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Preface

Control of uncertain nonlinear dynamic systems has been a challenging topic in the
last few decades. For nonlinear systems with parametric uncertainties, adaptive
nonlinear control combined with backstepping, feedback linearization, sliding
model control techniques has been extensively studied and applied to solve many
practical problems successfully. For nonlinear systems with functional uncertain-
ties, adaptive approximation-based control designs, using neural networks, fuzzy
systems, and traditional adaptive approximators, have attracted much research
interest in the last two decades and evolved to create powerful approaches which
can help achieve stability and tracking results for a wide class of uncertain nonlinear
systems.

In adaptive approximation-based control designs, neural networks, fuzzy sys-
tems, or other traditional function approximators such as polynomials, splines, and
wavelets are employed to approximate unknown nonlinear functions. From a
mathematical perspective, those function approximators can be used in a similar
way when their role is to approximate some static nonlinear functions in dynamic
nonlinear systems. Actually, most adaptive approximation-based control designs
have used neural networks or fuzzy systems in this way: for some classes of
nonlinear systems (strict-feedback, pure feedback, feedback linearizable, etc.),
suitable nonlinear control techniques, such as backstepping and feedback lin-
earization, are applied to develop nonlinear controllers where the unknown non-
linear functions are approximated by neural networks or fuzzy systems. The
parameters or weights of neural networks/fuzzy systems are adaptively adjusted to
compensate the nonlinear effects to achieve desirable control performance.

When not only some nonlinear functions but also the structure of a nonlinear
dynamic system are unknown, dynamic neural networks and dynamic fuzzy sys-
tems provide effective tools to represent the whole unknown dynamic nonlinear
system. Based on some available qualitative (i.e., experience, expert knowledge)
and quantitative (i.e., input–output data) information on the nonlinear system, the
initial structure and parameters of the dynamic neural networks or fuzzy system can
be determined through some offline identification methods. When those models are
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used in online control, their structures and parameters can be further adjusted
through evolutionary and adaptive algorithms.

Among various dynamic approximation models, the fuzzy dynamic system,
usually called Takagi–Sugeno (T–S) fuzzy system, has been widely studied.
Different from conventional Mamdani fuzzy systems, the rule consequents of a T–S
fuzzy system are represented by local linear models rather than fuzzy sets. The
overall T–S fuzzy system is a nonlinear dynamic model by smoothly blending all
the local linear models using fuzzy membership functions. Compared with dynamic
neural networks, T–S fuzzy modeling is intuitively easier to understand since each
of its local models represents the local behavior of a nonlinear dynamic system in
certain operating region defined by the fuzzy sets in the rule premise. From the
control synthesis and analysis perspective, T–S fuzzy systems are very suitable for
systematic control designs and stability analysis.

From the 1990s to 2000s, extensive studies were carried out on T–S fuzzy
systems, leading to many fundamental theoretical results on identification, stability
analysis, and control synthesis of T–S fuzzy systems. Since there exist uncertain
parameters in real-life nonlinear systems, when T–S fuzzy systems are used to
represent real-life nonlinear systems, they have uncertain parameters as well, which
motivated the adaptive control designs for T–S fuzzy systems. Since T–S fuzzy
systems can be viewed as a class of nonlinear dynamic systems, adaptive control of
T–S fuzzy systems is not only an important branch of T–S fuzzy-model-based
control synthesis and analysis but also provides solutions for adaptive control of a
more general class of uncertain nonlinear systems.

This book aims at providing a systematic and unified framework for identifi-
cation and adaptive control of fuzzy systems, especially T–S fuzzy systems. It is
well-known that adaptive control algorithms for both linear and nonlinear systems
are related closely to the system structures, which determines the design conditions,
the controller structure, the estimation error model, the parameter adaptive laws, etc.
In literature, T–S fuzzy systems appear in different forms: state-space form, input–
output form, continuous-time form, discrete-time form, single-input–single-output
(SISO) form, multi-input–multi-output (MIMO) form. On the other hand, from the
perspective of control objective, it can be state tracking or output tracking; from the
perspective of available information for control designs, one can choose state
feedback control or output feedback control. Different system forms, control
objectives, and available information lead to different adaptive control design
methodologies for T–S fuzzy systems, which will be carefully considered and
rigorously addressed within a sound analytical framework in this book.

This book has been written at the first-year graduate level with prerequisite
knowledge of linear algebra, dynamic systems, and feedback control. This book can
be used as a textbook for graduate students in a course of fuzzy modeling and
control, and also a technical reference for graduate students, scholars, engineers in
the fields of mechanical engineering, electrical engineering, aerospace engineering,
computer science, applied mathematics, and others who have some basic knowl-
edge of linear feedback control.
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Organization. With 10 chapters, this book systematically presents identifica-
tion, adaptive state tracking control and output tracking control algorithms for T–S
fuzzy systems of different forms and with unknown parameters.

Chapter 1 introduces some background knowledge. The basic concepts of fuzzy
sets, fuzzy logic, and fuzzy inference system are presented. Some typical fuzzy
systems including Mamdani fuzzy system and T–S fuzzy system are briefly
introduced. A literature review on fuzzy system identification and T–S fuzzy
model-based adaptive nonlinear control is also given.

Chapter 2 aims at giving readers a clear and concise description on some
important features and properties of T–S fuzzy systems, which relate closely to the
problems of T–S fuzzy system identification and control designs, including different
system architectures, approximation capability, stability conditions, stabilization
control, and tracking control.

Chapter 3 reviews basic concepts and design methodologies of adaptive control.
Since T–S fuzzy systems are locally linear models and semi-globally nonlinear
models, their adaptive control designs can be carried out using both adaptive linear
control and adaptive nonlinear control approaches. The goal of this chapter is to
help readers who are not familiar with adaptive control to understand the basic
ideas, classical design methods, and key issues of adaptive linear control and
adaptive nonlinear control.

Chapter 4 presents the identification methods for T–S fuzzy systems. Both lin-
earization based and data-based methods are provided. In the data-based methods,
both offline identification and online identification approaches are studied, where
fuzzy clustering methods are used to identify the model structure and linear and
nonlinear parameter learning methods are adopted to estimate model parameters.

Chapter 5 deals with adaptive state tracking for continuous-time T–S fuzzy
systems in state-space forms. This chapter presents an extensive study on how state
tracking can be achieved for T–S fuzzy systems via various controller structures
and reference model structures. Actually, the control design for T–S fuzzy systems
can be very flexible due to their structure features. It is revealed in this chapter that
by choosing suitable controller structure and reference model, the necessary
plant-model matching conditions for state tracking control can be relaxed. State
tracking control problems for both single-input and multi-input T–S fuzzy systems
are handled with detailed design and analysis. The issue on how to guarantee the
input matrix with estimated parameters nonsingular in the adaptive controller for
multi-input T–S fuzzy systems is also addressed.

Chapter 6 develops a solution framework for adaptive state feedback output
tracking control of general discrete-time state-space T–S fuzzy systems. A normal
form is derived for a global T–S fuzzy model, which has an explicit relative degree
structure and a proper causality property. Such a model is an approximation of a
discrete-time nonlinear system with a general relative degree, based on which an
adaptive state feedback control scheme can be developed with desired stability and
output tracking performance.

Preface ix
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Chapter 7 considers adaptive output feedback control for discrete-time SISO
T–S fuzzy systems described by input–output models. A key advantage of using an
input–output approach over a state-space approach is that desired system tracking
performance can be characterized and achieved based on much relaxed design
conditions for adaptive control, in the presence of system parameter uncertainties.
Two nonlinear prediction models for T–S fuzzy systems with multiple input–output
delays are developed and for each of them, adaptive control schemes with complete
stability and convergence analysis are presented.

Chapter 8 extends the results in Chap. 7 to adaptive control of MIMO
discrete-time T–S fuzzy systems with general delay matrices. The results of this
chapter include the derivation of a global prediction fuzzy system model with a
general delay structure, parametrization and parameter estimation, development of
an adaptive control scheme, stability and tracking analysis of such an adaptive
control system, and illustration of new features and concepts of adaptive control for
MIMO fuzzy systems.

Chapter 9 considers discrete-time input–output multiple-delay T–S fuzzy sys-
tems with unknown membership function parameters and consequent parameters,
and derived a solution for it. A fuzzy system with such uncertain parameters leads
to a nonlinearly parametrized estimation error model, for which the gradient
algorithm can be applied to derive an adaptive law to adaptively update the esti-
mates of both the membership function parameters and rule consequent parameters.
The properties of the parameter adaptive laws and closed-loop stability have been
studied with some key design conditions specified and established for the Gaussian
membership functions.

Chapter 10 presents two adaptive actuator fault compensation scheme for non-
linear systems represented by T–S fuzzy systems with redundant actuators.
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Chapter 1
Introduction

This book presents fuzzy system identification and fuzzy system based adaptive
control methodologies that employ fuzzy systems as dynamic approximation models
of nonlinear systems. Fuzzy system identification can be carried out using offline
input/output (I/O) data collection or in an online mode. Dynamic fuzzy systems are
treated as the design models of nonlinear systems, whose structure and parameters
serve as a foundation for adaptive control designs. This book aims at providing a
systematic and unified framework for identification and adaptive control of fuzzy
system, especially Takagi–Sugeno (T–S) fuzzy systems.

This introductory chapter presents some basic knowledge related closely to other
chapters in this book, such as basics of fuzzy sets, fuzzy inference system, and typical
fuzzy systems.We also provide an overview of fuzzy system identification and fuzzy
system based adaptive control and make it clear to readers what this book is about.

1.1 Basic Concepts of Fuzzy Systems

In this section, a self-contained yet succinct introduction to the basic concepts in
developing a fuzzy system is presented. We mainly focus on the basic knowledge
necessary for understanding the concepts and techniques in other chapters of this
book. The main references for this section are Lilly (2010), Farrell and Polycarpou
(2006), Passino and Yurkovich (1998), and Wang (1994).

1.1.1 Fuzzy Sets

The foundation of fuzzy logic system is fuzzy set. The concept of fuzzy set was first
introduced by Prof. Lotfi A. Zadeh in his paper published in Information and Control
(Zadeh 1965). Fuzzy set is a generalization of the classical set which has clear and

© Springer Nature Switzerland AG 2019
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2 1 Introduction

crisp boundaries. For a classical set, an element can either belong to or not belong
to it, that is, the truth value of the belongingness is either 1 or 0. In contrast with
classical sets, a fuzzy set does not have crisp boundaries and an element can belong
to it with a membership degree between 0 and 1.

Definition 1.1 (Zadeh 1965) A fuzzy set is a class of objects with a continuum of
grades of membership. Such a set is characterized by a membership function which
assigns to each object a grade of membership ranging between 0 and 1.

Mathematically, consider a real number x in a universe of discourseX ⊆ R. Let
A denote a fuzzy set defined on X . A membership function μA(x) of x in A is a
function that maps X into a membership value ∈ [0, 1], which characterizes how
much x belongs to A. Usually, a fuzzy set A is described as

A = {(x, μA(x)) |x ∈ X } . (1.1)

The universe of discourse can be either discrete or continuous, as shown in the
following two examples.

Example 1.1 Consider a university of discourse X = {1, 2, 3, 4, 5}. Let A denote
a fuzzy set “about 3”. Then, the fuzzy set A can be represented by

A = {(1, 0.1), (2, 0.5), (3, 1), (4, 0.5), (5, 0.1)}, (1.2)

in which each pair consists of a member and its degree of membership.

Example 1.2 Let M denote a fuzzy set “fast” defined on the universe of discourse
X = [0, 100](m/s) for the variable x (which represents speed). The membership
function of M for x ∈ X can be defined as

μM(x) =
⎧
⎨

⎩

0, x < 30
x
30 − 1, 30 ≤ x < 60
1, x ≥ 60,

(1.3)

which is shown in Fig. 1.1.

Fuzzy singleton. A special fuzzy set which contains only a single point x with
μ(x) = 1 is called a fuzzy singleton.

Fuzzy singleton plays an important role for fuzzification in Mamdani fuzzy sys-
tems and Takagi–Sugeno (T–S) fuzzy systems.
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1.1 Basic Concepts of Fuzzy Systems 3
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Fig. 1.1 Membership function of fuzzy set “fast”

1.1.2 Fuzzy Logic Operations

For classical sets, there are some logic operations such as AND, OR, and NOT.
For fuzzy sets, typically, most fuzzy logic applications make use of the following
operations:

• fuzzy intersection (AND)
• fuzzy union (OR)
• fuzzy complement (NOT)

Consider two fuzzy sets A and B defined on the universe of discourseX , whose
membership functions are μA(x) and μB(x), respectively, for x ∈ X .

Fuzzy intersection (AND). The intersection of two fuzzy sets A and B, that is,
“A AND B” is represented as “A ∩ B”. The membership function for the fuzzy set
A ∩ B is denoted by μA∩B(x). μA∩B(x) is specified in general by a binary mapping
T , aggregating μA(x) and μB(x) as follows:

μA∩B(x) = μA(x) � μB(x) = T (μA(x), μB(x)), (1.4)

where T (·) is called a T-norm operator.
Two typical T-norm operators for fuzzy intersection are minimum:

Tmin(μA(x), μB(x)) = min(μA(x), μB(x)) (1.5)
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4 1 Introduction

and algebraic product:

Tap(μA(x), μB(x)) = μA(x)μB(x). (1.6)

Fuzzy union (OR). The union of two fuzzy sets A and B, that is, “A OR B” is
represented as “A ∪ B”. Themembership function for the fuzzy set A ∪ B is denoted
by μA∪B(x). μA∪B(x) is specified in general by a binary mapping S, aggregating
μA(x) and μB(x) as follows:

μA∪B(x) = μA(x) ⊕ μB(x) = S(μA(x), μB(x)), (1.7)

where S(·) is called a S-norm operator.
Two typical S-norm operators for fuzzy union are maximum:

Smax(μA(x), μB(x)) = max(μA(x), μB(x)) (1.8)

and algebraic sum:

Sas(μA(x), μB(x)) = μA(x) + μB(x) − μA(x)μB(x). (1.9)

Fuzzy complement (NOT). The complement of a fuzzy set A, that is, “NOT A”
is represented by “ Ā”. The membership function for the fuzzy set Ā is defined as

μ Ā(x) = 1 − μA(x). (1.10)

The fuzzy intersection and union operations introduced above are performed on
fuzzy setswith the samevariable anddefinedon the sameuniverse of discourse.When
we want to perform some operations on fuzzy sets defined on different universes of
discourse, we need to introduce another important concept called fuzzy Cartesian
product.

Definition 1.2 (Cartesian Product) ACartesian product is amathematical operation
that returns a set (or product set or simply product) from multiple sets. That is, for
sets X and Y , the Cartesian product X × Y is the set of all ordered pairs (x, y)
where x ∈ X and y ∈ Y :

X × Y = {(x, y)|x ∈ X , y ∈ Y }. (1.11)

Definition 1.3 (Fuzzy Relation) A fuzzy relation R between the university of dis-
coursesX andY is a fuzzy set defined onX × Y with ordered pairs (x, y) whose
membership function is μR(x, y) ∈ [0, 1]:
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1.1 Basic Concepts of Fuzzy Systems 5

R = {(x, y), μR(x, y)|x ∈ X , y ∈ Y }. (1.12)

Definition 1.4 (Fuzzy Cartesian Product) The Cartesian product between two fuzzy
sets A for x ∈ X and B for y ∈ Y results in a fuzzy relation defined on X × Y :

Q = A × B = {(x, y), μQ(x, y)|x ∈ X , y ∈ Y }, (1.13)

where the membership function

μQ(x, y) = μA×B(x, y) = μA(x) � μB(y), (1.14)

with the � operation taking the T-norm operator minimum or algebraic product.

Definition 1.5 (Linguistic Variable) A linguistic variable is characterized by a quin-
tuple

(x, X , �, G, M), (1.15)

where

x the name of variable
X the universe of discourse of x
� a term set, i.e., the set of linguistic values of x
G a way for generating linguistic values of x
M a way for making each linguistic value associate with its meaning.

Example 1.3 If outdoor temperature denoted by T is interpreted as a linguistic vari-
able defined on the universe of discourseX = [−20, 45](◦C), then its term set could
be

� = {Very cold, Cold, Cool, Warm, Hot, Very hot} (1.16)

with Very cold, Cold, Cool, Warm, Hot, and Very hot being linguistic values of T .
The meaning of each linguistic value may be interpreted as follows:

“Very cold” means “temperature below about −5 ◦C”,
“Cold” means “temperature around 0 ◦C”,
“Cool” means “temperature around 10 ◦C”,
“Warm” means “temperature around 20 ◦C”,
“Hot” means “temperature around 30 ◦C”,
“Very hot” means “temperature above about 35 ◦C”.

Each linguistic value can be characterized by a fuzzy set. For example, fuzzy sets
A1, A2, A3, A4, A5, and A6 represent linguistic values Very cold, Cold, Cool,Warm,
Hot, and Very hot, respectively, whose membership functions are shown in Fig. 1.2.
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Fig. 1.2 Membership functions defined for outdoor temperature

1.1.3 Fuzzy Inference System

Fuzzy inference system is an important application of fuzzy sets and fuzzy logic.
Figure1.3 depicts a typical fuzzy inference system which consists of four essential
components: fuzzy rule base, fuzzification, fuzzy inference, and defuzzification.

Fuzzy rule base. Fuzzy rule base is the foundation of the whole fuzzy inference
system, which consists of a group of “IF-THEN” rules.

For instance, a fuzzy rule base with four rules has the following form:

R1 : IF x̄1 is Ā1 and x̄2 is B̄1, THEN ȳ is C̄1

R2 : IF x̄1 is Ā1 and x̄2 is B̄2, THEN ȳ is C̄2

R3 : IF x̄1 is Ā2 and x̄2 is B̄1, THEN ȳ is C̄3

R4 : IF x̄1 is Ā2 and x̄2 is B̄2, THEN ȳ is C̄4, (1.17)

Fig. 1.3 A typical fuzzy inference system
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1.1 Basic Concepts of Fuzzy Systems 7

where x̄1, x̄2, and ȳ are linguistic variables on the universe of discourses X1, X2,
and Y , respectively; Ā1 and Ā2 are two linguistic values for x̄1, B̄1 and B̄2 are two
linguistic values for x̄2, and C̄1, C̄2, C̄3, and C̄4 are four linguistic values for ȳ.

The first part of the statement, “x̄1 is Ā1 and x̄2 is B̄1” is called the premise of the
rule, and the second part of the statement, “ȳ is C̄1” is called the consequent of the
rule.

Define two fuzzy sets A1 and A2 to characterize the two linguistic values Ā1 and
Ā2, two fuzzy sets B1, B2 for B̄1 and B̄2, and four fuzzy sets Ci for C̄i , i = 1, 2, 3, 4.

Fuzzification. Since x̄1 is a linguistic variable, it can only take linguistic values
(fuzzy sets), and if the input to the fuzzy inference system is a crisp value x1, it
needs to be fuzzified first, that is, to make the crisp value into a fuzzy set. A most
popular fuzzification method is to assign a fuzzy singleton to the crisp value x1, that
is, {(x1, μ(x1) = 1)}. Throughout this book, we use fuzzy singleton in fuzzification
in a fuzzy system or fuzzy controller.

Fuzzy inference. Each premise in (1.17) defines a fuzzy relation, e.g.,

P1 = A1 × B1 (1.18)

on X1 × X2, whose membership function is determined once the T-norm and
S-norm representations of the “and” and “or” operations are selected. Therefore,
the confidence or firing strength of the rule R1 can be calculated by

μP1(x̄1, x̄2) = μA1∩B1(x̄1, x̄2) = μA1(x̄1) � μB1(x̄2), (1.19)

where � can be implemented asminimum or algebraic product. Using fuzzy singleton
in fuzzification and choosing � operation asminimum, the firing strength for two crisp
values x1 and x2 is computed as

μP1(x1, x2) = μA1∩B1(x1, x2) = min(μA1(x1), μB1(x2)). (1.20)

Now, we have completed the interpretingwork of the premise of the rule R1. Inter-
preting the premises of the other rules can be similarly done, which givesμP2(x1, x2),
μP3(x1, x2) and μP4(x1, x2).

Next, we consider how to interpret the whole rule R1. The fuzzy IF-THEN rule
of the form

R1 : IF x̄1 is Ā1 and x̄2 is B̄1, THEN ȳ is C̄1 (1.21)

for x1 ∈ X1, x2 ∈ X2 and y ∈ Y can be interpreted as a fuzzy relation (implication)
represented by

I1 = A1 × B1 −→ C1

= P1 −→ C1. (1.22)
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8 1 Introduction

Definition 1.6 (Fuzzy Implication) Let A and B be two fuzzy sets for two variables
u and v on the universe of discoursesU and V , respectively. A fuzzy implication is
defined as a fuzzy relation on the Cartesian product U × V denoted by

I = A → B, (1.23)

and the membership function μI (u, v) can be calculated from μA(u) and μB(v).

The membership function corresponding to the fuzzy relation (implication) I can
be derived by various fuzzy implication methods such as

Larsen implication: μI (u, v) = μA(u)μB(v)
Kleene-Dienes implication: μI (u, v) = max(1 − μA(u), μB(v))
Mamdani implication: μI (u, v) = min(μA(u), μB(v)).

If the T-norm operator for (1.19) is selected asminimum and the fuzzy implication
method for (1.22) is selected asMamdani implication, then the membership function
for the fuzzy implication I1 = P1 → C1 can be calculated as

μI1(x1, x2, y) = min(μP1(x1, x2), μC1(y))

= min(μA1(x1), μB1(x2), μC1(y)). (1.24)

Similarly, we can obtain the membership functions for μI2(x1, x2, y), μI3(x1, x2, y),
and μI4(x1, x2, y).

Till now, each crisp input value has been converted into a fuzzy singleton and
each fuzzy rule has been converted into a fuzzy implication. There still remain two
questions. How can the fuzzy set in Y inferred from a single rule be determined?
How can the fuzzy set in Y inferred from a group of rules be determined?

Definition 1.7 (Compositional Rule of Inference) Consider a fuzzy rule

IF x is A, THEN y is B, (1.25)

where A and B are two fuzzy sets defined on X and Y , respectively. Given a fact
“x is A′”, the consequence is “y is B ′”, where A′ and B ′ are two fuzzy sets on X
and Y , respectively. B ′ is determined as a composition of the fact and the fuzzy
implication operator

B ′ = A′ ◦ (A → B) (1.26)

and the membership function of B ′ is determined by

μB ′(y) = sup
x∈X

T (μA′(x), μA→B(x, y)), y ∈ Y , (1.27)

where “sup” denotes the least upper bound.
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1.1 Basic Concepts of Fuzzy Systems 9

Based on the compositional rule of inference, given two specific crisp input values
x∗
1 and x∗

2 which are fuzzified as fuzzy sets A′
1 and B ′

1, the inferred fuzzy set C ′
1 in

Y from the rule R1 is determined by

C ′
1 = (A′

1 × B ′
2) ◦ I1 (1.28)

and the membership function of C ′
1 is determined by

μC ′
1
(y) = sup

(x1,x2)∈X 1×X 2

T (μA′
1×B ′

1
(x1, x2), μI1(x1, x2, y)), y ∈ Y . (1.29)

If A′
1 and B ′

1 are selected as fuzzy singletons and minimum is used as the T-norm
operator in (1.27), the membership function of C ′

1 can be determined by

μC ′
1
(y) = min(μA1(x

∗
1 ), μB1(x

∗
2 ), μC1(y)), y ∈ Y , (1.30)

which is also the way to obtain the output fuzzy set in a Mamdani fuzzy system.
Now we have answered the first question: how can the fuzzy set in Y inferred

from a single rule be determined? The output fuzzy set C ′
i = {(y, μC ′

i
(y))|y ∈ Y }

corresponding to each individual rule is determined according to (1.30). The overall
output of the fuzzy inference system can be obtained by either

C ′ = C ′
1 ∪ C ′

2 ∪ · · · ∪ C ′
N (1.31)

or

C ′ = C ′
1 ∩ C ′

2 ∩ · · · ∩ C ′
N , (1.32)

where N is the number of rules.
Wheneach rule is treated as an independent conditional statement that canwork for

all possible operational situations, the overall output fuzzy set is obtained by (1.31).
When the rule base represents a strongly coupled set of conditional statements that
all of them should be taken into account for a given operating situation, the overall
output fuzzy set is obtained by (1.32).

In a Mamdani fuzzy system, the overall output fuzzy set is inferred by (1.31). If
maximum is selected as the fuzzy union operator, the membership function of C ′ is
calculated by

μC ′(y) = N
max
i=1

(μC ′
i
(y)), y ∈ Y . (1.33)

Now we have finished the procedure of fuzzy inference and obtained the overall
output fuzzy set C ′ = {(y, μC ′(y))|y ∈ Y }. However, the output fuzzy set cannot
be directly used in applications. It is necessary to convert the fuzzy sets into crisp
values for further processing.
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10 1 Introduction

Defuzzification. Defuzzification means the fuzzy-to-crisp conversion, which is a
process to select a representative element (unique single-valued quantity) from the
fuzzy output inferred from a fuzzy rule-based system. In literature, there are many
defuzzification approaches such asmaximum defuzzificaton, center of gravity (COG)
defuzzification, center-average (CA) defuzzification, etc.

1. Maximum defuzzification

Ω(y) = {y ∈ Y |μC ′(y) = sup
y∈Y

(μC ′(y))}
y∗ = g(Ω(y)), (1.34)

where “sup” denotes the least upper bound, Ω(y) is a set containing all the values of
y that achieve the maximummembership function value ofC ′ inY , and the function
g represents a way to determine the unique crisp output y∗ from Ω(y). For instance,
g could be used to select the maximum, mean, or minimum value of y in Ω(y).

2. Center of gravity (COG) defuzzification
The center of gravity method is also called the center of area method. The crisp

output y∗ is chosen as the center of area for the membership function of the overall
output fuzzy set C ′:

y∗ =
∫

Y μC ′(y)ydy
∫

Y μC ′(y)dy
. (1.35)

3. Center-average (CA) defuzzification
Define the center of area of the i th output fuzzy set C ′

i as a point y
∗
i satisfying

∫ y∗
i

−∞
μC ′

i
(y)dy =

∫ ∞

y∗
i

μC ′
i
(y)dy. (1.36)

The crisp output of the overall fuzzy system can be calculated as

y∗ =
∑N

i=1 y
∗
i supy∈Y {μC ′

i
(y)}

∑N
i=1 supy∈Y {μC ′

i
(y)} . (1.37)

1.2 Typical Fuzzy Systems

In the area of fuzzy system identification and fuzzy logic control, there are two types
of fuzzy systems that aremost popular inmany identification and control applications.
One is Mamdani fuzzy system and the other is Takagi–Sugeno (T–S) fuzzy system.
The main difference between them lies in the consequent of the rule. The consequent
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1.2 Typical Fuzzy Systems 11

of a Mamdani fuzzy rule is a fuzzy set while the consequent of a T–S fuzzy rule is a
crisp function.

1.2.1 Mamdani Fuzzy Systems

With x1 ∈ X1, x2 ∈ X2, . . ., , xL ∈ XL and y ∈ Y , a Mamdani fuzzy system is a
nonlinear mapping from X = X1 × . . . × XL to Y , which admits the following
form:

Ri : IF x̄1 is Ā j
1 and x̄2 is Āk

2 and . . . and x̄L is Āl
L , THEN ȳ is C̄i , (1.38)

where i ∈ [1, . . . , N ], Ā j
1 represents the j th linguistic value of x̄1, Āk

2 represents the
kth linguistic value of x̄2, and so on.

For the simplicity of notation, in the rest of this book, we will dispense with the
bar over the linguistic variables and values, resulting in the fuzzy rule described by

Ri : IF x1 is A j
1 and x2 is Ak

2 and . . . and xL is Al
L , THEN y is Ci , (1.39)

where x1 is deemed as a linguistic variable by default, A j
1 represents both the j th

linguistic value Ā j
1 and the fuzzy set associated with Ā j

1, and so on.
Using singleton fuzzification and minimum for the “and” operation, the firing

strength of each rule denoted by λi (x) is calculated by

λi (x) = min(μA j
1
(x1), μAk

2
(x2), . . . , μAl

L
(xL)). (1.40)

Using theMamdani implication method, the output fuzzy set C ′
i of the i th rule is

characterized by the membership function

μC ′
i
(y) = min(λi (x), μCi (y)), y ∈ Y . (1.41)

Interpreting the relation among different rules as “or” and usingmaximum for the
“or” operation, the overall output fuzzy set is obtained as

C ′ =
N⋃

i=1

C ′
i (1.42)

whose membership function μC ′(y) is computed by

μC ′(y) = N
max
i=1

(μC ′
i
(y)), y ∈ Y . (1.43)
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12 1 Introduction

Using the center of gravity (COG) defuzzificationmethod, the overall crisp output
is computed by

y∗ =
∫

Y μC ′(y)ydy
∫

Y μC ′(y)dy
. (1.44)

1.2.2 Takagi–Sugeno (T–S) Fuzzy Systems

Takagi–Sugeno (T–S) fuzzy systems are one important class of fuzzy systems, which
were proposed by Takagi and Sugeno (1985). Compared with Mamdani fuzzy sys-
tems, T–S fuzzy systems are more suitable systematic control design and synthesis
and their parametric form makes it convenient to employ various parameter estima-
tion algorithms. In this section, we present a brief introduction to T–S fuzzy systems,
including their rule structure and inference method.

The main difference between T–S fuzzy systems and Mamdani fuzzy systems is
in the form of the consequent parts of their rules. The consequents of T–S fuzzy rules
are usually real-valued functions instead of fuzzy sets. T–S fuzzy systems have the
following general form:

Ri : IF x1 is F
i
1 and x2 is F

i
2 and . . . and xL is Fi

L

THEN y = gi (x1, x2, . . . , xL), (1.45)

where Ri denotes the i th fuzzy rule, x1, x2, . . . , xL are premise (input) variables on
the universe of discourses X1,X2, . . ., XL , respectively; gi (·) is a crisp function,
and Fi

j denotes a fuzzy set associated with which there is a membership function
μFi

j
(x j ) i = 1, 2, . . . , N , j = 1, . . . , L , N is the number of fuzzy rules, and L is the

number of premise variables.
The consequent part y = gi (·) of T–S fuzzy system can represent either a static

mapping or a dynamic relation, which leads to two kinds of T–S fuzzy systems: static
T–S fuzzy system and dynamic T–S fuzzy system, which will be presented in details
in Chap.2.

Using singleton fuzzification and product for the “and” operation, the firing
strength of each rule is calculated by

λi (x) =
L∏

j=1

μFi
j
(x j ), (1.46)

where x = [x1, x2, . . . , xL ]T .
The overall output of the fuzzy model (1.45) is inferred by taking the weighted

average of all local models:
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1.2 Typical Fuzzy Systems 13

y =
∑N

i=1 λi (x)gi (x)
∑N

i=1 λi (x)
, (1.47)

which can be further formulated into

y =
N∑

i=1

μi (x)gi (x), (1.48)

where μi (x) is the normalized firing strength

μi (x) = λi (x)
∑N

i=1 λi (x)
. (1.49)

Amore extensive introduction to T–S fuzzy systems including static and dynamic
T–S fuzzy systems, their universal approximation property, stability conditions, sta-
bilization control, and state and output tracking control designs will be presented in
Chap.2.

1.3 Fuzzy System Identification

In the early approaches, most of fuzzy identification problems were dealt with by
preselecting structures and then adjusting membership functions by trial-and-error.
A landmark approach on synthesizing an algorithm that tackles structure and param-
eter identification of T–S fuzzy models was made by Takagi and Sugeno (1985).
Since then, a number of algorithms for structure and/or parameter determination
from I/O data have been proposed. A successive identification for synthesizing a
T–S fuzzy model was proposed by Sugeno and Kang (1988), which determined the
model structure by combining least-square estimation (LSE) with an unbiasedness
criterion and adjusted parameters using a weighted recursive least-square estimation
(wRLSE). In the early 1990s, the idea of tuning the parameters of fuzzymodels using
I/O data attracted much research interest. Inspired by the award winning paper on the
identification of neural networks using static or dynamic back propagation gradient
descent (BP/GD) learning algorithm (Narendra and Parthasarathy 1990), a BP/GD
algorithm for training fuzzymodelswas developed based on the basic concept that the
BP algorithm can be applied to any feedforward networks (Wang andMendel 1992).
Jang (1993) proposed a fuzzy-neuro method for tuning parameters of T–S fuzzy
models. Yager and Filev proposed a unified structure and parameter identification
approach to identify fuzzy models (Yager and Filex 1993) and the mountain cluster-
ing method for fuzzy rule generation (Yager and Filex 1994). Following Yager and
Filev’s work, Chiu (1994) proposed a modified mountain clustering (MMC) method
for fuzzy model identification. Jang (1993) proposed an adaptive network-based
fuzzy inference system (ANFIS). Sun (1994) extended Jang’s ANFIS algorithm to
identify structure using the concept of binary box tree. In Barada and Singh (1998), a
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14 1 Introduction

method to generate optimal adaptive T–S fuzzy models from I/O data was described.
This method achieved structure determination by a combination of MMC algorithm,
RLSE andGMDH. Parameter adjustment is achieved by training the initial T–S fuzzy
model using ANFIS. An algorithm to improve the interpretability of T–S fuzzy mod-
els by combing global learning and local learning was proposed in Yen et al. (1998).
A novel framework for fuzzy modeling with multivariate membership functions and
model-based control design was described in Abonyi et al. (2001).

More recent research shows more interest in supervised fuzzy clustering, proba-
bilistic fuzzy clustering, and online identification of fuzzy models. Supervised fuzzy
clustering uses the class label of each data point to identify the optimal set of clusters
that describe the data. A supervised fuzzy clustering method for the identification
of fuzzy classifiers was proposed in Abonyi and Szeifert (2003). In Liu and Huang
(2003), an evolution semi-supervised fuzzy clustering algorithm was described for
learning classifier from labeled and unlabeled data. Some drawbacks exist in classi-
cal fuzzy clustering algorithms such as fuzzy c-means (FCM) (Bezdek 1976, 1981).
When applying standard FCM into fuzzy modeling with Gaussian distributions, the
application of Euclidean distance usually equalizes the effect of mean and standard
deviation and leads to some rather medium results. A modified FCM algorithm was
proposed in Nefti and Oussalah (2004) which used a probabilistic distance struc-
ture in standard FCM. In Abonyi et al. (2002), a modified Gath-Geva (MGG) fuzzy
clustering, which interpreted the Gath-Geva (GG) clustering algorithm (Gath and
Geva 1989) in the probabilistic framework, was proposed to construct interpretable
T–S fuzzy models based on the expectation–maximization (EM) identification of
Gaussian mixture of models.

Most of the above methods suppose that all the data is available at the start
of training process and are appropriate for offline applications only. This form of
learning sounds easy to guarantee its success in reaching an optimal solution based
on its learning objective function. Furthermore, it has the flexibility in recalling the
stored training data to improve the quality of learning. However, the offline learning
algorithms often take a long time and need a large amount of memory. The whole set
of rules have to be generated from the scratch when new data are coming. Besides,
they cannot be applied to an environment where data are acquired online, such as
closed-loop control and adaptive systems. Online learning methods, on the other
hand, consider training data one by one. Clusters are built up incrementally. Kasabov
et al. (2002) proposed an evolving, distance-based connectionist clustering method
to partition the input space for the purpose of creating fuzzy inference rules. Lee
and Ouyang (2003) designed a self-constructing rule generation algorithm (SCRG)
to extract fuzzy rules based on similarity measures.

In Angelov (2002), evolving Rule-based (eR) models used the informative poten-
tial of the new data (accumulated spatial proximity information) as trigger to update
the rule base, which ensured greater generality of the structure changes. In Angelov
and Filev (2004), the concept of eR was further developed with respect to online
identification of T–S fuzzymodels. Recursive procedures for calculation of the infor-
mation potential of the new data and of the consequent parameters were introduced,
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1.3 Fuzzy System Identification 15

which are vitally important for real-time applications. This method was extended to
identify MIMO T–S fuzzy models in Angelov et al. (2004).

In recent decade, more researches have been done on evolving T–S fuzzy models
(Kalhor et al. 2013; Lin et al. 2013; Baruah and Angelov 2014; Rastegar et al. 2017).
Several approaches based on clustering technique have been proposed for optimal
structure selection of the T–S fuzzy models, such as a unified min-max approach to
fuzzy clustering, estimation, and identification which attempts to minimize worst-
case effect of data uncertainties and modeling errors on estimation performance
(Kumar and Stoll 2006), an online local learning with generic fuzzy input T–S fuzzy
framework for nonlinear system estimation (Quah and Quek 2006), a structure iden-
tification algorithm using dual kernel-based learning machines (Li and Yang 2008), a
fuzzy c-regression model clustering algorithm (Li et al. 2009), a hyperplane-shaped
clustering (HPSC)model based on the gravitational search algorithmwas proposed in
Li et al. (2012), and a supervised, hierarchical clustering algorithmwhich is effective
in solving the problem of global model accuracy, together with the interpretability
of local models as valid linearizations of the modeled nonlinear system (Hartmann
et al. 2011). Besides, Hou et al. (2007) proposed a method using fuzzy average with
fuzzy cluster distribution to identify the key variables for complex systems with
high-dimensional input space. Li et al. (2017) designed a hyperplane-shaped fuzzy
membership function to match HPSC for T–S fuzzy model identification. Tasi and
Chen (2018) proposed an identification method for the T–S fuzzy model based on
the Xie-Beni index and an improved particle swarm optimization algorithm.

The parameter identification of fuzzy systems can be carried out by either series–
parallel configuration or parallel configuration. Banakar and Azeem (2011) made a
comparative study on them. Liu et al. (2014) developed a novel cost function which
is the combination of these terms constituted of decomposing least-square support
vector machine (LS-SVM) and error terms for the identification of T–S fuzzy system.

Most fuzzy identification algorithms consider multiple-input single-output
(MISO) fuzzy systems. Multi-input multi-output (MIMO) fuzzy systems are usu-
ally treated as a group of MISO systems. Luo et al. (2014) took into account the
block structure information in the MIMO T–S fuzzy system and cast the problem of
multidimensional output fuzzy model identification as a joint structure sparse opti-
mization problem, where the consequent parameters are estimated with a common
block structured sparsity pattern over all dimensions of the output variable.

1.4 Fuzzy System Based Adaptive Control

Control design and analysis for nonlinear systems is always a challenging task,
especially when there exist uncertainties in a nonlinear system. Adaptive control
provides effective methodologies to deal with parametric uncertainties in linear and
nonlinear systems (Goodwin and Sin 1984; Astrom and Wittenmark 1995; Krstić et
al. 1995; Ioannou and Sun 1996; Tao 2003; Landau and Lozano et. al. 2011).
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16 1 Introduction

Approximation-based adaptive control provides an effective way for control
designs for nonlinear systems with functional and parametric uncertainties (Far-
rell and Polycarpou 2006). Fuzzy systems, as a class of universal approximators
(Buckley 1993; Kosko 1994; Zeng and Singh 1994, 1995; Castro 1995; Castro and
Delgado 1996; Ying 1998b; Cao et al. 1997a; Robatti 1998; Ying 1999a; Zeng et al.
2000; Rastegar et al. 2017), can represent static nonlinear functions or dynamic non-
linear systems. The former employs fuzzy systems as static nonlinear mapping from
input space to output space while the latter treats fuzzy systems, especially dynamic
T–S fuzzy systems, as dynamic models of nonlinear systems.

In this section, we give an overview of both static fuzzy system approximator
based adaptive control and dynamic T–S fuzzy system based adaptive control.

1.4.1 Fuzzy Systems as Static Function Approximators

In order to deal with the uncertainties of nonlinear systems, in the fuzzy control
system literature, a considerable amount of adaptive approximation-based control
schemes have been suggested (Wang 1994; Spooner et al. 1997; Chai and Tong 1999;
Ordóñez and Passino 1999;Wang and Lin 1999; Chen and Zhang 2000; Jagannathan
et al. 2000; Zhang and Bien 2000; Han et al. 2001; Yu and Sun 2001; Gao and Er
2003; Golea et al. 2002a, b; Li and Lee 2003; Li and Tong 2003, 2016; Nounou and
Passino 2004; Chiu 2005; Cheng and Chien 2006; Lin and Xu 2006; Phan and Gale
2007; Wang et al. 2007, 2010; Choi 2008; Moustakidis et al. 2008; Zou et al. 2008;
Shi 2008; Chiang et al. 2009; Chen et al. 2009, 2010, 2012; Boulkrounea et al. 2010;
Hojati and Gazor 2010; Li et al. 2010; Nekoukar and Erfanian 2011; Pan et al. 2011;
Theodoridis et al. 2011; Gao et al. 2012; Lin and Li 2012; Tong et al. 2012; Lin et al.
2013; Qi et al. 2013; Shi 2014; Liu and Tong 2014, 2015; Chwa 2015; Long and
Zhao 2016; Wu and Yang 2016; Lai et al. 2017; Wiktorowicz 2017; Wu et al. 2017;
Zhang et al. 2017).

In the studied approaches, depending on the structure features of the nonlinear
systems (e.g., feedback linearizable, strict feedback, pure feedback), different non-
linear controllers (e.g., feedback linearization control, backstepping control, sliding
mode control, etc) can be designed based on nonlinear control theory (Nijmeijer and
Van der Schaft 1990; Isidori 1995; Khalil 2002). Since there exist unknown nonlin-
ear functions in those nonlinear systems, the nonlinear controllers designed based
on those nonlinear functions cannot be implemented in reality. Under such circum-
stances, fuzzy systems are employed as static function approximators to approximate
the unknown nonlinear functions such that nonlinear controllers can be implemented
using the approximated values. Depending on whether the fuzzy systems are used to
approximate the nonlinear functions in the nonlinear systems or the whole nonlinear
controllers, the adaptive fuzzy system approximation-based control can be classified
as indirect adaptive fuzzy control and direct adaptive fuzzy control.
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1.4 Fuzzy System Based Adaptive Control 17

The role of fuzzy systems as static function approximators in adaptive
approximation-based control schemes is similar to that of other function approxima-
tors, such as polynomials, B-Splines, neural networks, etc (Farrell and Polycarpou
2006).

1.4.2 Fuzzy Systems as Dynamic Systems

For dynamic fuzzy system based control designs, the dynamic fuzzy system is treated
as a dynamic nonlinear system rather than a static nonlinear mapping function. As
a class of nonlinear systems, dynamic T–S fuzzy systems have their own structure
features, e.g., each subsystem in a rule is a linear system while the overall T–S fuzzy
system is a nonlinear system due to the participation of membership functions. For
dynamic T–S fuzzy systems, it is convenient to apply mature linear control theory to
design local linear controllers that can stabilize each local linear system. However,
how to prove the overall nonlinear controller constructed from local linear controller
can make the overall T–S fuzzy system stable is a problem. In the past two decades,
massive research work has been done on the stability of T–S fuzzy systems (Tanaka
and Sugeno 1992; Cuesta et al. 1999; Johansson et al. 1999; Chadli et al. 2000;
Chou and Chen 2001; Liu and Zhang 2003; Pang and Guu 2003; Feng 2004; Sun
andWang 2006; Kalhor et al. 2013; Liu et al. 2014). Besides, stabilization control of
T–S fuzzy systems (Tanaka et al. 1996; Wang et al. 1996; Feng et al. 1997; Cao et al.
1995, 1997a, b, 1999; Li and Li 2004; Xiu and Ren 2005; Zhou et al. 2005; Ting
2006) also attracts much attention. In Feng (2006) and Feng (2010), a comprehensive
overview is given on stability conditions and stabilization control of dynamic T–S
fuzzy systems. In the Lyapunov-based stability analysis and stabilization control
designs of T–S fuzzy systems, the selection of Lyapunov functions plays a critical
role in relaxing the stability conditions, which usually requires finding solutions to a
group of linearmatrix inequalities (LMIs). InChap.2, wewill present some results on
stability conditions and stabilization control of T–S fuzzy systems based on single
quadratic Lyapunov function, piecewise quadratic Lyapunov functions, and fuzzy
quadratic Lyapunov function.

For output tracking control of dynamic T–S fuzzy systems, it is important to derive
the relative degree, zero dynamics and define the minimum phase property of T–S
fuzzy systems such that feedback linearization control techniques can be applied. The
relative degrees of discrete-time T–S fuzzy systems and continuous-time T–S fuzzy
systems are derived in Qi et al. (2013b) and Zhang et al. (2017), respectively, where
the corresponding zero dynamics and minimum phase property are also defined.

When there exist uncertain parameters in T–S fuzzy systems, T–S fuzzy system
based control designs can be combinedwith adaptive controlmethodologies to handle
parametric uncertainties (Cho et al. 2002; Feng 2002; Feng et al. 2002; Park and Cho
2004; Lin and Xu 2006; Qi and Brdys 2005, 2008; Hyun et al. 2010; Wang et al.
2010; Khanesar et al. 2011; Qi et al. 2011, 2012a, b, 2013b, 2014; Huang et al. 2014;
Zhang et al. 2017).
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18 1 Introduction

1.5 What This Book Is About

This book is about identification and adaptive control of T–S fuzzy systems.

Identification of T–S fuzzy systems. The identification algorithms introduced
in Chap.4 can be applied to identify either static T–S fuzzy systems or dynamic
discrete-time T–S fuzzy systems. Both offline and online identification algorithms
will be presented which enable one to obtain the system structure (premise variables
and number of rules) and parameters (membership function parameters and conse-
quent parameters) completely from input–output (I/O) data. The T–S fuzzy system
identified offline can serve as an initial model for control design whose structure and
parameters can be further tuned using online data in closed-loop control.

It is not our intention to give a comprehensive overview on the identification
methods for fuzzy systems. We want to present this topic in a tutorial way that is
concise and easy to follow for graduate students to construct a T–S fuzzy system
from I/O data of a nonlinear plant, which can be used in T–S fuzzy system based
adaptive control design.

Adaptive control of T–S fuzzy systems. T–S fuzzy systems are widely used
in adaptive approximation-based control, which serve as static nonlinear function
approximators. The underlying technical issues of such approaches are similar to
other adaptive approximation-based control approaches, such as adaptive neural con-
trol approaches.

In this book, we specifically consider adaptive control designs of dynamic T–S
fuzzy systems. Dynamic T–S fuzzy systems can be deemed as a class of dynamic
nonlinear systems with a special structure. It is well known that the control design
for nonlinear systems is related closely to system structure. Dynamic T–S fuzzy sys-
tems have several forms: continuous-time state-space form, discrete-time state-space
form and discrete-time input–output form and theymay be single-input single-output
(SISO) systems or multi-input multi-output (MIMO) systems. Different forms of
T–S fuzzy systems own different structure characteristics which should by analyzed
carefully such that suitable control schemes can be designed.

This book provides a systematic study on how adaptive control schemes can
be designed for different forms of dynamic T–S fuzzy systems, covering both
continuous-time and discrete-time T–S fuzzy system, both state-space form and
input–output form T–S fuzzy systems, both SISO and MIMO T–S fuzzy systems,
to achieve both state tracking and output tracking. Some important issues such as
relative degree and zero dynamics of T–S fuzzy systems, minimum phase property
of T–S fuzzy systems are discussed and defined. Parametrization models of T–S
fuzzy systems are developed based on which parameter adaptive laws are derived.
Closed-loop stability and tracking performance analysis are provided. The effects
of modeling errors and disturbances are also addressed and parameter adaptive laws
are modified to guarantee the robustness of parameter adaptation.
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1.5 What This Book Is About 19

This book builds a framework for adaptive control of uncertain nonlinear sys-
tems based on dynamic T–S fuzzy systems with rigorous theoretical formulation and
detailed design techniques, which is a stimulating text for researchers and graduate
students in the area of nonlinear system control and a valuable reference for practical
control engineers.
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Chapter 2
T–S Fuzzy Systems

This chapter presents an overview of ideas and techniques of Takagi–Sugeno
(T–S) fuzzy systems. In Chap.1, we have introduced the basic concepts of fuzzy sets,
fuzzy logic, and fuzzy inference mechanism. This chapter aims to present a neces-
sarily selective review on T–S fuzzy systems including their architectures, important
properties, and applicability in the field of nonlinear system identification and control
with particular emphasis on the issues which are directly related to the main topics
addressed in the following chapters.

For readers who want to know more on fuzzy sets, fuzzy logic, fuzzy inference
system, and fuzzy control, here are some good reference books. An introductory-
level exposure to fuzzy set, fuzzy logic, fuzzy modeling, and control can be gained
by reading the book Lilly (2010), which is very suitable for beginners. A pragmatic
engineering approach to the design, analysis, performance evaluation, and imple-
mentation of fuzzy control systems can be found in the book (Passino and Yurkovich
1998). A unique reference devoted to the systematic analysis and synthesis of model-
based fuzzy control systems is offered by Feng (2010).

2.1 Static T–S Fuzzy Systems

In Sect. 1.2.2, we have presented a brief introduction to general T–S fuzzy systems
in the form (1.45), that is,

Ri : IF ξ1 is F
i
1 and ξ2 is F

i
2 and . . . and ξL is Fi

L

THEN y = gi(ξ1, ξ2, . . . , ξL), (2.1)

where Ri denotes the ith fuzzy rule, ξ1, ξ2, . . . , ξL are premise (input) variables on
the universe of discourses X1,X2, . . ., XL, respectively, y is an output variable on
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26 2 T–S Fuzzy Systems

the university of discourse Y , gi is a crisp function, and Fi
j denotes a fuzzy set for

ξj on Xj, i = 1, 2, . . . ,N , j = 1, . . . ,L.

Remark 2.1 In order to distinguish premise variables and state variables in a fuzzy
system, from now on, we use ξ1, ξ2, . . . to denote premise variables and x1, x2, . . . to
denote state variables.

In a static T–S fuzzy system, the function gi is a static mapping fromX1 × X2 ×
· · · × XL to Y , which usually takes the following form:

Ri : IF ξ1 is F
i
1 and ξ2 is F

i
2 and . . . and ξL is Fi

L

THEN y = θi,0 + θi,1ξ1 + · · · + θi,LξL, (2.2)

where θi,0, θi,1, . . . , θi,L are coefficients of the ith function. If θi,0 = 0, the consequent
part represents a linear mapping and if θi,0 �= 0, the mapping is called “affine”.

Using singleton fuzzification, product inference, and weighted average, the fuzzy
model (2.2) can be transformed into the following global model:

y =
N∑

i=1

μi(ξ)(θi,0 + θi,1ξ1 + · · · + θi,LξL), (2.3)

where ξ = [ξ1, ξ2, . . . , ξL]T , μi(ξ) is the normalized firing strength of the ith rule:

μi(ξ) = λi(ξ)
∑N

i=1 λi(ξ)
(2.4)

which is calculated from the firing strength λi(ξ):

λi(ξ) =
L∏

j=1

Fi
j (ξj). (2.5)

Remark 2.2 To maintain notational simplicity, for the rest of this book, we use Fi
j

to represent a fuzzy set and Fi
j (ξj) to represent its membership function.

The membership functions Fi
j (ξj) can be chosen as typical fuzzy membership

functions such as triangular, trapezoidal, Gaussian functions, etc. For example, a
Gaussian membership function has the following form:

Fi
j (ξj) = exp

[
− (ξj − cij)

2

2σ i 2
j

]
, (2.6)

where cij and σ i
j are the center and radius of Gaussian function, respectively.

From the definition of μi in (2.4), it can be concluded that μi, i = 1, 2, . . . ,N
satisfy the following properties:
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2.1 Static T–S Fuzzy Systems 27

μi ≥ 0,
N∑

i=1

μi = 1. (2.7)

It can be observed that the global T–S fuzzy system (2.3) essentially performs
a nonlinear interpolation between the linear/affine mappings. μi(ξ) plays a role to
determine the weight of each linear/affine mapping in the overall nonlinear mapping.

Example 2.1 Consider two variables ξ1 ∈ [−1, 1] and ξ2 ∈ [−2, 2]. For each vari-
able, two fuzzy sets are defined on their universe of discourses, that is, [−1, 1] and
[−2, 2] respectively. Specifically, the fuzzy sets for ξ1 are F1

1 and F2
1 and for ξ2 are

F1
2 and F2

2 . Then, a static T–S fuzzy system with four rules (N = 4) can be formed:

R1 : IF ξ1 is F
1
1 and ξ2 is F

1
2 , THEN y = 1 + 2ξ1 + ξ2,

R2 : IF ξ1 is F
1
1 and ξ2 is F

2
2 , THEN y = 2 + ξ1 − 0.5ξ2,

R3 : IF ξ1 is F
2
1 and ξ2 is F

1
2 , THEN y = 3 − 2ξ1 + ξ2,

R4 : IF ξ1 is F
2
1 and ξ2 is F

2
2 , THEN y = 2 + 0.5ξ1 − ξ2., (2.8)

where the fuzzy sets F1
1 , F

2
1 , F

1
2 , and F

2
2 are characterized by the following Gaussian

membership functions:

F1
1 (ξ1) =

{
exp

[
− 1

2

(
ξ1+1
0.8

)2]
, if ξ1 ≥ −1

1, otherwise
(2.9)

F2
1 (ξ1) =

{
exp

[
− 1

2

(
ξ1−1
0.8

)2]
, if ξ1 ≤ 1

1, otherwise
(2.10)

F1
2 (ξ2) =

{
exp

[
− 1

2

(
ξ2+2
1.5

)2]
, if ξ2 ≥ −2

1, otherwise
(2.11)

F2
2 (ξ2) =

{
exp

[
− 1

2

(
ξ2−2
1.5

)2]
, if ξ2 ≤ 2

1, otherwise
(2.12)

which are shown in Figs. 2.1 and 2.2.
The firing strengths of the four rules are calculated by

λ1(ξ) = F1
1 (ξ1)F

1
2 (ξ2), λ2(ξ) = F1

1 (ξ1)F
2
2 (ξ2),

λ3(ξ) = F2
1 (ξ1)F

1
2 (ξ2), λ4(ξ) = F2

1 (ξ1)F
2
2 (ξ2). (2.13)

The normalized firing strength μi can be obtained using

μi(ξ) = λi(ξ)
∑N

i=1 λi(ξ)
, i = 1, 2, 3, 4. (2.14)

The overall output of the static T–S fuzzy system is obtained as
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2

y = μ1(ξ)(1 + 2ξ1 + ξ2) + μ2(ξ)(2 + ξ1 − 0.5ξ2)

+μ3(ξ)(3 − 2ξ1 + ξ2) + μ4(ξ)(2 + 0.5ξ1 − ξ2). (2.15)
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2.1 Static T–S Fuzzy Systems 29

Given a particular crisp input (ξ ∗
1 , ξ ∗

2 ), the corresponding overall crisp output can
be calculated through (2.9)–(2.15).

The static T–S fuzzy systemwith the form (2.2) represents a static nonlinear map-
ping from input space to output space, which is usually used for function approxima-
tion. Its universal approximation capability has been proven and will be presented in
Sect. 2.3.

In the following section, we will introduce the dynamic T–S fuzzy system which
is more suitable for systematic control system analysis and synthesis.

2.2 Dynamic T–S Fuzzy Systems

If the consequents of the fuzzy rule are designed as linear dynamic systems, the T–S
fuzzy system can represent a dynamic system, which is also called dynamic fuzzy
system (Cao et al. 1995; Feng 2010).

2.2.1 Continuous-Time State-Space Form

Consider a continuous-time nonlinear dynamic system

ẋ(t) = f (x(t), u(t))

y(t) = h(x(t)), (2.16)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the input, y(t) ∈ Rl is the output,
f : Rn × Rm → Rn is an n-dimensional nonlinear vector function, and h : Rn → Rl

is an l-dimensional nonlinear vector function. Let x0i and u0i be a set (constant)
operation points of interest, i = 1, 2, . . . ,N , at some representative (and properly
separated) points in the (x, u) space, and set x = x0i + δxi and u = u0i + δui, i =
1, 2, . . . ,N . Using Taylor series expansion of f (x, u), we obtain

ẋ(t) ≈ f (x0i, u0i) + Aiδxi(t) + Biδui(t), (2.17)

where Ai = ∂f
∂x

∣∣∣
(x0i,u0i)

, Bi = ∂f
∂u

∣∣∣
(x0i,u0i)

, and the high-order terms are neglected.

If (x0i, u0i), i = 1, 2, . . . ,N , are the equilibrium points of the system, i.e.,
f (x0i, u0i) = 0, we have

ẋ(t) ≈ Aiδxi(t) + Biδui(t). (2.18)
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30 2 T–S Fuzzy Systems

For the output equation y = h(x), letting y = y0i + δyi with y0i = h(x0i, u0i), we
have

δyi(t) ≈ Ciδxi(t), i = 1, 2, . . . ,N , (2.19)

where the Jacobian matrices Ci are Ci = ∂h
∂x

∣∣
(x0i,u0i)

.

For simplicity of presentation and development, wewill consider the generic form
linear models:

ẋ(t) = Aix(t) + Biu(t), y(t) = Cix(t) (2.20)

at each operation point, for i = 1, 2, . . . ,N .

Remark 2.3 If (x0i, u0i), i = 1, 2, . . . ,N , are not equilibrium points, f (x0i, u0i) �= 0
in (2.17). The effect of (x0i, u0i) and the neglected high-order terms will appear as
an additional term in (2.20), which can be treated with an additional compensation
signal in an adaptive control design.

Based on the derivation (2.17)–(2.20), the nonlinear system (2.16) can be approx-
imated by the dynamic T–S fuzzy system with the following rule:

Ri : IF ξ1(t) is F
i
1 and ξ2(t) is F

i
2 and . . . and ξL(t) is F

i
L

THEN ẋ(t) = Aix(t) + Biu(t),

y(t) = Cix(t), (2.21)

where ξ1, ξ2, . . . , ξL are somemeasurable system signalswhich are used to determine
the operating area of the ith subsystem, x ∈ Rn is the state vector, u ∈ Rm is the input
vector, y ∈ Rl is the output vector, and Ai ∈ Rn×n, Bi ∈ Rn×m, and Ci ∈ Rl×n are the
matrices of the ith subsystem, Fi

1,F
i
2, . . . ,F

i
L are fuzzy sets.

Using singleton fuzzification, product inference, andweighted average introduced
in Chap.1, we obtain the following global dynamic T–S fuzzy system:

ẋ(t) =
N∑

i=1

μi(ξ)(Aix(t) + Biu(t)), (2.22)

y(t) =
N∑

i=1

μi(ξ)Cix(t), (2.23)

where ξ = [ξ1, ξ2, . . . , ξL]T , μi(ξ) is the normalized firing strength given by (2.4)
of the ith rule.

Example 2.2 Suppose ξ1 = x1. A dynamic T–S fuzzy system with two rules is given
by
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R1 : IF x1(t) is F
1
1 , THEN ẋ(t) = A1x(t) + B1u(t), y(t) = C1x(t)

R2 : IF x1(t) is F
2
1 , THEN ẋ(t) = A2x(t) + B2u(t), y(t) = C2x(t),

where x(t) = [x1(t), x2(t)]T and

A1 =
[

1 −2
−1 3

]
, A2 =

[
2 1
1 −3

]
, B1 =

[
1
2

]
, B2 =

[
2
1

]

C1 = C2 = [1, 1] (2.24)

and F1
1 and F2

1 are two fuzzy sets defined on x1 ∈ [−1, 1] with the corresponding
membership functions:

F1
1 (x1) =

{
exp

[
− 1

2

( x1+1
0.8

)2]
, if x1 ≥ −1

1, otherwise
(2.25)

F2
1 (x1) =

{
exp

[
− 1

2

( x1−1
0.8

)2]
, if x1 ≤ 1

1, otherwise.
(2.26)

Since there is only one premise variable in this example, we have λ1(x1) = F1
1 (x1)

and λ2(x1) = F2
1 (x1), and the normalized firing strength

μ1(x1) = F1
1 (x1)

F1
1 (x1) + F2

1 (x1)
, μ2(x1) = F2

1 (x1)

F1
1 (x1) + F2

1 (x1)
. (2.27)

The overall dynamic T–S fuzzy system is derived as

ẋ(t) = μ1(x1)(A1x(t) + B1u(t)) + μ2(x1)(A2x(t) + B2u(t))

y(t) = μ1(x1)C1x(t) + μ2(x1)C2x(t). (2.28)

It can be seen that the overall T–S fuzzy system (2.28) performs nonlinear inter-
polation between two linear systems. When the value of x1(t) changes, μ1(x1) and
μ2(x1) also change, which determine the contribution of the two linear systems in
the overall nonlinear system.

In practice, we usually can build a group of linear models of a nonlinear plant
that are accurate enough in certain local regions. When the nonlinear plant works
in different local regions, we can pick different linear models to represent it. The
current local operating region can be characterized by some key signals. In Example
2.2, the state variable x1 can be viewed as the key signal, whose value determines
the current operating region. If we want to obtain the global nonlinear model of the
nonlinear plant, the T–S fuzzy system provides a very intuitive representation of a
nonlinear plant as a nonlinear interpolation between a group of linear models.
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32 2 T–S Fuzzy Systems

2.2.2 Discrete-Time State-Space Form

Consider a discrete-time nonlinear dynamic system

x(t + 1) = f (x(t), u(t))

y(t) = h(x(t)), (2.29)

with t being the discrete-time sequence, where x(t) ∈ Rn is the state vector, u(t) ∈ Rm

is the input, y(t) ∈ Rl is the output, f : Rn × Rm → Rn is an n-dimensional nonlinear
vector function, and g : Rn → Rl is an l-dimensional vector function.

Consider a set of operation points of interest: (x0i, u0i), and set δxi = x − x0i and
δui = u − u0i, i = 1, 2, . . . ,N . Using Taylor series expansion of f (x, u), we obtain

δxi(t + 1) ≈ f (x0i, u0i) + Aiδxi(t) + Biδui(t), (2.30)

where Ai = ∂f
∂x

∣∣∣
(x0i,u0i)

, Bi = ∂f
∂u

∣∣∣
(x0i,u0i)

, and the high-order terms are neglected.

For the output equation y = h(x), letting δyi = y − y0i with y0i = h(x0i, u0i), we
have

δyi(t) ≈ Ciδxi(t), i = 1, 2, . . . ,N , (2.31)

where the Jacobian matrices Ci are Ci = ∂h
∂x

∣∣
(x0i,u0i)

.

For simplicity of presentation and development, wewill consider the generic form
linear models:

x(t + 1) = Aix(t) + Biu(t), y(t) = Cix(t) (2.32)

at each operation point, for i = 1, 2, . . . ,N . We note that the offset term f (x0i, u0i)
in (2.30) and the effect of x0i, u0i, not included in (2.32), can be treated with an
additional compensation signal in an adaptive control design.

Based on the derivation (2.30)–(2.32), the discrete-time nonlinear system (2.29)
can be approximated by the the dynamic T–S fuzzy system with the following rule:

Ri : IF ξ1(t) is F
i
1 and ξ2(t) is F

i
2 and . . . and ξL(t) is F

i
L

THEN x(t + 1) = Aix(t) + Biu(t),

y(t) = Cix(t), (2.33)

where ξ1, ξ2, . . . , ξL are somemeasurable system signalswhich are used to determine
the operating area of the ithe subsystem, x ∈ Rn is the state vector, u ∈ Rm is the
input vector, and y ∈ Rl is the output vector, Ai ∈ Rn×n, Bi ∈ Rn×m, and Ci ∈ Rl×n

are matrices of the ith subsystem. Fi
1,F

i
2, . . . ,F

i
L are fuzzy sets defined as before.

Using the standard technique of singleton fuzzification, product inference, and
weighted average, we obtain the following global dynamic T–S fuzzy system
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2.2 Dynamic T–S Fuzzy Systems 33

x(t + 1) =
N∑

i=1

μi(ξ)(Aix(t) + Biu(t)), (2.34)

y(t) =
N∑

i=1

μi(ξ)Cix(t), (2.35)

where ξ = [ξ1, ξ2, . . . , ξL]T , μi(ξ) is the normalized firing strength (2.4) of the ith
rule.

2.2.3 Discrete-Time Input–Output Form

If the consequent of each rule is a linear single-input single-output (SISO) dynamic
system in discrete-time input–output form, the dynamic T–S fuzzy system has the
following form:

Ri : IF ξ1(t) is F
i
1 and ξ2(t) is F

i
2 and . . . and ξL(t) is F

i
L

THEN y(t) + ai,1y(t − 1) + · · · + ai,ny(t − n) = bi,0u(t − d)

+bi,1u(t − d − 1) + · · · + bi, n−du(t − n), bi,0 �= 0, (2.36)

where ξ1, ξ2, . . . , ξL are somemeasurable system signalswhich are used to determine
the operating area of the ithe subsystem, and u ∈ R and y ∈ R are the input and
output variables, respectively. ai,1, . . . , ai,n, bi,0, . . . , bi, n−d are coefficients of the
ith subsystem, where d ≥ 1 denotes the input–output delay.

For the case d = 1, the consequent of (2.36) becomes

y(t) + ai,1y(t − 1) + · · · + ai,ny(t − n) = bi,0u(t − 1) + bi,1u(t − 2) + · · ·
+bi, n−du(t − n), (2.37)

which leads to the following one step prediction model:

y(t + 1) + ai,1y(t) + · · · + ai,ny(t − n + 1) = bi,0u(t) + bi,1u(t − 1) + · · ·
+bi, n−du(t − n + 1). (2.38)

Using the standard technique of singleton fuzzification, product inference, and
weighted average, we obtain the following global dynamic T–S fuzzy system:

y(t + 1) =
N∑

i=1

μi(ξ)
(−ai,1y(t) − · · · − ai,ny(t − n + 1)

+bi,0u(t) + bi,1u(t − 1) + · · · + bi, n−du(t − n + 1))
)
, (2.39)
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34 2 T–S Fuzzy Systems

where ξ = [ξ1, ξ2, . . . , ξL]T and μi(ξ) is the normalized firing strength (2.4) of the
ith rule.

If
∑N

i=1 μi(ξ)bi,0 �= 0, it means the relative degree of the fuzzy system (2.39) is
one. Based on (2.39), it is easy to select a control signal u(t) to achieve the output
tracking of a bounded reference signal ym(t + 1) by y(t + 1), e.g., solving u(t) from
the following equation:

ym(t + 1) =
N∑

i=1

μi(ξ)
(−ai,1y(t) − · · · − ai,ny(t − n + 1)

+bi,0u(t) + bi,1u(t − 1) + · · · + bi, n−du(t − n + 1)
)
. (2.40)

For the general case d > 1, how to derive a global fuzzy prediction model is
crucial for the control design, which will be elaborated in Chap.7.

