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"Since the fabric of the universe is most perfect, and is the work of a most wise 

Creator, nothing whatsoever takes place in the universe in which some form of 

maximum and minimum does not appear". 

Leonhard Euler (1707-1783) 
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2. Iterative 
3. Rise Time 
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7. Band Width 
8. Optimal Control 
9. The objective of optimal control theory is to detemine the control signals that will cause a process to satisfy 

the physical constraints and at the same time minimize(or maximize) some performance criterion. 
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1. Physical Constraints 
2. Admissible Control 
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]4�	
 x:#
P
� �
�� �
C	� -7�()-
UV�(����% � ���!],[ 0 ftt�� -*�� P� ��� �
C	� -7�( q L 

 *��� #
P
� �
�� +��, ��f, �*!�D�6H 
��� #���3.

�/��D� +��, ��f, b*?��X� #��� -�� ��*! ��*���� ������
C	� -7�( ��*��	
� ��#� 
����  ��*is� ��

�� j�� P� ��	"5�� ���, #� �� ���D� �[��� 8	$�@ ?��� ����
C	� -7�( ���	
� ���B�h	�� 8*�	�� 

)-7�( <�$ ����
C	� -7�( ���	
� #Y�� ���[� �	$�@ #� ��3 ��+��, ��f,  
	��.

p�u����47*� ���3�9 �4���
 *��	�N

���� #��*!�� ��".�/ b*�	�
� %��&� )#�� ���� #	�*�� b*|��� ��
U� B�h	��  *���.��b*)�	�
� 

��	
� �

�� �	
�#7-�� ��8*� |��� ��
U� ���'�� ( �*+,� (  *���.8

U� 8*� |��� ��
U� ��#J�� +Y��� ��
�� 

H��� �83�� H��� ���H��K ���R*� B�h	�� �0#@���� 8"�� -�
�.���
U� ��'� ���	�� �	�
� !�{=�� A�� 

{=�� B�� �'�� ( -/�� )8"�� yhE� #� 
� �����! +�/)�����D
*� |��� ��
U� -��( *�� +,� ( ��3.

�� ��'� �R*� ���, ���� -
U,�� �-/�� �	�
� b*�1� �XL ��`�L ����� #7�	
� )�� �.L�$c� b*|��� 

��
U� W�J ��8

U� #��  
�.��8

5 �.��� ������ 8"�� -�� 8* 
5 |��� ��
U� ������ #���� ���,  �� ��

�"
*�  ���	� ��".�/ �

�� ��-� � ���0.������� H�P� B�h	�� |��� �
U������ #���� �	E
� ���, #���
@ �

��$ ��8*� -�� ����".�/ �	�
� ��|��� ���
U� ��+"3 �*! H 
D
� �*#��
3!�� ���@:

0

( ( ), ) ( ( ), ( ), )ft

f f t
J h x t t g x t u t t dt= + ∫

�� ���0t0�tf�� k
��� ���! w��3 ����! #Y��� H��� �g�h|���� 7�"��� 
	��.tf8"�� -�� 8

U� H 3 

��*��!06 3�� �8*� ��#R	�� ����
� �.��� ����.%��f/)),(( ff ttxh���� -
��� ���� ��-
UV� #Y��� 

B�h	�� #���3.

1. Admissible Trajectory 
2. The Performance Measure 
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w��3 !�<*��3 �
7�� 00 )( xtx =����/� ��
R
� ��	
� )(tu����],[ 0 fttt∈\/�� #���3 )�	�
� #
P
� 

�
�� #	7�( ��k
�U�  
�.|��� ��
U� ����#
P
� �
�� �	�
� b*� / #�
�( -f�� #� ��.��#f7�=� ��

��
��� �	X@  3��
�� �Y��� ��
� #P*�L ���� �.��� ��	
� �

�� ��"�� �*iK -��.

p�k��35�� !���" ���#�N

����� #Y�� ������&$ H 
*0 <�� H��� #���3 ���� +(�.��� �*! -��:

-���.=� 8	$�* ��	
� !�D� *u�� \/�� ���@ �	�
� 

)),(),(()( ttutxatx =&

�
�� !�D� *x�� k
�U� H���� �|��� ��
U� �*! ��+,� (  *���:

0

( ( ), ) ( ( ), ( ), )ft

f f t
J h x t t g x t u t t dt= + ∫

*u��	
� �

��l�*xb* �
�� �

��mH 
��� #���3.���D
*� v
V��  
5 �	"� ����V #� 3��:

eS��:8"�� -�� ecf, !���2� ��	
� �

�� #/c�� �	3� � �
3�� %��fU� �R*� ��"�� ���� 8"���
}  3�� ��

#7�	
� -� �  *0 ��:g7�(�,+���f,  3�� B(\/�� ��3 �	�
� �
�� #��.=� ��k
�U�  *���.���2�� ��

%c"E� H��X	�� !���*�r, ��2� B��2n)k.}� ����� 
K ��	
� �

�� H��� ��!�%�fQ� ��2� B��2 

 ���J ���.

e�
��Q:�@� ��	
� �

�� ����2� �	3��  3�� 8"�� -�� B��2 �&P
� ��X�o 3�f�.�&P
� �X�����f� B��2 

\/�� +"E� � 3 ���3�� #��f��P� H 3 8"
7 H!�2� #� �� ��!�8
� 8* 
5 ��	
� )H 

� ��"�� 

1. Free 
2.The Optimal Control Problem 
3. Optimal Control 
4. Optimal Trajectory 
5. Existance Theorems 
6. Unique 
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B�h	�� ��
� ���@.8*� ��"�� ���� ���� �	f��
� -�� ��*! #� ���� �����[� 8	$�@ ����	����K �R*� �
[� 

)-�
, H!� �� �H�
} ����|��� ��
U� ���[� �	$�@ H E� -�� B�h	�� ��J ��+���  *���.

�Q'7e�:#	,� ��
� #���3 ��*u\/�� +,� ( � 3 |��� ��
U� #���3 ��[
� 8*� -�� ������ ?��� 

UuXx ∈∈ ,�
���J -3��:

0

0

* * * *

 
( ( ), ) ( ( ), ( ), )

( ( ), ) ( ( ), ( ), )

f

f

t

f f t

t

f f t

J h x t t g x t u t t dt

h x t t g x t u t t dt

= +

≤ +

∫

∫

8*� �=��� ��
� #� 
� ������	
� )�

�� |��� ��
U� �-f� ������	
� +��, ��f, �R*� ����
�� +��, ��f, 

�R*� �	�� ��E
�.8*����
� #��
	�� ��b*+,� ( �.=�6���+,� ( #.P�F � �[� #� 3��.

�	f7� b*A�� ���� 8

U� +,� ( �.=� �0-�� ��+,� ( ��� #.P� ��� 
K H��� ��s� !�8
� ���0 

����� ��8*�	"5�� �� �� |��� ��
U� ���D
	� #� �� B�h	�� ���@.

/�� s:�
4��� 7��35�� ���#� ���4 

1. Absolute or Global Minimum 
2. Local Minimum 
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	� 

�� �D
*�  
X� -�� ������'� �*! ��-�2 v
V�� �	E
� k.=� q�$ �Y��� H 3 -�� �2�� ��3.��+"3)�(

#
P
� J�� k�( u�
��� H 3 -�� ������ 8* 
5 +,� ( ��)4()3()2()1( ,,, uuuu#�  3�� � (+,� �.=� 

���� )1(u ���J ���.

e�	*��� #	�*�� �2�� ���� ���@� ��D� 
���
)+,� ((����� |��� )��
U� �
���h� ���0 �

E
�)�'�� ((�
*��� 8*� 

k.=� x�
	(� ����*�r, #L�J ��� � ��*! �'�� ( ��|��� �+,� ( #X
� ���� |��� #"*  ���J ��� ��i7 ��

����� �� � !�-�� ���� )-
U��2 �

�� ����� |��� ��
U� ��
�  ���J  3.

p�L�!���" ���#� *��35�� H�0	
 �J2� V�+

{� 
� H��X	�� H 3 ���.��� k
�U� �PXL ����+"3)m(�*���� H��� H �3 -��� %��&	h� XY �R���E� b�* |�2�� 

#��
*� -��.j!� �� -/�� b3�� -��Q H��� ����*��! {
7�� 0θ
F-f�� ��� ���P� Xb
.�3 #�� ���3.-��2 -/��� 

)(tθ�� {.
�� B�	3 )(tan�� ���/ ��-�2 -/�� -�� �

C� #� 
�.` � �� � B�	3 H��� ��i7 j!� �� -/��� �

{��*��! �0������� �
���� -����Q #,���� #���  �����.���� ����$ MTMT yyyxxx −=−= ,%S����U� -����( ���PX��L 

)%S��U� -7�(( 
���f/ !�:

1. Optimal Control in Planar Pursuit 
2. Off-Boresight Angle 

Y

X

VT

VM
β

θna T

M

/��S:� m&$���J2� H�0	
 *� 6$� � ��'V�

r
σco

nt
ro

len
gin

ee
rs

.ir



	� 

)%S��U� #=J�
} -7�((θ−β= coscos MT VVx&

θ−β= sinsin MT VVy&

M

n

V
a=θ&

<*��3 �
7��  
���f/ !�:

00 =t , 00 )( θ=θ t , 00 )( XtxT = , 00 )( YtyT = , 0)( 0 =txM , 0)( 0 =tyM

-��L� �����! #Y��	�� t f�� %��L �*! g*�U� #���3:

0)( =ftx , 0)( =fty

|��� ��
U� ��%��L �*! ���[� �	$�@ #���3:

∫= ft

n dtaJ
t

2

02
1

���|��
U� +��3 ���R	�� ��iD� B�	3)����$ ��	
�(#� 3�� ��#	�*�� +,� ( ���@.

+�M�/�� !���" ���#�+

]4�	
 ,:�@� b*{=��� #U���F!� ?�$:

)),(()(* ttxftu =

 ���	� ���� ��	
� �

�� �����! t-� �  *0 �H�R�0 |��� f����, ��	
� �

��l�* �
�-��

��mH 
��� #�� ���3.

�2�� ��3 ��{7��U� �
J� B�D*� #� 
� ��f#����,n �3�� ��� ���	
� ��

�� ��������! t��� ��!� ��� �� ��� 

-
UV� +��, ��f, �����! t8

U�  
�.���
U� ��'� �@� �	3�� �
3��:

)(F)(* txtu =

1. Form of Optimal Control 
2. Functional Relationship 
3. Optimal Control Law 
4. Optimal Policy 
5. Rule 
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	� 

�� ���0Fb* �*���� nm×!� ���	��Q #�
�(  3�� �	X@ #�� ���3 ��� �����, ���	
� ��

�� #�����, )#�=J 

�
C	��
} �����! �%��&� b� 
$ !�-7�( ��#� 3��.

]4�	
 a:�@� ��	
� �

�� %��&� #U��� !����! ���� -
UV� �
7�� yhE� H 3 ��8

U� ��3 #
U*:

)),(e()( 0
* ttxtu =

�� 8*� -7�( ��	
� ��

� ��+"3 ��.( !��6H 
��� #���3.���
� 8*� ��	
� �

�� ��.( !�� �*!���� � ���� -
U�V� 

{
7�� #L�J �

�� -��.��#7�( ���@� ����, ��	
� yhE� H���  3�� !���#	
UV� ��w��3 ����@ ���	
� 

�

�� ��#� ����  
7�� ��3.��&� %��X� ��	
� �

��F��.( !�� �����, ��	
� �

��)��.( �	��(l���� ��� ��	�� 

���0 k��
� H��� �8*� ��*��� ��+"3)�(��E� H��� H 3 -��.�2�� ��3 ����=� #.� `�L ���2� O��f��� 

8
� -7�( �����	
� 8
�r� j 

�  
7�� ����, ��	
� �

��m#��  3��.

/�� U:a(!���" ���#� �03[ 7�� b(;'��F !���" ���#� 
�@ �58
� 
�� �	E
� �,c/  
� ����	
� �

�� ��.( �	�� �*�� � �	�� #� 
3�� 8"
7 ������� �
�K #��  �*0 ��� 

��	
� �

�� ��.( !��  
��� �������� k
�U� j 

� b*��, )#/�
&� #.�/ ��-��.��*! #	,� �����, #/�
�&� 

1. Open Loop 
2. Open Loop Optimal Control 
3. Optimal Control Law 
4. The terms optimal feedback control, closed-loop optimal control, and optimal control strategy are also often 

used.  
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�� �� � #L�J ���, -$�@ �	�� �1
5 #� ���� \/�� �

C� �0��3.�K����� #��  ����� ��f� ������� !��
�K 

8

U� H 3 ��+�/  *���.

b* ��'� ����� !���	
� b� 
$ ��� ��#����� �.��� ?1
��"����� ?�� ��� ������D�0 #�2��J ���� #�U,�� �

B�.=� ��*��� H 3 ���#$��P�� \/��  
7�� b*��
R
� ��	
� #����@ �#U� #��  �
� ��� `c	�J� ����� 

�XL  �����.

+�+Q�=4��� P���& ��V����Z�� .��[+

{=�� w��3 ���#��	�
� ��	
� )�

�� � � #V�*� �0%��&� ����
C	� -7�( #� 3��.���D
*� *�	�#D����

 *�� ��\P� ��� #�0 ���� H��X	�� ���, ��
@ �LcJ �|�2 � 
�  ���J  3.

+�+Q�+���\ 7�V����Z�� .��[ �&����2 ���'�N

8	3�� � � #V�*� �	�
� ����r$ -7�()%��&� ����
C	� -7�((+YS � �*! k��
� -��:

g7�(H�@ *� ��r$ -7�( ��#����� ����	�
 ���  
5 ������ �
5 #�2��J ����/� ���� ��#7��( �����

�	�
� ��� #=J ����j!�( ^cKS #���� #� ��3 A�� ^cKS <�$ ���� �	�
� ��� b�* ������

b* J#2�� H��X	�� #���3.

B(H�@ *� ��r$ -7�( ���� �	�
� ���� #�=J ���
} #�=J ������� ���� ��#����L ��� +�
.P� ��j!��( 

^cKS <�$ ���� �	�
� ��� #=J ������ ����.%��fU� �R*� �
C	� -7�( B�5��5 � (�� ���� ��U7�=� 

�	�
� ��� #=J �#=J�
} ��D*� #� *���.

1. State Variable Representation of Systems  
2. Why Use State Variables?  
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x(��H�@ *� ��r$ -7�( !�
� ��+* f� ^cKS -�
� �!�j!�( ���! ���� #���� �	�
� H��X	�� #���3.��

#7�( ����A�� ^cKS !�j!�( �����$ ���� #���� �	�
� H��X	�� #� 
�.

�(H�@ *� ��r$ -7�( ���� �	�
� ��� �
C	� ������! ������� ���� ��#����L ��� A�� ^c�KS <��$ ����� 

�	�
� ��� �
} �
C	� �����! +��, H��X	�� -��.

�(+(%S��U� #.
����X*� ��� %���&� �����
C	� -�7�( ���
�  ���3 !���*�� ��7���0 ��* ���	
D*� H �*� �0

#�  
3��.%��fU� �R*� ��A�� ��r$ -7�( #����� %S��U� -7�( ����%S��U� �f��� ��� +* f� ���� 

����� %�f��P� � /��H��X	�� !����
s��� �Matlab -7��� ���*! ��D*� #���3.

�(?��X� -7�( ����� b*j1
R�� #"*1
$ ��, #� 3��.

+�+Q�N�]4�	
 .��[ �4P���&+

#��R
� ����-7�( �	�
� H��3� #���3 g*�U� �*! ���
���J -3��:

]4�	
 l:-7�( )�	�
� {/��D� �*���� )(),...,(),( 21 txtxtx n#�  3�� ���@� ��{�[P7 0tt =8�*� �*����� 

8
U�  
3�� ����� 0tt ≥����� ��� �	�
� ?�.U�  
3�� �����[P7 �R*� 0tt ≥8*� �/��D� yhE�  3��.

+�+Q�,���&� V$�� P���& ��N

�	�
� ������#�c�2 �
[� #=Jl)#=J�
}m)�
C	��
} �����!n��
C	� ������!6yh�E� #��  �
*���.�������� 

�	�
� ������
f� %S��U� -7�( ���0 �	�� � 
�  
���J  3.���
U� ��'� �@� #�	�
� #=J�
} ��
C	� ��� ����! 

 3�� %S��U� -7�( ���0 %��&� �*!  ���J ���:

1. Definition of State of A System 
2. System Classification 
3. Linear 
4. Nonlinear 
5. Time Invariant 
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)),(),(()( ttutxatx =& (Non Linear & Time-Varing) 

�	�
� ��� #=J�
} ��
C	��
} �����! <��� %S��U� -7�( ��+"3 �*! ��E� H��� #� ��3:

))(),(()( tutxatx =& (Nonlinear, Time-Invariant) 

�@� �	�
� #=J ��
C	� �����!  3�� %S��U� -7�( �0%��&� �*! -��:

)()()()(()( tuttxttx BA +=& (Linear, Time-Varing) 

�� ���0)(),( tt BA�*���� ��� nn ×�mn ×�� �L�
/ �
C	� �����! #�� � 
�3�.%S���U� -�7�( �	��
� 

#=J �
}�
C	� �����! ����� +"3 �*! -��:

( ) ( ) ( )x t x t u t= +A B& (Linear, Time-Invariant) 

�� ���0A�B����*� ��� -��Q  
	��.

?!S ��v
V�� -�� ���/��D� ����
C	� -7�( ����� b�* �	��
� ��	"* -��
�.��� O��3 ��"
*� P�*����� 

8
"��
}  3�� �@� x����� -7�(  3�� x̂�*! ��b*����� -7�( -��:

x̂ x= P

��D��/��� %��X	� �
C	� -7�( #R�� %�/c�� #���"* !���	$� �	�
�  ����.����� #Y�� !���"�3� `���U	� 

�*��� ��r$ -7�( ��#����� ��+"3 `��U	� ��	
� )�*iK +"3 `��U	� ��=, �+"3 `��U	� ���2 H��3� 

����.

+�+Q�S�8^��	� �<��DN

-
�� ��� #"*1
$ �� ���	� H!� �� ��
@ 3 �� #2��JlH 
��� H �3 �%���&� )(),...,(),( 21 tytyty q���E� 

H��� #� ��3.�@� #2��J ��#U���� )#=J�
} �
C	� �����! !�-7�( ��� ����	
� ���  
�3�� %S���U� #�2��J 

%��&� �*! �	3�� #���3:

1. Time Varing 
2. Output Equatins 
3. Output 
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)),(),(()( ttutxcty =

�@� #2��J ��-7�( �����	
� ����<���� #=J ��
} �
C	� �����! #R	�� �	3��  3�� H�R�0:

)()()( tDutCxty +=

�� ���0C�D����*���� -��Q nq ×�mq ×#�  
3��.��\Pf� ����� ��	
� �

�� -�2 -7��� ��$ 

#� ��3 ��#2��J ��#R�� ���� H!� �� ��
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} �
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����� �XL H��� �+(%S��U� -7�( <��� ��b*!���%��L �*! -� �  *0:
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Y12 �	E
� ���PXL 9;�B�	 kirk H �0 -�� ���*�DE��� �,c/  
� ��8	� B�	� �U2���  
*���.

�y�!x:.&$� ;�*�? 8^��	� .��[ *�P���& ������� 1�< ���>,

1. Solution of the State Equations in Linear Systems 
2. State Transition Matrix 
3. Ogata, Modern Control Engineering 4ed, 2002. Page 73 
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1. Mechanical System of Mass and Spring
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�� � #"*�	"7� ��E� H��� H 3 ��+"�3 ��*! ������[�  �*�
R�.�� �� !�b�* -������ #Y���7�)������()b�* 

-�����)���(�b*�!�J)����$(F+
"E� H 3 -��.��H��X	�� !�����, ���	7� g��3��l�� �	��
�)%S���U� 

�*! -� � #� 
*0:

/�� k:P���& *�$� ��4����� LRC 

!� %S��U� �
J� � � #V�*� �	�
� %��&� �*! -� � #� *0.

�� g*�U� ����
C	� -7�( %��&� �*! �
���J -3��:

�
C	���� ����� �#2��J %��&� �*! g*�U� #� ��3:

e�	D
	� %S��U� -7�( �	�
� %��&� �*! -� � #�*0
 :

1. Ogata, Modern Control Engineering 4ed, 2002. Page 90 
2. The circuit consistts of an inductance L (henry), a resistance R (ohm) and a capacitance C (farad) 
3. Applying Kirchhoff's voltage law to the system 
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+"3 )�(b*~��0 ���������� ������� ��������F�� ��E� #� ��.8�*� � �� ���	
� ��	���� b�* b�3�� 

+��( H������ ��?�R
� B���K -��)` � )��	
� ����/ � �R�8	3 ��	��� b3�� -��(l.~��0 ��������

-7�( #U
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U* �����[P7 #� ���� ����� #�	�2 ���@��� ���3 ��R� ��"
*� ����
� #�7�	
� 

#f��
� ���/� ���@.

/�� L:P���& ������� v��? ���*�� 

1. Ogata, Modern Control Engineering 4ed, 2002. Page 88 
2.An inverted pendulum mounted on a motor-driven car 
3. Attitude Control of A Space Booster on Takeoff 
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+�++����
 *��	� �4�����7*� ���3�9+

�K !�� � �!�� �	�
� ���8

U� -*�� P� ��� ��	
� �)-7�( ��
�� |��� ��
U� �*#��
3!�� ��".�/ ����

�	�
� ��� ��	
� H��X	�� #���3 ���� \P� ���, #���
@.��8*� -��, ` � ����$ ����� j1
R�� *1
$#"

B�h	�� |��� ��
U� #� 3��.

A�� ��� b
�c� #(��� �	�
� ��� )��	
� ���� �	�
� ��� #=J �
}�
C	� �����! ��b*����� �b*

#2��J �<*��3 {
7�� �XL ��"� #� ���.|��� ��� ��
U� `��U	�  
���f/ !�:z��K �	�
� ������� �"* �*

-/�� ��<��� ���! )��UL ���! )���, � L� ��2��$ �-,� -7�( ���U� yhE� #� ���@F�z��K 

#�����$ �	�
� <���  (!�$ � ()�
��� ��*1��� �
��� ���
�K  ��� yhE� #� ��3l.���3�� b
�c� 

�� ���
�� !������ +��, H��X	�� �+��,  ����	/� 8"
7 ���D
*� �������� �����3�� b
�c� #��  
���� 

�R���2  
3�� �	J���K #���3.

