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"Since the fabric of the universe is most perfect, and is the work of a most wise
Creator, nothing whatsoever takes place in the universe in which some form of

maximum and minimum does not appear".

Leonhard Euler (1707-1783)
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1. Brachistochorne
2. Acta Eruditiorum
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. Describing the System and Evaluating its Performance

. Iterative

. Rise Time

. Settling Time

. Peak Overshoot

. Gaine & Phase Margin

. Band Width

. Optimal Control

. The objective of optimal control theory is to detemine the control signals that will cause a process to satisfy
the physical constraints and at the same time minimize(or maximize) some performance criterion.
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1. Problem Formulation
2. The Mathematical Model
3. State Variable
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1. Physical Constraints
2. Admissible Control
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1. Admissible Trajectory
2. The Performance Measure
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1. Free

2.The Optimal Control Problem
3. Optimal Control

4. Optimal Trajectory

5. Existance Theorems

6. Unique
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1. Absolute or Global Minimum
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1. Optimal Control in Planar Pursuit
2. Off-Boresight Angle
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1. Form of Optimal Control
2. Functional Relationship
3. Optimal Control Law

4. Optimal Policy

5. Rule
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(a) Opens at 1
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1. Open Loop
2. Open Loop Optimal Control
3. Optimal Control Law

4. The terms optimal feedback control, closed-loop optimal control, and optimal control strategy are also often

used.
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1. The Performance Measure

2. Response to a step or ramp input characterized by rise time, settling time, peak overshoot, and steady-state
accuracy

3. Frequency response of the system-characterized by gain and phase margin, peak amplitude and bandwidth

4. Performance measures for optimal control problems
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1. Minimum-Time Problems

2. Target set
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. Sufficient Conditions
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1. Minimum Distance to a Parabola from the origin
2. Hull, David. G., Optimal Control Theory for Applications, Springer, 2003. Page 29
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0= vyv=—45p2 max
=—05 = min

Minimum

‘)wjbj%&'w}@‘cﬁrw)ﬁjda)ﬂa:—s L;\,:w}“@@léo}\.\l‘@m
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0 I X I I 1 1
4 3 -2 -1 1] 1 2 3 4

% Origin Distance from a parabola,
Clc; clear all;close all
f="y=x"2+a’';

as=[1/2 -1/2 -4.5];

S=solve (f, 'J=x"2+y"2"','J",'v");
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J=S.J; y=S.y;

for i=l:length(as),
figure
a=as (1) ;
JIx=diff (J, 'x");
x=solve(Jx)
x=subs(x, 'a',a
Jx2:diff(Jx, X
JIx3=diff (Jx2, 'x
JIx4=diff (Jx3, 'x'
ezplot (subs(S.y,
grid; hold on
for j=l:1length(x)

if isreal(x(3))

)i

- ~— =

’

)7
)

A}

a',a));

x_ =double(x(j));

Jx2 =double (subs (subs (Jx2, 'x',x ), 'a',a));

Jx3 =double (subs (subs (Jx3, 'x',x ), 'a',a));

Jx4 =double (subs (subs (Jx4, 'x',x ), 'a',a));

y_= double(subs(subs(S.y, 'x',x ), 'a',a));

if (Ix2 >0) | | ((Jx2_==0) && (Jx3_==0) && (Ix4_>0))

plot ([0,x 1,[0,y_1)
text(x_,y , 'Minimum', 'color', 'r'")
elseif (Jx2 <0) || ((Jx2_==0)&&(JIJx3_==0) && (JIx4 <0))
plot ([0,x_1,[0,y_1,'b")
text(x ,y ,'Maximum', 'color’','zr")
elseif (Jx2 ==0)&&(IJx3 ==0) &&(Jx4 ==0)
plot ([0,x 1,10,y 1,'r—--")
text(x _,y ,'Stationary (Unknown?) ")
end
end
end
axis([-6 6 -6 6]);
daspect ([1 1 17);
end

'Sl 3945 b Jiluo ~Y-¥
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1. Problems with Equality Constraints
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1. Inequality Constraints
2.The First-Order Nessesary Conditions
3. Adjoining Aoproach to First-order Necessary conditions
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1. Lagrange Multipliers
2. Hamiltonian
3. Interpretation of the Lagrange Multipliers
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1. A Linear-Ouadratic (LQ) Problem with Two Parameters and One Constraint
2. Ellipse
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1. Nonsingular
2. Optimization by Scalar Manipulations
3. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 3.

4. Arguments
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1. Contours
2. Multiple Constraint

3. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 17.
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1. Pseudo-Inverse Solution to an Indeterminate set of Linear Equation
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1.6949
1 2 3 10 )
A= , b= = x =|-1.1864 |= L min =8.4746
1 -1 2 10
3.5593

.Md;#JJL:XTXIz Q)‘}@Jﬁwu&mgﬁbﬂd4ll69 )‘..L&AX )‘Jﬁd}b

Z@‘ﬂj&)ﬂébw\&&

GrRrAFxAFx Anumerical solution of 1.2, 3% *xkxx+g
x0=[1;1;11; %initial vector

Aeg=[1 2 3;1 -1 2];

beg=[10;10];

L=0@ (x) (x'*x/2);
[x,Lval]l=fmincon (L, x0, [], [],RAeq,beq)

"l S g diolS b STV 98 Ao <G 3T Olo) 3 S yuno 2170 s

b bppy >y & 0k 55 Ll k0, Co s by odss U S b LlS e G Sl S
ot bl o Lo 3513 1 F X =Y =0 s Il asd Al (S Cand by ey <y s Ol G
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Ol ) oy Ol oo |y i dias o Cogrm ok OT & 55 L 55 ol 5358 S adies Lo g3
13 g0

) secO v,—y,)secH
min =22 1+( 2 1) 2
0.6, L, L,

f’:xz_Y1mnef%y2_yJum92:0

148" s Olas 6351 8N LSl Sl eslimal b (LAl

sin0, _ sin0,

Y, L,

1. MinTime Path Through a Region with Two Layers of Constant Velocity Magnitude
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SIS ke St Lyl 2
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1. Snell's Law
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Pl a5 OT 53 a8 T 0 55 (L,), >0

(BL) - H- B2, - I Ho + FIS DV,
e
f e aB b ped 453 8 hes ALy (Sl dne F JUis

:ou\.}'x‘i.:#).}bﬁj.}jﬂwubu

e o o o

1l 5 o g s Aslae Lloks o Sl X1 (ola pkne Lutput, (sla ine alaily opl o
f(x,u)=x-3=0
H=L+Af=4"4+xu+u*+u+ Ax — 3)

) i sl 4l G 055 bl sl 0¥ Tl 5 Bl e ISl e oSG A 0T Ja oS

1. Sufficient Conditions for a Minimum

2. Decision Vector

3. Dependent Vector

4. Quadratic Surface with Linear Constraint

5. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 10.
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H=x+u+A=0,

H =x+2u+1=0
b g deas oo LSCa5 1y Jsgome o g aslas dw oas &K f (0,u) =X =3 =0 45 Uolas 5 | dslaa o
LT o Sy 5 o oaws ol

x=3,u=-2,4A=-1

S S b 4k oyl p Ol Sl gl J g dal s bl b &K (x,u) =(3,-2) abi | U
135 S L) Ao oy ol St lae G L, =2 68 Sl 1cs 8 LK1, S bos sl Sl

:g;wv‘ov\..:}:a.)‘.)Lﬁuﬂjp)bi:;fsh}j‘jéuw.)ﬁM‘fw
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3
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fxu) ad 9 Lx,u) jly sy Jomed <0

(0 ,u) i 33 f(x,u) OLsIS & 34h aieDe Il g dal died )yl 455 L S sl s
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23 @S 4SSl gme O ol 3 g M\?Jii.,\gi Silse L 5 f QQ:\;W‘M)afaﬁ >y

Joo cpl 03358 s L 15 (o gomte A3 T 53 6 s gt gl (s 53 A3 3y

Al dal g Lldas il dl Eel S 95 2 po f =0 L Jsb ys S

' e B 3 oolitwl b (b dues” dliws Y Lo

2 2
X u

:%wwﬁj*&ﬁ;,\gpr:%[—z+b—zj c\:&\,u ISl CaS L s gl
a

f(x,u)=c—xu=0

Tdmes Cote slemb aboc g es s S )l oK x0T 3 oS
df)k&éﬁé)".b'\l, ol 3L aST (g ke AT s Calises Sl plu Sy SB L sl g i
i o S S sl (V0 JSK8) sl 5 b (W15 CE;)GS}SJ.A&C—XM =0 s sgw )l -

335 Ja p plen oy 45 ol oln S Lol a [ A3 S L

1. A Quadratic-Quadratic Problem

2. Quadratic Constraint

3. Bryson, Applied Optimal Control Optimization, Estimation & Control 1975, Page 11
4. Hyperbola
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XA
Xu=c

(x, ) for Lpin

L increasing

B pé Bl oolaul b Sbdwes ) e IS

Dlcad e H cuw»uy

1/x* u?
H=-§—(E§-+—§)+2\(c-xu)
oH xl oH u _
—-;=—2")tu=0, “'é';'-—--l;;-hx-o

338 o Jolo 15l 3 el 4 Sl eslizal b

_twbs u== aa A abs ] Lmln ab

< J il gm 3,8 a3y am B b Ll S ! ik S (ol
=0

oy 2 S 4 Ol g oo (Fllows planil b ASL (pone

) = Ho - Hofif, - FIFD Hoy + SISO Hou B,
f=0

1 _ 17 e
a at’ ab bi_4
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S UHls 35 g 4l 534S 358 a5 3 g al g aneS db oS bl ol i 358 0 clo,l SIS L5

SJ}&&}WJ}&@&‘)L@)‘@UT)Q

=2
ac

! B (9l 3948 b p9d 4> 53 8 ;Khos i li  0ges Alkus 1).Y.F
Ad oy L:%(xTQx+uTRu).>J§L..o gele &S xu eyl Sl ol s sllas
A ls S X +Gu —c =0

148" A OLES 5 03 ga5 oo 3 Shae Lasle w AT 651 SY s b1 355 (Ll

aLmin T
cT'Se, —k:SCE[ ]
ac

u=Kc, L™ =

193] =—

QT BE 4§

K=(R+GIQG)'GTQ =R'GTS if R7! exists,
S=0-Q0GR+GTQG)'GTQ=(Q "+ GR™'GNH" if 07!, R™" exist
M\:\JJQ)L'&j:&i\.Mli@‘wjbwjgmVJ)'\#Bdust‘_;\jﬁs\‘_gjwj:Q:ﬁjjvﬁ