In practice, when a collection of input–output (I/O) data can be obtained from
a nonlinear plant, the T–S fuzzy model (2.36) can be identified from the I/O data,
including the premise variables ξj, the number of rules N , the parameters of the
membership functions, and the parameters of the consequents. In Chap. 4, we will
present how to identify a T–S fuzzy system from I/O data systematically.

2.3 Universal Approximation Property

When T–S fuzzy systems are used to represent nonlinear plants, a fundamental
question is “Are T–S fuzzy systems universal approximators?” This question means
whether T–S fuzzy systems are capable of approximating any real continuous func-
tions on a compact set to arbitrary degree of accuracy. The universal approximation
property of T–S fuzzy systems is the basis for identification and control designs
based on T–S fuzzy systems. The studies on the universal approximation property of
fuzzy systems have been extensively conducted in the 1990s, covering both Mam-
dani fuzzy systems and T–S fuzzy systems—the most popular two classes of fuzzy
systems. Important results on proving Mamdani fuzzy systems are universal approx-
imators can be found in Wang and Mendel (1992), Wang (1994, 1998), Zeng and
Singh (1994, 1995), Ying (1994), Castro (1995), Castro andDelgado (1996), Robatti
(1998).

Compared withMamdani fuzzy systems, T–S fuzzy systems are more suitable for
nonlinear identification and control synthesis. Buckley (1993) proved that two-input
single-output T–S fuzzy systems with linear defuzzifier instead of the commonly
used centroid defuzzifier are universal approximators. Ying (1998a) proved that the
general single-input single-output (SISO) T-S fuzzy systems are universal approxi-
mators, which use any continuous input fuzzy sets, T–S fuzzy rules with affine conse-
quents, and a generalized defuzzifier containing the widely used centroid defuzzifier
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2.3 Universal Approximation Property 35

as a special case. Then, the result was extended to general multi-input single-output
(MISO) T–S fuzzy systems in Ying (1998b).

For general MISO, T–S fuzzy systems with L premise (input) variables, that is,

Ri : IF ξ1 is F
i
1 and ξ2 is F

i
2 and . . . and ξL is Fi

L

THEN y = θi,0 + θi,1ξ1 + · · · + θi,LξL, (2.41)

the following universal approximation theorem has been proven.

Theorem 2.1 (Ying 1998b) (UniversalApproximationTheorem)The generalMISO
T–S fuzzy systems with linear rule consequent can uniformly approximate any mul-
tivariate continuous function on a compact domain to any degree of accuracy.

It should be noted that the “linear” in Theorem2.1 actually means both affine
and linear. The proof of Theorem2.1 consists of two steps. First, it is proven that
the general MISO T–S fuzzy models can approximate any multivariate polynomial
to any degree of accuracy. Second, it is proven that the general T–S fuzzy mod-
els can uniformly approximate any multivariate continuous function with arbitrary
precision by utilizing the fact that any multivariate continuous function can always
be approximated by a multivariate polynomial arbitrarily well with the Weierstrass
approximation theorem (Bronshtein and Semendyayev 1985).

Furthermore, Ying (1998b) also derived a formula of sufficient conditions for the
fuzzy approximation that can compute the minimal upper bound on the number of
input fuzzy sets and rules needed for any given continuous function and specified
approximation error bound.

An important application of Theorem2.1 is to use a T–S fuzzy system to approxi-
mate an unknown function of a nonlinear system on a compact set. Consider a general
class of nonlinear discrete-time system described by the following state spacemodel:

x(t + 1) = f (x(t), u(t)), (2.42)

where x(t) ∈ Rn and u(t) ∈ Rm are state and input vectors, respectively, and the
function f (x, u) is unknown by satisfying the following assumption.

Assumption 2.1 There exists an equilibrium x0 = 0 ∈ Rn such that f (0, 0) = 0 and
f ∈ C2, that is, the function f (x, u) has a second-order continuous derivative with
respect to x and u.

LetX andU be two compact sets inRn andRm, respectively. For x ∈ X and u ∈ U ,
a discrete-time T–S fuzzy system (2.34)

x(t + 1) =
N∑

i=1

μi(ξ)(Aix(t) + Biu(t))

= f̂ (x, u) (2.43)
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36 2 T–S Fuzzy Systems

is employed to approximate f (x, u) on the compact set X ×U ⊂ Rn × Rm. It has
been proven that the T–S fuzzy system (2.43) is universal approximator in the sense
that it can approximate any smooth nonlinear function f (x) on a compact set X ×U .

Let
∑

n be the set of all nonlinear functions satisfyingAssumption2.1. The univer-
sal approximation capability of the T–S fuzzy system (2.43) is given by the following
theorem.

Theorem 2.2 (Cao et al. 1997a) For any given f (x, u)in
∑

n on the compact set
X ×U ⊂ Rn × Rm and arbitrary ε > 0, there exists a fuzzy system f̂ (x, u) such that

sup
x∈X ,u∈U

‖f (x, u) − f̂ (x, u)‖ < ε. (2.44)

Remark 2.4 In Theorem2.2, x and u of the functions f̂ and f are assumed to be the
same and the approximation accuracy can only be guaranteed under this condition.
In practice, when a T–S fuzzy system is employed to represent a dynamic plant, the
state of the T–S fuzzy system, x̂, is usually different from that of the plant, x. Hence,
the approximation error between f̂ (x̂, u) and f (x, u) may grow with the evolution of
x̂ and x, which should be carefully considered.

2.4 Stability and Stabilization Control

Since the consequent of each rule in a T–S fuzzy system is usually a linear system,
it is natural to apply mature linear control theory to design local linear controllers
for each subsystem. Two important questions are: how can the overall controller for
the overall T–S fuzzy system be calculated from the local linear controllers? can the
overall controller make the closed-loop T–S fuzzy system stable? In this section, we
will present some basic yet important results on the stability and stabilization control
of T–S fuzzy systems.

2.4.1 Stability of T–S Fuzzy Systems

By setting u(t) = 0, the continuous-time T–S fuzzy system (2.22) becomes an
autonomous system:

ẋ(t) =
N∑

i=1

μi(ξ)Aix(t), (2.45)
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and the discrete-time T–S fuzzy system (2.34) becomes the following autonomous
system:

x(t + 1) =
N∑

i=1

μi(ξ)Aix(t). (2.46)

Single quadratic Lyapunov function. Based on (2.46) and using a single
quadratic Lyapunov function

V (x) = xTPx, (2.47)

Tanaka and Sugeno (1992) proposed an important criterion for checking the stabil-
ity of the T–S fuzzy systems in the early 90s. The stability criterion for (2.46) is
formulated in the following theorem.

Theorem 2.3 (Tanaka and Sugeno 1992) The equilibrium state of the fuzzy system
(2.46) (namely, x = 0) is globally asymptotically stable if there exists a common
positive definite matrix P such that

AT
i PAi − P < 0, for all i = 1, 2, . . . ,N . (2.48)

Using the same single quadratic Lyapunov function V (x) = xTPx, the stability
criterion for continuous-time T–S fuzzy systems (2.45) can also be derived.

Theorem 2.4 The equilibrium state of the fuzzy system (2.45) (namely, x = 0) is
globally asymptotically stable if there exists a common positive definite matrix P
such that

AT
i P + PAi < 0, for all i = 1, 2, . . . ,N . (2.49)

The stability criteria in both Theorems2.3 and 2.4 require a common symmetric
positive definite matrix P to satisfy all the inequalities (2.48) or (2.49). However,
both theorems do not provide a systematic way to find such a common matrix P.
A systematic way of searching the common matrix P was suggested in the paper
(Joh et al. 1998) assuming that all the Ai, i = 1, 2, . . . ,N , are Schur and pairwise
commutative. However, the assumption on Ai is not easy to be satisfied for general
T–S fuzzy systems. Based on this approach, Li and Li (2004) provided a systematic
way to find P for T–S fuzzy systems with simplified linear consequent parts of
rules without the assumption on Ai. The subsystem matrix Ai is decomposed into a
pairwise part Āi and an additional partΔAi. Hence, the iteration method in (Joh et al.
1998) can be applied to find a common matrix P for pairwise commutative matrices
Āi , i = 1, 2, . . . ,N . The stability of the global system is guaranteed if ΔAi satisfies
certain conditions.

Theorem2.3 is for discrete-time T–S fuzzy models with linear consequent part
of rules. It is extended to T–S fuzzy models with affine consequent parts of rules in
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38 2 T–S Fuzzy Systems

(Kim and Kim 2001):

x(t + 1) =
N∑

i=1

μi(ξ)(Aix(t) + νi), (2.50)

where νi is the affine term in the ith rule.
Finding the common matrix P in the above approaches can be stated numerically

as a convex optimization problem involving linear matrix inequalities (LMIs) (Boyd
et al. 1994). Such problems can be solved efficiently using publicly available software
such as LMI Toolbox (Gahinet et al. 1995).

Example 2.3 Consider the T–S fuzzy system

R1 : IF x1(t) isF
1
1 , THEN x(t + 1) = A1x(t)

R2 : IF x1(t) is F
2
1 , THEN x(t + 1) = A2x(t),

where x(t) = [x1(t), x2(t)]T and

A1 =
[−0.6 0.3

0.1 −0.5

]
, A2 =

[−0.5 0.2
0.3 −0.5

]
. (2.51)

The membership functions of the two fuzzy sets F1
1 and F

2
1 are illustrated in Fig. 2.3.

Since the eigenvalues of A1 are −0.7303 and −0.3697, of A2 are −0.2551 and
−0.7449, the two linear subsystems are stable. However, the stability of the linear
subsystems cannot ensure the stability of the overall T–S fuzzy system:

x(t + 1) = μ1(x1)A1x(t) + μ2(x1)A2x(t). (2.52)

To verify the stability of the overall T–S fuzzy system (2.52) using Theorem2.3,
we need to find a common positivematrixP satisfying the following two inequalities:

AT
1PA1 − P < 0

AT
2PA2 − P < 0. (2.53)

With the assistant of MATLAB LMI toolbox, we find the solution

P =
[

88.0594 −10.9344
−10.9344 87.8949

]
. (2.54)

Then, we can conclude that the overall T–S fuzzy system is stable based on
Theorem2.3.

It should be noted that since Theorems2.3 and 2.4 only provide sufficient condi-
tions for the stability of T–S fuzzy systems, we cannot conclude the T–S fuzzy system
is unstable even we cannot find a common positive matrix P to solve the LMIs (2.48)
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Fig. 2.3 Membership functions of F1
1 and F2

1

or (2.49). Actually, the standard LMIs conditions for quadratic stability are often
found to be conservative when applied to fuzzy systems. One drawback is the fact
that the state is dependent on themembership functions is disregarded.Anothermajor
restriction is that Lyapunov function should be quadratic. Many exponentially stable
systems do not admit a globally quadratic Lyapunov function.

Piecewise quadratic Lyapunov functions. To reduce these restrictions men-
tioned above, Johansson et al. (1999) proposed stability conditions for continuous-
time T–S fuzzy systems based on piecewise quadratic Lyapunov functions:

V (x) = xTPix, ξ ∈ Si, i = 1, 2, . . . ,N , (2.55)

where Pi, i = 1, 2, . . . ,N are positive definite matrices and Si defines a region in the
space of the premise variable ξ :

Si = {ξ |μi(ξ) > μj(ξ), j = 1, 2, . . . ,N , j �= i}, i = 1, 2, . . . ,N . (2.56)

The stability results for continuous-time T–S fuzzy systems were extended to
discrete-time T–S fuzzy systems by Feng (2004). Johansson et al. (1999) and Feng
(2004) also considered T–S fuzzy systems with affine subsystems:
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40 2 T–S Fuzzy Systems

ẋ(t) =
N∑

i=1

μi(ξ)(Aix(t) + ai)

x(t + 1) =
N∑

i=1

μi(ξ)(Aix(t) + ai), (2.57)

where ai, i = 1, 2, . . . ,N are additional offset terms, and developed stability condi-
tions for them based on piecewise quadratic Lyapunov functions.

Fuzzy quadratic Lyapunov function. In single quadratic Lyapunov function
based approaches and piecewise Lyapunov functions based approaches, the mem-
bership functions are not used in the Lyapunov functions. One way to include the
membership functions is to build the Lyapunov function by following theway similar
to building the overall T–S fuzzy fuzzy system. Chadli et al. (2000) proposed the
following fuzzy rules:

Ri : IF ξ1(t) is F
i
1 and ξ2(t) is F

i
2 and . . . and ξL(t) is F

i
L

THEN V (x(t)) = x(t)TPix(t), (2.58)

where Pi, i = 1, 2, . . . ,N are positive definite matrices.
Using the same fuzzy inferencemethod aswe obtain the overall T–S fuzzy system,

a fuzzy quadratic Lyapunov function is constructed as

V (x) =
N∑

i=1

μi(ξ)xTPix (2.59)

based on which the following stability conditions are derived for continuous-time
T–S fuzzy systems (2.45).

Theorem 2.5 (Chadli et al. 2000) Suppose there exist positive definite matrices Q
and Pi such that the following LMIs hold:

AT
i Pi + PiAi < −Q, i = 1, 2, . . . ,N , (2.60)

AT
i Pj + PjAi + AT

j Pi + PiAj

2
< −Q, i, j = 1, 2, . . . ,N , i �= j (2.61)

for μi(ξ)μj(ξ) �= 0. Then, the global model (2.45) is globally exponentially stable
if the following constraint on the variation of the state is satisfied:

‖ẋ(t)‖ ≤ λM (Q)

γ
∑N

i=1 λM (Pi)
, (2.62)

where λM (·) represents the largest eigenvalues of the corresponding matrix, γ is
defined as γ = maxNi=1 ‖ ∂μi(ξ)

∂x ‖.
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For the discrete-time T–S fuzzy system (2.46), based on the fuzzy quadratic Lya-
punov function, Zhou et al. (2005) developed the following stability conditions.

Theorem 2.6 (Zhou et al. 2005) The T–S fuzzy system (2.46) is globally exponen-
tially stable if there exists a set of positive definite matrices Pi such that the following
LMIs are satisfied:

AT
i PjAi − Pj < 0, i, j = 1, 2, . . . ,N . (2.63)

Compared with the stability conditions in Theorem2.3, 2.6 does not require a
common positive definite matrix P but a group of positive definite matrices Pi, which
relaxes the conditions.

T–S fuzzy systems with time-varying linear subsystems. All the above
approaches assume that all the subsystems of T–S fuzzy system are linear time-
invariant (LTI). However, if the real nonlinear plant is time-varying, when a T–S
fuzzy system is employed to approximate the time-varying nonlinear plant, its sub-
systems will be time-varying as well (Jin 2003), that is, Ai, i = 1, 2, . . . ,N in (2.46)
are not deterministic but varying with t. The T–S fuzzy system (2.46) becomes

x(t + 1) =
N∑

i=1

μi(ξ)Ai
tx(t), (2.64)

where Ai
t is the systemmatrix of the ith local T–S model at time step t. It is important

to investigate the stability properties of the T–S fuzzy system in the form (2.64).
Jin (2003) derived stability conditions of (2.64) by employing a single quadratic
Lyapunov function.

Theorem 2.7 (Jin 2003) Fuzzy system (2.64) is exponentially stable at x = 0, if

1. There exist two constants a and b and a symmetric matrix Pt for all Ai
t such that

0 < aI < Pt < bI holds for all t (2.65)

2. There exists a common matrix Ht such that

(Ai
t)
TPt+1A

i
t − Pt = −HtH

T
t (2.66)

3. There exist a constant C and a function Sn(t), for a certain n and for all t such
that

Sn(t) =
p−1∑

i=0

Φ(t + i, t)TH (t + i)H (t + i)TΦ(t + i, t) ≥ CI > 0, (2.67)

where Φ(·) is the transfer matrix of system Ai
t .
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42 2 T–S Fuzzy Systems

Theorem2.7 can be viewed as an extension of Theorem2.3 to time-varying T–S
fuzzy systems. At each time step t, a common positive definite matrix solution of
Lyapunov functions needs to be found. However, it is computationally incontinent
to use the conditions in Theorem2.7 to check the stability of T–S fuzzy models in
practice. Chou and Chen (2001) proposed stability criteria that do not need solving
any Lyapunov equation. In their approach, the time-varying system matrix of the ith
ruleAi

t is split into a constant nominal systemmatrixAi and a time-varyingmatrixΔAi
t

representing the time-varying uncertainty.With an assumption on the boundedness of
these uncertainty matrices ΔAi

t , i = 1, 2, . . . ,N , stability criteria are derived, which
enable one to analyze the stability of the discrete T–S fuzzy model whose rules do
not have a common positive definite matrix solution of Lyapunov equations.

2.4.2 Stabilization Control of T–S Fuzzy Systems

Since each subsystem of a T–S fuzzy system is linear, it is natural to design a linear
controller for each subsystem first, and then build the overall controller. Such an idea
is called parallel distribution compensation (PDC) (Tanaka and Sano 1994; Wang
et al. 1996).

Parallel distributed compensation (PDC). For the T–S fuzzy system (2.21), its
PDC controller shares the same fuzzy sets with it in the IF parts of the rules:

Ri : IF ξ1(t) is F
i
1 and ξ2(t) is F

i
2 and . . . and ξL(t) is F

i
L

THEN u(t) = Kix(t), i = 1, 2, . . . ,N , (2.68)

whereKi, i = 1, 2, . . . ,N are feedback gain matrices.Ki can be chosen using mature
state feedback control design methods, such as pole placement, linear quadratic
regulator (LQR), etc, as long as the subsystem is controllable.

(1) Fuzzily blended controller

Following the similar way to derive the overall T–S fuzzy system (2.34), the
overall T–S fuzzy controller is obtained as

u(t) =
N∑

i=1

μi(ξ)Kix(t) (2.69)

which is a nonlinear controller in general.
Although the local state feedback gain Ki designed based on linear state feedback

control theory can guarantee the stability of the local linear subsystem, there is no
guarantee that the overall T–S fuzzy controller (2.69) can stabilize the overall T–S
fuzzy system (2.34). In the following study, we will derive the closed-loop T–S fuzzy
system and analyze under which conditions it is stable.
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2.4 Stability and Stabilization Control 43

By substituting (2.69) into (2.34), we obtain the closed-loop T–S fuzzy system:

x(t + 1) =
N∑

i=1

N∑

j=1

μi(ξ)μj(ξ)(Ai + BiKj)x(t). (2.70)

which can be further formulated as

x(t + 1) =
N∑

i=1

μi(ξ)μi(ξ)(Ai + BiKi)x(t) + 2
N∑

i<j

μi(ξ)μj(ξ)Gijx(t), (2.71)

where

Gij = (Ai + BiKj) + (Aj + BjKi)

2
. (2.72)

Using a single quadratic Lyapunov function V (x) = xTPx, the following sufficient
condition can be derived for the closed-loop T–S fuzzy system (2.70).

Theorem 2.8 (Wang et al. 1996) The equilibrium of a fuzzy control system (2.70) is
asymptotically stable in the large if there exists a common positive definite matrix P
such that the following two conditions are satisfied:

(Ai + BiKi)
TP(Ai + BiKi) − P < 0, (2.73)

GT
ij PGij − P < 0, i < j, (2.74)

for all i, j = 1, 2, . . . ,N except the pairs (i, j) such that μi(ξ)μj(ξ) = 0.

Remark 2.5 The PDCcontroller (2.68)–(2.69) is also applicable for continuous-time
T–S fuzzy system. With a single quadratic Lyapunov function V (x) = xTPx, the
stability condition for the closed-loop continuous-time T–S fuzzy system becomes
(Tanaka et al. 1998)

(Ai + BiKi)
TP + P(Ai + BiKi) < 0, (2.75)

GT
ij P + PGij < 0, i < j (2.76)

for all i, j = 1, 2, . . . ,N except the pairs (i, j) such that μi(ξ)μj(ξ) = 0.

The conditions (2.73)–(2.74) and (2.75)–(2.76) require finding a common definite
matrix P. The control design task is formulated into solving a group of LMIs. If
the solution P can be found, it means the stabilization constraints are met and the
local state feedback gains Ki can be obtained simultaneously. However, there is
no guarantee that such a solution exists. With the increase of the number of fuzzy
rules, leading to a massive number of LMIs, it may become infeasible to find a
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44 2 T–S Fuzzy Systems

common solution P. Many research efforts have been made around how to relax the
stabilization control design conditions.

(2) Switched controller

In this approach, the overall controller switches among different local linear con-
trollers according to certain conditions, rather than fuzzily blending all the local
linear controllers together.

The switching controller is defined as

u(t) = Kix(t), ξ ∈ Si, i = 1, 2, . . . ,N , (2.77)

where Si defines a region in the space of the premise variable ξ :

Si = {ξ |μi(ξ) > μj(ξ), j = 1, 2, . . . ,N , j �= i}, i = 1, 2, . . . ,N . (2.78)

By substituting (2.78) into (2.34), we obtain the closed-loop T–S fuzzy system:

x(t + 1) = Acix(t), ξ ∈ Si, (2.79)

where Aci = Ai + ΔAi(μ) + (Bi + ΔBi(μ))Ki, withΔAi(μ) andΔBi(μ) defined as

ΔAi(μ) =
N∑

j=1,j �=i

μj(ξ)(Aj − Ai),

ΔBi(μ) =
N∑

j=1,j �=i

μj(ξ)(Bj − Bi). (2.80)

Based on piecewise quadratic Lyapunov functions

V (x) = xTX−1
i x, ξ ∈ Si, i = 1, 2, . . . ,N , (2.81)

the stability condition of the closed-loop system (2.79) is derived by Feng (2010),
which requires finding a set of positive definite matricesXi, i = 1, 2, . . . ,N to satisfy
a group of LMIs.

2.5 Tracking Control of T–S Fuzzy Systems

In this section, we consider the tracking control designs for the T–S fuzzy systems
(2.22) and (2.34). Generally, there are two kinds of tracking control: state tracking
control and output tracking control. The state tracking control objective is to design
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2.5 Tracking Control of T–S Fuzzy Systems 45

a control law that generates the control input u(t) such that u(t) and x(t) remain
bounded and x(t) tracks a bounded reference xm(t). The output tracking control
objective is to design a controller u(t) to make u(t) and x(t) bounded and the output
y(t) track a bounded reference ym(t).

2.5.1 State Tracking Control

In state tracking control, the reference xm(t) is usually generated by a stable reference
model, which produces desired state trajectories. The reference model can be a linear
model or a T–S fuzzy model.

Linear reference model. We start by considering a linear reference model:

ẋm(t) = Amxm(t) + Bmr(t), (2.82)

where xm ∈ Rn is the state vector, r ∈ Rl is the bounded input vector, Am ∈ Rn×n is a
Hurwitz matrix, and Bi ∈ Rn×l .

Based on the idea of PDC, the local controller for each subsystem can be designed
as

Ri : IF ξ1(t) is F
i
1 and ξ2(t) is F

i
2 and . . . and ξL(t) is F

i
L

THEN u(t) = Ki
1x(t) + Ki

2r(t), i = 1, 2, . . . ,N , (2.83)

where Ki
1 ∈ Rm×n and Ki

2 ∈ Rm×l .
By fuzzily blending all the local controllers, the overall fuzzy controller is obtained

as

u(t) =
N∑

i=1

μi(ξ)Ki
1x(t) +

N∑

i=1

μi(ξ)Ki
2r(t). (2.84)

Substituting (2.84) into (2.22) yields the closed-loop fuzzy system:

ẋ(t) =
N∑

i=1

N∑

j=1

μi(ξ)μj(ξ)[(Ai + BiK
j
1)x(t) + BiK

j
2r(t)]. (2.85)

Since μi satisfies (2.7), if the matrices Kj
1 and Kj

2 meet the following matching
conditions:

Ai + BiK
j
1 = Am, BiK

j
2 = Bm, i, j = 1, 2, . . . ,N , (2.86)

the fuzzy system (2.85) becomes
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46 2 T–S Fuzzy Systems

ẋ(t) = Amx(t) + Bmr(t), (2.87)

which has the same dynamics as the referencemodel (2.82). After some transient pro-
cess, the state x(t) will approach the reference xm(t) and the state tracking objective
is achieved.

From the matching conditions (2.86) and with j = 1, 2, . . . ,N , we have

Ai + BiK
1
1 = Am, BiK

1
2 = Bm,

Ai + BiK
2
1 = Am, BiK

2
2 = Bm,

...

Ai + BiK
N
1 = Am, BiK

N
2 = Bm, (2.88)

which lead to

BiK
1
1 = BiK

2
1 = . . . = BiK

N
1 = Am − Ai,

BiK
1
2 = BiK

2
2 = . . . = BiK

N
2 = Bm, (2.89)

for all i = 1, 2, . . . ,N .
It can be observed from (2.89) that except for some matrices Ai, Bi, Am, and Bm

with very special structures, it is almost impossible to design Kj
1 and K

j
2 to meet the

matching conditions (2.86).
Another way to design a state tracking controller is to use a fuzzy reference model

instead of a linear reference model.

Fuzzy reference model. A fuzzy reference model has the following rules:

Ri : IF ξ1(t) is F
i
1 and ξ2(t) is F

i
2 and . . . and ξL(t) is F

i
L

THEN ẋm(t) = Amixm(t) + Bmir(t), i = 1, 2, . . . ,N , (2.90)

where xm ∈ Rn is the state vector, r ∈ Rl is the bounded input vector, Ami ∈ Rn×n,
and Bmi ∈ Rn×l . The fuzzy reference model has the same premise variables and
membership functions as the T–S fuzzy system (2.21). The overall fuzzy reference
model is inferred as

ẋm(t) =
N∑

i=1

μi(ξ)(Amixm(t) + Bmir(t)). (2.91)

To ensure the stability of the fuzzy referencemodel (2.91), thematricesAmi should
be chosen to satisfy the following conditions:

AT
miP + PAmi < 0, for all i = 1, 2, . . . ,N , (2.92)

which is a sufficient condition for the stability of (2.91) based on Theorem2.4.
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2.5 Tracking Control of T–S Fuzzy Systems 47

Based on (2.85) and (2.91), we can derive the new matching conditions for the
fuzzy system (2.22) to track the states of the fuzzy reference model (2.91):

Ai + BiK
j
1 = Ami, BiK

j
2 = Bmi, i, j = 1, 2, . . . ,N . (2.93)

Comparing (2.93) with (2.86), we can see Ami and Bmi on the right side of the
matching conditions (2.93) instead of Am and Bm, which gives us more design free-
dom. However, it is still not easy to meet the matching conditions (2.93) since the
coupling between the jth controller and the ith subsystem still exists.

In summary, for general T–S fuzzy systems, it is difficult to achieve state tracking
since it is almost impossible to select the controller parameters to meet the stringent
matching conditions. For certain T–S fuzzy systems with special structures, such as
Ai and Bi in Canonical form or the number of inputs equals the number of states, i.e.,
m = n, the state tracking problem can be solved successfully under some feasible
design conditions, which will be discussed in details in Chap.5.

2.5.2 Output Tracking Control

Consider the output tracking control for the continuous-time T–S fuzzy system
(2.22)–(2.23):

ẋ =
N∑

i=1

μi(ξ)(Aix + Biu) (2.94)

y =
N∑

i=1

μi(ξ)Cix, (2.95)

where it is assumed y ∈ R and u ∈ R here.
Since the premise variables ξj, j = 1, . . . ,L are usually selected from system state

variables, we can define

f (x) =
N∑

i=1

μi(ξ)Aix, g(x) =
N∑

i=1

μi(ξ)Bi (2.96)

h(x) =
N∑

i=1

μi(ξ)Cix. (2.97)

The fuzzy system (2.94)–(2.95) can be written into the following form:

ẋ = f (x) + g(x)u (2.98)

y = h(x). (2.99)
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In the following study, we assume the membership functions are designed as
smooth functions, e.g., Gaussian functions, such that the f , g, and h are smooth
vector functions.

Feedback linearization. One of the powerful methods for nonlinear tracking
control design is feedback linearization, which employs a change of coordinates and
feedback control to transform a nonlinear system into a system whose dynamics
are linear. Feedback linearization techniques have been extensively studied in the
nonlinear control literature (Isidori 1995; Khalil 2002; Marino and Tomei 1995;
Nijmeijer and Van der Schaft 1990). In this subsection, we only briefly review some
basic techniques of feedback linearization that are related to the output tracking
control of T–S fuzzy systems.

Our goal is to design a state feedback control law such that the output y tracks a
given reference ym. To achieve this goal, a direct relationship between the output y
(or its derivative) and the input u is desirable. From (2.98) to (2.99), the derivative
of y is given by

ẏ = ∂h

∂x
(x)f (x) + ∂h

∂x
(x)g(x)u. (2.100)

If we have ∂h
∂x (x0)g(x0) �= 0, then the system (2.98)–(2.99) is said to have relative

degree one at x0. Since the functions f , g, h are smooth, ∂h
∂x (x0)g(x0) �= 0 implies there

exists a neighborhood B0 of x0 on which ∂h
∂x (x)g(x) �= 0. The system with relative

degree one means its output and input are separated by one integrator only.
If ∂h

∂x (x)g(x) = 0, then we compute the second derivative of y:

ÿ = ∂

∂x

(
∂h

∂x
(x)f (x)

)
f (x) + ∂

∂x

(
∂h

∂x
(x)f (x)

)
g(x)u. (2.101)

If ∂
∂x

(
∂h
∂x (x)f (x)

)
g(x) �= 0 for any x ∈ B0, then the system (2.98)–(2.99) is said

to have relative degree two on B0.
If ∂

∂x

(
∂h
∂x (x)f (x)

)
g(x) = 0, we keep on computing the derivatives of y until u

appears explicitly. The following definition on relative degree ρ is introduced (Krstić
et al. 1995).

Definition 2.1 The system (2.98)–(2.99) is said to have relative degree ρ if there
exists a neighborhood B0 of x0 on which

∂ψ1

∂x
(x)g(x) = ∂ψ2

∂x
(x)g(x) = · · · = ∂ψρ−1

∂x
(x)g(x) = 0, (2.102)

∂ψρ

∂x
(x)g(x) �= 0, (2.103)

where
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ψ1(x) = h(x), ψi(x) = ∂ψi−1

∂x
(x)f (x), i = 2, . . . , ρ. (2.104)

If (2.102) and (2.103) are valid for all x ∈ Rn, then the relative degree of (2.98)–(2.99)
is said to be globally defined.

According to Definition2.1, the ρth derivative of y can be written as

y(ρ) = ∂ψρ

∂x
(x)f (x) + ∂ψρ

∂x
(x)g(x)u, (2.105)

where ∂ψρ

∂x (x)g(x) �= 0 on B0. By choosing a state feedback control law

u = 1
∂ψρ

∂x (x)g(x)

(
−∂ψρ

∂x
(x)f (x) + v

)
, (2.106)

the nonlinearities in (2.105) can be canceled, leading to the following linear input–
output mapping:

y(ρ) = v, (2.107)

where v is an auxiliary signal to be designed. It is easy to design v to achieve output
tracking.

It should be noted that the linearized input–output dynamics (2.107) is equivalent
to a chain of ρ integrators. Since the original nonlinear system (2.98)–(2.99) has
dimension n, there are another n − ρ states. Using differential geometric tools, it can
be shown that for a system with relative degree ρ, there always exist n − ρ functions
ψρ+1(x), . . ., ψn(x) satisfying

∂ψi(x)

∂x
(x)g(x) = 0, i = ρ + 1, . . . , n, (2.108)

such that the change of coordinates

ζ1 = y = ψ1(x), ζ2 = ẏ = ψ2(x), . . . , ζρ = y(ρ−1) = ψρ(x)

η1 = ψρ+1(x), . . . , ηn−ρ = ψn(x) (2.109)

is locally invertible.
Define ζ = [ζ1, ζ2, . . . , ζρ]T , η = [η1, η2, . . . , ηn−ρ]T and

φ1(ζ, η) = ∂ψρ+1(x)

∂x
(x)f (x),

...

φn−ρ(ζ, η) = ∂ψn(x)

∂x
(x)f (x). (2.110)
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Then, the nonlinear system (2.98)–(2.99) can be transformed into

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ζ̇1 = ζ2
...

ζ̇ρ−1 = ζρ

ζ̇ρ = ∂ψρ

∂x (x)f (x) + ∂ψρ

∂x (x)g(x)u,

(2.111)

⎧
⎪⎨

⎪⎩

η̇1 = φ1(ζ, η)
...

η̇n−ρ = φn−ρ(ζ, η).

(2.112)

The first ρ Eq. (2.111) related to ζ represent dynamics that are input–output lin-
earizable. The last n − ρ Eq. (2.112) related to η are called the internal dynamics of
the system, which cannot be directly manipulated by u. When ζ = 0, the internal
dynamics become so-called zero dynamics (in literature, the internal dynamics are
sometimes called zero dynamics even when ζ �= 0). If the zero dynamics are stable,
the nonlinear system is said to be minimum phase. For a minimum phase system, it
is only necessary to design a control law for the dynamics of ζ . For bounded ζ , η

would be bounded as well.
To apply feedback linearization techniques to design an output tracking controllers

for a T–S fuzzy system, it is important to transform the T–S fuzzy system into an
input–output feedback linearizable canonical form, i.e., (2.111)–(2.112). Since the
membership functions and the forms of Ai and Bi in each subsystem are different for
different T–S fuzzy systems, it is difficult to determine the relative degree and the
internal dynamics for general T–S fuzzy systems.

However, for a specified T–S fuzzy system, it is possible to derive its relative
degree and internal dynamics. We will show how to obtain them by the following
example.

Example 2.4 Consider the following T–S fuzzy system with two rules:

R1 : IF x1(t) is F
1
1 , THEN

{
ẋ(t) = A1x(t) + B1u(t)
y(t) = C1x(t)

R2 : IF x1(t) is F
2
1 , THEN

{
ẋ(t) = A2x(t) + B2u(t)
y(t) = C2x(t),

where the membership functions for F1
1 and F2

1 are chosen as

F1
1 (x1) = exp

[
− (x1 − c11)

2

2(σ 1
1 )2

]
, F2

1 (x1) = exp

[
− (x1 − c21)

2

2(σ 2
1 )2

]
.

To simplify the problem, let us consider the case C1 = C2 = C. Then, we have
the overall T–S fuzzy system
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ẋ = μ1(x1)(A1x + B1u) + μ2(x1)(A2x + B2u) (2.113)

y = Cx

with μ1(x1) = F1
1 (x1) and μ2(x1) = F2

1 (x1).
By taking the first derivative of y, we obtain

ẏ = Cẋ = (μ1CA1 + μ2CA2)x + (μ1CB1 + μ2CB2)u.

If μ1CB1 + μ2CB2 �= 0, the relative degree is 1. If μ1CB1 + μ2CB2 = 0, we
continue to compute the second derivative of y:

ÿ = ∂μ1

∂x
ẋCA1x + μ1CA1ẋ + ∂μ2

∂x
ẋCA2x + μ2CA2ẋ

= (CA1x
∂μ1

∂x
+ CA2x

∂μ2

∂x
+ μ1CA1 + μ2CA2

︸ ︷︷ ︸
F(x)

)ẋ. (2.114)

Substituting (2.113) into (2.114) yields

ÿ = F(x)(μ1A1 + μ2A2)x + F(x)(μ1B1 + μ2B2)u. (2.115)

If F(x)(μ1B1 + μ2B2) �= 0, the relative degree is 2. If F(x)(μ1B1 + μ2B2) = 0,
we continue to compute the third derivative of y. Since the membership functions are
usually nonlinear functions of states, the calculation of the high-order derivatives of
y can be very complicated.

For general continuous-time T–S fuzzy systems, the topic on how to define their
relative degrees was addressed by Zhang et al. (2017).

For general discrete-time T–S fuzzy systems described by

x(t + 1) =
N∑

i=1

μi(ξ)(Aix(t) + Biu(t))

y(t) =
N∑

i=1

μi(ξ)Cix(t), (2.116)

a normal form for them will be derived in Chap.6, which has an explicit relative
degree structure and a specific input–output signal causality relationship desired for
a feedback control design.
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2.6 Summary

T–S fuzzy systems have some special features that make them become a powerful
tool for nonlinear control system designs. T–S fuzzy systems have been proven to
be universal approximators that enable them to serve as function approximators in
approximation-based nonlinear control designs. When dynamic T–S fuzzy systems
are used to represent dynamic nonlinear systems, the control design is based on the
structure and parameters of T–S fuzzy systems.

In this chapter, we have studied three forms of dynamic T–S fuzzy systems:
continuous-time state-space form, discrete-time state-space form, and discrete-time
input–output form. Based on the three forms of T–S fuzzy systems, we have reviewed
some important results on their stability conditions, stabilization control designs and
tracking control designs, and some key design problems.

With different Lyapunov functions, i.e., single quadratic Lyapunov function,
piecewise quadratic Lyapunov functions, and fuzzy quadratic Lyapunov function,
different stability conditions of T–S fuzzy systems can be derived, which require
finding either a common positive definite matrix or several positive definite matrices
by solving a group of LMIs. It should be noted that all those conditions are only
sufficient conditions for the stability of T–S fuzzy systems.

For the control designs for T–S fuzzy systems, generally there are two approaches.
One approach is to design a local controller for each local linear subsystem first and
then obtain the global controller for the overall fuzzy systemwith certain aggregating
or switchingmechanism. This approach is usually called parallel distributed compen-
sation (PDC). The other approach is to design the global controller directly based on
the overall T–S fuzzy systems. The PDC control design can use mature linear control
theory when designing the local linear controllers. The difficulty lies in how to prove
that the global controller can ensure the stability of the overall closed-loop systems.
The parameters of the local controllers can also be obtained by solving a group of
LMIs. However, there is no guarantee that the solutions can be found all the time.
Research efforts are still being made on how to relax those design conditions.

For the tracking control design based on the global T–S fuzzy system, the T–S
fuzzy systems are treated as a class of nonlinear systems with certain structure and
parameters. If we want to employ popular nonlinear control design techniques such
as feedback linearization, important questions include how to determine the relative
degree of aT–S fuzzy systemand how to define its internal dynamics and itsminimum
phase property. This problem has been discussed in this chapter and will be further
addressed in Chap.6.

All the designs in this chapter are assumed that the parameters of T–S fuzzy sys-
tems are known. However, in reality, there exist parameter uncertainties in nonlinear
systems. Correspondingly, the T–S fuzzy systems used to represent such nonlinear
systems will also have parameter uncertainties. As is well known, adaptive control
is effective in dealing with parametric uncertainties. In Chap.3, we will first give a
tutorial introduction on the basic ideas and design techniques of adaptive control.
Then in Chaps. 5–10, we will present a systematic study on the adaptive control
designs and analysis of T–S fuzzy systems.
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Chapter 3
Adaptive Control: A Tutorial
Introduction

Adaptive control is a well-established and powerful methodology to deal with sys-
tems with unknown constant or slowly time-varying parameters. The basic idea
of adaptive control is to employ a parameter adaptation scheme to estimate those
unknown parameters and replace the unknown parameters in the feedback controller
with their estimates. Adaptive control is essentially nonlinear control due to the
involvement of dynamic parameter adaptive law, no matter it is applied to linear
systems or nonlinear systems.

Traditionally, there are two approaches in adaptive control design. One approach
is called direct adaptive control, which estimates the controller parameters directly,
and the other is called indirect adaptive control, which estimates the plant parameters
and the controller parameters are calculated from the plant parameter estimates.

When designing the parameter adaptive law, there are also two approaches.
One approach is Lyapunov-based design and the other is estimation-based design
(Krstić et al. 1995). The major difference between the two approaches resides in the
way to derive the parameter adaptive laws and the corresponding stability and con-
vergence proof. In Lyapunov-based designs, usually a Lyapunov function containing
tracking error and parameter estimation error is chosen first, and then the derivative of
the Lyapunov function along the tracking error dynamics is derived, based on which
the parameter adaptive law is designed such that the derivative of the Lyapunov
function is nonpositive. Estimation-based designs treat the parameter estimation as
a separate module and guarantee the properties of parameter estimation independent
of the controller module. Various parameter identification algorithms such as gra-
dient and least-squares optimization algorithms can be applied in estimation-based
designs.

In adaptive control, there is an important design principle called certainty equiv-
alent principle (Astrom and Wittenmark 1995). The controller is first designed
by assuming all the plant parameters were known. When the plant parameters are

© Springer Nature Switzerland AG 2019
R. Qi et al., Fuzzy System Identification and Adaptive
Control, Communications and Control Engineering,
https://doi.org/10.1007/978-3-030-19882-4_3

55

co
nt

ro
len

gin
ee

rs
.ir

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-19882-4_3&domain=pdf
https://doi.org/10.1007/978-3-030-19882-4_3
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unknown, the control law is computed from the parameter estimates by treating them
as if they were the true parameters, which is called a certainty equivalence controller.
The certainty equivalent controllers have been proven to be satisfactory for adaptive
control of linear systems.

This chapter is aimed at providing an introductory overview of adaptive linear and
nonlinear control, to help readers understand the basic ideas and design approaches
of adaptive control. We use simple single-input single-output (SISO) linear and
nonlinear systems as design examples to illustrate the basic ideas of adaptive
control. For readers who want to get a deeper understanding of adaptive control,
there are many elegant books in this area (Goodwin and Sin 1984; Astrom and
Wittenmark 1995; Krstić et al. 1995; Ioannou and Sun 1996; Tao 2003; Landau and
Lozano et. al. 2011).

3.1 Adaptive Linear Control

In this section, we introduce the basic ideas of indirect and direct adaptive control,
and model reference adaptive control for linear systems. We try to make it easier for
beginners to understand how an adaptive control system is designed and what are
the key properties it can achieve. We employ a simple SISO linear plant with two
unknown parameters as a demonstration example in the following designs.

Consider the following SISO linear plant:

ẏ = ay + bu, (3.1)

where y ∈ R is the output and u ∈ R is the input; a and b are two plant parameters. It
is assumed that b �= 0, which means the relative degree of (3.1) is one. The control
design objective is to make y track a reference signal ym when a and b are unknown
under the following assumption.

Assumption 3.1 The reference signal ym and its first derivative ẏm are bounded.

We first present the basic methodology of indirect and direct adaptive control for
the plant (3.1).

3.1.1 Indirect Adaptive Control

Let us first consider the nominal case that a and b are known. One simple choice of
u is

u = 1

b
[−ay + ẏm − k(y − ym)], (3.2)

where k is a positive constant, which is a design parameter chosen by the user.
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3.1 Adaptive Linear Control 57

Define the tracking error e = y − ym. Substituting (3.2) into (3.1) yields

ė = −ke, (3.3)

which implies that e approaches zero asymptotically (the convergence speed depends
on the value of k) and the design objective is achieved.

Now we consider the case that a and b are unknown. In this case, the nominal
controller (3.2) cannot be implemented.

Suppose that we can obtain the parameter estimates (â, b̂) for (a, b), then the
controller (3.2) can be implemented by the following indirect adaptive controller:

u = 1

b̂
[−ây + ẏm − k(y − ym)], (3.4)

˙̂a = γ1ey, (3.5)
˙̂b = γ2eu, (3.6)

where γ1, γ2 > 0 are two design parameters. The adaptive control scheme (3.4)–(3.6)
is called indirect adaptive control because the controller is calculated based on the
estimates (â, b̂) of the plant parameters (a, b).

Applying (3.4) into (3.1), we obtain

ė = −ke − ãy − b̃u, (3.7)

where ã = â − a and b̃ = b̂ − b.
The stability of the error dynamics (3.7) can be checked by examining the deriva-

tive of the Lyapunov function

V (e, ã, b̃) = 1

2
e2 + 1

2γ1
ã2 + 1

2γ2
b̃2, (3.8)

where γ1, γ2 > 0 are two design parameters. The derivative of (3.8) along the error
dynamics (3.7) follows

V̇ = −ke2 − ãey − b̃eu + 1

γ1
ã ˙̃a + 1

γ2
b̃ ˙̃b. (3.9)

Since a and b are two constants, we have ȧ = ḃ = 0, and from (3.5)–(3.6), we obtain

˙̃a = ˙̂a = γ1ey,
˙̃b = ˙̂b = γ2eu,

which are used in (3.9), leading to
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58 3 Adaptive Control: A Tutorial Introduction

V̇ = −ke2, (3.10)

which indicates V (e, ã.b̃) evaluated along (3.7) is a nonincreasing function of time.
This proves e, ã, b̃ ∈ L∞, i.e., bounded for all t ≥ 0, which also indicates y, â, b̂ ∈
L∞. From (3.4), we have u ∈ L∞ when b̂ �= 0 (which can be guaranteed by using
various parameter projection algorithms). Then, from (3.7), we have ė ∈ L∞. By
integrating both sides of (3.10), we have

∫ ∞

0
e2dt = 1

k
(V (0) − V (∞)) < ∞, (3.11)

whichmeans e ∈ L2.With e, ė ∈ L∞ and e ∈ L2, it can be concluded froma corollary
ofBarbălat’s lemma that limt→∞ e(t) = 0,whichmeans the designobjective has been
achieved using the indirect adaptive control scheme (3.4)–(3.6).

Barbălat’s lemma and its corollary are widely used in proving the signal conver-
gence of an adaptive control system, which are given as follows (Popov 1966).

Lemma 3.1 (Barbălat) Consider the function φ : R+ → R. If φ is uniformly contin-
uous and limt→∞

∫ t
0 φ(τ)dτ exists and is finite, then

lim
t→∞ φ(t) = 0. (3.12)

Corollary 3.1 Consider the function φ : R+ → R. If φ, φ̇ ∈ L∞, and φ ∈ Lp for
some p ∈ [1,∞), then

lim
t→∞ φ(t) = 0. (3.13)

Parameter projection. The parameter estimate b̂ can be guaranteed bounded
away from zero by using various parameter projection algorithms (Ioannou and Sun
1996; Tao 2003). To employ a parameter projection algorithm, some knowledge of
the control gain b is needed.

Assumption 3.2 The sign of b is known and b ∈ [b1, b2] for some known constants
b1 and b2.

Without loss of generality, it is assumed b > 0 in the following design. The param-
eter adaptive law (3.6) for updating b̂ is modified as

˙̂b = γ2eu + f (t), (3.14)

where f (t) is a projection signal defined as
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3.1 Adaptive Linear Control 59

f (t) =

⎧⎪⎪⎨
⎪⎪⎩

0 if b̂ ∈ (b1, b2)
or b̂ = b1 and γ2eu ≥ 0
or b̂ = b2 and γ2eu ≤ 0,

−γ2eu otherwise,

which for b̂(0) ∈ [b1, b2] guarantees that b̂(t) ∈ [b1, b2].
Consider the same Lyapunov function (3.8), whose derivative along (3.21), (3.5)

and (3.14) is

V̇ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−ke2 if b̂ ∈ (b1, b2)
or b̂ = b1 and eu ≥ 0
or b̂ = b2 and eu ≤ 0,

−ke2 − b̃eu otherwise.

(3.15)

When b̂ = b1 and eu < 0, we have b̃eu = (b̂ − b)eu ≥ 0; when b̂ = b2 and eu >

0, we have b̃eu = (b̂ − b)eu ≥ 0 as well. Therefore, from (3.15), we can conclude

V̇ ≤ −ke2 ≤ 0. (3.16)

By following the similar analysis for the case without parameter projection, it can
be obtained that all the closed-loop signals are bounded and limt→∞ e(t) = 0 under
the adaptive control law (3.4), (3.5) and (3.14).

3.1.2 Direct Adaptive Control

In Sect. 3.1.1, the parameters of the adaptive controller (3.4) are obtained from the
estimates (â, b̂) of plant parameters (a, b), which is called indirect adaptive control.
In this section, we try to estimate the parameters of the adaptive controller directly,
which leads to the direct adaptive control approach.

First, we parameterize the control law (3.2) as

u = −θ1y + θ2ẏm − kθ2e, (3.17)

where θ1 = a
b and θ2 = 1

b .With the newparametrization, the plant (3.1) can bewritten
as

ẏ = θ1

θ2
y + 1

θ2
u. (3.18)

When θ1 and θ2 are known (from the knowledge of a and b), applying (3.17) into
(3.18) yields
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ė = −ke, (3.19)

which leads to limt→∞ e(t) = 0.
When θ1 and θ2 are unknown, their estimates θ̂1 and θ̂2 are used to build an adaptive

controller

u = −θ̂1y + θ̂2ẏm − k θ̂2e. (3.20)

To implement (3.20), we need to develop parameter update laws for θ̂1 and θ̂2.
Generally, there are two approaches to obtain the parameter update laws: one is
Lyapunov-based design and the other is estimation-based design. The Lyapunov-
based design chooses a Lyapunov function of the tracking error and the parameter
estimation error. Then the parameter update laws are designed to make the derivative
of the Lyapunov function nonpositive. The estimation-based approach is to design
a parameter identifier with guaranteed parameter estimation properties, such as the
gradient algorithm and the least-squares algorithms.

Here, we use the Lyapunov-based design to obtain the parameter adaptive laws
for θ̂1 and θ̂2. First, we need to develop the tracking error dynamics subject to the
controller (3.20). Applying (3.20) into (3.18) and with some simple mathematical
manipulations, we obtain

ė = −ke − 1

θ2
(θ̂1 − θ1)y + 1

θ2
(θ̂2 − θ2)(ẏm − ke). (3.21)

Define θ̃1 = θ̂1 − θ1, θ̃2 = θ̂2 − θ2 and ω = ẏm − ke, then the error dynamics
(3.21) can be written as

ė = −ke − 1

θ2
θ̃1y + 1

θ2
θ̃2ω. (3.22)

The error dynamics (3.22) builds the relation between the tracking error and the
parameter estimation errors, which is crucial for the Lyapunov-based design.

It can be noticed that the signals e(t), y(t) and ω(t) are all available at time t.
Our parameter adaptive laws will be developed using these signals. Besides, the
information on the sign of θ2, that is, the sign of control gain b, is also needed.

Assumption 3.3 The sign of the control gain b is known.

Assumption 3.3 means the control direction of the linear system (3.1) is known,
which can be satisfied in many control applications.

Consider the following Lyapunov function:

V (e, θ̃1, θ̃2) = 1

2
e2 + 1

2γ1|θ2| θ̃
2
1 + 1

2γ2|θ2| θ̃
2
2 , (3.23)

where γ1, γ2 > 0 are two design parameters.
The derivative of (3.23) along (3.22) is
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3.1 Adaptive Linear Control 61

V̇ = −ke2 − 1

θ2
θ̃1ey + 1

θ2
θ̃2eω + 1

γ1|θ2| θ̃1
˙̃
θ1 + 1

γ2|θ2| θ̃2
˙̃
θ2

= −ke2 + θ̃1

|θ2|
(
1

γ1

˙̃
θ1 − sign(θ2)ey

)
+ θ̃2

|θ2|
(
1

γ2

˙̃
θ2 − sign(θ2)eω

)

= −ke2 + θ̃1

|θ2|
(
1

γ1

˙̂
θ1 − sign(b)ey

)
+ θ̃2

|θ2|
(
1

γ2

˙̂
θ2 − sign(b)eω

)
. (3.24)

If the parameter adaptive laws are designed as

˙̂
θ1 = γ1sign(b)ey, (3.25)
˙̂
θ2 = γ2sign(b)eω, (3.26)

from (3.24), we have

V̇ = −ke2, (3.27)

based on which we can conclude e, θ̃1 and θ̃2 are bounded. By following the similar
analysis as we have done in Sect. 3.1.1, it can be obtained that all the closed-loop
signals are bounded and limt→∞ e(t) = 0.

Since no parameter estimate appears in the denominator of the control law (3.20),
no parameter projection is required for the parameter adaptive laws (3.25)–(3.26). It
can be observed that the information of sign(b) is required in the parameter adaptive
laws (3.25)–(3.26) for the direct adaptive control scheme,while the same information
is also required in themodified parameter adaptive law (3.14) for the indirect adaptive
control scheme.

3.1.3 Model Reference Adaptive Control

In model reference adaptive control, the expected output is generated by a reference
model. For the plant (3.1), suppose the reference model is given by

ẏm = −amym + bmr, (3.28)

where ym ∈ R and r ∈ R are the output and input of the referencemodel, respectively;
am and bm are the model parameters. To make the reference model stable, am satisfies
am > 0. The control objective is to make the plant output y track the reference model
output ym as closely as possible.

First, we consider the nominal case that a and b in (3.1) are known. The nominal
controller has the following structure:

u = k1y + k2r, (3.29)
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where k1 and k2 are two parameters to be designed. Applying (3.29) into (3.1) results
in the following closed-loop dynamics

ẏ = (a + bk1)y + bk2r. (3.30)

If k1 and k2 are chosen to satisfy the following matching conditions:

a + bk1 = −am, bk2 = bm, (3.31)

then the closed-loop system becomes

ẏ = −amy + bmr. (3.32)

Define the output tracking error e = y − ym. Subtracting (3.28) from (3.32) yields
the following tracking error dynamics:

ė = −ame, (3.33)

which implies e converges to zero asymptotically.
In this case, the matching conditions (3.31) can be easily satisfied with

k1 = −am − a

b
, k2 = bm

b
. (3.34)

Thus, the control objective can be achieved perfectly when a and b are known.
Now we consider the case that a and b are unknown. In this case, the controller

parameters k1 and k2 cannot be calculated from the matching conditions (3.31) and
their estimates k̂1 and k̂2 are used to form an adaptive control law

u = k̂1y + k̂2r. (3.35)

To develop adaptive laws for k̂1 and k̂2, we need to obtain the tracking error
dynamics for the plant (3.1) subject to the adaptive control law (3.35).

Applying (3.35) into (3.1), we have

ẏ = ay + bk̂1y + bk̂2r

= (a + bk1)y + bk2r + bk̃1y + bk̃2r, (3.36)

where k̃1 = k̂1 − k1 and k̃2 = k̂2 − k2.
Using the matching conditions (3.31), from (3.36), we have

ẏ = −amy + bmr + bk̃1y + bk̃2r. (3.37)
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Subtracting (3.28) from (3.37) yields the following closed-loop error dynamics:

ė = −ame + bk̃1y + bk̃2r. (3.38)

It can be noticed that the control gain b appears on the right side of (3.38). To
develop parameter adaptive laws through Lyapunov-based approach, we need the
information of the sign of b, that is, Assumption 3.3.

Consider the following Lyapunov function:

V (e, k̃1, k̃2) = 1

2
e2 + |b|

2γ1
k̃21 + |b|

2γ2
k̃22 . (3.39)

The derivative of (3.39) along (3.38) is

V̇ = eė + |b|
γ1

k̃1
˙̃k1 + |b|

γ2
k̃2

˙̃k2

= −ame
2 + |b|k̃1

(
sign(b)ey + 1

γ1

˙̃k1
)

+ |b|k̃2
(
sign(b)er + 1

γ2

˙̃k2
)

. (3.40)

If the parameter adaptive laws are chosen as

˙̂k1 = ˙̃k1 = −γ1sign(b)ey
˙̂k2 = ˙̃k2 = −γ2sign(b)er, (3.41)

from (3.40), we have

V̇ = −ame
2 ≤ 0, (3.42)

which means V (e, k̃1, k̃2) is nonincreasing such that e, k̃1, k̃2 ∈
L∞. Hence, y, k̂1, k̂2 ∈ L∞ as well. Then, from (3.35), we obtain u ∈ L∞. Thus,
all the closed-loop signals are bounded.

Furthermore, from (3.38) we have ė ∈ L∞. By integrating both sides of (3.42),
we obtain

∫ ∞

0
e2dt = 1

am
(V (0) − V (∞)) < ∞, (3.43)

which means e ∈ L2. With e, ė ∈ L∞ and e ∈ L2, it can be concluded based on the
Corollary of Barbălat’s Lemma that limt→∞ e(t) = 0.
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3.1.4 Discrete-Time Adaptive Linear Control

Consider the following discrete-time linear plant:

y(t + 1) = ay(t) + bu(t), (3.44)

where y ∈ R and u ∈ R are output and input, respectively; a and b (b �= 0) are plant
parameters. Our design objective is to make y track a bounded reference signal ym.

First, we consider how to design a nominal control law for known a and b. Design-
ing the control law as

u(t) = 1

b
[−ay(t) + ym(t + 1)], (3.45)

which, when applied to the system (3.44), brings y(t + 1) to ym(t + 1) in one step
and leads to the closed-loop dynamics

y(t) = ym(t),∀t > 1. (3.46)

Remark 3.1 The nominal control law for known a and b can also be designed as

u(t) = 1

b
[−ay(t) + ym(t + 1) + k(y(t) − ym(t))], (3.47)

where the parameter k is chosen to satisfy |k| < 1. Applying (3.47) into (3.44) yields
the closed-loop dynamics

y(t + 1) = ym(t + 1) + k(y(t) − ym(t)). (3.48)

Define the tracking error e(t) = y(t) − ym(t). From (3.48), we have the tracking
error dynamics

e(t + 1) = ke(t), (3.49)

which, due to |k| < 1, leads to limt→∞ e(t) = 0.

When a and b are unknown, their estimates â(t) and b̂(t) at time t are used to
construct an adaptive control law

u(t) = 1

b̂(t)
[−â(t)y(t) + ym(t + 1)], (3.50)

where b̂ should be ensured nonzero.
Applying (3.50) into (3.44) and with some simple mathematical manipulations,

we obtain the following error dynamics:
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e(t + 1) = −ã(t)y(t) − b̃(t)u(t), (3.51)

where ã(t) = â(t) − a and b̃(t) = b̂(t) − b.
In Sect. 3.1.1, we derive the parameter adaptive laws through a Lyapunov-based

design. However, a major difference between discrete-time adaptive control and
continuous-time adaptive control is that the Lyapunov-based design is not applicable
to the discrete-time case. For discrete-time systems, it is more convenient to derive
the parameter adaptive law through an estimation-based approach, that is, employing
a parameter identifier to estimate the unknown parameter.

The plant (3.44) can be parameterized as

y(t + 1) = θTφ(t), (3.52)

where θ = [a, b]T is a vector of unknown plant parameters and φ(t) = [y(t), u(t)]T
is a regressor vector.

Define the estimation error with θ̂ (t) as

ε(t) = y(t + 1) − θ̂T (t)φ(t), (3.53)

where θ̂ (t) = [â(t), b̂(t)]T . In view of (3.52), the estimation error (3.53) can be
formulated into

ε(t) = −θ̃T (t)φ(t), θ̃ (t) = θ̂ (t) − θ, (3.54)

which is a linear parametric error model (linear in the parameter error θ̃).

Remark 3.2 The linear parametric model (3.54) is a key model in adaptive control
and system identification,which builds the relation between the parameter error θ̃ and
estimation error ε. Based on the measurable signals y(t + 1) and φ(t), an adaptive
law for updating θ̂ can be derived to ensure θ̂ has some desirable properties, such as
gradient and least-squares methods.

Based on (3.53), a normalized gradient algorithm can be applied for updating the
parameter vector θ̂ to minimize a normalized quadratic cost function

J (θ̂) = ε2(t)

2m2(t)
, (3.55)

where m(t) is a normalizing signal which does not explicitly depend on θ̂ (t). A
preferred choice ofm(t) is the one which ensures the boundedness of φT (t)φ(t)

m2(t) . In this
example, we choose

m(t) =
√
c + φT (t)φ(t), (3.56)

where c > 0 is a small design parameter.
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θ̂ (t + 1) = θ̂ (t) + γ (t)φ(t)ε(t)

m2(t)
, (3.57)

where 0 < γ0 < γ (t) < 2 − γ0 is an adaptation gain for some constant γ0 ∈ (0, 1).
The parameter adaptive law (3.57) has the following properties.

Lemma 3.2 The parameter adaptive law (3.57) guarantees that

(i) θ̂ (t) and ε(t)
m(t) are bounded;

(ii) θ̂ (t + 1) − θ̂ (t) and ε(t)
m(t) belong to L2; and

(iii) limt→∞ ε(t)
m(t) = 0.

Proof (i) Consider the following Lyapunov function candidate:

V (θ̃) = θ̃T θ̃ . (3.58)

The time increment of V (θ̃) along (3.57) is

V (θ̃(t + 1)) − V (θ̃(t)) = ‖θ̂ (t + 1) − θ‖2 − ‖θ̂ (t) − θ‖2

= −γ (t)

[
2 − γ (t)φT (t)φ(t)

c + φT (t)φ(t)

]
· ε2(t)

c + φT (t)φ(t)
. (3.59)

Since

− γ (t)

[
2 − γ (t)φT (t)φ(t)

c + φT (t)φ(t)

]
≤ −γ (t)

[
2 − γ (t)

]

≤ −γ0(2 − γ0), (3.60)

we have the inequality

V (θ̃(t + 1)) − V (θ̃(t)) ≤ −γ0(2 − γ0)
ε2(t)

m2(t)
≤ 0, (3.61)

which means V (θ̃) is a nonincreasing function. Thus, θ̃ and θ̂ are bounded. From
(3.61), we have

γ0(2 − γ0)
ε2(t)

m2(t)
≤ V (θ̃(t)) − V (θ̃(t + 1)) < ∞ (3.62)

which gives ε(t)
m(t) ∈ L∞.

(ii) It follows from (3.61) that

γ0(2 − γ0)

t−1∑
τ=0

ε2(τ )

m2(τ )
= V (θ̃(0)) − V (θ̃(t)) ≤ V (θ̃(0)), (3.63)
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which means ε(t)
m(t) ∈ L2, and from (3.57) that θ̂ (t + 1) − θ̂ (t) ∈ L2.

(iii) With ε(t)
m(t) ∈ L∞

⋂
L2, it is straightforward to obtain

lim
t→∞

ε(t)

m(t)
= 0,

which completes the proof. ∇
To avoid singularity in the adaptive control law (3.50), b̂ should be guaranteed

nonzero. Similar to the continuous-time case, parameter projection can be applied to
make b̂bounded away fromzero.Without loss of generality, the following assumption
is made on b.

Assumption 3.4 It is assumed that 0 < b1 ≤ b ≤ b2 for some known constants b1
and b2.

The parameter adaptive law (3.57) is modified as

â(t + 1) = â(t) + γ (t)y(t)ε(t)

m2(t)
, (3.64)

b̂(t + 1) = b̂(t) + γ (t)u(t)ε(t)

m2(t)
+ f (t), (3.65)

where b̂(0) ∈ [b1, b2], f (t) is a projection signal which is defined as

f (t) =
⎧⎨
⎩
0 h(t) ∈ [b1, b2]
b2 − h(t) h(t) > b2
b1 − h(t) h(t) < b1,

(3.66)

where h(t) = b̂(t) + γ (t)u(t)ε(t)
m2(t) .

The modified parameter adaptive laws (3.64)–(3.65) guarantee for b̂(0) ∈ [b1, b2]
that b̂(t) ∈ [b1, b2] and the desired properties of Lemma 3.2 are still valid, which can
be checked by evaluating the increment of the Lyapunov function V (ã, b̃) = ã2 + b̃2

along (3.64)–(3.65).
Now we consider the property of the tracking error e(t). Based on Lemma 3.2,

we have the following desired closed-loop properties.

Theorem 3.1 The adaptive controller (3.50) with the parameter adaptive laws
(3.64)–(3.65), applied to the plant (3.44), can guarantee that all the closed-loop
signals are bounded and the tracking error limt→∞ e(t + 1) = 0.

Proof Substituting (3.50) into (3.44), we obtain the closed-loop system

y(t + 1) = θTφ(t) − θ̂φ(t) + ym(t + 1), (3.67)
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from which we have

e(t + 1) = −θ̃T (t)φ(t). (3.68)

From (3.54), we have

e(t + 1) = ε(t), (3.69)

which, divided by m(t) on both sides, gives

e(t + 1)

m(t)
= ε(t)

m(t)
. (3.70)

Define ε̄(t) = ε(t)
m(t) . Then from (3.70), we have

e(t + 1) = ε̄(t)m(t). (3.71)

From (3.56), we have

m(t) ≤ √
c + |φ(t)|. (3.72)

With φ(t) = [y(t), u(t)]T , we have

‖φ(t)‖ ≤ |y(t)| + |u(t)|. (3.73)

From (3.50) and Assumption 3.7, we obtain

|u(t)| ≤ c1|y(t)| + c2, (3.74)

where c1 and c2 are two positive constants.
With (3.72)–(3.74) and e(t) = y(t) − ym(t), it can be derived that

m(t) ≤ c3|e(t)| + c4, (3.75)

where c3 and c4 are two positive constants.
With (3.69) and (3.75), it can be derived that

|e(t + 1)| ≤ c3|ε̄(t)||e(t)| + c4|ε̄(t)|. (3.76)

From Lemma 3.2, we have limt→∞ ε̄(t) = 0. Therefore, it can be concluded from
(3.76) that e(t) ∈ L∞. Hence, y(t), u(t), φ(t) ∈ L∞ as well.

With φ(t) ∈ L∞ and ε(t)
m(t) ∈ L2, it can be concluded from (3.69) that e(t + 1) ∈ L2.

With e(t + 1) ∈ L∞
⋂

L2, we finally have limt→∞ e(t + 1) = 0.
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3.2 Adaptive Nonlinear Control

In this section, we mainly consider adaptive feedback linearization control for non-
linear systems. We employ a continuous-time example and a discrete-time example
to illustrate the use of adaptive control methodology in nonlinear feedback control.

3.2.1 A Continuous-Time Design Example

In this example, we consider the tracking control design problem for the following
nth-order continuous-time nonlinear plant:

ẋ1 = x2
ẋ2 = x3

...

ẋn = θT f (x) + g(x)u

y = x1, (3.77)

where x = [x1, x2, . . . , xn]T ∈ Rn is the state vector, u ∈ R is input, y ∈ R is output,
f : Rn → Rl and g : Rn → R are sufficiently smooth in a domainD ⊂ Rn, θ ∈ Rl is a
constant parameter vector. The design objective is to find an adaptive controller such
that the output y(t) tracks a bounded reference signal ym(t) for unknown param-
eter vector θ . It is assumed that the reference signal ym(t) satisfies the following
assumption.

Assumption 3.5 ym(t), ẏm(t), . . . , y(n)
m (t) are bounded.

Without loss of generality, we make the following assumption on g(x).

Assumption 3.6 g(x) ≥ g0 > 0, where g0 is a positive constant.

Assumption 3.6 implies the relative degree of (3.77) is n.
We first consider the nominal case that θ is known. Define the tracking error

e(t) = y(t) − ym(t), then the nominal control law can be designed as

u = 1

g(x)

(−θT f (x) + y(n)
m − kn−1e

(n−1) − · · · − k1ė − k0e
)
, (3.78)

where the parameters k1, k2, . . . , kn−1 are chosen such that the polynomial

sn + kn−1s
n−1 + · · · + k1s + k0 = 0 (3.79)

is Hurwitz, i.e., all roots of (3.79) lie in the left-half complex plane.
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Applying (3.78) into (3.77) results in the following tracking error dynamics

e(n) + kn−1e
(n−1) + · · · + k1ė + k0e = 0, (3.80)

which leads to limt→∞ e(t) = 0.
When θ is unknown, its estimate θ̂ is used to implement the following adaptive

control law:

u = 1

g(x)

(
−θ̂T f (x) + y(n)

m − kn−1e
(n−1) − · · · − k1ė − k0e

)
. (3.81)

Substituting (3.81) into (3.77) yields the following tracking error dynamics:

e(n) + kn−1e
(n−1) + · · · + k1ė + k0e + θ̃T f (x) = 0, (3.82)

where θ̃ = θ̂ − θ .
Define e = [e, ė, . . . , e(n−1)]T . Then (3.82) can be formulated as

ė = Ae + Bθ̃T f (x), (3.83)

where

A =

⎡
⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 0
...