+�++�+����
 *��	� V��� /@��� !���" ���#�S

�.��� ��	
� �

�� -����f/ !�� 
K ���� ��	
� Uu ∈*���=� ��\/�� ��3 �	�
� 

1. The Performance Measure 
2. Response to a step or ramp input characterized by rise time, settling time, peak overshoot, and steady-state 

accuracy 
3. Frequency response of the system-characterized by gain and phase margin, peak amplitude and bandwidth 
4. Performance measures for optimal control problems 
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�U�  
�:

0

( ( ), ) ( ( ), ( ), )ft

f f t
J h x t t g x t u t t dt= + ∫

��( #U� #���3 ���� #J�� !�+Y��� #7�	
� `��U	� j1
R�� #"*1
$ B�P	�� |��� ��
U� ��
� ��3.

/@��� /F�$[ ;��7+:

���� ���	�� #�	�
� !�<*��3 �
7�� H��h7� 00 )( xtx =�� b*�/��D� ` � SF�� +,� ( )���! |��� ���
U� 

�� �� *+,� ( ��3 -����f/ !�:

0
0

ft

f t
J t t dt= − = ∫

�� ���0ft8
7�� �[P7 ��-�� ��)(tx�� �/��D� ` � S���J�� #� 
�.ec'� -��L� b*b3�� ��

)��
K��� �	�
� �J�5 b*����� �1
� ���  V#Y��� ��#����� ��|��� ��
U�  (+,� ���! g*�U� ����l.

!�y� l:�35�� ;��"'���\���m:�����! #����* ��.� �����	�
5��� ��#
U� 8*�	����� ���! #� 3��.8*� 

�.��� ����, �� X� )9:;:(�.
��� #7���� ��=� �+( *��@n.b*?�2 m�� �� 
� {�I�2 8
�! ��B�	3 g

!� -7�( ��"� ��� f� ��-��( �#��  *0.-���.=� 8	$�* {7��U� #
P
� �
�� -�2 � 
�� ��{=�� 

1 1( , )x y�� �"
���L 8*� �
�� ��8*�	����� ���! #���3.

1. Minimum-Time Problems 
2. Target set 
3. Typical examples are the interception of attacking aircraft and missiles and the slewing mode operation of a 

radar or gun system. 
4. Brachistochrone 
5. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 267 
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�� #���L ��B�	3 ��I�2 -��Q  3�� �� 
� �
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2 �	K+
��� -��Q -��.

2 2
0 0

1 1( ) ( ) ( ) ( ) 0
2 2

mV t mgy t mV t mgy t− = − =

!� ��
*� -/�� �����[P7 !����! 0t t≥�� k�( %�&	h� y%��&� �*! -� � #� *0:

2V gy=

%S��U� ����r$ -7�( 
���f/ !�:

( ) cos ( )
( ) sin ( )

x t V t
y t V t

= θ
= θ

&

&

�� ���0�*��! �
�� ( )tθ����� ��	
� H��� �#	�*�� ���� �f��P� ���@ ��yJ�3 ��".�/ +,� ( ���! 

�� �

��  *���.

0
0( )

t

t
J t dt= ∫

+( �.��� �����	�
5��� %��&� �*! ����$ 2φ = π− θ!� ����<��	
� �

�� -� � #� *0:

( sin )   ,    (1 cos )x a y a= φ− φ = − φ

#
P
� -� � H �0 ���� x,y b* 
Y�."
� -�� ��!�{=�� � f�0 0( , )x y� &��1 1( , )x y#� ��i@.

 
Y�."
�6��"� #� 
� #���� -�� ��!�-��( b*�=�� ��� H�*�� ����( � 
=.} �� � A1C7 ��( 

��P� x-� � #� *0.�*���� ,a φ!� <*��3 0 0( , )x y�1 1( , )x y-� � #� 
*0.

1. Cycloid 
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)]()([)]()([ ff
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ff trtxtrtxJ −−=

8*� �=��� ��#����� ��+"3 �*! ��E� ���:

2
)()( ff trtxJ −=

�� ���0)()( ff trtx −H!� �� �*?��F����� )]()([ ff trtx −#�  3��.���� -
���/ ���� �	E
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� �*���� 

A!�� ���i@ �*#�!�m-�� ��8*� |��� ��"� ���:

)]()([)]()([ ff
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ff trtxtrtxJ −−= H

{7��U� q�$ ��#����� %��&� �*! -3��:

2
)()(

Hff trtxJ −=

�@� H�*���� ��=,  (��  3�� ��{7��U� ��+f, {7��U� �
J� ���U�  
���J ���.�@� H�*���� ��=,  3�� 
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*� H *�� �*���� -f'� ��
� 8
U�  3�� \/��  ���J  3��?��� �L�
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1. Terminal Control Problems 
2. Norm 
3. Real symmetric positive semi-definite 
4. Weighting matrix 
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U�8��� ���� ��'� �@� hii ��1� B�h	�� ��36`��P�� )( fi tx!� �� �� B�.=� �0��-
��� #�.� H 3 �

�@� hjj �XL ���[� �	$�@ ��3 `��P�� jx#� -
��� #�.� H 3 -��.�L�
/ H���� H1
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�� / 1
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� �# ��3 

���
U� ��'� b3�� b
	�7�� ��E� H��� H 3 ��+"3)9�(�����[�  *�
R�.-
U,�� b3�� ��{[P7 t��

%�&hE� ���� )(),(),( tttl θαyhE� #� ��3.l�.L�$ !�� f� %�&	h� �θα,�� k
��� ��*��! w�X��� 

�-�� #� 
3��F.�@� milesLLtl f 5000,)( ==���=J {*��! -�� �����J�� rad01.0 3��lH�R�0 

`��P�� b3�� !�` � S�� j!� �� ��+*��  ���J ���.��� ��#���L ��|��� ��
U� %��&� �*! ���[� �	$�@ 

��3:

2
22

2
11 )]([]5000)([ ff thtlhJ θ+−=

�� B�h	�� 11

2

22 01.0
50 hh 



=-
��� `��P�� ����� �-�� #"*  ���J ���.��#���L ��2211 hh = ��[� 

 3�� e���17 #	�*�� ����
C	� θ,lH1
7����m ��3.

/�� pb:�4��'� ������� �"��.�& 6$� S����* �$� .&�.

1. hii denotes the iith element of H 
2. Elevation and azimuth ang1es 
3. Azimuth error at impact 
4. Normalized 
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� -7�( %S��U�  
*0:

x ax bu= − +&

�-��Q #���! {.L�$ b* �� %���( �2�� ��	
� ���[0, ]T��".�/ yJ�3 )H 3 �*�1� ����� +,� ( ��)|���

��
U� (#� B�h	�� �*! %��&� ��3:

1. Minimum-Control-Effort Problems 
2. Temperature Control in a Room Using the Least Possible Energy 
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J u t dt= ∫

q��� #Y��� ���� �
���h� �� #���L�� -��� �� ��o( ) 10Tθ =�  3�� �

�� +( ��  3  ���J H��� ��E ����

�	�
� 8*�  ���J �*! %��&����6:

* *10 sinh( )    ,   ( ) 10   ,  0
sinh sinh

atae atu t x t t T
b aT aT

= = ≤ ≤

/@��� H�0	
N:

b*�1� ���� -7�( )(tx�	�
� ��-
UV� B�.=� )(tr��  (8"�� ��j�� P� ],[ 0 fttb* �.��� 

k
�U� �# 3�� ���+Y��� k
�U� |��� ��
U� %��&� �*! B�h	�� #���3:

0

2

( )
( ) ( )ft

t t
J x t r t dt= −∫

Q

�� ���0)(tQ�*���� #�
�( ����	� nn ×-f'� ��
� 8
U� ����!� ��],[ 0 fttt∈#�  3��.�L�
/ Q

��
_�0 8

U� #� ��3 ����V�-
U ��� g.	h� -
��� �A!�� ���� �[� H��� ��3.

/@��� P�R�
 �$��" ��,:

�.��� �
[
� H 

� -7�( W�J �.��� k
�U� -�� �����0����!� ],[ 0 fttt∈�� �� 0)( =tr#�  3��.��

�*! |2�� 8*� !� #7�'�-�� H���� #$�U� �� �.���m.

��'� ���
U� �.���  *�
R� �[� �� �� �	3���� +K� ��� �n.-�� #=J�
} #"
��
*� �	�
� b* �R��E� �.��� 8*�

%S��U� ���f/ �	�
�  
!�:

1. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 139 
2. Tracking Problems 
3. Regulators Problems 
4. Yahiaoui, Model Based Optimal Control for Integrated Building Systems 
5. Milam & Mushambi & Murray., A New Computational Approach to Real-Time Trajectory, Generation for 

Constrained Mechanical Systems, Proceedings of the 39" IEEE. Conference on Decision and Control Sydney, 
Australia December, 2000, P845-851 
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#� g*�U� �*! %��L �� 1
� #*��� �� �� � �
7�� <*��3  ��3:

1 2(0) 1     ,      (0) 0x x= = �
7�� <*��3 

2 1(5) (5) 1x x− = #*��� �� �� 

�.��� #� ) ��3 �V�� S�� #"
��
*� %S��U� �� #���L �� �*! ��".�/ yJ�3 ���� �

�� )�

�� ��	
�  3��:

( )
 5

2 2 2
1 2

 0

1 ( ) ( ) ( )
2

J x t x t u t dt= + +∫

+�++�N�_�`��� ���
 *��	�+

�� B�h	�� |��� ��
U� ���� #U� #� *��� ��b*|��� #V�*� �
5�g*�U�  
� ��#	,� �0�|�� +,� ( 

#� ��3 �	�
� ��8*�	��.=� -
UV� ��J +�/  *���.8*����
� B�h	�� |��� ��
U� ��2�� %�&hE� #"*1
$ 

���� ?�17 �	�
� ��k7�} %��f/ #V�*�  ���J ���.

�@� |��� ���
U� ��=� #U,�� ��".�/ B�.=� �	�
� ���"U
�  *��� #
P
� �
�� B�h	�� H 3 <��� ����  *�� 

�	"5��8*J�� �D
	�  �� �@� 8*� -���  3�f�  *�� |��� ��
U� ��*-*�� P� ������  * D� �[�  ��
@���,.

?��X� #"*1
$ �� �� |��� ��
U� 1
� #.��/ -�� �� *�� ���� �2�� ���, ��
@ +,� ( �� �� |��� ��
U� ��_�� 

���!  
*0�$ ��*-J�� `�&� H 3)����� #
U�  ���J ��� 8"
7 �������� ��|��� ��
U� #f
��� !�

���	
�� %��X	� ��k*�V A!�� ���i@ g.	h�  3�� �� �� �� / |��� ��
U� #��  ���� b*?��X� #L�J ��

�V�/  *���.�*! �*�&� �� ��".�/ yJ�3 �� ���1�� �� -J�� `�&� 8*�	�� � ���! 8*�	�� �� #7�'�

#� �

��  *��� -�� H 3 H��� �*���:

1. Selecting a Performance measure 
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5��� ��#
U� 8*�	����� ���! #� 3��.8*� �.��� 

�� ��, �� X� �.
��� #7���� ��=� �+( *��@.���D	�2 ��|��
� #	��	
*� ��*|��
� ���h��	� )�� %��L 

�.��� �B��2 ���0 ��
�  
*���.

x��>�	� �4�35�� �`4*�
 *�_��[ 8����Z
N:���
�P� ��|��
� ���h��	� ���#	��	
*� �.��� ��

#h*��� !������� B��( %��

C� �� H���� B��2 ���0 ��
�  
*���.

]�3�
 T2:�35�� *� *��	� ���
 *�$0� �)&�J�B4����
'" �3��> B�� ���I0�,

�� %�&	h� ��� U� ��� b*#
P
� )(tx�	���� ���	����K t8
� O��� A�B%��&� �*! �f��P� #����@:

dttxJ
t

t∫ += 2

1

2 )(1 &

/�� u:B4����
'" �3��> B�� ���I0� *��4�J2� 

q�$ �=��� ��J<J H��K ��� ���� � ��
U� |���AB #�  3�� .��H��X	�� !�<���� ��	
> ��
�
�#���� ��E� ��� 

�> >��	���*8�.L�$ �
8���=�� <J-��� �# 3��.��$ �� 1)1( =x�5)3( =x�� �� |��� J�� ��� �
K�

1. Brachistochrone 
2. Calculus of Variational 
3. Shortest Distance Between Two Points 

0
t

x

t1 t2

x1

x2
dx

u
dt
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�g.	h� H��h7��f��P� H���� ��E�� ��
 �>�	����>*8��
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8���=�� <J-��� �# 3��)+"3

#
P
� H��� �� 2 � �� ��3 H��� +*�P� g
."� H���� �� ��.(

]�3�
 T3:�>�	� �4P���& ����'
 *��	� V��� /@��� !���" ���#� 

]��(�>�	� �4P���& !���" ���#� 

a(b*�	�
� #"
��
*� ��H��h7 � ���	$�@�[� �%S��U� +
����X*� ���0 �	3�� ��s� 8*� %S��U� ��

%��&� %S��U� -7�( ��
�  
*���.���� 8*� �	�
� |��� ���
U� ��#�-�*�� �

�� ��3 #$�U� H���� �<*��3 

�
7�� �#Y��	�� ��*��
, #7��	(� ����
�  
*���.

b(�.��� � +K� ��� � *�
R� �[� �� �� �*! �	3���6.-�� #=J�
} �	�
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#� g*�U� �*! %��L �� 1
� #*��� �� �� � �
7�� <*��3  ��3:

1 2(0) 1     ,      (0) 0x x= = �
7�� <*��3 

2 1(5) (5) 1x x− = � ��#*��� �

�.��� #� ) ��3 �V�� S�� #"
��
*� %S��U� �� #���L �� �*! ��".�/ yJ�3 ���� �

�� )�

�� ��	
�  3��:

( )
 5

2 2 2
1 2

 0

1 ( ) ( ) ( )
2

J x t x t u t dt= + +∫

1. Milam & Mushambi & Murray., A New Computational Approach to Real-Time Trajectory, Generation for 
Constrained Mechanical Systems, Proceedings of the 39" IEEE. Conference on Decision and Control Sydney, 
Australia December, 2000, P845-851 
M. I. Ross & F. Fahroo. Pseudospectal method for Optimal Motion Planning of differentially flat systems. In 
Proc. Of the 41th IEEE Conf. on Decision and Control. 2002 
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yLb* �*���� ��=� !�%��	E� ��� H��� �?�
� ��*���@6L�H 
�� #���3 �yyLb* �*���� ����	� 

#U��� !�%��	E� H��� �?�
� 8
��F!� LH 
��� #���3.!�g*�U� �=���)�(vV�� -�� ��<*��3 ?!S ���� 

b* �

��l 
���f/ !�:

1. Problems without Constraints 
2. Static Optimization 
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0≥yyL )�(

�8*� �� � #
U� -�� ��8
�� #	�*�� -f'� ��
� 8
U�  3��)#���� �*���� H�*�m-f'� �*�XL  
3��.(#���� ��

O�3 ):(����V�� #� 

� O��� �	�*�nH 
��� #� ��3.

<*��3 #$��o���� b*�

�� #.P�p 
���f/ !�{=���):(�+"3 ��, !�{=��� )�(#
U*:

0>yyL )�(

#
U* 8
�� ��#	�* -f'� 8
U�  3��)#���� �*���� H�*� -f'�  
3��(��#���L ��b*�=�� -7�( �	�*� ������ 

 3�� #7� 8
�� -f'� ��
� 8
U�  3�� %�/c�� #$�V� ���� �"
*� yhE� ��3 {=�� q�$ b*�

�� -�� �*��

���� !�
� -��.8

5 �=�� ��?�
� {=�� 8
"� �*��X
� H 
��� #���3t�� L#��� ��L|��� #=J �!y 3�� ��

8*� %��L #���� �*���� H�*� �*���� 8
�� �XL H��� �b*�

�� ��2�  ���h� -3��.

�y!�p:/@��� V$	���(2D)M

a(����":yJ�3 ��".�/ �*! �����[�  *�
R�.������ �� H�*� 8
�� L-f'� #� 
3��.

1
1 2

2

1 1
[ ]  

1 4
y

L y y
y

−   
=   −   

, )6.8,39.1( 21 =λ=λ

���R���� ����+"3 )9(H ��E� #����@ �=�� �	�*� ��8*� �.��� ?�
� �

�� H 
��� H 3 ���{=�� 

021 == yy|,��  ���J  3.

1. Gradient 
2. Hessian 
3. Necessary Conditions for a Minimum 
4. Eigenvalues 
5. Stationary Points 
6. Sufficient Conditions 
7. Local Minimum 
8. Singular Point 
9. Problems in Two Dimensions (2D) 
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/�� p:=4��� �4mI0� V���4� ����" 

b(mI0� B47 �)&� )}�& ~�2��(+:yJ�3 ��".�/ �*! �����[�  *�
R�.b*�� �� �H�* 8
�� L-f'� 

�b*�� �� H�*� #X
� #� 
3��)4.6,4.2( 21 =λ−=λ.
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� {=�� 8*! #f�� H 
��� H 3 ���{=�� 

021 == yy|,��  ���J  3.

/�� x:=4��� �4mI0� V���4� B47 �)&� 

c(mI0� B��
 )��2��(N:yJ�3 ��".�/ �*! �����[�  *�
R�.b*�� �� H�*� 8
�� L-f'� �b*�� �� 

H�*� �XL -��)0,2( 21 =λ=λ.

)3)(( 2
21

2
21 yyyyL −−=

1. Saddle Point 
2. Singular Point 
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���R���� ����+"3)�(H ��E� #����@ �=�� �	�*� ��8*� �.��� ?�
� {=�� 8
"� H 
��� 3H ���{=�� 

021 == yy|,��  ���J  3.

/�� s:=4��� �4mI0� V���4� B��
 B47 �)&� 

�y!�x:�35�� B4����
'" m3��> �$)� 7��4��#&+

-���.=� �f��P� 8*�	����� {.L�$ � f� %�&	h� !�#��� axy += 2�� ���0-��Q ab* �� �� ?�.U� 

#�  3��)-��Qa#� �� �� #X
� �*����  
� ��
	J�  ����(.%��fU� �R*� {.L�$ � f� !�b*#��� #
U* 

22 yxd +=�� ��8*�	����� �.L�$  
��
�.8

_�� ����!� �*���� g.	h� -��Q aO��� �	�*� ������� 

#��� -� � H���0 �w�� O��� �	�*� ��yhE�  
*���F.

/�� a:B4����
'" m3��> �$)� 7��4��#& 

1. Minimum Distance to a Parabola from the origin 
2. Hull, David. G., Optimal Control Theory for Applications, Springer, 2003. Page 29 
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/[:|��� ��
U� %��&� �*! g*�U� #���3:

222222 )( axxyxdL ++=+== -�� H 3 `i( ��"*��� -7��� -�2( )

0)](21[2 2 =++= axxLx

�O��� �	�*� %��&� �*! -� � #� 
*0:

1 , 0
2
1 , 0
2
1 , 0 , 1/ 2
2

a x

a x

a x x a

> − =

= − =

< − = = ± − −

 

-�2 yhE� ���� w�� O��� �	�*� #
U* �"
*� ?� � �=�� �

�� �?� � �=�� �

E
� -�� �	E� ?�� L�� 

#	�*�� -� � ���0:

)216(2 2 axLxx ++=

��*�	� �*! ���� O��� �	�*� -� � #�*0
 :

1 , 0 , 0,    minimum
2
1 , 0 , 0,    unknown
2
1 , 0 , 0,    maximum
2
1 , 1/ 2     ,   
2

xx

xx

xx

a x L

a x L

a x L

a x a

> − = >

= − = =

< − = <

< − = ± − −  0,    minimumxxL >

���� #	7�( �����01
2

a = −-�� ?!S -�� ��%��	E� �f��� ��S�� -� � H �0 �+
.P� ���@)!�#Y�D�0 

�� 24 ,24 )4()3( == LxL�i7 �D
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a > − 3�� ��'� ���
U�4.5a =��	�*� {=�� �� -7�( 8*� ��0 , 4.5x y= =�

�� b* �
���J

-3��:
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0

1

2

3

4

5

6

7

8

9

10
y=x2+a a>-1/2

�@� 1
2

a = − 3�� H�R�0 �� ��	�*� �=��10 ,
2

x y= = −�

�� b*���J-3�� �
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U�4.5a = −-3�� �
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y=x2-4.5

Minimum
Minimum

Maximum

 

���� #��� !� � f� �.L�$ H!� �� #
P
�5a = −�� �

�� �� � �

E
� b* +P� � -�� H 3 ��� �*! %��&�

#� ��E�  ��.

% Origin Distance from a parabola, 
Clc; clear all;close all 
f='y=x^2+a'; 
as=[1/2 -1/2 -4.5]; 
S=solve(f,'J=x^2+y^2','J','y'); 
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J=S.J; y=S.y; 
for i=1:length(as), 
 figure 
 a=as(i); 
 Jx=diff(J,'x');  
 x=solve(Jx); 
 x=subs(x,'a',a); 
 Jx2=diff(Jx,'x');  
 Jx3=diff(Jx2,'x');  
 Jx4=diff(Jx3,'x'); 
 ezplot(subs(S.y,'a',a)); 
 grid; hold on 
 for j=1:length(x) 
 if isreal(x(j)) 
 x_  =double(x(j)); 
 Jx2_=double(subs(subs(Jx2,'x',x_),'a',a));  
 Jx3_=double(subs(subs(Jx3,'x',x_),'a',a));  
 Jx4_=double(subs(subs(Jx4,'x',x_),'a',a));  
 y_=  double(subs(subs(S.y,'x',x_),'a',a));  
 if     (Jx2_>0)||((Jx2_==0)&&(Jx3_==0) && (Jx4_>0)) 
 plot([0,x_],[0,y_]) 
 text(x_,y_,'Minimum','color','r') 
 elseif (Jx2_<0)||((Jx2_==0)&&(Jx3_==0) && (Jx4_<0)) 
 plot([0,x_],[0,y_],'b') 
 text(x_,y_,'Maximum','color','r') 
 elseif (Jx2_==0)&&(Jx3_==0)&&(Jx4_==0) 
 plot([0,x_],[0,y_],'r--') 
 text(x_,y_,'Stationary(Unknown?)') 
 end 
 end 
 end 
 axis([-6 6 -6 6]); 
 daspect([1 1 1]); 
end 
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1. Contours 
2. Multiple Constraint 
3. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 17. 
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1. Pseudo-Inverse Solution to an Indeterminate set of Linear Equation 

co
nt

ro
len

gin
ee

rs
.ir



�� 

1.6949
1 2 3 10

 , 1.1864 min 8.4746
1 1 2 10

3.5593
b x L

 
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���� ��� �x�� ��4.1169#� %��&� ��".�/ yJ�3 ��5 ��32TL x x= / 3 �	$�@ �[� ��.