5,8 e 15 eslial 3 5 Slasdy LS

S o s slests U alts (Ll Cad Jo Sl oslanal L (&

302 -2
O =diag[123] , R =diag[45] ,G=| 1 -1|, c=|3
4 -3 -1

HOGxx"Ox +u" Ru)I2+ A" (x +Gu —c) )

1.General Quadratic Performance Indes(QPI) with Linear Equality Constraintsl
2. Matrix Inversion Lemma

3



. ar 2
T e el . 4 /7 7
il?;fcontrolcngmccrs.lr

© @controlengineers

S ke gl Loyl 5

0=H_=x"Q+A" (Y)

0=H,=u"R+A1'G ()

s o amS A 6l (V) o sl o x 1, 4 OV ggmee I e OVslas 558 9 () 5 (V) Y slas
A=-0x =-0(c -Gu) (f)

e e 4 (F) Slosleal b 6l (F) >

u=R'G"(OQ"'+GR'G") ¢ ®)

s o a3 Aslas 55 (0) IS lr il 3 g g0 RV Sl o 5 30T 3 &8

x =0 O "+GR'G") ¢ (#)

s o dees L1 %(xTQx +u Ru) 55 %) 5 ) 6,18

L, =c'Scl2, SU@"+GR'G")" v)

(a3 e does (F) 5 () 188 1

~-A=(Q"'"+GR'G")'c =S¢ )

doles )31y X Zc=Gu 5T s Condy A3 dslae 31 X ldie 651 5N e oK 0 Ko i) 4
oS o RNty 033 4,55 Shee ol

2L =(c -Gu) O(c —Gu)+u" Ru 1)

T n 53 5ol O sea Sl b s

0=L, =(c-Gu)' Q(-G)+u'R ==>u =(R +G'QG)"'G"Qc (\+)

a3 s 42 A5 aslas 45 (V) (6,108

x =[[ -G(R+G"0G)'G" Q¥ ()

70
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s o o L0 (x7Ox +u" Ru) 2 dstas ;3 (V0) 5 () 6,138

L. =c'Scl2, SU1Q0-0GR+G"QG)'G"Q (\Y)

1355 n e (V0) 5 (0) Lailg,y y3 € 31,5 0315 513 (s sk

KOR'G'S =(R+G"0G)'G"0 (v)

ghpamt O 532 b 95 203 S © e s (V) 5(B) g,y s3 0 Sl 051551 5 (gl

SO '"+GR'G")Y'=0-0GR +G"0G)'G"Q (\¥)

o San o 51 ol L (VF) 7358 a5 5557 oy 1 OF) 5 (O0F) "ol Ol e 3 Lok

AL o g Sl

(A+BCD)"'=A"'-A"'B(C+DA™B)"'DA™" (\0)

Nolg ey (A+BCD) osSan o&KT sl ULAJTSJ"A“ S S ol O g o o nl el

AL e bs dib S A GIC da ST Sy 53 OT a5 3 505 dawloes (10) Sl ) o Oyl
2 el S S 4 e L
(@ J=>

3 2 -2
Q =diag[l23] , R =diag[45] ,G=|1 -1|, c=|3
-4 -3 -1
S=O"'+GR'G")Y"' , K =R'G'S
—2.506
x=0"15 = x= [1.6914
—0.552
[0.624.-6]
—0.633

L. =c'Scl2, - L. =84099

min

u = Kc -+ U

1. Identities

55
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"L 9y 3 odliiwl b (Kbl (8 ildug Slwe SO0 S -Y-T
bles S f(1)=0 253 L1, L(y) Sy bl s p s @l (Moo Ly, 51 |5 Cud s
33 3,03 5 5,87 Wgd OBl (glosle SalS” Lalg, £ (0),L(¥) S H sl Lray ol 43,5 eslizul

23 905 o3l At Jo (gl (3o lgdigy I sl O sl

" (POP) S 9lui 3948 b bd siol )b (8 3kwdings (819 LS i 5T — V=YY

33 A S S i ldie e 5 03] ud 1y Ayl ldie &K &S Sl OT s (534 35, &S5
oS Oy & e Ol 3gms byd 4 Sy ol el OT & <H | bgin o i e g
Sl bl 1y ol €S W5 0 By ca) AEL BISn s (Jous €S| pdin TS sl e
255 S Gy 5 el Ken 355 Ol 085 el S Sy ge 53 kbl 42 Al el 3510
b g SRRl 4 Oy 6 1SS Sl gl Sl S ST s o ad ST G550 3 5 el

il o Do 4, ﬂ)}@‘

Enter data

® Guess y.

® Choose k > 0 for a minimum, & < 0 for a maximum.
¢ Choose n so that [Ay/| is not too large. 0 < n < 1.

® Choose stopping tolerance 7ol.

FindL, f, Ly, f, f;,and H,

(x)L = L(y), f=f), Ly= Ly, fy= 1)
o fr=frhfrD™

o \T = -—-Lyf;.

®* Ho=L,+ }«.rfy.

1. Numerical Solution with Gradient Methods

2. POP-A Gradient Algorithm for Parameter OPtimization with Equality Constraints
3. The Direction of Steepest Descent

4. Step Size
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Find improved value of y

o dy=—nfrf —kH].

o If max(| f], |dv|//P) < tol, then end.

e Replace y by v + dy and go to ().

S Sl T 53 o305 Sy Sl g Y bl S Sl s Y il ey Jsb P
ns e el 8 8 Ol

wdl das s oLz POP r.:w@\ S S S Sy |y Matlab sl S jgb OUST¥ dois y3 VY ol
Wl sl oo sl g 4 Oy g 53 SV S o7 il 5 9m5 55. 6 505 0L (sl ;8

(S amrl o ST 20 4 iy DS o g OiadiMe) 0 oa iy 35 6T (S oy Blio )

POP gwd sl Matlab o5 <GV Joo>

function [L,y, f]l=pop (name,y,k,tol,eta,mxit)

%$POP - gradient code for Para. Opt. Pbs. w. equality constraints
%[L,y, fl=pop (name, vy, k,tol,eta,mxit)

Parameter OPtimization using a generalized gradient algorithm.
Outputs L and y (p by 1) are optimum performance index & parameter
vector; constraints are f = 0 where f is (n by 1) with n < p; user
must supply a subroutine 'name' that computes L, f,Ly,fy; input y
is a guess; y should be normalized so that a change of one unit in
each element of y is approx. of same significance; k is a scalar
step size parameter; stopping criterion is max(fn,dyn)<tol, where

oC o° o o° o° o

o

% fn = norm(f); dyn = norm(dy)/sqrt(p); eta = fraction of constraint
% violation to be removed; mxit=max number of iterations; 8/20/97
it=0; dyn=1; fn=1; p=length(y):;
disp (' it L fn dyn')

while max (fn,dyn) > tol
[L,f,Ly, fyl=feval (name,vy); fn=norm(f) ;
fyi=fy'/ (fy*fy"); % Generalized inverse
lat=-Ly*fyi;

Hy=Ly+lat*fy;

dy==eta*fyi*f-k*Hy'; dyn=norm(dy)/sqrt (p);
disp([it L fn dynl]);

y=y+dy;
if it> mxit, break, end
it=it+1;

end

Matlab (S jludiug I ! 4> 35 CONSTR jgiwd -Y-Y-¥

1. Normalized

ZA
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Il s Sas Lasls ¢ oS il o Matlab (g5leang 50 axr 55 (555 4 &S ¢S 'CONSTR
Grbl o, ey el s il e 48 (1) S0 63lusl 5 (gsled 358 51 5ls S L1 (1)
Sk eyl e 4 6L 8 O Ll e Fosle POP asl 4 Cs IS ) Sl eslital L
.JJ|VU\)¢.:1{B¢,.1\POPSL;),;):AS@@%VAB‘SJL«JU:};S@\W

il 3 L5 dwlos (1), 8 (1) OT 53 & wlad slaml (U 05) Matlab &b L6 oS5 (2ol )8
2 el ol L8, 0Ll S dlee sl ob eSS g 350Ky Gl sl e S
Sl o b 3 3omn Bl Gy b 15T (g3 & guas CONSTR 0l 3555 plosil o7 50
b dal g et (L8 555 43 5SS a0l S

ng.’:;\)g 398 s adgl Cand sl 558 ol Wl 3)ls 15 (golud 558 (ool gs"“‘il'.’g;r:"",“hfvl{
O e b &S wm e 5,8 K b eyl sl 5 SV slis Bloe el 53 gl )8 i
31U Slslos 51 S5 1Uns 03905 jadedin 5 (F L2, 1) 83 O3ge Lade Jols o5 glassbs! s
T

0T y3 8 wsb e y =constr('name', y,optn, vib, vub, 'nameg’, p) &, sz CONSTR 0l 5 rJ.{.‘z
AL e Y AgLlRe Y (s S s adsl el Y 63500

S ol [y g S sl Lm ¢S 'name’

(55 arr o OUS YY aoeis Jlio 4) Ll o Cilibes (slasslbusl Ll 'optn’

AL ey SYL s Slgols pvub gy b sy 51 ls VD

1. CONSTR Finds the constrained minimum of a function of several variables
2. Finite Difference
3. Syntax
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el opl S eslaeaewlyls 1y flg e ‘_;Laol.is\f S ol ‘_;Jés b m ¢ nameg
(s e

Asl s 5L 5, s nameg yname gladS ;s a5 Aib e Sl sl zalyl S gyls 5 P

204 daiue Lo 09 559y ol e 50 O VLYY el S0 o A Sl

D 0 bl gaw OIS0
% Problem (1-2-1); y is a vector where: (y(1),v(2))=(x,Yy)

yO0=[1 1]; % y0 initial estimate

optn(l)=1; % Display parameter (Default:0). 1 displays some results.
optn (13)=1; % Number of equality constraint

optn (14)=1000; % Maximum number of iterations

y=constr ('Probleml 2 1',y0,optn)

[L,f]=Probleml 2 1(y)-

-L, f

disp('normal termination');

Msﬁj)wcu&b‘fw

function [L,f]=Probleml 2 1 (y)

y is a vector where: (y(1),v(2))=(x,Vv)
=1; b=2;

= -4*(y(1)+y(2));
% constraint problem
f = y(1)r2/ar2+y (2)~2/b"2-1;

