi.org/10.1007/978-3-030-19882-4_7
https://doi.org/10.1007/978-3-030-19882-4_7
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Fig. 10.4 System responses with and without adaptive fault compensation (AFC) for iz> (t) = 0.05.
©[2012] IEEE. Reprinted, with permission, from Qi et al. (2012)

10.3.4 Simulation Study

In this section, we demonstrate the effectiveness of the adaptive actuator fault com-
pensation design through a simulation example.

Simulation system. In Sect.7.2.4, we use a flexible-joint manipulator system
described by (7.43) as the simulation system to show the performance of the adaptive
control scheme. We have constructed the discrete-time input—output T-S fuzzy model
for this system, as given in Sect.7.2.4.

Here, we use the same plant but with 2 actuators. Correspondingly, a redundant
actuator is added to the fuzzy model so that when one fails, the other can be used to
adaptively compensate the effect of the failed actuator. We start our design from the
following model:


https://doi.org/10.1007/978-3-030-19882-4_7
https://doi.org/10.1007/978-3-030-19882-4_7
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Fig. 10.5 System responses with and without adaptive fault compensation (AFC) for i (t) =

0.05sin(0.2¢). ©[2012] IEEE. Reprinted, with permission, from Qi
R': IF xi(t) is. F{ and x3(t) is F;, THEN

y(@) +aiay — 1) +airy(t —2) +a;3y(t —3)
=byioui(t —2) + byt —3) + by ou(t —

etal. (2012)

+ajay(t—4)
4) + by isu(t — 5+

bajious(t —2) + by jus(t —3) + by jous(t —4) + by 3ux(t —35),

where b =bi, j =1,2,k=0,1,...,3. The global fuzzy system model for the

two actuator case (m = 2) can be derived as follows:

5 5
YE+2) = uioi @ HIO + Y wiBri Ol +
i=1 i=1

where, for j =1, 2,

5
> wir,i @ Hlual),
i=1
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Fig. 10.6 Parameter estimation for 5 () = 0.05 sin(0.27)
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If the jth actuator fails at # =7;, it can be described by u; () = u;(t), t >1t;,
where the fault u;(¢) is characterized by (10.46). In the simulation, we assume
u>(t) = u,(t) and consider two classes of failures:

e a constant fault: u,(¢) = 0.05
e a sinusoidal fault: i, (#) = 0.05sin(0.2¢).

Simulation results. The initial parameter values are set as 80% of their true
values. Other parameters are chosen as y () = 0.8 and ¢ = 0.01. The fault is added
at ¢t = 100s. We consider output tracking of a sinusoidal signal y,, (¢) = 0.5 sin(0.2¢)
under actuator fault. Figure 10.4 shows the system responses for a constant fault with
and without adaptive fault compensation and Fig. 10.5 for a time-varying fault. It
shows that for both cases, with adaptive fault compensation (AFC), the asymptotic
tracking is achieved, while without adaptive actuator fault compensation, the closed-
loop system performance degrades significantly, leading to large tracking errors. For
the AFC case, the parameter estimation is stable and the parameter estimates tend to
converge to some constant values, as shown in Fig. 10.6.
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10.4 Summary

In this chapter, we have developed two adaptive compensation schemes for T-S
fuzzy systems subject to actuator faults, which are applicable to solve the fault-
tolerant control problems for a class of nonlinear systems approximated by T-S
fuzzy systems. To use adaptive control techniques to compensate for the effects
of actuator faults, the key step is to develop a parametrization model containing
unknown system parameters and uncertain fault parameters. Then parameter adaptive
laws are derived to estimate the system parameters and fault parameters together.
Detailed design procedures and rigorous stability and tracking performance analysis
have been provided. Simulation results have demonstrated the effectiveness of the
presented adaptive actuator fault compensation schemes.

10.5 Concluding Remarks

Takagi—Sugeno (T-S) fuzzy modeling and adaptive control has proven to be a pow-
erful tool to deal with the identification and control problems for uncertain nonlinear
systems, which is not only conceptually easy to understand but also owns a sound
analytical basis for carrying out systematic control designs and rigorous stability
analysis. This book has provided readers with a systematic and unified framework
for identification and adaptive control of T-S fuzzy systems, helping readers improve
their understanding and gain enough design techniques to apply this powerful tool
to solve challenging practical control problems.