-�� �*! %��&� �� / +(:

%*********numerical solution of 1.2.3********% 
x0=[1;1;1];     %initial vector 
Aeq=[1 2 3;1 -1 2]; 
beq=[10;10]; 
L=@(x)(x'*x/2); 
[x,Lval]=fmincon(L,x0,[],[],Aeq,beq) 
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1. MinTime Path Through a Region with Two Layers of Constant Velocity Magnitude 
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1. Snell's Law 
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sin sin0
cos cos

y y y yH θ

 − θ − θ= −λ = ⇒λ = υ θ θ υ 
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2 2tan 0.2291 0.225 12.9radθ = ⇒θ = = °

1 1tan 2.5416 1.196 68.5rad⇒ θ = ⇒θ = = °
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	� -�� H �0 ���*��� B�	�

 �	�*� {=�� b* �� #.P� �

�� b* ���� #$�� O�3 ��( 0 , 0)yH f= =!� -����f/0yyH >�� �

�� #���Ly��
@ �
�&� �������� ��uF�	���� ����� �xl%��&� #$�� O�3 ���@ �*1D�

( ) 0uu fL >#� �� -3�� �
���J �0 �� ��  *0:

!�y� u:& ���#��ID $�F �� 1�� �<*� ���3�9 iD�� V7�S

 *�
R� �[� �� �� �*! ��".�/ yJ�3n:

����
C	� �=��� 8*� ��1 2,u u����
C	� ��,x uH 3 8*1R*�2  �� .-�� �*! %��&� 1
�  
, {7��U�:

( , ) 3 0f x u x= − =

|���H!� -����f/:

�0 �� ��λ#� �7�"�� �� �� b*  3�� .!� -����f/ �=�� b* ���� �	�*� ���� ?!S <*��3:

1. Sufficient Conditions for a Minimum 
2. Decision Vector 
3. Dependent Vector 
4. Quadratic Surface with Linear Constraint 
5. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 10. 
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�	 

 
, {7��U� � �
J� �7��U� ��( , ) 3 0f x u x= − =#� +
"E� �� ���D� �� � �7��U� �� H�R	�� b* �� �  
��

8*� +( #� -� � �*! �D
	� H�R	��  *0:

3 , 2 , 1x u λ= = − = −

�=�� �i7( , ) (3, 2)x u = −���  ���J �	�*� {=�� b* .�

�� b* �	�*� �=�� 8*� �
�� ��E� �"
*� ���� ��(

-$�@ ��"� �� #$�� O�3 #	�*�� -�� .�� #Y�D�0 !�2f
uuL ='� �� �� b* {=�� b* �	�*� {=�� �K -�� -f

���  ���J �

�� .#
P
� -�� H 3 H��� �*��� �*! +"3 ��  
, #
P
� � !��� ���:

/��M:7��
 V�� ��J��( , )L x u$�F �( , )f x u

���  ���J  
�3!�� �	"�  
5 ��i� �D
*� �� .���@ �� ��3 �[(c� � 	�� ��*( , )f x u{PXL ��( , )x u

!� -����f/:

��*���@ �( , )L x u!� -����f/ �PXL ��:co
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�� 

�

�� {=�� ��(3, 2)−!� -����f/ �� �� 8*�:

��*���@ �	�*� {=�� �� �� ��3 �2��f�L���  
���J �R* "* �!��� .�� �

�� �� -�� #
U� �� � 8*�

 !��� #r
� #
P
� ��  
, �D�0 �� �� ��E
� |,�� #.P� ��  
, ��2� -7�(L���@ ^��� .+P� 8*� ��

 <J ��� �� -��(0f =�� �� �*�1$� \/�� -�2 �� �� ��L 3  ���J.

�y!�k:����" �35�� �ID ��c $�F 7� ���2�&� �� ���4+

�7�"�� -
�� 8	$�* -���.=�u|��� �� ��
2 2

2 2

1
2

x uL
a b

 
= + 

 
#=J�
}  
, �� ��F *��� �

�� �*!:

( , ) 0f x u c xu= − =

�0 �� ��x� H��� �7�"�� �	����K b*, ,a b c 
	�� -f'� ���	��Ql.

/[:#
P
� ��� L-��Q #r
� %��&� #��� g.	h� ��� �*�1$� �� �� ���=�  
*0L��1� #r
� j!� ��

#� ��3 .�R*� ��� !�0c xu− =#7�7i� b*) Y�! |=,(m�J�3 �� ��)+"39�(#� 3�� .�� �� 8*�	"5��

L���@ #7�7i� �� ^��� #r
� �� -�� #��R
�  
� ��V�� �� ��  
, ��.

1. A Quadratic-Quadratic Problem 
2. Quadratic Constraint 
3. Bryson, Applied Optimal Control Optimization, Estimation & Control 1975, Page 11 
4. Hyperbola 
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�� 

/��pb:����" ���2�&� �� ���4 �ID��c $�F 7� 

|��� #.
.P� ��P7 !�H���f/-�!�:

O�3 ?!S -�� %��f/ �	�*� �� �� ���� !�:

#� +L�( �*! �*�	� q�$ {=��� �� !� H��X	�� �� ���@:

#� ���, #���� ���� #$�� O�3  3�� �

�� �	�*� {=�� �"
*� ���� @�*���� #
U* ��

2

2
0f

L
u =

 ∂
 ∂ 

-f'� #	�*��

 3�� 8
U� .#� #��f��P� ?�D�� ��  
�� �*! �D
	� �� ����:
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�� 

#� ��V�� #$�� O�3 ��

�� {=�� b* �	�*� {=�� #
U* ��3���  ���J .��  ���� ��2� �=�� �� �� ��3 �2��

 �

�� �� �� �0 ��L#� |,�� ��3 .�� ��3 �2�� 8

_��:

p.x.u:�35���ID V���
 �'�F �� 1�� m<*� ���3�9 iD�� ��'�9+:

��	����K ����� 8	$�* -���.=� ,x u��".�/ yJ�3 ��1 ( )
2

T TL x Qx u Ru= + �� 
, -P�

0x Gu c+ − = *��� �

�� .

g7� (�����@S ������� �� ��
,Tλ�� ��  
�� ��E� � H���� �P.� ��".�/ yJ�3:

�0 �� ��:

���� �
J� ����� �� ���� !�� ��K�S�*���� ^�"U� �7 !� #L�J -7�(F#�  3�� .����� �� %��f/ �� 8*�

#� ���, H��X	�� ���� %�U$ � B�	�  ��
@.

B(g7� -��, +( !� H��X	�� �� (H��� �� �� �.��� �*! ��� 

� +(:

3 2 2
diag[1 2 3]  ,  diag[4 5]  ,  1 1   ,   3

4 3 1
Q R G c

−   
   = = = − =   
   − − −   

+( : �����@S k*�V �� �� ��
,λ#� �P.� ��".�/ yJ�3 �� �
*���:

( ) 2 ( )T T TH x Qx u Ru x Gu cλ+ / + + −� )9(

1.General Quadratic Performance Indes(QPI) with Linear Equality Constraintsl  
2. Matrix Inversion Lemma 
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�� 

!�  
���f/ �	�*� <*��3:

0 T T
xH x Q λ= = + )�(

0 T T
uH u R Gλ= = +  )�(

%S��U�)�(�)�(%S��D� !� #=J %S��U� ��
, �x u λ, ,#�  
3�� .+()�(����λ#� �D
	�  ��:

( )Qx Q c Guλ = − ≡ − − )�(

+()�(����u!� H��X	�� ��)�(#� �D
	�  ��:

1 1 1 1( )T Tu R G Q GR G c− − − −= +  )�(

�� -�� H 3 ��$ �0 �� ��1R − 3�� ��2�� .���i@�2)�(#� �D
	�  
, �7��U� ��  ��:

1 1 1 1( )Tx Q Q GR G c− − − −= +  ):(

���i@�2)�(�):(��
1 ( )
2

T TL x Qx u Ru+�#� �D
	�  ��:

1 1 12 ( )T T
minL c Sc S Q GR G− − −= / , +� )�(

���i@�2):(��)�(#� �D
	� � �:

1 1 1( )TQ GR G c Scλ − − −− = + ≡ )�(

�� �� �����@S �
C	� b* �� � �R*� A�� ��x#� -� �  
, �7��U� !�  *0 �x c Gu= −�7��U� �� ��

#� ���i@�2 ?�� �2�� ��".�/ yJ�3 �

�:

2 ( ) ( )T TL c Gu Q c Gu u Ru= − − + );(

�&� #Y�	�*� O�3#� �� �*! H��� %�  *0:

10 ( ) ( ) ( )T T T T
uL c Gu Q G u R u R G QG G Qc−= = − − + ==> = +  )9�(

���i@�2)9�(#� �D
	�  
, �7��U� ��  ��:

1[ ( ) ]T Tx I G R G QG G Q c−= − + )99(
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�� 

���i@�2);(�)9�(�7��U� ��( ) 2T TL x Qx u Ru+ /�#� �D
	�  ��:

12 ( )T T T
minL c Sc S Q QG R G QG G Q−= / , − +� )9�(

kY��V ���� ���, �����c<���� ��)�(�)9�(#� �D
	� ��3:

1 1( )T T TK R G S R G QG G Q− −≡ +� )9�(

kY��V ���� ���, �����c<���� ��):(�)99(�� `�� �� �� ���� B�V �Q#� �D
	� ��3:

1 1 1 1( ) ( )T T TS Q GR G Q QG R G QG G Q− − − −+ ≡ − +� )9�(

�����P�� ���	
� 1
� e��
�	��6)9�(�)9�(���0 -� � ��.�� ���@ �2��)9�(!� #L�J -7�(�7^�"U�

#� �*����  3��.

1 1 1 1 1 1( ) ( )A BCD A A B C DA B DA− − − − − −+ = − + )9�(

�@� �� -�� %��L 8* � �7 8*� -
���1A −^�"U� H�R�0  3�� ?�.U� +f, !�( )A BCD+#� �� !� ����

 -��� -�� %��f/)9�( U� �� #���L �� �0 �D
	� � ���� �f��P�C!�A 3�� �	�� �*���� b* +* f�

���  ���J �	"5�� �f��� ��.

_/[(
3 2 2

diag[1 2 3]  ,  diag[4 5]  ,  1 1   ,   3
4 3 1

Q R G c
−   

   = = = − =   
   − − −   

1 1 1 1( )   ,   T TS Q GR G K R G S− − − −= + =  

2T
minL c Sc= / ,

1. Identities 
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�� 

x�k�V�$9 /[/@��� ���#� V7�& ���
��&� ;�4���  e�* 7� ���2�&� ��+

#.
.P� <���� !� +f, -��, �� ��	����K ����� 8

U� ����y��( )L y��
, �� ��( ) 0f y = *��� �

��

 *��@ H��X	�� .�� #	7�( ���� A�� 8*�( ), ( )f y L y<���� ec���H��� ���� ���� ������  ��3 B�h	��

�
}�� +( ���� �� / ���3�� !� #	�*�� %��&
*����� H��X	�� �.�.

x�k�p����#� V��� ;�4���  P�4*���� V���
 �'�F �� ������*�f V7�&(POP) N

�� / A�� b* {
7�� �� �� b* �� -�� �0 �
�	��y^ ( ��H�! b5�� ��� �� �� �s� �y∆��

 O��� 8*�	U*�� -�2T
yH−�0 �� ��
��
*�1Xl.��2� O�3 �� A�� 8*� B��2 �

�� �� � 
�� �� �D
�

 #.P� 3  ���J ..P� �
f�� 8* 
5 �@�#�� A�� 8*�  3�� �	3�� ��2� #�� ��
� �� #.L� �

��  �� .B�h	��

��� j!� ��m#� ���D�  
�!�
�  3��)��f/ �

�� ��� !� -�� 8"�� ��3 B�h	�� ��1� ��� �� #���L ��

 �
*���#� �*�1$� B��2 �� � 
�� ���� ���"� �� U�  ��3 B�h	�� b5�� #.
J ����� �� #���L �� � ��*.

#� �*! %��L �� ��� �	*��R7�  3��:

1. Numerical Solution with Gradient Methods 
2. POP-A Gradient Algorithm for Parameter OPtimization with Equality Constraints 
3. The Direction of Steepest Descent 
4. Step Size 
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�� 

p���y#�  3��.�	����K �� -�� v
V�� �� ?!Sy�H1
7���� %��&� -�� �	�6 
*0 �� -/�� ��"
*�

#� �*�1$� �� 8	$�@ B��2  ��.

�� 29.9{PXL ���������� -���$ B�	�Matlab �	*��R7� ��
@��"� -�2 ��POP #� ��E� �	f7�  ��

�	*��R7� #� ��D*� B��2 �� � 
�� -�2 �� #YS�� -/�� ��  ���� ��2� 1
� ��R*� ��*���@ ��� *��� 
.���

#� �	E
� 1
� ���0 #@ 
_
K +���� �� ��3)�,c/  

� �U2��� B�	� 8	� �� �	E
� %�
Y12 -�2 �� 
�(.

!�$<+.+$"�4Matlab *'�&� V���POP 
function [L,y,f]=pop(name,y,k,tol,eta,mxit) 
%POP - gradient code for Para. Opt. Pbs. w. equality constraints 
%[L,y,f]=pop(name,y,k,tol,eta,mxit)                
 % Parameter OPtimization using a generalized gradient algorithm. 
 % Outputs L and y (p by 1) are optimum performance index & parameter  
 % vector; constraints are f = 0 where f is (n by 1) with n < p; user 
 % must supply a subroutine 'name' that computes L,f,Ly,fy; input y 
 % is a guess; y should be normalized so that a change of one unit in 
 % each element of y is approx. of same significance; k is a scalar 
 % step size parameter; stopping criterion is max(fn,dyn)<tol, where 
 % fn = norm(f); dyn = norm(dy)/sqrt(p); eta = fraction of constraint 
 % violation to be removed; mxit=max number of iterations;    8/20/97  
it=0; dyn=1; fn=1; p=length(y); 
disp('    it        L        fn         dyn') 
while max(fn,dyn) > tol 
 [L,f,Ly,fy]=feval(name,y);  fn=norm(f); 
 fyi=fy'/(fy*fy');   % Generalized inverse 
 lat=-Ly*fyi; 
 Hy=Ly+lat*fy;   
 dy=-eta*fyi*f-k*Hy'; dyn=norm(dy)/sqrt(p); 
 disp([it L fn dyn]); 
 y=y+dy; 
 if it> mxit, break, end 
 it=it+1; 
end 

 

x�k�x�*'�&� CONSTR ���#� *�W�� �)	< *� V7�&Matlab 

1. Normalized 
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6CONSTR �

�� ��1�� �fU2 �� #
��
� �f3  � b* �!��Matlab #��7�"�� ��".�/ yJ�3 b* ��  3��

( )f y������� � ����� ��
, !� ����� b* �� ��( ) 0g y ≤#� �

��  *���.�D
*� ��y��	����K ����� b*

-�� .������ �� -f��  � 8*� !� H��X	��POP H��� #� �� �	����K 8

U� �� �!�
� ����� ��5  3��k��� � .

#� #��f
	EK �� �� ������� ��
,  � 8*� 8

_�� �� #���L ��  
�POP ��� � �� -
.��, 8*�.

��|��� +*�$ b* #	�*�� ���Matlab )?�� �� � (�0 �� ��  *��� ��D*�( ), ( )f y g y#	�*�� �  ��3 �f��P�

�
7�� ^ ( b* ���� ��y��
@��"� .��*���@ {f��P� ���� |��� b*  
7�� ���,y yf g-�� ���
	J�.��

?�D�� �� #���L ����$ ��E�CONSTR �� P� `c	J� �*�� !� ���0 �� / %��&�F#� �f��P�  *��� .�@�

��*���@ ��|*��� #Y��R�� ��3 �	$�@��"� 3  ���J.

��
, ����� �
7�� -��, #	�*�� ��
, 8*�  *��� ���� �� ����� ��
, ��� U� #	�*�� 8

_�� �����g+
"E� ��

 
�� .k.}� �� #	�*�� ����� �*���� |,��� ��� 8*� �� �!�
� ��  
5 �� ��
@ ��"� �� ���	����K #

*�K � #YS��

-�
� .B�h	�� -,� ����� yhE� +��3 �R*� ���( , , )f g y!� +f, %�f��P� ���"� �� U� ����� yhE� �

#� g,��  3��.

+"3l����$CONSTR %��&�0constr('name ', ,optn, vlb, vub, 'nameg ', )y y p=#�  3�� �� ���0

�����0y�
7�� ^ ( �#2��Jy{

�� �� ��y#� 3��
 .

'name' b*m�� -�� +*�$,f g#� �f��P� ��  
�.

'optn' B�h	�� ����� #�g.	h� ���  3��)���PXL ��'�����3 �U2��� B�	�(.

vlb 8
*�K �� ( !� ������y�vub #YS�� �� ( !� ������y#� 3��
 .

1. CONSTR Finds the constrained minimum of a function of several variables 
2. Finite Difference 
3. Syntax 
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nameg b*m��*���@ �� -�� ��R*� +*�$ #.
.P� ���,f g-����� ��)!� H��X	�� ��	����K 8*

*��
	J�-�.(

P#� -��Q ����	����K !� ������ ��� � �� ��  3��name �nameg #� !�
� ����  3��.

!�y� L:/[V�$9 B4��
p.x.p�'KD *� _��" *� �" �3�I��� %�J� B4�� *W� B��	


�� j�J� ���� �4 /D�� �'�.

������ -�
7 

% Problem (1-2-1); y is a vector where: (y(1),y(2))=(x,y) 
y0=[1 1]; % y0 initial estimate 
optn(1)=1; % Display parameter (Default:0). 1 displays some results. 
optn(13)=1; % Number of equality constraint 
optn(14)=1000; % Maximum number of iterations 
y=constr('Problem1_2_1',y0,optn) 
[L,f]=Problem1_2_1(y); 
-L,f 
disp('normal termination'); 

8	� �$*+|��� U�
���,
���.���:

function [L,f]=Problem1_2_1(y) 
% y is a vector where: (y(1),y(2))=(x,y) 
a=1; b=2; 
L = -4*(y(1)+y(2)); 
% constraint problem 
f = y(1)^2/a^2+y(2)^2/b^2-1; 

	�
�D+(� / ��>���� +(.P�
.#-�� �*! %��&� -� � ���J  �0:

x=0.4471 y=1.7887 Pmax=8.9443 
 

!�y� w:B4��
 /[p.s.pw �35�� �'KD *� _��"QQ+

8	$�* -���.=�( , , )x y z����� �'�� ( ����2 3L xy xz yz= + +���@ ��V�� �*!  
, �� #��3 ��:

2 2 22 3 1 0f x y z= + + − =

B��2:max0.54098, 0.39379, 0.36389, 1.03659x y z L= ± = ± = ± = 

1. Quadratic-Quadratic Problem 
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�	 

� -���$ �����Matlab -�� �*! %��&� �.��� 8*� ����:

�#.L� +*�$ 8	 

%Problem 1.3.19 a Quadratic-Quadratic using MATLAB code CONSTR; 
clc; clear; 
y0=[1 1 1]; 
optn(1)=1; % Display parameter (Default:0). 1 displays some results. 
Optn(13)=1; % Number of equality constraint 
optn(14)=1000; % Maximum number of iterations  
y=constr('fun',y0,optn) 
[L,f]=fun(y); 

#� -� � #X
� -�c/ `i( �� ��".�/ yJ�3 �'�� ( �� ��  *0 

L_max=-L, f  
disp('Normal Termination'); 

?�� +*�$ 8	� 
function [L,f]=fun(y) 
L=-(y(1)*y(2)+2*y(1)*y(3)+3*y(2)*y(3)); 

-�� H 3 �$�V� %S��U� �� #X
� b* ��*1��� ����0 -� � ����.
f=y(1)^2+2*y(2)^2+3*y(3)^2-1; 

������ ���2� !� H �0 -� � {D
	�Matlab 
f-COUNT   FUNCTION       MAX{g}         STEP  Procedures 
 4 -6            5            1    

10     -5.14493      4.03858         0.25    
15      -3.3233      2.41759          0.5    
19     -1.40196     0.467691            1    

 23     -1.23128     0.258696            1    
27     -1.09432    0.0563711            1    
31     -1.03773    0.0011117            1    
35     -1.03659 2.65193e-006            1   Hessian modified  
36     -1.03659 5.64965e-010            1   Hessian modified  

Optimization Converged Successfully 
Active Constraints: 

1
y =

0.5410    0.3938    0.3639 
L_max = 
 1.0366 
f =

5.6497e-010 
#� �� �����2 !� #"* ��3 !�}0 �
7�� O�3 ?� � !� �"
*� �� �	�� �� / +( �� ��3 �2��  �� .�� #���L ��

 #.
.P� +( ���B��2 �� �� �D
	�#� ��.
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]�3�
T4 :���4� j�0� � ���3�9 iD�� ��J�� =4��� � B��� h4�
�� gd4� �4��0� 

]��(�*���� j�*� �*���� �8
� ������-7�( �	X@ H 3 ����'�)9(-� � H���0 �#
P
� yJ�3 ��".�/ 

�� ���� �*���� g.	h� �
��� �w�� +P� �{=�� �	�*� ������-7�( 8

U�  
*���)-�2 �
��� #
P
� 

yJ�3 ��".�/ #����� ��%���	�� ezcontour �ezmeshc ��?�� ��1$�Matlab �*! %��&�

H��X	�� ����(:

close all; clear all; clc; 
syms y1 y2; 
L = y1^2 -2*y1*y2 + 4*y2^2;          % a) 
% L = -y1^2 + 2*y1*y2 + 3*y2^2;     % b) 
% L = y1^2 - 4*y1*(y2^2) + 3*y2^4;  % c) 
% L = 5*y1^2 + y1*y2 - 3*y2^2;      % d)  
ezcontour(L,[-1,1]); figure; 
ezmeshc(L,[-1,1]); 

�� H�*� �*���� {f��P� ��8
�� �*���� ��3 H��X	�� �*! ��	�� !�:

close all; clear all; clc; 
syms y1 y2; 
L = y1^2 -2* y1*y2 + 4*y2^2; 
Ly1 = diff(L,'y1'); Ly1y1 = diff(Ly1,'y1'); Ly1y2 = diff(Ly1,'y2'); 
Ly2 = diff(L,'y2'); Ly2y1 = diff(Ly2,'y1'); Ly2y2 = diff(Ly2,'y2'); 
Lyy=[Ly1y1 Ly1y2; Ly2y1 Ly2y2] 
eig(Lyy) 

_(��yJ�3 ��N.�/ �*! ��2� �

�� ��#���� H���� +N3� ���0 ���� �*���� g.	h� L�
��� H����

yhE�  
Y��� �>�12 ?� > �	�� a�* b�* c�� ��'�)9(#� 3��.