T bl g5 Sy 55 Oy g Sl od Jo Olad 457 (g3s o des

x=0.4471 y=1.7887 Pmax=8.9443

'QQ Wi g 38 SLS VKN o 0 Jo 4 Jle
:ssf;u)\ﬁju\:é‘\fubfigL =xy +2xz +3yz 0350 Sl 6l (0,1,2) 8L S sllas
f=x>+2y*43z°-1=0

x =%0.54098,y =+0.39379,z =10.36389,L . =1.03659 :0 s>

max

1. Quadratic-Quadratic Problem



S a
el _— ©F
# controlengineers.ir

© @controlengineers

@‘ﬁ)&)}@dﬁ.«ﬁw‘&‘jMaﬂab Mbjg:,.wjg.%

el L e

%Problem 1.3.19 a Quadratic-Quadratic using MATLAB code CONSTR;

clc; clear;

yO=[1 1 17];

optn(l)=1; % Display parameter (Default:0). 1 displays some results.
Optn(13)=1; % Number of equality constraint

optn (14)=1000; % Maximum number of iterations

y=constr ('fun',y0,optn)

[L,f]1=fun(y);

LT o Cands e Sl ol b s Shas o5 li ST ldds

L max=-L, £
disp ('Normal Termination');

e3> Jb ope
function [L,fl=fun(y)
L==(y (1) *y (2)+2*y (1) *y (3) +3*y (2) *y (3) ) ;
Wl od Ll S Vslas 4 ite &G aas STl 03,57 S 1
f=y (1) "2+2%y (2) "2+3*y (3) "2-1;

Matlab MLJ; LS‘J"‘ )‘ ol [GBWRY :\.>r.§-:

£f-COUNT FUNCTION MAX{g} STEP Procedures
4 -6 5 1
10 -5.14493 4.03858 0.25
15 -3.3233 2.41759 0.5
19 -1.40196 0.467691 1
23 -1.23128 0.258696 1
27 -1.09432 0.0563711 1
31 -1.03773 0.0011117 1
35 -1.03659 2.:65193e-006 1 Hessian modified
36 -1.03659 5.64965e-010 1 Hessian modified

Optimization Converged Successfully
Active Constraints:
1
y =
0.5410 0.3938 0.3639
L max =
1.0366
f =
5.6497e-010

S Sy > a3 sl Qﬂj?-j\u§§ 55 5T adyl b s ﬂJS’j|£§g14gx;Q‘5>J9 J= S 558 4 g

dad o am D ) O g aen s >
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sl L 9 3 os a-lo (Somn palod § o (g lo 8319 3 3la0 (T4 alS

3 e Lastli goie 503,57 St (DJle 53 0dd a2 Il aw )3 1y prad o 5lo 8305 plie (A1
s e g )dpled el Ll a5 ) Lol Bl Joue 5 p 5 5 a5 ol polie 1)
P o s Matlab,\;é\r,? o3 ezmeshc 4 ezcontour Ol)gws b Ol5 s Shes ela
2(5 ga5 05lazul

close all; clear all; clc;

syms yl y2;

L = yl172 =2*%yl*y2 + 4*y2"2; % a)
& L = -yl"2 + 2*yl*y2 + 3*y2°2; % b)
S L = ylrh2 = 4*yl*(y272) + 3*y274; % c)
$ L = 5*yl™2 + yl*y2 - 3*y2"2; s d)

ezcontour (L, [-1,1]); figure;

ezmeshc (L, [-1,1]);
3 gd okl 53y gtwd 3l et e oot g olis dcwle s

close all; clear all; clc;

syms yl y2;

L = yl*2 =2% yl*y2 + 4*y2°2;

Lyl = diff(L,'yl"'"); Lylyl = diff(Lyl,'yl'"); Lyly2 = diff(Lyl,'y2");
Ly2 = diff(L,'y2"); Ly2yl = diff(Ly2,'yl'); Ly2y2 = diff(Ly2,'y2");
Lyy=[Lylyl Lyly2; Ly2yl Ly2y2]

eig (Lyy)

3°'>J§V‘.?"'J;L Jh&:ﬂﬁb\;&a&‘ﬂ‘ijja)ﬂw)ﬂ‘)wsﬁ}xjsﬂw up:-u‘)s(&.-’

.mg‘_s»(\)dm);cgbgam>¢\4§}k4§4;uum

5 2 y

L=[y, »,] L=5yl+y iy, -3y,
-1 3|y,

AR S, 5 e et 3305 e 65 0T 3 o8 80 i 55 ol s Sy 1) 60 Ses oL (g

awsr‘f}fKQQUMo)WMjJ‘NﬁbLL&‘J}bL Cbgﬂ.‘g}g‘;'\'&bw°ﬁj

\Al
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S 3948 b Kol (S 3lding) Siluo TS5 LS

Sloeio) VXY GAYE m obiledl Blos 51 (golost] dlins &S5 ol jan 40 1) 1Y 5 1YY alis (A
s f g g 03508 o (O el SESTIN-YA

5 @3N Sl Sleslinal L o & 31 0 910 K i § Ao Aol 1).FLY Al (O

5 xTHY Elapls o Aol S S a>h > (55 LS das O e 45 e Gihe plasl

2 2

=z . .. x . .
333 a3 () Z02D) 5ol 55 ()= O] bgs S =l iy

MQ)%)M)@ CJs‘éﬁéﬁ) (x.y)=(ia,0) )oﬁb S0 (xy)=($l,0) bl B PIWAT)

(558 Mol 3,05 (o6 Js oS s

Dot bl (s &0 510 50 &7 batio Lasmo (9 955 3 Cpd )Y Ao

Mlad Sl 38 Cod G P=4(x +) &SP 5X 53l G sllae
AR S )

J..:.,L:,J..&Lazl,b:2 6&556‘}‘))/))6']15&&

S S5 90 9 009 x> (¢ i (SHIS &5 Zahaudl (Silgke Jukatuo cpmaxi 1).TLY Ao

Al oud bl

1. Min and Max Distance from a Circle to an Ellipse
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2 2 2

hx,y,z polas :,\iu%x—z+2—2+z—2:14:§l{1)1/ =8xyz Glsatfx,y,z 0L S sllas
a c

Abdiba=1,b=2,c=3 & b,

S bl (8 3lwdings Pluo (SO0 > T6 Lol
A4S J>Matlab jsFMINCON g3 b (63de &y g0 415 ).1.Y i (L)

38 e 6348 gy 4 O gl p S gl Jamd VYA BT Bls 1 golast alins o (0

ﬁ)‘bd)\ﬁ)b&&)#‘wjbwwbdﬂu;ubw‘%@‘y}m\Y’"' M(C

= ) in0 _ —2 —2
x_ _ co's sin@ |[ x ’9:30010‘}’5"_24.3’_:1
y —sin® cosO || y 2 1

4+ =] ZV{.J‘QC}J&@))}

Jeost 3 b 5 Matlab (g 5 508 (slaasl s of o 4 dlols d,ﬁp&u;u&éﬁwwj

..njf Jlel

1. Minimum Distance between Two Ellipses
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" ™ Saoly S (S s — )

Ssbip Co g pli dje 53 X (1) dm 1 b sy b (gD (Salss gt &K

1l o e 3 Aty Gk 1L X (1 H]) Sl w0 s St U (1) gm0 J S s 5 S

x(@+D)=f[x@)ui)i] ()
:QTJJ‘&{
x(0)=x, (Y)

Gl u(i) S lals s 8l 3l Sjle a1y (IS B (6 litgy Al ¢S
Ny s i a3 Shes jesli oS i =0,.,N —1

N-1
J =[x (N)]+ D Llx (i)u(i)i] ()

=
dis Kl bl dig L gs i Il s f g N s xg S Sose 5 () 5 (V) Ly, cov
Sal Bp L S8 Jad g 3l eslimel L 1ET Ol o0 a8 gyl bl oo (55l 358 b s el (sildigs
o 45,8 5 53 u(i) Slgledsl s G ses o L8l Jgge sla sl Olgim (i) ap b
(i) & s I OLIE om Ty 335 0 M Talg U 05 8 o abns X (1) iyl
a3 (i) oW K B o8 I s asds N Xm Il i )b dwlons b 5300 3 b 51 0155 oo
1y Jos gl plasl s 313 dal g plasil 15 518 TFMINU by Matlab U5 .5 ad apmloes O i g0 1) S 588
ool 3L (B B 1) alons U5 1Bl e SlST et ol 5 nlS (555 S S Jils
48 gazes &5 I 228 L s &K Lo g Ol o 1) S,y laad e oles e a5 e e aalsl u(i)

ol foe o0l 555 Jle | CKJB 03 350 dewbe Lgd oo ke S OYslae 4 S T Yl

1. Discrete Dynamic Systems
2. Function MINimization Unconstrained
3. One Backward Sequencing of a Set of Equations
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e sekis g 4 Bldl SVslan ) e g el 3 s dalgt Sl Bl I e BB S o

3,8 n S sy 3y5m 3503 ol e 41y (V) (gl

"l o G (1 p3Y Tl yh -1 -1 -F
g ) 5 5N Sl layls 5l Gl eSO L (1) 5 Sas asls Dsbas 40 15 (V) 5 (V) 543
SURR YOIt PR

N-]
J = ¢lx(W) + D {LG) + 476 + D [FG) = x( -+ D]} + AT (O)[xo — x(0)] )
=0

13 b g s 5 S gean H (1) = H[x (0)50(), A +1),1 ] 0 0 gihala b

H@@)=Lx@)u@),i]+ A" (@ +Df [x (@ )u(i),i] ©®)
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i=0 V)

AUs o polad albomn by du (1) D5 Ay o a5l (1) hewdl > Dl (uilS ) g S0 1
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1. Adjoint Equations

2. Necessary Conditions for a Stationary Solution
3. Discrete Hamiltonian

4. Summation
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1. Boundary Conditions

2. Pulse Response Sequense

3. Discrete Euler-Lagrange Equations
4. Split
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1. Two Point Boundary Value Problem

2. Coupled

3. Discrete Velocity Direction Programming (DVDP) with Gravity: Max Range in a Given Time
4. Dual Problem
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1. Zemerlo Problem: Problem 2.1.2 - DVDP for Max Range with u, =Vy/h
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148 das oo doms AT ol 5 (V) 53 (M) (5,18

0=(N —i —1)AT cos0(i )—sinO(i ) + AT cos6(i)/2

tan0(G ) =(N —i —%)AT )

Wil 25 Do pa oo s o 5 6] Matlab asliy o i3

% DVDP for max range with uc=Vy/h; optimal paths for Pb. 2.1.2(c);
N=5; tf=2; dT=tf/N; x(1)=0; y(1)=0;
for

or i=1:N,
th(i)=atan (dT* (N-1i+.5)); y(i+l)=y (i) +dT*sin(th(i))
X (14+1)=x (1) +dT* (y (i) +cos (th(i)))+dT"2*sin(th(i))/2;
end;
N=40; dT=tf/N; x1(1)=0; y1(1)=0;
for i=1:N,

thl (i)=atan(dT* (N-i+.5)); yl(i+l)=yl(i)+dT*sin(thl(i)):
x1 (1+1)=x1 (1) +dT* (y1 (i)+cos(thl(i)))+dT*2*sin (thl (i))/
end;
figure(l); plot(x,y,'r--',x1,yl,'b"); hold on; text(l.1l,.3,'tf=2");
legend ('N=5", 'N=40"',2); plot(x,y,'rs',x1l,yl,'b."); hold off; grid;
xlabel ('x/h'"); ylabel('y/h');