. . .
...

0 1
−k0 −k1 · · · −kn−1

⎤
⎥⎥⎥⎥⎥⎦

, B =

⎡
⎢⎢⎢⎢⎢⎣

0
0
...

0
1

⎤
⎥⎥⎥⎥⎥⎦

. (3.84)

Since A is a Hurwitz matrix, for a positive definite matrixQ, there exists a positive
matrix P such that

ATP + PA = −Q. (3.85)

Consider the following Lyapunov function candidate:

V (e, θ̃ ) = 1

2
eTPe + 1

2
θ̃TΓ −1θ̃ , (3.86)

where Γ is a diagonal matrix with its diagonal elements being positive constants.
The derivative of (3.86) along (3.82) is given by

V̇ = −1

2
eTQe + θ̃T eTPBf (x) + θ̃TΓ −1 ˙̃

θ

= −1

2
eTQe + θ̃T

(
eTPBf (x) + Γ −1 ˙̂

θ
)

. (3.87)
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Selecting the parameter adaptive law as

˙̂
θ = −Γ eTPBf (x), (3.88)

it can be obtained from (3.87) that

V̇ = −1

2
eTQe ≤ 0, (3.89)

which implies e, θ̂ ∈ L∞. Since e = x1 − ym, ė = x2 − ẏm, . . . e(n) = xn − y(n)
m , with

Assumption 3.5, we have x ∈ L∞. Based on Assumption 3.6 and (3.81), it can be
concluded that u are bounded. From (3.82), we obtain ė ∈ L∞. Integrating both sides
of (3.89), it can be obtained that

∫ ∞
0 eTQe < ∞, that is, e ∈ L2. With Barbălat’s

lemma, we finally obtain limt→∞ e(t) = 0.

3.2.2 A Discrete-Time Design Example

In this example, we consider a nonlinear plant described by the following discrete-
time model:

x1(t + 1) = x2(t)

x2(t + 1) = x3(t)
...

xn−1(t + 1) = xn(t)

xn(t + 1) = θT f (x(t)) + g(x(t))u(t)

y(t) = xn(t), (3.90)

where x(t) = [x1(t), x2(t), . . . , xn(t)]T ∈ Rn is the state vector, u ∈ R is input, y ∈ R
is output, f : Rn → Rl and g : Rn → R are sufficiently smooth in a domain D ⊂ Rn,
and θ ∈ Rl is a constant parameter vector. The control objective is to design a control
law u(t) to make the output y(t) track a reference signal ym(t) when the parameter
vector θ is unknown and under the following assumptions:

Assumption 3.7 ym(t) is bounded for any t > 0.

Assumption 3.8 For x ∈ D ⊂ Rn, f (x) satisfies‖f (x)‖ ≤ L‖x‖,whereL is a positive
constant.

Assumption 3.9 g(x) ≥ g0 > 0, where g0 is a positive constant.

Assumption 3.9 implies the relative degree of (3.90) is one. The plant (3.90) can
be formulated as
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y(t + 1) = θT f (x(t)) + g(x(t))u(t). (3.91)

When θ is known, the nominal control law

u(t) = 1

g(x(t))

(−θT f (x(t)) + ym(t + 1)
)
, (3.92)

applied to (3.91), leads the closed-loop system to

y(t) = ym(t), t > 1. (3.93)

When θ is unknown, its estimate θ̂ is used to implement the following adaptive
control law:

u(t) = 1

g(x(t))

(
−θ̂T (t)f (x(t)) + ym(t + 1)

)
, (3.94)

which results in the closed-loop dynamics described by

y(t + 1) = ym(t + 1) − θ̃T (t)f (x(t)), (3.95)

where θ̃ (t) = θ̂ (t) − θ .
Unlike the continuous-time example, the discrete-time parameter adaptive law

cannot be derived from Lyapunov-based design. Various parameter identification
algorithms such as gradient algorithms and least-squares algorithms can be applied
to update θ̂ .

Define the estimation error with θ̂ (t) as

ε(t) = y(t + 1) − θ̂T (t)f (x(t)) − g(x(t))u(t), (3.96)

which, in view of (3.91), can be expressed as

ε(t) = −θ̃T (t)φ(t), (3.97)

where the regressor φ(t) � f (x(t)).
It can be noted that (3.97) has the same form as (3.54). Based on (3.96) and

(3.97), the parameter adaptive law (3.57) can be applied to update θ̂ and the desired
properties given by Lemma 3.2 also hold.

From (3.95), we have

e(t + 1) = −θ̃T (t)φ(t). (3.98)

In view of (3.97) and (3.98), we have

e(t + 1) = ε(t), (3.99)
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which, divided by m(t) on both sides, gives

e(t + 1)

m(t)
= ε(t)

m(t)
. (3.100)

From (3.56), we have

m(t) =
√
c + φT (t)φ(t) ≤ √

c + ‖φ(t)‖, (3.101)

where, under Assumption 3.8, φ(t) satisfies

‖φ(t)‖ = ‖f (x(t))‖ ≤ L‖x(t)‖. (3.102)

Since x(t) = [y(t − n + 1), . . . , y(t − 1), y(t)]T and e(t) = y(t) − ym(t), with
Assumption 3.7, we have

‖x(t)‖ ≤
n−1∑
τ=0

|e(t − τ)| + c1 ≤ n max
0≤τ≤n−1

|e(t − τ)| + c1, (3.103)

where c1 is a positive constant.
With (3.101)–(3.103), we obtain

m(t) ≤ nLmax 0 ≤ τ ≤ n − 1|e(t − τ)| + c2, (3.104)

where c2 is a positive constant.
Then from (3.100), we have

e(t) ≤ | ε(t)

m(t)
|m(t) ≤ nL| ε(t)

m(t)
| max
0≤τ≤n−1

|e(t − τ)| + c2| ε(t)

m(t)
|. (3.105)

With Lemma3.2,we have limt→∞ ε(t)
m(t) = 0. Therefore, the inequality (3.105) implies

e(t) ∈ L∞. Hence, y(t), u(t), x(t) ∈ L∞ as well.
With x(t) ∈ L∞ and Assumption 3.8, we have φ(t) ∈ L∞ and m(t) ∈ L∞. Fur-

thermore, ε(t)
m(t) ∈ L2 by Lemma 3.2. Therefore, it can be concluded from (3.100) that

e(t + 1) ∈ L2. With e(t + 1) ∈ L∞
⋂

L2, we finally obtain limt→∞ e(t + 1) = 0.

3.3 Summary

Adaptive control is a sophisticated methodology to deal with parametric uncertain-
ties. Parameterization is the foundation of adaptive control designs, which transforms
the uncertain part of a system into a vector of unknown parameters and a regressor
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with measurable signals. Based on the certainty equivalent principle, the estimates
of unknown parameters are used to compute the control signal.

The adaptive law for updating the parameter estimates can be derived either
through Lyapunov-based design or estimation-based design. The Lyapunov-based
design is based on a Lyapunov function containing both tracking error and parame-
ter estimate error, and the parameter adaptive law is selected such that the Lyapunov
function is nonincreasing. The estimation-based design utilizes various parameter
identification algorithms, such as least-squares and gradient algorithms, which can
ensure certain desirable properties of parameter adaptation that are independent of
control. For discrete-time systems, it is difficult to employ theLyapunov-based design
and the parameter adaptive laws are usually derived through the estimation-based
design.

When the adaptive law updates the plant parameter estimates and the controller
parameters are calculated from the plant parameter estimates, the corresponding
adaptive control scheme is called indirect adaptive control. When the adaptive law
directly updates the controller parameters, the corresponding adaptive control scheme
is called direct adaptive control.

The sign of the control gain is usually assumed to be known in adaptive control,
which is required when designing the parameter adaptive law. The model reference
adaptive control requires certain plant-model matching conditions.

Since there may exist modeling error and disturbances in an adaptive control
system, the parameter adaptive law designed for the ideal case with no modeling
error and disturbances need to bemodified to avoid parameter drift. Interested readers
may refer to the books (Ioannou and Sun (1996), Tao (2003)) for more knowledge
on robust adaptive control.
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Chapter 4
T–S Fuzzy System Identification Using
I/O Data

4.1 Introduction

In this chapter, we consider the identification of T–S fuzzy models based on input–
output (I/O) data. The identification of T–S fuzzy models includes two major tasks:
structure identification andparameter identification (Takagi andSugeno1985). Struc-
ture identification determines the premise (input) variables, the number of fuzzy
rules, and the initial positions of membership functions. Parameter identification
determines a feasible set of parameters including antecedent (membership function)
parameters and consequent parameters under a given structure.

If an I/O data collection can be obtained in advance, the fuzzy system identifi-
cation can be carried out using offline identification algorithms. If the data come in
an online mode, the fuzzy system can also be identified using online identification
algorithms. In this chapter, both offline identification and online identification algo-
rithms will be presented. We intend to give a self-contained and succinct description
of the identification algorithms, which is easy to understand and apply for a first-year
graduate student. By following the offline fuzzy system identification procedure and
online fuzzy system identification procedure in this chapter, one can obtain a T–S
fuzzy model totally based on I/O data that is good enough for prediction or control
design.

Fuzzy system identification is a research field in progress. There aremany research
results regarding fuzzy clustering, selection of key premise variables, robust param-
eter estimation, etc., that are not covered by this chapter. Interested readers may also
refer to the books on the topic of fuzzy system identification (Babuska 1998; Nelles
2001; Angelov 2002; Abonyi 2003; Oviedo et al. 2005; Lilly 2010).
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4.2 Offline Identification of T–S Fuzzy Systems

Consider a general single-input single-output (SISO) nonlinear plant represented by
the following discrete-time nonlinear difference equation:

y(t + 1) = f (y(t), . . . , y(t − n + 1), u(t), . . . , u(t − n + 1)), (4.1)

where f (·, . . . , ·) is an unknown nonlinear function, y(·) is the output, u(·) is the
input, t = 0, 1, 2, . . . , is the discrete time variable, and n is the system order.

Denote ξ(t) = [ξ1(t), ξ2(t), . . . , ξL(t)]T , where ξj(t), j = 1, 2, . . . ,L, are
premise variables selected from {y(t), y(t − 1), . . ., y(t − n + 1), u(t), . . ., u(t −
n + 1)} representing the structure information of the nonlinear plant. Then the non-
linear plant (4.1) can be approximated by the following T–S fuzzy model with a
group of fuzzy rules and a set of parameters:

Ri : IF ξ1(t) is F
i
1 and ξ2(t) is F

i
2 and . . . and ξL(t) is F

i
L

THEN y(t + 1) = θi,0 + θi,1ξ1(t) + · · · + θi,LξL(t), (4.2)

where Ri denotes the ith fuzzy rule, θi,0, θi,1, . . . , θi,L are coefficients of the ith sub-
system, and Fi

j denotes a fuzzy set associated with which there is a membership
function Fi

j (ξj(t)) to indicate the membership degree of ξj(t) in Fi
j , i = 1, 2, . . . ,N ,

j = 1, . . . ,L.
Using singleton fuzzification, product inference, and weighted average, the fuzzy

model (4.2) can be transformed into the following global model:

y(t + 1) =
N∑

i=1

μi(ξ)ξ̄T (t)θi, (4.3)

where ξ̄ (t) = [1, ξ(t)T ]T , θi = [θi0, θi1, . . . , θiL]T , μi(ξ) is the normalized firing
strength of the ith rule, satisfying

μi(ξ) = λi(ξ)
∑N

i=1 λi(ξ)
, λi(ξ) =

L∏

j=1

Fi
j (ξj)

μi(ξ) ≥ 0,
N∑

i=1

μi(ξ) = 1. (4.4)

The membership functions Fi
j can be chosen as typical fuzzy membership functions

such as triangular, trapezoidal, Gaussian functions, etc.
The objective of offline identification is to identify a T–S fuzzy model described

by (4.2) from a collection of input/output (I/O) data.
Identification of a T–S fuzzy model requires both structure identification and

parameter identification, which includes the following four tasks:
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4.2 Offline Identification of T–S Fuzzy Systems 77

1. identification of premise variables;
2. identification of number of rules;
3. estimation of consequent parameters; and
4. adjustment of membership parameters.

The first two tasks belong to structure identification while the last two belong to
parameter identification. In principle, structure identification and parameter identi-
fication are not totally independent since to identify the model structure, we need an
initial group of parameters for model evaluation. On the other hand, the number of
parameters to be identified relies on the model structure.

4.2.1 Identification of Premise Variables

Inmost identificationmethods, the input and output variables of the plant are assumed
known (Ljung 1987). However, if no a prior knowledge can be obtained about the
structure of the plant, including its order, the premise (input) variables can be selected
from a group of candidates. The complexity of the problem is exponential, that is,
if there are p possible candidates, 2p possibilities need to be evaluated. In reality,
the exhaustive search of 2p possibilities is not practical. Some shortcuts to guide the
search have been proposed such as the search tree method (Sugeno and Yasukawa
1993) and the genetic selection method (Espinosa et al. 2005). Here, the search
tree (ST) method is employed to identify the premise variables. The ST method is a
heuristic searchmethodwhich is easy to understand and can greatly reduce the search
complexity. Figure 4.1 shows an ST example, where there are three nodes in Level 1
which represent three candidate premise variables x1, x2, x3. Each branch starting

Fig. 4.1 An example of search tree
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78 4 T–S Fuzzy System Identification Using I/O Data

from each node in Level 1 forms a new node in Level 2 by combining two candidate
premise variables. Following the similar way, Level 3 is formed by combining three
candidate premise variables. If there are p nodes in Level 1, the STwould have a total
of 2p − 1 nodes. In the ST algorithm, all the nodes in Level 1 are first evaluated and an
optimal node is selected. Then, the search would go along the branches starting from
the optimal node in Level 1 and the branches from other nodes would be neglected.
Through this way, the search complexity is greatly reduced and at most p(p + 1)/2
nodes are evaluated.

In the following study, we will use a simple example to show how to apply the
ST method to select premise variables.

Example 4.1 Consider a motor-driven single robotic link described by the following
equation (Lilly 2010):

ψ̈ = −64 sinψ − 5ψ̇ + 400u, (4.5)

where ψ ∈ [−π/2, π/2] is the angle of link from the vertical-down position and u
is the current input to the motor. The output is the measured link angle y = ψ . The
problem is to identify a T–S fuzzy model (4.2) using the I/O data from (4.5).

Collecting I/O data. Using MATLAB/Simulink, the differential equation (4.5)
is solved with a fourth-order Runge–Kutta (RK4) integration algorithm by a fixed
step size of 0.001s. The input signal u is chosen as a uniform random sequence
within [−0.5, 0.5]. The input and output signals are shown in Fig. 4.2. The I/O
data pairs {u(kT ), y(kT )} are collected with a sampling time T = 0.01s for t =
1, 2, . . . , 1000, that is, the input and output signals are saved every 10 steps through
the RK4 integration routine. The input and output data are shown in Fig. 4.2.

Constructing a search tree. In this example, the candidate premise variables are
selected as u(t), y(t), y(t − 1), which are the nodes in Level 1 of the search tree (ST),
as shown in Fig. 4.3.

To select an optimal node from Level 1, we need to evaluate the approximation
capability of the fuzzy models formed from each node. For example, with y(t) being
the premise variable, the fuzzy rule has the following form:

Ri : IF y(t) is Fi
1, THEN ŷ(t + 1) = θi,0 + θi,1y(t), (4.6)

where i = 1, 2, . . . ,N , ŷ(t + 1) is the model output.

Building a simplest fuzzy model. To evaluate its approximation capability, we
also need to determine the rule number N and the membership functions Fi

1 for
the fuzzy sets Fi

1. Since there is only one premise variable y(t), the number of
membership functions will determine the number of rules. From the I/O data, we
know the value of y is within [−1.57, 1.57]. To form a simplest fuzzy model, we
need at least two membership functions F1

1 and F2
1 on [−1.57, 1.57], as shown in

Fig. 4.4, where the membership function type is chosen as triangular. Then, the
simplest fuzzy model has the following two rules:
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Fig. 4.2 Output and input data

Fig. 4.3 Search tree of Example 4.1

R1 : IF y(t) is F1
1 , THEN ŷ(t + 1) = θ1,0 + θ1,1y(t),

R2 : IF y(t) is F2
1 , THEN ŷ(t + 1) = θ2,0 + θ2,1y(t). (4.7)

The overall output of the fuzzy model is
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80 4 T–S Fuzzy System Identification Using I/O Data

ŷ(t + 1) = μ1(y(t))(θ1,0 + θ1,1y(t)) + μ2(y(t))(θ2,0 + θ2,1y(t), (4.8)

where μ1(y(t)) = F1
1 (y(t)) and μ2(y(t)) = F2

1 (y(t)).

Estimating consequent parameters. Equation (4.8) can be formulated into the
following parameterized model:

ŷ(t + 1) = φT (t)θ, (4.9)

where

φ(t) =

⎡

⎢⎢⎣

μ1(y(t))
μ1(y(t))y(t)

μ2(y(t))
μ2(y(t))y(t)

⎤

⎥⎥⎦ , θ =

⎡

⎢⎢⎣

θ1,0
θ1,1
θ2,0
θ2,1

⎤

⎥⎥⎦ . (4.10)

The parameter vector θ can be identified using either the batch least squares (BLS)
algorithm (4.26) or recursive least squares (RLS) algorithm (4.27).

Now, we have finished the identification task with y(t) being the premise variable.
Following the similar procedure, we can identify the T–S fuzzy model with the other
two nodes, y(t − 1) and u(t) in Level 1. The membership functions of y(t − 1) are
chosen the same as those of y(t), as shown in Fig. 4.4. The membership functions
of u(t) are given in Fig. 4.5. Each model has two rules, with y(t − 1) and u(t) being
the premise variables, respectively.

Calculating RC value. To compare the model quality with different premise
variables, we split the I/O data into two groups A and B, which are used for model
identification and crossover checking. The identification and crossover checking
procedures are shown in Fig. 4.6. Models A and B are identified by data from groups
A andB, respectively, and then their approximation capability is evaluated by feeding
them with input data from the other group, which is called crossover checking.

In crossover checking, the following regularity criterion (RC) is introduced
(Barada and Singh 1998):

RC =
⎡

⎣
NA∑

j=1

(YA
j − Ŷ AB

j )2/NA +
NB∑

j=1

(YB
j − Ŷ BA

j )2/NB

⎤

⎦ , (4.11)

where

NA number of data in group A
NB number of data in group B
YA
j the jth output data in group A

YB
j the jth output data in group B

Ŷ AB
j the jth output of model B subject to the jth input in group A

Ŷ BA
j the jth output of model A subject to the jth input in group B.
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Fig. 4.4 Membership functions of y(t)
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Fig. 4.5 Membership functions of u(t)
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82 4 T–S Fuzzy System Identification Using I/O Data

Fig. 4.6 Identification and crossover checking using two data groups A and B

Determining the optimal node. By calculating the RC values of all the nodes of
Level 1 in Fig. 4.3, we find the local optimal node y(t)with theminimumRCvalue, as
shown in Table 4.1. Then we continue to calculate the RC values of the nodes starting
from y(t) on Level 2. For each node in Level 2, there are two candidate variables.
For example, the first node in Level 2 is {y(t), y(t − 1)}. The membership functions
of y(t) and y(t − 1) are chosen the same as those for the nodes in Level 1. Since each
premise variable has two membership functions, the rule number is 22 = 4:

Ri : IF y(t) is Fi
1 AND y(t − 1) is Fi

2,

THEN ŷ(t + 1) = θi,0 + θi,1y(t) + θi,2y(t − 1), i = 1, 2, 3, 4. (4.12)
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4.2 Offline Identification of T–S Fuzzy Systems 83

Table 4.1 RC calculation in
Level 1 of Example 4.1

Tree level Input
variables

No. of rules RC

Level 1 y(t) 2 2.80 × 10−3*

y(t − 1) 2 0.011

u(t) 2 0.523

Table 4.2 RC calculation in
Levels 2 and 3 of Example 4.1

Tree level Input
variables

No. of rules RC

Level 2 y(t), y(t − 1) 4 1.30 ×
10−4**

y(t), u(t) 4 2.70 × 10−3

Level 3 y(t), y(t −
1), u(t)

8 6.55 ×
10−5***

The overall T–S fuzzy model can also be formulated into a parametrized model
in the form similar to (4.9) and the consequent parameter vector θ can be identified
by the BLS algorithm (4.26) or RLS algorithm (4.27).

The two T–S fuzzy models constructed from the nodes in Level 2 are compared
through crossover checking and it turns out that the node {y(t), y(t − 1)} has the
minimum RC value. Then, we move to Level 3 from the node {y(t), y(t − 1)}.

Finally, we find the node with the minimum RC value is {y(t), y(t − 1), u(t)}.
The RC calculation results of Levels 2 and 3 are shown in Table 4.2. Therefore, the
premise variables are selected as {y(t), y(t − 1), u(t)}, and at the same time we have
obtained an initial fuzzy model with the premise variables {y(t), y(t − 1), u(t)}.

In Example 4.1, the number and parameters of membership functions for each
premise variable are chosen manually, which also determine the number of fuzzy
rules. Actually, the number and parameters of membership functions can also be
identified from I/O data through fuzzy clustering methods. In the following section,
we will introduce how to apply offline fuzzy clustering methods to identify the
number of fuzzy rules and the parameters of membership functions.

4.2.2 Identification of Number of Rules

Fuzzy clustering is a way to partition the data space into a number of overlapped
subspaces based on similarities between data. Fuzzy clustering algorithms can be
employed to obtain the number of rules and the parameters of membership func-
tions simultaneously. Various offline fuzzy clustering algorithms have been proposed
depending on the assumed model structure of the identification. Popular fuzzy clus-
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84 4 T–S Fuzzy System Identification Using I/O Data

tering algorithms include fuzzy c-means (FCM) algorithm (Bezdek 1976, 1981),
Gustafson–Kessel (GK) algorithm (Gustafson and Kessel 1979), and Gath–Geva
(GG) algorithm (Gath andGeva 1989), subtractive clustering algorithm (Chiu 1994).

The identification of the number of rules and membership functions from I/O
data corresponds to the partition of I/O data into a set of subspaces. The number
of subspaces determines the number of rules. The centers of the subspaces and the
overlap among subspaces determine the parameters of the membership functions.

In the following study, as a representative, Gaussian function is employed as
membership function, which has the following form:

Fi
j (ξj) = exp

{
− (ξj − cij)

2

2σ i2
j

}
, (4.13)

where cij andσ i
j , j = 1, 2, . . . ,L, i = 1, 2, . . . ,N , are the centers and radii ofGaussian

functions, respectively. cij denotes the center for the Gaussian function of the jth
premise variable in the subspace defined by the ith rule, and σ i

j denotes the radius of
Gaussian function of the jth premise variable in the subspace defined by the ith rule.

Recall the general T–S fuzzy model (4.2) with the following rules:

Ri : IF ξ1(t) is F
i
1 and ξ2(t) is F

i
2 and . . . and ξL(t) is F

i
L

THEN y(t + 1) = θi,0 + θi,1ξ1(t) + · · · + θi,LξL(t). (4.14)

Define ξ(t) = [ξ1(t), ξ2(t), . . . , ξL(t)]T ∈ RL as the vector of the premise variables.
In Example 4.1, the premise variables are identified as u(t), y(t), y(t − 1), and then
we have ξ(t) = [u(t), y(t), y(t − 1)]T .

Suppose the I/O data are given by

X =

⎡

⎢⎢⎢⎣

ξ(1)T

ξ(2)T

...

ξ(ND)T

⎤

⎥⎥⎥⎦ , Y =

⎡

⎢⎢⎢⎣

y(2)
y(3)

...

y(ND + 1)

⎤

⎥⎥⎥⎦ , (4.15)

where X ∈ RND×L and Y ∈ RND represent the input and output data, respectively, and
ND is the number of data.

Subtractive clustering. Define z(t) = [ξT (t), y(t + 1)]T ∈ RL+1 as the tth I/O
data point. The subtractive clustering approach considers each data point z(t) as a
candidate cluster center. The capability of a data point z(t) to be a cluster center
is evaluated through its potential. The subtractive clustering algorithm includes the
following steps (Chiu 1994):
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4.2 Offline Identification of T–S Fuzzy Systems 85

(1) The potential of the data point z(t) is computed as

P(z(t)) =
ND∑

l=1,l �=t

exp{−α‖z(t) − z(l)‖2}, (4.16)

where α = 4/r2a , ra = r
∥∥v̄ − v

∥∥, v̄ and v are vectors consisting of the upper and
lower bounds of each component in z(t), t ∈ [1,ND], r effectively defines the radius
of a neighborhood and determines the number of the cluster centers. r needs to be
carefully chosen to avoid averaging (r is too large) or over-fitting (r is too small). A
recommended choice is r ∈ [0.3, 0.5].

(2) After computing the potentials of all the data points, the data point with the
highest potential is selected as the first cluster center v∗

1 and

P(v∗
1) = ND

max
t=1

P(z(t)), (4.17)

where P(v∗
1) denotes the potential of the first cluster center.

(3) The potential of the data point z(t) is updated by subtracting an amount pro-
portional to the potential of the chosen center v∗

i and inversely proportional to the
distance to this center:

P(z(t)) := P(z(t)) − P(v∗
i ) exp{−β

∥∥z(t) − v∗
i

∥∥2}, (4.18)

where β = 4/r2b , rb is a positive constant and a recommended choice is rb = 1.5ra.
(4) Define P∗

max as the highest potential of all existing cluster centers. With the
updated potential (4.18), the following criteria are used to determine whether a data
point should be accepted as a new cluster center:

1. If P(z(t)) > ε1P∗
max , z(t) is accepted as a new cluster center.

2. If P(z(t)) < ε2P∗
max , z(t) is rejected as a new cluster center.

3. If ε2P∗
max ≤ P(z(t)) ≤ ε1P∗

max, let dmin = minci=1 ‖z(t) − v∗
i ‖be the shortest dis-

tance between z(t) to all the previously found c cluster centers and if

P(z(t))

P∗
max

+ dmin

ra
≥ 1 (4.19)

then z(t) is accepted as a new cluster center.

The two positive constants ε1 and ε2 define the boundaries for potential evaluation.
The recommended values for them are ε1 = 0.5 and ε2 = 0.15.

With the above procedure, a set of c cluster centers {v∗
1, v

∗
2, . . . , v

∗
c } can be

found in the (L + 1)-dimensional space. The number of the obtained cluster cen-
ters determines the number of fuzzy rules (N = c). The obtained cluster centers
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86 4 T–S Fuzzy System Identification Using I/O Data

can be used to form the membership functions. For example, the first L elements
in v∗

i = [v∗
i,1, v

∗
i,2, . . . , v

∗
i,L+1]T can be directly taken as the estimates of the centers

ĉi = [ĉi1, ĉi2, . . . , ĉiL]T in the Gaussian membership functions (4.28), that is

ĉij = v∗
i,j, (4.20)

and the estimates of the radii σ̂ i
j can be calculated from

σ̂ i
j = 1/

√
2α, (4.21)

where j = 1, 2, . . . ,L; i = 1, 2, . . . ,N .
The subtractive clustering algorithm can be used as an independent clustering

approach or used to provide the estimation of the initial values of cluster centers in
iterative optimization-based clustering algorithms such as fuzzy C-means. It relies
on the idea that each cluster center is representative of a characteristic behavior of the
plant so that the resulting cluster centers can be used as parameters of themembership
functions defining the focal points of the rules of the T–S model.

4.2.3 Estimation of Consequent Parameters

Once the membership functions and number of rules are fixed, the model (4.8) can
be formulated into the following linearly parameterized model:

y(t + 1) = φT (t)θ, (4.22)

where ξ̄ (t) = [1, ξ(t)T ]T ∈ RL+1, θi = [θi,0, θi,1, . . . , θ i,L]T ∈ RL+1

φ(t) =

⎡

⎢⎢⎢⎣

μ1(ξ(t))ξ̄ (t)
μ2(ξ(t))ξ̄ (t)

...

μN (ξ(t))ξ̄ (t)

⎤

⎥⎥⎥⎦ ∈ RN (L+1), θ =

⎡

⎢⎢⎢⎣

θ1
θ2
...

θN

⎤

⎥⎥⎥⎦ ∈ RN (L+1). (4.23)

The parameter vector θ can be identified from the I/O data. Define

Φ =

⎡

⎢⎢⎢⎣

φ(1)T

φ(2)T

...

φ(ND)T

⎤

⎥⎥⎥⎦ ∈ RND×N (L+1), Y =

⎡

⎢⎢⎢⎣

y(2)
y(3)

...

y(ND + 1)

⎤

⎥⎥⎥⎦ ∈ RND , (4.24)
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4.2 Offline Identification of T–S Fuzzy Systems 87

where ND is the number of training data. Then, the parameter estimation problem
can be formulated into solving the following least squares problem:

min
θ

‖Y − Φθ‖2. (4.25)

Batch least squares (BLS). If the matrix ΦTΦ is invertible, the solution can be
derived by the following batch least squares (BLS) algorithm:

θ̂ = (ΦTΦ)−1ΦTY , (4.26)

which shows that we can directly calculate the least square estimate θ̂ from the batch
ofND data given byΦ andY . If the inputs to system canmake the system “sufficiently
excited” (Ljung 1987), then it can be guaranteed that ΦTΦ is invertible.

The BLS algorithm can successfully provide the parameter estimates as long as
there are enough I/O data. However, it needs all the data are collected before the
algorithm can be applied. In addition, if the number of data ND is very large, the
computation of the inverse of ΦTΦ may become prohibitive. To deal with those
problems, a recursive version of BLS is derived which allows the parameter estimate
θ̂ to be updated recursively when a new data point comes, and does not need to
compute the inverse of ΦTΦ.

Recursive least squares (RLS). The consequent parameters can also be estimated
by the following recursive least squares (RLS) algorithm (Takagi and Sugeno 1985):

θ̂ (t) = θ̂ (t − 1) + Ctφ(t − 1)(y(t) − φ(t − 1)T θ̂ (t − 1))

Ct = Ct−1 − Ct−1φ(t − 1)φ(t − 1)TCt−1

1 + φ(t − 1)TCt−1φ(t − 1)
, (4.27)

where θ̂ (t) ∈ RL+1 is the parameter estimate based on the data at time t, Ct is a
N (L + 1) × N (L + 1)-dimensional covariance matrix. The initial conditions are set
as θ̂ (0) = 0 andC0 = ΩI , whereΩ is a large positive number, I is an identitymatrix.

For linearly parametrized consequent parameters, it is possible to use BLS or
RLS to estimate them in a batch or recursive mode. However, for those parameters
in membership functions, which cannot be formulated into a linearly parametrized
form, cannot be tuned by BLS or RLS. In the next section, we will introduce how to
tune the membership parameters based on gradient method.

4.2.4 Adjustment of Membership Parameters

In Sect. 4.2.2, we determine the centers and radii of Gaussian functions using the
information generated from the clustering procedure, which does not guarantee those
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88 4 T–S Fuzzy System Identification Using I/O Data

parameters have achieved their best approximation.The estimates of thoseparameters
can be further tuned. In this section, we will derive update laws for membership
parameters using gradient method.

The membership functions used in this section are still chosen as Gaussian func-
tions, as a representative. Recall that

Fi
j (ξj) = exp

{
− (ξj − cij)

2

2σ i2
j

}
, (4.28)

where cij andσ i
j , j = 1, 2, . . . ,L, i = 1, 2, . . . ,N , are the centers and radii ofGaussian

functions, respectively. Recall that cij denotes the center for the Gaussian function of
the jth premise variable in the subspace defined by the ith rule, and σ i

j denotes the
radius of Gaussian function of the jth premise variable in the subspace defined by
the ith rule.

Consider the training data given by (4.15) and suppose you are given the tth
training data pair (ξ(t), y(t + 1)). Let ŷ(t + 1) be the predicted output with the input
ξ(t) based on the T–S fuzzy model (4.3) and using the parameter estimates ĉij , σ̂

i
j and

θ̂i, that is

ŷ(t + 1) =
N∑

i=1

μi(ξ(t)|ĉij, σ̂ i
j )ξ̄

T (t)θ̂i. (4.29)

Recall that ξ̄ = [1, ξ(t)T ]T and

μi(ξ) = λi(ξ)
∑N

i=1 λi(ξ)
, λi(ξ) =

L∏

j=1

Fi
j (ξj) (4.30)

satisfying μi(ξ) ≥ 0 and
∑N

i=1 μi(ξ) = 1.
Let ε(t + 1) be the error between the model output ŷ(t + 1) and the plant output

y(t + 1) and define the following objective function:

J (t + 1) = 1

2
ε(t + 1)2 = 1

2
[ŷ(t + 1) − y(t + 1)]2. (4.31)

Our goal is to minimize (4.31) by tuning the parameters ĉij and σ̂ i
j in (4.29).

First, let we consider how to tune the parameter ĉij to minimize J . One effective
way is to use the following update formula:

ĉij(t + 1) = ĉij(t) − γc
∂J (t + 1)

∂ ĉij(t)
, (4.32)
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4.2 Offline Identification of T–S Fuzzy Systems 89

which is a gradient descent approach. Gradient descent is a first-order iterative opti-
mization algorithm for finding a minimum of a function by taking steps proportional
to the negative of the gradient. The parameter γc > 0 characterizes the step size,
which determines how big a step to take down the J surface. A small γc indicates
a slow tuning speed of ĉij . A big γc will lead to fast convergence. However, if γc is
chosen too big, the minimum value of J may be skipped. In practice, γc should be
carefully selected to givemoderate convergence speed yet avoidmissing aminimum.

With (4.29)–(4.31), the gradient term ∂J (t+1)
∂ ĉij(t)

in (4.32) can be derived using the

following chain rule:

∂J (t + 1)

∂ ĉij(t)
=

ε(t + 1)
(
ξ̄T (t)θ̂i(t) − y(t + 1)

)

∑N
i=1 λi(ξ(t))

· ∂λi(ξ(t))

∂ ĉij(t)
, (4.33)

∂λi(ξ(t))

∂ ĉij(t)
= (ξj(t) − ĉij(t))

(σ̂ i
j (t))

2 · λi(ξ(t)). (4.34)

Similarly, the update law for tuning σ̂ i
j can be derived as follows:

σ̂ i
j (t + 1) = σ̂ i

j (t) − γσ

∂J (t + 1)

∂σ̂ i
j (t)

, (4.35)

∂J (t + 1)

∂σ̂ i
j (t)

=
ε(t + 1)

(
ξ̄T (t)θ̂i(t) − y(t + 1)

)

∑N
i=1 λi(ξ(t))

· ∂λi(ξ(t))

∂σ̂ i
j (t)

, (4.36)

∂λi(ξ(t))

∂σ̂ i
j (t)

= (ξj(t) − ĉij(t))
2

(σ̂ i
j (t))

3 λi(ξ(t)), (4.37)

where γσ > 0 determines the step size for adjusting σ̂ i
j .

The initial values ĉij(0) and σ̂ i
j (0) in the parameter update laws (4.32)–(4.37) can

be set as those values obtained from the initially manually designed membership
functions or offline clustering.

The parameter update laws (4.32)–(4.37) are derived for Gaussian membership
functions. If other types ofmembership functions are employed, the parameter update
laws can also be derived by minimizing the objective function (4.31) using the gra-
dient descent approach.
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90 4 T–S Fuzzy System Identification Using I/O Data

The gradient method can be used to tune the consequent parameters as well.
However, compared with RLS, the gradient method has a slower convergence speed.
Therefore, RLS is usually applied to estimate the consequent parameters while the
gradient method is employed to estimate the membership parameters in the identifi-
cation of T–S fuzzy models.

4.2.5 Procedure for Offline Identification

In the previous sections, we have presented how to identify a T–S fuzzy model by
identifying the premise variables, the number of rules, the consequent parameters, and
the membership parameters based on offline I/O data. In this section, the procedure
for offline identification of T–S fuzzy model is summarized as follows.

Step 1: Select a set of candidate premise variables and build up an ST.
Step 2: Choose the type of membership function and determine the range of each

candidate premise variable.
Step 3: Start from the first node in the ST, construct a T–S fuzzymodel bymanually

designing the membership functions and determining the number of rules, or using
subtractive clustering to obtain the number of rules and membership parameters
simultaneously.

Step 4: Split the data into two groups: training data and checking data; estimate
the consequent parameters using BLS (4.26) or RLS(4.27); calculate the RC value
of each node in Level 1 according to (4.11) to find the node with the minimum RC
value.

Step 5: Start from the node with the minimum RC value and continue to calculate
the RC values of the nodes in the next level. Repeat this step until finding the node
with the minimum RC value in the last level.

Step 6: Compare the minimum RC values of different levels, find the node with
the minimum RC value of the whole ST, which determines the premise variables.

Step 7: With the identified premise variables, vary the radius r in subtractive
clustering to find a suitable number of rules.

Step 8: With fixed premise variables and number of rules, further adjust the con-
sequent parameters using RLS and the membership parameters using the gradient
method.

Till now, we have finished the task of offline identification of T–S fuzzy models
based on I/O data collection. The offline identification method assumes that all the
I/O data are available before the identification. If the offline data are rich enough
to cover all the important dynamic characteristics of the plant to be identified, we
can obtain a good model through offline identification. In reality, however, the data
collection is usually limited, which can only partially reflect the dynamic behaviors
of the plant to be identified. When the plant works online, new data are produced
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4.2 Offline Identification of T–S Fuzzy Systems 91

Table 4.3 MSE and no. of
rules in Simulation 1

r No. of Rules MSE

0.5 1 1.2119e-05

0.4 1 1.2119e-05

0.3 2 1.0672e-05

0.2 2 1.0817e-05

0.15 3 1.1412e-05

0.14 4 1.0296e-05*

0.13 6 1.1469e-05

0.1 8 1.1188e-05

which may contain some new dynamic characteristic of the plant. In Sect. 4.3, we
will study how to identify T–S fuzzymodels when the data are collected continuously
online.

4.2.6 Simulation Study

In this section, we use two simulation examples to demonstrate the performance of
the offline identification algorithm. The first example is Example 4.1. In Example
4.1, we manually set the membership function parameters and the number of rules.
In this section, the number of rules and the membership function parameters will be
obtained from offline subtractive clustering. The second example is a discrete-time
second-order nonlinear plant (Narendra and Parthasarathy 1990).

Simulation 1. The offline I/O data have been collected from Example 4.1. With
the identified premise variables u(t), y(t), y(t − 1), the number of the cluster centers
will be affected by the parameter r which defines the radius of a neighborhood.

With a specific r, after identifying the whole T–S fuzzy model based on the
offline I/O data, select another input u1(t) = 0.02 sin 0.1π t + 0.15 sin(π t) + 0.2
sin(10π t) + 0.2 sin(100π t), which consists of sinusoidal signals of four frequen-
cies. Then we can obtain the output from the differential equation (4.5) and the
output from the T–S fuzzy model within 20s separately. To choose a suitable r, the
errors between y and ŷ under different situations need to be calculated and compared.
The following mean squared error (MSE) is introduced:

MSE =
∑ND

k=1 (y(t) − ŷ(t))2

ND
. (4.38)

As can be seen in Table 4.3, we find that when r is set as 0.14, the MSE index
is smallest and the number of rules is suitable. With this value of r, the input and
output signals are shown in Fig. 4.7.

co
nt

ro
len

gin
ee

rs
.ir



92 4 T–S Fuzzy System Identification Using I/O Data

Time (s)
0 2 4 6 8 10 12 14 16 18 20

0 2 4 6 8 10 12 14 16 18 20

O
ut

pu
t (

ra
d)

-2

0

2
True
Estimated

Time (s)

In
pu

t (
A)

-1

-0.5

0

0.5

1

Fig. 4.7 Estimated and true outputs in Simulation 1

Simulation 2. In this simulation example, a discrete-time second-order nonlinear
plant is identified based on offline collected I/O data.

Consider a second-order nonlinear plant described by the following difference
equation (Narendra and Parthasarathy 1990):

y(t + 1) = g[y(t), y(t − 1)] + u(t), (4.39)

where the nonlinear function

g[y(t), y(t − 1)] = y(t)y(t − 1)[y(t) + 2.5]
1 + y(t)2 + y(t − 1)2

(4.40)

is assumed to be unknown. A T–S fuzzy model is employed to approximate g[y(t),
y(t − 1)] and our task to identify this T–S fuzzy model based on the I/O data col-
lected from the plant. 1000 data points are simulated from the discrete nonlin-
ear function, using a compound sinusoidal input signal u(t) = 0.3 sin(2π t/25) +
0.3 sin(2π t/250). The parameter r is selected as r = 0.3. By following the offline
procedure summarized in Sect. 4.2.5, we obtain a T–S fuzzy system with three rules.
The comparison between the estimated output and the true output is shown in Fig. 4.8.
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Fig. 4.8 Estimated and true outputs in Simulation 2

4.3 Online Identification of T–S Fuzzy Systems

In online identification, the data are collected continuously, rather than being a fixed
set. Some of the new data reinforce and confirm the information contained in the old
data. Other data, however, bring new information, which could indicate a change in
operating conditions, development of a fault or simply a more significant change in
the dynamics of the process. These data may possess enough new information to add
a new rule or to modify an existing rule.

In this section, we assume the premise variables and the type of membership func-
tions are fixed and try to identify other parts (number of rules, consequent parameters
andmembership parameters) in an onlinemode. The subtractive clustering algorithm
(Chiu 1994) used in Sect. 4.2.2 will be developed into an online version, which can
add a new rule, replace an existing rule, or delete a redundant rule based on the
online data, leading to a self-evolving T–S fuzzy model. The parameter learning
algorithms are also modified so that they can adjust parameters online. This online
clustering algorithm uses the concept of evolving rule-based (eR)modeling proposed
inAngelov (2002). This evolutionmechanism ensures greater generality of structural
changes and inheritance of the structure information.
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94 4 T–S Fuzzy System Identification Using I/O Data

4.3.1 Online Fuzzy Clustering Algorithm

In the following study, as a representative, Gaussian functions are employed as mem-
bership functions, which are given in (4.28).

Define ξ = [ξ1, ξ2, . . . , ξL]T as the vector of the premise variables and define
z(t) = [z1(t), z2(t), . . . , zL+1(t)]T = [ξT (t − 1), y(t)]T as a data point at time t. Each
data point can be considered as a candidate prototype cluster center. The online
clustering algorithm can start with an existing group of cluster centers or start with
the first data point.

If the online clustering algorithm starts with the first data point z(1), z(1) is treated
as the first clustering center v∗

1 and its potential is set as 1:

v∗
1 = z(1), P1(v

∗
1) = 1. (4.41)

If the online clustering algorithm starting with a group of c cluster centers,
{v∗

1, v
∗
2, . . . , v

∗
c }, which can be obtained through a priori knowledge or from offline

fuzzy clustering algorithms such as subtractive clustering introduced in Sect. 4.2.2,
their initial potentials are set as

P1(v
∗
i ) = 1, i = 1, 2, . . . , c. (4.42)

At time t (t ≥ 2), when the new data z(t) comes, the potential of z(t) is calculated
through a potential function (Angelov and Filev 2004):

P(z(t)) =
⎛

⎝1 + 1

t − 1

t−1∑

m=1

L+1∑

j=1

(d j
mt)

2

⎞

⎠
−1

, (4.43)

where d j
mt = |zj(m) − zj(t)| denotes the projected distance between the data z(m)

and z(t) on the zj axis.
The reason to choose the potential function (4.43) is that it can be formulated into

the following recursive form:

P(z(t) = t − 1

(t − 1)(ϑt + 1) + σt − 2υt
, (4.44)

where ϑt = ∑L+1
j=1 (zj(t))2, σt = ∑t−1

m=1

∑L+1
j=1 (zj(m))2, υt = ∑L+1

j=1 zj(t)β
j
t and

β
j
t = ∑t−1

m=1 zj(m). The two terms ϑt and υt can be calculated from the new data
z(t) at time t while the other two terms σt and β

j
t can be recursively updated by

σt = σt−1 +
L+1∑

j=1

(zj(t − 1))2,

β
j
t = β

j
t−1 + zj(t − 1). (4.45)
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The new data z(t) also changes the potentials of all the existing cluster centers v∗
i ,

which are updated as

Pt(v
∗
i ) = (t − 1)Pt−1(v∗

i )

k − 2 + Pt−1(v∗
i ) + (t − 1)Pt−1(v∗

i )
∑L+1

j=1 (d j
t(t−1))

2
, (4.46)

where Pt(v∗
i ) denotes the updated potential of v∗

i at time t.
The potential of the newdata pointP(z(t)) is comparedwith the updated potentials

of the existing cluster centers Pt(v∗
i ) to determine whether to accept this new data

point as a new cluster center according to the following criterion.
If the potential of the new data point is higher than the potential of all existing

cluster centers and the new data point is not very close to any existing cluster center:

P(z(t)) >
c

max
i=1

{Pt(v
∗
i )} (4.47)

P(z(t))

maxci=1 Pt(v∗
i )

− minci=1

∥∥z(t) − v∗
i

∥∥
ra

< 1 (4.48)

then the data point z(t) is accepted as a new cluster center and added to the set of
cluster centers.

If only the condition (4.47) is satisfied while the condition (4.48) is not satisfied,
the data point z(t) replaces the cluster center that is closest to it.

In (4.48), the parameter ra = r1
∥∥v̄ − v

∥∥, v̄ = [v̄1, v̄2, . . . , v̄L+1]T , v = [v1, v2,
. . . , vL+1]T , v̄j and vj represent the upper bound and lower bound of zj(t), respec-
tively, j = 1, 2, . . . ,L + 1, r1 > 0 effectively defines the radius of a neighborhood
and determines the number of the cluster centers. r1 needs to be carefully chosen to
avoid averaging (r1 is too large) or over-fitting (r1 is too small). If any element of
z(t), zj(t), exceeds the range of [vj, v̄j] , vj or v̄j is reset as zj(t) and ra = r1‖v̄ − v‖
is recalculated using the new boundaries.

To make the rule base compact and to improve the computation efficiency, redun-
dant rules need to be deleted. In clustering, it means deleting redundant cluster
centers.

Let d∗
min be the shortest distance between two existing cluster centers and v∗

j be
the center with a smaller potential. If the following condition is satisfied:

d∗
min

rb
+ Pt(v∗

j )

maxci=1 Pt(v∗
i )

< 1, (4.49)

then v∗
j isdeleted from the set of cluster centers.

In (4.49), rb = r2
∥∥v̄ − v

∥∥ with r2 ∈ (0, 1).
The above online clustering approach provides a dynamic and evolving rule base

by upgrading it when incoming new data bring new information. The number of the
cluster centers determines the number of the fuzzy rules, and the values of them are
used to construct the membership functions of the input variables.
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96 4 T–S Fuzzy System Identification Using I/O Data

Determining membership parameters. Based on the obtained cluster centers,
the parameters of Gaussian membership functions are set as follows:

cij = v∗
i , δij = r3

c
(v̄j − vj), (4.50)

where i = 1, 2, . . . , c, j = 1, 2, . . . ,L, where r3 ∈ (0, 1) is a design parameter.

4.3.2 Estimation of Consequent Parameters

For a fixed number of rules, N = c, and membership parameters, (cij, δ
i
j), the esti-

mation of consequent parameters can be transformed into a least squares problem by
transforming the overall T–S model (4.3) into a linearly parametrized form (4.22):

y(t + 1) = θTφ(t). (4.51)

Recall that

θ = [θT
1 , θT

2 , . . . , θT
N ]T

φ(t) = [φT
1 (t), φT

2 (t), . . . , φT
N (t)]T

φi(t) = [μi, μiξ1(t), μiξ2(t), . . . , μiξL(t)]T
θi = [θi0, θi1, . . . , θiL]T . (4.52)

The Eq. (4.51) with θ unknown and φ(t) known is a regression form with a linear
parametrization for which many parameter estimation algorithms can be adopted,
such as the RLS algorithm (4.27) in Sect. 4.2.3. The initial estimation θ̂ (0) takes the
value obtained from offline identification.

Evolution of rule base. At time t, when a new cluster center is generated, a new
rule is added to the rule base as well. The estimated parameter vector at time t − 1
is expanded by

θ̂ (t − 1) := [θ̂T
1 (t − 1), · · · , θ̂T

N (t − 1), θ̂T
N+1(t − 1)]T (4.53)

with θ̂T
N+1(t − 1) = 0 and θ̂T

1 (t − 1), · · · , θ̂T
N (t − 1) inherited from the previous time

step. The covariance matrix for RLSE are reset as

Ct−1 :=
[

ηCt−1 0
0 ΩI

]
, (4.54)

where η > 1 is a positive coefficient and a recommended choice of η is η = (N 2 +
1)/N 2 . Then, with the expanded θ̂ (t − 1) and Ct−1, the parameter estimate at time
t is calculated by (4.27).
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When an existing cluster center is replaced by a new cluster center, the mem-
bership function parameters of the corresponding rule are updated using the updated
cluster center based on (4.50) while its consequent parameters are inherited from the
replaced rule.

When an existing cluster center is deleted, the corresponding rule is deleted as
well. The parameter estimate θ̂ (t − 1) and the covariance matrix Ct−1 are modified
by deleting the corresponding elements in them and then updated by (4.27).

4.3.3 Procedure for Online Identification

The procedure of online identification includes the following steps:
Step 1: Initialize the rule-base structure, including premise variables, the mem-

bership function type, and the number of rules. The premise variables are obtained
from a prior knowledge or identified by the offline identification approach. The
membership function type is set as Gaussian function. The initial number of rules
(cluster centers) can be determined from offline identification. The initial potentials
of existing cluster centers are set by (4.42). If the online clustering algorithm starts
with the first data point, it is treated as the first clustering center and its potential is
set according to (4.41).

Step 2: At time t, when the tth new data point comes, its potential is calculated
by (4.43) and the potentials of existing cluster centers are updated by (4.46). The
potential of the new data point is compared with the potentials of old cluster centers
and the set of clusters centers is updated based on the criteria (4.47)–(4.49).

Step 3: Update the rule-base structure based on the updated set of cluster centers
(if a new rule is added, its membership parameters are determined by (4.50)), and
modify the consequent parameter estimate vector if needed (if a new rule is added,
the consequent parameter estimate vector is expanded according to (4.53)).

Step 4: Update the consequent parameters according to (4.27).
Step 5: Repeat Step 2–4 for t := t + 1.

4.3.4 Simulation Study

In this section, the online identification algorithms are applied to two simulation
examples, which have been used in offline identification. The first example is a
motor-driven single robot link introduced in Example 4.1, and the second example
is a discrete-time second-order nonlinear plant (Narendra and Parthasarathy 1990).

Simulation 1. Different from the offline identification, the online identification
starts from the first data point, and the I/O data are collectedwith a sampling timeT =
0.01s. RLS is employed to update parameter estimates recursively and the parameter
Ω is set as Ω = 1000. The parameter r3 for calculating the membership function
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Fig. 4.9 Evolution of the number of rules in Simulation 1

parameters is set as r3 = 0.9. The parameters r1 and r2 affect the criteria for adding
or deleting rules, which play critical roles in rule-base evolution. By trying various
values of r1 and r2, finally, we select r1 = 0.95 and r2 = 0.95 which produce good
approximation performance and a compact rule base. The evolution of the number
of rules is shown in Fig. 4.9. The comparison between the true and estimated outputs
is shown in Fig. 4.10. The estimated parameters are shown in Figs. 4.11 and 4.12.

Simulation 2. In this example, we identify the discrete-time second-order non-
linear plant (4.39) in an online mode. The input signal is selected as u(t) =
0.3 sin(2π t/50) + 0.3 sin(2π t/250). The online clustering algorithm starts with the
first data point with Ω = 1000 and r3 = 0.9. For each value of r1 from 0.9 to 0.1,
we vary the value of r2 from 0.9 to 0.1 and observe the corresponding MSE. For
each value of r1, the value of r2 with the minimumMSE is shown in Table4.4. It can
be observed that when r1 is set as 0.8 and r2 as 0.2, the MSE index is the smallest.
However, the maximal number of rules is 20. When r1 is set as 0.4 and r2 as 0.9, the
MSE index is small and the number of rules is suitable.

With r1 = 0.4 and r2 = 0.9, the online evolution of the rule number is shown in
Fig. 4.13. The comparison between the estimated output from the T–S fuzzy system
and the true output from the plant is shown in Fig. 4.14. The estimated parameters
are shown in Fig. 4.15.

In online identification, the parameters r1 and r2 greatly affect the procedure of
rule-base evolution. Currently, we use trial-and-error to select the values of r1 and
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Fig. 4.10 True and estimated outputs in Simulation 1
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Fig. 4.12 Estimated parameters of rules 4–6 in Simulation 1

Table 4.4 MSE in
Simulation 2

r1 r2 Maximal no.
of rules

MSE

0.9 0.1 23 0.0146

0.8 0.2 20 0.0124

0.7 0.2 17 0.0368

0.6 0.7 7 0.0925

0.5 0.1 30 0.0126

0.4 0.9 4 0.0141

0.3 0.9 9 0.0158

0.2 0.8 9 0.0170

0.1 0.8 9 0.0170

r2 which are not very efficient. Further study should be done on how to optimize the
values of r1 and r2 through certain well-designed mechanism.

4.4 Summary

Identification ofT–S fuzzy systems consists of four tasks: (1) identification of premise
variables; (2) identification of the number of rules; (3) estimation of consequent
parameters; and (4) adjustment ofmembership parameters. The first two tasks belong
to structure identification and the last two belong to parameter identification.

In practice, the structure identification and the parameter identification cannot
be completely separated. To identify premise variables and the number of rules,
the evaluation of the identification performance relies on a group of consequent
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Fig. 4.13 Evolution of the number of rules in Simulation 2
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Fig. 4.15 Estimated parameters in Simulation 2

parameters and membership parameters. To optimize parameters, we need to fix the
premise variables and the number of rules.

Identification of T–S fuzzy systems can be carried out in either an offline mode
or an online mode. In the offline mode, based on the data collection, the premise
variables are identified using a search tree algorithm and the model quality subject
to different premise variables is compared based on the RC value. The number of
rules can be manually selected or determined through offline fuzzy clustering. The
consequent parameters can be estimated using either the batch least squares estima-
tion algorithm or the recursive least squares estimation algorithm. The membership
parameters can be adjusted based on gradient methods.

In the online mode, the data come recursively. A potential function is defined to
evaluate the potential of a new data point as a cluster center, which can be calculated
in a recursive way. The potentials of all existing cluster centers are also updated when
a new data point comes. Then the potential of the new data point is compared with
the updated potentials of existing cluster centers to determine whether the new data
point can be accepted as a new cluster center or replace an existing cluster center,
and whether any existing cluster center should be deleted from the set of cluster
centers. The number of rules is determined by the number of cluster centers, and the
parameters of membership functions are determined from the coordinates of cluster
centers. The consequent parameters are estimated using the recursive least squares
estimation algorithm.

By following the offline and online identification procedures introduced in this
chapter, it is easy for a graduate student to obtain a T–S fuzzy model using I/O
data. However, more advanced topics in system identification such as how to handle
the noise in the I/O data, how to conduct closed-loop identification, etc., are not
addressed in this chapter. The obtained fuzzy model can serve as an initial model
for control design and the model parameters can be further adjusted by parameter
adaptive laws developed from adaptive control schemes which will be presented in
the following chapters.
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Chapter 5
Adaptive T–S Fuzzy State Tracking
Control Using State Feedback

In this chapter, we will focus on adaptive state tracking control designs for T–S fuzzy
systems. As is well-known, for model reference adaptive control of linear systems,
there are somematching conditions between the plant and the reference model which
should be satisfied such that state tracking can be achieved. For T–S fuzzy systems,
there also exist such plant-modelmatching conditionswhichwill be developed in this
chapter. The reference model for a linear system is usually a stable linear system. For
a T–S fuzzy system, the referencemodel can be chosen as either a stable linear system
or a stable T–S fuzzy system, which leads to different matching conditions. On the
other hand, for T–S fuzzy systems with different system structures (the forms of Ai

and Bi ), different controller structures can be proposed which also lead to different
plant-model matching conditions. We will carry out detailed studies on these issues.

When the parameters of T–S fuzzy systems are unknown, the controller parame-
ters cannot be calculated directly from the matching conditions. A parameter estima-
tion scheme is essential for developing an adaptive controller for a T–S fuzzy system.
We will study how to parametrize the T–S fuzzy system and the state tracking con-
troller and how to derive a key estimation model that can be used for developing
parameter adaptive laws.

We will also discuss some other important issues in adaptive state tracking con-
trol of T–S fuzzy systems, i.e., how to guarantee the input matrix with estimated
parameters nonsingular in the adaptive controller.

5.1 Problem Statement

In this section, we describe the state tracking control problem for T–S fuzzy systems
in a canonical form and in a general form.

Consider the following nonlinear dynamic system:

ẋ(t) = f (x(t), u(t)), (5.1)

© Springer Nature Switzerland AG 2019
R. Qi et al., Fuzzy System Identification and Adaptive
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106 5 Adaptive T–S Fuzzy State Tracking Control Using State Feedback

where x = [x1, x2, . . . , xn]T ∈ Rn is the state vector, u ∈ Rm is the input, and
f (·, ·) is an n-dimensional smooth nonlinear function. As described in Sect. 2.2.1, a
T–S fuzzy system is capable of representing a nonlinear system by fuzzily blending
a group of linearized models and enables more convenient analysis and controller
design by employing sophisticated linear control techniques.

Consider a T–S fuzzy system representation for the nonlinear system (5.1) with
the following rules:

IF ξ1(t) is Fi
1 and . . . and ξL(t) is Fi

L ,

THEN ẋ(t) = Ai x(t) + Biu(t), (5.2)

where i = 1, 2, . . . , N , Fi
j is a fuzzy set associated with which there is amembership

function Fi
j (ξ j (t)) to indicate the degree of membership of ξ j (t) in Fi

j .
Using the standard technique of singleton fuzzification, product inference and

weighted average, we obtain the following global T–S fuzzy model:

ẋ(t)=
N∑

i=1

μi (Ai x(t) + Biu(t)), (5.3)

where μi is the normalized firing strength:

λi =
L∏

j=1

Fi
j (ξ j (t)), μi = λi∑N

i=1 λi

, μi ≥ 0,
N∑

i=1

μi = 1. (5.4)

Control objective. The control objective is to design a state feedback controller
u(t) for the global version of the fuzzy system (5.3) with unknown parameters
(Ai , Bi ) to ensure closed-loop signal boundedness and asymptotic tracking of a ref-
erence state signal xm(t) provided by a reference model by the system state x(t).

It is well-known that some matching conditions between the plant model and the
reference model are needed so that state tracking can be achieved for linear systems.
For T–S fuzzy systems, such matching conditions are also required. We will show in
the following sections what the matching conditions are and how the conditions can
be relaxed by choosing different reference models and different controller structures.

We will start with the adaptive state tracking design for T–S fuzzy systems in a
canonical form, and then develop our adaptive state tracking control schemes for T–S
fuzzy systems in a general form.

5.2 Design for T–S Fuzzy Systems in Canonical Form

Many practical systems have certain special structures and their dynamic equations
have certain canonical forms.When T–S fuzzy systems are used to approximate such
nonlinear systems, they are also in certain canonical forms. This section considers
state tracking control design for T–S fuzzy systems in a canonical form.
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5.2 Design for T–S Fuzzy Systems in Canonical Form 107

5.2.1 Plant Model and Reference System

If the nonlinear dynamic system (5.1) can be formulated into the following canonical
form:

{
ẋi (t) = xi+1(t), i = 1, 2, . . . , n − 1
ẋn(t) = fn(x(t), u(t)),

(5.5)

where x = [x1, x2, . . . , xn]T ∈ Rn is the state vector, u ∈ R is the input, and fn(x, u)

is a smooth function, the T–S fuzzy system to approximate the nonlinear system (5.5)
also has the canonical form.

T–S fuzzy system in canonical form. In this case, the system matrices Ai and Bi

in (5.2) are in the following canonical form:

Ai =

⎡

⎢⎢⎢⎣

0 1 · · · 0 0
...

...
...

...

0 0 · · · 0 1
ai1 a

i
2 · · · ain−1 a

i
n

⎤

⎥⎥⎥⎦ , Bi =

⎡

⎢⎢⎢⎣

0
...

0
bi

⎤

⎥⎥⎥⎦ . (5.6)

Linear reference model. Consider the following linear reference model:

ẋm(t) = Amxm(t) + Bmr(t), (5.7)

where xm = [xm1, xm2, . . . , xmn]T ∈ Rn , r ∈ R, Am ∈ Rn×n is a Hurwitz matrix and
Bm ∈ Rn with the following forms

Am =

⎡

⎢⎢⎢⎣

0 1 · · · 0 0
...

...
...

...

0 0 · · · 0 1
am1 am2 · · · am,n−1 amn

⎤

⎥⎥⎥⎦ , Bm =

⎡

⎢⎢⎢⎣

0
...

0
bm

⎤

⎥⎥⎥⎦ . (5.8)

The control objective is to make the T–S fuzzy system states track the states of
the reference model (5.7).

5.2.2 Nominal Controller and Matching Conditions

Before developing an adaptive control scheme for (5.3) with unknown parameters, it
is important to make sure there exists a solution to meet the desired control objective
when all the parameters are known. For each local linear model, the local controller
is designed as
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108 5 Adaptive T–S Fuzzy State Tracking Control Using State Feedback

IF ξ1(t) is Fi
1 and . . . and ξL(t) is Fi

L ,

THEN u(t) = kiT1 x(t) + ki2r(t), (5.9)

where i = 1, 2, . . . , N , ki1 = [ki11, ki12, . . . , ki1n]T ∈ Rn and ki2 ∈ R are design param-
eters.

It can be noted that we use the similar state feedback controller structure for linear
systems to design each local controller. This is a natural choice since each local system
in a T–S fuzzy system is a linear system. However, how to form the overall controller
from the local controllers is an interesting problem. Actually we have many different
choices which may lead to different design conditions. For example, a usual choice
is to build the overall controller by combining all the local controllers in the same
way to build the overall T–S fuzzy system, as given in (5.3). That is,

u(t) =
N∑

i=1

μi (k
iT
1 x(t) + ki2r(t)). (5.10)

Substituting (5.10) into (5.3) yields

ẋ(t) =
N∑

i=1

N∑

j=1

μiμ j

[
(Ai + Bik

jT
1 )x(t) + Bik

j
2r(t)

]
. (5.11)

Comparing (5.11) with (5.7), it can be obtained that if k j
1 and k j

2 satisfy the
following matching conditions:

Ai + Bik
jT
1 = Am, Bik

j
2 = Bm, i, j = 1, 2, . . . , N , (5.12)

then the closed-loop fuzzy system (5.11) becomes

ẋ(t) = Amx(t) + Bmr(t), (5.13)

which leads to limt→∞(x(t) − xm(t)) = 0. However, it can be observed that the
matching conditions (5.12) are rather difficult to satisfy since they require that for
the i th subsystem parameters (Ai , Bi ), not only i th controller parameters ki1 and
ki2 but also all the other controller parameters k j

1 and k j
2 , j �= i, j ∈ [1, N ] need to

satisfy the matching conditions (5.12).
To remove the coupling between the system parameters and controller parame-

ters for different local models, we propose a different method to build the overall
controller from local controllers based on the following assumptions:

Assumption 5.1 The signs of bi in Bi are known and the same for all i =
1, 2, . . . , N , and |bi | ≥ b∗

i0, where b
∗
i0 > 0.
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5.2 Design for T–S Fuzzy Systems in Canonical Form 109

Remark 5.1 Assumption 5.1 requires the control direction of each local system is
known and the same, which is reasonable for many practical systems. With the
properties of μi in (5.4), Assumption 5.1 indicates

∑N
i=1 μi bi �= 0.

If the signs of bi , i = 1, 2, . . . , N are not the same for each local system,Assump-
tion 5.1 can be replaced by the following one.

Assumption 5.2 The signs of bi in Bi are known and there exist known lower and
upper bounds bi and b̄i such that for bi ∈ [bi , b̄i ],∑N

i μi bi �= 0.

With Assumption 5.1 or 5.2, we propose the following nominal controller.

Nominal controller. The nominal controller can be designed as

u(t) =
∑N

i=1 μi bi (kiT1 x(t) + ki2r(t))∑N
i=1 μi bi

, (5.14)

where the overall controller is a weighted-average of all the local controllers using
μi bi rather thanμi . The benefit to use the controller structure as (5.14) will be clearly
shown by the following much more relaxed matching conditions.

Matching conditions. To achieve perfect state tracking, the parameters in (5.14)
should satisfy the matching conditions given in the following proposition.

Proposition 5.1 For the fuzzy system (5.3) subject to the controller (5.14), if there
exist k j

1 ∈ Rn, k j
2 ∈ R satisfying the following matching conditions:

bi kiT1 + aiT = aT
m , biki2 = bm, (5.15)

where i = 1, 2, . . . , N, ai = [ai1, ai2, . . . , ain]T and am = [am1, am2, . . . , amn]T , then
the closed-loop fuzzy system becomes

ẋ(t) = Amx(t) + Bmr(t). (5.16)

Proof Substituting (5.14) into (5.3) yields

ẋn(t) =
N∑

i=1

μi (a
iT + bikiT1 )x(t) + μi b

i ki2r(t). (5.17)

With (5.15) and (5.4), the Eq. (5.17) becomes

ẋn(t) = aT
mx(t) + bmr(t), (5.18)

which can be equivalently written as

ẋ(t) = Amx(t) + Bmr(t). (5.19)

∇
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110 5 Adaptive T–S Fuzzy State Tracking Control Using State Feedback

Remark 5.2 Comparing (5.15) with (5.12), there is no coupling between (Ai , Bi )

and (k j
1 , k

j
2 ) for j �= i in (5.15). Therefore, the matching conditions (5.15) can be

satisfied for achieving state tracking in reality, which means the controller (5.14)
is more practical than the controller (5.10) which requires very strong matching
conditions for state tracking.

With Ai and Bi known, the nominal controller parameters ki1 and k
i
2 in (5.14) can

be solved from (5.15). If Ai and Bi are unknown, an indirect adaptive scheme will
be introduced to estimate the controller parameters.