1 2 2
1 2 1 1 2 2

2

5 2
[ ]  5 3

1 3
y

L y y y y y y
y
  

= = + −  − −   
 

}(�/ yJ�3 �� �� b* � #X
� 8
�� j�*� �� �� b* �0 �� ��  *�
R� �[� �� H��h7� %��&� �� ���".

 |��� 8*� +"3  3�� �XL H�*�L?� > �12 �>  
Y��� yhE� H���� �
��� g.	h� �*���� ���� �� �	��a

�*b�*c��'� ��)9(#� 3��.
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]�3�
T5 :���#� /@��� �&� V7�&V���
 �'�F �� ���
� 

]��(�.���9.�.9�9.�.�#
U* H ���
,�� +Y��� !� ���
	J� �.��� b* H���� �� ��9.�.:��9.�.�� )%�PXL

���99B�	� ���*��� ( 
�� +*�P� � H���� +(.

_(�35��p.a.p:���� �4 7� ��4�� �4 ���
�� � ����" m3��>6:� �����@S kY��V !� H��X	�� ��

�� ��$ �� ��  
�� ��E� ?�� �f��� �	E� ?�D1a b> >�.L�$ 8*�	"5�� H�*�� 8
�2 2 1x y+ =�

#r
�
2 2

2 2 1x y
a b

+ =O��� ��( . ) (0, 1)x y = ±� H�*�� ���( . ) (0, )x y b= ±8*�	@�1� � #r
� ���

�.L�$ O��� ��( . ) ( 1,0)x y = m� H�*�� ���( . ) ( ,0)x y a= ±#� �� #r
� ���  
��)�.��� %��L

��3 �cL� ���� #s*�� ��"3� B�	� ��.(

�35��p.x.p:�� j�J� ���� �4 /D�� *� �" �3�I��� %�J� B4�� *W� B��	
 �'�.

8	$�* -���.=�x�y��4( )P x y= + *��� �'�� ( �*!  
, -P� ��:

2 2

2 2 1x y
a b

+ = )9(

�*����x�y�� #	7�( ���� ��1 , 2a b= = 
��
�  3��.

�35��p.x.x:V'��� �4 *� � ��'� P�[ B4��
�� V�*�� �" �'I��� V7�'�� /�I��� B��	


$��� �$� j�J�.

1. Min and Max Distance from a Circle to an Ellipse 

co
nt

ro
len

gin
ee

rs
.ir



�� 

8	$�* -���.=�, ,x y z|��� ��8V xyz= 
, �� ��
2 2 2

2 2 2 1x y z
a b c

+ + = *��� �

E
�:�*����, ,x y z��

 �� #	7�( ����1 , 2 , 3a b c= = = 
��
�  3��.

]�3�
T6:���#� /@��� V�$9 /[ ���
��&� V7�& 

g7�(��� �.9.�.���	�� �� �� / %��L �� ��FMINCON ��Matlab +( 

�.

B(b*�.��� +Y��� !� ���
	J� 9.�.���9.�.9� !���� +&$���*��� B�	� ��3 +( �� / A�� ��.

x(�.���9.�.�� :8
� �.L�$ 8*�	����> ����� � 
K -�� B�.=� ��r
�#6�� �� ���=�r
�#����*���:

2 2

2 1
2 1
x y+ =�0 �� �>:

cos sin
, 30

sin cos
x x
y y

θ θ     
= θ = °     − θ θ     

 

�� �r
�#?�� �*���:
2 2

2 2 1
4 2
x y+ =

�
���#
P
� #r
� H���� �� �.L�$ 8*�	�� +P� �*��� � �������� ��� ���
s��>�Matlab �*�� !� +
�*�

���@ �����.

1. Minimum Distance between Two Ellipses 
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s�p�P���& ������  ������4� V+

b*�	��@ #"
��
*� �	�
�)�	��
K�� (-7�( ����� <���n� U�( )x i�.(�� ��i?�g
L�� #���3 .

B�h	�� b* ��	
� �����m� U�( )u i( �� �	�
� ���	�� -7�( 1)x i +#� 8

U� �*! {=��� �*�� !� ��  *���:

( 1) [ ( ), ( ), ]x i f x i u i i+ = )9(

�0 �� ��:

0(0)x x= )�(

�

�� �.��� b* e�	f�� �!�� %��f/ #�	�
� 8

5 ���� #.� ���	
� �������� {7�f�� 8	$�* !� -�( )u i����

0,..., 1i N= −�� �*! +"3 �� ��".�/ yJ�3 ��:

1

0
[ ( )] [ ( ), ( ), ]

N

i
J x N L x i u i i

−

=
= φ +∑ )�(

<���� -P�)9(�)�(�� #���L ��0x�N�|���f *��� �

��  ��3 yhE� � 	�� �� .�.��� b* 8*�

�

�� #� ����� ��
, �� ��	����K �!�� #� �� ���=�  3�� H��X	�� �� ���0 ���� �"
*� ��$ �� +f, +&$ A�� !�

 �_h*���( )u i���� +(  
3�� ���D� ����	����K ���
U� .�
7�� ^ ( b* !� ��( )u i�s� �	$�@ �[� ��

�{_h*��( )x i#� �f��P� �� �� e�	*��� ��  ���@J���@ 8

U�( )u iJ#
U* ��*���@Jf��-��( )u i��

#� {f��P� �� �� / �*�� !� �����( {_h*��� -7N m×�U$� ���7� b* e�$�L �� #7�( ��( )u i�� ����� 

#� ��  
� �

C� ���� �f��P� ���� . �Matlab ?�
�FMINUF���  ���J ?�D�� �� ��"
*� .���� +�/ 8*� ?�D�� �

������ #&h3 ������
s��� ��� b5�� +Y#� |*�� ec  3��.8*�  ��f��P� �

�� �� �� 8	$�* ?�R
� �� ��

( )u i#� �����  ��.�X7�� #���� ��( �� �� ���( )u iJ#� �� �/��D� b* !� #	E@!�� �7�f�� b* <��� ����

%S��U�l#� �P.� -7�( %S��U� �� �� �f��P�  ��3����.�� +( ?�R
� �� )��1� +Y� 8*�+�/ \/��

 
1. Discrete Dynamic Systems 
2. Function MINimization Unconstrained 
3. One Backward Sequencing of a Set of Equations 
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�$�L #Y�2�[(c� +��, #���! ��P7 !�3  ���J .#,�P7� %S��U� 8*� {U��� ����� ��6?�$ � 
���� ��

�7�f�� ��)9(����#� ���, #���� ���� ���� H���� ��
@.

s�p�p����4� /[ �4 V��� 17^ %4���N

��
,)9(�)�(��".�/ yJ�3 {7��U� �� ��)�(�7�f�� b* �� �����@S kY��V �������� !� ��( )iλ%��&�

�P.� �*!)�$�V� (#��
*���:

)�(

�	��@ ��	.
��� |���l( ) [ ( ), ( ), ( 1), ]H i H x i u i i i= +λ#� g*�U� �*! %��&� ��3:

( ) [ ( ), ( ), ] ( 1) [ ( ), ( ), ]TH i L x i u i i i f x i u i i= + +λ )�(

!� H��X	�� �� {=���)�(��)�(� #Y�D��2 ��* � |�2 ���m∑{.�2 8*�J0 ���)�(#� �D
	� ��  ��:

):(

�� #.
����X*� %��

C� ��(J�� #.
����X*� %��

C� �� O����( )u i�0x 
�� ���, �[(c� ���� ��:

)�(

#.
����X*� %��

C� �
3�f� ��fD� �"
*� ����( )dx i{7�f�� {.
��� H 3  
7��( )du i�7�f�� �� �
*��� �f��P� ��

 kY��V( )iλ#� B�h	�� ���� �� kY��V �� �

�( )dx i�( )dx N{7��U� ��)�(#
U*  ��3 `i(:

( ) ( ) ( ) ( 1) ( )T T
x x xi H i L i i f iλ λ= ≡ + +  )�(

����0,..., 1i N= −�!�� <*��3 ��6:

1. Adjoint Equations 
2. Necessary Conditions for a Stationary Solution 
3. Discrete Hamiltonian 
4. Summation 
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( ) xNλ φ= );(

%S��U�)�(#� �� �*! %��&�  
*0:

1

0
0

(0) ( ) ( )
N

T
u

i
dJ dx H i du iλ

−

=
= +∑ )9�(

8*� ���
�( )uH ik
3J�� -f��( )u i�� #7�( ��0xH��� -��Q �{7��U�)9(#� ��3 ��V�� �  3��

(0)Tλk
3J�� -f��0x�� #���L ��( )u i{7��U� � �	3� �R� -��� ��)9(���@ ��V�� #� 3�� .��

�� #���L0xH�R�0  3�� yhE�0 0dx =-��.

�� ���� � �	�*� +( b* 8	3�� ����( )du i-�� ?!S0dJ =#� �� #��R
� 8*� � ����:

( ) 0, 0,..., 1uH i i N= = − )99(

( )uH iz��K {7�f�� ?�
�#�7�KF#� H 
��� ��3.��	
� ����� {7�f�� ����� � 
K ���� ��
*� !�( )u ib*  
7�� ��

 ���� �	�*� �� ��J�� �� �*! #.V�X� %S��U� #	�*��  *������0 ����@S �.*�� {	��@ %S��U�l��&	J� �� �* �

EL #� �	X@ ��3 �
*��� +(:

( 1) [ ( ), ( ), ]x i f x i u i i+ = )9�(

( ) ( ) ( ) ( ) ( 1)T T T
x x xi H i L i f i iλ λ= = + + )9�(

�0 �� ��( )uH i{7��U� !�)99(��#� �*! %��&� #� 8

U� -3�� ���� ��3:

( ) ( ) ( 1) ( ) 0T
u u uH i L i i f iλ≡ + + = )9�(

�1D� %��&� #.V�X� %S��U� 8*� ���� �!�� <*��3mn�� O�30i =�n�� O�3i N=#�  
3��.

0(0)x x= )9�(

( ) T
xNλ φ= )9:(

1. Boundary Conditions 
2. Pulse Response Sequense 
3. Discrete Euler-Lagrange Equations 
4. Split 
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�.��� ?�
� �.��� 8*��1D� {=�� �� �� �!�� <*��3 (TPBVP)6#� H 
��� ��3.%S��U� �� ��3 �2��)9�(�

)9�(�
R�� �R* "* ��F#� kY��V �"��5  
3��( )u i{7��U� �*�� !�)9�(�� �	����( 1)iλ +#� �  3��

 kY��V)9�(�� �	���� 1
�( )x i�( )u i#�  
3��.

�� �� �� #Y�D�0 !�( )x i�( )iλ��U�� �����n#� �  
3��( )u i U� �����m� -��0,..., 1i N= −

�i7�.��� TPBVP �����(2 )N n m+#� �7��U� �� U� 8
�� � ���D� b* #	�*�� �0 +( ���� �  3��

� #=J �
} ��f2 %S��U� H�R	�� �/��D����� +( �� ��1)#� ��'� ���
U� ����$ !� ����Fsolve ��

Matlab ���� H��X	��.(

!�y�p:������ .9�& .#< VW4* ���� ����< *'�[ *�(DVDP) : B4��
��*� ��� B�	� ;��7,

H��� b*)v
f�� ���� (#� �� ��"=L� �� � �
� b* ��� ��I�2 ���
� -P� ���J)#��1C7(.#��
���J

�
� +"3 8
U� ���! �� �� �

� B�h	�� ���� ��ft ��� ��J �� �� �'�� ( �� #�$� ��� .�� ��"
*�

#� ������ �� �
���J #� #
U* �
�� ?�D�� -/�� -�2 ��� �1*� #
U* �$� <J �*! {*��! �
���J( )tγ���
U� ��

��0 -� � ���! !� #U����*)+"39 


f� ��(.

���@�� �.��� b* ��'� 8*�m����� � 
K ��[
� �� ���! 8*�	����� �* �����	�
5��� �.��� ��.,�� �* �
� +"3

 ���! ����� �

�� -�2ft8
U� #�$� ��� �� � 
�� ����#� 3�� .�.
��� ��c
� �� X� ��, �� �.��� 8*�

��=� #7����  *��@ +( �.

1. Two Point Boundary Value Problem 
2. Coupled 
3. Discrete Velocity Direction Programming (DVDP) with Gravity: Max Range in a Given Time  
4. Dual Problem 
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/��p:������ �35�� *.9�& .#< VW4);��"'���\��� �35��(

-�2#� �.��� ����� �	��@ �� �� �
���Jγ�.L�$ �� e�$�L ��=� #���! ���T∆��3 ��/ .{7�f�� 8*����
�

 ��	
�( )tγ� �� ��!� �0,..., 1i N= −����� �'�� ( ��[
� ��x���! ��ft#� ��*�0 �� �� �
:

/ ,fT t N t i T∆ = = ∆

+"3��0 �� �� #	7�( ,  5N N→∞ =#� ��E� �� -��  ��.
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/��x:#< P�& /���� �����&� .����< *'�[ *� �y"�$[ ���)�35��DVDP (V���N=40�N=5
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� %�&	h� )x���! �� H���( 1)i T+ ∆!� -����f/:

)9�(

�0 �� ��:

)9;(

( )i∆l{3�@ 8
��� �
� ���i{3�@ � ?�(i+1)#� ?�  3�� . 

� ��$[ ]Ts xυ=�s�  3�� -7�( �����

0L =�[ ( )] ( )s N x Nφ =!� -����f/ 8
��	.
��� �:

)��(

#,�P7� %S��U�)9�(#� �� �*! %��&�  
*0:

)�9(

)��(

vV�� ��=�:

)��(

!� H��X	�� ��)��(�ftT
N

∆ =�

�� O�3 )#@)9�(#� �� -3�� �*! %��&� ����:

)��(
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+"3���)�PXL�9���*��� B�	� (�*����γ+���� �� ��
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���	7�( ����40, 5N N= =#� ��E�  �� .

�� #��R
�N →∞H�R�0( / 2)(1 / )ft tγ π→ − #�  
7�� �� �	��
K �	�
� +( B��2 ���� ��  *���.
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�y�!x:'���47 �35��6:������ .9�& .#< VW4* ���� (DVDP) �� ��� B4��
�� V���c
Vyu

h
=

-��Q -/�� �� #	E� b*V��P� �!��� ��*�2 -/�� �0 �� �� B0 �� -f��x�� -f�� #7� H���y

#� �

C� �"��
5 -�� -��( ��( ��  
�:

cos ( )
sin

cx V u y
y V

= θ+
= θ

&

&

�0 �� ��θ�*��!-�� �� -f�� #	E���P�x#�  3�� .8
	�h� �7��*!#�� �� �� ���8*�  3 ����� �.���.

/��a:35�� �&$���'���47 

a(����c
Vyu

h
=�� -f�� ��*�2 �� #���L �� #
U*y�  *��� �

C� #=J %��&�θ#���! {.L�$ ��T∆

 3�� -��Q %�&	h� ��  
�� ��E� ),x y8*� ���	�� �� #� -� � �*! #.V�X� %S��U� !� #���! �.L�$  
*0:

 (�� �0 �� ��T∆���E�h
V

�,x y���E�  (�� �����h 
	��.

b(�� #���L ��(0) (0) 0x y= =�ft{7�f�� ��  
�� ��E�  3�� H 3 H���( )iθ��( )fx t�� ��N

#� �

E
� �.(��  *���!� -����f/:

1tan ( ) ( )
2

i N i Tθ = − − ∆

1. Zemerlo Problem: Problem 2.1.2 - DVDP for Max Range with uc =Vy/h 
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�0 �� ��:, 0,..., 1ftT i N
N

∆ = = −

c(����2fV t
h

=#
P
� �
��� � �f��P�( )x i+���� ��( )y i����5, 40N N= =O�3 !� H��X	�� ��

�

�� #@(b) -��( �	��@ %S��U� �� �(a) #� B�.=�  3��.

+(:��� b* ��� �� -7�( %S��U� #���!T∆-��Q �� �� ��θ#� ��
@ ���R	�� �
*��� :

( ) (0) siny T y V T∆ = + ∆ θ )9(

0
( ) (0) cos ( ) ( )

T
x T x V T V h y d

∆
∆ = + ∆ θ+ / τ τ.∫ )�(

���i@�2)9(��)�(#� �D
	�  ��:

2( ) (0) cos ( )[ (0) ( ) sin 2]x T x V T V h Ty V T∆ = + ∆ θ+ / ∆ + ∆ θ / )�(

�D
�( )x y, (�� k�( ��h�T∆k�( ��h V/#� \/�� �� �XL !� �@� �� ��3T∆�

� -��(

 !� �� -�� �0 ���E�i��1i +�*� �	$�.

( )x Nφ =#��	.
��� |��� �H!� -����f/:

2

( 1)[ ( ) sin ( )] ( 1){ ( )

[cos ( ) ( )] ( ) sin ( ) 2}
y xH i y i T i i x i

T i y i T i

= λ + +∆ θ +λ + +

∆ θ + + ∆ θ /
)�(

#� �� �*! %��&� ����@S �.*�� �	��@ %S��U� �s�  
*0:

( ) ( 1) ( 1) ( ) 0
( ) ( )y y x y
Hi i T i N

y i y N
∂ ∂φ

λ = = λ + + ∆ λ + ,λ = =
∂ ∂

 )�(

( ) ( 1) ( ) 1
( ) ( )x x x
Hi i N

x i x N
∂ ∂φ

λ = = λ + ,λ = =
∂ ∂

 ):(

0 ( 1) cos ( ) ( 1) [ sin ( ) cos ( ) 2]
( ) y x
H i T i i T i T i
i

∂= = λ + ∆ θ +λ + ∆ − θ +∆ θ /
∂θ

 )�(

#.V�X� %S��U�)�(�):(#� +( #@���� ��J �!�� <*��3 ��  ��3:

( ) 1    ( ) ( )x yi i N i Tλ = , λ = − ∆ )�(
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���i@�2)�(��)�(`i( �T∆#� �D
	� ��  ��:

0 ( 1) cos ( ) sin ( ) cos ( ) 2N i T i i T i= − − ∆ θ − θ + ∆ θ /

�* �:

1tan ( ) ( )
2

i N i Tθ = − − ∆ );(

������ -���$Matlab � ����#� �*! %��&� �7��*! �.��� �
��  3�� 

% DVDP for max range with uc=Vy/h; optimal paths for Pb. 2.1.2(c); 
N=5; tf=2; dT=tf/N; x(1)=0; y(1)=0;  
for i=1:N,  
 th(i)=atan(dT*(N-i+.5)); y(i+1)=y(i)+dT*sin(th(i));  
 x(i+1)=x(i)+dT*(y(i)+cos(th(i)))+dT^2*sin(th(i))/2;  
end; 
N=40; dT=tf/N; x1(1)=0; y1(1)=0;  
for i=1:N,  
 th1(i)=atan(dT*(N-i+.5)); y1(i+1)=y1(i)+dT*sin(th1(i));  
 x1(i+1)=x1(i)+dT*(y1(i)+cos(th1(i)))+dT^2*sin(th1(i))/2;  
end; 
figure(1); plot(x,y,'r--',x1,y1,'b'); hold on; text(1.1,.3,'tf=2');  
legend('N=5','N=40',2); plot(x,y,'rs',x1,y1,'b.'); hold off; grid; 
xlabel('x/h'); ylabel('y/h'); 
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s�p�x�/[V�$9 /@��� ���#� V7�& ������4� ����  �����2�&� 7�e�* ;�4���  

#� ��  ���� ��2� H��� +Y��� !� #� �� �� U� e�$�L ���� +( #7� 2 |���� !� H��X	�� �� �� ���0 ���� .�� ��

#� �D
*� �
���J/ �	*��R7� !� ��  +Y��� +( ���� +&$ 8*� �� H 3 #$�U� �	��@�
*��� H��X	��.

#� ���0��* \Pf� ����� !� +f, �� �

� %S��U�)9(��)�(�17�� A�� !�  3 H��3� ���0 �� ecf, ��6-�2

 ���� H���� H��X	�� ����� �7���$:

( 1) [ ( ), ( ), ]x i f x i u i i+ = )9(

0(0)x x= )�(

1

0
[ ( )] [ ( ), ( ), ]

N

i
J x N L x i u i i

−

=
= φ +∑ )�(

�*�� ����� �7���$ A�� !� �17�� A�� ��D� +&$ 8*� ��F#� H��X	�� �
*��� . * 2 A�� �� -7�( b*

1( )nx i+�U� -7�( ����� ���%S)9(�)�(#� �$�V� ��3��H 3 �$�V� w��D�L{.(�� ��i#� #
U*  3��:

8*����
� ��".�/ yJ�3)�(#� �� �*! %��&�  *0:

�0 �� ��:

��� H��� %��f/ �*�� +"3 !� #7�  ��R* "* ���U� e��
,� #�*�� ����$ A�� �� 8*�H �0 -� � 8	3��  � �

�� / +( �� �� �	���0#��!��.