2;
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1. Bolza Formulation
2. Mayer Formulation
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DU3S b gyl s & 4 S 15 f wl daS Matlab (g5l g 13 4 53 FMINU 0L 3
@l x5 'FMINUNC @ 5 s2ws opf Matlab wdo glaasens 53)5,57 oo S (0T 036 L) £, ks
Al dnloee U Hldie ¢SS w0 1y f (1) 26 Matlab Jm S a8 Cl ol Sl 5L 3 50 dosT (S
o3lizul O dwbme (5l i Soge 4 L X (D)L @)u()] Bs S Sl me Ol !
o SLa0Lsl S 4 (5L Ol ol crmen 35 g3 31 eyl Dl 4 (5L STl LS e
0303 4l 4 LOLS S 1 ST, g0 2 53 il s drwlons (6308 &) pem 1y T 052 3518 0,4F L1,

A dal g | (6t S bl 65 bl b il 53 548

)y (DVDP) A3l jga 30 diwnd Sk gw S (S 3400 g s (SO0 fo IV Sl
FMINU giwd 3 oalaiwl b oo Oloj 50 3 9
wby Cod 0 o S FMINU 25 b 30 b ST bl 55 487 il o 65 b Olos altes o
S 3 5,515 L Laobsl S 51 estizal Sl s asl (gl ol ool 0aT alsl > el (6 5 galS”
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% Script €02 2 2.m; DVDP for max range w. gravity using MATLAB code
% FMINU with (flg=2) or without (flg=1) analytical gradient;
s=[v,x)";
flg=2; N=40; optn(l)=1; s0=[0 0]'; tf=1; ga=[1:-1/(N-1):0];
if flg==1,

optn(14)=34; ga=fminu('dvdp f',ga,optn,[],s0,tf,N);
elseif flg==2,

optn(14)=14; ga=fminu('dvdp f',ga,optn,'dvdp gr',s0,tf,N);
end
[f,v,x]=dvdp f(ga,s0,tf,N); t=[0:1/N:1]; gah=[ga ga(N)];
figure(1l); clf; subplot(211), =zohplot(t,2*gah/pi); grid;
axis ([0 1 0 11); ylabel('2*ga/pi');
subplot (212), plot(t,v,t,x,'r--");

1. Function MINimization Unconstrained, FMINUNC finds the minimum of a function of several variables.
X=FMINUNC(FUN,XO) starts at X0 and finds a minimum X of the function
2. Forward
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grid; xlabel ('t/tf'); legend('v/g*tf',6 'x/g*tf"2',2);

function [f,v,x]=dvdp f(u,s0,tf,N)

% Subroutine for e02 2 2.m;DVDP with gravity using FMINU; u=estimate
% of optimal u; sO=initial state; tf=final time; N=no. steps;
dt=tf/N; v(1)=s0(1); x(1)=s0(2);

for i=1:N,
X (i+1l)=x(1i)+dt*v (i) *cos(u(i))+dt"2*sin(2*u(i))/4;
v(it+l)=v(i)+dt*sin(u(i));

end

f=-x (N+1) ;

N
function df=dvdp gr(u,s0,tf,N)
% Subroutine for €02 2 2;DVDP for maxrange with gravity using FMINU;
% u=estimate of u; sO=initial state; tf=final time; N=no. steps;
Hu=zeros (1,N); dt=tf/N; v(1l)=s0(1l); x(1)=s0(2);
% Forward sequencing & store v(i) & x(i):
for i=1:N, v (i+l)=v(i)+dt*sin(u(i));
X (14+1)=x (1) +dt*v (i) *cos (u(i))+dt*2*sin(2*u(i)) /4;

end;
% Gradient phix:
phis=[0 1]; la=phis';

% Backward sequencing and store Hu(i);
for i=N:-1:1, fs=[1 0; dt*cos(u(i)) 11

fu=dt*[cos(u(i)); -v(i)*sin(u(i))+dt*cos (2*u(i))/21;
Hu(i)=la'*fu; la=fs'*1la;
end;
df=-Hu;

. - /, . . - .
function zohplot (xord,yord,plotchar)

% ZOHPLOT Plots the zero-order hold of two columns of data.
% zohplot (xord, yord,plotchar)

% Plots the zero-order hold of two columns of data. If
% yord is a matrix then it plots each column of yord vs
% the vector xord. xord and yord must have the same row dimension.

% xord = data in the x coordinate, yord = data in the y coordinate
% plotchar = the line or point-type as in plot(x,y, 'plotchar')
[x1len,xwid] = size (xord);
xlen = xlen-1;
% 1f xlen==0, then assume data was provided in row rather than
% column format and transpose input. these variables are local,
% so the change will not affect the users format.
if xlen==
xord=xord';
[x1len,xwid] = size (xord);
xlen = xlen-1;
yord=yord';
end
[ylen,ywid] = size(yord);
ylen = ylen-1;
if xlen~=ylen
disp ('--ERROR-- xord and yord must have same number of rows')
return
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Fill these with zero;

¢}

o

[o)

1)
1)

yord(l:xlen,
= yord(l:xlen,

xord(l:xlen);
xord(2:x1pl);

2)

2)

— Vig*tf

2*xlen-1;
= 2*xlen;
xlen+1;

bigx (l:2:tx1ml)

bigx(2:2:tx1)
0.8

zeros (2*xlen, 1) ;
zeros (2*ylen, ywid) ;

plot (bigx,bigy);

bigy(l:2:tx1ml,
else

bigy(2:2:tx1,
if (nargin <= 2)

end
bigx
bigy
tx1lml
tx1l
x1pl

0.9

0.8

N=40 L DVDP 4o g FMINU 500 (812! 5l ocnl Cawny (S 1 IO

0.7

0.6

0.5
t/tf
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0.4
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1. Continuous Dynamic Systems
2. Calculus of Variations
3. Necessary Conditions for a Stationary Solution
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X(t) sult) 4 (O 55 il 503 (0F) dolee 45 M) @ il U(t) Sz diman oS L Ko

s 4l g
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3505 (09 5 (1Y) S¥slas ia TPBVP s J1 551 6K A £ 4 iy oy o s &7 S50 5
Gitie ISl 0357 Gy g 355 g0 sokiall S Sl ki Sl 53 gl IS by 5 5505
(Sl 0 o3l i 53" (6 i oo ) S on B 51y H (X, hust) S

H = H, + Hyx + Hik + Hyt
=L, +A /i +ATf+Hx+ Hu
=L, + AT fi + Hy +(H, + 1" f

T L - _ T
el al = THeS LA ) estisa L

f=f @), L =L(xu) o H, =0 wls (V) 51 asl bl i & u(r) S Csge a s
WH =010 L +Af, =0

H = constant for ¢ <t <ty (V)

gy (Seolyd (S 3loding Piluwo 38 “p93 45 o (S Lyl pb —F-Y-Y

1. An Integral of the TPBVP

2. First Integral

3. Chain Rule

4. Second-Order Sufficient Conditions
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se35 H,Z0 s pls 5, Vsl o8 ol 3l T 035 4087 (61 B3 Jaul,5 o s i€ |3 Juad )
il oo Sl X S8 Sl s Bu(t) ol s lkie sl T (,ggf),’gu

J O35 S 61y B Lol 5 Bl 5 odks el o sast al 53 Slbs O gl y SUS 57 amis 5
sl odeT S 5 Oy e
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ch Huu

0=0 81 b $) il Sito sy polie 11> 0ds 3 yme O)lie (lgmy Sla a8 Conl oo Oy sl b 52

(s ON) Loyl 4 5l AL

"85 nlg o S Ll pd Olo jen sola o 3Y Lyl b x3ge 4> —F-Y-Y

AL XU Sy e wl g g35m @ (O0,ust) 5 S (6U0) 5 Sl Al 534S ST 53
mijtt' o (et )dt

TR 3ss Cou

X =f(x,u,t), x(,)=x,

o B Ll oY Ll s KT A0 forall s sl 5 sl ke XU o p 338 fo8 S
..,\;..i\.gig.).buf,g @\j&ﬁggjﬁ.;up}uoﬁwéljxﬁu\?

By 8 25 Do ge 85 @S e ealital sl 51 B 8 ke (5l g e LS 61

1. When are Necessary Conditions Also Sufficient?

2. Concave

3. Thompson, Lecture Notes on Dynamic Modeling, 2004. modeling_chapter2, Page 47
4. Convex
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HOt,xu)=A (t,x,u)+g(t,x,u)
S LBl jaie U 5 X (sla it 4 S 938 8 5 T

J @ 0(xpu) v, (1—a)(xp,uy) 2 of (F,x,u)) H(I—o)f (£,x,,uy)
g(t,a(xpup)tt,(1-a)(xp,uy) 2 og(t,x,u) +(1-0)g(t,x,,u;)

il pie w5 G S H s S5 mb s ol g e SIH 0
H(X,t,oc(xl,ul)+X,t,(l—a)(x2,u2)) 2 OCH(}\,,Z,XI,MI)+(1—OL)H(7\,,Z,)C2,M2)

ot e " Guboo gy 23V b5 53 (14 ST g 315 3,3 41 peammin o STl il e i S5

A\

P @l & o lod A S

'eGilK0 8 Ogille Lol F Jle
148 ol Ol £ U1, (6 (6551 bl gl ST (SIS g &S5 S

a "
A =/ L(u,q,1)dt
- (Y+)

(5s Aty s sl bl lude ¢SS lyls

1. Hamilton's Principle in Mechanics
2. Conservative

0



S a
el _— ©F
& controlengineers.iriX

© @controlengineers

L= T(u.q.1)— V(g.r) = the Lagrangian

T = kinetic energy ,

V = potential energy ,

q = generalized coordinate vector ,

u = g = pgeneralized velocity vector ,
q(to) = qo .

el 55 D) gy G el

H=L+\u (¥y)

H sl L QJ}QA;:J‘_;\J{S‘_;)%:}J@QQJJJH:—L+PTM Q,Mw%u&g&,g
5155k SEY sl SYslas 34 gn ockiali aBly ool (Rhe gal oy P =R b iy

iT=—Hq E-'-Lq M

_ T
0=H,=L,+x o

4S5 48 o doe S Aol 95 ol e A Cods L

di (YY)

AL Ol 5 o W L oS Jpo 30l oo s (512 &S (631 8N SVslae ply SYslas oy
il o H=Cob O g oS I Sl S