5.2.3 Adaptive Control Scheme

In this section, we design an adaptive parameter estimation algorithm to estimate the
unknown controller parameters, develop an indirect adaptive control law and analyze
the closed-loop system performance.

First, we use the matching conditions (5.15) to transform the nominal control law
(5.14) into the following form:

u(t) =
∑N

i=1 μi (aT
mx(t) − aiT x(t) + bmr(t))∑N

i=1 μi bi
, (5.20)

which only contains the plant parameters ai and bi .

Adaptive control law. Since ai and bi are unknown, the controller (5.20) cannot
be implemented. Using parameter estimation, an indirect adaptive control law as the
adaptive version of (5.20) can be implemented as

u(t) =
∑N

i=1 μi (aT
mx(t) − âiT x(t) + bmr(t))∑N

i=1 μi b̂i
, (5.21)

where âi and b̂i are the estimates of ai and bi , respectively.
Define the state tracking error

e(t) = x(t) − xm(t). (5.22)

Then the reference model (5.7) can be written as

ẋm(t) = −Ame(t) + Amx(t) + Bmr(t), (5.23)

which gives

ẋmn(t) = −aT
me(t) + aT

mx(t) + bmr(t). (5.24)
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It can be obtained from (5.3) and (5.6) that

ẋn(t) = aiT x(t) + biu(t), (5.25)

which can be formulated as

ẋn(t) =
N∑

i=1

μi a
iT x(t) −

N∑

i=1

μi b̃
i u(t) +

N∑

i=1

μi b̂
i u(t), (5.26)

where b̃i = b̂i − bi .
Applying the adaptive controller (5.21) into (5.26), we have

ẋn(t) = −
N∑

i=1

μi ã
iT x(t) −

N∑

i=1

μi b̃
i u(t) + aT

mx(t) + bmr(t), (5.27)

where ãi = âi − ai .
Subtracting (5.24) from (5.27) produces

ėn(t) = aT
me(t) −

N∑

i=1

μi ã
i x(t) −

N∑

i=1

μi b̃
i u(t). (5.28)

Tracking error dynamics. From (5.28), we have the tracking error dynamics

ė(t) = Ame(t) −
N∑

i=1

μi ( Ã
i x(t) + B̃i u(t)), (5.29)

where Ãi = Âi − Ai , B̃i = B̂i − Bi , with Âi and B̂i being the estimates of Ai and
Bi , respectively.

Parameter adaptive laws. To obtain the parameter estimates âi and b̂i in (5.21),
we design the following parameter adaptive laws:

˙̂ai = γ1iμi x Pne, (5.30)

˙̂bi =

⎧
⎪⎪⎨

⎪⎪⎩

γ2iμi û Pne if
∣∣∣b̂i

∣∣∣ > b∗
i0

or
∣∣∣b̂i

∣∣∣ = b∗
i0 and sign(bi )û Pne ≥ 0

0 otherwise,

(5.31)

where γ1i , γ2i > 0 are design parameters, b∗
i0 is the lower bound of |bi |, which is

assumed to be known, and b̂i (0) satisfies b̂i (0)sign(bi ) ≥ 0, Pn is the last row of a
positive definite symmetricalmatrix P ∈ Rn×n , which is the solution of the following
equation:
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AT
m P + PAm = −Q, (5.32)

where Q ∈ Rn×n is a positive definite symmetrical matrix.
Based on the adaptive control law (5.21) and the parameter adaptation laws (5.30)–

(5.31), the closed-loop stability and asymptotic tracking results are proved and sum-
marized in the following theorem.

Theorem 5.1 For the T–S fuzzy system (5.3), under Assumptions 5.1–5.2, the adap-
tive controller (5.21) with the parameter adaptive laws (5.30)–(5.31) guarantees:

(i) all closed-loop system signals are bounded; and
(ii) the state tracking error e(t) → 0 when t → ∞.

Proof Consider the following Lyapunov function candidate

V (e, ã, b̃) = eT Pe +
N∑

i=1

γ −1
1i ãiT ãi +

N∑

i=1

γ −1
2i (b̃i )2, (5.33)

where ãi = âi − ai and b̃i = b̂i − bi .
The differentiation of V along the error dynamics (5.29) is

V̇ = ėT Pe + eT Pė + 2
N∑

i=1

γ −1
1i

˙̃aiT ãi + 2
N∑

i=1

γ −1
2i

˙̃bi b̃i

= eT AT
m Pe + eT P Ame − 2

N∑

i=1

μi x
T ÃiT Pe − 2

N∑

i=1

μi û
T B̃i Pe

+2
N∑

i=1

γ −1
1i ãiT ˙̃ai + 2

N∑

i=1

γ −1
2i b̃i ˙̃bi . (5.34)

Applying (5.32) into (5.34) and with simple manipulations, we have

V̇ = −eT Qe − 2
N∑

i=1

μi ã
iT x Pne − 2

N∑

i=1

μi b̃
i û Pne

+2
N∑

i=1

γ −1
1i ãiT ˙̃ai + 2

N∑

i=1

γ −1
2i b̃i ˙̃bi . (5.35)

Using the parameter adaptive laws (5.30)–(5.31), we can obtain from (5.35) that

V̇ = −eT Qe ≤ 0, (5.36)

which means e, ãi, b̃i ∈ L∞. From (5.22) and (5.21), we can have x, u ∈ L∞ as
well.
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From (5.29), we have ė(t) ∈ L∞. It follows from (5.36) and the boundedness of
V that

∫ ∞

0
eT (τ )Qe(τ )dτ = −

∫ ∞

0
V̇ dτ = V (0) − V (∞) < ∞, ∀t ≥ 0, (5.37)

that is, e(t) ∈ L2.With Barbălat’s lemma, we have the desired convergence property:
limt→∞e(t) = 0. ∇

Thus far, we have considered the adaptive state tracking control for a T–S fuzzy
system in a canonical form. We have designed a nominal controller structure (5.14)
which leads to matching conditions (5.15) that can be easily satisfied in practice.
Next, we will consider the adaptive state tracking control for T–S fuzzy systems in
a general form.

5.3 Design for T–S Fuzzy Systems in General Form (m ≤ n)

In this section, we consider the case when Ai and Bi are general matrices and the
number of inputs m is less than or equal to the number of states n.

5.3.1 Plant Model and Reference System

Consider the T–S fuzzy system (5.2) with the following rules:

IF ξ1(t) is Fi
1 and . . . and ξL(t) is Fi

L ,

THEN ẋ(t) = Ai x(t) + Biu(t), (5.38)

where x ∈ Rn , u ∈ Rm , i = 1, 2, . . . , N .

T–S fuzzy system in general form. The system matrices Ai and Bi in (5.38) are
in the following general form:

Ai =

⎡

⎢⎢⎢⎣

ai11 ai12 · · · ai1,n−1 ai1,n
ai21 ai22 · · · ai2,n−1 ai2,n
...

...
...

...

ain,1 a
i
n,2 · · · ain,n−1 a

i
n,n

⎤

⎥⎥⎥⎦ , Bi =

⎡

⎢⎢⎢⎣

bi11 bi12 · · · bi1,m
bi21 bi22 · · · bi2,m
...

... · · · ...

bin,1 b
i
n,2 · · · bin,m

⎤

⎥⎥⎥⎦ . (5.39)

The global T–S fuzzy model is the same as (5.3):

ẋ(t)=
N∑

i=1

μi (Ai x(t) + Biu(t)), (5.40)

where μi has the same meaning as in (5.4).
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In this section, we consider two kinds of reference models: linear reference model
and T–S fuzzy reference model.

Linear reference model. The linear reference model is given by

ẋm(t) = Amx(t) + Bmr(t), (5.41)

where xm ∈ Rn , r ∈ Rm , Am ∈ Rn×n is a Hurwitz matrix and Bm ∈ Rn×m .

T–S fuzzy reference model. The T–S fuzzy reference model is defined by the
following rule:

IF ξ1(t) is Fi
1 and . . . and ξL(t) is Fi

L ,

THEN ẋm(t) = Ami xm(t) + Bmir(t), i = 1, 2, . . . , N , (5.42)

where xm ∈ Rn , r ∈ Rm , Ami ∈ Rn×n and Bmi ∈ Rn×m .
The overall T–S fuzzy reference model is inferred as

ẋm(t) =
N∑

i=1

μi (Ami xm(t) + Bmir(t)), (5.43)

where μi has the same meaning as in (5.4).
In (5.42), the matrices Ami are chosen to satisfy the following condition:
(C.1). A common positive definite symmetrical matrix P exists for some chosen

Q = QT > 0, which is the solution of the following linear matrix inequalities:

AT
mi P + PAmi ≤ −Q, i = 1, 2, . . . , N . (5.44)

The condition (C.1) is a sufficient condition that ensures that the T–S fuzzy ref-
erence system (5.43) is stable (Tanaka and Sugeno 1992).

5.3.2 Nominal Controller and Matching Conditions

Based on the idea of parallel distributed control (PDC), we can use linear control
techniques to design a local linear state feedback controller for each rule:

IF ξ1(t) is Fi
1 and . . . and ξL(t) is Fi

L ,

THEN u(t) = K1i x(t) + K2i r(t), (5.45)

where K1i ∈ Rm×n and K2i ∈ Rm×m .
The PDC controller shares the same fuzzy sets with the fuzzy model (5.38) to

construct its premise parts. The resulting overall controller, which is nonlinear in
general, is a fuzzy blending of each individual linear controller. The overall output
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5.3 Design for T–S Fuzzy Systems in General Form (m ≤ n) 115

of the fuzzy controller is inferred by integrating the local controllers (5.45) using the
weighted-average method:

u(t) =
N∑

i=1

μi (K1i x(t) + K2i r(t)), (5.46)

where μi is the normalized firing strength defined in (5.4).
Applying (5.46) to the fuzzy system (5.40) and with some manipulations, we can

have the closed-loop fuzzy control system:

ẋ(t) =
N∑

i=1

N∑

l=1

μiμ j [(Ai + Bi K1 j )x(t) + Bi K2 j r(t)]. (5.47)

Matching conditions for linear reference model. To meet the state x(t) of the
system (5.47) tracking the state xm(t) of the reference model (5.41), the following
matching conditions need to be satisfied:

Ai + Bi K1 j = Am, Bi K2 j = Bm, (5.48)

for ∀i, j = 1, 2, . . . , N .
Applying (5.48) into (5.47) results in the closed-loop fuzzy system:

ẋ = Amx(t) + Bmr(t), (5.49)

which has the same dynamics as the reference model (5.41).

Remark 5.3 The matching conditions (5.48) for the T–S fuzzy system (5.40) to
achieve state tracking control under the controller (5.46), however, are difficult to
satisfy even when all the system parameters are known. There are two ways to relax
the matching conditions: (i) change the reference model; (ii) change the controller
structure. We will try to choose a different reference model to relax the matching
conditions first, and then try to choose a different controller structure.

Matching conditions for T–S fuzzy reference model. With the T–S fuzzy ref-
erence model (5.43), the matching conditions for state tracking control become

Ai + Bi K1 j = Ami , Bi K2 j = Bmi (5.50)

for ∀i, j = 1, 2, . . . , N .
With (5.40), we have

ẋ(t) =
N∑

i=1

μi Ai x(t) +
N∑

i=1

μi Biu(t). (5.51)
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116 5 Adaptive T–S Fuzzy State Tracking Control Using State Feedback

With (5.46) and (5.50), and after some simple mathematical manipulations, we
obtain

N∑

i=1

μi Biu(t) =
N∑

i=1

μi Bi

N∑

j=1

μi (K1 j x(t) + K2 j r(t))

=
N∑

i=1

μi [(Ami − Ai )x(t) + Bmir(t)]. (5.52)

Substituting (5.52) into (5.51) yields

ẋ(t) =
N∑

i=1

μi (Ami x(t) + Bmir(t)) (5.53)

which has the same dynamics as the fuzzy reference model (5.43).

Remark 5.4 Comparing the matching conditions (5.50) with (5.48), we can see that
in (5.48) for ∀i, j = 1, 2, . . . , N , Ai , Bi , K1 j and K2 j need to satisfy the quite
conservative relationship with respect to a common Am and a common Bm , while in
(5.50), the relationship is less conservative since one can choose different Ami and
Bmi now. Therefore, using a T–S fuzzy reference model, the matching conditions
can be relaxed. However, it should be noted that the relaxed matching conditions
(5.50) still requires that the T–S fuzzy system and the T–S fuzzy reference model
have some special structures and only when they have such structures, state tracking
by the controller (5.46) can be achieved.

Till now, we have developed the nominal controller for state tracking control of
T–S fuzzy systems when all the parameters are known. In the next section, we will
solve state tracking problem for unknown system parameters.

5.3.3 Adaptive Control Scheme

In this section,we shall design an adaptive parameter estimation algorithm to estimate
the unknown controller parameters, develop an adaptive control law, and analyze the
closed-loop system stability and tracking performance.

For an adaptive control design for the fuzzy systems, it is crucial to parametrize
the controlled plant in terms of its input signal u(t) and state vector x(t).

Plant parametrization. The T–S fuzzy system (5.40) can be formulated into the
following form:

ẋ(t) =
N∑

i=1

μi Ami x(t) +
N∑

i=1

μi [(Ai − Ami )x(t) + Biu(t)]. (5.54)
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With the matching conditions (5.50), we have Bi = Bmi K
−1
2i , Ami − Ai = Bi

K1i = Bmi K
−1
2i K1i , with which we can obtain from (5.54) that

ẋ(t) =
N∑

i=1

μi Ami x(t) +
N∑

i=1

μi (Bmi K
−1
2i K1i x(t) + Bmi K

−1
2i u(t))

=
N∑

i=1

μi [Ami x(t) + Bmi (Θ1i x(t) + Θ2i u(t))], (5.55)

where Θ1i = K−1
2i K1i ∈ Rm×n and Θ2i = K−1

2i ∈ Rm×m .
The parametrized model (5.55) is indeed in terms of the input u(t) and the state

vector x(t), crucial for constructing an estimator with u(t) and x(t), used for design-
ing parameter adaptive laws.

Estimation model. Let Θ̂1i and Θ̂2i be the estimates of Θ1i and Θ2i in (5.55).
Then we can construct the following estimation model:

˙̂x(t) =
N∑

i=1

μi [Ami x̂(t) + Bmi (Θ̂1i x(t) + Θ̂2i u(t))]. (5.56)

Define the estimation model state error

ex (t) = x̂(t) − x(t). (5.57)

With (5.56) and (5.55), we can derive the estimation model state error dynamics:

ėx (t) =
N∑

i=1

μi Ami ex (t) +
N∑

i=1

μi Bmi [(Θ̂1i − Θ1i )x(t) + (Θ̂2i − Θ2i )u(t)]

=
N∑

i=1

μi Ami ex (t) +
N∑

i=1

μi Bmi [Θ̃1i x(t) + Θ̃2i u(t)], (5.58)

where Θ̃1i = Θ̂1i − Θ1i and Θ̃2i = Θ̂2i − Θ2i .

Parameter adaptive laws. Based on the estimation model state error dynamics
(5.58), we design the parameter adaptive laws for estimating Θ̂1i and Θ̂2i as

˙̂
Θ1i (t) = −μiΓ1i B

T
mi Pex (t)x(t)

T (5.59)
˙̂

Θ2i (t) = −μiΓ2i B
T
mi Pex (t)u(t)T , i = 1, 2, . . . , N (5.60)

where Γ1i ∈ Rm×m and Γ2i ∈ Rm×m are two diagonal matrices with their diagonal
elements being positive constants, P = PT > 0 is chosen as the solution of linear
matrix inequalities (5.44).
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118 5 Adaptive T–S Fuzzy State Tracking Control Using State Feedback

Adaptive controller. With the parameter estimates Θ̂1i and Θ̂2i , we propose the
following adaptive controller

u(t) = (Ω̂T Ω̂)−1

(
−Ω̂T

N∑

i=1

μi BmiΘ̂1i x(t) + Ω̂T
N∑

i=1

μi Bmir(t)

)
, (5.61)

where Ω̂ = ∑N
i=1 μi BmiΘ̂2i , which is is an n × m matrix.

Multiplying Ω̂T on both sides of (5.56) and applying (5.61) to it yield

Ω̂T ˙̂x(t) = Ω̂T
N∑

i=1

μi (Ami x̂(t) + Bmir(t)). (5.62)

Introducing ê(t) = x̂(t) − xm(t), with (5.43) and (5.62), we have ΩT ˙̂e(t) = ΩT
∑N

i=1 μi Ami ê(t). Multiplying Ω̂ on both sides of (5.63), we have Ω̂Ω̂T ˙̂e(t) = Ω̂Ω̂T
∑N

i=1 μi Ami ê(t). If Ω̂Ω̂T is nonsingular which can be guaranteed by the parameter
projection algorithm (see (5.64)–(5.65)), it can be guaranteed that Ω̂Ω̂T is nonsin-
gular. Therefore, it can be obtained that

˙̂e(t) =
N∑

i=1

μi Ami ê(t). (5.63)

With the condition (C.1), we obtain ê(t) ∈ L∞ and limt→∞ ê(t) = 0.
To implement the adaptive control law (5.61), it should be guaranteed that the

Ω̂Ω̂T and Ω̂T Ω̂ are nonsingular.
Define Ω = ∑N

i=1 μi BmiΘ2i , which is an n × m matrix. Let Θ2i = (θ2i
j,k)m×m .

We have the following assumption on Θ2i .

Assumption 5.3 ΩΩT and ΩTΩ are nonsingular for θ2i
j,k ∈ [θ2i

j,k, θ
2i
j,k], where θ2i

j,k

and θ
2i
j,k are the known lower and upper bounds of θ2i

j,k .

Parameter projection. If the parameter estimate θ̂2i
j,k could be restricted within

the interval [θ2i
j,k, θ

2i
j,k], it can be guaranteed that Ω̂Ω̂T and Ω̂T Ω̂ are nonsingular.

We apply parameter projection method to make θ̂2i
j,k ∈ [θ2i

j,k, θ
2i
j,k]. The projection

algorithm for Θ̂2i is designed as

˙̂
Θ2i (t) = −μiΓ2i B

T
mi Pex (t)u(t)T + F2i (t), (5.64)

where F2i (t) = ( f 2ij,k(t))m×m , j, k = 1, 2, . . . ,m is the projection operator with f 2ij,k
defined as
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5.3 Design for T–S Fuzzy Systems in General Form (m ≤ n) 119

Fig. 5.1 Block diagram of overall control scheme

f 2ij,k(t) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 if θ̂2i
j,k ∈ [θ2i

j,k, θ
2i
j,k]

or θ̂2i
j,k = θ2i

j,k and g2ij,k(t) ≥ 0

or θ̂2i
j,k = θ

2i
j,k and g2ij,k(t) ≤ 0

−g2ij,k(t) otherwise

(5.65)

with g2ij,k(t) being an element in the following matrix:

G2i (t) = −μiΓ2i Bmi Pex (t)u(t)T = (g2ij,k(t))m×m . (5.66)

The paramter projection algorithm (5.64)–(5.65) ensures that for any t ≥ 0, the

parameter estimates θ̂2i
j,k ∈ [θ2i

j,k, θ
2i
j,k] and with Assumption 5.3, Ω̂Ω̂T and Ω̂T Ω̂

are nonsingular.
Now, we have finished the design of our fuzzy adaptive control scheme. The

overall control scheme is shown in Fig. 5.1.
Define the state tracking error

e(t) = x(t) − xm(t). (5.67)

The properties of the proposed control scheme are given in the following theorem:

Theorem 5.2 For the T–S fuzzy system (5.40), under Assumption 5.3, the adaptive
controller (5.61) with the adaptive laws (5.59) and (5.64)–(5.65) guarantees:

(i) all closed-loop system signals are bounded;
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120 5 Adaptive T–S Fuzzy State Tracking Control Using State Feedback

(ii) the state tracking error e(t) → 0 when t → ∞.

Proof Consider the following Lyapunov function candidate:

V (ex , Θ̃1i , Θ̃
T
2i ) = eTx Pex +

N∑

i=1

tr(Θ̃T
1iΓ

−1
1i Θ̃1i ) + tr

(
N∑

i=1

Θ̃T
2iΓ

−1
2i Θ̃2i

)
, (5.68)

where tr(A) denotes the trace of a matrix A. We obtain the time derivative of V
along the error dynamics (5.58) under the condition (C.1): AT

mi P + PAmi ≤ −Q as
follows:

V̇ = ėTx Pex + eTx Pėx + 2
N∑

i=1

tr(Θ̃T
1iΓ

−1
1i

˙̃
Θ1i ) + 2

N∑

i=1

tr(Θ̃T
2iΓ

−1
2i

˙̃
Θ2i )

=
N∑

i=1

μi [eTx (AT
mi P + PAmi )ex + 2eTx PBmiΘ̃1i x + 2eTx PBmiΘ̃2i u]

+2
N∑

i=1

tr(Θ̃T
1iΓ

−1
1i

˙̃
Θ1i ) + 2

N∑

i=1

tr( ˙̃
ΘT

2iΓ
−1
2i Θ̃2i )

≤ −eTx Qex + 2
N∑

i=1

μi e
T
x PBmi Θ̃1i x + 2

N∑

i=1

μi e
T
x PBmi Θ̃2i u

+2
N∑

i=1

tr( ˙̂
ΘT

1iΓ
−1
1i Θ̃1i ) + 2

N∑

i=1

tr( ˙̂
ΘT

2iΓ
−1
2i Θ̃2i ). (5.69)

Using (5.59) and (5.64) with f 2ij,k = 0 in (5.65), (5.69) becomes

V̇ ≤ −eTx Qex + 2
N∑

i=1

μi e
T
x PBmiΘ̃

T
1i x + 2

N∑

i=1

μi e
T
x PBmiΘ̃2i u

−2
N∑

i=1

tr(μi xe
T
x PBmi Θ̃1i ) + 2

N∑

i=1

tr(μi ue
T
x PBmiΘ̃2i )

= −eTx Qex + 2
N∑

i=1

μi e
T
x PBmiΘ̃

T
1i x + 2

N∑

i=1

μi e
T
x PBmiΘ̃2i u

−2
N∑

i=1

tr(μi e
T
x PBmi Θ̃1i x) + 2

N∑

i=1

tr(μi e
T
x PBmiΘ̃2i u)

= −eTx Qex . (5.70)

Using (5.59) and (5.64) with f 2j,k = −g2ij,k in (5.65), (5.69) becomes
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V̇ ≤ −eTx Qex + 2
N∑

i=1

μi e
T
x PBmiΘ̃2i u

= −eTx Qex − 2
N∑

i=1

m∑

j=1

m∑

k=1

Γ −1
2i θ̃2i

j,kg
2i
j,k . (5.71)

Since θ2i
j,k ∈ [θ2i

j,k, θ
2i
j,k], when θ̂2i

j,k = θ2i
j,k , θ̃

2i
j,k = θ̂2i

j,k − θ2i
j,k ≤ 0, with g2ij,k < 0, we

have V̇ ≤ −eTx Qex from (5.71); when θ̂2i
j,k = θ

2i
j,k , θ̃

2i
j,k = θ̂2i

j,k − θ2i
j,k ≥ 0,with g2ij,k >

0, we have V̇ ≤ −eTx Qex from (5.71) as well.
Hence, with (5.70) and (5.71), we have

V̇ ≤ −eTx Qex ≤ 0. (5.72)

With (5.68) and (5.71), we can obtain that ex (t), Θ̃1i and Θ̃2i are all bounded, which
indicates Θ̂1i and Θ̂2i are bounded as well. Since the state tracking error

e(t) = x(t) − xm(t) = x(t) − x̂(t) + x̂(t) − xm(t) = −ex (t) + ê(t), (5.73)

with ex (t) ∈ L∞ and ê(t) ∈ L∞, we can have e(t) ∈ L∞. With the boundedness of
e(t) and xm(t), we can have x(t) ∈ L∞. From (5.61), we can obtain u(t) ∈ L∞.

Hence, from (5.59) and (5.64), we obtain ˙̂
Θ1i ,

˙̂
Θ1i ∈ L∞, and from (5.58), we obtain

ėx (t) ∈ L∞. It follows from (5.35) and the boundedness of V that

∫ ∞

0
eTx (τ )Qex(τ )dτ ≤ −

∫ ∞

0
V̇ dτ = V (0) − V (∞) < ∞, (5.74)

which means ex (t) ∈ L2. Then with Barbălat’s lemma, we have the desired conver-
gence property: limt→∞ ex (t) = 0. Since it has been proven that limt→∞ ê(t) = 0
based on (5.63), from (5.73), we obtain e(t) → 0 as t → ∞. ∇
Remark 5.5 The closed-loop stability and asymptotic state tracking properties given
in Theorem 5.2 are the basic adaptive system properties only for the case when
there are only parameterized uncertainties. Those properties are important since the
most important feature (advantage) of adaptive control is its ability to deal with
parameterized uncertainties. In the presence of unparameterized errors (modeling
errors), the adaptive laws (5.59) and (5.64) need to be modified with robustifying
signals (Ioannou and Sun 1996; Tao 2003).

5.4 Design for T–S Fuzzy Systems in General Form (m = n)

In Sect. 5.3, we have designed an adaptive state tracking controller for T–S fuzzy
systems in a general form. The controller is designed based on the PDC idea and
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122 5 Adaptive T–S Fuzzy State Tracking Control Using State Feedback

a T–S fuzzy reference model is introduced to help relax the needed plant-model
matching conditions for achieving state tracking. However, the matching conditions
(5.50) are still quite strong, which requires the T–S fuzzy system and the fuzzy
reference model have certain special structures and parameters.

In this section, we consider the case when the system has the same number of
inputs as states, i.e.,m = n and present a controller structure which can further relax
the matching conditions for achieving state tracking.

5.4.1 Nominal Controller and Matching Conditions

For the T–S fuzzy system (5.40) with m = n, the following assumption is made:

Assumption 5.4 The input gain matrix
∑N

i=1 μi (ξ)Bi is nonsingular for ξ ∈ Ωξ ,
where Ωξ is a compact set representing the operating region of the fuzzy system
(5.40).

Based on Assumption 5.4, we propose the following nominal controller structure
for state tracking.

Nominal controller. The nominal controller is constructed by integrating all the
local controllers (5.9) in the following way:

u(t) =
(

N∑

i=1

μi Bi

)−1 ( N∑

i=1

μi Bi K1i x(t) +
N∑

i=1

μi Bi K2i r(t)

)
, (5.75)

where K1i ∈ Rn×n and K2i ∈ Rn×n .

Remark 5.6 Comparing (5.75) with (5.46), we can notice that (5.75) uses μi Bi in
the weighted-average integration while (5.46) uses μi . Such a modification will lead
to much more relaxed matching conditions for model reference state tracking.

Matching conditions for linear reference model. For the linear reference model
(5.41), the needed matching conditions for state tracking are

Ai + Bi K1i = Am, Bi K2i = Bm, (5.76)

for ∀i = 1, 2, . . . , N .

Matching conditions for T–S fuzzy reference model. For the T–S fuzzy refer-
ence model (5.43), the needed matching conditions for state tracking are

Ai + Bi K1i = Ami , Bi K2i = Bmi , (5.77)

for ∀i = 1, 2, . . . , N
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Remark 5.7 Comparing (5.76) and (5.77) with (5.48) and (5.50), it can be observed
that the matching conditions (5.76) and (5.77) are much easier to satisfy since there
are no couplings between local models (represented by (Ai , Bi )) and local controllers
(represented by (K1 j , K2 j ), j �= i), and one can compute K1i and K2i independently
for each local model represented by Ai and Bi from (5.76) or (5.77).

One can easily verify that with the matching conditions (5.76) or (5.77), the T–S
fuzzy system (5.40) under the controller (5.75) has the same dynamics as the linear
reference model (5.41) or the T–S fuzzy reference model (5.43).

5.4.2 Adaptive Control Scheme

Now we develop an adaptive control scheme for the system (5.40) with unknown
parameters Ai and Bi . Here we only consider adaptive state tracking using a T–S
fuzzy reference model. The adaptive state tracking control scheme using a linear
reference model can be similarly derived by following the same design idea.

Using the matching conditions (5.77), the nominal controller can be formulated
as

u(t) =
(

N∑

i=1

μi Bi

)−1 (
−

N∑

i=1

μi Ai x(t) +
N∑

i=1

μi Ami x(t) +
N∑

i=1

μi Bmir(t)

)
.

(5.78)

Adaptive controller. When the system parameters Ai and Bi are uncertain, we
cannot implement the nominal controller (5.78) directly. By replacing Ai and Bi by
their estimates Âi and B̂i , we design the adaptive controller as

u(t) =
(

N∑

i=1

μi B̂i

)−1 (
−

N∑

i=1

μi Âi x(t) +
N∑

i=1

μi Ami x(t) +
N∑

i=1

μi Bmir(t)

)
.

(5.79)

It can be seen from (5.79) that to make the adaptive controller nonsingular, the
parameter adaptation process for B̂i must ensure that

∑N
i=1 μi B̂i is nonsingular.

Applying the adaptive controller (5.79) to (5.40),we obtain the closed-loop system
as

ẋ(t) =
N∑

i=1

μi Ami x(t) +
N∑

i=1

μi Bmir(t) −
N∑

i=1

μi Ãi x(t) −
N∑

i=1

μi B̃i u(t), (5.80)

where Ãi = Âi − Ai and B̃i = B̂i − Bi .

Tracking error dynamics. Subtracting (5.43) from (5.80) yields the state tracking
error dynamics:
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ė(t) =
N∑

i=1

μi Ami e(t) −
N∑

i=1

μi Ãi x(t) −
N∑

i=1

μi B̃i u(t), (5.81)

where e(t) = x(t) − xm(t).
Before we develop the parameter adaptive laws, the following assumption on

Bi = (bijk)m×m , i ∈ [1, N ], j, k ∈ [1,m], is made:

Assumption 5.5 There exist known upper and lower bounds for each element of Bi

such that for bijk ≤ bijk ≤ b̄ijk ,
∑N

i=1 μi (ξ)Bi is nonsingular for ξ ∈ Ωξ , where Ωξ

is a compact set representing the operating region of the fuzzy system (5.40).

Parameter adaptive laws. Based on the tracking error dynamics (5.81),wedesign
the parameter adaptive laws:

˙̂Ai (t) = γ1iμi e(t)x(t)
T (5.82)

˙̂Bi (t) = PB̂i

[
γ2iμi e(t)u(t)T

]
, i = 1, 2, . . . , N (5.83)

where γ1i , γ2i > 0, PB̂i
is a projection operator to ensure that each element of B̂i =

(b̂ijk)m×m remains within [bijk, b̄ijk]. The projection operator PB̂i
(·) can be designed

by following the similar idea used in (5.64).
With the adaptive controller (5.79) and the parameter adaptive laws (5.82)–(5.83),

we establish the following theorem, which shows the properties of the adaptive
control scheme.

Theorem 5.3 For the T–S fuzzy system (5.40) and the T-S fuzzy reference model
(5.43), the adaptive controller (5.79) with the parameter adaptive laws (5.82)–(5.83)
guarantees that all the closed-loop signals bounded and limt→∞ e(t) = 0.

Proof Consider the following Lyapunov function candidate:

V = eT Pe +
N∑

i=1

tr

(
ÃT
i P Ãi

γ1i

)
+

N∑

i=1

tr

(
B̃T
i P B̃i

γ2i

)
, (5.84)

where P = PT > 0 is the solution of (5.44)
We obtain the derivative of V along the trajectory of the tracking error dynamics

(5.81) as

V̇ = ėT Pe + eT Pė +
N∑

i=1

tr

( ˙̃AT
i P Ãi

γ1i
+ ÃT

i P
˙̃Ai

γ1i

)
+

N∑

i=1

tr

( ˙̃BT
i P B̃i

γ2i
+ B̃T

i P ˙̃Bi

γ2i

)

=
N∑

i=1

μi e
T (AT

mi P + PAmi )e − 2
N∑

i=1

μi e
T P Ãi x − 2

N∑

i=1

μi e
T P B̃iu
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+2
N∑

i=1

tr

(
ÃT
i P

˙̃Ai

γ1i

)
+ 2

N∑

i=1

tr

(
B̃T
i P ˙̃Bi

γ2i

)

=
N∑

i=1

μi e
T (AT

mi P + PAmi )e + 2
N∑

i=1

tr

(
ÃT
i P

˙̃Ai

γ1i
− μi Ã

T
i Pex

T

)

+2
N∑

i=1

tr

(
B̃T
i P ˙̃Bi

γ2i
− μi B̃

T
i PeuT

)
. (5.85)

Using (5.44) and (5.83), we obtain from (5.85) that

V̇ ≤ −eT Qe ≤ 0, (5.86)

which means the tracking error e(t) and the parameter estimates Âi and B̂i are all
bounded. Since e(t) = x(t) − xm(t) and xm(t) ∈ L∞, we have x(t) ∈ L∞. Thenwith
(5.79), we have u ∈ L∞. From (5.81), we have ė ∈ L∞. Hence, all the closed-loop
signals are bounded. From (5.86), we also have

∫ ∞

0
eT (τ )Qe(τ )dτ ≤ −

∫ ∞

0
V̇ dτ = V (0) − V (∞) < ∞, (5.87)

which means e(t) ∈ L2. Then with Barbălat’s lemma, we have the desired conver-
gence property: limt→∞ e(t) = 0. ∇
Remark 5.8 Due to the existence of μi (ξ) in

∑N
i=1 μi (ξ)Bi , it may be difficult to

specify the upper and lower bounds bijk and b̄
i
jk to satisfy Assumption 5.5 in practice.

For Bi in a general form, how to guarantee the nonsingularity of
∑N

i=1 μi B̂i during the
parameter adaptation process with more relaxed conditions is still an open problem.
For Bi with some special forms, this problem can be handled effectively without
requiring strong conditions.

5.4.3 Adaptive Control Design: Special Cases

In this subsection, we consider the adaptive control design for two special cases. Each
of them can represent a class of nonlinear systems and special design procedures can
be developed to guarantee the control gain matrix nonsingular during parameter
adaptation.

Special Case 1: Bi = B, i = 1, 2, . . . , N . In this case, all the local models have
different system matrices Ai but the common input matrix B. The overall T–S fuzzy
system (5.40) becomes

ẋ(t) =
N∑

i=1

μi Ai x(t) + Bu(t)., (5.88)
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where B ∈ Rm×m is nonsingular. This kind of T–S fuzzy system (5.88) can be used
to approximate a class of nonlinear systems described by ẋ(t) = f (x(t)) + Bu(t)
where the input matrix is a constant matrix.

In the following design, it is assumed that B satisfies the following assumption:

Assumption 5.6 All the leading principle minors Δi , i = 1, 2, . . . ,m, of B are
nonzero and their signs are known.

With Assumption 5.6, the matrix B has the following SDU decomposition.

SDU decomposition of B. The matrix B ∈ Rm×m with all its principal minors
Δi �= 0, i = 1, 2, . . . ,m, has a nonunique decomposition

B = SDU, (5.89)

where S ∈ Rm×m is a symmetric and positive definite matrix,U ∈ Rm×m is an upper
triangular matrix, and

D = diag {d1, d2, . . . , dm}
= diag

{
sign[Δ1]d∗

1 , sign

[
Δ2

Δ1

]
d∗
2 , . . . , sign

[
Δm

Δm−1

]
d∗
m

}
(5.90)

with d∗
i > 0, i = 1, 2, . . . ,m.

For D, we have the following assumption:

Assumption 5.7 Some lower bounds di > 0 of d∗
i , that is, d

∗
i ≥ di , i = 1, 2, . . . ,m,

are known.

Remark 5.9 If the matrix B satisfies Assumption 5.6, B has a nonunique SDC
decomposition. Based on the SDU decomposition of B, the design conditions for
adaptive control can be relaxed. By following certain design procedure to be pre-
sented, the nonsingularity of the adaptive controller can be guaranteed in practice.

Design Based on SDU Decomposition of B. Using the SDU decomposition
(5.90), the model (5.88) can be formulated as

ẋ(t) =
N∑

i=1

μi Ai x(t) + SDUu(t). (5.91)

Multiplying S−1 on both sides of (5.91) yields

S−1 ẋ(t) = S−1
N∑

i=1

μi Ai x(t) + DUu(t)

= S−1
N∑

i=1

μi Ai x(t) + Du − D(I −U )u. (5.92)
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Multiplying S−1 on both sides of (5.43) yields

S−1 ẋm(t) = S−1
N∑

i=1

μi Ami xm(t) + S−1
N∑

i=1

μi Bmir(t). (5.93)

Based on (5.92) and (5.93), the nominal controller structure is designed as

u(t) = D−1

(
−S−1

N∑

i=1

μi Ai x(t) + S−1
N∑

i=1

μi Ami x(t) + S−1
N∑

i=1

μi Bmir(t)

)

+(I −U )u(t), (5.94)

which can be parameterized as

u(t) = D−1

(
−

N∑

i=1

μiΦ1i x(t) +
N∑

i=1

μiΦ2i r(t) + Φ0u(t)

)
, (5.95)

where

Φ1i = S−1(Ai − Ami ), Φ2i = S−1Bmi , i = 1, 2, . . . , N (5.96)

and Φ0 is in a special form

Φ0 = D(I −U ) =

⎡

⎢⎢⎢⎢⎢⎣

0 φ0
12 φ0

13 · · · φ0
1m

0 0 φ0
23 · · · φ0

2m
...

...
...

...
...

0 0 · · · 0 φ0
m−1,m

0 · · · · · · 0 0

⎤

⎥⎥⎥⎥⎥⎦
. (5.97)

Let D̂, Φ̂0, Φ̂1i and Φ̂2i be the estimates of D,Φ0,Φ1i andΦ2i , respectively. From
the parameterized nominal controller (5.95), we propose the adaptive controller

u(t) = D̂−1

(
−

N∑

i=1

μi Φ̂1i x(t) +
N∑

i=1

μi Φ̂2i r(t) + Φ̂0u(t)

)
, (5.98)

where D̂ has the same structure as D, that is, D̂ is also a diagonal matrix; Φ̂0 has the
same structure as Φ0, that is, Φ̂0 is an upper triangular matrix with all the diagonal
elements being 0.

With (5.96), the system model (5.92) and the reference model (5.93) can be
formulated as

co
nt

ro
len

gin
ee

rs
.ir



128 5 Adaptive T–S Fuzzy State Tracking Control Using State Feedback

S−1 ẋ(t) =
N∑

i=1

μiΦ1i x(t) +
N∑

i=1

μi Ami x(t) + Du(t) − Φ0u(t) (5.99)

and

S−1 ẋm(t) = S−1
N∑

i=1

μi Ami xm(t) +
N∑

i=1

μiΦ2i r(t), (5.100)

respectively.
Subtracting (5.100) from (5.99) results in

S−1ė(t) =
N∑

i=1

μiΦ1i x(t) + S−1
N∑

i=1

μi Ami e(t) −
N∑

i=1

μiΦ2i r(t)

+Du(t) − Φ0u(t). (5.101)

Applying (5.98) into (5.101) yields

S−1ė(t) = S−1
N∑

i=1

μi Ami e(t) −
N∑

i=1

μi Φ̃1i x(t) +
N∑

i=1

μi Φ̃2i r(t)

−D̃u(t) + Φ̃0u(t), (5.102)

which can be equivalently written into the following tracking error dynamics

ė(t) =
N∑

i=1

μi Ami e(t) −
N∑

i=1

μi SΦ̃1i x(t) +
N∑

i=1

μi SΦ̃2i r(t)

−SD̃u(t) + SΦ̃0u(t), (5.103)

where Φ̃0 = Φ̂0 − Φ0, Φ̃1i = Φ̂1i − Φ1i , Φ̃2i = Φ̂2i − Φ2i , D̃ = D̂ − D.
With the error model (5.103), the parameter adaptive laws are designed as

˙̂
Φ0(t) = PΦ̂0

[−γ0Pe(t)u(t)T ] (5.104)

˙̂
Φ1i (t) = γ3iμi Pe(t)x(t)

T (5.105)
˙̂

Φ2i (t) = −γ4iμi Pe(t)r(t)
T (5.106)

˙̂D(t) = PD̂[γDPe(t)u(t)T ], (5.107)

where γ0, γ3i , γ4i , γD > 0, i = 1, 2, . . . , N , PΦ̂0
[·] and PD̂[·] are parameter projection

operators. Since Φ̂0 = (φ̂0
jk)m×m and D̂ = (d̂ jk)m×m should keep the same structures

as Φ0 and D, the following parameter projection operations for PΦ̂0
[·] and PD̂[·] are

applied:
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˙̂
φ0
jk(t) =

{
ϕ0
jk(t) if j < k

0 otherwise
(5.108)

˙̂d j j (t) =
⎧
⎨

⎩

υ j j (t) if |d̂ j j (t)| > d j

or |d̂ j j (t)| = d j and sign[d j (t)]υ j j (t) ≥ 0
0 otherwise

(5.109)

˙̂d jk(t) = 0 for j �= k, (5.110)

where ϕ0
jk(t) is the jkth element in the matrix−γ0Pe(t)u(t)T , υ j j (t) is the j th diag-

onal element in the matrix γDPe(t)u(t)T , j, k = 1, 2, . . . ,m. The initial parameters
of Φ̂0 and D̂ are set as

φ̂0
jk(0) = 0 for j ≥ k

d̂ jk(0) = 0 for j �= k. (5.111)

With the parameter projection scheme (5.108)–(5.110), we can ensure Φ̂0 and D̂
keep the same structures as Φ0 and D, and D̂ is nonsingular.

Let

u(t) =

⎡

⎢⎢⎢⎣

u1(t)
u2(t)

.

.

.

um (t)

⎤

⎥⎥⎥⎦ , Φ̂0 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 φ̂0
12 φ̂0

13 · · · φ̂0
1m

0 0 φ̂0
23 · · · φ̂0

2m

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

0 0 · · · 0 φ̂0
m−1,m

0 · · · · · · 0 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Φ̂1i =

⎡

⎢⎢⎢⎢⎣

φ̂1i
1

φ̂1i
2
.
.
.

φ̂1i
m

⎤

⎥⎥⎥⎥⎦
Φ̂2i =

⎡

⎢⎢⎢⎢⎣

φ̂2i
1

φ̂2i
2
.
.
.

φ̂2i
m

⎤

⎥⎥⎥⎥⎦
,

D̂ = diag{d̂1, d̂2, . . . , d̂m }, (5.112)

where φ̂1i
j , φ̂2i

j ∈ R1×m , i = 1, 2, . . . , N , j = 1, 2, . . . ,m. Then the controller (5.98)
can be implemented as

um (t) = d̂−1
m

⎛

⎝−
N∑

i=1

μi φ̂
1i
m x(t) +

N∑

i=1

μi φ̂
2i
m r(t)

⎞

⎠

um−1(t) = d̂−1
m−1

⎛

⎝−
N∑

i=1

μi φ̂
1i
m−1x(t) +

N∑

i=1

μi φ̂
2i
m−1r(t) + φ̂0

m−1,mum (t)

⎞

⎠

.

.

.

u j (t) = d̂−1
j

⎛

⎝−
N∑

i=1

μi φ̂
1i
j x(t) +

N∑

i=1

μi φ̂
2i
j r(t) +

m∑

k= j+1

φ̂0
jkuk (t)

⎞

⎠

.

.

.

u1(t) = d̂−1
1

⎛

⎝−
N∑

i=1

μi φ̂
1i
1 x(t) +

N∑

i=1

μi φ̂
2i
1 r(t) +

m∑

k=2

φ̂0
1kuk (t)

⎞

⎠ . (5.113)
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With the controller (5.98) (which is implemented by (5.113)) and the parameter
adaptive laws (5.104)–(5.111), we have the following results.

Theorem 5.4 Consider the T–S fuzzy system (5.88), the adaptive controller (5.98)
and the parameter adaptive laws (5.104)–(5.111) guarantee that all the closed-loop
signals bounded and limt→∞ e(t) = 0.

Proof Consider the following Lyapunov function candidate

V = eT Pe + tr

(
Φ̃T

0 SΦ̃0

γ0

)
+

N∑

i=1

tr

(
Φ̃T

1i SΦ̃1i

γ3i

)
+

N∑

i=1

tr

(
Φ̃T

2i SΦ̃2i

γ4i

)

+ tr

(
D̃T S D̃

γD

)
. (5.114)

The derivative of V along the error dynamics (5.103) is obtained as

V̇ = ėT Pe + eT Pė + 2tr

⎛

⎝
˙̃

ΦT
0 SΦ̃0

γ0

⎞

⎠ + 2
N∑

i=1

tr

⎛

⎝
˙̃

ΦT
1i SΦ̃1i

γ3i

⎞

⎠ + 2
N∑

i=1

tr

⎛

⎝
˙̃

ΦT
2i SΦ̃2i

γ4i

⎞

⎠

+ 2tr

( ˙̃DT SD̃

γD

)

=
N∑

i=1

μi e
T (ATmi P + PAmi )e − 2

∑

i=1

μi e
T PSΦ̃1i x + 2

N∑

i=1

μi e
T PSΦ̃2i r − 2eT PSD̃u

+ 2eT PSΦ̃0u + 2tr

⎛

⎝
˙̃

ΦT
0 SΦ̃0

γ0

⎞

⎠ + 2
N∑

i=1

tr

⎛

⎝
˙̃

ΦT
1i SΦ̃1i

γ3i

⎞

⎠ + 2
N∑

i=1

tr

⎛

⎝
˙̃

ΦT
2i SΦ̃2i

γ4i

⎞

⎠

+ 2tr

( ˙̃DT SD̃

γD

)

=
N∑

i=1

μi e
T (ATmi P + PAmi )e − 2

∑

i=1

tr
(
μi xe

T PSΦ̃1i

)
+ 2

N∑

i=1

tr
(
μi re

T PSΦ̃2i

)

− 2tr
(
ueT PSD̃

)
+ 2tr

(
ueT PSΦ̃0

)
+ 2tr

⎛

⎝
˙̃

ΦT
0 SΦ̃0

γ0

⎞

⎠ + 2
N∑

i=1

tr

⎛

⎝
˙̃

ΦT
1i SΦ̃1i

γ3i

⎞

⎠

+ 2
N∑

i=1

tr

⎛

⎝
˙̃

ΦT
2i SΦ̃2i

γ4i

⎞

⎠ + 2tr

( ˙̃DT SD̃

γD

)
. (5.115)

Using (5.44) and (5.104)–(5.111) in (5.115), we have

V̇ ≤ −eT (t)Qe(t) ≤ 0 (5.116)

which means the tracking error e(t) and the parameter estimates Φ̂0, Φ̂1i , Φ̂2i and
D̂ are all bounded. Since e(t) = x(t) − xm(t) and xm(t) ∈ L∞, we have x(t) ∈ L∞.
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Then with (5.113), we have u ∈ L∞. From (5.103), we have ė ∈ L∞. Hence, all the
closed-loop signals are bounded. From (5.116), we also have

∫ ∞

0
eT (τ )Qe(τ )dτ ≤ −

∫ ∞

0
V̇ dτ = V (0) − V (∞) < ∞, (5.117)

which means e(t) ∈ L2. Then with Barbălat’s lemma, we have the desired conver-
gence property: limt→∞ e(t) = 0. ∇

Special Case 2: Bi , i = 1, 2, . . . , N , are upper or lower triangularmatrices. In this
case, Assumption 5.5 can be replaced by the following assumption which requires
less knowledge on Bi .

Assumption 5.8 There exist known upper and lower bounds on the diagonal ele-
ments of Bi such that for bij j ≤ bij j ≤ b̄ij j , j = 1, 2, . . . ,m,

∑N
i=1 μi (ξ)bij j �= 0 for

ξ ∈ Ωξ where Ωξ is a compact set representing the operating region of the fuzzy
system (5.40).

For the special case 2, the adaptive controller is designed the same as (5.79), that
is,

u(t) =
(

N∑

i=1

μi B̂i

)−1 (
−

N∑

i=1

μi Âi x(t) +
N∑

i=1

μi Ami x(t) +
N∑

i=1

μi Bmir(t)

)
,

and the parameter adaptive laws for updating Âi and B̂i also have the same forms as
(5.82)–(5.83):

˙̂Ai (t) = γ1iμi e(t)x(t)
T (5.118)

˙̂Bi (t) = PB̂i

[
γ2iμi e(t)u(t)T

]
, (5.119)

where theprojectionoperator PB̂i
[·] is tomake B̂i = (b̂ijk)m×m keep the same structure

as Bi = (bijk)m×m , i.e., lower triangular or upper triangular.
To facilitate the derivation of the parameter projection algorithm, define

Gi (t) = γ2iμi e(t)u(t)T = (gijk(t))m×m, (5.120)

where gijk(t) represents the jkth element in Gi (t).
If Bi is a lower triangular matrix, i.e., bijk = 0 for j < k, the projection operator

PB̂i
[·] works in the following way:
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b̂ijk = 0, ∀ j < k

˙̂bijk = gijk(t), ∀ j > k

˙̂bij j =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

gij j (t) if b̂ij j ∈ [bij j , bij j ]
or b̂ij j = bij j and gij j (t) ≥ 0

or b̂ij j = b
i
j j and gij j (t) ≤ 0

0 otherwise.

(5.121)

If Bi is an upper triangular matrix, i.e., bijk = 0 for j > k, the projection operator
PB̂i

[·] works in the following way:

b̂ijk = 0, ∀ j > k

˙̂bijk = gijk(t), ∀ j < k

˙̂bij j =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

gij j (t) if b̂ij j ∈ [bij j , bij j ]
or b̂ij j = bij j and gij j (t) ≥ 0

or b̂ij j = b
i
j j and gij j (t) ≤ 0

0 otherwise.

(5.122)

Based on Assumption 5.8 and using the parameter projection algorithm (5.121) or
(5.122), it can be guaranteed that

∑N
i=1 μi B̂i is nonsingular. The closed-loop stability

and tracking performance analysis can be carried out by following the way similar
to that in proving Theorem 5.3 and is omitted here.

5.5 Simulation Study

In this section, we present simulation study on the state tracking control of amagnetic
suspension system.

5.5.1 Simulation System

First, we construct a T–S fuzzy model to approximate the simplified magnetic sus-
pension system. Then a fuzzy adaptive controller is designed based on the T–S fuzzy
model. Finally, the controller is applied to the T–S fuzzy model and the original
plant to illustrate the desired system performance under the proposed fuzzy adaptive
scheme. Consider the following magnetic suspension system (Tanaka and Abuelenin
2009):
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ẋ1 = x2

ẋ2 = g − C

4M

(
x3
x1

)2

ẋ3 = x3x2
x2

− 2Rx1x3
C

+ 2x1
C

u, (5.123)

where x1 and x2 represent the position and velocity of the floater of the magnetic
suspension system with respect to the stator, x3 represents the current, u is the input
voltage, M is the mass of the floater, C and R are the parameters of the magnetic
suspension system, and g is the acceleration due to gravity. In the simulation, R = 5,
C = 7.2π × 10−6, M = 3 kg, g = 9.8m/s2

The dynamic equations are approximated by the following two-rules T–S fuzzy
model:

IF x1(t) is F1
1 THEN ẋ(t) = A1x(t) + B1u(t),

IF x1(t) is F2
1 THEN ẋ(t) = A2x(t) + B2u(t), (5.124)

where x = [x1, x2, x3]T , and F1
1 and F2

1 are two fuzzy sets representing “about
0.004m” and “about 0.008m”. Membership functions for fuzzy sets F1

1 and F2
1 are

shown in Fig. 5.2. The system matrices A1, A2, B1 and B2 are as follows:

A1 =
⎛

⎝
0 1 0

4900.1 0 −2.1
0 2280.1 −1768.4

⎞

⎠ , B1 =
⎛

⎝
0
0

353.6777

⎞

⎠

A2 =
⎛

⎝
0 1 0

2450.0 0 −1.1
0 2280.1 −3536.8

⎞

⎠ , B2 =
⎛

⎝
0
0

707.3553

⎞

⎠ . (5.125)

The T–S reference model is chosen as

IF x1(t) is F1
1 THEN ẋm(t) = Am1x(t) + Bm1r(t),

IF x1(t) is F2
1 THEN ẋm(t) = Am2x(t) + Bm2r(t), (5.126)

Am1 =
⎛

⎝
0 1 0

4900.1 0 −2.1
1.64 × 105 2838.5 −70

⎞

⎠ , Bm1 =
⎛

⎝
0
0

35.37

⎞

⎠

Am2 =
⎛

⎝
0 1 0

2450.0 0 −1.1
1.69 × 105 3396.9 −70

⎞

⎠ , Bm2 =
⎛

⎝
0
0

70.736

⎞

⎠ . (5.127)
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Fig. 5.2 Membership functions for x1

Using LMI toolbox in MATLAB, the following common P can be found to make
the condition (C.1) fulfilled:

P =
⎛

⎝
0.0001 0 0.1035

0 0.0046 −0.1113
0.1035 −0.1113 244.1140

⎞

⎠ (5.128)

which ensures the T–S reference model is globally asymptotically stable.

5.5.2 Simulation Results

The reference model has the input r(t) = −0.4. The initial states of the refer-
ence model and T–S fuzzy model are xm(0) = [0.002, 0, 1]T , x(0) = [0.004, 0, 1]T .
The initial values of parameters are Θ̂11(0) = [−464,−1.57,−4.8], Θ̂21(0) = 0.1,
Θ̂12(0) = [−235,−3,−4.9], Θ̂22(0) = 0.08. The parameter learning rates Γ11 =
2 × 10−3, Γ12 = 5 × 10−7, Γ21 = 10−8, Γ22 = 10−6.

The control law is designed based on the T–S fuzzy system and applied to both
the T–S fuzzy system and the original plant. The state tracking responses are shown
in Figs. 5.3, 5.4 and 5.5. It can be observed that the T–S fuzzy system states track the
reference model states asymptotically under the proposed adaptive fuzzy controller.
The states of the original plant also can track the referencemodel stateswith desirable
performance.A small position tracking error canbe seen inFig. 5.3which is causedby
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Fig. 5.3 State tracking response of x1
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Fig. 5.4 State tracking response of x2
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Fig. 5.5 State tracking response of x3
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Fig. 5.7 Parameter adaptation of Θ̂22

themodeling errorwhich existswhen aT–S fuzzy system is employed to approximate
a nonlinear plant. Themodeling error can be reduced through introducingmore fuzzy
rules and choosing more suitable membership functions. The adaptive control input
is shown in Fig. 5.6 and the parameter adaptation of Θ̂22 is shown in Fig. 5.7. Both
the control input and the parameter estimates are bounded.

5.6 Summary

In this chapter, we have conducted detailed studies on adaptive state tracking con-
trol of T–S fuzzy systems and found there are several key factors that affect the
adaptive state tracking control designs: the forms of system matrices Ai and Bi , the
types of reference models and the way to construct the overall controller from local
controllers.

For T–S fuzzy systems in canonical form, we proposed a state tracking controller
with which feasible plant-model matching conditions can be derived for tracking the
states of a stable linear reference model. The overall controller is constructed using
a new weighted-average method that is different from conventional fuzzy weighted-
averagemethod,which can decouple the relationship between local controller param-
eters and local system parameters for different rules, leading to easy-to-fulfill plant-
model matching conditions for state tracking control. For multi-input T–S fuzzy
systems in general form, we have shown that by choosing a stable fuzzy system as
the reference model, the restrict plant-model matching conditions for state track-
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138 5 Adaptive T–S Fuzzy State Tracking Control Using State Feedback

ing can be relaxed. As a key role for parameter estimation, an estimation model is
designed based on which the estimation model state error dynamics is derived. Then
an appropriate adaptive law for updating the parameters is designed and analyzed
using Lyapunov theory.

Formulti-input T–S fuzzy systemswhich have the same number of inputs as states,
a state feedback controller is designedwith feasible plant-modelmatching conditions
for state tracking. The control singularity problem which may be caused due to the
inversion of

∑N
i=1 μi B̂i in adaptive state tracking control is discussed. Although this

problem is generally difficult to solve, for some special forms of Bi , solutions have
been provided by using matrix decomposition and parameter projection.

The results in this chapter can provide a technical foundation of stability and
tracking properties for adaptive state tracking control of T–S fuzzy systems. Further
studies can be carried out regarding to the robustness issue of adaptive state tracking
of T–S fuzzy systems and how to solve the control singularity problem for Bi in a
general form.
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Chapter 6
Adaptive T–S Fuzzy Output Tracking
Control Using State Feedback

In Chap.5, we have addressed the adaptive state tracking control problem for T–S
fuzzy systems, which shows that under some restrictive structural conditions on the
system matrices (Ai , Bi ), the state tracking control objective can be achieved. In this
chapter, we consider the output tracking control problem for discrete-time T–S fuzzy
systems, which does not need any restrictive structural conditions on the system
matrices (Ai , Bi , Ci ), except for the knowledge of the T–S fuzzy system relative
degree and a causality condition which will be introduced in this chapter.

In this chapter, we will develop a solution framework for adaptive state-feedback
output tracking (SFOT) control of general discrete-time state-space T–S fuzzy sys-
tems with a relative degree ρ (1 ≤ ρ ≤ n), including (i) the derivation of a normal
form of a global noncanonical form state-space T–S fuzzy system model, which has
an explicit relative degree structure and a specific input–output signal causality rela-
tionship desired for a feedback control design, (ii) the development of an adaptive
control scheme for such a general T–S fuzzy system, and (iii) the simulation evalua-
tion of the adaptive control system performance on an aircraft flight control system
model.

The chapter is organized as follows. Section 6.1 formulates the problem addressed
in this paper. In Sect. 6.2, a normal form of a global T–S fuzzy system is constructed
with an explicit relative degree structure and causality. Section6.3 develops an adap-
tive state-feedback output tracking scheme for the relative degree ρ = 1 and proves it
has desired stability and tracking performance properties. Section6.4 further consid-
ers the general case with ρ > 1 and solves the adaptive SFOT problem. In Sect. 6.5,
a T–S fuzzy system model is constructed based on the linearized local models of
a transport airplane and simulation results demonstrate the developed concepts and
verify the desired performance of the new type of adaptive fuzzy control systems.

© Springer Nature Switzerland AG 2019
R. Qi et al., Fuzzy System Identification and Adaptive
Control, Communications and Control Engineering,
https://doi.org/10.1007/978-3-030-19882-4_6
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6.1 Problem Statement

In this section, we describe the adaptive control problem of noncanonical form state-
space T–S fuzzy systems with general relative degrees.

In Chap.2, we have shown that a discrete-time nonlinear

x(t + 1) = f (x(t), u(t)),

y(t) = h(x(t)) (6.1)

can be approximated by a discrete-time T–S fuzzy system described by the following
rule:

IF ξ1(t) is Fi
1 and . . . and ξL(t) is Fi

L

THEN x(t + 1) = Ai x(t) + Biu(t),

y(t) = Ci x(t) (6.2)

with t being the discrete-time sequence, where x(t) ∈ Rn is the state vector, u(t) ∈
R is the input, y(t) ∈ R is the output, ξ1(t), ξ2(t), . . . , ξL(t) are some measurable
system signals which are used to determine the operating area of the i the subsystem,
Fi
j is a fuzzy set associated with which there is a membership function Fi

j (ξ j (t)) to
indicate the degree ofmembership of ξ j (t) in Fi

j , Ai ∈ Rn×n , Bi ∈ Rn , andCi ∈ R1×n

are system matrices, i = 1, 2, . . . , N , j = 1, 2, . . . , L .
The system matrices (Ai , Bi , Ci ) in the local system (6.2) are in a noncanonical

form, unlike most adaptive T–S fuzzy control scheme in literature which deal with
special classes of systems whose matrices are in a canonical form. Furthermore,
while from the linear local system models, a global T–S fuzzy system model can be
constructed, the relative degree of a global T–S fuzzy system with general parameter
matrices, which is crucial for adaptive control of such systems, was seldom addressed
in literature.

Using the standard technique of singleton fuzzification, product inference and
weighted average, we can obtain the following global T–S fuzzy model from (6.2):

x(t + 1) =
N∑

i=1

μi (ξ(t))(Ai x(t) + Biu(t)),

y(t) =
N∑

i=1

μi (ξ(t))Ci x(t), (6.3)

where μi (ξ(t)) is the normalized firing strength:
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6.1 Problem Statement 141

μi (ξ(t)) = λi (ξ(t))
∑N

i=1 λi (ξ(t))
, λi (ξ(t)) =

L∏

j=1

Fi
j (ξ j (t)),

μi (ξ(t)) ≥ 0,
N∑

i=1

μi (ξ(t)) = 1. (6.4)

Control objective. The control objective is to design an adaptive state-feedback
controller to generate the control input u(t) for the fuzzy system (6) with noncanoni-
cal (Ai , Bi ,Ci ) and parameter uncertainties to ensure all the signals in the closed-loop
system are bounded and the output y(t) asymptotically tracks a given bounded ref-
erence ym(t).

In Chap. 2, it has been shown that state tracking control design requires certain
restrictive structural conditions on the system matrices (Ai , Bi , Ci ). In reality, it
is usually unnecessary to make all the states track specific trajectories. For most
practical problems, an output tracking control law can be designed with the system
relative degree information, without the need of any restrictive structural conditions
on the system matrices (Ai , Bi , Ci ). However, the problem on the relative degree
of a T–S fuzzy system was seldom discussed in literature, especially for T–S fuzzy
systems in a noncanonical form. Moreover, the causality of the global T–S fuzzy
model needs to be addressed for state feedback output tracking control design. In
the following section, we will show how to derive a global T–S fuzzy system with
an explicit relative degree structure and causality, which is critical for state-feedback
output tracking control design. We will also develop a solution to the adaptive state-
feedback output tracking problem.

6.2 Modeling of T–S Fuzzy Systems with Relative Degree
and Causality

For nonlinear systems, feedback linearization is a popular control design method-
ology. To employ feedback linearization techniques for T–S fuzzy system control
design, it is important to derive the relative degree of the T–S fuzzy system and clar-
ify its minimum-phase property. In this section,1 we shall study the relative degree
and minimum-phase property of noncanonical form state-space T–S fuzzy systems.

6.2.1 Relative Degree of a Dynamic System

In this subsection, we introduce the relative degree concept for a dynamic system. For
a SISO continuous-time system with input u ∈ R, state x ∈ Rn and output y ∈ R:

1Parts of Sect. 6.2 are reprinted fromQi et al. (2013), Copyright 2012,with permission fromElsevier.
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142 6 Adaptive T–S Fuzzy Output Tracking Control Using State Feedback

ẋ = f (x, u), y = h(x), (6.5)

its relative degree is an integer ρ such that the ρth time derivative y(ρ)(t) of y(t)
depends on the input u explicitly, while all lower order time derivatives y(i)(t) of
y(t), i = 1, 2, . . . , ρ − 1, do not depend on the input u explicitly. The system relative
degree thus depends on the functions f and h and its detailed theory has been
developed (Isidori 1995). The specification of the relative degree of a nonlinear
system is based on a feedback linearization procedure, and it is also crucial for a
feedback linearization control design, which is popular and powerful for control of
nonlinear systems.

As an example, consider a linear time-invariant (LTI) system: ẋ = Ax + Bu, y =
Cx with a transfer function G(s) = C(s I − A)−1B = N (s)

D(s) . Its relative degree is
the difference between the degree of the denominator polynomial D(s) and the
degree of the numerator polynomial N (s), that is, it is the difference between the
number of system poles and the number of system zeros. This definition can be
expressed in a different form: the system has a relative degree ρ if CAi B = 0 for
i = 0, 1, . . . , ρ − 2 andCAρ−1B �= 0. For example, for a relative degree two system,
we have CB = 0 and CAB �= 0, and thus ẏ = Cẋ = CAx + CBu = CAx which
does not contain u explicitly, and ÿ = CAẋ = CA2x + CABu which contains u
explicitly.

Such a relative degree concept can also be developed for a discrete-time system:

x(t + 1) = f (x(t), u(t)), y(t) = h(x(t)), (6.6)

whose relative degree is the integer ρ such that y(t + ρ) contains u(t) explicitly,
while y(t + i), i = 1, 2, . . . , ρ − 1, do not contain u(t) explicitly. For a LTI sys-
tem: x(t + 1) = Ax(t) + Bu(t), y(t) = Cx(t), its relative degree is the relative
order of the system transfer function G(z) = C(z I − A)−1B, and it can be defined
as the integer ρ such that CAi B = 0 for i = 0, 1, . . . , ρ − 2 and CAρ−1B �= 0.
For example, for a relative degree ρ = 3 system, we have CB = CAB = 0 and
CA2B �= 0, and hence y(t + 1) = Cx(t + 1) = CAx(t) + CBu(t) = CAx(t) and
y(t + 2) = CAx(t + 1) = CA2x(t) + CABu(t) = CA2x(t) (both do not depend
on u(t) explicitly), and y(t + 3) = CA2x(t + 1) = CA3x(t) + CA2Bu(t) which
depends on u(t) explicitly.

For the global fuzzy system (6.3), its relative degree can be defined in a similar
way: the system has relative degree ρ if y(t + ρ) contains u(t) explicitly, while
y(t + i), i = 1, 2, . . . , ρ − 1, do not contain u(t) explicitly. The detailed relative
degree conditions and feedback linearization procedure will be given in the next
subsection.

co
nt

ro
len

gin
ee

rs
.ir



6.2 Modeling of T–S Fuzzy Systems with Relative Degree and Causality 143

6.2.2 Relative Degree of T–S Fuzzy System

Considering the global fuzzy system (6.3), if its relative degree is one (ρ = 1), we
have

y(t + 1) =
N∑

i=1

μi (ξ(t + 1))Ci x(t + 1)

=
N∑

i=1

μi (ξ(t + 1))Ci

N∑

i=1

μi (ξ(t))(Ai x(t) + Biu(t))

=
N∑

i=1

μi (ξ(t + 1))Ci

N∑

i=1

μi (ξ(t))Ai x(t)

+
N∑

i=1

μi (ξ(t + 1))Ci

N∑

i=1

μi (ξ(t))Biu(t), (6.7)

which requires μi (ξ(t + 1)) available at time t . If ρ = 2, which means

N∑

i=1

μi (ξ(t + 1))Ci

N∑

i=1

μi (ξ(t))Bi = 0 (6.8)

in (6.7), we have

y(t + 2) =
N∑

i=1

μi (ξ(t + 2))Ci

N∑

i=1

μi (ξ(t + 1))Ai x(t + 1) (6.9)

=
N∑

i=1

μi (ξ(t + 2))Ci

N∑

i=1

μi (ξ(t + 1))Ai

N∑

i=1

μi (ξ(t))(Ai x(t)+Biu(t)),

which requires μi (ξ(t + 2)) and μi (ξ(t + 1)) are available at time t .
Following the similar procedure, we can derive that for a general relative degree

ρ, it is required μi (ξ(t + ρ)), μi (ξ(t + ρ − 1)), . . ., and μi (ξ(t + 1)) are available
at time t to connect y(t + ρ) explicitly with u(t).