1. Bolza Formulation 
2. Mayer Formulation 
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����$FMINU !�� �

�� ��1�� �fU2 �� �Matlab |��� {

��f����� b* �� -f�� �� ��	����Ku��*���@ ��

 #.
.P�uf)�0 �� � �* (#� -� � ���0)�h�� ��  * 2 ���Matlab �� ��	�� 8*�6FMINUNC �	$�* �

C�

-��(.-�� 8*� -�� !�
� ���� �_�0 b* ��m+*�$Matlab |���( )f u�� �� b�� �� ��u *��� �f��P� .

{7�f�� �� -�� #
U� �� � 8*�( 1) [ ( ), ( )]x i f x i u i+ =�� ����hE
K %��LF{f��P� ����φH��X	��

#�  
� .��� � ��� j!� �� �	����K B�h	�� �� �!�
�  � 8*� .����*���@ �� �!�
� ����$ 8*� 8

_ #.
.P� ���

, ,x x uf fφ#� �f��P� �� / %��&� �� ���0 ��5 ��� �  *��� .��*���@ 8*� �@� %��L �� �� H��� ������ �� ��

��1� ��U�� �� +Y��� �� ��3 ������ ��2� ��	E
� -/�� �� 3  ���J.

!�y�s:V�$9 /[ �35�������� ����< *'�[ *� ����  .9�& .#< VW4*(DVDP) :�
�� B4�

B�	� ;��7 *� ��� *'�&� 7� ���2�&� ��FMINU 

8*� �.���#�b* ��'� ���� �D
*� �� ��  3�� ���0 �� / �*�� !� ��	�� ��FMINU +(#��

� .������ -�
7

 �.��� 8*� ����
s��� �� �����-�� H �0.������ ���2���*���@ !� H��X	�� -7�( �� �� ��9�� ���"� -7�( ��

� ��!� H��X	�� �� ����*���@�9: #� B��2 �� ���"�  ��.

������ #.L� +*�$:

% Script e02_2_2.m; DVDP for max range w. gravity using MATLAB code 
% FMINU with (flg=2) or without (flg=1) analytical gradient; 
s=[v,x)'; 
flg=2; N=40; optn(1)=1; s0=[0 0]'; tf=1; ga=[1:-1/(N-1):0];   
if flg==1, 
 optn(14)=34; ga=fminu('dvdp_f',ga,optn,[],s0,tf,N); 
elseif flg==2,  
 optn(14)=14; ga=fminu('dvdp_f',ga,optn,'dvdp_gr',s0,tf,N); 
end 
[f,v,x]=dvdp_f(ga,s0,tf,N); t=[0:1/N:1]; gah=[ga ga(N)]; 
figure(1); clf; subplot(211), zohplot(t,2*gah/pi); grid; 
axis([0 1 0 1]); ylabel('2*ga/pi'); 
subplot(212), plot(t,v,t,x,'r--'); 

 
1. Function MINimization Unconstrained, FMINUNC finds the minimum of a function of several variables. 

X=FMINUNC(FUN,X0) starts at X0 and finds a minimum X of the function 
2. Forward 
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grid; xlabel('t/tf'); legend('v/g*tf','x/g*tf^2',2); 
?�� +*�$ |���� #$�U�:

function [f,v,x]=dvdp_f(u,s0,tf,N) 
% Subroutine for e02_2_2.m;DVDP with gravity using FMINU; u=estimate 
% of optimal u; s0=initial state; tf=final time; N=no. steps; 
dt=tf/N; v(1)=s0(1); x(1)=s0(2); 
for i=1:N, 
 x(i+1)=x(i)+dt*v(i)*cos(u(i))+dt^2*sin(2*u(i))/4; 
 v(i+1)=v(i)+dt*sin(u(i));   
end 
f=-x(N+1); 

?�� +*�$ ��*���@ ���( ��:
function df=dvdp_gr(u,s0,tf,N) 
% Subroutine for e02_2_2;DVDP for maxrange with gravity using FMINU; 
% u=estimate of u; s0=initial state; tf=final time; N=no. steps; 
Hu=zeros(1,N); dt=tf/N; v(1)=s0(1); x(1)=s0(2); 
% Forward sequencing & store v(i) & x(i): 
for i=1:N, v(i+1)=v(i)+dt*sin(u(i));  
 x(i+1)=x(i)+dt*v(i)*cos(u(i))+dt^2*sin(2*u(i))/4; 
end; 
% Gradient phix:  
phis=[0 1]; la=phis';  
% Backward sequencing and store Hu(i); 
for i=N:-1:1, fs=[1 0; dt*cos(u(i)) 1]; 
 fu=dt*[cos(u(i)); -v(i)*sin(u(i))+dt*cos(2*u(i))/2]; 
 Hu(i)=la'*fu;  la=fs'*la; 
end; 
df=-Hu; 

#
P
� �
��� ?���5 +*�$ ��f��� �� �R� ���XL �:
function zohplot(xord,yord,plotchar) 
% ZOHPLOT  Plots the zero-order hold of two columns of data. 
% zohplot(xord,yord,plotchar) 
% Plots the zero-order hold of two columns of data.  If 
% yord is a matrix then it plots each column of yord vs 
% the vector xord.  xord and yord must have the same row dimension. 
% xord = data in the x coordinate, yord = data in the y coordinate 
% plotchar = the line or point-type as in plot(x,y,'plotchar') 
[xlen,xwid] = size(xord); 
xlen = xlen-1; 
% if xlen==0, then assume data was provided in row rather than 
% column format and transpose input.  these variables are local, 
% so the change will not affect the users format. 
if xlen==0 
 xord=xord'; 
 [xlen,xwid] = size(xord); 
 xlen = xlen-1; 
 yord=yord'; 
end 
[ylen,ywid] = size(yord); 
ylen = ylen-1; 
if xlen~=ylen 
 disp('--ERROR-- xord and yord must have same number of rows') 
 return 
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end 
bigx=zeros(2*xlen,1);              % Fill these with zero; 
bigy=zeros(2*ylen,ywid); 
txlm1 = 2*xlen-1; 
txl   = 2*xlen; 
xlp1  = xlen+1; 
bigx(1:2:txlm1) = xord(1:xlen); 
bigx(2:2:txl)   = xord(2:xlp1); 
bigy(1:2:txlm1,:) = yord(1:xlen,:); 
bigy(2:2:txl,:)   = yord(1:xlen,:); 
if(nargin <= 2) 
 plot(bigx,bigy); 
else 
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s�x�P���& ������4� V����&'�f+

+Y��������� �	�
� -�2 �

�� �1*� ��
��*��� B��( �* %��

C� B��( +Y��� ���� �	��
K ��� ��F#�  
3��.

#� �� +Y��� 8*� ������ +Y��� � ( -7�( ���
U� ���� ��	�
� �� �

�� �1* ��� ���0 �� �� -���� �	��@ ���

�	�
� #���! %�&hE� �� ��*��� �� +(��� 8
� #���!  3�� b5�� �	��
K ��� .��
�� H!���� ^�"U� A��

#� ��� 	� #
U*  3�� -�2�
f3 ��	
D*� ������
s��� ��� �!���	�
� �	�
� {.
��� �	��
K ��� �	��@ ���

#� H�! k*��� �3� .

-7�( ����� b* {.
��� �	��
K +(��� �� #"
��
*� �	�
� b*( )x t�� ��U��n���! ��t#� g
L�� ���@ .

��	
� ����� b* B�h	��( )u t��U�� ��m-7�( ����� �

C� #���! ��� �� <���� �*�� !� �*! 8

U�#� 
�:

( , , )x f x u t=& )6(

b* �.����

�� �!�� ��	
� ����� #���! {_h*��� �� -�� 8*� #�	�
� 8

5 ���� #���/ e�	f��( )u t��

0 ft t t≤ ≤�

�� ���� �� �*! +"3 �� ��".�/ yJ�3 ������*��0 -� �:

0

[ ( )] ( , , )ft

f t
J x t L x u t dt= φ + ∫ )F(


, -P� q�$ ��".�/ yJ�3��)9(#�yhE� �*! �*���� � H���  
3��:

0 0, , ( )ft t x t )l(

s�x�p�V��� 17^ %4��� �4���4� /[,

%S��U� ��
,)9(��".�/ yJ�3 �� ��)�(��� b* �� ���! �� �
C	� �����@S k*�V ��( )tλ�*! %��&�

#� �P.� �
*���:

1. Continuous Dynamic Systems 
2. Calculus of Variations 
3. Necessary Conditions for a Stationary Solution 
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)�(

�7�"�� 8
��	.
��� |��� b*[ ( ), ( ), ( ), ]H x t u t t tλ#� g*�U� �� ���� �
*���:

)�(

{.�2 8

_��T xλ &��)�(�12 �� �12 A�� {.
��� ��6%��&�#� �� �*!  *0:

):(

b5�� #.
J �

C� b* ��(F��( )u t?�
� ��( )u tδ 
���� +"3)�(#� �[� �� �*�
@:

/��k:!���" mG`4*�
 *� �\'" ���Z
 �4 ( )u tδ

b5�� #.
J �

C�( )u tδ�

C� k2�� #
U* -7�( �_h*��� ��( )x tδ��".�/ yJ�3 �� �

C� b* �Jδ

�*��� �*! {=��� !� � H 3:

)�(

���� |��� 8

U� �� ?�17� !� B�
	2�( )x tδ{.
��� ��( )u tδ#� ��2��  *0)�����@S kY��V( )tλ����

#� B�h	�� {=��� �� ��  ��3)�(�*����( )x tδ�( )u tδ�*��� #
U*  ���@ `i(:

)�(

1. By Part 
2. Infinitesimal Variation 
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�!�� <*��3 �� 

);(

{7��U� �i7)�(#� �� �*! %��&�  *0:

)9�(

L �� �� #���0( )x t 3�� yhE�0( ) 0x tδ =-�� ��*��� �	�*� +( b* ����0Jδ =�� ����( )u tδ

�@� <�$ ��	$�  ���J q�X�� 8*� �:

)99(

%S��U�)�(�);(�)99(%S��U�EL B��( �� ����@S �.*�� �*#� %��

C�  
3�� .b* 8	$�* -�2 ��
*� !�

 ��	
� �����( )u t��".�/ yJ�3 !� �	�*� �� �� b* ��J�� �*! +
����X*� %S��U� #	�*�� ��  *��� ��D*�

�
*��� +(:

( , , )x f x u t=& -7�( �7��U� )9�(

)9�(7��U������@S �.*�� �*-7�( b��  

�0 �� ��( )u t{=��� !�)99(%��&�#� -� � �*!  *0:

�

�� O�3 #@ )9�(

#� �1D� +
����X*� %S��U� 8*� ���� �!�� <*��3 �� #J��  
3��0t t=�� �
�� �ft t=#� H���  ��3:

0( )x t = ?�.U� )9�(
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8*�b*�1D� {=�� �� �� �!�� <*��3 �� �.���(TPBVP) #� 3�� .%S��U� �� -�� �2�� +��,)9�(�)9�(

+K�� �* �
R�� 
	�� �"��5( )u t�� �	����( )tλ�7��U� ��)9�(�� kY��V � H���)9�(��( )u t�( )x t

 
	�� �	����.

s�x�x��W�� mI0� �� *� V7�� %4��� �� �35�� 7� !������ �4+

�� �	���� e�P*�L �.��� �� #���L ��tR	�� b*  3�f� �.��� ���TPBVP %S��U� #
U*)9�(��)9:(��2�

 ?�
� � ������� ���R	��F%��

C� B��( �� b
�c�#� H 
��� ��3 .�	E� ���R	�� 8*� ����0 -� � -�2

 #���!( , , , )H x u tλ#� �[� �� �� �*�
@)��
D�! H /�,l-�� H 3 H��X	�� �	E� ��(:

!� H��X	�� ��)�(*#
U-3�� �
���J:

�@� %��L �� ��( )u t 3�� �	�*� {=�� b* !�)99(�*���0uH =H�cU�( , ), ( , )f f x u L L x u= =

�s�0T
t tL f+ λ =�i7 �0H =&�*:

)9�(

s�x�s�� �>�" %4���1�� �)
�S���#� /@��� *� ������4� V7�& ��&'�f 

1. An Integral of the TPBVP 
2. First Integral 
3. Chain Rule 
4. Second-Order Sufficient Conditions 
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��  3 �	X@ +f, +&$ �� ���� �

�� ���� #$�� <*��3JeS�� �� -�� 8*� �
�� ?��� ���0uH =� H���

 ?�� �f��� �� e�
��QJδH��h7� �� �� ����( )u tδ�� #7�( ��x f=& 3�� -f'� -��.

�PXL ��::e�	*��� � H 3 ?�D�� W�&J 8*� �� #��f��P� ���*��� B�	� ���� �

�� ���� #$�� <*��3J

�*! %��&�-�� H �0 -� �:

0xxφ > )9�(

�
3�� �	3�� �
�� #���� �� �:

0xx xu

ux uu

H H
H H
 

> 
 

 )9;(

�*���� �� -�� #
U� �� � �
J� O�3���  3�� -f'� H�*� �*���� ����� H 3 #$�U� ����	�)�@� v
V��0φ =

��V�� �� �!�
�  3��)9�(-�
�.(

s�x�a�;��W�� *'I� n17^ %4��� �F'� �\o�'� $���'D P� �>�" %4���+

�

�� �.��� �� ��  

� ��$ �*! �!��( , , )f x u t�( , , )g x u t!� �*iK �	E� |���� ����,x u 
3��.

1

0

max ( , , )
t

u t
g x u t dt∫

�*! ��
, -P�:

0 0( , , )  ,   ( )x f x u t x t x= =&

�@�,f gk�( �� ����,x u�U��F���� �  
3��0 for all tλ ≥�� #$�� <*��3 )?!S <*��3 H�R�0

���  
���Jl.|���� #	�*�� ��".�/ yJ�3 � 3 �

�� ����,f gB P�m 
3��.

�.��� +* f� ������3 #� g*�U� �*! %��L �� �> �

> #� H��X	�� 8
��	.
��� !� q�$  
�� �!�� �

��:

1. When are Necessary Conditions Also Sufficient? 
2. Concave 
3. Thompson, Lecture Notes on Dynamic Modeling, 2004. modeling_chapter2, Page 47 
4. Convex 
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( , , , ) ( , , ) ( , , )H t x u f t x u g t x uλ = λ +

�@�f�g����
C	� �� -f�� ����x�u) 
3�� �U�� #
U* 

1 1 2 2 1 1 2 2

1 1 2 2 1 1 2 2

( , ( , ) , (1 )( , ) ( , , ) (1 ) ( , , )
( , ( , ) , (1 )( , ) ( , , ) (1 ) ( , , )

f t x u t x u f t x u f t x u
g t x u t x u g t x u g t x u

α + −α ≥ α + −α

α + −α ≥ α + −α
 

��5H)H 3 +
NE� |����� 8*� w��D� !�H-�� �U�� |��� Z* 1
�.

1 1 2 2 1 1 2 2( , , ( , ) , , (1 )( , )) ( , , , ) (1 ) ( , , , )H t x u t x u H t x u H t x uλ α +λ −α ≥ α λ + −α λ  

���� ��$ �� �&P
� ��*1>�� �=�� �U�� |��� Z* �.�=�� �@� �K �=�� e�U=, ) 
> q L #R

�� ?!S O�3 �� ��

���  ���J |��� ��*1>��.

/��-:=4���4�	0� ���
 �

!�y� a:������ *� ;'�3���� /��+

�
�����
� #"
��"� �	�
� b* -��(F)����� �$�((����0 ft t t≤ ≤�� -�� ��
5:

)��(

 3�� �	�*� �� �� b* ����� .q�$ {=��� ��:

1. Hamilton's Principle in Mechanics 
2. Conservative 
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-�� �*! %��&� 8
��	.
���:

TH L u= +λ )�9(

%��&� 8
��	.
��� b
��"� ��TH L P u= − +#� g*�U� ����� �

�� ���� �� ���=� ��3L#	�*��H

��3 �

E
� .P ≡ λ�	$�* �
�U� �	
��� ����� ?�
�6#� H 
��� ��3.%S��U�����@S �.*�� !�  
���f/:

)��(

`i( ��Tλ#� �D
	� �
J� {=��� �� 8*� 8
� �� ��3:

)��(

#� �	�
� ���� -��( �����@S %S��U� ?�
� %S��U� 8*�  
3�� .�� #���L ��L 3�f� ���! !� v*�L |���

 %��&� -��( ���R	�� b*-��Q=H#�  3��:

)��(

��
��Tk�( �� ?�� �2�� |��� b*u#� �� ���=�  3��:

)��(

-3�� �
���J �� ��
*� !�:

)�:(

1. Generalized Momentum Vector 
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����� w��D� #
U* K � #Ef
2 ���#� -��Q -��( ���! �� +
���	 3�� .

!�y�l:/�� *� ��f B4���" ��
'���c���+

8
7�� ���� �.��� 8*� ��� �� 8��
� q�P�� <���9:�:  *��@ +( %��

C� B��( {.
��� .#./ [7� �� ���

 �.��� 8*� +( ���� �� %��

C� B��( ) 3�� �	3�� wc�� #7���� B���2 ���3�� !� �"
*� �� ��*�K ���� �1*�

 +( <�$ �� ���! �0 �� �.��� A�� �� H��3� �� � ���0���� ��
�.

+"3 �� �2�� ��);(#� g*�U� %��L 8*� �� �.��� ?�.U� w�U3 b* ���� �� ��3(0)r a=?�.U� ��� �l

{*��!( )xθ!� #U��� ���
U� �� �}��� #UV�� ^��� � -/�� -�2 8
�x���K k*�V ��  

� � 
K ���� 

DC��3 �

�� ���P� ����	� {}��� b*.

)��(

/��w:P@{9 �>�	� /�3J
 .#<�c��� ��
'�� /�� �35�� *���f B4���" 

�0 �� ��( , )x l���E� � (�� �����a#� �*��� �  
3��:

)��(

)�;(

�*��� �:

1. Newton's Min Drag Nose Shape 
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2 / 2V= ρ#"
��
*� ��E$ =q

���!�@ -/�� ����� =V

����� ���!�@ #7�R5 =ρ

�*! %��L �� ��	
� ����� B�h	�� ��$ ��:

)��(

{7��U�)��(�}��� ���� ���� zK �0 �� �� ��6#� �*! %��&� -3�� ����:

)�9(

#� �� �*! %��&� �	�
� 8
��	.
���  *0:

)��(

%S��U�����@S �.*�� !�  
���f/:

)��(

)��(

�� <*��3!�  
���f/ �!:

)��(

)�:(

%S��U�)��(��)�:( ��3 +( �*! {7��U� b�� �� #	�*��:

)��(

1. Blunted Tip 
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%S��U� !� b
_
� �� #Y�D�0 !�)�9({7��U� -��� -�� �)��(+�	�� �
C	� !� #U���x�i7  
	�
� �	�
�

 #
U* ��� ���R	�� ����� -��Q=H���  ���J.���i@�2λ{7��U� !�)��({7��U� ��)��(#� �D
	�  ��:

)��(

!� H��X	��)�:(��)��(��!� ��x = l#� �D
	�  ��:

)�;(

{.
��� ��( ) 0r =l�* -�� H 3 ��V��:

)��(

!� H��X	��)��(��)��(-��Q �� ��H#� -� � ��  ��:

)�9(

%S��U�)�9(�)��(w�U3rk
3 k�( �� �� �}��� +"3u#�  ��:

)��(

#� ���
E
K �� �� 8*� {7��U�  
�)��(�
*��� ��
@ ���R	�� �*! +"3 �� ��:

)��(

 3  ���J �D
	� �:

)��(

#� ���R	�� 8*� ��3 #��*!�� #7� 2 |���� k�( ��  ����:

)��(

co
nt

ro
len

gin
ee

rs
.ir



	

 

%S��U�)��(�)��(#� �

�� {}��� +"3 ���� ��	����K %S��U�  
3�� :k
3 B�h	��0u��0x =8

U�

 -f�� j 

�/a l-�� .+"3)9�(#
P
� �� �� 8* 
5 ���� �}��� {

�� ���/a l#� ��E� ��  �� .8*�	��

#� �� ��K ���R	�� �� ���� {7��U� !� ��
@)�9(�� #��3 ��u#�  3�� +�	�� �
C� ���0 -� � ����:

)�:(

�

�� +"3 �� -�� 8*� ��0 kDU� {	"� zK �� +"3 b* b
����s*�� ��*�2 �� �}���#� 3�� .��( �� ��

 ���	f�� ���� ��}Sb5��6#� ��� +��, #	h� �� zK�� +"3  3�� .-�
�( �� ����/ 0a →l��E�

#� H��� -3�� �
���J �� ��3:

)��(

)��(

/��pb:�� �c��� !���� 4�� ;�4�< *� ��f B4���"���'&�� 

!�y�u:��
� 8*��[ �<*� !���"+

1. Small Fineness Ratio 

co
nt

ro
len

gin
ee

rs
.ir



	
	 

?�@ ����� `�&� �� �� 8*�	�� �� #,��� -�� �[� ����3 .�� #���L ��( )tθ)q��� %���( �2��aθ

#���
� <
P� %���( �2��)-��Q �� �� (�( )u t��( �*�1� ��� #"
��
*� %S��U� ) 3�� q��� +J�� �� %�

!�  
���f/ ���(F:

( )aa buθ = − θ− θ +& )9(

���	��Q,a b�*�/ �� #� �	���� q��� %�&hE� !� �R*� #J�� � ����  
3�� .%��&� -7�( �
C	� g*�U� ��

o( ) ( )  ,  0a ax t tθ −θ θ =�� �	�
� -7�( %S��U�#� �� �*! %��&  
*0:

x ax bu= − +& )�(

-��Q #���! {.L�$ b* �� %���( �2�� ��	
� ����[0, ]T��".�/ yJ�3 )H 3 �*�1� ����� +,� ( ��

#� B�h	�� �*! %��&� ��3:

2

0

1 ( )
2

T
J u t dt= ∫ )�(

q��� #Y��� ���� �
���h� �� #���L�� -��� �� ��o( ) 10Tθ =��E�  3�� 
�� �

�� +( ���	�
� 8*� ���� 

 ���J �*! %��&����:

* *10 sinh( )    ,   ( ) 10   ,  0
sinh sinh

atae atu t x t t T
b aT aT

= = ≤ ≤ )�(

/[:!� -�� %��f/ #��	.
��� |��� 

2

( )
2

uH ax bu= +λ − + )�(

{

�� ��	
�( )u t�*! %S��U� +( ��#� -� �  *0:

x ax bu= − +& ):(

xH aλ = − = λ& )�(

1. Temperature Control in a Room 
2. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 139 
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0 uH u b= = + λ )�(

���� �	�*� O�3)�(#� ��
� #� 8

U� �*! {=��� {.
��� �

�� ��	
� ��  
� ��3:

( ) ( )u t b t= − λ );(

8

U� ���� �i7*( )u t#	�*��*( )tλ *0 -� � .���i@�2 ��);(��):(!� H��X	�� �)�(�*! %S��U� H�R	��

#� �D
	� ��3:

2x ax b= − − λ& (9�a) 

aλ = λ& (9�b) 

q�$ %S��U� +( ��*( )tλ�*( )x t#� -� �  
*0 .+
����X*� {7��U� +()b9� (#� �*! %��&�  3��:

( )( ) ( )a T tt e T− −λ = λ )99(

�0 �� ��( )Tλ�D#� ���  3��.�� �
J� {7��U� !� H��X	�� ��)a9�(#� �D
	� �� ��3:

2 ( )( ) a T tx ax b T e − −= − − λ& )9�(

 f� !� H��X	�� �� +( ^cKS +*( )x t#� �� ���0 -� � �*! %��&� ����:

)9�(

e�	D
	� �:

)9�(

q��� {
7�� ���� �� ��3 ��$o
a 0 Cθ =�i7:

(0) 0ox = )9�(
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#� ��( q��� #Y��� ���� �
���J( )Tθ! �� �� ���T�
,� �� �� -�� �� �
��Qo
a 10 Cθ =�i7 �
�����

-3�� �
���J:

)9:(

%S��U� !� H��X	�� ��)9�(�)9:(#����D� �
���J( )Tλ�

� 8

U� �� .{7��U� !� H��X	�� ��)9�(�
���J

-3��:

)9�(

��%S��U� !� H��X	��)9�(�)9:(-3�� �
���J:

)9�(

-3�� �
���J �D�0 !� �:

)9;(

��	
� ����$ {

�� �� �� e�	*��� �*( )u t#� -� �  *0:

)��(

{7��U� �� �� �� �� 8*� �@� B��2 #	��� ����� b5 ����)�(+( �� +
����X*� {7��U� � H��� ���, �D
	� �
*���

#� �� ��3( ) 10ox T =#� �[� � B��2 ���� � 3��.