H=L—-Lu=T—-V —T,u = constant ¥F)

S gk LB o U i ps3 a3 B SO T O 5S)
Tw =21 (Y)
1l el Lo gl

—H =T + V = constan! (Y#)

1. Generalized Momentum Vector
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Ao Cb OS8Ol ) Jeily 5 ch S5l fsee o

Meled g0 KD 3 Ly ot 50810 Sl

G A e 5T o Ok Ole Aoy VAP Jlo 53 505 Glowal Loy sl (gl alis oyl
3503 S0k bl abls g1 J5ip oSl slgdsy 5 S 05 dlivs ool Jo sl 1y Sk Ol
2505 Ol OT gy as o lal O |y alias o Ladd 51 Ola; OT 55

Cpshne dob 5 7(0)=a pslan plad S5 gl 4 355 0 iy 8 Sppe 4l (B) S0 a2 5 L
Slay 0 &S AS Iy sHysb X 1 b Olgm 1y ables b go e 9 S Cg 0w O(X) 43l
355 4aS (g) e O)lie B3 K €

D ‘
Co2 — =-2 | Cybrdr
qma- x=0 (Yv)

Ly o2 g0 dlin 50 46lod (g IS0 o g widle (g0 1 SO
:v.i)b).,\.:.&l{@a wlin gd>ly glyls (x,0) OT y3 a8

ﬁ = —tanf

dx (YA)

2sin“d, 6=0

CP:I 0. #=0 (va)

Zv.i)‘.) 9

1. Newton's Min Drag Nose Shape
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q= Solus s =plV?/2
V=35,5 588 Zs u
p =555 8 J&s

3oz wd S Sl ol S AL

u = tané (r+)

W5 015 a5 g 2505 f O oS glebles (g1 4 (YY) Dslas

, t 3
Cp = 2[r&) +4 f sdx
o I+u (")
T 53 ) o) (e (8 gikala
3
_ 4 ru 4 A(—u)
L+u® (*Y)
DA Hle 518N Ll OVsles
da 3
— =M = >
dx I + u? (¥v)
0=H, = 4’_“2(@ _
(1+wy (¥F)
SlAoke 50 ol 5
=1 (*)

s o ) Dol SKSTL b (FF) B (FF) Vs lee

dx (Yv)

1. Blunted Tip
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s ) Lz X Jle it 51 (FV) dslee Coly o 5 (1)) SVslas 1 Samn S ST
a3 o doe (FY) Dslee 3 (FF) Dslae 51 A ()10 lr 3 5 Al s H=ol m gl J1 S50 syl

H 8rul
= =———7)F = (onstant
(1 +u2)? stan A

s e X =L gl a (FF) 55 (FF) 51 eslan]

2 2
r(!f}[] - fi"i)] -0
x=f

(1 + uﬁ)? (‘eq)

1 Sl ok sLol 7(£) =0l gy &S

u@) =1 (F+)

a3 o ey [y H o ylie (FA) 53 (F+) 31 o3Lizl

# =220 (F1)

A Al o plyales JSE T plad (FA) 5 (F)) DYl

ro (1 + u?)?
r(f) ~  4u? (FY)

ol 68 IS 25 IS a1 (1Y) Uslae LS e slgiy Lo 4y 0]

f’ Y dr du
- f dx= _——
£ 1 du u (?‘ﬂ)

) JA‘}>- 4 9
£—x _f“_d_({1+u3}2) du
r(£) - 1 du 4u3 ? (ff)

355 ol (Sl @5 e W15 0 IS

(3 P 7 )
—— 4+ = ——+logu
w4

(Fo)
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e X =0 pa Uy b Ol il e g ales Jﬁ.‘» Sl sl SYslas (FO) 5 (FY) OVoslas
S s e Ol all )\.,\.E,ad.,L:g-Lg‘ﬂ&h:%&hw(\')ﬁi.@\a/ﬁ s 0 S
3 55T oy O g g A8l Jiews o5 1 &S b5 s () &l 31 5, S K51 L 0155 o | Ly

2 1
ug . 2 4 6 4
= —2 3+ 4 1Tug + 2ug + du log—)
Co (1 4+ ud) (3 - 10us o 0 07 ug

(F#)
Jo a5 il oo fo o JK8 K S g e OL 2 3 48les aigp S 8 Sl 1 55T o 25

sl V.:A\jp- &S S4h 0als

r e—x\"*
a "( e ) (FV)
o6 (2) (FA)
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' G61 Oyl o 433 Sy F Jlio

1. Small Fineness Ratio
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0, Sbl Syl ays O) S Gyge 53 350 08 551 e Jdhe o 208 L SBI el 5 5o
Sl s SVolee el GBI =15 4 Syl > 30,5 FAu) 5 (b Jlaie) G Laoms Sl o 4o
ABURCeR IS oS
0=—-a(0—0,)+bu ()
Sy Ll it iy 5 b Bl o s BB Dlaidi 1 K3 F 5 S Bl 4 db slent
T g0 03 25 Dy gt e Sl SYslaa x (1) 01 6(1) =6, , 8,=0°
X =—ax +bu (Y)
3 Shes Gasls wodd 355 550 Sl L [0.T] b Sl Aol oK 5 Syl amys ISl
S S ST
J :1j RO )

240
e 021 S A o 47 s 0L AL O(T) 107 s plitie GUI Sl slos ot i 7 35505

Dy el 55O s

at .

W%y =108mh o o ¥)
b sinhaT sinhaT
Z/12

=7+k(—ax +bu) o)
T p S 55 SVl Jo Lu(t) dg J S
X =—ax +bu ¥
A=—H_=ak v)

1. Temperature Control in a Room
2. Lewis, Frank. L., & Syrmos, Vassilis, L., Optimal Control, 2ed, John Wiley & Sons Inc, 1995. Page 139
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0=H,6 =u+b) (A)
358 o0 e ) Ay Ml g g J 25745 US L 0L (A) O3 p bl Lo
u(t)=-bA(t) )

225 S ¥kee o&aws (V) Sleslizal 5 (#) 53 (A) I8 b T oy AT(t) sl (1) s 5 10

13 o8 A
X =—ax —b*\ (\+a)
A =ak (\+b)

b g ) Sy (V0D) il s Bslas o oo T o Conds X T(1) 5 A1) Gsp SV¥slae > L
AME) =e TN (1Y)

4S5 58 on azess (V1) 55 Lol Aslae Sl eslizal b .asb o Jsgzee MT) OT j5 oS

X =—ax —b°AT e " (\Y)

3081 S 5y g Ol 5 o 1y X (1) Jo oY s 5l eslazal b

N x(0) b*A(T)e "
X(s) s+a (s+ a)s— a)

_ x(0) —;-/\(T)e ,( 12 1;2)

+ v + 5 —
S a ) a s a (%)
L>=~ 5 9
_ b’ o
x(t) = x(0)e " — — AX(T)e “" sinh at
a (\¥F)

100, =0 °C SbIadsl sles oS 555 55

x(0)=0° (\0)
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T =10 °C 385 jldae S 4 &6 T Ol a1, OT) 8L Sl sles 2l e -
s anl
xXTy = 10°

(\%)

v.:kbﬁ- (VF) dsles 31 eslazal L v.:.f O 1y MT) J sgzen V"‘M?@ (V7)) 5 (V0) &Vsles 5l eslawul b

HESOA Y
W7y = x(Q)e " — b AT — ™)
' 2a ' (W)
s V.:M? (V2) 5 (V0) &V¥slas 3l oslazul L
20a
D o
NG r.:.a\? T 5
10 ae™
A () g ——
b sinh aT (14)
T e s (1) ST Ole p gy s Tl
10 ae
) = ———— O0=r=T
u*(t) b sinh aT ! ¥)

o&;svﬁu&bJ,M;w,aigﬂgw“m,\;(V)zbw,;\,,\m&‘f\g\ﬁ@m,m;ﬂ&%@j

il o it Ol Olea 3 X (T) =10° o8 545
S S S 358 a8 gl 3 Shas (ot e &K X (1) =107 S Sl md 5 @ pY
Goan T Juzb 53 .35 sl g5 Mt ) =0 ety 53 0T 51eslizal a jlows alies ol 53 140 Conl Szl b2

s dal g oslial At ) damlous 61 Sl b5 51wl 45 sotd AT AL, ) =@, =, +V'y, i,
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(e JUCl XU 9 30E0) 33 s (ST g2 Aing) J 555 98l Cmsglian Y Lo

Il dslae X =—x +u (V)
Jolb s x(0)=x, , x(T)=0 (Y)
b 2 Do 3 Shes L

T
J=I (x +u?)dt )

0
:ﬁsw&gx\)&g)ﬂ:ﬁudj\&f)x&
H =x"+u’+\-x +u) ()

Bl Cadole 035 4 sl pY b2

55V Lglb I oSS Uslae 7L=—g=—2x + ®)
_ oH A

e b p0=—=2ut+th H>u=—— *)
& b ou 8 § 2

PR MT)=¢. =0>AMT)=0—>u)=0 v)

15 eal g (0) 3l eslizal 5 (V) slas 53 (7) SN

X =2x , x(0)=x,
Uu=x+u , uwT)=0

MT@&LMAJI’.}Q)}@X,M ﬁb&.&d}éo&mb&l{
_ xpsinh+2(T -1
smhﬁ'f

_ . sinh V2T -8 =2 cosh2(T - 1)
) sinh 2T

1. Nguyen Tan Tien, Introduction to Control Theory Including Optimal Control, C.10 Optimal Control with
Unbounded Continuous Controls, Page 50
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(e JUCl XU 9 3ME0) 33 s (ST g2 Aing) J 555 98 Cmsglian A Lo

Il dolas X =u (V)
sl bi x(0)=1 , x(1)=free (Y)
1
J=[ @ty (x)
0
:ﬁbd&@\)&g)ﬂ:ﬁudj\bf)x&
H =x"+u’+\u (f)

5 Cadyle 035 4 sl p3Y b2

55V Lglb I oSS Uslae 7L=—§=—2x ®)
_ OH A

e b G0=——=2u+)r =—— %)
S dge b, v u —>u 5

S by MD=¢" =0->11=0->u(1)=0 V)

1l el (0) S eslizal 5 (1) Dslas s (9) SN

X =x , x(0)=1
Uu=x , u(l)=0

:&T@w-}.{ﬁjgb)}.@x,u ﬁJL&Aé}éOKM}&L{

cosh{l-1) sinh(] — 1)
¥x=—— and ys—m——
coshl cozhl

(s JICul X, 9 OL0) g ) i (ST diugr J 557 (8L gl A Sl

Il dslas X =x +u ()