Since the premise variables ξ j , j = 1, 2, . . . , L , are usually related to the state
vector x , i.e.,

ξ = [ξ1, ξ2, . . . , ξL ]T = [ξ1(x), ξ2(x), . . . , ξL(x)]T , (6.10)

the values of the vector ξ at time t should only depend on the values of x at/before
time t − ρ, i.e.,
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ξ(t) = [ξ1(t), ξ2(t), . . . , ξL(t)]T
= [ξ1(x(t − ρ)), ξ2(x(t − ρ)), . . . , ξL(x(t − ρ))]T , (6.11)

where x(t − ρ) = [x(t − ρ), x(t − ρ − 1), . . . , x(t − ρ − Nd)]T , and Nd is deter-
mined by how many past steps the values of x are used in ξi (t) = ξi (x(t − ρ)),
i = 1, 2, . . . , L . Note that, Nd = 0 for the case when the premise variables ξ j are
related to the state variable x statically, as commonly seen in the literature, and a
choice of Nd ≥ 1 can providemore flexibility inmodeling a dynamic systemusingT–
S fuzzy functions. With the definition in (6.11), μi (ξ(t + ρ)), μi (ξ(t + ρ − 1)), . . .,
and μi (ξ(t + 1)) are available at time t for a fuzzy system with a relative degree ρ.

Therefore, in order to obtain a global T–S fuzzy system with an explicit relative
degree ρ and causality for state-feedback output tracking control design, the premise
variable vector ξ(t) should only include the values of states at/before time t − ρ as
shown in (6.11). The firing strength of the i th rule in (6.3), μi (ξ(t)), is calculated as

μi (ξ(t)) = μi (ξ1(x(t − ρ)), ξ2(x(t − ρ)), . . . , ξL(x(t − ρ))). (6.12)

To show the relative degree information clearly and to simplify the notation, here
we replace μ(ξ(t)) by μ(t − ρ)) in (6.12), that is,

μi (t − ρ) � μi (ξ(t)) = μi (ξ1(x(t − ρ)), ξ2(x(t − ρ)), . . . , ξL(x(t − ρ))).

(6.13)
As discussed and analyzed above, we know that the global T–S fuzzy system

(6.3) cannot be directly used for state-feedback output tracking control design since
it does not have an explicit relative degree structure and the choice of ξ(t) may
cause non-causality problem when deriving the normal form of the global T–S fuzzy
system. To ensure the causality for a T–S fuzzy system with a relative degree ρ, ξ(t)
can only include states/outputs values at/before time t − ρ. One possible choice of
ξ(t) is given in (6.11). Based on such a choice and with the definitions in (6.12) and
(6.13), a global state-space form T–S fuzzy system is derived as

x(t + 1) =
N∑

i=1

μi (t − ρ)(Ai x(t) + Biu(t)),

y(t) =
N∑

i=1

μi (t − ρ)Ci x(t), (6.14)

which can be further formulated into a normal form with an explicit relative degree
structure, as will be shown in the following.

Relative degree conditions. Before deriving the normal form of the global T–S
fuzzy system, we have specified the relative degree conditions for the global fuzzy
system (6.14) as the assumption:
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Assumption 6.1 The global fuzzy system (6.14) satisfies the general relative degree
conditions:

Ci A j1 · · · A jk Bl = 0, i, j1, . . . , jk, l = 1, 2, . . . , N , (6.15)

for k = 0, 1, . . . , ρ − 2, and for all t ≥ 0,

N∑

i=1

μi (t)Ci

N∑

j1=1

μ j1(t − 1)A j1 · · ·

N∑

jρ−1=1

μ jρ−1(t − ρ + 1)A jρ−1

N∑

l=1

μl(t − ρ)Bl �= 0. (6.16)

The condition (6.15) in Assumption 6.1 implies that when we derive the expres-
sions for y(t + 1), y(t + 2), . . ., y(t + ρ − 1), all the terms multiplying the input
u(t) are zeros. And the condition (6.16) ensures that u(t) appears explicitly in the
expression of y(t + ρ), thus ensures the system has a relative degree ρ. Introducing
new state variables: z1(t) = y(t), z2(t) = y(t + 1), . . ., and zρ(t) = y(t + ρ − 1),
we can derive the normal form of the global fuzzy system (6.14) as

z j (t + 1) = z j+1(t), j = 1, 2, . . . , ρ − 1,

zρ(t + 1) = R(t)x(t) + G(t)u(t), (6.17)

where

R(t) =
N∑

i=1

μi (t)Ci

N∑

j1=1

μ j1(t − 1)A j1 · · ·

N∑

jρ−1=1

μ jρ−1(t − ρ + 1)A jρ−1

N∑

jρ=1

μ jρ (t − ρ)A jρ , (6.18)

G(t) =
N∑

i=1

μi (t)Ci

N∑

j1=1

μ j1(t − 1)A j1 · · ·

N∑

jρ−1=1

μ jρ−1(t − ρ + 1)A jρ−1

N∑

jρ=1

μ jρ (t − ρ)Bjρ . (6.19)

From this derivation, we also have formed a set of parametrizations for the signals
zi (t), i = 2, 3, . . . , ρ, which are useful for adaptive control design with estimates of
those signals which are not available when the system parameters are unknown. The
system model (6.17) has the explicit relative degree ρ (that is, zρ(t + 1) = y(t + ρ)

is related to u(t)) and causality (that is, y(t + ρ) = zρ(t + 1) depends on μi (t) (not
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146 6 Adaptive T–S Fuzzy Output Tracking Control Using State Feedback

μi (t + j)with j > 0) and x(t) and u(t). In particular, the coefficients G(t) and R(t)
depend on μi (t − j) ( j ≥ 0) available at time t , which is crucial for control design.

Thus far, we have developed a new global T–S fuzzy system model (6.14). The
developed global fuzzy system model has several key features: (i) generality, (ii)
relative degree, (iii) causality, (iv) relaxed matching conditions for adaptive control,
and (iv) time-varying system feature.

We summarize the development of the T–S fuzzy systemmodel for a set of general
local system models as:

Proposition 6.1 Following a standard fuzzy modeling procedure, a nonlinear
dynamic system (6.1), via the local fuzzy system models (6.2) under the relative
degree conditions in Assumption 6.1, can be approximated by a global fuzzy system
model (6.14) which can be further transformed into the normal form (6.17) with an
explicit relative degree structure and involves only causal membership functions.

For the adaptive control problem to be solved in the next section, we make the
following assumptions:

Assumption 6.2 The coefficient G(t) satisfies: G(t) �= 0 for all t ≥ 0.

Assumption 6.3 The fuzzy system (6.14) is minimum phase.

A regular input–output linear time-invariant system

A(z−1)[y](t) = z−d B̄(z−1)[u](t) (6.20)

with A(z−1) = 1 + a1z−1 + a2z−2 · · · + anz−n and B̄(z−1) = b0 + b1z−1 + · · · +
bn−d z−n+d , is minimum phase if all zero of B̄(z−1) are in |z| < 1. For the equiv-
alent system expression

y(t + n) + a1y(t + n − 1) + · · · + an y(t)

= b0u(t + n − d) + b1u(t + n − d − 1) + · · · + bn−du(t − d), (6.21)

this condition implies that

|u(t − d)| ≤ c1|y(t)| + c2

t−1∑

τ=0

λt−τ−1|y(τ )|, t ≥ d, (6.22)

for some constants c1 > 0, c2 > 0 and λ ∈ (0, 1). This minimum-phase condition
can also be used for an input–output T–S fuzzy system model (Qi et al. 2012).

In our study, the fuzzy system (6.14) is a nonlinear state-space model, and its
minimum-phase property needs to be defined through the zero dynamics subsystem
of (6.14), leading to a condition similar to that in (6.22).

As in the literature, the minimum-phase condition may be specified based on a
zero dynamics subsystem: for some state variables z(2)(t) = [zρ+1(t), . . . , zn(t)]T ∈
Rn−ρ and a vector function Q(·, ·; t) ∈ R(n−ρ), the global zero dynamics subsystem
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6.2 Modeling of T–S Fuzzy Systems with Relative Degree and Causality 147

z(2)(t + 1) = Q(z(1)(t), z(2)(t); t) (6.23)

with z(1)(t) = [z1(t), . . . , zρ(t)]T ∈ Rρ , is bounded-input bounded-state (BIBS) sta-
ble (with z(1)(t) being the input), that is,

‖z(2)(t)‖ ≤ kq max
0≤τ≤t−1

‖z(1)(τ )‖ + εq(t), (6.24)

for some kq > 0 and some exponentially decaying signal εq(t) related to the initial
conditions of z(2)(t), where ‖ · ‖ is any chosen vector norm.

Remark 6.1 We note that the construction of such a global zero dynamics subsys-
tem for the global system models (6.14) and (6.17) is still an open issue under
investigation. The complementary state variables z(2)(t) = [zρ+1(t), . . . , zn(t)]T ∈
Rn−ρ are functions of the original state variables x(t): z(2)(t) = T2(x(t); t) for
some matrix function T2(·; t) ∈ R(n−ρ)×n such that the state transformation z(t) =
[(z(1)(t))T , (z(2)(t))T ]T = T (x(t); t) is an invertible and one-to-one mapping (dif-
feomorphism) so that the boundedness of z(t) implies that of x(t) and vice versa
(that is, the minimum-phase condition means that the boundedness of z(1)(t), to be
ensured by a feedback control law, implies the boundedness of x(t) (Isidori 1995)).

Finally, we note that a global normal form T–S fuzzy model, similar to that in
Proposition 6.1, can be derived for the system (6.14) with x(t + 1) = ∑N

i=1 μi (t −
ρ + 1)(Ai x(t) + Biu(t)).

In this section, we have presented the analysis for state-space T–S fuzzy systems
with a general relative degree ρ. In the next section, we will start with the case of
ρ = 1 to show the basic adaptive control design ideas and then address the general
case with ρ ≥ 1 to develop the complete design procedure and stability theory.

6.3 Designs for T–S Fuzzy Systems with Relative Degree
ρ = 1

In this section,2 we consider the adaptive control design for the T–S fuzzy system
with relative degree ρ = 1.

For the special case when ρ = 1, the model (6.14) reduces to

x(t + 1) =
N∑

i=1

μi (t − 1)Ai x(t) +
N∑

i=1

μi (t − 1)Biu(t),

y(t) =
N∑

i=1

μi (t − 1)Ci x(t), (6.25)

2Parts of Sect. 6.3 are reprinted fromQi et al. (2013), Copyright 2012,with permission fromElsevier.
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148 6 Adaptive T–S Fuzzy Output Tracking Control Using State Feedback

which is similar to many T–S system models commonly seen in the literature but
with the difference that μi (t − 1) is presented in the output equation, to specify the
relative degree ρ = 1.

This formulation is necessary for an output tracking design which is applicable
to systems for which a state tracking design is impossible due to some restrictive
state-space plant and reference model matching conditions as presented in Chap.5.
For output tracking, we show that the plant model matching is always possible.

6.3.1 Nominal Controller

For the control design, the model (6.25) can be written as

y(t + 1) =
N∑

i=1

μi (t)Ci x(t + 1)

= R(t)x(t) + G(t)u(t), (6.26)

where R(t) = ∑N
i=1 μi (t)Ci

∑N
j=1 μ j (t − 1)A j ∈ R1×n is a row vector gain and

G(t) = ∑N
i=1 μi (t)Ci

∑N
j=1 μ j (t − 1)Bj ∈ R is a scalar gain.

For a given reference output signal ym(t) to be tracked by the output signal y(t),
to generate a control signal for (6.26), we can use the deadbeat nominal control law:

u(t) = 1

G(t)
(−R(t)x(t) + ym(t + 1)), (6.27)

which can bring the output y(t + 1) to ym(t + 1) in one step (that is, y(t + 1) =
ym(t + 1), t ≥ 0), to ensure the tracking of ym(t) by y(t) and thus the boundedness
of y(t). With (6.26) and (6.27), we have the boundedness of y(t), and from the
definition of z(1)(t)we have the boundedness of z(1)(t). Then, from the BIBS stability
property of (6.23), that is, (6.24), we have the boundedness of z(t), and from the
diffeomorphism of z(t) = T (x(t); t), we have the boundedness of x(t) and that of
u(t), so that all closed-loop system signals are bounded.

Remark 6.2 In discrete-time control theory, the dead beat control problem consists
of finding what input signal to be applied to a system in order to bring the output to
the steady state in the smallest number of time steps (Dorf and Bishop 2005).

Remark 6.3 The nominal control law can also be design as

u(t) = 1

G(t)
(−R(t)x(t) + ym(t + 1) − k1e(t) − k2e(t − 1)

− · · · − kqe(t − q + 1)
)
, (6.28)
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6.3 Designs for T–S Fuzzy Systems with Relative Degree ρ = 1 149

where e(t) = y(t) − ym(t) and the parameters k1, k2, . . . , kq are selected such that
the zeros of the polynomial 1 + k1z−1 + · · · + kq z−q lie strictly inside the unit circle.
With (6.28), y(t + 1) will approach ym(t + 1) after some transient process deter-
mined by the values of k1, k2, . . . , kq .

A nominal control law provides the basic controller structure which can be
parametrized for parameter adaptation when the system parameters are unknown.

6.3.2 Adaptive Control Design

For simplicity of expression and without loss of generality, we consider the case of
N = 2 in developing a parametrized model for adaptive control. With some manip-
ulations on (6.25), we obtain the parametrized model:

y(t + 1) = kT1 w1(t) + kT2 w2(t), (6.29)

where

k1 = [C1A1,C1A2,C2A1,C2A2]T , (6.30)

k2 = [C1B1,C1B2,C2B1,C2B2]T , (6.31)

w1(t) = [μ1(t)μ1(t − 1)xT (t), μ1(t)μ2(t − 1)xT (t),

μ1(t)μ2(t − 1)xT (t), μ2(t)μ2(t − 1)xT (t)]T , (6.32)

w2(t) = [μ1(t)μ1(t − 1)u(t), μ1(t)μ2(t − 1)u(t),

μ1(t)μ2(t − 1)u(t), μ2(t)μ2(t − 1)u(t)]T . (6.33)

The model (6.29) can be further formulated as

y(t + 1) = θ Tφ(t), (6.34)

where θ = [kT1 , kT2 ]T and φ(t) = [wT
1 (t),wT

2 (t)]T .
Parameter adaptive law. The formulation (6.34), with the parameter vector θ

unknownandvector signalφ(t)known, is a standard regression formwith a linearized
parametrization forwhichmanyparameter adaptation laws canbe adopted to estimate
the unknown parameters in θ . As a choice, the following gradient type adaptive law
is employed to obtain the estimate θ̂ of θ :

θ̂ (t) = θ̂ (t − 1) + γ (t)φ(t − 1)ε(t)

c + φT (t − 1)φ(t − 1)
, (6.35)

where γ (t) ∈ (γ0, 2 − γ0) is an adaptation gain for some constant γ0 ∈ (0, 1), c > 0
is a small design parameter, and
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150 6 Adaptive T–S Fuzzy Output Tracking Control Using State Feedback

ε(t) = y(t) − θ̂T (t − 1)φ(t − 1). (6.36)

We note that for adaptive control, the second and third components of k1 and k2 in
(6.30) and (6.31) can also be combined as one parameter to be adaptively estimated,
as their corresponding regressor components are the same.

Adaptive control law. With k̂1(t) and k̂2(t) being the estimates of k1 and k2 at
time t , the adaptive version of the nominal (deadbeat) control law (6.27) can be
implemented as

u(t) = 1

Ĝ(t)
(−k̂T1 (t)w1(t) + ym(t + 1)), (6.37)

where

Ĝ(t) = k̂T2 (t)[μ1(t)μ1(t − 1), μ1(t)μ2(t − 1), μ1(t)μ2(t − 1), μ2(t)μ2(t − 1)]T .

(6.38)
For this adaptive control law, parameter projection can be used for the parameter
estimation algorithm (6.35) to ensure that |Ĝ(t)| > g0 for some constant g0 > 0
(Tao 2003).

6.4 Designs for T–S Fuzzy Systems with Relative Degree
ρ ≥ 1

In this section,3 we develop an adaptive control scheme based on the global normal
form system (6.17), apply it to the global T–S fuzzy system (6.14), and evaluate its
performance. Based on (6.17) and (6.14), our goal is to derive and study a desired
baseline adaptive control design for control of nonlinear systems using the T–S fuzzy
system approach.

6.4.1 Nominal Control Law

A nominal control law is designed for the case when the parameters of the fuzzy
system (6.14) are known. Recall from Sect. 6.2.2 that the fuzzy system (6.14) with
relative degree 1 < ρ < n can be transformed into

zi (t + 1) = zi+1(t), i = 1, . . . , ρ − 1,

zρ(t + 1) = R(t)x(t) + G(t)u(t) (6.39)

with z(1)(t) = [z1(t), z2(t), . . . , zρ(t)]T = [y(t), y(t + 2), . . . , y(t + ρ − 1)]T ,
plus a possible zero dynamics subsystem: z(2)(t + 1) = Q(z(1)(t), z(2)(t); t) (see

3Parts of Sect. 6.4 are reprinted fromQi et al. (2013), Copyright 2012,with permission fromElsevier.
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6.4 Designs for T–S Fuzzy Systems with Relative Degree ρ ≥ 1 151

(6.23)), where R(t) and G(t) are given in (6.18) and (6.19) respectively, and are
known when the system parameters are known.

Nominal control law. For a given reference output signal ym(t) to be tracked by
the output signal y(t), to generate a control signal for (6.39), we can use the deadbeat
nominal control law:

u(t) = 1

G(t)
(−R(t)x(t) + ym(t + ρ)), (6.40)

which can bring the output y(t + ρ) to ym(t + ρ) in one step (that is, y(t + ρ) =
ym(t + ρ), t ≥ 0), to ensure the tracking of ym(t) by y(t) and thus the boundedness
of y(t) (and that of z(1)(t)), and, under Assumptions 6.2 and 6.3, the boundedness
of z(2)(t) and x(t), and finally, that of u(t), so that all closed-loop system signals are
bounded.

6.4.2 Adaptive Control Design

The model (6.39) can be written as

y(t + ρ) = R(t)x(t) + G(t)u(t). (6.41)

Following the similar procedure as presented for the special case ρ = 1, we can
formulate (6.41) into the linearly parametrized form:

y(t + ρ) = kT1 ω1(t) + kT2 ω2(t), (6.42)

where k1 ∈ Rl , l = n × N ρ+1, is a vector consisting of N ρ+1 basic vectors (Ci A j1 · · ·
A jρ )

T ∈ Rn , and k2 ∈ RNρ+1
consisting of N ρ+1 elements Ci A j1 · · · A jρ−1Bjρ , i, j1,

. . . , jρ ∈ {1, 2, . . . , N }. The two regressors ω1(t) and ω2(t) have the same dimen-
sions as k1 and k2, respectively, with ω1(t) consisting of N ρ+1 basic vectors
μi (t)μ j1(t − 1)μ j2(t − 2) · · · μ jρ (t − ρ)x(t) and ω2(t) of N ρ+1 elements μi (t)μ j1
(t − 1)μ j2(t − 2) · · · μ jρ (t − ρ)u(t).

With θ = [kT1 , kT2 ]T and φ(t) = [ωT
1 (t), ωT

2 (t)]T , the model (6.42) can be further
formulated as

y(t + ρ) = θTφ(t). (6.43)

Parameter adaptive law. Based on (6.43), the following gradient type adaptive
law is employed to obtain the estimate θ̂ of θ :

θ̂ (t) = θ̂ (t − 1) + γ (t)φ(t − ρ)ε(t)

m2(t)
, (6.44)
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152 6 Adaptive T–S Fuzzy Output Tracking Control Using State Feedback

where γ (t) ∈ (γ0, 2 − γ0) is an adaptation gain for some constant γ0 ∈ (0, 1) and

m(t) =
√
c + φT (t − ρ)φ(t − ρ), (6.45)

ε(t) = y(t) − θ̂T (t − 1)φ(t − ρ) (6.46)

with c > 0 being a small design parameter.

Adaptive control law. With the estimated parameters, we can have the estimates:
Ĝ(t) and R̂(t), so that the nominal control law (6.40) can be implemented in the
following adaptive way:

u(t) = 1

Ĝ(t)
(−R̂(t)x(t) + ym(t + ρ)). (6.47)

6.4.3 Stability and Tracking Properties

For this parameter estimation algorithm(6.44), we have the following properties.

Lemma 6.1 The parameter adaptive law (6.44), when applied to the parametrized
fuzzy system (6.43), ensures that

(i) ‖θ̂ (t) − θ‖ ≤ ‖θ̂ (t − 1) − θ‖ ≤ ‖θ̂ (0) − θ‖, for the l2-vector norm ‖ · ‖;
(ii) ε(t)

m(t) ∈ L2;

(iii) limt→∞ ε(t)
m(t) = 0;

(iv) ‖θ̂ (t) − θ̂ (t − t1)‖ ∈ L2; and
(vi) limt→∞ ‖θ̂ (t) − θ̂ (t − t1)‖ = 0, for any finite t1 > 0.

Proof Defining the parameter error θ̃ = θ̂ − θ and with (6.44), we have

θ̃ (t) = θ̃ (t − 1) + γ (t)φ(t − ρ)ε(t)

m2(t)
. (6.48)

Considering the following positive definite function:

V (θ̃) = θ̃T θ̃ ,

the time increment of V (θ̃) along (6.48) is

V (θ̃(t)) − V (θ̃(t − 1)) = −γ (t)

(
2 − γ (t)φT (t − ρ)φ(t − ρ)

m2(t)

)
ε2(t)

m2(t)

≤ −γ (t) (2 − γ (t))
ε2(t)

m2(t)
≤ −γ 2

0
ε2(t)

m2(t)
, (6.49)
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6.4 Designs for T–S Fuzzy Systems with Relative Degree ρ ≥ 1 153

for γ (t) ∈ (γ0, 2 − γ0), which implies ‖θ̂ (t) − θ‖ ≤ ‖θ̂ (t − 1) − θ‖ ≤ ‖θ̂ (0) − θ‖
and θ̂ (t) ∈ L∞.

It follows from (6.49) and the boundedness of V (θ̃) that

γ 2
0

t∑

τ=0

ε2(τ )

m2(τ )
= V (θ̃(0)) − V (θ̃(t)) ≤ V (θ̃(0)), (6.50)

that is, ε(t)
m(t) ∈ L2.

From (6.44), we have

θ̂ (t) = θ̂ (t − t1) +
t1−1∑

τ=0

γ (t − τ)φ(t − ρ − τ)ε(t − τ)

m2(t − τ)
, (6.51)

and with ε(t)
m(t) ∈ L2, we obtain θ̂ (t) − θ̂ (t − t1) ∈ L2, limt→∞ ‖θ̂ (t) − θ̂ (t − t1)‖ =

0. ∇
Based on the desired properties of the parameter adaptation law (6.44), the following
closed-loop stability and asymptotic tracking results can be proved.

We first present a desired property for φ(t).

Lemma 6.2 Under Assumptions 6.2 and 6.3, the regressor φ(t) defined in (6.43)
satisfies

‖φ(t)‖ ≤ ρ1 + ρ2 max
0≤τ≤t

|e(τ + ρ)|, (6.52)

for some positive constants ρ1 and ρ2.

Proof From the definition of φ(t) in (6.43) whose components ω1(t) and ω2(t) are
the products of μi at various time instants and x(t), and products of μi at various
time instants and u(t), and the property of μi in (6.4), we have

‖φ(t)‖ ≤ κ0‖[xT (t), u(t)]‖, (6.53)

for some constant κ0 > 0.
With y(t) = e(t) + ym(t), the system Eq. (6.41) can be formulated as

e(t + ρ) + ym(t + ρ) = R(t)x(t) + G(t)u(t). (6.54)

With Assumption 6.2, we obtain

|u(t)| ≤ κ1|e(t + ρ)| + κ2‖x(t)‖ + κ3, (6.55)

where κi , i = 1, 2, 3, are some positive constants.
Since z(t) = [z(1)T (t), z(2)T (t)]T = T (x(t); t) is an invertible and one-to-one

mapping (diffeomorphism) so that the boundedness of z(t) implies that of x(t) and
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vice versa.With theminimum-phase property assumed inAssumption 6.3, the bound-
edness of z(1)(t) implies that of x(t) and vice versa. Hence, from (6.24), ignoring
the effect of the exponentially decaying εq(t), we have

‖x(t)‖ ≤ κ4‖z(1)(t)‖ + κ4 max
0≤τ≤t−1

‖z(1)(τ )‖, (6.56)

for some constant κ4 > 0.
From (6.53), (6.55) and (6.56), we have

‖φ(t)‖ ≤ κ5|e(t + ρ)| + κ6‖z(1)(t)‖ + κ6 max
0≤τ≤t−1

‖z(1)(τ )‖ + κ7, (6.57)

where κi , i = 5, 6, 7, are some positive constants.
As defined previously: z(1)(t) = [y(t), y(t + 1), . . . , y(t + ρ − 1)]T , and again

with y(t) = e(t) + ym(t), we have

z(1)(t) = [e(t), e(t + 1), . . . , e(t + ρ − 1)]T
+[ym(t), ym(t + 1), . . . , ym(t + ρ − 1)]T . (6.58)

Then, we have
‖z(1)(t)‖ ≤ κ8 max

0≤τ≤t−1
|e(τ + ρ)| + κ9, (6.59)

where κi , i = 8, 9, are some positive constants.
Finally, using (6.57) and (6.59), we obtain

‖φ(t)‖ ≤ ρ1 + ρ2 max
0≤τ≤t

|e(τ + ρ)|, (6.60)

where ρ1 and ρ2 are some positive constants. ∇
We now show the desired closed-loop system properties.

Theorem 1 The adaptive controller (6.47) with the adaptive law (6.44), applied to
the system (6.14) under Assumptions 6.2 and 6.3, guarantees that all closed-loop
system signals are bounded and limt→∞(y(t) − ym(t)) = 0.

Proof From (6.43) and (6.46), we have

ε(t) = −(θ̂(t − 1) − θ)Tφ(t − ρ), (6.61)

and from (6.43) and (6.47), we have

y(t + ρ) = R(t)x(t) + G(t)
ˆG(t)

(−R̂(t)x(t) + ym(t + ρ))

= R(t)x(t) + G(t) − Ĝ(t) + Ĝ(t)
ˆG(t)

(−R̂(t)x(t) + ym(t + ρ))
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= R(t)x(t) − R̂(t)x(t) + ym(t + ρ) (6.62)

+G(t) − Ĝ(t)
ˆG(t)

(−R̂(t)x(t) + ym(t + ρ)).

With e(t) = y(t) − ym(t) and (6.47) again, we obtain

e(t + ρ) = R(t)x(t) − R̂(t)x(t) + (G(t) − Ĝ(t))u(t)

= y(t + ρ) − ŷ(t + ρ)

= θTφ(t) − θ̂T (t)φ(t)

= −θ̃T (t)φ(t), (6.63)

where θ̃ (t) = θ̂ (t) − θ .
With (6.63), we have e(t) = −θ̃T (t − ρ)φ(t − ρ), which can be expressed as

e(t) = ε̄(t)
√
c + φT (t − ρ)φ(t − ρ) − (θ̂(t − ρ) −

θ̂ (t − 1))T φ̄(t − ρ)
√
c + φT (t − ρ)φ(t − ρ), (6.64)

where with Lemma 6.1, θ̂ (t − ρ) − θ̂ (t − 1) ∈ L2 ∩ L∞,

ε̄(t) = ε(t)√
c + φT (t − ρ)φ(t − ρ)

∈ L2 ∩ L∞,

φ̄(t − ρ) = φ(t − ρ)√
c + φT (t − ρ)φ(t − ρ)

≤ 1. (6.65)

Using the inequality:
√
c + φT (t − ρ)φ(t − ρ) ≤ √

c + ‖φT (t − ρ)‖, we express
e(t) from (6.64) as

|e(t)| ≤ c1 + |ε̄(t)| ‖φT(t − ρ)‖ + ‖θ̂ (t − ρ) − θ̂ (t − 1)‖ ‖φT(t − ρ)‖,

for someconstant c1 > 0.UsingLemma6.2:‖φ(t − ρ)‖ ≤ ρ1 + ρ2 max0≤τ≤t |e(τ )|,
we obtain

|e(t)| ≤ c2 + c3|ε̄(t)| max
0≤τ≤t

|e(τ )|
+c4‖θ̂ (t − ρ) − θ̂ (t − 1)‖ max

0≤τ≤t
|e(τ )|, (6.66)

for some constants ci > 0, i = 2, 3, 4.
From Lemma 6.1, we have that limt→∞ ε̄(t) = 0 and limt→∞ ‖θ̂ (t) − θ̂ (t −

ρ)‖ = 0, and with these results, it follows from (6.66) that e(t) is bounded, which
implies y(t) is bounded, and in turn from the system’s minimum-phase property that
u(t) is bounded. Hence, all signals in the closed-loop system are bounded, based on
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which, from (6.64) in which ε̄(t) ∈ L2 and θ̂ (t − ρ) − θ̂ (t − 1) ∈ L2, we have that
e(t) ∈ L2 so that limt→∞ e(t) = 0. ∇
Remark 6.4 In practice, there may exist modeling errors between original nonlinear
systems and T–S fuzzy systems. To deal with modeling errors, a robust adaptive
control law is commonly used in the adaptive control literature. Various methods
have been developed to modify the adaptive law such as dead-zone modification and
σ -modification in Tao (2003) to ensure the robustness of adaptive control systems,
that is, the closed-loop system signal boundedness and a tracking error bounded
by the modeling error in an average sense. Adaptive control system robustness can
be achieved for any bounded external disturbances and for general state variable-
dependent uncertainties, which satisfy some smallness properties (this is in general
the case for many adaptive control systems). This conclusion is also applicable to
the adaptive fuzzy control design of this paper.

Design procedure for adaptive state-feedback output tracking control. We
now summarize the adaptive state-feedback output tracking control design procedure
for the general case of systems with N > 0 and 0 < ρ < n, as follows:

Step 1: determine the relative degree ρ of the global fuzzy system (6.14) based
on the conditions in Assumption 6.1;

Step 2: derive the normal form (6.17) of the system (6.14);
Step 3: parametrize the normal form (6.17) with zρ(t + 1) = y(t + ρ) into the

forms (6.42) and (6.43): y(t + ρ) = θTφ(t);
Step 4: estimate the parameters y(t + ρ) = θTφ(t) by an adaptive law (6.44);
Step 5: implement an adaptive control law (6.47) with the parameter estimates.

6.5 Simulation Study

In this section,4 we verify the desired performance of the adaptive control scheme
for a global T–S fuzzy system model, designed based its normal form, by simulation
results. A T–S fuzzy model constructed from the linearized longitudinal dynamics
models of a transport airplane is used as the controlled plant to test the adaptive
control algorithm.

6.5.1 Simulation System

The linearized longitudinal dynamics model has the form

ẋ(t) = Ai x(t) + Biu(t),

y(t) = Ci x(t), (6.67)

4Parts of Sect. 6.5 are reprinted fromQi et al. (2013), Copyright 2012,with permission fromElsevier.
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where x(t) = [Ub,Wb, Qb, θ ]T (Ub: forward velocity (x-axis),Wb: vertical velocity
(z-axis), Qb: pitch rate (y-axis), θ : Euler pitch angle (y-axis)), u(t) = δe is the
deflection angle of the elevator, and Ai , Bi , and Ci , i = 1, . . . , N , represent system
matrices at different operating points for linearization.

In the case of climb withUb0 = 454 ft/s,Wb0 = 27.2 ft/s, Qb0 = 0 rad/s, and θ0 =
0.147 rad, the linearized dynamics matrices for the model (6.67) are (A1, B1). In
the case of descent with Ub0 = 454 ft/s, Wb0 = 28.1 ft/s, Qb0 = 0 rad/s and θ0 =
0.0443 rad, the linearized dynamics matrices for the model (6.67) are (A2, B2). The
output matrices are C1 = C2 = C = [0, 0, 0, 1].

Choosing the sampling time T = 0.1s, we obtain the corresponding discrete-time
state-space model of the above continuous-time model, with the matrices (Ad1, Bd1):

⎡

⎢⎢⎣

0.999 0.00994 −2.53 −3.18
−0.00750 0.901 41.2 −0.439
3.51 × 10−5 −7.04 × 10−4 0.891 1.75 × 10−4

1.74 × 10−6 −3.64 × 10−5 0.0947 1

⎤

⎥⎥⎦

[
0.0124 −0.207 −0.00700 −0.000357

]T
,

and (Ad2, Bd2):

⎡

⎢⎢⎣

0.999 0.0102 −2.61 −3.21
−0.00686 0.901 41.2 −0.123
6.18 × 10−5 −7.02 × 10−4 0.891 −5.95 × 10−5

3.10 × 10−6 −3.63 × 10−5 0.0947 1

⎤

⎥⎥⎦

[
0.0129 −0.207 −0.0070 −0.000357

]T

with Cd1 = Cd2 = C .

A T–S fuzzy model constructed from linearized models. From the above two
local linearized dynamicsmodels,we can construct a T–S fuzzymodelwith two rules.
Choosing the pitch angle θ as the premise variable ξ1 and assuming θ ∈ [0, 0.3] rad,
which covers the operating points for the two linearized model, we obtain:

IF ξ1 is Fi
1, THEN x(t + 1) = Adi x(t) + Bdiu(t)

y(t) = Cdi x(t), (6.68)

where the membership function Fi
j characterizing the membership degree of ξ j (t)

in the fuzzy set Fi
j is chosen as Gaussian function: Fi

j (ξ j (t)) = exp{− (ξ j (t)−cij )
2

σ i2
j

},
j = 1, i = 1, 2, with cij and σ i

j being the center and radius of the chosen Gaussian
function and [c11, σ 1

1 , c21, σ
2
1 ] = [0.147, 0.1, 0.0443, 0.1].

Since Ci B j �= 0, i, j = 1, 2, we have the relative degree ρ = 1. The global T–S
fuzzy model is obtained as (6.25).
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158 6 Adaptive T–S Fuzzy Output Tracking Control Using State Feedback

Following the procedures in Sect. 4.2, we obtain the parametrized model in the
form of (6.29) with

k1 = [Cd1Ad1, Cd1Ad2, Cd2Ad1, Cd2Ad2]T ∈ R16,

k2 = [Cd1Bd1, Cd1Bd2, Cd2Bd1Cd2Bd2]T ∈ R4. (6.69)

6.5.2 Simulation Results

In the simulation, we set the initial values of k̂1 and k̂2 as: k̂1(0) = 80%k1, k̂2(0) =
80%k2, and the initial states x(0) = [22.7, 1.5, 0, 0.0025]T . The parameters for the
adaptive law (6.35)–(6.36) are chosen as : γ (t) = 0.2 and c = 0.01.

The adaptive tracking response and control signal for a constant reference signal
ym(t) = 0.15 are shown in Fig. 6.1. We can see that with the adaptive controller,
the output converges to the constant reference signal quickly and smoothly. The
adaptations of k̂1 and k̂2 are demonstrated in Figs. 6.2 and 6.3. k̂1 ∈ R16 and k̂2 ∈ R4

are the estimates of k1 and k2 in (6.69), respectively. Due to the space limit, only eight
parameter estimates in k̂1 are shown in Fig. 6.2, which have effectively demonstrated
the adaptation of k̂1. From Fig. 6.2, it can be observed that the parameter estimates
converge to constant values after some initial transient responses. If the simulation
is run for longer time, the parameter estimates in Fig. 6.3 will also approach constant
values. The parameter adaptation process is in accordance with Lemma 6.1.
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Fig. 6.1 Adaptive tracking response and control signal. Reprinted fromQi et al. (2013), Copyright
2012, with permission from Elsevier
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Fig. 6.2 Adaptation of parameters of k̂1. Reprinted from Qi et al. (2013), Copyright 2012, with
permission from Elsevier
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Fig. 6.3 Adaptation of parameters of k̂2. Reprinted from Qi et al. (2013), Copyright 2012, with
permission from Elsevier
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Fig. 6.4 Adaptive tracking response and control signal. Reprinted fromQi et al. (2013), Copyright
2012, with permission from Elsevier

For a time-varying reference signal ym(t) = 0.09 + 0.06 sin(0.01t), which covers
both operating regions of the two linearized localmodels, the adaptive tracking results
are presented in Fig. 6.4. The adaptations of k̂1 and k̂2 are shown in Figs. 6.5 and 6.6. It

0 200 400 600 800 1000
0.0758

0.0758

0.0758

0.0758

0.0758

Time t (steps)

k̂13 k̂17 k̂1,11 k̂1,15

0 200 400 600 800 10000.8

0.8

0.8

0.8

Time t (steps)

k̂14 k̂18 k̂1,12 k̂1,16

Fig. 6.5 Adaptation of parameters of k̂1. Reprinted from Qi et al. (2013), Copyright 2012, with
permission from Elsevier
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Fig. 6.6 Adaptation of parameters of k̂2. Reprinted from Qi et al. (2013), Copyright 2012, with
permission from Elsevier

can be seen that for a time-varying reference, those parameter estimates also converge
to certain constant values under the adaptive law (the parameter estimates of k̂2 will
show such convergence for longer simulation time).

The simulation results verify the effectiveness of the desired closed-loop system
performance. As shown from the simulation results, at the beginning of the simula-
tion, there is a large transient response in both the control and tracking error signals,
due to the initial parameter errors. As time elapses, the tracking error decreases with
the adaptation of parameters. While this simulation study is for verifying the devel-
oped adaptive T–S control theory, the improvement of system transient responses for
adaptive fuzzy control systems is an important issue to be further studied.

6.6 Summary

In this chapter, we have formulated a solution framework for adaptive control of T–S
fuzzy systems with their local state-space models in noncanonical form. A normal
form has been derived for a global T–S fuzzy model, which has an explicit relative
degree structure and a proper causality property. Such a global T–S fuzzy model is
an approximation of a discrete-time nonlinear system with a general relative degree,
based on which an adaptive state-feedback control scheme has been developed with
desired stability and output tracking performance. The key design conditions for the
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162 6 Adaptive T–S Fuzzy Output Tracking Control Using State Feedback

proposed adaptive output tracking control scheme aremuch relaxed as comparedwith
that for a state tracking design. Simulation results on aT–S fuzzy systemof a transport
airplane example have also verified the desiredperformanceof the developed adaptive
fuzzy control systems.
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Chapter 7
Adaptive T–S Fuzzy Control Using
Output Feedback: SISO Cases

In Chaps. 5 and 6, we have presented adaptive state feedback control designs for
state-space T–S fuzzy systems with unknown parameters to achieve state tracking
and output tracking, respectively. However, in reality, many systems may have states
that are unmeasurable. For this situation, output feedback designs are more practical
than state feedback. In this chapter, we consider adaptive output feedback control
for discrete-time single-input single-output (SISO) T–S fuzzy systems described by
input–output models. A key advantage of using an input–output approach over a
state-space approach is that desired system tracking performance can be character-
ized and achieved based on much relaxed design conditions for adaptive control, in
the presence of system parameter uncertainties. As presented in Chap. 5, for non-
canonical state-space T–S fuzzy systems, some restrictive matching conditions were
assumed for state tracking designs.

For tracking control design using input–output T–S fuzzy models, several
approaches have been proposed in the literature. An input–output T–S fuzzy model
structurewith single delaywas developed byYing (1999), based onwhich a feedback
linearization controller was designed to achieve perfect tracking and a necessary and
sufficient condition was derived to check the stability of the controller. Using the
same system and controller structure and considering parameter uncertainties, an
adaptive feedback linearization control scheme for T–S fuzzy systems was rigor-
ously developed in Feng (2010). Other studies within the similar framework can be
found in Shi (2008), Tseng (2006), and Qi and Brdys (2008). In those studies, the
delay from the input to the output was assumed to be one.

In reality, plants may have multiple input–output delays so that the T–S fuzzy sys-
tems to approximate suchplantsmayhavemultiple delays aswell. To enable feedback
linearization design for such systems, usually a prediction model is required. T–S
fuzzy systems have the feature that their overall models are nonlinear models but
local models in each rule are linear models, which motivates two ways to develop
their prediction models: one is to derive local prediction models from local linear

© Springer Nature Switzerland AG 2019
R. Qi et al., Fuzzy System Identification and Adaptive
Control, Communications and Control Engineering,
https://doi.org/10.1007/978-3-030-19882-4_7
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164 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

models first and then obtain the global prediction model by fuzzily blending all the
local prediction models; the other is to derive the global prediction model directly
through the overall nonlinear system model. The former approach was developed by
Qi et al. (2012a) while the latter was resolved by Qi et al. (2012b).

This chapter is organized as follows. In Sect. 7.1, we formulate the output feed-
back and output tracking adaptive control problems for SISO nonlinear systems via
T–S fuzzy modeling and prediction. Next, in Sect. 7.2, we develop a d-step predic-
tion model for a T–S fuzzy system with multiple input–output delays through local
predictions, design an adaptive output feedback control law, and establish the basic
stability and tracking properties as the foundations for this adaptive fuzzy control
method. Then, in Sect. 7.3, a d-step prediction model is developed through global
T–S fuzzy prediction, based on which an adaptive output feedback control scheme
is proposed with rigorous stability and tracking performance analysis.

7.1 Problem Statement

Consider a SISO nonlinear system in its discrete-time input–output form

y(t) = f (y(t − 1), . . . , y(t − n), u(t − d), . . . , u(t − n)), (7.1)

where f (·, . . . , ·) is some nonlinear function, y(·) is the system output signal, u(·)
is the system input signal, t = 0, 1, 2, . . . , is the discrete-time time variable, n is the
system order, and d is the number of system input–output delays. We are interested
in the general case with d ≥ 1 (especially, d > 1).

For the feedback control design of (7.1) with d-step delays, it is crucial to derive
a prediction model of the form

y(t + d) = fd(y(t), y(t − 1), . . . , y(t − n + 1),

u(t), u(t − 1), . . . , u(t − n + 1)), (7.2)

in terms of the current and past system input u(τ ) and output y(τ ), τ ≤ t , for
some function fd(·, . . . , ·). Then a nominal control law can be chosen for u(t) to
satisfy ym(t + d) = fd(y(t), y(t − 1), . . . , y(t − n + 1), u(t), u(t − 1), . . . , u(t −
n + 1)) where ym(t + d) is a bounded reference signal.

In this chapter, we consider the system (7.1) in the form of a global T–S system
model for approximation and control of nonlinear dynamic systems. Such a global
T–S fuzzy systemmodel can be derived based on a set of general local systemmodels
of the form

y(t) + ai,1y(t − 1) + · · · + ai,n y(t − n)

= bi,0u(t − d) + bi,1u(t − d − 1) + · · · + bi,n−du(t − n) (7.3)
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for the system (7.1) operating at different points.
To be more precise, let ξ j (t), j = 1, 2, . . . , L , be the premise variables for fuzzy

rules which are chosen from y(t − 1), . . . , y(t − n) and u(t − d), . . . , u(t − n) for
specific systems and applications. When the values of ξ j (t) are set to be in some
given intervals, they define certain regions for the variables y(t − 1), . . . , y(t − n)

and u(t − d), . . . , u(t − n). With the variables y(t − 1), . . . , y(t − n) and u(t −
d), . . . , u(t − n) being in each of such regions, the system function f (y(t −
1), . . . , y(t − n), u(t − d), . . . , u(t − n)) can be approximated by a linear system
model.

Thismotivates the following discrete-time input–output T–S fuzzy systemmodel:

Ri : IF ξ1(t) is F
i
1 and ξ2(t) is F

i
2 and . . . and ξL(t) is F

i
L

THEN y(t) + ai,1y(t − 1) + · · · + ai,n y(t − n) = bi,0u(t − d)

+bi,1u(t − d − 1) + · · · + bi, n−du(t − n), bi,0 �= 0, (7.4)

where Ri , i = 1, 2, . . . , N , denotes the i th fuzzy rule defining the i th subsystem,
N is the number of fuzzy rules, ai,1, . . . , ai,n, bi,0, . . . , bi, n−d are coefficients of the
i th subsystem, d > 0 denotes the system delay, and “ξ j (t) is Fi

j ” is a part of the i th
fuzzy rule, with the premise variables ξ(t) = [ξ1(t), ξ2(t), . . . , ξL(t)]T being some
measurable system signals or their functions and Fi

j being typically an interval of real
numbers, called a fuzzy set associated with which there is a membership function
Fi
j (ξ j (t)) to indicate the membership degree of ξ j (t) in Fi

j .
In this chapter, we shall obtain the global T–S fuzzy prediction model (7.2) for

(7.1) through two approaches:
Approach I: Obtain the prediction models for local linear subsystems in (7.4)

first and then construct the overall nonlinear prediction model by fuzzily blending
all the local prediction models.

Approach II: Obtain the overall nonlinear fuzzy model from (7.4) first and then
derive the nonlinear prediction model directly from it.

These two approaches represent two different ways to use T–S fuzzy system
modeling theory to approximate a nonlinear dynamic system (7.1).

In the following sections, we will show how to derive these two different predic-
tion models by Approach I and Approach II. Different approaches lead to different
parameterized models, based on which adaptive controllers are designed to ensure
closed-loop signal boundedness and asymptotic tracking of a bounded reference
signal ym(t) by the system output y(t) when there exist unknown parameters.

7.2 Approach I: Design Based on Linear Prediction Models

Each equation in (7.4) defines a local linear model for the original nonlinear system
(7.1). To derive a global fuzzy system model for (7.1), we will first derive a d-step
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166 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

prediction model for each local linear model and then use them to construct a global
fuzzy (nonlinear) system model.1

7.2.1 T–S Fuzzy Prediction Model via Linear Prediction

Introducing the polynomials in z−1: Ai (z−1) = 1 + ai,1z−1 + · · · + ai,nz−n and
B̄i (z−1) = bi,0 + bi,1z−1 + · · · + bi,n−d z−n+d , i = 1, 2, . . . , N , with z−1 and z being
the time-delay and time-advance operators: z−1[x](t) = x(t − 1) and z[x](t) =
x(t + 1), we express the local linear system (7.4) as

Ai (z
−1)[y](t) = z−d B̄i (z

−1)[u](t), (7.5)

where, as a notation, for a polynomial P(z−1) = p0 + p1z−1 + · · · + pnp z
−np and a

signal x(t) ∈ R, we define P(z−1)[x](t) = p0x(t) + p1x(t − 1) + · · · + pnp x(t −
np). Following the procedure proposed by Goodwin and Sin (1984), and solving the
polynomial equation

1 = Fi (z
−1)Ai (z

−1) + z−dGi (z
−1), (7.6)

we obtain the polynomials

Fi (z
−1) = 1 + fi,1z

−1 + · · · + fi,d−1z
−d+1

Gi (z
−1) = gi,0 + gi,1z

−1 + · · · + gi,n−1z
−n+1 (7.7)

with fi,k = −∑k−1
j=0 fi, j ai,k− j , k = 1, 2, . . . , d − 1, and gi,k = −∑d−1

j=1 fi, j ai,k+d− j ,
k = 0, 1, . . . , n − 1, for ai,n+1 = ai,n+2 = · · · = ai,n+d−1 = 0. Then, operating both
sides of (7.6) on y(t), we obtain

y(t + d) = zd Fi (z
−1)Ai (z

−1)[y](t) + Gi (z
−1)[y](t). (7.8)

Substituting (7.5) into (7.8) yields the local d-step prediction equation

y(t + d) = Fi (z
−1)B̄i (z

−1)[u](t) + Gi (z
−1)[y](t), (7.9)

which can be written as

y(t + d) = αi (z
−1)[y](t) + βi (z

−1)[u](t), (7.10)

where αi (z−1) = Gi (z−1) and βi (z−1) = Fi (z−1)B̄i (z−1):

1© [2012] IEEE. Parts of Sect. 7.2 are reprinted, with permission, from Qi et al. (2012a).
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αi (z
−1) = αi,0 + αi,1z

−1 + · · · + αi,n−1z
−n+1 (7.11)

βi (z
−1) = βi,0 + βi,1z

−1 + · · · + βi,n−1z
−n+1 (7.12)

with βi,0 = bi,0 �= 0.
Based on the above derivation, we have the following proposition.

Proposition 7.1 The local linear system (7.4) can be equivalently represented by
the local d-step prediction model (7.10).

Different from what has been done by Goodwin and Sin (1984), in our study,
we will now use the local models in (7.10) to form a global d-step prediction fuzzy
systemmodel. To proceed, based on (7.10), using the standard technique of singleton
fuzzification,product inference, andweighted average, we obtain the followingglobal
d-step prediction nonlinear fuzzy dynamic system model (Qi et al. 2012a).

Proposition 7.2 Following a standard fuzzy modeling procedure, a nonlinear
dynamic system (7.1), via the local fuzzy system model (7.4), can be approximated
by a global d-step SISO prediction fuzzy system model:

y(t + d) =
N∑

i=1

μiαi (z
−1)[y](t) +

N∑

i=1

μiβi (z
−1)[u](t), (7.13)

where μi is the normalized membership function satisfying

μi (ξ) = λi (ξ)
∑N

i=1 λi (ξ)
, λi (ξ) =

L∏

j=1

Fi
j (ξ j )

μi (ξ) ≥ 0,
N∑

i=1

μi (ξ) = 1. (7.14)

The fuzzy systemmodel (7.13) is an approximate model for the original nonlinear
system model (7.1). It has been shown that T–S fuzzy systems with linear rule con-
sequents can uniformly approximate any continuous function on a compact domain
to any degree of accuracy (Tanaka and Wang 2001). Given a specific approximation
accuracy, a sufficient condition on calculating the minimal number of fuzzy sets and
fuzzy rules is also provided, which is independent of the shape of membership func-
tions, fuzzy logic operators, and the defuzzifier type so that the computed number
may be very large. In practice, a smaller number of fuzzy sets and rules may be
found to meet the desired approximation accuracy depending on the function to be
approximated and the type of membership functions chosen.

Remark 7.1 Choosing a suitable number of fuzzy rules and proper membership
functions plays a critical role in constructing T–S fuzzy models. In the literature,
various methods have been developed to determine the number of fuzzy rules and the
position and distribution ofmembership functions (Barada and Singh 1998; Angelov
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and Filev 2004). Usually, if the T–S fuzzy model is constructed from linearizing a
nonlinear plant at N different operating points represented by ξ̄ i = [ξ̄ i

1, ξ̄
i
2, . . . , ξ̄

i
L ],

i = 1, 2, . . . , N , there will be N rules and the i th membership function for the
premise variable ξ j , j = 1, 2, . . . , L , can be designed as a triangular or Gaussian
function with its maximum placed at the corresponding i th operating point ξ̄ i

j . The
neighboringmembership functions for ξ j should overlap each otherwith some degree
and the combination of all themembership functions should cover thewhole universe
of discourse of ξ j , that is, there is at least one positive membership degree for any
allowed value of ξ j . If the T–S fuzzy model is identified from input–output data, the
number of fuzzy rules and the centers of membership functions can be obtained by
fuzzy clusteringmethods such as fuzzy c-means and subtractive clustering algorithms
(Barada and Singh 1998).

Remark 7.2 Another important technical issue is the robustness of feedback control
system properties with respect to modeling errors in a system model used for con-
trol design. When applied to a realistic system, the system models (7.13) and even
(7.17) are subject to certain modeling error �(y(·), u(·); t), especially for the fuzzy
system model (7.13) which involves approximations to a regular nonlinear system.
For example, in the presence of modeling errors, the system fuzzy model (7.13) may
become

y(t + d) =
N∑

i=1

μiαi (z
−1)[y](t) +

N∑

i=1

μiβi (z
−1)[u](t)

+�(y(t), y(t − 1), . . . , u(t − 1), u(t − 2), . . . ; t). (7.15)

It is well-known that for a regular system model with modeling errors �, the robust-
ness issue can be dealt with by robust adaptive control laws (Ioannou and Sun 1996;
Tao 2003). We note that for adaptive control of the fuzzy system model (7.13),
the robustness issue can be addressed, in a similar way to that for regular (non-
fuzzy) systems, by using robust adaptive control designs (e.g., such a design is
given in Feng 2010). More specifically, for �(y(t), y(t − 1), . . . , u(t − 1), u(t −
2), . . . , t) ∈ L2, a normal adaptive control law is robust with respect to such �;
for �(y(t), y(t − 1), . . . , u(t − 1), u(t − 2), . . . , t) ∈ L∞, an adaptive law with an
additional modification term is able to ensure adaptive control system robustness;
and for �(y(t), y(t − 1), . . . , u(t − 1), u(t − 2), . . . , t) whose boundedness can-
not be guaranteed a priori, an adaptive law with normalization and robustifica-
tion can ensure closed-loop system boundedness stability provided the normalized
�(y(t), y(t − 1), . . . , u(t − 1), u(t − 2), . . . , t) is small (Tao 2003). �

Control objective. The control objective is to find a control signal u(t) for the
system (7.13) with unknown parameters αi,0, αi,1, . . . , αi,n , βi,0, βi,1, . . . , βi, n−d ,
i = 1, . . . , N , to ensure closed-loop signal boundedness and asymptotic tracking of
a bounded reference output ym(t) by the system output y(t), under the assumptions:

Assumption 7.1 The fuzzy system (7.13) is minimum phase.
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7.2 Approach I: Design Based on Linear Prediction Models 169

Assumption 7.2
∑N

i=1 μi (ξ(t))βi,0 �= 0, for all t ≥ 0.

The exact definition of aminimumphaseT–S fuzzy system (7.13) is to be defined later
on. The uncertainty of the parameters αi,0, αi,1, . . . , αi,n , βi,0, βi,1, . . . , βi, n−d , i =
1, . . . , N , is equivalent to that of the parameters ai,1, . . . , ai,n , bi,0, bi,1, . . . , bi, n−d of
the local fuzzy systems (7.4). From (7.12), we have βi,0 = bi,0 �= 0, i = 1, 2, . . . , N .
Since bi,0, i = 1, 2, . . . , N , are the (high-frequency) gains of the linear subsys-
tems which approximate the original nonlinear system, their signs can be practi-
cally assumed to be known. Without loss of generality, we assume βi,0 = bi,0 > 0,
i = 1, 2, . . . , N .Under this practical assumption, due to the properties ofμi in (7.14):
μi (ξ) ≥ 0 and

∑N
i=1 μi (ξ) = 1, we actually do have Assumption 7.2 satisfied.

However, for adaptive control, we will need to have the following condition sat-
isfied:

N∑

i=1

μi (ξ(t))β̂i,0 �= 0, ∀t ≥ 0, (7.16)

where β̂i,0, i = 1, 2, . . . , N , are the estimates of βi,0. This condition can be ensured
by using parameter projection (Ioannou and Sun 1996) on the parameter estimates
β̂i,0, i = 1, 2, . . . , N , using the knowledge of the positive upper and lower bounds
of βi,0, i = 1, 2, . . . , N .

Minimum phase condition of a regular LTI system. A regular linear time-
invariant (LTI) system

A(z−1)[y](t) = z−d B̄(z−1)[u](t) (7.17)

with A(z−1) = 1 + a1z−1 + a2z−2 · · · + anz−n and B̄(z−1) = b0 + b1z−1 + · · · +
bn−d z−n+d is minimum phase if all zeros of B̄(z−1) are in |z| < 1. For the equivalent
system expression

(zn + a1z
n−1 + · · · + an)[y](t)

= (b0z
n + b1z

n−1 + · · · + bn−d z
d)[u](t − d), (7.18)

this condition implies that

|u(t − d)| ≤ c1|y(t)| + c2

t−1∑

τ=0

λt−τ−1|y(τ )|, t ≥ d, (7.19)

for some constants c1 > 0, c2 > 0, and λ ∈ (0, 1).
Minimum phase SISO fuzzy system. Based on this analogue, we propose the

following minimum phase definition for the global SISO fuzzy systemmodel (7.13).

Definition 7.1 The fuzzy system (7.13) is minimum phase if the condition (7.19) is
satisfied.
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170 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

Fig. 7.1 Adaptive control structure for T–S fuzzy systems with general delay. © [2012] IEEE.
Reprinted, with permission, from Qi et al. (2012a)

Unlike the casewith a regular (LTI) system (7.17)whoseminimumphase property
can be checked using the knowledge of the zeros of B̄(z−1), the fuzzy system (7.13)
is nonlinear and time-varying in nature and its zeros cannot be simply defined (they
are only partially related to the zeros of each B̄i (z−1) but largely related to μi (t)
and their combined effect). Moreover, after fuzzy modeling, the explicit role of the
polynomials B̄i (z−1) of the original subsystems (7.4) in contributing to the minimum
phase property of the fuzzy system (7.13) becomes less clear.

In the following section, we design a fuzzy adaptive controller for a minimum
phase fuzzy system which can guarantee boundedness of all the closed-loop signals
and the convergence of the tracking error based on the d-step prediction fuzzy system
model derived in Sect. 7.2.1 and the minimum phase fuzzy system definition given
in Definition 7.1.

The layout of the approach is presented in Fig. 7.1. After the above derivation the
T–S prediction model (which captures the system order and delay information and
gives a reasonable approximation of a nonlinear dynamic system), a parameterized
model of the T–S systemwill be derived, an adaptive law will be developed to update
the estimates of the unknown system parameters, and an adaptive controller will be
constructed based on the estimated T–S model.

7.2.2 Nominal Controller

If the system parameters are all known, the control problem can be solved by the
following nominal prediction-based control scheme .

The global T–S system (7.13), based on the local fuzzy system (7.4), can bewritten
as
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y(t + d) =
N∑

i=1

μiαi (z
−1)[y](t) +

N∑

i=1

μi β̄i (z
−1)[u](t) +

N∑

i=1

μiβi,0u(t),(7.20)

where β̄i (z−1) = βi,1z−1 + · · · + βi, n−1z−n+1. If those local system parameters
ai,1, . . ., ai,n , bi,0, . . . , bi, n−d , i = 1, 2, . . . , N , are known, one can calculate the
parameters αi,0, αi,1, . . ., αi, n−1, βi,0, βi,1, . . . , βi, n−1 of αi (z−1), and βi (z−1),
i = 1, 2, . . . , N , from (7.10). Then, for a given bounded reference output signal
ym(t) to be tracked by the system output y(t), the fuzzy control law for the global
system (7.13) can be obtained as

u(t) = 1
∑N

i=1 μiβi,0

(

−
N∑

i=1

μiαi (z
−1)[y](t)

−
N∑

i=1

μi β̄i (z
−1)[u](t) + ym(t + d)

)

(7.21)

which, when applied to the system (7.13), brings y(t + d) to ym(t + d) in one step
and leads the closed-loop system to

y(t) = ym(t), t > d, (7.22)
N∑

i=1

μiβi (z
−1)[u](t) = ym(t + d) −

N∑

i=1

μiαi (z
−1)[ym](t),

t ≥ d + n. (7.23)

Hence, y(t) is bounded, and with Assumption 7.1, u(t) is bounded.
This nominal control law provides the basic controller structure which can be

parameterized for parameter adaptation when the system parameters are unknown.

7.2.3 Adaptive Control Scheme

To estimate the system parameters, we need to develop a parameterized model. With
the knowledge of n and d, the fuzzy system (7.13) can be expressed as

y(t + d) = θTφ(t), (7.24)

where, for i = 1, 2, . . . , N ,

φ(t) = [φT
1 (t), φT

2 (t), . . . , φT
N (t)]T

θ = [θT
1 , θT

2 , . . . , θT
N ]T (7.25)

φi (t) = [μi y(t), μi y(t − 1), . . . , μi y(t − n + 1),
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172 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

μi u(t), μi u(t − 1), . . . , μi u(t − n + 1)]T
θi = [αi,0, αi,1, . . . , αi,n−1, βi,0, βi,1, . . . , βi,n−1]T .

The expression (7.24), with θ unknown and φ(t) known, is a regression form
with a linear parametrization for which many parameter adaptation algorithms can
be adopted to estimate these unknown parameters in θ .

Parameter adaptive law. As a choice, the following parameter adaptive law is
employed to obtain the estimate θ̂ (t) of θ :

θ̂ (t) = θ̂ (t − 1) + γ (t)φ(t − d)ε(t)

c + φT (t − d)φ(t − d)
, (7.26)

where γ (t) ∈ (γ0, 2 − γ0) is an adaptation gain for some constant γ0 ∈ (0, 1), c > 0
is a small design parameter, and the estimation error is

ε(t) = y(t) − θ̂T (t − 1)φ(t − d) (7.27)

with an initial estimate θ̂ (0) (chosen to be as close as possible to θ ).
For the parameter adaptive law (7.26), the following results have been established

(Qi et al. 2012a).

Lemma 7.1 The parameter adaptive law (7.26), for the fuzzy system (7.24), has the
following properties:

(i) ‖θ̂ (t) − θ‖ ≤ ‖θ̂ (t − 1) − θ‖ ≤ ‖θ̂ (0) − θ‖, for the l2 (Euclidean) norm ‖ · ‖;
(ii) ε(t)√

c+φT (t−d)φ(t−d)
∈ L2;

(iii) limt→∞ ε(t)√
c+φT (t−d)φ(t−d)

= 0;

(iv) ‖θ̂ (t) − θ̂ (t − t1)‖ ∈ L2; and
(vi) limt→∞ ‖θ̂ (t) − θ̂ (t − t1)‖ = 0, for any finite t1 > 0.

Similar to that inGoodwin andSin (1984), the proof of this lemma follows from the
linear error equation ε(t) = −(θ̂(t − 1) − θ)Tφ(t − d) (as from (7.24) and (7.27))
and the adaptive law (7.26), which lead to the squared error norm equation

‖θ̂ (t) − θ‖2 − ‖θ̂ (t − 1) − θ‖2

= −γ (t)

[

2 − γ (t)φT (t − d)φ(t − d)

c + φT (t − d)φ(t − d)

]

· ε2(t)

c + φT (t − d)φ(t − d)
, (7.28)
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where

γ (t)

[

2 − γ (t)φT (t − d)φ(t − d)

c + φT (t − d)φ(t − d)

]

= γ (t)

[

2 − γ (t) + γ (t)c

c + φT (t − d)φ(t − d)

]

≥ γ0(2 − γ0) > 0. (7.29)

Hence, we have the desired inequality

‖θ̂ (t) − θ‖2 − ‖θ̂ (t − 1) − θ‖2

≤ −γ0(2 − γ0)
ε2(t)

c + φT (t − d)φ(t − d)
(7.30)

from which the lemma’s properties can be readily derived.
This adaptive law generates online estimate θ̂ (t) of the unknown parameter θ ,

with desired stability and L2 properties, to be used for implementing an adaptive
control law.

Adaptive control law. For the system (7.4) with unknown parameters, one may
choose the following adaptive fuzzy control law based on the certainty equivalence
principle:

Ri : IF ξ1 is Fi
1 and ξ2 is Fi

2 and . . . and ξL is Fi
L

THEN u(t) = 1
∑N

i=1 μi β̂i,0

(
−α̂i (z

−1)[y](t) − ̂̄β i (z
−1)[u](t)

+ym(t + d)
)
, (7.31)

where α̂i (z−1) = α̂i,0 + α̂i,1z−1 + · · · + α̂i,n−1z−n+1 and ̂̄β i (z
−1) = β̂i,1z−1 + · · · +

β̂i,n−1z−n+1 are the estimates of αi (z−1) and βi (z−1) in (7.11) and (7.12), with param-
eter estimates α̂i, j and β̂i, j . We then choose the global fuzzy control law as

u(t) = 1
∑N

i=1 μi β̂i,0

(

−
N∑

i=1

μi α̂i (z
−1)[y](t)

−
N∑

i=1

μi
̂̄β i (z

−1)[u](t) + ym(t + d)

)

. (7.32)

For this adaptive control law, parameter projection (Tao 2003) may be used for the
parameter adaptive law (7.26) to ensure that

∑N
i=1 μi β̂i,0 > β0 for some constant

β0 > 0, and all t ≥ 0 (see the discussion on Assumption 7.2 in Sect. 7.2.1).
Stability Analysis. We now show that the adaptive control system has desired

stability and tracking properties. Substituting (7.32) into (7.20), we obtain the closed-
loop system as
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174 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

y(t + d) =
N∑

i=1

μiαi (z
−1)[y](t) −

N∑

i=1

μi α̂i (z
−1)[y](t)

+
N∑

i=1

μi β̄i (z
−1)[u](t) −

N∑

i=1

μi
̂̄β i (z

−1)[u](t)

+
(

N∑

i=1

μiβi,0 −
N∑

i=1

μi β̂i,0

)

u(t) + ym(t + d)

= θ Tφ(t) − θ̂T (t)φ(t) + ym(t + d). (7.33)

Defining the output tracking error e(t) = y(t) − ym(t) and θ̃ (t) = θ̂ (t) − θ , we
obtain

e(t + d) = −θ̃T (t)φ(t). (7.34)

First, an upper bounding property for the regressor φ(t) is established in the
following lemma (Qi et al. 2012a).

Lemma 7.2 Under Assumption 7.1, the regressor φ(t) defined in (7.25) satisfies

‖φ(t − d)‖ ≤ ρ1 + ρ2 max
0≤τ≤t

|e(τ )| (7.35)

for some positive constants ρ1 and ρ2.

Proof From the definition of φ(t) in (7.25) and μi in (7.14), we have

‖φ(t)‖ ≤ κ1‖ψ(t)‖, (7.36)

for some constant κ1 > 0, where ψ(t) = [y(t), y(t − 1), . . . , y(t − n + 1), u(t),
u(t − 1), . . . , u(t − n + 1)]T , satisfying

‖ψ(t)‖ ≤ κ2 max
t−n+1≤τ≤t

|e(τ )| + κ3 max
t−n+1≤τ≤t

|u(τ )| + κ4, (7.37)

with κi , i = 1, 2, 3, being some positive constants.
With Assumption 7.1 and Definition 7.1, we obtain from (7.13) that

|u(t)| ≤ κ5|e(t + d)| + κ6

t−1∑

τ=0

λt−τ−1|e(τ + d)| + κ7

≤ κ8 max
0≤τ≤t

|e(τ + d)| + κ7, (7.38)

where κi , i = 5, 6, 7, 8, are some positive constants.
Finally, using (7.36)–(7.38), we obtain

‖φ(t)‖ ≤ ρ1 + ρ2 max
0≤τ≤t

|e(τ + d)|, (7.39)
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where ρ1 and ρ2 are some positive constants. ∇
Based on the results of Lemmas 7.1 and 7.2, we have the desired closed-loop

system properties (Qi et al. 2012a).