For different nonlinear systems and based on different modeling methods, T-S
fuzzy systems identified may have different forms: state-space form or input—output
form, continuous-time form or discrete-time form, single-input-single-output (SISO)
form or multi-input-multi-output (MIMO) form, canonical form or noncanonical
form. From the feedback control design perspective, T-S fuzzy system control can
be designed using state feedback or output feedback. From the adaptive control
perspective, adaptive T-S fuzzy control can be direct adaptive control or indirect
adaptive control. From the parameter estimation perspective, T-S fuzzy systems
have both linear parameters and nonlinear parameters, requiring different parameter
adaptation algorithms. In a clear, balanced and unified way, this book has offered a
unique text describing T-S fuzzy identification and adaptive control methodologies
for TS fuzzy systems in various forms and employing different feedback control and
parameter estimation techniques, aiming at reflecting the state of the art in adaptive
T-S fuzzy control as well as at presenting its fundamentals.

Focused on fuzzy system theory and topics, our book has provided a systematic
study of fuzzy system modeling and control problems, using fuzzy system tools for
both function approximation and for feedback control of nonlinear systems. Our
book has shown how fuzzy approximation methods can be used to represent various
dynamic systems, especially, in parameterized forms which are suitable for adap-
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tive control to deal with system uncertainties. Our book has explicitly developed the
design and analysis of various system identification and feedback control schemes
using fuzzy approximators, such as those for state-space system models and input—
output models, for state feedback control to achieve either state tracking or output
tracking, for output feedback control to achieve output tracking, in the presence
of system parametric uncertainties and fault uncertainties, and for continuous-time
systems and for discrete-time systems as well. Our book has built a general frame-
work of adaptive fuzzy system based identification and control for various cases as
mentioned above. The book has developed a set of adaptive fuzzy system based the-
oretical tools parallel to those applicable to ordinary (non-fuzzy) systems to make
essential additions to the literature.
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Appendix A
Proof of Lemma 8.1

Proof (i) Consider the following Lyapunov candidate function

vV =u[@T(O®)], O@1) = O@) — O. (A.1)
With (8.48), we have
Vi)-V@iE—-1)
_ _ y()¢" (t = d)p (1 — d)
- ( gl —d))
T
. e (e . (A.2)
c+ Tt ~d)p@ —d)
Since yy < y(t) < 2 — yp for some constant y € (0, 1), we have
y)¢' ¢ —d)p(r — d)
4 (_2 T r T — Dt - d)) T (A2
where q is a positive constant. Then we obtain
T
V) — Vit — 1) < ——20&_ (el) (A4)

c+¢T(t —d)pt —d)’

which means @ (1) € Lo, and |O(1) — O < |O¢ — 1) — O <--- < [|O(0) —

®, for the matrix norm ||@ (t) — O = \/tr[(@(t) — T (O) — O)].
(i) From (A.4) we also have

Te(t Vie—1) -V
g () - (=1 ()<OO’ (AS5)
c+ Tt —d)p(t —d) ap
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e(t)

—— € L.
St dT (—d)p(—d) *°

Summing (A.4) from 1 to N, we have

which means

V(N) =V (0) - i a0s” (o) (A.6)
a et Tt —d)p(t—d) '

Since V is a nonincreasing bounded function, we can conclude from (A.6) that

N

el (t)e(t)
; ol —dpt—d) (A7)

&(t)

— ¢ L,.
W etol t=d)p(1—d)

(iii) Follows immediately from (A.7).
(iv) From (8.48), we have

and this implies

y (Ot — d)e(t)
c+ ol —d)pt—d
C—wlet -l lle ()

T Vet ot —dp(t —d) NJet ol t—dpt—d)

16@) — 6@ — D =| [

It is easy to see ||@(t) — @(t — 1)|| < o00. Consequently, @(t) — @(t — 1) € Ly
for finite #;.
Furthermore,

16t — 6@ — 1)

_ Y2t = d)e(t) 2

c+ Tt —d)p@ —d)

N R LGl le()]>

T+ Tt —d)p(t—d) c+¢T(t—d)p@ —d)
Q2 — )@

. A.
Tt ¢T(t —d)p(t —d) (A-8)
Summing (A.8) from 1 to N and with (A.7), we have
N A A
PN CIGECIGER V&
t=1
2= y)?le@)]?
= Zc+¢T(t—d)¢(t—d) = (A9)

which means @(t) — @(t —1) €L,
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Appendix A: Proof of Lemma 8.1
Using the Schwarz inequality, we have

16@) — O — 1)
<k(JO@) - O - DI+ 101 1) — O —2)|?
+o 1O -1+ 1) = O — )P, (A.10)

where k is a positive constant. Using (A.9) and (A.10), we obtain
N
dolew - e —n)|* <o (A11)
=1

since 7, is finite. Hence, @ (t — 1) — @(t — d) € L2.
(v) Follows immediately from (A.11).
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