1. Nguyen Tan Tien, Introduction to Control Theory Including Optimal Control, C.10 Optimal Control with
Unbounded Continuous Controls, Page 50
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ol b2 x(0)=2 (Y)
T
J:I (u® +2x *)dt ()
0
:ﬁswmb&jﬂfudj\%f)::&
H =u®+2x>+A(x +u) (f)

Sl Sl O3 sl p3Y b2

SN Lol e oSS Dslae X:—%:—mx +1) ©®)
Sag b o=‘2—i:2u+x %)
—>A=-2u (V)
S by MT)=0¢" =0=>AMT)=0->ul)=0 )
I ol (0)slas o V), 8= |

{x' =x +u ,  x(0)=2

W=2x-u , ul)=0

6355 o acaloes b Sldie DAL, 31 g 0deT s T pame Lldie I3l @ U ldie 35 o&aws Jo b
T oo s 35 Sy sems XU AT 3lae T =10sec gl

%sol ving a TPBVP using matl ab dsol ve

clc; clear; close all

S=dsol ve(' Dx=x+u', "' Du=2*x-u','x(0)=2","'u(10)=0");
x=si nmpl e(S. x)

u=si npl e(S. u)

J=doubl e(i nt (ur2+2*x"2, 0, 10))

4ol gl ol dmes

V5
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X =(2*37(1/2)*cosh(t*37(1/2)-10%3~(1/2)) +2*si nh(t*37(1/2) -
10*37(1/2)))/ (3~(1/2) *cosh(10*3~( 1/ 2)) - si nh(10*37(1/2)))

| anbda = - 8*sinh(t*37(1/2)-10*37(1/2))/ (3"(1/2)*cosh(10*3~(1/2))-
sinh(10%37(1/2)))

U =4*sinh(3~(1/2)*(t-10))/ (37(1/2)*cosh(10*37(1/2))-si nh(10*3~(1/2)))
J = 10.9282

dadl <O 3 Cdlun oy Folgs H0g0w (Sl g Cf g Cg (S 3l g XY Ao 1Y Jle
'(530955 Al — slall i & 4
B Olgim 1y (Gl 3,3 51 Col (slaay ie Cogor O3V e gr) B CS o o ol ol
b 6 5l oty plad 455l (595 p ould (b Cdles 7 ouled aislons () b Sl e U5
Al Cdlee o 28l S Sl 9= 0, OT 5 oS gl 4 (0,,05) Sk 5 b ,8 Dlaiis
133 5 oo daslos 5 Aol jleds b il
J=j:f secBcos0d ¢

0Ty &8

Z—iZtanBcose , 0(0)=6,
13,08 0355 o Jeole i dlaly 5140 Lol5 L A | Colus o 2l S s &S Aas Ol @

tan0O =tan 0, cosé, ~9)

cos(d; )

T Sy 5kl 510, 0T js oS

tan 6, =tan6,sec o,

1. Velocity Direction Programming(VDP) for Min Distance to a meridian; a Geodesic Problem
2. Heading Angle
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2538 o (B =0) Slest il 3 Ll Cadi s 3508 45 Sl (Glanidis 5,15 o

Aoled w5 @ =50deg Hledl i 4 ¢, =0, 0, =40deg Sy Sdles op 2eS ewe (b

o F &K 89y LWl (o r 9 Jeb mbei i) o
T 53 53 s o sthaala dlies 1 (61 i o
H =L +)\f =secBcosB+AtanPBcosO )
s Jsb 55 Hlaie TPBVP Jl ISl 5110 G @ Jiews oize e b H & ST
S sle 00 gy b oS eled ealinal 4 o ESaS dslas glows 1y abaly o s R
3]
O:HB:sethanBcos6+7»se02Bcos9:O = A=-sinf (Y)
3 55 a4 (1) 53 (V) 6,18 L
H =cosBcos6 ()
358 o0 dmd ME, ) T O, sn (V) Uslas

Mo, )=0

2 gl on s ol alasly 5 (V) Al

B(d,)=0

oy g Al 4 015 g0 (F) abaly S Gl Sl s Ik 5o H O 5

VoA
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H =cosb,
(ol bl s
cosPcosB =cosb, :>cosB=&S9f— ()
cosO

ools 45 Uslas 5 (F) N

do _ > 3 sec’ 0
— =cosOtanf =cosBy/sec’ -1 =cos 0, —5L—1 )

dd sec” 0
23J§|ﬁ

. 2 ano,

8 —b= J~99, sec” 0 _ J-tt o dz e tan 0 )

an 0 'tan2 ef —z 2 tan ef

a3 o0 am 0=, 3 (F) el

\/tanz 0, - tan” 0

tan O
tan® J

= V)
T cos(h, =)

3 45 gn a3 (9) 53 (V) 6,18 b L

tan® =tan 6, cos(, —9) ()
cos(¢; — )

Ay =0 fdas y3 a8 ST

tan0 =tan 0, cos(@, ~9)

cos(d, )
Db pamS I AWl 0=0, , 0=¢, daie )3 piomen s
tan 6, =tan0,secd, 1)

Sl odaT aslsl 53 asb 5 (gl o 51 Juol oin g alies ol - (51 s Matlab asb
% Problem2 3 3.m; Min Distance from a Point to Meridian on a Sphere;
phf=50*pi/180;
tho=40*pi/180;
pho=0;
N=100;
ph=phf*[0:1/N:1]; c=180/pi;
un=ones (1,N+1);
tth=tan (tho) *cos (phf*un-ph) /cos (phf-pho) ;
th=atan (tth);
figure(l); clf; plot(ph*c,th*c);grid;
xlabel ('Longitude \phi (deg)');
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ylabel ('Latitude \theta (deg)"');

54

S

500 -

T S

461 - S

Latitude 6 (deg)

e Y ——— -

Longitude ¢ (deg)

¢, =50deg gl hai a ¢, =0, 0, =40deg 3 Cdlun (g poS” Ao w3 1T IS

'L 595 olkl b dikgn (Sl S (8 5luding Pluo (S30 Jo —F-T-¥
208 3550 I 5 sy (Sealus (Sile 4o Slew Jo g Matlab i3 e 5 53 FMINU ol b
o2 3 bl dlows 1y f () HldEs u géls L 45T S oslT Matlab &b Jb O R S o
oS )0 Ll sl Gsln Gloj Slasad b ssein Dosah =M, 68U SS L

258 o0 plonil (sl /15T 1Ss 03l FMINU | s

FMINU )giwd 3 oolitw! b by oy o5 b aclod K6 dho 2 Jlo

los b adyl > ¢S E02 4 2.M ely »Matlab ;6 .4 s o3linl LSS Sloj slages 5 Js

1. Numerical Solution with Gradient Methods
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Ot I, FMINU GL? Bl aldel Gl ealdns ioman 5 03 505 03l T bl I (63 5dmee sliss 5 u ()
LOLsS BTk 5 oo dumlons 4sl 355 53 3k bl 35, 5l eslizal b aobsl & Jle ol 53 Wl o

...b.\.i‘_gaJ&Kg‘ﬁoajj'r@u\.g)a)lﬂ;l,w.\}jiogbubﬁ4.3

o\

Script €02 4 2.m; min drag nose-shape pb. using MATLAB code FMINU;
t-->x=distance; s=[d r]'; u=-tan(theta); lengths in a=r(0); drag in
g*pi*a”2 where g=dynamic pressure;

tf=4; optn(l)=1; optn(14)=500;

u0=[.18 .18 .19 .19 .19 .20 .20 .20 .21 .21 .22 .22 .23 .24 .25 .26 .28 .29
.34 .38 .68];

Su=.5*ones (1,N+1); % Rough initial guess

u=fminu ('noshp f',u0,optn, [],tf)

o

o

NOSHP_F.M ¢l o b5 (3 a6

function f=noshp f (u,tf)

% subroutine for e02 4 2; min drag nose shape; t-->x=distance; s=[d r]';
u=-tan (theta); lengths in a=r(0);

drag in g*pi*a”2 where g=dynamic pressure;

s0=[0 1]'; Nl=length(u); [t,s]=odeu('noshp',u,s0,tf);
f=2*s(2,N1)"2+s (1,N1) ;

o

o

function [fl,f2]=noshp(u,s,t,flqg)
Subroutine for e02 4 1; min drag nose shape using FOPO; t-->x;
s=[d r]'; u=-tan(theta); lengths in a=r(0); drag in g*pi*a”2 where
g=dynamic pressure;
d=s(1l); r=s(2);
if flg==1, fl=[4*r*u~3/(1+u~2); -ul;
elseif flg==2, fl=2*r"2+d; f2=[1 4*r];
elseif flg==3, fl=zeros(2,2); f1(1,2)=4*u"3/(1+u”2);
f2=[4*r*u”2* (3+u”2)/ (1+u2)"2; -11;
end

o° o

o\

function [t,s]=odeu (name,u,s0,tf)
Forward 4th order fixed step-size Runge-Kutta integration with
% vector forcing function u(t); sdot=f(s,u); function file

o

% 'name' contains the function f(s,u) for flg=1;
[nc,Nl]=size(u); N=N1-1; t=tf*[0:1/N:1]; dt=tf/N; s(:,1)=s0;
for i=1:N,

if i==1, u2=(3*u(:,1)+6*u(:,2)-u(:,3))/8;

elseif i==N, u2=(3*u(:,N1)+6*u(:,N)-u(:,N-1))/8;

else u2=(-u(:,i-1)+9*u(:,i)+9*u(:,i+1)-u(:,1i+2))/16;
end

tl=(1-1) *dt; t2=tl+dt/2; t3=tl+dt;

sl=s(:,1); fl=feval (name,u(:,i),sl,tl,1);

s2=sl+dt*fl1/2; f2=feval (name,u2,s2,t2,1);
s3=sl+dt*f2/2; f3=feval (name,u2,s3,t2,1);

sd=sl1+dt*£f3; f4=feval (name,u(:,i+1),s4,t3,1);
s(:,i+1)=sl+dt* (f1+2*£24+42*£3+£4)/6;
end;

Wl 25 S g sl gl Sl Jeol

para =
Columns 1 through 10

ARR



1.0000 0.0001 0.0001 0.0000 0 0 0
0 0 0

Columns 11 through 18
0 0 0 500.0000 0 0.0000 0.1000 0
£f-COUNT FUNCTION STEP-SIZE GRAD/SD
23 0.0982108 1 -4.72e-005
47 0.0981971 0.568019 -1.83e-007
72 0.0981837 1.06831 -1.7e-007
97 0.0981819 2.2024¢6 -4.09e-008
122 0.0981813 2.88468 -1.04e-008

Optimization Terminated Successfully

Search direction less than 2*options (2)

Gradient in the search direction less than 2*options (3)
NUMBER OF FUNCTION EVALUATIONS=122

u =
Columns 1 through 10
0.1826 0.1853 0.1876 0.1901 0.1932 0.1963 0.1998
0.2037 0.2077 0.2128
Columns 11 through 20
0.2175 0.2237 0.2306 0.2384 0.2486 0.2594 0.2767
0.2938 0.3381 0.3809
Column 21
0.6799
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1. Hull, David. G., Optimal Control Theory for Applications, Springer, 2003. Problem 9.5, Page 156

Y



B -

e M y
& controlengineers.ir

© @controlengineers

Polez fed

Sl 398 b Sl d (8 5lwdiug

WY



. ar 2
=== ey
& controlengineers.ir

© @controlengineers

PV o ol d (S s -\-¥
o Sl Glgdle Sl ol cm Lsh e Juli 1) Sleml 558 Salus (gleang filus 1 6ol
Ll

ylx (N)]=0

e,um\;wj:éu&,@\jsz@h;gdcwﬁ&.mg@q<n slul lyls g o7 55 o8

led STl 5

J = ¢[x(N)] "

:v.i)‘bj

x(i + 1) = flxG), u(i),i] i =0,--- N -1 -
x(0) = xo , Y[x(N)] =0 -

G| Jo G (Sl p3Y Tl yis -1V -F
ol oo A1) 5V 31 EY (solsp o b Shee o li ) 558
N=I

T=p+ 0T+ Y A6+ D), uti) il = 5+ D) + 1T (g — x(0)]
=il (?)