Theorem 7.1 All signals in the closed-loop system, with the plant (7.13) satisfying
Assumptions 7.1 and 7.2, the controller (7.32) and the adaptive law (7.26), are
bounded, and limt→∞(y(t) − ym(t)) = 0.

Proof From (7.24) and (7.27), we have ε(t) = −(θ̂(t − 1) − θ)Tφ(t − d) and from
(7.95), we have

e(t) = ε̄(t)
√
c + φT (t − d)φ(t − d)

−(θ̂(t − d) − θ̂ (t − 1))T φ̄(t − d)
√
c + φT (t − d)φ(t − d), (7.40)

where ε̄(t) = ε(t)√
c+φT (t−d)φ(t−d)

and φ̄(t − d) = φ(t−d)√
c+φT (t−d)φ(t−d)

, with ε̄(t) ∈ L2 ∩
L∞, θ̂ (t − d) − θ̂ (t − 1) ∈ L2 ∩ L∞, and ‖φ̄(t − d)‖ ≤ 1.

With the inequality:
√
c + φT (t − d)φ(t − d) ≤ √

c + ‖φT (t − d)‖, we express
e(t) in (7.40) as

|e(t)| ≤ c1 + |ε̄(t)| ‖φT (t − d)‖ + ‖θ̂ (t − d) − θ̂ (t − 1)‖ ‖φT (t − d)‖, (7.41)

for someconstant c1 > 0.UsingLemma7.2:‖φ(t − d)‖ ≤ ρ1 + ρ2 max0≤τ≤t |e(τ )|,
we obtain

|e(t)| ≤ c2 + c3|ε̄(t)| max
0≤τ≤t

|e(τ )|
+c4‖θ̂ (t − d) − θ̂ (t − 1)‖ max

0≤τ≤t
|e(τ )|, (7.42)

for some constants ci > 0, i = 2, 3, 4.
From Lemma 7.1, we have that limt→∞ ε̄(t) = 0 and limt→∞ ‖θ̂ (t) − θ̂ (t −

d)‖ = 0, and with these results, it follows from (7.42) that e(t) is bounded, which
implies y(t) is bounded, and in turn from the system’s minimum phase property that
u(t) is bounded. Hence, all signals in the closed-loop system are bounded, based on
which, from (7.40) in which ε̄(t) ∈ L2 and θ̂ (t − d) − θ̂ (t − 1) ∈ L2, we have that
e(t) ∈ L2 so that limt→∞ e(t) = 0. ∇
Remark 7.3 The closed-loop stability and asymptotic output tracking properties
given in Theorem 1 are the basic adaptive system properties only for the case when
there are no modeling and approximation errors in the system (7.13). In the presence
of such errors as described in Remark 7.2, the adaptive law (7.26) needs to be mod-
ified with a robustifying signal such as dead-zone, σ -modification, and parameter
projection (Ioannou and Sun 1996; Tao 2003), for robust parameter adaptation.While
the closed-loop signal boundedness can be ensured globally or locally for small nor-
malized modeling and approximation errors, the tracking error e(t) = y(t) − ym(t)
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176 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

can be shown to be bounded by normalized modeling and approximation errors in a
mean sense. �

7.2.4 Simulation Study

In this section, we show the simulation results from a flexible-joint manipulator
system, with details of control design and system responses.

Simulation system. Consider a flexible-joint manipulator system described by
the following equations (Ghorbel et al. 1989):

I q̈1 + Mgl sin(q1) + k(q1 − q2) = 0

J q̈2 + Bq̇2 − k(q1 − q2) = u, (7.43)

where q1 and q2 are the angle positions (in radius) of the link and the rotor,M denotes
themass, I and J are the link and rotor inertia, respectively, k is the elasticity constant
of the joint spring, M and l represent the mass and the position of the center of the
gravity of the link, B is the rotor friction constant, and u is the force (in Newtons)
applied to the link. For simulation, the parameters are set as Mgl = 0.8 N · m, I =
0.031 kg · m2, J = 0.004 kg · m2, k = 31 N · m/rad, and B = 0.007 N · m · s/rad.

The nonlinear system (7.43) can be written into the following state-space form:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ẋ1 = x2
ẋ2 = −Mgl

I sin(x1) − k
I (x1 − x3)

ẋ3 = x4
ẋ4 = − B

J x3 + k
J (x1 − x3) + 1

J u
y = x1

(7.44)

by selecting the state vector: x = [x1, x2, x3, x4]T = [q1, q̇1, q2, q̇2]T and the output:
y = q1.

In this example, a T–S fuzzy model is constructed by linearizing the nonlinear
plant (7.43) at five equilibrium points for x1 ∈ (−π/3, π/3) and x3 ∈ (−π/3, π/3).
The i th rule of the T–S fuzzy model has the following form:

Ri : IF x1 is Fi
1 and x3 is Fi

2,

THEN ẋ = Ai x + Biu, (7.45)

where i = 1, 2, . . . , 5, Ai and Bi are the local state-space matrices corresponding to
the i th linearized model, and Fi

1 and Fi
2 are fuzzy sets for the two premise variables

x1 and x3 in the i th rule. The membership functions characterizing the fuzzy sets
Fi
1 and Fi

2 are selected as Gaussian functions, which have their maximum values at
their corresponding linearizing points and decrease toward their neighbor linearizing
points, as shown in Fig. 7.2.
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Fig. 7.2 Membership functions for link angle x1 and rotor angle x2. © [2012] IEEE. Reprinted,
with permission, from Qi et al. (2012a)

Selecting the sampling time as T = 0.6s and using a zero-order-hold discretiza-
tion method, a discrete-time T–S fuzzy model can be obtained from (7.45) with its
i th rule as

Ri : IF x1(t) is Fi
1 and x3(t) is Fi

2,

THEN x(t + 1) = Adi x(t) + Bdiu(t), (7.46)

where (Adi , Bdi ), i = 1, 2, . . . , 5, can be found in Qi et al. (2012a).
The state-space model (7.46) can be then expressed in the input–output T–S fuzzy

model:

Ri : IF x1(t) is Fi
1 and x3(t) is Fi

2,

THEN y(t) + ai,1y(t − 1) + · · · + ai,4y(t − 4)

= bi,0u(t − 1) + · · · + bi,3u(t − 4)

with output y(t) = x1(t). While this model with d = 1 itself can be simulated with
our adaptive control scheme, in out study, we introduce one additional delay at the
input to model the finite computation time delay of digital control and actuator delay
of operation (Franklin et al. 1998), to obtain the following discrete-time T–S fuzzy
model with delay d = 2:
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Ri : IF x1(t) is Fi
1 and x3(t) is Fi

2,

THEN y(t) + ai,1y(t − 1) + · · · + ai,4y(t − 4)

= bi,0u(t − 2) + · · · + bi,3u(t − 5).

With Proposition 7.2, we obtain the following global 2-step prediction fuzzy
system model:

y(t + 2) =
5∑

i=1

μiαi (z
−1)[y](t) +

5∑

i=1

μiβi (z
−1)[u](t),

where

αi (z
−1) = αi,0 + αi,1z

−1 + αi,2z
−2 + αi,3z

−3

= a2i,1 − ai,2 + (ai,1ai,2 − ai,3)z
−1

+(ai,1ai,3 − ai,4)z
−2 + ai,1ai,4z

−3

βi (z
−1) = βi,0 + βi,1z

−1 + βi,2z
−2 + βi,3z

−3 + βi,4z
−4

= bi,0 + (bi,1 − ai,1bi,0)z
−1 + (bi,2 − ai,1bi,1)z

−2

+(bi,3 − ai,1bi,2)z
−3 − ai,1bi,3z

−4.

Simulation results. For simulation, we chose γ (t) = 1, c = 0.01, ym(t) =
0.5 sin(0.2t), and the initial parameter values θ̂ (0) = 65% × θ . The system out-
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Fig. 7.3 Adaptive system response and control signal. © [2012] IEEE. Reprinted, with permission,
from Qi et al. (2012a)
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Fig. 7.4 Parameter adaptation of Rule 2. © [2012] IEEE. Reprinted, with permission, from Qi
et al. (2012a)

put y(t) and the reference ym(t), and the control signal u(t) are shown in Fig. 7.3. It
can be observed from Figs. 7.3 and 7.4 that with the designed adaptive fuzzy control
law, the system output tracks the reference accurately after some initial transient and
the parameters tend to converge to some constant values, which verifies Lemma 7.1
and Theorem 7.1.

7.3 Approach II: Design Based on Nonlinear Prediction
Model

In this section,2 we derive a predictionmodel of the global discrete-time input–output
T–S fuzzy system with multi-delays and employ it for adaptive control design in the
presence of parameter uncertainties.

Introduce the polynomials in z−1:

Āi (z
−1) = −ai1z

−1 − · · · − ainz
−n, (7.47)

B̄i (z
−1) = bi0 + bi1z

−1 + · · · + bi n−d z
−n+d . (7.48)

2Parts of Sect. 7.3 are reproduced from Qi et al. (2012b) by permission of John Wiley & Sons Ltd.
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We express the local linear system (7.4) as

y(t) = Āi (z
−1)[y](t) + z−d B̄i (z

−1)[u](t). (7.49)

Applying the zd operator on both sides of (7.49) yields

y(t + d) = Āi (z
−1)[y](t + d) + B̄i (z

−1)[u](t). (7.50)

We then use the local models in (7.50), based on a standard fuzzy system modeling
technique of singleton fuzzification, product inference, andweighted average, to form
a global T–S fuzzy system model as

y(t + d) =
N∑

i=1

μi (ξ(t)) Āi (z
−1)[y](t + d) +

N∑

i=1

μi (ξ(t))B̄i (z
−1)[u](t), (7.51)

where μi is defined in (7.14).
Control objective. The adaptive control objective is to find a control signal u(t)

for the system (7.51) with unknown parameters, to ensure closed-loop signal bound-
edness and asymptotic tracking of a bounded reference output ym(t) by the system
output y(t), under the following assumptions:

Assumption 7.3 The fuzzy system (7.51) is minimum phase.

Assumption 7.4
∑N

i=1 μi (ξ(t))bi0 �= 0, for all t ≥ 0.

In this section, we conduct a study for a general global discrete-time T–S fuzzy
system, to derive a prediction model for the global T–S fuzzy system (7.51) and use
it for the design of an adaptive predictor for T–S fuzzy systems.

Prediction is to forecast the future values of the system output signal y using the
current and past values of y and the system input signal u. A predictor for (7.51)
with delay d is an equation for y(t + d) in terms of u(τ ) and y(τ ) for τ ≤ t . An
adaptive predictor uses the adaptive estimates of the unknown system parameters for
prediction.

In the following sections, we use μi (t) to denote μi (ξ(t)), i = 1, 2, . . . , N , for
the simplicity of expression.

7.3.1 T–S Fuzzy Prediction Model via Nonlinear Prediction

Since the model (7.51) contains y(t + d − 1), y(t + d − 2), . . ., y(t + 1), y(t),
y(t − 1), . . ., y(t + d − n), of which y(t + d − 1), y(t + d − 2), . . ., y(t + 1) are
not available at time t . We use (7.51) backward to derive their expressions in terms
of available signals. By using μ(t) to denote μ(ξ(t)) for simplicity, we can rewrite
(7.51) as
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y(t + d) =
N∑

i=1

μi (t) Āi (z
−1)[y](t + d) +

N∑

i=1

μi (t)B̄i (z
−1)[u](t), (7.52)

in which μi (t) Āi (z−1)[y](t + d) contains μi (t), y(t + d − 1), y(t + d − 2), . . .,
y(t + 1), y(t), y(t − 1), . . ., y(t + d − n), and μi (t)B̄i (z−1)[u](t) contains μi (t),
u(t), u(t − 1), . . ., u(t + d − n). Replacing t with t − 1 in (7.52), we can express
y(t + d − 1) as

y(t + d − 1) =
N∑

i=1

μi (t − 1) Āi (z
−1)[y](t + d − 1)

+
N∑

i=1

μi (t − 1)B̄i (z
−1)[u](t − 1), (7.53)

in which μi (t − 1) Āi (z−1)[y](t + d − 1) contains μi (t − 1), y(t + d − 2), y(t +
d − 3), . . ., y(t + 1), y(t), y(t − 1), . . ., y(t + d − n − 1), and μi (t − 1)B̄i (z−1)

[u](t − 1) contains μi (t − 1), u(t − 1), u(t − 2), . . ., u(t + d − n − 1). Replacing
t with t − 2 in (7.52), we express y(t + d − 2) as

y(t + d − 2) =
N∑

i=1

μi (t − 2) Āi (z
−1)[y](t + d − 2)

+
N∑

i=1

μi (t − 2)B̄i (z
−1)[u](t − 2), (7.54)

in which μi (t − 2) Āi (z−1)[y](t + d − 2) contains μi (t − 2), y(t + d − 3), y(t +
d − 4), . . ., y(t + 1), y(t), y(t − 1), . . ., y(t + d − n − 2), andμi (t − 2)B̄i (z−1)[u]
(t − 2) contains μi (t − 2), u(t − 2), u(t − 3), . . ., u(t + d − n − 2). Similarly, for
j = 3, 4, . . . , d − 2, replacing t with t − j in (7.52), we express y(t + d − j) as

y(t + d − j) =
N∑

i=1

μi (t − j) Āi (z
−1)[y](t + d − j)

+
N∑

i=1

μi (t − j)B̄i (z
−1)[u](t − j), (7.55)

in which μi (t − j) Āi (z−1)[y](t + d − j) contains μi (t − j), y(t + d − j − 1),
y(t + d − j − 2), . . ., y(t + 1), y(t), y(t − 1), . . ., y(t + d − n − j), and μi (t −
j)B̄i (z−1)[u](t − j) contains μi (t − j), u(t − j), u(t − j − 1), . . ., u(t + d − n −
j). Finally, replacing t with t − d + 1 in (7.52), we express y(t + 1) as
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182 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

y(t + 1) =
N∑

i=1

μi (t − d + 1) Āi (z
−1)[y](t + 1)

+
N∑

i=1

μi (t − d + 1)B̄i (z
−1)[u](t − d + 1), (7.56)

inwhichμi (t − d + 1) Āi (z−1)[y](t + 1) containsμi (t − d + 1), y(t), y(t − 1), . . .,
y(t − n + 1), and μi (t − d + 1)B̄i (z−1)[u](t − j) contains μi (t − d + 1), u(t −
d + 1), u(t − d), . . ., u(t − n + 1).

We now replace y(t + d − 1), y(t + d − 2), . . ., y(t + 1) in (7.51) by their
expressions in (7.53), (7.54), . . ., (7.56), to obtain an expression of y(t + d) in terms
of {μi (t), μi (t − 1), . . ., μi (t − d + 1)}, {y(t), y(t − 1), . . ., y(t + d − n), y(t +
d − n − 1), . . ., y(t − n + 1)}, {u(t), u(t − 1), . . ., u(t + d − n), u(t + d − n − 1),
. . ., u(t − n + 1)}, and the parameters ai j and bik , i = 1, 2, . . . , N , j = 1, 2, . . . , n,
k = 0, 1, . . . , n − d. Such an expression can be denoted as

y(t + d) = fy(μi (·), y(·)) + fu(μi (·), u(·)) (7.57)

for some functions

fy(μi (·), y(·)) = fy(μi (t), . . . , μi (t − d + 1), y(t), . . . , y(t − n + 1)), (7.58)

fu(μi (·), u(·)) = fu(μi (t), . . . , μi (t − d + 1), u(t), . . . , u(t − n + 1)), (7.59)

which are linear in the products of μi and y, or products of μi and u; in particular,

fu(μi (t), . . . , μi (t − d + 1), u(t), . . . , u(t − n + 1))

= ∑N
i=1 μi (t)bi0u(t)+ fu1(μi (t), . . . , μi (t − d + 1), u(t−1), . . . , u(t−n+1)) (7.60)

for some function fu1(μi (t), . . . , μi (t − d + 1), u(t − 1), . . . , u(t − n + 1)) inde-
pendent of u(t).

Thus, we have reached a general prediction equation (7.57) for the global T–S
fuzzy system (7.51), which expresses y(t + d) in terms of signals independent of
y(t + d − 1), . . ., y(t + 1).

Remark 7.4 We can also choose a stable polynomial Pm(z) = zd + a1zd−1 + · · · +
ad−1z + ad and define ȳ(t + d) = Pm(z)[y](t) as a signal to be predicted. Using the
above procedure, we can derive the prediction equation for ȳ(t + d):

ȳ(t + d) = f̄ y(μi (·), y(·)) + f̄u(μi (·), u(·)), (7.61)

for some functions f̄ y(μi (·), y(·)) and f̄u(μi (·), u(·))which have the same properties
as that of fy(μi (·), y(·)) and fu(μi (·), u(·)) such as (7.60). �
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7.3 Approach II: Design Based on Nonlinear Prediction Model 183

7.3.2 Adaptive Predictor

To derive an adaptive version of the prediction equation, we parameterize (7.57) as

y(t + d) = θT
y φy(t) + θT

u0φu0(t) + θT
u1φu1(t), (7.62)

where, in view of (7.60),

θT
y φy(t) = fy(μi (·), y(·)), (7.63)

θT
u0φu0(t) =

N∑

i=1

μi (t)bi0u(t), (7.64)

θT
u1φu1(t) = fu1(μi (·), u(·)), (7.65)

for some parameter vectors θy ∈ Rny , θu0 ∈ RN , and θu1 ∈ Rnu1 , and vector signals
φy(t), φu0(t), and φu1(t) whose components are the products of μi and y at various
time instants, and products of μi and u, respectively, in particular,

θu0 = [b10, b20, . . . , bN0]T (7.66)

φu0 = [μ1(t)u(t), μ2(t)u(t), . . . , μN (t)u(t)]T . (7.67)

Remark 7.5 The vector functions φy(t) and φu1(t) in (7.62) (which may be of a high
dimension and a complicated expression) are both linear functions of the products
μi y and μi u of different combinations of μi , y, and u. Since 0 ≤ μi ≤ 1, the norms
of the functions φy(t) and φu1(t) are bounded by the norms of their corresponding
formswith |y| and |u| only. This is an important property useful for stability analysis.

�

Define

θ = [θT
y , θT

u0, θ
T
u1]T ∈ Rnθ , (7.68)

φ(t) = [φT
y (t), φT

u0(t), φ
T
u1(t)]T ∈ Rnθ , (7.69)

where nθ = ny + N + nu1, then the Eq. (7.62) can be reformulated into

y(t + d) = θTφ(t), (7.70)

or equivalently,
y(t) = θTφ(t − d). (7.71)

Let θ̂y(t − 1), θ̂u0(t − 1), and θ̂u1(t − 1) be the estimates of the unknown param-
eter vectors θy , θu0, and θu1 at time t − 1, and introduce the estimation error at time
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184 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

t as

ε(t) = y(t) − θ̂T
y (t − 1)φy(t − d) − θ̂ T

u0(t − 1)φu0(t − d) − θ̂T
u1(t − 1)φu1(t − d)

= y(t) − θ̂T (t − 1)φ(t − d), (7.72)

where

θ̂ (t) = [θ̂T
y (t), θ̂T

u0(t), θ̂
T
u1(t)]T (7.73)

φ(t − d) = [φT
y (t − d), φT

u0(t − d), φT
u1(t − d)]T . (7.74)

Then, with (7.71), we have

ε(t) = −θ̃T (t − 1)φ(t − d), (7.75)

where θ̃ (t − 1) = θ̂ (t − 1) − θ .
Parameter adaptive law. Based on the estimation error Eq. (7.72), the following

adaptive law can be employed to update the parameter estimate θ̂ (t):

θ̂ (t) = θ̂ (t − 1) + γ (t)φ(t − d)ε(t)

m2(t)
, (7.76)

where
m(t) =

√
c + φT (t − d)φ(t − d), (7.77)

andγ (t) ∈ (γ0, 2 − γ0) is an adaptation gain for some constant γ0 ∈ (0, 1), and c > 0
is a small design parameter.

To ensure
∑N

i=1 μi (ξ(t))b̂i0(t) > b0 to avoid the singularity problem in calcu-
lating the control signal, the parameter adaptive law (7.76) is modified by using
parameter projection:

θ̂ (t) = θ̂ (t − 1) + γ (t)φ(t − d)ε(t)

m2(t)
+ f (t), (7.78)

where f (t) is a projection function.
It is assumed that bi0 belongs to a known interval [bi0, b̄i0], i = 1, 2, . . . , N , and

a base adaptation vector is defined as

g(t) = γ (t)φ(t − d)ε(t)

m2(t)
. (7.79)

Denoting the j th component of θ(t) ∈ Rnθ , f (t), g(t) as θ j (t), f j (t), g j (t), j =
1, 2, . . . , nθ , with bi0 ∈ [bi0, b̄i0], we have θ j ∈ [bi0, b̄i0] for j = ny + i . We choose
the initial estimates for θ j , j = ny + 1, ny + 2, . . . , ny + N as
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θ̂ j ∈ [bi0, b̄i0], j = ny + i, i = 1, 2, . . . , N , (7.80)

and set the projection function components as

f j (t) = 0, for j ≤ ny or j > ny + N (7.81)

fny+i (t) =

⎧
⎪⎨

⎪⎩

0 if θ̂ny+i (t) + gny+i (t) ∈ [bi0, b̄i0]
b̄i0 − θ̂ny+i (t) − gny+i (t) if θ̂ny+i (t) + gny+i (t) > b̄i0
bi0 − θ̂ny+i (t) − gny+i (t) if θ̂ny+i (t) + gny+i (t) < bi0, i = 1, 2, . . . , N .

(7.82)

Stable adaptation. For this parameter estimation algorithm, we have the follow-
ing properties (Qi et al. 2012b).

Lemma 7.3 The parameter adaptive law (7.78), when applied to the fuzzy system
(7.51), has the standard properties:

(i) ‖θ̂ (t) − θ‖ ≤ ‖θ̂ (t − 1) − θ‖ ≤ ‖θ̂ (0) − θ‖;
(ii) ε(t)

m(t) ∈ L2;

(iii) limt→∞ ε(t)
m(t) = 0;

(iv) ‖θ̂ (t) − θ̂ (t − t1)‖ ∈ L2; and
(vi) limt→∞ ‖θ̂ (t) − θ̂ (t − t1)‖ = 0, ∀t1 > 0.

Proof Defining the parameter error θ̃ = θ̂ − θ and with (7.78), we have

θ̃ (t) = θ̃ (t − 1) + γ (t)φ(t − d)ε(t)

m2(t)
+ f (t). (7.83)

Consider the following positive definite function

V (θ̃) = θ̃T θ̃ ,

then the time increment of V (θ̃) along (7.83) is

V (θ̃(t)) − V (θ̃(t − 1)) = −γ (t)

(

2 − γ (t)φT (t − d)φ(t − d)

m2(t)

)
ε2(t)

m2(t)

+2 f T
(

θ̃ (t − 1) + γ (t)φ(t − d)ε(t)

m2(t)
+ f (t)

)

− f T (t) f (t). (7.84)

With the parameter projection functions (7.81) and (7.82), we have

f T
(

θ̃ (t − 1) + γ (t)φ(t − d)ε(t)

m2(t)
+ f (t)

)

=
N∑

i=1

fny+i (θ̂ny+i − θny+i + gny+i + fny+i ) ≤ 0, (7.85)
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which, together with

− γ (t)

(

2 − γ (t)φT (t − d)φ(t − d)

m2(t)

)
ε2(t)

m2(t)
≤ −γ (t) (2 − γ (t))

ε2(t)

m2(t)

≤ −γ 2
0

ε2(t)

m2(t)
(7.86)

for γ (t) ∈ (γ0, 2 − γ0), ensures

V (θ̃(t)) − V (θ̃(t − 1)) ≤ −γ 2
0

ε2(t)

m2(t)
− f T (t) f (t) ≤ 0, (7.87)

which implies ‖θ̂ (t) − θ‖ ≤ ‖θ̂ (t − 1) − θ‖ ≤ ‖θ̂ (0) − θ‖ and θ̂ (t) ∈ L∞.
It follows from (7.87) and the boundedness of V (θ̃) that

t∑

τ=0

(

γ 2
0

ε2(τ )

m2(τ )
+ f T (τ ) f (τ )

)

= V (θ̃(0)) − V (θ̃(t)) ≤ V (θ̃(0)), (7.88)

that is, ε(t)
m(t) ∈ L2 and f (t) ∈ L2.

From (7.78), we have

θ̂ (t) = θ̂ (t − t1) +
t1−1∑

τ=0

γ (t − τ)φ(t − d − τ)ε(t − τ)

m2(t − τ)

+
t1−1∑

τ=0

f T (t − τ) f (t − τ), (7.89)

with ε(t)
m(t) ∈ L2 and f (t) ∈ L2, we obtain θ̂ (t) − θ̂ (t − t1) ∈ L2, limt→∞ ‖θ̂ (t) −

θ̂ (t − t1)‖ = 0. ∇
From Lemma 7.3, we can derive the following two properties: (i) ε(t) ∈ L2 and

limt→∞ ε(t) = 0 if φ(t − d) ∈ L∞, and (ii) limt→∞ ‖θ̂ (t + d − 1) − θ̂ (t)‖ = 0.
The first property means that if all system signals are bounded, then limt→∞ ε(t +
d) = 0, that is,

ŷ0(t + d) = θ̂T
y (t + d − 1)φy(t) + θ̂T

u0(t + d − 1)φu0(t)

+θ̂ T
u1(t + d − 1)φu1(t) (7.90)

is an adaptive prediction of y(t + d) such that limt→∞(ŷ0(t + d) − y(t + d)) = 0.
The second property implies that if φ(t) ∈ L∞, the signal

ŷ(t + d) = θ̂T
y (t)φy(t) + θ̂T

u0(t)φu0(t) + θ̂T
u1(t)φu1(t) (7.91)
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is also an adaptive prediction of y(t + d) such that limt→∞(ŷ(t + d) − y(t + d)) =
0. Note that the signal ŷ(t + d) is available at time t , while ŷ0(t + d) is not for d > 1.
Thus, we have developed an adaptive predictor (7.91) updated by (7.78), for the T–S
fuzzy system (7.51).

This adaptive prediction theory also provides the basis for adaptive control of the
T–S fuzzy system (7.51). In the adaptive prediction equation (7.91), we have

θ̂T
u0(t)φu0(t) =

(
N∑

i=1

μi (ξ(t))b̂i0(t)

)

u(t). (7.92)

The control signal u(t) at time t has direct influence on the prediction signal ŷ(t + d).
It would be desirable to choose u(t) to make ŷ(t + d) = ym(t + d) for a given
reference output signal ym(t) for the system output y(t) to track. This is the main
idea to be developed in the next section.

7.3.3 Adaptive Control Scheme

In this section, we design and analyze an adaptive control scheme for the T–S fuzzy
system (7.51).

Adaptive control law. We then choose the adaptive fuzzy control law as

u(t) = 1
∑N

i=1 μi (ξ(t))b̂i0(t)

(
ym(t + d) − θ̂T

y (t)φy(t) −θ̂T
u1(t)φu1(t)

)
. (7.93)

For this adaptive control law, the parameter projection component (7.81) has been
added in the parameter adaptation algorithm (7.78) to ensure that

∑N
i=1 μi (ξ(t))b̂i0(t)

> b0 for some constant b0 > 0.
Stability analysis. We now show that the adaptive control system has desired

stability and tracking properties. Substituting (7.93) into (7.51), we obtain the closed-
loop system as

y(t + d) = θTφ(t) − θ̂T (t)φ(t) + ym(t + d). (7.94)

With e(t) = y(t) − ym(t) and θ̃ (t) = θ̂ (t) − θ , we obtain

e(t + d) = −θ̃T (t)φ(t). (7.95)

We first present a desired property for φ(t) (Qi et al. 2012b).

Lemma 7.4 Under Assumption 7.3, the regressor φ(t) defined in (7.69) satisfies

‖φ(t)‖ ≤ ρ1 + ρ2 max
0≤τ≤t

|e(τ + d)| (7.96)
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for some positive constants ρ1 and ρ2.

Proof From the definition of φ(t) in (7.69) whose components are the products of
μi and y at various time instants, and products of μi and u, and the property of μi

in (7.14), we have
‖φ(t)‖ ≤ κ1‖ψ(t)‖, (7.97)

for some constant κ1 > 0, where

ψ(t) = [y(t), y(t − 1), . . . , y(t − n + 1), u(t), u(t − 1), . . . , u(t − n + 1)]T . (7.98)

With y(t) = e(t) + ym(t), ψ(t) can be expressed as

ψ(t) = [e(t), e(t − 1), . . . , e(t − n + 1), u(t), u(t − 1), . . . , u(t − n + 1)]T
+[ym(t), ym(t − 1), . . . , ym(t − n + 1), 0, . . . , 0]T .

Then, we have

‖ψ(t)‖ ≤ κ2 max
t−n+1≤τ≤t

|e(τ )| + κ3 max
t−n+1≤τ≤t

|u(τ )| + κ4, (7.99)

where κi , i = 2, 3, 4, are some positive constants.
Again with y(t) = e(t) + ym(t), the system Eq. (7.51) can be formulated as

e(t + d) + ym(t + d) =
N∑

i=1

μiαi (z
−1)[e](t) +

N∑

i=1

μiαi (z
−1)[ym](t)

+
N∑

i=1

μiβi (z
−1)[u](t). (7.100)

With Assumption 7.3 and Definition 7.1, we obtain

|u(t)| ≤ κ5|e(t + d)| + κ6
∑

τ=0,1,...,t−1

λt−τ−1|e(τ + d)| + κ7

≤ κ8 max
0≤τ≤t

|e(τ + d)| + κ7, (7.101)

where κi , i = 5, 6, 7, 8, are some positive constants.
Finally, using (7.97), (7.99), and (7.101), we obtain

‖φ(t)‖ ≤ ρ1 + ρ2 max
0≤τ≤t

|e(τ + d)|, (7.102)

where ρ1 and ρ2 are some positive constants. ∇
We now show the desired closed-loop system properties (Qi et al. 2012b).
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7.3 Approach II: Design Based on Nonlinear Prediction Model 189

Theorem 7.2 All signals in the closed-loop system, with the plant (7.51) satisfying
Assumptions 7.3 and 7.4, the controller (7.93) and the adaptive law (7.78), are
bounded, and limt→∞(y(t) − ym(t)) = 0.

Proof From (7.75), we have

ε(t) = −(θ̂(t − 1) − θ)Tφ(t − d), (7.103)

and from (7.95), we have e(t) = −θ̃T (t − d)φ(t − d), which can be expressed as

e(t) = ε̄(t)
√
c + φT (t − d)φ(t − d) − (θ̂(t − d)

−θ̂ (t − 1))T φ̄(t − d)
√
c + φT (t − d)φ(t − d), (7.104)

where θ̂ (t − d) − θ̂ (t − 1) ∈ L2 ∩ L∞,

ε̄(t) = ε(t)
√
c + φT (t − d)φ(t − d)

∈ L2 ∩ L∞,

φ̄(t − d) = φ(t − d)
√
c + φT (t − d)φ(t − d)

≤ 1. (7.105)

Using the inequality:
√
c + φT (t − d)φ(t − d) ≤ √

c + ‖φT (t − d)‖, we express
e(t) from (7.104) as

|e(t)| ≤ c1 + |ε̄(t)| ‖φT(t − d)‖ + ‖θ̂ (t − d) − θ̂ (t − 1)‖ ‖φT(t − d)‖,

for someconstant c1 > 0.UsingLemma7.4:‖φ(t − d)‖ ≤ ρ1 + ρ2 max0≤τ≤t |e(τ )|,
we obtain

|e(t)| ≤ c2 + c3|ε̄(t)| max
0≤τ≤t

|e(τ )|
+c4‖θ̂ (t − d) − θ̂ (t − 1)‖ max

0≤τ≤t
|e(τ )|, (7.106)

for some constants ci > 0, i = 2, 3, 4.
From Lemma 7.3, we have that limt→∞ ε̄(t) = 0 and limt→∞ ‖θ̂ (t) − θ̂ (t −

d)‖ = 0, and with these results, it follows from (7.106) that e(t) is bounded, which
implies y(t) is bounded, and in turn from the system’s minimum phase property that
u(t) is bounded. Hence, all signals in the closed-loop system are bounded, based on
which, from (7.104) in which ε̄(t) ∈ L2 and θ̂ (t − d) − θ̂ (t − 1) ∈ L2, we have that
e(t) ∈ L2 so that limt→∞ e(t) = 0. ∇

A system may have two kinds of uncertainties: parameterized uncertainties (the
error-free case) and unparameterizable uncertainties (the modeling errors includ-
ing the approximation errors in the fuzzy control case). The most important feature
(advantage) of adaptive control is its ability to deal with parameterized uncertainties,
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190 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

which is the key component of all adaptive control designs making up the adaptive
control theory seen in adaptive control literature. Thus, it is important to develop the
adaptive control design and analyze its desired properties for the error-free case, like
what is about Theorem 7.2. The modeling errors can be dealt with using robust adap-
tive control (Ioannou and Sun 1996). The closed-loop stability and asymptotic output
tracking properties given in Theorem 7.2 are the basic adaptive system properties
only for the case when there are no modeling and approximation errors in the system
(7.51). In the presence of such errors as described in (7.15), the adaptive law (7.76)
needs to be modified with robustifying signals such as dead-zone, σ -modification,
and parameter projection (Goodwin and Sin 1984; Ioannou and Sun 1996; Tao 2003),
for robust parameter adaptation. While the closed-loop signal boundedness can be
ensured globally or locally for small normalized modeling and approximation errors,
the tracking error e(t) = y(t) − ym(t) can be shown to be bounded by normalized
modeling and approximation errors in a mean sense similar to that seen in the liter-
ature for robust adaptive of non-fuzzy systems, as an extension of the L2 tracking
property in Theorem 7.2 (see its proof at the end), for the nomodeling/approximation
error case. �

Remark 7.6 About the constants ci in Theorem 7.2, only the constant c is used in
the parameter adaptation in (38), which can be selected as a small positive number
to ensure the boundedness of φT (t−d)φ(t−d)

m2(t) . All the other constants ci in the proof of
Theorem 7.2 are not directly used in the implementation of the adaptive controller.
They are just used to describe how the tracking error e(t) is bounded. Therefore, it is
enough for us to know the existence of such constants, but we do not need to select
the exact values for them. �

7.3.4 Simulation Study

In this section, we present an illustrative example with simulation results to show the
control design and evaluation, based on the mass–spring–damper mechanical system
(Tanaka et al. 1996).

Simulation system. The mass–spring–damper mechanical system is described
by the following equation:

Mẍ + c1 ẋ + c2x = (1 + c3 ẋ
3)u, (7.107)

whereM denotes themass, x is the displacement (inmeters) of themass, u is the force
(in Newtons) applied to the spring, c1 is the damping constant, c2 is the spring con-
stant, and c3 is a constant related to the nonlinear term ẋ3. For simulation, the param-
eters are set as M = 1 kg, c1 = 15 N · s/m, c2 = 20 N/m, and c3 = 0.13 N/(m/s)3.

Choose the output y = x . To use the method developed in Sect. 7.3, we need a
discrete-time T–S fuzzy system to approximate the dynamics of the nonlinear plant
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7.3 Approach II: Design Based on Nonlinear Prediction Model 191

(7.107). Assuming ẏ ∈ [−1.5, 1.5]m/s and using the same approach as that in Tanaka
et al. (1996), a two-rule continuous-time T–S fuzzy system to approximate (7.107)
is given as

IF ẏ is F1
1 , THEN ÿ = −15ẏ − 20y + 1.4387u,

IF ẏ is F2
1 , THEN ÿ = −15ẏ − 20y + 0.5613u,

with the membership functions describing “F1
1 ” and “F2

1 ” chosen as

F1
1 (ẏ) = 0.5 + ẏ3/6.75, F2

1 (ẏ) = 0.5 − ẏ3/6.75. (7.108)

If the sampling time T is chosen small enough, we can approximate ẏ and ÿ
with ẏ = [y(t + 1) − y(t)]/T and ÿ = [y(t + 2) − 2y(t + 1) + y(t)]/T 2. Then, a
discrete-time model can be obtained as

Ri : IF ξ1(t) is Fi
1,THEN

y(t + 2) + ai,1y(t + 1) + ai,2y(t) = bi,0u(t), (7.109)

where ξ1(t) = [y(t + 1) − y(t)]/T , ai,1 = 15T − 2, ai,2 = 1 − 15T + 20T 2, i =
1, 2 and b1,0 = 1.4387T 2, b2,0 = 0.5613T 2.

Based on a standard fuzzy modeling technique, we obtain the global fuzzy model
of (7.109) as

y(t + 2) =
2∑

i=1

μi (t)[−ai,1y(t + 1) − ai,2y(t)] +
2∑

i=1

μi (t)bi,0u(t), (7.110)

where μi (t) is the normalized membership function:

μi (t) = λi (ξ1(t))
∑2

i=1 λi (ξ1(t))
, λi (t) =

1∏

j=1

Fi
j (ξ1(t)). (7.111)

Since y(t + 1) in (7.110) is not available at time t , we need to develop a predic-
tion model in the form (7.57) for the control design by following the procedures in
Sect. 7.3.1. With (7.110), we can express y(t + 1) as

y(t + 1) =
2∑

i=1

μi (t − 1)[−ai,1y(t) − ai,2y(t − 1)]

+
2∑

i=1

μi (t − 1)bi,0u(t − 1), (7.112)
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192 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

Replacing y(t + 1) in (7.110) by (7.112), we obtain the following global 2-step
prediction fuzzy system model:

y(t + 2) = θT
y φy(t) + θT

u0φu0(t) + θT
u1φu1(t), (7.113)

where

θu0 = [b1,0, b2,0]T , φu0(t) = [μ1(t)u(t), μ2(t)u(t)]T
θu1 = [−a1,1b1,0,−a1,1b2,0,−a2,1b1,0,−a2,1b2,0]T
θy1 = [a21,1, a1,1a1,2, a1,1a2,1, a1,1a2,2,−a1,2]T
θy2 = [a22,1, a2,1a2,2, a2,1a1,1, a2,1a1,2,−a2,2]T

φu1(t) = [μ1(t)μ1(t − 1), μ1(t)μ2(t − 1), μ2(t)μ1(t − 1), μ2(t)μ2(t − 1)]T u(t − 1)

φy1(t) = μ1(t)[μ1(t − 1)y(t), μ1(t − 1)y(t − 1), μ2(t − 1)y(t), μ2(t − 1)y(t − 1), y(t)]T
φy2(t) = μ2(t)[μ2(t − 1)y(t), μ2(t − 1)y(t − 1), μ1(t − 1)y(t), μ1(t − 1)y(t − 1), y(t)]T

θy = [θTy1, θTy2]T , φy(t) = [φT
y1(t), φ

T
y2(t)]T .

Based on (7.113), we choose the adaptive global fuzzy control law as

u(t) = 1
∑2

i=1 μi (t)b̂i0(t)

(
ym(t + 2) − θ̂T

y (t)φy(t) −θ̂T
u1(t)φu1(t)

)
, (7.114)
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Fig. 7.5 Adaptive T–S fuzzy system response and control input
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194 7 Adaptive T–S Fuzzy Control Using Output Feedback: SISO Cases

and the parameter estimates θ̂ (t) = [θ̂T
y (t), θ̂T

u0(t), θ̂
T
u1(t)]T are updated by (7.76).

Simulation results. The initial parameter values are set as 65% of their true val-
ues. Other parameters are chosen as T = 0.1 s, γ (t) = 0.8, and c = 0.01. The T–S
fuzzy system response for tracking a sinusoidal signal ym(t) = 0.25 sin(0.15t) +
0.15 cos(0.25t) with the adaptive controller (7.114) is shown in Fig. 7.5, which veri-
fies the desired system performance with an adaptive controller based on the general
prediction model (7.113). The parameter adaptation results are given in Fig. 7.6 and
7.7. All the parameters remain bounded under the designed adaptive control scheme.

7.4 Summary

In this chapter, we have developed two approaches for adaptive fuzzy control for
T–S fuzzy systems with multiple input–output delays. In particular, we have derived
two nonlinear prediction models for T–S fuzzy systems with multiple input–output
delays and developed stable adaptive control schemes with complete stability and
convergence analysis. Those results are along the direction of adaptive fuzzy control
using an input–output approach for output tracking control of systems (with relative
degree one and with general relative degree).

For adaptive control of a dynamic system with d-step delays (relative degree d),
it is crucial to derive a global prediction model. For a T–S fuzzy system with d-step
delays, naturally there are two ways to obtain its prediction model: (i) deriving a
local prediction model from the local linear model and then constructing the global
prediction model by fuzzily blending all the local prediction models as we did in
Sect. 7.2 and (ii) deriving the global prediction model directly from the global T–S
fuzzy system as we did in Sect. 7.3. This second way of deriving a global prediction
model considers the effects of the time-varying firing strength μi (t) and reduces the
modeling error between the prediction model and the T–S fuzzy system, leading to
more effective feedback control of the T–S fuzzy system.We have developed desired
adaptive feedback control schemes for both approaches, providing a solution frame-
work for adaptive control of dynamic systems with multiple input–output delays
through T–S fuzzy input–output modeling.
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Chapter 8
Adaptive T–S Fuzzy Control Using
Output Feedback: MIMO Case

In Chap.7, we developed adaptive output feedback fuzzy control schemes of single-
input single-output (SISO) discrete-time nonlinear systems with multiple input–
output delays based on their T–S fuzzy approximation models. The goal of this
chapter is to extend the results in Chap.7 to multiple-input multiple-output (MIMO)
nonlinear systems. We will develop a solution framework for adaptive fuzzy control
of MIMO discrete-time nonlinear systems, by modeling them using discrete-time
T–S fuzzy systems, parameterizing T–S fuzzy systems with uncertain parameters,
designing and analyzing an adaptive control scheme for such systems, and establish-
ing and evaluating desired adaptive control system properties.

The results of this chapter include the derivation of a global prediction fuzzy sys-
tem model for MIMO systems, parametrization and parameter estimation of MIMO
fuzzy systems, development of an adaptive control scheme forMIMO fuzzy systems,
stability and tracking analysis of such an adaptive control system, and illustration of
new features and concepts of adaptive control for MIMO fuzzy systems. The design
and analysis of this chapter are not only for MIMO fuzzy systems but also appli-
cable to a class of time-varying MIMO dynamic systems with characterizable time
variations extended from the fuzzy membership functions (Qi et al. 2014).

We will describe the main problems in Sect. 8.1, give the solutions including the
derivation of a MIMO T–S fuzzy system prediction model in Sect. 8.2 and the design
and analysis of the adaptive control scheme in Sect. 8.3, and present a simulation
study in Sect. 8.4.
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198 8 Adaptive T–S Fuzzy Control Using Output Feedback: MIMO Case

8.1 Problem Statement

Consider a MIMO nonlinear system in its discrete-time input–output form

y(t) = f (y(t − 1), . . . , y(t − n), u(t − d0), . . . , u(t − n)), (8.1)

where f (·, . . . , ·) ∈ Rr is a vector of nonlinear functions, y(·) ∈ Rr is the system
output signal, u(·) ∈ Rr is the system input signal, t = 0, 1, 2, . . ., is the discrete-
time time variable, and d0 is the number of nominal system input–output delays.
In this chapter, we will address the general case with d0 ≥ 1, for the MIMO case
characterized by a general system delay structure.

A MIMO prediction model of (8.1), in the form

y(t + d0) = fd(y(t), y(t − 1), . . . , y(t − n + 1),

u(t), u(t − 1), . . . , u(t − n + 1)), (8.2)

for some function fd(·, . . . , ·), is useful, as shown in the literature, for feedback
control. If the function f is known, such a prediction model may be directly derived
by iterations for the SISOcase. For theMIMOcase, the situation ismore complicated,
because of the interactions between system inputs and outputs. In Sect. 8.2, using
a fuzzy system modeling method, we derive one such model and demonstrate that
such a model has a sophisticated form for MIMO systems.

To handle the nonlinearity and uncertainty of f in deriving a parameterizedmodel
of (8.1), an effective method is to approximate the nonlinear plant (8.1) by some
well-defined approximation functions. In this chapter, we employ the fuzzy sys-
tem approximation theory, to develop such an approximate system model, using the
following MIMO local T–S fuzzy model with the i th rule:

Ri : IF ξ1 is Fi
1 and . . . and ξL is Fi

L ,

THEN Ai (z−1)[y](t) = Bi (z−1)[u](t), (8.3)

where i = 1, . . . , N , N is the number of fuzzy rules, Fi
j being typically an interval

of real numbers, called a fuzzy set associated with which there is a membership
function Fi

j (ξ j (t)) to indicate the membership degree of ξ j (t) in Fi
j , and the system

dynamics matrices are

Ai (z−1) = I + Ai
1z

−1 + · · · + Ai
nz

−n (8.4)

Bi (z−1) = z−di0(Bi
0 + Bi

1z
−1 + · · · + Bi

nb−di0
z−nb+di0)

�= z−di0 B̄i (z−1), di
0 ≤ nb ≤ n (8.5)

with Ai
j ∈ Rr×r and Bi

j ∈ Rr×r being constant matrices, and di
0 ≥ 1 being the nom-

inal delay of the system (8.3).
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8.1 Problem Statement 199

Remark 8.1 It should be noted that in the MIMO case, the matrix Bi
0 is nonzero but

may be singular (that is, det[Bi
0] = 0). Hence, the delay di

0 is only a nominal delay
of the system and the essential delay of a MIMO system is characterized by a delay
structure called an interactor matrix defined in Lemma 5.2.3 in Goodwin and Sin
(1984). For a SISO system, there is no difference between the nominal delay and the
essential delay. One can simply consider the delay di

0 so that the leading coefficient
of B̄i (z−1) is nonzero, as we considered in Chap.7.

In this chapter, we will solve the following two problems:
Problem I: Derive a MIMO T–S fuzzy system prediction model with a general

input–output delay structure, based on the fuzzy rules (8.3), for a MIMO nonlinear
system.

Problem II: Design an adaptive control scheme for the MIMO T–S fuzzy pre-
diction model, to achieve the control objective: closed-loop stability and asymptotic
tracking of a desired bounded output ym(t) by the plant output y(t).

8.2 MIMO T–S Fuzzy System Prediction Model

In this section,1 we shall first derive a MIMO fuzzy system prediction model by
using MIMO system interactor matrix.

8.2.1 Interactor Matrix

Consider the transfer matrix T i (z) = (Ai (z−1))−1Bi (z−1) of the local system model
in (8.3). Since di

0 ≥ 1, the transfer matrices T i (z), i = 1, . . . , N , are all strictly
proper. For output tracking control, it is assumed that

Assumption 8.1 T i (z), i = 1, . . . , N , all have full rank.

The above condition means that there is a delay of at least one unit between each
input and each output, and, byAssumption 8.1, that the output function controllability
of each local model is ensured.

We first present the following MIMO system characterization which plays an
important role in MIMO system parametrization and control and will be used for
MIMO fuzzy systems.

Proposition 8.1 (Goodwin and Sin 1984) For any r × r strictly proper full rank
rational transfer matrix T (z) there exists a unique lower triangular polynomial
matrix ξd(z), defined as the interactor matrix of T (z), of the form

1Parts of Sect. 8.2 are reprinted fromQi et al. (2014), Copyright 2014,with permission fromElsevier.
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200 8 Adaptive T–S Fuzzy Control Using Output Feedback: MIMO Case

ξd(z) =

⎡
⎢⎢⎢⎣

zd1 0 · · · · · · 0
zd1h21(z) zd2 0 · · · 0

...
...

...
...

...

zd1hr1(z) zd2hr2(z) · · · zdr−1hr r−1(z) zdr

⎤
⎥⎥⎥⎦, (8.6)

where hi j (z) are polynomials divisible by z, and di ≥ 1 are integers, j = 1, . . . , r −
1, i = 2, . . . , r , such that

lim
z→∞ ξd(z)T (z) = Kp (8.7)

is finite and nonsingular.

An important property of ξd(z) is that ξ
−1
d (z) is a strictly proper and stable transfer

matrix. In the above MIMO characterization, Kp is called the high frequency gain
matrix of T (z), and the inverse of the interactor matrix ξd(z) can be seen as the delay
structure of T (z). For example, when ξd(z) is diagonal:

ξd(z) = diag{zd1 , zd2 , . . . , zdr }, (8.8)

we have
ξ−1
d (z) = diag{z−d1 , z−d2 , . . . , z−dr }, (8.9)

which represents the r delays in the r input–output channels.
This chapter considers the local prediction models (8.3) with a general (non-

diagonal) interactormatrix (input–output delay structure), and assumes the following.

Assumption 8.2 The local model transfer matrices T i (z), i = 1, . . . , N , have a
common known interactor matrix ξd(z).

The high frequency gain matrices associated with each T i (z) are

lim
z→∞ ξd(z)T

i (z) = K i
p, (8.10)

which are finite and nonsingular, i = 1, 2, . . . , N . Note that it does not require all
T i (z), i = 1, . . . , N , to have a common high frequency gain matrix.

8.2.2 Prediction Model

We now derive aMIMOT–S fuzzy system prediction model based on a general plant
interactor matrix (delay structure). Following the procedure in deriving Theorem
5.2.4 of Goodwin and Sin (1984), with the interactor matrix ξd(z), we define a new
variable

ȳ(t) = ξd(z)[y](t), (8.11)
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8.2 MIMO T–S Fuzzy System Prediction Model 201

and express ȳ(t) in the predictor form:

ȳ(t) = αi (z−1)[y](t) + β i (z−1)[u](t), (8.12)

where

αi (z−1) = αi
0 + αi

1z
−1 + · · · + αi

n−1z
−(n−1), (8.13)

β i (z−1) = β i
0 + β i

1z
−1 + · · · + β i

nb−1z
−(nb−1), (8.14)

with β i
0 = K i

p being nonsingular. In this expression,

αi (z−1) = Gi (z−1), β i (z−1) = Fi (z)z−di0 B̄i (z−1), (8.15)

where Fi (z) and Gi (z−1) are the unique polynomial matrices satisfying

ξd(z) = Fi (z)Ai (z−1) + Gi (z−1) (8.16)

with, for ξd(z) = Kdzd + · · · + K1z,

Fi (z) = Fi
0z

d + Fi
1z

d−1 + · · · + Fi
d−1z, (8.17)

Gi (z−1) = Gi
0 + Gi

1z
−1 + · · · + Gi

n−1z
−n+1, (8.18)

whose coefficient matrices, with Fi
0 = Kd , can be computed as follows:

Fi
l = Kd−l −

l−1∑
j=0

Fi
j A

i
l− j , l = 1, · · · , d − 1, (8.19)

Gi
l = −

d−1∑
j=0

Fi
j A

i
l+d− j , l = 0, · · · , n − 1, (8.20)

with Ai
k = 0 for k > n. We first express β i (z−1) = Fi (z)z−di0 B̄i (z−1) = β i

di0−d
zd−di0

+ · · · + β i
−1z + β i

0 + β i
1z

−1 + · · · + β i
nb−1z

−(nb−1). SinceT i (z) = (ξd(z) − αi (z))−1

β i (z) and limz→∞ ξd(z)T i (z) = K i
p = β i

0 is nonsingular, it follows that β i
di0−d

=
· · · = β i

−1 = 0 so that we have β i (z−1) as shown in (8.14).
In our study, we will use the local models (8.12) to form a global fuzzy sys-

tem prediction model. To proceed, based on (8.12), using the standard technique
of singleton fuzzification, product inference, and weighted average, we obtain the
following global MIMO T–S fuzzy system prediction model (Qi et al. 2011).

Proposition 8.2 Following a standard fuzzy modeling procedure, a nonlinear
dynamic system (8.1), via the local fuzzy system model (8.3), can be approximated
by a global fuzzy system prediction model:
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202 8 Adaptive T–S Fuzzy Control Using Output Feedback: MIMO Case

ȳ(t) =
N∑
i=1

μi (ξ(t))(αi (z−1)[y](t) + β i (z−1)[u](t)), (8.21)

where μi (ξ(t)) is the normalized firing strength:

μi (ξ(t)) = λi (ξ(t))∑N
i=1 λi (ξ(t))

, λi (ξ(t)) =
L∏
j=1

Fi
j (ξ j (t)) (8.22)

with ξ(t) = [ξ1(t), . . . , ξL(t)]T , such that

0 ≤ μi (ξ(t)) ≤ 1,
N∑
i=1

μi (ξ(t)) = 1. (8.23)

In this following study, we treat the fuzzy system prediction model (8.21) as an
approximation model of the original nonlinear system (8.1), based on which the
feedback control law is designed. The control objective is to find an adaptive control
law to generate the input signal u(t) for the system (8.21) with unknown parameters
in αi

0, α
i
1, . . . , α

i
n−1, β i

0, β
i
1, . . . , β

i
m−1, i = 1, . . . , N , to ensure closed-loop signal

boundedness and asymptotic tracking of a given bounded reference signal ym(t) by
the system output signal y(t), under the following assumptions:

Assumption 8.3 The system (8.21) is minimum phase.

Assumption 8.4
∑N

i=1 μiβ
i
0 is nonsingular, for all possible μi .

Assumption 8.5 The system order n is known.

Assumption8.3 assumes theminimum phase property of the system (8.21), which
will be further clarified in Sect. 8.2.3.

Assumption8.4 is necessary to ensure the controllability of the system (8.21).
Assumption8.5 assumes the knowledge of n. However, the knowledge of an upper

bound of n would be sufficient. Here, for simplicity, we assume n is known.

Remark 8.2 It should be noted that there are naturally approximation and modeling
errorsΔ(y(·), u(·), t) in representing the original nonlinear system (8.1) by the fuzzy
system prediction model (8.21):

ȳ(t) =
N∑
i=1

μiα
i (z−1)[y](t) +

N∑
i=1

μiβ
i (z−1)[u](t)

+Δ(y(t), y(t − 1), . . . , u(t − 1), u(t − 2), . . . , t).

Robust adaptive control and nonlinear damping/bounding design tools can be used to
deal with approximation and modeling errors. In this study, the focus is on the design
and analysis of some baseline adaptive control scheme for discrete-timeMIMO fuzzy
systems with general delay matrices in the form (8.21).
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8.2 MIMO T–S Fuzzy System Prediction Model 203

8.2.3 Minimum Phase Property

The control design is based on the assumption that the fuzzy system predictionmodel
(8.21) is minimum phase. To clarify the minimum phase property of a fuzzy system,
we first recall the minimum phase property for a regular SISO linear time-invariant
(LTI) system.

Minimum phase SISO LTI system. Consider the following SISO LTI system :

A(z−1)[y](t) = z−d B̄(z−1)[u](t), B̄(0) = b0 �= 0, (8.24)

where A(z−1) and B̄(z−1) being polynomials in z−1. The system (8.24) is mini-
mum phase if all zeros of B̄(z−1) are within a unit circle |z| < 1, which implies the
minimum phase property:

|u(t − d)| ≤ c1|y(t)| + c2

t−1∑
τ=0

λt−τ−1|y(τ )|, t ≥ d, (8.25)

for some constants c1 > 0, c2 > 0, and λ ∈ (0, 1).
Minimum phase MIMO LTI system. For a regular MIMO LTI system

A(z−1)[y](t) = z−d0 B̄(z−1)[u](t), B̄(0) �= 0 (8.26)

with A(z−1) and B̄(z−1) similar to Ai (z−1) and B̄i (z−1) in (8.5) andwith an interactor
matrix ξd(z) for T (z) = A−1(z−1)z−d0 B̄(z−1): limz→∞ ξd(z)T (z) = Kp is finite and
nonsingular. Under the condition that T (z) has full rank (and so does B̄(z−1)), the
values of z such that det[B̄(z−1)] = 0 define the zeros of T (z).

Under the assumption that all zeros of T (z) are in |z| < 1 and with d being the
maximum degree of ξd(z), we can derive some similar relationship between u(t)
and y(t) to that given in (8.25) but, due to the MIMO system nature, different from
(8.25), that is, based on the expression

u(t) = G−1(z)[y](t) = (ξd(z)T (z))−1ξd(z)[y](t) (8.27)

and for ȳ(t) = ξd(z)[y](t) and with (ξd(z)T (z))−1 being proper transfer matrix, we
have

‖u(t − d)‖ ≤ c1‖ȳ(t − d)‖ + c2

t−1∑
τ=0

λt−τ−1‖ȳ(τ − d)‖, t ≥ d, (8.28)

for some constants c1 > 0, c2 > 0, and λ ∈ (0, 1), where ‖ · ‖ is the l2 vector norm.
Since z−dξd(z) is a proper transfer matrix, the inequality (8.28) implies that
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204 8 Adaptive T–S Fuzzy Control Using Output Feedback: MIMO Case

‖u(t − d)‖ ≤ c3‖y(t)‖ + c4

t−1∑
τ=0

λt−τ−1‖y(τ )‖, ∀t ≥ d, (8.29)

for some constants c3 > 0 and c4 > 0.The property (8.29) has the same formas that in
(8.25) for the SISO case but is different from the property (8.28) which characterizes
the MIMO system in terms of its delay structure ξd(z) and thus is more relevant as
a system property than (8.28).

Minimum phase MIMO fuzzy system. Analogous to this nature of minimum
phase regular MIMO LTI systems, we use the following minimum phase definition
for the general MIMO fuzzy system (8.21) (Qi et al. 2011).

Definition 8.1 The fuzzy system (8.21) is minimum phase if the condition (8.29) is
satisfied.

While theminimumphase condition of a regular LTI system (8.26) can be checked
using the knowledge of the zeros of B̄(z−1), the fuzzy system (8.21) is nonlinear in
nature and the zeros of B̄i (z−1) cannot completely determine its minimum phase
property which also depends on the normalized firing strength μi .

In this following study, we use a simple illustrative example to show how the
zeros of the fuzzy system are affected by μi .

Example 8.1 Consider the system (8.21) with n = 2, N = 2 and r = 2:

Ai (z−1) =
[
1 0
0 1

]
+

[
ai11 0
0 ai14

]
z−1 +

[
ai21 0
0 ai24

]
z−2 (8.30)

Bi (z−1) = z−1

([
bi01 b

i
02

0 0

]
+

[
bi11 b

i
12

0 bi14

]
z−1

)
(8.31)

with bi01 �= 0 and bi14 �= 0. Its transfer matrix is

T i (z) = (Ai (z−1))−1Bi (z−1)

=

⎡
⎢⎢⎣

bi01z
−1 + bi11z

−2

1 + ai11z
−1 + ai21z

−2

bi02z
−1 + bi12z

−2

1 + ai11z
−1 + ai21z

−2

0
bi14z

−2

1 + ai14z
−1 + ai24z

−2

⎤
⎥⎥⎦ (8.32)

whose interactor matrix is selected as

ξd(z) =
[
z 0
0 z2

]
, (8.33)

which leads to the high frequency gain matrices

K i
p = lim

z→∞ ξd(z)T
i (z) =

[
bi01 b

i
02

0 bi14

]
, i = 1, 2, . . . , N
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8.2 MIMO T–S Fuzzy System Prediction Model 205

which is nonsingular. With this ξd(z), the local prediction equation (8.12) can be
derived as follows. For ξd(z) in the form

ξd(z) = K2z
2 + K1z =

[
0 0
0 1

]
z2 +

[
1 0
0 0

]
z, (8.34)

we have Fi
0 = K2, and from (8.17)–(8.20), we have

Fi (z) =
[
0 0
0 1

]
z2 +

[
1 0
0 −ai14

]
z (8.35)

Gi (z−1) =
[−ai11 0

0 −ai24 + (ai14)
2

]
+

[−ai21 0
0 ai14a

i
24

]
z−1.

Finally, with (8.15), we obtain

αi (z−1) =
[−ai11 0

0 −ai24 + (ai14)
2

]
+

[−ai21 0
0 ai14a

i
24

]
z−1

β i (z−1) =
[
bi01 b

i
02

0 bi14

]
+

[
bi11 bi12
0 −ai14b

i
14

]
z−1. (8.36)

The zeros of β i (z−1) are those values of z making det[β i (z−1)] = (bi01 + bi11z
−1)

(bi14 − ai14b
i
14z

−1) = 0, which can be calculated by

zi1 = −bi11
bi01

, zi2 = ai14. (8.37)

For each local system with β i (z−1) to be stable, we need |zi1| < 1 and |zi2| < 1.
Due to the nonlinear nature (characterized by the presence of μi = μi (ξ(t))) of
the global system model (8.21), the condition that all zeros of β i (z−1) are in |z| <

1 for all i = 1, 2, . . . , N does not necessarily mean that the global system model
(8.21) is minimum phase. However, for this simple system example with first-order
and triangular β i (z−1), i = 1, 2, . . . , N , this condition is sufficient for (8.21) to be
minimum phase, given that μi ∈ [0, 1], i = 1, 2, . . . , N . �

8.3 Adaptive Control Design and Analysis

In this section,2 we will present a nominal controller parameterized with the system
parameters, develop an adaptive scheme to update the estimates of the nominal
controller parameters, and analyze the stability and tracking performance of the
adaptive control scheme for the fuzzy system with unknown parameters.

2Parts of Sect. 8.3 are reprinted fromQi et al. (2014), Copyright 2014,with permission fromElsevier.
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206 8 Adaptive T–S Fuzzy Control Using Output Feedback: MIMO Case

8.3.1 Nominal Controller

The control objective is to make the output y(t) of the fuzzy system (8.21) track a
given bounded reference signal ym(t). When all the parameters in (8.21) are known,
the feedback control law can be derived from the following equation:

N∑
i=1

μiβ
i (z−1)[u](t) = ȳm(t) −

N∑
i=1

μiα
i (z−1)[y](t), (8.38)

or equivalently,

u(t) =
(

N∑
i=1

μiβ
i
0

)−1 (
ȳm(t) −

N∑
i=1

μiα
i (z−1)[y](t) −

N∑
i=1

μi β̄
i (z−1)[u](t)

)
,

where β̄ i (z−1) = β i
1z

−1 + · · · + β i
nb−1z

−(nb−1), ȳm(t) = ξd(z)[ym](t). Solvability for
u(t) is guaranteed by Assumption8.4, in which the coefficient matrix

∑N
i=1 μiβ

i
0 is

nonsingular.
The resulting closed-loop system with (8.38) is

ȳ(t) = ȳm(t). (8.39)

With Assumption8.3 and ξ−1
d (z) being a stable operator, the closed-loop system

characterized by (8.38) and (8.39) is stable in the sense that all signals are bounded,
and limt→∞(y(t) − ym(t)) = 0, with a transient response produced by the dynamics
of ξd(z) and the initial conditions.

For the case of unknown system parameters, we shall employ a parameter esti-
mation algorithm to generate adaptive estimates of the parameters in (8.38), based
on which an adaptive controller is implemented.

8.3.2 Parameter Estimation

For parameter estimation, the first step is to derive a parametrized model of (8.21).
Then, certain adaptive parameter laws can be designed.

The fuzzy system model (8.21) can be parametrized as

ȳ(t) = ΘTφ(t), (8.40)

where the parameter Θ and regressor φ(t) are defined as
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8.3 Adaptive Control Design and Analysis 207

φ(t) = [φT
1 (t), φT

2 (t), . . . , φT
N (t)]T (8.41)

Θ = [ΘT
1 ,ΘT

2 , . . . , ΘT
N ]T (8.42)

φi (t) = [μi y(t)
T , μi y(t − 1)T , . . . , μi y(t − n + 1)T , (8.43)

μi u(t)T , μi u(t − 1)T , . . . , μi u(t − nb + 1)T ]T (8.44)

Θi = [αi
0, α

i
1, . . . , α

i
n−1, β

i
0, β

i
1, . . . , β

i
nb−1]T . (8.45)

Define the estimation error

ε(t) = ȳ(t − d) − Θ̂T (t − 1)φ(t − d), (8.46)

where Θ̂(t − 1) is the estimate of the unknown parameter Θ at t − 1.
Recall that for ξd(z) = Kdzd + · · · + K1z,

ȳ(t) = ξd(z)[y](t) = Kd y(t + d) + · · · + K1y(t + 1), (8.47)

which means ȳ(t − d) and all the components in the regressor φ(t − d) are available
at time t . Thus, the estimation error ε(t) can be calculated by (8.46) at time t .

Parameter adaptive law. Based on (8.46), the parameter estimate Θ̂ can be
updated by the following recursive algorithm:

Θ̂(t) = Θ̂(t − 1) + γ (t)φ(t − d)ε(t)

c + φT (t − d)φ(t − d)
, (8.48)

where γ (t) : R+ → (γ0, 2 − γ0) is an adaptation gain, for some constant γ0 ∈ (0, 1),
c > 0 is a small design parameter, and an initial estimate Θ̂(0) is chosen to make
the matrix

∑N
i=1 μi (ξ(0))β̂ i

0(0) nonsingular.
This parameter adaptive law (8.48) has the following desired properties:

Lemma 8.1 The parameter adaptive law (8.48), when applied to the fuzzy system
(8.40), has the properties:

(i) ‖Θ̂(t) − Θ‖ ≤ ‖Θ̂(t − 1) − Θ‖ ≤ ‖Θ̂(0) − Θ‖, for the matrix norm ‖Θ̂
(t) − Θ‖ =

√
tr[(Θ̂(t) − Θ)T (Θ̂(t) − Θ)];

(ii) ε(t)√
c+φT (t−d)φ(t−d)

∈ L∞ ⋂
L2;

(iii) limt→∞ ε(t)√
c+φT (t−d)φ(t−d)

= 0;

(iv) ‖Θ̂(t) − Θ̂(t − t1)‖ ∈ L2; and
(v) limt→∞ ‖Θ̂(t) − Θ̂(t − t1)‖ = 0, for any finite t1 > 0.

The proof of this lemma is standard, based on the positive definite function

V (Θ̃) = tr[Θ̃T Θ̃], Θ̃ = Θ̂ − Θ (8.49)

whose time increment satisfies
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208 8 Adaptive T–S Fuzzy Control Using Output Feedback: MIMO Case

V (Θ̃(t)) − V (Θ̃(t − 1)) = tr[Θ̃T (t)Θ̃(t)] − tr[Θ̃T (t − 1)Θ̃(t − 1)]
≤ − a0‖ε(t)‖2

c + φT (t − d)φ(t − d)
≤ 0, (8.50)

for some a0 > 0. The details of the proof is given in Appendix A.
It should be noted that Assumption8.5 ensures the nonsingularity of

∑N
i=1 μiβ

i
0.

However, the estimated parameters are used to implement the controller (8.38),where
the inverse of

∑N
i=1 μi β̂

i
0(t) is used. Particular attention should be given on how

to ensure the nonsingularity of
∑N

i=1 μi β̂
i
0(t) while the parameter adaptive laws

generate the online estimate Θ̂(t).
In the following section, we shall discuss on how to ensure

∑N
i=1 μi β̂

i
0(t) is

nonsingular during parameter adaptation.