�� -�� v
V�� �� ?!S( ) 10ox T =b* !� �12 ��".�/ yJ�3 ��3 �

�� #	�*�� �� �".� -�
� b*

�i7 -�� #Y��	�� O�3 !� H��X	�� �� !�D� �.��� 8*� �� �� �0{=��� ( ) T
f xtλ = φ��� �
���h�.�� H 
*0 +&$ ��

 {=���( ) T
f x x xtλ = Φ = φ + ν ψ#Y��	�� O�3 !� �D�0 �� � H 3 �
30 {f��P� ����( )ftλ 3  ���J H��X	��.co
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!�y� k:�47 P���& V��� ���#� !���" B�>�4 .��'3I�)�4��0�,x u$���� ����&�(+:

-7�( �7��U� x x u= − +& )9(

�
7�� O�3 0(0)       ,       ( ) 0x x x T= = )�(

#� �*! %��&� ��".�/ yJ�3  3��:

2 2

 0
( )

T

J x u dt= +∫ )�(

+( :#� +
"E� �� 8
��	.
��� ��� {.(�� �� �
��:

2 2 ( )H x u x u= + + λ − + )�(

�� ?!S O�3!� -����f/ ���� �

�� ��:

����@S �.*�� �* -7�( b�� {7��U� 2H x
x

∂
λ = − = − + λ

∂
& )�(

�

�� O�3 #@ 0 2
2

H u u
u

∂ λ= = + λ → = −
∂

):(

�!�� O�3 ( ) 0 ( ) 0 ( ) 0T
xT T u Tλ = φ = →λ = → = )�(

���i@�2 ��):({7��U� ��)9(!� H��X	�� �)�(-3�� �
���J:

02 , (0)
 , u( ) 0

x x x x
u x u T

= =
 = + =

&

&

�*���� q�$ H�R	�� +( ��,x u#� -� � �*! %��&�  
*0:

1. Nguyen Tan Tien, Introduction to Control Theory Including Optimal Control, C.10 Optimal Control with 
Unbounded Continuous Controls, Page 50 
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!�y� L:�47 P���& V��� ���#� !���" B�>�4 .��'3I�)�4��0�,x u$���� ����&�(+:

-7�( �7��U� x u=& )9(

�
7�� O�3 (0) 1      ,       (1)x x free= = )�(

#� �*! %��&� ��".�/ yJ�3  3��:

1
2 2

 0
( )J x u dt= +∫ )�(

+( :#� +
"E� �� 8
��	.
��� ��� {.(�� �� �
��:

2 2H x u u= + + λ )�(

!� -����f/ ���� �

�� ���� ?!S O�3:

����@S �.*�� �* -7�( b�� {7��U� 2H x
x

∂
λ = − = −

∂
& )�(

�

�� O�3 #@ 0 2
2

H u u
u

∂ λ= = + λ → = −
∂

):(

�!�� O�3 (1) 0 (1) 0 (1) 0T
x uλ = φ = →λ = → = )�(

���i@�2 ��):({7��U� ��)9(!� H��X	�� �)�(-3�� �
���J:

, (0) 1
, u(1) 0

x x x
u x

= =
 = =

&

&

�*���� q�$ H�R	�� +( ��,x u#� -� � �*! %��&�  
*0:

!�y� w:�47 P���& V��� ���#� !���" B�>�4 .��'3I�)�4��0�,x u$���� ����&�:(

-7�( �7��U� x x u= +& )9(

1. Nguyen Tan Tien, Introduction to Control Theory Including Optimal Control, C.10 Optimal Control with 
Unbounded Continuous Controls, Page 50 
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7�� O�3 (0) 2x = )�(

#� �*! %��&� ��".�/ yJ�3  3��:

2 2

0
( 2 )

T

J u x dt= +∫ )�(

+( :��#� +
"E� �� 8
��	.
��� ��� {.(�� �
��:

2 22 ( )H u x x u= + + λ + )�(

!� -����f/ ���� �

�� ���� ?!S O�3:

����@S �.*�� �* -7�( b�� {7��U� (4 )H x
x

∂
λ = − = − + λ

∂
& )�(

�

�� O�3 #@ 0 2H u
u

∂= = + λ
∂

):(

2u→λ = − )�(

� O�3�!�  ( ) 0 ( ) 0 ( ) 0T
xT T u Tλ = φ = →λ = → = )�(

���i@�2 ��)�({7��U� ��)�(-3�� �
���J:

, (0) 2
2 , u( ) 0

x x u x
u x u T

= + =
 = − =

&

&

�� �� q�$ H�R	�� +( ��u8
U� �� �� ��!� ��T{=��� !� � H �0 -� �)�(�� ��λ#� �f��P� ���@ .��

��!�10secT =�*����, , ,x u Jλ#� -� � �*! %��&�  
*0:

������ -���$Matlab +(-�2�.��� q�$ 

%Solving a TPBVP using matlab dsolve

clc; clear; close all

S=dsolve('Dx=x+u','Du=2*x-u','x(0)=2','u(10)=0');

x=simple(S.x)

u=simple(S.u)

J=double(int(u^2+2*x^2,0,10))

�D
	� ���2�������:
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x =(2*3^(1/2)*cosh(t*3^(1/2)-10*3^(1/2))+2*sinh(t*3^(1/2)-

10*3^(1/2)))/(3^(1/2)*cosh(10*3^(1/2))-sinh(10*3^(1/2)))

lambda = -8*sinh(t*3^(1/2)-10*3^(1/2))/(3^(1/2)*cosh(10*3^(1/2))-

sinh(10*3^(1/2)))

u =4*sinh(3^(1/2)*(t-10))/(3^(1/2)*cosh(10*3^(1/2))-sinh(10*3^(1/2)))

J = 10.9282

!�y�pb:35���x.s.s:������ V��� .9�& .#< VW4* ;�'��f��
'" .>��� B4�
 �I0� �4 7�

�� ]K� �4 *�#����V7�'@| �35��+

#� �
���J -��( -�� {*��!βF)����/ -�2 `cJ -f'� -�2 !� -/�� ��� q�3�-�(#U��� ���
U� ��

 #Y�
$��C2 ��� !�φH 3 #� -$��� �� �
*��� �f��P� ���� �� �� �=�� b* !�  (�� w�U3 �� j�� v=� ���

 #7�� � #V�/ %�&	h�0 0( , )θ φ� ��g&�0 �� �� ����
7�fφ = φ8*�	����� -��-$���  3��.

#� �f��P� �*! {=��� !� H 3 #� -$��� ���@:

0
sec cosfJ d

φ
= β θ φ∫

���0 ��:

0tan cos   ,   (0)d
d
θ = β θ θ = θ
φ

a({*��! �� {=�� !� -$��� 8*�	����� �
�� ��  
�� ��E�θ#� +L�( �*! {=��� !� �� ��3 #���i@:

0
cos( )tan tan

cos( )
f

f

φ −φ
θ = θ

φ

!� -����f/ �
7�� +P� !� �

�� -��( -�� {*��! �:

seccos
sec f

θ
β =

θ

�0 �� ��fθ#� -� � �*! {=��� !�  *0:
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1. Velocity Direction Programming(VDP) for Min Distance to a meridian; a Geodesic Problem 
2. Heading Angle 

co
nt

ro
len

gin
ee

rs
.ir



	
� 

��
[/ j�*�� 8*� ��#Y��	�� {=�� �� ���
7� g&� �� ���/ �� -��( 0)fβ =#� ��i@.

b(!� �� -$��� 8*�	�� �
��0 00 , 40degφ = θ =���
7� g&� ��50degfφ =�� �
��� 
*�.

/��pp:V�* �4��>��Z< ��9 � !'� =4�����" �4 

/[:#� �� �*! %��&� 8
��	.
��� �.��� 8*� ����  *0:

sec cos tan cosH L f= + λ = β θ+λ β θ )9(

�� #Y�D�0 !�H+�	�� �
C	� !� v*�L |���φ�i7 -�
� ��� ���R	�� !�TPBVP �� ��H�
�� ��� ��

 -��Q#�� 3� .#�8*� �
���J �=��� -7�( b�� �7��U� ��D� ��λ�
*��� H��X	�� .-����f/ ���� �

�� O�3

!�:

20 sec tan cos sec cos 0 sinH β= = β β θ+ λ β θ = ⇒ λ = − β )�(

���i@�2 ��)�(��)9(#� �D
	� ��3:

cos cosH = β θ )�(

{7��U� !�)9:(#
U*( ) T
f xtλ = φ#� �D
	� ��3:

( ) 0fλ φ =

{=��� !�)�(#� �D
	� �
J� �=��� ���3:

( ) 0fβ φ =

��5H�=��� �� �i7 -�� -��Q �
�� ��� ��)�(#� 
�� �*! {=��� �� ����:

co
nt

ro
len

gin
ee

rs
.ir



	
� 

cos fH = θ

�*��� e�	*��� �:

coscos cos cos cos
cos

f
f

θ
β θ = θ ⇒ β =

θ
)�(

i@�2 �� ���)�(�*���  
, {7��U� ��:

2
2

2

seccos tan cos sec 1 cos 1
sec

fd
d

θθ = θ β ≡ θ β− = θ −
φ θ

 )�(

��
*� !�:

2 tan 1

2 2 2 2tan

sec tancos
tantan tan tan

f f

f
ff f

dzd
z

θ θ −

θ θ

θ θ
φ −φ = θ = =

θθ − θ θ −
∫ ∫  ):(

!� H��X	��):(��0φ = φ#� �D
	�  ��:

0

0

tantan
cos( )f

f

θ
θ =

φ −φ
)�(

���i@�2 ��)�(��):(#� �D
	� ��3:

0
0

cos( )tan tan
cos( )

f

f

φ −φ
θ = θ

φ −φ
)�(

Y�D�0 !� �� #� f� ��0 0φ =�i7:

0
cos( )tan tan

cos( )
f

f

φ −φ
θ = θ

φ

 &�� �� 8

_�� �,f fθ = θ φ = φ-��#� �D
	� �i7 ��3:

0tan tan secf fθ = θ φ );(

������Matlab -�� H �0 ����� �� ������ ���2� !� +L�( #
P
� � �.��� 8*� +( ����.
% Problem2_3_3.m; Min Distance from a Point to Meridian on a Sphere; 
phf=50*pi/180; 
tho=40*pi/180; 
pho=0; 
N=100; 
ph=phf*[0:1/N:1]; c=180/pi; 
un=ones(1,N+1); 
tth=tan(tho)*cos(phf*un-ph)/cos(phf-pho); 
th=atan(tth); 
figure(1); clf; plot(ph*c,th*c);grid; 
xlabel('Longitude \phi (deg)'); 
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ylabel('Latitude \theta (deg)'); 
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1. Numerical Solution with Gradient Methods 
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( )u tH���0 O��� !� ��� P� �� U� ��H���� !� ��� U� 8

_�� ��� /� |��� #��h	��FMINU 8

U� �� ��

#�  *��� ��*���@ ��'� 8*� �� #� �f��P� ������ ��J �� �� P� +V�X� A�� !� H��X	�� �� �� ��*���@ �@�  ��3 ��

�3 H��� ������ ���#� ���� B��2 ����0 -� � �� ���"� �� U�   ��*.

% Script e02_4_2.m; min drag nose-shape pb. using MATLAB code FMINU; 
% t-->x=distance; s=[d r]'; u=-tan(theta); lengths in a=r(0); drag in  
% q*pi*a^2 where q=dynamic pressure; 
tf=4; optn(1)=1; optn(14)=500; 
u0=[.18 .18 .19 .19 .19 .20 .20 .20 .21 .21 .22 .22 .23 .24 .25 .26 .28 .29 
.34 .38 .68]; 
%u=.5*ones(1,N+1);             % Rough initial guess 
u=fminu('noshp_f',u0,optn,[],tf) 

|��� #$�U� +*�$ ?�� -P�NOSHP_F.M 
function f=noshp_f(u,tf) 
% subroutine for e02_4_2; min drag nose shape; t-->x=distance; s=[d r]'; 
% u=-tan(theta); lengths in a=r(0); 
% drag in q*pi*a^2 where q=dynamic pressure; 
s0=[0 1]'; N1=length(u); [t,s]=odeu('noshp',u,s0,tf); 
f=2*s(2,N1)^2+s(1,N1); 

 ?�� -P� |��� #$�U� +*�$NOSHP.M 
function [f1,f2]=noshp(u,s,t,flg)       
% Subroutine for e02_4_1; min drag nose shape using FOP0; t-->x; 
% s=[d r]'; u=-tan(theta); lengths in a=r(0); drag in q*pi*a^2 where 
% q=dynamic pressure; 
d=s(1); r=s(2); 
if flg==1, f1=[4*r*u^3/(1+u^2); -u]; 
elseif flg==2, f1=2*r^2+d; f2=[1 4*r]; 
elseif flg==3, f1=zeros(2,2); f1(1,2)=4*u^3/(1+u^2); 
 f2=[4*r*u^2*(3+u^2)/(1+u^2)^2; -1]; 
end 

 ?�� -P� |��� #$�U� +*�$ODEU.M 
function [t,s]=odeu(name,u,s0,tf) 
% Forward 4th order fixed step-size Runge-Kutta integration with 
% vector forcing function u(t); sdot=f(s,u); function file 
% 'name' contains the function f(s,u) for flg=1; 
[nc,N1]=size(u); N=N1-1; t=tf*[0:1/N:1]; dt=tf/N;  s(:,1)=s0;  
for i=1:N,   
 if i==1,        u2=(3*u(:,1)+6*u(:,2)-u(:,3))/8; 
 elseif i==N,    u2=(3*u(:,N1)+6*u(:,N)-u(:,N-1))/8; 
 else            u2=(-u(:,i-1)+9*u(:,i)+9*u(:,i+1)-u(:,i+2))/16; 
 end 
 t1=(i-1)*dt;    t2=t1+dt/2;  t3=t1+dt; 
 s1=s(:,i);      f1=feval(name,u(:,i),s1,t1,1); 
 s2=s1+dt*f1/2;  f2=feval(name,u2,s2,t2,1); 
 s3=s1+dt*f2/2;  f3=feval(name,u2,s3,t2,1); 
 s4=s1+dt*f3;    f4=feval(name,u(:,i+1),s4,t3,1); 
 s(:,i+1)=s1+dt*(f1+2*f2+2*f3+f4)/6; 
end; 

-�� �*! %��&� ������ ���2� !� +L�( �D
	�:
para = 
 Columns 1 through 10  
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1.0000    0.0001    0.0001    0.0000         0         0         0         
0 0 0

Columns 11 through 18  
0 0 0 500.0000         0    0.0000    0.1000         0 
 
f-COUNT   FUNCTION    STEP-SIZE      GRAD/SD 
 23    0.0982108            1   -4.72e-005   
 47    0.0981971     0.568019   -1.83e-007   
 72    0.0981837      1.06831    -1.7e-007   
 97    0.0981819      2.20246   -4.09e-008   
 122    0.0981813      2.88468   -1.04e-008   
Optimization Terminated Successfully 
 Search direction less than 2*options(2) 
 Gradient in the search direction less than 2*options(3) 
 NUMBER OF FUNCTION EVALUATIONS=122 
 
u =

Columns 1 through 10  
 0.1826    0.1853    0.1876    0.1901    0.1932    0.1963    0.1998    
0.2037    0.2077    0.2128 
 Columns 11 through 20  
 0.2175    0.2237    0.2306    0.2384    0.2486    0.2594    0.2767    
0.2938    0.3381    0.3809 
 Column 21  
 0.6799 
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1. Hull, David. G., Optimal Control Theory for Applications, Springer, 2003. Problem 9.5, Page 156 

co
nt

ro
len

gin
ee

rs
.ir



		� 

/K> 1*�#\:

���#� �@�#��� �'�F �� ������4� V7�& 

co
nt

ro
len

gin
ee

rs
.ir



		� 

a�p�P���& ����  ������4� V�� 

�

�� +Y��� !� ���
�� #Y��	�� ��
, #"
��
*� �!��6#� +��3 �� #Y��	�� ���	7�( !� #U���� #
U*  ��3 yhE�

H 3  �� 

[ ( )] 0x Nψ =

�0 �� ��ψ��U�� �����q n<#�  3��.�	*��R7� � ����� <��  
�!�
� #.Y��� 8

5 +( H 3 H��� �U��� ���

#� +f, +&$ �� 3��
 .#� g*�U� %��L 8*� �� �.��� ��3:( )u i��� B�h	�� ��
5 ��Y��".�/ yJ�3 ��  


 *��� �

�� �� �*!:

)9(

�*��� �:

)�(

)�(

a�p�p����4� /[ �4 V��� 17^ %4��� 

�����@S ������ kY��V �� ��".�/ yJ�3 �� �� ��
,ν�( )iλ#� �P.� �
*���:

)�(

#�  3 ?�D�� +f, +&$ �� �� �_�0 ���E� +( �����  3��<�$ �D
*� ��0L =� H���φ8*1R*�2 �*! �=��� ��

#� ��3:

TΦ φ+ ν ψ� )�(

��
*� !�:

1. Dynamic Optimization with Terminal Constraints 

co
nt

ro
len

gin
ee

rs
.ir



		� 

):(

-3�� �
���J �:

)�(

)�(

);(

a�p�x�� /[�W�� mI0� �� *� V7�� %4��� �� �35�� �4 V���4+

�

�� O�3 #@);(-7�( %S��U� �� H����)�(�!�� <*��3 ))�(#,�P7� %S��U� ))�(<*��3 ��!��#,�P7�)�(

�1D� {=�� �� �� �!�� <*��3 �� �.��� b*(TPBVP) ����	�*� +( b* 8

U� ����( ), ( ), ( )x i i u iλ

#� +
"E� �� 
.�� U�q�����@S kY��V -��Qν�� U� ��  ��3 B�h	�� ���� #	�*��q#Y��	��  
,)�(

 ���@ ��V��.

�PXL �� ���*��� B�	�;������� W�&J �� �� #7�'� � �	��@ %��&� -���� -�2 �1*�L �� {PX9�� 

�	�
� �� / +( � H���� ���
/ ��*���@ A�� �� �	��@ ���#� ��i@�� ��*�DE��� �� �0 �U7�=� ��3.

a�x�P���& ��&'�f ������4� V�� 

%S��U�)9(��)�(-7�( ��#� �� �*! %��&� {	��
K  
*0 .B�h	�� %��&
*� �� �.���( )u t�

�� ����

 �������".�/ yJ�3 

[ ( )]fJ x t= φ )9�(

#� �*! %S��U� -P�  3��:

1. An TPBVP for a Stationary Solution 

co
nt

ro
len

gin
ee

rs
.ir



		� 

( ( ), ( ), )x f x t u t t=& )99(

0 0( )     ,     [ ( )] 0fx t x x t= ψ = )9�(

S�� %S��U� ��ft?�.U�-��.

a�x�p����4� /[ �4 V��� 17^ %4���+

".�/ yJ�3 �� �� ��
, %S��U� ��)9�(���! �� �
C	� �����@S k*�V ����� b* ��, ( )tν λ�*! %��&�

#� �P.� �
*���:

)9�(

#� +f, +&$ �
f3 A�� �D
*� �� �"
*� ��
'	�� ��  3��0L =�φ#� 8*1R*�2 �*! {7��U� {.
��� ��3:

TΦ φ+ ν ψ� )9�(

��
*� !� 

)9�(

�-3�� �
���J e�	D
	�:

-7�( b�� �* ����@S �.*�� �7��U� )9:(

�!�� <*��3 )9�(

�

�� O�3 #@ )9�(

a�x�x�V���4� /[�W�� mI0� �� *� V7�� %4��� �� �35�� �4+

1. Necessary Conditions for a Stationary Solution 

co
nt

ro
len

gin
ee

rs
.ir



		� 

�

�� O�3 #@)9�(H���� -7�( %S��U� ��)99(<*��3 )�!��)9�(-7�( b�� %S��U�)9:(<*��3 �

�!��)9�(b*�.��� �1D� {=�� �� �� �!�� <*��3 ��(TPBVP) ��	�*� +( b* 8

U� ����

( ), ( ), ( )x t t u tλ#� +
"E� �� U�  
��q�����@S k*�Vν#� 	�� ���� -�*�� �� U� ��  ��3 B�hq

�� #Y��	��  
,)6F( 
*��� ��V�� ��.