Al 5 daly b d seas L0 byl s Laih wil o A plowil 5 b 53 oS 4T alie > el

Py

O o+vy )

Ijﬁ\)‘\

1. Dynamic Optimization with Terminal Constraints

\RIN



e = g a
o i
#controlengineers.ir

© @controlengineers

H() £ ATG + 1) FIx(), ui). i) (%)
bl r:“‘f" 9

M) = Haiy= AT + D f, v)
AN =&, = ¢, +vTy, W)
O=HG)=2"G+Df,i=0...,N—1] @)

Mo Aai 93 3 (840 Tyl ph b Al O (Sl o Y- -F

W) Sl (65,0 Ll 3 5 (V) Sl SVslas o) (55 0 Lol o ((Y)EIm Ysles Lol jos () Sang b5
XOMu() Sl Jo & on sl 1 (TPBVP) e db 53 53 (65,0 dayl b b dis
() Sl b g sl & Lsd bl b gl v B EY il Sl g sl s e S5
A3 5 Lo

Voo oo 53 5 kS Oy g Sl g (Sl o gt 53 1y I AF dmio 55 gl ST

.J}L@)\KbQliﬁu':d\.sgQTNLla.»;a;j&}()\j:&QLi;bfui))gd" fsh‘," WL Rt

Dwgn Saolsd (S s —T-F

@S ) g U(t) Ol Sy gl 53 Al ALT s 53 55 Do seas dwgy S 53 () B (V) SVsles
> Mo astls 03 503

J =[x (t,)] (\+)

il o 5 OVl Sl

1. An TPBVP for a Stationary Solution

V¢



. ar 2
=== ey
& controlengineers.ir

© @controlengineers

X =f(x@)u)t) (1Y)
x(ty)=x, , wx)]=0 (\Y)

! (a}.l:u tf ‘YL Y sles B

M| o < (Sl Y Lyl -V -Y—F
25 s VME) Ol b e 6351 8Y ol s ¢SS L (1) 5 Shes Lasle 4 ) 355 &Yl

Fep+iTy+ f AT (Flro). u(e), 1] — kY di
0 (\W)

Db Sl 5 Uslee s 0 5 L =0 bl 53 a8l (linal 4 L3k oo J b 4 B,

o0+ (OF)
sl

H(t) = 2T (0) flx(0), u(t). 1] (1)

Wl m’*‘?ﬁ“?‘:ﬁﬁ

- oSS L SIS sl dslas A =-Ho= S, (07
St M) = e =+ ¥ (W)
Sep b 0=H,=A"f,,0<t <t (OA)

\'}’.‘-"Ms-’)é Syl ol b Ao O Sl fo> -Y-Y-F
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2. Hull, David. G., Optimal Control Theory for Applications, Springer, 2003. Problem 9.5, Page 156
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1. Minimum Distance to a Parabola (Distance Problem), Ref: Hull, David. G., Optimal Control Theory for
Applications, Springer, 2003. Page 235
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1 .Velocity Direction Programming(VDP) to Enclose Max Area in a Constant Wind
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1. Thrust Direction Programming(TDP) for Max Radius Orbit Transfer
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v
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LS e byt 55 Ll Gl Vs 5 vy bl 5 @50 b B Ui L O e Ly s Dalee 22
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T'=.1405, |m|=.07489, 1y =3.3155

w‘j)s_))}«aMaﬂabej V“"L“"J’LG""LQOJJ‘EJH) ~‘L§A‘~5>k5‘l>“'i‘)"

% Script €03>4 2.m; TDP for max radius from earth orbit using

% FMINCON;  s=[r u wv]'
be0=[0.4310 0.4663 0.5045 0.5457 0.5902 0.6380 0.6893 0.7441
0.8026 0.8648 0.9306 1.0002 1.0735 1.1507 1.2324 1.3196
1.4151 1.5252 1.6675 1.9044 2.5826 3.9427 4.4209 4.6081
4.7222 4.8071 4.8768 4.9373 4.9913 5.0407 5.0864 5.1292 ...
5.1695 5.2077 5.2442 5.2792 5.3129 5.3456 5.3773 5.4083 5.4386];
Nl=length (be0); N=N1-1; tf=3.3155; t=tf*[0:1/N:1]; z=180/pi;

optn=optimset ('Display', 'Iter', '"MaxIter',0); sO0=[1 0 1]"
be=fmincon ('marc f',beO, [1,[],[1,[],[],[], 'marc c',optn,s0,tf);
[f,s]=marc f (be,s0,tf); r=s(l,:); u=s(2,:); v=s(3,:);
th=cumtrapz (t,v./r); rf=r(Nl); x=r.*cos(th); y=r.*sin(th);
ep=ones (1,N1) *pi/2+th-be; xt=x+.2*cos (ep); yt=y+.2*sin (ep);
figure(l); clf; plot(x,y,x(N1),y(N1),'ro",
for 1i=1:91, thl(i)=(i-1)*pi/90; end; c=cos
plot(c,s, 'r--'",rf*c,rf*s, 'r--',1,0,"'ro'");
for i=1:2:N1, pltarrow([x(i),;xt(i)],[y(i);yt(i)1,.05,'x","-"); end
hold off; axis([-1.6 1.6 -.5 2.2]1); ylabel('y/r e'); xlabel('x/r e')

0 o'"); grid; hold on
thl); s=sin(thl);
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text(-.6, .65, '"Earth Orbit'); text(-.1,.1,'Sun'")
text (.9,1.3, "Mars Orbit'")

figure(2); clf; subplot(311), plot(t,r,t,v,'r--"); grid

axis ([0 tf .7 1.6]); legend('r','v',2); subplot(312), plot(t,u);
grid; axis ([0 tf 0 .4]1); ylabel('u'); subplot (313)

plot(t, z*be,t,z*be, "b."); grid; axis ([0 tf 0 360])

ylabel ("\beta (deg)'); xlabel ('Time")

MARC.M(LI{ d}‘ ML:JJJ.:) C,.wj.@.e

function [fl,f2]=marc(be,s,t,flqg)
% Subroutine for Exs. 3.4.1,2, 3.6.2, 4.5.1,2,
Pbs. 3.4.20a,b, 3.4.21; 3/94, 9/13/02

o°

o°

T=.1405; mdot=.07489; a=T/(l-mdot*t); r=s(l); u=s(2);
v=s(3); co=cos (be); si=sin(be);
if flg==1
fl=[u; v"2/r-1/r"2+a*si; -u*v/r+a*co]l;
elseif flg==
fl=[r; u; v-1/sgrt(r)];
f2=[1 0 0; 0 1 0; 1/(2*r~1.5) 0 11;
elseif flg==
f1=[0 1 0; —-(v/r)"2+2/r"3 0 2*v/r; u*v/r"*2 -v/r -u/rl;
f2=a*[0; co; -si];

MARC_CM(L.: r}b ML:JJJ.:) C,.wj.g.é

function [c,ceqgl=marc c(be,s0,tf)
% Subroutine for Example 3.4.2;
[t,s]=odeu('marc',be,s0,tf); N=length(be); rf=s(1,N);

uf=s(2,N); vf=s(3,N); ceqg=[uf vf-1/sqrt(rf)]; c=I[1;
MARC F.M rL.: r}w ML:JJJ.:) C,.wj.g.é
function [f,s]=marc f (be,s0,tf)

[

% Subroutine for Example 3.4.2;
[t,s]=0odeu('marc’',be,s0,tf); N=length(be); rf=s(1,N); uf=s(2,N);
vf=s(3,N); f=-rf;

:ODEU.M rL.: r)Lg.? MLJ:J..’.) C.\.wj.g.e

function [t,s]=odeu(name,u,s0,tf)
Forward 4th order fixed step-size Runge-Kutta integration with

o\

% vector forcing function u(t); sdot=f(s,u); function file

% 'name' contains the.function f(s,u) for flg=1; 9/97
[nc,Nl]=size(u); N=N1-1; t=tf*[0:1/N:1]; dt=tf/N; s(:,1)=s0;

for i=1:N,

if i==1, u2=(3*u(:,l)+6*u(:,2)-u(:,3))/8;

elseif i==N, u2=(3*u(:,N1)+6*u(:,N)-u(:,N-1))/8;

else u2=(-u(:,i-1)+9*u(:,1)+9*u(:,i+1)-u(:,i+2))/16;
end

tl=(1i-1) *dt; t2=tl+dt/2; t3=tl+dt;

sl=s(:,1); fl=feval (name,u(:,1i),sl,tl,1);

s2=sl+dt*fl/2; f2=feval (name,u2,s2,t2,1);
s3=sl+dt*f2/2; f3=feval (name,u2,s3,t2,1);
s4=sl1+dt*f3; f4=feval (name,u(:,i+1),s4,t3,1);
Ss(:,1+1)=sl+dt* (f1+2*f2+2*£3+£f4)/6;

IPLTARROW. M ply qaty 4l 10 5 e 0

function dummy = pltarrow(x,y,1l,lcolor,ltype)

% dummy = pltarrow(x,vy,1l,ltype)

% Function 'pltarrow' draws a line with an arrow head. The size is
controlled by 1.

'Y
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% If x and y have more than two data points, the arrow direction is
determined based
% on the last two data points.