8.3.3 Nonsingularity of
∑N

i=1 μi β̂
i
0(t)

From the parameter estimate matrices

Θ̂ = [Θ̂T
1 , Θ̂T

2 , . . . , Θ̂T
N ]T (8.51)

Θ̂i = [α̂i
0, α̂

i
1, . . . , α̂

i
n−1, β̂

i
0, β̂

i
1, . . . , β̂

i
nb−1]T , (8.52)

we form the matrix
∑N

i=1 μi β̂
i
0(t) which will be the coefficient matrix of the control

signal u(t) in the adaptive control law to be designed. Such a matrix needs to be
ensured nonsingular for all t , so that an adaptive control equation can be solved
online, to avoid control singularity.

A similar issue was encountered in Goodwin and Sin (1984) and Tao and Ioannou
(1989) for the case of adaptive control of a regular MIMO linear system with N = 1
and μ1 = 1 so that

∑N
i=1 μi β̂

i
0(t) = β̂1

0 (t) as the coefficient matrix of u(t). For this
case, as shown inGoodwin andSin (1984) andTao and Ioannou (1989), some suitable
choice of γ (t) can be made for the parameter adaptive law to ensure that β̂1

0 (t) is
nonsingular for any t ≥ 0, if β̂1

0 (0) is nonsingular.
In our current new problem of dealing with MIMO fuzzy systems, the issue with

the nonsingularity of
∑N

i=1 μi β̂
i
0(t) is more complicated than that in Goodwin and

Sin (1984) and Tao and Ioannou (1989), due to the presence ofμi (ξ(t)) and multiple
parameter estimates β̂ i

0(t). The main difficulty is caused by the time variations of
μi (ξ(t)) in determining the parameter estimates β̂ i

0(t), i = 1, 2, . . . , N , to make∑N
i=1 μi (ξ(t))β̂ i

0(t) nonsingular for all t ≥ 0.
To make the notions in the following discussions more concise, we use μi (t) to

represent the value of μi (ξ(t) at time t in the following discussion.
For example, under the condition (C1): the nonsingularity of

∑N
i=1 μi (t − 1)β̂ i

0(t)
implies the nonsingularity of

∑N
i=1 μi (t) β̂ i

0(t) for any t , the nonsingularity of
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∑N
i=1 μi (t)β̂ i

0(t) can be ensured by the adaptive law (8.48) for all t ≥ 0. To see
this, from (8.45) and (8.48), we have

β̂ i
0(t) = β̂ i

0(t − 1) + γ (t)μi (t − d)u(t − d)εT (t)

c + φT (t − d)φ(t − d)
. (8.53)

Introducing the matrix

g(t − 1) = u(t − d)εT (t)

c + φT (t − d)φ(t − d)
, (8.54)

multiplying (8.53) by μi (t − 1), and summing up the resulting equation for i =
1, 2, . . . , N , we obtain

N∑
i=1

μi (t − 1)β̂ i
0(t) =

N∑
i=1

μi (t − 1)β̂ i
0(t − 1)

+γ (t)
N∑
i=1

μi (t − 1)μi (t − d)g(t − 1). (8.55)

Given that the initial coefficient matrix
∑N

i=1 μi (0)β̂ i
0(0) is nonsingular, from (8.55),

we have

N∑
i=1

μi (0)β̂
i
0(1) =

N∑
i=1

μi (0)β̂
i
0(0) + γ (1)

N∑
i=1

μi (0)μi (1 − d)g(0), (8.56)

which can be written in the form:

X (1) = Y (0) + γ (1)Z(0)

= Y (0)γ (1)(Iγ −1(1) + Y−1(0)Z(0)), (8.57)

with X (1) = ∑N
i=1 μi (0)β̂ i

0(1), Y (0) = ∑N
i=1 μi (0)β̂ i

0(0) and Z(0) = ∑N
i=1

μi (0)μi (1 − d)g(0). Hence, the matrix X (1) is nonsingular as long as γ −1(1) is
not an eigenvalue of −Y−1(0)Z(0), which can be easily satisfied by some γ (1) with
γ0 < γ (1) < 2 − γ0, 0 < γ0 < 1, that is, a suitable choice of γ (1) can be made to
ensure that the matrix

∑N
i=1 μi (0)β̂ i

0(1) is nonsingular. With the above condition
(C1), the matrix

∑N
i=1 μi (1)β̂ i

0(1) is then also nonsingular, and the process can be
continued to ensure that

∑N
i=1 μi (t)β̂ i

0(t) is nonsingular, for all t ≥ 0. Without the
condition (C1), a search of γ (1) ∈ (γ0, 2 − γ0) would be needed to ensure the non-
singularity of

∑N
i=1 μi (1)β̂ i

0(1).
Such a result can be similarly derived, under the condition (C2): the nonsingularity

of
∑N

i=1 μi (t − 1)β̂ i
0(t − 1) implies that of

∑N
i=1 μi (t)β̂ i

0(t − 1). In this case, the
related matrix equation is
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N∑
i=1

μi (t)β̂
i
0(t) =

N∑
i=1

μi (t)β̂
i
0(t − 1)

+ γ (t)
N∑
i=1

μi (t)μi (t − d)g(t − 1), (8.58)

obtained from multiplying (8.53) by μi (t), and summing up the resulting equation
for i = 1, 2, . . . , N .

The above conditions (C1) and (C2) would require either that the time variation of
μi (t), that is, μi (t) − μi (t − 1), is small, or that the parameter matrices β̂ i

0(t) have
some additional properties. Smallness of time variations has been an assumption
commonly used in the literature when dealing with time-varying systems. It should
be noted that μi (t) ∈ [0, 1] for all time t based on its definition. Therefore, the time
variation |μi (t) − μi (t − 1)| is actually bounded by 1. In addition, if the sampling
time is set small enough, the different between ξ(t) and ξ(t − 1)will be small, which
results in small time variation μi (t) − μi (t − 1).

Remark 8.3 Under the framework developed in this chapter, the condition (C1)
or (C2) is needed only when dealing with the uncertainty of the gain matrix∑N

i=1 μi (t)β i
0, not the uncertainties of other parameters.

Next, we will focus our attention on some classes of systems with which the
parameter matrices β̂ i

0(t) have some useful properties for ensuring the nonsingularity
of

∑N
i=1 μi (t)β̂ i

0(t), and also develop a general parameter projection algorithm to
ensure such a key property.

A simple case. Consider the casewhen all parametermatricesβ i
0 are the same, that

is, β i
0 = β0, i = 1, 2, . . . , N , while other systemmatrices can all be different for dif-

ferent i . This corresponds to the system (8.21): ȳ(t) = ∑N
i=1 μi (ξ(t))(αi (z−1)[y](t)

+β i (z−1)[u](t)), with αi (z−1) = αi
0 + αi

1z
−1 + · · · + αi

n−1z
−(n−1) and β i (z−1) =

β i
0 + β i

1z
−1 + · · · + β i

nb−1z
−(nb−1) for β i

0 = β0, i = 1, 2, . . . , N .

In this case, there is only one parameter estimate β̂ i
0(t) = β̂0(t) whose nonsingu-

larity can be ensured by some choice of γ (t) from (8.53) with
∑N

i=1 μi (0)β̂ i
0(0) =

β̂0(0) being nonsingular. Then, the matrix
∑N

i=1 μi (t)β̂ i
0(t) = β̂0(t) is ensured to be

nonsingular for all t ≥ 0.
General case with parameter projection. In general, additional information

would be needed for ensuring
∑N

i=1 μi (t)β̂ i
0(t) being nonsingular, without requiring

that the time variations μi (t) − μi (t − 1) of μi (t) are small. Such information can
be given in a form suitable for performing parameter projection on the adaptive law
(8.48) to make β̂ i

0(t) stay in some desired intervals.
To add the parameter projection function, the adaptive law (8.48) is modified as

Θ̂(t) = Θ̂(t − 1) + γ (t)φ(t − d)εT (t)

c + φT (t − d)φ(t − d)
+ F(t), (8.59)
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where F(t) is the projection matrix whose other elements are all zeros except for
those (denoted as Fi (t) ∈ Rr×r ) corresponding to β̂ i

0(t) ∈ Rr×r in Θ̂i (t) of Θ̂(t).
More precisely, in terms of (8.53), the parameter projection adaptive law for β̂ i

0(t) is

β̂ i
0(t) = β̂ i

0(t − 1) + γ (t)μi (t − d)u(t − d)εT (t)

c + φT (t − d)φ(t − d)
+ Fi (t). (8.60)

The specification of Fi (t) depends on the needed property of the true parameters β i
0,

and in this case, the nonsingularity of
∑N

i=1 μi (t)β i
0, for all possible μi (t) and any

t ≥ 0 (see Assumption8.4).
Let the jkth element of β i

0 ∈ Rr×r be β i
0 jk , j, k = 1, 2, . . . , r , and, based on

Assumption 8.4, assume the following.

Assumption 8.6 β i
0 jk ∈ [β ia

0 jk, β
ib
0 jk] for some known constants β ia

0 jk and β ib
0 jk such

that for any β̂ i
0 jk ∈ [β ia

0 jk, β
ib
0 jk], with β̂ i

0 ∈ Rr×r whose jkth element is β̂ i
0 jk , j, k =

1, 2, . . . , r , the matrix
∑N

i=1 μi (t)β̂ i
0 is nonsingular, for all possible μi (t) and any

t ≥ 0.

Under this assumption,we can construct a desired parameter projection algorithm.
Denoting the jkth element of γ (t)μi (t−d)u(t−d)ε(t)

c+φT (t−d)φ(t−d)
in (8.60) as gijk(t) and that of F

i (t)

as f ijk(t), and choosing the initial parameter estimates as

β̂ i
0 jk(0) ∈ [β ia

0 jk, β
ib
0 jk], (8.61)

the projection function components can be set as

f ijk(t) =

⎧⎪⎨
⎪⎩

0 if hijk(t) ∈ [β ia
0 jk, β

ib
0 jk],

β ib
0 jk − hijk(t) if h

i
jk(t) > β ib

0 jk ,

β ia
0 jk − hijk(t) if h

i
jk(t) < β ia

0 jk ,

(8.62)

where hijk(t) = β̂ i
0 jk(t − 1) + gijk(t), for j, k = 1, 2, . . . , r , and i = 1, 2, . . . , N .

This algorithm has the key properties: (i) β̂ i
0 jk(t) ∈ [β ia

0 jk, β
ib
0 jk] for any t ≥ 0,

j, k = 1, 2, . . . , r , so that
∑N

i=1 μi (t)β̂ i
0(t) is nonsingular, for all possible μi (t) and

any t ≥ 0, by Assumption8.6, and (ii)3

qi
jk(t) = f ijk(t)(β̂

i
0 jk(t − 1) − β i

0 jk + gijk(t) + f ijk(t)) ≤ 0,

j, k = 1, 2, . . . , r, i = 1, 2, . . . , N (8.63)

so that the desired properties of Lemma8.1 are still valid. To see this, we obtain the
time increment of the positive definite function V defined in (8.49) as

3From (8.62), if hijk(t) > β ib
0 jk , then f ijk(t) = β ib

0 jk − hijk(t) < 0 so that qijk(t) = f ijk(t)(β
ib
0 jk −

β i
0 jk) ≤ 0 as β ib

0 jk − β i
0 jk ≥ 0 by definition of β ib

0 jk (it is similar when hijk(t) < β ia
0 jk ).
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212 8 Adaptive T–S Fuzzy Control Using Output Feedback: MIMO Case

V (Θ̃(t)) − V (Θ̃(t − 1))

≤ − a0‖ε(t)‖2
c + φT (t − d)φ(t − d)

+ 2
N∑
i=1

r∑
j=1

r∑
k=1

qi
jk(t)

−
N∑
i=1

r∑
j=1

r∑
k=1

( f ijk)
2, (8.64)

so that the desired adaptive law property (8.50) holds.
While in general the needed parameter bounds β ia

0 jk and β ib
0 jk in Assumption8.6

may be difficult to specify (while their existence is based on Assumption 8.4), they
may be figured out specifically for individual cases. For systems whose control gain
parameter matrices β i

0 have some special form, the specification of such bounds can
be carried out without difficulty.

A special case with parameter projection.We consider the casewhen the control
gain submatrices β i

0 are all lower triangular, that is, their elements β i
0 jk are such that

β i
0 jk = 0 for k > j . Since β i

0 is nonsingular, β i
0 j j �= 0 for j = 1, 2, . . . , r . In this

case, Assumption8.4 holds if and only if
∑N

i=1 μi (t)β i
0 j j �= 0 for all t ≥ 0, j =

1, 2, . . . , r , and for parameter projection, one can simply set β̂ i
0 jk(t) = 0 for k > j ,

any t ≥ 0, let β̂ i
0 jk(t) free for k < j , that is, let the corresponding f ijk(t) = 0, any t ≥

0, and only specify the needed f ij j (t), that is, the needed parameter bounds β ia
0 j j and

β ib
0 j j for Assumption 8.6 based on Assumption 8.4, to make

∑N
i=1 μi (t)β̂ i

0 j j (t) �= 0
for all t ≥ 0, j = 1, 2, . . . , r . This can be fulfilled, as it is a scalar case individually.
(The case when the control gain submatrices β i

0 are all upper triangular can be dealt
with through the similar way.)

In summary, the nonsingularity of
∑N

i=1 μi (t)β̂ i
0(t) (the control coefficientmatrix)

is a new technical issue of parameter estimation for adaptive control of MIMO fuzzy
systems. In this subsection, we have clarified this issue, conducted several case
studies, and proposed some solution schemes.

8.3.4 Adaptive Control Scheme

With the parameter estimation algorithm (8.59), we use the following adaptive feed-
back control law:

N∑
i=1

μi (t)β̂
i (z−1)[u](t) = ȳm(t) −

N∑
i=1

μi (t)α̂
i (z−1)[y](t), (8.65)

or equivalently,
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u(t) =
(

N∑
i=1

μi β̂
i
0

)−1 (
ȳm(t) −

N∑
i=1

μi α̂
i (z−1)[y](t) −

N∑
i=1

μi
ˆ̄β i (z−1)[u](t)

)
,

where ˆ̄β i (z−1) = β̂ i
1z

−1 + · · · + β̂ i
nb−1z

−(nb−1).

The control law (8.65) can be formulated in terms of Θ̂(t):

Θ̂(t)Tφ(t) = ȳm(t), ȳm(t) = ξd(z)[ym](t). (8.66)

The coefficient matrix of u(t) in (8.65) is
∑N

i=1 μi (t)β̂ i
0(t) whose nonsingularity,

addressed in Sect. 8.3.3 and ensured by special designs of parameter adaptation, is
crucial for solving the control Eq. (8.65).

Before establishing the stability and tracking properties of the adaptive control
system, we first prove the following bounding property for the regressor vector φ(t).

Lemma 8.2 Under Assumption8.3 and with ē(t) = ξd(z)[e](t) for e(t) = y(t) −
ym(t) and ξd(z) having degree d, the regressor φ(t) defined in (8.41) satisfies

‖φ(t − d)‖ ≤ ρ1 + ρ2 max
0≤τ≤t

‖ē(τ − d)‖, (8.67)

for some positive constants ρ1 and ρ2.

Proof For φ(t) in (8.41) and μi satisfying
∑N

i=1 μi = 1, we have

‖φ(t)‖ ≤ κ1‖ψ(t)‖, (8.68)

for some constant κ1 > 0, where ψ(t) = [yT (t), yT (t − 1), . . . , yT (t − n + 1),
uT (t), uT (t − 1), . . . , uT (t − nb + 1)]T .

Since y(t) = e(t) + ym(t), ψ(t) can be expressed as

ψ(t) = [eT(t), . . . , eT(t − n+1), uT(t), . . . , uT (t − nb+1)]T
+[yTm (t), . . . , yTm (t − n + 1), 0, 0, . . . , 0]T , (8.69)

we have

‖ψ(t)‖ ≤ κ2 max
t−n+1≤τ≤t

‖e(τ )‖ + κ3 max
t−nb+1≤τ≤t

‖u(τ )‖ + κ4, (8.70)

where κi , i = 2, 3, 4, are some positive constants. Since e(t) = ξ−1
d (z)[ē](t) with

ξ−1
d (z) being stable and strictly proper, we have from (8.70) that

‖ψ(t)‖ ≤ κ̄2 max
t−n+1≤τ≤t

‖ē(τ )‖ + κ3 max
t−nb+1≤τ≤t

‖u(τ )‖ + κ4, (8.71)

for some constant κ̄2 > 0.
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The system (8.21) under Assumption 8.3 and (8.28) satisfies

‖u(t − d)‖ ≤ κ5‖ē(t − d)‖ + κ6
∑

τ=0,1,...,t−1

λt−τ−1‖ē(τ − d)‖ + κ7

≤ κ8 max
0≤τ≤t

‖ē(τ − d)‖ + κ7, (8.72)

where κi , i = 5, 6, 7, 8, are some positive constants.
Finally, using (8.68), (8.70), and (8.72), we obtain

‖φ(t − d)‖ ≤ ρ1 + ρ2 max
0≤τ≤t

‖ē(τ − d)‖, (8.73)

where ρ1 and ρ2 are some positive constants. ∇
We now establish the stability and asymptotic tracking properties of the closed-

loop control system.

Theorem 8.1 The adaptive feedback control law (8.65), updated by the parameter
adaptive law (8.59) and applied to the system (8.21) subject to Assumptions 8.1–8.5,
ensures that all the closed-loop signals are bounded and limt→∞(y(t) − ym(t)) = 0.

Proof From (8.40) and (8.46), we have

ε(t) = −(Θ̂(t − 1) − Θ)Tφ(t − d), (8.74)

and from (8.40) and (8.66), for ē(t) = ȳ(t) − ȳm(t), we have

ē(t − d) = −(Θ̂(t − d) − Θ)Tφ(t − d)

= ε(t) − (Θ̂(t − d) − Θ̂(t − 1))Tφ(t − d)

= ε̄(t)
√
c + φT (t − d)φ(t − d)

−(Θ̂(t − d) − Θ̂(t − 1))T φ̄(t − d)mφ(t), (8.75)

(under the solvability of (8.66)), where

mφ(t) =
√
c + φT (t − d)φ(t − d),

ε̄(t) = ε(t)√
c + φT (t − d)φ(t − d)

,

φ̄(t − d) = φ(t − d)√
c + φT (t − d)φ(t − d)

, (8.76)

with ε̄(t) ∈ L2 ∩ L∞, Θ̂(t − d) − Θ̂(t − 1) ∈ L2 ∩ L∞, and‖φ̄(t − d)‖ ≤ 1.Using
the inequality

mφ(t) ≤ √
c + ‖φT (t − d)‖, (8.77)
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we express ē(t − d) from (8.75) as

‖ē(t − d)‖ ≤ c1 + ‖ε̄(t)‖‖φT (t − d)‖
+‖Θ̂(t − d) − Θ̂(t − 1)‖ ‖φT (t − d)‖, (8.78)

for some constant c1 > 0. Using Lemma8.2, we obtain

‖ē(t − d)‖ ≤ c2 + c3‖ε̄(t)‖ max
0≤τ≤t

‖ē(τ − d)‖
+ c4‖Θ̂(t − d) − Θ̂(t − 1)‖ max

0≤τ≤t
‖ē(τ − d)‖, (8.79)

for some constants ci > 0, i = 2, 3, 4.
From Lemma8.1, we have that limt→∞ ε̄(t) = 0 and limt→∞ ‖Θ̂(t) − Θ̂(t −

d)‖ = 0, and with these properties, it follows from (8.79) that ē(t) is bounded,
which implies that e(t) and in turn y(t) are bounded, and from the system’s
minimum phase property that u(t) is bounded. Hence, all signals in the closed-
loop system are bounded, based on which, from (8.75) in which ε̄(t) ∈ L2 and
Θ̂(t − d) − Θ̂(t − 1) ∈ L2, we have that ē(t) ∈ L2 so that limt→∞ ē(t) = 0. With
e(t) = ξ−1

d (z)[ē](t) and ξ−1
d (z) being a strictly proper and stable transfer function,

we have limt→∞ e(t) = 0. ∇
Thus far, we have solved Problem II, the adaptive control problem formulated

in Sect. 8.1, for the system (8.21) with uncertain parameters. Next, we present an
illustrative example with simulation results to show the key steps of the adaptive
control design and the desired adaptive control system performance.

8.4 Simulation Study

In this section,4 we present a numerical example to show the proposed system mod-
eling and parametrization and the feedback control designs, and to demonstrate the
effectiveness of the proposed adaptive control scheme.

8.4.1 Simulation System

Considering the two-input-two-output T–S fuzzy model:

Ri : IF y1(t) is Fi
1 and y2(t) is Fi

2,

THEN Ai (z−1)[y](t) = Bi (z−1)[u](t), (8.80)

4Parts of Sect. 8.4 are reprinted fromQi et al. (2014), Copyright 2014,with permission fromElsevier.
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where, in the same form as that of Example 8.1 introduced in Sect. 8.2.3, the system
dynamics matrices are

A1(z−1) =
[
1 0
0 1

]
+

[
2 0
0 0.5

]
z−1 +

[
1 0
0 3

]
z−2

B1(z−1) = z−1

([
1 2
0 0

]
+

[
0.5 2
0 1

]
z−1

)

A2(z−1) =
[
1 0
0 1

]
+

[
4 0
0 0.2

]
z−1 +

[
2 0
0 4

]
z−2

B2(z−1) = z−1

([
2 3
0 0

]
+

[
1 2
0 1

]
z−1

)
(8.81)

and the membership functions for F i
1 and F i

2 are

F1
1 (y1(t)) =

⎧⎨
⎩

0 y1(t) ≤ −6
0.5 + y1(t)

12 −6 < y1(t) < 6
1 y1(t) ≥ 6

(8.82)

F2
1 (y1(t)) =

⎧⎨
⎩

1 y1(t) ≤ −6
0.5 − y1(t)

12 −6 < y1(t) < 6
0 y1(t) ≥ 6

(8.83)

F1
2 (y2(t)) =

⎧⎨
⎩

0 y2(t) ≤ −4
0.5 + y2(t)

8 −4 < y2(t) < 4
1 y2(t) ≥ 4

(8.84)

F2
2 (y2(t)) =

⎧⎨
⎩

1 y2(t) ≤ −4
0.5 − y2(t)

8 −4 < y2(t) < 4
0 y2(t) ≥ 4.

(8.85)

As derived in Sect. 8.2.3, with the interactor matrix

ξd(z) =
[
z 0
0 z2

]
, (8.86)

from (8.36) and (8.81), we have

α1(z−1) =
[−2 0

0 −2.75

]
+

[−1 0
0 1.5

]
z−1

β1(z−1) =
[
1 2
0 1

]
+

[
0.5 2
0 −0.5

]
z−1

α2(z−1) =
[−4 0

0 0

]
+

[−2 0
0 8

]
z−1

β2(z−1) =
[
2 3
0 1

]
+

[
1 2
0 −0.2

]
z−1.
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As in (8.21) with μi (t) = μi (ξ(t)), we obtain the global fuzzy system prediction
system model:

ȳ(t) =
2∑

i=1

μi (ξ(t))(αi (z−1)[y](t) + μiβ
i (z−1)[u](t)), (8.87)

where μi (ξ(t)) is the normalized firing strength:

μi (ξ(t)) = λi (ξ(t))∑2
i=1 λi (ξ(t))

, λi (ξ(t)) =
2∏
j=1

Fi
j (ξ j (t)) (8.88)

with ξ(t) = [ξ1(t), ξ2(t)]T = [y1(t), y2(t)]T .
From the expressions of β1(z−1) and β2(z−1) below (8.86), we can calculate the

zeros of β1(z−1) and β2(z−1) as

z11 = 0.5, z12 = 0.5, z21 = 0.5, z22 = 0.2. (8.89)

Since in this case, β i (z−1), i = 1, 2, are first order and triangular, it can be verified
that the condition that all the zeros of β i (z−1), i = 1, 2, are in the unit circle |z| < 1
which ensures that the global fuzzy system prediction model (8.87) is minimum
phase, given that μi (ξ(t)) ∈ [0, 1], i = 1, 2.

If the parameter of αi (z−1) and β i (z−1) are known, the nominal control law (8.38)
can be applied and the control signal u(t) can be derived from

2∑
i=1

μiβ
i (z−1)[u](t) = ȳm(t) −

2∑
i=1

μiα
i (z−1)[y](t). (8.90)

If the parameters ofαi (z−1) andβ i (z−1) are unknown, the adaptive control scheme
(8.65) is applied with the parameter estimation (8.59).

8.4.2 Simulation Results

In the simulation, the initial parameter values are set as 50% of the true values and
the adaptive gain γ (t) is chosen as 0.5 (in this simulation, there was no need to
adjust γ (t) for solving (8.65)). The control objective is for the system output y(t)
to track the reference signal ym(t) = [2 sin(0.2t), sin(0.2t)]T . The adaptive system
responses and control signals are shown in Figs. 8.1 and 8.2, respectively. Figures8.3,
8.4, 8.5, and 8.6 present the parameter adaptation results.

The simulation results show that the developed MIMO adaptive fuzzy control
scheme can achieve the desired system performance: closed-loop system stability
and asymptotic tracking of ym(t) by y(t), despite the system parameter uncertainties.
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Fig. 8.1 Adaptive system responses. Reprinted from Qi et al. (2014), Copyright 2014, with per-
mission from Elsevier
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Fig. 8.2 Control signals. Reprinted from Qi et al. (2014), Copyright 2014, with permission from
Elsevier
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Fig. 8.3 Parameter estimation of α1(z−1). Reprinted from Qi et al. (2014), Copyright 2014, with
permission from Elsevier
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Fig. 8.4 Parameter estimation of α2(z−1). Reprinted from Qi et al. (2014), Copyright 2014, with
permission from Elsevier
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Fig. 8.5 Parameter estimation of β1
0 and β2

0 . Reprinted fromQi et al. (2014), Copyright 2014, with
permission from Elsevier

0 50 100 150 200 250 300
−0.5

0

0.5

1

1.5

2

Time t (steps)

0 50 100 150 200 250
−0.5

0

0.5

1

1.5

2

Time t (steps)

β̂2
111 β̂2

112 β̂2
121 β̂2

122

β̂1
111 β̂1

112 β̂1
121 β̂1

122

Fig. 8.6 Parameter estimation of β1
1 and β2

1 . Reprinted fromQi et al. (2014), Copyright 2014, with
permission from Elsevier
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8.5 Summary

In this chapter,wehave studied an adaptive fuzzy control scheme for nonlinearMIMO
systems in the input–output form based on discrete-time MIMO T–S fuzzy models
with general delay matrices. Similar to that for a regular adaptive control problem, a
prediction model is crucial for solving a fuzzy adaptive control problem, which has
been derived as a fuzzy prediction model with a general delay structure. A model-
based adaptive controller is then designed and closed-loop stability and tracking
performance analysis have been given. Simulation results have demonstrated the
desired stability and tracking performance of the developed adaptive fuzzy control
systems.
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Chapter 9
Adaptive T–S Fuzzy Control with
Unknown Membership Functions

In the previous chapter, the T–S fuzzy dynamic systems were formulated into lin-
early parametrized models, based on which parameter adaptive laws were designed
and closed-loop system stability was analyzed. However, there are two group of
parameters in a T–S fuzzy system: consequent parameters and membership func-
tions parameters. The former are usually linearly dependent parameters while the
latter are usually nonlinearly dependent, i.e., parameters of Gaussian or Sigmoidal
membership functions. Most adaptive control approaches assume the parameters of
membership functions are accurate enough so that only the uncertainties in con-
sequent parameters are considered. However, in practice, it is difficult to set the
membership function parameters accurately in advance. Thus, it is of major interest
to develop effective schemes to deal with membership parameter uncertainties.

In this chapter, we address such an issue using an adaptive estimation method
with a gradient algorithm derived based on a nonlinearly parameterized error model
resulted from the parameter nonlinearity of membership functions. Our study is
conducted based on a discrete-time input–outputmultiple-delay predictionT–S fuzzy
dynamic systemmodel. Such amodel has been used in Sects. 7.2 and 7.3, for adaptive
fuzzy control, and their designs make use of the knowledge of the membership
parameters. In this section, we solve the adaptive control problemwithout using such
membership parameter knowledge, and our adaptive control design use adaptation
to estimate the membership parameters, in addition to local system parameters.

© Springer Nature Switzerland AG 2019
R. Qi et al., Fuzzy System Identification and Adaptive
Control, Communications and Control Engineering,
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9.1 Problem Statement

Consider the fuzzy system model (7.13), that is

y(t + d) =
N∑

i=1

μiαi (z
−1)[y](t) +

N∑

i=1

μiβi (z
−1)[u](t), (9.1)

where μi is the normalized firing strength satisfying

μi (ξ) = λi (ξ)
∑N

i=1 λi (ξ)
, λi (ξ) =

L∏

j=1

Fi
j (ξ j ),

μi (ξ) ≥ 0,
N∑

i=1

μi (ξ) = 1. (9.2)

The goal of this chapter is to address the issue of parameter uncertainties of the
membership functions Fi

j (ξ j (t)) for adaptive control of the fuzzy system (9.1).

Parameters inμi (ξ). The normalized firing strengthμi (ξ) depends on the selec-
tion of the membership functions Fi

j (ξ j ), i = 1, 2, . . . , N , j = 1, 2, . . . , L . For
example, for the Gaussian membership function

Fi
j (ξ j ) = exp

{
− (ξ j − cij )

2

σ i2
j

}
, (9.3)

the parameters are σ i2
j and cij , and for the sigmoidal-shape membership function

Fi
j (ξ j ) = 1

1 + exp{−κ i
j (ξ j − cij )}

, (9.4)

the parameters are cij and κ i
j . In the adaptive control design of Chap. 7, those mem-

bership function parameters are assumed known. In this chapter, we consider the
adaptive control design with unknown membership function parameters under the
following assumptions:

Assumption 9.1 The fuzzy system (9.1) is minimum phase.

The minimum phase property of a fuzzy system is defined in Definition 7.1.

We will first derive an adaptive parameter estimation algorithm for the system
(9.1) with uncertain parameters in μi (ξ(t)), αi (z−1), and βi (z−1), and then design
an adaptive control law and analyze its baseline and robustness properties.
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9.2 Parameter Estimation Algorithm

In this section, we develop a solution to the adaptive parameter estimation problem
involving a nonlinearly parameterized prediction systemmodel when the parameters
in the membership functions μi are unknown. We first derive an error model based
on an estimation error signal introduced from the nonlinear parametrization, and
then design a parameter adaptive law based on a gradient algorithm to estimate the
prediction system parameters.

9.2.1 Nonlinearly Parameterized Model

To estimate the system parameters in both μi (ξ(t)) = μi (θμ; t) (for some parameter
vector θμ to be defined) and (αi (z−1), βi (z−1)), we need to develop a parameterized
model. With the knowledge of n and d, the fuzzy system (9.1) can be expressed as

y(t + d) = F(θs, θμ; t) �=
N∑

i=1

f Ti (θi , θμ; t)φ0(t), (9.5)

where
fi (θi , θμ; t) = μi (ξ(t))θi = μi (θμ; t)θi , (9.6)

φ0(t) = [y(t), y(t − 1), . . . , y(t − n + 1),

u(t), u(t − 1), . . . , u(t − n + 1)]T , (9.7)

θs = [θT
1 , θT

2 , . . . , θT
N ]T , (9.8)

θi = [αi,0, αi,1, . . . , αi,n−1, βi,0, βi,1, . . . , βi,n−1]T , (9.9)

and the parameter vector θμ depends on the selection of the membership functions
Fi
j (ξ j ), i = 1, 2, . . . , N , j = 1, 2, . . . , L . For the Gaussian membership functions

in (9.3), with νi
j = σ i2

j , for μi in (9.2), we have

θμ = [c11, ν1
1 , . . . , c

1
L , ν

1
L , . . . , c

N
1 , νN

1 , . . . , cNL , νN
L ]T . (9.10)

For the sigmoidal membership functions in (9.4), we have

θμ = [c11, κ1
1 , . . . , c

1
L , κ

1
L , . . . , c

N
1 , κN

1 , . . . , cNL , κN
L ]T . (9.11)

In both cases, θμ is an nμ = 2NL-dimensional vector.

co
nt

ro
len

gin
ee

rs
.ir



226 9 Adaptive T–S Fuzzy Control with Unknown Membership Functions

Remark 9.1 The model (9.5) is a nonlinearly parameterized model when θμ is
unknown.When the parameters of θμ are known, this model reduces to the following
linearly parameterized model (as given in Sect. 7.2.3)

y(t + d) = θT
s φ(t), (9.12)

where

φ(t) = [φT
1 (t), φT

2 (t), . . . , φT
N (t)]T , (9.13)

φi (t) = [μi y(t), μi y(t − 1), . . . , μi y(t − n + 1), (9.14)

μi u(t), μi u(t − 1), . . . , μi u(t − n + 1)]T . (9.15)

In this linearly parameterized model, θs is unknown and φ(t) is known, for which
linear parameter estimation algorithms (such as a gradient algorithm or least squares
algorithm), can be used to estimate θ . A key step is to introduce an estimation error

ε(t) = y(t) − θ̂T
s (t − 1)φ(t − d), (9.16)

where θ̂s(t − 1) is the estimate of θs at time t − 1. For the linear parametrization
case with (9.12), this estimation error ε(t) leads to a linear error model

ε(t) = −(θ̂s(t − 1) − θs)
Tφ(t − d). (9.17)

For the nonlinearly parameterized model (9.5), a gradient algorithm can still be used
but it needs to be designed in a nonlinear parametrization form. ��

9.2.2 Estimation Error Model

Let θ̂ (t) and θ̂μ(t) be the estimates of the unknown parameter vectors θ and θμ,
respectively. Then we introduce the estimation error signal

ε(t) = y(t) −
N∑

i=1

f Ti (θ̂i (t − 1), θ̂μ(t − 1); t − d)φ0(t − d)

= y(t) − F(θ̂s(t − 1), θ̂μ(t − 1); t − d). (9.18)

From (9.5) and (9.18), we obtain the estimation error model
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ε(t) =
N∑

i=1

(
fi (θi , θμ; t − d)

− fi (θ̂i (t − 1), θ̂μ(t − 1); t − d)
)T

φ0(t − d). (9.19)

Note that, (9.18) gives a “physical” expression (in the sense that all of its signals
are available) of ε(t) useful for implementation, while (9.19) gives a mathematical
expression (with θ and θμ unknown) of ε(t) useful for analysis.

For the nonlinear parametrization case with (9.5), an approximation is needed to
reach an approximated linear error model suitable for adaptive law development. To
proceed, using Taylor series expansion, we express

fi (θi , θμ; t − d) = fi (θ̂i (t − 1), θ̂μ(t − 1); t − d)

+ ∂ fi
∂θi

|(θ̂i (t−1),θ̂μ(t−1);t−d)(θi − θ̂i (t − 1))

+ ∂ fi
∂θμ

|(θ̂i (t−1),θ̂μ(t−1);t−d)(θμ − θ̂μ(t − 1)) +δi (t), (9.20)

where δi (t) includes all “higher order partial derivative or error terms” in a standard
Taylor series.

For fi (θi , θμ; t) = μi (θμ; t)θi in (9.6) with μi (θμ; t) ∈ R and θi ∈ R2n , we have

∂ fi
∂θi

|(θ̂i (t−1),θ̂μ(t−1);t−d) = μi (θ̂μ(t − 1); t − d)I2n, (9.21)

∂ fi
∂θμ

|(θ̂i (t−1),θ̂μ(t−1);t−d) = θi ⊗ ∂μi

∂θμ

|(θ̂i (t−1),θ̂μ(t−1);t−d)

�= θ̂i ⊗ ∂μ̂i

∂θ̂μ

, (9.22)

where ⊗ is the Kronecker product, and

∂μi

∂θμ

=
[

∂μi

∂θμ1
, . . . ,

∂μi

∂θμnμ

]
, (9.23)

for θμ = [θμ1, . . . , θμnμ
]T , that is, the j th row of θi ⊗ ∂μi

∂θμ
is θi j

[
∂μi

∂θμ1
, . . . ,

∂μi

∂θμnμ

]
,

j = 1, 2, . . . , 2n, for
θi = [θi1, θi2, . . . , θi 2n]T . (9.24)

Moreover, from the linearity of fi (θi , θμ; t) in θi , we have

∂k fi
∂θ k

i

= 0, k > 1, (9.25)
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228 9 Adaptive T–S Fuzzy Control with Unknown Membership Functions

∂k+ j fi

∂θ k
i ∂θ

j
μ

= 0, k > 1, j > 0. (9.26)

Hence, the higher order terms in δi (t) only include (θi j − θ̂i j )(θμl − θ̂μl)
k , k ≥ 1, and

(θμl − θ̂μl)
k , k > 1, etc., that is, no (θi j − θ̂i j )

k (k > 1) related terms are included,
where θi j and θμl are the components of θi and θμ, with their estimates θ̂i j and θ̂μl in
θ̂i and θ̂μ.

To simplify the notation, we denote

∂ f̂i

∂θ̂i
= ∂ fi

∂θi
|(θ̂i (t−1),θ̂μ(t−1);t−d), (9.27)

∂ f̂i

∂θ̂μ

= ∂ fi
∂θμ

|(θ̂i (t−1),θ̂μ(t−1);t−d). (9.28)

Assuming δi (t) = 0 in (9.20), we have

fi (θi , θμ; t − d) = fi (θ̂i (t − 1), θ̂μ(t − 1); t − d) + ∂ f̂i

∂θ̂i
(θi − θ̂i (t − 1))

+ ∂ f̂i

∂θ̂μ

(θμ − θ̂μ(t − 1)). (9.29)

Then, ε(t) in (9.19) can be expressed as

ε(t) =
N∑

i=1

⎛

⎝(θi − θ̂i (t − 1))T
(

∂ f̂i

∂θ̂i

)T

φ0(t − d)

+(θμ − θ̂μ(t − 1))T
(

∂ f̂i

∂θ̂μ

)T

φ0(t − d)

⎞

⎠ . (9.30)

This is a linearly parameterized model as the basic error equation for the adaptive
parameter estimation problem, with which a baseline adaptive algorithm can be
designed.

9.2.3 Adaptive Law

Based on the estimation error model (9.30), we design the adaptive law for updating
the parameter estimates θ̂i and θ̂μ as
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9.2 Parameter Estimation Algorithm 229

θ̂i (t) = θ̂i (t − 1) +
γ (t)

(
∂ f̂i
∂θ̂i

)T
φ0(t − d)ε(t)

m2(t)
, (9.31)

θ̂μ(t) = θ̂μ(t − 1) +
γ (t)

∑N
i=1

(
∂ f̂i
∂θ̂μ

)T
φ0(t − d)ε(t)

m2(t)
, (9.32)

where γ (t) is the adaptation gain which, based on the linear-like error model (9.30),
should satisfy: γ (t) ∈ (γ0, 2 − γ0) for some constant γ0 ∈ (0, 1), and

m2(t) = c +
N∑

i=1

‖
(

∂ f̂i

∂θ̂i

)T

φ0(t − d)‖2 + ‖
N∑

i=1

(
∂ f̂i

∂θ̂μ

)T

φ0(t − d)‖2 (9.33)

with c > 0 and ‖ · ‖ being the l2 vector norm.

This adaptive law is a gradient algorithm of the form

θ̂ (t) = θ̂ (t − 1) − γ
∂ J

∂θ̂(t − 1)
, (9.34)

for J being a quadratic function of ε (Ioannou and Sun 1996), applied to our T–S
fuzzy control casewith a nonlinear parametrization (9.5). For the adaptive laws (9.31)
and (9.32), we have used J = 1

2
ε2

m2(t) and such a normalized cost function J enables
us to choose an adaptation gain γ (t) to ensure the stability of parameter adaptation,
as shown next.

9.2.4 Stability Analysis

Stability analysis for error model (9.30): δi (t) = 0. We first analyze the stability
of the adaptive laws (9.31) and (9.32) for the approximated estimation error model
(9.30) without δi (t). Define the parameter errors

θ̃i (t) = θ̂i (t) − θi , i = 1, 2, . . . , N

θ̃μ(t) = θ̂μ(t) − θμ. (9.35)

Then, the error model (9.30) can be written into

ε(t) = −
N∑

i=1

⎛

⎝θ̃T
i (t − 1)

(
∂ f̂i

∂θ̂i

)T

φ0(t − d) − θ̃T
μ (t − 1)

(
∂ f̂i

∂θ̂μ

)T

φ0(t − d)

⎞

⎠ (9.36)
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which can be further formulated as

ε(t) = −θ̃T (t − 1)ψ(t − d), (9.37)

where

θ̃ (t − 1) = [θ̃T
1 (t − 1), . . . , θ̃ T

N (t − 1), θ̃T
μ (t − 1)]T ,

ψ(t − d) =
[
φT
0 (t − d)

(
∂ f̂1

∂θ̂1

)
, . . . , φT

0 (t − d)

(
∂ f̂N

∂θ̂N

)
,

N∑

i=1

φT
0 (t − d)

(
∂ f̂i

∂θ̂μ

)]T

. (9.38)

Choose the Lyapunov function V (t) = θ̃ T (t)θ̃(t) and define �V (t) = V (t) −
V (t − 1). Then, we have

�V (t) = θ̃T (t)θ̃(t) − θ̃T (t − 1)θ̃(t − 1)

=
N∑

i=1

(
θ̃T
i (t)θ̃i (t) − θ̃T

i (t − 1)θ̃i (t − 1)
)

+θ̃T
μ (t)θ̃μ(t) − θ̃T

μ (t − 1)θ̃μ(t − 1). (9.39)

Subtracting θi from both sides of (9.31) and θμ from both sides of (9.32), we obtain

θ̃i (t) = θ̃i (t − 1) +
γ (t)

(
∂ f̂i
∂θ̂i

)T
φ0(t − d)ε(t)

m2(t)
, (9.40)

θ̃μ(t) = θ̃μ(t − 1) +
γ (t)

∑N
i=1

(
∂ f̂i
∂θ̂μ

)T
φ0(t − d)ε(t)

m2(t)
. (9.41)

Substituting (9.40) and (9.41) into (9.39) yields

�V (t) =
N∑

i=1

⎛

⎜⎝
2γ (t)θ̃T

i (t − 1)
(

∂ f̂i
∂θ̂i

)T
φ0(t − d)ε(t)

m2(t)

+
γ 2(t)εT (t)φT

0 (t − d)
(

∂ f̂i
∂θ̂i

) (
∂ f̂i
∂θ̂i

)T
φ0(t − d)ε(t)

m4(t)

⎞

⎟⎠

+
2γ (t)θ̃T

μ (t − 1)
∑N

i=1

(
∂ f̂i
∂θ̂μ

)T
φ0(t − d)ε(t)

m2(t)
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+
γ 2(t)εT (t)

∑N
i=1 φT

0

(
∂ f̂i
∂θ̂μ

) ∑N
i=1

(
∂ f̂i
∂θ̂μ

)T
φ0ε(t)

m4(t)
. (9.42)

With (9.38), the above equation can be written as

�V (t) = 2γ (t)θ̃T (t − 1))ψ(t − d)ε(t)

m2(t)

+γ 2(t)εT (t)ψT (t − d)ψ(t − d)ε(t)

m4(t)
. (9.43)

Making both sides of (9.37) multiplied by ε(t) produces

ε2(t) = −θ̃T (t − 1)ψ(t − d)ε(t). (9.44)

Substituting (9.44) into (9.43) yields

�V (t) ≤ −2γ (t)ε2(t)

m2(t)
+ γ 2(t)‖ψ(t − d)‖2ε2(t)

m4(t)
. (9.45)

For m2(t) and Ψ (t − d) in (9.33) and (9.38), we have

‖Ψ (t − d)‖2 < m2(t). (9.46)

Hence, it follows that

�V (t) <
−2γ (t)ε2(t)

m2(t)
+ γ 2(t)ε2(t)

m2(t)

= −γ (t)(2 − γ (t))
ε2(t)

m2(t)
. (9.47)

With γ (t) ∈ (γ0, 2 − γ0) for a constant γ0 ∈ (0, 1), we have

�V (t) ≤ −γ0(2 − γ0)
ε2(t)

m2(t)
≤ 0. (9.48)

From this inequality, we can derive the following properties (Qi et al. 2011):

Lemma 9.1 The parameter adaptive laws (9.31) and (9.32), when applied to the
error model (9.30), have the properties:

(i) ‖θ̂ (t) − θ‖ ≤ ‖θ̂ (t − 1) − θ‖ ≤ ‖θ̂ (0) − θ‖, for the l2-vector norm ‖ · ‖;
(ii) ε(t)

m(t) ∈ L2;

(iii) limt→∞ ε(t)
m(t) = 0;
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232 9 Adaptive T–S Fuzzy Control with Unknown Membership Functions

(iv) ‖θ̂ (t) − θ̂ (t − t1)‖ ∈ L2, t1 > 0; and

(vi) limt→∞ ‖θ̂ (t) − θ̂ (t − t1)‖ = 0, t1 > 0.

These are the baseline properties of the designed adaptive parameter estimation
scheme with the estimation error (9.18), under the condition that the approximation
error δi = 0.

Robustnesswith respect tononlinearity error δi (t). To ensure the adaptive law’s
robustness with respect to the nonlinearity approximation errors δi (t) in (9.20), we
need tomodify the adaptive lawswith certain design signals (Tao 2003); for example,
a projection design signal to ensure that the parameter estimates (the components of
θ̂i and θ̂μ) are in certain prespecified ranges. To ensure smallness of the estimation
error signal ε(t) and parameter variations θ̂i (t) − θ̂i (t − 1) and θ̂μ(t) − θ̂μ(t − 1),
relative to the modeling errors δi (t), important for closed-loop system stability, the
normalized errors δi (t)

m(t) needs to be small. This can be ensured for θ̂ (t) initialized in
a certain neighborhood of θ . Furthermore, certain characterizations of δi (t) can also
be used to redesign the adaptive laws (9.31) and (9.32) to enhance its robustness. In
Sect. 9.4, a simulation studywill be presented to show thedesired systemperformance
despite the presence of δi (t).

9.3 Adaptive Control Design

In this section, we design and analyze an adaptive control scheme for the T–S fuzzy
dynamic system (9.1), to solve the adaptive control problem with unknown member-
ship function parameters. A critical stability condition is that the partial derivatives
∂μ̂i

∂θ̂μ

are bounded. We will establish such a condition for the Gaussian membership

functions Fi
j (ξ j ) in (9.3), and use it to prove some desired system stability and

tracking properties.

9.3.1 Nominal Controller

If the system parameters are known, the control problem can be solved by the fol-
lowing nominal control scheme. For designing the nominal control law, we have the
following assumption:

Assumption 9.2
N∑
i=1

μi (θμ)βi0 �= 0.

Nominal control law. For a reference signal ym(t) to be tracked by the system
output y(t), the nominal control law for the system (9.1) is
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u(t) = 1
∑N

i=1 μi (θμ)βi0

[
−

N∑

i=1

μi (θμ)αi (z
−1)[y](t)

−
N∑

i=1

μi (θμ)β̄i (z
−1)[u](t) + ym(t + d)

]
, (9.49)

where β̄i (z−1) = βi1z−1 + · · · + βi, n−1z−n+1. Similar to that in Goodwin and Sin
(1984) for a regular system, this control law, when applied to the fuzzy system (9.1)
brings y(t + d) to ym(t + d) in one step, and ensures closed-loop signal boundedness
under Assumption 9.1 (the minimum phase condition).

The nominal control law (9.49) is a deadbeat control law, which generally requires
large control signals. To reduce the possible deadbeat transient, we propose the
following alternative control law:

An alternative control law. In stead of (9.49), we can also choose a more general
nominal control law:

u(t) = 1
∑N

i=1 μi (θμ)βi0

[
−

N∑

i=1

μi (θμ)αi (z
−1)[y](t)

−
N∑

i=1

μi (θμ)β̄i (z
−1)[u](t) + ym(t + d))

+k1(ym(t + d − 1) − y(t + d − 1)) + · · ·
+kd−1(ym(t + 1) − y(t + 1))

+kd(ym(t) − y(t)))

]
, (9.50)

where ki , i = 1, 2, . . . , d, are design parameters such that

k(z) = zd + k1z
d−1 + · · · + kd−1z + kd (9.51)

is a stable polynomial. To implement this control law, the signals y(t + 1), . . . , y(t +
d − 1) when d > 1, not directly measured, can be reconstructed from (9.1).

Remark 9.2 For non-minimum phase systems, an adaptive pole placement control
design may be a choice but it needs some extension new study for the T–S fuzzy
dynamic systems. The control law (9.50) can also be applied to non-minimum phase
systems, which may be considered as a kind of pole placement.

This nominal control law (9.49) or (9.50) provides the basic controller structure
which can be adopted for adaptive control using adaptive estimates of the unknown
system parameters, updated from the adaptive laws (9.31) and (9.32).
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234 9 Adaptive T–S Fuzzy Control with Unknown Membership Functions

9.3.2 Adaptive Control Scheme

Let α̂i (z−1) and β̂i (z−1) be the estimates of αi (z−1) and βi (z−1) (whose expressions
are given in (7.11) and (7.12)), and μ̂i = μi (θ̂μ) be the estimate ofμi = μi (θμ), with
parameters estimates α̂i j , β̂i j and θ̂μ. We choose the global fuzzy control law as

u(t) = 1
∑N

i=1 μi (θ̂μ)β̂i0

[
−

N∑

i=1

μi (θ̂μ)α̂i (z
−1)[y](t)

−
N∑

i=1

μi (θ̂μ)̂̄β i (z
−1)[u](t) + ym(t + d)

]
, (9.52)

for the system (9.1) with unknown parameters αi j , βi j , and θμ.

The adaptive version of the alternative nominal control law (9.50) can also be
developed with the estimates of y(t + d − 1), . . . , y(t + 1), parameterized in terms
of someunknownparameters andknownsignals (current andpast inputs andoutputs).

A signal bounding property. We now show that the adaptive control system has
desired stability and tracking properties. Substituting (9.52) into (9.1), we obtain the
closed-loop system as

y(t + d) =
N∑

i=1

[ fi (θi , θμ; t) − fi (θ̂i (t), θ̂μ(t); t)]Tφ0(t) + ym(t + d), (9.53)

which can be equivalently written into

y(t) = ym(t) +
N∑

i=1

f Ti (θi , θμ; t − d)φ0(t − d)

−
N∑

i=1

f Ti (θ̂i (t − d), θ̂μ(t − d); t − d)φ0(t − d). (9.54)

With e(t) = y(t) − ym(t) and (9.20), we have

e(t) =
N∑

i=1

(
f Ti (θ̂i (t − 1), θ̂μ(t − 1); t − d) − f Ti (θ̂i (t − d), θ̂μ(t − d); t − d)

)
φ0(t − d)

−
N∑

i=1

⎛

⎝θ̃Ti (t − 1)

(
∂ f̂i
∂θ̂i

)T

φ0(t − d) + θ̃Tμ (t − 1)

(
∂ f̂i
∂θ̂μ

)T

φ0(t − d)

⎞

⎠

+
N∑

i=1

δTi (t)φ0(t − d)
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=
N∑

i=1

(
μi (θ̂μ(t − 1))θ̂Ti (t − 1) − μi (θ̂μ(t − d))θ̂Ti (t − d))

)
φ0(t − d)

+ε(t) +
N∑

i=1

δTi (t)φ0(t − d) (9.55)

with ε(t)) defined in (9.37).
We first present a desired property for φ0(t) (Qi et al. 2011).

Lemma 9.2 Under Assumption 9.1, the regressor φ0(t) defined in (9.7) satisfies

‖φ0(t − d)‖ ≤ ρ1 + ρ2 max
0≤τ≤t

|e(τ )|, (9.56)

for some positive constants ρ1 and ρ2.

The proof of Lemma 9.2 is based on Assumption 9.1 and Definition 7.1 which is
similar to the proof of Lemma 7.2.

A membership function property. For the adaptive control of (9.1) with uncer-
tain membership function parameters, the property of membership function plays a
key role in the stability analysis of the closed-loop adaptive control system. In the
following proposition, we present the membership function property for Gaussian
membership function.

Proposition 9.1 For the Gaussian membership function (9.3), the partial derivative
vector ∂μ̂i

∂θ̂μ

in (9.22), as a function of time t, has the property:

∂μ̂i

∂θ̂μ

∈ L∞. (9.57)

Proof The membership function describing “Fi
j ” is chosen as Gaussian function:

Fi
j (ξ j ) = exp

{
− (ξ j − cij )

2

σ i2
j

}
. (9.58)

From the normalized firing strength of Rule i :

μi (ξ) = λi (ξ)
∑N

i=1 λi (ξ)
, λi (ξ) =

L∏

j=1

Fi
j , (9.59)
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and with vij = σ i2
j , we can calculate ∂μ̂i

∂θ̂μ

as follows:

∂μ̂i

∂ ĉij
= λi

∑N
l=1,l �=i λl

(∑N
i=1 λi

)2 · 2(ξ j − ĉij )

v̂ij
, (9.60)

∂μ̂i

∂ ĉkj
= −λiλk

(∑N
i=1 λi

)2 ·
2

(
ξ j − ĉkj

)

v̂kj
, i �= k (9.61)

∂μ̂i

∂ v̂ij
= λi

∑N
l=1,l �=i λl

(∑N
i=1 λi

)2 ·
(
ξ j − ĉij

)2

(v̂ij )
2

, (9.62)

∂μ̂i

∂ v̂kj
= −λiλk

(∑N
i=1 λi

)2 ·
(
ξ j − ĉkj

)2

(
v̂kj

)2 , i �= k. (9.63)

From (9.58) and (9.59), we have

λi

2
(
ξ j − ĉij

)

v̂ij
=

L∏

l=1,l �= j

Fi
l (ξ) · ρi

j (ξ), (9.64)

where

ρi
j (ξ) =

2(ξ j−ĉij )

v̂ij

exp
{

(ξ j−ĉij )
2

v̂ij

} . (9.65)

From the expression of ρi
j (ξ), we obtain that ρ(ξ j ) is bounded. Furthermore, con-

sidering
∑N

i=1 λi (ξ) > 0 which ensures there is at least one rule activated for a valid
fuzzy model, we have ∂μ̂i

∂ ĉij
∈ L∞ in (9.60). Following the similar analysis, we can

obtain ∂μ̂i

∂ ĉkj
, ∂μ̂i

∂ v̂ij
and ∂μ̂i

∂ v̂kj
are all bounded. Therefore, we conclude that

∂μ̂i

∂θ̂μ

∈ L∞. (9.66)

∇
This proposition shows a key property of the Gaussian membership functions,

which is important for establishing the stability of adaptive control of T–S fuzzy
systems with membership function parameter uncertainties leading to a nonlinear
parametrization. Such a property can be similarly shown for the sigmoidal-shape
membership functions. This proved property provides a basic development for the
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9.3 Adaptive Control Design 237

application of the linear parameter adaptation technique to nonlinearly parameterized
T–S fuzzy systems. The use of this property will be shown next for stability analysis.

Stability properties for error model (9.30) when δi (t) = 0. We first study the
ideal properties of the adaptive control system under the condition that the approxi-
mation error δi (t) = 0 as in the error model (9.30).

The following results can be obtained (Qi et al. 2011).

Theorem 9.1 The closed-loop system, with the plant (9.1) satisfying Assumptions
9.1 and 9.2 and the membership function satisfying (9.57), the controller (9.52) and
the adaptation laws (9.31) and (9.32), under the condition that δi (t) = 0, has the
baseline properties: all system signals are bounded and the tracking error e(t) =
y(t) − ym(t) converges to zero asymptotically with time.

Proof From (9.55) with δi (t) = 0, we have

e(t) =
N∑

i=1

(
μi (θ̂μ(t − 1))θ̂T

i (t − 1)

− μi (θ̂μ(t − d))θ̂T
i (t − d))

)
φ0(t − d) + ε̄(t)m(t) (9.67)

with ε̄(t) = ε(t)
m(t) and m(t) defined in (9.33).

From (9.33), we have

m(t) ≤ √
c +

√√√√
N∑

i=1

∥∥∥∥

(
∂ f̂i

∂θ̂i

)T

φ0(t − d)

∥∥∥∥
2

+
√√√√

∥∥∥∥
N∑

i=1

(
∂ f̂i

∂θ̂μ

)T

φ0(t − d)

∥∥∥∥
2

≤ √
c +

N∑

i=1

∥∥∥∥

(
∂ f̂i

∂θ̂i

)T

φ0(t − d)

∥∥∥∥ +
∥∥∥∥

N∑

i=1

(
∂ f̂i

∂θ̂μ

)T

φ0(t − d)

∥∥∥∥

≤ √
c +

N∑

i=1

∥∥∥∥

(
∂ f̂i

∂θ̂i

)∥∥∥∥

∥∥∥∥φ0(t − d)

∥∥∥∥ +
N∑

i=1

∥∥∥∥
∂ f̂i

∂θ̂μ

∥∥∥∥

∥∥∥∥φ0(t − d)

∥∥∥∥. (9.68)

From (9.21) and μi (θ̂μ) ∈ (0, 1), we have ∂ f̂i
∂θ̂i

∈ L∞. With Lemma 9.1 and (9.57),

we obtain ∂ f̂i
∂θ̂μ

∈ L∞ from (9.22). Hence,

m(t) ≤ √
c + c1

∥∥∥∥φ0(t − d)

∥∥∥∥, (9.69)

where c1 is a positive constant.
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With Lemma 9.1, we have ε̄(t) ∈ L2
⋂

L∞ and θ̂ (t − d) − θ̂ (t − 1) ∈ L2
⋂

L∞.
Then using the inequality (9.69), we can express e(t) in (9.67) as

|e(t)| ≤ c2 + ‖
N∑

i=1

(
μi (θ̂μ(t − 1))θ̂T

i (t − 1)

−μi (θ̂μ(t − d))θ̂T
i (t − d))

)
‖ ‖φ0(t − d)‖

+c1|ε̄(t)| ‖φ0(t − d)‖, (9.70)

for some constant c2 > 0. Using Lemma 9.2: ‖φ0(t − d)‖ ≤ ρ1 + ρ2

max0≤τ≤t |e(τ )|, we obtain

|e(t)| ≤ c3 + c4‖
N∑

i=1

(
μi (θ̂μ(t − 1))θ̂T

i (t − 1)

−μi (θ̂μ(t − d))θ̂T
i (t − d))

)
‖ max

0≤τ≤t
|e(τ )|

+c5|ε̄(t)| max
0≤τ≤t

|e(τ )|, (9.71)

for some constants ci > 0, i = 3, 4, 5. FromLemma9.1,we have that limt→∞ ε̄(t) =
0 and limt→∞ ‖θ̂ (t − 1) − θ̂ (t − d)‖ = 0, which, from continuity of μi , means

lim
t→∞ ‖

N∑

i=1

(
μi (θ̂μ(t − 1))θ̂T

i (t − 1) − μi (θ̂μ(t − d))θ̂ T
i (t − d))

)
‖ = 0. (9.72)

With these properties, it follows from (9.71) that e(t) is bounded, which implies
y(t) is bounded, and in turn from the system’s minimum phase property that u(t) is
bounded. Hence all signals in the closed-loop system are bounded. The asymptotic
convergence property of the tracking error e(t) follows from the L2 and convergence
properties of ε̄(t) and ‖θ̂ (t − 1) − θ̂ (t − d)‖. ∇

Robustness with respect to δi (t) �= 0. Although the above system stability prop-
erties with δi (t) = 0 are crucial as the baseline properties of an adaptive T–S fuzzy
control system, the robustness of such properties with respect to the nonlinearity
error δi (t) in (9.55) is an important issue.

We can add robustifying signals in the adaptive laws (9.31) and (9.32) to enhance
their robustness with respect to the nonlinearity error δi (t). Under the condition that
the normalized errors δi (t)

m(t) is small (which can be ensured in a neighborhood of θ ),
the closed-loop system signals can be ensured to be bounded and the tracking error
can be of the order of δi (t)

m(t) in a mean sense (Tao 2003).

Remark 9.3 To ensure the nonsingularity of the control law (9.52), it should be
guaranteed that

∑N
i=1 μi (θ̂μ)β̂i0 �= 0. This condition can be ensured by using the

parameter projection algorithm (Ioannou and Sun 1996) on the parameter estimates
θ̂μ and βi0, i = 1, 2, . . . , N .
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9.4 Simulation Study 239

9.4 Simulation Study

In this section, we present an illustrative example with simulation results to show the
control design and evaluation, based on a mass–spring–damper mechanical system
(Tanaka et al. 1996).

9.4.1 Simulation System

The dynamic model of this mass–spring–damper system is given in (7.107) in
Sect. 7.3.4. Following the samemodelingmethod in Sect. 7.3.4, a discrete-timemodel
can be obtained as

Ri : IF ξ1(t) is Fi
1, THEN

y(t + 2) + ai1y(t + 1) + ai2y(t) = bi0u(t. (9.73)

The membership functions describing “F1
1 ” and “F2

1 ” chosen as

Fi
j (ξ j ) = exp

{
− (ξ j − cij )

2

σ i2
j

}
, j = 1; i = 1, 2 (9.74)

with [c11, σ 1
1 , c21, σ

2
1 ] = [1.5, 1.5,−1.5, 1.5].

The discrete-time T–S fuzzy systemmodel (9.73) can be equivalently written into
the form of (7.4) with n = 2 and the system delay d = 2. With Proposition 1, we
obtain the following global 2-step prediction fuzzy system model:

y(t + 2) =
2∑

i=1

μiαi (z
−1)[y](t) +

2∑

i=1

μiβi (z
−1)[u](t), (9.75)

where αi (z−1) = αi0 + αi1z−1 = a2i1 − ai2 + ai1ai2z−1, βi (z−1) = βi0 + βi1z−1 =
bi0 − ai1bi0z−1.

From (9.75), we have

2∑

i=1

μiβi (z
−1)[u](t) =

2∑

i=1

μi (bi0 − ai1bi0z
−1)[u](t). (9.76)

To make the global fuzzy system (9.75) be minimum phase, it is required that

∣∣∣∣∣

∑2
i=1 μi ai1bi0∑2
i=1 μi bi0

∣∣∣∣∣ =
∣∣∣∣
μ1a11b10 + μ2a21b20

μ1b10 + μ2b20

∣∣∣∣ < 1. (9.77)
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For T = 0.01s, we obtain a11 = a21 = −0.5, which makes the condition (9.77)
satisfied so that the system (9.75) is minimum phase. We can then use the adaptive
control algorithm in Sect. 9.3 to design an adaptive controller that guarantees the
closed-loop boundedness and asymptotic tracking of a bounded reference signal
ym = 1.5 sin(0.2t).

The model (9.75) can be further written into the nonlinear parametrization (9.19):

y(t + 2) =
2∑

i=1

f Ti (θi , θμ; t)φ0(t), (9.78)

where, for i = 1, 2 and j = 1,

fi (θi , θμ; t) = μi (ξ(t))θi = μi (θμ; t)θi , (9.79)

φ0(t) = [y(t), y(t − 1), u(t), u(t − 1)]T , (9.80)

θi = [αi0, αi1, βi0, βi1]T , (9.81)

θμ = [c11, v11, c21, v21]T , vij = (σ i
j )
2, (9.82)

with

μi (ξ) = λi (ξ)
∑2

i=1 λi (ξ)
, λi (ξ) =

1∏

j=1

Fi
j (ξ j ). (9.83)

To apply the adaptive laws (9.31) and (9.32) to estimate the unknown parameter

vectors θ and θμ, we need to calculate ∂ f̂i
∂θ̂i

and ∂ f̂i
∂θ̂μ

in the form

∂ f̂i

∂θ̂i
= μi (θ̂μ(t − 1); t − 2)I4, (9.84)

∂ f̂i

∂θ̂μ

= θ̂i ⊗ ∂μ̂i

∂θ̂μ

, (9.85)

where

∂μ̂i

∂θ̂μ

=
[
∂μi

∂c11
,
∂μi

∂v11
,
∂μi

∂c21
,
∂μi

∂v21

]
|(θ̂μ(t−1);t−2)

=
[
∂μ̂i

∂ ĉ11
,
∂μ̂i

∂ v̂11
,
∂μ̂i

∂ ĉ21
,
∂μ̂i

∂ v̂21

]
. (9.86)

With (9.74) and (9.83), the components of ∂μ̂i

∂θ̂μ

can be calculated as
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∂μ̂1

∂ ĉ11
= λ̄

2(ξ1 − ĉ11)

v̂11
,

∂μ̂1

∂ v̂11
= λ̄

(ξ1 − ĉ11)
2

(v̂11)
2

∂μ̂1

∂ ĉ21
= −λ̄

2(ξ1 − ĉ21)

v̂21
,

∂μ̂1

∂ v̂21
= −λ̄

(ξ1 − ĉ21)
2

(v̂21)
2

∂μ̂2

∂ ĉ11
= −λ̄

2(ξ1 − ĉ11)

v̂11
,

∂μ̂2

∂ v̂11
= −λ̄

(ξ1 − ĉ11)
2

(v̂11)
2

∂μ̂2

∂ ĉ21
= λ̄

2(ξ1 − ĉ21)

v̂21
,

∂μ̂2

∂ v̂21
= λ̄

(ξ1 − ĉ21)
2

(v̂21)
2

, (9.87)

where λ̄ = λ1λ2
(λ1+λ2)2

|(θ̂μ(t−1);t−2).