{PXL �� ���*��� B�	�6�p ������ W�&J �� #7�'� �'�� ( ���� -���� -�2 �1*� �����fu�� �

,f fv yH���� �Y��� yhE� -�� �U7�=�� 8*���' #� ��i@�� ��*�DE��� �� ��3.

!�y�p:

��".�/ yJ�3
0

2( )
ft

t
u x dt−∫ *�
R� �[� �� ��:

g7� (-P� yJ�3 8*� {

�� ��  
�� ��E�-7�( �7��U�)#.
����X*�  
,(x u=&�!�� <*��3 �

0 00 , 0 , 1ft x t= = =-�� �*! %��&�:

21( )     ,     ( )
2 2 4 2
t t tu t x t= − + = − +

B(#Y��	�� �!�� O�3 �� �� �.��� 8
��1fx = *�
R� �[� �� .��	
� ����$( )u t-� � #.
.P� %��&� ��

 -7�( 8*� �� ��  
�� ��E� � H���0( ) (5 )
4
tx t t= −#�  3��F

��*�DE��� �� g7� -��, +(#� B-��, +( �� �D
*� �� � H 3 ��i@�� �*!���K:

!� -����f/ #��	.
��� |���:

2TH L f u x u= + λ = − + λ )9(

0 ( (1) 1)T xΦ = φ+ ν ψ = + ν − )�(

1. An TPBVP for a Stationary Solution 
2. Hull, David. G., Optimal Control Theory for Applications, Springer, 2003. Problem 9.5, Page 156 
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/��s:�� /K�� P� �� �* V��4�� m03[ �� .[��� B4���\'" �� �" �JI& $�".
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P
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�0 �� ��/H l{=��� {.
���( / )( / ) cosh /a H H=l l l #� 8

U� ��3.

b(���� B��2 �� ����� �7��U� ��  
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1. Surface of Min Area Connecting Two Circular Loops 
2. Catenary 
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1. Min surface is two flat discs within the circular loops 
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1. Transcendental Equation 
2 .Monotonically increasing function 
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� ���� �� �_�0Matlab ��
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 ���
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� �� #	��� ����� -���� �* TA!�� ���! �ft *�
R� �[� �� .#��
���J{_h*��� ���
� -�2

 #
U* ����( )tθ���� ���*��0 -� � �� � 8*�	@�1� �� �
7�� ���*�� �� � b* !� �� ��
K�r$ b* ��

 �� ���	�� 8"�� ���*�� . 3 H��X	�� �Yc/ �*! +"3 �� �� H 3 #$�U� �.��� �� H.

/��l:B�	� ;��7 *� V*�$� A�	� �y"�$[ �� !�0��� 

r=!� ��
K�r$ w�U3 8
�! 1����u=��
K�r$ -/�� #/�U3 {X7�� �v=��
K�r$ -/�� #���� {X7�� �

m=��
K�r$ ?�2 �m= − &� ��
K�r$ -J�� `�&� ���= θ��
K�r$ ���� ���
� -�2 {*��! �

= µ#� 8
�! {�I�2 B�	3  
3��.#�g*�U� �*! +"3 �� �.��� %��L 8*� �� ��3:

8

U� -���.=�( )tθ�� �� ��( )fr t�� �*!  
, %S��U� -P� *��� �'�� (.

!� -����f/ ��	.
��� |���:

1. Thrust Direction Programming(TDP) for Max Radius Orbit Transfer 
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� �
���J �-3�:

� ?!S <*��3 8*����
� �#� �� �*! %��L  
*0:

#� �� +
����X*� {7��U� �3 �!�� O�3 �3 �� ���� B�h	�� �1ν�2ν#$�V� �!�� O�3 �� ��V�� ����

���� +( .%��L 8*� ��( )tθk�( ��,u υλ λ�

�� O�3 !�  3  ���J 8

U� #@.8*� ���� �� / +( b*

#� �� �*! {D
	� �.���  ��:

#� �D
*� �� �
*��� +( �� / �*�� !� �� �.��� 8*� #���J .������ -�
7Matlab -�� �*! %��&�:

% Script e03_4_2.m; TDP for max radius from earth orbit using 
% FMINCON; s=[r u v]'; 
be0=[0.4310 0.4663 0.5045 0.5457 0.5902 0.6380 0.6893 0.7441 ... 

0.8026 0.8648 0.9306 1.0002 1.0735 1.1507 1.2324 1.3196 ... 
1.4151 1.5252 1.6675 1.9044 2.5826 3.9427 4.4209 4.6081 ... 
4.7222 4.8071 4.8768 4.9373 4.9913 5.0407 5.0864 5.1292 ... 
5.1695 5.2077 5.2442 5.2792 5.3129 5.3456 5.3773 5.4083 5.4386]; 

N1=length(be0); N=N1-1; tf=3.3155; t=tf*[0:1/N:1]; z=180/pi;  
optn=optimset('Display','Iter','MaxIter',0); s0=[1 0 1]'; 
be=fmincon('marc_f',be0,[],[],[],[],[],[],'marc_c',optn,s0,tf); 
[f,s]=marc_f(be,s0,tf); r=s(1,:); u=s(2,:); v=s(3,:); 
th=cumtrapz(t,v./r); rf=r(N1); x=r.*cos(th); y=r.*sin(th);  
ep=ones(1,N1)*pi/2+th-be; xt=x+.2*cos(ep); yt=y+.2*sin(ep);  
%------------------------------------ 
figure(1); clf; plot(x,y,x(N1),y(N1),'ro',0,0,'ro'); grid; hold on 
for i=1:91, th1(i)=(i-1)*pi/90; end; c=cos(th1); s=sin(th1); 
plot(c,s,'r--',rf*c,rf*s,'r--',1,0,'ro'); 
for i=1:2:N1, pltarrow([x(i);xt(i)],[y(i);yt(i)],.05,'r','-'); end 
hold off; axis([-1.6 1.6 -.5 2.2]); ylabel('y/r_e'); xlabel('x/r_e')
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text(-.6,.65,'Earth Orbit'); text(-.1,.1,'Sun')
text(.9,1.3,'Mars Orbit')
%----------------------------- 
figure(2); clf; subplot(311), plot(t,r,t,v,'r--'); grid 
axis([0 tf .7 1.6]); legend('r','v',2); subplot(312), plot(t,u);  
grid; axis([0 tf 0 .4]); ylabel('u'); subplot(313) 
plot(t,z*be,t,z*be,'b.'); grid; axis([0 tf 0 360]) 
ylabel('\beta (deg)'); xlabel('Time')

��� �������*! -���$ ?�
�MARC.M:
function [f1,f2]=marc(be,s,t,flg)       
% Subroutine for Exs. 3.4.1,2, 3.6.2, 4.5.1,2,  
% Pbs. 3.4.20a,b, 3.4.21;                  3/94, 9/13/02  
%
T=.1405; mdot=.07489; a=T/(1-mdot*t); r=s(1); u=s(2); 
v=s(3); co=cos(be); si=sin(be);  
if flg==1 

f1=[u; v^2/r-1/r^2+a*si; -u*v/r+a*co]; 
elseif flg==2 

f1=[r; u; v-1/sqrt(r)];  
f2=[1 0 0; 0 1 0; 1/(2*r^1.5) 0 1]; 

elseif flg==3 
f1=[0 1 0; -(v/r)^2+2/r^3 0 2*v/r; u*v/r^2 -v/r -u/r];  
f2=a*[0; co; -si]; 

�������*! -���$ ?�� ?�
�MARC_C.M:
function [c,ceq]=marc_c(be,s0,tf)       
% Subroutine for Example 3.4.2;  
[t,s]=odeu('marc',be,s0,tf); N=length(be); rf=s(1,N);  
uf=s(2,N); vf=s(3,N); ceq=[uf vf-1/sqrt(rf)]; c=[]; 

�������*! -���$?�� ?�
� MARC_F.M:
function [f,s]=marc_f(be,s0,tf)       
% Subroutine for Example 3.4.2; 
[t,s]=odeu('marc',be,s0,tf); N=length(be); rf=s(1,N); uf=s(2,N); 
vf=s(3,N); f=-rf;  

�������*! -���$?���5 ?�
� ODEU.M:
function [t,s]=odeu(name,u,s0,tf) 
% Forward 4th order fixed step-size Runge-Kutta integration with 
% vector forcing function u(t); sdot=f(s,u); function file 
% 'name' contains the function f(s,u) for flg=1;            9/97 
[nc,N1]=size(u); N=N1-1; t=tf*[0:1/N:1]; dt=tf/N; s(:,1)=s0;  
for i=1:N,   
if i==1,        u2=(3*u(:,1)+6*u(:,2)-u(:,3))/8; 
elseif i==N,    u2=(3*u(:,N1)+6*u(:,N)-u(:,N-1))/8; 
else u2=(-u(:,i-1)+9*u(:,i)+9*u(:,i+1)-u(:,i+2))/16; 
end 
t1=(i-1)*dt;    t2=t1+dt/2;  t3=t1+dt; 
s1=s(:,i);      f1=feval(name,u(:,i),s1,t1,1); 
s2=s1+dt*f1/2;  f2=feval(name,u2,s2,t2,1); 
s3=s1+dt*f2/2;  f3=feval(name,u2,s3,t2,1); 
s4=s1+dt*f3;    f4=feval(name,u(:,i+1),s4,t3,1); 
s(:,i+1)=s1+dt*(f1+2*f2+2*f3+f4)/6; 

�������*! -���$�D
K ?�
� PLTARROW.M:
function dummy = pltarrow(x,y,l,lcolor,ltype) 
% dummy = pltarrow(x,y,l,ltype) 
% Function 'pltarrow' draws a line with an arrow head. The size is 
controlled by l. 
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% If x and y have more than two data points, the arrow direction is 
determined based 
% on the last two data points. 
% Input 
% x,y    : data points 
% l : arrow head size 
% lcolor : line color (r,g,b,w,y) 
% ltype  : line type (-, --, -., .) 
% Example : pltarrow([1 2.3],[3 -2.7],.05,'y','-') 
% draws a yellow solid line from (1,3) to (2.3,-2.7) with  
% an arrow head whose size is .2. 
% Note : To prevent the distortion due to aspect ratio, the function draws  
% a one sided arrow head. 
% Keeyoung Choi, 2/8/1997 
ltype1 = [lcolor ltype]; 
ltype2 = [lcolor '-']; 
n = length(x); 
if (n<2), 

error('Not enough data to plot - x and y should have at least two 
elements.')
end 
theta = 15*pi/180; 
dx = x(n)-x(n-1); 
dy = y(n)-y(n-1); 
direction = [dx dy]'; direction = direction/norm(direction); 
ct = cos(theta); st = sin(theta); 
p3 = [x(n); y(n)] - l*[ct -st; st ct]*direction; 
plot(x,y,ltype1,[x(n) p3(1)],[y(n) p3(2)],ltype2) 
dummy = 0; 

�*! %��&� ������ ���2� !� +L�( ��"3�#� -� �  
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]�3�
T9 :���#� /@��� �@�#��� �'�F �� ��&'�f ������4� V7�&)V�$9 � �3�3J
 /[(

9�+Y��� !� H��h7 � �.��� b*�.�.9���.�.9; �PXL ��9�; #7�9�� ��� +( �� ���*��� B�	�Y 
)#.Y���

#� #
'	�� ��E
� �Y��� ���0 +( ��	�� <��� ��  
3��.(

��+"3 �� �2�� �� �*!#��� b* !� � f� {.L�$ 8*�	�� 8	$�* -���.=�)����$ 8	$�* -���.=� �R*� %��fU�

 ��	
�( )u t *��� �

�� �� �*! ��".�/ yJ�3 ��)-$��� �.���(:

0

21
ft

t
J u dt= +∫ )9(

/��p:��#& �4 7� �$)� �3��> B4����
'" 

#.
����X*� ��
,)7��U�-7�( �(�
7�� <*��3 �!�  
���f/:

0 0 , 0 , 0x u t x= = =& )�(

!� -����f/ #Y��	��  
,:

2 1 0f fx t+ − = )�(

g7� (#� -� � �.��� 8*� ���� B��2 �� ��  
�� ��E�  *0:

) 0 , 0 , 1 , 1fa u x t= = = ν = −

1 1) 2 , 2 , ,
2 3fb u x t t= = = ν = −

B(��E� 
�� ��� B��2 �� ���  ���J #.P� �

�� b* ?�� B��2 � #.P� �

E
�.

��+Y��� !� H��h7 � �.��� b*�.�.9���.�.�� �PXL ��9�� #7� 9�� �� �� / �*�� !� �� ���*��� B�	�

 ��	��FMINCON ����
s��� +*�$ H���� �� � H���� +(Matlab  
*��� ����� +
�*� �*�� !�.
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����".�/ yJ�3
 1

2

0
( )u x dt−∫ *�
R� �[� �� ��.-7�( �7��U� -P� yJ�3 8*� {

�� +() 
,

#.
����X*� (x u=&�3 ��
7�� O0 0x =#Y��	�� �!�� O�3 �1fx =��	�� !� H��X	�� �� �� / %��&� ��

FMINCON $ � H���0 -� � ��	
� ����( )x t�( )u t��#.
.P� +( �� �*!  

� ��*���6.

* * 5( ) (5 )    ,     ( )
4 2 4
t tx t t u t= − = − +

 
*��� ��*��� �� �� �� / +( � #.
.P� +( -7�( �� �� ��".�/ yJ�3 �� ��.

]�3�
T10 :���#� /@��� �� ;��7 �� ��&'�f ������4� V7�&��7? �@�#������ B4����
'" B�>�4

��4�� � �I0� B����N

g7� (��	
� ����$ {_h*��� 8	$�* -���.=�( )u t�=�� b* -$��� ��0( ,0)t-f'� ��P� ��� ��tb* ��

 H�*��2 2 2
f ft x r+ =�0 �� ��00 t r≤ ≤ *��� �

�� -��.

B(#���� ���� ��	
� 8*�	�� ��  
�� ��E�0 0t >�� ��0u =-�� .�� 8

_��0 0t ={=�� b*

x��1�l���� ��2� .-7�( 8
� `c	J� ��  
�� ��30 0t >�0 0t =#� �5  3��.

1. Hull, David. G., Optimal Control Theory for Applications, Springer, 2003. Problem 9.5, Page 156 
2. Hull, David. G., Optimal Control Theory for Applications, Springer, 2003. Problem 13.7, Page 244 
3 Conjugate 
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/K> P��f:

���#� �� ������4� V7�&;��7 �@�#��� ��7? 
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l�p���$0� 

+&$ 8*� �� <����!0 #Y��	�� ���! �0 �� �� #	7�( �� 8
E
K +&$ k7�=�6 3��?�D�� #���3 .-7�(

���! 8*�	�� +Y��� �� O���� ��� � #L�&	J�F���  ���J .#Y��	�� O�3 b* +,� ( #	�*�� +Y��� 8*�l��

8*� �
} ��  3�� �	3�� �5 -�
� ?�.U� %��L��
��� �
�� ��*�K �� �� #	�*�� |,�.���� �R*� +( H�� ��
*� !�

 ���! 8*�	�� �� -�� �0 ���! 8*�	�� +Y��� #
U*ftY��	�� <*��3 � H�! ^ ( �� �'�� ( �� � 
.� #

�
*���.�� �� 8* 
5 ���� +�/ 8*� ���"� ��ft#� #��
��
� �� �� ���! 8*�	�� ����m�� ���=� ���0 -� �

 ���@ ��V�� � 
.� �!�� <*��3 .#� �� ����� �'�� ( �.��� �.,�� �.��� b* ���
U� ����n8*�	�� �.��� ��

��� B��P� ���!�.#� ���� x��1� �* �., �� %��L �� ���E� +Y��� �� ���! 8*�	�� +Y��� !� ���
��  ��3 .

������ �.��� �� ��'� ���
/ �� -/�� -�2 �1*�(VDP) �.,�� �.��� b* 8
U� ���! �� ��� �'�� ( �� #��
	��

#� 8
U� ��� �� ���! 8*�	�� �� #��
	�� �.��� ��  3�� .��� �.��� �� 8

_����� -���� -�2 �1*�(TDP) 

#� 8
U� w�U3 �� ���! 8*�	�� �.��� �� �.,�� �.��� b* 8
U� ���! �� w�U3 �'�� ( �� �� � �� ���	�� -�2  3��.

l�x�P���& ��&'�f�� ������4� V�� 

�����
�� �

�� +Y��� !� #� #"
��
*� �!�� E� #Y��	�� <*��3 �� � 
�� -�2 �� #Y��� ���! �
���J yh

�
*��� �

�� ��!0 #Y��	�� ���! -7�( �� #Y��	�� ���	7�( !� |���� #J�� �"
*� �* � �
*��� �

�� .#.Y��� 8

5

�	*��R7� � ����� !� ��&	h� A�	�@  
�!�
� �	$�* <�� ��
� �� �� -�� #Y��  �� .��[
� {.
��� <�� 8*�

#� �� ��	����K b* ���
U� #Y��	�� ���! ����� -�*��#� �	$�@ �[� �� ���@ �

�� )��	
� |���� �� H�c/ ��3

 3  ���J %��

C� B��( � %�
V�*� !� #f
��� �.��� �� ���=�.

1. Dynamic Optimization with Open Final Time 
2. Min Time Problem 
3. Terminal Condition 
4. Interpolate 
5. Dual Problem 
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	�� 

��'� � �	��@ -7�( �� �	�*� +( b* ���� ?!S <*��3 W�&J �� -��, 8*� k7�=� ����� �U7�=��.�.9��

�PXL9�� ��9�� #� ��i@�� ��*�DE��� �� ��3.

l�s�&P��� ��&'�f ������4� V�� 

 ���� ��!0 #Y��	�� ���! �� �	��@ +Y��� �� ���*! ���E� ��!0 #Y��	�� ���! �� �	��
K +Y��� .8*� �� %��X� ��
�

�� P� `c	J� %S��U� %��&� �	��
K�� -7�( �� ��
, �� -��6%��&� �	��
K -7�( �� #7� H���

#� ��
� #.
����X*� %S��U�  ��3.

U�,�+�17^ %4���V��� ���4� /[ 

#� �� ��	
� ����� |��� �
���J( )u t����0 ft t t≤ ≤#Y��	�� ���! �ftyJ�3 �� �*��0 -� � ���� ��

 *��� �

�� �� �*! ��".�/:

)9�(

#.
����X*� ��
, �* -7�( %S��U�!�  
���f/:

)9:(

0 [ ( ), ]f fx t t= ψ )9�(

���! 8*�	�� +Y��� ��ftφ =���  ���J.

#� �� �	�*� +( ���� ?!S <*��3 ���0 -� � +f, +&$ �� k7�=� �U��� �� ���� . * 2 +&$ 8*� �� �� �_�0

#� � #Y��	�� ��
, � ��".�/ yJ�3 �� -�� 8*�  3�� �� �	���� #R�� #"
��
*� %S��U�ft#�  
3�� .��
,

)9:(�)9�(�����@S ������ kY��V �� ��ν�( )tλ#� �P.� ��".�/ yJ�3 �� �
*���:

1. Difference Equations 
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)9�(

|����( )H t�Φ#� g*�U� �*! %��&�  ��3:

)9;(

)��(

!� H��X	��)9;(�)��(��)9�(�*��� �12 �� �12 %��L �� ���R	�� ?�� 8*�J0 ��
R7��R	�� �

)�9(

�� #.
E���X*� %��

C� ��( J�� �

C� �� O����( )u t��� #.
����X*� �

C� b*ft *�
R� �[� �� ��:

)��(

�0 �� ��:

)��(

�� ��(( )tλkY��V �� �

"
� B�h	�� ���� ��xδ��)��( ���@ `i(:

T
x xH fλ = − ≡ −λ& )��(

( )T T
f x x xtλ = Φ ≡ φ + ν ψ )��(

�7��U� �s�)��(#� �� �*! %��&�  *0:

)�:(

�� ���� �	�*� +( b* ��uδ�fdt#	�*��0dJ =%��&� �	�*� +( b* ���� ?!S <*��3 8*����
� ��3

���  
���J �*!:
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)��(

0 = Φ& )��(

ν��  *0 -� � ���� #	�*��0ψ =��3 .{7��U�)��(-��Q #Y��	�� ���! -7�( �� �� -�� #��3 ����

  * 2 ?!S O�3  �0 -� �)��( ��U� O�3 ?�
�6#� H 
��� ��3 .�	�� ���! �� ��  * 2 #$�V� O�3 8*� #Y�

 �

��ft#� 8

U� ��  
�.

)�;(

�0 �� ��#�  3�� . ��U� O�3)��(#� �� 8
��	.
��� k�( �� ����TH f= λ���! ��

���0 -� � #Y��	�� .�� #Y�D�0 !�( )T
f xtλ = Φ�x f=&

)��(

!� ?� "_
� �� #���L ��φ�ψ!� v*�L |���fte�	D
	�  
3�f�0
ftΦ =�� �*! H��� %��&�  ��U� O�3 �

#�  *0:

)�9(

���! 8*�	�� +Y��� ��ftφ =#�  3�� .�� #���L ��0
ftψ =�� �*! H��� %��&�  ��U� O�3 �s�  3��

#�  *0:

)��(

!�y�p����2� %D �4 7� �$)� m3��> B4����
'" :<J b* !� � f� {.L�$ 8*�	����� {f��P� ����

���X�6+"3)n�6( 
Y��� �[(c� ��:

1. Transversality Condition 
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/��)l�p(:���2� %D �4 7� �$)� m3��> B4����
'" 

#� �[� �� �� �*! g*�U� �*�
@F:

x u=& )9(

2

0
1

T

J u dt= +∫ )�(

�0 �� ��T��!0 #.� -7�( �����  ���J .�.��� 8*� �� �
7�� O�3(0) 0x =#�  3�� .�� #���L ��

 �[� ���� <J {7��U�x mt c= − +��	
� ����$ #	�*�� �.L�$ 8*�	����� �� #��
	�� -�2 ��  
�� ��E�  3��

 %��L �� �

��1u
m

=��3 B�h	�� �<J ��� �.L�$ 8*�	����� e�	D
	�x ut=,�� {=��� !� �0 �� �� � |

21
mcT

m
=

+
#� �f��P� @���.