% Input
% X,V : data points
% 1 : arrow head size
% lcolor : line color (r,g,b,w,vy)
% ltype : line type (-, —-—, —-., .)
% Example : pltarrow ([l 2.3],I[3 -2.7],.05,'y','=-")
% draws a yellow solid line from (1,3) to (2.3,-2.7) with
% an arrow head whose size is .2.
% Note : To prevent the distortion due to aspect ratio, the function draws
% a one sided arrow head.
% Keeyoung Choi, 2/8/1997
ltypel = [lcolor ltype];
ltype2 = [lcolor '-'];
n = length(x);
if (n<2),
error ('Not enough data to plot - x and y should have at [least two
elements. ')
end
theta = 15*pi/180;
dx = x( ) -x(n-1);
dy y(n)-y(n-1);
dlrectlon = [dx dy]'; direction = direction/norm(direction);
ct = cos(theta); st = sin(theta);
p3 = [x(n); y(n)] - 1*[ct -st; st ct]*direction;
plot (x,y,ltypel, [x(n) p3(1)], [y(n) p3(2)],1ltype2)
dummy = 0;
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% Script p4 4 14.m; VDP to cross a river w. a parabolic current
uc=uo* (1-y*2/h"2); uvo in V, (x,y) in h, t in h/V; uo=1;
pO0=[.5 3]; s0=[0 -1]'; optn=optimset('Display', 'Iter');
p=fsolve('zrmpt f',p0,optn); opt=odeset('reltol',le-4); tf=p(2);
[t,s]=0de23('zrmpar', [0 tf],s0,o0pt); s=real(s); x=s(:,1); y=s(:,2);
thO=p(1); N=length(t); un=ones(N,1); secth=un/cos (th0)+un-y."2;
th=real (acos (un./secth)); c=180/pi;
figure(l); clf; plot(x,y,x(1),y(1l),'ro",x(N),y(N), 'ro"); grid;
axis([-2/3 2/3 -1 1]); xlabel('x'"); ylabel('y');
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figure (2); clf; subplot(211),plot(t,c*th); grid; xlabel ('V*t/h');
ylabel ('\theta (deqg)');

zrmpt £ <=L.; Jb

function f=zrmpt f(p)
% Subroutine for Pb. 4.3.12; min time to cross a river with a
% parabolic current; uc=1l-y"2; s=(x,V)

global thO; thO=p(l); tf=p(2); s0=[0 -1]"';

opton=odeset ('reltol',le-4);
[t,s]=0de23('zrmpar', [0 tf],s0,opton)

N=length(t); xf=s(N,1); yf=s(N,2); f=[xf yf-11];

zrmpar <=L.; Jb

function sp=zrmpar(t,s)

% Subroutine for p4 3 14; min time to cross a river with a parabolic
% current; uc=1-y*2; s=(x,y) in h, uc in VvV, t in h/V;

global th0; y=s(2); uo=1l; secth=uo/cos (th0)+1-y"2;

c=1/secth; s=sqgrt(l1-c"2); sp=[-c+l-y"2; s];
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Matlab 4l ,, Cow 8

o°

This is an Optimal Control Problem for Homing Missile
in Terminal Guidance
The performance index is the weighted sum of the final time and the
integral of the normal acceleration(control effort) squared.
The three first order ordinary non-linear differential equations
for Interception model are:
dxi/dtou=nu*cos (beta)-cos (theta)
deta/dtou=nu*sin (beta)-sin (theta)
d(theta) /dtou=alfan
and for maneuvering target we will have
d(beta) /dt=At/vt

kA khkhkhkhkhhkhkhhkhhkhhkhkhrhkhkhkhrhkhkhhkhkhkhrhkhhhkhkhkhrhkhhhkhkhkrhkkhhhkhkkhhhkhhxhkkx

o° o0 A° o® o° oA° o° o° o° o°

o

echo off; clc; clear;
global w thetalO betal vm vt xt0 alfan min alfan max At
w=0; theta0=90; beta0=120; xt0=10000; vm=600; vt=300;

% w=1l; thetal0=90; beta0=120; xt0=10000; vm=600; vt=300;
At=0*9.81; alfan max=1000*xt0/ (vm*vm); alfan min=-alfan max;
filel="xy.plt'; file2='an.plt';

%********************************************************

[

sav=0; % sav=1 for saving results, other values for skip saving
N=10; Nu=1l; Nx=3;
pl=[N Nx Nu];
options (1)=0;
some results.
options (13)=Nx* (N+2) ; Number of equality constraint

options (14)=10000; Maximum number of iterations
R I I I I I I b I e I I I S b I e I I I I b b e I I e e R e e e I b b b b b I b

o

Few elements of .C
Display parameter  (Default:0). 1 displays

o

o° o©

o

% This section make a guess at the X0
thetaO=thetaO*pi/180; betalO=betalO*pi/180;
X0=zeros (N+2,Nx+Nu) ; X0 (N+2,1)=1; X0(1,1)=1; X0(1,2)=0; X0(1l,3)=thetal;

%***************************************‘k*****************

o

Starting to the minimizatdion with the MATLAB optimization toolbox
flops (0);

[X, options]=constr ('fun',X0, options,[]1,[]1,[]1,pl):;

Flops=flops

touf=X(N+2,1); Tf=touf*xt0/vm, disp (' (Sec)'),
Index=options (8)* (vm"3)/xt0, disp (' (m2/s3)"');

Theta f=X(N+1,3)*180/pi,disp (' (deg)")

anm=X (1:N+1,Nx+1)* (vm*vm) /xtO0;
%**********************************************************

o°

Plot of .simulation results
Xt (1)=xt0; Yt (1)=0; Xm(1l)=0; Ym(1l)=0; t=[0]; dt=Tf/N;
for k=2:N+1

t(k)=(k-1)*dt; beta=betal+ (k-1) *dt*At/vt;
Xt (k) =Xt (k-1)+dt*vt*cos (beta); Yt (k)=Yt (k-1)+dt*vt*sin (beta);
Xm (k) =Xt (k) -xt0*X (k,1); Ym(k)=Yt (k) -xt0*X (k,2);

end

Beta f=beta*180/pi,disp (' (deg)")

subplot(2,1,1); plot(Xm',Ym',Xt',Yt");

title('Trajectories of Missile and Target');

xlabel ('Down Range (m)'); ylabel ('Ordinate (m)"');

subplot (2,1,2); plot(t(l:N),anm(1l:N)) ;xlabel('Time (Sec)");
ylabel ('an(m/s2)"');

%******************************************************

[

% Saving of simulation results on ascii files.
if sav==
fidl=fopen(filel, 'w');
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fprintf (fidl, 'Zone \r\n'); fprintf (fidl, '$8.1f %8.1f \r\n', [Xm'
Ym']"');
fprintf (£idl, 'Zone \r\n'); fprintf (fidl, '%$8.1f %8.1f \r\n', [Xt'
Ye'l')s
fclose (fidl) ;
fid2=fopen(file2, 'w');
fprintf (£id2, 'Zone \r\n'); fprintf(fid2,'%6.2f %8.1f \r\n', [t'
anm] ') ;
fclose (£id2);
end
disp('Normal Termination of GUIDANCE.M');
function [index,C]=fun (X,pl)
global w thetal betal vm vt xt0 alfan min alfan max At
nu=vt/vm; Umin=alfan min; Umax=alfan max; % Umin<=u<=Umax
%*******************************************************
% Consider the following problem with additional equality and inequality
constraint

% touf

% Minimize index=w*touf+ ((l-w)/2)*int (U'*U*dtou)
% 0

% Subject to: dX/dtou-a (x (tou),u (tou))=0

o°

X (0)=-x0=0
X (touf)-x£f=0
Umin<=u (t)<=Umax
P I I b b e I I I b b b b e e I I I b b b I e b I I b b b S e I b e b e I i b b g

o o° oo

o\°

X = State wvariable.
Nx= Number of state variable.
u Control input.
Nu= Number of control input.

o°

o°

o°

% N = Number of time steps, 0 , dtou , .2dtou , ... , Ndtou(N=touf/dtou).
%********************************************************

% X=[ X1(0) X2 (0) ... XNx (©) ul (0) all ulNu (0)

% X1 (1) X2 (1) ... XNx (1) »oul (1) .. uNu (1)

% . . . . . ul (N=1) ... uNu (N-1)

% X1 (N) X2 (N) . N XNx (N) 0 .. 0

% touf 0 e Y 0 0 R 0 ]

R e I b b b b b I S b b b b b L S R R i A A b b I b b b b b b S S S b b b b (ah b S b b b b b b b b ¢
N=pl (1); Nx=pl(2); Nu=pl(3); touf=X(N+2,1); dtou=touf/N;
dt=dtou* (xt0/vm) ;
index=w*X (N+2,1)+.5* (1-w) *X (1 :N, Nx+Nu) '*X (1:N, Nx+Nu) *dtou;
% Statecsequations or equality constraints
dx/dt=a (X (t),u(t))
% X(1l)=xi, X(2)=eta, X(3)=theta
% d(beta) /dt=(At/vt)
for k=1:N
beta=betal+ (k-1) *dt* (At/vt)
al=nu*cos (beta)-cos (X(k,3));
a2=nu*sin (beta)-sin(X(k,3));

o°

o°

a3=X(k, 4);
% a(Nx) =
C (k) =X (k+1,1)-X(k,1)-al*dtou;
C(N+k) =X(k+1,2)-X(k,2)-a2*dtou;
C(2*N+k)=X(k+1,3)-X(k,3)-a3*dtou;

o°

o

end
$ Initial value for X (0) for Nx=3 are:

(;ﬁé—l)*N+k):X(k+1,Nx)—X(k,NX)—a(NX)*dtou;

Q

\YY



o°

X10=1; X20=0; X30=thetal;

C(Nx*N+1)=X(1,1)-X10;
C(Nx*N+2)=X(1,2)-X20;
C (Nx*N+3)=X(1,3)-X30;

Final state value for X (f) are:
NN=Nx*N+Nx;

X1£=0; C(NN+1)=X(N+1,1)-X1f;

X2£=0; C(NN+2)=X (N+1,2)-X2f;

X3f=-pitbeta; C(NN+3)=X(N+1,3)-X3f;
ts

Inequality Constrain Umin<=u<=Umax
NN=Nx* (N+2) ;
for j=1:Nu
for k=1: N
C(NN+ (j-1) *N+k) =X (k, Nx+j) -Umax;
end
end
NN=NN+N*Nu;
for j=1:Nu
for k=1:N
C(NN+ (j-1) *N+k)=Umin-X (k,Nx+7j) ;
end
end
touf>=0
C (NN+N*Nu+1)=-X (N+2,1);
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