9.4.2 Simulation Results

For the simulation, the initial parameters are set as θ̂s(0) = 60% × θs and θ̂μ(0) =
[0.7, 2.75,−2.5, 2.75]T . Other parameters are set as γ (t) = 0.5 and c = 0.01. The
system outputs y(t) and ym(t), and the adaptive control signal are shown in Fig. 9.1.
The tracking error is shown in Fig. 9.2. The adaptations of consequent parameters and
membership parameters are given in Figs. 9.3 and 9.4, respectively. It can be observed
that the tracking error decreases as the parameters adapt online and converge to some
small residual values, despite the initial parameter errors θ̂s(0) − θs and θ̂μ(0) − θμ.
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Fig. 9.1 Adaptive system response and control signal
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Fig. 9.2 Tracking error
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Fig. 9.4 Adaptation of membership parameters
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Fig. 9.6 Adaptive system response and control signal

The control law in Fig. 9.1 is a deadbeat control law which requires large con-
trol action. The deadbeat transient may be eased by using the adaptive version of
the alternative control law (9.50) with k1 = −0.17 and k2 = −0.72, producing the
corresponding tracking results as shown in Fig. 9.5.
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Figures9.6, 9.7, 9.8 and 9.9 show the adaptive tracking control results for a con-
stant reference signal ym(t) = 0.2. Similar simulation results were also obtained for
some other larger or smaller initial parameter errors θ̂s(0) − θs and θ̂μ(0) − θμ.
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9.5 Summary

In this chapter, we have formulated an adaptive control problem for discrete-time
input–output multiple-delay T–S fuzzy systems with unknown membership function
parameters and consequent parameters, and derived a solution for it. A fuzzy system
with such uncertain parameters leads to a nonlinearly parametrized estimation error
model. For such a nonlinear model, the gradient algorithm can be applied to derive
an adaptive law to adaptively update the estimates of both the local system dynamics
parameters and membership function parameters. Such parameter estimates can be
used to implement the feedback control law for the uncertain T–S fuzzy system.
The properties of the parameter adaptive laws and closed-loop stability have been
studied with some key design conditions specified and established for the Gaussian
membership functions. Simulation results have verified the desired adaptive fuzzy
control system performance.
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Chapter 10
Adaptive Control of T–S Fuzzy Systems
with Actuator Faults

Recently, fault diagnosis (FD) and fault-tolerant control (FTC) have attracted more
and more attentions (Chen and Patton 1999; Tao et al. 2004; Zhang and Jiang 2008).
FD and FTC play an important role in ensuring the closed-loop system stability when
faults occur in the system. When a nonlinear system is represented by a T–S fuzzy
system, its fault-tolerant control design will be conducted based on the T–S fuzzy
system. A number of papers have been published on T–S fuzzy model based FD
(Ballé 1999; Ichtev et al. 2002; Zheng et al. 2006; Nguang Shi et al. 2007) and FTC
(Jiang et al. 2010; Zhang et al. 2010; Jiang et al. 2011; Shen et al. 2012; Qi et al.
2012, 2013; Jiang and Qi 2016).

In the previous chapters, we have presented adaptive control schemes for three
types of T–S fuzzy systems: continuous-time state-spaceT–S fuzzy systems, discrete-
time state-space T–S fuzzy systems and discrete-time input/output form T–S fuzzy
systems. In this chapter,wewill develop two adaptive fault compensation schemes for
two types of T–S fuzzy systems. One approach is designed for continuous-time T–S
fuzzy systems subject to actuator faults and the other is for discrete-time input–output
form T–S fuzzy systems. Detailed design and analysis for T–S fuzzy system based
adaptive compensation schemes will be presented to deal with uncertain actuator
faults (with unknown fault patterns, values and time instants) in closed-loop control.
Fuzzy system based control, like most other control methodologies, designs control
laws based on an approximate (nominal) plant subject to approximation errors. It
is crucial to establish the desired stability and tracking properties for an adaptive
control system with parameterized nominal plant model, as the foundations of a
chosen fuzzy control technique, to be applied to a real plant with approximation
errors which can be handled with robustification techniques (using robust adaptive
laws for the adaptive control case).
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10.1 Systems with Actuator Faults

Consider the following nonlinear system with redundant actuators:

ẋi = xi+1, for i = 1, 2, . . . , n − 1

ẋn = f (x) + g(x)u, (10.1)

where x = [x1, x2, . . . , xn]T is the state vector and u = [u1, u2, . . . , um]T represents
the input vector with m actuators, f (x) is a nonlinear function and g(x) = [g1(x),
g2(x), . . . , gm(x)]T with g j (x), j = 1, 2, . . . ,m being nonlinear functions.

Actuator fault model. In presence of actuator faults, the input vector u(t) to the
plant (10.7) can be described as

u(t) = v(t) + σ(ū(t) − v(t)), (10.2)

where v = [v1, v2, . . . , vm]T is the vector of applied control signals, ū = [ū1, ū2, . . . ,
ūm]T is the vector of possible actuator faults, and

σ = diag{σ1, σ2, . . . , σm}
σ j =

{
1, if u j fails at time t, i.e., u j (τ ) = ū j , τ ≥ t
0, otherwise

(10.3)

represents the pattern of actuator faults.
The actuator faults can be described by

ū j (t) = ū j0 +
n j∑
l=1

ū jl f jl(t), t ≥ t j , (10.4)

for some unknown index j ∈ {1, 2, . . . ,m}, unknown time instant t j and unknown
constants ū j0 and ū jl , l = 1, . . . , n j , and known bounded signals f jl(t) and n j ≥ 1
(Tao et al. 2004). This parameterized actuator fault model can be used to closely
approximate a large class of practical faults, by a proper selection of these “basis”
functions f jl(t). The selection of the basis functions of the actuator faults depends
on individual applications; for example, a common fault is that the actuator is stuck
at an unknown constant value ū j0, for which those f jl(t) can be set to zero.

A basic existence assumption for a nominal solution to the actuator fault com-
pensation problem is

Assumption 10.1 The system (10.1) is designed that for any up to m − 1 actuator
faults, the remaining actuators can still achieve a desired control performance.

The key task of adaptive control is to adjust the remaining controls to achieve
the desired system performance when there are up to m − 1 actuator faults, whose
parameters are unknown.
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Remark 10.1 At a given time t , there may be p ∈ {0, 1, 2, . . . ,m − 1} malfunc-
tioned actuators with fault values ū j (t), j = j1, j2, . . . , jp, for { j1, j2, . . . , jp} ⊂
{1, 2, . . . ,m}. Different σ represents different fault patterns and such a σ is thus
called a fault pattern. Let all fault patterns of interest be σ( j), j = 1, 2, . . . , Np,
and denote the fault pattern set as Σ = {σ( j), j = 1, . . . , Np} of interest for fault
compensation, where σ(1) = diag{0, 0, . . . , 0} represents the no-fault case.

10.2 Adaptive Fault Compensation Control Using State
Feedback

When a T–S fuzzy system is employed to represent a nonlinear system, we assume
it has the same actuators as the nonlinear system. Therefore, when an actuator fault
occurs, T–S fuzzy system based adaptive fault compensation control designs provide
solutions to fault compensation control designs for uncertain nonlinear systems.

In this section, we consider a T–S fuzzy system approximation for the canonical
nonlinear system (10.1)with actuator faults and study the adaptive fault compensation
design of the T–S fuzzy system.

10.2.1 Problem Statement

Consider the following T–S fuzzy in canonical form with redundant actuators:

IF ξ1(t) is Fi
1 and . . . and ξL(t) is Fi

L ,

THEN ẋ(t) = Ai x(t) + Biu(t), (10.5)

where x = [x1, x2, . . . , xn]T , u = [u1, u2, . . . , um]T ,

Ai =

⎡
⎢⎢⎢⎣

0 1 · · · 0 0
...

...
...

...

0 0 · · · 0 1
ai1 a

i
2 · · · ain−1 a

i
n

⎤
⎥⎥⎥⎦ , Bi =

⎡
⎢⎢⎢⎣

0 0 · · · 0
...

... · · · ...

0 0 · · · 0
bi1 b

i
2 · · · bim

⎤
⎥⎥⎥⎦ . (10.6)

Using the standard technique of singleton fuzzification, product inference, and
weighted average, we obtain the following global T–S fuzzy system model from
(10.5):

ẋ(t) =
N∑
i=1

μi (Ai x(t) + Biu(t)), (10.7)
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where μi is the normalized firing strength satisfying

μi = λi∑N
i=1 λi

, λi =
L∏
j=1

Fi
j (ξ j (t)), μi ≥ 0,

N∑
i=1

μi = 1. (10.8)

Control objective. The control objective is to design a feedback control vector
v(t) for the fuzzy system (10.7) with unknown parameter matrices Ai , Bi , and sub-
ject to unknown actuator faults (10.4) belonging to a fault pattern set

∑
(which are

characterized by some s = j1, j2, . . . , jp, with { j1, j2, . . . , jp} ⊂ {1, 2, . . . ,m} and
p = 0, 1, . . . , q < m for some q > 0, such that the sth actuator fails: us(t) = ūs(t),
t ≥ t j ), to ensure closed-loop signal boundedness and the state vector x(t) asymp-
totically tracks of a given reference state vector xm(t) generated from the reference
model

ẋm(t) = Amxm(t) + Bmr(t), (10.9)

where xm(t) ∈ Rn , r(t) ∈ R, Am ∈ Rn×n is a Hurwitz matrix and Bm ∈ Rn:

Am =

⎡
⎢⎢⎢⎣

0 1 · · · 0 0
...

...
...

...

0 0 · · · 0 1
am1 am2 · · · amn−1 a

m
n

⎤
⎥⎥⎥⎦ , Bm =

⎡
⎢⎢⎢⎣

0
...

0
bm

⎤
⎥⎥⎥⎦ . (10.10)

To meet the control objective, the following assumption is also needed:

Assumption 10.2 The signs of bi1, b
i
2, . . ., b

i
m in Bi are known and the same for all

i = 1, 2, . . . , N .

Remark 10.2 Assumption 10.2 requires b11, b
2
1, . . ., b

N
1 have the same sign, but does

not require b11 and b
1
2 have the same sign. In practice, the control directions from an

actuator to each local model are usually the same, which makes Assumption 10.2 a
practical assumption.

10.2.2 Nominal Controller

In this section, we propose a control design to compensate actuator faults for the T–S
fuzzy system (10.7). For simplicity of presentation and without loss of generality,
we focus our study on the T–S fuzzy systems (10.7) with two actuators (that is,
with m = 2) and then give the main design ideas for the general case of m ≥ 2.
Before developing an adaptive control scheme for (10.7) with unknown parameters
and unknown faults, it is important to make sure there exists a solution to meet the
desired control objective when all the parameters are known.
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10.2 Adaptive Fault Compensation Control Using State Feedback 251

Matching conditions. Assuming the sth actuator fails, s = j1, j2, . . . , jp, we
design the nominal control law for the healthy actuator j , j �= j1, j2, . . . , jp, as

v j (t) =
∑N

i=1 αi j (−Ki j x(t) + li j r(t) + ki j +∑
s= j1,..., jp

∑n j

l=1 gi jsl fsl(t))∑N
i=1 αi j

,

(10.11)

where αi j satisfies αi j =
∣∣∣bij

∣∣∣ λi , Ki j ∈ R1×n and li j ∈ R are controller parameters

to achieve state tracking, and ki j ∈ R and gi jsl ∈ R are parameters to compensate
actuator faults.

Lemma 10.1 Consider the fuzzy system (10.7) with m actuators subject to p actua-
tor faults characterized by s = j1, j2, . . . , jp with the actuator fault model described
by (10.4), if the control law (10.11) is applied and the following matching conditions
are satisfied:

∑
j �= j1,..., jp

bij Ki j = [
ai1 − am1 · · · ain−1 − amn−1 a

i
n − amn

]
∑

j �= j1,..., jp

bij li j = bm,
∑

j �= j1,..., jp

bij ki j +
∑

s= j1,..., jp

bis ūs,0 = 0

∑
j �= j1,..., jp

bij
∑

s= j1,..., jp

n j∑
l=1

gi jsl +
∑

s= j1,..., jp

bis

n j∑
l=1

d̄sl = 0, i = 1, 2, . . . , N , (10.12)

the closed-loop fuzzy system becomes ẋ(t) = Amx(t) + Bmr(t).

Proof With (10.6) and (10.2), we have

N∑
i=1

λi Biu(t) =
N∑
i=1

λi

⎡
⎢⎢⎢⎣

0
...

0∑
j �= j1,... jp

bij v j (t) +∑
s= j1,..., jp

bis ūs(t)

⎤
⎥⎥⎥⎦ . (10.13)

Applying (10.11) and (10.4) into (10.13), we obtain

N∑
i=1

λi

⎛
⎝ ∑

j �= j1,..., jp

bij v j (t) +
∑

s= j1,..., jp

bis ūs(t)

⎞
⎠

=
N∑
i=1

λi

⎡
⎣ ∑

j �= j1,..., jp

bij

⎛
⎝−Ki j x(t) + li j r(t) + ki j +

∑
s= j1,..., jp

n j∑
l=1

gi jsl fsl(t)

⎞
⎠

+
∑

s= j1,..., jp

bis

(
ūs0 +

n j∑
l=1

d̄sl fsl(t)

)⎤
⎦ . (10.14)
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Using (10.12), Eq. (10.14) can be calculated as

N∑
i=1

λi

⎛
⎝ ∑

j �= j1,..., jp

bij v j (t) +
∑

s= j1,..., jp

bis ūs(t)

⎞
⎠

= −
N∑
i=1

λi
[
ai1 − am1 · · · ain−1 − amn−1 a

i
n − amn

]
x(t) +

N∑
i=1

λi b
mr(t). (10.15)

Substituting (10.15) and (10.13) into (10.7) yields

ẋ(t) = 1∑N
i=1 λi

(
N∑
i=1

λi Ai x(t) −
N∑
i=1

λi (Ai − Am) x(t) +
N∑
i=1

λi Bmr(t)

)

= Amx + Bmr(t). (10.16)

The proof has been completed. ∇
If we know which actuators fail and the values of faults, the controller parameters

can be calculated from the matching conditions (10.12). However, when we do not
know the pattern and values of the faults, the controller (10.11) cannot be imple-
mented. In the following study, we will propose a controller structure that is capable
of dealing with different fault situations without knowing the exact fault pattern.

We first present the design procedure for the T–S fuzzy systems withm = 2 actu-
ators by proposing a nominal control law for actuator fault compensation and devel-
oping an adaptive control scheme. Then, the proposed fault compensation scheme is
generalized to m ≥ 2 case.

Nominal control law. For the system (10.7) withm = 2 actuators, there are three
possible situations which we need to deal with: (i) both actuators u1 and u2 are
healthy, (ii) the actuator u1 is healthy while u2 fails (that is, u2 = ū2), and (iii) the
actuator u2 is healthy while u1 fails (that is, u1 = ū1). Our goal is to develop one
unified controller structure which is suitable for all three situations.

We first consider the second case with u2(t) = ū2(t). From (10.11), the nominal
control law for u1(t) is

u1(t) = v1(t) =
∑N

i=1 αi1(−Ki1x(t) + li1r(t) + ki1 +∑n j

l=1 gi12l f2l(t))∑N
i=1 αi1

. (10.17)

If both the system parameters and fault parameters are known in this case, with
Lemma 10.1, the controller parameters can be calculated as
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Ki1 = 1

bi1

[
ai1 − am1 · · · ain−1 − amn−1 a

i
n − amn

]

li1 = bm
bi1

, ki1 = −bi2ū20
bi1

, gi12l = −bi2d̄2l
bi1

. (10.18)

Applying (10.17) to the system (10.7) with u2(t) = ū2(t) results in the closed-loop
dynamics: ẋ(t) = Amx(t) + Bmr(t), achieving state tracking objective. The third
case can be similarly handled.

For the first case with no fault, that is, when both actuators u1 and u2 are healthy,
there is a need of actuator coordination to meet a desired system output performance
(otherwise, for example, u1(t) and u2(t) are against to each other, there would be
a practical problem). Such an actuator coordination is characterized by the chosen
actuation scheme

ui (t) = δi v0(t), δi > 0, i = 1, 2 (10.19)

for an applied input signal v0(t) to be designed. Then the system (10.7) becomes

ẋ(t) =
∑N

i=1 λi [Ai x(t) + (δ1bi1 + δ2bi2)v0(t)]∑N
i=1 λi

. (10.20)

The control signal v0(t) can be designed as

v0(t) =
∑N

i=1 αi (−Ki x(t) + li r(t))∑N
i=1 αi

, (10.21)

where

Ki = 1

δ1bi1 + δ2bi2

[
ai1 − am1 · · · ain−1 − amn−1 a

i
n − amn

]

li = − bm
δ1bi1 + δ2bi2

, αi = ∣∣δ1bi1 + δ2b
i
2

∣∣ λi . (10.22)

Applying (10.22) into (10.20) also results in the closed-loop dynamics: ẋ(t) =
Amx(t) + Bmu(t), achieving the state tracking.

When we do not know which actuator fails, we need to design a controller that
is capable of handling all the above three cases. Under a chosen actuation scheme
(10.19), we propose the following nominal controller v∗

0(t) to accommodate all the
above three cases:

v∗
0(t) =

∑N
i=1

∣∣b∗
i

∣∣λi (−K ∗
i x(t) + l∗i r(t) + k∗

i + g∗
i1(t) + g∗

i2(t))∑N
i=1

∣∣b∗
i

∣∣ λi

, (10.23)
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where

K ∗
i = 1

b∗
i

[
ai1 − am1 · · · ain−1 − amn−1 a

i
n − amn

]
, l∗i = bm

b∗
i

k∗
i = −b∗

i2

b∗
i

ū20 − b∗
i1

b∗
i

ū10, g∗
i12l = −b∗

i2

b∗
i

d̄2l , g∗
i21l = −b∗

i1

b∗
i

d̄1l

g∗
i1(t) =

n j∑
l=1

g∗
i12l f2l(t), g∗

i2(t) =
n j∑
l=1

g∗
i21l f1l(t), (10.24)

and

(b∗
i , b∗

i1, b∗
i2) =

⎧⎨
⎩

(δ1bi1 + δ2bi2, 0, 0) for no failure
(δ1bi1, 0, bi2) for u2(t) = ū2(t)
(δ2bi2, bi1, 0) for u1(t) = ū1(t),

(10.25)

which are all piecewise constants that change their values when an actuator fault
occurs.

With (10.19) and (10.25), the fuzzy system (10.7) can be written as

ẋ(t) = 1∑N
i=1 λi

⎛
⎜⎜⎜⎜⎝

N∑
i=1

λi Ai x +
N∑
i=1

λi

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

0 0 0 0 0
b∗
i b∗

i1ū10 b∗
i2ū20 b∗

i1d̄
T
1 b∗

i2d̄
T
2

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

v∗0(t)
1
1

f1(t)
f2(t)

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠ ,

(10.26)

where

d̄1 = [
d̄11 d̄12 · · · d̄1n1

]T
, d̄2 = [

d̄21 d̄22 · · · d̄2n2
]T

(10.27)

f1(t) = [
f11(t) f12(t) · · · f1n1(t)

]T
, f2(t) = [

f21(t) f22(t) · · · f2n2(t)
]T

.

Let b∗
i1ū10 + b∗

i2ū20 = b∗
i,u0

∈ R, b∗
i1d̄

T
1 = b∗

i1,d ∈ R1×n1 , b∗
i2d̄

T
2 = b∗

i2,d ∈
R1×n2 . and define

B∗
i =

⎡
⎢⎢⎢⎣

0 0 0 0 0
...

...
...

...
...

0 0 0 0 0
b∗
i b∗

i1ū0 b
∗
i2ū0 b

∗
i1d̄ b∗

i2d̄

⎤
⎥⎥⎥⎦ , ω(t) = [

v∗
0(t) 1 1 f T1 (t) f T2 (t)

]T
. (10.28)

Then equation (10.26) can be formulated as

ẋ(t) = Amx(t) +
∑N

i=1 λi [(Ai − Am)x(t) + B∗
i ω(t)]∑N

i=1 λi

. (10.29)
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Applying (10.23) to (10.29) results in the closed-loop fuzzy system:

ẋ(t) = Amx(t) + Bmr(t), (10.30)

which is the same as the reference model.
The nominal control law (10.23) provides the basic controller structure, which can

be parameterized for parameter adaptation when the system and fault parameters are
unknown. In the following section, we will develop an adaptive version of (10.23)
for unknown parameters.

10.2.3 Adaptive Control Scheme

In this section, we design an adaptive parameter estimation algorithm to estimate the
unknown system parameters, and develop an adaptive control law and analyze the
closed-loop system performance.

Adaptive control law. Since both the system and fault parameters are unknown,
the nominal control law (10.23) cannot be applied directly. Using parameter estima-
tion, an adaptive control law can be implemented as

v̂0(t) =
∑N

i=1

∣∣∣b̂i
∣∣∣λi (−K̂i x(t) + l̂i r(t) + k̂i + ĝi1(t) + ĝi2(t))

∑N
i=1

∣∣∣b̂i
∣∣∣ λi

, (10.31)

where b̂i , K̂i , l̂i , k̂i , ĝi1(t), ĝi2(t) are the estimates of b∗
i , K

∗
i , l

∗
i , k

∗
i , g

∗
i1(t), g

∗
i2(t),

respectively.
Defining the state tracking error

e(t) = x(t) − xm(t) (10.32)

and applying (10.31) into (10.29) and using (10.10), (10.24) and (10.30), we have
the tracking error dynamics

ė(t) = Ame(t) +
∑N

i=1 λi [− Ã(t)i x(t) − B̃i (t)ω(t)]∑N
i=1 λi

, (10.33)

where Ãi = Âi − Ai , B̃i = B̂i − B∗
i , with Âi and B̂i being the estimates of Ai and

B∗
i , respectively.
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Parameter adaptive law. To estimate the parameters in (10.31), we design the
following adaptive law:

˙̂ai(t) = γ1i
λi∑N
i=1 λi

x(t)eT (t)P1

˙̂bi (t) =

⎧⎪⎪⎨
⎪⎪⎩

γ2i
λi∑N
i=1 λi

PT
1 e(t)v̂0(t) if

∣∣∣b̂i (t)
∣∣∣ > b∗

i0

or
∣∣∣b̂i (t)

∣∣∣ = b∗
i0 and PT

1 e(t)v̂0(t)sgn(bi ) ≥ 0

0 otherwise

˙̂bi,u0(t) = γ3i
λi∑N
i=1 λi

PT
1 e(t),

˙̂bi1,d(t) = γ4i
λi∑N
i=1 λi

PT
1 e(t) f

T
1 (t), ˙̂bi2,d(t) = γ4i

λi∑N
i=1 λi

PT
1 e(t) f

T
2 (t),

(10.34)

where b∗
i0 is the lower bound of b

∗
i , which is assumed to be known, and b̂i (0) satisfies

b̂i (0)sgn(b∗
i ) ≥ 0. P1 is the first column of a positive definite symmetrical matrix

P ∈ Rn×n , which is the solution of the following equation:

AT
m P + PAm = −I, (10.35)

where I ∈ Rn×n is an identity matrix.
Based on the adaptive control law (10.31) and the parameter adaptation law

(10.34), the closed-loop stability and asymptotic tracking results are proved and
summarized in the following theorem.

Theorem 10.1 For the T–S fuzzy system (10.7) with two redundant actuators and the
actuator faultmodel (10.4), underAssumptions 10.1 and 10.2, the adaptive controller
(10.31) with the adaptive law (10.34) guarantees:

(i) all closed-loop system signals are bounded; and
(ii) the state tracking error limt→∞ e(t) = 0.

Proof Consider the following Lyapunov function candidate

V (e, ãi, b̃i ) = eT Pe +
N∑
i=1

ãTi ãi
γ1i

+
N∑
i=1

(
b̃∗
i
2

γ2i
+ b̃∗2

i,u0

γ3i
+ b̃∗

i1,d b̃
∗T
i1,d + b̃∗

i2,d b̃
∗T
i2,d

γ4i

)
,

where ãi = âi − ai , ai = [ai1, ai2, · · · , ain]T , b̃i = b̂i − bi , b̃i,u0 = b̂i,u0 − b∗
i,u0

, b̃i1,d =
b̂i1,d − b∗

i1,d , b̃i2,d = b̂i2,d − b∗
i2,d .
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The differentiation of V along the error dynamics (10.33) is

V̇ = ėT Pe + eT Pė + 2
N∑
i=1

˙̃aTi ãi
γ1i

+ 2
N∑
i=1

( ˙̃bi b̃i
γ2i

+
˙̃bi,u0 b̃i,u0

γ3i
+ b̃i1,d

˙̃bi1,d T
γ4i

+ b̃i2,d
˙̃bTi2,d

γ4i

)

= −ėT e − 2

∑N
i=1 λi P

T
1 exT ãi∑L

i=1 λi
+ 2

N∑
i=1

˙̃aTi ãi
γ1i

−2

∑N
i=1 λi [PT

1 eb̃∗
i v̂0+PT

1 eb̃∗
i,u0

+ PT
1 eb̃∗

i1,d f1(t) + PT
1 eb̃∗

i2,d f2(t)]∑N
i=1 λi

+2
N∑
i=1

˙̃bi b̃i
γ2i

+ 2
N∑
i=1

˙̃bi,u0 b̃i,u0
γ3i

+ 2
N∑
i=1

b̃i1,d
˙̃bTi1,d

γ4i
+ 2

N∑
i=1

b̃i2,d
˙̃bTi2,d

γ4i
. (10.36)

With the adaptive law (10.34), we have

V̇ (t) = −eT e ≤ 0, (10.37)

which means e, ãi, b̃i , b̃i,u0 , b̃i1,d , b̃i2,d ∈ L∞.
Under the constraint condition b̂i sgn(b∗

i ) ≥ b∗
i0, the adaptive law for b̂i in (10.34)

has a projection term. If the initial value of b̂i (t) satisfies b̂i (0)sgn(b∗
i ) ≥ b∗

i0, we

have b̂i (t)sgn(b∗
i ) =

∣∣∣b̂i (t)
∣∣∣. It follows that ˙̂bi (t)b̂i (t) ≥ 0. Then for all t ≥ 0, we

have
∣∣∣b̂i (t)

∣∣∣ ≥ b∗
i0. Thus, from (10.36), we obtain

V̇ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−eT (t)e(t) if
∣∣∣b̂i (t)

∣∣∣ > b∗
i0

or
∣∣∣b̂i (t)

∣∣∣ = b∗
i0 and PT

1 e(t)v̂0(t)sgn(b
∗
i ) ≥ 0

−eT (t)e(t) − 2 αi b̃i (t)∑N
i=1 λi

PT
1 e(t)v̂0(t) otherwise.

(10.38)

If
∣∣∣b̂i (t)

∣∣∣ = b∗
i0, we have (b̂i (t) − b∗

i )sgn(b
∗
i ) ≤ 0. Furthermore, if

∣∣∣b̂i (t)
∣∣∣ = b∗

i0

and PT
1 e(t)v̂0(t)sgn(b

∗
i ) ≤ 0, we have

b̃i (t)P
T
1 e(t)v̂0(t) = (b̂i (t) − b∗

i )sgn(b
∗
i )(P

T
1 e(t)v̂0(t)sgn(b

∗
i )) ≥ 0. (10.39)

With (10.38) and (10.39), we finally obtain

V̇ ≤ −eT (t)e(t), (10.40)

which means the tracking error e(t) ∈ L∞ and parameter errors ãi , b̃, b̃i,u0 , b̃i1,d ,
b̃i2,d ∈ L∞, hence the boundedness of K̂i , l̂i , k̂i , ĝi1, ĝi2.With (10.32) and (10.10),
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we have x(t) ∈ L∞. From (10.22), we obtain v̂0(t) ∈ L∞. Hence, all the closed-loop
signals are bounded.

From (10.33), we have ė(t) ∈ L∞. It follows from (10.40) and the boundedness
of V that

∫ ∞

0
eT (τ )e(τ )dτ = −

∫ ∞

0
V̇ dτ = V (0) − V (∞), ∀t ≥ 0, (10.41)

that is, e(t) ∈ L2.With Barbălat’s lemma, we have the desired convergence property:
limt→∞e(t) = 0. ∇

Nowwe have completed our adaptive actuator fault compensation designs for T–S
fuzzy systems with two actuators (m = 2). In the following section, we will give the
main idea and design outline for the general m ≥ 2 case.

Generalization to m ≥ 2. When the T–S fuzzy system (10.7) has more than two
actuators, the nominal control law for the j th healthy actuator can still be designed
as (10.11) and the matching conditions (10.12) in Lemma 10.1 are still needed to
be satisfied to achieve the actuator fault compensation. However, the solutions for
the control parameters Ki j , li j , ki j and gi jsl , i = 1, . . . , N , j ∈ {1, . . . ,m}, j �=
j1, . . . , jp s = j1, . . . , jp, l = 1, . . . , n j from (10.12), may not be unique.

With the similar design idea on obtaining (10.22) for the m = 2 case and using
the same actuation scheme (10.19), the nominal controller can be chosen as

v∗
0(t) =

∑N
i=1

∣∣b∗
i

∣∣λi (−K ∗
i x(t) + l∗i r(t) + k∗

i +∑
j= j1,..., jp

g∗
i j (t))∑N

i=1

∣∣b∗
i

∣∣ λi

, (10.42)

where

K ∗
i = 1

b∗
i

[
ai1 − am1 · · · ain−1 − amn−1 a

i
n − amn

]
, l∗i = bm

b∗
i

k∗
i = −

∑
j= j1,..., jp

b∗
i j

b∗
i

ū j0, g∗
i jsl = −b∗

is

b∗
i

d̄sl , g∗
i j (t) =

∑
s= j1,..., jp

n j∑
l=1

g∗
i jsl fsl(t),

with b∗
i = ∑

j= j1,..., jp
(1 − σ j )δ j bij and b

∗
is = σsδsbis, s = j1, . . . , jp, which are all

piecewise constants changing their values when an actuator fault occurs.
The nominal controller (10.42) provides the basic control structure for the actuator

fault compensation, based on which an adaptive controller can be further developed
by following the similar design procedure as presented for the case m = 2.
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10.2.4 Simulation Study

In this section, we present a simulation study on the proposed adaptive control and
adaptive actuator fault compensation schemes to illustrate the desired system perfor-
mance and the unique advantages of our proposed control schemes.

Simulation system. Consider the following inverted-pendulum system (Wang
et al. 1996):

ẋ1 = x2

ẋ2 = g sin x1 − amlx22 sin 2x1/2 − a cos x1u

4l/3 − amlcos2x1
, (10.43)

where x1 and x2 represent the position and velocity of the pendulum with respect
to the vertical line, respectively, u = [u1, u2]T is the input force vector, which is
assumed to be generated by two actuators, a = 1/(m + M), M and m are masses
of the cart and the pole, respectively, l is the half length of the pole, and g is the
acceleration due to gravity.

In this example, a T–S fuzzy model is constructed by linearizing the nonlinear
plant (10.43) at two operating points for x1 ∈ (−π/2, π/2). The i th rule of the T–S
fuzzy model has the following form (Wang et al. 1996):

Ri : IF x1 is Fi
1, THEN ẋ = Ai x + Biu,

where i = 1, 2, Ai and Bi are the local state-space matrices corresponding to the
i th linearized model, and F1

1 and F2
1 are two fuzzy sets representing “about 0” and

“about ±π/2”. The membership functions characterizing the fuzzy sets F1
1 and F2

1
are given in Fig. 10.1.

Simulation results. In the simulation, we use the following system parameters:
M = 8.0 kg, m = 2.0 kg, 2l = 1m, g = 9.8m/s2. The reference model is chosen

as Am =
[

0 1
−4 −4

]
and Bm = [

0 1
]T

with the reference input r = 1. A stuck fault

occurs on u2, that is, u2(t) = 1 for t ≥ 30 sec. The parameters and initial condi-
tions used in the simulation are as follows: γi1 = 50, γ2i = γ3i = γ4i = 0.5, x(0) =
[π/6, 0]T , xm(0) = [π/9, 0]T , b∗

1,u0 = 0.1, b∗
2,u0 = 0.003, â1(0) = [15, 0]T , â2(0) =

[8, 0]T , [b̂1(0), b̂2(0)] = [−0.15,−0.005], [b̂1,u0(0), b̂2,u0(0)] = [−0.3,−0.01], and
[b̂11,d(0), b̂12,d(0), b̂21,d(0), b̂22,d(0)] = [0, 0, 0, 0].

The control law is applied to both the T–S fuzzy system and the original plant. The
state tracking responses under a stuck fault are shown in Fig. 10.2. It can be observed
that both the T–S fuzzy system and the original plant can track the states of the
reference model well despite the actuator fault. The adaptive compensation control
signal adjusts itself when the actuator fault occurs at t = 30 sec. The parameter
adaptation of âi is shown in Fig. 10.3.
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Fig. 10.1 Membership functions for x1

The simulation results verify that all the closed-loop signals are bounded under the
proposed adaptive compensation control scheme and the asymptotical tracking can
still be achieved under actuator faults. The parameters converge to constant values.
The tracking responses of the original plant demonstrate that if the approximation
error is small, the proposed control scheme can be effectively applied to tracking
control of the original plant and produces desirable control performance.

10.3 Adaptive Fault Compensation Control Using Output
Feedback

In this section,1 we consider adaptive fault compensation control using output feed-
back. Consider a discrete-time nonlinear system with redundant actuators described
by the following difference equation:

y(t) = f (y(t − 1), . . . , y(t − n), u1(t − d), . . . , u1(t − n),

. . . , um(t − d), . . . , um(t − n)), (10.44)

1©[2012] IEEE. Parts of Sect. 10.3 are reprinted, with permission, from Qi et al. (2012).
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Fig. 10.2 State tracking responses under constant fault ū2(t) = 1

where y ∈ R is the output, ui ∈ R, i = 1, 2, . . . ,m represent m inputs generated by
m actuators.

In Chap.7, an input–output discrete-time T–S fuzzy system (7.4) is employed to
approximate the nonlinear system (10.44) for the casem = 1 and an adaptive control
scheme is developed. In this section,we study the adaptive fault compensation control
design of T–S fuzzy systems with redundant inputs (m > 1).

10.3.1 Problem Statement

Similar to (7.4) for the case when m = 1 (that is, the nonredundant actuator case),
the following discrete-time T–S fuzzy system model can be used for the case when
m > 1:
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Fig. 10.3 Parameter estimation

Ri : IF ξ1 is Fi
1 and ξ2 is Fi

2 and . . . and ξL is Fi
L

THEN y(t) + ai,1y(t − 1) + · · · + ai,n y(t − n) = b1,i,0u1(t − d)

+b1,i,1u1(t − d − 1) + · · · + b1,i, n−du1(t − n) + · · · + bm,i,0um(t − d)

+bm,i,1um(t − d − 1) + · · · + bm,i, n−dum(t − n), (10.45)

with b j,i,0 �= 0, j = 1, 2, . . . ,m, i = 1, 2, . . . , N .
The actuator faults can be described by

ū j (t) = ū j,0 +
n j∑
l=1

ū j,l f j,l(t), t ≥ t j , (10.46)

for some unknown index j ∈ {1, 2, . . . ,m}, unknown time instant t j and unknown
constants ū j,0 and ū j,l , l = 1, . . . , n j , and known bounded signals f j,l(t) and n j ≥ 1
(Tao et al. 2004). This parameterized actuator fault model can be used to closely
approximate a large class of practical fault, by a proper selection of these basis
functions f j,l(t). The selection of the basis functions of the actuator faults depends
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on individual applications; for example, a common fault is that the actuator is stuck
at an unknown constant value ū j,0, for which those f j,l(t) can be set to zero.

The control objective is to find an adaptive control scheme for the global version of
the fuzzy system (10.45) with unknown parameters and subject to failures belonging
to a fault pattern set with unknown fault patterns, values, and time instants, to ensure
closed-loop signal boundedness and asymptotic tracking of a reference output ym(t)
by the system output y(t).

10.3.2 Nominal Control Design

In this section, we develop the solution to the adaptive actuator fault compensation
problem. For simplicity of presentation and without loss of generality, we consider
the fuzzy systemmodel (10.45) with two actuators (that is, withm = 2), to construct
a nominal control law for actuator fault compensation and develop an adaptive fault
compensation scheme.

We first derive a global fuzzy system model for the fuzzy system model (10.45)
with two actuators (m = 2). With Ai (z−1) used in (7.50) and

B̄ j,i (z
−1) = b j,i,0 + b j,i,1z

−1 + · · · + b j,i,n−d z
−n+d , (10.47)

j = 1, 2, we denote the local system (10.45) as

Ai (z
−1)[y](t) = z−d B̄1,i (z

−1)[u1](t) + z−d B̄2,i (z
−1)[u2](t). (10.48)

With (7.8): y(t + d) = zd Fi (z−1)Ai (z−1) [y](t) + Gi (z−1)[y](t), and using (10.48),
we obtain

y(t + d) = Fi (z
−1)B̄1,i (z

−1)[u1](t) + Fi (z
−1)B̄2,i (z

−1)[u2](t) + Gi (z
−1)[y](t)

= β1,i (z
−1)[u1](t) + β2,i (z

−1)[u2](t) + αi (z
−1)[y](t), (10.49)

where αi (z−1) = Gi (z−1) as in (7.11) and β j,i (z−1) = Fi (z−1)B̄ j,i (z−1), j = 1, 2:

β j,i (z
−1) = β j,i,0 + β j,i,1z

−1 + · · · + β j,i,n−1z
−n+1,

β j,i,0 = b j,i,0 �= 0, j = 1, 2. (10.50)

Similar to that described in Proposition 7.2, we have the global fuzzy prediction
system model for the two actuators case (m = 2):
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y(t + d) =
N∑
i=1

μiαi (z
−1)[y](t) +

N∑
i=1

μiβ1,i (z
−1)[u1](t)

+
N∑
i=1

μiβ2,i (z
−1)[u2](t). (10.51)

For this system, there are three possible situations which we need to deal with: (i)
both actuators u1 and u2 are healthy, (ii) the actuator u1 is healthy while u2 fails (that
is, u2 = ū2(t)), and (iii) the actuator u2 is healthy while u1 fails (that is, u1 = ū1(t)).
Our goal is to develop one controller structure which is suitable for all the three
situations.

With β̄ j,i (z−1) = β j,i,1z−1 + · · · + β j,i, n−1z−n+1, j = 1, 2, we first consider the
second case with u2 = ū2). In this case, the nominal control law for u1(t) is

u1(t) = 1∑N
i=1 μiβ1,i,0

[
−

N∑
i=1

μiαi (z
−1)[y](t) −

N∑
i=1

μi β̄1,i (z
−1)[u1](t)

−
N∑
i=1

μiβ2,i (z
−1)[ū2](t) + ym(t + d)

]
(10.52)

which, when applied to the system (10.51) with u2(t) = ū2(t), brings y(t + d) to
ym(t + d) in one step and leads the closed-loop system stability if the subsystem (u1,
y) is minimum phase.

The third case can be similarly handled if the subsystem (u2, y) isminimumphase.
Hence, for actuator fault compensation, we need

Assumption 10.3 The individual subsystems (u1, y) and (u2, y) areminimumphase.

Finally, for the first case with no fault, that is, when both actuators u1 and u2
are healthy, there is a need of actuator coordination to meet a desired system output
performance (otherwise, for example, u1(t) and u2(t) are against to each other, there
would be a problem). Such an actuator coordination is characterized by the chosen
actuation scheme

ui (t) = δi v0(t), δi > 0, i = 1, 2 (10.53)

for an applied input signal v0(t) to be designed. Then the system (10.51) becomes

y(t + d) =
N∑
i=1

μiαi (z
−1)[y](t) +

N∑
i=1

μiβi (z
−1)[v0](t), (10.54)

where βi (z−1) = δ1β1,i (z−1) + δ2β2,i (z−1)
�= βi,0 + βi,1z−1 + · · · + βi,n−1z−n+1.

To ensure the controllability of (10.54) using v0, the following assumption is used.

Assumption 10.4
∑N

i=1 μi (ξ(t))βi,0 �= 0, for all t ≥ 0.
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The control signal v0(t) can be designed as u(t) in (9.49), under Assumptions
10.3 and 10.4 for the system (10.54). This brings up the assumption for the redundant
actuator system (10.54):

Assumption 10.5 The coordinated system (10.54) is minimum phase for the chosen
δi > 0, i = 1, 2,.

Nominal control law. Under a chosen actuation scheme (10.53), we propose the
following nominal controller structure for v0(t) to accommodate the above all three
cases:

v0(t) = 1∑N
i=1 μiβ

∗
i,0

[
−

N∑
i=1

μiαi (z
−1)[y](t) −

N∑
i=1

μi β̄
∗
i (z

−1)[v0](t)

−
N∑
i=1

μiβ
∗
1,i (z

−1)[ū1](t) −
N∑
i=1

μiβ
∗
2,i (z

−1)[ū2](t) + ym(t + d)

]
,

(10.55)

where

(β∗
i (z

−1), β∗
1,i (z

−1), β∗
2,i (z

−1)) (10.56)

=
⎧⎨
⎩

(δ1β1,i (z−1) + δ2β2,i (z−1), 0, 0) for no failure
(δ1β1,i (z−1), 0, β2,i (z−1)) for u2 = ū2(t)
(δ2β2,i (z−1), β1,i (z−1), 0) for u1 = ū1(t)

which are all piecewise time-invariant polynomials which change when an actuator
fault occurs.

Although in the nominal control case β∗
j,i (z

−1) may be zero for some j = 1, 2,
for adaptive control when the actuator fault pattern (which actuator fails) is uncer-
tain, they are both treated as parameterized polynomials whose parameters are to be
adaptively estimated.

10.3.3 Adaptive Control Scheme

To develop an adaptive actuator fault compensation scheme, we need to obtain the
estimates of αi (z−1), β∗

i (z
−1), β∗

1,i (z
−1) and β∗

2,i (z
−1). In view of (10.56), we express

the system (10.51) as

y(t + d) =
N∑
i=1

μiαi (z
−1)[y](t) +

N∑
i=1

μiβ
∗
i (z

−1)[v0](t)

+
N∑
i=1

μiβ
∗
1,i (z

−1)[ū1](t) +
N∑
i=1

μiβ
∗
2,i (z

−1)[ū2](t). (10.57)
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In this model, β∗
i (z

−1) is parameterized in the same structure as that of δ1β1,i (z−1) +
δ2β2,i (z−1), δ1β1,i (z−1) and δ2β2,i (z−1) (they all have the same structure), and
β∗
1,i (z

−1) and β∗
2,i (z

−1) are parameterized in the structures of β1,i (z−1) and β2,i (z−1),
respectively. For example,

β∗
i (z

−1) = β∗
i,0 + β∗

i,1z
−1 + · · · + β∗

i,n−1z
−n+1. (10.58)

The parametrization of β∗
j,i (z

−1)[ū1](t) involves the parameters of β∗
j,i (z

−1) and that
of ū j (t), j = 1, 2, for which an augmented parametrization using the Kronecker
product of the two sets of parameters is to be employed. Moreover, the parametriza-
tion of

∑N
i=1 μiβ

∗
j,i (z

−1)[ū j ](t) is based on combining the known signalsμi with the
known basis functions f j,l(t), j = 1, 2, l = 1, . . . , n j , of the actuator fault model
(10.46).

Parameter estimation. The system (10.57) can be expressed as

y(t + d) = θT
a φa(t) +

2∑
j=1

N∑
i=1

μiβ
∗
j,i (z

−1)[ū j ](t), (10.59)

where

θa = [θT
a1, θ

T
a2, . . . , θ

T
aN ]T

φa(t) = [φT
a1, φ

T
a2, . . . , φ

T
aN ]T

φai (t) = [μi y(t), μi y(t − 1), . . . , μi y(t − n + 1), μi v0(t), . . . , μi v0(t − n + 1)]T
θai = [αi,0, αi,1, . . . , αi,n−1, β

∗
i,0, β

∗
i,1, . . . , β

∗
i,n−1]T .

The actuator fault ū j (t) in (10.46) can be parameterized as

ū j (t) = p j,0 + pTj f j (t), j = 1, 2, (10.60)

where p j,0 = ū j,0, p j = [ū j,1, ū j,2, . . . , ū j,n j ]T and f j (t) = [ f j,1(t), f j,2(t), . . . ,
f j,n j (t)]T .
Using (10.60), the second term in (10.59) can be written as

N∑
i=1

μiβ
∗
j,i (z

−1)[ū j ](t) = p̄Tj,0μ̄(t) + p̄Tj φ f j (t), (10.61)co
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where

p̄ j,0 = [
n−1∑
k=0

β∗
j,1,k p j,0, . . . ,

n−1∑
k=0

β∗
j,N ,k p j,0]T ∈ RN

μ̄(t) = [μ1(t), μ2(t), . . . , μN (t)]T ∈ RN

p̄ j = [β∗T
j,1 ⊗ pTj , . . . , β

∗T
j,N ⊗ pTj ]T ∈ Rn×n j×N

φ f j (t) = [μ1 f̄ j
T
(t), . . . , μN f̄ j

T
(t)]T ∈ Rn×n j×N

f̄ j (t) = Mj (z
−1)[ f j ](t) ∈ Rn×n j

M j (z
−1) = [In j , z

−1 In j , . . . , z
−n+1 In j ]T ∈ R(n×n j )×n j

with ⊗ denoting the Kronecker product.
Substituting (10.61) into (10.59) yields

y(t + d) = θT
a φa(t) +

2∑
j=1

( p̄Tj,0μ̄(t) + p̄Tj φ f j (t))

= θTφ(t), (10.62)

where θ = [θT
a , p̄T0 , p̄T1 , p̄T2 ]T with p̄0 = p̄1,0 + p̄2,0, and φ(t) = [φT

a (t), μ̄T (t),
φT

f1
(t), φT

f2
(t)]T .

With the closed-loop system in the form (10.62), the estimation of θ can be
obtained by using the similar parameter adaptation scheme as (7.26):

θ̂ (t) = θ̂ (t − 1) + γ (t)φ(t − d)ε(t)

c + φT (t − d)φ(t − d)
, (10.63)

where γ (t) ∈ (γ0, 2 − γ0) is an adaptation gain for some constant γ0 ∈ (0, 1), c > 0
is a small design parameter, and ε(t) = y(t) − θ̂T (t − 1)φ(t − d).

The parameter adaptation law (10.63) has the similar desired stability properties
as that for (7.26), which have been summarized in Lemma 7.1.

Adaptive control law. With the parameter estimation, the nominal control law
(10.55) can be implemented as

v0(t) = 1∑N
i=1 μi β̂

∗
i,0

[
−

N∑
i=1

μi α̂i (z
−1)[y](t) −

N∑
i=1

μi
̂̄β∗
i (z

−1)[v0](t)

−
N∑
i=1

μi β̂
∗
1,i (z

−1)[ū1](t) −
N∑
i=1

μi β̂
∗
2,i (z

−1)[ū2](t) + ym(t + d)

]
,

(10.64)
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where the parameters of α̂i (z−1) and β̂∗
i (z

−1) can be obtained directly from corre-
sponding terms in θ̂ and the remaining fault-related parts can be calculated as

N∑
i=1

μi β̂
∗
1,i (z

−1)[ū1](t) +
N∑
i=1

μi β̂
∗
2,i (z

−1)[ū2](t)

= ̂̄pT0 μ̄(t) + ̂̄pT1 φ f1(t) + ̂̄pT2 φ f2(t) (10.65)

with ̂̄p0, ̂̄p1 and ̂̄p2 being the corresponding elements in the parameter estimate

θ̂ = [θ̂ T
a , ̂̄pT0 , ̂̄pT1 , ̂̄pT2 ]T . (10.66)

Based on the desired properties of the parameter adaptive law (10.63), the follow-
ing closed-loop stability and asymptotic tracking results can be proved
(Qi et al. 2012).

Theorem 10.2 The adaptive controller (10.64) with the parameter adaptive law
(10.63), applied to the system (10.57) under Assumptions 10.3–10.5 and with actu-
ator faults (10.46), guarantees that all closed-loop system signals are bounded and
limt→∞ e(t) = 0 for the tracking error e(t) = y(t) − ym(t).

Proof The proof of Theorem 10.2 is similar to that of Theorem 7.1 and is sketched
here.

For φ(t) = [φT
a (t), μ̄T (t), φT

f j1
(t), . . . , φT

f jq
(t)]T in (10.62), φa(t) has the same

signals as that in φ(t) in (7.25) and μ̄(t), φ f1(t) and φ f2(t) are all bounded, so that
we also have the result of Lemma 7.2: ‖φ(t − d)‖ ≤ ρ1 + ρ2 max0≤τ≤t |e(τ + d)|,
for the new signal φ(t) in (10.62). We can also derive the feedback structure of the
closed-loop adaptive control system (as given in (7.106)):

|e(t)| ≤ c2 + c3c5|ε̄(t)| max
0≤τ≤t

|e(τ )|
+ c4‖θ̂ (t − d) − θ̂ (t − 1)‖ max

0≤τ≤t
|e(τ )|, (10.67)

inwhich ε̄(t) ∈ L2 ∩ L∞ and θ̂ (t − d) − θ̂ (t − 1) ∈ L2 ∩ L∞ as from the properties
of the adaptive law (10.63) (these L2 properties ensure that the above feedback system
has a small gain). Then, we can conclude that e(t) is bounded, and so is u(t) from
(10.64) (the minimum phase property). From (7.40), we have e(t) ∈ L2, so that
limt→∞ e(t) = 0. ∇

The above adaptive fault compensation scheme has been designed and analyzed
for fuzzy systems with two redundant actuators. The results obtained can be readily
extended to systems with more actuators.
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Fig. 10.4 System responses with and without adaptive fault compensation (AFC) for ū2(t) = 0.05.
©[2012] IEEE. Reprinted, with permission, from Qi et al. (2012)

10.3.4 Simulation Study

In this section, we demonstrate the effectiveness of the adaptive actuator fault com-
pensation design through a simulation example.

Simulation system. In Sect. 7.2.4, we use a flexible-joint manipulator system
described by (7.43) as the simulation system to show the performance of the adaptive
control scheme.We have constructed the discrete-time input–output T–S fuzzymodel
for this system, as given in Sect. 7.2.4.

Here, we use the same plant but with 2 actuators. Correspondingly, a redundant
actuator is added to the fuzzy model so that when one fails, the other can be used to
adaptively compensate the effect of the failed actuator. We start our design from the
following model:
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Fig. 10.5 System responses with and without adaptive fault compensation (AFC) for ū2(t) =
0.05 sin(0.2t). ©[2012] IEEE. Reprinted, with permission, from Qi et al. (2012)

Ri : IF x1(t) is Fi
1 and x3(t) is Fi

2, THEN

y(t) + ai,1y(t − 1) + ai,2y(t − 2) + ai,3y(t − 3) + ai,4y(t − 4)
= b1,i,0u1(t − 2) + b1,i,1u1(t − 3) + b1,i,2u1(t − 4) + b1,i,3u1(t − 5)+
b2,i,0u2(t − 2) + b2,i,1u2(t − 3) + b2,i,2u2(t − 4) + b2,i,3u2(t − 5),

where b j,i,k = bi,k , j = 1, 2; k = 0, 1, . . . , 3. The global fuzzy systemmodel for the
two actuator case (m = 2) can be derived as follows:

y(t + 2) =
5∑

i=1

μiαi (z
−1)[y](t) +

5∑
i=1

μiβ1,i (z
−1)[u1](t) +

5∑
i=1

μiβ2,i (z
−1)[u2](t),

where, for j = 1, 2,
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Fig. 10.6 Parameter estimation for ū2(t) = 0.05 sin(0.2t)

β j,i (z
−1) = β j,i,0 + β j,i,1z

−1 + · · · + β j,i,4z
−4

= b j,i,0 + (b j,i,1 − ai,1b j,i,0)z
−1 − ai,1b j,i,3z

−4

+(b j,i,2 − ai,1b j,i,1)z
−2 + (b j,i,3 − ai,1b j,i,2)z

−3.

If the j th actuator fails at t = t j , it can be described by u j (t) = ū j (t), t ≥ t j ,
where the fault ū j (t) is characterized by (10.46). In the simulation, we assume
u2(t) = ū2(t) and consider two classes of failures:

• a constant fault: ū2(t) = 0.05
• a sinusoidal fault: ū2(t) = 0.05 sin(0.2t).

Simulation results. The initial parameter values are set as 80% of their true
values. Other parameters are chosen as γ (t) = 0.8 and c = 0.01. The fault is added
at t = 100s.We consider output tracking of a sinusoidal signal ym(t) = 0.5 sin(0.2t)
under actuator fault. Figure10.4 shows the system responses for a constant fault with
and without adaptive fault compensation and Fig. 10.5 for a time-varying fault. It
shows that for both cases, with adaptive fault compensation (AFC), the asymptotic
tracking is achieved, while without adaptive actuator fault compensation, the closed-
loop system performance degrades significantly, leading to large tracking errors. For
the AFC case, the parameter estimation is stable and the parameter estimates tend to
converge to some constant values, as shown in Fig. 10.6.
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10.4 Summary

In this chapter, we have developed two adaptive compensation schemes for T–S
fuzzy systems subject to actuator faults, which are applicable to solve the fault-
tolerant control problems for a class of nonlinear systems approximated by T–S
fuzzy systems. To use adaptive control techniques to compensate for the effects
of actuator faults, the key step is to develop a parametrization model containing
unknown systemparameters and uncertain fault parameters. Then parameter adaptive
laws are derived to estimate the system parameters and fault parameters together.
Detailed design procedures and rigorous stability and tracking performance analysis
have been provided. Simulation results have demonstrated the effectiveness of the
presented adaptive actuator fault compensation schemes.

10.5 Concluding Remarks

Takagi–Sugeno (T–S) fuzzy modeling and adaptive control has proven to be a pow-
erful tool to deal with the identification and control problems for uncertain nonlinear
systems, which is not only conceptually easy to understand but also owns a sound
analytical basis for carrying out systematic control designs and rigorous stability
analysis. This book has provided readers with a systematic and unified framework
for identification and adaptive control of T–S fuzzy systems, helping readers improve
their understanding and gain enough design techniques to apply this powerful tool
to solve challenging practical control problems.

For different nonlinear systems and based on different modeling methods, T–S
fuzzy systems identified may have different forms: state-space form or input–output
form, continuous-time form or discrete-time form, single-input-single-output (SISO)
form or multi-input-multi-output (MIMO) form, canonical form or noncanonical
form. From the feedback control design perspective, T–S fuzzy system control can
be designed using state feedback or output feedback. From the adaptive control
perspective, adaptive T–S fuzzy control can be direct adaptive control or indirect
adaptive control. From the parameter estimation perspective, T–S fuzzy systems
have both linear parameters and nonlinear parameters, requiring different parameter
adaptation algorithms. In a clear, balanced and unified way, this book has offered a
unique text describing T–S fuzzy identification and adaptive control methodologies
for T–S fuzzy systems in various forms and employing different feedback control and
parameter estimation techniques, aiming at reflecting the state of the art in adaptive
T–S fuzzy control as well as at presenting its fundamentals.

Focused on fuzzy system theory and topics, our book has provided a systematic
study of fuzzy system modeling and control problems, using fuzzy system tools for
both function approximation and for feedback control of nonlinear systems. Our
book has shown how fuzzy approximation methods can be used to represent various
dynamic systems, especially, in parameterized forms which are suitable for adap-
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tive control to deal with system uncertainties. Our book has explicitly developed the
design and analysis of various system identification and feedback control schemes
using fuzzy approximators, such as those for state-space system models and input–
output models, for state feedback control to achieve either state tracking or output
tracking, for output feedback control to achieve output tracking, in the presence
of system parametric uncertainties and fault uncertainties, and for continuous-time
systems and for discrete-time systems as well. Our book has built a general frame-
work of adaptive fuzzy system based identification and control for various cases as
mentioned above. The book has developed a set of adaptive fuzzy system based the-
oretical tools parallel to those applicable to ordinary (non-fuzzy) systems to make
essential additions to the literature.
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Appendix A
Proof of Lemma 8.1

Proof (i) Consider the following Lyapunov candidate function

V = tr[Θ̃T (t)Θ̃(t)], Θ̃(t) = Θ̂(t) − Θ. (A.1)

With (8.48), we have

V (t) − V (t − 1)

= γ (t)

(
−2 + γ (t)φT (t − d)φ(t − d)

c + φT (t − d)φ(t − d)

)

· εT (t)ε(t)

c + φT (t − d)φ(t − d)
. (A.2)

Since γ0 < γ (t) < 2 − γ0 for some constant γ0 ∈ (0, 1), we have

γ (t)

(
−2 + γ (t)φT (t − d)φ(t − d)

c + φT (t − d)φ(t − d)

)
< −a0, (A.3)

where a0 is a positive constant. Then we obtain

V (t) − V (t − 1) ≤ − a0εT (t)ε(t)

c + φT (t − d)φ(t − d)
, (A.4)

which means Θ̃(t) ∈ L∞ and ‖Θ̂(t) − Θ‖ ≤ ‖Θ̂(t − 1) − Θ‖ ≤ · · · ≤ ‖Θ̂(0) −
Θ‖, for the matrix norm ‖Θ̂(t) − Θ‖ =

√
tr[(Θ̂(t) − Θ)T (Θ̂(t) − Θ)].

(ii) From (A.4) we also have

εT (t)ε(t)

c + φT (t − d)φ(t − d)
≤ V (t − 1) − V (t)

a0
< ∞, (A.5)
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which means ε(t)√
c+φT (t−d)φ(t−d)

∈ L∞.

Summing (A.4) from 1 to N , we have

V (N ) = V (0) −
N∑
t=1

a0εT (t)ε(t)

c + φT (t − d)φ(t − d)
. (A.6)

Since V is a nonincreasing bounded function, we can conclude from (A.6) that

N∑
t=1

εT (t)ε(t)

c + φT (t − d)φ(t − d)
< ∞, (A.7)

and this implies ε(t)√
c+φT (t−d)φ(t−d)

∈ L2.

(iii) Follows immediately from (A.7).
(iv) From (8.48), we have

‖Θ̂(t) − Θ̂(t − 1)‖ = ‖ γ (t)φ(t − d)ε(t)

c + φT (t − d)φ(t − d)
‖

≤ (2 − γ0)‖φ(t − d)‖√
c + φT (t − d)φ(t − d)

· ‖ε(t)‖√
c + φT (t − d)φ(t − d)

.

It is easy to see ‖Θ̂(t) − Θ̂(t − 1)‖ < ∞. Consequently, Θ̂(t) − Θ̂(t − t1) ∈ L∞
for finite t1.

Furthermore,

‖Θ̂(t) − Θ̂(t − 1)‖2

= ‖ γ 2(t)φ(t − d)ε(t)

c + φT (t − d)φ(t − d)
‖2

≤ (2 − γ0)
2‖φ(t − d)‖2

c + φT (t − d)φ(t − d)
· ‖ε(t)‖2
c + φT (t − d)φ(t − d)

≤ (2 − γ0)
2‖ε(t)‖2

c + φT (t − d)φ(t − d)
. (A.8)

Summing (A.8) from 1 to N and with (A.7), we have

N∑
t=1

‖Θ̂(t) − Θ̂(t − 1)‖2

≤
N∑
t=1

(2 − γ0)
2‖ε(t)‖2

c + φT (t − d)φ(t − d)
< ∞, (A.9)

which means Θ̂(t) − Θ̂(t − 1) ∈ L2.
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Using the Schwarz inequality, we have

‖Θ̂(t) − Θ̂(t − t1)‖2
≤ k(‖Θ̂(t) − Θ̂(t − 1)‖2 + ‖Θ̂(t − 1) − Θ̂(t − 2)‖2

+ · · · + ‖Θ̂(t − t1 + 1) − Θ̂(t − t1)‖2), (A.10)

where k is a positive constant. Using (A.9) and (A.10), we obtain

N∑
t=1

‖Θ(t) − Θ(t − t1)‖2 < ∞ (A.11)

since t1 is finite. Hence, Θ̂(t − 1) − Θ̂(t − d) ∈ L2.
(v) Follows immediately from (A.11).
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A
Actuation scheme, 253, 264
Actuator coordinate, 253
Actuator coordination, 264
Actuator fault model, 248, 251
Adaptation gain, 184, 229
Adaptive control, 55
Adaptive fault compensation, 249
Adaptive law, 228
Adaptive linear control, 56
Adaptive nonlinear control, 69
Adaptive prediction, 186
Adaptive predictor, 180, 183, 187
Adaptive state tracking control, 105
Approximation error, 175, 189, 232
Asymptotic, 214
Asymptotic convergence, 238
Asymptotic tracking, 165, 202

B
Barbălat’s lemma, 58, 113
Basis functions, 262
Batch least squares (BLS), 80, 87
Bounded-input bounded-state (BIBS), 147,

148

C
Canonical form, 249
Canonical form T–S fuzzy system, 107
Cartesian product, 4
Center-average defuzzification, 10
Center of gravity defuzzification, 10, 12
Certainty equivalence controller, 56
Certainty equivalent principle, 55

Cluster center, 85
Coefficient matrices, 201
Compositional rule of inference, 8
Continuous-time state-space T–S fuzzy sys-

tem, 29
Controllability, 264
Control singularity, 208
Cost function, 229
Crisp output, 29

D
Deadbeat control, 233
Dead-zone, 175, 190
Defuzzification, 10
Delay structure, 199, 204
Direct adaptive control, 55, 59
Discrete-time adaptive linear control, 64
Discrete-time input–output T–S fuzzy sys-

tem, 33
Discrete-time state-space T–S fuzzy system,

32
Dynamic T–S fuzzy system, 29

E
Essential delay, 199
Estimated model, 117
Estimation-based design, 55
Estimation error, 183, 226
Estimation error model, 226

F
Fault pattern, 249, 252
Fault pattern set, 249, 263
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Feedback linearization, 48
Firing strength, 7, 11, 12, 26
Full rank, 203
Full rank rational transfer matrix, 199
Fuzzification, 7
Fuzzy blended controller, 42
Fuzzy Cartesian product, 5
Fuzzy complement, 3
Fuzzy implication, 8
Fuzzy inference, 7
Fuzzy inference system, 6
Fuzzy intersection, 3
Fuzzy quadratic Lyapunov function, 40
Fuzzy reference model, 46
Fuzzy relation, 4
Fuzzy rule, 12, 25
Fuzzy rule base, 6
Fuzzy set, 1, 12, 26, 198
Fuzzy singleton, 2, 9
Fuzzy union, 3

G
Gaussian function, 26, 84, 168
Gaussian membership function, 224, 225,

235
General form T–S fuzzy system, 113
Global dynamic T–S fuzzy system, 33
Global T–S fuzzy system, 27
Gradient algorithm, 226, 229
Gradient descent, 89

H
High frequency gain matrix, 200
Hurwitz, 69, 70
Hurwitz matrix, 114

I
Identification of premise variables, 77
Indirect adaptive control, 55, 56
Input–output delay structure, 200
Interactor matrix, 199, 200
Internal dynamics, 50

K
Kronecker product, 227, 266, 267

L
Least squares algorithm, 226
Linear error model, 226

Linearized input–output dynamics, 49
Linearly parameterized model, 228
Linear mapping, 26
Linear matrix inequalities (LMIs), 43
Linear parametrization, 172
Linear prediction, 166
Linear prediction model, 165
Linear reference model, 45, 107, 114
Linear time-invariant (LTI) system, 142,

169, 170
Linguistic values, 5
Linguistic variable, 5
Local prediction model, 167, 200
Lower triangular, 212
Lower triangular polynomial matrix, 199
Lyapunov-based design, 55, 60

M
Mamdani fuzzy system, 9
Mamdani implication, 8, 11
Match condition, 251
Matching condition, 45, 47, 62, 109, 115,

122
Maximum defuzzification, 10
Maximum degree, 203
Mean squared error (MSE), 91
Membership degree, 2, 198
Membership function, 12, 26, 106, 198
MIMO characterization, 200
MIMO fuzzy system, 197
MIMO nonlinear system, 198
MIMO prediction model, 198
MIMO T–S fuzzy system prediction model,

197, 199–201
Minimumphase, 50, 168, 189, 202, 204, 224,

233, 238, 264, 268
Minimum phase condition of a regular LTI

system, 169, 204
Minimum phase MIMO fuzzy system, 204
Minimum phase SISO fuzzy system, 169
Modeling error, 168, 189, 202, 232
Model reference adaptive control, 61
Multiple-input multiple-output (MIMO),

197

N
Nominal controller, 109
Nominal delay, 198
Nominal system input–output delays, 198
Nonlinear damping/bounding design, 202
Nonlinear interpolation, 27, 31
Nonlinearity error, 238
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Nonlinearly parameterized, 225
Nonlinearly parameterized model, 225
Nonlinear mapping, 27
Nonlinear parametrization, 236
Nonlinear prediction, 180
Nonlinear prediction model, 179
Non-minimum phase, 233
Nonsingular, 200–202
Nonsingularity, 125
Nonsingularity of

∑N
i=1 μi β̂

i
0(t), 208

Normalization, 168
Normalized error, 238
Normalized firing strength, 13, 26, 224

O
Offline identification, 76, 90
One step prediction model, 33
Online clustering, 94
Online fuzzy clustering, 94
Online identification, 93, 97
Output function controllability, 199
Output tracking control, 47

P
Parallel distributed compensation (PDC),

42, 45
Parameter adaptive law, 58, 61, 63, 67, 71,

111, 117, 124, 149, 151, 172, 184,
207, 256

Parameter estimation algorithm, 185, 206,
225, 226

Parameter identification, 76
Parameterization, 116
Parameterized actuator fault model, 262
Parameterized model, 165, 170, 171, 198,

225
Parameterized uncertainties, 189
Parameter projection, 58, 67, 118, 128, 169,

175, 184, 190, 210, 212
Parameter projector, 187
Parameter uncertainties of membership

functions, 224
Piecewise quadratic Lyapunov functions, 39,

44
Polynomial matrices, 201
Potential, 84
Prediction-based control scheme, 170
Prediction equation, 182
Prediction model, 164, 180
Predictor, 180, 201
Premise variables, 12, 25

Product inference, 26
Projection function, 184
Projection term, 257
Proper transfer matrix, 203

R
Recursive least squares (RLS), 80, 87
Redundant actuators, 248, 249
Reference model, 250, 255
Regression form, 172
Regressor, 174, 187, 207, 213
Regularity criterion (RC), 80
Relative degree, 48, 69, 141
Relative degree of T–S fuzzy system, 143
Robust adaptive control, 190, 202
Robustification, 168
Robustifying signal, 175, 190, 238
Robustness, 168, 232, 238
Robust parameter adaptation, 175, 190

S
SDU decomposition, 126
Search tree (ST), 77, 78
σ -modification, 175, 190
Sigmoidal membership function, 224, 225
Single-input single-output (SISO), 197
Single quadratic Lyapunov function, 37, 43
Singleton fuzzification, 11, 12, 26
Singular, 199
Singularity, 67, 184
SISO linear time-invariant (LTI) system, 203
SISO prediction fuzzy system model, 167
S-norm, 4
Stability of T–S fuzzy systems, 36
Stabilization control of T–S fuzzy systems,

42
Stable polynomial, 182, 233
State-feedback output tracking (SFOT) con-

trol, 144
State tracking, 251
State tracking control, 45
Static T–S fuzzy system, 26
Strictly proper and stable transfer matrix,

200
Structure identification, 76
Subtractive clustering, 84, 168
Switching controller, 44
System delay structure, 198
System order, 202
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T
Takagi–Sugeno (T–S) fuzzy system, 25
Taylor series expansion, 227
Time-varying MIMO dynamic systems, 197
Time-varying T–S fuzzy systems, 41
T-norm, 3, 8
Tracking control of T–S fuzzy systems, 44
T–S fuzzy reference model, 114

U
Universal approximation, 29
Universal approximation theorem, 35
Universal approximator, 34, 36

Universe of discourse, 2, 25
Unparameterizable uncertainties, 189
Upper bounding property, 174
Upper triangular, 212

W
Weighted average, 12, 26

Z
Zero dynamics, 50
Zeros, 203, 205
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