/[:!�  
���f/ �.��� 8*� �� ���� �

�� -�2 ?!S O�3:

#��	.
��� |��� 21H u u= + + λ )�(

����@S �.*�� �* -7�( b�� �7��U� 0 ConstantH
x

∂
λ = − = →λ =

∂
& )�(

�

�� O�3 #@
2

0
1

H u
u u

∂= = + λ
∂ +

)�(

1. Shortest Distance from a point to a Line 
2. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, Jhon Wiley & Sons Inc, 1995. Page 275. 

0
t

x

Line x= -mt+c 
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	�	 

�
7�� O�3 (0) 0x = ):(

{7��U� !�)�(#� �D
	� �� ��3:

)�(

)�(

-7�( b�� {7��U��)�(#� ��E� ��  ��λ#� -��Q �=��� !� ��
*� !�  3��)�(#� �D
	� -��Q �� ��3 =u

-7�( �7��U� !� 8*����
�)9(��$ �� �(0) 0x =#� �D
	� ��3:

);(

-��Q �� �� #	�*�� ��(u�
*��� 8

U� �� .#� ��$ � 	�� ` � �/��D� �* �[� ���� <J ��36%��&�

x mt c= − +�

�� k
3 #
U* ��	
� ����$ ����0 -� � ���� �  3��u#� +�/ �*! �*�� !� �

�:

#Y��	�� ���! ��T�
3�� �	3�� #	�*��:

)9�(

( ) ( )( ) ( ) 1T T
f x x x f

T Tt t
x x

∂ψ ∂ψ
λ = Φ ≡ φ + ν ψ →λ = λ = ν → = →λ = ν

∂ ∂
 )99(

S�� {=��� ��ν#�  * 2 ���D� b*  3�� . ��U� O�3 !�)��(-3�� �
���J:

2( )( ) 0 ( ) 1 0
ft f

TH t H T m u u
T

∂ψ
Φ = Φ + = → ν + = ν + + + λ =

∂
& )9�(

���i@�2)�(�)99(��)9�(#� �D
	� �� ��3:

)9�(

#� -� � �*! %��&� �

�� ��	
� ����$ e�	D
	� � *0:

1. Target Set 

co
nt

ro
len

gin
ee

rs
.ir



	�� 

1u
m

= )9�(

!� ���  ���J %��f/ ` � <J �� � f� !� �

�� �
�� �:

tx
m

= )9�(

� �� <J 8*� <J #
U* ` � �/��Dx mt c= − +���  ���J ���/.

!� H��X	�� ��)p(-7�( b�� {7��U�λ!� -����f/:

)9:(

{=��� !� �)9�(����0 -� � ����T#� H��X	�� �

�:

)9�(


� <J !� � f� {.L�$ 8*�	����� 1
21

cd
m

=
+

 �0  ���J -� �.

�35��a.a.pa :B��	
 V��� .9�& .#<;�'�� �� ���D��* �4 ��9 �� ;�4�< *� V'�#&

;��7 B4���"+

-��( -�� {*��! ����� � 
K -���.=�( )tθ{=�� !� ���J��� b* ��/ ����� #� -�2

0 ,x y h= = +{=�� ��0 ,x y h= = −-�2 �� ��*�2 -/�� �0 �� �� ���! 8*�	�� ��x����$ !�

#� -� � �*!  *0:

2

21c
yu u
h

 
= − 

 

a(b� 
$ {.
��� ���! 8*�	�� ����
�� ��  
�� ��E��
}#�  
7�� �*! #=J  ��3:

1. VDP for Min Time to Cross a River with a Parabolic Current 

co
nt

ro
len

gin
ee

rs
.ir



	�� 

2

0 2sec sec (1 )cu y
V h

= + −θ θ  

b(�0 �� �� #	7�( ���� �� ���! 8*�	�� ����
��1cu
V

= 
��
�  3�� .��	�� !� ��"
*� -�2FSOLVE ��

MATLAB 8

U� ����0θ 
*��� H��X	�� .�
f3  � !� 8

_��ODE23 ��MATLAB ���R	�� ���� !� ��
@

� %S��U� 
*��� H��X	�� -��( +
����X*.

/[:� 8
��	.
��� |���Φ!�  
���f/:

2

2[ cos (1 )] sinc
x y

u yH
V h

= − + − +λ θ λ θ )9(

( ) [ ( ) 1]f x f y ft x t y tΦ = + + −ν ν  )�(

��	.
��� |��� �� #Y�D�0 !�H���R	�� -�� -��Q �K -�
� ���! !� v*�L |��� �.��� ���TPBVP ��2�

���� . ��U� O�3 !�1H = −#� -� � ���� -7�( b�� {7��U� ��D� �=��� 8*� !� ��  *0yλH��X	��

#� �

�.-7�( b�� �7��U�xλ!� -E���f/ 

0 ( ) ( )x x x f x x x xH t t= = , λ = Φ = ν ⇒ λ = ν .λ& )�(

�

�� O�3 !� -3�� �
���J #@:

0 0 sin cos tanx y y xH θ = → = ν θ+ λ θ⇒ λ = −ν θ )�(

���i@�2)�(��)9(!� H��X	�� �1H = −#� �D
	� ��  ��:
2

2
21 [ cos 1 sin cos ]c

x
u y
V h

 
− = ν − θ+ − − θ / θ 

 
 )�(

2

0 2sec sec 1cu y
V h

 
⇒ θ = θ + − 

 
):(

�0 �� ��0cos xθ = −ν#�  3�� 

������ #.L� +*�$Matlab ! %��&�-�� �*:
% Script p4_4_14.m; VDP to cross a river w. a parabolic current 
% uc=uo*(1-y^2/h^2); uo in V, (x,y) in h, t in h/V; uo=1; 
p0=[.5 3]; s0=[0 -1]'; optn=optimset('Display','Iter');  
p=fsolve('zrmpt_f',p0,optn); opt=odeset('reltol',1e-4); tf=p(2);  
[t,s]=ode23('zrmpar',[0 tf],s0,opt); s=real(s); x=s(:,1); y=s(:,2); 
th0=p(1); N=length(t); un=ones(N,1); secth=un/cos(th0)+un-y.^2; 
th=real(acos(un./secth)); c=180/pi; 
figure(1); clf; plot(x,y,x(1),y(1),'ro',x(N),y(N),'ro'); grid; 
axis([-2/3 2/3 -1 1]); xlabel('x'); ylabel('y'); 
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figure(2); clf; subplot(211),plot(t,c*th); grid; xlabel('V*t/h'); 
ylabel('\theta (deg)'); 

?�
� +*�$zrmpt_f 

function f=zrmpt_f(p) 
% Subroutine for Pb. 4.3.12; min time to cross a river with a 
% parabolic current; uc=1-y^2; s=(x,y) 
global th0; th0=p(1); tf=p(2); s0=[0 -1]';  
opton=odeset('reltol',1e-4); 
[t,s]=ode23('zrmpar',[0 tf],s0,opton); 
N=length(t); xf=s(N,1); yf=s(N,2); f=[xf yf-1]; 

?�
� +*�$zrmpar 

function sp=zrmpar(t,s) 
% Subroutine for p4_3_14; min time to cross a river with a parabolic 
% current; uc=1-y^2; s=(x,y) in h, uc in V, t in h/V; 
global th0; y=s(2); uo=1; secth=uo/cos(th0)+1-y^2; 
c=1/secth; s=sqrt(1-c^2); sp=[-c+1-y^2; s]; 
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1. Open Loop 
2. Hypersurface 
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.1 Optimal Closed-Loop or Feedback Control Law 

.2 Stationary Systems 
.3 Neighboring Optimal 

.4 Dynamic Programming 
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1. Two-Point Boundary-Value 
.2 Steepest Descent 
.3 Variation of Extermals 
.4 Quasilinearization 
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1. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 139, 

Temperature Control in a Room Using the Least Possible Energy 
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1. Franklin, G. F., and Powell, J. D., Digital Control of Dynamic Systems, Reading, Massachusetts: Addison-

Wesley, 1980. 
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1. Line of Sight 
2. Hull, D. G., Radke, J. J., and Mack, R. E., “Time-to-Go Prediction for Homing Missiles Based on Minimum-

Time Intercepts,” Journal of Guidance, Control and Dynamics, Vol. 14, No. 5, 1991, pp. 865-871. 
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6.757 20.65 -59.98 1.46950 -3.37821 0.5 0120 90

6.791 20.04 -59.98 1.22899 -1.09621 0.5 0.5 120 90
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% This is an Optimal Control Problem for Homing Missile 
% in Terminal Guidance 
% The performance index is the weighted sum of the final time and the  
% integral of the normal acceleration(control effort) squared. 
% The three first order ordinary non-linear differential equations  
% for Interception model are: 
% dxi/dtou=nu*cos(beta)-cos(theta) 
% deta/dtou=nu*sin(beta)-sin(theta) 
% d(theta)/dtou=alfan 
% and for maneuvering target we will have 
% d(beta)/dt=At/vt 
%********************************************************* 

echo off; clc; clear; 
global w theta0 beta0 vm vt xt0 alfan_min alfan_max At 
w=0; theta0=90; beta0=120; xt0=10000; vm=600; vt=300; 

% w=1; theta0=90; beta0=120; xt0=10000; vm=600; vt=300; 
At=0*9.81; alfan_max=1000*xt0/(vm*vm); alfan_min=-alfan_max;  
file1='xy.plt'; file2='an.plt';

%******************************************************** 
sav=0;    % sav=1 for saving results, other values for skip saving 
N=10; Nu=1; Nx=3; 
p1=[N Nx Nu];             % Few elements of C 
options(1)=0;             % Display parameter (Default:0). 1 displays 

some results. 
options(13)=Nx*(N+2);     % Number of equality constraint 
options(14)=10000;        % Maximum number of iterations  

%********************************************************* 
% This section make a guess at the X0 

theta0=theta0*pi/180; beta0=beta0*pi/180;  
X0=zeros(N+2,Nx+Nu);X0(N+2,1)=1; X0(1,1)=1; X0(1,2)=0; X0(1,3)=theta0; 

%********************************************************* 
% Starting to the minimization with the MATLAB optimization toolbox 

flops(0); 
[X, options]=constr('fun',X0, options,[],[],[],p1); 
Flops=flops 
touf=X(N+2,1); Tf=touf*xt0/vm, disp('(Sec)'), 
Index=options(8)*(vm^3)/xt0, disp('(m2/s3)'); 
Theta_f=X(N+1,3)*180/pi,disp('(deg)')
anm=X(1:N+1,Nx+1)*(vm*vm)/xt0; 

%********************************************************** 
% Plot of simulation results 

Xt(1)=xt0; Yt(1)=0; Xm(1)=0; Ym(1)=0; t=[0]; dt=Tf/N; 
for k=2:N+1 

t(k)=(k-1)*dt;                 beta=beta0+(k-1)*dt*At/vt; 
Xt(k)=Xt(k-1)+dt*vt*cos(beta); Yt(k)=Yt(k-1)+dt*vt*sin(beta); 
Xm(k)=Xt(k)-xt0*X(k,1);        Ym(k)=Yt(k)-xt0*X(k,2);  

end 
Beta_f=beta*180/pi,disp('(deg)')
subplot(2,1,1); plot(Xm',Ym',Xt',Yt'); 
title('Trajectories of Missile and Target'); 
xlabel('Down Range(m)'); ylabel('Ordinate(m)'); 

subplot(2,1,2); plot(t(1:N),anm(1:N));xlabel('Time(Sec)'); 
ylabel('an(m/s2)'); 
%****************************************************** 
% Saving of simulation results on ascii files. 

if sav==1 
fid1=fopen(file1,'w'); 
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fprintf(fid1,'Zone \r\n'); fprintf(fid1,'%8.1f %8.1f \r\n',[Xm' 
Ym']'); 

fprintf(fid1,'Zone \r\n'); fprintf(fid1,'%8.1f %8.1f \r\n',[Xt' 
Yt']'); 

fclose(fid1); 
fid2=fopen(file2,'w'); 

fprintf(fid2,'Zone \r\n'); fprintf(fid2,'%6.2f %8.1f \r\n',[t' 
anm]'); 

fclose(fid2); 
end 

disp('Normal Termination of GUIDANCE.M'); 
------------------------------------------------------------ 
function [index,C]=fun(X,p1) 

global w theta0 beta0 vm vt xt0 alfan_min alfan_max At 
nu=vt/vm; Umin=alfan_min; Umax=alfan_max; % Umin<=u<=Umax 

%******************************************************* 
% Consider the following problem with additional equality and inequality 
constraint 
% touf 
% Minimize  index=w*touf+((1-w)/2)*int(U'*U*dtou) 
% 0
% Subject to:    dX/dtou-a(x(tou),u(tou))=0 
% X(0)-x0=0 
% X(touf)-xf=0 
% Umin<=u(t)<=Umax 
%******************************************************** 
% X = State variable. 
% Nx= Number of state variable. 
% u = Control input. 
% Nu= Number of control input. 
% N = Number of time steps, 0 , dtou , 2dtou , ... , Ndtou(N=touf/dtou). 
%******************************************************** 
% X=[ X1(0)   X2(0)  ...   XNx(0)  u1(0)   ...   uNu(0) 
% X1(1)   X2(1)  ...   XNx(1)  u1(1)   ...   uNu(1) 
% . . ...   .       .             . 
% . . ...   .       u1(N-1) ...   uNu(N-1) 
% X1(N)   X2(N)  ...   XNx(N)  0       ...   0 
% touf    0      ...   0       0       ...   0       ] 
%********************************************************** 

N=p1(1); Nx=p1(2); Nu=p1(3); touf=X(N+2,1); dtou=touf/N; 
dt=dtou*(xt0/vm); 

index=w*X(N+2,1)+.5*(1-w)*X(1:N,Nx+Nu)'*X(1:N,Nx+Nu)*dtou; 
% State equations or equality constraints 

% dX/dt=a(X(t),u(t)) 
% X(1)=xi, X(2)=eta, X(3)=theta 
% d(beta)/dt=(At/vt) 
for k=1:N 

beta=beta0+(k-1)*dt*(At/vt); 
a1=nu*cos(beta)-cos(X(k,3)); 
a2=nu*sin(beta)-sin(X(k,3)); 
a3=X(k,4); 
% ... 
% a(Nx) = ... 
%
C(k)    =X(k+1,1)-X(k,1)-a1*dtou; 
C(N+k)  =X(k+1,2)-X(k,2)-a2*dtou; 
C(2*N+k)=X(k+1,3)-X(k,3)-a3*dtou; 
% ... 

% C((Nx-1)*N+k)=X(k+1,Nx)-X(k,Nx)-a(Nx)*dtou; 
end 

% Initial value for X(0) for Nx=3 are: 
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X10=1; X20=0; X30=theta0;  
C(Nx*N+1)=X(1,1)-X10; 
C(Nx*N+2)=X(1,2)-X20; 
C(Nx*N+3)=X(1,3)-X30; 

% Final state value for X(f) are: 
NN=Nx*N+Nx; 
X1f=0;        C(NN+1)=X(N+1,1)-X1f; 
X2f=0;        C(NN+2)=X(N+1,2)-X2f; 
X3f=-pi+beta; C(NN+3)=X(N+1,3)-X3f; 

% Inequality Constraints  Umin<=u<=Umax 
NN=Nx*(N+2); 
for j=1:Nu 

for k=1: N 
C(NN+(j-1)*N+k)=X(k,Nx+j)-Umax; 

end 
end 
NN=NN+N*Nu; 
for j=1:Nu 

for k=1:N 
C(NN+(j-1)*N+k)=Umin-X(k,Nx+j); 

end 
end 

% touf>=0  
C(NN+N*Nu+1)=-X(N+2,1); 
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1. The forced VanDerPol Oscillator 
2. Milam & Mushambi & Murray., A New Computational Approach to Real-Time Trajectory, Generation for 

Constrained Mechanical Systems, Proceedings of the 39" IEEE. Conference on Decision and Control Sydney, 
Australia December, 2000, P845-851 
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( , , )x f x u t=& )6(
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0
0( ) ( ( ), ) ( , , )

T
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J t x T T L x u t dt= φ + ∫ )F(

0( )x t�*! %��&� #	�*�� #Y��	�� -7�( � H 3 H������@ ��V��:
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�0 �� ��:

( , , , ) ( , , ) ( , , )TH x u t L x u t f x u tλ = +λ )n(

1. Smoothness 
2. Constrained Input Problem, Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & 

Sons Inc, 1995. Page 281 
3. Pontryagin's Minimum Principle 
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Continuous Nonlinear Optimal Controller with Function of Final State Fixed 

1 System Model (State 
Equation) 

0 0( , , )  ,     ,    fixedx f x u t t t t= ≥&

2 Performance Index 0
0( ) ( ( ), ) ( , , )

T

t
J t x T T L x u t dt= φ + ∫

3 Final-State Constraint ( ( ), ) 0x T Tψ =

4 Hamiltonian ( , , , ) ( , , ) ( , , )TH x u t L x u t f x u tλ = +λ

5 Costate Equation ,
TH f L t T

x x x
 ∂ ∂ ∂

λ = − = − λ + ≤ ∂ ∂ ∂ 
&

6 Optimality Condition 0
TH L f

u u u
∂ ∂ ∂= = + λ
∂ ∂ ∂

 

7 Initial Condition 0( ) givenx t

8 Boundary Condition ( ) ( )( ) 0
TT T

x x t t TT
dx T H dTφ +ψ ν −λ + φ +ψ ν + =
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70H
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21 2 1
2
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* 1(1)
2

L L= = − )6l(

#� +L�( �*! {=��� +( !�  
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2 0L u
u
∂ = − =
∂

)6m(

-3�� �
���J �D�0 !� �:

2u = )6n(

�:

(2) 1L = − )6o(

#� �[(c� �� ��3(2) (1)L L<#7�2u =#
U* B��2 ��f, +��, j�� P� +J��1u ≤��� � ���,.

u�s�v�� !���"�v��+

#� �D
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x Ax Bu= +& )6p(

#� g*�U� �*! %��&� 1
� ��".�/ yJ�3 ��3:

0
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T
J dt= ∫ )6t(
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�
�� ���, \P� ���� �� ����� b� -7�( ��  
�� H!�2� � 	��.
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���J

( ) ( )T t bu tλ�� b*�1� ��� �� -�� 8"�� �� #Y�2 ��−∞ 
� ��
	J� .( �@�( )T t bλH�R�0  3�� -f'�

 #	�*��( ) 1u t = −���� 8"�� #X
� �� �� 8*�	@�1� �� ��3 B�h	��( ) ( )T t bu tλ *0 -� � .�R*� %��f/ ��

 �@�( )T t bλ#
U* !�D� �� �� 8*�	@�1� ��	
� ����$ #	�*��  3�� #X
�( ) 1u t =8*�	@�1� ��  
� ��
	J� ��

 ���� 8"�� #X
� �� ��( ) ( )T t bu tλ *0 -� � .�@�( )T t bλ�[P7 �� ��	
� ����$  3�� �XL ���! !� ��

( )u t#� �� ���! !� ��� �� �� -7�( 8*� �� �"��5  
� ��
	J�  ����( ) ( )T t bu tλ�*���� #���� ����( )u t

 3  ���J �XL.
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�� ��	
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� {=���#� �� -7�( b� ?�[� %��&� ���� -�c/ |��� ��  
�sgn( )w6g*�U� �*! %��&�

����:

1,                        0
sgn( ) indeterminate,   0

1,                     0

w
w w

w

>
= =
− <

)lm(
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1. Signum Function 
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��� ��	
� ����$ 8*����
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*( ) sgn( ( ))Tu t b t= − λ )ln(

�	�
� �� #� H��� ��E�  3�� ?�� �2�� ��".�/ yJ�3 � #=J -7�( %S��U� �� #Y�� ��	
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 {=��� !� �
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��� ���,.

-
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#� 8
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_
Y�� |��� �� #��R
� #��� ��'�� ( �� �� �� ��'�� ( �� �� b* !� 1
� ��	
�  ��

 3  ���J ¥*�U� g7�h� -�c/ .+"3 ��)n(#� H ��E� �

C� 8*� ��� ���5 ���@ .�� #=J +Y��� ��

 ��'�� ( �*���� 8
� � �	$�@ ���, w�f3� -7�( �� H����� �

�� ��	
� ����$ )���! 8*�	�� ��".�/ yJ�3

 #X
� � -f'�#� �D��2 ��3 .~
� ~
� ��	
� +�/ 8*�l#� H 
��� ��3.

1. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 162 
2. Switching Function 
3. Bang-Bang Control 
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� ����� �.���6 *�
R� �[� �� �� �*!:
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0 1 0
0 1n

x x u
   

= +   −ω   
&

#� ���! 8*�	�� �� �
���JT{=�� !� �!�$ �PXL ��(0) 1  ,   (0) 5x x= =&�
��� � f� �� .�� #���L ��

 {=��� �f� B�	3 j!� ��( ) 1u t ≤ 
��)�� P� (-���.=� ) 3�� H 3:

]��(��	
� ����$ #
P
� �
���( )u t���! �� -f��(0 )t T≤ ≤

_(-7�( �
C	� #
P
� �
���( )x t�� -f��( )x t&���� �!�$ �PXL ��(0 )t T≤ ≤

�@�����*:��	�� !� H��X	�� �� �� / �* � #.
.P� %��L �� !� #"* �� �.��� +(FMINCON ��f, +��,

#�  3�� .�PXL �!�$ �PXL 8

_�� �

C� �0 #�$� ��P� �� -�� �� -/�� �0 ����/ ��P� � ��"�

#�  3�� .�� ��4nω = *�
R� �[� ��.

1. Minimum-Time Control of Harmonic Oscillator 
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α Alfa θ Theta σ Sigma 

β Beta κ Kappa Σ Capital sigma 

γ Gamma λ Lambda τ Tou 

Γ Capital gamma Λ Capital lambda φ Phi 

δ Delta µ Mu χ Chi#J

∆ Capital delta ν Nu ψ Psi 

ε Epsilon ξ Xi ω Omega 

ζ Zeta π Pi Ω Capital omega 

η Eta ρ Rho Φ Capital phi 
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